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Abstract
The brain is a complex dynamical system. It can operate in many different states of neuronal network

activity and switch between them, depending on cognitive demands. To better understand functionally

relevant network states and pathological activity it is beneficial to employ computational models for

predictions and mechanistic analyses.

In this thesis, I consider a biophysical neuronal network model which is specified by parameters that

can be related to experimental data. For characterizing the stochastic network dynamics I use and

extend methods mainly from statistical physics and numerical mathematics. Particularly, I derive a

mean-field description in terms of the Fokker-Planck equation for a large recurrent network of adaptive

exponential integrate-and-fire neurons that receive fluctuating input. The derivation is based on the

diffusion approximation of the synaptic input and the separation of fast (membrane voltage) and slow

(adaptation current) neuronal time scale. The resulting mean-field system allows to obtain the dynamics

of the spike rate through solving a partial differential equation. It is extended in a self-consistent way to

yield in addition to the spike rate also the second and higher order spiking statistics. I further derive –

based on a spectral decomposition of the Fokker-Planck operator and alternatively on a linear-nonlinear

cascade ansatz – efficient spike rate models that describe the network activity with only a few ordinary

differential equations. These models can be rapidly integrated and allow for convenient mathematical

investigations of asynchronous, oscillatory or chaotic network states because linear stability analyses and

powerful related methods are readily applicable.

To efficiently solve the mean-field system and the derived simpler models I provide novel numerical

methods implemented in the Python programming language: (1) a simulation scheme for the Fokker-

Planck model using a finite volume discretization, (2) an algorithm for solving the eigenvalue problem

associated with the Fokker-Planck operator, and (3) the time integration of the low-dimensional spike

rate models. The source code is available as open source software under a free license on GitHub.

Applying the Fokker-Planck model I analyze how neuronal properties, particularly adaptation currents,

affect the spike rate dynamics of recurrent networks and the spiking statistics of single neurons. With this

approach and by exploration of the relevant parameter space I find that the type of the adaptation current

has a distinct role in regulating the activity state of a recurrent network and in determining gain, threshold

and variability of neuronal spiking. A spike-driven adaptation current is capable of generating spike rate

oscillations, and reducing gain as well as spiking irregularity. A subthreshold adaptation mechanism

on the other hand destabilizes such rhythms leading to asynchronous states, and increases the spiking

threshold and its variability.

This thesis demonstrates the benefits of deriving population activity descriptions using bottom-up

approaches and contributes concrete models and corresponding efficient numerics, advancing the

methodology of the theoretical neuroscience community.
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Zusammenfassung
Das Gehirn ist ein komplexes dynamisches System. Es kann sich in vielen unterschiedlichen Zuständen

neuronaler Netzwerkaktivität befinden und abhängig von den kognitiven Anforderungen zwischen diesen

wechseln. Um funktionell wichtige Netzwerkzustände sowie pathologische Aktivität besser zu verstehen,

ist es vorteilhaft mathematische Modelle einzusetzen, insbesondere für Vorhersagen und mechanistische

Untersuchungen.

In dieser Dissertation betrachte ich ein biophysikalisches neuronales Netzwerkmodell, dessen Parameter

aus experimentellen Daten erhalten werden können. Ich charakterisiere die stochastische Netzwerkdyna-

mik mit Methoden hauptsächlich aus der statistischen Physik sowie der numerischen Mathematik, welche

ich hierfür erweitere. Insbesondere leite ich eine Mean-Field-Beschreibung in Form der Fokker-Planck-

Gleichung für große rekurrente Netzwerke adaptiver exponentieller Integrate-and-Fire-Neurone, welche

verrauschte Eingangssignale empfangen, her. Diese Herleitung basiert auf der Diffusionsapproximation

des synaptischen Stroms sowie einer Trennung der schnellen (Membranspannung) und langsamen

(Adaptationsstrom) neuronalen Zeitskala. Das Mean-Field-System ermöglicht es, durch Lösung einer

partiellen Differentialgleichung, die Dynamik der Feuerrate zu berechnen. Es wird selbstkonsistent auf

eine Beschreibung erweitert, welche neben der Feuerrate auch das zweite Moment sowie die Momente

höherer Ordnung der Feuerstatistik enthält. Ich leite außerdem – basierend auf der Spektralzerlegung

des Fokker-Planck-Operators und alternativ durch einen parametrischen Kaskadenansatz – effiziente

Feuerratenmodelle her, welche die Netzwerkaktivität mit nur wenigen gewöhnlichen Differentialglei-

chungen beschreiben. Diese Modelle können sehr schnell integriert werden und ermöglichen detaillierte

mathematische Analysen von asynchronen, oszillatorischen oder chaotischen Netzwerkzuständen, da

hierfür leistungsfähige Methoden existieren.

Um das Mean-Field-System und die hergeleiteten reduzierten Modelle effizient lösen zu können, stelle

ich neuartige numerische Methoden, welche in der Programmiersprache Python implementiert sind,

zur Verfügung: (1) Ein Simulationsschema für das Fokker-Planck-Modell auf Grundlage einer Finite-

Volumen-Diskretisierung, (2) einen Algorithmus zur Lösung des Eigenwertproblems für den Fokker-

Planck-Operator und (3) die Zeitintegration der niedrigdimensionalen Feuerratenmodelle. Der Quellcode

ist als Open-Source-Software unter einer freien Lizenz auf GitHub verfügbar.

Ich verwende das Fokker-Planck-Modell, um den Einfluss neuronaler Eigenschaften, insbesondere der

Adaptationsströme auf die Feuerratendynamik rekurrenter Netzwerke und die Feuerstatistik einzelner

Neurone zu untersuchen. Durch diese Methode sowie einer Exploration des relevanten Parameter-

raums zeige ich, dass der Typ des Adaptationsstroms maßgeblich ist, um den Aktivitätszustand eines

rekurrenten Netzwerkes zu regulieren, und die Verstärkung, den Schwellwert und die Variabilität des

neuronalen Feuerverhaltens zu bestimmen. Ein Adaptationsstrom, der durch Aktionspotentiale aktiviert

wird, kann Feuerratenoszillationen generieren und die Verstärkung sowie die Irregularität verringern.

Ein unterschwelliger Adaptationsmechanismus hingegen destabilisiert solche Rhythmen und führt zu

asynchronen Zuständen, zudem erhöht er den Schwellwert und die Feuervariabilität.

Diese Dissertation zeigt die Vorteile von hergeleiteten Beschreibungen der Populationsaktivität unter

Verwendung von Bottom-Up-Ansätzen auf, und steuert konkrete Modelle und dazugehörige numerische

Verfahren bei, was die Methodik der theoretischen Neurowissenschaften weiterentwickelt.
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1 Introduction

1.1 Motivation

Theoretical analysis and computational modeling are important tools for characterizing what nervous

systems do, determining how they function and understanding why they operate in particular ways. The

research field of theoretical neuroscience aims at (i) constructing and investigating compact representa-

tions of what has been learned through neuroscientific studies – for example, by invasive electrophysio-

logical animal experiments in vivo, or non-invasively by electroencephalography or functional magnetic

resonance imaging of human brain activity – (ii) building bridges between different spatio-temporal

levels of description, and (iii) identifying unifying concepts and principles (Dayan and Abbott 2001).

In this thesis I take a bottom-up approach from individual nervous cells to large networks of such neurons

that are recurrently coupled through chemical synapses – by far the most abundant type of connections

between neurons in the vertebrate brain.

At the single neuron level a prominent observation of electrophysiological in vitro recordings is spike

rate adaptation, a gradual decrease in spiking activity following a sudden increase in stimulus intensity

(cf. fig. 1A). This type of intrinsic inhibition, in contrast to the one caused by synaptic interaction, is

typically mediated by slowly decaying somatic potassium (K+) currents which accumulate when the

membrane voltage increases. A number of slow K+ currents with different activation characteristics have

been identified. Muscarine-sensitive K+ channels activate at subthreshold voltage values (Brown and

Adams 1980; Adams et al. 1982) whereas Ca2+-dependent K+ channels activate at higher, suprathreshold

values (Brown and Griffith 1983; Madison and Nicoll 1984; Schwindt et al. 1992). Those K+ currents are

also termed adaptation currents and are typically more pronounced in cortical regular spiking pyramidal

(excitatory) neurons compared to fast spiking (inhibitory) interneurons (La Camera et al. 2006).

Figure 1 – Adaptation, acetylcholine and population activity. A: In vitro membrane voltage measurements of rat
pyramidal neurons, in response to injected current steps. Adapted from (Madison and Nicoll 1984). B: Inhibition
of slowly decaying spike-dependent K+ current (so-called afterhyperpolarization current, red) and subthreshold
voltage-dependent muscarine-sensitive potassium current (known as M-type current, blue) in rat pyramidal cells by
different concentrations of carbachol studied in vitro. Adapted from (Madison et al. 1987). C: Local field potential
(LFP) and spike times of two cells recorded in behaving monkey’s visual cortex V4 during attention to a stimulus
outside of the recorded neurons’ receptive fields (blue, “no attention”) or inside (red, “attention”). Adapted from
(Fries et al. 2001). D: LFP and intracellular membrane voltage measurements of cat suprasylvian cortex during
wakefulness (center) with a magnified time period of the membrane voltage (right) as indicated with a gray bar.
Adapted from (Steriade et al. 2001; Destexhe and Rudolph-Lilith 2012).
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Chapter 1. Introduction

The properties of these K+ channels, and consequently neuronal excitability and spike rate adaptation,

are affected by neuromodulatory systems of the brain. Several circuits have been identified, comprising

executive and sensory cortical areas as well as subcortical neuromodulatory centers, that are involved in

regulating brain states through neurotransmitters such as acetylcholine, norepinephrine, or serotonin

(McCormick 1992; Lee and Dan 2012). Neuromodulation by acetylcholine, for example, has been ex-

perimentally shown to change the neuronal response and synchronization properties (Soma et al. 2012;

Stiefel et al. 2008) often facilitating desynchronized population activity (Lee and Dan 2012; Harris and

Thiele 2011), and to be functionally linked to arousal, vigilance and selective attention (Herrero et al.

2008; Soma et al. 2012; Lee and Dan 2012). Acetylcholine affects the neuronal membrane by reducing the

conductance of specific types of K+ channels, in particular those described above, in a type-dependent

way (Madison et al. 1987; McCormick 1992). Specifically, acetylcholine has been shown to inhibit the

channels which cause a spike-driven adaptation current at a lower concentration than that necessary

to pause those channels which effectively generate a subthreshold voltage-driven adaptation current

(Madison et al. 1987; McCormick 1992), cf. fig. 1B. Functionally, adaptation currents are known to mediate

frequency selectivity of neurons (Fuhrmann et al. 2002; Benda et al. 2005; Ellis et al. 2007), where the

preferred frequency depends on the current activation type (Deemyad et al. 2012). They promote network

synchronization (Sanchez-Vives and McCormick 2000; Compte et al. 2003), shape the default (slow

oscillatory) activity of cortical networks (Sanchez-Vives et al. 2017) and are involved in the attentional

modulation of neuronal response properties by acetylcholine (Herrero et al. 2008; Soma et al. 2012;

McCormick 1992).

At a larger spatial scale a prominent characteristic of cortical activity is its rhythmicity as shown by

electroencephalography or local field potential recordings in vivo. Dominant oscillation frequencies in

these signals range from < 1 Hz to 100 Hz and reflect synchronous activity of neuronal populations. Such

oscillations are linked to a variety of cognitive functions (Wang 2010; Singer 1999) such as multisensory

integration (Roelfsema et al. 1997; Ghazanfar et al. 2008), conscious perception (Melloni et al. 2007; Hipp

et al. 2011), selective attention (Fries et al. 2001; Doesburg et al. 2008) and memory (Herrmann et al. 2004;

Lengyel et al. 2005), as well as in pathological states including Parkinson’s disease (Hammond et al. 2007),

schizophrenia (Uhlhaas and Singer 2010), and epilepsy (Zijlmans et al. 2009). It is therefore important to

understand the mechanisms of oscillations in neuronal networks, how they are initiated and terminated,

and how their frequency is determined. Fast rhythmic activity in the beta and gamma band (> 20 Hz)

can be generated by network based mechanisms, such as synaptic excitation-inhibition loops or by

inhibitory feedback alone (Isaacson and Scanziani 2011). In these scenarios the oscillation frequency

is largely determined by the inhibitory decay time constant and the transmission delay (Tiesinga and

Sejnowski 2009; Brunel and Wang 2003). Low-frequency oscillations, on the other hand, could depend on

adaptation currents (Compte et al. 2003; Destexhe 2009; Gigante et al. 2007b).

During rhythmic network activity in vivo pyramidal neurons have been experimentally shown to exhibit

highly irregular spiking (Fries et al. 2001; Steriade et al. 2001; Wang 2010). For example, when a behaving

monkey draws its visual attention into the receptive field of invasively recorded neurons in extrastriate

cortex a strong oscillatory component in the local field potential is induced in comparison to the situation

without attention, at the same time the spike times of individual cells are highly variable (in both cases)

(Fries et al. 2001), see fig. 1C. Since experimentally widely applied neural mass signals (such as local field

potentials or electroencephalograms) relate to population-averaged activity (Buzsáki et al. 2012)) the

network dynamics is often described by an instantaneous spike rate which quantifies the time-varying

average spiking activity across the population. Oscillations of the spike rate then correspond to a rhythmic

modulation of the spiking probability within the population, that is, individual neurons do not participate

in every cycle and their spike times are stochastic. This type of network behavior reflects so-called

sparse synchronization in contrast to precise spike-to-spike synchrony (for the latter see, e.g., our study

(Ladenbauer et al. 2012)).

In general there are large single neuron fluctuations also during asynchronous (population) activity,

that is, when neural mass signals do not contain a pronounced frequency. Cortical neurons measured

in vivo show large membrane voltage and spike train variability in this situation, for example during

rapid eye movement sleep or wakefulness (Harris and Thiele 2011; Steriade et al. 2001), see fig. 1D. These

fluctuations could in principle stem from several mechanisms since the central nervous system is subject

4



1.1. Motivation

to many different forms of noise that include, for example, molecular and ion channel fluctuations. In

intracellular in vivo recordings, however, it was found that synaptic noise is by far the dominant source of

fluctuations representing the continuous noisy “bombardment” of cortical neurons by irregular synaptic

inputs (Destexhe and Rudolph-Lilith 2012). Therefore, I concentrate in the following on this kind of noise.

To investigate mechanistically the network dynamics at the population level and adaptation phenomena

modeling studies can be performed. The behavior of cortical networks is often studied computationally

by employing simulations of multiple (realistically large or subsampled) populations of synaptically

coupled individual spiking model neurons that are driven by fluctuating input. Although this approach

is very flexible, unfortunately, simulation durations for a recurrent network can be very long, especially

when large numbers of neurons and synaptic connections between them are considered. A fast and

mathematically tractable alternative to simulations of large networks are population activity models

in terms of low-dimensional ordinary differential equations (i.e., which consist of only a few variables)

that typically describe the evolution of the spike rate. These reduced models can be rapidly solved and

allow for convenient analyses of the dynamical network states using well-known methods that can be

implemented in a straightforward way. A popular example are the Wilson-Cowan equations (Wilson and

Cowan 1972), which were extended to account for (slow) neuronal adaptation (Latham et al. 2000). Models

of this type have been successfully applied to qualitatively characterize the possible dynamical states of

coupled neuronal populations (e.g., spike rate oscillations, bistability of fixed points) using phase space

analyses (Latham et al. 2000; Wilson and Cowan 1972). However, when using such a (phenomenological)

spike rate description, the direct link to more biophysically described networks of spiking neurons in

terms of model parameters is missing. Another possibility represents the mean-field framework coined by

(Brunel and Hakim 1999; Brunel 2000; Mattia and Del Giudice 2002), that allows to derive a Fokker-Planck

(partial differential) equation for the (time-varying) state variable distribution of a large recurrent network

and retains the single neuron parameters.

The mean-field method is an attractive candidate for investigating the impact of adaptation current

properties (microscopic parameters) on the spike rate dynamics of a recurrent network (a macroscopic

quantity) in terms of oscillatory or asynchronous activity, and on the higher order statistics including

the spiking variability. An appropriate application of the method to that setting, however, is challenging

for two main reasons: Realistic neuron descriptions involve nonlinearities that prevent the utilization

of analytical techniques such as those applied in (Brunel and Hakim 1999; Brunel 2000; Mattia and Del

Giudice 2002), and make the use of numerical tools unavoidable. Secondly, modeling the neuronal

dynamics to include an adaptation current increases the dimensionality of the Fokker-Planck system

(Augustin 2012; Gigante et al. 2007b; Brunel et al. 2003) which is computationally expensive to solve and

mathematically difficult to analyze.

In this thesis I aim at overcoming these challenges by

1. simplifying the Fokker-Planck system for recurrently coupled nonlinear spiking neurons that

include a description of adaptation current, to allow for efficient integration of the model forward

in time.

2. extending the Fokker-Planck model for calculating (in addition to the spike rate) also the second

and higher order spiking statistics in the presence of neuronal adaptation.

3. deriving from the mean-field system low-dimensional spike rate models in terms of ordinary

differential equations that conveniently represent the network dynamics of adaptive neurons.

4. developing numerical methods for solving the respective partial and ordinary differential equations.

5. demonstrating the applicability of the models by investigating how adaptation currents shape spike

rate oscillations, and how they affect threshold, gain and variability of neuronal spiking.

5



Chapter 1. Introduction

1.2 Structure

The thesis begins with part I containing an overview (chapters 1.1–4.2) about three peer-reviewed journal

articles (Augustin et al. 2013; Ladenbauer et al. 2014; Augustin et al. 2017) that are cumulated in part II

(chs. 5–7) representing the original research.

More specifically, after the introduction through the previous (1.1) and current chapter (1.2) the common

methodology is presented. First, the required mathematical and numerical tools are illustrated in ch. 2.1

along a generic stochastic model using the Ornstein-Uhlenbeck process as a simple example. Then the

central model of neuronal activity – a stochastic network of adaptive exponential integrate-and-fire model

neurons – is introduced in chapter 2.2. Last, the mean-field approximation using the Fokker-Planck

equation is outlined (ch. 2.3) that is used as a basis for the subsequent chapters of this thesis.

The next chapters present highlights of the original research articles. In ch. 3.1 a contribution (Augustin

et al. 2013) is summarized in which the Fokker-Planck model is simplified by exploiting a neuronal

time scale separation, and that description is numerically integrated to investigate the relationship

between spike rate oscillations and neuronal adaptation currents. Chapter 3.2 summarizes a second study

(Ladenbauer et al. 2014) that extends the method to describe in addition to the spike rate also the second

(and higher) order spiking statistics by imposing a self-consistent first passage time problem, which is

numerically and analytically solved to study the effects of adaptation currents on spike rate and variability

for single neurons. In ch. 3.3 a third work (Augustin et al. 2017) is summarized in which low-dimensional

spike rate models are derived from a large noise-driven network of adaptive integrate-and-fire neurons

by approximating the Fokker-Planck model in different ways, and in which the accuracies of the derived

models are quantitatively compared.

In the last two chapters of the overview the results of the thesis are discussed by concluding with a

summary of the main findings (ch. 4.1). Several directions of potential follow-up studies are suggested in

chapter 4.2.

Part II contains the three cumulated published research articles that are summarized in chs. 3.1–3.3.

Specifically, chapters 5 and 6 contain, respectively, the publications (Augustin et al. 2013) and (Ladenbauer

et al. 2014). Chapter 7 corresponds to the publication (Augustin et al. 2017) and includes the main text as

well as supplementary material.

In the appendix of the thesis, part III, the literature as referenced from the overview part I is followed by

legal statements about third party copyrights and a short scientific vita including a list of publications.

Note that although I wrote the whole overview part I in the following “we” instead of “I” is used to indicate

that the three journal articles (cf. part II) comprising the core of this cumulative dissertation were written

together with the co-authors Josef Ladenbauer, Klaus Obermayer and Fabian Baumann. The delineation

of my contributions for each of the three publications is stated in the first (header) page of the respective

chapter 5–7.

6



2 Methods

2.1 Mathematical background

Stochastic differential equation

Before specifying the neuronal network model used throughout this thesis in the next chapter 2.2, we

illustrate the different mathematical and numerical tools that are required in the following by considering

a generic autonomous scalar stochastic differential equation (SDE),

d x

d t
= f (x)+ g (x)ξ(t ), ∀t > 0, (1)

with drift function f , and standard Gaussian white noise process ξ that acts multiplicatively through

state-dependent noise intensity g (x). Furthermore we assume a stochastic initial value x(0) ∼ p0(x),

where the random variable x(0) has a probability density p0(x). Here we consider for simplicity the

Ito-interpretation of the SDE (1) instead of the Stratonovich variant (Øksendal 2003).

A simple example from this class is the Ornstein-Uhlenbeck (OU) process with deterministic initialization

d x

d t
= −x

τ
+ σξ(t ), x(0) = x0. (2)

In this stochastic initial value problem τ is the decay time constant and σ determines the variance of

the process. Comparing with the general SDE (1) the model has a linear drift coefficient f (x) =−x/τ, an

additive driving noise, as g (x) =σ is constant, and a delta distribution as initial density,

p0(x) = δ(x −x0), (3)

due to the fixed initialization x0 ∈ R. The simplicity of the OU process allows to explicitly express the

solution of eq. (2) as a stochastic integral (Pavliotis 2014),

x(t ) = x0e−t/τ+σ

∫ t

0
e−(t−s)/τξ(s)d s. (4)

Since the integrand is a deterministic factor of the Gaussian process ξ the solution x(t ) is also Gaussian

and for each time point t > 0 it is normally distributed (across realizations) with mean x0e−t/τ and

variance τσ2/2
(
1−e−2t/τ

)
, i.e.,

x(t ) ∼N

(
x0e−t/τ,

τσ2

2

(
1−e−2t/τ)) . (5)

The limiting cases yield the stationary normal distribution

lim
t→∞x(t ) ∼N

(
0,

τσ2

2

)
(6)

and (consistently) the deterministic initial value x0 for t → 0, respectively.

For a visualization of an OU process simulation in comparison with the analytical solution see fig. 2A,B.
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Chapter 2. Methods

Figure 2 – Ornstein-Uhlenbeck process example. A: Time series of three (unitless) sample paths x(1)(t), x(2)(t),
x(3)(t ) and average plus/minus standard deviation of a large population of N = 20000 realizations (trials) of eq. (2),
generated by the Euler-Maruyama scheme, eq. (7). The parameters were: τ= 1 s, σ= 0.3 /

p
s, x0 = 1, ∆t = 0.001 s.

B: Histogram (with binsize δx = 0.01) of the simulated population normalized to integral 1 and analytical density,
eq. (13) (cf. eq. (5)), at the two indicated time points (t = 0.25 s, 3 s). C: Numerical approximation of the probability
density with K = 20,100,500 finite volumes using eq. (21), and exact analytical form. Parameters: xL =−2.5, xR = 2.5,
∆t = 0.001 s, ∆x = (xR −xL)/K . D: Approximations of the probability density p using M = 12,24,48 eigenfunctions of
the Fokker-Planck operator L , cf. eqs. (32),(36),(37), and exact analytical version. Inset: stationary (φ0(x)) and first
two nonstationary eigenfunctions of L , cf. eq. (37), with analytical stationary density, eq. (14).
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2.1. Mathematical background

Numerical stochastic integration

In general for more complicated models than the OU process (e.g., those that are used in this thesis

and introduced in the following ch. 2.2) an analytical solution is not available and instead a method for

numerical simulation is employed to generate sample paths of the SDE (1). The most simple one is the

Euler-Maruyama discretization scheme which yields numerical approximations x̂(t ) ≈ x(t ) by

x̂(t +∆t ) = x̂(t ) + f (x̂) ·∆t + g (x̂) · ξ̂∆t , t = 0, ∆t , 2∆t , . . . (7)

with ξ̂∆t ∼N (0, ∆t ) and initialization x̂(0) ∼ p0(x). Using this scheme the numerical approximation x̂(t )

converges to the true solution x(t) with weak order 1 and strong order 1/2 (Klöden and Platen 1999)

requiring very small time steps ∆t for accuracy or alternatively the use of a higher order scheme (e.g., a

stochastic Taylor method). Another simple choice with weak and strong convergence order 1 is Milstein’s

method,

x̂(t +∆t ) = x̂(t ) + f (x̂)∆t + g (x̂) ξ̂∆t + g (x̂)
d g

d x
(x̂) (ξ̂2

∆t −∆t ) t = 0, ∆t , 2∆t , . . . (8)

for which also a derivative-free version exists avoiding the evaluation of d g /d x (Klöden and Platen 1999).

Note, that for additive noise, i.e., constant g , Milstein’s method coincides with the Euler-Maruyama

scheme, eq. (7), which implies for the latter a (higher) strong convergence order 1 in that case.

Fokker-Planck equation

Alternatively, instead of following individual sample paths, we can also express the solution of the

stochastic process, eq. (1), as a time-varying function p(x, t) whose value represents the probability

density that x(t) has value x at time t . Therefore, the density encodes the (normalized) distribution of

infinitely many samples, limN→∞{x(1)(t), . . . , x(N )(t)}, for each time point t . Importantly, because the

driving noise process ξ is Gaussian, the probability density p is the solution of the Fokker-Planck equation

(Risken 1996),

∂p

∂t
(x, t )+ ∂qp

∂x
(x, t ) = 0 ∀x ∈R, t > 0 (9)

with probability flux

qp (x, t ) = f (x)p(x, t )− ∂

∂x

(
g 2(x)

2
p(x, t )

)
, (10)

initial density

p(x,0) = p0(x) (11)

and (natural) reflecting boundary conditions

lim
x→±∞qp (x, t ) = 0. (12)

Specifically, for the OU process example the solution of this (deterministic) partial differential equation

(PDE) is known in terms of an analytic expression (Risken 1996),

p(x, t ) = 1√
πτσ2

(
1−e−2t/τ

) exp

(
−

(
x −x0e−t/τ

)2

τσ2
(
1−e−2t/τ

))
(13)

which gives the steady-state distribution

p∞(x) = lim
t→∞p(x, t ) = 1p

πτσ2
exp

(
− x2

τσ2

)
. (14)

9



Chapter 2. Methods

The general solution eq. (13), corresponds to the path-wise representation eq. (4), yielding (consistently)

the same time-varying Gaussian distribution converging from vanishingly small standard deviation at x0

for t → 0 towards variance τσ2/2 around mean 0 for t →∞, cf. eqs. (5),(6).

Finite volume method

For the general SDE (1) an analytical solution of the corresponding Fokker-Planck model, eqs. (9)–(12), is

typically not available. Representing the stochastic process as a PDE can nevertheless be beneficial since

integration schemes are available that provide numerical approximations p̂(x, t ) ≈ p(x, t ).

A popular example is the finite volume method (FVM) which guarantees probability mass conservation

of the numerical solution. To apply the FVM the spatial domain is restricted from the real line to the finite

interval x ∈ [xL, xR]. That computational domain is discretized into K equidistant grid cells [xk− 1
2

, xk+ 1
2

]

with centers xk = (xk− 1
2
+ xk+ 1

2
)/2 that satisfy x1 < x2 < ·· · < xK , where x 1

2
= xL is the leftmost and

xK+ 1
2
= xR the rightmost cell border. Within each cell (k = 1, . . . ,K ) the numerical approximation of p(x, t )

is assumed to be constant (in space x) and is denoted by p̂(xk , t ). Integrating eq. (9) over the volume of

each cell and applying the divergence theorem, yields

∂

∂t
p̂(xk , t ) =

qp̂ (xk− 1
2

, t )−qp̂ (xk+ 1
2

, t )

∆x
(15)

where ∆x = xk+ 1
2
−xk− 1

2
= xk+1 −xk is the uniform grid spacing. Note that the FVM is readily applicable

also for non-uniform grids which we here do not demonstrate for simplicity.

To evaluate eq. (15) the flux (cf. eq. (10)) at the borders xk± 1
2

of each cell needs to be approximated which

is often done using the upwind flux approximation (LeVeque 2002),

qp̂ (xk+ 1
2

, t ) ≈ Dk+ 1
2

[
p̂(xk , t )− p̂(xk+1, t )

]
/∆x +

 fk+ 1
2

p̂(xk , t ) if fk+ 1
2
> 0

fk+ 1
2

p̂(xk+1, t ) if fk+ 1
2
≤ 0,

(16)

where fk+ 1
2
= f

(
xk+ 1

2

)
and Dk+ 1

2
= 1

2 g 2
(
xk+ 1

2

)
denote the drift and diffusion coefficients, respectively.

While the upwind flux is numerically stable it is (only) first order accurate and introduces false diffusion,

which makes it less accurate than the central difference approximation which is second order consistent.

The latter, however, is numerically unstable in the drift-dominated regime and should thus be generally

avoided for the discretization of drift-diffusion models.

Alternatively, this step can be more accurately achieved by the Scharfetter-Gummel flux approximation

(Scharfetter and Gummel 1969; Gosse 2013; Frensley 2004),

qp̂ (xk+ 1
2

, t ) ≈ fk+ 1
2

p̂(xk , t )− p̂(xk+1, t ) exp
(
− fk+ 1

2
∆x/Dk+ 1

2

)
1−exp

(
− fk+ 1

2
∆x/Dk+ 1

2

) , (17)

that involves the locally exact solution but requires the evaluation of an exponential function (for each

cell per time point). This scheme is globally first order convergent (Farrell and Gartland Jr 1991) and

yields for large drifts, | fk+ 1
2
|∆x À Dk+ 1

2
, the upwind flux (eq. (16)), sharing its good stability properties.

For vanishing drifts, on the other hand, the central difference method is recovered (Gosse 2013), leading

to second order accurate solutions in the noise-dominated regime in comparison to only first order for

the upwind scheme.

To finish the spatial discretization the reflecting boundary conditions, eq. (12), have to be incorporated at

the borders of the finite grid. The reflecting barrier, qp̂ (xL, t ) = 0, is included by removing the respective

term qp̂ (x 1
2

, t ) in eq. (15) for k = 1, i.e., no flux can go out left of the first grid cell. Similarly qp̂ (xL, t ) = 0 is

respected by setting qp̂ (xK+ 1
2

, t ) to zero in eq. (15) for k = K . This ensures that the total probability mass

10



2.1. Mathematical background

is conserved during the numerical simulation,

K∑
k=1

p̂(xk , t )∆x =
∫ xR

xL

p̂(x, t )d x =
∫ xR

xL

p0(x)d x = 1 ∀t ≥ 0, (18)

up to round-off errors due to the finite precision of floating point arithmetics.

To obtain the time-dependent solution eq. (15) is combined with eq. (17), and that system, rewritten in

vectorized form, becomes

d p̂

d t
= 1

∆x
F p̂, (19)

with p̂ = (p̂(x1, t ), . . . , p̂(xK , t ))T . The coefficients of the tridiagonal matrix F ∈RK×K are obtained by direct

comparison of eqs. (15) and (17) considering also the boundary conditions as described above. The

matrix exponential function, eA =∑∞
`=0 A`/`! (for a square matrix A), provides an analytical expression of

the exact solution of this system (Hochbruck and Ostermann 2010),

p̂(t ) = exp

(
F

t

∆x

)
p̂(0), (20)

thus, a time discretization seems unnecessary. However, the evaluation of the matrix exponential function

is computationally expensive, particularly for a fine grid leading to a large matrix F. The latter drawback

becomes especially relevant in cases when time stepping is unavoidable, e.g., for non-autonomous drift

and/or diffusion coefficients (which are neglected here for simplicity but occur in the following chapters).

Therefore, the involved time derivative of eq. (19) are instead approximated, in particular as first order

backward difference (implicit Euler method) to ensure numerical stability. This yields in each timestep of

length ∆t a linear system for the values of the (discretized) probability density at tn+1, p̂n+1
k = p̂(xk , tn+1)

for k = 1, . . . ,K , given the values at the previous timestep tn ,

(I− ∆t

∆x
F)p̂n+1 = p̂n , (21)

where I denotes the identity matrix. This linear equation can be efficiently solved using Gaussian

elimination with runtime complexity O (K ) due to the tridiagonal structure of the matrix F. As (discrete)

initial probability density the values p̂0
k = p0(xk ) are used.

For a demonstration of the numerical solution using this finite volume method see fig. 2C.

Spectral decomposition

Another way to solve the Fokker-Planck model, eq. (9)–(12), is based on rewriting the PDE as

∂p

∂t
=L [p] (22)

which defines the Fokker-Planck operator

L =− ∂

∂x
f + ∂2

∂x2

g 2

2
. (23)

This operator L has a discrete infinite set of eigenfunctions φm(x) (Risken 1996) which individually have

to satisfy the boundary conditions, eq. (12), that is,

lim
x→±∞qφm (x) = 0, m = 0,1, . . . (24)

11



Chapter 2. Methods

with qφm (x) = f (x)φm(x)−∂/∂x [φm(x) g 2(x)/2]. Each eigenfunction φm has a corresponding eigenvalue

λm , i.e.,

L [φm] =λmφm . (25)

The probability density p(x, t ) can be expanded in terms of the eigenbasis of L ,

p(x, t ) =
∞∑

m=0
αm(t )φm(x) (26)

with projection coefficients αm that are functions of time, while the eigenfunctions contain the x-

dependence of the density p, thereby separating the variables x and t . Each coefficient evolves according

to an ordinary differential equation (ODE)

dαm

d t
=λmαm , (27)

that has the explicit solution αm(t) =αm(0)exp(λm t ). The initial value αm(0) is given by the standard

scalar product

αm(0) = 〈p0,ψm〉, (28)

between the initial density p0(x) and the the eigenfunction ψm(x) of the adjoint operator

L ∗ = f
∂

∂x
+ g 2

2

∂2

∂x2 , (29)

that has the same set of eigenvalues λm , i.e.,

L ∗[ψm] =λmψm . (30)

The corresponding boundary conditions for the eigenfunctions of the adjoint operator L ∗ are

lim
x→±∞

∂ψm

∂x
(x) = 0. (31)

Remarks: The projection coefficients dynamics, eq. (27), can be derived by inserting the expansion,

eq. (26), into the Fokker-Planck eq. (22), scalar multiplying with ψm , and using the pairwise biorthonor-

mality of the eigenfunctions of L and L ∗, 〈ψm ,φn〉 = δmn (Risken 1996). The boundary conditions of

the adjoint operator, eq. (31), can be derived by integration of 〈ψn ,L [φn]〉 by parts and identification

with 〈L ∗ψn ,φn〉 (Risken 1996).

The representation, eqs. (26)–(28), is fully equivalent to the Fokker-Planck model, and can be used to

derive efficient numerical integration schemes by exploiting that the eigenvalues λm typically occur in

a hierarchy of time scales 1/|Re{λ1}| ≥ 1/|Re{λ2}| ≥ . . . A small value of such a time constant, i.e., a large

value of |Re{λm}|, allows to neglect the respective coefficient αm(t ) ≈ 0 as that decays rapidly to zero (cf.

eq. (27)). Therefore, the series in the expansion can often be approximated by truncating after a finite

number of eigenmodes, i.e.,

p(x, t ) ≈
M∑

m=0
αm(t )φm(x). (32)

Note that for a unique stable solution we have, in addition to the ordered spectrum above, also Re{λ0} = 0.

For example, in case of a fixed point attractor the spectrum satisfies λ0 = 0 (also the imaginary part is

zero) and Re{λm} < 0 (i.e., limt→∞αm(t ) = 0, for m = 1,2, . . . ) from which follows p∞(x) = 〈p0,ψ0〉φ0(x),

that is, the stationary distribution is given by the 0-th eigenfunction of L , scaled by the corresponding

initial component a0(0).

For the OU process the eigenfunctions and -values are known analytically (Pavliotis 2014) and the
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2.2. Stochastic neuronal network model

(truncated) expansion of p(x, t ) can be evaluated explicitly. More specifically, the eigenvalues are even

multiples of the decay rate 1/τ,

λm =−m/τ, m = 0,1, . . . (33)

and the eigenfunctions ψm of the adjoint operator L ∗ are given as

ψm(x) = 1p
m!

Hm(x), (34)

where Hm(x) = (−1)m exp(x2/2)d m/d xm exp(−x2/2) is the m-th normalized Hermite polynomial. Thus,

the initialization, eq. (28), reads

αm(0) =
∫
R

1p
m!

Hm(x)δ(x −x0)d x = 1p
m!

Hm(x0), (35)

and therefore, the projection coefficient dynamics, eq. (27), becomes

αm(t ) = 1p
m!

Hm(x0) exp
(
−m

τ
t
)
. (36)

The eigenfunctions of the Fokker-Planck operator L in this example are those of L ∗ scaled with the

stationary density p∞ (cf. eq. (14)), i.e.,

φm(x) =ψm(x) p∞(x) = 1p
πτσ2m!

Hm(x) exp

(
− x2

τσ2

)
. (37)

For a visualization of the density approximation using the spectral decomposition approach, specifically

the truncated eigenfunction expansion for the OU process example, see fig. 2D. Note that ψ0(x) = 1,

which implies that the 0-th eigenfunction of L corresponds to the stationary distribution, φ0 = p∞, and

therefore confirms that the spectral representation of the density p(x, t ), eq. 26, converges to p∞(x) for

t →∞ since αm(t ) → 0 for t →∞ when m > 0 and for m = 0 we have α0(t ) = 1.

2.2 Stochastic neuronal network model

To define the central model of neuronal activity, that is used throughout the thesis, first, the right neuron

model family has to be chosen.

A great deal is known about the biophysical mechanisms responsible for generating neuronal activity,

and these provide a basis for constructing neuron models. The single cell model candidates range from (i)

highly detailed ones that describe individual ion channels using Markov chains, (ii) continuous diffusion

models using cable equations, i.e., partial differential equations (PDEs), for the spatio-temporal evolution

of ion concentrations, (iii) isopotential “point” neurons with nonlinear gating dynamics of ion channels

in several coupled ordinary differential equations (ODEs), (iv) integrate-and-fire models describing the

membrane voltage evolution with a scalar ODE in combination with a discontinuous spike mechanism,

(v) binary neuron models in which the cell’s state (active/inactive) typically reflects the instantaneous

input without integration of its previous values, and (vi) rather coarse ODE-based spike rate models that

disregard the membrane voltage evolution and the associated parameters. For more details we refer to

(Dayan and Abbott 2001).

Over the last two decades substantial efforts have been exerted to develop single neuron models of

reduced complexity that can reproduce a large repertoire of observed neuronal behavior, while being

computationally less demanding and, more importantly, easier to understand and analyze than detailed

biophysical models. A prominent example that is used in the following is the adaptive exponential

integrate-and-fire (aEIF) model (Brette and Gerstner 2005; Gerstner and Brette 2009), which is a single-

compartment spiking neuron model given by a two-variable ODE system with a discontinuous reset

condition.
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Specifically, for each neuron (i = 1, . . . , N ) of a population of N neurons, the dynamics of the membrane

voltage Vi is described by

C
dVi

d t
= IL(Vi )+ Iexp(Vi )−wi + Isyn,i (Vi , t ), (38)

where the capacitive current through the membrane with capacitance C equals the sum of three ionic

currents and the synaptic current Isyn,i . The ionic currents consist of a linear leak current IL(Vi ) = gL(EL−
Vi ) with conductance gL and reversal potential EL, a nonlinear term Iexp(Vi ) = gL∆T exp((Vi −VT)/∆T)

that approximates the rapidly increasing Na+ current at spike initiation with threshold slope factor ∆T

and effective threshold voltage VT, and the adaptation current wi which reflects a slowly deactivating K+

current. The adaptation current evolves according to

τw
d wi

d t
= a(Vi −Ew )−wi , (39)

with adaptation time constant τw . Its strength depends on the subthreshold membrane voltage via

conductance a. Ew denotes its reversal potential. When Vi increases beyond VT, it diverges to infinity in

finite time due to the exponentially increasing current Iexp(Vi ), which defines a spike event. In practice,

however, the spike is said to occur when Vi reaches a given (sufficiently large) value Vs – the spike voltage.

The downswing of the spike is not explicitly modeled; instead, when Vi ≥Vs, the membrane voltage Vi is

instantaneously reset to a lower value Vr. At the same time, the adaptation current wi is incremented by

a value of b, which implements suprathreshold (spike-dependent) activation of the adaptation current.

Immediately after the reset, Vi and wi are clamped (i.e., remain constant) for a short refractory period of

length Tref, and subsequently governed again by the ODEs (38)–(39).

In contrast to the well-known higher dimensional point neuron models of the Hodgkin-Huxley type

(Hodgkin and Huxley 1952), integrate-and-fire models strongly simplify the actual spike shape for the

sake of reduced model complexity, which is justified by the observation that neuronal spike shapes are

stereotyped and their duration is very short (about 1 ms). The timing of spikes contains most information,

as compared to their shapes, and the aEIF model can accurately reproduce the spike times (up to 96%) of

Hodgkin-Huxley models (Brette and Gerstner 2005).

The aEIF model exhibits rich subthreshold dynamics (Touboul and Brette 2008), a variety of biologically

relevant spike patterns (Naud et al. 2008), and it can be easily calibrated using well established elec-

trophysiological measurements (Brette and Gerstner 2005). The model parameters are physiologically

relevant and – importantly – they can be tuned such that the model reproduces subthreshold properties

(Badel et al. 2008a,b) and predicts spiking activity of real (cortical) neurons (Jolivet et al. 2008a,b; Pospis-

chil et al. 2011) to a high degree of accuracy (see fig. 3A). Furthermore, it allows to study the effects of

adaptation currents with subthreshold and spike-dependent activation in separation (via parameters

a and b). In response to an input current step the aEIF model exhibits spike rate adaptation for the

subthreshold and the spike-dependent activation type, respectively, as shown in fig. 3B (cf. fig. 1A).

To complete the network model the synaptic current Isyn,i for each cell in eq. (38) has to be specified.

It consists of recurrent synaptic inputs Irec,i , received from neurons (with indices j and spike times t j )

of the network (if a network is considered) and an input current Iext,i generated from network-external

neurons,

Isyn,i (Vi , t ) = Irec,i (Vi , {t j }, t )+ Iext,i (Vi , t ). (40)

These currents describe the excitatory or inhibitory postsynaptic effects of chemical synapses. In par-

ticular, the recurrent synaptic current is given by Irec,i = C
∑

j Wi j (Vi )
∑

t j
δ(t − t j −di j ), where every

spike at time t j of a presynaptic neuron with index j triggers a jump Vi ←Vi +Wi j with the postsynaptic

membrane potential (PSP) of size Wi j after a time delay di j has passed, accounting for the (axonal and

dendritic) spike propagation times. The shape of Irec,i elicited by a presynaptic spike differs slightly across

the different chapters. The PSP amplitude either depends on the postsynaptic membrane potential,

Wi j (Vi ) = (Esyn−Vi ) Ji j with synaptic reversal potential Esyn, which corresponds to a conductance-based
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2.2. Stochastic neuronal network model

model (chs. 3.1, 5), or it is constant, Wi j (Vi ) = Ji j with synaptic efficacy Ji j , representing current-based

synapses (chs. 3.2, 3.3, 6, 7). Excitatory (inhibitory) effects are implemented by high (low) values for

the reversal potential Esyn in the conductance-based models, and, for the current-based description, by

positive (negative) efficacies Ji j . The efficacies Ji j are drawn independently from a normal distribution

(chs. 3.1, 5) or they are identical, Ji j = J (chs. 3.2, 3.3, 6, 7). The delays di j are either drawn independently

from a biexponential (chs. 3.1, 5) or an exponential (chs. 3.3, 7) probability distribution pd (τ), or they are

zero (chs. 3.2, 6). Note that a recurrent network with delays drawn independently from an exponential

distribution with mean delay 〈di j 〉 = τd has been shown to be statistically equivalent to the same network

without delays that includes an exponentially decaying synaptic current according to the (identical) time

constant τd (Biggio et al. 2017). The results summarized below do not depend on a particular choice

of synaptic model, the presence (absence) of certain model features, however, simplifies the respective

methodology.

Figure 3 – Prediction of real neuron activity, simulation of aEIF model neurons, mean-field approximation. A:
Overlayed membrane voltage traces of a fast-spiking interneuron measured in vitro and as produced by the aEIF
model in response to the same fluctuating input current. Adapted from (Naud 2011). B: Membrane voltage and
adaptation current time series of a single aEIF neuron (eqs. (38)–(39) plus reset condition) with a purely subthreshold
adaptation (top, a > 0, b = 0) and spike-triggered adaptation mechanism (bottom, a = 0, b > 0), in response to a
(synaptic) step current. Adapted from (Ladenbauer et al. 2012). C: Membrane voltage density in stationary condition,
i.e., limt→∞ p(V , w, t ), of an excitatory aEIF network with conductance-based δ-synapses with identical delays and
external input by independent Poisson spike trains (a > 0, b = 0 top, b > 0, a = 0 middle) from the Fokker-Planck
model, eqs. (43)–(45), using the upwind finite volume method from (Augustin 2012) (linear colormap), and from
simulation of the coupled spiking neurons (attached marginal histograms). Bottom: Stable oscillatory spike rate of an
excitatory aEIF network with increased spike-triggered adaptation (b > 0, a = 0) from integrating the Fokker-Planck
(FP, blue) model (eq. (45)) using the finite volume method and from simulation of the aEIF network (gray). Note that
the fluctuations of the state variable histograms (top, middle) and of the simulated spike rate (bottom) are due to the
finite size of the population (N = 5000). Adapted from (Augustin 2012).
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To account for the noisy background activity observed in vivo (Destexhe and Rudolph-Lilith 2012) (cf.

ch. 1.1) the external input current Iext,i is described using stochastic processes. Particularly, we consider

white Gaussian noise (chs. 3.2, 3.3, 6, 7),

Iext,i =C [µext(t )+σext(t )ξext,i (t )], (41)

with time-varying moments µext and σ2
ext, and a standard Gaussian white noise process ξext,i that is

uncorrelated to that of any other neuron. Additionally, the external input is described using conductance-

based (chs. 3.1, 5) and current-based (chs. 3.2, 6) spike trains generated by independent Poisson processes.

