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Abstract

We propose a possibility to study the quantum light excitation of atomic systems.
To confine our study, we limit the configuration to two and four level emitters as
target systems. Source and target are coupled via unidirectional waveguide. We
numerically implement the cascaded formalism and use the source-target approach.
Herein, we focus on continuous excitation scenarios where the source system is excited
by continuous incoherent or coherent pumping. We demonstrate that, to a certain
extent, one can control the target system’s photon statistics via the source system
pumping mechanism. Additionally, different coupling regimes in both cavities can
change the output of the target system. In addition, we show that via tuning the
cavity’s parameters one can produce an exotic type of quasi-probability distribu-
tions, a flat Fock state distributions. We also discuss the different obtained photon
statistics for different coupling regimes. The used quantum light source, driven by
spontaneous emission, can be categorized as a single photon source or two photon
source. Therefore, the thesis is divided also according to these types of quantum light
sources into two parts:
In the first part of the thesis, after review of the theoretical methods, which are
applied in the thesis , we specifically study coupled cavities. The first cavity, pumped
incoherently, performs effectively as a single photon source. We consider system-bath
interaction in the coupling waveguide, i.e boson-boson interaction, for the photon
occurring in the system .We demonstrate that even for a simple scenario , where
thermal bath modes couple to the system, the photon statistics of the source is not
completely mapped to the target system. This suggest that the environment for such
a coupled systems influence the photon statistics of the source while transferring it
into the target system. In the case of direct coupling of emitters to the waveguide
the influence of the environment, as a dissipator, on the photon statistics can be seen
in photon number distribution. Additionally, higher order correlation functions for
the target system deviate drastically from the source system and show a mixture
of quantum coherent and incoherent dynamics. For the case of indirect coupling of
emitters to the waveguide, when the modes of two cavities are coupled, the medi-
ating environment also influences the photon statistics of the target system. This
phenomenon manifests itself in the second-order correlation function of the source
and target, wherein, while the source behaves in the anti-bunched regime, the target
system shows highly bunched pattern.
In the second part of thesis, we study the production of two photons in nonlinear
optics. As an example, we propose an optical setup where we can produce entangled
pairs of photons through the dynamical Casimir effect(DCE). By applying the laser on
a superconducting surface of a metal dielectric we induce a surface plasmon polariton
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(SPP). SPP give rise to the enhancement of DCE such as the efficiency of two photon
production exceed the common nonlinear optical processes for instance parametric
down conversion. We show that the resonant enhancement of the emission of two
photons happens when the excitation wavelength coincides with the amplitude of
the laser light. Another even more efficient source for the two photon emission is
a biexciton excitation of a quantum dot. We provide a formalism for a cascaded
biexciton which can be used to show how the source biexciton, pumped coherently
or incoherently, influences the target biexciton through a unidirectional waveguide,
modeled as a thermal bath.
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Zusammenfassung

In dieser Arbeit wird ein Verfahren zur Untersuchung der Anregung von atomaren
Systemen mit Quantenlicht vorgeschlagen. Die untersuchten atomaren Zielysteme
werden auf Zwei- und Vier-Niveau Systeme begrenzt. Quelle und Ziel sind über einen
gerichteten Wellenleiter gekoppelt. Wir implementieren eine numerische Simulation
auf Grundlage des kaskadierten Formalismus und des Quelle-Ziel Ansatzes. Wir be-
trachten kontinuierliche Pump Szeanrien in denen die Quelle kohärent und inkohärent
getrieben wird. Wir zeigen, dass die statistischen Eigenschaften des Zielsystems bis
zu einem gewissen Grad durch den Pump Mechanismus der Quelle kontrolliert werden
kann. Zusätzlich können unterschiedliche Kopplungsregimes in beiden Kavitäten
die Abstrahlung des Zielsystems beeinflussen. Zusätzlich zeigen wir, dass in einem
speziellen Parameterbereich eine exotische Quasi-Wahrscheinlichkeitsverteilung, eine
flache Fock-Zustandsverteilung, generiert werden kann. Auch werden die unter-
schiedlichen Photonenstatistiken für unterschiedliche Kopplungsregimes diskutiert.
Die verwendete quanten Lichtquelle, getrieben durch spontane Emission, kann als
einzel oder zwei Photonenquelle kategorisiert werden. Deshalb wird die vorliegende
Arbeit nach diesen Typen von Quantenlichtquellen aufgeteilt in zwei Teile:
Im ersten Teil der Arbeit, nach Einführung der theoretischen Methoden, welche
indieser Arbeit verwendet werden, untersuchen wir gekoppelte Kavitäten. Die erste
Kavität, welche inkohärent gepumpt wird, wirkt effektiv wie eine einzel Photonen-
quelle. Wir betrachten System-Bad Wechselwirkung in dem Kopplungswellenleiter,
d.h. Boson-Boson-Wechselwirkung, für das im System auftretenden Photon. Wir
zeigen, dass auch für ein einfaches Szenario mit einem thermischen Bad, die Pho-
tonstatistik der Quelle nicht vollständig auf das Zielsystem übertragen wird. Dies
deutet darauf hin, dass das Bad für solche gekoppelten Systeme die Photonstatistik
der Quelle beeinlusst bei gleichzeitiger Übertragung auf das Zielsystem. Im Falle von
direkter Kopplung der Emittern an den Wellenleiter kann der Einfluss des Bades, als
Dissipator, auf die Photonstatistik in der Photonenzahlverteilung gesehen werden.
Darüber hinaus weichen Korrelationsfunktionen höherer Ordnung für das Zielsystem
drastisch vom Quellsystem ab und zeigen eine Mischung aus quantenkohärenter und
inkohärenter Dynamik. Auch für den Fall der indirekten Kopplung der Emittern an
den Wellenleiter, wenn die Moden der zwei Kavitäten gekoppelt sind, beeinflusst das
Bad die Photonenstatistik des Zielsystems. Dieses Phänomen manifestiert sich in der
Korrelationsfunktion zweiter Ordnung von Quelle und Ziel: während sich die Quelle
antibunching aufweist ist die Statistik im Zielsystem gebuncht.
Im zweiten Teil der Arbeit untersuchen wir die Produktion von zwei Photonen
in nichtlinearer Optik. Als Beispiel schlagen wir einen optischen Aufbau vor, in
dem verschränkte Photonen Paare durch den dynamischen Casimir-Effekt (DCE)
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hergestellt werden können. Trifft ein Laser auf eine supraleitende Oberfläche eines
Metalldielektrikums so werden Oberflächenplasmon-Polaritonen erzeugt. Diese
Oberflächenplasmon-Polaritonen verstärken den DCE, so wird die Effizienz der
Erzeugung von verschränkten Photon Paaren die üblichen nichtlinearen optischen
Prozesse wie etwa parametrischen Fluoreszenz übersteigen. Wir zeigen, dass die
Resonanzverstärkung der Emission von zwei Photonen dann erfolgt, wenn die An-
regungswellenlänge mit der Wellenlänge des Laserlichts zusammenfällt. Wir führen
einen Formalismus für ein kaskadiertes Biexziton ein, mit dem untersucht werden
kann, wie die Biexzitonquelle, sowohl kohärent als auch inkohärent gepumpt, das
Zielbiexziton durch einen unidirektionalen Wellenleiter beeinflusst.
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1 Introduction

1.1 Excitation by quantum light: motivation and question

Production of quantum light is not a new trend and the subject has been studied
along the fruition of quantum optics since its establishment. However, the inquiry
about quantum light has stayed focused on understanding its properties [1, 2] and
improving its production scheme [3]. Quantum light sources are realized for many
different material platforms in semiconductor, atom and molecular systems [4, 5, 6,
7, 8] which can be implemented for the production of quantum light. They can be
applied as a testbed for nonlinear quantum dynamics [9] which includes quantum
ghost imaging, two-photon-spectroscopy [10, 11, 12] and quantum light spectroscopy
[13, 14].
Typically, there are two types of quantum light sources: single-photon and two-
photons emitters. Different prototypes of single-photon emitters based on semicon-
ductor nanostructures are manufactured [15, 16, 17] and implemented in quantum
cryptography protocols [18, 19, 20] and quantum sensing [21]. Polarization-entangled
photon sources [22] are another class of quantum light sources. They can be electri-
cally driven and triggered on demand [23]. However, the traditional way to produce
two entangled photon comes from nonlinear optical processes [24, 25].

This rich variety of quantum light sources follows by excitation proposals. For
example, single photon excitation can purify non-classical states of light and sup-
presses additional fluctuations [26]. This process allows for Hilbert-state addressing
[27]. One the other hand, entangled photon pairs are applied for ultrafast double-
quantum-coherence spectroscopy of excitations with entangled photons [28]. Also,
they can be used for the quantum gates which are based on entanglement swapping
protocols [29].

It was rather in the recent years that researchers have started to pay attention
to use these nonclassical light sources to radiate them on other quantum systems [30].
They can vary from simple harmonic oscillators to fully quantized cQED systems.
The treatment for the aforesaid problem was unknown as the tenable formalism for
such interactions was unclear. However Kobolove et al attempt, supposedly in an
indirect way, can be seen as a starting point [31], the first real effort to attack this
problem was done by Gardiner where he implemented and modified input-output
methods [32, 33] and quantum noise theory to tackle the problem of coupled quantum
systems [34]. At the same time, but in a separate study, Carmichael [35] formulated
a theory that, with a contribution to both researchers, has been called the cascaded
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1 Introduction

formalism. This formalism distincts the source and the target of quantum excitation
to such degree that the source influences the target but is not influenced back. The
more rigorous treatments of such a problem have been enunciated in Gardiners book
[36].

In the very recent study by Carreno et al, the excitation with quantum light has
been treated extensively. They have introduced new mapping from Hilbert space of
quantum light to present the accessible part of physical Fock states. This is due to
the fact that a pure Fock state is difficult to generate, specifically in the steady-state
scheme and by charting the Hilbert space of the system (by its observables) one can
detect the obtainable part of quantum states. They have also inspected the excitation
of a two-level system (TLS) with different types of light sources [27, 37].
Herein, as a completion to the previous efforts to understand the influence of quantum
excitation, we propose different sets of questions to be answered. The first goal of this
research is to exploit the possible influence of the quantum light on the properties
of the target system. On the other hand, we investigate the control of rudimentary
part of target systems photon statistics by the source. We want to see how one can
control a quantum system with another quantum system. Finally, we examine the
effect of environment on the coupled systems as an inquiry for better understanding
of open quantum system dynamics.

1.2 Structure of thesis

In this thesis, we start from the theoretical background in chapter 2. The quantization
of electromagnetic field, quantum dynamical pictures and the theory of open quantum
systems are fundamentally discussed.

In chapter 3 the method of the cascaded formalism ,to describe the physical model
of the coupled quantum systems, is conceptually introduced. We then provide a
direct derivation of master equation to obtain the density matrix of the combined
systems. In chapter 4 the main ideas behind the statical and dynamical Casimier
effect (DCE) are presented. A brief overview of the state of the art of experimental
realization of DCE is also given.
In chapter 5 we apply the formalism, obtained in chapter 3, for the specific setup:
coupling between two optical cavities. Then we derive the final version of the
corresponding master equation and evaluate it numerically. The results for different
configuration is illustrated and discussed in this chapter. In Chapter 6, we overview
a nonlinear optical process, spontaneous parametric down conversion (SPDC), which
is traditionally a source for two entangled photons. Then, we present a setup based
on DCE that can fabricate two entangled photon emission. In chapter 7, after
introducing biexcitons as a source for two entangled photon production , we give a
full mathematical procedure for obtaining Lindblad and Redfield master equations of
cascaded biexcitons. This formalism initiates a foundation for the future study of
such systems.
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1.2 Structure of thesis

Chapter 8 recaps this manuscript, summarize it and gives an outlook.
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2 Theoretical framework

In this chapter, we will introduce the theoretical backgrounds which are essential
knowledge for the rest of the thesis. However, these topics are from different field of
modern physics, they have a common aspect. They go beyond the exciting theory
or framework towards a more explicit view that one can apply to explain unsolved
physical questions. For further inquiries about this topics, we address the readers to
the corresponding standard books in each subject [38, 39, 40, 41, 42, 43, 44].
Starting from the quantization of electromagnetic field, we quantize the Maxwell
equations for a vacuum cube. This part will be necessary for the investigation
of the quantum aspects of light which later will be consider in the study of (the
dynamical) Casimir effect. Additionally, the environment surrounding our quantum
systems investigated in this thesis are considered to be in a vacuum state. Therewith
we overview different dynamical pictures resp. three representations in quantum
mechanics: These three pictures are isomorphic, in the sense that they give the same
expectation values for the desired observables of the system. They are important
because in the derivation of optical master equation in chapters 3,5 and 7 we often
transfer our differential equations from one representation to another , which helps us
to obtain a simpler version of these particular equations. Finally, we briefly introduce
the main ideas behind open quantum system formalism. This formalism is relevant
for the cases, in which there is a cooperation between a quantum system and its
surrounding. As the aim of this dissertation is to cascade two quantum systems via
an environment, this outstanding framework is essential for the realization of their
complex dynamics.

2.1 Quantization of electromagnetic field

The Maxwell-Faraday equation and Ampere’s circuital law in vacuum ( c = 1
/√

µ0ε0)
are written as

∇× ~E = −1

c

∂ ~B

∂t
(2.1.1a)

∇× ~B =
1

c

∂ ~E

∂t
. (2.1.1b)

Further, the Gauss law for magnetic and electrical field in vacuum is given by

∇ · ~E = 0 (2.1.2a)

∇ · ~B = 0. (2.1.2b)
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2 Theoretical framework

There are two types of potentials in electromagnetic field and both of them are
functions of position and time.The derivation of potential gives (electric or magnetic)
fields and is associated with energy. In addition fields are associated with forces
in classical electromagnetism [45]. On the other hand, Gauge invariance principal
suggests that there are many different potentials which can generate the same fields.
We then define the most general transformation which leaves the fields ~E and ~B
unchanged. Therefore one can define two potential functions: a magnetic vector
potential ~A and a electric scalar potential Φ which is a directionless value and
consequently only depends on its location. These two potentials are related to the
electric and magnetic fields via

~B = ∇× ~A (2.1.3a)

~E = ∇Φ− ∂ ~A

∂t
. (2.1.3b)

One should keep in mind that the ability to do this transformation is the result of
Helmholtz theorem [46]. According to the invariant principle [47] , we are free to
choose the simplest gauge. For a electric scalar potential we assume that it goes to
zero in the limit of large distances∫∫∫

V
d3r(∇Φ)2 = 0 =⇒ ∇Φ = 0. (2.1.4)

Further, we employ the Coulomb gauge demanding the magnetic vector potential to
be free of any divergence

∇ · ~A = 0. (2.1.5)

By plugging Eq.(2.1.4) into Eq.(2.1.3b) the electric field can be written as E =
−∂A/∂t. Thus, from Eq.(2.1.1b) in combination with Eq.(2.1.5) one can derive the
wave equation for vacuum field

∂2A

∂t2
− c2∇2A = 0. (2.1.6)

If we choose a cubic cavity with edge length L, the solution of the wave equation
should have the form of a Fourier’s series:

~A =
∑
~k

~Ak exp(i~k~r − iωt). (2.1.7)

Substituting this ansatz to Eq.(2.1.6) we will reach the following solution

~A =
∑

kx,ky ,kz

~Ak exp i(kxx+ kyy + kzz − ωt) (2.1.8)

where kx = 2πvx/L, ky = 2πvy/L, kz = 2πvz/L are the components of the wavevec-

tor. with vx, vy, vz = ±1,±2, .... The Fourier amplitude ~Ak is time independent. The
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2.1 Quantization of electromagnetic field

Figure 2.1.1: The possible wavevectors k for the cubic cavity with the side sizeL

time evolution of the vector �A is stored in exp(ωt) . The first part of exponential is a
spatial function which gives us a lattice of points in the three dimensional space with
a lattice constant 2π/L . The allowed wavevectors k for a cavity are illustrated in
Fig.2.1.1.

Thus, we can write corresponding solution for electric field and magnetic field according
to the vector potential �A

�E = −∂A

∂t
=

∑
�k

iω( �Ak exp(i�k�r − i�ωt) + cL (2.1.9a)

�B = �∇× �A =
∑
�k

i(�k × �Ak) exp(i�k�r − iωt) + cL (2.1.9b)

where cL is a constant depending on the length L of the cavity. It can be argued that
the electromagnetic field can be resembled to an infinite number of (independent)
harmonic oscillators [48]. In this system the electromagnetic field can be excited
in discrete modes of the cavity, however, the results of that system are mostly
independent of the size and nature of cavity and can be used for arbitrary optical
cases. In fact, this is the reason behind the definition of the constant cL.

It is prominent, that in classical physics we just consider the real part of the Fourier
amplitude �Ak, thus in order to have a real quantity, not a complex one, we define the
general form of �A

�A(�r, t) =
∑
�k

( �Ak exp(−iωkt+ i�k�r) + �A∗
k exp(−iωkt+ i�k�r)). (2.1.10)

Substituting �A into Eq. (2.1.9a) and Eq. (2.1.9b) we obtain explicit expressions for
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2 Theoretical framework

the electric and magnetic fields given by

~E(r, t) = −∂
~A

∂t
=
∑
~k

iω( ~Ak exp(−iωkt+ i~k~r)− ~A∗k exp(−iωkt+ i~k~r)) (2.1.11a)

~B(~r, t) = ~∇× ~A =
∑
~k

i((~k × ~Ak) exp(−iωkt+ i~k~r)− (~k × ~Ak) exp(−iωkt+ i~k~r)).

(2.1.11b)

We note that the spatial parts of Eqs. (2.1.11a) and (2.1.11b), which are only time
dependent, are similar to the eigenfunctions of the wave equation and are called
normal modes. Thus, one can rewrite vector potential equation in the form of modes
function ~uk(r) = L−3/2êλ exp(i~k~r)(the polarization vector êλ is perpendicular to ~k)
and normalized amplitudes ak as follows

~A(~r, t) =
∑
~k

(
~

2ωkε0
)1/2(ak~uk(r) exp(−iωkt) + a∗k~u

∗
k(r) exp(iωkt)). (2.1.12)

One should notice that ak and a∗k are complex numbers in the framework of clas-
sical electromagnetism. The quantization procedure starts from the fact that the
Hamiltonian of the electromagnetic field can be written as

H =
1

2

∫ ∫ ∫
(ε0E

2 + µ0B
2)dr. (2.1.13)

By plugging Eq. (2.1.11a) and Eq. (2.1.11b) into Eq.(2.1.13) of one can reformulate
the Hamiltonian as

H =
1

2

∫ ∫ ∫
(ε0(∂t ~A)2 +

1

µ0
(∇× ~A)2)dr. (2.1.14)

We have already mentioned that the electromagnetic field can be modeled as a set of
harmonic oscillators. Before the quantization procedure, we define the position and
momentum operators

qk =

√
~

2ω
(ak exp(−iωkt) + a∗k exp(iωkt)) (2.1.15a)

pk = −i
√
~ω
2

(ak exp(−iωkt)− a∗k exp(iωkt)). (2.1.15b)

By substituting the definition of ~A in Eq. (2.1.14) and considering qk and pk we can
rewrite the Hamiltonian for k harmonic oscillators as

H =
∑
k

(
p2
k

2
+
ω2
k

2
q2
k). (2.1.16)
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2.1 Quantization of electromagnetic field

For the quantization of the electromagnetic field, the first step is to quantize harmonic
oscillator and by this knowledge we can establish the quantum state of electromagnetic
field.
It can be shown that the spatial dependence of the electromagnetic field are preserved
in quantization [49]. This is the point where we can start to replace the vector
potential ~A by an operator Â. Also, the cavity is considered to be a region of space
without any boundaries. The wave, in this case, is a progressive wave compared to
the classical standing wave . In general, at each point of space, the simple harmonic
oscillator is replaced by quantum harmonic oscillator. Thus for the quantization, we
need to substitute the complex numbers ak and a∗k by the complex operators â, â†

and insert the time evolution to each of them. Then we can write the operator as
follows

Â(~r, t) =
∑
k

(
~

2ωkε0
)1/2(âk(t)~uk(r) + â†k(t)~u

∗
k(r)). (2.1.17)

The Hermitian operators âkand â†k follows the scalar products rule

[âm, â
†
n] = δmn , [âm, ân] = 0 , [â†m, â

†
n] = 0. (2.1.18)

The dynamical behavior of the electric-field amplitudes may then be described by
an ensemble of independent harmonic oscillators obeying the above commutation
relations. The quantum states of each mode may now be discussed independently of
each other. The state in each mode may be described by a state vector ψk of the
Hilbert space appropriate to that mode. The states of the entire field are then defined
in the tensor product space of the Hilbert spaces for all of the modes. Assuming for
the magnetic field that B = µ0H, the Hamiltonian of the free magnetic field is given
by

H =
1

2

∫
(ε0E

2 + µ0H
2)dr =

∑
k

~ωk(â†kâk +
1

2
). (2.1.19)

This relation is well known from the quantum harmonic oscillator, where nk = a†kak
is the number operator. As a matter of fact, n̂ stands for quantum particle mode
occupation. So we can write the Hamiltonian as

H =
∑
k

~ω(n̂k +
1

2
). (2.1.20)

This represents the sum of the number of photons in each mode multiplied by the
energy of a photon in that mode, plus 1

2~ωk representing the energy fluctuations in
each mode. Of course the Fock states are not the only states of light but if one can
produce quantum light in the experiment these states are the best tools to describe
the quantum features of the light field. Other state of light like coherent states or
squeezed states expose the important aspect of light and can be reviewed in the
relevant literature [50, 49, 51].

11



2 Theoretical framework

2.2 Dynamical pictures

While the different pictures of quantum mechanics have distinct formalism, these
representations are isomorphic in the evaluation of the state of quantum system.
In other word, one obtains similar predictions for the observables in each of these
pictures. Their difference comes from the time evolution of the basis that constitute
the Hilbert space of the system. This is apparently the difference between fixed
and moving frames or active and passive transformations [52]. Fundamentally, any
observation in the framework of quantum mechanics should be unrelated how we
choose to represent the state vector ψs of an arbitrary system. Therefore, any new
dynamical picture or representation of quantum mechanics must satisfy the following
two rudimentary criteria:

1. The eigenspectrum of an arbitrary operator in a quantum system must stay
the same if we move to another dynamical representation.

2. The probabilistic amplitude of any measurement 〈n |ψ 〉 must be identical.

Now by keeping these two rules of thumb in mind , we can introduce three representa-
tions that shall be applied in the succeeding chapters. In the following, the subscripts
S , H and I stand for Schrödinger , Heisenberg and interaction pictures.

Schrödinger picture:

In this picture the observables of the system, ÔS , stay time independent, ÔS 6=
ÔS(t) . In this picture, the Schrödinger equation changes the states , basis for the
Hilbert space, of the system with time while the operators of the system stay time
independent. The only operator which can be time-dependent is the Hamiltonian of
the system ĤS . So in this picture basis evolve and we have a passive transformation

d

dt
|ψS(t)〉 = − i

~
ĤS |ψS〉. (2.2.1)

Consequently, the time evolution of operators is carried by the state vector〈
ÔS

〉
(t) =

〈
ψS(t) | ÔS |ψS(t)

〉
. (2.2.2)

Additionally, by using Eq. (2.2.1) and Eq. (2.2.2) one can prove the so called
Ehrenfest theorem [53]

d

dt

〈
ÔS

〉
=
i

~

〈[
ĤS , ÔS

]〉
+

〈
∂ÔS
∂t

〉
. (2.2.3)

On the other hand, we can represent a state as a Taylor series, polynomial in time

12



2.2 Dynamical pictures

ψS(t) = ψS(0) + tψ̇S(0) +
t2

2
ψ̈S(0) + .... = (1 +

t

i~
ĤS + t2

1

2(i~2)
Ĥ2
S + ...)ψS(0)

=
∞∑
n=0

tn
1

n!(i~)n
Ĥn
SψS(0) =

∞∑
n=0

1

n!
(− i
~
ĤSt)

nψS(0). (2.2.4)

This time series can be approximated as an exponential function and we can
reformulate the Eq. (2.2.4) in the form of

ψS(t) = e−iHSt/~ψS(0) = US(t)ψS(0) (2.2.5)

where US is an unitary operator which shifts the states of the system in time. One
should keep in mind, that the definition of US is in alignment with the exponential
map between vector space of self-adjoint operators and the group of unitary operators.
The Hamiltonian of the system is indeed a self-adjoint operator, HS ∈ LS , and there
is an exponential map for the Hamiltonian which is a unitery operator [54].
The representation of time-evolution operator also can be driven from the solution of
Schrödinger equation by replacing ψS(t) with US(t)ψS(0) in that equation. The result
will be the same exponential formalism. US can also be defined in Dirac notation as
a time-evolution operator which acts on the ket at time t0 = 0 to produce a ket at
some other time t

|ψS(t)〉 = US |ψS(0)〉. (2.2.6)

Further, the unitary operator US has also time reversal property US(t) = U †S(−t).
Thus, we can go backward on the time scale of the system

U †S(t)|ψS(t)〉 = |ψS(0)〉 (2.2.7a)

〈ψS(t)| = 〈ψS(0)|U †S(t). (2.2.7b)

Since the time-dependent Hamiltonian commutes in different time scales we can
rewrite the operator US in terms of an integral

US = exp

(
− i
~

∫ t

0
HS(t′)dt′

)
. (2.2.8)

Heisenberg picture:

In Heisenberg picture, the quantum states are time independent while the quantum
operators evolve with time, Ô = Ô(t). We know that the expectation value is
obtained from Eq. 2.2.2. Since, |ψS(t)〉 = US |ψS(0)〉and 〈ψS(t)| = 〈ψS(0)|U∗S(t) we

can reformulate the expectation value for the system operator ÔH as〈
ÔS

〉
(t) =

〈
ψS(0) | U∗S(t)ÔSUS(t) |ψS(0)

〉
=
〈
ψH | eiĤSt/~ÔSe−iĤSt/~ |ψH

〉
.

(2.2.9)

13



2 Theoretical framework

Therefore, we can find a relation between Schrödinger and Heisenberg representations
of an operator

ÔH = U †S(t)ÔSUS(t) = eiĤSt/~ÔSe
−iĤSt/~. (2.2.10)

We may verify the operations time-dependence through differentiation

dÔH
dt

=
i

~
ĤSe

iĤSt/~ÔSe
−iĤSt/~ − i

~
eiĤSt/~ÔSHSe

−iĤSt/~ +
∂ÔS
∂t

=
i

~
eiĤSt/~(ĤSÔH − ÔHĤS)e−iHSt/~ + eiHSt/~(

∂ÔS
∂t

)e−iHSt/~ (2.2.11)

=
i

~
(ĤSÔH − ÔHĤS) +

(
∂ÔH
∂t

)

⇒ dÔH
dt

=
i

~

[
ĤS , ÔH

]
+ (

∂ÔH
∂t

). (2.2.12)

This is what in the literature is often called the Heisenberg equation.

