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Abstract

In the literature, many models of electromagnetic momentum are proposed.
Each model implies a form of the electromagnetic force density, which acts
as a source in the mechanical momentum balance. The debate as to which
model of the electromagnetic force is “correct” for arbitrary materials and
processes is ongoing. Most authors argue in favor or against specific models
by virtue of thought experiments, e.g., with light waves. The topic of this
work is to show that experiments conducted on a macro scale can conclusively
eliminate models from the pool of generally applicable force models. Any
electromagnetic force model predicts a total force that acts on a body as well as
a local force distribution. Both predictions can be used experimentally. To do so,
experiments are conceived and conducted on a macro scale in this thesis in order
to test the theoretical mechanical predictions of some selected electromagnetic
force models. By comparing theoretical results with experimental findings,
certain candidates for a generally applicable electromagnetic force model can
be excluded.

The first experiment considers the total electromagnetic forces in a magne-
tostatic setting. Here, the total axial force between two equal coaxially aligned
permanent cylindrical magnets is investigated. To start, the magnetic field
produced by cylindrical permanent magnets is computed analytically. Using
this result, the axial force between the cylinders is also obtained analytically.
All considered electromagnetic force models yield an equal force prediction
that agrees with conducted experiments. An analysis shows that (most) elec-
tromagnetic force models yield equal predictions for the total force in static
settings. Also, the experimental results show that if a model satisfies some
requirements w.r.t. the Lorentz force, its prediction of the total force is exact
in a magnetostatic setting.

To show the implications of local effects, two similar problems are considered:
an elastic and homogeneously magnetized sphere, and an elastic and linear-
magnetic sphere in an external magnetic field. The induced magnetic field
and the magnetization of each problem yield model-dependent predictions of
electromagnetic force densities on the surface. These cause magnetostriction of
the spheres that are computed for small strains with the method of Hiramatsu
and Oka. With the different employed electromagnetic force models, varying
deformation shapes are obtained. This may motivate future experiments in
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this field, either for any of these magnetostriction problems with spheres or a
similar problem.

Another example of local effects is given with the experiment of a spherical
drop of silicone oil that is submerged in castor oil. The oils do not mix due to
the surface tension between them. In the experiment, a homogeneous electric
field that acts on the oils is activated. Due to the different permittivities
of the oils, a deformation of the immersed drop can be observed. To obtain
a theoretical prediction of the mechanical displacements, the surface stress
tensor of the interface is modeled with surface tension and isotropic surface
elasticity for small strains. With electromagnetic model-dependent surface
force densities, the resulting field equations on the interface are solved for the
mechanical surface displacement. The solutions show different model-dependent
predictions of the deformation shape. As this experiment has previously been
conducted and discussed in the literature, the computed displacements can be
compared with experimental photographs. This allows conclusions to be drawn
w.r.t. the general applicability of some electromagnetic force models. Notably,
the Einstein–Laub force model does not agree with this experiment.
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Zusammenfassung

In der Literatur wurden viele elektromagnetische Impulsmodelle vorgeschlagen.
Jedes dieser impliziert eine Form der elektromagnetischen Kraftdichte, welche
in der mechanischen Impulsbilanz als Quelle eingeht. Die Debatte darüber,
welches Modell nun das „richtige“ sei, dauert an. Viele Autoren argumentieren
für oder wider ein Modell mithilfe von Gedankenexperimenten, beispielsweise
mit Lichtwellen. Das Thema dieser Arbeit ist es zu zeigen, dass Experimente
auf der Makroebene es ermöglichen, Kandidaten für ein allgemein anwendbares
Kraftmodell auf schlüssige Weise zu eliminieren. Jedes elektromagnetische
Kraftmodell impliziert sowohl eine wirkende Gesamtkraft auf einen Körper als
auch eine lokale Kraftverteilung. Beide Aspekte können experimentell genutzt
werden.

Hierfür werden in dieser Arbeit Experimente auf der Makroebene konzipiert
und durchgeführt, um theoretische Vorhersagen bezüglich der mechanischen
Auswirkungen einiger elektromagnetischer Kraftmodelle zu testen. Durch Ver-
gleich der Vorhersagen mit experimentellen Resultaten können einige Kan-
didaten für ein allgemeingültiges elektromagnetisches Modell ausgeschlossen
werden.

Das erste Experiment untersucht Gesamtkräfte vom magnetostatischen
Standpunkt aus. Hierbei wird die gesamte axiale Kraft zwischen zwei ko-
axial gelagerten zylindrischen Permanentmagneten betrachtet. Begonnen wird
mit der analytischen Berechnung der magnetischen Flussdichte eines zylindri-
schen Permanentmagneten. Hierauf aufbauend wird die axiale Gesamtkraft
zwischen den Magneten ebenfalls analytisch bestimmt. Alle betrachteten elek-
tromagnetischen Kraftmodelle liefern die gleiche Kraftvorhersage, welche mit
den ausgeführten Experimenten übereinstimmt. Eine Analyse zeigt, dass die
(meisten) elektromagnetischen Kraftmodelle in einem statischen Rahmen die
gleiche Vorhersage für die Gesamtkraft treffen. Weiterhin zeigen die Experi-
mente, dass die Vorhersage eines Modells in einem magnetostatischen Rahmen
exakt ist, wenn das Modell einige Anforderungen bezüglich der Lorentz-Kraft
erfüllt.

Um die Implikationen von lokalen Effekten aufzuzeigen, werden zwei artver-
wandte Probleme betrachtet: eine elastische und homogen magnetisierte Kugel,
sowie eine elastische und linear-magnetische Kugel, welche einem externen
magnetischen Feld ausgesetzt ist. Das induzierte magnetische Feld sowie die
Magnetisierung in jedem Problem liefern modellabhängige Vorhersagen der
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elektromagnetischen Kraftdichte auf der Oberfläche. Diese erzeugen Magneto-
striktion der Kugeln, welche für kleine Dehnungen mithilfe der Methode von
Hiramatsu und Oka berechnet werden. Mit den verschiedenen verwendeten
elektromagnetischen Kraftmodellen erhält man abweichende Deformationsfigu-
ren. Diese können zum Vergleich in zukünftigen Experimenten herangezogen
werden, entweder für die gezeigten oder für ähnliche Probleme.

Ein weiteres Experiment zur Untersuchung lokaler Effekte betrachtet einen
kugeligen Tropfen Silikonöl, welcher in ein Bad aus Rizinusöl eingelassen ist.
Die Öle vermischen sich aufgrund der Oberflächenspannung nicht. Im Versuch
wird ein homogenes elektrischen Feld erzeugt, welches auf die Öle wirkt. Da
die Öle verschiedene Permittivitäten aufweisen, kann eine Verformung des ein-
gelassenen Tropfens beobachtet werden. Um eine theoretische Vorhersage für
die mechanischen Verschiebungen zu erhalten, wird der Oberflächenspannungs-
tensor mit Oberflächenspannung und isotroper Flächenelastizität für kleine
Dehnungen modelliert. Die resultierenden Feldgleichungen auf der Oberfläche
des Tropfens werden mit elektromagnetischen modellabhängigen Flächenkraft-
dichten nach den mechanischen Flächenverschiebungen gelöst. Die Lösungen
zeigen verschiedene, modellabhängige Vorhersagen für die Deformationsfigur.
Da dieses Experiment zuvor in der Literatur durchgeführt wurde, können die
berechneten Verschiebungen mit experimentellen Photographien verglichen
werden. Dies ermöglicht es, Schlüsse bezüglich der allgemeinen Anwendbar-
keit einiger Modelle zu ziehen. Beachtenswert ist, dass das Kraftmodell von
Einstein und Laub nicht mit dem Experiment übereinstimmt.
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Nomenclature

In this section on nomenclature, the notation used in this work is briefly shown.
Emphasis is placed on areas where the notation is not uniquely defined in the
literature—for example, the notation for the invariant tensor calculus. The
meanings of specific symbols are given where they are introduced in the text
and in the list of symbols.

Tensors are used in three and four dimensions in this work. Scalars (or
tensors of rank zero) are written in italic, e.g., 𝜌 is the scalar density of mass.
Tensor in three dimensions of rank one or higher are shown as bold italic
symbols, i.e.,

𝑓 = 𝑓𝑖𝑒𝑖 , 𝜎 = 𝜎𝑖𝑗𝑒𝑖 ⊗ 𝑒𝑗 , 𝐶 = 𝐶𝑖𝑗𝑘𝑙𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑘 ⊗ 𝑒𝑙 .

In these examples, the tensor bases are constructed with an orthonormal vector
base {𝑒𝑖}. Einstein’s summation convention is implied by the use of Latin
(spatial) indices if not stated otherwise. Usually, vectors (or tensors of rank 1)
are written as lowercase letters. There are notable exceptions relating to
electromagnetic quantities, e.g., the electric field 𝐸. This is customary, and
therefore also employed here for easy recognition. The rank of any tensor in
this work is made clear in its introduction.

Contractions of tensors are performed in this work using dots. For example,
with

𝐴 = 𝐴𝑖𝑗𝑘𝑙𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑘 ⊗ 𝑒𝑙 and 𝐵 = 𝐵𝑖𝑗𝑘𝑙𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑘 ⊗ 𝑒𝑙 ,

the contractions · and ·· mean

𝐴 · 𝐵 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑙𝑚𝑛𝑜𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑘 ⊗ 𝑒𝑚 ⊗ 𝑒𝑛 ⊗ 𝑒𝑜 ,

𝐴 ·· 𝐵 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙𝑚𝑛𝑒𝑖 ⊗ 𝑒𝑗 ⊗ 𝑒𝑚 ⊗ 𝑒𝑛 .

and so forth for higher contractions. In three dimensions, the tensors used here
are based on real numbers. Therefore, the full contraction between tensors of
equal rank constitutes a scalar product that also induces a norm.
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Products with tensors. For scalar multiplications, no symbol is used, e.g.,
𝑎𝑓 is a scalar multiplication of the vector 𝑓 with the scalar 𝑎. Rarely, the
symbol ⋆ is used to indicate this product, e.g., in equations over multiple lines.
Dyadic products define tensors of higher order and are given the symbol ⊗, as
shown above. Cross products use the symbol ×.

Analysis of tensors employs the nabla operators, i.e.,

∇ = 𝑒𝑖
𝜕

𝜕𝑥𝑖
= 𝑔𝑖 𝜕

𝜕𝑧𝑖
.

Where applicable, a physical basis and a respective representation of a nabla
operator is employed.

In this work, nabla acts on any field in a product regardless of position. If it
is only to act on a part of a product, brackets are used. For example,

𝑎 = 𝑎𝑖𝑒𝑖 , 𝑏 = 𝑏𝑖𝑒𝑖 : 𝑎𝑖𝑏𝑖,𝑗𝑒𝑗 = 𝑎 · (𝑏 ⊗ ∇) .

Commas are a shorthand for partial derivatives and semicolons are used for
covariant derivatives. The nabla operator also never acts upon elements of
integration. If a nabla operator and a bracket term form a product, the nabla
acts on all fields in the brackets, e.g.,

(𝑎 ⊗ 𝑏) · ∇ = 𝑎(𝑏 · ∇) + (𝑎 ⊗ ∇) · 𝑏 .

The operator shorthands “div,” “rot” and “grad” are not used in this work.
The reason is that, in continuum mechanics, the nabla operator is customarily
applied from the right, e.g., the deformation gradient 𝐹 is defined with the
material form of nabla, 𝐹 := 𝜒 ⊗ ∇𝑋 . In the context of electrodynamics, the
application of nabla from the left is customary. In order to avoid confusions, no
shorthands are employed and the nabla operator is used directly everywhere.
For surfaces, tangential derivatives are formed using the surface projection of
the nabla operator:

∇
(𝐼)

= ∇ · 1
(𝐼)

, with 1
(𝐼)

= 1 − 𝑒 ⊗ 𝑒 .

Note that only a projection is indicated in the formula above, not the divergence
of the surface identity tensor.

Nomenclature
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1 Introduction

The secret is comprised in three words—Work, Finish, Publish.

M. Faraday, from [Gladstone (1874), P. 123].

In this introductory chapter, the motivation for this work is outlined. Fol-
lowing this, the state of the art and the goal of the thesis are detailed.

1.1 Motivation
It can be observed that electromagnetic fields can change the (linear and
angular) momentum as well as the energy of an extensive body. In continuum
mechanics, these changes are modeled with electromagnetic forces and powers.
The electromagnetic field which governs these forces and powers cannot be
manipulated in a direct manner. For example, the electric charges and currents
within an isolated body cannot be “removed” from the outside. Therefore,
the electromagnetic force and power densities in the balances of momentum
and energy are regarded as production terms. This implies that classical
momentum and energy are not conserved quantities. The philosophical point
of view is that a body must possess total momentum and energy—these are
to be conserved if any sources (in form of supply terms) are deactivated. For
example, the gravitational body force is regarded as a supply term in the
balance of linear momentum. One imagines that it is possible to deactivate
this supply by moving a process far away from other masses, e.g., by placing
an object of interest in a rocket which is launched into a part of space that
is free of any celestial bodies. To obtain a balance of a total quantity, all
corresponding production terms must be removed. This implies the existence
of electromagnetic momentum and energy, which both can also be balanced.
In the balances of the total quantities, the production terms are canceled.

What are the forms of the new balances? In general, the interactions between
continuum mechanics and electrodynamics depend upon the material. It is
hoped that there exist general balances for electromagnetic momentum and
energy that generically employ the fields of polarization, magnetization, free
electric charge and current. These fields are described by virtue of constitutive
laws in a material-dependent manner, found by research into material science
and thermodynamics. Primarily, models for these fields are required to solve
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Maxwell’s equations in matter. It would be of considerable benefit if they
were also able to describe the interaction between the fields of continuum
mechanics and electromagnetism by means of material-independent interaction
models as well. However, the existence of such general material-independent
interaction models (that only contain the aforementioned electromagnetic
quantities) cannot be proved. It is possible that they do not exist at all,
implying that for each material the interaction itself is a constitutive relation.

1.2 State of the art

In the literature, the classical approach to the interaction of continuum mechan-
ics and electrodynamics is to model electromagnetic momentum and energy.
The resulting electromagnetic forces and powers are introduced in the classi-
cal balances and the influence of the interaction can be examined in specific
problems. The discussion began with the force models presented in the papers
of Einstein and Laub [Einstein and Laub (1908)], of Abraham [Abraham
(1909)], and Minkowski [Minkowski (1910)]. Later, another famous force
model was given by Chu et al. [Chu, Haus, and Penfield (1966)]. Other models
are presented in [Truesdell and Toupin (1960); Hutter (1975); Müller (1985)],
e.g., a generalized Lorentz force model. In [Hutter, Ven, and Ursescu (2006)],
the modeling of the electromagnetic force is shown with many examples, based
on thermodynamical principles. The coupling and modeling of electromagnetic
forces with an extension to classical balances are also shown in [Maugin (1988)].
There is only one specific case where everybody agrees on the force: if magne-
tization and polarization vanish, the force density is given by the Lorentz
law in the form w.r.t. free charges and currents. This was well discussed in the
work of Truesdell and Toupin in [Truesdell and Toupin (1960), Sec. 284].

The primary question is: can one of the many proposed models describe
the force (or power) accurately in general? Presently, this is an ongoing
debate in academia, primarily between proponents of the Abraham and the
Minkowski force models, see [Obukhov (2008); Mansuripur (2010); Barnett
(2010); Shevchenko and Kaivola (2011); Mahdy (2012); Wang (2012); Griffiths
(2012); Mansuripur (2014); Bethune-Waddell and Chau (2015)]. The discussion
is called the “Abraham–Minkowski controversy.” To argue in favor of one
or the other, most participants in the debate conceive thought experiments
that employ, e.g., light waves or photons. However, this discussion may be
misleading as it is by no means certain that either of these two models gives a
correct prediction in an arbitrary situation.

Recently, [Datsyuk and Pavlyniuk (2015)] used data from [Torza, Cox, and
Mason (1971)] regarding an experiment on the macro scale to motivate the
inapplicability of certain force models. In the experiment, a drop of silicone
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oil is placed in castor oil in an external electromagnetic field. The authors
computed the resulting force predictions but did not consider the mechanical
reaction. They argued, using the the strength and direction of the force fields,
what kind of deformation was plausible—or not. However, the experimental
results in the form of deformed shapes of the drop cannot be compared to the
force directly in a rational manner. The balance of momentum needs to be
considered to establish a relationship between the electromagnetic forces and
the resulting deformation.

1.3 Goals of the thesis

The topic of this thesis is to investigate momentum coupling with electromag-
netic force models. Here, the general assumption that there (hopefully) exists
a “correct” electromagnetic momentum balance is followed. This model is to
yield accurate predictions for the electromagnetic force for any material in
any (dynamical) situation. Finding this model may arguably be compared
to the quest for the Holy Grail. How can it be found? All previously (and
to be) proposed models state an identity that can be found via Maxwell’s
equations in combination with the æther relations in an inertial frame. It is
then suggested that this identity represents the balance of electromagnetic
linear momentum. How can one check which agrees with reality?

It is the opinion of the author that the current debate in academia cannot
be put to rest with thought experiments. Rather, real conducted experiments
(on a macro scale) may resolve the matter—at least up to a point where
the predictions of a model have been proven accurate in comparison to suffi-
ciently many experiments. When considering bodies of macroscopic scales, any
electromagnetic force model implies:

• an acting total force and

• distributions of local force densities.

These are important points, as for example, any two electromagnetic force
models may yield the same total force with different distributions of local forces.
In continuum mechanics it is clear that even if two loadings yield the same
total force on a body, the deformation may vary considerably, depending on
the distribution of the load. This observation can be exploited experimentally.
Measurements of total forces and the deformations may give insights to the ap-
plicability of a force model. It is probably not possible to prove mathematically
that any force model is “correct.” However, by conducting many experiments
with different matter and loading scenarios, it should be possible to reduce the
number of force models—at least for applications with arbitrary materials and

Section 1.3. Goals of the thesis
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loadings. Hopefully, by proceeding this way a generally applicable force model
can be found.

Using a few selected force models, the goal of this thesis is to show how
force models can be (in)validated for general use. First, experiments w.r.t.
total forces are to be conducted and compared with theoretical predictions.
Second, the influence of local distributions of force is to be shown with selected
experiments and problems on a macroscopic scale. Any model that yields
theoretical predictions which do not agree with any of these experiments may
then be disregarded in the debate. From the results of the study, further insight
as to what kind of future experiments may lead to good tests of the models is
to be acquired.

1.4 Outline of the thesis
Following this introduction, the outline of this thesis is:

Chap. 2: In this chapter, the concept of electromagnetic linear momentum
is briefly introduced. The structure of a balance of electromagnetic linear
momentum in regular points is shown and its implications w.r.t. electromagnetic
forces on interfaces are discussed. The chapter ends with the introduction
of a few selected electromagnetic force models that are used in the following
chapters. The contents of this chapter are published in [Reich, Rickert, Stahn,
and Müller (2017)].

Chap. 3: As an example of global effects, the total axial force between two
equal coaxially aligned permanent cylindrical magnets is investigated. Depend-
ing on the magnetization direction of the magnets, they can either attract or
repel each other. To start, the magnetic field of a cylindrical permanent magnet
is computed analytically by virtue of Green’s method. Using this result, the
theoretical force predictions of the models are computed analytically. Also,
experiments are conducted using a micro tensile testing machine. The results
of the theoretical predictions are discussed and compared to the experimental
findings. The presentation in this chapter also follows [Reich, Rickert, and
Müller (2017)]. The demonstrated magnetic field of cylindrical magnets is
taken from [Reich, Stahn, and Müller (2016)].

Chap. 4: To show the implications of local effects, two similar problems
are considered: an elastic and homogeneously magnetized sphere, and an
elastic and linear-magnetic sphere in an external magnetic field. The induced
magnetic field and the magnetization yield model-dependent predictions of
electromagnetic forces. These cause magnetostriction of the spheres that can be
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computed for small strains with the method of Hiramatsu and Oka. With the
different employed force models, varying deformation shapes can be obtained
that may motivate future experiments in this field, either for any of these
magnetostriction problems with spheres or a similar problem. The contents of
this chapter are in part published in [Reich, Rickert, Stahn, and Müller (2017);
Reich, Rickert, and Müller (2017)].

Chap. 5: A second example of local effects is considered in this chapter. A
spherical drop of silicone oil is submerged in castor oil, and the experiment is
placed in a homogeneous electric field. Due to the different permittivities of
the oils, a (model-dependent) deformation can be obtained. On the interface
between the oils there exists a surface stress. This stress is modeled for small
strains and the resulting field equations on the interface are solved for the
surface displacement. As this experiment has previously been conducted and
discussed in the literature, the computed displacements can be compared with
experimental photographs. This allows for some conclusions w.r.t. the general
applicability of a number of electromagnetic force models. The contents of this
chapter are also published in [Reich, Rickert, and Müller (2017)].

Chap. 6: The thesis closes with a conclusion in this chapter. The contributions
and novel aspects of this work are detailed and a brief outlook for future work
in the field is given.

Section 1.4. Outline of the thesis
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2 Electromagnetic momentum and
force models

Forces of nature act in a mysterious manner. We can but
solve the mystery by deducing the unknown result from the
known results of similar events.

M. Gandhi, from [Gandhi and Attenborough (2001)].

Due to the vast number of models introduced in the literature, only a selected
few exemplary models are discussed in this chapter. Most force models are
based on an initial postulation of the linear electromagnetic momentum density,
𝑔(EM). Then, identities of vector calculus and Maxwell’s equations are used
in an inertial frame to find an identity that is assumed to be “the” balance
of electromagnetic momentum. However, any such identity is not a unique
representation. It is possible to transfer parts of the flux into the force density,
and vice versa. This will be demonstrated with a few examples. This is
important to note as different identities, even for the same momentum density,
imply different volume and surface force densities.

From the point of view of continuum physics, it is known that the interfaces
between bodies must be treated with special care. Here, fields may possess high
gradients that cannot be resolved on a continuum scale. Therefore, at these
surfaces, fields are modeled with discontinuities. Depending on the materials
in contact, there may be distributed mass, stress, etc. on such an interface.
This implies that there are alternative local balance equations for interfaces,
so-called singular equations. Consideration of such equations and the singular
form of any electromagnetic model-dependent force is important in the analysis.
This will be detailed in the current chapter.

In the first section, the form of a balance of linear electromagnetic momentum
is introduced. The implications for the mechanical momentum balance are
discussed, independent of the specific choice of the electromagnetic force model.
The relation between volume and surface force is also detailed. The chapter
ends with the introduction of a few selected electromagnetic force models that
are used in the remainder of this work. The individual momentum densities,
stress measures and force densities of these models are shown.
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2.1 The form of a balance of electromagnetic
momentum

In continuum mechanics, additive quantities can be balanced. One can distin-
guish between two kinds of balanced quantities: conserved and non-conserved
ones. For example, kinetic and internal energy are not conserved quantities.
This can be seen in the balances as there is a production term, i.e., inner
friction, cf. [Müller (2014), Tab. 3.1]. Supply terms are acceptable, as it can be
argued that they can be deactivated, at least in theory. However, production
terms cannot be controlled directly. Any balance containing a production term
does not balance a conserved quantity. By adding the balances of kinetic and
internal energy, a balance of total energy is obtained that does not include a
production term. Hence, the total energy is a conserved quantity.

The local equation of linear momentum with an electromagnetic force term
is

𝜌𝑎 − 𝜎 · ∇ = 𝜌𝑓 + 𝑓 (EM) .

The mass-proportional specific body force 𝑓 models gravitational effects. It
can be argued that if a body is moved (very) far away from other masses, it
can be deactivated. For example, by shooting it somewhere into space far away
from celestial bodies.

The same argument cannot be made with the electromagnetic contribution,
𝑓 (EM). This force depends on constitutive quantities such as polarization and
magnetization, as well as the electromagnetic field, which cannot be controlled
directly. At most, one could remove any external electromagnetic field in
an experiment. However, the field due to a body’s sources, i.e., charges and
currents, remains. The conclusion of these remarks is that the classical (or:
mechanical) linear momentum of a body is not a conserved quantity.

Motivated by the analysis of energy balances, it is believed that there exist
(at least) three kinds of linear momentum:

• mechanical momentum (𝜌𝑣),

• electromagnetic momentum (𝑔(EM)), and

• total momentum (𝜌𝑣 + 𝑔(EM)).

The total linear momentum is set to be a conserved quantity. Hence, any
production terms in the former two balances must cancel each other out if they
are added together. The same occurs with the balances of kinetic and internal
energy, where the inner friction is present with opposing signs. Therefore, the
local balance of electromagnetic momentum can assumed to be of the form

𝜕

𝜕𝑡
(𝑔(EM)) − ∇ · 𝜎(EM) = −𝑓 (EM) , (2.1)

Chapter 2. Electromagnetic momentum and force models
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so that
𝜕

𝜕𝑡
(𝜌𝑣 + 𝑔(EM)) + ∇ · (𝜌𝑣 ⊗ 𝑣 − 𝜎 − 𝜎(EM)) = 𝜌𝑓 (2.2)

is a balance of a conserved momentum quantity. It is customary to employ
left divergences for electromagnetic momentum balances, therefore ∇ · 𝜎(EM)

is used instead of 𝜎(EM) · ∇. As the electromagnetic stress is not necessarily
symmetric, this subtle point is important. Due to the classical Euler–Cauchy
continuum assumptions, the mechanical stress is symmetric, hence 𝜎 ·∇ = ∇·𝜎.
Therefore, Eq. (2.2) employs a left divergence. If a continuum with a spin
density is considered, the chosen stress definition should be regarded with care
in this context.

