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Chapter 1

Introduction

1.1 Why Superconducting Magnets?

In the framework of this thesis, carried out at CERN1, the subject of superconducting mag-
nets, as used in particle accelerators, will be treated, with the main focus on bending magnets.
The use of superconductor technology is a standard procedure in all new large particle accel-
erators, today. Nevertheless, the construction of superconducting magnets with a very high
bending field for circular accelerators is still a great challenge.

In this work, a special emphasis is put on the magnet system of the Large Hadron Collider
(LHC2 [1]), mostly for illustration of the calculated results and also to verify the outcome by
means of comparison with measurements taken at CERN. The magnet system of the LHC
can be considered as exemplary.

When accelerating heavy particles, energy loss due to synchrotron radiation is no longer
the main problem, since in this case energy loss due to this radiation only occurs at con-
siderably higher energies than for e+e−-accelerators, as for example, LEP3. The comparison
between the radiation of an electron (me c2 = 0.511 MeV) and the radiation of a proton with
the same energy (mp c2 = 938.19 MeV) yields a ratio of (mp c2/me c2)4 = 1.13 · 1013 [2].

Hence, for the LHC proton ring, as for all hadron accelerators, the maximum particle
energy is limited by the obtainable strength of the magnetic field keeping the particles in their
orbit. Since the guiding dipole field has to increase with the particle energy (synchrotron
principle), the main bending magnets are the crucial elements of the LHC.

The use of superconducting magnets instead of conventional magnets with copper coils
has unique advantages. First of all, the vanishing electrical resistance of superconducting coils
opens the way to higher currents while at the same time the operating costs are reduced.
Secondly, very high bending fields are produced, allowing for higher particle energies.

Superconductors for applications have been produced from the late 1960s on and are
still under development today. At the moment it is possible to manufacture wires that can
carry extremely high electric current densities (up to 1000 A/mm2) in the presence of high
magnetic fields (10 T and greater) [3]. For the NbTi cables of the LHC, the aim is to reach a
current density of 3000 A/mm2 at a field of 5 T and a temperature of 4.2 K. Superconductors
do this with little power dissipation; this is one of the main reason for their usefulness

1CERN, the European Laboratory for Particle Physics, Geneva, Switzerland.
2LHC, the Large Hadron Collider, currently under construction at CERN.
3LEP, the Large Electron Positron Collider, has been decommissioned at CERN in November 2000.
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2 Chapter 1 Introduction

in manufacturing high-field electromagnets. The consumption of energy for the LHC, for
instance, will be extremely small compared to accelerators using conventional magnets: the
LHC with 22 times the collision energy of the SPS4 will not consume more power than the
SPS machine. Furthermore, a superconducting magnet of the same field strength is much
smaller than a conventional magnet with copper coils and carries only a fraction of its weight.
The savings in power, size and weight are therefore substantial. Additionally, in case of the
LHC, the required high bending fields of the main dipoles are impossible to produce with
conventional magnets.

However, the advantages of using superconducting coils are reduced by one main flaw:
Any field variation induces magnetization currents in the superconducting material which
disturb the current distribution in the coil and deteriorate the field quality in the aperture.
At a first glance, these currents are similar to commonly known eddy currents in conventional
conductors. However, they do not decay exponentially but persist due to the lack of resistivity.
Therefore they are often denoted as persistent currents.

Persistent currents become a major problem: once induced during magnet ramp, they
flow as bipolar currents in the superconducting filaments and are a source of superconductor
magnetization in the coil. This magnetization causes field distortions that are small compared
to the main field in case of nominal current but are non-negligible at low excitation field.

Additionally, the multipole fields caused by persistent currents depend on the field am-
plitude as well as on local changes in field direction and have opposite signs for increasing
and decreasing main field, respectively. From this, a hysteresis arises in the resulting induced
magnetization.

