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Good old times when pioneering investigations were done during a summer walk and repetition 
runs did not result in deviations: 

“If when the surface is so dusted a splash be made by a stick so as to throw drops on to the sul-
phured surface, at the first splash no floating drops are produced; but after two or three splashes in 
rapid succession it will be seen that the sulphured scum has been driven back by the falling water, 
leaving a patch of clear surface, and on this drops will float in large numbers and of all sizes. […]  
I have this summer made the experiment on several ponds and on various days, and I have never 
found any difference.” 

Osborne Reynolds (1881) - from his work on the first scientific description of coalescence  
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Abstract 

Liquid/liquid dispersions, which are mixtures of (nearly) immiscible liquids, are an integral part 
of many technical processes and everyday consumer products. For example, in technical pro-
cesses the interfacial area is increased by dispersion to enhance mass and heat transfer; or con-
sumer products like lotions and creams consist of stabilised oil/water dispersions. The process 
efficiency and resulting product quality are particularly influenced by the drop size distribution 
that consequently is the essential parameter of liquid/liquid dispersions. The drop size distribu-
tion is determined by the fundamental phenomena of drop breakage and coalescence which are 
still not understood in detail and are in the focus of current research up to now. Especially, the 
complex interactions at different scales during coalescence of two drops still prevent a con-
sistent description of the coalescence process. Available modelling approaches consider mecha-
nistic steps during coalescence but need stochastic methods to describe the coalescence proba-
bility within a liquid/liquid system. Due to various superimposing influencing factors on coales-
cence, available models do not implement these influences consistently and predict partly con-
tradictory dependencies. Consequently, it is mandatory to evaluate and validate existing coales-
cence descriptions and develop reliable models. 
In this thesis a systematic approach of coalescence research was pursued: single drop experi-
ments were used to determine fundamental influencing parameters and to evaluate and develop 
coalescence models. To establish a solid data base of experimental results, an automated test cell 
was established using high speed imaging. With this set-up the coalescence process of two col-
liding drops was examined under defined conditions. An automated image analysis was devel-
oped to process the high amount of gained data. Using detailed investigations of the influences of 
drop size and drop collision velocity, available coalescence models were evaluated and validat-
ed. Furthermore, it was possible to determine the numerical parameter of coalescence efficiency 
models. Due to the systematic single drop experiments, the coalescence parameter was deter-
mined independently from drop breakage. Based on these findings a transfer to the description 
of drop swarms in dynamic liquid/liquid systems was performed using population balance equa-
tions as modelling framework. In this framework the fundamental phenomena of drop breakage 
and coalescence are implemented separately and can be modelled independently. Applying the 
determined coalescence parameter, the simulations were validated by drop size distribution 
measurements in a stirred vessel. Moreover, a coalescence efficiency model was developed 
which implements electrostatic repulsions due to ion partition effects at the interface in liq-
uid/liquid systems. This model was applied to describe an observed coalescence inhibition at 
high pH values in a stirred tank.  
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Zusammenfassung 

Flüssig/flüssig-Dispersionen, die eine Mischung von (nahezu) unlöslichen Flüssigkeiten darstel-
len, sind ein integraler Bestandteil vieler technischer Prozesse und alltäglicher Konsumgüter. 
Beispielsweise wird in technischen Prozessen die Phasengrenzfläche durch Dispergierung er-
höht, um einen Stoff- oder Wärmetransport zu verbessern; bzw. bestehen Konsumgüter wie 
Lotionen und Cremes aus stabilisierten Öl/Wasser-Dispersionen. Die Tropfengrößenverteilung 
in Flüssig/flüssig-Systemen, welche durch die fundamentalen Phänomene Tropfenbruch und 
Koaleszenz bestimmt wird, ist maßgeblich für die Prozesseffizienz und die resultierende Pro-
duktqualität. Dennoch sind die Details von Tropfenbruch und –koaleszenz noch nicht vollständig 
verstanden und stehen im Fokus aktueller Forschungsaktivitäten. Insbesondere die komplexen 
Wechselwirkungen in verschiedenen räumlichen und zeitlichen Größenordnungen während der 
Koaleszenz von Tropfen verhindern bis heute eine konsistente Beschreibung des Koaleszenz-
vorganges. Bestehende Modellierungsansätze berücksichtigen zwar einige mechanistische 
Schritte, die während der Koaleszenz auftreten, müssen aber auf statistische Methoden zurück-
greifen, um die Koaleszenz in Flüssig/flüssig-Dispersionen zu beschreiben. Aufgrund der vielfäl-
tigen Einflussfaktoren auf die Koaleszenz implementieren existierende Modelle diese Einflüsse 
inkonsistent und sagen teilweise widersprüchliche Abhängigkeiten voraus. Daher ist es notwen-
dig existierende Modelle zu evaluieren, ggf. zu validieren und neue zuverlässige Beschreibungs-
ansätze zu entwickeln. 
In dieser Arbeit wurde ein systematischer Ansatz zur Analyse der Koaleszenz verfolgt: Ein-
zeltropfenuntersuchungen wurden genutzt, um fundamentale Einflussfaktoren zu bestimmen 
und Koaleszenzmodelle zu evaluieren und gegebenenfalls weiter zu entwickeln. Um eine solide 
Datenbasis experimenteller Daten zu erzeugen, wurde eine automatisierte Testzelle aufgebaut 
mit der durch Hochgeschwindigkeitsaufnahmen der Koaleszenzprozess zwischen zwei kollidie-
renden Tropfen unter definierten Bedingungen untersucht wurde. Eine automatisierte Bildaus-
wertung wurde entwickelt, um die anfallenden großen Datenmengen verarbeiten zu können. Mit 
der detaillierten Analyse des Einflusses von Tropfengröße und Kollisionsgeschwindigkeit wur-
den existierende Koaleszenzeffizienzmodelle evaluiert und validiert. Darüber hinaus wurde der 
numerische Parameter der Koaleszenzmodelle angepasst. Aufgrund der systematischen Ein-
zeltropfenuntersuchungen konnte dieser Parameter unabhängig vom Tropfenbruch bestimmt 
werden. Basierend auf diesen Ergebnissen wurde ein Transfer zur Beschreibung von Tropfen-
schwärmen in dynamischen Flüssig/flüssig-Systemen vollzogen, wobei Populationsbilanzen als 
Modellierungsumgebung benutzt wurden. In Populationsbilanzen werden die grundlegenden 
Phänomene des Tropfenbruchs und der Koaleszenz einzeln implementiert und können unab-
hängig voneinander modelliert werden. Simulationen mit dem aus Einzeltropfenexperimenten 
bestimmten Koaleszenzparameter wurden durch Messungen von Tropfengrößen in Rührkessel-
experimenten validiert. Darüber hinaus wurde ein Koaleszenzeffizienzmodell entwickelt, das 
den Einfluss elektrostatischer Repulsionen berücksichtigt, die durch eine Ungleichverteilung von 
Ionen an Grenzflächen in Flüssig/flüssig-Systemen induziert werden. Dieses Modell wurde be-
nutzt, um die beobachtete Koaleszenzhemmung bei hohen pH Werten im Rührkessel zu be-
schreiben. 
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Nomenclature  
Latin letters 

a numerical parameter in isotherm fit [V] 
𝐴𝐴1,2,3 Hamaker constant [N m] 

b numerical parameter in isotherm fit [-] 

�̇�𝐵𝑏𝑏 birth rate by breakage [m³/s] 

�̇�𝐵𝑐𝑐 birth rate by coalescence [m³/s] 
c numerical parameter in isotherm fit [V] 
𝑐𝑐1,𝑏𝑏 numerical parameter in PBE: breakage rate [-] 
𝑐𝑐2,𝑏𝑏 numerical parameter in PBE: breakage rate [-] 
𝑐𝑐3,𝑏𝑏 numerical parameter in PBE: breakage rate [-] 
𝑐𝑐1,𝑐𝑐 numerical parameter in PBE: collision frequency [-] 

𝑐𝑐2,𝑐𝑐  numerical parameter in PBE: coalescence efficiency various 

c3,c numerical parameter in PBE: ‘electrostatic’ coalescence efficiency various 
𝑐𝑐𝛽𝛽 standard deviation tolerance [-] 

𝐶𝐶𝐷𝐷  drag coefficient / friction factor [-] 

𝐶𝐶𝐷𝐷,𝑆𝑆 single drop friction factor [-] 
𝐶𝐶𝐷𝐷,𝜑𝜑 drop swarm friction factor [-] 

𝑑𝑑32  Sauter mean diameter [m] 

𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏  bottom droplet diameter [m] 

𝑑𝑑𝑒𝑒𝑒𝑒  equivalent droplet diameter [m] 

𝑑𝑑𝑖𝑖  impeller diameter [m] 

𝑑𝑑𝜇𝜇  mean diameter of Gaussian drop size distribution [m] 

𝑑𝑑𝜎𝜎  standard deviation of Gaussian drop size distribution [m] 

𝑑𝑑𝑝𝑝, 𝑑𝑑𝑝𝑝′ , 
𝑑𝑑𝑝𝑝′′ 

particle / droplet diameter, differentiation between several drops 
by apostrophe(s): ′ 

[m] 

𝑑𝑑𝑝𝑝,𝑚𝑚𝑚𝑚𝑚𝑚  maximal particle / droplet diameter [m] 

𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝  top droplet diameter [m] 

�̇�𝐷𝑏𝑏 death rate by breakage [m³/s] 

�̇�𝐷𝑐𝑐 death rate by coalescence [m³/s] 
𝐷𝐷𝑏𝑏 tank diameter [m] 

e elementary charge: 1.6022∙10-19 C [C] 
𝐸𝐸𝜎𝜎  surface energy [J] 
𝐸𝐸𝑘𝑘𝑖𝑖𝑘𝑘  kinetic energy [J] 
𝑓𝑓 number density function [m-3] 

𝐹𝐹 force [N] 
𝐹𝐹 coalescence rate [s-1] 
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Fel electrostatic double layer force [N] 
FvdW van der Waals force [N] 
𝑔𝑔 breakage rate [s-1] 

𝑔𝑔 gravitational acceleration [m/s2] 

ℎ film thickness / drop distance [m] 
ℎ drop rise height [m] 

ℎ𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐  drop rise height at collision [m] 

ℎ𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 critical film thickness at which film rupture occurs [m] 
ℎ𝑖𝑖  height of impeller installation (from bottom) [m] 

𝐻𝐻𝑏𝑏  tank height [m] 

I ionic strength [mol/L] 
kB Boltzmann constant: 1.3806∙10-23 J/K [J/K] 
𝑚𝑚 number of values [-] 

𝑛𝑛 stirrer frequency [min-1] 

𝑛𝑛𝑑𝑑  number of daughter drops after breakage event (here: 𝑛𝑛𝑑𝑑  =  2) [-] 

ni,0 number concentration of ion i in bulk [m-3] 
nsalts,0 number concentration of all salts in bulk [m-3] 

NA Avogadro constant: 6.0221∙1023 mol-1 [mol-1] 

𝑁𝑁𝑁𝑁 Power / Newton number [-] 

pH decimal logarithm of the reciprocal hydrogen ion activity [-] 
𝑃𝑃 power input [W] 

𝑅𝑅 radius [m] 
𝑅𝑅𝑒𝑒𝑒𝑒  equivalent droplet radius [m] 
𝑅𝑅𝑁𝑁 Reynolds number [-] 

𝑅𝑅𝑁𝑁𝜑𝜑 Reynolds number for droplet swarm 𝑅𝑅𝑁𝑁𝜑𝜑 = (𝑣𝑣𝑑𝑑𝜌𝜌𝑐𝑐)/𝜇𝜇𝜑𝜑 [-] 

RMSD(𝑋𝑋) root-mean-square deviation of quantity X various 
𝑠𝑠 drop separation distance [m] 

𝑠𝑠𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐𝑖𝑖𝑐𝑐𝑖𝑖𝑏𝑏𝑘𝑘 drop separation distance at collision [m] 

𝑡𝑡 time [s] 

𝑡𝑡𝑑𝑑𝑐𝑐𝑚𝑚𝑖𝑖𝑘𝑘𝑚𝑚𝑑𝑑𝑒𝑒  film drainage time [s] 

𝑡𝑡𝑐𝑐𝑏𝑏𝑚𝑚𝑐𝑐𝑒𝑒𝑐𝑐𝑐𝑐𝑒𝑒𝑘𝑘𝑐𝑐𝑒𝑒 coalescence time 𝑡𝑡𝑐𝑐𝑏𝑏𝑚𝑚𝑐𝑐𝑒𝑒𝑐𝑐𝑐𝑐𝑒𝑒𝑘𝑘𝑐𝑐𝑒𝑒 = 𝑡𝑡𝑑𝑑𝑐𝑐𝑚𝑚𝑖𝑖𝑘𝑘𝑚𝑚𝑑𝑑𝑒𝑒 + 𝑡𝑡𝑐𝑐𝑟𝑟𝑝𝑝𝑏𝑏𝑟𝑟𝑐𝑐𝑒𝑒  [s] 

𝑡𝑡𝑐𝑐𝑏𝑏𝑘𝑘𝑏𝑏𝑚𝑚𝑐𝑐𝑏𝑏  drop “contact” time [s] 
𝑡𝑡𝑐𝑐𝑟𝑟𝑝𝑝𝑏𝑏𝑟𝑟𝑐𝑐𝑒𝑒  film rupture time [s] 

𝑇𝑇 temperature [K] 
ue electrophoretic mobility [m2/(V∙s)] 
𝑣𝑣 velocity [m/s] 

𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐  relative collision velocity between drops [m/s] 

𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 critical collision velocity [m/s] 
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𝑣𝑣𝑓𝑓𝑐𝑐𝑏𝑏𝑓𝑓  absolute flow velocity [m/s] 

𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚  maximal collision velocity [m/s] 

𝑣𝑣𝑝𝑝 particle / droplet rise velocity [m/s] 

𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐  relative velocity between drops (at collision) [m/s] 

𝑣𝑣𝑏𝑏 terminal rise velocity [m/s] 

�̇�𝑉 volume flow rate [m³/s] 
𝑉𝑉𝑝𝑝  particle / droplet volume [m3] 

𝑉𝑉𝜇𝜇  mean value of daughter drop volume distribution [m3] 

𝑉𝑉𝜎𝜎  standard deviation of daughter drop volume distribution [m3] 

𝑉𝑉𝑏𝑏  tank volume [m3] 

𝑥𝑥 variable / exponent various 
𝑋𝑋𝑖𝑖  experimental value various 

𝑋𝑋�𝑖𝑖  simulation result various 

zi valence / charge number of ion i [-] 
 
Greek letters 

𝛼𝛼 virtual mass acceleration factor [-] 

𝛽𝛽 daughter drop size distribution [-] 

𝜖𝜖 energy dissipation rate m2/s3 

εr relative permittivity [-] 
ε0 vacuum permittivity: 8.8542∙10-12 F/m [F/m] 
𝛾𝛾 interfacial tension [N/m] 

�̇�𝛾 shear rate [s-1] 
κ inverse Debye length [m-1] 
𝜆𝜆 coalescence efficiency / probability [-] 

Γi number concentration of ion i at surface / interface [m-2] 
Γ0 reference saturation adsorption at surface / interface [m-2] 
υi volume of hydrated ion i [m3] 
𝜇𝜇𝑐𝑐  continuous phase dynamic viscosity [Pa s] 

𝜇𝜇𝑑𝑑  disperse phase dynamic viscosity [Pa s] 

𝜇𝜇𝜑𝜑  mean dispersion dynamic viscosity 𝜇𝜇𝜑𝜑 = 𝑓𝑓(𝜑𝜑, 𝜇𝜇𝑐𝑐 , 𝜇𝜇𝑑𝑑) [Pa s] 

𝜇𝜇∗ dynamic viscosity ratio [-] 

𝜑𝜑 phase fraction by volume [-] 

Φi specific interaction energy of ion i [J] 
Ψs surface potential [V] 
𝜚𝜚𝑐𝑐 continuous phase density [kg/m3] 

𝜚𝜚𝑑𝑑 disperse phase density [kg/m3] 
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σ surface charge density [C/m2] 
θi surface coverage of ion i [-] 
𝜗𝜗 temperature [°C] 

𝜏𝜏1/2 median rest (or coalescence) time [s] 

𝜉𝜉 collision frequency [m3/s] 

ζ zeta potential [V] 
 
 
Abbreviations 

AFM Atomic force microscopy 

C&T Coulaloglou and Tavlarides (1977) 

CAV Critical approach velocity 

Chen Chen et al. (1998) 

c→d Mass transfer from continuous to disperse phase 

d→c Mass transfer from disperse to continuous phase 

DIM Diffusive interface method 

DLVO Derjaguin, Landau, Verwey & Overbeek theory 

fps Frames per second 

Hen Henschke et al. (2002) 

HLB hydrophilic-lipophilic balance concept 

L&M Lehr & Mewes (2001) 

LED Light-emitting diode 

O/W Oil-in-water emulsion / dispersion 

P&B Prince & Blanch (1990) 

PBE Population balance equation(s) 

PTFE Polytetrafluoroethylene 

RMSD Root-mean-square deviation 

SFA surface force apparatus 

Sov Sovova (1981) 

T&R Tobin and Ramkrishna (1999) 
TFB Thin-film balance 
W/O Water-in-oil emulsion / dispersion 
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1 Introduction 

The term coalescence describes the confluence of two dispersed fluid particles after collision as 
shown in a high speed image sequence in Figure 1. Coalescence is an important phenomenon in 
many everyday events, technical applications and products. Raindrops for example would not 
flow together to puddles and ponds but accumulate on the ground. In industrial processes (e.g., 
extraction columns, separators or stirred tanks) it is essential to control and influence the coa-
lescence behaviour of dispersions. On the one hand, coalescence is the essential phenomenon in 
separation processes. Additionally, coalescence determines, together with the opposing mecha-
nism of drop breakage, the drop size distribution within a dispersed system. On the other hand, 
coalescence is not always desired: for example in cosmetic products like lotions and creams 
where water and oil are finely dispersed. Also in food and nutrition products such as milk where 
the fat is homogenised and in supplements where active ingredients are encapsulated in (dou-
ble) emulsions coalescence has to be hindered. In these cases, the coalescence is significantly 
inhibited by additives which accumulate at the liquid/liquid interface (surfactants). Hence, the 
probability of two drops to coalescence might and often should vary significantly from applica-
tion to application and, thus, its influencing parameters need to be understood. In the last dec-
ades, considerable research was done but the mechanisms and influencing parameters are still 
not understood in detail. A reason for this is the high spatial and temporal resolution of coales-
cence and its preceding steps: the decisive events of interface approach, rupture and confluence 
occur in order of magnitudes of nanometres and microseconds. Particularly, film rupture is de-
termined by small scale fluctuations which prohibit deterministic descriptions of the whole coa-
lescence process up to now. Therefore, coalescence is described by statistical methods in availa-
ble modelling approaches. Modern digital high speed imaging offers the possibility to establish 
an extensive database with high spatial and temporal resolution. With the help of this technique 
the influence of droplet properties (e.g., drop sizes, relative collision velocity), physical proper-
ties (e.g., viscosity, density, interfacial tension), interfacial characteristics (e.g., adsorption of 
surfactants and ions, Marangoni convection) and system conditions (e.g., energy dissipation rate, 
flow pattern, geometry) on coalescence can be determined. Based on these findings the descrip-
tion of coalescence in technical applications can be enhanced.  
 

 
Figure 1: Image sequence of two coalescing drops (𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝  =  2.0 mm, 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑚𝑚  =  2.2 mm) recorded with 
VisionResearch Phantom v711 high speed camera at 100,000 frames per second. Adapted from Kamp et 
al. (III) with permission from Elsevier. 
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2 Scope and outline of this thesis 

This cumulative thesis focusses on the coalescence in liquid/liquid systems and its application to 
industrial production processes. In this work stirred vessels were investigated exemplarily. 
From an engineering point of view it is important to consider the most important influencing 
factors and mechanisms. With this knowledge a preferably simple but exact model can be estab-
lished that is feasible to describe large scale apparatus including all input and output streams 
and quantities. Thus, the detailed description of small scale phenomena has to be coarse grained 
in integral models so that a large scale simulation can be performed with an affordable computa-
tional effort. This scale-up from laboratory to technical apparatus is one of the most important 
demands of and challenges for a chemical engineer. In this work the detailed investigations of 
binary single drop coalescence are transferred to the description of droplet swarms using the 
population balance equation framework. As this framework implements the fundamental phe-
nomena of drop breakage and coalescence separately, the corresponding submodels can be 
adapted independently to the detailed findings so that a comprehensive and functional scale-up 
is achieved. Using this bottom-up approach, the drop size distribution in liquid/liquid disper-
sions can be described on the basis of single drop experiments. Figure 2 shows this approach 
schematically together with the outline of this cumulative thesis and the publications used 
therein.  
The thesis begins with a review on fundamental knowledge of droplet coalescence in technical 
applications (Kamp et al., I). The stages of the coalescence process itself, its main influencing 
factors and the used experimental techniques and modelling approaches available in literature 
are discussed. Motivated by the findings in literature, an advanced experimental set-up was de-
veloped for single droplet coalescence investigations (Kamp and Kraume, II). The fully automat-
ed test cell combines the advantages of good observability of static set-ups with the availability 
of visually observing dynamic droplet collisions. To analyse the amount of data obtained from 
high speed imaging an automated image analysis was developed (Kamp et al., III). With these 
methods an experimental data base was created to analyse the influence of different parameters, 
such as drop size and collision velocity, on coalescence probability (Kamp and Kraume, IV). Us-
ing these single drop results, different coalescence efficiency submodels could be compared with 
experimental data separately from breakage models for the first time. A validated model was 
fitted to the experimental single drop data. The transfer to droplet swarms in a technical applica-
tion was performed by simulating the drop size distribution using the population balance 
framework. The simulation results were validated by drop size measurements in a stirred tank 
(Kamp and Kraume, IV). In a further study, the known coalescence inhibition at high pH values 
was found to be non-describable by existent models (Kamp et al., V). Thus, a new model was 
developed based on the DLVO (Derjaguin, Landau, Verwey and Overbeek) theory, which consid-
ers the repulsive electrostatic and attractive van der Waals forces. The developed coalescence 
efficiency submodel was used to extend population balance equation models and the coales-
cence inhibition at high pH values could be described (Kamp and Kraume, VI). For this, addition-
ally, zeta potential measurements were necessary to estimate the surface potential of electro-
statically charged drops. 
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Figure 2: Outline of this thesis (left) together with the systematic approach of coalescence investigations 
in liquid/liquid systems (right) with highlighted connections to the outline of this thesis and own publica-
tions used therein. 
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Own publications used in this cumulative thesis 
 
This thesis is based on the following list of own publications as depicted in Figure 2. All publica-

tions are reprinted in Appendix 0 and referred to in this thesis using the corresponding roman 

numbers. The order is attributed to the systematic approach shown in Figure 2. 

 

I. Kamp, J.; Villwock, J.; Kraume, M. (2017), Drop coalescence in technical liquid/liquid ap-

plications: a review on experimental techniques and modeling approaches, Reviews in 

Chemical Engineering, 33(1), 1-47, https://doi.org/10.1515/revce-2015-0071 

II. Kamp, J.; Kraume, M. (2014), Influence of drop size and superimposed mass transfer on 

coalescence in liquid/liquid dispersions - Test cell design for single drop investigations, 

Chemical Engineering Research and Design, 92, 635-643, https://doi.org/10.1016/ 

j.cherd.2013.12.023 

III. Kamp, J.; Hänsch, R.; Kendzierski, G.; Hellwich, O.; Kraume, M. (2016), Automated image 

analysis for trajectory determination of single drop collisions, Computers & Chemical 

Engineering, 89, 184-191, https://doi.org/10.1016/j.compchemeng.2016.03.033 

IV. Kamp, J.; Kraume, M. (2016), From single drop coalescence to droplet swarms – Scale-up 

considering the influence of collision velocity and drop size on coalescence probability, 

Chemical Engineering Science, 156, 162–177, https://doi.org/10.1016/ 

j.ces.2016.08.028 

V. Kamp, J.; Nachtigall, S.; Maaß, S.; Kraume, M. (2012), Modelling of coalescence in turbu-

lent liquid/liquid dispersions considering droplet charge, Czasopismo Techniczne. 

Mechanika, Politechnika Krakowska (Technical Transactions. Mechanics, Cracow Uni-

versity of Technology, Poland), 109, 113-124, http://suw.biblos.pk.edu.pl/ 

resourceDetailsRPK&rId=14371  

VI. Kamp, J.; Kraume, M. (2015), Coalescence efficiency model including electrostatic inter-
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3 Fundamentals 

Based on Kamp et al. (I), the fundamentals of the coalescence process itself, its influencing fac-
tors and the available theoretical descriptions are summarised briefly in this section to establish 
a basis for the discussion of the obtained results of this thesis. 

3.1 Coalescence in liquid/liquid systems 
The coalescence process between two drops or a drop with the free interface of the correspond-
ing bulk phase shows several similarities. According to Chesters (1991) the coalescence of a 
drop with radius 𝑅𝑅 and a free interface is equivalent to the coalescence of two drops with radius 
2𝑅𝑅. For coalescence to happen between two drops, they have to collide with each other within 
the flow pattern of continuous phase flow. This collision is the result of different velocity vectors 
of the drops (in magnitude and/or direction) resulting in a relative velocity towards each other. 
In technical apparatus diverse flow regimes can be apparent, e.g., nearly quiescent continuous 
phase in a gravity settler, laminar flow in pipes or turbulent flow in a stirred vessel. Consequent-
ly, the relative velocity between drops has to be determined in accordance with the existent flow 
regime in the continuous phase, which is summarised in Table 1. A further discussion can be 
found in Chesters (1991). With the knowledge of the flow regime and the quantification of the 
characteristic relative velocity between two drops, it can be determined how often drops collide 
with each other in a given system. These events are described by the collision rate 𝜉𝜉 for which 
several modelling approaches were published in the past (Liao and Lucas, 2010). 
The drop collision can subsequently result in coalescence but also in repulsion or agglomeration 
of the droplets as depicted in Figure 3. A common property to characterise the result of drop 
collisions is the coalescence efficiency 𝜆𝜆 (also termed coalescence probability) which is simply 
defined as the ratio between coalesced and non-coalesced droplets. The outcome depends main-
ly on the relation between the contact time of the two droplets and the drainage time (see Fig-
ure 3). The drainage time describes the timespan which is necessary for the thin film of continu-
ous phase that is enclosed between the interacting drops to drain until a critical film rupture 
thickness (ℎ𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏) is reached (Coulaloglou and Tavlarides, 1977; Liao and Lucas, 2010). 
 

 
Figure 3: Schematic sequence of the collision of two droplets and subsequent coalescence, agglomeration 
or repulsion. Reproduced from Kamp et al. (I) with permission of De Gruyter. 
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Table 1: Relative velocities in technical applications in different flow regimes. Adapted from Kamp et al. (I) 
with permission of De Gruyter. 

Flow regime Velocity correlation Reference 
Dense packed zone 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 ≈ 0  Barnea and Mizrahi (1975a, 1975b)  

Gravity settling 𝑣𝑣 = �4
3

|𝜌𝜌𝑑𝑑−𝜌𝜌𝑐𝑐|
𝜌𝜌𝑐𝑐

𝑔𝑔𝑑𝑑𝑝𝑝
1
𝐶𝐶𝐷𝐷

  with  

      Single droplet 𝐶𝐶𝐷𝐷,𝑆𝑆 = 𝑓𝑓(𝑅𝑅𝑁𝑁, 𝜇𝜇𝑐𝑐 ,𝜇𝜇𝑑𝑑) , 𝑅𝑅𝑁𝑁 = 𝑣𝑣𝑑𝑑𝑝𝑝𝜌𝜌𝑐𝑐
𝜇𝜇𝑐𝑐

 Wegener et al. (2014) 

      Dispersion 
𝐶𝐶𝐷𝐷,φ = 𝑓𝑓�𝑅𝑅𝑁𝑁𝜑𝜑 ,𝜑𝜑, 𝜇𝜇𝑐𝑐 ,𝜇𝜇𝑑𝑑� , 

𝑅𝑅𝑁𝑁𝜑𝜑 = 𝑣𝑣𝑑𝑑𝑝𝑝𝜌𝜌𝑐𝑐
𝜇𝜇𝜑𝜑

 , 𝜇𝜇𝜑𝜑 = 𝑓𝑓(𝜑𝜑,𝜇𝜇𝑐𝑐 , 𝜇𝜇𝑑𝑑) 
Barnea and Mizrahi (1975c, 1973), 
Henschke et al. (2002) 

Viscous shear 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 = �̇�𝛾𝑑𝑑𝑝𝑝 
Chesters (1991), Smoluchowski (1918), 
Batchelor and Green (1972) 

Capture in larger turbulent eddy 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 = �
2𝜖𝜖𝜌𝜌𝑐𝑐
15𝜇𝜇𝑐𝑐

�
1 2⁄

𝑑𝑑𝑝𝑝 
Liao and Lucas (2010), Chesters (1991), 
Saffman and Turner (1956) 

Locally isotropic & homogeneous 
turbulence 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 = √2�𝜖𝜖𝑑𝑑𝑝𝑝�

1 3⁄
 

Kolmogorov (1941), Hinze (1955), 
Coulaloglou and Tavlarides (1977), 
Batchelor (1952, 1951), Kuboi et al. 
(1972a, 1972b) 

 
The drainage and contact times depend on numerous influencing factors of phase and dispersion 
properties, interfacial characteristics and ambient and system conditions. While the contact time 
of two droplets mainly depends on the surrounding flow field, the drainage time of the thin liq-
uid film consisting of continuous phase is a microscopic phenomenon and is determined by sev-
eral influencing parameters (Kamp et al., I). 
 
The most common mechanistic modelling approach of coalescence efficiency is the film drainage 
model first proposed by Coulaloglou and Tavlarides (1977) in which the film drainage time and 
contact time of two droplets are assumed to be randomly distributed and put into relation:  

𝜆𝜆 = exp �− 𝑏𝑏𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑏𝑏𝑐𝑐𝑐𝑐𝑑𝑑𝑐𝑐𝑑𝑑𝑐𝑐𝑐𝑐

� . (1) 

Numerous theoretical descriptions of these characteristic time spans can be found in literature 
(Liao and Lucas, 2010). With the knowledge of the collision rate 𝜉𝜉 and the coalescence 
cy 𝜆𝜆 of two drops within a continuous flow, the coalescence rate 𝐹𝐹 can be determined. The num-
ber of coalescing drops within a certain volume yields: 

𝐹𝐹 = 𝜉𝜉 ∙ 𝜆𝜆 . (2) 
Most of the available modelling approaches (see section 3.3) use this definition of the coales-
cence rate 𝐹𝐹. This thesis focusses on the coalescence description and, thus, on the determination 
of coalescence efficiency (or probability) 𝜆𝜆. 
In several theoretical descriptions only the coalescence of drops at a flat interface or equally 
sized drops are regarded. Typically, the collision of two unequally sized drops is then imple-
mented using the equivalent drop radius which can be derived from Young-Laplace equation 
(Butt et al., 2003; Princen, 1969): 

𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑑𝑑𝑑𝑑𝑒𝑒
2

= 𝑑𝑑𝑝𝑝𝑑𝑑𝑝𝑝′

𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′
 . (3) 
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Most stages of the coalescence process are deterministic, although the time spans between them 
may vary significantly. The mentioned stages are discussed in the following by means of Fig-
ure 3. As a first step, the drops approach each other with a certain relative velocity 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐  (cf. Ta-
ble 1) and interact with each other by the displacement of continuous phase between them 
which generally results in a deformation of the opposing droplet interfaces. A thin film of con-
tinuous phase is entrapped between the deformed drops which has to drain so that the droplet 
interfaces can converge. This film typically has a lenticular form, which is called dimple, due to 
the complex drainage flow. At the circular rim of this film, the interfaces have the smallest dis-
tance and the film ruptures spontaneously at one or several points due to surface instabilities if 
the critical film rupture thickness (ℎ𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏) is reached. The film rupture, which triggers the coales-
cence event, is dominated by small scale interactions (van der Waals interactions and/or ther-
mal fluctuations). The origin and details of film rupture are still in the focus of current research 
activities (Kamp and Kraume, I). The reported values for this rupture thickness vary significantly 
from tens (de Vries, 1958a; Radoev et al., 1983; Scheludko et al., 1965; Vrij, 1966) to hundreds of 
nanometres (Gillespie and Rideal, 1956; Zdravkov et al., 2003) whilst theoretical calculations 
estimate only few nanometres (Chesters, 1991; Vrij, 1966). In conclusion, the moment and point 
at which film rupture occurs cannot be described explicitly and stochastic methods have to be 
used (Radoev et al., 1983). From the conjunction(s), built between the droplets, the film volume 
is rapidly expulsed, driven by interfacial tension. Afterwards the characteristic coalescence 
bridge is formed which connects the two drops along the region where the draining film was 
located and the drops confluence. If the expulsion of the film volume is slower than the merging 
interfaces, a part of the film gets encapsulated in the coalesced drop as depicted in Figure 3.  
 
As coalescence is an interface driven phenomenon, parameters from continuous and disperse 
phase influence the coalescence, but especially the conditions of the interface itself. The numer-
ous influencing parameters are summarised in Figure 4 and discussed comprehensively in Kamp 
et al. (I). In this work, the focus is on the influence of the fundamental parameters drop size and 
relative velocity for model validation (section 5) and electrostatic interactions for further model 
development (section 6).  
When an industrial apparatus is designed, usually the original process liquids are investigated in 
small scale experiments and then scaled-up to pilot plant and technical scale. The goal is that 
most system conditions remain at least comparable in different scales. Thus, the phase proper-
ties do not change significantly (if undesired contaminations by surface active substances are 
avoided) but flow patterns can vary for different scales of apparatus. Consequently, simulations 
of technical apparatus are most significantly influenced by drop size and flow conditions of con-
tinuous phase (represented by relative velocity, energy dissipation rate or shear rate) (Kamp 
and Kraume, VI). The drop size is not only an influencing factor but also the most important re-
sult in many applications. The drop size distribution is the main measure of liquid/liquid disper-
sions and determines a decisive part of the process efficiency and product quality of the tech-
nical application. For example, in a batch process under steady state flow conditions, the drop 
size is the only parameter which changes over time and determines the resulting product. 
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Figure 4: Influencing factors on coalescence probability categorised qualitatively into coalescence hin-
drance or promotion with increasing value. Adapted from Kamp et al. (I) with permission of De Gruyter. 

 
However, also the change of phase properties should be predicted in a consistent way by the 
applied models. An example of the influence of interfacial properties on coalescence is the elec-
trostatic repulsion due to ion interactions. The presence of ions or ionic surfactants at the inter-
face of drops induces a surface potential which again is dampened by solute ions in the continu-
ous phase (Lyklema, 2000). The interaction of two interfaces can result in electrostatic repulsive 
forces between two approaching droplets (Derjaguin et al., 1987). Thus, a certain ion concentra-
tion and pH value can result in a coalescence inhibition in dispersions (Kraume et al., 2004; 
Tobin and Ramkrishna, 1992). However, the origin and description of the electrostatic potential 
at the interface is discussed in a controversial manner in literature (Kamp and Kraume, VI). To 
quantify the electrostatic interactions, the surface potential of the drops was investigated by zeta 
potential measurements with varying pH and ion concentrations (section 6.2). 

3.2 Experimental coalescence investigations 
The coalescence phenomenon has been investigated for more than a century and numerous in-
vestigations techniques were used. The available experimental techniques are summarised in 
Figure 5 sorted by ascending level of detail and the corresponding descending level of complexi-
ty. These set-ups and their measurement techniques are reviewed briefly in the following, a de-
tailed discussion can be found in Kamp et al. (I).  
The first scientific article was published by Reynolds (1881) who reported on water drops float-
ing on the surface of ponds until coalescence after splashing water with a stick. A first phenome-
nological description of the coalescence process with film formation and drainage was given by 
Hardy (1925) for a bubble resting at a water surface. Derjaguin and Kussakov (1939) revealed 
details of the film shape during drainage by applying interferometric microscopy on a gas bubble 
resting underneath a glass plate. Early systematic investigations of drop and bubble rest times at 
an interface until coalescence were performed by Rehbinder and Wenström (1930) and Mahajan 
(1934, 1933). The relatively simple standard set-up of a drop or bubble resting on a virtually flat  
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Figure 5: Overview of experimental techniques of coalescence investigations. Reproduced from Kamp et 
al. (I) with permission of De Gruyter. 

surface of the corresponding phase until coalescence occurs was introduced by Cockbain and 
McRoberts (1953) and was used since then in numerous coalescence investigations mainly in 
the 1950s and 60s. In this set‐up the contact time is theoretically infinite and only the drainage 
time determines coalescence. From a series of coalescence events the median rest (or coales‐
cence) time /  was determined as the time after which half of the investigated droplets coa‐
lesced. Reviews on these investigations can be found in Vijayan and Ponter (1975) and Kamp et 
al. (I), here the substantial works of Charles and Mason (1960a, 1960b), MacKay and Mason 
(1963a, 1963b) and Hartland (1967a, 1967b, 1967c) are cited exemplarily.  
An insight into the details of the high spatial and temporal resolution of the coalescence process 
can be gained by high speed imaging. Analogue high speed imaging offered first visualisations of 
the film rupture in air/water foams (de Vries, 1958b) and water/oil emulsions (Charles and 
Mason, 1960a). Still, serial observations of this stochastic event could not be made because for 
every recorded sequence a film roll of about 100 feet (~30 m) was exposed whether the coales‐
cence event was triggered successfully or not (Charles and Mason, 1960b; Scheele and Leng, 
1971). With the development of digital high speed imaging and decreasing costs for hard drives 
nowadays nearly unlimited repetitions can be recorded at low costs. The sequence can be 
viewed directly and digital image analysis techniques (Ballard and Brown, 1982; Gonzalez et al., 
2004) can be applied. Additionally, sophisticated trigger methods can be used to reduce the 
number of failed shots. In the past years, the digital high speed cameras became capable of high‐
er temporal resolution than the used analogue cameras with 3500 to 6500 frames per second 
(Charles and Mason, 1960a; Scheele and Leng, 1971). This offers the possibility to get highly 
spatially and temporally resolved insights into the coalescence process and to perform enough 
repetitions to cope with stochastic phenomena (Kamp and Kraume, II). These advantages of digi‐
tal high speed imaging were, e.g., previously used to investigate the expulsion of enclosed drop‐
lets in double emulsions (Gaitzsch et al., 2011a, 2011b). 
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In dispersions and emulsions the coalescence mostly occurs between drops rather than with a 
planar interphase. Thus, the investigation of drop-drop coalescence is of high interest for the 
understanding of dynamic dispersions although the observation of coalescence of two drops 
flowing freely in a turbulent flow field is a challenging task. Consequently, the set-ups of inter-
drop coalescence investigations are simplified to obtain good observability. The easiest way is to 
observe the coalescence of two static droplets either fixed on needles (Ban et al., 2000; Borrell 
and Leal, 2008; Gaitzsch et al., 2011a; Klaseboer et al., 2000; Sagert and Quinn, 1978; 
Thoroddsen et al., 2005a; Wu et al., 2004) or lying on top or next to each other (Kumar et al., 
2006; Neumann, 1963; Ortiz-Duenas et al., 2010; Vohra and Hartland, 1981). To emulate a dy-
namic collision, some authors equipped their set-ups with movable capillaries (Chen and Pu, 
2001; Danner and Schubert, 2001; Pu and Chen, 2001; Thoroddsen et al., 2005b). Other authors 
established an artificial shear flow (Borrell et al., 2004; Guido and Simeone, 1998; Leal, 2004; 
Yang et al., 2001) and induced a droplet collision therein. Although the droplets are floating 
freely, the shear flow is barely comparable to flow fields in technical apparatus. Several authors 
investigated coalescence in a counter flow or venturi cell (Eckstein and Vogelpohl, 1999; 
Gaitzsch et al., 2011b; Simon and Bart, 2002) in which the rise of one or more drop(s) is outbal-
anced by a counter current flow and a collision with a bigger rising drop is induced. The observ-
ability is limited due to optical distortions by the convex cell and the collision is hardly repro-
ducible due to fluctuations of the continuous phase flow. Scheele and Leng (1971) and Eiswirth 
et al. (2012) obtained a collision of freely moving droplets in a quiescent surrounding fluid 
ejected from two opposing cannulas. Although this kind of set-up provides good observability by 
high speed cameras, significant drop oscillations, buoyancy drift and restrictions concerning 
drop sizes set certain limits to the investigated parameters (Kamp and Kraume, II). In dynamic 
drop-drop coalescence investigations not only the drainage time can be quantified if coalescence 
occurs but also the contact time under the corresponding fluid dynamic conditions.  
Apart from the discussed drop-drop and drop-interface-investigations from which coalescence 
efficiency and time can be determined, more detailed investigations of film drainage and corre-
sponding film shape were performed. In a comprehensive review Chan et al. (2011) categorised 
the detailed experimental methods firstly in measurements of the spatial and temporal evolution 
of film thickness and, secondly, in the quantification of time-dependent forces. As mentioned 
above, the temporal and spatial variation of film thickness was first investigated by Derjaguin 
and Kussakov (1939). Their interferometric technique was used in the following decades by 
several researchers to study the film between two drops (Chevaillier et al., 2006; Klaseboer et 
al., 2000; Manica et al., 2008; Zdravkov et al., 2006, 2003) or between a drop and a liquid inter-
face (Burrill and Woods, 1973a, 1973b, 1969; Hartland, 1967b). Interferometric, photographic 
or capacitance measurements were applied to quantify the film thickness. The interaction forces 
between surfaces can be quantified in the Sheludko-Exerowa cell (Sheludko, 1967; Tabor et al., 
2014) using the so-called Thin-Film Balance (TFB). Here, the draining film is formed within a 
glass tube between two penetrating volumes of opposite phase. During film thickness measure-
ment by interferometry the pressure in the film is measured. Another technique is the surface 
force apparatus (SFA) developed by Tabor and Winterton (1969) which determines the forces 
between two mica surfaces across liquids or gases. Applying this method Chen et al. (2004) 
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measured synchronously surface forces and film shape development during approach and coa-
lescence of two liquid/liquid and liquid/air interfaces. The atomic force microscopy (AFM) 
(Binnig et al., 1986) is able to measure the interaction forces between a particle fixed on an oscil-
lating cantilever and a fluid particle immobilised on a substrate. In the past years several exper-
imental studies were published applying the AFM technique on deformable drops in aqueous 
solutions (Dagastine, 2006; Dagastine et al., 2010; Lockie et al., 2012, 2011; Webber et al., 2008).  

3.3 Modelling approaches 
In literature numerous modelling approaches of coalescence can be found taking different steps 
of coalescence into account and considering the influencing factors with different level of detail. 
The main modelling approaches are reviewed in the following with ascending level of complexi-
ty, further discussions can be found in Kamp and Kraume (I). The main modelling approaches of 
coalescence in this section are summarised in Figure 6. Additionally, possible implementations 
of detailed descriptions into coarser models are indicated highlighting model reductions and 
simplifications which have to be considered accordingly.   
Based on drop–interface coalescence investigations (see section 3.2) of the 1950s and 60s sev-
eral simple (semi) empirical correlations were developed describing the median coalescence 
time 𝜏𝜏1/2 (also referred to as drop rest time at the interface). These correlations mainly regard 
the drop diameter and physical properties (viscosity, density, interfacial tension, Hamaker con-
stant) as influencing parameters (Vijayan and Ponter, 1975) but are only valid within a limited 
range of parameters. Accordingly, Ghosh (2004) revealed substantial deviations between exper-
imental data and these models by comparing different coalescence time correlations. 
For drop-interface coalescence the drop diameter and physical properties influence all im-
portant steps of coalescence like drop movement, contact time, drop deformation, film formation 
(size, shape) and drainage. However, in technical systems also drop-drop coalescence occurs and 
the influence of flow dynamics on coalescence has to be considered. But the implementations of 
energy dissipation rate, shear rate or relative velocity in existent models are diverse and partly 
contradictory. Here, a short overview is given and main aspects are discussed, the detailed 
mathematical expression of selected models can be found in section 3.4.  
A simple approach in view of relative collision velocity was proposed by Lehr and Mewes (2001) 
who assumed a critical approach velocity above which coalescence was found to be hindered in 
experiments. In contrast, Howarth (1964) assumed that the collision energy of two drops is the 
determining factor for coalescence and postulated that the interfacial energy has to be exceeded 
by the collision energy to result in coalescence. Based on this assumption Sovova (1981) devel-
oped a coalescence efficiency model which predicts higher coalescence efficiency with increas-
ing collision velocity.  
A mechanistic modelling approach was proposed by Coulaloglou and Tavlarides (1977) who 
related the film drainage time to the contact time of two drops. By assuming these times being 
random variables, they obtained the expression already introduced in Equation (1). The two 
times can either be modelled as originally proposed by Coulaloglou and Tavlarides (1977) or by 
other related approaches which are commonly termed film drainage models. The contact time 
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Figure 6: Overview of modelling approaches of coalescence. Reproduced from Kamp et al. (I) with permis‐
sion of De Gruyter. 

 
describing the time span of interaction between two drops mainly depends on the surrounding 
flow field and resulting turbulent eddies and relative velocities. The drainage of the film between 
two drops is a complex dynamic flow which depends on various factors amongst others also the 
surrounding flow conditions. As the film drainage model considers the main physical aspects 
during the coalescence process (cf. Figure 3), it is the most common approach in literature and 
numerous additional drainage time modelling approaches can be found (Liao and Lucas, 2010). 
In general, the drainage of the continuous phase thin film between the colliding droplets is a 
highly complex, transient and three dimensional flow. Thus, available models in literature sim‐
plified the film drainage to establish a computational efficient model concerning:  

 interfacial mobility (mobile, partly mobile, tangentially immobile or rigid),  
 drop and film shape,  
 drainage flow boundary conditions, 
 (a)symmetry of the film drainage.  

Most models regard the drainage as symmetric which results in rotationally symmetric film 
shapes (Kamp et al., I). The most simple film shape is the parallel‐discs model (planar film). De‐
pending on the pressure gradient establishing within the film due to different interaction forces 
(Danov et al., 1993), several curvatures can develop which build film shapes (see Figure 7) called 
pimple, dimple, wimple and ripple with increasing number of minima and maxima in the radial 
profile (Chan et al., 2011). The drainage flow boundary conditions depend on the mobility of the 
interface and they determine the velocity profile along the film thickness from plug flow to lami‐
nar profiles.  
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Figure 7: Rotationally symmetric (along z axis) shapes of interface observed and modelled in film drain-
age: planar, pimple, dimple, wimple. Reproduced from Kamp et al. (I) with permission of De Gruyter, 
adapted from Chan et al. (2011) with permission of The Royal Society of Chemistry. 

 
Simple film drainage models describe the film drainage in a one-dimensional manner (no de-
pendency on radius and angle) by postulating planar surfaces or describing only the point of 
minimal film thickness at which film rupture occurs (Kamp et al., I). The drainage time (until 
coalescence) is determined from these models by an integration from film thickness at the be-
ginning of drainage to the critical film rupture thickness. However, the beginning of film drain-
age can be defined differently and values of critical film rupture thickness are difficult to deter-
mine and vary significantly in literature (see section 3.1). Consequently, the obtained drainage 
time underlies several assumptions and simplifications which have to be approved for every 
application. Reviews on the numerous modelling approaches for drop-drop and drop-interface 
coalescence in the 1950s and 60s can be found in Jeffreys and Davies (1971) and Vijayan and 
Ponter (1975, 1974). Furthermore, Chesters (1991) and Liao and Lucas (2010) summarized film 
drainage models for the implementation into the coalescence submodels of the population bal-
ance equation framework (see section 3.4).  
More sophisticated drainage models are able to describe the radial shape of the film additionally 
but result in complex differential equations which must be solved iteratively. Hence, an imple-
mentation in larger modelling frameworks such as the population balance equation is computa-
tionally intensive or even impossible (Kamp et al., I). A review on these detailed modelling ap-
proaches of film drainage can be found in Chan et al. (2011). 
 
As already mentioned above, important parameters influencing the coalescence efficiency are 
drop diameter 𝑑𝑑𝑝𝑝 and energy dissipation rate 𝜖𝜖, shear rate �̇�𝛾 or relative velocity 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐  (for conver-
sion between 𝜖𝜖, �̇�𝛾 and 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐  see Table 1). It was also discussed that these influencing parameters 
are implemented with different proportionalities and partly contradictorily in coalescence effi-
ciency models. To demonstrate these disparities, a range of coalescence efficiency models was 
reduced to their proportionalities regarding the influencing parameters interfacial tension 𝛾𝛾, 
viscosities 𝜇𝜇𝑑𝑑 , 𝜇𝜇𝑐𝑐  and densities 𝜚𝜚𝑑𝑑 , 𝜚𝜚𝑐𝑐 of disperse and continuous phase as well as drop diameter 
𝑑𝑑𝑝𝑝 and flow conditions (𝜖𝜖, �̇�𝛾, 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐). The respective proportionalities are summarised in Table 2. 
As already addressed above and also discussed by Kopriwa et al. (2012), it can be concluded 
from Table 2 that especially the drop diameter and the flow conditions are implemented in an 
inconsistent manner and partly even contradictory. But also other influencing parameters such 
as interfacial tension, density and viscosity are not regarded consistently in available coales-
cence efficiency models. 
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The key problem is that no systematic coalescence investigations were available to evaluate the 
coalescence efficiency models independently from breakage regarding the influencing parame-
ters. Most PBE submodels were verified by means of (transient) drop size distributions for 
which drop breakage and coalescence models must be implemented and solved simultaneously. 
This means that the different influences on breakage and coalescence could not be decoupled 
from each other and inconsistencies in the breakage and coalescence submodels could be com-
pensated by one another. Due to various numerical fitting parameters (typically four or more) in 
PBE most submodel combinations can be fitted to desired experimental data. This inadequate 
procedure evidently prohibits a comprehensive model validation and prevents proper extrapo-
lation and scale-up. Consequently, the fundamental influences on drop breakage and coalescence 
should be investigated systematically and separately to create a sound basis for model validation 
and further development. 
 
 
Table 2: Proportionality of coalescence efficiency 𝜆𝜆 regarding different influencing parameters. Adapted 
from Kamp et al. (I) with permission of De Gruyter. 

Submodel 𝝀𝝀(𝜸𝜸) ∝ 𝝀𝝀(𝝁𝝁𝒄𝒄,𝛍𝛍𝐝𝐝) ∝ 𝝀𝝀(𝝔𝝔𝒄𝒄,𝝔𝝔𝒅𝒅) ∝ 𝝀𝝀(𝒅𝒅𝒆𝒆𝒆𝒆) ∝ 
𝝀𝝀(𝒗𝒗𝒓𝒓𝒆𝒆𝒓𝒓), 𝝀𝝀(𝝐𝝐),  

𝝀𝝀(�̇�𝜸) ∝ 

Film drainage models      

Coulaloglou & Tavlarides (1977) exp (−𝛾𝛾−2) exp (−𝜇𝜇𝑐𝑐) exp (−𝜚𝜚𝑐𝑐) exp �−𝑑𝑑𝑒𝑒𝑒𝑒4 � exp (−𝜖𝜖) 

Prince & Blanch (1990) exp (−𝛾𝛾−1/2) - exp �−𝜚𝜚𝑐𝑐
1/2� exp �−𝑑𝑑𝑒𝑒𝑒𝑒

5/6� exp (−𝜖𝜖1/3) 

Chesters (1991)      

turbulent flow, mobile interface exp (−𝛾𝛾−1/2) - exp �−𝜚𝜚𝑐𝑐
1/2� exp �−𝑑𝑑𝑒𝑒𝑒𝑒

5/6� exp (−𝜖𝜖1/3) 

shear flow, deformable,  
partially-mobile interface 

exp (−𝛾𝛾−1/3) exp �−𝜇𝜇𝑐𝑐
−1/3𝜇𝜇𝑑𝑑� - exp �−𝑑𝑑𝑒𝑒𝑒𝑒

4/3� exp (−�̇�𝛾2/3) 

Luo (1993) exp (−𝛾𝛾−1/2) - exp�−
𝜚𝜚𝑐𝑐

(𝜚𝜚𝑐𝑐 + 𝜚𝜚𝑑𝑑)
1
2
� exp �−𝑑𝑑𝑒𝑒𝑒𝑒

5/6� exp (−𝜖𝜖1/3) 

Tsouris & Tavlarides (1994) - exp (−𝜇𝜇𝑐𝑐) exp (−𝜚𝜚𝑐𝑐−1) exp �−𝑑𝑑𝑒𝑒𝑒𝑒
−2/3� * exp (−𝜖𝜖−1/3) 

Alopaeus et al. (1999) - exp �−𝜇𝜇𝑐𝑐ln�𝜇𝜇𝑑𝑑 𝜇𝜇𝑐𝑐� �� exp (−𝜚𝜚𝑐𝑐−1) exp �−𝑑𝑑𝑒𝑒𝑒𝑒
−2/3� * exp (−𝜖𝜖−1/3) 

Kamp & Chesters (2001) exp (−𝛾𝛾−1/2) - exp �−𝜚𝜚𝑐𝑐
1/2� exp �−𝑑𝑑𝑒𝑒𝑒𝑒

5/6� * exp (−𝜖𝜖1/3) 

Henschke et al. (2002) 
(according to Kopriwa (2014)) 

exp (−𝛾𝛾−1/3) exp (−𝜇𝜇𝑐𝑐) exp�−|𝜚𝜚𝑑𝑑 − 𝜚𝜚𝑐𝑐|−1/2� exp �−𝑑𝑑𝑒𝑒𝑒𝑒
−1/3� * exp (−𝜖𝜖1/3) 

Podgorska & Baldyga (2005)  
(deformable drops) 

exp (−𝛾𝛾−4/3) exp (−𝜇𝜇𝑐𝑐) exp(−𝜚𝜚𝑐𝑐) exp �−𝑑𝑑𝑒𝑒𝑒𝑒
10/3� * exp (−𝜖𝜖) 

Energy models      

Howarth (1964) - - - - exp (−𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐−2) 

Sovova (1981) 
exp(−𝛾𝛾)
+ exp(−𝛾𝛾−2)
− exp (−𝛾𝛾 − 𝛾𝛾−2) 

- 
exp(−𝜚𝜚𝑑𝑑−1)
+ exp(−𝜚𝜚𝑐𝑐)
− exp (−𝜚𝜚𝑑𝑑−1 − 𝜚𝜚𝑐𝑐) 

exp�−𝑑𝑑𝑒𝑒𝑒𝑒
−5 3⁄ �

+ exp�−𝑑𝑑𝑒𝑒𝑒𝑒4 �

− exp �−𝑑𝑑𝑒𝑒𝑒𝑒
−5 3⁄ − 𝑑𝑑𝑒𝑒𝑒𝑒4 � 

exp�−𝜖𝜖−2 3⁄ �
+ exp(−𝜖𝜖)
− exp �−𝜖𝜖−2 3⁄ − 𝜖𝜖� 

Simon (2004) exp (−𝛾𝛾) - exp (−𝜚𝜚𝑑𝑑−1) exp �−𝑑𝑑𝑒𝑒𝑒𝑒
−5/3� exp (−𝜖𝜖−2/3) 

Critical approach velocity model      

Lehr & Mewes (2001) (for 𝑣𝑣𝑐𝑐𝑑𝑑𝑑𝑑𝑐𝑐
𝑣𝑣𝑑𝑑𝑑𝑑𝑟𝑟

< 1) 𝛾𝛾1/2 - 𝜚𝜚𝑐𝑐
−1/2 𝑑𝑑𝑒𝑒𝑒𝑒

−1/2 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐−1 

* for equally sized droplets (& if necessary: scale of turbulence ∝ droplet mean diameter) 
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3.4 Population balance equation 
The drop size distribution is determined by drop breakage (index: 𝑏𝑏) and coalescence (index: 𝑐𝑐) 
events over time within a certain volume. A balance of the drop population results in a descrip-
tion of the time dependent drop size distribution 𝑓𝑓 by death terms �̇�𝐷 (eliminated drop size(s) 
from the distribution) and birth terms �̇�𝐵 (added drop size(s) to the distribution) for both drop 
breakage and coalescence. Additionally, convective terms 𝑓𝑓𝑖𝑖 ∙ �̇�𝑉𝑖𝑖 over the balanced volume 
boundaries can be considered. Applying this population balance equation (PBE), the transient 
change of the number density function 𝑓𝑓 with respect to the fluid particle diameter 𝑑𝑑𝑝𝑝 yields 
(Hulburt and Katz, 1964; Kopriwa et al., 2012; Ramkrishna and Singh, 2014; Ramkrishna, 2000, 
1985; Randolph and Larson, 1962; Solsvik and Jakobsen, 2015; Sporleder et al., 2012): 

𝜕𝜕𝑓𝑓�𝑑𝑑𝑝𝑝, 𝑡𝑡�
𝜕𝜕𝑡𝑡

= �̇�𝐵𝑏𝑏 − �̇�𝐷𝑏𝑏 + �̇�𝐵𝑐𝑐 − �̇�𝐷𝑐𝑐 + 𝑓𝑓𝑖𝑖𝑘𝑘 ∙ �̇�𝑉𝑖𝑖𝑘𝑘 − 𝑓𝑓𝑏𝑏𝑟𝑟𝑏𝑏 ∙ �̇�𝑉𝑏𝑏𝑟𝑟𝑏𝑏 (4) 

Implementing a mechanistic description of these terms for liquid/liquid systems, the volume-
related PBE without convective flows becomes (Attarakih et al., 2004; Gäbler et al., 2006; Liao 
and Lucas, 2010; Valentas and Amundson, 1966):  

𝜕𝜕𝑓𝑓�𝑑𝑑𝑝𝑝, 𝑡𝑡�
𝜕𝜕𝑡𝑡

= � 𝑛𝑛𝑑𝑑�𝑑𝑑𝑝𝑝′ � ∙ 𝛽𝛽�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � ∙ 𝑔𝑔�𝑑𝑑𝑝𝑝′ � ∙ 𝑓𝑓�𝑑𝑑𝑝𝑝′ , 𝑡𝑡� d𝑑𝑑𝑝𝑝′
𝑑𝑑𝑝𝑝,𝑚𝑚𝑑𝑑𝑚𝑚

𝑑𝑑𝑝𝑝�������������������������������
�̇�𝐵𝑏𝑏

− 𝑔𝑔�𝑑𝑑𝑝𝑝� ∙ 𝑓𝑓�𝑑𝑑𝑝𝑝, 𝑡𝑡�
�����������

�̇�𝐷𝑏𝑏

+
1
2
� 𝜉𝜉�𝑑𝑑𝑝𝑝′′,𝑑𝑑𝑝𝑝′ � ∙ 𝜆𝜆�𝑑𝑑𝑝𝑝′′,𝑑𝑑𝑝𝑝′ � ∙ 𝑓𝑓�𝑑𝑑𝑝𝑝′ , 𝑡𝑡� ∙ 𝑓𝑓�𝑑𝑑𝑝𝑝′′, 𝑡𝑡� d𝑑𝑑𝑝𝑝′  

𝑑𝑑𝑝𝑝

0���������������������������������
�̇�𝐵𝑐𝑐

     

− 𝑓𝑓�𝑑𝑑𝑝𝑝, 𝑡𝑡� ∙ � 𝜉𝜉�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � ∙ 𝜆𝜆�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � ∙

𝑑𝑑𝑝𝑝,𝑚𝑚𝑑𝑑𝑚𝑚−𝑑𝑑𝑝𝑝

0

𝑓𝑓�𝑑𝑑𝑝𝑝′ , 𝑡𝑡� d𝑑𝑑𝑝𝑝′

�����������������������������������
�̇�𝐷𝑐𝑐

 

(5) 

Here, the introduced submodels are: the number of daughter droplets 𝑛𝑛𝑑𝑑(𝑑𝑑𝑝𝑝), the daughter drop 
size distribution 𝛽𝛽�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ �, the breakage rate 𝑔𝑔�𝑑𝑑𝑝𝑝�, the collision frequency 𝜉𝜉�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � and the 
coalescence efficiency 𝜆𝜆�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ �. The different drop sizes of the interacting and resulting drops 
are differentiated by apostrophes (𝑑𝑑𝑝𝑝 and 𝑑𝑑𝑝𝑝′ ). Due to lucidity in Equation (5) the definition 
𝑑𝑑𝑝𝑝′′ = �𝑑𝑑𝑝𝑝3 − 𝑑𝑑𝑝𝑝′

3�
1 3⁄

 is used. For these submodels several modelling approaches are available in 
literature, which were recently reviewed by Liao and Lucas (2010, 2009), Kopriwa et al. (2012) 
and Solsvik et al. (2013).  
 