Regretfully, the densities and the flux (and even the force on the right-hand
side) in the balance (2.1) are not generally known, fueling a vast number of
candidates and many ongoing disputes in academia.

𝛺1 𝛺2

𝛿

𝛺1 𝛺2

𝐼𝐼

Fig. 2.1: Transition zone between two regular domains. High gradients may exist in a
small transition zone that cannot be resolved on a macroscopic scale. The situation is
idealized with discontinuous functions w.r.t. the “singular” surface 𝐼. The transition
zone 𝛺𝛿 is spanned by 𝐼 and a characteristic width 𝛿. The image is taken from [Reich,
Rickert, and Müller (2017)].

It is interesting to note that Eq. (2.1) already fixes the structure of the
surface force. For a small volumetric region that contains the boundary of
a body, one can define the surface force density for a region considered in
Fig. 2.1. The considered volume 𝛺𝛿 has two large plane surfaces parallel to the
boundary of the original bodies. The distance between the two planes is given
by a smallness parameter 𝛿. By shrinking 𝛿, the connecting side surfaces of
𝛺𝛿 tend to zero and the volume degenerates to the mid-section plane 𝐼. Using

Section 2.1. The form of a balance of electromagnetic momentum
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this, a surface force w.r.t. the plane 𝐼 can be defined via
ˆ

𝐼

𝑓
(𝐼)

(EM) d𝐴 := lim
𝛿↘0

ˆ

𝛺𝛿

𝑓 (EM) d𝑉 = lim
𝛿↘0

ˆ

𝛺𝛿

(︃
−𝜕𝑔(EM)

𝜕𝑡
+ ∇ · 𝜎(EM)

)︃
d𝑉

= − lim
𝛿↘0

d
d𝑡

ˆ

𝛺𝛿

𝑔(EM) d𝑉 + lim
𝛿↘0

˛

𝜕𝛺𝛿

𝑒 · (𝑤 ⊗ 𝑔(EM) + 𝜎(EM)) d𝐴

=
ˆ

𝐴left∪𝐴right

𝑒 · (𝑤 ⊗ 𝑔(EM) + 𝜎(EM)) d𝐴

=
ˆ

𝐼

𝑒 · J𝑤 ⊗ 𝑔(EM) + 𝜎(EM)K d𝐴 .

In the calculation, Reynolds’ transport theorem and Gauss’ theorem were
employed. As this analysis holds for any surface region, one can find that for
any interface

𝑓
(𝐼)

(EM) = 𝑒 · J𝑤 ⊗ 𝑔(EM) + 𝜎(EM)K ∀𝑥 ∈ 𝐼 . (2.3)

Hence, the density of electromagnetic momentum and the electromagnetic
stress measure fix the singular force.

2.2 Generalized LORENTZ force model

In the absence of any magnetization and polarization, [Truesdell and Toupin
(1960), Sec. 284] set the density of linear electromagnetic momentum to be
𝑔(EM) = 𝐷×𝐵 and employed a symmetric stress measure. Without magnetiza-
tion and polarization, this model yields the Lorentz force 𝑓L = 𝑞f𝐸 + 𝐽 f × 𝐵
that contains the total free electric current, i.e., 𝐽 f = 𝑞f𝑣 + 𝑗f . A generalized
Lorentz force model assumes that this density is also valid if magnetization
and polarization are present. The physical motivation behind this extension is
the concept that the forces due to free and bound charges, as well as to free
and bound electric currents, are indistinguishable. More precisely, one assumes
that the Lorentz force model of free charges and currents is generalized by
setting:

𝑓L = 𝑞f𝐸 + 𝐽 f × 𝐵 → 𝑓gL = 𝑞𝐸 + 𝐽 × 𝐵 .

This suggestion was introduced first in [Truesdell and Toupin (1960)] and
shortly after used in [Toupin (1963)]. The generalized Lorentz force concept
is commonly used in the school of I. Müller, see, e.g., [Müller (1985), Sec. 9.5],
[Müller (2014), Chap. 12] or [Guhlke (2015)].

Chapter 2. Electromagnetic momentum and force models
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Using Maxwell’s equations with identities of vector calculus in an inertial
frame, the following identity can be obtained:

𝜕

𝜕𝑡
(𝑔gL) − ∇ · 𝜎gL = −𝑓gL ,

with 𝑔gL = 𝐷 × 𝐵 , 𝑓gL = 𝑞𝐸 + 𝐽 × 𝐵 ,

𝜎gL = −1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵 .

(2.4a)

As discussed before, a postulate of the momentum density does not yield a
unique representation. However, without magnetization and polarization, the
force must be 𝑞f𝐸 + 𝐽 f × 𝐵. One now demands that the form of the force
remains, i.e., 𝑞f is exchanged with 𝑞 and 𝐽 f with 𝐽 . The flux defined above
satisfies this requirement and is used in this model. One can also note that
the obtained electromagnetic stress tensor is symmetric.

By using the singular forms of Maxwell’s equations and some vector
identities, one can find by evaluating Eq. (2.3), that

𝑓
(𝐼)

gL = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× ⟨𝐵⟩ . (2.4b)

The computations needed to obtain these representations of the forces are
simple yet tedious. For this and the following force models, the procedures are
shown in App. E.

2.3 Force models based on the ABRAHAM density

The electromagnetic momentum density postulated by M. Abraham reads

𝑔A = 𝐷 × 𝜇0H ,

see [Abraham (1909)]. Using Maxwell’s equations, the following relation can
be derived:

𝑔A = 𝐷 × 𝜇0H = 𝐷 × (𝐵 − 𝜇0𝑀) = 𝑔gL − 𝜇0𝐷 × 𝑀 .

For this fixed momentum density, it is possible to find infinitely many identities
of the form

𝜕

𝜕𝑡
𝑔A − ∇ · 𝜎A𝑖 = −𝑓A𝑖 .

The index 𝑖 is introduced to distinguish the different choices for the flux and
the force density. For each choice, the flux and the force must be compatible.
It is always possible to transform parts of the flux to the force and vice versa.

Section 2.3. Force models based on the ABRAHAM density
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Therefore, there is no unique representation. In the following, two possibilities
with an arbitrary symmetric and non-symmetric flux are investigated.

1. A symmetric choice of the flux, 𝜎A1 = 𝜎gL, yields the fixed forces

𝑓A1 = 𝑞𝐸 + 𝐽 × 𝜇0H + (∇ × 𝐵) × 𝑀 + 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
,

𝑓
(𝐼)

A1 = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× 𝜇0⟨H⟩ − 𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K + (𝑒 × J𝐵K) × ⟨𝑀⟩ .

2. A second choice, made by setting 𝜎A2 = 𝜎gL − 𝑀 ⊗ 𝐵, results in

𝑓A2 = 𝑞𝐸 + 𝐽 × 𝜇0H − ∇ · (𝑀 ⊗ 𝐵) + 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
,

𝑓
(𝐼)

A2 = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× 𝜇0⟨H⟩ − 𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K +

+ (𝑒 × J𝐵K) × ⟨𝑀⟩ − 𝑒 · [⟨𝑀⟩ ⊗ J𝐵K + J𝑀K ⊗ ⟨𝐵⟩] .

2.4 Force models based on the MINKOWSKI density

The density proposed by Minkowski reads

𝑔M = D × 𝐵 = 𝑔gL + 𝑃 × 𝐵 ,

see [Minkowski (1910)]. Again, there exist infinitely many identities of the
form

𝜕

𝜕𝑡
𝑔M − ∇ · 𝜎M𝑖 = −𝑓M𝑖 .

Analogously to the Abraham density above, a symmetric and a non-symmetric
flux are investigated.

1. A symmetric choice of the flux, 𝜎A1 = 𝜎gL, yields the fixed forces

𝑓M1 = 𝑞𝐸 + 𝐽 f × 𝐵 + (∇ × 𝑀) × 𝐵 − (∇ × 𝐸) × 𝑃 ,

𝑓
(𝐼)

M1 = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

f × ⟨𝐵⟩ + ⟨𝑃 ⟩ × (𝑒 × J𝐸K) + (𝑒 × J𝑀K) × ⟨𝐵⟩ .

2. As a second choice, 𝜎M2 = 𝜎gL + 𝑃 ⊗ 𝐸 − 𝐵 ⊗ 𝑀 is set, with the result

𝑓M2 = 𝑞f𝐸 + 𝐽 f × 𝐵 − (∇ ⊗ 𝑀) · 𝐵 + (∇ ⊗ 𝐸) · 𝑃 ,

𝑓
(𝐼)

M2 = 𝑞
(𝐼)

f⟨𝐸⟩ + 𝐽
(𝐼)

f × ⟨𝐵⟩ + 𝑒(⟨𝑃 ⟩ · J𝐸K − ⟨𝐵⟩ · J𝑀K) .
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2.5 EINSTEIN–LAUB force model
The Einstein–Laub force model, introduced in [Einstein and Laub (1908)],
defines the momentum density, the flux and the force by

𝑔EL = 𝐷 × 𝜇0H = 𝑔gL − 𝐷 × 𝜇0𝑀 ,

𝜎EL = −1
2(𝜖0𝐸 · 𝐸 + 𝜇0H · H)1 + D ⊗ 𝐸 + 𝐵 ⊗ H ,

𝑓EL = 𝑞f𝐸 + 𝐽 f × 𝜇0H + 𝑃 · (∇ ⊗ 𝐸) + 𝜕𝑃

𝜕𝑡
× 𝜇0H +

+ 𝜇0𝑀 · (∇ ⊗ H) − 𝜇0
𝜕𝑀

𝜕𝑡
× 𝐷 .

Due to Eq. (2.3), this also fixes the surface force. One finds that

𝑓
(𝐼)

EL = 𝑓
(𝐼)

M2 + 𝑒J𝐵 · 𝑀 − 𝜇0
2 𝑀 · 𝑀K − 𝑤⊥JD × 𝜇0𝑀 + 𝑃 × 𝜇0HK .

One can note that this force model employs the same momentum density as
the Abraham models.

Section 2.5. EINSTEIN–LAUB force model
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3 Examination of global effects with
the force between two magnets

So, when Truesdell visited me in Berlin, on the first day he
came and said: “Ingo, can I ask you for a favour?”
And I, eager to please my visitor and one-time mentor, said:
“Of course, Clifford, what can I do for you?”
Truesdell: “Please, don’t show me your lab.”

I. Müller, a recollection from [Müller (2007)].

Two cylindrical ideal magnets that possess constant homogeneous axial
magnetization of strength 𝑀0 are considered. A constant magnetization is an
approximation for strong hard permanent magnets, see App. B. Both cylinders
have the same geometry and are coaxially aligned. In this chapter, the total
axial force between the two magnets is analyzed which is considered to be a
function of the end-to-end distance 𝑑, cf. Fig. 3.1. The force is computed with

𝑧1𝛺1 𝑧2𝛺2𝑅
𝑅

𝐻 𝐻 𝐻 𝐻𝑑

Fig. 3.1: Cross-section and geometry of the analyzed cylindrical magnets. The image
is adapted from [Reich, Rickert, and Müller (2017)].

each force model introduced in Chap. 2. The theoretical results are compared
to each other and with conducted experimental data.

First, the magnetic field of one cylinder is computed. Then, all force models
are specialized for the magnetostatic case. At this stage, the deformations of
the magnets are not of interest. Therefore, the resulting force densities of a
considered magnet due to its own magnetic field are ignored. Such fields do
not contribute to the total force, i.e., a magnet cannot accelerate itself. In
the subsequent section, the theoretical axial force predictions are computed
analytically. Following this, the results are compared to experimental findings
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with cylindrical neodymium magnets. The chapter closes with a brief discussion
of the findings.

The computation of magnetic fields of some basic geometries is still an active
research topic. To the best of the authors’ knowledge, [Durand (1964)] was
the first to offer, for cylindrical magnets, a closed-form analytic solution of the
radial field component H𝜉(𝜉, 𝑧). Later, [Ravaud, Lemarquand, Lemarquand,
and Depollier (2008)] found a closed form for the axial component, H𝑧(𝜉, 𝑧).
Both components were presented in terms of complete elliptic integrals. How-
ever, H𝑧(𝜉, 𝑧) also contained hyperbolic sine and complex-valued terms. The
authors argued that the component has to be real valued and therefore only
regarded the real part of their solution. Later, [Babic and Akyel (2008)]
considered the same magnet and proposed a completely real-valued solution
in terms of complete elliptic integrals. Furthermore, these authors discussed
singularities and modified their solution by using Heuman’s lambda function.
After this modification, they obtained numerical results equal to those in
[Ravaud, Lemarquand, Lemarquand, and Depollier (2008)]. As an example,
both papers studied the axial field component in a plane slightly above the
magnet. Their calculations showed a non-negative component, H𝑧(𝜉, 𝑧*) at a
constant height 𝑧* slightly above the magnet. However, this common result
is difficult to interpret as it seems to contradict the fact that the field lines
have to begin and end at the surface of the magnet. All of the aforementioned
authors obtained their results by virtue of a magnetic scalar potential formula-
tion. Recently, [Selvaggi, Salon, and Chari (2010)] analyzed the problem by
using both scalar and vector potential forms and obtained the magnetic flux
density. Their approach is directly based upon Maxwell’s equations for the
stationary case in regular and singular points. Therefore, their derivation of
the field is easily comprehensible; however, their final results are presented
in terms of an infinite series of hypergeometric functions. The corresponding
numerical computational costs when evaluating these series are much higher
than those of the previously mentioned solutions. As the magnetic flux density
is needed for the computation of the force between two cylindrical magnets, a
comprehensible solution in closed form is desirable and therefore computed in
Sec. 3.1.

The force between coaxially aligned cylinders was also previously analyzed in
the literature. In [Furlani (1993)], the levitation force between two cylindrical
magnetic rings was examined analytically. The author obtained an expres-
sion with three remaining integrals which he re-casted as nested series with
Simpson’s rule. Similar examples are shown by the author in [Furlani (2001)].
Subsequently, the force between coils and cylindrical magnets was analyzed
in [Ravaud et al. (2010)]. The obtained sum expressions are complex valued
and cumbersome, containing elliptic integrals, inverse sines and logarithms.
This result was reformulated in [Robertson, Cazzolato, and Zander (2011)] in a
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real-valued and more compact form. This force solution contains singularities if
the radii of the cylinders (or coils) are equal or if the contact force is regarded.
Yet another approach to the problem was shown in [Vokoun, Beleggia, Heller,
and Šittner (2009)], where a magnetostatic interaction energy is modeled. A
solution of the force is obtained by means of the derivative of this energy. How-
ever, this solution contains integrals over Bessel functions. For the contact
force, a closed-form solution was presented. The authors also compared their
theoretical findings with conducted experiments and showed that they are in
good agreement. Recently, the problem was also investigated in [González
(2016)]. The author showed in a didactic manner how the force can be obtained
with the assumption of a “Lorentzian” surface current. His obtained expres-
sion for the force contains an un-computed integral over the azimuthal angle,
which he treats numerically via Simpson’s rule. An experiment to measure the
force was proposed and conducted. His theoretical and experimental results
are also in good agreement. In this chapter, a force computation is performed
that examines the previously introduced force models of Chap. 2 without the
introduction of a magnetostatic interaction energy. This approach starts in
Sec. 3.2.

3.1 The magnetic field of cylindrical permanent
magnets

For this static magnetic problem, Maxwell’s equations reduce to

∇ × H = 0 , ∇ · 𝐵 = 0 , H = 1
𝜇0

𝐵 − 𝑀 ,

𝑒 × JHK = 0 , 𝑒 · J𝐵K = 0 ,

where the Maxwell–Lorentz æther relations were employed, cf. App. A.
The magnetization within a cylindrical magnet is 𝑀 = 𝑀0𝑒𝑧. Outside of the
cylinder, it is zero. In order to solve these equations, the introduction of a
magnetic vector potential is helpful. It follows from

∇ · (∇ × (·)) = 0 , hence ∇ · 𝐵 = 0 implies 𝐵 = ∇ × 𝐴 ,

where 𝐴 is the magnetic vector potential. Due to Helmholtz’ decomposition
theorem it can be seen that this potential is not fixed uniquely; a gradient
of any arbitrary smooth scalar field can be added. A common strategy to
help render 𝐴 unique is to fix its divergence—this is called gauge fixing. In
magnetostatics, the most beneficial fixing is the Coulomb gauge, viz., ∇·𝐴 = 0.
This gauge will be used in the following. Note that this condition also implies
that 𝑒 · J𝐴K = 0 on interfaces. For the curl of the potential, the “boundary”
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condition is given by a finiteness condition. However, it is more practicable
to impose the condition on 𝐴 instead, not its curl. This is more beneficial in
computations. Due to the linearity of the equations, the finiteness condition
on the potential and the gauge fixing, the problem possesses a unique solution.
Using the identity ∇ × (∇ × 𝐴) = −Δ𝐴 + ∇(∇ · 𝐴), there results for the
vector potential:

Δ𝐴 = −𝜇0∇ × 𝑀 , 𝑒 × J∇ × 𝐴K = 𝜇0𝑒 × J𝑀K , 𝑒 · J∇ × 𝐴K = 0 .

This is a problem of Poisson type. However, as the magnetization is constant
inside and outside of the magnet, the magnetization curl vanishes. Hence
one obtains a Laplace problem. The transition condition 𝑒 · J∇ × 𝐴K = 0 is
difficult to fulfill analytically (and numerically). Due to the remarks in App. D,
one can replace

𝑒 · J∇ × 𝐴K = 0 with J𝐴K = 0

at any interface. Using this continuity condition, the relation 𝑒 × J∇ × 𝐴K =
−𝑒 · J∇ ⊗ 𝐴K can also be obtained. Therefore one can further replace

𝑒 × J∇ × 𝐴K = 𝜇0𝑒 × J𝑀K with 𝑒 · J∇ ⊗ 𝐴K = −𝜇0𝑒 × J𝑀K .

The equation system of the vector potential becomes:

Δ𝐴 = −𝜇0∇ × 𝑀 , 𝑒 · J∇ ⊗ 𝐴K = −𝜇0𝑒 × J𝑀K , J𝐴K = 0 ,

lim
‖𝑥‖→∞

𝐴 = 0 ,

ˆ

𝛴

‖𝐴‖2 d𝛴 ̸= ∞ . (3.1)

The solution of this system can be found with Green’s function of the Laplace
operator. It reads

𝐴(𝑥) = 𝜇0
4π

˛

𝜕𝛺−

𝑒′ × J𝑀K
‖𝑥 − 𝑥′‖

d𝐴′ = 𝜇0𝑀0
4π

˛

𝜕𝛺−

𝑒𝑧 × 𝑒′

‖𝑥 − 𝑥′‖
d𝐴′ ,

where 𝛺− is the interior domain of a considered magnet, cf. [Glane, Reich, and
Müller (2017)].

In the following, the magnetic field of a hollow cylindrical magnet, as shown
in Fig. 3.2 is computed. This computation is taken from [Reich, Stahn, and
Müller (2016)]. The solution for a hollow cylinder is subsequently specialized
for a solid cylinder, which is suitable for the force experiment.

With respect to the cylindrical coordinates (𝜉, 𝜙, 𝑧), the normal vectors
of the hollow cylinder are ±𝑒𝜉 and ±𝑒𝑧. Due to the cross product with 𝑒𝑧,
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integrand there

𝐵(�̃�) = 1
𝑅m

∇̃ × 𝐴(�̃�) =

= −𝜇0𝑀0
4π

1∑︁
𝑛=0

(−1)𝑛�̃�𝑛

2πˆ

𝜙′=0

�̂̃�

𝑧′=−�̃�

�̃� − �̃�′
𝑛

‖�̃� − �̃�′
𝑛‖3 × 𝑒′

𝜙 d𝑧′ d𝜙′ .

For further evaluation one can take a closer look at �̃� − �̃�′
𝑛. In dimensionless

cylindrical coordinates one has �̃� = 𝜉𝑒𝜉 +𝑧𝑒𝑧 and �̃�′
𝑛 = �̃�𝑛𝑒′

𝜉 +𝑧′𝑒′
𝑧. Therefore,

w.r.t. a fixed Cartesian base one obtains

�̃� − �̃�′
𝑛 = (𝜉 cos 𝜙 − �̃�𝑛 cos 𝜙′)𝑒𝑥 + (𝜉 sin 𝜙 − �̃�𝑛 sin 𝜙′)𝑒𝑦 + (𝑧 − 𝑧′)𝑒𝑧 .

As the problem is rotationally symmetric, one may choose 𝜙 = 0 and the
expression reduces to

�̃� − �̃�′
𝑛 = (𝜉 − �̃�𝑛 cos 𝜙′)𝑒𝑥 − �̃�𝑛 sin 𝜙′𝑒𝑦 + (𝑧 − 𝑧′)𝑒𝑧 ,

directly yielding⃦⃦
�̃� − �̃�′

𝑛

⃦⃦2 = 𝜉2 + �̃�2
𝑛 + (𝑧 − 𝑧′)2 − 2𝜉�̃�𝑛 cos 𝜙′ ,

(�̃� − �̃�′
𝑛) × 𝑒′

𝜙 = −(𝑧 − 𝑧′) cos 𝜙′𝑒𝑥 − (𝑧 − 𝑧′) sin 𝜙′𝑒𝑦 + (𝜉 cos 𝜙′ − �̃�𝑛)𝑒𝑧 .

After inserting these expressions and performing a substitution of variables,
𝑧 = 𝑧 − 𝑧′, and 2𝜙 = π− 𝜙′, one obtains

𝐵(�̃�) = 𝑀0𝜇0
2π

1∑︁
𝑛=0

(−1)𝑛�̃�𝑛

π

2ˆ

𝜙=− π2

𝑧+�̃�ˆ

𝑧=𝑧−�̃�

(𝜉𝑛𝑒𝑥 + 𝜂𝑛𝑒𝑦 + 𝜁𝑛𝑒𝑧) d𝑧 d𝜙 ,

where

𝜉𝑛 = 𝑧(2 sin2 𝜙 − 1)
‖�̃� − �̃�′

𝑛‖3 , 𝜂𝑛 = 𝑧 sin(2𝜙)
‖�̃� − �̃�′

𝑛‖3 , and 𝜁𝑛 = �̃�𝑛 − 𝜉(2 sin2 𝜙 − 1)
‖�̃� − �̃�′

𝑛‖3 .

It can be seen that 𝜂𝑛 is an odd function w.r.t. 𝜙. Therefore, the integral over
𝜂𝑛 vanishes. In the following computations, the complete elliptic integrals of
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first, second and third kind, are respectively defined by

K(𝑘) = 1
2

π

2ˆ

𝜃=− π2

1√
1 − 𝑘2 sin2 𝜃

d𝜃 , E(𝑘) = 1
2

π

2ˆ

𝜃=− π2

√︀
1 − 𝑘2 sin2 𝜃 d𝜃 ,

Π(𝑝, 𝑘) = 1
2

π

2ˆ

𝜃=− π2

1
(1 − 𝑝2 sin2 𝜃)

√
1 − 𝑘2 sin2 𝜃

d𝜃 .

Furthermore, the following abbreviations are employed

𝒳𝑛 =

π

2ˆ

𝜙=− π2

𝑧+�̃�ˆ

𝑧=𝑧−�̃�

𝜉𝑛 d𝑧 d𝜙 , and 𝒵𝑛 =

π

2ˆ

𝜙=− π2

𝑧+�̃�ˆ

𝑧=𝑧−�̃�

𝜁𝑛 d𝑧 d𝜙 .

These integrals are calculated individually. First,

𝒳𝑛 =

π

2ˆ

𝜙=− π2

𝑧+�̃�ˆ

𝑧=𝑧−�̃�

𝑧(2 sin2 𝜙 − 1)
‖�̃� − �̃�′

𝑛‖3 d𝑧 d𝜙 =
1∑︁

𝑚=0
(−1)𝑚

π

2ˆ

𝜙=− π2

1 − 2 sin2 𝜙

ℛ𝑛,𝑚
d𝜙 ,

with the included definitions

ℛ2
𝑛,𝑚 = 𝜉2 + �̃�2

𝑛 + 𝑍2
𝑚 + 2𝜉�̃�𝑛 − 4𝜉�̃�𝑛 sin2 𝜙 , and 𝑍𝑚 = 𝑧 + (−1)𝑚�̃� .

Also using

ℋ2
𝑛,𝑚 = 𝜉2 + �̃�2

𝑛 + 𝑍2
𝑚 + 2𝜉�̃�𝑛 , and 𝑘2

𝑛,𝑚 = 4𝜉�̃�𝑛/ℋ2
𝑛,𝑚 ,

one obtains

𝒳𝑛 =
1∑︁

𝑚=0

(−1)𝑚

ℋ𝑛,𝑚

π

2ˆ

𝜙=− π2

1 − 2 sin2 𝜙√︁
1 − 𝑘2

𝑛,𝑚 sin2 𝜙
d𝜙 =

=
1∑︁

𝑚=0

(−1)𝑚

ℋ𝑛,𝑚
[2 K(𝑘𝑛,𝑚) + 2𝒮𝑛,𝑚] .

