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Abstract

The tailorable optical properties of photonic crystals enable a broad spectrum of ap-
plications beyond just the photonic bandgap. Leaky modes of photonic crystal slabs
which couple to the external light field can facilitate light extraction from emitters
located inside the slab or near the surface, known as the enhanced extraction effect.
This effect can enhance light-emitting diodes or the output of light-emitting tags used
throughout life science research and in vitro diagnostics. Moreover, the photonic crys-
tal slabs can generate massively increased field energy densities. This allows for the
enhancement of the emission rate of near-surface light emitters such as fluorescent
dyes, molecules or quantum dots. This excitation enhancement effect makes the pho-
tonic crystal surface act as a wavelength-selective optical resonator and is widely used
in the field of label-free biosensing. To design photonic crystals for applications that
use excitation enhancement, the absolute increase in near-field energy must be taken
into account together with the spatial distribution of the inducing fields. The huge pa-
rameter spaces and amounts of data that arise from these needs necessitate powerful
numerical methods for the analysis and the systematic tailoring of such systems.
In this thesis numerical techniques basedon simulationsusing a versatile and error-

controlled finite element Maxwell solver are studied in view of the design and analy-
sis of photonic crystal for the interaction with near-surface emitters. Related exper-
iments are presented and analyzed numerically in order to explain the measured ef-
fects, also considering a novel approach of machine learning-based classification of
photonic crystal mode profiles.
A numerical platform for the treatment of photonic crystals based on finite element

simulations is created and optimized regarding accuracy and performance. Experi-
mentally, the symmetry dependence of anticrossing phenomena in photonic crystal
slabs, and fluorescence enhancement of lead sulfide quantum dots by excitation en-
hancement onaphotonic crystal surface arepresented. In thefirst experiment, thede-
activationof band-anticrossingby restoringa symmetryof the system isdemonstrated
and traced back to the orthogonality properties of the corresponding modes. In the
second experiment, themeasured wavelength- and illumination direction-dependent
fluorescence enhancement is compared to the numerically obtained field energy en-
hancement and 3D field distributions. For both experiments, a systematic analysis is
conducted using a clustering technique that reduces the vast field distribution data to
a minimal set of representative modes.
The set of tools that has been developed and evaluated allows for the optimization of

photonic crystal slabs for virtually any application based on excitation enhancement.
In biosensing, such applications are relevant for high sensitivity cancer biomarker
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detection or for label-free high-resolution imaging of cells and individual nanoparti-
cles, where the mentioned methods can be used to further increase the sensitivities.
The techniques are potentially suited to systems designed for extraction enhance-
ment, such as for light-emitting diodes, or a combination of excitation and extraction
enhancement. Moreover, a proposal is made for a photonic crystal enhanced pho-
tochemical upconversion system relevant in various applications (e.g. solar energy
harvesting or photodetectors).
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Zusammenfassung

Die einstellbaren optischen Eigenschaften photonischer Kristalle ermöglichen ein
breites Spektrum von Anwendungen über die photonische Bandlücke hinaus. Durch
einen Effekt namens Extraktionserhöhung können Tunnelmoden (engl. leaky modes)
photonischer Kristallmembranen, die an das externe Lichtfeld koppeln, die Licht-
ausbeute von Emittern in der Membran oder auf deren Oberfläche erhöhen. Die-
ser Effekt kann genutzt werden um Leuchtdioden zu verbessern oder den Ertrag
aus lichtemittierenden Tags zu erhöhen, welche in den Biowissenschaften und der
In-vitro-Diagnostik breite Anwendung finden. Darüber hinaus können photonische
Kristallmembranen enorme Erhöhungen in den Feldenergiedichten generieren. Da-
durch kann die Emissionsrate oberflächennaher Lichtemitter erhöht werden, z.B. für
fluoreszierende Farbstoffe, Moleküle oder Quantenpunkte. Durch diesen Anregungs-
verstärkungseffekt wirkt der photonische Kristall wie ein wellenlängenabhängiger
optischer Resonator, weshalb er imBereich dermarkierungsfreien Biosensorik häufig
angewendet wird. Um photonische Kristalle für Anregungsverstärkungsanwendun-
gen zu entwickeln,muss die absolute Erhöhung derNahfeldenergie und die räumliche
Verteilung der induzierenden Felder gleichermaßen berücksichtigt werden. Die rie-
sigen Parameterräume und Datenmengen die durch diese Anforderungen entstehen,
erfordern leistungsfähige numerische Methoden für die Analyse und die systemati-
sche Maßschneiderung solcher Systeme.
In dieser Doktorarbeit werden numerische Verfahren für die Analyse und Entwick-

lung photonischer Kristalle für die Wechselwirkung mit oberflächennahen Emittern
untersucht, die auf einem vielseitigen und fehlerkontrollierten finite-Elemente Max-
welllöser basieren. Diesbezügliche Experimentewerden präsentiert und durch nume-
rische Analysen erklärt. Dabei wird auch ein neuartiger Ansatz für die Klassifizierung
der Feldverteilungen photonischer Kristallmoden einbezogen, der auf maschinellem
Lernen basiert.
Es wird eine numerische Plattform, basierend auf finite-Elemente Simulationen,

für die Analyse photonischer Kristalle entwickelt und hinsichtlich ihrer Leistung
optimiert. Experimentell wird (1) die Symmetrieabhängigkeit von Anticrossing in
photonischen Kristallmembranen, und (2) die Fluoreszenzerhöhung von Bleisulfid-
Quantenpunkten durch Anregungsverstärkung auf einer photonischen Kristallober-
fläche behandelt. Für Experiment 1 wird das Verschwinden des Anticrossings zweier
Bänder durch Symmetrisierung des Systems gezeigt und auf die Orthogonalitäts-
eigenschaften der zugehörigen Moden zurückgeführt. Für Experiment 2 wird die
gemessene wellenlängen- und beleuchtungsrichtungsabhängige Fluoreszenzerhö-
hung mit numerischen Feldenergieerhöhungen und 3D-Feldverteilungen verglichen.
Für beide Experimente wird eine systematische Analyse durchgeführt, die durch eine
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Clustering-Technik die riesigen Datenmengen der Feldverteilungen auf einen mini-
malen Satz repräsentativer Moden reduziert.
Die entwickelten und untersuchten Methoden erlauben die Optimierung photo-

nischer Kristallmembranen für praktisch jede auf Anregungsverstärkung basierende
Anwendung. Derartige Anwendungen sind in der Biosensorik für die Detektion von
Krebs-Biomarkern mit hoher Empfindlichkeit und die markierungsfreie hochauflö-
sende Bildgebung für Zellen und einzelneNanopartikel relevant, wobei die genannten
Methoden helfen können die Empfindlichkeiten weiter zu steigern. Die Techniken
sind potentiell geeignet um Extraktionserhöhungsysteme zu verbessern, wie z.B. für
Leuchtdioden, oder auch Systeme die Extraktionserhöhung und Anregungsverstär-
kung gleichzeitig verwenden. Außerdemwird ein konkreter Vorschlag dafür gemacht,
wie photochemische Upconversion-Systeme durch photonische Kristalle verbessert
werden könnten. Letztere sind relevant für eine Vielzahl von Anwendungen, unter
anderem für Solarzellen und Photodetektoren.
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1
Introduction

There are these two young fish swimming along and they happen to meet an older
fish swimming the other way, who nods at them and says, “Morning boys. How’s
the water?” And the two young fish swim on for a bit, and then eventually one of
them looks over at the other and goes, “What the hell is water?”

—David FosterWallace—

When David Foster Wallace began his famous commencement speech at Kenyon
College in 2005 with the story above, he wanted to stress a quite simple, yet essential
fact about human life: — in his ownwords, “that themost obvious, ubiquitous, impor-
tant realities are often the ones that are hardest to see […].” These important realities,
here represented by the water, are nothing less than the foundation of the fish’s lives;
and overlooking themmight be considered as careless, or even dangerous.
In fact, a pointWallace probably did not think of is that these fish could easily be af-

fected by changing these realities. Let us rephraseWallace’ little story with aminimum
set of replacements, so that it reads:

There are these two young quantum dots shining along and they happen tomeet an
older quantum dot shining the other way, who nods at them and says, “Morning
boys. How’s the light field?” And the two young quantum dots shine on for a bit,
and then eventually one of them looks over at the other and goes, “What the hell is a
light field?”

By doing so, the parable-ish story did not loose its figurative sense,— assuming the
reader has a notion ofwhat quantumdots are. But it now (surprisingly) communicates
another,more physicalmeaning: suppose quantumdots, i.e. single two-level emitters,
are stimulated by a surrounding light field to emit photons. The quantum dotsmay be
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completely agnostic about the ambient light, just as the two fish are about the water.
However the bottom line is: the only thing that really matters for the intensity of their
emission is the strength of exactly this light field.
A clever scientistmight nowargue that this is a rather simplematter: if the emission

of the quantum dots should be increased, why not just turn up the power of the light
source? But what if we aim at an application for which the light source is fixed, such
as in the case of sunlight? Or if we consider a portable, battery-driven system, that
should consume as little energy as possible. In such cases, the light field can still be
increased locally, — using photonic crystals. These periodic dielectric structures enable
the tailoring of the optical properties of materials, and therefore the ability to affect
the light field in the desired way [1, 2].
Suppose one of the two fish swims through a canyon and, without him noticing, the

canyon narrows, causing the current to accelerate. Cold water from a nearby reser-
voir might cause additional turbulences and temperature fluctuations; — suddenly
the fish is in a confusing situation that might make him easy prey. Although we did
not change the amount of water in the sea in this fictitious situation, the distribution
and the dynamics have been changed by the surroundings. In a similar way photonic
crystals can exhibit resonances that accumulate light energy in specific volumes, ei-
ther “inside” the photonic crystal itself, or on its surface. The latter is true in the case
of photonic crystal slabs, which are quasi-2D photonic crystals composed of a thin nan-
otexturedmembrane. In consequence, it is possible to design photonic crystal slabs in
a way that specific resonances can interact with near-surface emitters, such as quantum
dots, atoms or molecules.
Photonic crystals slabs are comparatively easy to manufacture and offer a large

number of possible applications. For example, the photonic band gap effect enables
resonators [3] or waveguides [4, 5] to be built by introducing specific defects into the
periodic lattice. Furthermore, photonic crystal lasers [6] and systems for quantum
computing [7] have been proposed or even realized. However, photonic crystal slabs
also exhibit a phenomenon called leakymodes, which are resonances that can be excited
using external radiation (see e.g. [8–12]). These characteristics have been used to im-
prove various applications (e.g. light trapping [13] and light-emitting diodes (LEDs)
[14, 15]), but can also be utilized for affecting emitters, or more specifically fluorescent
species. Especially in the life-sciences, the applications range from photonic crystal
enhanced microscopy and single molecule detection to enhanced live cell imaging,
DNA sequencing and gene expression analysis [16–19].
Principally, two mechanisms can increase the light yield of emitters on the surface

of a photonic crystal slab: extraction enhancement and excitation enhancement. For extrac-
tion enhancement, leaky modes of the photonic crystal provide channels to improve
the outcoupling of fluorescent light [9–11, 14, 21–26]. In contrast, excitation enhance-
ment directly affects the stimulated emission rate of the emitters. This can be done

2
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Figure 1: Artistic illustration of excitation enhancement. A photonic crystal slab with hexagonal lattice
(left: top view of the structure only) is shown together with an actual computed field energy distribution,
which is volume rendered with a heat color map. Emitters are depicted as semitransparent spheres with a
glowing aura proportional to the field energy density at their respective positions. The figures were gener-
ated using a ray tracing software (POV-Ray [20]).

by utilizing leaky modes in the absorption wavelength range of the emitters that pos-
sess increased near-field energy densities [27], for instance. Figure 1 shows an artistic
illustration of the excitation enhancement process. An actual simulated field energy
distribution of the photonic crystal slabwith hexagonal lattice is shownusing a volume
render with a heat color map. A random distribution of emitters is depicted by small
spheres which have a glowing effect with an intensity proportional to their position in
the field.
Generally, extraction enhancement is awell-investigatedphenomenon andhas been

demonstrated for nitrogen-vacancy centers in diamond[25], DNA microarrays [17],
molecules [22, 28] and quantum dots [23, 26, 29, 30]. Inducing extraction enhance-
ment using photonic crystals, specifically, has been shown several times either, both
for intrinsic fluorescence of the photonic crystal itself [24, 25] and for quantum dots
embedded into the photonic crystal [22, 26] or on its surface [23]. Compared to the
amount of investigations and demonstrated applications related to extraction en-
hancement, excitation enhancement is a rather unexplored field. A comparable effect
has been used to increase the efficiency of quantum dot solar cells [31, 32] and the
quantum yield of up-conversion devices [33–35]. However, considering emitters on
a photonic crystal surface, excitation enhancement effects have been rarely demon-
strated (e.g. in [18, 30]), but in combination with extraction enhancement. More-
over, these publications did not systematically investigate the excitation enhancement
properties as a function of the incident radiation conditions, but rather for a single
photonic crystal mode.
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For that reason, themain focus of this thesis is to explore techniques for the de-
sign of photonic crystal slabs for the interaction with near-surface emitters by means
of excitation enhancement. Thiswill involve creating a set of toolswhich can be used to
specifically design a system to increase the light yield of the emitters of choice. Such
a tool has many applications, e.g. highly-sensitive biosensors. A portable sensor is
conceivable which could detect a very specificmolecule,— perhaps a cancer indicator,
using an integrated low-power laser source. The techniques developed here should en-
able the system designer to determine the optimum geometrical parameters of a pho-
tonic crystal slab using an all-numerical approach, — based on the final known dis-
tribution of the target emitters and their absorption and emission properties only. In
addition, the same techniques should facilitate the understanding of actual measure-
ments performed in the development stage.
However, the presented investigations are not concernedwith a specific application,

but rather kept as general as possible. Quantum dots have been chosen as example
emitters, because they aremuch simpler in there absorption and emission characteris-
tics compared to biomolecules. They aremoreover readily available with custom emis-
sion wavelength ranges. But the task stated above is complex, since a large number of
parameters has to be considered. In a simplified view the design task comes down to
these two steps:

1. Find a photonic crystal mode that has (a) the highest possible energy density,
while having (b) an optimumfielddistributionunder considerationof the spatial
arrangement of the emitters.

2. Tweak the geometrical parameters of the photonic crystal to exhibit this mode
at the desired wavelength.

From these steps, the second one is rather simple, supposing the wavelength of the
identified mode is not too far from the target wavelength. It is merely a question of
scanning over a finite set of geometrical parameters, such as the lattice constant or
slab thickness [1]. For part (a) of step 1 a similar reasoning can be applied, and it has
already been demonstrated that modes with largely enhanced fields can effectively be
found using finite-element method simulations [27]. Moreover, the maximum possi-
ble increase in field strength is not unlimited if the line width of the excitation source
is limited, as it is correlated to the band width (or rather the Q-factor) of the corre-
sponding leaky mode. Just as it was demonstrated in [27], the determination of the
integrated field enhancement must be restricted to the volume in which the emitters
are supposed to be, preferring modes that exhibit strong fields in this volume.
Consequently, the crucial part in the steps given above is 1.(b), as it enforces effec-

tively considering the 3D field distributions of all the potential photonic crystal reso-
nances. This is a large parameter space, and reducing it to a feasible size necessitates
the consideration of theoretical background knowledge on the expected behavior of
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themodes, and powerful numerical evaluation techniques at the same time. As a stan-
dard method in computational photonics, the finite element method (FEM) was used
throughout this thesis. Powerful libraries and commercial solvers that implement the
FEM are readily available. These sophisticated solvers can deal with complex geome-
tries and material properties, and they offer a large collection of post-processing and
evaluation tools to determine the physical quantities of interest. The tasks above in-
troduce the challenges of analyzing vast parameter spaces, caused by the geometrical
and illumination condition parameters, and handling huge amounts of field distribu-
tion data. For the former challenge, an in-depth convergence study is used to optimize
the FEM solver in view of performance, while assuring an adequate accuracy. In order
to evaluate the thousands of field distributions a new approach is investigated in the
scope of this thesis: the classification of photonic crystalmodes usingmachine learning.
Machine learning is itself a rapidly evolving discipline which is being applied to all

aspects of science and everyday-life, from medicine and economics to online security
and insurance. In the field of photonic crystals specifically, machine learning strate-
gies have not been explored widely, except for concepts of so-called inverse or compu-
tational design [36–40], which use algorithms to optimize the geometry of the systems
for specific tasks (e.g. genetic algorithms). These concepts could in principle also be
applied to solve tasks 1.(a) and 2. from above.
The novel approach in the present work was to use so-called clustering algorithms

to reduce the large amount of field distribution data to a minimal set of typical dis-
tributions. This classification task was applied to two experiments which were pub-
lished without the machine learning analysis, namely (i) the demonstration of sym-
metry dependence of anticrossing phenomena [41], and (ii) the increased fluorescence
of quantum dots on a photonic crystal surface [42] indicated above. Experiment (i)
shows fundamental effects which are directly related to symmetry properties of the
photonic crystal modes. Since the theoretical assumptions that are supported using
this experiment are crucial for the justification of the clustering approach, it can be
seen as a “benchmark case”. The more complex issues of experiment (ii), which cor-
respond to task 1.(b), are finally tackled using the same machine learning-based ap-
proach and widely explain the observed phenomena.

In order to present the investigations related to the objectives discussed above,
the thesis is organized in the following way. Chapter 2 discusses the theoretical as-
pects of photonic crystal slabs after a brief consideration of the underlying physics
from electromagnetics. Rather than giving a complete introduction to photonic crys-
tals, the focus is on two different aspects: first, the origin of leakymodes and their ap-
plication to emission enhancement of near-surface emitters; and second, the expected
spatial properties of the photonic crystalmodes that can be derived from fundamental
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symmetry considerations. The latter is moreover a crucial point for the justification of
the clustering approach, which is finally discussed in a detailed theoretical (and partly
practical) introduction to the machine learning techniques in question. Afterwards,
chapter 3 deals with the numerical and experimental techniques relevant for themen-
tioned experiments, and gives information on the geometrical and material-specific
properties of the related systems. It furthermore covers aspects of the fabrication pro-
cess of the photonic crystals. As a “transitional” chapter between the methodical and
the results-specific parts, chapter 4 elaborates in detail on how the convergence of the
FEMsimulations has been guaranteed. The three subsequent chapters treat the results
and related discussion of the experiments, as well as the corresponding numerical in-
vestigations outlined above. More precisely, in chapters 5and6 the experiments (i) and
(ii) are presented together with the first part of the numerical analysis, while chapter 7
features the machine learning-based investigation of the same experiments. The the-
sis closes with a retrospective view on which of the initial objectives presented here
were actually met, in chapter 8, and a collection of ideas of how to further develop the
techniques and considered system designs.
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“The formulation of the problem is oftenmore essential than
its solution, whichmay bemerely amatter of
mathematical or experimental skill.”

— Albert Einstein —

2
Theory and Fundamentals

The theoretical fundamentals that underlie the presented material spread across
quite different disciplines: from standard electromagnetics and photonic crystals, to
interaction of the latter with emitters and machine learning. As typical for a work
with a focus on computational physics, thematerial is on the edge between theory and
experiment; often trying to explain experimental results with the help of theoretical
equations that are solved numerically. It is thus necessary to keep the treatise short
wherever possible, while assuring that everything beyond “common knowledge” is ex-
plained – which in this case is basically everything related to photonics.
Based on these assumptions, the presentation of the electromagnetics, aswell as the

introduction of photonic crystals (PhCs), is concise. The focus is on the specific details
that are relevant to understand the methods and results. An exception hereof is the
part on symmetry of PhCs, as it is of specific relevance to legitimate the application of
the methods based onmachine learning.
Furthermore, the machine learning part is another exception, as it is a rather un-

common technique in the field of photonics. Therefore, an introduction using a simple
example and a motivation for the application in this thesis is put in front of the actual
theoretical treatment. The example will be consulted frequently to assist the compre-
hension of the rather condensed fundamentals.

2.1 Time-harmonic electromagnetics

Theprinciple theoretical descriptionof photonic crystals is basedon theMaxwell equa-
tions, i.e. the fundamental theory of electromagnetism. However, since all problems
studied in this work belong to the class of electromagnetic scattering problems on di-
electric objects, a number of simplifications can be applied and the treatment can be
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restricted to time-harmonic fields. The general (point form)Maxwell equations can be
stated as [43]

∇ · B = 0, ∇ · D = ρ, ∇× E+
∂B
∂t

= 0, ∇×H− ∂D
∂t

= J, (2.1)

with E andH being the electric andmagnetic fields,D andB the electric andmagnetic
flux densities, respectively, and J the electric current density. It is assumed that the
electromagnetic solution fields exhibit a harmonic time dependence, i.e.

Ê(r, t) = Ê0(r)e−iωt, (2.2)

Ĥ(r, t) = Ĥ0(r)e−iωt, (2.3)

where hats denote complex-valued fields and ω is the angular frequency. The physical
fields are recovered from these fields by taking the real part, as usual, so that the hat
notation will only be used to avoid ambiguities from now on. Moreover, it is assumed
that in most cases a time average of the form

A(t) =
1
τ

∫ t+τ

t
A(t′) dt′, (2.4)

over a characteristic period τ = 2π/ω is required. Using the time-harmonic ansatz
the timederivatives in theMaxwell equations (2.1) canbe executed, obtaining the time-
harmonic Maxwell equations

∇ · B = 0, ∇ · D = ρ, ∇× E− iωB = 0, ∇×H+ iωD = J. (2.5)

Flux densities and fields are connected via the material equations

D(r, t) = ϵ0E(r, t) + P(r, t), (2.6)
B(r, t) = µ0H(r, t) +M(r, t), (2.7)

with the free-space permittivity ϵ0 ≈ 8.854 · 10−12 Fm−1 and free-space permeability
µ0 = 4π · 10−7Hm−1, connected to the speed of light in vacuum via c0 = (ϵ0µ0)

−1/2.
We can further define the vacuum impedance

Z0 =
√

µ0
ϵ0

≈ 376.7303Ω. (2.8)

The vector functions P(r, t) andM(r, t) in equations (2.6) and (2.7) are the polarization
andmagnetization of the material, respectively. The treatment is further restricted to
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linear materials, where these functions can be represented by linear-response expres-
sions

P(r, t) = ϵ0

∫ ∞

0
χe(r, τ)E(r, t− τ) dτ, (2.9)

M(r, t) = µ0

∫ ∞

0
χm(r, τ)H(r, t− τ) dτ (2.10)

with the electric andmagnetic susceptibilitiesχe andχm. Inmany cases this is further
simplified by considering nondispersive materials, yielding material equations in the
form of

D(r, t) = ϵ0ϵ(r)E(r, t), (2.11)
B(r, t) = µ0µ(r)H(r, t). (2.12)

Here, the relative permittivity ϵ(r) and relative permeability µ(r) have been intro-
duced, which are scalar functions in the case of isotropic materials. One can further
define the often considered refractive index n = √

µϵ from these functions.

2.1.1 The electromagnetic scattering problem

Using Fourier transformations the timedependence in the electric andmagnetic fields
can be replaced by a frequency dependence, i.e. E(r, t) → E(r, ω) and H(r, t) →
H(r, ω), known as frequency domain. Especially when considering numerical meth-
ods for solving the Maxwell equations, it is often useful to derive a wave equation
which only depends on one of the fields, E orH.
Theexclusive type of problemconsidered in this thesis is the scatteringproblem, which

is the interactionof an incident electromagnetic fieldwith a scatterer locatedwithin an
area of interest located away fromany source currents. Here,weusually dealwith non-
magnetic, dielectric, dispersivematerials forwhich the permeability is unityµ(r, ω) =
1, but the permittivity may have spatial and spectral dependence ϵ = ϵ(r, ω). For this
case (and slowly varying ϵ) the wave equations can be written as [44]

∇ 2E(r, ω) + ϵ(r, ω)k 20 E(r, ω) = 0, (2.13)
∇ 2H(r, ω) + ϵ(r, ω)k 20 H(r, ω) = 0, (2.14)

where k0 = ω/c0 is the wave number in vacuum. The most important simplification
for the case offinite element simulations is to further consider homogenousmedia, for
which the material functions have no spatial dependence (µ ̸= 1 is included here for
generality). This case is important because, as will be shown later, these simulations
utilize a piecewise constant ϵ (and µ) referred to as patches, so that the wave equations
can further be reduced to the Helmholtz equations

∇ 2E(r) + k 20µϵE(r) = 0, (2.15)
∇ 2H(r) + k 20µϵH(r) = 0. (2.16)
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Arbitrary
scatterer

Interior domain ΩExterior domain

Boundary  ∂Ω

E = Ein + Esca

Esca

Esca

Esca

Ein

ε = εext

µ = µext

Figure 2: Illustration of the electromagnetic scattering problem. An electromagnetic fieldEin incident
from the exterior domain interacts with an arbitrary scatter, which is entirely inside the interior domainΩ
with boundary ∂Ω. The total fieldE results from the superposition ofEin and the scattered fieldEsca, which
radiates away from the scatterer. The permittivity ϵ and permeabilityµ have constant, scalar values ϵext and
µext in the exterior domain.

A severe mathematical description of the scattering problem will be omitted here,
but can be found inmany places, such as textbooks [44], journal articles [45] and theses
[46, 47]. The main idea, however, is to divide the problem into an infinite, homoge-
nous exterior domain with constant permittivity ϵext and permeability µext; and a fi-
nite interior domainΩ surrounding the scatterer; a sketch of this situation is depicted
in figure 2. All sources are located in the exterior domain, so that an incident field
(e.g. in the electric case) Ein enters the interior domain at the boundary of Ω. The in-
teraction of Ein with the scatterer generates a scattered field Esca which is therefore
strictly outgoing. The total field is then simply the superposition of the partial fields
E = Ein + Esca. Loosely speaking, the problem is then defined by demanding that
the partial fields satisfy the Maxwell equations together with appropriate boundary
conditions; most prominently the Silver-Müller radiation condition, stating that the
scattered field is asymptotically approaching a transversal plane wave traveling radi-
ally away from the scatterer. This is known asMaxwell’s scattering problem, and it can
similarly be described for the Helmholtz-equations [44].

2.1.2 Derivation of the essential quantities

After having introduced the underlying equations and formulated the general prob-
lem, a few quantities which are essential for the description of the considered systems
and their analysis in later chapters will be derived.
As before, the treatment is restricted to time-harmonic fields (2.2) and (2.3). One is

often interested in the energy which the electromagnetic field, or only one of the two
parts, holds in a specific volume. This can be obtained from a volume integral over the
electromagnetic energy density

w(r) =
1
4
ℜ (H0 • B0∗ + E0 • D0

∗) , (2.17)
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or over one of the electric andmagnetic parts of the energy density

we(r) =
1
4
ℜ (E0 • D0

∗) , (2.18)

wm(r) =
1
4
ℜ (H0 • B0∗) , (2.19)

respectively. Here, the bar denotes the time average, which is of interest in the time
harmonic case. For scattering problems it can also be of interest how much energy
flows from one domain into another, i.e. the energy flux. This can be derived from a
surface integral of the energy flux density, given by the Poynting vector. In the general
form the Poynting vector is defined as

S(r, t) = E(r, t)×H(r, t), (2.20)

or for the time average

S(r) =
1
2
ℜ (E×H∗) . (2.21)

For the special case of plane waves defined by

E(r, t) = E0e i(k
• r−ωt),

B(r, t) = B0e i(k
• r−ωt),

the electric andmagnetic fractionsof theenergydensity are equal, so that themagnetic
field can be eliminated from the time averaged Poynting vector, yielding [48]

S(r) =
1
2

√
ϵϵ0
µµ0

|E0| 2
k
k
. (2.22)

When dealing with complex-valued permittivity functions, a fraction of the electro-
magnetic energy may be absorbed in the medium. Consequently, when optimizing
optical systems in view of efficiency it is often the task tominimize absorption effects,
necessitating to calculate the absorption in a specific volume. In order to derive this
quantity, the work rate by an electric field E(r) on a static current distribution J(r) in
a volume V [43] is considered, given by

dW
dt

=

∫
V
J • E dV.

Assuming time harmonic fields and substituting the expression for J from theMaxwell
equations (2.5), one canobtain the integral representationofPoynting’s theoremon the
conservation of energy

1
2

∫
V
J∗ • E dV =

1
2

∫
V
[−∇ • (E×H∗)] dV+

1
2

∫
V
[−iω (H • B∗ + E • D∗)] dV, (2.23)
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where the vector identity∇ • (U× V) = V • (∇× U)− U • (∇× V)was used. Sub-
stituting the Poynting vector (2.21) and (complex forms of ) the electric and magnetic
energy densities (2.18) and (2.19) in equation (2.23), we finally obtain (compare [43])

0 =
1
2

∫
V
J∗ • E dV+ 2iω

∫
V
(we − wm) dV+

∫
∂V
S • n df (2.24)

with ∂V being the surface enclosing V, n the surface normal and df the surface ele-
ment. For scattering simulations the first addend in equation (2.24) vanishes, because
all souces are in the exterior domain by definition. When applying Stokes’ theorem to
the surface integral and taking the real part on both sides to gain the physical energy
conservation, we find∫

V
∇ • S dV = −2ω

∫
V
[ℑ (we)−ℑ (wm)] dV.

The left side is essentially a volume integral over the divergence of the Poynting vector,
i.e. over sources/sinks of the energy flux density. This means that, if the right side
is positive, its value is the net energy loss in the volume V, giving a definition for the
absorption in volume V

AV := −2ω
∫
V
[ℑ (we)−ℑ (wm)] dV (2.25)

or alternatively for non-magnetic materials

AV = −2ωℑ
(
Ŵ V

e

)
, (2.26)

where Ŵ V
e =

∫
V we dV denotes the total, complex-valued electric energy in volume V.

It is further recognized that the absorption is indeed caused by the imaginary parts of
the energy densities only, and may thus exclusively occur for materials withℑ(ϵ) ̸= 0
and (or)ℑ(µ) ̸= 0.

2.2 Photonic crystal slabs

PhCs are dielectric structures with a spatially periodic permittivity, usually on scales
comparable to thewavelength of the incident light. They are, therefore, the generaliza-
tionof themulti-layer stack thatwasfirstdescribedbyLordRayleigh in 1887 [49],which
is effectively a 1D PhC. The idea for the extension to two and three dimensions, how-
ever, took 100 years – when Yablonovitch and John both published according material
in 1987 [50, 51]. Until then, PhCs have been intensely studied, so that the fundamentals
have appeared in a large number of textbooks, e.g. the excellent introduction given by
Joannopoulos et al. [1].
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Dielectric slab waveguide 2D photonic crystal Photonic crystal slab

x

y

z

h infinite 
height

Figure 3: Sketch of a photonic crystal slab and the two limiting cases: the dielectric slab waveguide and
the 2D photonic crystal. (Left) The dielectric slab waveguide, i.e. a dielectric membrane of thickness h.
(Center) The 2D photonic crystal counterpart of the photonic crystal slab, with infinite extension in z-
direction. (Right) The photonic crystal slab with hexagonal lattice and an optional substrate. All systems
are considered as infinite in x- and y-direction.

In the theoretical treatise given here, the focus is on PhC slabs and their treatment
by means of symmetries. PhC slabs are essentially a mixture of a 2D PhC and a di-
electric waveguide, that is to say thin dielectric membranes with a 2D-periodic pat-
terning, optionally having additional substrates or coatings. Just as before, thinmeans
comparable to the related wavelength scale. The aspects of interest here are the mode
properties of specific PhC slabs, especially in the case of external radiation. There are
basically two objectives in this section: (1) to justify the application of the machine
learning-based classification of modes presented in chapter 7, which necessitates to
consider conclusions that basically follow from a group-theoretical treatment of the
symmetry properties of PhC modes. And (2), to derive the properties of leaky modes,
which are the essential feature for the experiments and numerical results of the results
chapters 5 and 6. The presented material is almost exclusively derived from the book
by Joannopoulos et al. [1]mentioned above and the book by Sakoda [2], where the latter
focusses on symmetry. Additional sources are citedwhere needed. The essential terms
and concepts are introduced as implications of the symmetric surroundings affecting
the solutions to the Maxwell equations, or rather the wave equations.
The actual physical system of interest – the nanohole array – will be described rig-

orously in section 3.2. Until then, it is considered more generally as a PhC slab with
thickness h and a hexagonal lattice of cylindrical holes with radius r. As a convention,
the plane of periodicity is considered the xy-plane, while the finite thickness of the slab
is in z-direction. Figure 3 shows a sketch of this PhC slab with an optional substrate
at right hand side. This system can be seen as a special case of the respective 2D sys-
tem with infinite extension in z-direction (center sketch in figure 3), i.e. 2D being the
case of h → ∞. A second special case is the (unpatterned) dielectric slab waveguide,
i.e. for r → 0 (left sketch in figure 3). Both of these simple cases are discussed first to
introduce the concepts that can partly be applied to the patterned slab.
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Afterwards, the PhC slab with hexagonal lattice is treated and the differences from
the limiting cases are discussed. The restrictions that arise from the discrete symme-
try in the slab plane are studied, followed by a discussion of the separation of modes
in two orthogonal polarizations. After that, the most important aspect of PhC slabs
is considered: the leaky modes. It is shown that leaky modes alter the reflection and
transmission properties of the system and can generate highly increased energy den-
sities close to the surface. Finally, it is discussed how leaky modes can interact with
near-surface emitters. Therefore, the two prominent mechanisms enhanced extrac-
tion and enhanced emission are explained.

