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A B S T R A C T

Cell locomotion plays an important role in many biological processes
such as the immune system, embryonic development, or cancer metas-
tasis. In these examples, cells interact with their environments or coor-
dinate their movements with other cells, creating collective behavior.
In this thesis, we utilize minimal modeling to investigate single and
collective cell motility in three different settings. The key question we
strive to answer is whether cell locomotion is a physical process that
can function without the biochemistry that controls it.

First, we examine contact inhibition of locomotion (CIL), which is
one of the ways that cells interact. In experiments, cell migration can
be restricted to quasi-one-dimensional stripes. In these stripes, head-
on collisions of two cells occur frequently with only a few outcomes,
such as cells reversing their directions, sticking to one another, or
walking past each other. By utilizing a phase field model that includes
the mechanics of cell shape and a minimal chemical model for CIL, we
are able to reproduce all cases seen in these collisions. In addition, we
found qualitative agreements such as the occurrence of “cell trains”.

Next, we investigate cells migrating on substrates with heteroge-
neous rigidity. By utilizing substrate configurations where cells with
varying propulsion strength and membrane stiffness behave differ-
ently, we demonstrate that heterogeneous substrates are able to sort
and distinguish those cells. Further, we investigate collective inter-
actions and reproduce collective phenomena such as persistent rota-
tional motion.

We then study flow-driven amoeboid motility that is exhibited by
microplasmodia of physarum. This motion is caused by a feedback
loop between a chemical regulator, active mechanical deformations,
and induced flows that give rise to spatio-temporal contraction pat-
terns. We develop a poroelastic model consisting of two phases: (1)
an active viscoelastic gel representing the cytoskeleton, that is per-
meated by (2) a fluid depicting the cytosol. Our model incorporates
active contractions of the gel that are controlled by calcium. In turn,
the calcium is advected with the fluid. By using free boundary condi-
tions, nonlinear substrate friction and a nonlinear reaction kinetic for
the calcium regulator, we reproduce the oscillatory motion of these
microplasmodia with a net motion in each cycle.

We demonstrate in all three cases that we can reproduce experi-
mental behavior with these minimal models. This substantiates our
assumption that some aspects of cell motility can be thought of as a
“physical machine” that is controlled by the cell’s biochemistry but
can operate without it.
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Z U S A M M E N FA S S U N G

Zellbewegung ist die Grundlage vieler biologischer Vorgänge. Bei-
spiele sind das Immunsystem, die Entwicklung von Embryonen und
metastasierender Krebs. In diesen Beispielen wechselwirken Zellen
mit ihrer Umgebung oder kooperieren untereinander, wodurch kol-
lektive Bewegung entsteht. Mit Hilfe von Minimalmodellen versu-
chen wir zu beantworten, ob Zellbewegung durch physikalische Pro-
zesse erklärbar ist, welche durch die Biochemie der Zelle gesteuert
werden, aber auch ohne sie funktionieren können.

Zuerst analysieren wir die Interaktion von Zellen über contact in-
hibition of locomotion (CIL). In Experimenten kann Zellbewegung auf
quasi-eindimensionale Streifen beschränkt werden. Dadurch kommt
es zu frontalen Zell-Zell-Kollisionen, bei denen es nur wenige mögli-
che Ergebnisse gibt: Beide Zellen drehen um oder die Zellen haften
aneinander bzw. quetschen sich aneinander vorbei. Zur Modellierung
dieser Kollisionen benutzen wir ein Phasenfeld-Modell, welches die
Zellform berücksichtigt und einen minimalen Ansatz für CIL beinhal-
tet. Damit können wir alle Kollisionsergebnisse reproduzieren.

Als nächstes untersuchen wir Zellbewegung auf Substraten mit he-
terogener Steifheit. Wir identifizieren Heterogenitäten, bei denen sich
Zellen mit unterschiedlicher Membransteifigkeit oder Vortriebsstär-
ke unterschiedlich verhalten und nutzen dies, um Zellen zu sortieren.
Zusätzlich untersuchen wir kollektive Zellbewegung und reproduzie-
ren einige kooperative Phänomene, z.B. persistente Rotation und sta-
bile Zellpaare, deren Bewegung von einer der Zellen gesteuert wird.

Im letzten Kapitel betrachten wir die Bewegung von Mikroplas-
modien (MP). Deren Bewegung entsteht durch eine Rückkopplungs-
schleife zwischen einem chemischen Regulator und aktiver mechani-
scher Kontraktion, welche zur Ausbildung von raum-zeitlichen Mus-
tern führt. Wir entwickeln ein poroelastisches Zweiphasen-Modell,
dessen erste Phase das aktive viskoelastische Cytoskelett beschreibt.
Dieses ist vom Cytosol, die zweite viskose Phase im Modell, durch-
drungen. Unser Modell beinhaltet aktive Kontraktionen des Gels, wel-
che von Kalzium reguliert werden. Kalzium wird wiederum mit dem
Fluid advektiert. Mit freien Randbedingungen, nichtlinearer Substrat-
reibung und Reaktionskinetik für Kalzium können wir die oszillatori-
sche Bewegung von MP reproduzieren. Im Besonderen identifizieren
wir die nötigen Voraussetzungen für gerichtete Netto-Bewegung.

In allen behandelten Beispielen können wir experimentelles Verhal-
ten mit minimalen Modellen reproduziert. Dies untermauert unsere
Annahme, dass einige Aspekte von Zellbewegung durch physikali-
sche Prozesse erklärbar sind, welche von der Biochemie der Zelle
gesteuert werden, aber auch ohne sie funktionieren.
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A C R O N Y M S

CIL contact inhibition of locomotion

NC neural crest

CR contact repolarization

FR front repolarization

SR substrate rigidity

MP microplasmodia

BRF body reference frame

LF lab frame

KV Kelvin-Voigt

AT active tension

BC boundary conditions

HSS homogeneous steady state

N O TAT I O N

We made the following conventions about mathematical expressions:

• Scalars are written in normal style x, vectors are written in bold
style x. Tensors and matrices are written in upper case or Greek
letters with a bar X.

• In Chapter 6, lower case letters represent quantities in the body
reference frame (BRF) and upper case (without a bar) in the lab
frame (LF).

• The divergence div(v) is written as a scalar product with ∇ · v,
whereas ∇v represents a tensor product. In this case it depicts
the Jacobian.

• Greek indices adhere to the Einstein summation convention
with Aαα ≡ ∑α Aαα. Commas indicate derivatives uα,β ≡ ∂βuα.

• u̇ represents the partial time derivative of a variable ∂tu.

viii



1
I N T R O D U C T I O N

1.1 self-organization and active matter

Many processes in nature involve the spontaneous emergence of spa-
tio-temporal large-scale order [Murray, 2007; Winfree, 2001]. From a
cell’s cytoskeleton, to fur coat patterns on animals and the growth
pattern of alligator teeth, these global patterns develop through self-
organization solely due to local interactions between the elements
that compose a system.

Figure 1.1: Self-organized pattern formation in a cell’s cytoskeleton (left)
and flowers (right). Left: The actin filaments (red) and microtubules (green)
help the cell to keep its shape, picture taken from ZEISS Microscopy, li-
censed under CC BY-NC-ND 2.0. Right picture taken and adapted from
Nicole Monteregina, licensed under CC BY-NC-SA 2.0.

The formation of spatial heterogeneities can not happen in systems
that are in thermodynamic equilibrium [Kondepudi and Prigogine,
2014]. The second law of thermodynamics states that a closed system
will tend towards an equilibrium state with maximum entropy. This
makes the existence of heterogeneous, large-scale structures impos-
sible. Hence, pattern formation can only happen in an open system
that is far from equilibrium and allows the transfer of entropy to the
environment [Prigogine, 1978]. To uphold this process, an influx of
energy is needed, which is then dissipated. Noteworthy, the resulting
patterns are sometimes called dissipative structures. These dissipative
phenomena can only occur in nonlinear systems [Kondepudi and Pri-
gogine, 2014].

1
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1.1 self-organization and active matter 2

A class of materials that exhibits this self-organized pattern forma-
tion is called active matter [Popkin, 2016; Sanchez et al., 2012]. Active
matter systems consist of active components that consume energy to
move or exert mechanical tension.

An important example for active matter in biological systems is
cells. In a cell, activity is generated by molecular motors [Kolomeisky
and Fisher, 2007; Sanchez et al., 2012]. These enzymatic molecules can
convert chemical into mechanical energy and play an important role
in many cellular processes. Mixed with (passive) actin filaments, they
self-organize into large-scale patterns. As the cell’s cytoskeleton con-
sists of these filaments, their self-organization can give insights into
how a cell is structured [Jülicher et al., 2007; Oza and Dunkel, 2016].
In addition, these motors actively transport DNA and nutrients in the
cell. Compared with a passive transport by diffusion, this process is
directed and faster [Popkin, 2016].

Another source of activity is active oscillators that can oscillate as
long as enough energy is provided [Kruse and Jülicher, 2005]. These
active oscillators can be found in many systems ranging from chemi-
cal oscillations in the Belousov-Zhabotinsky reaction (BZR) to oscilla-
tions in biological systems. These oscillators often regulate active be-
havior, for example, the regulation of cell division [Kruse and Jülicher,
2005] or gels whose swelling is controlled by the BZR [Lu et al., 2013].

Figure 1.2: Motor induced pattern formation of actin filaments (left) and
active oscilations in the BZR (right). Left picture taken and adapted from
[Oza and Dunkel, 2016], licensed under CC-BY-3.0. Right picture taken and
adapted from Stephen Morris, licensed under CC-BY-2.0.

These examples show how fundamental active self-organization is
for life, though a quantitative theory is still missing [Popkin, 2016].
Physicists have a good understanding of non-active particles such as
atoms and molecules [Kondepudi and Prigogine, 2014]. The theory
of statistic mechanics explains how their motion gives rise to macro-
scopic phenomena like heat, temperature and pressure. A compara-
ble mathematical framework for active processes that explains how a
cell moves and creates and maintains its shape is not yet developed
[Popkin, 2016].

https://creativecommons.org/licenses/by/3.0/
https://www.flickr.com/photos/nonlin/4013035510/in/album-72157632802950921/
https://creativecommons.org/licenses/by/2.0/


1.2 motivation of minimal models 3

1.2 motivation of minimal models

The aim of this thesis is to explore how cell motility functions from
a (theoretical) physicist’s point of view. The locomotion of cells play
a role in many biological processes, such as wound healing [Zimmer-
mann et al., 2014] and the early development of embryos [Tada and
Heisenberg, 2012]. The theoretical description of biological phenom-
ena is important for a comprehensive understanding and can help to
identify the crucial mechanisms of biological processes. Research of
cellular activity often focuses on investigating the details e. g. iden-
tifying involved molecules and which genes are expressed. However,
this approach lacks an explanation of how a pattern arises from a
homogeneous steady state (HSS) through self-organization [Popkin,
2016]. In his pioneering work, Turing revealed a mechanism where
the spatial instability of the HSS results in a break of symmetry and
pattern formation [Turing, 1952]. This was the first explanation of
how patterns arise through self-organization. Later, mechanical stress
and connections between biochemistry and mechanic deformations
were taken into account, yielding additional mechanisms of pattern
formation [Howard et al., 2011; Jülicher et al., 2007; Keldermann et al.,
2009].

With regard to cell motility, the fundamental question we inves-
tigate in this thesis is: Is cell locomotion a physical process that is
controlled by the complex biochemistry? Or are the details of biology
essential [Tjhung et al., 2015]? In order to get closer to answering this
question, we must first address certain subquestions: Which parts of
the cell machinery are essential and how do they interact? What are
fundamental feedback loops in cells? How do complex structures like
the cytoskeleton or collective motions self-organize? Which processes
can give polarity to a cell?

The processes in a cell can be described on different levels, from
microscopic descriptions, where the full phase space of each particle
is considered and the dynamics are given by the Liouville equation,
to the description using coarse-grained approaches, where the time
evolution is described by the Fokker-Planck equation [Romanczuk et
al., 2012]. In this thesis, we utilize minimal physical models. We restrict
ourselves to a macroscopic view with simplified descriptions of the
complex processes in cells, instead of describing the details of biolog-
ical behavior. With such an approach, the key elements of a process
can be isolated. There is a second and less obvious advantage: if ex-
perimental observations can be reproduced without a certain detail,
one can hypothesize that this detail is not essential for the observation
[Tjhung et al., 2015].

How does a minimal description work in practice? An example is
active oscillations in biology [Kruse and Jülicher, 2005]. As discussed
above, these oscillations are important for many systems and often
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regulate the activity in cells. There are many specialized models that
try to describe every detail of behavior in different settings. However,
for many modeling purposes it is enough to include the general be-
havior of an oscillator (i. e. excitability and oscillation period) and
omit the details.

Analogous simplifications are done for other parts of the cells: in-
stead of describing the complex interactions between the actin fil-
aments that constitute the cytoskeleton and molecular motors, we
will only consider the resulting (active) force [Bois et al., 2011; Oster
and Odell, 1984a]. In place of implementing complex polarity mech-
anisms, we use reaction-diffusion equations that break the symmetry
and create a polarity [Mori et al., 2008; Tjhung et al., 2012]. The dy-
namics of the actin cytoskeleton is reduced to hydrodynamic [Joanny
and Prost, 2009; Marchetti et al., 2013] and reaction-diffusion equa-
tions [Löber et al., 2014; Shao et al., 2010].

The starting point of all cell models in this thesis is momentum
conservation. To derive the equations of motion, we start with a force
balance between the internal dynamics and the environment. Then,
we add additional mechanisms such as polarity or more detailed ad-
hesion mechanisms. As we discussed in the last section, active mate-
rials like cells are open systems, operating far from thermodynamic
equilibrium. This requires a constant influx of energy which is then
dissipated to the environment. Thus, energy is not conserved. In all
utilized models the dissipation of the inflowing energy is realized
over friction with a substrate. Additionally, we assume that cells are
isothermal and in contact with a heat bath.

1.3 outline of this thesis

After this introduction, Chapter 2 explains the biological background
of substrate-based single and collective cell migration. We describe
different forms of amoeboid motility and specify important compo-
nents. Then, we characterize the way cells interact with one another
and how collective phenomenons arise. At the end, we introduce the
true slime-mold physarum polycephalum.

Chapter 3 gives an overview of current techniques of modeling
single and collective cell motility, and we discuss our choices in this
thesis.

In Chapter 4, we investigate contact inhibition of locomotion (CIL),
a basic interaction between cells. While many cells interact and co-
operate with their neighbors, the mechanisms of these interactions
are often not well understood. A novel experimental setup lets cells
collide and then observes their response. To better understand these
experiments and the investigated interaction, we develop a compu-
tational model which includes physical and biochemical interactions.
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Then, we identify parameters that affect the transitions between dif-
ferent collision outcomes.

Thereafter, we analyze the locomotion of single and multiple cells
on heterogeneous substrates in Chapter 5. In organisms, cells often
live in crowded and complex 3D structures such as the extracellular
matrix. Currently, it is not feasible to model cells in this environment.
However, substrate-based cell motility is a simplification where cells
have to interact with a viscoelastic environment. To get a better un-
derstanding of the environmental influences, we explore the reaction
of cells to different engineered substrates. Possibilities to sort and
screen cells with different properties are then investigated. After this,
we examine how confinement can yield collective motion.

In many cells, biochemistry and mechanics are interconnected. They
sometimes work in parallel, but more often they influence each other,
yielding a feedback loop between them. An example is biochemi-
cals that regulate mechanical tension, where the resulting movement
transports that regulator. This connection can create a positive feed-
back loop [Howard et al., 2011]. Chapter 6 is dedicated to the locomo-
tion of microplasmodia (MP) of physarum polycephalum, which exhibits
such a feedback loop: contractions, regulated by calcium, cause hydro-
dynamic flows. These flows advect the dissolved calcium. To under-
stand how this feedback loop enables cell locomotion, we develop a
model where we treat physarum as a porous two phase medium and
we couple active mechanics to a chemical regulator. With this model
we identify the important building blocks of physarum locomotion
and which components are needed for different types of motion.

Finally, we conclude with a discussion of this thesis.



2
B I O L O G I C A L B A C K G R O U N D O F C E L L M O T I L I T Y

The movements of cells can be roughly classified by their environ-
ment: swimming in liquids or crawling on and in viscoelastic solids
[Fletcher and Theriot, 2004]. Swimming cells often utilize nonrecipro-
cal motion to create protrusion. A widespread example is the rotation
of a corkscrew shaped flagellum of bacteria. As this work is about
cells on rigid surfaces, we will not go into detail about swimming cell
motility.

Crawling cells often live in a crowded environment where other
cells or extracellular matrix (ECM) build up complex 3D structures
with varying (visco-) elastic properties. Fig. 2.1 shows an example of
multiple cells that are embedded in the ECM. While migrating, cells
must navigate in this surroundings. The examples are numerous and
range from immune cells that patrol the body to neural crest (NC) cells
that build the nervous system during embryonic morphogenesis. An
undesirable example is cancer metastasis. Many cancer types are not
life-threatening until cells start to leave the primary tumor to invade
healthy parts of the body and grow secondary tumors [Fletcher and
Theriot, 2004].

Figure 2.1: Cells in the extracellular matrix. The actin filaments are marked
in green, cell nuclei in blue and structures of the ECM in red. Taken and
adapted from Barreto-Ortiz et al., 2013, licensed under CC-BY-3.0.

It is currently not feasible to model cells in such a complex sur-
roundings. A useful simplification is substrate-based cell motility. Here,
cells must also interact with a viscoelastic environment, but the com-
putational handling is much easier. This approach offers a starting
point to investigate the interactions of a cell with its environment and

6
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2.1 crawling amoeboid motility 7

how it responds to changes. A better understanding of this response
could be a stepping-stone for investigating more complex environ-
ments. In addition, this knowledge can help to design surfaces that
provoke desired behavior.

There are many different mechanisms cells use to move on sub-
strates. The best characterized form of crawling-type movement is
the crawling amoeboid motility which is performed by eukaryotic cells
ranging from soil amoeba to white blood cells. Later, we also address
the flow-driven amoeboid motility exhibited by physarum polycephalum
[Zhang et al., 2017]. For more details about other types of cell move-
ment, refer to [Fletcher and Theriot, 2004].

2.1 crawling amoeboid motility

The crawling motility has four essential components that a cell needs
to create motion:

protrusion A cell creates protrusion at the front to push its cell
membrane outwards.

retraction At the rear, a cell retracts its back.

polarity To create protrusion at the front and retract the back, a
cell must be polarized. While there are examples of external
sources to create polarity, many cells have an independent inter-
nal mechanism.

adhesion A cell creates bonds with the substrate or extracellular
matrix to attach to and pull itself forward.

A typical cell is moving forward by a sequence of the following steps
[Barnhart et al., 2010]: At its front, the cell pushes its membrane out-
wards and thereby elongates. In these protrusion areas new adhesion
sites are created and attach with the substrate. Due to the newly built
adhesion sites, the cell-substrate adhesion is stronger at the front than
at the rear. The elongation of the cell causes an elastic tension in the
body. This results in a force on the adhesion bonds between the cell
and the substrate. When this force exceeds a critical value, the older
(and hence weaker) bonds at the rear break. The trailing edge moves
forward and the cell length decreases again.

Depending on the cell type, the realization of these four parts can
differ:

Protrusion In many cells (for example keratinocytes), the force to
push the membrane outwards is generated by the cytoskeleton [Fal-
cke and Zimmermann, 2014], which consists out of actin filaments
[Wells and Parsons, 2011]. These filaments grow by polymerization
[Ananthakrishnan and Ehrlicher, 2007]. They possess two distinct
ends, with different critical concentrations. The polymer concentra-
tion in cells is above (below) this critical concentration at the front
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(back) of these filaments. This allows an asymmetrical filament growth
where filaments grow at their front, pushing against the membrane,
and shrink at their back while keeping a roughly constant length.
This process is called treadmilling.

The membrane expands under tension and depending on the cellu-
lar details, these protrusion areas have different shapes [Ananthakr-
ishnan and Ehrlicher, 2007; Fletcher and Theriot, 2004]. Keratinocytes
create large, sheet-like lamellipodia. Other cells form long, thin protru-
sion areas (filopodia) or thick knobby projections (psuedopodia).

For some cell types like dictyostelium, protrusion is possible even
without treadmilling. Their locomotion is generated by the internal
hydrostatic pressure, which causes the formation of blebs [Yoshida
and Soldati, 2006]. The actin is assembled at a later stage which pro-
vides stability and lets blebs evolve to psuedopodia.

Adhesion Cell-substrate and cell-matrix adhesion consists of local-
ized bonds between a cell and its surroundings [Wells and Parsons,
2011]. Nascent adhesions and focal complexes are the first adhesion struc-
tures that appear in the lamellipodium. These sites are transient and
will either be disassembled or mature further. Both types are related
to motile cells, where their appearance correlates with high-velocity
movement. Focal adhesions are matured adhesion sites and their occur-
rence correlates inversely with cell motility.

Over time these sites age and get disassembled [Ananthakrishnan
and Ehrlicher, 2007]. Additionally, they can rupture if the applied
force, generated by cell movement, is too strong.

The properties of the underlying substrate and its effect on the
adhesion dynamics can affect how a cell moves. Certain cells can be
guided by the rigidity of the substrate, an effect called durotaxis [Lo
et al., 2000]. We study durotaxis in Chapter 5.

Retraction The retraction of the trailing edge requires the coordina-
tion of actin contraction and dismantling of adhesion sites. The force
for this retraction is generally provided by myosin motors [Anan-
thakrishnan and Ehrlicher, 2007]. These motors slide along actin fil-
aments and bundles at the rear, which are connected to membrane
and substrate. The arising force pulls a cell’s rear forward.

There are a few mechanisms to reduce the density of adhesion
bonds at the rear [Wells and Parsons, 2011]. Microtubule-induced ad-
hesion relaxation promotes the disassembly of adhesion proteins. In
addition, these proteins get transported back into the cell (endocytosis)
where they are recycled. Some cells are able to move forward without
contraction at the rear, albeit slower.

Polarity The direction of cell motion is often aligned with the inter-
nal front-back polarity axis. This polarity can be created in many dif-
ferent ways, some external others internal. A universal external mech-
anism is chemoattraction [Rappel and Edelstein-Keshet, 2017], where
the gradient of a chemical concentration leads to a reorientation of the



2.2 collective cell migration of amoeboid cells 9

direction of motion. This mechanism is called chemotaxis and a well-
known example is Dictyostelium which reacts to cyclic AMP. Other
external stimuli are mechanic: flow of surrounding liquid, local de-
formations of the membrane or spatial differences of the substrate
rigidity.

Many cells also possess an internal polarity mechanism. Thereby,
a cell is able to retain a polarity in the absence of external signals.
These cells create a gradient of a chemical concentration on their in-
side which marks their front or back. In mammalian cells, GTPases
enzymes are found in higher concentrations at the front (Cdc42) or
the back (Rho). While some cells need an external stimulus for an ini-
tial polarization, others are able to polarize spontaneously. These cells
create local patches where protrusion is inhibited [Wells and Parsons,
2011].

Additionally, cell shape and polarity can influence each other. Upon
polarization keratinocytes deform to a crest-like shape and form a
lamellipodia at their leading edge (Fig. 2.2). Their shape stays stable
over a long period of time while they move persistently [Grimm et
al., 2003]. After some time, they reorient themselves and lose their
initial polarization in this process. Subsequently, they also lose their
asymmetric shape.

Figure 2.2: Moving keratinocytes with typical crest-like shape. The cell
moves into the direction of its front, which is distinguished by the lamel-
lipodium. Taken and adapted from Barnhart et al., 2011, licensed under
CC-BY-3.0.

Moreover, collective migration can be another source of polarity.
Examples are clusters that are able to sense gradients, where the indi-
vidual cell does not [Rappel and Edelstein-Keshet, 2017]. Groups of
cells can also have a global polarity, where the local polarity is syn-
chronized. For further reading, refer to [Rappel and Edelstein-Keshet,
2017] and [Wells and Parsons, 2011].

2.2 collective cell migration of amoeboid cells

While cells of the immune system migrate by themselves, searching
for unwelcome intruders, other cells move in groups. These cells in-
teract with their local environment by physical (i. e. volume exclu-

https://creativecommons.org/licenses/by/3.0/
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sion) and biological (i. e. signaling) means. When encountering one
another, cells can coordinate their movements and collective phenom-
ena such as the fingering instability [Zimmermann et al., 2014] or
groups of cells governed by a few leader cells [Kabla, 2012] emerge.
The details of the environment can also affect collective motion. Tis-
sue cells respond to the rigidity of a substrate [Discher et al., 2005].
Engineered substrates can be used to control the emergence of collec-
tive phenomena. For example, a confinement to a circular region can
result in collective persistent rotational motion [Doxzen et al., 2013].

The simplest interaction is volume exclusion. Cells deform when
they collide with each other. This mechanical stimuli can yield a
change in polarity and thereby alter the direction of motion. This can
be sufficient to create long range alignment in simulations [Marth and
Voigt, 2016].

Further, cells can create physical adhesion bonds with each other.
This mechanism is related to cell-matrix and cell-substrate adhesion
and stabilizes tissue [Wells and Parsons, 2011].

Signaling is a key mechanism that distinguishes biological systems
from active matter. A well-studied example is contact inhibition of
locomotion (CIL), that describes the tendency of some cells to re-
orientate away from each other after contact [Mayor and Carmona-
Fontaine, 2010]. We describe this mechanism in detail in the next sec-
tion and study it in Chapter 4. Other signaling mechanisms are co-
attraction, where cells secrete a signal to which they also chemotax.
This creates self-generated gradients and mediates the aggregation of
cell clusters [Theveneau and Mayor, 2013].

2.2.1 Contact Inhibition of Locomotion

CIL is one way in which cells interact with one another to create collec-
tive motion. CIL was named and characterized by Abercombie more
than 50 years ago [Abercrombie and Heaysman, 1953]. CIL describes
the tendency of a cell to change its direction of motion after contact
with another cell. CIL can play a central role in the coordination of col-
lective migration, including the cluster-level polarization of NC cells
in vivo [Carmona-Fontaine et al., 2008] and the dispersal of hemocytes
in the early stages of Drosophila development [Davis et al., 2012]. CIL

may also play a role in cancer metastasizing [Abercrombie, 1979].
Fig. 2.3 shows an example where a cell type which expresses CIL

(NC cells) is placed next to a patch of the same cell type (left) and to
one that does not express CIL (mesoderm, right). The two patches of
NC cells stay separated and do not invade or crawl on top of each
other. However, the patch of mesoderm cells is invaded - a behavior
often associated with metastasizing cancer.

Many of the first experiments for CIL were made with invasion
assays, where two tissues are placed adjacent to each other [Aber-
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Figure 2.3: NC cells invade a patch of Mesoderm cells (right), but not an-
other NC explant (left). Snapshot taken from Supplementary Movie 3 from
[Carmona-Fontaine et al., 2008], by permission from Macmillan Publishers
Ltd: Nature.

crombie and Heaysman, 1953]. While these experiments can give in-
sight into collective motion, the vast amount of involved cells make
these experiments difficult to analyze. Later, collision assays with
single cells migrating on substrates have been developed [Carmona-
Fontaine et al., 2008]. However, these assays have a low efficiency,
since cell-cell collisions are rare. Additionally, rotations while the cells
are in contact, varying collision angles and variations of the cell ve-
locity complicate their evaluation.

Recently, several groups developed 1D collision assays, where cell
motion is restricted to an adhesive micropatterned stripe. This en-
ables standardized, efficient, and reproducible experiments [Desai et
al., 2013; Milano et al., 2016; Scarpa et al., 2013] and give us a better
understanding about the impact of cell-cell interactions. These assays,
originally used to study cell motility in the presence of confinement
[Doyle et al., 2009], can be used to study outcomes of cell-cell colli-
sions and to identify critical molecular mediators of CIL [Desai et al.,
2013; Scarpa et al., 2013].

These experiments reveal that for Xenopus cranial NC cells, the ma-
jority of collisions resulted in reversals; a smaller fraction of colli-
sions resulted in sticking, and walk-past was uncommon [Scarpa et
al., 2013]. Fig. 2.4 shows experimental snapshots of each case. In ad-
dition, chaining-like behavior (cells following one another on contact)
was observed for NRK-52E cells [Desai et al., 2013]. We investigate
these collisions in Chapter 4.

There are still a lot of unanswered questions about CIL [Mayor and
Carmona-Fontaine, 2010]: Which molecular signals control CIL [Roy-
croft and Mayor, 2016]? Are local cell-cell interactions like CIL or adhe-
sion sufficient for the self-organization seen in the collective motion
[Pocha and Montell, 2014]? How is the relation between CIL and other
cell-cell interactions like adhesion [Davis et al., 2015]?
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Figure 2.4: Head-on collisions between Xenopus cranial NC cells have
three different outcomes. The panels show the reversal, sticking and walk-
past case (from top to bottom). Taken and adapted from Scarpa et al., 2013,
licensed under CC-BY-4.0.

2.3 the true slime-mold physarum polycephalum

Physarum polycephalum is a true slime-mold and part of the subgroup
of Myxomycetes [Steven L. Stephenson, 2000]. In contrast to other eu-
karyotic cells, the microplasmodic form of physarum is exhibiting
flow-driven amoeboid motility when migrating on substrates [Zhang
et al., 2017]. We describe this type of motion in Sect. 2.3.2 and then
investigate it further in Chapter 6.

Figure 2.5: Physarum network (left) and spores (right).
Pictures from Helen Ginger, licensed under CC BY-SA 3.0.

Physarum is unicellular, but the cell contains more than one nu-
cleus. It prefers a moist and moderate climate and can be found in
forests on decaying logs or leaves. It builds large networks with a
typically yellow color which can grow to the size of several square
meters.

The flow of cytosol in the interior of the vein network is driven
by the acto-myosin system. This so called “shuttle streaming“ is gen-
erated by synchronized contractions of the network. This streaming
ensures an efficient distribution of nutrients throughout the whole
organism. More information about the biology of physarum can be

https://creativecommons.org/licenses/by/4.0/
https://commons.wikimedia.org/wiki/User:HelenGinger
https://creativecommons.org/licenses/by-sa/3.0/
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found in [Aldrich and Daniel, 1982; Oettmeier et al., 2017; Steven L.
Stephenson, 2000].

2.3.1 Microplasmodia

Physarum microplasmodia (MP) are artificial forms of physarum that
do not occur in nature. Liquid cytosol is harvested from an existing
network. This fluid is then centrifuged to destroy all internal struc-
tures and placed on a substrate [Bernitt et al., 2010]. The droplet
immediately forms a new membrane and reconstructs the internal
acto-myosin system which takes approximately 10 min [Nagai and
Kato, 1975]. This artificial form makes it possible to investigate the
internal dynamics of physarum without the complex vein network.

These droplets show a wide variety of spatio-temporal contraction
patterns, including spirals, irregular oscillations, standing and travel-
ing waves and (synchronous) anti-phase patterns [Takagi and Ueda,
2008]. After several hours, when a cell reaches a size of ≈ 100 µm the
cell elongates to a rod-like shape and starts to explore its surround-
ings [Lewis et al., 2015].

2.3.2 Flow-driven Amoeboid Motility of Physarum

The locomotion of these MP is caused by internal flows. Periodic con-
tractions of the acto-myosin system create pressure gradients, that
generate shuttle flows. These contractions are regulated by free cal-
cium ions [Wohlfarth-Bottermann, 1979; Yoshimoto et al., 1981] and
ATP [Yoshimoto and Kamiya, 1984] which in turn are advected with
the resulting flow, creating a feedback loop. These flows push the
membrane forward and create protrusion [Zhang et al., 2017].

Figure 2.6: Moving physarum MP exhibiting the peristaltic mode of motil-
ity. Taken from [Lewis and Guy, 2017, Fig. 1], © IOP Publishing. Reproduced
with permission. All rights reserved.

The details of the adhesion dynamics and the polarity mechanism
are not known. However, there is evidence for slip-stick friction with
the substrate [Zhang et al., 2017].
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In [Zhang et al., 2017], two modes of stable movement for MP were
found:

peristaltic Traveling waves of contraction and relaxation start at
the tail and propagate to the front. The flows in forward and
backward direction are generated at the tail and move forward
in a roughly linear fashion. This was the most frequently ob-
served mode of movement.

amphistaltic Front and rear contract and relax in anti-phase oscil-
lations that are linked to standing waves of traction stress and
Ca2+ concentration. This causes a traveling flow profile, which
changes their direction with the same period as the contraction.
In contrast to the peristaltic mode, the backward flow originates
at the front and travels backwards.