The integrals 𝒮𝑛,𝑚 are expanded, yielding

𝒮𝑛,𝑚 = 1
𝑘2

𝑛,𝑚

π

2ˆ

𝜙=− π2

−1 + 1 − 𝑘2
𝑛,𝑚 sin2 𝜙√︁

1 − 𝑘2
𝑛,𝑚 sin2 𝜙

d𝜙 = 2
𝑘2

𝑛,𝑚

[E(𝑘𝑛,𝑚) − K(𝑘𝑛,𝑚)] .
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In the limit 𝜉 → 0, one finds that 𝑘𝑛,𝑚 → 0. However, the integrals 𝒮𝑛,𝑚

remain finite and converge to −π/2 in this case. Therefore, the solution of 𝒳𝑛 is

𝒳𝑛 = 2
1∑︁

𝑚=0

(−1)𝑚

ℋ𝑛,𝑚𝑘2
𝑛,𝑚

[︁
(𝑘2

𝑛,𝑚 − 2) K(𝑘𝑛,𝑚) + 2 E(𝑘𝑛,𝑚)
]︁

⋆

{︃
1 , for 𝜉 > 0 ,

0 , for 𝜉 = 0 .

To proceed, 𝒟𝑛 = 𝜉 + �̃�𝑛, ℎ2
𝑛 = 4𝜉�̃�𝑛/𝒟2

𝑛 are defined and 𝒵𝑛 is computed next.
The integration w.r.t. 𝑧 yields

𝒵𝑛 =
1∑︁

𝑚=0

(−1)𝑚𝑍𝑚

𝒟2
𝑛ℋ𝑛,𝑚

π

2ˆ

𝜙=− π2

�̃�𝑛 + 𝜉 − 2𝜉 sin2 𝜙

(1 − ℎ2
𝑛 sin2 𝜙)

√︁
1 − 𝑘2

𝑛,𝑚 sin2 𝜙
d𝜙

=
1∑︁

𝑚=0

(−1)𝑚𝑍𝑚

𝒟2
𝑛ℋ𝑛,𝑚

[︁
2(�̃�𝑛 + 𝜉)Π(ℎ𝑛, 𝑘𝑛,𝑚) + 2𝜉𝒯𝑛,𝑚

]︁
.

The remaining term 𝒯𝑛,𝑚 is equal to

𝒯𝑛,𝑚 = 1
ℎ2

𝑛

π

2ˆ

𝜙=− π2

−1 + 1 − ℎ2
𝑛 sin2 𝜙

(1 − ℎ2
𝑛 sin2 𝜙)

√︁
1 − 𝑘2

𝑛,𝑚 sin2 𝜙
d𝜙 =

= 2
ℎ2

𝑛

[−Π(ℎ𝑛, 𝑘𝑛,𝑚) + K(𝑘𝑛,𝑚)] .

Again, as 𝜉 → 0, one finds ℎ𝑛 → 0 and 𝑘𝑛,𝑚 → 0. In this case, the integral
converges to π/2. Since 𝒯𝑛,𝑚 is multiplied by 𝜉 in 𝒵𝑛, this case is seemingly
of no concern. However, it should be taken into account in order to avoid
numerical singularities. Therefore, 𝒵𝑛 becomes

𝒵𝑛 = 2
1∑︁

𝑚=0

(−1)𝑚𝑍𝑚

𝒟2
𝑛ℋ𝑛,𝑚

⋆

⋆

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[︁(︁

�̃�𝑛 + 𝜉 − 2𝜉

ℎ2
𝑛

)︁
Π(ℎ𝑛, 𝑘𝑛,𝑚) + 2𝜉

ℎ2
𝑛

K(𝑘𝑛,𝑚)
]︁

, for 𝜉 > 0 ,

π

2 �̃�𝑛 , for 𝜉 = 0 .
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By virtue of the determined integrals 𝒳𝑛, 𝒵𝑛, and by replacing 𝑒𝑥 → 𝑒𝜉,
the magnetic flux density is obtained as

𝐵(𝜉 > 0, 𝑧) = 𝜇0𝑀0
1
π

1∑︁
𝑛=0

1∑︁
𝑚=0

(−1)𝑛+𝑚 �̃�𝑛

ℋ𝑛,𝑚
⋆

⋆

[︃
1

𝑘2
𝑛,𝑚

{︁
(𝑘2

𝑛,𝑚 − 2) K(𝑘𝑛,𝑚) + 2 E(𝑘𝑛,𝑚)
}︁

𝑒𝜉 +

+ 𝑍𝑚

𝒟2
𝑛

{︂(︂
�̃�𝑛 + 𝜉 − 2𝜉

ℎ2
𝑛

)︂
Π(ℎ𝑛, 𝑘𝑛,𝑚) + 2𝜉

ℎ2
𝑛

K(𝑘𝑛,𝑚)
}︂

𝑒𝑧

]︃
, (3.2a)

for 𝜉 > 0 where �̃� = 𝜉𝑒𝜉 + 𝑧𝑒𝑧, �̃�𝑛 = 1 + (−1)𝑛𝛿, 𝑍𝑚 = 𝑧 + (−1)𝑚�̃�,
𝒟𝑛 = 𝜉 + �̃�𝑛, ℋ2

𝑛,𝑚 = 𝜉2 + �̃�2
𝑛 + 𝑍2

𝑚 + 2𝜉�̃�𝑛, 𝑘2
𝑛,𝑚 = 4𝜉�̃�𝑛/ℋ2

𝑛,𝑚 and ℎ2
𝑛 =

4𝜉�̃�𝑛/𝒟2
𝑛. All symbols carrying a tilde are dimensionless, i.e., (·) = (̃·)𝑅m.

The mean radius is defined by 2𝑅m = 𝑅o + 𝑅i and 2𝛿 = 𝑅o − 𝑅i, see
Fig. 3.2. If 𝜉 = 0, one can write explicitly:

𝐵(𝜉 = 0, 𝑧) = 𝜇0𝑀0
1
2

1∑︁
𝑛=0

1∑︁
𝑚=0

(−1)𝑛+𝑚 𝑍𝑚√︁
�̃�2

𝑛 + 𝑍2
𝑚

𝑒𝑧 . (3.2b)

A visualization example of the solution is given in Fig. 3.3. One can note
that the field characteristics in the figure are independent of the chosen value
of 𝑀0 and 𝑅m. The geometrical proportions were chosen to show the fields of
a magnetic base of the Levitron® CherryWood model.

The solution can easily be specialized for solid cylinders as well. In this case,
there is no inner lateral surface, i.e., this surface (𝑛 = 1) has to be removed
from the general solution. One simply sets 𝛿 = 0 and interprets 𝑅 = 𝑅m.
Moreover, the sum over 𝑛 is eliminated by setting 𝑛 = 0 everywhere in the
equation. In order to allow for a magnetization that is either directed in the
positive or negative axial direction, a direction factor 𝛽 is introduced:

𝛽 =
{︃

+1 , 𝑀 · 𝑒𝑧 = +𝑀0 ,

−1 , 𝑀 · 𝑒𝑧 = −𝑀0 .
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(a) Free current potential H.
min

max

(b) Magnetic flux density 𝐵.

Fig. 3.3: Magnetic flux density and field of a hollow cylindrical magnet in a plane
of rotation w.r.t. the 𝑧-axis, which is indicated by a dash-dotted line. Background
coloring indicates the magnetic field’s magnitude and the field’s streamlines are drawn
in white. For visualization, 𝛿 = 7/19 and �̃� = 4/19 were chosen. The image is adapted
from [Reich, Stahn, and Müller (2016)].

(a) Free current potential H
min

max

(b) Magnetic flux density 𝐵

Fig. 3.4: Magnetic flux density and field of a solid cylindrical magnet in a plane
of rotation w.r.t. the 𝑧-axis, which is indicated by a dash-dotted line. Background
coloring indicates the magnetic field’s magnitude and the field’s streamlines are drawn
in white. For visualization, �̃� = 30/19 was chosen in order to compare to Fig. 3.5. The
image is adapted from [Reich, Stahn, and Müller (2016)].
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(a) Free current potential H. (b) Magnetic flux density 𝐵.

Fig. 3.5: Magnetic flux density and field of a solid cylindrical magnet from [Becker
(2013), P. 182]. Only the field directions are indicated.

With this factor, the magnetic field of a solid cylinder reads

𝐵(�̃�) = 𝜇0𝑀0𝛽
1
π

1∑︁
𝛾=0

(−1)𝛾 1√
ℋ2

𝛾

[︁
1

𝑘2
𝛾

{︁
(𝑘2

𝛾 − 2)K(𝑘2
𝛾) + 2E(𝑘2

𝛾)
}︁

𝑒𝜉 +

+ 𝒵𝛾

2

{︁
1−𝜉

1+𝜉
Π(𝑚2, 𝑘2

𝛾) + K(𝑘2
𝛾)
}︁

𝑒𝑧

]︁
, (3.3)

with

𝒵𝛾(𝑧) = 𝑧 + (−1)𝛾�̃� , ℋ2
𝛾(𝜉, 𝑧) = 1 + 2𝜉 + 𝜉2 + 𝒵2

𝛾 ,

𝑘2
𝛾(𝜉, 𝑧) = 4𝜉

ℋ2
𝛾

, 𝑚2(𝜉) = 4𝜉

(1+𝜉)2 .

All quantities herein marked with tildes are normalized with the radius 𝑅
of the solid cylinder.

An example of a solid cylinder is given by Fig. 3.4. Similar field characteristics
were presented in [Becker (2013)], cf. Fig. 3.5. A more detailed discussion of
the results is given in [Reich, Stahn, and Müller (2016)].

In the following, the magnetic field of the second magnet (with domain
𝛺2 in Fig. 3.1) as observed in the system of the first magnet is of interest.
Therefore, a coordinate transformation w.r.t. the axial direction is performed:
𝑧2 = 𝑧1 − (2𝐻 + 𝑑). With the definition of a dimensionless end-to-end distance
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𝜅 = 𝑑/𝑅, the magnetic field of the second magnet w.r.t. the coordinate system
of the first reads

𝐵(2)(𝜉, 𝑧1) = 𝐵(𝜉, 𝑧1 − 2�̃� − 𝜅) . (3.4)

Note that 𝜉 is chosen to be equal in both coordinate systems as the cylinders
are coaxial and the problem is azimuthally symmetric.

3.2 Magnetostatic force specialization
In this static problem, all time derivatives vanish. Furthermore, there is no
polarization, no free charges and no free currents. As the magnetization is
homogeneous, any spatial derivatives thereof vanish. Also, the polarization
charge 𝑞b = −∇ · 𝑃 , the polarization current 𝜕𝑃/𝜕𝑡 and the magnetization
current ∇ × 𝑀 vanish. Therefore, 𝑞 = 0 and 𝐽 = 0 in the magnets.

Outside of the magnets, there is no polarizable medium. Therefore, the
bound surface charge vanishes, 𝑞

(𝐼)

b = 0, cf. Tab. A.1. The magnets do not move.
Hence, the surface polarization current −J𝑃 K𝑤⊥ vanishes also. However, there
is a surface current due to magnetization, i.e., 𝑒 × J𝑀K. Note that there are
no electric charges in any region, therefore 𝐸 ≡ 0 everywhere.

As Maxwell’s equations are linear, the total magnetic field can be decom-
posed w.r.t. the individual fields of the two cylinders. The superimposed field
at any point in space reads 𝐵(12) = 𝐵(1) + 𝐵(2). In this problem, the total
force acting on the first cylinder is analyzed (and not the deformation of said
cylinder). Therefore, only the field 𝐵(2) is of interest. This simplifies the
analysis, as on the surface of the first cylinder

J𝐵(2)K = 0 , and ⟨𝐵(2)⟩ = 𝐵(2) , ∀𝑥 ∈ 𝜕𝛺1 .

Also, in 𝛺1, 𝐵(2) = 𝜇0𝐻(2). Therefore, ∇ × 𝐵(2) = 0 in this region. In the
following, a normalization 𝐵(2) = 𝜇0𝑀0�̃�(2) is used. Furthermore, the jump
of the magnetization on the surface of the first cylinder 𝜕𝛺1 is known a priori
as J𝑀K = −𝑀0𝑒𝑧, where the magnetization of the first cylinder is always set
in the positive 𝑧-direction (with 𝛽 = +1).

The electromagnetic force models of Chap. 2 are specialized with the above
observations. The volumetric force densities reduce in this problem to

𝑓gL = 0 , 𝑓A1 = 0 , 𝑓M1 = 0 , 𝑓M2 = 0 ,

𝑓A2 = −∇ · (𝑀 ⊗ 𝐵) = −𝜇0𝑀2
0 ∇ · (𝑒𝑧 ⊗ �̃�(2)) ,

𝑓EL = 𝑀 · (∇ ⊗ 𝜇0H) = ∇ · (𝑀 ⊗ 𝜇0H) = ∇ · (𝑀 ⊗ 𝐵)
= 𝜇0𝑀2

0 ∇ · (𝑒𝑧 ⊗ �̃�(2)) .
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The surface force density of the generalized Lorentz model reduces to

𝑓
(𝐼)

gL = (𝑛 × J𝑀K) × ⟨𝐵⟩ = 𝜇0𝑀2
0 (𝑒𝑧 × 𝑒) × �̃�(2) .

Using the Abraham models, one obtains

𝑓
(𝐼)

A1 = (𝑒 × J𝑀K) × ⟨𝐵 − 𝜇0𝑀⟩ + (𝑒 × J𝐵K) × ⟨𝑀⟩

= 𝜇0𝑀2
0 (𝑒𝑧 × 𝑒) × (�̃�(2) − 1

2𝑒𝑧) ,

𝑓
(𝐼)

A2 = (𝑒 × J𝑀K) × ⟨𝐵 − 𝜇0𝑀⟩ + (𝑒 × J𝐵K) × ⟨𝑀⟩ −

− 𝑒 · (J𝑀K ⊗ ⟨𝐵⟩ + ⟨𝑀⟩ ⊗ J𝐵K)
= 𝜇0𝑀2

0 [(𝑒𝑧 × 𝑒) × (�̃�(2) − 1
2𝑒𝑧) + (𝑒 · 𝑒𝑧)�̃�(2)] .

The surface forces of the Minkowski models reduce to

𝑓
(𝐼)

M1 = (𝑒 × J𝑀K) × ⟨𝐵⟩ = 𝜇0𝑀2
0 (𝑒𝑧 × 𝑒) × �̃�(2) ,

𝑓
(𝐼)

M2 = −(⟨𝐵⟩ · J𝑀K)𝑒 = 𝜇0𝑀2
0 �̃�(2)

𝑧 𝑒 ,

and the Einstein–Laub model yields the surface force

𝑓
(𝐼)

EL = 𝑓
(𝐼)

M2 + 𝑒J𝐵 · 𝑀 − 𝜇0
2 𝑀 · 𝑀K

= −(⟨𝐵⟩ · J𝑀K)𝑒 + (⟨𝐵⟩ · J𝑀K)𝑒 − 𝑒𝜇0
2 J𝑀 · 𝑀K

= 𝜇0𝑀2
0

1
2𝑒 .

3.3 Theoretical axial force predictions

With the obtained reduced force formulæ for this magnetostatic setting, the
axial force w.r.t. the individual models can be computed. However, before
this is done, one may analyze if the previously introduced models can yield
different total force predictions. For this static and stationary setting, the force
densities of a model reduce to read

𝑓 (EM) = ∇ · 𝜎(EM) , 𝑓
(𝐼)

(EM) = 𝑒 · J𝜎(EM)K .
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Here, the momentum densitiy has no effect. Therefore, for an arbitrary body
one obtains the static relation

𝐹 (EM) =
ˆ

𝛺

∇ · 𝜎(EM) d𝑉 +
˛

𝜕𝛺

𝑒 · J𝜎(EM)K d𝐴 =
˛

𝜕𝛺

𝑒 · 𝜎
(EM)
ext d𝐴 ,

due to Gauss’ theorem. In a static setting, the exterior limiting value of the
electromagnetic stress measure dictates the total force. Therefore, the stress
measures of the force models can be analyzed to determine the differences of
the predictions. First, one can note that for the chosen models,

𝜎gL = 𝜎M1 = 𝜎A1 .

Therefore, the forces of these three models are equal. What about the other
three? Here, one can use that 𝑃 = 0 and 𝑀 = 0 outside of the body. This
directly leads to

𝜎gL
ext = 𝜎M2

ext = 𝜎A2
ext = 𝜎EL

ext .

For the selected force models, the total forces are therefore equal.

It can be noted that in a static setting, a force model can only deviate
from the common prediction if the stress measure outside of a body (where
polarization and magnetization vanish) is different from

−1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵 .

This measure is used, e.g., in the generalized Lorentz force model.

Generalized LORENTZ model: The volume force density vanishes and the
surface density is only different from zero at the lateral surface of the cylindrical
magnet. Therefore one obtains

𝐹 gL = 𝜇0𝑀2
0 𝑅2

2πˆ

𝜙=0

�̂̃�

𝑧1=−�̃�

𝑒𝜙 × �̃�(2) d𝜙 d𝑧1

= −𝜇0𝑀2
0 𝑅22π𝑒𝑧

�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 ,

where any forces in the lateral directions were ignored as they cancel out due
to azimuthal symmetry. In the following, normalized forces are employed, i.e.,
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𝐹 (EM) = 𝜇0𝑀2
0 𝑅2�̃� (EM). Therefore, the normalized axial force is obtained as

𝐹 gL
𝑧 = −2π

�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 .

Symmetric MINKOWSKI model: For this special case, one immediately ob-
tains

𝐹 M1
𝑧 = 𝐹 gL

𝑧 ,

as the specialized force densities in both models are equal.

Asymmetric MINKOWSKI model: One obtains that only the surface density
at the base areas of the cylindrical magnet do not vanish

𝐹 M2
𝑧 = 2π

1∑︁
𝛾=0

(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉 .

However, this integral can be rewritten using Gauss’ law and noting that

0 =
ˆ

𝛺1

∇ · �̃�(2) d𝑉 =
˛

𝜕𝛺1

𝑛 · �̃�(2) d𝐴 = 2π𝑅2
�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 +

+ 2π𝑅2
1∑︁

𝛾=0
(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉 ,

i.e., there is the equivalence

2π
1∑︁

𝛾=0
(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉 = −2π

�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 . (3.5)

Therefore, this result is also equal to the previous ones, 𝐹 M2
𝑧 = 𝐹 gL

𝑧 .

Symmetric ABRAHAM model: Only a force density on the lateral surface
exists in this problem. Ignoring force components in the lateral directions as
they cancel out in integration, one obtains:

𝐹 A1
𝑧 = 𝐹 gL

𝑧 .

Section 3.3. Theoretical axial force predictions



30

Asymmetric ABRAHAM model: First, the volume force contribution is inves-
tigated
ˆ

𝛺1

𝑓A2 d𝑉 = −𝜇0𝑀2
0

ˆ

𝛺1

∇ · (𝑒𝑧 ⊗ �̃�(2)) d𝑉 = −𝜇0𝑀2
0

˛

𝜕𝛺1

𝑒 · (𝑒𝑧 ⊗ �̃�(2)) d𝐴

= −𝜇0𝑀2
0 𝑅22π𝑒𝑧

1∑︁
𝛾=0

(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉

= −𝜇0𝑀2
0 𝑅2𝐹 gL

𝑧 𝑒𝑧 ,

where the lateral components are neglected. The analysis of the surface force
yields

˛

𝜕𝛺1

𝑓
(𝐼)

A2 d𝐴 = −𝜇0𝑀2
0 2π𝑅2𝑒𝑧

�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 +

+ 𝜇0𝑀2
0 2π𝑅2𝑒𝑧

1∑︁
𝛾=0

(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉

= 2𝜇0𝑀2
0 𝑅2𝐹 gL

𝑧 𝑒𝑧 ,

due to Eq. (3.5). Hence, 𝐹 A2
𝑧 = 𝐹 gL

𝑧 .

EINSTEIN–LAUB model: By comparing the volume force densities of this
model and the asymmetric Abraham case studied above, one immediately has

ˆ

𝛺1

𝑓EL d𝑉 = 𝜇0𝑀2
0 𝑅2𝐹 gL

𝑧 𝑒𝑧 .

On the surface, the integrated force vanishes. Hence, 𝐹 EL
𝑧 = 𝐹 gL

𝑧 .

3.4 Analytical solution of the axial force

As predicted, all force models yield the same total force acting on the considered
magnet. Therefore, the analytical solution of all models reduces to computing
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the integral

𝐹𝑧 = −2π
�̂̃�

𝑧1=−�̃�

�̃�
(2)
𝜉 (𝜉 = 1, 𝑧1) d𝑧1 , or:

= 2π
1∑︁

𝛾=0
(−1)𝛾

1ˆ

𝜉=0

�̃�(2)
𝑧 (𝜉, 𝑧1 = (−1)𝛾�̃�)𝜉 d𝜉 .

In the following, the former integral is considered. The normalized radial field
component of the second magnet according to Eqs. (3.3) and (3.4) is given by

�̃�
(2)
𝜉 (𝜉, 𝑧1) = �̃�𝜉(𝜉, 𝑧1 − 2�̃� − 𝜅) ,

�̃�𝜉(𝜉, 𝑧) = 𝛽
1
π

1∑︁
𝛾=0

(−1)𝛾 1√
ℋ2

𝛾

1
𝑘2

𝛾

{︁
(𝑘2

𝛾 − 2)K(𝑘2
𝛾) + 2E(𝑘2

𝛾)
}︁

.

On the lateral surface, 𝜉 = 1, and one finds

𝒵𝛾(𝑧) = 𝑧 + (−1)𝛾�̃� , 𝑘2
𝛾(1, 𝑧) = 4

ℋ2
𝛾

, ℋ2
𝛾(1, 𝑧) = 4 + 𝒵2

𝛾 = 4
𝑘2

𝛾
,

so that √︁
ℋ2

𝛾(1, 𝑧) 𝑘2
𝛾(1, 𝑧) = 2

√︁
𝑘2

𝛾(1, 𝑧) .

In this special case, the elliptic modulus 𝑘2
𝛾 is only a function of 𝑧, so one can

set ℎ𝛾(𝑧) := 𝑘2
𝛾(1, 𝑧) and the integral reads

𝐹𝑧 = −𝛽
1∑︁

𝛾=0
(−1)𝛾

�̂̃�

𝑧1=−�̃�

1√
ℎ𝛾(𝑧2)

{︁
(ℎ𝛾(𝑧2) − 2)K(ℎ𝛾(𝑧2)) + 2E(ℎ𝛾(𝑧2))

}︁
d𝑧1 ,

where 𝑧2 = 𝑧1 − 2�̃� − 𝜅. This integral can be transformed using

dℎ𝛾 = 𝜕ℎ𝛾

𝜕𝒵𝛾

𝜕𝒵𝛾

𝜕𝑧2

𝜕𝑧2
𝜕𝑧1

d𝑧1 =
√︁

ℎ3
𝛾 − ℎ4

𝛾 d𝑧1 ⇔ d𝑧1 = 1√
ℎ3

𝛾−ℎ4
𝛾

dℎ𝛾 ,

where the proper sign has been determined by noting that 𝒵𝛾(𝑧2(𝑧1)) < 0 for
𝑧1 ∈ [−�̃�, �̃�]. Therefore

𝐹𝑧 = −𝛽
1∑︁

𝛾=0
(−1)𝛾

Ψ𝛾1ˆ

ℎ𝛾=Ψ𝛾0

{︁
(ℎ𝛾 − 2)K(ℎ𝛾) + 2E(ℎ𝛾)

}︁ 1
ℎ2

𝛾

√︀
1 − ℎ𝛾

dℎ𝛾 , (3.6)
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where
Ψ𝛾𝛿 = 4

4 + ([(−1)𝛿 − (−1)𝛾 + 2]�̃� + 𝜅)2 .

The integral can be solved using series representations of the elliptic integrals,
i.e.,

K(ℎ) = π2

∞∑︁
𝑛=0

𝑃 2
2𝑛(0)ℎ𝑛 , E(ℎ) = π2

∞∑︁
𝑛=0

𝑃 2
2𝑛(0)

1 − 2𝑛
ℎ𝑛 ,

where 𝑃𝑛 is the 𝑛th Legendre polynomial, see [Gradshteyn and Ryzhik (2007)].
Using the series representations, the integral reads

𝐹𝑧 = −𝛽
π

2

∞∑︁
𝑛=0

𝑃 2
2𝑛(0)

1∑︁
𝛾=0

(−1)𝛾

Ψ𝛾1ˆ

ℎ𝛾=Ψ𝛾0

{︁
ℎ𝛾 + 4𝑛

1 − 2𝑛

}︁ ℎ𝑛−2
𝛾√︀

1 − ℎ𝛾
dℎ𝛾 .

Noting that
artanh(𝑥) = 1

2 [ln(1 + 𝑥) − ln(1 − 𝑥)] ,

the contained integrals can be solved by analyzing for 𝑛 = 0 and 𝑛 = 1 first.
For 𝑛 = 0,

Ψ𝛾1ˆ

ℎ𝛾=Ψ𝛾0

ℎ−1
𝛾√︀

1 − ℎ𝛾
dℎ𝛾 = −

1∑︁
𝛿=0

(−1)𝛿[ln(1 −
√︁

1 − Ψ𝛾𝛿 ) − ln(1 +
√︁

1 − Ψ𝛾𝛿 )]

= 2
1∑︁

𝛿=0
(−1)𝛿 artanh(

√︁
1 − Ψ𝛾𝛿 ) ,

and for 𝑛 = 1,

Ψ𝛾1ˆ

ℎ𝛾=Ψ𝛾0

{ℎ𝛾 − 4}
ℎ−1

𝛾√︀
1 − ℎ𝛾

dℎ𝛾 = 2
1∑︁

𝛿=0
(−1)𝛿[

√︁
1 − Ψ𝛾𝛿 − 4 artanh(

√︁
1 − Ψ𝛾𝛿 )] .