The interaction(Dirac) picture:

The interaction picture constitutes a framework in which both the quantum states
and the operators are time dependent. This presentation is a matter of interest
for the cases wherein the total Hamiltonian of the system can be separate to a
time independent and a time dependent parts, H = H0 + Hint(t). We call the
time independent part free Hamiltonian and the time dependent part interaction
Hamiltonian. In this sense, the state vectors evolve via the interaction(perturbative)
part of the Hamiltonian and the operators due to the free part.
In the interaction picture, the state vectors are again defined as transformations of
the Schrodinger states. These state vectors are converted only by the free part of the
Hamiltonian

|ψI(t)〉 = eiĤ0,St/~|ψS(t)〉 = eiĤ0,St/~e−iĤSt/~|ψS(0)〉. (2.2.13)

And the Dirac operators are transformed similarly to the Heisenberg operators by
the free part of Hamiltonian

ÔI(t) = eiĤ0,St/~ÔSe
−iĤ0,St/~. (2.2.14)

So it follows that for the independent Hamiltonian we can write

Ĥ0,I(t) = eiH0,St/~Ĥ0,Se
−iĤ0,St/~. (2.2.15)

As a matter of fact, the operators commute with differentiable functions of themselves.
This also follows from Ĥ0,S commuting with itself in the Eq. 2.2.4. So one has a
relation between the Hamiltonian in the Schrödinger and the interaction pictures

Ĥ0,I(t) = Ĥ0,S . (2.2.16)

14



2.2 Dynamical pictures

The interacting part also can be defined similarly

V̂I(t) = eiĤ0,st/~V̂Se
−iĤ0,St/~. (2.2.17)

In interaction picture, the evolution of the states is obtained from

d

dt
|ψI(t)〉 =

i

~
Ĥ0,Se

iĤ0,St/~|ψS(t)〉+ eiH0,St/~ d

dt
|ψS(t)〉. (2.2.18)

This can be proven easily from Schrödinger equation

d

dt
|ψS(t)〉 = − i

~
ĤS |ψS(t)〉

=
i

~
Ĥ0,S |ψI(t)〉+ eiĤ0,St/~(− i

~
ĤS |ψS(t)〉). (2.2.19)

But we know that ĤS = Ĥ0,S + V̂S holds, so that Eq. 2.2.19 can be written as

d

dt
|ψS(t)〉 =

i

~
Ĥ0,S |ψI(t)〉 −

i

~
Ĥ0,Se

iĤ0,St/~|ψS(t)〉 − i

~
eiĤ0,St/~V̂S |ψS(t)〉. (2.2.20)

The first two terms vanish and and together with Eq. (2.2.13) we get

d

dt
|ψS(t)〉 = eiĤ0,St/~(

1

i~
V̂Se

iĤ0,St/~|ψI(t)〉)

=
1

ih
eiĤ0,St/~V̂Se

−iĤ0,St/~|ψI(t)〉
d

dt
|ψI(t)〉 =

1

ih
V̂I(t)|ψI(t)〉 (2.2.21)

This shows that the state vectors in the Dirac picture evolve in time according to the
interaction term only. Also, it can be shown that the operators in the Dirac picture
evolve in time only according to the free Hamiltonian [55]

dÔI
dt

=
i

~

[
Ĥ0,I , ÔI

]
+ (

∂ÔI
∂t

). (2.2.22)

One should consider that the Hermitian conjugate of the Schrödinger equation is a
consequence of Hamiltonian hermiticity. So we have a conjugate of the time-dependent
Schrodinger equation as

−i~ ∂
∂t
〈ψ| = H〈ψ|. (2.2.23)

We know that bounded operators in Hilbert space follow the conjugate property
〈ψ |Hψ 〉 =

〈
H†ψ |ψ

〉
and in general

〈
ψ
∣∣A†ϕ〉 = 〈Aψ |ϕ〉. Further, we know that H

is Hermitian so H = H†. One implication of the Dirac picture is the perturbation
theory which , in the realm of quantum optics, has various applications, for instance
Jaynes-Cumming model that we will use latter in this thesis.
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2 Theoretical framework

2.3 Open quantum systems

The isolated quantum system is in the center of study in the conventional quantum
mechanics, where one needs to just concentrate on the systems properties. This
isolation can be seen as an assumption that deviates from the reality, wherein the
system and the environment are coupled and affect each other. The reason for
the absence of rigorous development of theory for open quantum systems rests in
the fact that the conventional one, for a while, had a successful prediction for the
representative cases in the early days of the development of quantum mechanics. In
addition, considering all degrees of freedom of the environment is in fact a difficult
task to handle [56].

Figure 2.3.1: The interaction between a quantum system and bath. The composite
Hilbert space consist of the tensor product between the Hilbert space
of the system Hs and the Hilbert space of bath HB.

Thus, the cornerstone of the theory of open quantum system is to first study the
dynamics of the system together with environment(bath). Then we average the dy-
namical properties of environment and finally reduce the whole system-bath dynamics
by tracing the general density matrix over the environment variable to just systems
density matrix. Physically, this means that we consider the influence of the average
properties of the environment on the system [41]. The time evolution, in this case,
can be understood as a dynamical map T which transfers the density matrix in its
initial condition ρ(0) to the density matrix at time t, T : ρ(0) → ρ(t). One should
notice that the density matrix is a mixture of pure states in its initial condition and
remain mixed when it is mapped to another point of the dynamical phase space.
Here, the density matrix is defined in a usual way as [57]

ρ(t) = |ψ(t)〉〈ψ(t)| =
∑
n

pn|ψn(t)〉〈ψn(t)|. (2.3.1)

Where ψ(t) stands for pure state and |ψn(t)〉 is the ensemble of pure states. Each
ψn has a probability pn. Of course, the general evolution of the density matrix can
be obtained from the Von Neumann equation for pure or mixed state description of
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2.3 Open quantum systems

quantum systems

∂ρ(t)

∂t
= −i [H(t), ρ(t)]. (2.3.2)

As a matter of fact, the environment also can be seen as another system which is
much larger than the system under study. The combination of the system and the
environment (bath), S +B however, is presumed to be a closed system; e.g., no other
external environment, B̄ contains the arrangement of S +B. Then the Hilbert space
of the combined systems takes the form

H = Hsys ⊗HB. (2.3.3)

Each Hilbert space has a separate basis which can be shown as {|ψn〉s} and {|ψm〉B}.
Consequently, the basis for the combined Hilbert space H, {|ψr〉G} can be described
via the tensor product between theses basis

{|ψr〉G} = {|ψn〉s ⊗ |ψm〉B} . (2.3.4)

The concept that the reduced density operator contains all the necessary information
about the system is a matter of importance. This is done by tracing out all the
degrees of freedom of the bath or in a formal language as ρs(t) = trBρ(t) where ρs(t)
has a smaller dimension than ρ(t) and easier perhaps to compute. Now one can show
that for any observable of the system, ρs(t) suffices to give a suitable answer [58, 59].
In the most universal case, we can write the Hamiltonian of the system and the bath
as

H = Hs +HB +HI . (2.3.5)

The first two Hamiltonians, are the free part of Hamiltonian, H0 = Hs + HB.
Therefore, it is the HI which has a time dependence. It was discussed in Sec.2.2
that, by moving to the interaction picture this part will be important . The general
representation of the coupling between the source and target is shown in Fig.2.3.1
and is written

H̃I(t) = ei(HS+HB)tHIe
−i(HS+HB)t. (2.3.6)

By keeping in mind that the combination S +B is closed, we can rewrite the Von
Neumann equation for such a combination as follows

∂ρ(t)

∂t
= −i[H̃I(t), ρ(t)]. (2.3.7)

The Eq. (2.3.7) is a first order differential equation and has a solution

ρ(t) = ρ(0)− i
∫ t

0
ds[H̃I(s), ρ(s)]. (2.3.8)
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2 Theoretical framework

In an iterating procedure, by substituting the solution back into the differential
equation (2.3.7), one gets a result with the products of H̃I

∂ρ

∂t
= −i[H̃I(t), ρ(0)]−

∫ t

o
ds[H̃I(t), [H̃I(s), ρ(s)]. (2.3.9)

This is, of course, the equation for the general density matrix but we are interested
in the reduced density matrix so the tracing over the environment is necessary. By
doing so, from Eq. (2.3.9) we can write

∂ρS(t)

∂t
= −itrB[H̃I(t), ρ(0)]−

∫ t

0
ds trB[H̃I(t), [H̃I(s), ρ(s)]]. (2.3.10)

Finally, by transferring the term −itrB [H̃I(t), ρ(0)] from the interaction Hamiltonian
to the system Hamiltonian, equivalently putting it zero in the current picture, one
can write

∂ρS(t)

∂t
= −

∫ t

0
ds trB[H̃I(t), [H̃I(s), ρ(s)]]. (2.3.11)

We have not made any assumption (of course except assuming combination of system
and bath is closed) so the Eq. (2.3.11) is still exact though very difficult to solved.
From this point, we will make some assumptions that make the solution of Eq. (2.3.11)
easier. One should bear in mind that for an open quantum system dynamics, there
are three different timescales that will be in the center of following approximations.
The first one is the system’s time scale τs, the second one is τB which is the bath
timescale and finally τI which is the interaction timescale.

Born approximation

Before introducing the Born approximation we shall introduce an initial condition
which is related to this approximation. We set the initial density operator as
ρ(0) = ρS(0)⊗ρB(0) which states that in the time τs = τB = 0, there is no interaction
between system and bath and they can be factorized from each other. The essence of
the Born approximation is of the extension of above assumption where we assume
that the density operators stay factorized for t > 0 as well

ρ(t) ≈ ρS(t)ρB. (2.3.12)

The more fruitful explanation for the Born approximation is that we only consider
the first back action from the bath on the system and the second order terms will
not be considered. This approximation fundamentally relies on the fact that the
environment is considered to be sufficiently larger than the system that its states are
not influenced by the system. This implies that the interaction Hamiltonian HI is
considerably weak. By such an approximation one can rewrite the Eq. (2.3.11) as

∂ρS(t)

∂t
= −

∫ t

0
ds trB[H̃I(t), [H̃I(s), ρS(s)ρB]]. (2.3.13)
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2.3 Open quantum systems

Markov approximation

The Markov approximation, as it is clear from its name, comes from the Markovian
chain in statistical mechanics. It indicates the fact that the only information that
we need to predict the future of the systems is the current state of them. Putting it
differently, there is no need to rely on the past trail of the system and all the infor-
mation necessary for prediction of its future is already contained in the present state.
In the case of open quantum systems, this implies that the memory of environment
is much shorter than of the system, i.e., environment is big enough that will not
remember the past behavior of the system. This allows us to assign the present time
to the time scale of the system: ρS(s)→ ρS(t). The memory effect elimination can
be reflected on dynamical map formalism. Assuming the family of dynamical map
{T (t)} and two different times t1, t2 > 0 we have

T (t1)T (t2) = T (t1 + t2). (2.3.14)

This is exactly semi-group property that turn dynamical map to dynamical semi-group.
The functional equation Eq. (2.3.14) has a family of solution as

T (t) = eLt. (2.3.15)

From that property one can derive general Markovian master equation

dρS
dt

= LρS (2.3.16)

where L is a generator that should be explicitly defined. This is the stage that the so
called Lindblad theorem was proposed for the definition of this generator [60, 61, 62].

Furthermore, by considering that the system and the environment are disjoint, we
can extend the limitation of the time integral to infinity in Eq. (2.3.13) and use the
variable transformation τ = t− s to obtain

∂ρS(t)

∂t
= −

∫ ∞
0

dτ trB[H̃I(t), [H̃I(t− τ), ρS(t)ρB]]. (2.3.17)

Without specification about a particular system, still we can get further and have
more definite form for the master equation. This is generally done by reformulating
the interaction Hamiltonian into the summation where bath correlation functions
are separated from system operators. This form specifically can be written in the
interaction picture as

HI(t) =
∑
i

Si(t)⊗Bi(t). (2.3.18)

As it is clear that in the interaction picture these operators are time dependent.
The relation between these operators in Schrodinger and interaction pictures can be
expressed as:

Si(t) = eiHStSie
−iHSt (2.3.19a)

Bi(t) = eiHBtBie
−iHBt. (2.3.19b)
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2 Theoretical framework

Secular approximation

Secular approximation stands for the omission of the fast oscillating terms. As we
mentioned above in the Eq. (2.3.19a) and Eq. (2.3.19b) , the exponential terms are
considered in the master equation and will have two different time scales for t and
s. The corresponding frequencies to these time scales are ω and ω′. In this case the
timescale of the system can be written as

τs =
1

(ω − ω′)
for ω − ω′ 6= 0. (2.3.20)

Thus, the essence of the secular approximation is that the time evolution of the
system-bath interaction is slower that time evolution of the system, τs << τI . Where
τI represents the interaction timescale which also can be seen as relaxation time.
Hence, as we are interested on relaxation of system, the fast oscillating terms are
estimated to be zero. It is worthwhile to notice that the secular approximation is not
necessary an indication for Markov approximation. In other word, it does not suggest
that the bath timescale is much faster than the relaxation timescale, τB << τI .

Finally, the secular approximation also holds for non-Markovin dynamics, wherein,
τS should be smaller than non-Markovian timescale.
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3 Cascaded formalism

Herein, we present a formalism developed for coupled quantum systems. As a
matter of fact, a very convenient method to simulate quantum excitation experiments
is the quantum cascade formalism developed concurrently by Gardiner [34] and
Carmichael [35]. The quantum cascade approach allows a self-consistent mapping
of the sources quantum excitation onto a second-system, via the quantum Langevin
[34] or quantum stochastic Schrödinger equations [36, 63]. The concept for such
a formalism is a continuation of the theory of open quantum systems discussed in
Chapter.2. Firstly, we introduce the input-output method which was developed by
Gardiner et al [36]. We will see that this method is the step stone for the equation of
motion for cascaded systems. We then move forward, and treat coupled quantum
system in such a way that the properties of the source can be studied first and then
it can be used to shine it on the target system. This concept of source and target
initiates the core notion for the cascaded formalism. Finally, we discus different
methods to derive a master equation which determines the density matrix of composite
systems. This obtained density matrix is used to study the dynamics of source and
target systems.

3.1 Input-output method

The first general formulation of in-out operators is developed in the realm of quantum
field theory. This is done by introducing reduction formula where input-output
transition amplitudes determine S-matrix elements [64]. However, the initial effort
to specifically tackle the problem of input-output of damped quantum systems was
established by Gardiner and Collet [32, 33]. This method later was applied for
derivation of the cascaded formalism. Thus, it is important to have an overview
about it. The essence of input-output formulation is that one can think of the bath
as a field or equivalently as a set of harmonic oscillators.
The first step is to define the general Hamiltonian of the system and bath

HG = Hs +HB +Hint. (3.1.1)

We take the Hamiltonian of the system unspecified. On the other hand one can
write down HB and Hint as

HB = ~
∫ +∞

0
dω ω b†(ω) b(ω) (3.1.2a)

Hint = i~
∫ +∞

0
dωκ(ω)[b†(ω) e−iωt + b(ω)eiωt][ce−iΩt − c†eiΩt]. (3.1.2b)
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3 Cascaded formalism

where c is an arbitrary system operator without further specification, b(ω) is the
annihilation bosonic operator of the bath with canonical commutation relation
[b(ω), b†(ω′)] = δ(ω−ω′). There are some assumptions that make these Hamiltonians
rather simplified. The first and foremost is the rotating wave approximation where we
assume that the time dependent terms of b†(ω)c†ei(ω+Ω)t are oscillating so fast that its
integral vanishes over long times. The second one is the near resonant approximation
where the only significant terms are the ones related to resonance time dependency of
b†(ω)cei(ω−Ω)t whose exponent becomes zero, basically time independent, on resonance.
Thus, only these terms remain in interaction Hamiltonian.
After above procedure, the resultant interaction Hamiltonian Hint is according to the
rotating wave and near resonance approximations. Now we can derive the Langevin
equations of motion starting from the Heisenberg equation of motion for the bath
operators and also an arbitrary system operator that we want to find the dynamics of.
Taking into account that the coupling strength κ is time independent the equations
of motion for b(ω) and a reads

ḃ(ω, t) = −iω b(ω, t) + κ(ω)c (3.1.3a)

ȧ(t) = − i
~

[a(t), Hsys] +

∫
dω κ(ω){b†(ω, t)[a(t), c(t)]− [a(t), c†(t)]b(ω, t)]. (3.1.3b)

Formally integrating these differential equations we obtain an explicit function for
the dynamics of bath operator b(ω) as

b(ω, t) = e−iω(t−t0)b0(ω, t0) + κ(ω)

∫ t

t0

dt′c(t′)e−iω(t−t′) (3.1.4)

where b0(ω, t0) is an initial condition for b.
It can be shown that the initial condition b0(ω, t0) satisfies the same commutation

relation as b [b0(ω, t0), b†0(ω′, t0)] = δ(ω−ω′). This relation has a simple proof which is
missing in the quantum noise book [36] and can be proven as an exercise as following

Knowing that[
b(ω, t), b†(ω′, t)

]
= b(ω, t)b†(ω′, t)− b†(ω′, t)b(ω, t) = δ(ω − ω′) (3.1.5)

and

b(ω, t) = e−iω(t−t0)b0(ω) + κ(ω)

∫ t

t0

dt′ e−iω(t−t0)c(t′) (3.1.6)

it follows that[
b(ω, t), b†(ω′, t)

]
= e−i(ω−ω

′)(t−t0)
[
b0(ω), b†0(ω′)

]
+ κ(ω)

∫ t

t0

dt′ e−i(ω−ω
′)(t−t0)

[
b0(ω), c†(t′)

]
+ κ∗(ω′)

∫ t

t0

dt′e−i(ω−ω
′)(t−t0)

[
c(t′), b†0(ω)

]
+ κ(ω)κ∗(ω′)

∫ t

t0

dt1

∫ t

t0

dt2 e
−i(ω−ω′)(t−t0)

[
c(t1)c†(t2)

]
(3.1.7)
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3.1 Input-output method

So by putting t to t0 we obtain[
b(ω, t), b†(ω′, t)

]
t→t0−−−→

[
b0(ω), b†0(ω′)

]
. (3.1.8)

Which is exactly what we wanted to prove. Substituting the solution for the b(ω, t)
into Eq. (3.1.3b), we obtain

ȧ(t) = − i
~

[a(t), Hsys] +

∫
dωκ(ω){eiω(t−t0)b†0(ω, t0)[a(t), c]− [a(t), c†]e−iω(t−t0)b0(ω, t0)}+∫

dω[κ(ω)]2
∫ t

t0

dt′{eiω(t−t′)c†(t′)[a, c]− [a, c†]e−iω(t−t′)c(t′)}. (3.1.9)

The Eq. (3.1.9) however in its exact form is difficult to solve. At this stage we apply
an approximation that simplifies this equation and results in an attentive version
that can be used further. This is in alignment with Markov approximation where the
thermal bath modes have the same coupling ratio, the bath is considered as a field
or a set of harmonic oscillators that couple to the system with the same coupling
constant. This is called a flat bath spectrum [33]. Formally, this can be stated as a
relation for the coupling ratio

κ(ω) =

√
γ

2π
. (3.1.10)

Additionally, two integration identities are useful∫ +∞

−∞
dω e−iω(t−t′) = 2πδ(t− t′) (3.1.11a)∫ t

t0

c(t′)δ(t− t′)dt′ = 1

2
c(t). (3.1.11b)

We can redefine the frequency integral in Eq. (3.1.9) as an input field

bin(t) =
1√
2π

∫
dω e−iω(t−t0)b0(ω). (3.1.12)

The commutation relation between the input operator bin(t) and its conjugate b†in(t′)
is

[bin(t), b†in(t′)] = δ(t− t′). (3.1.13)

Thus, by applying Eq. (3.1.10) - Eq. (3.1.12) in the Eq. (3.1.9), this equation can
be written in the simplified form

ȧ(t) = − i
~

[a(t), Hsys]− [a(t), c†(t)]
{γ

2
c(t) +

√
γbin(t)

}
+
{γ

2
c†(t) +

√
γb†in(t)

}
[a(t), c(t)].

(3.1.14)
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3 Cascaded formalism

One should notice that the overall operators 1
2γc(t)+

√
γbin(t) and 1

2γ c
†(t)+

√
γb†in(t)

commute with all system operators. As an additional exercise which is absent in the
related literatures, We can prove that

1√
2π

∫
dω b(ω, t) = bin(t) +

√
γ

2
c(t). (3.1.15)

The proof of that relation is absent in the related literature and we will provide it
here. Inserting the definition of the b(ω, t) in Eq. (3.1.4) into the integral

∫
dωb(ω, t)

one will gets∫
dωb(ω, t) =

∫
dωe−iω(t−t0)b0(ω, t0) +

∫
dωκ(ω)

∫ t

t0

dt′c(t′)e−iω(t−t′)

=
√

2πbin(t) +

√
γ

2π

∫ t

t0

dt′c(t′)

∫
dωe−iω(t−t′) (3.1.16)

where we used the Eq. (3.1.12) for the first sum and Eq. (3.1.10) for the second sum
on the right hand side. By applying the Eq. (3.1.11a) first we arrive at∫

dωb(ω, t) =
√

2πbin(t) +
√

2πγ

∫ t

t0

dt′c(t′)δ(t− t′). (3.1.17)

Finally we use Eq. (3.1.11b) for the time integral and obtain the desired relation.

Now if we consider that some time passed, t1 > t and the system is already
influenced by the input field, it starts to radiate an output field. In this situation,
one can solve the differential Eq. 3.1.3a for different initial conditions and find the
solution for the output field as

b(ω, t) = e−iω(t−t1)b1(ω, t1)− κ(ω)

∫ t1

t
dt′c(t′)e−iω(t−t′). (3.1.18)

The equation of motion is written also by considering the output field as

ȧ(t) = − i
~

[a(t), Hsys]− [a(t), c†(t)]
{γ

2
c(t)−√γbout(t)

}
−
{γ

2
c†(t)−√γb†out(t)

}
[a(t), c(t)].

(3.1.19)

Where bout is defined analogously as bin

bout(t) =
1√
2π

∫
dω e−iω(t−t1)b1(ω, t1). (3.1.20)

One should bear in mind that the Eq. (3.1.19) is a time reversal equation of the
original Langevin equation.
Similarly the relation in Eq. (3.1.15) is reproducible for bout

1√
2π

∫
dω b(ω, t) = bout(t)−

√
γ

2
c(t). (3.1.21)
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3.2 Equation of motion for cascaded source and target

These substitute relations give rise to the final association between bin and bout:

bout(t)− bin(t) =
√
γc(t) (3.1.22)

This is the boundary condition which relates the input and the output fields. Consid-
ering the time reversal equation, we will arrive at the concept of causality. Herein,
the term causality means that first the present input field has an influence on the
system’s future, and then the present dynamics of the system influence the future
of the output field. We may well see that in our formalism if we solve the Langevin
equation for an arbitrary system operator a(t) where the bin is also a function of t.
Thus, for t′ > t the bin(t′) will not influence a(t). This can be expressed through the
mathematical formulation of quantum mechanics

[a(t), bin(t′)] = 0 , t′ > t. (3.1.23)

Similar argument applies for the time reversal equation where there is no influence
from the bout(t

′) on the system operator at the time t′ < t

[a(t), bout(t
′)] = 0 t′ < t. (3.1.24)

By using the step function Θ(∆t) we can express the causality in a compact form

[a(t), bin(t′)] = −Θ(t− t′)√γ[a(t), c(t′)] (3.1.25a)

[a(t), bout(t
′)] = Θ(t′ − t)√γ[a(t), c(t′)] (3.1.25b)

where Θ(∆t) is expressed as

Θ(∆t) =


1 ∆t > 0

1/2 ∆t = 0

0 ∆t < 0.

(3.1.26)

This is also a manifesto for the calculation of the output field without using the time
reversal equation. Firstly, we calculate a(t) by using Eq. (3.1.14) then we can apply
Eq. (3.1.25a) and Eq. (3.1.25b). This gives an easier way of solution for the output
field.

3.2 Equation of motion for cascaded source and target

The input output model applies essentially for one system interacting with input
and output noise. Consequently, this model can be seen as a building block of the
dissipation of two systems interacting with each other via a common bath. As a
matter of fact, considering that there is no limit to the number of cascaded systems
[34], one can build up a network of systems where the system k is the output of
system and its output is used to feed the k + 1 system. The general schematic for
both scenarios is shown in the Fig. 3.2.1 and Fig. 3.2.2.
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3 Cascaded formalism

Traditionally, any coupled system can be divided into a source and a target. Then one
can study the properties of each separately and observe the influence of the source
on the target. At first glance it seems obvious that one can determine the correlation
functions of the source and then use them to drive the target system. However, the
possibility to go through all correlation functions, as the treating of these functions
analytically is too complex, is restricted.

Also these functions are time-dependent and can not be set as an initial condition
for the dynamics of the target system. Thus, a cascaded formalism is necessary
where we are free from dealing with the correlation functions of the source and target
separately. The down-side of this formalism is that it excludes back actions from the
target to the source. This formalism distinguishes the source and the target quantum
excitations such that the source influences the target but not the other way around.
This is the cornerstone of cascaded formalism, that the unidirectionality excludes the
possibility to be applied for feedback actions in quantum feedback schemes.

Figure 3.2.1: The unidirectional coupling between an arbitrary source and target.
The time delay between the coupled systems is represented by τ .

We assume that the quantum system consists of two subsystems. Adapting the
input-output method we see bsin(t) to drive the first system (source) and then the first
system produces bsout(t). The latter field travels from the first system to the second
system in a time τ . Then it becomes the input for the second system (target) btin(t).
With respect to the subsystems, one can define the Hamiltonian of the entire system
Hsys = Hs +Ht. Then, we have two Langevin equations for an arbitrary operator of
the source and target

ȧs = − i

�
[as, Hs]− [as, c

†
s]{

γs
2
cs +

√
γsb

s
in(t)}+ {γs

2
c†s +

√
γsb

†s
in(t)}[as, cs] (3.2.1a)

ȧt = − i

�
[at, Ht]− [at, c

†
t ]{

γt
2
ct +

√
γtb

t
in(t)}+ {γt

2
c†t +

√
γtb

†t
in(t)}[at, ct]. (3.2.1b)

From the input-output method we can relate the input to the first system, output
form the first system and input to the second system as follows

bsout(t) = bsin(t) +
√
γscs(t). (3.2.2)
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3.2 Equation of motion for cascaded source and target

Introducing the time delay τ we obtain

btin(t) = bsout(t− τ) = bsin(t− τ) +
√
γscs(t− τ). (3.2.3)

And also for the output of the combined systems, output from the target system, one
can use the same procedure

bout(t) = btout(t) = btin(t) +
√
γtct(t) = bsin(t− τ) +

√
γscs(t− τ) +

√
γtct(t). (3.2.4)

By relating the inputs and outputs of the source and target, we can define an operator

Figure 3.2.2: The assembly of the cascaded network of the systems. The output of
each system becomes the input for the next system.

which represents either the source or the target

ȧ = − i

�
[a,Hsys]− [a, c†s]{

γs
2
cs +

√
γsb

s
in(t)}+ {γs

2
c†s +

√
γsb

†s
in(t)}[a, cs]

− [a, c†t ]{
γt
2
ct +

√
γsγtcs(t− τ) +

√
γtb

t
in(t− τ)}

+ {γt
2
c†t +

√
γsγtc

†
s(t− τ) +

√
γtb

†t
in(t− τ)}[a, ct]. (3.2.5)

One should notice that the equation of motion, in its general form, is a function
of two different time t and t − τ . For the sake of unidirectionality, τ must have a
random positive value. By redefining the arbitrary operator of the second system
as ā(t) ≡ a(t+ τ), describing why we put time delay to zero, we can rewrite the Eq.
(3.2.5) as

ȧ = − i

�
[a,Hsys]− [a, c†s]{

γs
2
cs +

√
γsb

s
in(t)}+ {γs

2
c†s +

√
γsb

†s
in(t)}[a, cs]

− [a, c†t ]{
γt
2
ct +

√
γtb

t
in(t)}+ {γt

2
c†t +

√
γtb

†t
in(t)}[a, ct]

− [a, c†t ]
√
γsγtcs +

√
γsγtc

†
s[a, ct]. (3.2.6)

As it can be seen, we obtain a one time equation of motion for the arbitrary operators
of the both system. This method is equivalent to assign τ → 0 in Eq. (3.2.5). The
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3 Cascaded formalism

above procedure is applicable for any part of the quantum cascade network. For
instance, consider system sk−1 and sk in Fig. 3.2.2 as source and target, then for the
subsystem k with operator ck we can reformulate the Eq. (3.2.6) as

ȧ = − i
~

[a,Hsys]− [a, c†k−1]{γk−1

2
ck−1 +

√
γk−1b

k−1
in (t)}+ {γk−1

2
c†k−1 +

√
γk−1b

†k−1
in (t)}[a, ck−1]

− [a, c†k]{
γk
2
ck +

√
γkb

k
in(t)}+ {γk

2
c†k +

√
γkb
†k
in(t)}[a, ck]

− [a, c†k]
√
γk−1γkck−1 +

√
γk−1γkc

†
k−1[a, ck]. (3.2.7)

Where a stands for either ak−1 or ak and the Hamiltonian of the system is defined
as Hsys = Hk−1 +Hk.

