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Abstract

Advancing understanding and interpretation of machine learning algorithms has
recently been receiving much attention. Although classification systems achieve

high prediction accuracies and are used across a wide spectrum of academic fields, they
act like a black-box and provide little or no reasoning information about their decisions.
However, several applications in science and technology require an explanation of the
learned decision function.
Firstly, in the field of bioinformatics, positional oligomer importance matrices (POIMs)
have been successfully applied to visualize the significance of position-specific subse-
quences. Although being a major step towards the explanation of trained support
vector machine (SVM) models, they suffer from the fact that their size grows expo-
nentially with the length of the motif, which renders their manual inspection feasible
only for comparably small motif sizes. Therefore, in the first part of this thesis,
we extend the work on POIMs, by presenting a new machine learning methodology,
entitled motifPOIM, to extract the truly relevant motifs—regardless of their length
and complexity—underlying the predictions of a trained SVM model. The proposed
framework thereby considers the motifs as free parameters in a probabilistic model
and is phrased as a non-convex optimization problem. In a next step, we derive a
convex formulation of the previous presented motifPOIM approach, which provides a
more robust and faster motif extraction.
Secondly, as a generalization of POIMs towards arbitrary classifiers and feature rep-
resentations, the feature importance ranking measure (FIRM), has been proposed.
Although FIRM provides a rich theoretical concept, it is computationally not feasible
for most real-world use cases. Hence, we propose a new method named measure of
feature importance (MFI), a simple and easy to use extension of FIRM that can assess
— from arbitrary learning machines — the importance of even non-linearly coupled fea-
tures, either instance-based (what features drove the classification decision for a given
instance?) or model-based (which features are generally important for the classifier
decision). Our formulation is based on the Hilbert-Schmidt independence criterion,
which originally has been proposed to measure statistical independence for variables
that exhibit non-linear couplings. We demonstrate the benefit of our proposed MFI
method for SVMs and Convolutional Neural Networks on both artificially generated
data and real-world applications.
Thirdly, this thesis tackles the problem of non-stationarities in the data, which is
another well-known issue in the field of machine learning. Covariate shifts, i.e.,
fundamental changes over time in the data, are challenging for most real-world
scenarios. In this thesis, we approach this problem excessively on the example of
EMG signals for controlling prosthetic devices, where covariate shifts are generally
caused by electrode shifts after donning and doffing, sweating, additional weight or
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varying arm positions. A substantial decrease in classification accuracy due to these
factors distorts the direct translation of EMG signals into accurate myoelectric control
patterns outside laboratory conditions. To overcome this limitation, we propose the
use of supervised adaptation methods. The approach is based on adapting a trained
classifier using a small calibration set only, which incorporates the relevant aspects of
the non-stationarities, but requires only less than 1 min of data recording.
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Zusammenfassung

Fortschritte bezüglich Verständnis und Interpretation von Machine Learning
Algorithmen haben in den vergangen Jahren stark an Aufmerksamkeit gewonnen.

Obwohl Klassifikationssysteme hohe Vorhersagegenauigkeiten erzielen und über ein
breites Spektrum akademischer Felder hinweg eingesetzt werden, agieren sie wie
eine Black-Box und liefern wenige oder gar keine Informationen über getroffene
Entscheidungen. Allerdings benötigen viele wissenschaftliche und technologische
Anwendungen eine Erklärung für die von der Lernmaschine getroffene Entscheidung.
Zunächst wurden auf dem Gebiet der Bioinformatik die Positional Oligomer Importance
Matrizen (POIMs) erfolgreich angewendet, um die Relevanz einzelner positionsspez-
ifischer Teilsequenzen zu visualisieren. Obwohl POIMs zum Verständnis von SVM
Modellen beitragen, ist dieser Ansatz in seiner Anwendung stark beschränkt, da die
POIM Größe exponentiell mit der Länge der gesuchten Motive wächst.
Im ersten Teil dieser Dissertation, erweitern wir das Konzept von POIMs. Dazu stellen
wir eine neue maschinelle Lernmethode namens motifPOIM vor, die es ermöglicht die
der SVM zugrunde liegenden relevanten Motive - unabhängig von ihrer Länge und
Komplexität - zu extrahieren. Dabei werden die Motive als freie Parameter in einem
probabilistischen Modell betrachtet, das als nicht konvexes Optimierungsproblem
formuliert werden kann. Anschließend wird eine konvexe Formulierung des bisherigen
"motifPOIM-Ansatzes" hergeleitet, die eine robustere und schnellere Motiv-Extraktion
ermöglicht.
Als Verallgemeinerung von POIMs im Hinblick auf beliebige Klassifikatoren und
Merkmalsdarstellungen wurde die Feature Importance Ranking Measure (FIRM)
Methode vorgeschlagen. Obwohl FIRM ein elegantes theoretisches Konzept darstellt,
ist es physikalisch für die meisten Anwendungen nicht berechenbar. Daher stellen
wir im zweiten Teil der Dissertation eine neue Methode namens Measure of Feature
Importance (MFI) vor. MFI ist eine einfach zu benutzende Erweiterung von FIRM, die
die Wichtigkeit von nicht-linear gekoppelten Merkmale für beliebige Lernmaschinen
beurteilen kann, sowohl Beispiel basiert (Welche Merkmale eines gegebenen Sample
waren für die Klassifikator Entscheidung relevant?) als auch Model basiert (Welche
Merkmale sind für den Klassifikator allgemein relevant?). Unsere Formulierung basiert
auf dem Hilbert-Schmidt-Unabhängigkeitskriterium (HSIC), das ursprünglich als
eine Möglichkeit zur Messung der statistischen Unabhängigkeit für Variablen mit
nichtlinearen Kopplungen entwickelt wurde. Wir evaluieren unsere vorgeschlagene
Methode für SVMs und Convolutional Neural Networks auf sowohl künstlich erzeugten
Daten als auch auf realen Anwendungen.
Als drittes Thema dieser Dissertation wird die Analyse und der Umgang mit nichtsta-
tionären Daten behandelt. Die sogenannte Kovariate Verschiebung, gemeint ist die
Veränderungen der Dateneigenschaften über die Zeit, stellt eine große Herausforderung
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im Bereich des Maschinellen Lernens dar. Wir behandeln die Kovariate Verschiebung
ausführlich am Beispiel von EMG Signalen zur Steuerung von Prothesen. Dabei werden
Veränderungen in den Daten z.B. durch Verschiebung der Elektroden nach Anziehen
und Abziehen der Prothese, Schwitzen, Zusatzgewicht oder variierenden Armpositionen
verursacht. Diese Faktoren reduzieren die Klassifizierungsgenauigkeit und damit
auch die Genauigkeit der EMG-Signal Übersetzung in myoelektrische Kontrollmuster
außerhalb von Laborbedingungen. Um dieser Verschlechterung entgegenzuwirken,
stellen wir eine Adaption des trainierten Klassifikators vor. Dabei basiert die Adaption
auf einem kleinen Kalibrationsdatenset, das weniger als 1 Min Datenerfassung benötigt,
und gleichzeitig alle relevanten Aspekte der Nichtstationaritäten beinhaltet.
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Chapter 1

Preface

Machine learning, as a branch of Artificial Intelligence, copes with the question "how
can we incorporate intelligence into a machine?" Simply said, this is done by a set of
algorithms, which allow to train a predictive model by learning from the information
hidden inside a given data set. Afterwards, the trained model is able to assess unknown
data points autonomously. Machine learning contributed remarkable achievements
in almost all fields of science, such as bioinformatics, natural language processing,
brain computer interface and recommender systems, to name a few. However, domain
experts often are hesitant when it comes to new machine learning methods and do
not trust the classifiers decision for a good reason, as the following example shows. In
the work Ribeiro et al. (2016)1, titled "Why should I trust you?", the authors train a
classifier to decide whether there is a wolf or a husky in a given image. The training
set consists of 20 images.

Fig. 1.1: Demonstration of the major role of methods, that are able to interpret and
explain the decision made by a classifier. In this example, the classifier was trained
to decide whether it is a Wolf or a Husky on a given image. The explanation (b)
of the wrong classifier decision of image (a) indicates the snow as most significant
feature. Given this explanation, where the snow is significant for the class Wolf, we
can assume that the classifier is trained badly and not trustworthy. This figure is
taken from Ribeiro et al. (2016)

The wolf pictures had snow in the background and the huskies did not. After training,
the classifier predicts Wolf for each image if there is snow in the background, regardless
of the animal color, position or pose and husky otherwise. Due to the given training

1Similar findings have been reported in following contributions: Baehrens et al. (2010), Bach et al.
(2015), and Montavon et al. (2017).
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1 Preface

set, snow was a significant feature for the class Wolf. However, the classifier would
fail completely on images including Wolfs with different backgrounds. Unfortunately,
due to their black-box characteristics, most machine learning models do not disclose
the reason for the decisions they made to the user. Hence, methods that are able to
explain the decision of a trained classifier and expose the discriminative features that
were learned are of high value. Especially in recent years the interest of understanding
the classifier more deeply has grown strongly with the variety and increased frequency
of real-world applications using machine learning methods.
The other phenomenon, which the example referred to is called selection bias or
selection effect, where the individuals or groups chosen are not representative for the
population. Due to the fact that not all possible data configurations can be considered
in advance, most real-world applications struggle with this problem. Machine learning
algorithms have to deal with changing environments or changing conditions, which
implant non-stationarities in the data. Due to time-consuming data recordings and
even unpredictable factors, the algorithms must be equipped with the ability to adapt
to changing data configurations.
Within this thesis, we tackle both:

1. Interpretation
Understanding the decision made by a classifier is of high value in
many applications. Especially in real-world applications, where ma-
chine learning is used for medical diagnosis or autonomous driving,
determining trust by reasoning in individual predictions is of high im-
portance. Experts need reliable indications to trust the decisions made
by a black-box classifier. Therefore, methods that explain the decision
made by a classifier are of great importance. This thesis addresses the
weak points of previous approaches and improves them with regard
to a simpler, more user-friendly and faster interpretability. The pro-
posed methods are evaluated extensively on synthetic data as well as
real-world data and compared with others approaches.

2. Adaptation
Most real-world applications struggle with changing environments and
unforeseen conditions. Resultant non-stationarities in the data rep-
resents a challenge to machine learning methods. To counteract a
decrease in performance due to the selection bias, machine learning al-
gorithms need to be equipped with the ability to adapt to new data
conditions. In this thesis, we address the problem of changing condi-
tions in the field of myocontrol algorithms for controlling prosthetic
devices and propose a new adaptation method, which significantly
increases the classifier robustness.
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A Roadmap through this thesis

1.1 A Roadmap through this thesis

Chapter 2 In this chapter we introduce the basic preliminaries of this thesis.
Fundamental concepts of machine learning, various classification algorithms and the
well-known problem of covariate shifts are presented. The need of further reaching
interpretation of the decisions made by classifiers is introduced as well as some existing
explanation methods, namely POIMs, FIRM, LRP, HSIC.

Chapter 3 The focus of this chapter is mainly on bioinformatics, where we introduce
the task of motif finding in DNA sequences given a trained support vector machine
(SVM). Therefore, a mathematical framework is built to extract the relevant motifs
from positional oligomer importance matrices (POIMs) by a non-convex optimization
problem. Afterwards, we simplify the objective function, yielding a reformulation of
the previously non-convex optimization problem to a convex one. We prove both, that
the convexity condition is fulfilled and that the reformulation is legitimate.

Chapter 4 A new explanation method called measure of feature importance (MFI)
is presented. The method allows to extract the feature importance for arbitrary
learning machines and feature representations for both, model-based and instance-
based explanation. We additionally present a kernelized version kernel MFI, which is
able to find non-linear coupled feature importance in the data.

Chapter 5 The second main contribution of this thesis addresses the challenge
of covariate shifts, which we treat on the example of EMG signals for myocontrol
algorithms controlling prosthetic devices. We present an adaptation method for linear
discriminant analysis (LDA) which can deal with changing environments.

Chapter 6 We conclude the thesis with summarizing the main findings and dis-
cussing open problems as well as directions for future work.

1.2 Own Contributions and Publications

For the readers awareness, we mention here that significant parts of this thesis
have been previously published as journal articals and conference papers. The main
contributions to this thesis are listed below.

1.2.1 Main Contributions
Journal Articles

1. MMC Vidovic, N Görnitz, KRMüller, G Rätsch, and M Kloft (2015b). “SVM2Motif
— Reconstructing Overlapping DNA Sequence Motifs by Mimicking an SVM
Predictor”. In: PloS one 10.12, e0144782
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1 Preface

2. MMC Vidovic, M Kloft, KR Müller, and N Görnitz (2017). “ML2Motif—Reliable
extraction of discriminative sequence motifs from learning machines”. In: PloS
one 12.3, e0174392

3. MMC Vidovic, HJ Hwang, S Amsüss, JM Hahne, D Farina, and KR Müller
(2016b). “Improving the robustness of myoelectric pattern recognition for upper
limb prostheses by covariate shift adaptation”. In: IEEE Transactions on Neural
Systems and Rehabilitation Engineering 24.9, pp. 961–970

Conference Articles

4. MMC Vidovic, N Görnitz, KR Müller, G Rätsch, and M Kloft (2015a). “Open-
ing the Black Box: Revealing Interpretable Sequence Motifs in Kernel-Based
Learning Algorithms”. In: ECML PKDD. vol. 6913, pp. 175–190

5. MMC Vidovic, LP Paredes, HJ Hwang, S Amsüss, J Pahl, JM Hahne, B
Graimann, D Farina, and KR Müller (2014). “Covariate shift adaptation in EMG
pattern recognition for prosthetic device control”. In: Engineering in Medicine
and Biology Society (EMBC), 2014 36th Annual International Conference of the
IEEE. IEEE, pp. 4370–4373

6. MMC Vidovic, N Görnitz, KR Müller, and M Kloft (2016a). “Feature Im-
portance Measure for Non-linear Learning Algorithms”. In: arXiv preprint
arXiv:1611.07567
Achieved the best paper award at NIPS 2016 in the workshop Interpretable ML
for Complex Systems
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List of Abbreviations

1.3 List of Abbreviations
• CNN: Convolutional Neural Network

• diffPOIM: Differential POIM

• FIRM Feature Importance Ranking Measure

• HSIC: Hilbert-Schmidt Independence Criteria

• LDA: Linear Discriminant Analysis

• LRP: Layer-wise Relevance Propagation

• MFI: Measure of Feature Importances

• POIM: Positional Oligomer Importance Matrix

• SVM: Support Vector Machine

• USPS: United States Postal Service

• MRQ: Motif Reconstruction Quality
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1 Preface

1.4 Basic Notation in Chapter 3
Due to the large technical depths in Chapter 3, we introduce the following notations.

Tab. 1.1: Glossary of most important variables, functions, and symbols.
Symbol Description
k Length of motif
Qk POIM of grade k
Ω diffPOIM
R motifPOIM
x ∈ X Calligraphic upper case characters are input spaces for which the corresponding

lower case characters are realizations
1{x=y} Indicator function (returns 1 if x = y else 0)
s(x) Classifier scoring function (returns scalar score given an input instance x)
s̄(x|mk) Reconstructed classifier scoring function given an input instance x and a motif mk

L Length of a sequence
X[j]k The subsequence within X starting at position j with length k
Φ(x) Feature representation of the WD-kernel
Σ DNA alphabet {A,C,G, T}
PWM r Positional weight matrix
µ Start position of motif in the sequence
σ Variance of the start position of the motif
PPM mk A probabilistic positional motif (aka motif ) consists of a

PWM together and its starting position with variance
v(mk) Weight function induced by the motif
(z, i) A positional k-mer is k-mer z ∈ Σk at position i
k̃ Length of SubPPM
(mk, k̃) SubPPM
D Number of overlapping SubPPMs
µ̃ Start position of the SubPPM
K Set of all motif lengths
T Vector that contains the number of PPMs for each motif lengths
λ Weight of a PPM
η Short cut for (mk,t, λk,t, k̃)t=1,...,Tk,k∈K
ε Machine precision
Π Objective function
U Compact set, where Π is defined on
kmax Maximal POIM degree

6



Chapter 2

Fundamentals

In this section we introduce the basics in machine learning, starting with a theoretical
section about risk minimization and kernel methods. Afterwards we present the
learning models of Support Vector Machines (SVM), Linear Discriminant Analysis
(LDA) and Convolutional Neural Networks (CNN), to which we will refer in the
subsequent chapters. Then, we deal with the field of interpretation: why do we need
interpretation of machine learning models and which explanation methods exist so far?
Finally, we present the data sets, which will appear repeatedly in different sections of
this thesis as well as some validation strategies we will use.

2.1 Learning Models

The core of supervised machine learning for classification is as follows: every learning
task starts with a set of training data, which are some data with an additional class
allocations, where the number of classes is at least two. Now, we want to extract
the most relevant information and structures in the training data, so that we can
predict the right class label and make class predictions even on unknown data. Several
questions arise on the way from the training data to the trained learning model, such
as, which is the best data representation or which learning model is the optimal
choice? Unfortunately, there is no generic recipe, since the selection of an appropriate
method and data representation as well as suitable preprocessing steps depends on
many factors, such as the quality, the size or the nature of the data. Regarding the
computation time and the required memory space, the choice of the method also
largely depends on how much time and capacity is available.
Once we decided for a specific data representation and a machine learning method,
one major issue is to give precise answers to the following questions: How good does
the algorithm perform on unknown test data? What is the smallest possible error we
can achieve and how many training samples are necessary therefore? The field facing
these questions of risk minimization is called statistical learning theory, which we are
going to present next.

2.1.1 Risk Minimization

Given some identically and independently distributed (iid) training data X =
{(x1, y1), . . . , (xn, yn)}, where xi is an element of a set X and yi ∈ Y = {+1,−1}
is its class label, the goal in statistical learning theory (SLT) is to find a classifier,
predicting the correct label of any given observation x ∈ X .

7



2 Fundamentals

Therefore, in a training step, the learning model learns a function f : X→ Y from
X, where f = sign(g(x)) and g(x) : X→ R. Afterwards it should be able to classify
unseen data x ∈ X correctly, where f assigns the label +1 to x if g(x) ≥ 0 and
−1 if g(x) < 0. The function separates a data point (xi, yi) correctly if and only if
the condition yig(xi) ≥ 0 is met. Due to the fact that the whole class of possible
functions F = {f : X→ Y}, from which the learning machine chooses, contains many
possible functions that separate the data, we need a strategy for choosing the best
one. Therefore, we introduce the statistical learning theory based on Vapnik (1995):
The best function f that one can obtain is the one minimizing the probability of
misclassification, i.e., minimizing the expected error

R[f ] =

∫
l(f(x), y)dP (x, y) , (2.1)

where l(f(x), y) denotes a suitably chosen loss function, e.g., l(f(x), y) = Θ(−y(f(x))),
where Θ(z) = 0 for z < 0 and Θ(z) = 1 otherwise. The loss, mentioned above is also
called 0/1-loss. The probability distribution of the training data P (x, y) is unknown,
and we thus cannot compute R[f ] directly. Instead we approximate the minimum of
(2.1) by the minimum of the empirical risk (rate of misclassification on the training
data set)

Remp[f ] =
1

n

n∑

i=1

(f(xi), yi).

We can always obtain an empirical error of zero by increasing the function complexity,
which is likely to lead to an overfitted system and a high generalization error (Steinwart
and Christmann, 2008; Bishop, 2006; Shawe-Taylor and Cristianini, 2004).
By adding regularization terms to the objective function we can limit the complexity
of the function class from which the learning machine selects. Such an approach has
been proposed in the seminal work of Vapnik (1995). Vapnik bounds the true risk by
the sum of the empirical risk and a complexity term:

R[f ] ≤ Remp[f ] +

√
h(ln(2n

h ) + 1)− ln( δ4)

n
∀ δ ≥ 0

with a probability of at least 1 − δ for n > h, where h is the Vapnik-Chervonenkis
(VC) dimension. In short, the VC dimension is a measurement for the separability of
points from different classes. For more information see Bousquet et al. (2004) and
Vapnik (1995). Next, we concentrate on the question: how should we represent the
training data? Does there exists an optimal data representation for the classification
algorithm?

2.1.2 Data Representation
Before introducing various concepts of learning machines, we demonstrate the necessity
of an appropriate data mapping from the input space to a feature space for a more
convenient classification. Therefore, we introduce the following example.
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Fig. 2.1: Illustration of a feature space mapping. The original data become
separable by a hyperplane after mapping the two dimensional data into a three
dimensional space by Φ(x1, x2) = (x2

1,
√

2x1x2, x
2
2).

Example 1 The data, shown on the left-hand side in Figure 2.1, are not separable
by a linear model in its original representation. By mapping the two dimensional data
into a three dimensional space using the injective mapping

Φ(x1, x2) = (x2
1,
√

2x1x2, x
2
2)

we obtain a data representation, which is separable by a linear classifier as shown on
the right-hand side in Figure 2.1.

Thus, by mapping data into a higher dimensional space using a function Φ : RN → F
we obtain a data representation S = (Φ(x1), . . . ,Φ(xn)) in the high-dimensional space
F (called feature space), which is then separable by a hyperplane. In the feature
space the learning machine has to find a linear separation model instead of a complex
nonlinear one in the original space.

2.1.3 Support Vector Machines
Here we consider the binary classification problem, where we are given a training set
X = {(xi, yi)ni=1}, with xi ∈ Rd, d ∈ N and yi ∈ {−1, 1}. Suppose that the data is
linearly separable in the feature space by a hyperplane

H = 〈Φ(x), w〉+ b, (2.2)

where w is the normal vector, b the offset to ground zero, and Φ a suitable mapping
function. Now, scaling the hyperplane relative to the data, we achieve the so-called
canonical representation of the hyperplane:

yi(〈w,Φ(xi)〉+ b) ≥ 1 ∀ i = 1, . . . , n . (2.3)

The domain of confidence, where no data point lies in between, is called the margin,
which is given by the smallest distance between any two points of opposite classes and
is exactly 2

‖w‖ (see Appendix A.2 for derivation). It is easy to see, that the larger the
margin the more reliable the classification of unknown data points. Hence, the goal is
to maximize the margin. However, in practice, there often exist outliers or random

9
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noise in the data such that a strict linear separation in feature space is not possible.
Therefore, slack variables ξi with ξi ≥ 0, i = 1, . . . , n are introduced to relax the hard
margin constraints of Equation (2.3) as follows:

yi(〈w,Φ(xi)〉+ b) ≥ 1− ξi ∀ i = 1, . . . , n (2.4)

H

w

H1 = {x| 〈w, x〉+ b = 1}

H2 = {x| 〈w, x〉+ b = −1}

Fig. 2.2: Canonical representation of a hyperplane H. The hyperplane sepa-
rates the data in its two classes, visualized as green squares and red points, respectively.

Now, we maximize the margin by minimizing w, which results in the following “soft
margin” optimization problem with constraints, known as the primal problem

min
w,b,ξ

1
2 ‖w‖

2 + C
n∑
i=1

ξi (2.5)

s.t. yi (〈w,Φ(xi)〉+ b) ≥ 1− ξi ∀ i = 1, . . . , n

ξi ≥ 0 ∀ i = 1, . . . , n .

C is a regularization parameter, the so-called penalty factor, which has to be chosen
adequately by hand (Müller et al., 2001; Schölkopf et al., 1998; Bishop, 2006). Large
C-values yield high penalties for non-separable points and may lead to overfitting,
whereas for C-values that were chosen too small the algorithm cannot capture the
underlying trend of the data. The dual counterpart to 2.5 is as follows:

max
α

Ld(α) =
n∑
i=1

αi − 1
2

n∑
i,j=1

αiαjyiyj〈Φ(xi),Φ(xj)〉 (2.6)

s.t.
n∑
i=1

αiyi = 0

0 ≤ αi ≤ C, i = 1, . . . , n,

where w is composed of the support vectors and their labels

w =
n∑

i=1

αiyiΦ(xi). (2.7)

For the explicit derivation of the dual optimization problem see Appendix A.3.
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The reason for computing the problem in the feature space is the existence there
of simpler classification rules (e.g., linear classifiers). Hence, the complexity of the
function class is more important than the dimensionality of the problem (Vapnik, 1995).
However, regarding high dimensional feature space, Müller et al. (2001) comment:
So, even if one could control the statistical complexity of this function class, one
would still run into intractability problems while executing an algorithm in this space.
Fortunately, for certain feature spaces F and corresponding mappings Φ there is a
highly effective trick for computing scalar products in feature spaces using kernel
functions.
Kernel functions substitute the large computation in the feature space by a simple
function in the original space (Bishop, 2006; Shawe-Taylor and Cristianini, 2004;
Müller et al., 2001; Vert et al., 2004). We introduce kernel functions by computing
the dot product of Example 1.

〈Φ(x),Φ(y)〉 =
(
x2

1,
√

2x1x2, x
2
2

) (
y2

1,
√

2y1y2, y
2
2

)

= x2
1y

2
1 + 2x1y1x2y2 + x2

2y
2
2

= (x1y1 + x2y2)2

= 〈x, y〉2 =: κ(x, y).

The general definition of a kernel is given as follows (Vert et al., 2004):

Definition 1 (Kernel) A function κ : X ×X → R is called a positive definite kernel
iff it is symmetric, that is, κ(x, x′) = κ(x′, x) for any two objects x, x′ ∈ X , and
positive definite, that is,

n∑

i=1

n∑

j=1

cicjκ(xi, xj) ≥ 0

for any n > 0, any choice of n objects x1, . . . , xn ∈ X , and any choice of real numbers
c1, . . . , cn ∈ R.

Now, with Definition 1, the kernel trick is stated as follows:

Theorem 2 For any kernel κ on a space X , there exists a Hilbert space F and a
mapping Φ : X → F such that

κ(x, x′) = 〈Φ(x),Φ(x′)〉, for any x, x′ ∈ X ,

where 〈u, v〉 represents the dot product in the Hilbert space between any two points
u, v ∈ F .

Some popular kernels are (Müller et al., 2001; Schölkopf et al., 1998; Bishop, 2006):

Linear Kernel : κ(x, y) = 〈x, y〉
Polynomial Kernel : κ(x, y) = (〈x, y〉+ c)d , c ∈ R

Radial Basis Function(RBF ) Kernel : κ(x, y) = e−
‖x−y‖2

2σ2 .

11
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Given Theorem 2, we can replace the dot product 〈Φ(xi),Φ(xj)〉 in the dual optimiza-
tion problem (2.6) by the kernel function κ(xi, xj). After solving this optimization
problem we obtain the optimal α.
Remember that w can be expressed by the support vectors (see Equation (2.7)), which
is why we can replace the dot product by a kernel function in the hyperplane H
Equation (2.2). This leads to the following formulation of the kernelized SVM decision
function

f(x) = sign

(
n∑

i=1

αiyiκ(x, xi) + b

)
. (2.8)

Note that the bias b can be computed for a non-zero αi (the formula is given in
Equation (A.4) in the appendix).
We have presented the SVM in the traditional way (Furey et al., 2000). Generating
a hyperplane in the feature space and using kernel functions instead of computing
the high dimensional dot products. The resulting SVM decision function is able to
classify unknown data to one of the two classes +1 or -1 regarding Equation (2.8).