Coulaloglou and Tavlarides (1977) (abbreviation: C&T) introduced one of the first and still most 
frequently used set of phenomenological submodels for liquid/liquid systems. These submodels 
are used in this thesis as the basic modelling approach and are introduced in the following.  
The breakage of drops was assumed by Coulaloglou and Tavlarides (1977) to occur binary, so 
that the number of daughter droplets is 𝑛𝑛𝑑𝑑 = 2 for all drop sizes. The daughter drop size distri-
bution 𝛽𝛽�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � was implemented as a normal distribution. The authors modelled the breakage 
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rate 𝑔𝑔�𝑑𝑑𝑝𝑝� by multiplying the reciprocal time needed for the drop breakup to occur with the 
fraction of breaking drops, resulting in: 

𝑔𝑔𝐶𝐶&𝑇𝑇�𝑑𝑑𝑝𝑝� = 𝑐𝑐1,𝑏𝑏
𝜖𝜖1/3

(1+𝜑𝜑)𝑑𝑑𝑝𝑝
2/3 ∙ exp�−𝑐𝑐2,𝑏𝑏

𝛾𝛾(1+𝜑𝜑)2

𝜚𝜚𝑑𝑑𝜖𝜖2 3⁄ 𝑑𝑑𝑝𝑝
5 3⁄ � . (6) 

Coulaloglou and Tavlarides (1977) derived a collision frequency by assuming that the collision 
of drops in a locally isotropic turbulent flow behaves in analogy to the interaction of molecules 
in the kinetic theory of gases: 

𝜉𝜉𝐶𝐶&𝑇𝑇�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � = 𝑐𝑐1,𝑐𝑐
𝜖𝜖1 3⁄

1+𝜑𝜑
�𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′ �

2 �𝑑𝑑𝑝𝑝
2 3⁄ + 𝑑𝑑𝑝𝑝′

2
3�
1/2

 . (7) 

Assuming the film drainage between the interacting drops being the decisive mechanism for a 
coalescence to occur, the authors correlated the coalescence efficiency to be the ratio between 
drainage and contact time according to Equation (1). The resulting equation yields: 

𝜆𝜆𝐶𝐶&𝑇𝑇�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � = exp�−𝑐𝑐2,𝑐𝑐
𝜇𝜇𝑐𝑐𝜚𝜚𝑐𝑐𝜖𝜖

𝛾𝛾2(1+𝜑𝜑)3
� 𝑑𝑑𝑝𝑝𝑑𝑑𝑝𝑝′

𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′
�
4
� . (8) 

The last term in this model correlates the drop diameters of the colliding droplets by means of 
the equivalent drop radius (Equation (3)). 
A breakage rate including also disperse phase viscosity was proposed by Chen et al. (1998). By 
considering drop viscoelasticity the authors extended the exponential term describing the frac-
tion of breaking drops. In contrast to Coulaloglou and Tavlarides (1977) the authors assumed 
the breakage time to be constant to obtain a monotone growing breakage rate with increasing 
drop diameter: 

𝑔𝑔𝐶𝐶ℎ𝑒𝑒𝑘𝑘 = 𝑐𝑐1,𝑏𝑏 exp �−𝑐𝑐2,𝑏𝑏
𝛾𝛾(1+𝜑𝜑)2

𝜚𝜚𝑑𝑑𝜖𝜖2 3⁄ 𝑑𝑑𝑝𝑝
5 3⁄ − 𝑐𝑐3,𝑏𝑏

𝜇𝜇𝑑𝑑(1+𝜑𝜑)
𝜚𝜚𝑑𝑑𝜖𝜖1/3𝑑𝑑𝑝𝑝

4/3� . (9) 

 
In this thesis different submodels of the coalescence efficiency 𝜆𝜆�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � are used to describe 
experimental investigations while the other submodels in PBE are used as described by Cou-
laloglou and Tavlarides (1977) if not stated otherwise explicitly. In available coalescence effi-
ciency models (Liao and Lucas, 2010) the influencing parameters (see section 3.1) were imple-
mented differently and partly contradictorily. Especially, the influencing factors drop size and 
flow conditions (quantified by energy dissipation rate, shear rate, relative velocity) are im-
portant for a description of dispersions for one physical system with constant phase and inter-
face properties. Six different coalescence efficiency models which were used in this thesis are 
introduced in the following.  
A film drainage model originally developed for gas/liquid system was proposed by Prince and 
Blanch (1990) (abbreviation: P&B) who assumed a planar film and non-deformable bubbles. 
Here, all constants within the model were merged into the numerical parameter 𝑐𝑐2,𝑐𝑐 . Additional-
ly, the characteristic length of turbulent interactions of two drops was assumed to be 𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′  
according to Coulaloglou and Tavlarides (1977). With these assumptions the film drainage mod-
el equals the one proposed by Chesters (1991) for turbulent flows and fully mobile interfaces 
(Kamp and Kraume, IV): 

𝜆𝜆𝑃𝑃&𝐵𝐵 = 𝑁𝑁𝑥𝑥𝑒𝑒 �−𝑐𝑐2,𝑐𝑐
𝜚𝜚𝑐𝑐
1 2⁄ 𝜖𝜖1 3⁄

𝛾𝛾1 2⁄
�𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′ �

3/2

�𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′ �
13/6�  (10) 
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A drainage time model accounting for asymmetrical film drainage was developed by Henschke et 
al. (2002) (abbreviation: Hen) to describe the coalescence in the dispersion band of separators. 
By combining it with the contact time model of Coulaloglou and Tavlarides (1977), Kopriwa 
(2014) obtained the coalescence efficiency model  

𝜆𝜆𝐻𝐻𝑒𝑒𝑘𝑘 = 𝑁𝑁𝑥𝑥𝑒𝑒 �−𝑐𝑐2,𝑐𝑐
𝜇𝜇𝑐𝑐𝜖𝜖1 3⁄

𝐴𝐴1,2,3
1 6⁄ 𝛾𝛾1 3⁄ (|𝜚𝜚𝑑𝑑−𝜚𝜚𝑐𝑐|𝑑𝑑)1 2⁄

�𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′ �
1/3

�𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′ �
�  (11) 

and applied it successfully in different flow regimes within an extraction column. Henschke et al. 
(2002) assumed the Hamaker constant to be 𝐴𝐴1,2,3 = 10−20 Nm for oil/water systems. 
Based on the assumption of Howarth (1964) that the surface energy has to be exceeded by the 
kinetic forces during droplet collision to end up in coalescence, Sovova (1981) developed the so 
called energy model (abbreviation: Sov):  

𝜆𝜆𝑆𝑆𝑏𝑏𝑣𝑣�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � = exp�−𝑐𝑐2,𝑐𝑐
𝛾𝛾 (𝑑𝑑𝑝𝑝2+𝑑𝑑𝑝𝑝′2)(𝑑𝑑𝑝𝑝3+𝑑𝑑𝑝𝑝′3)

𝜚𝜚𝑑𝑑 𝜖𝜖2/3 𝑑𝑑𝑝𝑝3  𝑑𝑑𝑝𝑝′3 �𝑑𝑑𝑝𝑝
2/3+𝑑𝑑𝑝𝑝

′2/3�
 � . (12) 

However, in the original publication Sovova (1981) combined this energy model with the film 
drainage model of Coulaloglou and Tavlarides (1977) which is contradictory regarding all influ-
encing factors. Apart from the questionable manner of combination, the impacts of the two ap-
proaches on the overall coalescence efficiency are difficult to distinguish. In view of that, the 
energy model is used without the combined film drainage model in this work as proposed by 
Simon (2004).  
A simpler semi empirical modelling approach was introduced by Lehr and Mewes (2001) (ab-
breviation: L&M). They found a critical collision velocity 𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 above which the coalescence effi-
ciency diminished. To achieve a coalescence efficiency model, the authors simply related the 
collision velocity of two drops to this critical approach velocity. The originally proposed equa-
tion was modified due to inconsistency by Liao and Lucas (2010) to: 

𝜆𝜆𝐿𝐿&𝑀𝑀(𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ ) = min �𝑣𝑣𝑐𝑐𝑑𝑑𝑑𝑑𝑐𝑐
𝑣𝑣𝑑𝑑𝑑𝑑𝑟𝑟

, 1� with 𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 = �
0.06 𝛾𝛾 (𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′ )
2 𝜚𝜚𝑐𝑐 𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′

 . (13) 

If the critical approach velocity is known (e.g., experimentally determined as done by Lehr et al. 
(2002)) the coalescence efficiency solely depends on the relative collision velocity.  
Tobin and Ramkrishna (1999) (abbreviation: T&R) published a coalescence efficiency submodel 
which includes electrostatic interactions into PBE modelling. The overall coalescence efficiency 
is derived therein by the product of the particular efficiencies of rigid and deformable droplets: 

λ𝑇𝑇&𝑅𝑅�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � =

1 − exp �
−𝑐𝑐2,𝑐𝑐𝑍𝑍1𝜇𝜇𝑐𝑐
𝜚𝜚𝑐𝑐𝑅𝑅𝑒𝑒𝑒𝑒

4/3𝜖𝜖1/3
�1 − 𝑐𝑐0

𝜚𝜚𝑐𝑐𝑅𝑅𝑒𝑒𝑒𝑒
5/3𝜖𝜖2/3

��

1 − exp �
−𝑐𝑐2,𝑐𝑐𝑍𝑍2𝜇𝜇𝑐𝑐
𝜚𝜚𝑐𝑐𝑅𝑅𝑒𝑒𝑒𝑒

4/3𝜖𝜖1/3
�1 − 𝑐𝑐0

𝜚𝜚𝑐𝑐𝑅𝑅𝑒𝑒𝑒𝑒
5/3𝜖𝜖2/3

��
∙

1 − exp �
−𝑐𝑐2,𝑐𝑐𝑍𝑍1′𝜇𝜇𝑐𝑐𝜚𝜚𝑐𝑐𝜖𝜖𝑅𝑅𝑒𝑒𝑒𝑒4

(2𝛾𝛾ℎ𝑐𝑐)2 �1 −
𝑐𝑐1𝑅𝑅𝑒𝑒𝑒𝑒

2𝛾𝛾 ��

1 − exp �
−𝑐𝑐2,𝑐𝑐𝑍𝑍2′𝜇𝜇𝑐𝑐𝜚𝜚𝑐𝑐𝜖𝜖𝑅𝑅𝑒𝑒𝑒𝑒4

(2𝛾𝛾ℎ𝑐𝑐)2 �1 −
𝑐𝑐1𝑅𝑅𝑒𝑒𝑒𝑒

2𝛾𝛾 ��
 (14) 

The six parameters appearing in this model apart from the standard coalescence efficiency pa-
rameter 𝑐𝑐2,𝑐𝑐  are defined as follows: the parameters 𝑍𝑍𝑖𝑖  and 𝑍𝑍𝑖𝑖′ depend on the film thicknesses ℎ1 
(initial separation distance for drainage) and ℎ2 (film rupture thickness). Especially the film rup-
ture thickness ℎ2 is a controversially discussed parameter in literature and could not be quanti-
fied consistently up to now. Published film rupture thicknesses vary from tens to hundreds of 
nanometres, whereas theoretical analyses predict a range of only few nanometres (Kamp et al., 
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I). The film thicknesses ℎ𝑖𝑖  are related to the distance ℎ𝑐𝑐 at which the drops are considered to be 
no longer in contact with each other and form the dimensionless distances 𝐻𝐻𝑖𝑖:  

𝐻𝐻𝑖𝑖 = ℎ𝑑𝑑
ℎ𝑠𝑠

 ,  𝑍𝑍𝑖𝑖 = − log(𝐻𝐻𝑖𝑖) ,  𝑍𝑍𝑖𝑖′ = 1−𝐻𝐻𝑑𝑑
2

2𝐻𝐻𝑑𝑑
2  . (15) 

According to the original paper, these distances were set to the values ℎ𝑐𝑐 = 1000 nm, 
ℎ1 = 500 nm and ℎ2 = 50 nm and the two parameters 𝑐𝑐0 and 𝑐𝑐1 describing the influence of the 
repulsive electrostatic force were set equal to one another: 𝑐𝑐3,𝑐𝑐 = 𝑐𝑐0 = 𝑐𝑐1.  
 
To illustrate the already discussed different dependencies of the above introduced models on 
drop size and energy dissipation rate (or relative collision velocity), the six coalescence efficien-
cies are plotted against these parameters in Figure 8. Regarding the energy dissipation rate, the 
film drainage models (Coulaloglou and Tavlarides, 1977; Henschke et al., 2002; Prince and 
Blanch, 1990) and the critical approach velocity model (Lehr and Mewes, 2001) predict a com-
parable decrease of coalescence efficiency with increasing energy dissipation rate. The similarity 
is high because the numerical parameters 𝑐𝑐2,𝑐𝑐 of the shown models were chosen arbitrarily so 
that the plots show their general trend in the displayed interval and do not overlap each other. 
In contrast to the film drainage models, the energy model (Sovova, 1981) and the model of Tobin 
and Ramkrishna (1999) predict an increasing coalescence efficiency with increasing energy dis-
sipation rate. Concerning the drop diameter (displayed two-dimensionally in Figure 8 by assum-
ing 𝑑𝑑𝑝𝑝 = 𝑑𝑑𝑝𝑝′ ) the predictions of the different models are even more contradictory. The models of 
Coulaloglou and Tavlarides (1977), Prince and Blanch (1990) and Lehr and Mewes (2001) show 
a decreasing coalescence efficiency with increasing drop diameter. In contrast, the models of 
Sovova (1981) and Henschke (2002) predict increasing coalescence efficiency with increasing 
drop diameter. The coalescence efficiency modelled by Tobin and Ramkrishna (1999) first in-
creases with increasing diameter, reaches a maximal value and decreases with further increas-
ing drop diameter. This altering trend can be attributed to the opposing effects of the rigid drop 
and deformable drop collisions considered in this model. 

3.5 Conclusions 
The discussion of coalescence fundamentals illustrates that coalescence in liquid/liquid systems 
was investigated extensively in the past decades but is still not consistently understood in detail 
so far. Complex interactions between forces at different length scales appear during coalescence 
and numerous influencing factors affect the coalescence efficiency significantly. Especially the 
film rupture is dominated by small scale interactions which are to some extent random. Its in-
vestigation is challenging in experiments as well as in simulations. Due to the non-deterministic 
film rupture event, the coalescence process is described by stochastic approaches which can be 
implemented in simulation frameworks such as population balance equation. These approaches 
have to be as complex and comprehensive as possible on the one hand, but solvable by analytical 
methods on the other hand to achieve appropriate computational performance. As a result, nu-
merous coalescence models are available in literature based on diverse assumptions and simpli-
fications which again result in different and partly contradictory dependencies on influencing  
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Figure 8: Six coalescence efficiency models plotted against the energy dissipation rate (left) and drop di-
ameter (right). The numerical parameters used are: Coulaloglou and Tavlarides (1977): 𝑐𝑐2,𝑐𝑐 = 
2 ∙ 1011 m−2; Prince and Blanch (1990): 𝑐𝑐2,𝑐𝑐 = 20; Sovova (1981): 𝑐𝑐2,𝑐𝑐 = 5 ∙ 10−2; Henschke (2002): 
𝑐𝑐2,𝑐𝑐 = 2.0; Tobin and Ramkrishna (1999): 𝑐𝑐2,𝑐𝑐 = 2 ∙ 102, 𝑐𝑐3,𝑐𝑐 = 1 ∙ 10−3 N/m(2); Lehr and Mewes (2001): 
no parameter. 

 
factors. This reveals that fundamental and sound evaluation and validation of modelling ap-
proaches are necessary. Therefore, breakage and coalescence phenomena have to be regarded 
independently from each other to avoid a superposition of influencing effects on the two phe-
nomena. This possibility is offered by systematic single drop investigations which are presented 
in this thesis.  
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4 Materials and methods 

This section gives an overview of the experimental set-ups used in this thesis, illustrates the 
essential methods used to analyse the recorded high speed image sequences and describes the 
applied simulation tools, procedures and techniques. 
In all experiments the liquid/liquid system toluene/water was used which is one of the EFCE 
standard test systems for extraction (Misek et al., 1985). The physical properties of the continu-
ous aqueous and disperse organic phase, which were used in experiments, calculations and sim-
ulations if not specified differently, are given in Table 3. Density measurements were performed 
with Anton Paar DSA 5000 M, interfacial tension was measured by pendant drop technique 
(Software: Drop shape analysis (DSA) v. 1.90 from Krüss) and viscosity was quantified using 
capillary viscometer Lauda iVisc LMV 830. 
Due to high purity requirements only analysis grade chemicals were used for disperse phase 
toluene (Merck 1.08325.2500 or Fluka 89681-2.5L). The continuous water phase was deionised 
water (conductivity: 0.5 µS/cm) for stirred tank investigations and ultrapure water with a resis-
tivity of 18.3 MΩ ∙ cm produced by different purification systems: Werner EASYpure UV, Elga 
Purelab flex 2 and Merck Millipore Milli-Q Gradient. To the aqueous phase salts (p.a. grade) 
NaOH (Merck 1.09956), NaCl (Merck 1.06404) and HCl (Merck 1.09970) and KCl (Merck 
1.09921) were added where required. For detailed information on the used chemicals the reader 
is referred to the respective publications. 
In all set-ups serious effort was made to avoid contaminations. The equipment used was made of 
glass, stainless steel or PTFE where possible to avoid corrosion and contamination. Additionally, 
all equipment was cleaned thoroughly and rinsed with deionised and ultrapure water extensive-
ly prior to use.  
 
Table 3: Physical quantities at 𝜗𝜗 = 25 °C used in this thesis. Adapted from Kamp and Kraume (IV) with 
permission from Elsevier. 

Water  Toluene 

Density 𝜚𝜚𝑐𝑐 Viscosity 𝜇𝜇𝑐𝑐  Interfacial tension 𝛾𝛾 Density 𝜚𝜚𝑑𝑑 Viscosity 𝜇𝜇𝑑𝑑  

997 kg/m3 8.84 ∙ 10−4 Pa ∙ s 35 ∙ 10−3 N/m 862 kg/m3 5.41 ∙ 10−4 Pa ∙ s 

 

4.1 Experimental set-ups 

4.1.1 Single drop coalescence test cell 
To fulfil the requirements of dynamic drop collisions with good observability a new test cell was 
developed in which a rising droplet collides with a pendant one (published in Kamp and Kraume 
(II)). The rectangular test cell with an inner volume of 0.5 litres (height x width x depth: 150 mm 
x 90 mm x 37 mm) is equipped with two opposing stainless steel cannulas (see Figure 9). To 
avoid corrosion and contamination the test cell was manufactured only of glass, stainless steel 
and PTFE. The pending drop at the upper cannula can be positioned precisely in all three dimen-
sions to determine the collision point and velocity of the droplets. By pumping a defined oil  
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Figure 9: Sketch of the coalescence test cell (left) and the flow diagram of the set-up (right) consisting of 
the components: syringe pumps for (1) oil phase and (2) water phase, (3) peristaltic pump, (4) T-fitting 
PTFE, (5) high speed camera, (6) LED flash, (7) thermostat, (8) thermometer. Adapted from Kamp and 
Kraume (II) with permission from Elsevier. 

volume through the T-fitting the rising drop is generated at the bottom and released afterwards 
by a short ejection of continuous water phase through the bottom cannula. The droplet acceler-
ates, rises over the adjusted length to the upper cannula and collides with the pendant drop. This 
process is recorded by a triggered high speed camera with LED backlight illumination. 
The test cell was designed to fulfil the requirements for dynamic investigations with good ob-
servability, precise drop size generation and variation without modification of the set-up, change 
of relative collision velocity and variability of the liquid phase properties. Control and automa-
tion of the experimental set-up was achieved by the use of LabVIEW 2010®. The combination of 
a high reproducibility of the single drop collisions together with a high repetition rate of record-
ed sequences due to automation offers the possibility to establish an experimental data base in 
order to validate and develop coalescence models (Kamp and Kraume, II). In this thesis the in-
fluence of drop size and relative velocity on coalescence probability was investigated. The inves-
tigated drop sizes 𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝,  𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 were 1.5 mm ≤ 𝑑𝑑𝑝𝑝 ≤ 3.0 mm with collision velocities of 
20 mm s⁄ ≤ 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 160 mm/s which were determined by the automated image analysis de-
scribed in section 4.3. All experiments were conducted at a temperature of 24.0 – 25.0 °C. The 
experimental data from single drop experiments shown in this thesis is given in Appendix A.1. 
To avoid undesired mass transfer between toluene and water, the phases were saturated with 
each other for at least 12 hours within a separatory funnel which was shaken several times. 
Two different high speed camera set-ups were used:  

(1) Photonfocus MV-D752-160-CL-8 (maximum resolution of 752 × 582 pixels at a frame 
rate of 350 fps) with frame grabber board Silicon Software microenable III, Pentax TV 
lens 12 mm and synchronised LED flash CCS LDL-TP-100/100-R, 

(2) VisionResearch Phantom v711 monochrome (maximum resolution of 1280 x 800 pixels 
at a frame rate of 7530 fps) with Sigma APO macro lens 180 mm F2.8 EX DG OS HSM and 
continuous LED backlight GS Vitec MultiLED LT-V8-15. 
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The procedure of an experimental run with drop generation, detachment and recording of the 
sequence was fully automated for camera system (1). Due to the automation up to two sequenc-
es could be recorded per minute which allowed a high number repetition runs. Using this set-up 
(1) at least 100 sequences were recorded for each experimental data point. Camera system (2) 
with a significantly higher resolution was not implemented into the automation of the test cell. 
The sequences had to be triggered manually and the download of image data from the high 
speed camera took several minutes per sequences. For these reasons, only about 20 sequences 
were recorded per data point.  
A reference experiment for which it is assumed that the liquids are pure, can be established (and 
was frequently repeated) by checking the rise velocity of the lower drop. Already small impuri-
ties of surface active substances affect the surface mobility and, thus, diminish the drag coeffi-
cient and terminal rise velocity of the droplet (Wegener et al., 2014). Consequently, the drop rise 
velocity is a very sensitive parameter and was used to prove the system’s purity prior to each 
experiment according to the procedure described in Villwock et al. (2014a). See section 5.1 for 
application and further discussion of this procedure. 

4.1.2 Stirred tank 
The droplet swarm experiments were performed in a baffled stirred tank DN 150 (𝐻𝐻𝑏𝑏 𝐷𝐷𝑏𝑏⁄ = 1) 
equipped with a Rushton turbine (𝑑𝑑𝑖𝑖 𝐷𝐷𝑏𝑏⁄ = 0.33, ℎ𝑖𝑖 𝐻𝐻𝑏𝑏⁄ = 0.33). The drop size distributions in 
the tank were measured at distinct times after starting the impeller by an endoscope technique. 
The obtained image sequences were analysed manually. For detailed description of this set-up, 
endoscope technique and analysis method see Maaß et al. (2012a, 2012b, 2011) and Ritter and 
Kraume (2000). Disperse phase consisted of toluene and its volumetric phase fraction was set to 
𝜑𝜑 = 0.1. For each experiment three stirrer frequencies (𝑛𝑛 = 400, 550, 700 min−1) were investi-
gated which correspond to mean energy dissipation rates of 𝜖𝜖 =  0.133, 0.345, 0.712 m2/s3.  

4.2 Zeta potential measurements 
To investigate the surface potential qualitatively, the zeta potential of toluene droplets was ob-
tained from electrophoretic mobility measurements with a Malvern Zetasizer Nano ZS. Disposa-
ble cuvettes Malvern DTS1060 were used and comparable results could be gained reusing these 
cuvettes, even though the disposable cuvettes were blurred by the toluene after several runs. 
Using the solvent resistant dip cell provided by Malvern was not possible because the palladium 
electrodes were degraded to dark brown residua during measurements. Sample preparation 
was done according to the procedure described by Marinova et al. (1996). The samples with 
water and toluene phases were heated to 65 °C which increased the solubility of toluene in wa-
ter. Prior to a measurement the sample was cooled down to 25 °C which caused a precipitation 
of the excess toluene in the water phase. The generated oil-in-water emulsion remained stable 
for about 15 minutes and was used to determine the electrophoretic mobility. From the meas-
ured electrophoretic mobility the zeta potential was calculated using the Helmholtz-
Smoluchowski equation (Delgado et al., 2007; Smoluchowski, 1903). The detailed measurement 
procedure and set-up is described in Kamp and Kraume (VI). 
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4.3 Image analysis 
Due to the huge amount of data gained from the high speed imaging, an automated analysis of 
the recorded sequences was mandatory to extract quantifiable data from the images. The analy-
sis was realised using Matlab® 2014 Image Processing Toolbox. The goal was to achieve a robust 
and flexible image analysis coping with all different recorded sequences from different cameras 
with varying temporal and local resolution and image quality (e.g., illumination gradients, con-
trast, sensor noise, etc.). Main goal of the automated image analysis was to determine the rising 
path of the lower drop (trajectory) from which the rise velocity and the collision velocity was 
derived. As the determination if the recorded drops coalesce or repulse after collision is a chal-
lenging task for automated image analysis, this procedure was left for future development and 
has not been implemented up to now. Consequently, the coalescence or repulsion event was 
detected manually in this work. Sequences which did not show a drop contact were neglected. 
To obtain an efficient object detection, as much known information as possible was used from 
the experiments. Logged parameters of the experimental set-up were used to reduce the area of 
interest and to simplify the object detection which decreased the computation time. Further 
details are given in the discussion of the image analysis steps. See Kamp et al. (III) for complete 
description of the procedures and source code. 
 
The program is structured in the following steps: 

1. initialisation (loading of experimental parameters and image data), 
2. image pre-treatment (rotation, filtering and segmentation), 
3. object detection (cannula and droplets), 
4. event detection (drop detachment and collision), 
5. post-processing (trajectory evaluation and averaging). 

After loading the image data and the parameter file containing experimental information, the 
image is rotated in the correct position. The following steps (2.–4.) until post-processing are 
visualised in Figure 10. A self quotient image (SQI) filter (Gopalan and Jacobs, 2010) is applied 
which divides the original image (Figure 10a) by a smoothed image (see Figure 10b). Thus, the 
filter eliminates illumination gradients and accentuates borders in the image. Afterwards, the 
image is segmented into background and foreground by a simple threshold of the grey scale val-
ue. The resulting binary image (Figure 10c) contains the pixels in the foreground which are po-
tential objects.  
During object detection, first the cannulas are detected (see Figure 10d) benefitting from several 
known information: the cannulas are very dark, rectangular, (almost) straight, do not move 
within a sequence and are placed always centrally on top and bottom of the image. From the 
known cannula diameter in the experiment, the spatial resolution (pixel/mm ratio) is known for 
the sequence. The temporal resolution is known from the recording framerate. In later analysis 
steps the cannula pixels are neglected. 
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Figure 10: Intermediate results of image analysis steps. Adapted from Kamp et al. (III) with permission 
from Elsevier. 

 
For every image in the sequence the lower rising and the pendant drop are detected using the 
following procedure:  

1. The centre points of the droplets are estimated by known parameters from the experi-
ments (red crosses in Figure 10e). The centre of the pendant drop is approximately lo-
cated one radius downwards of the upper cannula’s end. The lower droplet is initially 
located one radius above the lower cannula and then moves upwards. The displacement 
of the centre is then estimated by the centre of the previous picture and the velocity of 
the drop’s centre. 

2. The drop borders are detected by searching for foreground pixels which lie within a dis-
tance of approximately the drop radius around the estimated centres (red and yellow 
areas in Figure 10f are detected border pixels). 

3. The centroids of the detected border pixels determine the actual centre points of the 
droplets (green crosses in Figure 10g). 

4. The drop shape is described by two circles fitted through the maximal and minimal 
points of the outer rim of the droplet (green and magenta circles in Figure 10h). In case 
of an ideally round and smooth drop shape, these two describing circles are identical.  

Using this detection procedure the droplet borders do not need to be closed in the binary picture 
obtained by thresholding.  
With the objects successfully detected, the events of drop detachment from the lower cannula 
and drop collision can be determined. The drop detachment of the rising drop is identified by the 
moment in which the cannula and drop objects are no longer in contact with each other. Drop 
collision can be estimated when the circular descriptions of both drops overlap. Due to the  
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Figure 11: Trajectory of a single analysed image sequence with events highlighted (left) and the evaluated 
mean rise velocity versus height for 98 trajectories with minimal and maximal velocities (right). Adapted 
from Kamp et al. (III) with permission from Elsevier. 

 
calculation of an inner and outer circular border, a time interval is calculated in which the real 
events are located. Within this time interval the drop collision event is determined analogously 
to the cannula detachment event. At the frame number where the border pixels of upper and 
lower drop overlap each other, the collision event is detected.  
In program steps 1.–4. the trajectory of the rising drop centre (blue line in Figure 11a) and the 
events of cannula detachment and drop collision were determined. In the post‐processing step, 
which is illustrated exemplarily in Figure 11, this trajectory is further evaluated and mean val‐
ues of several trajectories can be calculated. In a first step, the rising height of the drop centre 
over time (or frame number) is used to calculate the vertical rise velocity over time (light green 
crosses in Figure 11a) for every single sequence recorded. To avoid an amplification of slight 
fluctuations in the determined drop centres, the trajectory is smoothed by a moving average. 
The resulting smoothed velocity is shown in Figure 11a as a dark green line. The smoothed tra‐
jectory and velocity profile are also transformed from time dependency to spatial dependency. 
To plot the rising velocity versus height consistently, data points with identical height values as 
prior data points are neglected. In a second step of post‐processing, mean values can be calculat‐
ed. From the obtained single trajectories the mean trajectory of all sequences with identical ex‐
perimental parameters are derived including maximal, minimal and standard deviation values. 
In Figure 11b the transformed mean rise velocity over height, which was calculated from 98 
single sequences, is shown including the minimal and maximal values.   

4.4 Simulation	framework	

The solution of the population balance equation was performed using the commercial software 
PARSIVAL® (Wulkow et al., 2001) which solves the describing partial differential equation (see 
Eqaution (5)) with a coupled mass balance. The stirred batch reactor was described by an inte‐
gral single zone PBE with a mean energy input  generated by the impeller. 

post-
processing

mean value 
calculation

&

(a) (b)
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The Coulaloglou and Tavlarides (1977) model was used as the basic model for all simulations 
performed in this work and if any submodels were exchanged it is clearly indicated in the text. 
Apart from this basic model, in section 5.4 one different breakage model (Chen et al., 1998) and 
four other coalescence efficiency models (Henschke et al., 2002; Lehr and Mewes, 2001; Prince 
and Blanch, 1990; Sovova, 1981) were used. In section 6.1 the coalescence efficiency model of 
Tobin and Ramkrishna (1999) was compared to the Coulaloglou and Tavlarides (1977) model.  
Systematic parameter estimation was applied based on available parameter sets from literature. 
The specific estimation procedure is described in the regarding sections. The numerical parame-
ter 𝑐𝑐2,𝑐𝑐  was fitted to single drop experiments in section 5.3. All other numerical parameters of 
the different breakage and coalescence submodels had to be fitted to experimental data of the 
stirred tank (see section 4.1.2) using the implemented parameter estimation routine of PAR-

SIVAL®. In this routine the residual between experimental and simulated data was minimised. In 
general, all numerical parameters of the submodels (Equations (6) - (14)) were optimised to the 
transient change of the Sauter mean diameter 𝑑𝑑32 at standard conditions (e.g., pH 7 and 
𝑛𝑛 = 550 min−1). Fitting to transient experimental data provides the possibility to determine the 
absolute values of breakage and coalescence rate and, thus, the correct transient behaviour of 
the simulations. This increases the chance that solid numerical parameters are determined. All 
parameters are given in SI units if dimensional: 𝑐𝑐2,𝑐𝑐  of the Coulaloglou and Tavlarides (1977) 
model has the dimension [m-2] and 𝑐𝑐3,𝑐𝑐  of the Tobin and Ramkrishna (1999) model is dimen-
sionally inconsistent and would have the dimension [N/m] and/or [N/m2]. For detailed infor-
mation of the model implementation and numerical parameter definitions see Kamp and 
Kraume (V, VI).  
According to Coulaloglou and Tavlarides (1977) the daughter drop size distribution 𝛽𝛽�𝑑𝑑𝑝𝑝,𝑑𝑑𝑝𝑝′ � 
was implemented as a normal distribution. The implementation of a continuous equation with 
asymptotic behaviour towards ±∞ leads to a virtual loss of mass and, therefore, violation of 
mass balance when applied for discrete drop sizes (Maaß et al., 2007; Wang et al., 2003; Zaccone 
et al., 2007). Thus, a relatively narrow normal distribution was applied for the breakup of a 
droplet with a volume of 𝑉𝑉𝑝𝑝 using a mean daughter drop volume 𝑉𝑉𝜇𝜇 = 𝑉𝑉𝑝𝑝 𝑛𝑛𝑑𝑑⁄  and a standard de-
viation of 𝑉𝑉𝜎𝜎 = 𝑉𝑉𝑝𝑝 (5𝑛𝑛𝑑𝑑)⁄ . Applying these parameters, over 99.9% of droplets formed were with-
in the volume range from 0 to Vp and the mass balance could be conserved in a tolerable way 
(Kamp and Kraume, IV, VI). 
The initial drop size distribution had only slight influence on the resulting distributions during 
the first iteration steps. After a few seconds all simulations resulted in the same distributions 
independent from the initial drop size. Hence, a Gaussian initial drop size distribution with a 
mean value 𝑑𝑑𝜇𝜇 = 1 mm and standard deviation 𝑑𝑑𝜎𝜎 =  50 µm was used arbitrarily. 

To quantify differences between n experimental values 𝑋𝑋𝑖𝑖  and simulation results 𝑋𝑋�𝑖𝑖 the root-
mean-square deviation (RMSD) was used in this work: 

RMSD(𝑋𝑋) = �∑ (𝑋𝑋𝑑𝑑−𝑋𝑋�𝑑𝑑)2𝑑𝑑
𝑑𝑑=1

𝑘𝑘
 . (16) 
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4.5 Conclusions 
The methods described in this section allow systematic coalescence probability investigations 
required for a comprehensive model evaluation. With the developed single drop coalescence test 
cell highly reproducible experiments can be performed. Due to the automation of the complete 
experimental procedure and the high speed recording a high number of experiments can be exe-
cuted which is the basis for statistical analysis of the data. The developed automated image anal-
ysis is able to evaluate the important measurement values such as drop trajectory, rise velocity 
and the events of cannula detachment and drop collision. Application of this tool allows the 
analysis of the high amount of data generated by high speed imaging for which a manual analysis 
would be extremely time consuming. The presented implementation of the PBE framework 
permits the prediction of transient drop size distributions by a phenomenological description of 
breakage and coalescence in dynamic liquid/liquid systems. The corresponding kernels are im-
plemented separately and submodels for breakage and coalescence can be exchanged inde-
pendently from each other. The simulations are validated with experiments in a stirred vessel. 
 
  



28 

5 From single drops to drop swarms 

The systematic bottom-up approach using population balance equations (PBE) for a reliable 
prediction of drop size distributions in liquid/liquid systems was applied with emphasis on the 
coalescence of droplets. This approach was already discussed shortly in the outline of this thesis 
(see Figure 2) and is depicted schematically in Figure 12. Based on the findings of fundamental 
single drop investigations, five available coalescence efficiency submodels were evaluated 
(Kamp and Kraume, IV). The validation of submodels is necessary because published models 
predict the coalescence efficiency with different and partly contradictive dependencies on influ-
encing parameters as discussed in sections 3.3 and 3.4. In this section the important influencing 
factors drop size and collision velocity are discussed in detail.  
The numerical parameters in submodels of the PBE are generally unknown and have to be fitted 
to experimental data. This is mostly done by fitting these parameters of simulated drop size dis-
tributions to experimentally determined distributions. However, the numerical parameters are 
not independent from each other and multiple sets of parameters result in identical transient 
drop size distributions (Ribeiro et al., 2011). By decoupling the phenomena drop breakage and 
coalesce in single drop experiments the numerical parameters of drop breakage rate and coales-
cence rate can be determined independently (Bart et al., 2006; Maaß and Kraume, 2012; 
Villwock et al., 2014b). In this work, the numerical parameter of the coalescence efficiency mod-
el was determined in the coalescence cell and used to predict drop size distributions in a stirred 
tank (Kamp and Kraume, IV).  

5.1 Drop rise velocity 
Applying automated image analysis (see section 4.3) the recorded high speed image sequences 
were evaluated. The resulting rising path of a single droplet (also referred to as drop trajectory) 
is important for two reasons: firstly, the drop rise velocity is highly sensitive against surface 

Figure 12: Systematic bottom-up approach for prediction of drop size distributions in liquid/liquid sys-
tems. Reproduced from Kamp et al. (I) with permission of De Gruyter, adapted from Villwock et al. 
(2014b). 
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active impurities which also influence the coalescence probability significantly. Therefore, the 
drop trajectory can be compared to theoretical calculations using the drag coefficient of a pris-
tine and fully mobile interface and check if the investigated system is contaminated with unde-
sired surfactants (Villwock et al., 2014a; Wegener et al., 2014). Secondly, the drop collision ve-
locity is a significant influencing factor on coalescence probability and is altered in the coales-
cence test cell by varying the initial drop distance. To adjust the collision velocity in experi-
mental investigations, the trajectory of the rising drop and the corresponding rise velocity has to 
be known. Therefore, the rise velocity of four drop sizes (𝑑𝑑𝑝𝑝 = 1.5, 2.0, 2.5, 2.9 mm) was investi-
gated in detail and compared to theoretical values derived by solving the force balance of the 
rising drop with Matlab® ode45 solver over the rise height ℎ: 

d𝑣𝑣𝑝𝑝
dℎ

𝑣𝑣𝑝𝑝 = |𝜚𝜚𝑐𝑐−𝜚𝜚𝑑𝑑|
𝜚𝜚𝑑𝑑+𝛼𝛼𝜚𝜚𝑐𝑐

𝑔𝑔 − 3
4
𝐶𝐶𝐷𝐷

𝜚𝜚𝑐𝑐
𝜚𝜚𝑑𝑑+𝛼𝛼𝜚𝜚𝑐𝑐

𝑣𝑣𝑝𝑝2 
𝑑𝑑𝑝𝑝

 . (17) 

The virtual mass coefficient was set to 𝛼𝛼 = 0.75 according to Wegener et al. (2007) and the drag 
coefficient 𝐶𝐶𝐷𝐷 was calculated using the correlation of Feng and Michaelides (2001) for a fully 
mobile interface and a viscosity ratio 0 ≤ 𝜇𝜇∗ = 𝜇𝜇𝑑𝑑

𝜇𝜇𝑐𝑐
≤ 2: 

𝐶𝐶𝐷𝐷 =
2 − 𝜇𝜇∗

2
48
𝑅𝑅𝑁𝑁

�1 +
2.21
√𝑅𝑅𝑁𝑁

−
2.14
𝑅𝑅𝑁𝑁

� +
4𝜇𝜇∗

6 + 𝜇𝜇∗
17𝑅𝑅𝑁𝑁−

2
3 (18) 

with Reynolds number 

𝑅𝑅𝑁𝑁 = 𝑣𝑣𝑝𝑝𝑑𝑑𝑝𝑝𝜚𝜚𝑐𝑐
𝜇𝜇𝑐𝑐

 . (19) 

The experimental and theoretical drop rise velocities are shown in Figure 13. The experimental 
data was averaged over at least 100 recorded and analysed drop trajectories.  
For the drop sizes 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 1.5, 2.5, 2.9 mm the theoretical calculations describe the experiments 
in a satisfying manner. The slight decrease of the experimental rise velocities at heights 
> 50 mm results from optical aberrations as the drop approaches the border of the camera lens. 
In reality the drops did not decelerate. For drop size 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 2.9 mm fluctuations and a decrease 
of the mean rise velocity in combination with an increase of standard deviation was observed for 
rise heights above 25 mm. This can be explained by drop oscillations which occur for bigger 
drops during the rise and cause a reduction of the drop rise velocity (Wegener et al., 2014).  
For drop size 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 2.0 mm the obtained experimental terminal drop rise velocity (104 mm/s) 
is lower than the value of the theoretical correlation (99 mm/s). This is an example for a slightly 
contaminated system in which the surface mobility is reduced by surfactants and, thus, the drag 
coefficient is increased. A complete surface coverage would result in the drag coefficient of a 
rigid sphere and a terminal rise velocity of 63 mm/s (determined by the drag coefficient correla-
tion of Brauer and Mewes (1972)). Consequently, the contamination was small but still observa-
ble and coalescence investigations would not be performed in this system.  
If the investigated rise velocities agree with the correlation assuming fully mobile interfaces, the 
drops’ surface can be assumed to be (nearly) free of impurities which would alter the coales-
cence probability. This condition was proven prior to every experiment investigating coales-
cence probabilities to assure reproducibility. Additionally, the validated theoretical rise velocity 
can be used to calculate the necessary rise height for a certain desired drop collision velocity in 
experimental runs.  
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Figure 13: Drop rise velocity over rise height of different drop sizes in experiments (mean values and 
standard deviations) and calculations using the drag coefficient correlation of Feng and Michaelides 
(2001). Adapted from Kamp and Kraume (IV) with permission from Elsevier. 

5.2 Influencing	factors	and	model	validation	

In this section the experimental data of single drop coalescence efficiency measurements are 
compared to different modelling approaches from literature. Here, three different film drainage 
models (Coulaloglou and Tavlarides, 1977; Henschke et al., 2002; Prince and Blanch, 1990), the 
energy model (Sovova, 1981) and the critical approach velocity model (Lehr and Mewes, 2001) 
were used and evaluated. The coalescence efficiency model of Tobin and Ramkrishna (1999) 
was omitted in this evaluation because significant electrostatic repulsion was not observed and 
the model dependencies on drop size and energy dissipation rate (see Figure 8) were unrealistic. 
Additionally, numerical problems (variables outside the value range of the used floating‐point 
format) were found calculating the coalescence efficiency for small values of drop size and ener‐
gy dissipation rate with this submodel.  
In the single drop experiments no direct energy input is introduced into the system and the 
drops only move due to buoyancy. The energy dissipation rate, which is an input parameter in 
coalescence efficiency models, is not directly determinable in these experiments but the relative 
collision velocity is known from the image analysis. To apply the PBE submodels to single drop 
experiments the energy dissipation rate can be replaced by the relative collision velocity of the 
droplets. This is a valid transformation because the models were originally developed based on 
relative collision velocities which were then replaced by energy dissipation rate according to 
correlations in Table 1. The resulting model equations of the coalescence efficiency submodels 
are given in Table 4. The given values of numerical parameter ,  in Table 4 were determined 
manually by fitting to the plotted experimental data shown in Figure 14 in order to compare the 
model trends qualitatively. 
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Table 4: Dependency of coalescence efficiency models on the relative velocity obtained by the replacing 
the energy disspation rate. Adapted from Kamp and Kraume (IV) with permission from Elsevier. 

Reference Coalescence efficiency 𝝀𝝀(𝒗𝒗𝒓𝒓𝒆𝒆𝒓𝒓)  

Coulaloglou & Tavlarides (1977)  
with 𝑐𝑐2,𝑐𝑐 = 2 ∙ 1012 m−2 λC&T = exp�−𝑐𝑐2,𝑐𝑐

𝜇𝜇𝑐𝑐 𝜚𝜚𝑐𝑐 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐3

𝛾𝛾2 √8(𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′ )
�
𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′

𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′
�
4

 � (20) 

Prince & Blanch (1990)  
with 𝑐𝑐2,𝑐𝑐 = 20 𝜆𝜆𝑃𝑃&𝐵𝐵 = exp �−

𝑐𝑐2,𝑐𝑐

√2
𝜚𝜚𝑐𝑐
1 2⁄ 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐
𝛾𝛾1 2⁄

�𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′ �
3/2

�𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′ �
5/2� (21) 

Henschke et al. (2002) 
(according to Kopriwa (2014)) 
with 𝑐𝑐2,𝑐𝑐 = 10 

𝜆𝜆𝐻𝐻𝑒𝑒𝑘𝑘 = exp�−
𝑐𝑐2,𝑐𝑐

√2
𝜇𝜇𝑐𝑐𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐

𝐴𝐴1,2,3
1 6⁄ 𝛾𝛾1 3⁄ (|𝜚𝜚𝑑𝑑 − 𝜚𝜚𝑐𝑐|𝑔𝑔)1 2⁄

�𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′ �
1
3

�𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′ �
4/3� (22) 

Sovova (1981) 
(according to Simon (2001)) 
with 𝑐𝑐2,𝑐𝑐 = 5 ∙ 10−3 

λ𝑆𝑆𝑏𝑏𝑣𝑣 = exp�−𝑐𝑐2,𝑐𝑐
2𝛾𝛾 �𝑑𝑑𝑝𝑝2 + 𝑑𝑑𝑝𝑝′2��𝑑𝑑𝑝𝑝3 + 𝑑𝑑𝑝𝑝′3��𝑑𝑑𝑝𝑝 + 𝑑𝑑𝑝𝑝′ �

2/3

𝜚𝜚𝑑𝑑 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 2 𝑑𝑑𝑝𝑝3 𝑑𝑑𝑝𝑝′3 �𝑑𝑑𝑝𝑝
2/3 + 𝑑𝑑𝑝𝑝

′2/3�
 � (23) 

Lehr & Mewes (2001) 
(according to Liao & Lucas (2010)) λ𝐿𝐿&𝑀𝑀 = min�

�0.06 𝛾𝛾 (𝑑𝑑𝑝𝑝+𝑑𝑑𝑝𝑝′ )
𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐�2 𝜚𝜚𝑐𝑐 𝑑𝑑𝑝𝑝 𝑑𝑑𝑝𝑝′

, 1� (24) 

 
The five coalescence efficiency submodels are evaluated in the following based on experimental 
data. A sensitivity analysis is performed concerning the influencing factors relative collision ve-
locity and drop size. Additionally, the influence of drop shape oscillations on coalescence effi-
ciency is discussed which is especially necessary to interpret the single drop experiments. Nev-
ertheless, drop shape oscillations also occur in droplet swarms and, thus, have to be considered.  

5.2.1 Relative collision velocity  
The relative collision velocity of two drops has a significant influence on coalescence (Kamp and 
Kraume, II) but is one of the parameters which are implemented contradictorily in PBE coales-
cence models (see section 3.4). In Figure 14 the coalescence probability from all single drop ex-
periments are plotted against the relative velocity at point of visual contact (also termed colli-
sion velocity here). This illustration does not regard the drop diameters which varied between 
1.5 mm < 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 ,  𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝 < 2.9 mm. Black circles indicate experiments using camera system (1) 
which was fully automated and at least 100 drop collisions were examined per data point. Ex-
periments with high speed camera set-up (2) are represented by grey circles in Figure 14. The 
recordings with this higher resolving camera had to be triggered manually and, therefore, only 
about 20 measurements were performed per data point (see section 4.1.1). Clearly, a maximal 
velocity can be identified (𝑣𝑣𝑚𝑚𝑚𝑚𝑚𝑚 = 60 mm/s) above which no coalescence occurred in this test 
system. Below this collision velocity progressively more experiments result in higher coales-
cence probabilities with decreasing collision velocity. The variation of coalescence probability 
for identical relative velocities is caused by other superimposing influencing factors such as drop 
size.  
The coalescence efficiency models plotted in Figure 14 were calculated using the numerical pa-
rameters 𝑐𝑐2𝑐𝑐 given in Table 4 and constant drop sizes (𝑑𝑑𝑝𝑝 = 𝑑𝑑𝑝𝑝′ = 1 mm). Evidently, the energy 
model (Sovova (1981), Equation (23)) predicts the opposing trend to the experimental data:  
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Figure 14: Dependency of coalescence efficiency from relative collision velocity for all investigated drop 
sizes (1.5 mm < 𝑑𝑑𝑝𝑝 < 3.0 mm) and the models of Coulaloglou and Tavlarides (1977), Prince and Blanch 
(1990), Henschke et al. (2002), Lehr and Mewes (2001) and Sovova (1981) using a constant drop size 
𝑑𝑑𝑝𝑝 = 𝑑𝑑𝑝𝑝′ = 1 mm. Experiments represented by black circles were achieved using high speed camera set-up 
(1) and by grey circles using high speed camera set-up (2). Adapted from Kamp and Kraume (IV) with 
permission from Elsevier. 

 
the coalescence efficiency increases with increasing collision velocity. The critical approach ve-
locity model (Lehr and Mewes, 2001) estimates a critical velocity of 𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 = 45.8 mm/s at which 
coalescence efficiency begins to decrease with increasing relative velocity. Nevertheless, high 
deviations between model and experimental data are apparent (see Figure 14). Even a fitted 
lower critical velocity does not minimise the deviations significantly because the decrease of 
coalescence efficiency with higher collision velocity is too low. The three film drainage models 
predict the correct trend that was observed in experiments. But the models of Prince and Blanch 
(1990) and Henschke et al. (2002) only predict complete coalescence for a collision velocity of 
zero which is not realistic: in several experiments coalescence probabilities of 100% were 
achieved. The model of Coulaloglou and Tavlarides (1977) predicts complete coalescence also 
for finite drop sizes and shows the best fit to the experimental data in Figure 14.  

5.2.2 Drop size 
The drop size is the most important parameter as the drop size distribution is the desired result 
from PBE simulations. For transient simulations with steady state flow conditions/patterns the 
drop sizes (and respective quantities in the discrete size distribution) are the only values vary-
ing over time. Therefore, it is even more astonishing that strongly diverging dependencies on  
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Figure 15: Coalescence probability vs. drop diameter for different coalescence efficiency models and ex-
periments at collision velocities 30 mm/s < 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 40 mm/s. Adapted from Kamp and Kraume (IV) with 
permission from Elsevier. 

 
drop size are implemented in coalescence efficiency submodels (see Table 2). All five submodels, 
which were regarded in this detailed evaluation (see Table 4), are shown in Figure 15 with vary-
ing drop size and were calculated with the numerical parameters 𝑐𝑐2,𝑐𝑐  given in Table 4 and a col-
lision velocity of 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 35 mm/s. A two-dimensional plot is achieved by assuming a collision of 
equally sized drops 𝑑𝑑𝑝𝑝 = 𝑑𝑑𝑝𝑝′  in the models. The models show even more pronounced deviations 
among each other than for the influence of collision velocity. A decreasing coalescence efficiency 
with increasing drop size is predicted by the models of Coulaloglou and Tavlarides (1977), 
Prince and Blanch (1990) and Lehr and Mewes (2001) whereas the models of Henschke et al. 
(2002) and Sovova (1981) yield the opposite trend.  
In Figure 15 all experimental data is plotted with a collision velocity of ±5 mm/s from the veloc-
ity used to calculate the models: 30 mm/s < 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 40 mm/s. This velocity range of ±5 mm/s 
corresponds to the standard deviations determined in most analysed drop collision velocities 
(cf. Figure 16b). The experimental coalescence probabilities of equally sized drops (𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝) 
are represented in black dots. For other experiments the equivalent drop diameter (Equation 
(3)) was used for this two-dimensional illustration. The data point with drop diameter 
𝑑𝑑𝑒𝑒𝑒𝑒 = 2.6 mm resulting in a coalescence efficiency of 𝜆𝜆 = 75 % was regarded to be an outlier. 
This high coalescence efficiency can be explained with the deviations caused by drop oscillations 
(see further discussion in section 5.2.3). It can be concluded that the coalescence probability 
decreases with increasing drop diameter especially for equally sized droplets but also using the 
equivalent drop diameter for unequally sized drops. The decrease of coalescence efficiency can 
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be explained by the more pronounced deformations of bigger drops during collision and the 
caused larger film of continuous phase between the drops. The resulting longer film drainage 
time increases the ratio between film drainage and contact time and, therefore, diminishes the 
coalescence probability in the picture of the mechanistic film drainage model. The film drainage 
model of  Coulaloglou and Tavlarides (1977) is able to predict the experimental data better than 
the other models. By varying parameter 𝑐𝑐2𝑐𝑐 from the value stated in Table 4 the accuracy of the 
model fit could be improved, but this would lead to higher deviations in Figure 14. The final pa-
rameter determination considering relative velocity and drop diameters is discussed in section 
5.3. The film drainage model of Prince and Blanch (1990) could be fitted approximately to the 
experimental data but that would also cause a significant shift in the representation concerning 
the collision  velocity (Figure 14). Thus, the model of Prince and Blanch (1990) does not depict 
the influence of velocity and drop size in the correct manner. Again, complete coalescence is only 
predicted for drops of diameter zero which seems to be unphysical.  
The film drainage model of Henschke et al. (2002) predicts increasing coalescence efficiency 
with increasing drop size which disagrees with the experimental data. This might be explained 
by the fact that this model was originally developed to describe film drainage in the dispersion 
band of gravity separators and not dynamic drop collisions in a turbulent flow. However, the 
same trend can also be found in other film drainage models (see Table 2) and is caused by dif-
ferent model assumptions which were necessary to obtain simple approaches which can be 
solved analytically. The critical approach velocity model (Lehr and Mewes, 2001) shows high 
deviations from experimental data. The model fit cannot be improved because a fixed definition 
of a critical velocity 𝑣𝑣𝑐𝑐𝑐𝑐𝑖𝑖𝑏𝑏 would remove the dependency on drop diameter from the model (see 
Equation (13)). As already concluded from Figure 14, the energy model (Sovova, 1981) does not 
describe the experimental data due to invalid model assumptions. 

5.2.3 Oscillations 
Drop shape oscillations are induced during drop detachment of the rising drop from the lower 
cannula’s rim. The detachment is forced by a short pulse of continuous water phase through the 
cannula. Oscillations which cannot be avoided in the experimental set-up decay during the first 
millimetres of rise due to interactions of interfacial tension and viscous forces. The detachment 
is highly reproducible once effective detachment parameters (flushed water volume and speed) 
are found and the following drop shape oscillations are alike for all sequences with identical 
parameters. However, slightly different detachment parameters might be required for experi-
ments on a different day which alter the drop oscillations accordingly.  
Scheele and Leng (1971) investigated the coalescence probability of two horizontally colliding 
anisole droplets by analogue high speed camera recordings. The detachment of the freely mov-
ing drops was also the cause of drop shape oscillations. They found that the oscillatory state of 
the colliding drops had a significant influence on the resulting coalescence probability. More 
coalescing drops were observed if the drops were in maximal horizontal elongation or oscillat-
ing back to vertical elongation. Scheele and Leng (1971) reported repulsion if the drops collided 
in an oscillatory state around the maximal vertical elongation or a transition back to horizontal  
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Figure 16: Impact of drop oscillation on coalescence probability caused by different detachment parame-
ters (flushed water volume and speed) for constant drop diameters and two collision velocities (a) 
𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 24 mm/s and (b) 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 28 mm/s. Reproduced from Kamp and Kraume (IV) with permission from 
Elsevier.  

 
elongation. The authors found maximal oscillation amplitudes of 20% of the drops’ diameters 
(𝑑𝑑 = 3.4 mm) in the investigated test system anisole/water. The analogue recording technique 
limited the investigations to only 23 experimental runs.  
The shape oscillation of drops in the present analysis was analysed manually in exemplary se-
quences of the experiments shown in Figure 16. Oscillations were not that pronounced (varia-
tions of ±4% of the drop diameter) but still had a significant influence on the coalescence prob-
ability. Figure 16 demonstrates the impact of drop oscillations on the coalescence probability. In 
this graph four mean drop trajectories of sequences with constant drop sizes (𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝 = 1.5 mm, 
𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 2.5 mm) but slightly different collision conditions are plotted. The mean rise velocities 
were calculated from at least 100 drop rise paths which have small standard deviations (shown 
exemplarily for one graph in Figure 16a and b). For different collision velocities of  
𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 24 mm/s (Figure 16a) and 28 mm/s (Figure 16b), respectively, two experiments were 
chosen which resulted in the identical collision velocity. The experiments only differed in slight-
ly altered drop rise heights and detachment parameters and, thus, show different oscillatory 
states. The oscillation can approximately be related to the maxima and minima of the mean drop 
rise velocity as indicated qualitatively in Figure 16a. This can be explained as follows: firstly the 
three-dimensional deformations are only depicted in the two-dimensional frontal view and the 
automated image analysis, which searches for circle shaped drops, seems to calculate a slightly 
different centre of a deformed drop. Secondly, the drag coefficient varies for a deformed drop 
which affects the rise velocity. The presented results show that the oscillation has a significant 
influence as the coalescence probability differs for experiments with constant drop sizes and 
collision velocities but different oscillatory states during collision. A collision velocity of 
𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 24 mm/s results in coalescence probabilities of 𝜆𝜆 = 97% and 36% for two experimental 
runs with slightly different detachment parameters (see Figure 16a). The equivalent outcome 
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was observed at a collision velocity of 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 = 28 mm/s with determined coalescence probabili-
ties of 𝜆𝜆 = 95% and 24% (see Figure 16b). However, a clear statement concerning the influence 
of oscillatory state on coalescence probability cannot be given here. This is mainly due to the fact 
that only mean values of drop trajectories can be analysed so far. But the oscillation of each sin-
gle drop varies due to slight disturbances during experiments. The detailed analysis of this phe-
nomenon would require a separate determination of actual deformations of every drop in each 
sequence. The current version of the automated image analysis (Kamp et al., III) is not able to 
determine these details but will be extended accordingly in future developments.   

5.3 Parameter determination 
The film drainage model of Coulaloglou and Tavlarides (1977) was identified to predict the ex-
perimental data best concerning the influencing parameters collision velocity and drop diame-
ter. Therefore, the model was chosen for droplet swarm simulations and the numerical parame-
ter 𝑐𝑐2,𝑐𝑐  was fitted to the experimental data by considering collision velocity and drop diameter 
simultaneously. The relevant experimental data was categorized in three classes of different 
collision velocities (20 mm/s ≤ 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 30 mm/s, 30 mm/s < 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 40 mm/s and  
40 mm/s < 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 50 mm/s) to visualize the results in three-dimensional plots of coalescence 
probability versus drop diameters 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏  and 𝑑𝑑𝑏𝑏𝑏𝑏𝑝𝑝 in Figure 17. As mentioned in section 5.2.2, the 
standard deviation determined in most analysed drop collision velocities ranges around 
±5 mm/s. Due to this measuring inaccuracy, the central velocities of the three intervals 
𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 = 25, 35, 45 mm/s were used for model description of the experimental data in Figure 17.  
At low velocities 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 < 30 mm/s the coalescence probability shows significant deviations for 
identical drop sizes. To achieve these low velocities, the drop rise height had to be adjusted to 
small values of 0.5 mm and below. The detachment of the rising drop from the cannula induces 
shape oscillations as discussed in section 5.2.3. Stronger oscillations were apparent during drop 
collision at small distances and for bigger drops. Accordingly, pronounced oscillation were ob-
served for drops with 𝑑𝑑𝑏𝑏𝑏𝑏𝑏𝑏 = 2.5 mm for all collision velocities (highlighted by red frames in 
Figure 17) but especially for the interval 20 mm/s ≤ 𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 ≤ 30 mm/s. As discussed in section 
5.2.3 drop oscillations exert significant influence on coalescence probability but cannot be 
avoided in this set-up. The film drainage model of Coulaloglou and Tavlarides (1977) was 
adapted to the experimental data using the plots shown in Figure 17 and neglecting data points 
showing pronounced oscillations. The numerical parameter was fitted to 𝑐𝑐2,𝑐𝑐 = 2 ∙ 1012 m−2 
using the respective interval’s mean velocity (𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 = 25, 35, 45 mm/s). In Figure 17 the charac-
teristic dependency of the Coulaloglou and Tavlarides (1977) model can be seen: coalescence 
efficiency is predicted highest for a collision of two small droplets and lowest for a collision of 
two equally sized big drops. For collisions of unequally sized drops the following trend is pre-
dicted: the more the drop diameters differ, the higher the coalescence efficiency compared to 
equal drop sizes with corresponding mean values. Neglecting outliers mostly caused by oscillat-
ing drops, the model fits the experimental data satisfactorily, especially for collision velocities of  
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Figure 17: Single drop coalescence efficiency with varying drop sizes and relative collision velocity to-
gether with the submodel of Coulaloglou and Tavlarides (1977) with 𝑐𝑐2,𝑐𝑐 = 2 ∙ 1012 m−2. In order to ac-
count for different collision velocities, the data is shown in three velocity intervals of 10 mm/s. Adapted 
from Kamp and Kraume (IV) with permission from Elsevier. 
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𝑣𝑣𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐 > 30 mm/s. As this coalescence efficiency model was identified to describe the influence of 
collision velocity better than the other models, the Coulaloglou and Tavlarides (1977) model 
was used for drop swarm simulations in section 5.4 using the determined numerical parameter. 

5.4 Transfer to drop swarms 
The findings of single drop coalescence investigations discussed in sections 5.2 and 5.3 were 
used to perform a simulation of a stirred vessel in laboratory scale DN 150 (Kamp and Kraume, 
IV). Within the stirred tank a drop size distribution evolves over time due to simultaneous 
breakage and coalescence of dispersed droplets. The drop size distribution was simulated using 
the PBE framework based on the model of Coulaloglou and Tavlarides (1977) (see section 3.4) 
which was identified to have a valid coalescence efficiency submodel (see section 5.2). Moreo-
ver, the determined numerical parameter from single drop coalescence experiments 
(𝑐𝑐2,𝑐𝑐 = 2 ∙ 1012 m−2) was used in the simulations (see section 5.3). The simulations were com-
pared to drop size distribution measurements using an endoscope technique. The present drop 
sizes within the stirred tank were about one order of magnitude smaller (200 − 600 µm) than 
the drops in single drop investigations. Although the absolute flow velocities in the stirred vessel 
are in the order of 𝑣𝑣𝑓𝑓𝑐𝑐𝑏𝑏𝑓𝑓 = 1 m/s (Maaß et al., 2009), the relative velocity between two drops 
within the main flow is much lower. According to Table 1 the relative velocity in an isotropic 
turbulent flow can be estimated to 𝑣𝑣𝑐𝑐𝑒𝑒𝑐𝑐 ≈ 50 − 100 mm/s using the mean energy dissipation 
rates in the stirred vessel given in section 4.1.2. In summary, the flow conditions and resulting 
drop sizes differ in the drop swarm experiments: smaller drop sizes but higher collision veloci-
ties are present compared to the single drop experiments. In the first instance, the applied coa-
lescence efficiency model of Coulaloglou and Tavlarides (1977) predicts reasonable coalescence 
rates in the stirred vessel using 𝑐𝑐2,𝑐𝑐 = 2 ∙ 1012 m−2 from single drop investigations (see 
Figure 18).  
To perform simulations of drop size distributions using PBE, coalescence as well as breakage 
submodels have to be implemented and the numerical parameters must be determined. As most 
submodels use (at least) one numerical fitting parameter, four (or even more) parameters are 
generally unknown. Apart from numerous available submodels in literature (Liao and Lucas, 
2010, 2009) also a variety of parameter sets can be found for each model  (Maaß, 2011; Ribeiro 
et al., 2011). The reason is that the breakage and coalescence rate can counterbalance one an-
other, independent from the absolute value of the rates. This effect is comparable to a chemical 
equilibrium reaction in which the equilibrium state is constant as long as the ratio between for-
ward and backward reaction rate is constant, although the reaction rates may change. This 
demonstrates that different parameter sets can be found to achieve identical simulation results 
(at least in steady state). The dependency of numerical parameters within PBE is discussed in 
detail in Ribeiro et al. (2011). Because unknown and non-regarded influencing factors of the 
submodels are aggregated in the numerical parameters, their value is principally unknown. This 
again shows the necessity of independent parameter estimation for drop breakage and coales-
cence. 
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Figure 18: Coalescence rates 𝐹𝐹𝐶𝐶&𝑇𝑇 (Coulaloglou and Tavlarides, 1977) and breakage rates 𝑔𝑔𝐶𝐶&𝑇𝑇 (Cou-
laloglou and Tavlarides, 1977), 𝑔𝑔𝐶𝐶ℎ𝑒𝑒𝑘𝑘 (Chen et al., 1998) at varying stirrer frequencies using the parameter 
sets (b) and (i) given in Table 5 and Table 6. Adapted from Kamp and Kraume (IV) with permission from 
Elsevier. 