3.3 Master equation approach

There are two ways to derive the master equation for such a cascaded system. The
first one is in the realm of quantum trajectory theory, by converting the Langevin
equation into an Ito integro-differential equation as it was provided by Gardiner et al
[65]. The second method is to derive the master equation directly by defining the
coupling Hamiltonian between the source and target and taking the conventional
procedure of derivation of optical master equation [66]. The first approach is also
discussed properly in [36] where the steps from the equation of motion to the master
equation are introduced.

Here we present a general scheme for the second way of derivation.

First we define the general Hamiltonian of the system: H = Hsys+Hc. The system
part of the Hamiltonian will defined later for each separate case. The bosonic bath
creation operator is set to be b†. Also, the source and target creation operators are
a†s and a†t . The main concern here is to find the coupling part of the Hamiltonian
which can be used to derive the coupling part of the master equation. We want to
understand the connection between two systems and the influence of environment on
that communication.

Thus the coupling Hamiltonian is defined as

Hc = Hs +Ht +HB +Hint. (3.3.1)

Where the corresponding definition for each Hamiltonian reads

HB = ~
∫
dωω b†ωbω. (3.3.2)

And in relation to the coupling ratio of the system and bath, the interaction Hamil-
tonian takes a similar form to Eq. (3.1.2b)

Hint = ~
∫
dω [gs(ω)(a†sbω + h.c) + gt(ω)(a†tbωe

iωτ + h.c)]. (3.3.3)
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3.3 Master equation approach

The time delay here is defined as τ and is the same as in the input-output method
discussed in the beginning of this chapter.
For now we shall set the Hamiltonians of the source and target arbitrary. The
further specification of these Hamiltonians will be discussed for each case study in
the following chapters. So the coupling Hamiltonian is written explicitly as

Hc = ~ωsa†sas + ~ωta†tat + ~
∫
dωω b†ωbω + ~

∫
dω[gs(ω)(a†sbω + h.c) + gt(ω)(a†tbωe

iωτ + h.c)].

(3.3.4)

By switching into the interaction picture we can rewrite the coupling Hamiltonian in
the form of

Hc

~
=

∫
dω gs(ω)(a†se

iωs tbωe
−iωt + h.c) +

∫
dω gt(ω)(a†te

iωt tbωe
−iωteiωτ + h.c).

(3.3.5)

The general procedure is to reformulate the coupling Hamiltonian in a more compact
form by defining new operators in such way that the terms related to the system,
either source or target, and the terms related to the bath are disjoint. The operator
for frequency integrals reads

Γi(t) =

∫
dω gi(ω)e−iωtbωe

iωτ , (i = s, t). (3.3.6)

Where the time delay τ is zero for i = s. As it can be seen, we compressed the
frequency integral into one operator. The reason for that will become clear later.
Thus, the coupling Hamiltonian can be written as

Hc

~
= a†se

iωstΓs(t) + ase
−iωstΓ†s(t) + a†te

iωttΓt(t) + ate
−iωttΓ†t(t). (3.3.7)

The conventional way is to insert this Hamiltonian into the general form of master
equation is

∂ρ

∂t
= − 1

~2

∫
ds trB{[Hc(t), [Hc(s), ρ(s)ρB]]︸ ︷︷ ︸

∗

}. (3.3.8)

Where the Born approximation implies that ρtot ≈ ρ(t)⊗ ρB . The reason behind the
separation of frequency integral is clear. In the master equation the time integral
and frequency integral can be computed separately. The commutation part can be
written as

∗ = [Hc(t), [Hc(s)ρ(s)− ρ(s)Hc(s)]] = Hc(t)Hc(s)ρ(s)−Hc(t)ρ(s)Hc(s)−
Hc(s)ρ(s)Hc(t) + ρ(s)Hc(s)Hc(t). (3.3.9)

However, this is the straightforward approach to gain the expanded version of master
equation, one can use another, yet more strenuous way to derive the final version
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3 Cascaded formalism

First approach: κ(ω) = κ(0) Second approach: κ(ω)

Born Born

Markov:
∫ t

0 ...dt −→
∫ +∞
−∞ ...dt Time delay between two systems: τ

〈bω(t)b†ω(t′)〉 = δ(t− t′) 〈bω(0)b†ω′(0)〉 = δ(ω − ω′)
bidirectional unidirectional

Table 3.3.1: Regarding to the coupling ration between the bath and systems, there
are two distinct ways to derive a master equation .

of master equation from the Eq.(3.3.8). To do so, first we define also new operators
for the source and target operators. This allows us to reformulate the coupling
Hamiltonian to the summation formula

f1 = a†se
iωst, f2 = ase

−iωst, f3 = a†te
iωtt, f4 = ate

−iωtt. (3.3.10)

Now the coupling Hamiltonian can be written as summation

Hc

~
=
∑
l

flΓl = − 1

~2

∑
l,k

∫ t

0
ds trB{[fl(t)Γl(t), [fk(s)Γk(t), ρsρB]]}. (3.3.11)

And the cyclic property of trace leads to

∂ρ

∂t
= − 1

~2

∑
l,k

∫ t

0
ds{[fl(t)fk(s)ρ(s)− fk(s)ρ(s)fl(t)] 〈Γl(t)Γk(s)〉B +

[ρ(s)fk(s)fl(t)− fl(t)ρ(s)fk(s)] 〈Γk(s)Γl(t)〉B . (3.3.12)

From this point there will be only further mathematical manipulations to derive the
final version of master equation.

The way we are considering the coupling ration of bath and the systems also
determines the derivation process of the master equation. Whether we take κ(ω)
constant or frequency depended, changes the order of approximation and what we
can assume in this process. This two approaches are shown in the table 3.3.1.
The above process to derive a master equation is applicable to each part of the quantum
cascaded network. A more detailed derivation will be presented in forthcoming
chapters where we are dealing with cascaded two and four level systems.

3.4 conclusion

We have provided an overview for the input-output method and how it can be used
to arrive at cascaded formalism. Some additional proofs for the conventional method
also are given. Then, we presented a direct procedure to derive a master equation
for the cascaded setup. This method is straightforward and easy to implement in
comparison to the conventional procedure, wherein, one uses the equation of motion
to derive a master equation.
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3.4 conclusion

For the direct derivation of master equation , two different views can be implemented.
It is customary in literature that the coupling ratio of two systems to the wave guide,
κi(ω) is frequency dependent. Then, one should add an additional assumption, namely
unidirectionality of coupling. However, in this thesis we take another manifesto. We
apply what is so called first Markov approximation in which the coupling ratio
is frequency independent κi(ω) = κ. To this end, three is no need for additional
unidirectionality assumption. In fact, the terms corresponding to the back action in
Eq. (3.3.12) will be out of the time integral limits and can be omitted.
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4 Casimir effect

This chapter deals with one of the main result of the quantization of the electro-
magnetic field, namely, vacuum fluctuation. To be more precise, we give an overview
for the macroscopic phenomena named Casimir effect in its static and dynamic forms.
This concept is necessary for chapter 6 wherein we propose an experimentally accessi-
ble setup to imitate the dynamical Casimir effect and produce pairs of photons. The
whole setup can be regarded as a source for the quantum excitation via non-classical
light. Here, the microscopic consequences of vacuum fluctuation like Lamb shift and
spectral lines width, etc are not described but can be found in the standard quantum
optics books [67, 68, 69]. Firstly, we describe the zero point energy and vacuum
fluctuation as an extension to the quantization of electromagnetic field. Then we
describe the suggested setup by Casimir [70] where the Casimir force can be observed.
We also present the main idea behind the dynamical version of the Caimir effect and
shortly refer to the experimental setups which are proposed for observing this effect.

4.1 Zero point energy and Casimir effect

What is the vacuum energy? This notion suggests that a vacuum in space, without
any external field involved, still has some ground energy. The influences of this energy
fluctuation surprisingly can be observed through (statical or dynamical) Casimir
effect. Casimir effect and force are macroscopic consequences of vacuum energy
density.

As a result of the uncertainty principle, every physical system in quantum mechanics
should have a lowest possible energy otherwise the uncertainty principle will be
violated [71]. One should note that for the ground state of quantum harmonic
oscillator we have a relation

âk|ψ0〉 = 0, ∀k. (4.1.1)

Where the âk are the ladder operator in the mode k. The ψ0 is the ground state of
the Hamiltonian defined in Eq. (2.1.19). By substituting this into the Schrödinger
equation we can find the zero point energy as

E0 =
1

2
~ω. (4.1.2)
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4 Casimir effect

The quantum electromagnetic field in a vacuum can be represented by an infinite
number of quantum harmonic oscillators and the zero energy state by the tensor
product of the ground states of all modes, k. This can be written as:

ψ0 = ψk1 ⊗ ψk2 ⊗ .......... (4.1.3)

Thus, we can find the ground state energy of that field from the Hamiltonian operator
as

E0 = 〈ψ0|H|ψ0〉 =
1

2

∑
k

~ωk = 〈Hvac〉. (4.1.4)

One can see that the above series is divergent for infinite k number

1

2

∑
k

~ωk →∞. (4.1.5)

But this should not bother us in the experimental perspective as in the framework of
quantum mechanics only differences of energies are measurable so that the vacuum
energy is impossible to measure. However, for the theoretical importance, there are
some renormalization procedure that treat this problem [72, 73]. For instance, in the
relatively recent publication by Hizhnyakov et al , an argument is presented about
the possibility to counterbalance the energy density of the vacuum by the negative
gravitational energy of Plank scale quantum fluctuation [74].

Additionally, the expectation value of electric field is zero, however, the expectation
value of E2 is written as 〈

a†kak

∣∣∣E2
∣∣∣a†kak〉 =

~ωk
ε0V

(nk +
1

2
). (4.1.6)

This result already shows that an arbitrary vacuum field has non-zero intensity which
is called vacuum fluctuation.

To derive the value of the zero energy, first we assume that the cavity has large
dimensions so we can have a continuum approximation for the allowed values of k.
Furthermore, we assume that the density of the modes is ρ(k) = 2V

/
π3 (factor 2

for the two possible polarizations channel). Then the zero point energy density is
written as [75, 68]

E0 =
2

V

kc∑
k=1

1

2
~ωk ≈

2

V

1

8

∫
1

2
~ω(k)ρ(k)d3k. (4.1.7)

The sum is over all positive k and multiplied by the number of possible polarizations
as it was mentioned in section 2.1. Additionally, each wave-vector k has three
components in the Euclidean space. The integral is the approximation of the sum
over the positive octant (hence the factor 1/8 is induced ). Substituting ω(k) = kc
and d3k = 4π k2dk in Eq. (4.1.7) we obtain
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4.1 Zero point energy and Casimir effect

E0 =
2

V

2V

π3

4π

8

∫ kc

k=0

1

2
~k3c dk =

c~
2π2

∫ kc

k=0
k3dk =

~ck4
c

8π2
. (4.1.8)

The cutoff wave-vector set to be kc = ωc/c [76]. One can notice the factor k4
c in

Eq. (4.1.8) which indicates that the energy density is mainly in the high-frequency
and equivalently in the short-wavelength modes. With a minimum wavelength
λc = 2π/kc = 0.4 × 10−6m, for the visible light spectrum, Eq. (4.1.8) yields a
zero-point energy density of 23J/m3.

One way to calculate the zero point energy is to consider a gravitational energy

package. We have the plank constants for length lp =
√
~G
/
c3 = 1.61 × 10−35m,

time tp = lp/c = 5.39× 10−44 sec and energy

Ep =

√
hc5

G
= 1.22× 1019GeV. (4.1.9)

Of course it is impossible to extract any of the zero-point energy, since it is the
minimum possible energy of the field, and so our inability to perceive that large
energy density is not incompatible with its existence. .
Indeed, since all experiments in the domain of physics detect only energy differences,
and not absolute energies, it is often suggested that the troublesome zero-point energy
of the field should simply be omitted.
One might even think that this energy is only a constant background to every
experimental situation, and that, as such, it has no observable consequences. In
contrast to this view, one of the main consequences of vacuum energy theory is the
concept of Casimir force and effect. To observe this effect two requirements should
be fulfilled. The first is the presence of vacuum fluctuation. Second we need to
implement some sort of boundaries(for instant plates) that contain and separate the
vacuum electromagnetic field in some part of space. The Casimir force is a direct
measurable result of vacuum energy and can be observed as a force between two
uncharged conducting plates. Here, we outline the derivation of Casimir force from
the zero energy of vacuum. In order to have some view about the magnitude of the
zero point energy, we can calculate the zero point energy in a cubic cavity with the
L× L× L size and from that obtain the existent force. There is also a plate placed
close to one of the walls of the cavity. This simple setup is shown in Fig.4.1.1 Now,
one can calculate the zero point energy at each point of the system. The net energy
will be the difference between the energy on the two sides of the plate

δE = Ep + EL−p − EL (4.1.10)

where each energy can be calculated according to the Eq. (4.1.7). By mentioning the
main assumptions, we skip the explicit derivation of δE . It is assume that the field
modes have a frequency smaller than some cutoff ωc. Also we use the Euler-Maclaurin
formula for an infinite number of modes and finalize the derivation in equation [77]

δE = −~cπ
2L2

720a3
. (4.1.11)
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4 Casimir effect

Figure 4.1.1: Sufficiently, large cavity, with a plate implemented inside, in distance
P near the end of one side

Then the force at any point is the derivative of δE with respect to a, the distance
between the plates

F (a) = −∂δE

∂a
= −�cπ2L2

240a4
. (4.1.12)

This force is very small but in a recent experiment it was finally observed [78, 79, 80]
and it is a direct result of vacuum modes mismatch in space [75].

4.2 Dynamical Casimir effect

The essence of the dynamical Casimir effect is the amplification of vacuum fluctuation
by time dependence of some parameters in the system. In general the time dependence
corresponds to a change in the boundary conditions of the field. These changes in
boundary conditions result in a new state in which virtual particles come to existence.
The virtual photons created by such a procedure are often called Casimir light. This
time dependent boundary conditions can be caused by fast moving mirrors or time
dependent material properties. The time dependence of energy in this case can be
modeled by adding the interaction Hamiltonian Hint to the Hamiltonian of the field
H0

H = H0 +Hint =
∑
k

�ωk(â
†
kâk +

1

2
) +Hint. (4.2.1)

The interaction Hamiltonian can then be approximated by an expansion of first
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4.2 Dynamical Casimir effect

order and second order relations between the operators of the field âk and system b̂k

Hint = f1(âkâ
†
k, b̂mb̂

†
m) + f2(âk b̂

†
m, âk b̂m). (4.2.2)

The second order function f2 is responsible for the time dependence of eigenfrequencies
[81]. They can cause the amplification of initial fluctuations if there are any. Thus, if
we assume that there is a zero point fluctuation of the vacuum from the perspective
of quantum physics, then these terms increase zero point fluctuations and possibly
produce photons. The number of produced photons can be obtain from the following
relation [82, 83]

n =
〈
â†â
〉

= W
R

T
. (4.2.3)

The terms W , R and T are determined by the solution of the quantum harmonic
oscillator equation. T is considered as energy transmission and R is considered
a reflection of the energy ~ω(t) for a potential well with frequency ω(t) between
oscillators. The equation of motion for quantum harmonic oscillators is written as

ζ̈ = −ω2(t)ζ. (4.2.4)

Assuming after a time τ < t the frequency will be constant ω(t) = ωτ , one can find
the solution for Eq. (4.2.4)as

ζ(t > τ) =
1
√
ωτ

[Ae−iωτ t +A∗eiωτ t]. (4.2.5)

By knowing that solution one can determine the parameters T and R as

T =
1

|A|2
(4.2.6a)

R = |A
∗

A
|2. (4.2.6b)

In addition, the coefficient W is a function of initial thermal state and it takes the
form

W = coth(
~ωint
2kBθ

). (4.2.7)

The maximum possible photon creation can be obtain from the limitation imposed
by Fresnel formula for R and the characteristic dimension of the cavity L . The time
scale of the dynamical process should be fast enough that to be comparable with the
period of the field oscillation [84]. Thus the maximum photon production is written
as

nmax ' (
∆L

L
)2 ' (

v

c
)2 (4.2.8)
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4 Casimir effect

where ∆L is responsible for a variation of the length and v is the velocity of the
boundary compared to the velocity of light. Thus, for a rather high probability of
photon production one needs to have a relativistic velocity of the boundary which
makes the dynamical Casimir effect a relativistic process. There is also a solution to
the Eq. (4.2.3) by considering a periodic function for frequency change as

ω(t) = ω0[1 + 2gcos(2ω0t)] (4.2.9)

where |g| � 1 so the photon number can be obtained from

n = sinh2(ω0gt). (4.2.10)

The important parameter that verifies the possibility of photon production is the
frequency variation amplitude [85, 86]

∆ω = 2gω0 (4.2.11)

wherein, ω0 is the frequency of created light. The frequency 2ω0, the frequency of
the mirror vibration, is the main challenge, as one needs a very high value for this
frequency to observe the dynamical Casimir effect. However, the energy is conserved
in such a process as the amount of energy that is used for moving of plate will be
converted to photons. The amount of the energy and complexity of the process is
not available in current technology. As the conduction layer of electrons reflects the
electromagnetic field, most of energy gets lost in moving the body of the mirror.
One suggestion to overcome the mechanical difficulties in movement of the mirrors is
to vibrate the mirror instead of moving it [87, 88], for example by acoustic waves [89].
This suggestion is also problematic[90]. For instant, to observe one or two photons in
such a vibrating cavity is impossible as the high frequency, at least in the GHz range,
of vibration diminishes the Q factor of the cavity [91]. Additionally, vibration inher-
ently is moving an object with small amplitude and that results in a small oscillation
speed which makes the Casimir light production hard to achieve [92]. Thus, there is
no available technique to achieve the dynamical Casimir effect through mechanically
moving objects. Search Results Nevertheless, one of the main reason that make
Casimir light special, is the possibility to extract light from mechanical movement,
the connection between the mechanical objects and quantum electromagnetic field.

To this end, there is only one known possible way to make a realistic set up to
create Casimir light. Namely, one can imitate the oscillation of a mirror by making
the optical properties of the boundary time dependent. As an example, there is a
proposed scheme called motion-induced radiation or MIR experiment where we have
a creation of particles, in this case plasma, by laser light shined on a semiconductor
[93]. The moving plasma is assumed to behave similarly to the moving mirror and we
can produce Casimir light. Similar to that experiment, there are processes which are
often called parametric dynamical Casimir effect [81]. In Chapter 6, as an example
for two photon generation by a nonlinear optical process, we propose a set up to
produce two entangled photons from the parametric dynamical Casimir effect.
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5 Cascaded systems 1: excitation via
incoherently pumped TLS

Herein, we investigate the excitation of emitters inside a cavity by a specific single
photon source. The physical system consists of two microcavities with two-level atoms
inside them. The cavity itself consists of two parallel high Q mirrors. The mirrors
reflect back the emitted photons from the TLS(s). In contrast to the emission in free
space with a continuum of modes, TLS emit into a spectrum of discrete modes. In the
current study, we consider a continues wave driving mechanism and exclude the pulse
dynamics. The entire combined system is implemented inside a photonic waveguide
which is chosen to be unidirectional. The unidirectionality of the waveguide is a
requirement for the applicability of a cascaded formalism described in Chapter 3.
We consider two different scenarios for the coupling of the target emitters to the
waveguide. First we consider a direct coupling of the target system’s emitters, where
the emitters are excited directly through the output of the source cavity. Secondly,
we assume indirect coupling of the target system’s emitters, where they are excited
through the target cavity mode which is coupled to the source cavity mode via the
waveguide. A simple schematic of these two scenarios is depicted in Fig.5.1.1. We are
interested in the steady-state properties of the system, such as the photon statistics
of cascaded cavities that can be measured in any future experimental setups in this
limit. Besides, as a scheme to control the quantum system, it is a matter of relevance
to manipulate the output of the second cavity in the steady-state boundary. By
governing the steady-state density matrix ρs of a quantum system, hypothetically
from a master equation, one can have sufficient information about the behavior of the
system in this limit. In this chapter, we start with the investigation of the photon
statistics of the source system for a range of different incoherent pumping strengths.
Then we provide a formalism for cascaded cavities. We show that, in the direct
coupling scenario, we can access to new photon statistics. Finally, we investigate the
indirect coupling case and introduce a platform for the quantum statistical control of
the target cavity.
Part of this chapter has been published recently in Physical Review A [94] and also
part of it is in preparation for submission.

For notational convenience from now on, we omit the symbol(̂) because there is
no more source of potential confusion between operator like and vector like objects.

39



5 Cascaded systems 1: excitation via incoherently pumped TLS

5.1 Quantum statistics of incoherently pumped TLS

Although, we limit ourselves to only one type of quantum light source, still, it is
interesting to examine its quantum dynamical behavior. Specifically, as we have
direct control of the incoherent pumping, we want to see how the photon statistics
of such a source evolves due to changes in pump strength. On the other hand, it
is important to discern the behavior of the source cavity when it is in the weak or
moderate coupling regimes. Additionally, to frame the formalism of the cascaded
system, we need to explore the quantum dynamics of the source cavity.
Borrowing the concept of source and target in previous studies [33, 30, 32, 30], the
first cavity is a source cavity driven by incoherent light. Inside this cavity, there is an
archetypal two-level atom included. The incoherent pump interacts with the cavity
mode via the electric dipole. The role of excitation of the two-level atom inside the
source cavity is the production of anti-bunched, fully quantized light. This is the
typical Jaynes-Cummings system that has been always a subject of interest in cavity
QED. Through incoherent pumping mechanism, one can conveniently control the
photon statistics of the output field. By adjusting the incoherent pumping, one can
achieve coherent, thermal or quantum light as an output. One should bear in mind
that by pumping incoherently, we are able to observe the performance of the source
as a function of the pump strength. Following the tradition, the full dynamics of
the source cavity can be obtained through the master equation formalism. For the
incoherently driven source cavity, we substitute the noise term (here coupling term
to the waveguide) Γs with Γp which represents the incoherent pumping strength. For
the source cavity, the conventional Jaynes-Cumming Hamiltonian is applied here.
Giving the fully quantized treatment and applying the rotating wave approximation,
we have the following interaction Hamiltonian in the rotating frame

Hs = ~gs(a†sσ−s + σ+
s as) (5.1.1)

where as (a†s) is the corresponding annihilation (creation) operator with the commu-

tation relation [as, a
†
s] = 1. The cavity is coupled with the coupling strength gs to a

TLS.
For a perfect resonance between cavity mode and emitter, the cavity detuning Hamil-
tonian H∆c is zero. On the other hand, in the off-resonant regime, the cavity detuning
reads H∆c = ∆ca

†a where ∆c = ωc − ωfield and one should it to the system Hamil-
tonian. In this case, the system Hamiltonian will be HS = HJC + H∆C . The full
master equation for the source cavity with a two-level system inside reads

∂

∂t
ρ |s = −i [Hs, ρ] + ΓPs (2σ+

s ρσ
−
s − σ−s σ+

s ρ− ρσ−s σ+
s )

+ κs(2aρa
† − a†aρ− ρa†a) + Γsr(2σ

−
s ρσ

+
s − σ+

s σ
−
s ρ− ρσ+

s σ
−
s )

(5.1.2)

where ΓPs stands for incoherent pumping strength, κs cavity dissipation rate and Γsr
represents the radiative decay of emitter. For different boundary conditions, there
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5.1 Quantum statistics of incoherently pumped TLS

Figure 5.1.1: Simple schematic of two systems coupled unidirectionally via a waveg-
uide(pink rectangle). (a) The direct coupling of emitters in target cavity
to the output of the source cavity. (b) The indirect coupling of emitters
in target cavity to the output of the source cavity, coupling between
cavity’s modes. The unidirectionallity allows for transport of excitation
from a source system to target system but not vice versa. The waveguide
is considered to be a thermal bath described by boson creation and
annihilation operators b†(ω), b(ω) in our formalism.

are analytical and numerical solutions to Eq. (5.1.2) that gives the density operator
ρ or for a steady-state solution ρs. To inspect the dynamic of our quantum system
rigorously, first, we analyze the Fock state distribution and Wigner function. As a
matter of fact, these Fock states constitute the Hilbert space for further observables
of the system so it is important to see how these state functions are distributed. The
Fock state distribution can easily be obtained from the relation

P (n) = 〈n |ρs|n〉 . (5.1.3)

Furthermore, the Wigner quasiprobability distribution can help us to recognize the
transition between classical and quantum states of light. It is a quantum counterpart
of phase space distribution in the classical world which is represented in complex
space. It has been shown that for a density matrix ρ, a consistent analytical solution
for P representation and Wigner function W can be achieved and later can be written
as [95]

W (α) = 2Tr
[
D̂(−α)ρD̂(α) exp(iπ a†sas)

]
(5.1.4)

where α is the complex field amplitude and the displacement operator D̂ corresponds
to the generation of coherent state from vacuum state |0〉 which can be written as

D̂(α) = exp(αa†s − α∗as). In some literature the exponential part of Eq. (5.1.4) is

referred to as parity operator P̂ = exp(iπ a†sas) [96, 97]. The higher peak in the
Wigner function shows the higher probability of excitation of vacuum state,|0〉. By
procurement of ρs one can compute two quasiprobability distributions, Fock and
Wigner that we cited in the previous chapter. Such a result is shown in Fig. 5.1.2
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.1.2: Fock state distribution and Wigner function for the moderate inter-
cavity coupling regime of the source cavity. The incoherent pumping
strength is fixed at incoherent pumping strength ΓPs = 0.05

for moderate intra-cavity coupling regime of the source. For the moderate coupling
regime, the incoherently pumped source shows a higher probability of producing a
photon at weak pump strengths Fig. 5.1.2 (a).