2.1.4 Linear Discriminant Analysis
For the following considerations we are given a training set X = {(xi, yi)ni=1}, with
n ∈ N labeled d-dimensional samples, thus xi ∈ Rd, d ∈ N, where yi ∈ {1, . . . , C}
denotes the class allocation, respectively. Furthermore, let πc = 1/C be the prior
probability for each class c ∈ {1, . . . , C} and fc(x) the class-conditional density
function of X, which we assume to be the multivariate Gaussian distribution

fc(x) =
1√

(2π)d|Σc|
exp

(
− 1

2
x̂>Σ−1

c x̂
)
, (2.9)

where x̂ := x−µc and µc is the class mean. In this thesis, we focused on two Bayesian
multi-class classifiers: linear discriminant analysis (LDA) and quadratic discriminant
analysis (QDA) (Hastie et al., 2009). QDA determines quadratic boundaries for
class separation by using class-wise covariance matrices, whereas LDA eliminates the
quadratic terms by assuming equal covariance matrices for all classes and thus uses
hyperplanes for classification. We consider the problem of a Bayesian multi-class
classification: given an unknown point x, we want to allocate it to the class with the
largest posterior probability Pr(c|x) c = 1, . . . , C (Hastie et al., 2009). Circumventing
the fact that the posterior probabilities cannot be obtained directly, we estimate them
by using the Bayes rule on the training data:

Pr(c|x) :=
fc(x)πc∑C
l=1 fl(x)πl

. (2.10)

We obtain the QDA discriminant δ1
c (x) for each class c by taking the natural logarithm

of Equation (2.10) and rewrite it to

δ1
c (x) := −1

2
log |Σc| −

1

2
x̂>Σ−1

c x̂+ logπc. (2.11)
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If we further assume that all classes share the same covariance matrix Σ = 1
C

∑C
c=1 Σc,

we can rearrange Equation (2.11) to the linear discriminant δ2c

δ2c (x) := x�Σ−1µc −
1

2
µ�
c Σ

−1µc + logπc. (2.12)

An unknown point x∗ ∈ Rd is allocated to the class with the highest probability

y∗ = argmax
c

δjc(x
∗), (2.13)

by QDA (j = 1) and LDA (j = 2), respectively, where y∗ ∈ {1, . . . , C}. In a nutshell,
building an LDA means, estimating the class means as well as the pooled class
covariance matrix. Both methods are proven to be Bayes-optimal for strictly Gaussian
distributed data.

2.1.5 Convolutional Neural Networks
Recently, deep neural networks, such as the convolutional neural network (CNN or
ConvNets) have received high attention in almost all machine learning fields. They
have been proven to be highly successful to image classification tasks (Krizhevsky
et al., 2012). One of the characteristics of (convolutional) neural networks is the
end-to-end training that eliminates the necessity of feature engineering, which is
inevitable in traditional machine learning methods, such as SVM (see section 2.1.3).
Furthermore, CNNs have been leveraged to classify and even generate sequential data
(Kalchbrenner et al., 2016; Oord et al., 2016; Kim, 2014). Due to the vast amount of
various deep network architectures and for the sake of simplicity, here, we focus on
feed-forward networks only, where an example is shown Figure 2.3 (a), consisting of
an input layer, a hidden layer and an output layer.

Input layer
Hidden layer

Output layer

(a) Neural Network

...

b

x1 xd
w1 wd

(b) Artificial Neuron

Fig. 2.3: Illustration of a feed-forward neural network (a) and an artificial
neuron (b).

Just like the elemental neural networks, deep neural networks consist of layers, where
each layer consists itself out of nodes, which are called neurons. A single neuron,
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exemplary shown in Figure 2.3 (b), is a computational unit, which makes a particular
computation based on other units it is connected to. The computation can be described
in two steps: In the first step, known as pre-activation (or input activation), the
product between the weight vector w and the input vector x is computed and a bias b
is added,

g(x) =

d∑

i=1

wixi + b.

In the second step, the output activation of the neuron is computed by passing the
pre-activation through an (nonlinear) activation function σ,

h(x) = σ(g(x)). (2.14)

The words neural and neurons point out the connection to the brain structure, which
was the initial inspiration for the building of neural networks (Arbib, 2003). There is an
extensive literature about how to configure and fine-tune neural network architectures
(Montavon and Müller, 2012).
In the following we present the basic building blocks that are in convolutional neural
network.
An illustration of a standard CNN architecture is given in Figure 2.4. Note, in this
thesis, we present ConvNets on a high level since we use them in the application
sections only. For further mathematical details see Simard et al. (2003), Duchi et al.
(2011), and LeCun et al. (2012, 2015).

Fig. 2.4: Illustration of a convolutional neural network. This figure was taken
from https://www.clarifai.com/technology

Convolution layer The purpose of the convolution step is to extract features from
the input image by preserving the spatial relationship between pixels. This is done
by a filter, a small matrix of fixed size, which slides over the image so that for each
position the element-wise multiplication between the filter and the underlying image
patch is computed. The multiplication results are added and inscribed in the output
matrix respectively. Illustratively, this can be seen in the first two plots shown in
Figure 2.4. A filter (e.g. size 5x5) is laid over the initial image, as shown in the first
plot. Each added-up multiplication is inscribed to the output matrix of the next layer,
which can be seen in the second plot of Figure 2.4. Intermediate outputs in the hidden
layers are also called feature maps. In the pre-activation of a convolution layer, the
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input feature map hl−1 of layer l−1 is convoluted with the linear filter ω of size m×n
and a bias b is added. Corresponding to Equation (2.14), the feature map hl of layer
l is obtained by applying a non-linear activation function σ (see next paragraph):

hlij = σ

(m−1∑

a=0

n−1∑

b=0

ωabh
l−1
(i+a)(j+b) + bij

)
.

Convolutional filters can be seen as feature detectors from the initial input image,
where different values of the filter matrix produce different feature maps for the same
input image. A filter can detect edges, curves or higher-level structures, such as
faces. When initializing a CNN, the number of filters, which define the depth of a
convolution layer, as well as their filter sizes have to be specified in advance, whereas
the weights of the filters itself are learned during the training process. Also the stride,
which is the number of pixels the filter is moved forward over the input image has to
be determined manually.

Non-linear activation function Most real-world applications involve non-linear
data, which means that the convolution layer, which is intrinsically linear may not be
sufficient. Therefore, non-linear activation functions, such as the rectified linear unit
(ReLU) are incorporated in the network. A ReLU replaces all negative values in the
feature map by zero

σ(x) = max(0, x),

where x is a pixel in case of image classification. Besides ReLU, there exist other
non-linear activation functions, such as tanh or sigmoid.

Pooling layer The purpose of the pooling step is to reduce the dimensionality of
each feature map by retaining the most important information. Therefore, in a first
step, a window of fix size is determined. Then the window slides, similar to the filters
of the convolution step, over the feature map and performs a dimensionality reduction.
This can be done by max pooling, where the largest element of the feature map,
which is currently located within the sliding window, is taken as new value for the
output matrix. Taken the average value or the sum of the feature map in the window
would be named as average pooling or sum pooling. This step is visualized in Figure
2.4, where a window in plot 2 is reduced to a single pixel in plot 3. Note that the
depth of the layer is maintained. Pooling layers leverage against overfitting, since they
reduce the feature dimension, which in turn reduce the number of parameters and
finally also make the network computationally faster. Furthermore, small distortions
or transformations in the input image will not change the output of the pooling layer,
which makes the network more stable regarding non-stationarities in the data (LeCun
et al., 2015).

Batch normalization layer ConvNets increase their throughput by portioning
the data into batches and processing one batch at one time instead of only one sam-
ple. A batch normalization layer normalizes the activations of the previous layer at
each batch, i.e., it applies a transformation that shifts the inputs to zero-mean and
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unit variance. This largely mitigates the internal covariate shift, which occurs when
the data become extremely large or very small, when being adjusted by the weights
and parameters throughout the network. For more information about batch normal-
ization we refer to Ioffe and Szegedy (2015).

The layers presented so far form together the basis of a ConvNet and can be re-
peated several times (for instance in the example shown in Figure 2.4, both layers
(convolution layer and pooling layer) were applied two times in a row). The overall
purpose of those layers is the feature extraction. Additionally, they are able to incor-
porate non-linearity in the network and reduce feature dimensions while aiming to
make the features invariant for scaling and translation.

Fully connected layer In a fully connected layer, which is a traditional Multi
Layer Perceptron (MLP), every neuron is connected to all activations in the previous
layer

hlj = σ(
∑

i

wlijh
l−1
ij + bj).

A fully connected layer can perform the classification step in the neural network. The
classification of the features hL, generated through the last layer L is done by using
the softmax activation function

p(y = k|hL) =
exp(hLk )

∑C
c=1 exp(hLc )

, (2.15)

which returns probabilities for all C classes, where the output probabilities sum up to
1.
In the example shown in Figure 2.4, there are four classes, namely dog, cat, boat and
bird. The highest target probability of 94% was allocated by the classifier to the class
boat, which is, given the picture of the boat, the correct decision.

How to train a ConvNet? We briefly address the training of the presented
ConvNet in its four essential steps. For an extensive overview and for the mathematical
details we refer to LeCun et al. (1998), Simard et al. (2003), Duchi et al. (2011), and
LeCun et al. (2012).

1. All filters and weights are initialized randomly.

2. Given an image of the training set, the network performs the forward propagation
step along all layers and finally allocates a probability to each class. Since all
parameters are randomly initialized the output probabilities of the first training
iteration are random too.

3. The total error made by the network is computed by a loss function between
the output and the target probabilities.

4. Now, backpropagation (LeCun et al., 1989) is used to propagate the error
backward through the network, using its gradient with respect to the parameters,
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respectively. Afterwards gradient descent is used for updating the parameter
values, which minimize the output error of the network.

The network is trained consecutively by repeating step 2-4 for the whole training set.
We have presented the architecture of a feed-forward network including four different
types of layers, namely convolution layers, ReLU layers, pooling layers, and fully
connected layers and its training procedure.

2.1.6 Covariate Shift

In statistics, the word covariate denotes a variable, which is observed during an
experiment and which follows a probability distribution. Thus, intuitively, the covariate
shift means a change in the distributions properties in the first place. Almost every real-
world machine learning application has to cope with the phenomenon of covariate shift.
Thereby, the fundamental assumptions made by supervised machine learning methods,
which is that the training and test data follow the same probability distribution, is
violated, e.g. due to the inevitable sample selection bias or a changing environment.
However, an assumption about the relationship between training data and test data
is essential to be able to learn from the training data (Sugiyama and Müller, 2005;
Sugiyama et al., 2013).
Several works, including Shimodaira (2000) and Sugiyama and Kawanabe (2012) treat
the covariate shift as assumption, where the training data ptr(x) and test data pte(x)
have different distributions

ptr(x) 6= pte(x) (2.16)

but their conditional distributions ptr(y|x) = pte(y|x) concerning the output values
given the input points remain the same. Shimodaira (2000) showed that covariate shift
causes problems for misspecified models, which are models that cannot express the
learning target function, that is, when there exists no model {P (Y,X,Φ∗)} from the
parametric model family {P (Y,X,Φ)}Φ∈Θ that can match the true relation between
X and Y . Hence, the optimal model we select for the source domain will differ from
the optimal model for the target domain due to Inequality (2.16). The influence of
covariate shift could be alleviated by adjusting the training data density to the test
data density by the density ratio ptr(x)

pte(x) (Shimodaira, 2000; Sugiyama and Müller,
2005). Here, the key idea is that the optimal model performs better in dense regions
of X.
Covariate shifts often appear when experiments have been translocated out of the
laboratory into a real-word scenario. This is because not all eventualities can be
foreseen or even incorporated in the laboratory conditions due to e.g. the extensive
amount of data recordings. Therefore, it is essential to equip the classifier with
the ability to adapt itself regarding the new data conditions. Thus, when building
convenient and trustworthy classifiers, there is a strong need for adaptation methods,
which exhibit a robust behavior even under changing environments.
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2.2 Interpretation
Most machine learning algorithms act like black-boxes. The structures they have
learned remain unknown and the reasons for the decisions they made are not disclosed
to the user. However, for many applications an explanation of the respective decision
is of great importance. On the one hand, human experts must know whether they can
trust the decision made by the classifier. On the other hand, for various scenarios it
is important to extract the underlying data structures learned by the machine. Hence,
understanding the learned structures within a classifier and interpreting the decisions
made by a classifier is of high value in many applications (Baehrens et al., 2010; Bach
et al., 2015; Vidovic et al., 2015b, 2017). It may provide additional information to
human experts and inspires more confidence in those otherwise black-box systems.
Furthermore, regarding the huge dimensionality of many real-world problems, the
interpretation of a system, which often is a ranking of the features, can even be used
for feature selection. In this section, we discuss the interpretation techniques on which
the later on proposed methods build upon. It is common to divide methodologies
assessing feature importance into the following two distinct categories (Ribeiro et al.,
2016)

• Model-based feature importance. Here, the task is to globally assess what
features a given (trained) learning machine regards as most significant — inde-
pendent of the examples given.

• Instance-based feature importance. Given a specific instance, i.e. sample,
the task at hand is to assess why this instance has been assigned this specific
classifier score (or class) prediction.

We start with Positional Oligomer Importance Matrices (POIMs) (Sonnenburg et al.,
2008), a model-based approach, which comes from the field of bioinformatics and was
specifically designed for DNA sequences. Zien et al. (2009) presented a generalization
of POIMs — the feature importance measure (FIRM), which is applicable to arbitrary
feature sets. Afterwards, the layer-wise relevance propagation (LRP) is presented, a
method that is other than POIMs and FIRM an instance-based feature importance
measure (Bach et al., 2015). Finally, we present a criterium called Hilbert Schmidt
Independence Criteria (HSIC), which measures the independence of two random
variables and can also be used for interpretation.

2.2.1 POIM - Positional Oligomer Importance Matrix
Suppose we have trained an SVM on a real human DNA data set for investigating a
genetic illness (Mieth et al., 2016). Given a new patient DNA data to the SVM, the
resulting diagnose is only a yes or a no to the potential patient disease. However, there
is an enormous need of information about the genetically modified DNA motifs and
their positions in the DNA sequence. To put it in a nutshell, there is a need to get to
know the positional oligomers that contribute the most to the SVM decision, i.e., the
discriminate motifs and their positions. This requirement is considered by positional
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oligomer importance matrices (POIMs, (Sonnenburg et al., 2008)), a methodology
to visualize feature importances of kernel machines over a quadbit alphabet (i.e.,
{A,C,G, T}, as in the case of DNA sequences), taking into account inter-correlations
between the features. The approach is based on the weighted degree kernel, exemplary
shown in Figure 2.5 (Rätsch et al., 2007; Sonnenburg et al., 2007; Ben-Hur et al., 2008),
which compares two discrete sequences x = (x1, . . . , xL), x′ = (x′1, . . . , x

′
L) ∈ AL of

length L over the alphabet A with |A| <∞, by counting the number of matches of
their subsequences up to a given length `max

κ(x, x′) =

`max∑

`=1

L−`+1∑

j=1

1{x[j]`=x′[j]`} . (2.17)

Here, x[j]` specifies the length-` subsequence of x starting at position j. Thus, each
entry in the explicit representation of a sequence Φ(x) in the decision function of the
kernel SVM

s(x) := 〈w,Φ(x)〉

corresponds to a valid positional subsequence y of length ` ∈ {1, . . . , `max} starting at
position j ∈ {1, . . . , L− `+ 1}.2.1 String Kernels 19

x AAACAAATAAGTAACTAATCTTTTAGGAAGAACGTTTCAACCATTTTGAG

#1-mers .|.|.|||.|..||.|.|..|||.||...|....|...|||......|..
#2-mers .....||.....|.......||..|.............||..........
#3-mers .....|..............|.................|...........

y TACCTAATTATGAAATTAAATTTCAGTGTGCTGATGGAAACGGAGAAGTC

Figure 2.1.4: Example degree d = 3 : k(x,x′) = β1 · 21 + β2 · 8 + β3 · 3

of the substring.6

Figure 2.1.5: Given two sequences x1 and x2 of equal length, our kernel consists of a weighted sum
to which each match in the sequences makes a contribution rb depending on its length b, where longer
matches contribute more significantly.

Note that the WD kernel can be understood as a Spectrum kernel where the k-mers
starting at different positions are treated independently of each other.7 Moreover, it
does not only consider substrings of length exactly d, but also all shorter matches.

Hence, the feature space for each position has
∑d

k=1 |Σ|k = |Σ|d+1−1
|Σ|−1 − 1 dimensions

and is additionally duplicated L times (leading to O(L|Σ|d) dimensions). However, the
computational complexity of the WD kernel is in the worst case O(dL) as can be directly
seen from Eq. (2.1.7).

2.1.8 Weighted Degree Kernel with Mismatches

In this paragraph we briefly discuss an extension of the WD kernel that considers mis-
matching k-mers.
We propose to use the following kernel

k(xi,xj) =
d∑

k=1

M∑

m=0

βk,m

L−k+1∑

l=1

I(uk,l(xi) 6=m uk,l(xj)),

where u 6=m u′ evaluates to true if and only if there are exactly m mismatches between
u and u′. When considering k(u,u′) as a function of u′, then one would wish that full
matches are fully counted while mismatching u′ sequences should be less influential, in
particular for a large number of mismatches. If we choose βk,m = βk/ (( k

m ) (|Σ| − 1)m)

6Note that although in our case βk+1 < βk, longer matches nevertheless contribute more strongly than
shorter ones: this is due to the fact that each long match also implies several short matches, adding
to the value of Eq. (2.1.7). Exploiting this knowledge allows for a O(L) reformulation of the kernel
using “block-weights” as has been done in Sonnenburg et al. (2005b).

7It therefore is very position dependent and does not tolerate any positional “shift”. For that reason
we proposed in Rätsch et al. (2005) a WD kernel with shifts, which tolerates a small number of shifts,
that lies in between the WD and the Spectrum kernel.

Fig. 2.5: Computation example of a weighted degree kernel for `max = 3. A
match is a k-mer, which is observed in both sequences at the same position is marked
by a dash. Finally all dashes are add up regarding Equation (2.17) (Rätsch et al.,
2007). The figure was taken from (Sonnenburg, 2008).

An entry in this feature representation Φ(x) of the kernel SVM (introduced in Section
2.1.3) equals one if the positional oligomer y occurs in x at position j and zero
otherwise. Any zero entries of Φ(x) do not contribute to the dot product, which is
why we can write s(x) as a sum over the positional oligomer weights of w, which occur
in x. Hence, we can rewrite the WD-kernel based scoring function as

s(x) =

`max∑

`=1

L−`+1∑

j=1

w(x[j]`,j).

In the case of support vector machines (SVM) (Cortes and Vapnik, 1995; Müller et al.,
2001), the larger the absolute value |s(x)| of a sequence x, the more reliable is the
decision sign(s(x)). For instance in the application of gene finding, s(x) would give
large positive scores for sequences likely to contain genes and large negative scores for
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sequences containing intergenic regions only. Following up on this intuition, POIMs
are formally defined as follows.
From now on, let X be a uniformly distributed random variable over the DNA alphabet
Σ = {A,C,G, T} of length L.

Definition 3 (POIM) Given an SVM scoring function s based upon a WD-kernel
of, at least, degree k ≥ 1, then for each possible k-mer y at position j we define the
positional oligomer importance score as

Qk,y,j = E[s(X)|X[j]k = y]− E[s(X)] ,

which results, applied successively, in the positional oligomer importance matrix Qk of
order k.

start position

2
-m

e
rs

low score

high scoreTT

AA
1 5

Fig. 2.6: Illustration of a POIM of order 2 and length l = 5 over oligomers of
length 2 (“2-mers”). Each POIM entry captures the significance of the particular 2-
mer at the specific position in the sequence, which is, roughly said, the expected value
of this positional 2-mer regarding the weights in the SVM WD-kernel. Boxes colored
in dark red indicate the most discriminative positional 2-mers.

There are two reasons for subtracting the expected value of the SVM scoring function
E[s(X)] in the POIM Definition 2.18. Firstly, the expected value of the SVM scoring
function can be considered as baseline value, which is necessary for the interpretation
of the conditioned expected value of the scoring function with respect to a single
positional oligomer. Secondly the computation speed is increased, since all non-
overlapping positional oligomers do not have to be considered in the SVM POIM
formula because their probability terms equal zero (cf. (Vidovic et al., 2015a; Vidovic
et al., 2015b)). We can very well visualize POIMs in terms of heatmaps as illustrated
in Fig. 2.6, from which we may obtain the most discriminative features by manual
inspection.

2.2.2 Differential POIM
As a first step towards a standalone analysis of POIMs, Zien et al. (2007) proposed
an extension of the POIM method, the so-called differential POIM, which aims to
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identify the most relevant motif lengths as well as the according starting positions.
Formally, the differential POIM Ω is defined as a k×L matrix Ω :=

(
Ωl,j

)
with entries

Ωl,j :=

{
ql,jmax −max{ql−1,j

max , q
l−1,j+1
max } if l ∈ {2, . . . , L}

0 elsewise ,
(2.18)

where
ql,jmax := max

y∈Σl
|Ql,y,j | .

We can interpret Ωl,j as an overall score for the general importance of the oligomers
of length l starting at position j. An example of a diffPOIM with the corresponding
POIM of order 2 is given in Figure 2.7.
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(a) POIM of order 2
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Fig. 2.7: Illustration of a POIM with its related differential POIM. A POIM
of order 2 is shown on the left, with its corresponding differential POIM, shown on
the right. From the diffPOIM we can observe the most significant positions in the
sequence, which are indicated by the boxes colored in dark red. Hence we can suppose
that two motifs, starting at position 6 and 22, respectively are significant for the SVM
decision function.

2.2.3 FIRM - Feature Importance Ranking Measure
Due to the fact that POIMs are limited in applicability, firstly, to sequential data
with binary features and secondly, to an SVM with a WD kernel, Zien et al. (2009)
introduced the feature importance ranking measure (FIRM), as a generalization of
POIMs to continuous features and arbitrary learning machines. FIRM measures the
impact that a given feature

f : X → R

from the input data has on the scoring function s : X → R. Zien et al. (2009)
give examples for features in case of a vectorial input X = Rd, such as simple
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coordinate projections fj(x) = xj , coordinate pairs fj,k = xjxk or step functions
fj,τ = 1{xj ≥ τ}. FIRM consists of two steps. First, the conditional expected score
of the scoring function that a feature f taken a certain value t is given as a function q
over the values t.

Definition 4 (Conditional expected score) The conditional expected score of a
scoring function s for a feature f is the expected score qf : R→ R conditioned on the
feature value t of the feature f :

qf (t) = E[s(X)|f(X) = t] . (2.19)

The idea behind the computation of the conditional expected score as a function of
the feature value t, which at the same time is the motivation of the next step, is that
features with no or just small effect on the scoring function have a flat function qf ,
whereas features with high importance will have a high variability in qf . Therefore,
the second step in FIRM establishes the variability of the conditional expected score
as a measure for the importance of the corresponding feature.

Definition 5 (Feature importance ranking measure (FIRM)) The feature im-
portance Qf ∈ R of the feature f is the standard deviation of the function qf :

Qf :=
√
V ar[qf (f(X)] .

Summarizing, FIRM measures feature importances for a given model. FIRM advances
POIMs regarding to arbitrary learning machines and continuous features, which makes
it a general theoretical approach. FIRM has a variety of interesting properties. Zien
et al. (2009) tagged FIRM “objective“, meaning that it is invariant with respect to
translation and rescaling of features, which makes it a robust approach. Furthermore
FIRM is “intelligent“, since it is not limited to features that have been used in the
learning machine. And above all, it is “universal“, since it is applicable to any feature
and any learning machine possessing a real valued output. Unfortunately, FRIM
is computationally infeasible for most applications, since it explicitly computes the
conditional expected value for the input space. Interestingly, Zien et al. (2009) discuss
shortly the possibility of assessing all quantities empirically but let go of this idea “due
to the limited amount of data“. The authors therefore present exact calculations to
approximate feature importances for certain settings (i.e. normally distributed data).

2.2.4 HSIC - Hilbert Schmidt Independence Criteria
Testing independence of two random variables is a challenging task due to the un-
known non-linear dependence structure in the data. In 2005, the Hilbert-Schmidt
independence criterion (Gretton et al., 2005) (HSIC) was proposed as a kernel-based
methodology to measure the independence of two multivariate random variables X
and Y . HSIC is based on the Hilbert-Schmidt Norm, which is defined as

||C||2HS :=
∑

ij

〈Cvi, uj〉2F, (2.20)
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where C : G → F is a linear operator and vi, uj are the orthonormal bases of G and
F , respectively. Now, given the cross-covariance operator

Cx,y := Ex,y[(φ(x)− µ(x))⊗ (Ψ(y)− µ(y))]

= Ex,y[φ(x)⊗Ψ(y)]− µ(x)⊗ µ(y),

where the tensor product operator f ⊗ g : G → F is defined as

(f ⊗ g)h := f〈g, h〉G ∀h ∈ G,

the Hilbert-Schmidt Independence Criterion is defined as the Hilbert-Schmidt norm
of the cross-covariance operator:

HSIC(X,Y ) := ‖CXY ‖2 = E[k(X,X ′)l(Y, Y ′)]

−2E[EX [k(X,X ′)]EY [l(Y, Y ′)]] + E[k(X,X ′)]E[l(Y, Y ′)]

where k and l are kernel functions.
For practical purpose, the authors introduce an empirical estimate of this measure,
which is defined as follows.

Definition 6 (Empirical HSIC) Let Z := {(x1, y1), . . . , (xm, ym)} ⊆ X × Y be a
series of m independent observations drawn from px,y. An estimator of HSIC is defined
as

HSICemp(Z,F ,G) := (m− 1)−2tr(KHLH), (2.21)

where H,K,L ∈ Rm×m, Ki,j := k(xi, xj),Lij := l(yi, yj) and Hij := I − 1
m11>,

where I ∈ Rm×m is the identity matrix and 1 is a m× 1 vector of ones.
The empirical estimate of HSIC is the sum of the squared singular values of the cross-
covariance operator. This kernel-based approach for detecting dependences between
random variables is simple and no user-defined regularization is needed, which may be
well used in many practical applications, such as Independent Component Analysis
(ICA), Maximum Variance Unfolding (MVU), feature extraction. Furthermore, a
fast computation is guaranteed due to the exponential convergence. In a nutshell,
HSIC measures the dependence between random variables. The empirical version of
HSIC tests the independence of two random variables X and Y based on a sample of
observed pairs (xi, yi), which is practically easy to apply.