 
In the previous sections the coalescence efficiency submodel of Coulaloglou and Tavlarides 
(1977) was validated and the numerical parameter was fitted independently from breakage to 
𝑐𝑐2𝑐𝑐 = 2 ∙ 1012 m−2 based on single drop coalescence experiments. To perform PBE simulations 
with the Coulaloglou and Tavlarides (1977) model (using their breakage and coalescence rate), 
different drop breakage parameters were taken from literature to discuss the effect of different 
parameter sets (see Table 5). Because the determined parameter 𝑐𝑐2,𝑐𝑐 was applied and differs 
from the originally used parameter values, the ratio between drop breakage and coalescence 
rate was shifted. Thus, the coalescence frequency parameter 𝑐𝑐1,𝑐𝑐 had to be adapted to experi-
ments in the vessel, which was done at a stirrer frequency of 𝑛𝑛 = 550 min−1 representing stand-
ard conditions. Applying this procedure, the adapted parameter sets (b), (d) and (f) in Table 5 
were obtained. The Sauter mean diameter 𝑑𝑑32, which represents a characteristic value of the 
drop size distribution, is plotted versus time in Figure 19. The corresponding simulation results 
are shown together with experimental data at the investigated stirrer frequencies  
𝑛𝑛 = 400, 550, 700 min−1. The experiments show steady state Sauter mean diameters already at 
the first measurement point one minute after starting the impeller (see Figure 19). Due to the 
parameter fitting the simulations with parameter sets (b) and (d) describe the experiments at 
𝑛𝑛 = 550 min−1 well. But the variation of stirrer frequency is not depicted satisfactorily with 
these simulations and results in root-mean-square deviations of about 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 24 µm at 
𝑛𝑛 = 400 min−1 and 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 80 µm at 𝑛𝑛 = 700 min−1. The total mean deviations for all stirrer 
frequencies were 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 46 µm for parameter set (b) and 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 52 µm for parameter set 
(d). Parameter set (f) was adapted from Maaß and Kraume (2012) who determined the breakage  
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Table 5: Numerical parameters for the complete Coulaloglou and Tavlarides (1977) model from different 
authors and the adapted coalescence parameters in this study. Adapted from Kamp and Kraume (IV) with 
permission from Elsevier. 

Reference # c1,b c2,b c1,c c2,c [m-2] 

Coulaloglou & Tavlarides (1977)      

     original parameters (a) 5.3975·10-1 4.3936·10-2 3.7783·10-6 4.4963·1013 

     adapted parameters (b) 5.3975·10-1 4.3936·10-2 1.2980·10-1 2.0·1012 

Kamp & Kraume (2015)      
     original parameters (c) 4.8701·10-3 5.5199·10-2 1.1878·10-1 3.8591·1013 
     adapted parameters (d) 4.8701·10-3 5.5199·10-2 7.3789·10-4 2.0·1012 
Maaß & Kraume (2012a)      
     original parameters (e) 9.1·10-1 3.9·10-1 - - 
     adapted parameters (f) 9.1·10-1 3.9·10-1 2.0309·10-7 2.0·1012 
     adapted parameters (g) 9.1·103 3.9·10-1 2.0309·10-3 2.0·1012 
 

 
Figure 19: Experimental data and simulations of Sauter mean diameter 𝑑𝑑32 in a stirred tank (DN150, 
Rushton turbine, toluene/water) versus time for different stirrer frequencies. Adapted from Kamp and 
Kraume (IV) with permission from Elsevier. 

 
parameters of Coulaloglou and Tavlarides (1977) by fitting the breakage rate to single drop 
breakage experiments. The corresponding graphs in Figure 19 clearly show that the transient 
behaviour of these simulations is too slow. The steady state 𝑑𝑑32 values were reached after more 
than 14 h simulation time. This can be explained by a too low determination of the breakage 
time in single drop experiments. The fraction of breaking drops (exponential term of breakage 
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rate, see Equation (6)) can be determined well in single drop experiments but the breakage time 
is influenced by the complex multiphase flow comparable the collision frequency in coalescence 
rate. Consequently, the dependency of the pre-exponential parameters (Ribeiro et al., 2011) was 
used to fit the experiments: at a constant ratio of 𝑐𝑐1,𝑏𝑏/𝑐𝑐1,𝑐𝑐 the steady state drop size distribution 
does not change but the transient behaviour can be influenced by the absolute value of the pa-
rameters. Thus, an increase of the pre-exponential parameters by four orders of magnitude re-
sulted in parameters set (g) and the simulations in steady state predict comparable results to the 
parameter sets (b) and (d) with an overall 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 59 µm.  
To improve the simulation results concerning the dependency on stirrer frequency, several oth-
er coalescence models were tested but no advance could be achieved. Therefore, the breakage 
model of Chen et al. (1998) was applied which described the single drop breakage experiments 
of Maaß and Kraume (2012) better than the Coulaloglou and Tavlarides (1977) breakage model. 
As can be seen in Figure 18 the breakage rate of Chen et al. (1998) has a minor dependency on 
the energy dissipation rate (or stirrer frequency) than the one from Coulaloglou and Tavlarides 
(1977). According to the procedure described above, the parameters were adapted to describe 
the steady state 𝑑𝑑32 and to improve the transient behaviour (see Table 6). The resulting simula-
tions are in adequate accordance with the experimental data resulting in a total mean deviation 
of 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 15 µm. 
 
Table 6: Numerical parameters for breakage model of Chen et al. (1998) combined with Coulaloglou and 
Tavlarides (1977) coalescence rate model. Adapted from Kamp and Kraume (IV) with permission from 
Elsevier. 

Reference # c1,b c2,b c3,b c1,c c2,c [m-2] 

Chen et al. (1998)       

     original parameters (h) 6.040·10-1 1.136·10-3 7.849·10-3 - - 

     adapted parameters (i) 6.040·101 1.136·10-3 1.789·102 3.189·10-3 2.0·1012 

 

5.5 Conclusions 
With single drop experiments of colliding drops the coalescence probability was studied sys-
tematically regarding the important influencing factors drop size and collision velocity for the 
first time. Based on the analysed high speed sequences five coalescence efficiency models from 
literature were evaluated. Overall, the film drainage model of Coulaloglou and Tavlarides (1977) 
was found to describe the experimental data better than other coalescence efficiency models. By 
fitting the submodel to single drop experiments, the numerical parameter of coalescence effi-
ciency was determined independently from drop breakage. Applying this parameter in the PBE 
framework, the drop size distribution in a stirred vessel was simulated successfully using exist-
ent drop breakage parameters.  
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6 Model development considering electrostatic interactions 

The coalescence inhibition at high pH values due to electrostatic repulsion of the droplets was 
described in several publications (Gäbler et al., 2006; Pfennig and Schwerin, 1998; Tobin and 
Ramkrishna, 1992). Experimental investigations of Wegener (2004) in a stirred tank at constant 
ionic strength 𝐼𝐼 = 0.1 mol/L show that the drop sizes decrease significantly at pH 13 in compari-
son to lower pH values. These results were partly discussed by Gäbler et al. (2006) and ex-
plained by coalescence inhibition due to electrostatic repulsion of the droplets. Because the ex-
periments could not be described by existent PBE modelling approaches, a new coalescence effi-
ciency model was developed which is described in this section and published in Kamp and 
Kraume (VI). 
The nanometre scale interaction in between electrostatic repulsion and attractive van der Waals 
energy of particles is described by the DLVO theory (Derjaguin and Landau, 1941; Verwey and 
Overbeek, 1948) (see Figure 20). The repulsive electrostatic force is induced by a surface poten-
tial caused by adsorption of ions at the interface which again is dampened by a surrounding dif-
fusive layer of ions. This substantial theory is able to describe complex interactions of ions in 
dispersed systems and has been validated and developed further in the past decades (Lyklema, 
2000). However, this knowledge has not been implemented into the PBE framework so far. Up to 
now, most coalescence efficiency submodels only took hydrodynamic interactions of film drain-
age into account. Solely the model of Tobin and Ramkrishna (1999) considers electrostatic in-
teractions in the coalescence efficiency submodel (see section 3.4). In the first instance, the ap-
plicability of the Tobin and Ramkrishna (1999) submodel was investigated and compared to the 
basic Coulaloglou and Tavlarides (1977) model (Kamp et al., V). Due to deficiencies of these 
submodels, the DLVO theory was implemented into the coalescence efficiency submodel of the 
population balance equation framework by maintaining its modular structure. The developed 
DLVO submodel describes the electrostatic and van der Waals interactions and can be combined 
with any ‘hydrodynamic’ coalescence efficiency submodel (Kamp and Kraume, VI). Hence, this 
model can be used to extend existing population balance equation approaches easily. 
 

6.1 Simulations with existent coalescence efficiency submodels 
The complete model of Coulaloglou and Tavlarides (1977) (Equations (6), (7) and (8)) was used 
to describe the experiments performed by Wegener (2004) in a stirred baffled tank with con-
stant ionic strength 𝐼𝐼 = 0.1 mol/L and varying pH value and stirrer speed. It can be seen in Fig-
ure 21b and d that the experimentally determined steady state Sauter mean diameter does not 
change significantly for pH 1 – 11 at constant stirrer frequency and decreases significantly at pH 
13 due to coalescence inhibition.  
 
The numeric parameters of Coulaloglou and Tavlarides (1977) submodels were fitted once to 
experiments at standard conditions (pH 7 and 𝑛𝑛 = 550 min−1). To provide comparability be-
tween the investigated coalescence efficiency submodels, the parameters for drop breakage (𝑐𝑐1,𝑏𝑏 
and 𝑐𝑐2,𝑏𝑏) and collision frequency (𝑐𝑐1,𝑐𝑐) were kept constant in all simulations (see Table 7). 
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Figure 20: Repulsive electrostatic, attractive van der Waals and resulting force versus drop distance (left), 
resulting forces for different ionic strength with indicated Debye length 𝜅𝜅−1 (right). Adapted from Kamp 
and Kraume (VI) with permission from Elsevier. 

 
For the coalescence efficiency submodels, the corresponding ‘hydrodynamic’ parameter 𝑐𝑐2,𝑐𝑐  was 
optimised to standard conditions (pH 7 and 𝑛𝑛 = 550 min−1) and the ‘electrostatic’ parameter 
𝑐𝑐3,𝑐𝑐  was adapted to experimental data of 𝑑𝑑32 at pH 13 where necessary. The resulting parameter 
sets are summarised in Table 7. 
As the model of Coulaloglou and Tavlarides (1977) explicitly does not include electrostatic ef-
fects, it does not depend on ion concentration or pH and cannot describe any variation of these 
directly. Thus, the simulations shown in Figure 21b predict a constant steady state Sauter mean 
diameter 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏 for pH values 1 to 11. However, the coalescence inhibition at pH 13 can be de-
scribed by an increase of the numerical parameter 𝑐𝑐2,𝑐𝑐 of the coalescence efficiency submodel 
resulting in a decreased coalescence probability. This shifts the balance between coalescence 
and breakage rate and results in smaller droplets. Consequently, the parameter 𝑐𝑐2,𝑐𝑐  was fitted to 
the experimental data at pH 13 and 𝑛𝑛 = 550 min−1 to describe the coalescence inhibition. The 
value of 𝑐𝑐2,𝑐𝑐  could be fitted for each pH value higher 11 individually at which coalescence inhibi-
tion occurred. Here, the graph between pH 11 and 13 is depicted as a linear interpolation 
(dashed line) in Figure 21b. The overall deviation of the steady state Sauter mean diameters for 
all pH values results in 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 28.4 µm. As can be seen in Figure 21a the Coulaloglou and 
Tavlarides (1977) model also predicts the fast transient decay of 𝑑𝑑32 at pH 7 and 13 using the 
corresponding parameters. The simulations reveal that the coalescence inhibition can be simu-
lated if the numerical parameter 𝑐𝑐2,𝑐𝑐  is fitted individually. Though, a varying parameter, in which 
all undescribed phenomena are merged, is not expedient for reliable simulations and a model 
with constant parameter is preferable.  
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Table 7: Numerical parameters of used submodels in PBE. Adapted from Kamp and Kraume (VI) with 
permission from Elsevier. 

Coalescence efficiency model c1,b c2,b c1,c c2,c c3,c 

Coulaloglou & Tavlarides (1977)  pH 7 · 
· 
·

· 
· 
· 

· 
· 
· 

3.8591·1013 - 

Coulaloglou & Tavlarides (1977) pH 13 2.7597·1014 - 

Tobin & Ramkrishna (1999) pH 7 4.8701·10-3 5.5199·10-2 1.1878·10-1 3.3424·10-4 1.0·10-9

Tobin & Ramkrishna (1999) pH 13 · 
· 
·

· 
· 
· 

· 
· 
· 

3.3424·10-4 1.2·100

own DLVO model pH 1 - 13 3.8591·1013 2.0618·103 

Figure 21: Simulations using two different coalescence efficiency submodels: Coulaloglou and Tavlarides 
(1977), Tobin and Ramkrishna (1999) in comparison with experimental data. Left: transient Sauter mean 
diameter 𝑑𝑑32 at 𝑛𝑛 = 550 min−1, right: stationary 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏 vs. pH of continuous phase. Adapted from Kamp 
and Kraume (VI) with permission from Elsevier. 
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To apply the coalescence model of Tobin and Ramkrishna (1999) (Equation (14)) and to provide 
comparability of the coalescence models, only the coalescence efficiency submodel was ex-
changed and other parts of the PBE were calculated by Coulaloglou and Tavlarides (1977) model 
(Equations (6) and (7)) with constant parameters (see Table 7). Although the Tobin and 
Ramkrishna (1999) model introduces an additional numerical parameter 𝑐𝑐3,𝑐𝑐  to take electrostat-
ic effects into account, the model does not include variables describing the ion concentrations 
and pH within the system. Thus, the parameter 𝑐𝑐3,𝑐𝑐  also has to be fitted to experimental data to 
describe the electrostatic repulsion. Accordingly, the parameter fitting was done analogously to 
the procedure applied before: first 𝑐𝑐2,𝑐𝑐  was fitted to pH 7 and subsequently the value of 𝑐𝑐3,𝑐𝑐  was 
increased from an insignificant influence at pH 7 to a value which describes the coalescence hin-
dering at pH 13. As can be seen in Figure 21c and d, the Tobin and Ramkrishna (1999) model 
does neither predict the steady state nor the transient values of the Sauter mean diameter 𝑑𝑑32 
adequately. The resulting overall deviation of the steady state Sauter mean diameters was 
𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 51.1 µm. The graph was again interpolated linearly between pH 11 and 13 (depicted as 
dashed line in Figure 21d).  
In conclusion, the model of Coulaloglou and Tavlarides (1977) is able to describe the experi-
mental data better by variation of 𝑐𝑐2,𝑐𝑐  than the Tobin and Ramkrishna (1999) model by varying 
the additional numerical parameter 𝑐𝑐3,𝑐𝑐 which is undesired from an application oriented point of 
view. It seems that Tobin and Ramkrishna (1999) tried to model too many influencing parame-
ters at once as the model also accounts for interactions of deformable and rigid drops which 
resulted in a complex model formulation (see Equation (14)). Furthermore, the definition of a 
constant critical film rupture distance ℎ2  =  50 𝑛𝑛𝑚𝑚 is questionable as the resulting repulsion 
force strongly depends on ionic strength (Derjaguin and Landau, 1941; Verwey and Overbeek, 
1948) and reaches significant values at a distance of a few (up to about 20) nanometres in liq-
uid/liquid systems (cf. Figure 20). Hence, a new coalescence efficiency model was developed 
including the physical description of the electrostatic interactions by the DLVO theory to achieve 
a model with constant numerical parameters with varying pH and ionic strength.  

6.2 Zeta potential 
The electrostatic interaction force is determined by the surface potential at the interface. It has 
to be quantified experimentally as the theoretical explanation and description is discussed in a 
controversial manner in literature up to now (Kamp and Kraume, VI). As a matter of fact, the 
potential difference between two phases cannot be measured directly due to a formation of a 
galvanic cell by inserting electrodes, but the difference of Galvani potential difference can be 
determined (Pfennig and Schwerin, 1998; Watanabe, 1984). However, this measurement cannot 
be applied directly to dispersions, but indirect measurement techniques can be used to estimate 
or extrapolate the surface potential. In particular, the electrokinetic interaction of surfaces or 
small particles can be used to determine the zeta potential (Delgado et al., 2007). Although the 
assumptions which are necessary to measure the zeta potential are only applicable under cer-
tain restrictions in liquid/liquid systems (Kamp and Kraume, VI), the zeta potential is the only 
feasible measureable quantity available. Thus, the measured zeta potential is not equal to the 
surface potential but at least qualitative information about the surface potential can be gained.  
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Figure 22: Zeta potential over pH value, the corresponding surface potential 𝛹𝑠  (Equation (26)) and its 

numerical fit (Equation (27)) at constant ionic strength 𝐼 = 0.1 mol/L in toluene/water system. Adapted 
from Kamp and Kraume (VI) with permission from Elsevier. 

The zeta potential 𝜁 was measured using the precipitation method of Marinova et al. (1996) at a 

constant ionic strength 𝐼 = 0.1 mol/L and a variation of pH value. For details of experimental 

procedure see section 4.2 and Kamp and Kraume (VI). The values are plotted in Figure 22 in-

cluding the standard deviation between several measurement runs of zeta potential. The hori-

zontal error bars indicate the standard deviation of pH within the serial dilutions of continuous 

water phase at different times and using two pH measurements: a pH-meter and pH indicator 

strips. Due to absorption of carbon dioxide from the atmosphere, a shift to lower pH value and a 

higher standard deviation was observed for samples with pH value set to 6 - 10. However, Mari-

nova et al. (1996) found that the presence of dissolved carbon dioxide did not influence the zeta 

potential significantly which was confirmed in this case. Apart from the outlier at pH ≈ 9.5 (with 

the highest standard deviation of 𝜁) the following trend was observed: at pH values < 9 the zeta 

potential scatters around -15 mV, which can be attributed to the adsorption of Cl- at (or near) 

the interphase, and decreases down to -42 mV if increasing the pH to 13. This strong decrease at 

pH ≥ 11 can be explained by a replacement of adsorbed Cl- ions by OH- due to the increasing 

bulk concentration of hydroxide.  

The surface coverage 𝜃𝑖 at saturation was described by Stern adsorption isotherms (Stern, 1924) 

for the ions Cl- and OH-:  

𝜃𝑖 =
Γi

Γ0
=

𝜐𝑖𝑛𝑖,0exp (−
Φ𝑖+𝑧𝑖𝑒Ψs

𝑘𝐵𝑇
)

1+∑ 𝜐𝑖𝑛𝑖,0exp (−
Φ𝑖+𝑧𝑖𝑒Ψs

𝑘𝐵𝑇
)𝑖

 . (25) 
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To obtain the surface potential Ψ𝑐𝑐 , the charge induced by ion coverage (left term of Equation 
(26)) and the surface charge density given by the Grahame equation (right term of Equation 
(26)) have to be solved iteratively:  

−𝑁𝑁(θOH− + θ𝐶𝐶𝑐𝑐−) = �8𝜀𝜀𝑐𝑐𝜀𝜀0𝑘𝑘𝐵𝐵𝑇𝑇𝑛𝑛𝑐𝑐𝑚𝑚𝑐𝑐𝑏𝑏,0sinh � 𝑒𝑒Ψ𝑠𝑠
2𝑘𝑘𝐵𝐵𝑇𝑇

� . (26) 

This was done fitting the saturation adsorption and the specific interaction energies of Cl- 

(Φ𝐶𝐶𝑐𝑐− = −4.25 k𝐵𝐵T) and OH- (Φ𝑂𝑂𝐻𝐻− = −9.50 k𝐵𝐵T) to the experimental data (for details see 
Kamp and Kraume (VI)). The resulting function of the surface potential is given in Figure 22. Due 
to the fairly simple trend, the obtained relation between pH value and surface potential was de-
scribed with one numerical fit: 

𝛹𝛹𝑐𝑐[mV] =  𝑎𝑎 ∙ tanh(𝑒𝑒𝐻𝐻 + 𝑏𝑏) + 𝑐𝑐 . (27) 
The corresponding parameters (including 95% confidence bounds) a, b and c of the precise fit 
(𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 0.096 mV), also shown in Figure 22, are listed in Table 8. This fit enables an imple-
mentation into the PBE framework and saves computation time significantly in comparison to an 
unnecessary repetition of the iteration for every PBE calculation. Additionally, the pH value is a 
direct input variable.  
 
Table 8: Numerical parameters (including 95% confidence bounds) of the numerical fit for the surface 
potential 𝛹𝛹𝑐𝑐. Adapted from Kamp and Kraume (VI) with permission from Elsevier. 

a [mV] b [-] c [mV] 

-15.44  (-15.52, -15.37) -11.67  (-11.66, -11.68) -29.00  (-29.08, -28.91) 

 

6.3 DLVO model development 
The implementation of the DLVO theory into the PBE framework was done maintaining its mod-
ular concept which enables the easy exchange of submodels. Numerous hydrodynamic submod-
els are available in literature (Liao and Lucas, 2010) which describe different flow conditions in 
various ways (see section 3.3). Thus, it is not necessary and probably not expedient to imple-
ment the multifaceted hydrodynamic interactions in a new model and couple them with the 
complex DLVO interactions. Accordingly, an independent submodel was developed which only 
describes the electrostatic and van der Waals forces and does not account for hydrodynamic 
interactions of droplets. This DLVO submodel can be combined with any “hydrodynamic” sub-
model available in literature. The model of Coulaloglou and Tavlarides (1977) for example ex-
plicitly excludes the DLVO forces. By regarding the hydrodynamic and the DLVO coalescence 
probabilities to be independent from each other, the overall coalescence efficiency becomes: 

𝜆𝜆 = 𝜆𝜆ℎ𝑦𝑦𝑑𝑑𝑐𝑐𝑏𝑏𝑑𝑑𝑦𝑦𝑘𝑘𝑚𝑚𝑚𝑚𝑖𝑖𝑐𝑐 ∙ 𝜆𝜆𝐷𝐷𝐿𝐿𝐷𝐷𝑂𝑂 . (28) 
The implementation of the repulsive electrostatic and attractive van der Waals forces into 𝜆𝜆𝐷𝐷𝐿𝐿𝐷𝐷𝑂𝑂 
was done in analogy to the approach of Coulaloglou and Tavlarides (1977). The authors related 
the drainage and contact time to each other regarding them as normally distributed random 
variables. Thus, the electrostatic repulsive force 𝐹𝐹𝑒𝑒𝑐𝑐  and the absolute value of the attractive van 
der Waals force 𝐹𝐹𝑣𝑣𝑑𝑑𝑣𝑣 were implemented using the same functional approach as Equation 1: 

λ𝐷𝐷𝐿𝐿𝐷𝐷𝑂𝑂 ∝  exp �− 𝐹𝐹𝑑𝑑𝑟𝑟
|𝐹𝐹𝑣𝑣𝑑𝑑𝑣𝑣|

� . (29) 
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To express the electrostatic force, the double layer force of two approaching droplets in a system 
with symmetrical electrolytes by Derjaguin et al. (1987) was applied (Miller and Neogi, 2008): 

𝐹𝐹𝑒𝑒𝑐𝑐 = 32𝜋𝜋𝜀𝜀0𝜀𝜀𝑐𝑐𝜅𝜅𝑅𝑅𝑒𝑒𝑒𝑒 �
𝑘𝑘𝐵𝐵𝑇𝑇
𝑧𝑧𝑒𝑒
�
2

tanh2 �ze𝛹𝛹𝑠𝑠
4𝑘𝑘𝐵𝐵𝑇𝑇

� exp(−𝜅𝜅ℎ) . (30) 

In this equation, the surface potential is assumed to be independent of drop distance during ap-
proach. The used variables are: relative 𝜀𝜀𝑐𝑐  and vacuum 𝜀𝜀0 permittivity, equivalent drop radius 
𝑅𝑅𝑒𝑒𝑒𝑒 (Eq. (3)), Boltzmann constant 𝑘𝑘𝐵𝐵 , temperature 𝑇𝑇, ion valence 𝑧𝑧, elementary charge 𝑁𝑁, surface 
potential 𝛹𝛹𝑐𝑐 (Equation (27)), minimal distance between the approaching droplets ℎ and the De-
bye length: 

𝜅𝜅−1 = �∑ 𝑒𝑒2𝑧𝑧𝑑𝑑
2𝑘𝑘𝑑𝑑,0𝑑𝑑

𝜀𝜀0𝜀𝜀𝑑𝑑𝑘𝑘𝐵𝐵𝑇𝑇
�
−12

  (31) 

considering the valence/charge number 𝑧𝑧𝑖𝑖  and number concentration 𝑛𝑛𝑖𝑖,0 of all ion species in the 
system. The attractive van der Waals force was implemented based on the work of Hamaker 
(1937) (Butt et al., 2003; Israelachvili, 1991): 

𝐹𝐹𝑣𝑣𝑑𝑑𝑣𝑣 = −𝜋𝜋2𝐴𝐴1,2,3
12ℎ2

𝑅𝑅𝑒𝑒𝑒𝑒 . (32) 

However, one should bear in mind that the Hamaker constant 𝐴𝐴1,2,3 is occasionally defined dif-
ferently in several references: 𝐴𝐴1,2,3

′ = 𝜋𝜋2 ∙ 𝐴𝐴1,2,3.  
Implementing the opposing forces in Equation (29) and merging all constants to the numerical 
parameter 𝑐𝑐3,𝑐𝑐 the electrostatic coalescence efficiency yields: 

𝜆𝜆𝐷𝐷𝐿𝐿𝐷𝐷𝑂𝑂 = 𝑁𝑁𝑥𝑥𝑒𝑒 �−𝑐𝑐3,𝑐𝑐
𝜀𝜀0𝜀𝜀𝑑𝑑𝜅𝜅ℎ2

𝐴𝐴1,2,3
�𝑘𝑘𝐵𝐵𝑇𝑇
𝑧𝑧𝑒𝑒
�
2

tanh2 �ze𝛹𝛹𝑠𝑠
4𝑘𝑘𝐵𝐵𝑇𝑇

� exp(−𝜅𝜅ℎ)� . (33) 

Notably, the developed submodel is independent from the droplet diameters and it depends only 
on physical properties, which are usually known, as well as on the surface potential and the min-
imal distance ℎ between the colliding drops’ surfaces.  
The surface potential can be approximated by zeta potential measurements as described in sec-
tions 4.2 and 6.2. The zeta potential seems to be independent of the type of oil phase: Marinova 
et. al (1996) found almost identical pH dependencies of zeta potentials for the non-polar organic 
components xylene, dodecane, hexadecane and perfluoromethyldecalin and Creux et al. (2009) 
for nitrobenzene, benzene, octane, decane and dodecane. Thus, zeta potential measurements of 
one type of oil may be adopted universally and only the dependencies on different ion types and 
concentrations have to be investigated once.  
The distance ℎ between the colliding droplets is unknown in most PBE simulations as single 
drop trajectories are not calculated within integral balances. Therefore, a characteristic length 
has to be determined which represents a significant distance during the droplet collision. The 
definition of a characteristic length is already applied in film drainage models for PBE in which a 
critical film rupture distance has to be defined at which film drainage results in a coalescence of 
the droplets (see section 3.3). Concerning the DLVO interactions, a definition of a constant char-
acteristic length would be questionable because the resulting DLVO interaction force between 
attractive van der Waals and repulsive electrostatic force varies significantly with the electrolyte 
concentration (see Figure 20). The Debye length 𝜅𝜅−1 describes the characteristic decay length of 
the electrostatic interactions (Israelachvili, 1991) and is determined solely by the ion species 
and concentrations dissolved in the continuous water phase. Additionally, the maximal resulting 
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DLVO force can be found at drop distances near the Debye length (Kamp and Kraume, VI). Thus, 
the characteristic distance between the colliding droplets is implemented as: 

ℎ = 𝜅𝜅−1 . (34) 
A description of systems containing asymmetrical ions can be realised straightforwardly by 
adaption of 𝐹𝐹𝑒𝑒𝑐𝑐  (Equation (30)) with the corresponding equations given by Derjaguin et al. 
(1987). 

6.4 Simulations with DLVO coalescence efficiency submodel 
According to Equation (28) the DLVO coalescence efficiency submodel was implemented in PBE 
extending the hydrodynamic submodel of Coulaloglou and Tavlarides (1977):   

𝜆𝜆 = 𝜆𝜆𝐶𝐶&𝑇𝑇 ∙ 𝜆𝜆𝐷𝐷𝐿𝐿𝐷𝐷𝑂𝑂 . (35) 
The determined parameters of the Coulaloglou and Tavlarides (1977) model were kept constant 
and only the additional parameter 𝑐𝑐3,𝑐𝑐  of the DLVO model was fitted to experimental data at 

pH 13. The Hamaker constant 𝐴𝐴𝑇𝑇,𝑣𝑣,𝑇𝑇  =  7.02 · 10−21 J was determined using data from Rosen-
holm (2010) regarding the van der Waals interaction between two toluene phases in water, rep-
resenting two toluene drops in the continuous water phase. 
The implemented models are able to predict drop size distributions over the whole pH range 
with a constant set of parameters (see Table 7 and Figure 23). This is a significant improvement 
compared to the other models in which at least one numerical parameter has to be varied (see 
section 6.1). As shown in Figure 23, the simulated steady state Sauter mean diameters 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏 
follow the trend of the zeta potential with increasing pH value. The simulations describe the ex-
perimental data with an overall 𝑅𝑅𝑅𝑅𝑅𝑅𝐷𝐷 = 24.7 µm better than the simulations with existent 
models discussed in section 6.1. The deviations concerning the influence of stirrer frequency are 
identical to the simulations using the plain Coulaloglou and Tavlarides (1977) model (cf. 
Figure 21). As discussed in section 5.4, the influence of stirrer frequency can be described better 
by altering the breakage submodels which is not the focus of this work.  
To compare the three applied coalescence efficiency submodels (C&T, T&R, C&T+DLVO) directly, 
an abrupt decrease of the stirrer frequency was simulated and compared to an experiment per-
formed at pH 13. At pH 13 the coalescence rate is decreased (but not completely hindered) due 
to coalescence inhibition. Thus, the transient increase of 𝑑𝑑32 as a result of decreased energy in-
put is slower and can be observed better compared to lower pH values (see Figure 24). In the 
experiment, the stirrer frequency was set to 𝑛𝑛 = 700 min−1 for 80 minutes resulting in a steady 
state Sauter mean diameter of 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏(700 min−1) = 174 µm and then changed immediately to 
𝑛𝑛 = 400 min−1. The lower energy input decreases the breakage rate significantly and, thus, 
causes a shift in the balance between breakage and coalescence rate. Hence, the drops increase 
due to coalescence over time and the Sauter mean diameter levels out to the steady state value 
𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏(400 min−1) = 306 µm after about 20 minutes. If coalescence would not be inhibited, the 
increase of drop size to 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏(400 min−1) would be reached after few seconds as predicted by 
the Coulaloglou and Tavlarides (1977) model in Figure 24. The same steady state Sauter mean 
diameter at pH 13 was achieved in the experiment starting with  𝑛𝑛 = 400 min−1 (compare to 
Figure 23, right diagram at pH 13). Using this kind of experiment, the coalescence submodels can  
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Figure 23: Simulations using the Coulaloglou and Tavlarides (1977) coalescence efficiency submodel ex-
tended with the DLVO model (DLVO) in comparison with experimental data. Left: transient Sauter mean 
diameter 𝑑𝑑32 at 𝑛𝑛 = 550 min−1, right: stationary 𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏 vs. pH of continuous phase. Reproduced from 
Kamp and Kraume (VI) with permission from Elsevier. 

 
be validated in the PBE as the transient change of 𝑑𝑑32 is determined by the dominating coales-
cence kernel. The simulations performed with the three applied coalescence efficiency submod-
els using the previously determined numerical parameters (Table 7) show a comparable per-
formance during the first part of the experiment. All models describe the breakage dominated 
decrease of the Sauter mean diameter over time at a stirrer frequency of 𝑛𝑛 = 700 min−1 with 
acceptable deviations, as already discussed above. Thus, the used breakage rate submodel of 
Coulaloglou and Tavlarides (1977) is able to describe the breakage phenomenon and the corre-
sponding numerical parameters were fitted successfully. After the abrupt decrease of the stirrer 
frequency, the coalescence efficiency submodels show a different transient behaviour. The mod-
el of Tobin and Ramkrishna (1999) overestimates the coalescence inhibition which leads to a 
very low coalescence rate and the simulation is not able to describe the transient change in the 
drop size distribution properly. In contrast, the sole Coulaloglou and Tavlarides (1977) model 
predicts a too high coalescence efficiency resulting in a very fast convergence to the steady state 
Sauter mean diameter after only a few minutes. However, the steady state value 
𝑑𝑑32,𝑐𝑐𝑏𝑏𝑚𝑚𝑏𝑏(400 min−1) is predicted well. By extending the Coulaloglou and Tavlarides (1977) mod-
el with the developed DLVO model, a coalescence rate is determined which describes the transi-
ent increase of 𝑑𝑑32 in the experiment successfully.  
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Figure 24: Transient development of the Sauter mean diameter d32 at pH 13 with a change in stirrer fre-
quency n from 700 min-1 to 400 min-1 after 80 min in experiments and simulations using the three coales-
cence efficiency submodels C&T: Coulaloglou and Tavlarides (1977), T&R: Tobin and Ramkrishna (1999), 
DLVO: hydrodynamic model from Coulaloglou and Tavlarides (1977) extended with DLVO model. Repro-
duced from Kamp and Kraume (VI) with permission from Elsevier. 

 

6.5 Conclusions 
According to the modular concept of PBE, a coalescence efficiency model was developed which 
considers the interacting forces of DLVO theory. Therefore, the surface potential has to be 
known which cannot directly be quantified experimentally. However, it can be approximated 
qualitatively by the zeta potential which was shown to be sufficient for successful simulations. 
Additionally, similar zeta potential measurements were published by several authors for differ-
ent oil/water systems which allow a description of diverse physical systems. The resulting sub-
model was designed to be an extension of existing hydrodynamic coalescence models in PBE. 
Moreover, it was shown that an existing parameter set does not need to be adapted; only the 
additional parameter 𝑐𝑐3,𝑐𝑐 has to be fitted once. Applying this model the coalescence inhibition at 
high pH values due to electrostatic repulsions can be described successfully in contrast to exist-
ing models. Moreover, the developed DLVO model is valid over the range of pH 1 – 13 with con-
stant parameters.  
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7 Summary and outlook 

This thesis addresses the complex phenomenon of coalescence in liquid/liquid systems and the 
main challenges of coalescence description are discussed: forces of various influences interact 
between different orders of magnitude in spatial and temporal dimension and especially the 
origin and occurrence of film rupture is not predictable so far. It is shown that most stochastic 
modelling approaches implement influencing factors inconsistently and partly contradictory.  
To establish a sound basis for model evaluation and further development, an automated test cell 
for single drop coalescence investigations was built. Together with the developed automated 
image analysis, systematic coalescence investigations were performed successfully considering 
the important influences of drop size and collision velocity on coalescence probability. On this 
basis, the coalescence efficiency model of Coulaloglou and Tavlarides (1977) was validated, 
whereas, other modelling approaches failed to describe the experimental data properly. For the 
first time, the numerical parameter of the coalescence efficiency model was determined from 
single drop investigations and independently from drop breakage. The determined parameter 
was used effectively to describe experimental data of a stirred vessel in laboratory scale. This 
shows that a successful transfer of findings from single drop experiments to droplet swarms was 
achieved. Additionally, the dependency of numerical parameters in the applied population bal-
ance equations is discussed which confirms the need of independent parameter estimation. 
Moreover, the modelling framework was extended by developing a coalescence efficiency model 
which includes repulsive electrostatic and attractive van der Waals forces according to DLVO 
theory. Combining this modelling approach with the Coulaloglou and Tavlarides (1977) model, 
the coalescence inhibition due to ion partition effects at the liquid/liquid interface can be de-
scribed. The coalescence inhibition at high pH values found in a stirred vessel was simulated 
successfully with constant parameters over pH range from 1 – 13 using this model combination.  
The generated fundamental experimental data can be used to evaluate additional modelling ap-
proaches and apply the gained knowledge for further model improvement and development. 
Using the presented bottom-up approach for systematic investigations in liquid/liquid systems, 
further details of coalescence can be revealed in future investigations. The developed automated 
coalescence test cell and image analysis can be used to investigate, e.g., the influence of ion spe-
cies and concentrations comprehensively or the impact of surfactants on coalescence efficiency. 
Based on sound experimental data, reliable coalescence models can be developed which de-
scribe the important influencing factors properly and allow a robust extrapolation.  
From a technical point of view, the model evaluation and independent parameter estimation 
based on single drop experiments is a substantial improvement. Using valid models, it might be 
possible in future to adapt model parameters to the investigated test system in small scale la-
boratory test. With reliable population balance equation simulations a design and scale-up to 
industrial scale can be possible. This would allow skipping pilot plant investigations which are 
still needed nowadays, e.g., in the design of extraction columns which require high amounts of 
possibly expensive and hazardous liquids. 
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A Appendix 

A.1 Data of single drop experiments

Drop diameters Collision Coalescence efficiency Date Camera 

   
velocity 

 
system 

dtop dbot Req vcoll Coalescence Repulsion Efficiency 
[mm] [mm] [mm] [mm/s] [number] [number] [-] 

1.2 2.5 0.81 83 0 3 0.0% 18.11.2013 (1) 
1.8 2.5 1.05 100 0 82 0.0% 12.11.2013 (1) 
2.0 2.5 1.11 76 0 151 0.0% 18.11.2013 (1) 
2.0 2.5 1.11 100 1 144 0.7% 11.11.2013 (1) 
2.5 2.5 1.25 108 0 132 0.0% 28.10.2013 (1) 
2.5 2.5 1.25 75 0 96 0.0% 12.11.2013 (1) 
2.7 2.5 1.30 96 0 143 0.0% 11.11.2013 (1) 
2.8 2.5 1.32 96 0 128 0.0% 12.11.2013 (1) 
2.9 2.5 1.34 65 0 113 0.0% 18.11.2013 (1) 
2.9 2.5 1.34 105 0 175 0.0% 28.10.2013 (1) 
1.2 2.5 0.81 100 0 5 0.0% 11.11.2013 (1) 
2.5 2.5 1.25 68 0 100 0.0% 17.02.2014 (1) 
2.5 2.5 1.25 60 0 77 0.0% 17.02.2014 (1) 
2.5 2.5 1.25 44 0 89 0.0% 17.02.2014 (1) 
2.5 2.5 1.25 37 10 79 11.2% 18.02.2014 (1) 
2.5 2.5 1.25 22 62 56 52.5% 18.02.2014 (1) 
2.9 2.5 1.34 25 7 97 6.7% 19.02.2014 (1) 
1.5 2.5 0.94 24 110 3 97.3% 19.03.2014 (1) 
1.5 2.5 0.94 24 37 65 36.3% 19.03.2014 (1) 
1.5 2.5 0.94 28 26 81 24.3% 21.03.2014 (1) 
1.5 2.5 0.94 28 102 5 95.3% 21.03.2014 (1) 
1.5 2.5 0.94 26 102 23 81.6% 19.03.2014 (1) 
1.5 2.5 0.94 21 59 7 89.4% 21.03.2014 (1) 
2.5 1.5 0.94 30 0 112 0.0% 22.03.2014 (1) 
2.7 2.5 1.30 x 23 87 20.9% 18.03.2014 (1) 
2.0 2.5 1.11 x 76 25 75.2% 18.03.2014 (1) 
2.5 1.5 0.94 41 0 113 0.0% 26.03.2014 (1) 
2.0 1.5 0.86 36 0 110 0.0% 26.03.2014 (1) 
1.5 1.5 0.75 40 40 46 46.5% 27.03.2014 (1) 
1.0 1.5 0.60 45 32 82 28.1% 06.05.2014 (1) 
2.8 2.5 1.32 36 0 104 0.0% 30.04.2014 (1) 
2.5 2.5 1.25 34 0 115 0.0% 02.05.2014 (1) 
2.0 2.5 1.11 35 0 104 0.0% 02.05.2014 (1) 
1.5 2.5 0.94 31 1 103 1.0% 02.05.2014 (1) 
1.0 2.5 0.71 30 93 11 89.4% 02.05.2014 (1) 
2.8 2.0 1.17 35 0 0 0.0% 05.05.2014 (1) 
2.5 2.0 1.11 41 0 104 0.0% 05.05.2014 (1) 
2.0 2.0 1.00 39 0 104 0.0% 05.05.2014 (1) 
1.5 2.0 0.86 36 1 113 0.9% 05.05.2014 (1) 
1.0 2.0 0.67 40 1 103 1.0% 05.05.2014 (1) 
2.5 2.5 1.25 x 1 79 1.3% 27.03.2014 (1) 
2.5 1.5 0.94 x 0 100 0.0% 28.03.2014 (1) 
1.5 1.5 0.75 31 12 88 12.0% 28.03.2014 (1) 
1.0 1.5 0.60 x 109 9 92.4% 28.03.2014 (1) 
2.5 2.5 1.25 24 104 0 100.0% 16.04.2014 (1) 
2.0 2.5 1.11 29 91 13 87.5% 16.04.2014 (1) 
1.5 2.5 0.94 29 103 1 99.0% 16.04.2014 (1) 
1.0 2.5 0.71 24 104 0 100.0% 16.04.2014 (1) 
2.8 2.5 1.32 28 9 95 8.7% 30.04.2014 (1) 
2.5 2.5 1.25 42 1 103 1.0% 22.04.2014 (1) 
2.0 2.5 1.11 42 0 105 0.0% 22.04.2014 (1)
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Drop diameters Collision Coalescence efficiency Date Camera 

   
velocity 

  
system 

dtop dbot Req vcoll Coalescence Repulsion Efficiency 
  [mm] [mm] [mm] [mm/s] [number] [number] [-] 
  1.0 2.5 0.71 46 0 104 0.0% 23.04.2014 (1) 

2.8 2.5 1.32 41 0 104 0.0% 06.05.2014 (1) 
1.5 2.0 0.86 43 0 104 0.0% 06.05.2014 (1) 
1.0 2.0 0.67 38 18 85 17.5% 25.04.2014 (1) 
2.0 2.0 1.00 42 0 105 0.0% 25.04.2014 (1) 
2.5 2.0 1.11 39 0 127 0.0% 25.04.2014 (1) 
2.8 2.0 1.17 47 0 105 0.0% 25.04.2014 (1) 
2.0 1.5 0.86 45 0 104 0.0% 25.04.2014 (1) 
1.5 1.5 0.75 44 0 104 0.0% 29.04.2014 (1) 
1.0 1.5 0.60 48 0 104 0.0% 29.04.2014 (1) 
2.5 1.5 0.94 46 0 114 0.0% 30.04.2014 (1) 
2.8 1.5 0.98 44 9 95 8.7% 30.04.2014 (1) 
2.5 2.5 1.25 20 102 2 98.1% 09.05.2014 (1) 
1.5 2.5 0.94 28 103 1 99.0% 09.05.2014 (1) 
2.5 1.5 0.94 x 0 97 0.0% 11.05.2014 (1) 
1.5 2.5 0.94 26 19 1 95.0% 29.08.2014 (2) 
2.0 2.5 1.11 24 18 2 90.0% 29.08.2014 (2) 
2.5 2.5 1.25 x 28 10 73.7% 23.07.2014 (2) 
2.5 2.5 1.25 25 20 0 100.0% 17.09.2014 (2) 
2.8 2.5 1.32 31 15 5 75.0% 11.09.2014 (2) 
1.0 1.5 0.60 33 18 0 100.0% 01.09.2014 (2) 
2.0 1.5 0.86 x 0 20 0.0% 27.08.2014 (2) 
2.5 1.5 0.94 32 0 23 0.0% 29.07.2014 (2) 
1.0 2.0 0.67 32 0 20 0.0% 01.09.2014 (2) 
1.5 2.0 0.86 38 10 10 50.0% 27.08.2014 (2) 
2.0 2.0 1.00 33 3 17 15.0% 27.08.2014 (2) 
2.5 2.0 1.11 29 0 30 0.0% 29.07.2014 (2) 
2.8 2.0 1.17 29 6 14 30.0% 11.09.2014 (2) 
1.0 2.5 0.71 44 20 0 100.0% 12.09.2014 (2) 
1.5 2.5 0.94 x 15 6 71.4% 27.08.2014 (2) 
2.0 2.5 1.11 45 15 5 75.0% 27.08.2014 (2) 
2.5 2.5 1.25 43 12 27 30.8% 29.07.2014 (2) 
2.8 2.5 1.32 47 18 2 90.0% 15.09.2014 (2) 
1.0 2.0 0.67 x 20 0 100.0% 12.09.2014 (2) 
1.5 2.0 0.86 54 20 0 100.0% 28.08.2014 (2) 
2.0 2.0 1.00 59 14 6 70.0% 28.08.2014 (2) 
2.5 2.0 1.11 x 16 4 80.0% 28.08.2014 (2) 
2.8 2.0 1.17 55 0 20 0.0% 11.09.2014 (2) 
2.5 2.0 1.11 74 0 20 0.0% 11.08.2014 (2) 
2.5 2.0 1.11 66 0 20 0.0% 11.08.2014 (2) 

Collision velocities marked with ‘x’ could not be analysed. 
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Abstract: The coalescence phenomenon of drops in liq-
uid/liquid systems is reviewed with particular focus on 
its technical relevance and application. Due to the com-
plexity of coalescence, a comprehensive survey of the 
coalescence process and the numerous influencing fac-
tors is given. Subsequently, available experimental tech-
niques with different levels of detail are summarized and 
compared. These techniques can be divided in simple set-
tling tests for qualitative coalescence behavior investiga-
tions and gravity settler design, single-drop coalescence 
studies at flat interfaces as well as between droplets, and 
detailed film drainage analysis. To model the coales-
cence rate in liquid/liquid systems on a technical scale, 
the generic population balance framework is introduced. 
Additionally, different coalescence modeling approaches 
are reviewed with ascending level of detail from empirical 
correlations to comprehensive film drainage models and 
detailed computational fluid and particle dynamics.

Keywords: coalescence; coalescence model; emulsion; 
liquid/liquid dispersion; population balance equation.

Abbreviations
1D one-dimensional
2D two-dimensional
3D three-dimensional
AC alternating current
AFM atomic force microscopy
CFD computational fluid dynamics

c→d mass transfer from continuous to disperse phase
d→c mass transfer from disperse to continuous phase
DC direct current
DIM di�usive interface methoddi�usive interface methoddi�usi
DLVO Derjaguin-Landau-Verwey-Overbeek
fps frames per second
HLB hydrophilic-lipophilic balance concepthydrophilic-lipophilic balance concepth
LBM lattice Boltzmann method
LED light-emitting diode
MD molecular dynamicsmolecular dynamicsmolecular d
O/W oil-in-water emulsion/dispersion
PBE population balance equation
PIV particle image velocimetry
SFA surface force apparatus
TFB thin-film balance
VOF volume of fluid
W/O water-in-oil emulsion/dispersion

1  Introduction
The coalescence or confluence of drops or bubbles with one 
another or a continuous phase is a phenomenon that does 
affect technical applications but also influences everyday 
life. For example, without coalescence, rain drops would 
not flow together to runlets and puddles, but millions of 
drops would accumulate on the ground. As most of the 
chemicals used in industrial applications are liquids and 
gases, the technical relevance of coalescence for chemi-
cal and process engineering becomes apparent. In liquid/
liquid systems, (at least) two phases with a miscibility gap 
are dispersed in one another by an energy input to over-
come the density difference and to, for example, increase 
the interfacial area and to enhance the mass and heat 
transfer processes. Those dispersed systems are an inte-
gral part of many technical applications (e.g. extraction, 
mixing, polymerization, emulsion formation, and mul-
tiphase reactors). In other cases or production steps, stabi-
lized dispersions (or emulsions) have to be separated again. 
The rate-determining phenomenon in separation is solely 
the coalescence rate of the dispersed droplets with each 
other and with their continuous phase. The most relevant 
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2      J. Kamp et al.: Drop coalescence in technical applications

example is the separation of water-in-crude oil dispersions 
that are recovered from oil wells. The water has to be sepa-
rated before the crude oil can be further processed in petro-
leum and chemical industries. However, coalescence is not 
always desired: for example, in cosmetic products, such as 
lotions and creams in which water and oil are finely dis-
persed, as well as in food and nutrition products, such as 
milk and margarine. In these cases, the stabilized disper-
sion is a demanded product quality; therefore, coalescence 
is significantly hindered by surface-active additives to 
prevent the separation into two continuous phases. Hence, 
the coalescence rate and probability may and often should 
vary significantly from application to application; conse-
quently, its influencing parameters have to be understood.

The drop size distribution in liquid/liquid disper-
sions determines the interfacial area and the sedimenta-
tion velocity during separation. Thus, it is an important 
process variable and determines a significant part of the 
overall process efficiency and product quality. In technical 
applications, drops typically do not appear monodisperse, 
but a droplet swarm with a certain spectrum of different 
drop sizes is formed by drop breakage and coalescence 
events. The polydisperse droplet swarm is characterized 
by the drop size distribution. To predict drop size distribu-
tions, the opposing phenomena of drop coalescence and 
breakage have to be understood and described properly. 
Although comprehensive scientific research identified 
a multitude of theoretical models describing both pro-
cesses, the prediction of the drop size distribution is only 
possible with restrictions up to now. Consequently, exces-
sive and expensive experimental investigations are still 
necessary at different scales of process development. For 
example, the design of extraction columns still requires 
pilot plants using a significant amount of (possibly toxic, 
hazardous, and/or valuable) original process liquids.

1.1  Scope

This work is focused on the droplet coalescence phenom-
enon in liquid/liquid systems. Concerning drop breakage, 
the reader is referred to other works (Lasheras et al. 2002, 
Liao and Lucas 2009, Ghotli et al. 2013, Solsvik et al. 2013, 
Nachtigall et al. 2015). The review is written from the per-
spective of an engineer summarizing the complex physi-
cal interactions and how these findings are integrated in 
models describing technical apparatuses. It is divided in 
three parts. First, an overview of the fundamental steps of 
droplet coalescence and its influencing factors is given. In 
the second part, available experimental techniques with 
different levels of detail are summarized and compared. 
Additionally, major outcomes are presented. The last part 

reviews and discusses existing modeling approaches 
from empirical correlations to comprehensive film drain-
age models and detailed computational fluid and particle 
dynamics.

At the end of each part, short intermediate conclu-
sions are given in which the authors summarize the main 
outcomes and evaluate the discussed aspects subjectively.

Coalescence in gas/liquid systems is not considered 
in detail in this review. Coalescence in gas/liquid systems 
is similar to coalescence in liquid/liquid systems but not 
equivalent: the dynamic viscosity of the gas phase is orders 
of magnitude lower (and thus negligible) and surface-
active substances cannot be dissolved in gases. Therefore, 
the parameters of the liquid phase mostly influence the 
coalescence process and the gas/liquid coalescence can 
be regarded as a limiting case of liquid/liquid coalescence. 
However, the coalescence of gas bubbles in liquids is more 
similar to liquid/liquid coalescence than the coalescence 
of drops in gas continuous phase because the coalescence 
process is mainly determined by the viscous continuous 
phase. In case of drop coalescence in gas continuous 
phase, the coalescence event can be described success-
fully depending on the drop size ratio, Weber number, and 
collision angle (Bradley and Stow 1978, Ashgriz and Poo 
1990, Orme 1997, Qian and Law 1997, Estrade et al. 1999, 
Chen and Chen 2006, Pan et al. 2009).

1.2  Early history

Coalescence itself is a highly complex phenomenon that 
has been investigated systematically since the first half of 
the 20th century but still is in the focus of recent research. 
Looking at the early beginnings of coalescence investiga-
tion, the first scientific description was made by Reynolds 
(1881), who splashed water on ponds and observed droplets 
resting and floating on the water surface until confluence 
appeared. The drop floating effect was later reported again 
by Katalinic (1926). Reynolds (1881) explained the floating 
of drops by the purity of the surface resulting in high inter-
facial tension. Prior to that, Reynolds (1875) already used 
colored drops to visualize the vortex ring evolving within 
the continuous phase after coalescence. The vortex rings 
were also described by Thomson and Newall (1885). A phe-
nomenological description of the film thinning (or drain-
age) above a bubble approaching the water surface, which 
is the most important step in the coalescence process, 
was given by Hardy (1925). The first systematic investiga-
tions of drop and bubble rest times at a flat interface until 
coalescence occurred were performed by Rehbinder and 
Wenström (1930) and Rehbinder et al. (1930), who also ana-
lyzed the adsorption and stabilizing effect of surface-active 
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components. Mahajan (1933) investigated the thin film of 
continuous oil phase between water droplets. Wark and 
Cox (1935) reported interdrop coalescence in several stages 
(also known as partial coalescence). A detailed insight in 
the film thinning was reported by Derjaguin and Kussa-
kov (1939), who performed the first measurements of the 
film thickness during thinning at a plane interface. Der-
jaguin and Kussakov (1939) postulated that the thermody-
namic properties within the thin film differ from those of 
the bulk phase and termed the corresponding difference 
disjoining pressure (Sheludko 1967). The first mechanis-
tic approach of coalescence was described by Lawrence 
and Mills (1954), who applied the coagulation theory of 
Smoluchowski (1918) to oil-in-water emulsions (O/W). In 
the following decades, a huge number of publications can 
be found investigating coalescence phenomena in liquid/
liquid systems, which are discussed in this work.

2  Fundamentals of drop 
coalescence

Due to the complexity of coalescence, the fundamentals 
of the coalescence process and its numerous influencing 
factors are introduced in detail before experimental tech-
niques and modeling approaches are discussed in the 
subsequent sections. First, the collision of two drops due 
to their relative velocity in different flow regimes is summa-
rized. Subsequently, a comprehensive survey of the sequen-
tial steps during the collision of two drops is given, which 

can result in coalescence, agglomeration, or repulsion. 
Additionally, various parameters that influence the coales-
cence probability of two drops in contact are discussed.

2.1  Droplet collision

Before a coalescence of two droplets can occur, the drops 
have to collide and come into contact with each other. 
The collision between two droplets is induced by differ-
ent drop velocities v compared to the surrounding contin-
uous flow field, resulting in a relative velocity vrel between 
the droplets. The relative velocity is determined mainly 
by the main flow pattern of the dispersion and the set-
tling (or rising) velocities of the individual drops. In tech-
nical applications, a broad variety of flow regimes can be 
found from stagnant continuous phase to fully turbulent 
flows (see Table 1); for example, in a gravity separator, a 
sedimentation zone with settling or rising droplets and 
a dense-packed zone of resting drops in the dispersion 
band can be found. The rise velocity of a settling drop can 
be calculated by a force balance around the droplet using 
the friction factor CD,SCD,SC  for single droplets (see Wegener 
et al. 2014 for details) or the friction factor CD,CD,C

ϕ
 corrected 

by the disperse phase fraction ϕ for droplet swarms (see 
Barnea and Mizrahi 1973, 1975a, Henschke et  al. 2002). 
The relative velocity between two droplets depends only 
on the drop sizes if velocity gradients of the continuous 
phase flow are neglected, otherwise complex interactions 
have to be considered as derived by Berman and Tamir 

Table 1: Relative velocities between two drops in technical applications in different flow regimes.

Flow regime   Velocity   Reference

Dense-packed zone   vrelvrelv ≈0   Barnea and Mizrahi 1975b,c

Gravity settling
  4 14 14 14 1  with
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  Barnea and Mizrahi 1973, 1975a, 
Henschke et al. 2002
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  Liao and Lucas 2010, Chesters 1991, 
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Locally isotropic and 
homogeneous turbulence

  1
32( )v dv dv dv d2(v d2(v d=v drelv dlv dv dεv d   Kolmogorov 1941, Hinze 1955, Coulaloglou 

and Tavlarides 1977, Batchelor 1951, 1952, 
Kuboi et al. 1972a,b
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(2003). The relative velocity in the dense-packed zone 
is nearly zero, although the coalescence events induce 
fluctuations and movement in the dispersion band. 
The absolute velocity of the droplets is determined by 
the superficial velocity (or surface load) of the separa-
tor (Barnea and Mizrahi 1975b,c). In viscous shear flow 
(e.g. pipe flow), the relative velocity is determined by the 
shear rate γ�  and a characteristic distance of the order of 
magnitude of one droplet diameter d. Drops following the 
confined streamlines of the external shear flow can only 
approach each other if the diameter of the smaller droplet 
is at least 15% of the bigger one (Smoluchowski 1918, 
Batchelor and Green 1972, Chesters 1991). In turbulent 
flow regimes (e.g. stirred vessel, extraction column, pipe 
flow), drops are entrained in eddies larger than the drops 
itself; only eddies in the scale of the drops can cause a 
relative velocity between them. Thus, the relative veloc-
ity can be derived from the energy distribution theory of 
Kolmogorov (1941) in isotropic homogeneous turbulence 
(Batchelor 1951, 1952, Hinze 1955, Kuboi et  al. 1972a,b, 
Coulaloglou and Tavlarides 1977). If the drop sizes are 
much smaller than the energy dissipating eddies in the 
turbulent flow, the relative velocity can be calculated 
from the shear strain (or turbulent shear) rate within the 
smallest eddy (Saffman and Turner 1956, Chesters 1991, 
Liao and Lucas 2010).

A discussion of the typical forces and contact times 
of colliding particles in the mentioned flow regimes can 
be found in the work of Chesters (1991). From these, the 
collision frequency ξ can be derived, which describes 
how often drops collide within the existent flow regime. 
Several models describing the collision frequency can be 
found in the works of Chesters (1991) and Liao and Lucas 
(2010).

After a collision of two droplets, a coalescence of these 
may occur. This is determined by a coalescence probabil-
ity (or efficiency) λ, which depends on complex droplet 
interactions and influencing parameters, as discussed in 
the following. Together with the collision frequency ξ, the 
coalescence probability λ yields the coalescence rate F in F in F
physical modeling approaches:

ξ λ= ⋅ξ λ= ⋅ξ λ.F (1)

The coalescence rate describes how often drops coa-
lesce within the existent flow.

2.2  Coalescence process

The collision between two droplets can subsequently 
result in coalescence, agglomeration, or repulsion of the 

drops. This process can be divided in several stages (Jef-drops. This process can be divided in several stages (Jef-drops. This process can be divided in several stages (Jef
freys and Davies 1971, Vijayan and Ponter 1974):

I. Approach
II. “Contact” and deformation
III. Drainage of continuous film trapped between 

drop interfaces
IVa. Coalescence

1. Film rupture
2. Forming of coalescence bridge
3. Confluence

IVb. Agglomeration
IVc. Repulsion

These four main stages, which are described more detailed 
in the following, can be observed during every colli-
sion, but the occurrence and their time span may differ 
significantly with chemical and process conditions (see 
Section 2.3). The numerous influencing factors determine 
if the collision between two drops results in coalescence, 
agglomeration, or repulsion.

The collision of a drop with a planar interface is the 
limiting case if one drop radius becomes infinity and thus, 
to some extent, comparable to the collision of two drop-
lets with finite radius. Hence, early reports (Gillespie and 
Rideal 1956, Charles and Mason 1960a,b, Allan et al. 1961, 
MacKay and Mason 1963a,b, Jeffreys and Hawksley 1965a, 
Hartland 1967a,b,c, 1969) mostly investigated droplet/
flat interface collisions due to simplicity of experimental 
set-up and observability (Scheele and Leng 1971). To con-
sider the collision of two unequally sized drops with diam-
eter d1 and d2 (see Figure 1), the equivalent diameter

= 1 2

1 2

2
eq

d d1 2d d1 2d
d d+d d+1 2d d1 2+1 2+d d+1 2+

(2)

is most widely used. It can be derived from the Young-
Laplace equation (Princen 1969, Butt et al. 2003) and indi-
cates that the coalescence of a droplet of diameter d∗ with 
a flat interface should be equivalent to the coalescence of 
two equally sized drops of diameter 2d∗ (Chesters 1991). A 
further discussion and detailed derivation of droplet inter-
actions with unequal diameters can be found in the works 
of Yiantsios and Davis (1991), Abid and Chesters (1994), 
and Kamp et al. (2001).

The possibly occurring interactions between deform-
able drops and bubbles on collision were discussed in 
detail by Danov et al. (1993) and Kralchevsky et al. (2008). 
The mentioned stages of droplet collision are shown sche-
matically in Figure 2. A high-speed recording of coalescing 
drops is shown in Figure 3. The discussed time spans may 
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Figure 1: Collision and drainage film formation h(r, t) between two unequally sized droplets (diameter r, t) between two unequally sized droplets (diameter r, t d1 & d2) and the collision of two drops 
with equivalent diameter deq according to Equation (2), all centers of mass separated by distance s(t).t).t
Adapted from Lee and Hodgson (1968) and Yiantsios and Davis (1991).

Time

“            “            ”

Figure 2: Schematic sequence of the collision of two droplets and subsequent coalescence, agglomeration, or repulsion.
Adapted from Gäbler (2007).

occasionally have different definitions in the referenced 
literature (especially the coalescence time); thus, the time 
spans are defined in the following description for this 
work.

I. Approach: The droplets approach each other with a 
relative velocity (here, vrel=v1+v2); however, the collision is 
not necessarily head-on as depicted here. By comparison 
of head-on and eccentric collisions, Borrell et  al. (2004) 
found the film drainage process of frontal collisions being 
concordant with the drainage of eccentric collisions. 
Accordingly, we focus on the head-on collision in this 
scheme. The two droplets displace the continuous phase 
in front of them, which induces a frontal wave. At a certain 
separation distance s, the two frontal waves interact with 

each other, which would result in an increased displace-
ment of continuous phase that is limited by viscous forces. 
To counterbalance this, a deceleration and deformation of 
the droplets appears. Due to the deformation, a thin film 
of continuous phase is enclosed between the two drop-
lets (see Figure 1; Hardy 1925, Mahajan 1933). Guido and 
Simeone (1998) and Tretheway et  al. (1999) investigated 
the trajectories of colliding spheres and deformable drop-
lets. From these investigations, it can be determined that 
the interaction of two equally sized drops begins at a 
center of mass distance of around three times the radius; 
thus, for unequally sized drops, the interaction distance 
yields:

interaction 1 2
3 ( )= +( )= +1 2( )1 2= +1 2= +( )= +1 2= +
4

s d= +s d= += +s d= +interactions dinteraction
3s d3 ( )s d( )= +( )= +s d= +( )= +( )d( )1 2( )1 2d1 2( )1 2 (3)

Brooought to you by | De Gruyter / TCS
Authenticated

Download Date | 7/12/16 8:10 PM



6      J. Kamp et al.: Drop coalescence in technical applications

Figure 3: Coalescence of two toluene drops (dtop= 2.6 mm, dbottom= 2.5 mm) in water recorded with Vision Research Phantom v711 at a frame 
rate of 63,021 fps.
After drop deformation and film drainage, film rupture occurs 5.63 ms after visual contact on the left-hand side of the film, which lasts for 
about 0.1 ms. Thereby, a small droplet of continuous phase from the draining film is enclosed in the coalesced drop. The coalescence bridge 
is built and the drops confluence.