Note that a large number of independent Poisson neurons with small synaptic efficacies can be well

approximated by a Gaussian white noise process with suitable moments according to the central limit

theorem, cf. (Tuckwell 1988).

To simulate the aEIF network the (continuous) membrane voltage and adaptation current dynamics,

eqs. (38),(39), including the respective external input noise process, are numerically integrated by ap-

plying the Euler-Maruyama method with equidistant time discretization ∆t . For this step as well as the

detection and propagation of spike events through the network considering synaptic delays, and the

(discontinuous) reset mechanism we use the Python software BRIAN2 (Stimberg et al. 2014; Goodman

and Brette 2009) with C++ code generation enabled for efficiency.

Note that a quantity of interest in the following is the population-averaged number of spikes emitted by

the aEIF network per small time interval [t , t +∆T ], i.e., the spike rate

rN (t ) = 1

N

N∑
i=1

1

∆T

∫ t+∆T

t

∑
ti

δ(s − ti )d s (42)

where the interval size ∆T is practically chosen small enough to capture the dynamical structure and

large enough to yield a comparably smooth time evolution for the finite population size N .

2.3 Deterministic approximation

For large networks (N →∞) with sparse random connectivity the stochastic aEIF network model with 2N

state variables, eqs. (38)–(40) can be well approximated by an 2+1-dimensional deterministic PDE – the

Fokker-Planck equation (Augustin 2012), based on (Gigante et al. 2007b; Brunel et al. 2003; Risken 1996),

∂p

∂V
(V , w, t )+

∂qV
p

∂V
(V , w, t )+

∂q w
p

∂V
(V , w, t ) = 0, for (V , w) ∈ (−∞,Vs]×R, t > 0, (43)

that describes the evolution of the probability density to find a neuron with membrane voltage V and

adaptation current w at time t in continuity form. The probability fluxes qV
p (V , w, t ; IL, Iexp,µsyn,σsyn)

and q w
p (V , w, t ; Iw /τw ) in V and w direction, respectively, depend on the aEIF neuron model parameters

(via leak and exponential current as well as via Iw (V , w) = a(V −Ew )− w , i.e., the right-hand side of

eq. (39)). The flux in V direction qV
p additionally depends on the first two moments, µsyn(t ,rd ,V ) and

σ2
syn(t ,rd ,V ), of the synaptic current,

Isyn,i ≈C [µsyn(t ,rd ,Vi )+σsyn(t ,rd ,Vi )ξi (t )], (44)

that is approximated by a continuous diffusion process considering sufficiently many incoming synap-

tic connections with small efficacies Ji j (diffusion approximation) and with spike train statistics that

correspond to that of piece-wise homogeneous Poisson processes (Poisson assumption). The synaptic

moments µsyn and σ2
syn are in this case linear functions (each) of the delayed spike rate rd which is the

spike rate

r (t ) =
∫
R

qV
p (Vs, w, t )d w, (45)
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2.3. Deterministic approximation

convolved with the delay distribution pd (τ), i.e.,

rd = r ∗pd . (46)

Note that in this model the spike rate is given by the total flux through the spike voltage Vs involving a

marginalization of the adaptation current variable (eq. (45)), and approximates the respective quantity of

the aEIF network by r (t ) ≈ limN→∞,∆T→0 rN (t ) (cf. eq. (42)).

In eq. (44), ξi represents a standard white Gaussian noise process that is uncorrelated to that of any other

neuron due to sparse random connectivity (mean-field limit). The three approximation steps contribute

with the following aspects to the derivation of the Fokker-Planck PDE: The diffusion approximation

simplifies the (recurrent) synaptic input from a discrete jump process to a continuous Gaussian white

noise. The second moment of that normal distribution is made explicitly available through the Poisson

assumption which furthermore also contributes to the Gaussianity of the recurrent input current. Finally,

the mean-field approximation makes the N aEIF neurons interchangeable as the synaptic input to each

neuron is statistically identical to that of the others. This fact allows to consider the evolution of the

probability density for one representative membrane voltage and adaptation current variables only,

instead of having to solve a computationally intractable 2N +1-dimensional Fokker-Planck PDE.

Specifically, when considering for each neuron K ¿ N (uniformly) random incoming current-based

synapses with identical small efficacies Ji j = J and white Gaussian noise, cf. eq. (41), as external input

(chapters 3.2, 3.3, 6, 7), the moments of the overall synaptic input become (Brunel 2000)

µsyn(t ,rd ) =µext(t )+ JK rd (t ), σ2
syn(t ,rd ) =σ2

ext(t )+ J 2K rd (t ). (47)

They depend on time via the moments of the external input and, due to recurrent coupling, on the

delayed spike rate rd , but not on the membrane voltage. Note that for the case of a conductance-based

synaptic model (chs. 3.1, 5) the synaptic moments additionally depend on the postsynaptic membrane

voltage, which corresponds to a multiplicative noise process (Richardson 2004) for the synaptic current

approximation in eq. (44) in Stratonovich interpretation due to the Wong-Zakai theorem (Arnold 1976;

Wong and Zakai 1965).

Furthermore, suitable boundary conditions have to be considered to incorporate the discontinuous

reset mechanism of the aEIF model, i.e., the membrane voltage jump from Vs to Vr, the spike-triggered

increment b of the adaptation current and the refractory period Tref (cf. previous chapter). For these and

further details of the mean-field Fokker-Planck system we refer to (Augustin 2012).

Note that in the case of an uncoupled population (K = 0) of aEIF neurons driven by white noise, cf.

eq. (41), neither of the three approximations from above (diffusion approx., Poisson assumption, mean-

field limit), is required. Therefore, in this case the 2+1-dimensional Fokker-Planck model becomes exact

for N →∞.

Solving the Fokker-Planck model eqs. (43)–(46) analytically is to our knowledge not possible due to the

involved exponential nonlinearity Iexp in the flux qV
p (cf. eq. (38)), the dependence of qV

p on the (delayed)

spike rate via the synaptic moments, and the non-standard boundary conditions. A numerical solution –

by a finite volume method with upwind flux approximation on an adapting finite computational domain

[Vlb,Vs]× [wlb(t ), wub(t )] with sufficiently small (though as large as possible) lower bound value Vlb for

the membrane voltage that is bounded from above by the spike voltage, and time-dependent lower as

well as upper bound values wlb, wub for the adaptation current that are sufficiently far apart but as close

as possible for efficiency – is described in (Augustin 2012).

Example simulations of the Fokker-Planck mean-field system in comparison to the underlying recurrent

aEIF network are shown in fig. 3C.
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3 Results

3.1 Simplified mean-field model: Spike rate dynamics

The 2+1-dimensional Fokker-Planck model, eqs. (43)–(46), effectively represents the dynamics of a large

aEIF network, however, it is only (slightly) advantageous compared to the simulation of the coupled

spiking neurons in terms of computational time and analyzability. Therefore, in (Augustin et al. 2013)

we have developed a reduction of that system to accelerate its numerical integration and to make

it susceptible for the application of further (semi-)analytical methods and model simplifications (cf.

chs. 3.2, 3.3). We describe our approach and its application here in summary and in chapter 5 with all

details.

The time scales of (slow) K+ channel kinetics which are effectively described by the adaptation current

wi , cf. eq. (39), are typically much larger than the faster membrane voltage dynamics modeled by eq. (38),

i.e., τw ÀC /gL (Stocker 2004; Sanchez-Vives and McCormick 2000). This observation justifies to replace

the individual adaptation current wi in eq. (38) by its average across the population that is governed by

d〈w〉
d t

= a
(〈V 〉−Ew

)−〈w〉
τw

+b r (t ), (48)

with mean membrane voltage 〈V 〉 of non-refractory neurons.

This adiabatic approximation allows to represent the collective dynamics of a large (N →∞) aEIF network

by an 1+1-dimensional Fokker-Planck eq. for the probability density p(V , t ),

∂p

∂t
(V , t )+ ∂qp

∂V
(V , t ) = 0 for V ∈ (−∞,Vs], t > 0, (49)

with probability flux qp (V , t ; IL, Iexp,µsyn − 〈w〉/C ,σsyn), where the synaptic moments µsyn(t ,rd ,V ),

σ2
syn(t ,rd ,V ) and the delayed spike rate rd remain unchanged (cf. eqs. (44),(46)), and 〈w〉 is governed by

eq. (48). The spike rate in this PDE model of reduced dimensionality is given by

r (t ) = qp (Vs, t ), (50)

i.e., the probability flux through the spike voltage (instead of the integral in eq. (45)).

The associated boundary conditions are (i) a reinjection condition, limV ↘Vr qp (V , t )− limV ↗Vr qp (V , t ) =
qp (Vs, t −Tref), that takes into account the membrane voltage discontinuity and the refractory period and

leads to the conservation of probability mass, i.e.,
∫ Vs
−∞ p(V , t )dV +∫ Tref

0 r (t − s)d s = 1 ∀t , (ii) an absorbing

barrier at the spike voltage p(Vs, t) = 0, that prevents membrane voltages larger than the spike voltage,

and (iii) a natural reflecting boundary condition, limV →−∞ qp (V , t ) = 0 (cf. visualization in fig. 4A).

For an example showing the approximation accuracy of the lower-dimensional Fokker-Planck model in

the case of current-based synapses and white noise input, eqs. (46)–(50), for an excitatory aEIF network

see fig. 4B.

A few other works have used a related population-averaging of a (slow) adaptation variable in combination

with a Fokker-Planck equation to describe noise-driven integrate-and-fire (IF) neurons, including (Gi-

gante et al. 2007b,a; Brunel et al. 2003; Richardson 2009). In (Gigante et al. 2007b) the network dynamics of

coupled adaptive IF neurons have been semi-analytically characterized under an (additional) adiabatic ap-

proximation of the membrane voltage dynamics, and without considering subthreshold adaptation, leak

or nonlinear ionic current, as well as recurrent synaptic inhibition. The remaining studies considering IF
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Chapter 3. Results

Figure 4 – Lower dimensional Fokker-Planck model,
mean adaptation approximation. A: Visualization of the
boundary conditions associated to the Fokker-Planck PDE,
eq. (49), specifically for the membrane voltage distribution
and the reinjection of the probability flux after the refrac-
tory period with spike rate according to eq. (50). Adapted
from (Ladenbauer et al. 2016). B: From top to bottom:
mean external input µext (black) together with input stan-
dard deviation σext (gray). 2nd row: membrane voltage V
of one neuron (gray, with spike times highlighted by black
dots) and membrane voltage statistics from N = 50,000
aEIF neurons (eqs. (38)–(41)) that were coupled through
excitatory current-based synapses with exponentially dis-
tributed delays (red) as well as (in blue dashed) from the
derived Fokker-Planck (FP) model, eqs. (46)–(50): mean ±
standard deviation over time, as well as voltage histograms
(gray) and probability densities p(V , t) (blue dashed) at
two different time points. 3rd row: adaptation current w of
one neuron (gray) and mean adaptation currents of both
models ± standard deviation for the aEIF network (shaded
area). 4th row: spike rate rN (t) of the aEIF network and
r (t ) of the FP model. Note that this example was adapted
from (Augustin et al. 2017) instead of (Augustin et al. 2013)
for a better introduction and due to the improvements of
the numerical method (cf. chs. 2.1, 3.3).

models with spike-triggered adaptation (Gigante

et al. 2007a), subthreshold adaptation (Brunel et al.

2003), and more biophysically neuronal and adap-

tation dynamics (Richardson 2009), have focused

on the steady-state behavior and the linear re-

sponse function but did not solve the general time-

dependent Fokker-Planck model.

We apply the simplified version of the Fokker-

Planck model based on the adiabatic approxima-

tion described above to analyze (regular) oscilla-

tory population activity where individual neurons

exhibit noisy (irregular) spiking behavior as ob-

served in vivo (see ch. 1.1). Particularly, we study

how adaptation currents shape spike rate oscilla-

tions in networks of aEIF neurons (Augustin et al.

2013).

We consider a large network consisting of two aEIF

populations, one excitatory (E) and one inhibitory

(I), each described by eqs. (38)–(40) with exter-

nal drive Iext,i from conductance-based synap-

tic input through spike trains that are generated

by independent Poisson processes. Synaptic de-

lays from a biexponential distribution and small

connection probabilities are chosen to describe

a (generic) local cortical network. For this high-

dimensional stochastic network description the

Fokker-Planck mean-field model given by a com-

pact system of coupled partial and ordinary dif-

ferential equations (46),(48)–(50) (for each popu-

lation) is derived. The dynamics of the respective

membrane voltage density pE , pI and mean adap-

tation current 〈w〉E are, respectively, governed by

∂pβ

∂t
(V , t )+ ∂q (β)

p

∂V
(V , t ) = 0, (51)

d〈w〉E
d t

= a
(〈V 〉pE −Ew

)−〈w〉
τw

+b rE (t ), (52)

where q (β)
p

(
V , t ; IL, Iexp,µ(β)

syn −〈w〉β/C ,σ(β)
syn

)
is the

probability flux of population β = E ,I in

Stratonovich interpretation. Here, the synap-

tic coupling model involving conductance-based

membrane voltage jumps (cf. ch. 2.2) carries over

into the synaptic mean µ
(β)
syn(V ,rEd ,rId ) and stan-

dard deviation σ
(β)
syn(V ,rEd ,rId ) of the (overall) input. The latter two depend on the membrane voltage

V and the delayed population spike rates rEd , rId which are given by r β

d = rβ ∗p(β)
d with excitatory and

inhibitory spike rates rE (t ) = q (E)
p (Vs, t ), rI (t ) = q (I)

p (Vs, t ) and delay distributions p(E)
d , p(I)

d , respectively.

Since inhibitory cortical neurons have been reported to show only weak adaptation currents compared

to excitatory cells (see ch. 1.1), this variable is neglected for the population I , i.e., 〈w〉I = 0. The derived

system, eqs. (51),(52), allows for an efficient numerical calculation of the network activity in time using
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3.1. Simplified mean-field model: Spike rate dynamics

the (upwind) finite volume method based on (Augustin 2012) and thus enables exhaustive explorations of

the parameter space.

Using this approach we show that spike-driven adaptation currents together with sufficiently strong

recurrent excitatory inputs provide a mechanism to generate slow oscillations (β frequency range and

below), see fig. 5A-C. The stability of the rhythm and its frequency depend on the inhibitory synaptic

strength, the external drive and the adaptation time scale (cf. fig. 5A,D,E). Particularly, oscillatory activity

is destabilized by a large value of any of these parameters, and furthermore when either the external drive

or the adaptation time constant is small. Notably a subthreshold adaptation current generally destabilizes

such a rhythm, see fig. 5D, showing distinct roles for sub- and suprathreshold adaptation.

Figure 5 – Effects of adaptation currents on asynchronous states and spike rate oscillations in large networks . A:
Stable constant spike rate (solid) indicating asynchronous states (ASYN) and min./max. of oscillating spike rate
(dashed, OSC) together with the corresponding frequency for networks without adaptation (a = b = 0, black) and with
spike-triggered adaptation only (b > 0, a = 0, red). Results obtained from numerically integrating the Fokker-Planck
mean-field model, eqs. (51),(52) using the upwind finite volume method. B: Time series of relevant model variables
(rE ,rI ,pE (V ),〈w〉E ) for the parametrization indicated in A. Overlayed are the spike times of individual neurons from
a complementary numerical simulation of the original aEIF network (N = 50,000) with 80% excitatory and 20%
inhibitory cells. C: Schematic diagrams visualizing two oscillation mechanisms, based on synaptic excitation and
spike-driven adaptation (top), and E-I synaptic interaction (bottom). D: Maxima and minima of the spike rate rE
depending on the external (Poisson) input rate for networks without subthreshold adaptation (a = 0, red) and with
increased levels of a (5 nS, violet and 10 nS, dark blue). Spike-triggered adaptation (b > 0) as in A. The oscillation
frequency increases with increasing external drive (see ch. 5). E: Maxima and minima of rE as a function of the
adaptation time constant τw for spike-triggered adaptation only (b > 0, a = 0). The oscillation frequency decreases
with increasing adaptation time scale (cf. ch. 5). F: Frequency of stable spike rate oscillations (OSC) for networks with

and without adaptation currents, varying decay constant of the biexponential inhibitory delay distributions p(I)
d

(green) fixing the excitatory delay distribution p(E)
d (dashed orange), and for different strengths of synaptic inhibition.

The arrows indicate balanced recurrent input, i.e., when excitation and inhibition cancel each other on average.
White regions represent asynchronous states (ASYN). G: Gain (amplification relative to a baseline) of the spike rate
rE for networks with dominant recurrent excitation (left) and inhibition (right) as a function of the input frequency f .

The Poisson-input rates rEext , rIext each consist of a baseline rate plus a sinusoidal component of small amplitude
with frequency f . Adaptation parameter values are a = b = 0 (black), a > 0, b > 0 (magenta).
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Chapter 3. Results

Faster rhythmic activity (β frequency range and above) can be mediated by a feedback loop that involves

recurrent excitatory and inhibitory inputs (cf. fig. 5C) with distinct delay times. Oscillation frequencies

increase with the strength of synaptic inhibition, and adaptation currents (of either type) play a facilitating

role in stabilizing these spike rate rhythms (see fig. 5F) and they lead to increased oscillation periods.

In parameter regimes for which the population spike rates are constant (asynchronous state), networks

with dominant inhibition show strong resonances when oscillating external inputs are considered. In-

creased adaptation currents mediate resonance behavior also for networks with stronger excitation by

producing amplified population activity within a narrow frequency band (cf. fig. 5G) and they further-

more cause phase advances for low frequencies in addition to phase delays at higher frequencies (see

ch. 5).

3.2 First passage time problem: Spiking statistics

The approach from (Augustin et al. 2013) as summarized in the previous ch. 3.1 allows to analyze the

spike rate dynamics, i.e., the time-varying first order statistics of neuronal spiking. It can, however, be

modified to also yield the higher order spiking statistics and particularly the distribution of inter-spike

intervals {T k
i } with T k

i = t (k+1)
i − t (k)

i being the time between the k-th and k+1-th spike event of neuron

i . The mean value of the inter-spike interval (ISI) distribution in stationary condition (asynchronous

network state) corresponds to the inverse of the spike rate, i.e., 〈T 〉pISI = r−1∞ , with ISI probability density

pISI(T ) for large populations N →∞ (instead of the above finite set). Furthermore, the second order

statistics (the ISI variability) can be extracted, i.e., the variance of the duration between successive spikes

emitted by individual neurons within a population. In (Ladenbauer et al. 2014) we have extended the

Fokker-Planck formalism to allow for calculating the (full) ISI distribution pISI of aEIF neurons using a

self-consistency argument to account for the adaptation current. The method and an application are

summarized in the following, whereas ch. 6 contains the details.

Although the presented methodology is applicable for recurrent networks we consider for simplicity a

single aEIF neuron that receives fluctuating external input, i.e., eqs. (38)–(41) with Irec,i = 0, using the

equivalence of an uncoupled population of N neurons and N independent trials of a single neuron (i.e.,

realizations of the input noise process Iext,i ). The trial-averaged spike rate r (t) is thus given by eq. (50)

of the Fokker-Planck description with synaptic input moments that correspond to the external ones,

that is, µsyn(t) = µext(t) and σ2
syn(t) =σ2

ext(t), cf. eqs. (47). Note that in this case (white noise input, no

recurrent coupling) the 1+1-dimensional Fokker-Planck model becomes exact for N →∞ (see ch. 2.3)

when disregarding neuronal adaptation, i.e., when considering the exponential integrate-and-fire model.

Otherwise the description is subject to the (only) approximation error that is produced by neglecting the

second and higher moments of the adaptation current w and the respective mixing statistics with the

membrane voltage that underly the derivation of eqs. (48),(49).

To calculate the ISI distribution for an aEIF neuron which has reached a steady-state spike rate r∞ =
limt→∞ r (t ) we solve the respective first passage time problem (Risken 1996; Tuckwell 1988). This corre-

sponds to simulating (i) the Fokker-Planck PDE (49) – with absorbing and reflecting barrier but impor-

tantly without the reinjection condition – and (ii) simultaneously the modified mean adaptation current

dynamics

τw
d〈w〉

d t
= a(〈V 〉−Ew )−〈w〉. (53)

The latter corresponds to eq. (48) without the spike-dependent adaptation to account for the (continuous)

dynamics between two spikes, disregarding the reset mechanism. Furthermore, to represent the neuronal

dynamics directly after a spike, the initial values p(V ,0) = δ(V −Vr) and 〈w〉(0) = w̄0, are used. The ISI

distribution is given by the probability flux at the spike voltage, taking into account the refractory period,

pISI(T ) =
{

qp (Vs,T −Tref) for T ≥ Tref

0 for T < Tref.
(54)

22



3.2. First passage time problem: Spiking statistics

The particular initialization w̄0 is determined self-consistently by imposing 〈T 〉−1
pISI

= r∞, and solving

this equation iteratively. The value of the obtained solution w̄0 depends, for example, on the strength of

spike-triggered adaptation b and the adaptation time scale τw .

The output of this method for two different aEIF parametrizations, together with simulations of the

underlying stochastic system, are shown in fig. 6A.

Figure 6 – Effects of adaptation currents on the dynamics of single neurons. A: For a purely subthreshold voltage-
driven (a > 0,b = 0, left) and spike-dependent (a = 0,b > 0, right) adaptation mechanism: spike times, spike rate (in
Hz), sample trace of the membrane voltage (in mV) and the corresponding histogram (attached right), adaptation
current (in µA/cm2) and ISI histogram of an aEIF neuron subject to a fluctuating input. The corresponding quantities
r (t), p(V , t), 〈w〉 and pISI were obtained from the Fokker-Planck model (orange lines). B: Adapting spike rate
r of an aEIF neuron for an input step with varying intensity (the moments, µext and σ2

ext, both increase with
increasing drive, see ch. 6 for details). C: ISI distributions (i.e., pISI) of aEIF neurons driven by strongly fluctuating
input and the corresponding coefficient of variations (CV). B and C show results from the Fokker-Planck model.
D: Adapting spike rate of a conductance-based Hodgkin-Huxley type model neuron without slow K+-currents
ḡKCa = ḡM = 0 (black), and with either type of slow K+-current included (voltage-dependent M-type, ḡM > 0, green,
left; calcium-dependent, ḡKCa, red, right), in response to a sudden increase of mean input µext. E: ISI CV of the three
simulated conductance-based neurons from D as a function of mean input µext. F: Parameter values of subthreshold
conductance a and spike-triggered increment b obtained from fitting the aEIF neurons to conductance-based models
with ḡKCa ∈ [2, 8] mS/cm2 and ḡM = 0 (dots), ḡM ∈ [0.1, 0.4] mS/cm2 and ḡKCa = 0 (diamonds). Darker symbols
indicate larger conductance values. For details on the fitting procedure see ch. 6.

In several other works the first passage time problem of integrate-and-fire neurons using the Fokker-

Planck equation has been studied (Tuckwell 1988; Ostojic 2011; Schwalger et al. 2010). In these anal-

yses, an adaptation variable has not been considered at all (Tuckwell 1988; Ostojic 2011), or purely

spike-triggered adaptation has been analyzed by further assuming the steady-state value 〈w〉∞ for the

adaptation current (Schwalger et al. 2010) in contrast to the self-consistent treatment of 〈w〉(t) from

above. Among these studies a nonlinear integrate-and-fire model has been considered only in (Ostojic

2011).

It is worth noting that our approach further allows to easily calculate the power spectrum P and (normal-

ized) autocorrelation function A of the neuronal spike train once the ISI distribution has been obtained,
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via the relation

P (ω) = Â (ω) = r∞Re

(
1+ p̂ISI(ω)

1− p̂ISI(ω)

)
, (55)

where Â and p̂ISI denote the Fourier transforms of the autocorrelation function and ISI distribution, re-

spectively, see (Gerstner et al. 2014). Eq. (55) strictly applies to memoryless (so-called renewal) stochastic

processes and an adaptation mechanism usually leads to a violation of this requirement for a model

neuron subject to fluctuating input. Here we have derived a renewal process (Vi (t ), w̄(t )) from the original

non-renewal process (Vi (t ), wi (t )) by averaging the adaptation current and self-consistently determining

its reset value. An alternative approach that allows for the application of the above relationship eq. (55) to

adapting model neurons has been described in (Naud and Gerstner 2012).

We apply the method (eqs. (49),(53),(54)) to examine how adaptation currents affect the relationship

between driving input, spike rate output and ISI variability of single neurons (Ladenbauer et al. 2014). We

find that an adaptation current which is primarily driven by the subthreshold membrane voltage (a > 0)

increases the threshold and reduces the gain at low spike rates in the presence of input fluctuations. This

type of current produces a long-tailed ISI distribution and thus leads to an increase of variability for

a broad range of input statistics, by subtracting from the mean input to the neuron (fig. 6B,C; left). A

spike-dependent adaptation current (b > 0), on the other hand, always reduces the spike rate gain while

leaving the threshold for spiking unaffected by predominantly dividing the mean input. It furthermore

decreases ISI variability for fluctuation-dominated inputs (i.e, when the input mean is substantially

smaller in magnitude than its variance), see fig. 6B,C (right), but increases the variability when the mean

input is strong, i.e., it reduces the sensitivity of spiking variability to the mean input (cf. ch. 6). These

computational results are supported by analytical expressions derived for the steady-state spike rate

and ISI variability as a function of adaptation parameters and external synaptic input moments (for the

simplified model of an adaptive perfect integrate-and-fire (aPIF) neuron, i.e., eqs. (38),(39) without leak

and exponential currents, IL = Iexp = 0). Specifically, we obtain for the steady-state spike rate of an aPIF

neuron that receives Gaussian white noise input, cf. eq. (41),

r∞ = µext −a(〈V 〉∞−Ew )/C

∆V +τw b/C
, (56)

with an explicit expression for the stationary mean membrane voltage 〈V 〉∞ and ∆V = Vs −Vr. The

coefficient of variation CV =
√
〈T 2〉pISI −〈T 〉2

pISI
/〈T 〉pISI of the ISI distribution, i.e., its standard deviation

per mean value, is given by

CV =
√

σ2
ext∆V /

(
µext −a[〈V 〉∞−Ew ]/C

)−τ2
w b2/C 2 −2τw b∆V /C

∆V +τw b/C
, (57)

using for the first moment the relation 〈T 〉pISI = r−1∞ and for the second ISI moment the zeroth order

approximation of the respective power series (Urdapilleta 2011).

Additionally, we show that the distinct effects of the two adaptation mechanisms are consistently re-

produced by specific types of slow K+ currents, for example, a calcium-dependent (IKCa) and a voltage-

dependent muscarine-sensitive (IM) one, using a biophysically detailed Hodgkin-Huxley type neuron

model (Wang et al. 2003; Mainen and Sejnowski 1996). An increase of IM changes this curve in a mostly

subtractive and slightly divisive way while increasing of IKCa has a purely divisive effect on the I-O curve

(cf. fig. 6D). Considering ISI variability, an increase of IM leads to an increase of ISI CV in general, on

the other hand, increasing IKCa reduces the CV for small values of the mean input and increases the

CV for larger values, see fig. 6E. These effects are in agreement with our results based on the aEIF/aPIF

models, given that IKCa predominantly depends on spikes and IM includes both, subthreshold as well

as spike-triggered, components, as demonstrated by model-fitting the aEIF neuron parameters to the

conductance-based description (fig. 6F).

These results on single neuron spiking statistics also carry over to the case of a recurrent network (with

sparse and random connectivity) that operates in an asynchronous state. For this purpose the external
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input moments need to be replaced with the overall synaptic ones, µsyn and σ2
syn (cf. eqs. (47)), that

include the recurrent mean and variance which can be obtained by solving the steady-state Fokker-Planck

equation representing the recurrent network.

3.3 Dimensionality reduction: Efficient spike rate models

The previous two chapters contain summaries of the contributions (Augustin et al. 2013) and (Ladenbauer

et al. 2014) in which Fokker-Planck systems for populations of aEIF neurons with slow adaptation current

dynamics have been derived. These models allow to obtain spike rate, membrane voltage density and

mean adaptation current time series (ch. 3.1) as well as the ISI distribution (ch. 3.2) by numerically

solving the respective system of mean adaptation ODE and Fokker-Planck PDE. In comparison with

the underlying stochastic delay-differential equation system for the 2N states (Vi , wi ), this mean-field

model requires significantly less computational resources for simulations. However, since it involves

a PDE with nonlinear coefficients, non-standard boundary conditions and a convolution integral the

mathematical analysis of network states is difficult. Therefore, in (Augustin et al. 2017) we have derived

from the Fokker-Planck system simple models in terms of a low-dimensional ODE system for the spike

rate r (t ), the population-averaged adaptation current 〈w〉(t ) and the delayed spike rate rd (t ) using two

different approaches as summarized in the following (cf. ch. 7 for details). The low-dimensional spike

rate models are (computationally) much faster to simulate than the Fokker-Planck PDE, and they can be

conveniently studied (mathematically) using standard stability analysis techniques.

The basis of both reduction approaches is the 1+1-dimensional Fokker-Planck PDE model for an aEIF

network with current-based synapses and external white noise input, i.e., eqs. (46)–(50). In each of the

low-dimensional models the mean adaptation current 〈w〉 evolves according to

d〈w〉
d t

= a
(〈V 〉∞−Ew

)−〈w〉
τw

+b r (t ), (58)

where the mean membrane voltage is replaced by its stationary value which corresponds to a (mild)

approximation of eq. (48), (Brunel et al. 2003; Ladenbauer et al. 2014). r denotes the (time-varying) spike

rate of the respective low-dimensional model.

Additionally, the delayed spike rate rd in each reduced model is governed by

drd

d t
= r − rd

τd
, (59)

instead of the convolution integral, eq. (46), which are equivalent expressions for exponentially distributed

delays, i.e., pd (τ) = exp(−τ/τd )/τd (for τ≥ 0) with mean delay τd , that we assume here. Note that more

generally any delay distribution from the exponential family allows to represent the delayed spike rate rd

by an equivalent ODE instead of a convolution (MacDonald 1978).

The first reduction approach is based on the spectral decomposition of the Fokker-Planck operator

L (Mattia and Del Giudice 2002; Knight et al. 1996; Risken 1996) and leads to the following two low-

dimensional models: The “basic” model variant (spec1) is derived upon the assumption of vanishingly

slow changes in the mean and variance of the synaptic input. It is given by a complex-valued differential

equation describing the spike rate evolution in its real part (Schaffer et al. 2013),

dr̃

d t
=λ1(r̃ − r∞), r (t ) = Re{r̃ }, (60)

where λ1(µtot,σtot) is the dominant eigenvalue of L and r∞(µtot,σtot) is the steady-state spike rate.

Its parameters λ1, r∞, and 〈V 〉∞ (cf. eq. (58)) depend on the total input moments given by µtot(t) =
µsyn −〈w〉/C and σ2

tot(t) =σ2
syn with synaptic moments according to eqs. (47), which closes the model

spec1 consisting of the ODEs (58)–(60). The other, “advanced” spectral model variant (spec2) is based on

a weaker assumption of (moderately) slow changes in the synaptic moments. It is given by a real-valued
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second order differential equation for the spike rate,

β2
d 2r

d t 2 +β1
dr

d t
+β0 r = r∞− r −βc , (61)

where the derivation is based on the reduction framework from (Mattia 2016). Its parameters depend

on the total input moments (µtot,σ2
tot) as follows: r∞ and 〈V 〉∞ explicitly as in the basic model above,

the remaining parameters β2, β1, β0, βc indirectly via the first two dominant eigenvalues λ1, λ2 and via

additional quantities obtained from the corresponding eigenfunctions of L and its adjoint L ∗.

The second approach is based on a linear-nonlinear (LN) cascade (Ostojic and Brunel 2011), in which

the population spike rate is generated by applying to the time-varying mean and standard deviation

of the overall synaptic input, µsyn and σsyn (cf. eqs. (47)), separately a linear temporal filter, followed

by a common nonlinear function. These three components – two linear filters and a nonlinearity – are

extracted from the Fokker-Planck equation. Approximating the linear filters by a numerical least squares

fit with exponentials (optimized for the decay time) and damped oscillating functions (optimized for the

dominant frequency) yields two model variants: In the basic “exponential” (LNexp) model the filtered

mean µf and standard deviation σf of the overall synaptic input are given by

dµf

d t
= µsyn −µf

τµ
,

dσf

d t
= σsyn −σf

τσ
, (62)

where the time constants τµ(µeff,σeff), τσ(µeff,σeff) depend on the effective (filtered) input mean µeff(t ) =
µf −〈w〉/C and standard deviation σeff(t) =σf. The “damped oscillator” (LNdos) model variant, on the

other hand, describes the filtered input moments by

d 2µf

d t 2 + 2

τ

dµf

d t
+

(
2

τ2 +ω2
)
µf =

1+τ2ω2

τ

(
µsyn

τ
+ dµsyn

d t

)
,

dσf

d t
= σsyn −σf

τσ
, (63)

where the time constants τ(µtot,σtot), τσ(µtot,σtot) and the angular frequency ω(µtot,σtot) depend on the

total input moments defined above. In both LN model variants the spike rate is obtained by the nonlinear

transformation of the effective input moments through the steady-state spike rate,

r (t ) = r∞
(
µeff, σeff

)
, (64)

and the steady-state mean membrane voltage 〈V 〉∞ (cf. eq. (58)) is also evaluated at (µeff,σeff).

We have furthermore created efficient numerical implementations that enable the time integration

of the different low-dimensional models (spec1, spec2, LNexp, LNdos), of the intermediate description

(Fokker-Planck model) and of the “ground truth” system (recurrent network of aEIF neurons). These

implementations are written in the Python programming language using the package Numba (Lam et al.

2015) for low-level virtual machine acceleration. They include, particularly, novel numerical solvers for

the Fokker-Planck eigenvalue problem and the time-dependent PDE model – as free software:

https://github.com/neuromethods/fokker-planck-based-spike-rate-models

Note that the numerical solver for the Fokker-Planck PDE makes use of the (more accurate) Scharfetter-

Gummel probability flux approximation while the previous version from (Augustin et al. 2013) is based

on the (standard) upwind scheme (cf. ch. 2.1 for remarks on those finite volume two discretization

alternatives).

In fig. 7A we visualize the outputs of the different models using an example excitatory aEIF network

exposed to fluctuating external input with varying mean µext(t ) and standard deviation σext(t ), cf. eq. (41).

In a systematic comparison of the different spike rate representations for a range of biologically plausible

input statistics (Augustin et al. 2017) we find that generally three of the reduced models (spec2, LNexp and

LNdos) accurately reproduce the spiking activity of the underlying aEIF population in terms of Pearson’s

correlation coefficient and average root mean square distance while one model (spec1) shows the least

accuracy (see fig. 7B,C). Among the best models, the simplest (LNexp) is the most robust and (somewhat
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3.3. Dimensionality reduction: Efficient spike rate models

Figure 7 – Spike rate reproduction performance by low-dimensional models and Fokker-Planck description. A:
Mean input µext (black) and input fluctuations with standard deviation σext (gray). Spike rate r of the LN cascade
based models (LNexp, LNdos) and the spectral models (spec1, spec2) in comparison to the Fokker-Planck (FP)
model and the aEIF network (rN ) with N = 50,000 neurons. Mean adaptation currents 〈w〉 of all models ± standard
deviation for the aEIF network (shaded area). B: Pearson correlation coefficient (ρ) and root mean square distance
(dRMS), cf. ch. 7, between the spike rate time series rN (t ) of the uncoupled aEIF population and r (t ) of each derived
model for external mean input µext(t) generated by an Ornstein-Uhlenbeck process with baseline µ̄, variation
strength ϑµ and time constant τ

µ
ou = 50 ms, that relate to eq. (2) via (2/τ

µ
ou)1/2ϑµ =σ, τ

µ
ou = τ and µext(t )− µ̄= x(t ).

The input-output correlation (between µext and rN ) is included as a reference (black dashed lines), and mean ±
standard deviation of the population spike rate rN are indicated (gray dashed lines, shaded areas). C: Representative
time series example corresponding to the parametrization of panel B (right) marked by the diamond symbol. D:
Performance measures and population spike rate statistics (cf. panel B) as a function of the adaptation time constant
τw . The spike-triggered adaptation increment b was co-varied (antiproportional to τw ) such that the product τw b is
fixed for all shown parametrizations. Note that the rightmost parametrization (τw = 200 ms) corresponds to panel B
(left) at the variation strength ϑµ that is indicated with a gray arrow. The leftmost value (τw = 20 ms) corresponds to
the membrane time constant that is used here, i.e., τw =C /gL in this case. E: Oscillatory population spike rate and
mean adaptation current of 50,000 excitatory coupled aEIF neurons and each of the derived models (for constant
external input moments) generated by the interplay of recurrent excitation/adaptation current.

27



Chapter 3. Results

surprisingly) overall outperforms spec2 and LNdos – especially in the sensitive regime of rapidly changing

sub- and suprathreshold mean drive and in general for strong and rapid input variations (cf. ch. 7).

The LNexp model does not exhibit exaggerated deflections in that regime as compared to the other two

models. This result is likely due to the importance of the quantitatively correct decay time of the filter for

the mean input in the LNexp model, while the violations of the slowness assumptions for the spec2 and

LNdos models seem more harmful in this regime. In the strongly mean-driven regime, however, the best

performing model is spec2 for variations both in the mean drive (as long as those variations are not too

strong and fast) and for variations of the input variance (see ch. 7). Naturally, the FP model is by far the

most accurate spike rate description. This is not surprising because the four low-dimensional models are

derived from that (infinite-dimensional) representation.

Notably, the performance of all models (except spec1) declines only slightly as the adaptation time con-

stant decreases to the value of the membrane time constant (which means the assumption of separated

time scales underlying the adiabatic approximation is violated), cf. fig. 7D.

We also demonstrate that the low-dimensional models well reproduce the dynamics of recurrently

coupled aEIF populations in terms of asynchronous states (see fig. 7A) and spike rate oscillations caused

by the interplay of (positive) synaptic excitation and (negative) adaptation current (cf. fig. 7E), where

mild deviations at critical (bifurcation) parameter values are expected due to the approximative nature of

the model reduction.

In this work we build upon other approaches that we have extended by neuronal adaptation (Schaffer

et al. 2013; Mattia 2016; Ostojic and Brunel 2011), nonlinear integrate-and-fire neurons (Mattia 2016),

and recurrent coupling (Ostojic and Brunel 2011) with delays (Schaffer et al. 2013). Furthermore, there

are several other ways to derive spike rate models in terms of ODEs from populations of spiking neurons.

Some methods take into account (slow) neuronal adaptation (Gigante et al. 2007b; Nesse et al. 2008; Nicola

et al. 2015; Zerlaut and Destexhe 2017; Buchin and Chizhov 2010) or disregard it (Montbrió et al. 2015). The

settings differ from the work presented here in that (i) the intrinsic neuronal dynamics are adiabatically

neglected (Nesse et al. 2008; Nicola et al. 2015; Zerlaut and Destexhe 2017; Gigante et al. 2007b), (ii)

only uncoupled populations (Buchin and Chizhov 2010) or all-to-all connected networks (Nesse et al.

2008; Nicola et al. 2015; Montbrió et al. 2015) are assumed in contrast to sparse connectivity, and (iii)

(fixed) heterogeneous instead of fluctuating input is considered (Montbrió et al. 2015). Notably, these

previous methods yield rather qualitative agreements with the underlying spiking neuron population

activity except for (Montbrió et al. 2015) where an excellent quantitative reproduction for (non-adaptive)

quadratic integrate-and-fire oscillators with quenched input randomness is reported.

28



4 Discussion

4.1 Conclusion

In this thesis we have bridged two spatial scales – from single spiking neurons and chemical synapses to

large neuronal populations – by taking a mean-field approach based on the Fokker-Planck equation that

effectively describes the evolving membrane voltage distribution in the limit of infinitely many noise-

driven adaptive model neurons. We have applied that framework to analyze the impact of microscopic

properties in terms of slow adaptation currents and synaptic efficacies on macroscopic quantities,

particularly the spike rate dynamics and the spiking variability.

We have developed a computationally tractable Fokker-Planck system for homogeneous populations of

recurrently coupled adaptive exponential integrate-and-fire neurons that receive fluctuating input. The

approach is based on neglecting the second and higher order moments of the adaptation current variable

that is replaced by its population average. The resulting model can be efficiently simulated forward

in time to obtain spike rate, mean adaptation current and membrane voltage distribution. We have

extended the Fokker-Planck model to also calculate the inter-spike interval distribution in the presence

of an adaptation current, through self-consistently solving an associated first passage time problem.

Furthermore, we have derived low-dimensional models that well approximate the spike rate dynamics of

coupled adaptive integrate-and-fire neurons using two different model reduction techniques: truncating

the spectral decomposition of the Fokker-Planck operator, and semi-analytically determining the input

filters of a linear-nonlinear cascade.

Using our developed tools we have studied the role of neuronal adaptation currents in shaping spike

rate oscillations in large recurrent networks of excitatory and inhibitory neurons. We found that spike-

triggered adaptation currents provide a mechanism to generate slow oscillations over a wide range of

adaptation time scales as long as recurrent synaptic excitation is sufficiently strong. A subthreshold

adaptation current on the other hand in general showed a desynchronizing effect on these oscillatory

network states. Faster rhythms based on an interplay of recurrent excitation and (slower) inhibition were

facilitated by both kinds of adaptation current. Furthermore, for oscillatory external input, adaptation

currents amplified a narrow band of frequencies. We have identified the different key roles of neuronal

adaptation current dynamics for rhythmogenesis and selective signal propagation in recurrent networks.

We have additionally examined how adaptation currents modulate the threshold and gain of neuronal

spiking as well as inter-spike interval variability. We have shown that a purely subthreshold voltage-

dependent adaptation current increases the threshold for spiking and leads to an increase of variability

for a broad range of input statistics. A spike-triggered adaptation current, on the other hand, causes a

divisive change of the I-O curve and reduces the sensitivity of spiking variability to the mean input. These

results were supported by analytical expressions obtained upon simplifying the integrate-and-fire model.

We have further demonstrated that the Ca2+-activated after-hyperpolarization K+ current is effectively

captured by a simple description based on spike-triggered increments, while the muscarine-sensitive K+

current has a dominant subthreshold component.

Overall, based on a mean-field approach we have shown how a recurrent network of adaptive nonlinear

integrate-and-fire neurons can be successfully reduced to a Fokker-Planck system, and further to a

low-dimensional model. Using the mean-field technique we have found that the type of the adaptation

current has a distinct role in regulating the dynamical network state as well as in determining gain,

threshold and variability of neuronal spiking.
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4.2 Outlook

For future studies it would be possible to examine (brain-intrinsic) controllability of oscillatory and

asynchronous network states through acetylcholine-based neuromodulation using the results regarding

the effects of the different adaptation current types on neuronal dynamics, cf. chs. 3.1, 3.2, 5, 6 (Augustin

et al. 2013; Ladenbauer et al. 2014) and applying one of the derived low-dimensional spike rate models

(Augustin et al. 2017) as a building block representing a neuronal population. For this computational

study two experimental findings could be exploited: First, the neuromodulator ACh has been shown

to differentially effect subthreshold and spike-dependent adaptation currents (cf. fig. 1B). Secondly,

synaptic (long range) connections have been identified from sensory cortices via prefrontal cortex to

populations of cholinergic neurons in the basal forebrain which project (back) to the sensory area,

implementing a modality-specific closed circuitry (Lee and Dan 2012; Golmayo et al. 2003; Fournier et al.

2004), see fig. 8A. These physiological evidences can be translated into a closed-loop control system,

where the network activity affects the local ACh concentration, which in turn changes the neuronal

adaptation current strength, thereby regulating the network dynamics (fig. 8B). Preliminary simulations

(cf. our book chapter (Ladenbauer et al. 2016)) of this dynamical system, using the derived LNexp model

(eqs. (58),(59),(62),(64)), show, that the hypothesized control mechanism can indeed be used to stabilize

and switch between a variety of asynchronous activity and different kinds of oscillatory states (see fig. 8C)

which is consistent with the results of ch. 5 (Augustin et al. 2013).

The derived low-dimensional models are formulated in terms of simple ordinary differential equations

and therefore could be applied to examine the bifurcation structure of recurrent aEIF networks in a

systematic manner using well-known techniques from nonlinear dynamics. For example, in a prelim-

inary investigation, the model LNexp has been combined with a refined (activity-dependent) synaptic

description for assessing the potential of ACh to change regions of (bi)stability between low and high

activity asynchronous states as well as limit cycle attractors representing oscillatory states generated by a

spike-triggered adaptation current, and by interacting excitatory and inhibitory synaptic feedback, cf. ch.

4.2 of (Ladenbauer 2015).

A further application field of the derived models are their use in large-scale brain network models as

efficient description for the activity of a local region. Of particular interest in this setting would be to

analyze the effects of non-invasive electrical current stimulation on large-scale network dynamics. For this

purpose, recent advances in simplifying morphological neuron models that include spatially extended

dendritic compartments (cf. (Aspart et al. 2016) and further work in progress by Josef Ladenbauer) could

likely be combined with one of the low-dimensional spike rate descriptions.