2.2.5 LRP - Layer-wise Relevance Propagation
In the following we present the Layer-wise Relevance Propagation (LRP) framework,
which is a method that enables to interpret the decision of a complex non-linear
classification algorithm for a specific given input, such as an image. The method,
presented in Bach et al. (2015) and Lapuschkin et al. (2016b), has been successfully
applied to identify the responsible regions of a given image regarding its classification
decision. In the first place, it was designed for deep neural networks, where it, as
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the name suggests, propagates the prediction of a specific sample backwards through
the network by decomposing it down to the relevance scores over the samples input
dimensions.
Let x be an image an f(x) the classifier decision. The idea of LRP is to decompose
the classifier output by allocating each pixel p of x a relevance score R(1)

p :

f(x) ≈
∑

p

R(1)
p , (2.22)

where the number in the upper index of R(1)
p indicates the respective layer of the

network. The relevance of each node j at the network in layer (l + 1) is given by
R

(l+1)
j . Thus, with a maximum number of L layers the classifier output is equivalent

to the relevance of the last layer: f(x) = R
(L)
1 . The information flow between the

layers is handled by messages Rl,l+1
i←j sent from node j from layer (l + 1) to node i

from the underlying layer. Messages have to fulfill the condition

R
(l+1)
j =

∑

i∈(l)

Rl,l+1
i←j , (2.23)

which leads to a total relevance of R(l)
i =

∑
j∈(l+1)R

l,l+1
i←j , for node i at layer (l). There

are various possibilities to define the message process. The one we will use in this
thesis, the so called ε− rule, is given by

Rl,l+1
i←j =

zij
zj + εsign(zj)

R
(l+1)
j , (2.24)

where zij = (wijxi)
p and zj =

∑
k ∈ (l)zkj . The so called "stabilizer" ε is a small

scalar with the purpose of avoiding numerical degenerations for very small values of
zj . The pixel-wise obtained relevances of the image x can be visualized in form of a
heatmap. (See also Lapuschkin et al. (2016a), Montavon et al. (2017), and Kindermans
et al. (2017).

2.3 Data
The proposed methods in this thesis are evaluated on various data sets in the empirical
evaluation sections of the following chapters. Some methods are evaluated on same
data sets, which is why we introduce them once in the fundamentals in order to
prevent a multiple explanation of the same data.

2.3.1 Human Splice Sites

The human splice site data set, which is publicly available1, consists of 15 million DNA
sequences, each of length=141 nucleotides. For the positive labeled sequences, the
true splice site is located at position=45 with length=20, whereby there is no splice

1http://www.fml.tuebingen.mpg.de/raetsch/projects/lsmkl
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site in the negative labeled sequences. For the empirical evaluations in this thesis, we
used one million sequences, with a ratio=0.25 of positives/(positives+negatives)). For
a detailed introduction into the biological background and the process of splicing see
Appendix A.1.

2.3.2 USPS Data

The United States Postal Service (USPS) data set (Hastie et al., 2009; Hull, 1994), are
scannings of handwritten digits from envelopes by the U.S. Postal Service. Originally
the digits were binary and of different sizes and orientations. For the purpose of
handwritten digit recognition with machine learning, the images were distorted and
normalized to 16 times 16 grayscale images (LeCun et al., 1990). The data set includes
9298 images of handwritten digits with the corresponding label ([0-9]), encoded
through gray scale values ranging in [−1, 1]. For illustration, in Figure 2.8 the first
five samples of the training set are shown. Each image consists of 16× 16 = 256 pixels.

Fig. 2.8: Illustration of the USPS data set. The first five samples of the USPS
training set are plotted.

The data is split into a train and test set, where 7291 samples where used for training
and the remaining 2007 samples build the test set.

2.3.3 MNIST Data

The Modified National Institute of Standards and Technology (MNIST) database is a
large database of handwritten digits, including a training set of 60.000 data points
and a test set including 10,000 points (LeCun et al., 1998). Each of these grayscale
images consists of 28× 28 pixels and has a related label 0− 9. The data is publicly
available2.

2.4 Validation Strategies

An appropriate validation strategy is essential in order to measure the qualitative
and informative impact of a method. A measure of the respective performance is
also important when comparing multiple methods against each other. One widely
used validation strategy is the accuracy measure (ACC), where the true positive (TP)

2http://yann.lecun.com/exdb/mnist/
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and the true negative (TN) sample were added and divided by the total amount of
samples:

ACC =
TP + TN

TP + FP + TN + FN
, (2.25)

where FP and FN are the false positive and false negative samples. In experiments,
where the number of positive and negative samples is highly unbalanced, the accuracy
measure is biased and may not be informative. Especially in the field of bioinformatics,
where the extraction of positive samples is expensive, the ratio of positive to negative
samples is often less than one to 1000. Therefore, researchers would use the precision
(also called positive predictive value) for validation, which only considers the ratio
between the TP and the total amount of positive samples.
Regarding one key issue of this thesis, namely the interpretation of machine learning
algorithms, the validation strategy is not evident. Validating the extracted motifs from
biological data is often a problem that is left to the biologists due to the non existing
ground truth motif. However, some real-world data exist, for which the ground truth
motifs are known, such that we can apply the following validation strategy.

2.4.1 Motif reconstruction quality
As a measure of the motif reconstruction quality (MRQ), we employ the same score
as presented in Sandelin et al. (2003). When comparing equally sized matrix models,
this scoring reduces to the simple formula

MRQ =
k∑

p=1

[
1

k
− 1

2k

∑

c∈{A,C,G,T}
(tcp − rcp)2

]
, (2.26)

where t is the underlying true motif and r the comparative one, that was predicted or
found by some method.

2.4.2 Pixel Flipping
In the field of computer vision, no ground truth image is available, which would provide
the most important pixels or pixel patches in advance. Therefore, for validation, we
follow the Most Relevant First (MoRF) strategy and calculate its area over the MoRF
perturbation curve (AOPC) as proposed in Samek et al. (2017). In a nutshell the
approach works as follows: The indices of a given heatmap H are ordered according
to their importances O = (r1, . . . , rL), where r1 is the index of the highest value in H ,
i.e., the most important feature. Then, step wise, the function g removes particular
position information in xk−1

MoRF according to the index rk and randomly replaces it
with samples drawn from a uniform distribution. The recursive formula is as follows:

xkMoRF = g(xk−1
MoRF , rk), 1 ≤ k ≤ L,

where
x0
MoRF = x.
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Computing the classifier decision score of xkMoRF in each step k leads to a visualization
of the dependence between classifier performance and the impact of the perturbed
entries. The quantity of interest is computed as the area over the MoRF perturbation
curve for the k−th perturbation step

AOPCk =
1

k

k∑

i=1

s(x0
MoRF )− s(xiMoRF ), (2.27)

where s is the trained classifer.
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Chapter 3

SVM2Motif - Extracting
Motifs by Mimicking POIMs

Identifying discriminative motifs underlying the functionality and evolution of organ-
isms is a major challenge in computational biology. Machine learning approaches
such as support vector machines (SVMs) achieve state-of-the-art performances in
genomic discrimination tasks, but—due to their black-box characters—motifs under-
lying the decision functions are largely unknown. As a remedy, positional oligomer
importance matrices (POIMs) allow us to visualize the significance of position-specific
subsequences. Although being a major step towards the explanation of trained SVM
models, they suffer from the fact that their size grows exponentially in the length of
the motif, which renders their manual inspection feasible only for comparably small
motif sizes, typically k ≤ 5.

3.1 motifPOIM

In this section, we extend the work on positional oligomer importance matrices, by
presenting a new machine-learning methodology, entitled motifPOIM, to extract the
truly relevant motifs—regardless of their length and complexity—underlying the
predictions of a trained SVM model. The proposed framework thereby considers the
motifs as free parameters in a probabilistic model, a task which can be phrased as a
non-convex optimization problem. The exponential dependence between the POIM
size and the motif length poses a major numerical challenge, which is addressed by an
efficient optimization framework that allows the identification of possibly overlapping
motifs consisting of up to hundreds of nucleotides. The efficacy of the proposed
approach is demonstrated on synthetic data sets as well as on a real-world human
splice site data set. Furthermore, we evaluate the proposed methodology on the USPS
data set, which is easy to interpret for humans. Parts of the methods and results were
published in Vidovic et al. (2015a) and Vidovic et al. (2015b).

3.1.1 Motivation
In the field of bioinformatics, major technological advances in sequencing techniques
within the past decade have facilitated a deeper understanding of the mechanisms
underlying the functionality and evolution of organisms. Considering the pure size
of a genome, it comes, however, at the expense of an enormous amount of data that
demands for stand-alone and computationally efficient methods in, e.g., genomic
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discrimination tasks1. One of the most accurate approaches in genomic discrimination
tasks consist in the support vector machine (SVM) (Boser et al., 1992; Cortes and
Vapnik, 1995; Zien et al., 2000; Müller et al., 2001) along with the use of a weighted
degree string (WD) kernel (Rätsch et al., 2007; Ben-Hur et al., 2008; Rätsch and
Sonnenburg, 2004; Sonnenburg et al., 2002), which we introduced in Section 2.2.1. In a
nutshell, the WD-kernel is a similarity measure between two DNA sequences, breaking
them into all possible subsequences up to a length L and counting the number of
matches. The WD-kernel SVM has been shown to achieve state-of-the-art prediction
accuracies in many genomic discrimination tasks such as, e.g., transcription start site
detection (Sonnenburg et al., 2006b)—achieving the winning entry in the international
comparison by (Abeel et al., 2009) of 19 competing machine-learning models—and
splice site detection (Sonnenburg et al., 2007). Efficient implementations, such as the
one contained in the shogun machine-learning toolbox (Sonnenburg et al., 2010),
which employs effective feature hashing techniques (Sonnenburg and Franc, 2010),
have been applied to problems where millions of sequences, each containing thousands
of nucleotides, are processed at the same time (Sonnenburg et al., 2006a).
Unfortunately, due to its black-box character, biological factors underlying the SVM’s
prediction such as promoter elements and transcription start sites—the so-called motifs
(illustrated in Fig. 3.1)—are largely unknown. A first step towards the identification
of motifs underlying the functionality of organisms is achieved by POIMs (introduced
in Section 2.2.1), which assign each positional oligomer (PO) y of length l starting at
position j with an importance score POIMj,y ∼ E[s(X )|X [j]l = y], which allows us to
visualize the significance of the particular POs as illustrated in Fig. 2.6.
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Fig. 3.1: Example of a motif—i.e., an “interesting” subsequence of the DNA—
illustrated as a positional weight matrix (PWM): the size of a letter indicates the
probability of occurrence of the corresponding nucleotide at a certain position in the
motif. The likeliest nucleotides are arranged top down.

Although being a major step towards the explanation of trained SVM models, POIMs
suffer from the fact that their size grows exponentially with the length of the motif,
which

1. renders a feasible computation only for rather small motif sizes, typically k ≤ 12
(see Fig. 3.2 for exemplary execution times)

1An introduction to the biological background is given in Appendix A.1
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2. hampers manual inspection (in order to determine candidate motifs) already
for rather small motif sizes such as k ≈ 5 and is prohibitive for k ≥ 10. For
example, a POIM of order k = 5 contains, at each position, already 45 ≈ 1, 000
oligomers that a domain expert has to manually inspect. Slightly increasing
the motif length to k = 10 leads to an unfeasible amount of 410 ≈ 1, 000, 000
subsequences per position in the POIM.

Fig. 3.2: Memory footprint for POIMs of oligomer length k. Note that the
plot is in semi-logarithmic scale and thus showing an exponential growth for increasing
oligomer lengths rendering a direct approach incomputable for even small k ≥ 12.

In this chapter, we tackle the problem of obtaining motifs from the output of an SVM
via the use of POIMs from a different perspective. In a nutshell, our approach is the
other way around: we propose a probabilistic framework to reconstruct, from a given
motif, the POIM that is the most likely to be generated by the motif. By subsequently
minimizing the reconstruction error with respect to the truly given POIM, we can in
fact optimize over the motif in order to find the one that can reconstruct the POIM
best. The latter poses a substantial numerical challenge due to the extremely high
dimensionality of the feature space. Fig. 3.3 illustrates our approach.
The main contributions of this chapter can be summarized as follows:

1. Advancing the work of Sonnenburg et al. (2008) on POIMs, we propose a novel
probabilistic framework to finally go the full way from the output of a state-of-
the-art WD-kernel SVM via POIMs to the relevant motifs truly underlying the
SVM predictions.

2. To deal with the immense size of the feature space associated with the WD-
kernel, we propose a very efficient numerical framework based on numerous
speed-ups such as bit-shift operations, highly efficient scalar multiplications
as well as advanced sequence decomposition techniques, and provide a free
open-source implementation thereof2.

2https://github.com/mcvidomi/poim2motif.git
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Fig. 3.3: Illustration of the proposed framework —SVM2Motif— to ex-
tract motifs from a trained SVM model: In a first step, a POIM is computed
corresponding to the trained SVM (shown on the right, from top to bottom). Then a
motif approximately corresponding to the POIM is determined by associating each
candidate motif (illustrated in the top right) with a motifPOIM (shown in the bottom
right) via a probabilistic model and then minimizing the reconstruction error (indi-
cated by a ≈ symbol) by a feedback loop (observe the curved errors on the right) with
respect to the truly computed POIM (shown on the bottom left).

3. Our approach is able to even find overlapping motifs consisting of up to hundreds
of nucleotides, while previous approaches are limited to either comparably short
or contiguous motifs.

4. We demonstrate the efficiency and efficacy of our approach on both synthetic data
sets as well as a human splice data set, evaluated with the Motif Reconstruction
Quality (MRQ) measure (see Section 2.4.1).

This chapter is structured as follows: First, we introduce the proposed probabilis-
tic methodology—motifPOIM—for approximately determining the motif underlying
the observed POIM at hand. Following this, we propose a numerical framework —
SVM2Motif— for solving the corresponding non-convex optimization problem by the
use of efficient sequence computation techniques such as bit shifts. We evaluate the
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proposed methodology empirically both on controlled synthetic data as well as real-
world human splice data. Furthermore, the proposed methodology is evaluated on the
USPS data set, which is easy to interpret for the naive reader. Finally, we conclude
and discuss starting points for future work.

3.1.2 Probabilistic Model
We segment the method in its four substantial steps, which lead to a non-convex
optimization problem:

1. motif definition: The proposal motif is defined as probabilistic positional motif
(PPM), which is a tuple mk := (r, µ, σ), where r ∈ R|Σ|×k is a stochastic matrix
(PWM, positional weight matrix) that codes for the motif and µ, σ ∈ R.

2. motif weight function: A PPM induces a probabilistic model. Given µ and σ
as the starting position with its variance of the PPM, the Gaussian probability
function for the starting position is

P 1
(z,i)(mk) :=

1√
2πσ

exp

(
− (i− µ)2

2σ2

)
. (3.1)

Furthermore, the probability of the motif sequence itself is given by the product
of its PWM entries

P 2
(z,i)(mk) :=

k∏

`=1

rz`,` . (3.2)

Combining P 1 and P 2, the probability for each oligomer at each position

v(z,i)(mk) := P 1
(z,i)(mk)P

2
(z,i)(mk) (3.3)

can be assembled and gives us a weight vector similar to the weight vector of
the SVM.

3. motif scoring function: Thus, we are able to resemble the SVM scoring function
as a motif scoring function:

s̄(x|mk) :=
L−k+1∑

i=1

v(x[i]k,i)(mk) . (3.4)

4. motifPOIM formula: Consequently, we define in Definition 7 a motifPOIM R in
analogy to the POIM Q (see Definition refdef:poim).

Definition 7 (motifPOIM) Given a motif scoring function s̄ as defined in Equa-
tion (3.4), then for each possible k-mer y at position j we define a motifPOIM score
as

Ry,j(mk) := E[s̄(X|mk)|X[j]k = y]− E[s̄(X|mk)] , (3.5)

which results, applied successively, in the motifPOIM R.
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Our overall aim is, by optimizing over the motifPOIM R, to approximate the original
POIM (cf. also the illustration in the introduction, given by Fig. 3.3). An interesting
fact here is that, since computing motifPOIMs for longer PPMs (mk, k > 5) is
computationally expensive, we may use motifPOIMs of small orders k̃ ∈ {2, 3},
although, this is no restriction of the motif length, as we model a PPM of length
k ≥ k̃ as a set of overlapping SubPPMs, which we define as follows.

Definition 8 (SubPPMs) A PPM of length k is modeled as a set of D SubPPMs,
D := k − k̃ + 1 with length k̃ ≤ k, where SubPPMs are defined by

m̃d(mk, k̃) := (r̃, µ̃, σ), ∀ d = 0, . . . , D − 1 .

Here, µ̃ := µ + d and r̃ := r[d, d + k̃ − 1], where r[d, d + k̃ − 1] is the d-th until the
(d+ k̃ − 1)-th column of the PPMs PWM r.

The basic idea is illustrated in Fig. 3.4, where we divide a PPM into a set of SubPPM.
Instead of computing a motifPOIM for the PPM, we now compute a set of D
motifPOIMs for the smaller overlapping SubPPMs.

‚

Fig. 3.4: Illustration of the SubPPM approach: instead of computing possibly
intractable POIMs for long motifs directly, we decompose each of the longer motifs
(here: a single motif of length 12) into smaller overlapping, conforming subsequences
of length k̃ (in the figure: k̃ = 3). This approach allows us to reconstruct motifs of
arbitrary length using low dimensional POIMs, rendering the reconstruction of very
large, possibly overlapping motifs computationally feasible.

3.1.3 Numerical Methods
In this section, we introduce an efficient numerical framework for the extraction of
motifs from POIMs by mathematical optimization. The core idea is to determine
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a motif mk with an according motifPOIM R(mk) that approximates the original
POIM Qk. To this end, let us introduce some notation. Let K ⊂ N be the set of all
motif lengths to be considered and kmax = max

k∈K
k the maximum length. The vector

T ∈ Nkmax
0 contains the number of PPMs for each motif length, where Tk, k ∈ K

is the given number of PPMs of length k. For example, when K = {2, 4, 10} and
T = (0, 6, 0, 2, 0, 0, 0, 0, 0, 2), then the goal is to find 6 PPMs of length 2, 4 PPMs of
length 4, and 2 PPMs of length 10. Our optimization method is as follows: given the
set K and the vector T , we randomly initialize the PPMs mk,t t = 1, . . . , Tk , k ∈ K
and generate a set of motifPOIMs for the SubPPMs m̃d(mk, k̃), d = 0, . . . , D − 1.
The optimization variables are all Tk, k ∈ K PPMs. For obtaining the priorities of the
PPMs we weight the PPMs by λk,t, t = 1, . . . , Tk , k ∈ K and additionally optimize
over the weights. Hence, the optimization variables are:

• PPM mk,t = (rk,t, µk,t, σk,t), t = 1, . . . , Tk , k ∈ K ,
where
µk,t ∈ {1, . . . , L− k + 1}, t = 1, . . . , Tk , k ∈ K
σk,t ∈ [ε, k], t = 1, . . . , Tk , k ∈ K
rk,t ∈ [ε, 1]4×k, t = 1, . . . , Tk , k ∈ K

• weight of mk,t

λk,t ∈ [0,W ], t = 1, . . . , Tk , k ∈ K,W ∈ R+ .

A PPM generates a motifPOIM, which is given by the sum of D motifPOIMs generated
by its SubPPMs. The sum of the weighted motifPOIMs, λk,tR(mk,t), t = 1, . . . , Tk,
should estimate the POIM Qk̃ for each k ∈ K. The optimization problem is now a
minimization of the distance between the sum of the motifPOIMs and the original
POIM, which leads to a non-convex optimization problem with the following objective
function:

Π(η) =
1

2

∑

k∈K

∑

y∈Σk̃

L∑

j=1

( Tk∑

t=1

λk,t

D−1∑

d=0

Ry,j(m̃d(mk,t, k̃))−Qk̃,y,j
)2

, (3.6)

where η = (mk,t, λk,t, k̃)t=1,...,Tk,k∈K .
The associated constrained non-linear optimization problem is thus as follows:

min
(mk,t,λk,t)t=1,...,Tk,k∈K

Π(η) (3.7)

subject to
ε ≤ σk,t ≤ k, t = 1, . . . , Tk , k ∈ K
1 ≤ µk,t ≤ L− k + 1, t = 1, . . . , Tk , k ∈ K

0 ≤ λk,t ≤ ∞, t = 1, . . . , Tk , k ∈ K
ε ≤ rk,t,o,s ≤ 1, t = 1, . . . , Tk , k ∈ K,

o = 1, . . . , |Σ|, s = 1, . . . , k ,

|Σ|∑

o=1

rk,t,o,s = 1,
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where ε is the machine precision. Note that for the sake of optimization efficiency
we relax the integer constraint on the motifs start positions in the sense that we
optimize over positive real numbers. The objective function Π(η) is defined on the
compact set U , since all parameters are defined in a closed and bounded, convex
space. Consequently, if U is not empty, Π(η) is a continuously differentiable function,
since its conforming parts, that is, the Gaussian function and the product of the
PWM entries, all are continuously differentiable. Thus, the global minimum of the
optimization problem (3.7) is guaranteed to exist. Due to the non-convex nature of
(3.7), however, there may exist multiple local minima.

Efficient Computation

To allow an efficient numerical optimization of (3.7), we first translate the motifPOIM
formula (3.5) in another, equivalent form, similar as in Sonnenburg et al. (2007). To
this end, note that the expected value of s̄(X|mk) for the given weight vector v(mk)
and a random variable X ∈ ΣL is given by:

E[s̄(X|mk)] =
1

|ΣL|
∑

x∈ΣL

s̄(x;mk) .

It holds that

E[s̄(X|mk)] =
1

|ΣL|
∑

x∈ΣL

k∑

l=1

L−l+1∑

i=1

v(x[i]l,i)(mk)

=
k∑

l=1

L−l+1∑

i=1

1

|ΣL|
∑

x∈ΣL

v(x[i]l,i)(mk)

=
k∑

l=1

L−l+1∑

i=1

1

|Σl|
∑

z∈Σl

v(z,i)(mk)

=

k∑

l=1

∑

z∈Σl

L−l+1∑

i=1

v(z,i)(mk)P(X [i]l = z) . (3.8)

Hence the conditioned expectation is almost equivalent to (3.8), except the probability
term that is given by the conditioned probability conditioned that y is at position j:

P(X [i]l = z|X [j]k = y) . (3.9)

We now consider this probability term and its effect on the summation in (3.5). To
this end, we introduce the following notation as in Sonnenburg et al. (2007).

Definition 9 Two positional oligomers (z, i) and (y, j) of length l and k are indepen-
dent if and only if they do not share any position; in this case we write (y, j) ⊀ (z, i)
and (y, j) ≺ (z, i) otherwise (i.e., when they are dependent). If they are dependent and
also agree on all shared positions we say they are compatible and we write (y, j) - (z, i)
(and (y, j) � (z, i) if they are not compatible).
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According to the cases discussed in the above definition, the conditioned probability
term can take the following values:

P(X [i]l = z|X [j]k = y) =





1
|Σl| if (y, j) ⊀ (z, i)

0 if (y, j) � (z, i)
|Σc|
|Σl| if (y, j) - (z, i)

, (3.10)

where c is the number of shared and compatible positions of two positional oligomers:

c
(
(y, j), (z, i)

)
=





l − |i− j| if i < j and (y, j) - (z, i)
l if i = j and (y, j) - (z, i)
k − |i− j| if i > j and (y, j) - (z, i)
0 else.

.

Taken the case (y, j) ⊀ (z, i), the probability terms in the motifPOIM formula (3.5)
subtract to zero, so that the positional oligomer (z, i) is not considered in the sum
Ry,j(mk). Hence, in order to compute Ry,j(mk), it is sufficient to sum over two
positional oligomer sets, where one contains all (z, i) with (y, j) - (z, i), I-(y,j), and
the others contains all (z, i) with (y, j) � (z, i), I�(y,j):

Ry,j(mk) =
∑

(z,i)∈I-
(y,j)

v(z,i)(mk)
( |Σc|
|Σk| −

1

|Σk|
)

(3.11)

+
∑

(z,i)∈I�
(y,j)

v(z,i)(mk)
(
− 1

|Σk|
)
) ,

where I◦(y,j) :=

{
(z, i) ∈ Σ|y| ×

{
1, . . . , L− |y|+ 1

}
|(y, j) ◦ (z, i)

}
and ◦ ∈ {-,�} .

Numerical Speed-ups In addition to the speed-up achieved by the above re-
formulation of the problem, we can additionally save time in the motifPOIM compu-
tation by exploiting bit shift operations as follows. With the help of the dependence
sets I-(y,j) and I�(y,j) we know all the dependent and compatible positional oligomers
of a single positional oligomer (y, j). Fig. 3.5 exemplarily illustrates the dependent
and compatible oligomers z of y = TAC.
The core idea leading to the numerical speed-up is as follows: In each (y, j) we consider
the two dependence sets. However, the fact is that an oligomer y has completely
the same dependent and compatible oligomers z at each position in the sequence.
Thus, a dependent set containing all dependent and compatible z of y is the same
for all positions i = 1, . . . , L. The trick is to generate a dependency matrix A (see
Definition 3.12) for a single y once, which can then be use at every sequence position
without the need of recalculation. This matrix contains the probability terms of the
motifPOIM formula since they do not change for y over the positions, saving at least
|Σk|(2(k − 1) + 1) complex computations per position. For each position j we now
create a weight matrix Cj of same size, which contains all the weights v(z,i)(mk) for
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Fig. 3.5: Illustration of the definition of dependent and compatible
oligomers (cf. Definition 9). We say that two positional oligomers are dependent
when they overlap each other. If they additionally agree on all shared positions, we
say that they are compatible. In this figure, the positional oligomers (TAC, i) and
(AAT, i− 2) are dependent and compatible since both of them contain the letter T at
position i. Whereas the positional 3-mers (TAC, i) and (AAG, i− 2) are dependent
but not compatible.

the entries in A for a specific position j. Finally, the dot product of A and Cj replaces
the long motifPOIM formula (3.11) and we achieve a faster computation speed.
Due to the fact that dependent positional oligomers overlap each other, a dependent
k-mer z of the k-mer y could have a maximal distance of k − 1 from y. Hence, we
have to consider the oligomers z with a maximum distance of k − 1 position next to
both sites of y and the position of y itself. That yields to the dependence set:

Iy(k) =

{
(z, i) ∈ Σk × {1, . . . , 2(k − 1) + 1}

}
.

The dependent matrix A(y) is defined on Iy(k) as a matrix of size 4k × (2(k − 1) + 1)
and contains the positional oligomer probability terms of the motifPOIM formula as
entries:

Az,i(y) =

{
4c−1

4k
if (z, i) - (y, k)

−1
4k

else . (3.12)

Furthermore, we create a weight matrix Cj of same size as A, which contains all
weights v(z,i)(mk) of the entries in A for a specific position j, so that the dot product
of Cj and A replaces the sums of the motifPOIM formula (3.11), which speeds up
computations considerably. This fact is stated in the following theorem.
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Theorem 10 Let y be a k-mer, mk the PPM, v(mk) the motif weight vector, and A
the dependent matrix of y. Introducing a matrix Cj(y|mk), which is defined on Iy(k)
as a matrix of same size Σk × (2(k − 1) + 1) as A(y) and contains all weights of the
positional oligomers in A(y) for the motifPOIM position j as

Cjz,i(y|mk) =

{
v(z,i+j−k)(mk) if 1 ≤ j + i− k ≤ L
0 else , (3.13)

then

Ry,j(mk) = 〈A(y), Cj(y|mk)〉 . (3.14)

Proof 1

〈A(y), Cj(y|mk)〉 =
∑

z∈Σk

2(k−1)+1∑

i=1

Cjz,i(y|mk)Az,i(y)

=
∑

z∈Σk

2(k−1)+1∑

i=1

v(z,i+j−k)(mk)Az,i(y)

=
∑

I-
(y,k)

(
4c((y,k),(z,i)) − 1

4k

)
v(z,i+j−k)(mk) +

∑

I�
(y,k)

(−1

4k

)
v(z,i+j−k)(mk)

=
∑

I-
(y,j)

(
4c((y,j),(z,i)) − 1

4k

)
v(z,i)(mk) +

∑

I�
(y,j)

(−1

4k

)
v(z,i)(mk) .