To show the dynamics of the source cavity, the spectrum and the two-time cor-
relation function of the source for a fixed incoherent pump strength are computed.
The two-time correlation function of the source cavity mode can be described as
〈as(t+ τ)as(t)〉. Given a correlation function for the source cavity in a steady-state
limit, 〈as(τ)as(0)〉, one can subsequently define the power spectrum as

S(ω) = Re[

∫ ∞
0

〈
a†s(τ)as(0)

〉
eiωτdτ ]. (5.1.5)

This correlation function and its corresponding power spectrum for different values
of gt is represented in Fig.5.1.3. The well-known Mollow triplet can be seen in the
strong intra-cavity coupling regime. When the intra-cavity coupling gs decreases
the interaction of the cavity field with matter is not strong enough to dress the
states of the atom.Consequently, the satellites of triplet resolves to the central line.
This behavior is typical signature of the Jaynes-Cummings model. The two-time
correlation function of the source cavity indicates that the source system reaches the
steady-state regime. Thus, to approximate that the system is stationary is validated
by this result.

5.2 Direct coupling to the target emitter(s)

In the open quantum systems scheme, each cavity in this arrangement can be perceived
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5.2 Direct coupling to the target emitter(s)

Figure 5.1.3: Power spectrum and two-time correlation functions of the output field
from the source cavity for different cavity coupling strength gs. The time
considered here is τ in Eq. (5.1.5). By decreasing the coupling strength,
the behavior of power spectrum develops from Mollow triplets to a
central line spectrum. The parameters are κs = 0.1 ps−1 , γs = 0.02 ps−1

, gs = 6 ps−1(red) , gs = 3 ps−1(blue) and gs = 1.5 ps−1(green) . The
incoherently pumping strength is fixed at ΓPs = 5 ps−1.

as a system and the unidirectional waveguide plays the role of environment or bath.
Thus, the dynamics of the system can be formalized as a source-target pairing or
cascaded source and target [35]. From analyzing the source of quantum light, one
can move forward and add the target cavity to the entire open quantum system.
Coupled to the source cavity, the target cavity can then have different configurations.
Mutually, both target and source are assumed to be two-sided cavities where one can
have input and output fields in two directions.

One generic assumption for such a system is that the source cavity will not be
influenced by the target system so the coupling is unidirectional. In practice, this
is feasible by the implementation of a unidirectional waveguide, wherein the output
field from the source reaches the target without allowing any reflection, a topological
photonic structure. Additionally, we assume for TLS(s) in both cavities to be in
perfect resonant with one mode of the cavities: only one mode of the cavities is in
resonate with the energy levels of the TLS(s).

Traditionally, in the realm of asteady-state apparatus, three physical parameters
determine the coupling regime of the cavity. These parameters are the cavity coupling
strength gi, cavity dissipation rate κi and atomic decay rate γi. The relation between
these parameters shows whether photon creation is reversible or not. If we have
Ci = g2

i

/
κiγ

i
r � 1, with the cooperativity, Ci, and i = s, t corresponds to the source
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5 Cascaded systems 1: excitation via incoherently pumped TLS

and target cavities respectively, then the spontaneous emission and absorption process
of a photon in the cavity is reversible, the atom-cavity coupling is stronger than
dissipation rates, and thus we are in the strong coupling regime. In contrast, when
Ci = g2i

/
κiγ

i
r � 1 the atom-cavity coupling is weaker than the dissipation rates and

the weak coupling regime rules the dynamics of the cavity.
Throughout this thesis, we encounter two cavities and thus the influential dynamical
parameters are doubled. The main difficulty for such a study lies in the fact that
there are many parameters, which are the elements of the dynamics of the source or
target, that can influence the outcome of the coupled system. Herein we assume that

Figure 5.2.1: Different configurations for the target cavity excitation. The source
cavity with aTLS inside is pumped incoherently wuth rate ΓP

s . The
source and the target cavity are implemented in the unidirectional
waveguide. The main physical parameters of both source and target
cavities are presented.

the source and target cavities stay in the weak and moderate intra-cavity coupling
regimes. This is due to the fact that, an incoherently pumped cavity with a TLS has
more quantum mechanical features in these regimes [98]. This assumption is also in
line with the physicality of the target cavity, as exciting a long-lived target is unlikely
[27].
Each coupling regime, whether weak, moderate or strong, generates different effects.
In a weak coupling regime, we have the modification of the atomic energy levels
whereas in the stronger coupling regimes there is a constant exchange of energy
between atoms and cavity fields. To observe larger nonlinear influence of the cascaded
quantum system , we consider various TLS configurations inside the target cavity as
three scenarios.
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5.3 Quantum cascade model: Master equation

An essential assumption for the source-target cavity setups is the absence of direct
interaction between TLSs. The simplified schematic of such configurations is repre-
sented in Fig. 5.2.1. This system is very different from the usual cascaded cavity,
because here the target emitters are directly coupled to the waveguide. Therefore,
the only function of the target cavity is to enhance interactions between the light
mode and the target emitters. By exciting the two-level system in the source cavity,
we transform the harmonic ladder of energy into the Jaynes-Cumming type and
subsequently produce the desired quantum light. For the target cavity arrangements
with many TLSs, one should notice that the only way that these two-level systems
communicate is through cavity modes and no direct interaction between them is
considered here. This gives the cavity modes the role of mediator that we discuss
later in the following section. These setups can also be seen as a way to directly
control the dynamics of a quantum system with another quantum system. In the
absence of feedback, there are two ways of control. Firstly, by changing the incoherent
pumping strength of the source which changes the output field of the source cavity.
This output field can be seen as an input for the target system and causally changes
the behavior of the target system. Secondly, one can adjust the physical parameters
of both cavities and observe the changes in the output photon statistics of the entire
combined system.

5.3 Quantum cascade model: Master equation

To investigate the influence of the output light from the source cavity on the target
cavity we need to understand the dynamics of cascaded quantum systems.

We will consider systems, as illustrated in Fig. 5.2.1 , where an incoherently
pumped source cavity containing a two level system (TLS) as emitter will serve as
the source of nonclassical light. This emitted light will be fed via a unidirectional
waveguide into the emitters contained in a second cavity. All cavities and emitters are
subject to incoherent decay processes. i.e. a source quantum system with Hamiltonian
Hs coupled via a thermal bath, Hc to the target quantum system Ht. The basis of
our analysis will be a Hamiltonian formulation of the problem, from which we derive
a master equation in the Born-Markov limit [27, 33, 32, 30]. The full Hamiltonian
reads

H = H0 +Hs +Hc +Ht (5.3.1)

where H0 represents the free evolution dynamics of all quantities which belong to the
total system. At this point, we take the Hs and Ht in general form and do not specify
them. Instead, we focus on the coupling Hamiltonian Hc to derive the coupling part
of general master equation. It can be represented as
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Hc = ~
∫
dωωb†(ω)b(ω)

+ ~
∫
dω
[
Ks(ω)J†sb(ω) +Kt(ω)J†t b(ω)eiωτ + h.c.

]
. (5.3.2)

The waveguide consists of a continuum of modes, where each mode with frequency
ω has an annihilation (creation) operator b(ω) (b†(ω)). In a rotating frame which
corresponds to H0, and by applying the rotating wave approximation Hc in it’s
compact form is

Hc

~
=

∫
dω b(ω)

[
Ks
ωJ
†
s (t) +Kt

ωJ
†(t, τ)

]
+ H.c., (5.3.3)

where τ stands for a finite time delay between the target and source system and
Js, Jt describe a general operator or a superposition in the source and target system,
that will be defined in the following subsection explicitly. We are using the second

approach presented in chapter 3 in the Table.3.3.1. The term K
s/t
ω is the coupling

ratio of the source or target system to the connecting waveguide. Following the

second approach in Table.3.1, we assume that K
s/t
ω is independent of the frequency

in the narrow bandwidth limit (very narrow connection between system and bath)

K
s/t
ω ≡ Ks/t

0 .
For the derivation of the master equation of the quantum cascaded system, we employ
the canonical method in the Born-Markov limit. The Born approximation allow us to
factorize the density matrix of the whole setup to system and bath part resulting in:
χtot(t) = ρ(t)ρB(0), where ρB is the time independent density operator of the bath.
By assuming that the coupling reservoir is in equilibrium and in a thermal state we
obtain [56, 66]

dρ

dt

∣∣∣∣
c

= − 1

~2

∫ t

0
dsTrB {[Hc(t), [Hc(s), ρ(t)ρB]]} . (5.3.4)

Following the derivation method of the master equation discussed in chapter 3 for a
damped quantum system, we transfer the coupling Hamiltonian in Eq. (5.3.4) to the
summation formula

Hc/~ =
M∑
l=1

N∑
k=1

fl,k(t)Γl,k(t) (5.3.5)

where M and N depend on the number of emitters in the target system. fl,k(t)
represent the source and target time dependent bosonic operator and Γl,k(t) is a
compact form for the bath operator. Now substituting Eq. (5.3.5) into the Eq.
(5.3.4), one can reformulate it as

∂ρ

∂t
= − 1

~2

∑
l,k

∫ t

0
ds TrB {fl(t)Γl(t), [fk(s)Γk(t), ρ(t)ρB] } . (5.3.6)
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5.3 Quantum cascade model: Master equation

By applying the cyclic property of trace two important terms in the master equation
appear. These are the bath correlation functions and can be described as

〈Γl(t)Γk(s)〉B = trB [BΓl(t)Γk(s)] (5.3.7a)

〈Γk(s)Γl(t)〉B = trB [BΓk(s)Γl(t)] . (5.3.7b)

One can assume the thermal bath to be flat , to be in vacuum state, and consider
only bath contributions proportional to

〈
b(ω)b†(ω)

〉
.

Following the usual procedure, but keeping track of all couplings, here, trB is the
trace over all bath modes. Inserting Eq. (5.3.7)(a-b) into Eq. (5.3.6) and using
the cyclic property of the trace, we get several terms with different combinations of
system- and bath-operators. Assuming a time independent bath in the vacuum state
allows to neglect terms with b(ω)2 and b†(ω)2 (the secular approximation), as well
as terms, where b(ω) acts first on the density matrix. Also, in chapter 3, we have
shown that for the bath operators one can obtain canonical commutator relations as
[b(ω), b†(ω′)] = δ(ω − ω′). By applying these conditions, the double commutators can
be evaluated.Thus we will have the series of relations〈

Γk,l,Γk,l

〉
B

=
〈

Γ†k,l,Γ
†
k,l

〉
B

= 0. (5.3.8)

This originates from the time causality that we stated in chapter 3. So the only parts

of Eq. (5.3.6) that remains will include the noise relations
〈

Γk,l,Γ
†
k,l

〉
B

and can be

written in the explicit recipe. By recognizing these assumptions and tracing out the
bath degrees of freedom, one gets the following master equation

dρ

dt

∣∣∣∣
c

= −2π
∑
i=s,t

(Ki
0)2

∫ t

0
dsδ(s− t)

×
[
J†i (t)Ji (s)ρ(s)− Ji (t)ρ(s)J†i (s)− Ji (s)ρ(s)J†i (s) + ρ(s)J†i (s)Ji (t)

]
− 2πKs

0K
t
0

∫ t

0
dsδ(s− (t− τ))

×
[
J†t (t)Js (s)ρ(s)− Jt (t)ρ(s)J†s (s)− Js (s)ρ(s)J†t (t) + ρ(s)J†s (s)Jt (t)

]
− 2πKs

0K
t
0

∫ t

0
dsδ(s− (t+ τ))

×
[
J†s (t)Jt (s)ρ(s)− Js (t)ρ(s)J†t (s)− Jt (s)ρ(s)J†s (s) + ρ(s)J†t (s)Js (t)

]
.

(5.3.9)

We take into account that
∫ t

0 dsδ(t − s)h(s) = h(t)/2 and that s ≤ t. Also by the

first Markov approximation we have Ki
0 =

√
γi/(2π), where γi are the decay rate

of the subsystems that couple source and target. The Markovian process is based
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5 Cascaded systems 1: excitation via incoherently pumped TLS

on the decay of bath properties and Eq. (5.3.5)(a-b) can be estimated as a delta
distribution δ(t− s). This is based on that the time scales of the system are slower
than that corresponding to the noise terms [36]. The emerging time delay in the
interaction is characteristic of the cascaded system, as the term with δ(t − s + τ ′)
does not contribute, excluding the backaction of the target on the source. Thus, one
coupling contribution between target and source vanishes. The full master equation
in the Born-Markov limit reads

dρ

dt
=

1

i~
[Hs +Ht, ρ]

+
∑
i=s,t

γi
2

(
2Ji (t)ρ(t)J†i (t)− {J†i (t)Ji (t), ρ(t)}

)
−√γsγt

(
J†t (t)Js (tD)ρ(tD)− Jt (t)ρ(tD)J†s (tD)

)
−√γsγt

(
ρ(tD)J†s (tD)Jt (t)− Js (tD)ρ(tD)J†t (t)

)
, (5.3.10)

with tD = t− τ indicating that the terms with time beyond the limitation of integral
vanish. Furthermore, in the current setup, the delay τ is small compared to the
time integral limitation. Thus, one can set τ = 0 without violating the Markovian
approximation. Transforming back from the rotating frame, the coupling part of the
master equation reads

dρ

dt
=

1

i~
[H0 +Hs +Ht, ρ]

+
∑
i=s,t

γi
2

(
2Ji ρJ

†
i − {J

†
i Ji , ρ}

)
−√γsγt

(
[J†t , Jsρ] + [ρJ†s , Jt ]

)
. (5.3.11)

The first term describes the coupling from the source cavity and the target emitters
into the waveguide, where no excitation is exchanged. The second term describes
the interaction exchanging excitation, which, due to our assumptions, may only take
place from the source to the target. Given this result, we can investigate different
kinds of systems and study the particular features of a quantum cascaded driving.
The coupling coefficients γs and γt contain the integrals over the bath modes, and
become time independent in the Markovian limit.

5.3.1 Full master equation: Derivation of source-target coupling

So far we have derived a general master equation for the coupling of the source system
to the target system. As an example, the specific setup illustrated in Fig. 5.2.1 is
considered. Now, in order to investigate the dynamics of this setup we derive a full
master equation. Starting from the source system, a single emitter in the cavity, we
have the Jaynes-Cummings model in the interaction picture as it is described in Eq.
(5.1.1).
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5.3 Quantum cascade model: Master equation

In this setup we have three emitters in a cavity as a target system. Thus, one
can describe the Hamiltonian of the target system in the interaction picture by the
Tavis-Cummings Hamiltonian of the cavity which contains N TLSs

Ht = ~
N∑
j=1

gj,t

(
a†tσ
−
j,t + σ+

j,tat

)
, (5.3.12)

where N = 3 for three emitters.
For the free part of the Hamiltonian, one can write H0 in a compact form for the
source and target together

H0 = ~ω0

∑
i=s,t

a†iai + ~ωe(σ+
s σ
−
s +

N=3∑
i=1

σ+
t,iσ
−
t,i). (5.3.13)

The first term is the free energy of the cavity mode, where ω0 is the resonance
frequency of the source cavity and ai (a†i ) is the corresponding annihilation (creation)

operator with the commutation relation [ai, a
†
i ] = 1.The second term is the free energy

of the TLS, which is in resonance with the cavity mode and is described by the spin
flip matrices σ+

s (σ−s ). They obey the commutation relation [σ−s , σ
+
s ] = 2σz, where

σz is the third Pauli matrix. As we assume the cavity mode to be at the atomic
resonance ωe = ω0. In the following, we will assume, that all emitters are in resonance
with the source cavity and that all couplings are equal gi,t = gt for all i. In the
first step, Hs and Ht transfers are transformed into the interaction picture using the
unitary transformation U = exp (iξt) with

ξ = ω0(a†sas + σ+
s σ
−
s + a†tat +

∑
j

σ+
j,tσ
−
j,t) +

∑
j

∫
dωωb†j(ω)bj(ω). (5.3.14)

This removes all the terms not describing any interaction.
Following the formalism in section 5.3, now we are able to define explicitly the
operator Js,Jt. The coupling operator of the source system to the bath is assigned
to be Js = as. Also, the coupling operator of the target system is Ji,t = σi,t. This
definition indicates that there is no superposition between target emitters and they
are directly and separately connected to the source system.

To describe additional incoherent processes such as the radiative decay of the
emitters, further terms are needed. This is done via Lindblad terms. For this, we
define the Lindblad operator as follows. For the incoherent pumping mechanism of
the source cavity we have [99, 100]

L[
√

ΓPs σ
+
s ]ρ := ΓPs

(
2σ+

s ρσ
−
s − {σ−s σ+

s , ρ}
)
. (5.3.15)

Additionally, for the source and target, we have atomic radiative decay which can be
presented as

L[
√
γβσ

−
β ]ρ := Γβr

(
2σ−β ρσ

+
β − {σ

+
β σ
−
β , ρ}

)
. (5.3.16)
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Where β = s, t. Finally the Lindblad operator for cavity dissipation rate reads

L[
√
κβaβ ]ρ := κβ

(
2aβρa

†
β − {a

†
βaβ , ρ}

)
. (5.3.17)

As it has been mentioned previously, the formalism for such a system follows from
the theory of open quantum systems. We extend the previous master equation for
the source cavity and include Liouvillian superoperator responsible for the coupling
contributions to the environment and target system dynamics. Thus, the full master
equation is a summation of three superoperators

dρ

dt
= Lρ = (Ls + Lc + Lt)ρ. (5.3.18)

Where Lsis similar to the Eq. (5.1.2) except that we transfer the cavity dissipation
part of Ls to the environment coupling superoperator. The formalism for two
superoperators Lc, Ltvaries for different target systems. With this, the total master
equation becomes

dρ

dt
=

1

i~
[H0 +Hs +Ht, ρ] (5.3.19)

+ L[
√

ΓPs σ
+
s ]ρ+ L[

√
γsσ
−
s ]ρ+ L[

√
κsas]ρ

+ L[
√
κtat ]ρ+

∑
i=1,2,3

L[
√
γtσ
−
t,i]ρ

−√κsγt
∑

i=1,2,3

(
[σ+
t,i, asρ] + [ρa†s, σt,i]

)
.

In this final master equation, the first term is the Hamiltonian evolution of source and
target. The second term gives the incoherent pumping with Γp, then the radiative
decay of the source emitters, the decay of source and target cavity, the decay of the
target emitters and the interaction between source cavity and target emitters follow
subsequently. To characterize the cascaded driving, we choose first a specific system
and then propose the photon-photon correlation functions as a measure for coherence
in the system.

5.3.2 Cascaded system – influence on the target

In the following subsection, we consider the source cavity to produce a certain light
statistics as its output, which will be fed into the target emitters as input. We will
characterize source and target by the cooperativity Cβ , which indicates whether the
photon spontaneous emission is reversible in each cavity: In case of Cβ � 1, the
photon number shows long lived oscillations, while for Cβ � 1, dissipation dominates
the dynamics of the cavity mode.

Furthermore, we will focus on the cases of one to three emitters in the target cavity.
The reason for possible additivity between emitter’s atomic operators is coming from
the fact that there is no direct coupling between them. In the presence of coupling
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5.3 Quantum cascade model: Master equation

between emitters, the additivity in Eq. (5.3.19) fails and each term should be treated
separately in the master equation formalism. The current formalism is also applicable
for such a case. There is no available analytical solution for Eq. (5.3.19) such that the
system of equations of motion can be constructed assertively. As a consequence, we
implemented a numerical procedure, fourth-order Runge-Kutta algorithm for different
values of ΓPs , to obtain the general density matrix ρ of the cascaded system.
The density matrix ρ is calculated in the composite Hilbert space of H with the basis

〈es, ps, et, pt|ρ|e′s, p′s, e′t, p′t〉 (5.3.20)

where ei are emitter states and pi are photon manifold of source and target i = s, t.
Similar to the target system analysis, one can obtain the steady state solution for
the entire cascaded system. Subsequently, by assigning zero to the left-hand side
of Eq. (5.3.19) and solving it results in a steady-state density matrix ρs. Besides
ΓPs ,all other physical parameters are fixed throughout sec 5.1. We set a cut-off for
the fock states which constitutes the composite Hilbert space. Because of this photon
manifold cut-off pi < Ni, the expectation values of the considered observables do not
change if we increase Ni. For the current setup we assign pi ≤ Ni = 10.

parameter value (ps−1)

gs 0.1
gt 0.1
γs 0.02
γt 0.5
κs 0.1(0.4 for Cs = 1.2)
κt 0.005

Table 5.3.1: Parameters used for the cascaded setup throughout the section.

After showing the photon statistics for the bare source cavity in section 5.1, we
will now show how the statistics of the target cavity may be influenced by the source
and focus on the cases of one, two and three emitters. We consider their numbers of
emitters in the parameter regime of interest and we see that only multiple emitters
allow to produce quantum nonlinearities.
The output of the coupled cavities is depleted by the cavity loss of the target cavity.
We consider two regimes for the intra-cavity coupling for both cavities. As it was
mentioned above, these regimes can be distinguished by the cooperativity Ci. However,
the physical parameters are not the same for both cavities, still, we can achieve the
preferred cooperativity for them. First, we set the intra-cavity coupling strength of
source and target equal:gs = gt = 0.1GHz. Note that the noise term in Eq. (5.3.19)
for the target cavity, with rate γt, is responsible for the atomic decay rate of the
TLSs, whereas, the TLSs are directly coupled to the bath. Another channel of decay
is through cavity dissipation factor where the target cavity loses photon to the bath.
Together with the intra-cavity coupling strength one can reformulate the cooperativity
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5 Cascaded systems 1: excitation via incoherently pumped TLS

as Ct = gt/κtΓt. As an initial condition, we set Γt = 0.5GHz. Hence, κt should be
chosen small enough, in fact much smaller than κs, that the coupling of the target
cavity stays at a moderate level. Since quantum effects are more likely to be observed
for C close to unity [98], we will study two cases. First, a weak intra-cavity coupling
regime for the source and moderate regime for the target. Second, we assume that
both cavities are in the moderate regime. Reciprocal values for the coopretivity are
shown in table 5.3.1. Cs = 5, Ct = 4.The set of parameters in table 5.3.2 corresponds
to these cases.

Scenario Cooperativity Inrra-cavity coupling regime

Case.1
Cs = 1.2 Weak
Ct = 4 Moderate

Case.2
Cs = 5 Moderate
Ct = 4 Moderate

Table 5.3.2: Two distinct cases for inter-cavity coupling regime of source and target.

As an important observable for the response of the target system, we can find the
steady-state expectation value of the cavity photon number

〈n〉 =
〈
a†iai

〉
= Tr(ρsa

†
iai) i = s, t (5.3.21)

where ai stands for the source and target cavity modes. As an example, for the weak
intra-cavity coupling regime, the evolution of the expectation value of the cavity
photon number as a function of pump rate Γps is plotted in Fig.5.3.1 The occupation
probability of the photon decrease when the incoherent pumping strength increases.
This is true for the source as well as for all the cases in the target cavity. The
mechanism behind this decline can be understood through the noise terms with
rates Γps (incoherent pumping strength) and

√
κsγt (the coupling strength to the

waveguide). These terms play a double-edged sword role. At the same time increase
the probability to produce a photon by exciting emitters and also cause the loss of
photons through coupling to the bath or waveguide. The corresponding formalism
can be seen in the master equation (5.3.19) where the minus part and plus part
plays as a protagonist in this paradoxical behavior. For larger pumping strength, the
pumping mechanism adiabatically introduces dephasing which eliminates the emitter
dynamics and the output field ends up in a thermal state [99, 101, 102].

This is a different process from the so called self-quenching where the photon
number decreases as a function of pumping strength. In self-quenching phenomena,
the physical process that causes this decline is the destruction of coherence between
the TLS and the cavity modes by incoherent or electrical pumping [103, 104]. The
important mechanism here is the mediator role of the target cavity modes between
the TLSs. As there is no direct interaction between TLSs the only way that these
systems exchange energy is through the cavity modes.
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5.3 Quantum cascade model: Master equation

Figure 5.3.1: The evolution of photon number as a function of the source cavity
incoherent pumping rate.

Another interesting pattern is that the probability of observing photons has a positive
correlation with the number of emitters, i.e., if one increase the number of emitters in
the target cavity the probability of finding photons in the target cavity also increases.

Another key observable of the system is the second-order correlation function which
in its customary form can be presented as [76]

g
(2)
stat(τ) = lim

t→∞

〈
a†i (t)a

†
i (t+ τ)ai (t+ τ)ai (t)

〉
〈
a†i (t)ai (t)

〉2 , (5.3.22)

herein, the zero time delay τ = 0, coincidence rates of two photon emission, is
considered. Then, in this limit, the correlation function g2(τ) can be reformulated as
[105]

g(2)(0) =

∑∞
n=0 n(n− 1)P (n)

(
∑∞

n=0 n P (n))2 (5.3.23)

where n is the photon number and the probability of finding nphoton is P (n). Numer-
ical evaluation of g(2)(0) for different incoherent pumping strength ΓPs is illustrated
in Fig. 5.3.2.

One can see that in the antibunching regime, g(2) < 1, for incoherently driving
strengths of ΓPs < gs, the source cavity acts as a single photon source.

The intra-cavity coupling of the source is not strong enough to produce more than
one photon. Before the production of the second photon, the cavity dissipation forces
the first photon to leave. This antibunching dynamics continues for a wide range of
parameters until it starts to have a coherent behavior for pumping strengths ΓPs > gs.
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.3.2: Second order correlation function g(2)(0) of the target cavity in the
stationary state for the source and the target cavity. For low pump rates
increasing the number of emitters produces more strongly antibunched
light. When increasing the pump strength, a transition to the thermal
regime occurs.

Here, we can see that the photon statistics of the cascaded system can be modified
via the pumping strength. This gives an opportunity to have an adjustable source of
light which can be used to excite the quantum many-level systems in a well-regulated
manner When coupling nonclassical, i.e. antibunched, light from the source into
the target system with one emitter, this only exhibits marginal antibunching. By
increasing the number of emitters, this effect can be increased. For the regime
of low pump strengths, the statistics tend towards the nonclassical Fock statistics,
while for high pumps, near-thermal statistics are observed. In our study, we are
especially interested in the transition from the nonclassical to the thermal regime for
intermediate pump strengths.