The reduction of the influence of persistent currents and the development of compensation
methods, by incorporating them into the magnet design process, for example, requires a
careful modeling of the superconducting material. Since persistent currents arise only in
individual filaments, the response of a superconductor filament on an external field change
has to be modeled. This task composes a main item of this thesis. For magnetic field
calculation, however, determining the filament magnetization is not sufficient. The following
necessary procedure is therefore derived:

Starting from the development of a persistent current model of an individual filament,
a procedure is launched which firstly accounts for the applied history and incorporates the
filament hysteresis into the calculation. In this step, all possible states are considered in-
cluding the initial state curve and the so-called minor looping which arises from very small
field sweeps. Further, an algorithm is derived which calculates and superposes the induced
currents of each filament in the coil cross-section depending on the local field with the source
currents. The change of the field distribution in the cross-section due to the repercussion
of the persistent current field on the original field is then computed iteratively. Finally, the
model is combined with numerical field-solving methods for the calculation of the non-linear
magnetic regions in the magnet (such as the ferromagnetic iron yoke, for instance). In some
cases, the use of the imaging method substituting the iron yoke is possible. However, in most
magnets the inner yoke structure is not of circular shape, or the effects from the non-linear
yoke saturation have to be considered. In these cases, imaging is not possible. In addi-
tion, the imaging method cannot provide solutions for thin ferromagnetic layers or shims in
the aperture of a magnet – as used for persistent current compensation. Depending on the
vicinity of ferromagnetic regions and source currents, the local field distribution can change,
demanding a re-iteration of the already computed persistent currents. A re-calculation of

4SPS, the Super Proton Synchrotron; accelerator at CERN.



1.1 Why Superconducting Magnets? 3

superconductor magnetization and ferromagnetic magnetization is inevitable in these cases.

Superconducting cables for magnet applications consist of a composite structure, where
thin superconducting filaments are embedded in a normal-conducting metal matrix, usually
commercial copper or aluminum. The first superconducting magnets were made of mono-
filamentary (bulk) superconductors and showed a disappointing behavior in such a way that
they did not reach the expected current-carrying limit of the cable [4]. The reason for
this is the local spontaneous transition from superconducting to normal state due to small
perturbations as, for example, variations of temperature or magnetic field which cause a local
heat rise and a normal-conducting spot. Current passing through this resistive region then
generates additional Joule heat and raises the temperature of the adjoining material, leading
to more heating and eventually the entire superconductor is driven into the normal conducting
state. One possibility to prevent this superconductor-to-normal transition is the so-called
cryogenic stabilization [5]. Cryogenic stabilization denotes the increase of the cross-section
area of the normal-conducting metal with respect to the superconducting material which can
be realized by using multi-filamentary superconductors. At low temperatures, the resistivity
of normal metal is two or three orders of magnitude below the normal-state resistivity of the
superconductor. As a result, most of the current flows out of the superconductor and into the
normal-conducting area in case the superconductor performed a superconductor-to-normal
transition (so-called current sharing principle). This leads to a decrease of self-heating and
a decrease of stationary temperature of the composite superconductor. Since the normal
conducting region in the superconductor can only exist as long as the rate of generation of
Joule heat is equal to, or exceeds, the rate at which heat can be transported away by the
surroundings, the superconductor will recover. Usually, superconductors are poor thermal
conductors, thus the cooling capability of the surrounding matrix material is higher than that
of the superconductor. This works in favour of the recovery effect.

It should be mentioned here, that the electrical (and also the thermal) conductivity of
normal conducting materials also depends on the applied temperature and the magnetic
induction. The electrical conductivity of normal conductors thus also of the matrix mate-
rial is expressed in terms of the so-called RRR-value. The RRR-value is explained in the
appendix A.1 in detail.