Substituting the last equation into (3.14) gives us (3.11).

The case distinction in Theorem 10 is made since some dependent positional oligomers
are placed outside the possible sequence positions. Suppose we compute the weight
matrix Cjz,i(y|mk) for y = ACT at the sequence position j = 1. Then there are
overlapping 3-mers such as, for example, (AAA,−1) and (TAC, 0), that do not exist
in the sequence at all. Thus, they are weighted by zero.
Together with the fact that we implement the algorithm in the Python programming
language and use the numpy library for computations, calculations are very fast by
using the algorithm shown in Table 3.1.
Another step towards an efficient computation is yield by introducing a confidence
interval: The probability distribution over the PPM with starting position µ in the
sequence is a Gaussian function. One characteristic of this function is that 99, 7 % of
the starting positions are within the confidence interval [µ− 3σ, µ + 3σ]. Hence, it
suffices to compute the motifPOIM entries for the integer values in the confidence
interval and set the other motifPOIM entries to zero. Let ICO be the set containing
all positional oligomers of the confidence interval. A summary is given in Table 3.1.
For each k ∈ K a motifPOIM R is constructed (see Theorem 10) and the residual
between the aforementioned motifPOIM and the SVM POIM Qk of matching order k
is added to the variable iteratively computing the function value.
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Data: mk,t = (rk,t, µk,t, σk,t), λk,t, t = 1, . . . , Tk, k ∈ K
Result: Π(mk,t, λk,t)t=1,...,Tk,k∈K
begin

f ←− 0
for k ∈ K do

R←− 0
for y ∈ Σk do

Compute A(y) (see Eq. (3.12))
for t = 1, . . . , Tk do

for j ∈ ICO do
Compute Cj(y|mk,t) (see Eq. 3.13)
R[y][j] = R[y][j] + (〈A(y), Cj(y|mk,t)〉) (see Eq.(3.14))

for y ∈ Σk do
for j = 1, . . . , L do

Π = Π + (R[y][j]−Qk[y][j])2 (see Eqn. 3.6)

Tab. 3.1: Efficient evaluation of Equation (3.6)

3.1.4 Empirical Analysis

In this section, we analyze our proposed mathematical model (3.7) empirically. After
introducing the experimental setup, we evaluate our approach on a synthetic data
set, where we fully control the underlying ground truth. Then, we investigate our
model on a real human splice data set and compare our results to motifs contained in
the JASPAR database (Sandelin et al., 2004). Finally, we show that our method is
applicable to images as well and shows promising results on the USPS data set, which
we introduced in Section 2.3.2.

Overall Experimental Setup

For the SVM training, we use the shogun machine-learning toolbox (Sonnenburg
et al., 2010) (available from http://www.shogun-toolbox.org/), which contains a
C++ implementation of a WD-kernel SVM that is specially designed for large-scale
sequence learning problems and provides interfaces to Matlab, Python, R, and
Java. The regularization constant C of the SVM and the degree d of the weighted
degree kernel are set to C = 1 and d = 20, which are proven default values.
After SVM training, the POIM Q is generated through the Python script com-
pute_poims.py, which is included in the shogun toolbox. The Python framework
obtains the trained SVM and a (maximal) POIM order kmax = 12 as parameters and
returns all POIMs, i.e., the differential POIM, the maximum POIM, and the regular
POIMs Qk, k = 1, . . . , kmax. We set kmax = 7 in synthetic experiments and kmax = 6
in real experiments because of memory requirements (storing all POIMs up to an or-
der of 10 requires about 4 gigabytes of space). Note that this is no restriction as our
optimization problem (3.7) requires POIMs of order two or three only. Nevertheless,
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POIMS of higher order than three can provide additional useful information since
they contain prior information about the optimization variables, which we use for a
proper initialization, which we refer to as greedy initialization: To efficiently optimize
our highly non-convex optimization problem (3.7), an appropriate initialization of the
optimization variables is mandatory. Thus, we use the differential POIM (defined in
Equation (2.18)) as indicator for extracting the area of interest: we search for points
of accumulation of high scoring entries, from which we manually estimate the number
of motifs as well as their length and starting position. Thereby we take the whole in-
terval of all highly scoring positions as motif length, where the start position is the
first position where all k-mers show a substantial increase in their scores. Once the
motif interval is estimated, we select the leading nucleotide from the highest scoring
column entry within the interval from the corresponding POIM and initialize the re-
spective PWM entry with a value of 0.7 and 0.1 for non-matches. Indeed, we found
this approach to be more stable and reliable than using random initialization. These
parameters serve as initialization for our non-convex optimization problem (3.7). To
compute a motif from the computed POIMs, we employ the L-BFGS-B Algorithm
(Liu and Nocedal, 1989), where the parameters λ and σ both are initialized as 1. An
illustration of the so-obtained experimental pipeline is shown in Fig. 3.6.

Fig. 3.6: Experimental pipeline of the motif extraction process (from left
to right): given a trained SVM, we construct the corresponding POIM before
applying the proposed motifPOIM approach to reconstruct underlying motifs (PWMs).
Differential POIMs give reasonably initial values for the length and number of motifs.

As performance measure, we use the motif reconstruction quality (MRQ), which
we introduced in Section 2.4, Equation (2.26), and which is the same performance
measure used in the JASPAR SPLICE database (Sandelin et al., 2003).

Synthetic Data Experiments

We first evaluate the proposed methodology on synthetically generated data, where
we have full access to the underlying ground truth. This experiment aims successive
at demonstrating the ability of our method in finding

1. a single motif

2. a single mutated motif

3. overlapping motifs
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4. long motifs.

Data Sets To this end, we generate four sample sets S1, S2, S3, S4 as follows:

1. The sample S1 consists of 10,000 DNA sequences of length 30 over the alphabet
{A,C,G, T}30, randomly drawn from a uniform distribution U(ΣL) over ΣL.
We subsequently modify 25% of the sequences by replacing the positions 11 to 16
by the synthetic target sequence CCTATA. These modified sequences form the
positively labeled examples, while the remaining 75% of sequences are assigned
to a negative label.

2. The sample S2 is obtained from S1 by mutating any of the six conforming
nucleotides of the inserted motif with probability p. This models a scenario
where a motif is not quite clearly expressed in the data. We realized the sample
S2 ≡ Sp2 for various levels of mutation p ∈ [0, 1].

3. Similar to S1, the sample S3 consists of 10,000 uniformly drawn DNA sequences
of length 30, where, in 12.5% of the sequences, we replace the positions 5 to 15
by the positional oligomer (AATCTGGCGGT,5). Similarly, we insert the PO
(CAATAGCCTGATGGC,10) into another 12.5% of sequences, resulting in a
total of 25% of altered sequences, which are assigned to a positive label (and all
other sequences are labeled negatively).

4. The sample S4 consists of 10,000 uniformly drawn DNA sequences of length
400, where, in 25% of the sequences, we replace the positions 21 to 220 by a
positional oligomer of the form TCGGA TCGGA TCGGA ... with length 200.

Results

Results on the unmutated data set S1. The results of the realization of this
synthetic experiment using training subsets of size n from the base sample S1 are
shown in Fig. 3.7, for various values of n. We can observe from the figure that the
reconstruction error decreases as a function of the sample size n already for n = 100.
The corresponding motif/PWM computed by our approach correctly identifies the
true underlying motif sequence as the most likely path in the PWM.

Results on the mutated data set S2. Furthermore, we realize the very same
experiment using the sample S2 ≡ Sp2 for various levels of mutations. The results are
shown in Fig. 3.8. We can observe that, up to a mutation level of 60%, we correctly
identify the true underlying motif as being the sequence with the highest probability
in the PWM. For more than 70% of mutations in the training data, the performance
drops severely. This effect however, is due to a drop of classification performance of
the corresponding SVM as can be seen in Table 3.2. Table 3.2 highlights results for
an exemplary sample for each level of mutation, to relate SVM classification error
to mutation level, and also random PWM initialization strategy (30 runs) to greedy
initialization.
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Fig. 3.7: The results of the synthetic experiment for varying SVM training
sample size n using non-mutated sequences of length 30. As expected, the
motif is better reconstructed the more training sequences are used for the SVM
training. However, as can be seen in the figure, the true motif is picked up early, a
tendency that we claim to the robustness of our approach.
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Fig. 3.8: We illustrate the robustness of our approach by plotting the
reconstruction errors vs. the mutation level for a fixed amount of training
samples. We observe that even for high mutation levels (e.g. 50%) the motif
reconstruction quality (MRQ) is sufficiently good to reconstruct the true underlying
motif correctly.

Results with overlapping motifs, i.e., data set S3. To validate our method
for overlapping motifs, we also experiment on the sample S3. The differential POIM
and the POIM of order two resulting from our experimental pipeline are shown in
Fig. 3.9 (a) and (b). Interestingly, the two accumulations of entries with high scores
indicate that the POIM includes two overlapping motifs. The investigation of these
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Greedy PWM init Random PWM init
p SVM acc iter MRQ iter MRQ
0.0 0.9987 14 0.93 39±14 0.8±0.1
0.1 0.998 13 0.92 43±12 0.76±0.12
0.2 0.998 13 0.92 40±19 0.77±0.1
0.3 0.9991 14 0.92 45±21 0.74±0.11
0.4 0.996 13 0.92 41±17 0.8±0.06
0.5 0.9989 14 0.92 36±21 0.79±0.07
0.6 0.9944 13 0.92 41±15 0.78±0.05
0.7 0.616 13 0.46 16±6 0.53±0.08
0.8 0.5 13 0.44 15±2 0.56±0.1
0.9 0.5 14 0.35 15±2 0.55±0.07
1.0 0.5 20 0.33 16±3 0.47±0.08

Tab. 3.2: Experimental results for a fixed sample S1 with no mutation
(p = 0) and S2 with various levels of mutation (p = 0.1, . . . , 1). The proposed
greedy initialization of the PWMs is more reliable and stable than randomly initialized
PWMs (mean and standard deviations are shown for 30 re-starts), indicated by higher
MRQs and less iterations. Furthermore, the SVM classification error is related to the
level of mutation and clearly correlated with the motif reconstruction quality (MRQ)
of our method, independent of the initialization strategy.

accumulations is slightly more involved than in the experiment above: we observe, for
each motif length l > 1 , 11− l + 1 subsequent cell entries having an extraordinary
high score as indicated by light blue, green, orange, or red colors (e.g., length l=7, we
observe a block of 5 subsequent entries). Thus, the first discriminative motif starts at
position 5 and consists of 11 nucleotides. We can observe a drop at position 10 (notice
the dark blue color) indicating the starting position of the second motif. Altogether,
the figure indicates that the optimal model parameters are: K = {11, 15}, T11 = 1,
T15 = 1, where µ11,1 = 5 and µ15,1 = 10. Furthermore, Fig. 3.9 (c) and (d) show
the PWM results obtained from our optimization approach. We can observe that,
although the two motifs are overlapping, both motifs are identified correctly. As for
the previous experiment, we also report on the optimal parameters, shown in Table
3.3.

µ σ λopt Πopt iter
5 0.77 0.84 0.159 4610 0.81 0.68

Tab. 3.3: Optimal parameters for the synthetic data set S3 with overlapping
motifs. Motifs have length 11 and 15 and start at position 5 and 10 respectively. The
optimal function values as well as the number of function evaluations are the same, as
our method optimizes holistically everything at once.
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Fig. 3.9: Results for the synthetic experiment with overlapping motifs
(AATCTGGCGGT, µ = 5) and (CAATAGCCTGATGGC, µ = 10). The
differential POIM is shown in Figure a), where we can extract the starting position
of the two motifs as 5 and 10. Figure b) shows the POIM for the 2-mers, where the
area between the starting and ending positions of both motifs is characterized by high
scores. Figure c) and d) represent the correctly reconstructed motifs found by our
proposed methodology.

Results for a very long motif, i.e., data set S4. At last, we investigate whether
our approach is able to find a very long motif, as contained in the sample S4. Due
to the huge number of variables and the immense size of the POIM, we divide the
POIM into 10 smaller conforming parts, in each searching for a motif of length 20.
Fig. 3.10 shows the results. We can observe that the combination of the 10 computed
PWMs reconstruct the real motif adequately.

Fig. 3.10: Results of the synthetic experiment on the data set S4. The motif
of length 200 is reconstructed correctly by overcoming the computationally infeasible
POIM dimensionality of 4200 by splitting the long motif into smaller overlapping
motifs. The resulting motif is shown here for the first 20 and the last 181 to 200
positions.

The computation time improvement of SVM2Motif compared to the simple motif
extraction of a POIM of the same order as the motif length is shown in Table 3.4.
The experiment was repeated 5 times and the mean computation times and their
standard deviations are shown. Due to the fact that POIMs are computable up to an
order of 12 only, motifs with a length > 12 can not be extracted. For the SVM2Motif
approach we observe a linear increase of computation time. Furthermore, SVM2Motif
is able to find long motifs (motif length » 12) as it was shown in Figure 3.10. Note
that the computation time of SVM2Motif depends on the choice of the parameters
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motif length POIM SVM2Motif
2 0.61 ± 0.03 0.88 ±0.1
4 0.55 ± 0.01 1.8 ±0.18
6 0.79 ± 0.07 32.99 ± 0.29
8 5.18 ± 0.06 36.41 ±8.4
10 74.84 ± 1.26 52.95 ± 1.76
12 1195.58 ± 7.37 64.58 ±0.21
14 - 75.21±0.19
16 - 85.7 ±0.21
18 - 96.16 ± 0.07
20 - 106.9 ±0.32

Tab. 3.4: Computation time improvement. Computation times (in seconds) of
POIM and SVM2Motif for various motif lengths.

used for the L-BFGS-B solver. We stopped the optimization when the relative error
between the actual and last function value was smaller than ftol = 10−3.
We can summarize that the experiments on synthetic data demonstrate the ability of
our approach to robustly extract the true underlying—possibly overlapping—motifs
from noisy data sets even for large motif sizes in a reasonable time.

Application to Human Splice Data

In this section, we evaluate our methodology on the human splice data set, which
is introduced in Section 2.3.1. To verify our results, we use the JASPAR database
(Sandelin et al., 2004) (available at http://jaspar.genereg.net), which provides us
with a collection of important DNA motifs and also contains a splice site database. As
a measure of the motif reconstruction quality (MRQ), we use the JASPAR SPLICE
score (Sandelin et al., 2003), which is introduced in Section 2.4.
Note that real DNA sequences may contain non-polymorphic loci, which is why such a
motif is not discriminative and we may thus not expect the SVM to identify this locus.
We thus catch this special case and place this positional oligomer in the solution
sequence. We apply the full experimental pipeline described in the previous section to
the splice data, i.e., we first train an SVM, then generate the POIM and the differential
POIM, from which we reconstruct a motif by our motifPOIM optimization approach.
We compare our approach against the publicly available motif finder MEME (Multiple
EM for Motif Elicitation, (Bailey, Elkan, et al., 1994)), a well-known motif discovering
tool for DNA sequences, included in the MEME suite, which is a collection of tools
for motif discovering and sequence analyzing. The user can specify the number of
motifs as well as the length by either the exact length or a range specification. MEME
expects the input sequences in FASTA file format. For comparison, we conducted three
experiments with varying numbers of positive samples. For support vector machine
training, we double the number of samples by filling in negative ones. We chose
400 positive samples (computation time ∼1min), which is the maximum amount of
sequences when using the MEME online tool, 700 positive samples (∼10min), which is

46

http://jaspar.genereg.net


motifPOIM

the maximum recommended amount when using the MEME locally, and 2000 positive
samples (∼12h). We compare the found motifs against the true splice site motif, taken
from the JASPAR database by measure their accordance with the MRQ value.
Fig. 3.11 shows the preliminary results for 400 samples in terms of the differential
POIM and corresponding POIM of order 2, shown for the entire sequence (see Figures
3.11 (a) and (c), respectively) as well as zoomed in for the “interesting” positions 36–
76 of the sequence (see Figures 3.11 (b) and (d)). According to Fig. 3.11 (b), the
largest entries correspond to a 3- and 2-mer that can be found at position 56 and
57, respectively. A significant increase of the score is recognizable for all k-mers at
position 45, which is enhanced at position 46. The last largest entry for a 6-mer is
found at position 58, which corresponds to the last largest entries of 4-mers at position
60 and 2-mers at position 62, from which we conclude that the discriminative motif
starts at position 45 and ends at position 63. Thus, the motif we are searching for
is expected to have a length of 19 nucleotides, which we use as an initialization for
our motifPOIM approach. We also account for non-polymorphic loci and find that
the nucleotides A and G appear in all DNA sequences of the data set, always at
the positions 60 and 61, respectively. We thus place them in the final PWM with a
probability of 100 percent.
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Fig. 3.11: Results of the real-world human splice experiment: Figures (a)
and (c) show the differential POIM and the POIM of order 2, respectively, for the
entire sequence length of 200, while Figures (b) and (d) zoom into the “interesting”
positions 36–76 only.

The final results for 400 positive samples, are shown in Fig. 3.12, where the true
underlying motif taken from the JASPAR splice database is shown in Fig. 3.12 (a),
while the motif computed by our approach is shown in Fig. 3.12 (b) and the motif
found by MEME is shown in Fig. 3.12 (c). The optimal parameters found by the
L-BFGS-B solver are shown in Table 3.5. For all experiments, the start position is
around the initialization value of 45, with a small variance of up to σ = 0.44. The
great difference in the optimal function value is caused by the experiment dependent
POIM scorings, for example in the POIM of order 2 of the first experiment we observe
a maximal score value of 4 (see Fig. 3.11), where the maximal value in the third
experiment was 5. From the resulting motif, shown in Fig 3.12 (b), we observe a
striking accordance with the true motif as evidenced by a high MRQ value of 98.6.
However, the motif found by MEME, shown in Fig. 3.12 (c), which has a length of 21
nucleotides, has a lower MRQ value of 94,5 although there exists a high similarity to
the true motif. The reason is that the motif found by MEME starts 2 positions and
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ends 1 position before the true motif. The results for 700 and 2000 positive training
samples, are shown in Fig. 3.13 and Fig. 3.14, respectively. Here, the results for our
approach show similar high MRQ values. MEME, found in both experiments a 21
nucleotides long motif starting 4 positions before the true motif. To get more insights,
we fixed the motif length for both methods to 20 nucleotides, which corresponds to
the underlying ground truth taken from the JASPAR database. The results are shown
in Table 3.6. Again, we observe high MRQ values for the motif computed with our
method. Interestingly, the MEME motif finder suffers a severe loss of performance for
the first two experiments, achieving MRQ values around 90 for the last experiment,
while the performance of our approach remains comparable. From Table 3.7, we can
observe the computation times of SVM2Motif on the right column and of MEME on
the left column for various numbers of positive samples. The computation times of
SVM2Motif are significant lower than for MEME. Also the increase of the computation
time with the number of the sequences is three orders of magnitude higher for MEME.
The results show, that our approach is in principle able to infer motifs of high quality
and is more robust and faster than MEME. Moreover, our approach easily handles
sample-sizes beyond MEME.
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Fig. 3.12: Results for 400 human splice-site examples: Figure (a) shows the
(normalized) ground truth motif given by the JASPAR database (20 nucleotides).
Figure (b) and (c) depict the corresponding PWMs, reconstructed by our approach
SVM2Motif (19 nucleotides long, a MRQ value of 98.92) and by MEME (21 nucleotides,
an MRQ value of 94.77) respectively.

# pos samples µopt σopt Πopt iter
400 45.0 0.24 175.34 24
700 44.5 0.44 176.31 98
2000 44.5 0.4 287.8 74

Tab. 3.5: Optimal parameters for the human splice data set.
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# pos samples MEME SVM2Motif
length=21 length=20 length=19 length=20

400 94.77 90.2 98.92 98.6
700 90.06 88.78 98.51 98.31
2000 89.95 90.4 98.67 97.66

Tab. 3.6: MRQ values for the human splice data set.

# pos samples MEME time (s) SVM2Motif time (s)
400 206.82 137.06 ± 1.83
700 556.46 168.25± 13.01
2000 2709.26 342.99± 1.55

Tab. 3.7: Computation time comparison.
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Fig. 3.13: Results for 700 human splice-site examples: Figure (a) shows the
(normalized) ground truth motif given by the JASPAR database (20 nucleotides).
Figure (b) and (c) depict the corresponding (normalized) PWMs, reconstructed by
our approach SVM2Motif (19 nucleotides long, a JASPAR score of 98.51) and by
MEME (21 nucleotides, a JASPAR score of 90.06) respectively.

Experimental Results for USPS Dataset

In the following, we apply motifPOIM on the USPS data, which we introduced in
Section 2.3.2, and where the results are easy to interpret. Due to the fact that
the USPS data set consists of grayscale images, but POIMs are only applicable to
sequential data with categorical features, we have to perform two preprocessing steps:
Firstly, the data are converted to a binary format by setting a threshold at −0.2 for
the gray scale values. Values smaller or equal the given threshold were set to zero and
to one otherwise. Secondly, we map each image to a sequence. To preserve locality in
the vectorial image representation, we further preprocessed the data by scanning the
image using a Hilbert curve of order 4, which is a method that is commonly applied
to map images to sequences (Chung et al., 2007; Dafner et al., 2000). Fig. 3.15 (a)
shows the path of the Hilbert-curve scan for the mean handwritten image of the digit
three.
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Fig. 3.14: Results for 2000 human splice-site examples: Figure (a) shows the
(normalized) ground truth motif given by the JASPAR database (20 nucleotides).
Figure (b) and (c) depict the corresponding (normalized) PWMs, reconstructed by
our approach SVM2Motif (19 nucleotides long, a JASPAR score of 98.67) and by
MEME (21 nucleotides, a JASPAR score of 89.95 ) respectively.

(a) Hilbert Curve (b) SVM performance

Fig. 3.15: (a) Foreground: illustration of Hilbert-curve scanning (of order
4) of an image depicting of the handwritten digit three. The image is
converted into a sequence through a curve that traverses the image in a way that
mimics a fractal structure. It has been shown in Chung et al. (2007) and Dafner et al.
(2000) that this strategy is able to well capture the image’s locality structure. The
heatmap in the background shows the average feature values for the images of the
digit three.
(b) SVM performance for various kernel functions. The one-vs.-all SVM
prediction accuracy is shown as a function of the number of training sequences per
class for various WD sequence kernels over the Hilbert-scanned sequences and for a
linear kernel on the gray-scale pixel values. The WD-kernel of degree 8 performers
best, even for only a small number of training sequences.

To justify the use of a high-dimensional WD-kernel, we compare it with a linear kernel
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on the gray scale values as well as with the weighted degree kernel of degree one
only regarding their respective SVM performances. The results in terms of multi-
class classification accuracy are shown in Fig 3.15 (b), where the SVM was trained
in a one-vs.-all scheme. We observe that a WD-kernel of degree 8 (dimensionality:
28 ∗ 256 = 65536) performs best in our experiments.

Fig. 3.16: Results on the USPS data set. Illustration of the results found by our
proposed framework, when training a WD-kernel SVM of degree 8 for the handwritten
digits three vs. eight and two vs. nine, respectively. The highest scoring positions in
the motif are highlighted in red. Note that these are very characteristic positions for
the dissimilarities between both digits. The background consists of the average image
of the respective digit, which is shown in black.

For the remaining experiments, we focus on the binary classification task of the
handwritten digits three vs. eight and two vs. nine, respectively. These respective
digit pairs are considered to be especially difficult to discriminate. For both digit
pairs, we train a WD-kernel SVM of degree 8 on the Hilbert-scanned sequences.
Afterwards, we compute the POIM as described in Section 2.2.1 and use our presented
methodology to find a motif that incorporates the discriminative positions of the
SVM decision for both classes. In this experiment, we simply fix the length of the
motif to 256, which thus coincides with the sequence length. The step of initializing
the POIM parameter through analyzing the differential POIM is thus omitted in
this experiment. The results, illustrated in Figure 3.16, show the precise coherence
between the discriminative motifs found and the obvious individually characteristic
differences of the two digits, respectively. For instance in the discriminative task three
vs. eight, we can observe that the most distinctive positions in the motif of the digit
eight (highlighted in red in Figure 3.16 (b)) are exactly the parts that are missing in
the digit-three image.

3.1.5 Summary and Discussion
In this section, we introduced the proposed motifPOIM methodology, a model-based
approach for extracting motifs from POIMs. In a nutshell, it is based on associating
each candidate motif by a probability of occurrence at a certain location—which we
call probabilistic positional motif (PPM)—and then (re-)construct from each PPM
the POIM that is the most likely to be generated from the candidate PPM, which
we call motifPOIM. The final motifs are obtained by optimizing over the candidate
motifs such that the reconstruction error of the motifPOIM with respect to the truly
given POIM is minimized. See Fig. 3.3 for an illustration.
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We have developed a new methodology to extract long, overlapping and mutated
motifs from trained support vector machines. Extending the work of Sonnenburg
et al. (2008) on positional oligomer importance matrices (POIMs), the proposed novel
probabilistic framework extracts the relevant motifs from the output of a WD-kernel
SVM. To deal with the exponentially large size of the feature space associated with
the SVM weight vector and the corresponding POIM (“ . . . we realize that the list of
POs can be prohibitively large for manual inspection.” (Sonnenburg et al., 2008), page
8), we proposed a very efficient numerical framework.
We apply motiPOIM on biological data as well as on images that were converted into
binary sequences. The results clearly illustrate the power of our approach in discovering
discriminative motifs. In all synthetic data tasks, the hidden motifs could be found and
almost perfectly reconstructed. For the human splice site experiments, we recovered
known motifs up to a very high precision of 98.39% as compared to the JASPAR
Splice data base. A thorough investigation of the association between the found
motif and its biological function can be subject to further research. Furthermore, the
results on handwritten digits clearly illustrate the power of our approach in discovering
discriminative motifs even beyond bioinformatics.
For practical purposes and to enable the reader to replicate our results we published a
Python framework3. We have implemented the core algorithms as an add-on to the
Python interface of the Shogun Machine Learning Toolbox. It is not only an
established machine-learning framework within the bioinformatics community, more-
over, it already incorporates the possibility to extract positional oligomer importance
matrices of trained support vector machines with a WD-kernel.
For an efficient optimization of the highly non-convex optimization problem (3.7), an
appropriate initialization of the optimization variables is mandatory. Thus, we use the
differential POIM (defined in Equation (2.18)) as indicator for extracting the area of
interest: we search for points of accumulation of high scoring entries, from which we
manually estimate the number of motifs as well as their lengths and starting positions.