MP conducting these two types of movement show no intrinsic differ-
ences and possess a similar size and shape. The magnitude of traction
stress, flow velocity and oscillation period are also comparable. How-
ever, MP exhibiting the peristaltic movement have a migration speed
that is three times larger.

Nevertheless, both modes result in persistent directional motion.
The forward flow is faster than the backward flow yielding a net
motion in each cycle of contraction and relaxation [Lewis et al., 2015;
Zhang et al., 2017].



3
M O D E L S O F C E L L M O T I L I T Y

In this chapter, we give an overview of different, currently used mod-
eling techniques for motile cells. For a more in depth view, refer to
these recent review articles [Camley and Rappel, 2017; Hakim and
Silberzan, 2017].

Motile cells posses a complex internal machinery (Chapter 2) and
require us to consider a moving interface. It is currently not possible
to describe and model every aspect of a cell’s behavior and structure
in detail. Hence, modeling requires assumptions about which parts
of a cell’s machinery are essential for the investigated problem.

Is it required to resolve the cell shape or is it enough to consider
the cell as a point-like particle? Do we need to implement a polar-
ity mechanism (Sect. 2.1) or can we prescribe a direction and even
a velocity? Are details of the cell-substrate adhesion mechanism im-
portant or is a simple drag-force sufficient? Which of these parts are
supposed to interact with one another? Should changes in the shape
affect the polarity? Do we have to consider flows?

Different problems require different answers to this question: While
a detailed cell-substrate adhesion mechanism is not required to model
the general crawling amoeboid movement [Camley et al., 2014], cap-
turing the oscillatory nature of keratinocytes slip-stick motion seems
to demand this [Barnhart et al., 2010; Löber et al., 2014]. Many authors
neglect flows in minimal models for crawling cell motility [Camley
et al., 2014; Löber et al., 2014] while others include it [Shao et al.,
2012]. Many aspects of the crawling motion in 2D can be reproduced
without flow (e. g. slip-stick motion), while they are required for a
detailed description of the processes at the leading edge [Zimmer-
mann et al., 2012]. In 3D, complex shapes were found in a model that
includes flows [Tjhung et al., 2015]. However, flows are certainly re-
quired to describe the flow-driven type of amoeboid motility [Lewis
et al., 2015; Radszuweit, 2013; Radszuweit et al., 2014]

When multiple cells are included, even more decisions have to be
made. Which cell-cell interactions should be considered? Is it enough
to consider a neighbor alignment mechanism, where neighboring
cells align their velocities? Or to consider implicit mechanisms like
velocity alignment, where cells align their polarity to their velocity,
which in turn is affected by the presence of another cell? Is it nec-
essary to include physical interactions like repulsion and biological
ones like cell-cell adhesion and even biochemical signaling between
cells?

15
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Once again, different problems require different treatments. Collec-
tive motion is sensitive to the type of interactions. In [Camley et al.,
2014] only velocity alignment was able to robustly create persistent
rotational motion of confined cells. In [Rappel et al., 1999] the self or-
ganization of dyctyostelium into a vortex could be reproduced using
cell-cell adhesion.

All models for cell motility treat cells as active, energy consum-
ing materials (Sect. 1.1), that are far from equilibrium. The motion
is assumed to be overdamped with low Reynolds numbers and thus
inertia can be neglected.

In active Brownian motion models, it is assumed that cells are point-
like, self-propelled particles where an active propulsive force is bal-
anced by a dissipative friction [Romanczuk et al., 2012]. Due to the
low computational cost, this model is suitable for simulations with a
large number of cells. With this modeling technique many patterns in
active matter systems can reproduced, from the formation of bands
[Großmann et al., 2016] to vortex arrays and synchronously rotating
clusters [Großmann et al., 2015].

Another model that is suitable to simulate a large number of cells
is the cellular Potts model (CPM). It is a generalization of the Ising
model [Graner and Glazier, 1992], and cells possess a type and oc-
cupy sites on a lattice. Deformations and movements are driven by
surface fluctuations. However, this assumption about the central role
of fluctuations is not valid in every case. Another problem is the long
term behavior of the CPM. Cells consecutively die out which is an in-
herent characteristic and independent of the specific implementation
[Voss-Böhme, 2012].

Both of these models are able describe certain aspects of single and
collective cell motility. However, they are lacking important features
such as the interaction of shape deformations and internal biochemi-
cal polarity and are not able to resolve sub-cellular details.

3.1 phase fields

The phase field method is often used to study moving interface prob-
lems, like crack propagation [Aranson et al., 2000] and solidification
[Boettinger et al., 2002]. It has been used in a number of recent pub-
lications to study single [Löber et al., 2014; Shao et al., 2010; Tjhung
et al., 2015] and collective [Camley et al., 2014; Löber et al., 2015] cell
motility. The auxiliary phase field represents the interface of a cell
and varies smoothly between φ = 0 (outside of the cell) and φ = 1
(inside) over a length scale ε.

The equations for the model can be derived from a Hamiltonian
[Camley et al., 2014]

∂tφ + v∇φ =
1

τε

δH
δφ

. (3.1)
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Here, τ is a friction coefficient and v is a local advection velocity.
A typical choice for the Hamiltonian is the Canham-Helfrich en-

ergy, which is often applied to model deformed fluid membranes
[Biben et al., 2005]. This energy includes terms proportional to the
length and curvature of the cell membrane, representing surface ten-
sion and stiffness

H = γ
∫

d2r
[

ε

2
|∇φ|2 + G(φ)

ε

]
  

surface tension

+
κ

2ε

∫
d2r
[

ε∇2φ − G′(φ)

ε

]2

  
curvature

. (3.2)

As the phase field itself is not polarized, an additional mechanism is
needed to identify the front and back of a cell. There are different ap-
proaches for polarity mechanisms in literature: The mean orientation
of the cytoskeleton [Löber et al., 2014; Tjhung et al., 2015] or the con-
centration of an actin promoter [Camley et al., 2014]. The dynamics
of both mechanisms are modeled with reaction-diffusion equations.
The phase field has the advantage that reaction-diffusion equations
can be easily integrated [Kockelkoren et al., 2003]. The same is the
case for interactions with an underlying substrate [Löber et al., 2014]
as well as chemotaxis [Kockelkoren et al., 2003] and mass conserva-
tion [Löber et al., 2014].

An example of the cell shape (indicated by φ) together with a po-
larity mechanism (given by the concentration of an actin promoter ρ)
is shown in Fig. 3.1.

Figure 3.1: Phase and polarization field of a cell. The phase field φ repre-
sents the cells interface with width ε and ρ gives a polarity to the cell. The
cell moves into the direction of the front with velocity v (to the right).

The phase field approach has successfully replicated the shape and
moving pattern of fibroblasts [Ziebert et al., 2012], shape oscillations
(slip-stick) of moving keratinocytes [Löber et al., 2014] and movement
with periodic reversals [Camley et al., 2013].

It is straightforward to extend this model to multiple cells. The stan-
dard approach is to add adhesion and repulsion interactions between



3.1 phase fields 18

cells [Nonomura, 2012]. These interactions can be realized with an
additional term in the Hamiltonian

Hcell−cell = ∑
i 6=j

∫
d2r
[

g
2

φ(i)(r, t)φ(j)(r, t)− σε3

4
|∇φ(i)|2|∇φ(j)|2

]
. (3.3)

The first term describes volume exclusion by penalizing overlap be-
tween cells, while the second term favors contact between the mem-
branes of different cells. Fig. 3.2 shows an example with two cells and
the resulting interactions between them.

Figure 3.2: Phase fields of multiple cells and their interactions. Cells maxi-
mize the contact area between their interfaces (adhesion) and minimize the
overlap of their phase fields (repulsion). The data for this plot is taken from
a simulation.

It is possible to include additional chemical or signaling interac-
tions like contact inhibition of locomotion (CIL) or velocity alignment
by additional terms in the equations for the polarity mechanism. An
example is the degradation of the polarity marker ρ when a cell is in
contact with another cell [Camley et al., 2014].

Amongst other, phase field models were able to describe various
experiments:

slip-stick motion Keratinocytes exhibit an oscillatory movement
with out of phase protrusion at the front and retraction at the
back [Barnhart et al., 2010]. This type of movement was de-
scribed in [Löber et al., 2014].
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persistent rotational motion When constrained to a square
micropattern, endothelial cells develop persistent rotational mo-
tion, while other cells like fibroblasts do not rotate. In [Camley
et al., 2014], this motion could be reproduced with a phase field
model that includes cell-cell adhesion and repulsion and an ad-
ditional velocity alignment mechanism.

In this thesis, we use the phase field approach to model cell-cell colli-
sions on micropatterned stripes in Chapter 4 and cell locomotion on
heterogeneous substrates in Chapter 5.

3.2 models incorporating flows

Flows inside of cells can play an important part in their locomotion.
Many cell components can be described as either viscous (cytosol)
or viscoelastic (cytoskeleton). Cells react as a viscous or solid mate-
rial on external perturbations. The type of reaction depends on the
timescale of the perturbation compared to the relaxation time of the
(cell-) body. For fast perturbations cells react as a solid and for slow
ones as a fluid. For intermediate time-scales, the response can also be
viscoelastic [Moeendarbary et al., 2013].

Many cell models incorporate (viscoelastic) flows [Bois et al., 2011;
Jülicher et al., 2007]. For non-stationary cells this means solving hy-
drodynamic equations in a system with a moving interface. There are
several publications where a phase field was used to accomplish this
for viscous flows [Camley et al., 2013; Shao et al., 2012; Tjhung et al.,
2015].

For viscoelastic materials the situation is more complicated. Here,
the material time derivative must be used [Chaves, 2013, chap. 2.4],
which complicates solving the resulting equations. A possible solu-
tion is to solve the resulting equations in the body reference frame
(BRF) of the viscoelastic component [Radszuweit et al., 2014]. In ad-
dition, appropriate free boundary conditions (BC) make it possible to
observe motion [Larripa and Mogilner, 2006].

It is often assumed that parts of the cells are active and hence able
to exert a force. For a viscoelastic material the resulting stress tensor
has the form

σ = σve + T(C)1, (3.4)

where σve is given by the viscoelastic model and T(C) is an active
tension, that depends on some quantity C.

The Reynolds number that arises from flow inside of a cell is small,
Re � 1, and inertia effects can be neglected. Hence, this flow can be
described as a Stokes flow, and it is possible to write down a force
balance between the stress and external forces

∇ · σ + fext = 0. (3.5)
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In general, it is assumed that the material is incompressible, which
gives rise to the continuity equation for the flow velocity v,

∇ · v = 0. (3.6)

This condition results in an additional hydrodynamic pressure p in
the force balance in Eq. (3.5).

A number of authors use active, hydrodynamic models to describe
either a complete cell or a part of it:

pattern formation in active fluids In [Bois et al., 2011] a feed-
back loop between an active, viscous fluid and a chemical regu-
lator was introduced that results in pattern formation.

microplasmodia Developing microplasmodia (MP) show spatio-
temporal contraction patterns [Takagi and Ueda, 2008]. In [Rad-
szuweit et al., 2014], a poroelastic two-phase model with an
active viscoelastic gel and a passive fluid was developed that
could reproduce all experimentally observed contraction pat-
terns.

3.3 choice of models in this thesis

In this thesis, we study different examples of cell locomotion with
different requirements on our modeling approach.

The phenomena that we investigate in Chapter 4 and 5 have some
similarities: we model eukaryotic cells that exhibit the crawling cell
motility (Sect. 2.1). While the exact implementation differs, the polar-
ity mechanisms in both approaches are implemented with reaction-
diffusion equations, and cells move forward due to protrusion gen-
erated by their growing actin network. In both problems, the inter-
nal polarity mechanism interacts with changes of the cell shape. For
this kind of problem fluid flow is often neglected [Camley et al.,
2014; Ziebert et al., 2012]. The phase field method provides a way
to solve reaction-diffusion equations in a system with a moving in-
terface. This enables us to include aspects like a realistic biochemical
polarity mechanism and to study how cell shape, polarization, and
confinement interact.

In Chapter 6, we investigate flow-driven amoeboid motility. As it
was discussed in Sect. 2.3.2, this type of locomotion is exhibited by MP

of physarum. Biochemistry and mechanical deformations form a feed-
back loop and it is not possible to neglect flows. On these grounds, we
develop a model for physarum which is based on [Radszuweit et al.,
2013, 2014]. We assume that MP can be viewed as a porous medium
[Coussy, 2004] with two phases: an active viscoelastic gel represent-
ing the cytoskeleton and a fluid sol modeling the cytosol [Alt and
Dembo, 1999]. The activity of the gel is regulated by calcium. Hetero-
geneities of the calcium concentration cause active contractions of the
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gel. This generates pressure gradients, creating hydrodynamic flows
of the fluid cytosol. In turn, the dissolved calcium is advected by the
fluid. With this model we can recreate the feedback loop of MP. The
resulting equations are then solved in the BRF of the viscoelastic gel
together with free BC.



4
M O D E L I N G C E L L - C E L L C O L L I S I O N S O N
M I C R O PAT T E R N S

Cells interact with one another in a multitude of ways. One well-
known interaction is contact inhibition of locomotion (CIL). Recently,
several groups developed a new experimental technique where cells
collide head-on. The experiments in [Desai et al., 2013; Scarpa et al.,
2013] show that head-on collisions of two cells exhibiting CIL can re-
sult in four possible outcomes:

i) reversal Both cells reverse their polarization after collision, de-
tach, and reverse their migration direction.

ii) sticking The cells collide and adhere to one another, resulting
in a non-motile pair of cells.

iii) walk-past Cells collide, move past each other and continue to
migrate into their original directions.

iv) chaining Upon collision, cells form a pair, collectively migrat-
ing together along the pattern.

In the case of Xenopus cranial neural crest (NC) cells, Scarpa et al.,
2013 analyzed a large number of cell-cell collisions and generated
quantitative statistics for the possible outcomes. These experiments
revealed that the majority of NC collisions resulted in the reversal
outcome (73.3%); a smaller fraction of collisions resulted in sticking
(25.1%), and walk-past occurred rarely (1.6%). Snapshots of these col-
lision outcomes can be seen in Fig. 2.4. We describe the details of CIL

and these experiments in Sect. 2.2.1.
In this chapter, we use a computational model to evaluate the chem-

ical and mechanical factors that control the interactions of eukaryotic
cells exhibiting CIL. We simulate a large number of cell-cell collisions
on narrow micropatterned stripes. Our aim is to probe which prop-
erties in the cell-cell interactions are responsible for the different out-
comes observed in the experiments.

4.1 model

To describe these collisions, we extend the modeling approach from
[Camley et al., 2014; Shao et al., 2010] to model crawling amoeboid
motility as discussed in Sect. 2.1. The primary biochemistry we are
interested in is cell polarity – i.e. what determines a cell’s “front”, and
thus its direction of motion. To do this, we utilize a minimal model of

22
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Rho GTPase kinetics [Mori et al., 2008] to describe the dynamics of a
polarity protein. We assume that this protein is Rac, which is activated
at the front of the cell. CIL is incorporated through the assumption
that cell-cell contact generates or activates a Rac inhibitor.

We describe cells as two-dimensional objects confined by an inter-
face with a perimeter-dependent line tension γ and a bending modu-
lus κ. We model two chemical species, ρ(r, t) and I(r, t) inside of the
cell. ρ(r, t) is the density of membrane-bound (activated) Rac, which
regulates actin polymerization. Rac then determines the biochemical
polarity: the front (back) of the cell is specified by a high (low) value
of ρ(r, t). The fluctuating inhibitor I(r, t) controls the persistence of
motion of a cell. Both chemical species are described with reaction-
diffusion equations within the cell. This section outlines the elements
of the model; numerical and implementation details are available in
Sect. 4.4.

4.1.1 Cell Mechanics

The interface of a cell i is tracked by an auxiliary phase field φ(i)(r, t),
which varies smoothly between φ = 0 (outside of the cell) and φ = 1
(inside) over a length scale ε; the cell interface is given by the contour
φ = 1/2 (see Fig. 3.1). Assuming any fluid flow can be neglected and
that the interface is only driven by local forces, the motion of the cell
interface is given by

∂tφ
(i)(r, t) =

1
τ
(αρ(r, t)χ(r)− β) |∇φ(i)| − 1

τε

δH
δφ(i)

(4.1)

from a force balance argument [Camley et al., 2014; Shao et al., 2010].
Here, τ is a friction coefficient. A full set of parameters and their
values is given in Tab. A.2.

The first term on the right hand side of Eq. (4.1) describes the active
motion of the cell, arising from forces caused by actin polymerization
at the leading edge and myosin-driven contraction of the cytoskeleton
at the cell rear [Mogilner and Oster, 2003]. This arises because the
first term of Eq. (4.1) pushes the cell front outward where ρ is large
(αρ > β) and contracts at the rear where ρ is low (β > αρ).

To model the effect of the adhesive micropattern, we assume that
cells only create protrusion if they are able to adhere to the underlay-
ing substrate. This is implemented by including χ(r), which takes on
values between χ(r) = 0 (cell cannot adhere) and χ(r) = 1 (cell can
fully adhere). A more in-depth motivation can be found in [Camley
et al., 2013].



4.1 model 24

In absence of the active motion term in Eq. (4.1), the phase field φ

will minimize a Hamiltonian H = Hsingle + Hcell−cell. The single cell
Hamiltonian is

Hsingle =γ(P)
∫

d2r
[

ε

2
|∇φ|2 + G(φ)

ε

]
+
∫

d2r
κ

2ε

[
ε∇2φ − G′(φ)

ε

]2

,
(4.2)

where γ(P) is the interface tension and κ the bending modulus. The
double-well potential G(φ) = 18φ2(1 − φ)2 stabilizes the two phases
φ = 0 and φ = 1. In the sharp interface limit ε → 0 and with a
perimeter-independent interface tension, it is known that Hsingle is
equivalent to the Canham-Helfrich Hamiltonian [Canham, 1970; Hel-
frich, 1973] (see discussion in [Camley et al., 2014; Shao et al., 2012]).
γ(P) depends on the cell perimeter P and has the form

γ(P) = γ0 ·

⎧⎨⎩1 + γper × (P − Pcr), if P ≥ Pcr

1, otherwise.

The perimeter is calculated as P =
∫

d2r|∇φ|. Here, Pcr is a criti-
cal perimeter, and for perimeter values above this parameter cells
have a component to their perimeter energy that behaves as an elas-
tic membrane with an associated elastic energy Hel ∼ (P − Pcr)2. For
cell perimeters below Pcr the line tension is constant as is appropri-
ate for a fluid membrane [Brown, 2008; Helfrich, 1973]. One reason
we have added this aspect to our model is that when the cell-cell
adhesion is very strong it can overcome interface tension, leading
to a situation where it is energetically favorable for a pair of cells
to increase their perimeter without limitation. Throughout this work
we use γper = 0.5/µm and Pcr = 58 µm. Here, Pcr is slightly larger
than the unperturbed perimeter of a moving single cell, which is
P ≈ 56.5 µm for our default parameters. Note that if P increases two
microns above Pcr, γ(P) doubles. We have not found any qualitative
changes in the collision outcomes for different values of these para-
meters, as long as the growth of P without limitation is prevented.
However, we did not conduct systematic variations of these parame-
ters.

The cell-cell interaction part of the Hamiltonian includes two phys-
ical interactions, volume exclusion and cell-cell adhesion:

Hcell−cell = ∑
i 6=j

∫
d2r
[

g
2

φ(i)(r, t)φ(j)(r, t)− σε3

4
|∇φ(i)|2|∇φ(j)|2

]
. (4.3)

The first term excludes volume by penalizing overlap between dif-
ferent cells with strength g. The second term, which models adhesion,
favors contact between the membranes of different cells. The strength
of this interaction is set by σ. We note that as a consequence of our
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phase field description of the cells, altering the strength of repulsion
g or adhesion σ can also change the structure of the interface where
cells overlap, i.e. how sharply the interface transitions from φ = 0 to
φ = 1. This effect would not appear in a sharp-interface model.

4.1.2 Single Cell Biochemistry

The chemical concentrations within the cell are modeled with reaction-
diffusion equations of the type:

∂tu(r, t) = Du∇2u(r, t) + fu(u(r, t)). (4.4)

As shown in [Kockelkoren et al., 2003; Li et al., 2009], these equations
can be solved in a complex geometry characterized by a phase field
φ. They then have the form

∂t(φ(r, t)u(r, t)) = ∇[φDu∇u] + φ fu(u). (4.5)

In the sharp interface limit, Eq. (4.5) is equivalent to Eq. (4.4) with
Neumann (no-flux) boundary conditions (BC).

Accordingly, our equations for the membrane-bound state ρ(r, t)
and the inhibitor I(r, t) in each cell i are

∂t(φ
(i)ρ(i)) = ∇[φ(i)Dρ∇ρ(i)] + φ(i) fρ(ρ

(i), ρ
(i)
cyt, I(i)),

∂t(φ
(i) I(i)) = ∇[φ(i)DI∇I(i)] + φ(i) f I(I(i), {φ}, {ρ}),

(4.6)

with Dρ,I being diffusion coefficients and fρ,I reaction terms.
fρ describes the exchange between the active membrane bound

state ρ(r, t) and an inactive uniform cytosol pool ρcyt(t) of the Rho
GTPase Rac, in a modification of the wave-pinning scheme developed
by Mori et al. [Mori et al., 2008]:

fρ(ρ
(i), ρ

(i)
cyt, I(i)) =kb

(
(ρ(i))2

K2
a + (ρ(i))2

+ ka

)
ρ
(i)
cyt

− kc[1 +
I(i)(r, t)

I0
]ρ(i)

ρ
(i)
cyt =

Ntot −
∫

d2rφ(i)ρ(i)∫
d2rφ(i)

(4.7)

with I0 = 1/µm2.
The rate in Eq. (4.7) models three basic processes: 1) cytosolic ρ

binding to the membrane at base rate kakb, 2) cooperative recruit-
ment of ρ from the cytosol to the membrane, and 3) ρ detachment
from the membrane to the cytosol with the rate kc(1 + I(r, t)/I0); the
inhibitor I(r) specifies the difference in the base detachment rate kc.
These processes conserve the total number of Rac molecules Ntot =∫

d2r(ρ(r) + ρcyt)φ(r). Using this conservation, we find Eq. (4.7) by
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assuming that the cytosolic state diffuses quickly on the time scales
we study, and treating it as spatially constant.

The reaction term for the inhibitor, f I , is written as:

f I(I(i), {φ}, {ρ}) =− k−I I(i)(r, t) + ηξ(i)(r, t)

+ f I({ρ}, {φ})cell−cell

〈ξ(r, t)ξ(r′, t′)〉 =η2δ2(r − r′)δ(t − t′).

(4.8)

Here, the first term describes inhibitor decay with rate k−I and the sec-
ond term models CIL through inhibitor generation by cell-cell contact
(discussed extensively in the next section). The third term describes
inhibitor generation by a fluctuating Gaussian Langevin noise ξ(r, t)
arising from the intrinsic stochasticity of complex biochemical pro-
cesses in the cell when there are small numbers of molecules involved
[Van Kampen, 1992; Walther et al., 2012]. We note that I(r, t) can be
negative. Since |I|/I0 is small, positive (negative) I corresponds to a
small increase (decrease) in the base decay rate of kc in Eq. (4.7); the
effective decay rate never becomes negative. While having a negative
concentration appears to be unphysical, this is equivalent to writing
an equation for Y ≡ I + I0, which is always positive. This can be seen
by looking at the sharp-interface equation for the reaction-diffusion
model, ∂t I = DI∇2 I − k−I I + · · · , which can be transformed into
∂tY = DI∇2Y − k−I(Y − I0) + · · · , i.e. a reaction-diffusion equation
with decay and a basal rate. We have written our model in terms of I
to show more easily the change from kc, which can be very significant,
even if the percentage change is small.

The dynamics of these reaction-diffusion equations lead to a stable
profile with a high value of ρ(r, t) defining the front of the cell and
a low value indicating the back. The inhibitor’s effect on ρ will gen-
erally reorient the front of the cell away from high I. The resulting
distribution of ρ(r) and I(r) can be seen in Fig. 4.1 where we show a
cell moving down a 1D stripe.

The amplitude of the stochastic noise η controls the persistence
of a single cells crawling motion [Camley et al., 2014]. For η = 0
a cell crawls persistently in one direction and with increased levels
of η the movement becomes more erratic. Fig. 4.2 shows exemplary
trajectories of cells with different noise strength η.

4.1.3 Biochemistry of Cell-Cell Interactions

As mentioned above, and suggested by experimental observations
[Roycroft and Mayor, 2016], we implement CIL by assuming that ad-
ditional inhibitor is produced where the phase fields of the two cells
overlap. The production of additional inhibitor, coupled with diffu-
sion in the cell interior, can result in cell repolarization away from
contact areas [Camley et al., 2014]. As in earlier computational work
[Camley et al., 2014] and based on experiments using NRK-52E cells
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Figure 4.1: Elements of our model. The cell shape is tracked by a phase field
φ(r). The cell boundary (φ = 0.5 contour line) is plotted in black. On the left
side the Rac concentration ρ(r) is shown, which defines the cell front. The
inhibitor level I(r) is plotted on the right. To limit the internal fields to the
inside of the cell, we plot I(r)× φ(r) (ρ(r)× φ(r), respectively). Throughout
this work we use the shown color scales. To indicate the (static) micropattern,
the contour line with χ(r) = 0.5 is displayed as a thick blue line.

Figure 4.2: Cell trajectories for different values of the stochastic noise
strength η. Cell movement is persistent for low values of the noise strength
η and gets more erratic when increasing η. The black dot marks the start
position.

[Desai et al., 2013] we model two distinct mechanisms for CIL, contact
repolarization (CR) and front repolarization (FR), and vary their rela-
tive importance by the constants kCR and kFR, respectively. We sketch
these mechanisms in Fig. 4.3. Mathematically, the two mechanisms
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Figure 4.3: Sketch of the impact of CR (left) and FR (right) repolarization
mechanisms on a head-tail collision. Contour lines of φ are shown in black.
The fronts of the cells with a high value of ρ are marked with red. The
solid blue line shows edges of the micropattern χ. Cyan parts of the cell
boundary mark inhibitor production near the cell edge from CR/FR. The
inhibitor diffuses to other parts of the cell (cyan stripes) and inhibits ρ there.
With CR the cells produce inhibitor when they are in contact with any part
of another cell. This causes the left cell to repolarize. For FR, there is only
inhibitor production when the cell is in contact with the front of another cell.
Thus, no cell repolarizes in this head-tail collision.

are described by including the following reaction terms for the i-th
cell:

f I({ρ}, {φ})cell−cell = kCRS

(
Ncell

∑
j 6=i

φ(j)

)
  

CR

+ kFRS

(
Ncell

∑
j 6=i

φ(j)ρ(j) − Ocrit

ρchar

)
  

FR

,

(4.9)

where S(x) is a sigmoidal function, S(x) = max(0, tanh[x/x0]) with
x0 = 0.1 and Ncell the total number of cells.

The first term of Eq. 4.9 describes CR. The production of I starts
as soon as there is cell-cell overlap and ceases when this overlap be-
comes negligible. The second term incorporates FR and, contrary to
CR, also depends on the polarization of the neighboring cells: it only
leads to additional inhibitor production if the i-th cell is in contact
with another cell and if that other cell has elevated levels of Rac at
the point of cell-cell overlap.

We consider the possibility that the CR and FR interactions occur
by different signaling pathways, which set in at different times, e.g. if
detection of cell-cell contact and cell front contact occur through dif-
ferent mechanisms. For instance, we could envision that cell-cell con-
tact leads to mechanical force, leading to generation of an inhibitor
at contact (i.e. CR), but that FR requires ligand-receptor binding to
specifically recognize the front of another cell. These could have dif-
ferent rates, force requirements, or other kinetic details. We treat this
possibility generically by allowing the rates kFR and kCR to differ, as
well as introducing a critical overlap Ocrit in Eq. (4.9), which sets a
threshold that has to be exceeded for the FR to set in. Unless the over-
lap between the cells exceeds this threshold, the FR does not generate
any inhibitor. When cells approach one another the values of φρ in
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the contact region are small and below this threshold. Thus, one of
the effects of the critical overlap is that the FR sets in later, when the
cells overlap sufficiently, and not upon first contact. Therefore, the
mechanical interactions between the cells are stronger when the FR

sets in. If Ocrit is too large the threshold will not be exceeded and the
FR does not produce any inhibitor at all. At lower values of Ocrit, FR

only produces inhibitor in regions where the cells overlap reasonably
and φρ of the other cell is sufficiently high. Hence, the distribution of
the inhibitor production is different and will be concentrated to these
regions. Additionally, as only the overlap which exceeds the thresh-
old yields inhibitor production, the critical overlap will reduce the
total amount of produced inhibitor for a given FR strength kFR. Typi-
cal values of ρ(r) at the cell front are around 1.4/µm2. This is much
larger than the value at the back, which is typically around 0.01/µm2.
Usually we choose values of Ocrit between 0 and 0.2/µm2. This en-
sures that ρφ crosses the threshold and inhibitor is generated when
cells are in full front-front contact (i.e. when the contours φ(1) = 1/2
and φ(2) = 1/2 are close), but delays the inhibitor production when
they are approaching.

We emphasize that these two biochemical interactions have essen-
tial differences. For CR, cells only cease the production of inhibitor
when they are not in contact anymore. In contrast, with FR a cell
stops producing inhibitor when the other cells starts to repolarize. If
Ocrit > 0, the two interactions will also start their onset at different
times in the cell-cell contact.

We note that, for simplicity, we have only included a critical over-
lap Ocrit in the FR interaction. Additional behaviors could potentially
be found by including a similar parameter for the CR interaction.
We have made this assumption both to reduce the parameter space
slightly, and because we view the contact repulsion as a more funda-
mental effect: detecting cell-cell contact may be much simpler than
detecting whether contact is specific to the front of the cell.

4.2 results

4.2.1 Model Reproduces all Cell-Cell Collision Outcomes

Our simulations can reproduce all experimental observed cell-cell col-
lision cases (reversal, sticking, walk past, and chaining) by varying
only four parameters: adhesion strength σ, critical overlap Ocrit, and
the CR and FR strengths kCR and kFR. In Fig. 4.4, we present represen-
tative snapshots of all four cases along with the values of the four key
parameters.

i) reversal Fig. 4.4i show a typical cell reversal: upon contact, the
cells start to produce inhibitor (Fig. 4.4 i a) which leads to a re-
polarization of both cells (Fig. 4.4 i b). When the repolarization
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Figure 4.4: Snapshots of different outcomes. In each panel ρ(r) is on the left,
I(r) on the right and the edges of the adhesive micropattern are indicated
in blue. α = 0.4α0 for all cases. The outcomes are i) reversals, ii) sticking,
iii) walk-past, and iv) chaining. Next to each outcome are the parameters of
the snapshots and the rate of the outcome for the given parameters based
on 100 simulations. We chose the parameters that yield the maximum rate
for each outcome. α0 = 1 pN/µm3 and σ0 = 1 pN/µm. Times are measured
relative to the time of first contact.
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is complete, both cells will migrate in opposite directions, away
from the site of contact (Fig. 4.4 i c).

Figure 4.5: Comparison of the speed between our simulations (left) and the
experiments (right, figure from Scarpa et al., 2013, licensed under CC-BY-4.0)
for reversal events. Our simulation shows a typical course of the center of
mass velocity. Used parameters in the simulation: α = 0.4α0, kCR = 0.02/s,
kCR = 0.075/s, Ocrit = 0/µm2 and σ = 2.25σ0.

The speed of cells during collisions is shown in Fig. 4.5 and
shows a qualitative agreement with the data of [Scarpa et al.,
2013], with a drop during repolarization and a sharp rise im-
mediately following cell-cell separation followed by a return to
pre-collision speeds.

ii) sticking Increasing the adhesion can result in cells that stick to
each other. In this case, cells repolarize after they collide (Fig. 4.4
ii a and b) but cannot separate from each other and the cells
remain connected and non-migratory (Fig. 4.4 ii c) .

iii) walk-past With a fine tuned combination of FR and CR cells
can walk past each other. This is shown in Fig. 4.4 iii where the
strong FR creates an asymmetric repolarization (Fig. 4.4 iii a-b).
This asymmetry is amplified and results in cells that retract at
one side of the stripe, push forward at the other one (Fig. 4.4 iii
b) and squeeze past each other (Fig. 4.4 iii c-d). After passing,
the cell fronts point in opposite directions (Fig. 4.4 iii e) and
they separate (Fig. 4.4 iii f).

iv) chaining For a medium FR and a weak CR cells can form chains,
as shown in Fig. 4.4 iv. Small asymmetries due to the fluctuat-
ing inhibitor and any asymmetries in the collision can lead to
one cell repolarizing earlier than the other (Fig. 4.4 iv a). If the
repolarization is fast enough and the FR is weak enough, it can
be accomplished before the other cell repolarizes, resulting in
both cells moving as a chain.

https://creativecommons.org/licenses/by/4.0/
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4.2.2 Collision Outcomes are Controlled by Mechanical and Biochemical
Parameters

To gain a better understanding of the relative importance of the criti-
cal parameters we carry out several parameter sweeps. These sweeps
are performed by varying one or two parameters, while keeping the
others fixed to their default values (which are given in Tab. A.2), or
otherwise as noted.