For NbTi superconductors the typical filament diameters are in the range of about 5-
10 µm, whereas for Nb3Sn superconductors, the filaments are considerably thicker with a
diameter of about 20-25 µm. Figure 1.1 (right) shows the cross-section of a superconducting
strand of NbTi filaments embedded in a copper matrix. The filaments are twisted in longitu-
dinal direction, in order to reduce inter-filament coupling effects. For the LHC main dipoles
and quadrupoles, a cable of Rutherford type is used which consists of 28 to 36 individual
strands made of thousands of superconducting filaments (6500 in the dipole outer layer cable
and 8900 in the dipole inner layer cable). The strands are grouped together for the cable and
then also twisted in order to reduce flux linkages.
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Figure 1.1: Left: Cut-through a Rutherford type cable of four windings for the
LHC main dipoles and quadrupoles. The cable is made of individ-
ual strands and is insulated by different layers of polyimide tape.
Right: Typical NbTi strand cross-section showing superconduct-
ing filaments in groups of about 50 filaments and embedded in a
copper matrix.

Also shown in Fig. 1.1 (left) is a cut through an LHC Rutherford type cable. The cable
possesses a trapezoidal outer shape – the so-called key-stoning – in order to give a good
circular approximation while being put closely around the circular aperture of the magnet.
The Rutherford cable is the most frequently used cable in all superconducting accelerators
today. The main advantage of this cable type is that it can be compacted to a high density
of 88-94% of the material in the cross-section without damaging the strands [6].

1.2 Field Errors in Superconducting Magnets

The expression magnetic field errors in the aperture of a magnet denotes all the field compo-
nents that are different from the main field component. Field errors are expressed in so-called
multipoles, Bn, which are the coefficients of the Fourier series expansion of the radial field
component at a certain reference radius in the aperture, obtained after harmonic analysis
(see appendix A.2 for details). The multipoles are usually normalized to the main field com-
ponent and expressed in units of 10−4. It is convention to start the multipole numbering with
1 for the dipole field, 2 for the quadrupole and so on. The entity b3, calculated for a dipole
magnet, for instance, then denotes the relative deviation of the sextupole field with respect
to the main (dipole) field component given in units of 10−4: b3 = B3/B1 · 104.

Since an extremely high field quality is required for the storage of an intense particle
beam for many hours, the relative deviation from the ideal field in the aperture of a magnet
should not exceed a few parts in units of 10−4. This is no particular problem in case of
conventional magnets whose field distributions are governed by accurately shaped iron yokes.
However, in superconducting magnets, the field quality in the aperture is determined by
the coil arrangement and the position of the conductors. Even small deviations in current
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Figure 1.2: Multipole b3: relative deviation of the sextupole field with respect
to the main dipole field component calculated at a reference radius
of 17 mm and expressed in units of 10−4. Red curve: Calculated
values; blue curve: Measured values [7]; green curve: Geometric
value.

positions will cause a considerable loss of field quality in the aperture.

Field errors in superconducting magnets can be divided into random and sytematic errors.
Random errors arise, for instance, from the manufacturing tolerances of individual parts of
the magnet and will not be considered here. Systematic errors, however, arise from the
coil geometry, for example, which is only an approximation to the ideal so-called cos(mθ)
current distribution5 or from the surrounding yoke structure. Also persistent current induced
field errors are systematic errors. Usually, the field errors show a great variation resulting
from persistent currents which dominates the low field range. In addition a comparatively
small variation with increasing current exists, which is due to the gradual saturation of
the ferromagnetic yoke material. At medium field level, a remaining constant multipole
value exists, which is denoted as the geometric value. The geometric value is obtained from
calculations without considering the persistent current effect. In order to give an idea of the
amount of field errors in the LHC dipole, for instance, Fig. 1.2 shows the calculated field error
b3 including the influence of persistent currents (red curve). Also indicated in the plot is the
geometrical value (green curve) resulting from the calculation without persistent currents and
the measured value (blue curve) [7].