Limitations and future work motifPOIM is a tool to extract driving motifs by
mimicking a classifier. Even though the approach is able to find complex, overlapping,
and long motifs, motifPOIMs face several restrictions. The main shortcoming of our
presented methodology is the need of a proper initialization due the highly non-convex
optimization problem. Changing the initial values of the optimization parameters
may significantly change the optimization results. Fortunately, with the use of the
differential POIM, we were able to manually estimate the number of motifs as well
as their length and starting position, which then provides us with promising results.
Therefore, future work will extend our approach to an autonomous extraction of
the initialization variables, that is, the number of motifs, their length and starting
positions.
Moreover, the presented method motifPOIM is limited to the interpretation of an
SVM in combination with a WD kernel, which makes it applicable to sequential data
with categorical features only. The current state of motifPOIM assumes that motifs
are localized (they neither change shape nor position) and consist of a finite alphabet

3https://github.com/mcvidomi/poim2motif.git
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(’ACGT’ in our examples). Also, examples must have same dimensionality (=same
length) and going beyond those restrictions would require further research efforts.
Therefore, a core issue might be the extension to other relevant kernels, such as,
e.g., top kernel (Tsuda et al., 2002), which can handle sequences of variable lengths,
spectrum kernels (Leslie et al., 2002), multiple kernels (Kloft et al., 2011; Kloft et al.,
2009; Kloft and Blanchard, 2011; Nakajima et al., 2009; Cortes et al., 2013), other
learning methods (Görnitz et al., 2009; Görnitz et al., 2009), or learning settings
(Kloft and Laskov, 2010; Zeller et al., 2013; Görnitz et al., 2015).
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3.2 Convex motifPOIM

In the previous section, we derived a method called motifPOIM to extract the
discriminative features learned by an SVM with a WD kernel. Thereby, motifPOIM
takes advantage of the POIM approach, and is able to reveal arbitrary long and even
overlapping motifs from the given classifier solving a non-convex optimization problem.
Although motifPOIM showed promising results on synthetically generated data as
well as on real-world human splice data, their optimization generally leads to a sub-
optimal local minimum and therefore may be less stable and reliable. In this section,
we improve on motifPOIMs to achieve a simpler, faster, and — above all — convex
approach. We demonstrate the advantage of convex motifPOIMs compared to its
non-convex predecessor by evaluating both methods on the human splice site data
set in the empirical evaluations. The presented method and results were published in
Vidovic et al. (2017).

3.2.1 Motivation

Tackling the shortcomings of POIMs, we presented a new approach called motifPOIM
in Section 3.1, which is an approach to extract the discriminative motifs directly from
POIMs, regardless of their lengths. Even the challenging task of finding overlapping
motifs is fulfilled by motifPOIM.

Unfortunately, also motifPOIMs come along with a handicap. The fact that the
objective function (3.6) is highly non-convex makes the motifPOIM results highly
unreliable. Nevertheless, we obtained strong results in the empirical analysis of Chapter
3.1 since we used a suitable initialization for the motifs, i.e., for the motifs PWMs,
their starting positions and the variances of their starting positions. Therefore, we
first extract the starting position with the help of the differential POIM (see Definition
2.18) and place it as a fix parameter in the optimization problem as described in
Section 3.1.4. Furthermore, we used the differential POIM to extract the most likely
motifs, which we used as initialization of the PWM entries. Using those convenient
initializations, we could achieve reasonable results for all experiments (see Section
3.1.4). However, despite a suitable initialization, we observed a high variation across
the resulting motifs, which indicates the existence of a great number of local optima.

Our idea of the convex improvement on motifPOIMs is based on both, the need of
the explained initialization and on the following observation: from the results, shown
in Table 3.3 and Table 3.5, we can observe that the variance of the starting position
is always smaller than 1, which led us conclude that there is no need to include an
additional variation of the starting position in the objective function.

Therefore, in the following, we investigate the optimization problem when at the same
time considering the starting position as fixed.
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3.2.2 Convex Formulation
In the following we consider probabilistic positional motifs (PPMs) (which we intro-
duced in Section 3.1.2), where the starting position µ is given and fix. Thus, for a
PPM mk := (r, µ, σ), where µ is given, σ is chosen so small (σ ≤ ε), that the induced
weight function

v(z,i)(mk) :=





1√
2πσ

exp

(
− (i−µ)2

2σ2

)∏k
`=1 rz`,` if σ > ε

∏k
`=1 rz`,` else

, (3.15)

does no longer depend on the probability function over the starting position of the
PPM. Hence, the probability of a specific k-mer z is calculated solely as a product of
its PWM entries. We can omit Eq. (3.1) since σ∗ << 1 (which we figured out is given
in most applications, see exemplary Table 3.3 and 3.5) provides a probability of P 1 ∼ 1
for i = µ and 0 otherwise. In Section 3.1.3 we showed that it is sufficient to compute
the motifPOIM for a small area around the starting position. The so-called confidence
interval includes 99, 7 % of the starting positions of the dependent positional oligomers.
In our case, where the variation of the starting position converges to zero, all sequence
positions that contribute to the motifPOIM are within the following motif environment
U(mk) := U(µ) := [µ, . . . , µ+ k − 1]. Thus, the SubPPMs are given as m̃i−µ(mk, k̃)
(Def. 8) for i ∈ U(µ) and the convex motifPOIM formula is defined as follows:

Definition 11 (convex motifPOIM) Given a motifPOIM as stated in Definition
7. Furthermore, given the weight function of Equation (3.15) with σ ≤ ε and the
motif environment U(mk) := U(µ) := [µ, . . . , µ + k − 1]. Then we define a convex
motifPOIM score as

R(z,i)(mk) := 1{i∈U(mk)}vz(m̃i−µ(mk, k̃)) . (3.16)

which results, applied successively, in the convex motifPOIM R.

Finally, this leads to the following convex objective function:

Π((mk,t)t=1,...,Tk,k∈K) =
1

2

∑

k∈K

∑

y∈Σk̃

L−k̃+1∑

j=1

( Tk∑

t=1

Ry,j(mk,t)−Qk̃,y,j
)2

(3.17)

Note, from now, in order to improve the readability, we restrict the extraction to one
motif of fix length k, only. The theorems and proofs for the case of multiple motifs
can be found in Appendix A.4. We also omit the motif relevance weight λ, which we
introduced in the objective function 3.6, since we could not find any relation between
the relevance of a motif and the value of λ.

Theorem 12 (Convexity) Let D be a convex set, mk ∈ D a probabilistic motif, Q
a POIM, Qk̃,y,j ∈ R for y ∈ Σk̃ and j = 1, . . . , L− k̃ + 1 and µ ∈ [1, L− k + 1], if the
element wise minimum Qb ≥ 1, it holds that

Π(mk) =
1

2

∑

y∈Σk̃

L−k̃+1∑

j=1

(
Ry,j(mk)−Qk̃,y,j

)2
(3.18)

56



Convex motifPOIM

is convex.

Proof 2 We have to proof the following inequality

||R(Φr + (1− Φ)s;µ)−Q||22 ≤ Φ||R(r;µ)−Q||22
+(1− Φ)||R(s;µ)−Q||22

to show convexity of f(mk), which is, for the case j /∈ 1{i∈U(µ)}, trivially fulfilled
Qk̃,y,j ∈ R. This, due to the fact, that a sum of convex functions is convex, leaves us
with showing the following inequality

(
Φa+ (1− Φ)b−Qk̃,y,j

)2 ≤ Φ
(
a−Qk̃,y,j

)2
+ (1− Φ)

(
b−Qk̃,y,j)

)2
, (3.19)

where we replaced the PWM products
∏k+j
l=j ryl,l and

∏k+j
l=j syl,l by a and b for an

increased readability. After resolving and transforming Eq. (3.19) shortens to

Φ2a2 + 2Φab− 2Φ2ab ≤ Φa2 + 2ΦQ2
k̃,y,j

.

Since −2Φ2ab ≤ 0 and Φ2a2 ≤ Φa2, the equation reduces to

ab ≤ Q2
k̃,y,j

.

The fact that the maximum of ab is 1, concludes the proof for Qb ≥ 1′.

It is obvious that the assumption Qb ≥ 1′ made in Theorem 12 is not satisfied.
Following Definition 3, the elements of a POIM can be also smaller than 1. The
simplest way to meet the conditions, would be to add the absolute value of the
smallest entry in the POIM increased by one, which is qb = |Qb|+ 1, to all elements.
Indeed, we still have to prove that adding a constant to a POIM does not affect the
objective value. Therefore, we introduce the following theorem, which allows us to
add a constant to a POIM without changing the optimum of the objective function
3.17.

Theorem 13 Suppose that the objective function Π(r;µ) of

min
r

Π(r;µ) =
1

2

∑

y∈Σk̃

L−k̃+1∑

j=1

(
Ry,j(mk,t)−Qk̃,y,j + q

)2
(3.20)

s.t. 0 ≤ ro,s ≤ 1 o = 1, . . . , 4, s = 1, . . . , k ,∑

o

ro,s = 1 s = 1, . . . , k .

is convex and let r∗q be the optimal solution, then ∀q′ ∈ R r∗q′ = r∗q .

Proof 3 Let r∗q be the optimal solution of the objective function Π (3.20) with the
inequality constraints ho,s,1 = −ro,s and ho,s,2 = ro,s−1, o = 1, . . . , 4, s = 1, . . . , k, i =
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1, 2 and the equality constraints gs =
∑

o ro,s − 1, s = 1, . . . , k, and let η and ξ be the
Lagrangian multipliers, then the Lagrangian function is as follows

L(r∗q , η, ξ) = Π(r∗q ;µ) +

4∑

o=1

k∑

s=1

ηo,s,1ho,s,1 +
4∑

o=1

k∑

s=1

ηo,s,2ho,s,2 +
k∑

s=1

ξsgs .

The Karush-Kuhn-Tucker(KKT) conditions are satisfied for r∗q : For the dual feasibility
conditions (η ≥ 0) and, since r is a stochastic matrix, the primal and the complemen-
tary slackness conditions (gs = 0, s = 1, . . . , k, ho,s,i ≤ 0, o = 1, . . . , 4, s = 1, . . . , k, i =
1, 2, and ηo,s,iho,s,i = 0, o = 1, . . . , 4, s = 1, . . . , k, i = 1, 2) are trivially fulfilled , which
leaves us to show that the stationarity condition

∇Π(r∗q ;µ) +

2∑

i=1

∑

o

k∑

s=1

ηo,s,i∇ho,s,i +

k∑

s

ξs∇gs = 0

is satisfied. Therefore, we insert the derivations and reorganize for the Lagrange
multipliers ξ , which leads to

ξs = −
∑

y

∑

j

1{i∈U(µ)}

( k̃∏

l=1

r∗yl,j+l

k̃∏

l=1
l 6=t

r∗yl,j+l − (Qk̃,y,j+µ − q)
k̃∏

l=1
l 6=t

r∗yl,j+l

)
+ ηo,s,1 + ηo,s,2.

With ξ ∈ R it holds, that for any q′ ∈ R r∗q′ = r∗q . The fact that Π is convex, h is
convex, and g is affine implies that the KKT conditions are sufficient for optimality
and thus concludes the proof.

3.2.3 Empirical Evaluation
In the empirical evaluation, we compare the convex motifPOIM approach to its non-
convex predecessor on the human splice site set, which we introduced in Section 2.3.1.
Therefore, we conduct a similar experiment as we did in Section 3.1.4. To verify
our results we use the motif reconstruction quality (MRQ) (see Section 2.4), which
measures the quality of our motif results with the true splice site motif obtained from
the JASPAR database4.
We apply the full experimental pipeline described in the Section 3.1.4 to the splice
data, i.e., we first train an SVM, then generate the POIM and the differential POIM,
from which we reconstruct a motif by our motifPOIM optimization approach. The
training set consists of 2000 sequences including 500 positive samples. For SVM
training, we use the SHOGUN machine-learning toolbox (Sonnenburg et al., 2010).
The regularization constant C of the SVM and the degree d of the weighted-degree
kernel are set to C = 1 and d = 20 for the biological experiments, which are proven
default values (Sonnenburg et al., 2008). After SVM training, both the POIM Q and
differential POIM are generated using the SHOGUN toolbox. We set the maximal
POIM order to k = 7 because of memory requirements (storing all POIMs up to

4http://jaspar.genereg.net
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an order of 10 requires about 4 gigabytes of space). Note that this is no restriction
as our modified optimization problem (3.17) requires POIMs of degree two or three
only. Nevertheless, POIMS of higher order than three can provide additional useful
information since they contain prior information about the optimization variables.
We then search for points of accumulation of high scoring entries in the differential
POIM, from which we estimate the number of motifs as well as their length and starting
position. Due to the results in Table 3.2 we observed that the greedy initialization
is more stable and reliable than using random initializations. Therefore, we use the
greedy approach (introduced in Section 3.1.4) for estimating the initial values of
PWMs given a POIM for the non-convex optimization problem. In the case of the
non-convex approach, we initialize the variance of the starting position with σ = 0.01
and we keep the weight of the motif fix by λ = 1, due to the fact, that we only search
for one motif.
The values of the PWM for the convex optimization problem are initialized randomly.
For both, the convex and non-convex optimization problem, we employ the L-BFGS-
B algorithm (Liu and Nocedal, 1989) from the scipy optimization toolbox (Jones
et al., 2001–) and repeat the experiment 10 times. The mean results with their
standard deviations for MRQ, function value, execution time are shown in Table 3.8,
respectively. Note that the execution times in Table 3.8 include the optimization
process only and not the additional time for SVM training and POIM computation as
in Table 3.7 for example.

motifPOIM σopt MRQ (%) time (s) iter
convex - 99.5 ±7e−5 2.2 ± 0.19 36 ± 1.7

non-convex 0.57 98.6 196.1 174

Tab. 3.8: A comparison between convex and non-convex motifPOIM results
for the human splice site data.

From the results shown in Table 3.8, we observe that the convex motifPOIM achieved
a higher MRQ value than the non-convex motifPOIM (99.5 vs 98.6) within much
shorter time (2 seconds vs 196 seconds) and with much less iterations (36 vs 174).
From Table 3.9, which is an extension of Table 3.4, we can observe that the use of the
convex motifPOIM approach instead of the non-convex one yields a strong decrease
in computation time of SVM2Motif.
A more intense evaluation of convex motifPOIMs on biological data is given in
Chapter 4. The convex motifPOIM approach is applicable to image data as well if
the images can be depicted as sequences of categorical features, as it was done for the
USPS data set in Section 3.1.4.

3.2.4 Summary and Discussion
In this section, we improved upon motifPOIMs, which deliver unstable and unreliable
results due to their non-convex optimization problem. Here, we derived a convex
version of the motifPOIM approach by removing the uncertainty of the motif start
positions in the optimization problem. Hence, we omitted the Gaussian distribution
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motif length POIM SVM2Motif SVM2Motif (convex)
2 0.61 ± 0.03 0.88 ±0.1 0.69 ±0.14
4 0.55 ± 0.01 1.8 ±0.18 0.59 ±0.05
6 0.79 ± 0.07 32.99 ± 0.29 0.57 ±0.01
8 5.18 ± 0.06 36.41 ±8.4 0.67 ±0.02
10 74.84 ± 1.26 52.95 ± 1.76 0.85 ±0.03
12 1195.58 ± 7.37 64.58 ±0.21 1.08 ±0.02
14 - 75.21±0.19 1.45 ±0.04
16 - 85.7 ±0.21 1.9 ±0.16
18 - 96.16 ± 0.07 2.47 ±0.07
20 - 106.9 ±0.32 3.48 ±0.55

Tab. 3.9: Computation time improvement. Extension of Table 3.4 for the
computation time (in seconds) of SVM2Motif using the convex motifPOIM approach
for various motif lengths.

in the weight function, which is justifiable regarding the following two facts: first,
the starting positions of the motifs are necessary initialization parameters in the non-
convex optimization problem and have to be chosen properly in advance from the
diffPOIM to obtain reasonable results. Second, the variances of the starting positions
were always smaller than 1, which let us conclude, that a well-chosen starting position
does not need any further shifting. Hence, we omit the Gaussian distribution over the
starting position in the weight function. Based on the above mentioned assumptions
we could achieve a convex objective function. Computational experiments at the end
of this chapter showed that the proposed convex motifPOIM achieved an increased
MRQ value on the human splice data set compared to its non-convex predecessor.
The computation of the convex optimization problem is two orders of magnitudes
faster than solving the non-convex optimization problem using the same solver, which
indicates a gain of efficiency when using the convex motifPOIM approach.
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Chapter 4

MFI - Measure of Feature
Importance

High prediction accuracies are not the only objective to consider when solving problems
using machine learning. Instead, several applications in science and technology require
an explanation of the learned decision function.
In Chapter 3 we developed a method which allows to extract the most relevant motifs
learned by an SVM with a WD kernel from POIMs. Due to the fact that the approach
is limited to sequential data with categorical features its applicability is restricted
to fields like computational biology and computer security. A first generalization of
POIM was achieved by FIRM, which is a rich theoretical concept but remains, for
most applications computationally infeasible. In this chapter, we propose the measure
of feature importance (MFI), a simple and easy extension of FIRM that can assess
the discriminative features from arbitrary learning machines. The kernelized version
kernel MFI can moreover reveal the importance of non-linearly coupled features. MFI
can be applied for both instance-based and model-based explanation. Our formulation
is based on the Hilbert-Schmidt independence criterion (HSIC), which originally had
been proposed as a way to measure statistical independence for variables that exhibit
non-linear couplings. Our empirical evaluation confirms the usefulness of the proposed
approach on artificially generated data as well as on real-world data. Parts of the
methods and results were published in Vidovic et al. (2016a) and Vidovic et al. (2017).

4.1 Motivation
In the previous chapters, we learned that POIMs can be used to visualize the important
features, which are responsible for the WD-kernel SVM decision. Unfortunately, due
to the fact that POIMs can be used for SVMs in combination with a weighted
degree kernel only, their application is limited to sequential data with categorical
features. Therefore, POIMs are mainly applied to biological problems, where the data
stem from the quadbit alphabet {A,C,G,T}. In order to resolve those limitations
of POIMs, Zien et al. (2009) come up with a method named feature importance
ranking measure (FIRM). Maintaining the underlying concept of POIMs, FIRM is
a general method, which is applicable to arbitrary learning machines and feature
representations (see also Section 2.2). Although FIRM offers a new, theoretical rich
method for interpreting machine learning algorithms, it is, for most applications,
computationally intractable. Based on the theoretical foundation of FIRM, we devise
a new method –MFI– for extracting the feature importance from arbitrary learning
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machines (Vidovic et al., 2016a; Vidovic et al., 2017)1. It builds on the concepts of
FIRM and POIMs, addressing their shortcomings. In contrast to FIRM, MFI can
be easily computed for any learning machine, including deep neural networks, and
any feature set (Nasir et al., 2014; Görnitz et al., 2014). We use a fast and simple
sampling-based approach, which greatly simplifies implementation and evaluation.
Furthermore, we propose kernel MFI, the kernelized version of MFI, which is even
able to detect the importance of non-linearly coupled features. In Section 2.2 we
introduced the difference between model-based and instance-based methods. POIMs
and FIRM are model-based methods. However, often we are interested in the features
that drove the classification decision for a specific sample instead of an explanation for
the whole model. We call this instance-based explanation. Regarding the importance
of the two explanation strategies, our method MFI enables us to assess both model-
based (POIMs, FIRM) and instance-based (e.g., LRP) importances of discrete or
continuous non-linearly coupled features.
After presenting our methods, namely MFI and kernel MFI, we empirically examine
their properties and evaluate their effectiveness on several data sets: artificially
generated DNA sequences (for which we can control the ground-truth), real-world
human splice-site data, enhancer data, and gray scale USPS image data. Furthermore,
we compare our methods to the LRP method (introduced in Section 2.2.5) on the
MNIST data set (see Section 2.3.3).

4.2 Method
In this section, we describe our proposed method — Measure of Feature Importance
(MFI). MFI extends the concepts of POIM and FIRM (which are contained as
special cases) to non-linear feature interactions and instance-based feature importance
attribution, and it is particularly simple to apply. To distinguish between model-
based and instance-based MFI, we introduce a function called “explanation mode”,
which maps the sample in their respective feature space. Exemplary, for instance-
based explanation, a DNA sequence would be mapped to itself, whereas the same
sequence would be mapped to a POIM in case of model-based explanation.

Definition 14 (MFI and kernel MFI) Let X be a random variable on a space X .
Furthermore, let s : X → R be a prediction function (output by an arbitrary learning
machine), and let f : X → R be a real-valued feature. Let φ : X → F be a function
(“explanation mode”), where F is an arbitrary space. Lastly, let k : Y × Y → R and
l : F × F → R be kernel functions. Then we define:

MFI : Sφ,f (t) := E[s(X)φ(X)|f(X) = t] (4.1)
kernel MFI : S+

φ,f (t) = Cov[k(s(X), s(·)), l(φ(X), φ(·))|f(X) = t]. (4.2)

An illustration of the instance-based and model-based explanation is given in Figure 4.1
exemplary for both sequence and image data.

1Note that the method MFI is named gPOIM in the publication (Vidovic et al., 2017), as the focus
was on biological experiments only.
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LearningMachine

MFI
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Position
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ACGTTAGGTCCAATGTACAGT

Instance-based Explanation Model-based Explanation

a b c d

Fig. 4.1: MFI Examples. We consider two possible flavors of feature importance:
(left) instance-based importance measures (e.g. Why is this specific example of ’3’
classified as ’3’ using my trained RBF-SVM classifier?); (right) model-based importance
measure (e.g. Which regions are generally important for the classifier decision?).

Model-based MFI

Here, the task is to globally assess what features a given (trained) learning machine
regards as most significant — independent of the given test samples. In the case of
sequence data, where we have sequences of length L over the alphabet Σ = {A,C,G, T},
an importance map for all k-mers over all positions is gained by using the explanation
mode φ : ΣL → Σk×L−k+1, where each sequence is mapped to a sparse PWM, in
which entries only indicate presence or absence of positional k-mers. In the case of
two dimensional image data, X ∈ Rd1×d2 , where we already are in the decent visual
explanation mode, φ(X) = X keeps the surroundings by mapping the data to itself.
In both cases, we set f(X) = t, where t = const, which is why we can neglect it. The
various case studies are shown in Figure 4.1 on the right.

Instance-based MFI

Given a specific sample, the task at hand is to assess why this sample has been
assigned this specific classifier score or class prediction. In the case of sequence data
we compute the feature importance of any positional k-mer in a given sequence g ∈ ΣL

by f(X) = Xi:i+k, with t = gi:i+k. In the case of images, where g ∈ Rd1×d2 is the
image of interest and gi,j expose one pixel, f(X) = Xi,j maps the random samples
X ∈ Rd1×d2 to one pixel t = gi,j . In both cases, we set φ(X) = 1, which is why we
can neglect it. For examples see Figure 4.1 on the left.

Relation to Hilbert-Schmidt Independence Criterion

In 2005, the Hilbert-Schmidt Independence Criterion (Gretton et al., 2005) (HSIC)
was proposed as a kernel-based methodology to measure the independence of two
distinct variables X and Y :

HSIC(X,Y ) = ‖CXY ‖2 = E[k(X,X ′)l(Y, Y ′)]

− 2E[EX [k(X,X ′)]EY [l(Y, Y
′)]] + E[k(X,X ′)]E[l(Y, Y ′)]

where k and l are kernel functions and CXY is the cross-covariance operator. We
introduced HSIC more detailed in the fundamental Section 2.2.4. The following lemma

63



4 MFI - Measure of Feature Importance

indicates the interesting relation between MFI and the empirical version of HSIC
stated in Definition 6.

Lemma 1 (Relation of Kernel MFI to HSIC) Given the kernel MFI of Defini-
tion 14 S+

φ,f , then S
+
φ,f = Cov[k(s(X), ·), l(φ(X), ·)|f(X) = t] and the corresponding

empirical Hilbert-Schmidt Independence Criterion stated in Definition 6 becomes:
HSICemp(Sφ,Y,R) = ‖S+

φ ‖2 = tr(KL) .

The relation to HSIC provides us with a practical tool to assess the importance of
non-linear features as defined in kernel MFI in Definition 14.