For 𝑛 > 1, one can employ a coordinate transformation, 𝑔𝛾 = 1 − ℎ𝛾 , so that

Ψ𝛾1ˆ

ℎ𝛾=Ψ𝛾0

{︁
ℎ𝛾 + 4𝑛

1 − 2𝑛

}︁ ℎ𝑛−2
𝛾√︀

1 − ℎ𝛾
dℎ𝛾 = −

1−Ψ𝛾1ˆ

𝑔𝛾=1−Ψ𝛾0

{︁
1 − 𝑔𝛾 + 4𝑛

1 − 2𝑛

}︁(1 − 𝑔𝛾)𝑛−2
√

𝑔𝛾
d𝑔𝛾

=
1∑︁

𝛿=0
(−1)𝛿

1−Ψ𝛾𝛿ˆ

𝑔𝛾=0

{︁
1 − 𝑔𝛾 + 4𝑛

1 − 2𝑛

}︁(1 − 𝑔𝛾)𝑛−2
√

𝑔𝛾
d𝑔𝛾 .
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The integral in the so-obtained form can be solved in terms of incomplete beta
functions, defined by

B(𝑥; 𝑎, 𝑏) :=
𝑥ˆ

𝑢=0

𝑢𝑎−1(1 − 𝑢)𝑏−1 d𝑢 , 𝑥 ≤ 1 ∧ 𝑎 > 0 .

Using this function, one can write for any 𝑛 > 1

1∑︁
𝛿=0

(−1)𝛿

1−Ψ𝛾𝛿ˆ

𝑔𝛾=0

{︁
1 − 𝑔𝛾 + 4𝑛

1 − 2𝑛

}︁(1 − 𝑔𝛾)𝑛−2
√

𝑔𝛾
d𝑔𝛾 =

=
1∑︁

𝛿=0
(−1)𝛿[B(1 − Ψ𝛾𝛿; 1

2 , 𝑛) + 4𝑛
1−2𝑛B(1 − Ψ𝛾𝛿; 1

2 , 𝑛 − 1)] .

Formally, the problem is solved. However, for a more convenient representation
one can introduce the hypergeometric function

2F1(𝑎, 𝑏; 𝑐; 𝑧) :=
∞∑︁

𝑛=0

(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛

𝑧𝑛

𝑛! ,

where (·)𝑛 are Pochhammer symbols, see [Abramowitz and Stegun (1972),
P. 256]. The incomplete beta functions are related to this function by

B(𝑥; 𝑎, 𝑏) = 𝑥𝑎

𝑎
2F1(𝑎, 1 − 𝑏; 𝑎 + 1; 𝑥) , so that

B(1 − Ψ𝛾𝛿; 1
2 , 𝑛)

2
√︀

1 − Ψ𝛾𝛿
= 2F1(1

2 , 1 − 𝑛; 3
2 ; 1 − Ψ𝛾𝛿) ,

B(1 − Ψ𝛾𝛿; 1
2 , 𝑛 − 1)

2
√︀

1 − Ψ𝛾𝛿
= 2F1(1

2 , 2 − 𝑛; 3
2 ; 1 − Ψ𝛾𝛿) .

Also, one can note that

2F1(1
2 , 0; 3

2 ; 𝑥) = 1 ,
√

𝑥 2F1(1
2 , 1; 3

2 ; 𝑥) = artanh(
√

𝑥 ) .
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Therefore, the scaled force function is obtained as

𝐹𝑧(𝜅) = −𝛽π
∞∑︁

𝑛=0

1∑︁
𝛾=0

1∑︁
𝛿=0

(−1)𝛾+𝛿𝑃 2
2𝑛(0)

√︁
1 − Ψ𝛾𝛿(𝜅) ⋆ (3.7a)

⋆
[︁

2F1(1
2 , 1 − 𝑛; 3

2 ; 1 − Ψ𝛾𝛿(𝜅)) + 4𝑛
1−2𝑛 2F1(1

2 , 2 − 𝑛; 3
2 ; 1 − Ψ𝛾𝛿(𝜅))

]︁
,

where the geometry function is given by

Ψ𝛾𝛿(𝜅) = 4
4 + ([(−1)𝛿 − (−1)𝛾 + 2]�̃� + 𝜅)2 . (3.7b)

To obtain the force, the function 𝐹𝑧(𝜅) is multiplied with the force ampli-
tude 𝜇0𝑀2

0 𝑅2. If 𝛽 = 1, both magnets are installed unidirectionally w.r.t.
the magnetization. For 𝛽 = −1, the magnetization directions oppose each
other.

To analyze this series solution, a numerical solution 𝐹 num
𝑧 is considered. It

is obtained by means of numerical integration of Eq. (3.6), performed with
Mathematica, cf. [Wolfram Research, Inc. (2015)]. In practical computations
with the series solution, the sum over 𝑛 is cut off at some 𝑛max. In Fig. 3.6a it
can be seen that the series solution converges fast to the numerically obtained
solution in the far field. However, in order to obtain a good result for the
contact force, more series terms must be employed in comparison to points in
the far field, i.e., a high number 𝑛max must be chosen. In order to evaluate
convergence of the contact force, the relative error

𝑒rel(𝑛max) =
⃒⃒⃒
𝐹𝑧(𝜅 = 0, 𝑛max) − 𝐹 num

𝑧 (𝜅 = 0)
⃒⃒⃒ ⃒⃒⃒

𝐹 num
𝑧 (𝜅 = 0)

⃒⃒⃒−1

is shown in a double logarithmic plot in Fig. 3.6b. It can be seen that the order
of convergence is approximately 1/2 in this region.

3.5 Comparison to experiment
In order to verify the force formula in Eqs. (3.7), measurements with two
equal cylindrical neodymium magnets were conducted, cf. [magnets4you GmbH
(2016)]. These cylinders are axially magnetized. The chosen magnetic material
is well approximated with the permanent-magnetic model used in the com-
putation above, see the discussion in [Glane, Reich, and Müller (2017)]. The
relevant properties of the magnets are listed in Tab. 3.1.

The total force for varying distances between the magnets is to be measured.

Chapter 3. Examination of global effects with the force between two magnets
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(a) Series solution of the axial force of
Eq. (3.7) with different 𝑛max and the
result of the numerical integration of
Eq. (3.6).
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Fig. 3.6: Visualization of the analytical series solution and numerical integration
solution of the axial force. They are plotted against 𝜅 in a). In b), the convergence of
the contact force (with the magnets’ end-to-end distance 𝜅 = 0) is investigated. The
plots are adapted from [Reich, Rickert, and Müller (2017)].

Here, a micro tensile testing machine MTS TytronTM 250 is used, cf. [MTS
Systems Corporation (2002)]. In order to limit near-field magnetic disturbances,
the magnets are fixed inside plastic holders with epoxy resin. The holders are
connected to rigid aluminum distance rods that are connected in turn to the
testing machine. This way, the disturbances of the immediate neighborhood of
the magnets are negligible. The setup of the experiment is shown in Fig. 3.7.

Both magnets are installed unidirectionally w.r.t. the magnetization in order
to obtain positive traction forces, i.e., 𝛽 = 1 in Eq. (3.7). For a first test of
the formula, a mean remanence of 1.35 T is used, and 𝑅 = 10 mm. Hence
the force amplitude can be estimated with ≈ 145 N. According to the table,
�̃� = 1.7. With this estimated force amplitude and geometry, the force between

Tab. 3.1: Selected properties of the used magnets of the axial force experiment
according to [magnets4you GmbH (2016)].

property value
axial length 2𝐻 34.0 mm
diameter 2𝑅 20.0 mm
geometrical tolerance ±0.10 mm
remanence 𝜇0𝑀0 (1.32–1.37) T

Section 3.5. Comparison to experiment
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(a) Magnet. (b) Measurement of the forces with a micro tensile testing machine.

Fig. 3.7: Visualization of the axial force measurement. In (a), a magnet is placed in a
plastic holder that is attached to an aluminum distance rod. These rods are connected
to the testing machine, as shown in (b). The images are taken from [Reich, Rickert,
and Müller (2017)].

the magnets can be computed via Eq. (3.7). In Fig. 3.8, measured forces and
the analytical estimations are plotted.

0 10 20 30 40 50 60 70 80 90 100
0

100

200

𝑑 (mm)

𝐹𝑧 (N)

measured force
analytical estimation

Fig. 3.8: Visualization of a reduced number of measurement points and the a priori
estimation with the analytical solution. The plot is adapted from [Reich, Rickert, and
Müller (2017)].

It can be seen that the estimation yields good results if the magnets are
not too close to each other. In order to obtain better results for small gaps
between the magnets and to see if the form function of Eq. (3.7) describes the
problem accurately, it is assumed that: (a), the amplitude 𝜇0𝑀2

0 𝑅2 differs
from the estimated value and (b), that there may be a (small) axial position
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error. This error may be introduced in the measurement or can be caused
due to manufacturing tolerances, as given in Tab. 3.1. The assumption (b) is
important as the form function is steep for small values of 𝑑. Therefore, the
following function with two degrees of freedom is introduced:

𝐹 fit
𝑧 (𝑑; 𝒜, 𝒳 ) = 𝒜𝐹𝑧((𝑑−𝒳 )/𝑅) ,

where 𝒜 is the (unknown) force amplitude and 𝒳 is an (unknown) axial position
error. The radius is set to 𝑅 = 10 mm, as given in Tab. 3.1. A nonlinear
model fit is performed with Mathematica to obtain these parameters using the
measured data. The best fit result yields 𝒜 = 128.2 N and 𝒳 = −0.12 mm.
The fitted force function is in good agreement with the measured data, as can
be seen in Fig. 3.9. In order to evaluate the quality of the result, an absolute
residuum 𝑟abs = 𝐹 fit

𝑧 − 𝐹 meas.
𝑧 is also shown in the figure.

One can conclude from the figure that the form of the force function given
in Eq. (3.7) describes the physical situation well. Even in the near field, the
residuals are small in comparison to the total force values. In this region,
many errors may accumulate: angle and position errors in the measurement,
the magnets may not be homogeneous as assumed, the magnetization of the
material may possess a small field dependency, etc. One can note that if the
forces are not of interest for small gaps between the magnets, the a priori
estimation obtained via Tab. 3.1 and Eq. (3.7) yields good results, as can be
seen Fig. 3.8.

3.6 Discussion of the axial force analysis
From the computations and measurements performed in this section, one can
conclude for the considered example of the magnets:

1. all considered models yield the same theoretical prediction of the total
force, and

2. the prediction is in good agreement with the measurements.

It can be noted that the value of the dimensionless contact force (obtained
via Eq. (3.7)) agrees with the result obtained in [Vokoun, Beleggia, Heller, and
Šittner (2009)], where a closed-form expression for this force is given. If the
magnets are not in contact, the solution of [Vokoun, Beleggia, Heller, and
Šittner (2009)] is not in closed form and contains integrals of Bessel functions.

The fact that in many situations various force models yield the same total
force has been noted in the literature before, e.g., [Barnett and Loudon (2006)].
This gives rise to the question as to whether the total electromagnetic force is
equal for all conceivable force models for any material and any (dynamical)

Section 3.6. Discussion of the axial force analysis
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situation. Due to the analysis in Sec. 3.3, this appears unlikely as the integrated
dynamical terms due to time derivatives of the momentum densities would
have to coincide, in general, as well.

The experiment showed that the total forces in a magnetostatic setting
reduce to a common prediction, e.g., that of the generalized Lorentz force.
It can be seen that the difference terms in the electromagnetic stress between
any considered model and the generalized Lorentz model (say) are given by
forms that contain polarization and magnetization. The fact that they are
zero outside of the body yields the reduction to a common prediction. Further

0 10 20 30 40 50 60 70 80 90 100
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measured force
best fit

(a) Measured data and the best fit solution.
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2
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(b) Residua to measured data.

Fig. 3.9: Visualization of a reduced number of measurement points and the analytical
solution with fitted parameters in (a). In (b), the the residua between the measured
data and the fitted solution are shown. In order not to clutter the plots, only a limited
number of measurement points are shown. The plots are adapted from [Reich, Rickert,
and Müller (2017)].
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experiments should be undertaken with an electrostatic setting with 𝑃 ≠ 0
inside of a body. Then one could determine if the common force prediction
holds for such a situation as well. If that is to be the case, then all previously
considered models would yield the correct total force in any static setting.
This experiment may seem as a further confirmation of the statement made in
[Truesdell and Toupin (1960), Sec. 284], i.e., that without magnetization and
polarization, the Lorentz force model holds.

As was seen, many force models lead to the same total force prediction.
Hence, the exact local force structure is often deemed unimportant. However,
from the perspective of continuum mechanics it is clear that different loading
distributions for the same total force yield different deformations, in general.
Therefore, local effects of the force models are analyzed in the following
chapters. Possibly, this analysis can show unphysical results for certain models
and effectively eliminate them from further considerations.

Section 3.6. Discussion of the axial force analysis
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4 Investigation of local effects with
magnetostriction problems of
spheres

I was at first almost frightened when I saw such mathematical force
made to bear upon the subject, and then wondered to see that the
subject stood it so well.

M. Faraday, in a letter to J.C. Maxwell.

To analyze the local effects of the introduced electromagnetic force mod-
els of Chap. 2, magnetostriction problems are considered in this chapter. In
certain materials, mechanical strains and stresses are induced by electromag-
netic coupling. The special case of the deformation of magnetic materials
due to a magnetic field is often referred to as magnetostriction. In general,
elastic magnetostriction effects are small and therefore commonly neglected.
Nonetheless, deformation shapes (in terms of displacements) have the potential
to give insight into the implications of certain electromagnetic force models.
If the resulting shape of a magnetostriction problem were to be measured,
comparisons with theoretical predictions could possibly show that certain force
models fail to predict the resulting deformation. In this chapter, two kinds of
magnetostriction problems are proposed:

• Self-deformation of a (hard) permanent magnet, and

• deformation of a linear magnet due to an applied external field.
Both considered kinds of magnetostriction are analyzed with the same geometry:
an ideal sphere of radius 𝑅 that is placed in a vacuum. No mechanical loads
act upon the sphere.

The magnetic part of the problems can be specified with the following
relations that are discussed in App. B:

(I) A permanent magnet with homogeneous remanence is used, 𝑀 = 𝑀0𝑒𝑧.
No external field is present.

(II) An isotropic linear-magnetic model is employed, 𝑀 = 𝜒VH. In an
inertial system, this implies 𝐵 = 𝜇0𝜇rH where 𝜇r = 1 + 𝜒V. An external
field of strength H0 = H0𝑒𝑧 is present.
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It is assumed that the mechanical stress tensor does not possess any direct
electromagnetic dependencies. Further, the material possesses isotropic elastic
behavior. As the expected deformations of magnetostriction problems are
small, Hooke’s law is employed for the mechanical stress tensor in the form

𝜎 = 𝜆tr(𝜀)1 + 2𝜇𝜀 , 𝜀 = 1
2(∇ ⊗ 𝑢 + 𝑢 ⊗ ∇) .

Outside of the sphere, any pressure is neglected so that 𝜎O = 0 is set. In the
following, the indices I and O refer to quantities in the interior and exterior
of the sphere, respectively. Gravitational effects are also neglected. On the
surface, there are no surface densities of any kind with the notable exception
of an electromagnetic force density. The static versions of the momentum
equations reduce to read

𝜎I · ∇ = −𝑓 (EM) , 𝑥 ∈ 𝛺 , 𝜎I · 𝑒 = 𝑓
(𝐼)

(EM) , 𝑥 ∈ 𝜕𝛺 ,

cf. [Müller (2014), Chap. 3].
First, the magnetic fields of the problems are computed. Following this, the

force densities of the individual electromagnetic force models are specialized
with the computed magnetic fields. The force densities are then used to obtain
the elastic responses of the spheres.

It can be noted that similar problems have been investigated in the literature.
For example, in [Brown (1966), Sec. 10.4] the strains in a magnetized sphere
were studied. He found a purely radial surface traction, no volume force.
Therefore the author obtained a spherically symmetric problem, which he
solved by a technique outlined in [Love (1944), Sec. 173]. Another noteworthy
examination is given by [Eringen and Maugin (2012), Sec. 8.4]. The authors
study a spherical cavity, which is also uniformly magnetized, surrounded
by a non-permeable medium. They found a traction with non-vanishing
radial and polar components, also no volume force density. However, they
refrained from solving the elastic problem. Furthermore, [Raikher and Stolbov
(2005)] examined deformations in ellipsoidal and spherical ferrogel samples
due to a uniform magnetic field. The authors also obtained a purely radial
surface traction without volume loads and solved their problem analytically in
cylindrical coordinates.

4.1 Magnetic fields of the spherical magnets
In this section, the magnetic fields of a permanent-magnetic sphere and of a
linear-magnetic sphere in an external field are computed. These problems are
well known and covered in many textbooks of electrodynamics, cf. [Stratton
(1941); Jackson (1999); Vanderlinde (2005); Fitzpatrick (2006)], among many
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others. The computations are demonstrated due to their similarities with the
following procedure regarding the force densities.

Maxwell’s equations reduce for these problems to

∇ × H = 0 , ∇ · 𝐵 = 0 , H = 1
𝜇0

𝐵 − 𝑀 ,

𝑒 × JHK = 0 , 𝑒 · J𝐵K = 0 .

In the last chapter, a vector potential was used for the magnetic flux density.
However, it is also possible to employ a scalar potential. As

∇ × (∇(·)) = 0 , one can set H = −∇𝑉m ,

where the minus sign is a convention often used in physics. Note that the
existence of the potential 𝑉m requires that a) the time derivate of D is zero
and b) that the free current density 𝐽 f is zero, also. It cannot be used in
general situations—where 𝐴 is applicable. This potential is also not unique, as
any constant potential can be added. However, imposing a finiteness condition
at infinity and combining appropriate gauge conditions in any interior domain
renders the solution unique. One finds

Δ𝑉m = ∇ · 𝑀 , 𝑒 × J∇𝑉mK = 0 , 𝑒 · J∇𝑉mK = 𝑒 · J𝑀K .

Due to App. D, the second relation can be replaced with the continuity relation
J𝑉mK = 0. Both magnetic problems result in Laplace equations. The general
solution of Laplace’s equation Δ𝑓 = 0 for azimuthally symmetric problems
in spherical coordinates is given by the series

𝑓(𝑟, 𝜗) =
∞∑︁

𝑛=0

[︁
𝑎𝑛𝑟𝑛 + 𝑏𝑛𝑟−(𝑛+1)

]︁
𝑃𝑛(𝑥) ,

where 𝑟 = 𝑟/𝑅, 𝑥 = cos 𝜗 and 𝑅 is the radius of a considered sphere. The reason
for the dimensionless radius is that 𝑟 = 1 at the interface, rendering any tran-
sition equation algebraically simple. The symbol 𝑃𝑛(𝑥) is the 𝑛th Legendre
polynomial in 𝑥. This structure will be used in the following. All problems
have in common that two domains must be distinguished:

1. The interior, marked with (I) where 𝑟 < 𝑅, and

2. the outer domain, marked with (O) where 𝑟 > 𝑅.

For 𝑟 = 𝑅 there are transition conditions, obtained by means of singular
equations. Due to the finiteness and integrability conditions, the solutions of

Section 4.1. Magnetic fields of the spherical magnets
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the magnetic scalar potential can be reduced in both regions to read

𝑉 I
m =

∞∑︁
𝑛=0

𝑎𝑛𝑟𝑛𝑃𝑛(𝑥) , 𝑉 O
m =

∞∑︁
𝑛=0

𝑏𝑛𝑟−(𝑛+1)𝑃𝑛(𝑥) . (4.1)

Both problems share one transition condition of continuity,

J𝑉mK = 0 , which yields 𝑎𝑛 = 𝑏𝑛 .

In the following, 𝑏𝑛 is replaced with 𝑎𝑛.
In both problems, the gradient is needed to evaluate a second problem-

dependent transition condition and to compute the fields. Due to azimuthal
symmetry, the nabla operator for scalar fields can be reduced to

∇𝑓 = 𝜕𝑓

𝜕𝑟
𝑒𝑟 + 1

𝑟

𝜕𝑓

𝜕𝜗
𝑒𝜗 .

Noting that

𝜕(·)
𝜕𝑟

= 1
𝑅

𝜕(·)
𝜕𝑟

, and d𝑃𝑛(𝑥)
d𝜗

= 𝑛(1 − 𝑥2)− 1
2 (𝑥𝑃𝑛(𝑥) − 𝑃𝑛−1(𝑥)) ,

the gradients of the potentials read

∇𝑉 I
m = 1

𝑅

∞∑︁
𝑛=0

𝑎𝑛𝑟𝑛−1
(︂

𝑛𝑃𝑛(𝑥)𝑒𝑟 + d𝑃𝑛(𝑥)
d𝜗

𝑒𝜗

)︂
,

∇𝑉 O
m = 1

𝑅

∞∑︁
𝑛=0

𝑎𝑛𝑟−(𝑛+2)
(︂

−(𝑛 + 1)𝑃𝑛(𝑥)𝑒𝑟 + d𝑃𝑛(𝑥)
d𝜗

𝑒𝜗

)︂
.

(4.2)

For 𝑛 = 0, the gradient contribution to the series in the interior is zero as
both contained derivatives are linear in 𝑛, therefore the gradient fulfills the
integrability condition.

4.1.1 Permanent magnet

The remaining transition condition of this magnet,

𝑒 · J∇𝑉mK = 𝑒 · J𝑀K ,

is readily analyzed with Eq. (4.2). With 𝑒 = 𝑒𝑟 it reads
∞∑︁

𝑛=0
𝑎𝑛(−(𝑛 + 1) − 𝑛)𝑃𝑛(𝑥) = −𝑀0𝑅𝑒𝑧 · 𝑒𝑟 = −𝑀0𝑅𝑃1(𝑥) .
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Due to orthogonality relations of the Legendre polynomials, cf. App. C, the
solution is readily obtained as

𝑎1 = 1
3𝑀0𝑅 , 𝑎𝑛 = 0 ∀ 𝑛 ∈ N0∖{1} .

The series degenerates to a finite sum (with one term). The potentials and

(a) Free current potential H.
min

max

(b) Magnetic flux density 𝐵.

Fig. 4.1: Streamlines of the fields H and 𝐵 of a uniformly magnetized sphere. Colors
indicate the magnitude of the corresponding field. The black circle outlines the
magnetic sphere. The images are taken from [Reich, Rickert, and Müller (2017)].

fields of the first problem are

𝑉 I
m = 𝑀0𝑅

3 𝑟 cos 𝜗 , HI
(I) = 𝑀0

3 (− cos 𝜗𝑒𝑟 + sin 𝜗𝑒𝜗) , (4.3a)

𝑉 O
m = 𝑀0𝑅

3 𝑟−2𝜗 , HO
(I) = 𝑀0

3 𝑟−3(2 cos 𝜗𝑒𝑟 + sin 𝜗𝑒𝜗) . (4.3b)

One can note that 𝑒𝑧 = cos 𝜗𝑒𝑟 − sin 𝜗𝑒𝜗, therefore the inner field HI
(I) is

constant. By 𝐵 = 𝜇0(H + 𝑀) the magnetic flux density is also obtained

𝐵I
(I) = 2

3𝜇0𝑀0𝑒𝑧 , 𝐵O
(I) = 2

3𝜇0𝑀0𝑟−3(cos 𝜗𝑒𝑟 + 1
2 sin 𝜗𝑒𝜗) . (4.3c)

The field characteristics are shown in Fig. 4.1.

4.1.2 Linear magnet in an external field

In this problem, an ideal linear and isotropic magnetic sphere is placed in
a uniform external field, H0 = H0𝑒𝑧. Outside the sphere there is vacuum.
The sphere will cause a local distortion field Ĥ, so that the total combined
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field is H = Ĥ + H0. Here it is beneficial to introduce a potential for the
distortion, Ĥ = −∇𝑉m. The equation system for the potential must be restated.
Observing that ∇ × H0 = 0 as well as ∇ · H0 = 0, the new problem reads

Δ𝑉m = 0 , J𝑉mK = 0 , 𝑒 · J𝜇r∇𝑉mK = J𝜇rK𝑒 · H0 .

The solution is given by Eqs. (4.1) with 𝑎𝑛 = 𝑏𝑛. Using Eqs. (4.2), 𝑒 = 𝑒𝑟 and
that 𝜇r = 1 in vacuum, the second transition condition yields

∞∑︁
𝑛=0

𝑎𝑛(−(𝑛 + 1) − 𝑛𝜇r)𝑃𝑛(𝑥) = (1 − 𝜇r)𝑅H0𝑃1(𝑥) .