As an important phenomenon, the target cavity with one TLS rarely produces
an antibunched light even in the very weak pumping regime (blue, dashed dotted)as
well as for the case of two TLSs (green, dashed line). The mechanism behind this
is the dissipative transfer between the cavities, leading to thermal mixture and loss
of coherence from the source to the target. Thus, the dissipative coupling via the
reservoir leads to a more classical response. As we are in the weak intra-cavity
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coupling regime and at weak pumping strengths there is a modification of TLS energy
levels. The incoming light excites the TLS and spontaneous emission takes place.
But as the cavity dissipation rate is high the cavity loses the created photon. So
there is no correlation between detection of photons. By increasing the number of
TLSs in the target cavity, with a stronger quantum nonlinearity, the probability for
absorption-emission of photon increases. However, even in the case of two quantum
emitters the photon statistics in the target cavity is less non-classical. This situation
slightly changes for the case of three TLSs, as the quantum nonlinearity is sufficient
to reach some antibunched pattern for the weak pumping. Still, the second order
correlation function for this case is closer to coherent light than antibunched light.
Thus, we have a possibility of stable production of a photon. In the forthcoming
section, we will encounter with additional evidence for closely classical production of
light by target cavity with one TLS.
If there are any quantum phenomena to be observed, it can occur in an interval
of weak pumping strength. In the regime ΓPs > gs, the response follows the source
dynamics. This highlights the fact that the target cavity mimics the quantum be-
havior of the source cavity which arises once it is incoherently-weakly pumped. One
can conclude that a quantum cascaded coupling does not qualitatively change the
second-order photon correlation function of the target . However, we will see that in
the case for higher-order photon correlation functions, which we discuss in the next
section, the finger print of the source statistics is observable.

The assertion that we can control the photon statistics of the target cavity, is a
motivation to investigate the light production from the target more profoundly. The
general method for this is to tune the system for different physical parameters and
observe the produced output light. As it was referred in section.5.1, the quasiproba-
bility distributions can present the pattern of the output field explicitly. The Fock
state distributions are calculated for the target cavity with two and three TLSs. We
excluded the target system with one emitter as the output of such a configuration is
merely bunched photon statistics, thermal light.Thus, the nonlinear phenomena that
we are interested in is barely present. In addition, two different coupling scenarios
introduced in table 5.3.2 are considered.
These Fock number distributions for the target cavity are demonstrated in Fig.5.3.3.
Moreover, the influence of different intra-cavity coupling strengths on these quasiprob-
ability distributions are shown. For the target cavity with two TLSs, the first
phenomenon to be observed is the flat distribution for the case.2 of intra-cavity
coupling strength shown in Fig.5.3.3(a). This occurs exactly in the transition regime
of g(2)(0) shown in Fig.5.3.2 . One can see that this setup shows a rather nontrivial
photon distribution which does not match any light statistics Fig.5.3.3(c). We will
elaborate on this case later. By decreasing the cooperativity of the source, target
cavity with two emitters,the weak coherence produced in the source mostly is depleted
in the bath and the target cavity produces thermal light. Nonetheless, one can still
observe the quantum signature of the source as the distribution is not monotonously
decreasing(the probability of finding one photon is still high) which is different from
a pure thermal light.
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Figure 5.3.3: Fock state distribution for different configurations of the target system.
These two distributions for the two and three TLSs in the target cavity
are shown from top to bottom. The first column (a, c) presents the
results for the cooperativity values of Case.2 in table 5.3.2. For Case.1
in this table the result is presented in the second column (b,d).

Additionally, the case for the target cavity with three TLSs are illustrated in
Fig.5.3.4(c-d). In the moderate intra-cavity coupling intervals (Case.2 in the ta-
ble 5.3.2), target system output behaves as a mixture of coherent and antibunched
light, though the maximum of the Fock state distribution is at n = 3. Whereas for
the Case.1 scenario the target system’s properties resembles the mixture of coherent
and thermal light.

Despite this, two cases show odd photon distribution in the Case.1 scenario, Fig.5.3.3(b-
d). For the target cavity with two TLS, the vacuum and one photon states have
similar occupation probabilities Fig.5.3.3(b). The three TLSs scenario is closely
related to the production of Fock states but still has some coherent state features
Fig.5.3.3 (d). Similarly to the incoherently pumped TLS case in a cavity, one can see
that the weak and moderate coupling regime, in addition to weak pumping strength,
are the criteria for the observation of quantum phenomena in quantum cascaded
system. The odd behavior of target cavity system in the moderate coupling regime
with weak pump is related to the mediator role of the cavity modes and the dissipative
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nature of the bath. The stronger intra-cavity coupling regime leads to more exchange
of energy between the TLSs and cavity modes. Therefore, the communication of
energy between the TLSs takes place. Furthermore, The increase in the number of
TLSs leads to more exchange of energy between the TLSs and consequently creates
modified probability of finding more than one photon as many TLSs are excited at
the same time.

All of the Fock state distributions presented in Fig.5.3.3 are matter of interest, as
they deviate from the typical photon distribution. However, we will concentrate on
the most interesting case where we observed a flat distribution and investigate its
properties. The next step here is to have a more profound understanding about the
odd quasiprobability distributions that we observed above. For that, investigation of
g(n)(0) is proposed in the next section.

5.3.3 Higher order correlation functions

A more ostensible understanding of the cascaded systems can be achieved through
the manifold of g(n)(0) function. In experimental physics, higher-order photon-
correlations have become feasible [106]. These correlation functions open a possibility
to characterize the quantum light field more precisely in photon detection setups.
For example, a g(2)(0) ≈ 1 is often taken to be an indicator for a coherent light field
(in the Glauber state). Another example is a Fock state which has a large photon
number

g
(2)
Fock(0) = 1− 1/N → 1 (5.3.24)

for N =
〈
a†a
〉
� 1. Although, the second order correlation function is a powerful

tool, for a more explicit characterization of the light field one can consider higher
order correlation functions. For zero time delay τ = 0 and steady-state they are
defined in their customary form as

g
(n)
stat(0) =

〈
a†ni a

n
i

〉
〈
a†iai

〉n , (5.3.25)

where i = s, t for the source and the target cavity. The g(n)(0) gives clear distinction
of the type of light that the source cavity is producing. In Fig.5.3.5 such a plot for
the source cavity is shown for different incoherent pumping strength. By increasing
theΓP source cavity shifts from sub-Fock emission to the sub-thermal radiation.

The behavior of the source in the manifold of g(n)(0)is sufficient indication that,
by the incoherent pumping mechanism, we have a control over the type of light that
we can produce from the source cavity.
The g(n)(0) as a function of n for two (and three) TLSs are computed here. Even for a
case when the g(2)(0) function values are equal, one still can measure such higher-order
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correlations to distinguish the output fields. For three typical types of light statistics,
we can characterize the behavior of g(n)(0). The Fock state higher-order correlation
functions are formulated as

g
(n)
Fock(0) = N !/[Nn(N − n)!], (5.3.26)

where n < N =
〈
a†a
〉

. This implies that g
(n)
Fock(0) > g

(n+1)
Fock (0). This is in contrast to

a coherent distribution, where we have g
(n)
coh(0) = g

(n+1)
coh (0) = 1. For a thermal light

field where n̄ is the mean photon number, the unnormalized form of the higher-order
correlation functions read

〈
a†nan

〉
= n!(n̄)n and computed as

pn = (n̄)n/(1 + n̄)n+1. (5.3.27)

Subsequently, the correlation function follows the relation: g
(n)
therm(0) < g

(n+1)
therm (0) =

(n+ 1)!. By applying these three limiting cases, one can visualize the output of the
quantum cascade driving setup.

The higher-order correlation functions are numerically evaluated and plotted in
Fig.5.3.4.The source cavity (red, solid) and the target cavity with one (blue, dashed
dotted) and two (green, dashed) TLSs are distinguished. The same physical pa-
rameters for the calculation of quasiprobability distribution are allocated here. To
illustrate different states of light,the g(n)(0) of pure thermal light, coherent light and
quantum light are plotted. Additionally, we colored each area to differentiate between
these states(super-thermal and sub-thermal fields, and super- and sub-Fock states).
Considering the Fock state limits , we set the number of Fock photons equal to the
order of the correlation function N = n.

The corresponding correlations of the source g
(n)
s (0) and target system g

(n)
t (0) are

presented for a fixed value of ΓPs = 0.1ps−1 = g. The output field from the source

cavity shows a monotonic behavior in the sub-Poissonian state i.e. g
(n)
s > g(m) for all

n < m < 10. Comparing to the vast shaded area(light blue), it is very characteristic
for a non-classical output field to be that close to the pure antibunched light. It is
interesting to notice that the non-classical nature of the source cavity was hardly
detectable in the quasiprobablity distributions presented in Fig.5.1.2
Similar to the source, for the case of one TLS in the target cavity, we also see a

monotonic behavior, but this time with increasing distribution g
(n)
s < g(m) for all

n < m < 10. As we expected, apparently, the target cavity with a single TLS is far
from entering the quantum regime. Conversely, the output field of the target cavity

with two TLSs does not display such a monotonous behavior, e.g. g
(2)
t (0) < g

(3)
t but

g
(2)
t (0) > g

(6)
t . As an unorthodox type of distribution, its trajectory starts from the

sub-thermal states and after passing a maximum enters to the sub-Poissonian area.
This output corresponds to the Fock state distribution which is shown in Fig.5.3.3
(c). In the light of this difference, it appears that the target dynamics is not purely

58



5.3 Quantum cascade model: Master equation

Figure 5.3.4: Higher Correlation functions in the steady state, when the pump strength
is equal to the cavity coupling (ΓPs = g) for source (red, solid) and
target with two TLSs (green, dashed) and a single TLS (blue, dashed
dotted). The solid, dashed and dash dotted gray lines present thermal,
coherent and pure quantum light. The source is antibunched and in
the subpoissonian regime for all orders in the correlation function. The
target with a single TLS exhibits thermal light. However, the target
cavity when containing two TLSs shows a transitional behavior, where
it starts out in the sub-thermal regime but goes to the sub-Poissonian
regime for higher orders.
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Figure 5.3.5: Stationary higher order correlation function of the target cavity with
three emitters up to the tenth order.

imprinted from the simple image of the source. The previously discussed, dissipative
degradation which takes place in the source-target transfer is not solely responsi-
ble for the source and target deviation and cannot only be traced back to this process.

In target cavity with three TLSs, for the moderate intra-cavity coupling and the
weak pumping strength Γp = 0.1, the output field resembles coherent light for n < 4.
However, for higher photon number it strays and enters the sub-Poissonian photon
statistics ( magenta line in Fig.5.3.5).We can see that in the cascaded setup with
three emitters in the target, the source state is not straight forwardly mapped to the
target system and quantum statistics of the target is remarkably much closer to a
coherent driving setup, although it is of purely dissipative nature.
In the rest of this section, we will only focus on the case of a target with two
TLSs, as we have found exciting photon probability distributions for this case. Also,
since the target system with one emitter does not exhibit non-monotonic behav-
ior and the case for three emitters mostly resembles the coherent distribution in
parameter regime, we concentrate on the two emitters scenario. This scenario for
quantum cascade coupling prevents drastically a straightforward imprinting of the

source statistics on the target quantum dynamics as it is visible in g
(n)
t (0) distribution.

In Fig. 5.3.6 we investigated the influence of incoherent pumping mechanism on
the higher order correlation functions. The corresponding correlation functions of

the source and target system g
(n)
t (0) are plotted for different incoherent pumping

strengths of the source system ΓPs . As a compelling result, one can see that the
response from the target system deviate drastically from the source quantum statis-
tics. The source system,for all pumping strengths, behaves monotonically, always

decreasing: g
(n)
s (0) > g

(m)
s (0) for all n < m ≤ 10. Moreover, for high orders of photon
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5.3 Quantum cascade model: Master equation

Figure 5.3.6: Higher-order correlation functions of the source g
(n)
s (0) and target system

with two TLSs g
(n)
t (0) for different incoherent pumping strength of the

source system ΓPs . Remarkably, the target system exhibits a different
behavior than the source system.

number n > 5, the quantum statistics converges to lower values and finally reaches
very small values close to zero . This behavior is due to the fact that the incoherent
driving and the cooperativity [107] Cs = g2

s/(ΓRκs) restricts the obtainable photon
manifold, i.e. there will be always a cut-off number nc with corresponding pnc = 0

and therefore the relevance of higher-order correlations decreases: g
(n)
s (0) → 0 for

(n− nc)→ 0.

In contrast to the source, the target system arrive first at a maximum point for a

certain m with g
(m)
t (0) ≥ g(n)

t (0) for all n. This maximum shifts for higher pumping
strength towards larger m. This phenomena is expected, since the maximum number

of photons also shifts to larger values. After the target passes its maximum, the g
(n)
t (0)

distribution follows the same fashion as of the source system and inclines towards
the lower values. This behavior is stabilized for a wide interval of pumping strength
values. As a result of a cut-off number presence in the source photon manifold nc,
the target quantum distributions will follow the same faith and eventually merge
to zero. However, This process only occurs for large n, wherein, the target system
follows the source quantum statistics, always after passing a maximum point. The
maximum point, however, can increase to the higher values until it suddenly shifts
to very large orders in correlation, particularly from a certain pumping strength on:
ΓPs = 0.2ps−1 (blue, dashed line). Thus, we consider a certain transition point for

the maximum of target system g
(n)
t (0) distributions.

Moreover, a qualitative transition of the target system in the correlation func-
tions g(n)(0) is revealed in Fig. 5.3.6. In the case of the target cavity, for low
incoherent pump strengths, the correlation curve is turning downwards. Then , for a
certain pumping strengths, there is a transition point where the curve turns upwards
and resembles the thermal statistics . We quantify the transition process by the
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.3.7: The transition observed in the system illustrated by the second order
finite difference at the g(2)-function. While the source correlations cross
from an upwards to a downwards turning point, the target correlations
exhibit the opposing behavior. The curves cross at the coupling strength
g = 0.1ps−1 common to source and target.

second order central difference written as

g(n)′′ =
g(n+1) − 2g(n) + g(n−1)

(n+ 1− n)(n− (n− 1))
. (5.3.28)

In the course of transition from coherent to thermal light, the nth order correlation
function of the target system flips up. Wherein, the source behavior stays in about
the same regime of light. To characterize this transition mechanism in the target,
we implement the second order difference at the g(2)-function. That will show the
flipping process, where the curve here points upwards. In Fig. 5.3.7 we illustrate
this transition for the second order central difference. One can observe that the
target system proceed from a downwards to an upwards turning point. In contrast,
simultaneously, the source system exhibits a totally different pattern, a transition from
an upwards to a downwards turning point. The crossing point for the corresponding
curves are at the coupling strength g = 0.1ps−1. Thus, albeit it is not trivial how the
source influences the target, we can still illustrate the transition in the target system
by a reciprocal transition in the source system.

5.3.4 Characterization of quantum cascaded driving

To have a better view of the properties of the quantum cascade, one can compare
the higher-order correlation gn and Fock state distribution with a target system
which is not cascaded to the source but is coherently or incoherently driven. One can
decouple the source and target cavities by switching the output of the source cavity
off, setting κs = 0. As a milestone, here also we concentrate on the case of two TLSs
in the target system. In the master equation formalism we will adopt two distinct
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5.3 Quantum cascade model: Master equation

Figure 5.3.8: Higher-order correlation functions of the target system with no quantum
source pumping κt = ΓPs = 0. Instead the target is directly pumped
incoherently (left) and coherently (right) with ΓPt =

√
γtκs. Note the

logarithmic scale for incoherent pumping, and the monotonous increase,
which is in contrast to the coherent driving induced maximum in the
g(n)(0) distribution. The incoherent driving exhibits thermal statistics,
while the coherent driving is close to coherent statistics for a wide range
of pump parameters.

scenarios. Firstly, the coherent driving of the target system is considered and included
by displacing of the target cavity’s photon operator as a†t → a†t + ΓPt /gt. Secondly,
for the scheme where the target system is driven directly with incoherent light, one
can alternate the incoherent pumping operators from D[

√
ΓPs σ

+
s ]ρ→ D[

√
ΓPt σ

+
t ]ρ.

We have evaluated numerically these two scenarios for higher order correlation function
gn(0) which is depicted in Fig. 5.3.8. The comparison for the case of incoherent
pumping (left panel, green line) and coherent pumping (right panel, orange line) of
the target system is illustrated. All the physical parameters of the target system are
kept the same which allows one to compare these two scenarios with the quantum
cascaded case.
A recognizable qualitative behavior of gn(0) in the cascaded setup (cf. Fig. 5.3.6),
with the incoherently and the coherently pumped cases is observed. While, in the
case of cascaded setup, gn(0) exhibits a maximum in the correlation functions and
then passes the sub-thermal and sub-Poassonian boundary, the incoherently driven
target exhibits thermal statistics, increasing monotonously. For the case of coherently
driven target system, gn(0) exhibits a closely related statistics to coherent light. Thus,
one can conclude that the form of accessible photon statistics for the cascaded system
is drastically different from the other excitation scenarios. This is due to the fact
that some parts of the composed Hilbert space of stationary cascaded system is now
accessible from the target system, that would not be available by other means of
excitation [27].
This result is at first glance surprising, as the the output field of the source is
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.3.9: Occupation probability of the Fock states for ΓPs = 0.1ps−1 correspond-
ing to the photon statistics shown in Fig. 5.3.3 (solid, blue). Due to
the cascaded coupling the photon number distribution is exceptionally
flat. This illustrates the photon statistics that deviate from the proto-
typical cases. For reference (dashed, orange), the coherent distribution
is shown.

clearly in the antibunching regime, and the coupling mechanism is mediated due to
dissipative processes. By inspecting the coupling terms, one can have some physical
intuition for the observed result, . While the cascaded coupling is derived using an
intermediate bath and thus constitutes a dissipative coupling, the coupling preserves
some properties of the source statistics in certain regimes. However, investigating the
quantum cascade coupling in the master equation Eq. (5.3.19), it can be written in
terms of anti-commutators.

If one exchanges
√
γtκs → −

√
γtκs, the system dynamics and results remain un-

changed, as it is the same with Ht/s → −Ht/s.

This can give an explanation for the part of the target cavity dynamics that
preserves the source cavity photon statistics in the low pump strengths interval. This
behavior is not expected from a dissipative coupling as the standard Lindblad form
is independent of a change in the sign. In the weak incoherent pumping interval,
quantum coherences can be constructed and those quantum processes (produced

and came out) from the source cavity are mediated via a†s to the coherences of the
target cavity system σ+

t . In this limit, the coherent coupling dominates and leads
to a characteristic maximum in the g(n)(0) distribution, comparable to the peak in
the Poissonian distribution. However, for strong incoherent pumping, the emitter
dynamics follows the population dynamics adiabatically, since the incoherent pumping
destroys any quantum coherences. In this limit, the target emitters are driven by the
population, which enforces a dissipative, thermal behavior without inherent quantum
coherences. Nonetheless, in the intermediate coupling regime a transition takes place.
This allows one to obtain rather specific photon distributions by only partially feeding
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the source cavity photon statistics into the target which is visible in the high-order
correlation functions.
Herein, we compare the Fock state distribution presented in Fig.5.3.3(a) , correspond-
ing to the statistics of g(n)(0) function observed in Fig. 5.3.4 , with a coherently
pumped target. The differences between these two distribution are illustrated in Fig.
5.3.9. One can observe a flat distribution of photons, where the probabilities for
the first few photon number states are similar(solid,blue) and its deviation from the
coherent distribution, with a maximum and then thermal distribution, (dashed,orange)

To conclude, higher-order photon correlations show that the quantum cascaded
driving leads to a very unexpected behavior and creates an interesting regularization
of the quantum output, i.e. the target quantum statistics is dissipatively driven with
a non-classical light and exhibits an intriguing mixture of coherent, thermal and anti-
bunching correlation functions. We can drive a system via a quantum cascaded setup
into a mixture of different quantum statistics and there exists a critical incoherent
pumping strength for the source system, above which the target’s response changes
without a qualitative change in the source quantum statistics. The quantum cascaded
system shows a promising route to combine a super-Poissonian in a sub-Poissonian
field to Poissonian one . This is an interesting regime to create a mixture of quantum
statistics within a single target system by the mixture of Hamiltonian and decoherence
processes, mediated by the cascaded setup.

5.4 Indirect coupling to the target emitter(s)

In the case of indirect coupling the modes of two cavities couple to each other and
through this coupling the photon statistics is transferred from the source to the
target system. The formalism for this case is similar to the case of indirect coupling
discussed in section 5.2. The only difference here is the target cavity coupling rate
to the waveguide which is set to be the cavity photon decay rate, γt → κt. Thus ,
following the formalism in Eq.(5.3.19) the general master equation for this case takes
the form

dρ

dt
=

1

i~
[H0 +Hs +Ht, ρ]

+D[
√

ΓPs σ
+
s ]ρ+D[

√
γsσ
−
s ]ρ+D[

√
κsas]ρ

+D[
√
κtat ]ρ+

∑
i=1,2

D[
√
γtσ
−
t,i]ρ

−
√
κsκt

∑
i=1,2

(
[a+
t,i, asρ] + [ρa†s, at,i]

)
. (5.4.1)

Herein, we consider one or two emitters inside the target cavity. The cavities couple
to the unidirectional waveguide through the cavity dissipation rates κi for i = s, t.
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5 Cascaded systems 1: excitation via incoherently pumped TLS

The simple sketch of the considered setup is presented in Fig.5.4.1. The master
equation for such a system can be evaluated numerically for both cases. However, in
the following we concentrate on the case that target system contains only one emitter.
This is due to the fact that the characteristic futures, that we are interested in, are
observed to be similar for both cases. Latter in the study of the control of entropy
we will consider two TLSs in the target system. For the direct coupling scenario,

Figure 5.4.1: Schematic depiction of the studied setup. The source cavity, which
contains a TLS, is pumped incoherently with rate Γp. The emission of
the source cavity is fed into the target system which excites indirectly
the emitters contained in the target cavity.

presented in section 5.2, we have fixed all the parameters of the target system and
only changed the source cavity incoherent pumping strength. In addition, we have
changed the source cavity cooperativity to examine how such changes in the source
effects the whole cascade dynamics.
Here we propose another approach in which we change the physical parameters of the
target system and examine their influence on the quantum statistics of the cascaded
system . To have a better understanding of the influence of these parameters in
statistical distribution, we change one parameter each time and see how the photon
statistics of the target system changes. All the parameters are chosen in according to
table 5.3.1.

5.4.1 Control of photon statistics of target cavity

Firstly, we numerically evaluated the evolution of the photon number of the source
and target. This evolution is illustrated in Fig.5.4.2 for different values of gt and
γt. The parameters of the source cavity are fixed here and we only change one of
the parameters of the target which changes the intra-cavity dynamics . One can see
that, by increasing cooperativity, Ct, through the increase of its nominator gt, the
probability of producing photon decreases.

For the second order correlation function g2(0), the increase in Ct shifts the output
light of the target cavity from antibunched(dashed dotted line) to highly bunched
light(dashed line). This shift in the quality of the produced light is illustrated in
Fig.5.4.3.
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5.4 Indirect coupling to the target emitter(s)

Figure 5.4.2: The manifold of occupation probability of photons evolving for the
target cavity in respect to pumping strength. Different inter-cavity
coupling strengths are echoed here.

To describe this result, one can argue that the incoming light from the source cavity
first couples to the target cavity bosonic modes. Afterward, through the target
cavity modes, the TLS interacts with the imposed excitation. It can be seen that
the influence of the coupling strength is exceptional. This is due to the fact that the
TLS exchange of energy with the cavity modes depends on gt.
To clarify this process, we can analyze the role of gt in the cascaded formalism.
Firstly, the atomic operator and cavity modes exchange energy only via the inter-
action(Jaynes–Cummings) Hamiltonian, Ht. One should notice that, in the case of
indirect coupling, fermionic operators communicate to the incoming field through the
target cavity mode operator at. The rate of this communication is determined by gt.
Metaphorically, we use the term communication where the components of quantum
system exchange quanta of energy through the Hamiltonian operator. Thus, we can
interpret the situation as follows: in the case of indirect coupling, the communication
between incoming photons and the atom inside the cavity takes place through a
meditator, namely the cavity bosonic field. These cavity modes exchange energy with
the single photon source and simultaneously communicate to the atoms . As it can
be seen from Eq.(5.4.1), for the case of direct coupling to the target cavity emitters a
different process occurs.

For a better understanding of the target cavity dynamics, this time after fixing
all parameters of the target, we change the denominator of Ct, namely the atomic
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.4.3: Second order correlation function, g2(0), diagrams for the source cavity
and the target cavity with one TLS. The ratio of gt is changed in
respect to the cavity dissipation rate κt . Different incoherent pumping
strengths are considered here.

dissipation rate γt. Similarly to the case above for gt, the photon number expectation
value and the second order correlation function are considered. In Fig.5.4.4 the
behavior of these two observables for different γt are illustrated. The increase in
atomic dissipation rate leads to the increase in cooperaitivity of the target cavity.
Thus, a similar behavior is deserved to the case with changing the intra-cavity coupling
strength gt. This behavior can be explained by desynchronization of coupled cavities
when the intra-cavity dynamics of the target dominates, there is an increase in Ct,
and coherence get lost in a transformation process from the source to the target by
dissipative environment. That describes the thermal nature of the output light from
the target cavity. By decreasing the rate of Ct the source and target synchronize
again and the target system mimics the photon statistics of the source, behaves
antibunched for weak pumping regime ΓPs . To understand the desynchronization
we evaluate the second order correlation function for different gt which is shown in
Fig.5.4.5.
The target system desynchronize from the source when the inter-cavity coupling

strength is bigger than the mean coupling rate to waveguide, gt � κt. After passing
this point the system approaches the thermal regime, as no input field enters the
cavity and the remaining photons also naturally leave the target system. As a matter
of importance for the control mechanism of cascaded system, we can propose a
protocol for synchronization of the two coupled cavities: by changing the target
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5.4 Indirect coupling to the target emitter(s)

Figure 5.4.4: The manifold of photon number and g2(0) function evolution for the
target cavity with one emitter in respect to the pumping strength
ΓPs . Different atomic dissipation rateγt are considered. The atomic
dissipation rate of TLS in the source γs is fixed and in respect to that,
the γt is varied.

system internal dynamics one can synchronize ( or desynchronize) the target cavity
from the cascaded setup.

5.4.2 Control of entanglement between two emitters in the target cavity

One of the most important property of bipartite quantum systems is the concept
of entanglement. For this purpose, we assume now that the target system contains
two emitters and examine the entanglement between these two TLSs. One of the
measures of entanglement is the relative entropy which is based on the Von Neumann
entropy. Von-Neumann entropy is the quantum counterpart of entropy in classical
information theory. For a density matrix of two emitters with reduced bipartite
density matrix ρb the Von Neumann entropy is defined as [108]

S(ρb) = −Tr(ρblnρb) (5.4.2)

where S is changed to an interval 0 ≤ S ≤ lnN where the zero value is for pure states
and lnN for maximally mixed states. N represent the dimension of the composed
Hilbert space of the bipartite quantum system.
Considering the steady state limit for the cascaded system, we evaluate S(ρb) numer-
ically. Additionally, we fix κt and change the intra-cavity dynamics of the target by
changing the coupling ratio gt between emitters and the target cavity. The values
of S(ρb) versus the incoherent pumping strength of source cavity is illustrated in
Fig.5.4.6. In the case of moderate intra-cavity coupling gt = κt (solid line) the
trajectory of S is on top of other intra-cavity coupling scenarios. As we increase
the incoherent pumping strength, for all cases, the quantum coherence between two
emitters is destroyed and the entropy tend to zero. Also, following the same line of
reasoning, the maximum entropy can be obtained for moderate intra-cavity coupling
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5 Cascaded systems 1: excitation via incoherently pumped TLS

Figure 5.4.5: The manifold of g2(0) function evolution for the source cavity in respect
to the target cavity coupling strength gt.

and a rather weak incoherent pumping strength, ΓPs ≈ 10−1.
In addition, for a bigger cooperativity Ct(dashed line) the entropy is minimal which
suggests that by increasing the coupling ratio between emitters and target cavity
we decrease the entanglement between the two emitters. Another important aspect
is the shift in the maximums of each line. The maximum for smaller cooperativity
takes a place for weaker ΓPs and by increasing Ct the maximums shift to stronger ΓPs .