The mean-field models presented here can well reproduce the dynamics of population-averaged state

variables (that is, spike rate, mean membrane voltage, and mean adaptation current) for large populations

(N →∞ in the derivation). Fluctuations of those average variables due to the finite size N of neuronal

populations, however, are not captured. For example, sufficiently small population sizes are expected to

allow a network escaping attractor states, hence it would be interesting to estimate the residence and

transition time distributions of attractors, particularly in multistable systems, as N is decreased (see

also (Schwalger et al. 2017)). Additionally, the network size could serve as a mechanism for producing

coherence resonance (Pikovsky and Kurths 1997), i.e., when a specific population size N yields the

most pronounced peak in the power spectral density of the spike rate. Therefore, we would like to

extend the models we have derived so as to reproduce these (so-called) finite size effects, for example, by

incorporating an appropriate stochastic process (Mattia and Del Giudice 2002; Gigante et al. 2007a; Brunel

2000) into the Fokker-Planck model (eqs. (46)–(50)). Upon consideration of the Poisson assumption and

a Gaussian approximation of the spike rate fluctuations the probability density pN of a finite network is

effectively described by

∂pN

∂t
(V , t )+ ∂qpN

∂V
(V , t ) = 0 for V ∈ (−∞,Vs], t > 0. (65)

In this model of N coupled aEIF neurons the probability flux qpN (V , t ; IL, Iexp,µ(N )
syn − 〈w〉N /C ,σ(N )

syn)
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involves the synaptic mean µ(N )
syn(t ,rN ,d ,V ) and standard deviation σ(N )

syn(t ,rN ,d ,V ) with delayed spike rate

rN ,d = rN ∗pd that depends on the spike rate of the finite-sized population,

rN (t ) = qpN (Vs, t )+
√

qpN (Vs, t )

N
η(t ), (66)

where η is a standard Gaussian white noise process. Furthermore qpN depends on the population-

averaged adaptation current 〈w〉N that is governed by the stochastic differential equation

d〈w〉N

d t
= a

(〈V 〉pN −Ew
)−〈w〉N

τw
+b rN (t ), (67)

with mean membrane voltage 〈V 〉pN of non-refractory neurons, and it is subject to the (unmodified) ab-

sorbing and reflecting boundary conditions pN (Vs, t ) = 0 and limV →−∞ qpN (V , t ) = 0, as well as to a noisy

reinjection condition limV ↘Vr qpN (V , t )− limV ↗Vr qpN (V , t ) = rN (t −Tref). The latter causes in general a vi-

olation of the probability mass normalization due to the noisy extra flux (qpN (Vs, t −Tref)/N )1/2 η(t −Tref),

that is injected at Vr at time t in addition to the flux through the spike voltage qpN (Vs, t −Tref), in contrast

to the Fokker-Planck model for N →∞ which features intrinsic mass-normalization, see ch. 3.1. One way

to cure this odd behavior is to explicitly enforce probability mass normalization by scaling the membrane

voltage density pN in every time point t to satisfy
∫ Vs
−∞ pN (V , t )dV +∫ Tref

0 qpN (Vs, t − s)d s = 1 (which was

implicitly suggested in (Mattia and Del Giudice 2002)). We have performed preliminary simulations of the

coupled stochastic partial and ordinary differential equations (65)–(67) using the finite volume method of

ch. 7 (Augustin et al. 2017) with an extension implementing the noisy synaptic moments and reinjection

as well as the explicit flux normalization described above (Baumann et al. 2016; Baumann 2016). This

approach well reproduces the power spectral density for the original population of N aEIF neurons in a

diffusion-dominated regime up to a small error due to the mean adaptation current approximation (see

fig. 8D). For dominating mean input high-frequency components arising due to recurrent inhibition are

well matched but the power of low frequencies is overestimated (cf. fig. 8E) which is consistent with the

findings of (Mattia and Del Giudice 2002) on (lower bounded) perfect-integrate-and-fire neurons.

For the spectral expansion of the stochastic Fokker-Planck model a modification has been proposed

and shown to correct the low-frequency power reproduction inaccuracy described above in the mean-

dominated regime (Mattia and Del Giudice 2004), however its relation to the (underlying) stochastic PDE

model, eqs. (65)–(67), and specifically the problem of (proper) probability mass normalization, is still

unclear.

Moreover, based on the spectral decomposition methodology developed in (Mattia and Del Giudice 2002)

it would be of interest to derive a simple low-dimensional stochastic model for the spike rate dynamics

rN (t ) of finitely many coupled aEIF neurons. This model should not require solving a partial differential

equation and could potentially be obtained by using a similar approach as used to derive the model

spec2, see (Mattia 2016). The numerical solver for the eigenvalue problem of the Fokker-Planck operator

and its adjoint as introduced in ch. 7 (see also the contained supplementary methods) (Augustin et al.

2017) could be extended in a straightforward way to yield the required quantities.

Alternatively, a finite size extension for the cascade-based spike rate descriptions could be based on

concepts from (Schwalger et al. 2017; Dumont et al. 2017; Buice and Chow 2013). A low-dimensional

stochastic spike rate model would yield an efficient description for the nonlinear network dynamics of

neuronal populations with finite size and be also applicable to available analysis techniques such as the

stochastic sensitivity function (Bashkirtseva and Ryashko 2011; Guo and Jiang 2014).

Further methodological advancements are possible, particularly concerning the model spec2 that could

be extended by different means to yield improved reproduction accuracy (for the case N →∞). That

model, eqs. (58),(59),(61), is based on the dominant two eigenvalues of the Fokker-Planck operator L

(cf. chs. 3.3, 7 (Augustin et al. 2017)) and depends on coefficients β2,β1,β0,βc that are not everywhere

continuous due to the (input) parameter-dependent dominance of either regular eigenvalues (that can

take real values or come in complex conjugate couples, particularly for large mean input) or diffusive

ones (that are always real-valued and emerge due to the diffusion of the membrane voltage variable
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Figure 8 – Outlook: control by acetylcholine, finite-sized networks, spectrum of the Fokker-Planck operator. A:
Cartoon of the anatomical connectivity between a sensory area (here, for example, visual cortex, VC), the prefrontal
cortex (PFC) and the basal forebrain (BF) as described in the text. Brown lines indicate cholinergic (ACh), black
glutamatergic (Glu) excitatory neurons, respectively. Note that the inter-areal network is simplified, for example,
pathways related to top-down attentional modulation (cholinergic BF to PFC, glutamatergic PFC to VC) are neglected.
B: Two-population network of excitatory and inhibitory aEIF neurons embedded in a closed-loop control circuit that
involves a local acetylcholine concentration [ACh] =: z described by τz d z/d t =−z + cz rE (t −dz ) with time scale
τz , coupling parameter cz and time delay dz . “on” condition: Adaptation parameters (a and b) of the excitatory
population (with spike rate rE ) are adjusted according to the indicated sensitivity curves (cf. fig. 1B). “off” condition:
values of a and b remain constant. Adapted from (Ladenbauer et al. 2016). C: Examples of switching between
stable oscillatory and asynchronous network states via the control loop in B. Oscillation mechanisms are based on
recurrent excitation and spike-driven adaptation (top), recurrent inhibition (middle), and recurrent E-I interplay
(bottom). Adapted from (Ladenbauer et al. 2016). D: Population of N = 2000 uncoupled aEIF neurons (with
adaptation, a > 0,b > 0) receiving noise-dominated external input. Power spectral density (PSD) of the spike rate
rN and (normalized) histogram of the spike rate and the average adaptation current 〈w〉N in stationary conditions
obtained by simulation of the aEIF population (blue) and the corresponding stochastic Fokker-Planck model (FP,
orange). Adapted from (Baumann et al. 2016; Baumann 2016). E: Network of N = 2000 aEIF neurons (no adaptation,
a = b = 0) driven by external input with dominant drift in an asynchronous state. Recurrent input by K = 100
incoming inhibitory synapses with constant delay. Power spectral density (PSD) of the spike rate rN and (normalized)
histogram of the spike rate. Legend as in E. Adapted from (Baumann et al. 2016; Baumann 2016). F: Spectrum of the
Fokker-Planck operator L consisting of regular eigenvalues (blue) and diffusive ones (red) with real and imaginary
part (top and bottom, respectively) as a function of the mean input µ for a (high) noise intensity σ= 3.5 mV/

p
ms.

The first two dominant eigenvalues λ1, λ2 are indicated by gray symbols/arrows together with their discontinuities
in the real (λ2) and imaginary part (λ1 and λ2), respectively. The stationary eigenvalue λ0 = 0 is shown in gray (see
methods sect. of ch. 7).
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to values below the reset Vr, specifically for dominating fluctuations), cf. fig. 8F (and for more details

see ch. 7). The model could be improved by interpolating the coefficients around the above-mentioned

discontinuities (and furthermore around the double eigenvalues at the spectrum’s real-to-complex

transition for dominant regular modes). This interpolation would effectively smooth the coefficients –

e.g., preventing the jumps and kinks visible in fig. 7C of ch. 7 – and is expected to increase the spike rate

reproduction accuracy (particularly for weak mean input) beyond what was reported in chs. 3.3, 7.

Alternatively, the spec2 model could also be extended to yield a third (instead of second) order ordinary

differential equation (spec3) featuring intrinsically smooth coefficients by considering an additional

eigenvalue, and more specifically by taking the dominant diffusive mode and the two dominant regular

eigenvalues. These quantities are readily available when using the eigenvalue solver we have developed

in ch. 7. It would also be beneficial to quantify the error of the slowness approximation that underlies

the spec2 model by integration of the (truncated) spectral representation of the Fokker-Planck model on

which the models spec1 and spec2 are based on.

Furthermore, the spec2 model specifically, and the spectral decomposition approach for integrate-and-

fire neurons in general, could be extended to account for a refractory period e.g., by building upon

previous attempts (Brunel 2000; Mattia and Del Giudice 2002; Apfaltrer et al. 2006).

Note that several further methodological extension possibilities are outlined in the discussion sect. of

ch. 7 (Augustin et al. 2017).
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Neural mass signals from in-vivo recordings often show oscillations with frequencies
ranging from <1 to 100Hz. Fast rhythmic activity in the beta and gamma range can be
generated by network-based mechanisms such as recurrent synaptic excitation-inhibition
loops. Slower oscillations might instead depend on neuronal adaptation currents whose
timescales range from tens of milliseconds to seconds. Here we investigate how
the dynamics of such adaptation currents contribute to spike rate oscillations and
resonance properties in recurrent networks of excitatory and inhibitory neurons. Based
on a network of sparsely coupled spiking model neurons with two types of adaptation
current and conductance-based synapses with heterogeneous strengths and delays we
use a mean-field approach to analyze oscillatory network activity. For constant external
input, we find that spike-triggered adaptation currents provide a mechanism to generate
slow oscillations over a wide range of adaptation timescales as long as recurrent
synaptic excitation is sufficiently strong. Faster rhythms occur when recurrent inhibition is
slower than excitation and oscillation frequency increases with the strength of inhibition.
Adaptation facilitates such network-based oscillations for fast synaptic inhibition and leads
to decreased frequencies. For oscillatory external input, adaptation currents amplify a
narrow band of frequencies and cause phase advances for low frequencies in addition
to phase delays at higher frequencies. Our results therefore identify the different key roles
of neuronal adaptation dynamics for rhythmogenesis and selective signal propagation in
recurrent networks.

Keywords: spike frequency adaptation, adaptation, oscillations, rate models, network dynamics, Fokker–Planck,
mean-field, recurrent network

INTRODUCTION
A prominent characteristic of cortical activity is its rhythmicity
as shown by electroencephalography or the local field potential.
Dominant oscillation frequencies in these signals range from <1
to 100Hz and reflect synchronous activity of populations of neu-
rons. Such oscillations are linked to behavioral states (Wang,
2010) and involved in a variety of cognitive functions (Engel et al.,
2001; Fries, 2001; Melloni et al., 2007; Ghazanfar et al., 2008;
Wang, 2010) as well as pathological conditions (Hammond et al.,
2007; Zijlmans et al., 2009; Uhlhaas and Singer, 2010). It is there-
fore important to understand the mechanisms of oscillations in
neuronal networks, how they are initiated and terminated, and
how their frequency is determined.

Fast rhythmic activity in the beta and gamma band (>20Hz)
can be generated by network-based mechanisms, such as synap-
tic excitation-inhibition loops or by feedback inhibition alone
(Isaacson and Scanziani, 2011). In these scenarios the oscilla-
tion frequency is largely determined by the inhibitory decay
time constant (Brunel and Wang, 2003; Tiesinga and Sejnowski,
2009). Low-frequency oscillations, on the other hand, could
depend on slow transmembrane outward currents (Compte et al.,
2003; Gigante et al., 2007b; Destexhe, 2009), which are medi-
ated by low-threshold voltage-dependent muscarinic (M) and
high-threshold calcium-gated afterhyperpolarization (AHP) K+

channels, respectively (Brown and Adams, 1980; Connors et al.,
1982; Stocker, 2004). These currents cause spike frequency adap-
tation and are typically more pronounced in cortical regular
spiking pyramidal (excitatory) neurons compared to fast spiking
(inhibitory) interneurons (La Camera et al., 2006). Both, the M
and AHP type K+ currents, are susceptible to cholinergic mod-
ulation (McCormick, 1992). Their kinetic time constants range
from milliseconds to seconds (Abel et al., 2004; Manuel et al.,
2005) and can be pharmacologically manipulated (Pedarzani
et al., 2001).

Here we study the interplay of the dynamics of such adapta-
tion currents with synaptic excitation and inhibition in recurrent
networks of excitatory and inhibitory neurons. Specifically, we
ask (1) how adaptation can generate slow oscillations, (2) how it
modulates faster rhythms based on synaptic interaction, and (3)
how adaptation affects resonance properties of the network.

In-vivo recordings from behaving animals have revealed that
even when the population activity oscillates, the spike trains of
the constituent neurons are rather irregular and display Poisson-
like characteristics (Fries, 2001; Wang, 2010). This stochasticity
in neuronal responses allows us to derive a mean-field model
from a recurrent network of adaptive spiking model neurons
coupled through conductance-based synapses with heteroge-
neous strengths and delays. Our approach is based on the
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Fokker–Planck (FP) formalism (Brunel, 2000; Deco et al., 2008)
and efficiently describes the activity of large networks where the
features of the spiking neurons (i.e., the model parameters) are
retained. Using this method we analyze network responses to
constant as well as rhythmic external input. In particular we
describe asynchronous irregular states with constant steady-state
activity as well as oscillatory states and their properties. We val-
idate our mean-field results qualitatively by large-scale network
simulations.

METHODS
We first describe our network model containing two popula-
tions (excitatory and inhibitory) of adaptive spiking neurons
with delayed conductance-based synaptic coupling. Based on that
model we then derive mean-field model equations and solve them
numerically to obtain distributions of the membrane potentials
and instantaneous spike rates.

NETWORK MODEL
We consider a network of N = NE + NI adaptive exponen-
tial integrate-and-fire neurons (aEIF) proposed by Brette and
Gerstner (2005), where NE and NI are the numbers of excita-
tory and inhibitory neurons, respectively. The dynamics of the
i-th neuron of population α ∈ {E, I} is described by

C
dVα

i

dt
= Iion(V

α
i ) − wα

i + Iαsyn,i(V
α
i , t) (1)

τw
dwα

i

dt
= a(Vα

i − EL) − wα
i (2)

with reset condition

if Vα
i > Vcut then

{
Vα
i := Vr

wα
i := wα

i + b.
(3)

The first Equation (1) is for the membrane potential Vα
i , where

the capacitive current through the membrane with capacitance C
equals the sum of ionic currents Iion, the adaptation current wα

i
and the synaptic current Iαsyn,i. The ionic currents are given by

Iion(V) := gL(EL − V) + gL�Te
V−VT

�T , (4)

where the first term on the right-hand side describes an Ohmic
leak current with conductance gL and reversal potential EL. The
exponential term with threshold slope factor �T and threshold
potential VT approximates the Na+-current which is responsi-
ble for the generation of spikes, assuming that the activation of
Na+-channels is instantaneous and neglecting their inactivation
(Fourcaud-Trocme et al., 2003). Equation (2) governs the dynam-
ics of the adaptation current wα

i , where τw denotes the adaptation
time constant and a quantifies a conductance that mediates sub-
threshold adaptation. A spike is said to occur at the time when
Vα
i diverges to infinity, but in practice a finite “cutoff” value

Vcut is chosen. When Vα
i crosses Vcut from below, Vα

i is set to
the reset potential Vr and wα

i is incremented by b, cf. condi-
tion (3). In this way spike-triggered adaptation is included in the

model. Immediately after the reset, Vα
i and wα

i are clamped for a
refractory period Tref.

The aEIFmodel has been shown to reproduce a broad range of
subthreshold dynamics (Touboul and Brette, 2008) and spike pat-
terns of cortical neurons (Naud et al., 2008) and can well predict
their spike times (Jolivet et al., 2008) and post-stimulus time his-
tograms (Pospischil et al., 2011). Importantly, the subthreshold
and spike-triggered adaptation components of this model have
been shown to capture the effects of the M and AHP currents
in a detailed biophysical neuron model, respectively (Ladenbauer
et al., 2012).

Neuron i of population α receives total synaptic current

Iαsyn,i(V
α
i , t) :=

∑
j

Iα,ext
ij +

∑
j

Iα,E
ij +

∑
j

Iα,I
ij , (5)

which is the superposition of synaptic inputs Iα,ext
ij from Kext

external excitatory neurons, Iα,E
ij from KE excitatory neurons of

the network and Iα,E
ij from KI inhibitory neurons of the network.

j is the index of the respective presynaptic neuron. The synaptic
current Iα,γ

ij caused by neuron j of population γ ∈ {ext,E, I} is
modeled using delta functions,

Iα,ext
ij (Vα

i , t) := CJα,ext
ij

∑
k

δ(t − tkj )
(
EE − Vα

i

)
(6)

Iα,β

ij (Vα
i , t) := CJα,β

ij

∑
k

δ(t − tkj − dα,β

ij )
(
Eβ − Vα

i

)
, (7)

where β ∈ {E, I} denotes the presynaptic population. Jα,γ

ij are
dimensionless synaptic efficacies drawn from a Gaussian distri-
bution with mean Jα,γ and standard deviation �Jα,γ. Here we
consider that Jα,γ ≡ Jγ and �Jα,γ ≡ �Jγ depend only on the
presynaptic population γ. tkj is the k-th spike time of neuron j
from the respective population. EE and EI denote the excitatory

and inhibitory reversal potentials, respectively. dα,β

ij is the synaptic
delay, sampled using a bi-exponential probability density

pα,β

d (d) := 1

τd − τr

(
e
− d− d0

τd − e
− d− d0

τr

)
(8)

for positive delays d, where d0 is the minimal delay and τr , τd are
the rise and decay time constants, for each pair of populations.
In the model we use two different delay distributions pEd and pId
which do not depend on the postsynaptic population as for the
synaptic weights. For a schematic diagram of the network, see
Figure 1.

We assume the neurons from the external population gener-
ate spike times according to Poisson processes with rates rαext(t).
The spike rate of each population α ∈ {E, I} at time t is given by
the average number of spikes of neurons from the corresponding
population in the interval [t, t + �t],

r�t
α (t) := 1

Nα�t

Nα∑
j= 1

∫ t + �t

t

∑
k

δ(s − tkj )ds. (9)
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FIGURE 1 | Network architecture. Each of NE excitatory and NI inhibitory
neurons receives excitatory input from Kext external neurons with mean
synaptic strength Jext as well as synaptic input from KE (KI ) excitatory
(inhibitory) neurons of the network with mean strength JE (JI ) and delays
distributed according to pEd (pId ).

In the mean-field limit N → ∞, �t → 0 we obtain a continuous
population spike rate rα(t) (see below).

We selected the following parameters for the neuron model:
C = 200 pF, gL = 10 nS, EL = −70mV, �T = 1mV, VT =
−50mV, Vr = −70mV, Vcut = −40mV, and Tref = 1.4ms
(Badel et al., 2008; Destexhe, 2009). For excitatory neurons the
adaptation parameters were varied within reasonable ranges:
τw ∈ [5, 1000]ms, a ∈ [0, 10]nS, b ∈ [0, 50] pA. For inhibitory
neurons adaptation was neglected (a = b = 0) since it was found
to be weak in fast spiking interneurons compared to pyramidal
cells (La Camera et al., 2006).

The network parameter values were NE =40,000, NI =
10,000, Kext = 1600, KE = 1600, KI = 400, EE = 0mV, EI =
−80mV, Jext = 0.003, JE = 0.003, and �Jγ = 0.1Jγ with γ ∈
{ext,E, I} (Brunel and Wang, 2003). To adjust the balance of
recurrent synaptic excitation and inhibition we introduce the
parameter

g := JI |EL − EI |
JE |EL − EE | , (10)

which is the ratio of total charges induced at rest (Kumar et al.,
2008). g determines JI and thus �JI for fixed JE and was var-
ied in [0.8, 4] which yields a physiological range of inhibitory
postsynaptic potential amplitudes (Tamas et al., 1997). Note
that the value of g that corresponds to balanced mean recur-
rent excitatory and inhibitory synaptic currents depends on the
mean membrane potential for each population. The effect of
a spike of presynaptic neuron j on neuron i is mediated by
a delayed instantaneous increment or decrement of the post-
synaptic membrane potential, cf. Equations (1), (5), and (7).

This implies that dα,β

ij reflects the conduction delay as well as
delays in the synaptic kinetics. We therefore chose the parame-
ter values of pEd and pId such that conduction delays as well as
typical time courses of excitatory AMPA and inhibitory GABAA

synaptic receptors are taken into account. The values we selected
were d0 = 1ms, τE

r ∈ [1.25, 1.5]ms, τE
d ∈ [1.5, 2]ms, τI

r ∈
[0.55, 1.25]ms, and τI

d ∈ [1.5, 5]ms. The input rate of the exci-
tatory population rEext was varied in [1, 12.5]Hz. rIext was chosen

such that rE = rI in case of uncoupled populations of neurons,
i.e., JE = JI = 0.

MEAN-FIELD MODEL
We reduce the two-population network of aEIF neurons to the
mean-field model in three steps. First, we replace the synap-
tic current fluctuations by a Gaussian white noise process via
the diffusion approximation. Next, we take a mean-field limit
to formulate the stochastic network model in terms of two cou-
pled deterministic scalar partial differential equations (PDE).
Finally, to allow for efficient numerical computation we reduce
the number of variables in these equations using an adiabatic
approximation.

Diffusion approximation
We approximate the total synaptic current Iαsyn,i of Equation (5)

by its mean plus a fluctuating Gaussian part, which is jus-
tified by the following physiologically plausible assumptions:
(1) The number of synaptic inputs to a neuron is large, i.e.,
Kext,KE ,KI � 1 (Destexhe et al., 2003) and (2) the postsynaptic
potential amplitudes elicited by individual presynaptic spikes are
small, i.e., Jext|EE − V |, JE |EE − V |, JI |EI − V | � Vcut − Vr

(Williams and Stuart, 2002). We further assume that (3) the
network connectivity is random and sparse, i.e., KE ,KI � N,
and that (4) presynaptic spike times are represented by Poisson
processes which are homogeneous in each small time interval.
The total synaptic current can then be written as (Brunel, 2000;
Nykamp and Tranchina, 2000; Renart et al., 2004; Richardson,
2004; Gigante et al., 2007b)

Iαsyn,i ≈ μα,i(V
α
i , t) + σα,i(V

α
i , t)ηi(t), (11)

where μα,i and σα,i are the infinitesimal mean and standard
deviation of Iαsyn,i, respectively, and ηi is a Gaussian white

noise process with δ-autocorrelation. The infinitesimal mean is
given by

μα,i := lim
�t→0

〈∫ t + �t
t Iαsyn,i(s)ds

〉
�t

(12)

= μext
α,i + μE

α,i + μI
α,i

with

μext
α,i = C(EE − Vα

i )JextKextr
α
ext(t) (13)

μ
β

α,i = C(Eβ − Vα
i )JβKβ(rβ ∗ pβ)(t), (14)

where 〈·〉 denotes the expectation operator. The infinitesimal
variance is

σ2α,i := lim
�t→0

〈(∫ t + �t
t Iαsyn,i(s)ds

)2〉 + O(�t2)

�t
(15)

= (σextα,i)
2 + (σEα,i)

2 + (σIα,i)
2
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with

σextα,i = C(EE − Vα
i )

√(
J2ext + �J2ext

)
Kextrext(t) (16)

σ
β

α,i = C(Eβ − Vα
i )

√(
J2β + �J2β

)
Kβ(rβ ∗ pβ)(t), (17)

where β ∈ {E,I} and ∗ denotes convolution. In Equations (13),
(14), (16), and (17) we have used that the presynap-
tic Poisson processes, the synaptic weights and delays are
independent.

Mean-field limit
We analyze networks of sparsely coupled neurons, i.e., the prob-
ability for a connection between any pair of neurons is low,
cf. assumption (3) above. For large N correlations between the
fluctuations of synaptic currents of different neurons become
negligible, i.e., 〈ηi(t)ηj(t)〉 = 0 for i �= j. In the mean-field limit
N → ∞ the network model Equations (1)–(4), Equations (11)–
(17) can be described by two FP equations—one for each popu-
lation α—which are delay-coupled by the population spike rates
rE and rI ,

∂pα

∂t
+ ∂SVα

∂V
+ ∂Swα

∂w
= 0 (18)

with

SVα :=
(
Iion(V) − w + μα

C
− σα

2C2

∂σα

∂V

)
pα (19)

− σ2α

2C2

∂pα

∂V

Swα := a(V − EL) − w

τw
pα. (20)

pα(V,w, t) is the probability density to find a neuron of popula-
tion α in the state (V,w) at time t. SVα (V,w, t) and Swα (V,w, t) are
the probability fluxes in positive V and w direction, respectively.
Note that we used the Stratonovich interpretation of the under-
lying stochastic equations (Risken, 1996; Richardson, 2004). To
account for the reset condition (3) the flux through the cutoff
voltage Vcut at w is re-injected after the refractory period Tref at
Vr,w + b, i.e.,

lim
V↓Vr

SVα (V,w + b, t) − lim
V↑Vr

SVα (V,w + b, t) (21)

= SVα (Vcut,w, t − Tref) ∀w ∈ R.

This implies that in general pα is not differentiable at the
line V = Vr . The boundary conditions are reflecting for
w → ±∞,V → −∞ and absorbing for V = Vcut,

lim
w→±∞ Swα (V,w) = 0 ∀V ∈ (−∞,Vcut] (22)

lim
V→−∞ SVα (V,w) = 0 ∀w ∈ R (23)

pα(Vcut,w) = 0 ∀w ∈ R (24)

The spike rate of population α is given by the integral of the cutoff
fluxes,

rα(t) =
∫
R
SVα (Vcut,w, t)dw. (25)

At any timepoint t the histogram of the membrane potentials of
neurons in population α can be seen as a sample drawn from
the probability density pα(V, t) which is governed by the FP
equation.

Adiabatic approximation
Solving the 2 + 1 dimensional PDE (Equations 18–20) with cor-
responding reset and boundary conditions (21)–(24) numerically
is possible but computationally demanding. We therefore reduce
the dimensionality of the FP system Equations (18)–(20) assum-
ing the timescales of membrane voltage and adaptation current
dynamics are separable. This is justified by the observation that
the dynamics of neuronal adaptation is significantly slower than
the other in the model system such as membrane time con-
stant and average inter-spike interval (Womble and Moises, 1992;
Stocker, 2004). Under this assumption, the adaptation current
of each neuron can be seen as an efficient integrator that filters
the fluctuations in the neuronal activity. We approximate wα

i (t)
in Equation (2) by its population average wα(t), which evolves
according to

τw
dwα

dt
= a(〈V〉pα(V,t) − EL) − wα + τw b rα(t), (26)

where 〈·〉p denotes the average over the density p (Brunel et al.,
2003; Gigante et al., 2007b). The probability density pα(V, t) then
satisfies the 1 + 1 dimensional FP equation

∂pα

∂t
+ ∂SVα

∂V
= 0, (27)

where again SVα is the probability flux defined in Equation (19)
and w := wα(t) appears as a system parameter. The reset condi-
tion is

lim
V↓Vr

SVα (V, t) − lim
V↑Vr

SVα (V, t) (28)

= SVα (Vcut, t − Tref).

and the boundary conditions (23)–(24) become

lim
V→−∞ SVα (V) = 0, (29)

pα(Vcut) = 0. (30)

The population spike rates are given by the corresponding fluxes
through the cutoff voltage,

rα(t) = SVα (Vcut, t). (31)

Note that the adiabatic approximation described above could be
applied repeatedly for additional slow variables.
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NUMERICAL SOLUTION
We solved the reduced FP Equation (27) subject to con-
ditions (28)–(30) and mean adaptation current dynamics
(Equation 26) forward in time until either steady states r∞E , r∞I
with r∞α := limt→∞ rα(t) or stable oscillatory states were reached.
The probability densities pE , pI were initialized using normal-
ized Gaussians with mean 0.5 · (Vr + VT) and standard devi-
ation 0.2 · (VT − Vr). We applied a first-order finite volume
method on a finite and non-uniform grid V0 < V1 < · · · < VNV

using upwind-fluxes to stabilize the numerical solution (LeVeque,
2002). Time was discretized using the implicit Euler method
on an equidistant grid, i.e., tn+ 1 − tn ≡ �t. The resulting lin-
ear equation systems were solved with a preconditioned Krylov
subspace method in each time step. Specifically, BiCGSTAB
(van der Vorst, 1992) was used in combination with an incom-
plete LU decomposition preconditioner (Saad, 2003) that strongly
improved the convergence speed.

wE was initialized with values wE (0) ∈ [0, 500] pA (and
wI ≡ 0). The other parameters were �t = 50μs, minm �Vm =
1μV with �Vm := Vm+1 − Vm, V0 := −100μV, VNV = Vcut

and NV = 256.
We complemented the mean-field results with numerical sim-

ulations of the network model Equations (1)–(4) using a Runge–
Kutta second order method implemented in Brian 1.4 (Goodman
and Brette, 2009) with a time step of 50μs.

In case of stable periodic population spike rates the oscilla-
tion frequency was determined by the dominant frequency of the
Fourier spectrum of rE over the last 2 s of runtime.

RESULTS
ADAPTATION MEDIATES OSCILLATIONS
To examine how the interplay of adaptation and recurrent synap-
tic input shapes network dynamics we vary the type, strength and

timescale (parameters a, b, and τw) of adaptation for excitatory
neurons as well as the strength of synaptic inhibition (parame-
ter g) across networks. Adaptation currents are disregarded for
inhibitory neurons, which is supported by experimental obser-
vations, see the section Methods. We consider constant rates
rEext, r

I
ext for the external Poisson-inputs and identical delay dis-

tributions pEd ≡ pId . First, we examine steady-state spike rates,
oscillation amplitudes and frequencies for networks with differ-
ent values of spike-triggered adaptation b and inhibition strength
g, see Figure 2A. All networks without adaptation (a = b = 0)
settle into asynchronous states with constant population rates
that decrease with increasing g. For networks with increased b
slow oscillatory states become stable if recurrent excitation is suf-
ficiently strong. The larger b is, the less recurrent excitation is
necessary for sustained oscillations. Amplitude and period of the
oscillatory rate decrease with an increase of b and g, respectively.
Thus, in networks where recurrent synaptic excitation dominates
inhibition at least slightly, spike-triggered adaptation b generates
spike rate oscillations. The dynamics of an example network is
shown in Figure 2B. The evolution of the population spike rates
rE , rI , membrane potential probability densities pE , pI and adap-
tation current wE display periodic bursts of population activity.
As a validation of the findings above using the mean-field model
the activity of simulated large networks of spiking neurons is
shown in Figure 2C. The raster plots reveal population bursts
when b is increased and g is small. An asynchronous state with
low population activity occurs if g is increased. If in addition
adaptation is removed (a = b = 0) the network settles into an
asynchronous state with increased spike rates.

The mechanism that generates these oscillations is a loop of
recurrent excitation, build up and decay of adaptation current as
indicated in Figure 2B. A low level of population activity is ini-
tiated by the external input rEext and recurrent synaptic excitation

FIGURE 2 | Population bursts caused by spike-triggered adaptation.

(A) Top: Spike rate rE of the excitatory population as a function of the
strength of inhibition g for networks without spike-triggered adaptation
(b = 0, black) and with increased levels of b (0.025nA, brown and 0.05 nA,
red). In case of stable oscillatory states the maxima and minima of the
periodic rE are shown by dashed lines. Solid lines represent asynchronous
states. Arrows indicate balance of recurrent excitation and inhibition for
both populations. Bottom: Corresponding oscillation frequencies f.
τw = 200ms, a = 0, and rEext = 6.25Hz. The parameter values for both delay
distributions pEd , p

I
d were τr = 1.5ms and τd = 2ms. For other model

parameters see the section Methods. (B), Top: Time-dependent spike rates
rE (t) (green) and rI(t) (orange, dashed) for the parameter values
b = 0.05nA and g = 1, as indicated in (A) by red dots. Center:
Corresponding membrane potential density pE (V, t). Bottom: Corresponding
mean adaptation current wE (t). (C): Raster plots of simulated networks of
N = 50,000 aEIF neurons for b = 0.05nA, g = 0.85 (top), b = 0.05 nA,
g = 1.05 (center) and b = 0, g = 1 (bottom). The spike times of 200
excitatory neurons and 50 inhibitory neurons, all randomly selected, are
shown by green and orange dots, respectively. τw = 200ms, a = 0, and
rEext = 3.75Hz. Other parameter values as in (A).
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boosts the activity, thereby increasing the adaptation current wE
through b in a spike rate dependent way. The adaptation current
in turn acts as a negative feedback which eventually outweighs
the recurrent excitation. The population activity drops rapidly
and the adaptation current decays slowly. Upon recovery from the
adaptation current the cycle starts again.

Next, we investigate how these oscillations are affected by
the external input rEext, the subthreshold adaptation conduc-
tance a and the adaptation timescale τw, see Figure 3. The
existence of adaptation-induced oscillations is quite sensitive to
the level of rEext (Figure 3A). Periodic activity is stable for small
values of rEext (above threshold). While oscillation frequencies
increase monotonically with increasing rEext, oscillation ampli-
tudes increase initially for a small interval of rEext values and
decrease over the following interval. For larger values of rEext
oscillatory activity is destabilized and asynchronous states occur.
Interestingly, an increase in a does not lead to oscillations. On
the contrary, periodic population bursts are destabilized by a.
The dependence of oscillation amplitude and frequency on τw
is shown in Figure 3B. Stable oscillations exist for a large range
of values of τw, where the frequencies decrease with increasing
τw. Oscillations are unstable for small adaptation timescales in
the range of the membrane time constant and for very large
values of τw.

ADAPTATION MODULATES FREQUENCIES OF NETWORK-BASED
OSCILLATIONS
Here we study the influence of adaptation on oscillations gen-
erated by recurrent synaptic excitation-inhibition (E-I) loops.
The pace of such oscillations is believed to be largely deter-
mined by the decay of inhibition. To describe their dependence
on the timescale of inhibition for various recurrent network
regimes (from excitation dominated to inhibition dominated) we
first consider networks of neurons without an adaptation cur-
rent (a = b = 0), see Figures 4A,B. By varying the decay τI

d of
inhibition and its strength (by parameter g) across networks we
find that stable oscillatory states occur if inhibition is sufficiently
slow in comparison to excitation. The oscillation frequencies
increase with increasing external input spike rate rEext, increas-
ing g and decreasing τI

d , respectively. A low value of rEext leads
to frequencies in the low beta band (Figure 4A), for a higher
value of rEext the frequencies span the beta and low gamma bands
(Figure 4B). Note that the network parameters can be adjusted to
obtain higher oscillation frequencies. The generating mechanism
underlying the oscillations is a loop of recurrent synaptic exci-
tation and inhibition, initiated by the excitatory external input.
We verified this by removing the recurrent excitatory input to the
inhibitory population, which lead to a destabilization of the oscil-
lations. For larger values of g as the ones used in Figure 4, the

FIGURE 3 | Effects of subthreshold adaptation, external input, and

adaptation timescale on population bursts. (A), Top: Spike rate rE
depending on the external input rEext for networks without subthreshold
adaptation (a = 0, red) and with increased levels of a (5 nS, violet and
10nS, dark blue). Maxima and minima of oscillating rE are shown by

dashed lines. Bottom: Corresponding frequencies f. b = 0.05nA,
τw = 200ms, g = 1, and other parameter values as in Figure 2A. (B):
Maxima and minima of rE (top) and oscillation frequency as a function of
the adaptation time constant τw . a = 0, rEext = 6.25Hz, and other
parameter values as in (A).
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FIGURE 4 | Influence of synaptic inhibition and adaptation on

network-based oscillations. (A–D): Existence of oscillatory states (OSC)
and corresponding frequencies f as a function of the strength g and
timescale τI

d of synaptic inhibition for networks with adaptation parameters
and external input strengths as specified. Asynchronous states (ASYN) are

indicated by white regions in the parameter space. Arrows mark balance of
recurrent excitation and inhibition. On the left pEd (green) and pId (orange) are
shown for τI

d = 1.5ms, τI
d = 5ms. τI

r was chosen such that the peaks of pEd
and pId occur at the same delay value. τw = 200ms, τE

r = 1.25ms, and
τE
d = 1.5ms. For other parameter values see the Methods section.

E-I-loop mechanism is replaced by an I-I-loop that does not
depend on recurrent excitation (not shown). Since adaptation is
only exhibited by excitatory neurons, we disregard the parameter
space where I-I-loop-based rhythmic activity occurs and focus
on E-I-loop-based oscillations instead.

An increase of spike-triggered adaptation or subthreshold cur-
rent stabilizes oscillatory states also for faster recurrent inhibition,
see Figures 4C,D. This change in single neuron dynamics causes
oscillations in large parts of explored (g, τI

d )-space. In particular,
for spike-triggered adaptation asynchronous states only occur in a
small region of the parameter space. Interestingly, the oscillation
frequencies are significantly reduced by either type of adaptation.

Next, we investigate how the timescale of adaptation τw affects
oscillations mediated by an E-I-loop. In Figure 5A we show
the dependence of amplitude and frequency of such oscillations
on τw for networks with both adaptation components increased
(a = 5 nS, b = 0.05nA) and either dominant recurrent excitation
(g = 1.05) or inhibition (g = 1.5). In both cases, stable oscilla-
tory states exist for a large range of time constants. As τw increases
the oscillation frequencies decrease while the amplitudes first
increase abruptly and then decrease. The networks settle into
asynchronous states for small τw (in the order of the membrane
time constant) or large τw (several hundreds of milliseconds).
Note that these effects of τw are similar if either a or b is increased
individually (not shown). We validated these effects by simula-
tions of aEIF neuron networks, see Figure 5B. The raster plots
show that an increase in τw leads to a decrease in oscillation
frequency and amplitude.

ADAPTATION PROMOTES PERIODIC SIGNAL PROPAGATION
To analyze how the resonance properties of recurrent networks
in asynchronous states are influenced by adaptation currents, we
here consider external Poisson-inputs with oscillatory rates with
frequency f . Gain of input spike rate and phase difference between
network and input spike rates as a function of input frequency
for networks without (a = b = 0) and with adaptation (a = 5 nS,

b = 0.05 nA) considering two adaptation time constants are pre-
sented in Figures 6A,B. Excitation dominated networks without
adaptation do not exhibit resonance at any frequency and show
only phase delays. The presence of an adaptation current leads to a
significant amplification of oscillations in the input which is par-
ticularly strong at lower frequencies (of the beta band). This effect
is pronounced for an increased adaptation timescale. In addition,
adaptation causes a phase advance for low oscillation frequencies.

In networks where recurrent inhibition dominates excitation
on the other hand even in the absence of adaptation currents res-
onance is shown for a high frequency band and phase advances
for lower frequencies. Adaptation greatly enhances resonance and
shifts the preferred frequency band to the high gamma range.
The resonance effect is even stronger if the adaptation current
is slower, i.e., τw increased. Although these effects of adaptation
on resonance properties of recurrent networks are similar when
either the subthreshold (a) or spike-triggered adaptation compo-
nent (b) is increased individually, the dominant contribution to
the frequency amplifications comes from b (not shown). We addi-
tionally examined the response of single neurons to oscillatory
noisy inputs using our mean-field model and found that adap-
tation mediates resonance even in the absence of recurrent input
(not shown). These results emphasize the importance of adap-
tation for the amplification and thus propagation of oscillatory
signals in neuronal networks.

DISCUSSION
In this work we have investigated the role of neuronal adaptation
currents in shaping spike rate oscillations in large recurrent net-
works of excitatory and inhibitory neurons. Based on a network
of aEIF model neurons sparsely coupled through conductance-
based synapses with heterogeneous delays and strengths driven by
noisy external input, we used a mean-field method taking advan-
tage of the FP equation. We simplified the problem by applying
an adiabatic approximation and solved the resulting equations
numerically. Using this method we obtain membrane potential

Frontiers in Computational Neuroscience www.frontiersin.org February 2013 | Volume 7 | Article 9 | 7

Chapter 5. Journal article: How adaptation shapes spike rate oscillations in recurrent neuronal networks

44

http://www.frontiersin.org/Computational_Neuroscience
http://www.frontiersin.org
http://www.frontiersin.org/Computational_Neuroscience/archive


Augustin et al. How adaptation shapes oscillations

FIGURE 5 | Effects of adaptation timescale on network-based

oscillations. (A) Top: Spike rate rE as a function of the adaptation
time constant τw for networks with dominant recurrent excitation
(g = 1.05, violet) and inhibition (g = 1.5, blue). Dashed lines indicate
maxima and minima of oscillating rE , solid lines represent constant
rE . Bottom: Corresponding oscillation frequencies f. a = 5nS and

b = 0.05nA. rEext = 7.5Hz, τE
r = 1.25ms, τE

d = 1.55ms, τI
r = 0.98ms,

and τI
d = 2ms. Other parameters as in Figure 4. (B): Raster plots of

simulated networks of size N = 50,000 with g = 1.5 and τw = 100ms
(top) as well as τw = 400ms (bottom), showing the spike times of
200 excitatory and 50 inhibitory aEIF neurons. Other parameter values
as in (A).

distributions and population averages of spike rates and adapta-
tion currents. At the same time, the dynamical properties of single
neurons, i.e., the neuron model parameters, are retained in the
derived mean-field network model.

Alternative mean-field methods have been developed for
conductance-based model neurons (Robinson et al., 2008) and
recurrent networks thereof in asynchronous states (Shriki et al.,
2003), where spike rates are obtained without having to solve a
PDE. Our approach based on the FP equation on the other hand
treats noise in the synaptic inputs in more detail and allows for
the calculation of membrane potential distributions in addition
to spike rates.

We chose the aEIF model because it provides a rich yet low-
dimensional description of neuronal dynamics and includes a
proper phenomenological description of the M and AHP adapta-
tion currents. The effects of subthreshold (a) and spike-triggered
adaptation (b) on response properties of aEIF neurons (measured
by spike rate-input current relationships and phase response
curves) match those of M and AHP adaptation currents in a
Hodgkin–Huxley type neuron model, respectively (Ladenbauer
et al., 2012). Furthermore, fitting the aEIF model parameters to
a detailed biophysical model using standard electro-physiological
paradigms revealed a clear relationship between parameter a and
the conductance for the M current as well as between parameter
b and the AHP current (not shown).

Our method is based on several assumptions which allow to
derive the mean-field equations. The Poisson approximation of
spike train statistics is justified by experimental findings (Tolhurst

et al., 1983; McAdams and Maunsell, 1999) although spiking
seems to be more regular in some cortical areas (Maimon and
Assad, 2009). The sparse random connectivity implies vanishing
noise correlations between neurons in the large network limit and
an experimental study in primary visual cortex of awakemonkeys
has reported almost zero noise correlations (Ecker et al., 2010).
However, there is an ongoing debate about the strength of corre-
lations in experimental data (Cohen and Kohn, 2011). We have
used an adiabatic approximation, which relies on separable time
scales of adaptation current andmembrane voltage. Although this
assumption is violated for small values of τw, numerically solv-
ing the unreduced FP system, Equations (18)–(24), showed that
our results are robust regarding the violation of this assumption.
The results we obtained by simulations of aEIF networks and
the mean-field results show quantitative differences. However,
the presented effects described using the mean-field model are
validated qualitatively by the network simulations.

We have shown that spike-triggered adaptation provides a
mechanism to generate spike rate oscillations in a low frequency
range (alpha band and lower) if recurrent excitation is suffi-
ciently strong. Increased subthreshold adaptation on the other
hand does not contribute to this mechanism but rather damp-
ens such oscillations. The type of adaptation current therefore
strongly determines rhythmic activity in excitation dominated
networks. The importance of activity-driven adaptation for slow
oscillations is consistent with results from simulations of detailed
(thalamo-)cortical spiking neuron network models (Bazhenov
et al., 2002; Compte et al., 2003; Destexhe, 2009), mean-field
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FIGURE 6 | Effects of adaptation on resonance properties of recurrent

networks. Gain (top) and phase shift (bottom) of the spike rate rE for
networks with dominant recurrent excitation [g = 1.05, (A)] and inhibition
[g = 1.5, (B)] as a function of the input frequency f . The gain is defined as the
quotient of the oscillation amplitude in rE for the input with frequency f and
the amplitude for the lowest frequency (fmin = 0.5Hz). Adaptation parameter
values are a = b = 0 (black), a = 5nS, b = 0.05nA, τw = 100ms (dark red),

and a = 5nS, b = 0.05nA, τw = 400ms (orange). Delay distributions are
identically parameterized (pEd ≡ pId ) with τr = 1.25ms and τd = 1.5ms. The
Poisson-input rates rEext, r

I
ext each consist of a baseline rate plus a sinusoidal

component of small amplitude (1/1000th of the baseline) with frequency f.
The baseline of rEext is chosen to yield a steady-state spike rate r∞E of 50Hz
with constant input rate. The baseline rate of rIext is chosen as explained in
the Methods section.

studies based on networks of excitatory neurons under the
assumption sparse (Gigante et al., 2007b) and all-to-all con-
nectivity (Nesse et al., 2008), as well as phenomenological rate
models (Latham et al., 2000). We have further shown that reduc-
ing inhibitory synaptic strength leads to a reduction on oscillation
frequency, which is in agreement with similar experimental find-
ings (Sanchez-Vives et al., 2010).