With the orthogonality relations of the Legendre polynomials one obtains

𝑎1 = 𝜇r − 1
2 + 𝜇r

𝑅H0 , 𝑎𝑛 = 0 ∀ 𝑛 ∈ N0∖{1} ,

and the potentials are

𝑉 I
m = 𝜇r − 1

2 + 𝜇r
𝑅H0𝑟 cos 𝜗 , 𝑉 O

m = 𝜇r − 1
2 + 𝜇r

𝑅H0𝑟−2 cos 𝜗 . (4.4a)

The fields of the second problem follow as

Ĥ
I
(II) = −𝜇r − 1

2 + 𝜇r
H0(cos 𝜗𝑒𝑟 − sin 𝜗𝑒𝜗) , (4.4b)

Ĥ
O
(II) = 𝜇r − 1

2 + 𝜇r
H0𝑟−3(2 cos 𝜗𝑒𝑟 + sin 𝜗𝑒𝜗) , (4.4c)

HI
(II) = 3

2 + 𝜇r
H0(cos 𝜗𝑒𝑟 − sin 𝜗𝑒𝜗) , (4.4d)

HO
(II) = 1

2 + 𝜇r
H0
(︁
[2(𝜇r − 1)𝑟−3 + 2 + 𝜇r] cos 𝜗𝑒𝑟 +

+ [(𝜇r − 1)𝑟−3 − 2 − 𝜇r] sin 𝜗𝑒𝜗

)︁
. (4.4e)

For linear magnets, there holds: 𝐵 = 𝜇0𝜇rH, therefore the magnetic flux inside
of the sphere is

𝐵I
(II) = 3𝜇r

2 + 𝜇r
𝜇0H0(cos 𝜗𝑒𝑟 − sin 𝜗𝑒𝜗) , (4.4f)
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and, outside of the sphere

𝐵O
(II) = 1

2 + 𝜇r
𝜇0H0

(︁
[2(𝜇r − 1)𝑟−3 + 2 + 𝜇r] cos 𝜗𝑒𝑟 +

+ [(𝜇r − 1)𝑟−3 − 2 − 𝜇r] sin 𝜗𝑒𝜗

)︁
. (4.4g)

The free current potential and the magnetic flux density are shown in Fig. 4.2.
The field characteristics are equal—this is due to the linear relationship between
H and 𝐵, both inside and outside of the magnet.

(a) Free current potential H.
min

max

(b) Magnetic flux density 𝐵.

Fig. 4.2: Streamlines of the fields H and 𝐵 for a linear-magnetic sphere. The value
𝜇r = 100 (steel, cf. [Brown (1958)]) was used for visualization. Colors indicate the
magnitude of the corresponding field. The black circle outlines the magnetic sphere.

4.2 Magnetostatic force specialization

The magnetizations in the problems above are given by

𝑀 I
(I) = 𝑀0𝑒𝑧 , 𝑀O

(I) = 0 , 𝑀 I
(II) = 3𝜇r − 1

2 + 𝜇r
H0𝑒𝑧 , 𝑀O

(II) = 0 .

From inspection of the results of both magnetic problems, it can be seen that
all fields within the spherical magnets are homogeneous. With 𝑞f

(I/II) = 0 and
𝐽 f

(I/II) = 0, this implies 𝑞(I/II) = 0 and 𝐽 (I/II) = 0 here, as well. All terms in the
volumetric force densities that contain charges and currents vanish, as do all
terms containing spatial or time derivatives. One finds that the volumetric
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densities of all considered electromagnetic models vanish, i.e.,

𝑓gL
(I/II) = 𝑓M𝑖

(I/II) = 𝑓A𝑖
(I/II) = 𝑓EL

(I/II) = 0 .

The surface forces can be specialized noting that

𝑞
(𝐼)

f
(I/II) = 𝑞

(𝐼)

b
(I/II) = 0 , 𝐽

(𝐼)

f
(I/II) = 0 , and 𝐽

(𝐼)

b
(I/II) = 𝑒 × J𝑀 (I/II)K

in these problems. The normal vector of the sphere is 𝑒 = 𝑒𝑟. For the
generalized Lorentz model, one obtains

𝑓
(𝐼)

gL
(I/II) = (𝑒 × J𝑀 (I/II)K) × ⟨𝐵(I/II)⟩ ,

𝑓
(𝐼)

gL
(I) = 1

6𝜇0𝑀2
0 (sin2 𝜗𝑒𝑟 + 4 cos 𝜗 sin 𝜗𝑒𝜗) ,

𝑓
(𝐼)

gL
(II) = 9

2
1

(2+𝜇r)2 𝜇0H
2
0[(𝜇2

r − 1) sin2𝜗𝑒𝑟 + 2𝜇r(𝜇r − 1) cos 𝜗 sin 𝜗𝑒𝜗] .

In the following, the notation

𝑓
(𝐼)

(1)
(I/II) = 𝑓

(𝐼)

gL
(I/II)

is used. The symmetric Abraham model yields

𝑓
(𝐼)

A1
(I/II) = (𝑒 × J𝑀 (I/II)K) × 𝜇0⟨H(I/II)⟩ + (𝑒 × J𝐵(I/II)K) × ⟨𝑀 (I/II)⟩ ,

and the resulting forces are found to be equal to the last result, i.e.,

𝑓
(𝐼)

A1
(I/II) = 𝑓

(𝐼)

(1)
(I/II) .

The non-symmetric Abraham model reduces to

𝑓
(𝐼)

A2
(I/II) = (𝑒 × J𝑀K(I/II)) × 𝜇0⟨H(I/II)⟩ + (𝑒 × J𝐵(I/II)K) × ⟨𝑀 (I/II)⟩ −

− 𝑒 · [⟨𝑀 (I/II)⟩ ⊗ J𝐵(I/II)K + J𝑀 (I/II)K ⊗ ⟨𝐵(I/II)⟩] .

For the problems, there result

𝑓
(𝐼)

A2
(I) = 1

6𝜇0𝑀2
0 (1 + 3 cos2𝜗)𝑒𝑟 ,

𝑓
(𝐼)

A2
(II) = 9

2
𝜇r−1

(2+𝜇r)2 𝜇0H
2
0[1 + 𝜇r + (𝜇r − 1) cos2𝜗]𝑒𝑟 .

This result is not equal to the previously computed models. In the following,
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it is given the symbol
𝑓
(𝐼)

(2)
(I/II) = 𝑓

(𝐼)

A2
(I/II) .

For the symmetric Minkowski model, the reduced form

𝑓
(𝐼)

M1
(I/II) = (𝑒 × J𝑀 (I/II)K) × ⟨𝐵(I/II)⟩

is equal to the reduced form of the generalized Lorentz model. Hence,

𝑓
(𝐼)

M1
(I/II) = 𝑓

(𝐼)

(1)
(I/II) .

For the unsymmetric Minkowski form, there remains

𝑓
(𝐼)

M2 = −𝑒(⟨𝐵⟩ · J𝑀K) ,

a purely radial force. In the computation, it follows that

𝑓
(𝐼)

M2
(I/II) = 𝑓

(𝐼)

(2)
(I/II) .

Last, the form of the Einstein–Laub model reduces to

𝑓
(𝐼)

EL
(I/II) = 𝑓

(𝐼)

M2
(I/II) + 𝑒J𝐵(I/II) · 𝑀 (I/II) − 𝜇0

2 𝑀 (I/II) · 𝑀 (I/II)K ,

yielding

𝑓
(𝐼)

EL
(I) = 1

2𝜇0𝑀2
0 cos2𝜗𝑒𝑟 , 𝑓

(𝐼)

EL
(II) = 9

2
(𝜇r−1)2

(𝜇r+2)2 𝜇0H
2
0 cos2𝜗𝑒𝑟 .

In the following, these results are given the symbol

𝑓
(𝐼)

(3)
(I/II) = 𝑓

(𝐼)

EL
(I/II) .

One can note that all obtained surface forces are symmetric w.r.t. the
equatorial plane. Therefore, no total force acts on the spheres for these
problems, independent of the specific considered electromagnetic force model.
For the problem of a permanent magnet this was to be expected as a magnet
should not be able to accelerate itself. As can be seen, a linear-magnetic sphere
in a homogeneous external field is also not accelerated.

For these two spherical problems, all models with a common symmetric stress
measure yield the same surface force density. Interestingly, the considered non-
symmetric Abraham and Minkowski models also coincide for these problems.
The Einstein–Laub model is distinct from the others. However, it can be seen
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that the results of the unsymmetric models and the Einstein–Laub model
only differ by a constant radial (pressure) offset. Qualitative representations of
the surface force densities are shown in Fig. 4.3.

The predictions of the forces according to the considered models give rise
to predicted (elastic) deformations. Computing the associated displacements
allows for future comparisons to experiments. An important result that is
common to all the force models considered here is the vanishing volume force
density. This simplifies the associated problem of elasticity in all cases—
the local equations of linear momentum are homogeneous in regular points.
Insertion of Hooke’s law yields the homogeneous form of the Lamé–Navier
equations,

(𝜆 + 𝜇)∇(∇ · 𝑢) + 𝜇Δ𝑢 = 0 .

The two spherical problems also possess azimuthal symmetry. For these
scenarios, the elastic problems can be solved analytically.

In the following, the shorthands (1), (2) and (3) represent:

(1) the generalized Lorentz, symmetric Abraham, and symmetric
Minkowski models,

(2) the unsymmetric Abraham, and unsymmetric Minkowski models,

(3) the Einstein–Laub model.

4.3 The method of HIRAMATSU and OKA

The elastic problem in spherical coordinates under the assumption of azimuthal
symmetry and vanishing body forces was generically and analytically solved by
Hiramatsu and Oka in terms of a series expansions containing Legendre
polynomials, see [Hiramatsu and Oka (1966)]. The authors used their method
to analyze tensile strengths of rocks, loaded with uniform pressure in small
regions centered around the poles. The method is employed in many other
applications with spherical bodies. For example, in [Müller (2014)] the effect of
equatorial pressure loads was analyzed and in [Wei, Wang, and Xiong (2015)]
a hollow internally pressurized sphere was investigated, which was additionally
loaded by an outer pressure at regions around the poles. In the considered
magnetic problems of this chapter, there is no uniform pressure loading.

The problems are azimuthally symmetric and there is no azimuthal loading.
Consequently, the displacements in the sphere are of the form

𝑢(𝑟, 𝜗) = 𝑢𝑟(𝑟, 𝜗)𝑒𝑟 + 𝑢𝜗(𝑟, 𝜗)𝑒𝜗 , (4.5)

where {𝑒𝑟, 𝑒𝜗, 𝑒𝜙} is a local orthonormal base w.r.t. spherical coordinates. The
general solution of Hiramatsu and Oka can be used to model exterior elastic
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(a) 𝑓
(𝐼)

(1)
(I) (b) 𝑓

(𝐼)

(2)
(I) (c) 𝑓

(𝐼)

(3)
(I)

(d) 𝑓
(𝐼)

(1)
(II) (e) 𝑓

(𝐼)

(2)
(II) (f) 𝑓

(𝐼)

(3)
(II)

min max

Fig. 4.3: Qualitative representations of the surface force densities corresponding to
spherical magnetostriction problems. The images (a), (b) and (c), that correspond to
the permanent magnetic problem (I) share the same scaling. Likewise do the images
in (d), (e) and (f). In (c) and (f), arrows are suppressed for small force magnitudes.
Colors indicate the magnitude of the forces. The images in the upper row are taken
from [Reich, Rickert, and Müller (2017)].
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domains as well. This is not required for the two magnetostriction problems
considered here. Their results are therefore specialized for an interior region
and all terms that violate regularity at 𝑟 = 0 are consequently dropped. By
using a dimensionless coordinate 𝑟 = 𝑟/𝑅 and by substituting 𝑥 = cos 𝜗, one
finds for the displacements

𝑢𝑟(𝑟, 𝜗) = 𝑅
∞∑︁

𝑛=0

[︃
−

𝑛𝜆
𝜇 + 𝑛 − 2

2(2𝑛 + 3) 𝐴𝑛𝑟𝑛+1 + 𝑛𝐵𝑛𝑟𝑛−1
]︃

𝑃𝑛(𝑥) , (4.6a)

𝑢𝜗(𝑟, 𝜗) = 𝑅
∞∑︁

𝑛=1

[︃
−

(𝑛 + 3)𝜆
𝜇 + 𝑛 + 5

2(𝑛 + 1)(2𝑛 + 3) 𝐴𝑛𝑟𝑛+1 + 𝐵𝑛𝑟𝑛−1
]︃

d𝑃𝑛(𝑥)
d𝜗

. (4.6b)

The shear stresses read

𝜎𝑟𝜗(𝑟, 𝜗) = 𝜇
∞∑︁

𝑛=1

[︃
−

𝑛(𝑛 + 2)𝜆
𝜇 + 𝑛2 + 2𝑛 − 1

(𝑛 + 1)(2𝑛 + 3) 𝐴𝑛𝑟𝑛 +

+ 2(𝑛 − 1)𝐵𝑛𝑟𝑛−2
]︃

d𝑃𝑛(𝑥)
d𝜗

, (4.6c)

𝜎𝑟𝜙(𝑟, 𝜗) = 𝜎𝜗𝜙(𝑟, 𝜗) = 0 , (4.6d)

and the normal stresses are

𝜎𝑟𝑟(𝑟, 𝜗) = 𝜇
∞∑︁

𝑛=0

[︃
−

(𝑛2 − 𝑛 − 3)𝜆
𝜇 + (𝑛 + 1)(𝑛 − 2)
2𝑛 + 3 𝐴𝑛𝑟𝑛 +

+ 2𝑛(𝑛 − 1)𝐵𝑛𝑟𝑛−2
]︃
𝑃𝑛(𝑥) , (4.6e)

𝜎𝜗𝜗(𝑟, 𝜗) = 𝜇
∞∑︁

𝑛=0

[︃
(𝑛 + 3)𝜆

𝜇 − 𝑛 + 2
2𝑛 + 3 𝐴𝑛𝑟𝑛 + 2𝑛𝐵𝑛𝑟𝑛−2

]︃
𝑃𝑛(𝑥) +

+ 𝜇
∞∑︁

𝑛=2

[︃
−

(𝑛 + 3)𝜆
𝜇 + 𝑛 + 5

(𝑛 + 1)(2𝑛 + 3) 𝐴𝑛𝑟𝑛 + 2𝐵𝑛𝑟𝑛−2
]︃

d2𝑃𝑛(𝑥)
d𝜗2 , (4.6f)

𝜎𝜙𝜙(𝑟, 𝜗) = 𝜇
∞∑︁

𝑛=0

[︃
(𝑛 + 3)𝜆

𝜇 − 𝑛 + 2
2𝑛 + 3 𝐴𝑛𝑟𝑛 + 2𝑛𝐵𝑛𝑟𝑛−2

]︃
𝑃𝑛(𝑥) +

+ 𝜇
∞∑︁

𝑛=1

[︃
−

(𝑛 + 3)𝜆
𝜇 + 𝑛 + 5

(𝑛 + 1)(2𝑛 + 3) 𝐴𝑛𝑟𝑛 + 2𝐵𝑛𝑟𝑛−2
]︃

d𝑃𝑛(𝑥)
d𝜗

cot(𝜗) .

(4.6g)

The goal of the magnetostriction problems is to find the coefficients 𝐴𝑛 and 𝐵𝑛

in both problems and for all considered force models by exploiting the jump
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conditions of linear momentum. The electromagnetic model-dependent surface
force density determines the solution with the jump relation

𝑒 · J𝜎K = −𝑓
(𝐼)

(EM) ⇒ 𝑒 · 𝜎I = 𝑓
(𝐼)

(EM) .

Due to azimuthal symmetry, the surface force densities can generically be
decomposed in the form

𝑓
(𝐼)

(EM) = 𝑓 (EM)
𝑟 (𝜗)𝑒𝑟 + 𝑓

(EM)
𝜗 (𝜗)𝑒𝜗 .

Hence, the jump relation yields two (non-trivial) equations. With the compo-
nents 𝜎𝑟𝑟 = 𝑒𝑟 · 𝜎 · 𝑒𝑟 and 𝜎𝑟𝜗 = 𝑒𝑟 · 𝜎 · 𝑒𝜗, they read

𝜎𝑟𝑟(𝑟 = 1, 𝜗) = 𝑓 (EM)
𝑟 (𝜗) , 𝜎𝑟𝜗(𝑟 = 1, 𝜗) = 𝑓

(EM)
𝜗 (𝜗) . (4.7)

By inspection of the series solution, one finds that 𝜎𝑟𝑟 depends on Legendre
polynomials 𝑃𝑛(𝑥). Further, one can see that the shear stress 𝜎𝑟𝜗 depends
on derivatives of these polynomials, d𝑃𝑛(𝑥)/d𝜗. Therefore, an expansion of
the radial surface force in 𝑃𝑛(𝑥) and of the polar surface force in d𝑃𝑛(𝑥)/d𝜗 is
convenient to solve the individual elastic problems algebraically.

4.4 The solutions of the elastic problems

First, the surface force densities are expanded. The radial force functions are
expanded in Legendre polynomials and the polar functions in derivatives
thereof. By inspection of the six force results, three for each problem, it can
be seen that

𝑓 (EM)
𝑟 ∼ {1, sin2𝜗, cos2𝜗} , 𝑓

(EM)
𝜗 ∼ {cos 𝜗 sin 𝜗}

with the considered force models. Here, the following relations for 𝑥 = cos 𝜗
are useful

1 = 𝑃0(𝑥) , cos2𝜗 = 1
3𝑃0(𝑥) + 2

3𝑃2(𝑥) , sin2𝜗 = 2
3𝑃0(𝑥) − 2

3𝑃2(𝑥) ,

and cos 𝜗 sin 𝜗 = −1
3

d𝑃2(𝑥)
d𝜗 .

Using these, all force densities can be written in a compact form. With

�̂�(I) = 𝜇0𝑀2
0 and �̂�(II) = 𝜇0H

2
0 ,
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they read

𝑓
(EM)
𝑟(I/II) = �̂�(I/II)[𝑎(EM)

(I/II) 𝑃0(𝑥) + 𝑏
(EM)
(I/II) 𝑃2(𝑥))] , 𝑓

(EM)
𝜗(I/II) = �̂�(I/II)𝑐

(EM)
(I/II)

d𝑃2(𝑥)
d𝜗 .

For the problem of the permanent magnet, the coefficients are

𝑎
(1)
(I) = 1

9 , 𝑏
(1)
(I) = −1

9 , 𝑐
(1)
(I) = −2

9 ,

𝑎
(2)
(I) = 1

3 , 𝑏
(2)
(I) = 1

3 , 𝑐
(2)
(I) = 0 ,

𝑎
(3)
(I) = 1

6 , 𝑏
(3)
(I) = 1

3 , 𝑐
(3)
(I) = 0 .

The three different forces of the problem with a linear-magnetic sphere in an
external field are given by

𝑎
(1)
(II) = 3 𝜇2

r −1
(2+𝜇r)2 , 𝑏

(1)
(II) = −3 𝜇2

r −1
(2+𝜇r)2 , 𝑐

(1)
(II) = −3𝜇r(𝜇r−1)

(2+𝜇r)2 ,

𝑎
(2)
(II) = 3 (1+2𝜇r)(𝜇r−1)

(2+𝜇r)2 , 𝑏
(2)
(II) = 3 (𝜇r−1)2

(2+𝜇r)2 , 𝑐
(2)
(II) = 0 ,

𝑎
(3)
(II) = 3

2
(𝜇r−1)2

(2+𝜇r)2 , 𝑏
(3)
(II) = 3 (𝜇r−1)2

(2+𝜇r)2 , 𝑐
(3)
(II) = 0 .

The two non-trivial jump equations of the elastic problem in Eq. (4.7) now
read for all considered force models and the two problems:

𝜇
∞∑︁

𝑛=0

[︃
−

(𝑛2 − 𝑛 − 3)𝜆
𝜇 + (𝑛 + 1)(𝑛 − 2)
2𝑛 + 3 𝐴

(𝑖)
𝑛(I/II) + 2𝑛(𝑛 − 1)𝐵(𝑖)

𝑛(I/II)

]︃
𝑃𝑛(𝑥) =

= �̂�(I/II)[𝑎(𝑖)
(I/II)𝑃0(𝑥) + 𝑏

(𝑖)
(I/II)𝑃2(𝑥)] ,

𝜇
∞∑︁

𝑛=1

[︃
−

𝑛(𝑛 + 2)𝜆
𝜇 + 𝑛2 + 2𝑛 − 1

(𝑛 + 1)(2𝑛 + 3) 𝐴
(𝑖)
𝑛(I/II) + 2(𝑛 − 1)𝐵(𝑖)

𝑛(I/II)

]︃
d𝑃𝑛(𝑥)

d𝜗
=

= �̂�(I/II)𝑐
(𝑖)
(I/II)

d𝑃2
d𝜗

.

Since two polynomials of the same rank are equal if and only if their coefficients
are equal, the following non-homogeneous relations can be found:

(𝜆
𝜇 + 2

3)𝜇𝐴
(𝑖)
0(I/II) = �̂�(I/II)𝑎

(𝑖)
(I/II) ,

1
7

𝜆
𝜇𝜇𝐴

(𝑖)
2(I/II) + 4𝜇𝐵

(𝑖)
2(I/II) = �̂�(I/II)𝑏

(𝑖)
(I/II) ,

−( 8
21

𝜆
𝜇 + 1

3)𝜇𝐴
(𝑖)
2(I/II) + 2𝜇𝐵

(𝑖)
2(I/II) = �̂�(I/II)𝑐

(𝑖)
(I/II) .
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Alternatively, one could employ the relations of orthogonality shown in App. C
to find these equations. For 𝑛 ∈ N0∖{0, 2} there is

0 = −[(𝑛2 − 𝑛 − 3)𝜆
𝜇 + (𝑛 + 1)(𝑛 − 2)]𝐴(𝑖)

𝑛(I/II) + 2𝑛(𝑛 − 1)(2𝑛 + 3)𝐵(𝑖)
𝑛(I/II) ,

0 = −[𝑛(𝑛 + 2)𝜆
𝜇 + 𝑛2 + 2𝑛 − 1]𝐴(𝑖)

𝑛(I/II) + 2(𝑛 − 1)(𝑛 + 1)(2𝑛 + 3)𝐵(𝑖)
𝑛(I/II) .

As these relations are linear and homogeneous, it can be seen that

𝐴
(𝑖)
𝑛(I/II) = 𝐵

(𝑖)
𝑛(I/II) = 0 ∀𝑛 ∈ N0∖{0, 2} .

The solutions of the non-homogeneous equations are

𝐴
(𝑖)
0(I/II) = �̂�(I/II)

𝜇

𝑎
(𝑖)
(I/II)

𝜆
𝜇 + 2

3
, 𝐴

(𝑖)
2(I/II) = �̂�(I/II)

𝜇

21𝑏
(𝑖)
(I/II) − 42𝑐

(𝑖)
(I/II)

19𝜆
𝜇 + 14

,

and 𝐵
(𝑖)
2(I/II) = �̂�(I/II)

𝜇

(8𝜆
𝜇 + 7)𝑏(𝑖)

(I/II) + 3𝜆
𝜇𝑐

(𝑖)
(I/II)

38𝜆
𝜇 + 28

.

From the solutions of the elastic problem it can be seen that

‖𝑢‖ ∼ 𝑅
�̂�(I/II)

𝜇 , and ‖𝜎‖ ∼ �̂�(I/II) .

This suggests the introduction of the following rescaled dimensionless fields
and parameters

𝑢
(𝑖)
(I/II) = 𝑅

�̂�(I/II)
𝜇 �̃�

(𝑖)
(I/II) , 𝜎

(𝑖)
(I/II) = �̂�(I/II)�̃�

(𝑖)
(I/II) ,

𝐴
(𝑖)
𝑛(I/II) = �̂�(I/II)

𝜇 𝐴
(𝑖)
𝑛(I/II) , 𝐵

(𝑖)
𝑛(I/II) = �̂�(I/II)

𝜇 �̂�
(𝑖)
𝑛(I/II) .

With the computed solutions, the spheres’ displacements in both prob-
lems with all considered electromagnetic force models are given by

�̃�
(𝑖)
𝑟(I/II)(𝑟, 𝜗) =

[︁
1
3𝐴

(𝑖)
0(I/II) +

+
(︁
2�̂�

(𝑖)
2(I/II) − 1

7
𝜆
𝜇𝐴

(𝑖)
2(I/II)𝑟

2
)︁

𝑃2(𝑥)
]︁
𝑟 , (4.8a)

�̃�
(𝑖)
𝜗(I/II)(𝑟, 𝜗) =

[︁
�̂�

(𝑖)
2(I/II) − 1

42(5𝜆
𝜇 + 7)𝐴(𝑖)

2(I/II)𝑟
2
]︁
𝑟

d𝑃2(𝑥)
d𝜗

. (4.8b)
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The stresses follow as

�̃�
(𝑖)
𝑟𝑟(I/II)(𝑟, 𝜗) = (2

3 + 𝜆
𝜇)𝐴(𝑖)

0(I/II) +
(︁
4�̂�

(𝑖)
2(I/II) + 1

7
𝜆
𝜇𝐴

(𝑖)
2(I/II)𝑟

2
)︁

𝑃2(𝑥) , (4.9a)

�̃�
(𝑖)
𝜗𝜗(I/II)(𝑟, 𝜗) =

(︁
2
3 + 𝜆

𝜇

)︁
𝐴

(𝑖)
0(I/II) +

(︁
4�̂�

(𝑖)
2(I/II) + 5

7
𝜆
𝜇𝐴

(𝑖)
2(I/II)𝑟

2
)︁

𝑃2(𝑥) +

+
(︁
2�̂�

(𝑖)
2(I/II) − (1

3 + 5
21

𝜆
𝜇)𝐴(𝑖)

2(I/II)𝑟
2
)︁ d2𝑃2(𝑥)

d𝜗2 , (4.9b)

�̃�
(𝑖)
𝜙𝜙(I/II)(𝑟, 𝜗) =

(︁
2
3 + 𝜆

𝜇

)︁
𝐴

(𝑖)
0(I/II) +

(︁
4�̂�

(𝑖)
2(I/II) + 5

7
𝜆
𝜇𝐴

(𝑖)
2(I/II)𝑟

2
)︁

𝑃2(𝑥) +

+
(︁
2�̂�

(𝑖)
2(I/II) − (1

3 + 5
21

𝜆
𝜇)𝐴(𝑖)

2(I/II)𝑟
2
)︁

cot 𝜗
d𝑃2(𝑥)

d𝜗
, (4.9c)

�̃�
(𝑖)
𝑟𝜗(I/II)(𝑟, 𝜗) =

[︁
2�̂�

(𝑖)
2(I/II) − (1

3 + 8
21

𝜆
𝜇)𝐴(𝑖)

2(I/II)𝑟
2
]︁d𝑃2(𝑥)

d𝜗
. (4.9d)

4.5 Discussion of the results

With the solutions of the elastic problems, the displacements and stresses can
be analyzed for the two magnetic problems and for all three distinct cases w.r.t.
the employed force models. As before, (I) and (II) indicate the problems of
the permanent-magnetic sphere and the linear-magnetic sphere in an external
field, respectively. The round brackets with Arabic numbers indicate:

(1) the generalized Lorentz, symmetric Abraham, and symmetric
Minkowski models,

(2) the unsymmetric Abraham, and unsymmetric Minkowski models,

(3) the Einstein–Laub model.