5.5 Conclusion

Herein, a quantum cascaded system, in which an incoherently pumped source system
drives a target system with its quantum output field, is investigated. As an impor-
tant observables, we went beyond second-order correlation functions and focused on
higher-order photon- correlations g(n)(0). Interestingly, for the case of direct coupling
to the waveguide, we find that the response of the target system differs strongly for
different values of the incoherent pump parameters. When the incoherent pumping
strength has a lower values than the coupling constant of the target system ΓPs < gt,
the quantum statistics of the source system are imprinted on the target system. For
larger values of ΓPs the target system’s output field resembles an incoherently driven
quantum system. However, the interesting phenomenon happen in an intermediate
regime. A mixture of coherent and incoherent processes due to the coupling mecha-
nism occurs leading to quantum statistics differing from the prototypical coherent and
thermal shapes and giving rise to the possibility of producing flat photon distributions.
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Figure 5.4.6: The manifold of S(ρb) evolution for two emitters in the target cavity
in respect to incoherent pumping strength ΓPs . Different inter-cavity
coupling ratios, gt, are presented. The maxima of the S shifts to the
right by increasing gt

For the case of indirect coupling, the deviation of source into target is more visible
in low pumping intervals, ΓPs < gt. It is suggestive that the internal dynamics of
target system is dominant in this regime but by increasing the pumping strength and
entering into the intermediate regime again the quantum statistics of the source is
imprinted to the target.
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6 Dynamical Casimir effect: A source for
two photon production

In this chapter we introduce different methods for two photon production sources.
Two photon emission takes place when a transition between atomic levels by simulta-
neous production of two photons takes place[109]. This makes the process a second
order optical process which conventionally occurs in the realm of nonlinear optics.
There are many important implications in quantum information science and atomic
physics for such a source of quantum light [110, 111, 112, 113, 114]. For example,
the pairs of photon has implication in quantum key distribution [115], quantum
teleportation [116] and quantum repeaters [117].
In the first part, we provide an overview of the spontaneous parametric down conver-
sion(SPDC) which is the major source for the production of the entangled photons
in nonlinear optics. Secondly, we introduce an example for such a source of two
photon emission in nonlinear optics. This example shows that the dynamical Casimir
effect which we briefly introduced in chapter 4 can be implemented for a rather
efficient production of two entangled photons. The main idea behind this example,
is the consideration of the emission of photon pairs by metal-dielectric interface or
waveguide excited by normally falling plane wave. The excitation causes temporal
oscillations of the phase velocities of surface plasmon polaritons. This eventually
leads to the dynamical Casimir effect - the generation of pairs of polariton quanta,
which transfer to photons outside of the interface. The emitted pairs of photons are
in the polarization entangled state.
A part of this chapter has been published in Applied physics A, Physics letters A
and OSA proceeding [118, 119, 120].

6.1 Two photon emission processes in nonlinear optics

Spontaneous emission of photon(s) is an aspect of nonlinear optical processes [121,
24, 25]. We shortly present an overview of the most important processes that account
for two photon emission, i.e, the parametric down conversion. Another process for
the spontaneous emission of two photons is the four waves mixing that we excluded
here. For more information on the latter process we refer the reader to the related
literature on this topic [122, 123, 124].

Spontaneous parametric down conversion,SPDC
SPDC is a process in which a pair of photons is created by a laser beam incidence to
a nonlinear crystal with defects. The reason for such a photon generation are the
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Figure 6.1.1: Production of two photons by spontaneous parametric down conversion.
The laser beam is illuminating to the nonlinear crystal and the output is
a pair of photons. The blue color for the laser beam indicates the higher
frequency, ωp, while the red color for the generated pair of photons
shows the lower output frequencies, ωs and ωi.

crystal defects which are for example noncentrosymmetric. These defects make the
second order susceptibility nonzero, χ(2) �= 0. The nonlinear interaction of a intense
laser beam with these defects results in the annihilation of a laser photon and the
creation of pair of photons which are called signal and idler. The sketch of such a
process is shown in Fig.6.1.1. The frequency of each of these photons are smaller than
the laser frequency. This can be seen as a coherent process between three photons
[125] where they traditionally follow the phase matching condition [126]

ωp = ωs + ωi , kp = ks + ki. (6.1.1)

This process can be explained as the intensive laser beam drive the oscillations of
the electrons in the crystal defect to behave in a nonlinear fashion. In this regime
we have a second order interaction occurs which results in the annihilation of laser
photon and the creation of two down-converted photons. The photon pairs created
in SPDC are entangled both in the wave number and the frequency. This shows that
we have an entanglement in space as well as in time between two produced photons,
signal and idler. There are two types of SPDC regarding to the polarization between
these photons. If both photons have a similar polarization then we have type-I SPDC.
The type-II SPDC arises when signal and idler photons have orthogonal polarization.

74



6.2 Example: Plasmon-enhanced emission of polarization entangled photons

6.2 Example: Plasmon-enhanced emission of polarization
entangled photons

Herein, we consider the spontaneous emission of entangled photon pairs by a metal-
dielectric interface or waveguide exposed into strong laser waves with the wavefront
parallel to the interface. This wave, due to the nonlinear interaction of light with
matter, evokes periodical oscillations in time of the optical length of the surface
plasmon polaritons (SPPs) - the electromagnetic excitations of the interface. This
oscillation causes periodical perturbation in time of the zero-point state of the excita-
tions resulting in the two-photon emission. Thus, the emission is fully analogous to
the dynamical Casimir effect: the generation of pairs of photons in a resonator with
changing its optical length in time [127, 128, 129, 83, 130, 131]. As it was discussed
in chapter 4, we need to oscillate the mirror(s) of the resonator with the relativistic
velocity for the observation of the dynamical Casimir effect [25]. This is a condition
that is very difficult to fulfill by the current technologies. Thus, if one carries out
this type of experiment, the intensity of the corresponding emission is extremely hard
to observe. However, if one uses a superconducting circuit consisting of a coplanar
transmission line, then one can achieve for microwaves a rather strong changing in
time of the electrical length. In a recent experiment, the dynamical Casimir effect
was observed in the range of 10 GHz [132].

In the realm of visible light, the dynamical Casimir effect may be also enhanced if
one uses a strong laser excitation. However, due to very small field association with
the corresponding zero point fluctuations one needs to use very strong laser excitation
to observe this effect [133]. A suggestive possibility for overcoming this difficulty
is to create plasmon polaritons: The required intensity of the laser excitation may
be strongly reduced if one uses a metal-dielectric interface as a transformer of laser
photons to photon pairs. The electromagnetic excitations of the metal-dielectric
interface – SPPs, have a much smaller group velocity in the visible spectrum than the
light velocity. Therefore, the electric field associated with one SPP quantum is strongly
enhanced as compared to that of a photon in free space or in an usual dielectric. The
goal of introducing this setup is to consider the effect of this enhancement on the
generation of pairs of quanta of electromagnetic excitations. We will show that in
this way one indeed can strongly enhance the dynamical Casimir effect.The yield
of the two-photon emission in this process may strongly exceed the yield of two-
photon emission in dielectrics in case of renown nonlinear optical process, spontaneous
parametric down conversion [134, 133].

6.2.1 Physical setup

We consider a lengthy interface between metal and vacuum or a dielectric with small
refractive index and suppose that mutually parallel mirrors are placed on the ends of
the interface. The interface is exposed to strong laser waves through a high refractive
index medium falling normally to the interface. In this case the wave front of the
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Figure 6.2.1: Production of two photons by excited metal-dielectric interface. The
source of excitation comes from laser with falling plane wave and fre-
quency ω0. There are three different refractive indices in this setup. n0

for the prism, nm for the metal and n1 for the dielectric. The SPPs
created here with frequencies ω and ω0 − ω leave the system as pairs of
photons going through prism.

excitation is parallel to the interface. The latter wave causes periodical oscillations
of the refractive index (mode index)in time of a SPPs at the interface, which have
the same for all coordinates x of the interface. These oscillations cause the periodic
variation in the optical length of SPPs at the interface resulting in the generation
of pairs of their quanta. The generated SPPs can leave the interface as photons to
direction

ϕ0 = arccos(
n

n0
) (6.2.1)

corresponding to the Kretschmann configuration. In this direction the wave vector of
a SPP coincides with the x- component of the wave vector of a photon with the same
frequency in the dielectric. The scheme for such an experiment is given in Fig.6.2.1.
Two-photon emissions due to dynamical Casimir effect in the dielectric-metal-vacuum
(dielectric) interface with refractive indexes satisfying the condition n1 < nm < n0

where ni are three different refractive indices of dielectric, metal and the prism.

What is presented here holds for surface plasmon polaritons (SPPs) in metal-
dielectric interfaces, for guided 2D-waves propagating along a thin dielectric slab
with a high refractive index surrounded by dielectrics with smaller refractive indexes
(guided dielectric waves (GDWs)) [135, 136] and for D’yakonov waves (DWs) existing
in the interface of dielectrics of different symmetry [137] (recently observed in [138].
The enhancement factor η for such a variety of setups is illustrated in Fig. 6.2.2.
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6.2.2 Theoretical model

The efficiency rate of the emission of photons due to the dynamical Casimir effect is
determined by the dimensionless parameter

v =
πa0

λ0
=
V

c
(6.2.2)

where a0/2 is the amplitude of oscillations of the optical length, λ0 = 2πc/ω0, with
ω0 being the laser frequency and V is the maximum velocity of the oscillations of the
optical length corresponding to the resonator for generated photons.Further, c is the
speed of light. In the visible spectrum one can use laser light to call up the periodical
oscillations in time of the refractive index and the optical length of a dielectric placed
in the resonator. However, the parameter ν in this case is usually very small due
to the fact that the nonlinear interaction of light with matter is very weak. In this
case the rate of emission of photons due to DCE is also very weak. Nevertheless, in
the microwaves frequency, by means of a superconducting circuit, one can achieve
a rather strong change of the electrical length in time to observe DCE [139, 132].
The time-dependent part, δnt, of the refractive index of SPPs in the case under
consideration is described by the equation

δnt = χ(2)E0 cos(ω0t). (6.2.3)

Here E0 =
√
Z0I0 is the amplitude of the electric field of the laser wave, Z0 = 376.7Ω

is the impedance of free space, I0 is the intensity of the laser light, ω0 is its frequency,
χ(2) is the second order nonlinear susceptibility. Furthermore, it is assumed that
|δnt| � 1. This gives rise to a0 ∼

∣∣χ(2)
∣∣E0 and consequently

v ∼
∣∣∣χ(2)

∣∣∣ E0l0
λ0

(6.2.4)

where l0 is the length of the resonator. In a usual dielectrics where
∣∣χ(2)

∣∣ ∼ 10−12m/V
and c = c0/n, it is supposed that l0 � l∆, where l∆ is the propagating distance of
the surface excitations. The length (in x direction) and the width of the interface,
respectively, are l0 and l1; the optical length of a SPP is L = nml0. The generation of
pairs of SPPs quanta takes place due to time modulation of this length by the laser
light. We suppose that one of the ends of the interface is situated at the coordinate
x = 0 and the other at x = L0. Due to the oscillations in the refractive index of SPPs
the optical length of the interface Lt changes periodically in time

Lt = L+ a cos(ω0t). (6.2.5)

Here L = L0n, with n being the refractive index of the SPP under consideration,
Furthermore, a = l0δn0 is the amplitude of the oscillations in the optical length and
l0 (� L ) is the length of the excited area. It is supposed that this length does not
exceed the coherence length lSPP of the SPP which is determined by the imaginary
part of its refractive index: lSPP ∼ c/ (ω Im[n])). Let us now consider SPPs outside
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6 Dynamical Casimir effect: A source for two photon production

Figure 6.2.2: The illustration of the enhancement factors, η, for surface plasmon
polaritons (SPPs), for long-range surface plasmon polaritons (LPSPPs)
and for guided dielectric waves (GDWs).

the excited area at the interface.
If the rate of generation of the pairs Ṅ is sufficiently small, we find:

Ṅ � c

λ
∼ 1015 sec−1 (6.2.6)

then we are in the regime of spontaneous emission of pairs of quanta.Thus, before the
next pair of quanta is created the generated identical quanta leave the interface which
makes our setup an exact source of two photon generation. This process differs from
DCE of the microwaves in an optical cavity wherein we have a stimulated emission
and the number of created quanta increases exponentially.

Consider now the generation of pairs of quanta in a 2D-waves limit and the wave
vectors ~κ and ~κ′ which have the components

κx =
πκ

L
, κy =

πq

l1
and κ′x =

πκ′

L
, κ′y = −κ′y (6.2.7)

These wave vector also follow the relation

|~κ|
n

+
|~κ′|
n′

=
ω0

c0
(6.2.8)

, where k, k′, q = 0, 1, 2, .... In the following we calculate the number of created
quanta Nk,q with the mode (k, q) using the large-time asymptotic function of the
field correlation.
We use the Bogoljubov transformation of the field operators to find the number of
generated photons [139]

b̂
(1)
k,q = µk,q b̂k,q + νk,q b̂

†
k,q (6.2.9)
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6.2 Example: Plasmon-enhanced emission of polarization entangled photons

where b̂k and b̂
(1)
k are the annihilation operators of the mode (k, q) for a small and

a large time scale. Herein, µk,q and νk,q are the complex parameters satisfying the
condition |µk,q|2 = 1 + |νk,q|2. The number of created photons is obtained from

Nk,q = |νk,q|2 . (6.2.10)

Here we use another, although similar way to find Nk based on the calculation
of the large time asymptotic of the pair correlation function dk,q(t, τ) of the field

operator Âk,q which can be written as [140]

Âk,q(t) =

√
~

2ωk,q
b̂
(1)
k,qe
−iωk,qt. (6.2.11)

where ωk,q is the frequency of the mode (k, q)

ωk,q = c

√
(
πk

L
)2 + (

πq

l1
)2 (6.2.12)

Then, in the large time scale we have for the correlation function dk,q(t, τ)

dk,q(t, τ) = 〈0|Â†k,q(t+ τ)Âk,q(t)|0〉 = (
~

2ωk,q
)Nke

iωk,qτ (6.2.13)

with |0〉 being the initial zero-point state. Thus, Nk,q can be reformulated as

Nk,q = (
2ωk,q
~

)e−iωk,qτ 〈0|Â†k,q(t+ τ)Âk,q(t)|0〉, for t→∞. (6.2.14)

In the situation where there are no laser excitations then the operator of the mode
(k, q) is given by equation

Â
(0)
k,~q(t) =

√
~

2ωk,q

(
âk,~qe

−iωk,qt + â+
k,~qe

iωk,qt
)

(6.2.15)

where âk,~q stands for the destruction operator of the undisturbed field. The field

operator Â of SPPs in this area satisfies the Klein-Gordon wave equation in 2D

¨̂
A+ c2(

∂2Â

∂x2
+
∂2Â

∂y2
) = 0. (6.2.16)

As boundary conditions we consider here Â(x = 0, t) = 0 and Â(x = Lt, t) = 0. Here
c is the phase velocity of the SPP under consideration and we neglect its dependence
on frequency. Therefore the x and y dependence of this operator can be presented as
the linear combination of the plane wave operators. We take

Â(x, y, t) =
∑
k,q

Âk,qe
iqy sin(

πkx

Lt
) (6.2.17)
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6 Dynamical Casimir effect: A source for two photon production

By inserting this operator into the Eq. (6.2.16) in the large L/λ limit we obtain the
following equation:

∞∑
k=−∞

[(
¨̂
Ak,q + ω2

k,qÂk,q

)
sin(πkxL−1

t )− kπxL−2
t (2L̇t

˙̂
Ak,~q + L̈tÂk,q) cos(πkxL−1

t )
]

= 0

(6.2.18)
Thereby, the terms ∝ L−mt with m � 3 are neglected. We now make use of the
equation for the Fourier series of the saw-tooth wave

x = −
∑
j 6=0

(−1)jj−1 sin (jx) , x− π ∈ 2πn for (n = ±1, ±2 , ...) (6.2.19)

which allow us to reformulate the Eq.(two before) for Âk,q = (−1)kÂk,q as

¨̂
Ak + ω2

kÂk = ωkB̂k (6.2.20)

where the frequency of the modes is ωk = πck/L, and the operator B̂k,q is written as:

B̂k,q =
∑
j 6=k

j(2L̇t
˙̂
Aj,q + L̈tÂj,q)

πc(j2 − k2)
(6.2.21)

The operator B̂k stands for the effect of oscillations of the optical length and for
dynamical Casimir effect in the case considering the emission due to oscillations of
optical length. To find dk,q(τ) and Nk,q we write Eq. (6.2.20) in its integral form

Âk,q(t) = Â
(0)
k,q(t)−

∫ t

−∞
sin(ωk,q(t− t′))B̂k,q(t′)dt′ (6.2.22)

where Â
(0)
k,q(t) represents the operator of the undisturbed field. Consequently,one

can use the theory presented above to find the intensity and the spectrum of the
emission . In the case of steady oscillations of the optical length, one may consider
the limit of large time (t→∞). Due to the nonzero contribution to the integral in
Eq. (6.2.22) this limit comes from the terms proportional to e±i(ω0−ωk,q−ωj,q)t with
ωj,q + ωk,q = ω0. This means that we can take

2L̇t
˙̂
Aj + L̈tÂj ∼= a

(πc0

L

)2 (
j2 − k2

)
cos(ω0t)Âj,q (6.2.23)

Correspondingly, the denominator (j2 − k2) in the equation for B̂k,q cancels and we

can approximate B̂k,q ∼= B̂q we then have

B̂q = 2a cos (ω0t) Q̂q (6.2.24)

where the operator Q̂q is written as

Q̂q = L−1
∞∑
j=1

ωjÂj,q(t) (6.2.25)
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6.2 Example: Plasmon-enhanced emission of polarization entangled photons

with ωj = πcj/L. Inserting Eq. (6.2.22) and Eq. (6.2.24) into Eq. (6.2.14) and also
taking into account that the negative frequency term proportional to eiωk,qτ in the
correlation function dk(τ) follows from the sin(ωk(t+ τ − t′)) in Eq. (6.2.22), we can
reformulate it as

Nk,q(t) '
a2ωk,q
2~L

∫ t

−∞
dt1

∫ t

−∞
dt′1e

i(ω0−ωk,q)(t1−t′1)Dq(t1, t
′
1) (6.2.26)

with ωk = πck/L. The correlation function of the field perturbation Dq(t1, t
′
1) is

defined by:

Dq(t1, t
′
1) = L〈0|Q̂†q(t1)Q̂q(t

′
1)|0〉 (6.2.27)

Taking now into account that in the limit t1, t
′
1 →∞ the pair-correlation function

only depends on the time difference meaning Dq(t1, t
′
1) = Dq(t1−t′1) we can formulate

the following equation for the emission rate

Ṅk,q =

(
a2

2~L

)
ωk,qDq(ω0 − ωk,q) (6.2.28)

where Dq(ω) is the Fourier transform of Dq(t). In the limit L → ∞ the discrete
quantities k and ωk can be replaced by the continuous variables k and ω. This gives
rise to a more simple version of the equation for the spectral density of the emission
rate

Ṅq(ω) ≡ dNq(ω)

dt
=

(
a2

2πc~

)
ωDq (ω0 − ωq) (6.2.29)

where Dq(ω) =
∫∞
−∞ dte

iωtDq(t) is the spectral function.

To find the rate of emission we need to calculate the spectral function Dq(ω0 − ωk,q)

Dq(ω0 − ωk,q) =

∫ ∞
−∞

dτe(iω0−ωk,q)τDq(τ). (6.2.30)

One can observe from Eq. (6.2.20) and Eq. (6.2.24) that the DCE takes place due
to the quantum modes of perturbation in time. As a matter of fact, B̂q(t) stands
for this perturbation which is k independent. Consequently, B̂q(t) has a localization
in the direction of x and comes from the mirrors. This makes mirrors the center
for generation of radiation, wherein, the emitted quanta fill the space between the
mirrors and then leave the resonator through an optical prism.
From this point the solution of Dq depends on the approximation that we make.
First, we show the solution for the case where the amplitude of the oscillation in the
optical length is much smaller than the wavelength of SPP, where one needs to use
the perturbation theory. Second, after presenting that specific solution, we give a
general way of treating this problem without limitations for dimensionless parameter
v.
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6 Dynamical Casimir effect: A source for two photon production

Figure 6.2.3: Dependence of the rate of emission on spectral and angular parameters
ϑ, ω/ω0.

6.2.3 Solution for v � 1

Here we discuss the case of small amplitudes of oscillations of the optical length
compared to the wave length λ = 2π/ω of the SPP: a� λ. In this case the velocity
V = aω of oscillations of the optical length is small compared to the phase velocity:
V � c. This implies for the dimensionless parameter: v � 1. The case V ∼ c was
considered in [141, 142]. Then one can take

Q̂(t) ≈ Q̂(0)(t) = L−1
∞∑
j=1

ωjÂ
(0)
j (t) (6.2.31)

in Eq. (6.2.27), which results in

Dq(τ) ≈ D(0)
q (τ) =

~
2L

∞∑
j=1

ω2
j

ωj,q
e−iωj,qτ . (6.2.32)

Again for the limit of large length L/λ we can substitute the discrite sum over j by
a continuous integral over ω′ = πcj/L. Additionally, we take relation dj = Ldω′/πc
into account. By doing so we arrive at less complicated equation for Dq

Dq(ω − ωk,q) = ~c−1
√

(ω0 − ωk,q)2 − ω2
q (6.2.33)

where ωq = πcq/L. By substituting Dq in Eq. (6.2.29) we obtain the SPP rate of
generation:

Ṅk,q ≈
a2ωk,q
2Lc

√
(ω0 − ωk,q)2 − ω2

q (6.2.34)

For the limitation that v � 1 we have the number of corresponding modes ω2
0Ll1/(4πc

2).This
makes the SPP rate of emission linearly dependent on l1 and in the L, l1 limits the
summation over modes can be replaced by an integral. The integral has the form of
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6.2 Example: Plasmon-enhanced emission of polarization entangled photons

∫
...dkdq where dkdq = ωLl1dωdv/(πc

2) with the angle of emission ϑ = arcsin(ky/kc).
By solving this integral we get

Ṅk,q =
4π2a2l1
λ3

0

(
ω

ω0
)3

√
[(1− ω

ω0
)2 − (

ω

ω0
)2 sin2(ϑ)]. (6.2.35)

One should keep in mind that I = Ṅ(ω, ϑ) is a dimensionless quantity and has a
dependence on the spectral and the angular parameters. This dependence is shown
in Fig.3. It is also possible to compute the total rate of emission of pairs of photons
over the angular and the spectral domain as

Ṅ = 2

∫ ϑ

0
dϑ

∫ ω0/(1+sinϑ)

0
dωṄ(ω, ϑ) ≈ 2αϑ0a

2l1ω0/λ
3
0 (6.2.36)

wherein, ϑ0 = arctan(l1/l). The parameter αϑ0 is of order 1.

6.2.4 Solution for the case of general v

The amplitude of the oscillations in time of the refractive index n in the order of
magnitude is obtained from Eq. (6.2.3). Analogously, one may get an enhancement
of the dimensionless parameters v for GDWs and DWs. For SPPs the enhancement
factor η may reach 30 with l∆ ∼ 1 mm. For long-range SPPs one can achieve even
significantly larger η and l∆. Even for GDWs and for DWs one gets η and l∆ due to
small losses in dielectrics. In these cases one can get v>

∼
1 already for rather moderate

excitations I0<∼
105 W/m2. In such a case the working nonlinear interaction is not

weak anymore and Eqs. (6.2.4) is not applicable. To find the rate of emission of
photons due to DCE one needs to develop a more general theory. It appears that
there exists a characteristic interaction corresponding to v when the emission is
strongly enhanced.
For the general calculation of the rate of emission one needs to find the spectral
function. To this end we use Eqs. (6.2.21) and (6.2.22) which give

Q̂q(t) = Q̂(0)
q (t)− 2v

∫ ∞
−∞

dt1G(t− t1) cos(ω0t1)Q̂q(t1) (6.2.37)

where v = aω0/c is the maximum dimensionless velocity of the oscillations of the

optical length. The two functions Q̂
(0)
q and G(t) can be calculated as

Q̂(0)
q = L−1

∑
j

ωjÂ
(0)
j,q (6.2.38a)

G(t) = Θ(t) (c/ω0L)

km∑
k=1

(
ω2
k

/
ωk,q

)
sin(ωk,qt) (6.2.38b)
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where Θ(t) is the Heaviside step-function. Now one gets the following equation for
Dq(t− t′)

Dq(t− t′) ' D0,q(t− t′) + v2

∫ ∞
−∞

dt1

∫ ∞
∞

dt2G(t− t1)G(t1 − t2)eiω0(t1−t2)Dq(t1, t2)

(6.2.39)
where

D0,q(t− t′) = L〈0|Q̂(0)
q (t)Q̂q(t

′)|0〉, t, t′ →∞ (6.2.40)

The functionD∗0,q(t−t′) also satisfies Eq. (6.2.40) but withD
(0)
q (t−t′) = L〈0|Q̂(0)

q (t)Q̂
(0)
q (t′)|0〉

instead of D0,q(t− t′). Performing a Fourier transformation of Eq. (6.2.29) and re-
placing the sum over k by the integral over the frequency ω = πck/L one gets

Dq(ω) = D0,q(ω) + v2G(ω)G∗(ω0 − ω)Dq(ω)

where ϑ = arcsin (cq/ω). The functions D
(0)
q and G(ω) are written as:

D(0)
q (ω0 − ω) = (~/2πc)

√
(ω0 − ω)2 − ω2 sin2 ϑ (6.2.41a)

G(ω) = π−1 cosϑ

[
1− ω

ω0
sinϑ+

ω

2ω0
ln[

(ω0 − ω)(1 + sinϑ)

(ω0 + ω)(1− sinϑ)
+
iπω

2ω0
]

]
(6.2.41b)

One also can obtain an analogues equation for D∗0,q(ω). Solving these equations we
find

Dq(ω) = D(0)
q (ω)

/∣∣1− v2G(ω)G∗(ω0 − ω)
∣∣2. (6.2.42)

Let us find now the spectral density of the rate of emission. In the limit L, l1 � λ0

the sum Σk,~q can be replaced by the integral (Ll1/2πc)
∫ ∫

ωdωdϑ which results in
the following spectral and angular density of the rate of emission

I(ω, ϑ) =
v2l1ω

2 cosϑ
√

(ω0 − ω)2 − ω2 sin2 ϑ

2πλ0ω3
0

∣∣1− v2Gϑ(ω)G∗ϑ(ω0 − ω)
∣∣2 (6.2.43)

The total rate of emission of photon pairs is determined by the integral

IT ' 2

∫ ϑ0

0
dϑ

∫ ω0/(1+sinϑ)

0
dω I(ω, ϑ) (6.2.44)

where ϑ0 = arctan(l1/l0) is the maximum angle of emission. Herein, we can also
consider previous limitation of this setup where the dimensionless parameter is v � 1.
From Eq. (6.2.43) it follows that for v � 1 the spectral rate of emission equals

I(ω, ϑ) ≈ I(0)(ω, ϑ) ≈
(

v2l1
2πλ0ω3

0

)
ω2 cosϑ

√
(ω0 − ω)2 − ω2 sin2 ϑ (6.2.45)

84



6.2 Example: Plasmon-enhanced emission of polarization entangled photons

Figure 6.2.4: The relation between the intensity of forward emission ( ν = 0) on
frequency and v ≈ |χ(2)|E0.