In a first sweep, we analyze the relative importance of adhesion
and propulsion. For this, we vary the cell’s propulsion (α) and adhe-
sion strength (σ) while keeping kCR and kFR fixed. Fig. 4.6 shows the
percentage of sticking events in the α-σ space; all non-sticking events
are reversals in this figure. Not surprisingly, we see that for a fixed
propulsion strength there is a critical value of the adhesion strength
above which cells stick. The transition between sticking and reversal
is very sharp and coexistence of both outcomes is only possible in a
narrow range of parameter values.

Figure 4.6: Transition between sticking and reversal is sharp and depends
on balance of adhesion and propulsion. We show the probability of stick-
ing events; all other events are reversals. The parameters are kCR = 0.1/s,
kFR = 0/s and Ocrit = 0/µm2. The simulations run for T = 2500 s. For
α the step size is 0.025α0 and for σ it is 0.02σ0 close to the transition and
0.25 further away. We did 100 simulations for points near the transition and
otherwise 10.

Increasing the propulsion strength α moves the sticking/reversal
transition to larger adhesion strengths – cells with stronger adhesion
require more force to separate. We find that the critical adhesion σtrans,
where the portion of both cases is 50%, can be fitted linearly,

σtrans/σ0 = −0.8 + 11.65α/α0. (4.10)

We note that this transition is slightly sensitive to the length of the
simulations T, as cells that have stuck together may separate after a
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long time. For longer simulations, more cells separate and the reversal-
sticking transition happens at slightly larger σ. This is consistent with
the sticking state near the transition being metastable, with a diverg-
ing lifespan as we move to higher σ. However, there is no qualitative
change in the outcome of the simulations as T is lengthened (see
Sect. A.1.4 in the appendix).

Though we have simulated sticking with kFR = 0 in Fig. 4.6, we
note that the qualitative picture of the phase diagram does not change
for kFR > 0. However, for non-zero values of kFR we sometimes ob-
serve persistently rotating pairs above the sticking transition. How-
ever, we do not explore these rotating pairs further.

Walk-past requires adhesion, a balance of front and contact re-
polarization, and a critical overlap. We next determine which para-
meters are critical for walk-past outcomes. We find that this outcome
is only possible if we incorporate three crucial elements: strong, but
not too strong, adhesion, the delay of FR through imposing a critical
overlap (i.e., Ocrit 6= 0), and a dominance of FR over CR. This careful
tuning of parameters is consistent with the experimental observation
that walk-past is only rarely observed in the experiments of [Scarpa
et al., 2013] on NC cells .

To quantify the dependence of the walk-past probability on the
adhesion strength between cells, the first crucial element, we system-
atically varied σ while keeping all other parameters fixed. For small
values of the adhesion strength, most cells show reversals and the
walk-past probability is low (Fig. 4.7, upper panel). Increasing the ad-
hesion strength results in increasing probability for walk-past which
peaks at σ = 3.70σ0. The walk-past probability stays above 95% un-
til σ = 3.80σ0. Beginning with σ = 3.85σ0 cells can stick together,
reducing the percentage of successful walk-past events.

For cells to walk past one another, they must overcome adhesion
and separate. Why, then, does increasing adhesion ever increase the
rate of walk-past? Walk-past in our model requires that one cell po-
larizes towards one boundary of the pattern and the other polarizes
to the opposite boundary. This asymmetrical “left-right” polarization
leads to a coordinated motion that resembles the rotational movement
of cell pairs [Camley et al., 2014; Huang et al., 2005]. However, at this
stage, cells are also polarized away from contact (Fig. 4.4 iii b), and
in the absence of adhesion would tend to detach. Stronger adhesion
keeps the cells in contact during the exchange, and permits the walk-
past to continue. At even higher values of the adhesion parameter,
cells will stick and not be able to separate. Notably, even though the
CR and FR parameters differ from those in Fig. 4.6, the transition to
sticking in Fig. 4.7 (upper panel) occurs at nearly the same adhesion
strength, σ ≈ 3.86σ0 when α = 0.4α0.

A second necessary component for the walk-past is to have a front
polarization that is delayed. This is accomplished in our model by
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Figure 4.7: Walk-past percentage depends non-monotonically on adhesion
and strongly on critical overlap. Percentage of collisions that lead to walk-
past events is shown; 100 simulations are performed for each data point. The
error bars are calculated with the binomial proportion confidence interval
with the significance level 0.05. The parameters are Ocrit = 0.15/µm2 (upper
panel), σ = 3.70σ0 (lower), α = 0.4α0, kFR = 0.075/s and kCR = 0.004/s.

choosing a value of Ocrit larger than zero. In the lower panel of Fig. 4.7
we plot the probability of walk-past as a function of Ocrit. This proba-
bility is negligible for Ocrit = 0, increases rapidly for non-zero values
of Ocrit and saturates at near 100% for Ocrit = 0.15/µm2.

Why does Ocrit strongly influence the walk-past rate? The FR mech-
anism promotes configurations where ρ is large in one cell, but small
at the contacting point in the other cell. This can create two types of
asymmetries: up-down as in chaining (Fig. 4.4 iv b) and left-right as
in walk-past (Fig. 4.4 iii b). A nonzero Ocrit has several effects. First,
nonzero Ocrit introduces a delay before the FR effect occurs. This en-
sures that cells have a larger common interface before a repolarization
sets in. Secondly, as Ocrit increases, the sensitivity of FR to changes in ρ

rises (eq. 4.9). In addition, the decreased total production of inhibitor
due to nonzero Ocrit yields a slower repolarization. Together, these
effects favor left-right asymmetries and boost the walk-past rate.

To determine how the final crucial ingredient (larger FR than CR)
affects the walk-past probability we study the kCR-kFR phase-diagram.
Here, however, we choose values for Ocrit and σ for which the walk-
past probabilities in Fig. 4.7 are maximal (Ocrit = 0.15/µm2 and
σ = 3.70σ0). We find a small region in phase space for which the
walk-past probability is significantly larger than 50% (Fig. 4.8, left).
For completeness, we also show in Fig. 4.8 the probabilities for both
reversals and chaining.
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Figure 4.8: Robust walk-past requires a balance of CR and FR. Percentage
of walk-past (left), reversal (middle), and chaining (right) events. It should
be noted that kFR is an order of magnitude larger than kCR. We don’t include
kCR = 0/s in this figure because these cases can have ambiguous outcomes.
In the marked region in the lower left corner mechanical interactions can
dominate and the collision outcomes do not always resemble any of the four
experimental cases (details for both in text). The parameters are σ = 3.70σ0,
Ocrit = 0.15/µm2 and α = 0.4α0. We performed 100 simulations for each
point of the grid, which has a step size of 0.002/s for kCR and 0.025/s for
kFR; the color maps have been interpolated.

Fig. 4.8 reveals that careful tuning of CR and FR is necessary to see
significant walk-past rates. For a strong CR the high inhibitor produc-
tion leads to reversals; even a low value of kCR = 0.016/s is sufficient
to prevent the walk-past from happening. Due to the additional in-
hibitor produced by the CR, the FR is not able to maintain the spatial
asymmetry in ρ that is needed for the walk-past case. However, unlike
the chained state we will discuss below, walk-past rate is maximized
by a nonzero CR. The role of CR here may be to tend to reorient the
cells away from each other after they have passed, promoting separa-
tion at the late stage. We should note that we do not show the results
of simulations with kCR = 0/s in Fig. 4.8. For this value of kCR cells
are often not able to separate after passing each other and then can
pass each other again, sometimes undergoing multiple walk-pasts.
This type of behavior can also be observed for kCR = 0.002/s, but it
occurs less often. We count cells that walk past each other two times
(double walk-past) as walk-past outcomes (see Tab. A.1, for details).

The necessity of both CR and FR is consistent with the results in
[Camley et al., 2014] that FR promotes rotational motion, while CR

suppresses it. Here, the authors find that a carefully chosen combina-
tion of a strong FR and a weak CR enables both the rotational motion
which starts the walk-past, and the eventual counter directional align-
ment that leads to cell separation. The mixture of these two features
can yield a high walk-past rate.

We also note that we observe two different characteristic versions
of the walk-past. At lower values of kFR both cells first migrate as
a chain in the same direction until the walk-past movement sets in.
At higher ones the walk-past starts immediately at the first contact.
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For the optimal value kFR = 0.075/s both versions happen, yielding a
high percentage of walk-past events.

In the absence of CIL cells do not produce any inhibitor on contact
and only interact mechanically by cell-cell adhesion and repulsion.
Then, many collisions don’t resemble any of the four experimental
cases. We do observe some reversal-like outcomes, while others are
ambiguous with repeated loss of polarization and spontaneous repo-
larization. This repolarization after cell-cell collisions can occur even
if the explicit generation of I at the cell-cell contact is negligible. For
instance, if two cells collide but fail to initially repolarize, one cell can
turn around solely due to internal fluctuations in I. Mechanical defor-
mations that change the cell size or shape can also lead to repolariza-
tion (see [Camley et al., 2013; Mori et al., 2008]). For very weak bio-
chemical interactions with values of kCR ≤ 0.01/s and kFR ≤ 0.01/s
collisions are primarily dominated by these events, and are not con-
trolled by the biochemical cell-cell interaction mechanisms of CR and
FR; this ambiguous region is shaded in Fig. 4.8. We emphasize that,
even when CIL is absent, we do not observe walk-past at large rates –
the cells do not walk past one another without some degree of coor-
dination.

Contact repolarization generically promotes reversals while tun-
ing front repolarization creates chains. Finally, we determine param-
eter values for which cell collisions result in chaining. Chaining has
been observed in NRK-52E cells, which also exhibit CIL [Desai et al.,
2013]. Comparable behavior can also be seen in NC cells in vivo in
some circumstances [Teddy and Kulesa, 2004]. However it was not
observed in the experiments by Scarpa et al. with Xenopus cranial NC

cells [Scarpa et al., 2013].
In Fig. 4.9, we show the percentage of chaining events as a func-

tion of kCR and kFR; non-chaining events in this figure are generally
reversals. We see that robust chaining is only possible if CR is weak,
and if FR is at an intermediate strength (note the different scale of
the two axes in the phase diagram). This result can be explained by
noting that for a pair of cells to form a chain, one cell must repo-
larize before the other, i.e. the repolarization must be stochastic, as
identified by [Desai et al., 2013]. For large values of kFR, cell repolar-
ization is fast and controlled by the initial front-front contact. Thus,
the cells repolarize in opposite directions, resulting in cell reversal.
For smaller values of kFR and small values of kCR, inhibitor produc-
tion after the collision is reduced. Due to fluctuations, one of the two
cells can repolarize before the other resulting in two cells with the
same polarization direction. This chain will be stable as long as kCR is
small. Obviously, increasing the value of kCR will result in rapid and
significant inhibitor production when cells collide and, hence, cell re-
versals.
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Figure 4.9: Reversal is robust, but chains require tuning. The percentage of
collisions that result in chains is plotted; all other collisions create reversal,
except in the marked region with kCR ≤ 0.01/s and kFR ≤ 0.01/s where me-
chanical interactions can dominate (discussed in the text). The parameters
are σ = 2.25σ0, Ocrit = 0/µm2 and α = 0.4α0. We did 100 simulations for
each point of the grid, which has a step size of 0.0025/s for kCR and 0.025/s
for kFR. It should be noted that kFR is an order of magnitude larger than kCR.

As in the previous section, mechanical forces rather than biochem-
ical interactions can govern collisions with kCR ≤ 0.01/s and kFR ≤
0.01/s resulting in ambiguous cases that do not always resemble any
of the four experimental outcomes.

4.2.3 Stripe Width Affects Walk-past Probability

Most of the parameters we have varied in our parameter sweeps are
not readily accessible in experiments. One experimental parameter
that can easily be varied, however, is the width of the adhesive stripe,
d. Consequently, we tested how narrower and wider stripes change
the outcomes of our simulations. Our modeling results predict that
varying d strongly affects the walk-past transition, as is shown in
Fig. 4.10 where we plot the percentage of walk-past events as a func-
tion of kCR for various values of d.

Decreasing the stripe width d can strongly decrease the walk-past
rate. Intuitively, this is clear: if the stripe is too narrow the cells cannot
pass each other. Our simulations reveal that this transition is sharp;
for example, for kCR = 0.004/s the maximum walk-past rate drops
from ∼ 60% (d = 24 µm) to ∼ 4% (d = 23 µm) to 0% (d = 22 µm).
Fig. 4.10 also reveals that the dependence of walk-past probability
on the stripe width is not necessarily monotonic. For instance, for
kCR = 0.004/s we see that the walk-past probability increases for
increasing values of stripe width, reaches a maximum for d = 26 µm
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Figure 4.10: Walk-past percentage may be affected by micropattern width.
Percentage of walk-past events for different width d of the stripe. We don’t
include kCR = 0/s in this figure because these cases can have ambiguous
outcomes (Compare with discussion of Fig. 4.8). We conducted 100 simula-
tions for each data point. The error bars are calculated with the binomial
proportion confidence interval with the significance level 0.05. The parame-
ters are kFR = 0.075/s, σ = 3.7σ0, α = 0.4α0 and Ocrit = 0.15/µm2.

and then decreases again. The reason for this decrease in walk-past
behavior is the lack of confinement. For larger stripe widths cells
sometimes begin the walk-past movement, but repolarize too quickly
to complete it, resulting in a reversal instead of a walk-past.

Comparable to Fig. 4.8 cells can walk past each other several times
for very small kCR, kCR = 0.002/s. We note that if a cell pair performs
two walk-pasts and then separates, we also count this as a walk-past.
For more details on the exact classification, please see Tab. A.1.

4.2.4 Model Reproduces Experimental Statistics

We next ask the question whether our model can reproduce the quan-
titative statistics of cell-cell collision found in experiments of NC cells
which revealed that ∼ 25% of cell pairs stick, ∼ 73% of cell pairs
reverse, and ∼ 2% walk past [Scarpa et al., 2013]. As is evident in
Fig. 4.6, the coexistence region between sticking and reversal requires
careful tuning. We manually varied all four relevant parameters and
find that we can generate reversal statistics that quantitatively agree
with the experiments. Specifically, we find that for kFR = 0.04/s,
kCR = 0.01/s, Ocrit = 0.15/µm2, and σ = 3.85σ0 our simulations
result in ∼ 69% reversal, ∼ 27% sticking, and ∼ 4% walk-past. Small
deviations in these parameter values can cause large changes in out-
comes; we will use this to screen for parameters which are critical to
the experimental outcomes below.
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4.2.5 Model Outcome can be Compared to Treatment

Our model can be used to predict and test the outcome of various
biochemical interventions in the experiments. For example, the CIL

response in NC cells can be blocked with the application of two treat-
ments (DshDEP+ and Y-27632) [Carmona-Fontaine et al., 2008], yield-
ing a reduction in reversal and an increased number of sticking events
– an increase to 44% sticking with DshDEP+ and 67% with Y-27632

[Scarpa et al., 2013]. In our model, a natural starting assumption for
modeling the effect of these treatments in reducing CIL would be
decreasing kCR. Can reducing kCR increase the number of sticking
events, or do we need to invoke other effects of these treatments on,
e.g. cell-cell adhesion?

To test this hypothesis, we start with the parameter set that pro-
duce results consistent with the control experiments of [Scarpa et al.,
2013] and determine the required change in model parameter values
to increase the sticking probability to above 50%, as observed with
their intervention experiments. The parameters that are more critical
to controlling this outcome are likely candidates for the most rele-
vant effects of treatments that increase sticking. We summarize these
results in Tab. 4.1 by showing the required change in each parameter
values (size and sign). The full results, including the percentage of
each outcome as parameters are varied, are shown in Fig. A.1.

Table 4.1: Required parameter change to increase the sticking percentage
above 50%.

Parameter Change required for > 50% sticking

kCR −80%

kFR + ∼ 55%

σ + 0.3%

Ocrit -

propulsion strength α − ∼ 0.1%

contraction strength β + ∼ 1%

line tension γ + ∼ 1%

Overall activation rate kb + ∼ 0.3%

Inhibitor diffusion DI -

For entries with - we were not able to increase the percentage of
sticking cases above 50% by changing that variable within a range of
40% (DI) and 20% (Ocrit). The changes are relative to the parameter

combination which reproduces the experimental outcome:
kFR = 0.04/s, kCR = 0.01/s, Ocrit = 0.15/µm2, σ = 3.85σ0, α = 0.4α0,

β = 0.2 pN/µm, γ = 1.8 pN and kb = 10/s.
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Consistent with our hypothesis, we can reproduce the effects of CIL-
inhibiting treatments by altering the behavior of the inhibitor gener-
ation, either by reducing kCR or by increasing kFR. For lower values
of kCR we see more sticking and walk-past outcomes and fewer re-
versals (Fig. A.1). This can be understood by realizing that a weaker
CR causes the repolarization to be slower, resulting in more cells that
stick together. Surprisingly, an increased FR strength yields more stick-
ing outcomes. Why does a stronger biochemical interaction lead to
more sticking cases? We can observe two different mechanisms that
lead to a pair of sticking cells. A stronger FR results in more cells that
start the walk-past movement. The relatively strong CR prevents most
of these from completing and the cells repolarize before the walk-past
is carried out. These aborted walk-pasts often result in sticking cases.
Additionally, more chains form at larger FR. These are unstable and
their breakup often yields the sticking outcome. If kFR is increased
further more chains form which become increasingly stable. Hence,
the sticking rate decreases again (Fig. A.1).

Our simulations also show that other parameters can result in sig-
nificantly more sticking events. Most of these parameter changes can
be explained at an intuitive level. For example, decreasing the propul-
sion or increasing the contraction strength will make it harder for
cells to separate (see Fig. 4.6) and will thus increase the sticking prob-
ability. In addition, a stronger line-tension γ makes it harder for the
cells to push the membrane outwards and will result in more stick-
ing. More surprising, however, is the effect of increasing the activation
rate for Rac, kb. Even though a higher activation rate yields a stronger
recruitment of ρ from the cytosol to the membrane, the maximum
level of ρ at the cell front does not rise. For lower activation rates, the
area of a single, freely migrating cell grows and the velocity drops
slightly, suggesting weaker protrusion and thus more sticking. Taken
together, our results suggests that our hypothesis, that CIL-inhibiting
treatments strongly regulate the CIL response in [Scarpa et al., 2013]
through the modification of kCR and kFR, may need to be extended;
we address this further in the Discussion.

4.2.6 Multiple Cells on a Stripe

Our model is easily extendable to more than two cells to address
experimental studies of collective migration on stripes [Desai et al.,
2013]. In Fig. 4.11 we show outcomes of simulations of multiple cells
on a single, long stripe for four parameter combinations that each
yield a high percentage of one of the possible two-cell collision out-
comes. Parameters that promote cell-cell reversal lead to cells that
robustly repolarize upon contact with another cell and remain well
distributed over the stripe (Fig. 4.11, i).
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Figure 4.11: Cell collision phenotype alters collective behavior of cells
on stripes. Representative snapshots of multi-cell simulations. Only ρ(r) is
shown. The parameters for i)-iv) correspond to those seen in Fig. 4.4.

Parameters that create sticking cell pairs lead to cells that repolarize
upon collision and mostly stick with the colliding cell. However, if a
single cell collides with a pair of already sticking cells, we can observe
that one cell of the pair may detach, resulting in non-motile cells that
are mainly in pairs (Fig. 4.11, ii). For larger adhesion strengths, we can
also observe larger clusters. For walk-past parameters, cells begin to
form trains but instead of having persistent motility as in [Desai et al.,
2013], the trains break up (Fig. 4.11, iii). Finally, for chain parameters,
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we observe the formation of persistent cell trains (Fig. 4.11, iv). The
trains form in a similar manner to the experiment of Ref. [Desai et
al., 2013]: isolated cells collide and form moving chains. Subsequent
collision with other isolated cells result in even larger chains.

4.3 discussion

We have presented a model to describe the crawling and collision
dynamics of cells on a micropatterned stripe. We applied the model-
ing approach from [Camley et al., 2014], including modeling contact-
related signaling events known to occur in NC cells. This model can
reproduce the four distinct phenotypes of cell-cell collisions observed
in either NC cells [Scarpa et al., 2013] or healthy and metastatic ep-
ithelial cells [Desai et al., 2013; Milano et al., 2016]. Tuning only the
four parameters of cell-cell adhesion σ, critical overlap Ocrit and the
strengths of CR/FR kCR and kFR is enough to have a very high rate of
each outcome. We also have identified a set of parameters that yields
all of the cases seen in NC cells, with rates in good agreement with
those seen by [Scarpa et al., 2013]. We are also able to reproduce addi-
tional qualitative aspects of experimental collisions. This includes the
peak in the velocity for the reversal case (Fig. 4.5), and the presence
of “cell trains” (Fig. 4.11), which Desai et al. reported in [Desai et al.,
2013] for NRK-52E cells.

The transition between these states in our model is summarized
in Fig. 4.12, which emphasizes that multiple parameters must be
changed to control the different outcomes. If CR is strong (e.g. kCR ≥
0.03/s, Fig. 4.9) together with a weaker adhesion strength (σ ≤ 3.84σ0,
Fig. 4.6), we can create a 100% reversal rate. Increasing the adhesion
above this value yields a sharp transition to a high sticking rate. If in-
stead of increasing adhesion from the 100% reversal rate parameters,
we reduce the CR and tune the FR to a medium value (kFR ∼ 0.05/s,
Fig. 4.9), we can robustly create chain events. Increasing the adhesion
and introducing a nonzero critical overlap then yields a high walk-
past rate – though this requires some degree of tuning (Fig. 4.7, 4.8).

We also make predictions for how the rates of walk-past depend on
the stripe width. We find that the walk-past rate is at its maximum of
99% for d = 26 µm (Fig. 4.10). For narrower channels it drops rapidly
to zero, as the cells can no longer squeeze past each other. Surpris-
ingly, wider stripes (d = 30 µm) can also reduce the walk-past rate
for some parameter combinations. This occurs when the absence of
confinement allows the cells an additional route to separate prior to
undergoing walk-past, leading to more reversals and fewer walk-past
cases. Interestingly, [Milano et al., 2016] have also found that walk-
past rates can be non-monotonic in stripe width for metastatic MDA-
MB-231 mammary epithelial cells, though not for non-transformed
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Figure 4.12: Schematic picture of parameters controlling the different out-
comes.

MCF-10A epithelial cells. However, they see an opposite behavior to
our simulations – with stripes of minimum width leading to a mini-
mum in cell walk-past.

We report a set of parameters that creates a mix of outcomes simi-
lar to those seen experimentally by [Scarpa et al., 2013], kFR = 0.04/s,
kCR = 0.01/s, Ocrit = 0.15/µm2 and σ = 3.85σ0. With these parame-
ters we observe 69% reversals, 27% sticking, 4% walk-past, and no
chaining outcomes. These results, though, can be highly sensitive to
small variations in parameters (Tab. 4.1, Fig. A.1), similar to the sen-
sitivity to adhesion that occurs near the sticking-reversal transition
(Fig. 4.6). However, the most sensitive parameters are not necessarily
the expected ones. Variations in parameters that control the biochem-
ical interactions (kCR and kFR) must be large (≥ 50%) to have an effect.
Contrarily, the cells are very sensitive to changes in mechanical pa-
rameters that affect the sticking transition (α, σ, contraction strength
β and line tension γ). Here, even small variations of 1% or less can
switch collisions from majority reversal to majority sticking. This high
sensitivity of the cells tells us that either a) cells are very carefully
tuned towards the sticking transition, or b) cell-to-cell variations or
variability of effects on contact play a major role in the coexistence of
reversal and sticking – those cells that reverse may have lower cad-
herin expression levels or other biochemical differences. We argue
that b) is more likely: typical scales of variation in, e.g. protein ex-
pression levels are 10% and higher [Niepel et al., 2009; Snijder and
Pelkmans, 2011], and eukaryotic cell responses to signals may also
vary significantly from cell to cell [Samadani et al., 2006; Wang et
al., 2012]. Cell-to-cell variations would be expected to significantly in-
crease the robustness of certain types of responses. For instance, even
if the sticking-reversal transition is sharp, as in Fig. 4.6, if there is a
population of high-adhesion cells and a population of low-adhesion
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cells, sticking will occur when two high-adhesion cells stick; this will
not depend on the precise value of σ for the high-adhesion cells.

Our simulations use, as a central hypothesis, the idea that cell-cell
contact leads to the generation of a chemical that inhibits a polarity
protein, taken to be Rac, which we view as a reasonable first hypoth-
esis to model CIL in NC [Roycroft and Mayor, 2016]. What do we
gain from modeling cell interactions to this level of biochemical de-
tail, rather than using more generic mechanisms like flocking [Czirók
et al., 1996; Sepúlveda et al., 2013], “velocity alignment” [Albert and
Schwarz, 2016; Camley and Rappel, 2014; Szabó et al., 2006] or oth-
ers [Löber et al., 2015; Segerer et al., 2015; Szabó et al., 2010, 2016;
Woods et al., 2014]? Some of our results are qualitatively surprising
in comparison to those that would be expected from minimal models.
With a minimal model (e.g. the simplified model of CIL in Camley et
al., 2016), we would intuitively expect cell-cell adhesion to monoton-
ically reduce walk-past. However, we find that increasing adhesion
can promote walk-past events (Fig. 4.7). This arises from the inter-
action of adhesion, which influences the cell-cell contact area, with
the inhibitor generated at contact. We also note the importance of the
different thresholds at which CR and FR arise (the critical overlap).
Neither of these effects would arise in a simplified model, and we
argue that, for a full understanding of cell-cell interactions, modeling
biochemical interactions like CIL and cell contact dynamics are both
necessary.

Our results show that the coupling of detailed cell shape dynam-
ics with biochemistry can lead to unintuitive behaviors, like the non-
monotonic effects of adhesion. This illustrates the importance of com-
plementing minimal models of cells as self-propelled particles [Cam-
ley et al., 2016; Sepúlveda et al., 2013] with increasingly detailed mo-
dels for cell shape and mechanics. The influence of cell shape and
adhesion on collective cell migration has also recently been studied
in the context of the jamming transition in epithelial monolayers [Park
et al., 2015]; our results suggest that combining signaling with shape
may lead to new effects.

In partial contrast with our results, recent experiments studying the
interaction of pairs of mammary epithelial cells colliding on micropat-
terns have found that increasing E-cadherin expression decreases the
odds of walk-past [Milano et al., 2016]. These data suggest that either
modeling the interaction of epithelial cells requires more than our
straightforward CIL mechanism, or that only one portion of a non-
monotonic dependence on E-cadherin expression has been explored
for these systems.

Many extensions of our modeling may be interesting. One natural
choice would be to develop a more detailed description of the statis-
tics of cell protrusions in NC, e.g. including stochastic protrusion and
retraction [Ryan et al., 2012] as has been modeled for Dictyostelium
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[Hecht et al., 2011; Shi et al., 2013]. Inclusion of hydrodynamic flow
within the cells, as we have previously studied for single cells [Cam-
ley et al., 2013; Shao et al., 2012], could potentially be relevant as well,
especially if we were to extend our study from collisions in micropat-
terns to microchannels [Nagel et al., 2014]. Another feature that we
have not yet included in our modeling is the secretion of chemoat-
tractant and subsequent chemotaxis to this signal, or “co-attraction”,
which is known to play a role in promoting the cohesion of NC cells
[Carmona-Fontaine et al., 2011]; this could be included in our model
by techniques along the lines of recent approaches [Camley et al.,
2016; McLennan et al., 2015; Szabó et al., 2016; Woods et al., 2014].
However, the graded response to a chemoattractant across a cell is
itself an area of a great deal of interesting research [Hecht et al., 2011;
Levchenko and Iglesias, 2002; Levine and Rappel, 2013; Shi et al., 2013;
Skoge et al., 2014; Xiong et al., 2010], and including this feature could
lead to significant additional complexity.

What can we understand about experiments studying collisions of
NC cells [Scarpa et al., 2013] in the context of our simulations? Scarpa
et al. did not report any chaining events. We can eliminate chains by
either making the FR rate high, or including a CR effect. Even a weak
CR can dominate a collision and prevent chains, especially when FR is
also present (Fig. 4.9). The walk-past case shows that a nonzero CR is
necessary for the cells to separate after passing each other. However,
the CR cannot be too strong without suppressing walk-past (Fig. 4.8).
Taken together, this suggest that in modeling NC cell collisions, we
should assume both FR and CR are present, with FR stronger than the
CR.

From these results, we reach three broad conclusions. First, based
on our model, we would propose that treatments that increase stick-
ing are likely to have effects either on cell-cell adhesion (e.g. cadherin
expression levels) or on single-cell properties (e.g. changing cell speed
or contractility). Secondly, because in order to create the experimen-
tal mix of outcomes from a simulation, we needed to carefully tune
parameters, we suggest that the range of outcomes in [Scarpa et al.,
2013] may arise more from cell-to-cell variation than it does from the
stochastic motion of individual cells. Third, we predict that altering ei-
ther cell-cell adhesion or micropattern size can lead to non-monotonic
changes in outcome frequency.

4.4 numerical details

We solve the equations of motion on a large rectangular domain of
size L × L (L = 100 µm) with periodic BC. To save computation time,
each cell has its own computation box with the size Lsmall × Lsmall
(Lsmall = 50 µm) and periodic BC, in which we solve the phase field
and reaction-diffusion equations. This box is re-centered if the cell
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migrates close to the boundary. Then, the small box is shifted in the
larger domain. The values of the newly created points are assigned by
a periodic shift. Since the cell does not come close to the boundaries
we assume that all fields (ρ,I,φ) are zero outside of the box.

The computational boxes for the individual cells are always cen-
tered around the center of mass (COM) of a cell, where the COM is
approximated to the nearest grid point of the larger grid. Both types
of grid have the same properties, i.e. they are both regular, rectangu-
lar grids, with the same ∆x = ∆y. This has the consequence that each
point of a computational boxes can be mapped clearly and without
any interpolation/approximation to a grid point in the larger grid.
When the equations of motion involve terms of two different cells (for
example ∑i 6=j φ(i)(r, t)φ(j)(r, t)), we transfer the required values from
each smaller box to the larger grid from where they can be mapped
back to every small box.

We solve the phase field equation with a semi-implicit spectral
method to compute the first derivative for the advection and adhe-
sion terms, the second derivative for the line tension and the fourth
derivative for the bending term. All other terms and the reaction-
diffusion equations are handled explicitly. Below, we introduce the
substitutes I ≡ I(r, t) and φ ≡ φ(r, t). If those quantities are used at
different locations or times, we will explicitly state the dependence.

The phase field equations for each cell

∂tφ =
1
τ
(αρ(r, t)χ(r)− β) |∇φ|+ γ

τ

[
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]
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∇2φ − G′(φ)

ε2

]
=

1
τ
(αρ(r, t)χ(r)− β) |∇φ|+ γ

τ
∇2φ − κ

τ
∇4φ

− γ

τ

G′(φ)

ε2 +
κ

τ

[
∇2 G′(φ)

ε2 +
G′′(φ)

ε2 ∇2φ − G′(φ)G′′(φ)

ε4

]
(4.11)

are solved semi-implicitly

φ(r, t + ∆t)− ∆tγ
τ

∇2φ(r, t + ∆t)

+
∆tκ

τ
∇4φ(r, t + ∆t) = φ(r, t) + ∆tFexp.

(4.12)

Time-stepping in Fourier space leads to

φ(q, t + ∆t) =
φ(q, t) + ∆t{Fexp(t)}q

1 + (∆tγ/τ)|q|2 + (∆tκ/τ)|q|4 , (4.13)

where {...}q indicates the Fourier transform and the explicit part
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is evaluated on the rectangular grid at time t. The derivatives in
Eq. (4.14) are computed using spectral methods.

In the multi-cell case, the phase field equation is supplemented by a
term from the functional derivative of the cell-cell interaction energy,
which is handled explicitly. In calculating this term, we use a 17-point
finite difference stencil. This is to avoid lattice artifacts, like cell-cell
interfaces favoring fixed directions with respect to the axis. Details of
the derivation can be found in Sect. A.1.6.