2.2.1 The wave equation as an eigenvalue problem

PhCs can be treated inmuch the same fashion as electronic crystals (see e.g. [52]), and
many of the approaches are in fact identical to those in solid-state physics. We there-
fore begin by deriving an eigenvalue equation comparable to the one of quantumme-
chanics, where the Hamiltonian acts on the wave function.
As PhCs are dielectrics, we restrict the treatment to nonmagnetic materials with

µ(r, ω) = 1. Thewave equations in frequency domain have already been given in equa-
tions (2.13) and (2.14), for the case of slowly varying ϵ. Omitting this limitation, we can
write these equations in the form

∇×∇× E(r, ω) =
(
ω

c0

)2
ϵ(r, ω)E(r, ω) (2.27)

∇×
(
ϵ−1(r, ω)∇×H(r, ω)

)
=

(
ω

c0

)2
H(r, ω), (2.28)

where the wave number was replaced using k0 = ω/c0. Again, both of these equa-
tions are independent descriptions of the problem, so that only one of them needs to
be considered. In the following, the equation for the magnetic field is used, as it is
mathematically more convenient in certain cases.
In the presented form, the wave equations can be interpreted as eigenvalue prob-

lems. By introducing a linear, Hermitian operator L by its action on the magnetic
field, i.e.

LH(r, ω) := ∇×
(
ϵ−1(r, ω)∇×H(r, ω)

)
, (2.29)

equation (2.28) can be written as

LH(r, ω) =
(
ω

c0

)2
H(r, ω). (2.30)

Here,H(r, ω) can be identified as an eigenvector, and operating withL on that eigen-
vector gives the same vector multiplied by a constant (ω/c0) 2, denoted as the eigen-
value. The eigenvectors Hi(r, ω) are called harmonic modes. Since L is Hermitian
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and positive semi-definite, the eigenvalues, and hence the frequenciesω 2, are real and
nonnegative. Eigenvectorswith different eigenvalues are orthogonal, while thosewith
identical eigenvalues are not necessarily orthogonal and called degenerate. From the
linearity ofL it moreover follows that any linear combination ofmodes with the same
frequency is again an eigenvector.

2.2.2 Symmetries, point groups and the classification of modes

The possible solutions to the eigenvalue problem (2.30) can be narrowed down using
the symmetries of the PhC, defined by the symmetries of the spatial permittivity dis-
tribution ϵ(r). (For simplicity, the notation of the frequency dependence is dropped
in the following.) For a formal discussion – although with limited mathematical rigor
– some aspects of group theory are explained first, together with explanations on the
notation*.
A point groupP, for our purposes, is a set of symmetry operations Ri

P = {R 0,R 1, . . . ,R n} , n ∈ N, (2.31)

which,mathematically speaking, has a group structurewith composition as group op-
eration, i.e. is closed under composition. Thismeans that applying two symmetry op-
erations subsequently will give a symmetry operation again, and this operation is as
well part of the group. Moreover, the composition is associative and each operation
has an inverse R−1. Each operation R can be represented by an orthogonal matrix
which we denote by R̃ . A symmetry operation can be described using the operator
formalism. It must be distinguished if the operatorR acts on a scalar field f or a vec-
tor field F. In the former case, the spatial coordinates are transformed by the inverse
operation

R f (r) = f
(
R̃−1 r

)
. (2.32)

In contrast, the action of R on a vector field can be evaluated by

R F(r) = R̃ F
(
R̃−1 r

)
, (2.33)

i.e. by evaluating the vector field on the inversely transformed spatial coordinates and
subsequently transforming the resulting vector field.
Establishing a relation to PhCs, it can be said that the periodicity of the PhC causes

the system to be invariant under certain symmetry operations. The totality of these
operations is called its point group. Conventional notations of these groups and their
properties can be found in appropriate textbooks, e.g. [54, 55]. To stay general a little

*Theapproach presented here is partly based on the accompanying publication onnumerical charac-
terization of symmetry properties [53]. However, the results presented there are not part of this thesis.
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longer, let us assume that the arbitrary symmetry defined by the operatorR describes
a valid symmetry of the PhC. This means that in equation (2.30), the operator can be
replaced as

L = R−1LR , (2.34)

that is performing the symmetry operation, applying the operatorL , and then undo-
ing the symmetry operation using its inverse. Recall from quantum mechanics [56],
that the commutator of two operators is defined as

[A ,B ] := AB − BA . (2.35)

Therefore, operating with R from the left on equation (2.34) and subtracting LR
yields

[R ,L ] = 0,

i.e.R is a valid symmetry operation of the PhC if it commutes withL . The commuta-
tor is itself an operator and operating on a harmonic modeH of the PhC yields

[R ,L ]H = R (LH)− L (RH) = 0

=⇒ L (RH) = R (LH) =
(
ω

c0

) 2

(RH) . (2.36)

This is an important result, as it says thatwhenever a symmetry operatorR commutes
with L , simultaneous eigenvectors of both operators can be constructed. It is hence
possible to classify the harmonic modes of the PhC – which are eigenvectors of L –
using the symmetry properties ofR .

2.2.3 Continuous translational symmetry of the dielectric waveguide

A system which is uniform in a specific direction can also be said to have continuous
translational symmetry along this direction. To express this sentence in more formal
terms, we can first define an operator T d that shifts the dielectric function by d, i.e.

T d ϵ(r) = ϵ(r− d). (2.37)

If a system is uniform in x-direction, for instance, we could state that the operator
T xêx, which shifts in the direction of the unit vector in x-direction êx, would leave the
permittivity of the system unchanged

T xêx ϵ(r) = ϵ(r− xêx) = ϵ(r).

Let us now consider the dielectric slab waveguide of thickness h (figure 3, left), which
is the limiting case of r→ 0 of the patterned PhC slab, as stated above. The slab is ho-
mogenous in the xy-plane andoffinite thickness in z-direction, so that thepermittivity
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(neglecting dispersion) can be described as

ϵ(r) = ϵ(z) =

{
ϵ1 if |z| ≤ h/2
ϵ2 else

, ϵ1 > ϵ2. (2.38)

This function is hence constant for all vectors ρ parallel to the xy-plane (or rather
perpendicular to the plane normal, which is the z-axis). Just as mentioned before
in general, it can be concluded that the translation operator T ρ commutes with L ,
i.e. [T ρ,L ] = 0. This has the benefit that the modes of the system can be classified
according to their in-plane wave vectors kip = kxêx + kyêy, allowing to separate the
z-dependence

H kip(r) = e i kip •ρ h(z, kip). (2.39)

Here, h(z, kip) denotes the z-dependence of the magnetic field, while the exponential
is a plane wave describing the xy-dependence. Exploiting the rather simple condition
of translational symmetry, thus, allowed us to reduce the problem from a completely
general solution, to modes which only have an unspecified behavior in z-direction.
To go even further, we can divide the k-vector into components parallel and perpen-

dicular to the xy-plane, so that

|k| =
√
k 2∥ + k 2⊥,

i.e. k∥ = |k| sin θ with θ being the angle between k and the plane normal. For reasons
that will shortly be clear, we divide the solution space (i.e. the spectrum) into parts
which are above and below the so-called light line ω = c0k∥. The frequency ω = c0 |k|
can only have values smaller than c0k∥ if k⊥ is imaginary. But this means that the cor-
responding modes are evanescent in the direction away from the slab, and therefore
confined to it – a solution well known from ray optics, known as total internal reflec-
tion or index-guiding. We say that these modes – the guided modes – are spatially
bounded. In contrast to the solutions above the light line – the radiation modes – re-
semble the plane waves of free space if going farther away from the slab.
It can be shown mathematically, that for a Hermitian eigenvalue problem like

equation (2.30), the solutions form a discrete set when the eigenvectors are spatially
bounded (see [57], chapter 6). In consequence, the modes below the light line form a
set of continuous bands, which we can number by ascending frequency order with the
so-called band number n. The totality of all the (uncountably infinite number of) bands
is known as the band structure of the system. Above the light line, the modes form a
continuum, which is usually denoted as the light cone. (Actually, this is also part of
the band structure, but with non-negative real numbers n ∈ R0, instead of integers
n ∈ N0.)
These results are aswell of great importance here, because the situation is very simi-

lar for PhC slabs, aswill be shownbelowafter the treatment of 2DPhCs. ThePhC slabs,
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whichhave discrete rather than continuous symmetries, formguidedmodes below the
light line as well. Above the light line, however, a different situation ismet. Andmore-
over, each discrete symmetry gives another property that can be used to classify the
modes, as discussed in the following.

2.2.4 Discrete symmetries, Bloch’s theorem and the Brillouin zone

The continuous translational symmetry discussed in the previous section is valid if
the system can be translated by infinitesimal steps dr, e.g. ϵ(r + dr) = ϵ(r). PhCs
rather have discrete translational symmetry, for which the dielectric function can only
be translated by lattice vectorsR, which canbe expressed as a linear combination of the
primitive lattice vectors ai, henceR =

∑ N
i miai. Heremi are integers andN is given by

the dimension of the system – e.g. there are typically three primitive lattice vectors in
a 3D system. Accordingly, the complete space can be “tiled” by a finite volume known
as the unit cell. It is further possible to define a reciprocal lattice using reciprocal lat-
tice vectorsG, which itself can be expressed by primitive reciprocal lattice vectors bi, so
thatG =

∑ N
i mibi. The bi can be derived from the ai by demanding ai • bj = 2πδij. This

approach is well-known from solid state physics and more information can be found
in [52], chapter 4, or [1], appendix B.
As in the case of continuous translational symmetry, the discrete translation oper-

ators T R which relate to the lattice vectors R must all commute with L , allowing to
decouple the modes in the following way

Hk(r) = e ik • r uk(r), (2.40)

whereuk(r) = uk(r+R) is a lattice-periodic function. This is knownasBloch’s theorem
and themodesHk(r) are called Bloch states or Blochmodes. And just as it is sufficient
to consider the unit cell in order to describe the system in real space, it is sufficient to
consider wave vectors in a “reciprocal unit cell”, commonly known as the first Brillouin
zone. Thewave vectors k can therefore be replaced by Blochwave vectors k =

∑ N
i kibi,

i.e. by a superposition of the primitive reciprocal lattice vectors, and these vectors can
be restricted to the Brillouin zone. As will be shown shortly, this region can further
be reduced to a so-called irreducible Brillouin zone if the lattice hasmore symmetries,
such as rotational symmetry.
Finally,wecanagain reason that themodesof theeigenvalueproblemequation (2.30)

are spatially bounded, this time to the unit cell of the PhC. For 3D PhCs, themodes are
bounded in all three directions, causing the spectrum to be fully discrete. The band
structure then does not have a light cone, but is completely composed of continuous
bands ωn(k) that can be labeled by a band number n. Moreover, this band structure
must only be considered in the irreducible Brillouin zone, because the frequencies are
as well Bloch periodic: ωn(k) = ωn(k+G) for all reciprocal lattice vectorsG. The same
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holds for 2D PhCs, because the continuous translational symmetry in the uniform
direction causes the same spatial boundedness as for the slab waveguide.

2.2.5 2D photonic crystals with hexagonal lattice

Until now, only translations have been considered. Discrete translational symmetry is
a key property of any periodic lattice, as it defines the unit cell and the first Brillouin
zone. However, the unit cell itself can exhibit additional symmetries, which therefore
also apply for the complete system.
It was already shown in section 2.2.2, that any symmetry operatorR of the point

group P (2.31) of the system commutes with L , therefore [R ,L ] = 0. For a system
with discrete translational symmetry as discussed in the previous section, this means
that any transformed Bloch mode RHk of equation (2.40) satisfies the eigenvalue
problem (2.30) with the same eigenvalue as the initial Bloch mode (compare equa-
tion (2.36)). Further, it can be shown that this is actually the same Bloch mode with a
transformed wave vectorR k. But this means, that the eigenvalues ω, and therefore
the band structure ωn(k), possesses the same symmetry as the point group P . It is
therefore sufficient to consider the band structure in the irreducible Brillouin zone,
which is the smallest part of the Brillouin zone with nonredundant k vectors.

C6v point group and hexagonal Brillouin zone

After these very general statements, we will discuss the properties of the lattice of in-
terest for this thesis: the hexagonal lattice. The first Brillouin zone of this lattice is
the hexagon shown in figure 4 (left). The hexagonal lattice itself is shown at the right
of the same figure, illustrated by a center point and its six nearest neighbors. To de-
scribe the symmetries of this system, we introduce a notation often used in group the-
ory. We denote rotations of 2πm/n around the origin with C m

n , e.g. a rotation around
60° = 1 · 2π/6 is C6. Obviously, the hexagonal lattice can be rotated by any angle which
is amultiple of 60°, as shown by the blue arrows in figure 4. Also, amirror reflection on
the x- or y-axis leaves the lattice unchanged. These reflection are denoted as σx/y and
marked using red arrows in the figure. There are even more planes for which these
mirror flips can be performed, but these are the same operations as σx/y if the coordi-
nate system is changed, and thereforemarked with primes and called conjugate oper-
ations. The same is true for the clockwise rotations, which are also shown in the figure
and marked with a superscript of−1. Together with the identity operation E, we can
therefore find the symmetry operations{

E,C6,C−1
6 ,C3,C−1

3 ,C2, σx, σ′
x, σ

′′
x , σy, σ

′
y, σ

′′
y
}
. (2.41)

If we combine the conjugate operations and add them as factors, we find the so-called
C6v point group

C6v =
{
E, 2C6, 2C3,C2, 3σx, 3σy

}
. (2.42)
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blue, while mirror flipsσx/y are shown in red. Operations which are conjugate to other operations appear
faded and with dashed lines. (Freely adopted from [2].)

Taking into account these symmetries yields the irreducible Brillouin zone shown by
the cyan-hued triangle infigure 4. The corners of this triangle are points of particularly
high symmetry – therefore called high symmetry points – termed Γ,M and K.

Symmetry of modes and irreducible representations

Let us recapitulate that the system, i.e. the dielectric function of the 2DPhCwithhexag-
onal lattice (figure 3, center), has theC6v point group defined in equation (2.42). So far,
theprevious considerationshavebeenpreparations for the conclusions thatwill be dis-
cussed in the following–because the important question for thiswork is: What canwe
learn about the properties of themodes from symmetry?
Since it is beyond the scope of this thesis to give a profound treatment, the following

aims at motivating the idea of irreducible representations (see [2, 53, 55, 58] for more
information). If we solve for themodes of the PhC for a specific direction of incidence
of the light source, the corresponding wave vector k can be regarded as the position in
the irreducible Brillouin zone shown in figure 4. At normal incidence, for example, we
are at the Γ-point and the system shows its full symmetry, i.e. C6v. If we are a little off
the Γ-point, the symmetry is reduced, that is why Γ is called a high symmetry point.
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C6v E 2C6 2C3 C2 3σy 3σx

A1 +1 +1 +1 +1 +1 +1
A2 +1 +1 +1 +1 −1 −1
B1 +1 −1 +1 −1 +1 −1
B2 +1 −1 +1 −1 −1 +1
E1 +2 +1 −1 −2 0 0
E2 +2 −1 −1 +2 0 0

Table 2.1: Character table of theC6v point group. Each row lists the charactersχ for an irreducible represen-
tation (denoted asAi,Bi andEi) respective the symmetry operations of theC6v point group (the identity op-
erationE, rotationsCm

n and mirror flipsσx/y; compare equation (2.42)). The characters of the representation
typesA andB only take values of±1, while the higher dimensionalE type can take all values−2,−1, . . . , 2.

At other special points, lower symmetries are found, which can be summarized as

PΓ = C6v,
PK = {E, 2C3, 3σy} = C3v,
PM = {E,C2, σ′′

y , σ
′′
x } = C2v,

PT = {E, σy} = C1h,
PΣ = {E, σ′′

x } = C1h.

(2.43)

That is, the point group PK at the K point is called C3v and has a lower symmetry than
C6v, because it is composed of only six symmetry operations; and similar for the other
points.
Let us now consider a non-degenerate mode of the PhC at the Γ-point. It can be

shown, that thismode always exhibits the symmetry of one of the so-called irreducible
representation of the C6v point group. To understand this concept, consider that the
mirror flip operator σx acts on a function f(x), described by the eigenvalue problem
σx f (x) = χ f (x) with an eigenvalue χ. No matter how f(x) looks like, a second appli-
cation of σx will restore f (x) to its original state, so the eigenvalues χ can only be±1.
This eigenvalue is therefore known as the character of f (x) respective the symmetry
operation σx.
The same can be done for the PhC modes and all the symmetry operations of the

point group. A result from group theory [55] is now that not all combinations of these
characters χ can occur, but only a distinct number, which are the irreducible repre-
sentations I of the point group. In the case of C6v, these are six combinations labeled
A1, A2, B1, B2, E1 and E2. It is common to specify these representations in so-called
character tables, which list the values of the characters χ, as shown in table 2.1 for C6v.
The reason for showing this table here in detail is to make absolutely clear, that an

irreducible representation is nothing but a set of specific symmetry properties. For ex-
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ample, the irreducible representationA1 definedby thefirst row in table 2.1, transforms
even under all symmetry operations, i.e. with a character χ of+1. The representation
types A and B can have characters of only±1, while the higher dimensional E type can
take all values −2,−1, . . . , 2. Only these six symmetry types can occur for the modes
of a PhC with hexagonal lattice at the Γ-point, and they can be classified easily from
the field distributions by consulting this table. It will be explained in the following,
that far-reaching conclusions can be drawn from these simple considerations. And in
the end, the finite number of these types and the knowledge on how they behave will
justify the machine learning approach used in later chapters.

Consequences for the photonic band structure

To relate these results to the photonic band structure, we repeat that at the Γ-point,
any mode of the PhC can be assigned to one of these irreducible representations and
that this is moreover a conserved quantity [55]. It can further be shown, that any non-
degeneratemode is ofA- orB-type,while degeneratemodes are of typeE. Sowhenever
to bands cross at the Γ-point, which also means that they are orthogonal eigenvectors
which can not couple, it can be concluded that both have a symmetry ofE-type. In con-
trast, bands that show anticrossing – i.e. which couple and show a frequency splitting,
are either A- or B-modes.
Although it is not shown here explicitly, very similar conclusions can be drawn for

the other high symmetry points, and we canmoreover find so-called compatibility re-
lations which tell us how the mode symmetry evolves between these points. As an ex-
ample, a mode which is of type A1 at Γ, will be of type A when moving along the path
Γ− K in the Brillouin zone (figure 4), and will therefore be mirror symmetric with re-
spect to the x-axis.
In consequence, when considering mirror and rotational symmetry, a photonic

band will either (i) keep its symmetry respective a certain symmetry operation when
moving from one high symmetry point to another, or it will (ii) flip its symmetry on
the way between these points. We do not expect any drastic or sudden changes in the
symmetry. These results are of major importance, as in later sections machine learn-
ing will be used to classify the bands between high symmetry points based on their
field distribution. This approach would not make any sense, if we did not knew that
the bands have these continuous symmetry properties. In consequence, these theo-
retical results justify the classification of field distributions into a rather small number
of types between two high symmetry points, as it will be done in chapter 7.

2.2.6 Photonic crystal slabs and leaky modes

Thephotonic crystal slab with hexagonal lattice can now be treated as a combined case
of the 2D counterpart and the dielectric waveguide (compare figure 3). All the concepts
have already been introduced, and are often repeated in the PhC literature. The band
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Figure 5: Example of a band structure for a photonic crystal slab with hexagonal lattice. Band structure†

ωn(k∥) for the first 8 TE (red circles) and TM (blue circles) bands, respectively, solved along the edge of the
irreducible Brillouin zone (cyan area in the shown 1. Brillouin zone) with markings for the high symmetry
pointsΓ,M andK (see also figure 4, left). The inset shows a sketch of the PhC slab, which is surround by air.
The black line and the gray area denote the light lineω = c0k∥ and the light cone; the latter is the region of
the leaky and radiation modes. The TE bands exhibit a band gap (red-shaded area) for the guided modes,
but not for the leaky modes, so that it is said to be incomplete.

structure features discrete modes which can be classified by their irreducible repre-
sentations, but the finite thickness in z-direction introduces a light cone, just as for
the uniform dielectric slab.
An example of a band structure for a PhC slab without substrate is shown in fig-

ure 5† (see the inset for a sketch of the structure). The band structure ωn(k∥) has been
solved along the edge of the irreducible Brillouin zone (cyan area in the shown 1. Bril-
louin zone; or figure 4, left) for the first eight transverse-electric (TE) (red circles) and
transverse-magnetic (TM) (blue circles) bands, respectively. TE and TM refer to dif-
ferent polarization types, as will be explained in the next paragraph. The light line
ω = c0k∥ (black line) separates the domain of the guided modes (white area) from the
light cone (gray area). The latter, which is of special interest in the case of external radi-
ation, is the domain of radiation modes and so-called leaky modes. This is in contrast
to the dielectric slab discussed in section 2.2.3, for which the light cone is composed of
a continuumof radiationmodes only. The leakymodes, however, are discretemodes –
just as the guidedmodes – and will be discussed after the polarization types. Another

†The band structure in figure 5 was computed using MIT Photonic Bands (MPB) [59] for a constant
relative permittivity of ϵ = 12 without substrate. The computation uses a supercell in z-direction and it
is known that MPB does not yield correct results above the light line in this case.
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feature of the band structure is the incomplete TE band gap denoted by the red-shaded
area. A band gap is a frequency rangewithout any allowedmodes (usually for a specific
polarization), which in the case of PhC slabs is only possible for guidedmodes – hence
it is incomplete. Therefore, this phenomenon is only relevant if the excitation occurs
inside the slab, i.e. below the light line.

Separation of TE and TM modes

If we consider the 2D PhC with hexagonal lattice a last time, the C6v point group de-
scribes the symmetry in the xy-plane, but in z-direction the system is uniform. This
means that the PhC has mirror symmetry with respect to the xy-plane for any choice
of origin. Calling the related symmetry operator σz, it can again be reasoned that
[σz,L ] = 0; and from this it again follows that the parallel Bloch vectors possess the
samemirror symmetry, i.e. σzk∥ = k∥.
All of these considerations are analog to the line of reasoning of the previous section.

The modes can therefore be classified by their character χ(σz), which can take values
of±1 depending on whether the fields are even or odd with respect to that symmetry.
Themirror symmetry is a special case, because electric andmagnetic fields transform
differently under this transformation. Without going into detail, this is because E is
a vector, while H is a so-called pseudovector [43]. This causes that the modes can be
classified by their polarization characterized by the non-zero field components, which
can either be (Ex,Ey,Hz) – denoted as TE – or (Hx,Hy,Ez) – denoted as TM.
In the case of general 3D PhCs, this separation does only apply under very specific

conditions and is therefore irrelevant (a proof can be found in chapter 3 of [1]). How-
ever, for the case of PhC slabs the separation holds by approximation if the slab is thin
compared with λ, i.e. the modes are mostly polarized in that case (see [1], chapter 7).
Since this condition is met in many cases of interest for this thesis, the concept of TE-
andTM-modes is used–most of the time as if it held exactly. Nevertheless, one should
be aware of the fact that it is an approximation and that the polarizations are not per-
fectly orthogonal.
Anything that breaks the z = 0 mirror plane of the slab deteriorates the orthogo-

nality of the polarizations. In the present case, this is e.g. the substrate material or
the conical shape of the holes (see section 3.2). Themore pronounced the conical shape
gets, or the more the refractive index of the substrate material approaches the one of
the slab, the worse will be the orthogonality. These aspects must also be kept in mind
when the termsTE andTMare used, and theywill be reconsidered in later discussions.

Leaky modes and their link to reflection, transmission and near-field enhancement

The actual systemwith which this thesis is concerned is called the nanohole array, and
it is introduced in detail in section 3.2 and figure 9 on page 49 (material properties
are discussed in section 3.3). It is a silicon PhC slab with a hexagonal lattice of holes
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on a glass substrate. This system has the C6v point group in the xy-plane for z-values
inside the slab. If the substrate and superstratematerials are identical, the system has
C1h = {E, σz} symmetry with respect to the z-axis, so that the total symmetry can be
denoted asD6h = C6v × C1h.
The eigenmodes of such a system can be classified by their irreducible representa-

tions, but as noted above and explained in section 2.2.3 for the dielectric waveguide,
there is also a light line dividing the photonic band structure into two parts. As shown
in figure 5, the modes below the light line form discrete bands, which are called the
guided modes. Since these modes are confined to the slab, they can only be excited by
the zeroth-order forward- and backward-diffracted waves of an external source. Con-
sequently, they are of minor interest for this thesis.
For the dielectricwaveguide, it was stated that the region above the light line is com-

posed of a continuum of modes: the radiation modes. However, in the case of a PhC
slab the situation is quite different, although this is often neglected in textbooks on
PhCswhichmainly deal with guidedmodes – or at least not optimally communicated.
The reason for this “negligence” is mainly that the situation is rather complex. Fortu-
nately, the publication ofHu&Menyuk [60] gives an in-depth overview of this special-
ized topic, so that it is sufficient to cover selected conclusions here.
We can therefore state that the PhC slab possesses another type of modes above the

light line: the leakymodes. Thesemodes can be seen as quasi-eigenmodes, which – in
contrast to the guidedmodes – have finite lifetimes (see also [2, 12, 58]). Unlike for the
dielectric waveguide, the continuum of radiation modes above the light line contains
sharpLorentzianpeaks at kz-valueswhichare close to the k∥wavevector componentsof
the guidedmodes. The widths of these Lorentzian peaks, which can also be expressed
by Q-factors, correspond to the lifetimes of the leaky modes.
From the in-plane periodicity it is therefore possible to excite the leaky modes us-

ing higher (evanescent) orders of the external radiation by phase-matching [11, 30].
The spectral bandwidth for which this is possible depends on the Q-factor of the leaky
mode. These modes, which can be defined by a complex propagation constant, are
diffracted in both the forward and the backward directions, so that they change the re-
flection and transmission properties of the PhC. More specifically, from studying the
interference it can be shown that an externally excited leaky mode causes zero trans-
mission at the resonance wavelength, i.e. 100% reflection, in the case of a perfectly
periodic, infinite and lossless system [8]. The leaky modes can therefore be observed
using e.g. reflectance measurements (see section 3.4.1) [9, 10].
It must however be noted, that there are further restrictions for the excitation of

modes, imposed by the symmetry match between the light source and the irreducible
representation of the mode. This means that the leaky modes may not all be excited
using e.g. external plane waves, so that the bands observed like this do not cover the
complete band structure. (More details can again be found in [2, 12].)
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Finally, from the spatial boundedness of the leaky modes during their finite life-
times, it follows that they can locally induce very high energy densities [30]. This effect
will be referred to as “near-field (energy) enhancement”, especially for the case that
the energy densities of e.g. the electric field are higher than those of the incident field
(which is usually assumed as a plane wave excitation having a uniform energy density,
here).
From these theoretical thoughts it is obvious that a proper design of PhC slabs facil-

itates to change the reflectance properties of this material, as well as to manufacture
systems which possess strongly increased field energies for specific illumination con-
ditions. As a final section in this theoretical treatise of PhC slabs, it will be discussed
how these characteristics can be applied to the interaction with emitters.

2.2.7 Interaction with emitters by enhanced extraction and enhanced emission

The effects of leaky modes on the general optical properties of PhC slabs have been
outlined in the previous section. As it is of major relevance for the results presented in
chapter 6, it will now be discussed how these features can be used to affect the inter-
action with near-surface emitters, which can be thought of as two-level systems here.
The two effects of interest are extraction enhancement and excitation enhancement,
of which the latter directly changes the emission rate, while the former improves the
outcoupling of the generated light.

Extraction enhancement

Suppose a two-level system emitting a single photon in free space. The photon will be
emitted in an arbitrary directionwith a frequency corresponding to the energy separa-
tion of the two levels viaE = hf. If there aremany emitters emittingmanyphotons, the
directional characteristicwill not favor a specific direction, so that half of the radiation
will be emitted to the upper half space. If, in contrast, these emitters are in the center of
a dielectric slab waveguide (section 2.2.3), a large fraction of the radiation will couple
to the guided modes of the waveguide – typically around 80% to 90%, depending on
the refractive index – so that only 5 % to 10% are radiated to the upper half space [14].
However, if the emitters are not inside the slab waveguide, but only very close to the

surface, the effect is still relevant, because the guidedmodes are still present, although
exponentially decreasing away from the slab. Similar problems are massively dete-
riorating the extraction efficiency of light-emitting diodes (LEDs) [11], which mainly
struggle with the outcoupling of the light that is generated in the emission zone. As
it was stated in the previous section, in the case of PhC slabs the in-plane periodicity
changes this behavior. This is basically because the PhC folds the guided modes at the
Brillouin zone boundaries, so that the phases between the guided modes match those
of the radiation modes above the light line. These quasi-guided modes have been in-
troduced as leaky modes.
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Consequently, light from external sources is scattered out of the PhC plane, which
can as well enhance the extraction of light from near-surface emitters. This effect is
denoted as extraction enhancement, or enhanced extraction, and it was studied in-
tensely [9–11, 14, 21–26]. Extraction enhancement requires the emitters to match the
resonance frequency of a leakymode in the range of its bandwidth. Ormore generally,
if the emitters have a distribution of emission wavelengths, leaky modes must cross
this wavelength range. In contrast to the effect which will be studied in the following,
leaky modes of all symmetry types, polarizations and k-vectors come into consider-
ation for this effect, assumed that the emitted light of a single emitter has arbitrary
polarization and emission direction.

Excitation enhancement

A completely different approach to increase the emission of a near-surface emitter is
givenbyexcitationenhancement. Suppose theabsorptionandstimulatedemission in-
duced in a two-level emitter interacting with amonochromatic electromagnetic wave,
just as taught in fundamental textbooks on lasers, e.g. Svelto [61]. The interaction can
be understood as to happen between the electric dipole moment of the emitter and
the electric field. In this simplified picture, it turns out that the transition rateW of
stimulated emission is of the form

W ∼ ρ g(λ− λ0), (2.44)

where the energy density ρ of thewave is proportional to the square of the electric field
amplitude: ρ ∼ E 2

0 ; and the function g(λ−λ0) is theLorentzianwith centerwavelength
λ0. From these basic considerations, it can be seen that the (stimulated) emission of a
two-level system increases quadratically with the field strength at the position of the
emitter.
It was also mentioned in the section on leaky modes of section 2.2.6, that these

modes can exhibit locally enhanced field energy densities. This was also shown experi-
mentally, reaching multiple orders of magnitude [27]. It is therefore obvious, that the
emission of an emitter in the proximity of the PhC slab surface can be increased if it
is in the region of leaky mode-enhanced field energy, as demonstrated in [30, 42]. We
denote this mechanism as excitation enhancement, or enhanced excitation. As a side
note, this effect should not be confused with the Purcell effect [62], which is basically
caused by a high density of states in a specific volume, while excitation enhancement
in this case is caused by a single mode. Unfortunately, the nomenclature in respective
publications is inconsistent. Therefore, to achieve excitation enhancement,

• the PhC slabmust exhibit a leakymode that spectrally overlaps with the absorp-
tion profile of the emitter, and

• the emitter position must coincide with a region of increased field of the mode
profile.
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Consequently, this effect is caused by leaky modes present at the specific wavelength
λin, wave vector kin and polarization of the incident radiation, – in contrast to extrac-
tion enhancement, where leakymodesmust be present at the emissionwavelengths of
the emitters, but for any k-vector and polarization.

2.3 Aspects of machine learning

Machine learning is a huge and rapidly developing subfield of computer science,which
deals with algorithms that can learn from data and even make predictions on it. It is
sometimes difficult to distinguish machine learning from the related fields of artifi-
cial intelligence, pattern recognition, computational statistics or data mining, which
partly overlap and share many of their methods. The application areas of machine
learning are numerous and as well growing, today occupying all fields of science and
everyday-life frommedicine, biology, linguistics and economics to online security, ad-
vertising and insurance, to name only a few.
Due to this suggested complexity it is inevitable to restrict the treatise in this thesis

to a minimum, concentrating on the parts which have been utilized for the results in
later sections. More complete introductions to the field can be found in related text-
books, such as [63, 64] for themathematical background, or [65] with a focus on appli-
cations.
However, since machine learning is yet far from being a standard tool in physics, it

is assumed that the reader might not have a sound knowledge in this field. Therefore,
a short introduction with a basic example is given before the actual theoretical treat-
ment, which also tries to motivate how machine learning can be of use for the work
at hand. Afterwards, the general task of machine learning will be introduced in brief,
followed by a summary of the relevant clustering techniques and implied methods of
result evaluation.