Computation In order to make this approach practically suitable, we resort to
sampling as an inference method. To this end, let Z ⊂ X be a subset of X containing
n = |Z| samples, Equation (4.1) can be approximated by

Sφ,f (t) := EX=Z [s(X)φ(X)|f(X) = t] =
1

|Z{f(z)=t}|
∑

z∈Z
s(z)φ(z)1{f(z)=t} , (4.3)

where Z{f(z)=t} ⊆ Z contains only elements for which f(z) = t holds. It holds true
that if the number of samples |Z| → ∞ then Sφ,f → S∗φ,f . A corresponding sampling
scheme is also available for kernel MFI. To simplify notation and to resemble POIMs
for subsequent analysis, we re-index MFI for model-based explanations on DNA
sequence data as follows

Sk,y,j := |Z{X[j]k 6=y}| · Sφk,y,j = |Z{X[j]k 6=y}| · EX=Z [s(X)φk,y,i(X)]

= |Z{X[j]k 6=y}| · EX=Z [s(X)1{X[j]k=y}]

= EX=Z [s(X)|X[j]k = y] , (4.4)

which gives us the unnormalized POIM formulation of Definition 2.18.
A practical instruction on how to use MFI and kernel MFI is given in Algorithm 1.
For the instance-based case, let x be the given instance, where the task is to measure
the feature importances, respectively. Thereby, let T be the number of features that
are to be considered. Furthermore, let Z\fa ∪ xfa , a = 1, . . . , T be the set of random
samples, of which the a-th feature of each sample is replaced by the a-th feature of x.
Then, for each feature both MFI and kernel MFI measure the respective importance,
which can be seen in Algorithm 1 (2) and (4). Firstly, the model-based kernel MFI
(see Algorithm 1 (3)) computes the “output kernel matrix“ K, which is the pairwise
kernel matrix over the classifier outputs of Z. Secondly it successively computes first
the “feature kernel matrix“ L, which is the pairwise kernel matrix over the a-th feature
of the sample in Z and assigns the a-th feature with the importance obtained by
the trace of the product between K and L (cf. Lemma 1). The only difference to
instance-based kernel MFI (see Algorithm 1 (4)) is that the “feature kernel matrix“ is
computed over the classifier outputs of Z̃ = Z\fa ∪ xfa , a = 1, . . . , T , respectively.
In the following we show that we can control the error we made by sampling instead
of computing the analytical expected value by an upper bound. Therefore, we use
McDiarmid’s inequality, which is based on the following assumption:
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Algorithm 1: MFI and kernel MFI
input: the number of samples n, a trained learning machine s(·)
generate: n samples Z = {z1, . . . , zn}, where zi ∼ UnifX , ∀i = 1, . . . , n
(1) For model-based MFI:
return Ŝφ = 1

|Z|
∑

z∈Z s(z)φ(z)

(2) For instance-based MFI:
initialization: a=0
repeat

a:=a+1
for a = 1 : T
Z̃ = Z\fa ∪ xfa
compute Ŝfa = 1

|Z̃|
∑

z∈Z̃ s(z)

until a > n
(3) For model-based kernel MFI:
compute pairwise “output kernel matrix“ K, where Ki,j = k(s(zi), s(zj))
repeat

a:=a+1
for a = 1 : T
compute pairwise “feature kernel matrix“ L, where Li,j = l(φa(zi), φa(zj))
compute Ŝ+

φa
= (n− 1)−2tr(KL)

until a > n
(4) For instance-based kernel MFI:
compute pairwise “output kernel matrix“ K, where Ki,j = k(s(zi), s(zj))
repeat

a:=a+1
for a = 1 : T
Z̃ = Z\fa ∪ xfa
compute pairwise “feature kernel matrix“ L, where Li,j = l(s(z̃i), s(z̃j))
compute Ŝ+

fa
= (n− 1)−2tr(KL)

until a > n

Assumption 1 (Bounded Difference Assumption) Let Z1, . . . , Zn be indepen-
dent random variables taking values in some set A. We say that a function f : An → R
satisfies the bounded difference assumption, if there exist real numbers c1, . . . , cn > 0
so that for all i = 1, . . . , n,

sup
z1,...,zn,z′i∈Z

|f(z1, . . . , zn)− f(z1, . . . , zi−1, z
′
i, zi + 1, . . . , zn)| ≤ ci. (4.5)

Theorem 15 (McDiarmid’s inequality) Let Z1, . . . , Zn be independent random
variables taking values in some set A. Under the bounded difference assumption, i.e.,
Assumption 1, for all T > 0,

P (f(Z1, . . . , Zn)− Ef(Z1, . . . , Zn) ≥ T ) ≤ e−2T 2/
∑n
i=1 c

2
i . (4.6)
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Theorem 16 (MFI bound) Let Z1, . . . , Zn be independent random variables taking
values in some set A, and fulfilling the conditional expectation of MFI (see Equa-
tion (4.1)), which is f(Zi) = t for all Zi, i = 1, . . . , n, than for any δ ∈]0, 1], with
probability at least 1− δ,

sup
t,φi,i=1,...,nΦ

(|Ŝφ,f (t, Z1, . . . , Zn)− Sφ,f (t, Z1, . . . , Zn)| ≤ B
√

ln(nΦ
δ )

2n
, (4.7)

where nΦ is the total number of features in Φ and B = max
z∈Z
|s(z)φ(z)|.

Proof 4 Put

gj(Z1, . . . , Zn) := sup
t,φj ,j=1,...,nΦ

|Ŝφj ,f (t, Z1, . . . , Zn)− Sφj ,f (t)|,

where Φi is the j−th feature of Φ, then g satisfies the bounded difference assumption
with cji = B

n , with B = max
z∈Z
|s(z)φ(z)|. Therefore, by McDiarmid’s inequality,

P
(

sup
t,φj ,j=1,...,nΦ

(|Ŝ+
φj ,f

(t, Z1, . . . , Zn)− Sφj ,f (t)| ≥ T )

)
≤ e−2T 2/

∑n
i=1(B

n
)2
.

Hence, we can follow that

P(sup
t

(|Ŝ+
φ,f (t, Z1, . . . , Zn)− Sφ,f (t)| ≥ T ) ≤ nΦe

−2T 2/
∑n
i=1(B

n
)2

With

δ := nΦe
−2T 2/

∑n
i=1(B

n
)2

(4.8)

we can rearrange Equation (4.8) for T to

T =

√
ln(nΦ

δ )
∑n

i=1(Bn )2

2
= B

√
ln(nΦ

δ )

2n
,

which concludes the proof.

4.3 Empirical Evaluation

In this section, we investigate our method empirically. We start off with model-based
explanations, where the goal is to assess the general idea of what the classifier has
learned. Further on, we evaluate instance-based explanation strategies to explain
feature relevance structures for specific samples.
For validation, we follow the Most Relevant First (MoRF) strategy and calculate its
area under the curve as proposed in (Samek et al., 2017) and introduced in Section
2.4.2.

66



Empirical Evaluation

4.3.1 Computer Vision Experiments
In the following experiments, we focus on the binary classification tasks of the
handwritten digits three vs. eight taken from the USPS data set, which we introduced
in Section 2.3.2.

Model-based Feature Importances

First we show the results for the model-based experiments, where we trained both,
an SVM (see Section 2.1.3) with an RBF kernel (sigma = 3.16) and a convolutional
neural network (see Section 2.1.5) with the following architecture. Two times in a row
we perform a batch normalization layer, a convolutional layer with 28 filters of size
5x5 using ReLU activation functions, a batch normalization layer and a max-pool
layer of size 2. Afterwards, we perform a dense layer with 256 ReLUs followed by a
dense layer with 2 softmax units. After training, we applied the empirical kernel MFI
with 1000 samples on both classifiers. The results are shown in Figure 4.2 as heatmap
on the left and as mean digit, where the most important pixel were highlighted on the
right. We can observe that for both, SVM (shown on the top row) and CNN (shown
on the bottom row), the pixel-bridge that changes the digit three to the digit eight
is of high importance. Although the region of interest is similar for SVM and CNN,
the pattern of the important pixels differs substantially. Figure 4.3 shows the relation
between classifier performance and the amount of pixel flippings in terms of most
relevant first (see Section 2.4 for detailed information about the validation strategy).
Compared to a random pixel flipping, we can clearly observe, for SVM and CNN, that
the performance drops significantly faster when flipping the most important pixels
found by our proposed kernel MFI. Note that the score on the y-axis has different
ranges for SVM and CNN. The SVM decision function produces values in R where the
sign of the value determines the predicted class. Contrary, the outputs of a CNN are
probablities for each class label, which is why the score ranges in the interval [0, 1].
To find a suitable trade-off between runtime and accuracy, we evaluate both, runtime
and convergence behavior (in terms of the Frobenius distance of two consecutive
results) for increasing numbers of samples using a trained SVM. From the results,
shown in Figure 4.4, we observe that the Frobenius distance (green curve) converges
to zero already for small sample sizes (215 samples). Unfortunately, runtime grows
very fast (almost exponentially) showing the boundaries of our method. Hence, a
good trade-off between runtime and accuracy would be any sample size between 500
and 2000 in this experiment.

Instance-Based Feature Importances

Previously, we showed the feature dependence structure underlying the classifier
regarding to the whole model. In the following, we show on the basis of single samples,
which feature structures have strong evidence and thus drive their classifier’s decision.
For the following instance-based explanation experiment, an SVM with an RBF
kernel (sigma=3.16) was trained on the handwritten digits three and eight of the
USPS training data set. MFI was computed for each pixel t in the image as follows:
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(a) SVM (b) SVM

(c) CNN (d) CNN

Fig. 4.2: Results on the USPS data set using kernel MFI. The results are
shown as heatmap on the left and as mean digit, where the most important pixels are
shown on the right. The results are shown for an SVM with an RBF kernel on the first
row, and for the CNN on the second row, with 1000 random samples, respectively.

(a) SVM (b) CNN

Fig. 4.3: Relevance pixel flipping. Illustration of the classifier performance when
flipping pixels by their computed relevance (see Figure 4.2) compared to flipping pixels
randomly from a uniform distribution for a) SVM and b) CNN.

randomly, we generated 10,000 samples in the same range and with the same size of
the training gray scale images. Successively, for each pixel, we substitute the pixel
information of the test image in all samples and computed their significance activity
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Fig. 4.4: Runtime behavior. Runtime of MFI using a trained SVM measured in
seconds for various sample sizes (plotted in blue) and the Frobenius distance of two
consecutive results (green curve).

Fig. 4.5: Instance-based MFI explanation of the SVM decision for five
USPS test data images. The reconstruction sampling base comprises 10,000
samples. The highlighted pixels are informative for the individual SVM decisions
(plotted at the image top) – only the first two images were correctly classified.

score, respectively.

From Figure 4.5 we observe that the pixels building the vertical connection from
a three to an eight on the left side have a strong discriminative evidence. If these
positions are blank, the image is classified to a three, which, in case of the last three
images leads to mis-classifications. For each example in Figure 4.5, the corresponding
AOPC curves (introduced in Section 2.4) are shown in Figure 4.6.

Finally, we investigate the runtime behavior of instance-based MFI for various sample
sizes. From Figure 4.7, we observe that the runtime, plotted in blue, increase linearly
on a logarithmic scale with the number of samples. At the same time, the Frobenius
distance between two consecutive results decreases.
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Fig. 4.6: Illustration of the AOPC curves (see Equation (2.27)) relative to the
random baseline for each Image of Figure 4.5.

Fig. 4.7: Illustration of the runtime behavior for instance-based MFI. The
runtime, plotted in blue, is measured in seconds for various sample sizes and the
Frobenius distance of two consecutive results is shown as green curve.

Comparison to LRP

We compare MFI and kernel MFI with LRP, an approved method for interpreting
deep neural networks (Bach et al., 2015; Binder et al., 2016), introduced in Section
2.2.5, on the MNIST data set (for more details on the MNIST data set see Section
2.3.3). Therefore, we trained a CNN (introduced in Section 2.1.5) on the MNIST data
set with the following architecture: two convolutional layers with 8 filters of size 3x3
and ReLU, respectively, a max pooling layer of size 2x2, two convolutional layers with
16 filters of size 3x3 and ReLU, a max pooling layer of size 2x2, a dense layer with 40
ReLUs and a dense layer with 10 softmax units. The trained CNN achieved a 98.25%
accuracy on the test data. For kernel MFI we used polynomial kernel functions of
degree 2.
For comparison, we use the most relevance first method (see Section 2.4.2). Thereby,
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the original image is degraded by flipping the most relevant pixels consecutively
regarding the pixel importance assigned by the methods respectively. Simultaneously,
in each flipping step, we measure the classifier output and plot it over the number of
pixel flips. The steeper the decrease of the classifier output, the more descriptive is
the heatmap of the respective method. A random pixel flipping serves as baseline. We
picked 5 random test images of the MNIST dataset for comparison. The results are
shown in Figure 4.8. We observe that kernel MFI, plotted as blue line performs similar
to LRP, which is plotted in purple. Both show a fast decrease in confidence of the
classifier. In contrast, MFI, shown as green curve, performs poorly and for two images
(b,d) it is as bad as a random pixel flipping, which is plotted in cyan. We suspect the
poor performance of MFI is due to the existence of nonlinear feature couplings learned
by the CNN. Comparing the methods with respect to the computational efficiency,
LRP is much faster than kernel MFI. However, LRP can be used only when both is
fulfilled: first, the algorithm must be able to be formulated as a neural network and
second, the weights of the network have to be known. On the contrary kernel MFI is
applicable to any machine learning algorithms, keeping it as black-box system and
just using the real valued output values for a given input. Furthermore, kernel MFI
also allows a model-based interpretability of a classifier, whereas LRP is applicable to
single samples only.

Biological Experiments

The empirical evaluation on biological data has three parts: First, we investigate
and discuss the properties of our proposed method MFI for both instance-based and
model based explanation. For the model-based explanation, we also investigate MFI
in combination with the convex motif extraction method, i.e. convex motifPOIM
(see Section 3.2) when compared to their predecessors, i.e., POIMs with non-convex
motifPOIM, on artificially generated data. In the second part, we apply MFI with
convex motifPOIMs to find driving motifs in real-world human splice-site data where
ground truth motifs are known. Here, we compare motif reconstruction accuracies
against state-of-the-art competitors under various experimental settings. Finally, we
perform an analysis of the publicly available enhancer data set and try to find and
verify the driving motifs in a real-world setting where no ground truth motifs are
given.
Since we focus on computational biology settings and specifically on the important
task of motif finding in DNA sequences, we measure the accuracy of predicted motifs
regarding the ground truth sequence motif in terms of motif reconstruction quality,
which is introduced in Section 2.4) (Sandelin et al., 2003). As in Vidovic et al. (2015a)
and Vidovic et al. (2015b), we use differential POIMs (cf. Equation (2.18)) to estimate
starting position and length of the motifs (details to this preprocessing step can be
found in Section 3.1.4).

Controlled Experiments

In this section, we assess and discuss the properties of both, MFI and convex mo-
tifPOIMs, where the latter was presented in Section 3.2. We start by showing the
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Fig. 4.8: Comparing the performance of MFI, kernel MFI and LRP on
the MNIST data set for a trained CNN. We degrade the image by flipping
the most relevant pixels regarding the methods importance mapping, respectively.
Simultaneously the impact on the classifier output is measured and plotted over the
number of pixel flips. A random pixel flipping serves as baseline.

benefits of instance-based explanations, a new mode of explanation, which was made
possible by MFI. Further, we continue to discuss MFI in the traditional model-based
explanation mode and compare solutions against its predecessor (POIM) in a variety
of experiments. Finally, we show that convex motifPOIMs are able to extract complex
motifs and unleash the full potential of our method by application to convolutional
neural networks.

Instance-based Explanation of DNA Sequences For the instance-based ex-
periment, we used 10,000 randomly generated sequences, with two motifs, ("GGC-
CGTAAA",pos=11) and ("TTTCACGTTGA", pos=24) placed in one quarter for
training an SVM with a WD-kernel. The SVM achieves an accuracy of 98,63%. In
the following we explain the classifier decision for individual test sequences by subse-
quently explaining one example from the sets of the true positive, false positive, false
negative and true negative test samples. The set of random samples used for the MFI
computation (Equation (4.3)) comprises 10,000 samples. From the results, shown in
Figure 4.9, we observe that the nucleotides building the two patterns have a strong
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discriminative evidence. If the discriminative patterns are too noisy, the sequences are
classified to the negative class, which, in case of the false negative (FN) example leads
to mis-classification. Elsewise, if only one of the two patterns were inserted, the classi-
fier gives high evidence to the single pattern, which also leads to mis-classification.

Fig. 4.9: Instance-based explanation. Instance-based explanation of the SVM
decision for samples coming from the true positive (TP), false positive (FP), false
negative (FN) and true negative (TN) test set, respectively. The highlighted nucleotides
are informative for the individual SVM decisions, which are plotted as scores on the
y-axis.

Model-based Explanation of DNA Sequences We generated randomly 10,000
sequences of length 30, where positive examples carry the motif CCTATA at position
11. As classifiers, we employ support vector machines with weighted degree kernel
(degree=8) and convolutional neural networks with following architecture: a 2D
convolution layer with 10 tanh-filters of size 8x4, a max-pool layer of size=2, a dense
layer with 100 ReLUs and a dense layer with 2 softmax units.
To show that MFI converges fast towards POIMs, we measured the Frobenius distance
between MFI and POIMs for an increasing number of samples used to build MFI.
In average, 1000 samples are enough to cross a 10−3 error bound. The experiment
was repeated 25 times and means as well as standard deviations are reported in
Figure 4.10.
Subsequently, as shown in Figure 4.11, we investigate the stability and accuracy of MFI
(using 1000 samples, green line) under noise when compared against the computed
POIM (blue line) as implemented in the Shogun machine learning toolbox (Sonnenburg
et al., 2010) (only available for linear SVMs with weighted-degree kernel though).
Noise was induced by mutating each of the nucleotides of the underlying motif with
some probability (x-axis). As can be seen, there is virtually no difference between
both methods for the same classifier using convex motifPOIM. Hence, we established
that MFI are a valid replacement for POIMs. To fully take advantage of the MFI
approach, we are able to use more complex classifiers, e.g. CNNs (red line) which
shows superior behavior. The drop after a noise level of 60% can be explained as
follows. At a noise level of 66.6% all motifs have equal probability, which is why above
that level, other motifs become more likely than the inserted motif. Hence, due to the
considerable rarity of the motif at 66.6% the classifier’s ability drops significantly.

Motif Extraction by Mimicking MFI To show whether or not we are able to
find long motifs with our proposed method, we draw 10.000 uniformly distributed
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Fig. 4.10: Reconstruction accuracy of MFI. Visualization of the reconstruction
accuracy of MFI when compared to POIM for an increasing number of samples,
measured by Frobenius distance.
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Fig. 4.11: Accuracy comparison. The MRQ of SVM+POIM+convex motifPOIM,
SVM+MFI +convex motifPOIM and CNN+MFI +convex motifPOIM for various
levels of mutation in the data set.

toy DNA sequences of length 100, where we insert a motif of length 50 at position 10
in 25% of the data. The motif pattern was of the form TGGCCGTAAA, which was
inserted five times in a row. From the results, shown in Figure 4.12, we can observe
that the real motif was found correctly.
In the following, we show that our method is capable of handling the difficulty of
finding motifs that overlap each other, which means, motifs are sharing at least one
position. For the experiment, we generate 1000 random sequences, where we placed
the motifs ("TGGCCGGAAA",11) and ("TTCCCGTTGACAT",16) in 125 sequences,
respectively. The results are shown in Figure 4.13, where we observe that the highest
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Fig. 4.12: Long motif extraction. An induced ground truth motif of length 50
with the recurrent pattern TGGCCGTAAA is reconstructed concisely from noisy
data.

probability is given to the truly underlying motifs. The starting positions of the motifs
were extracted from the differential POIM, which is shown in the center of Figure
4.13.
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Fig. 4.13: Overlapping motifs extraction. Based on the differential POIM
(center), the estimated starting positions of the motifs are 11 and 16. Arrows point
to the extracted motifs with highest scoring sequences coinciding with the induced
ground truth motifs. Motifs are overlapping from positions 16 to 21.

Furthermore, we investigate the runtime behavior of the presented method. We aim
to show two key results. First, the algorithm should produce an adequate MFI, which
can be measured by the Frobenius distance to the true POIM, in a reasonable time.
We can observe from the left side of Figure 4.14 that the runtime increases when at
the same time the Frobenius norm between MFI and the true POIM decreases. After
already 25 sec. we observe an accuracy of 10−4. Second, the optimization procedure
should be computable in a reasonable time, also for complex motif finding problems.
Therefore, we measured the runtime for increasing complexity, i.e. increasing number
of motifs and motifs lengths. The results are shown on the right side of Figure 4.14.
The runtime increases almost linearly with the complexity of the program. Both
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experiments together show that our method is computable in reasonable times.
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Fig. 4.14: Runtimes. Left: Runtime (in seconds) for increasing number of samples
(blue) and corresponding Frobenius distance of two consecutive results (saturation
curve, green). Right: Runtime (in seconds) for increasing complexity (number # and
length L of motifs).

Motif Extraction from Human Splice-site Data

We evaluate our proposed methods (MFI and convex motifPOIM) on the human splice
site data set, which is introduced in Section 2.3.1. We used POIM and motifPOIM as
baseline methods and MEME (Bailey et al., 2015) as the state-of-the-art competitor.
We use a random initialization of the values in the PWM for both, convex motifPOIM
and non-convex motifPOIM. To verify our results we employ the splice site motifs
given by the JASPAR database2 (Mathelier et al., 2015) as ground truth. The
results in Table 4.1 show the mean and standard deviation of the MRQ accuracies
for various numbers of training examples and 10 repetitions of each experiment. For
all experiments, besides for the MEME motif finder, we employ a weighted degree
kernel for the SVM with degree=8 setting hyper-parameters according to Vidovic
et al. (2015a) and Vidovic et al. (2015b). Using POIMs as implemented in the
Shogun machine learning toolbox (Sonnenburg et al., 2010), we test the (non-convex)
motifPOIM method against our convex motifPOIM. The resulting lower standard
deviations indicate that our convex motifPOIM approach is more reliable than its non-
convex predecessor. Furthermore, we gain almost 2% MRQ due to its inherently stable
behavior. Next, we compare the results when using MFI (with 1000 random samples)
instead of the Shogun implemented POIM. Here, we observe that the results are
indistinguishable and thus, empirically justifying our sampling approach on non-trivial
real-world data. Having established MFI as a valid approach for replacing POIMs,
we proceed by taking advantage of its full potential and apply convolutional neural
networks with following architecture: a 2D convolution layer with 10 tanh-filters of
size 8x4, a max-pool layer with size=2, a dense layer with 100 ReLUs and a dense

2http://jaspar.genereg.net
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layer with 2 softmax units. The architecture is similar to the one used in Alipanahi
et al. (2015) and gives similar, almost perfect results, which are shown in Figure 4.15.
As can be seen in Table 4.1, (g)POIM-based approaches outperform the MEME motif
finder, which did not converge in reasonable time (>20h) for 30,000 sequences. Also,
for less than 6,000 samples, MEME seems rather unstable as indicated by the high
standard deviations.

Tab. 4.1: Results (human splice site experiment) MRQ values and standard
deviations for the human splice data set comparing MFI with convex motifPOIM
against POIM with both motifPOIM variations as well as for the state-of-the-art
competitor MEME. The SVM was trained using weighted degree kernels. Due to lack
of space, MP is the abbreviation for motifPOIM and cMP for convex motifPOIM.

POIM MFI
# MEME SVM+MP SVM+cMP SVM+cMP CNN+cMP
300 89.31±5.27 97.79±0.37 98.77±0.17 98.97±0.24 98.94±0.26
600 90.02±2.86 97.91±0.24 99.16±0.14 99.18±0.14 99.17±0.14
1,200 92.66 ±4.99 97.49±0.13 99.36±0.10 99.25±0.03 99.32±0.13
2,400 93.18 ±4.18 97.61±0.24 99.37±0.07 99.38±0.06 99.37±0.05
6,000 94.70 ± 0.17 97.91±0.31 99.42±0.14 99.45±0.06 99.44±0.06
30,000 - 97.05±0.09 99.39±0.08 99.54±0.02 99.56±0.02
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Fig. 4.15: Inferred motifs (human splice sites experiment): a) true motif
given by the JASPAR database , b) predicted motif from SVM+POIM+motifPOIM
(MRQ=97.05), c) SVM+MFI +convex motifPOIM (MRQ=99.54), and d) CNN+MFI
+convex motifPOIM (MRQ=99.56).

The use of MFI enables us to not only extract motifs based on the trained model,
instead, we are able to explain classifier decisions for specific sequences. Figure 4.16
shows the position-wise importances for 4 different sequences (true positive, false
positive, false negative, and true negative) for the full 141 nucleotide sequence and a
zoomed-in version. As can be seen, most important (dark blue and red) regions are
around the true underlying sequence motif site with red for higher scores s(x) and
blue for lower/negative classifier scores s(x).
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Fig. 4.16: Instance-based explanation (human splice-site experiment).
Position-wise importances for four specific sequences from the human splice site
data set: (a) a true positive with high positive score s(x), (b) a false positive with low
positive score s(x), (c) a false negative with low negative score s(x), and (d) a true
negative with high negative score s(x). Upper figure shows whole sequences, lower
figure is a zoomed-in version for better readability.

Exploratory Analysis of Enhancers and their Strength
For most applications, there will be no ground truth motifs available in advance. To
give an example on how to apply and verify ML2Motif in this real-world situation, we
chose to test our method on an enhancer data set3 supplied by Liu et al. (2016). The
data set comprises 742 weak enhancers, 742 strong enhancers and 1484 non-enhancers,
each with a sequence length of 200 respectively.
Following Liu et al. (2016), we build a two-layer classification framework, where the
first layer decides whether or not the given sample is an enhancer. In case of positive
prediction, the second layer will predict the enhancers strength. For both layers, we
trained an SVM (C = 1) with a WD-kernel (kernel degree k = 8), where the first
layer was trained on non-, strong, and weak enhancers and the second layer on strong
(+1 class) and weak (-1 class) enhancers only. A 5-fold cross validation was applied to
test prediction accuracy. Here, we report a 95% accuracy for the first layer and 90%
for the second layer. Both methods exceed the given baseline method (iEnhancer-2L,
76.89% and 61.93%, respectively) by a comfortable margin, which we claim on the
richer feature representation (i.e. weighted degree kernel vs. RBF kernel).
If we apply ML2Motif to the SVM solution, we can have a first glimpse at the problem
by using the instance-based explanation mode for a set of randomly chosen sequences
of differing classes (cf. Fig 4.17 and Figure 4.18). We observe that importances
spread over the whole sequence length. This could be a hint that either multiple
motifs spread over the whole sequence or that motifs are not located (=they can
change position). Moreover, the importances include almost exclusively Guanine-
sequences for the enhancer class. Hence, extracted motifs should contain strong
Guanine components.
Using again diffPOIMs to estimate locations and length of motifs, we extract the
three most prevalent motifs (positions 138, 0, 82 and length 57, 30, 8) as shown in

3http://bioinformatics.hitsz.edu.cn/iEnhancer-2L/data
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Fig. 4.17: Instance-based explanation (enhancer experiment, layer 1).
Instance-based explanation of one sample of each type, strong enhancers (SE), weak
enhancers (WE), and non-enhancers (NE). Due to the length of the sequences, only
relevant parts of the instanced-based explanation are shown. We can observe that
there are multiple relevant motifs, which also depend on the enhancer type (WE or
SE).

Fig. 4.18: Instance-based explanation (enhancer experiment, layer 2).
Position-wise importances are shown for a strong enhancers (SE) and a weak enhancers
(WE) sequence.

Figure 4.19. As already suspected from the instance-based explanations, the motifs
contain strong Guanine components. Surprisingly, Guanine seems to dominate all
three motifs with no or only little influence of other nucleotide bases. To test whether
or not solutions are degenerate, we rank the test sequences according to the inferred
n ∈ {1, 2, 3} highest scoring motifs (green bars in Figure 4.19). Interestingly, two
motifs are enough to surpass the accuracy of the baseline method (iEnhancer-2L,
red dashed line). We therefore conclude that poly(G) sequences are the key for
understanding enhancers.