The stochastic reaction-diffusion equation for the inhibitor I

∂t(φI) = ∇[φDI∇I] + φ f I [I, {φ}, ..] + ξ(r, t) (4.15)

is solved explicitly with a Euler-Maruyama method

φ(r, t + ∆t)− φ(r, t)
∆t

I +
I(r, t + ∆t)− I(r, t)

∆t
φ

= ∇[φDI∇I] + φ f I [I, {φ}, ..] + Ξ(r, t)
(4.16)

leading to

I(r, t + ∆t) =
2φ(r, t)− φ(r, t + ∆t)

φ
I

+ ∆t
∇[φDI∇I]

φ
+ ∆t f I [I, {φ}, ..] + Ξ(r, ∆t).

(4.17)

The Gaussian random variable Ξ(r, t) =
∫ t+∆t

t dt′ξ(r, t′) has zero mean
and variance of

〈Ξ(r, ∆t), Ξ(r′, ∆t)〉 = η2∆tδ(r − r′). (4.18)

Furthermore, we assume the noise to be uncorrelated between lattice
sites and in time. To make sure that the strength of the noise is inde-
pendent of the grid and time resolution we normalize it by

√
∆t/∆x.

In our simulations we compute Ξ(r, ∆t) = Y
√

η2∆t/∆x−2, with Y
being a Gaussian distributed random number with zero mean and
variance one.

Dividing by φ in Eq. (4.17) is obviously a numerical issue when
φ � 1. Following the usual method for phase field equations [Kock-
elkoren et al., 2003], we only apply this equation above a threshold
value, φ ≥ 10−4. For φ < 10−4, we solve this equation, but multiplied
by φ; this serves as a numerical convenience to reduce I and ρ where
φ � 1 and thus outside of the region where the reaction-diffusion
equations would be solved in the sharp interface limit.

In particular, the diffusion term in Eq. (4.17) ∇[φDI∇I] is com-
puted explicitly with a half-point stepping. In one dimension at time
t and grid point i it has the form

∇[φDI∇I]i =
DI

∆x

(
φi+1 + φi

2
Ii+1 − Ii

∆x
− φi−1 + φi

2
Ii − Ii−1

∆x

)
. (4.19)
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The equation for ρ(r, t) is solved identical, it only lacks the noise
ξ(r, ∆t).

We use OpenCL to solve the equations on GPUs. To compute the
FFT needed for the spectral methods, we use clFFT in batch mode.

4.4.1 Initial conditions

In our simulations, we confine the cells to stripes with width d =

26 µm unless otherwise noted. The cells are initially separated by
40 µm, but polarized toward one another. For each parameter com-
bination we conducted 100 simulations, if not stated otherwise. To re-
duce the variability between runs with different parameters, we use
the same seed to create the random numbers for the same run. Of
course we never reuse a seed for runs within the same parameters.
All default parameters are shown in Tab. A.2.



5
M O D E L I N G C E L L M O V E M E N T O N
H E T E R O G E N E O U S S U B S T R AT E S

In nature, many cells live in a crowded 3D environment consisting
of other cells and the extracellular matrix. Currently, it is not possi-
ble to model a cell in such complex structures. Substrate-based cell
motility is a reasonable simplification to understand the interactions
between cells and their surroundings. In this chapter, we develop a
minimal model for single and multiple cells that exhibit the crawl-
ing type of amoeboid locomotion, migrating on heterogeneous sub-
strates (e. g. keratinocytes). The biological background of this type of
cell motility is described in detail in Chapter 2.

5.1 model description

The model in this chapter is based on the modeling approach from
[Dreher et al., 2014; Löber et al., 2014, 2015; Ziebert et al., 2012] and
parts of this model are comparable to the phase field approach uti-
lized in the last chapter. Later, we extend it in Sect. 5.1.3.

We model cells as two-dimensional objects that are confined by a
membrane with surface tension. This membrane is described using
a phase-field φ(r, t) which varies smoothly between φ = 1 (inside of
the cell) and φ = 0 (outside). As discussed in Sect. 2.1, the crawl-
ing type of locomotion requires four essential components: protru-
sion at the front, retraction at the back, a polarity mechanism, and
adhesion to the environment. These components are implemented as
follows: a polarization field p describes the mean orientation of the in-
ternal actin network. This field induces a polarity and thus breaks the
front-back symmetry. Polymerization of F-actin at the front pushes
the membrane outwards and creates protrusion. At the rear, myosin
motors contract actin bundles, causing the cell to retract. Adhesion
bonds with density A enable the cell to transfer momentum to the
underlying substrate. Finally, the arising traction force T causes a dis-
placement U of the substrate. If this displacement exceeds a critical
value Uc, adhesion bonds start to break.

Under the assumption that intracellular flows can be neglected, the
motion of the interface for cell i can be written as

∂tφ
(i) =Dφ∆φ(i) − W(φ(i), p(i))

− αA(i)p(i) · (∇φ(i)) + F(i)
cell−cell({φ}),

(5.1)

49
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with

W(φ, p) = (1 − φ)(δ(φ, p))− φ)φ, (5.2a)

δ(φ, p) =
1
2
+ µ

(∫
Ω

drφ(r)− V0

)
− σ|p|2. (5.2b)

The first term in Eq. (5.1) describes the diffusion or surface tension of
the membrane. The width of this interface is characterized by Dφ. The
second term is a double-well potential (Eq. 5.2a). The parameter δ (Eq.
5.2b) in this potential characterizes two processes: first, it implements
a constrain of the cell area to V0 with stiffness µ. Second, it describes
the degradation of actin bundles by myosin motors at the back with
strength σ. For δ = 0.5 both wells of the potential are equally deep
and neither is preferred over the other. If δ > 0.5 (δ < 0.5), the phase
with φ = 0 (φ = 1) is preferred and the cell retracts (expands) locally.
Fig. 5.1 shows the potential W(φ) for different values of δ.

Figure 5.1: Potential W(φ, p) for different values of δ. For δ > 0.5, the
phase with φ = 0 is preferred and the cell retracts locally. For δ < 0.5, the
phase with φ = 1 is preferred and the cell expands. Both wells are equally
deep for δ = 0.5. The potential is used to model an area constrain and
retraction at the rear.

The third term in Eq. (5.1) describes the active motion of the cell
due to polymerization at the leading edge with strength α. A cell is
only able to move forward if it can transfer momentum through adhe-
sion bonds to the substrate. Thus, the propulsion force is proportional
to the density of adhesion sites. The polarization field p characterizes
the mean orientation of the internal actin cytoskeleton and thereby
the direction of the propulsion force. The last term in Eq. (5.1) mo-
dels the interactions between different cells.

The dynamics of the polarization field p is given by

∂tp =Dp∆p − τ−1
1 p − τ−1

2 (1 − φ2)p

− β
∇φ√

1 + (∇φ)2
− γ ((∇φ) · p)p.

(5.3)

The first term in Eq. (5.3) describes the diffusion of the polarization
field which causes an alignment of neighboring regions. The second
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and third terms depict the degradation of actin inside (with rate τ−1
1 )

and outside (τ−1
2 ) of the cell. New actin filaments are polymerized at

the cell interface with rate β (fourth term). The last term breaks the
symmetry and favors polarized cells.

To move forward, a cell needs to transfer momentum via adhesion
bonds to an underlying substrate. Their density is given by

∂t A = DA∆A + a0φp2 + anlφA2 − sA3 − d(|U|)A

with d(|U|) = d
2
(1 + tanh[b (|U| − Uc)]) .

(5.4)

The first term depicts a (small) diffusion with DA to homogenize the
density of these bonds. The second term represents a linear attach-
ment of new bonds with rate a0, at places where the actin cytoskele-
ton is polarized. There is a higher probability of forming new adhe-
sion sites, when other adhesion sites are already present [Ziebert and
Aranson, 2013]. This is described by the fourth, nonlinear term with
strength anl. These sites are only created inside of a cell so both at-
tachment terms are proportional to φ. Each volume can only host a
limited number of adhesion sites, therefore there is a saturation term
∼ A3. If the displacement of the underlying substrate exceeds a criti-
cal value Uc, adhesion bonds break. This decreases their density and
is modeled by d(|U|)A.

The cell exerts a traction force T on the underlying substrate

T = ζAφ

(
< Apφ >

< Aφ >
− p

)
. (5.5)

Here, the first term represents the friction between substrate and cell,
where <> depicts the total amount. The second term describes the
traction of the propulsion force due to polymerization with Tpr =

−ζ Aφp. The direction of Tpr is opposite to the direction of the propul-
sion force. ζ is a coefficient that describes how effective the force trans-
mission is.

Due to the traction force T, there is a displacement U of the sub-
strate. The substrate is modeled as a thin layer of a viscoelastic Kelvin-
Voigt (KV) material with height h. Integration over this hight [Löber
et al., 2014] results in

∂tU =
1
ν

(
Gsub(r)U − 1

ζ
(T + h[5∆T + 19∇(∇ · T)])

)
(5.6)

where Gsub(r) is the renormalized shear modulus (“substrate rigid-
ity (SR)”) and ν the viscosity. Later, we use Gsub(r) to model heteroge-
neous substrates.
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5.1.1 Multiple Cells

In this model, cells interact with one another through two interac-
tions: volume exclusion and adhesion between their membranes

F(i)
cell−cell({φ}) = −λφi ∑

i 6=j
φj − κ∇φi ∑

i 6=j

∇φj√
1 +∇φ2

j

. (5.7)

The first term penalizes overlap between cells by a repulsion with
strength λ. The second term favors contact between cell membranes
with adhesion strength κ. These terms are comparable to the ones
used in the previous chapter. Fig. 3.2 in Chapter 3 shows an example
where two cells are in contact and the corresponding effect of these
two interactions.

5.1.2 Summarize Cell Locomotion

Before we start to describe our results, we give a short overview of
the locomotion of cells in this model. Cells are not able to polarize
themselves and therefore an initial perturbation is needed to create
a polarity. This perturbation can be realized with deformations, the
asymmetric creation of adhesion sites, or through the polarization
field. Once a polarity is created, the cell will deform and acquire an
asymmetric shape if α, β, and γ (protrusion strength, creation rate of
new actin, and symmetry breaking) are sufficiently large. Otherwise,
the cell gets round again and stays immobile. Polarity and asymmet-
ric shape are connected and affect each other. If a cell loses its internal
polarization, it will quickly get round, just as it will lose its polariza-
tion if external forces cause a circular cell shape [Ziebert et al., 2012].

Cells can have different modes of locomotion. With an increasing
protrusion strength, there is a sequence of transitions from an im-
mobile cell to movement with constant speed and then to locomo-
tion with oscillatory speed and shape changes (“slip-stick motion”)
[Ziebert and Aranson, 2013].

For a given protrusion strength, cells need a minimal SR to be able
to migrate. If the substrate is too soft, a cell’s traction force causes
a huge substrate displacement and adhesion bonds break. Then, the
cell is not able to exert enough force to push its membrane outwards
and to maintain a polarized shape. This leads to a loss of polarization.
Once the substrate supports movement, the cell speed is rising with
an increasing SR and asymptotically approaches a maximum speed.
In general, cells prefer more rigid substrates [Ziebert and Aranson,
2013].
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5.1.3 Model Enhancements

The implementation of Eq. (5.3) - (5.7) in [Löber et al., 2015] has
an issue for multiple cells: to accelerate simulations, all cells share
one common A and p field. However, this implementation causes
the fields of nearby cells to interfere with one another. In general,
the polarization fields of colliding cells point into opposite directions.
Thus, when cells come into contact their respective polarization fields
annihilate in the overlapping region, causing a repolarization of the
involved cells. In addition, the number of adhesion sites spikes, but
this is quickly brought done by the saturation term in Eq. (5.4). Thus,
a strong cell-cell adhesion is necessary to keep cells close enough
to enable collective motion. In turn, a strong repulsion is needed to
avoid the splitting of cells due to cell-cell adhesion. In Fig. 5.2 an ex-
ample from [Löber et al., 2015] is shown, where cells keep a distance
between each other due to the strong cell-cell repulsion.

Figure 5.2: With a strong cell-cell repulsion,
cells keep a distance between one another.
The cell boundary with φ = 0.5 is marked in
white. Blue depicts the polarization field |p|
and green the density of adhesion sites. Taken
from [Löber et al., 2015], licensed under CC-
BY-4.0.

At first glance, the annihilation of a cell’s polarization field on con-
tact, appears to be comparable to contact inhibition of locomotion
(CIL) and especially front repolarization (FR) (compare with Sect. 4.1.3).
There, contact with the front of another cell resulted in a repolariza-
tion. However, the model in Chapter 4 explicitly includes biochemical
interactions between cells and allows to control their strength. In this
chapter, the repolarization is an artifact of the numerical implementa-
tion of the model equations.

Below, we included two enhancements to the model described above.
First, cells do not share one common A and p field anymore. Sec-
ond, we include a Canham-Helfrich elastic energy [Canham, 1970;
Helfrich, 1973] in the free energy of the phase field. This term penal-
izes high local curvature (“bending”) and describes the stiffness of
the membrane. Thus, this term makes it harder for cells to penetrate
and split each other. It is regularly used in other phase field models
[Camley et al., 2014; Shao et al., 2010], and we also utilized it in the
previous chapter. The effect of this term can be seen in Fig. 5.3, where
a collision between two cells with and without this bending term is
compared.

Additionally, including the Canham-Helfrich energy allows us to
change the bending modulus or stiffness ξ of a cell’s membrane. This

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
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Figure 5.3: Penalizing high curvature prevents cell splitting. A fast cell
with α = 4 collides from behind with a slower one with α = 3.5. For ξ = 0
the faster cell splits the slower cell upon collision (upper panel). No splitting
can be observes for ξ = 0.1 (lower panel). The parameters are λ = 40 and
ξ = 6. The colors have the same meaning as in Fig. 5.2

parameter is of interest, as membranes of cancer cells often have a
lower stiffness than non-cancerous cells [Swaminathan et al., 2011].

The Canham-Helfrich free energy is

HCH =
ξ

2Dφ

(
Dφ∇2φ − 1

Dφ
W

′
(φ)

)2

. (5.8)

This yields an additional term in Eq. (5.1)

δHCH

δφ
= ξ

(
∇2 − W

′′
(φ)

D2
φ

)(
∇2φ − W

′
(φ)

D2
φ

)

= ξ

(
∇4φ −∇φ

W
′′′

D2
φ

− 2
W

′

D2
φ

∇2φ +
W

′′
W

′

D4
φ

)
.

(5.9)

Details about the numerical implementation of this model can be
found in Sect. A.2.2. Parameters are listed in Tab. A.3.

5.2 effect of the bending term on single cell migra-
tion

At first, we investigate the effect of the newly added bending term
on single cell migration. The goal of including this term, is to ensure
that interacting cells do not split one another. However, as this term
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penalizes high membrane curvature, it might affect a cell’s shape and
thereby its locomotion.

Fig. 5.4 shows the speed of single cells with varying membrane
stiffness ξ migrating on a homogeneous substrate with SR Gsub. As
discussed in Sect. 5.1.2, cells need a certain minimal SR to be able to
create protrusion.

A stiffer membrane results in a slightly higher velocity. Increasing
ξ from 0 to 0.1, increases the speed by ≈ 1%.

The only exceptions are cells on slightly too soft substrates (Gsub =

0.1 in the figure). For ξ = 0.15, a cell’s speed increases by more than
a magnitude. The cell movement changes from immobile to erratic
motion. Besides this, we could not observe a change in the type of
motion.

To conclude, the effect of the membrane stiffness on single cells
migrating on homogeneous substrates is negligible.

Figure 5.4: Effect of the membrane stiffness ξ on the speed of a single cell
migrating on homogeneous substrates with SR Gsub. The cell speed rises
slightly with stiffer membranes. Parameter: α = 3.5.

5.3 single cells on heterogeneous substrates

Next, we examine the behavior of single cells migrating on two differ-
ent configurations of heterogeneous substrates. We start with a step
in the SR then continue with a linear SR gradient. Later, we use the re-
sults from this section to demonstrate that heterogeneous substrates
are able to sort and screen cells.

5.3.1 Step in Substrate Rigidity

First, we explore the response of cells to a step in the SR, where the
rigidity discontinuously changes from G1 to G2 [Löber et al., 2014].
The SR is then defined as

Gsub(x) =

⎧⎨⎩G1, if x ≤ L
2

G2, x > L
2

(5.10)
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Moreover, cells approach this step under different angles θin. A sketch
of the setup can be seen in Fig. 5.5.

Figure 5.5: A cell approaches a step in the SR Gsub under an angle θin. G1
(G2) depicts the SR before (after) the step.

This procedure can have four different outcomes: I) A cell can pass
the step under varying angles θout. II) A cell can also be reflected
under an angle θr, III) move along the step, or IV) get trapped.

i) passing the step In Fig. 5.6 a cell approaches the step (panel a).
When this cell reaches the stiffer region of the substrate (brown),
more adhesion sites are created there (panel b). These parts
of the cell create more protrusion and speed up. Thereby, the
cell turns slightly towards the step (panel b-c). When the cell is
completely on the stiffer side, the adhesion sites are evenly dis-
tributed again and the cell ceases to turn (panel d). It continues
to migrate on a straight line with θout > θin.

Figure 5.6: A cell passes a step in the SR. The top row depicts the polar-
ization field |p| and the bottom row the density of adhesion sites A. The
green line indicates the trajectory. Arrows indicate the direction of motion
and their length is proportional to the velocity. Labels mark a whole col-
umn. Parameters: θin = 38.43°, ξ = 0.05, α = 4, G1 = 0.15 (light green) and
G2 = 0.55 (gray).
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ii) reflecting When the cell reaches the step, it is not able to re-
tain its adhesion site on the softer side (gray, Fig. 5.7, a and b).
Therefore, it cannot create protrusion. The cell starts to get circu-
lar and its polarization field is degrading (panel b-c). However,
the cell is able to retain a high density of adhesion sites on the
stiffer side and repolarizes into this direction (panel c-e).

Figure 5.7: A cell is reflected at the SR step. Colors and labels have the
same meaning as in Fig. 5.6. Parameters: θin = 15.52°, ξ = 0.05, α = 3.25,
G1 = 0.55 (gray) and G2 = 0.15 (light green).

iii) moving along the step Upon encountering the step, the cell
loses most of its adhesion bonds on the softer side. However, a
part of the front stays at the stiffer part of the substrate (Fig. 5.8,
b). This part of the cell is able to create enough protrusion to
keep the cell polarized (panel c). Subsequently, the cell turns
into this direction and moves parallel to the step (panel c and
d).

Figure 5.8: A cell moves along the discontinuity in the SR. Colors and
labels have the same meaning as in Fig. 5.6. Parameters: θin = 26.97°, ξ = 0,
α = 3.75, G1 = 0.2 (gray) and G2 = 0.05 (light green).

iv) trapped at the step This case is very similar to the reflection
outcome and only occurs for fine tuned parameters. When the
cell reaches the step, adhesion sites start to break on the softer
substrate after the step (Fig. 5.9, a and b). The cell is not able
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to create enough protrusion on its front to keep its polarized
shape (panel c). It tries to repolarize, but fails and depolarizes
(panel d).

Figure 5.9: Cell gets trapped at a step in the SR. Colors and labels have the
same meaning as in Fig. 5.6. Parameters: θin = 15.52°, ξ = 0.06, α = 3.3,
G1 = 0.65 (gray) and G2 = 0.15 (light green).

Fig. 5.10 shows the response of cells with four different propulsion
strengths α to a variety of step configurations. Interesting outcomes,
that drastically affect the motion of a cell, occur when a cell migrates
from rigid to soft substrates. On a softer substrate, adhesion bonds
break much faster. Thus, the protrusion is weaker after the step and
the cell movement can change fundamentally. When cells move from
soft to rigid substrates, they always pass. However, the step can still
influence the outgoing angle θout.

Figure 5.10: A cell reacts to a step in the SR. For each step configuration, four
protrusion strengths α are examined (α1 = 3.25, α2 = 3.5, α3 = 3.75, α4 = 4).
The first column indicates the results for α1, the second for α2, and so on.
“Non moving” marks step configurations, where cells are not able to move
due to the low SR. Parameters: θin = 26.97°, ξ = 0.
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Cells with the strongest protrusion strength (α = 4) always pass
the step and often do not even change their direction of motion.

With a slightly weaker protrusion strength (α = 3.75), cells start to
be affected by the step. Cells encountering a step to the lowest rigidity
with G2 = 0.05 move either along the step (for G1 ≥ 0.2), get reflected
(G1 = 0.15) or pass the step (for G1 ≤ 0.1). Cells can only sustain very
few adhesion sites if Gsub ≤ 0.1. Therefore, the step from G1 = 0.1
to G2 = 0.05 does not substantially decrease the density of adhesion
bonds and has no effect for the passage. Beginning with G1 = 0.15,
cells possess more adhesion bonds and a step to G2 = 0.05 starts to
affect a cells motion. Eventually, they get reflected or move along the
step.

For α = 3.5 cells are solely affected by discontinuities if G2 ≤ 0.15.
When migrating from a very high to a low rigidity, they tend to move
along the step. If the step is smaller, cells get reflected. An anomaly
occurs for G1 = 0.2. Here, cells repolarize upon initialization and we
do not include this parameter in Fig. 5.10.

Further, cells with the weakest considered protrusion strength (α =

3.25) can be affected by steps if G2 ≤ 0.2. While they are always
reflected for low G2, they never move along the step. They transition
directly from being reflected to passing, when increasing the rigidity
after the step G2.

Why do cells tend to move along the step, when encountering a
large discontinuity in the SR? If the change in the rigidity is large,
the density of adhesion sites declines abruptly. While a cell is not able
to create protrusion in these areas, parts of the front are still on the
stiffer side. There, enough adhesion sites are available to maintain a
polarized shape, and the cell immediately turns into that direction
(compare with Fig. 5.8, c). For weaker steps, the change in the density
of adhesion bonds is less abrupt. Hence, it takes longer till a cell loses
its ability to create protrusion. Then, the complete front of the cell is
already on the softer side, and it repolarizes completely, yielding a
reflection.

The outcome of a collision with a step also depends on the incom-
ing angle θin (not shown). For smaller angles, cells get reflected more
often, while they tend to move along for larger angles. When a cell
approaches the step under a large angle, a part of its front is still
on the stiffer substrate. This part creates protrusion, the cell deforms,
turns around and starts to move parallel to the step. If the angle is too
small, the complete front of the cell migrates onto the softer side at
once. Consequently, it completely loses its ability to create protrusion
and thereby its polarization. A repolarization is more likely to be in
the opposite direction, which results in the cell being reflected.

As the membrane stiffness ξ hinders the cell to deform quickly, this
term also affects the response to a step (not shown). Cells move along
the step, if a cell reacts quickly with a change of shape to a partial
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loss of protrusion. A more rigid membrane makes it more difficult
for the cell to deform. Hence, cells with a stiffer membrane tend to
get reflected more often, while cells with a softer membrane are more
likely to move along the step.

The interplay between shape changes and the adhesion and po-
larization dynamics is very important for the outcome of this process.
When a part of the front is able to create protrusion, while other parts
are not, a cell immediately reacts by adapting its shape. A change in
the shape yields a change in the adhesion and polarization dynamics
and lets the cell quickly turn.

5.3.2 Linear Gradient in Substrate Rigidity

The second inhomogeneous pattern that we investigate in this thesis
is a linear gradient in the SR Gsub(x). Due to periodic boundary con-
ditions (BC), this rigidity has a triangle structure in x-direction, while
being constant in y-direction. It is given by

Gsub(x) =

⎧⎨⎩Gmin + ∆G x
L/2 , if x ≤ L

2

Gmax − ∆G( 2x
L − 1), otherwise.

(5.11)

Gmin is the minimum, Gmax the maximum SR with the difference
∆G = Gmax − Gmin. The length is fixed to L = 115 µm.

If the gradient is weak (∆G ≤ 0.05), cells do not react to it. For
larger ∆G, cells show varying reactions:

optimal rigidty After a transient, a cell moves orthogonally to
the gradient on an optimal SR Gopt.

oscillating A cell oscillates in a “valley” of low SR. While migrat-
ing up the gradient, it slowly turns towards the lower rigidity,
until it moves down the gradient again.

trapped A cell can get trapped and then moves parallel to the gradi-
ent. This case largely depends on the initial conditions (starting
angle and position). We describe this behavior near Fig. 5.14,
but we will not explore under which conditions it occurs.

For α = 3.7 cells migrate on an optimal SR Gopt for Gmin ≤ 0.1 and
oscillate if Gmin > 0.1. For other values of α the distribution differs.
Nevertheless, we always observe the optimal SR and the oscillation
cases.

The optimal SR is a property of a cell for a certain SR gradient, and it
migrates on this rigidity if it is available. This optimal SR is between
Gopt = 0.16 for ∆G = 0.1 and Gopt = 0.23 for ∆G = 0.8. If Gopt is
larger than Gmax, a cell migrates on the maximum rigidity.

A cell migrates on an optimal SR, if adhesion sites start to break at
one part of their front but not in the remainder. Hence, this optimal SR
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should be close (but above) the minimum rigidity that cells need to be
able to create protrusion. In fact, cells with α = 3.5 need a minimum
rigidity of Gsub ≈ 0.2 (compare with Fig. 5.4) and the optimal SR is
between Gopt = 0.22 and Gopt = 0.27.

However, if Gmin is close to Gopt, cells will start to oscillate. Accord-
ingly, this oscillatory motion occurs for Gmin ≥ 0.15.

Why do cells choose an optimal SR? When a cell moves down the
gradient, its front is exposed to a lower SR than its back. With a lower
rigidity, more adhesion sites break. Hence, these adhesion sites are
distributed unequally with more sites at a higher rigidity and less
at a lower one (Fig. 5.11, a). Thereby, the protrusion is also unbal-
anced, with a stronger protrusion at higher rigidity and weaker at a
lower rigidity. While a cell is still mostly polarized at its lower edge
(Fig. 5.11, b), the polarization field slowly reorients. At a characteristic
SR, the propulsion strength points towards ey and has no component
in x-direction anymore. The resulting propulsion force is in the direc-
tion of Ap, which is shown in Fig. 5.11, c). It has its maximum at the
front and points towards ey. The cell has reached Gopt and migrates
orthogonally to the gradient.

It should be noted that cells only turn towards this optimal SR if
they move from higher to lower SR. However, due to the spatial trian-
gle structure of the rigidity (Eq. 5.11), all cells eventually move down
the gradient.

Figure 5.11: Cells migrate on an optimal SR in a linear rigidity gradient.
A cell is moving orthogonally to a linear gradient in the SR on its optimal
rigidity Gopt. The background (copper) indicates the rigidity in all panels.
Panel a) displays the density of adhesion sites A. More adhesion sites break
on softer substrates, resulting in an uneven distribution of these sites. In
panel b), the polarization field |p| is shown. Panel c) depicts A|p| which is
the factor in front of the propulsion term that points towards ey.
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The optimal rigidity Gopt depends on the gradient strength ∆G and
and the protrusion strength α. The dependency on ∆G is linear. Cells
prefer a softer (stiffer) optimal SR if they migrate on a gradient with a
lower (higher) difference ∆G. For stronger gradients, the distribution
of adhesion sites is less equal than for weaker ones. Hence, this starts
to affect a cell’s motion earlier, yielding a higher optimal SR. Cells
with a stronger (weaker) propulsion strength α prefer softer (stiffer)
substrates. For a stronger propulsion strength, a lower SR is sufficient
to create enough protrusion to retain a polarized state. Therefore, the
point where a lower density of adhesion sites affects the protrusion
is shifted towards a lower rigidity. An overview of the dependence of
Gopt on α and on ∆G is shown in Fig. 5.12.

Figure 5.12: Optimal rigidity Gopt depends on propulsion strength α and
gradient strength ∆G. Cells with a stronger propulsion prefer a lower opti-
mal SR. The strength of the gradient ∆G has a weak influence on Gopt and
stronger gradients shift Gopt towards a higher rigidity.

Cells exhibit an oscillatory movement. If Gmin has approximately
the same value as the optimal SR, cells start to oscillate in the “valley”
of low SR between the maximum values of the rigidity. When moving
up the gradient, more adhesion sites are created in the part of the cell
that is on a stiffer substrate. In these parts, the cell is able to generate
more protrusion and moves locally faster. Thus, the cell slowly turns
until it moves down the gradient again. Thereby, the cell reaches the
maximum SR Gturn. After passing the minimum SR, this process re-
peats at the other side. Fig. 5.13 displays an example trajectory.

For stronger gradients ∆G, the turning rigidity Gturn is shifted to
a higher rigidity (not shown). This case only occurs for Gmin ≥ 0.15.
Cells become insensitive to changes in the SR once it is above Gsub =

0.25. Hence, stronger gradients do not result in a much higher speed
in the parts of the cell that are on the stiffer substrate. Thereby, the
angular velocity (“turning rate”) is also not affected and cells migrate
up to a higher rigidity.

Cells can get trapped. For certain initial conditions (position and
angle relative to the gradient) a cell might get trapped in the rigidity
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Figure 5.13: Cells oscillate around the SR minimum. The white arrows in-
dicate the direction of the cell. The arrow length is proportional to its speed.
Parameters are α = 3.7, Gmin = 0.15, Gmax = 0.45.

gradient. Then, the cell is staying in a region with a high rigidity and
repolarizes when it encounters a lower SR. An example trajectory is
shown in Fig. 5.14.

Figure 5.14: A cell becomes trapped in a SR gradient. Colors and arrows
are defined as in Fig. 5.13. Parameters are α = 3.7, Gmin = 0.05, Gmax = 0.2 .

After a transient, the cell moves parallel to the gradient. When it mi-
grates towards lower rigidity, adhesion sites start to break at its front.
A lower density of adhesion sites reduces the propulsion strength.
Therefore, the cell is not able to push its front outwards anymore and
starts to become round. In this process, the polarization field p de-
grades, and the cell slowly loses its polarization. At the same time, A
is still high at the back and the cell repolarizes into this direction.
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This case demonstrates again how polarity and shape are connected.
The lack of protrusion at the front lets the cell become circular and
therefore it loses its polarity. Due to the higher density of adhesion
sites at the back, there is still an asymmetric component present in the
cell. The latter enables the cell to repolarize, achieve an asymmetric
shape, and mobilize again.

As the occurrence of this case strongly depends on the initial con-
ditions, we will not explore further under which conditions it arises.

5.4 sorting cells on heterogeneous substrates

Different cell types posses largely varying properties such as protru-
sion strength or membrane stiffness. In some cases, changes of one
of these properties can be a marker of a disease. Cancerous cells of-
ten have a reduced membrane stiffness [Li et al., 2008; Suresh, 2007;
Swaminathan et al., 2011]. Therefore, they are more deformable than
normal cells, which facilitates them to invade tissue and grow sec-
ondary tumors. The interactions of cells with their surroundings have
a key role in the spread of cancer cells throughout the body [Wirtz
et al., 2011].

These cancerous mutants often reside among normal cells. It is
desirable to have cheap tools available that are able to distinguish
between mutants and healthy cells. Due to the introduction of the
bending term in Sect. 5.1.3, we can model a change of the membrane
stiffness and engineer substrates that are able to detect these changes.

In the last section, we identified heterogeneous substrate configura-
tions where cells with different values for α and ξ behave differently.
Based on these results, we design arrays of SR steps and gradients to
distinguish between cells with varying properties.

In Fig. 5.15 (left), four cells with different protrusion strengths ap-
proach an array of several steps in the SR. At the first step from
G1 = 0.65 to G2 = 0.15, the two faster cells pass, while the slower
ones do not. The slowest cell with α = 3.25 is reflected, and the cell
with α = 3.5 is moving nearly parallel to the step. As cells mainly
react to steps from high to low rigidity, we let the faster cells first
migrate onto a more rigid stripe with G3 = 0.65. The next stripe has
a low rigidity of G4 = 0.05. Here, the cell with α = 3.75 is reflected,
while the fastest cell with α = 4.0 also passes this step.

It is also possible to sort cells with a different membrane stiffness
ξ with the same method. In Fig. 5.15 (right), two cells with ξ = 0.05
and ξ = 0.1 approach a step from G1 = 0.25 to G2 = 0.15. There, the
cell with the softer membrane (ξ = 0.05) passes, while the stiffer cell
with ξ = 0.1 is reflected.