When calculating a superconducting magnet, the vicinity of non-linear magnetic regions

5Besides the geometry of intersecting ellipses and circles, introduced in section 4.1, the cos(mθ) current
distribution is the only geometry which produces a pure multipole field. See, for example, [8] or [9] for
details.
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and the source currents determine whether the sources of the total field error can be directly
identified or not. The local yoke magnetization depends on the strength and the position
of the coil currents. Assuming the inner yoke contour in the immediate vicinity to the coil
causes an induction of strong persistent ‘mirror’ currents in the yoke. Thus, at intermediate
and high currents when the magnetic features of the yoke change, the yoke starts to saturate
on several regions along the inner yoke contour. This way, saturation effects of the iron parts
may change the magnetically effective inner yoke contour. Such local saturation effects can
yield an asymmetry which results in additional field errors even for a mechanically perfectly
round inner yoke contour. In general, it can be said, that the smaller the distance between
the inner yoke contour and the outer coil radius, the stronger are the saturation induced field
errors.

In the case of the LHC main dipole magnet, for instance, where the distance between
the inner yoke shape and the outer coil radius is large (minimum distance is 40 mm), the
identification of the geometric value is straightforward, since the saturation produces only
little variation in multipoles. For a corrector magnet, however, where the yoke is close to the
outer coil radius, the identification is far more difficult and can often only be accomplished by
splitting the calculation of the total operating cycle into a great number of individual steps.

1.3 Outline of Works on the Calculation of Superconductor
Magnetization and Compensation Methods

This section is meant to provide a (non-exhaustive) overview on different works carried out on
superconductor modeling and persistent current calculation in superconducting magnets. The
first part presents several approaches to filament magnetization models which usually differ
in their covering range, this means, the models often lack the field dependence of the critical
current density, or do only consider a one-dimensional change in the applied field instead
of giving a expressions for rotating fields. Rotating fields, in this context denote a change
in the external magnetic induction which can be the amount or the excercising angle or a
combination of both in the plane of the filament cross-section. This way, a vectored expression
for the description of the external field and the resulting magnetization is necessary.

Besides this models, approximate solutions for the magnetization of the complete coil exist
which have been carried out by the use of methods which require field maps and without the
attempt to model individual filaments.

A general theory for the description of Type II superconducting material has been in-
troduced in 1962 by C.P. Bean [10], [11] and is known today as the Critical State Model.
The model describes the behavior of Type II superconductors such that there is a finite
value of current density induced in case the material is exposed to a magnetic field, how-
ever small. This current density is called critical current density Jc. The orientation of Jc

results from the right-hand law. The Critical State Model has been applied to a slab of
superconducting material whose extension in direction of the applied field is infinitely long.
This way, no end effects have to be considered and a simple contour (in form of a straight
line) of the distribution of the current density in the cross-section can be found in the case
of one-directional field changes6. Today, the Critical State Model is still the basis of most
macroscopic superconductor models. It is therefore described in detail in section 3.1.

6The inner current contour defines the shape of the current-free region in the non-fully penetrated case
and the boundary between different current layers after a change in external field orientation.
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The Critical State Model has been applied to cylindrical wires with circular cross-sections
exposed to a perpendicular magnetic field, for example, by C. Pang [12] (1980), who calcu-
lated AC losses. The determination of the current contour in the cylindrical wire cross-section
is considerably more difficult compared to the slab with an assumed infinitely long extension
parallel to the applied field. Therefore Pang discretized the cross-section into thin slices per-
pendicular to the applied field for its determination. The filament magnetization is calculated
from the found current distribution for the cases of a change of a homogeneous field as well
as for applied rotating fields. The critical current density is assumed to be constant in the
filament cross-section.

A more detailed description of a superconducting filament in an applied field is given by
M. Wilson [8] (1983), who derived an approximate solution by assuming the inner current
contour as elliptically shaped. The same method is presented in the book of K.-H. Mess,
P. Schmüser and S. Wolff [9] (1996). The Wilson Model is the most frequently used ap-
proximation for the inner current contour in order to calculate filamentary persistent current
effects. It is therefore presented in detail in section 3.2. It should be noted that the result-
ing current contour from the model of Pang assumes no elliptical shape – a result which is
remarkable, since it is in contradiction to the later developed Wilson Model.