For the following discussion, the ratio 𝜆/𝜇 = 1.27 and 𝜇r = 100 are used in the
visualizations.

Displacements. The overall magnitudes of the resulting displacements in a
practical experiment can be assumed to be very small. As an example, the
displacements of a problem for a permanent-magnetic sphere are considered,
with the given parameters 𝑅 = 10 mm, 𝜇0𝑀0 = 1 T, and 𝜇 = 80 GPa. The
dimensionless amplifying functions of the displacements are of order 10−1 for all
models. Then, the expected displacements are ‖𝑢‖ = 𝜇0𝑀2

0 𝜇−1 ‖�̃�‖ 𝑅 ≈ 10 nm.
Measurements on this scale are technically challenging. Other geometries
and remanences do not significantly change the obtained displacement scale.
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(a) 𝑢
(1)
(I) (𝑟 = 1) (b) 𝑢

(2)
(I) (𝑟 = 1) (c) 𝑢

(3)
(I) (𝑟 = 1)

(d) 𝑢
(1)
(II)(𝑟 = 1) (e) 𝑢

(2)
(II)(𝑟 = 1) (f) 𝑢

(3)
(II)(𝑟 = 1)

min max

Fig. 4.4: Qualitative representations of the surface displacements corresponding to the
spherical magnetostriction problems. The images (a), (b) and (c), which correspond to
the permanent-magnetic problem (I) share the same scaling. Likewise do the images
in (d), (e) and (f). Colors indicate the magnitude of the displacements. The images in
the upper row are taken from [Reich, Rickert, and Müller (2017)].
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Therefore, in order to (in)validate certain force models, high precision measuring
instruments are required.

However, if measurements of such experiments can be obtained, then the
evaluation can give insight as to the general applicability of electromagnetic
force models. This can be seen from inspecting the displacement figures that are
qualitatively shown in Fig. 4.4. The first row shows the displacement predictions
for the problem of the permanent magnet, and the second row the results for the
linear-magnetic sphere. For a fixed force model, the displacement forms do not
vary significantly between these two problems. With respect to the individual
force models (for a fixed magnetic problem), one can observe that the solution
(1) yields an oblate spheroid. The other two, (2) and (3), show prolate spheroids.
This is an interesting result, as any future experiments may determine if the
models corresponding to (1) or to (2) and (3) are inapplicable in a general
situation. Distinguishing between the results of (2) and (3) in an experiment
is likely difficult. The two prolate spheroids can be distinguished by precise
measurements of the equatorial displacement. Depending on the magnetic
problem, the models of (2) show no or positive equatorial displacements,
whereas the models of (3) yield negative equatorial displacements.

Stresses. The mechanical stresses cannot be measured directly, hence they
are unsuitable for evaluations of experiments. However, the prediction of the
stresses can be of interest if experiments in the context of damage mechanics
are considered, e.g., crack propagations. Depending on the velocities of any
experiment and the properties of the used material (brittle, ductile, . . . ), special
equivalent stress concepts can be employed. For example, for ductile materials
the von Mises stress criterion

𝜎2
vM = 3

2𝜎dev ·· 𝜎dev , with 𝜎dev = 𝜎 − 1
3 tr(𝜎)1

is often used. On the other hand, if the material is brittle, the normal stress
hypothesis due to Rankine may be employed,

𝜎Rankine = max(𝜎E1 , 𝜎E2 , 𝜎E3) ,

where 𝜎E𝑖 are the three principle stresses, obtained as the solution of the
eigenvalue problem associated with the Cauchy stress tensor. In Fig. 4.5 it
can be seen that for the models associated with the solution (1), both equivalent
stress concepts yield the same result, i.e., the highest equivalent stresses are at
the poles on the surface. For the models of (2) and (3), the stress concepts
yield different predictions. The von Mises stresses are highest at the equator,
whereas the highest principle stresses remain at the poles. Depending on the
material used, this should be taken into account. Due to symmetries in the
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(c) Problem (I), models (2).
0.5 1.0 1.5

𝜗

2
4
6
8

(d) Problem (II), models (2).
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(e) Problem (I), models (3).
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(f) Problem (II), models (3).

|�̃�E1 | |�̃�E2 | |�̃�E3 | �̃�vM

Fig. 4.5: Dimensionless absolute values of the eigenstresses and the dimensionless
von Mises equivalent stress on the surface of the sphere. The stresses are normalized
in each problem with �̂�(I/II), i.e., 𝜇0𝑀2

0 and 𝜇0H
2
0. The left column shows the three

distinct solutions for the permanent magnet, the right column the three solution of
the problem of the linear-magnetic sphere in an external field.
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stress function, only the polar angles 𝜗 ∈ [0, π/2] are shown in the figure. It can
also be noted that the Rankine criterion considers the largest eigenstress, not
the eigenstress with the largest absolute value. In the examples, the eigenstress
with the largest absolute value is positive, i.e., |�̃�E1 | = �̃�E1 . Therefore only
absolute values of the eigenstresses are shown in the figure in order to give a
compact visualization.
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5 Demonstration of local effects with
a drop of silicone oil in castor oil

Eine Theorie kann also wohl als unrichtig erkannt werden, wenn in
ihren Deduktionen ein logischer Fehler ist, oder als unzutreffend,
wenn eine Tatsache mit einer ihrer Folgerungen nicht im Einklang
ist. Niemals aber kann die W a h r h e i t einer Theorie erwiesen
werden.

A. Einstein, in [Einstein (1919)].

Another example to demonstrate local effects of electromagnetic force models
is given with the examination of a spherical silicone oil drop of radius 𝑅 in
oxidized castor oil, placed in a homogeneous electric field 𝐸0 = 𝐸0𝑒𝑧. This
experiment was conducted in [Torza, Cox, and Mason (1971)]. In an inertial
frame, the polarization of the oils can be modeled with the isotropic relation
𝑃 = 𝜖0𝜒𝐸. This implies D = 𝜖0𝜖r𝐸, with 𝜖r = 1 + 𝜒. The relative dielectric
constants of the oils are taken from [Torza, Cox, and Mason (1971), Tab. 1,
system 16]; for the silicone oil 𝜖S

r ≈ 2.8 and 𝜖C
r ≈ 6.3 for the castor oil. One

can also note that the mass densities of these oils are nearly equal. Hence,
gravitational effects can be neglected. The experiment is sketched in Fig. 5.1.

The results of the experiments conducted by [Torza, Cox, and Mason (1971)]
recently motivated [Datsyuk and Pavlyniuk (2015)] to compare force models. In
contrast to the demonstrated problem of magnetostriction, the deformations in
this experiment can be large, depending on the external field strength, and are
clearly observable. The authors of [Datsyuk and Pavlyniuk (2015)] computed
the forces for different models, and their force results can be classified into two
groups. In the first group, there are no forces at the poles and large pressure
forces at the equator. In the second group, there are pressure forces at the
poles and no forces at the equator. As the experiment conducted by [Torza,
Cox, and Mason (1971)] shows a prolate spheroid with an applied electric
field, they dismissed the models corresponding to the first group—this is a
reasonable conclusion. For the second group, they compared the calculated
force distributions to the deformation shape of the experimental photographs
of [Torza, Cox, and Mason (1971)]. They refrained from actually computing
the surface deformations. From the force distribution alone, they argued that
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𝑅

𝐸0

𝜖S
r

silicone
oil drop

𝜖C
r , castor oil

Fig. 5.1: A silicone oil drop immersed in castor oil. The experiment is placed in an
external homogeneous static electric field. The image is taken from [Reich, Rickert,
and Müller (2017)].

a “Lorentz” tensor of the form:

𝜎L, alt = −1
2(𝜖0𝐸 · 𝐸 + 𝜇0H · H)1 + 𝜖0𝐸 ⊗ 𝐸 + 𝜇0H ⊗ H

predicts the experiment well.

However, the mechanics are more complicated, even in the static case. The
oils do not mix, i.e., there is some mechanical surface stress that balances the
electromagnetic forces. It is not immediately clear how the forces correspond
to the displacement shape. Therefore, an attempt is made here to model the
surface stress tensor in order to calculate the resulting deformation shape. As
with the previous magnetostriction examples, the restriction is made to com-
putations with small deformations, i.e., a small applied electric field strength.
Then, the predicted displacements can be compared with experimental pho-
tographs of [Torza, Cox, and Mason (1971)] and reliable conclusions can be
drawn.

First, the electric problem is solved briefly. Using the results, the force
densities for the previously discussed models in this work are computed. Then,
surface stresses and deformations are investigated. The displacements are
computed for all force models and compared to experimental results from
[Torza, Cox, and Mason (1971)].

Chapter 5. Demonstration of local effects with a drop of silicone oil in castor oil
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5.1 Computation of the electric field

Due to the linearity of Maxwell’s equations, the electric field can be decom-
posed as 𝐸 = 𝐸0 + �̂�, where the external field 𝐸0 is homogeneous. Then,
Faraday’s law of induction reduces to

∇ × �̂� = 0 , 𝑒 × J�̂�K = 0 , solved by �̂� = −∇𝑉e , J𝑉eK = 0 .

Scaling the lengths in the system by 𝑅 and the distortion potential �̂� with
𝐸0𝑅, so that 𝑉e = 𝐸0𝑅𝒱 and ∇ = 1

𝑅∇̃, the above is equal to

𝐸 = 𝐸0(𝑒𝑧 − ∇̃𝒱) , J𝒱K = 0 .

Denoting 𝒱S for the potential function in the silicone drop, and 𝒱C for the
function in the exterior castor oil domain, the polarizations and the free charge
potentials read

𝑃 S = 𝜖0(𝜖S
r − 1)𝐸S = 𝐸0𝜖0(𝜖S

r − 1)(𝑒𝑧 − ∇̃𝒱S) ,

𝑃 C = 𝜖0(𝜖C
r − 1)𝐸C = 𝐸0𝜖0(𝜖C

r − 1)(𝑒𝑧 − ∇̃𝒱C) ,

DS = 𝜖0𝜖S
r 𝐸S = 𝐸0𝜖0𝜖S

r (𝑒𝑧 − ∇̃𝒱S) ,

DC = 𝜖0𝜖C
r 𝐸C = 𝐸0𝜖0𝜖C

r (𝑒𝑧 − ∇̃𝒱C) .

As the free macroscopic charge density vanishes in the problem, the free charge
potentials are solenoidal and one obtains that both

Δ̃𝒱S = 0 , and Δ̃𝒱C = 0 .

The solutions of these Laplace problems with azimuthal symmetry that satisfy
conditions of integrability and finiteness read

𝒱S =
∞∑︁

𝑛=0
𝑎𝑛𝑟𝑛𝑃𝑛(𝑥) , 𝒱C =

∞∑︁
𝑛=0

𝑏𝑛𝑟−(𝑛+1)𝑃𝑛(𝑥) ,

where 𝑥 = cos 𝜗, 𝑟 = 𝑟/𝑅 and 𝑃𝑛 are Legendre polynomials. The condition
of continuity, J𝒱K = 0, is satisfied by setting 𝑎𝑛 = 𝑏𝑛. The second transition
condition reads with 𝑒 = 𝑒𝑟 and cos 𝜗 = 𝑃1(𝑥):

𝑛 · JDK = 0 ⇔ 𝜖C
r

𝜕𝒱C

𝜕𝑟
− 𝜖S

r
𝜕𝒱S

𝜕𝑟
= (𝜖C

r − 𝜖S
r )𝑃1(𝑥) .

One finds that
𝑎1 = 𝑏1 = − 𝜖C

r − 𝜖S
r

2𝜖C
r + 𝜖S

r
,
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all other coefficients are zero. The two series degenerate and the distortion
potentials are

𝒱S = − 𝜖C
r − 𝜖S

r
2𝜖C

r + 𝜖S
r

𝑟 cos 𝜗 , 𝒱C = − 𝜖C
r − 𝜖S

r
2𝜖C

r + 𝜖S
r

𝑟−2 cos 𝜗 .

One can note that the problem is very similar to that of the linear-magnetic
sphere in an external field shown in Sec. 4.1.2. The obtained potentials of this
problem are mathematically very similar to Eq. (4.4a). Hence, the resulting
electric field and the free charge potential are also sketched qualitatively
correctly in Fig. 4.2.

5.2 Electrostatic force specialization
With analogous investigation of the force models, one finds that as with
spherical magnetostriction problems, the volumetric force density vanishes for
every considered model. Further, one obtains for the surface densities that

𝑓
(𝐼)

(4) = 𝑓
(𝐼)

gL = 𝑓
(𝐼)

A1 = 𝑓
(𝐼)

A2 = 𝑓
(𝐼)

M1 = −(𝑛 · J𝑃 K)⟨𝐸⟩ =

= −9
2𝜖0𝐸2

0
𝜖C

r −𝜖S
r

(2𝜖C
r +𝜖S

r )2 [(𝜖C
r + 𝜖S

r ) cos2𝜗𝑒𝑟 − 2𝜖C
r cos 𝜗 sin 𝜗𝑒𝜗] ,

and

𝑓
(𝐼)

(5) = 𝑓
(𝐼)

M2 = 𝑓
(𝐼)

EL = 𝑛(⟨𝑃 ⟩ · J𝐸K) =

= −9
2𝜖0𝐸2

0
𝜖C

r −𝜖S
r

(2𝜖C
r +𝜖S

r )2 (2𝜖C
r 𝜖S

r − 𝜖C
r − 𝜖S

r ) cos2𝜗𝑒𝑟 .

Only two distinct forces could be obtained, in contrast to the three forces of the
magnetostriction problems. As before, one force result shows shear as well as
normal stresses whereas the other yields a pure normal stress. The force results
are depicted in Fig. 5.2. In the following, the Arabic numbers (𝑖) indicate:

(4) the generalized Lorentz, symmetric Abraham, unsymmetric
Abraham and symmetric Minkowski models,

(5) the unsymmetric Abraham and Einstein–Laub models.

5.3 Elastic surface deformation
In order to gain insight as to which force model(s) concur with the experiment,
the mechanical surface stress tensor has to be modeled. Before any electric
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(a) Surface force 𝑓
(𝐼)

(4).
min

max

(b) Surface force 𝑓
(𝐼)

(5).

Fig. 5.2: Qualitative representation of the computed force results for the oil drop
experiment. For visualization, the values 𝜖S

r = 2.8 and 𝜖C
r = 6.3 are employed. The

external electric field is directed in vertical direction. The image is adapted from
[Reich, Rickert, and Müller (2017)].

field is activated, it can be assumed that the spherical drop possesses a purely
tension-dependent surface stress of the form

𝜎
(𝐼)

0 = 𝜎
(𝐼)

1
(𝐼)

, 1
(𝐼)

= 1 − 𝑒𝑟 ⊗ 𝑒𝑟 .

Here, 𝜎
(𝐼)

is the surface tension between the two oils. As the two oils are at rest,
the volumetric stresses are given by

𝜎C = −𝑝C1 , 𝜎S
0 = −𝑝S

01 .

Notation-wise, the pressure of the castor oil is not given an extra index for
the unloaded situation as it can be assumed that this pressure will remain
constant. For this initial state, the singular balance of momentum reads

−𝜎
(𝐼)

· ∇
(𝐼)

= J𝜎K · 𝑒 ⇒ 𝑝S
0 = 𝑝C + 2

𝑅𝜎
(𝐼)

,

where 𝑅 is the radius of the spherical drop in this initial state, cf. [Müller
(1985), P. 63] or [Slattery, Sagis, and Oh (2007), P. 119]. Here it is assumed
that the interface does not carry mass. This result for the pressure jump
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is well known in the literature, e.g., [Müller (1985), Sec. 7.2]. If an electric
field is applied, a model-dependent force density acts on the sphere. From
experiments it is known that small electric fields do not cause the droplet to
burst. However, it deforms. As the deformation is bounded, there must be
some kind of mechanical reaction that balances the electromagnetic force. It
is assumed here that the interface of the two oils possesses isotropic elastic
behavior. Therefore, the surface stress is stated in the form

𝜎
(𝐼)

= (𝜎
(𝐼)

+ 𝜆
(𝐼)

𝜀
(𝐼)

·· 1
(𝐼)

)1
(𝐼)

+ 2𝜇
(𝐼)

𝜀
(𝐼)

, 𝜀
(𝐼)

= 1
(𝐼)

· 1
2(𝑢

(𝐼)
⊗ ∇

(𝐼)
+ ∇

(𝐼)
⊗ 𝑢

(𝐼)
) · 1

(𝐼)
,

motived by relations given in [Shah (1977); Liebold and Müller (2015)]. Here,
𝑢
(𝐼)

is the surface displacement field. The following analysis is restricted to
small deformations only. This is sufficient to gain insight into the nature of
the resulting deformation shape. Hence, variables and basis vectors of the
initial and current placement of the droplet are not distinguished here. Due to
azimuthal symmetry of the loading, the surface displacement is of the form

𝑢
(𝐼)

= �̂�(�̃�𝑟(𝜗)𝑒𝑟 + �̃�𝜗(𝜗)𝑒𝜗) ,

where �̂� contains the scale and dimension of the displacement field. The forces
are also stated in scaled form,

𝑓
(𝐼)

(EM) = 𝑓(𝑓𝑟(𝜗)𝑒𝑟 + 𝑓𝜗(𝜗)𝑒𝜗) , 𝑓 = 9
2𝜖0𝐸2

0
𝜖C

r −𝜖S
r

(2𝜖C
r +𝜖S

r )2 .

The scale 𝑓 is a common factor of the two distinct force densities. However,
the functions 𝑓𝑟 and 𝑓𝜗 must be taken according to the analyzed force result.
Independent of the applied force model, the divergence of the surface stress
follows as

𝜎
(𝐼)

· ∇
(𝐼)

= − 2
𝑅

�̂�
𝑅𝜇

(𝐼)

[𝑅
�̂� 𝜎

(𝐼)
𝜇
(𝐼)

−1 + 2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){�̃�𝑟 + cot𝜗 �̃�𝜗 + �̃�′
𝜗}]𝑒𝑟 +

+ 1
𝑅

�̂�
𝑅𝜇

(𝐼)

[−(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1 + cos 2𝜗) csc2𝜗 �̃�𝜗 +

+ 2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1)�̃�′
𝑟 + (2 + 𝜆

(𝐼)
𝜇
(𝐼)

−1){cot 𝜗 �̃�′
𝜗 + �̃�′′

𝜗}]𝑒𝜗 ,

where apostrophes indicate derivatives w.r.t. 𝜗. This divergence is used in the
singular balance of momentum containing electromagnetic surface forces, i.e.,

𝜎
(𝐼)

· ∇
(𝐼)

+ J𝜎K · 𝑒 + 𝑓
(𝐼)

(EM) = 0 .
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This vector equation yields two linearly independent component equations, viz.

− 2
𝑅

�̂�
𝑅𝜇

(𝐼)

[𝑅
�̂� 𝜎

(𝐼)
𝜇
(𝐼)

−1 +(1+𝜆
(𝐼)

𝜇
(𝐼)

−1){2�̃�𝑟 +cot 𝜗 �̃�𝜗 + �̃�′
𝜗}]+𝑝S −𝑝C +𝑓𝑓𝑟 = 0 , (5.1a)

and

1
𝑅

�̂�
𝑅𝜇

(𝐼)

[2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1)�̃�′
𝑟 − (1 + 𝜆

(𝐼)
𝜇
(𝐼)

−1 + cos 2𝜗) csc2𝜗 �̃�𝜗 +

+ (2 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){cot 𝜗 �̃�′
𝜗 + �̃�′′

𝜗}] + 𝑓𝑓𝜗 = 0 . (5.1b)

It is helpful to take the derivative w.r.t. 𝜗 of Eq. (5.1a), yielding

− 2
𝑓𝑅

�̂�
𝑅𝜇

(𝐼)

(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){2�̃�′
𝑟 − csc2𝜗 �̃�𝜗 + cot 𝜗 �̃�′

𝜗 + �̃�′′
𝜗} + 𝑓 ′

𝑟 = 0 . (5.2)

This equation and also Eq. (5.1b) motivate the choice of the displacement scale,

�̂� = (𝑓𝑅𝜇
(𝐼)

−1)𝑅 ,

so that Eqs. (5.2) and (5.1b) simplify to

− 2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){2�̃�′
𝑟 − csc2𝜗 �̃�𝜗 + cot 𝜗 �̃�′

𝜗 + �̃�′′
𝜗} + 𝑓 ′

𝑟 = 0 , (5.3a)

and

2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1)�̃�′
𝑟 − (1 + 𝜆

(𝐼)
𝜇
(𝐼)

−1 + cos 2𝜗) csc2𝜗 �̃�𝜗 +

+ (2 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){cot 𝜗 �̃�′
𝜗 + �̃�′′

𝜗} + 𝑓𝜗 = 0 . (5.3b)

Both equations contain the radial displacement only in form of �̃�′
𝑟, hence it

can be eliminated and one obtains

− 2[(1 − cot2𝜗)�̃�𝜗 + cot 𝜗 �̃�′
𝜗 + �̃�′′

𝜗] = 2𝑓𝜗 + 𝑓 ′
𝑟 . (5.4)

Remarkably, this relation does not depend upon the elastic moduli. From
symmetry of the analyzed forces, one has �̃�𝜗(𝜗 = 0) = �̃�𝜗(𝜗 = π/2) = 0. The
right-hand side of Eq. (5.4) is a given function of the force model. Hence this
equation can be solved for the function �̃�𝜗, depending on the force model.
As the current pressure in the silicone oil is unknown, Eq. (5.1a) cannot be
used directly to obtain �̃�𝑟. Rather, Eq. (5.3a) can be used to find the radial
displacements. At this point, �̃�𝜗 is a known function, hence Eq. (5.3a) is an
ordinary differential equation for �̃�𝑟. However, for this function there is no
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symmetry argumentation available to obtain a function value at any point.
Instead, the (unknown) displacement of the pole is introduced as a parameter
by setting �̃�P := �̃�𝑟(𝜗 = 0). The equation is consequently solved using this
parameter. From the previously computed forces, one can assume that this
parameter is negative, i.e., an oblate deformation occurs. In order to obtain �̃�P,
a constitutive relation is needed for the pressure of the silicone oil drop. This
oil is compressible, the relation between pressure and relative volume change is
in general nonlinear. However, as only small deformations are regarded it is
reasonable to employ a linear relationship,

𝑝S = 𝑝S
0(1 + 𝜛S

v𝑒S
v) = (𝑝C + 2

𝑅𝜎
(𝐼)

)(1 + 𝜛S
v𝑒S

v) , 𝑒S
v = 𝑉 S

0 −𝑉 S

𝑉 S
0

,

where 𝑉 S
0 and 𝑉 S are the volumes of the silicone oil drop in the undeformed

and deformed state, respectively. They are

𝑉 S
0 = 4

3π𝑅
3 = 𝑅

3

˛

𝜕𝛺S
0

𝑒𝑟 · d𝐴0 ,

𝑉 S =
ˆ

𝛺S

d𝑉 = 1
3

ˆ

𝛺S

𝑥 · ∇d𝑉 = 1
3

˛

𝜕𝛺S

𝑥 · d𝐴 = 1
3

˛

𝜕𝛺S
0

(𝑋 + 𝑢) · 𝐽𝐹 −T · d𝐴0 .

As the integrand does not possess azimuthal dependency, after projection, one
can write

d𝐴0 = 𝑒𝑟2π𝑅2 sin 𝜗 d𝜗 .

Formally, one obtains for the relative volume change

𝑒S
v = 1

2𝑅

πˆ

𝜗=0

[𝑅 − (𝑋 + 𝑢) · 𝐽𝐹 −T · 𝑒𝑟] sin 𝜗 d𝜗 .

It is convenient to linearize this relation, applicable for small volume changes.
There results

𝑒S
v ≈ −1

2
�̂�

𝑅

πˆ

𝜗=0

[3�̃�𝑟 + cot 𝜗 �̃�𝜗 + �̃�′
𝜗] sin 𝜗 d𝜗 = 𝑓𝑅𝜇

(𝐼)

−1𝑒S
v .