Additionally, we can also use our results from Sect. 5.3.2 to distin-
guish cells in a linear rigidity gradient. Fig. 5.16 shows the trajectory
of two cells with α = 3.5 and α = 4.0 starting at the same point. After
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Figure 5.15: Sorting of cells with different values of α and ξ in an array
of SR steps. Cells with varying protrusion strengths (left) and membrane
stiffness (right) can be separated in a device with steps in the SR Gsub. Ar-
rows indicate direction of motion and the velocity of a cell. Parameters:
θin = 15.52°, ξ = 0.1 (left), α = 3.5 (right).

a transient, they are migrating on their characteristic optimal SR and
we can distinguish between these cells.

Figure 5.16: Cells with different protrusion strengths choose a different
optimal rigidity Gopt and migrate orthogonally to the SR gradient. Arrows
indicate the direction of motion and the velocity of a cell.

In this section, we showed that it is possible to screen cells based
on their behavior on heterogeneous substrates. We were able to use
steps in the SR to sort cells with varying protrusion strengths α and
membrane stiffness ξ. Moreover, we utilized a linear rigidity gradient
to distinguish between cells with varying α.
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5.5 results with multiple cells

After exploring the behavior of single cells on heterogeneous sub-
strates, we investigate collective motion of cells. In this section, we
concentrate mostly on differences between the original implementa-
tion of this model in [Löber et al., 2015] and the enhancements in this
thesis.

In the original model, cells would split one another due to interac-
tion forces (Eq. 5.7). To avoid this, we introduced a Canham-Helfrich
energy in Sect. 5.1.3. Moreover, in the original model cells would re-
polarize when they come too close to another cell. This ceases to oc-
cur, when separate adhesion and polarization fields are introduced
for each cell. Fig. 5.17 shows a comparison between the behavior of
multiple cells in the original (left) and the current implementation
(right).

Figure 5.17: Groups of cells with (right) and without (left) enhancements
from Sect. 5.1.3. Without the enhancements, the polarization fields of the
different cells interfere. With separate fields, cells can form pairs and clus-
ters. Parameters: λ = 0.5 and κ = 2.5 for both cases, ξ = 0.1 (right). The
colors have the same meaning as in Fig. 5.2.

The collective behavior changes fundamentally with our enhance-
ments: cells stay in close contact over longer periods of time (see over-
lap between cells in Fig. 5.17, right) and they form pairs and clusters.
These clusters are highly dynamic, and the arrangement of the in-
volved cells changes constantly, especially when new cells enter or
leave a cluster. The latter occurs mainly when parts of a cluster are
polarized in different directions or when another cell interacts with
the cluster and triggers a rearrangement. Nevertheless, while the cells
are in contact they act as an unit and migrate collectively. In the fol-
lowing, we describe two cases of collective migration.

Cells form stable pairs and migrate together. After the collision of
two cells with different protrusion strengths, the fast cell (α = 4.0),
exhibiting bipedal motion, captures the slower one (α = 3.5), which
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conducts slip-stick motion. The faster cell is at the front and pulls the
slower cell behind. Both cells move with the velocity of the faster cell
whose movement is not impacted. The slower cell exhibits a mix of
bipedal and slip-stick motion. It periodically slows down slightly and
is then pulled again by the faster cell. This configuration is stable over
longer periods of time. Their velocities and a snapshot of the pair are
shown in Fig. 5.18.

Figure 5.18: One cell is driving the motion of a pair. When these two cells
come into contact, the slower one speeds up and moves with the velocity
of the faster one (left panel). The right panel shows the pair, with the fast
cell at the front and the slower one at the back. The colors have the same
meaning as in Fig. 5.2.

In experiments, a comparable behavior was found in [Kabla, 2012],
where leader cells govern the motion of whole groups of cells.

Cells rotate persistently under confinement. We confine cells to
a circular region with a high SR that is surrounded by soft substrate
with Gout = 0. At the outside, all adhesion sites break immediately,
and cells are not able to create protrusion.

Cells are placed on the inside of this circular region with a ran-
dom initial polarization. For a low cell-cell adhesion strength κ, cells
usually rotate as a circular chain (Fig. 5.19, left) and these chains are
stable over long periods of time. Beginning with κ ≥ 2.5, cells start
to transition to a different arrangement. Instead of migrating as a
chain, one immobile cell stays in the middle while the other cells cir-
cle around it (Fig. 5.19, right). This arrangement is not as stable as
the rotating chain, and cells are rearranging themselves more often.
Nevertheless, the cells start to rotate again after each rearrangement.
When cells rotate as a chain, the membrane stiffness ξ weakly af-
fects the rotation velocity. Stiffer cells rotate slightly faster. This is
in line with the increased velocity of single cells with a stiffer mem-
brane (Fig. 5.4). Due to the frequent rearrangements of cells rotating
in the second mode, it is not feasible to measure the velocity accu-
rately enough to detect the influence of the bending term. However,
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Figure 5.19: Increasing cell-cell adhesion changes the mode of rotation.
Five cells with α = 3.5 and ξ = 0.05 are confined to a circular region with
Gin = 0.35 in the middle and Gout = 0 outside. The thick, red line marks
the step from Gin to Gout. For κ = 2.0, the cells migrate as a circular chain
(left). Increasing the adhesions strength to κ = 2.5 changes the arrangement
of the cells: one stays in the middle while the rest is circling around (right).
The colors have the same meaning as in Fig. 5.2.

the membrane stiffness has no observable influence on the mode of
migration.

Sometimes, the involved cells reach a stable and immobile state
with one cell in the middle and the other cells around it. These cells
have lost their internal polarity and are not able to polarize again. The
occurrence of this behavior depends largely on the initial conditions,
and we will not investigate further under which conditions it arises.

5.6 discussion and outlook

In this chapter, we presented a model that is based on the approach
from [Löber et al., 2014, 2015]. This model is designed to describe the
motion of cells on heterogeneous substrates.

We implemented two enhancements in Sect. 5.1.3: first, we added a
Canham-Helfrich energy, which enabled us to change the membrane
stiffness ξ. Additionally, we altered the implementation of the multi-
cell approach. Instead of having one common adhesion and polariza-
tion field for all cells, we introduced individual fields for each cell.
This allowed cells to come close to one another without the interfer-
ence of their internal fields.

At first, we investigated how cells react to steps in the SR (Fig. 5.10).
We found that cells with a strong protrusion tend to pass the step,
while cells with a weaker protrusion get reflected or trapped. Inter-
esting behavior mainly occurred when cells migrate from stiff to soft
substrates.

Afterwards, we examined how cells behave in a linear SR gradi-
ent (Sect. 5.3.2). We found three different types of movement. Cells
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have an optimal SR and migrate orthogonally to the gradient in this
rigidity. If the optimal SR is not part of the gradient (Gmin ≥ Gopt),
cells oscillate in a “valley” of low rigidity. They slowly turn towards
lower rigidity, when migrating up the gradient. Under certain circum-
stances cells can get trapped. They migrate parallel to the gradient,
lose their polarization upon encountering a lower SR, and repolarize
into the opposite direction.

These results on heterogeneous substrates show how strong the in-
terplay between shape and polarity is. When a change in the SR affects
the protrusion, cells react by deforming, and their internal polarity
turns. This mechanism allows cells to react quickly to environmen-
tal changes. In addition, this enables cells to change their direction of
motion without physically turning around. This mechanism might be
useful to navigate in complex 3D structures. It is often too crowded to
rearrange the whole cell body in such an environment. Rotating the
internal polarity offers a simple and efficient alternative to turning
the whole cell.

We demonstrated that heterogeneous substrates are able to sort and
distinguish cells with varying propulsion strengths and membrane
stiffness (Sect. 5.4). The latter is especially interesting, as some cancer-
ous mutants have a reduced membrane stiffness compared to healthy,
cells and tools to distinguish them are needed. These findings might
be used to engineer devices that sort cells. However, it is not clear
if our approach can have the necessary throughput and ease of use.
For example, the outcome of a collision with a step is not uniquely
determined by one property of a cell. A change in the outcome of this
collision (i. e. from reflection to passing the step) can be caused either
by a change in the membrane stiffness or a different incoming angle.
This makes the evaluation of experiments ambiguous.

With the appearance of the optical stretcher, a cheap technique to
measure mechanic properties of cells is available and in widespread
use [Guck et al., 2001]. However, engineering substrates are still im-
portant for a comprehensive understanding of substrate-based cell
motility and can be a starting point to study locomotion in a more
complex environment.

In Sect. 5.5, we explored how multiple cells interact in this model.
We focused mostly on differences between the original implementa-
tion from [Löber et al., 2015] and our enhancements.

The introduction of the bending term reduces the unphysical split-
ting of cells in multi-cell settings (Fig. 5.3). Implementing individual
polarization and adhesion fields for each cell enables them to come
into close contact without the interference of their internal fields. This
allows cells to form persistent clusters (Fig. 5.17). These clusters are
constantly rearranging, and new cells join while others leave. Still,
cells form collectively acting units. While the participating cells can
change, the cluster itself can be long-lived.
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We also found examples where a fast cell captures a slower one and
pulls it behind (Fig. 5.18). Both cells form an unit, where the faster
cell sets speed and direction. A comparable behavior was found in
experiments, where leader cells could govern the motion of whole
groups of cells [Kabla, 2012].

Afterwards, we confined multiple cells to a circular region and
were able to reproduce persistent rotational motion [Doxzen et al.,
2013]. For a weak cell-cell adhesion, cells migrated as a circular chain.
Increasing the adhesion strength changed the arrangement of the
cells. Beginning with κ = 2.5 a second rotational mode was observ-
able. One immobile cell stayed in the middle, while the other cells
were rotating around it (Fig. 5.19, right). This configuration is not sta-
ble, and cells regularly switched places. However, they start to rotate
again after the rearrangement. This behavior is in contrast to [Löber
et al., 2015], where the collective motion was inhibited by a strong
adhesion.

It is questionable if the rotational motion for low adhesion strengths
is a collective phenomena. This mode is also observable without cell-
cell adhesion, and even single cells start to move on a circular trajec-
tory in a round geometry. A circular chain can be explained by the
motion of five individual cells without any interactions between them.
In contrast to that, the rotational mode for high adhesion would not
be possible without cell-cell interactions and is an example for the
emergence of novel collective behavior.

While it was possible to reproduce experiments and find novel be-
havior, this model has some weaknesses as well. It was not possible to
achieve high densities for confined groups of cells. While cells are not
able to migrate on a substrate with Gsub = 0, they can still be pushed
there due to interactions with other cells. Once they are on this soft
substrate, they lose all of their adhesion sites and become immobile.
Achieving a high density would be possible with the approach from
the last chapter. There, cells retract locally when they are on a sub-
strate that does not support their movement (Eq. 4.1). However, this
approach does not model an elastic substrate and would introduce
an additional term.

Further, a cell can also lose all its adhesion sites due to a sudden
shape change. This can be triggered by interactions between multiple
cells or sudden changes of the SR. Then, a cell is either immobile or
reaches a state with a very low density of adhesion sites. For the latter,
while being able to move, a cell is not sensitive to any changes in the
SR anymore.

5.6.1 Outlook

Many extensions of our modeling may be interesting. One promis-
ing route is to test the reaction of cells to other heterogeneous sub-
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strates. A possible configuration are stripes surrounded by material
with Gsub = 0. Along the lines of Chapter 4, the motion of a cell
is then restricted to quasi-1D. These stripes can have narrow dents.
Therefore, a cell must deform to pass this bottleneck. The required
shape deformations might create a test to measure the membrane
stiffness of a cell. Another possibility is to create statistics about the
lifetime and behavior of cell clusters. How often do cells leave a clus-
ter? How aligned is the motion of the cells that form the cluster?
Are cell-cell adhesion and repulsion enough to recreate the statistics
observed in experiments (e. g. the velocity profiles in [Doxzen et al.,
2013])?

Another possible extension of the model is the third dimension.
Cells are 3D objects, which we simplify to two dimensions. A first
stepping stone to a full 3D model could be a 2D model in the x-
z plane. The third dimension offers interesting new problems. Is it
possible to neglect flows while reproducing the shapes of cells? Is
the mean orientation of a cell a good polarity mechanisms or is the
chemical concentration of an actin promoter from Chapter 4 more
suitable? Is it necessary to include the membrane stiffness to recreate
realistic shapes?



6
P O R O E L A S T I C T W O - P H A S E M O D E L F O R
P H Y S A R U M M I C R O P L A S M O D I A

The aim of this chapter is to model the movement of microplasmodia
(MP) of the true slime-mold physarum polycephalum. Physarum, MP

and their movements are described in detail in Sect. 2.3.
Our model is based on the approach by Radszuweit et al. in [Rad-

szuweit, 2013; Radszuweit et al., 2010, 2013, 2014]. In these publica-
tions, the formation of spatio-temporal contraction pattern in resting
MP was investigated. A wide variety of patterns could be observed, in-
cluding traveling and standing waves, anti-phase oscillations, spirals
and irregular patterns (Fig. 6.1). These results are in agreement with
experimental observations of MP and all types of reported patterns
could be reproduced [Takagi and Ueda, 2008].

Figure 6.1: Snapshot of an irregular pattern in a simulation with rigid
boundaries in two dimension (left), and its time evolution along the dot-
ted line (right). The color code indicates the calcium concentration. Taken
from [Radszuweit et al., 2014], licensed under CC-BY-4.0

6.1 derivation of the model equations

In this model, it was assumed that the cytoplasm of MP is a homo-
geneous, isotropic, and poroelastic medium [Alt and Dembo, 1999;
Joanny et al., 2007; Oster and Odell, 1984b], consisting of two phases:
first, an active, viscoelastic gel phase which represents the sponge-
like cytoskeleton [Bois et al., 2011] with displacement u and velocity
u̇. Second, this phase is permeated by fluid cytosol with the hydro-
dynamic flow velocity v. Banerjee and Marchetti, 2011 pointed out
that including the porous structure of the cytoskeleton is necessary
to understand flows of the cytosol.
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The active gel exhibits contractions that are regulated by calcium
ions (Ca2+) [Yoshimoto et al., 1981]. The active contractions induce
deformations and create a pressure gradient causing a flow of the
fluid cytosol. The calcium is dissolved in the cytosol and gets ad-
vected with the flow. This connection between mechanical, hydrody-
namic and biochemical parts create a feedback loop. In addition, it
was assumed that there is no polymerization of actin and no transfor-
mations between gel and fluid within the considered timescale.

We extend this model with free boundary conditions (BC) and non-
linear friction between the gel and an underlying substrate. Along
the lines of [Alonso et al., 2015; Radszuweit et al., 2014], we add a
nonlinear reaction term to the calcium dynamics. In Fig. 6.2 a sketch
of the different parts of our model and their interactions are shown.
In the following, we repeat the derivation of this model and present
our extensions.

Figure 6.2: Sketch of the elements of our model. The interactions between
the different parts create a feedback loop. Spatial inhomogeneities in the
calcium concentration regulate contractions of the active gel. The gel de-
forms and creates pressure gradients. In response, the fluid cytosol starts to
flow, advecting the dissolved calcium.

6.1.1 Describing Microplasmodia as a Poroelastic Medium

As discussed in the last section, we assume that MP consist of two
phases: an active viscoelastic gel and a fluid cytosol [Alt and Dembo,
1999]. No veins are present at this stage of development. For each
point r ∈ S(t), where S(t) is the set which represents the droplet,
one can define an unit-step function as

θ(r, t) =

⎧⎨⎩1 gel is present

0 fluid is present.
(6.1)
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We assume that no net-mass is produced and that the medium is in-
compressible [Elson, 1988]. This gives rise to the continuity equation

∇ · (θu̇ + (1 − θ)v) = 0. (6.2)

There are different structures with heterogeneities in MP. In the cor-
tical microfilament system, the typical pore size is ≈ 0.2 µm [Brix et
al., 1987]. The length of filaments usually varies between 0.05 µm and
0.3 µm, rarely till 0.7 µm [Nagai and Kato, 1975]. Droplets contain
inclusions of extracellular matrix with a pore size of roughly 5 µm
[Isenberg and Wohlfarth-Bottermann, 1976, Fig. 3]. The sizes of these
heterogeneities are much smaller than the patterns in experiments
which can cover the whole droplet with a size of 100 µm-1 mm [Tak-
agi and Ueda, 2008].

Although the medium is heterogeneous at the microscopic scale,
the choice of a sufficiently large macroscopic scale allows us to ignore
these microscopic details and to homogenize the equations. Then, we
treat MP as a continuous, poroelastic medium. This medium can be
considered as two superimposed continua of two phases [Coussy,
2004, chap. 1.1.2].

In this homogenized system

$g =
1
N

∫
r∈S

θ(r
′
, t)dr

′

$ f =
1
N

∫
r∈S

(1 − θ(r
′
, t))dr

′
(6.3)

define the fractions of gel and fluid phase. N denotes the number of
points r in the set S(t).

In the homogenized system, B(t) represents the body of the MP.
Assuming that there are no other phases present [Dembo and Harlow,
1986], the fractions of gel and fluid must satisfy

$g + $ f = 1. (6.4)

Homogenization of the continuity Eq. (6.2) yields

∇ ·
(
$gu̇ + $ f v

)
= 0. (6.5)

In addition, the cytoskeleton does not have a macroscopic orientation,
and its individual filaments are randomly oriented [Brix et al., 1987].
Hence, we assume that the medium is isotropic. Later, the isotropy in
the model is broken by the dynamics of the calcium regulator.

6.1.2 Lab and Body Reference Frame

A moving, continuous body has different configurations over time. At
t = t0 = 0 the body B(0) = B0 is in its initial configuration, which is
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also called reference or undeformed configuration. The configuration at
time t is the current or deformed configuration B(t) [Chaves, 2013, chap
2.1].

There are two potential choices for the coordinate frame where we
solve our equations. The lab frame (LF) with spatial or Eulerian coordi-
nates X and a body reference frame (BRF) with material or Lagrangian
coordinates x.

By definition, the displacement field u(t) is the transformation be-
tween position x in the BRF and the position X in the LF, with

u = X − x. (6.6)

For t = t0 we assume that the body is undeformed with X = x and
thus u(t0) = 0. Fig. 6.3 shows a sketch of the meaning of the displace-
ment field u.

Figure 6.3: The connection between LF and BRF in one dimension. At t = 0
a droplet is undeformed and at rest with u = 0. By definition, the cell is
stationary in the BRF. Some process causes the cell to move to the right in
the LF. The displacement field u(x, t) specifies the position X(x, t) in the LF

of each point x in the BRF.

The rate of change for a quantity is the material time derivative D
Dt

[Chaves, 2013, chap. 2.4]. The definition of this derivative depends on
the utilized reference frame

D
Dt

Θ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

d
dt

Θ(x) +
∂Θ(x)

∂xk ✓
✓
✓❙
❙❙

∂xk

∂t
Body reference

d
dt

Θ(X)  
local rate of change

+
∂Θ(X)

∂Xk

∂Xk(x)
∂t  

convective rate of change

Lab frame.
(6.7)

By definition, coordinates are fixed in the BRF with ∂tx = 0 (crossed
out in Eq. 6.7). Thus, the material time derivative in the BRF is always
identical to the local rate of change with D

Dt = ∂t.
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The simplified material derivative means that our equations are
easier to solve in the BRF. Additionally, this frame allows us to solve
our equations in a fixed domain, and we do not have to include a
moving interface.

For each point x in the BRF, the displacement field u gives the cur-
rent position X(x, t) in the LF. Accordingly, we can observe deforma-
tions and movement through the displacement field.

6.1.3 Strain Field and Displacement Gradient

For small strains the symmetric part of the displacement gradient ∇u

ε(x, t) =
1
2

(
∇u + (∇u)T

)
(6.8)

is called the strain-field [Gurtin, 1973, sec. 13].
Additionally, the dilatation

divu =
1
2

tr(ε)1 (6.9)

can be defined, which denotes expansion or compression of the vol-
ume. For tr(ε) = 0 the (infinitesimal) volume stays constant. This
definition allows us to define the traceless, symmetric part of the
strain-field, which is

ε(x, t)shear =
1
2

(
∇u + (∇u)T

)
− divu (6.10)

and identifies the pure shear part of the deformation.
We restrict ourselves to linear elasticity O(ε1) with infinitesimal

strains

|∇ · u| � 1. (6.11)

However, there are no restrictions on the absolute value of |u| and
large translations are possible.

For infinitesimal strains, the ∇ operator is identical in both refer-
ence frames and can be used without a subscript [Coussy, 2004, chap.
1.2.4]

∇ = ∇x = ∇X. (6.12)

The deformation gradient F(X, t) = ∂X
∂x describes how the distance be-

tween particles changes during motion with dx = FdX, where dx and
dX are vectors in the BRF and LF, respectively. The determinant of this
matrix denotes volume changes. For infinitesimal strains F simplifies
to F = 1+∇u +O([∇u]2). It follows that det(F) = 1 + tr (∇u) =

1 +∇ · u +O([∇ · u]2) [Gurtin, 1973, p. 30].
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6.1.4 Fractions of Fluid and Gel Phase in the Body Reference Frame

As we formulate our model in the BRF of the gel, we need an expres-
sion for the fractions of gel ρg and fluid ρ f in the BRF. A transforma-
tion to this frame yields [Holzapfel, 2000, Eq. 2.50]

ρ f = $ f det F = $ f (1 +∇ · u)

ρg = $g det F = $g(1 +∇ · u).
(6.13)

First, we derive an expression for the continuity equation in the BRF.
We start with its formulation in the LF from Eq. (6.5). Integrating over
space and using Gauss theorem yields

0 =
∫
B
∇X ·

(
$gu̇ + $ f v

)
dX =

∮
∂B

(
$gu̇ + $ f v

)
dA. (6.14)

Transforming the surface element to the BRF [Holzapfel, 2000], us-
ing Eq. (6.13) to transform the fractions and utilizing Gauss theorem
backwards yields

=
∮

∂B

(
$gu̇ + $ f v

)
F−T det Fda =

∮
∂B

(
ρgu̇ + ρ f v

)
F−Tda

=
∫

∇x
(
ρgu̇ + ρ f v

)
F−Tdx.

(6.15)

Therefore

∇x
(
ρgu̇ + ρ f v

)
F−T

= 0. (6.16)

For infinitesimal strains, we can drop F−T and arrive at the continuity
equation in the BRF

∇
(
ρgu̇ + ρ f v

)
= 0. (6.17)

Adding both fraction from Eq. (6.13) in the BRF and inserting Eq. (6.4)
results in

ρ f + ρg =
(
$ f + $g

)
det F = 1 +∇ · u. (6.18)

As we formulate the model in the BRF of the gel, we can assume the
gel fraction ρg = ρ0

g to be constant. With the continuity equation for
the fluid fraction ρ f with relative velocity v − u̇ we get an expression
for the fluid fraction in the BRF

∂tρ f = −∇ · (ρ f (v − u̇)). (6.19)

Inserting the continuity equation Eq. (6.17) and Eq. (6.18) leads to

∂tρ f = ∇ · (ρgu̇ + ρ f u̇) = ∇ ·
(
u̇(ρg + ρ f )

)
= ∇ · (u̇(1 +∇ · u)) = ∇ · u̇ +O([∇u]2).

(6.20)
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Integrating out time yields

ρ f = ρ0
f +∇ · u +O([∇u]2), (6.21)

where ρ0
f is given by initial conditions. By using Eq. (6.11) one finds

ρ f = ρ0
f = const. (6.22)

Additionally, for infinitesimal strains Eq. (6.18) yields

ρg + ρ f ≈ 1. (6.23)

6.1.5 Derivation of Mechanical Equations

The Reynolds numbers that arise from flows in the cytoplasm are
small, Re � 1, and inertia effects can be neglected. This allows us
to describe the cytoplasmic flow as a Stokes flow. Therefore, we can
write down a force balance between the internal stresses, the friction
between both phases, and the friction with the substrate in the BRF.
As the gel is permeated by the fluid phase, we assume that only the
gel interacts with the substrate

∇ ·
(
ρgPg

)
+ fg + ffric = 0

∇ ·
(
ρ f P f

)
+ f f = 0

(6.24)

where P = det(F) ·Σ · F−T is the first Piola-Kirchhoff stress tensor and
Σ the Cauchy stress tensor. For infinitesimal strains P and Σ reduce
to the linearized stress tensor with P → σ and Σ → σ [Coussy, 2004,
chap. 2.4.2].

Hence, the force balance simplifies to

∇ ·
(
ρgσg

)
+ fg + ffric = 0

∇ ·
(
ρ f σ f

)
+ f f = 0.

(6.25)

Here, σg and σ f describe the total stress in the gel and fluid phase,
respectively. Due to incompressibility of the medium, the resulting
flow and displacement fields have to fulfill the continuity equation
(Eq. 6.17). fg and f f are the force densities of the friction between
both phases. From Newtons third law, one can infer that f f = −fg.

The total stress for the gel phase consists of a viscoelastic and an
active part, while the fluid is purely viscous with

σg = σve
g + σact

g

σ f = σdis
f .

(6.26)

In addition, the total stress tensor σtot can be defined

σtot = ρ f σf + ρgσg. (6.27)
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Analogous to Banerjee and Marchetti, 2011, we assume that the active
part of σg is isotropic with

σact
g = T(C)1, (6.28)

where T(C) depends on the local calcium concentration C.
The droplet interacts with an underlying substrate by friction. In

the first part of this chapter, we assume a linear friction with a con-
stant coefficient γ

ffric = −ρgγu̇. (6.29)

Later, we replace this linear friction with a velocity dependent nonlin-
ear friction γ → γ(|u̇|).

For an open, isothermal system that is close to thermodynamic
equilibrium, the dissipative parts of Eq. (6.26) can be determined by
minimizing the total dissipation rate J dis[u̇, v, p] (Alt and Dembo,
1999; Kondepudi and Prigogine, 2014 and Radszuweit et al., 2013, SI)

J dis[u̇, v, p] =− 1
2

∫
B

dx
[

ρgσdis
gαβ

∂βu̇α + ρ f σdis
fαβ

∂βvα

+ βρgρ f (u̇α − vα)
2 − 2p

(
ρg∂αu̇α + ρ f ∂αvα

) ]
.

(6.30)

The first and the second term are the dissipative parts of the stress
tensors for gel and fluid. The third term describes the drag force be-
tween the two phases. Newtons third law requires that fg = −f f . In
addition, there cannot be any drag between the two phases if u̇ = v
or if either ρg or ρ f are zero. The simplest formulation that fulfills
these requirements is

f f = ρgρ f β (v − u̇) = −fg (6.31)

with the drag coefficient β.
The fourth term in Eq. (6.30) introduces the pressure as a Lagrange

multiplier to ensure incompressibility. As shown in Eq. (6.22) fluid
and gel fractions can be treated as constants.

Minimization of J dis results in Euler-Lagrange equations

∂J dis

∂u̇γ
− ∂ν

∂J dis

∂ (∂νu̇γ)
= 0

∂J dis

∂vγ
− ∂ν

∂J dis

∂ (∂νvγ)
= 0

∂J dis

∂p
− ∂ν

∂J dis

∂ (∂ν p)
= 0

(6.32)
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which the resulting stress tensors have to satisfy. The third equation
is fulfilled by the incompressibility condition Eq. (6.17). In addition,
this incompressibility constraint yields a conjugated pressure

∂p
(
ρg∂αu̇α + ρ f ∂αvα

)
∂ (∂νu̇γ)

= ρg pδαβ

∂p
(
ρg∂αu̇α + ρ f ∂αvα

)
∂ (∂νvγ)

= ρ f pδαβ.

(6.33)

There are additional requirements for both stress tensors in Eq. (6.30):
first, these tensors must be symmetric to ensure angular momentum
conservation [Chaves, 2013, Eq. 5.75]. Second, if a system is not too
far from thermodynamic equilibrium, the Onsager relations [Onsager,
1931a,b] states a linear relationship between thermodynamic forces
and fluxes. These relations require that forces and resulting fluxes
have the same tensor rank. Therefore, the viscous part of both stress
tensors in Eq. (6.30) is a symmetric, rank 2 tensor.

A symmetric tensor can be decomposed into a symmetric, traceless
part, describing shear and a constant tensor depicting volume com-
pression or expansion [Symon, 1971, p. 437]. Thus, the most general
form for the dissipation stress tensors is:

σdis
g = 2ηshear

g ∇u̇+ηbulk
g tr(∇u̇)1

σdis
f = 2ηshear

f ∇v+ηbulk
f tr(∇v)1

(6.34)

where  marks the symmetric, traceless part. The bulk viscosity is
only relevant for compressible fluids and can thus be neglected with
ηbulk

g = ηbulk
f = 0 [Graves and Argrow, 1999]. Going forward, we use

ηg ≡ ηshear
g and η f ≡ ηshear

f .
In addition to the dissipative part, the viscoelastic stress tensor of

the gel σg also contains an elastic part σela. This tensor can be derived
from the potential Wela = µtr(ε2) + λ

2 tr(ε)2, where µ and λ are Lamé
parameters and ε is the strain-field from Eq. (6.8). This leads to the
elastic stress tensor

σela =
∂Wela

∂ε
= 2µε + λtr(ε). (6.35)

Using the shear G = µ and bulk modulus K = λ + 2
d µ, the elastic

tensor can be written as

σela = 2Gε + (K − 2
d

G)tr(ε), (6.36)

where d depicts the number of dimension.
Analogous to the dissipative stress tensors from Eq. (6.34), the elas-

tic stress tensor can also be decomposed to a symmetric, traceless part
describing the shear and a constant tensor representing the bulk elas-
ticity. Hence, for d = 2 and using Eq. (6.10) the elastic stress tensor
can be written as

σela = 2G ∇u+Ktr(∇u) (6.37)
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where  marks the symmetric, traceless part.

6.1.6 Transport of the Regulator Species

The active tension (AT) of the gel is controlled by a chemical regula-
tor species C which is dissolved in the fluid cytosol. In the LF, C is
advected with the fluid velocity v.

We assume that there is no influx of calcium. Ignoring any local
reaction, the calcium dynamics in the LF is described by an advection-
diffusion equation

∂Ct +∇X ·
(

vC + Jdiff
C

)
= 0. (6.38)

As the model is formulated in the BRF, a transformation to this frame
is necessary [Holzapfel, 2000, Eq. 2.50]

c = C det F = C
(
1 +∇ · u +O([∇ · u]2)

)
. (6.39)

For a reference volume B the change of c with time is given by

d
dt

∫
B

cdx =
∫
B

∂tcdx = −
∮

∂B
cvref · da + jdiff

c . (6.40)

The unknown quantity in the last equation is the advection velocity
vref in the body frame. It can be derived by starting with the definition
of u

X = x + u. (6.41)

Differentiation with respect to time (using the material time deriva-
tive from Eq. 6.7) and identifying Ẋ with v and ẋ with vref gives

v = vref + u̇ + (∇ · u) vref = u̇ + [1 +∇ · u] vref. (6.42)

Solving for vref yields

vref = F−1
(v − u̇) . (6.43)

This expression can be inserted into Eq. (6.40). Dropping terms with
∇ · u and using Gauss theorem backwards leads to

∂tc +∇ · ((v − u̇) c) +∇ · jdiff
c = 0. (6.44)

Replacing jdiff
c with −D∇c and neglecting higher order derivatives of

u results in the governing equation for calcium in the BRF

∂tc +∇ · ((v − u̇) c) = D∆c. (6.45)

Later, we add a nonlinear activator-inhibitor kinetics to the calcium
dynamics (Sect. 6.4.1). As a reaction depends only on the local value
of the concentration, it is not necessary to transform this expression.
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6.1.7 Choice of a Model for Viscoelasticity

There are various models of linear viscoelasticity, each with advan-
tages for different types of materials. In general, these models are
constructed out of elastic springs with elastic modulus E and liquid
dash pots with viscosity η. The two simplest models with just two
elements are the Kelvin-Voigt (KV) and the Maxwell model. Sketches
of both models are shown in Fig. 6.4.

Figure 6.4: KV (left) and Maxwell (right) models of viscoelasticity with
elastic modulus E and viscosity η. Both models are constructed out of an
elastic spring and a viscous dash pot. Taken and adapted from https://en.
wikipedia.org/wiki/Viscoelasticity, licensed under public domain.

For the KV model, the two elements are arranged in parallel and
the stress-strain relation is

σKV = Eε + ηε̇. (6.46)

This model describes a solid with viscous properties, where the strain
ε relaxes. It is accurate in modeling the deformation of many mate-
rials, but fails to describe the relaxation dynamics in numerous vis-
coelastic materials [Banks et al., 2011]. For a given strain and strain
rate, the stress in this model is uniquely determined. Therefore, it has
no memory. This property makes the KV model numerically easier to
handle than any other model.