Figure 6.2.5: The relation of the spectral density of emission due to DCE on v and
the emission angle ϑ. The red color emphasize the increase of intensity.
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6 Dynamical Casimir effect: A source for two photon production

Figure 6.2.6: The correlation between vr and the angle of emission ϑ.

The spectrum of emission is continuous. The total rate of the emission of the quanta
integrated over all frequencies is

I
(0)
T ≈ 0.01αϑ0ω0v

2l1
2λ0

(6.2.46)

where for ϑ0 ∼ 1 (i.e. for l1 ∼ l0) the dimensionless parameter αϑ0 ∼ 1. e.g.
α0.2π ≈ 1.1 (ϑ0 = 36o),α0.3π ≈ 1.3 (ϑ0 = 54o), and α0.3π ≈ 1.4 (ϑ0 = 72o). Taking
into account that the rate of falling of photons of excitation to the area l0l1 equals
I0l0l1/~ω0, one gets the yield of emission in the order of magnitude which is given by
Eq. (6.2.46).

If v ≥ 2.939 then the yield of the emission is resonantly enhanced at the frequency
ω = ω0/2. The corresponding value of v equals to vr = 1/ |G(1/2)| (see Fig. 6.2.7 ).
The dependence of the resonant value vr on the angle of emission ϑ is given in Fig.
6.2.6.

The main contribution to the rate of emission of quanta for v ≥ 2.9 is given by a small
frequency ω̄ = ω−ω0/2. Expanding the G-functions over ω̄ up to terms proportional
to ω̄2 included and considering that the integral∫ ∞

−∞

dx

((a2 − b2x2)2 + x2)
=

π

|a|
(6.2.47)

does not depend on b and one gets after the integration over ω̄ the following equation
for the dependence of the rate of the emission on v and ϑ

I(v, ϑ) ≈ l1ω0/λ0Cϑ∣∣∣1− (v/π)2 cos2 ϑ
(
C2
ϑ + π2

/
16
)∣∣∣ (6.2.48)

where Cϑ is an angular dependent constant given by

Cϑ =

∣∣∣∣1− 1

2
sinϑ− 1

4

(
ln (3) + ln

(
1− sinϑ

1 + sinϑ

))∣∣∣∣ . (6.2.49)
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6.2 Example: Plasmon-enhanced emission of polarization entangled photons

Figure 6.2.7: Dependence of the total intensity of emission IT =
∫ ϑ0

0 I(ϑ)dϑ on v . Dif-
ferent values of the maximum angle of the emission ϑ0 = arctan(l1/l0).

The rate of emission integrated over angle then becomes

IT (v) = 2

∫ ϑ0

0
dϑI(v, ϑ) (6.2.50)

which has a sharp peak at v ≈ 2.94 (see Fig. 7) and a smoothly diminishing tail at
larger v.

6.2.5 Concluding remarks on production of pairs of entangled photons

In the case of v � 1, the main effect of the SPPs is a strong reduction of their group
velocity leading to the enhancement of the field and by that, to the enhancement of
the nonlinear interactions of the excitation. This enhancement can be described by
the enhancement factor P ∼

(
η0(ω0)η2(ω0/2)

)2
, where η0(ω0) is the renormalization

of the laser field with frequency ω0 at the interface in the case of normal incidence,
η(ω0/2) is the enhancement of the field of the SPPs with the frequency ω0/2.

Note that, according to [141, 142] one can expect to enlarge the yield additionally
if one uses a sufficiently strong laser excitation. According to our considerations the
dynamical Casimir effect at a metal-dielectric interface may allow one to prepare a
source of entangled photons with a good yield of the order of κ ∼ 10−4 or even more.

From the consideration that ϑ > 1, it follows that for the observation of the
emission due to DCE there exists an optimal intensity of excitation, corresponding to
v0 ≈ 3. The latter value of v is close to π which means that the enhancement takes
place if a0 ≈ λ0, i.e. if the full amplitude of the oscillations of the optical length
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coincides with the wavelength of excitation and with the half of wavelength of emission.
This phenomenon can be considered as a kind of parametric resonance describing a
sharply enlarged response of the system (here the spontaneous two-photon emission)
at a specific value of the external parameter (here the intensity of laser excitation

I0 = Ir = 0.22λ2
0

/
l20η

4Z0

∣∣χ(2)
∣∣2). For long-range SPPs, one may achieve η ∼ 102 and

(λ0/l0)2 ∼ 109. Taking
∣∣χ(2)

∣∣ ∼ 10−12m/V one gets Ir ∼ 104 W/m2 which is a rather
moderate intensity of the laser excitation.

If the intensity of the excitation is below Ir then the spectrum of emission due to
DCE and the angular dependence of it are broad. However, the spectrum of emission
becomes monochromatic when I0 approaches the resonant value: both quanta have
the same frequency ω = ω0/2 . The directions of the emission also become fixed: for
I = Ir the emission takes place along the resonator; with increasing I the emitted
quanta propagate along two directions with an angle of 2 |ϑ| between them; the latter
increases with increasing I.

Reaching the point of the resonance the yield of emission may two (or even more)
orders of magnitude. Therefore, for the resonant case one can take

ζ ∼ ζr ∼ η4~ω2
0l0

∣∣∣χ(2)
∣∣∣2 Z0

2λ3
0

. (6.2.51)

For SPPs one may have η ∼ 30, l0 ∼ l∆ ∼ 10−3 m which gives for λ = 2, λ0 = 10−6

m and
∣∣χ(2)

∣∣ ∼ 1 pm/V the yield ζ ∼ 10−3. One may achieve an even larger yield for
the long-range SPPs, guided dielectric waves and D’yakonov waves. The resonance
considered here may even allow one to get a full conversion of photons of the laser to
photon pairs with the half frequency using DCE.

It is interesting to compare the two-photon spontaneous emission due to DCE
discussed here and the spontaneous parametric down conversion (SPDC). Note that
for both processes the emitted photon pairs are entangled. If the excitation is weak
,then, up to a dimensionless parameter of the order of 10−2 the equations for the
yields of these processes differ only by the power of the ratio l0/λ0: ζSPDC ∝ (l0/λ0)2

[143, 123], ζDCE ∝ l0/λ0 [119]. This means that in the case of weak excitation
and ceteris paribus the SPDC is several orders of magnitudes more efficient. The
spectrum of DCE is bi-chromatic and the emission is well directed. However, to get
SPDC one needs to fulfill the phase-matching condition. In the case of the emission
due to DCE, there is no phase matching condition, which essentially simplifies the
experiment. Besides, in case of strong excitation (which, in fact may be not too
strong at all) one can highly enhance the yield of the DCE-emission if it is applied
to laser excitation with resonant intensity Ir. (At present it is not known, whether
an analogous enhancement may exist for SPDC.). In this case the DCE-emission
becomes monochromatic and well directed; for I0 > Ir the photons of a photon pair
are emitted under a definite angle, the larger the bigger is the difference I0 − Ir.
It is important to note that for such a setup one can generate polarization entangled
photons. Indeed at the interface the mirror symmetry in z-direction is absent.

Therefore the components χ
(2)
y,yz and χ

(2)
y,zy of the second-order nonlinear susceptibility
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6.2 Example: Plasmon-enhanced emission of polarization entangled photons

tensor describing generation of pairs of photons in x direction differ from zero (here
the first index corresponds to polarization of the excitation, while last two indices
correspond to the polarization of emitted quanta). This means that one of the
generated SPPs has an y-polarization and another has a z-polarization. Due to the
identity of both emitted SPPs their wave function must be a linear combination of
the wave functions with both polarizations

|ψ〉yz =
1

2
(|ψ1z〉|ψ2y〉+ |ψ2z〉|ψ1y〉) (6.2.52)

where |ψnα0〉 is the wave function of a photon number n = 1, 2 with polarization
index α0 = z, y. This wave function of the pair of generated SPPs describes the
basic for the quantum informatics Bell-type state. This state cannot be written as a
product of two one-photon states. otherwise there will be a possibility to find both
photons with the same polarization which is impossible here. This means that the
generated pairs of surface plasmon polaritons and also the pairs of photons emitted by
the interface are in the polarization entangled state. At that one of emitted photons
will have y-polarization and another the orthogonal to y-polarization z′. Note that
photons with different frequency are emitted in different directions. If to choose the
polarization of one of them (signal) to be, e.g. y, then the polarization of another
photon (idler) will be z′. However, if to choose polarization of the signal photon to
be z′ then the idler photon will be polarized in y-direction. It is just what one needs
for using the polarization entangled photons for quantum cryptography [20].
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7 Cascaded system 2: excitation via
coherently and incoherently pumped
biexciton

An example for the spontaneous emission of two photons in nonlinear optics is already
discussed in chapter 6. The randomness and the low efficiency of the production of
entangled photon[144] are downsides of these sources of two photon emission. The
pair statistics of these sources are also in a Poissonian distribution that results in
insubordinate many photon production [145]. Here, we introduce another quantum
optical system which also can produce two entangled photons, namely biexciton. The
richness of quantum phenomena that can be observed in biexciton system, makes
them a desirable candidate for the exploitation to cascade quantum systems.
In the current chapter we first explore the possibilities and aspects that a biexciton
offers for two photon emission. Then, we consider a cascaded system consisting of two
coupled biexcitons. By applying the cascaded formalism for such coupled systems,
we derive the full Lindblad master equations for the density matrix of the combined
systems. We evaluate this master numerically equation for the case , wherein the
source biexciton is excited by incoherent pumping. Our choice for the pumping
mechanism is based on the fact that the strong coherent driving may destroy the
biexciton structure which is a restriction for the biexciton two photons generation[146,
147]. While for the incoherent driving, we have no limits for the pumping strength.
Finally, we present some results for an incoherently pumped source biexcition which
is coupled to the target system and show that environment affects on the statistical
mapping between two biexcitons.

7.1 Biexciton: a source for two photons emission

The physics of biexcitons , as a source for the non-classical light and two entangled
photons, has been a matter of interests in the recent years[145, 148]. Biexcitons
can be considered as a single quantum dot emitter in solid state physics[144]. The
bunched and anti-bunched photon pairs as well as the polarization entanglement
between the two emitted photons are the important aspects that make biexcitons an
attractive candidate as a source of two photon emission. This stimulating features
are based on the fact that biexcitons construct the coherent superposition of two
quantum states. The typical example for that structure is a dot in the ground state
|00〉. After the excitation we will have polarized exitonic states |01〉 and |10〉. Finally,
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7 Cascaded system 2:Cascaded biexcitons

the coherence between these two states produces a biexciton state |11〉 which consist
of two opposite spin excitons as result of the Coulomb coupling [149].

However there are different possible ways to excite a biexciton: here we restrict our-
selves to the continues type of pumping, which is assumed to be either coherent(laser
like) or incoherent. This varieties in the pumping scenario opens new possibilities
to explore the dynamical behavior of biexciton(s). The schematics of the biexcition
with different pumping scenarios is represented in Fig.7.1.1.

Figure 7.1.1: Representation of the pumped biexciton. The fine structure spliting ∆
creates two polarized channels for two photon emission.

Typically, the transition from the ground state to the biexcition state is forbidden.
Each transiton from biexciton to exciton(vertical or horizontal) and from exciton
to ground state produces a photon. But there is also the possibility of what is the
so called Leapfrog process, which is a direct transition from biexciton to ground
state producing two photons. One can pump such system by using a laser(coherent
light) with controllable intensity Ω or by incoherent light with pumping rate Γ. The
biexciton frequency is two times of the average exciton frequency ωx minus the
biexciton binding energy χ.

7.2 Cascaded formalism for the coupled biexcitons

7.2.1 Hamiltonian of the coupled systems

First, we can define the general Hamiltonian as a sum of the system Hamiltonian plus
the coupling Hamiltonian such that : H = Hsys+Hc. To compute the master equation
for the coupling between two cascaded systems we concentrate on the coupling
Hamiltonian Hc. Later in section 7.2.4 we treat the systems Hamiltonian,Hsys,
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7.2 Cascaded formalism for the coupled biexcitons

respectively. For such a physical system the coupling Hamiltonian is given through

Hc = HXXs +HXXt +Hint +HB (7.2.1)

where the first two terms correspond to the free part of the Hamiltonian.The
Hamiltonian of the source and the target which contributes in coupling dynamics are
HXXs and HXXt. Each part can be written explicitly as

HXXs = ~
∑
i

ωic
†
ici (7.2.2a)

HXXt = ~
∑
j

ωjP
†
j Pj (7.2.2b)

where we write the source and target systems Hamiltonian in the form of transition
operators ci, Pj . Naturally,at the same time, they can be written in a form of pseudo
Pauli operators

Ht/s = ~(ωBσmBB + ωHσ
m
HH + ωV σ

m
V V ) . (7.2.3)

The other parts of coupling Hamiltonian are defined as

HB = ~
∫
dω ω b†ω,Hbω,H + ~

∫
dω ω b†ω,V bω,V (7.2.4a)

Hint = ~
∫
dω [

2∑
i=1

gHs (ω)(c†i,Hbω,H + h.c) +

2∑
j=1

gHt (ω)(P †j,Hbω,He
iωτ ′ + h.c)]

+ ~
∫
dω [

2∑
i=1

gVs (ω)(c†i,V bω,V + h.c) +
2∑
j=1

gVt (ω)(P †j,V bω,V e
iωτ ′ + h.c)] (7.2.4b)

where HB and Hint are Hamiltonian of the bath and interaction. Moreover, b†ω is a
waveguide operator and, according to the Jordan–Wigner like transformation

ci,X =

{
σsGX
σsXB

Pj,X =

{
σtGX
σtXB

(7.2.5)

Additionally, the time delay between the source and target is taken to be τ ′. Also we
should keep in mind that the the time delay is assumed to be the same for the both
horizontally and vertically polarized channels. Then we can write Hc as
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7 Cascaded system 2:Cascaded biexcitons

Hc

~
=

∫
dω ω b†ω,Hbω,H +

∫
dω ω b†ω,V bω,V +

2∑
j=1

ωjP
†
j Pj +

2∑
i=1

ωic
†
ici

+

∫
dω [

2∑
i=1

gHs (ω)(c†i,Hbω,H + h.c) +

2∑
j=1

gHt (ω)(P †j,Hbω,He
iωτ ′ + h.c)]

+

∫
dω [

2∑
i=1

gVs (ω)(c†i,V bω,V + h.c) +
2∑
j=1

gVt (ω)(P †j,V bω,V e
iωτ ′ ] + h.c)]. (7.2.6)

By moving to the interaction picture the coupling Hamiltonian is expressed as

Hc

~
=

2∑
i=1

∫
dωgHs (ω)(c†i,He

iωitbω,He
−iωt + ci,He

−iωitb†ω,He
iωt)

+

2∑
j=1

∫
dω gHt (ω)(P †j,He

iωjtbω,He
−iωteiωτ

′
+ Pj,He

−iωjtb†ω,He
iωte−iωτ

′
)

+

2∑
i=1

∫
dωgVs (ω)(c†i,V e

iωitbω,V e
−iωt + ci,V e

−iωitb†ω,V e
iωt)

+
2∑
j=1

∫
dω gVt (ω)(P †j,V e

iωjtbω,V e
−iωteiωτ

′
+ Pj,V e

−iωjtb†ω,V e
iωte−iωτ

′
) (7.2.7)

where σmn = |m〉〈n| is defined as pseudo Pauli operators and stands for vertical or
horizontal excitons, X = H or V .

By defining ΓHm(t) =
∫
dωgHi (ω)e−iωtbωe

iωτ ′ and ΓVm(t) =
∫
dωgVi (ω)e−iωtbωe

iωτ ′

(m = s, t) where we inserted eiωτ
′

into the definition of Γi(t) in the way that τ ′ = 0
for the m = s, there is no time delay between the source and itself. We can write the
above equation in form of

Hc/~ =
2∑
i=1

(c†i,He
iωitΓHs (t) + ci,He

−iωitΓ†Hs (t))

+

2∑
j=1

(P †j,He
iωjtΓHt (t) + Pj,He

−iωjtΓ†Ht (t))

+
2∑
i=1

(c†i,V e
iωitΓVs (t) + ci,V e

−iωitΓ†Vs (t))

+
2∑
j=1

(P †j,V e
iωjtΓVt (t) + Pj,V e

−iωjtΓ†Vt (t)) (7.2.8)

94



7.2 Cascaded formalism for the coupled biexcitons

7.2.2 General derivation of master equation

From the Born approximation, ρtot ≈ ρ(t)⊗ ρB, the evolution of density matrix is
written as

∂ρ

∂t
= − 1

~2

∫
ds trB {[Hc(t), [Hc(s), ρ(s)ρB]]} . (7.2.9)

Transforming the coupling Hamiltonian to a summation formula

Hc(t)

~
=

∑
X=H,V

∑
l

fl,XΓXl (7.2.10)

which can be red for X = H,V . Each components of summation can be defined as

f1,X(t) = c†i,Xe
iωit f2,X(t) = ci,Xe

−iωit f3,X(t) = P †j,Xe
iωjt f4,X(t) = Pj,Xe

−iωjt.

(7.2.11)

ΓX1 = ΓXs (t) ΓX2 = Γ†Xs (t) ΓX3 = ΓXt (t) ΓX4 = Γ†Xt (t) (7.2.12)

Thus, the Eq. 7.2.9 can be written as

∂ρ

∂t
= − 1

~2

∑
X=H,V

∑
l.k

∫ t

0
dstrB{[fl,X(t)ΓXl (t), [fk,X(s)ΓXk (s), ρ(s)ρB]]}. (7.2.13)

One should notice that the Hamiltonian Hc(t)differs fromHc(s)and we separate
them respectively in our abbreviation l→ k and in the transition operators asi→ i′and
j → j′.

To simplify the master equation, we firstly analyze the correlation functions of the
bath 〈Γl(t)Γk(s)〉B and 〈Γk(s)Γl(t)〉B. In the beginning theΓl’s are defined as{

ΓXs (t) =
∫
dω gXs (ω) e−iωtbω,X

Γ†Xs (t) =
∫
dω gXs (ω) eiωtb†ω,X

{
ΓXt (t) =

∫
dω gXt (ω) e−iωtbω,Xe

iωτ ′

Γ†Xt (t) =
∫
dω gXt (ω) eiωtb†ω,Xe

−iωτ ′ (7.2.14)

As a part of the Markovian master equation one can assume that 〈Γi(t)Γk(s)〉B ≈
δ(t − s) which results from the that many correlation function of bath with tend
to zero.In addition , one should keep in mind that the bath correlation functions
between vertical and horizontal polarization channels are zero. Consequently, herein,
we tend to find the non-zero correlation functions of the bath. It can be proven that
the only remaining non-zero correlation functions are:〈

ΓHs (t)Γ†Hs (s)
〉
B
6= 0,

〈
ΓHt (t)Γ†Ht (s)

〉
B
6= 0,

〈
ΓHs (t)Γ†Ht (s)

〉
B
6= 0〈

ΓHt (t)Γ†Hs (s)
〉
B
6= 0 (7.2.15a)〈

ΓVs (t)Γ†Vs (s)
〉
B
6= 0,

〈
ΓVt (t)Γ†Vt (s)

〉
B
6= 0,

〈
ΓVs (t)Γ†Vt (s)

〉
B
6= 0〈

ΓVt (t)Γ†Vs (s)
〉
B
6= 0 (7.2.15b)
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The corresponding non-zero correlation functions in Eq. (7.2.13) are

〈
ΓH1 (t)ΓH2 (s)

〉
B
6= 0,

〈
ΓH1 (t)ΓH4 (s)

〉
B
6= 0,

〈
ΓH3 (t)ΓH4 (s)

〉
B
6= 0,

〈
ΓH3 (t)ΓH2 (s)

〉
B
6= 0

(7.2.16a)

〈
ΓV1 (t)ΓV2 (s)

〉
B
6= 0,

〈
ΓV1 (t)ΓV4 (s)

〉
B
6= 0,

〈
ΓV3 (t)ΓV4 (s)

〉
B
6= 0,

〈
ΓV3 (t)ΓV2 (s)

〉
B
6= 0

(7.2.16b)

Rewriting the Eq. (7.2.13) with the remaining correlation functions respectively we
have

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
ds
{

[[f1,X(t)f2,X(s)ρ(s)− f2,X(s)ρ(s)f1,X(t)]

〈
ΓX1 (t)ΓX2 (s)

〉
B

+ h.c]

+ [[f3,X(t)f4,X(s)ρ(s)− f4,X(s)ρ(s)f3,X(t)]
〈
ΓX3 (t)ΓX4 (s)

〉
B

+ h.c]

+ [[f1,X(t)f4,X(s)ρ(s)− f4,X(s)ρ(s)f1,X(t)]
〈
ΓX1 (t)ΓX4 (s)

〉
B

+ h.c]

+ [[f3,X(t)f2,X(s)ρ(s)− f2,X(s)ρ(s)f3,X(t)]
〈
ΓX3 (t)ΓX2 (s)

〉
B

+ h.c]
}
. (7.2.17)

We can write the functions with their definitions in Eq. 7.2.11 and by a careful
adjustment of summation process we arrive at

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
ds
{ 2∑
i=1

2∑
i′=1

[[c†i,Xe
iωitci′,Xe

−iωi′sρ(s)− ci′,Xe−iωi′sρ(s)c†i,Xe
iωit]〈

ΓXs (t)Γ†Xs

〉
B

+ h.c]

+
2∑
j=1

2∑
j′=1

[[P †j,Xe
iωjtρ(s)Pj′,Xe

−iωj′s − Pj′,Xe−iωj′sρ(s)P †j,Xe
iωjt]

〈
ΓXt (t)Γ†Xt (s)

〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

[[c†i,Xe
iωitPj,Xe

−iωjsρ(s)− Pj,Xe−iωjsρ(s)c†i,Xe
iωit]

〈
ΓXs (t)Γ†Xt (s)

〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

[[P †j,Xe
iωjsci,Xe

−iωitρ(s)− ci,Xe−iωitρ(s)P †j,Xe
iωjs]

〈
ΓXt (t)Γ†Xs (s)

〉
B

+ h.c]
}

(7.2.18)

Defining τ = t− s we can rearrange the above equation in the form of
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7.2 Cascaded formalism for the coupled biexcitons

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
dτ
{ 2∑
i=1

2∑
i′=1

[[c†i,Xci′,Xρ(t− τ)− ci′,Xρ(t− τ)c†i,X ]eiωit−iωi′ t+iωi′τ〈
ΓXs (t)Γ†Xs (t− τ)

〉
B

+ h.c]

+

2∑
j=1

2∑
j′=1

[[P †j,XPj′,Xρ(t− τ)− Pj′,Xρ(t− τ)P †j,X ]eiωjt−iωj′ t+iωj′τ
〈

ΓXt (t)Γ†t(t− τ)
〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

[[c†i,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)c†i,X ]eiωit−iωjt+iωjτ
〈

ΓXs (t)Γ†Xt (t− τ)
〉
B

+ h.c]

+
2∑
i=1

2∑
j=1

[[P †j,Xci,Xρ(t− τ)− ci,Xρ(t− τ)P †j,X ]e−iωit+iωjt−iωjτ
〈

ΓXt (t)Γ†Xs (t− τ)
〉
B

+ h.c]
}

(7.2.19)

Now we can evaluate the correlation function of the bath properties. We assume
n̄(ω, T ) = 0→ [n̄(ω, T ) + 1] = 1. This means that we have zero mean photon number
for the bath harmonic oscillators(at temperature T for the thermal equilibrium). There
are other assumptions to be made. First, we assume that the bath is in the vacuum
field and the density of state which determines the numbers of frequencies of the
oscillators in bath is one , G(ω) = 1. This is due to the fact that we presumed all
harmonic oscillators to communicate with system in one frequency namely frequency
of the system.
Secondly, as apart of the Markovian approximation we presume that the coupling
strength to the bath is the frequency independent so again for a compact form
X = H,V we will have:

gXs (ω) = gXs =

√
γXs
2π

gXt (ω) = gXt =

√
γXt
2π

(7.2.20)
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Then the integrals in the frequency domain reads〈
ΓXs (t)Γ†Xs (t− τ)

〉
B

=

∫ ∞
0

∣∣gXs ∣∣2 e−iωτ trB [B0bω,Xb
†
ω,X

]
dω

=

∫ +∞

−∞

∣∣gXs ∣∣2 e−iωτG(ω)dω = γXs δ(−τ) (7.2.21a)〈
ΓXt (t)Γ†Xt (t− τ)

〉
B

=

∫ ∞
0

∣∣gXt ∣∣2 e−iωτ trB [B0bω,Xb
†
ω,X

]
dω

=

∫ +∞

−∞

∣∣gXt ∣∣2 e−iωτG(ω)dω = γXt δ(−τ) (7.2.21b)〈
ΓXs (t)Γ†Xt (t− τ)

〉
B

=

∫ ∞
0

gXs g
X
t e
−iωτe−iωτ

′
trB

[
B0bω,Xb

†
ω,X

]
dω

=

∫ +∞

−∞
gXs g

X
t e

iω(−τ−τ ′)G(ω)dω =
√
γXs γtδ(−τ − τ ′)

(7.2.21c)〈
Γt(t)Γ

†
s(t− τ)

〉
B

=

∫ ∞
0

gtgse
−iωτeiωτ

′
trB

[
B0bωb

†
ω

]
dω

=

∫ +∞

−∞
gtgse

iω(−τ+τ ′)G(ω)dω =
√
γtγsδ(−τ + τ ′) (7.2.21d)

where we used the relation:∫ +∞

−∞
eiω(−τ±τ ′) = 2πδ(−τ ± τ ′) (7.2.22)

Also for the Eq.(20a-b) we have the term eiωτ
′
e−iωτ

′
which will vanishe.