The M and AHP K+ currents, which mediate spike frequency
adaptation in pyramidal neurons, are known to be deactivated by
acetylcholine (McCormick, 1992), with the AHP current show-
ing higher sensitivity. Since the adaptation parameter b is strongly
related to AHP type adaptation, our results support the hypoth-
esis that the cholinergically induced activating transition from
slow-wave oscillations to asynchronous irregular states (Lee and
Dan, 2012) is mediated (at least in part) by a reduction of
spike-triggered adaptation (Destexhe, 2009).

We have demonstrated that an increase of either type of adap-
tation current leads to a reduction in the frequency of oscillations
generated by a loop of recurrent excitation and inhibition. This
shows that the dynamical properties of neurons in addition to
coupling characteristics strongly affect the network frequency.
Also the passive (integrative) membrane properties significantly
influence such networks oscillations as has been described previ-
ously (Geisler et al., 2005). Our additional finding of decreased

frequencies for increased adaptation time constants is consistent
with the results from a computational study on clustering effects
of spike-triggered adaptation in gamma oscillations (Kilpatrick
and Ermentrout, 2011).

Low input frequencies have been shown to be suppressed in the
output of single excitatory neurons with increased spike-triggered
(Gigante et al., 2007a) or subthreshold adaptation (Richardson
et al., 2003; Prescott and Sejnowski, 2008), which we confirmed
using our aEIF-based mean-field model. Such a high pass prop-
erty of single neurons has also been found using a more general
model of adaptation (Benda and Herz, 2003). We have demon-
strated that both adaptation currents cause spike rate resonance
in excitation dominated recurrent networks. Inhibition domi-
nated networks, on the other hand, exhibit resonance without
adaptation and we have shown that increased adaptation of exci-
tatory neurons strongly amplifies this resonance. A similar effect
has been described for purely inhibitory networks (Richardson,
2009). In addition, our results show that adaptation shifts the
resonance frequency to lower values.

In excitation dominated networks, adaptation further leads to
phase advances for low input frequencies in addition to phase
delays for higher frequencies as observed in previous studies
on single excitatory neurons (Fuhrmann et al., 2002; Gigante
et al., 2007a). These adaptation-induced phase advances enable
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synchronization of periodic activity between distant neurons (and
populations of neurons) in different areas of the brain if the
strength of adaptation is controlled appropriately, e.g., through
cholinergic neuromodulation.

Here we have considered one adaptation current for each neu-
ron of the excitatory population. To account for the multimodal
distribution of adaptation timescales found experimentally (La

Camera et al., 2006) our approach can be easily extended to
include multiple adaptation currents.
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Ladenbauer J, Augustin M, Obermayer K. How adaptation
currents change threshold, gain, and variability of neuronal spiking. J
Neurophysiol 111: 939–953, 2014. First published October 30, 2013;
doi:10.1152/jn.00586.2013.—Many types of neurons exhibit spike
rate adaptation, mediated by intrinsic slow K� currents, which effec-
tively inhibit neuronal responses. How these adaptation currents
change the relationship between in vivo like fluctuating synaptic
input, spike rate output, and the spike train statistics, however, is not
well understood. In this computational study we show that an adap-
tation current that primarily depends on the subthreshold membrane
voltage changes the neuronal input-output relationship (I-O curve)
subtractively, thereby increasing the response threshold, and de-
creases its slope (response gain) for low spike rates. A spike-depen-
dent adaptation current alters the I-O curve divisively, thus reducing
the response gain. Both types of an adaptation current naturally
increase the mean interspike interval (ISI), but they can affect ISI
variability in opposite ways. A subthreshold current always causes an
increase of variability while a spike-triggered current decreases high
variability caused by fluctuation-dominated inputs and increases low
variability when the average input is large. The effects on I-O curves
match those caused by synaptic inhibition in networks with asynchro-
nous irregular activity, for which we find subtractive and divisive
changes caused by external and recurrent inhibition, respectively.
Synaptic inhibition, however, always increases the ISI variability. We
analytically derive expressions for the I-O curve and ISI variability,
which demonstrate the robustness of our results. Furthermore, we
show how the biophysical parameters of slow K� conductances
contribute to the two different types of an adaptation current and find
that Ca2�-activated K� currents are effectively captured by a simple
spike-dependent description, while muscarine-sensitive or Na�-acti-
vated K� currents show a dominant subthreshold component.

adaptation; gain modulation; Hodgkin-Huxley-like model; integrate-
and-fire model; spike train

ADAPTATION IS A WIDESPREAD phenomenon in nervous systems,
providing flexibility to function under varying external condi-
tions. At the single neuron level, this can be observed as spike
rate adaptation, a gradual decrease in spiking activity following
a sudden increase in stimulus intensity. This type of intrinsic
inhibition, in contrast to the one caused by synaptic interaction,
is typically mediated by slowly decaying somatic K� currents,
which accumulate when the membrane voltage increases. A
number of slow K� currents with different activation charac-
teristics have been identified. Muscarine-sensitive (Brown and
Adams 1980; Adams et al. 1982) or Na�-dependent K� chan-
nels activate at subthreshold voltage values (Schwindt et al.
1989; Kim and McCormick 1998), whereas Ca2�-dependent

K� channels activate at higher, suprathreshold values (Brown
and Griffith 1983; Madison and Nicoll 1984; Schwindt et al.
1992). Such adaptation currents, for example, mediate fre-
quency selectivity of neurons (Fuhrmann et al. 2002; Benda et
al. 2005; Ellis et al. 2007), where the preferred frequency
depends on the current activation type (Deemyad et al. 2012).
They promote network synchronization (Sanchez-Vives and
McCormick 2000; Augustin et al. 2013; Ladenbauer et al.
2013) and are likely involved in the attentional modulation of
neuronal response properties by acetylcholine (Herrero et al.
2008; Soma et al. 2012; McCormick 1992). It has been hy-
pothesized that these complex effects are produced by chang-
ing the relationship between synaptic input and spike rate
output (I-O curve) (Deemyad et al. 2012; Benda and Herz
2003; Soma et al. 2012; Reynolds and Heeger 2009). For
example, changing the I-O curve of a neuron subtractively
sharpens stimulus selectivity, whereas a divisive change down-
scales the neuronal response but preserves selectivity (see
Wilson et al. 2012 in the context of synaptic inhibition). It was
also suggested that adaptation currents affect the neural code
via their effect on the interspike interval (ISI) statistics
(Prescott and Sejnowski 2008). So far, the effects of adaptation
currents on I-O curves have been studied considering constant
current inputs disregarding input fluctuations (Prescott and
Sejnowski 2008; Deemyad et al. 2012) and it has remained
unclear how different types of an adaptation current affect ISI
variability. Therefore, in this contribution we systematically
examine how voltage-dependent subthreshold and spike-de-
pendent adaptation currents change neuronal I-O curves as well
as the ISI distribution for typical in vivo like input statistics and
how the biophysical parameters of slow K� conductances
contribute to the two types of adaptation current.

We address these questions by studying spike rates and ISI
distributions of model neurons with subthreshold and spike-
triggered adaptation currents, subject to fluctuating in vivo like
inputs, and we compare the results to those induced by synaptic
inhibition. Specifically, we use the adaptive exponential inte-
grate-and-fire (aEIF) neuron model (Brette and Gerstner 2005),
which has been shown to perform well in predicting the
subthreshold properties (Badel et al. 2008) and spiking activity
(Jolivet et al. 2008; Pospischil et al. 2011) of cortical neurons.
To analytically demonstrate the changes of I-O curves and ISI
variability we derive explicit expressions for these properties
based on the simpler perfect integrate-and-fire neuron model
(see, e.g., Gerstein and Mandelbrot 1964) with adaptation
(aPIF). Finally, using a detailed conductance-based neuron
model we quantify the subthreshold and spike-triggered com-
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ponents of various slow K� currents and compare the effects of
specific K� channels on the I-O curve and ISI variability.

MATERIALS AND METHODS

aEIF neuron with noisy input current. We consider an aEIF model
neuron receiving synaptic input currents. The subthreshold dynamics
of the membrane voltage V is given by

C
dV

dt
� Iion(V) � Isyn(t), (1)

where the capacitive current through the membrane with capacitance
C equals the sum of ionic currents Iion and the synaptic current Isyn.
Three ionic currents are taken into account,

Iion(V) :� �gL(V � EL) � gL�T exp�V � VT

�T
� � w . (2)

The first term on the right-hand side describes the leak current with
conductance gL and reversal potential EL. The exponential term with
threshold slope factor �T and effective threshold voltage VT approx-
imates the fast Na� current at spike initiation, assuming instantaneous
activation of Na� channels (Fourcaud-Trocmé et al. 2003). w Is the
adaptation current that reflects a slow K� current. It evolves according
to

�w
dw

dt
� a(V � Ew) � w , (3)

with adaptation time constant �w. Its strength depends on the sub-
threshold membrane voltage via conductance a. Ew denotes its rever-
sal potential. When V increases beyond VT, a spike is generated due
to the exponential term in Eq. 2. The downswing of the spike is not
explicitly modeled, instead, when V reaches a value Vs � VT, the
membrane voltage is reset to a lower value Vr. At the same time, the
adaptation current w is incremented by a value of b, implementing
the mechanism of spike-triggered adaptation. Immediately after the
reset, V and w are clamped for a refractory period Tref, and subse-
quently governed again by Eqs. 1–3.

The aEIF model can reproduce a wide range of neuronal subthresh-
old dynamics (Touboul and Brette 2008) and spike patterns (Naud et
al. 2008). We selected the following parameter values to model
cortical neurons: C � 1 �F/cm2, gL � 0.05 mS/cm2, EL � �65 mV,
�T � 1.5 mV, VT � �50 mV, �w � 200 ms, Ew � �80 mV, Vs �
�40 mV, Vr � �70 mV, and Tref � 1.5 ms (Badel et al. 2008;
Destexhe 2009; Wang et al. 2003). The adaptation parameters a and
b were varied within reasonable ranges, a � [0, 0.06] mS/cm2, b � [0,
0.3] �A/cm2.

The synaptic input consists of a mean �(t) and a fluctuating part
given by a Gaussian white noise process 	(t) with 
-autocorrelation
and standard deviation �(t),

Isyn(t) � C[�(t) � �(t)	(t)]. (4)

Equation 4 describes the total synaptic current received by KE excit-
atory and KI inhibitory neurons, which produce instantaneous post-
synaptic potentials (PSPs) JE � 0 and JI � 0, respectively. For
synaptic events (i.e., presynaptic spike times) generated by indepen-
dent Poisson processes with rates rE(t) and rI(t), the infinitesimal
moments �(t) and �(t) are expressed as

�(t) � JEKErE(t) � JIKIrI(t), (5)

�(t)2 � JE
2KErE(t) � JI

2KIrI(t), (6)

assuming large numbers KE, KI, and small magnitudes of JE, JI
(Tuckwell 1988; Renart et al. 2004; Destexhe and Rudolph-Lilith
2012). This diffusion approximation well describes the activity in
many cortical areas (Shadlen and Newsome 1998; Destexhe et al.
2003; Compte et al. 2003; Maimon and Assad 2009). The parameter

values were JE � 0.15 mV, JI � �0.45 mV, KE � 2000, KI � 500,
and rE, rI were varied in [0, 50] Hz. In addition, we directly varied �
and � over a wide range of biologically plausible values.

Membrane voltage distribution and spike rate. In the following we
describe how we obtain the distribution of the membrane voltage p(V,
t) and the instantaneous spike rate r(t) of a single neuron at time t for
a large number N of independent trials. Note that by trial we refer to
a solution trajectory of the system of stochastic differential equations
(Eqs. 1–4) for a realization of 	(t).

First, to reduce computational demands and enable further analysis,
we replace the adaptation current w in Eqs. 2 and 3 by its average over
trials, �w(t):� 1/N �i�1

N wi(t), where i is the trial index (Gigante et al.
2007a). Neglecting the variance of w across trials is valid under the
assumption that the dynamics of the adaptation current is substantially
slower than that of the membrane voltage, which is supported by
empirical observations (Brown and Adams 1980; Sanchez-Vives and
McCormick 2000; Sanchez-Vives et al. 2000; Stocker 2004). The
instantaneous spike rate at time t can be estimated by the average
number of spikes in a small interval [t, t � �t],

r�t(t) :�
1

N�t�i�1

N

�t

t��t �
k


(s � ti
k)ds , (7)

where 
 is the delta function and ti
k denotes the k-th spike time in trial

i. In the limit N ¡ �, �t ¡ 0, the probability density p(V, t) obeys the
Fokker-Planck equation (Risken 1996; Tuckwell 1988; Renart et al.
2004),

�

� t
p(V, t) �

�

�V
q(V, t) � 0, (8)

with probability flux q(V, t) given by

q(V, t) :� � Iion(V; w� )C
� �(t)� p(V, t) �

�(t)2

2

�

�V
p(V, t). (9)

Iion(V; �w) denotes the sum of ionic currents (cf. Eq. 2) where w is
replaced by the average adaptation current �w, which evolves accord-
ing to

�w
dw�

dt
� a��V	p(V,t) � Ew
 � w� � �wb r(t). (10)

�·	p indicates the average with respect to the probability density p
(Brunel et al. 2003; Gigante et al. 2007b). To account for the reset of
the membrane voltage, the probability flux at Vs is reinjected at Vr
after the refractory period has passed, i.e.,

lim
VnVr

q(V, t) � lim
VmVr

q(V, t) � q(Vs, t � Tref). (11)

The boundary conditions for this system are reflecting for V ¡ ��
and absorbing for V � Vs,

lim
V→�

q(V, t) � 0, p(Vs, t) � 0, (12)

and the (instantaneous) spike rate is obtained by the probability flux
at Vs,

r(t) � q(Vs, t). (13)

Note that p(V, t) only reflects the proportion of trials where the neuron
is not refractory at time t, given by P(t) � 	��

Vs p(v, t)dv [� 1
for Tref � 0 and r(t) � 0]. The total probability density that the membrane
voltage is V at time t is given by p(V, t) � pref (V, t), with refractory
density pref(V, t) � [1 � P(t)] 
(V � Vr). Since p(V, t) does not
integrate to unity in general, the average in Eq. 10 is calculated as
�V	p�V,t
 � 	��

Vs vp(v, t)dv/P(t). The dynamics of the average adap-
tation current �w(t) reflecting the nonrefractory proportion of trials
is well captured by Eq. 10 as long as Tref is small compared with
�w. In this (physiologically plausible) case �w(t) can be considered
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equal to the average adaptation current over the refractory propor-
tion of trials.

Steady-state spike rate. We consider the membrane voltage distri-
bution of an aEIF neuron with noisy synaptic input, described by the
Eqs. 8–13, has reached its steady-state p�. p� obeys �p�(V)/�t � 0 or
equivalently,

�

�V
q(V) � 0, (14)

with steady-state probability flux q� given by

q(V) � � Iion(V; w� )C
� ��p(V) �

�2

2

�

�V
p(V), (15)

subject to the reset condition,

lim
VnVr

q(V) � lim
VmVr

q(V) � q(Vs), (16)

and the boundary conditions,

lim
V→�

q(V) � 0, p(Vs) � 0. (17)

The steady-state spike rate is given by r� � q�(Vs) and the steady-
state mean adaptation current reads �w� � a��V	 � Ew
 � �wbr�. We
multiply both sides of Eq. 14 by V and integrate over the interval (��,
Vs], assuming that p�(V) tends sufficiently quickly toward zero for
V ¡ �� (Brunel 2000; Brunel et al. 2003), to obtain an equation that
relates the steady-state spike rate and mean membrane voltage,

r �

�a � gL��V	 � EL � �T�exp�V � VT

�T
�


� ⁄ C

�V � �wb ⁄ C
, (18)

where �a:� � � a��V	 � Ew
/C, �V:� Vs � Vr (here and in the
following) and �·	 denotes the average with respect to the density
p�(V). The spike rate r� is given by Eq. 18 only for nonnegative
values of the numerator (i.e., �a � gL[ . . . ]/C � 0); otherwise, r� is
defined to be zero. For simplicity, the refractory period Tref is omitted
here. Note that the steady-state spike rate for Tref 
 0 can be
calculated as r�/(1 � r�Tref). We cannot express p�(V) explicitly and
thus the expressions for the averages with respect to p�(V) in Eq. 18
are not known. However, in the case gL � 0, which simplifies the
aEIF model to the aPIF model, an explicit expression for �V	 can be
derived. We multiply Eq. 14 by V2 and integrate over (��, Vs] on
both sides [assuming again that p�(V) quickly tends to zero for V ¡
��] to obtain

�V	 �
1

2a�A � a
Vs � Vr

2
���A � a

Vs � Vr

2 �2

� B� , (19)
where A � �C � aEw and B � 2a�2C[1 � �wb/(C�V)].

I-O curve. The I-O curve is specified by the spike rate as a function
of input strength. Here we consider two types of I-O curves: a
time-varying (adapting) I-O curve and the steady-state I-O curve. In
particular, we obtain the adapting I-O curve as the instantaneous
spike rate response to a sustained input step (with a small baseline
input) as a function of step size. This curve changes (adapts) over
time, and it eventually converges to the steady-state I-O curve. As
arguments of these (adapting and steady-state) I-O functions we
consider presynaptic spike rates (see Figs. 2C and 4B and Eq. 38),
input mean and standard deviation1 (see Figs. 2D and 4B and Eq.
36), and input mean for fixed values of input standard deviation
(see Fig. 8A).

ISI distribution. We calculate the ISI distribution for an aEIF
neuron that has reached a steady-state spike rate r�:� limt¡� r(t) by
solving the so-called first passage time problem (Risken 1996; Tuck-
well 1988). Consider an initial condition where the neuron has just
emitted a spike and the refractory period has passed. That is, the
membrane voltage is at the reset value Vr and the adaptation current,
which we have replaced by its trial average (see above), takes the
value �w0, where �w0 will be determined self-consistently (see
below). In each of N (simultaneous) trials, we follow the dynamics
of the neuron given by dVi/dt � [Iion(Vi; �w) � Isyn(t)]/C, d �w/dt �
[a(1/N�i�1

N Vi � Ew) � �w]/�w, until its membrane voltage crosses
the value Vs and record that spike time Ti. The set of times Ti � Tref
then gives the ISI distribution. Finally, we determine �w0 by imposing
that the mean ISI matches with the known steady-state spike rate, i.e.,
1/N�i�1

N Ti � Tref � r�
�1. According to this calculation scheme, the

ISI distribution can be obtained in the limit N ¡ � by solving the
Fokker-Planck system Eqs. 8 and 9 with mean adaptation current
governed by

�w
dw�

dt
� a��V	p(V,t) � Ew
 � w� , (20)

subject to the boundary conditions (12) and initial conditions p(V, 0) �

(V � Vr), �w(0) � �w0. Note that the reinjection condition Eq. 11 is
omitted (see also the difference between Eqs. 10 and 20) because here
each trial i ends once Vi(t) crosses the value Vs. The ISI distribution is
given by the probability flux at Vs (Tuckwell 1988; Ostojic 2011), taking
into account the refractory period

pISI(T) � �q(Vs, T � Tref) for

0 for

T � Tref

T � Tref
. (21)

Finally, �w0 is determined self-consistently by requiring �T	pISI � r�
�1.

The coefficient of variation (CV) of ISIs is then calculated as

CV:� ��T2	pISI � �T	pISI
2

�T	pISI
. (22)

An ISI CV value of 0 indicates regular, clock-like spiking, whereas
for spike times generated by a Poisson process the ISI CV assumes a
value of 1. For a demonstration of the ISI calculation scheme de-
scribed above, see Fig. 1. The results based on the Fokker-Planck
equation and numerical simulations of the aEIF model with fluctuat-
ing input are presented for an increased subthreshold and spike-
triggered adaptation current in separation.

ISI CV for the aPIF model. To calculate the ISI CV we need the
first two ISI moments, cf. Eq. 22. The mean ISI for the aPIF neuron
model is simply calculated by the inverse of the steady-state spike
rate, cf. Eq. 18, derived in the previous section,

�T	pISI � r
�1 �

�V � �wb ⁄ C

�a
, (23)

where we consider �a � 0 (here and in the following). We approxi-
mate the second ISI moment by solving the first passage time problem
for the Langevin equation

dV

dt
� �a �

w� 0

C
exp(�t ⁄ �w) � �	(t), (24)

with initial membrane voltage Vr and boundary voltage Vs. That is, we
replace �V	p�V,t
 by its steady-state value �V	 in Eq. 20, which is
justified by large �w (as already assumed). The first passage time
density (which is equivalent to pISI) and the associated first two
moments for this type of Langevin equation can be calculated as
power series in the limit of small �w0 (Urdapilleta 2011). �w0 is then
determined self-consistently by imposing Eq. 23. Here we approxi-
mate the second ISI moment by using only the most dominant term of

1 Note that because of two arguments we obtain a surface instead of a curve
in this case.
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the power series, which yields (the zeroth order approximation)
(Urdapilleta 2011),

�T2	pISI �
�2�V � �a�V

2

�a
3 . (25)

Including terms of higher order leads to a complicated expression for
�T2	pISI, which has to be evaluated numerically. We additionally
considered the first order term (not shown) and compared the results
of both approximations (see RESULTS). Effectively, the approximation
above, Eq. 25, is valid for small levels of spike-triggered adaptation
current and mean input, since �w0 increases with b and �. Combining
Eqs. 22, 23, and 25 the ISI CV reads

CV �
��2�V ⁄ �a � �w

2b2 ⁄ C2 � 2�wb�V ⁄ C

�V � �wb ⁄ C
. (26)

Neuronal network. To investigate the effects of recurrent (inhibi-
tory) synaptic inputs on the neuronal response properties (spike rates
and ISIs), we consider a network instead of a single neuron, consisting
of NE excitatory and NI inhibitory aEIF neurons (with separate
parameter sets). The two populations are recurrently coupled in the
following way (see Fig. 4A). Each excitatory neuron receives inputs
from K

EE

ext external excitatory neurons which produce instantaneous
PSPs of magnitude J

EE

ext with Poisson rate r
EE

ext(t). Analogously, each
inhibitory neuron receives inputs from K

IE

ext external excitatory neu-
rons producing instantaneous PSPs of magnitude J

IE

ext with Poisson
rate r

IE

ext(t). In addition, each excitatory neuron receives inputs from

K
EI

rec randomly selected inhibitory neurons of the network with syn-
aptic strength (i.e., instantaneous PSP magnitude) J

EI

rec and each
inhibitory neuron receives inputs from K

IE

rec randomly selected excit-
atory neurons of the network with synaptic strength J

IE

rec. This network
setup was chosen to examine the effects caused by recurrent inhibition
and compare them to the effects produced by external inhibition for
single neurons described above. To reduce the parameter space,
recurrent connections within the two populations in the network were
therefore omitted. The total synaptic current for each neuron of the
network can be described using Eq. 4, where the parameters �(t) and
�(t) for excitatory neurons are given by

�(t) � JEE
extKEE

extrEE
ext(t) � JEI

recKEI
recrI

pop(t), (27)

�(t)2 � (JEE
ext)2KEE

extrEE
ext(t) � (JEI

rec)2KEI
recrI

pop(t) (28)

and for inhibitory neurons,

�(t) � JIE
extKIE

extrIE
ext(t) � JIE

recKIE
recrE

pop(t), (29)

�(t)2 � (JIE
ext)2KIE

extrIE
ext(t) � (JIE

rec)2KIE
recrE

pop(t) (30)

(Brunel 2000; Augustin et al. 2013). r
E

pop(t) and r
I

pop(t) are the spike
rates of the excitatory and inhibitory neurons of the network, respec-
tively. Here we consider large populations of neurons instead of a
large number of trials. In fact, averaging over a large number of trials
in this setting is equivalent to averaging over large populations due to
the random and sparse connectivity. In the limit NE, NI¡ � we obtain
a system two coupled Fokker-Planck equations, one for the excitatory
population, described by Eqs. 8–13, 27, and 28, and one for the

Fig. 1. Steady-state spike rates and interspike interval (ISI) distributions of single neurons. A, top to bottom: spike times, instantaneous spike rate (r�t) histogram,
membrane voltage (Vi), membrane voltage histogram, and adaptation current (wi) of an (adapted) adaptive exponential integrate-and-fire (aEIF) neuron with
a � 0.06 mS/cm2, b � 0 (left), and a � 0, b � 0.18 �A/cm2 (right) driven by a fluctuating input current with � � 2.5 mV/ms, � � 2 mV/�ms for N � 5,000
trials. Spike times and adaptation current are shown for a subset of 10 trials, the membrane voltage is shown for one trial. Results from numerical simulations
are shown in grey. Results obtained using the Fokker-Planck equation are indicated by orange lines and include the instantaneous spike rate (r), the membrane
potential distribution (p), and the mean adaptation current ( �w). r, p, And �w were calculated from the Eqs. 13, 8, and 10, respectively. These quantities have reached
their steady state here. The time bin for r�t was �t � 2 ms; for the other parameter values see MATERIALS AND METHODS. B, top: ISI histogram corresponding
to the N trials in A and ISI distribution (pISI, orange line) calculated via the first passage time problem (Eq. 21). B, middle and bottom: membrane voltage and
adaptation current trajectories from 1 trial in A but rearranged such that just after each spike the time is set to zero. Histograms for the adaptation current just
after the spike times are included. The time-varying mean adaptation current from the first passage time problem (Eq. 20) and the steady-state mean adaptation
current from A (Eq. 10) are indicated by solid and dashed orange lines, respectively. All histograms (in A and B) represent the data from all N trials.
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inhibitory population, given by Eqs. 8–13, 29, and 30. Note that r(t)
in Eqs. 10 and 13 is replaced by the spike rates of the excitatory and
inhibitory populations, r

E

pop(t) and r
I

pop(t), respectively. We solve this
system to obtain the steady-state spike rate for each population, r

E,�

pop

and r
I,�

pop. Once these quantities are known, we calculate the ISI
distribution, cf. Eq. 21, for the excitatory population (i.e., for any
neuron of that population) as described above, using Eqs. 27 and 28
for the (steady-state) moments of the synaptic current. The neuron
model parameter values were as above for the single neuron, with a �
0.015 mS/cm2, b � 0.1 �A/cm2 for excitatory neurons and a � b �
0 for inhibitory neurons, since adaptation was found to be weak in
fast-spiking interneurons compared with pyramidal neurons (La Cam-
era et al. 2006). The network parameter values were J

EE

ext � J
IE

ext� 0.15
mV, K

EE

ext� K
IE

ext � 800, constant r
EE

ext � [0, 80] Hz, J
EI

rec � [�0.75,
�0.45] mV, K

EI

rec � 100, constant r
IE

ext � [6, 14] Hz, J
IE

rec � [0.05, 0.2]
mV, and K

IE

rec � 400.
Numerical solution.We treated the Fokker-Planck equations for the

aPIF model analytically. In case of the aEIF model, we solved these
equations forward in time using a first-order finite volume method on
a nonuniform grid with 512 grid points in the interval [�200 mV, Vs]
and the implicit Euler integration method with a time step of 0.1 ms
for the temporal domain. For more details on the numerical solution,
we refer to Augustin et al. (2013).

Detailed conductance-based neuron model. For validation pur-
poses we used a biophysical Hodgkin-Huxley-type neuron model with
different types of slow K� current. The membrane voltage V of this
neuron model obeys the current balance equation

C
dV

dt
� I � IL � INa � IK � ICa � IKs, (31)

where C � 1 �F/cm2 is the membrane capacitance and I denotes the
injected current. The ionic currents consist of a leak current, IL �
gL(V � EL), a spike-generating Na� current, INa � gNa(V)(V � ENa),
a delayed rectifier K� current, IK � gK(V)(V � EK), a high-threshold
Ca2� current, ICa � gCa(V)(V � ECa), and a slow K� current IKs. gx
Denote the conductances of the respective ion channels and Ex are the
reversal potentials. We separately considered three types of slow K�

current: a Ca2�-activated current (IKs � IKCa) which is associated
with the slow after-hyperpolarization following a burst of spikes
(Brown and Griffith 1983), a Na�-activated current (IKs � IKNa)
(Schwindt et al. 1989), and the voltage-dependent muscarine-sensitive
(M type) current (IKs � IM) (Brown and Adams 1980). The leak
current depends linearly on the membrane potential. All other ionic
currents depend on V in a nonlinear way as described by the Hodgkin-
Huxley formalism. We adopted the somatic model from (Wang et al.
2003) and included the M current with dynamics described (for the
soma) by (Mainen and Sejnowski 1996). The conductances underly-
ing the currents INa, IK, ICa, and IM are given by gNa � �gNam�

3h,
gK � �gKn

4, gCa � �gCas�
2 and gM � �gMu, respectively, with steady-state

gating variables m� � �m/(�m � �m), �m � �0.4(V � 33)/{exp[�(V �
33)/10] � 1}, �m � 16 exp[�(V � 58)/12], and s� � 1/{1 � exp[�(V �
20)/9]}. The dynamic gating variables x � {h, n, u} are governed by

dx

dt
� �x(1 � x) � �xx , (32)

where �h � 0.28 exp [�(V � 50)/10], �h � 4/{1 � exp[� (V �
20)/10]}, �n � �0.04(V � 34)/{exp[� (V � 34)/10] � 1}, �n � 0.5
exp[� (V � 44)/25], �u � 3.209·10�4(V � 30)/{1 � exp[� (V �
30)/9]} and �u � �3.209 · 10�4(V � 30)/{1 � exp[(V � 30)/9]}. The
channel opening and closing rates �x and �x are specified in ms�1 and
the membrane voltage V in the equations above is replaced by its
value in mV. The conductance for the Ca2�-activated slow K�

current IKCa is given by gKCa � �gKCa[Ca]/([Ca] � �), where the
intracellular Ca2� concentration [Ca] satisfies

d[Ca]

dt
� ��CaICa �

[Ca]

�Ca
(33)

with �Ca � 6.67·10�4 �M·cm2/(�A·ms), �Ca � 240 ms, and � � 0.03
mM. The conductance for the Na�-activated slow K� current IKNa is
described by gKNa � �gKNa 0.37/{1 � (|/[Na])3.5}, where | � 38.7
mM and the intracellular Na� concentration [Na] is governed by

d[Na]

dt
� ��Na � 3�� [Na]3

�Na�3 � �3 � �� (34)

with �Na � 0.3 �M·cm2/(�A·ms), � � 0.6 �M/ms, � � 15 mM, and
� � 0.132. We varied the peak conductances of the three slow K�

currents IKCa, IKNa, IM in the ranges �gKCa � [2, 8] mS/cm2, �gKNa �
[2, 8] mS/cm2 (Wang et al. 2003), and �gM � [0.1, 0.4] mS/cm2

(Mainen and Sejnowski 1996). The remaining parameter values were
C � 1 �F/cm2, gL � 0.1 mS/cm2, EL � �65 mV, ENa � 55 mV,
EK � �80 mV, and ECa � 120 mV (Wang et al. 2003).

The differences of the slow K� currents (IKCa, IKNa, and IM) is
effectively expressed by their steady-state voltage dependence and
time constants. Therefore, we further considered a range of biologi-
cally plausible steady-state conductance-voltage relationships and
timescales using the generic description of a slow K� current, IKs �
�gKs �(V)(V � EK), with peak conductance �gKs and gating variable
�(V) given by

��

d�

dt
� �(V) � � , (35)

where ��(V) � 1/{1 � exp[�(V � �)/�]}. The shape of the
steady-state curve ��(V) was changed by the parameters � � [�40,
�10] mV (half-activation voltage), � � [6, 12] mV (inverse steep-
ness), and the time constant �� was varied in [100, 300] ms. The
model equations were solved using a second order Runge-Kutta
integration method with a time step of 10 �s.

To examine the effects of slow K� currents on the I-O curve and
ISI variability for noisy input, we additionally considered the synaptic
current described by Eq. 4 for the detailed neuron model, i.e., we used
I � Isyn in Eq. 31.

Subthreshold and spike-triggered components of biophysical slow
K� currents. To assess how the relative levels of subthreshold
adaptation conductance (parameter a) and spike-triggered adaptation
current increments (parameter b) in the aEIF model reflect different
types of slow K� current, we quantified their subthreshold and
spike-triggered components using the detailed conductance-based
neuron model. First, we fit the steady-state adaptation current w� �
a(V � Ew) from the aEIF model to the respective K� current IKs of the
Hodgkin-Huxley-type model in steady-state over a range of sub-
threshold values for the membrane voltage, V � [�70, �60] mV.
Thereby we obtained an estimate for a. In the second step, we
measured the absolute and relative change of IKs elicited by one spike.
This was done by injecting a slowly increasing current ramp into the
detailed model neuron and measuring IKs just before and after the first
spike that occurred. Specifically, the absolute change of current
caused by a spike was given by �IKs:� IKs(ts

post) � IKs(ts
pre), where the

time points ts
pre and ts

post were defined by the times at which the
membrane potential crosses a value close to threshold (we chose �50
mV) during the upswing and downswing of the spike, respectively.
�IKs provides an estimate for b. The relative change of K� current
was �IKs

rel:� �IKs/IKs(ts
pre). Here we only fitted the parameters a and b

of the aEIF model. For an alternative fitting procedure which com-
prises all model parameters, we refer to (Brette and Gerstner 2005).

RESULTS

Spike rate adaptation, gain, and threshold modulation in
single neurons. We first examine the responses of single aEIF
neurons with and without an adaptation current, receiving
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inputs from stochastically spiking presynaptic excitatory and
inhibitory neurons. The compound effect of the individual
synaptic inputs is represented by an ongoing fluctuating input
current whose mean and standard deviation depend on the
synaptic strengths and spike rates of the presynaptic cells (cf.
Eqs. 4–6 in MATERIALS AND METHODS and Fig. 2A). The neurons
naturally respond to a sudden increase in spike rate of the
presynaptic neurons (an input step) with an abrupt increase in
spike rate and mean membrane voltage (see Fig. 2B). Without
an adaptation current, both quantities remain unchanged after
that increase. In case of a purely subthreshold adaptation
current (a � 0, b � 0 in the aEIF model), which is present
already in absence of spiking, the rapid increase of mean
membrane voltage causes the mean adaptation current to build
up slowly, which in turn leads to a gradual decrease in spike
rate and mean membrane voltage. Note that the mean mem-
brane voltage is decreased in the absence of spiking (before the
increase of input) compared with the neuron without adapta-

tion. In case of a purely spike-triggered adaptation current (a �
0, b � 0 in the aEIF model), the sudden increase in spike rate
leads to an increase of mean adaptation current, which again
causes the spike rate and mean membrane voltage to decrease
gradually.

The adapting I-O curve of neurons with and without an
adaptation current, that is, the time-varying spike rate response
to a step in presynaptic spike rates as a function of the step size,
is shown in Fig. 2C. Interestingly, the two types of adaptation
current affect the spike rate response in different ways. A
subthreshold adaptation current shifts the I-O curve subtrac-
tively and thus increases the threshold for spiking. In addition,
it decreases the response gain for low (output) spike rates. If
the adaptation current is driven by spikes on the other hand, the
I-O curve changes divisively, that is, the response gain is
reduced over the whole range of spike rate values but the
response threshold remains unchanged. It can be recognized
that for a given type of adaptation current the adapting I-O

Fig. 2. Spike rate adaptation, gain, and threshold modulation in single neurons. A: cartoon of a single neuron visualizing the input parameters and output
quantities. B: instantaneous spike rate r (top), mean membrane voltage �V	p (middle, squares), and mean adaptation current �w (middle, solid lines) of an aEIF
neuron without adaptation, a � b � 0 (left), and with either a purely subthreshold adaptation current, a � 0.06 mS/cm2, b � 0 (middle), or a spike-triggered
adaptation current, a � 0, b � 0.3 �A/cm2 (right), in response to a sudden increase in synaptic drive (bottom). C: input-output relationship (I-O curve) of the
neurons in B, i.e., spike rate r as a function of presynaptic spike rates rE, rI. Here, rE� rI, but excitation is stronger than inhibition, due to the coupling parameter
values (see MATERIALS AND METHODS). The I-O curves represent the spike rate response of the neurons to a sudden increase of rE and rI, measured in steps of
50 ms after that increase (light to dark colors). Dots indicate the evolution of the spike rate corresponding to the input in B. D: steady-state spike rate r� as a
function of the mean � and standard deviation � of the fluctuating input. Note that � and � are determined by the number of presynaptic neurons, their (Poisson)
spike rates and synaptic strengths, cf. Eqs. 5 and 6. Dashed lines in D indicate the values of � and � that correspond to the presynaptic spike rates in C, and
circles mark the values of the moments corresponding to the increased input in B.
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curve evaluated shortly after the input steps and the steady-
state I-O curve are changed qualitatively in the same way.
Thus, for the following parameter exploration and analytical
derivation, we focus on (changes of) the steady-state I-O
relationship.

We next explore the effects of an adaptation current on the
steady-state spike rate for a wide range of input statistics, that
is, different values of the mean � and the standard deviation �
of the fluctuating total synaptic input (see Fig. 2D). If excit-
atory and inhibitory inputs are approximately balanced, the
standard deviation � of the compound input is large compared
with its mean �. The spike rate increases with an increase of
either � or � or both. A subthreshold adaptation current
increases the threshold for spiking in terms of � as well as �.
A spike-triggered adaptation current, however, does not change
the threshold for spiking but reduces the gain of the spike rate
as a function of � or �. Thus the differential effects of both
types of adaptation current are robust across different input
configurations. Note that the I-O curve as a function of mean
input � changes additively for increased levels of standard
deviation � while its slope (i.e., gain) decreases, particularly
for small values of �. This can be recognized by the contour
lines in Fig. 2D and is most prominent for increased subthresh-
old adaptation. Consequently, this type of adaptation current
increases the sensitivity of the steady-state spike rate to noise
intensity for low spike rates.

To analytically demonstrate the differential effects of sub-
threshold and spike-triggered adaptation currents on the
(steady-state) I-O curve, we consider the aPIF neuron model,
which is obtained by neglecting the leak conductance (gL � 0)

in the aEIF model. This allows to derive an explicit expression
for the steady-state spike rate,

r �
� � a��V	 � Ew
 ⁄ C

�V � �wb ⁄ C
, (36)

where the mean membrane voltage �V	 with respect to the
steady-state distribution p�(V) is given by Eq. 19 and �V:�
Vs � Vr is the difference between spike and reset voltage; r� �
0 for � � a(�V	 � Ew)/C (see MATERIALS AND METHODS).
Equation 36 mathematically demonstrates the subtractive com-
ponent of the effect a subthreshold adaptation current (a � 0)
produces when the mean membrane voltage is larger than the
reversal potential Ew of the (K�) adaptation current. Taking the
derivative of Eq. 36 with respect to � further reveals that an
increase of a reduces the gain when the input fluctuations (�)
are large compared with the mean (�). A spike-triggered
adaptation current (b � 0), however, produces a purely divisive
effect that can be pronounced even for small current incre-
ments b if the adaptation timescale �w is large.
Differential effects of adaptation currents on spiking

variability. We next investigate how adaptation currents affect
ISIs for different input statistics. For that reason we calculate
the distribution of times at which the membrane voltage of an
aEIF neuron crosses the threshold Vs for the first time, which is
equivalent to the distribution of ISIs (see MATERIALS AND METH-
ODS). These ISI distributions are shown in Fig. 3A for neurons
with different levels of subthreshold or spike-triggered adap-
tation and a given input. An increase of either type of adapta-
tion current (via parameters a and b) naturally increases the
mean ISI. Interestingly, while subthreshold adaptation leads to

Fig. 3. Changes of spiking variability in single neurons. A: ISI distribution (pISI) of a single aEIF neuron in response to a fluctuating input with mean � � 0.75
mV/ms and standard deviation � � 3.25 mV/�ms, for a � 0, 0.03, 0.06 mS/cm2, b � 0 (top) and a � 0, b � 0, 0.15, and 0.3 �A/cm2 (bottom). B: ISI coefficient
of variation (CV) as a function of � and �, for a neuron without adaptation, a � b � 0 (left), and with either a subthreshold adaptation current, a � 0.06 mS/cm2,
b � 0 (middle), or a spike-triggered adaptation current, a � 0, b � 0.3 �A/cm2 (right). Circles indicate the values of � and � used in A. C: change of ISI CV
caused by a subthreshold (left) or spike-triggered (right) adaptation current as a function of � and �. White regions in B and C indicate the parameter values
for which the ISI CV was not computed, because r� � 1 Hz.
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ISI distributions with long tails, spike-triggered adaptation
causes ISI distributions with bulky shapes. These differential
effects on the shape of the ISI distribution lead to opposite
changes of the CV (cf. Eq. 22), which quantifies the variability
of ISIs. An increase of subthreshold adaptation current pro-
duces an increase of CV, whereas an increase of spike-trig-
gered adaptation current leads to a decreased ISI variability.
How these effects on the CV of ISIs depend on the statistics (�
and �) of the fluctuating input is shown in Fig. 3, B and C.
With or without an adaptation current, if the mean � is large,
that is, far above threshold, and the standard deviation � is
comparatively small, the neuronal dynamics is close to deter-
ministic and the firing is almost periodic; hence, the CV is
small. In contrast, if � is close to the threshold and � is large
(enough), the ISI distribution will be broad as indicated by the
large CV. A subthreshold adaptation current either leads to an
increased CV or leaves the ISI variability unchanged. In case
of a spike-triggered adaptation current the effect on the CV
depends on the input statistics. This type of adaptation current
causes a decrease of the high ISI variability in the region (of
the �,�-plane) where the mean input � is small and an increase
of the low ISI variability for larger values of �.

We analytically derived an approximation of the ISI CV for
the aPIF model, which emphasizes the opposite effects of the
two types of adaptation current. It is obtained as

CV �
��2�V ⁄ �a � �w

2b2 ⁄ C2 � 2�wb�V ⁄ C

�V � �wb ⁄ C
(37)

(same as Eq. 26), where �a:� � � a[�V	 � Ew]/C is the
effective mean input which is again assumed to be positive and
takes into account the counteracting subthreshold adaptation
current. The steady-state mean membrane voltage �V	 is given
by Eq. 19 (see MATERIALS AND METHODS). Equation 37 mathe-

matically demonstrates that an increase of subthreshold adap-
tation curent (a � 0) causes an increase of CV as long as �V	

is larger than Ew, that is, the mean membrane voltage is not too
hyperpolarized. An increase of spike-triggered adaptation cur-
rent (b � 0) on the other hand leads to a reduction of ISI
variability. Note that this approximation is only valid for small
values of mean input (�) and adaptation current increment (b).
It does not account for the increase of CV caused by spike-
triggered adaptation for large levels of � (cf. Fig. 3C). Both
(input dependent) effects of spike-triggered adaptation on the
ISI variability can be captured by a refined approximation of
the CV compared with Eq. 37 (not shown, see MATERIALS AND

METHODS for an outline), which requires numerical evaluation.
Differential effects of synaptic inhibition on I-O curves. Here

we examine how synaptic input received from a population of
inhibitory neurons affect gain and threshold of spiking. We
consider that the neuron we monitor belongs to a population of
excitatory neurons which are recurrently coupled to neurons
from an inhibitory population, as depicted in Fig. 4A: Each
neuron of the network receives excitatory synaptic input from
external neurons and additional synaptic input from a number
of neurons of the other population. The specific choice of the
monitored excitatory neuron does not matter because of iden-
tical model parameters within each population and sparse
random connectivity (see MATERIALS AND METHODS). Figure 4B
shows how the steady-state I-O curve of excitatory neurons,
i.e., the spike rate r

E,�

pop as a function of the external (input) spike
rate r

EE

ext, is changed by external excitation to the inhibitory
neurons (via r

IE

ext) and by the strengths of the recurrent excit-
atory and inhibitory synapses (J

IE

rec and J
EI

rec), respectively. An
increase of external excitation to the inhibitory population (via
J
IE

ext) changes the I-O curve subtractively, thus increasing the
response threshold, while an increase of recurrent excitation to

Fig. 4. Gain and threshold modulation
caused by network interaction. A: cartoon of
the network visualizing the coupling param-
eters. B, top: steady-state spike rate of excit-
atory aEIF neurons, r

E,�
pop (solid lines) and

inhibitory aEIF neurons, r
I,�
pop (dashed

lines), as a function of r
EE

ext, for r
IE

ext � 6, 10,
and 14 Hz (left); J

IE

rec � 0.05, 0.1, and 0.2 mV
(middle); and J

EI

rec � �0.45, �0.6, and �0.75
mV (right). Insets: cartoons visualizing the
varied parameters as specified on the top left.
If not indicated otherwise, J

EI

rec � �0.6 mV,
r
IE

ext � 10 Hz, and J
IE

rec � 0.1 mV. For the
other parameter values see MATERIALS AND

METHODS. B, bottom: steady-state spike rate
r
E,�
pop as a function of the input parameters �
and � for the excitatory neurons. Solid lines
and dots at top correspond to those of equal
color at bottom.
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the inhibitory neurons (via J
IE

rec) has a purely divisive effect,
that is, the gain is reduced. On the other hand, an increase of
recurrent inhibition to the excitatory neurons (via J

EI

rec) affects
the I-O curve in both ways.