In the Maxwell model, the elements are in a serial configuration
which describes a fluid on a large timescale and the stress-strain rela-
tion is

(1 + τve∂t) σM = ηε̇ with τve =
η

E
. (6.47)

The Maxwell model accurately predicts the exponential stress decay,
observable for many materials especially polymers. However, it does
not correctly reproduce the creep response of solid materials [Banks
et al., 2011]. In this model, the memory of the stress tensor σM must
be known, which complicates the computational handling.

For a more in-depth review about different models of viscoelastic-
ity, refer to [Alonso et al., 2017; Banks et al., 2011].

https://en.wikipedia.org/wiki/Viscoelasticity
https://en.wikipedia.org/wiki/Viscoelasticity
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The deciding factor for choosing a model of viscoelasticity is the
ratio of the elastic relaxation time to the timescale of the internal dy-
namics. Many cells have relaxation times between 1 s-10 s [Rodriguez
et al., 2013]. However, the relaxation time of physarum is much larger
with approximately 6 min. The period of the intracellular calcium dy-
namics is T ≈ 100 s [Nagai et al., 1978]. This means that the relax-
ation time is much larger than the timescale of the dynamic process
of physarum. Hence, we assume that the memory of the stress can be
neglected and it is valid to use the KV model.

It should be noted that neither KV, Maxwell nor other, more compli-
cated linear models capture all aspects of stress relaxation of living
cells [Kollmannsberger and Fabry, 2011]. The relationship between
creep and stress relaxation follows a power law over several orders
of magnitude of time or frequency. This is not captured by any linear
model. Moreover, basic assumptions like linearity and the decoupling
of the elastic and viscous properties are not correct.

However, the aim of this thesis is to explore minimal models of
cell motility and not to capture and reproduce every detail of cell
behavior. Hence, we assume it is justified to use the KV model of
viscoelasticity.

6.1.8 Choice of Boundary Conditions

The authors in [Radszuweit, 2013; Radszuweit et al., 2010, 2013, 2014]
investigated the pattern formation in non-moving MP. For a resting
droplet, all flow and displacement fields vanish at the boundary ∂B
with

u̇∂B = u∂B = v∂B = 0. (6.48)

There is one additional degree of freedom for the hydrodynamic pres-
sure as only its gradient is utilized in the model equations. Hence, the
pressure needs to be fixed at one point with p(x = x0, y = y0) = p0 =

0.
For a moving droplet we use free BC [Larripa and Mogilner, 2006].

We assume that the outside of the droplet is an inviscid fluid that is
described by σout = −pout. The exact value of the outside hydrostatic
pressure pout is not important, as long as it is constant and homoge-
neous. Thus, we choose pout = 0. The use of the BRF allows us to solve
our equations in a fixed domain without a moving interface.

At the boundary of the droplet, the stress has to be continuous
across the interface in the normal direction n. This gives the first BC

with

σtot − 1p · n = (σout) · n = 0. (6.49)

Here, σtot is the total stress in the droplet as defined in Eq. (6.27).
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Additionally, we assume that the boundary is unique and imper-
meable. Unique means that the droplet membrane is the boundary
for both phases, and hence both phases must have the same velocity
at the boundary

u̇∂B = v∂B . (6.50)

No flow can pass through an impermeable boundary, and the mem-
brane must have the same velocity as the phases.

6.2 model in 1d

In one dimension the dissipative (Eq. 6.34) and elastic (Eq. 6.37) stress
tensors for gel and fluid simplify to

σdis
g = ηg∂x∂tu

σela
g = E∂xu

σdis
f = η f ∂xv.

(6.51)

Together with the AT, the tensors for both phases have the form

σg = σela
g + σdis

g + σact
g

σact = T =

(
T0 − ξ

c
1 + c

)
σf = σdis

f .

(6.52)

Using the force balance from Eq. (6.25) and the continuity equation
(Eq. 6.17) we obtain

∂tu = U

ρg∂xσg + fg − γρgU − ρg∂x p = 0

ρ f ∂xσf + f f − ρ f ∂x p = 0

∂x(ρgU + ρ f v) = 0.

(6.53)

The second and third equation can be summed up to get an expres-
sion for the total stress tensor σtot

∂tu = U

∂xσtot + fg + f f − γρgU −
(
ρg + ρ f

)
∂x p = 0

ρ f ∂xσf + f f − ρ f ∂x p = 0

∂x(ρgU + ρ f v) = 0.

(6.54)

The expressions for the individual stress tensors (Eq. 6.51), substrate
friction (Eq. 6.29) and the friction between both phases (Eq. 6.31) can
be inserted. Together with the diffusion-advection equation for the
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calcium concentration from Eq. (6.45) we obtain the final equations
for our system

∂tu = U (6.55a)

ρ f η f ∂xxv + ρgηg∂xxU + ρgE∂xxu − γρgU − ∂x p = −ρg∂xT
(6.55b)

η f ∂xxv − ρgβ(v − U)− ∂x p = 0 (6.55c)

∂x(ρgU + ρ f v) = 0 (6.55d)

∂tc + ∂x ((v − U)c)− Dc∆c = 0. (6.55e)

6.2.1 Boundary Conditions in 1D

The BC follow from Sect. 6.1.8 with

v(0, t) = U(0, t),

v(L, t) = U(L, t),

σtot(0, t)− p(0, t) = σout = 0,

σtot(L, t)− p(L, t) = σout = 0.

(6.56)

The first two equations state that the velocities of both phases have
to be equal at the boundary. In addition, the latter equations yield
two additional conditions, that u(0, L) has to fulfill at the boundary
points

σtot(0, t) =ρ f σf (0, t) + ρgσg(0, t)− p(0, t)

=− p(0, t) + ρ f η f ∂xv(0, t) + ρgηg∂xU(0, t)

+ ρgE∂xu(0, t) + ρgT(0, t)

−ρgT(0, t) =− p(0, t) + ρ f η f ∂xv(0, t)

+ ρgηg∂xU(0, t) + ρgE∂xu(0, t)

−ρgT(L, t) =− p(L, t) + ρ f η f ∂xv(L, t)

+ ρgηg∂xU(L, t) + ρgE∂xu(L, t).

(6.57)

6.2.2 Linear Stability

In this section, we consider the stability of the homogeneous steady
state (HSS) C = c0, u = 0, v = 0, p = const of Eq. (6.55). We analyze
the linear stability of this state with respect to small perturbations of
the form (δC, δu, δv, δp) eλt−ikx.

From the Jacobian of the system follows⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

λ + Dcκ
2 iκλc0 −iκc0 0

ξik
(1+c0)2 −κ2(ηgλ + E)− γλ − ρ f βλ ρ f β iκ

0 ρgβλ −η f κ2 − ρgβ iκ

0 ρgiκλ ρ f iκ 0

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
= 0.
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(6.58)

Solving the resulting polynomial yields two non-trivial eigenvalues
λ1,2. We evaluate these eigenvalues with the parameters from [Rad-
szuweit et al., 2013, listed in Tab. A.4] with γ = 1 × 10−6 kg/s for dif-
ferent strength of the AT. Along the lines of [Radszuweit et al., 2013],
we utilize the unit-less Péclet number Pe = ξ/(Dcβ) to characterize
the strength of the AT.

In this analysis, we obtain three qualitatively different regions: for
low values of Pe, the HSS is stable. With Pe ≥ 5.75, the HSS destabilizes
with complex modes (Fig. 6.5, top). For a very high AT (Pe ≥ 11.5), the
unstable modes form real and complex bands. Therefore, we expect
the emergence of wave dynamics.

These results are comparable to the linear stability analysis from
[Radszuweit et al., 2013, Fig. 2]. There, the same sequence of the
three qualitatively different regions was found. In addition, the au-
thors found additional purely real modes for E = 0.

Figure 6.5: Eigenvalues of the linear stability matrix Eq. (6.58) of the homo-
geneous steady state (HSS) for different strength Pe of the AT. Continuous
lines denote the real and dashed lines the imaginary part of the eigenvalues
λ1,2. The parameters are listed in Tab. A.4.

6.2.3 Numerical Solution of the Full Model Equations

We split the full equations from Eq. (6.55) into a mechanical (Eq.
6.55a - 6.55d) and an advection-diffusion part (Eq. 6.55e). Then, we
solve both parts using the implicit Euler method for timestepping
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and pseudo-spectral methods (Chebyshev) for the discretized spatial
derivatives. Details about spectral methods can be found in Sect. A.3.3.

This process yields a linear equation of the form A · x = b for
each part, where A is the matrix that represents the linear differential
operator. Explicit expressions of the matrices for the mechanical and
the advection-diffusion part can be found in Sect. A.3.4.

For the mechanical part, the matrix Am is constant throughout the
simulation. Hence, we generate a FD-ILU preconditioner at the begin-
ning of the simulation and then use it in every time step. It should be
noted that the variable AT ∇T is part of the right hand side b. Details
about the utilized preconditioner can be found in Sect. A.3.5.

Due to the nonlinear advection, the matrix Ac for the advection-
diffusion part is not static. Therefore, we have to regenerate its pre-
conditioner in every time step. Here, we use an ILU preconditioner
because it can be generated quickly.

Our initial condition is the weakly perturbed HSS.

6.3 results in 1d

We obtain parameters where the HSS is unstable from the linear sta-
bility analysis in Sect. 6.2.2. These parameters are given in Tab. A.4
(set 1). Solving Eq. (6.55) for these parameters yields a wide variety of
spatio-temporal contraction patterns. We can observe different types
of movements ranging from resting cells to cells performing regular
and irregular oscillations, although we do not observe any cases with
net motion.

We show four quantities in this chapter to describe and quantize
the movement of a cell: first, a cell’s position over time. In 1D, the
length L of MP is constant and the left and right edges move in uni-
form. For convenience, we define the position of the cell’s left edge
as the cell position. In addition, we show space-time plots of the cal-
cium concentration in the BRF. To further characterize the periodic
movement of a cell, we use the number of Fourier frequencies θ in
the trajectory. To ensure that all transients have vanished, we only
use the second half of a trajectory to compute the number of frequen-
cies. We discard all frequencies whose amplitude is less than 1/50 of
the maximum amplitude. Further, we use the mean speed of a cell.

An example how the concentration looks in the LF can be found in
the appendix in A.3.1.

We use the simple case of a regular oscillation with one Fourier
frequency to study how motion arises and in what way the different
parts of the model interact. This example is just above the critical
AT where the system starts to destabilize (compare with Sect. 6.2.2)
and the growth rate of the unstable modes are small. Fig. 6.6 shows
position over time and a space-time plot of the calcium concentration
c.
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Figure 6.6: Position over time and corresponding space-time plot of the
concentration c for an one frequency oscillation. Parameters: N = 120,
∆t = 0.001 s, E = 0.01 kg/(µm s2), γ = 10−5 kg/s, L = 125 µm and Pe = 6.

After initialization, the concentration starts to express a spatially
symmetric oscillation pattern that slowly grows in amplitude. The
calcium distribution changes from a high concentration in the middle
and low values at both sides to a low concentration in the middle and
high values at the sides. No movement occurs while the cell performs
this type of oscillation.

A second instability occurs at t ≈ 1800 s, and the pattern switches
from symmetric to asymmetric oscillations. Here, the concentration
is high on one side and low on the other on. With a rising amplitude
of the asymmetric calcium oscillation, the cell starts to move. After ≈
200 s, the amplitude has reached its maximum, and the cell performs
a periodic movement with the same period of T = 98 s as the calcium
oscillation.

Fig. 6.7 shows two snapshots of calcium concentration, AT and ad-
vection velocity for the symmetric oscillation. In the top panel, the
concentration is high in the middle and low at the sides. The AT gen-
erates a (symmetric) advection flow from the sides into the middle.
This results in even more calcium piling up causing an even stronger
flow. The flow deforms the droplet and elastic tension builds up in the
gel. Over time, this elastic tension increases and acts in opposition to
the AT. The advection weakens and at some point the diffusion takes
over. The calcium concentration in the middle starts to shrink, dimin-
ishing the AT and thereby the advection even further. When the elastic
tension overtakes the AT, the cell starts to relax. This yields a change
in the direction of the advection. Then, the concentration starts to pile
up at the sides (lower panel) where the described process repeats.

The flow of the gel u̇ and the fluid v are symmetric while this type
of oscillation takes place. As the length of a cell is constant, symmetric
oscillations result in an immobile cell.

Once the transition to the asymmetric oscillations occurs, the cell
starts to move. Fig. 6.8 shows different snapshots of these asymmet-
ric oscillations. In the first snapshot, the cell is close to its maximum
displacement on the positive (right) side, and the calcium concentra-
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Figure 6.7: Calcium concentration (blue), AT (red) and advection velocity
(arrows) for symmetric calcium oscillations. The concentration oscillates
between the state in the top panel with a high concentration in the middle
and the state in the bottom panel. Parameters as given in Fig. 6.6.

tion changes from having its maximum at the right to being higher
on the left side. When the maximum of the concentration switches
sides, the AT changes its sign and causes an advective flow to the
left. A rapid movement to the left starts with a maximum velocity of
vcell = 2.47 µm/s. While this movement takes place, the concentration
piles up on the left side (top, second panel). While the cell is moving
and deforming, the elastic tension inside the cell builds up.

Along the lines of the symmetric case, this elastic tension is act-
ing in opposition to the AT yielding a lower advection and cell ve-
locity. At some point, the advection becomes weaker than the diffu-
sion. Then, the concentration has reached its maximum and begins
to shrink (middle, first panel). The AT is getting weaker (middle, sec-
ond and bottom, first panel). While the AT is diminishing, the elastic
stress inside of the gel phase still builds up. Once it overtakes the AT,
the cell starts to relax. This is causing a change of direction of the
advective flow, letting the concentration rise on the right side where
the previously described process repeats (bottom, second panel).

This asymmetric oscillation results in a periodic, one frequency
movement with a maximum displacement of umax ≈ 42 µm. No net
motion occurs.
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Figure 6.8: Calcium concentration (blue), AT (red) and advection (arrows)
for asymmetric calcium oscillations. Parameters as given in Fig. 6.6.
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6.3.1 Varying the Active Tension

We systematically vary the strength of the AT Pe. Fig. 6.9 gives an
overview how the number of Fourier frequencies θ develops when
changing Pe. While we fixed the elastic modulus to E = 0.01 kg/(µm s2),
a comparable sequence is found for other values of E.

Figure 6.9: Number of Fourier frequencies θ for different AT strengths Pe.
Parameters as given in Fig. 6.6.

For very low values of Pe < 5.75, the AT is not strong enough to
destabilize the HSS, which is in line with our linear stability analysis
from Sect. 6.2.2. Small perturbations die out and the concentration c
relaxes to the HSS.

Increasing Pe above 5.75 destabilizes the HSS by a Hopf-bifurcation
and the cell is exhibiting regular oscillations. This case was previously
described in the last section.

A further increase yields a region where the MP does not move.
It still develops instabilities, but the oscillations of the calcium con-
centration stays symmetric. This case is comparable to the symmetric
oscillations in Fig. 6.7, but this state never destabilizes.

If Pe ≥ 7.4, a sudden transition to θ = 4 occurs and cells move
again. The number of Fourier frequencies rises fast with a further
increase of Pe and approaches a regime with irregular oscillations. A
maximum is reached at Pe = 8.3 with θ = 35 frequencies. An example
of an irregular oscillation is shown in Fig. 6.10.

Between Pe = 8.45 and Pe = 9.2, the number of Fourier frequen-
cies stays constant with θ = 3 and a maximum displacement of
umax ≈ 90 µm. Here, the cell has an oscillation period of ≈ 94s for
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Figure 6.10: Position over time and corresponding space-time plot of the
concentration c for an irregular oscillation. Parameters as given in Fig. 6.6
with Pe = 8.35.

the dominant main frequency. Later, we compare this movement with
experimental results in Sect. 6.3.4.

Beginning with Pe = 9.25, the movement becomes irregular again.
In this region, up to θ = 38 frequencies can be observed. This move-
ment is similar to the one in Fig. 6.10.

Upwards from Pe = 11.5 the cells oscillate with θ = 3. The ampli-
tude of the main frequency with a period of ≈ 25 s is much larger
than the other ones. Thus, the movement is quasi-regular, but with a
higher frequency than Fig. 6.6.

6.3.2 Varying the Substrate Friction

We systematically vary the strength γ of the friction between gel and
substrate to examine its effect on the movement. Here, we utilize the
mean speed of a cell as an indicator for the motility. An overview of
the cell’s behavior for varying γ is shown in Fig. 6.11.

Figure 6.11: Mean speed of the movement for varying friction strengths γ.
Parameters as given in Fig. 6.6 with Pe = 7.5.
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For a friction coefficient γ ≤ 7 × 10−7 kg/s, the concentration ex-
hibits symmetric oscillations (comparable to Fig. 6.7). The droplet
moves with a maximum displacement of umax = 0.04 µm. Without
friction, the cell should not be able to transfer any momentum, and
hence umax should be zero. We observe a dependency of umax on the
time step ∆t. Increasing ∆t to 0.005 s increases umax to 0.2 µm, while
reducing ∆t to 0.000 25 s decreases umax to 0.01 µm. This displacement
is proportional to the utilized time step and vanishes for smaller ∆t.
Therefore, this effect appears to be a numerical error.

At γ = 8 × 10−7 kg/s a transition to an oscillation with four Fourier
frequencies takes place (comparable to Fig. 6.13, right). The maximum
displacement jumps to umax ≈ 14 µm, and the mean speed is between
0.75 µm/s and 1.3 µm/s. Up until γ = 10−5 kg/s the type of motion
stays the same, but an increased friction decreases the speed.

At γ = 2 × 10−5 kg/s, the speed drops to zero and the cell does
not move. The concentration is exhibiting spatially symmetric oscilla-
tions.

Beginning with γ = 3 × 10−5 kg/s, the droplet oscillates with θ = 2
with a maximum displacement umax ≈ 60 µm and a mean speed of
2.8 µm/s.

If γ is above 10−4 kg/s, the friction is too strong to permit pattern
formation. The HSS is stable and small perturbations die out.

To summarize, the behavior for different substrate friction strengths
yields expected behavior. The cell is not able to move if the friction
is too weak. When the friction is too strong, too much energy is dis-
sipated and the AT cannot destabilize the HSS. In between these two
extremes, cells move with two different modes. Each mode has a min-
imum friction, and once this friction is reached, a further increase
yields a decrease of a cells speed.

6.3.3 Varying the Droplet Size

It is known from experiments, that MP need a certain size to be able
to generate motion. Movement can be observed when MP reach a size
of ≈ 100 µm [Lewis et al., 2015]. In Fig. 6.12, the mean speed for
droplets of various lengths L is shown. If the droplet is smaller than
L = 60 µm, the system cannot develop instabilities. This is expected
from our linear stability analysis (Sect. 6.2.2) and the minimum length
L should be larger than the shortest wavelength of an unstable mode.

Starting with L = 60 µm, instabilities start to grow and the droplet
begins to move with θ = 2 and a mean speed of ≈ 4.5 µm/s. The
system keeps this type of movement till L = 80 µm. Starting with
L = 90 µm, the type of motion changes to oscillations with θ = 3
and a much lower mean speed of ≈ 1 µm/s. A further increase of the
length affects the mean speed only mildly and does not result in a
change of the mode of movement.
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Figure 6.12: Mean speed of the movement for different droplet length L.
Parameters: Pe = 7.5, γ = 1 × 10−6 kg/s and ∆t = 0.001 s.

In experiments, MP are usually ≥ 100 µm, and we choose a droplet
size that is larger than this. However, a larger system increases the
numerical cost. Hence, we utilize a size of L = 125 µm for the rest of
this thesis.

6.3.4 Comparison with the Experiment

In experiments, MP move forward by an oscillating motion. They first
translate their bodies forward and then backward again with a larger
movement into the forward direction. In [Lewis et al., 2015, Fig. 6b],
the period of this oscillatory motion is T ≈ 100 s with a forward
displacement of dF ≈ 40 µm and a backward displacement of dB ≈
15 µm-20 µm.

We find regular oscillations for several parameters in our simula-
tions, and we can compare their periods with the experimental ones.
While we can observe oscillating motion for many parameters (see
Fig. 6.9), there are no cases with a net motion and d = dF = dB. In
Fig. 6.13, the position over time for simulations with two different AT

strengths are shown. In the left picture, this tension is just above the
threshold where the HSS becomes unstable (Pe = 6). Once the dom-
inant pattern with regular, asymmetric oscillations has emerged, the
droplet oscillates with a period of T = 98 s and a displacement of
d ≈ 82 µm. In the right picture, the tension is stronger (Pe = 8.9) and
the cell oscillates with four Fourier frequencies. However, the main
frequency is dominant and the cell is exhibiting quasi-regular oscilla-
tions. The main oscillation period is T = 94 s with a displacement of
d ≈ 180 µm.

Additionally, one can compare the experimentally observed flows
inside of MP with our simulations. In the experiment, the velocities
of two different flows can be measured: endo- and ectoplasmic flow
[Zhang et al., 2017]. The ectoplasm is gel-like and connected with the
membrane of the cell while the endoplasm is fluid-like. Strength and
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Figure 6.13: Trajectory of microplasmodia (MP) and their oscillation peri-
ods for two different active tension (AT) strengths. The left picture shows
the trajectory for Pe = 6.0 with T = 98 s and the right one for Pe = 8.9 with
T = 94 s. The periods are close to the experimental ones, but the displace-
ments are larger in our simulations. Parameters as in Fig. 6.6.

direction of ectoplasmic flow correlate with the traction force exerted
on the substrate. In our model, the gel is viscoelastic and exhibits
friction with the substrate. Hence, the velocity of gel and ectoplasm
should be compared. Either velocity is shown for both modes of loco-
motion in Fig. 6.14.

Figure 6.14: Ecto (top)- and endoplasmic (bottom) flows in the experiment
for the peristaltic (left) and the amphistaltic (right) mode of locomotion.
The flow was measured along the main (longitudinal) axis. Copyright: Jour-
nal of Physics D : Applied Physics by IOP Publishing. Reproduced with
permission of IOP Publishing in the format Thesis/Dissertation via Copy-
right Clearance Center. Taken from Zhang et al., 2017.

For the peristaltic mode, the ectoplasmic flow arises in the back and
then moves forward in a roughly linear fashion. The arising flow al-
ternates periodically between forward and backward directions. The
flow direction on front and back are usually the same, whereas the
middle part is flowing into the opposite direction. Its amplitude is
strong at front and rear, while it is weaker in the middle. At the rear,
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the flow is usually stronger than at the front. Flows into the positive
direction have a larger amplitude than negative ones. Additionally,
forward flows occur more often than backward flows. This results in
an oscillatory motion with a velocity of ≈ 0.15-0.2 µm/s [Zhang et al.,
2017].

When a cell exhibits the amphistaltic mode of locomotion, the flow
of the ectoplasm has the same sign throughout the cell and alternates
periodically between forward and backward flow. Flows in forward
(backward) direction originate at the tail (head). The velocities are
higher at the front and back than in the middle, whereas the velocity
at the back has a slightly higher amplitude than at the front. Flows
in the forward direction are slightly stronger than in the backward
direction. MP exhibiting this mode of locomotion move slower than
peristaltic cells and posses a velocity of ≈ 0.05-0.1 µm/s [Zhang et al.,
2017].

In the case of Pe = 6.0, there are several similarities between the
flow pattern in peristaltic MP and our simulations (Fig. 6.15, left). In
both cases, the flow emerges at the back, where its direction alter-
nates and then moves forward linearly. The flow at the front and
back possess the same direction, whereas there is retrograde flow in
the middle. However, there are also differences. In the experiment,
flows into the forward direction are faster and occur more often. In
addition the flow velocity at the rear is higher than at the front. This
is not the case in our simulations. As there is no net motion, these
differences are expected.

Figure 6.15: Flows in our simulations for Pe = 6.0 (left) and Pe = 8.9
(right). There are some similarities between peristaltic flows in the experi-
ment and our simulations with Pe = 6.0. Simulations with Pe = 8.9 do not
resemble any experiments. Parameters as in Fig. 6.6.

For Pe = 8.9 (right), the flows in our simulations and the experi-
ments do not resemble each other. In our simulations, the velocities
are much higher in the middle than at the front or back. While there
is a regularity of the oscillation period of the flow, it appears to be
irregular on a short time scale. This cannot be observed in the experi-
ment.



6.3 results in 1d 97

Additionally, the concentration of Ca2+ is accessible in experiments.
In the peristaltic mode, waves of calcium are propagating from the
rear to the front of the cell, while there are standing waves in the
amphistaltic mode. However, this measurement is inherently noisy
[Zhang et al., 2017, Fig. 9].

In simulations, the calcium dynamics for Pe = 6.0 resembles the
dynamics of the amphistaltic case (compare with Fig. 6.7 for the cal-
cium dynamics in the simulation). In both cases, standing waves are
observable where the concentration is high on one side and low on
the other one while alternating between front and back.

To summarize, we can observe many properties of the experiments
in our simulations. The oscillation period of T ≈ 100 s can be repro-
duced for different parameters. For Pe = 6.0, the general dynamics of
the flow for the peristaltic case can be reproduced. There, the flow di-
rection at front and back are the same, whereas there is a retrograde
flow the middle. The same parameter set shows a calcium dynamics
that is similar to the amphistaltic case, where both experiment and
simulation show standing waves of the calcium concentration. How-
ever, the dynamics of calcium in cells are in general not described
by an advection-diffusion equation [Dupont et al., 2016]. Therefore,
we can not expect that our simplified approach results in a realistic
description of the experimental dynamics.

However, many details can not be observed in our simulations:
there is no net motion in any case. In the experiments, the flows in
forward direction have a higher amplitude. In addition, the flows at
the back of the MP are usually stronger than in other parts of the MP

(into both directions). The pattern of the calcium concentration of the
peristaltic case, where waves travel from the rear to the front, could
not be seen in any case.

6.3.5 Why is there no Net Motion?

As discussed in the last section, physarum MP move in experiments,
but not in our simulations. In this section, we examine why we could
not observe any net motion.

There are spatial asymmetries in the concentration on the timescale
of the internal period (e. g. ≈ 100 s, Fig. 6.6). However, the time-
averaged concentration of the complete simulation is spatially sym-
metric. Therefore, the AT creates motion into a given direction on a
short timescale, but over the course of the simulation this is balanced
by a motion into the opposite direction.

As a first guess, we assume that there needs to be a stable intra-
cellular spatial asymmetry that creates a stronger or longer-lasting
force into a distinguished direction. This should create net motion in
the same direction. However, a spatial asymmetry is not enough to
create net motion. In Fig. 6.16 (left), the reaction of the system to the
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deactivation of the AT is shown. The AT is disabled (ξ = 0), when
the cell is close to its maximum displacement (t = 590 s). Then, the
passive relaxation of the viscoelastic gel is causing a movement back
to x = 0 µm even in absence of any active force.

Figure 6.16: Cells relax back to their origins when the AT is disabled. Left:
In a simulation the AT is switched off at t = 590 s. Afterwards, the cell
moves back to the origin. Right: The AT is kept static and the coupling to the
mechanical part is periodically switched on and off. In each cycle the cell
deforms and moves when the coupling is switched on and relaxes back to
the origin when switched off.

In Fig. 6.16 (right), ∇T is kept static and spatially asymmetric, and
its coupling with the mechanical part of the equation is periodically
(de-) activated. If activated, the cell deforms and moves into the pos-
itive direction. If deactivated, the cell is relaxing back to its origin
at x = 0 µm. This is repeated for several cycles, but there is no net
motion even after four repetitions.

We can conclude from these two examples that even with a static
and spatially asymmetric AT, no net motion is possible. This insight
allows us to dissect the movement of a cell into two parts: first, a
displacement due to the AT, and second, sliding back to the origin
due to passive relaxation. Then, this process repeats into the other
direction. Fig. 6.17 shows a sketch, explaining this dissection.

The lack of net motion is caused by the linear friction: adding the
force balances for both gel and fluid phase from Eq. (6.25) leads to

∇ · (σtot − p)− γu̇ = 0. (6.59)

Integrating over the whole MP body B and using Gauss theorem
yields∮

∂B
(σtot − p) · n −

∫
B

γu̇dx = 0. (6.60)

With the free BC for the stress tensor (Eq. 6.49) the first term of
Eq. (6.60) vanishes and we arrive at∫

B
γu̇dx = 0. (6.61)
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Figure 6.17: A MP deforms and moves due to the AT and slides back to the
origin due to (passive) stress relaxation of the viscoelastic gel.

For γ = const, it follows that the mean cell velocity is 〈u̇〉 = 0. Hence,
there cannot be any net motion for a constant friction coefficient. This
behavior is independent of spatial asymmetries in the AT and the
utilized viscoelastic model. Therefore, we extend our model with a
non-constant friction coefficient in the next section.

6.4 enhancements of the model to create net motion

By enhancing the approach from [Radszuweit et al., 2013] with free
BC and linear friction between the gel and the underlying substrate,
we were able to generate oscillatory movement but without any net
motion.

Based on our analysis in the last section and the approach from
[Lewis et al., 2015], we add two components to our model which we
did not consider yet: a spatial anisotropy in the AT and the substrate
friction coefficient γ. It is know that a polarity is a requirement for
persistent cell locomotion [Rappel and Edelstein-Keshet, 2017; Tjhung
et al., 2012], and in the other chapters of this thesis, we utilized ex-
plicit polarity mechanisms to create a stable cell-polarity.

Along the lines of [Alonso et al., 2015; Radszuweit et al., 2014], the
spatial asymmetry in the AT can be introduced with a nonlinear, two-
component reaction kinetics for calcium. Then, the interplay of advec-
tion, diffusion and nonlinear reaction creates a persistent polarity. As
the calcium dynamics in cells can be complex, including a nonlinear
reaction is a reasonable assumption [Dupont et al., 2016]. To achieve
a non-constant friction, we introduce a nonlinear dependency of the
friction coefficient on the local velocity with γ → γ(|u̇|).
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6.4.1 Reaction Dynamics for Calcium

Calcium regulates the gel’s active contraction and also interacts with
other parts of the cell [Dupont et al., 2016]. To account for these inter-
actions, we introduce a control or inhibitor species a(x, t). We extend
Eq. (6.55e) with an activator-inhibitor kinetics and thereby nonlinear
interactions between calcium and the inhibitor. Along the lines of
[Alonso et al., 2015], we utilize the generic two-component Brusse-
lator model. For an in-depth reading about the reaction kinetics of
intracellular calcium, refer to [Dupont et al., 2016].

As discussed in Sect. 6.1.6, the Brusselator model in the BRF is given
by

∂tc +∇ · ((v − u̇) c) = Dc∆c + ψ
(

A + c2a − Bc − c
)

∂ta +∇ · ((v − u̇) a) = Da∆a + ψ
(
−c2a + Bc

)
.

(6.62)

A and B are parameters that determine the properties of the oscilla-
tion and ψ = 0.125/s sets the time scale of the reaction dynamics. In
this section, we use the parameters from [Alonso et al., 2015, listed in
Tab. A.4, set 2] as simulations are more stable in this parameter region.
These parameters generate a locally oscillating kinetics. The homoge-
neous state of the Brusselator is given by c0 = A and a0 = B/A.
Experiments indicate that for calcium Dc > Da [Dupont et al., 2016].
In [Alonso et al., 2015], the authors use Da = 0 and we adopt this.

In addition, we adopt the characterization of the AT strength from
Alonso et al. In the following we use the ratio F of the Péclet number
to the critical Péclet number.

F =
ξ A

Dcβ (1 + A)2 . (6.63)

The HSS destabilizes for F > 1 [Alonso et al., 2015].
The nonlinear reaction is able to create stable spatial asymmetries

that break the front-back symmetry on a timescale much longer than
the internal period. Fig. 6.18 shows an example with an asymmetric
motion where calcium waves originate at the bottom (x = 0 µm) and
then travel to the top. The resulting motion is spatially asymmetric
and the MP has a maximum displacement of ≈ 15 µm towards the
bottom and only ≈ 10 µm towards the top.

As the calcium interacts with the mechanical part of our model
through the AT, we utilize the ratio between mean positive (causing
motion to the right, 〈∇T+〉) and negative (left, 〈|∇T−|〉) AT to charac-
terize the strength of this spatial asymmetry. A low value of this ratio
indicates a stable asymmetry. In the example (Fig. 6.18), this ratio is
≈ 0.65.

An overview of the ratio 〈∇T+〉 / 〈|∇T−|〉 for different values of
the AT is shown in Fig. 6.19. The ratio is larger for a weaker AT
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Figure 6.18: Including a nonlinear reaction kinetics for calcium creates
asymmetric motion. The left panel shows the position over time and the
right panel depicts the corresponding space-time plot of the calcium concen-
tration c. The calcium exhibits traveling waves from the bottom to the top.
This causes a spatially asymmetric AT and an asymmetric motion where the
MP moves further towards the bottom than the top. Parameters: A = 0.8,
B = 3.5, F = 12.34 and γ = 10−5 kg/s.