7.2.3 Lindblad form of master equation

To have a Lindblad form of the master equation one needs to make what is so
called a secular approximation. In the secular approximation the frequencies are
ωi = ωi′ , ωj = ωj′andωi = ωj . Thus, Eq. (7.2.19) can be written as:

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
dτ{

2∑
i=1

[[c†i,Xci,Xρ(t− τ)− ci,Xρ(t− τ)c†i,X ]γXs δ(−τ) + h.c]

+

2∑
j=1

[P †j,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)P †j,X ]γXt δ(−τ) + h.c]

+
2∑
i=1

2∑
j=1

[[c†i,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)c†i,X ]
√
γXs γ

X
t δ(−τ − τ ′) + h.c]

+

2∑
i=1

2∑
j=1

[[P †j,Xci,Xρ(t− τ)− ci,Xρ(t− τ)P †j,X ]
√
γXs γ

X
t δ(−τ + τ ′) + h.c] (7.2.23)
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Herein, the terms with δ(−τ − τ ′) will vanish as −τ ′ is beyond the limitation of the
time integral.This is exactly the assumption that we have an asymmetric coupling
from the source to target, unidirectionality. Also having in mind that for a function
C(s) we have

∫ t
t0
C(s)δ(t− s)ds = 1

2C(t)one can write the Eq.21 as(for h = 1):

∂ρ

∂t
=

∑
X=H,V

{γXs
2

2∑
i=1

[[c†i,Xci,Xρ(t)− ci,Xρ(t) c†i,X ] + h.c]

+
γXt
2

2∑
j=1

[[P †j,XPρ(t)− Pj,Xρ(t)P †j,X ] + h.c]

−
√
γXs γ

X
t

2

2∑
i=1

2∑
j=1

[[−Pj,Xρ(t)c†i,X − ci,Xρ(t)P †j,X + ρ(t)c†i,XPj,X + P †j,Xci,Xρ(t)]]
}

(7.2.24)

The first two terms in the above master equation are Lindblad terms.However, we do
not need any specific restrains and we can continue this procedure, for the sake of
simplicity, we make an assumption here. We presuppose that the both horizontal
and vertical polarization channels have the same coupling ratio to the waveguide:
γs = γHs = γVs and γt = γHt = γVt . This is naturally true for most of the cases but for
future studies where we are dealing with more general situation, it can be seen as an
assumption and be neglected. From now on we set σ† = σ+ and σ = σ− . Translating
the transition operators to pseudo Pauli operators we will have counterpart Lindblad
terms in Eq. 7.2.24 with atomic operators as

γs
2

∑
X=Hs, V s

{[[σ†XBσXBρ(t)− σXBρ(t)σ†XB] + h.c] + [[σ†GXσGXρ(t)− σGXρ(t)σ†GX ] + h.c]}

+
γt
2

∑
X=Ht, V t

{[[σ†XBσXBρ(t)− σXBρ(t)σ†XB] + h.c] + [[σ†GXσGXρ(t)− σGXρ(t)σ†GX ] + h.c]}

.
(7.2.25)

The last part of master Eq. (7.2.24) contains 64 terms which can be compacted with
the help of the abbreviations in Fig. 7.2.1. In this figure the Pesudo Pauli operators
related to the coupled biexcitons are shown.

By doing so, the master equation for the coupling between two biexcitons is written
as:
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Figure 7.2.1: The unidirectional coupling between two biexcitons and their atomic
operators . The fine structure spliting of the source and target are not
presented(for simplicity fine structure spiting is not presented)

∂ρ

∂t

∣∣∣∣∣∣c = γs
2

∑
X=Hs, V s

[L(σs
XB) + L(σs

GX)]ρ+
γt
2

∑
X=Ht, V t

[L(σt
XB) + L(σt

GX)]ρ

−
√
γsγt

2

2∑
i=1

2∑
j=1

(−σt
j,Hρ(t)σ†s

i,H − σs
i,Hρ(t)σ†t

j,H + ρ(t)σ†s
i,Hσt

j,H + σ†t
j,Hσs

i,Hρ(t))

−
√
γsγt

2

2∑
i=1

2∑
j=1

(−σt
j,V ρ(t)σ

†s
i,V − σs

i,V ρ(t)σ
†t
j,V + ρ(t)σ†s

i,V σ
t
j,V + σ†t

j,V σ
s
i,V ρ(t))

(7.2.26)

Where L(O)ρ = 2OρO† −O†Oρ− ρO†O.

7.2.4 The full Lindblad master equation for coupled biexcitons

7.2.5 Incoherently pumped source biexciton

After driving the coupling part of the master equation for the cascaded biexcition,
one can move forward and analyze the other part of the master equation in its general
arrangement. First, we assume that the source biexciton is incoherently pumped.
The full master equation can be described as a summation of three superoperator:

∂ρ

∂t
= Lρ = (Ls + Lc + Lt)ρ (7.2.27)

Firstly, the system Hamiltonian of the source biexciton , by taking rotating frame
at |H〉 → |G〉, will have the form of:

Hs = −χsσ
s
BB +∆sσ

s
V V (7.2.28)

Where χs is the biexciton energy shift and ∆s is the fine structure splitting between
vertical and horizontal excitons (here it is assumed that vertical exciton has a upper
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energy). If we presume that pure dephasing is neglected and the source is pumped
incoherently with the pumping strengthΓp, then the master equation of the source
reads:

∂ρ

∂t

∣∣∣∣s = − i
~

[Hs, ρ] + Γp[Lp(σ
s
HB)ρ+ Lp(σ

s
V B)ρ+ Lp(

s
GH)ρ+ Lp(σ

s
GV )ρ] (7.2.29)

Where Lp(O)ρ = 2O†ρO − OO†ρ− ρOO†. In addition, the master equation of the
target biexciton has the simple form of:

∂ρ

∂t

∣∣∣∣t = − i
~

[Ht , ρ] (7.2.30)

Where the target biexciton has a similar system Hamiltonian as the source:

Ht = −χtσtBB + ∆tσ
t
V V (7.2.31)

By substituting all of the Liovulian superoperator in Eq.29 one will get the full master
equation of the form:

∂ρ(t)

∂t
= − i

~
[(Hs +Ht), ρ(t)] + Γp[Lp(σ

s
HB)ρ(t) + Lp(σ

s
V B)ρ(t) + Lp(σ

s
GH)ρ(t) + Lp(σ

s
GV )ρ(t)]

+
γs
2

∑
X=Hs, V s

[L(σsXB) + L(σsGX)]ρ(t) +
γt
2

∑
X=Ht, V t

[L(σtXB) + L(σtGX)]ρ(t)

−
√
γsγt

2

2∑
i=1

2∑
j=1

(−σtj,Hρ(t)σ†si,H − σ
s
i,Hρ(t)σ†tj,H + ρ(t)σ†si,Hσ

t
j,H + σ†tj,Hσ

s
i,Hρ(t))

−
√
γsγt

2

2∑
i=1

2∑
j=1

(−σtj,V ρ(t)σ†si,V − σ
s
i,V ρ(t)σ†tj,V + ρ(t)σ†si,V σ

t
j,V + σ†tj,V σ

s
i,V ρ(t))

(7.2.32)

7.2.6 Coherently pumped source biexciton

For the coherently pumped biexciton, the Eq. (7.2.32) should be modified. Firstly, the
term corresponding to the incoherent pumping, Γp, will be omitted. Secondly,we will
add the coherent pumping terms to the source Hamiltonian which can be reformulated
as:

Hs = Ωs(σ
s
V B + σ†sV B)− χsσsBB + ∆sσ

s
V V (7.2.33)

Where Ω stands for the Rabi frequency of a single photon. By applying these two
changes, the Eq. (7.2.32) is in the appropriate form for the coherently pumped
cascaded system.
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7.2.7 Redfield form of master equation

With respect to the secular approximation in the last section we transferred Eq.
(7.2.19) to its Lindblad form given in Eq. (7.2.32). Without such an approximation the
transition operators and their frequencies should be written explicitly. By separating
the fast oscillating frequencies from the relaxation frequency in the exponential terms
in Eq. (7.2.19), one will subsequently get the following equation

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
dτ
{ 2∑
i=1

2∑
i′=1

[[c†i,Xci′,Xρ(t− τ)− ci′,Xρ(t− τ)c†i,X ]eiωi′τeiωit−iωi′ t〈
ΓXs (t)Γ†Xs (t− τ)

〉
B

+ h.c]

+

2∑
j=1

2∑
j′=1

[[P †j,XPj′,Xρ(t− τ)− Pj′,Xρ(t− τ)P †j,X ]eiωj′τeiωjt−iωj′ t
〈

ΓXt (t)Γ†t(t− τ)
〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

[[c†i,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)c†i,X ]eiωjτeiωit−iωjt
〈

ΓXs (t)Γ†Xt (t− τ)
〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

[[P †j,Xci,Xρ(t− τ)− ci,Xρ(t− τ)P †j,X ]e−iωjτe−iωit+iωjt
〈

ΓXt (t)Γ†Xs (t− τ)
〉
B

+ h.c]
}
.

(7.2.34)

One can move these non-secular exponential terms out of the commutation of the
transition operators and the density matrix and Eq. (7.2.34) written in form of

∂ρ

∂t
= − 1

~2

∑
X=H,V

∫ t

0
dτ
{ 2∑
i=1

2∑
i′=1

eiωit−iωi′ t[[c†i,Xci′,Xρ(t− τ)− ci′,Xρ(t− τ)c†i,X ]eiωi′τ〈
ΓXs (t)Γ†Xs (t− τ)

〉
B

+ h.c]

+

2∑
j=1

2∑
j′=1

eiωjt−iωj′ t[[P †j,XPj′,Xρ(t− τ)− Pj′,Xρ(t− τ)P †j,X ]eiωj′τ
〈

ΓXt (t)Γ†t(t− τ)
〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

eiωit−iωjt[[c†i,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)c†i,X ]eiωjτ
〈

ΓXs (t)Γ†Xt (t− τ)
〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

e−iωit+iωjt[[P †j,Xci,Xρ(t− τ)− ci,Xρ(t− τ)P †j,X ]e−iωjτ
〈

ΓXt (t)Γ†Xs (t− τ)
〉
B

+ h.c]
}
.

(7.2.35)
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By moving the integral inside the summation one will have

∂ρ

∂t
= − 1

~2

∑
X=H,V

{ 2∑
i=1

2∑
i′=1

eiωit−iωi′ t
∫ t

0
dτ [[c†i,Xci′,Xρ(t− τ)− ci′,Xρ(t− τ)c†i,X ]eiωi′τ〈

ΓXs (t)Γ†Xs (t− τ)
〉
B

+ h.c]

+
2∑
j=1

2∑
j′=1

eiωjt−iωj′ t
∫ t

0
dτ [[P †j,XPj′,Xρ(t− τ)− Pj′,Xρ(t− τ)P †j,X ]eiωj′τ

〈
ΓXt (t)Γ†t(t− τ)

〉
B

+ h.c]

+
2∑
i=1

2∑
j=1

eiωit−iωjt
∫ t

0
dτ [[c†i,XPj,Xρ(t− τ)− Pj,Xρ(t− τ)c†i,X ]eiωjτ

〈
ΓXs (t)Γ†Xt (t− τ)

〉
B

+ h.c]

+

2∑
i=1

2∑
j=1

e−iωit+iωjt
∫ t

0
dτ [[P †j,Xci,Xρ(t− τ)− ci,Xρ(t− τ)P †j,X ]e−iωjτ

〈
ΓXt (t)Γ†Xs (t− τ)

〉
B

+ h.c]
}
.

(7.2.36)

If one follows the unidirectionality principle of cascaded quantum system, the
transition operators responsible for the source influenced back by the target will
be omitted. Also, each of the bath correlation functions can be evaluated in the
same way as before in subsection 7.2.2. By doing so, one will get the more simplified
version of Eq. (7.2.36)

∂ρ

∂t
=

∑
X=H,V

{ 2∑
i′=1

2∑
i=1

eiωit−iωi′ t
γs
2

[[c†i,Xci′,Xρ(t)− ci′,Xρ(t)c†i,X ] + h.c]

+
2∑

j′=1

2∑
j=1

eiωjt−iωj′ t
γt
2

[[P †j Pj′,Xρ(t)− Pj′,Xρ(t)P †j,X ] + h.c]

+
2∑
i=1

2∑
j=1

eiωit−iωjt
√
γsγt

2
[−Pj,Xρ(t)c†i,X − ci,Xρ(t)P †j,X ]

+

2∑
i=1

2∑
j=1

e−iωit+iωjt
√
γsγt

2
[P †j,Xci,Xρ(t) + ρ(t)Pj,Xc

†
i,X ]
}
. (7.2.37)

The above equation also can be translated to the algebra of pseudo Pauli operators
explicitly.
First, we define different frequencies ωiand ωi′ for the evaluation of the Eq.34.

ωs1 = ωsB − ωsH ωs2 = ωsB − ωsV ωs3 = ωsV − ωsG ωs4 = ωsH − ωsG ωs5 = ∆s

(7.2.38)

Where ∆sis the fine structure splitting. Taking the ground state as the zero point
energy we will have ωsG = 0. Then by translating the transition master equation to
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the atomic operators we will have the full master equation. Herein, as we have many
terms in the explicit form of the master equation, we separate these terms to three
parts. These three parts are Lindblad superoperator for the source, the target and
finally the coupling between two systems:

∂ρ

∂t
|c = Lcρ = (Lc1 + Lc2 + Lc3)ρ (7.2.39)

Lc1 andLc2 are the Lindblad superoperators for the source and target biexcitons,
while Lc3stands for coupling between the source and target. As Lc1and Lc2are just
dependent on the properties of the each system (source or target), it is possible to
drive one of them and another one will be similar. Then we can write down the first
line of Eq. (7.2.37) in the following way

Lc1ρ =
γs
2

{
[[σ†sGHσ

s
GHρ(t)− σsGHρ(t)σ†sGH ] + h.c]ei(ω

s
4−ωs4)t

+ [[−σsHBρ(t)σ†sGH ] + h.c]ei(ω
s
4−ωs1)t

+ [[σ†sGV σ
s
GV ρ(t)− σsGV ρ(t)σ†sGV ] + h.c]ei(ω

s
3−ωs3)t

+ [[−σsV Bρ(t)σ†sGV ] + h.c]ei(ω
s
3−ωs2)t

+ [[σ†sHBσ
s
HBρ(t)− σsHBρ(t)σ†sHB] + h.c]ei(ω

s
1−ωs1)t

+ [[−σsGHρ(t)σ†sHB] + h.c]ei(ω
s
1−ωs4)t

+ [[σ†sV Bσ
s
V Bρ(t)− σsV Bρ(t)σ†sV B] + h.c]ei(ω

s
2−ωs2)t

+ [[−σsGV ρ(t)σ†sV B] + h.c]ei(ω
s
2−ωs3)t

}
. (7.2.40)

If we assume that the vertically polarized exciton has a higher energy (frequency)
then the fine structure splitting it can be written as ∆s = ωV −ωH and the biexciton
energy shift is χs = 2ωV − ωB . These two relations give us the possibility to evaluate
the frequency differences which appears in Eq. (7.2.40)

ωs4 − ωs1 = (2ωsH − ωsB) = 2(ωsV −∆s)− ωsB = 2ωsV − ωsB − 2∆s = χs − 2∆s

(7.2.41a)

ωs3 − ωs2 = 2ωsV − ωsB = χs (7.2.41b)
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By doing so, the Eq. (7.2.40) is written as

Lc1ρ =
γs
2

{
[[σ†sGHσ

s
GHρ(t)− σsGHρ(t)σ†sGH ] + h.c]

+ [[−σsHBρ(t)σ†sGH ] + h.c]ei(χs−2∆s)t

+ [[σ†sGV σ
s
GV ρ(t)− σsGV ρ(t)σ†sGV ] + h.c]

+ [[−σsV Bρ(t)σ†sGV ] + h.c]ei(χs)t

+ [[σ†sHBσ
s
HBρ(t)− σsHBρ(t)σ†sBH ] + h.c]

+ [[−σsGHρ(t)σ†sHB] + h.c]e−i(χs−2∆s)t

+ [[−σsGV ρ(t)σ†sV B] + h.c]e−i(χs)t

+ [[σ†sV Bσ
s
V Bρ(t)− σsV Bρ(t)σ†sV B] + h.c]

}
. (7.2.42)

One can note that, in addition to the population terms in Eq.41 the crossing terms,
−σsXBρ(t)σ†sGX and −σsGXρ(t)σ†sXB for X = H,V , are preserved. This is due to
the fact that we have the statistically mixed density matrix in the middle of the
commutation relations.. The same procedure is implemented for the explicit form of
Lc2. First, we need to define the frequency differences in the target biexcitons

ωt1 = ωtB − ωtH ωt2 = ωtB − ωtV ωt3 = ωtV − ωtG ωt4 = ωtH − ωtG ωt5 = ∆t = ωtV − ωtH .
(7.2.43)

Again for the target biexciton we set the ground state to the zero point energy. The
explicit form of Lc2 is written as

Lc2ρ =
γt
2

{
[[σ†tGHσ

t
GHρ(t)− σtGHρ(t)σ†tGH ] + h.c]

+ [[−σtHBρ(t)σ†tGH ] + h.c]ei(χt−2∆t)t

+ [[σ†tGV σ
t
GV ρ(t)− σtGV ρ(t)σ†tGV ] + h.c]

+ [[−σtV Bρ(t)σ†tGV ] + h.c]ei(χt)t

+ [[σ†tHBσ
t
HBρ(t)− σtHBρ(t)σ†tBH ] + h.c]

+ [[−σtGHρ(t)σ†tHB] + h.c]e−i(χt−2∆t)t

+ [[−σtGV ρ(t)σ†tV B] + h.c]e−i(χt)t

+ [[σ†tV Bσ
t
V Bρ(t)− σtV Bρ(t)σ†tV B] + h.c]

}
. (7.2.44)

The derivation of Lc3 needs a careful analyzes. Regarding the fine structure splitting
in the source and the target biexcitons, there is no need for an energy symmetry
between the source and the target: we don’t need to set the vertical exciton with a
higher energy than horizontal one. By writing the coupling terms one will get the

105



7 Cascaded system 2:Cascaded biexcitons

following equation

Lc3ρ = −
√
γsγt

2
[−σtGHρ(t)σ†sGH − σ

s
GHρ(t)σ†tGH ]ei(ω

s
4−ωt4)t

+ [σ†tGH σ
s
GHρ(t) + ρ(t)σtGH σ

†s
GH ]ei(−ω

s
4+ωt4)t

+ [−σtHBρ(t)σ†sGH − σ
s
GH ρ(t)σ†tHB]ei(ω

s
4−ωt1)t

+ [σ†tHB σ
s
GHρ(t) + ρ(t)σtHB σ

†s
GH ]ei(−ω

s
4+ωt1)t

+ [−σtGHρ(t)σ†sHB − σ
s
HBρ(t)σ†tGH ]ei(ω

s
1−ωt4)t

+ [σ†tGHσ
s
HBρ(t) + ρ(t)σtGHσ

†s
HB]ei(−ω

s
1+ωt4)t

+ [−σtHBρ(t)σ†sHB − σ
s
HBρ(t)σ†tHB]ei(ω

s
1−ωt1)t

+ [σ†tHBσ
s
HBρ(t) + ρ(t)σtHBσ

†s
HB]ei(−ω

s
1+ωt1)t

+ [−σtGV ρ(t)σ†sGV − σ
s
GV ρ(t)σ†tGV ]ei(ω

s
3−ωt3)t

+ [σ†tGV σ
s
GV ρ(t) + ρ(t)σtGV σ

†t
GV ]ei(−ω

s
3+ωt3)t

+ [−σtGV ρ(t)σ†sV B − σ
s
V Bρ(t)σ†tGV ]ei(ω

s
2−ωt3)t

+ [σ†tGV σ
s
V Bρ(t) + ρ(t)σtGV σ

†s
V B]ei(−ω

s
2+ωt3)t

+ [−σtV Bρ(t)σ†sV B − σ
s
V Bρ(t)σ†tV B]ei(ω

s
2−ωt2)t

+ [σ†tV Bσ
s
V Bρ(t) + ρ(t)σtV Bσ

†s
V B]ei(−ω

s
2+ωt2)t. (7.2.45)

7.2.8 The Redfield full master equation

Similar to the subsection 7.2.4 we can reproduce the full master equation of the
coupled biexciton from Eq. 7.2.39. The only difference will be in the coupling part .
As an example, the master equation for the incoherently pumped cascaded system is
written as
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∂ρ

∂t
=
i

~
[(Hs +Ht), ρ(t)] + Γp[Lp(σ

s
HB)ρ(t) + Lp(σ

s
V B)ρ(t) + Lp(σ

s
GH)ρ(t) + Lp(σ

s
GV )ρ(t)]

γs
2

{
[[σ†sGHσ

s
GHρ(t)− σsGHρ(t)σ†sGH ] + h.c] + [[−σsHBρ(t)σ†sGH ] + h.c]ei(χs−2∆s)t

+ [[σ†sGV σ
s
GV ρ(t)− σsGV ρ(t)σ†sGV ] + h.c] + [[−σsV Bρ(t)σ†sGV ] + h.c]ei(χs)t

+ [[σ†sHBσ
s
HBρ(t)− σsHBρ(t)σ†sBH ] + h.c] + [[−σsGHρ(t)σ†sHB] + h.c]e−i(χs−2∆s)t

+ [[−σsGV ρ(t)σ†sV B] + h.c]e−i(χs)t + [[σ†sV Bσ
s
V Bρ(t)− σsV Bρ(t)σ†sV B] + h.c]

}
+
γt
2

{
[[σ†tGHσ

t
GHρ(t)− σtGHρ(t)σ†tGH ] + h.c] + [[−σtHBρ(t)σ†tGH ] + h.c]ei(χt−2∆t)t

+ [[σ†tGV σ
t
GV ρ(t)− σtGV ρ(t)σ†tGV ] + h.c] + [[−σtV Bρ(t)σ†tGV ] + h.c]ei(χt)t

+ [[σ†tHBσ
t
HBρ(t)− σtHBρ(t)σ†tBH ] + h.c] + [[−σtGHρ(t)σ†tHB] + h.c]e−i(χt−2∆t)t

+ [[−σtGV ρ(t)σ†tV B] + h.c]e−i(χt)t + [[σ†tV Bσ
t
V Bρ(t)− σtV Bρ(t)σ†tV B] + h.c]

}
−
√
γsγt

2

{
[−σtGHρ(t)σ†sGH − σ

s
GHρ(t)σ†tGH ]ei(ω

s
4−ωt4)t + [σ†tGH σ

s
GHρ(t) + ρ(t)σtGH σ

†s
GH ]ei(−ω

s
4+ωt4)t

+ [−σtHBρ(t)σ†sGH − σ
s
GH ρ(t)σ†tHB]ei(ω

s
4−ωt1)t + [σ†tHB σ

s
GHρ(t) + ρ(t)σtHB σ

†s
GH ]ei(−ω

s
4+ωt1)t

+ [−σtGHρ(t)σ†sHB − σ
s
HBρ(t)σ†tGH ]ei(ω

s
1−ωt4)t + [σ†tGHσ

s
HBρ(t) + ρ(t)σtGHσ

†s
HB]ei(−ω

s
1+ωt4)t

+ [−σtHBρ(t)σ†sHB − σ
s
HBρ(t)σ†tHB]ei(ω

s
1−ωt1)t + [σ†tHBσ

s
HBρ(t) + ρ(t)σtHBσ

†s
HB]ei(−ω

s
1+ωt1)t

+ [−σtGV ρ(t)σ†sGV − σ
s
GV ρ(t)σ†tGV ]ei(ω

s
3−ωt3)t + [σ†tGV σ

s
GV ρ(t) + ρ(t)σtGV σ

†t
GV ]ei(−ω

s
3+ωt3)t

+ [−σtGV ρ(t)σ†sV B − σ
s
V Bρ(t)σ†tGV ]ei(ω

s
2−ωt3)t + [σ†tGV σ

s
V Bρ(t) + ρ(t)σtGV σ

†s
V B]ei(−ω

s
2+ωt3)t

+ [−σtV Bρ(t)σ†sV B − σ
s
V Bρ(t)σ†tV B]ei(ω

s
2−ωt2)t + [σ†tV Bσ

s
V Bρ(t) + ρ(t)σtV Bσ

†s
V B]ei(−ω

s
2+ωt2)t

}
. (7.2.46)
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For the coherently pumped source, one can take the same procedure in subsection
7.2.6 and derive the full Redfield master equation for such a case.

7.3 Conclusion

The formalism presented in this chapter is a foundation for the future study of the
two cascaded biexcitons. It is interesting to see the influence of secular approximation
on the photon statistics of the coupled system.
The coupling parameter between biexcitons is determined by

√
γsγt where to increase

the coupling between two system we should increase γs while decreasingγt but the
interval of changing these parameters is limited. As we have tow separate channels
for the emitted photons, the influence of environment in the photon statistics of the
separated channels is a matter of interest.
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8 Conclusion and outlook

In this work, different setups for the study of quantum excitation of many level
systems are presented. The conventional cascade formalism is overviewed and a new
direct approach to derive a master equation for a cascaded systems is given.

Three important aspects of the cascaded coupling between quantum systems are
addressed in this thesis. The first on is properties that one can observe from the
excitation of a system with quantum light. As a matter of fact, the features that this
type of excitation offers are stimulating for the future photonic devices in quantum
information science. The quantum cascaded system can be seen as part of quantum
information network wherein the photons plays as qubit to transfer information. For
the first aspect, we investigated the properties of a single photon source and then we
implemented it to drive another quantum system, wherein, the emitters are directly
coupled to the waveguide. We observed that for the most of incoherent pumping
ratios, the quantum statistics of system is mapped directly to the target. Nonetheless,
there is a transition phase for intermediate pumping strength. In this transition
phase, there is a combination between the coherent and incoherent processes. The
methods to measure such intermixing dynamics is presented explicitly in the thesis.
We did not restrict ourselves to just this type of quantum light sources. We went
beyond this kind of quantum light source by introducing a nonlinear optical setup
which can be used to produce a pair of polarization entangled photons. In this setup,
an optimal intensity of laser excitation has been found wherein, the enhancement
of DCE takes place. This gives an opportunity to produce two entangled photons
with higher efficiency than other nonlinear optical processes. However this process is
efficient, it is still difficult to control. Thus, we proposed a more efficient and easier to
control source to produce two entangled photons , namely a biexciton quantum dot.
The second question is to what extent it is possible to control a quantum system with
another quantum system in cascading them. We proposed a configuration of coupled
cavities wherein the emitters in target cavity are connected to the waveguide only
through the cavity dissipation rate. We call this scenario the indirect coupling of
cavities and the main idea is to observe the case when the intra-cavity dynamics of the
target is also strong. We observed that for the weak pumping regime the intra-cavity
dynamics of target is dominant. In this regime, we can control the quantum statistics
of target by changing the physical parameters that governs the behavior of target
cavity. When the pumping strength increases, again the source statistics is imprinted
into the target in terms of adiabatic following.
The third aspect is more a fundamental question related to the concept of open
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8 Conclusion and outlook

quantum systems: What is the influence of the environment on the quantum system?
It is well known that the theory of open quantum system is based on the fact that
the environment influences the internal dynamics of the system. Herein, we extend
this question to investigate the influence of environment on the cascaded scenario
where two quantum systems communicate through the environment. We can see that
the environment mediates and changes the imprinting statistics of the source into
the target system.

For the future study three promising directions can be considered. Firstly, one
can expand the physical systems to describe the emitter more realistically. This
can be done for example by using a semiconductor model to describe quantum dots.
This is a way to establish and observe the effect of more complex quantum emitters
on the output statistics of the cascaded system [4]. Secondly, we can consider a
different type of baths to gain more insights how the transfer of photon statistics
between systems may be influenced. We considered here a thermal bath but for most
configurations, we need a more sophisticate treatment of the bath degrees of freedom.
For some special cases like a squeezed bath [150] the formalism presented in this work
is applicable. Thirdly, one can evaluate numerically the Lindblad and Redfield master
equations for cascaded biexcitons. It is a matter of interest to observe a deviation
between the two obtained density matrices and emphasize the limitation of secular
approximation.
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