The inner current contour of a superconducting filament exposed to changing fields has
been determined numerically by R.A. Hartmann [13] (1989), for the calculation of AC losses
in multi-filamentary wires. The filament/wire magnetization is calculated for the fully pen-
etrated state. A Jc(B)-dependence is considered by applying the Kim-Anderson7 current
fit [14], resulting in a merely 5% deviation in magnetization loss compared with calculations
carried out with a constant Jc. Results on the calculation of losses for not only circular
but arbitrarily shaped filament cross-sections were considered by re-scaling with geometric
scaling factors.

The works of K.V. Bhagwat and P. Chaddah give numerical evaluations for the magnetiza-
tion of superconductors of various shapes exposed to an applied magnetic field. In [15] (1991),
an infinitely long superconducting cylinder is presented, however the critical current density
is assumed to be constant. The cylinder is a generalization of expressions given in [16] (1990)
for a sphere (also no Jc(B)-dependence considered). In [17] (1994), the authors presented the
field response and the magnetization of the same geometries including a Jc(B)-dependence
where Jc decreases exponentially with increasing B, and in [18] (1997), the same principle is
shown including the Kim-Anderson fit for the critical current density. Rotating fields are not
considered.

A combination of the Wilson Model with the Kim-Anderson current fit for the Jc(B)-
dependence is given by Y.N. Zhilichev [19] (2000). There, a piece-wise continuous current
distribution is used after dividing the cylinder cross-section into various layers and the mag-
netization of a superconducting cylinder exposed to a uniform transverse magnetic field is
calculated for changes of a homogeneous field. Also included is a hysteresis consideration by
calculating the branches in the first and second quadrants and then imaging the results into
the third an fourth quadrant in order to complete a full hysteresis loop.

In addition to the examples above, several numerical models with a discretized filament
cross-section for the calculation of filament magnetization exist, for example, the models of
E.H. Brandt [20] (1996) or L. Prigozhin [21] (1994). The models usually derive the inner

7The Kim-Anderson current fit describes the dependence of Jc(B) of hard superconductors expressed in a
simple formula. This fit is shown in greater detail in section 3.2, whereas the current fit function applicable
for NbTi superconducting material is introduced in section 2.3.
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contour of the current numerically. In case of the Brandt model, the magnetization is derived
by solving an integral equation and in such a way, the critical current density is determined
in the vortices of a regular discretizing mesh in the filament cross-section. The model has
been applied recently by Haverkamp et al. [22], [23], for example, for the calculation of the
magnetic decay and the snap back in LHC magnets [24]. In this application, filaments in a
fully penetrated state exposed to a change of a homogeneous field and to rotating fields are
investigated. The critical current density Jc(B) is assumed to be constant. The model of
Prigozhin uses a regular finite element discretization in the filament cross-section where the
cross-section has to have an axial-symmetry. Then, a variational problem is derived in order to
determine the free-boundary of the current profile in the filament. In case of two-dimensional
problems – such as rotating fields in the plane, the solution of the derived variational problem
corresponds to finding a minimum in the discretized equation. The critical current density is
held constant along the individual finite elements and during each solution step.

Approximate calculations of persistent current effects in magnets have been carried out,
for example, by R. Wolf [25] (1974), [26] (1992) for the LHC dipole magnets and in a similar
way by H. Brück et al. [27] (1989) for the calculation of the HERA dipole magnet. In both
cases, computer programs were developed which are based on a field mapping in the magnet
cross-section and then calculate the persistent current distribution by applying the Wilson
Model, for example, or a similar one. The calculations of Wolf are restricted to the fully
penetrated state. The influence of the iron yoke has in both cases been considered by means
of the imaging method and consequently iron saturation effects are not considered. The
Jc(B)-dependence is incorporated by an estimated fit curve whereas the repercussion of the
persistent current field is not included. The method of Brück et al. has later been extended
by M. Pekeler et al. [28] (1992) to an approximate calculation of rotating fields in a plane on
a single filament and has also been compared with measurements taken on a strand.