(F ≤ 18.52) and more pronounced for higher values of B. Stable asym-
metries occur more often for high values of B and unstable at lower
ones (not shown).

For some parameter combinations, the nonlinear reaction does not
affect the moving patterns besides creating a polarity. For others, it
completely changes the type of movement.

Figure 6.19: A nonlinear reaction kinetics creates a stable spatial asymme-
try in the active tension (AT) ∇T . This asymmetry is defined as the ratio
between mean positive (causes movement to the right, 〈∇T+〉) and negative
(left, 〈|∇T−|〉) AT. A low value of this ratio indicates a stable asymmetry. To
avoid any transients, we restrict the analysis to the second half of a simula-
tion. Parameters: T = 5000 s, A = 0.8 and γ = 10−5 kg/s.

6.4.2 Nonlinear Stick-Slip Dynamics of the Friction

A cell exerts a traction force ftrac = γu̇ onto the substrate that is trans-
mitted by adhesion bonds. These bonds can be described as springs
that start to break once they reach a critical tension. This results in a
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nonlinear relation between the friction coefficient γ and the cell speed
|u̇|. For low velocities, there is sticking friction between cell and sub-
strate. For high velocities, adhesion bonds break. Once all bonds are
broken, the cell encounters slip friction.

There is experimental evidence that physarum exhibits slip-stick
friction with an underlying substrate [Zhang et al., 2017], and that its
inclusion is crucial to observe motion [Lewis et al., 2015].

Barnhart et al., 2010 proposed a model for this nonlinear relation-
ship between velocity and friction coefficient. Beginning with |u̇| =
v1, adhesion sites start to break. When the cell reaches |u̇| = v2, all
bonds are broken. In between, the friction coefficient decreases lin-
early. This yields

γ → γ(|u̇|) = γ0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
β, for |u̇| ≤ v1

β − (β − α) |u̇|−v1
v2−v1

, for v1 < |u̇| < v2

α, for |u̇| ≥ v2

(6.64)

with α � β and v1 ≤ v2. We fix β = 1 for the rest of this thesis. Then, α

describes the ratio between the sticking friction for low velocities and
the slip friction, when all adhesion bonds are broken. Going forward,
we call v1 the stick-speed and v2 the slip-speed.

In their model, Barnhart et al. also included a memory term that
depends on the acceleration of the cell. As we use a Stokes flow (Eq.
6.25) the flow is instantaneous and the acceleration is not continuous.
Thus, we omit this memory term.

The nonlinear friction complicates the numerical handling of the
mechanical part of the equations. As described in Sect. 6.2.3, the sys-
tem matrix Am is constant when the friction coefficient is constant.
However, this is not the case with nonlinear friction. Therefore, it is
necessary to modify the system matrix Am for every time step and to
regenerate the preconditioner. This is feasible in 1D for a low number
of points, but it still prolongates our simulations.

6.4.3 Nonlinear Substrate Friction and Reaction Kinetics Create Net Mo-
tion

Including a nonlinear reaction kinetics for the calcium dynamics and
nonlinear friction with the substrate creates movement with a net
motion. The left panel of Fig. 6.20 shows the trajectory of a MP that
is moving into the negative direction with a net-speed of vnet =

0.08 µm/s. The cell exhibits quasi-regular oscillations with T = 54.8 s
and moves ≈ 3 µm in each cycle (see inlet) into the negative direction.

The concentration exhibits traveling waves that alternate between
originating at the head (x = 0) and the tail (x = L) and then travel
backward or forward, respectively (Fig. 6.21, left). Usually, these cal-
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Figure 6.20: Microplasmodia (MP) exhibit net motion with a nonlinear reac-
tion kinetics and nonlinear substrate friction. Parameters: A = 0.8, B = 2.5,
F = 30.86, α = 0.01, v1 = 3 µm/s, v2 = 3.5 µm/s

cium waves have a higher amplitude when they originate at the head.
Therefore, the AT becomes spatially asymmetric.

Figure 6.21: Concentration (left) and flow pattern (right) for a moving MP.
The concentration exhibits traveling waves that alternate between originat-
ing at the head (x = 0) and the rear. Usually, waves that originate at the head
have a higher amplitude. Flows into the negative direction are stronger than
flows into the positive direction. Parameters as in Fig. 6.20.

The right panel of Fig. 6.21 shows the gel’s flow profile for a few cy-
cles. At the sides, the flow alternates between forward and backward
flow. The flows at the front and at the back usually possess the same
direction, whereas there is retrograde flow in the middle. Close to the
head, at x ≈ 35 µm, there are peaks of the gel’s velocity in positive as
well as negative direction. Flows towards the negative direction are
stronger than into the positive direction causing the net motion of the
cell. This flow pattern does not fully resemble the experimental flow
pattern (Fig. 6.14). However, in addition to the similarities described
in Sect. 6.3.4, the nonlinear friction and the nonlinear reaction cre-
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ate a spatial asymmetry in the flow. Therefore, flow into the negative
direction has a higher amplitude.

Why does the cell move with a nonlinear substrate friction? Due
to the spatial asymmetry in the AT, flow of the gel into the negative
direction has a higher amplitude than into the positive direction. If
|u̇| ≥ v2, the friction is in the slipping-regime and reduces to 1 to
10% (depending on α) of its value for low velocities. Therefore, high-
velocity flows encounter a lower friction. However, for a low flow
velocity the friction is in the sticking regime again. This yields a net
motion in each cycle.

Fig. 6.22 shows which direction dominates for a given gel speed
|u̇|. Up until |u̇| = 5.5 µm/s, flows into the positive direction out-
weigh the negative ones. However, for a larger speed, flows into the
negative direction dominate. The higher amplitude of negative flows
yield the observed net motion. It should be noted that the values of
v1 and v2 affect the velocity distribution and can shift the switch from
predominantly positive to predominantly negative flow.

Figure 6.22: Flow of the the gel into the negative direction dominates for
high velocities. Positive (negative) counts indicate a dominance of flows
into the positive (negative) direction. It should be noted that the counts are
logarithmic for positive as well as negative counts, while the region close to
0 counts is linear. The data is taken from Fig. 6.20.

Further, we analyze the dependence of the net-speed vnet on the
parameters of the slip-stick friction. The top panel of Fig. 6.23 depicts
its dependence on the stick-speed v1 for different values of the slip to
stick ratio α and v2 = v1.

In general, a lower value of α yields a higher net-speed. A higher
value of α implicates that the difference between slip and sticking
friction is smaller. However, there are outliers: v1 = 1 µm/s, α = 0.5
results in a net-speed that is a magnitude higher than for α = 0.1.

For all friction ratios α, the maximum net-speed is at v1 = 3 µm/s
with a maximum for α = 0 with a net-speed of vnet = 0.04 µm/s. In
general, the cell moves with a high velocity when the stick-speed v1

is close but below the point where the dominant velocity switches
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Figure 6.23: Dependence of the net-speed |vnet| on the stick-slip parame-
ters. Parameter combinations that yield a rapid change of the direction of
the net motion are not included. Parameters as in Fig. 6.20 with v2 = v1
(top) and v1 = 3 µm/s (bottom).

(compare with Fig. 6.22). As soon as v1 gets larger than this velocity,
the net-speed starts to drop. For v1 = 6 µm/s the cell only moves for
α = 0 and for higher v1 no net motion occurs. It should be noted that
in some cases the direction of the net motion changes, which lowers
the measured speed.

The lower panel shows the dependence of vnet on the slip-speed
v2 for v1 = 3 µm/s. This value of the stick-speed v1 has the highest
net-speed vnet in the top panel. For α = 0.01, a value of v2 = 3.5 µm/s
increases the net-speed to vnet ≈ 7 µm/s. Besides this peak, v2 does
not have a huge impact on the net-speed. Up until v2 = 7 µm/s,
it stays close to the net-speed for v2 = v1. For higher values of v2

the net-speed drops to zero. As the dominant velocity switches at
≈ 5.5 µm/s, it is expected that a higher slip-speed yields a lower net-
speed. While we did not systematically evaluate the influence of v2,
it is usually possible to increase vnet by adapting v2.

To summarize, there needs to be a spatial asymmetry in the flow
field to observe net motion where one flow direction dominates at
high velocities and the other one at lower ones. To maximize the
net-speed, adhesion bonds should start to break close to the veloc-
ity where the dominant direction switches. In general, a low stick to
slip ratio α also increases the velocity.

The occurrence of net motion is connected to stable spatial asym-
metries in the AT that are induced by the nonlinear reaction. How-
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ever, we could not identify any correlation between the asymmetries
that occur in the system with linear friction (Fig. 6.19) and the result-
ing net-speed with nonlinear friction. Some parameters create barely
asymmetric calcium dynamics for the linear case, but generate a huge
net motion with the nonlinear friction. At the same time, other para-
meters create a pronounced asymmetry with the linear friction with-
out generating any net motion (i. e. F = 6.17, B = 4 in Fig. 6.19).

6.5 modeling microplasmodia in 2d

After their creation, physarum MP are nearly round [Takagi and Ueda,
2008]. Hence, polar coordinates are a natural choice to model these
droplets in two dimensions, and we solve the resulting equations in
the gel’s BRF using a fixed and disk-shaped domain B with radius R.

6.5.1 Equations in 2D

As given by Eq. (6.26), we describe MP with a poroelastic two phase
model, consisting of an active, viscoelastic gel and a viscous fluid
with the corresponding stress tensors

σg = σela
g + σdis

g + σact

σ f = σdis
f .

(6.65)

Along the lines of the 1D model, we define the total stress tensor
σtot = ρ f σ f + ρgσg.

In 2D, the components of Eq. (6.65) have the form (Sect. 6.1.5)

σdis
g = 2ηg ∇u̇

σela
g = 2G ∇u+Ktr(∇u)1

σact = T1 =

(
T0 − ξ

c
1 + c

)
1

σdis
f = 2η f ∇v

(6.66)

where marks the symmetric, traceless part. It follows from Eq. (6.7)
that u̇ ≡ ∂tu.

In polar coordinates, these stress tensors have the form [Heinbockel,
2001, p. 287]

σela
g =G

(
∂rur −

∂φuφ+ur
r − uφ

r + ∂ruφ +
∂φur

r

− uφ

r + ∂ruφ +
∂φur

r
∂φuφ+ur

r − ∂rur

)

+ K

(
∂rur +

∂φuφ+ur
r 0

0 ∂φuφ+ur
r + ∂rur

)
.

(6.67)

The expressions for σdis
g and σdis

f are analogous.
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To derive the full equations of motion we need to calculate the
derivatives of these stress tensors, i. e. ∇ · σ. For simplicity, this deriva-
tion is carried out in Cartesian coordinates:

σela
g ≡σαβ = 2G

1
2
(uα,β + uβ,α − uγ,γδαβ) + Kuγ,γδαβ

=G

(
2∂xux ∂yux + ∂xuy

∂yux + ∂xuy 2∂yuy

)

+ (K − G)

(
∂xux + ∂yuy 0

0 ∂yuy + ∂xux

)
.

(6.68)

Derivation of this expression yields

∇ · σela
g =G

(
2∂x∂xux + ∂y∂yux + ∂y∂xuy

∂x∂yux + ∂x∂xuy + 2∂y∂yuy

)
+ (K − G)

(
∂x∂xux + ∂x∂yuy

∂y∂xux + ∂y∂yuy

)

= G

(
∂x∂xux + ∂y∂yux

∂x∂xuy + ∂y∂yuy

)
+ K

(
∂x∂xux + ∂x∂yuy

∂y∂xux + ∂y∂yuy

)
= G∆u + K∇(∇ · u).

(6.69)

The expressions for the dissipative parts can be derived analogous

∇ · σdis
g = ηg∆u̇,

∇ · σdis
f = η f ∆v.

(6.70)

Writing down the force balance from Eq. (6.25) gives the full equa-
tions in two dimension

∂tu = U

ρg∇ · σg + fg − γ(|u̇|)ρgU − ρg∇p = 0

ρ f∇ · σ f + f f − ρ f∇p = 0

∇ · (ρgU + ρ f v) = 0.

(6.71)

Along the lines of the derivation in 1D, we add up the second and
third equation. This yields an expression with the total stress tensor
σtot

∂tu = U

∇ · σtot + fg + f f − γ(|U|)ρgU −∇p = 0

ρ f∇ · σ f + f f − ρ f∇p = 0

∇ · (ρgU + ρ f v) = 0

(6.72)
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with fg + f f = 0, inclusion of the stress tensors and the reaction-
diffusion-advection equation for calcium, we obtain our final equa-
tions:

∂tu =U

−ρg∇T =ρ f η f ∆v + ρgηg∆U + ρgG∆u

+ ρgK∇ (∇ · u)− γ(|U|)ρgU −∇p

0 =η f ∆v − ρgβ(v − U)−∇p

0 =∇ · (ρgU + ρ f v)

∂tc =Dc∆c −∇ · ((v − u̇) c) + ψ
(

A + c2a − Bc − c
)

∂ta =Da∆a −∇ · ((v − u̇) a) + ψ
(
−c2a + Bc

)
.

(6.73)

To simplify the BC, we set η f = 0. With this simplification, the fluid
velocity in the φ-direction is uniquely determined, and we do not
need to set a BC for this component. As the viscosity is very small
with η f = 2 × 10−8 kg/(µm s), we assume that this change is justified.

The expressions for the operators from Eq. (6.73) in polar coordi-
nates are listed in Tab. A.5.

6.5.2 Boundary Conditions

At the boundary ∂B with r = R, the flow fields have to fulfill require-
ments in normal n = er and tangential t = eφ direction. According
to Eq. (6.49), the normal component of the total stress tensor σtot has
to be continuous across the interface. Thus, the BC for the normal
direction n is [Leal, 2007, Eq. 2-135]

pout = 0 = p − [σtot · n] · n

0 = p −
[(

σrr σrφ

σφr σφφ

)
·
(

1

0

)]
·
(

1

0

)
= p − σrr.

(6.74)

Inserting σrr yields

σrr − p = T − p + ρgηg

(
∂rUr −

∂φUφ + Ur

R

)
+ ρgG

(
∂rur −

∂φuφ + ur

R

)
+ ρgK

(
∂φuφ + ur

R
+ ∂rur

)
= 0.

(6.75)

Further, the shear components have to be continuous in the tangential
direction. Hence, we arrive at the following tangential BC [Leal, 2007,
Eq. 2-141]

[σtot · n] · t = 0[(
σrr σrφ

σφr σφφ

)
·
(

1

0

)]
·
(

0

1

)
=

(
σrr

σφr

)
·
(

0

1

)
= σrφ = 0

(6.76)
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Inserting σrφ leads to

ρgG
(
−

uφ

R
+ ∂ruφ +

∂φur

R

)
+ ρgηg

(
−

Uφ

R
+ ∂rUφ +

∂φUr

R

)
= 0.

(6.77)

Following Eq. (6.50) the droplet boundary is unique and it follows

(v − U) · n = 0, (6.78)

yielding

vr(r = R) = Ur(r = R). (6.79)

Analogous to the 1D derivation, the velocity of the r-components of
both phases must be equal at the boundary.

6.5.3 Derivation of the Polar Grid

To implement the polar coordinates, we use a periodic Fourier grid
in φ-direction with Nφ modes and the same number of points. In
the non-periodic r-direction, a Chebyshev grid is utilized with Nr

modes and Nr + 1 points. Chebyshev grid are described in detail in
Sect. A.3.3.

As a naive implementation, we create the grid with φ ∈ [0, 2π) and
r ∈ [0, R]. The resulting polar grid can be seen in Fig. 6.24.

Figure 6.24: Positions of grid
points with φ ∈ [0, 2π) and
r ∈ [0, R]. The points clus-
ter at the outer boundary for
r = R and at the origin at
r = 0. The point at r = 0 is
a coordinate singularity.

While it is possible to utilize this grid it has a disadvantage: There
is a coordinate singularity for r = 0 where the angle φ is not defined.
Additionally, operators like ∆ f include terms ∼ 1/r (Tab. A.5). This
requires a special treatment of this singularity. Possible solutions for
this problem include an extra stencil for r = 0 or an additional BC,
even though there is no physical boundary at this point [Ford Versypt
and Braatz, 2014].
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Furthermore, it is possible to modify the grid in a way that excludes
the point at r = 0. Hence, we construct the grid with r ∈ [rmin, R]. This
excludes the singularity from our grid and there is no need to apply
any additional BC at r = 0 [Canuto, 1988, chap. 3.4.1.].

6.5.4 Numerical Instability

Solving Eq. (6.73) in polar coordinates gives rise to a spurious mode
which is shown in Fig. 6.25. The values of the calcium concentration
as well as the flow and displacement fields are alternating between
high and low values in the φ-direction.

Figure 6.25: Numerical in-
stability develops for our
equations in polar coordi-
nates. This figure shows
the calcium concentration
for Dirichlet BC. The concen-
tration alternates between
high and low values in φ-
direction.

This instability develops for Dirichlet as well as free BC. With Dirich-
let BC, it is possible to observe the general dynamics as long as the
system stays symmetric in r-direction. However, with free BC the sys-
tem destabilizes almost immediately. This mode is comparable to the
checkerboard instability which is known to occur for the Stokes equa-
tion in polar coordinates [Canuto et al., 2007, chap. 3.5.1].

As the wavelength of this spurious mode has the same size as the
discretization of the underlying grid, we assume that it is caused by
this discretization. The presence of this mode does not necessarily
disqualify the use of our grid. A common method to remove these
unwanted modes is filtering [Canuto et al., 2007, chap. 3.5.1] and we
utilize a Savitzky-Golay filter to remove these modes 1.

The strength of this instability depends on the distance of the in-
nermost grid point to the origin rmin. While we did not quantify the
development of the spurious mode, it was less pronounced for low
(but not too low) values of rmin. We settled on rmin = 0.5 µm as this
minimized the growth of the spurious mode without affecting the
simulation outcome.

In the case of Dirichlet BC, the system does not destabilize for r-
symmetric solutions. We compared the development of these solu-
tions, with and without the filter. We could not observe any differ-

1 See https://scipy.github.io/old-wiki/pages/Cookbook/SavitzkyGolay for an imple-
mentation, accessed 6.6.2017
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ences, besides the removal of the spurious mode. Hence, we conclude
that the filter does not affect the evolution of our equations.

6.6 results in 2d

We solve our equations in 2D along the lines of our method in 1D.
We split the full equations from Eq. (6.73) into a mechanical and a
reaction-diffusion part. Then, we solve both parts in the BRF, using the
implicit Euler method for timestepping and pseudo-spectral methods
for the spatial derivatives. We utilize the same parameter set as in 1D
(Tab. A.4, set 1).

In this chapter, we will show most quantities in the LF. Details about
the representation in BRF and LF can be found in Sect. A.3.1. We utilize
different colormaps to clarify in which frame of reference a quantity
is defined. In 2D, we utilize the center of mass position as the cell’s
position.

6.6.1 Results with Reduced Equations

We start our investigation by examining the reduced equations with
linear friction and without a reaction kinetics for calcium. With these
equations, we observe resting MP exhibiting spatially symmetric cal-
cium oscillations and MP conducting regular and irregular motion.
As described in Sect. 6.3.5, the reduced equations do not have any
long-term spatial asymmetries. While there are short-term asymme-
tries on the timescale of the internal period, these asymmetries vanish
over the course of the simulation.

Along the lines of our approach in one dimension, we vary the
strength Pe of the AT. For low values of Pe, the HSS does not destabi-
lize.

Beginning with Pe = 6, the HSS becomes unstable and MP start to
move. Fig. 6.26 shows an example trajectory and snapshots of the
calcium concentration C in the LF. The amplitude of the calcium os-
cillation grows slowly. At first, the concentration is high on one side
and low at the other one (panel a and b). This behavior is compa-
rable to the spatially asymmetric calcium oscillations in 1D (second
half in Fig. 6.6). The cell exhibits an oscillatory movement while this
oscillation takes place, and the amplitude of this movement and of
the calcium oscillation grow simultaneously (panel a-b). Once the AT

reaches a certain level, the cell starts to deform (panel c). It adopts a
bean-like shape with a high concentration at its front and a low one at
its back (panel d). This distribution inside the cell stays roughly static,
and the motion becomes circular (panel d-e). This circular movement
has a maximum displacement of 20 µm from the origin and no net
motion occurs.
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Figure 6.26: A cell migrates on a circular trajectory in 2D. Panel a-e) show
snapshots of the calcium concentration C in the LF. The oscillations of the
calcium concentration grow slowly in amplitude. The arrows in panels a)-e)
indicate direction and velocity of the advective flow. The arrow length in
panel f) is proportional to the cell velocity. The position is defined as the
distance to the origin. Parameters: Pe = 6.25, R = 62.5 µm Nr = 21 and
Nφ = 20.

In the BRF, the calcium concentration c has a a high value on one
side and a low one at the other side (Fig. 6.27). This distribution is
rotating with a constant velocity along the boundary. Time-averaging
the concentration yields a distribution that is symmetric in φ-direction
as well as in r-direction (with respect to the origin). Hence, there are
no long-term spatial asymmetries in the system.

With a rising AT, the motion of the MP becomes more erratic. Fig. 6.28

shows trajectory and snapshots of the calcium concentration in the LF

for an irregular movement with Pe = 10. While performing this irreg-
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Figure 6.27: Calcium concentration c
rotates in the body reference frame
(BRF). The data is identical to panel
e) in Fig. 6.26. We utilize a different
colormap to emphasize that the con-
centration is shown in the BRF. Black
arrows specify the advection velocity
and the magenta arrow indicates the
rotation of the calcium distribution.
All parameters as in Fig. 6.26.

ular motion, the droplet constantly deforms. In panel a), the concen-
tration is high at the front and decreases monotonically towards the
back. The MP turns, but keeps its bean-like shape and the monotonic
calcium distribution (panel b). Then, a peak of the concentration wan-
ders through the cell (panel c), before reaching another part of the
boundary (panel d). The MP adopts a bean-like shape again, but it
has turned by approximately 180°.

The calcium concentration has a peak-distribution in the BRF (not
shown). This peak periodically detaches from the boundary and wan-
ders through the cell, before it reaches another part of the boundary.
A comparable calcium dynamics was found for Dirichlet BC [Rad-
szuweit, 2013]. Therefore, this behavior appears to be insensitive to
the utilized BC. Again, there are no long-term spatial asymmetries in
the dynamics of the system.

To summarize, there are cases with a net motion. When all tran-
sients have vanished, cells migrate on circular (but possibly irregu-
lar) trajectories around the origin, and there are no long-term spatial
asymmetries in the system.

6.6.2 Results with Reaction and Linear Friction

In the following, we include a nonlinear reaction kinetics for the cal-
cium dynamics, but keep the linear substrate friction. Along the lines
of our 1D model, inclusion of a nonlinear reaction creates long-term
spatial asymmetries that result in asymmetric trajectories. However,
it does not create net motion.

An example trajectory is shown in Fig. 6.29. There, the MP moves
on a straight line, but slows down over time till it ceases to move. The
calcium concentration C reaches a quasi-stationary state, with a high
value at the front and a low one at the back. The control species A
is nearly constant, but has a slightly higher value at the back than
at the front. With a quasi-stationary calcium distribution, the AT is
also quasi-stationary. When the cell moves and deforms, the elastic
tension in the MP builds up, acts in opposition to the AT, and slows
the cell down. At some point active and elastic tension are equally
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Figure 6.28: Irregular trajectory of a cell in 2D. The cell deforms while
performing this irregular motion. Panel a-e), position and arrows are de-
fined as in Fig. 6.26. Panel f) shows the complete trajectory (dashed, green)
and an accentuated part (red). Arrows indicate direction and their length
is proportional to the cell velocity. The snapshots are along the accentuated
line. Parameters: set 1 (Tab. A.4) with Pe = 10, R = 62.5 µm, Nr = 21 and
Nφ = 20.

strong and balance each other. Then, the MP has reached a steady
state and ceases to move at a distance of ≈ 43 µm to the origin.

We discussed the case of a static AT in Sect. 6.3.5, and this example
demonstrates that even a static AT is not sufficient to create a move-
ment with persistent net motion.

6.6.3 Results with Reaction and Nonlinear Friction

As discussed in Sect. 6.4.2, the nonlinear friction complicates the nu-
merical handling of our equations. While it was feasible to regenerate
the preconditioner in every time step in 1D, this is not possible in 2D.
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Figure 6.29: Including a nonlinear reaction kinetics for calcium creates
spatially asymmetric motion in 2D. The MP moves on a straight line, but
slows down over time. At some point it reaches a steady state where elastic
and active tension balance each other, and it ceases to move. The MP stops
at a distance of ≈ 43 µm to the origin. The panels are defined as in Fig. 6.26.
Parameters: set 1 (Tab. A.4) with F = 1.625, G = 0.01 kg/(µm s2), K = 0,
B = 1.5, R = 62.5 µm, Nr = 25 and Nφ = 24.

The computational cost of generating a preconditioner depends on
the number of entries d in the system matrix Am. For 1D, this matrix
has d ≈ 4002 entries. In 2D, Am usually has more than d ≥ 30002

entries.
There are two possible routes to treat this problem. The first ap-

proach is to split the nonlinear friction into two parts

ffric = − ρgγ0αu̇  
implicit

− ρg(γ(u̇)− αγ0)u̇  
explicit

. (6.80)

The first part is constant and can be handled implicitly as part of
Am. The second part is variable and computed explicitly. As a con-
sequence, α cannot be close to 0. Otherwise, the complete friction
would be handled explicitly and Am would be under-determined. In
addition, this explicit handling makes the system less stable.

The other possibility is to create a preconditioner P for the system
matrix with a constant friction γ = ρgγ0α. In each time-step, Am is
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updated with the variable friction, and we use P as a preconditioner,
even though it was not created for the full matrix. A non-optimal
preconditioner will prolongate the simulation and make the system
less stable.

We did not systematically compare both options, but the first op-
tion is slightly faster, while the second one appears to be the more
stable. The increased stability outweighs the faster simulations, and
therefore we choose the second option.

However, we were not able to observe any simulations with a net
motion. Due to the expensive numerics, it was not possible to do
large-scale parameter scans. Including the nonlinear friction yields
more complex trajectories with regular transitions between resting
and moving states (not shown). However, the cells always stay in the
proximity of their origin.

6.7 discussion

We extended the modeling approach from [Radszuweit et al., 2013,
2014] to describe the flow-driven amoeboid motility exhibited by phy-
sarum microplasmodia (MP). In Sect. 6.3, we extended the model with
free BC and a linear friction between the gel and the substrate. With
these extensions, we were able to observe moving cells, but without
any net motion. By including a nonlinear reaction kinetics for the cal-
cium dynamics and a nonlinear, velocity dependent slip-stick friction,
we could observe an oscillatory movement with a net motion in each
cycle.

First, we conducted a linear stability analysis in Sect. 6.2.2 to iden-
tify parameters where the HSS destabilizes. We found three qualita-
tively different parameter regimes. For low Pe numbers, the HSS is
stable and small perturbations die out. Increasing Pe yields a region
where the HSS destabilizes with complex eigenmodes. For high values
of the Pe, the unstable modes form real and complex bands.

Thereafter, we conducted numerical simulations in 1D for varying
strengths of the AT (Sect. 6.3.1). We found several modes of move-
ments, including resting cells exhibiting spatially symmetric calcium
oscillations and cells performing regular and irregular oscillations in
space, although there was no movement with a net motion.

Afterwards, we examined the influence of the substrate friction
strength γ (Sect. 6.3.2) and the droplet length L (Sect. 6.3.3) on the
movement of MP. With a low friction, the cell cannot transfer momen-
tum to the environment, exhibits symmetric calcium oscillations and
stays immobile. Increasing γ yields movements of the cell. If γ is too
high, the HSS does not destabilize. As expected by our linear stability
analysis (Sect. 6.2.2), the system needs a minimum length L to be able
to form patterns. Once a certain length is reached, a further increase
has no influence on the type of pattern.
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Further, we compared our simulations with experimental observa-
tions [Zhang et al., 2017]. We identified parameters that create regular
oscillations with the same period as the experiment. For one of these
parameter combinations, some aspects of the flow pattern was qual-
itatively similar to the peristaltic mode of movement. At the same
time, the calcium dynamics for these parameters resemble the am-
phistaltic mode. However, using an advection-diffusion approach for
the dynamics of calcium is an over-simplification, and we cannot ex-
pect to reproduce the experimental calcium dynamics [Dupont et al.,
2016].

Afterwards, we examined why there is no net motion. We showed
in Eq. (6.59)-Eq. (6.61) that it is not possible to have any net motion
in our model if the friction coefficient γ is constant. After each defor-
mation evoked by the AT, the material will passively relax back to its
original shape and position. This behavior is independent of spatial
asymmetries in the AT and the utilized viscoelastic model.

Based on our analysis in Sect. 6.3.5 and the approach from [Lewis
et al., 2015], we added a nonlinear substrate friction and a nonlin-
ear reaction kinetics between the activator calcium and an inhibitor
species. The idea behind this extension is the following: the nonlin-
ear reaction causes a symmetry break that will favor one side of the
cell on a timescale much longer than the internal period. This yields a
spatially asymmetric motion (Fig. 6.18). As discussed above, an asym-
metry alone is not sufficient to create net motion in our model. The
second essential component is a slip-stick friction that nonlinearly de-
pends on the local gel speed |u̇|. There is experimental evidence for
slip-stick friction in physarum MP [Zhang et al., 2017]. Upon reach-
ing a certain velocity, adhesion bonds between MP and substrate start
to break. Then, the friction transitions from sticking-friction to slip-
friction. With a spatially asymmetric AT, the flow velocities are also
asymmetric. This results in different effective friction coefficients for
forward and backward flows and yields a net motion into the fa-
vored direction (Fig. 6.20). However, we could not identify any cor-
relation between spatial asymmetries in the calcium dynamics that
are induced by the nonlinear reaction with linear substrate friction
(Fig. 6.19) and the resulting net-speed with nonlinear friction.

While we did not systematically evaluate the influence of the slip-
speed v2 and the stick to slip ratio α, their impact does not seem to be
essential. While they influence the net-speed, they do not affect the
type of movement. Therefore, we propose to fix α = 0.01 and v2 = v1

to reduce the size of our parameter space.
With these results, we can identify components that are essential for

different stages of the MP movement. It is known from [Radszuweit
et al., 2013] that a feedback loop between a chemical regulator, active
mechanical deformations, and induced flow is sufficient for the for-
mation of spatio-temporal contraction patterns. The first part of this
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chapter enhanced this approach with free BC and linear friction with
a substrate, yielding oscillatory motion. Breaking the symmetry by
including a nonlinear reaction kinetics for calcium and introducing
a nonlinear substrate friction results in a net motion. Fig. 6.30 gives
an overview of the connection between these components and the
resulting movement.

Figure 6.30: Components of our model that enable a certain type of move-
ment.

Moreover, we extended our model to 2D and used polar coordi-
nates to describe the round MP (Sect. 6.5). A reduced model with a
constant friction coefficient and without any reaction kinetics yielded
regular and irregular circular motion (Fig. 6.26). Adding a nonlinear
reaction introduces stable spatial asymmetries (Fig. 6.29). However,
we could not observe any net motion in 2D. The elastic equations are
more complex in 2D (compare Eq. 6.66 with Eq. 6.51), and this might
shift the parameters where net motion occurs. A similar parameter
drift for the transition from 1D to 2D was observed in [Radszuweit,
2013].

Another difference between experiment and simulation is the con-
nection between the calcium regulator and the AT. In our model, the
calcium waves start at the head and then travel backwards (Fig. 6.18).
In the experiment, the waves originate at the tail and then travel for-
ward into the direction of motion [Zhang et al., 2017]. The authors
in [Radszuweit et al., 2014] introduced a phase-shift between calcium
concentration and AT to obtain the correct phase relation. This ap-
proach might also work in our free boundary model.

In contrast to the crawling type of amoeboid motility, it was not
necessary to include an explicit polarity mechanism to create net mo-
tion. The polarity emerges through self-organization by including a
generic activator-inhibitor kinetics for the calcium. This is in contrast
to the crawling cell motility, where the front was permanently marked
by either a chemical concentration (Chapter 4) or the mean orienta-
tion of the internal actin cytoskeleton (Chapter 5).