II. “Contact” and deformation: The “contact” between 
the drops (and start of film drainage) was defined by 
Baldessari and Leal (2006) as the moment at which the 
undeformed droplets would touch each other; thus, the 
separation distance between the two centers of mass is 
equal to:

contact 1 2
1 ( )= +( )= +t 1( )t 1= +t 1= +( )= +t 1= + 2( )22t 12t 1s d= +s d= += +s d= +nts dnt t 1s dt 1= +t 1= +s d= +t 1= +1s d1 ( )s d( )= +( )= +s d= +( )= +t 1( )t 1s dt 1( )t 1= +t 1= +( )= +t 1= +s d= +t 1= +( )= +t 1= +( )d( ) (4)

In optical observations, the continuous phase between 
the droplets becomes invisible in this moment and the 
drop surfaces seem to touch each other (Tretheway et al. 
1999, Villwock et  al. 2014a). Driven by inertia force, the 
droplets tend to approach each other further and become 
more deformed.

III. Film drainage: To minimize the film thickness h
between the drops, the enclosed film with radius Rd has to 
drain (see Figure 1). This flow is induced by the pressure 

drop from the middle of the film to the periphery of the 
droplets (Chappelear 1961). A capillary pressure is caused 
within the enclosed film by a curvature of the drop inter-
face. Together with the van der Waals component of the 
disjoining pressure the capillary pressure generates this 
pressure drop (Sheludko 1967). This leads to an increase 
of the film thickness as one moves from the edge of the 
film to the center. The flow speed at the circular rim of 
the enclosed film is maximal and causes a decrease in 
static pressure, which converges the drop interfaces at 
this circular boundary additionally (Jones and Wilson 
1978, Klaseboer et al. 2000). Due to these complex inter-
actions, the enclosed film has not a discoid but typically 
a lenticular shape, which is called a dimple (Charles and 
Mason 1960b, Allan et al. 1961, MacKay and Mason 1963b, 
Princen 1963, Jeffreys and Hawksley 1965b). However, 
the film drainage does not need to occur symmetrically: 
several investigations found that drainage is initially 
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axisymmetric and might spontaneously develop asym-
metric pattern (Hartland 1967b, Sheludko 1967, Burrill 
and Woods 1973a,b, Velev et  al. 1995, Zdravkov et  al. 
2006, Chan et al. 2011). It is assumed that this asymmetry 
of drainage is associated with spatial variations of sur-
factants and locally mobile interfaces might occur (Burrill 
and Woods 1973a). However, the mechanisms that trigger 
asymmetric film drainage are still the object of research. 
If the kinetic energy of the two droplets becomes zero 
and the deformation reaches a maximum, the interfacial 
tension contracts the drops back to spherical shape, which 
moves the centers of mass apart from each other again. 
However, film drainage can still occur for a certain period 
of time. The time span from the “contact” of the droplets 
until the end of the film drainage is called film drainage 
time tdrainagetdrainaget  after which a minimal film thickness hmin at the 
circular rim of the film is reached between the two droplet 
surfaces. Obviously, coalescence or agglomeration can 
only occur if the total contact time tcontacttcontactt  of the two drops 
exceeds the drainage time tdrainagetdrainaget . Otherwise, the collision 
ends in a repulsion of the droplets. The drainage time 
depends on many influencing factors (see Section 2.3) and 
thus has a broad variation from milliseconds (Scheele and 
Leng 1971, Sagert and Quinn 1978) over seconds (Vijayan 
and Ponter 1975) to infinity for stable emulsions (Carroll 
1976, Davis and Smith 1976). This is discussed in detail in 
the subsequent sections.

IVa. Coalescence: To result in coalescence, the distance 
h between the two drop surfaces has to fall below a criti-
cal distance along the rim hcrit(r,t) =h(Rd,tdrainagetdrainaget ) at some 
point during the film drainage (Hardy 1925, Mahajan 1933, 
Charles and Mason 1960b). Below this critical distance hcrit, 
the surfaces spontaneously confluence at one (or several) 
point(s) and a conjunction is built (de Vries 1958a, Charles 
and Mason 1960b, Aarts et al. 2005, Zdravkov et al. 2006, 
Aarts and Lekkerkerker 2008). Gillespie and Rideal (1956) 
and Charles and Mason (1960a) proposed surface waves 
in the thin film to be responsible for the spontaneous film 
rupture (Vrij 1966, Vrij et al. 1970), which could be meas-
ured directly about 50  years later using laser scanning 
confocal microscopy by Aarts et al. (2004). Although van 
der Waals attraction is assumed to be the main cause for 
the film break-up (Chen et  al. 2004), Aarts et  al. (Aarts 
et  al. 2005, Aarts and Lekkerkerker 2008) found film 
rupture induced by thermal capillary waves in a system in 
which van der Waals forces are small. In contrast, Manica 
et al. (2008b) doubted that thermal or capillary fluctua-
tions play a role in the coalescence process. Zdravkov 
et  al. (2006) explained the instability of the film by the 
overlap of diffusive interfacial layers (diffusing molecules 

of disperse phase in the continuous phase), which is 
induced by Marangoni convection and surface waves. 
Although the distinct processes of film rupture are still in 
the focus of current research, it is quite evident that local 
interactions at small scale dominate the film rupture. 
Therefore, the moment and point at which film rupture 
occurs cannot be described explicitly, but stochastic 
approaches must be used (Radoev et al. 1983). The values 
for the critical film rupture thickness hcrit which can be 
found in the literature, differ from tens (de Vries 1958a, 
Scheludko et al. 1965, Vrij 1966, Burrill and Woods 1973a, 
Radoev et al. 1983) to hundreds of nanometers (Gillespie 
and Rideal 1956, Zdravkov et al. 2003), whereas theoreti-
cal analyses predict a range of only few nanometers (Vrij 
1966, Chesters 1991). Reviews on thin films, including 
film rupture and flow inside the film, can be found in the 
works of de Vries (1958a,b,c,d), Lee and Hodgson (1968), 
and Clunie et  al. (1971). However, occasionally coales-
cence can be observed in the moment when the drops 
begin to separate again. In these cases, the pressure and 
flow conditions within the film change the interface cur-
vature and cause an approach and rupture of the film at 
its center (Bremond et al. 2008).

From the conjunction of the disperse phases [little 
hole(s) in the film], the interfacial tension rapidly enlarges 
the link along the circular border of the film and expels 
the remaining film volume (film rupture time trupturetrupturet ; 
Charles and Mason 1960b, MacKay and Mason 1963b, 
Aarts et al. 2005, Aryafar and Kavehpour 2006, Zdravkov 
et al. 2006, Aarts and Lekkerkerker 2008). This is shown 
in a high-speed sequence in Figure 4. The film rupture 
time trupturetrupturet  varies from hundreds of microseconds to mil-
liseconds (Aryafar and Kavehpour 2006) depending on 
the viscosities of both phases. If the conjunction of the 
surfaces along the circular border is faster than the expul-
sion of the film volume, the remaining continuous phase 
will be enclosed as droplet(s) inside the coalesced dis-
perse phase (Charles and Mason 1960b), which is also 
depicted in Figures 2 and 3. When the drops are connected 
along the region where the film of continuous phase has 
been located before, a characteristic coalescence bridge 
is formed along which the drops confluence (de Vries 
1958a, Scheludko et al. 1965, Vrij 1966, Radoev et al. 1983, 
Chen et al. 2004, Thoroddsen et al. 2005). The interplay 
of inertia, viscous, and interfacial forces induces oscilla-
tions until the surface waves are dampened and the newly 
formed drop has a spherical shape. Coalescence time 
is mostly defined as the sum of drainage time and film 
rupture time tcoalescencetcoalescencet =tdrainagetdrainaget +trupturetrupturet  and thus the time inter-
val from “contact” until start of confluence. In general, the 
drainage time is much larger than the film rupture time. 
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Defining an end of coalescence for this purpose is inac-
curate due to the abating oscillations.

IVb. Agglomeration: If the contact time tcontacttcontactt  exceeds 
the drainage time tdrainagetdrainaget  but the critical distance hcrit is 
not reached by the film drainage (hmin>hcrit), the drops 
move apart returning into mostly spherical shape after the 
maximal deformation driven by the interfacial tension. 
Additionally, within the distance of some tens of nano-
meters, the disjoining pressure components  – repulsive 
electrostatic force (Smoluchowski 1918) and attractive van 
der Waals force (Hamaker 1937) – gain significant influ-
ence. If outer flow patterns do not drift the droplets apart, 
a stable film is formed due to a local energy minimum in 
attractive and repulsive forces (de Vries 1958c, Sheludko 
1967) and the droplets agglomerate according to the Der-
jaguin-Landau-Verwey-Overbeek (DLVO) theory (Derjaguin 
and Landau 1941, Verwey and Overbeek 1948; see also 
Section 2.3 for an explanation of the DLVO theory).

IVc. Repulsion: If the necessary film drainage time tdrainagetdrainaget  is 
greater than the actual contact time tcontacttcontactt  of the two drops, 
the film has not enough time to drain sufficiently and the 
collision ends in a repulsion of the droplets.

2.3  Influencing factors

The influencing factors on coalescence are numerous, and 
it is difficult to discuss them separately as several physical 
aspects are altered simultaneously when one property is 
changed. Like in many fields of physics and engineering, 
attempts were made to reduce the complexity of processes 

and obtain transferability by means of dimensional analy-
sis. In consequence, the physical effects are reflected in 
corresponding dimensionless numbers and fundamen-
tal aspects such as fluid dynamics of coalescence can be 
discussed based on dimensionless groups. Nevertheless, 
the entire coalescence process is highly complex and 
interactions in and between multiple orders of magnitude 
in spatial and temporal resolution are involved, which 
prohibits simple correlations. Relevant dimensionless 
numbers in dynamic multiphase flows are the Reynolds 
number (Re=�vR/µ/µ/ ), Weber number (We=�v2v2v R2R2 /γ), Capil-
lary number (Ca=µυ/γ/γ/ =We/Re), Bond or Eötvös number 
(Bo=Eo=∆�gR�gR� 2/2/2 γ/γ/ ), Morton number (Mo=gµgµg 4∆�/(�2γ2γ2 3)), 
Ohnesorge number µ γµ γµ γµ γ( /µ γ( /µ γ=( /= ),( /Oh( / Rµ γ�µ γ  and Marangoni 

number γ ∆
µ

=- ,- ,d xγ ∆d xγ ∆Ma
dx

- ,
dx

- ,
v

 in which dγdγd /dγ/dγ x/dx/d  is the interfacial x is the interfacial x
tension gradient caused by a measure 

µ
tension gradient caused by a measure 

µ
x (e.g. temperature, x (e.g. temperature, x

concentration, or surface concentration). One significant 
dimensionless quantity is the Capillary number Ca which 
relates characteristic viscous (and pressure) forces to cap-
illary forces (induced by interfacial tension; Leal 2007). 
Together with the dimensionless van der Waals attrac-
tion F

γ
=Ah/h/h (γ(γ( R2), Leal (2004) and coworkers were able to 

correlate several aspects in drop-drop coalescence at low 
velocities (Re≈1). Apart from that, the Ohnesorge number 
Oh was used to describe the deterministic parts (drop con-
fluence and partial coalescence) of drop-flat interface coa-
lescence (Kavehpour 2015; see also Section 3.1).

In general, coalescence is inherently determined 
by interfacial properties and already small amounts 
of surface-active impurities can change the coales-
cence probability dramatically but may have only minor 
or not quantifiable influence on interfacial tension. 

Figure 4: High-speed images of film rupture between two toluene drops in water recorded with Vision Research Phantom v711 at a framerate 
of 210,526 fps.
The rupture is viewed through the droplet entering from the bottom left, which optically magnifies the film. It can be seen that the film is 
pushed out to the top left during film rupture for about 100 µs.
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Consequently, the reproducibility of experiments is a 
challenging task (Berger 1986, Pfennig and Schwerin 
1998, Leal 2004, Soika and Pfennig 2005, Müller et  al. 
2008, Wegener et al. 2014) and it is crucial to be aware of 
the influencing factors on coalescence.

Although it is difficult to evaluate the influencing 
parameters separately, the main influences of the numer-
ous properties and system conditions are discussed in the 
following. For this discussion, first, other parameters are 
virtually kept constant and the corresponding influence 
on the steps of coalescence is explained qualitatively. 
Second, important dependencies on dimensionless quan-
tities are addressed. As coalescence is an interfacial phe-
nomenon, it is strongly influenced by the properties and 
effects of continuous and disperse phases and especially 
the corresponding interface between them. Additionally, 
environmental conditions may have an impact on coales-
cence. Hence, the following influencing factors are clas-
sified by the properties of the continuous and disperse 
phases, effects at the interface, and ambient and system 
conditions (see Figure 5). A discussion of several influenc-
ing factors can also be found in the works of Jeffreys and 
Davies (1971) and Shalhoub (1975).

2.3.1  Continuous phase

An increase of continuous phase viscosity slows down 
the film drainage and thus delays or hinders coalescence 
(Jeffreys and Davies 1971). The viscosity is regarded in 
several dimensionless numbers to account for viscous 
effects. However, care has to be taken if continuous phase, 
disperse phase, or some kind of mean viscosity has to 
be regarded. The viscosity ratio µ∗=µd/d/d µ/µ/ c determines the 
impact of the phase viscosities and the regarding use of 
dimensionless groups (e.g. selection of correlation of drag 

Continuous phase

Ambient and system conditions

Interface

Viscosity Interfacial tension

Surface potential

Mass transfer

Temperature, pressure, geometry, surface wetting,
electrostatic field, microwaves, ultrasound

Surface active
components: surfactants,

particles, ions

Density

Energy input/velocity

Flow pattern/regime

Ionic strength, pH (if
aqueous)

Disperse phaseDisperse phase

ViscosityViscosity

DensityDensity

Drop diameterDrop diameter

Ionic strength, pH (iIonic strength, pH (if
aqueous)aqueous)

Figure 5: Influencing factors on the coalescence process.

coefficient and the formation of internal flow patterns in 
drops; Wegener et al. 2014). Yoon et al. (2005) found a shift 
of the coalescence point of two drops in simple shear flow 
(Re< 1) for higher viscosity ratios. Above a characteristic 
µ∗, the drops coalesced after the external flow begun to 
pull the drops apart.

An increased continuous phase density also slows 
down film drainage due to the fact that a heavier fluid has a 
lower drainage velocity assuming hydrodynamic pressure 

2

2
v� and constant driving pressure gradient. If gravity set-

tling is predominant, an increased density leads to higher 
buoyancy force, which decreases the interaction forces of 
droplets, decelerates film drainage, but also reduces the 
deformation and flattening of the interface (for creaming 
vice versa – depending on the density difference). Jeffreys 
and Davies (1971) reported that these two effects tend to 
cancel each other out. However, the dimensionless Bond 
or Eötvös number, which relate buoyancy forces and inter-
facial tension forces, is a possible approach to address this 
dependency.

The energy input in a system determines the flow 
pattern/regime within the system and correspondingly 
the relative collision velocity between disperse drops 
(see Table 1). A higher relative velocity decreases the 
contact time of two drops and consequently diminishes 
the chance that the film drains until film rupture (Coula-
loglou and Tavlarides 1977). Additionally, a higher colli-
sion velocity leads to stronger deformations, a bigger film 
drainage area, and therefore an increased drainage time. 
Anyhow, some works propose the opposite: increased coa-
lescence probability with higher velocity, as the authors 
assume that the interfacial energy has to be overcome by 
kinetic energy (Howarth 1964, Sovova 1981). A further dis-
cussion concerning these contradictory concepts can be 
found in Section 4.2. A clear experimental evidence for the 
dependency on relative velocity has not been found yet, 
as this influence cannot be decoupled from others easily. 
In general, the flow regime is determined by the Reynolds 
number, which relates the inertial forces to viscous forces. 
At low Reynolds numbers (Re≈1), the group of Leal (Yang 
et  al. 2001, Leal 2004, Borrell and Leal 2008, Hsu et  al. 
2008) was able to determine critical Capillary numbers 
below which coalescence occurred and above repulsion 
was observed. Although several fundamental dependen-
cies on dimensionless quantities (mainly Ca and µ∗) could 
be identified for different physical systems, a simple 
scaling approach to modeling of coalescence was flawed 
(Leal 2004). Additionally, these findings are only valid for 
flow regimes in which viscous forces are dominant (Re< 1) 
and drops remain in spherical shape Ca�1.
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2.3.2  Interface

Coalescence is an interfacial phenomenon, as it is driven 
by the minimization of interfacial area/energy. Conse-
quently, factors influencing the interface have the most 
significant impact on coalescence.

An increased interfacial tension decreases the defor-
mation of the drops so that the area of film drainage 
becomes smaller and the film drainage time is diminished, 
although a higher interfacial tension also decreases the 
surface mobility, which tends to inhibit the drainage flow 
and enlarges the drainage time. In general, the effect of a 
smaller drainage area has a stronger impact and coales-
cence probability increases with higher interfacial tension 
(Jeffreys and Davies 1971). In gentle collisions (Re< 1), the 
film radius and drainage time was found to scale with the 
Capillary number (Leal 2004). The interplay of viscous 
stresses to capillary pressure is depicted in the Capillary 
number. If inertial forces can be neglected, drops remain 
in approximately spherical shape for Ca�1 because 
surface tension effects dominate and already small defor-
mations are sufficient to counterbalance pressure or stress 
forces on the drop surface. In contrast, for Ca�1 pressure 
and stress variations can only be balanced by large drop 
deformations.

The surface potential of oil/water interfaces in dis-
perse systems induces a repulsive electrostatic force, 
which is again counteracted by attractive van der Waals 
forces. This interaction is commonly known as the 
DLVO theory (Derjaguin and Landau 1941, Verwey and 
Overbeek 1948). Unfortunately, the potential difference 
between two phases cannot be measured directly (gal-
vanic cell), but the difference of Galvani potential differ-
ence between two systems can be measured (Watanabe 
1984, Pfennig and Schwerin 1998, Pfennig et al. 1998) or 
indirect methods as zeta potential measurements can be 
applied to estimate the surface potential (Delgado et al. 
2007). In general, the higher the surface/zeta potential 
the stronger is the repulsion between the droplets; con-
sequently, coalescence is hindered (Rambhau 1978). 
However, the electrostatic force is significantly influenced 
by the presence of ions near the interface as a double 
layer of ions is formed in the liquid phases induced by the 
surface potential (Cheesman and King 1940, Carroll 1976, 
Lyklema 2000). Thus, the ion concentration and pH value 
in the investigated system determine a possible coales-
cence inhibition due to repulsive electrostatic effects. As 
these interactions are complex, no general influence can 
be stated here. The electrostatic effects change with the 
dispersion condition (oil-in-water or water-in-oil; Chen 
et al. 1998) and depend on ion-specific effects, which is 

known as the Hofmeister effect (Franks et  al. 2005). In 
general, the influences in liquid/liquid systems are dis-
tinct from interactions of gas bubbles in liquids (Bom-
maganti et al. 2009). As a rule of thumb, the electrostatic 
repulsion is low for low ionic strength, because no double 
layer can be formed, and high ionic strength, because the 
surface potential is dampened against the surrounding 
by a diffusive ion layer (Pfennig and Schwerin 1998). The 
dampening effect is higher for multivalent ions (Wata-
nabe 1984, Derjaguin et  al. 1987); thus, these are more 
effective to counterbalance an electrostatic coalescence 
inhibition, which is commonly referred to as the Schulze-
Hardy rule (Schramm 2005). Furthermore, an increase of 
the pH value of the aqueous phase results in higher zeta 
potential due to the adsorption of OH- at the interface 
(Marinova et al. 1996, Creux et al. 2009) and therefore in 
a coalescence inhibition (Tobin and Ramkrishna 1992, 
Gäbler et al. 2006, Kamp and Kraume 2015). However, the 
electrostatic effects appear to be nearly independent from 
the type of oil and surface potential measurements of one 
specific oil can be adopted universally (Marinova et  al. 
1996, Creux et al. 2009).

Other surface-active components that aggregate at 
the interface generally reduce the coalescence probability. 
Amphiphilic molecules (surfactants) generally decrease 
the interfacial tension and delay or even inhibit the film 
drainage by a reduced interfacial mobility and/or steric 
hindering (Hodgson and Lee 1969, Hodgson and Woods 
1969, Ivanov and Kralchevsky 1997, Ivanov et  al. 1999, 
Giribabu and Ghosh 2007). A good indicator to examine 
the interfacial mobility of a single drop is its rise velocity. 
Already small amounts of surface-active components (par-
tially) reduce the interfacial mobility and thus increase 
the drop’s drag coefficient and reduce its rise velocity 
significantly (Wegener et al. 2014). Up to now, the interfa-
cial mobility during the interaction of two fluid particles 
was only validated indirectly by testing the consistency of 
experimental data with different hydrodynamic bound-
ary conditions (no-slip/immobile interface, full-slip/fully 
mobile interface; e.g. Manica et al. 2008b).

Ionic surfactants additionally influence the surface 
potential (see above). Generally, an emulsion is more 
stable (which means coalescence is hindered) if the sur-
factant is soluble in the continuous phase, which is known 
as the Bancroft rule (Bancroft 1913). The more advanced 
but still qualitative hydrophilic-lipophilic balance (HLB) 
concept was introduced by Griffin (1949), which considers 
the effects of the hydrophilic and lipophilic groups of a 
surfactant molecule (Kabalnov 1998, Rondon et al. 2006). 
Anyhow, the different characteristics of surfactants can 
be used to deplete the stabilizing effects inter alia, which 
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leads to higher coalescence probability and a breaking of 
the emulsion. This outcome is used extensively in crude 
oil processes and the used chemical mixtures are termed 
demulsifiers accordingly (Mikula and Munoz 2000, Kokal 
2005, Pereira et  al. 2011). For nonionic surfactants, the 
HLB or advanced concepts (Borges et  al. 2009) may be 
used to determine the composition and concentration 
of demulsifier to achieve the minimal emulsion stability 
(at HLB≈10; Ivanov and Kralchevsky 1997, Rondon et al. 
2006). Accordingly, the influence of ionic surfactants can 
be depleted if anionic and cationic surfactants are mixed.

Apart from surfactants, fine solid particles also can 
adsorb at the interface, stabilize it, and hinder coales-
cence (Gafonova and Yarranton 2001, Sullivan and Kil-
patrick 2002). This type of emulsion is commonly known 
as Pickering emulsion (Pickering 1907), although the 
effect was first described by Ramsden (1903). This type of 
stabilized emulsion can be broken up if the wettability of 
the particles is changed by adding specific demulsifiers 
(Mikula and Munoz 2000). If surface-active particles are 
present in separation (or extraction) processes, in which 
the interface diminishes significantly in the coalescence 
region, excess particles (and other surface-active com-
ponents) accumulate at the interface. This foam-like or 
flocculent occurrence is commonly termed crud (Ritcey 
1980).

In general, surface-active components (whether sur-
factants or colloids) exert significant influence on the 
interface properties. Not only the rheology (interfacial vis-
cosity and elasticity) and interfacial mobility may change 
but also dynamic adsorption and desorption or other 
mass transfer processes can induce Marangoni convection 
(Ivanov et al. 1999, Schwalbe et al. 2011), which also influ-
ences interfacial mobility (Leal 2004). Recent studies were 
published investigating the interfacial rheology (Erk et al. 
2012, Reichert and Walker 2015) with regard to film drain-
age and coalescence. If interfacial elastic energy equals or 
exceeds the interfacial energy (e.g. by rapidly increased 
surface concentration of adsorbed nanoparticles during 
confluence), coalescence is arrested at some point of the 
confluence process and stable conglomerates are formed, 
which appear frozen in the middle of the coalescence 
process (Pawar et al. 2011, 2012).

The mass transfer across the interface, which is inher-
ent in many technical applications (e.g. extraction), has 
a significant influence on coalescence time and probabil-
ity. Several investigators (Groothuis and Zuiderweg 1960, 
MacKay and Mason 1963a, Jeffreys and Lawson 1965, 
Gourdon and Casamatta 1991, Ban et al. 2000, Chevaillier 
et al. 2006, Kamp and Kraume 2014) found faster coales-
cence if a third component was transferred from disperse 

to continuous phase (d→c) and an increase in coales-
cence time and thus dispersion stability for an inverse 
mass transfer (c→d). This influence of mass transfer is 
principally explained by Marangoni effects (Carroll 1976, 
Tsouris and Tavlarides 1993, Kopriwa et al. 2012). In case 
of a mass transfer direction d→c, the increasing concen-
tration of the transferring component in the separating 
film locally decreases the interfacial tension in this region. 
Thus, an additional movement of the interface toward the 
rim of the drainage film is induced by higher interfacial 
tension at the outside, which accelerates the film drainage 
(Tsouris and Tavlarides 1993). Furthermore, an increase of 
solute concentration often increases the mutual solubility 
of continuous and disperse phases, which could enhance 
coalescence additionally (Kopriwa et al. 2012). If the mass 
transfer occurs in the opposite direction (c→d), the inter-
facial tension is higher in the film region, which creates 
a surface flow opposite to the film drainage and thus 
hinders coalescence.

The influence of Marangoni effects can be categorized 
by the dimensionless Marangoni number. It is defined 
as the ratio of dynamic interfacial tension variations 
(caused by, for example, temperature or surface concen-
tration gradients) and viscous stresses. Karpitschka and 
Riegler (2014) found a characteristic Marangoni number 
as a measure for the transition between immediate coales-
cence and noncoalescence between sessile drops of differ-
ent but completely miscible liquids.

2.3.3  Disperse phase

Concerning the properties of the disperse phase, the 
drop diameter probably is the most important influenc-
ing factor on coalescence. For finely dispersed droplets 
(order of magnitude: some micrometers and smaller 
– certainly depending on Ca and Re; see discussion 
above), the drops stay in spherical shape, which results 
in a Stokes-Taylor flow regime of two approaching hard 
spheres without a drainage film. In this regime, coa-
lescence time diminishes with increasing drop diam-
eter (Dickinson et al. 1988, Ivanov and Kralchevsky 1997, 
Basheva et  al. 1999, Ivanov et  al. 1999). If the droplets 
reach a certain size and become deformable, a drainage 
film is established between the droplets. As films with 
larger film area require more time to drain and bigger 
drops tend to deform stronger, the drainage (and thus 
coalescence) time increases with growing drop diameter. 
If inertial forces can be neglected, the deformation of a 
drop can be estimated by the Capillary number (see dis-
cussion above). Otherwise, the interplay between several 
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fluid dynamic effects has to be regarded by means of Re, 
We, Eo, and Mo. With a graphical correlation in terms 
of Re, Eo, and Mo, it is possible to determine the shape 
of a free rising drop (Clift et al. 1978). A detailed discus-
sion of the influence of droplet diameter on coalescence 
time and the corresponding modeling approaches can be 
found in Section 4.3.

The disperse phase fraction should mainly influence 
the collision frequency (Liao and Lucas 2010) and not the 
coalescence probability directly.

The disperse phase density influences the density dif-The disperse phase density influences the density dif-The disperse phase density influences the density dif
ference to the continuous phase, which has an influence 
on film drainage in gravity-driven processes (see above: 
continuous phase). In systems with energy input, the 
density influences the inertia of the droplets.

The disperse phase viscosity determines the inner 
movement of the drop, which influences the drag coeffi-
cient and thus the relative velocity of the droplet and the 
velocity boundary condition of the drainage flow. Addi-
tionally, the internal flow of the drop could influence the 
film drainage (Leal 2004). The relevant dimensionless 
measure is the viscosity ratio µ∗ as discussed above.

2.3.4  Ambient and system conditions

The temperature influences nearly all physical prop-
erties, in particular, density, viscosity, and interfacial 
tension. Thus, the influence on the coalescence process 
is not straightforward. Anyhow, Jeffreys and Davies 
(1971) stated that the coalescence probability increases 
in general with increasing temperature. Apparently, an 
increasing temperature enhances the Brownian motion, 
which magnifies the surface waves responsible for film 
rupture, and the adsorption of coalescence-inhibiting 
substances at the interface is reduced (Carroll 1976). 
In this context, the Marangoni number describing 
the surface tension gradient caused by a temperature 
change is the dimensionless measure for thermal capil-
lary waves. However, the temperature dependency of dif-lary waves. However, the temperature dependency of dif-lary waves. However, the temperature dependency of dif
ferent surfactants varies, which could lead to complex 
shifts in film draining and coalescence probability 
(Ivanov and Kralchevsky 1997). Again, the Marangoni 
number is relevant considering the influence of surface 
concentrations and temperature on interfacial tension 
simultaneously.

In incompressible liquid/liquid systems, the influence 
of the ambient pressure is probably negligible, although it 
also affects the density, viscosity, and interfacial tension. 
The pressure dependency of coalescence in gas/liquid 
systems was investigated by Sagert and Quinn (1976) and 

Luo et  al. (1997). They found hindered coalescence with 
increasing pressure and explained it with an adsorption 
at the interface inducing an immobility of the interface 
(Sagert and Quinn 1976) or a decrease of surface tension 
and an increase of continuous phase density (Luo et  al. 
1997).

The geometry and environment in the considered 
apparatus do not only influence coalescence indirectly 
by the induced flow pattern but also directly by the wet-
tability of the existent surfaces. Surfaces with a lower 
wetting angle for the disperse phase interact as a coa-
lescence promoter as droplets aggregate and coalesce 
at the surface (Jeffreys and Davies 1971, Shalhoub 1975, 
Sherony et al. 1978, Wines and Brown 1997, Speth et al. 
2002, Amoanu 2008, Bansal et  al. 2011, Agarwal et  al. 
2013). Hence, meshes of hydrophobic or hydrophilic 
materials are used as so-called coalescers. The edges, 
surface roughness, and crossovers of filaments enlarge 
the possible adhesion surface for droplets and minimize 
the adhesion work (Davies and Jeffreys 1969, Carroll 1976, 
Agarwal et al. 2013). The combination of different mate-
rials with altering wettability shows a better separation 
performance of coalescer meshes (Carroll 1976, Kulkarni 
et  al. 2012), which can be explained by the alteration 
of wettability at the contact points of different materi-
als promoting coalescence additionally (Davies 1982). 
Furthermore, higher collision rates between attached 
droplets on fibers and emulsion drops in the flow are 
induced, which enhance the coalescence rate in the coa-
lescers (Sherony et al. 1978, Li and Gu 2005, Frising et al. 
2006).

If an electrostatic field is applied to an emulsion, 
coalescence may be enhanced significantly. This effect 
is mainly used for the separation of water-in-oil emul-
sions (W/O; e.g. crude oil) having a nonconductive 
continuous phase and applying AC, pulsed DC, or DC 
electric fields (Carroll 1976, Eow et  al. 2001, Eow 2002, 
Eow and Ghadiri 2003, Noïk et  al. 2006). However, two 
types of electrostatic-induced coalescence have to be 
distinguished: dipolar and electrophoretic coalescence 
(Noïk et  al. 2006). In the case of dipolar coalescence, 
uncharged drops are polarized and stretched by the elec-
trostatic field inducing a dipole (Aida et al. 2010). Oppo-
sitely charged dipole sites of droplets attract each other 
and coalescence is promoted. In case of electrophoretic 
coalescence, charged droplets travel in the electric field 
at different velocities depending on their size and charge, 
mutual collisions are increased, and droplets aggregate 
and coalesce at the electrode. The superposition of these 
two effects is called dielectrophoretic coalescence (Noïk 
et al. 2006).
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Electromagnetic waves (microwaves) may be used for 
the specific and rapid heating of an emulsion, which does 
not have a direct influence on coalescence but raises the 
temperature (which again has an influence; see above; 
Fang et al. 1988, Frising et al. 2006).

Dispersed droplets respond to ultrasound waves if 
there is a nonzero acoustic contrast between the phases. 
The acoustic field may be used to organize droplets into 
thin parallel bands by standing waves or to transport 
drops by pseudo-standing waves, which enhances the col-
lision rate and thus the coalescence rate (Pangu and Feke 
2004, Frising et al. 2006).

2.4  Conclusions

The above-discussed influencing factors on the coales-
cence probability are summarized qualitatively in Figure 6 
by classifying these parameters into causing a coales-
cence promotion (+) or inhibition (-) for the case that its 
value is increased. Parameters with neutral or not clearly 
identifiable influence and parameters that can act in both 
ways are listed in the middle.

In the coalescence process, multiple orders of magni-
tude in spatial and temporal resolution are involved. The 
surrounding flow field as well as the film drainage influ-
ence coalescence significantly. Additionally, complex 
interactions on and between all levels of resolution exist. 
Especially the film rupture is dominated by small-scale 
interactions (van der Waals attractions and/or thermal 
fluctuations) and consistent deterministic approaches 

Surface potential, pH

Energy input

Viscosity

Surface active
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Mass transfer c→d

Interfacial tension

Electrostatic field

Temperature

Surface wetting

Mass transfer d→c
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Ionic strength
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Figure 6: Influencing factors on coalescence probability categorized 
by causing a coalescence promotion (+by causing a coalescence promotion (+by causing a coalescence promotion ( ) or inhibition (-) for the case +) or inhibition (-) for the case +
that the particular value is increased.

are not available up to now. Furthermore, coalescence is 
dominated by interfacial phenomena (e.g. adsorption of 
surface-active components or mass transfer effects). In 
the opinion of the authors, this complexity prohibits a 
deterministic description of the coalescence process and a 
straightforward reduction to dimensionless numbers and 
simple correlations.

The question arises if coalescence is an inherent sto-
chastic process or, in principle, deterministic, but a clear 
answer cannot be given at present. If chaotic thermal 
fluctuations effectively dominate the film rupture, the 
entire process has to be considered by means of statisti-
cal methods. On the contrary, the interaction might be, in 
principle, deterministic, but the numerous interactions 
are too complex to be described properly up to now. The 
deterministic parts of coalescence (drop approach and 
collision, film drainage, and drop confluence) can be 
described by mechanistic approaches. However, due to 
the unknown film rupture event, coalescence can only 
be modeled by means of stochastic approaches or mean 
values.

3  Experimental techniques
This section summarizes the experimental set-ups and 
methods used to characterize and quantify coalescence 
in liquid/liquid systems. As there are numerous methods 
available, they are presented in increasing level of detail 
from simple settling tests to high-resolution film drainage 
investigations, as schematically depicted in Figure 7.

3.1  Separation behavior

In industry, the design and dimensioning of gravity sepa-
rators are still based on experimental data of expensive 
pilot-plant tests. Therefore, many attempts have been 
made over the past decades to understand the separation 
behavior of liquid/liquid systems in small-scale settling 
tests and to use the results from these tests for the design 
of industrial separators.

As early as in 1910, Ostwald performed simple batch 
settling tests to investigate the separation behavior of 
various oil/water emulsions (Ostwald 1910). First system-
atic experiments with various systems of different physi-
cal properties (viscosity ratio, polarity, and interfacial 
tension) were carried out by Stamm and Kraemer (1925) 
and Meissner and Chertow (1946), although these experi-
ments were solely of qualitative nature. Lawrence and 
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Mills (1954) were the first to investigate the coalescence 
rate by measuring the transient development of drop size 
distribution in different oil/water emulsions mainly to 
analyze the results in terms of coagulation kinetics. For 
the industrial design of gravity settlers, Ryon et al. (1960) 
and Ryon and Lowrie (1963) proposed a first empirical 
scale-up method based on batch and continuous settling 
tests by means of two uranium extraction processes. They 
related the height of the dispersion band, today mostly 
referred to as dense-packed zone, to the total specific 
throughput. The fundamental interactions in this disper-
sion band were studied by Jeffreys et al. (1970) in a con-
tinuous lab-scale settler with a kerosene/water system. 
They studied the dependence of the coalescence rate on 
the position within the dispersion band (by measuring the 
mean drop size with a photo camera technique) in W/O and 
O/W dispersions. The drops at the coalescence front were 
found to be consistently larger than those at the settling 
front. Later, they developed a refractive index matching 
technique to investigate the coalescence behavior inside 
the dense-packed zone and obtained data for the mean 
drop residence times, the film thickness, and the coales-
cence frequency depending on the dispersion band thick-cence frequency depending on the dispersion band thick-cence frequency depending on the dispersion band thick
ness (Allak and Jeffreys 1974). Further extensive research 
on continuously operated horizontal gravity settlers and 
the separation mechanism was published by Barnea and 
Mizrahi (1975b,c,d,e). They described the structure of sep-
arating dispersions that form four major layers (clear con-
tinuous phase, sedimentation zone, dense-packed zone, 
and clear aqueous phase). The dense-packed zone con-
sists of a dense sublayer near the coalescence front and 
an even concentration layer in the remaining volume. This 
structure of the dense-packed zone was also reported by 
Eckert and Gormely (1989). Concluding their experiments, 

they proposed an empirical correlation between batch 
separation time and the nominal settler capacity per unit 
area. The idea to correlate batch settling data and con-
tinuous settling behavior was later picked up by several 
authors (e.g. Golob and Modic 1977, Lee et  al. 1993, and 
Khatri et al. 2011).

Notable in the experimental research as well as 
in the mathematical description of the separation of 
liquid/liquid dispersions is the fundamental work of 
the group of Hartland and Jeelani and their various 
coworkers (Jeelani and Hartland 1985, 1998, Hartland 
and Jeelani 1987, Bhardwaj and Hartland 1994, Jeelani 
et  al. 2005a,b). In continuation of their comprehensive 
research on drop coalescence at interfaces, they studied 
several parameters influencing the separation behavior, 
such as the effect of the disperse phase hold-up and the 
dispersion height. They stated that favorably drop sedi-
mentation and interfacial coalescence (with the continu-
ous phase) take place during the separation process. In 
contrast, Barnea (1978) and Barnea and Mizrahi (1975e) 
reported that the controlling steps in a continuous settler 
are rather hindered settling and drop-drop coalescence 
within the dense-packed zone. In this context, Frising 
et al. (2006) presented experimental results for the devel-
opment of drop size distributions during the separation 
of three different crude oil/water+NaCl systems. They 
observed that both predominantly sedimentation and 
coalescence-based systems exist depending on the chem-
ical composition. In a later publication, the same authors 
presented a method to experimentally distinguish the 
contributions of sedimentation and coalescence to phase 
separation (Frising et  al. 2008). They compared the 
separation velocities of a sedimentation system (coales-
cence hindered by high surfactant concentration) and a 

Figure 7: Methods for experimental coalescence investigations with increasing level of detail from left to right.
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sedimentation-coalescence system. They observed that 
both mechanisms occur during phase separation with 
coalescence taking a decisive part. The influence of geo-
metric and mixing conditions on the separation behav-
ior in a lab-scale mixer-settler was studied by Nadiv and 
Semiat (1995) in a water/n-heptane in paraffin oil system. 
The initial dispersion height and the settler diameter were 
found to have a significant impact on the separation time 
rather than the mixing conditions. The experimental data 
were also later used by several authors to validate their 
models (Henschke et  al. 2002, Yu and Mao 2004). The 
effect of agitation time on separation behavior was also 
studied by Kyuchoukov and Kounev (1998). In contrast 
to most studies in this work, mass transfer occurs during 
their settling process as the experiments were carried out 
inside a four-stage copper extraction process.

Besides the derivation of models and design rules 
for industrial separators, standardized small-scale batch 
settling test can be a simple but helpful tool to evaluate 
and monitor different test systems. The stirred sedimen-
tation cell developed by Henschke (1995) was later used 
to derive a model (see Section 4.1) and since has been 
used for various physical systems and research activi-
ties (Pfennig and Schwerin 1998, Schlieper et  al. 2004, 
Soika and Pfennig 2005). More recently, Villwock et  al. 
(2014a) carried out batch settling tests at two different 
research labs. Applying a standardization of set-ups and 
operation procedure, they were able to validate experi-
mental results and to ensure that obtained data were 
comparable.

3.2  Drop-flat interface coalescence

The coalescence of a droplet with a flat interface is the 
limiting case of drop collision with one droplet of infi-
nite radius. As the flat interface is easy to produce and 
the set-up is static and thus easy to observe, the drop-
flat interface coalescence was the basic principle for the 
first fundamental coalescence investigations of single 
droplets. These observations were not only of academic 
interest but the results were also essential for the under-
standing and design of gravity separators (Jeffreys and 
Davies 1971, Barnea and Mizrahi 1975b,c,d,e).

The first systematic investigations of drop and 
bubble rest times at a flat interface were performed by 
Rehbinder and Wenström (1930) and Rehbinder et  al. 
(1930). In this early work, the adsorption and stabilizing 
effect of surface-active components also was investigated. 
Further systematic investigations of drop interface coales-
cence were reported by Mahajan (1933, 1934). Moreover, 

the author included the theory of an enclosed film that 
hinders coalescence and the discussion of viscosities and 
interfacial tension influencing coalescence. The standard 
set-up, which was developed by Cockbain and McRoberts 
(1953) and was used since then in numerous investiga-
tions, consists of a glass vessel filled with the investigated 
phases forming a planar interface between them. The 
drops are inserted in the other continuous phase either 
at the bottom or on top (depending on the density ratio) 
by a cannula. From there, the droplets rise or fall to the 
flat interface at which they rest for a certain time during 
the film drainage until coalescence occurs. The graphical 
representation of the resting time or stability of the drop-
lets at the interface proposed by Cockbain and McRoberts 
(1953) is to plot the number of drops N related to all dropN related to all dropN -
lets N0N0N  (in logarithmic scale), which did not coalesce in 
time t plotted versus time. Thus, the median rest (or coat plotted versus time. Thus, the median rest (or coat -
lescence) time τ1/2 corresponds to the value of N/N0N/N0N/N = 0.5. 
These investigations were continued by Gillespie and 
Rideal (1956), Watanabe and Kusui (1958), and Charles 
and Mason (1960a,b), investigating different oil phases 
and the influence of surfactants. In the following decades, 
numerous investigations were published on this topic 
(Allan et al. 1961, MacKay and Mason 1963b, Jeffreys and 
Hawksley 1965a, Davis and Smith 1976, Dickinson et  al. 
1988, Stevens et  al. 1990, Kourio et  al. 1994, Hool et  al. 
1998, Basheva et  al. 1999, Mohamed-Kassim and Long-
mire 2004, Aryafar and Kavehpour 2006, Thoroddsen 
2006, Ortiz-Duenas et al. 2010, Bozzano and Dente 2011, 
Malmazet et al. 2015), where the systematic investigations 
of Hartland (1967a,b,c) should be emphasized in particu-
lar. A review on experimentally determined rest times 
during the 1950s and 1960s can be found in the work of 
Vijayan and Ponter (1975).

A secondary droplet may be built during the con-
fluence of a drop with the continuous phase due to the 
necking of the interface (see Figure 8). This secondary 
droplet is smaller as the mother drop, approaches the 
interface, and coalesces again. The observation of this 
stepwise coalescence (also known as partial coalescence) 
was described by Charles and Mason (1960a), MacKay and 
Mason (1963b), and Jeffreys and Hawksley (1962, 1965b). 
Several papers continuing research on this topic were 
published (Garti 1997, 1998, Aryafar and Kavehpour 2006, 
Blanchette and Bigioni 2006, Chen et al. 2006, Gilet et al. 
2007, Gaitzsch et al. 2011a, Kavehpour 2015).

A recent review on the investigations of drop-planar 
interface coalescence and partial coalescence was pub-
lished by Kavehpour (2015). It mainly focuses on the cor-
relation of the deterministic parts of coalescence (the 
time of drop confluence after rupture and the occurrence 
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of partial coalescence) with the dimensionless Ohne-
sorge number µ γµ γµ γµ γ( /µ γ( /µ γ=( /= ).( /Oh( / Rµ γ�µ γ  However, various authors 
used the viscosity and density values of disperse and 
continuous phases or the specific mean values of them. 
Thus, care should be taken when comparing different 
publications.

Reynolds (1875) and Thomson and Newall (1885) 
used dyed drops to investigate the flow into the continu-
ous phase after coalescence and found a vortex ring with 
a colored liquid trailing penetrating the phase (see also 
Watanabe and Kusui 1958, Charles and Mason 1960a, 
Aarts and Lekkerkerker 2008, Bozzano and Dente 2011). 
Recently, Mohamed-Kassim and Longmire (2004) and 
Ortiz-Duenas et al. (2010) investigated these flow patterns 
by particle image velocimetry (PIV).

A first detailed visualization of the film rupture by 
high-speed imaging was given by de Vries (1958a) observ-
ing a liquid lamella in air/water foams and by Charles and 
Mason (1960b) investigating water/oil emulsions. Charles 
and Mason (1960b) found central and off-center film 
rupture as well as simultaneous rupture at different loca-
tions, which was confirmed by several researchers (Allan 
et  al. 1961, MacKay and Mason 1963b, Hartland 1967c, 
Aarts et al. 2005, Aryafar and Kavehpour 2006, Zdravkov 
et al. 2006).

The use of high-speed imaging is a powerful tool 
to get insights in the highly spatially and temporally 
resolved coalescence process (Thoroddsen et  al. 2008). 
In early investigations, analogue film cameras were 
used, which means that, for every recorded sequence, 
a film roll of 100  ft (∼30  m) had to be exposed (Charles 
and Mason 1960b, Scheele and Leng 1971) whether the 
desired sequence was triggered successfully or not. Today, 
digital high-speed imaging offers significant advantages: 
nearly unlimited repetitions can be performed, which are 
essential for the statistical analysis of the stochastic coa-
lescence event, sophisticated trigger methods (synchroni-
zation of experimental set-up with camera, image-based/

threshold auto-trigger) reduce the number of fail shots, the 
sequence can be viewed directly, and automatic picture 
analysis offers powerful diagnostic techniques (Ballard 
and Brown 1982, Gonzalez et al. 2004, Thoroddsen et al. 
2008). Although analogue high-speed cameras were able 
to record with 3500–5000 frames per second (fps; Charles 
and Mason 1960a, Scheele and Leng 1971), up-to-date 
digital high-speed cameras grab more than 1 million fps 
by reducing the image resolution (i.e. ∼1 million fps for 
Vision Research Phantom v2512 at a resolution of 128 × 32 
pixels, Vision Research Phantom v711 at 128 × 16 pixels, 
Photron Fastcam SA-Z at 256 × 24 pixels, and Photron 
Fastcam SA-X2 at 128 × 8 pixels). Additionally, modern 
light-emitting diode (LED) illumination decreases the 
thermal energy input in the investigated system, which is 
significant for classic halogen lamps, and can be triggered 
and synchronized with the camera recording (Kamp and 
Kraume 2014).

The coalescence in three-phase systems (aqueous 
glycerol/paraffin oil/silicone oil) was investigated by 
Hartland and Robinson (1971), who also published impres-
sive photographs of three-phase coalescence events.

3.3  Drop-drop coalescence

Investigations of coalescence between two drops with 
defined diameters were conducted with a broad variety 
of experimental set-ups, which can be distinguished into 
approaches investigating static drop contacts or dynamic 
drop collisions.

3.3.1  Static conditions

Static set-ups offer the advantage of good observability 
and adjustability of drop sizes. With these experiments, 

Figure 8: Partial coalescence of a water droplet resting on the bottom of a paraffin oil drop (W/O/W double emulsion) recorded with 
Photron Fastcam SA-1 at a framerate of 60,000 fps (Gaitzsch et al. 2011a).
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the fundamentals of film drainage and liquid bridge build-
ing can be observed in detail. However, they neglect the 
dynamic interactions with the superimposed flow field in 
technical dispersions. Most of the static set-ups are based 
on droplets fixed on needles or lying on top or next to each 
other.

Following early studies on drop-drop interactions 
of water drops in air (Gorbatschew and Mustel 1935, 
Gorbatschew and Nikiforowa 1935, Rayleigh 1878), 
Derjaguin and Prokhorov (1946) were the first who studied 
the interactions of two organic drops (different alkanes) by 
interferometric microphotography. Their static set-up con-
sisted of two aligned opposing nozzles, where the drops 
were formed and brought into contact in an atmosphere 
with a given content of vapor of the same liquid. Based 
on their early set-up, numerous investigations were done 
in the past decades on the coalescence process of liquid 
drops in air or surrounded by other liquids. Wu et  al. 
(2004) and Thoroddsen et al. (2005) investigated the time 
evolution of bridge formation between drops of different 
viscosities in air by high-speed imaging (up to 106 fps). Due 
to technical limitations, they were only able to observe the 
bridge formation starting about 20–50 µs after the initial 
contact. Case and Nagel (2008) and Case (2009), on the 
contrary, observed the early-time regime (τbridge< 10 µs) of 
the coalescence process of aqueous NaCl solution drops 
in air using an electrical method. In contrast to the afore-
mentioned studies, they found an asymptotic regime for 
this early stage in which coalescence occurs at the inter-
face between two slightly flattened hemispherical drops, 
whereas previous experiments and simulations indicated 
that drops coalesce while maintaining shapes following 
the scaling law Rbridge∝τbridge

0.5 proposed by Eggers et  al. 
(1999).

Static experiments in liquid/liquid systems with 
drops on two opposing nozzles were conducted by various 
researchers (Klaseboer et al. 2000, Danner and Schubert 
2001, Chevaillier et  al. 2006, Borrell and Leal 2008, 
Manica et  al. 2008a). Other experiments differed by the 
arrangement of the nozzles, as some researchers used 
adjacent nozzles (Sagert and Quinn 1978, Ban et al. 2000, 
Chen and Pu 2001, Pu and Chen 2001, Wang et al. 2009, 
Ata et al. 2011). The main focus in almost all these studies 
was on the investigation of the drainage or coalescence 
times for various influencing parameters.

Sagert and Quinn (1978) measured the coalescence 
times of equal sized n-hexane drops in water and different 
aqueous electrolyte solutions and found a marked increase 
with increasing ion concentration. However, Danner and 
Schubert (2001) did not find this behavior for high viscous 
paraffin oil drops for ion concentrations   ≤  10-3  mol/l. 

Furthermore, they observed a strong decrease in coales-
cence times for higher ion concentration (1 mol/l). They 
also reported higher drop stability and therefore longer 
coalescence times with larger drop sizes. This agrees 
with the results of Borrell and Leal (2008) and Wang 
et al. (2009). For drops of different diameters, Chen and 
Pu (2001) observed a decline in coalescence time – with 
increasing drop radius difference in three mixed oil/water 
systems. Pu and Chen (2001) investigated also the same 
systems with inversed phases and observed a “jumping 
coalescence phenomenon”, where two separated water 
drops coalesce after a certain time under microgravitation 
without any extra force.

Ban et al. (2000), Chevaillier et al. (2006), and Wang 
et  al. (2009) studied the influence of mass transfer on 
coalescence in static set-ups. Ban et al. (2000) stated an 
enhancement of coalescence with mass transfer from 
disperse to continuous phase due to faster film drain-
age and deceleration with inverted mass transfer direc-
tion. The investigated physical system toluene/acetone/
water shows strong Marangoni convection during mass 
transfer. The same trend was found by Kamp and Kraume 
(2014) for two colliding drops of the same test system 
with a dynamic set-up and by Chevaillier et al. (2006) for 
a glycerol/acetone/silicon oil system. Wang et al. (2009) 
reported a decrease of coalescence times of water drops 
in oil with the addition of glycerol due to mass transfer 
from the disperse to the continuous phase, although the 
interfacial tension was decreased.

To investigate the effect of interfacial aging and tem-
perature on coalescence, Ata et al. (2011) performed single-
drop experiments with kerosene oil in water. Coalescence 
was reduced for the aged droplets and explained by the 
accumulation of polar aromatic compounds of kerosene at 
the interface. Up to a temperature of 65°C, they observed 
an increase in coalescence rates, but at 75°C coalescence 
was completely inhibited.

In a different type of static drop-drop experiments, 
drops are observed lying on top of or next to each other. 
Sata and Harisaki (1960), Sata et al. (1964), and Danner 
and Schubert (2001) investigated the stability of drops 
(W/O and O/W) using different surfactants. Kumar et al. 
(2006) performed similar experiments to examine and 
model the adsorption kinetics of surfactants at the organic 
drop interface. The coalescence of drops in the presence 
of an adjacent drop on a liquid/liquid interface or double 
emulsions, respectively, was observed by some authors 
with different methods, for example, tomographic PIV 
(Ortiz-Duenas et al. 2010) or high-speed imaging (Bozzano 
and Dente 2011, 2013, Gaitzsch et al. 2011a). Verdier (1999, 
2001) and Verdier and Brizard (2002) studied the influence 
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of viscosity ratio on coalescence in polymer blends by 
recording the collision of two drops placed on a glass plate 
and by investigating the flow field inside and outside the 
drop with PIV.

3.3.2  Dynamic conditions

In technical application, fluid dynamics has a significant 
impact on the drop size distribution and hence on drop 
breakage and coalescence phenomena. Therefore, the 
fundamental research of drop interactions under dynamic 
conditions is of special interest. Already in 1954, the origi-
nal experiments of Derjaguin and Kussakov (1939) were 
extended: Prokhorov (1954) investigated the coalescence 
of organic drops in air or vapor by observing the dynamic 
collision of a falling with a fixed drop at different colli-
sion angles and velocities. Using a piezoelement to cause 
one drop to oscillate, Danner and Schubert (2001) made 
the transition from static to dynamic liquid/liquid experi-
ments. They studied the influence of mechanical stress on 
coalescence by varying the oscillation frequency. A similar 
set-up was presented by Loglio et  al. (2011), which was 
later used by Karbaschi et al. (2014) to examine the liquid 
bridge formation qualitatively. Scheele and Leng (1971) 
were the first to study the horizontal, dynamic binary col-
lision of moving anisole droplets with varying approach 
velocities and angles in a stagnant water phase. As they 
recorded the collisions with analogue film at 5000 fps, 
they were only able to analyze 23 collisions in total. They 
found no relation between coalescence probability and 
impact velocity, which is in contrast to the recent results 
of our group for a toluene/water system and of Doubliez 
(1991) and Lehr et al. (2002) for an air/water system. Our 
group used a somewhat different set-up than Scheele 
and Leng (1971) in which the collision of a pendant with 
a rising drop can be observed (Kamp and Kraume 2014). 

Figure 9 shows 10 exemplarily sequences recorded with 
this set-up.

However, Scheele and Leng (1971) observed that 
coalescence is sensitive to drop oscillation or rather the 
phase of oscillation at the moment of contact. Kamp and 
Kraume (2014) also stated that there is no clear evidence 
that coalescence is influenced by the drop size or drop 
size ratio. They also investigated the influence of mass 
transfer: whereas mass transfer from disperse to continu-
ous phase resulted in enhanced coalescence, inverted 
mass transfer direction completely inhibited coalescence. 
In a slightly enhanced set-up, Villwock et  al. (2014a) 
investigated the coalescence behavior of toluene drops 
of varying sizes in aqueous electrolyte solutions with dif-of varying sizes in aqueous electrolyte solutions with dif-of varying sizes in aqueous electrolyte solutions with dif
ferent concentrations. Eiswirth et  al. (Eiswirth and Bart 
2008, Eiswirth et al. 2011, Eiswirth et al. 2012) also per-
formed experiments with two moving droplets in a stag-
nant continuous phase. In their set-up, the drops were 
produced by a continuous flow of disperse phase and 
detached from needles due to buoyancy and inertia. They 
investigated the liquid bridge building and the internal 
flow fields during the coalescence process experimen-
tally and numerically. The flow field and the trajectories 
of colliding drops were also determined by Kim and Long-
mire (2009) with a dual-field PIV.

A different approach to examine the coalescence of 
droplets under dynamic conditions is the introduction 
of drops in an artificial flow field. The group of Mason 
(Bartok and Mason 1959, Allan and Mason 1962, MacKay 
and Mason 1964) investigated the behavior of drops in 
the laminar shear flow of a Couette cylinder under many 
different system conditions. The group of Leal (Hu et al. 
2000, Yang et al. 2001, Ha et al. 2003, Borrell et al. 2004, 
Leal 2004, Yoon et al. 2005, 2007, Borrell and Leal 2008) 
performed extensive research of two slowly (Re≈1) collid-
ing drops in a 2D linear flow induced by a four-roll mill. 
They observed that the collision angle only had a slight 

Figure 9: Ten high-speed sequences of a droplet collision in parallel (toluene/water, d= 2.5 mm, cannula distance = 2.5 mm, cannula distance = = 20 mm, recorded with 620 fps).= 20 mm, recorded with 620 fps).=
Reprinted from Kamp and Kraume (2014), with permission from Elsevier.
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influence on coalescence probability and the coalescence 
process was rather dominated by the time history of the 
force along the line of centers (Borrell et al. 2004). Also, 
two regimes of coalescence were observed as the drain-
age time was found to be dependent on the Capillary 
number. At high Capillary numbers, the drops were locally 
deformed in the film drainage region, whereas, at low 
Capillary numbers, the drops remained spherical (Yang 
et  al. 2001). In addition, they reported the coalescence-
inhibiting influence of surface-active copolymers (Hu 
et al. 2000, Ha et al. 2003), which was mainly explained by 
Marangoni effects (Yoon et al. 2007). A different approach 
to study collisions between two drops in shear flow was 
developed by Guido and Simeone (1998). In their appara-
tus, the shear flow is created between two parallel plates. 
With this technique, Chen et  al. (2009) and Bruyn et  al. 
(2013) investigated the influence of geometrical confine-
ment on coalescence. They observed a significantly higher 
coalescence probability in confined conditions compared 
to bulk conditions.

In the more complex research of coalescence pro-
cesses in double emulsions, Gaitzsch et  al. (2011b) per-
formed experiments in a counterflow cell. In the same 
set-up, Eckstein and Vogelpohl (1999) and Simon and Bart 
(2002) investigated the coalescence of a droplet swarm 
colliding with single droplets.

Drop interactions play also an important role in 
several other applications. Due to the focus of this review 
article on liquid/liquid systems as well as to the sheer 
amount of publications, we here give just a brief overview 
and refer to the cited literature for further reading.

There has been an extensive research on the coales-
cence behavior of sessile drops on rigid surfaces, as the 
wettability, fluid dynamics, and coalescence behavior 
are of special interest in the development of coalescers 
or separator internals in technical applications as well 
as in coating and printing technology (Menchaca-Rocha 
et  al. 2001, Ristenpart et  al. 2006, Hernández-Sánchez 
et al. 2012, Eddi et al. 2013, Karpitschka and Riegler 2014, 
Karpitschka et al. 2014).

Due to the great interest in the field of spray columns 
and combustion processes, there has also been an exten-
sive research in dynamic interactions of liquid drops 
(especially water and fuel drops) surrounded by a gas 
phase under the influence of various physical and kinetic 
parameters. In particular, one should mention the works 
of Ashgriz (Ashgriz and Givi 1987, 1989, Ashgriz and Poo 
1990), Brenn (Brenn and Frohn 1989, Brenn et  al. 1997, 
2001, Brenn and Kolobaric 2006), the group of Law (Jiang 
et  al. 1992, Qian and Law 1997), and the group of Orme 
(Orme 1997, Willis and Orme 2000, 2003).

3.4  Film drainage and shape

Derjaguin and Kussakov (1939) were the first who observed 
the evolution of a film profile that forms a dimple in 
nonequilibrium state, although the term dimple was 
introduced later by Frankel and Mysels (1962). Over the 
following decades, there has been an extensive research 
on various aspects of film drainage. An excellent over-
view of experimental and theoretical approaches related 
to film drainage and film shape as well as the comparison 
of obtained results can be found in the work of Chan et al. 
(2011). Therefore, in the following chapter, the experi-
mental investigations are just discussed briefly for liquid/
liquid systems.

According to Chan et  al. (2011), the experimental 
studies can be distinguished into three major categories:
– measurements of the spatial and temporal evolution 

of film thickness,
– determination of time-dependent forces, and
– characterization of drop-drop interactions by measur-

ing coalescence times.

Hartland (1967b) studied the temporal and spatial vari-
ation of film thickness beneath a drop approaching a 
liquid/liquid interface with photographic and capaci-
tance measurements. They investigated rather large drops 
(6–10  mm) and measured average critical film rupture 
thicknesses in the range of several microns, where the 
thickness increased with drop size.

With interferometric technique – the observation of 
optical interference fringe patterns during the deforma-
tion of an interface – it is possible to obtain more precise 
data of the variations of local film thickness with time and 
position. This technique was first applied by Derjaguin and 
Kussakov (1939) and used afterwards by several research-
ers to study the film between two drops (Klaseboer et al. 
2000, Zdravkov et al. 2003, 2006, Chevaillier et al. 2006, 
Manica et  al. 2008b) or between a drop approaching a 
liquid interface (Burrill and Woods 1969, 1973a,b). Burrill 
and Woods (1969) used a set-up developed by Hodgson 
and Woods (1969) to measure the relative film thickness 
between toluene droplets approaching a toluene/water 
interface to calculate the hydrodynamic pressure distribu-
tion within the film. In the same set-up, they also investi-
gated the film drainage process in detail for four different 
oil/water systems and observed that asymmetrical film 
drainage occurs, which was also observed by other 
authors (Velev et al. 1995, Klaseboer et al. 2000, Zdravkov 
et al. 2006, Chan et al. 2011). The critical film rupture thick-et al. 2006, Chan et al. 2011). The critical film rupture thick-et al. 2006, Chan et al. 2011). The critical film rupture thick
ness was found to be in the range of 30–50  nm (Burrill 
and Woods 1973a). This is in good agreement with the 
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experimental data of Traykov and Ivanov (1977), Manev 
and Angarska (2005), and Ivanov (1980) but three orders 
of magnitudes smaller than those obtained by Hartland 
(1967b). Although the critical film rupture thickness scales 
with the film radius or the drop size (Coons et al. 2005), 
the values of Hartland (1967b) seem to be a result of the 
limited spatial resolution of the photographic technique.

Interferometric measurements of drop-drop interac-
tions were conducted in coalescence cells (Klaseboer et al. 
2000, Zdravkov et  al. 2003) in which two vertical coaxial 
tubes (top fixed, bottom movable) were located to form 
drop segments in a chamber filled with continuous phase. 
By moving the bottom tube at a certain approach velocity, 
the drops were forced to approach each other and stopped 
when films of specified radii were formed. For a wide range 
of Capillary numbers, it was observed that the drop inter-
faces were immobile during film thinning process; hence, 
film drainage was independent of the viscosity of the dis-
perse phase (Klaseboer et al. 2000, Manica et al. 2008b). 
However, Zdravkov et al. (2003) observed partially mobile 
film drainage in the case of a slow increase of the film radius 
for a PEO-water/PDMS system. Chevaillier et  al. (2006) 
studied the influence of mass transfer direction on film 
drainage. In the case of mass transfer from continuous to 
disperse phase, film drainage is slowed down, whereas, in 
the inverted case, it is strongly accelerated. The same influ-
ence on coalescence was also reported by other researchers 
(Gourdon and Casamatta 1991 for coalescence times and 
Kamp and Kraume 2014 for coalescence efficiency).