M.A. Green calculated persistent current effects already in 1972 [29] by assuming a rough
current distribution in the filament according to the Critical State Model. Together with
others they also considered compensations for persistent current effects, for example, by
means of passive superconductors in the aperture [30] (1988), [31] (1990), [32] (1991) as well
as ferromagnetic material in the composite superconducting strands [33] (1991).

V.V. Kashikhin and A.V. Zlobin calculated persistent current compensations without
modeling the single filament compensation. They linearly superimposed calculations with and
without persistent current influence with magnet geometries which included compensatory
elements [34] (1999), [35] (1999), [36] (2001) in the framework of the VLHC8 studies. The
application of compensatory elements and their calculation is discussed in chapter 8, where
also examples for the reduction and partial compensation of persistent current effects are
presented.

Some of the above-mentioned models are introduced in detail later-on and compared with
the outcome of the model and the calculations derived in this thesis in case it is deemed
appropriate.

8VLHC, the Very Large Hadron Collider; post-LHC accelerator studies.
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1.4 Scope of the Thesis

The major part of this thesis concerns the development of a magnetization model for su-
perconducting filaments such that it can be combined with advanced numerical field solving
methods, in order to calculate the influence of induced persistent currents on the magnetic
field inside the aperture of the coils of superconducting magnets.

The thesis consists of the following main parts:

Basics on Superconductivity and Existing Superconductor Models:

In chapter 2, a short introduction into superconductivity and a description of the supercon-
ducting state is given, followed by an introduction of the electromagnetic features of Type I
and Type II superconductors. The emphasis is put on the response of the different super-
conductor types on an externally applied field. The critical current density Jc – the decisive
parameter for Type II superconductors – is introduced and the features of this parameter
are explained in detail. Different current fit functions are investigated for superconducting
materials and the fit function as used for the LHC cable is presented. Already existing su-
perconductor magnetization models (Bean [10], [11], Wilson [8], Schmüser [9]) are discussed
and the hysteretic persistent current effect is explained.

Superconductor Modeling:

In a first step, a semi-analytical model for the calculation of the magnetization in individual
filaments in case of a change of a homogeneous external field is developed. Expressions are
derived which fully describe the response of a superconducting filament on the changing
external magnetic induction. The distribution of the screening field in the filament cross-
section and the induced magnetization are given. The model considers the source of the
filament hysteresis by physical means avoiding an artificial hysteresis model. Emphasis is
set on the fact that no material data from measurements is needed excepting values for the
critical current density Jc, which are usually available from the cable manufacturer. This
distinguishes the model from others which, for example, are performing an M(B)-fit and
therefore depend on magnetization measurements to be carried out over the complete field
range of interest. The outcome is compared with existing magnetization models.

Rotating Fields:

In the second part of chapter 4, the induced filament magnetization resulting from an applied
rotating field is calculated. Based on the one-dimensional model of a sweep of a homogeneous
field, an analytic expression for the magnetic induction in the filament cross-section due to
an applied rotating field is derived and the resulting magnetization from induced persistent
currents is determined. Again, the only input parameter is the critical current density Jc.
Further on, the difference in the resulting magnetization between the case of an applied
rotating external field and an applied change of a homogeneous external field is discussed.

Combining the Model with ROXIE:

For the computation of complete coil magnetizations in a magnet and the resulting induced
field errors, the magnetization model has been combined with advanced numerical field meth-
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ods as the FEM-method and the BEM-FEM-coupling method [37], [38], respectively. Both
numerical principles are available in the field computation program ROXIE9, which has been
used to compute the contribution of non-linear iron regions to the total magnetic field in the
aperture. The interface to the ROXIE program and the application of the hysteresis model
on each filament in the magnet cross-section is presented.

The M(B)-Iteration:

In order to consider the reactive effect of the coil magnetization on the applied field (reper-
cussion of the magnetic induction), an M(B)-iteration based on the principle of a fixed point
iteration has been worked out and programmed. An over-relaxation principle is used to ac-
celerate the convergence velocity and stabilize the convergence. The remaining error after the
iteration has been estimated. The principle of the M(B)-iteration is presented and the general
necessity of the iteration is shown by means of case studies. Depending on the vicinity of su-
perconductor and ferromagnetic regions in the magnet cross-section, the necessary frequency
of re-computing the iron regions in order to derive exact field computations is discussed.