We demonstrate these effects analytically for a network of
perfect integrate-and-fire (PIF) model neurons (instead of aEIF
neurons). That is, we disregard the adaptation current here for
simplicity (a � b � 0), since it does not change the results
qualitatively. An explicit expression for the steady-state spike
rate of the excitatory neurons, r

E,�

pop, can be derived using Eq. 36
for all the neurons in the network with mean input � given by
Eq. 27 for excitatory neurons and by Eq. 29 for inhibitory
neurons. We solve for r

E,�

pop self-consistently to obtain,

rE,
pop �

JEE
extKEE

extrEE
ext�V � JEI

recKEI
recJIE

extKIE
extrIE

ext

�V2 � JIE
recKIE

recJEI
recKEI

rec . (38)

The equation above states that r
E,�

pop is directly proportional to the
strength of external excitation to the excitatory population, nega-
tively proportional to the strength of external excitation to the
inhibitory population (since J

EI

rec � 0) and inversely proportional
to the strength of recurrent excitation, where all proportionalities
include an offset. Equation 38 clearly shows that the effect of
external excitation to the inhibitory population is purely subtrac-
tive (since J

EI

rec � 0), the effect of recurrent excitation (to the
inhibitory population) is purely divisive, and the effect of recur-
rent inhibition (to the excitatory population) includes both com-
ponents. For comparison, consider a single (nonadapting) PIF
neuron receiving (external) excitatory and inhibitory input. With
the use of Eq. 36 with mean input � given by Eq. 5, the
steady-state spike rate of this neuron reads r� � (JEKErE �
JIKIrI)/�V. Thus, an increase of external inhibition affects the I-O
curve of an excitatory neuron in the same way (subtractively) as
an increase of external excitation to the inhibitory population
within a recurrent network as described above.

Effects of synaptic inhibition on spiking variability. We next
investigate how inhibitory synaptic input changes the ISI variabil-
ity of the neurons (from the excitatory population) in the network
described above. An increase of external excitation to the inhib-
itory neurons (via r

IE

ext), and the strengths of the recurrent synapses
(J
IE

rec and J
EI

rec) individually, leads to an increase of the mean ISI
and an increased tail of the ISI distribution, as shown in Fig. 5A.
Furthermore, an increase of r

IE

ext or the magnitude of J
IE

rec or J
EI

rec,
each causes the coefficient of variation of ISIs (CV

E

pop) to increase
(see Fig. 5B). Thus an increase of inhibition always leads to an
increase of spiking variability. An increase of external excitation
to the excitatory neurons (via r

EE

ext), on the other hand, leads to a
decrease of CV

E

pop.
To demonstrate these effects analytically we derived CV

E

pop

for a network of PIF model neurons using Eqs. 26–28, where
we obtained the steady-state spike rate of the inhibitory neu-
rons, r

I,�

pop, analogously to r
E,�

pop (as described above). Below, we
express CV

E

pop as a function of either r
IE

ext, J
IE

rec, or J
EI

rec, and lump
together all other fixed parameters in a number of constants,

CVE
pop � �

(c1rIE
ext � c2) ⁄ (c3 � c4rIE

ext)

c5JIE
rec � c6

(c7(JEI
rec)2 � c8JEI

rec) ⁄ (c9 � c10JEI
rec).

(39)

The constants c1, . . . , c10 in Eq. 39 are nonnegative functions
of the fixed parameters. Clearly, an increase of r

IE

ext or the
magnitudes of J

IE

rec and J
EI

rec each produce an increase of CV
E

pop

(since J
EI

rec � 0). Considering a single PIF neuron receiving
(external) excitatory and inhibitory input for comparison, we
use Eq. 37 with mean � and standard deviation � of the input
given by Eqs. 5 and 6, respectively, to express the CV as

CV �� JE
2KErE� JI

2KIrI
�V(JEKErE� JIKIrI)

. (40)

Fig. 5. Changes of spiking variability caused
by network interaction. A: ISI distributions
(pISI) of excitatory aEIF neurons for r

EE

ext �
50 Hz. J

EI

rec � �0.6 mV, r
IE

ext � 10 Hz, and
J
IE

rec � 0.1 mV if not indicated otherwise.
B: ISI CV for excitatory neurons (CV

E

pop) as
a function of r

EE

ext. Color code as in A. Dots
indicate the input and ISI CV values for the
ISI distributions in A. Insets: ISI CV as a
function of the input parameters � and � for
the excitatory neurons. Lines and dots (in-
sets) correspond to those of equal color in B.
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Note that Eq. 40 is only valid for positive mean input (JEKErE �
JIKIrI � 0). Again, ISI variability increases with inhibition. The
effect of inhibition on spiking variability can be understood
intuitively as follows. Inhibitory synaptic input reduces the mean
total synaptic input � and increases its standard deviation � for the
target neuron (population), which in turn causes an increase of ISI
variability.

Subthreshold and spike-triggered components of slow K�

currents. Here we examine how the two types of an adaptation
current in the aEIF model reflect different slow K� currents in
a detailed conductance-based neuron model. First, we consider
three prominent slow K� currents: a Ca2�-activated after-
hyperpolarization current (IKCa), a Na�-activated current
(IKNa) and the voltage-dependent M current (IM). Figure 6A
shows how the conductances associated with these K� currents
depend on the membrane voltage in the steady state, compared
with the steady-state spike-generating Na� conductance. The
threshold membrane voltage at which a spike is elicited in
response to a slowly increasing input current is primarily
determined by the conductance-voltage relationship for Na�.
The threshold value lies in the interval where this curve has a
positive slope (the precise value depends on the peak conduc-
tances of all currents and on the input). The curve gNa,�(V) thus
indicates the subthreshold and suprathreshold membrane volt-

age ranges. In the subthreshold voltage range the conductance
gKCa,� is almost zero, while the conductances gKNa,� and gM,�
reach significant values close to the voltage threshold. Thus the
curves in Fig. 6A indicate that IKCa is activated by spikes, while
IM and particularly IKNa can be increased in the absence of
spiking.

The results of the fitting procedure in Fig. 6, B and C, show
the absolute and relative amounts of current triggered by a
spike vs. its subthreshold level quantified by the voltage
independent conductance a. IKCa has a dominant spike-trig-
gered component as expected, while IKNa shows a very small
increment caused by a spike compared with the subthreshold
component. IM, on the other hand, shows significant levels of
both components. Note, however, that the amount of IM elic-
ited by a spike is smaller compared with the level of IM that can
be caused by subthreshold membrane depolarization without
spiking (since �IKs

rel � 1 for IKs � IM, see Fig. 6C).
We further considered a range of biologically plausible slow

K� currents. That is, we varied the steady-state conductance-
voltage relationship for K�, gKs,�(V), within a realistic range,
as shown in Fig. 7A, and quantified the subthreshold and
spike-triggered components for each of these K� currents (see
Fig. 7, B and C). The value of subthreshold conductance a
naturally increases with the fraction of K� conductance present

Fig. 6. Subthreshold and spike-triggered components of IKCa, IKNa, and IM. A: conductances for the slow K� currents INa, IKCa, IKNa, and IM in steady state as
a function of the membrane voltage, normalized to a peak value of 1 mS/cm2. B and C: Subthreshold conductance a and spike-triggered absolute increment �IKs
(B) and relative increment �IKs

rel (C) obtained from the fitting procedure (see MATERIALS AND METHODS) for the conductance-based model neurons with �gKCa �
[2, 8] mS/cm2 and �gKNa � �gM � 0 (dots), �gKNa � [2, 8] mS/cm2 and �gKCa � �gM � 0 (squares), and �gM � [0.1, 0.4] mS/cm2 and �gKCa � �gKNa � 0 (diamonds).
Darker symbols indicate larger conductance values.

Fig. 7. Subthreshold and spike-triggered
components of a range of slow K� currents.
A: steady-state K� conductance gKs,�(V) �
�gKs��(V) as a function of the membrane
voltage, for the generic Hodgkin-Huxley-
type description of a slow K� current (see
MATERIALS AND METHODS), with half-activa-
tion voltage � � �40 mV (left curves); � �
�10 mV (right curves); inverse steepness
� � 6, 9, and 12 mV; and peak conductance
�gKs � 1 mS/cm2. The dashed curve indicates
the Na� conductance gNa,�(V) of the con-
ductance-based model, normalized to a max-
imum value of 1 mS/cm2. B: subthreshold
conductance a obtained from the fitting pro-
cedure for different values of the parameters
� and �. C: absolute and relative spike-
triggered increments �IKs (top) and �IKs

rel

(bottom), respectively, as a function of �, for
�� � 100 ms (left) and �� � 300 ms (right).
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at subthreshold voltage values. For the quantification of spike-
triggered current increments we also considered different K�

time constants ��. The absolute value of current increment
�IKs decreases with increasing �� and changes only slightly
with changes of the shape of the conductance-voltage curve
gKs,�(V) (via the parameters �, �). However, the current
increment caused by a spike relative to the amount of current
already present in the absence of spiking (�IKs

rel) is strongly
determined by gKs(V). �IKs

rel increases with an increase of
half-activation voltage (parameter �), steepness (via parameter
�) and with decreasing time constant (��).

Effects of slow K� currents on I-O curve and ISI variability.
Here we examine how the different types of slow K� current
affect the I-O curve and spiking variability of uncoupled
conductance-based model neurons subject to noisy inputs and
compare the effects to those caused by subthreshold and
spike-triggered adaptation in aEIF neurons. Without a slow K�

current, the spike rate I-O curve does not change over time (see
Fig. 8A). An increase of IKCa has a purely divisive effect on the
I-O curve while an increase of IM changes this curve in a
mostly subtractive and slightly divisive way. For both types of
slow K� current the adapting spike rates reach their steady-
state values in �500 ms. These effects are consistent with our
results based on the aEIF model, given that IKCa predominantly
depends on spikes and IM includes both, subthreshold as well
as spike-triggered, components (Fig. 6B). In case of increased
IKNa, on the other hand, the steady-state I-O curve is signifi-
cantly altered in both ways (subtractively and divisively), and
the spike rate adapts very slowly, that is, steady-state rates are
reached after several seconds. At first sight, this seems contra-
dictory to the effect predicted above for subthreshold adapta-
tion, considering that the amount of IKNa triggered by a spike

is small compared with its subthreshold level. Since the time-
scale of IKNa is very large (Fig. 8A and Wang et al. 2003) even
a small spike-triggered component leads to a significant divi-
sive change of the steady-state I-O curve, cf. Eq. 36. This
divisive effect is caused by K� current building up slowly
because of small current increments triggered repeatedly by
repetitive spiking and very slow decay between spikes due to
the large timescale of the current.

Considering ISI variability, an increase of IKCa reduces the
CV for small values of mean input � and increases the CV for
larger values of � (see Fig. 8B). An increase of each of the
other slow K� currents, IKNa, and IM, leads to an increase of ISI
CV in general. These effects are consistent with those caused
by subthreshold and spike-triggered adaptation currents in the
aEIF model, considering the subthreshold and spike-triggered
components of IKCa, IKNa, and IM, respectively (Fig. 6). Thus,
the results from the detailed conductance-based neuron model
are in agreement with the results based on the adaptive IF
models presented above.

DISCUSSION

In this study, we have systematically examined how adap-
tation currents and synaptic inhibition modulate the threshold
and gain of spiking as well as ISI variability in response to
fluctuating inputs resulting from stochastic synaptic events.
Based on a simple neuron model with subthreshold and spike-
triggered adaptation components, we used analytical and nu-
merical tools to describe spike rates and ISIs for a wide range
of input statistics. We then measured subthreshold and spike-
triggered components of different types of a slow K� current
using detailed conductance-based model neurons, and we val-

Fig. 8. Effects of IKCa, IKNa, and IM on I-O
curve and ISI variability. A: spike rate of a
conductance-based model neuron without
slow K� currents, �gKCa � �gKNa � �gM � 0
(black), and with either type of slow K�

current included, �gKCa � 8 mS/cm2 (red),
�gKNa � 8 mS/cm2 (blue), �gM � 0.4 mS/cm2

(green), in response to a sudden increase of
mean input �, measured in four subsequent
time intervals of 250 ms after that increase
(light to dark colors). The baseline mean
input was � � 0.05 mV/ms and the input
standard deviation was � � 0.5 mV/�ms.
Average values over 50 independent trials
are shown. The adapting I-O curve of the
neuron with increased IKNa ( �gKNa � 8 mS/
cm2) converges very slowly to the steady-
state curve (dashed blue) measured 20 s after
the increase in �. B: ISI CV of the neurons
in A as a function of mean input � for low
(left), medium (middle), and high (right)
noise intensity (� � 1, 1.5, and 2 mV/

�ms), respectively. The ISIs were col-
lected over an interval of 10 s after the
steady-state spike rates were reached, in 50
independent trials.
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idated our (analytical) results from the simple neuron model by
numerical simulations of the detailed model.

We have shown that a purely subthreshold voltage-depen-
dent adaptation current increases the threshold for spiking and
reduces the gain at low spike rates in the presence of input
fluctuations. This type of current produces a long-tailed ISI
distribution and thus leads to an increase of variability for a
broad range of input statistics. A spike-triggered adaptation
current, on the other hand, causes a divisive change of the I-O
curve, thereby reducing the response gain but leaving the
response threshold unaffected, irrespective of the input noise
intensity. This type of current decreases the ISI CV for fluc-
tuation-dominated inputs but increases the CV when the mean
input is strong, i.e., it reduces the sensitivity of spiking vari-
ability to the mean input. For comparison, an increase of
external inhibition leads to a subtractive shift of the I-O curve
while an increase of recurrent inhibition changes it divisively.
The ISI variability, however, is increased by both types of
synaptic inhibition.

We have further demonstrated that the Ca2�-activated after-
hyperpolarization K� current is effectively captured by a
simple description based on spike-triggered increments, while
the muscarine-sensitive and Na�-activated K� currents, re-
spectively, have dominant subthreshold components. Despite
its small spike-triggered component, the Na�-dependent K�

current also substantially affects the neuronal gain, due to its
large timescale.

Methodological aspects. Our approach involves the diffu-
sion approximation and Fokker-Planck equation, both of which
have been widely applied to analyze the spike rates of scalar IF
type neurons in a noisy setting (see, e.g., Amit and Brunel
1997; Brunel 2000; Fourcaud-Trocmé et al. 2003; Burkitt
2006; Roxin et al. 2011). Our assumption of separated time-
scales between slow adaptation and fast membrane voltage
dynamics has also been frequently used in such a setting
(Brunel et al. 2003; La Camera et al. 2004; Gigante et al.
2007b; Richardson 2009; Augustin et al. 2013). While most of
these previous studies concentrated on spike rate dynamics,
here we focused on asynchronous (nonoscillatory) activity. To
examine ISI distributions we extended the method described
previously for scalar IF models, which is based on the first
passage time problem (Tuckwell 1988; Ostojic 2011), to the
aEIF model, accounting for the dynamics of the adaptation
current between spikes. Furthermore, we analytically derived
an expression for the steady-state spike rate (i.e., steady-state
I-O relationship) based on Brunel et al. (2003) and an approx-
imation of the ISI CV using recent results from Urdapilleta
(2011) for the perfect IF model with two types of an adaptation
current (aPIF model). The I-O functions we calculated can be
used to relate (adaptive) spiking neuron models to linear-
nonlinear cascade models, which describe the instantaneous
spike rate of a neuron by applying to the stimulus signal
successively a linear temporal filter and a static nonlinear
function (Ostojic and Brunel 2011). Such cascade models have
proven valuable for studying how sensory inputs are mapped to
neuronal activity (see, e.g., Schwartz et al. 2006; Pillow et al.
2008).

It is worth noting that our approach further allows to easily
calculate the power spectrum P and (normalized) autocorrela-
tion function A of the neuronal spike train once the ISI
distribution has been obtained, via the relation

P(�) �A
^
(�) � rRe�1 � p̂ISI(�)

1 � p̂ISI(�)
� , (41)

where A
^
and p̂ISI ISI denote the Fourier transforms of the

autocorrelation function and ISI distribution, respectively (see
Gerstner and Kistler 2002). Equation 41 strictly applies to
memoryless (so-called renewal) stochastic processes and an
adaptation mechanism usually leads to a violation of this
requirement for a model neuron subject to fluctuating input.
Here we have derived a renewal process (Vi(t), �w(t)) from the
original nonrenewal process (Vi(t), w(t)) by averaging the
adaptation current and self-consistently determining its reset
value (see ISI distribution). An alternative approach that allows
for the application of the above relationship Eq. 41 to adapting
model neurons has recently been described in Naud and Ger-
stner (2012).

Modulation of spike rate threshold and gain. Purely subtrac-
tive and divisive changes of the I-O curve by subthreshold and
spike-triggered adaptation, respectively, have previously been
shown for model neurons considering constant current inputs
but neglecting input fluctuations (Prescott and Sejnowski 2008;
Ladenbauer et al. 2012). These theoretical results describe the
effects shown in recent in vitro experiments that involved
blocking the low-threshold M current and a Ca2�-activated K�

current separately [Deemyad et al. 2012 (Fig. 3); see also
Alaburda et al. 2002 (Fig. 3), Smith et al. 2002, and Miles et al.
2005 (Fig. 1) for experimental evidence of either effect]. Here
we have shown that a subthreshold adaptation current also
causes a reduction of response gain (in addition to an increase
of response threshold) when the fluctuations of the input are
strong compared with its mean. On the other hand, a spike-
triggered adaptation current decreases the response gain over
the whole input range, irrespective of the level of input fluc-
tuations. These results apply for adapting as well as the adapted
(steady) states.2 When considering the onset I-O curve, i.e., the
immediate response to a sudden increase of input, an increased
level of spike-triggered adaptation current due to preadaptation
has been shown to produce a rather subtractive change (Benda
et al. 2010). This, however, does not contradict our results. On
the contrary, either type of adaptation current (subthreshold or
spike-triggered) naturally leads to a subtractive change of the
onset I-O curve for neurons which are preadapted to an
increased input (not shown).

Notably, when considering conductance-based noisy synap-
tic inputs, an increase in balanced synaptic background activity
can also reduce the spike rate gain (Chance et al. 2002; Burkitt
et al. 2003) and external inhibition can reduce the gain and
increase the response threshold at the same time (Mitchell and
Silver 2003). This means that the response gain can change due
to external inputs that are independent of the activity of the
target neuron, which can be understood as follows. An increase
of noisy (excitatory or inhibitory) synaptic conductance leads
to an increase of total membrane conductance, which causes a
purely subtractive change of the I-O curve, and an increase in
synaptic current noise, which causes an additive change of the
I-O curve and decreases its slope (particularly for small input

2 Note that in case of a very large adaptation timescale a (small) spike-
triggered adaptation current has a negligible effect on the adapting I-O curve,
evaluated shortly after the input steps, but a significant effect on the steady-
state I-O curve (see Fig. 8A).
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strengths) (Chance et al. 2002) (Fig. 3). Both effects combined
lead to the observed change of response gain. The two separate
components are included in our results. An increase of mem-
brane conductance (represented by gL in the aEIF model)
subtracts from the spike rate response, see Eq. 18, and the
abovementioned effects of an increase of noise intensity � have
been described in RESULTS (see Fig. 2D).
Modulation of response gain is an important phenomenon,

particularly in sensory neurons, because neuronal sensitivity to
changes in the input is amplified or downscaled without chang-
ing input selectivity. A spike-dependent adaptation current thus
represents a cellular mechanism by which this is achieved. For
example, neuronal response gain increases during selective
attention (McAdams and Maunsell 1999). It has been shown in
vivo that the neuromodulator acetylcholine (ACh) contributes
substantially to attentional upregulation of spike rates (Herrero
et al. 2008). Cholinergic changes of neuronal excitability and
response gain (Soma et al. 2012) in turn are likely produced via
downregulation of slow K� currents (Madison et al. 1987;
McCormick 1992; Sripati and Johnson 2006). Together with
our results, these observations suggest that excitability and
response gain of cortical neurons are controlled by neuromodu-
latory substances through (de)activation of subthreshold and
spike-triggered K� currents, respectively.

We have further shown that external inhibitory synaptic
inputs change the I-O curve subtractively, which is consistent
with the results of a previous numerical study using a conduc-
tance based neuron model without consideration of noise
(Capaday 2002). Recurrent synaptic (feedback) inhibition,
which is a function of the neuronal spike rate, on the other
hand, reduces the response gain. This is in agreement with the
results obtained by (Sutherland et al. 2009) based on IF type
neurons subject to noisy inputs. Recent in vivo recordings from
mouse visual cortex have shown that distinct types of inhibi-
tory neurons produce these differential effects (i.e., subtractive
and divisive changes of I-O curves) at their target neurons
(Wilson et al. 2012). Functional connectivity analysis suggests
that the inhibitory neurons that changed the I-O curve of their
target neurons subtractively were less likely connected recur-
rently to the recorded targets than the inhibitory neurons that
changed the responses of the targets divisively (Wilson et al.
2012). By application of our results based on the simple
network model, the observed differential effects caused by the
two types of inhibitory cells can thus be explained by their
patterns of connectivity with the target cells.

Effects on ISI variability. We have shown that a spike-
triggered adaptation current reduces high ISI variability at low
spike rates (when input fluctuations are strong compared with
the mean) and increases low ISI variability at high spike rates
(caused by a large mean input). This result is in agreement with
a previous numerical simulation study (Liu and Wang 2001)
but seems to disagree with other theoretical work (Wang 1998;
Prescott and Sejnowski 2008; Schwalger et al. 2010) at first
sight. Wang (1998) and later Prescott and Sejnowski (2008)
showed that spike-driven adaptation reduces the ISI CV at
low spike rates but they did not find an increase of ISI CV at
higher spike rates in their simulation studies. The reason for
this is that the ISI CVs of adapting and nonadapting neurons
were compared at equal spike rates (i.e., at equal mean ISIs)
but different input statistics. That is, the input to the adapting
neurons was adjusted to compensate for the change of spike

rate (or mean ISI) caused by the adaptation currents. Increasing
the mean input to the adapting neurons to achieve equal mean
ISIs, however, decreases its ISI CV (cf. Eq. 37). Here we
compare the ISI statistics across different neurons for equal
inputs. On the other hand, Schwalger et al. (2010) analyzed the
ISI statistics of perfect IF model neurons with spike-triggered
adaptation and found that this type of adaptation always leads
to an increase of ISI CV in response to a noisy input current.
Their approach is similar to the one presented here but differs
in that the dynamics of the adaptation current was neglected in
Schwalger et al. (2010); see Fig. 1B, bottom, for a visualization
of that difference. Assuming a stationary adaptation current
leads to a reduced effective mean input to the neuron, leaving
the input variance unchanged, which always causes increased
ISI variability (cf. Eq. 37). Together with theoretical work
showing that a spike-dependent adaptation current causes neg-
ative serial ISI correlations (Prescott and Sejnowski 2008;
Farkhooi et al. 2011), our results suggest that spike rate coding
is improved by such a current for low-frequency inputs
(Prescott and Sejnowski 2008; Farkhooi et al. 2011).

In contrast, an adaptation current that is predominantly
driven by the subthreshold membrane voltage usually leads to
an increase of ISI CV, as we have demonstrated. This seems to
be not consistent with a previous study (Prescott and Sejnowski
2008) where subthreshold adaptation was found to produce a
small decrease of ISI variability. The apparent discrepancy is
caused by differences in the presentation of the data: Prescott
and Sejnowski (2008) compared the ISI CVs for equal spike
rates as explained above. That is, the mean input was adjusted
to obtain equal mean ISIs for adapting and nonadapting neu-
rons but the input variance remained unchanged. However,
increasing the mean input (� in Eq. 37) to the adapting neuron
counteracts the effect of subthreshold adaptation on the effec-
tive mean input (�a in Eq. 37). Consequently, one cannot
observe an increased ISI CV in neurons with subthreshold
adaptation currents when the mean input to these neurons is
increased. Note that our results do not contradict those in
(Prescott and Sejnowski 2008) but instead reveal that an
increase of a subthreshold adaptation current always causes an
increase of ISI CV for given input statistics and an increase of
a spike-dependent adaptation current leads to an increase of ISI
CV if the mean input is large.

Finally, we have shown that an increase in synaptic inhibi-
tion increases the ISI variability, regardless of whether this
inhibition originates from an external population of neurons or
from recurrently coupled ones. An intuitive explanation for this
effect is that increased inhibitory input reduces the mean input
but increases the input variance (see Eqs. 5 and 6). The reason
why recurrent synaptic inhibition and spike-triggered adapta-
tion change the ISI variability in opposite ways in a fluctua-
tion-dominated input regime could be the different timescales.
Synaptic inhibition usually acts on a much faster timescale than
adaptation currents whose time constants range from about 100
ms to seconds. Thus recurrent synaptic inhibition in contrast to
spike-triggered adaptation cannot provide a memory trace of
past spiking activity (over a duration of several ISIs) that could
shape the ISI distribution. Notably, our results on ISIs in a
network setting strictly apply to networks in asynchronous
states. Recurrent synaptic inhibition, however, can also medi-
ate oscillatory activity (Brunel 2000; Brunel et al. 2003;
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Isaacson and Scanziani 2011; Augustin et al. 2013) where the
variability of ISIs might be affected differently.
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Abstract
The spiking activity of single neurons can be well described by a nonlinear integrate-and-fire

model that includes somatic adaptation. When exposed to fluctuating inputs sparsely cou-

pled populations of these model neurons exhibit stochastic collective dynamics that can be

effectively characterized using the Fokker-Planck equation. This approach, however, leads

to a model with an infinite-dimensional state space and non-standard boundary conditions.

Here we derive from that description four simple models for the spike rate dynamics in terms

of low-dimensional ordinary differential equations using two different reduction techniques:

one uses the spectral decomposition of the Fokker-Planck operator, the other is based on a

cascade of two linear filters and a nonlinearity, which are determined from the Fokker-

Planck equation and semi-analytically approximated. We evaluate the reduced models for

a wide range of biologically plausible input statistics and find that both approximation

approaches lead to spike rate models that accurately reproduce the spiking behavior of the

underlying adaptive integrate-and-fire population. Particularly the cascade-based models

are overall most accurate and robust, especially in the sensitive region of rapidly changing

input. For the mean-driven regime, when input fluctuations are not too strong and fast,

however, the best performing model is based on the spectral decomposition. The low-

dimensional models also well reproduce stable oscillatory spike rate dynamics that are gen-

erated either by recurrent synaptic excitation and neuronal adaptation or through delayed

inhibitory synaptic feedback. The computational demands of the reduced models are very

low but the implementation complexity differs between the different model variants. There-

fore we have made available implementations that allow to numerically integrate the low-

dimensional spike rate models as well as the Fokker-Planck partial differential equation in

efficient ways for arbitrary model parametrizations as open source software. The derived

spike rate descriptions retain a direct link to the properties of single neurons, allow for conve-

nient mathematical analyses of network states, and are well suited for application in neural

mass/mean-field based brain network models.
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Author summary

Characterizing the dynamics of biophysically modeled, large neuronal networks usually

involves extensive numerical simulations. As an alternative to this expensive procedure

we propose efficient models that describe the network activity in terms of a few ordinary

differential equations. These systems are simple to solve and allow for convenient investi-

gations of asynchronous, oscillatory or chaotic network states because linear stability anal-

yses and powerful related methods are readily applicable. We build upon two research

lines on which substantial efforts have been exerted in the last two decades: (i) the devel-

opment of single neuron models of reduced complexity that can accurately reproduce a

large repertoire of observed neuronal behavior, and (ii) different approaches to approxi-

mate the Fokker-Planck equation that represents the collective dynamics of large neuronal

networks. We combine these advances and extend recent approximation methods of the

latter kind to obtain spike rate models that surprisingly well reproduce the macroscopic

dynamics of the underlying neuronal network. At the same time the microscopic proper-

ties are retained through the single neuron model parameters. To enable a fast adoption

we have released an efficient Python implementation as open source software under a free

license.

Introduction

There is prominent evidence that information in the brain, about a particular stimulus for

example, is contained in the collective neuronal spiking activity averaged over populations of

neurons with similar properties (population spike rate code) [1, 2]. Although these populations

can comprise a large number of neurons [3], they often exhibit low-dimensional collective

spiking dynamics [4] that can be measured using neural mass signals such as the local field

potential or electroencephalography.

The behavior of cortical networks at that level is often studied computationally by employ-

ing simulations of multiple (realistically large or subsampled) populations of synaptically cou-

pled individual spiking model neurons. A popular choice of single cell description for this

purpose are two-variable integrate-and-fire models [5, 6] which describe the evolution of the

fast (somatic) membrane voltage and an adaptation variable that represents a slowly-decaying

potassium current. These models are computationally efficient and can be successfully cali-

brated using electrophysiological recordings of real cortical neurons and standard stimulation

protocols [5, 7–10] to accurately reproduce their subthreshold and spiking activity. The choice

of such (simple) neuron models, however, does not imply reasonable (short enough) simula-

tion durations for a recurrent network, especially when large numbers of neurons and synaptic

connections between them are considered.

A fast and mathematically tractable alternative to simulations of large networks are popula-

tion activity models in terms of low-dimensional ordinary differential equations (i.e., which

consist of only a few variables) that typically describe the evolution of the spike rate. These

reduced models can be rapidly solved and allow for convenient analyses of the dynamical net-

work states using well-known methods that are simple to implement. A popular example are

the Wilson-Cowan equations [11], which were also extended to account for (slow) neuronal

adaptation [12] and short-term synaptic depression [13]. Models of this type have been suc-

cessfully applied to qualitatively characterize the possible dynamical states of coupled neuronal

Derived low-dimensional spike rate models
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populations using phase space analyses [11–13], yet a direct link to more biophysically

described networks of (calibrated) spiking neurons in terms of model parameters is missing.

Recently, derived population activity models have been proposed that bridge the gap

between single neuron properties and mesoscopic network dynamics. These models are

described by integral equations [14, 15] or partial differential equations [16, 17]

Here we derive simple models in terms of low-dimensional ordinary differential equations

(ODEs) for the spike rate dynamics of sparsely coupled adaptive nonlinear integrate-and-fire

neurons that are exposed to noisy synaptic input. The derivations are based on a Fokker-

Planck equation that describes the neuronal population activity in the mean-field limit of large

networks. We develop reduced models using recent methodological advances on two different

approaches: the first is based on a spectral decomposition of the Fokker-Planck operator

under two different slowness assumptions [18–20]. In the second approach we consider a

cascade of linear temporal filters and a nonlinear function which are determined from the Fok-

ker-Planck equation and semi-analytically approximated, building upon [21]. Both approaches

are extended for an adaptation current, a nonlinear spike generating current and recurrent

coupling with distributed synaptic delays.

We evaluate the developed low-dimensional spike rate models quantitatively in terms of

reproduction accuracy in a systematic manner over a wide range of biologically plausible

parameter values. In addition, we provide numerical implementations for the different reduc-

tion methods as well as the Fokker-Planck equation under a free license as open source

project.

For the derived models in this contribution we use the adaptive exponential integrate-and-

fire (aEIF) model [5] to describe individual neurons, which is similar to the model proposed

by Izhikevich [6] but includes biophysically meaningful parameters and a refined description

of spike initiation. However, the presented derivations are equally applicable when using the

Izhikevich model instead (requiring only a small number of simple substitutions in the code).

Through their parameters the derived models retain a direct, quantitative link to the under-

lying spiking model neurons, and they are described in a well-established, convenient form

(ODEs) that can be rapidly solved and analyzed. Therefore, these models are well suited (i) for

mathematical analyses of dynamical states at the population level, e.g., linear stability analyses

of attractors, and (ii) for application in multi-population brain network models. Apart from a

specific network setting, the derived models are also appropriate as a spike rate description of

individual neurons under noisy input conditions.

The structure of this article contains mildly redundant model specifications allowing the

readers who are not interested in the methodological foundation to directly read the self-

contained Sect. Results.

Results

Model reduction

The quantity of our interest is the population-averaged number of spikes emitted by a large

homogeneous network of N sparsely coupled aEIF model neurons per small time interval, i.e.,

the spike rate rN(t). The state of neuron i at time t is described by the membrane voltage Vi(t)
and adaptation current wi(t), which evolve piecewise continuously in response to overall syn-

aptic current Isyn,i = Iext,i(t) + Irec,i(t). This input current consists of fluctuating network-

external drive Iext,i = C[μext(t) + σext(t)ξext,i(t)] with membrane capacitance C, time-varying

moments μext, s2
ext and unit Gaussian white noise process ξext,i as well as recurrent input Irec,i.

The latter causes delayed postsynaptic potentials (i.e., deflections of Vi) of small amplitude J
triggered by the spikes of K presynaptic neurons (see Sect. Methods for details).

Derived low-dimensional spike rate models
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Here we present two approaches of how the spike rate dynamics of the large, stochastic

delay-differential equation system for the 2N states (Vi, wi) can be described by simple models

in terms of low-dimensional ODEs. Both approaches (i) take into account adaptation current

dynamics that are sufficiently slow, allowing to replace the individual adaptation current wi by

its population-average hwi, governed by

dhwi
dt
¼

aðhVi1 � EwÞ � hwi
tw

þ b rðtÞ; ð1Þ

where a, Ew, b, τw are the adaptation current model parameters (subthreshold conductance,

reversal potential, spike-triggered increment, time constant, respectively), hVi1 is the steady-

state membrane voltage averaged across the population (which can vary over time, see below),

and r is the spike rate of the respective low-dimensional model. Furthermore, both approaches

(ii) are based on the observation that the collective dynamics of a large, sparsely coupled

(and noise driven) network of integrate-and-fire type neurons can be well described by a Fok-

ker-Planck equation. In this intermediate Fokker-Planck (FP) model the overall synaptic input

is approximated by a mean part with additive white Gaussian fluctuations, Isyn,i/C� μsyn(t, rd)

+ σsyn(t, rd)ξi(t), that are uncorrelated between neurons. The moments of the overall synaptic

input,

msyn ¼ mextðtÞ þ JKrdðtÞ; s2

syn ¼ s2

extðtÞ þ J2KrdðtÞ; ð2Þ

depend on time via the moments of the external input and, due to recurrent coupling, on the

delayed spike rate rd. The latter is governed by

drd

dt
¼

r � rd

td
; ð3Þ

which corresponds to individual propagation delays drawn from an exponentially distributed

random variable with mean τd. The FP model involves solving a partial differential equation

(PDE) to obtain the time-varying membrane voltage distribution p(V, t) and the spike rate r(t).
The first reduction approach is based on the spectral decomposition of the Fokker-Planck

operator L and leads to the following two low-dimensional models: the “basic” model variant

(spec1) is given by a complex-valued differential equation describing the spike rate evolution

in its real part,

d~r
dt
¼ l1ð~r � r1Þ; rðtÞ ¼ Ref~rg; ð4Þ

where λ1(μtot, σtot) is the dominant eigenvalue of L and r1(μtot, σtot) is the steady-state spike

rate. Its parameters λ1, r1, and hVi1 (cf. Eq (1)) depend on the total input moments given by

μtot(t) = μsyn − hwi/C and s2
totðtÞ ¼ s2

syn which closes the model (Eqs (1)–(4)). The other,

“advanced” spectral model variant (spec2) is given by a real-valued second order differential

equation for the spike rate,

b2 €r þ b1 _r þ b0 r ¼ r1 � r � bc; ð5Þ

where the dots denote time derivatives. Its parameters β2, β1, β0, βc, r1 and hVi1 depend on

the total input moments (μtot, s2
tot) as follows: the latter two parameters explicitly as in the basic

model above, the former four indirectly via the first two dominant eigenvalues λ1, λ2 and via

additional quantities obtained from the (stationary and the first two nonstationary) eigenfunc-

tions of L and its adjoint L�. Furthermore, the parameter βc depends explicitly on the
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population-averaged adaptation current hwi, the delayed spike rate rd, and on the first and sec-

ond order time derivatives of the external moments μext and s2
ext.

The second approach is based on a Linear-Nonlinear (LN) cascade, in which the population

spike rate is generated by applying to the time-varying mean and standard deviation of the

overall synaptic input, μsyn and σsyn, separately a linear temporal filter, followed by a common

nonlinear function. These three components–two linear filters and a nonlinearity–are

extracted from the Fokker-Planck equation. Approximating the linear filters using exponen-

tials and damped oscillating functions yields two model variants: In the basic “exponential”

(LNexp) model the filtered mean μf and standard deviation σf of the overall synaptic input are

given by

dmf

dt
¼

msyn � mf

tm

;
dsf

dt
¼

ssyn � sf

ts

; ð6Þ

where the time constants τμ(μeff, σeff), τσ(μeff, σeff) depend on the effective (filtered) input mean

μeff(t) = μf − hwi/C and standard deviation σeff(t) = σf. The “damped oscillator” (LNdos) model

variant, on the other hand, describes the filtered input moments by

€m f þ
2

t
_m f þ

2

t2
þ o2

� �

mf ¼
1þ t2o2

t

msyn

t
þ _msyn

� �
; ð7Þ

dsf

dt
¼

ssyn � sf

ts

; ð8Þ

where the time constants τ(μtot, σtot), τσ(μtot, σtot) and the angular frequency ω(μtot, σtot) depend

on the total input moments defined above. In both LN model variants the spike rate is

obtained by the nonlinear transformation of the effective input moments through the steady-

state spike rate,

rðtÞ ¼ r1ðmeff ; seffÞ; ð9Þ

and the steady-state mean membrane voltage hVi1 (cf. Eq (1)) is also evaluated at (μeff, σeff).

These four models (spec1, spec2, LNexp, LNdos) from both reduction approaches involve a

number of parameters that depend on the strengths of synaptic input and adaptation current

only via the total or effective input moments. We refer to these parameters as quantities below

to distinguish them from fixed (independent) parameters. The computational complexity

when numerically solving the models forward in time (for different parametrizations) can be

greatly reduced by precomputing those quantities for a range of values for the total/effective
input moments and using look-up tables during time integration. Changing any parameter

value of the external input, the recurrent coupling or the adaptation current does not require

renewed precomputations, enabling rapid explorations of parameter space and efficient (lin-

ear) stability analyses of network states.

The full specification of the “ground truth” system (network of aEIF neurons), the deriva-

tions of the intermediate description (FP model) and the low-dimensional spike rate models

complemented by concrete numerical implementations are provided in Sect. Methods (that is

complemented by the supporting material S1 Text). In Fig 1 we visualize the outputs of the dif-

ferent models using an example excitatory aEIF network exposed to external input with vary-

ing mean μext(t) and standard deviation σext(t).
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Performance for variations of the mean input

Here, and in the subsequent two sections, we assess the accuracy of the four low-dimensional

models to reproduce the spike rate dynamics of the underlying aEIF population. The interme-
diate FP model is included for reference. The derived models generate population activity in

response to overall synaptic input moments μsyn and s2
syn. These depend on time via the exter-

nal moments μext(t) and s2
extðtÞ, and the delayed spike rate rd(t). Therefore, it is instrumental to

first consider an uncoupled population and suitable variations of external input moments that

effectively mimic a range of biologically plausible presynaptic spike rate dynamics. This allows

us to systematically compare the reproduction performance of the different models over a

Fig 1. Example of aEIF network response and output of derived models for varying input. From top to bottom: Mean input μext (black)

together with input standard deviation σext (gray, visualized for one neuron by sampling the respective white noise process ξext,i). 2nd row:

Membrane voltage V of one neuron (gray, with spike times highlighted by black dots) and membrane voltage statistics from the excitatory

coupled aEIF population of 50,000 neurons (red) and from the FP model (blue dashed): mean ± standard deviation over time, as well as

voltage histograms (gray) and probability densities p(V, t) (blue dashed) at three indicated time points. 3rd row: Adaptation current w of one

neuron (gray) and mean adaptation currents of all models ± standard deviation for the aEIF network (shaded area). Note that differences in

the mean adaptation currents of the different models are hardly recognizable. 4th row: Spike times of a subset of 25 neurons randomly

chosen from the network. Below: Spike rate r of the LN cascade based models (LNexp, LNdos) and the spectral models (spec1, spec2) in

comparison to the FP model and the aEIF network (rN). The values of the coupling parameters were J = 0.05 mV, K = 100, τd = 3 ms.

https://doi.org/10.1371/journal.pcbi.1005545.g001
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manageable parameter space (without K, J, τd), yet it provides useful information on the accu-

racy for recurrent networks.

For many network settings the dominant effect of synaptic coupling is on the mean input

(cf. Eq (2)). Therefore, we consider first in detail time-varying mean but constant variance of

the input. Specifically, to account for a wide range of oscillation frequencies for presynaptic

spike rates, μext is described by an Ornstein-Uhlenbeck (OU) process

_mext ¼
�m � mext

tm
ou

þ

ffiffiffiffiffiffi
2

tm
ou

s

WmxðtÞ; ð10Þ

where tm
ou denotes the correlation time, �m and ϑμ are the mean and standard deviation of the

stationary normal distribution, i.e., lim t!1mextðtÞ � N ð�m; W2

m
Þ, and ξ is a unit Gaussian white

noise process. Sample time series generated from the OU process are filtered using a Gaussian

kernel with a small standard deviation σt to obtain sufficiently differentiable time series ~mext

(due to the requirements of the spec2 model and the LNdos model). The filtered realization

~mextðtÞ is then used for all models to allow for a quantitative comparison of the different spike

rate responses to the same input. The value of σt we use in this study effectively removes very

large oscillation frequencies which are rarely observed, while lower frequencies [22] are

passed.

The parameter space we explore covers large and small correlation times tm
ou, strong and

weak input mean �m and standard deviation σext, and for each of these combinations we con-

sider an interval from small to large variation magnitudes ϑμ. The values of tm
ou and ϑμ deter-

mine how rapid and intense μext(t) fluctuates.

We apply two performance measures, as in [21]. One is given by Pearson’s correlation coef-

ficient,

rðrN ; rÞ≔
PM

k¼1
ðrNðtkÞ � �rNÞðrðtkÞ � �rÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PM

k¼1
ðrNðtkÞ � �rNÞ

2 PM
k¼1
ðrðtkÞ � �rÞ2

q ; ð11Þ

between the (discretely given) spike rates of the aEIF population and each derived model with

time averages �rN ¼ 1=M
PM

k¼1
rNðtkÞ and �r ¼ 1=M

PM
k¼1

rðtkÞ over a time interval of length

tM − t1. For comparison, we also include the correlation coefficient between the aEIF popula-

tion spike rate and the time-varying mean input, ρ(rN, μext). In addition, to assess absolute dif-

ferences we calculate the root mean square (RMS) distance,

dRMSðrN ; rÞ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

M

XM

k¼1

ðrNðtkÞ � rðtkÞÞ
2

s

; ð12Þ

where M denotes the number of elements of the respective time series (rN, r).
We find that three of the four low-dimensional spike rate models (spec2, LNexp, LNdos) very

well reproduce the spike rate rN of the aEIF neurons: for the LNexp model ρ> 0.95 and for the

spec2 and LNdos models ρ ≳ 0.8 (each) over the explored parameter space, see Fig 2. Only the

basic spectral model (spec1) is substantially less accurate. Among the best models, the simplest

(LNexp) overall outperforms spec2 and LNdos, in particular for fast and strong mean input vari-

ations. However, in the strongly mean-driven regime the best performing model is spec2.

We observe that the performance of any of the spike rate models decreases (with model-

specific slope) with (i) increasing variation strength ϑμ larger than a certain (small) value, and

with (ii) smaller tm
ou, i.e., faster changes of μext. For small values of ϑμ fluctuations of rN, which

are caused by the finite aEIF population size N and do not depend on the fluctuations of μext,
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Fig 2. Reproduction accuracy of the reduced models for variations of the mean input. Pearson correlation coefficient (ρ) and root

mean square distance (dRMS) between the spike rate time series rN(t) of the aEIF population and r(t) of each derived model (FP, spec1,

spec2, LNexp, LNdos) for different strengths of baseline mean input �m, input standard deviation σext, mean input variation Wμ and for a large

value of time constant tm
ou (A, moderately fast variations) as well as a smaller value (B, rapid variations). The input-output correlation

(between μext and rN) is included as a reference (black dashed lines), and mean ± standard deviation of the population spike rate rN are

indicated (gray dashed lines, shaded areas). For each parametrization, activity time series of 60 s duration were generated (from 50,000

aEIF neurons and each derived model), from which the first second was omitted (each) to exclude transients, since the initial conditions of
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deteriorate the performance measured by ρ (see also [21], p.13 right). This explains why ρ does

not increase as ϑμ decreases (towards zero) for any of the models. Naturally, the FP model is

the by far most accurate spike rate description in terms of both measures, correlation coeffi-

cient ρ and RMS distance. This is not surprising because the four low-dimensional models are

derived from that (infinite-dimensional) representation. Thus, the performance of the FP sys-

tem defines an upper bound on the correlation coefficient ρ and a lower bound on the RMS

distance for the low-dimensional models.

In detail: for moderately fast changing mean input (large tm
ou) the three models spec2, LNexp

and LNdos exhibit excellent reproduction performance with ρ> 0.95, and spec1 shows correla-

tion coefficients of at least ρ = 0.9 (Fig 2A), which is substantially better than ρ(rN, μext). The

small differences between the three top models can be better assessed from the RMS distance

measure. For large input variance s2
ext the two LN models perform best (cf. Fig 2A, top, and for

an example, 2C). For weak input variance and large mean (small σext, large �m) the spec2 model

outperforms the LN models, unless the variation magnitude ϑμ is very large. For small mean �m,

where transient activity is interleaved with periods of quiescence, the LNexp model performs

best, except for weak variations ϑμ, where LNdos is slightly better (see Fig 2A, bottom).

Stronger differences in performance emerge when considering faster changes of the mean

input μext(t) (i.e., for small tm
ou), see Fig 2B, and for examples, Fig 2C. The spec1 model again

performs worst with ρ values even below the input/output correlation baseline ρ(rN, μext) for

large mean input �m (cf. Fig 2B, left). The spec1 spike rate typically decays too slowly (cf. Fig

2C). The three better performing models differ as follows: for large input variance and mean

(large σext and �m), where the spike rate response to the input is rather fast (cf. increased ρ(rN,

μext)), the performance of all three models in terms of ρ is very high, but the RMS distance

measure indicates that LNexp is the most accurate model (cf. Fig 2B, top). For weak mean input

LNexp is once again the top model while LNdos and, especially noticeable, spec2 show a perfor-

mance decline (see example in Fig 2C). For weak input variance (Fig 2A, bottom), where sig-

nificant (oscillatory) excursions of the spike rates in response to changes in the mean input

can be observed (see also Fig 1), we obtain the following benchmark contrast: for large mean

drive �m the spec2 model performs best, except for large variation amplitudes ϑμ, at which LNexp

is more accurate. Smaller mean input on the other hand corresponds to the most sensitive

regime where periods of quiescence alternate with rapidly increasing and decaying spike rates.