This value can be computed symbolically, still containing the unknown factor
�̃�P. The pressure jump then reads:

𝑝S − 𝑝C = (𝑝C + 2
𝑅𝜎

(𝐼)
)(1 + 𝜛S

v𝑒S
v) − 𝑝C = 𝑝C𝜛S

v𝑒S
v + 2

𝑅𝜎
(𝐼)

(1 + 𝜛S
v𝑒S

v) .
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Insertion of this relation with the previously chosen displacement scale in
Eq. (5.1a) shows that

−2(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1){2�̃�𝑟 + cot 𝜗 �̃�𝜗 + �̃�′
𝜗} + 𝛾𝑒S

v + 𝑓𝑟 = 0 ,

where the factor

𝛾 := (𝑝C𝑅𝜇
(𝐼)

−1 + 2𝜎
(𝐼)

𝜇
(𝐼)

−1)𝜛S
v = 𝑝S

0𝑅𝜇
(𝐼)

−1𝜛S
v

was introduced. From this relation, �̃�P follows and the problem is formally
solved. Next, this solution scheme is applied to the two distinct force results.

Computation with 𝑓
(𝐼)

(4), where

𝑓 (4)
𝑟 = −(𝜖C

r + 𝜖S
r ) cos2𝜗 , 𝑓

(4)
𝜗 = 𝜖C

r sin 2𝜗 .

Using these, the polar displacement follows as

�̃�
(4)
𝜗 = 1

8(3𝜖C
r + 𝜖S

r ) sin 2𝜗 ,

and, using this result, the radial displacement is obtained as

�̃�(4)
𝑟 = �̃�

(4)
P + (16{1 + 𝜆

(𝐼)
𝜇
(𝐼)

−1})−1[𝜖S
r (5 + 3𝜆

(𝐼)
𝜇
(𝐼)

−1) + 𝜖C
r (11 + 9𝜆

(𝐼)
𝜇
(𝐼)

−1)](1 − cos 2𝜗) .

In order to obtain the displacement �̃�
(4)
P , the relative volume change is computed

with the constitutive law for the pressure, yielding

𝑒S,(4)
v = −3�̃�

(4)
P − 3

4(3𝜖C
r + 𝜖S

r ) − 𝜖C
r +𝜖S

r
2(1+𝜆

(𝐼)
𝜇
(𝐼)

−1) .

With this result and the pressure-related factor 𝛾, the displacement �̃�
(4)
P follows

as:
�̃�

(4)
P = −1

4(3𝜖C
r + 𝜖S

r ) − 1
6

𝜖C
r + 𝜖S

r
1 + 𝜆

(𝐼)
𝜇
(𝐼)

−1 − 1
3

𝜖C
r + 𝜖S

r
4 + 3𝛾 + 4𝜆

(𝐼)
𝜇
(𝐼)

−1 .

This result is strictly negative, hence this force result yields an oblate deforma-
tion shape.

Computation with 𝑓
(𝐼)

(5), where

𝑓 (5)
𝑟 = −(2𝜖C

r 𝜖S
r − 𝜖C

r − 𝜖S
r ) cos2𝜗 , 𝑓

(5)
𝜗 = 0 .
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The polar displacement follows as

�̃�
(5)
𝜗 = 1

8(2𝜖C
r 𝜖S

r − 𝜖C
r − 𝜖S

r ) sin 2𝜗 ,

and the radial displacement in terms of �̃�
(5)
P reads:

�̃�(5)
𝑟 = �̃�

(5)
P +

5 + 3𝜆
(𝐼)

𝜇
(𝐼)

−1

16(1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1) [2𝜖C
r 𝜖S

r − 𝜖C
r − 𝜖S

r ](1 − cos 2𝜗) .

The scaled relative volume change is obtained as

𝑒S,(5)
v = −3�̃�

(5)
P − 1

4

5 + 3𝜆
(𝐼)

𝜇
(𝐼)

−1

1 + 𝜆
(𝐼)

𝜇
(𝐼)

−1 (2𝜖C
r 𝜖S

r − 𝜖C
r − 𝜖S

r ) ,

and the pole displacement subsequently reads

�̃�
(5)
P = −(2𝜖C

r 𝜖S
r − 𝜖C

r − 𝜖S
r )
(︁

1
4 + 1

6
1

1+𝜆
(𝐼)

𝜇
(𝐼)

−1 + 1
3

1
4+3𝛾+4𝜆

(𝐼)
𝜇
(𝐼)

−1

)︁
.

This force also results in an oblate-like deformation.

Comment on the parameters. The parameters 𝛾, 𝜆
(𝐼)

, and 𝜇
(𝐼)

are unknown.
However, it is reasonable to assume that the scales of 𝜆

(𝐼)
and 𝜇

(𝐼)
are equal. Hence,

the ratio 𝜆
(𝐼)

𝜇
(𝐼)

−1 ≈ 1 should be a reasonable approximation. The effect of the
parameter 𝛾, which is related to the compressibility of the system, can also
be analyzed. This parameter only influences the constant part of the radial
displacements, i.e., it does not control the qualitative deformation shape. From
the solutions for the displacements of the poles, �̃�

(4)
p and �̃�

(5)
p , it can be seen

that the magnitudes of the displacements do not change significantly if the
parameter is varied in the range 𝛾 ∈ [0, ∞[.

5.4 Comparison to experiment and discussion
For the static setting analyzed here, the authors in [Torza, Cox, and Mason
(1971)] conducted experiments and their results are depicted in Fig. 5.3c. In
the figure it can be seen that for an increasing electric field strength, the drop
deforms as an oblate spheroid.

In Fig. 5.2, the theoretical surface force predictions of the models are qualita-
tively shown. Both the force forms of (4) and (5) clearly suggest that the drop
should deform to an oblate form. This can be observed in the experimental
photographs in Fig. 5.3c as well. Intuitively, the models with the surface force
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(a) Surface displacement 𝑢
(𝐼)

(4). (b) Surface displacement 𝑢
(𝐼)

(5). (c) Static experi
ments.

min max

Fig. 5.3: Deformation shapes of the oil droplet. The two solutions of the surface
displacement are qualitatively shown in (a) and (b), where the parameters 𝜖S

r = 2.8,
𝜖C

r = 6.3, 𝛾 = 1 and the ratio 𝜆
(𝐼)

𝜇
(𝐼)

−1 = 1 are used. The images of (a) and (b) are taken
from [Reich, Rickert, and Müller (2017)]. Note that the visualizations in (a) and (b)
are scaled. Experimental photographs taken from [Torza, Cox, and Mason (1971),
Fig. 7] are shown in (c). The electric field is directed vertically in all images. In (c),
the electric field strength is increased from the lowest to the highest photograph. The
radius of the undeformed spherical droplet is 0.6 mm.

𝑓
(4)
(𝐼) may possess the correct deformation shape. The force 𝑓

(5)
(𝐼) appears to

cause “buckled” poles, deviating from a spheroid form. This can be observed in
the deformation shape in Fig. 5.3. Both distinct force results yield oblate-like
deformation shapes. However, the magnitudes of the displacements as well as
the qualitative deformation shape differ. The models with the force 𝑓

(4)
(𝐼) yield a

smooth deformation shape as depicted in Fig. 5.3a, which is in good agreement
with the experimental results in Fig. 5.3c. The deformation shape due to the
models with the force 𝑓

(5)
(𝐼) possesses a different curvature near the poles. Hence,

the predicted deformation of the drop is not an oblate spheroid. However,
this form is not observable in the experimental photographs. Therefore, it is
reasonable to conclude that the models with the force prediction 𝑓

(5)
(𝐼) yield

unphysical results, i.e., the asymmetric Minkowski and the Einstein–Laub
model.
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6 Conclusion

If it disagrees with experiment, it’s wrong. In that simple statement
is the key to science. It doesn’t make any difference how beautiful
your guess is, it doesn’t matter how smart you are, who made the
guess, or what his name is. . . If it disagrees with experiment, it’s
wrong. That’s all there is to it.

R. Feynman, in a lecture at Cornell University in 1964.

In this thesis, the coupling of linear (mechanical) momentum with elec-
trodynamics due to electromagnetic forces was analyzed and a philosophy
to (in)validate electromagnetic force models for general usage was proposed.
There is the hope that there exists one “correct” model, i.e., a model that
yields correct predictions for the electromagnetic force for any material in any
dynamical situation. This model may only depend generically on magnetiza-
tion, polarization, electric charge and current. In the literature, often thought
experiments are used in order to argue for or against a proposed electromag-
netic force model. These consider, for example, light waves or photons. The
basic rationale of this work is that only conducted experiments on a continuum
scale can gain insight to the applicability of a model. Measurements of an
experiment can be compared with the theoretical prediction of a force model.
If measurement and prediction disagree, the employed electromagnetic force
model can be excluded from the list of candidates for a model that is applicable
in arbitrary materials and situations. It was shown that even if two force
models agree on the total force acting on a body, the local distributions of
force may be different. This can be and was exploited in experiments.

First, the total force between two cylindrical permanent magnets was mea-
sured using a micro tensile testing machine and the results compared to
theoretical predictions. In order to obtain these predictions, the magnetic
flux density of a cylindrical magnet was computed analytically with Green’s
method. Using this result, the total axial force between the cylinders was also
obtained analytically. All considered electromagnetic force models agreed with
the measurement, and no model could be disregarded at this point. That all
considered models yield the same prediction was previously shown by means
of the exterior trace of the model-dependent electromagnetic stress measures.
Outside of the magnet, i.e., in vacuum or air, all models reduce to the clas-
sical Lorentz model without magnetization and polarization. Due to the
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experimental results, it can be seen that this is necessary for any model in
order to yield correct results in this problem. If there was an electromagnetic
force model with an additional term in the stress tensor that is proportional to
𝐵 ⊗ 𝐵 (say), then this model would not agree with this experiment. This can
be of importance in further studies.

Further insight of the validity of the electromagnetic force models can be
gained by examining effects due to local distributions of force. As first examples
of this approach, two elastic spheres were considered. The first sphere is a
permanent magnet with a homogeneous remanence, the other a linear magnet
that is placed in an external magnetic field. The total forces acting on the
spheres are zero in both cases. However, the local force predictions differ,
and therefore also the mechanical reactions. The resulting displacements were
obtained analytically using the method of Hiramatsu and Oka. The results
of these magnetostriction problems show qualitatively different displacement
shapes, e.g., prolate and oblate spheroids. Hitherto no experimental data
are available. The fact that any displacements due to magnetostriction are
rather small renders any experiment and the required measurement technology
cost intensive. It is reasonable to conclude that many electromagnetic force
models can be excluded from the debate if these data become available, as the
predicted model-dependent deformation shapes differ notably.

Another example to show the influence of local force distributions is motivated
by the publication [Datsyuk and Pavlyniuk (2015)]. The authors computed
electromagnetic forces with some electromagnetic force models on a droplet of
silicone oil that is immersed in castor oil and placed in an external homogeneous
electric field. From the figure of the force field they argued, in comparison to
experimental photographs in [Torza, Cox, and Mason (1971)], that certain force
models cannot agree with the experiment. However, they did not compute the
displacements of the droplet. In this work, the same experimental data were
used to compare selected electromagnetic force models. The considered models
yielded surface force distributions and vanishing volume force densities. In
contrast to [Datsyuk and Pavlyniuk (2015)], the form of the force distribution
is not directly used to evaluate an electromagnetic force model. To obtain
conclusions in a rational manner, i.e., ascertaining if the forces agree with the
experiment, the surface elasticity of the immersed oil droplet was modeled. The
balance of singular momentum was solved analytically for each force prediction
and it was possible to exclude some previously considered models as they do
not show the same displacement shape of the experiment in [Torza, Cox, and
Mason (1971)]. For example, the Einstein–Laub force model does not agree
with the experiment.

The demonstrated examples show that it is possible to reduce the number
of candidates for a generally applicable force model by using experiments on a
macroscopic scale. Thought experiments—especially on a sub-continuum scale—
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cannot resolve the matter conclusively. From the results, it appears reasonable
to conduct further static experiments. Here, fluids with special properties
w.r.t. magnetization and polarization seem to be suitable materials for the
conduction of experiments, as the resulting deformations may be significantly
larger in comparison to deformations of solids, making practical measurements
feasible. Once static experiments cannot further reduce the candidate pool of
electromagnetic force models, dynamical experiments that analyze the influence
of the momentum densities can follow.

6.1 Contributions of the thesis

In this work, some novel and experimental results were obtained. These were in
parts previously published in [Reich, Stahn, and Müller (2016); Reich, Rickert,
Stahn, and Müller (2017); Reich, Rickert, and Müller (2017)]. They are:

1. For (hollow) cylinders that are uniformly magnetized in the axial direction,
it was possible to compute the magnetic flux density analytically using
Green’s method.

2. It was shown how electromagnetic force models that are based upon a
balance of electromagnetic momentum imply surface forces, as well. The
difference of the total force acting on a body and the influence of local
distributions of force were detailed from the point of view of continuum
mechanics.

3. The philosophical point was made that the current debate as to which pro-
posed electromagnetic model yields “correct” results cannot be resolved
with thought experiments. As is customary in physics, theories should
be verified by means of experiments. In this context, experiments w.r.t.
total forces acting on bodies as well as experiments that highlight the
effects of local force distributions should be conducted. If the predictions
of a proposed model agree with all available experimental data, it can
be seen as generally applicable—at least until experimental findings to
the contrary are obtained. If a proposed model fails in any experimental
test, it cannot be trusted to yield accurate results in general (untested)
settings.

4. As a starting point, the total force between two cylindrical neodymium
magnets was considered. It was shown that the force predictions of all
considered force models agree with each other. The common force predic-
tion was computed analytically using the previously obtained magnetic
flux density for cylinders. With respect to the total magnetic force, all
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models agree with the experiment. This allowed for the formulation of
first form restrictions of the electromagnetic stress.

5. To show local effects of the analyzed force models, spherical magnetostric-
tion experiments were proposed. First, magnetostriction of a permanent
magnet due to its induced magnetic field was investigated. The second
problem considers a linear magnet that is placed in an external magnetic
field. The force predictions of the models were used to obtain predictions
of the mechanical reaction by virtue of the method of Hiramatsu and
Oka. The obtained results show qualitatively different displacement
forms that can be used in future work for comparison with experimental
findings.

6. Motivated by [Datsyuk and Pavlyniuk (2015)], the experiment of a spher-
ical droplet of silicone oil that is immersed in castor oil was considered.
Experiments conducted in [Torza, Cox, and Mason (1971)] show that an
external electric field causes the droplet to deform as an oblate spheroid.
In [Datsyuk and Pavlyniuk (2015)], some electromagnetic force models
were considered and force predictions were computed for the experi-
ment. The same was done in this work. However, the analysis was
extended here to consider the mechanical reaction of the droplet in order
to obtain rational predictions of the displacement shape. The surface
stress tensor was modeled with an elastic law and the balance of linear
momentum in singular points was solved analytically for all considered
force models. Comparison of the obtained displacement predictions to
experimental findings in [Torza, Cox, and Mason (1971)] allowed for the
exclusion of electromagnetic force models for general use. Notably, the
Einstein–Laub model failed to predict the experimental findings.

6.2 Outlook

Motivated by the results, examples and discussion in this thesis, there are
many possible points for future work. For example:

• In this work, total forces between magnets were measured in a static
setting and compared to theoretical predictions. It is desirable to obtain
experimental findings on total forces in electrostatic settings as well.

• The proposed magnetostriction experiments could be conducted. The
considered electromagnetic force models in this work showed qualitatively
different predictions for the displacement shape. Therefore, experimental
results have the potential to disprove a great number of electromagnetic

Chapter 6. Conclusion
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force models from general use. However, due to the expected scales of
the displacements, measurements are likely to be technically challenging.

• In comparison to the proposed magnetostriction experiments, the dis-
placements in the oil drop experiment are considerably larger—and hence
less costly to measure. Therefore, further experiments with fluids to test
electromagnetic force models seem particularly promising. For exam-
ple, fluids with non-vanishing magnetization could be examined, e.g.,
ferrofluids.

• Non-stationary experiments w.r.t. electromagnetic force models are even-
tually needed. This way, the effects of time derivatives of the electromag-
netic momentum densities and of special momentum convections can be
tested. It can be noted that many proposed momentum densities couple
the electric and the magnetic field. This could be exploited to examine
cross effects.

Section 6.2. Outlook
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A MAXWELL’s equations and
fundamental relations of
electromagnetism

In this appendix, a brief overview of Maxwell’s equations is given and some
fundamental relations of the fields are stated. For a thorough introduction to
continuum electromagnetism, see [Truesdell and Toupin (1960); Müller (1985);
Kovetz (2000); Müller (2014)]. Classical introductions to electromagnetism are
given in, e.g., [Stratton (1941); Jackson (1999); Vanderlinde (2005); Fitzpatrick
(2006)]. For a history of electromagnetism up to the early 20th century, cf.
[Whittaker (1910)].

Tab. A.1: Maxwell’s equations in multiple forms.

regular points singular points

Faraday’s law 𝜕𝐵

𝜕𝑡
+ ∇ × 𝐸 = 0 −J𝐵K𝑤⊥ + 𝑒 × J𝐸K = 0

Gauss’ law (M) ∇ · 𝐵 = 0 𝑒 · J𝐵K = 0

Ampère’s law 𝜕D

𝜕𝑡
− ∇ × H = −𝐽 f −JDK𝑤⊥ − 𝑒 × JHK = −𝐽

(𝐼)

f

Gauss’ law (E) ∇ · D = 𝑞f 𝑒 · JDK = 𝑞
(𝐼)

f

total current 𝜕𝐷

𝜕𝑡
− ∇ × 𝐻 = −𝐽 −J𝐷K𝑤⊥ − 𝑒 × J𝐻K = −𝐽

(𝐼)

total charge ∇ · 𝐷 = 𝑞 𝑒 · J𝐷K = 𝑞
(𝐼)

bound current − 𝜕𝑃

𝜕𝑡
− ∇ × 𝑀 = −𝐽b J𝑃 K𝑤⊥ − 𝑒 × J𝑀K = −𝐽

(𝐼)

b

bound charge − ∇ · 𝑃 = 𝑞b −𝑒 · J𝑃 K = 𝑞
(𝐼)

b

In Tab. A.1, Maxwell’s equations are given in all variants. The first four
rows show the commonly known equations, Faraday’s law of induction, Gauss’
law of magnetism, Ampere’s circuital law, and Gauss’ law (w.r.t. free electric
charge). The former two represent conservation of magnetic flux, the latter
two conservation of free electric charge. The other four rows in the table are



ii

analogous equations for the conservation of total and bound charges. Note
that in the literature, the free charge potential (D in this work) is commonly
denoted by the Latin symbol 𝐷 instead. Here, 𝐷 is the potential of total
charges. The same holds for H and 𝐻; in the literature 𝐻 is commonly used
for the free current potential. Here, 𝐻 denotes the total current potential.
The employed notation for these potentials in this work is motivated by the
convention used in [Truesdell and Toupin (1960)]. For the potentials of total
charge and current, the Maxwell–Lorentz æther relations hold in inertial
systems,

𝐷 = 𝜖0𝐸 , 𝐻 = 1
𝜇0

𝐵 , (A.1)

where in SI there is set such that 𝜇0 = 4π ⋆ 10−7 N A−2, 𝑐 = 299 792 458 m/s.
The remaining constant follows from 𝑐−2 = 𝜖0𝜇0. Between the charge and
current potentials, the following relations hold by definition:

H = 𝐻 − 𝑀 , D = 𝐷 + 𝑃 . (A.2)

Note that 𝑀 is the Minkowski magnetization. In the literature, the Lorentz
magnetization

ℳ = 𝑀 + 𝑣 × 𝑃

is also used. Then, the relation (A.2)1 is replaced by

H = 𝐻 − ℳ + 𝑣 × 𝑃 = 𝐻 − ℳ − 𝑃 × 𝑣 .

In computations, it is helpful to decompose the free electric current into a
barycentric and diffusive component by

𝐽 f = 𝑞f𝑣 + 𝑗f .

Chapter A. MAXWELL’s equations and fundamental relations of electromagnetism
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B Magnetization relations

In this work, two equations are used for the magnetization, viz.,

𝑀 = 𝜒VH , and (B.1a)
𝑀 = 𝑀0 = const. (B.1b)

The applicability of these relations is briefly outlined in this appendix. Com-
monly, the magnetization is presented as a function of the free current potential
(H) rather than the magnetic flux density (𝐵) for practical reasons. In hystere-
sis experiments, a (free) electric current is used to induce a magnetic field. This
electric current directly influences the free current potential via the relation
∇×H = 𝐽 f (in a stationary process). Another reason for using the free current
potential as the functional dependency of the magnetization is the simplicity
of the relation (B.2). In problems without electric currents, the curl of the
free current potential vanishes and it can be replaced with a scalar potential.
Insertion of this potential in Eq. (B.2) and using ∇ · 𝐵 = 0 yields a Poisson
problem.

The first magnetic relation in Eq. (B.1a) is primarily used for isotropic
diamagnetic and paramagnetic materials. For these materials, the relation
between the magnetization and the free current potential is linear as given
by Eq. (B.1a), cf. [Jackson (1999), Sec. 5.8]. There is no magnetic hysteresis.
According to [Jiles (1991), Sec. 2.2.3], a magnetic saturation can occur for
“very high” applied fields. Then, the relation between the fields is not linear
anymore—this case is not investigated here. For both classes of magnetic
materials, there commonly holds that the magnetic susceptibility is small, i.e.,
|𝜒V| ≪ 1. The sign of 𝜒V determines the difference between diamagnetic and
paramagnetic materials.

For diamagnetic materials, 𝜒V < 0. Therefore, 𝜇r = 1 + 𝜒V < 1. As 𝜒V is
commonly small for diamagnetic materials, also 0 < 𝜇r < 1. As

𝐵 = 𝜇0(𝑀 + H) = 𝜇0(𝜒VH + H) = 𝜇0𝜇rH , (B.2)

one can interpret the bounds of 𝜇r that the magnetic flux density is “compressed”
relative to the free current potential and that both fields point in the same
direction.

Paramagnetic materials possess a positive susceptibility, 𝜒V > 0. Hence,
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𝜇r > 1 follows and one can interpret that these materials “stretch” the magnetic
flux. As with diamagnetic materials, the magnetic flux density and the free
current potential point in the same direction.

𝐵, 𝑀

H

𝐵r, 𝑀r

HciHc

Fig. B.1: Qualitative sketch of a hysteresis curve of a ferromagnetic material. The
red solid line indicates the hysteresis w.r.t. the magnetization and the blue dashed
line the hysteresis w.r.t. the magnetic flux density.

Both magnetic relations (B.1) can be used in the context of ferromagnetic
materials. For these materials, the relation between the magnetization and
the free current potential is generally nonlinear and a magnetic hysteresis can
be observed, see Fig. B.1. The nomenclature used here for quantities of such
materials follows [Sung and Rudowicz (2003)].

If an external field is applied to a virgin material, the so called virgin curve
(that starts at the origin) can be observed. The initial part of this virgin curve is
reversible, cf. [Jiles (1991), Chap. 8] and [Patterson (2010), P. 430]. Depending
on the material-specific form of the initial part of the curve, Eq. (B.1a) can
be used to approximate this reversible part of the hysteresis. In contrast to
diamagnetic and paramagnetic materials, the value of the susceptibility is
generally large in this scenario, 𝜒V ≫ 1.

For high applied fields, the (absolute value of the) magnetization approaches
a maximum. This is referred to as saturation. If the material was saturated and
the free current potential changes the direction and becomes zero, a remanent
magnetization 𝑀r remains. The associated value 𝐵r = 𝜇0𝑀r is referred to
as remanence. If the material was not previously saturated, the observed
value of the remanent field can be considerably smaller. If the applied field is

Chapter B. Magnetization relations
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increased further in the opposite direction that was used to reach saturation,
the magnetization can become zero again. The absolute value of the employed
free current potential to achieve this is called the intrinsic coercivity, Hci. The
coercivity (Hc) is used to mark the absolute value of the free current potential
that is needed to deactivate the magnetic flux density. The coercivity is used
to further classify ferromagnetic materials as soft or hard.

Soft ferromagnets are associated with low values of the coercivity, i.e., a
narrow hysteresis loop. Some authors neglect the hysteresis for these materials
in order to work with a single-valued (surjective) function, e.g., [Becker (2013),
Chap. CIII]. With hard ferromagnets the hysteresis is wide and high values for
the coercivity can be observed. If also the value of the remanent magnetization
is close to the value of the saturated magnetization, it is possible to simplify
the relation between the magnetization and the free current potential. If the
material is in the remanent point of the hysteresis (H = 0, 𝑀 = 𝑀r), then the
relation (B.1b) can be used to approximate the vicinity of the point. As the
remanent magnetization is approximately equal to the saturated magnetization,
in this case, the curve is flat and the dependency on the free current potential
can be ignored. A wide hysteresis curve ensures that the approximation can
be applied for a large value range of the free current potential.
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C Some formulæ regarding LEGENDRE
polynomials

The polynomials 𝑃𝑛(𝑥) satisfy Legendre’s differential equation,

d
d𝑥

[︂
(1 − 𝑥2)d𝑃𝑛(𝑥)

d𝑥

]︂
+ 𝑛(𝑛 + 1)𝑃𝑛(𝑥) = 0 ,

where 𝑥 ∈ [−1, 1]. The polynomials can be computed by virtue of Rodrigues’
formula

𝑃𝑛(𝑥) = 1
2𝑛𝑛!

d𝑛

d𝑥𝑛
[(𝑥2 − 1)𝑛] ⇒ 𝑃1(𝑥) = 1 , 𝑃2(𝑥) = 𝑥 , . . .

In context of elastostatic problems in spherical coordinates, the following
relations of orthogonality are helpful for series expansions

1ˆ

𝑥=−1

𝑃𝑚(𝑥)𝑃𝑛(𝑥) d𝑥 = 2
2𝑚 + 1𝛿𝑛𝑚 ,

1ˆ

𝑥=−1

(1 − 𝑥2)d𝑃𝑚(𝑥)
d𝑥

d𝑃𝑛(𝑥)
d𝑥

d𝑥 = 2𝑚(𝑚 + 1)
2𝑚 + 1 𝛿𝑛𝑚 .