2.3.1 Introduction and motivation

Illustrating the principles and abilities of machine learning is best achieved using an
example. In this case, it will be necessary to already use some key terms, which will
more stringently bedefined in the following sections, butwhichmight appear intuitive
to some extent.
The method exclusively relevant for this thesis is classification. In order to intro-

duce thismethod, a standard example data set has emerged, which is the so-called iris
data set from the field of plant taxonomy. It goes back to E. Anderson, who did the
actual measurements, and Fisher, who published them in 1936 [66]. Irises are flower-
ing plants for which Andersonmeasured four characteristics, namely the sepal length,
sepal width, petal length and petal width, – i.e. properties of specific leaves. These
measurements have been performed for 50 plants of each of the three species I. setosa,
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Figure 6: Clustering of the iris data set. The 150 samples of the iris data set are plotted against their sepal
and petal lengths. (Left) The ground truth, i.e. the correct assignment of the data points to the three species
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clustering result using corresponding colors for each cluster. The black crosses mark the positions of the
cluster centers.

I. versicolour and I. virginica. Fisher tried to find out how the species could be deter-
mined from the four leave properties.
We say that this data set has 150 samples (the 3 × 50 measured plants) and 4 features

(the different leave lengths); and it can be divided into 3 classes. For this specific data
set, the correct assignments to the different classes are known, which is referred to as
the ground truth. One aspect of classification would be to let the machine learn how
to assign the features to the classes, e.g. using half of the data set, and then to let the
machine predict the right classes for the otherhalf. However, theproblemof interest for
this thesis is even more sophisticated: can the machine divide the data set into three
classes without any help, i.e. without giving any example of a correct assignment? This
is the task of clustering.
One of themost simple, but powerful clustering algorithms is called k-means, and it

will be introduced indetail in section2.3.4. The k-means algorithmtakes two inputs: (i)
themeasured leave lengths for eachplant, and (ii) thenumberof clusters intowhich the
data should be partitioned. The results of this process are summarized in figure 6 and
have been obtainedusing the open-source Python library Scikit-learn [67], as for all the
machine learning-based results in this thesis. The four measurements for each plant
can be considered as a point in a four-dimensional space. For visualization purposes
this is reduced to 2D by plotting only against petal and sepal length. The left-hand plot
shows the ground truth, using different colors for each species. Whenplotted like this,
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each species forms a point cloud, where virginica and versicolour are less well separated
than setosa. Although the 2Ddepiction is a simplification that in fact neglects informa-
tion, the full-4D situation is quite analog. (Partly because petal length and petal width
are highly correlated, so that the data set is basically 3D.)The right-handplot shows the
k-means result, where each point was assigned to a cluster labeled 0, 1 or 2. The algo-
rithm tried to find a proper grouping of the data points based on their inter-distances
in the 4D space, forming clusters of points which “may” belong to the same group. Do-
ing so, the algorithm managed to group all samples of setosa correctly, and also most
of the other two species. Problems, or rather ambiguities, arise at the border between
virginica and versicolour, where k-means is unable to assign all samples correctly due to
the small distance between the clusters.
Obviously, a technique like this can indeed be useful to find “meaning” in data sets,

at least if the user is able to interpret the labeling. For the iris data set, which has few
samples and only four feature dimensions, the same result may have been achieved
using traditional techniques or by clever visualization. But when it comes to large,
high-dimensional data sets, clustering can become indispensable.
This is where the method becomes interesting for photonics. In chapters 5 and 6,

specific effects of PhCs will be studied in large ranges of wavelengths and incident an-
gles of the incoming radiation. When, for example, emitters are placed on the PhC
surface, their emission can be influenced by the local field strength. From the field en-
hancement integrated over a specific volume in which the emitters are supposed to be,
experimental data may be understood to some extent. However, to gain insight into
the fine details, the exact field distribution for all combinations of incident angles and
wavelengths is relevant. Without any additional knowledge this would necessitate to
visualize and interpret thousands of 3D field distributions.
This problem can be simplified by taking into account the theoretical consideration

that the field distributions are not unique for each radiation condition. It was shown
in section 2.2 that PhCs have a band structure, and that these bands have typical field
distributions corresponding to their symmetry properties. The fields in the regions
between the bands are also not expected to be “wild”. So it may be possible to classify
these field distributions and to only look at very few typical fields, which are sufficient
to understand the observed phenomena.
Machine learning seems to be ideally suited to meet this objective. If we consider

e.g. the electric field at specific positions as the features, just like the leaf lengths in
the iris example above, and the different radiation conditions as the samples, which
have been the specific plants before, the problem can be clustered in just the sameway.
Only the problem size differs a lot: suppose we are interested in 500 different incident
angles and 500wavelengths, we end upwith 250 000 samples. To achieve a reasonable
resolution for the 3D field values, we might use at least 25 points in each direction,
resulting in 15 625 features, i.e. 15 625 dimensions.
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Coming back to the iris example again, the k-means algorithm yielded another re-
sult, despite from the assignment of the measurements to classes. If we consider all
samples in one cluster, the average sepal length could be considered as the typical sepal
length. The same holds for the other features, and these are the so-called “cluster cen-
ters”. These centers aremarked using black crosses in section 2.3.4, and they lie rather
good in the center of each point cloud. In the sameway, the PhCfield clusteringwould
yield typical modes of the field. And just as mentioned above, these average field dis-
tributions will be used to explain the actual experiments in chapter 7.

2.3.2 Mathematical notation and general problem set

After the descriptive introduction in the previous section, it is from now on tried to
give a more stringent treatment. The general goal of machine learning is to construct
a prediction rule which connects a set of samples, represented by an input vector X, to
a set of outputs, represented by an output vector Y. The input vector is composed ofNs
samplesXi with i = 0, . . . ,Ns− 1 and each sample can itself consist ofNf observations xj
with j = 0, . . . ,Nf − 1. Here the subscripts s and f stand for “samples” and “features”,
respectively. Theobserved quantities for each sample are denoted as features. The input
vector is thus a matrix of sizeNs × Nf.
The output or response vector can itself consist of Nr output variables Ym with m =

0, . . . ,Nr − 1, where the subscript r stands for “response”. The output measurements
corresponding to each sample Xi are denoted as yi, so that the output matrix is of size
Nr × Ns. The treatment will be restricted to the very common case of Nr = 1, so that
the output vector Y is a column vector of lengthNs: each sample Xi corresponds to one
specific output yi. These outputs can either be quantitive, i.e. ordered, numerical val-
ues, or qualitative, i.e. unordered, categorical values. The former case is referred to as
regression, while the latter is known as classification. Just as stated in the introduc-
tion, the treatise will be restricted to the problem of classification. The general task of
machine learning is then to construct a prediction rule in a way that, given a sample
vectorXi, a “good” prediction for the output ŷi ismade. Here, the hat distinguishes the
predicted output from the actual output yi [63].

2.3.3 Supervised learning, unsupervised learning and clustering

Machine learning is usually subdivided into the tasks of supervised and unsupervised
learning. For supervised learning theprocess startswith a training set,which is a set of
Nt samples Xi with known outputs yi. In the iris example (section 2.3.1), this would be
the case if the algorithm is trained usingNt leaf lengths sets with known species. Once
the algorithm is trained, it can be used to predict the species ŷk of other plants Xk. A
main advantage of supervised learning is that a direct measure of success is available,
as there is always a set of known outputs. The training set can therefore be divided
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into a smaller training set and a test set, so that the predictions based on the reduced
training set can be checked against known results.
With unsupervised learning, the situation is different in the way that there are no

known outputs. The input matrix X represents a set ofNs points in aNf -dimensional,
abstract feature space. Unsupervised learning algorithms can further be categorized
according to their task. The clustering approaches, which are of interest here, try to
find regions of the X-space which can be “clustered” to distinct types of observations,
therefore to find classes in the X-space that are valid approximate representations of
the complete data space. These classes are usually referred to as centroids or cluster
centers. Other unsupervised learning approaches are for example descriptive statis-
tics, with the principle components analysis as a frequently used algorithm, andmany
more [63].
Due to the lack of a direct measure of success, it is difficult to ascertain the validity

of the determined cluster centers. It is in consequence a crucial step to validate the
solutions using “external” knowledge about the problem itself, i.e. to compare it to the
expectation. In addition, there are also mathematical tools to rate the clustering, of
which the silhouette coefficients will be considered in section 2.3.6.

2.3.4 k-means clustering

A specific algorithm for solving the task of clustering is k-means. This method is very
popular for being robust and versatile, while having rather simple core ideas, which
be outlined in the following. It is noted that there are many other algorithms, each
having its pros and cons. A well-grounded comparison of k-means to other methods
for the problems at hand is beyond the scope of this thesis, as well as giving a detailed
explanation of such methods. As a second, more complex example, Gaussian mixture
models will briefly be covered afterwards, which have been applied to the clustering of
a more complicated data set in section 7.4.
As stated before, the goal of the clustering approach is to partition aNf -dimensional

data set X with Ns samples X0, . . . ,XNs−1 into some number Nk of clusters. A cluster
comprises a group of data pointswhose inter-point distances are small comparedwith
thedistances topointsoutsideof the cluster [64]. This canbe formalizedby introducing
a set of Nf -dimensional vectors µk, where k = 0, . . . ,Nk − 1 and µk is the centroid of
the k-th cluster. In order to find the optimum solution, the algorithm must find an
assignment of data points to clusters, and a set of centroids {µk}, such that the sum
of squares of the distances of each data point to its closest vectorµk is a minimum.
The assignment of data points Xi to a cluster k can be described by a corresponding

set of binary indicator variables rik ∈ {0, 1}, so that ifXi is assigned to the cluster center
k then rik = 1, while rij = 0 for j ̸= k. The sum of squares of the Euclidian distances of

32



each data point Xi to its assigned centroidµk is then given by

J =
Ns−1∑
i=0

Nk∑
k=1

rik ∥Xi − µk∥
2 , (2.45)

where ∥. . .∥ denotes the Euclidian vector norm

∥v∥ =

√∑
i

v 2i , (2.46)

so that the general Euclidian point distance between two vectors v and u, which is just
a generalization of the Pythagorean formula, is

∥v− u∥ =

√∑
i

(vi − ui) 2. (2.47)

The task of the k-means algorithm is to minimize J, which is in general done by opti-
mizing for rij andµk alternately in successive optimization steps.
The k-means algorithm always converges, but is prone to fall into localminima. This

behavior drastically depends on the initialization, i.e. the initial choice of the centroids
µk. To address this problem, k-means is in general executed multiple times with dif-
ferent initializations. An additional approach is to use advanced seeding techniques
such as the k-means++ algorithm [68], which was also used in this thesis.

2.3.5 Clustering using Gaussian mixture models

The k-means algorithm presented before is a very simple and robust method, but it
also has its disadvantages. Simply speaking, it assumes that the clusters are circular,
i.e. representable by a (hyper-)sphere in feature space. The center of this sphere de-
fines the cluster center, while the radius acts as a hard boundary used to decide which
samples belong to the cluster. For that reason, k-means is often called a hard clustering
method, in contrast to softmethods such as the one based on Gaussian mixture mod-
els (GMMs) presented here [63]. A rigorous treatise of the GMM clustering is rather
involved and can be found e.g. in [64], so that this method is only outlined here.
Starting with a 2D analog, it may be intuitively clear that a sum of Gaussian distri-

butions of the form
N (x) =

1√
2πσ 2

exp
(
−(x− µ) 2

2σ 2

)
(2.48)

can fit almost any continuous function f(x) if only enoughGaussians are used. Here, µ
is themean of the distribution and σ 2 is the variance (the square root σ being the stan-
dard deviation). This Gaussian function of the scalar variable x can easily be extended
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to a multivariate Gaussian distribution, taking the form

N (x) =
1

(2π) D/2
1

|Σ̃|
1/2 exp

(
− 1
2
(x− µ) T Σ̃−1 (x− µ)

)
(2.49)

for aD-dimensional vector x. Here,µ is now aD-dimensional mean-vector and Σ̃ is a
D× D covariance matrix with determinant |Σ̃| [64].
Just as reasoned above for the Gaussian function, a superposition ofNmultivariate

Gaussian distributions of the form

p(x) =
N∑
i=1

ciNi(x) (2.50)

can be used to approximate almost any continuous density to arbitrary accuracy.
Equation (2.50) is called a Gaussian mixture, the Ni(x) are called components of the
mixture, and the ci are weight factors. Coming back to the task of clustering, themul-
tivariate Gaussians give a much more flexible representation of clusters than in the
case of k-means, where it was mentioned that the clusters are assumed to be circular.
A GMM can therefore represent much more complex data sets and can be seen as

a generalization of the k-means algorithm for non-circular clusters. One can imag-
ine that it would be straightforward to fit the multivariate Gaussians to a data set for
which the labels are known. With unlabeled data the case is more difficult, and en-
forces to take into account another step. In the literature, this problem is commonly
denoted as to find out which (latent) component is “responsible” for a certain sample,
– which is somehow a different way of asking to which cluster the sample belongs.
But it underlines that the GMM clustering is a probabilistic approach, because it cal-
culates the probability that the sample was generated by cluster i for all clusters. These
probabilities, which are also called responsibilities, are simply the weight factors ci
of equation (2.50). This is another advantage over the k-means method, as samples
near the boundary of two clusters have non-zero probabilities for both clusters, e.g. in
the case of being exactly at the boundary of cluster i and j, the probabilities would be
ci = cj = 0.5.
In the implementation that was utilized in section 7.4, the cluster assignment is

solved using amethod known as expectation-maximization [69, 70]. This rather com-
plex statistical algorithm starts with a random Gaussian mixture (i.e. random com-
ponents), which is typically initialized using a prior application of k-means to improve
the convergence. In thenext step it determines for each sample theprobability of being
generated by each component of themixture. Based on these probabilities, the param-
eters of the Gaussian distributions are fitted to give the best approximation of the data
by maximizing the so-called likelihood [64]. This process is executed iteratively and is
guaranteed to converge to a local optimum.
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The advantages of the greater flexibility of this method in view of the cluster shape
are inevitable for the clustering in section 7.4. It should be noted that the GMM ap-
proach has further advantageswhich are yet not used, e.g. an alternative implementa-
tion that uses a variational Bayesmodel to automatically predict the optimumnumber
of clusters. This approach was tested but did not lead to satisfying results, most prob-
ably because the considered input data is in fact not “generated” using a mixture of
Gaussians. Further thoughts on these issues are discussed in the concluding remarks
of chapter 8.

2.3.6 Real-world scenarios

Both of the presented clustering algorithms RE completely agnostic about the nature
of the input data and, hence, the user must take care to apply it to reasonable data in
a real-world scenario. Thismeans, at first, that the data should be expected to actually
feature classes and one should have an interpretation of what these classes are. Once
this basis is set, the remaining task is to acquire and preprocess suitable data, run the
chosen algorithm and to assess the solution. To address the remaining tasks of this
listing, a brief note on preprocessing will be given next, followed by an explanation of
the mathematical approach that was used to assess the clustering results.

Standardization

As already pointed out in section 2.3.1, in the scope of this thesis the data acquisition
comes down to generating field distribution data using electromagnetic simulations.
Since the absolute values of the field strengths can vary by large amounts, it is crucial
to standardize the field data, as it is typical for a clustering problem. There are nu-
merous possible standardization techniques, e.g. scaling the data to fixed minimum
and maximum values or to a common mean and unit variance. A common operation
in clustering, specifically, is to normalize the data, which means to scale each sample
to unit norm individually. This technique was used throughout the thesis, as it per-
formed best in numerous tests.

Solution quality rating using silhouette coefficients

Once the clustering is done, the quality of the solutionmust be validated in some way.
Aside from comparing the results to the expectation, there are alsomathematical ways
for this assessment, namely the silhouette coefficients [71]. Both of the considered
clustering algorithms expect the number of clusters Nk to be specified. This enforces
to have a guess for the approximate range of possible Nk -values beforehand. The sil-
houette coefficients provide away to assess the initial choice of the number of clusters,
and howwell the samples lie in their respective clusters, at the same time.
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In simple terms, the silhouette coefficient rates how well a sample fits into its own
cluster. If it is far away from all other clusters and very close to the cluster center, the
sample gets a positive rating. If the distances to a different cluster and its own cluster
are comparable, it is rated with values close to zero. Finally, if it is much closer to a
different cluster, a negative rating is assigned.
To give a definition of thismeasure, letX k

i be a sample that was assigned to the clus-
ter k and a(i) be the average dissimilarity ofX k

i to all othermembersX k
j ̸=i of this cluster.

Themeasure for the dissimilarity is usually the Euclidian distance (2.47). Let d(i,m) be
the average dissimilarity of X k

i to all members of the cluster m ̸= k and b(i) be the
minimum of d(i,m) for these clusters, i.e.

b(i) = min
m̸=k

d(i,m).

The clusterm for which this minimum is obtained is called the neighboring cluster of
Xi. If the number of clusters is> 1, we can define the silhouette coefficient s(i) for the
sample Xi by

s(i) =
b(i)− a(i)

max{a(i), b(i)}
=


1− a(i)/b(i), if a(i) < b(i)
0, if a(i) = b(i)
b(i)/a(i)− 1, if a(i) > b(i)

. (2.51)

From this definition it is seen that the silhouette coefficient is in the range−1 ≤ s(i) ≤
1. Values near 1 indicate that the sample is far away from the neighboring cluster and
accordingly fits well into its own cluster. A value of 0 indicates that the sample is on or
very close to the boundary between its own and the neighboring cluster, and negative
values indicate that it might have been assigned to the wrong cluster.
A sorted diagram of all silhouette coefficients can thus be used to visualize the rep-

resentation quality of a clustering. Explanations on how to use these diagrams will be
provided in the corresponding sections, for instance in section 7.2 (figure 32). In addi-
tion, the average silhouette coefficient for all samples – usually denoted as “silhouette
score” – can be used to compare the representation quality for different clusterings,
e.g. using differentNk -values. It hence even provides a single numeric value for solu-
tion quality assessment.
Considering the iris example of section 2.3.1 a last time, figure 7 repeats the k-means

clustering result of figure 6. This time, different markers are used for the labels 0, 1
and 2, while the color represents the silhouette coefficient s(i) for the corresponding
sample. The color map covers the complete range of the silhouette coefficient, and is
chosen in a way that (i) greenish colors show good fits (s(i) ≈ +1), (ii) reddish col-
ors show samples close to the boundary of the neighboring cluster (s(i) ≈ 0), and (iii)
blueish colors show samples which are misclassified. Obviously, there are no bluish
markers, which is a good sign for a well-clustered result. The setosa samples with label
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Figure 7: Silhouette coefficients of the iris data k-means clustering. The result of the k-means clustering
of figure 6 is shown again using different markers for the labels, color-coded by the silhouette coefficient
s(i). Dashed lines mark the distances to the two nearest cluster centers for an exemplary sampleX 0

0 with a
silhouette coefficient of s(0) ≈ 0.14.

0 have silhouettes very close to one, due to the isolation of the cluster. At the boundary
of versicolour and virginica with labels 1 and 2, there are many reddish points, just as it
is expected from the bad separation between these clusters. Also, even the highest sil-
houette coefficients of both of these clusters are only moderately positive, i.e. for each
sample there is still a probability that itmay belong to the neighboring cluster. Another
sample which is at a boundary is marked in the figure with X 0

0 . It has a silhouette co-
efficient of s(0) ≈ 0.14. The dashed lines illustrate that this sample is effectively closer
to the neighboring cluster center, although only in the simplified 2D plot. In the same
way, the silhouette technique can be used to interpretmore complex situations, as will
be shown in section 7.2.
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“Nomethod nor discipline can supersede the necessity of
being forever on the alert.”

— Henry David Thoreau —

3
Methods andMaterials

The presentation of the relevantmethodical aspects will be given in this chap-
ter and is divided into three logical parts: (1) the numerical methods, (2) a description
of the idealized photonic crystal (PhC) system, and (3) the aspects of the real system
and related experiments.
Part 1 is covered in section 3.1 and gives an overview of computational photonics

to motivate the choice for the method that was actually used: simulations using a fi-
nite elementmethod (FEM)Maxwell solver. Themathematical background is outlined
and important practical aspects are discussed. As an exception, themachine learning-
based methods are not described in their own methodical section, but were basically
given in the treatment of the fundamentals in section 2.3. Remaining details of the
actual techniques are given in the relevant places of chapter 7, in order to facilitate the
comprehension of the rather complex results.
A transitional part between numerical and experimental sections is realized with

part 2,whichdealswith thenanohole array systemin section3.2. Thegeneral geometry
is described and details on the numerical treatment and the derivation of the physical
quantities of interest are presented.
Finally, part 3 spreads across three sections that cover the involved materials (sec-

tion 3.3), the experimental techniques (section 3.4) and the fabrication of the PhC sam-
ples (section 3.5). These sections also treat issues of the quantum dots (QDs) in some
detail, which have been an important component of the fluorescence enhancement ex-
periment, whose results are presented in chapter 6.
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3.1 Finite element method for the treatment of photonic crystals

As explained in chapter 2, the physics behind any aspect of photonics and, thus, also
behind photonic crystals, come down to the Maxwell equations (2.1). This could be re-
garded as a beautiful simplicity of the complete discipline, if there would not be the
drawback that the Maxwell equations can only be solved analytically for very simple
cases. This situation gave rise to numerical methods being vastly employed for pho-
tonic crystals, especially because the conditions are rather good: the material proper-
ties are at hand and the length scales are not too small [1].
TheMaxwell equations are a set of coupleddifferential equations includingbothpar-

tial and full derivatives. A variety of specialized methods has evolved [44] to solve cer-
tain cases of the Maxwell equations, often given by the wave or Helmholtz equations
andwith different spatial discretizations. The totality of these techniques is often con-
sidered as a standalone discipline referred to as computational photonics.
It is the purpose of this section to give a brief overview of the available techniques

with a focus on their specific application areas and their strengths andweaknesses. Fi-
nally, the important aspects of the FEM,whichwas utilized for the numerical results of
this thesis, will be discussed and the choice for this specificmethod will be motivated.

3.1.1 Computational photonics in a nutshell

According to the generalities given by Joannopoulos et al. [1], there are differentways to
categorize the methods in computational photonics, e.g. by the (i) nature of the prob-
lem which is solved or by the (ii) discretization approach. When categorizing by (i) we
can basically subdivide the approaches into

• frequency-domain eigenproblems,
• frequency-domain responses, and
• time-domain simulations.

The frequency-domain techniques typically deal with steady state solutions of the
Maxwell equations, i.e. with a time-dependence exp (−iωt), and solve the problem
for a single frequency ω or rather wavelength λ. They generally involve linear-algebra
techniques to solve a certainmatrix equation. Frequency-domain eigenproblems ad-
dress the very specialized field of band structure computations, which means to solve
for the electromagnetic fields and the frequenciesω(k) as a function of thewave vector
k. The inverse problem, i.e. solving for k for given ω is known as on-shell band struc-
ture computation. The related algorithms, such as the plane wave method used in the
popular open-source implementation MIT Photonic Bands (MPB), are usually limited
to infinitely periodic systems.
The frequency-domain responses, in contrast, are specifically designed for finite

systems and need special implementations to deal with infinite regions. The com-
mon task is to find the electromagnetic fields as a response to a given current density
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J(r)e−iωt, or in the case of the scattering problem an incident field Ein, by rewriting
the problem as a matrix equation of the form Ax = b and solve for x. These methods
are, therefore, generally well suited for scattering simulations, where the focus is on
near-field or far-field properties of non-periodic or realistic systems.
Time-domain simulations directly solve for the time evolution of the electromag-

netic fields for a present time-dependent current souce J(r, t) or an external field. This
has the advantage to solve for the system response at multiple frequencies, but with
the drawback that typically a large number of time-steps needs to be executed until the
sources have decayed. A benefit when being in time-domain is that such simulations
can directly be linked to phenomena beyond electromagnetics, for instance molecule
kinetics or diffusion[44].
Another aspect, as stated above, is the reduction of the infinite number of points in

space to a finite one, i.e. the spatial discretization (ii). Important approaches are

• finite differences,
• finite elements, and
• boundary-element methods.

The most simple approach is finite differences, where a uniform (typically Cartesian)
grid is used to discretize the fields and their derivatives in form of differences at dis-
crete points. The greatest advantage of e.g. the most commonly used implementa-
tion, the finite-difference time-domain (FDTD)method, is its simplicity. TheMaxwell
equations are solved as is, without any further complex assumptions, allowing to study
all characteristics of the field evolution in situ [44]. This comes at the cost to update the
field components at eachpoint in space andat each time step,without thepossibility to
uprate regions of interest. Moreover, the uniform grid always gives a bad representa-
tion for any curved geometries (although it can be improvedusing subpixel-smoothing
[72]).
Most of these drawbacks are greatly improved when considering finite elements,

where the space is divided into finite geometric elements such as triangles or tetra-
hedra in 2D or 3D, respectively. The corresponding grid allows to use very different
scales for the elements and, hence, can be adjusted to the actual physical situation.
Also, curves can be represented much more naturally. The general approach is to ap-
proximate the fields by low-degree polynomials defined on each element.
Finally, boundary-element methods only discretize the boundaries, while treating

the homogenous regions in between analytically. These semi-analytical methods can
be advantageous when dealing with very different length scales, since the thickness of
analytically treated layersdoesnot influence the computation time. A similar approach
is used in the transfer-matrixmethodand the rigorous coupled-wave analysis (RCWA).
The main disadvantages are typically the necessary slicing, e.g. in the case of curved
geometries [73].
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Motivating the choice of FEM

From all the possibilities listed in the previous section, the finite element frequency-
domain approach was utilized for all numerical results in this work; implemented in
the finite element solver JCMsuite, which is specialized on theMaxwell equations. The
choice of a specific numerical technique can always be subject to debates, and attain-
ing an unbiased recommendation can be difficult (or it necessitates to perform suitable
benchmarks for the desired problem). That said, there are good reasons to use finite
element Maxwell solvers for the systems in question, which will be given in the fol-
lowing. Section 3.1.1 gave an overview of the available computational methods for the
treatment of the considered systems. Although this overview is (necessarily) incom-
plete, it might be sufficient to narrow down the possible techniques to the ones which
are appropriate for the case at hand.
It was already stated that the problem of interest is the scattering simulation, and

that this problem is characterized by an electric field that can be split into a finite in-
terior and an infinite exterior part. The interior can moreover be infinitely periodic in
certain dimensions. When considering the possibility of time-domain simulations, it
must be stated that the interest here is not in the time-evolution of the fields, but on
characteristic quantities in steady-state, e.g. on reflectance or field energy distribu-
tions. From the first categorization approach in the previous section, the frequency
domainmethods are the natural choice.
When considering the discretization, it will be shown in section 3.2 that the tar-

get system includes rounded objects, and that the involved length scales are compara-
ble (except for e.g. upper and lower half-spaces). In consequence, boundary-element
methods aredisadvantageousdue to the slicing approachand there is no expectedben-
efit from the parts that are treated analytically. Finite-differences techniques are not
preferable as well for the same reason, leading to the preference for the finite element
discretization.
Altogether the FEMappears to bewell-adapted to the problems in question. Itmust

be noted that there are of course many, sometimes highly specializedmethods, which
are not listed above. But when compared, an ultimate advantage of the FEM is often
the well-established convergence theory (see e.g. [74], and [75] for the example of the
RCWA). Due to the vast number of application areas of the FEM, complex approaches
for error-control, error-estimation and adaptive improvement have emerged, which
are often absent in specialized techniques.

3.1.2 Basic principles

In the following, it is tried to give a notion of the FEMas used for this thesis, explaining
the basic intentions and important parameters. It is refrained from giving a detailed
mathematical description, as it is not essential for the understanding of the results
and necessitates to consider rather involved mathematical constructs. Substantiated
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Figure 8: Illustration of the finite element method principle. The real system with spatially dependent
material functions ϵ,µ is partitioned into patchesKi (here: triangles) with constant material functions ϵi,
µi. The patches have a typical size of h, e.g. defined by their circumference; and each patch holds a local
part of the solution, basically represented by polynomials PKi of degree p. The right most sketch shows an
illustrative local solution using two polynomials p1(x, p) and p2(x, p).

presentations of the matter can be found in e.g. [44, 74, 76].
To realize the FEM, the Maxwell (2.5) or Helmholtz (2.15) equations are converted

into a so-called weak form [74], and a discrete solution space Vh is constructed, which
must be a reasonable approximation of the exact solution space V. This solution space
is obtained from a discretization of the computational domain into a finite number of
patches K, with a typical size of h, and by assigning a set of polynomials PK up to the
polynomial order p to each patch. This situation is illustrated infigure 8,where the real
system on the left is subdivided into triangular patches Ki (center right) that form the
mesh (center left); generated in a process called meshing. In 3D, the patches are itself
3D fields, for example tetrahedra. Each patch Ki represents a finite part of the physical
system with homogenous material parameters, ϵ, µ = constant. The polynomials are
used to approximate the part of the global solution which is located on the patch Ki,
as indicated on the right of figure 8. In a simplified view, a patch Ki together with its
polynomial approximation PKi are called a finite element.
To give a notion of how to solve a system like this numerically, we follow the rea-

soning given by Burger et al. [77] (rigorous derivations can be found in [47, 74]). The
Maxwell equations are transformed to a weak form, which is a single equation for the
electric field E of the form

g (φ,E) = f (φ), (3.1)

where g and f are integral expressions and φ are test functions of the solution space V.
In thefinite element discretization the test functionsφ are restricted to afinite dimen-
sional subspace Vh of dimension N, as noted above. Denoting this with the subscript
h, equation (3.1) becomes

g (φh,Eh) = f (φh). (3.2)

This problem can be linearized by introducing basis functions bi to express the dis-
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cretized field vectors and test functions, i.e.

Eh =
N∑
i=1

cibi, φh =
N∑
i=1

φibi,

where the ci are unknown expansion coefficients. In the case of a Galerkin method,
the basis functions are chosen from the same space Vh as the test functions. To solve
for the unknown expansion coefficients, a linear system of equations is obtained by
testing with the bi

N∑
i=1

g(φj, φi)ci = f (φi), j = 1 . . .N. (3.3)

TheN×NmatrixG = g(φj, φi) is sparse, i.e. hasmostly zero entries, and can be solved
efficiently using numerical techniques. Finally, the polynomials of degree p defined on
a single patch at a time (as mentioned above) are used to construct the basis.

3.1.3 Boundary conditions

It was so far tried to give a notion of how the FEM problem is solved in the interior do-
main, but without specifying what happens on the boundaries of the computational
domain. Besides the simple periodic and reflecting cases, transparent boundaries are
of great importance, while at the same time being a rather complex subject. Each time
one desires to model a region which is extending to infinity, e.g. a half-space of ho-
mogenousmaterial, transparent boundariesmust be applied. This is typically the case
in scattering simulations.
From the numerous strategies for the implementation of transparent boundaries,

the perfectly matched layers (PMLs), first proposed by Berenger [78], are among the
most commonly used. Technically speaking, the PML is rather an additional layerwith
special properties than an absorbing boundary condition; modeling a material which
continues virtual to infinity. Inside the PML it is tried to attenuate the electromagnetic
waves to zero before they may enter the interior domain again after a possibile reflec-
tion on the “actual” computational domain boundary. This is mathematically achieved
using a coordinate transformation that converts oscillating waves to exponentially de-
caying waves.
From the reasoning above it may be obvious that the PML itself requires parame-

ters to be set in order to reach the goal of being a transparent boundary, such as the
extension of the PML elements. In the actual FEM implementation utilized for this
thesis, this step is redundant due to the implementation of adaptive PMLs, which use
the self-consistently described physical situation present in the FEM. Details can be
found e.g. in [46, 79].
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3.1.4 Error characterization

Today, one typically does not need to care about theminutiae of the FEMwhen using a
modern code such as JCMsuite. When treating complex physical situations, one often
relies on the mathematical part being implemented as a “black box”. However, except
from defining the system geometry and post-processes, there are still points left the
end-user needs to care about – and these have mainly to do with convergence.
Estimating the convergence of the finite element method rigorously may depend

on very specific characteristics, such as on the sharpness of geometrical elements or
the choice and implementation of boundary conditions. When being on the “appli-
cation side” of the finite element method, one thus depends on a number of approxi-
mate rules, a reliable implementation of the elaborate techniques and a conscientious
convergence study which mostly involves a parameter scan. Advanced matter on the
convergence properties can be found in [74, 76, 80].
However, the dominating determining factors of the accuracy are the meshing, or

in a simplified view the patch size h, and the finite element polynomial degree(s) p. The
shape of the patches plays aminor role, although later in section 4.4 it will be discussed
in some detail that patches with high aspect ratios should be avoided. Also, too small
angles or angles larger than 90° should be circumvented, which is typically done by
defining aminimummeshangle andusingpatch geometries that automatically assure
angles< 90°.
In the general case, the near-field error E satisfies the proportionality

Egeneral ∝
(
nh
λ0

) p

, (3.4)

where n is the refractive index of the local material and λ0 is the vacuum wavelength
of the exciting source. The error can thus be reduced by refining the mesh and by in-
creasing the polynomial degree p, the latter being favorable as it decreases the error
exponentially. Consequently, it is appropriate to choose h “as large as possible and as
small as necessary”, i.e. h = hmax, while increasing p until the desired error limit is
reached. However, an exact expression for hmax is hard to find, as it also depends on
the actual field solution [81, 82]. (When arguing from an engineering point of view, it
is at least necessary to complywith the implications of theNyquist–Shannon sampling
theorem [83].) As a starting point for scattering problems, we hence use the approxi-
mate rule that the maximum patch size should be of the size of the wavelength in the
givenmaterial

hmax(λ0, n) ≈
λ0
n

(3.5)

Nonetheless, care must be taken if singularities arise in the solution, e.g. at sharp
corners in the geometry, because the error is then bound by h k, with k < p being the
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number of possible continuous differentiations of the solution, and is better described
by

Esingularities ∝ C0
nh
λ0

+ C∞

(
nh
λ0

) p

, (3.6)

with local constants C0 and C∞. Mathematically, this is related to the so-called regu-
larity of the actual field solution [74]. In such cases themesh needs to be refined at the
crucial spots in order to benefit from increasing p and it is thus of great importance to
assure appropriate meshing [81].