The LNexp model shows the most robust and accurate spike rate reproduction in this setting,

while LNdos and spec2 each exhibit decreased correlation and larger RMS distances–spec2 even

for moderate input variation intensities ϑμ. The slowness approximation underlying the spec2

model likely induces an error due to the fast external input changes in comparison with the

rather slow intrinsic time scale by the dominant eigenvalue, tm
ou ¼ 5ms vs. 1/|Re{λ1}|� 15 ms

(cf. visualization of the spectrum in Sect. Spectral models). Note that for these weak inputs the

distribution of the spike rate is rather asymmetric (cf. Fig 2B). Interestingly the LNdos model

performs worse than LNexp for large mean input variations (i.e., large ϑμ) in general, and only

slightly better for small input variance and mean input variations that are not too large and

fast.

We would like to note that decreasing the Gaussian filter width σt to smaller values, e.g.,

fractions of a millisecond, can lead to a strong performance decline for the spec2 model

the models were not matched. Representative time series examples are shown on the right side with parameter values indicated (C), where

empty and filled symbols correspond to large and small correlation time tm
ou, respectively, relating the examples to the panels A and B. The

adaptation current traces were excluded in all but the first example to allow for a larger number of parameter points.

https://doi.org/10.1371/journal.pcbi.1005545.g002

Derived low-dimensional spike rate models

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1005545 June 23, 2017 9 / 46

Chapter 7. Journal article: Low-dimensional spike rate models derived from networks of adaptive integrate-and-fire
neurons: Comparison and implementation

74

https://doi.org/10.1371/journal.pcbi.1005545.g002
https://doi.org/10.1371/journal.pcbi.1005545


because of its explicit dependence on first and second order time derivatives of the mean

input.

Furthermore, we show how the adaptation parameters affect the reproduction performance

of the different models in Fig 3. The adaptation time constant τw and spike-triggered adapta-

tion increment b are varied simultaneously (keeping their product constant) such that the

average spike rate and adaptation current, and thus the spiking regime, remain comparable for

all parametrizations. As expected, the accuracy of the derived models decreases for faster adap-

tation current dynamics, due to the adiabatic approximation that relies on sufficiently slow

adaptation (cf. Sect. Methods). Interestingly however, the performance of all reduced models

(except spec1) declines only slightly as the adaptation time constant decreases to the value of

the membrane time constant (which means the assumption of separated time scales underly-

ing the adiabatic approximation is clearly violated). This kind of robustness is particularly pro-

nounced for input with large baseline mean �m and small noise amplitude σext, cf. Fig 3B.

Performance for variations of the input variance

For perfectly balanced excitatory and inhibitory synaptic coupling the contribution of presyn-

aptic activity to the mean input μsyn is zero by definition, but the input variance s2
syn is always

positively (linearly) affected by a presynaptic spike rate–even for a negative synaptic efficacy J
(cf. Eq (2)). To assess the performance of the derived models in this scenario, but within the

reference setting of an uncoupled population, we consider constant external mean drive μext

and let the variance s2
extðtÞ evolve according to a filtered OU process (such as that used for the

mean input μext in the previous section) with parameters s2 and ϑσ2 of the stationary normal

distribution N ðs2; W
2

s2Þ, correlation time ts2

ou and Gaussian filter standard deviation σt as

before.

The results of two input parametrizations are shown in Fig 4. For large input mean μext and

rapidly varying variance s2
extðtÞ the spike rate response of the aEIF population is very well

reproduced by the FP model and, to a large extent, by the spec2 model (cf. Fig 4A). This may

be attributed to the fact that the latter model depends on the first two time derivatives of the

input variance s2
ext. The LN models cannot well reproduce the rapid spike rate excursions in

Fig 3. Effect of adaptation current timescale on reproduction accuracy. Performance measures and population spike rate statistics

(cf. Fig 2A and 2B) as a function of the adaptation time constant τw, that takes values between 20 ms (equal to the membrane time constant)

and 200 ms (used throughout the rest of the study). The spike-triggered adaptation increment b was co-varied (antiproportional to τw) such

that the product τw b = 8 pAs is fixed for all shown parametrizations. The input mean μext(t) fluctuates with timescale tm
ou ¼ 50ms and strength

Wμ = 0.54 mV/ms (same value as for examples in Fig 2C) around a smaller (A) and a larger (B) baseline mean �m, while the input deviation

σext is constant. Note that the rightmost parametrization of A corresponds to Fig 2C (top example) and is contained in Fig 2A (bottom right)

while that of B is shown in Fig 2A (bottom left).

https://doi.org/10.1371/journal.pcbi.1005545.g003
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this setting, and the spec1 model performs worst, exhibiting time-lagged spike rate dynamics

compared to rN(t) which leads to a very small value of correlation coefficient ρ (below the

input/output correlation baseline rðrN ; s
2
extÞ). For smaller mean input μext and moderately fast

varying variance s2
extðtÞ (larger correlation time ts2

ou) the fluctuating aEIF population spike rate

is again nicely reproduced by the FP model while the rate response of the spec2 model exhibits

over-sensitive behavior to changes in the input variance, as indicated by the large RMS dis-

tance (see Fig 4B). This effect is even stronger for faster variations, i.e., smaller ts2

ou (cf. supple-

mentary visualization S1 Fig). The LN models perform better in this setting, and the spec1

model (again) performs worst in terms of correlation coefficient ρ due to its time-lagged spike

rate response.

It should be noted that the lowest possible value of the input standard deviation, i.e., σext

(plus a nonnegative number in case of recurrent input) cannot be chosen completely freely but

must be large enough (≳ 0:5mV=
ffiffiffiffiffiffi
ms
p

) for our parametrization. This is due to theoretical rea-

sons (Fokker-Planck formalism) and practical reasons (numerics for Fokker-Planck solution

and for calculation of the derived quantities, such as r1).

Oscillations in a recurrent network

To demonstrate the applicability of the low-dimensional models for network analyses we con-

sider a recurrently coupled population of aEIF neurons that produces self-sustained network

oscillations by the interplay of strong excitatory feedback and spike-triggered adaptation or,

alternatively, by delayed recurrent synaptic inhibition [16, 23]. The former oscillation type is

quite sensitive to changes in input, adaptation and especially coupling parameters for the cur-

rent-based type of synaptic coupling considered here and due to lack of (synaptic) inhibition

and refractoriness. For example, a small increase in coupling strength can lead to a dramatic

(unphysiologic) increase in oscillation amplitude because of strong recurrent excitation.

Fig 4. Performance for variations of the input variance. Time series of population spike rate and mean adaptation current from the

different models in response to varying s2
ext for large mean input and rapid variations, μext = 4 mV/ms, ts2

ou ¼ 5ms (A) and for small mean

input and moderately fast variations, μext = 1.5 mV/ms, ts2

ou ¼ 50ms (B). The values for the remaining input parameters were

�s2
ext ¼ 9mV2

=ms, Wσ2 = 2 mV2/ms. For the aEIF population hwi± standard deviation are visualized (red shaded areas). Note that the mean

adaptation time series of all models as well as the spike rates of the cascade based models are on top of each other. The indicated Pearson

correlation coefficients (with dashed input-output correlation) and root mean square distances were calculated from simulated spike rate

time series of 60 s duration from which the first second was excluded, as the initial conditions of the models were not matched. In A the

correlation ρ (but not the distance dRMS) between the spike rates of the model spec1 and the aEIF population) is strongly decreased due to a

small time lag between the two time series which is difficult to see in the figure.

https://doi.org/10.1371/journal.pcbi.1005545.g004
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Hence we consider a difficult setting here to evaluate the reduced spike rate models–in particu-

lar, when the network operates close to a bifurcation.

In Fig 5A we present two example parametrizations from a region (in parameter space) that

is characterized by stable oscillations. This means the network exhibits oscillatory spike rate

dynamics for constant external input moments μext and s2
ext. The derived models reproduce

the limit cycle behavior of the aEIF network surprisingly well, except for small frequency and

amplitude deviations (FP, spec2, LNdos, LNexp) and larger frequency mismatch (spec1), see

Fig 5A, top. For weaker input moments and increased spike-triggered adaptation strength the

network is closer to a Hopf bifurcation [16, 23]. It is, therefore, not surprising that the differ-

ences in oscillation period and amplitude are more prominent (cf. Fig 5A, bottom). The

Fig 5. Network-generated oscillations. Oscillatory population spike rate and mean adaptation current of 50,000 excitatory coupled aEIF

neurons and each of the derived models (for constant external input moments) generated by the interplay of recurrent excitation/adaptation

current (A) and by delayed recurrent inhibition (B). In addition, the limit cycle of the LNexp model is shown in terms of the (quantity) steady-

state spike rate r1 as a function of effective input moments μeff, s2
eff (A, top) and for the spec2 model in dependence of the total input

moments (μtot, s2
tot (A, bottom). The phase of the cycle is visualized by grayscale color code (increasing phase from black to white). The

values for the input, adaptation and coupling parameters were μext = 1.5 mV/ms, sext ¼ 2mV=
ffiffiffiffiffiffiffi
ms
p

, a = 3 nS, b = 30 pA (A, top), μext = 1.275

mV/ms, sext ¼ 1:5mV=
ffiffiffiffiffiffiffi
ms
p

, a = 3 nS, b = 60 pA (A, bottom), K = 1000, J = 0.03 mV, τd = 3 ms (A, both). In B adaptation was removed

(a = b = 0) and delays were identical dij = d; input and coupling parameter values were μext = 1.5 mV/ms, sext ¼ 1:5mV=
ffiffiffiffiffiffiffi
ms
p

, K = 1000, J =

−0.0357 mV, d = 10 ms (top) and μext = 3 mV/ms, sext ¼ 2mV=
ffiffiffiffiffiffiffi
ms
p

, K = 1000, J = −0.087 mV, d = 5 ms (bottom).

https://doi.org/10.1371/journal.pcbi.1005545.g005
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bifurcation point of the LNexp model is slightly shifted, shown by the slowly damped oscillatory

convergence to a fixed point. This suggests that the bifurcation parameter value of each of the

derived models is not far from the true critical parameter value of the aEIF network but can

quantitatively differ (slightly) in a model-dependent way.

The second type of oscillation is generated by delayed synaptic inhibition [22] and does

not depend on the (neuronal) inhibition that is provided by an adaptation current. To

demonstrate this independence the adaptation current was disabled (by setting the parameters

a = b = 0) for the two respective examples that are shown in Fig 5B. Similarly as for the previ-

ous oscillation type, the low-dimensional models (except spec1) reproduce the spike rate limit

cycle of the aEIF network surprisingly well, in particular for weak external input (see Fig 5B,

top). For larger external input and stronger inhibition with shorter delay the network operates

close to a Hopf bifurcation, leading to larger differences in oscillation amplitude and frequency

in a model-dependent way (Fig 5B, bottom). Note that the intermediate (Fokker-Planck)

model very well reproduces the inhibition-based type of oscillation which demonstrates the

applicability of the underlying mean-field approximation. We would also like to note that

enabling the adaptation current dynamics (only) leads to decreased average spike rates but

does not affect the reproduction accuracy.

We would like to emphasize that the previous comprehensive evaluations for an uncoupled

population provide a deeper insight on the reproduction performance–also for a recurrent net-

work–than the four examples shown here, as explained in the Sect. Performance for variations
of the mean input. For example, the (improved) reproduction performance for increased input

variance in the uncoupled setting (cf. Fig 2) informs about the reproduction performance for

networks of excitatory and inhibitory neurons that are roughly balanced, i.e., where the overall

input mean is rather small compared to the input standard deviation.

Implementation and computational complexity

We have developed efficient implementations of the derived models using the Python pro-

gramming language and by employing the library Numba for low-level machine acceleration

[24]. These include: (i) the numerical integration of the Fokker-Planck model using an accu-

rate finite volume scheme with implicit time discretization (cf. Sect. Methods), (ii) the paralle-

lized precalculation of the quantities required by the low-dimensional spike rate models and

(iii) the time integration of the latter models, as well as example scripts demonstrating (i)–(iii).

The code is available as open source software under a free license at GitHub: https://github.

com/neuromethods/fokker-planck-based-spike-rate-models

With regards to computational cost, summarizing the results of several aEIF network

parametrizations, the duration to generate population activity time series for the low-

dimensional spike rate models is usually several orders of magnitude smaller compared to

numerical simulation of the original aEIF network and a few orders of magnitude smaller in

comparison to the numerical solution of the FP model. For example, considering a population

of 50,000 coupled neurons with 2% connection probability, a single simulation run of 5 s

and the same integration time step across the models, the computation times amounted to

1.1–3.6 s for the low-dimensional models (with order–fast to slow–LNexp, spec1, LNdos,

spec2), about 100 s for the FP model and roughly 1500 s for the aEIF network simulation on a

dual-core laptop computer. The time difference to the network simulation substantially

increases with the numbers of neurons and connections, and with spiking activity within the

network due to the extensive propagation of synaptic events. Note that the speedup becomes

even more pronounced with increasing number of populations, where the runtimes of the FP

model and the aEIF network simulation scale linearly and the low-dimensional models show
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a sublinear runtime increase due to vectorization of the state variables representing the differ-

ent populations.

The derived low-dimensional (ODE) spike rate models are very efficient to integrate given

that the required input-dependent parameters are available as precalulated look-up quantities.

For the grids used in this contribution, the precomputation time was 40 min. for the cascade

(LNexp, LNdos) models and 120 min. for the spectral (spec1, spec2) models, both on a hexa-core

desktop computer. The longer calculation time for the spectral models was due to the finer

internal grid for the mean input (see S1 Text).

Note that while the time integration of the spec2 model is on the same order as for the other

low-dimensional models its implementation complexity is larger because of the many quanti-

ties it depends on, cf. Eqs (63)–(66).

Discussion

In this contribution we have developed four low-dimensional models that approximate the

spike rate dynamics of coupled aEIF neurons and retain all parameters of the underlying

model neurons. These simple spike rate models were derived in two different ways from a Fok-

ker-Planck PDE that describes the evolving membrane voltage distribution in the mean-field

limit of large networks, and is complemented by an ODE for the population-averaged slow

adaptation current. Two of the reduced spike rate models (spec1 and spec2) were obtained by a

truncated spectral decomposition of the Fokker-Planck operator assuming vanishingly slow

(for spec1) or moderately slow (for spec2) changes of the input moments. The other two

reduced models (LNexp and LNdos) are described by a cascade of linear filters (one for the

input mean and another for its standard deviation) and a nonlinearity which were derived

from the Fokker-Planck equation, and subsequently the filters were semi-analytically approxi-

mated. Our approaches build upon [18–20] as well as [21], and extend those methods for adap-

tive nonlinear integrate-and-fire neurons that are sparsely coupled with distributed delays (cf.

Sect. Methods).

We have compared the different spike rate representations for a range of biologically plausi-

ble input statistics and found that three of the reduced models (spec2, LNexp and LNdos) accu-

rately reproduce the spiking activity of the underlying aEIF population while one model

(spec1) shows the least accuracy. Among the best models, the simplest (LNexp) was the most

robust and (somewhat surprisingly) overall outperformed spec2 and LNdos–especially in the

sensitive regime of rapidly changing sub- and suprathreshold mean drive and in general for

rapid and strong input variations. The LNexp model did not exhibit exaggerated deflections in

that regime as compared to the other two models. This result is likely due to the importance of

the quantitatively correct decay time of the filter for the mean input in the LNexp model, while

the violations of the slowness assumptions for the spec2 and LNdos models seem more harmful

in this regime. In the strongly mean-driven regime, however, the best performing model was

spec2 for variations both in the mean drive (as long as those variations are not too strong and

fast) and for variations of the input variance.

We have also demonstrated that the low-dimensional models well reproduce the dynamics

of recurrently coupled aEIF populations in terms of asynchronous states (see Fig 1) and spike

rate oscillations (cf. Fig 5), where mild deviations at critical (bifurcation) parameter values are

expected due to the approximative nature of the model reduction.

The computational demands of the low-dimensional models are very modest in compari-

son to the aEIF network and also to the integration of the Fokker-Planck PDE, for which we

have developed a novel finite volume discretization scheme. We would like to emphasize that

any change of a parameter value for input, coupling or adaptation current does not require
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renewed precomputations. To facilitate the application of the presented models we have made

available implementations that precompute all required quantities and numerically integrate

the derived low-dimensional spike rate models as well as the Fokker-Planck equation, together

with example (Python) scripts, as open source software.

Since the derived models are formulated in terms of simple ODEs, they allow to conve-

niently perform linear stability analyses, e.g., based on the eigenvalues of the Jacobian matrix

of the respective vector field. In this way network states can be rapidly characterized by quanti-

fying the bifurcation structure of the population dynamics–including regions of the parameter

space where multiple fixed points and/or limit cycle attractors co-exist. For a characterization

of stable network states by numerical continuation and an assessment of their controllability

through neuromodulators using the LNexp model see [23] ch. 4.2 and [25]. Furthermore, the

low-dimensional models are well suited to be employed in large neuronal networks of multiple

populations for efficient simulations of population-averaged activity time series. Overall, the

LNexp model seems a good candidate for that purpose considering its accuracy and robustness,

as well as its computational and implementational simplicity.

Extensions

Heterogeneity. We considered a homogeneous population of neurons in the sense that

the parameter values across model neurons are identical except those for synaptic input.

Thereby we assume that neurons with similar dynamical properties can be grouped into popu-

lations [3]. Heterogeneity is incorporated by distributed synaptic delays, by sparse random

coupling, and by fluctuating external inputs for each neuron. The (reduced) population mod-

els further allow for heterogeneous synaptic strengths that are sampled from a Gaussian distri-

bution and can be included in a straightforward way [16, 26] (see also Sect. Methods).

Distributed values for other parameters (of the isolated model neurons within the same popu-

lation) are currently not supported.

Multiple populations. The presented mean-field network model can be easily adjusted

for multiple populations. In this case we obtain a low-dimensional ODE for each population

and the overall synaptic moments for population k become

msyn;k ¼ mext;kðtÞ þ
X

l

JklKklrd;klðtÞ; s2

syn;k ¼ s2

ext;kðtÞ þ
X

l

J2

klKklrd;klðtÞ; ð13Þ

where Jkl is the synaptic strength for the Kkl neurons from population l targeting neurons

from population k and rd,kl is the delayed spike rate of population l affecting population k (cf.

Eq (2)). For each pair of coupled populations we may consider identical or distributed delays

(using distributions from the exponential family) as well as identical or distributed synaptic

strengths (sampled from a Gaussian distribution).

Synaptic coupling. Here we described synaptic interaction by delayed (delta) current

pulses with delays sampled from an exponential distribution. This description leads to a fluctu-

ating overall synaptic input current with white noise characteristics. Interestingly, for the

mean-field dynamics this setting is very similar to considering exponentially decaying synaptic

currents with a decay constant that matches that of the delay distribution, although the overall

synaptic input current is a colored noise process in that case, see [27] and, for an intuitive

explanation [28].

A conductance-based model of synaptic coupling can also be considered in principle

[16, 29], which results in a multiplicative noise process for the overall synaptic input. This,

however, would in general impede the beneficial concept of precalculated “look-up” quantities

that are unaffected by the input and coupling parameters.
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It should be noted that most current- or conductance-based models of synaptic coupling

(including the one considered here) can produce unphysiologically large amounts of synaptic

current in case of high presynaptic activity, unless the coupling parameters are carefully tuned.

This problem can be solved, for example, by considering a (more realistic) model of synaptic

coupling based on [30], from which activity-dependent coupling terms can be derived for the

mean-field and reduced population models [23] ch. 4.2. Using that description ensures robust

simulation of population activity time series without having to fine-tune the coupling parame-

ter values, which is particularly useful for multi-population network models. In this contribu-

tion though we used for simplicity a basic synaptic coupling model that has frequently been

applied in the mean-field literature.

Input noise process. The Gaussian stochastic process driving the individual neurons

could also be substituted by colored noise, which would lead to a Fokker-Planck model with

increased dimensionality [31]. However, this would require more complex and computation-

ally expensive numerical schemes not only to solve that model but also for the different dimen-

sion reduction approaches.

Slow adaptation. To derive low-dimensional models of population activity we approxi-

mated the adaptation current by its population average, justified by its slow dynamics com-

pared to the other time scales of the system. This approximation is equivalent to a first order

moment closure method [17]. In case of a faster adaptation time scale the approximation may

be improved by considering second and higher order moments [17, 32].

Population size. The mean-field models presented here can well reproduce the dynamics

of population-averaged state variables (that is, spike rate, mean membrane voltage, and mean

adaptation current) for large populations (N!1 in the derivation). Fluctuations of those

average variables due to the finite size of neuronal populations, however, are not captured.

Hence, it would be interesting to extend the mean-field models so as to reproduce these (so-

called) finite size effects, for example, by incorporating an appropriate stochastic process [18]

or using concepts from [15].

Cascade approach. For uncoupled EIF populations (without an adaptation current) and

constant input standard deviation it has been shown that the LN cascade approximation per-

forms well for physiological ranges of amplitude and time scale for mean input variations [21].

Our results for the cascade models are consistent with [21], but the performance is substan-

tially improved for the sensitive low (baseline) input regime (LNexp and LNdos, also in absence

of adaptation), and damped oscillatory behavior (including over- and undershoots) is

accounted for by the LNdos model.

To achieve these improvements we semi-analytically fit the linear filters derived from the

Fokker-Planck equation using exponential and damped oscillator functions considering a

range of input frequencies. The approximation can be further improved by using more com-

plex functions, such as a damped oscillator with two time scales. That, however, can lead to

less robustness (i.e., undesired model behavior) for rapid and strong changes of the input

moments (cf. Sect. Methods).

LN cascade models are frequently applied in neuroscience to describe population activity,

and the model components are often determined from electrophysiological recordings using

established techniques. The methodology presented here contributes to establishing quantita-

tive links between networks of spiking neurons, a mesoscopic description of population activ-

ity and recordings at the population level.

Spectral approach. Here we provide a new numerical solver for the eigenvalue problem

of the Fokker-Planck operator and its adjoint. This allows to compute the full spectrum

together with associated eigenfunctions and is applicable to nonlinear integrate-and-fire mod-

els, extending [18, 19, 33].
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Using that solver the spec2 model, which is based on two eigenvalues, can be further

improved by interpolating its coefficients, Eqs (63)–(66), around the double eigenvalues at the

spectrum’s real-to-complex transition. This interpolation would effectively smooth the quanti-

ties—e.g., preventing the jumps and kinks that are present in the visualization of Sect. Spectral
models—and is expected to increase the spike rate reproduction accuracy (particularly for

weak mean input) beyond what was reported in this contribution.

The spec2 model can also be extended to yield a third order ODE with everywhere smooth

coefficients by considering an additional eigenvalue (cf. Sect. Remarks on the spectrum).

Moreover, the spec2 model, and more generally the whole spectral decomposition

approach, can be extended to account for a refractory period in the presence of time-varying

total input moments, e.g., by building upon previous attempts [18, 34, 35].

Furthermore, it could be beneficial to explicitly quantify the approximation error due to the

slowness assumption that underlies the spec2 model by integration of the (original) spectral

representation of the Fokker-Planck model.

Both reduced spectral models allow for a refined description of the mean adaptation cur-

rent dynamics, cf. Eq (1), by replacing the mean membrane voltage hVi with its steady-state

value hVi1, using that the membrane voltage distribution is available through the eigenfunc-

tions of the Fokker-Planck operator.

The numerical eigenvalue solver can be extended in a straightforward way to yield quanti-

ties that are required by the original spectral representation of the Fokker-Planck model and

by the corresponding stochastic equation for finite population size [18].

Alternative derived models

In addition to the work we build upon [18–21] (cf. Sect. Methods) there are a few other

approaches to derive spike rate models from populations of spiking neurons. Some methods

also result in an ODE system, taking into account (slow) neuronal adaptation [17, 26, 36–38]

or disregarding it [39]. The settings differ from the work presented here in that (i) the intrinsic

neuronal dynamics are adiabatically neglected [17, 26, 36, 37], (ii) only uncoupled populations

[38] or all-to-all connected networks [17, 36, 39] are assumed in contrast to sparse connectiv-

ity, and (iii) (fixed) heterogeneous instead of fluctuating input is considered [39]. Notably,

these previous methods yield rather qualitative agreements with the underlying spiking neuron

population activity except for [39] where an excellent quantitative reproduction for (non-

adaptive) quadratic integrate-and-fire oscillators with quenched input randomness is

reported.

Other approaches yield mesoscopic representations of population activity in terms of

model classes that are substantially less efficient to simulate and more complicated to analyze

than low-dimensional ODEs [14–17, 40–42]. The spike rate dynamics in these models has

been described (i) by a rather complex ODE system that depends on a stochastic jump process

derived for integrate-and-fire neurons without adaptation [40], (ii) by PDEs for recurrently

connected aEIF [16] or Izhikevich [17] neurons, (iii) by an integro-PDE with displacement for

non-adaptive neurons [42] or (iv) by integral equations that represent the (mean) activity of

coupled phenomenological spiking neurons without [41] and with adaptation [14, 15].

Furthermore, the stationary condition of a noise-driven population of adaptive EIF neurons

[32, 43, 44] and the first order spike rate response to weak input modulations [43, 44] have

been analyzed using the Fokker-Planck equation. Ref. [32] also considered a refined approxi-

mation of the (purely spike-triggered) adaptation current including higher order moments.

It may be interesting for future studies to explore ways to extend the presented methods

and relax some of the underlying assumptions, in particular, considering (i) the diffusion
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approximation (via shot noise input, e.g., [45, 46]), (ii) the Poisson assumption (e.g., using the

concept from [47] in combination with results from [48]) and (iii) (noise) correlations (see,

e.g., [49]).

Methods

Here we present all models in detail—the aEIF network (ground truth), the mean-field FP sys-

tem (intermediate model) and the low-dimensional models: spec1, spec2, LNexp, LNdos—includ-

ing step-by-step derivations and essential information on the respective numerical solution

methods. An implementation of these models using Python is made available at GitHub:

https://github.com/neuromethods/fokker-planck-based-spike-rate-models

Network model

We consider a large (homogeneous) population of N synaptically coupled aEIF model neurons

[5]. Specifically, for each neuron (i = 1, . . ., N), the dynamics of the membrane voltage Vi is

described by

C
dVi

dt
¼ ILðViÞ þ IexpðViÞ � wi þ Isyn;iðtÞ; ð14Þ

where the capacitive current through the membrane with capacitance C equals the sum of

three ionic currents and the synaptic current Isyn,i. The ionic currents consist of a linear leak

current IL(Vi) = −gL(Vi − EL) with conductance gL and reversal potential EL, a nonlinear term

Iexp(Vi) = gL ΔT exp((Vi − VT)/ΔT) that approximates the rapidly increasing Na+ current at

spike initiation with threshold slope factor ΔT and effective threshold voltage VT, and the adap-

tation current wi which reflects a slowly deactivating K+ current. The adaptation current

evolves according to

tw
dwi

dt
¼ aðVi � EwÞ � wi; ð15Þ

with adaptation time constant τw. Its strength depends on the subthreshold membrane voltage

via conductance a. Ew denotes its reversal potential. When Vi increases beyond VT, it diverges

to infinity in finite time due to the exponentially increasing current Iexp(Vi), which defines a

spike. In practice, however, the spike is said to occur when Vi reaches a given value Vs—the

spike voltage. The downswing of the spike is not explicitly modeled; instead, when Vi� Vs, the

membrane voltage Vi is instantaneously reset to a lower value Vr. At the same time, the adapta-

tion current wi is incremented by a value of parameter b, which implements suprathreshold

(spike-dependent) activation of the adaptation current.

Immediately after the reset, Vi and wi are clamped (i.e., remain constant) for a short refrac-

tory period Tref, and subsequently governed again by Eqs (14) and (15). At the end of the

Methods section we describe how (optionally) a spike shape can be included in the aEIF

model, together with the associated small changes for the models derived from it.

To complete the network model the synaptic current in Eq (14) needs to be specified: for

each cell it is given by the sum of recurrent and external input, Isyn,i = Irec,i(t) + Iext,i(t). Recur-

rent synaptic input is received from K other neurons of the network, that are connected in a

sparse (K� N) and uniformly random way, and is modeled by

Irec;i ¼ C
X

j

Jij
X

tj

dðt � tj � dijÞ; ð16Þ

where δ denotes the Dirac delta function. Every spike by one of the K presynaptic neurons
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with indices j and spike times tj causes a postsynaptic membrane voltage jump of size Jij. The

coupling strength is positive (negative) for excitation (inhibition) and of small magnitude.

Here it is chosen to be constant, i.e., Jij = J. Each of these membrane voltage deflections occur

after a time delay dij that takes into account (axonal and dendritic) spike propagation times

and is sampled (independently) from a probability distribution pd. In this work we use expo-

nentially distributed delays, i.e., pd(τ) = exp(−τ/τd)/τd (for τ� 0) with mean delay τd.

The second type of synaptic input is a fluctuating current generated from network-external

neurons,

Iext;i ¼ C½mextðtÞ þ sextðtÞxext;iðtÞ�; ð17Þ

with time-varying moments μext and s2
ext, and unit Gaussian white noise process ξext,i. The lat-

ter is uncorrelated with that of other neurons j 6¼ i, i.e., hξext,i(t)ξext,j(t + τ)i = δ(τ)δij, where h�i

denotes expectation (w.r.t. the joint ensemble of noise realizations at times t and t + τ) and δij

is the Kronecker delta. This external current, for example, accurately approximates the input

generated from a large number of independent Poisson neurons that produce instantaneous

postsynaptic potentials of small magnitude, cf. [48].

The spike rate rN of the network is defined as the population-averaged number of emitted

spikes per time interval [t, t + ΔT],

rNðtÞ ¼
1

N

XN

i¼1

1

DT

Z tþDT

t

X

ti

dðs � tiÞds; ð18Þ

where the interval size ΔT is practically chosen small enough to capture the dynamical struc-

ture and large enough to yield a comparably smooth time evolution for a finite network, i.e.,

N<1.

We chose values for the neuron model parameters to describe cortical pyramidal cells,

which exhibit “regular spiking” behavior and spike frequency adaptation [7, 50, 51]. For the

complete parameter specification see Table 1.

All network simulations were performed using the Python software BRIAN2 [52, 53] with

C++ code generation enabled for efficiency. The aEIF model Eqs (14) and (15) were discre-

tized using the Euler-Maruyama method with equidistant time step Δt and initialized with

wi(0) = 0 and Vi(0) that is (independently) sampled from a Gaussian initial distribution p0(V)

with mean Vr − δV and standard deviation δV/2 where δV = VT − Vr. Note that the models

derived in the following Sects. do not depend on this particular initial density shape but allow

for an arbitrary (density) function p0.

Fokker-Planck system

Adiabatic approximation. The time scales of (slow) K+ channel kinetics which are effec-

tively described by the adaptation current wi, cf. Eq (15), are typically much larger than the

faster membrane voltage dynamics modeled by Eq (14), i.e., τw� C/gL [54–57]. This observa-

tion justifies to replace the individual adaptation current wi in Eq (14) by its average across the

population, hwiN ¼ 1=N
PN

i¼1
wiðtÞ, in order to reduce computational demands and enable

further analysis. The mean adaptation current is then governed by [16, 26, 48, 58]

dhwiN
dt
¼

aðhViN � EwÞ � hwiN
tw

þ b rNðtÞ; ð19Þ

where hViN denotes the time-varying population average of the membrane voltage of non-

refractory neurons.
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The dynamics of the population-averaged adaptation current reflecting the non-refractory

proportion of neurons are well captured by Eq (19) as long as Tref is small compared to τw. In

this (physiologically plausible) case hwiN from Eq (19) can be considered equal to the average

adaptation current over the refractory proportion of neurons [16, 48].

Mean field limit. For large networks (N!1) the recurrent input can be approximated

by a mean part with additive fluctuations, Irec;i=C � JKrdðtÞ þ J
ffiffiffiffiffiffiffiffiffiffiffiffi
KrdðtÞ

p
xrec;iðtÞ with delayed

spike rate

rd ¼ r � pd; ð20Þ

i.e., the spike rate convolved with the delay distribution, and unit white Gaussian noise process

ξrec,i that is uncorrelated to that of any other neuron [16, 18, 26, 34].

Table 1. Parameter values used throughout the study.

Name Symbol Value

Network model

Number of neurons N 50,000

Membrane capacitance C 200 pF

Leak conductance gL 10 nS

Leak reversal potential EL −65 mV

Threshold slope factor ΔT 1.5 mV

Threshold voltage VT −50 mV

Spike voltage Vs −40 mV

Reset voltage Vr −70 mV

Subthreshold adaptation conductance1 a 4 nS

Spike-triggered adaptation increment1 b 40 pA

Adaptation reversal potential Ew −80 mV

Adaptation time constant τw 200 ms

Refractory period2 Tref 0 ms

Gaussian filter width for external input σt 1 ms

Discretization time step Δt 0.05 ms

Spike rate estimation bin width ΔT 1 ms

Fokker-Planck model

Membrane voltage lower bound Vlb −200 mV

Finite-volume membrane voltage spacing ΔV 0.028 mV

Discretization time step Δt 0.05 ms

Low-dimensional models

Discretization time step Δt 0.01 ms

Membrane voltage spacing3 ΔV 0.01 mV

Spacing of mean input3 Δμ 0.025 mV/ms

Spacing of input standard deviation3 Δσ 0:1mV=
ffiffiffiffiffiffiffi
ms
p

1If not specified otherwise.
2A nonzero refractory period is not supported by the spec2 model.
3Parameters for precalculation of model quantities (before simulation).

The values of coupling parameters (K, J, τd) are specified in the captions of Figs 1 and 5, the values of

parameters for the external input, μext or (�m, tm
ou, Wμ), and σext or (s2 , ts2

ou, Wσ2), are provided in each figure

(caption).

https://doi.org/10.1371/journal.pcbi.1005545.t001
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The step is valid under the assumptions of (i) sufficiently many incoming synaptic connec-

tions (K� 1) with small enough weights |Jij| in comparison with VT − Vr and sufficient pre-

synaptic activity (diffusion approximation) (ii) that neuronal spike trains can be approximated

by independent Poisson processes (Poisson assumption) and (iii) that the correlations between

the fluctuations of synaptic inputs for different neurons vanish (mean-field limit). The latter

assumption is fulfilled by sparse and uniformly random synaptic connectivity, but also when

synaptic strengths Jij and delays dij are independently distributed (in case of less sparse or ran-

dom connections) [18].

This approximation of the recurrent input allows to replace the overall synaptic current in

Eq (14) by Isyn,i = C[μsyn(t, rd) + σsyn(t, rd)ξi(t)] with overall synaptic moments

msyn ¼ mextðtÞ þ JKrdðtÞ; s2

syn ¼ s2

extðtÞ þ J2KrdðtÞ; ð21Þ

and (overall) unit Gaussian white noise ξi that is uncorrelated to that of any other neuron.

Here we have used that external Iext,i and recurrent synaptic current Irec,i are independent

from each other.

The resulting mean-field dynamics of the membrane voltage is given by

dVi

dt
¼

ILðViÞ þ IexpðViÞ � hwi
C

þ msynðt; rdÞ þ ssynðt; rdÞxiðtÞ; ð22Þ

and corresponds to a McKean-Vlasov type of equation with distributed delays [59] and discon-

tinuity due to the reset mechanism [60] that complements the dynamics of Vi as before. The

population-averaged adaptation current hwi = limN! 1hwiN is governed by

dhwi
dt
¼

aðhVi � Ew Þ � hwi
tw

þ b rðtÞ; ð23Þ

with mean membrane voltage (of non-refractory neurons), hVi = limN!1hViN, and spike rate

r = limN!1,Δt!0 rN(t).
Remarks: Instead of exponentially distributed synaptic delays we may also consider

other continuous densities pd, identical delays, pd(τ) = δ(τ − d) with d> 0, or no delays at all,

pd(τ) = δ(τ). Instead of identical synaptic strengths one may also consider strengths Jij that are

drawn independently from a normal distribution with mean Jm and variance Jv instead, in

which case the overall synaptic moments become μsyn = μext(t) + JmKrd(t) and

s2
syn ¼ s2

extðtÞ þ ðJ
2
m þ JvÞKrdðtÞ, cf. [16, 26].

Continuity equation. In the membrane voltage evolution, Eq (22), individual neurons

are exchangeable as they are described by the same stochastic equations and are coupled to

each other exclusively through the (delayed) spike rate via the overall synaptic moments μsyn

and s2
syn. Therefore, the adiabatic and mean-field approximations allow us to represent the

collective dynamics of a large network by a (1+1-dimensional) Fokker-Planck equation

[16, 18, 26, 34],

@

@t
pðV; tÞ þ

@

@V
qpðV; tÞ ¼ 0 for V 2 ð� 1;Vs�; t > 0; ð24Þ

which describes the evolution of the probability density p(V, t) to find a neuron in state V at

time t (in continuity form). The probability flux is given by

qpðV; tÞ ¼
ILðVÞ þ IexpðVÞ

C
þ mtotðtÞ

� �

pðV; tÞ �
s2
totðtÞ
2

@

@V
pðV; tÞ; ð25Þ
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with total input mean and standard deviation,

mtotðtÞ ¼ msynðmextðtÞ; rdðtÞÞ � hwiðtÞ=C ð26Þ

stotðtÞ ¼ ssynðsextðtÞ; rdðtÞÞ: ð27Þ

Note that the mean adaptation current (simply) subtracts from the synaptic mean in the drift

term, cf. Eq (22).

The mean adaptation current evolves according to Eq (23) with time-dependent mean

membrane voltage (of the non-refractory neurons)

hVi ¼
R Vs
� 1

vpðv; tÞdv
R Vs
� 1

pðv; tÞdv
: ð28Þ

The spike rate r is obtained by the probability flux through Vs,

rðtÞ ¼ qpðVs; tÞ: ð29Þ

To account for the reset condition of the aEIF neuron dynamics and ensuring that probability

mass is conserved, Eq (24) is complemented by the reinjection condition,

qpðV
þ

r ; tÞ � qpðV
�

r ; tÞ ¼ qpðVs; t � TrefÞ; ð30Þ

where qpðVþr Þ≔ lim V&Vr
qpðVÞ and qpðV �r Þ≔ lim V%Vr

qpðVÞ, an absorbing boundary at Vs,

pðVs; tÞ ¼ 0; ð31Þ

and a natural (reflecting) boundary condition,

lim
V!� 1

qpðV; tÞ ¼ 0: ð32Þ

Together with the initial membrane voltage distribution p(V, 0) = p0(V) and mean adaptation

current hwi(0) = 0 the Fokker-Planck mean-field model is now completely specified.

Note that p(V, t) only reflects the proportion of neurons which are not refractory at time t,
given by PðtÞ ¼

R Vs
� 1

pðv; tÞdv ¼ 1 �
R t

t� Tref
rðsÞds (<1 for Tref > 0 and r(t)> 0). The total

probability density that the membrane voltage is V at time t is given by p(V, t) + pref(V, t) with

refractory density pref(V, t) = (1 − P(t)) δ(V − Vr). At the end of the Methods section we

describe how an (optional) spike shape extension for the aEIF model changes the calculation

of pref and hVi.
In practice we consider a finite reflecting lower barrier Vlb instead of negative infinite for

the numerical solution (next section) and for the low-dimensional approximations of the Fok-

ker-Planck PDE (cf. sections below). Vlb is chosen sufficiently small in order to not distort the

free diffusion of the membrane voltage for values below the reset, i.e., Vlb� Vr. The density

p(V, t) is then supported on [Vlb, Vs] for each time t, and in all expressions above V! −1 is

replaced by Vlb.

Finite volume discretization. In this work we focus on low-dimensional approximations

of the FP model. To obtain a reference for the reduced models it is, however, valuable to solve

the (full) FP system, Eqs (24)–(32). Here we outline an accurate and robust method of solution

that exploits the linear form of the FP model in contrast to previously described numerical

schemes [61, 62] which both require rather small time steps due to the steeply increasing expo-

nential current Iexp in the flux qp close to the spike voltage Vs.
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We first discretize the (finite) domain [Vlb, Vs] into NV equidistant grid cells Vm� 1
2
;Vmþ1

2

h i

with centers Vm (m = 1, . . ., NV) that satisfy V1 < V2 < � � �< VNV
, where V1

2
¼ Vlb and VNVþ

1
2
¼

Vs are the outmost cell borders. Within each cell the numerical approximation of p(V, t) is

assumed to be constant and corresponds to the average value denoted by p(Vm, t). Integrating

Eq (24) combined with Eq (30) over the volume of cell m, and applying the divergence theo-

rem, yields

@

@t
pðVm; tÞ ¼

qpðVm� 1
2
; tÞ � qpðVmþ1

2
; tÞ

DV
þ dmmr

1

DV
qpðVNVþ

1
2
; t � TrefÞ; ð33Þ

where ΔV is the grid spacing and mr corresponds to the index of the cell that contains the reset

voltage Vr. To solve Eq (33) forward in time the fluxes at the borders of each cell need to be

approximated. Since the Fokker-Planck PDE belongs to the class of drift-diffusion equations

this can be accurately achieved by the first order Scharfetter-Gummel flux [63, 64],

qp Vmþ1
2
; t

� �
¼ vmþ1

2

pðVm; tÞ � pðVmþ1; tÞ exp � vmþ1
2
DV=D

� �

1 � exp � vmþ1
2
DV=D

� � ; ð34Þ

where vmþ1
2
ðtÞ ¼ IL Vmþ1

2

� �
þ Iexp Vmþ1

2

� �h i
=C þ mtotðt; rdðtÞ; hwiðtÞÞ and DðtÞ ¼ 1

2
s2
totðt; rdðtÞÞ

denote the drift and diffusion coefficients, respectively (cf. Eq (25)). This exponentially fitted

scheme [64] is globally first order convergent [65] and yields for large drifts, jvmþ1
2
jDV � D,

the upwind flux, sharing its stability properties. For vanishing drifts, on the other hand, the

centered difference method is recovered [64], leading to more accurate solutions than the

upwind scheme in regimes of strong diffusion.

For the time discretization we rewrite Eq (33) (with Eq (34)) in vectorized form and

approximate the involved time derivative as first order backward difference to ensure numeri-

cal stability. This yields in each time step of length Δt a linear system for the values pn+1 of the

(discretized) probability density at tn+1, given the values pn at the previous time step tn, and the

spike rate at the time tn+1−nref
for which the refractory period has just passed,

I �
Dt
DV

Gn

� �

pnþ1 ¼ pn þ gnþ1� nref ; ð35Þ

with vector elements pn
m ¼ pðVm; tnÞ, m = 1, . . ., NV, and gnþ1� nref

m ¼ dmmr
Dt
DV rðtnþ1� nref

Þ. The

refractory period in time steps is given by nref = dTref/Δte, where the brackets denote the ceiling

function, and I is the identity matrix. This linear equation can be efficiently solved with run-

time complexity OðNVÞ due to the tridiagonal structure of Gn 2 RNV�NV which contains the

discretization of the membrane voltage (cf. Eqs (33) and (34)), including the absorbing and

reflecting boundary conditions (Eqs (31) and (32)). For details we refer to S1 Text.

The spike rate, Eq (29), in this representation is obtained by evaluating the Scharfetter-

Gummel flux, Eq (34), at the spike voltage Vs, taking into account the absorbing boundary

condition, Eq (31), and introducing an auxiliary ghost cell [66], with center VNV+1, which

yields

rðtnþ1Þ ¼ qp VNVþ
1
2
; tnþ1

� �
¼ vNVþ

1
2

1þ exp ð� vNVþ
1
2
DV=DÞ

1 � exp ð� vNVþ
1
2
DV=DÞ

pnþ1

NV
; ð36Þ

where the drift and diffusion coefficients, vNVþ
1
2

and D, are evaluated at tn. The mean
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membrane voltage (of non-refractory neurons), Eq (28), used for the dynamics of the mean

adaptation current, Eq (23), is calculated by hViðtnÞ ¼
PNV

m¼1
Vmpn

m=
PNV

m¼1
pn

m.

Practically, we use the initialization p0
m ¼ p0ðVmÞ and solve in each time step the linear sys-

tem, Eq (35), using the function banded_solve from the Python library SciPy [67]. Note

that (for a recurrent network or time-varying external input) the tridiagonal matrix Gn has to

be constructed in each time step tn, which can be time consuming–especially for small ΔV
and/or small Δt. Therefore, we employ low-level virtual machine acceleration for this task

through the Python package Numba [24] which yields an efficient implementation.

Remark: for a vanishing refractory period Tref = 0 the matrix Gn would lose its tridiagonal

structure due to the instantaneous reinjection, cf. Eq (36). In this case we enforce a minimal

refractory period of one time step, Tref = Δt, which is an excellent approximation if the

time step is chosen sufficiently small and the spike rate does not exceed biologically plausible

values.

Low-dimensional approximations

In the following sections we present two approaches of how simple spike rate models can be

derived from the Fokker-Planck mean-field model described in the previous section, cf. Eqs

(20), (21) and (23)–(32).