(C.1)

The first relation is common knowledge, the second can be proved as follows.

Proof. First, an integral of zero value is formed,

1ˆ

𝑥=−1

d
d𝑥

[︂
(1 − 𝑥2)d𝑃𝑚(𝑥)

d𝑥
𝑃𝑛(𝑥)

]︂
d𝑥 =

[︂
(1 − 𝑥2)d𝑃𝑚(𝑥)

d𝑥
𝑃𝑛(𝑥)

]︂1

𝑥=−1
= 0 .

By using integration by parts for this integral and Legendre’s equation,

0 =
1ˆ

𝑥=−1

d
d𝑥

[︂
(1 − 𝑥2)d𝑃𝑚(𝑥)

d𝑥

]︂
𝑃𝑛(𝑥) d𝑥 +

1ˆ

𝑥=−1

(1 − 𝑥2)d𝑃𝑚(𝑥)
d𝑥

d𝑃𝑛(𝑥)
d𝑥

d𝑥 =

= −𝑚(𝑚 + 1)
1ˆ

𝑥=−1

𝑃𝑚(𝑥)𝑃𝑛(𝑥) d𝑥 +
1ˆ

𝑥=−1

(1 − 𝑥2)d𝑃𝑚(𝑥)
d𝑥

d𝑃𝑛(𝑥)
d𝑥

d𝑥 .
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Insertion of orthogonality relation (C.1)1 yields the formula.

By noting that d𝑃𝑛(𝑥)/d𝜗 = −
√

1 − 𝑥2 d𝑃𝑛(𝑥)/d𝑥, formula (C.1)2 is equivalent
to the useful relation

1ˆ

𝑥=−1

d𝑃𝑚(𝑥)
d𝜗

d𝑃𝑛(𝑥)
d𝜗

d𝑥 = 2𝑚(𝑚 + 1)
2𝑚 + 1 𝛿𝑛𝑚 .

Chapter C. Some formulæ regarding LEGENDRE polynomials
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where the same basis is used on both sides. The curl becomes, on either side

∇ × 𝐴± = 𝑔𝑖 𝜕

𝜕𝑧𝑖
× 𝐴±

𝑗 𝑔𝑗 = 𝐴±
𝑗;𝑖𝑔

𝑖 × 𝑔𝑗 = 𝐴±
𝑗;𝑖𝜖

𝑖𝑗𝑘 1√
𝑔 𝑔𝑘 = 𝐴±

𝑗,𝑖𝜖
𝑖𝑗𝑘 1√

𝑔 𝑔𝑘 .

Due to symmetries in the Christoffel symbols, the covariant derivative can
be replaced with a partial one. With 𝑔3 = 𝑒, the transition condition becomes

0 = 𝑔3 · J∇ × 𝐴K = J𝐴𝑗,𝑖K𝜖𝑖𝑗3 1√
𝑔 ⇒ 𝐴+

2,1 − 𝐴+
1,2 = 𝐴−

2,1 − 𝐴−
1,2

on any point of the surface. This is fulfilled for equal tangential variations of
the tangential function values in the limit from both sides, i.e., by requiring
that 𝐴+

𝛼,𝛽 = 𝐴−
𝛼,𝛽 . No requirement is imposed in the normal direction , however,

one can also set J𝐴3,𝛼K = 0. The normal derivative is given by an independent
transition condition. For any open surface, analysis of a point on 𝜕𝐼 shows that
the limiting values of 𝐴 must be equal there. With equal tangential variation
of all components, it follows that the value must be the same everywhere. For a
closed surface, i.e., 𝐼 = 𝜕𝛺, one can use gauge freedom by setting the potential
equal at any one point on the surface. Tangential variations then show that
the potential is equal in the limit from both sides everywhere.

Scalar potential. The analysis for a scalar potential is very similar. One
starts by writing

𝑉 ±
m := lim

𝑥±→𝐼
𝑥±∈𝛺±

𝑉m(𝑥±) , and ∇𝑉 ±
m = 𝑔𝑖 𝜕𝑉 ±

m
𝜕𝑧𝑖

.

Taking 𝑔3× shows

𝑔3 × ∇𝑉 ±
m = 𝑔3 × 𝑔𝑖 𝜕𝑉 ±

m
𝜕𝑧𝑖

= 1
√

𝑔
𝜖3𝑖𝑗 𝜕𝑉 ±

m
𝜕𝑧𝑖

𝑔𝑗 = 1
√

𝑔

(︁𝜕𝑉 ±
m

𝜕𝑧1 𝑔2 − 𝜕𝑉 ±
m

𝜕𝑧2 𝑔1
)︀

.

Therefore, the transition condition 𝑒 × J∇𝑉mK yields

𝜕𝑉 +
m

𝜕𝑧1 = 𝜕𝑉 −
m

𝜕𝑧1 , and 𝜕𝑉 +
m

𝜕𝑧2 = 𝜕𝑉 −
m

𝜕𝑧2 .

Hence, for a scalar potential the tangential variation must be equal. Again,
starting at the boundary 𝜕𝛺 of an open surface, one finds that the limiting
values of 𝑉m are equal. It follows that for open surfaces, the transition condition
is fulfilled if and only if the potential is continuous. For a closed surface, one
uses gauge freedom to set the potential equal at any point on the interface.
Then the same continuity relation follows.

Chapter D. Continuity of electromagnetic potentials
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E Identities of electromagnetic force
densities

In this appendix, force identities pertinent to selected electromagnetic momen-
tum balance are derived in inertial frames. The analysis starts with the local
equations

𝜕

𝜕𝑡
(𝑔(EM)) − ∇ · 𝜎(EM) = −𝑓 (EM) , 𝑓

(𝐼)

(EM) = 𝑒 · J𝑤 ⊗ 𝑔(EM) + 𝜎(EM)K .

To find more compact identities for the force densities, Maxwell’s equations
in Tab. A.1 and the Maxwell–Lorentz æther relations in Eq. (A.1) are used
frequently. Also, the following vector (calculus) identities are employed:

𝑎 × (𝑏 × 𝑐) = 𝑏(𝑎 · 𝑐) − 𝑐(𝑎 · 𝑏) ,

(∇ × 𝑎) × 𝑏 = 𝑏 · (∇ ⊗ 𝑎) − (∇ ⊗ 𝑎) · 𝑏 ,

∇ · (𝑎 ⊗ 𝑏) = (∇ · 𝑎)𝑏 + 𝑎 · (∇ ⊗ 𝑏) ,

(∇ ⊗ 𝑎) · 𝑎 = ∇1
2 ‖𝑎‖2 = ∇ · 1

2 ‖𝑎‖2 1 ,

(∇ × 𝑎) × 𝑏 = ∇ · (𝑏 ⊗ 𝑎) − (∇ · 𝑏)𝑎 − (∇ ⊗ 𝑎) · 𝑏 ,

J𝑎𝑏K = J𝑎K⟨𝑏⟩ + ⟨𝑎⟩J𝑏K ,

J𝑎 ⊕ 𝑏K = J𝑎K ⊕ ⟨𝑏⟩ + ⟨𝑎⟩ ⊕ J𝑏K .

Here, 𝑎, 𝑏, 𝑐 are vector fields and 𝑎, 𝑏 scalar fields. In regular points these
fields are smooth and the gradient is defined. Otherwise, the jump relations
apply. Note that ⊕ is any linear product. The following presentation in this
appendix is an extension of the computations given in [Reich, Rickert, Stahn,
and Müller (2017)].

E.1 Generalized LORENTZ model

The generalized Lorentz force model can be defined by the momentum density
and stress tensor:

𝑔gL = 𝐷 × 𝐵 , 𝜎gL = −1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵 ,
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so that
𝜕

𝜕𝑡
(𝑔gL) − ∇ · 𝜎gL = −𝑓gL .

To obtain 𝑓gL, one can start by examining the time derivative of the momentum
density

𝜕(𝐷 × 𝐵)
𝜕𝑡

= 𝜕𝐷

𝜕𝑡
× 𝐵 + 𝐷 × 𝜕𝐵

𝜕𝑡
= (∇ × 𝐻 − 𝐽) × 𝐵 + 𝐷 × (−∇ × 𝐸)
= (∇ × 𝐻) × 𝐵 + (∇ × 𝐸) × 𝐷 − 𝐽 × 𝐵

= 𝐵 · (∇ ⊗ 𝐻) − (∇ ⊗ 𝐻) · 𝐵 + 𝐷 · (∇ ⊗ 𝐸) −
− (∇ ⊗ 𝐸) · 𝐷 − 𝐽 × 𝐵

= 1
𝜇0

𝐵 · (∇ ⊗ 𝐵) − 1
𝜇0

(∇ ⊗ 𝐵) · 𝐵 + 𝜖0𝐸 · (∇ ⊗ 𝐸) −

− 𝜖0(∇ ⊗ 𝐸) · 𝐸 − 𝐽 × 𝐵

= 1
𝜇0

∇ · (𝐵 ⊗ 𝐵) − 1
𝜇0

(∇ · 𝐵)𝐵 − 1
𝜇0

∇ · (1
2𝐵 · 𝐵)1 +

+ 𝜖0∇ · (𝐸 ⊗ 𝐸) − (∇ · 𝜖0𝐸)𝐸 − 𝜖0∇ · (1
2𝐸 · 𝐸)1 − 𝐽 × 𝐵

= ∇ · [−1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵] −

− 𝑞𝐸 − 𝐽 × 𝐵 .

In these computations, Maxwell’s equations, the æther relations and some of
the above vector calculus identities were used. As for this force model the stress
tensor is specified, the force density is uniquely defined as 𝑓gL = 𝑞𝐸 + 𝐽 × 𝐵.
If only the momentum density is fixed, then there are infinitely many options
to define the stress and the force.

The surface force 𝑓
(𝐼)

gL = 𝑛 · J𝑤 ⊗ 𝑔gL + 𝜎gLK is computed next. This is done
with the singular forms of Maxwell’s equations and the product rule of jumps
shown above. Starting with

𝑓
(𝐼)

gL = 𝑛 · J𝑤 ⊗ (𝐷 × 𝐵) − 1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵K ,

it is convenient to regard the contained terms individually. The first becomes

𝑛 · J𝑤 ⊗ (𝐷 × 𝐵)K = 𝑤⊥𝜖0J𝐸 × 𝐵K = 𝑤⊥𝜖0J𝐸K × ⟨𝐵⟩ + 𝜖0⟨𝐸⟩ × 𝑤⊥J𝐵K
= (𝐽

(𝐼)
− 𝑛 × J𝐻K) × ⟨𝐵⟩ + 𝜖0⟨𝐸⟩ × (𝑛 × J𝐸K)

= 1
𝜇0

⟨𝐵⟩ × (𝑛 × J𝐵K) + 𝜖0⟨𝐸⟩ × (𝑛 × J𝐸K) + 𝐽
(𝐼)

× ⟨𝐵⟩

= 1
𝜇0

𝑛⟨𝐵⟩ · J𝐵K − 1
𝜇0

J𝐵K⟨𝐵⟩ · 𝑛 + 𝜖0𝑛⟨𝐸⟩ · J𝐸K −

− 𝜖0J𝐸K⟨𝐸⟩ · 𝑛 + 𝐽
(𝐼)

× ⟨𝐵⟩ .

Chapter E. Identities of electromagnetic force densities
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The second term is manipulated to read

𝑛 · J−1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1K = −1

2𝑛J(𝜖0𝐸 · 𝐸 + 1
𝜇0

𝐵 · 𝐵)K =
= −𝜖0𝑛⟨𝐸⟩ · J𝐸K − 1

𝜇0
𝑛⟨𝐵⟩ · J𝐵K ,

and the last term becomes

𝑛 · J𝜖0𝐸 ⊗ 𝐸 + 1
𝜇0

𝐵 ⊗ 𝐵K = 𝜖0𝑛 · ⟨𝐸⟩J𝐸K + 𝜖0𝑛 · J𝐸K⟨𝐸⟩ +
+ 1

𝜇0
𝑛 · ⟨𝐵⟩J𝐵K + 1

𝜇0
𝑛 · J𝐵K⟨𝐵⟩

= 𝜖0𝑛 · ⟨𝐸⟩J𝐸K + 𝑞
(𝐼)

⟨𝐸⟩ + 1
𝜇0

𝑛 · ⟨𝐵⟩J𝐵K .

Summing the three terms shows that many contributions cancel out and there
remains

𝑓
(𝐼)

gL = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× ⟨𝐵⟩ .

E.2 ABRAHAM models

It is convenient to note that the Abraham momentum density can be decom-
posed as 𝑔A := 𝐷 × 𝜇0H = 𝐷 × (𝐵 − 𝜇0𝑀) = 𝑔gL − 𝜇0𝐷 × 𝑀 . For 𝑔gL an
identity with a symmetric stress measure was obtained in the last section. Due
to linearity, −𝜇0𝐷 ×𝑀 can be examined separately. The time derivative reads

−𝜇0
𝜕(𝐷 × 𝑀)

𝜕𝑡
= −𝜇0

𝜕𝐷

𝜕𝑡
× 𝑀 − 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡

= −𝜇0(∇ × 𝐻 − 𝐽) × 𝑀 − 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡

= −(∇ × 𝐵) × 𝑀 − 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
+ 𝐽 × 𝜇0𝑀 . (E.1)

There are infinitely many possibilities to define the stress measure and hence
the force. The first choice of this work is to set

𝜎A1 = 𝜎L , so that 𝑓A1 = 𝑞𝐸 + 𝐽 × 𝜇0H + (∇ × 𝐵) × 𝑀 + 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
.

The singular force is obtained by examining the difference to the generalized
Lorentz force, i.e.,

𝑒 · J𝑤 ⊗ (−𝜇0𝐷 × 𝑀)K = −𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K − 𝜇0𝑤⊥J𝐷K × ⟨𝑀⟩
= −𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K − 𝜇0(𝐽

(𝐼)
− 𝑒 × J𝐻K) × ⟨𝑀⟩

= −𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K − 𝜇0𝐽
(𝐼)

× ⟨𝑀⟩ +

+ (𝑒 × J𝐵K) × ⟨𝑀⟩ .

Section E.2. ABRAHAM models
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Hence, the singular force is obtained as

𝑓A1

(𝐼)

= 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× 𝜇0⟨H⟩ − 𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K + (𝑒 × J𝐵K) × ⟨𝑀⟩ .

For the second choice with the Abraham momentum density, Eq. (E.1) is
further manipulated

−𝜇0
𝜕(𝐷 × 𝑀)

𝜕𝑡
= −(∇ × 𝐵) × 𝑀 − 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
+ 𝐽 × 𝜇0𝑀

= −∇ · (𝑀 ⊗ 𝐵) + (∇ · 𝑀)𝐵 + (∇ ⊗ 𝐵) · 𝑀 −

− 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
+ 𝐽 × 𝜇0𝑀 ,

so one can set 𝜎A2 = 𝜎L − 𝑀 ⊗ 𝐵 and obtains

𝑓A2 = 𝑞𝐸 + 𝐽 × 𝜇0H − (∇ · 𝑀)𝐵 − (∇ ⊗ 𝐵) · 𝑀 + 𝜇0𝐷 × 𝜕𝑀

𝜕𝑡
.

The singular force follows as

𝑓
(𝐼)

A2 = 𝑓
(𝐼)

A1 + 𝑒 · J−𝑀 ⊗ 𝐵K = 𝑓
(𝐼)

A1 − 𝑒 · ⟨𝑀⟩ ⊗ J𝐵K − 𝑒 · J𝑀K ⊗ ⟨𝐵⟩

= 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

× 𝜇0⟨H⟩ − 𝜇0𝑤⊥⟨𝐷⟩ × J𝑀K + (𝑒 × J𝐵K) × ⟨𝑀⟩ −

− 𝑒 · ⟨𝑀⟩ ⊗ J𝐵K − 𝑒 · J𝑀K ⊗ ⟨𝐵⟩ .

E.3 MINKOWSKI models

The Minkowski density can also be decomposed,

𝑔M := D × 𝐵 = (𝐷 + 𝑃 ) × 𝐵 = 𝑔gL + 𝑃 × 𝐵 .

Again, the time derivative of the difference w.r.t. the generalized Lorentz
model is examined

𝜕(𝑃 × 𝐵)
𝜕𝑡

= 𝜕𝑃

𝜕𝑡
× 𝐵 + 𝑃 × 𝜕𝐵

𝜕𝑡
= (𝐽b − ∇ × 𝑀) × 𝐵 + 𝑃 × (−∇ × 𝐸)

= 𝐽b × 𝐵 − (∇ × 𝑀) × 𝐵 + (∇ × 𝐸) × 𝑃 . (E.2)

The first simple choice is to set

𝜎M1 = 𝜎gL ⇒ 𝑓M1 = 𝑞𝐸 + 𝐽 f × 𝐵 + (∇ × 𝑀) × 𝐵 − (∇ × 𝐸) × 𝑃 .

Chapter E. Identities of electromagnetic force densities
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The difference to the singular generalized Lorentz force is determined by

𝑒 · J𝑤 ⊗ (𝑃 × 𝐵)K = ⟨𝑃 ⟩ × 𝑤⊥J𝐵K + 𝑤⊥J𝑃 K × ⟨𝐵⟩
= ⟨𝑃 ⟩ × (𝑒 × J𝐸K) + (𝑒 × J𝑀K − 𝐽

(𝐼)

b) × ⟨𝐵⟩ .

Therefore,

𝑓
(𝐼)

M1 = 𝑞
(𝐼)

⟨𝐸⟩ + 𝐽
(𝐼)

f × ⟨𝐵⟩ + ⟨𝑃 ⟩ × (𝑒 × J𝐸K) + (𝑒 × J𝑀K) × ⟨𝐵⟩ .

For a second force density, Eq. (E.2) is further manipulated

𝜕(𝑃 × 𝐵)
𝜕𝑡

= −(∇ × 𝑀) × 𝐵 + (∇ × 𝐸) × 𝑃 + 𝐽b × 𝐵

= −∇ · (𝐵 ⊗ 𝑀) + (∇ · 𝐵)𝑀 + (∇ ⊗ 𝑀) · 𝐵 +
+ ∇ · (𝑃 ⊗ 𝐸) − (∇ · 𝑃 )𝐸 − (∇ ⊗ 𝐸) · 𝑃 + 𝐽b × 𝐵

= ∇ · (𝑃 ⊗ 𝐸 − 𝐵 ⊗ 𝑀) + (∇ ⊗ 𝑀) · 𝐵 −
− (∇ ⊗ 𝐸) · 𝑃 + 𝑞b𝐸 + 𝐽b × 𝐵 .

So one is free to set 𝜎M2 = 𝜎gL + 𝑃 ⊗ 𝐸 − 𝐵 ⊗ 𝑀 , resulting in

𝑓M2 = 𝑞f𝐸 + 𝐽 f × 𝐵 − (∇ ⊗ 𝑀) · 𝐵 + (∇ ⊗ 𝐸) · 𝑃 .

The singular force follows as

𝑓
(𝐼)

M2 = 𝑓
(𝐼)

M1 + 𝑒 · J𝑃 ⊗ 𝐸 − 𝐵 ⊗ 𝑀K

= 𝑞
(𝐼)

f⟨𝐸⟩ + 𝐽
(𝐼)

f × ⟨𝐵⟩ + ⟨𝑃 ⟩ × (𝑒 × J𝐸K) +

+ (𝑒 × J𝑀K) × ⟨𝐵⟩ + 𝑒 · ⟨𝑃 ⟩J𝐸K − 𝑒 · ⟨𝐵⟩J𝑀K

= 𝑞
(𝐼)

f⟨𝐸⟩ + 𝐽
(𝐼)

f × ⟨𝐵⟩ + 𝑒(⟨𝑃 ⟩ · J𝐸K − ⟨𝐵⟩ · J𝑀K) .

E.4 EINSTEIN–LAUB model

This model is a special case of the Abraham momentum density, therefore
𝑔EL = 𝑔A = 𝐷 × 𝜇0H. The time derivative is reformulated in the following
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manner

𝜕

𝜕𝑡
(𝐷 × 𝜇0H) = 𝜕(D − 𝑃 )

𝜕𝑡
× 𝜇0H + 𝐷 × 𝜇0

𝜕(𝐻 − 𝑀)
𝜕𝑡

= 𝜕D

𝜕𝑡
× 𝜇0H − 𝜕𝑃

𝜕𝑡
× 𝜇0H + 𝐷 × 𝜕𝐵

𝜕𝑡
− 𝐷 × 𝜇0

𝜕𝑀

𝜕𝑡

= −𝜕𝑃

𝜕𝑡
× 𝜇0H + 𝜇0

𝜕𝑀

𝜕𝑡
× 𝐷 + 𝜕D

𝜕𝑡
× 𝜇0H + 𝐷 × 𝜕𝐵

𝜕𝑡
.

The first two terms will be assigned to the force, the latter two are rewritten
using Maxwell’s equations

𝜕D

𝜕𝑡
× 𝜇0H = (∇ × H − 𝐽 f) × 𝜇0H = (∇ × H) × 𝜇0H − 𝐽 f × 𝜇0H

= ∇ · (𝜇0H ⊗ H) − (∇ · H)𝜇0H − (∇ ⊗ H) · 𝜇0H − 𝐽 f × 𝜇0H

= ∇ · [−1
2𝜇0(H · H)1 + 𝜇0H ⊗ H] − (∇ · H)𝜇0H − 𝐽 f × 𝜇0H

= ∇ · [−1
2𝜇0(H · H)1 + 𝐵 ⊗ H − 𝜇0𝑀 ⊗ H] −

− (∇ · H)𝜇0H − 𝐽 f × 𝜇0H

= ∇ · [−1
2𝜇0(H · H)1 + 𝐵 ⊗ H] − [∇ · 𝜇0(H + 𝑀)]H −

− 𝜇0𝑀 · (∇ ⊗ H) − 𝐽 f × 𝜇0H

= ∇ · [−1
2𝜇0(H · H)1 + 𝐵 ⊗ H] − 𝜇0𝑀 · (∇ ⊗ H) − 𝐽 f × 𝜇0H ,

and

𝐷 × 𝜕𝐵

𝜕𝑡
= −𝐷 × (∇ × 𝐸) = (∇ × 𝐸) × 𝜇0𝐸

= ∇ · (𝜖0𝐸 ⊗ 𝐸) − (∇ · 𝜖0𝐸)𝐸 − 𝜖0(∇ ⊗ 𝐸) · 𝐸

= ∇ · [−1
2𝜖0(𝐸 · 𝐸)1 + 𝜖0𝐸 ⊗ 𝐸] − 𝑞𝐸

= ∇ · [−1
2𝜖0(𝐸 · 𝐸)1 + D ⊗ 𝐸 − 𝑃 ⊗ 𝐸] − 𝑞𝐸

= ∇ · [−1
2𝜖0(𝐸 · 𝐸)1 + D ⊗ 𝐸] − 𝑃 · (∇ ⊗ 𝐸) − (∇ · 𝑃 )𝐸 − 𝑞𝐸

= ∇ · [−1
2𝜖0(𝐸 · 𝐸)1 + D ⊗ 𝐸] − 𝑃 · (∇ ⊗ 𝐸) − 𝑞f𝐸 .

With the stress measure

𝜎EL = −1
2(𝜇0H · H + 𝜖0𝐸 · 𝐸)1 + 𝐵 ⊗ H + D ⊗ 𝐸 ,
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the force in regular points is obtained as

𝑓EL = 𝑞f𝐸 + 𝐽 f × 𝜇0H + 𝑃 · (∇ ⊗ 𝐸) + 𝜕𝑃

𝜕𝑡
× 𝜇0H +

+ 𝜇0𝑀 · (∇ ⊗ H) − 𝜇0
𝜕𝑀

𝜕𝑡
× 𝐷 .

With the momentum density and the chosen stress, the singular force can
also be obtained. Here it is convenient to note the following relationships to
the second Minkowski model

𝑔EL = 𝐷 × 𝜇0H = D × 𝜇0H − 𝑃 × 𝜇0H = D × 𝐵 − D × 𝜇0𝑀 − 𝑃 × 𝜇0H

= 𝑔M − D × 𝜇0𝑀 − 𝑃 × 𝜇0H ,

and

𝜎EL = −1
2(𝜇0(𝐻 − 𝑀) · (𝐻 − 𝑀) + 𝜖0𝐸 · 𝐸)1 +

+ 𝐵 ⊗ (𝐻 − 𝑀) + (𝐷 + 𝑃 ) ⊗ 𝐸

= −1
2(𝜖0𝐸 · 𝐸 + 1

𝜇0
𝐵 · 𝐵)1 + 𝜖0𝐸 ⊗ 𝐸 + 1

𝜇0
𝐵 ⊗ 𝐵 −

− 𝐵 ⊗ 𝑀 + 𝑃 ⊗ 𝐸 + (𝐵 · 𝑀 − 1
2𝜇0𝑀 · 𝑀)1

= 𝜎M2 + (𝐵 · 𝑀 − 1
2𝜇0𝑀 · 𝑀)1 .

Hence, only the difference to the second Minkowski surface force needs to be
computed, i.e.,

𝑓
(𝐼)

EL = 𝑓
(𝐼)

M2 − 𝑤⊥JD × 𝜇0𝑀 + 𝑃 × 𝜇0HK + 𝑒J𝐵 · 𝑀 − 1
2𝜇0𝑀 · 𝑀K .
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