3.1.5 Adaptive techniques

In JCMsuite specifically, a number of adaptive and refinement techniques try to pro-
vide a convenient way to reach the desired target accuracy. Mathematically, these
utilize that the particular FEM is implemented in the hp-formulation [74, 77], which
means that it supports variable patch sizes h and variable polynomial degrees p. These
techniques try to adaptively find an optimum choice for one or both of these parame-
ters and can be divided in a priori and a posteriori approaches.
For the a priori approaches the solution is completely unknown and in consequence

they depend on appropriate error estimation techniques. Besides the simple and less
interesting approach to prerefine the mesh, the initial p-adaption-technique can be
very useful [74]. This approach tries to estimate the near-field error for each patch
based on the illumination set-up and material properties and sets the polynomial de-
grees p individually for each patch. The aim is to achieve a specified target precision of
the near-field solutionwithminimumproblem size, i.e. minimumnumber of polyno-
mials. Whether this precision is reached depends on the quality of the mesh and the
specific geometry.
The a posteriori approaches or post-refinement techniques estimate the error based

on an initial complete solve, which circumvents the problem of the unknown solution.
The error can therefore be estimated from an approximate field solution. The problem
is then solved consecutively while changing the mesh or the p-setup. Besides uniform
transformations, i.e. subdividing each patch or increasing p globally, JCMsuite again
provides adaptive techniques which either refine the mesh or increase p on specific,
optimally chosen patches. These approaches allow to reach the desired precision with
certainty. However, they suffer from large computational costs since the solving needs
to be done over and over again, and the previous solutions need to be stored in mem-
ory – effectively causing multiples of CPU times and memory usage. They are thus
unfavorable when going for an optimum performance.
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3.1.6 Notes on 2D and 3D meshing

It was already pointed out that meshing is one of the most crucial steps in the FEM. A
well-designed mesh is necessary to represent the actual physical system as accurately
as possible, while using as few elements as possible to keep the problem size small.
The specifics of this process must be highly parameterized, so that the user can vary
all aspects by, for example, restricting lengths or angles – optimally independently for
each subdomain.
In 2Dgeometries, irregular triangles are themost commonly usedpatches and there

are established algorithms for dividing areas that way, e.g. using Delaunay triangula-
tion [84]. For 3D meshes, there are on the one hand a number of possibilities how to
“describe” the 3D mesh, and on the other different patch geometries. The universal
case is to partition the full 3D system, e.g. described by constructive solid geometry
[85], into tetrahedra. But 3Dgeometries can also be achieved by rotating or extruding 2D
geometries, which is sometimes simpler and can speed up the meshing process. The
case of rotation only applies if the system is rotationally symmetric (this will be used in
section 4.3 tomodelMie scattering). With extrusion, however, complex systems can be
described; – especially if parameters of the initial 2Dmesh can be varied from one ex-
trusion layer to the next. If the triangles in the xy-plane are extruded into z-direction,
the result is a prismatoidal mesh. This approach will be used for the nanohole array
(see section 3.2).
Without going into too much detail, the extrusion process starts with the descrip-

tion of a primitive 2D system in the xy-plane, e.g. a circle in a square computational
domain. In the 2D case, domain IDs are used to identify the different parts, for in-
stance to assign material properties. Suppose the computational domain in figure 8
gets the ID 1, while the circle gets 2. If we describe the extrusion of the 2D plane in z-
direction, we introduce layers and layer interfaces. The layers are the actual extruded
regionswith afinite thickness ti in z-direction. For each layer i, local domain IDs canbe
mapped to the global ones, e.g. to set different material properties for the “circle” do-
main in each layer. On layer interfaces, parameters of the 2D primitives can be varied,
for instance the radius of the circle can be changed to achieve a conical shape, rather
than a cylindrical shape. The total extent of the system in z-direction is finally the sum
of all layer thicknesses

∑
i ti.

3.2 The nanohole array

Themain investigations of this thesis are carried out using a common PhC design, for
which the name “nanohole array”will be used. This section gives a detailed description
of the system geometry and the illumination conditions, together with specifics of the
meshing for FEM simulations. It thus acts as a reference section which defines every
aspect of relevance for later sections and chapters. This is completed with a list of the
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parameters of the specific samples used to obtain results and an overview of the physi-
cal quantities of interest. Note that the general geometry description considered here
is not about specific materials, which are covered in section 3.3.

3.2.1 System geometry and parameters

The nanohole array is a quasi-2D PhC, i.e. a PhC slab, which is composed of a hexago-
nal lattice of holes in dielectric on a planar substrate. The upper row of figure 9 shows
the geometry without superspace in three different views (from left to right): a top
view from+z-direction, a cross section through the x-center of a hole, and an isomet-
ric view. The top view depicts a hole together with its six nearest neighbors, having a
distance of a known as the lattice constant. As seen from the cross section, the holes
can have a conical shape defined by the side-wall angle α, so that α = 0° corresponds
to the case of cylindrical holes. The radius r of the holes is therefore measured at the
z-center of the slab, i.e. at a distance hphc/2 from the slab-substrate interface, where
hphc is the height of the slab.
In the top view, there are also markings for the high-symmetry directions Γ − M

and Γ − K, related to the high-symmetry points of the reciprocal lattice defined in
section 2.2.5 and figure 4. When illuminating the system using plane waves, the di-
rection of incidence will be described using the angles of spherical coordinates θ and
ϕ, i.e. the azimuthal and polar angle, respectively. It is seen that the high-symmetry
direction can be selected using an appropriate azimuthal angle ϕ, or specifically

Γ− K : ϕ = 0°, 60°, 120°, . . . , Γ−M : ϕ = 30°, 90°, 150°, . . . . (3.7)

The isometric view gives a 3D-impression of a part of the systemanddepicts an inci-
dent ray (greenish), or rather the wave vector k of the incident planewave. Itmoreover
defines the polar angle θ, which is the angle between k and the z-axis; and defines ϕ
as the angle between the x-axis and the projection of k to the xy-plane. If ϕ is fixed
according to equation (3.7), increasing the polar angle moves the k-vector from one
high-symmetry point to the other in reciprocal space. Normal incidence, i.e. θ = 0°,
is thus analog to the Γ-point, while larger angles move further to K orM.
As mentioned before, these illustrations omit the superspace, which in this case

means the volume above the slab. Inmost cases, the superspace has the samematerial
which also fills the holes, so that the term “superspace material” will mostly include
the interior volumes of the holes. The subspace means the volume below the slab and
is usually occupied by the substrate in the physical counterpart. Unless otherwise in-
dicated, both the subspace and superspace will be assumed as semi-infinite, i.e. half-
spaces.
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Figure 9: Overview of the nanohole system’s geometry and exemplary meshes. (Upper row) Illustrative
views of the geometry without superspace. Lattice constant a and high-symmetry directionsΓ−M andΓ−K
(compare figure 4) are marked in the top view, as well as the azimuthal angleϕ of the incident radiation. The
cross section depicts markings for the slab height hphc, the side-wall angleα (= 0 for cylindrical holes) and
the hole radius rmeasured at hphc/2. The angles θ andϕ of the incident plane waves are further defined in
the isometric view. (Lower row) Example FEM meshes for the same view types as in the upper row. Subspace
(cyan) and superspace (yellow) are denoted in the cross section mesh, together with the corresponding
heights hsub and hsup of the fractions which lie in the (interior) computational domain. Additional labels Li
and Ii mark the layers and layer interfaces, respectively. The zoomed area in the isometric mesh defines the
lengths lz and lip considered to define the z-ratio mesh control parameter in section 4.4.
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3.2.2 Meshing

In addition to the illustrative views of the geometry, the lower row of figure 9 shows
FEMmeshes of the computational domain of the nanohole simulation. The 3D-layout
is obtained using an extrusion of the triangular mesh in the xy-plane, as depicted on
the left in figure 9. (Details on the extrusion process are given in section 3.1.6.)
The 2Dmesh is composed of a circle inside a hexagonal computational domain. The

meshing is basically controlled using side length constraints (SLCs), which limit the
maximum side length of the triangular patches, and angle restrictions to set e.g. a
lower limit for the inner angles of each triangle. Since the circle is internally repre-
sented by a polygon, another important mesh parameter is the number of edgesNp of
this polygon. This is crucial as it controls the representation quality of the actual phys-
ical system, as will be shown in section 4.3. The actual parameter used to control the
number of edges is called circle refinement, which will be denoted as “refine all circle
(RAC)” to comply with the JCMsuite nomenclature. The number of edges is given by

Np = 4 · 2 RAC. (3.8)

The center mesh of figure 9 shows a cross section through the full-3D, extruded
mesh. It shows markings of the four layer interfaces Ii and the three layers Li. The
initial 2D mesh is defined at the layer interface I1 and in case of a conically shaped
hole, i.e. α ̸= 0°, the circle radius is varied at layer interface I3. The layer thicknesses
ti assigned to the layers Li model the heights hphc, hsub and hsup of the PhC slab and
the fractions of the subspace and superspace which are in the interior computational
domain, respectively. As outlined in section 3.1.6, domain ID mappings are used to
assign the primitive domains of the 2Dmesh to the respective 3D domains marked by
the different colors.
As illustrated by the isometric view of the 3Dmesh at right in figure 9, the computa-

tional domain has eight faces: two faces parallel to the xy-plane, and six vertical faces
that correspond to the extruded sides of the primitive hexagon. Periodic boundaries
are applied to the six vertical faces to model the infinite periodicity of the hexagonal
lattice, while transparent boundaries are used for the top and bottom faces to model
the half-spaces (see section 3.1.3).
Finally, as seen from the cross section and the isometric mesh, the layers Li can fur-

ther be partitioned to restrict themaximum side length in z-direction, or rather to in-
fluence the aspect ratio of the extruded, prismatoidal patches. JCMsuite provides the
possibility to set upper, lower and intermediate side length constraints in z-direction
for each layer. The isometric mesh features a zoom defining the side lengths lz and lip
which are used to define the z-aspect ratio as a secondary,more adaptivemesh param-
eter, which will further be defined and considered in section 4.4.
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3.2.3 Illumination using plane waves

The illumination of the nanohole array scattering simulation uses plane wave sources
with an electric field of the form

Epw(r, t) = E0e i(k
• r−ωt). (3.9)

The wave vector k defines the direction of propagation and is related to the vacuum
wavelength λ0 and the refractive index n of the surroundingmediumby |k| = 2πn/λ0.
As already mentioned above, we can distinguish between the high-symmetry direc-
tions Γ − M and Γ − K using the azimuthal angle ϕ and move between these points
with the polar angle θ, both defined in figure 9. The k-vector can therefore be obtained
by the appropriate rotations of the wave vector kz = 2πn/λ0êz, with the unit vector in
z-direction êz, in the form

kθ,ϕ = R ϕ
z R θ

y kz (3.10)

with the rotation matrices

R ϕ
z =

 cosϕ sinϕ 0
− sinϕ cosϕ 0
0 0 1

 , R θ
y =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 . (3.11)

The Maxwell solver provides the possibility to solve for multiple sources in a sin-
gle run. To understand why the numerical effort is reduced when doing so, we recall
the matrix form of the FEM problem stated in equation (3.3). Computationally, the
greatest effort is in inverting the sparse matrix G. However, the sources are included
into the vector g, so that once thematrix is composed, the results for different sources
can be obtained from simple matrix multiplications with G −1 and, hence, causes very
limited computational cost. The orthogonal polarizations transverse-electric (TE) and
transverse-magnetic (TM) (see section 2.2.6) can thus be treated in a single simulation
by using two different sources. The k-vector is equal for both sources and defined by
equation (3.10). The polarization can be set by altering the amplitude vector E0 as fol-
lows

E TE
0 = R ϕ

z R θ
y êy, E TM

0 = R ϕ
z R θ

y êx. (3.12)

3.2.4 Considered physical quantities

For the nanohole system a number of quantities is determined which are either rele-
vant for the specific study, or accessible via experiments and, therefore, suitable for
experiment-vs.-simulation comparisons. Here, the commonly examined quantities
are presented, while additional ones will be explained as needed in later sections. Ta-
ble 3.1 gives an overview of the quantities and respective symbols discussed in the fol-
lowing, additionally listing thekindofpost-process fromwhich they are computedand
the defining equations.
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Quantity Symbol Post-process Equations

Reflectance R Fourier transform+z (3.13)
Transmittance T Fourier transform−z (3.14)
Absorptance A Density int. over we(r) (2.18), (2.26) and (3.15)
Electric field energy
enhancement

E+ Density int. over we(r) (2.18) and (3.17)

Table 3.1: Overview of the common output-quantities of the nanohole system. The quantities are listed
together with their symbols and the respective post-process from which they are derived in the FEM simula-
tion. The last column lists the references to the equations relevant for their definition.

Reflectance and transmittance

Reflectance and transmittance are very useful quantities, as they can directly be ac-
cessed by standard measurements (see section 3.4.1). They are thus useful to oppose
simulation and experiment and therefore to test or improve the numerical model.
Moreover, plotting the reflectance versus the source’s direction of incidence andwave-
length reveals photonic bands, as explained in section 2.2.6.
Numerically, two Fourier transformpost-processes are used for the calculation , one

in+z-direction for the reflectance and one in−z-direction for the transmittance. The
Fourier transform requires a homogenousmaterial in a half-space above the plane for
which it is computed. As the nanohole array is periodic in two dimensions (compare
section 2.2.5), the Fourier spectrum is always fully discrete, whichmeans it results inN
diffraction modes. For each diffraction mode i the wave vector ki and the electric field
strengthEi is calculated by the post-process, fromwhich the reflectance can be derived
as

R =
1

k0 ∥E0∥ 2

N∑
i=1

|ki • êz| · ∥Ei∥ 2 , (3.13)

where ∥. . .∥ denotes the vector norm, i.e.

∥a∥ =

(∑
i

|ai| 2
) 1/2

,

andE0 and k0 are the field amplitude and normof thewave vector of the incident plane
wave (equation (3.9)). The transmission is derived in almost the same way, but it addi-
tionally depends on the refractive index contrast n↓/n↑ of the subspace and superspace
materials

T =
n↓

n↑k0 ∥E0∥ 2

N∑
i=1

|ki • êz| · ∥Ei∥ 2 . (3.14)
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Moreover, if critical angles are reached for n↑ > n↓ (Brewster angle) the Fourier trans-
form does not return any diffraction orders (T = 0).

Absorptance

If complex permittivities are set for any domains, absorption occurs. The absorption
in a domain j can be calculated from the imaginary part of the total electric energyW j

e ,
as obtained from the density integration post-process. To find the total absorptance A
of the system, we thus have to sum over all (absorbing) domains (see also section 2.1.2
and equations (2.25) and (2.26))

A = −2ω
Pin

∑
domains j

ℑ
(
W j

e
)
, (3.15)

with the incident power

Pin =
n↑ cos θ
Z0F

∥E0∥ 2 . (3.16)

Here, F is the area of the computational domain (in the xy− plane in this case), which
for the hexagon with lattice constant a is Fhex = 3

√
3a 2/8. It is noted that the sum

R + T + A can be used as a validity check for the computation, as it should be unity to
satisfy energy conservation.

Electric field energy enhancement

Finally, this work often focusses on near-field enhancement, i.e. on the gain of electric
field energy close to the PhC surface with respect to the incident energy. As this effect
is interesting in the region above the PhC, the energy enhancement is only considered
in the superspace domains of the computational domain, that is the volume inside the
holeplus the volumewithheighthsup above thePhC (seefigure 9onpage 49). Wedenote
this specific volume as Vsup, so that the electric field energy enhancement is defined as

E+ =
1

Epw,Vsup

∫
Vsup

we dVsup, (3.17)

with the energy of the plane wave in volume Vsup being

Epw,Vsup =
ϵ0
4
n 2↑Vsup ∥E0∥

2 .
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3.3 Properties of involved materials

It is a fact that the numerical results in the field of photonics can only be as good as the
underlying data for the optical properties, – which could similarly be stated for any
discipline in physics that deals with simulations. Every simulation approach needs in-
put of actual physical data, and these are limiting factors which are often forgotten
when trying to increase the numerical accuracy more and more. In fact, when deal-
ing with thin films, the tabulated material data for metals and dielectrics can even be
inadequate as they are usually determined using bulk material.
This section gives an overview of the material data that was used in this thesis.

The involved dielectrics are not “too thin”, so that values are obtained from standard
sources. Greater attention is paid to the lead sulfide (PbS) QDs, which are part of the
system investigated in chapter 6. For these emitters the absorption andemissionprop-
erties, as well as the optical properties, will be covered in detail. Moreover, specifics of
the QD coating layer will be discussed.

3.3.1 Notes on the material assignment in the nanohole array simulation

The system for which actual measurements have been performed is the nanohole ar-
ray, described in section 3.2. In the mentioned section, the geometry was described
in general, i.e. without a specification of the materials. Especially the mesh shown at
center in the lower row of figure 9 illustrated that the model is basically composed of
three domains:

1. subspace (half-space),
2. PhC, or rather a patternedmembrane, and
3. superspace (half-space).

The latter is further divided into the volume inside the hole (yellow part between layer
interfaces I2 and I3 in the mentioned figure), and the half-space above the slab (yellow
part above I3, infinitely extending). For these three domains, denoted as domains 1/2/3
in the followingaccording to the enumerationabove,materials are assigned in theFEM
simulation.
The relevant optical property here is the complex-valued permittivity ϵ(r, λ), or

rather the refractive index n(r, λ) (see section 2.1). In the present case, the refractive
index is assumed to have no spatial dependency when defined on a domain, so that
n becomes a scalar function of the wavelength n(r, λ) = n(λ). Moreover, as a fre-
quency domain technique, the utilized FEM code uses a single fixed wavelength per
simulation, so that n becomes a scalar complex number. Although it can be seen as a
drawback that wavelength-dependent investigations using the FEM always require a
parameter scan, it though means that wavelength-dependent properties are modeled
naturally: a parameter scan using complex-valued data n(λ) automatically considers
dispersion and wavelength-dependent absorption.
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Figure 10: Refractive index properties of silicon. (Upper row) The real part of the refractive indexℜ(n) of
silicon is shown in a broad wavelength range. Circles mark actual data points, while the black line represents
the interpolated curve. (Lower row) The imaginary part of the refractive indexℑ(n) is shown in the same
wavelength range, but using a logarithmic scale. The colored regions mark the wavelength ranges relevant
for the results in chapters 5 and 6.

3.3.2 Optical properties of dielectrics and their interpolation

Unless otherwise mentioned, the nanohole array system will be treated as having the
following composition: a crystalline silicon (Si) PhCslab (domain2) onaglass substrate
(domain 1) with an air superspace, including the volume inside the holes.
As a side note it is mentioned that the actual physical samples have a number of de-

viations from the idealized composition described above. These havemainly to dowith
themanufacturing process, which is based on nanoimprint lithography (NIL). Besides
fabrication tolerances, the real system features an additional sol-gel layer between the
glass substrate and the PhC, for example, which is neglected because of its refractive
index being almost identical to the one of glass. These fabrication-related specifics are
covered in section 3.5, and in more detail in [27].
Crystalline silicon is a massively investigated material and, thus, the optical prop-

erties are well documented over a large wavelength range. Figure 10 shows the real
(upper plot) and imaginary (lower plot, logarithmic scale) part of the refractive index
of silicon as tabulated by Aspnes [86] and Palik [87] in a large wavelength range. The
circlesmark points forwhich actual data is present, while the black lines show interpo-
lated curves. The data is interpolated using shape-preserving piecewise cubic interpo-
lation [88], which has no overshoots even for the non-smooth data. This is important
in order to have no deviations from the actual data points, which can be the case when
using spline-interpolation, for instance. In addition, figure 10 features highlighted
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data ranges (yellowish, cyan), which are the relevant ranges for the results in chapters 5
and 6. It is obvious that silicon has an almost flat refractive index and is only weakly
absorbing for λ > 1100 nm. For λ < 500 nm it becomes considerably absorbing and
features sharp peaks in the refractive index. However, in themarked ranges of interest
dispersion and absorption are almost absent.
Theusedglass is aCorningEAGLEXG[89],which is analkalineearthboro-aluminosilicate

glass. The data sheet provided by the manufacturer only lists refractive index data up
to a wavelength of 643.8 nm. As this is below the mentioned wavelength ranges of
interest, this value is assumed to be constant over the complete range, i.e. nglass(λ) =
nglass(λ = 643.8 nm) = 1.5078. This assumption is reasonable since comparable
glasses, e.g. Schott N-BK7 [90], typically show a very small wavelength dependency
in the considered range. The glass does not show a relevant absorption.

3.3.3 Lead sulfide quantum dots

Quantum dots (QDs) are semiconductor entities that use the quantum confinement
effect to form a quasi two-level system [91, 92]. These objects of only a few nanome-
ters in size trap the electrons in a zero-dimensional potential, so that the separation of
their valence and conduction bands can be set in the fabrication process. For that rea-
son, QDs composed of all kinds of semiconductors and with a multitude of emission
wavelengths are readily available, making them well-suited as an example system for
emitters on a PhC surface.
Specifically, spherical lead sulfide (PbS) QDs* were used to demonstrate fluores-

cence enhancement by excitation enhancement on aPhC surface, as described in chap-
ter 6 and [42]. These QDs have a narrow diameter distribution of (5.6± 0.8) nm and
are initially dispersed in toluene. Their surface is shielded by an oleic acid (OA) ligand
to prevent particle agglomeration. The rather complex composition of these emitters,
together with the coating process using the convective assembly technique† [93], ne-
cessitate to study their properties carefully in order to understand the experiments.
This section will therefore comment on the fluorescence and absorption properties, as
well as on the refractive index and further specifics of the final coating layer.

Fluorescence and absorption

A single QDwith its oleic acid surface group is sketched on the left of figure 11. The two
black lines inside the quantum dot mark the two primary energy levels (belonging to
the conduction and valence bands), which define the center emission wavelength. The
actual energy level structure is more complicated, causing e.g. Lorentz broadening of

*CANdots Series C org; manufactured by: Center for Applied Nanotechnology (CAN) GmbH
†Coating using the convective assembly technique was performed in the group of Prof. Dr. Tobias

Kraus at INM Saarbrücken.
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Figure 11: PbS quantum dots and their absorption and fluorescence. (Left) Sketch of a simplified PbS quan-
tum dot with two energy levels. The arrows illustrate exciton generation by absorption (blue, electron raised
to upper level) and emission by recombination (red, electron relaxes to ground level). The surface is shielded
by an oleic acid ligand. (Right) The blue curve shows the measured absorption of the lead sulfide quantum
dots measured using a UV-Vis-NIR spectrophotometer using QDs dispersed in toluene (normalized to pure
toluene). Absolute values are omitted as they are not comparable to the considered experiments. The red
curve depicts a fluorescence peak of the QDs on a planar silicon sample (without toluene).

the emission line and the ability to absorb photons in a much broader range at higher
energies. The absorption (blue) of a photon generates an electron-hole pair (exciton),
whose recombination leads to fluorescence (red).
On the right of figure 11 the measured absorption and fluorescence properties are

shown using arbitrary units. The QDs can be pumped efficiently in a large spectral
range from the visible up to about 1500 nm, while the fluorescence peak is centered at
about 1400 nm. The absorption wasmeasured using a UV-Vis-NIR spectrophotometer
using the QDs in toluene (normalized to pure toluene). Although this measurement
generates absolute values for the absorption, they are omitted here to avoid confu-
sion. This is because the absolute absorption depends on e.g. the QD density and the
film thickness, which differs considerably in the actual experiment compared to the
absorption measurement. The fluorescence, in contrast, was measured using a thin
film on a planar silicon sample, in which case the toluene is removed in the convective
assembly coating process.
The expected peak shape in the simplified case of Lorentzian lines for single QDs

would be a Gaussian, as the diameters are assumed to be normally distributed. How-
ever, the measured fluorescence peak shows deviations from that expectation: for
shorter wavelengths a decrease in emission is observed, which is caused by an edge
filter in the setup. The source of the deviations in the longer wavelength range is
unknown, though they are expected to be caused by complex line broadening mecha-
nisms. It was tried to fit the shape using a simplified model for reabsorption without
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reaching a convergence. It is therefore assumed that reabsorption effects are negligi-
ble. Another factor is a possible non-Gaussian size distribution of the QDs.

Specifics of the coating layer

The coating process used for the planar silicon sample (fluorescence measurement
above) is in the same way used for the PhC sample. The resulting coating is composed
of PbS QDs with the OA surface group and no toluene. It is assumed that an excess of
OA remains in form of free OA.
Due to the complex composition of the final coating layer the numerical model for

the fluorescence enhancement experiment uses a homogenous material with an av-
erage refractive index navg (see section 6.4). Taking the arithmetic mean, the average
refractive index is of the form

navg =
1

Vfrac
· nPbS +

(
1− 1

Vfrac

)
· nOA, (3.18)

where Vfrac = VOA/VPbS is the volume fraction of the two materials, and the refractive
indices at 1400 nm are known to be nPbS ≈ 4.3 [94] and nOA ≈ 1.47 [95], respectively.
Themanufacturer of the QDs provided data on themass of the two constituents based
on a thermogravimetric analysis, resulting in a mass fraction mPbS/mOA ≈ 1.928. By
identifying

VPbS · ρPbS · mPbS

VOA · ρOA · mOA
= 1 =⇒ Vfrac =

mPbS · ρPbS
mOA · ρOA

(3.19)

the volume fraction can be derived from the knownmass fraction using the tabulated
volumetric mass densities, ρPbS = 7.6 g cm−3 and ρOA = 0.895 g cm−3. Inserting into
equation (3.18) gives the estimate for the average refractive index

navg ≈ 1.64 (PbS QDs – OA coating). (3.20)

As it will be outlined in section 6.4, this estimate is in very good agreement with the
refractive index navg,num ≈ 1.65 obtained by comparing simulation and measurement
in a parameter scan over this parameter based on reflectance maps.

3.4 Experimental techniques

In the following sections the experimental techniques relevant for the experiments are
presented, – namely the anticrossing experiment of chapter 5 and theQD fluorescence
enhancement experiment of chapter 6. Specifically, it covers the angular-resolved re-
flectance (ARR) measurements, used in both experiments, and the actual setup that
was used to measure the fluorescence enhancement of the PbS QDs on the PhC slab
surface, which is only relevant for the latter experiment.
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Figure 12: Sketch of the measurement configuration for the angular- and wavelength-resolved re-
flectance (ARR) measurements. Polarized light is incident on a tiltable sample, making an incident angle
of θin with its surface normal. The directly reflected light is measured using a movable detector inside an
integrating sphere at an angle of θdect. = 2θin. The configuration limits the minimum incident angle to
θmin ≈ 5°.

3.4.1 Angular- and wavelength resolved reflectance measurements

Theangular- andwavelength-resolved reflectance (ARR)measurements have beenper-
formed using a PerkinElmer Lambda 950 spectrophotometer with an automated re-
flectance and transmittance analyzer accessory [96, 97]. This tool allows to measure
the reflectance of a sample using linearly polarized light with a wavelength ranging
from 220 nm to 2500 nm with a spot size of 4mm × 8mm. The measurement con-
figuration is sketched in figure 12. The sample can be tilted with respect to the inci-
dent beam to account for different incident angles θin. Suitable detectors are placed
inside of a moveable integrating sphere with a radius of 60mm and a rectangular en-
trance port of 30mm×17mm. Tomeasure the directly reflected light from the sample,
the detector angle is kept at θdect. = 2θin while varying θin in the desired range. Care
must be takenwhen comparing these results to the ones obtainednumerically (see sec-
tion 3.2.4), because only the zeroth diffraction order ismeasured. Themeasurement is
done separately for TE and TM polarizations. Limitations arise from the setup design
for small incident angles, so that incident angles below θmin ≈ 5° cannot be realized.
Themanufacturer specifies an accuracy for the sample anddetector angles of 0.02° and
0.01°, respectively.
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3.4.2 Measurement of the fluorescence enhancement of PbS quantum dots

The experimental setup for the measurement of the fluorescence of PbS QDs on the
PhC slab surface using leaky modes is sketched in detail in figure 13‡ [98]. The setup
had to meet the following demands:

1. Selective excitation of PhC modes by adjustability of the incident angle θ and
wavelength, as well as of the different combinations of high-symmetry direc-
tions (Γ− K, Γ−M) and polarizations (TE, TM). (See figure 9 for an illustration
of these parameters.)

2. Quantification of the absolute power incident on the sample.
3. Integration over all scattering angles of the emitted fluorescence light andmea-
surement of its spectrum.

4. Automatization of incident angle and wavelength adjustment, as well as of the
spectrum acquisition, for efficient and comparable scan over large parameter
spaces.

A tunable IR diode laser source (SACHER Lion Series: TEC-520-1180-30) was used for
the excitation, featuring a wavelength range of 1080 nm to 1140 nm and a bandwidth
of about 3 nm (see chapter 6, especially figure 30 on page 100 for experimental results).
The beam passes a Glan-Thompson polarizer and a λ/2-plate for polarization adjust-
ment, and is finally collimated before it enters the sample (greenish in the figure). The
high-symmetrydirection is adjustedusing aproper sample orientation,while the inci-
dent angle θ is controlled using the inclination of the sample. The beam power is mea-
sured using a calibrated beam splitter and a photo detector. An integrating sphere
scatters the fluorescent light into a fiber-coupled spectrometer (Ocean Optics NIR-
Quest512) after passing an edge filter for laser peak removal. The angular characteris-
tics of the integrating sphere were quantified using QDs on a planar reference sample
for normalization. A microcontroller (Arduino Uno) and a MATLAB-based user inter-
face were used to automatize the measurement for a set of high-symmetry direction
and polarization, i.e. the sample inclination and the laser wavelength or adjusted au-
tomatically. Furthermore, the interface measures the spectrum and the laser power
for energy normalization.
Polarization andwavelength are adjusted using a tunable IR laser source and a com-

bination of a Glan-Thompson polarizer and a λ/2-plate. The beam power is measured
using a calibrated beam splitter and a photo detector. An integrating sphere scatters
the fluorescent light into a fiber-coupled spectrometer.
In principle, the setup allows for an absolute measurement of the fluorescence,

so that a quantification of the absolute fluorescence enhancement would be possible.
However, this enforces to normalize the measurement to a planar reference with the

‡Sebastian Roder of HZB installed the setup for the fluorescence enhancement experiment and per-
formed the measurements.
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Figure 13: Experimental setup for the fluorescence enhancement measurement. The radiation (red line)
of a tunable IR laser source directed onto a sample by passing a collimating and polarization-defining sys-
tem. The latter is composed of an aperture, a Glan-Thompson polarizer, aλ/2-plate and a final collimator.
The beam power is measured using a calibrated beam splitter and a photo detector. The sample (greenish)
resides inside an integrating sphere, so that an angle-integrated signal enters a fiber-coupled spectrometer
via an edge filter. The setup is automatized using a microcontroller and step motors for spectrum read-out,
and wavelength- and sample-tilt adjustment.

exact same composition and thickness of the QD coating layer, or rather to quantify
the exact position on the sample. None of these prerequisites is fulfilled in the present
case, as the coating layer is inhomogeneous and a measurement of the beam position
on the sample was not possible. As noted in chapter 6, a minimal estimate for the
fluorescence enhancement was chosen instead, by normalizing to the minimum inte-
grated fluorescence in the final map. It is assumed that this estimation is close to the
real value, because the numerical results reveal that the maps include regions far off
any PhCmode. AS a sidenote, it was checked that resonantly enhanced emission does
not play a quantitative role in the experimental setup bymeasuring the spectral distri-
bution of emitted light. The according spectrum does not depend on the presence of
the PhC.