The derived models are described by low-dimensional ordinary differential equations

(ODEs) which depend on a number of quantities defined in the plane of (generic) input mean

and standard deviation (μ, σ). To explain this concept more clearly we consider, as an example,

the steady-state spike rate, which is a quantity required by all reduced models. The steady-state

spike rate as a function of μ and σ,

r1ðm; sÞ≔ lim
t!1

rðt; mtot¼m; stot¼sÞ; ð37Þ

denotes the stationary value of Eq (29) under replacement of the (time-varying) total moments

μtot and s2
tot in the probability flux qp, Eq (25), by (constants) μ and σ2, respectively. Thus the

steady-state spike rate r1 effectively corresponds to that of an uncoupled EIF population

whose membrane voltage is governed by dVi/dt = [IL(Vi) + Iexp(Vi)]/C + μ + σξi(t) plus reset

condition, i.e., adaptation and synaptic current dynamics are detached. For a visualization of

r1(μ, σ) see Fig 6.

When simulating the reduced models these quantities need to be evaluated for each discrete

time point t at a certain value of (μ, σ) which depends on the overall synaptic moments μsyn(t),
s2
synðtÞ and on the mean adaptation current hwi(t) in a model-specific way (as described in the

following Sects.). An example trajectory of r1 in the (μ, σ) space for a network showing stable

spike rate oscillations is shown in Fig 5.

Importantly, these quantities depend on the parameters of synaptic input (J, K, τd, μext, σext)

and adaptation current (a, b, τw, Ew) only through their arguments (μ, σ). Therefore, for given

parameter values of the EIF model (C, gL, EL, ΔT, VT, Vr, Tref) we precalculate those quantities

on a (reasonably large and sufficiently dense) grid of μ and σ values, and access them during

time integration by interpolating the quantity values stored in a table. This greatly reduces the

computational complexity and enables rapid numerical simulations.

The derived low-dimensional models describe the spike rate dynamics and generally do not

express the evolution of the entire membrane voltage distribution. Therefore, the mean adap-

tation dynamics, which depends on the density p(V, t) (via hVi, cf. Eq (23)) is adjusted through

approximating the mean membrane voltage hVi by the expectation over the steady-state
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distribution,

hVi
1
¼

R Vs
� 1

vp1ðvÞdv
R Vs
� 1

p1ðvÞdv
; ð38Þ

which is valid for sufficiently slow adaptation current dynamics [48, 58]. The steady-state dis-

tribution is defined as p1(V) = limt! 1 p(V, t; μtot = μ, σtot = σ), representing the stationary

membrane voltages of an uncoupled EIF population for generic input mean μ and standard

Fig 6. Steady-state spike rate and mean membrane voltage for a population of EIF neurons. r1 and hVi1 for an uncoupled population

of EIF neurons (aEIF with a = b = 0) as a function of (generic) input mean μ and standard deviation σ, calculated from the (steady-state)

Fokker-Planck equation, shown in two different representations (left and right, each).

https://doi.org/10.1371/journal.pcbi.1005545.g006
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deviation σ. The mean adaptation current in all reduced models is thus governed by

dhwi
dt
¼

aðhVi1 � EwÞ � hwi
tw

þ b rðtÞ; ð39Þ

where the evaluation of quantity hVi1 in terms of particular values for μ and σ at a given time

t is model-specific (cf. following Sects.). Note again that the calculation of hVi1 slightly

changes when considering an (optional) spike shape extension for the aEIF model, as

described at the end of the Methods section.

The Fokker-Planck model does not restrict the form of the delay distribution pd, except that

the convolution with the spike rate r, Eq (20), has to be well defined. Here, however, we aim at

specifying the complete network dynamics in terms of a low-dimensional ODE system.

Exploiting the exponential form of the delay distribution pd we obtain a simple ordinary differ-

ential equation for the delayed spike rate,

drd

dt
¼

r � rd

td
; ð40Þ

which is equivalent to the convolution rd = r � pd.

Note that more generally any delay distribution from the exponential family allows to rep-

resent the delayed spike rate rd by an equivalent ODE instead of a convolution integral [68].

Identical delays, rd(t) = r(t − d), are also possible but lead to delay differential equations. Natu-

rally, in case of no delays, we simply have rd(t) = r(t).
To simulate the reduced models standard explicit time discretization schemes can be

applied–directly to the first order equations of the LNexp model, and for the other models

(LNdos, spec1, spec2)–to the respective equivalent (real) first order systems. We would like to

note that when using the explicit Euler method to integrate any of the latter three low-dimen-

sional models a sufficiently small integration time step Δt is required to prevent oscillatory arti-

facts. Although the explicit Euler method works well for the parameter values used in this

contribution, we have additionally implemented the method of Heun, i.e., the explicit trapezoi-

dal rule, which is second order accurate.

Spectral models

Eigendecomposition of the Fokker-Planck operator. Following and extending [18] we

can specify the Fokker-Planck operator L

Lðm; sÞ½p� ¼ �
@

@V
ILðVÞ þ IexpðVÞ

C
þ m

� �

p
� �

þ
s2

2

@
2p

@V2
; ð41Þ

for an uncoupled EIF population receiving (constant) input (μ, σ), cf. Sect. Low-dimensional
approximations. This operator allows to rearrange the FP dynamics of the recurrent aEIF net-

work, Eq (24), as

@p
@t
¼ LðmtotðtÞ; stotðtÞÞ½p� ð42Þ

which depends on the (time-varying) total input moments μtot(t, rd, hwi) and s2
totðt; rdÞ, cf. Eqs

(26) and (27), in the drift and diffusion coefficients, respectively.

For each value of (μ, σ) the operator L possesses an infinite, discrete set of eigenvalues λn in

the left complex half-plane including zero [18], i.e., Re{λn}� 0, and associated eigenfunctions
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ϕn(V) (n = 0, 1, 2, . . .) satisfying

L½�n� ¼ ln�n: ð43Þ

Furthermore, the boundary conditions, Eqs (30)–(32) have to be fulfilled for each eigenfunc-

tion ϕn separately, i.e., the absorbing boundary at the spike voltage,

�nðVsÞ ¼ 0; ð44Þ

and the reflecting barrier at the (finite) lower bound voltage,

q�n
ðVlbÞ ¼ 0; ð45Þ

must hold. The eigenflux is given by

q�n
ðVÞ ¼

ILðVÞ þ IexpðVÞ
C

þ m

� �

�nðVÞ �
s2

2

@

@V
�nðVÞ; ð46Þ

i.e., the flux qp of Eq (25) with eigenfunction ϕn and (constant) generic input moments (μ, σ2)

instead of density p and (time-varying) total input moments, respectively. Moreover, the

eigenflux qϕn
has to be reinjected into the reset voltage, cf. Eq (30),

q�n
ðVþr Þ � q�n

ðV �r Þ ¼ q�n
ðVsÞ; ð47Þ

where we have neglected the refractory period, i.e., Tref = 0. Note that incorporating a refrac-

tory period Tref > 0 is straightforward only for the simplified case of vanishing total input

moment variations, _mtot � _s2
tot � 0, which is described in the following section and is not cap-

tured here in general.

The spectrum of L is shown in Fig 7A and further discussed in Sect. Remarks on the
spectrum.

Defining the non-conjugated [69] inner product hc; �i ¼
R Vs

Vlb
cðvÞ�ðvÞdv yields the corre-

sponding adjoint operator L�ðm; sÞ given by [18]

L� ¼
ILðVÞ þ IexpðVÞ

C
þ m

� �
@

@V
þ

s2

2

@
2

@V2
; ð48Þ

which satisfies hc;L�i ¼ hL�c; �i for any complex-valued functions ψ and ϕ that are suffi-

ciently smooth on [Vlb, Vs]. L
�

has the same set of eigenvalues λn as L but distinct associated

eigenfunctions ψn(V), i.e.,

L�½cn� ¼ lncn; ð49Þ

which have to satisfy three boundary conditions,

cnðVsÞ ¼ cnðVrÞ; ð50Þ

@cn

@V
ðVlbÞ ¼ 0; ð51Þ

@cn

@V
ðVþr Þ ¼

@cn

@V
ðV �r Þ ð52Þ

that are determined by integrating hcn;L½�n�i by parts and equalling with hL�½cn�; �ni using

the conditions of L, Eqs (44)–(47). Note that the last condition, Eq (52), ensures a continuous
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Fig 7. Spectrum of the Fokker-Planck operator L and related quantities. A: regular eigenvalues of L (blue) and diffusive ones (red) with

real and imaginary part (top and bottom, respectively) as a function of the mean input μ for small noise intensity σ (left) and larger input

fluctuations (right). The first two dominant eigenvalues λ1, λ2 are indicated together with discontinuities in the real (λ2) and imaginary part (λ1

and λ2), respectively. The stationary eigenvalue λ0 = 0 is shown in gray. Note that the value of the mean input μ at which the eigenvalue λn

changes from real to complex values depends on the noise amplitude σ and the eigenvalue index n which is difficult to see in the figure. The

narrow winding curves attached to the left side of the respective spectra represent the lower bound flux q(Vlb) for μmin = −1.5 mV/ms as a

function of (real) eigenvalue candidate λ. The flux axis has a logarithmic scale between the large ticks (absolute values between 10−10 and

10−2 kHz) and is linear around the dashed zero value. The open circles denote the eigenvalues, i.e., those λ that satisfy q(Vlb) = 0. Note that

q(Vlb) ranges over several orders of magnitude. B: stationary eigenfunction ϕ0 = p1 (gray) and nonstationary eigenfunctions ϕ1 of L andψ1

of L� corresponding to the first dominant eigenvalue λ1 for three different input parameter values indicated by the triangle and circles in A

(same units of μ and σ as therein). The eigenfunctions are biorthonormalized, but (only) for visualization truncated at V = −100 mV and

furthermore individually scaled to absolutely range within the unit interval of arbitrary units [a.u.]. C: first and second dominant eigenvalues

λ1, λ2 with real and imaginary part (that are also indicated in A), as well as additional (real-valued) quantities of the model spec2 (M, S, Fμ,

Fσ2) as a function of input mean μ and noise strength σ in steps of 0:2mV=
ffiffiffiffiffiffiffi
ms
p

from small values (black) to larger ones (green). The dots

indicate identical parameter values to the spectra of A and the eigenfunctions of B (darker: s ¼ 1:5mV=
ffiffiffiffiffiffiffi
ms
p

, brighter green:

s ¼ 3:5mV=
ffiffiffiffiffiffiffi
ms
p

).

https://doi.org/10.1371/journal.pcbi.1005545.g007
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derivative of ψn at Vr in contrast to the eigenfunctions ϕn of L, that have a kink at the reset due

to reinjection condition, Eq (47), as shown in Fig 7B.

The eigenfunctions of L and L� are pairwise orthogonal and in the following (without loss

of generality) assumed to be scaled according to the biorthonormality condition,

hcn; �mi ¼ dnm: ð53Þ

The membrane voltage probability density can now be expanded onto the (moving) eigen-

basis of L [18, 70],

pðV; tÞ ¼
X1

n¼0

anðtÞ�nðVÞ; ð54Þ

where each eigenfunction ϕn depends on time via the total input moments μ = μtot(t, rd, hwi),
s2 ¼ s2

totðt; rdÞ, and the projection coefficients are given by αn = hψn, pi and particularly α0 = 1

[18]. Deriving αn with respect to time (for n = 1, 2, . . .) and using the expansion, Eq (54), the

Fokker-Planck Eq (42) as well as the definition of the adjoint operator yields an infinite-

dimensional equation for the complex-valued projection coefficients α(t) = (α1(t), α2(t), . . .)T,

_α ¼ ðΛþ Cm _mtot þ Cs2
_s2

totÞα þ cm _mtot þ cs2
_s2

tot: ð55Þ

This dynamics is initialized by αn(0) = hψn, p0i, and is complemented by (i) an expression for

the spike rate,

rðtÞ ¼ r1 þ f � α; ð56Þ

that is obtained from Eq (29) (using Eq (54)), and (ii) by the mean adaptation and delayed

spike rate dynamics, Eqs (39) and (40). The dots in Eqs (55) and (56) denote time derivatives

(e.g., _s2
tot ¼ ds2

tot=dt) and a non-conjugated scalar product of complex vectors (i.e.,

f � α ¼
P1

n¼1
fnan), respectively. The matrix Λ = diag(λ1, λ2, . . .) contains the eigenvalues of L,

the matrices Cμ and Cσ2 have elements (Cx)n,m = h@xψn, ϕmi for x 2 {μ, σ2} and n, m 2 N with

partial derivative @x = @/@x, the vectors cμ and cσ2 consist of components cx
n ¼ h@xcn; �0i. The

steady-state spike rate is given by r1 = qϕ0
(Vs), i.e., the flux of the eigenfunction ϕ0 = p1 that

represents the stationary membrane voltage distribution p1 and corresponds to the (station-

ary) eigenvalue λ0 = 0 [18]. The vector f contains the (nonstationary) eigenfluxes evaluated at

the spike voltage, fn = qϕn
(Vs).

Note that the quantities (Λ, Cμ, Cσ2, cμ, cσ2, r1, f, hVi1) all depend on time in Eqs (55), (56)

and (39) via the total input moments (μtot, s2
tot). Particularly, at time t the (biorthonormal)

solution of the eigenvalue problems for L and its adjoint L�, Eqs (43)–(47) and (49)–(52) with

n 2 N0, is required for μ = μtot(t, rd, hwi), σ = σtot(t, rd). Because L is a real operator its spec-

trum contains only real eigenvalues and/or complex conjugated pairs depending on (μ, σ).

This property carries over to the eigenfunctions and therefore also to the components of all

quantities above implying for example that the scalar product f � α is always real-valued.

Although the spectral representation, Eqs (55) and (56), is fully equivalent to the original

(partial differential) Fokker-Planck equation without refractory period and while it contains

only time derivatives it is still an infinite-dimensional and furthermore generally an implicit

model. Therefore, to derive an explicit low-dimensional ordinary differential model for the

spike rate r(t), it is not sufficient to truncate the expansion in Eq (54) after, e.g., two terms but

additional assumptions have to be considered.

Basic model: One eigenvalue, negligible input variations. The first and simpler, derived

spectral model is based on [19] and requires the strong assumption of vanishing changes of the
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total input moments, _mtot � 0, _s2
tot � 0. Under this approximation the projection coefficient

dynamics, Eq (55), simplifies to

_an ¼ lnan ð57Þ

for n 2 N. Considering only the dominant (nonzero) eigenvalue

l1 ¼ argminfjReflngj : ln 6¼ 0g; ð58Þ

i.e., the “slowest mode”, we obtain from Eqs (56) and (57) that r(t) = r1 + m1 Re{f1α1} with

m1 = 1 if l1 2 R and m1 = 2 if l1 2 C n R. Here we have included for a complex eigenvalue λ1

also its complex conjugate l
1

that has the projection coefficient a1ðtÞ. They jointly yield a zero

imaginary part in the scalar product of Eq (56). Defining ~rðtÞ ¼ r1 þm1f1a1 yields the com-

plex first order equation for the spike rate [19],

_~r ¼ l1ð~r � r1Þ; rðtÞ ¼ Ref~rg: ð59Þ

While this derivation is based on neglecting changes of the total input moments, their time-

variation is effectively reintroduced in the two quantities (dominant eigenvalue and steady-

state rate), i.e., λ1(μtot, σtot) and r1(μtot, σtot) with μtot(t) and σtot(t) according to Eqs (26) and

(27). Therefore, the spike rate evolution, Eq (59), is complemented with the dynamics of mean

adaptation current hwi and delayed spike rate rd, Eqs (39) and (40), where the former involves

the third (μtot, σtot)-dependent quantity hVi1. See Figs 6 and 7C for the involved quantities

depending on (generic) input μ, σ.

We call this first derived low-dimensional spike rate model, i.e., Eqs (59), (39) and (40),

spec1. It is very simple in comparison with the full Fokker-Planck system in the spectral repre-

sentation, Eqs (55)–(56), (39) and (40), in the sense that it does not depend on “nonstationary”

quantities of L or its adjoint L� except for the dominant eigenvalue λ1.

Note that under the assumption of vanishing input moment variations the dynamics of the

expansion coefficients αn, Eq (55), is simply exponentially decaying in time, cf. Eq (57). This

allows to incorporate a refractory period Tref > 0 into the spectral decomposition framework

by inserting the eigenbasis expansion of the membrane voltage distribution, Eq (54), into the

reinjection condition of the Fokker-Planck model, Eq (30), using αn(t) = αn(0) exp(λnt) and

the absorbing boundary, Eq (44). This generalizes the reinjection condition for the eigenfunc-

tions ϕn of L from Eq (47) to

q�n
ðVþr Þ � q�n

ðV �r Þ ¼ q�n
ðVsÞ exp ð� lnTrefÞ; ð60Þ

which was applied in [19], and the corresponding boundary condition for the adjoint opera-

tor’s eigenfunctions ψn from Eq (50) to

cnðVsÞ ¼ cnðVrÞ exp ð� lnTrefÞ: ð61Þ

Advanced model: Two eigenvalues, slow input moment variations. Another possibility

to derive a low-dimensional spike rate model is based on ongoing work of Maurizio Mattia.

He has recognized that under the weaker (compared to the basic spec1 model above) assump-

tion of small but not vanishing input moment changes a real-valued second order ordinary dif-

ferential equation for the spike rate r(t) can be consistently derived [20]. Here we extend this

approach to account for neuronal adaptation, time-varying external input moments and delay

distributions.
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The steps in a nutshell (for the detailed derivation see S1 Text) are (i) taking the derivative

of Eq (55) (once) and of (56) (twice) w.r.t. time, (ii) considering only the first two dominant

eigenvalues λ1 and λ2, i.e., neglecting all (faster) eigenmodes that correspond to eigenvalues

with larger absolute real part (“modal approximation”), (iii) assuming slowly changing input

moments, i.e., small _mtot and _s2
tot that allow to consider projections coefficients of that order,

i.e., an ¼ Oð _mtotÞ and an ¼ Oð _s2
totÞ for n = 1, 2, and therefore to consider only linear occur-

ences of _mtot, _s2
tot, α1, α2, and neglect terms of second and higher order. The slowness approxi-

mation implies that neither the external moments μext(t), s2
extðtÞ nor the (delayed) spike rate

rd(t) nor the population-averaged adaptation current hwi(t) should change very fast (cf.

Eqs (26), (27) and (21). Note that the dynamics of hwi is assumed to be slow already, cf. Sect.

Fokker-Planck system.

Under these approximations we obtain for the spike rate dynamics the following real sec-

ond order ODE,

b2 €r þ b1 _r þ b0 r ¼ r1 � r � bc; ð62Þ

that is complemented with the mean adaptation current and delayed spike rate dynamics, Eqs

(39) and (40), and we call the model spec2. The coefficients

b2 ¼ D; ð63Þ

b1 ¼ � T þ DM
b
C
�

R
td
; ð64Þ

b0 ¼ � DM
b

twC
�

b
C

Hm þ
1

td
KJHm þ KJ2Hs2

� �
þ

R
t2

d
; ð65Þ

bc ¼ rd �
1

td
KJHm þ KJ2Hs2

� �
�

R
t2

d

� �

� €mext þ
aðhVi

1
� EwÞ � hwi
t2

wC

� �

DM � €s2
extDS

þ _mext �
aðhVi

1
� EwÞ � hwi
twC

� �

Hm þ
_s2
extHs2 ;

ð66Þ

depend on the (lumped) quantities D = 1/λ1 � 1/λ2, T = 1/λ1 + 1/λ2, M = @μr1 + f � cμ, S = @σ2r1
+ f � cσ2, R = DMKJ + DSKJ2, Hμ = TM + DMa@μhVi1/(τwC) −DFμ, Hσ2 = TS + DMa@σ2hVi1/

(τwC) −DFσ2, Fμ = f � Λ cμ and Fσ2 = f � Λ cσ2. Here the diagonal eigenvalue matrix Λ = diag(λ1,

λ2) and the vectors f = (f1, f2)T, cm ¼ ðc
m
1; c

m
2Þ

T
, cs2 ¼ ðcs2

1
; cs2

2
Þ
T

are two-dimensional in contrast

to infinite as in the original dynamics, Eqs (55) and (56). These individual quantities, that also

include hVi1 (cf. Eq (39)), r1 and derivatives of both w.r.t. generic mean μ and variance σ2,

are evaluated at the total input moments μ = μtot(t, rd, hwi), s2 ¼ s2
totðt; rdÞ. A relevant subset of

individual and lumped quantities is shown in Figs 6 and 7C.

The four coefficients, Eqs (63)–(66), are real-valued because we define λ2 as the second

dominant eigenvalue conditioned that (λ1, λ2) compose either a real or a complex conjugated

eigenvalue pair, i.e.,

l2 ¼ argminfjReflngj : ln 6¼ l1 s:t: ln 6¼ 0; l1 þ ln 2 Rg; ð67Þ

where λ1 is obtained as for the (basic) spec1 model, cf. Eq (58). This condition ensures that all

related complex quantities occur in vectors of two complex conjugate components (for
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example, f1 ¼ f2) implying that the scalar products above are real-valued (e.g., f � cm 2 R) and

therefore all (nine) lumped quantities, too. Note that this specific definition of λ2 is required

only for integrate-and-fire neuron models that have a lower bound different from the reset,

i.e., Vlb < Vr, as discussed in the following section.

The coefficients of the spec2 model require–in addition to eigenvalues λn and steady-state

rate r1 (cf. basic spec1 model, Eq (59))–quantities that involve the first and second eigenfunc-

tions of the Fokker-Planck operator L and its adjoint L�. Additionally, β1, β0 and βc contain

the parameters of membrane voltage (C) and mean adaptation current dynamics (a, b, τw, Ew)

as well as of the recurrent coupling (K, J, τd) and, importantly, explicit dependencies on the

population-averaged adaptation current hwi and the delayed spike rate rd (that is in addition

to implicitly via μtot and σtot). Furthermore βc depends on the first two time derivatives of the

external input moments μext(t) and s2
extðtÞ. This explicit occurence of neuronal and coupling

parameters, state variables and input moment derivatives in the coefficients is not expressed in

the basic spectral model (spec1), Eq (59). A consequence is that for the (advanced) model spec2

the external moments have to be provided twice differentiable or in case of non-smooth time

series to be filtered (e.g., see Sect. Performance for variations of the mean input).
The particular coefficients, Eqs (63)–(66), are specific for the choice of an exponential delay

distribution, as indicated by the occurrence of the mean delay τd in β1, β0 and βc. Other choices

such as identical delays or no delays are described in the supplementary material S1 Text.

Note that the original (infinite-dimensional) spectral dynamics, Eqs (55) and (56), assumes

for the refractory period a value of Tref = 0 which carries over to the same choice for the spec2

model, whereas Tref > 0 is not supported (yet).

The spike rate is by definition nonnegative, however, the model spec2, Eq (62), can yield

negative rates r(t), especially for small total mean input μtot and fast (external) input changes,

e.g., when _mext is large. We explicitly avoid that behaviour by setting both the spike rate of this

model, r, and its derivative, _r , to zero whenever r(t)<0 and continue the integration of the dif-

ferential equation afterwards.

Remarks on the spectrum. In the previous two sections we have developed two spike rate

models based on approximations of the Fokker-Planck system’s spectral representation, Eqs

(55) and (56) under different slowness assumptions. In the derivation of the (simple) model

spec1, cf. Eq (59), temporal variations of the total input moments are completely neglected

while the (advanced) model spec2, cf. Eq (62), incorporates (slow) changes of the total input

moments through linear terms (proportional to _mtot or _s2
tot) and neglects (faster) quadratic and

higher order ones.

Both slowness approximations imply that the eigenvalue matrix Λ is the dominant term in

the homogeneous part of Eq (55). Therefore the eigenvalues approximately correspond to

decay time constants 1/|Re{λn}| in their real part and in case of complex eigenvalues they con-

tribute damped oscillatory components with frequency |Im{λn}|/(2π) through their imaginary

part to the dynamics. How the spectrum of the Fokker-Planck operator L depends on the

input moments therefore gives insights into the behavior of the derived spike rate models

spec1 and spec2, and of the FP model with slow adaptation in general.

Here we summarize the main properties of the eigenvalues λn(μ, σ) for the (uncoupled,

nonadaptive) EIF neuron model as a function of generic input mean μ and standard deviation

σ (cf. Sect. Low-dimensional approximations) that are shown in Fig 7A. Note that at time t the

total input determines the particularly effective eigenvalue, λn(μtot(t), σtot(t)), in dependence of

external input moments, (delayed) spike rate and adaptation current, cf. Eqs (26), (27) and

(21. We thereby extend the findings of [18] concerning the perfect integrate-and-fire neuron

with reflecting lower barrier at the reset voltage (PIFb), i.e., dVi/dt = μ + σξi(t) with Vlb = Vr.
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1. The eigenvalue λ0 = 0 exists for all (generic) input moments μ, σ2 with stationary membrane

voltage distribution as corresponding eigenfunction, ϕ0 = p1 (see Fig 7A and 7B), the

respective adjoint eigenfunction is constant, ψ0 = 1, cf. [18]. The other, nonstationary eigen-

values λn with n� 1 have negative real parts for all (μ, σ) which yields stability of the sta-

tionary distribution for constant total input moments. For sufficiently small mean input

μmin the eigenvalues λn(μmin, σ) are real-valued for all n and σ, i.e., no (damped) oscillatory

spike rate transient in that regime are present (consistent with [18]), cf. Fig 7A.

2. Two classes of modes can be distinguished: eigenvalues of the first kind occur in couples

which are real-valued at μmin but merge for increasing mean input μ to become a complex

conjugated pair of decreasing absolute real part and almost linearly increasing imaginary

part (see Fig 7A). Thus they correspond in this situation to damped oscillatory dynamics

with increased frequency |Im{λn}|/(2π) and decay time constant 1/|Re{λn}| for stronger

mean input. Note that there is no single critical parameter for the real-to-complex transi-

tion, instead that depends on the input mean μ and standard deviation σ as well as on the

eigenvalue index n in contrast to the PIFb neuron where μ = 0 (alone) induces the transition

[18]. We call this type of eigenvalue regular because it is observed also for very simple

integrate-and-fire models (such as PIFb).

The second type of eigenvalue is real for the whole input parameter space of (μ, σ). The cor-

responding decay time constant is large if noise dominates while for stronger mean input

the respective dynamics is negligibly fast. Note that by setting the lower bound Vlb equal to

the reset voltage, this eigenvalue class is completely removed for the EIFb model, which is

the EIF membrane voltage description with Vlb = Vr (not used here). This explains why this

new type of eigenvalue has not been described in [18], and suggests a relationship to the dif-

fusion of the membrane voltage for hyperpolarized neuronal states. The latter correspon-

dence is further supported from the significant values of the respective eigenfunction ϕn

below the reset voltage Vr in contrast to the eigenfunctions of regular eigenvalues (cf.

Fig 7B). Therefore we label this second type of eigenvalue diffusive.

3. The input noise intensity σ controls the spectrum’s mixture of the two eigenvalue classes as

follows: weak noise favors regular modes, i.e., the dominant two eigenvalues are pairs of

real (for smaller mean input μ) or complex conjugated eigenvalues (for larger μ) while the

diffusive modes are irrelevantly fast in this regime (cf. Fig 7A, left). Increased input fluctua-

tions, i.e., a larger σ, on the other hand leads to a spectrum with dominant (“slowest” eigen-

value λ1) of the diffusive kind for small mean input μ while for larger μ the dominant mode

is from the regular class (being real or complex depending on μ, σ, n), see Fig 7A, right. Fur-

thermore an increased noise strength σ leads to a smaller decay time constant 1/|Re{λn}| for

regular modes, i.e., their respective contribution to the spike rate dynamics is faster in the

fluctuation-dominated regime than in the drift-dominated one, whereas for diffusive

modes the opposite holds true.

The specific definition of the second dominant eigenvalue λ2, Eq (67), is necessary to ensure

real coefficients in the spec2 model, Eqs (63)–(66), for regions in (μ, σ)-space where the first

dominant eigenvalue λ1 is of the (real) diffusive type and the second is part of a complex conju-

gate couple (for an example see Fig 7A, right).

Extracting the required dominant eigenvalues λ1 (for both spectral models: spec1, spec2)

and λ2 (for spec2 model only) according to Eqs (58) and (67) in the (μ, σ)-plane leads to points

of instantaneous changes in the imaginary part (λ1 and λ2) and the real part (only λ2) due to

transitions from a dominant diffusive mode for small mean input μ to a regular eigenvalue (or

pair) becoming dominant for larger μ (see Fig 7A and 7C and the last property above). These
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discontinuities (which lie on a one-dimensional curve μ(σ)) could be avoided by either restrict-

ing to Vlb = Vr (no diffusive modes) or by deriving a third spectral model based on three eigen-

values: the dominant regular pair together with the dominant diffusive eigenvalue. Making the

latter extension is straightforward by using the same steps and slowness approximation as for

the model spec2 and would yield a 3rd order ODE for the spike rate r(t) with smooth coeffi-

cients and is expected to show increased reproduction accuracy (especially for small mean

input) compared to the model spec2.

The properties above imply for the low-dimensional models spec1 and spec2, that both

enable damped oscillatory spike rates for mean-dominated input (for large μ) since then the

first two dominant eigenvalues (λ1 and λ2) have nonzero imaginary parts and are complex

conjugates of each other (see Fig 7C). Furthermore in this case the effective time constant,

1/|Re{λ1}| = 1/|Re{λ2}|, is large (especially for small input standard deviation σ). For noise-

dominated input, i.e., when σ (and not μ) is large, on the other hand, the corresponding spike

rate dynamics is fast and does not contain an oscillatory component.

Numerical solver. Here we present a numerical solution method of the Fokker-Planck

boundary eigenvalue problem (BEVP) for the operator Lðm; sÞ, Eqs (43)–(47), and its adjoint

L�ðm; sÞ, Eqs (49)–(52). The solution of the two BEVPs in terms of eigenvalues λn and associ-

ated (biorthonormal) eigenfunctions (ϕn(V), ψn(V)) as well as quantities that are derived from

those and are required by the models spec1 and spec2, is obtained for a rectangle of the input

mean μ and standard deviation σ (see Sect. Low-dimensional Approximations). Note that the

numerical method is not restricted to the EIF neuron model and supports other integrate-and-

fire models as well (e.g., perfect, leaky or quadratic).

The eigenequation Lðm; sÞ½�� ¼ l�, i.e., Eq (43) (omitting the eigenvalue index n), repre-

sents a second order ODE (cf. Eq (41)), that is equivalent to the following first order system for

the eigenflux qϕ(V) and the eigenfunction ϕ(V),

�
d

dV
q�
�

 !

¼

0 l

2

s2
� 2

gðVÞ þ m

s2

0

@

1

A

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼A

q�
�

 !

ð68Þ

with coefficient matrix A(V) that has a nonlinear component through g(V) = [IL(V) + Iexp(V)]/

C that contains leak and exponential (membrane) currents. Here it was used the form of

the eigenflux qϕ (cf. Eq (46)), and that Lðm; sÞ½�� ¼ � @Vq� for generic input moments μ and

σ2 (cf. Eq (41)).

Basically a direct discretization, e.g., by a finite difference approximation, of the membrane

voltage derivatives in the System (68) can be applied. In combination with the boundary

conds., Eqs (44)–(47), this leads to a (sparse) matrix eigenvalue problem that allows for appli-

cation of standard (Arnoldi iteration based) numerical solvers. However, the convergence

properties of this approach are very poor in the sense that extremely small voltage steps ΔV
have to be chosen for the finite differences. Thus, the technique is inefficient as huge systems

appear or even inaccurate due to amplified round-off errors by ill-conditioned matrices.

Here we propose an alternative solution procedure which is based on a reformulation of the

System (68) with corresponding boundary conditions, Eqs (44)–(47), as a complex-valued

algebraic root finding problem

l 7! q�ðVlb; lÞ¼
!

0 ð69Þ

whose solutions are the eigenvalues λn. To evaluate the nonlinear function (the left hand side

Derived low-dimensional spike rate models

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1005545 June 23, 2017 34 / 46

Augustin, Ladenbauer, Baumann and Obermayer 2017

99

https://doi.org/10.1371/journal.pcbi.1005545


of this equation) for an arbitrary l 2 C (not necessary an eigenvalue) Eq (68) is integrated

backward starting from the spike voltage Vs (initializing one component to satisfy the absorb-

ing boundary cond., Eq (44), i.e., ϕ(Vs) = 0, and another component that can be chosen arbi-

trarily, q�ðVsÞ 2 C n f0g, due to the linearity of the problem) via the reset Vr (where the

reinjection cond., Eq (47), is enforced, i.e., q�ðV �r Þ ¼ q�ðVþr Þ � q�ðVsÞ, which induces a dis-

continuity in qϕ at the reset voltage) finally to the lower bound voltage Vlb. There, a nonzero

value of q�ðVlbÞ 2 C indicates that λ is not an eigenvalue since in this case ϕ(V) violates the

reflecting boundary condition, Eq (45). qϕ(Vlb) = 0 on the other hand shows that λ is an eigen-

value with corresponding eigenfunction ϕ(V) and eigenflux qϕ(V). Note that when considering

a nonzero refractory period the generalized version of the reinjection cond., Eq (60), i.e.,

q�ðV �r Þ ¼ q�ðVþr Þ � q�ðVsÞe� lTref , is enforced instead of the expression above. The latter is

only valid for the spec1 model, Eq (59) (see Sect. Basic model: one eigenvalue, negligible input
variations) and makes the Fokker-Planck eigenvalue problem nonlinear due to the exponentia-

tion of λ in Eq (60).

The (complex-valued) root finding problem, Eq (69) can be solved numerically to yield a

target eigenvalue λn using an iterative procedure (for example a variant of Newton’s method)

given that a sufficiently close initial approximation ~ln 2 C is available. In our Python imple-

mentation we apply Powell’s hybrid method as implemented in MINPACK wrapped through

SciPy [67] to the equivalent real system of the two variables Re{λ} and Im{λ}.

Appropriate initial approximations ~ln can be achieved (i) by exploiting that for sufficiently

small generic mean input μmin all eigenvalues have zero imaginary part (see Sect. Remarks on
the spectrum). In that case the eigenvalues are given by the roots {λ0, λ1, . . .} of q(Vlb; λ)–the

one-dimensional function of the real-valued eigenvalue candidate λ 2 (−1, 0]–which are

obtained, for example, by (dense) evaluation of that function in a sufficiently large (sub)inter-

val below zero. Furthermore (ii) all eigenvalues depend continuously on the (input) parame-

ters μ and σ (cf. Fig 7A), i.e., for a small step in the respective parameter space the solution λn

of Eq (69) for the last parametrization is a very good initial value ~ln for the current parametri-

zation. With this initialization the solution of Eq (69) is typically found in a few steps of the

chosen Newton-like method (see S1 Text for details).

To efficiently and accurately evaluate qϕ(Vlb; λ) in each iteration (of the root finding algo-

rithm), we perform an exponential (backward) integration of the System (68). The resulting

scheme is based on truncating the Magnus expansion of the exact solution after one term [71].

Here matrix exponential function evaluations of the form exp[A(V)ΔV] occur that are calcu-

lated using an analytic expression [72]. Note that ODE solvers that either do not exploit the lin-

ear structure of Eq (68) at all (such as the explicit Euler method but also higher order Runge-

Kutta methods) or utilize linearity only in one variable (e.g., [73]) have poor convergence

behaviour and thus require very small step sizes ΔV due to the strong nonlinearity g(V) as a

consequence of the large value of the current Iexp close to Vs and significantly large absolute

eigenvalues |λn|, respectively.

For more information on the numerical solver we refer to S1 Text, where details regarding

the adjoint operator, the exponential integration, the initial eigenvalue determination and the

(parallelized) treatment of the input parameters are included.

Cascade models

Linear-Nonlinear (LN) cascade models of neuronal activity are often applied in neuroscience,

because they are simple and efficient, and the model components can be estimated using estab-

lished experimental procedures [21, 74, 75]. Here we use the LN cascade as an ansatz to
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develop a low-dimensional model and we determine its components from the underlying

Fokker-Planck model. This section builds upon [21] and extends that approach for recurrently

coupled aEIF neurons; specifically, by taking into account an adaptation current and variations

of the input variance. Furthermore, we consider an improved approximation of the derived

linear filters and include an (optional) explicit description of the spike shape, cf. [23] (ch 4.2).

The cascade models considered here produce spike rate output by applying to the time-

varying mean μsyn and standard deviation σsyn of the (overall) synaptic input, cf. Eq (21), sepa-

rately a linear temporal filter, Dμ and Dσ, followed by a common nonlinear function F. That is,

rðtÞ ¼ F ðmf ; sf ; hwiÞ; ð70Þ

mfðtÞ ¼ Dm � msynðtÞ; ð71Þ

sfðtÞ ¼ Ds � ssynðtÞ; ð72Þ

where μf and σf denote the filtered mean and filtered standard deviation of the input, respec-

tively. Dm � msynðtÞ ¼
R1

0
DmðtÞmsynðt � tÞdt is the convolution between Dμ and μsyn. The filters

Dμ, Dσ are adaptive in the sense that they depend on the mean adaptation current hwi and on

the (arbitrary) baseline input in terms of baseline mean m0
syn and standard deviation s0

syn. For

improved readability these dependencies are not explicitly indicated in Eqs (71) and (72).

Note, that the nonlinearity F also depends on hwi, which is governed by Eq (23). Since the

mean adaptation current depends on the mean membrane voltage hVi we also consider a non-

linear mapping H for that population output quantity,

hViðtÞ ¼ H ðmf ; sf ; hwiÞ: ð73Þ

For the derivation below it is instructive to first consider an uncoupled population, i.e., the

input moments do not depend on rd for now. In particular, the input statistics are described by

msynðtÞ ¼ m0
syn þ m1

synðtÞ and ssynðtÞ ¼ s0
syn þ s1

synðtÞ. In the following, we derive the components

F, Dμ and Dσ from the Fokker-Planck model for small amplitude variations m1
syn, s1

syn and for a

slowly varying adaptation current (as already assumed). We then approximate the derived lin-

ear filter components using suitable functions such that the convolutions can be expressed in

terms of simple ODEs. Finally, we account for time-varying baseline input (m0
synðtÞ, s0

synðtÞ) and

for recurrent coupling in the resulting low-dimensional spike rate models.

Deriving the components of the cascade. We first expand F in Eq (70) around the base-

line mf ¼ m0
syn, sf ¼ s0

syn, hwi = hwi0 to linear order, assuming that the amplitudes of m1
syn and

s1
syn are small, and the mean adaptation current varies slowly compared to the input moments,

to obtain the approximation for Eq (70),

rðtÞ � Fðm0
syn; s

0
syn; hwiÞ þ Dm � m1

synðtÞ
@

@m
Fðm0

syn; s
0

syn; hwiÞ

þ Ds � s1
synðtÞ

@

@s
Fðm0

syn; s
0

syn; hwiÞ:
ð74Þ

Due to slow adaptation (hwi(t) = hwi0 + hwi1(t) with vanishing hwi1) we have neglected

the expansion term in the direction of hwi and replaced hwi0 = hwi in the approximation

above. Note also that, without loss of generality, we have assumed normalized filters,
R1

0
DmðtÞdt ¼

R1
0

DsðtÞdt ¼ 1. Under the same assumptions the output from the Fokker-
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Planck model (Eqs (23)–(32)) can be approximated as

rðtÞ � r1ðm
0

tot; s
0

totÞ þ Rm � m1

synðtÞ þ Rs � s1

synðtÞ; ð75Þ

dhwi
dt
�

aðhVi
1
� EwÞ � hwi
tw

þ b rðtÞ; ð76Þ

m0

totðtÞ ¼ m0

syn � hwi=C; s0

tot ¼ s0

syn; ð77Þ

where r1 and hVi1 are the steady-state spike rate and mean membrane voltage of a popula-

tion of EIF neurons in response to an input of total mean m0
tot plus Gaussian white noise with

standard deviation s0
tot. In particular, hVi1 reflects the mean over all nonrefractory neurons,

cf. Eq (38). Rμ and Rσ are the so-called linear rate response functions of the population for

weak modulations of the input mean and standard deviation around m0
tot and s0

tot, respectively

[21, 73, 76]. Comparing Eqs (74) and (75) we obtain for the nonlinearity F and the linear filters

Dμ, Dσ,

Fðm;s; hwiÞ ¼ r1 ðm � hwi=C; sÞ; ð78Þ

DmðtÞ ¼
RmðtÞ

@

@m
r1 m0

tot; s
0
tot

� � ; ð79Þ

DsðtÞ ¼
RsðtÞ

@

@s
r1 m0

tot; s
0
tot

� � : ð80Þ

Furthermore, the function H in Eq (73) is given by

Hðm; s; hwiÞ ¼ hVi
1
ðm � hwi=C; sÞ; ð81Þ

ensuring that the mean membrane voltage corresponds with the instantaneous spike rate esti-

mate of the model (in every time step). Note that Rμ and Rσ depend on m0
tot and s0

tot (which is

again not explicitly indicated for improved readability).

Fortunately, the quantities r1, hVi1, Rμ, and Rσ can be calculated from the Fokker-Planck

equation using an efficient numerical method [73]. In particular, for r1 and hVi1 we need to

solve a linear boundary value problem (BVP), and Rμ(t), Rσ(t) are calculated in the Fourier

domain, where we need to solve two linear BVPs to obtain R̂mðf Þ, R̂sðf Þ for each frequency f. It

is worth noting that the refractory period is included in a straightforward way and does not

increase the complexity of the BVPs to be solved, see [23, 73] (and our provided code).

Approximating the filter components. To express the LN model with adaptation,

Eqs (70)–(73), (23) and (78)–(81), in terms of a low-dimensional ODE system we next approx-

imate the linear filters Dμ and Dσ using suitable functions. The shapes of the true filters (pro-

portional to Rμ and Rσ, cf. Eqs (79) and (80)) for different input parameter values (m ¼ m0
tot,

s ¼ s0
tot) are shown in Fig 8A and 8B.

We first consider the linear filter Dμ (Eq (79)) and apply the approximation

DmðtÞ � Am exp ð� t=tmÞ; ð82Þ

motivated by the exponential decay exhibited by Rμ, particularly for large input variance com-

pared to its mean. Note that Dμ depends on m0
tot, s0

tot and therefore the scaling parameter Aμ

and the time constant τμ both depend on m0
tot, s0

tot, which is not explicitly indicated. Aμ and τμ
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may be determined analytically using asymptotic results for the Fourier transform R̂m of the

linear rate response for vanishing and very large frequencies, respectively [21, 76],

lim
f!0

R̂mðf Þ ¼
@

@m
r1 ðm

0

tot; s
0

totÞ; lim
f!1

R̂mðf Þ ¼
r1 ðm0

tot; s
0
totÞ

i2pf DT
: ð83Þ

To guarantee that these asymptotics are matched by the Fourier transform Aμτμ/(1 + i2πfτμ) of

the exponential, taking into account the scaling factor in Eq (79), we obtain

Am ¼
1

tm

; tm ¼
DT

r1 ðm0
tot; s

0
totÞ

@

@m
r1 ðm

0

tot; s
0

totÞ: ð84Þ

Note that matching the zero frequency limit in the Fourier domain is equivalent to the natural

Fig 8. Linear rate response functions and quantities for the cascade models. Linear rate response functions of EIF neurons subject to

white noise input for modulations of the input mean around μwith constant σ: Rμ(t; μ, σ) in kHz/V (A, gray) and for modulations of the input

standard deviation around σwith constant μ: Rσ(t; μ, σ) in kHz=ðV �
ffiffiffiffiffiffiffi
ms
p

) (B, gray). These functions are calculated in the Fourier domain for

a range of modulation frequencies [R̂mðf; m;sÞ in 1/V and R̂sðf; m;sÞ in 1=ðV �
ffiffiffiffiffiffiffi
ms
p

)] (insets, gray; absolute values are shown), and fit using an

exponential function exploiting asymptotic results for R̂m (A, red dashed), as well as considering a range of frequencies (A and B, red solid).

In addition, R̂m is fit using a damped oscillator function (A, violet). The details of the fitting procedures are described in the text. C: quantities

(τμ, τσ, τ andω) from the linear filter approximations (cf. A, B), required for the LNexp and LNdos model variants (Eqs (85), (87) and (89)), as a

function of μ and σ.

https://doi.org/10.1371/journal.pcbi.1005545.g008
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requirement that the time integral
R1

0
DmðtÞdt of the linear filter is reproduced exactly, that is,

the approximation is normalized appropriately. An advantage of this approximation is that it

is no longer required to calculate the linear rate response function Rμ explicitly. On the other

hand, as only the limit f!1 is used for fitting in addition to the normalization constraint,

the approximation of the linear filter can be poor for a range of intermediate frequencies (in

the Fourier domain), in particular for small input mean and standard deviation (see Fig 8A

here, and Fig. 4B,C in [21]). To improve the approximation for intermediate frequencies we

use the same normalization condition, which fixes the parameter Aμ = 1/τμ, and we determine

τμ by a least-squares fit of D̂m over the range of frequencies f 2 [0, 1] kHz. In both cases, using

the approximation Eq (82) the filtered mean input μf(t) = Dμ � μsyn(t) can be equivalently

obtained by solving the simple scalar ODE,

dmf

dt
¼

msyn � mf

tm

: ð85Þ

Recall that τμ depends on m0
tot, s0

tot. This exponentially decaying filter is part of the LNexp cas-

cade model variant.

A shortcoming of the approximation Eqs (82) and (85) above is that it cannot reproduce

damped oscillations exhibited by the true linear filter, in particular, for large input mean and

small variance (see Fig 8A). Therefore, we introduce an alternative approximation using a

damped oscillator function,

DmðtÞ � Bm exp ð� t=tÞ cos ðotÞ: ð86Þ

Note that here Bμ, τ and ω depend on m0
tot, s0

tot, which is not explicitly indicated. We fix the scal-

ing parameter Bμ by (again) requiring that the approximation is normalized to reproduce the

time integral of the true linear filter Dμ, which yields Bμ = (1 + (τ2 ω2))/τ. The remaining two

parameters τ and ω are determined such that the dominant oscillation frequency is reproduced.