Magnet Calculation:

The magnetization model has been used for the calculation of field errors in the LHC magnets.
In chapter 6, the LHC project and its magnet system are introduced and results are presented
for the LHC main dipoles, main quadrupoles and an orbit corrector magnet. The results have
been compared with measurements taken from magnet prototypes. The influence of changes
in the magnet ramp cycle on the induced field errors is presented exemplary for the LHC
main dipole.

Compensation of Persistent Currents:

A practical application of the developed method for the computation of superconductor mag-
netization is the incorporation of compensation principles in the design process for super-
conducting magnets. In the framework of this thesis, different compensation principles for
persistent current induced field errors are calculated such as thin ferromagnetic shims in
the magnet aperture or the insertion of passive superconductors. The computed results are
discussed and the limitations in the use of intrinsic compensation of persistent currents are
shown.

Hysteresis Loss Calculation:

Hysteresis losses can be calculated from the filament magnetization very precisely. As an
additional application, the calculation of hysteresis losses arising from the superconductor
magnetization of the filaments in general and the result for the LHC main dipole magnet are
presented.

9ROXIE, the Routine for the Optimization of magnet X-sections, Inverse field calculation and coil End
design has been created by Stephan Russenschuck at CERN.



Chapter 2

The Basics of Superconductivity

2.1 Models of the Superconducting State

Superconductivity was discovered by Kamerlingh Onnes in 1911 and denotes the loss of
resistivity of a material below a certain temperature Tc, the so-called critical temperature
of the material. The change from normal to superconducting state is characterized by an
abrupt drop in the resistivity of the material from a relatively high value (about 10 µΩ· cm
[3]) to a very low value (smaller than 1 fΩ· cm). The remaining resistivity is consequently
considered to be null. The graph of the original measurement of Kamerlingh Onnes is shown in
Fig. 2.1. In contrast to some of the other superconductor properties, the critical temperature

Figure 2.1: Superconducting resistance transition as discovered by Kamerlingh
Onnes. Picture taken from [39].

is an intrinsic material property, determined mainly by chemical composition and crystal
structure. In alloy materials as NbTi, it is relatively unaffected by metallurgical treatments.
The effort to reach higher critical temperatures momentarily focuses on third- and fourth-
element additions to already known high-temperature superconductors1. The development

1One useful way to distinct between high- and low-temperature superconductors is their cooling medium:
Low-temperature superconductors use liquid helium for cooling while high-temperature superconductors
operate with liquid nitrogen operating on a far more economic level. Nitrogen liquefies at a temperature
of 77 K [40].

11
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of a superconductor with a significantly high Tc-value does not only result in the obvious
advantage of savings in cryogenic, but also the other superconductor properties, namely
the critical current and the critical field scale with Tc. Therefore, even in cases where the
operational temperature is kept low, materials with a higher Tc offer, for example, enhanced
stability.

The superconducting materials that are technically relevant today (with respect to magnet
applications) differ fundamentally from the first generation of superconductors. Onnes used
pure soft metals, such as lead, tin and mercury, all of which are materials that are classified as
Type I superconductors, today. Together with their obvious property of zero resistivity at low
temperatures, Type I superconductors display the feature of flux expulsion (see section 2.2.1).
A completely different situation arises for Type II superconductors as is shown in section 2.2.2
after a brief introduction on models of superconductivity.

2.1.1 The Static Model of Superconductivity

In the static model of superconductivity [41], the superconductor is considered to be a lattice
of atomic residues with elastic properties in which the electrons, as the conducting party,
are moving freely. Due to the assumed elasticity, the atomic residues are not rigidly fixed
in resting positions, but can be displaced and in such a way are considered to be statisticly
oscillating around their resting positions.