3.5 Fabrication of photonic crystals using nanoimprint lithography

PhC slabs are often favored over 3D PhCs because of the simplicity of fabrication. The
slab fabrication is basically compatible with standard complementary metal-oxide
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Figure 14: Fabrication process based on nanoimprint lithography (NIL). (a) The inverse of the desired ge-
ometry of the PhC is imprinted to sol-gel on glass. (b) Silicon is deposited by physical vapor deposition (PVD)
and is subsequently solid phase crystallized by thermal annealing. (c) Amorphous silicon (a-Si) parts located
at steep flanks of the imprinted substrate are removed by wet-chemical etching, while (d) silicon tips (and
optionally the sol-gel cylinders) are removed by mechanical abrasion.

semiconductor (CMOS) technology and a variety of approaches are at hand. With
electron beam lithography extremely precise structures can be achieved, but in an ex-
pensive and complex process. Optical lithography on the other hand lacks accuracy.
For the samples that were used in this thesis a scalable process based on NIL [27, 99]
was used, also known as nanoreplica molding. The process, which will be outlined in
the following, enables to fabricate PhC slabs on large areas at low costs and is poten-
tially compatible with mass-production. The explanations closely follow those given
in [27] and omit many of the details for simplicity.
The aim of the NIL process is to replicate the inverse of a so-called master struc-

ture. Thismaster can be fabricated usingwhatever technique, and can therefore bene-
fit from the accuracy of e.g. electron beam lithography. Themasters that were used in
specific are 5× 5 cm2 arrays of pillars in silicon fabricated using electron beam lithog-
raphy, obtained from a commercial manufacturer (Eulitha AG, Switzerland).
As the first step of the replication process a soft stamp is prepared from poly-

(dimethyl) siloxane, which can be reusedmultiple times. This stamp is used to imprint
onto a sol-gel coated glass, effectively obtaining a replica of the initial master struc-
ture. The resulting structure is shown in figure 14(a), depicting a plan view onto a cross
section of the structure. In the thermal annealing process of the sol-gel a shrinkage of
the features takes place, whichmust be taken into account in the design of themaster.
Afterwards, the sample is covered with a layer of amorphous silicon (a-Si) by phys-

ical vapor deposition (PVD) and is thermally annealed in a solid phase crystallization
process. Figure 14(b) depicts the resulting structure of crystalline silicon (c-Si) pillars.
At the steep flanks of the structure the crystallization is suppressed, as indicated by the
residual amorphous silicon parts in the figure [100]. In a selective wet-chemical etch-
ing step, these amorphous parts are removed, leading to the composition illustrated
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in figure 14(c). The silicon tips that reside on the sol-gel cylinders can be removed by
mechanical abrasion, i.e. by rubbing them off using an appropriate wipe and subse-
quent rinsing with deionized water. The final PhC structure is shown in figure 14(c).
Depending on the thickness of the silicon layer the sol-gel cylinders are removed in this
process as well, as indicated by the blue dashed line in the figure.
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4
Convergence and Performance of Finite

Element Simulations

As for any numerical technique, the most crucial point when using the finite ele-
ment method is to be certain of the convergence of the computation and, hence, the
accuracy of the results. This demand sounds natural in the first place, but for real-
world problems it can be a challenging and often time-consuming task.
It is the aim of this chapter to demonstrate how the convergence of the simulations

presented in later chapters was studied and to proof that the denoted accuracy was
reached. To this end, after an explanation of the terms convergence and performance,
three systems will be studied in detail, which are

1. Fresnel refraction on a flat interface between two dielectrics,
2. Mie scattering on a dielectric sphere in air, and
3. the nanohole array of section 3.2 as a real-world system.

The choice of these systems aims at a logical line of reasoning, which is necessary to
make the final thoughts on the accuracy of the real-world system perfectly clear. The
first system– the flat interface of two dielectrics – is exactly representable in the finite
element mesh as it does not contain any roundings. Moreover, the reflectance and
transmittance for this system can be calculated using an exact analytical reference: the
Fresnel equations. In the second step, Mie scattering will be studied – another system
for which an exact analytical reference solution exists. But in contrast, this system
contains a sphere, i.e. roundings, and is not exactly representable using the finite ele-
ment mesh. The necessary simplifications will be introduced and the influence of the
controlling parameters will be studied.
For the previously mentioned two systems the convergence and, in consequence,

the accuracy of the derived results can be assessed in an exact way by comparing to
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the analytical solution. Using these examples the convergence of the finite element
method will be demonstrated in detail and the parameters on which it depends will be
studied. In the final step, when analyzing the nanohole array, an analytical solution
will be absent and the knowledge from the former systems will be applied to reach a
satisfying level of certainty of the convergence properties nonetheless.
Finally, it will be shown that the convergence analysis is not only a necessary task to

obtain scientifically relevant results, but also a tool to find a performance optimum of
the simulation parameters. That is a set of input parameters that guarantees a specifi-
cally chosen accuracy, while causingminimumcomputational costs –which in the end
is CPU time andmemory usage.

4.1 Notes on terminology

The terms convergence and performance are both ambiguous. In the context of this
work, the term “converged” is used to describe a simulation with well-defined uncer-
tainty of specific quantities. This concept is known as goal-oriented error estimation
[101–103], in contrast to the more rigorous approach of measuring the error of the
approximation of the near-field itself. In this sense, when studying the convergence
properties of a specific simulation setup, the task is to measure the deviation of the
quantities of interest from a suitable reference solution, – in other words to achieve
certainty on the accuracy of these quantities.
Another requirement,which ismore related to practice, is to reach a target accuracy,

in the above sense, using minimum computational costs. This is what will be called
“performance” in the scope of this thesis. Tofind a performance optimum for a specific
simulation setup, one basically needs to answer three questions, which are

1. What is the accuracy measure?
2. What is the target accuracy?
3. What is the performance measure?

The accuracymeasure is usually the average ormaximum relative deviation of the quan-
tities of interest from the reference solution. The target accuracy can be chosen freely
andmay depend on external demands such as experiments.
For theperformancemeasure itmayseemobviousatfirst glance touse theaccumulated

CPU time, as time is usually the demanding factor. But thismeasurewould depend on
the system onwhich the computation is executed, so that it underlies fluctuations and
is not comparable among systems. A better choice is the number of unknowns, as it is
a fixed quantity for a simulation setup and is proportional to the CPU time. Also, the
number of unknowns is connected to the total memory consumption, which can be
another restricting quantity.
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Figure 15: Computational setup of the Fresnel refraction simulation. Two dielectric half-spaces with refrac-
tive indices n1 (dielectric 1, blue) and n2 (dielectric 2, gray) meet at an interface (green, dashed). Black arrows
mark an exemplary incident ray (plane wave) with incident angle θi and the reflected and transmitted rays
and their respective reflected and refracted angles θr and θt. The black dashed line marks the computational
domain with its periodic and transparent (PML) boundaries.

4.2 Fresnel refraction

One of the most simple scenarios that can be treated in a 2D-finite element simula-
tion is refraction on a flat dielectric interface. In this simulation a plane wave is in-
cident to an interface between two homogeneous, non-magnetic, non-absorbing me-
dia with real-valued refractive indices n1 and n2. Figure 15 depicts a sketch of such a
system with dielectric 1 in blue and dielectric 2 in gray. The black dashed line marks
the computational domain in which the near-fields are solved. The boundaries of this
domain are periodic in the ±x-directions and perfectly matched layers (PMLs) in the
±y-directions, therefore modeling a system of two dielectric half-spaces. The figure
also indicates a typical mesh.
A plane wave is incident from dielectric 1 and makes an angle θi with the normal of

the interface, i.e. the optical axis. Depending on the dielectric materials and the inci-
dent angle a part of the lightwill be reflectedunder angle θr = θi (lawof reflection), and
another part will be transmitted under the refraction angle θt, related to the incident
angle by Snell’s law via n1 sin θi = n2 sin θt.

4.2.1 Analytical solutions

The reflectance R and transmittance T, which are the fractions of the incident energy
that are reflected and refracted from/by the interface, are given by the Fresnel equa-
tions. In the case of non-magnetic, non-absorbing materials, the transmittance can
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always be calculated from the reflectance by

T = 1− R. (4.1)

The reflectance depends, along with the incident angle θi, on the polarization of
the plane wave, for which it is sufficient to consider the two perpendicular cases of
transverse-electric (TE)- and transverse-magnetic (TM)-polarization (compare sec-
tion 2.2.6). After elimination of the dependent angles the Fresnel equations are

RTE(θi) =

∣∣∣∣∣∣∣∣
n1 cos θi − n2

√
1−
(
n1
n2 sin θi

) 2

n1 cos θi + n2

√
1−
(
n1
n2 sin θi

) 2

∣∣∣∣∣∣∣∣
2

, (4.2)

RTM(θi) =

∣∣∣∣∣∣∣∣
n1

√
1−
(
n1
n2 sin θi

) 2
− n2 cos θi

n1

√
1−
(
n1
n2 sin θi

) 2
+ n2 cos θi

∣∣∣∣∣∣∣∣
2

. (4.3)

These are the analytical reference equations for the reflectance and transmittance,
which are quantities that can be computed using Fourier transform post-processes in
the finite element simulation.

4.2.2 Simulation setup, mesh parameters and quantity calculation

The simulation setup uses two plane wave sources for TE- and TM-polarization, re-
spectively, as described in section 3.2.3, incident from−y-directionunder angle θwith
respect to the optical axis. For each of the two materials, i.e. domains in the layout,
a different side length constraint (SLC) is set for the triangles of the mesh (the terms
“maximum side length” and SLC will be used synonymously). These are two indepen-
dent parameters for themeshingwhichmight be optimized separately. However, once
the number of materials grows in a simulation, the number of parameters for the op-
timization will increase drastically, causing the number of necessary simulations for
a convergence optimization parameter scan to become inconvenient. Referring to the
approximate rule formaximumpatch sizes defined in equation (3.5), we introduce the
more general parameter “side length constraint to wavelength ratio” ndomain · SLC/λ0,
where ndomain is the refractive index in the givendomain andλ0 the vacuumwavelength
of the light source. We will refer to this quantity by the short form “SLC/λ-ratio”.
According to thementioned rule (3.5) it is assumed that an SLC/λ-ratio of 1 is suffi-

cient to reach a satisfying convergence, but it will be shown shortly that smaller values
may be useful to reach a better performance. Figure 16 shows themeshes of the Fresnel
refraction system for SLC/λ-ratio values of 0.8, 0.5 and 0.2 for an “air-glass” interface
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Figure 16: Example meshes for the Fresnel refraction simulation as a function of theSLC/λ-ratio. The
three meshes for SLC/λ-ratio of 0.8, 0.5 and 0.2 show how the patch sizes are automatically adjusted for
the different materials with refractive indices n1 and n2.

(n1 = 1.0, n2 = 1.5). Reducing the SLC/λ-ratio leads to an overall finer mesh while
automatically setting a smaller patch size in the high-indexmaterial. That way the rel-
evant parameters controlling the meshing are reduced to only one parameter.
To calculate the reflectance and transmittance numerically, we use two Fourier

transforms to calculate the reflected and transmitted diffraction orders, so in this case
in−y− and+y− direction, respectively. The Fourier transforms give the electric field
components Ei for each diffraction order i from which the energy flux densities in the
normal directions of each case can be computed using the time-averaged Poynting
vector S(r, t) given in equation (2.21). We find the reflectance and transmittance by
summing over the normal components of Si for each diffraction order i and normaliz-
ing to the energy of the incident plane wave Pin

C =

∑
i S(r)i • nC

Pin
, C ∈ {R, T}, (4.4)

with the normal vectors n = ∓êy for R and T, respectively.

4.2.3 Convergence analysis

The Fresnel refraction system is a flat interface, i.e. there are no corners or roundings,
which means equation (3.4) is valid and the error should decrease exponentially when
increasing the polynomial degree p, assumed that the mesh is fine enough. Conse-
quently, this system ismost suitable to benchmark this proportionality and the general
rule on the maximum patch side length for propagation problems. Any adaptivity or
refinement technique as described in section 3.1.5 is thus deactivated, which is refered
to as the “plain FEM” in the following.
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Figure 17: Convergence study of the Fresnel refraction simulation. The relative deviation of the reflectance
from the analytical reference solution (TE-polarization) is shown for three different incident angles θ = 0°,
θ = 40° and θ = 80° (columns) as a function of the finite element polynomial degree p. Different colors
represent different values of the adaptive meshing parameter SLC/λ-ratio, given by the legend at the right.

To this end, the system was solved using the “air-glass”/TE case (n1 = 1.0, n2 = 1.5)
for a number of FE degrees p and SLC-ratios. Further, as the normal use-case is to
optimize a simulation setup for a parameter scan, we suppose that we want to scan
over the incident angle θ from 0° to 80° in the end. So we also do these calculations
for three different values of θ in the center and at the boundaries of this interval (as
we assume a relatively flat behavior). For each solve, the reflectance is computed and
compared to the analytical value by calculating the relative deviation |Rnum./Rana. − 1|.
Figure 17 shows the results of this parameter scan. When considering one incident

angle θ at a time, i.e. column in the figure, it is clearly seen that an increase in the FE
degree p exponentially decreases the deviation (which is linear in the semi-logarithmic
plot). This observation approximately holds for all SLC/λ-ratios and all incident an-
gles. Shallower angles (e.g. θ = 80°) lead to stronger discrepancies from this behavior
if the grid is coarse. As it is expected from equation (3.4), a finer mesh (color-coded)
causes an offset in the exponential decrease. Moreover, from the figure it can readily
be seen that, e.g. for normal incidence, a FE degree of p = 5 is needed to reach an ac-
curacy of 10−2 if only one patch per wavelength is used, i.e. SLC/λ = 1; while p = 2 is
sufficient for SLC/λ = 0.1, i.e. ten patches per wavelength. Similar conclusions can
be drawn from the plots for the other incident angles.
In summary, the error proportionality relation, equation (3.4), is fulfilled satisfac-

tory and the FEMsolver reaches errors as small as 10−12withminimal numerical effort
for such simple, well-behaved systems. Furthermore, it was shown that the parameter
space can be reduced by using the SLC/λ-ratio and that the approximate rule of equa-
tion (3.5) can be used to find reasonable test values. In the next step, a system which
can not be represented accurately in themeshwill be studied to see the limitations that
arise from this fact.
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Figure 18: Computational setup of the Mie scattering simulation. (Left)The actual 2D mesh composed of a
semicircle (dielectric material, blue) surrounded by air (gray) in a rectangular computational domain. The
axis of rotation is marked using a red line. Perfectly matched layers (PMLs) are used on the other boundaries.
The right part shows the virtual 3D geometry achieved by using cylindrical coordinates. Dashed lines depict
hidden or rear lines. The 2D mesh used for rotation is shown as an inset.

4.3 Mie scattering

As it was stated in the previous sections, the exact physical geometry plays amajor role
for the actual accuracy of the FEM.The two dominating factors are the existence of (i)
sharp features limiting the accuracy subject to equation (3.6) and (ii) roundings which
can only be represented by approximation in a prismatoidal mesh.
To study the effects of (ii), which is of main importance in the final real-world cylin-

drical/conical nanohole array, Mie scattering is considered in this section, which is
scattering of planewaves by a homogenous sphere andhence a fully three-dimensional
problem. The3Dmesh is obtained froma rotation of a primitive 2Dmesh, as described
in section 3.1.6.
The simulation setup is sketched in figure 18, the left part showing the actual mesh

composed of a semicircle in a rectangular computational domain. The axis of rotation
ismarkedusing a red line. Transparent boundary conditions (section 3.1.3) are used on
each of the other boundaries to simulate a sphere in an infinite, homogenousmedium
with refractive index n = 1. The solver uses cylindrical coordinates, which virtually
causes a 3D geometry as depicted in the right part of the figure. The virtual outline
of the computational domain is therefore a cylinder. The initial mesh is shown as an
inset and the red line againmarks the axis of rotation (red arrowsdenote how the plane
is rotated). The sphere is illuminated from +z-direction using TE polarization and a
fixed vacuumwavelength of λ0 = 550 nm.
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4.3.1 Analytical solutions

The analytical solutions for light scattered on spherical objects depend on the radius-
to-wavelength ratio r/λ of the sphere and the incident plane wave. The Mie solution
is valid for specific ratios for which Mie resonances occur, causing the scattering to
be particularly strong or weak. Other solutions are e.g. Rayleigh scattering for very
small particles r≪ λ, theRayleigh–Gansapproximation, or theanomalousdiffraction
approximation of van de Hulst.
For the present system the Mie solution is valid and the presented formulae are

geared to the derivation given by Bohren &Huffman [104]. The established quantities
of interest to describe the scattering process are efficiencies Qi, in this case the scat-
tering efficiency Qsca, the absorption efficiency Qabs and the extinction efficiency Qext.
These are cross sections σi normalized to the cross section of the sphere A = πr 2, i.e.

Qi =
σi
πr 2

. (4.5)

We introduce the size parameter x = kr, where r is the radius of the non-magnetic
sphere and k = 2π/λ0 the wave number in vacuum. The analytical equations for the
efficiencies depend on the coefficients

aN =
n 2jN(nx)[xjN(x)]′ − jN(x)[nxjN(nx)]′

n 2jN(nx)[xh
(1)
N (x)]′ − h (1)

N [nxjN(nx)]′
, (4.6)

bN =
jN(nx)[xjN(x)]′ − jN(x)[nxjN(nx)]′

jN(nx)[xh
(1)
N (x)]′ − h (1)

N [nxjN(nx)]′
. (4.7)

Here, primes mark derivatives and jN(z) are the spherical Bessel functions and h
(1)
N (z)

the spherical Hankel functions of order N. These are themselves given by the Bessel
functions of first and second kind JM and YM, respectively, thus

jN(z) =
√

π

2z
JN+0.5(z), (4.8)

h (1)
N (z) = jN(z) + iyN(z), with yN(z) =

√
π

2z
YN+0.5(z). (4.9)

Finally, the scattering and extinction efficiencies are given by

Qsca =
2
x

∞∑
N=1

(2N+ 1)
(
|aN| 2 +

∣∣b 2N∣∣) , (4.10)

Qext =
2
x

∞∑
N=1

(2N+ 1)ℜ (aN + bN) (4.11)
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whileQabs can be calculated from the energy conversion

Qabs = Qext − Qsca, (4.12)

which also holds for the cross sections. Equations (4.10) to (4.12) are used to calculate
the analytical reference values for the efficiencies,while infinite series canbe truncated
atNmax = x+ 4x 1/3+2 (compare to [104]). Effectively, the open source python package
pymiecoated is utilized which already implements the described equations.

4.3.2 Mesh parameters and numerical quantity calculation

As stated above, the simulation setup de facto uses a 2Dmesh as shown in the left part
of figure 18. Just as for the Fresnel refraction simulation,we thus introduce theSLC/λ-
ratio to automatically adjust the patch sizes for the different materials and to use a
dimensionless quantity. Further, the refine all circle (RAC) parameter is used to con-
trol the number of edges of the polygon which represents the circle, as explained in
section 3.2.2 and equation (3.8). This is a crucial new feature compared to the Fresnel
system, where the geometry has been represented by the mesh without any approxi-
mations.
Figure 19 shows the same detail of the mesh for different combinations of RAC and

the SLC/λ-ratio. For RAC = 2, i.e. Np = 16 edges (left column), the circle represen-
tation is very rough and the patch sizes in the region of the circumference are domi-
nated by the SLC/λ-ratio. In contrast, for RAC = 6, which are Np = 256 edges (right
column), the mesh becomes extremely fine at the circumference even for very low set-
tings of the SLC/λ-ratio. An accurate circle representation can thus lead to a strong
increase in the total number of mesh elements.
To calculate the efficiencies Qabs, Qsca and Qabs we utilize two post processes pro-

vided by JCMsuite: (i) a density integration over the electric field energy density we
(equation (2.18)) and (ii) a flux integration over the electromagnetic field energy flux
density, i.e. the Poynting vector defined in equation (2.21), for the flux of the scattered
field from the computational domain into the exterior domain.
For the first case, the post process yields the total (complex-valued) electric energy

Ŵ j
e =

∫
Vj
we dVj

for each domain j with volume Vj. As outlined in section 2.1.2 and equations (2.25)
and (2.26) the absorption in a volume V can be obtained from the imaginary part of
the electric energy. The absorption cross section of the sphere can in consequence be
obtained from the computed electric energy in the related domain, i.e.

σabs,num. = − ω

Z0
ℑ
(
Ŵ sphere

e

)
, (4.13)
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Figure 19: Example meshes for the Mie scattering simulation as a function ofSLC/λ-ratio and circle re-
finementsRAC. Each of the nine images shows the same detail of the finite element mesh, depicting parts
that correspond to the sphere in blue and the air surroundings in gray (compare figure 18). The adaptive
meshing parameter SLC/λ-ratio is varied across the rows, while the refine all circle (RAC) parameter is
varied across the columns.
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with the vacuumimpedanceZ0 defined inequation (2.8). Secondly, the flux integration
post process yields the electromagnetic energy flux of the scattered field

Φ =

∫
S
S • df,

where S is the surface of the computational domain boundary and df is the surface
element. As for the absorption cross section, the scattering cross section is given by

σscat,num. =
1
2Z0

ℜ (Φ) . (4.14)

Finally, because of the energy conservation the extinction cross section is given by

σext,num. = σabs,num. + σscat,num..

4.3.3 Convergence analysis

To analyze the convergence properties of the Mie scattering system we proceed in the
same way as we did for the Fresnel example in section 4.2. The plain FEMwill be used
to analyze the accuracy of the scattering efficiencyQsca as a function of (i) the FEdegree
p, (ii) the SLC/λ-ratio and (iii) the number of circle refinements RAC. We define the
use case for which the optimization should be performed as a parameter scan over the
sphere radius r from 0.3 μm to 0.5 μm.
Figure 20 shows the results of the convergence parameter scan. Again, as in the

Fresnel example, radii samples were taken at the bounds and in the center of the total
range, i.e. r ∈ {0.3, 0.4, 0.5}μm. Each radius is represented by a column in figure 20,
representing an individual parameter scan over the convergence parameters (i)-(iii).
Thenumber of circle refinementsRAC is varied across the rows, taking values from3 to
7. TheSLC/λ-ratio is color-codedand the relativedeviationof the computed scattering
efficiency fromtheanalytical reference is plottedversusp–making the individual plots
comparable to the plots in figure 17.
If we concentrate on a single column, e.g. for r = 0.5 µm and start with the case

RAC = 7, the situation is comparable to the one in figure 17 up to p ≈ 4. The accuracy
scales exponentially with increasing p, while refining the mesh influences the offset
and gradient. However, for larger values of p the deviation saturates at about 10−5. This
is many orders of magnitude worse compared to the Fresnel system, which reached
10−12 for these values of p and SLC/λ-ratio!
If we move up in the same column to smaller values of RAC, the saturation occurs

for smaller and smaller values of p and the accuracy drops– saturating already at about
5 · 10−3 for RAC = 3. So we observe that the quality of the representation of round-
ings drastically limits the maximally achievable accuracy, making the RAC the most
prominent mesh convergence parameter in this setup. Comparing the columns be-
tween each other reveals the same tendencies for each of the radii, with only minor
differences in the saturation values and some fluctuations.
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Figure 20: Convergence study results of the Mie refraction simulation. The relative deviation of the scatter-
ing efficiencyQsca from the analytical reference solution is shown for different sphere radii (columns) and
refine all circle (RAC) values (rows) as a function of the finite element polynomial degree p. Different colors
represent different values of the adaptive meshing parameter SLC/λ-ratio, given by the legend at the right.
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Input parameters Output quantities
FE degree p SLC/λ-ratio RAC Mem. (GB) # Unknowns Rel. dev. Qsca

5 0.6 5 0.48 35676 4.69e-04
5 0.5 5 0.50 43129 5.97e-04
5 0.6 6 0.51 48747 3.20e-04
6 0.7 6 0.62 63919 4.24e-04
4 0.3 5 0.53 65429 3.68e-04
4 0.3 6 0.55 74510 1.11e-04

Table 4.1: The six optimum configurations of the Mie scattering performance optimization with a target
accuracy of 10−3. The configurations, defined by their input parameters finite element polynomial degree
p, adaptive meshing parameter SLC/λ-ratio and refine all circle (RAC), are listed together with their com-
putational costs (memory in gigabytes and number of unknowns) and precision, represented by the mean
relative deviation of the scattering efficiencyQsca for all radii. The rows are sorted in ascending order with
respect to the number of unknowns, which acts as the performance measure.

4.3.4 Performance optimization

It is now the task to find the performance optimum from all the configurations varied
in the convergence parameter scan (see section 4.1 for a definition of performance and
additional explanations). A target accuracy of 10−3 is chosen. The accuracy measure
in this case is the relative deviation of Qsca, as this quantity is computed using a flux
integration process, while Qabs is derived from a density integration. The integrand
in the density integration is a scalar vector field, while for the flux integration it is a
3-vector field. It is expected that the larger number of uncertain values in the flux in-
tegration enlarges the overall uncertainty. In the specific use case, the accuracy should
be reached in the complete range of radius values. We thus take the average deviation
ofQsca for the three sample radii, so that the accuracy measure is in fact the mean rel-
ative deviation of the scattering efficiency. A more restrictive possibility would be to
take the maximum deviation.
If we restrict the results to those which meet the accuracy criterium defined above,

we can sort them for the number of unknowns in ascending order. The best six config-
urations together with their computational costs and accuracies are listed in table 4.1.
Theoptimumconfigurationuses p = 5, SLC/λ = 0.6 andRAC = 5 and reaches amean
accuracy of 4.69 · 10−4. When comparing to the second best configuration, which uses
a slightly finer mesh, the optimum uses about 18% less unknowns, less memory, but
reaches a higher accuracy.
In order to benchmark the approach the system is solved for 100 radii from 0.3 μm

to 0.5 μm, the efficiencies are calculate and compared to the analytical values. The re-
sults of this parameter scan are shown in figure 21, showing the numerically obtained
values for the efficiencies in the upper panel, and the related relative deviations be-
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Figure 21: Calculated efficiencies and relative deviations using the performance optimized configura-
tion. (Upper row) Numerically obtained values for the extinction efficiencyQext (blue), scattering efficiency
Qsca (green) and absorption efficiencyQabs (cyan) as a function of the sphere radius r. (Lower row) Relative
deviations from the analytical values for the same quantities as before and using the same colors. The target
maximum deviation is marked using a red dotted line.

low. The target maximum deviation is marked using a red dotted line. The quantities
show a relatively flat behavior, so that drastic effects are not expected from a physics
point of view. However, the relative deviations show oscillations and the maxima do
not align with the sample radii. Also, for radii> 0.4 µm the deviation ofQabs is in fact
dominating, which is not expected from the reasoning given above. Another interest-
ing observation is that the deviation of this quantity behaves more smoothly than the
one that is derived from the flux integration post process. Such unexpected results
highlight the importance of a detailed convergence study and the necessary awareness
when working with complex numerical techniques in general. In total, however, the
target accuracy is reached satisfactory: it is not exceeded by more than 40% and the
majority of points lies below.

4.4 Nanohole array

The “simple” systems previously discussed showcased the abilities and limitations of
the finite elementmethod (FEM) which are relevant for scattering simulations in gen-
eral–but also inparticular for theprimarily studied systemof this thesis: thenanohole
array. This system is a photonic crystal (PhC) slab consisting of a hexagonal-lattice pat-
tern of nanometer-sized, possibly conically-shaped holes on a planar substrate. Not
only is this systemphysically farmore complex than the Fresnel andMie systems, but it
also lacks a rigorous analytical reference solution. This situation becomes even harder
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ifmaterial specific phenomena like for example dispersion andwavelength-dependent
absorption should be considered. Nevertheless, in the following it will be shown that
the knowledge gained from the simple systems, together with the error estimation-
based techniques implemented in JCMsuite (see section 3.1.5), can indeed suffice to
achieve certainty about the convergence characteristics.

4.4.1 System geometry, mesh parameters and quantities

Adetailed description of the nanohole array system is given in section 3.2, considering
specifics on geometry 3.2.1, meshing 3.2.2, illumination 3.2.3 and the physical quanti-
ties of interest and their derivation 3.2.4. In consequence, the generalities will not be
repeated here, but rather completed with details specific to the convergence analysis.
The3Dgeometry introducesnewaspects that need to be taken care of for an accurate

meshing – especially because themesh is generated via extrusion from a primitive 2D
mesh. Some general explanations regarding the extrusion based meshing have been
given in section 3.1.6. Note also figure 9 on page 49 which shows example meshes for
the nanohole array and illustrates meshing parameters which are considered in the
following.
For the primitive 2D mesh the same techniques as for the Mie system are used in

viewof the settingof thenumber of circle refinementsRAC and theSLC/λ-ratio. How-
ever, when extruding in z-direction the spacing between adjacent layers must be cho-
sen wisely, which is controlled by setting specific spacing parameters for each layer
(these are the extrusion layers L1, L2 and L3 in figure 9, bottom, center). Minimally, the
z-spacing must be limited to the maximum side length of the highest-index material
in the current extrusion layer. This causes an overhead in the number of elements –
and therefore in the number of unknowns – compared to a full-3D mesh, because the
lower-index domains are meshed too finely in z-direction.
Moreover, the number of circle refinements must be taken into account, since the

polygon that represents the circle can cause very small triangles near the circumfer-
ence. Since there is no control parameter implemented in JCMsuite to avoid elements
with high aspect ratios, an additional parameter is introduced, which will be denoted
as “maximum z-ratio”, i.e. the ratio between the extent in z-direction and the in-plane
extent of the elements: z-ratio = lz/lip. These two extents are marked in the isometric
example mesh of figure 9 (bottom, right). For an estimation of the minimum in-plane
extent the side length of the polygon representing the circle lip ≈ 2r sin

(
π/Np

)
is con-

sidered, where r is the circle radius andNp is given by equation (3.8). In consequence,

79



Ci
rc

le
 re

f. 
= 

2
Ci

rc
le

 re
f. 

= 
3

Ci
rc

le
 re

f. 
= 

4
n • SLC / λ = 0.25  |  z-ratio = 2.0 n • SLC / λ = 0.25  |  z-ratio = 4.0 n • SLC / λ = 1.0  |  z-ratio = 4.0

Figure 22: 3D Example meshes for the nanohole array simulation as a function ofSLC/λ-ratio, circle
refinementsRAC and maximum z-ratio. Each of the nine images shows the same detail of the 3D finite
element mesh for the nanohole array, omitting the superspace for visibility and depicting the subspace in
cyan and the PhC material in gray (compare figure 9). The refine all circle (RAC) parameter increases across
the rows. Columns 1 and 2 have a fine in-plane mesh, controlled by the adaptive meshing parameter SLC/λ-
ratio, while column 3 has a coarser in-plane mesh. At the same time, column 1 has a stringent limit for the
maximum z-ratio (equation (4.15)), while columns 2 and 3 have a looser one.

the side length constraint in z-direction for each extrusion layer is chosen as

SLCz = max
{
λ · (SLC/λ-ratio)

nmax

∣∣∣∣ lip · (z-ratio)
}

(4.15)

with lip = 2r sin
( π

4 · 2 RAC
)
,

which adds extra adaptivity to the mesh. Figure 22 depicts a number of 3D-views of
the mesh (air domain not shown) for different combinations of the mesh-relevant pa-
rameters. The RAC-setting is increased across the rows. The first column combines a
fine overall meshing with a very stringent value for the z-ratio of 2. However, the z-
ratio setting only causes additional z-layers for the case of RAC = 4. In columns 2 and
3 this limitation is softened to 4, causing no extra layers in column 2, whichmeans that
the z-meshing is dominated by the SLC/λ-ratio setting. For column 3, the rough over-
all meshing again causes that additional layers are introduced for RAC = 4. It must

80



hence be stressed that this approach causes a “responsiveness” of the mesh, which is
advantageous on the one hand, but must be kept in mind when looking at the effects
of these parameters in the convergence study on the other.

4.4.2 Convergence analysis

The convergence study is performed in the same way as for the previous example sys-
tems. Compared to theMie systemthere is anothermeshingparameter: themaximum
z-ratio. Themaindifferences are (i) the use case and (ii) the absence of an analytical ref-
erence solution.
Addressing difference (i), the typical use case is an analysis of an output quantity,

e.g. reflectance or field enhancement, as a function of the illumination conditions,
i.e. the direction of incidence defined by θ and ϕ and the vacuumwavelength λ0. Con-
sequently, the parameter space is huge and choosing a suitable test condition is a diffi-
cult task. In the following, the test condition is denoted as a “sample point”, i.e. a spe-
cific set of the illumination condition parameters. At first, λ0 should be chosen at the
lower end of the interval of interest, although this may not be crucial since the mesh-
ing adjusts to the wavelength via the SLC/λ-ratio. It may also be advantageous to use
a sample point which is far from any photonic modes, i.e. a “flat” part of the solution
space. If the position of modes is not known beforehand, e.g. from a band structure
analysis, it is hence unavoidable to perform an a priori scan to find such a region.
For difference (ii), a quasi-analytical solution must be generated by solving the sys-

temwith wisely chosen input parameters potentially at the edge of the computational
possibilities. This means that

• adaptive techniques such as initial p-adaption should be used to approximately
reach a target accuracy, allowing themaximum implemented FE degree p = 10,

• the defined target accuracy must be considerably lower than the desired final
accuracy of the optimized setup (e.g. 3 orders of magnitude),

• when setting input parameters, those which are known to limit the maximum
accuracy must preferably be adjusted,

• everything must be increased until the limits for the memory (random-access
memory (RAM)) and (reasonable) computation time are exploited.