Specifically, the approximation should match D̂m at the frequencies fR ¼ argmaxf j RefD̂mðf Þg j

and fI ¼ argmaxf j ImfD̂mðf Þg j in the Fourier domain as close as possible. We would like to

note that using the method of least-squares over a range of frequencies instead can generate

approximated filters which decay to zero instantly, particularly for large input mean and small

variance (not shown). For such inputs a damped oscillator with a single decay time constant is

too simple to fit the complete, rather complex linear filter shape. With Eq (86) the filtered mean

input can be obtained by solving the second order ODE

€mf þ
2

t
_mf þ

2

t2
þ o2

� �

mf ¼
1þ t2o2

t

msyn

t
þ _msyn

� �
: ð87Þ

Using this damped oscillator filter gives rise to the LNdos cascade model variant.

Considering the linear filter Dσ (Eq (80)) we use the approximation Dσ(t)� Aσ exp(−t/τσ),

with Aσ = 1/τσ and τσ determined by a least-squares fit of D̂s for frequencies f 2 [0, 1] kHz, as

long as @

@s
r1 m0

tot; s
0
tot

� �
> 0. When this condition is not fulfilled, which occurs for large input

mean and small variance, the full linear filter cannot be properly fit by an exponential function.

This may be seen by the asymptotic behavior [77]

lim
f!1

R̂sðf Þ ¼
s0
totr1 ðm

0
tot; s

0
totÞ

i2pf D
2

T

; ð88Þ

which implies negative lim f!1D̂sðf Þ (cf. Eq (80)) that cannot be approximated for
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nonnegative τσ. In this case we use τσ! 0 which effectively yields Dσ(t)� δ(t), justified by the

observation that the full filter rapidly relaxes to zero (see Fig 8B). The linear filter application

can be implemented by solving

dsf

dt
¼

ssyn � sf

ts

; ð89Þ

where σf(t) = Dσ � σsyn(t) is the filtered input standard deviation. This filter is used in both

model variants (LNexp and LNdos). Note (again) that τσ depends on m0
tot, s0

tot.

Extension for changing input baseline and recurrent coupling. In the derivation above

we considered that the synaptic input mean and standard deviation, μsyn(t) and σsyn(t), vary

around m0
syn and s0

syn with small magnitudes. To extend the LN cascade model(s) to inputs that

show large deviations from their baseline values we let the linear filters adjust to a changing

input baseline in the following way: using the exponentially decaying mean input filter (LNexp

model) the filter parameters τμ and τσ are evaluated at

meffðtÞ ¼ mf � hwiðtÞ=C; seffðtÞ ¼ sf ð90Þ

in every time step, i.e., these parameters adapt to the effective input moments. Using the

damped oscillating mean input filter (LNdos model), on the other hand, the filter parameters τ,

ω and τσ are evaluated at μtot(t), σtot(t) given by Eqs (26) and (27), i.e., these parameters adapt

directly to the total input moments, assuming that these moments do not fluctuate too vigor-

ously. Note that because of these adjustments we do not need to consider a (particular) input

baseline. Two remarks are in place: (i) the parameters of the damped oscillator cannot be

adapted to a changing input baseline using the effective input mean (with μf given by Eq (87)),

because this can lead to stable oscillations (for an uncoupled population) and thus decreased

reproduction performance (not shown); (ii) for input moments that change very rapidly the

reproduction performance of the LNdos model variant may be improved by alternatively evalu-

ating the parameters τ, ω and τσ at maðtÞ ¼ ma
f � hwi=C, σeff(t), with ma

f governed by Eq (85)

(combining LNexp and LNdos), cf. [23] (ch. 4.2).

Finally, recurrent coupling within the population is included (in both model variants) by

the dependence of the synaptic input moments on the delayed spike rate, μsyn(t, rd), s2
synðt; rdÞ,

with rd given by Eq (40). For the LNdos model we can then replace _msyn in Eq (87) by

_msyn ¼ _mext þ JK _rd ¼ _mext þ JK
r � rd

td
: ð91Þ

In case of identical (constant) propagation delays within the population this term would be

_msyn ¼ _mext þ JK _rðt � dÞ and in case of recurrent coupling without delays we would have

_msyn ¼ _mext þ JK
@ r1
@m

_mf �
aðhVi1 � EwÞ � hwi

Ctw
þ

b r
C

� �

þ
@ r1
@s

ssyn � sf

ts

� �

: ð92Þ

To summarize both LN cascade models, the population spike rate and mean membrane

voltage are described by Eqs (70) and (73), using Eqs (78), (81) and (23), respectively. For the

LNexp model input filtering is governed by Eqs (85) and (89), where the filter parameters are

evaluated at μeff(t), σeff(t) (Eq (90)). For the LNdos model input filtering is described by Eqs

(87) and (89), where the filter parameters are evaluated at μtot(t), σtot(t) given by Eqs (26) and

(27). The system for the recurrent network under consideration is closed by Eqs (21) and (40)

which relate population spike rate output and overall synaptic input moments. Note that

both LN systems here are fully equivalent to the respective ones specified in the Sect. Model
reduction.
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Further remarks. In order to efficiently simulate the derived cascade rate models it is

highly recommended to precalculate the quantities which are needed in each time step on a

(μ, σ)-rectangle (see Sect. Low-Dimensional Approximations above). For the LNexp model these

quantities are the filter time constants τμ, τσ, and for the LNdos model we need the quantities

τ, ω and τσ (all displayed in Fig 8C). Both models additionally require the steady-state quanti-

ties r1 and hVi1 shown in Fig 6. An efficient implementation to obtain these quantities using

Python with the package Numba for low-level virtual machine acceleration is available. Recall,

that changing any parameter value of the external input, the recurrent synaptic input or the

adaptation current does not require renewed precomputations.

If desired, it is also possible to obtain initial values for the variables of the cascade models

(LNexp and LNdos variants) that correspond to a given initial distribution of membrane voltage

and adaptation current values {Vi(0)}, {wi(0)} of a population of N aEIF neurons. We can cal-

culate hwi(0) = 1/N∑i wi(0) and determine μf(0), σf(0) by requiring that the initial membrane

voltage distribution of the respective LN model p1(V; μf(0) − hwi(0)/C, σf(0)) matches the ini-

tial voltage distribution from the aEIF population as close as possible (e.g., using the

Kolmogorov–Smirnov statistic). For the LNdos model we additionally set _mfð0Þ ¼ 0. This

means we assume vanishing changes in the input history which underlies the initial membrane

voltage distribution and filter parameters in the LN models (i.e., _msyn � 0, _ssyn � 0 for a suffi-

ciently long time interval prior to t = 0).

The components of the LN model are derived in the limit of small amplitude variations of

μsyn and σsyn. However, the approximation also provides an exact description of the population

dynamics for very slow variations of μsyn and σsyn, where the spike rate, mean membrane volt-

age and adaptation current are well approximated by their steady-state values in each time

step.

Here we approximated the derived linear filters using exponential and damped oscillator

functions. We would like to note that, for a given baseline input (m0
tot, s0

tot) the filter application

using the latter function (Eq (86)) can be equivalently described by a complex-valued ODE

[23] (ch. 4.2). Furthermore, the true linear filters Dμ and Dσ can be substantially better approxi-

mated by a damped oscillator function with two time scales (i.e., two exponentials) each. In

these three cases, however, the ODE representation for the filter application can lead to

decreased reproduction performance when the baseline input changes very rapidly (due to

increased sensitivity to variations of the filter parameters).

Spike shape extension (optional)

In this contribution the membrane voltage spike shape has been neglected (typical for IF type

neuron models) by clamping Vi and wi during the refractory period, justified by the observa-

tion that it is rather stereotyped and its duration is very brief. Furthermore, the spike shape is

believed to contain little information compared to the time at which the spike occurs. Never-

theless, it can be incorporated in the aEIF model in a straightforward way using the following

reset condition, as suggested in [43]: When Vi reaches the spike voltage Vs from below we let

Vi decrease linearly from Vs to Vr during the refractory period and increment the adaptation

current wi wi + b at the onset of that period. That is, Vi and wi are not clamped during the

refractory period, instead, Vi has a fixed time course and wi is incremented by b and then gov-

erned again by Eq (15). This modification implies that the average membrane voltage in

Eq (23) needs to be calculated over all neurons (and not only the nonrefractory ones), that is,

hVi is calculated with respect to p + pref, where prefðV; tÞ ¼
R Tref

0
rðt � sÞdðV � VspðsÞÞds with

spike trajectory Vsp(t) = Vs + (Vr − Vs)t/Tref, cf. [43]. The same applies to the steady-state mean
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membrane potential in Eqs (1), (39) and (76), i.e., hVi1 is then given by

hVi
1
¼

Z Vs

� 1

vp1ðvÞdv þ 1 �

Z Vs

� 1

p1ðvÞdv
� �

Vr þ Vs

2
; ð93Þ

instead of Eq (38). Notably, the accuracy of the adiabatic approximation (Eq (15)) does not

depend on the refractory period Tref in this case. That type of spike shape can therefore be con-

sidered in the FP model and the low-dimensional models in a straightforward way without sig-

nificant additional computational demand. Note, however, that for the spec2 model a nonzero

refractory period is not supported (see above). For an evaluation of the spike shape extension

in terms of reproduction accuracy of the LN models see [23] (Fig. 4.15 in [23]).
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A) Numerical integration of the time-dependent
Fokker-Planck equation

A1) Numerical approach

We begin with three equations of the main text: Eq. (33),

∂

∂t
p(Vm, t) =

qp(Vm− 1
2
, t)− qp(Vm+ 1

2
, t)

∆V
+ δmmr

1

∆V
qp(VNV + 1

2
, t− Tref), (A-1)

describes the membrane voltage discretization of the Fokker-Planck Eq. (24) and
includes the reinjection condition, Eq. (30), for each grid cell [Vm− 1

2
, Vm+ 1

2
] with

center Vm (m = 1, . . . , NV ) and cell spacing ∆V . Secondly, Eq. (34),

qp(Vm+ 1
2
, t) = vm+ 1

2

p(Vm, t)− p(Vm+1, t) exp(−vm+ 1
2
∆V/D)

1− exp(−vm+ 1
2
∆V/D)

, (A-2)

represents the Scharfetter-Gummel flux approximation with drift and diffusion
coefficients, vm+ 1

2
and D, respectively. Lastly, Eq. (35),

(I− ∆t

∆V
Gn)pn+1 = pn + gn+1−nref , (A-3)

is the linear system after time discretization that is solved for pn+1
m = p(Vm, tn+1) in

each timestep tn → tn+1, where gn+1−nref
m = δmmr

∆t
∆V r(tn+1−nref

) contains the flux
reinjection. The coefficients of the system matrix Gn are obtained as follows.

A2) Boundary conditions

The absorbing boundary condition, p(Vs, t) = 0 (cf. Eq. (31)), at cell border
VNV + 1

2
= Vs, is discretized through linear interpolation between the last cell NV and a

ghost cell that is introduced with center VNV +1 = Vs + ∆V/2, yielding for the ghost
value

p(VNV +1, t) = −p(VNV , t). (A-4)

The reflecting boundary cond. of Eq. (32), qp(Vlb, t) = 0, at cell border V 1
2

= Vlb is

discretized by inserting a second ghost cell with center V0 = Vlb−∆V/2 and by setting
the flux in that cell, i.e., Eq. (A-2) for m = 0, to zero, which gives for the ghost value

p(V0, t) = p(V1, t) exp(−v 1
2
∆V/D). (A-5)

Furthermore, the spike rate, r(t) = qp(Vs, t), in this representation is given by
evaluating the Scharfetter-Gummel flux, Eq. (A-2), at VNV + 1

2
, using the ghost value

from the discretized absorbing boundary, Eq. (A-4), which yields

r(t) = qp(VNV + 1
2
, t) = vNV + 1

2

1 + exp(−vNV + 1
2
∆V/D)

1− exp(−vNV + 1
2
∆V/D)

p(VNV , t), (A-6)

A3) Semi-implicit time discretization

Inserting the Scharfetter-Gummel flux representation, Eq. (A-2), into Eq. (A-1), using
Eq. (A-6) (at t− Tref) and approximating the time derivative with first order
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backward differences, results in

pn+1
m − pnm

∆t
=

vm− 1
2

∆V

(
pn+1
m−1 − pn+1

m exp(−vm− 1
2
∆V/D)

1− exp(−vm− 1
2
∆V/D)

)

−
vm+ 1

2

∆V

(
pn+1
m − pn+1

m+1 exp(−vm+ 1
2
∆V/D)

1− exp(−vm+ 1
2
∆V/D)

)

+ δmmr

1

∆V
r(tn+1−nref

),

(A-7)

where the drift and diffusion coefficients, vm± 1
2

and D, respectively, are evaluated at
tn here and in the following, which corresponds more precisely to a semi-implicit time
discretization.

Collecting terms for inner grid cells, m = 2, . . . , NV − 1, gives the following
elements of the tridiagonal matrix Gn from Eq. (A-3):

Gn
m,m =

vm+ 1
2

exp(−vm+ 1
2
∆V/D)− 1

+
vm− 1

2
exp(−vm− 1

2
∆V/D)

exp(−vm− 1
2
∆V/D)− 1

, (A-8)

Gn
m,m−1 =

vm− 1
2

1− exp(−vm− 1
2
∆V/D)

, (A-9)

Gn
m,m+1 =

vm+ 1
2

exp(−vm+ 1
2
∆V/D)

1− exp(−vm+ 1
2
∆V/D)

. (A-10)

The remaining nonzero elements, i.e., those in the first and last row of Gn, are
obtained by using the ghost cell values from the discretized boundary conditions.
Inserting Eq. (A-5) into Eq. (A-7) with m = 1 yields for the reflecting boundary,

Gn
1,1 =

v 3
2

exp(−v 3
2
∆V/D)− 1

, (A-11)

Gn
1,2 =

v 3
2

exp(−v 3
2
∆V/D)

1− exp(−v 3
2
∆V/D)

. (A-12)

Note that these coefficients for the first row of Gn are alternatively also obtained by
setting the term qp(V 1

2
, t) to zero in Eq. (A-1) for m = 1 which allows to skip the

introduction of the auxiliary ghost cell for the reflecting boundary.
For the absorbing boundary we insert Eq. (A-4) into Eq. (A-7) with m = NV ,

resulting in

Gn
NV ,NV −1 =

vNV − 1
2

1− exp(−vNV − 1
2
∆V/D)

(A-13)

Gn
NV ,NV = vNV − 1

2

exp(−vNV − 1
2
∆V/D)

exp(−vNV − 1
2
∆V/D)− 1

(A-14)

+ vNV + 1
2

exp(−vNV + 1
2
∆V/D) + 1

exp(−vNV + 1
2
∆V/D)− 1

,

which completes the specification of the tridiagonal matrix Gn and thus the system,
Eq. (A-3), that is, of Eq. (35).
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B) Derivation of the model spec2 based on the
Fokker-Planck operator

B1) Base model

We start with the Fokker-Planck mean-field model in spectral representation,
Eqs. (55), (56) and (39),

α̇ =
(
Λ + Cµµ̇+ Cσ2 σ̇2

)
α+ cµµ̇+ cσ2 σ̇2 (B-1)

r(t) = r∞ + f ·α (B-2)

˙〈w〉 =
a
(
〈V 〉∞ − Ew

)
− 〈w〉

τw
+ b r, (B-3)

for the (infinitely many) projection coefficients (α1, α2, . . . ), the population-averaged
spike rate r and adaptation current 〈w〉, respectively. They depend on the quantities
Λ, Cx, cx (for x ∈ {µ, σ2}), r∞, f and 〈V 〉∞, which all are evaluated at the total
input moments

µ(t) =

=µsyn(t)︷ ︸︸ ︷
µext(t) +KJrd(t)−

〈w〉(t)
C

, (B-4)

σ2(t) = σ2
ext(t) +KJ2 rd(t) = σ2

syn(t) (B-5)

omitting subscripts tot here and in the following (cf. Eqs. (21),(26),(27)). Additionally,

Eq. (B-1), contains the (first order) time derivative of the total input moments, µ̇, σ̇2.
For increased generality here we do not restrict the form of the delay distribution

pd (i.e., the delayed spike rate is given by rd = r ∗ pd, cf. Eq. (20)) but show specific
examples that include exponentially distributed, identical and no delays further below.

Deriving Eqs. (B-1) once and (B-2) twice w.r.t. time gives

α̈ =
(
∂µΛµ̇+ ∂σ2Λσ̇2 +

[
∂µCµµ̇+ ∂σ2Cµσ̇2

]
µ̇+ Cµµ̈

+
[
∂µCσ2 µ̇+ ∂σ2Cσ2 σ̇2

]
σ̇2 + Cσ2 σ̈2

)
α

+
(
Λ + Cµµ̇+ Cσ2 σ̇2

)
α̇+ ∂µcµ(µ̇)2 + cµµ̈+ ∂σ2cµσ̇2µ̇

+ ∂µcσ2 µ̇σ̇2 + ∂σ2cσ2(σ̇2)2 + cσ2 σ̈2,

(B-6)

ṙ = ∂µr∞µ̇+ ∂σ2r∞σ̇2 +
(
∂µf µ̇+ ∂σ2f σ̇2

)
·α+ f · α̇, (B-7)

r̈ =
(
∂µµr∞µ̇+ ∂σ2µr∞σ̇2

)
µ̇+ ∂µr∞µ̈

+
(
∂µσ2r∞µ̇+ ∂σ2σ2r∞σ̇2

)
σ̇2 + ∂σ2r∞σ̈2

+
( [
∂µµf µ̇+ ∂σ2µf σ̇2

]
µ̇+ ∂µf µ̈ (B-8)

+
[
∂µσ2f µ̇+ ∂σ2σ2f σ̇2

]
σ̇2 + ∂σ2f σ̈2

)
·α

+ 2
(
∂µf µ̇+ ∂σ2f σ̇2

)
· α̇+ f · α̈.
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B2) Slowness and modal approximations

Assuming slowly changing total input moments, i.e., small input variations µ̇ and σ̇2

allows to consider projections coefficients of that order: αn = O(µ̇) and αn = O(σ̇2).
We can therefore neglect all higher order terms and in particular those which are
proportional to the following factors: µ̇σ̇2, (µ̇)2, (σ̇2)2, µ̇α, σ̇2α, µ̈α, σ̈2α, µ̇α̇, σ̇2α̇.

With this approximation Eqs. (B-1),(B-6)–(B-8) become

α̇ = Λα+ cµµ̇+ cσ2 σ̇2, (B-9)

α̈ = Λ2α+ Λ cµµ̇+ Λ cσ2 σ̇2

︸ ︷︷ ︸
=Λα̇

+cµµ̈+ cσ2 σ̈2, (B-10)

ṙ = ∂µr∞µ̇+ ∂σ2r∞σ̇2 + f ·Λα+ f · cµµ̇+ f · cσ2 σ̇2

︸ ︷︷ ︸
=f ·α̇

, (B-11)

r̈ = ∂µr∞µ̈+ ∂σ2r∞σ̈2 (B-12)

+ f ·Λ2α+ f · cµµ̈+ f · cσ2 σ̈2 + f ·Λ cµµ̇+ f ·Λ cσ2 σ̇2

︸ ︷︷ ︸
=f ·α̈

.

We now consider only the first two dominant eigenvalues λ1 and λ2 (cf.
Eqs. (58),(67)) and neglect all (faster) eigenmodes corresponding to eigenvalues with
larger absolute real part (“modal approximation”). Therefore, we take into account
only the first two components of the (originally infinite-dimensional) variables
α = (α1, α2)T and quantities Λ = diag(λ1, λ2), f = (f1, f2)T , cµ = (cµ1 , c

µ
2 )T ,

cσ2 = (cσ
2

1 , cσ
2

2 )T . Note that here and in the following the bold symbols denote the
two-dimensional vectors and (diagonal) matrix, respectively.

Due to the modal approximation Eqs. (B-11),(B-12) form a linear, two-dimensional
algebraic system with unknowns f1α1 and f2α2. Solving this problem and inserting
the solution into Eq. (B-2) using f ·α = f1α1 + f2α2 yields

r∞ − r =−
(

1

λ1
+

1

λ2

)[
ṙ − ∂µr∞µ̇− ∂σ2r∞σ̇2 − f · cµµ̇− f · cσ2 σ̇2

]

+
1

λ1λ2

[
r̈ − ∂µr∞µ̈− ∂σ2r∞σ̈2 − f · cµµ̈− f · cσ2 σ̈2

− f ·Λ cµµ̇− f ·Λcσ2 σ̇2
]
.

(B-13)

This Equation represents the complete spike rate dynamics under the modal and
slowness approximations. It involves the first two time derivatives of the total input

S1 Text: Supplementary methods (Augustin, Ladenbauer, Baumann and Obermayer 2017, PLOS Comput. Biol.) 5/14

Chapter 7. Journal article: Low-dimensional spike rate models derived from networks of adaptive integrate-and-fire
neurons: Comparison and implementation

116



moments,

µ̇ = µ̇ext(t) +KJṙd(t)−
˙〈w〉
C

(B-14)

= µ̇ext(t) +KJṙd(t)−
a (〈V 〉∞ − Ew)− 〈w〉

τwC
− br

C
,

µ̈ = µ̈ext(t) +KJr̈d(t)−
¨〈w〉
C
, (B-15)

= µ̈ext(t) +KJr̈d(t)−
a

τwC

(
∂µ 〈V 〉∞ µ̇+ ∂σ2 〈V 〉∞ σ̇2

)

+
˙〈w〉

τwC
− bṙ

C
,

= µ̈ext(t) +KJr̈d(t)−
a

τwC

(
∂µ 〈V 〉∞ µ̇+ ∂σ2 〈V 〉∞ σ̇2

)
(B-16)

+
a (〈V 〉∞ − Ew)− 〈w〉

τ2
wC

+
br

τwC
− bṙ

C
,

σ̇2 = σ̇2
ext(t) +KJ2ṙd(t), (B-17)

σ̈2 = σ̈2
ext(t) +KJ2r̈d(t). (B-18)

B3) Compactification

Expanding the terms of Eqs. (B-14)–(B-18) in Eq. (B-13) yields

r∞ − r =− T ṙ +Dr̈

−D (∂µr∞ + f · cµ)

(
µ̈ext +

a (〈V 〉∞ − Ew)− 〈w〉
τ2
wC

+KJr̈d +
br

τwC
− bṙ

C

)

−D
(
∂σ2r∞ + f · cσ2

)(
σ̈2

ext +KJ2r̈d
)

+

(
µ̇ext +KJṙd −

a (〈V 〉∞ − Ew)− 〈w〉
τwC

− br

C

)

+
(
σ̇2

ext +KJ2ṙd
)

·
[
T
(
∂µr∞ + f · cµ

)
+D

(
∂µr∞ + f · cµ

) a

τwC
∂µ 〈V 〉∞

−Df ·Λ cµ

]

·
[
T
(
∂σ2r∞ + f · cσ2

)
+D

(
∂µr∞ + f · cµ

) a

τwC
∂σ2 〈V 〉∞

−Df ·Λ cσ2

]
,

(B-19)

where we have introduced the trace T and determinant D of the inverse eigenvalue
matrix Λ−1,

T = 1/λ1 + 1/λ2, (B-20)

D = 1/λ1 · 1/λ2, (B-21)
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for simplicity. With the definitions of the additional (lumped) quantities,

Fµ = f ·Λ cµ, (B-22)

Fσ2 = f ·Λ cσ2 , (B-23)

M = ∂µr∞ + f · cµ, (B-24)

S = ∂σ2r∞ + f · cσ2 , (B-25)

R = DMKJ +DSKJ2, (B-26)

Hµ = TM +DM
a

τwC
∂µ 〈V 〉∞ −DFµ, (B-27)

Hσ2 = TS +DM
a

τwC
∂σ2 〈V 〉∞ −DFσ2 , (B-28)

that are composed of the individual quantities (and of neuron and coupling
parameters), Eq. (B-19) can be rewritten as

r∞ − r = r

(
−DM b

τwC
− b

C
Hµ

)

+ ṙ

(
−T +DM

b

C

)

+ ṙd
(
KJHµ +KJ2Hσ2

)

+ r̈D

− r̈dR

− DM

(
µ̈ext +

a (〈V 〉∞ − Ew)− 〈w〉
τ2
wC

)

+

(
µ̇ext −

a (〈V 〉∞ − Ew)− 〈w〉
τwC

)
Hµ

+ σ̇2
extHσ2 −DSσ̈2

ext.

(B-29)

Note that the first six lumped quantities, Eqs. (B-20)–(B-25), depend on the
parameters of recurrent coupling and adaptation current (only) via the total input
moments, cf. Eq. (B-4),(B-5), while the last three, Eqs. (B-26)–(B-28), contain them
(K, J , a, τw) explicitly. Those lumped quantities, i.e., R, Hµ, Hσ2 , can, for example,
be evaluated during runtime for the respective total input moments by using
precalculations of the other lumped quantities (T , D, Fµ, Fσ2 , M , S) and of the
additional individual quantities ∂µ 〈V 〉∞ and ∂σ2 〈V 〉∞, that all are independent of
adaptation and synaptic parameters.

B4) Second order ordinary differential equation

Eq. (B-29) leads to the final model (cf. Eq. (62)): a real-valued second order equation
for the spike rate r(t),

β2r̈ + β1ṙ + β0r = r∞ − r − βc, (B-30)

with coefficients β2, β1, β0 and βc, that depend on the total input moments
µ(t, rd, 〈w〉) and σ2(t, rd, 〈w〉) (cf. Eqs. (B-4),(B-5)). Their concrete form is
determined by the delay distribution pd. Particularly, we distinguish three cases: (i)
coupling without delay, pd(τ) = δ(τ), (ii) exponentially distributed delays,
pd(τ) = exp(−τ/τd)/τd (for τ ≥ 0), and (iii) identical delays, pd(τ) = δ(τ − d) with
d > 0.

S1 Text: Supplementary methods (Augustin, Ladenbauer, Baumann and Obermayer 2017, PLOS Comput. Biol.) 7/14

Chapter 7. Journal article: Low-dimensional spike rate models derived from networks of adaptive integrate-and-fire
neurons: Comparison and implementation

118



Case i) – coupling without delays For instantaneous synaptic interaction we
have r = rd. Thus, the coefficients of Eq. (B-30) are obtained by direct comparison
with Eq. (B-29) which gives

β2 =D −R, (B-31)

β1 = − T +DM
b

C
+KJHµ +KJ2Hσ2 , (B-32)

β0 = −DM b

τwC
− b

C
Hµ, (B-33)

βc = −
(
µ̈ext +

a (〈V 〉∞ − Ew)− 〈w〉
τ2
wC

)
DM − σ̈2

extDS, (B-34)

+

(
µ̇ext −

a (〈V 〉∞ − Ew)− 〈w〉
τwC

)
Hµ + σ̇2

extHσ2 .

Note that βc depends explicitly on the population-averged adaptation current 〈w〉 as
well as on the first and second order time derivatives of the external moments µext and
σ2

ext.

Case ii) – exponentially distributed delays Here we obtain the delayed rate rd
by solving ṙd = (r − rd)/τd. Inserting this expression together with its time derivative
into Eq. (B-29) results in the coefficients

β2 = D, (B-35)

β1 = − T +DM
b

C
− R

τd
, (B-36)

β0 =−DM b

τwC
− b

C
Hµ +

1

τd

(
KJHµ +KJ2Hσ2

)
+
R

τ2
d

, (B-37)

βc = rd

(
− 1

τd

(
KJHµ + KJ2Hσ2

)
− R

τ2
d

)
, (B-38)

−
(
µ̈ext +

a (〈V 〉∞ − Ew)− 〈w〉
τ2
wC

)
DM − σ̈2

extDS

+

(
µ̇ext −

a (〈V 〉∞ − Ew)− 〈w〉
τwC

)
Hµ + σ̇2

extHσ2 ,

that correspond to those in Eqs. (63)–(66). Here βc depends explicitly on the delayed
spike rate rd (in addition to 〈w〉 as well as the first and second order time derivatives
of µext and σ2

ext as in the case without delays).

Case iii) – identical delays The delayed spike rate in this situation is given by
rd(t) = r(t− d). Inserting the first and second order time derivative of this identity
into Eq. (B-29) yields
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β2 = D, (B-39)

β1 = − T +DM
b

C
, (B-40)

β0 =−DM b

τwC
− b

C
Hµ, (B-41)

βc =− r̈(t− d)R + ṙ(t− d)
(
KJHµ +KJ2Hσ2

)
(B-42)

−
(
µ̈ext +

a (〈V 〉∞ − Ew)− 〈w〉
τ2
wC

)
DM − σ̈2

extDS

+

(
µ̇ext −

a (〈V 〉∞ − Ew)− 〈w〉
τwC

)
Hµ + σ̇2

extHσ2 ,

Here βc depends explicitly on r̈(t− d) and ṙ(t− d) (in addition to 〈w〉 as well as the
first and second order time derivatives of µext and σ2

ext as in the case without delays).

B5) Remarks

• Equation (B-30) is an ordinary differential spike rate model for the cases (i) and
(ii), i.e., without or exponentially distributed delays, while for identical delays
(case iii) delayed variables occur explicitly in βc and due to rd(t) = r(t− d) also
in any model quantity via the total input moments.

• For exponentially distributed delays with an identical shift d, i.e.,
pd(τ) = exp[−(τ − d)/τd]/τd with τ ≥ d, the delayed spike rate rd satisfies
ṙd(t) = [r(t− d)− rd(t)]/τd. In this situation the coefficients (β2, β1 and β0) are
identical to those of case iii) except for βc which is modified and depends on
rd(t), r(t− d), ṙ(t− d) (and the parameter τd), i.e., here Eq. (B-30) also
represents a delay differential model.

• Any delay distribution pd from the exponential family can be incorporated
similarly as for the specific instance of an exponentially distribution (cf. case ii)
to yield (non-delayed) coefficients of Eq. (B-30) by using the equivalent
representation of the delayed spike rate rd as an ODE (system).

• The scenario of an uncoupled population is obtained from any of the three cases
by setting the number of presynaptic neurons K to zero (implying R = 0).

• As an alternative to derive and simulate the explicit model, Eq. (B-30), one can
directly integrate Eq. (B-13) numerically by replacing the first two time
derivatives of the total moments µ and σ2 by finite (backward) differences in
each timestep. This approach avoids lengthy expressions and might be especially
useful when considering multiple interacting populations irrespective of the delay
distribution.
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C) Numerical solver for the nonlinear
Fokker-Planck eigenvalue problem

C1) Problem statement

The (main) objective is to find the eigenvalues λn of the Fokker-Planck operator L
which are the solutions of the complex-valued Eq. (69),

λ 7→ qφ(Vlb;λ)
!
= 0. (C-1)

Each evaluation of qφ(Vlb;λ) involves a backward integration of Eq. (68),

− d

dV

(
qφ
φ

)
=

(
0 λ
2
σ2 −2 g(V )+µ

σ2

)

︸ ︷︷ ︸
=A

(
qφ
φ

)
, (C-2)

which is initialized according to the absorbing boundary condition (cf. Eq. (44)),

φ(Vs) = 0 (C-3)

and the arbitrary choice qφ(Vs) ∈ C \ {0} (due to the linearity of the problem), and
which furthermore has to take into account the (generalized) reinjection condition,
Eq. (60),

qφ(V −r ) = qφ(V +
r )− qφ(Vs)e

−λTref . (C-4)

Note that the latter corresponds for Tref = 0 to the reinjection condition that does not
include the refractory period, i.e., Eq. (47).

C2) Parameter-dependent solution

The eigenvalues λn, the associated eigenfunctions φn(V ) of L and ψn(V ) of L∗ are
required for a rectangle of input parameter values (µ, σ). Using the property the
eigenvalues are real-valued for sufficiently small mean input µ and that they
furthermore continuously depend on both (input) parameters, mean µ and standard
deviation σ, we establish the following solution algorithm:

1. Discretize the input parameter rectangle, {(µk, σ`)}, k = 1, . . . ,Mµ,
` = 1, . . . ,Mσ with small spacings ∆µ, ∆σ.

2. For µ1 = µmin evaluate q(Vlb;λ) with high resolution on a real negative interval
[λmin, 0) with sufficiently small λmin � 0 such that at least Nλ eigenvalues are
found. The zero-crossings of q(Vlb;λ) yield the eigenvalues λ1(µ1, σ`),
λ2(µ1, σ`), . . . , λNλ(µ1, σ`), cf. the respectively attached axes in Fig. 7A.

3. Use the computed eigenvalues λn(µ1, σ`) as initial approximations λ̃n for the
target eigenvalues at the next larger mean input, λn(µ2, σ`) and iteratively solve
Eq. (C-1) with Powell’s hybrid method. Note this can yield a complex eigenvalue
for a real initialization (close to the real-to-complex transition).

4. Repeat the last step by taking the eigenvalues at µk−1 as initial approximation
for µk where k = 3, . . . ,Mµ.

Since this procedure is independent of the sequential σ` (and n) order it can be
computed in parallel for ` = 1, . . . ,Mσ (and n = 1, . . . , Nλ).

The nonlinear solver, Powell’s hybrid method, approximates the Jacobian of the
equivalent two-dimensional real nonlinear system of the complex function q(Vlb;λ)
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with finite difference step size ∆λ and stops iterating when the relative convergence
tolerance ε is reached implying a solution has been found. Since this root finding
method (that we apply to solve Eq. (C-1)) converges locally, the input parameter
rectangle has to be discretized sufficiently fine, i.e, ∆µ and ∆σ have to be small.
Otherwise artefacts as jumps between the eigenvalue curves could occur, especially
when λn(µ) is steep (cf. Fig. 7A) and another eigenvalue is close by (in λ space).

We use for the solver parameters the values of Table C-1, which are suitable for the
network model of this study as parametrized by Table 1 of the main text.

Table C-1: Parameter values of the spectral solver.
Name Symbol Value

Spacing of input rectangle, mean input ∆µ 0.005 mV/ms1

Spacing of input rectangle, standard dev. ∆σ 0.1 mV/
√

ms
Membrane voltage discretization width ∆V 0.01 mV
Smallest mean input (real spectrum) µmin -1.5 mV/ms
Number of eigenvalues Nλ 10
Finite difference step size (MINPACK: EPS) ∆λ 1e-10 kHz
Relative convergence tolerance (MINPACK: XTOL) ε 1e-8
Finite difference step size (quantities), mean input δµ 0.001 mV/ms
Finite difference step size (quantities), standard dev. δσ 0.001 mV/

√
ms

1Fine spacing required (in comparison to the value of ∆µ used for the quantity
precalculation of the cascade based models) due to the continuous tracking of the
eigenvalues. Note that after the calculation we downsample the spectrum to the same
mean input resolution for comparability.

C3) Exponential integration

A major factor for efficiency and accuracy of the algorithm above is the particular
numerical way in which the backward integration of the differential equation
system (C-2) is performed since this corresponds to one evaluation of the nonlinear
function λ 7→ q(Vlb;λ). An efficient and accurate discretization scheme is to perform
exponential integration steps, i.e.,

(qm−1, φm−1)T = exp
[
A
(
Vm− 1

2

)
∆V

]
(qm, φm)T (C-5)

with qm = qφ(Vm) and φm = φ(Vm) on an equidistant membrane voltage grid
Vm = Vlb +m∆V (m = 0, . . . , NV and VNV = Vs). This scheme involves the matrix
exponential function, exp(A∆V ) =

∑∞
j=0(A∆V )j/j!, that is inexpensively evaluated

as an (equivalent) linear combination of A∆V and the identity matrix [72]. This
second order convergent numerical integration scheme that exploits the linearity of the
system, Eq. (C-2), is obtained by truncating the Magnus expansion of the exact

solution after one term and approximating the occuring integral
∫ Vm
Vm−1

A(V )dV using

the mid point rule [71]. Note that the matrices A(V ) and A(Ṽ ) do not commute for
V 6= Ṽ in general which implies that the solution of Eq. (C-2) does not have a simple
exponential representation but is rather described by an (infinite) Magnus series. For
the perfect integrate-and-fire model, though, the scheme, Eq. (C-5), gives the exact
solution of Eq. (C-2) as the coefficient matrix A is constant due to g(V ) = 0 in this
case.
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The integration of Eq. (C-2) is initialized at Vs with φNV = 0 to satisfy the
absorbing boundary, Eq. (C-3)), and with the arbitrary choice qNV = 1 (possible due
to the linearity of both Eq. (C-2) and the boundary conds). The exponential scheme,
Eq. (C-5), is then used to (backward) calculate (qm, φm), m = NV − 1, . . . ,mr, where
the reset voltage is assumed to be contained in the grid, i.e., Vmr = Vr. At the reset
voltage Vr the (generalized) reinjection cond., Eq. (C-4), is applied by

qmr ← qmr − qNV exp(−λTref). (C-6)

Continuing the backward integration using the scheme of Eq. (C-5) again for

m = mr − 1, . . . , 0 finally gives the values q0 and φ0 at Vlb. Therefore, q0(λ)
!
= 0

corresponds to the root finding problem, Eq. (C-1), after (exponential) membrane
voltage discretization, and a value of q0 = 0 indicates that λ is an eigenvalue with
respective eigenfunction φ(V ) in discrete representation (φm,m = 0, . . . , NV ).

C4) Adjoint operator

To calculate the eigenfunctions of the adjoint operator L∗ (cf. Eq. (49)–(52)) we
assume that an eigenvalue λn is given (obtained for example using the procedure
described in the previous two sections). Eq. (49), i.e., L∗[ψn] = λnψn, can be
rewritten as a linear second order system for (ψn, dψn)T ,

d

dV

(
ψn
dψn

)
=

(
0 1

2λn
σ2 −2 g(V )+µ

σ2

)

︸ ︷︷ ︸
=B

(
ψn
dψn

)
(C-7)

with dψn = ∂V ψn and (nonlinear) coefficient matrix B. This system is exponentially
integrated forwards from the lower bound Vlb to the spike voltage Vs. Specifically we
define ψmn = ψn(Vm) and dψmn = ∂V ψn(Vm) on the same grid as in the previous
section. The integration is initialized according to the boundary cond. at Vlb (cf.
Eq. (51)), i.e., dψ0

n = 0 together with the arbitrary choice ψ0
n = 1 due to the linearity

of the problem. Then we calculate the values ψmn , dψmn (m = 1, . . . , NV ) using the
exponential integration scheme

(ψm+1
n , dψm+1

n )T = exp
[
B
(
Vm+ 1

2

)
∆V

]
(ψmn , dψ

m
n )T . (C-8)

The (generalized) boundary cond., Eq. (61), ψNVn = ψmrn exp(−λnTref) is necessarily
fullfilled because λn was assumed to be an eigenvalue. This implies that ψmn is the
corresponding (everywhere continuously differentiable, cf. main text) eigenfunction
ψn(V ) in discrete form. Note that the generalized boundary condition above
corresponds for Tref = 0 to the respective condition that does not include the
refractory period, i.e., Eq. (50).

C5) Quantities

The quantities that are required by the spike rate models spec1 (Eq. (59)), and spec2

(Eq. (62)), i.e., λ1, λ2, r∞, ∂xr∞, 〈V 〉∞, ∂x〈V 〉∞, fn, cxn, for x = µ, σ2 and n = 1, 2,
are calculated for each mean µk and standard deviation σ` of the input rectangle as
follows.

Applying the exponential integration scheme Eqs. (C-5),(C-6) for the eigenvalue

λ0 = 0 gives the (unnormalized) eigenfunction φ̂0 which is proportional to the

stationary distribution p∞. After normalizing φ̂0 to yield a probability density, i.e.,

φ0 = φ̂0/
∫ Vs

Vlb
φ̂0(V )dV , the stationary quantities, mean membrane voltage
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〈V 〉∞ =
∫ Vs

Vlb
V φ0(V )dV and spike rate r∞ = qφ0

(Vs), are calculated. Practically, the

latter is given by the (scaled) flux initialization of the exponential backward

integration, r∞ = qNV /
∫ Vs

Vlb
φ̂0(V )dV , which is – for a refractory period Tref > 0 –

denoted with r̃∞ giving after scaling the steady-state spike rate
r∞ = r̃∞/(1 + r̃∞Tref). The optional spike shape extension can be incorporated in this
case using Eq. (93) with p∞ = φ0/(1 + r̃∞Tref).

To obtain the first two dominant eigenvalues λ1 and λ2 we use the procedure of
Sects. C2), C3) and calculate a number Nλ of (nonstationary) eigenvalues λn(µk, σ`),
n = 1, . . . , Nλ for the given input parameter rectangle. These eigenvalues are sorted,
for each input parameter pair (µk, σ`) separately, such that λ1 and λ2 are the first and
second dominant eigenvalue, respectively, according to Eqs. (58),(67), cf. Fig. 7A,C.
Note that the other eigenvalues, n = 3, . . . , Nλ, are not used for the models spec1 and
spec2. However, they are required within the numerical solution method to account for
the points in input parameter space (µ, σ), where the eigenvalue class switches (due to
Vlb 6= Vr, see main text). For example in Fig. 7A (right column, i.e., with large noise
intensity σ) a diffusive mode is dominant for small mean input µ while for increased
mean the dominant eigenvalue (pair) is from the regular type. The numerical
procedure described above starts with the dominant Nλ (real) eigenvalues at the
smallest mean input and then continuously tracks each of these eigenvalues for
increasing mean input µ. Therefore, when computing only, e.g., Nλ = 2 eigenvalues for
the previous example both would be of the diffusive kind and the dominant regular
modes for larger µ cannot be found.

The nonstationary quantities are based on the (already calculated) dominant
eigenvalues λ1 and λ2. First the corresponding (unnormalized) eigenfunctions φ̃1 and
φ̃2 of L are obtained using the exponential integration scheme, Eqs. (C-5),(C-6) with
λ = λ1, λ2, as well as those of L∗ (ψ1 and ψ2) that are computed via Eq. (C-8). The
eigenfunctions of L are then scaled according to φn = φ̃n/〈ψn, φ̃n〉 which yields
(bi)orthonormal eigenfunctions, i.e., 〈ψn, φm〉 = δnm, and this fixes the remaining

degree of freedom for products between quantities of L and L∗, e.g., cσ
2

n fn. Note that
in the spec2 model, Eqs. (62)–(66), nonstationary quantities occur exclusively in such
products, specifically, f · cx = cx1f1 + cx2f2 and f ·Λ cx = cx1f1λ1 + cx2f2λ2 (for
x = µ, σ2), and they do not enter at all the spec1 model, Eq. (59), except for the first
dominant eigenvalue λ1.

The nonstationary quantities of L are obtained by f1 = qφ1
(Vs) and f2 = qφ2

(Vs),
and particularly (similar to r∞ above) by “reading off” the respective (normalized)
initialization values fn = qNV /〈ψn, φ̃n〉.

The other quantities (nonstationary of L∗ and the remaining stationary ones)
involve partial derivatives w.r.t. µ and σ2. They are calculated using a central finite
difference approximation that is second order accurate (in the respective step size δµ
or δσ), ∂µθ ≈ [θµ+δµ,σ − θµ−δµ,σ]/(2δµ) and ∂σθ ≈ (θµ,σ+δσ − θµ,σ−δσ)/(2δσ) for
θ = r∞, 〈V 〉, ψn(V ). For implementation convenience we calculate σ-derivatives of the
quantities and transform them, using the chain rule, to the originally required ones,
∂σ2θ = ∂σθ/(2σ). For the (final) quantities cxn = 〈∂xψn, φ0〉 the stationary
eigenfunction φ0 is multiplied with the finite difference version of ∂xψn. The latter
requires for each x = µ, σ2 two (forward) integrations via Eq. (C-8) (e.g.,
ψn(V ;µ+ δµ, σ) and ψn(V ;µ− δµ, σ)).

C6) Modifications

The solutions of Eq. (C-2) or (C-7) can be multiplied with an arbitrary complex scalar
value to yield another solution because the operators L and L∗ and the corresponding
boundary conds. are linear in φ, q or ψ, ∂V ψ respectively. Therefore the initializations
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qNV or ψ0 of the exponential integration schemes, Eqs. (C-5) or (C-8), can be chosen
arbitrarily and the (bi)normalization is applied a posteriori. In our numerical
implementation we specifically initialize with qNV = 1 only at µmin and for all other
µk > µmin we start the integration with qNV (µk) = qNV (µk−1) where qNV (µk−1) is
taken after normalization. This modification allows to specify tolerance and finite
difference parameters, ε and ∆λ, respectively, that are appropriate for the whole input
rectangle despite the fact that the magnitude of the function which is evaluated in
each step of the root finding algorithm, i.e., q(Vlb;λ), depends strongly on (µ, σ, λ)
(e.g., see the scales of the attached axes in Fig. 7A).

The numerical solver described above does not take into account the fact that
eigenvalues λn at the transition from real to complex values have multiplicity two.
Therefore, at these input parameter points (µ∗, σ∗) we calculate all nonstationary
quantities by nearest-neighbor interpolation to resolve corresponding artefacts. Note
that an even more pronounced smoothing of the quantities around these points would
likely be beneficial to the model performance of the model spec2.
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S1 Figure: Fast changes of the input variance

Fast changes of the input variance. Time series of population spike rate and
mean adaptation current from the different models in response to weak mean µext =
1.5 mV/ms and time-varying variance σ2

ext of the input for moderately fast variations

τσ
2

ou = 50 ms (A) and rapid variations τσ
2

ou = 10 ms (B). The values for the remain-
ing parameters and the visualization style were as in Fig. 4B of the main text which
corresponds to A here, except that a different realization of the OU process was used.

S1 Figure: Fast changes of the input variance (Augustin, Ladenbauer, Baumann and Obermayer 2017, PLOS Comput. Biol.)
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