A slightly different set-up was established at Sofia 
University (Bulgaria) with the Sheludko-Exerowa cell 
(Sheludko 1967), a type of thin-film balance (TFB; Tabor 
et al. 2014), as schematically shown in Figure 10. In this 
experimental system, the film is formed between two 
deformable interfaces in a cylindrical glass tube by with-
drawing the liquid from the cell and the pressure in the 
film is measured. The film thickness is again measured 
with the interferometric technique. This set-up was mostly 
used to study foam films (Radoev et al. 1983, Manev et al. 
1997, Yoon and Aksoy 1999, Manev and Nguyen 2005) but 
also for emulsion films (Traykov and Ivanov 1977, Velev 
et al. 1995). Although a large amount of literature is avail-
able around this technique, Chan et  al. (2011) stated in 
their film drainage review that experimental data are ana-
lyzed only in terms of the Stefan-Reynolds flat film model; 
moreover, important experimental results have not been 
reported to allow comparison with other theories.

In contrast to the experiments concerning film geom-
etry, many researchers have investigated the occurring 
forces between approaching pairs of different interfaces 
(liquid, gas, and solid particles or interfaces, respectively). 

AFM

SFASFASF

TFB

Figure 10: Overview of the most common methods for 
measurements of range and strength of forces between approaching 
interfaces (left, schematic set-up; right, typical data obtained).
Reproduced from Tabor et al. (2014), with permission from the PCCP 
Owner Societies.

The three most common instruments – including the 
above-mentioned TFB – as well as the obtained data are 
schematically shown in Figure 10.

After the first measurements of long-range molecular 
forces (Overbeek and Sparnaay 1952, Derjaguin and 
Abrikossova 1958, Black et al. 1960), Tabor and Winterton 
(1969) developed the so-called surface force apparatus 
(SFA), where forces between surfaces could be measured for 
distances as low as 5–30 nm with a 3 Å distance resolution. 
In this set-up, the forces are determined between two atomi-
cally smooth mica surfaces across liquids or gases as one 
surface is held by a spring, whereas the movement of the 
other surface can be controlled using a piezoelectric trans-
ducer (Israelachvili et al. 2010). The corresponding distances 
are measured optically with multiple beam interferom-
etry. This set-up was continuously improved and extended 
over the following decades mainly by the work group of 
Israelachvili (Israelachvili and Tabor 1972, Israelachvili and 
Adams 1976, Israelachvili 1987, Israelachvili and McGuiggan 
1990, Israelachvili et al. 2010). With this method, Chen et al. 
(2004) were able to measure the surface forces and shape 
changes simultaneously during the approach and coales-
cence of two liquid/liquid and liquid/air interfaces. They 
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found that droplets interact with each other at much larger 
distances than previously assumed. SFA was also coupled 
with other techniques such as X-ray scattering, infrared 
spectroscopy, fluorescence microscopy, and atomic force 
microscopy (Israelachvili et al. 2010).

Atomic force microscopy (AFM) (Binnig et  al. 1986) 
offers several complementary advantages in terms of the 
material combinations and geometries, which could be 
explored (Tabor et al. 2012). A comprehensive overview of 
the AFM technique, the interpretation of obtained results, 
and the possible applications can be found in the work of 
Butt et al. (2005) and recent progress in the work of Tabor 
et al. (2012). AFM was initially used to measure the equi-
librium forces between a solid particle fixed on a cantile-
ver and a fluid particle immobilized on a substrate. The 
major difference between SFA and AFM is the large devia-
tion in scales. The particle diameter as well as the involved 
forces differ by three orders of magnitude (mm/µN for SFA 
and µm/nN for AFM; Manica et al. 2008a).

In the last decades, AFM gained interest in the investi-
gations of dynamic interactions between drops in aqueous 
solutions. Notable in this field is the research of Dagastine 
and coworkers. The first study to evaluate the feasibil-
ity of the AFM technique to probe dynamic interactions 
between oil droplets in aqueous solutions was published 
by Dagastine et  al. (2004). The results were qualitative, 
as comprehensive modeling was still required to obtain 
quantitative results and fundamental understanding. The 
first model that takes into account the significant effects 
(e.g. surface forces, hydrodynamics, and drop deforma-
tion) was developed by Carnie et al. (2005) and validated 
with the results of Dagastine et al. (2004). In the following 
years, many experimental results of dynamic interactions 
between deformable drops in aqueous solutions (Dagas-
tine 2006, Webber et al. 2008, Dagastine et al. 2010, Lockie 
et  al. 2011, 2012) were published, as well as the corre-
sponding modeling approaches, including validation with 
the experimental data (Manica et al. 2008b, Webber et al. 
2008, Lockie et al. 2011). In addition, the AFM technique 
was coupled with a confocal fluorescence microscopy to 
get a 3D visualization of the position and separation of 
oil drops in complex systems where other techniques (e.g. 
interferometry) or theories (e.g. continuum hydrodynam-
ics) are not applicable (Tabor et al. 2011). The extensive and 
detailed experiments in liquid/liquid systems were primar-
ily carried out to gain fundamental insight into the appli-
cation of AFM techniques in such systems and to evaluate 
the validity of common hydrodynamic and force theories.

Albeit recent progress using AFM as a technique to 
study dynamic interactions (structural forces, hydrody-
namic drainage, and coalescence events) in liquid/liquid 

systems, there are still many challenges that have to be 
addressed in the future (e.g. specific ion effects; Tabor 
et al. 2012).

The third type of experimental studies on film drain-
age and shape is the determination of coalescence times. 
Although coalescence times provide less detailed informa-
tion about the interaction dynamics than the previously 
mentioned techniques, they can give information on the 
stability of foams and emulsions. Experimental data for 
coalescence/rest times in liquid/liquid systems are avail-
able either for drops approaching a liquid/liquid interface 
(Charles and Mason 1960b, MacKay and Mason 1963b, 
Lang and Wilke 1971, Burrill and Woods 1973b, Stevens 
et al. 1990, Gourdon and Casamatta 1991, Basheva et al. 
1999) or for drop-drop interactions (Chen and Pu 2001, 
Villwock et al. 2014a). Data are mostly obtained by direct 
observation (e.g. high-speed imaging). Coalescence times 
can also be determined with interferometric technique 
and SFA or AFM.

One general observation is that coalescence times 
are increasing with increasing drop size (Charles and 
Mason 1960b, Lang and Wilke 1971, Burrill and Woods 
1973b, Gourdon and Casamatta 1991) or the drop size 
ratio (Chen and Pu 2001, Villwock et al. 2014a). Concern-
ing the physical properties of the used test system, it was 
observed that coalescence times are influenced by the 
viscosity of the disperse phase and the density difference 
(Lang and Wilke 1971), the polarity of the system (Stevens 
et  al. 1990), and the interfacial tension (Gourdon and 
Casamatta 1991, Chen and Pu 2001). In the case of mass 
transfer, coalescence times decrease rapidly with mass 
transfer from continuous to disperse phase, as film drain-
age is improved, whereas the effect is opposite with the 
inverted mass transfer direction (Gourdon and Casamatta 
1991). Also, the presence of surfactants or impurities can 
massively increase the coalescence time by changing the 
drainage mechanism (Burrill and Woods 1973b). In polar 
systems, coalescence times increase with salt addition 
(Stevens et al. 1990).

Besides the experimental data, numerous papers 
have been published concerning the modeling of film 
drainage, thinning, and shape during the approach of 
particles and the resulting forces. For further details, see 
Section 4.4.

3.5  Conclusions

Due to the multitude of influencing factors, no standard 
testing conditions for coalescence are available from 
which the coalescence behavior of different physical 
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systems could be deduced. Thus, several experimental 
set-ups are available in the literature, which were catego-
rized and reviewed in this section. The relevant experi-
mental set-ups are summarized in Figure 11 together with 
the applied measurement techniques and the obtained 
quantities.

Relatively simple settling tests can be performed to 
characterize the (static) coalescence behavior of a dis-
tinct physical system under the regarded conditions. 
Additionally, the transient development of the drop size 
distribution after an abrupt reduction of the energy dissi-
pation rate within the system can be used to determine the 
(dynamic) coalescence rate indirectly (Kamp and Kraume 
2015). These experiments allow a parameter fitting of coa-
lescence models but do not permit a sound validation of 
those and do not allow more detailed insight in coales-
cence itself.

More detailed experimental techniques can be used 
for proper model validation and development. Using 
drop-flat interface coalescence investigations, already 
excessive research has been done up to now. First, 
models were developed based on these findings, but the 
experiments only represent the static coalescence event. 
The overall results are comparable to those from settling 
tests. To develop and validate universal coalescence 
models, which are also valid under dynamic conditions, 
the investigation of dynamic drop-drop collisions is 

inevitable. By performing these experiments, it is possi-
ble to reveal fundamental influencing parameters (drop 
size, contact angle, mass transfer, ion concentrations, 
pH, surface coverage, surfactants, etc.) on coalescence 
probability directly and to some extent independently. 
Due to the stochastic nature of coalescence, serial exami-
nations must be conducted to achieve robust and signifi-
cant results. Film drainage investigations allow a direct 
validation of detailed drainage models, which resolve 
the transient development of the film shape. Further-
more, highly resolved film drainage experiments might 
reveal more details about film rupture and critical film 
thicknesses at which film rupture occurs under certain 
conditions.

However, all experimental set-ups investigating coa-
lescence are a simplification of the dynamic drop collision 
process under real conditions. It must always be discussed 
if these simplifications are appropriate for the particular 
model and application.

In the opinion of the authors, future investigations 
should focus on systematic drop-drop investigations to 
determine the impact of influencing parameters on coa-
lescence efficiency and rate. Based on the comprehensive 
experimental data available, coalescence models could 
be evaluated, validated, or developed further. Together 
with investigations in dynamic droplet swarms, the gen-
eralization of these models to a description of technical 

Figure 11: Summary of experimental techniques, applied measurement techniques, and obtained quantities.
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systems could be proven in future. Film drainage inves-
tigations are essential for the understanding of the 
microscopic interactions during coalescence. However, 
the highly resolved information gathered will not be 
described by large-scale modeling approaches in the near 
future, which are essential from an engineering point of 
view. At the moment, these results are rather important 
for academia and fundamental research than technical 
application.

If a proper coalescence model were available for a 
recent application, the ideal case would be to adapt the 
necessary parameter(s) with a simple and quick settling 
test and to be able to successfully simulate dynamic 
droplet swarms afterwards.

4  Modeling approaches
The following review of theoretical coalescence descrip-
tion summarizes the available modeling approaches with 
an ascending level of detail. First, plain models describ-
ing the settling or separation behavior of dispersions are 
introduced, which inherently include coalescence rate 
descriptions. Afterwards, an introduction to the more uni-
versal population balance equation (PBE) framework is 
given, which models droplet swarms of different sizes and 
describes the phenomena occurring between drops inde-
pendently from each other. Therefore, the PBE offers a sys-
tematic bottom-up modeling for technical scale based on 
lab-scale experiments. Results from all kinds of investiga-
tions mentioned in Section 3 can be implemented into the 
submodels for drop breakage and coalescence of the PBE 
framework with different levels of detail (from empirical 
correlations to comprehensive film drainage models). For 
coalescence submodels, the proper description of coales-
cence and drainage time is important, which is discussed 
in the subsequent subsections. Lastly, complex numerical 
descriptions of fluid mechanics are presented, which offer 
the possibility to depict flow patterns three-dimensionally 
and highly detailed.

4.1  Separation models

All theoretical models assume that the residence time 
of liquid/liquid systems in large-scale horizontal gravity 
settlers correlates with the observed residence time in lab-
scale batch settling tests (see Section 3.1). An extensive 
review on the available models for the description of 
separation behavior of liquid/liquid dispersions was 
published by Frising et  al. (2006). According to them, 

two opposite models can be found in the literature: 
sedimentation-based and coalescence-based models, 
which will be described briefly. Modeling details such 
as the involved mechanisms (e.g. film drainage) and 
model parameters (e.g. coalescence time) can be found in 
Sections 4.3 and 4.4.

Sedimentation-based models were mostly pro-
posed by the group of Hartland and Jeelani (Jeelani and 
Hartland 1985, Bhardwaj and Hartland 1994, Mason et al. 
1995, Jeelani et  al. 2005a,b). These models assume that 
favorably drop sedimentation and interfacial coalescence 
(with the continuous phase) take place during the separa-
tion process. Most experiments for the model derivations 
were carried out with pure liquids and rather large initial 
drop diameters ( > 100 µm) and therefore presented short 
coalescence times, the times observed in real industrial 
applications (e.g. crude oil systems) are much longer due 
to much smaller droplets ( < 10 µm). For that reason, sedi-
mentation-based models have a limited range of applica-
tion (Frising et al. 2006).

By considering only small, nondeformable drop-
lets ( < 100 µm) and taking drop-drop coalescence as 
the predominant mechanism into account, Lobo et  al. 
(1993) derived a stochastical coalescence-based model. 
The model was tested with a hexadecane/water system 
and was only able to predict the experimental results 
qualitatively.

The model proposed by Barnea and Mizrahi (1975c,e) 
takes both sedimentation and coalescence into account. 
Another, more recent model was presented by Henschke 
et  al. (2002). This comprehensive model takes all indi-
vidual steps in the separation process (sedimentation, 
coalescence, deformation, and dispersion band height) 
into account. Their model has only one basic coalescence 
parameter, which can be calculated from settling experi-
ments and is independent from the mixing conditions and 
phase ratios. The most recent model was reported by Noïk 
et  al. (2013). Their model also considers sedimentation 
and coalescence (both types: drop-interface and drop-
drop) and contains only one empirical fitting parameter 
that depends on the physiochemical characteristics of the 
system. Although the authors were able to simulate their 
experimental results of batch settling test with different 
oil/brine systems, they underline the sensitivity of their 
model to droplet size.

Nevertheless, as Frising et  al. (2006) already stated, 
all available models have to be used carefully as they do 
not take into account the system’s chemical composition 
and intermolecular interactions even if the empirical 
fitting parameters in the last two mentioned models are 
system specific. Also, a thorough understanding of the 
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used systems is mandatory; therefore, the models should 
only be applied for particularly well-known systems (e.g. 
surfactant-free systems). In addition, common models are 
not applicable for systems in which mass transfer occurs 
(e.g. metal extraction), as they do not take Marangoni 
convection into account. One approach to overcome 
these drawbacks is the application of PBE (for details, see 
Section 4.2) for modeling phase separation as proposed by 
Grimes (2012).

4.2  Population balance equation

Population balance equation (PBE) is a modular frame-
work that describes the phenomena of drop breakage and 
coalescence in a droplet swarm separately. For liquid/
liquid systems, numerous submodels are available (Liao 
and Lucas 2009, 2010) to describe the source and sink 
terms of droplet breakage and coalescence. These sub-
models can be assembled individually in the population 
balance, which offers the possibility of a suitable com-
bination of submodels for each application. The effects 
of drop breakage and coalescence influencing the drop 
size distribution are decoupled from each other and 
detailed findings from fundamental investigations can be 
implemented directly. This permits to apply a bottom-up 
approach to describe drop size distributions in techni-
cal applications as shown in Figure 12. This fundamental 

Figure 12: Bottom-up approach to predict drop size distributions 
from fundamental single-drop experiments (Villwock et al. 2014b).

approach offers the possibility of scale-up without using 
empirical correlations (like, for example, as reviewed 
by Ghotli et  al. 2013) and thus overcome geometrical 
dependencies and challenges during classical scale-up 
based on dimensional analysis and geometric similarity. 
Single-drop experiments and batch settling tests can be 
used to fit and validate the submodels for breakage and 
coalescence in the PBE. On this basis, a prediction of drop 
size distributions is possible, which can be validated in 
lab-scale apparatuses and be used for process control and 
plant design of large-scale applications (Bart et al. 2006, 
Müller et al. 2008, Buchbender et al. 2012, Villwock et al. 
2014b). Applying this approach, the determination of 
breakage rate parameters from single-drop experiments 
was performed successfully by Maaß and Kraume (2012). 
Further single-drop break-up investigations in a stirred 
tank were performed by Solsvik and Jakobsen (2015a).

The foundation of the population balance was set 
by Smoluchowski (1916, 1918), who published the idea 
of balancing different particle agglomeration catego-
ries to describe the coagulation kinetics within colloid 
solutions. By considering death and birth terms for the 
distinct particle classes, a set of nonlinear differential 
equations was derived. In general, a population of par-
ticles can be defined by particular properties (here by 
material: disperse phase) and a describing variable (here: 
drop size). A common engineering approach is to discre-
tize the continuous spectrum of particle sizes by distinct 
mesh sizes from sieve analysis and to assign a discrete 
number of entities in it (Ramkrishna 1985). PBE describes 
the time-dependent number density distribution f(f(f dp, t) of 
particles/drops with diameter dp within a certain volume 
by birth Ḃ and death terms Ḋ for droplet breakage and 
coalescence and convective flows fifif ·ii  over the balance 
boundaries (Randolph and Larson 1962, Hulburt and 
Katz 1964, Ramkrishna 1985, 2000, Kopriwa et  al. 2012, 
Sporleder et al. 2012, Ramkrishna and Singh 2014, Solsvik 
and Jakobsen 2015b):

∂
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These terms are given by mechanistic submodels that, 
in the case of liquid/liquid PBE, account for the drop inter-
actions depending on several factors such as continuous 
and disperse phase properties, interfacial phenomena, 
hydrodynamic characteristics, and environmental condi-
tions (see Section 2.3). The volume-related PBE for liquid/
liquid dispersions without convective flows becomes 
(Valentas and Amundson 1966, Attarakih et  al. 2004, 
Gäbler et al. 2006, Liao and Lucas 2010):
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introducing submodels for the number of daughter droplets 
nd(dp), daughter drop size distribution β ′( , ),p p( ,p p( ,d d( ,d d( , breakage 
rate g(dp), collision frequency ξ ′( , )p p( ,p p( ,d d( ,d d( ,  and coalescence 
efficiency λ ′( , )p p( ,p p( ,d d( ,d d( ,  and using the definition 1/33 3( )3 3( )3 3′3 3′( )′3 3′-( )- .p p( )p p( )p( )p( )d d=d d=′′d d′′ ( )d d( )( )d( )3 3( )3 3d3 3( )3 3

As available submodels can be implemented independently 
from each other with different levels of detail, the modular 
concept of this modeling framework becomes apparent. A 
review on the foundation of PBEs was recently published 
by Solsvik and Jakobsen (2015b). For an overview of avail-
able submodels, there are extensive reviews published con-
cerning drop breakage (Lasheras et al. 2002, Liao and Lucas 
2009, Kopriwa et al. 2012, Sajjadi et al. 2013, Solsvik et al. 
2013) and drop coalescence (Liao and Lucas 2010, Kopriwa 
et al. 2012, Sajjadi et al. 2013, Solsvik and Jakobsen 2014). 
Particular PBE approaches for gravity settlers were devel-
oped by Ruiz and Padilla (1996) and Grimes (2012).

However, instead of solving the PBE with discrete dis-
tributions (Valentas and Amundson 1966, Hounslow et al. 
1988, Alopaeus et  al. 1999, 2002, Attarakih et  al. 2004, 
Kumar et al. 2007), there are other methods available (see 
Ramkrishna 2000 and Solsvik and Jakobsen 2015b for 
details). The calculation of the drop size distribution can 
be reduced to corresponding moments of the distribution, 
which results in faster computation time (Diemer and Olson 
2002a,b, Frenklach 2002, Marchisio et al. 2003b, Attarakih 
2013). A comparison of available moments methods in 
terms of efficiency and accuracy can be found in the work of 
Silva et al. (2010). Alternatively, stochastic methods such as 
Monte Carlo simulations can be used (Hsia and Tavlarides 
1980, Goodson and Kraft 2004, Kopriwa et al. 2012), which 
provide more detailed information than the discrete solu-
tion as the trajectories of all droplets are known. Thus, a 
spatial resolution of the balanced system is possible in con-
trast to the other presented solution methods. Apart from 
that, PBE can be considered as a Boltzmann-like equation 
that offers the possibility of applying the corresponding 
statistical solution methods (Solsvik and Jakobsen 2015b).

Using the mentioned methods to solve PBE, several 
tools are available in the literature such as codes for 

proprietary software such as Matlab/Simulink® (Ward and 
Yu 2008, Majumder et al. 2012) as well as in-house software 
developments of some research groups [LLECMOD and 
PPBLAB (Attarakih et  al. 2006, 2008, 2012) and ReDrop 
(Kalem et al. 2011, Buchbender et al. 2012)] and special-
ized software such as Parsival® (Wulkow et al. 2001).

The simultaneous solution of Navier-Stokes equations 
using CFD and PBEs is effective concerning computational 
time, as the main flow patterns of the continuous phase can 
be solved with CFD and the disperse drop size distribution 
by PBE (Hagesaether 2002, Hagesaether et al. 2000, Marchi-
sio et al. 2003a, Drumm 2009, Drumm et al. 2009, Sajjadi 
et al. 2013). The coupling variables are the energy dissipa-
tion rate and phase fraction in a discrete calculation cell 
and the convective streams over the cell boundaries from 
the homogeneous CFD calculation. The latter determines 
the convective flows in PBE [see Equation (5)]. Energy dis-
sipation rate and phase fraction are essential variables in 
most breakage and coalescence submodels. Thus, drop size 
distribution can be calculated for every discrete calculation 
cell. Implementations of coupled CFD-PBE solutions are 
available in Fluent® (Marchisio et  al. 2003a, Sanyal et  al. 
2005, Drumm et al. 2009, 2010) and OpenFOAM® (Carneiro 
et al. 2008, Bayraktar et al. 2011, Hlawitschka 2013).

Coalescence submodels in PBE describe only the coa-
lescence rates within a droplet swarm and do not predict 
single coalescence events. The collision frequency ξ deter-
mines the rate of how often droplets in a system collide 
with each other. The coalescence efficiency λ describes the 
probability that two interacting drops coalesce [see Equa-
tion (1)]. Most coalescence efficiency models describe the 
mechanistic parts and assume a mean critical film rupture 
thickness as coalescence criterion. In this manner, it is 
accounted for the stochastic phenomenon of coalescence 
and only a coalescence probability is predicted. Neverthe-
less, the mean coalescence rate of numerous drop colli-
sions within a droplet swarm can be predicted in this way. 
There are several different modeling approaches available 
in the literature concerning the coalescence efficiency λ, 
whereas the collision frequency ξ is typically described 
analogous to the collision of molecules in the kinetic gas 
theory (Chesters 1991, Liao and Lucas 2010). While the 
interested reader is referred to the corresponding reviews 
(Liao and Lucas 2010, Kopriwa et  al. 2012, Solsvik and 
Jakobsen 2014), a short summary is given here. Apart 
from empirical correlations, three mechanistic modeling 
approaches have been established: the film drainage, the 
energy, and the critical approach velocity models.

The most widely used and mechanistic modeling 
approach is the film drainage model that was published by 
Coulaloglou and Tavlarides (1977). The simplified model 
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relates the drainage time to the contact time (assumed as 
random variables):

λ
 

=   
 
 
 

 
 
 
 
 

drainage
 
 

drainage
 
 
 
 

drainage
 
 
 

 co  nt  ac  t 
exp - p -  

 
 p - 
 
  ,
 t 

 t 
 
 
 t 
 
  (7)

based on the precondition of coalescence that the contact 
time of two droplets has to exceed the film drainage time. 
The advantage of this basic model assumption is the pos-
sibility to implement different descriptions of these char-
acteristic times, which are numerously available in the 
literature especially concerning the film drainage time 
(see Section 4.4). Hence, various subsequent models were 
published mostly differing by the definition of the inter-
face (rigid, partially, and fully deformable) resulting in 
different characteristic times (Chesters 1991, Tsouris and 
Tavlarides 1994, Liu and Li 1999, Podgórska and Baldyga 
2001, Liao and Lucas 2010, Kopriwa et al. 2012).

Howarth (1964) anticipated that the adhesion forces 
during film drainage are weak in comparison to turbu-
lent forces and immediate coalescence occurs if a certain 
relative velocity between two colliding drops is exceeded. 
Based on this model, Sovova (1981) proposed the energy 
model that assumes that the surface energy of the drops 
must be exceeded by kinetic energy on collision for coa-
lescence to occur:

exp - .λ
 E E

σ
 

σ∝   p - p - σ
 

σ
 
 
 

p -
 

p - p -
 

p - σ
 

σ
 

σ
 

σ

 ki kin nE E   p - p -
 

p - p -
E E E E (8)

Anyhow, Sovova (1981) combined the energy model with 
the film drainage model of Coulaloglou and Tavlarides 
(1977). Simon (2004) proposed using the energy model of 
Sovova (1981) alone without the film drainage model.

The third modeling approach is semiempirical and 
simply assumes that coalescence only occurs up to a criti-
cal relative collision velocity (Lehr and Mewes 2001, Lehr 
et al. 2002). The originally published model equation was 
corrected by Liao and Lucas (2010) to

γ
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l e�l el ecl e�l ecl ev d�v dl ev dl e�l ev dl e

(9)

This critical approach velocity model is obviously con-
tradictive to the energy model and considers the relative 
velocity as the main influencing parameter of droplet 
coalescence.

Using the modular PBE framework, the two 
phenomena (droplet breakage and coalescence) can 
be decoupled from each other and the correspond-
ing submodels can be validated and developed further 
by detailed (single-drop) investigations. In contrast to 

droplet swarm experiments in technical applications, 
the detailed investigations allow defined conditions to 
identify the respective influencing factors. Furthermore, 
a determination of possible cumulative/empiric model 
parameters is possible using single-drop experiments. 
These only need small amounts of liquid components to 
adapt the submodels to the present process in compari-
son to expensive pilot-plant tests.

However, a reliable submodel describing all influ-
encing parameters (see Section 2.3) is not available in 
the literature up to now and simulations a priori are not 
possible, as every submodel has a numerical fitting para-
meter in which all disregarded and eventually unknown 
dependencies are merged. This becomes apparent by com-
paring the dependencies of the influencing parameters 
on the coalescence efficiency λ. This is done for selected 
submodels in Table 2 concerning interfacial tension γ, vis-
cosities µc, µd and densities �c, �d of continuous and dis-
perse phases, (equivalent) drop diameter deq, and energy 
input (by dissipation rate ε, shear rate γ� ,  or relative veloc-
ity vrel). The conversion between energy dissipation rate, 
shear rate, and relative velocity is discussed above (see 
Table 1). The dependency of the energy model from γ, �c

and deq results from the definition of vcritvcritv  in Equation (9) 
and does not apply if vcritvcritv  is fitted to experimental data (as 
done by Lehr et al. 2002).

Keeping in mind that 1 ≥ exp(-x) > 0 for 0  ≤  x<∞, all pre-
sented submodels, except the energy models in Table 2, 
predict an increasing coalescence probability with increas-
ing interfacial tension. The difference of the energy models 
apparently lies within the model assumption that surface 
energy has to vanish for coalescence. As most submodels 
do not consider an influence of the continuous phase vis-
cosities and even more rarely of disperse phase, the others 
consider the viscosities with inconsistent proportionality. 
Disperse phase density �d is only implemented by the film 
drainage model of Luo (1993) and the energy models and 
increases the coalescence efficiency with a higher value. 
An increasing continuous phase density �c leads to a less 
probable coalescence in all models, except for the film 
drainage models of Tsouris and Tavlarides (1994) and 
Alopaeus et al. (1999). Considering the influence of drop 
diameter and energy input on coalescence probability, 
no clear trend can be found in the submodels as already 
discussed by Kopriwa et al. (2012). This is quite surpris-
ing as the drop diameter is one of the main measured and 
targeted quantities. The energy input is the most varied 
parameter in droplet swarm experiments (e.g. by a simple 
variation of stirrer speed) for which the models were devel-
oped. However, the drop diameter again depends on the 
energy input and is an implicit influencing parameter as it 
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is determined by the coalescence rate. Additionally, drop 
size depends on the simultaneously appearing breakage 
rate that superimposes the dependency on coalescence 
efficiency additionally. Due to this coupling of breakage 
and coalescence, the high number of breakage models in 
the literature (Liao and Lucas 2009) might also correlate 
to the variety of coalescence models. Most models were 
adapted and fitted to drop size distributions of systems 
in which coalescence and breakage occurred simultane-
ously and the different influences could not be decoupled 
from each other. This means that an inconsistency in the 
breakage model could be compensated by the coales-
cence model and vice versa. Each submodel contains a 
numerical parameter that merges all nonregarded influ-
encing parameters and allows the adjustment to experi-
mental data. Additionally, interdependencies between 
these numerical parameters of coalescence and breakage 
models exist (Ribeiro et al. 2011). Thus, a broad variety of 
breakage and coalescence parameter sets can be found 
in the literature (Maaß 2011, Ribeiro et al. 2011). Different 
parameter combinations may lead to identical simulation 
results if the ratio between drop breakage and coalescence 
rate is equal, although the rates itself differ (Ribeiro et al. 
2011). Instead of fitting the parameters to drop size dis-
tributions, single-drop experiments offer the possibility to 
decouple breakage and coalescence and allow the inde-
pendent determination of the numerical parameters.

From the above discussion, it can be concluded 
that the coalescence probability has not been modeled 
comprehensively up to now. Although there are several 
models available in the literature, the dependency on 
the regarded influencing parameters is implemented 

diverse and in several cases even contradictory. Thus, 
the submodels should be selected carefully considering 
the general conditions under which the models were 
stated.

4.3  Coalescence time

The simplest way to describe the median resting (or coa-
lescence) time τ1/2= tdrainage+trupture of deformable droplets 
at a flat interface is the empirical correlation with the 
drop diameter by an exponent x (Charles and Mason 
1960b):

τ ∝1/2 .xd (10)

Although the drop diameter has not the strongest influ-
ence on coalescence time, it is relatively easy to vary it 
solely in one physical system without changing phase 
properties and several other influencing factors at once. 
Additionally, most applications only deal with one spe-
cific physical system with mainly constant properties. 
Thus, many investigations were performed analyzing 
the influence of the drop size. A review on experimental 
and theoretical rest times can be found in the work of 
Vijayan and Ponter (1975) and an overview of experimen-
tally determined exponents x is given in Table 3x is given in Table 3x . Although 
different liquid phases and drop sizes were investigated, 
the exponents were found within the range 0.6 <x< 3.6, 
which agrees with theoretical film drainage models (see 
Section 4.4 for further discussion). Regarding deformable 
drops, the parallel discs model (MacKay and Mason 1963b) 
based on the Reynolds expression of the lubrication flow 

Table 3: Exponent x of Equation (10) for the determination of the coalescence timex of Equation (10) for the determination of the coalescence timex , τ1/2.

Reference   Disperse/continuous phase  Drop diameter d   Exponent x

Gillespie and Rideal (1956)   Water/benzene   1.5–4.5 mm   1.0
  Water/paraffin oil   1.5–4.5 mm   1.0

Charles and Mason (1960b)   Water/benzene   6.5–8.0 mm   3.15
Jeffreys and Hawksley (1965a)   Water/benzene     1.0 (-1.3)

  Water/benzene+paraffin oil   1.9–2.8 mm   0.9
  Water/heptane+paraffin oil     1.4
  Water/iso-octane     2.0

Burrill and Woods (1973b)   Anisole/water   1.1–1.7 mm   1.0–2.5
  Cyclohexane+anisole/water  0.8–1.3 mm   0.6
  Cyclohexanol/water   0.5–0.6 mm   1.9–2.9

Basheva et al. (1999)   Soybean oil/water+protein   < 0.1 mm   -1
    0.1–1.0 mm   3.57

Gaitzsch et al. (2011a,b), 
Gaitzsch (2014)

  Water/paraffin oil   0.15–0.9 mm   0.4–2.2

  Water/silicon oil   0.9–1.6 mm   2.8
Thoroddsen and Takehara (2000)  Ethanol/air   0.2–2.5 mm   1.5
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between two parallel plates (Reynolds 1886) predicts the 
highest exponent:

τ ∝ 5
1/2 .d (11)

The modified cylinder model (Hodgson and Woods 1969) 
predicts a proportionality of

τ ∝ 2
1/2 .d (12)

For smaller rigid drops, the dependency on the droplet 
diameter turns to (Charles and Mason 1960b, Basheva 
et al. 1999):

τ ∝ -1
1/2 .d (13)

As shown experimentally by Basheva et  al. (1999) and 
Ivanov et  al. (1999) transition from small rigid droplets 
to bigger deformable drops can be found for the same 
physical system by varying the droplet size only. Conse-
quently, the minimal rest/coalescence time is found in 
the transition region between rigid sphere model (no film 
formation, Taylor regime) and a film drainage model (e.g. 
parallel discs, Reynolds regime; Kralchevsky et al. 2008) 
as depicted qualitatively in Figure 13.

For comparison, the experiments of Thoroddsen and 
Takehara (2000), who investigated the coalescence of 
ethanol droplets in air and found a similar exponent of 
x= 1.5 as in liquid/liquid systems, are given in Table 3.

However, coalescence time obviously does not only 
depend on the drop diameter. Most above-mentioned 
models consider different phenomena and thus influenc-
ing factors to describe coalescence time. Ghosh (2004) 
compared different coalescence time correlations to 
experimental data of liquid/liquid and gas/liquid systems 
with diverse physical properties. Although the influencing 
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Figure 13: Rest/coalescence time τ1/2 of different modeling 
approaches vs. drop diameter d in logarithmic scale.d in logarithmic scale.d

factors (viscosity, density, interfacial tension, and 
Hamaker constant) were considered additionally, sub-
stantial deviations from experimental data were found. 
This illustrates the limited applicability of these correla-
tions. Therefore, many authors model the film drainage to 
determine coalescence time.

4.4  Drainage models

The drainage of the thin continuous phase film entrapped 
between two drops is a complex transient and 3D flow as 
already discussed in Section 2.2 and depicted in Figure 1. 
There are numerous papers and even several reviews 
available dealing with drainage models. Thus, only few 
models are discussed particularly in this work and the 
goal of this section is rather to give an overview over the 
concepts and simplifications that have been used so far to 
describe the film drainage.

The basic work describing film drainage was pub-
lished by Derjaguin and Kussakov (1939), who also derived 
the radius of the draining film by balancing buoyancy 
and capillary pressure forces of a bubble resting at a flat 
interface:

γ
=

2 2 .
4 34 34 34 3

c d
d

gdR
� �-� �-c d� �c d (14)

Additional interaction energies between deformable 
drops and bubbles (van der Waals, surface extension, 
electrostatic, steric, and depletion) were discussed and 
derived by Danov et al. (1993).

The link to experimental data is apparent where 
sophisticated direct measurements of the film shapes 
were performed (see Section 3.4). However, also simpler 
drop-interface or drop-drop coalescence investigations 
from which a coalescence time distribution is obtained 
(see Sections 3.1 and 3.3) are used to validate film drain-
age models. The film drainage time can be approximated 
by the median rest/coalescence time of the droplets: 
tdrainagetdrainaget ≈τ1/2 after which half of the investigated drops (N/
N0N0N = 0.5) coalesced if the film rupture time is neglected. 
In most cases, this is an appropriate assumption because 
generally the film rupture time tends to be one or several 
orders of magnitude smaller than the drainage time.

In available film drainage models, the complex 
film drainage was simplified concerning the following 
conditions:
– mobility of interface,
– drop and film shape,
– drainage flow boundary conditions, and
– (a)symmetry of film drainage.
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The interface between disperse and continuous phase 
can be regarded as mobile, partly mobile, tangentially 
immobile, or rigid, which results in different drop and 
film shapes as well as flow boundary conditions. High 
viscous drops, small droplets, or particles with a rigid 
interface can be modeled as spheres without film forma-
tion (Davis et  al. 1989). In other cases, a film of various 
shapes can develop and thus be modeled. The film shape 
changes in time but is mostly regarded to be rotationally 
symmetric, which leads to a radial and temporal depend-
ency of the film thickness h(r, t). The simplest film shape t). The simplest film shape t
is the planar and discoid film (also referred to as parallel 
discs) as shown in Figure 14. Depending on the pressure 
gradient in the film, several variations of film curvature 
can be found, which are called pimple, dimple (Frankel 
and Mysels 1962, Princen 1963), and wimple with increas-
ing number of local extrema in the radial profile (see 
Figure 14). If further convolutions (minima and maxima) 
occur in the film, it is termed ripple (Chan et al. 2011). The 
most commonly observed film shape in liquid/liquid and 
gas/liquid systems is the dimple (see Section 3.4), which 
is induced by a higher pressure within the film and an 
outward flow. A detailed discussion of the film shapes and 
the corresponding modeling can be found in the work of 
Chan et al. (2011).

Regarding the boundary conditions of the drainage 
flow, all possible conditions can be found in available 
models: frictionless/nonviscous, slip, mobile, and (tan-
gentially) immobile interface. Accordingly, the bound-
ary conditions determine the velocity profile along the 
film thickness from plug flow to parabolic laminar pro-
files with and without a velocity of the interface (Lee and 
Hodgson 1968, Chan et al. 2011). Due to simplicity, most 
models assume symmetrical film drainage, although, in 
experiments (see Section 3.4), asymmetrical film drain-
age and rupture was observed. As symmetrical models 
predict too long drainage times, several authors pro-
posed approaches to consider the asymmetry of film 

drainage (Jeffreys and Hawksley 1965b, Burrill and 
Woods 1969, 1973a, Jeelani and Hartland 1984, Henschke 
et al. 2002).

Simple film drainage models describe the decreas-
ing film thickness h over time t depending on influencing t depending on influencing t
parameters:

µ γ= …µ γ= …µ γ ≠- (- (= …- (= …, = …, = …, = …, = …, = …, = …µ γ, µ γµ γ= …µ γ, µ γ= …µ γ, = …, = …) with ( ).dh- (dh- (f h= …f h= …- (f h- (= …- (= …f h= …- (= …d hµ γd hµ γ= …d h= …µ γ= …µ γd hµ γ= …µ γ= …, = …d h= …, = …= …, = …d h= …, = …µ γ= …µ γ, µ γ= …µ γd hµ γ= …µ γ, µ γ= …µ γ= …, = …d h= …, = …) d h) withd hwith f r( )f r( )
dt

- (
dt

- ( �= …�= …d h�d h= …d h= …�= …d h= … (15)

These models do not provide a radial resolution of the film 
thickness and thus postulate planar interfaces (homoge-
neous film thickness) or describe only the point of minimal 
film thickness, which is essential for film rupture. In most 
cases, an analytical solution for the drainage time can 
be found by an integration of the model in accordance 
with (differential) Equation (15). The integration limits 
are given by the film thickness at the start of drainage h0

down to the critical film rupture thickness hcrit and accord-
ingly the start of film drainage time t0t0t  until its end tdrainagetdrainaget . 
Together with a model of coalescence time, these drainage 
time models can be used directly in film drainage models 
of coalescence efficiency within the PBE framework (see 
Section 4.2).

Reviews on the extensive research and modeling of 
drop-drop and drop-interface coalescence in the 1950s 
and 1960s can be found in the works of Jeffreys and 
Davies (1971) and Vijayan and Ponter (1974). In the works 
of Chesters (1991) and Liao and Lucas (2010), drain-
age models for different interfacial conditions [rigid/
(partially) mobile] are summarized, which were derived 
analytically to obtain the film drainage times. Drainage 
rates considering the mentioned droplet interactions by 
Danov et al. (1993) are summarized by Ivanov et al. (1999), 
including a comparison of drainage regarding the solubil-
ity of surfactants in disperse or continuous phase.

The first drainage model was developed by Gillespie 
and Rideal (1956) assuming planar surfaces. It is based on 
the film radius calculation of Derjaguin and Kussakov (1939) 

Figure 14: Rotationally symmetric (along the z-axis) shapes of interface commonly observed and modeled in film drainage: planar, pimple, 
dimple, and wimple.
Adapted from Chan et al. (2011) with permission of The Royal Society of Chemistry.
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[Equation (14)] and the Reynolds expression for the rate 
of drainage between two parallel plates (Reynolds 1886), 
which both were used frequently in subsequent modeling 
approaches. A further discussion of drainage rates, film 
shapes, and transition between drop-interface and drop-
drop coalescence can be found in the work of Princen (1963).

Investigating thin films of foams, Scheludko (1957), 
Scheludko and Exerowa (1959), and Scheludko et al. (1965) 
revealed the fundamental aspects of disjoining pressure 
in drainage films with immobile interfaces covered with 
surfactants.

Jeelani and Windhab (2009) were able to predict coa-
lescence times and critical film thicknesses of several pub-
lished experimental investigations based on the proposed 
drainage model of Jeelani and Hartland (1994).

The modeling of gravity settlers is discussed in several 
publications (Davies et al. 1970, Jeffreys and Davies 1971, 
Barnea and Mizrahi 1975e) as also discussed in Section 4.1. 
Vohra and Hartland (1981) calculated the drainage condi-
tions of surrounding droplets at a continuous interface to 
model coalescence time in the dense-packed zone of sepa-
rators. Henschke et al. (2002) introduced an asymmetrical 
film drainage model that allows the scale-up from simple 
batch settling tests to the design of horizontal separators. 
Applying this asymmetrical drainage model for different 
disperse systems, Kopriwa (2014) was able to predict coa-
lescence rates in different flow regimes in an extraction 
column based on settling experiments. After fitting the 
hydrodynamic parameters of coalescence models, a single 
parameter could be fitted to settling tests, which accounts 
for specific influences of the physical system on coales-
cence efficiency. Using this set of parameters, the drop 
size distribution within an extraction column and in the 
dense-packed zone of droplets was described successfully 
for varying physical systems (water continuous phase with 
different disperse organic phases: methyl isobutyl ketone, 
butanol, butyl acetate, and toluene) and different ion 
additions. This promising approach shows that a proper 
coalescence description of technical systems is possible 
using an identical 1D model for various fluid dynamic con-
ditions. Nevertheless, it has to be mentioned that also the 
breakage parameters had to be fitted again to the differ-
ent physical systems. Due to the coupling of breakage and 
coalescence, the adapted breakage parameters could also 
have compensated undescribed coalescence phenomena 
as discussed in Section 4.2.

In several other works, further 1D drainage models 
were proposed (Hartland and Robinson 1973, Svendsen 
and Luo 1996, Hsu et al. 2008, Bozzano and Dente 2011).

More detailed models include the radial shape of 
the draining film, but already these 2D models result in 

complex differential equations that have to be solved 
iteratively (Chan et  al. 2011). Thus, an implementation 
in modeling frameworks such as PBE is computationally 
intensive or even impossible.

A detailed insight in film drainage between deform-
able drops and bubbles is provided in the review of 
Chan et  al. (2011). Additionally, the authors combined 
the hydrodynamic flow in Stokes regime (low Reynolds 
number) with the interfacial deformations described by 
Young-Laplace equation and obtained good agreement 
with transient film shape measurements in different phys-
ical systems. An early detailed symmetrical model was 
published by Hodgson, Lee, and Woods (Lee and Hodgson 
1968, Hodgson and Lee 1969, Hodgson and Woods 1969), 
who additionally discussed the influence of surfactants 
on interfacial mobility and the resulting film shapes.

A discussion of the influence of van der Waals force 
on film rupture can be found in the work of Abid and 
Chesters (1994). Jones and Wilson (1978) modeled the 
increased drainage speed between a drop and an interface 
due to circulations in the disperse phase.

A model including the effect of mass transfer on coa-
lescence was included in drainage models by Saboni et al. 
(2002). Already small concentration differences lead to a 
decreased calculated drainage time for mass transfer from 
disperse to continuous phase (d→c) and longer drainage 
time for the reversed transfer direction, which agrees with 
experimental studies (see Section 2.3).

Although these and other complex models (Jeffreys 
and Hawksley 1965b, Burrill and Woods 1969, 1973a, Ches-
ters and Hofman 1982, Chen 1985, Hartland et  al. 1994, 
Li 1994, Saboni et  al. 1995, Jeelani and Hartland 1998, 
Bazhlekov et  al. 2000, Hagesaether et  al. 1999, 2000, 
Klaseboer et al. 2000, Yeo et al. 2003, Baldessari and Leal 
2006, Toro-Mendoza and Petsev 2010, Zhang et al. 2010) 
are able to model radial profiles of the draining film, the 
simplification of the complex 3D flow to two dimensions 
(h, r) is inaccurate because the film drainage is at least 
unsymmetrical in the moment just before film rupture. 
Consequently, the description of film drainage and the a 
priori prediction of coalescence are still challenging tasks 
for future investigations.

4.5  Computational fluid and particle dynamics

The numerical description of fluid mechanics offers the 
possibility to depict flow patterns and characteristic 
dynamics in three dimensions and at high level of detail. 
Nevertheless, the possibilities of the available methods 
are mainly limited by computational time. In coalescence 
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modeling, the challenge is the interaction of fluid dynam-
ics at different levels of scale in time and space. The film 
drainage occurs at spatial expansions of about nanome-
ters and time scales of microseconds to seconds. However, 
the collision of droplets with fully mobile interface (at 
which distinctive film drainage would only occur) takes 
place in dimensions of several micrometers to millimeters 
and time scales of milliseconds to seconds. Consequently, 
for a comprehensive simulation of coalescence, fluid 
mechanics would have to cover several orders of magni-
tude in space and time (Janssen and Anderson 2011).

In the following subsections, a brief overview of the 
most popular approaches is given. These are categorized by 
their level of detail: computational fluid dynamics (CFD), 
which assumes the fluid as a continuum; lattice Boltzmann 
methods (LBM), which are solved on the fluid particle 
level; and molecular dynamics (MD), which resolve mol-
ecules down to their atomic structure. For further reading, 
the interested reader is referred to the cited literature.

4.5.1  Computational fluid dynamics

Computational fluid dynamics (CFD) is (mostly) based 
on the Navier-Stokes equation that assumes the fluid as 
a continuum (Anderson 1995, Wesseling 2001). Thus, the 
simulation is restricted to sizes significantly larger than 
the fluid molecules so that their particulate character can 
be neglected. The describing equations are solved within 
discrete cells that build a mesh in the physical volume. 
The mesh can be static during simulation or might be 
recalculated and adapted after each iteration step. For 
multiphase simulations, a differentiation between the 
apparent phases has to be performed. For the analysis of 
coalescence, numerical methods can be roughly distin-
guished into two numerical methods: front capturing and 
front tracking techniques (Janssen and Anderson 2011). 
Examples are volume of fluid (VOF, Hirt and Nichols 1981), 
level set (Osher and Sethian 1988), and diffusive interface 
method (DIM; Anderson 1995) for front capturing methods 
and the boundary integral methods (Pozrikidis 1992) for 
front tracking methods. The major drawback of the front 
capturing methods is their incapacity to cover the wide 
range of length scales that are relevant during the entire 
coalescence process. Furthermore, the accuracy of these 
methods is limited by the grid size. Particularly, when 
the drops come in close contact, in most simulations, 
only the numerical merging of drops is observed as the 
length scale at which film rupture takes places is orders 
of magnitude smaller than the discretization length scale 
applied (Janssen and Anderson 2011). The front tracking 

methods or boundary integral methods have the advan-
tage that their implementation involves integration only 
on the interfaces, thus resulting in higher performance 
(Bazhlekov et  al. 2004). The disadvantages of the front 
tracking are mainly issues due to mathematical complex-
ity (e.g. numerical instability caused by interfacial tension 
at small Capillary numbers; Zinchenko et al. 1997, Bazhle-
kov et al. 2004, Janssen and Anderson 2011).

Several authors studied the fluid dynamics of drop 
coalescence (Yiantsios and Davis 1991, Nobari et al. 1996, 
Loewenberg and Hinch 1997, Rother et  al. 1997, Eggers 
et al. 1999, Duchemin et al. 2003, Hardt 2005, Yoon et al. 
2007, Eiswirth et  al. 2012, Mohammadi et  al. 2012, Chen 
and Wang 2014, Mansouri et  al. 2014) and were able to 
reproduce the specific shapes after film rupture such as 
the formation of coalescence bridge (Menchaca-Rocha 
et al. 2001, Decent et al. 2006). Due to the above-discussed 
restrictions, coalescence was artificially induced by 
“smeared” interfaces or by introduced conjunctions 
between the interfaces and the film drainage could not be 
resolved adequately. Mason et  al. (2012, 2014) overcame 
this problem by introducing a simultaneously calculated 
1D submodel that described the film drainage between 
the colliding droplets. This coupled multiscale approach 
of CFD and drainage modeling is a promising method to 
cope with the resolution problem in space and time dis-
cussed above. Nevertheless, the quality of the film drain-
age model (see Section 4.4) determines the solution of the 
whole simulation thoroughly.

Besides the aforementioned numerical methods, 
there are several other approaches to reproduce the coa-
lescence process such as smoothed-particle hydrody-
namics (Meleán and Sigalotti 2005, Acevedo-Malavé and 
Garcia-Sucre 2011a,b, Acevedo-Malavé 2012) or the spine-
flux method (Mashayek et al. 2003).

As mentioned previously, in recent years, the imple-
mentation of PBE into CFD became of higher interest (see 
Section 4.2). With this coupling, it should be possible to 
fully describe the transient drop size distribution in turbu-
lent liquid/liquid flows. A comprehensive review on this 
topic can be found in the work of Sajjadi et al. (2013).

4.5.2  Lattice Boltzmann methods

Lattice Boltzmann methods (LBM) solve the stochas-
tic partial differential Boltzmann equation on a discrete 
lattice of particle positions within the given simulation 
volume. The fluid is regarded to consist of particles that 
are represented by a distribution function. Total mass 
and momentum balance are solved together with specific 
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particle collision models to calculate the transient change 
of the particle distribution function (Chen and Doolen 
1998). Under certain boundary conditions, the Boltz-
mann equation can be transferred into the incompressible 
Navier-Stokes equation (Chen and Doolen 1998). Due to 
these characteristics, LBM can also be regarded as a mes-
oscopic method between CFD and MD. The advantage of 
LBM for multiphase simulations is the inherent possibil-
ity to introduce different particle types without a need to 
recalculate the interface due to their discrete nature.

Similar to the studies with CFD, several papers on 
LBM dealing with drop coalescence have been published 
in the last decade (Inamuro et  al. 2004, Premnath and 
Abraham 2005, Jia et  al. 2006, Dupuy et  al. 2010, Gac 
and Gradon 2011, Sun et al. 2013, 2014). Particularly, the 
extensive research of Derksen et al. has to be mentioned 
(Shardt et al. 2013, 2014a,b, Komrakova et al. 2015). With 
their approach, they were able to obtain a critical Capil-
lary number that determines the transition between drop 
repulsion and coalescence in simple shear flow (Shardt 
et  al. 2013, 2014a). Their results were also qualitatively 
consistent with the experimental data of Chen et  al. 
(2009).

4.5.3  Molecular dynamics

Molecular dynamics (MD) simulations offer the possibil-
ity to gain detailed insights in molecular interactions with 
setting only fundamental input parameters. Newton’s 
equations of motion are solved on atomic scale by defin-
ing universal interatomic potentials (the set of parameters 
is commonly called force field) that induce forces between 
atoms and molecules (Alder and Wainwright 1959, Hoover 
1986, Israelachvili 1991). Most common are force fields 
based on Lennard-Jones potentials (Jones 1924). MD simu-
lations offer the possibility to simulate the microscopic 
processes of film drainage and rupture a priori without 
introducing assumptions or simplifications as discussed 
above. However, those simulations are restricted to several 
thousands of atoms. Space and time are resolved only in 
the order of nanometers and nanoseconds.

There are several MD simulations available that inves-
tigate the coalescence of drops in vacuum (Greenspan 
and Heath 1991, Svanberg et al. 1998, Koplik et al. 2002, 
Kalweit and Drikakis 2006, Liao et al. 2007) or a gas phase 
(Wang et al. 2015). Kalweit and Drikakis (2006) were able 
to depict the different interaction regimes that occur in 
gas/liquid systems (coalescence, stretching separation, 
and scattering) by varying the collision angle between 
water clusters of approximately 10,000 Lennard-Jones 

particles. Wang et al. (2015) simulated the interaction of 
water nanodroplets (consisting of 3360 molecules each) 
with dissolved KCl ions in nitrogen atmosphere within an 
electrostatic field and were able to predict coalescence 
and noncoalescence according to the critical electric field 
strength.

The application of MD to liquid/liquid systems is com-
putationally more expensive and only two publications 
are known to the authors so far. Zhao and Choi (2004) 
investigated clusters of 100 water molecules coalescing in 
n-heptane showing that the dynamics of the coalescence 
process until the formation of the coalescence bridge 
differs from the case in vacuum. However, the confluence 
of the droplets after the bridge formation was comparable 
in n-heptane and vacuum.

Rekvig and Frenkel (2007) investigated the rupture of 
an aqueous film between two oil layers in the presence of 
surfactants with the goal to extrapolate the coalescence 
of two oil droplets in such a system. Additionally, the 
authors used a mesoscopic model that is a common sim-
plification approach in MD modeling: multiple covalently 
bound atoms are grouped together to single “coarse-
grained” particles with adapted interaction parameters in 
the applied force field. Thus, the total amount of particles 
was reduced and two orders of magnitude were gained in 
length and time scale.

Generally, MD simulations offer a great potential 
for detailed and a priori simulations of the coalescence 
process but are still computationally expensive and thus 
restricted in space and time. Thus, the film drainage with 
dimple formation of two droplets (which would need to 
have several micrometers in diameter to have consider-
ably mobile interfaces) will not be realizable with MD 
simulations in the near future. A solution might be a 
coarse-grained model that, on the contrary, would lose 
the a priori nature due to inherent simplifications incor-
porated in the mesoscopic model.

4.6  Conclusions

Up to now, no uniform coalescence model is available, 
which can describe the coalescence process comprehen-
sively considering all spatial and temporal scales. The 
presented modeling approaches to predict important 
characteristics of the coalescence process are summa-
rized in Figure 15. Additionally, possible implementations 
of detailed submodels into the coalescence rate are 
indicated.

A common approach is to divide coalescence rate 
into collision frequency and coalescence probability. 
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In general, simple correlations of influencing factors 
fail for generalized modeling due to the various influ-
encing factors and the resulting strong dependency on 
the regarded physical system. Although several models 
describe the coalescence probability properly under 
several restrictions and assumptions, more general-
ized models are necessary in the opinion of the authors. 
Anyhow, a determination of the needed level of modeling 
details for a proper coalescence description is not possi-
ble a priori and has to be evaluated for each application. 
In most coalescence models, a consequence of simplifica-
tions and assumptions is that the nonregarded parameters 
and aspects are merged into numerical fitting parameters.

Due to the stochastic occurrence of coalescence, most 
models assume the coalescence probability as a random 
variable to describe the mean coalescence rate within a 
drop swarm. Thus, no deterministic prediction of a single 
coalescence event has to be made. The application of 
PBEs provides a good framework for these models. Most 
mechanistic models base on some kind of film drain-
age model that relates the drainage and contact times as 
random variables to obtain the coalescence probability: 
λ∝exp(-tdrain-tdrain-t /tdrain/tdrain contact/tcontact/t ). However, it has been discussed above 
that the implementations of dependencies on physical 
parameters differ significantly (see Table 2). This shows 
that a well-founded validation is strongly needed, which 
requires proper experimental techniques (see Section 3.5). 
The variety of models increases additionally because any 
combination of models for film drainage and contact time 
can be made (Chesters 1991, Liao and Lucas 2010). Nev-
ertheless, without validation, no precise answer can be 

given, which is the best or correct way to model the film 
drainage properly. Especially for “simple” 1D models that 
can be implemented in population balances, assumptions 
and simplifications are unavoidable to obtain an algebraic 
equation. In general, models assuming flat or symmetri-
cal film shapes tend to overestimate the drainage time. 
The most crucial assumption in all drainage models is 
the definition of the critical film thickness hcrit at which 
the film is expected to rupture and coalescence occurs. 
In most models, hcrit is set to a fixed value or simple cor-
relations are used, although this parameter has not been 
unveiled up to now and values varying in several orders of 
magnitude can be found in the literature (see Section 2.2). 
Additionally, only few models consider the transition 
in drainage regimes from film drainage to hard spheres 
(Taylor) with decreasing drop size.

Detailed 2D and 3D models are too complex to be 
implemented in large-scale simulation frameworks such 
as PBE, but they are important to understand the physical 
interactions together with experiments of film drainage.

From an engineering point of view, the authors 
believe that it is important to describe technical appa-
ratuses using models that are as simple as possible but 
valid for extrapolation to perform a reliable scale-up 
of apparatuses. For this purpose, PBE offers a feasible 
framework with its modular structure and adaptable sub-
models. Therefore, a “simple” 1D mechanistic and univer-
sal coalescence submodel is essential, which describes 
the main influencing parameters correctly. Inevitably, 
numerical fitting parameters have to be determined by 
reference experiments. This adaption to the real physical 

Figure 15: Summary of modeled characteristics and the corresponding modeling approaches.
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system has to be kept as simple as possible to obtain 
practicability in industrial applications. In this regard, 
Kopriwa (2014) showed in a promising work that coales-
cence could be described in dynamic and stagnant zones 
within an extraction column by fitting the asymmetrical 
Henschke model (Henschke 1995, Henschke et al. 2002) to 
simple settling tests.

5  Summary and outlook

This review is divided in three parts. The first part describes 
the coalescence process in detail discussing the sequen-
tial steps during a collision of two drops that could result 
in coalescence, agglomeration, or repulsion. Additionally, 
the various parameters are discussed, which influence the 
coalescence probability of two drops in contact.

In the second part of this work, several experimental 
techniques are reviewed, which were used for coalescence 
investigations at different levels of detail. For example, 
simple batch settling tests give only a rough estimate of 
the coalescence behavior of the investigated liquid/liquid 
system, but the settling behavior can already be used for 
design rules of technical gravity settlers. More detailed 
investigations of single drops are able to study the impact 
of influencing parameters independently from each other 
regarding film drainage and coalescence probability. 
Sophisticated methods even reveal the film shape during 
drainage and the meanwhile occurring forces.

In the third part of this review, available mechanistic 
modeling approaches are summarized. Coalescence effi-
ciency models based on various assumptions and levels 
of detail concerning drop collision and film drainage time 
can be implemented in the PBE framework. This frame-
work offers the simulation of technical apparatuses based 
on fundamental and independent single-drop submodels 
and experiments. More detailed simulations such as 3D 
film drainage models, CFD, and MD offer the possibil-
ity to describe the coalescence process in detail but are 
restricted in simulation time and space due to computing 
time.

This review reveals that the coalescence of droplets 
was investigated extensively in the past decades and the 
specific steps during coalescence (collision, film drain-
age, and rupture) can be regarded to be understood in 
principle. Nevertheless, the interplay between interaction 
forces at different scales during the coalescence steps is 
extremely complex and not understood in detail so far. 
The influencing factors on coalescence are numerous and 
already minor changes or impurities might have severe 

influence. Additionally, film rupture is determined by 
small-scale interactions (van der Waals attraction and/
or thermal fluctuations) that are, to some extent, chaotic 
and extremely difficult to resolve experimentally and 
in simulations. Due to this complexity, the coalescence 
process has to be described by stochastic approaches and 
a prediction or simulation of single coalescence events a 
priori is not possible up to now. Concerning the determin-
istic parts of coalescence, various and detailed theoretical 
models were developed. Recent systematic investigations 
based on settling tests showed that coalescence can be 
modeled successfully for different physical systems by 1D 
approaches describing several fluid dynamic conditions. 
Thus, in the opinion of the authors, a comprehensive and 
systematic approach regarding the different scales and 
influencing factors of coalescence might lead to the suc-
cessful description of coalescence in technical applica-
tions in the near future.

As already stated by Leal (2004), coalescence inves-
tigations are still an area of active research. The authors 
believe that especially fundamental systematic experi-
mental studies that investigate the influencing parameters 
independently are necessary to validate and develop the-
oretical descriptions and close the missing link between 
the model and the experiment. Although a deterministic 
prediction of the coalescence event might not be possible, 
the coalescence probability or rate could be anticipated by 
reliable models in the future.

Nomenclature

Latin letters
Ah Hamaker constant [N m]
�
bBbBb birth rate by breakage [m3/s]
�
cB birth rate by coalescence [m3/s]

Bo Bond number Bo =∆�gR�gR� 2/γ [-]
CDCDC drag coeÀcient/friction factor [-]
CD,SCD,SC single-drop friction factor [-]
CD,CD,C

ϕ
drop swarm friction factor [-]

Ca Capillary number Ca=µv/γv/γv/ [-]
d32 Sauter mean diameter [m]
dp particle/droplet diameter [m]
dp, max maximal particle/droplet diameter [m]
deq equivalent drop diameter [m]
d∗ specific drop diameter [m]
�
bDbDb death rate by breakage [m3/s]
�
cD death rate by coalescence [m3/s]

E
σ

surface energy [J]
EkinEkinE kinetic energy [J]
Eo Eötvös number Eo=∆�gR�gR� 2/2/2 γ/γ/ [-]
f number density function [m-3]
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F coalescence rate [m3/s]
F force [N]
F
γ
  dimensionless van der Waals 

attraction F
γ
=Ah/h/h (γ(γ( R2) [-]

g gravity acceleration [m/s2]
g breakage rate [s-1]
h film thickness [m]
h0 film thickness at the start of drainage [m]
hcrit  critical film thickness at which film 

rupture occurs [m]
hmin minimal film thickness [m]
Ma Marangoni number Ma= -dγdγd /dx·∆x∆x∆ /(µ/(µ/( v) [-]
Mo Morton number Mo=gµgµg 4∆�/�/� (�2γ2γ2 3) [-]
nd number of daughter droplets [-]
N number of (coalescence) events [-]
N0N0N total number of (coalescence) events [-]
Oh Ohnesorge number µ γµ γµ γµ γ= /µ γ/µ γOh Rµ γ�µ γ [-]
R, r radius [m]
Rbridge coalescence bridge radius [m]
Rd draining film radius [m]
Req equivalent droplet radius [m]
Re Reynolds number Re= (vdρvdρvd )/µ)/µ)/ [-]
Re

ϕ
  Reynolds number for droplet swarm 

Re= (vdρvdρvd c)/µ)/µ)/
ϕ

[-]
s drop separation distance [m]
scontact drop separation distance at “contact” [m]
sinteraction  drop separation distance at which 

interaction occurs [m]
t0 starting time
tdrainagetdrainaget film drainage time [s]
tcoalescencetcoalescencet coalescence time, tcoalescence, tcoalescence, t =tdrainagetdrainaget +trupturetrupturet [s]
tcontacttcontactt drop “contact” time [s]
trupturetrupturet film rupture time [s]
v velocity [m/s]
vcritvcritv critical velocity [m/s]
vrel relative velocity [m/s]
�V volume flow rate [m3/s]

We Weber number We=�v2v2v R/2R/2 γR/γR/ [-]
x variable/exponent [various]

Greek letters
β daughter drop size distribution [-]
γ interfacial tension [N/m]
γ� shear rate [s-1]
∆ di�erence [-]
ϵ energy dissipation rate [m2/s3]
λ  coalescence eÀciency/probability [-]
µ dynamic viscosity [Pa s]
µc  continuous phase dynamic viscosity [Pa s]
µd disperse phase dynamic viscosity [Pa s]
µ
ϕ
  mean dispersion dynamic viscosity µ

ϕ
=f=f= (f(f ϕ, µc, µd) [Pa s]

µ∗ dynamic viscosity ratio µ∗=µd/µ/µ/ c [-]
Π disjoining pressure [N/m2]
� density [kg/m3]
�c continuous phase density [kg/m3]
�d disperse phase density [kg/m3]
τ time [s]
τ1/2 median rest (or coalescence) time  [s]

τbridge bridge formation time [s]
ϕ phase fraction [-]
ξ collision frequency [m3/s]
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a b s t r a c t

The detailed understanding of droplet coalescence is important for the accurate description of liquid/liquid dis-

persions. A test cell is designed which enables serial examinations of the random coalescence process with high

repetition rate, good observability and accuracy of experimental parameters. Within this rectangular test cell a rising

droplet collides with a pendant one, while recorded by a high speed camera. The gained experimental data allows

a validation and further development of appropriate models. The investigated parameters in this work are the drop

size and the superimposed mass transfer influencing the coalescence probability. These examinations were carried

out in the EFCE standard test system toluene/acetone/water. The effect of varying the drop size seems to be interfered

by the different rising velocities due to buoyancy. Introducing a transferring component has a significant impact on

the coalescence process. A transfer direction from disperse to continuous phase results in a coalescence probability

of almost 100%, whereas the reverse mass transfer direction induces a repulsion of nearly all droplets.