Itmust be stressed that this is themost crucial step, since the convergence of this sim-
ulation can not be guaranteed without a further increase of the computational costs.
For the actual study, a flat part of the solution spacewas localized resulting in a suit-

able illumination condition of

TE-polarization, ϕ = 90° (Γ− K), θ = 10°, and λ0 = 1050 nm.

(See section 3.2.1 and figure 9 for related definitions.) It will be proven below that the
optimization for this point also holds for points in non-flat regions, i.e. when facing
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Figure 23: Convergence study results of the nanohole array simulation. The maximum relative deviation
of all output quantities defined in table 3.1 forΓ − K, TE, θ = 10° andλ0 = 1050 nm from the quasi-
analytical reference solution is shown for different maximum z-ratios (rows) and refine all circle (RAC) val-
ues (columns) as a function of the finite element polynomial degree p. Different colors represent different
values of the adaptive meshing parameter SLC/λ-ratio, given by the legend at the right.

a sharp mode. For the reference solution, initial p-adaption was utilized with a spec-
ified target accuracy of 10−6. Since it was already shown in the Mie example system
(section 4.3) that the circle refinement parameter RAC is drastically limiting the max-
imum accuracy, this parameter is preferred and set to RAC = 5 (which is at the edge
of possibilities on the utilized system.) All input parameters together with computa-
tional costs are summarized in the lower row of table 4.2 on page 84. The simulation
neededmore than 400GB of RAM and includedmore than 5 million unknowns.
The results of the convergence study are summarized in the graphs of figure 23.

Here, the y-axis shows the maximum relative deviation of all output quantities, as
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listed in table 3.1, with respect to the quasi-analytical reference solution. The max-
imum z-ratio is varied across the rows, while the RAC-setting is varied across the
columns and the SLC/λ-ratio is color-coded.
Surprisingly, the SLC/λ-ratio has only a small influence on the convergence, which

might be due to the meshing in z-direction, which is adjusted with the circle refine-
ment to avoid high aspect ratio elements. For larger values of RAC the meshing in
z-direction gets extremely fine, therefore having amuch higher influence on the num-
ber of elements than the SLC/λ-ratio. This is confirmed when observing that the z-
meshing has a gradient from the bottom-left to the top-right in the figure, conse-
quently showing the highest spread with the SLC/λ-ratio in the bottom-left plot.
As for theMie system, thenumberof circle refinements seems to limit themaximum

accuracy,which is best seen for p = 3, 4, where the relative deviation seems to saturate.
Especially in the top row, where the z-meshing is fine and has a small effect, where
increasing RAC shifts the saturation deviation to smaller values.

4.4.3 Performance optimization

Just as shown in section 4.3 it is now an easy task to find an optimum configuration
for which all output quantities fall below a target accuracy. A target accuracy of 2 % is
chosen, which appears adequate when comparing to any of the experimental results
presented in later chapters. Again, the number of unknowns will serve as the perfor-
mance measure.
Table 4.2 lists the six optimum configurations obtained in the parameter scan to-

gether with memory usage, number of unknowns and the reached maximum relative
deviation. The lower row lists the parameters and results for the reference simulation
for comparison. Comparing the values for memory usage and unknowns between the
rows reveals that only three different simulations have actually been performed, be-
cause it is unlikely that different simulations lead to the exact same values for these
quantities. These unique simulations are labeled with letters A, B and C in the first
column. This behavior is expected, since the adaptive mesh parameters (SLC/λ-ratio
and z-ratio) do not enforce uniquemeshes for any value (compare figure 22). The opti-
mumconfiguration uses a higher FEdegree compared to the five other configurations,
which again underlines that this is beneficial once a well-adaptedmesh is reached (see
section 3.1.4).

4.4.4 Verifying the convergence on a narrow peak

The convergence study was executed in a flat region of the solution space, i.e. off-
resonance, since the absolute values of output quantity can vary considerably if the
resonance frequency shifts. In the following, an extended analysis is shown to proof
that the determined configuration nevertheless gives accurate results on-resonance.
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Input parameters Output quantities
p SLC/λ RAC z-ratio Mem. (GB) # Unkn. Rel. dev. max.

A 3 1.00 2 4.0 2.47 61839 7.05e-03

B

{ 2 0.25 2 2.0 2.09 67498 1.92e-02
2 0.25 2 4.0 2.48 67498 1.92e-02
2 0.25 2 3.0 2.48 67498 1.92e-02

C
{ 2 1.00 3 3.0 2.42 84796 7.26e-03

2 0.75 3 3.0 2.42 84796 7.26e-03

Reference simulation (adaptive p-setting)

≤ 10 0.40 5 3.0 404.90 5063320 ≤1e-06

Table 4.2: The six optimum configurations of the nanohole performance optimization with target ac-
curacy of0.02. The configurations, defined by their input parameters finite element polynomial degree
p, adaptive meshing parameter SLC/λ-ratio and refine all circle (RAC) and maximum z-ratio are listed
together with their computational costs (memory usage and number of unknowns) and precision (repre-
sented by the maximum relative deviation of all output quantities defined in table 3.1 atλ0 = 1050 nm).
The rows are sorted in ascending order with respect to the number of unknowns, which acts as the perfor-
mance measure. Comparing the values for the computational costs between the rows reveals that only three
different simulations have actually been performed, which are labeled byA,B andC in the first column. The
last row shows the values for the reference simulation, which used adaptive p-setting to reach a precision
≤ 10−6.

The left plot of figure 24 shows the results of an angle scan for the fixed wavelength
of 1050 nm and both polarizations, TE in red, TM in blue. Both polarizations exhibit
a peak in this angle range, the TM-peak being the sharper one of the two. As a quan-
tification of the peak position accuracy of this scan executed with the optimum con-
figuration of table 4.2, 13 points near the peak maximum were computed using the
reference configuration. For both cases, the data was fitted using a Lorentzian of the
form 1/ [(λ− λ0)

2 + (λ0/2Q) 2] plus a linear background. The results are shown in the
right plot of figure 24, denoted as “high-res.” for the reference and “low-res.” for the
performance-optimized configuration. From the fit data, the peak centers coincide
with an accuracy of 1.05 · 10−4, which is far below the target accuracy. The relative de-
viations for the less crucial amplitude andwidth are higher (≈ 0.1), possibly caused by
the sparse reference data. However, when taking into account the peakwidth of≈ 0.3°
this is a very satisfying convergence.
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Figure 24: Angle scan results for the nanohole system near a peak. (Left) Logarithm of the electric field
energy enhancement log10(E+) as a function of the incident angle θ. The simulations used the input param-
eters obtained from the performance optimization listed in the top row of table 4.2, which is denoted here
as low resolution (low-res.). (Right) Comparison of the data for the TM-peak of the left plot (blue) and a scan
using a high-accuracy reference configuration (yellow, denoted as high-res.). The curves are obtained from
Lorentzian peak fits, while the yellow dots denote the actual data points of the high resolution scan.
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5
Discovering Symmetry Dependence in

Anticrossing Phenomena

Aslab-typephotoniccrystal (PhC) is often referred to as a “quasi 2DPhC” tounder-
line its translational symmetry in two dimensions and, at the same time, to emphasize
the difference to 3D PhCs. The third dimension, however, plays an important role for
PhC slabs aswell when regarding the symmetry properties in this direction. In the fol-
lowing, the latter statement will be investigated using the example of a crossing point
of two bands in the nanohole array, as published in [41].
Suppose that two bands of the nanohole array on glass show so-called anticrossing,

i.e. their coupling results in a frequency splitting that “avoids” the crossing of these
bands. The glass substrate causes the system to lack mirror symmetry with respect to
aplaneperpendicular to the z-axis, as it is the case in aPhCslab completely surrounded
by air, for instance. If the system could be symmetrized in z-direction modes may be-
come orthogonal, so that a coupling between them would be forbidden by symmetry;
– finally causing the anticrossing effect to disappear.
Such an investigation is possible both experimentally, by sandwiching the PhC slab

between glass plates and using an index-matching fluid (IMF) to fill the holes, and nu-
merically, by symmetrizing the system using proper geometry and material param-
eters. After repeating some background information that was presented in previous
chapters, a study on the symmetry-dependent anticrossing phenomenon will be pre-
sented indetail. Theexperimental reflectance fromangular-resolved reflectance (ARR)
measurements (section 3.4.1) is compared to numerical reflectance and field enhance-
ment calculations, showing the disappearance of anticrossingwhen symmetrizing the
system. Later, in section 7.2, these resultswill be revisited and further investigated us-
ing the machine learning approach.

87



5.1 Background and guide to relevant sections

In the theoretical treatment of PhC slabs in section 2.2, especially in sections 2.2.5
and 2.2.6, the effects of symmetry characteristics on the photonic modes have been
presented in detail. It was shown that the nanohole array has C6v symmetry, as the
perhaps conically shapedholes and theglass substrate break themirror symmetrywith
respect to the xy-plane. If the conical shape of the holes could be neglected and the su-
perstratematerial would have the same permittivity as the substrate, thismirror sym-
metry would be restored, resulting in the higher symmetry D6h = C6v × C1h. In the
same section, it was shown that these symmetry properties can have an effect on the
coupling of modes, because the orthogonality of the related eigenvectors may depend
on it.
The geometry of the nanohole array system was described in section 3.2, as well as

details on the numerical treatment using the finite element method (FEM). Moreover,
in section 3.2.4 thequantities consideredhere, suchas the reflectanceRand the electric
field energy enhancementE+ havebeen introduced, togetherwith adescriptionofhow
to obtain them numerically. An overview can be found in table 3.1 on page 52. Details
on the involved materials have been given in section 3.3, and the sample fabrication
was outlined in section 3.5.

5.2 Sample design and numerical model

To perform the experiment outlined above, a nanohole array sample with a lattice con-
stant of 1000 nmand ahole diameter at z center of 425 nmwas used (whichwas already
mentioned in a previous study [27]). Two different versions of this system are neces-
sary, which are

1. the z-asymmetric case: with a glass substrate and an air superstrate; and
2. the z-symmetric case: for which the superstrate is (basically) composed of glass

as well.

Figure 25 gives an overview of these systems for the real and the numerical case. The
two left-hand sketches in the upper row illustrate the geometry of the real system. At
first, the asymmetric casewill be considered. As explained inmoredetail in section 3.5,
the sample is fabricatedusingnanoimprint lithography (NIL), so that anadditional sol-
gel layer exists between the siliconPhCslab (thickness: 310 nm) and the glass substrate.
The sol-gel, which by approximation has the same optical properties as the glass, fea-
tures additional pillars, which are also partly missing. The overview SEM image in the
lower row of figure 25 reveals a number of such cases. From the zoomed SEM image
at the right, one may further notice the gradient at the hole outlines, which can be at-
tributed to a conical shape of the holes. In the related sketches of the upper row (left),
this shape is considered by the side-wall angle α of roughly 15°.

88



5 µm 800nm

missing sol-gel pillars

silicon

glass

sol-gel

air

optional 
pillar

index-matching 
�luid α~15°

silicon

glass

425 nm31
0n

m

air index-matching 
�luid

z-symmetry 
plane

SEM real system, overview

Real system
asymmetric “symmetric” asymmetric symmetric

Idealized system (in simulations)

SEM real system, zoom

Figure 25: Overview of the sample geometry used for the anticrossing experiment and the considered nu-
merical model. (Upper row) Geometry sketches of the asymmetric and symmetric case for the real system
(left) and the idealized numerical model (right). The former exhibits a sol-gel layer with partly missing pil-
lars between the PhC slab and the glass substrate. The holes have a conical shape, indicated by the side-wall
angleα. The symmetric cases uses an index-matching fluid that fills up the holes. For the numerical model
the conical shape is neglected, as well as the sol-gel layer and its pillars, achieving a z-symmetric system
indicated by the green dashed line. (Lower row) Scanning electron microscopy (SEM) images (provided by
Carola Klimm of HZB) of the system for the asymmetric case. The left image shows a large area under a tilt
angle of 30°, featuring holes with missing pillars. The right-hand zoom gives a clearer view of the gradient
color at the hole circumferences.

To obtain the symmetric case for the real system, an IMF (matching the refractive
index of the glass) is used to fill up the holes and to achieve an accurate interface to a
second glass plate attached from above. Regarding the optical properties the PhC slab
is effectively surrounded by glass. The z-mirror symmetry is therefore approximately
restored and only broken by the conical shape of the holes.
The two right-hand sketches in the upper row of figure 25 illustrate the geometry

used in the FEM simulations. In both cases, the conical shape of the holes is neglected
in order to obtain a perfectly z-mirror symmetric system for the symmetric case. The
sol-gel – especially the pillars – are neglected as well, so that the glass substrate is lo-
cated directly below the PhC. For the symmetric case, the complete superspace ismod-
eled as glass, so that the incident radiation comes from a glass half-space. It will be
shown below that the applied simplifications can be justified using a comparison of
experimental and numerical reflectance maps.
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5.3 Reflectance and field energy enhancement analysis

Thereflectanceof both systemswasfirst studiedexperimentally byARRmeasurements
(see section 3.4.1) using a wavelength resolution of 2 nm and an angle resolution of 2°.
The results are shown in the first column of figure 26 (see also the blue area in figure 10
for the silicon material properties). For the symmetric case the actual angles of in-
cidence θactual on the PhC were calculated from the angles in the ARR measurements
θmeas. via

θactual = arcsin
(
sin θmeas.
nglass

)
, (5.1)

since the beamundergoes an additional refraction at the air-glass interface. In the fol-
lowing, all results are for the case of the Γ-K direction and transverse-magnetic (TM)
polarization. The reflectance maps reveal a large set of bands corresponding to leaky
modes. When comparing the two maps for the asymmetric case and the symmetric
case, one observes only a slight transformation: the bands are “squeezed” in the di-
rection of smaller angles when the glass superstrate is introduced, so that the same
features occur at shallower angles. Butmore interestingly, bands that show anticross-
ing features in the asymmetric case, i.e. which “avoid” crossing and show a visible gap
of low reflectance, are modified in the symmetric case. Here, these bands get much
closer to each other or even cross – as far as it can be estimated from the limited data
resolution.
The reflectance maps obtained from FEM simulations are shown in the second col-

umn of figure 26. To assess the match between the numerical model and the actual
measurements a coarse scan with a wavelength resolution of 2 nm and an angle reso-
lution of 1° was considered. An excellent match with the experimental data can be ob-
served, especially for the long wavelength range. The absolute value of the reflectance
is overestimated by the simulations, as it is expected due to the assumed perfect sym-
metry of the system.
Afterwards, a finely sampled scanwas performed in the regions of the (anti)crossing

phenomenawithawavelength resolutionof0.25 nmandanangle resolutionof0.25°/0.1°
for the asymmetric/symmetric case, respectively (column three in figure 26). In the
symmetric case the reflectance bands get much closer to each other, but they do not
actually cross. The line shape of the reflectance spectrum is supposed to be caused
by interference between various scattering contributions (Fano resonances [105]). The
actual crossing of the bands can finally be seen when looking at the E-field energy
enhancement maps (E+) in the fourth column. E+ is the integrated electric field en-
ergy density distribution over the superspace volume V, normalized to the energy of
the incident plane wave source in the same volume; were V is defined by the PhC hole
and a 250 nm layer above the silicon (see section 3.2.4 and table 3.1 for further details).
For the symmetric case the bands cross straightly, which means there is no interac-
tion between them. Since the only characteristic that changed is the symmetry, this
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Figure 26: Overview of experimental and numerical reflectance maps, and numerical field energy en-
hancement maps for the silicon PhC slab on glass. Results are shown for the systems with air-superstrate,
i.e. the asymmetric case (upper row), and glass-superstrate, i.e. the symmetric case (lower row). (Column 1)
Reflectance maps from ARR measurements as a function of the vacuum wavelength ( y-axis) and incident
angle θ (x-axis). The quantities of the axes apply for all columns (see figure 9 on page 49 which indicates θ)
and the left color bar applies for columns 1, 2 and 3. (Column 2) Numerical results for the reflectance in the
same wavelength- and angle-range as for the ARR measurements. (Column 3) Zoom of the investigated
crossing/anticrossing regions with reflectance results from finely sampled simulations. (Column 4)E-field
energy enhancement (E+, right color bar) for the same region as in column 3. Additional markers in each
plot show the positions for which field distributions are shown in figure 27. (See section 3.2.4 and table 3.1
for details on the shown quantities.)

necessarily means that the coupling is prohibited by symmetry laws, as explained in
the introductory statements above. In contrast, for the asymmetric case the bands
bend and form a broad interaction region, which certainly indicates the coupling of
the bands.

5.4 Analysis of field distributions

Although the crossing/anticrossing is shown using the field enhancement plots, the
coupling of the modes can more directly be studied when looking at the field distri-
butions. To this end, points along each band near the (anti)crossing point have been
chosen by searching for the maximum field enhancement on each band for specific
angles, as marked in figure 26 (white dots in column 4). Figure 27 shows the absolute
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values of the magnetic field strength in the xy-(mirror)-plane for each component at
these points for the asymmetric and the symmetric cases. In both cases we observe
that aside from the (anti)crossing point the two bands exhibit orthogonal polarization:
the band following thepath (a) – (c) – (f ) is transverse-electric (TE)-, while the band fol-
lowing the path (b) – (d) – (e) is TM-polarized. In the asymmetric case the polarization
is less well pronounced as there is still a noticeable field strength in the components
which are not attributed to their respective polarization (barely visible). In both cases
the field patterns are exchangedwhen comparing points (a) and (b) to (e) and (f ). How-
ever, In the symmetric case the patterns at points (c) and (d) (which are identical and
in-fact a single computation) show a simple superposition of both solutions, while in
the asymmetric case the fields are distorted.

5.5 Discussion

The previously presented results reveal the coupling of bands in the asymmetric case
and the absence of coupling in the symmetric case from two different points of view:
(i) froman observation of the anticrossing/crossing in field energy enhancementmaps
(figure 26, column 4), and (ii) fromadistortion in themagnetic field components at the
(anti)crossing point (figure 27). Both effects are expected from the line of reasoning
presented at the begin of this section: namely the difference in the orthogonality of the
modes between the symmetric and asymmetric cases.
The transition from asymmetric to symmetric corresponds to a change in the sym-

metry point group from C6v to D6h. The D6h symmetry exhibits an additional mirror
symmetrywith respect to the xy-plane at the center of thePhC slab,which is associated
with the separation of the TE and TM polarizations (compare section 2.2.6). However,
the mirror symmetry is not broken “hardly”, i.e. the glass substrate and the conical
shape can be regarded as only a perturbation. In consequence, it is not expected that
the TE and TMpolarizations are completely absent, but only disturbed. This is directly
observed in the field patterns for the asymmetric case of figure 27.
In the case of perfect TE and TM polarization, the modes are orthogonal eigenvec-

tors (compare section 2.2.1) and therefore do not couple. Once the bands approach
each other, they can therefore cross without any interaction – just as seen from the
field enhancement maps in figure 26. From this point of view, any deviation from the
perfect polarization deteriorates the orthogonality, and thus increases the coupling.
The result is the observed frequency splitting in the asymmetric case of the same fig-
ure.
The results are hence consistent, constituting two different aspects of the same phe-

nomenon. They further showcase how accurately the symmetry laws presented in sec-
tion 2.2 are fulfilled in the FEM simulations. Because of that, it also represents a case
which is well suited to apply another analysis technique: the machine learning based
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Figure 27: Selected magnetic field strength distributions in the xy-plane. (Upper row) Magnetic field (H)
distributions for the asymmetric case in the xy-plane (x dimension on the x-axis, y dimension on the y-axis).
Rows correspond to the absolute values of the x, y and z-component of the magnetic field, respectively. The
field strength is color-mapped (color bar at the right). Columns correspond to the result on either point
marked by white dots in column 4 of figure 26. (Lower row) The same depiction as in the upper row, but for
the symmetric case.
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classification ofmodes, as it will be shown in section 7.2. In general, anticrossing is of
practical relevance aswell, because in PhCwaveguides the bending ofmodes at the an-
ticrossing point leads to small group velocities. This phenomenon, commonly known
as slow light, is of interest for many applications such as buffering, time-domain pro-
cessing or the spatial compression of optical energy [106]. The analysis techniques pre-
sented here can potentially be applied to PhC waveguides as well, and therefore im-
prove the design process of related systems.
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6
Increased Fluorescence of PbS Quantum

Dots by Excitation Enhancement

After having dealt with an experiment that demonstrated fundamental charac-
teristics of photonic crystal (PhC) modes in the previous section, the focus here is an
effect which is highly relevant for applications: fluorescence enhancement of lead sul-
fide (PbS) quantum dots (QDs) on the PhC surface. This study was published in [42].
As it was discussed in detail in section 2.2.6, PhC slabs exhibit leaky modes that can
be excited by external radiation and which can possess high local energy densities. In
section 2.2.7 it was stated that these modes can be used to affect the emission prop-
erties of near-surface emitters by two differentmechanisms: extraction enhancement
and excitation enhancement. Both can lead to an increase in the radiation intensity
yielded by exciting the emitters using light incident from the exterior, supposing that
the spatial arrangementof theemittersoverlapswith thefielddistributionsof the leaky
modes.
To reconsider thesemechanisms inbrief, extractionenhancementoccurs if the leaky

modes provide “channels” for the outcoupling of the emission. In other words, they
scatter the emitted radiation out of the PhC plane. Therefore, this effect depends on
leaky mode bands which cross the wavelength range of the emission of the QDs. In
contrast, if leaky modes are present in the absorptionwavelength range, excitation en-
hancement occurs if the emitters are in a volume of increased electromagnetic fields.
Consequently, for excitation enhancement the leaky modes have to be excited by the
light source, rather than by the emission itself, and therefore depend on the polariza-
tion and k-vector of the incident radiation.
Since the leaky mode properties of PhC slabs can be tailored to a large extent, pos-

sible applications of these emission enhancement mechanisms can be found in many
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Figure 28: Overview of the sample used for the fluorescence enhancement experiment. (Left) Scanning
electron microscope images (provided by Carola Klimm of HZB) of the silicon photonic crystal slab without
(top) and with (bottom) quantum dot (QD) coating. (Right) Sketch of the supposed system geometry. A
coating of lead sulfide quantum dots (white dots) surrounded by free oleic acid (OA, greenish) fills up the
holes and extents≈100 nm to 300 nm above the slab. The zoom illustrates a single QD embedded into an
OA matrix.

fields, most prominently in light-emitting diodes (LEDs) [14, 15] and biosensors [16].
An overview of the relevent literature was already given in the introduction (chapter 1).
The objective of the experiment presented here is to increase the fluorescence of PbS
QDs located on the PhC surface. This is done by experimentally mapping the inte-
grated omnidirectional fluorescence of the QDs interacting with leaky modes of the
PhC by using an angle- and excitation wavelength-resolved setup. Directional char-
acteristics of light extraction are eliminated by placement of the sample inside an in-
tegrating sphere, hence allowing a pure determination of excitation enhancement ef-
fects. The spectral positions of themodes, aswell as respective enhancement factors of
the electric field energy density are calculated in finite elementmethod (FEM) simula-
tions. The experimental fluorescence enhancement features are explained by consid-
ering the field energy enhancement together with an analysis of its three-dimensional
spatial distribution. Later, in section 7.4, these results will be reconsidered and ana-
lyzed using a machine learning-based approach.

6.1 Sample geometry and quantum dot coating

The platform used for the generation of increased electromagnetic near-fields is a
nanohole array sample on glass with a lattice constant of a = 600 nm, a slab thickness
of h = 116 nm and a hole diameter of d = 367 nm (see section 3.2 for further informa-
tion on the systemgeometry anddetails on the numerical treatment; see section 3.5 for
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details on the fabrication process). These accurate geometrical parameters have been
obtained from a comparison of experimental and numerical reflectance properties,
as it is explained in the next section. A scanning electron microscopy (SEM) image of
this sample is shown in figure 28 (left, top). The conical shape of the holes is neglected
because of the small thickness of the silicon layer, i.e. a side-wall angle of α = 0° is
assumed.
Except for the reflectance study considered in the next section, the PhCs are cov-

eredwith spherical PbSQDswith a diameter of (5.6± 0.8) nm (see section 3.3.3) using
the convective assembly technique – a high-accuracy process that distributes the QDs
evenly across the sample [93]. The coating is visible in the SEM image in figure 28 (left,
bottom). Prior to the deposition on the PhC surface the QDs are solved in toluene,
which is removed in the covering process. The surface of the QDs is shielded by an
oleic acid (OA) ligand.
Figure 28 (right) shows a sketch of the complete system in cross section after the

particle assembly process. The coating is effectively a mixture of PbS QDs and free OA
emerging from the assembly process. Based on SEM images, the thickness of the QD-
OA layer is estimated to be in the range of 100 nm to 300 nm. However, the surface
roughness and the exact distribution of the QD-OA coating is not known, which is the
main source of uncertainty in the experiment.

6.2 Reflectance properties of the uncoated sample

Thefoundation for an accurate numericalmodeling of theQDcoatedPhC system is the
determinationof thegeometrical parameters of thePhC itself. As shown in section 3.2,
these are mainly the slab thickness h, the hole diameter d and the side-wall angle α.
To achieve appropriate values, the model has been optimized by comparingmeasured
and simulated reflectancemaps (see section 3.4.1 for details on themeasurement tech-
nique and section 3.2.4 for related theoretical and numerical details). Figure 29 (upper
row) shows the measured reflectance for the four combinations of sample orientation
(corresponding to Γ−M and Γ − K) and source polarization (transverse-electric (TE)
and transverse-magnetic (TM)). Just as for the reflectance investigation of the anti-
crossing experiment in section 5.3, reflectance values of almost 0% to more than 90%
are observed. The parts with high reflectance values can be attributed to leaky modes.
The numerically obtained reflectance maps are shown in the lower row of figure 29.

A comparisonwith themeasured reflectancewasused to reconstruct the exact geomet-
rical parameters of the produced sample. As this step necessitates to solve the system
for a very large number of parameters, the so-called reduced basis method* was used
[47, 107]. This method, which is not covered here in detail, enables to compute solu-
tions for the parameter configurations much faster by using a model order reduction

*The reduced basis method analysis was performed by Dr. Martin Hammerschmidt of ZIB.
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Figure 29: Comparison of experimental and numerical reflectance of the photonic crystal without quan-
tum dot coating. (Upper row) The reflectance obtained from angular-resolved reflectance measurements
is shown as a function of the vacuum wavelength and incident angle θ of the incident light (see figure 9 on
page 49 which indicates θ). The columns correspond to the four combinations of sample orientation (Γ−M
andΓ − K) and source polarization (transverse-electric (TE) and transverse-magnetic (TM)). (Lower row)
Simulation results for the reflectance in the same wavelength- and angle-range after geometry reconstruc-
tion.

technique. In simple terms, the full FEM problem is only solved for a small number of
“snapshots”, yielding a reduced basis replacing the finite element space (denoted as Vh
in section 3.1.2). The resulting simplifiedproblemcanbe solved inmilliseconds, so that
detailed scans over the geometrical parameters can be executed efficiently. From these
scans an optimum solution is selected by comparing to the experimental results. More
precisely, a first guess based on SEM images yielded a silicon thickness of ≈ 130 nm
and a hole diameter of ≈ 360 nm. The numerical reconstruction generated more ex-
act values which were given above, and moreover confirmed the assumption that the
conical shape of the holes is negligible.
The resulting maps of figure 29 (lower row) agree excellently with the measured re-

sults (upper row) in the whole spectral range. An interesting feature is that the mea-
sured maps always possess weak effects from the bands of the opposite polarization:
TE bands are weakly seen in TM maps for the same direction, and vice versa. This is
most probably caused by symmetry deviations (e.g. by fabrication tolerances), which
cause the modes to be not ideally orthogonal and hence weakly excited by the oppo-
site polarization; – an effect very similar to the one in the anticrossing experiment of
chapter 5. The numerical maps, however, do not possess these effects because of the
idealized geometry, and thus reveal the “true” modes for each polarization. It can be
reasoned from this comparison that the numerical model gives accurate predictions
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for the fabricated sample.

6.3 Measured fluorescence enhancement

With the numerical optimization of the previous section an accurate geometrical
model of the PhC slab was gained. In the following, the actual fluorescence enhance-
ment measurements are considered. This involves the treatment of coated PhC, as
described in section 6.1. A detailed discussion of the features of the experimental
setup was covered in section 3.4.2, so that only the main aspects are repeated here.
The design of the experiment for the fluorescence measurement is related to the

absorption and emission properties of the QDs, which were covered in section 3.3.3
(see figure 11 on page 57). For the wavelength of the excitation laser source a range of
1080 nm to 1140 nm was chosen. The optical properties of silicon in this wavelength
were discussed in section 3.3.2 (see yellow area in figure 10). In this range, the QDs
show a considerable absorption and do not show a fluorescence themselves. Moreover,
the absorption of the silicon is low, which would deteriorate near-field enhancement
effects [27]. The PhC was designed in a way that it exhibits only a few well-isolated
bands in the laser excitation wavelength range, as can be seen from the reflectance
maps of figure 29. The reason for this choice is to facilitate the interpretation of the
fluorescence measurements in the end.
A sketch of the experimental setup was shown in figure 13 on page 61. The QD fluo-

rescence on the PhC surfacewasmeasured in an angle- andwavelength-resolved setup
in a region of high layer thickness of theQDcoating in order to reach a sufficient signal
(≈ 300 nm). Due to the usage of an integrating sphere, the fluorescencemeasurement
is independent of directional effects of the light emitted by the quantum dots.
The top row of the upper panel of figure 30 shows the fluorescence enhancement

(F+) maps obtained by tilting the sample along the respective high-symmetry direc-
tions (Γ − M and Γ − K) and by using TE and TM polarization of the incident laser
radiation. Each measured spectrum (for a single incident angle) was first integrated
over the fluorescence peak from λ = 1200 nm to λ = 1700 nm and normalized to
the measured incident laser power and the absorption profile of the QDs. The results
have further been corrected for a dependence on the incident angle of the integrating
sphere. Thiswas done by using a planar reference, i.e. the PbS/OA systemonanunpat-
terned silicon film of the same thickness as the PhC slab. These corrections and subse-
quent background filtering yield the integrated fluorescence F of the QDs for a single
configuration of the incident radiation. Aminimum estimate for the fluorescence en-
hancement F+ is obtained by dividing by the minimal value in each of the maps.
One observes clear and sharp features of enhanced fluorescence with a maximum

enhancement factor of F+ = 100.18 ≈ 1.5, i.e. an increase of roughly 50%. An isolated
steep band of enhanced fluorescence is observed for TM polarized light, with a higher
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Figure 30: Comparison of measured quantum dot fluorescence enhancement F+ and simulated field
energy enhancementE+. (Top, upper row) Measured fluorescence enhancement F+ as a function of the
vacuum wavelength and incident angle θ of the laser source (logarithmic color scale; see figure 9 on page 49
which indicates θ; see section 3.4.2 for experimental setup). Results are shown for the same combination
of directions and polarizations as in figure 29. (Top, lower row) Simulated electric field energy enhance-
mentE+ for the same conditions as in the upper row. The white lines mark the experimental data limits.
(Bottom) 3D volume renderings of the local field energy enhancement for the points marked in theE+
maps. The different direction and polarization types are separated by black lines. All images are mapped
with an identical color map (right), which is a trade-off between visibility of weak fields and minimal clip-
ping of strong fields.
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contrast in the case of Γ − M direction. For TE polarization, distinct features can be
observed as well, although with a more complex appearance.

6.4 Numerical model for the coated photonic crystal

As alreadymentioned, some geometrical parameters of the actual QD-coated PhC sys-
tem are uncertain, namely the thickness of the QD-OA layer and its surface rough-
ness. The main source of the problem is that the QD-mixture was assembled with a
(non-linear) thickness gradient, because the necessary thickness for the experiment
was initially unclear. However, the spot size of the excitation laser in the experiment
was comparably large, so that the effects are integrated over many periods of the PhC
lattice. Toput it briefly, a number of different geometries for the numericalmodel have
been tested, and the bestmatch was found by ignoring the additional air-QD interface,
i.e. by treating the QD-coating as a half-space. The geometrical model is therefore ex-
actly the same as described in section 3.2 (figure 9), simply treating the superspace as
the QD-OA-mixture.
In section 3.3.3 it was further shown that an effective refractive index of nPbS/OA =

1.64 is a reasonable estimate for the coating, which is effectively a mixture of PbS
(nPbS ≈ 4.3 [94]) and OA (nOA ≈ 1.47 [95]). This choice was confirmed by a parame-
ter scan over the refractive index using the mentioned geometrical model, leading to
nPbS/OA = 1.65. For a comparison to experiments the incident angles are corrected for
the additional refraction (as in equation (5.1)).