4.4 Summary and Discussion

Our proposed method MFI enables the machine learning researcher to open the
black-box of any machine learning model. Like POIMs and FIRM, it takes feature
correlations into account but uses a simple sampling based strategy to assess the
importance of any feature of interest. We showed, that we are able to control the
error made by using the sampling approach by an upper bound. Unlike POIMs, MFI
is less restricted by specific learning settings. It can be applied to continuous features
as well as categorical ones, sequences as well as other structures, such as images.
Generally, it is not restricted by a specific type of application and/or learning machine.
Hence, it could be easily applied to other types of applications, such as explanation
of most expressive electrode-combinations in hand movement recognition with EMG
signals (Vidovic et al., 2016b), change point/anomaly detections in time series for
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Fig. 4.19: Classification accuracy (enhancer experiment, layer 1). An SVM
with a WD-kernel (blue dashed line) was trained to discriminate between enhancers
and non-enhancers and archives superior AUC of 95% when compared to the baseline
method iEnhancer-2L (red dashed line, AUC of 85%). Subsequently, ML2Motif was
applied to extract n ∈ {1, 2, 3} most significant motifs (x-axis) from the SVM classifier.
To test their respective relevance, test sequences were ranked according to the extracted
motifs. Results show (green bars with corresponding motif plotted on top) that two
motifs suffice to surpass the baseline method.

fault detections in wind turbines (Bessa et al., 2016; Görnitz et al., 2015), explanation
of important pixel patches in computer vision (Bach et al., 2015), quantum chemistry
(Schütt et al., 2017), and extraction of latent brain states (Porbadnigk et al., 2015).
Compared to POIMs, which were restricted to the use of the weighted degree kernel,
MFI is applicable to arbitrary kernel functions. Thus, using kernel functions, such
as top kernel (Tsuda et al., 2002), which can handle sequences of variable length,
we have expanded the scope of possible applications in computational biology. For
future work, it would be interesting to investigate the performance of MFI for different
kernel functions. MFI can be used to compare various machine learning methods
regarding their underlying discriminative features. Therefore, MFI can contribute to
a higher confidence in the classifier as for example in BCI (Müller et al., 2003; Müller
et al., 2008), where experts can decide whether the extracted discriminative EEG
patterns learned by the classifier are informative or not. However, there is one main
shortcoming that we face when applying MFI. The number of samples depends on
the complexity of the problem. This means that complex problems including high
dimensional input spaces may require a large number of samples, which subsequently
would increase computation times. For future work, as a compensation, we suggest to
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further study the proposed methodology for various sampling methods, such as min-
max sampling or cluster sampling to increase efficiency and speed up computation
time. Also the use of generative models, such as Generative Adversarial Networks
(GANs) (introduced by Goodfellow et al. (2014)) could be investigated as they could
generate suitable samples for MFI.
Summarizing, in this chapter, we have contributed to opening the black-box of learning
machines. Our proposed method MFI is generally applicable to arbitrary learning
machines for either instance-based or model-based explanation of even non-linear
coupled features. In particular we could show that our novel MFI nicely extends and
unifies existing works (cf. Section 3.1 and 3.2). Thus, MFI is a novel algorithmic tool
which profoundly improves flexibility and expressiveness of the POIM family. Various
experiments on computer vision data as well as experiments on artificially generated
DNA sequences, real-world human splice site data and enhancer data demonstrate
the properties and benefits of our approach.
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Chapter 5

Covariate Shift Adaptation

Fundamental changes over time of EMG signal characteristics are challenging for
myocontrol algorithms controlling prosthetic devices. These changes in the data are
generally caused by electrode shifts after donning and doffing, sweating, additional
weight or varying arm positions, which results in varying signal distributions – a
scenario often referred to as covariate shift. A substantial decrease in classification
accuracy due to these factors hinders the possibility to directly translate EMG signals
into accurate myoelectric control patterns outside laboratory conditions. To overcome
this limitation, we propose the use of supervised adaptation methods. The approach
is based on adapting a trained classifier using a small calibration set only, which
incorporates the relevant aspects of the non-stationarities, but requires only less than
1 min of data recording. The method was tested first through an offline analysis
on signals acquired across 5 days from 7 able-bodied individuals and 4 amputees.
Moreover, we conducted a three-day online experiment on 8 able-bodied individuals and
1 amputee, assessing user performances and user-ratings of the controllability. Across
different testing days, both offline and online performances improved significantly
when shrinking the training model parameters by a given estimator towards the
calibration set parameters. In the offline data analysis, the classification accuracy
remained above 92% over five days with the proposed approach whereas it decreased
to 75% without adaptation. Similarly, in the online study, with the proposed approach
the performance increased by 25% compared to a test without adaptation. These
results indicate that the proposed methodology can contribute to improve robustness
of myoelectric pattern recognition methods in daily life applications. Most parts of
this chapter were previously published in Vidovic et al. (2014) and Vidovic et al.
(2016b).

5.1 Motivation
Pattern recognition is a promising approach for controlling upper limb prosthetic
devices with surface EMG electrodes (Scheme and Englehart, 2011; Hargrove et al.,
2010; Englehart and Hudgins, 2003; Hudgins et al., 1993). It enables the user to
intuitively control a myoelectric prosthetic hand with multiple degrees of freedom.
However, despite the good laboratory performance of this approach, its clinical and
commercial impact is still limited. One of the reasons for this limitation is that
laboratory conditions often do not include sources of EMG signal non-stationarities,
such as electrode shifts following donning and doffing, changes in arm position, variable
loads when grasping objects, muscle fatigue, and varying electrode-skin impedance
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5 Covariate Shift Adaptation

(Jiang et al., 2012; Farina et al., 2004). These factors have a significant influence
on the data distributions and thus on the robustness of the system, as exemplary
illustrated in Figure 5.1 for the case of tests on different days.
In this example, a linear discriminant analysis (LDA) classifier (for an introduction
to LDA see Section 2.1.4) can separate two classes (hand open and wrist extension)
without errors on the first day, when the classifier was trained. However, because of
changes in the data distribution, the LDA performance continuously decreased until
complete failure on the third day of measurements. The presented scenario, where
training and test data distributions differ from each other is known as covariate shift
or sample selection bias, which we introduced in Section 2.1.6. Different strategies
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Fig. 5.1: Covariate Shift Illustration of the effect of doffing-donning of the prosthesis
in three days when classifying two movements: Hand Open (HO) and Wrist Extension
(EX). The optimal separation hyperplane for the first day data (black vertical line)
performs worse on the data of the second day and fails completely on the data of the
third day. For a two dimensional representation, the data were projected on the first
LDA and PCA component, respectively (Shenoy et al., 2006).

have been suggested to counteract the covariate shift and improve the robustness
of EMG pattern recognition (Sensinger et al., 2009). One approach has been the
inclusion of examples of non-stationarities in the training set, which increases the
generalization ability of the classifier but requires a large training data set. In addition,
there are factors that cannot be easily included during training, such as changes in
the way the users perform the attempted tasks. In Scheme and Englehart (2011), a
full calibration was performed every day, which, however, is very demanding and time
consuming for the user. To avoid this, adaptation strategies have been explored (Chen
et al., 2013; He et al., 2012), where the model parameters are updated by samples
of the testing data. In a fully unsupervised adaptive approach, the classification
accuracy may however decrease, due to the inclusion of mis-classified samples. To
address this problem, Sensinger et al. (2009) proposed to estimate the confidence of
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the classifier decision, and then to use only the most reliable decisions for adaptation.
This approach was outperformed by all supervised adaptation methods, investigated in
the same study for comparison. Most of the work done on adaptation have been done
offline on pre-recorded data. Although offline studies are useful to compare different
algorithms while optimize their parameters, they reflect the actual problem only partly.
This is because offline studies cannot consider the fact that the user can react on
the algorithmic output and adapt his muscle contractions to improve the outcome
in a real-time application (Jiang et al., 2014). Hahne et al. (2015) demonstrated the
advantage of concurrent adaptation between the user and the algorithm on myoelectric
control.
Extensive research on adaptive classification has been performed also in related fields.
For example, covariate shift adaptation (Sugiyama et al., 2007; Sugiyama et al.,
2008) has been applied for binary classification problems in brain-computer interface
applications (Vidaurre et al., 2011). In this field, the adaptation method suggested
by Sugiyama et al. (2007) computed first a probability density on the test set and
then the expected test error over test samples. This approach requires, however, a
relatively large labeled calibration set, which would imply a large effort by the user.
In this thesis, we address the problem of classification robustness across sessions and
days by adapting a myocontrol algorithm, using a short calibration data set that
requires only less than 1 min data recording. We test this approach on a large data
set that includes both able-bodied subjects and amputees, in offline as well as online
conditions. The results indicate that the proposed methodology is an appropriate
compromise between a limited user effort in re-training and a substantial improvement
in classification accuracy.
The remainder of this Chapter is organized as follows. In Section 5.2 we present the
mathematical models, the data sets, and the experimental paradigms used in this
study. The results were presented in Section 5.3, and are afterwards discussed in
Section 5.4 before we conclude with some final remarks in Section 5.5.

5.2 Method

In this thesis, we focused on the two Bayesian multi-class classifiers: linear discriminant
analysis (LDA) and quadratic discriminant analysis (QDA) [20], which we introduced
in Section 2.1.4. The difference between QDA and LDA is, that QDA determines
quadratic boundaries for class separation by using class-wise covariance matrices,
whereas LDA eliminates the quadratic terms by assuming equal covariance matrices
for all classes and thus uses hyperplanes for classification. These models work well
under ideal laboratory conditions for controlling prosthetic devices with EMG signals.
However, in the presence of non-stationarities, the true data distribution pte(x) (i.e.
the test data distribution) almost never coincides with the training distribution ptr.
In the following, we propose an adaptation methodology to adjust the training model
parameters (i.e., the mean and the covariance matrix, see Section 2.1.4) towards the
parameters of a very small calibration data set including the current conditions.
The basis for the model adaptation is a small calibration data setXcal = {ti, ui}mi=1, m ∈
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N, which follows the test distribution Xcal ∼ pte, where ti ∈ Rd and ui ∈ {1, . . . , C}.
Let µtrc and Σtrc be the class-wise mean and the class-wise covariance matrix of the
training set X and µcalc and Σcalc the ones of the calibration set Xcal. We propose
an adaptation by shrinking the training parameters towards the ones obtained from
the calibration set:

µ̃c = (1− τ)µtrc + τµcalc, (5.1)

and

Σ̃c = (1− λ)Σtrc + λΣcalc, (5.2)

where τ and λ ∈ [0, 1] are the regularization parameters. To get subject independent
reasonable values for τ and λ they were estimated by a grid search with a step size
of 0.1 across all days and subjects on the validation data set (see Section 5.2.1 ). If
there is only one shrinkage parameter to be determined, the other is held at zero.
In the following analysis, we denote LDA as the classifier trained on the training data
set that served as a baseline for comparison with its adapted versions (same for QDA):

1. LDAMA: LDAM(ean)A(daptation) adapts the mean of LDA towards the mean
of the calibration data set, where the covariance matrix remains unchanged.

2. LDACMA: In the LDAC(ovariance)M(ean)A(daptation) method the mean and
the covariance matrix of LDA are simultaneously adapted towards the parameters
of the calibration data set as shown in Equation (5.1) and (5.2).

3. LDAnew: LDAnew is a new LDA classifier trained on the calibration set only.

4. LDADEA: LDAD(ata)E(xtension)A(daptation) adapts the mean and the co-
variance matrix, equal to LDACMA, but after each daily adaptation towards
the calibration data set, the calibration data set was incorporated into the ini-
tially training data set and the LDA, which is used for the ongoing adaptation
was retrained on the extended training data set.

5. LDAFA: Unlike LDACMA and LDADEA, which used the non-adapted LDA
trained on the training or extended training data set for adaptation, LDAF(urther)A(daptation)
repeatedly adjusted the already adapted LDA towards the calibration data set.

5.2.1 Evaluation procedure

Dataset

For the offline analysis, we used the five-day data set of the experiments presented in
Amsüss et al. (2014). The data set was obtained from seven able-bodied subjects (five
males, two females 25.4±1.4 yrs) and four transradial amputees (males, ages 25, 28,
29, and 64 yrs). All amputees and two able-bodied subjects were experienced with
myocontrol, while the remaining able-bodied subjects were naive. Eight commercially
available double differential electrodes (13E200=50AC Otto Bock Healthcare Products

86



Method

GmbH, Vienna, Austria) were used for the data recording. They were placed equidis-
tantly around the forearm of the subjects approximately 7 cm from the olecranon. To
mimic a real-life usage, for each amputee (two left and two right side affected), the
electrodes were fitted in an individual hard socket prosthesis. For able-bodied sub-
jects the electrodes were mounted on the dominant forearm by a spring-grid, which
ensures that the electrodes were slightly pressed on the skin. The electrode positions
were marked by a water-resistant pen and the markers were used for mounting the
electrodes on the other days.
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Fig. 5.2: Illustration of the data segmentation. Rn, n = 1, . . . , 5 includes the
trials of all movements for one particular contraction level. The classifier was trained
on one day (exemplary on Day 1 (green)), adapted by one run of the test day (orange)
and tested on all other runs of the test day (blue).

Offline experimental paradigm

The subjects were instructed to perform 8 movements: wrist pronation (WP), wrist
supination (WS), wrist extension (WE), wrist flexion (WF), hand opening (HO), fine
pinch (FP), key grip (KG), and no movement (NM) at three contraction forces (30,
60, and 90% maximum long-term voluntary contraction, MLVC) on five subsequent
days (Mon.-Fri.). During the data recordings, they were seated on a chair, holding
their forearm parallel to the ground in a 90 degree angle to the upper arm. The
calibration phase consisted in performing each movement for 30 s at 100% MLVC. The
reference value for normalizing the muscle activity was the average maximum root

mean squared (RMS) value over the eight channels RMS =
∑8

p=1

√
1
l

∑l
i=1(ξ

p
i )

2,
where l is the number of samples per time-window and ξp the instantaneous EMG
signal of channel p.
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Each subject performed two sessions of data recordings on five subsequent days.
Between the sessions the amputees performed a donning and doffing, as they would do
during daily use. For the able-bodied subjects, the donning and doffing was mimicked
by a lateral displacement of the electrodes by 0.8 cm. One session took approximately
45 min and, since each movement was recorded five times at the three contraction
forces, it comprised 120 trials (3 × 5 × 8 = 120 trials). For each 5-s trial the user
followed a trapezoidal force profile while doing the instructed movement, following
a cursor representing the RMS value. For the first second, the user followed the
trapezoidal ramp up to the given force level, where the force level was maintained for
3 s before the user followed the ramp down to the No-Movement level. In the following
we will refer to one run as the set of 8 trials, in which each class is represented once.
The division of the data into training, test, and validation set was done as follows.
The first session of the first day was used as training set and the first session of the
subsequent days were used as test sets. The second session of each day was used as
the validation set for the parameter optimization of our proposed adaptation method
(following standard cross-validation schemes see Lemm et al. (2011)).

Signal acquisition and processing

The acquired raw signals were amplified to the range 0-4.5V and filtered in a bandwidth
of 20-450Hz. Moreover, a 50-Hz notch filter was included in the active Otto Bock
electrodes. The filtered signals were sampled at 1 kHz, digitized by a 10 bit A/D
converter, and transferred via Bluetooth to a computer by the Axonmaster (Otto
Bock HealthCare Products GmbH Vienna, Austria).

Feature extraction

For this study, we calculated the logarithm of the signal variance (logVar), as proposed
in Hahne et al. (2012), in intervals of 250ms, which overlapped by 50ms (15 features
per channel and per trial).

Subject variability

To investigate the inter-subject variability concerning false class label predictions we
visualized the non-diagonal elements of the confusion matrices, reshaped as a single-
column vector for each subject. Moreover, to indicate the changes of the variability of
false predictive class labels over days, we included the mean confusion matrix of all
days but training too.

General adaptation procedure

The data (first session of each day) were split as shown in Figure 5.2, where the entire
data set of one day (green) was used as initial classifier training set. The other data
set was further separated into a calibration set that comprised one run (orange) and
in the testing set, consisting of the other 14 runs (blue). In a first step, the LDA was
trained on the entire training data set. Afterwards, the LDA was adapted by the
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calibration data set. Finally, the performance of the adapted LDA was calculated
on the test set. A reverse leave one out cross validation was performed by taking
each run of one day as calibration data set and computing the performance on the
remaining test set.

Optimal shrinkage parameter

First, we trained the LDA on the entire data set of the first day. We accomplished
the computation of the optimal shrinkage parameters on the validation data set, i.e.,
the second session of each day, where we averaged over the daily results. To get
a subject-independent adaptation of the LDA, we computed the optimal shrinkage
parameter values for τ and λ by a grid search that included the data from all subjects.
We adapted the LDA by all possible combination pairs of τ and λ with elements in
{0, 0.1 . . . , 1} towards one run of the validation set. For the case of LDAMA, the
covariance adaptation was held to zero with λ = 0. For each parameter pair, we adapt
with 15 different runs for each day and each subject. To reveal the error we made
for each subject by taking the average optimal shrinkage values over all participants
instead of the single subject specific values we computed the Euclidean distance
between both: LDACMA adapted with the subject average regularization values and
LDACMA adapted with the subject-specific τ and λ values.

5.2.2 Online Experiment
To evaluate the adaptation performance for a real time application, we conducted
an online experiment including one amputee and 8 able-bodied subjects. One able-
bodied subject and the amputee were experienced with myocontrol, while all other
subjects were naive. The experiment consisted of a training day (day zero) and three
test days (day 1-3). The initial data recording on the training day involved 3 trials
for each of the 3 contraction strengths for the 8 movements and served the LDA as
training data set.
On each test day, we recorded a small calibration data set, where the user was
instructed to perform each movement in a perceived 60 % force level for 4 s once, with
no feedback but a time progress bar. This data set was used to train LDAnew and to
adapt LDACMA, where the latter was adapted by the optimal subject independent
parameters found by the grid search (5.2.1). To compare the performance of LDA,
LDAnew, and LDACMA, we conducted a 1-min online test, twice for each LDA
variation. The user was unaware of the control algorithm tested in each case. During
the 1-min test the user was asked to copy a sequence of different target movements.
Two pictures, side by side, were presented to the user on a screen. The target movement
was shown on the left accompanied by a vocal cue. The subject was asked to replicate
the given target movement as fast as possible and was provided with visual feedback
of the movement decoded by the algorithm under test (direct user feedback). A hit
was counted if the user reached the target movement and held it for 1 s. Afterwards
the next target movement was shown on the left. In total, the user had 10-s to reach
a hit. After each test iteration, the subjects provided a subjective indication on the
comfort in controlling the specific system, on a scale between 1 and 10.
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5.3 Empirical Evaluation

First, we present the systematic class confusion within the training day as well as
within the subsequent days for all subjects. The significant performance drop on the
other days motivate an adaptation. According to that, we present the results for the
optimal shrinkage parameter choice, which gave the basis for the further classifier
adaptation computations. Subsequently, we report the offline results on the five-day
data set for each adaptation strategy. Then we present the influence of the contraction
strength to the adaptation performance and finally we give the results of the online
experiment.

5.3.1 Systematic class confusion
We investigated whether or not there exists a systematic class dependency within
the confusion matrix between the training day (TD) and the other days (OD). We
observed an increased number of false predicted class labels in OD compared to TD.
This was also reflected in a decreased classification accuracy in OD (see accuracy
on top of each column). There was a significant dependency between the confusion
matrix of TD and OD (Fisher’s exact test: p < 10−10). Furthermore, we observed a
high variability of false predicted class labels over subjects (Figure 5.3). The wrong
predicted class labels of the best performing amputee, AP 1, yield a classification error
lower than 0.5% and are thus not visible. The other amputees perform worse than
the able-bodied subjects, which can be seen by the greater number of false predicted
classes.

5.3.2 Optimal shrinkage parameter choice
To obtain subject-independent values for τ and λ we computed the optimal shrinkage
parameter by a grid search (Figure 5.4), including all subjects as described in Section
5.2.1. The best values obtained for LDACMA were τ = 0.8 and λ = 0.8. For the case
of LDAMA, the covariance adaptation was held to zero with λ = 0, which gave an
optimal mean shrinkage value of τ = 0.7.
The error between LDACMA adapted with the subject average regularization values
and LDACMA adapted with the subject specific τ and λ values is shown in Figure 5.5
for each subject. For the able-bodied subjects (subjects 1 to 7) the mean error was
lower than 2%. For the amputee A1, the shrinkage parameters were almost perfect
(err < 1%), whereas the error for the amputee A3 was comparatively large (err ≈ 8%).
For the other two amputees the mean errors were approximately 4%.

5.3.3 Covariate shift adaptation
In a first step, we trained a LDA classifier on the entire data set of the first day
session of the able-bodied subjects. Using a 5-fold cross validation, we achieved high
classification results with an accuracy > 95% when testing the same subjects on the
same day. When testing the LDA classifier on the following days without retraining,
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Fig. 5.3: Vectorial representation of the non-diagonal elements of the confusion
matrix for the able-bodied subjects (HS 1-7) and for the amputees (AP 1-4). The
false predictive class labels are given as pair (M1, M2) on the y-axis, where M1 is the
real class and M2 the predicted class and the degree of misclassification is given by
the color, where dark red indicates a high value and lighter colors a lower value of
false positives. Moreover, the false predictive class labels are shown for the training
day (TD) in the first column and as average over all other days (OD) in the second
column for each subject. The accuracy for each subject is reported on the top of each
column for both TD and OD.

however, the performance dropped substantially by almost 20%, as shown in Figure
5.6 a). Further, we investigated the performance of the proposed adaptation methods.
The optimal shrinkage parameter values for τ and λ (see Equation (5.1) and (5.2))
were obtained by a grid search, as shown in Figure 5.4.
We first evaluated the mean adaptation, where we shrank the mean of the LDA towards
the mean of the calibration set (LDAMA: (τ = 0.7, λ = 0)). Afterwards, we extended
the mean adaptation by an additional covariance matrix regularization (LDACMA:
(τ = 0.8, λ = 0.8)). Finally, we trained an LDA on the small calibration set only
(LDAnew: (τ = 1, λ = 1)). Regarding the baseline LDA performance, the LDAMA
significantly improved the classification accuracy for each day. Although the LDA
performance continuously decreased from day 2 to day 4, the LDAMA performance
remained constant above 90%. Compared to the mean adaptation, LDACMA could
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Fig. 5.4: Illustration of the grid search. The computation includes all eleven
subjects for finding the optimal adaptation parameters τ and λ for LDA. A continuous
performance increase was preserved by shrinking the mean of the training set towards
the mean of the calibration set, where the optimal value was τ = 0.7 (λ = 0). By
shrinking additionally the covariance matrix, the optima were found by τ = 0.8 and
λ = 0.8, a further, but relatively small performance gain was obtained.

not gain any further performance increase. The LDAnew also significantly improved
the LDA performance, but performed worse than both adaptation methods (see Figure
5.6 a)).
A similar trend was observed with the results of the amputee subjects, although the
classification accuracy was lower by more than 10% compared to the able-bodied
subjects (see Figure 5.6 b). Contrary to the results on able-bodied subjects, LDACMA
significantly outperformed LDAMA for amputees. LDAnew had worse performance
than LDAMA for the first two days but showed a similar performance afterwards.
We performed a two-way repeated ANOVA test, including all eleven subjects, to
compute the statistical differences between the methods. The statistical test results
showed that LDAMA and LDACMA significantly outperform LDA (p = 0.03 and
p = 0.016), whereas no significant difference was obtained when comparing LDA
and LDAnew. We repeated the equivalent experiment for QDA, where the optimal
shrinkage parameters for the mean adaptation (QDAMA: (τ = 0.8, λ = 0)) and the
covariance matrix adaptation (QDACMA τ = 0.7, λ = 0.9)) were extracted by a grid
search (similar to the results of the LDA grid search as shown in Figure 5.4). For the
able-bodied subjects, we observed similar behaviors for QDA, QDAMA, QDACMA,
and QDAnew compared to the LDA counterparts. The QDA performance dropped
from 97% on the training day to 70%. Adapting the mean, QDAMA attained a
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Fig. 5.5: Illustration of the subject specific errors when adapting the LDA by
the mean regularization parameter values extracted from the grid search including
all subjects instead of the best parameter choice for the respective subject. The
able-bodied subjects were tagged by 1-7 and the amputees by A1-A4.

significant performance raise of 20%. Moreover, unlike the additional LDA covariance
matrix adaptation, QDACMA significantly outperformed QDAMA. QDAnew reached
no significant improvement (Figure 5.6 c)).
From the QDA results of the amputee data shown in Figure 5.6 d), we observe again
that QDACMA performed best, followed by QDAMA. Compared to the LDA results,
QDAnew performed significantly worse than QDAMA. Also in the case of QDA, the
statistical test results on all subjects show that QDAMA and QDACMA outperform
QDA (p = 0.013 and p = 0.010), and no significant difference was observed between
QDA and QDAnew.
The most relevant difference between LDA and QDA was that LDA was more robust
against inter-day non-stationarities. For this reason, the subsequent results are
presented for LDA only.
The above results were presented for the adaptation of the initial classifier trained
on the training day with the calibration set of the current day. However, we need
to clarify whether it is worthwhile for an ongoing classifier adaptation to extend the
training data set by the calibration data (LDADEA) or further adapt LDACMA
instead of the initial LDA (LDAFA). The results showed that LDACMA significantly
outperformed LDAFA (p < 10−4, Figure 5.7 a)), whereas there was no significant
difference between LDADEA and LDACMA (Figure 5.7 b)).

5.3.4 Influence of force level
We repeated the analyses described above, when adapting with the different contraction
strengths (30, 60 and 90%). Additionally, we used each day once for training and all
other days for testing.
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(c) QDA able-bodied subjects
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Fig. 5.6: Illustration of LDA and QDA adaptation performance for the able-
bodied subjects in a) and c) as well as for the amputees in b) and d). In all cases,
a remarkable improvement of classification accuracy across days is obtained by the
mean adaptation. The additional adaptation of the covariance matrices only results
in a slight improvement in the case of QDA. For comparison, the classifier trained
exclusively on the new calibration data slightly improves the classification accuracy
but performs worse than the adapted classifiers. Note that the variation between
subjects is plotted as standard error.

In Figure 5.8 the mean LDACMA performance of the test days are shown and compared
to the baseline LDA performance. We performed a two-way repeated ANOVA test over
all subjects to make a general statement about the statistical differences between the
methods. We observe that an adaptation with 60% contraction strength significantly
outperformed the baseline LDA (p = 0.019), whereas no significance difference was
observed for an adaptation with 30 or 90% contraction strength (p = 0.603 and
p = 0.082). Among the adaptation models, a 60% adaptation only outperformed the
30% adaptation (p = 0.012) but not the 90% one.
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Fig. 5.7: Comparison between the performance of three adaptation strate-
gies LDACMA, LDAFA, and LDADEA for all subjects and all days but the first day,
which was used for training.
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Fig. 5.8: The daily comparison of the LDACMA performance when adapt-
ing with the single contraction strengths of 30, 60 and 90%, respectively.
Using a calibration set with 60% contraction strength for adapting LDA indicated the
best performance.

5.3.5 Online Experiment
During the 1-min online tests, we counted the number of correctly imitated movements
that should be held by a subject for 1 s. On three test days, each algorithm (LDA,
LDACMA, and LDAnew) was tested twice.
First, we plotted the performance of the methods against each other as shown in
Figure 5.9. From Figure 5.9 a) and b) we observe that LDACMA as well as LDAnew
significantly outperformed LDA for all able-bodied subjects (blue dots) as well as
for the amputee (green dots). When comparing LDACMA and LDAnew, we observe
that for 70.4% of the subjects LDACMA performed better than LDAnew, where only

95



5 Covariate Shift Adaptation

0 5 10 15 20
0

5

10

15

20

96.3%

0%

p=8.17e−06

**

correct movements with LDA

c
o
rr

e
c
t 
m

o
v
e
m

e
n
ts

 w
it
h
 L

D
A

C
M

A

**

(a) LDACMA vs LDA

0 5 10 15 20
0

5

10

15

20

92.6%

3.7%

p=1.24e−05

**

correct movements with LDA

c
o
rr

e
c
t 
m

o
v
e
m

e
n
ts

 w
it
h
 L

D
A

n
e
w

**

(b) LDAnew vs LDA

0 5 10 15 20
0

5

10

15

20

70.4%

14.8%

p=0.00902

**

correct movements with LDAnew

c
o
rr

e
c
t 
m

o
v
e
m

e
n
ts

 w
it
h
 L

D
A

C
M

A

*

(c) LDACMA vs LDAnew

Fig. 5.9: Illustration of the 1-min online test results. The subjects (8 able-
bodied and 1 amputee) were asked to imitate certain movements for one second.
In total, two tests (runs) were recorded on 3 different days (sessions). The scatter
plots illustrate the number of correct classified movements by LDA, LDACMA, and
LDAnew against each other. Each circle corresponds to the mean results of one session
for one subject, where the amputee data is marked by green circles. The percentage
on each side of the partition line represents the amount of results of the respective
method.