© 2013 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.

Keywords: Coalescence; Test cell; Single drop; Mass transfer; Drop size; Coalescence probability

1. Introduction

Dispersions of at least two liquids showing a miscibility gap
are an integral part of several unit operations. Therefore, a
detailed understanding and quantitative description of the
characteristics and conditions of these systems is important
for various technical applications. The most important char-
acteristic of an emulsion is the drop size distribution which
affects e.g. the interfacial area and settling time. The drop
size distribution is determined by the phenomena breakage
and coalescence of single droplets. Thus, these interactions
determine the macroscopic behaviour of an emulsion directly.
Although various models are available in literature for both
phenomena (Liao and Lucas, 2010, 2009), the prediction of
the drop size distribution is only possible with restrictions
when varying for example the power input or material and
process conditions. Consequently, excessive and expensive
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experimental investigations are still necessary at different
scales for process development. For instance, the design
of extraction columns still requires pilot plants using high
amounts of the original physical system. To diminish the
number of influencing factors of the whole process, it is nec-
essary to reduce the problem to the fundamental behaviour of
single droplets. Therefore, the impact of influencing parame-
ters for drop coalescence and breakup needs to be identified
and quantified for each phenomenon separately. The gained
knowledge of this behaviour can be used to validate exist-
ing models or to develop new ones. A modelling approach
which accounts for the droplet interactions is the popula-
tion balance equation, which describes the time dependent
drop size distribution by death and birth terms for drop
breakage and coalescence (Hulburt and Katz, 1964; Kopriwa
et al., 2012; Ramkrishna, 2000, 1985; Randolph and Larson,
1962).
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In comparison to the breakage of droplets, Chesters (1991)
considers the binary coalescence of two drops as a more com-
plex problem because the interaction of two usually unequally
sized droplets has to be considered additionally to the outer
continuous phase flow.

In principle, droplets have to come into contact, which
however does not necessarily result in coalescence, but also
in a possible repulsion of the droplets. For an appropriate
modelling, the understanding of the coalescence process itself
is important, which is divided into several phases (Marrucci,
1969). First of all, the two droplets have to approach each other
with a certain relative velocity. Due to fluid dynamic forces
the drops are deformed and a thin film of continuous phase
is formed between the two drop interfaces. The shape of the
film is not planar but lenticular (the so called dimple) so that
the outer boundary of the film forms a circular region where
the interfaces of the two drops are closer than in the rest of
the film (Klaseboer et al., 2000; Mackay and Mason, 1963). For
coalescence to occur, the film has to drain until a critical film
thickness is reached at which the drop interfaces confluence
spontaneously at a certain point. Here, a so called coales-
cence bridge between the drops is built (Chen et al., 2004;
Radoev et al., 1983; Scheludko et al., 1965; Vrij, 1966). From this
‘hole’ in the film the coalescence front extends rapidly across
the contact area driven by the interfacial tension and coales-
cence of the two droplets occurs (Aarts et al., 2005; Zdravkov
et al., 2006). According to these phases of the coalescence pro-
cess, the crucial influencing factors are the contact time of the
droplets, the drainage time of the film, the critical film thick-
ness and the time of confluence. These again depend on the
drop properties (e.g. drop sizes, relative velocity), the proper-
ties of the phases (e.g. viscosity, density, interfacial tension,
surfactants) and the system conditions (e.g. energy dissipa-
tion, flow pattern, geometry).

To determine and quantify the influence of these proper-
ties, substantial research has been done up to now. However, a
broad variety of results can be found in literature which may be
caused by the huge amount of influencing parameters. Addi-
tionally, the experimental investigation of the coalescence
process is a challenging task due to the required high spa-
tial and temporal resolution. Furthermore, a high purity of the
fluids is mandatory, as already minor impurities may have a
significant impact on the properties of the interface and con-
sequently on the coalescence process (Soika and Pfennig, 2005;
Wegener et al., 2009). Published values for the critical film rup-
ture thickness differ from tens (Radoev et al., 1983; Vrij, 1966)
to hundreds of nanometres (Zdravkov et al., 2003) although
theoretical examination predicts a range of around 1 nano-
metre (Chesters, 1991; Vrij, 1966). The time span of confluence
of the two droplets (or film rupture time) varies from hundreds
of microseconds to milliseconds (Aryafar and Kavehpour,
2006; Thoroddsen et al., 2005) whereas the drainage time (or
contact time) of the film between two interfaces, which has to
elapse for coalescence to occur, has a broad distribution from
milliseconds (Sagert and Quinn, 1978; Scheele and Leng, 1971)
over seconds (Vijayan and Ponter, 1975) to infinity for stable
emulsions (Carroll, 1976).

Most of this theoretical and experimental research has
been done for single droplets coalescing with a planar sur-
face (e.g. Aryafar and Kavehpour, 2006; Basheva et al., 1999;
Bozzano and Dente, 2011; Charles and Mason, 1960; Dickinson
et al., 1988; Hartland, 1967a,b,c; Hool et al., 1998; Jeffreys and
Hawksley, 1965; Kourio et al., 1994; Mackay and Mason, 1963;
Mohamed-Kassim and Longmire, 2004; Ortiz-Duenas et al.,

2010; Thoroddsen, 2006). Extensive theoretical research has
been made modelling the film formation and drainage of two
coalescing droplets (e.g. Abid and Chesters, 1994; Baldessari
and Leal, 2006; Bozzano and Dente, 2011; Chen, 1985; Chesters,
1991; Danov et al., 1993; Eggers et al., 1999; Ivanov et al., 1999;
Klaseboer et al., 2000; Lee and Hodgson, 1968; Marrucci, 1969;
Toro-Mendoza and Petsev, 2010).

Experimental studies of droplet-droplet coalescence can be
classified by the used set-up. Most investigations were con-
ducted with static set-ups where the droplets are fixed on
needles (Ban et al., 2000; Borrell and Leal, 2008; Chen and Pu,
2001; Gaitzsch et al., 2011a; Klaseboer et al., 2000; Pu and Chen,
2001; Sagert and Quinn, 1978; Thoroddsen et al., 2005; Wu
et al., 2004) or lying on top of or next to each other (Kumar
et al., 2006; Neumann, 1963; Ortiz-Duenas et al., 2010; Vohra
and Hartland, 1981). This offers the advantage of good observ-
ability and adjustability of drop sizes but is hardly comparable
with dispersion interactions in a fluid flow.

Set-ups which offer dynamic collisions differ in their flow
patterns. Guido and Simeone (1998) introduced two droplets
in an artificial shear flow which caused the collision between
them. The research group of Leal (Borrell et al., 2004; Leal,
2004; Yang et al., 2001) performed substantial research of two
slowly (Reynolds number of 1) colliding drops injected into a
two dimensional linear flow produced by four rolling cylinders.
Using a counter flow cell, Gaitzsch et al. (2011b) investi-
gated the coalescence of double emulsions during droplet
rising. Eckstein and Vogelpohl (1999) and Simon and Bart
(2002) performed drop collisions with a droplet swarm in the
same set-up. Although the counter flow cell represents the
dynamics in reality quite well, the observability due to opti-
cal distortion and lateral movement of the drop is poor and
the relative velocity between the rising drop and the droplet
swarm is restricted. The collision of freely moving droplets
in a stagnant continuous phase was examined by Scheele and
Leng (1971) and Eiswirth et al. (2012). Although the two set-ups
have considerable limitations, they provide a good observabil-
ity and similarity to a real dynamic collision. The horizontally
colliding drops in the work of Scheele and Leng (1971) require
a density similar to the continuous phase or a high velocity to
minimise a vertical drift due to buoyancy. The droplets in the
work of Eiswirth et al. (2012) are produced by a continuous flow
of disperse phase and detach from the needles due to buoy-
ancy and inertia forces. Hence, the drop size and velocity in
this set-up depend on the needle size and flow rate of the dis-
perse phase and are therefore only variable independently by
a modification of the needles. Additionally, the volume which
forms the drop, and thus determines the drop size, cannot be
quantified exactly. Due to the high temporal resolution, the
accurate triggering of the high speed imaging is a challenging
task. Scheele and Leng (1971) used an analogous camera with
5000 frames per second (fps) and wasted a 100 feet (∼30 m) roll
of film per failed record. Although Eiswirth et al. (2012) was not
facing this disadvantage with a digital high speed camera, it
was a challenge to record the distinct time and place of the
coalescence event.

These findings initiated the design of a new test cell for
single drop coalescence analysis performing the following
characteristics: dynamic investigations with good observ-
ability, precise drop size generation and variation without
modification of the set-up, change of relative collision veloc-
ity and variability of the liquid phase properties. In addition,
a high reproducibility of the single drop collisions with high
repetition rate at the same time is inevitable to establish a
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statistically relevant data base to validate and develop coales-
cence models. This requires an automation of the complete
experimental sequence.

The first application of the test cell investigated the impact
of the drop sizes and the superimposed mass transfer on
droplet coalescence. The influence of the drop size is not con-
sistently described in literature, but the equivalent droplet
diameter which is commonly used in coalescence models
(Chesters, 1991; Coulaloglou and Tavlarides, 1977; Liao and
Lucas, 2010) is defined as:

deq = 2
d1 · d2

d1 + d2
.

The decrease of the coalescence probability with increas-
ing droplet size and ratio is described e.g. by the film drainage
model of Coulaloglou and Tavlarides (1977) following the
dependency:

� = exp(−c1 · d4
eq)

where all other influencing factors of this model (inclusive
energy dissipation rate) are lumped in the parameter c1 in this
study. A detailed discussion of the influence of drop diameter
and energy dissipation rate described by different models can
be found in Kopriwa et al. (2012).

The influence of a superimposed mass transfer was stud-
ied previously with two fixed droplets (Ban et al., 2000;
Chevaillier et al., 2006) and a fixed drop with an approaching
planar interface (Gourdon and Casamatta, 1991). All authors
identified an acceleration of the film drainage with mass
transfer from disperse to continuous phase and an increased
drainage time with inverted mass transfer direction in the
systems toluene/acetone/water (Ban et al., 2000; Gourdon and
Casamatta, 1991) and glycerol/acetone/silicone oil (Chevaillier
et al., 2006). Hence, a significant change in the coalescence
probability was observed: drops coalesce immediately with a
mass transfer direction from disperse to continuous phase
and the coalescence is retarded with a mass transfer from
continuous to disperse phase (Gourdon and Casamatta, 1991).
This significant influence of the transferring component is
often described by a change of the film drainage due to
Marangoni effects or a variation of the mutual miscibility of
disperse and continuous phase due to the presence of the
solute (Kopriwa et al., 2012; Tsouris and Tavlarides, 1993).

2. Materials and methods

The choice of the physical system with the corresponding
properties is in general arbitrary, for a better understanding
the set-up will be explained assuming a continuous water
phase and a lighter disperse oil phase. The designed test cell
combines the advantages of static and dynamic set-ups by
inducing the collision of a rising with a pendant droplet (see
Fig. 1). The upper oil drop pends on a cannula which can be
positioned precisely in all three dimensions. This fixed droplet
allows the observation of the collision process at a specific
position. The rising oil droplet is generated by a cannula at
the bottom of the test cell and is released by a short ejection
of continuous water phase. It accelerates and rises over a cer-
tain length, adjusted by the position of the upper cannula, and
collides with the pendant droplet.

The rectangular test cell has an inner volume of 0.5 L
(height × width × depth: 150 mm × 90 mm × 37 mm) with an
outlet at the bottom to guarantee an easy exchange of the
continuous phase. The frame is manufactured of stainless

Fig. 1 – Side view of the coalescence test cell with rising
and pendant droplet.

steel, the side windows of quartz glass and all seals, tubes
and fittings in contact with the investigated fluids are made
of PTFE. This choice of chemically highly resistant materials
is due to the fact that already small impurities can influ-
ence the coalescence behaviour significantly. In addition, the
test cell is easily accessible for cleaning. The droplets detach
from the cannula’s rim at a certain maximum drop diame-
ter if the buoyancy force exceeds the adhesive and interfacial
forces. To investigate bigger droplets, the cannula diame-
ter has to be enlarged accordingly. In these investigations
the upper cannula size (made of stainless steel 1.4301) was
0.8 mm × 0.6 mm (outer × inner diameter) and the lower can-
nula (made of borosilicate glass) measured 0.5 mm × 0.2 mm.
With these cannulas it was possible to generate drop sizes
between 1.5 mm and 3.0 mm at the bottom as well as at the
top. The cannula distance could be varied from static direct
contact up to 100 mm.

For detailed understanding, the flow diagram of the test cell
is shown in Fig. 2. The generation of the droplets is realised
by two syringe pumps Hamilton PSD/2 with plug valves. The
oil pump (1) has a 3-port valve (Hamilton HVC 3–5) mounted,
which is used to distribute the specified oil volumes for the
upper and lower droplet. To eject the remaining oil phase to
the lower cannula tip and release the droplet afterwards, the
water pump (2) with 2-port valve (Hamilton HVC 3–2) is con-
nected to the PTFE tube by a T-fitting (4). This alternating flow
of disperse oil and continuous water phase, which is shown
schematically in Fig. 2 (4), allows a precise dosing of the droplet
volumes, respectively sizes. The used syringes for the present
investigations with a volume of 250 �L (Hamilton TLLX 1725)
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Fig. 2 – Flow diagram of the test cell with the components: syringe pumps for (1) oil phase and (2) water phase, (3)
peristaltic pump, (4) T-fitting PTFE, (5) high speed camera, (6) LED flash, (7) thermostat, (8) thermometer.

for the water pump (2) and 50 �L (Hamilton TLLX 1705) for
the oil pump (1) result in a dosing precision of ±0.125 �L and
±0.025 �L. To detach the sticking drop at the lower cannula, a
short pulse of water phase is given by the water pump (2). The
intensity and duration of this pulse has to be adjusted care-
fully preventing an undesired acceleration of the droplet after
detachment. Therefore, the volume and velocity of this pulse
can be optimised by trial method for every drop size so that
the water flow just breaks the link between the cannula’s rim
and the droplet. The collision of the two drops is recorded by
the CMOS high speed camera (5) Photonfocus MV-D752-160-
CL-8 (maximum resolution of 752 × 582 Pixel at a frame rate
of 350 fps) with a Pentax TV lens 12 mm mounted and illu-
minated by the LED flash (6) CCS LDL-TP-100/100-R from the
backside of the test cell. After the collision some oil phase may
remain at the tip of the upper cannula. Therefore, a second
cannula connected to the peristaltic water pump (3) Ismatec
IPC 8 is installed sideways to remove these residuals. The tem-
perature inside the test cell is controlled by two U-tube heat
exchangers fed by the thermostat (7) Haake D1 and logged by
the digital thermometer (8) Greisinger GMH 3710.

The control and automation of the test cell was realised
using LabVIEW 2010 from National Instruments. The control
routine for the collision of a specified number of droplets
n drops is visualised by a structogram in Fig. 3. For each loop a
sequence is passed through which initiates a droplet collision
recorded by the high speed camera. The focus of this automa-
tion was the fast execution of an experimental sequence.
Therefore, the image analysis has been moved to a consecutive
independent procedure. At the beginning of an experimen-
tal sequence the syringe pumps for oil and water are refilled.
Then the oil syringe pump generates the upper droplet by
ejecting the specified volume V up to the upper cannula. The
lower droplet is generated by pumping the specified volume
of oil V low via the T-fitting to the lower cannula. Afterwards
the remaining oil volume inside the tubes and fittings is filled

by the water syringe pump. High speed camera and flash are
initialised and the recording begins. Then the lower droplet is
detached by a short pulse of water given by the water syringe
pump. After the record time for the collision t rec, the cam-
era is stopped and the pictures, the used parameters and the
temperature are saved. At the end of a sequence, potentially
remaining oil phase is removed from the two cannulas by
a water jet induced by the peristaltic pump and the water
syringe pump.

For the present investigations the EFCE standard test sys-
tem for extraction (Misek et al., 1985) toluene/acetone/water
is used. According to the purity requirements, only chemicals
for analysis were used: toluene Merck 1.08325.2500, acetone
Merck 1.00014.2500 and ultrapure water with a resistivity of
18.3 M� cm produced by the purification system Werner EASY-
pure UV. All experiments were conducted at a temperature
between 24.0 and 25.0 ◦C. To avoid undesired mass transfer
between toluene and water due to a slight mutual miscibil-
ity, the phases were saturated with each other for at least 12 h
before an experiment. Therefore, the phases were prepared
in a separatory funnel, which was shaken manually several
times, and afterwards separated by settling. Investigating the
influence of the transferring component acetone, a certain
concentration difference between the two saturated phases
was prepared by adding acetone to the disperse or continu-
ous phase, depending on the mass transfer direction. To avoid
mass transfer of acetone within the tubes after the T-fitting,
the water reservoir of the syringe pump was saturated with
acetone accordingly. During the experiments the concentra-
tion difference varies due to the accumulation of acetone in
the mass receiving phase. This error increases to a deviation
of approximately 0.5% in the concentration difference of ace-
tone after 50 droplet collisions of two 3.0 mm drops and mass
transfer direction from disperse to continuous phase, which
represents the worst case. To avoid a further deviation, the
continuous phase was exchanged after 50 droplet collisions.
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Fig. 3 – Structogram for the control routine of the test cell.

3. Results and discussion

The designed test cell for single drop coalescence analysis
combines the advantages of static and dynamic set-ups by
inducing the collision of a rising with a pendant droplet in a
quiescent continuous phase. The immobilisation of only one
droplet enables dynamic investigations with good observabil-
ity. The syringe pumps provide a precise drop size generation
and the droplet detachment due to the alternating flow of oil
and water phase enables a variation of the drop size without
modification of the set-up. Moreover, a change of relative col-
lision velocity and a variation of the liquid phase properties is
possible. Due to the automated control sequence 2–3 droplet
collisions per minute can be recorded by the designed test
cell. As presented in Fig. 4 and the appended video, that both
show ten recorded sequences merged in parallel, the dosing
of the droplet volumes is precise and the collisions are highly
reproducible. Hence, the experiments showed that this set-up
offers the possibility of serial examinations of the coalescence

Fig. 5 – Trend of coalescence probability over analysed
sequences for head-on (� = 0◦), slightly off-centre (� < 45◦)
and highly eccentric (� > 45◦) collisions.

process under the systematic variation of influencing param-
eters.

The acting forces are assumed to be mechanically similar
to the ones interacting on two freely colliding drops with the
same relative velocity, although the same magnitude of rela-
tive velocity may act in a different way in different flow fields.
In this set-up the relative velocity can be adjusted directly
which offers a straightforward validation of the corresponding
model assumptions, where the relative velocity is commonly
substituted by the energy dissipation rate. Although the qui-
escent fluid and a fixed droplet are simplifications to the real
two phase flow, compared to static experiments the impact
of additional dynamic parameters like relative velocity, col-
lision angle and contact time can be investigated. Moreover,
the achieved good observability is obligatory for serial exam-
inations and a subsequent quantification of the influence of
these dynamic parameters.

For each parameter set at least 100 droplet collisions were
recorded and analysed to obtain statistically relevant results.
In Fig. 5 the trend of the coalescence probability is shown
exemplarily over the analysed sequences for equal drop sizes
of 2.5 mm and a cannula distance of 20 mm. After 80 sequences
the total coalescence probability levels off at 44 ± 2%. This
trend can be detected as well if the angle of collision � between
the droplets’ centre of mass is considered. This allows the
differentiation between head-on (� = 0◦), slightly off-centre
(� < 45◦) and highly eccentric (� > 45◦) collisions, which occur
by inevitable small deviations in the rising trajectory of the
lower droplets. The total coalescence probability equals the
probability of two frontally colliding drops. Corresponding to
the analogy between head-on and glancing collision revealed

Fig. 4 – Video of ten sequences in parallel of a droplet collision (dup = 2.5 mm, dlow = 2.5 mm, cannula distance = 20 mm, 180
frames recorded with 620 fps).
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Fig. 6 – Influence of equivalent drop diameter and
superimposed mass transfer on drop coalescence efficiency
at a cannula distance of 20 mm (1.5 mm ≤ d1, d2 ≤ 3.0 mm).

by Borrell et al. (2004), the influence of an eccentric collision is
small: the coalescence probability differs by ±5% resulting in
a decreased probability of 40% for slightly off-centre collisions
and a higher coalescence probability of 50% for highly eccen-
tric contacts. Failed droplet collisions within a sequence (due
to incorrect droplet detachment, non-collision, air entrain-
ment, mistaken recording time, etc.) are indicated by skipped
symbols in the total coalescence probability of Fig. 5. In this
case 53 errors occurred mainly in the last half of the exper-
iment, which is a relatively high number compared to other
runs and caused by non-ideal detachment parameters. Nev-
ertheless, these recorded sequences yield a number of 110
analysed droplet collisions.

First investigations using the developed test cell were con-
ducted varying the sizes of the upper and lower droplets
between 1.5 and 3.0 mm at a constant cannula distance of
20 mm. In addition, the transfer component acetone was
introduced varying the drop sizes and the mass transfer direc-
tion. The results are shown in Fig. 6 where the coalescence
probability � is plotted against the equivalent droplet diam-
eter deq of the colliding droplets. Without mass transfer, the
coalescence probability scatters over the range of investigated
equivalent drop diameters and no clear trend is identifiable.
This seems to be the result of an interference of at least
two influencing parameters. With differing size of the lower
droplet, the rising velocity changes due to buoyancy. Hence,
the two influencing parameters drop size and relative velocity
depend on each other and the film drainage model (using a
value of c1 = 4.375 × 1010 m−4) is not able to describe the exper-
imental values by reducing it only to the dependency on the

equivalent drop diameter deq as done in this case. This
becomes obvious looking at the three data points with similar
equivalent drop size (deq = 2.64, 2.69 and 2.73 mm) in Fig. 6. The
two experiments with a bigger droplet at the upper cannula
(dlow = 2.5 mm, dup = 2.8 and 2.9 mm) result in a coalescence
efficiency of 0% and 8%. Whereas the experiment with a bigger
droplet rising (dlow = 3.0 mm, dup = 2.5 mm) shows a coales-
cence probability of 90%. This shows that the widely used
assumption that a collision of drops differing in size but hav-
ing the same equivalent drop size deq results in the same
coalescence probability is at least exceeded by the influence of
the slightly different rising velocity or even questionable. This
interference of relative velocity and drop size becomes even
more interesting if comparing the implementation of these in
existing coalescence models. As shown recently by Kopriwa
et al. (2012) the equivalent drop diameter and the energy dis-
sipation rate (from which the relative velocity is commonly
calculated) are implemented with different proportionalities
and partly even contradictory (Liao and Lucas, 2010). Conse-
quently, the impact of the drop sizes and the rising velocity will
be investigated systematically in future analysis. The obtained
data will offer an experimental validation and improvement of
the modelling approaches. Up to now, the recorded sequences
are analysed manually. Evaluating all sequences per param-
eter set, with about 300 images each, would end up in an
analysis of at least 30,000 pictures per data point. Therefore,
the velocity of the rising droplet cannot be quantified system-
atically due to the absence of an automated picture analysis
which is developed currently.

However, the influence of the superimposed mass trans-
fer is enormous. Inducing a mass transfer by a concentration
difference of acetone (�c = 2 g/L) from disperse to continu-
ous phase (d → c) results in a coalescence probability of about
100%, independent from the drop size and therefore the rel-
ative velocity. According to the findings of Chevaillier et al.
(2006) and Gourdon and Casamatta (1991), the contact time
of the approaching droplets before coalescence occurs is
extremely short (within the time span between two recorded
images of 1.6 ms) and therefore not measurable with the used
high speed camera. Inverting the mass transfer from con-
tinuous to disperse phase (c → d) extends the film drainage
time above the overall contact time of the droplets and ends
up in a coalescence efficiency about 0%, independent of the
drop size and rising velocity as well. The intense influence of
the mass transfer can be seen in the supplementary videos
of Figs. 7 and 8 showing eight drop collisions in parallel
of equal sized droplets with a diameter of 2.5 mm and a
concentration difference of �c = 2 g/L for both transfer direc-
tions.

Fig. 7 – Video of eight sequences in parallel of equally sized droplets (dup = 2.5 mm, dlow = 2.5 mm, mass transfer d → c with
�c = 2 g/L, cannula distance = 20 mm, 150 frames recorded with 620 fps).
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Fig. 8 – Video of eight sequences in parallel of equally sized droplets (dup = 2.5 mm, dlow = 2.5 mm, mass transfer c → d with
�c = 2 g/L, cannula distance = 20 mm, 150 frames recorded with 620 fps).

4. Conclusions

By using the novel test cell for single drop coalescence anal-
ysis, it is possible to conduct a serial examination of the
coalescence probability varying particular parameters. A good
observability due to a combination of static and dynamic
droplet collision, a high repetition rate of 2–3 recorded
sequences per minute and a good reproducibility of the col-
lisions enable an examination of at least 100 collisions per
parameter set, which is important for statistical analysis. The
influence of drop size ratio seems to be interfered by the differ-
ent relative velocities of the droplets, hence a clear trend could
not be found and will be the objective of further investigations.
To determine the relative velocity for each sequence, an auto-
mated picture analysis is required and developed currently.
This will also allow the quantification of contact and coales-
cence time, droplet deformation and coalescence probability.
Superimposed mass transfer influences the coalescence sig-
nificantly: mass transfer from disperse to continuous phase
results in a coalescence of nearly all droplets and inverting
the mass transfer direction retards the coalescence almost
completely.
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a b s t r a c t

The fundamental analysis of drop coalescence probability in liquid/liquid systems is necessary to reliably
predict drop size distributions in technical applications. For this crucial investigation two colliding oil
drops in continuous water phase were recorded with different high speed camera set-ups under varying
conditions. In order to analyze the huge amount of recorded image sequences with varying resolutions
and qualities, a robust automated image analysis was developed. This analysis is able to determine the
trajectories of two colliding drops as well as the important events of drop detachment from cannulas
and their collision. With this information the drop velocity in each sequence is calculated and mean
values of multiple drop collisions are determined for serial examinations of single drop collisions. Using
the developed automated image analysis for drop trajectory and velocity calculation, approximately 1–2
recorded high speed image sequences can be evaluated per minute.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The understanding and successful description of liquid/liquid
dispersions is important for many technical applications. Process
operations like e.g. mixing, extraction, or separation inherently
comprise dispersions and also many products like e.g. milk or cos-
metic creams and lotions consist of or contain emulsions which are
stabilized liquid/liquid dispersions. The performance of the pro-
cesses and the product quality are mainly determined by the drop
size distribution of the dispersion. The droplets within the dis-
persion can either break due to turbulent eddies and shear stress
or confluence after a collision of two droplets which is known as
coalescence. The two phenomena drop breakage and coalescence
determine the drop size distribution. State of the art modelling
approaches describe the drop size distribution by separate kernels
for breakage and coalescence rate. These so called population bal-
ance equations allow the separate implementation of breakage and
coalescence which occur simultaneously in a general dispersion
(Liao and Lucas, 2009, 2010; Ramkrishna, 2000). Several research
groups investigated the breakage (Maaß and Kraume, 2012; Solsvik

∗ Corresponding author.
E-mail address: johannes.kamp@tu-berlin.de (J. Kamp).
URLs: http://www.vt.tu-berlin.de (J. Kamp), http://www.cv.tu-berlin.de

(R. Hänsch).

and Jakobsen, 2015a, 2015b; Nachtigall et al., 2015) and coales-
cence (Kamp and Kraume, 2014; Villwock et al., 2014; Eiswirth
et al., 2012; Kopriwa, 2014) separately in order to validate and
improve these modelling approaches. The investigations use digital
high speed cameras to obtain a high spatial and temporal reso-
lution. The use of high speed imaging is necessary because the
interesting time scales lie in the order of microseconds and even
below (Thoroddsen et al., 2008). The analysis of the generated data
is a crucial aspect especially for serial examinations which are nec-
essary for randomly distributed events like coalescence. The huge
amount of recorded image sequences has to be analyzed automat-
ically by applying specific computer vision methods.

This paper proposes a first step in the direction of fully automatic
coalescence detection: Based on the test cell described in Kamp and
Kraume (2014), a system is developed to automatically detect and
track drops within the videos. From the established trajectories the
time points of drop detachments as well as drop collision are reli-
ably determined. This allows on the one hand to derive physical
parameters (such as rise velocity) that are known to have a substan-
tial influence on the coalescence probability and on the other hand
restricts the amount of data in which coalescence might happen.

1.1. Coalescence in liquid/liquid systems

During a collision of two droplets with a certain relative velocity,
the droplets deform each other and a thin liquid film of continuous

http://dx.doi.org/10.1016/j.compchemeng.2016.03.033
0098-1354/© 2016 Elsevier Ltd. All rights reserved.
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Fig. 1. Image sequence of two coalescing drops (dtop = 2.0 mm, dbottom = 2.2 mm)
recorded with VisionResearch Phantom v711 (camera system (3)) at 100,000 frames
per second. The time of visual ‘contact’ is set to t = 0 s. Full video sequence in Sup-
plementary material.

phase is enclosed between the opposing surfaces of the drops.
This film is so thin that the drops seem to be in contact with
each other in visual observations (see Fig. 1 at t = 0.00 ms). The
film drains during further interaction of the droplets and the dis-
tance between the interfaces diminishes. If the “contact” of the
drops lasts long enough for the film to drain sufficiently, a cer-
tain critical distance between the droplet surfaces is reached at
which the interfaces merge spontaneously (also referred to as criti-
cal film thickness). The moment and point at which this film rupture
occurs is affected by natural fluctuations and makes the coales-
cence a stochastic process (Radoev et al., 1983). After the film
rupture (see Fig. 1 at t = 4.71 ms) a coalescence bridge is built (see
Fig. 1 at t = 4.78–6.00 ms). The interfacial tension drives the con-
fluence of the drops by contracting the mutual surface (see Fig. 1
at t > 7.00 ms). The steps of drop collision, deformation and film
drainage are mechanistic and can be described by several mod-
els available in literature (Liao and Lucas, 2010). The stochastic
phenomenon is the moment at which the draining film ruptures
and coalescence occurs. Therefore, common modelling approaches
describe the mechanistic parts and assume a mean critical film rup-
ture thickness as coalescence criterion. Furthermore, the models
account for the stochastic film rupture by predicting only coales-
cence probabilities within a droplet swarm and do not predict
single coalescence events. So-called film drainage models regard
the drainage and contact times as random variables and put them
in relation to each other (Liao and Lucas, 2010). In the model rep-
resentation of film drainage a repulsion of drops after collision can
be explained as follows: if the drainage of the thin film takes longer
than the contact time of the droplets they repulse each other elas-
tically and do not coalesce. The velocity and the manner of film
drainage depends on various influencing parameters i.e. physical
properties of the phases (density, viscosity), interfacial tension, sur-
face active components, dissolved ions, pH value, mass transfer,
relative velocity, oscillations, drop sizes, and many more (Jeffreys
and Davies, 1971). Even under apparent constant conditions coales-
cence itself is a stochastic event and the result of a single droplet
collision (coalescence or repulsion) is not predictable. The drop
shapes appearing in Fig. 1 are representative for the coalescence

events recorded. The drop sizes vary from d = 1.5–3.0 mm in the
experiments so that also unequally sized droplets collide with each
other.

1.2. Image analysis

The current experimental set-up states several challenges that
need to be handled by the data analysis modules.

1. It is not sufficient to merely detect the drop in the image, but
its exact position as well as 2D radius has to be determined.
The video-based estimation of the target variables (such as drop
velocity and contact angle) requires a certain accuracy of the
drop localization. Any measurement error at this stage has a
direct influence on the final results.

2. The images of the droplets are virtually untextured due to the
transparency of the fluids. Only the light dispersion on the
surface of the droplets causes weak intensity gradients in the
images, which frequently diminish locally during drop move-
ment. This already weak optical signal is further degraded by
the high speed cameras. The extremely short exposure times of
these cameras require a strong illumination. Even high power
LEDs cannot guarantee a constant and homogeneous lighting
during the whole image acquisition. Due to inhomogeneities in
the LED fields or vignetting by the camera lenses, the images are
degraded by global gradients in intensity as well as local image
noise. The weak texture of the objects on the one hand and the
relatively strong artefacts of the image acquisition process on
the other hand require a robust image-based tracking system,
which is able to resolve such issues.

3. Last but not least, the large amount of data is a challenge by itself.
Although a high accuracy of the drop localization under difficult
image characteristics is required, it is not feasible to apply highly
complex, time consuming methods. The data is analyzed offline
without any need for real-time processing. However, hundreds
of video sequences (i.e. 3–8 gigabyte of data) per parameter set
have to be analyzed to obtain a sufficient sample size.

2. Materials and methods

2.1. Experimental set-up

The coalescence investigations were performed in a test cell
designed for the collision of a rising drop with a pendant drop
fixed on a vertical cannula. The applied liquid phases were toluene
as disperse and water as continuous phase according to the EFCE
standard test systems for extraction (Misek et al., 1985). The entire
automated set-up was described in detail by Kamp and Kraume
(2014). Using Hamilton syringe pumps the drop volumes could
be determined precisely and drop sizes between 1.5 and 3.0 mm
were investigated. The relative collision velocity of the droplets
was determined by varying the rising distance of the bottom drop,
which was detached from a cannula at the bottom of the test cell.
Therefore, the distance between the cannulas could be varied from
drop contact up to 100 mm (Kamp and Kraume, 2014). Three dif-
ferent monochrome digital high speed camera systems were used
to record the drop collisions:

1. Photonfocus MV-D752-160-CL-8 (maximum resolution of
752 × 582 pixels at a frame rate of 350 fps) with frame grabber
board Silicon Software microenable III, Pentax TV lens 12 mm
and synchronized backlight LED flash CCS LDL-TP-100/100-R.

2. Optronis CL600X2-M (maximum resolution of 1280 × 1024 pix-
els at a frame rate of 500 fps) with frame grabber board Silicon
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Software microenable IV, Pentax TV lens 12.5 mm 1:1.4 and syn-
chronized backlight LED flash CCS LDL-TP-100/100-R.

3. VisionResearch Phantom v711 monochrome (maximum resolu-
tion of 1280 × 800 pixels at a frame rate of 7530 fps) with Sigma
APO macro lens 180 mm F2.8 EX DG OS HSM and continuous LED
backlight GS Vitec MultiLED LT-V8-15.

The frame rate of all CMOS camera systems can be increased by
decreasing the resolution of the recorded frame. Most of the image
sequences were recorded sideways to achieve maximal spatial and
temporal resolution with the high speed cameras. This is due to
the design of the CMOS sensors and how the data is read from
them: a reduction of lines leads to a higher maximal frame rate
than reducing the same amount of rows which are read from the
sensor. Therefore, a 90-degree rotation is beneficial for an area of
interest with smaller width than height.

At higher frame rates the exposure time decreases and a
bright illumination becomes more important. Thus, all illumina-
tion methods reach a certain limit at a certain high frame rate with
corresponding short exposure time. In general, LED illumination
is preferable against other methods because the heat radiation is
much smaller.

To achieve a database of sufficient size for statistical analysis at
least 100 droplet collisions were recorded with camera system (1)
and (2). The number of necessary image sequences was determined
by Kamp and Kraume (2014) by analyzing the trend of coalescence
probability over the analyzed sequences. The recording was imple-
mented entirely in the LabVIEW automation of the test cell. In the
case of camera system (3) the recording had to be triggered manu-
ally and, thus, fewer but higher resolved sequences were recorded.
With these three cameras systems many image sequences were
recorded with varying quality as well as temporal and spatial res-
olution. The applied image analysis has to cope with pictures of
different orientation, resolution, frame rate, and illumination.

For each recorded image sequence a parameter file was created
containing the known experimental conditions (drop diameters,
frame rate, temperature, etc.). This information is used to enhance
the image analysis.

As the coalescence probability is very sensitive against even
small impurities, the purity of the system was checked before each
experimental run. The rising path of droplets is analyzed because
most critical impurities alter the surface mobility and, therefore,
the drag coefficient and the rising velocity. The drop rise velocity
was determined as described in Villwock et al. (2014) and compared
to the theoretical trajectory of a drop with fully mobile interface
(Feng and Michaelides, 2001; Wegener et al., 2014).

2.2. Image analysis

The image analysis is realized in Matlab using the integrated
Image Analysis toolbox. The source code of the methods described
in this work is provided in Supplementary material of the digital
publication together with a link to the latest version of the code
(see Appendix A.2).

3. Automated image analysis

Fig. 2 illustrates the general workflow of the proposed frame-
work to automatically analyze the acquired high speed image
sequences. The framework is based on two principle ideas: First,
to exploit the available prior knowledge (e.g. test cell layout, drop
size, theoretic drop movement, etc.) as much as possible. Second,
moving from easy to complicated tasks by using already acquired
knowledge, instead of solving the hard task of drop detection
directly. Each of the individual modules is described in detail in

Fig. 2. Workflow of the proposed method.

the following subsections. After loading the video data and the
corresponding parameter file, which summarizes the experimen-
tal set-up, the individual images are preprocessed to ease the
subsequent analysis tasks. The orientation of the image sequence
is automatically determined based on the knowledge that the
droplets move only in one direction (i.e. upwards). In a next step the
cannulas are located. Based on the position and shape of the can-
nula, the centre points of the two drops within the first frames are
predicted. In subsequent frames the drop positions are first pre-
dicted based on a simple motion model and then refined based
on the image data of the current frame. As soon as the trajec-
tory of the droplet is known, the events of drop detachment and
collision are determined. Based on these two time stamps, dif-
ferent sequences of the same experimental set-up are aligned
and averaged to enable a statistical interpretation of the acquired
data.

The coordinate system was defined as follows: the point of ori-
gin lays in the upper left corner of the rotated image, x-coordinate
increases rightwards and y-coordinate increases downwards.

3.1. Preprocessing

As described in Section 2.1, the images of the test cell are cap-
tured by a high-speed camera, which provides an image sequence
{It}t=1,...,N of N images with a given frame rate. The images It (Fig. 3a
shows an example) are degraded by global gradients in intensity as
well as local image noise. Both effects need to be reduced before
any subsequent image analysis task.

The normalization of inhomogeneous lighting is strongly
connected with the similar computer vision task of colour nor-
malization (see for example Chang et al., 2014). One simple yet
successful approach is the computation of the Self Quotient Image
(SQI, Wang et al., 2004; Shashua and Riklin-raviv, 2001), which is a
fast method to minimize the effect of inhomogeneous lighting con-
ditions on images. The SQI Qt of the image It at time t is defined by
Eq. (1), where Ît = G × It is the input image smoothed by a Gaussian
filter G.

Qt(x, y) = It(x, y)

Ît(x, y)
(1)

The standard deviation of the filter is defined empirically and is set
to 10 pixel for all experiments.

Since It(x, y) ≈ Ît(x, y) over (locally) homogeneous regions, Qt(x,
y) is close to one independent from the absolute value of the inten-
sity within these regions, while the texture in inhomogeneous
regions is preserved (see Fig. 3b). The halo-effect around object
borders is caused by the isotropic smoothing of the Gaussian fil-
ter. Although it can be prevented by edge-preserving smoothing
operators (as for example the bilateral filter, Tomasi and Manduchi,
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Fig. 3. Intermediate results of image processing steps. (For interpretation of the
references to color in the text, the reader is referred to the web version of this
article.)

1998), it does not have a negative effect on the subsequent analy-
sis in this work. The Gaussian filter proved sufficient and is mainly
chosen for the sake of a small computational load.

Since global image gradients have been removed within the SQI,
only local image gradients remain. Those are mainly caused by the
objects of interests, which are either blocking (cannulas) or dis-
persing (droplet borders) the light rays. Both objects are generally
darker than the background and can be detected by a simple thresh-
old operation (Eq. (2)), where � is a threshold which is automatically
set to the average intensity of Qt in all experiments. The effect of
the thresholding is shown in Fig. 3c.

Tt(x, y) =
{

1 if Qt(x, y) < �

0 otherwise
(2)

3.2. Image orientation detection

In a first step, the orientation of the images is automatically
determined by integrating the image intensity over each image
dimension. The distribution of intensity values stays nearly con-
stant over time if integrated parallel to the drop movement, while it
varies with the drop movement if integrated perpendicularly. The
vertical image direction is determined as the direction in which
the intensity distribution varies most over time. The direction of
this change defines which of the two horizontal image borders
shows the lower and upper cannula. If necessary, the images are
rotated such that the lower cannula is located at the lower bor-
der of the image and the upper cannula at the upper image border.
After the orientation of the image is known, the objects, namely
cannulas (see Section 3.3.1) and drops (see Section 3.3.2), are
detected.

3.3. Object detection

3.3.1. Cannula detection
The cannulas are of no direct interest. Nevertheless, precise

knowledge of their location and dimension is crucial for the fol-
lowing reasons:

1. They can be detected much easier than the drops. Their position
is (at least coarsely) known a priori since the image orientation
is already known and the orientation of the cannulas does not
change within the current experimental set-up. The image of the
cannulas stays constant and is a very dominant image feature,
while the droplets strongly change in appearance during rise,
contact, and coalescence/repulsion.

2. At the beginning of the sequence, both drops are connected to
the cannulas. Knowing the shape and position of the cannula
provides a solid initialization to find the position of the droplets
within the first frame.

3. The physical size of the cannulas is known, while the size within
the image is derived from analyzing their detected shape. The
relation of physical and imaged size of the cannulas provides
the necessary information to compute the expected drop radius
in pixels as well as the theoretical drop velocity in pixels per
second.

The detection of the cannulas is based on the knowledge that
they are represented by large dark objects, which are connected
to the image borders and stay constant over the whole image
sequence. In a first step a cumulated image T̄ is generated accord-
ing to Eq. (3) by summing over the whole preprocessed image
sequence, where Tt is the thresholded image of time t (see Eq. (2)).

T̄ =
N∑

t=1

Tt (3)

The application of the above constraints to T̄ leads to the rejec-
tion of all other objects within the image besides the two cannulas.
The drop on top changes only after contact with the rising drop
and stays constant otherwise. This can cause small artefacts in the
form of drop pixels that remain in the cumulated image. In order to
delete these erroneous pixels, the shape of each cannula is refined
in a second step. The cannula is assumed to be coarsely aligned with
the image axes. The histogram of cannula pixels cumulated hori-
zontally and vertically resembles a piecewise constant function as
shown in Fig. 4. Width and height of the cannula are determined
as the width of the major part of the histogram. The exact shape
is defined by the extremal pixel positions of the four quadrants
around the centre of gravity.

Fig. 4. Refinement of cannula shape.
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3.3.2. Drop detection
The expected drop radius in millimetre as well as the physical

size of the cannula are known from the corresponding parame-
ter file. Image orientation as well as cannula shape and position
are estimated from the given image data. The centres of the upper
(lower) cannula borders cu

top (cl
top)) are calculated from the detected

cannula pixels. By relating physical and imaged size of the can-
nula, all metric length information can be transformed into pixel
measurements (and vice versa).

In the following the object detection is only described for the
rising drop. The detection of the fixed droplet on top is done accord-
ingly.

Based on the expected drop radius r̂ in pixel, the expected cen-
tre of the bottom drop p̂t within the first frame (t = 0) can easily
be determined as p̂0 = ctop − r̂. This predicted drop centre is quite
accurate, since no motion took place yet and the test cell is able to
accurately generate drops of a specific size.

For the following frames a simple motion model could be used
to predict the drop centre p̂ti+1 in the next frame i + 1 based on
the drop centre p̂ti

in the i-th frame. However, small differences
between real and theoretical drop movement would accumulate
over time, causing the predicted drop centre to drift away from the
real drop centre. That is why the predicted drop centre p̂t needs to
be adjusted according to the image data at this time step leading to
a refined estimated drop centre pt.

All foreground pixels within a circle of 1.5 · r̂ radius around
the expected drop centre p̂t are selected, i.e. Bt = {(x, y)|Tt(x, y) =
1, ||(x, y) − p̂t || < 1.5r̂}. All pixels within Bt lie close to the drop
boundary, since the interior of the drop is transparent and only
the border of the drop appears dark due to light dispersion. How-
ever, due to vanishing gradients and the segmentation with a fixed
threshold, it is unlikely that the pixels in Bt form a one-pixel wide,
connected curve. In order to refine the border of the drop, the area
around p̂t is divided into angular intervals ��, defined by Eq. (4)
using the mean radius (see Eq. (6)) of the previous frame r̄t−1 and
a border section of b = 2 px. The upper left corner of Fig. 5 shows a
few exemplary intervals ��.

�� = arccos

(
1 − b2

2r̄2
t−1

)
(4)

Fig. 5. Maximal drop border pixels Ot (black squares) are selected within intervals
�� from the drop border pixels Bt (grey squares). Minimal (magenta circle) and
maximal (green circle) outer circles are determined from the extrema of Ot . Sub-
sequently, the drop centre pt is determined from neighbouring pixels in Ot (red
labelling). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

The pixel in Bt that has the maximal distance from p̂t within �� is
considered as part of the outer border pixels Ot. Fig. 5 shows the
resulting outer drop border pixels Ot marked as black squares and
the remaining drop border pixels Bt \ Ot as grey squares.

A simple computation of the centre of gravity of Ot would shift
pt to the side of the drop on which more border pixels are detected.
Instead, the refined drop centre pt is determined by computing
a weighted average of the outer border pixels on ∈ Ot (n = 1, . . .,
N := |Ot|) where the weight depends on the angle to their next
neighbours (see Fig. 5):

pt = 1
4�

N∑
n=1

(�n−1 + �n+1) · on (5)

where o0 := oN and oN+1 := o1.
Using this method the real drop centre can be calculated even if

the border is undisclosed and unequally thick.
The minimal and maximal distance between the computed cen-

tre pt and the outer border pixels Ot determine the radii rt, Rt of
the minimal and maximal outer boundary, respectively, which are
depicted as magenta and green circles in Fig. 5. The mean radius r̄t

is computed according to Eq. (6).

r̄t = rt + Rt

2
(6)

When the drop centre pt in frame t is known, the expected drop
centre p̂t+1 in frame t + 1 is estimated as p̂t+1 = pt + ft , where ft is
calculated from the drop velocity known from the previous frames:
ft = vt · �t = (pt − pt−1). Alternatively, a motion model e.g. ft = a/2t2

for linear accelerated motion could be used. The new expected drop
centre is refined by the same procedure as discussed above.

3.4. Event detection

Although the detachment of the bottom drop from the lower
cannula is triggered by the system, the exact starting time of the
drop movement is not known. The image recording is not synchro-
nized with the movement of the droplet. It is only ensured, that the
start of the movement as well as the drop collision is within the
recorded time frame. Both events need to be detected automati-
cally in order to derive robust and precise information about the
drop movement.

After the initial detection of the droplet in the first frame, its
border is described by two circles with minimal and maximal
outer radius around a common centre (see Section 3.3) which are
depicted in magenta and light green in Figs. 3h and 5. These two cir-
cles are used to mark a time interval during which drop and cannula
separate. The beginning of this interval is defined as the moment,
when the smallest distance between the pixels of the cannula to the
inner ring is larger than one pixel. The time interval ends, when the
smallest distance between the outer ring and the cannula is larger
than one pixel. A second time interval is defined for the contact of
the two droplets in a very similar way: The interval starts, when
the outer circles of the drops are closer to each other than one pixel
and it ends as soon as the inner circles touch each other.

Both intervals of the event detection are subsequently refined.
Within the interval of the cannula detachment event of the bottom
drop, the following procedure is carried out for each frame: The
distances between the bottom drop border pixels and the upper
border of the cannula are calculated (see Fig. 6). A drop border pixel
in Ot is only considered if it lies within an angle of ±� = (�/4) from
the vertical line of the drop’s centre. For each side of this vertical
line, the pixel with the smallest distance is selected and its distance
to the drop’s centre is projected onto the vertical line. The frame
in which the mean value of these two distances is larger than 1.5
pixel marks the detachment event. The collision event between the
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Fig. 6. Refined cannula detachment detection visualizing the distance calculation
for one pixel schematically.

two drops is refined within the found interval likewise by using the
border pixels of the two drops.

3.5. Post-processing

Once the coordinates of the drop centres are known, the
estimation of the whole trajectory and the rise velocity is straight-
forward. The drop trajectory is defined as linear interpolation of
the determined drop centres pt smoothed by a moving average
over ±10 frames. Drop centre displacements greater than 2 pixel
per frame are neglected since that would correspond to implausi-
ble accelerations. The resulting trajectory (p̄t) of the rising droplet
is used to calculate the drop velocity as the derivative of the
trajectory.

The conversion factor from pixels to millimetres cmm/px was
determined during the cannula detection and the recorded frame
rate fps is known from the parameter file of the experimental
sequence. The trajectory in physical coordinates (millimetres and
time) is calculated directly between the events of drop detachment
and collision. The drop velocity in pixels per frame is calculated as
temporal derivative of the drop centres by the central differential
quotient:

v(t) = p̄t+1 − p̄t−1

2
(7)

For experimental analysis the vertical component of the rise
velocity versus the drop’s rise height vx(xt) is important. These
values are known but might contain multiple function values of
the velocity at identical rise heights (i.e. xti

= xtj
for i /= j) due to

oscillating droplets or fluctuations in the centre determination.
Therefore, xt is converted to a strictly increasing sequence xt̄ by
rejecting frames ti for which xti

= xtj
with j < i. The drop rise veloc-

ity is then only plotted against the strictly increasing height, i.e.
vx(xt̄).

From all sequences with identical experimental parameters the
mean values v̄x(t) and v̄x(xt̄) as well as the maximal, minimal, and
standard deviation values are derived. Unevenly distributed veloc-
ity values are interpolated linearly to equally sized intervals of t
and x̄ for each sequence.

4. Results and discussion

In order to demonstrate the output of the image analysis, the
single sequence recorded with camera system (3) and shown in
Figs. 1 and 3 was analyzed exemplary. The initial distance between
the two drops (dtop = 2.0 mm, dbottom = 2.2 mm) was 0.8 mm or 38
pixel. The results are plotted in Fig. 7. The trajectory (in this case
the rising height xt̄ , where x0 := 0) of the rising drop centre point
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Fig. 7. Trajectory of single sequence used for visualizations in this work together
with the calculated velocity using the determined trajectory and using a smoothed
trajectory by applying a moving average. (For interpretation of the references to
color in the text, the reader is referred to the web version of this article.)

p̄t is shown over the frame number. The first detected centre point
was defined as zero in this representation. In the same graph the
calculated velocity is shown together with the detected events of
drop detachment from the bottom cannula and drop collision. It
can be seen Fig. 7, that the centre point does not rise with con-
stant acceleration but fluctuates especially in the region of frame
number 3800. Analysing the original sequence shows that the bot-
tom drop does not instantly detach from the cannula entirely but a
thin liquid bridge keeps the droplet connected to the cannula. The
detachment, however, was already detected at frame 1889. The liq-
uid bridge is present until frame 3816 after which the position of
the detected centre increases rapidly. For later analysis this devia-
tion is negligible because the velocity over height is more important
than over time and the difference of the centre point between the
two detachment points is only 2 pixels.

Although the final trajectory p̄t does not contain any strong
changes in drop positions, even slight fluctuations of the deter-
mined centres are amplified in the calculated velocity (green curve
in Fig. 7). Additionally, the calculated velocity of the non-smoothed
centre points pt is shown in Fig. 7 as light green crosses. These
non-smoothed velocities show significant fluctuations (scattering
up to ±0.2 pixel/frame, exceeding the displayed scale) because
already a small centre point shift causes a high velocity at these
high frame rates. In the shown sequence with a recorded frame
rate of 100,000 fps and a conversion factor of cmm/px = 0.021 mm/px
a jump of 1 pixel per frame would result in a velocity of above
2000 mm/s whereas the actual velocity of the rising drop is two
orders of magnitude smaller. This effect cannot be avoided due to
the discrete form of the digital image and the limitations of digital
resolution.

Applying the above described moving average to the drop centre
trajectory, the determined velocity shows less fluctuations (green
curve in Fig. 7). This illustrates the necessity of the smoothing by
a moving average in the trajectory determination. The fluctuations
can be assumed to have zero mean value. Averaging reduces the
variance of this noise and leads to an velocity estimate, which is
closer to the true velocity than the original calculations. Thus, a
broader smoothing interval might be more suitable at these high
frame rates.

In the shown sequence the experimentally adjusted drop dis-
tance of 38 px was detected successfully by the automated image
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Fig. 8. Mean velocity of 98 sequences including minimal and maximal values.

analysis which computed a collision point after rise height of 38.8
pixel (see Fig. 7).

The mean value calculation is shown exemplarily for 98 image
sequences recorded with high speed camera system (1) at a frame
rate of 1162 fps, drop sizes of dtop = 2.6 mm, dbottom = 2.5 mm and a
drop distance of 4.3 mm or 98 pixel. The use of images from high
speed camera system (1) shows the capability of the image analysis
for different image resolution and quality. The selected set of image
sequences is representative for serial examinations of coalescence
probability (see Kamp and Kraume, 2014; Villwock et al., 2014). In
Fig. 8 the mean drop rise velocity is plotted versus the height of
the drop rise including the minimal and maximal velocity values
at the respective heights. Additionally, the mean value of the col-
lision points is shown. There are no high-frequency fluctuations of
the velocity visible as in Fig. 7 because the same smoothing inter-
val was used at much lower frame rate. Nevertheless, the resulting
mean value calculation of a series of drop trajectories like the one
shown in Fig. 7 would be similar to Fig. 8. The mean rise veloc-
ity shows fluctuations after detachment at a rise height of around
0.5 mm which is caused by slight variations of the drop detach-
ment from the lower cannula. In general, the differences between
the minimal and maximal velocities are remarkably small in all 98
sequences which emphasizes the good reproducibility of the exper-
imental set-up. The slight variations of the mean velocity during
drop rise can be explained by oscillations of the drop induced by
the detachment. The oscillation of a droplet affects its rise velocity
directly due to the changing drag coefficient. Being able to evaluate
the oscillation is an important outcome because it is known that the
oscillation has a significant impact on the coalescence probability
(Scheele and Leng, 1971).

The computational performance of the image analysis is sat-
isfactory. The evaluation of a single image sequence needs less
than a minute on a single CPU with 2.66 GHz. The analysis of the
98 sequences (3.1 GB of data) shown above took about one hour.
By parallelizing the evaluation of the image sequences the com-
putation time was reduced to 13 min using four CPU cores with
2.66 GHz.

5. Summary and outlook

A robust image analysis was developed to determine the tra-
jectories of two colliding drops recorded by different high speed

cameras with varying temporal and spatial resolution and image
quality.

The Self Quotient Image (SQI) filter was applied before thresh-
olding to remove global image gradients and enhance the object
detection. During the stepwise detection of the objects (cannulas
and droplets) known information from the picture and experi-
mental parameters are used effectively. This allows a fast and
robust object detection. The cannulas, drop centre positions, and
the events of drop detachment from the bottom cannula as well
as drop collision are detected successfully. During post-processing
the rise velocity of the bottom drop is calculated. Additionally, the
mean values for a series of drop collisions can be determined which
are necessary for serial examinations of single drop collision inves-
tigations.

The determined information from this image analysis allows
the fundamental analysis of coalescence using high speed imaging.
For the first time, the influence of collision velocity on coales-
cence probability can be evaluated based on the gained data. The
findings can be used to validate existing coalescence models and
develop new modelling approaches if necessary. With reliable and
comprehensive models it is possible to predict the drop size dis-
tributions in liquid/liquid systems. This would allow a validation
in lab scale apparatuses instead of excessive and expensive experi-
mental investigations at different scales of process development
in future. Thus, those comprehensive models could be used for
process control and plant design of large scale applications.

Future development of the image analysis will evaluate the drop
shape oscillations during rise and the detection of coalescence or
repulsion events after drop collision. This information is important
to further investigate fundamental influencing factors on coales-
cence probability.
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Appendix.

A.1. Image processing as video sequence

For the image sequence used in this work (see Figs. 1, 3 and 7) a
video sequence of the intermediate results of the image processing
steps is provided (see Fig. A.9). From left to right, it shows the
original image sequence, the applied Self Quotient Image filter, the
thresholded binary image, and the detected objects. The calculated
drop centres are shown as white crosses, the minimal and maxi-
mal outer borders are depicted as magenta and green circles. The
trajectory of the rising droplet is marked by red dots. The image
sequence was recorded with camera system (3) at 100,000 fps. The

Fig. A.9. Video of intermediate results of the image processing steps (original, SQI
filtered Qt , thresholded Tt image, detected objects).
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video is played back with 100 fps which results in a slow motion
factor of 1000.

Supplementary material related to this article can be found,
in the online version, at http://dx.doi.org/10.1016/j.compchemeng.
2016.03.033.

A.2. Source code

The source code of the methods described in this work is pro-
vided in the supplementary material of this digital publication
under BSD 2-clause license. For trial runs a single image sequence
recorded with camera set-up (1) is provided. Additionally, the sin-
gle image sequence used for visualization in this work (camera
system (3) with high frame rate of 100,000 fps) is available.

The source code can also be found on:

• https://github.com/TU-Berlin-FGVT
• http://www.rhaensch.de/droptrack.html

Supplementary material related to this article can be found,
in the online version, at http://dx.doi.org/10.1016/j.compchemeng.
2016.03.033.
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Coalescence modelling in liquid/liquid dispersions is a challenging task and field of investigations up to
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partly even contradictive implementation of influencing factors. In this work, systematic investigations of
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1. Introduction

In many technical applications liquid/liquid systems are an
integral part of the production process, i.e. in extraction columns
or stirred tanks. The drop size distribution within these appara-
tuses is formed by drop breakage and coalescence and determines
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distribution is the main goal for scale-up from lab scale to pro-
duction scale. However, empirical scale-up rules are used up to
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Nomenclature

Latin letters

A1,2,3 Hamaker constant [N m]
c b1, numerical parameter in PBE: breakage rate [–]
c b2, numerical parameter in PBE: breakage rate [–]
c c1, numerical parameter in PBE: collision frequency [–]
c c2, numerical parameter in PBE: coalescence efficiency

[various]

βc standard deviation tolerance [–]
CD drag coefficient [–]
d32 Sauter mean diameter [m]
dbot bottom droplet diameter [m]
deq equivalent droplet diameter [m]
di impeller diameter [m]

μd mean diameter of Gaussian drop size distribution [m]

σd standard deviation of Gaussian drop size distribution
[m]

dp, ′dp, ′′dp particle/droplet diameter, differentiation between
several drops by apostrophe(s): ′ [m]

dp max, maximal particle/droplet diameter [m]
dtop top droplet diameter [m]
Dt tank diameter [m]
f number density function [m–3]
F coalescence rate [m3/s]
g breakage rate [s–1]
g gravitational acceleration [m/s2]
h drop rise height [m]
hcoll drop rise height at collision [m]
hi height of impeller installation (from bottom) [m]
Ht tank height [m]
m number of values [–]
M mass [kg]
n stirrer frequency [min–1]
nd number of daughter drops after breakage event: 2 [–]
Ne Power/Newton number [–]
P power input [W]
Re Reynolds number [–]

scollision drop separation distance at collision [m]
t time [s]
tcontact contact time of two drops [s]
v velocity [m/s]
vcoll relative collision velocity between drops [m/s]
vcrit critical collision velocity [m/s]
vflow absolute flow velocity [m/s]
vmax maximal collision velocity [m/s]
vp particle/droplet rise velocity [m/s]
vrel relative velocity between drops (at collision) [m/s]
vt terminal rise velocity [m/s]
Vp particle/droplet volume [m3]

μV mean value of daughter drop volume distribution [m3]

σV standard deviation of daughter drop volume dis-
tribution [m3]

Vt tank volume [m3]
Xi experimental value [various]
X̂i simulation result [various]

Greek letters

α virtual mass acceleration factor [–]
β daughter drop size distribution [–]
ϵ energy dissipation rate [m2/s3]
ϵmax maximum energy dissipation rate [m2/s3]
ϵmean mean energy dissipation rate [m2/s3]
γ interfacial tension [N/m]
λ coalescence efficiency/probability [–]
μc dynamic viscosity of continuous phase [Pa s]
μd dynamic viscosity of disperse phase [Pa s]
μdisp dynamic viscosity of dispersion [Pa s]
μ⁎ dynamic viscosity ratio [–]
φ phase fraction [–]
ϱc density of continuous phase [kg/m3]
ϱd density of disperse phase [kg/m3]
ϱdisp density of dispersion [kg/m3]
ϑ temperature [°C]
ξ collision frequency [m3/s]
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now which require geometric similarity and constant impeller tip
speed or power input (Ghotli et al., 2013). Apart from that, a me-
chanistic approach using population balance equations (PBE) (Liao
and Lucas, 2010, 2009) was established in the past years using
single drop investigations to describe the fundamental phenom-
ena breakage and coalescence in PBE (Bart et al., 2006; Kamp and
Kraume, 2015; Kopriwa et al., 2012; Maaß and Kraume, 2012;
Villwock et al., 2014b). Using PBE, which describe the breakage
and coalescence rate by separate submodels, a bottom-up ap-
proach from small scale single drop experiments to droplet
swarms in technical applications can be performed directly omit-
ting empirical scale-up and pilot plant scale investigations. As drop
breakage was investigated in detail by several authors (Ghotli
et al., 2013; Lasheras et al., 2002; Maaß, 2011; Maaß et al., 2011a;
Solsvik et al., 2013) and the bottom-up approach was applied
successfully focussing on the drop breakage (Maaß and Kraume,
2012), this work focusses on drop coalescence and its modelling in
PBE.