6.5 Comparison to numerical field energy enhancement maps

As itwasnoted above, the fluorescence enhancement is determinedby integrating over
the complete emission peak of the QDs, i.e. from λ = 1200 nm to λ = 1700 nm. When
reconsidering the reflectancemaps of figure 29, it is seen that there are no resonances
beyond≈ 1400 nm (it was checked that there are no resonances above the shown range
until 1700 nm). From the reasoning presented in section 2.2.6, it can be followed that
there is only a single leakymode in the emission wavelength range of the QDs (per po-
larization and incident direction): – and only thismode could contribute to extraction
enhancement (see section 2.2.7). Although it is not shown here, it was in fact ruled
out that extraction enhancement effects play a quantitative role by analyzing selected
fluorescence spectra.
Consequently, solely excitation enhancement can be responsible for the measured

fluorescence enhancement. Recall from section 2.2.7 that excitation enhancement is
caused by increased energy densities of the fields at the emitter positions. As a first
step to explain the observed values it is hence reasonable to consult the electric field
energy enhancement integrated over the simulated superspace volume, denoted as E+
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(see section 3.2.4 and table 3.1). The only difference is that the superspace volume is
now composed of the PbS-OA-mixture, as explained above.
The numerically obtained field energy enhancement maps are shown in the lower

rowof theupperpanel offigure 30 (using the same logarithmic color scale for allmaps).
It must be stressed that the upper and lower row do not show the same physical quan-
tity. Later in the discussion it will be explained inmore detail how both quantitiesmay
be compared. For now, it is observed that the E+ maps exhibit clearly visible bands
of strong field energy enhancement. The TM cases feature in each case a well-isolated
steep band, which both have an obvious equivalent in the corresponding F+maps. The
TE cases seem to feature a larger number of bands, which moreover show anticross-
ing. The color scale further points out that field energy enhancement values of up to
10 000 are present, which are correlatedwith peakwidth (FWHM) of 0.3 nm, as will be
explained below. Note that this resolution is not reached in the experiment due to the
laser bandwidth of 3 nm, which together with geometrical imperfections of the PhC
reduces the observed fluorescence enhancement.

6.6 Selected field distributions and Q-factors

TheE+mapsoffigure 30 give anoverviewof the illumination conditions that potentially
lead to a fluorescence enhancement. But due to the included volume integral this is not
necessarily the case. Yet, the overlap of the QDs and the increased energy densities has
not been quantified. And unfortunately the exact distribution of the QDs is unknown.
To this end, figure 30 (bottom) shows the distribution of the field energy enhance-

ment for selected conditions. Thedepictions are 3Dvolume renderings of the local elec-
tric field energy enhancement E+,local, derived by normalizing the electric field energy
density to the incident plane wave (which has a uniform energy density). The render-
ings are numbered according to the points 1 to 12 marked in the E+ maps of the upper
panel in the same figure. The positions of these points have been determined bymaxi-
mizing E+ using a root-finding algorithm. In this process, successive simulations are
performed until a specified accuracy is obtained. The local electric field energy en-
hancement is rendered in the superspace domain, i.e. the cylindrical volume inside
the hole and the hexagonal prismwith a height of 250 nm above the silicon. E+,local is a
dimensionless quantity and the volume integral over the shown domain equals to the
complete electric field energy enhancement E+. The glass mesh is shown in blue and
the silicon mesh is shown in gray, clipped in the yz-mirror plane to be able to look in-
side the hole. The same color scale is used for all maps, which is a trade-off between
minimal clipping for high field energies and optimal visibility for weak field energy
patterns. Large differences in the distributions are obvious: some modes tend to fo-
cus the energy inside the hole (e.g. 3, 5 and 10), while others concentrate the light at
the plateaus between the holes (e.g. 6 and 9). Moreover, the depictions suggest that
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Point # λ0 [nm] θ [°] Q-factor FWHM [nm]

1 1095 29.05 245.35 4.46
2 1138 14.91 61.62 18.47
3 1134 19.38 777.97 1.46
4 1122 31.02 997.37 1.12
5 1115 40.14 564.26 1.98
6 1138 30.42 570.62 1.99
7 1130 26.94 2482.43 0.46
8 1110 25.39 521.45 2.13
9 1128 25.62 395.53 2.85
10 1100 21.94 470.33 2.34
11 1150 4.06 275.61 4.17
12 1131 8.93 238.57 4.74

Table 6.1: Results of the Q-factor analysis for the bands in the field enhancement maps. Each row cor-
responds to a point marked in figure 30 and for which the local field energy enhancement is shown in the
same figure. The first column lists the label of these points. The vacuum wavelengthsλ0 and the incident
angles θ are listed in columns 2 and 3. Q-factors obtained from Lorentzian fits are listed in column 4. The last
column further lists the corresponding full widths at half-maximum (FWHM) of the peaks, which are related
to the Q-factors via FWHM = λ0/Q.

the differences in the enhancement factors are larger as it is seen from the E+ maps.
The latter is mainly due to the logarithmic color scale, but rather a natural limitation
of this kind of plot.
In addition to the E+,local-renderings, table 6.1 lists the detailed coordinates and Q-

factors of the pointsmarked in figure 30. EachQ-factorwas derived froma Lorentzian
fit proportional to 1/ [(λ− λ0)

2 + (λ0/2Q) 2] and a linear background. The Q-factors
are proportional to the full width at half-maximum (FWHM) of the actual leaky mode
resonance via FWHM = λ0/Q, as outlined in section 2.2.6. This quantity will be con-
sidered in the discussion below.

6.7 Discussion

In the preceding sections a number of results of very different nature has been pre-
sented, which are all relevant for the explanation of themeasured fluorescence effects.
These results are presented in figure 30 and table 6.1. A “guide” of how to combine all
these aspects to an interrelated reasoning could read as follows:

1. Select a feature in the fluorescence enhancement (F+) maps and
2. check whether there is an according integrated field energy enhancement in the
E+maps below. If this is true, the simulation actually suggests a possible excita-
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tion enhancement effect. Otherwise, the measured fluorescence enhancement
might not be explained by the numerical model.

3. Afterwards, observe the E+,local distribution corresponding to the point on the
actual band that correlates to the measured effect (which is of course not possi-
ble for all features using the selected points). If the emitter distribution would
be known, one should now check if the overlap between the emitters and the in-
creased field explains the strength of the observed fluorescence enhancement.
(In the present case, a consistent picture can only be gained by taking into ac-
count all cases.) If this is true, the effect is explained satisfyingly. Otherwise,
take into account

4. the Q-factor of this band. Depending on the laser source bandwidth, Q-factors
which are too high (corresponding to a very small FWHM)might impair the effi-
ciency of the excitation, causing a smaller fluorescence enhancement than sug-
gested by the field enhancement.

Accordingly, the steep bands for the TM-cases are clearly visible in the F+ maps with
a good accordance in their gradient angles and spectral positions. In the distribu-
tion render, point 9 shows a strong field which is located mainly above the silicon and
ranges wide into the superspace volume. This explains its clear visibility in the fluo-
rescence enhancement measurement (Γ − M/TM). The same is true for point 1 in the
Γ − K/TM-case, which has a higher field energy density than point 2, where no flu-
orescence enhancement is visible in the experiment. These accordances suggest that
although the numerical model is a simplification of the actual system, the positions of
the resonances regarding wavelength and angle of incidence agree qualitatively.
The Γ − K/TE-case features two bands that show anticrossing in the measurement

window. For the steeper band the field energy enhancement distribution is shown for
points 6, 7 and 8, which exhibit huge field energies in a very large volume, e.g. an inte-
grated enhancement factor of 7740 for point 7. This band is clearly visible in the mea-
surement, as well as a gap correlating with the anticrossing point. The shallower band
is vanishing in its field energy when moving to larger angles, as can be seen from the
distributions for points 3, 4 and 5. Only at point 3, a comparatively large field in a large
volume was found, which is in good accordance to the bright spot at about 10° and
1120 nm in the measurement. Finally, the Γ − M/TE-case features two bright spots
in the measurement which may correspond to the regions were the two bands show
a strong bending at the anticrossing point, although shifted slightly outside the mea-
surement window in the simulation. Shifts of that scale may still be explained by the
uncertain distribution of the free OA for example. The continuation of the lower band
through point 10 is not clearly seen in themeasurement, which could be caused by the
field energy distribution of this mode. The field energy is localized at two sides of the
flanks of the hole, suggesting that the quantum dot density may be low on such very
steep parts of the geometry.
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Taking into account the Q-factors reveals another important aspect. Modes with
smaller Q-factors (i.e. broader line widths) are more efficiently excited by the≈ 3 nm
broad laser source. Consequently, point 7 with a Q-factor of> 2400 (FWHM ≈ 0.46)
does not result in a strong fluorescence enhancement effect, for example, although it
has a considerably high energy. Similar conclusions can be drawn for other pointswith
very high, or vice-versa with low Q-factors.
When assessing the achieved fluorescence enhancement with a maximum of about

50%, itmust be noted that itwas not the concern of this demonstration to optimize the
system in this regard, but tomap and understand the achieved enhancement based on
the PhC mode properties. From a comparison with Ganesh et al. [30], who achieved
excitation enhancement of about 700% in a similar systemwithout a global optimiza-
tion, it is clear that much larger fluorescence enhancements could be reached.

So far, many of the experimental observations are consistently explained using
the presented analysis. Using the E+ maps, illumination conditions were determined
for which leaky modes with a large integrated energy enhancement are excited. For se-
lected illumination conditions, the spatial characteristics of the field energy density
were analyzed. Using the energy distributions, some of the deviations between the
measured fluorescence enhancement F+ and the numerical field energy enhancement
E+ were explained. Using a Q-factor analysis, a mismatch between the spectral band-
widths of the leakymodes and the excitation laser source accounted for further devia-
tions.
However, a fewaspects remainunexplained, for example thenature of the elongated

bright spot in the fluorescence enhancement of the Γ − M, TE case. Moreover, the
distribution of the QDs can not be estimated from the results yet, which would be an
additional outcome. Themain weakness of the analysis technique is the consideration
of only a small number of field distributions. The points for which the distributions
are considered are partly arbitrary, and using a much larger number of distributions
could become confusing.
In section 7.4, it will be shown that the remaining challenges can be met using a

classification of modes based on their spatial properties. This classification can be ob-
tained using clustering algorithms from the field of machine learning. The technique
will reveal which parts of the E+maps of figure 30 correspond tomodes with common
spatial properties. Moreover, the method yields representative field distributions for
the explanation of themeasured fluorescence enhancement. Themachine learning re-
sults will be combined with the results of this chapter to account for the aspects which
are yet unexplained. Therefore, a detailed evaluation of the numerical techniques is
saved for the following chapter (see section 7.5.2).
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“Learning without thought is labor lost; thought without
learning is perilous.”

— Confucius —

7
Classification of Field Distributions

UsingMachine Learning

In the following sections, the machine learning techniques introduced theoret-
ically in section 2.3 will be used to classify field distributions from finite element
method (FEM) simulations. In possible applications based on excitation enhancement
there is a strong need to identify modes which have a large field energy enhancement
and an appropriate field energy density distribution at the same time. This can be
necessary in the design process, e.g. to tailor a photonic crystal (PhC) to possess a
mode withmaximumfield enhancement and an optimum energy distribution, or in a
subsequent analysis of actually measured effects. The common task is to “cluster” so-
lutions with similar field distributions, so that the solution space is reduced to a small
set of field distribution prototypes – which, loosely speaking, can be seen as “mode
fingerprints”. In the end, these prototypes can be consulted as representative solu-
tions to choose modes with the desired spatial distribution and, in the present case,
they will be used to gain additional insight into the physics behind the experiments of
chapters 5 and 6.
In the discussion of the fluorescence enhancement experiment of chapter 6 in sec-

tion 6.7, the need for a systematical analysis approach of field distribution data was
motivated. The challenge is to explain the deviations between the actually measured
fluorescence enhancement F+ on the one hand, and the simulated field energy en-
hancement factors E+ on the other. The enhancement factors only allow for an assess-
ment of the integrated field energy. For example, if a mode exhibits high field energy
densities too close to the PhC surface, the overlap with the quantum dots (QDs) might
be small. In the numerical analysis of chapter 6 only a small number of field distribu-
tions was considered, leaving parts of the deviations unexplained. Obviously, a more
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rigorous interpretation of the experimental data necessitates to consider the field dis-
tribution at any configuration of the illumination conditions, i.e. for all directions of
incidence, wavelengths and polarizations. But this parameter space is huge: suppos-
ing a rather low resolution of 100wavelengths and 100 angles, the four combinations of
polarizations and high-symmetry directions would effort to analyze 40 000 field dis-
tributions – possibly even in 3D. Even if this could be done “manually”, the volume
rendering of the corresponding images would be computationally expensive.
The anticrossing experiment of chapter 5was explained using an analysis of selected

fielddistributions aswell. Theanticrossingbehavior of twobandswas explainedby ob-
serving the coupling of modes, or the absence of coupling, in specific magnetic field
distributions. Although the analysis did not leave aspects unexplained, the compara-
tively simple data is well-suited for testing purposes of the method which will be in-
troduced in the following.
In the course of this chapter, a numericalmethod for the classification of PhCmodes

with respect to their spatial properties is developed. The method is based on cluster-
ing algorithms of the field ofmachine learning. First, the applicability is justified from
theoretical considerations in section 7.1. Afterwards, themethod is applied to the anti-
crossing experiment and explained in detail (sections 7.2 and 7.3). Finally, themethod
will be used to analyze the fluorescence enhancement experiment with a focus on the
aspects that are still unexplained (sections 7.4 and 7.5).
As a preliminary note, the following sections partly contain explanations on the ac-

tual method of clustering – although these might belong to the methodical chapter 3.
However, to the knowledge of the author, the presented approach has not been used
for the classification of PhC modes before – or is at least a non-standard technique.
Therefore, it is prefered to integrate a few methodical explanations here, as they are
indispensable for the comprehension of the presented results (see section 2.3.1 for a
basic example of clustering).

7.1 Justification of mode clustering

In the theoretical treatment presented in section 2.2, a number of expectations for
the behavior of photonic bands was discussed. These expectations, which involve the
spatial distribution of the related modes, also apply for the experiments of chapters 5
and 6. Themodes that correspond to a single bandare expected to exhibitwell-behaved
symmetry properties. For a fixed high-symmetry direction, e.g.Γ−K, we expect basi-
cally two types of solutions when scanning over wavelength and incident angle, which
are

1. regions that correspond to leaky-mode bands, and
2. regions that are off any photonic band, and therefore corresponding to the con-

tinuum of radiation modes.
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Reconsidering the explanations of section 2.2.5, the symmetry type of a photonic band
will either stay constant when moving from one high symmetry point to another, or
it will undergo a smooth transition from one type to another. The regions of the radi-
ation modes are expected to exhibit solutions that couple to plane waves of the exte-
rior domain, but which might partly be affected by a band when being close to it (or
rather overlap with it). All things considered, only a small number of different sym-
metry types is expected, which is of the order of the number of bands that cross the
parameter scan window.
This is where machine learning comes into play. In section 2.3 different clustering

algorithms were introduced. If we consider the specific field distribution for a single
illumination setting as the observation, the clustering technique is able to subdivide
the entirety of field distributions into a finite number of typical field distributions –
i.e. field distribution prototypes. This approach is reasonable because the following
prerequisites are satisfied:

• The data range contains a finite number of typical field patterns (based on their
symmetry properties) and each of the real field patterns can be identified with
one of those prototypes, i.e. it only differs slightly from its assigned counterpart.

• These prototypes have a sufficient “uniqueness”, e.g. they considerably differ in
their symmetry properties.

The remaining challenges are to find the proper number of clusters and to evaluate if
the clustering gives a satisfactory description of the solution space. Both these issues
will be covered in each of the specific cases below.

7.2 Clustering for the anticrossing experiment

In chapter 5, the symmetry dependence of anticrossingwas analyzed both experimen-
tally andnumerically, using a z-asymmetric and a z-symmetric nanohole array sample.
It was shown in two different ways, that the crossing properties of bands are affected
by the purity of their (orthogonal) polarizations. A lack in orthogonality leads to an in-
teraction of the bands near the crossing points, and hence anticrossing. Although the
observed effects have been explained consistently, it is still possible to achieve more
insight when using the clustering technique, as shown in the following. It moreover
acts as a “clear case” to demonstrate the abilities of this approach, before applying it to
a more complex case in section 7.4.
To bemore precise, the analysis technique using amanual selection of field patterns

has a number of drawbacks. Firstly, the specific points for which the fields are eval-
uated are partly random and need an additional maximization step to determine the
peak center for each angle/mode combination. Secondly, as in this example, the ob-
served distortions of the modes which couple can be quite unremarkable, i.e. may be
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easy to overlook. Finally, only a xy-slice of the total 3Dfieldwas evaluated,whichmight
neglect effects occurring aside this plane.
In this very specific case, we have two distinct setups, which are expected to cause

very similar field patterns for the involved bands: the symmetric and the asymmetric
one. Here, the idea is to learn the field patterns in a limited angle range for only the
symmetric case, as it is expected from the previous analysis that the modes are more
pure in their respective polarizations. The clustering algorithm trained in thismanner
should then be used to recognize the modes for the residual data, known as “predic-
tion” in themachine learning vocabulary. The resulting classification should reflect the
positions of the two target bands and reveal the interaction based on the distance from
the cluster centers in the anticrossing zone.

7.2.1 Constructing the clustering data

As explained in detail in section 2.3, the clustering is executed on an input matrix X of
shapeNs×Nf, whereNs is thenumber of samples andNf thenumber of features. The fea-
tures, in the present case, are absolute values of themagnetic field componentsHjwith
j ∈ {x, y, z} for a number of points ri ∈ R 3, i.e. of the form

∣∣Hj(ri)
∣∣. Consequently, if

the field is evaluated atNp points, these areNf = 3Np features. To avoid exporting the
magnetic field on a full Cartesian grid in 3D, which would cause huge amounts of data
when trying to achieve a reasonable resolution, data is only exported on a number of
symmetry planes; here, the xy-, xz- and yz-planes. More symmetry planes could be
used aswell, but based on these three planes a reasonable classification can be reached
(thiswas testedusing smaller data sets, comparing to a full 3Dfield output). Obviously,
a field pattern of a single simulation is a 4D data set, holding data for each spatial di-
rection andeach component jof themagneticfield. As each sampleXimust be a 1D row
vector with observations of single scalar values x0, . . . , xNf−1, it is necessary to flatten
these data sets in always the same way, yielding “1D representations” of the fields.
This field export is performed for each point in each map of figure 26, column 4, so

that the samples are unique simulations for a given symmetry case, wavelength λ and
incident angle θ. As a side note, it is an additional challenge to keep the amount of
data small enough to store and analyze it in a reasonable time. The number of samples
for a single symmetry case is given by Ns = Nλ · Nθ. Therefore, the size of the input
matrix becomes large if a high resolution in both input parameters and the field export
is desired.

7.2.2 Learning the field patterns for the symmetric case

Once the magnetic field data is generated and stored (in a compressed and highly ac-
cessible database), the input matrices X can be assembled. For the clustering the very
stable k-means algorithm is used, which scales well to large number of samples and
whichwas introduced in section 2.3.4. The task is now to learn the field patterns of the
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Figure 31: Comparison of field energy enhancementE+ and classification maps for the symmetric and
asymmetric cases. (Columns 1 and 3) Repeated results from the last column of figure 26: theE-field energy
enhancementE+ (left color bar) is shown as a function of the vacuum wavelength ( y-axis) and incident
angle θ (x-axis). The white dashed line in column 1 marks the angle θc up to which the classifier was trained.
The quantities of the axes apply for all columns (see figure 9 on page 49 which indicates θ). (Columns 2 and
4) Classification maps depicting the cluster labels using different colors (center color bar) and the silhouette
coefficients using alpha-blending with a black background (right color bar). More saturated colors denote
larger silhouette coefficients.

symmetric case in a limited angle range, in order to avoid a strong deformation of the
modes when approaching the next high-symmetry point. The k-means algorithm is
executed using a “fitting set”, for which amatrix is composed using themagnetic field
distributions for all points with angles smaller than a critical angle θc. To choose θc,
it must be considered that smaller values will reduce the fitting set size, thus limiting
the convergence of the clustering, while larger values lead to a stronger modification
of the modes. It is reasonable to stay well below the crossing point to avoid patterns
that contain superpositions of two bands. A good choice was found for θc = 19°, small
changes±4° were found to be uncritical.

7.2.3 Mode classification

Theoverall results of the clustering process are shown in figure 31. The two plots on the
left-hand side belong to the symmetric case, the others to the asymmetric case. For
each case, the field energy enhancement E+ from figure 26 is again shown on the left
(using the left color bar), while the clustering result is shown on the right. These plots
(column 2 and 4) will be referred to as “classificationmaps” in the following. Thewhite
dotted line in the left plot of the symmetric case marks the critical angle, i.e. the field
patterns for the data points left of that line have beenused to obtain the cluster centers.
The k-means was performed with Nk = 4, yielding 4 cluster centers where each is

assigned to a label k. The centers can be thought of as “mode fingerprints”, as will be
illustrated shortly. The fitted algorithm was then used to assign each field pattern for
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the data at the right of the dashed white line in figure 31 to the best matching cluster
center, thus to label it (prediction step).
The same was done for the asymmetric case, which is expected to exhibit very sim-

ilar mode profiles for the related bands. So it may be stressed here, that the k-means
algorithmwas not applied again for the asymmetric case, but rather the trained classi-
fier was used to predict the mode labels. The resulting classification map is shown in
column 4 of figure 31.
The classification maps depict the labels using different colors for each cluster k,

shown in the center color bar. For the moment, we may ignore the blackish alpha
blending in the plots and concentrate solely on the colors. For the symmetric case
(left), it can clearly be seen that the two bands of the energy enhancement plot are
identified with labels “1”, for the weaker band ranging from ≈ [15°, 2160 nm] to ≈
[30°, 2060 nm] (red); and label “4”, for the stronger band ranging from≈ [15°, 2040 nm]
to ≈ [30°, 2180 nm] (violet). The regions aside the photonic bands are split into two
areas labeled with “2” (green) and “3” (cyan).
For the asymmetric case, we effectively find the same class assignment of the two

bands as for the symmetric case with labels 1 and 4. This is an important result, as it
confirms the inital expectation that both cases exhibit very similar mode profiles. But
now this is not only shown for randomly chosen points, as done before in section 5.4,
but for the completemaps and under consideration ofmultiple planes of themagnetic
fielddistributions. Therelationevenholds for the regionswithoutphotonic bands. But
before the classificationplotswill bediscussed indetail, theproblemofhowtomeasure
the representation qualitywill be addressed, whichwill also involve the blending in the
classificationmaps.

7.2.4 Measuring the quality of the class assignments

In addition to the color-coding using the labels, there is a layer of alpha-blending with
a black background in the classification maps. The k-means algorithm does not sup-
port probabilistic outputs, that is it can only provide “hard” decisions for the classes to
which a sample belongs. But the representation using the cluster centers is of course
not equally good for all samples. In other words, each sample has a different distance
from the cluster center.
As a tool to estimate the representation quality of a sample X k

i by its cluster center
µk, the silhouette coefficient s(i) was introduced in section 2.3.6, and defined in equa-
tion (2.51). The silhouette coefficients were used to calculate the alpha-value, i.e. the
transparency assigned to each point in the classification plots. It is described using
the right color bar in figure 31, indicating that a more blackish color corresponds to
lower values of s, while more saturated colors correspond to higher values.
To understand the information which is visualized in that way, we will repeat parts

of the explanation of the silhouette coefficients from section 2.3.6. The coefficient s(i)
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is calculated using the ratio between the average dissimilarity of X k
i to all other sam-

ples of the class k, and the minimum average dissimilarity of X k
i to all samples in the

other classes j ̸= k. In short, values of s(i) near +1 indicate that the sample is well-
clustered, while a value close to 0 indicates that the sample is close to the border of the
neighboring cluster, so it is an intermediate case. If s(i) is close to −1, it seems more
likely that Xi belongs to its neighboring cluster, so it was probably misclassified (com-
pare [71]). Considering these features of the silhouette coefficients, it is possible to
discuss the classificationmaps in detail.

7.3 Discussion (part 1)

If we compare both classification maps in figure 31, we can see that the red and violet
areas are getting much closer to each other in the symmetric case than in the asym-
metric case. We expect a superposition of the mode profiles at the crossing point for
the former case, and, from the enhancement plots, the band with the positive slope is
expected to be dominantwith regard to its field intensity. The violet area is getting very
slim at the crossing point, revealing the extreme narrowness of the band with label 4.
However, it indeed dominates and is thus “cutting” the red band with label 1.
This behavior can be understoodwhen considering the parts were the bands are iso-

lated. Here, the band is surrounded by very small field intensities, so that even in the
regions where the band fades, it will dominate the background. Therefore, the bands
appear broader compared to the enhancement maps. Once the bands cross, the clas-
sifier must choose between two very strong patterns, revealing the actualwidth of the
bands.
Another important aspect (– still considering the symmetric case –) is the silhou-

ette coefficient mapping. We observe that the saturation decreases at the border of
two clusters. This is expected, as silhouette scores close to 0 indicate a sample which is
in fact close to the border of the neighboring cluster (compare section 2.3.4 or [71]). The
important part is again at the crossingpoint: here, the blackish separationbetween the
clusters is extremely narrow, and this supports the interpretation of a “lack of inter-
action” between the bands. If an interaction were present, it would be expected that
the bands affect and distort each other, leading to large black regions were none of the
classes is a good representation for the actual field (negative silhouette scores). If no
interaction takes place, the classes will be valid representations until the actual super-
position occurs, where one of the bandswill dominate. This is in exact agreementwith
the observation.
Moving to the asymmetric case, we observe exactly the picture drawn before for an

existing interaction. Here, the red and violet clusters are much more separated at the
anticrossing point, and we also observe a bending of the bands. The blackish areas
between the clusters are broader, stemming from a distortion of the field patterns to
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Figure 32: Silhouette analysis plots for the fitting and prediction steps of the symmetric case, and for the
asymmetric case. Silhouette coefficients for each sample are plotted as a bar in x-direction with a length
corresponding to its value. The samples are sorted by their silhouette coefficients, with smaller values be-
ing located at smaller y-positions; and grouped and color-coded using the same colors as in figure 31. Red
dashed lines mark the silhouette scores.

which none of the cluster centers is a good fit. The violet band appears much broader
than in the symmetric case, although this is not expected from a physics point of view.
After all, theband’swidths are in accordance far fromthe crossing/anticrossingpoints,
– as expected. This again supports the interpretation that an interaction is present,
as the classification simply “snaps” to the violet cluster in broader regions where the
distorted fields are more similar than to the red cluster.

7.3.1 Validating the clustering model

Theprevious discussion showed that the clustering results are in accordance with the-
oretical expectations. But before we investigate the cluster centers, the quality of the
clustering itself is evaluated using a mathematical analysis in the following. This can
be done using the silhouette coefficients again, using a scheme known as “silhouette
analysis”. It will not only validate the choice for the number of clusters, but also allow
for another view on the physical phenomena.
Figure 32 shows the typical plots for this analysis technique [71], providing a visual

aid for the interpretation of the clustering. In each of the three plots, the silhouette
coefficients for each sample are plotted as a “bar” in x-direction with a length corre-
sponding to its value (negative values point into the −x-direction). The samples are
sorted by their silhouette coefficients, with smaller values being located at smaller y-
positions. In addition, the samples are grouped for each cluster k and color-coded us-
ing the same colors as in figure 31. The red dashed lines mark the average of all sil-
houette coefficients, which is a measure for the absolute quality of the representation
denoted as “silhouette score”. The results are the typical “sails” or “shark fins” and are
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shown (from left to right) for

• the fitting part of the symmetric case left of the white dashed line in figure 31,
• the prediction part of the symmetric case right of the white dashed line, and
• the asymmetric case, which is completely predicted.

Only the fitting part of the symmetric case will be considered for the quality assess-
ment of the clustering, as this is the part for which the actual k-means algorithm was
executed. Deviations are expectedwhenmoving to higher angles. This is directly obvi-
ous from the silhouette score, which is∼ 0.4 for the fitting case and only∼ 0.25 for the
prediction cases. Although an expectation for the absolute value of the silhouette score
can not be given here, it can be stated that 0.4 is satisfactory as it is clearly positive. The
smaller values for the prediction cases are as expected, because of the large areas with
superpositions of modes and possible perturbations caused by coupling effects.
Considering the distribution of the silhouette coefficients, fins which are not too

sharp are observed in the left-hand plot, i.e. having broad plateaus of high silhouette
coefficients. There is only a minimum number of values with negative coefficients.
Both arguments together give a validation for the fact that the number of clusters is
not underestimated: negative values would occur if there were to few clusters, leaving
back samples which do not fit in one of the classes (s(i) ∼ −1). Too many clusters
could be identified by a large fluctuation in the finwidths. But this does not fully apply
here, as the areas occupied by the bands and the residual parts are unequal. Therefore,
equally broad classes are not expected. Instead, the band clusters 1 and 4 are expected
to be comparable in size, which is fulfilled in the silhouette plot. Also, a slightly too
large number of clusters can be seen as unproblematic, because it would basically
subdivide the radiation mode regions further, which are of limited relevance for the
interpretation. Another point that suggests a good representation is that there are no
clusters with below average silhouette scores.
The center plot in figure 32 shows the silhouette analysis for the prediction part of

the symmetric case. The representation quality for the band clusters 1 and 4 is nearly
unaffected, while the clusters for the offside-band parts degrade. This is a possible be-
havior, as the offside regions are expected to be affected by nearby bands and, there-
fore, may change when moving to higher angles. The negative values in the violet and
blue clusters are caused by the crossing zone of the band. Here, the field distributions
which contain superpositions aremapped to any of the adjacent clusterswithout being
a goodmatch.
Finally, the right-hand plot for the asymmetric case shows stable assignments for

the band clusters aswell. There are even broader ranges of negative coefficients, which
is expected from the increased interaction of the bands. The distorted fields at the
anticrossing point are expected to fit badly into the classes learned from undisturbed
bands. The silhouette analysis hence gives another validation for the accordance be-
tween the clustering and the observed physical phenomena.
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Figure 33: Magnetic field prototypes on the xy-plane obtained from the cluster centers. Magnetic field
(H) distributions for the four cluster centers in the xy-plane as obtained from the k-means classification (x
dimension on the x-axis, y dimension on the y-axis). Rows correspond to the absolute values of the x, y and
z-component of the magnetic field, respectively. The field strength is color-mapped (color bar at the right).
Columns correspond to the cluster centers (CC) of the related classes identified by the label. Absolute values
are omitted as the centers are based on standardized data. Compare these patterns to figure 27.

7.3.2 Cluster centers: the field pattern prototypes

Finally, besides revealing thecrossing/anticrossingusing theclassificationmapsoffig-
ure 31, the machine learning approach has an additional outcome: the cluster centers.
In the present case, these centers can be thought of as the average field distribution
for all samples which are grouped into a class. In consequence, they represent field
pattern prototypes.
Theprototypes contain the informationof all of the threeplanes onwhich theH-field

was exported in the underlying simulations, namely the xy-, yz and xz-planes. The full
3D fields could have been used just as well to achieved full-3D prototypes, although
much more computationally costly. To compare the resulting prototypes to the ran-
domly chosen distributions presented in figure 27, we show the xy-plane of the cluster
centers in figure 33 (here: CC=cluster center). The prototypes for the bands with labels
1 and 4 are therefore shown in columns 1 and 4 of the figure, respectively. If these are
compared to the exemplary distributions of figure 27, i.e. columns (a) and (b) of the
symmetric case with clusters 1 and 4, we observe a very good accordance. The example
points fit absolutely well into their respective classes, again validating the clustering
approach. In the next chapter which addresses the fluorescence enhancement experi-
ment, the cluster centers will be of even greater importance.
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7.4 Clustering for the fluorescence enhancement experiment

The previous sections gave an impression of the abilities of the clustering approach
by analyzing maps with windows that feature a small number of broad, well-isolated
bands. The techniques and the reasoning presented there can similarly be applied to
the fluorescence enhancement experiment of chapter 6, as presented in the following.
The objective is to demonstrate that the clustering approach provides a more rigorous
and complete picture of the underlying effects and explains observationswhich are yet
unaccounted. Themain weakness of the argumentation in chapter 6 is that it is based
on rather arbitrarily chosen points in case of the field distributions and Q-factors (see
figure 30). This is solved using the clustering technique, which takes into account the
field distributions on any point in the shown E+maps.
Due to the similarity to sections 7.2 and 7.3, the methods and the reasoning of the

analysis are not repeated in the same depth, so that the reader is referred to these sec-
tions for further information. Also note the introductory statements at the beginning
of this chapter, and the theoretical justification in section 7.1.