14.8% of the subjects got a performance gain (Figure 5.9 c)). The test run, which
benefited the most from our approach (LDACMA) is highlighted in red, once for the
able-bodied subjects and once for the amputee.
For further analysis, we additionally incorporated the performance of LDAnew as
well as the user controllability ratings of each method. In order to be able to
show simultaneously those joint effects, we standardized the data. This was done
subject-wise by z-scoring, i.e. first removing the mean and then dividing by the
standard deviation. Each line in the polar plot shown in Figure 5.10 indicates one
run of one subject. The algorithm performance is reported on the x-axis and the
user controllability rating on the y-axis. The majority of the subjects valued the
controllability using LDA worse than using LDACMA or LDAnew. More precisely,
96% of the LDA results pointed in the direction of decreased user-rating, whereof 94%
also pointed in the direction of decreased performance. On the contrary we record
for LDACMA an increased user rating of 96% and 87% for LDAnew. Even when the
LDACMA performance decreased, the user still perceived a pleasant controllability
unlike LDAnew, where the user rated the algorithm lower although an increased
performance was recorded.
In order to visualize the joint effects of performance and user-rating for each subject
individually, we reported both against each other as shown in Figure 5.11. In Figure
5.11 a) the difference between achieved user-hits with LDACMA and LDA is reported
on the x-axis and the difference between user controllability ratings of LDACMA and
LDA on the y-axis. The test results of each subject were highlighted by different
colors, where subject 2, colored in orange indicated the test results of the amputee.
The user performance was positively associated to the user controllability across the
subjects. Additionally, Figure 5.11 a) shows that for all test iterations LDACMA
outperformed LDA (same as shown in Figure 5.9). We observed a similarity in
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Fig. 5.10: Joint illustration of the user performance and user-rating. The
classifier performance (x-axis) is plotted against the user controllability rating (y-axis)
for LDA, LDACMA, and LDAnew. To show simultaneously those joint effects, we
standardized the data by subject-wise z-scoring. Each line in the polar plot indicates
one session run of one subject.

results between LDAnew and LDA as shown in Figure 5.11 b). When comparing
LDACMA with LDAnew 7 of 9 subjects had both higher performance and higher user
controllability rating with LDACMA. Although one able-bodied subject performed
better with LDAnew, there was no difference between LDACMA and LDAnew in
the user controllability rating. For one subject, there was no significant difference
between the performance with LDACMA or LDAnew, but the subject preferred the
controllability with LDACMA.

5.4 Discussion

LDA was more robust than QDA for both able-bodied subjects and amputees. This
may be caused by the fact that QDA is highly dependent on the class-wise covariance
matrices, which were estimated with a relatively small number of samples and therefore
less stable and prone to overfitting. Also little changes in EMG signals may determine
large changes in the data distributions, with the consequence that the QDA quadratic
boundaries might fail in movement classification. Conversely, LDA uses the pooled
covariance matrix, where the non-stationarities of the EMG signals have little influence.
This was shown by the fact that the classification accuracy over days of LDA decreased
less than for QDA on the one hand (Figure 5.6). On the other hand, the additional
covariance matrix adaptation had less improvement for LDA than for QDA, since
LDACMA performed similar to LDAMA. Our results are in line with the findings in
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(c) LDACMA vs LDAnew

Fig. 5.11: Subject specific behavior when comparing the classifier per-
formance with the controllability rating. The results are shown as differences
between the two methods, respectively, where the latter is subtracted from the first.
Exemplary, in a), the x-axis show the hit difference between LDACMA and LDA,
hence: hits of LDACMA minus hits of LDA (same for the user controllability ratings).
Each circle indicates the average result of all session runs for one subject, where each
subject is colored differently.

Chen et al. (2013), where a self-enhancing mean and covariance matrix adaptation
was presented, first separated from each other and then together. Also in that study,
the class mean adaptation gave the largest effect in performance compared to the
covariance matrix adaptation for LDA. The results suggest that for real-world EMG
control applications LDA might be a better choice than QDA since it is more stable
over time.
The presented adaptation method, where we adapted the trained classifier towards a
short re-calibration set showed a high performance gain, both in offline and online
analysis.
The LDACMA adaptation with 60% force level performed best since in general
the overall mean, consisting of data with 30, 60, and 90% contraction strengths,
is most closely to the data with 60% contraction strength. In the offline analysis
LDAnew outperformed LDA but performed significantly worse than LDACMA. In the
online analysis, although the performance of LDAnew was comparatively similar to
LDACMA (in average LDACMA achieved one hit more than LDAnew), the user rated
the controllability with LDACMA higher, which is shown in Figure 5.11 c). Although,
one able-bodied subject performed better with LDAnew, there was no difference for
him/her in the controllability between LDACMA and LDAnew. For one able-bodied
subject there was no difference in the performance between LDACMA and LDAnew,
however, he/she rated the controllability with LDACMA higher compared to LDAnew.
Furthermore, the results from Figure 5.9 c) indicate that LDACMA significantly
outperformed LDAnew (p < 0.01). But still, it is interesting that LDAnew performed
much better in the online test than in the offline analysis. This can be explained by
the adaptation of the user, which was possible with the given visual feedback in the
online tests but not in the offline data collection.
The main difference in performance between able-bodied and amputee users was a
lower classification accuracy for the amputees, which is also reported in Huang et al.
(2005), Amsüss et al. (2014), and Hwang et al. (2014) and emphasized in Figure 5.3

98



Conclusion

by the false predicted class labels. Moreover, the variability of results was significantly
greater for amputees. This is due to the fact that able-bodied subjects performed
actual movements of the hand while amputees could only attempt it without a visual
and sensory feedback from the hand. For amputees, the absence of visual feedback
on the actual hand movement may also cause the impossibility of generating well
distinguished muscle activations for the different tasks. It should be noted, that on
average no absolute recognition accuracy difference was found between the experienced
and inexperienced subjects, since the data set we used incorporated an extensive
training (2 hours for 5 days) (Amsüss et al., 2014).
Unsupervised adaptation is sensitive to wrong adaptation, as observed, e.g., in He et al.
(2012) where all the unsupervised adaptation variations tested showed an increased
error rate over time. Thus, fully unsupervised adaptation is not a robust approach at
least not until the influence of mis-classification is minimized by a high confidence in
judging the accuracy of the test data.
Our approach thus provided a reasonable trade-off between high classification accuracy
over days and a minimal effort by the user in re-training; we therefore consider it a
practical method in real-world EMG control applications.
In this thesis, we considered the same adaptation for all classes. However, there are
movements that are classified with lower accuracy than others as shown in Figure
5.3. Note that the non-stationarities influence the class distributions differently. In
future work, it will be interesting to adapt parameters differently for each class and
to determine subject-specific optimal shrinkage parameters (Figure 5.5). Moreover,
subclass structures can be modeled in the classifier as presented in Höhne et al. (2016),
which may additionally improve our presented adaptation technique and could be
considered in future work. Also the extension of our approach to regression based
myoelectric control (Hahne et al., 2014; Hwang et al., 2014) remain as future work.

5.5 Conclusion
Pattern recognition is of high benefit for controlling myoelectric prosthetic devices but
can lack robustness when tested in daily-life conditions. Covariate shifts cause changes
in the data distribution, which then may lead to a reduced classifier performance.
Offline and online results of our proposed adaptation of the initial classifier towards a
short, less than 1 min newly recorded data set demonstrated the significant gain in
classification accuracy for both, able-bodied subjects and amputees over days. In offline
experiments, LDA indicates a higher stability than QDA due to the pooled covariance
matrix and might be the better choice for real-world applications. Furthermore, the
relative improvement trends achieved with our proposed methodology were the same
for all subjects, which underlines the relevance of our method for both experienced
and novel users. In conclusion, the proposed adaptation approach can be used as a
practically feasible method for improving the robustness of pattern recognition for
myocontrol.
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Chapter 6

Summary and Outlook

Due to the fact that most machine learning algorithms act like black-boxes and give
no reasoning for their decisions, the first goal of thesis was to improve upon the
interpretation of machine learning algorithms. We started by advancing POIMs, a
method for visualizing the feature importances learned by an SVM with a WD kernel.
Due to the fact that the size of POIMs grows exponential with the size of the motif,
POIMs are only applicable to reveal small motifs. In this thesis, we developed a model-
based method called motifPOIMs to extract the relevant motifs from POIMs, which
are discriminative for the SVM decision. More precisely, motifPOIMs can extract
arbitrary long and even overlapping motifs solving of a non-convex optimization
problem. However, we found practical limitations due to the high number of local
minima in the non-convex optimization problem. Due to the need of carefully chosen
initialization parameters for the motifs and the highly varying results for different
initializations, we improved on motifPOIMs and reached a convex optimization problem
that provides us with more reliable results without the need of a proper motif value
initialization. Besides the increased robustness, convex motifPOIMs also reduced
the runtime by several orders of magnitude. We have demonstrated the usefulness
of motifPOIMs and convex motifPOIMs for biological problems. The discriminative
motifs could be correctly extracted by our methods, which was shown in various
experiments on synthetic data and real-world human splice data and we could achieve
even better and faster results than the state-of-the art competitor MEME.
So far, we treated model-based explanation methods for an SVM in combination with
a WD kernel applicable to sequential data with categorical features.
Motivated by the need of a sample-wise explanation method, which is also applicable
to arbitrary learning machines and arbitrary data and feature representations (not
only WD kernel), we developed a method called measure of feature importance (MFI),
which accomplishes all these demands. Thus, with MFI, we constructed a method for
both instance-based and model-based explanations. MFI is applicable to arbitrary
learning algorithms, such as CNNs, SVMs, decision trees without the need of knowing
the underlying architecture for the learning machine, which makes it a convenient
approach when comparing various algorithms regarding their discriminative features.
Furthermore, all kinds of data, such as images, sequences, graphs or text can be
processed by MFI as well as arbitrary feature representations. The kernelized version
of MFI, allows also to search for non-linearly coupled features. Overall the experiments
highlight the capacity of MFI to extract the truly relevant discriminative features,
which on the one hand underlie the entire learning system and on the other hand
drove single classification decisions. Unfortunately, due to the fact that MFI is based
on sampling we face the shortcoming that the number of samples depends on the
complexity of the problem. Therefore, future work remains to study the proposed
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methodology for various sampling methods, such as min-max sampling or cluster
sampling or the use of generative adversarial networks (GANs) to increase efficiency
and speed up computation time.
The second part of this thesis alleviates the performance decrease of classification algo-
rithms triggered by environmental changes. We extensively discussed the phenomenon
of covariate shift and its impact on LDA and QDA classification accuracies for the
example of myocontrol algorithms for prosthetic devices. Reducing the effect of the
selection bias by including examples of non-stationarities in the training set, may in-
crease the generalization ability of the classifier but requires a large training data set
and an unacceptable effort on the user site. In addition, there are factors that cannot
be easily included during training, such as changes in the way users perform the at-
tempted tasks. In order to avoid extensive training while maintaining a consistent
classification accuracy and a robust translation of EMG signals into accurate myoelec-
tric control patterns, we presented a supervised adaptation technique. Our method
adapts the parameters of the trained classifier towards the current data conditions, in-
corporated in a small, less than 1 min, calibration data set. Thereby, the adaptation
parameters were estimated over all subjects. Empirical evaluations showed promising
results for both able-bodied subjects and amputees. Interactive online experiments
additionally underline the practical usefulness of our approach. The investigation of a
subject specific parameter estimation may be subject to future research. Also an addi-
tionally coupling of the adaptation strength with the current calibration set could be
considered by introducing a measure of confidence. Furthermore, a class specific adap-
tation could yield to a further increased classification accuracy. Besides classification,
it would be interesting to extend our approach also to regression based myoelectric
control.

To conclude, this thesis contributed several improvements for machine learning al-
gorithms towards interpretability and accuracy. All contributions were theoretically
founded and their performances were demonstrated experimentally on benchmark
data as well as on real-world applications.
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Chapter A

Appendix

A.1 Biological Background

This section introduces the biological background of genes, where we explain the
structure and function of genes until their final products, the proteins (Lesk, 2013,
2017).

The Anatomy of a Genome

The cell is the smallest functional unit of all biological life. Humans, for example,
have about 10 trillion (1013) cells. Every cell contains the entirety of an organism’s
heritable information, the so-called genome. The most important functions of this
complex cell-unit are the following:

• It is able to replicate itself by cell division.

• It has a metabolism processing nutrient.

• It is able to build or manufacture proteins by protein synthesis.

The genome is stored in DNA molecules, which can be thought of long chains composed
of linearly linked nucleotides. Nucleotides are chemical compounds, where a distinction
is made between the four essentially nucleotides called A (adenine), C (cytosine), G
(guanine), and T (thymine).
Due to the property that nucleotides are able to bind their complementary nucleotides
(A with T as well as C with G), DNA forms a double helix structure as shown in Figure
A.1. This redundancy has two advantages. On the one hand the cell is able to detect
and repair so-called point mutations, i.e., where one nucleotide was been accidentally
replaced by another one in a strand. On the other hand the redundancy enables DNA
replication. During this process, the double helix is separated into two single strands
of DNA, each of them serves as a template for synthesizing its complementary strand.
The results are two identical DNA double helix structures. Due to the fact that a
human genome consists of more than six billion nucleotides, the DNA double helix
is separated into 46 pieces, where each of them is packed into a structure known as
chromosome. Organisms are divided into the two groups eukaryotes and prokaryotes,
depending on their cell types. Eukaryote cells have a nucleus containing the genome,
whereas prokaryote cells are much simpler without any nucleus. In this thesis, we
focus on the more complex eukaryotic organism.
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Fig. A.1: Figurative illustration of a DNA double helix structure. It is composed
of the four nucleotides A (adenine), C (cytosine), G (guanine), and T (thymine),
where A binds with T and C with G. The figure was taken from http://education.
technyou.edu.au/view/91/155/what-does-dna-look

Genes and Proteins

Proteins are basically molecules with specific shapes and tasks. They consist of chains
of amino acids. All known organisms use the same 20 basic amino acids. The specific
composition of an amino acid chain determines shape and function of the protein.
There are various functions of proteins and each cell needs to produce thousands of
them to guarantee its functionality in the organism. They are responsible for most of
the cellular actions, for example:

• Enzymes (a type of protein) catalyse chemical reactions, and control functions
of the metabolism, DNA replication, and DNA reparation.

• Proteins enable communication between cells, recognize small signal molecules,
and induce muscle contraction.

Cells can produce various proteins. The ‘recipe’ for each protein is given by a gene. The
process during which cells produce proteins from genes is called protein biosynthesis.
Genes are DNA subsequences, their lengths depend on the organism. Located a few
nucleotides before the gen, there exists a promoter region, a small DNA subsequence
like the TATA-box. The promoter region signalizes the start of the gene in the DNA.
Figure A.2 shows the central dogma of the protein biosynthesis:

DNA −→ RNA −→ Protein

Particular proteins, called transcription factors detect the promoter region in the DNA
and recruit an RNA polymerase, an enzyme that starts one of three steps of the protein
synthesis called transcription step. First, the DNA double helix is unwound and RNA
polymerase progresses along the template strand and synthesizes a complementary
RNA strand called messenger RNA (mRNA) till it reaches a termination sequence.
Unlike DNA, RNA has the nucleobase uracil (U) instead of thymine (T). The next
step is known as splice step and is necessary because in eucaryotic organisms, genes
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Derivation of the Margin

Fig. A.2: Visualization of the protein biosynthesis process. First,
a gene is recognized in the DNA and synthesized as RNA. After
some processing steps the protein will be produced. Taken from
http://terra.dadeschools.net/books/Biology/BiologyexploringLife04/0-13-115075-
8/text/chapter11/concept11.4.html

include coding regions (exons) and non-coding regions (introns), which are identified
by splice site sequences. The introns are removed and the exons are joined together
at the splice sites. For the third step, the spliced mRNA migrates from the nucleus
to the cytoplasm. Right there, the ribosome, the cellular machine for synthesizing
proteins, starts the synthesis step. Therefore, the ribosome docks at the start codon1

and begins reading the codons one by one, translating them into the right amino acids
and attaching them to the growing polypeptide (protein).The process is stopped if
the ribosome reads one of three different stop codons. Finding the true stop codons,
splice sites, or the transcription factors is a challenging learning problem.

A.2 Derivation of the Margin

For determining the margin, the hyperplane equations are written in the hesse normal
form (HNF):

H in HNF :
〈
x, w
‖w‖

〉
= − b

‖w‖

H1 in HNF :
〈
x1,

w
‖w‖

〉
=

1− b
‖w‖

H2 in HNF :
〈
x2,

w
‖w‖

〉
=
−1− b
‖w‖

1Codons are entities consisting of three nucleotides. The most common start codon is ATG.
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The computation of the distance d+ results in:

d+ =

∣∣∣∣
〈
x1,

w

‖w‖

〉
+

b

‖w‖

∣∣∣∣

=

∣∣∣∣
1− b
‖w‖ +

b

‖w‖

∣∣∣∣

=
1

‖w‖

The analogue computation of d− results in 1
‖w‖ , so that the margin is 2

‖w‖ .

A.3 Derivation of the Dual Problem

With the method of the Lagrange multipliers the constrained primal optimization
problem (see (2.5)) can be handled by integrating the constraints through the Lagrange
multipliers α, β with αi ≥ 0 and βi ≥ 0 for i = 1, . . . , n in the objective function

Lp (w, b, ξ, α, β) =
1

2
‖w‖2 −

n∑

i=1

αi (yi (〈w,Φ(xi)〉+ b)− 1 + ξi)−
n∑

i=1

βiξi,

where Lp is known as the Lagrangian function (Boyd and Vandenberghe, 2004; Alt,
2011), and then solve

min
w,b,ξ,α,β

Lp (w, b, ξ, α, β) . (A.1)

The optimality conditions for a potential solution are given by the so-called Karush-
Kuhn-Tucker (KKT) conditions. Due to the fact that the optimization problem
(2.5) is convex and the objective function is differentiable, the KKT-conditions are
necessary and also sufficient for optimality and are given by the KKT-System (Boyd
and Vandenberghe, 2004; Alt, 2011):

∂Lp (w, b, ξ, α, β)

∂w

!
= 0 (A.2)

∂Lp (w, b, ξ, α, β)

∂b

!
= 0 (A.3)

∂Lp (w, b, ξ, α, β)

∂ξi

!
= 0 i = 1, . . . , n

yi(〈Φ(xi), w〉+ b) ≥ 1− ξi i = 1, . . . , n (A.4)

〈αi,−yi(〈Φ(xi), w〉+ b) + 1− ξi〉 !
= 0 i = 1, . . . , n (A.5)

〈βi,−ξi〉 !
= 0 i = 1, . . . , n (A.6)

αi ≥ 0 i = 1, . . . , n

βi ≥ 0 i = 1, . . . , n

ξi ≥ 0 i = 1, . . . , n .
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Equation A.5 and A.6 are known as complementary slackness, where the first one
plays an important role in SVM-theory: Only a few Lagrangian multiplier αi are
unequal zero namely, if and only if the mapping Φ(xi) lies on or in the margin, we
than say that xi is a supporting vector. Substituting and converting the derivations

∂Lp (w, b, ξ, α, β)

∂w
= w −

n∑

i=1

αiyiΦ(xi)

and
∂Lp (w, b, ξ, α, β)

∂b
=

n∑

i=1

αiyi

in (A.2) and (A.3) results in:

w =
n∑

i=1

αiyiΦ(xi) (A.7)

and
n∑

i=1

αiyi = 0. (A.8)

We obtain the dual optimization problem by substituting (A.7) and (A.8) into (2.5):

1

2
‖w‖2 −

N∑

i=1

αi (yi (〈w, xi〉+ b)− 1) +

N∑

i=1

αi

=
1

2

∥∥∥∥∥
N∑

i=1

αiyixi

∥∥∥∥∥

2

−
N∑

i=1

αi


yi



〈

N∑

j=1

αjyjxj , xi

〉
+ b


− 1


+

N∑

i=1

αi

= −
N∑

i=1

αiyi

〈
N∑

i=j

αjyjxj , xi

〉
−

N∑

i=1

αiyib+

N∑

i=1

αi +

N∑

i=1

αi

= −
N∑

i=1

N∑

j=1

αiαjyiyj (〈xi, xj〉) + 2
N∑

i=1

αi.

A.4 Extension of Theorem 12 and 13 to
Multiple Motifs

Theorem 17 Suppose uppose that the objective function Π of the following optimiza-
tion problem

min
r

Π((mk,t)t=1,...,Tk,k∈K) =
1

2

∑

k∈K

∑

y∈Σk̃

L−k̃+1∑

j=1

( Tk∑

t=1

(
Ry,j(mk,t)− Sk̃,y,j + c

))2

s.t. 0 ≤ rk,t,o,s ≤ 1 t = 1, . . . , Tk, k ∈ K, o = 1, . . . , 4, s = 1, . . . , k ,∑

o

rk,t,o,s = 1 t = 1, . . . , Tk, k ∈ K, s = 1, . . . , k ,
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is convex and let r∗c be the optimal solution, then ∀c′ ∈ R r∗c′ = r∗c .

Proof 5 Let r∗c be the optimal solution of the objective function Π (A.9) with the
inequality constraints hk,t,o,s,1 = −rk,t,o,s and hk,t,o,s,2 = rk,t,o,s − 1, k ∈ K, t =
1, . . . , Tk, o = 1, . . . , 4, s = 1, . . . , k, i = 1, 2 and the equality constraints gk, t, s =∑

o ro,s − 1, k ∈ K, t = 1, . . . , Tk, s = 1, . . . , k, and let η and ξ be the Lagrangian
multipliers, then the Lagrangian function is as follows

L(r, η, ξ) = Π(r∗c ;µ) +
∑

k∈K

Tk∑

t=1

4∑

o=1

k∑

s=1

2∑

i=1

ηk,t,o,s,ihk,t,o,s,i +
∑

k∈K

Tk∑

t=1

k∑

s=1

ξk,t,sgk,t,s .

The Karush-Kuhn-Tucker(KKT) conditions are satisfied for r∗c : The primal feasi-
bility conditions (gk,t,s = 0, K, t = 1, . . . , Tk, s = 1, . . . , k and hk,t,o,s,i ≤ 0, K, t =
1, . . . , Tk, o = 1, . . . , 4, s = 1, . . . , k, i = 1, 2) are trivially fulfilled, since r∗c is a
stochastic matrix. Together with the dual feasibility conditions (η ≥ 0) the comple-
mentary slackness condition (ηk,t,o,s,ihk,t,o,s,i = 0, K, t = 1, . . . , Tk, o = 1, . . . , 4, s =
1, . . . , k, i = 1, 2) are trivially fulfilled as well, which leaves us to show that the sta-
tionarity condition

∇Π(r∗c ;µ) +
∑

k∈K

Tk∑

t=1

2∑

i=1

∑

o

k∑

s=1

ηk,t,o,s,1∇hk,t,o,s,i +
∑

k∈K

Tk∑

t=1

k∑

s

ξk,t,s∇gk,t,s = 0

is satisfied. Therefore we insert the derivations and reorganize for the Lagrange
multipliers ξ , which leads to

ξk,t,s = −
∑

k∈K

∑

y

∑

j

1{i∈U(µ)}

( Tk∑

t=1

k̃∏

l=1

r∗c,k,t,yl,j+l

k̃∏

l=1
l 6=t

r∗c,k,t,yl,j+l

−(Sk̃,y,j+µ − c)
k̃∏

l=1
l 6=t

r∗c,k,t,yl,j+l

)
+
∑

k∈K

Tk∑

t=1

2∑

i=1

ηk,t,o,s,i.

With ξ ∈ R it holds, that for any c′ ∈ R r∗c′ = r∗c . The fact that Π is convex, h is
convex and g is affine denotes the KKT conditions as sufficient and concludes the
proof.

Theorem 18 (Convexity for multiple motifs) Let D be a convex set, mk ∈ D a
probabilistic motif, S a gPOIM, such that Sk̃,y,j ∈ R for y ∈ Σk̃ and j = 1, . . . , L−k̃+1,
µ ∈ [1, L − k + 1], c ∈ R and Sb the element wise minimum of S then, if c ≥
1{Sb<0}Sb + 1{Sb<Tk}Tk it holds that

Π((mk,t)t=1,...,Tk,k∈K) =
1

2

∑

k∈K

∑

y∈Σk̃

L−k̃+1∑

j=1

(
Tk∑

t=1

Ry,j(mk,t)− (Sk̃,y,j + c)

)2

is convex.
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Proof 6 We have to proof the following inequality to show convexity of f(mk)

||
Tk∑

t=1

R(Φrk,t + (1− Φ)sk,t;µ)− (S + c′)||22 ≤ Φ||
Tk∑

t=1

R(rk,t;µ)− (S + c′)||22

+(1− Φ)||
Tk∑

t=1

R(sk,t;µ)− (S + c′)||22

which is, for the case j /∈ 1{i∈U(µ)}, trivially fulfilled for c′ ∈ R. This, due to the
fact, that a sum of convex functions is convex, leaves us with showing the following
inequality

( Tk∑

t=1

Φat + (1− Φ)bt − (Sk̃,y,j + c′)
)2 ≤ Φ

( Tk∑

t=1

at − (Sk̃,y,j + c′)
)2

+(1− Φ)
( Tk∑

t=1

bt − (Sk̃,y,j + c′)
)2
, (A.9)

where we replaced the PWM products
∏k+j
l=j rk,t,yl,l and

∏k+j
l=j sk,t,yl,l by at and bt for

more transparency. After resolving and transforming Eq. (A.9) shortens to

Φ2
Tk∑

t=1

a2
t + 2Φ

Tk∑

t=1

atbt − 2Φ2
Tk∑

t=1

atbt ≤ Φ

Tk∑

t=1

a2
t + 2Φ(Sk̃,y,j + c′)2. (A.10)

Since −2Φ2
Tk∑
t=1

atbt ≤ 0 and Φ2
Tk∑
t=1

a2
t ≤ Φ

Tk∑
t=1

a2
t , Eq. (A.10) reduces to

Tk∑
t=1

atbt ≤

(Sk̃,y,j + c′)2. The fact that the maximum of
Tk∑
t=1

atbt is Tk, concludes the proof for

c ≥ c′ with c′ = 1{min(S)<0}Sb + 1{Sb<Tk}Tk.
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