1.1. Drop coalescence

Coalescence describes the confluence of two disperse droplets
or a drop with the corresponding continuous phase. Before coa-
lescence between two droplets occurs, the interfaces approach
each other and a thin film of surrounding continuous phase has to
drain between the interfaces. At a certain critical distance the
continuous phase film ruptures and the drops confluence. How-
ever, a collision of droplets does not end in coalescence necessa-
rily, but may also results in a repulsion or agglomeration of the
droplets. The probability of coalescence after droplet collision is
described by the coalescence efficiency in PBE. The coalescence
efficiency is influenced by numerous factors especially surface
active components in already small amounts (Kamp et al., in
press). Due to the involved complex interactions in distances of
several orders of magnitude, numerous modelling approaches can
be found in literature (Liao and Lucas, 2010) which implement
influencing factors differently and in parts even contradictorily
(Kamp et al., in press; Kopriwa et al., 2012).

1.2. Drop rise velocity and surface mobility

To determine the purity of a system and the interface of in-
vestigated droplets in particular, the drop rise velocity is a very
sensitive parameter. Already small changes at the interface result
in an altered surface mobility and, thus, increased friction coeffi-
cient which again diminishes the rise velocity (Villwock et al.,
2014a; Wegener et al., 2014). A force balance of a single drop with
diameter dp leads to the terminal drop rise velocity:
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Used breakage and coalescence submodels of PBE in this work.
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with disperse ϱd and continuous density ϱC , gravitational accel-
eration g and drag coefficient CD.

Considering inertia force additionally, the transient drop rise
velocity of a fluid particle becomes
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using the coefficient α accounting for the virtual mass of con-
tinuous phase which is accelerated with the droplet (Wegener
et al., 2014, 2007). To calculate the drag coefficient CD several
correlations are available (Wegener et al., 2014), in this work the
correlation of Feng and Michaelides (2001) for a viscosity ratio

μ≤ = ≤μ
μ
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Wegener et al. (2010) found that the model of Feng and Mi-
chaelides (2001) describes the rise velocity of toluene drops with
fully mobile interface reasonably well. Additionally, this drag
coefficient correlation is the only one which predicts reliable va-
lues for Reynolds numbers above 100 (Wegener et al., 2014) which
occurred in the investigations.

1.3. Population balance equation (PBE)

The PBE balances the convective flows · ·
f Vi i over the regarded

volume boundaries and describes the time dependent number
density distribution ( )f d t,p of particles/drops with diameter dp by
positive (birth) and negative (death) source terms for droplet
breakage and coalescence respectively (Hulburt and Katz, 1964;
Kopriwa et al., 2012; Ramkrishna, 2000; Randolph and Larson,
1962; Sporleder et al., 2012). These terms are given by mechanistic
submodels: the number of daughter droplets ( )n dd p , daughter drop

size distribution ( )β ′d d,p p , breakage rate ( )g dp including two nu-
merical parameters (termed in this work: c b1, and c b2, ), collision

frequency ( )ξ ′d d,p p with one numerical parameter (c c1, ) and coa-

lescence efficiency ( )λ ′d d,p p with the numerical parameter c c2,

(Liao and Lucas, 2010, 2009). The volume-related PBE for liquid/
liquid dispersions without convective flows becomes (Attarakih
et al., 2004; Gäbler et al., 2006; Liao and Lucas, 2010; Valentas and
Amundson, 1966):
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.
The submodels for breakage and coalescence used in this work

are summarised in Table 1. The most widely used PBE model for
turbulent liquid/liquid dispersions is the film drainage model of
Coulaloglou and Tavlarides (1977). The authors introduced a
phenomenological breakage rate ( )g dp by multiplying the re-
ciprocal time needed for the drop breakup to occur ( tbreakup) and
the fraction of breaking drops which resulted in Eq. (10) (see Ta-
ble 1). A multitude of different breakage rate submodels were
developed in the past decades (Liao and Lucas, 2009). In this study
only one other breakage rate model is used: the submodel of Chen
et al. (1998) considers drop viscoelasticity in addition to the
Coulaloglou and Tavlarides (1977) model. Moreover, Chen et al.
(1998) criticised the maximum of Coulaloglou and Tavlarides’
(1977) breakage rate to be physically not realistic. Thus, Chen et al.
(1998) assumed the breakage time to be constant and obtained a
strictly increasing breakage rate (Eq. (11) in Table 1).

The coalescence rate is composed of collision frequency

( )ξ ′d d,p p and coalescence probability (or efficiency) ( )λ ′d d,p p :

( )( ) ( )ξ λ′ = ′ · ′ · ( )F d d d d d d, , , 6p p p p p p

The collision frequency of Coulaloglou and Tavlarides (1977)

( )ξ ′d d,p pC&T (Eq. (13) in Table 1) was derived from the kinetic
theory of gases assuming that collisions of drops in a locally iso-
tropic turbulent flow are analogous to interactions of molecules.
As other collision frequency submodels for turbulent collisions are
comparable (Liao and Lucas, 2010) only the submodel ξC&T of
Coulaloglou and Tavlarides (1977) is used in this study.

Concerning the coalescence efficiency ( )λ ′d d,p p , on which this
work is focussed, Coulaloglou and Tavlarides (1977) related the
film drainage time to the contact time of two colliding droplets.
This general mechanistic approach is commonly termed film
drainage model. They postulated that the drops must stay in
contact longer than the film drains down to the critical film rup-
ture distance and obtained Eq. (14) (see Table 1). The factor

( )φ+ −
1

3
was introduced to account for “damping” effects on the

local turbulent intensities at high hold-up fractions.
Other film drainage models used in this study are the ones

proposed by Prince and Blanch (1990) and Henschke et al. (2002).
The formulation of the Prince and Blanch (1990) model by Eq. (15)
in Table 1 was obtained by merging all constants into the nu-
merical parameter c c2, . Additionally, the characteristic length of
turbulent interactions of two drops was assumed to be + ′d dp p

according to Coulaloglou and Tavlarides (1977), resulting in the
contact time:

( )
=

+ ′

ϵ
·

( )
t

d d

7contact
p p

2/3

1/3

Under these assumptions the Prince and Blanch (1990) model
is identical to the coalescence efficiency of Chesters (1991) as-
suming turbulence induced coalescence and fully mobile
interfaces.

Henschke et al. (2002) developed an asymmetrical film drai-
nage model to describe the drainage time in horizontal separators.
Kopriwa (2014) derived the corresponding coalescence efficiency
(Eq. (16) in Table 1) by relating the drainage time of Henschke
et al. (2002) to the contact time in turbulent flow according to Eq.
(7). The Hamaker constant was assumed by Henschke et al. (2002)
to be = −A 10 Nm1,2,3

20 for oil/water systems. All constant and fit-
ting parameters were merged into c c2, in Eq. (16).

Apart from several variations of the film drainage model (Liao
and Lucas, 2010) other modelling approaches were developed: the
energy model and the critical approach velocity model.

The energy model (Eq. (17) in Table 1) was developed by So-
vova (1981) based on Howarth’s (1964) assumptions and relates
the kinetic energy of the approaching droplets to their surface
energy. Thus, the model assumes that for coalescence the surface
energy has to be exceeded by the kinetic energy. However, Sovova



Table 2
Physical quantities of the liquids at ϑ = °25 C

Water Interfacial ten-
sion γ

Toluene

Density ϱc Viscosity μc Density ϱd Viscosity μd

997 kg/m3 · ·−8.84 10 Pa s4 · −35 10 N/m3 862 kg/m3 · ·−5.41 10 Pa s4
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(1981) combined it with the film drainage model but Simon
(2004) proposed to use it solely. Originated in the model as-
sumptions, the film drainage models and the energy model de-
scribe the influence of the energy dissipation rate contrarily:
λ ∝ ( −ϵ)expC&T , ( )λ ∝ λ ∝ −ϵexpHenP&B

1/3 and ( )λ ∝ −ϵ−expSov
2/3 .

For a locally isotropic and homogeneous turbulence the energy
dissipation rate ϵ can be correlated to the relative velocity of two
droplets moving in an eddy of the size + ′d dp p (Coulaloglou and
Tavlarides, 1977; Hinze, 1955; Kolmogorov, 1941):

( )= ϵ( + ′) ( )v d d2 , 8rel p p
1/3

which is commonly assumed to equal the collision velocity of the
drops. Although, the flow in actual applications may not satisfy the
condition of Kolmogorov’s theory assuming locally isotropic and
homogeneous turbulence, it is most widely used to approximate
turbulence and allow a simple description of the system. All pre-
sented models use this assumption which is technically speaking
only valid in the inertial subrange of turbulence (Frisch, 1995;
Solsvik and Jakobsen, 2016).

The critical approach velocity model was proposed by Lehr and
Mewes (2001). It assumes the relative velocity being the main
influencing parameter of droplet coalescence and postulates a
critical velocity above which coalescence is hindered. Due to in-
consistencies the original model equation was corrected by Liao
and Lucas (2010) to Eq. (18) (see Table 1).

In the case that the critical approach velocity is determined
experimentally (Lehr et al., 2002), the coalescence efficiency only
depends on the relative velocity. However, the critical approach
velocity model is as well contradictory to the energy model.

In several modelling approaches of coalescence the equivalent
drop diameter deq is used to consider the collision of unequally
sized drops with diameter dp and ′dp :

=
′

+ ′ ( )
d

d d

d d

2
,

9
eq

p p

p p

which can be deduced from Young-Laplace equation (Butt et al.,
2003; Princen, 1969).

Up to now, the PBE submodels are fitted to droplet swarm
experiments in which a complex superposition of drop breakage
and coalescence exists and the respective influences on the drop
size distribution cannot be distinguished. Considering the five
presented modelling approaches of coalescence efficiency it be-
comes apparent that the mechanisms of droplet coalescence are
still not fully understood. The dissimilar and partly contradictive
model dependencies on drop diameter and energy dissipation rate
were discussed for additional models by Kopriwa et al. (2012) and
Kamp et al. (in press). Hence, fundamental investigations are ne-
cessary to validate the existent models and develop more accurate
ones. Therefore, in this study single drop experiments were per-
formed in a coalescence cell (Kamp and Kraume, 2014). The ob-
tained results were used to validate the coalescence models con-
cerning the influence of drop diameter and relative velocity se-
parately. Subsequently, the results were transferred to drop swarm
simulations in a stirred tank and compared to experimental drop
size distributions.
2. Materials and methods

2.1. Experimental set-up

The investigated liquid phases were toluene (disperse) and
water (continuous) for both single drop and droplet swarm ex-
periments. This system is one of the EFCE standard test systems for
extraction (Misek et al., 1985) and, thus, provides comparability
and transferability to other physical systems. The measured phy-
sical quantities of the liquid phases are given in Table 2. Due to the
high purity requirements only chemicals with analysis grade were
used and all equipment with contact to the liquid phases was
made of glass, stainless steel or PTFE. To avoid contaminations the
equipment was cleaned thoroughly and rinsed with deionised
water extensively prior to use.

2.1.1. Single drop coalescence test cell
The investigated liquid phases were toluene p.a. (Merck

1.08325.2500) and ultrapure water with a resistivity of
18.3 ΩM cm produced by the purification systems Werner EASY-
pure UV or Elga Purelab flex 2. All experiments were conducted at
a temperature of ϑ = ± °24.5 0.5 C. To avoid undesired mass
transfer between toluene and water due to a slight mutual mis-
cibility, the phases were saturated with each other in a separatory
funnel.

For the single drop experiments the automated coalescence
test cell of Kamp and Kraume (2014) was used in which a collision
of a rising droplet with a pendant one is induced within a quies-
cent continuous phase. The test cell of about 0.5 L volume has
quartz glass walls in front and back to provide optical accessibility.
Within the test cell the droplets are produced by syringe pumps at
the tips of two vertical cannulas opposing each other. The oil drop
at the lower cannula detaches, accelerates, rises through the
continuous water phase and collides with the upper pending drop.
The drop sizes and distance can be varied which also influences
the drop rise and collision velocity. The droplet rise and collision
was recorded by a CMOS high speed camera with LED backlight.
Two different high speed cameras were used:

(1). Photonfocus MV-D752-160-CL-8 (maximum resolution of
752�582 pixels at a frame rate of 350 fps) with frame grabber
board Silicon Software microenable III, Pentax TV lens 12 mm
and synchronised LED flash CCS LDL-TP-100/100-R,

(2). VisionResearch Phantom v711 monochrome (maximum re-
solution of 1280�800 pixels at a frame rate of 7530 fps) with
Sigma APO macro lens 180 mm F2.8 EX DG OS HSM and
continuous LED backlight GS Vitec MultiLED LT-V8-15.

Detailed information about set-up and experimental procedure
can be found in Kamp and Kraume (2014). The drop sizes of the
rising drop dbot and the pendant drop dtop were both varied be-
tween ≤ ≤d1.5 mm 2.9 mmbot top/ and the drop distance between

≤ ≤h0.5 mm 17 mm.
In order to prove the purity of the investigated system, the

rising path of the lower droplet was analysed according to the
procedure described in Villwock et al. (2014a). As already small
impurities affect the surface mobility of a drop and, thus, increase
the drag coefficient, the terminal rise velocity is a very sensitive
parameter. The investigated rise trajectory was compared to tra-
jectories obtained by empirical correlations. Experiments were
only performed if the experimental drop rise velocity agreed with
the theoretical velocity of a drop with fully mobile interface (see
also Section 3.1).

The recorded images were analysed using the Matlab
s

Image
Processing Toolbox. After background removal and threshold
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setting the droplets were identified and the centroids of the drops
were detected for every frame. By combining the data of all frames
of one recorded sequence the trajectory of the lower drop was
determined. The trajectories of all sequences with identical para-
meter settings were averaged and used for further analysis. In case
of the fully automated high speed camera set-up (1) at least 100
drop collisions were averaged for every data point. As high speed
camera set-up (2) had to be triggered manually only about 20 drop
collision events were evaluated due to the higher experimental
efforts. Detailed information about the applied automated image
analysis and post-processing can be found in Kamp et al. (2016).

2.1.2. Stirred tank
The droplet swarm experiments were performed in a baffled

stirred tank DN 150 ( =H D/ 1t t ) equipped with a Rushton turbine
( =d D/ 0.33i t , =h H/ 0.33i t ) at a temperature of ϑ = °20 C. The drop
size distribution was obtained by an endoscope technique in the
stirred tank and a subsequent manual image analysis. For detailed
description of this set-up and endoscope technique see Maaß et al.
(2011b) and Ritter and Kraume (2000).

The examined disperse phase was toluene p.a. (Merck
1.08325.2500) and continuous phase was deionised water with pH
set to 7 by addition of potassium hydroxide (Merck 1.09921.0001).
The total volume in the vessel was =V 2.58 Lt with a volumetric
phase fraction of disperse phase φ = 0.1. Three stirrer frequencies
( = −n 400, 550, 700 min 1) were investigated which yield Reynolds
numbers in the tank of μ= ϱ > ·n dRe / 2 10i disp dispt

2 9. The corre-
sponding mean energy dissipation rates in the stirred tank
ϵ = 0.133, 0.345, 0.712 m /s2 3 were calculated using the impeller’s
power number =Ne 3.8 in a fully turbulent flow regime ( >Re 104):
ϵ = =P M Nen d V/ /i t

3 5 . The drop size distributions were measured at
distinct times after starting the impeller.

2.2. Simulations

The simulations of the stirred tank were performed in this
study by an integral single zone PBE (Eq. (5)) of the whole batch
reactor with a mean energy input ϵ generated by the impeller. The
basic model implementation was done with the Coulaloglou and
Tavlarides (1977) submodels for drop breakage and coalescence. To
avoid a violation of conservation of mass due to numerical loss of
mass, a narrower normal daughter drop size distribution ( )β ′d d,p p

than proposed by Coulaloglou and Tavlarides (1977) was used (see
Eq. (12) in Table 1) using a standard deviation tolerance of =βc 5
(instead of 3) within σV . According to Coulaloglou and Tavlarides
(1977) binary drop breakup was assumed ( = )n 2d (Kamp and
Kraume, 2015).

In some parts of this work other submodels for breakage rate
and coalescence efficiency were applied (see Section 1.3). In that
case, the model modification was indicated and discussed ex-
plicitly at this point.

It was found that variations of the initial drop size distribution
had only minor influence on the simulation results within the first
milliseconds of the simulations. Hence, a Gaussian initial drop size
distribution with mean value =μd 1 mm and standard deviation

= μσd 50 m was used arbitrarily (Kamp and Kraume, 2015).
All variables and parameters are given in SI units if dimen-

sional; c c2, of the Coulaloglou and Tavlarides (1977) model has the
dimension [m-2]. The geometric data, energy dissipation rates and
phase fraction were implemented according to the experimental
set-up described above. The physical quantities used are given in
Table 2.

To solve the partial differential equation of the PBE with cou-
pled mass balance the commercial software PARSIVAL

s

(Wulkow
et al., 2001) was used. The implemented parameter estimation
routine of PARSIVAL
s

was used to fit the numerical parameters of
breakage and coalescence rate of the different models by mini-
mising the residual between experimental and simulated data. In
this work the root-mean-square deviation (RMSD) was used to
quantify differences between m experimental values Xi and si-

mulation results X̂i:

( )( ) =
∑ − ^

·
( )

=
X

X X

m
RMSD

19
i
m

i i1

2

3. Results and discussion

In this work systematic investigations of single drop coales-
cence were used to compare and evaluate different coalescence
efficiency models regarding the influencing parameters relative
collision velocity and drop size. Based on these results valid coa-
lescence efficiency models were identified and drop size dis-
tributions in a stirred tank were simulated.

First the validity and reproducibility of single drop experiments
by analysis of droplet rise velocity is discussed. On this basis, the
coalescence probabilities of two colliding drops were investigated
systematically varying droplet sizes and collision velocity. With
these results the different modelling approaches from literature
were compared and evaluated. Moreover, restrictions of experi-
ments and models are discussed. The coalescence efficiency sub-
models were fitted to the single drop data concerning drop size
and collision velocity. The best model with the obtained fitting
parameter was then used to perform a scale-up from these single
drop investigations to a stirred tank. Using PBE the drop size
distribution was simulated with the fitted Coulaloglou and Tav-
larides (1977) film drainage model and compared to experimental
distributions in a stirred tank DN 150.

3.1. Drop rise velocity

As the drop rise velocity is a very sensitive quantity concerning
the purity of drop interface (Villwock et al., 2014a; Wegener et al.,
2014), the drop trajectory was recorded and analysed prior every
experiment to ensure that no impurities were existent in the
coalescence test cell. In order to establish a reference for these
purity tests, the trajectories for different rising drop sizes were
investigated with serious effort to avoid contaminations. For every
drop size at least 100 trajectories were recorded and analysed.
These were compared to theoretical trajectories calculated using
the drag coefficient correlation of Feng and Michaelides (2001)
(Eq. (3)). Even though the correlation was developed to calculate
the steady-state drag coefficient, it can also be used to describe the
transient droplet trajectory quite well (Wegener et al., 2014). By
regarding the trajectory being one-dimensional in height h di-
rection Eq. (2) can be transformed to a spatial-dependent form:

α α
=

ϱ − ϱ

ϱ + ϱ
−

ϱ
ϱ + ϱ

·
( )

v

h
v g C

v

d

d

d
3
4 20

p
p

c d

d c
D

c

d c

p

p

2

The virtual mass coefficient was set to α = 0.75 according to
Wegener et al. (2007) and Eq. (20) was solved using Matlab

s

ode45
solver starting with an initial velocity of = −v 10 m/s0

6 at
=h 0 mm0 . The obtained experimental trajectories (including the

standard deviation) and calculated rising paths are shown in Fig. 1.
The mean curves of the experimental trajectories were ob-

tained by analysing at least 100 sequences per drop size. From the
rise heights of the single drops the corresponding minimal, max-
imal and mean velocities as well as standard deviations were



Fig. 1. Drop rise velocity over rise height of different drop sizes in experiments
(mean values and standard deviations) and calculations using the drag coefficient
correlation of Feng and Michaelides (2001).
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calculated (Kamp et al., 2016). At rise heights 445 mm the dro-
plets approached the border of optical lens which focused the rays
of light to the CMOS image sensor. From this point optical aber-
rations let the drops seem to decelerate again in Fig. 1. In fact, a
constant terminal drop rise velocity was achieved. Fluctuations
and higher standard deviations of the rise velocity during the first
millimetres of rising are caused by the drop detachment from the
lower cannula. The sessile oil drops at the lower cannula are de-
tached by a short pulse of water through the cannula to break the
adhesion of the droplet at the cannula’s rim (see details in Kamp
and Kraume (2014)). Due to the tearing off from the cannula, os-
cillations of the drop surface are induced which diminish during
the first millimetres of rising.

The comparison between the experimental data and the cal-
culated trajectory (Eq. (20)) and terminal rise velocity (Eq. (1))
shows good consistence for drop sizes of =d 1.5, 2.5, 2.9 mmp . Only
the drop rise velocity of drop size =d 2.0 mmp lies below the
theoretical graph. The corresponding theoretical terminal drop
Fig. 2. Drop rise velocity for different rise heights (left) and variation of
rise velocity is 104 mm/s but the experimentally observed term-
inal velocity was 99 mm/s. This is an example for a slightly con-
taminated system in which the surface mobility is reduced due to
adsorbed surfactants and, thus, the rise velocity diminishes. The
complete coverage with surfactants (resulting in the drag coeffi-
cient of a rigid sphere) would result in a terminal rise velocity of
63 mm/s (determined by the drag coefficient correlation of Brauer
and Mewes (1972)). Comparing these values it can be concluded
that the contamination is small but observable.

For the biggest drop ( =d 2.9 mmp ) a significant increase of the
standard deviation was observed for rise heights 425 mm. This
occurs due to the fact that the droplets are big enough to change to
the oscillatory regime. The drop oscillations cause a variation of
the rise velocity and reduce the mean velocity below the theore-
tical terminal rise velocity of a spherical droplet. The used corre-
lation of Feng and Michaelides (2001) was derived for spherical
drops which explains the deviations to the experiments.

In conclusion, the theoretical drop rise velocities using the drag
coefficient correlation of Feng and Michaelides (2001) (Eq. (3))
were found to correspond to experimentally investigated drop
trajectories in a non-contaminated system. By comparing the
theoretical and experimental rise velocity it can be tested if the
drops have a fully mobile surface and, thus, if the system is free of
surfactants. With this method undesired contaminations which
influence the coalescence probability can be detected prior to
experimental runs.

With the knowledge of the droplet’s trajectory, a drop collision
with a defined velocity can be obtained by positioning a pendant
drop into the rising path of the lower droplet at the corresponding
height during acceleration period. The successful application of
this method is shown in Fig. 2. Three mean trajectories of a rising
droplet of =d 2.5 mmbot are plotted varying the collision height
with the pendant drop. The trajectories are nearly identical and
overlay each other. Only at the beginning an increased standard
deviation of the drop rise velocity occurs due to the mentioned
oscillations caused by drop detachment. The pendant drop has no
significant influence on the rise velocity and induces a decelera-
tion only few tens of a millimetre before collision. The collision (or
“contact”) of the droplets is defined here as the distance at which
the undeformed droplets would touch each other, thus the point
where their centres of mass have a separation distance equal to
the sum of their radii:
drop rise height in the test cell to adjust collision velocities (right).
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( )= + · ( )s d d
1
2 21collison 1 2

In optical observations the moment of collision corresponds
(with sufficient accuracy) to the recorded frame at which the
drop’s borders overlap each other visually.

The successful adjustment of drop sizes and relative collision
velocity independently from another offered the possibility of a
systematic analysis of these influencing factors which is described
in the following.

3.2. Single drop investigations and model validation

It has to be mentioned here that investigating the coalescence
probability is not a trivial task as the result is highly sensitive to
numerous influencing factors which cannot be analysed separately
in all cases. Earlier investigations showed that the influences of
drop diameter and collision velocity on the coalescence efficiency
superimpose each other with collision velocity having a greater
influence compared to the drop diameter (Kamp and Kraume,
2014). Furthermore, drop oscillations were identified to have sig-
nificant impact on coalescence probability in single drop in-
vestigations of Scheele and Leng (1971). These influencing para-
meters are discussed in this section trying to identify their impact
on the coalescence probability, respectively. Additionally, the re-
sults are compared with the (partly contradictory) coalescence
efficiency models introduced in Table 1 to analyse their validity.

3.2.1. Relative collision velocity
As the collision velocity vcoll was found to have greater impact

on coalescence efficiency this parameter is discussed first. In
Fig. 3 the coalescence efficiency is shown against the mean
relative collision velocities for all drop sizes investigated
( ≤ ≤d1.5 mm 2.9 mmbot top/ ). Black circles in Fig. 3 indicate experi-
ments with fully automated high speed camera set-up (1) and at
least 100 drop collisions were recorded for every data point. Grey
circles show data obtained with manually triggered high speed
camera set-up (2). The gained pictures have higher quality but
Fig. 3. Dependency of coalescence efficiency on relative collision velocity for all
investigated drop sizes ( < <d d1.5mm , 2.9mmtop bot ) and the models of Coulaloglou
and Tavlarides (1977), Prince and Blanch (1990), Henschke et al. (2002), Lehr and
Mewes (2001) and Sovova (1981) using a constant drop size = ′ =d d 1mmp p . Ex-
periments represented by black circles were achieved using high speed camera set-
up (1) and by grey circles using high speed camera set-up (2).
experiments and analysis were more time consuming so that only
about 20 drop collisions were recorded per data point. With
camera set-up (2) higher temporal resolutions of the coalescence
process could be achieved which allowed the investigation of drop
deformations during collision and determination of contact and
coalescence times (data not shown). No deviations which depend
on the type of set-up were observed for identical experimental
parameters.

As can be clearly seen, no coalescence could be observed for
collision velocities above =v 60 mm/smax . For velocities <v vcoll max
the coalescence efficiency scatters from 0 to 1 which can be at-
tributed to the influence of other parameters such as the droplet
size and oscillation which are discussed later. Velocities below
20 mm/s could not be achieved experimentally within the given
boundaries as this would require drop distances below 0.5 mm or
significantly smaller drop sizes.

To analyse the velocity dependency of the coalescence effi-
ciency models, the energy dissipation rate was replaced by the
relative velocity with the above discussed correlation (Eq. (8)). The
resulting coalescence efficiency models are given in Table 3. The

dampening factor ( )φ+ −
1

3
of disperse phase within the Coula-

loglou and Tavlarides (1977) model was neglected for the single
drop experiments.

These modified models are plotted in Fig. 3 using a constant
drop size of = ′ =d d 1.0 mmp p and the numerical parameter values
given in Table 3. Additionally, the critical approach velocity (CAV)
model of Lehr and Mewes (2001) is illustrated in Fig. 3 using a
critical collision velocity of =v 45.8 mm/scrit according to Eq. (18).

As already discussed above, this representation shows clearly
that (contrary to both the other models and the experimental
data) the energy model predicts higher coalescence probability
with higher velocity. The film drainage model of Coulaloglou and
Tavlarides (1977) describes the experimental velocity dependency
quite well, keeping in mind that Fig. 3 only depicts the influence of
collision velocity. The predicted decrease of coalescence efficiency
by the CAV model is significantly smaller than observed in the
experiments due to its hyperbolic formulation (Eq. (18)). Ad-
ditionally, the critical collision velocity is overestimated and
should rather be ≤v 20 mm/scrit . The models of Prince and Blanch
(1990) and Henschke et al. (2002) show identical behaviour re-
garding the relative velocity: a coalescence probability of 100% is
only reached at a relative velocity of zero. As coalescence of all
colliding drops was observed at different velocities and parameter
combinations, this prediction does not depict reality.

Overall, the relative velocity of the two drops during collision
was approved to have a significant impact on the coalescence
probability. A maximal collision velocity was found in this physical
system above which no coalescence occurred. This first analysis of
the dependency of coalescence efficiency models on relative ve-
locity reveals that only the film drainage models describe the
correct trend.

3.2.2. Drop diameter
The scattering of data points in Fig. 3 for collision velocities
≤v vcoll max reveals that there are more influencing factors than the

collision velocity. Thus, experimental data and coalescence effi-
ciency models are analysed further with respect to the droplet
diameters. In the systematic study of the drop size the target
collision velocities were =v 25, 35coll and 45 mm/s. These low re-
lative velocities could only be obtained with short droplet dis-
tances of around =h 0.5, 1.0 and 1.5 mm according to the solutions
of Eq. (20). At these short distances the drop detachment from the
lower cannula induces fluctuations of the rise velocity and drop
shape oscillations. Consequently, the collision velocities de-
termined by image analysis varied significantly. In order to vi-
sualize the results, the determined collision velocities were



Table 3
Dependency of coalescence efficiency models on relative collision velocity obtained by replacing the energy disspation rate using Eq. (8).

Reference Coalescence efficiency λ( )vrel
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Fig. 4. Coalescence probability vs. drop diameter for different coalescence effi-
ciency models and experiments at collision velocities < ≤s v s30 mm/ 40 mm/coll .
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grouped in three intervals of 10 mm/s width: ≤20 mm/s
≤v 30 mm/scoll , < ≤v30 mm/s 40 mm/scoll and < v40 mm/s coll

≤ 50 mm/s .
In Fig. 4 the analysed coalescence efficiency models versus the

drop diameter are shown for a constant collision velocity
=v 35 mm/scoll assuming a collision of equally sized drops to

achieve a two-dimensional representation. The used model para-
meters are identical to the ones used in Fig. 3 (see Table 3). Ad-
ditionally, experimental data from the corresponding velocity in-
terval ( < ≤v30 mm/s 40 mm/scoll ) is shown in Fig. 4: filled black
dots represent experiments in which the colliding drop sizes were
equal and grey circles indicate experiments with unequal drop
sizes using the equivalent drop size deq according to Eq. (9). It can
be seen that the experimental coalescence probability increases
with decreasing drop size especially for equally sized droplets but
also if the equivalent drop diameter is calculated. The data point at

=d 2.6 mmeq resulting in a coalescence efficiency of λ = 75% was
regarded to be an outlier caused by the influence of drop oscilla-
tions (see discussion below and Fig. 5b for details).

The model which depicts this behaviour correctly is the coa-
lescence efficiency of Coulaloglou and Tavlarides (1977). All other
models either show a contradictive trend (Henschke et al., 2002;
Sovova, 1981) or estimate too high coalescence probabilities for
the given drop diameters (Lehr and Mewes, 2001; Prince and
Blanch, 1990). Also with variation of the numerical parameters the
models of Prince and Blanch (1990) and Lehr and Mewes (2001)
could not be fitted to the experimental data satisfactorily.

The Coulaloglou and Tavlarides (1977) model could be fitted
right between the black dots of the experimental data by using a
parameter value c c2, with half of the value used here, but that
would result in larger deviations in the three-dimensional plots
shown below (Fig. 5). Within the chosen intervals the coalescence
probability is plotted versus the drop diameters dtop and dbot in
three-dimensional graphs in Fig. 5. The experimental values are
shown together with the film drainage model of Coulaloglou and
Tavlarides (1977). The model parameter was adapted to

= · −c 2 10 m2,c C&T
12 2 using these most detailed representations and

the interval’s mean velocity ( =v 25, 35, 45 mm/scoll ), respectively. It
can be seen that at the lowest velocities ( ≤ ≤v20 mm/s 30 mm/scoll ,
Fig. 5a) the coalescence probability scatters significantly and the
experimental values are higher than the prediction by the model
especially for rising droplets of =d 2.5 mmbot . As already discussed
above, the low velocities required very small rise heights of the
droplets (0.5 mm and below) which made the measurements
challenging and susceptible to fluctuation of cannula detachment.
Particularly, big drops ( = )d 2.5 mmbot showed distinct oscillations
during the short rising path which have a significant influence on
the coalescence probability (see discussion below). From the
plotted Coulaloglou and Tavlarides (1977) model the characteristic



Fig. 5. Three-dimensional visualisation of the dependency of coalescence prob-
ability on the drop sizes (d d,top bot) in experiments and applying the Coulaloglou
and Tavlarides (1977) model with = · −c 2 10 mcC T2, &

12 2. To account for different
collision velocities, the data is shown in three velocity intervals of 10 mm/s width.
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dependency on drop sizes can be seen. The model predicts highest
coalescence efficiency for a collision of two small equally sized
droplets and lowest probability for a collision of two equally sized
big drops. The collision of unequally sized drops results in higher
coalescence probability if the difference between the drop sizes
increases. This trend can also be noticed in the experiments with

< ≤v30 mm/s 40 mm/scoll (Fig. 5b). If one neglects single outliers
mostly caused by oscillating drops, the model fits the experimental
data sufficiently. The same can be stated for the higher velocities
( < ≤v40 mm/s 50 mm/scoll , Fig. 5c).
The drop diameter is probably the most important influencing
factor within the population balance equation because it is the
only parameter which changes during an integral PBE over time in
a given physical system. Using mean energy dissipation rates re-
sults in mean (and constant) relative velocities within the models.
The drop size distribution changes over time by the drop breakage
and coalescence rates which only change due to varying drop si-
zes. Therefore, it is remarkable that the influence of the drop
diameter is depicted inconsistently and even contradictorily in the
modelling approaches. This fact was also discussed by Kopriwa
et al. (2012) and Kamp et al. (in press) considering also additional
coalescence models. The only model describing the correct ten-
dencies of experimental data so far is the film drainage model of
Coulaloglou and Tavlarides (1977).

A different frequently discussed parameter is the surface mo-
bility. Due to the varying implementation of this boundary con-
dition in film drainage models it results in significantly different
models with altering dependencies on the influencing factors. The
experimental data presented in this study was obtained with fully
mobile interfaces (see Section 3.1). In the opinion of the authors,
the surface mobility indisputably has a significant impact on
coalescence but should not vary the model dependency on im-
portant influencing factors like the drop size substantially. Apart
from the discussed discrepancies in the coalescence efficiency
models it should be noted that with all models somewhat mean-
ingful simulation results might be obtained within the range of
process conditions at which parameter estimation was performed.
However, a sound extrapolation beyond this restricted range of
process conditions is not possible. An important reason is that
drop breakage and coalescence in general occur simultaneously
and, thus, model deficiencies in PBE can deplete each other.
Moreover, each submodel has (at least) one numerical fitting
parameter which allows the adaption to desired experimental
data. This shows the importance of the present validation method
in this work. Coalescence efficiency submodels could be evaluated
independently for the first time considering the impact of in-
dividual influencing parameters. Moreover, it was possible to de-
termine the numerical parameter c c2, of the Coulaloglou and Tav-
larides (1977) model based on independent single drop
experiments.

3.2.3. Drop oscillations
Due to the detachment from the cannula the rising droplet

shows significant shape oscillations for the first millimetres as
already discussed in Section 3.1. During detachment the drop is
deformed and the interface tears off the cannula’s rim. The inter-
facial tension drives the drop back to spherical shape which causes
the mentioned oscillations. This effect cannot be avoided in the
experimental set-up but once effective detachment parameters
(flushed water volume and pump speed) are found, the drop de-
formations during detachment are reproducible for a series of
sequences. However, repetition runs on a different day might re-
quire slightly different detachment parameters and the drop os-
cillations vary accordingly.

As already mentioned above, rising drops of sizes >d 2.0 mmp

showed significant oscillations after cannula detachment which
resulted in the deviations in Fig. 5. In Fig. 6 the mean rise velocities
of four sequences with identical drop sizes ( =d 1.5 mmtop ,

=d 2.5 mmbot ) over small rise heights ( <h 0.6 mm) are shown.
Drop collisions occurred at heights where the graphs end. The four
sequences differ slightly concerning detachment parameters and
drop collision height which results in a collision velocity equal for
two sequences respectively but differs in the oscillatory behaviour
of the drops at collision. The standard deviations of the averaged
sequences are relatively small and only shown for one graph



Fig. 6. Evaluation of the impact of drop oscillation on coalescence probability by comparing trajectories of different experiments with equal collision velocities: (a)
=v 24 mm/scoll and (b) =v 28 mm/scoll .
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exemplarily. The oscillation of the droplets can be identified from
the amplitudes of the mean rise velocity: on the one hand the
drag coefficient changes by drop deformation and the actual
three-dimensional deformations change the centroid of the two-
dimensional image, on the other hand the image analysis seems to
detect a slightly shifted drop centre due to different illumination
and, thus, detection of the drop borders. Local minimal values in
the mean rise velocity over height approximately correspond to a
horizontal elongation and maximal values to a vertical elongation
of the drop. The maximal and minimal diameters of the deformed
drop reached approximately ±2.5 0.1mm which corresponds to
variations of ±4% of the drop diameter. Still, these fluctuations are
significant as the drop rise heights are small ( < )h 0.6 mm .

The corresponding coalescence probabilities of the two se-
quences with equal collision velocities differ significantly. At a
collision velocity of ≈v 24 mm/scoll the coalescence probability
results in λ = 97.3% and 36.3%. The higher collision velocity of

≈v 28 mm/scoll yields coalescence probabilities of λ = 95.3% and
24.3%. It can be stated that the oscillation of the drops differ for the
four experiments shown in Fig. 6. However, the exact oscillatory
state of the droplets during collision cannot be identified from the
fluctuations of the mean rise velocity.

Scheele and Leng (1971) found that the oscillatory state of
drops during collision had a significant impact on the coalescence
probability in their experiments. The authors investigated anisole
drops in water which collided horizontally in their test cell. Lim-
ited by the use of analogue high speed camera recordings only 23
high speed sequences could be recorded and analysed. The authors
identified the maximal amplitude of the oscillation being 20% of
the drops’ diameter. Scheele and Leng (1971) found coalescence if
the oscillatory state was changing from maximal horizontal elon-
gation and transition to vertical elongation. In contrast, repulsion
was reported if the drops collided at an oscillatory state around
the maximal vertical elongation and transition to horizontal
elongation. In the present analysis the amplitude of the oscillation
was significantly smaller and a clear trend could not be found due
to the limited analysis of mean values. Every single droplet shows
slightly different oscillation behaviour due to small fluctuations in
the detachment from the cannula and other experimental condi-
tions. To be able to develop conclusive statements of the oscilla-
tory state influencing the coalescence probability it would be ne-
cessary to correlate the oscillation of every single collision with
the coalescence or repulsion events. Unfortunately, the developed
image analysis is not able to provide this information yet but will
be done in future analysis.
In general, it can be confirmed already from these investiga-
tions based on mean values that the oscillatory state of the col-
liding drops has a significant influence on the coalescence prob-
ability. In technical applications with turbulent flow patterns these
fluctuations are random and probably of no special interest in PBE
simulations because the effect can be described by the statistical
approaches of coalescence models. But for single drop investiga-
tions care has to be taken that the impact of drop oscillations does
not superimpose other influencing factors.

3.3. Transfer to droplet swarms

The findings from the single drop investigations were used to
simulate experiments in a lab scale stirred tank DN 150 (see Sec-
tion 2.1 for details) with the same physical system toluene/water
at a disperse phase fraction of φ = 10%. In these experiments the
drops are about one order of magnitude smaller (200 – 600 mm)
and the absolute flow velocities within the stirred tank are in the
order of ≈v 1 m/sflow (Maaß et al., 2009). But for coalescence the
relative velocity of droplets flowing within the continuous flow is
important and can be estimated by Eq. (8). For the investigated
stirred tank the relative velocities between the droplets result in

≈ −v 50 100 mm/srel using the mean energy dissipation rates
within the whole vessel induced by the impeller (values see Sec-
tion 2.1). Hence, the relative velocities studied in the single drop
investigations (Section 3.2) were in the same relevant range. Drop
shape oscillations of smaller drops are dampened by higher ca-
pillary forces due to higher relative surface, but turbulent fluc-
tuations in the stirred tank induce pressure fluctuations on the
drop surface which also deform the drops. Obviously, the local
energy dissipation rate within the stirred tank differs significantly
from its mean value (Maaß et al., 2009; Stoots and Calabrese, 1995)
and, thus, relative velocities between the drops as well as breakage
and coalescence rates vary depending on the position in the vessel
(Park and Blair, 1975). Stoots and Calabrese (1995) found that the
energy dissipation rates near the impeller tips can exceed 3–10
folds the mean energy dissipation rate within a stirred tank. Wu
and Patterson (1989) estimated maximum energy dissipation rates
in the trailing vortices being about 15 times higher than the mean
energy dissipation rate. With CFD simulations Maaß et al. (2009)
obtained a ratio of maximum and mean energy dissipation rate
ϵ ϵ =/ 25max mean . Park and Blair (1975) measured the drop size dis-
tribution at four positions in a stirred tank using the system MIBK/
water. They found a change of drop size distribution from smaller
drops near impeller to bigger drops in the circulation region.
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However, the observed difference in drop size was only around
16% between the regions. An explanation is that the zones of high
energy dissipation rates are very small compared to the whole
tank volume and high volume flow rates are passing these zones
near the impeller. Additionally, in fully turbulent flow regime the
whole tank is mixed intensively. Therefore, the deviations in drop
size distribution are balanced fast within the stirred tank. Ac-
cordingly, Ritter and Kraume (2000) did not find significant dis-
similarities between drop size distributions measured at different
positions in a stirred tank using the system toluene/water. As a
result, reasonable results can already be obtained using mean
values in an integral simulation (Maaß et al., 2010). To keep the
complexity and influence of other factors as small as possible, in
this study an integral single zone PBE simulation of the whole
batch reactor with mean energy dissipation rate was performed.

The temperature difference of 5 °C between single drop ex-
periments and stirred vessel measurements does not influence the
coalescence behaviour. The temperature influence was in-
vestigated (data not shown) but no significant differences could be
found in coalescence probability of single drops even for higher
temperature differences.

From single drop experiments the film drainage model of
Coulaloglou and Tavlarides (1977) was identified to describe the
coalescence probability satisfactorily for the investigated para-
meters in contrast to the other evaluated modelling approaches. In
a first approach the breakage rate and the collision frequency were
also modelled by the submodels proposed by Coulaloglou and
Tavlarides (1977). Numerical parameters are needed to apply the
population balance equation to a specific system. In literature a
broad variety of parameter sets can be found (Maaß, 2011; Ribeiro
et al., 2011) because interdependencies between the numerical
parameters exist (Ribeiro et al., 2011). For that reason, different
parameter combinations can lead to the same ratio between drop
breakage and coalescence rate which results in identical simula-
tions (at least in steady state). Ribeiro et al. (2011) discussed the
proportional dependency between the pre-exponential para-
meters c b1 and c c1 for steady state simulations in detail. As drop
breakage is not in the focus of this work but inevitable to simulate
a stirred vessel, appropriate parameters (c b1 , c b2 ) from the literature
were used and compared (see Table 4): the original parameters of
Coulaloglou and Tavlarides (1977), c b1 and c b2 from an earlier
publication (Kamp and Kraume, 2015) and breakage parameters
estimated from single drop experiments by Maaß and Kraume
(2012). The numerical parameter of the coalescence probability
Table 4
Numerical parameters for complete Coulaloglou and Tavlarides (1977) model from differ
additional parameter sets from different authors are given.

Numerical parameters set c1,b

Coulaloglou and Tavlarides (1977)
Original parameters (a) 5.3975 �10-1
Adapted parameters (b) 5.3975 �10-1

Kamp and Kraume (2015)
Original parameters (c) 4.8701 �10-3
Adapted parameters (d) 4.8701 �10-3

Maaß and Kraume (2012)
Original parameters (e) 9.1 �10-1
Adapted parameters (f) 9.1 �10-1
Adapted parameters (g) 9.1 �103

Hsia and Tavlarides (1980) (h) 4.87 �10-3
Bapat and Tavlarides (1985) (i) 4.81 �10-3
Gäbler et al. (2006) (j) 6.14 �10-4
Azizi and Taweel (2011) (k) 8.60 �10-1
Ribeiro et al. (2011) (l) 4.664 �10-3
Maaß (2011) (m) 2.30 �10-3
Jildeh et al. (2014) (n) -
model of Coulaloglou and Tavlarides (1977) was set to
= · −c 2 10 mc2

12 2 according to the single drop experiments dis-
cussed in Section 3.2. Due to the fixed determination of c c2 the
parameter c c1 must be adapted in order to avoid a shift between
the breakage and coalescence rate. Therefore, primarily the nu-
merical parameter c c1 was fitted to experiments in the stirred
vessel at a stirrer frequency of = −n 550 min 1. The resulting para-
meters sets are shown in Table 4.

The experimentally determined Sauter mean diameters d32
within the stirred vessel for different stirrer frequencies
( = −n 400, 550, 700 min 1) are shown in Fig. 7 together with the
performed simulations. It can be seen that the steady state (con-
stant drop size distribution and, therefore, constant Sauter mean
diameter) is reached within the first seconds of the experiments.
The experimental procedure did not allow drop size distribution
measurements before the first data points because the triggering
and image acquisition with the endoscope probe took at least 30 s.
The logarithmic scale was chosen to depict the different transient
behaviour of the simulations in the first seconds after start of the
impeller. The simulations using the adapted parameters from
Coulaloglou and Tavlarides (1977) (parameter set (b)) and Kamp
and Kraume (2015) (parameter set (d)) could be fitted well to the
data with a stirrer frequency = −n 550 min 1. But significant de-
viations between the experimental data and simulations with
different stirrer frequencies can be observed. The difference be-
tween simulation and experiment data at = −n 700 min 1 is around
− μ20 m from the mean value which almost lies within the ex-
perimental uncertainty (cf. variations of steady state d32). The
Sauter mean diameter at = −n 400 min 1 is overestimated by about

μ70 m (≈15%). The overall root-mean-square deviations for both
parameter sets are about = μRMSD 50 m (see Table 6). The devia-
tions with variation of the energy dissipation rate (here induced
by the stirrer frequency) was also reported in earlier investigations
(Kamp and Kraume, 2015; Maaß et al., 2010). It is remarkable that
the two simulations using the adapted parameter sets of Coula-
loglou and Tavlarides (1977) and Kamp and Kraume (2015) result
in nearly identical steady states of d32 although the parameters c b1
and c c1 vary by several orders of magnitude. But the ratio between
the parameters c c/b c1 1 and the value of c b2 do not vary considerably
which confirms the findings of Ribeiro et al. (2011). The absolute
values of c b1 and c c1 influence the transient behaviour significantly.
The by two orders of magnitude higher breakage and coalescence
rate of the adapted Coulaloglou and Tavlarides (1977) parameters
show a proportionally faster decrease of d32 over time. This also
ent authors and the adapted coalescence parameters in this study. For comparison

c2,b c1,c c2,c [m-2]

4.3936 � 10-2 3.7783 �10-6 4.4963 � 1013
4.3936 � 10-2 1.2980 �10-1 2.0 �1012

5.5199 �10-2 1.1878 �10-1 3.8591 � 1013
5.5199 �10-2 7.3789 � 10-4 2.0 �1012

3.9 � 10-1 - -
3.9 � 10-1 2.0309 �10-7 2.0 �1012
3.9 � 10-1 2.0309 �10-3 2.0 �1012

5.52 � 10-2 2.17 � 10-4 2.28 � 1013
8.00 �10-2 1.90 �10-3 2.00 �1012
5.70 � 10-2 1.50 �10-4 2.56 � 1012
4.10 4.00 � 10-2 1.00 �1010
3.175 �10-2 1.00 �10-3 5.446 �106
3.08 � 10-2 5.70 �10-4 7.11 �1012
- 5.50 �10-2 1.33 � 1011



Table 5
Numerical parameters for breakage model of Chen et al. (1998) combined with Coulaloglou and Tavlarides (1977) coalescence rate model.

Numerical parameters set c1,b c2,b c3,b c1,c c2,c [m-2]

Chen et al. (1998)
Original parameters (o) 6.040 �10-1 1.136 �10-3 7.849 � 10-3 - -
Adapted parameters (p) 6.040 �101 1.136 �10-3 1.789 � 102 3.189 � 10-3 2.0 � 1012

Fig. 7. Experimental data and simulations of Sauter mean diameter d32 in a stirred tank (DN150, Rushton turbine, toluene/water) versus time for different stirrer frequencies.
Different submodels were used: breakage rate of Coulaloglou and Tavlarides (1977) gC T& (Eq. (10)); breakage rate of Chen et al. (1998) gChen (Eq. (11)); coalescence rate of
Coulaloglou and Tavlarides (1977) ξ λ= ·FC T C T C T& & & (Eqs. (13) and (14)) with different parameters sets (see Tables 4 and 5).

Table 6
Root-mean-square deviations of Sauter mean diameter ( )RMSD d32 between experiments and simulations using different numerical parameter sets (see Tables 4 and 5) and
breakage submodels (Coulaloglou and Tavlarides (1977) and Chen et al. (1998)).

( ′ )F d d,p p ( )g dp Parameter set n¼400 min-1 n¼550 min-1 n¼700 min-1 Total

C&T C&T (b) 74.7 mm 12.0 mm 24.1 mm 45.8 mm
C&T C&T (d) 85.5 mm 10.0 mm 23.7 mm 51.5 mm
C&T C&T (f) 256.4 mm 89.5 mm 36.8 mm 158.2 mm
C&T C&T (g) 95.5 mm 13.6 mm 34.5 mm 59.1 mm
C&T Chen (p) 17.9 mm 12.8 mm 14.2 mm 15.1 mm
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shows that the transient behaviour of a simulation can be adapted
easily using this dependency. This applies in the same manner to
the breakage rate as well as to the coalescence rate of PBE simu-
lations. In Fig. 8 breakage and coalescence rate of the Coulaloglou
and Tavlarides (1977) model are shown using the parameter set
(b). The coalescence rate is plotted for collisions of equally sized
drops in order to allow a two-dimensional representation (cf.
Fig. 5). Variations of the pre-exponential parameters c b1 and c c1
change the values of the breakage and coalescence rate pro-
portionally (vertically in Fig. 8). A shift of the graphs to smaller or
bigger drop sizes (horizontally in Fig. 8) can be achieved by al-
tering the exponential parameters c b2 and c c2 which does not vary
the maximum values of the rates. From the representation in Fig. 8
already a rough estimation of the resulting drop sizes can be
given: in steady state the breakage and coalescence rate have to
result in non-zero values at these drop sizes. Smaller drop sizes
would only coalesce and bigger drop sizes would only break. In
Fig. 8 breakage and coalescence rate both result in significant va-
lues for drop sizes between μ200 m and μ800 m varying with the
impeller speed. It becomes apparent that the values of coalescence
and breakage rate differ by ten orders of magnitude. This has to be
explained by the definition of the PBE (Eq. (5)): in breakage events
only one mother drop is involved which is represented by the
number density function ( )f d t,p in Eq. (5) whereas in case of
coalescence always two mother drops interact and, thus, the
number density function ( )f d t,p appears two times in the coa-
lescence source terms in Eq. (5). Considering that there are several



Fig. 8. Breakage and coalescence rates at varying stirrer frequencies using the
models of Coulaloglou and Tavlarides (1977) and Chen et al. (1998) with the
parameter sets (b) and (p) given in Tables 4 and 5.
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billions (109) of drops per cubic meter present in the simulations,
the resulting death and birth terms of coalescence and breakage
are in the same order of magnitude.

The simulations using the breakage parameters from single
drop experiments of Maaß and Kraume (2012) (parameter set (f))
do not describe the experimental data due to the low breakage
rate and, thus, too slow transient behaviour ( = μRMSD 158 m). The
experimental steady state values were not reached in these si-
mulations before a simulation time of about 14 h. The slow tran-
sient behaviour is caused by a too small breakage rate which is the
determining part during the decrease of drop sizes. Maaß and
Kraume (2012) only investigated the drop breakage and, thus, did
not determine coalescence parameters. It has to be mentioned that
the sole breakage rate model of Coulaloglou and Tavlarides (1977)
was not focus of their work and no parameter set was found to fit
the single drop experiments in a satisfying manner. Thus, it is not
surprising that these simulations did not provide accurate results.
By increasing the breakage and coalescence rate proportionally it
was possible to find parameter values of c b1 and c c1 (parameter set
(g)) with which the steady state d32 is reached after one minute.
The description of the experimental data is comparable to the si-
mulations discussed above (parameter sets (b) and (d)) with a
mean deviation of = μRMSD 59 m.

Maaß and Kraume (2012) achieved better breakage parameter
fits by combining their developed breakage time with other
breakage probability models (Alopaeus et al., 2002; Chen et al.,
1998).

In Table 4 additional parameter sets from different authors are
given for comparison to the parameter sets obtained in this study.
Most authors in Table 4 investigated the drop size distribution in
stirred vessels using various physical systems. Two authors stu-
died different set-ups: Azizi and Taweel (2011) applied static
mixers to create the liquid/liquid dispersion, and Jildeh et al.
(2014) determined parameters for Kühni extraction columns with
several oil/water systems (using a different breakage model). The
parameters from literature fit quite well to the parameter sets
obtained in this study. Especially the coalescence efficiency para-
meter = ·c 2 10c2,

12 m�2 determined by single drop experiments in
Section 3.2 fits in the range of parameter values available in
literature.

The apparent deviations of the simulations concerning the
impeller frequency are mainly caused by the breakage kernel of
the Coulaloglou and Tavlarides (1977) model. The authors tested
several different coalescence submodels (data not shown) and
were not able to reduce the dependency on the energy input.
Therefore, the breakage submodel of Chen et al. (1998) was im-
plemented which performed better in the single drop breakage
experiments of Maaß and Kraume (2012). As can be seen in Fig. 8
the breakage rate of Chen et al. (1998) shows a less pronounced
dependency on the energy dissipation rate (or stirrer frequency)
than the breakage rate of Coulaloglou and Tavlarides (1977). The
numerical parameter c c1 as well as the additional breakage para-
meter c b3 were fitted to the experiments with stirrer frequency

= −n 550 min 1. Additionally, the pre-exponential parameters c b1
and c c1 had to be increased by two orders of magnitude (parameter
set (p)) to depict the fast transient behaviour of the experiments
(see Table 5 and Fig. 7). The lower impact of energy dissipation
rate on the breakage rate of Chen et al. (1998) decreases the var-
iation of steady state Sauter mean diameters d32 with stirrer fre-
quency. Therefore, the simulations predict all experiments within
the experimental deviations and result in a mean deviation of

= μRMSD 15 m.
Overall, the experimental data could be simulated adequately

using the coalescence efficiency parameter c c2, from the single
drop experiments which is quite intriguing keeping in mind that
these single drop experiments were a simplification of the com-
plex interactions within turbulent droplet swarms. Moreover, the
investigated single drops were about one order of magnitude lar-
ger than the measured drop sizes in the stirred vessel. This shows
that the systematic investigation of single drop coalescence pro-
vided the successful determination of the coalescence parameter
c c2, independently from the drop breakage for the first time. Be-
fore, the numeric parameters were fitted together to drop size
distributions of systems in which drop breakage and coalescence
occurred simultaneously. Due to interdependencies between these
parameters no distinct and independent parameter could be de-
termined in the past. Additionally, only small amounts of the in-
vestigated process liquids are necessary for single drop experi-
ments in contrast to lab or pilot plant scale experiments with
dynamic drop swarms.
4. Summary and outlook

Investigations using PBE consist of various submodels with
numerical parameters which are not determined a priori. An in-
dependent evaluation of submodels (especially for coalescence)
was not possible up to now. Commonly, the parameters are fitted
to (transient) drop size distributions of dynamic multiphase sys-
tems in which breakage and coalescence occur simultaneously.
Additionally, the numerical parameters show interdependencies
and parameter sets can be found in literature with divergent va-
lues in several orders of magnitude. Due to the lack of well proved
PBE models it might occur that inconsistencies in submodels
compensate each other which leads to proper results for the fitted
case but does not allow any extrapolation. Thus, fitted simulations
to experimental data do not provide a reliable framework for ex-
trapolation and scale-up without sound validation.

This work provides experimental single drop data as a basis for
model validation regarding different important influencing factors
on coalescence individually: relative collision velocity (or energy
dissipation rate) and drop diameter. Additionally, the impact of
drop oscillations on coalescence probability is discussed. Based on
the single drop data, five different coalescence efficiency models
were evaluated and discussed. The film drainage model of Coula-
loglou and Tavlarides (1977) describes all investigated influencing
factors in the correct manner. Independent from drop breakage
the numerical parameter of coalescence efficiency c c2, could be
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fitted to single drop data for the first time.
With the obtained parameter c c2, it was possible to successfully

simulate a stirred vessel using the PBE framework. The apparent
interdependencies between numerical parameters are shown and
discussed. Additionally, results from earlier single drop breakage
investigations were considered which increased the accuracy of
the simulation results. In conclusion, a successful scale-up from
single drop experiments to the description of turbulent droplet
swarms in a stirred vessel was performed. The presented results
show that a sound scale-up is possible using population balance
equation simulations even without maintaining geometric
similarity.

In ongoing studies, the presented systematic coalescence
probability investigations can be used to evaluate other modelling
approaches and develop new ones. Additionally, further influen-
cing factors (e.g., phase properties, species and concentration of
surfactants and ions) can be investigated systematically using the
presented methods. Based on sound experimental data, reliable
coalescence models can be developed which might describe the
important influencing factors properly and allow a robust extra-
polation and equipment design in industrial scale.
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MODELLING OF COALESCENCE IN TURBULENT LIQUID/LIQUID
DISPERSIONS CONSIDERING DROPLET CHARGE 

A b s t r a c t  

Drop size distributions in liquid/liquid systems within a turbulent flow, being an 
integral part of many technical applications, can be simulated solving population balance 
equations. Experimental investigations in stirred toluene/water systems at constant ionic 
strength of 0.1 mol/L showed that with pH values higher than 11, coalescence is hindered 
considerably due to electrostatic effects. Within this work, two designated models are used 
to simulate the transient drop size distributions in a stirred tank, showing that the influence 
of droplet charge due to a change in pH value or ion concentration cannot be predicted 
satisfactorily by existing models. This finding motivates a new modelling approach 
implementing the DLVO theory into the population balance framework. 
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1.  INTRODUCTION 

Dispersions of two immiscible fluids in a turbulent flow are part of many technical 
processes, like i.e. the liquid/liquid (l/l) extraction or suspension polymerization, and 
therefore of great interest for the industry. Although, these processes are used frequently, 
they are by no means completely understood. Thus, the modelling and dimensioning of 
these are causing serious difficulties. A significant part of the efficiency of these processes 
is based on the drop size distribution (DSD) within the devices, which is the result of the 
competing dynamic phenomena of drop breakage and coalescence. A widely used 
modelling approach of solving population balance equations (PBE) has been used to 
predict DSD for several applications [1]. Up to now, a reliable prediction of the DSD, 
depending on chemical, geometrical and process parameters, fails. Existing models include 
influencing factors of the chemical composition like density, viscosity and interfacial 
tension, but also electrostatic interactions and mass transfer influence the DSD 
significantly. 

A short overview of existing experimental investigations of DSD in technical devices 
and an introduction into population balances will be given. Furthermore, existing models in 
literature will be used to describe the coalescence inhibition at high pH values observed in 
experiments. Due to insufficient prediction of these models the need for a new modelling 
approach will be illustrated. 

2.  STATE OF THE ART 

2.1. EXPERIMENTAL INVESTIGATIONS 

Due to the major importance of DSD for the technical application of l/l systems, a lot of 
experimental research has been accomplished until now. For example, the investigations 
for different devices like extraction columns [2], mixer settler [3], separators [4] and stirred 
tanks [5] should be mentioned here. Major interest has been the influence of parameters 
like phase fraction, energy dissipation rate, density, viscosity and interfacial tension.  

The coalescence of drops can be influenced massively by the addition of surfactants or 
electrochemical effects [6, 7] and might even lead to a complete inhibition of coalescence. 
Electrochemical effects result from a surface charge of a drop induced by i.e. raising the pH 
value of the system. The surface charge again is dampened by the presence of ions in the 
continuous phase [8, 9]. In total a repulsing electrostatic force results between two 
approaching drops. Additionally, in the close-up range of two droplets, the attractive van 
der Waals force comes into account. The interaction between repulsing electrostatic and 
attractive van der Waals force is commonly known as DLVO theory, developed 
independently from each other by Derjaguin and Landau [10] and Verwey and Overbeek 
[11]. Investigations of Tobin and Ramkrishna [12] show the influence of the drop surface 
charge in l/l systems. Due to the inhibition of coalescence, the raise of pH value leads to 
smaller drops in the stirred tank. In contrast, with addition of sodium chloride the 
coalescence inhibition was reduced, resulting in an increase of the drop size. The decrease 
of drop size in a stirred tank at pH values higher than 11 has also been described by Gäbler 
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et al. [5] and Kraume et al. [13] and was also explained by the inhibition of coalescence. 
Furthermore, Kraume et al. [13] investigated the dependency of coalescence inhibition by 
NaCl-concentration in shaken flask experiments. It was shown that the settling time, hence 
the time in which a disperse system separates into two clear phases, tends to decrease with 
raising salt concentration.  

Within this work the considered models will be used to simulate the experimental 
results from Wegener [14] (shown partially in [5]). The sauter mean diameter has been 
observed by Wegener at constant ionic strength (I = 0.1 mol/L) leading to a sharp decrease 
of about 40% at pH 13 in comparison to other pH values.  

2.2. POPULATION BALANCE EQUATION 

The population balance equation, a partial differential equation, describes the time 
dependent density function ),( tdf P  of particles within a defined volume of the continuous 
phase. In a batch reactor containing a l/l system, the PBE can be expressed considering 
only the size change of the particles (in this case drops): 

ccbb
P DBDB
t

tdf  −+−=
∂

∂ ),(
 

where iB  and iD  are the death and birth terms of breakage and coalescence, respectively. 
Each of these terms is expressed by submodels, describing the particular phenomena in 
detail. For drop breakage the terms can be written as: 

),()(),()(),()( tdfdgdtdfdgddd PPPPP
d

PPP
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containing the drop breakage rate )( Pdg , the daughter drop size distribution ),( PP dd ′β  
and  the number of daughter droplets created by drop breakup )( Pdν . 

The terms of coalescence are developed using the definition 3
133 )( PPP ddd ′−=′′ : 
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with the coalescence rate ),( PP ddF ′ . A detailed discussion of PBE in general can be found 
in Ramkrishna [1] and Liao and Lucas [15, 16] who reviewed breakage and coalescence 
models for l/l systems.  

For all simulations showed here a Gaussian daughter drop size distribution ),( PP dd ′β  and 
binary drop breakup ( 2)( =ν Pd ) is assumed. In this work the commonly used model for l/l 
systems from Coulaloglou and Tavlarides [17] will be compared with the only model in 
literature including electrostatic effects from Tobin and Ramkrishna [18]. These two 
models will be presented shortly, for detailed information see corresponding literature. 

2.2.1. MODEL OF COULALOGLOU & TAVLARIDES 
Coulaloglou and Tavlarides [17] proposed a phenomenological model for l/l systems 

using PBE, in which the breakage rate )( Pdg  is assumed to be a product of the fraction of 
breaking drops and the reciprocal time needed for the drop breakup to occur, which results 
in the following: 
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The factor 1)1( −ϕ+  was introduced subsequently by Coulaloglou and Tavlarides [17] to 
account for the damping effect of droplets on local turbulent intensities.  