What can we learn from these results? We demonstrated that it is
possible to reproduce the motion of physarum MP with a minimal
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physical model. We utilized simplified descriptions of the cellular
processes and restricted ourselves to a generic characterization of the
complex biochemistry. As an example, we described the behavior of
calcium with advection, diffusion and a generic two-component os-
cillator. With this, we neglected the details of the complex machinery
that a cell possesses to regulate its intracellular calcium concentra-
tion, e. g. internal compartments. However, we argue that our results
suggest that a qualitative understanding of how motion emerges in
MP is possible without these details, and therefore neglecting them is
justified in a minimal model.

6.7.1 Outlook

We included a number of approximations in our model, such as the
restriction to linear elasticity and the use of the KV model of viscoelas-
ticity.

The first approximation limits us to parameters with small defor-
mations. For high Pe numbers, this assumption can become invalid,
and the unphysical situation of det(F) ≤ 0 might occur. This can
be avoided by utilizing a finite strain theory. However, the resulting
equations will be complicated and numerically challenging.

The KV model could be replaced with another model of viscoelas-
ticity. In [Alonso et al., 2017], the authors investigated pattern forma-
tion in various models of linear and nonlinear viscoelasticity. While
there was no wave dynamics for the Maxwell model, the (linear) Jef-
frey model supported the emergence of traveling calcium waves. This
model describes the gel as a viscoelastic fluid and includes plastic de-
formations. In addition, the authors showed that a nonlinear elasticity
model is better suited for parameters that yield a strong deformation.
This could result in a more realistic description of the viscoelastic
properties of MP.

In [Alonso et al., 2015], the authors found that the internal period of
our equations is mainly determined by the period of the local reaction
kinetics if the AT is not too strong. Therefore, it should be straight-
forward to find a parameter region for the nonlinear reaction that
possesses the correct period of T ≈ 100 s.

In addition, we would like to achieve a better understanding of the
flow patterns in a moving MP. While we could reproduce that flows
into the direction of the net motion possess a higher amplitude, we
did not systematically evaluate how the internal calcium oscillator
and nonlinear friction influence these patterns.

Another extension of our modeling approach is to include variable
fractions of the gel and fluid phases, respectively. Once a MP reaches
a certain size, it starts to develop a flow channel and exhibits shuttle
streaming [Rieu et al., 2015; Rodiek et al., 2015]. With such a channel,
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the assumption that the fractions of gel and fluid are constant and
homogeneous becomes invalid.

We could not observe any net motion of MP in 2D. However, there
are a few possible routes that might create this net motion. For ex-
ample, the authors in [Zhang et al., 2017] reported that only the back
of the cell exhibits nonlinear slip-stick friction, while there is a linear
relationship in the rest of the cell. However, it is not clear if the slip-
stick friction at the rear is an requirement for net motion or if it is a
result of the unequally distributed forces while moving.

In this thesis, we concentrated on MP. Physarum possesses a com-
plex life cycle, and there are other interesting forms whose move-
ments one might try to describe. An example is starvation induced
satellites which migrate with a quasi-constant speed on a straight tra-
jectory [Oettmeier and Döbereiner, 2016].



7
S U M M A RY A N D D I S C U S S I O N

The aim of this thesis is to explore cell motility from a physicist’s
point of view. The ultimate goal is to answer whether cell locomotion
is solely a physical process that is controlled by the complex biochem-
istry but can also function without it [Tjhung et al., 2015]. Of course,
answering this question is too ambitious for a single researcher. How-
ever, this thesis tries to contribute an important piece to the answer.

By using minimal physical models, we explored amoeboid cell
motility in three different settings. Minimal models imply that we
use simplified descriptions of biochemical and biophysical processes
[Tjhung et al., 2015]. With such an approach, the key elements of
a process can be isolated. For each of our cases, we focused on a
macroscopic view of cell locomotion and started with a momentum
balance between a cell and its environment. Then we added simpli-
fied descriptions of cell-cell interactions and biological mechanisms,
i. e. internal polarity or details about the substrate friction.

In Chapter 4, we presented a model that reproduces the four dis-
tinct outcomes of head-on collisions between cells that exhibit contact
inhibition of locomotion (CIL). These outcomes are cells reversing
their directions, sticking to one another, migrating as a chain or walk-
ing past each other. By tuning four parameters, we could maximize
the outcome of each case. Additionally, we identified a set of parame-
ters that replicates the rate of each case in collisions between neural
crest (NC) cells as observed by [Scarpa et al., 2013]. We also found
qualitative agreements between our simulations and the experiment,
such as a peak in the velocity for the reversal case (Fig. 4.5) and the
occurrence of “cell trains” (Fig. 4.11) for NRK-52E cells [Desai et al.,
2013]. While we could reproduce the collision outcomes of NC cells,
the results were sensitive to small variations in the mechanical para-
meters. Even a change of 1% could switch the outcome from majority
reversal to majority sticking. In the framework of our model, we can
deduce that a) cells are either very fine-tuned towards this parameter
set or b) cell-cell variability plays an important role in these collisions.
As typical scales of variation, e.g. protein expression levels, are 10%
and higher, we argue that the latter is more likely.

In Chapter 5, we investigated cells migrating on heterogeneous sub-
strates which in particular revealed the strong interplay between a
cell’s shape and its polarity. When a change in the substrate rigid-
ity (SR) affected a cell’s protrusion, the cell adapted its shape, caus-
ing the internal polarity to turn. This behavior enables a cell to re-
act quickly to external stimuli and to rotate its protrusion machinery

121
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without physically turning around. By identifying substrate configu-
rations, where cells with varying parameters behave differently, we
demonstrated that heterogeneous substrates can be used to sort and
screen cells. Adding membrane stiffness and individual polarization
and adhesion fields for each cell to the earlier approach from [Löber
et al., 2015] enabled us to observe novel collective behavior. Examples
include the formation of stable clusters and a cell-pair whose motion
is governed by a leader cell. In addition, we identified cases where
the original implementation from [Löber et al., 2015] and our model
predict different behavior. In this thesis, a stronger cell-cell adhesion
enables collective motion while it prevents it in [Löber et al., 2015].

In Chapter 6, we examined microplasmodia (MP) of physarum poly-
cephalum that exhibit flow-driven amoeboid motility. We extended
the approach from [Radszuweit et al., 2013, 2014] with free boundary
conditions (BC) and friction with the substrate. In a first step, we uti-
lized a linear substrate friction and found resting cells and cells ex-
hibiting regular and irregular oscillatory movement. We identified
parameters that could reproduce the experimental oscillation period
and some aspects of the flow pattern, such as flows originating at the
back and alternating between forward and backward motion. How-
ever, no net motion occurred. Later, we adapted our model and in-
cluded a nonlinear activator-inhibitor kinetics for the calcium dynam-
ics. The latter breaks the front-back symmetry. Together with a sub-
strate friction which depends nonlinearly on the gel speed, cells ex-
hibited oscillatory movement with a net motion in each cycle of for-
ward and backward motion. Our modeling approach demonstrated
how the interplay of advection, diffusion, and nonlinear reaction ki-
netics can create persistent polarity without including an explicit po-
larity mechanism. This is in contrast to the models utilized in the
other chapters of this thesis. There, the cell front was marked by
either a chemical concentration (Chapter 4) or a polarization field
(Chapter 5). Further, we identified the building blocks of flow driven
cell locomotion. A feedback loop between a chemical regulator, active
mechanical deformations, and induced flows yields spatio-temporal
contraction patterns in non-moving MP. Adding free BC and linear
friction with the substrate results in oscillatory movements. Breaking
the symmetry with a nonlinear reaction and introducing a nonlinear
substrate friction gives rise to directed net motion.

How can we understand and interpret the results acquired in this
thesis? Our central hypothesis is that cell motility is mediated by ba-
sic physical principles [Popkin, 2016; Tjhung et al., 2015]. Although
cell locomotion is still controlled by complex biochemistry, in general
it can work without it. We demonstrated in all studied cases that it
is possible to reproduce experimental behavior with minimal phys-
ical models. In these models, the biochemical details have been de-
scribed using simplified descriptions. We reproduced experimental
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results ranging from qualitative observations, such as the feedback
loop between a chemical regulator, active mechanical contractions
and induced flows that creates net motion in Chapter 6, to quanti-
tative aspects, like the velocity peak in the reversal case of head-on
collisions between cells in Chapter 4. These examples illustrate that
minimal physical models can give new insights into cell motility. The
last chapter in particular showed that some aspects of cell locomotion
can arise through self-organization and might be thought of as “phys-
ical machinery”. While this machinery is still controlled by the cell’s
complex biochemical feedback networks, the details of the biochem-
istry appear not to be essential for the operation of this “machine”
itself [Tjhung et al., 2015].

A disadvantage of our minimal approach is that we may have uti-
lized oversimplified descriptions and lost important biological details
[Tjhung et al., 2015]. One can hypothesize that a certain detail is not
essential if experimental observations can be reproduced without it.
However, this approach does not prove that the omitted details were
inessential. One possibility to prove its importance is to insert it back
into the model. Then one can compare the output of the “pure” mini-
mal model with the output of the enhanced model. We utilize several
assumptions in this thesis, and it might be worthwhile to examine
their effects in future studies. Examples for these assumptions in-
clude the constant fractions of gel and fluid phases in Chapter 6 and
the lack of cell-cell variability in Chapter 4.

It would be gratifying if this thesis inspires other scientists to on-
going research. For instance, to further investigate cells exhibiting
CIL, experimentalists might create statistics for repeated head-on col-
lisions between the same two cells. This experiment could validate
our conclusion that cell-cell variability affects the collision outcome.
In addition, we hope that our results on the central role of the nonlin-
ear substrate friction encourages further experimental studies in this
area.
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A P P E N D I X

a.1 modeling cell-cell collisions on micropatterns

a.1.1 Automatic Detection of the Collision Outcome

To automatically detect the outcome in our simulations we are defin-
ing the different events by the rules given in Tab. A.1. It should be

Table A.1: Definitions of the different cases

not included a cell turns around due to internal noise (distance
between the cells is greater than 3× rcell when a cell
turns)

rotation cells turn around and pass each other more than
two times

sticking y-velocity of both cells is below 0.005 µm/s
or the distance between the cells is smaller than
20 µm for the second half of the simulation and both
cells turn around
or the distance between the cells is smaller than
35 µm and the y-velocity of both cells is below
0.02 µm/s

walk-past no cell turns around or both cells turn around and
pass each other two times over the course of the sim-
ulation (“double walk-past”)
and the distance between the cells is greater than
3 × rcell when the simulation ends.

reversal both cells turn around and the distance between the
cells is greater than 3 × rcell when the simulation
ends and the cells have never passed each other.

chain only one cell turns around and the distance between
the cells is less than 3 × rcell when the simulation
ends and the cells have never passed each other.

A turn around is detected if the y-velocity of a cell changes its sign. For the
latter three cases we only compare the sign of the start and the end velocity
to detect a turn around. To compute the rates for each case we divide the
count for a specific outcome by the total number of simulation, excluding

the first entry of the table (“not included”).

noted that the different possible results are checked in the order they
are listed in Tab. A.1. As soon as the conditions of one case apply the
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others are not checked anymore. Additionally, the simulations were
aborted when the cells had a distance of 50 µm between them (for
reversal and walk-past cases) or they migrated 100 µm in the same
direction (chain). For the sticking case the simulation times are dis-
cussed in the relevant section.

a.1.2 Default Parameters

Table A.2: Table of default simulation parameters

Parameter Description Value

α Protrusion coefficient 0.4 pN/µm3

β Retraction coefficient 0.2 pN/µm

γ Cell tension coefficient 1.8 pN

κ Cell bending coefficient 5 pN µm2

g Cell-cell body repulsion coef-
ficient

1 pN/µm

Rcell Initial radius of cell 9 µm

τ Friction coefficient 2.62 pN s/µm2

ε Phase field width 2 µm

ka Unitless base activation rate 0.01

kb Overall activation rate 10/s

kc Deactivation rate 10/s

Ka Positive feedback threshold
for actin promoter (Rho GT-
Pase) concentration

1/µm2

Dρ Actin promoter (Rho GTPase)
diffusion coefficient

0.8 µm2/s

Ntot Total amount of actin pro-
moter (unitless)

800

DI Inhibitor diffusion coefficient 0.5 µm2/s

k−I Degradation rate of I 0.2/s

ρchar characteristic scale of ρ 1/µm2

η Noise intensity 0.02 µm/s

d Stripe width 26 µm

∆t Numerical time step 0.004 s

These parameters are used throughout the paper; any deviation
from them is explicitly noted.
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a.1.3 Parameter Variation

Figure A.1: Full parameter variation with kFR = 0.04/s, kCR = 0.01/s,
Ocrit = 0.15/µm2, σ = 3.85σ0, α = 0.4α0, β = 0.2 pN/µm, γ = 1.8 pN
and kb = 10/s. Entries in red are the parameters which reproduce the ex-
perimental outcome.
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a.1.4 Dependence of the Sticking Percentage on Simulation Length

In Fig. A.2 we show the dependence of the sticking percentage on
the simulation length for two different cases. We demonstrate that
changes of the simulation length can a) change the collision behav-
ior quantitatively near the reversal-sticking transition, but b) do in
general not qualitatively change the outcome.

Figure A.2: Left: 50% contour line of the sticking/reversal transition for two
different observation times (compare with Figure 4), right: dependence of
the sticking percentage on kCR for different simulation length. Parameters
used in the simulation: kFR = 0/s, Ocrit = 0/µm2 (both), kCR = 0.1/s (left),
α = 0.4α0 and σ = 3.86σ0 (right).

In the left panel we show the 50% contour line of the sticking/rever-
sal transition for two different simulation lengths. Here, half of the of
the collisions result in a pair of sticking cells and the other half ends
in a reversal. With shorter simulation times the 50% contour line is
shifted to a slightly lower adhesion strength. The critical qualitative
characteristics also stay the same: Increasing the propulsion strength
α moves the sticking/reversal transition to larger adhesion strengths.

In the right panel of Fig. A.2 we show how changes in kCR af-
fect the sticking percentage, and how this is affected by simulation
length. This effect only occurs near the sticking-reversal transition. In
agreement with our analysis of parameter variations (see Tab. 4.1 and
Fig. A.1), increasing kCR can decrease the percentage of pairs that
stick. Though the effect of longer simulation times is stronger here,
the qualitative behavior remains the same for both simulation times.
In longer simulations more cells detach and the sticking percentage
decreases and for both simulation lengths, the sticking percentage
increases for lower values of kCR.

a.1.5 Velocity-Velocity Correlation Time for Varying Noise Strength

We systematically varied the noise strength η and calculated the cor-
responding velocity-velocity correlation time t1/2, which describes



A.1 modeling cell-cell collisions on micropatterns 128

when the normalized velocity-velocity correlation function reaches
1/2 and is computed as

Cvv =
〈vcm(t + t1/2) · vcm(t)〉

〈|vcm|2〉
=

1
2

(A.1)

with vcm = ∂tRcm, where Rcm is the center of mass position.
This gives an qualitatively measurement of the effect η has on the

persistence of motion. In Fig. A.3 the persistence time t1/2 is shown
for different values of η. The persistence time monotonically increases
if η is decreased.

Figure A.3: Dependence of the velocity-velocity correlation time t1/2 on
the stochastic noise strength η. For low values of η cells have a high persis-
tence time t12. This persistence time decreases monotonically for increased
values of η.

a.1.6 Derivation of Higher Order Stencil for Adhesion Term

In this section we derive a higher order finite-differences stencil to
compute the adhesion term for multiple cells

δHadh

δφ
=− δ

δφ ∑
i 6=j

∫
d2r

σε3

4
|∇φ(i)|2 ∗ |∇φ(j)|2

=− σε3∇( f ∗ ∇φ).

(A.2)

Here, f = ∑i 6=j |∇φ(j)|2, which is calculated using spectral methods.
Eq. (A.2) is solved with the finite-difference

∂x → h−1δ, (A.3)

where h is the lattice spacing and

δui ≡ ui+1/2 − ui−1/2, (A.4)
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is the centered finite-difference. For stability reasons Eq. (A.2) is solved
with a high order finite-differences scheme. One way to do this is to
use the series expansion (F.B. Hildebrand’s Numerical Analysis, Eq.
5.3.12):

∂x =
2
h

sinh−1 δ

2
=

1
h

[
δ − 1

24
δ3 + · · ·

]
. (A.5)

If we apply this to ∂x( f ∂xφ), we find

∂x( f ∂xφ) → 1
h2

[
δ( f δφ)− 1

24
δ3 f δφ − 1

24
δ f δ3φ + · · ·

]
(A.6)

when we omit all terms O(δ5) or higher. The terms in Eq. (A.6) in one
dimension at time t and grid point i evaluate to:

δ [ fi(δφi)] = (δ [ fi(φi+1/2 − φi−1/2)])

= [ fi+1/2(φi+1 − φi)− fi−1/2(φi − φi−1)] .
(A.7)

The points which are of the grid are computed with linear interpola-
tion, yielding

δ [ fi(δφi)] =
fi+1 + fi

2
(φi+1 − φi)−

fi−1 + fi

2
(φi − φi−1), (A.8)

δ3 fiδφi = δ2( fi+1/2 − fi−1/2)δφ

= δ( fi+1 − 2 fi + fi−1)δφ

= ( fi+3/2 − 3 fi+1/2 + 3 fi−1/2 − fi−3/2)(φi+1/2 − φi−1/2)

=
1
4
( fi+2 − 2 fi+1 + 2 fi−1 − fi−2)(φi+1 − φi−1)

(A.9)

and

δ3φiδ fi =
1
4
(φi+2 − 2φi+1 + 2φi−1 − φi−2)( fi+1 − fi−1). (A.10)

Equation (A.6) can be easily extended to two dimensions. We call the
derived stencil G1.
However, we can repeat the previous derivation on a different grid,
along the two axes~a1 = (1, 1) and~a2 = (−1, 1). In this case, the lattice
spacing is h

√
2. On this skewed grid,

∂1 → 1
h
√

2
δ1 (A.11)

where

δ1ui,j = ui+1/2,j+1/2 − ui−1/2,j−1/2. (A.12)

This resulting stencil is called G2.
Then we can average the two derived representations for the deriva-
tive, to create a more isotropic stencil G. The weights taken from
Krishnamurti, 2006 are

G = (2/3)× G1 + (1/3)× G2. (A.13)
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a.2 modeling cell movement on heterogeneous substrates

a.2.1 Parameters

Table A.3: Parameters for cells on heterogeneous substrates.

Parameter Description Value

Dφ Width of the of phase field interface 1

α Propulsion strength 3 − 4

β creation of p at interface α/2.

γ symmetry break 0.5

σ Contraction at the back 1.3

ξ bending 0 − 0.25

λ repulsion 0.5

κ adhesion 0 − 2.5

Dp Diffusion of p 1.

τ−1
1 Degradation of actin in the cell 0.1

τ−1
2 Degradation of actin out of the cell 0.4

DA Diffusion of A 1.

a0 linear attachment 0.01

anl non-linear attachment 1.5

s saturation of adhesion 1.

d detachment of adhesion 1.

b steepness of detachment transition 5.

Uc critical displacement 0.2

r0 radius 12 µm

µ volume conservation 0.1

Gsub substrate stiffness 0 − 1

ν substrate viscosity 10/3

h effective substrate thickness 0.1

These parameters are used throughout this work. Taken from
Ziebert et al., 2012 and Löber et al., 2014.

a.2.2 Numerical Details

We solve the equations of motion on a large rectangular domain with
periodic boundary conditions (BC). The algorithm is similar to the
one described in Sect. 4.4. We use semi-implicit spectral method to
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compute the second derivative for the line tension/diffusion terms of
the phase, polarization and adhesion fields and the fourth derivative
for the bending term of the phase field. All other terms are handled
explicitly.

a.3 poroelastic two-phase model for droplets of phy-
sarum polycephalum

a.3.1 Concentration in Body and Lab Frame

We solve the equations from Eq. (6.55) in the body reference frame
(BRF) of the microplasmodia (MP) and the resulting quantities are de-
fined in this frame. However, we as an observer are located in the lab
frame (LF). Fig. A.4 shows how a movement with a single oscillation
frequency (compare with Fig. 6.6) looks in the LF and the BRF.

Figure A.4: Concentration in BRF (bottom) and LF (top). The cell is moving
into the direction where the concentration has a local maximum. Parameters
as given in Fig. 6.6.

The transformation of quantities from the BRF to the LF is given by
the deformation field u. The position of a quantity in the BRF c(x0)

is shifted by the value of u(x0). The position X0 in the LF is then
X0 = x0 + u(x0).

The concentration exhibits symmetric oscillations in the BRF and
changes between high values at the left side and high values at the
right side. In the LF, this yields movements of the cell. As long as the
concentrations has a local maximum at one of the side it is moving
into this direction.



A.3 poroelastic two-phase model for droplets of physarum polycephalum 132

While the representation of the concentration in the LF is helpful to
understand the movement of the physarum, it quickly gets confusing
and cluttered if more than a few periods are included in a figure.
Hence, we utilize the representation in the BRF throughout this thesis.

a.3.2 Parameters

Table A.4: Physarum parameters in 1D

Par Description Set 1 Set 2 SI

Dc Calcium diffusion 200 200 µm2/s

L Length of the droplet 125 125 µm

ρg Gel fraction 0.5 0.25 -

ρ f Fluid fraction 0.5 0.25 -

ηbulk
∗ Bulk viscosity 0 0 kg

µm s

ηshear
g Shear viscosity gel 10−2 1.3 × 10−4 kg

µm s

ηshear
f Shear viscosity fluid 2 × 10−8 2 × 10−9 kg

µm s

β Friction between both
phases

10−4 2 × 10−7 kg
µm3 s

E Young modulus (1D) 0.01 0.001 kg
µm s2

G Shear elasticity (2D) 0.005 - kg
µm s2

K Bulk elasticity (2D) 0.005 - kg
µm s2

ξ Active tension 0.12-0.25 0.003-0.01 kg
µm s2

γ Substrate friction 10−6-10−5 10−6-10−5 kg/s

ψ Timescale of the reac-
tion

- 0.125 1/s

A Parameter Brusselator - 0.8 -

B Parameter Brusselator - 1.5-4 -

Da Control species diffu-
sion

- 0 µm2/s

α ratio stick to slip fric-
tion

- 0-1 -

v1 velocity adhesion
bonds start breaking

- 1-10 µm/s

v2 velocity all adhesion
bonds broken

- 1-10 µm/s

These parameters are used throughout this work. Set 1 is taken from
Radszuweit et al., 2013 and set 2 from Alonso et al., 2015.
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a.3.3 Spectral methods

An often used technique for spatial differentiation with a high accu-
racy is called spectral method. Here, a function is approximated by a
linear combination of some base functions. For periodic problems a
function is in general approximated by trigonometric base functions.
The usual approach is to use the Fourier series for this approximation.
On a computer u(x) is sampled on a periodic grid with N points,
where un represents the value at each grid point n with n ∈ [0, N − 1].
The function is then approximated by discrete Fourier transform (DFT)

ũk =
1
N

N−1

∑
n=0

une−
2πi
N kn. (A.14)

It is straight forward to do differentiation with respect to space in
Fourier space

∂m
x un =

N−1

∑
k=0

ũk∂m
x e

2πi
N kn =

N−1

∑
k=0

ũk

(
2πi
N

k
)m

e
2πi
N kn. (A.15)

Afterwards, the inverse discrete Fourier transform (iDFT) can be used
for the transformation from Fourier space back to physical space

un =
N−1

∑
k=0

ũke
2πi
N kn. (A.16)

For details about actual implementation, refer to Johnson, 2011.
This method has several advantages:

spectral accuracy As all modes take part in computing a deriva-
tion. Thus, the error is of order O(cN) (with 0 < c < 1) for
analytic functions. With the finite differences method the error
decays much slower with O(N−m), where m is some constant
which depends on the utilized order. Hence, with spectral meth-
ods the same accuracy can be achieved with a much smaller
amount of points.

computational cost Performing a DFT (or iDFT) scales with n ·
log(n) if done by a fast Fourier transform (FFT) algorithm. As
the differentiation itself is just a multiplication of each Fourier
coefficient this approach is suited for large number of points.

Of course, not all problems are periodic. If a non-periodic problem
has a solution that is exponentially close to a constant at the bound-
ary, one can pretend that it is periodic. In fact, parts of this work
were solved with this approach (see Eq. (4.13)). In general this is not
possible and a periodic extension results in a non-smooth solution
with discontinuities. With a Fourier spectral method this will result
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Figure A.5: Spectral derivation for periodic (left) and non-periodic func-
tions (right). The top panels show a periodic and non-periodic functions
(blue) and their first spatial derivative using spectral methods (green) and
analytic (red). Dashed lines mean that two functions are on top of each other.
Computing the derivative of a non-periodic function using FFT results in
an oscillating result with a huge error (cyan). The bottom panel shows the
error (max[|.|L1]) between analytical and numeric derivative for spectral and
finite difference derivatives.

in the Gibbs phenomenon which causes errors of order N in the first
derivative Trefethen, 2000. An example is shown in Fig. A.5, where
derivatives of a periodic and a non periodic function are computed.

Instead of utilizing trigonometric functions for interpolation, we
can use algebraic polynomials. A commonly used type of polynomi-
als are Chebyshev polynomials Tn(x), which are defined as

Tn(x) = cos(n arccos[x]) (A.17)

The algorithm to compute derivatives utilizing Chebyshev polyno-
mials is comparable to using the Fourier modes. The function un is
approximated with Chebyshev polynomials, the derivation is done in
Chebyshev space and the result is then transformed back to physical
space. Details about the implementation can be found in Trefethen,
2000.

When using polynomial interpolation with equispaced points the
Runge phenomenon appears: when a smooth function is approximated,
the interpolation in general will fail to converge, even for N → ∞.
Moreover, the interpolation will get worse if more points are added.
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The solution is to use unevenly spaced points Trefethen, 2000. A com-
mon choice are Chebyshev-Lobatto points which are spaced at

xj = cos
(

jπ
N

)
, j = 0, 1, .., N. (A.18)

These points are the projection of equispaced points on an unit circle
onto the x-axis. An sketch with 10 points is shown in Fig. A.6.

Figure A.6: Location of the Chebyshev nodes. The nodes are the projection
of equally spaced points on an unit circle (blue) onto the x-axis.

For low number of points the collocation method (“pseudospectral”)
can be used. Here, the DFT, the differentiation, and the iDFT are re-
placed by matrix multiplications

u′
n = D · un = TDFT · D̂ · TiDFT · un. (A.19)

TDFT (TiDFT) represents a matrix with the effect of the DFT (iDFT)
and D̂ is the matrix which does the derivation in Fourier space. This
approach also works for non-periodic problems, however the matrices
will differ.

The derivation matrix D can be precomputed at the start of the sim-
ulation. Hence, computing derivations has the same computational
costs as a matrix multiplication and scales with N2. The matrices
for periodic and non-peridoc grids are available at Trefethen, 2000.
Another area where pseudospectral methods are used are complex
operators like the vector Laplacian in polar coordinates (Tab. A.5).
Instead of computing the individual components of the operator us-
ing the spectral (DFT) algorithm, a matrix representing the complete
operator can be precomputed. This matrix and the appliance of the
operator has the same computational cost as a normal matrix multi-
plication.
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a.3.4 Discretized Equations in 1D

We split the full system from Eq. (6.55) into a mechanical (Eq. 6.55a
- 6.55d) and a advection-diffusion part (Eq. 6.55e). Using the implicit
Euler method for timestepping, the mechanical part yields

u − U∆t = ut

ρ f η f ∂xxv + ρgηg∂xxU + ρgE∂xxu − γρgU − ∂x p = −ρg∂xT(ct)

η f ∂xxv − ρgβ(v − U)− ∂x p = 0

∂x(ρgU + ρ f v) = 0.

(A.20)

Variables without explicit time dependency are at time t + ∆t.
The discretized equation Am · x = b is then⎛⎜⎜⎜⎜⎝

−∆t1 1 0 0

ρgηg∂xx − γρg1 ρgE∂xx ρ f η f ∂xx −∂x

ρgβ1 0 η f ∂xx − ρgβ1 −∂x

ρg∂x 0 ρ f ∂x 0

⎞⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎝
U

u

v

p

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
ut

−ρg∂xT(ct)

0

0

⎞⎟⎟⎟⎟⎠
(A.21)

where each entry in the matrix represents a sub-matrix with N × N
points, where N is the number of grid points (compare with Sect. A.3.3).
The derivatives ∂x and ∂xx describe discretized spatial derivatives
with the pseudo-spectral methods (Chebyshev). Each part of the right
hand side has N points. For constant parameters (as in Sect. 6.3), the
matrix Am is constant.

Along the lines of the mechanic part, we utilize the implicit Euler
method for timestepping for the advection-diffusion part

c + ∆t∂x
(
(vt − Ut)c

)
− ∆tDc∆c = ct. (A.22)

The discretized equation is then(
1− ∆tDc∂xx + ∆t∂x

(
(vt − Ut)c

)) · c = ct (A.23)

This matrix changes in each time step, due to the nonlinear advection.

a.3.5 Preconditioner and Condition Number

The condition number κ of a matrix M, representing a linear system
of equations M · x = b, measures how the solution x reacts to small
changes of the right hand side b. If the matrix is square (which is the
case for all matrices in this work), this number is the ratio of largest
and smallest eigenvalue λ of M.

κ(M) =
max(|λ(M)|)
min(|λ(M)|)

(A.24)
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A small (large) value of κ(M) means that the matrix is well-conditioned
(ill-conditioned). For ill-conditioned matrices small changes of the right
hand side b can have a huge effect on the solution x. Then, iterative
methods converge slower, if they converge at all.

Moreover, the accuracy of the solution is diminished. As a rule of
thumb, if κ(M) has a value of 10k the last k digits of the solution
will be inaccurate. This error is additional to any error caused by
the numerical method (compare with Fig. A.5). It is a fundamental
property of the matrix and independent from any implementation
details.

The idea behind preconditioning is to multiply the linear system
with a preconditioner P−1 to create a matrix with a narrower spec-
trum

M · x = b | · P−1

⇒ M̃ · x = b̃

with M̃ = P−1 · M and b̃ = P−1 · b

(A.25)

so that κ(M̃) � κ(M).
Although, the best choice for the preconditioner would be the in-

verse M−1 with M̃ = 1 and κ(M̃) = 1. The computation of the inverse
is challenging and not feasible in most cases. On the other side of the
spectrum is the identity matrix 1. It is trivially to compute and to
apply, but has no effect on the linear system.

From these extreme examples, we can deduct some requirements
on a good preconditioner. We need to find a matrix that fulfills the
following requirements:

P−1 should be cheap to compute and to apply

P should have a similar spectrum to the system matrix M and hence
P−1 should be similar to M−1.

An ideal preconditioner matrix is sparse and has a similar effect as
the system matrix M. There are many different techniques known in
literature to create a useful preconditioner. Some of these are:

jacobi preconditioner The simplest, useful preconditioner with
P = diag(M) and hence P−1

= diag( 1
aii
). In most cases this type

of preconditioner only brings small improvements.

incomplete lu factorization (ilu) The system matrix M can
be factored with a lower and an upper triangular matrix (L and
U) so that M = L ·U. However, these matrices can be less sparse
than M, which limits their use. Instead an incomplete LU factoriza-
tion with M ≈ L̃ · Ũ can be performed where certain entries are

set to 0. The resulting preconditioner is then P−1
= L̃

−1
· Ũ

−1
.

This method can greatly improve accuracy and convergence.
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finite differences In Chapter 6 the spatial derivatives are ap-
proximated using spectral methods. While this method is very
accurate (compare with Sect. A.3.3) the resulting matrices are
not sparse. On the other hand, when we approximate the deriva-
tives with first order finite differences, we get a sparse matrix
with a comparable effect and spectrum, which is easy to invert.
Thus this matrix can be used as preconditioner.

ilu - finite differences A combination of the last two methods.
Here, the ILU factorization of the finite differences approxima-
tion matrix is used as preconditionier.

a.3.6 Operators in Polar Coordinates

Table A.5: Operators in polar coordinates.

Scalar Laplacian ∆ f =
(

∂2

∂r2 +
1
r

∂
∂r +

1
r2

∂2

∂φ2

)
f

Vector Laplacian ∆v =

⎛⎜⎜⎜⎜⎝
∂2vr
∂r2 + 1

r2
∂2vr
∂φ2 + 1

r
∂vr
∂r − 2

r2
∂vφ

∂φ − vr
r2

∂2vφ

∂r2 + 1
r2

∂2vφ

∂φ2 + 1
r

∂vφ

∂r + 2
r2

∂vr
∂φ − vφ

r2

⎞⎟⎟⎟⎟⎠
Divergence ∇ · v =

(
∂
∂r +

1
r

)
vr +

1
r

∂vφ

∂φ
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