7.4.1 Specifics of the clustering procedure

In contrast to the approach used for the anticrossing experiment, the clustering in the
present case does not include any prediction steps, i.e. it is carried out for the com-
plete angle and wavelength range of the E+maps in figure 30. It further considers the
electric field instead of the magnetic field, which most likely leads to the same classi-
fication, but results in cluster centers for the electric field.
However, the main difference is that the maps include extremely narrow bands.

When the choice for the k-means clustering algorithm was reasoned before, the main
mentioned advantages were its robustness and simplicity. As mostly, this comes at a
price,which in this case is its limited flexibility. In fact, k-means assumes that the clus-
ters are circular: it simply uses a hyper-spherical volume, whose center is nothing but
the considered cluster center, andwhose radius is defined by themost distantmember
of the class. But for the present application it is not guaranteed that the clusters are
circular, especially because we deal with clusters of very different size.
It is therefore necessary to use a more advanced approach known as Gaussian mix-

ture model (GMM) clustering. This method, which was introduced in section 2.3.5,
assumes that the data is composed of a mixture of Gaussian probability distributions
in the multidimensional feature space. It is often considered as a generalization of
the k-means method that takes into account the covariance structure of the data. The
greater flexibility in the cluster sizes and shapesmakes the GMMclustering algorithm
better suited for the present task.
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Figure 34: Clustering results for the fluorescence enhancement experiment. The upper and the center
rows of the panel repeat the same results as already shown in figure 30 (top, see the corresponding caption
for further details) for a larger angle and wavelength range. The lower row depicts the classification maps
in the same way as in figure 31. The colors represent the cluster assignments (independently for each plot),
while the the alpha-blending (“blackishness”) accounts for the silhouette coefficient (color bar omitted).
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Figure 35: Silhouette analysis plots for the different direction/polarization combinations. For each combi-
nation of direction and polarization (columns), the silhouette plots are shown in the same way as in figure 32
(see the corresponding caption for further details).
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7.4.2 Classification maps and silhouette analysis

The clustering was performed for each of the direction/polarization combinations
independently, considering the normalized absolute electric field distributions on
equally spaced points on the xy-, xz- and yz-planes. For the wavelength and angle res-
olution, values of 0.5 nm and 0.3° have been used, respectively. Consequently, for each
clustering the input matrix X had a size of Ns × Nf = 47 034 × 8616, where Ns is the
number of samples andNf the number of features. This is a comparably large problem
size, especially because the clusters have a dimensionality ofNf, so that the procedure
took more than 10 hours on a hexa-core workstation with roughly 40GB of memory
consumption. The optimum number of clusters was determined using a reduced data
set for each combination individually, considering the silhouette plots to evaluate the
representation quality (see section 7.3 for details of the reasoning).
The final classification maps are shown in the lower row of figure 34. The top and

center rows of the same figure repeat the results that have been presented in figure 30
on page 100, but using a larger wavelength and angle range. As before, the white rect-
angles indicate the experimental data limits, showing that the simulation allows to see
effects beyond that window. The classification maps in the lower row depict the class
assignment, i.e. the label for eachpoint in themapsby color-coding. Note that the clas-
sificationmaps cannot be compared among each other, although the same colors have
been used. The quality of the representation by the assigned cluster for each point has
beenmeasured using the silhouette coefficient, whichwas used to calculate the alpha-
blending using a black background in the maps (color scale omitted). The clusterings
for the Γ− K-cases used 8 clusters, while the Γ−M-cases only required 7 (i.e. there is
no gray region in these maps).
Figure 35 depicts the silhouette plots for each combination, using the same column

order as in figure 34. Just as in section 7.3, the silhouette coefficients for each sample
are plotted as a bar in x-directionwith a length corresponding to its value. The samples
are sorted by their silhouette coefficients, with smaller values being located at smaller
y-positions; and grouped and color-coded using the same colors as in the correspond-
ing classificationmaps of figure 34. The red dashed lines indicate the silhouette score,
which is the average of all silhouette coefficients (see section 2.3.6). The width of each
“fin” in the silhouette plots is proportional to the area of the correspondingly labelled
points in the classificationmaps.
Whenconcentratingon thenarrowbandsof highfield enhancement in theE+maps,

corresponding narrow areas are visible at the samepositions in the classificationmaps
as well. Recall that the E+ maps and the classification maps are based on completely
different data sets! The former are derived from an energy density integration in the
superspace volume only, while the latter uses electric field patterns on planes that
include the PhC and glass domains. The accordance is therefore astonishingly well.
These clusters are moreover found by the GMM algorithm although they have much
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smaller sizes, as also seen in the silhouette plots.
When observing the regions off the narrow leaky-mode bands, i.e. the domains of

the radiationmodes, it is seen that these regionsaremultiply subdivided in somecases;
e.g.Γ−K, TM: bottom left. In contrast, other parts are homogenous over large ranges,
such as Γ−M, TE: top right.

7.4.3 Cluster centers

The second essential outcome of the clustering procedure is the cluster centers, i.e. the
field distribution prototypes, this time for the electric field. As the input data for the
GMM algorithm have been electric field values on three planes, namely xy, xz and yz,
the prototype data is available on these planes as well. Before the (quite large amount
of ) datawill be discussed coherently in the next section, these cluster centers are given
as well. To this end, the field distribution prototypes for all clusters of each combina-
tion and on all three planes are depicted in figures 36 to 39 on the following full-size
pages. A full caption is omitted below these figures for reasons of space, but is rather
given in the list below.
To ease the comprehension of the plots, and especially the comparison among them,

a number of guides have been introduced. The following list gives an overviewof all the
aspects related to the plots that deal with clustering:

• Each cluster center overview figure, denoted as prototypemap in the following
(e.g. figure 36), is organized in three panels for the xz, yz and xy planes, respec-
tively (from top to bottom), separated by horizontal black lines.

• Each of these panels has the same number of columns, accounting for the num-
ber of clusters, and each columnhas a colorededge in the top-most row that cor-
responds to the color used for that label in the cluster maps shown in the lower
row of figure 34. The cluster center (CC) label is further given in the title of the
xz-panel.

• Each of the panels has four rows of which the top row shows the electric field
energy distributions ∥E∥ 2, while the other three rows show the distributions of
the x-, y- and z- component of the E-field, respectively (from top to bottom).

• Theaspect ratioof the individualdistributionplotsaccounts for theactual aspect
ratio of the system in that plane. The yzplots are thereforewider than the xzplots
(see figure 9 on page 49).

(Continued on page 125)
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Figure 36: Prototype map for Γ − K, TM. Due to space restrictions the figure description is given in the list
on page 120.
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Figure 37: Prototype map for Γ−K, TE. Due to space restrictions the figure description is given in the list on
page 120.

122



∥E
∥2

CC 1 CC 2 CC 3 CC 4 CC 5 CC 6 CC 7

E x
E y

E z

∥E
∥2

[a
.u
.]

|E
x/

y/
z|
[a
.u
.]

xz
-p
la
ne

∥E
∥2

E x
E y

E z

∥E
∥2

[a
.u
.]

|E
x/

y/
z|

[a
.u
.]

yz
-p
la
ne

∥E
∥2

E x
E y

E z

∥E
∥2

[a
.u
.]

|E
x/

y/
z|

[a
.u
.]

xy
-p
la
ne

Figure 38: Prototype map for Γ −M, TM. Due to space restrictions the figure description is given in the list
on page 120.
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Figure 39: Prototype map for Γ − M, TE. Due to space restrictions the figure description is given in the list
on page 120.
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(Continuation from list on page 120)

• Furthermore, the distribution plots feature semitransparent markings for the
glass superstrate (blue) and the silicon of the PhC (gray) in the case of xz and yz;
and a white circle indicating the hole circumference in the case of xy.

• Finally, it is noted that the color scales do not give absolute values, as the cluster
centers are based on normalized data and are therefore not comparable among
each other. However, the three E-field components for each column and each
plane are comparable.

Because of the amount of information provided in these figures, it is of limited value
to give further descriptions of the observed featureswithout considering the supposed
explanation. This part is therefore integrated into the discussion part below, which
tries to give a coherent interpretation.

7.5 Discussion (part 2)

In this final discussion section, a complete analysis of the clustering results for the flu-
orescence enhancement experiment will be given, followed by an evaluation and sum-
mary of the method itself. At first, the objective is once again to explain the observed
fluorescence enhancement shown in the upper maps of figure 34 using the numerical
data. The latter, here, consists of the (i) field energy enhancementmaps (E+, figure 34,
center), the (ii) classification maps (figure 34, bottom) and the prototype maps (fig-
ures 36 to 39). An explanation for the same experimental data was already given in
chapter 6 using selected field distributions, and the numbered list on page 103 gave a
guide on how the different aspects of the results can be connected to yield a complete
interpretation. This guide can now be updated in the following way, using the cluster-
ing results instead (steps 1 and 2 remain unchanged and are repeated here):

1. Select a feature in the fluorescence enhancement (F+) maps and
2. check whether there is an according integrated field energy enhancement in the
E+maps below. If this is true, the simulation actually suggests a possible excita-
tion enhancement effect. Otherwise, the measured fluorescence enhancement
might not be explained by the numerical model.

3. Afterwards, observe the corresponding region in the classificationmaps and de-
termine the cluster label from the color using the color bar.

4. Using this label or color, locate the related column in the prototypemap that be-
longs to thedirection/polarization combination (theprototypemaps are ordered
according to the columns infigure 34, from left to right). Check if the field distri-
butions on the three planes can explain the observed fluorescence enhancement
(this may necessitate to take into account all cases, because the QD distribution
is unknown).
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(5. Optionally, in some cases the Q-factor information of table 6.1 may be useful as
it takes into account the coupling quality between the excitation laser and the
mode. This information can not be gained from the clustering results.)

7.5.1 Systematic analysis of the clustering results

Based on the strategy given in the updated guide in the list above, the data will be an-
alyzed systematically in the following. To avoid confusion, only one combination of
high-symmetry direction and polarization will be discussed at a time.

Γ−M, TM

Let us start with the clearest case: Γ − M, TM (column 3 and figure 38). The F+ maps
feature a single stripe of increased fluorescencewith a high contrast. This stripe excel-
lently corresponds to the single leaky-mode band causing a high field enhancement in
the E+map. The classificationmap reveals this band accordingly with label 4 (orange),
for which the field distributions are shown in column 4 of the prototype map. The xz
and yz patterns show that the energy of this band is accumulated at the plateaus be-
tween theholes andcausedby theEz component. Whenobservingother columnsof the
prototype map, there are other interesting patterns which could potentially increase
the emission of the QDs, for instance in columns 1 and 5. These two modes gather
their energy in the center of the hole and at the flanks, respectively. However, when look-
ing at the classification maps again, these correspond to the red and yellow regions,
which are (unfortunately) outside themeasurementwindow. Another important point
is given by the patterns of solutions that are related to radiationmodes, i.e.modes that
mainly couple to the plane waves of the exterior. These would be expected at regions
off any band, e.g. in the dark blue and cyan regions with labels 2 and 7. Returning to
the prototype maps, these modes in fact have energy distributions that increase with
the distance from the PhC surface. This leakage seems to be caused by a single E-field
component at a time, while others can e.g. still exhibit the influence of a near band.
This observation holds for all of the prototype maps.

Γ− K, TM

Moving on to the similar case of Γ − K, TM (column 1 and figure 36), we observe a
steep band of high fluorescence and field energy enhancement at a similar position.
The clustering approach found the band aswell, labeled as 6 (pinkish). Column 6 of the
prototypemapshows that thisband localizes its energyat the centerof thehole (slightly
above the PhC in z-direction) but also at the flanks in the xz plane. It therefore poten-
tially affects QDs relatively independently of whether they are gathered inside the hole
or on the plateaus. Returning to the clustering, it is seen that a second, much broader
band running from top left to bottom right is seen in the E+ maps. The classification
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maps reveal that the field distribution of this band undergoes a change when crossing
the pinkish band, from label 7 (cyan) to label 1 (red). This band is basically not seen in
the fluorescence enhancement, but there is a very bright region above 50° in the fluo-
rescence that has not yet been commented. When keeping to the guide given above, it
follows from step 2 that this feature might not be explained from the numerical data,
because there is no field enhancement. However, if looking closely there is a kind of
“transition boundary” in theE+map at almost exactly the outline of the bright fluores-
cence region. In the classificationmap, there is a feature at this location aswell: a kind
of “stroke” across the red, gray anddark blue regions. In fact, the prototypemaps show
that these clusters have similar energy distributions compared to the pinkish band, in
this case caused by Ex rather than Ez. Although this still does not explain the fluores-
cence enhancement, it shows that there is in fact an effect at exactly this positionwhich
could potentially explain it. It is conceivable that this mode couples very effectively to
the QDs and that the field enhancement in the real system is higher than suggested by
the simulation.

Γ− K, TE

So far the TE cases are left to discuss, which both feature a more complicated band
structure. In the Γ − K, TE case (column 2 and figure 37), there are two very clear
bands that show anticrossing, a steeper band crossing the complete wavelength range
from roughly 20° to 40°, and a shallower one coming from top left. The former is very
clearly seen in the clustering by the gray regionwith label 8. From the prototypemap it
is observed that this band has a node along the x-direction and concentrates its energy
at the flanks and the plateaus in y-direction. The energy distribution is therefore com-
parable to the one of the orange band in the Γ − M, TM case, which is clearly seen in
the fluorescence as well. The shallower mentioned band undergoes a transition from
the green cluster (label 3) to the red cluster (label 1) in the classification maps. For the
green parts the energy is strongly localized at the flanks, while in the red case the Ey
component couples to radiation modes. The energy is therefore less well confined to
the surface in the red case, which is exactly seen in the fluorescence maps, where only
at the location of a broad green region a fluorescence enhancement is seen.
To give a clear idea of the 3D energy density distribution for three selected modes,

and also to show howwell the clustersmatch the actual physical fields, figure 40 shows
semi-artistic full-3D renderings. The images depict multiple periods of the photonic
crystal as a grayish metal-like material, without showing a superspace material. The
upper row shows a topview of the volume-rendered electric field energy density color-
coded using a heat map, which is not comparable between the figures. The lower
row shows a closer view and indicates a random distribution of QDs as bright small
spheres, emittingwhite light with an intensity proportional to the field energy density
at their specific positions. The QD distribution is the same for all three images. The
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Mode A
θ = 23.1°, λ = 1098.0 nm θ = 9.3°, λ = 1132.5 nm θ = 3.0°, λ = 1084.0 nm

Mode B Mode C

Figure 40: Full-3D volume renderings of selected modes for theΓ − K, TE case. Semi-artistic ray tracing
images depicting multiple periods of the photonic crystal as a grayish metal-like material. The upper row
shows a topview of the full-3DE-field energy density, color-coded using a heat map (not comparable be-
tween the figures; see also figure 1 on page 3). The lower row shows a closer view and indicates the same
random distribution of quantum dots (bright small spheres), emitting white light with an intensity propor-
tional to the field energy density at their specific positions. The columns relate to three different modes of
theΓ − K, TE case, denoted as A, B and C. They correspond to clusters 8, 3 and 6 in figures 34 and 37, as in-
dicated by the colored edges which match those of the previous figures (from left to right). Incident angle θ
and wavelengthλ for each mode are given in the headings. The figures use actual physical proportions.

columns relate to three different modes of the Γ − K, TE case, denoted as A, B and C.
They correspond to clusters 8, 3 and 6 in figures 34 and 37, as indicated by the colored
edges which match those of the previous figures. Incident angle θ and wavelength λ
for each mode are given in the headings. Note that these images have an illustrative
character, but can be very helpful to imagine the actual physical situation.
Modes A andB are the oneswhich have been discussed recently, and it is clearly seen

that the former concentrates its energy at the plateaus, while the latter has high energy
densities at the flanks of the holes. A third type is shown with mode C, which focusses
the energy directly inside the holes. The illustrations in the lower row give a notion of
how these modes activate different QDs, depending on their position. Only a small
density of QDs is used for the images for purposes of visibility, and they are randomly
distributed in a layer that fills the holes and extents 100 nm in z-direction. Mode A
very efficiently excites QDs at the plateaus, just as expected, while modes B and C do
the same at the flanks and inside the holes, respectively. Consequently, these render-
ings,which are complicated to generate and very demanding regarding computational
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costs, completely confirm the results of the clustering approach.

Γ−M, TE

Finally, the Γ − M, TE case (column 4 and figure 39) covers two bands that show anti-
crossingat the longwavelength/steepangle endof thedatawindow (top left). The lower
band and most parts of the interaction zone are labeled as cluster 3 (green), while the
upper band has label 7 (cyan). The green band has a node in the yz plane, while the en-
ergy in x-direction is strongly localized at the flanks. It is therefore likely to be seen in
the fluorescence enhancement, when comparing to the previous results. However, a
fluorescence enhancement for the green band is mainly seen in the interaction zone.
This can be explained when considering the energy distribution of the cyan band: this
band has almost the same distribution for Ey in the xz plane, but it does not have the
node in the yz plane. In the interaction zone the two bands basically overlap, so that
the Ey components add up and the node is partly erased. Therefore, a stronger effect
in the fluorescence enhancement is expected, just as it is observed.
Interestingly, there is moreover a small effect at ≈ 1080 nm for large angles in the

F+map. The clustering reveals another bandwith strong localization at the flanks: the
orange region with label 4 (and the similar yellow one which couples more strongly to
the radiation modes). It is likely that the measured effect is actually caused by this
band, as it has a similar energy distribution as other bands which are clearly seen.

7.5.2 Summary and evaluation of the analysis method

The prior discussion showed a very consistent explanation of nearly all the effects ob-
served in the fluorescence enhancement experiment. Even for the most complicated
case of Γ − M, TE a reasonable interpretation of the elongated bright spot (or rather
two very close spots) has been found by a superposition of modes; and moreover light
was shed on the very small effect in the bottom right corner. Similarly, it was possible
to explain why the shallower band in the Γ − K, TE case does not cause a strong fluo-
rescence beyond the anticrossing point. And even for the bright spot at shallow angles
in the Γ− K, TM case a potential explanation was found.
When comparing these results to the ones that have been obtained by the first

method based on a small number of selected field energy distributions in chapter 6,
it is obvious that the clustering approach gave a much more coherent and detailed
explication of the underlying physical phenomena. Of course it may have been pos-
sible to use even more points for the distribution analysis in the first method, and to
thereby find similar conclusions. However, the clustering approach emphasizes the
interesting parts automatically and systematically, – consequently revealing aspects
that may have stayed unnoticed. The results further have a larger reliability as they are
based on the complete set of field distributions, rather than on a partly random choice
of points. The clustering technique seems to be applicable to even more complicated
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cases, e.g. in windows with more bands where the first method would become rather
complex (or even confusing). On the other hand, an aspect of the first method which
could be taken into account in addition to the clustering is the Q-factor analysis, as
it considers the additional quantity of the coupling quality between excitation source
and leaky mode.
Thepresented technique composed of (i) the field energy enhancementmaps and (ii)

the field distribution clustering provides a versatile tool for the analysis and design of
PhCs for applications based on excitations enhancement. For any known distribution
of near-surface emitters that should be affected by leaky modes, optimum values for
all relevant parameters can in principle be determined in the following way:

1. Define a wavelength range for the excitation of the emitters by considering their
absorption properties, and possibly also their emission properties. The latter
is relevant if an interaction of the emitted radiation with leaky modes is to be
avoided (or even desired, if extraction enhancement effects should be utilized at
the same time).

2. By using FEM simulations with a model that fits the actual final system, per-
form a parameter scan over the incident wavelengths, angles and polarizations
and output/calculate the field energy enhancement E+ and field values in 3D for
clustering. This process results in the information as given in figure 34 (center
and lower row) for the present case.

3. Choose the mode that causes the largest overlap of high field energy with the
known emitter distribution from a spatial analysis of the prototypes (i.e. cluster
centers) from the clustering, as e.g. in figure 36. This step will define the high-
symmetry direction (i.e. incident angleϕ in figure 9) and polarization, supposed
there is a mode that is a clear optimum.

4. Determine the incident wavelength and angle θ by choosing the configuration
with the largest field energy enhancement E+ for the selected mode.

This process canmoreover be repeated for possible geometrical parameters of the PhC,
e.g. the lattice constant, slab thickness or hole radius. Alternatively, if the geometrical
parameters should by varied extensively, the technique could be applied for an initial
set of geometrical parameters to select a potential mode and to reduce the wavelength
and angle window. Successively, only the field energy enhancement E+ may be calcu-
lated in the scan over the possible geometrical parameters to determine the absolute
maximum of the enhancement.
Numerous applications could benefit from these optimization abilities. In the field

of biosensing, PhCs have become an important platform for e.g. label-free biosens-
ing or for the enhancement of the output of photon emitting tags used in the life sci-
ences and in vitro diagnostics. The recent article of Cunningham et al. [16] reviews the
application areas and advances in this field. It shows that PhC enhanced biosensors
are yet extremely relevant, even commercially and potentially on industrial scale: they
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have been fabricated with costs that are compatible with single-use disposable appli-
cations. Exploiting leaky modes with large Q-factors enables for narrow bandwidth
(< 1 nm) and extremely high sensitivities, e.g. for detection of disease biomarkers in
serum with concentrations of ∼ 1 pgml−1. The numerous applications that are de-
scribed in the mentioned review article have in common that the PhC is designed for
a very specific mode, i.e. a specific illumination condition and a determinable distri-
bution of the molecules/cells/virus particles in question. This is where the technique
presented here could be utilized for a systematic optimization in the design process,
and hence to further increase the sensitivities of related sensors. Beyond biosensing,
photochemical upconversion [108] is another application that could benefit from the
discussed all-numerical design abilities. For this particular field, thoughts on possible
applications will be covered in detail in the outlook part of chapter 8, so that they are
omitted here.
Finally, with the analysis presented above the usage of machine learning for the

mentioned purposes has just started. There certainly is a potential for the improve-
ment of the efficiency of the method and also its applicability. From the large number
of available clustering algorithms only two different ones have been used, namely k-
means and GMM clustering. In consequence, a future task would be to systematically
explore the different approaches and to find the algorithmwhich is best suited for the
task at hand. As an example, there is a more powerful implementation of the GMM,
commonly known as Bayesian GMM, which allows for an automatic determination of
the number of clusters (see [64], chapter 9). Although this approach was tried, it did
not result in reasonable numbers for the clusters. Accordingly, working out how to
successfully apply this particular method or comparable methods could add another
level of reliability and automatization.
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8
Conclusion and Outlook

The aim of this dissertation has been to explore and develop numerical techniques
for the analysis and design of photonic crystal (PhC) slabs for the interactionwith light
emitters in the vicinity of the surface. Of the processes which are capable of inducing
an increase in optical transitions in such emitters, the excitation enhancement effect
has been the focus of the investigations. Excitation enhancement occurs when leaky
modes of thePhC increase the stimulated emission rate of emitters by locally enhanced
field energy densities. Referring to the introduction, designing PhCs for applications
that use this effect requires the identification of a mode with a large field energy den-
sity and a field distribution that optimallymatches the arrangement of the emitters on
the surface. Afterwards, the geometrical parameters of the PhCmust be optimized for
specific demands of the application, e.g. the illumination conditions, and for a max-
imum field energy enhancement. The challenges that arise are (1) the vast parame-
ter spaces in the optimization process and (2) the huge amounts of field distribution
data. To handle these challenges an accurate and efficient numerical modeling of the
PhC-emitter system and proper techniques for the reduction and analysis of the data
amounts are inevitable.
Chapter 2 showed that PhCslabs exhibit leakymodes that couple to the external light

field, and that the properties of these modes are linked to the symmetry properties of
the system. With this in mind, chapter 5 demonstrated experimentally that chang-
ing the symmetry of a specific PhC slab can affect the orthogonality of PhC modes, as
revealed by certain anticrossing effects. A symmetrization of the PhC caused the an-
ticrossing of two adjacent photonic bands to disappear. This effect was reproduced in
finite element method (FEM) simulations and observed both in field energy enhance-
ment maps and example field patterns. In a second experiment, chapter 6 showed
that the fluorescence of quantum dots (QDs) is increased by excitation enhancement
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when suitable leakymodes of the PhCoverlap the absorption spectrumof theQDs. The
angle- and wavelength-resolved measurements were explained using complementary
field energy density calculations and an analysis of selected 3D field distributions.
Considering challenge (1) of the numbering given above, chapter 4 derived an

accuracy-controlled and performance-optimized simulation setup for the efficient
treatment of the specific PhC systems. To examine the spatial distribution of en-
hanced fields systematically, an extended analysis technique based on a classification
of modes by machine learning was developed in chapter 7. The approach uses clus-
tering techniques to classify the numerically obtained modes in view of their 3D field
distributions. The reduction of the field distribution data to aminimum subset of rep-
resentative modes accounts for challenge (2) given above. The representative modes,
denoted as “prototypes”, virtually contain the complete information necessary to draw
conclusions about the spatial aspects of excitation enhancement effects. A visual
analysis technique denoted as “classification map” was introduced, which depicts the
mode classification and the representation quality by the corresponding prototype at
the same time. Chapter 7 applied the clustering approach to the anticrossing exper-
iment of chapter 5 and the fluorescence enhancement experiment of chapter 6. For
the first experiment, the symmetry dependence of anticrossing was verified from an
extended perspective and the abilities of the clustering approach were showcased. For
the fluorescence enhancement experiment, a much more systematic and complete
explanation of the measured fluorescence enhancement was gained from the classifi-
cation. Classification maps allowed for the explanation of virtually any aspect of the
complex experimental fluorescence enhancement maps. Moreover, the prototypes
were used to identify different types of modes that lead to a measurable increase in
fluorescence.
A set of tools for the systematic design and analysis of PhC slabs for excitation en-

hancement of near-surface emitters has been attained. The effectiveness of these tools
is based on the abilities of the FEM to accurately model complex dielectric structures
including all relevant physical effects, and the selection of modes with specific spa-
tial properties using a machine learning classification. This allows to optimize PhCs
for applications utilizing excitation enhancement. It is conceivable that the machine
learning-based classification ofmodes becomes a valuable technique in the analysis of
PhCs, e.g. as an alternative to traditional band structure computations.
Limitations of the clustering approachmay arise in the case of a high density of pho-

tonic bands and if complex interactions are present. Another aspect is the comparably
high computational effort and the challenge of finding the optimum input parame-
ters for the clustering algorithm. However, these limitations appearmanageablewhen
considering the largenumberof available clusteringalgorithmsand related techniques
which are yet to be explored. More advanced algorithms, such as the Bayesian Gaus-
sianmixturemodel clustering ([64], chapter 9), potentially can expand the applicability
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and increase the automatization of the classification of PhCmodes.

Besides the improvement of the methods, there are multiple conceivable areas
of activity for future research which are apparent from the content of this thesis. The
presented fluorescence enhancement experiment could be repeatedwith an optimized
PhC design. This would necessitate achieving a well-defined QD distribution, e.g. a
monolayer, and optimizing the system for a maximum field energy enhancement and
amaximum overlap of the field and the QDs. Instead ofmapping the fluorescence en-
hancement against the illumination conditions, themeasurement could use a specific
illumination setup and a laser source thatmatches the bandwidth (i.e. Q-factor) of the
related leakymode. In a second step, the PhC could be designed to exhibit leakymodes
in the wavelength range of the QD emission as well. This would allow the exploitation
of extraction and excitation enhancement effects at the same time, as already demon-
strated by Ganesh et al. [30].
From the applications that already have been reported in literature, the developed

techniques could be regarded as themissingpiece of the puzzle, at least for PhCswhich
are periodic in two dimensions. Let us reconsider the experiments of Ganesh et al.
[30], who showedPhC enhanced fluorescence ofQDs, andBlock et al. [17], who showed
the same for DNAmolecules. Both report a massive increase in fluorescence which is
partly caused by excitation enhancement, but without a true optimization of the PhC
in view of the mode profiles and field energy enhancement factors. It can be assumed
that an optimizationwould further increase the observed effects. The relevance of PhC
slabs in the field of biosensing has recently been reviewed by Cunningham et al. [16],
who showed that they are not only widely used, but may become a key technology for
the study of the behavior of stem cells, cancer cells, and biofilms. Specifically, PhC
enhanced fluorescence is relevant for high sensitivity cancer biomarker detection or
for label-free high-resolution imaging of cells and individual nanoparticles. By using
enhanced excitation and extraction at the same time, increases in fluorescence as high
as 7500× have been reported [109, 110]. These systems could certainly benefit from the
presented design techniques as well.
Another point of interest is the exploration of different or more advanced geome-

tries of the actual PhC slab. Figure 41 shows an illustration of the hexagonal lattice on
the left, which has been used for all the investigations. One possibility is to introduce a
periodic arrangement of point defects to the lattice, usually denoted as coupled cavity
arrays [6, 111], as suggested in the center of figure 41. These cavities can have huge local
densities of optical states and can exhibit so-called strong coupling to nearby emitters
[62, 112]. This increases the interest in how these systems could be used for similar
effects as the ones which have been investigated so far. As a second kind of possible
variation of the geometry, other lattice types may be explored, such as quasiperiodic
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Periodic Coupled cavities Quasiperiodic

Figure 41: Examples for nanohole arrangements in silicon photonic crystal slabs. The illustrations depict a
periodic hexagonal lattice (left), an array of coupled L3 cavities (center), and a 10-fold quasiperiodic arrange-
ment (right).

arrangements as illustrated at the right of figure 41 [113–115]. The latter, which more
generally belongs to the class of deterministic aperiodic nanostructures, exhibit inter-
mediate properties between periodic and random arrangements. This potentially al-
lows to tailor PhC slabs for broadband excitation enhancement, as broadband effects
are a main characteristic of random arrangements. It must however be noted that the
treatment of aperiodic structures is computationallymore elaborate, due to the lack of
a unit cell.
Finally, application fields should be explored which have different design targets or

which introduce additional challenges. Besides applications such as surface-enhanced
Raman spectroscopy [116], upconversion seems to be a candidate that could benefit
from the increased near-fields and also from extraction enhancement effects. Recent
publications byWu et al. [117, 118] use amonolayer of lead sulfide (PbS) QDs on glass to
give rise toupconversion in anadjacent layer of doped rubrene. Theexcitonsof theQDs
are transfered to the rubrenemolecules in a non-radiative process and lead to triplet–
triplet annihilation (TTA).The latter process causes the incident light to be “converted”
to shorter wavelengths, i.e. raised to a higher energy. The efficiency of this process
depends on the amount of light which is absorbed by the QD layer, and in the experi-
ment presented in [117], the absorption was as low as 0.1 %. However, increasing the
thickness of the QD layer is contradictory to the additional demand of a low diffusion
length of the excited states of the QDs. Here is where PhC enhanced near-fields could
contribute by effectively increasing the absorption rate of the QDs. This is moreover
a crucial aspect, as the upconversion efficiency scales approximately as the square of
the excitation rate. A sketch of the conceivable system is depicted in figure 42, which
shows a slice through thehexagonal PhCas itwas considered in the experiments in this
thesis. The PhC surface is covered with amonolayer of QDs (greenish) and an adjacent
layer of rubrene (black). The transfer of excited states from theQDs to the rubrene and
the subsequent TTA process is indicated in the zoomed in circle at the right of the fig-
ure. The emission at a wavelength smaller than the excitation wavelength, indicated
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Figure 42: Sketch of a possible photonic crystal enhanced upconversion system. A silicon photonic crys-
tal (gray) on glass (cyan) is covered with a monolayer of quantum dots (QD, greenish with white dots) and
rubrene. Incident light (red arrow) excites a leaky mode of the photonic crystal, leading to near-field en-
ergy enhancement. The field excites states in the QDs which are transfered to rubrene molecules (zoomed
in circle at right). The light is upconverted to shorter wavelengths by triplet–triplet annihilation (TTA), as
indicated by the blue arrow.

by a blue arrow in the figure, must be taken into account in the design of the PhC, as
challenges may arise due to reabsorption in the PhC. However, a proper design could
possibly even improve the extraction efficiency of the upconverted light using leaky
modes in the related wavelength range.
In the end, upconversion is e.g. interesting for solar energy harvesting by increas-

ing the fraction of the solar spectrum that contributes to the photovoltaic effect [108,
119]. In this and comparable cases, another challenge would be to design the system
for a maximumfield energy enhancement in a very broad wavelength range. As it was
mentioned above, such broadbandfield energy enhancement effectsmay be generated
using quasiperiodic arrangements in the PhC geometry. Finally, the design process of
complex systems, such as for the upconversion application,may even depend on a sys-
tematic and highly automatized assessment of PhC mode properties. The developed
machine learning-based classification of modes, together with the powerful FEM, ap-
pear to be well suited for this task.
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