The coalescence rate ),( PP ddF ′  is defined as the product of the collision frequency 
),( PP dd ′ξ  and the coalescence efficiency ),( PP dd ′λ : 

),(),(),( PPPPPP ddddddF ′λ⋅′ξ=′ . 
The collision frequency expresses how often drops in the system collide and interact 

with each other. Assuming an analogy between collisions of drops in a locally isotropic 
flow field and collisions of molecules as in the kinetic theory of gases, yields  

2
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This collision frequency is a modified version of the original one, published by Tsouris and 
Tavlarides [19]. 

The coalescence efficiency corresponds to the probability that two collided drops 
coalesce. Having a closer look at the collision of drops, the coalescence efficiency is 
described by relating the contact time of two drops to the time required for the drainage of 
the thin film of continuous phase between these drops:  
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With this work Coulaloglou and Tavlarides achieved a mechanistic model for l/l 
systems which is still frequently used nowadays. To fit experimental data, the model 
contains four numerical parameters. 

2.2.2. MODEL OF TOBIN & RAMKRISHNA 
The PBE model proposed by Tobin and Ramkrishna [18] was motivated by earlier 

investigations in a stirred tank by the same authors in which an influence of ionic strength 
and pH on the coalescence rate was observed [12]. It is the only model known to the author 
taking electrostatic interactions into account. As the investigators only study the droplet 
coalescence rate in a stirred tank by reducing the impeller frequency abruptly, the 
developed model does not include breakage terms in the PBE. The overall coalescence 
efficiency is calculated from the product of the coalescence efficiency of a rigid and a 
deformable drop: 

                                                      
5 Corrected erratum: power of 1/2 instead of 1/3  
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using the mean drop diameter )/()( PPPP ddddd ′+′⋅= . 
The parameters iZ and iZ ′  depend on the dimensionless film thicknesses H1  (describing 

the distance of two drops at which film separation begins) and H2 (representing the 
characteristic film thickness at which film rupture occurs) formed with the distance hs at 
which the two drops are no longer considered to be in contact with each other:  

s

i
i h

hH =       )log( ii HZ −=       
2

2

2
1

i

i
i H

HZ −
=′ . 

Corresponding to the implementation in the original paper, these parameters are set to 
hs = 1000 nm, h1 = 500 nm and h2 = 50 nm as well as setting the two parameters c0 and c1 
equal to one another: c3,c = c0 = c1. This lumped numerical parameter c3,c is introduced by 
the authors to describe the influence of the electrostatic repulsion force. However, the 
dependency of this parameter on system parameters, like pH and ionic strength, is unknown 
and has to be fitted for each system composition individually.  

With this work Tobin and Ramkrishna presented an approach to consider electrostatic 
repulsion forces using one additional numerical parameter. Varying the characteristic 
distances H1 and H2 would even increase the number of fitting parameters additionally. 

3.  MATERIALS AND METHODS 

All experiments have been carried out using deionised water as continuous phase and 
toluene (Merck 1.08325.2500 p.a.) as disperse phase. To set the pH value and ionic 
strength sodium respectively potassium hydroxide (Merck 1.09956.0001 / 1.09921.0001 
p.a.), hydrochloric acid (Merck 1.09970.001 p.a.) and sodium respectively potassium 
chloride (Merck 1.06404.0500 / 1.04936.0500 p.a.) were used. All equipment used (except 
the flow channel of single drop experiments) is made of glas, stainless steel or PTFE to 
avoid contaminations. Furthermore, all equipment was rinsed with deionised water 
extensively prior to use.  

Single drop breakage investigations were performed in a rectangular channel in which a 
single blade representative of a section of a Rushton turbine is fixed. Toluene drops 
flowing with the continuous phase through the channel interact with the impeller blade and 
were recorded by a high speed camera. A detailed description of this set-up is given in [20]. 
In order to increase the optical properties of the image data, the toluene was blended with a 
non-water soluble dye (cdye = 0.075 g/L). Two droplet diameters (dP = 0.66 mm and 
dP = 2.0 mm) were investigated. KOH was added to the water phase to set pH 13. 
Additionally, for all set-ups, KCl was added in a concentration of cKCl = 0.16 g/L to ensure 
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the proper work of the fluid flow meter. The fluid flow velocity of the continuous water 
phase was kept constant (v = 1.5 m/s at the stirrer blade). The number of breaking drops 
was set into relation to the total number of investigated droplet sequences (at least 1000), to 
calculate the breakage probability. 

Investigations in a stirred tank DN 150 6 were performed using an endoscope technique 
to detect the drop size distribution. Continuous phase was water with added NaOH, NaCl 
and HCl to set pH and a constant ionic strength (I = 0.1 mol/L) [14]. For detailed 
description of this set-up and measurement technique see [21]. 

The interfacial tension was measured using sodium and potassium chloride and their 
corresponding acid and base, respectively. Two methods have been used to determine the 
interfacial tension. The first one was the pendant drop method [22] carried out on a Data 
Physics OCA 20. This is probably the most convenient, versatile and popular method to 
measure the surface tension. Here the geometry of a drop is analyzed optically and the 
profile is related to the surface tension through a nonlinear differential equation [23]. 
Additionally, the interfacial tension was measured with a KRÜSS surface tensiometer 
Model K10 using the ring method. The standard procedure was used, following the works 
of Cupples [24]. Opposed to the pendant drop method, the ring method only provides 
values for the steady state of the interfacial tension. However, both methods were in good 
agreement for the steady state values. 

To solve the PBE the commercial software PARSIVAL [25] is used. The experimental 
stirrer frequencies (n = 400, 550, 700 min-1) correspond to a mean energy dissipation rate 
in the tank of ε = 0.133, 0.345 and 0.712 m2/s3. To account for the locally increased energy 
dissipation near the impeller, the mean dissipation rates were multiplied with the factor 
fε = 7.26 [19]. The numerical parameters of the coalescence rate were fitted to experimental 
data. The applied procedure was to fit the ‘hydrodynamic’ parameters c1,c and c2,c to 
experimental data at pH 7 and n = 550 min-1. Afterwards, the ‘electrostatic’ parameter c3,c 
was adapted to experimental data at pH 13 when necessary. 

4.  RESULTS 

In the following the possibilities of simulating the DSD in a stirred tank together with the 
observed coalescence inhibition due to raising pH will be discussed. To avoid a 
misinterpretation of the influence of electrostatic effects on drop coalescence, the impact of 
pH on interfacial tension and drop breakage is determined. Afterwards, the models of 
Coulaloglou and Tavlarides and Tobin and Ramkrishna will be used to simulate the 
experimental results. 

The influence of ionic strength on the interfacial tension was investigated from 
I = 0 to 0.1 mol/L. No significant effect exceeding the measurement error could be 
observed (data not shown), thus influence of ionic strength on the interfacial tension can be 
neglected. Measurements varying the pH value (see fig. 1) show a constant value of 
γ = 35±1 mN/m for pH 1 to 11, which is comparable to the literature value (γ = 36.1 mN/m) 

                                                      
6 Corrected erratum: DN 150 instead of DN 100 
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of Misek [26] measured at pH 7 with no additional electrolytes. At pH 13 a significant 
decrease of interfacial tension was observed. To account for this influence, all simulations 
at pH 13 were done using γ = 32 mN/m, which results in a decrease of the sauter mean 
diameter about 10% [27]. Thus, interfacial tension is not the sole reason for the decrease of 
sauter mean diameter at high pH values. 

 

Fig. 1. Interfacial tension of system toluene/water for various pH values 
 

 
Investigations of single drops breaking near an impeller were conducted to eliminate the 

possibility of electrostatic effects having an additional effect on the drop breakage. In table 
1 the breakage probabilities at pH 7 from [20] and measurements at pH 13 are shown. As 
the breakage rates are nearly constant when varying the pH value, droplet breakage can be 
assumed to be independent from electrostatic effects. 

T a b l e  1  

Breakage probabilities for different droplet diameters and pH values 

droplet diameter dP 
pH 7 

from [20] pH 13 

[mm] [-] [-] 
0.66 45 % 44 % 
2.00 75 % 73 % 

 

4.1. SIMULATIONS USING COULALOGLOU & TAVLARIDES MODEL 

Simulations of a stirred tank using the Coulaloglou and Tavlarides model were performed 
with the original numerical parameters for the breakage rate [17]. To fit the experimental 
data, numerical parameters of the coalescence rate were adapted to the experimental data at 
pH 7 and n = 550 min-1 (see table 2). As the model does not account for electrostatic 
interactions and all parameters (including interfacial tension) are constant, the simulations 
yield identical results for pH values 1 to 11. In order to predict the experimental values at 
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pH 13, the numerical parameter c2,c of the coalescence probability was changed. The result 
of these two parameter sets can be seen in fig. 2. On the left hand side, transient 
simulations at a stirrer frequency of n = 550 min-1 with the two parameter sets are shown at 
pH 7 and 13 respectively. There are deviations between first experimental value and 
simulation noticeable, but the stationary state of the sauter mean diameter is well predicted 
by the model. On the right hand side, the stationary values of experiments and simulations 
are plotted against pH value at the three stirrer frequencies. As mentioned above, the 
simulation result is constant for pH 1 – 11 for each stirrer frequency. The adapted 
parameter set has been used to simulate at pH 13, interpolating linearly from pH 11. For the 
stirrer frequencies n = 550 min-1 and 700 min-1 the simulations describe the experimental 
data quite good. However, at the stirrer frequency of n = 400 min-1 a significant aberration 
can still be observed. 

      
Fig. 2. Sauter mean diameter d32 vs. time at n = 550 min-1 (left) and stationary d32 vs. pH (right) 

simulated with model of Coulaloglou and Tavlarides [17] 
 

T a b l e  2  

Numerical parameters of PBE models used 

Model C1,b C2,b C1,c C2,c C3,c 
Coulaloglou & Tavlarides  pH 7 2.5151·10-3 2.0696·10-1 1.75·10-3 1.6257·1012 - 
Coulaloglou & Tavlarides  pH 13 2.5151·10-3 2.0696·10-1 1.75·10-3 3.1257·1013 - 
Tobin & Ramkrishna  pH 7 2.5151·10-3 2.0696·10-1 1.75·10-3 8.45·10-1 1.0·10-6 
Tobin & Ramkrishna  pH 13 2.5151·10-3 2.0696·10-1 1.75·10-3 8.45·10-1 2.25·10-3 
 

4.2. SIMULATIONS USING TOBIN & RAMKRISHNA MODEL 

Due to the fact that the PBE model of Tobin and Ramkrishna does not consider any 
breakage kernel, it is not suitable for simulations of systems in which breakage events 
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occur. In the experiments discussed [14] the dispersion of toluene in a stirred tank starting 
with two separate phases was investigated and therefore the implementation of a breakage 
kernel is inevitable. For this purpose the breakage kernel of Coulaloglou and Tavlarides 
was used, as well as their collision frequency. Thus, the difference to the previous 
simulations is the implementation of the coalescence efficiency. Accordingly to the 
mentioned procedure of fitting the numerical parameters, firstly the coalescence parameters 
c1,c and c2,c were adapted to the experimental data at pH 7 and n = 550 min-1, setting the 
parameter c3,c = 1.0·10-6 which corresponds to negligible electrostatic effects (see table 
3.2). The breakage parameters remained untouched. Subsequently, the electrostatic 
parameter c3,c was fitted to the experimental data at pH 13 and n = 550 min-1. The 
corresponding simulations can be seen in fig. 3. In analogy to fig. 2, on the left hand side 
transient simulations at a stirrer frequency of n = 550 min-1 with the two parameters sets are 
shown at pH 7 and 13 respectively. In comparison to fig. 2, the experimental stationary 
sauter mean diameter is reached later with these simulations. In addition, the stationary 
sauter mean diameter at pH 13 differs significantly from the experimental value. This 
aberration could not be eliminated by varying only the electrostatic parameter c3,c. Fitting 
parameter c2,c additionally, the steady state of the experimental sauter mean diameter could 
be predicted but the transient behaviour was still worse compared to the results of 
Coulaloglu and Tavlarides model (data not shown). On the right hand side, plotting the 
stationary values of experiments and simulations against pH value at the three stirrer 
frequencies, it can be seen clearly that the coalescence model of Tobin and Ramkrishna 
does not depict the influence of the stirrer frequency correctly in this case.  

      
Fig. 3. Sauter mean diameter d32 vs. time at n = 550 min-1 (left) and stationary d32 vs. pH (right) 

simulated with model of Tobin and Ramkrishna [18] 
 

Comparing the two simulation approaches, it can be concluded that the model of 
Coulaloglou and Tavlarides is able to predict the experimental data better than the one of 
Tobin and Ramkrishna. This is especially the case considering the dependency of the stirrer 
frequency and therefore the power input. Since the Coulaloglou and Tavlarides model does 
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not account for electrostatic effects, it is quite interesting that it performs better than the 
model of Tobin and Ramkrishna. For both models one numerical parameter has to be 
varied to describe the coalescence inhibition at high pH values. For this purpose, the model 
of Tobin and Ramkrishna even needs one extra numerical parameter which has to be fitted 
additionally for every application. Varying the representative distances h1 and h2 may 
improve simulating results, but also increases the number of adapting parameters by two. 
Furthermore, it is questionable to define a constant critical distance h2 = 50 nm at which 
coalescence occurs, knowing that the resulting repulsion force strongly depends on ionic 
strength [10, 11] and only reaches significant values at a distance of a few (about 2 - 20) 
nanometers in l/l systems [28]. Varying the factor fε, which accounts for locally increased 
energy dissipation, shifts the numerical parameters but does not change the shown 
characteristics of the models in this single zone modelling approach. This effect can be 
seen directly in the Coulaloglou and Tavlarides model, but also accounts for the model of 
Tobin and Ramkrishna (data not shown). 

5.  SUMMARY AND OUTLOOK 

It could be shown that the experimental finding of smaller drop sizes with increasing pH 
is not only determined by a decrease of interfacial tension but also depends on the 
electrostatic interaction of droplets. As the electrostatic effect does not influence the drop 
breakage, as shown in experimental investigations of single drop breakup, it can only result 
in an inhibition of coalescence. Trying to simulate this coalescence inhibition, it is shown 
that the standard model of Coulaloglou and Tavlarides is able to describe the experimental 
data better with varying one coalescence parameter than the model of Tobin and 
Ramkrishna. Although, the latter accounts for electrostatic repulsion in model development 
also using one varying parameter.  

To include electrostatic effects, i.e. induced by a pH shift within a reactor, the PBE 
modelling has to be extended by a physically based model with a constant numerical 
parameter. To maintain the model kit system of PBE, this new model should be combinable 
with existing models of electrostatic efficiency. A model fulfilling these demands has been 
developed by the author successfully. For this purpose, the surface charge of droplets have 
been quantified and implemented into PBE framework using the DLVO theory. This 
modelling approach will be presented on 19th International Conference Process Engineering 
and Chemical Plant Design and published forthcoming. 

S y m b o l s 

iB  – birth rate [1/s] 
ci,b  ci,c – numerical parameters for breakage & coalescence [various] 

c – concentration [g/L] 
d32 – sauter mean diameter [m] 
dp – particle diameter [m] 
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d  – mean particle diameter [m] 

iD  – death rate [1/s] 
ε – energy dissipation rate [m²/s³] 
fε – factor accounting for increase of ε near impeller [-] 
f – density function [m-3] 
F – coalescence rate [m3/s] 
g – breakage rate [s-1] 
γ – interfacial tension [N/m] 
hi – characteristic distances [m] 
Hi – dimensionless characteristic distances [-] 
I – ionic strength [mol/L] 
λ – coalescence efficiency [-] 
n – stirrer rotational frequency [min-1] 
ηc – dynamic viscosity of continuous phase [Pa s] 
φ – volume fraction [-] 
ξ – collision frequency [m3/s] 

ρc   ρd – density of continuous & disperse phase [kg/m³] 
t – time [s] 
v – velocity [m/s] 

Zi   ci – parameters in Tobin & Ramkrishna model [various] 
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a b s t r a c t

The drop size distribution is an essential process variable in liquid/liquid systems and relevant in many
technical applications. It can be described by population balance equations. A coalescence efficiency
model was developed to be able to describe the well-known coalescence inhibition due to changing pH
value or salt concentration. The model includes the attractive van der Waals and repulsive electrostatic
force according to the DLVO theory into the population balance equation framework. This DLVO model
can extend existing simulations in a straightforward manner due to a conceptual implementation.
Moreover, zeta potential measurements were performed and the model was applied to simulate
experiments in a stirred tank. Hence, the drop size distribution could be predicted well with changing
pH value. The results are discussed in comparison to simulations with existing models in literature.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Liquid/liquid systems are an integral part of many unit operations
in which the liquid phases are either dispersed or separated. The drop
size distribution which is the result of the competing phenomena of
drop breakage and coalescence determines a decisive part of the
overall process efficiency. Although these processes were investigated
quite frequently, they are by no means completely understood.

The population balance equation (PBE) is a modelling approach
which accounts for the droplet interactions and describes the time
dependent drop size distribution by death and birth terms for drop
breakage and coalescence (Hulburt and Katz, 1964; Kopriwa et al.,
2012; Ramkrishna, 2000, 1985; Randolph and Larson, 1962). These
terms consist of mechanistic sub models based on single drop
interactions depending on the drop size and system conditions (e.g.

energy dissipation, viscosities and interfacial tension). The modular
concept of the population balance equation allows a simple
implementation and exchange of sub models which are available
in literature for (I) drop breakage (consisting of breakage rate and
daughter drop size distribution) (Liao and Lucas, 2009) and for (II)
drop coalescence (consisting of collision frequency and coalescence
efficiency) (Liao and Lucas, 2010). The collision frequency deter-
mines the rate how often droplets in a system collide with each
other whereas the coalescence efficiency describes the probability
that two interacting drops merge into one. Together they form the
coalescence rate. Up to now, a reliable prediction of the coalescence
rate and thus the drop size distribution accounting for all influen-
cing chemical, geometrical and process parameters is not available.
Accordingly, further investigations and developments are necessary
(Liao and Lucas, 2009). Existing models include influencing factors
of the chemical composition like density, viscosity and interfacial
tension. But also other properties such as the electrostatic interac-
tions, which are not implemented properly so far, influence the
coalescence significantly.
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The coalescence of drops can be hindered by steric obstruction but
also massively by electrochemical effects (Rambhau et al., 1977;
Watanabe, 1984) up to a formation of a stable emulsion. A charge
separation induces an electrostatic potential at the interface of the
droplets which again is dampened by the solute ions in the
continuous phase (Lyklema, 2000). Altogether, an electrostatic repul-
sive force results between two approaching droplets. However, this
effect is not as easy to be implemented in liquid/liquid systems as in
the case of solid particles in an electrolyte solution. In the latter case,
the charged particle surface is surrounded by the electrical double
layer: one fixed layer of ions with opposing charge bound to the
particle surface and a diffusive layer of ions dampening the excess
charge of the covered surface (Delgado et al., 2007; Israelachvili,
1991). Although the reality is often more complex than this simple
picture, the situation at a liquid/liquid interface is even more compli-
cated. A fixed layer of ions at a mobile interface seems to be quite
unlikely. Consequently, mobile ions at the surface will lead to a locally
inhomogeneous charge due to movement of the surface (Carroll,
1976). Additionally, it is known that the solubility of ions in oil is small
though non-zero (Izutsu, 2002; Wagner et al., 1998), inevitably a
partition of the ions between the two phases occurs and two electric
‘double’ layers are formed at both sides of the interphase (Derjaguin
et al., 1987). Although the induced potentials were measured by
several authors, the origin of the electrostatic potential at the interface
is discussed in a controversial manner in literature. Some authors
argue solely by means of dissimilar partition coefficients of the
present ions in the oil and water phase (Overbeek, 1952; Pfennig
and Schwerin, 1998). Assuming different partition coefficients of the
ions and applying the Albertsson model (Pfennig and Schwerin, 1998),
it was shown that only the relative magnitude of the partition
coefficients may determine the potential difference at the surface.
Another widely used assumption is the preferred accumulation or
adsorption of specific ions at the interface (especially hydroxide ions
(Beattie and Djerdjev, 2004; Beattie and Gray-Weale, 2012; Beattie et
al., 2005; Creux et al., 2009; Franks et al., 2005; Gray-Weale and
Beattie, 2009; Marinova et al., 1996)), whether it is described by Gibbs
(Lyklema, 2000) or Langmuir monolayers (Marinova et al., 1996; Tian
and Shen, 2009). Other research groups doubt this concept of ion
adsorption and attribute the created potential to the immobilization
and orientation of water dipoles at the surface (Chibowski et al., 2005;
Vacha et al., 2011) or to the deprotonation of fatty acid impurities in
the oil (Roger and Cabane, 2012a, 2012b).

The van der Waals force is the opposing attractive force acting on
particles in the same range of magnitude and distance (few tens of
nanometres). The counter play of the repulsing electrostatic and the
attractive van der Waal force is well known as DLVO theory
(Derjaguin and Landau, 1941; Verwey and Overbeek, 1948). However,
this theory has not been considered in population balance equations
up to now. The only model regarding electrostatic forces was
published by Tobin and Ramkrishna (1999), in which the authors
introduce an additional varying parameter for the description of the
repulse forces. An application and discussion of this model can be
found in Kamp et al. (2012) and a short summary in Section 3.2.1.

Although there is no technically relevant model available
describing the above mentioned ion phenomena, there are several
reports describing the influence of salts on liquid/liquid disper-
sions. The investigations of Tobin and Ramkrishna (1992) in stirred
liquid/liquid systems showed that an increase in pH results in a
decrease of drop sizes which was attributed to the coalescence
inhibition caused by adsorption of hydroxide ions at the interface
and a resulting repulsive force. With addition of sodium chloride
and therefore rising ionic strength, the coalescence inhibition was
reduced and the drop sizes in the system increased, which agrees
with the DLVO theory. The decrease of the drop size distribution at
high pH values in a stirred tank is also described by Gäbler et al.
(2006) and Kraume et al. (2004). The authors explain this effect by

an increasing coalescence inhibition with higher pH values.
Kraume et al. (2004) also showed the dependency of the coales-
cence inhibition from the NaCl concentration in shaken flask
experiments. The settling time, meaning the time after which a
dispersed system is settled into two separate phases, increases
with higher pH value and decreases with higher salt concentra-
tion. Pfennig and Schwerin (1998) also found a strong coalescence
inhibition in batch settling experiments adding NaCl and NaBr to a
water in 1-butanol emulsion. According to the DLVO theory, they
found the depletion of the coalescence inhibition with further
increased salt concentration due to the dampening behaviour of
the ions in the diffusive electrical layer.

The influence of salts on droplet coalescence was investigated by
Villwock et al. (2014) observing the collision of two single droplets. A
decrease of coalescence probability was found with the addition of
both NaOH and NaCl. Accordingly, Dunstan (1992) observed chloride
adsorption on hydrocarbon particles and found an increasing zeta
potential with higher KCl concentration. He explained this by a
preferential solubility of Cl� ions near the surface and not by
adsorption. Marinova et al. (1996) found OH� being the potential
determining ion in xylene/water emulsions by performing zeta
potential measurements with varying pH at an ionic strength of
I¼10�3 mol/L. Tian and Shen (2009) investigated the adsorption of
H3Oþ , OH� and Cl� at the octadecyltrichlorosilane/water interface
and found the adsorption of OH� to be preferential against Cl� and
H3Oþ . Considering these mentioned publications it becomes obvious
that Cl� has to be considered besides OH� if studying the surface
potential in a system containing those ions.

Another interesting fact is the small influence of the oil phase
in this context. Marinova et al. (1996) investigated emulsions of
different non-polar oils (xylene, dodecane, hexadecane and per-
fluoromethyldecalin) and found practically the same zeta potential
under identical experimental conditions for all systems. This result
was confirmed by the investigations of Creux et al. (2009) who
found similar pH dependencies of the zeta potential of nitroben-
zene, benzene, octane, decane and dodecane. Thus, the electro-
static effects appear to be nearly independent from the type of oil,
and zeta potential measurements of one specific oil can be
adopted universally.

2. Materials and methods

All experiments were carried out using water as continuous
and toluene as disperse phase. To set the pH value and the ionic
strength sodium hydroxide, hydrochloric acid and sodium chloride
were used. All equipment used was made of glass, stainless steel
or PTFE where possible. Serious effort was made in all set-ups to
avoid contaminations. Hence all equipment was cleaned thor-
oughly and rinsed with deionised water extensively prior to use.

2.1. Experimental investigations in stirred tank

The experiments were performed by Wegener (2004) previously
at our institute and were published partly in the PhD thesis of Gäbler
(2007) and in Kamp et al. (2012). To detect the drop size distribution
(at T¼293 K) in a baffled stirred tank DN150 (H/D¼1) equipped with
a Rushton turbine (d/D¼0.33) an endoscope technique was used. For
detailed description of this set-up and measurement technique see
Maaß et al. (2011) and Ritter and Kraume (2000). Continuous phase
was deionised water with added NaOH (Merck 1.09956 p.a.), NaCl
(Merck 1.06404 p.a.) and HCl (Merck 1.09970 p.a.) to set pH and a
constant ionic strength (I¼0.1 mol/L). As disperse phase toluene was
used with a volumetric phase fraction of φ¼0.1. The drop size
distributions were measured for the pH values 1, 3, 5, 7, 9, 11 and
13 each with three stirrer frequencies (n¼400, 550, 700 min�1) at
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distinct times after the start of the impeller. The experimental stirrer
frequencies correspond to mean energy dissipation rates in the
stirred tank of ϵ¼0.133, 0.345 and 0.712 m2/s3.

2.2. Experimental determination of electrophoretic mobility

The sample preparation was done in a similar manner to the
procedure applied by Marinova et al. (1996). The pH of the water
continuous phase (ultrapure water with a resistivity of 18.3 MΩ cm,
produced by the purification system Merck Millipore Milli-Q Gradient)
was adjusted with hydrochloric acid (Merck 1.09970 p.a.) and accord-
ingly sodium hydroxide (Merck 1.09956 p.a.). To set a constant ionic
strength of I¼0.1 mol/L, sodium chloride (Merck 1.06404 p.a.) was
added respectively. Due to the sensitive unbuffered aqueous solution,
the pH was measured by a pH-meter (WTW pH197) and indicator
strips (VWR ProLabo Dosatest 3 zones). Due to the minor effect of
dissolved carbon dioxide (CO2/HCO3

�/CO3
2�) reported by Marinova

et al. (1996), a purging of CO2 with N2 was omitted. Nevertheless, all
serial dilutions and samples were closed as fast as possible to minimize
the contact with the atmosphere and an additional dissolution of CO2.
The samples were each prepared with 10 mL water continuous phase
and 3–5mL toluene (Fluka 89681-2.5L p.a.) in 20mL vials with a
magnetic stirrer. These vials were stirred and heated to 65 1C in a
water bath for at least 2 h to increase the solubility of toluene in the
water phase (Jou and Mather, 2003; Tsonopoulos, 2001). Prior to a
measurement, the respective sample was cooled down rapidly to 25 1C
by rinsing with tap water from the outside, which causes a precipita-
tion of the excess toluene in the water phase. The generated emulsion
with a drop size distribution between dpE2–7 μm and a mean
diameter of dm¼5 μm (measured with Malvern Zetasizer Nano ZS)
remained stable for analysis for about 15 min.

Electrophoretic mobility ue was measured at 2570.1 1C using a
Malvern Zetasizer Nano ZS with disposable cuvettes Malvern
DTS1060. These were used because the application of the solvent
resistant dip cell provided by Malvern resulted in a degradation of
the toluene and / or the palladium electrodes to dark brown residua
during measurements. Even though the disposable cuvettes were
blurred by the toluene after several runs, equivalent results could be
gained reusing these cuvettes and the results of Marinova et al.
(1996) could be reproduced. Additionally, the phase fraction of
toluene of the investigated emulsion was below 0.1%, which
minimises the chance of a dissociation of contaminants from the
disposable cuvettes by toluene during the short time of measure-
ment (approximately 30 s). For every pH value at least two separate
samples were prepared and measured in several runs each, result-
ing in approx. 30–60 single measurement runs per pH value. The
‘general purpose’ mode of Malvern Zetasizer Nano ZS was used,
thus every value from a single measurement run represents the
mean value of the zeta potential distribution.

2.3. Numerical investigations and parameter estimation

In this study the experimental drop size distributions in a
stirred tank were simulated using an integral single zone PBE of
the whole tank with a mean energy input ϵ generated by the
impeller. The volume-related PBE for this batch reactor describing
the time dependent number density function f dp; t

� �
of drops with

diameter dp becomes (Attarakih et al., 2004; Gäbler et al., 2006;
Liao and Lucas, 2009):
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∂t ¼ R dp;max

dp
nd d0p
� �

� β dp; d
0
p

� �
� g d0p
� �

� f d0p; t
� �

dd0p�g dp
� � � f dp; t

� �

þ1
2

Z dp

0
ξ d″p; d0p
� �

� λ d″p; d0p
� �

� f d0p; t
� �

� f d″p; t
� �

dd0p

� f dp; t
� � � Z dp;max �dp

0
ξ dp; d

0
p

� �
� λ dp; d

0
p

� �
� f d0p; t
� �

dd0p ð1Þ

consisting of the number of daughter droplets nd, daughter drop
size distribution βðdp; d0pÞ, breakage rate gðdpÞ, collision frequency
ξðdp; d0pÞ and coalescence efficiency λðdp; d0pÞ and using the defini-
tion d″p ¼ ðd3p�d0p3Þ1=3. The detailed description of the PBE, the sub
model implementation and numerical parameter definition is
reported in Kamp et al. (2012). As this article focusses on the
coalescence efficiency, the other sub models of collision frequency
and drop breakage which are necessary to solve the PBE were
taken from the frequently used model of Coulaloglou and
Tavlarides (1977). The coalescence efficiency sub models of
Coulaloglou and Tavlarides (1977) and Tobin and Ramkrishna
(1999) were compared with regard to the description of the
coalescence inhibition due to electrostatic effects. Furthermore, a
new coalescence efficiency sub model was developed in order to
describe this inhibition properly. Concerning the droplet breakup,
an effective daughter drop size distribution should have no
singularities and fall to zero as the ratio between mother and
daughter drop diameter becomes zero or one (Maaß et al., 2007;
Wang et al., 2003; Zaccone et al., 2007). Otherwise, a droplet
breakup would cause a loss of mass and violate the mass balance.
Since the daughter drop size distribution of the Coulaloglou and
Tavlarides (1977) model is implemented as a normal distribution,
it does not fulfil the mentioned requirements. Thus, a relatively
narrow normal distribution was applied for the binary droplet
breakup (number of daughter droplets nd¼2) of a droplet with
volume Vp: a mean daughter drop volume Vμ ¼ Vp

nd
and a standard

deviation of Vσ ¼ Vp

5nd
was used. Using these parameters 499.9% of

droplets formed lay within the volume range from 0 to Vp and the
mass balance could be conserved adequately.

The commercial software PARSIVALs (Wulkow et al., 2001) was
used to solve the partial differential equation of the PBE with
coupled mass balance.

The numerical parameters of the breakage and coalescence rate
of the different models were fitted to experimental data using the
implemented parameter estimation routine by minimising the
residual between experimental and simulated data. To quantify
this residual between n experimental values Xi and calculated
ones X̂i, the root-mean-square deviation (RMSD) was used in this
work:

RMSD Xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑n

i ¼ 1 Xi� X̂i

� �2
n

vuut
: ð2Þ

At the beginning, all parameters of the basic Coulaloglou and
Tavlarides (1977) model were optimized to the transient develop-
ment of the Sauter mean diameter d32 at pH 7. To provide
comparability between the models, these fitted parameters for
drop breakage (c1,b and c2,b) and collision frequency (c1,c) were
kept constant throughout the whole study. For the coalescence
efficiency sub model(s) the corresponding ‘hydrodynamic’ para-
meter c2,c was also adapted to pH 7 and the ‘electrostatic’
parameter c3,c was adjusted to transient data of d32 at pH 13. All
parameters are given in SI units if dimensional: c2,c of the
Coulaloglou and Tavlarides (1977) model has the dimension
[m�2] and c3,c of the Tobin and Ramkrishna (1999) model is not
dimension consistent and would have the dimension [N/m] and/or
[N/m2]. For detailed information of the model implementation and
numerical parameter definition see Kamp et al. (2012).

All simulations were verified to be independent from the initial
drop size distribution after a few seconds or iteration steps, respec-
tively. Thus, a Gaussian initial drop size distributionwith a mean value
dμ¼1 mm and standard deviation dσ¼50 μm was used arbitrarily.

The interfacial tension was set to γ¼35 mN/m for all simula-
tions with pHo12.5. For pH412.5 γ¼32 mN/m was used accord-
ing to the measurements performed by Kamp et al. (2012).
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Anyhow, the influence of the change in interfacial tension is rather
small in the simulations: the reduction from γ¼35 mN/m to
32 mN/m leads to a decrease of the steady state Sauter mean
diameter of approximately d32,stat E15 μm.

3. Results and discussion

As already pointed out in the introduction, the origin of the
surface potential in liquid/liquid systems is discussed controversially
in literature until present. However, a description and quantification
of the surface potential is inevitable to implement the DLVO theory
into the population balance equation. Hence, the following approach
was chosen: the ions were assumed to accumulate at (or near) the
interface and the anions OH� and Cl� were identified to be potential
determining. The accumulation of these ions was described by a
Stern isotherm for which the surface potential was investigated by
zeta potential measurements. This approach is presented and dis-
cussed in the following and then used to develop the coalescence
model which is compared with existing models in literature.

3.1. Zeta potential investigations

The electrophoretic mobility ue was measured varying the pH
value from pH¼2 to 13 at constant ionic strength of I¼0.1 mol/L
according to the procedure described in Section 2.2. With the
measured drop radius of a¼2.5 μm, the resulting κ � a¼259 fulfils
the restriction of the Helmholtz–Smoluchowski equation (κ � ac1)
(Delgado et al., 2007; Smoluchowski, 1903). Thus, zeta potential was
calculated from electrophoretic mobility originally measured by the
Zetasizer Nano ZS, although the Helmholtz–Smoluchowski equation
is applicable only for rigid particles. Nevertheless, it is used because
the presence of the double layer is assumed to result in a reduced
momentum transfer to the drop phase according to Delgado et al.
(2007). Likewise, Lyklema (2000) regards the neglect of a mobile
interface as more appropriate for liquid/liquid than for gas/liquid
interfaces which is obvious having a viscosity change in the order of
several magnitudes from gas to oil. The measured electrophoretic
mobility and the calculated zeta potential over the pH range are
shown in Fig. 1. The vertical error bars represent the standard
deviation between all measured values. The highest deviation in the

measured zeta potential was measured in the sample with pH
between 9 and 10. However, this data point seems to be an outlier
in Fig. 1. The horizontal error bars indicate the standard deviation of
the pH values measured in the serial dilutions and samples at
different times. Especially the samples prepared with ion concen-
trations resulting in pH values from 6 to 10 show a shift to lower pH
value due to absorption of carbon dioxide from the atmosphere and
therefore result in pH deviations. However, the presence of carbon
dioxide in the continuous water phase due to absorption did not
have an observable effect on the zeta potential which was also
reported by Marinova et al. (1996). At very acidic conditions the pH
deviation becomes so small that the error bars are covered by the
symbols.

The zeta potential was found to scatter around a constant value of
about -15 mV for pHo9, which can be explained by the adsorption
of Cl� at (or near) the interface. For higher pH values a strong
decrease of the zeta potential down to �42 mV was found which
corresponds to the replacement of Cl� with OH� ions due to the
higher bulk concentration of hydroxide. The specific coverages of
the surface θCl� and θOH� and the resulting surface potential Ψs were
calculated with an adsorption isotherm and the Grahame equation as
described in the following and are shown in Fig. 1.

According to Marinova et al. (1996) and Derjaguin et al. (1987),
the ion accumulation is described by a Stern adsorption isotherm
(Derjaguin, 1989; Stern, 1924):

Γi ¼
Γ0υini;0exp �Φi þ zieΨs

kBT

� �
1þ∑iυini;0exp �Φi þ zieΨs

kBT

� � ð3Þ

where Γi is the number of type i ions per surface area which is
described by the ion specific parameters: υi the volume of a
hydrated ion, ni,0 the number concentration in bulk, zi the valence;
the physical constants: e the elementary charge and kB the
Boltzmann constant; the system specific parameters: surface
potential Ψs, temperature T and the fitted parameters: Γ0 the
referenced saturation adsorption, Φi the specific interaction energy
of ion i. The Stern isotherm becomes a Langmuir isotherm for
zi¼0. In this study not only the adsorption of OH� was considered
as done by Marinova et al. (1996) but additionally the adsorption
of Cl� to describe the low potentials of about �15 mV for pHo9.
The relation between the surface charge density σ and the surface

Fig. 1. Zeta potential and electrophoretic mobility over pH value, the specific surface coverage of Cl� and OH� (Eq. (5)) from the adsorption isotherm (Eq. (3)) and the
corresponding surface potential Ψs (Eq. (6)) and its numerical fit (Eq. (15)) at constant ionic strength I¼0.1 mol/L in toluene/water system.
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potential Ψs is given by the Grahame equation (Butt et al., 2003;
Israelachvili, 1991):

σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8εrε0kBTnsalt;0

q
sinh

eΨs

2kBT

� �
ð4Þ

where εr is the relative and ε0 the vacuum permittivity and nsalt,0
the number concentration of the salts in the bulk. In the case of
monovalent ions nsalt,0 is equivalent to the number concentration
of the dissolved anions (or cations) or the ionic strength times the
Avogadro constant: I � NA. It is assumed here that the surface
potential Ψs is determined by the anions OH� and Cl� and that it is
equal to the zeta potential. The surface coverage of an adsorbed
ion i is derived from the Stern adsorption isotherm (Eq. (3)):

θi ¼
Γi

Γ0
: ð5Þ

Additionally, the total charge induced by the ion coverage
(∑izieθi) has to equal the surface charge density given by the
Grahame equation (Eq. (4)) (Marinova et al., 1996):

�e θOH� þθCl�ð Þ ¼ σ: ð6Þ

To obtain the graph shown in Fig. 1, both sides of the Eq. (6)
were solved iteratively using the least-squares method to identify
the surface potential Ψs with varying pH and thus specific ion
concentrations. To fit the zeta potential measurements the values of
the saturation adsorption Γ0¼2.3185�1017 m�² and the specific
interaction energies ΦOH�¼�9.50 kBT and ΦCl�¼�4.25 kBT were
determined manually in the Stern isotherm. The volumes of the
hydrated ions were implemented as υOH�¼1.1�10�28 m³
(Israelachvili, 1991) and υCl�¼1.5�10�28 m³ (David et al., 2001;
Israelachvili, 1991). According to the results of Tian and Shen
(2009), the adsorption of OH� was found to be preferential against
Cl� . Additionally, the surface coverage of Cl� is located in the same
range (θCl�¼0.20) as in our case (θCl�¼0.27). Moreover, the
measured increase of the zeta potential for pHo3 (see Fig. 1) could
be explained by the additional adsorption of H3Oþ under these
conditions which was found by Tian and Shen (2009). As this
influence is rather small and not significant in this case, it is not
modelled here.

Despite the previously discussed limitations of this measure-
ment technique, the zeta potential is a feasible technique to gain at
least qualitative influences on the surface potential and thus on
the emulsion stability (Lyklema, 2000; Marinova et al., 1996;

Rambhau, 1978), although the measured value may not be equal
with the existent surface potential (however it is induced)
(Delgado et al., 2007).

The use of a Gibbs isotherm may be more appropriate in the case
of liquid/liquid systems (Lyklema, 2000), but significant surface
tension measurements were not available. A decrease in the surface
tension from γ¼35 to 32 mN/mwas found as reported in Kamp et al.
(2012), but the standard deviation increased considerably at high pH.
Additionally, Derjaguin et al. (1987) discussed the consideration of
Gibbs free energy and a formation of a double layer at both sides of
the interface (in oil and water phase respectively) and thus obtained
the same functional relation for the electrostatic force as in the case
of Stern adsorption. However, the Stern isotherm is used to describe
the trend of the zeta potential over pH value which is again
simplified by a numerical fit in the developed model due to a
reduction of computation time (see Section 3.2.2). Thus, the
described approach is regarded as adequate.

3.2. Modelling and simulation

This section begins with an application of the coalescence
efficiency sub models of Coulaloglou and Tavlarides (1977) and
Tobin and Ramkrishna (1999) to the coalescence inhibition found
at high pH values. Afterwards, the new modelling approach is
developed and discussed.

3.2.1. Simulations with existing models
As discussed in detail in Kamp et al. (2012), the model of

Coulaloglou and Tavlarides (1977) is able to describe the experimental
data by varying only the numerical parameter c2,c of the coalescence
efficiency. These findings are presented shortly in the following with
the difference to Kamp et al. (2012) that no additional prefactor of the
energy dissipation rate was used (fϵ¼1) as suggested in Kamp et al.
(2012). This prefactor was formerly considered to account for inho-
mogeneous energy dissipation within the stirred tank. The values of
the used parameters can be found in Table 2. As can be seen in Fig. 2
(left), the transient simulation predicts the development of the Sauter
mean diameter d32 well. On the right hand side of Fig. 2 the arithmetic
mean of the d32 values after reaching the steady state is plotted against
the corresponding pH value. The vertical error bars indicate the
standard deviation between these stationary d32,stat values of each
transient measurement. As the model of Coulaloglou and Tavlarides
(1977) does not depend on pH, the simulated d32,stat are constant as
long as the numerical parameters are. For the simulation at pH 13 the

Fig. 2. Simulations using the Coulaloglou and Tavlarides (1977) model (C&T) in comparison with experimental data. Left: transient Sauter mean diameter d32
at n¼550 min�1, right: stationary d32,stat vs. pH of continuous phase.
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parameter c2,c was adapted to experimental values at pH 13 and used
for this simulation (see Table 2). Between pH 12 and 13 the graph is
interpolated linearly in this representation, although for every experi-
ment in this region the parameter c2,c would have to be fitted
respectively. The root-mean-square deviation of the stationary Sauter
mean diameters d32,stat between all experimentally investigated pH
values and the simulated ones results in RMSD(d32,stat)¼28.41 μm. The
RMSD for the three stirrer speeds are given in Table 1.

Tobin and Ramkrishna (1999) introduced an additional numer-
ical parameter c3,c to describe the coalescence inhibition due to
electrostatic effects. Unfortunately, this model does not describe
the experimental data better than the Coulaloglou and Tavlarides
(1977) model, which can be seen in Fig. 3. This can be quantified
by the root-mean-square deviation of d32,stat which results in
RMSD(d32,stat)¼51.12 μm. This is nearly twice the value of the
Coulaloglou and Tavlarides (1977) model. The RMSD for the three
stirrer speeds are given in Table 1. Moreover, the parameter c3,c
has to be fitted to the experimental data with varying pH just as
done in the Coulaloglou and Tavlarides (1977) model with para-
meter c2,c. Again, the range between pH 12 and 13 is interpolated
linearly in the graph, because only two values for c3,c were fitted:
for pH 1–12 and pH 13 (see Table 2). Hence, this model does not
achieve an improvement of the prediction quality and moreover
causes some numerical problems in the implementation as
described in Kamp et al. (2012).

3.2.2. Development of electrostatic DLVO model
The above discussed results of existent models were the

motivation to develop a new model for population balance
equations, which implements the interaction forces of the DLVO
theory and is adaptable with one constant numerical parameter.
Moreover, the model was developed considering the modular
concept of the population balance. Thus, the new approach was
reduced to describe only the coalescence efficiency caused by the
electrostatic double layer force and use it as an extension for
existent models which mainly depict hydrodynamic interactions
between two colliding droplets. Hence, the coalescence probability
caused by hydrodynamic interactions can be described by any of
the available models in literature, e.g. the model of Coulaloglou
and Tavlarides (1977) (which explicitly excludes the van der Waals
and double layer forces). Regarding the two coalescence inhibition
processes (hydrodynamic and electrostatic) as independent from
one another, the total coalescence efficiency becomes:

λ¼ λhydrodynamic � λDLVO: ð7Þ

Following this modelling approach, the electrostatic coales-
cence inhibition can be implemented easily in simulations if
necessary.

The implementation of the DLVO interactions follows the
functional approach of Coulaloglou and Tavlarides (1977). They
assume that the coalescence occurs if the contact time exceeds the
time which is needed until the thin film of continuous phase
between the drops is drained. Assuming the contact time being a
normally distributed random variable, these counteracting times
determine the coalescence probability by the functional approach:

λC&T p exp �tdrainage
tcontact

� �
: ð8Þ

In the case of DLVO interactions, the counteracting repulsive
electrostatic double layer force Fel and attractive van der Waals force

Table 1
Root-mean-square deviations of stationary Sauter mean diameters from simula-
tions using Coulaloglou and Tavlarides (1977) (C&T) and Tobin and Ramkrishna
(1999) (T&R) model vs. pH.

Stirrer frequency n 400 min�1 550 min�1 700 min�1 Total

RMSD(dd32,stat) C&T 40.73 μm 21.64 μm 17.13 μm 28.41 μm
RMSD(dd32,stat) T&R 56.79 μm 32.17 μm 59.84 μm 51.12 μm

Fig. 3. Simulations using the Tobin and Ramkrishna (1999) model (T&R) in comparison with experimental data. Left: transient Sauter mean diameter d32 at n¼550 min�1,
right: stationary d32,stat vs. pH of continuous phase.

Table 2
Numerical parameters of used sub models in PBE.

Coalescence efficiency model c1,b c2,b c1,c c2,c c3,c

Coulaloglou and Tavlarides (1977) pH 7 3.8591�1013 –

Coulaloglou and Tavlarides (1977) pH 13 2.7597�1014 –

Tobin and Ramkrishna (1999) pH 7 4.8701�10�3 5.5199�10�2 1.1878�10�1 3.3424�10�4 1.0�10�9

Tobin and Ramkrishna (1999) pH 13 3.3424�10�4 1.2�100

own DLVO model pH 1–13 3.8591�1013 2.0618�103
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FvdW depend on the distance h between two approaching droplets.
This distance and therefore the two forces vary with the contact time
of two droplets and are assumed to be normally distributed random
variables. Hence, the same functional approach is used to describe
the electrostatic coalescence probability depending on the ratio
between Fel and the absolute value of FvdW:

λDLVOp exp � Fel
FvdW
		 		

 !
: ð9Þ

Considering the approach of Derjaguin (1934) to calculate these
forces for curved surfaces, the electrostatic double layer force for
two approaching droplets is given for symmetrical electrolytes by
Derjaguin et al. (1987) and Miller and Neogi (2008):

Fel ¼ 32πε0εrκReq
kBT
ze

� �2

tanh2 zeΨs

4kBT

� �
exp �κhð Þ ð10Þ

assuming the surface potential being constant during approach,
where Req is the equivalent drop radius of the two approaching
droplets with the diameters d1 and d2:

Req ¼ d1 � d2
d1þd2

; ð11Þ

h the minimal distance between them and κ�1 the Debye length

κ�1 ¼ ∑ie2z2i ni;0

ε0εrkBT

� ��1=2

ð12Þ

considering the charge number zi and number concentration ni,0 of
all ion species in the system. The Debye length κ�1 is the
characteristic decay length of the surface potential due to the
diffuse ion layer around the charged droplet and depends solely on
the properties of the continuous phase (Israelachvili, 1991). The
calculation of Fel for asymmetrical electrolytes is discussed and
described in Derjaguin et al. (1987) and a straightforward imple-
mentation of these equations can be done if necessary.

The attractive van der Waals force for spherical particles was
calculated by Hamaker (1937) and becomes (Butt et al., 2003;
Israelachvili, 1991):

FvdW ¼ �π2A1;2;3

12h2
Req ð13Þ

where A1,2,3 is the Hamaker constant (which is occasionally
defined as: A0

1;2;3 ¼ π2 � A1;2;3 in several references).
Implementing Eqs. (10–13) into Eq. (9) and merging all constants into

the numerical parameter c3,c, the electrostatic coalescence probability

becomes:

λDLVO ¼ exp �c3;c
ε0εrκh

2

A1;2;3

kBT
ze

� �2

tanh2 zeΨs

4kBT

� �
exp �κhð Þ

 !
: ð14Þ

The derived electrostatic coalescence probability is indepen-
dent of the drop sizes which is favourable as the influence of the
drop size is already implemented in hydrodynamic models. The
coalescence probability λDLVO depends on the physical properties
of the systemwhich are typically known, the distance between the
droplets h and the surface potential Ψs.

As most applications of the population balance equation use an
integral balance of the simulated volume (the entire liquid volume of
the stirred tank in this case), the detailed information of drop
trajectories and thus distances is not available. Hence, critical
distances are introduced in several models, e.g. the critical film
rupture thickness in film drainage models (Liao and Lucas, 2010). As
the distance of the characteristic maximum (and minimum) of the
resulting DLVO force (FelþFvdW) varies especially with the electrolyte
concentration (Israelachvili, 1991; Pfennig and Schwerin, 1998) (see
Fig. 4), an assumption of a constant drop distance would be
misleading. Therefore, the distance h is implemented in integral
simulations as the Debye length κ�1, because it is determined solely
by the composition of the electrolyte solution and also describes a
characteristic length concerning the electrostatic interactions.

The surface potential was described using the calculated zeta
potential by Stern isotherm and Grahame equation from the zeta
potential measurements as specified in Section 3.1. To avoid the
frequent iterative calculation of these two equations in terms of
a minimization of computation time, the development of the
zeta potential versus the pH value was fitted by the numerical
equation:

Ψ s½mV� ¼ a� tanh pHþbð Þþc ð15Þ

using the parameters a, b and c listed in Table 3. The fit is accurate
with a root-mean-square deviation of RMSD(Ψs)¼0.09593 mV.

Fig. 4. Left: representation of the opposing forces Fel and FvdW and the resulting DLVO force vs. the distance h of two toluene drops (d¼500 μm, Ψs¼100 mV) in an aqueous
electrolyte solution (I¼0.1 mol/L) and the corresponding Debye length κ�1. Right: resulting DLVO force and corresponding Debye length κ�1 with variation of the ionic strength I.

Table 3
Numerical parameters (including 95% confidence bounds) of the numerical fit for
the surface potential Ψs.

a [mV] b [-] c [mV]

�15.44
(�15.52, �15.37)

�11.67
(�11.66, �11.68)

�29.00
(�29.08, �28.91)
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3.2.3. Simulations with DLVO model
To describe the experimental data properly, the ‘hydrodynamic’

Coulaloglou and Tavlarides (1977) coalescence efficiency λC&T was
extended with the developed DLVO coalescence efficiency λDLVO
according to Eq. (7):

λ¼ λC&T � λDLVO:

The determined numerical parameters from the Coulaloglou
and Tavlarides (1977) model at pH 7 were used and not changed,
only the parameter c3,c was fitted to the experimental data at pH
13 as shown in Table 2. The Hamaker constant for the interaction
between two toluene phases in water AT,W,T¼7.02�10�21 J was
calculated using data from Rosenholm (2010).

As can be seen in Fig. 5, these simulations describe the experi-
mental data and especially the coalescence inhibition at pH 13
well with a root-mean-square deviation of the stationary Sauter
mean diameter RMSD(d32,stat)¼24.67 μm, which is the lowest
deviation of all three investigated models. The RMSD for the three
stirrer speeds are given in Table 4. For these simulations only
constant numerical parameters were used over the whole pH
range (see Table 2). It is obvious that the calculated stationary
d32,stat follows the trend of the zeta potential with the pH shift.

3.2.4. Transient behaviour
In the investigations shown above (Figs. 2, 3 and 5) the transient

development of the Sauter mean diameter d32 occurs in the short
time span o100 s after starting the impeller, where drop breakage
is dominant. Due to the experimental cycle which takes around
30–60 s for preparation and image acquisition more data points
could not be achieved in this time span. Thus, the standard procedure
to investigate the transient behaviour of a system is to change the
stirrer frequency stepwise in an experiment. Particularly the coales-
cence behaviour can be examined if the stirrer speed is decreased
abruptly after a steady state has been reached. This was investigated
in experiments by changing the stirrer frequency from n¼700 min�1

to 400 min�1 and simulated with the given numerical parameters
(see Table 2) to analyse the transient behaviour of the three
coalescence efficiency sub models. In Fig. 6 the results are shown
for pH 13, where coalescence is inhibited and the transient devel-
opment of the drop size is well observable.

In the first part of this experiment with a stirrer frequency of
n¼700 min�1 no significant transient behaviour can be observed
experimentally because drop breakage occurs fast in this system
and obviously is the dominant phenomenon after starting the

impeller. The steady state is reached after a few minutes. This is
described adequately by all three sub models as discussed above,
whereas the Coulaloglou and Tavlarides (1977) model differs in
the steady state and the transient behaviour of the Tobin and
Ramkrishna (1999) model is too slow. After 80 min when the stirrer
frequency was changed to n¼400 min�1 coalescence predominates
breakage and the Sauter mean diameter d32 increases during the
following 10 min until a steady state is reached again. The sta-
tionary Sauter mean diameter d32,stat is equal to the one achieved
starting with n¼400 min�1 (compare to Figs. 2, 3 and 5 right hand
side at pH 13). The only coalescence efficiency model describing this
transient behaviour well is the Coulaloglou and Tavlarides (1977)
model extended with the DLVO model. The sole Coulaloglou and
Tavlarides (1977) model overestimates the coalescence rate and
therefore predicts a too fast transient development of the Sauter
mean diameter. In contrast, the Tobin and Ramkrishna (1999)
model underestimates the coalescence rate and the increase of
d32 cannot be described properly.

3.2.5. Drop size distributions
The Sauter mean diameter d32 is an important quantity to evaluate

the drop size distribution in technical applications with one numer-
ical value, nevertheless the underlying drop size distribution itself
should also be described by the applied models. In Fig. 7 the
cumulative particle volume distributions from experiments (corre-
sponding to the last measurement point of the transient graphs) and
simulations with all discussed coalescence efficiency models are
shown in a normal probability plot at pH 7 and pH 13. In the
experiments no significant difference in the drop size distributions
could be observed for pH 1–11, thus the distributions at pH 7 are
shown exemplarily for all acidic and moderate alkaline conditions.

As coalescence is obviously hindered at pH 13 due to electro-
static repulsion, the growth of bigger droplets is inhibited in
comparison to pHr11 which causes smaller droplets in general.
Simultaneously, the breakage probability is not affected by the
change of pH (Kamp et al., 2012), thus the rate of drop breakage is

Fig. 5. Simulations using the Coulaloglou and Tavlarides (1977) model extended with the DLVO model (DLVO) in comparison with experimental data. Left: transient Sauter
mean diameter d32 at n¼550 min�1, right: stationary d32,stat vs. pH of continuous phase.

Table 4
Root-mean-square deviations of stationary Sauter mean diameters from simula-
tions using Coulaloglou and Tavlarides (1977) model extended with the DLVO
model vs. pH.

Stirrer frequency n 400 min�1 550 min�1 700 min�1 Total

RMSD(dd32,stat) DLVO 26.90 μm 19.93 μm 26.56 μm 24.67 μm
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constant. This affects mainly bigger droplets, because breakage is
more probable for these in general (Liao and Lucas, 2009). These
two effects lead to a narrower drop size distribution, which was
found experimentally at pH 13. Additionally, the interfacial tension
decreases slightly from 35 to 32 mN/m. This reduces the minimal
stable droplet size which can be observed by the slight decrease of
the minimal drop size in the distributions.

The experimental particle volume distributions are mainly distrib-
uted normally as they are displayed linearly in the normal probability
plot. Although the simulations fit well concerning the Sauter mean
diameter, the simulations at pH 7 do not describe the experimental
distributions well. However, it has to be considered that this repre-
sentation emphasizes the tails of the distribution and the definition of
the Sauter mean diameter is predominantly determined by the large
particles in the distribution. Additionally, the experimental d32 differ
from the predicted ones at the distinct pH value of 7 (see Figs. 2, 3
and 5). Nevertheless, the width of the distributions (corresponding to
the slope of the graphs) between simulations and experiments do not
match. The experimental distributions at pH 13 with stirrer frequen-
cies of n¼550min�1 and 700 min�1 are significantly narrower than
at pH 7. These distributions are described well by the simulations
using the Coulaloglou and Tavlarides (1977) coalescence efficiency. The
accordance with the experiments becomes better extending the

simulation with the DLVO model. At n¼400 min�1 the experimental
distribution is similar to the one at pH 7. This difference is not depicted
by any model applied. Throughout most system conditions the model
of Tobin and Ramkrishna (1999) shows the largest deviations from the
experimental distributions.

The narrow distributions in the simulations are mainly deter-
mined by the daughter drop size distribution of the breakage
kernel. Due to mass balance conservation a relatively narrow
normal distribution was applied (see Section 2.3). A broader
daughter drop size distribution would lead to broader distribu-
tions in the simulations but also result in a significant loss of mass
during simulation. Using an advanced daughter drop size distribu-
tion based on single drop breakage investigations, Maaß et al.
(2007) showed that the broad experimental distributions can be
predicted well. As the focus in this work lies on the coalescence
modelling, the breakage kernel was kept as basic as possible and
confined to the Coulaloglou and Tavlarides (1977) model.

4. Summary and outlook

The presented implementation of the DLVO theory into popula-
tion balance equations offers the possibility to extend hydrodynamic
models of coalescence efficiency so that the coalescence inhibition

Fig. 6. Transient development of the Sauter mean diameter d32 at pH 13 with a change in stirrer frequency n from 700 min�1 to 400 min�1 after 80 min in experiments and
simulations using the three coalescence efficiency sub models (C&T: Coulaloglou and Tavlarides (1977), T&R: Tobin and Ramkrishna (1999), DLVO: hydrodynamic model from
Coulaloglou and Tavlarides (1977) extended with DLVO model).

Fig. 7. Cumulative particle volume distributions from experiments (Exp.) and all simulations with different coalescence efficiency models (C&T: Coulaloglou and Tavlarides (1977),
T&R: Tobin and Ramkrishna (1999), DLVO: hydrodynamic model from Coulaloglou and Tavlarides (1977) extended with DLVO model) performed at pH 7 (left) and pH 13 (right).
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due to electrostatic effects can be described effectively. This was
applied for drop size distribution measurements in a stirred
tank with NaOH, NaCl and HCl present and an ionic strength of
I¼0.1 mol/L. The coalescence inhibition at high pH values was
modelled successfully extending the model of Coulaloglou and
Tavlarides (1977) with the developed DLVO model using only
constant numerical parameters. The gained results are able to
describe the steady state and transient experimental data better
than the models of Coulaloglou and Tavlarides (1977) or Tobin and
Ramkrishna (1999), where a parameter variation is inevitable to
describe the pH dependency of the Sauter mean diameter.

The surface potential has to be known, but may be approximated
with the zeta potential. As the type of oil has a minor influence on
the pH dependency of the zeta potential, the presented model can
be adapted to several investigations available in literature (e.g.
Creux et al. (2009), Gray-Weale and Beattie (2009) and Marinova
et al. (1996)) for different salts and conditions. If proper data is not
available, the zeta potential can be measured and its pH depen-
dency can be described with Stern adsorption isotherm and
Grahame equation as presented in this work.

In integral applications of the population balance equation
trajectories of single droplets and therefore distances between
drops are not available. Hence, the Debye length is defined as the
characteristic distance between the drops to calculate the attrac-
tive van der Waals and the repulsive electrostatic force.

An interesting further improvement of this DLVO model could
be a general description of the pH dependency of the zeta
potential for varying ionic strength and the implementation of
other ionic species. Additionally, the model equations could be
extended to describe also the presence of multivalent ions.

NomenclatureLatin letters

a curvature (here: droplet) radius [m]
a numerical parameter in isotherm fit [V]
A1,2,3 Hamaker constant [J]
b numerical parameter in isotherm fit [–]
c numerical parameter in isotherm fit [V]
c1,b numerical parameter in PBE: breakage rate [–]
c2,b numerical parameter in PBE: breakage rate [–]
c1,c numerical parameter in PBE: collision frequency [–]
c2,c numerical parameter in PBE: ‘hydrodynamic’ coalescence

efficiency [various]
c3,c numerical parameter in PBE: ‘electrostatic’ coalescence

efficiency [various]
d stirrer diameter [m]
d32 Sauter mean diameter [m]
dp particle / droplet diameter [m]
dp,max maximal particle / droplet diameter [m]
dμ mean value of drop size distribution [m]
dσ standard deviation of drop size distribution [m]
D tank diameter [m]
e elementary charge: 1.6022�10�19 C [C]
f number density function [m�3]
fϵ prefactor of energy dissipation rate [–]
F force [N]
Fel electrostatic double layer force [N]
FvdW van der Waals force [N]
g breakage rate [s�1]
h droplet distance [m]
H tank height [m]
I ionic strength [mol/L]
kB Boltzmann constant: 1.3806�10�23 J/K [J/K]
n stirrer frequency [min�1]
nd number of daughter drops after breakage event: 2 [–]

ni,0 number concentration of ion i in bulk [m�3]
nsalts,0 number concentration of all salts in bulk [m�3]
NA Avogadro constant: 6.0221�1023 mol�1 [mol�1]
pH decimal logarithm of the reciprocal hydrogen ion activ-

ity [-]
Req equivalent droplet radius [m]
RMSD Xð Þ root-mean-square deviation of quantity X [various]
t time [s]
T temperature [K]
ue electrophoretic mobility [m2/(V s)]
Vp particle/droplet volume [m3]
Vμ mean value of daughter drop volume distribution [m3]
Vσ standard deviation of daughter drop volume distribution

[m3]
Xi experimental value [various]
X̂i calculated value [various]
zi valence/charge number of ion i [–]

Greek letters

β daughter drop size distribution [–]
ϵ energy dissipation rate [m2/s3]
εr relative permittivity [–]
ε0 vacuum permittivity: 8.8542�10�12 F/m [F/m]
γ interfacial tension [N/m]
κ inverse Debye length [m�1]
λ coalescence efficiency / probability [–]
Γi number concentration of ion i at surface / interface

[m�2]
Γ0 reference saturation adsorption at surface / interface

[m�2]
υi volume of hydrated ion i [m3]
φ phase fraction [–]
Φi specific interaction energy of ion i [J]
Ψs surface potential [V]
σ surface charge density [C/m2]
θi surface coverage of ion i [–]
ξ collision frequency [m3/s]
ζ zeta potential [V]

Abbreviations

C&T Coulaloglou and Tavlarides (1977)
DLVO Derjaguin, Landau, Verwey & Overbeek theory
PBE Population balance equation(s)
PTFE Polytetrafluoroethylene
RMSD root-mean-square deviation
T&R Tobin and Ramkrishna (1999)
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