Now two negative charges are introduced into this lattice of atomic residues while all
the other electrons are neglected. If the first electron passes between the positively charged
atoms of the lattice, the atoms are attracted towards its negative charge. Consequently, the
electron is creating a distortion of the lattice and thus a region of enhanced positive charge
that attracts the second electron to that area of positively charged concentration. This way,
the model describes an attracting interaction between two electrons which are then indirectly
bound2, resulting in a reduction of the repulsive force between the electrons (see Fig. 2.2)
due to the enhanced positive charge of the lattice around them.

Limitations of the model:

• The assumption of two single insulated negative charges presents a drastic simplification
that is somewhat unrealistic, and

• the moving electrons in the lattice of atomic residues experience high velocities and can
therefore not produce a static polarization of the lattice.

In spite of the fact that the electrons cannot produce a static polarization of the lattice,
the model holds qualitatively since the interaction between two electrons can be considered
as a polarization along their trajectory. The strength of the polarization now depends on
how fast the lattice of residues is able to follow the attracting effect of the moving electrons.
Hence the polarization depends on the eigen-frequencies of the lattice and therefore on the
total mass of the atomic residues at rest. Low frequencies correspond to heavy isotopes
that fulfill slow vibrations; the lattice residues are only able to slowly follow the polarizing
influence. Hence in the case of heavy isotopes, only a weak interaction and a small effect
takes place.

2A mechanical analogue of the above described static attracting interaction can be given by two small
spheres on an elasticly deformable membrane, such as a thin rubber sheet [41].



2.1 Models of the Superconducting State 13

+
+ +

-

P o s i t i v e l y  c h a r g e d  a t o m s

E l e c t r o n  p a s s i n g  t h r o u g h
i s  t h e  s o u r c e  o f  a  l a t t i c e  d i s t o r t i o n

`+
+ +

--

S e c o n d  e l e c t r o n  i s  a t t r a c t e d  t o  t h e  r e g i o n  o f  e n h a n c e d  
p o s i t i v e  c h a r g e  p r o d u c e d  b y  t h e  f i r s t  e l e c t r o n .

+

+

Figure 2.2: Static model of the superconducting state. As electrons pass be-
tween the lattice’s positively charged atoms, these are attracted
inwards, creating a region of enhanced positive charge that at-
tracts a second electron to that area.

This also corresponds to the BCS-theory [39] (which is briefly explained in the next sec-
tion), where the interaction of the electrons with the lattice by polarizing effects is explained
by an energy reduction seen by the second electron. One can imagine, that the second elec-
tron follows the polarization track of the first and therefore lowers its energy because it finds
the lattice in an already polarized state. This means, the correlation of two electrons by
distorting the lattice of residues presents an energetically preferred state, what is exactly the
effect which is described by the BCS-theory.

2.1.2 The BCS-Theory

The central idea of the BCS-theory is the combination of single free electrons to so-called
Cooper-pairs3. BCS is an abbreviation and stands for the initials of the three persons,
who developed this theory: Bardeen, Cooper and Schrieffer. A Cooper-pair consists of two
electrons with equal and opposite momenta (p1 = −p2) which correlates them uniquely by
anti-correlation. Since single free electrons are fermions, the joining electrons of a Cooper-
pair must have opposite intrinsic rotational momenta and merge to a zero-spin particle4. The
existence of Cooper-pairs in the lattice can be understood by using the principle of exchange
interaction: The exchange of a third particle, a phonon, results in an attraction and leads to
a binding of the particles and pair-formation of a Cooper-pair. The exchanged phonons are
said to be virtual because they only exist during the exchange, but do not have the possibility
of passing away from the electrons into the lattice and cannot exist as real phonons.

The tendency of integral spin particles, called bosons, to preferably occupy a state which
is already occupied by other bosons yields one single quantum-mechanical state which means

3Cooper was first to prove that one of the features of a superconducting electron pair (Cooper-pair) is to
cause a reduction of energy of the system and therefore is an energetically preferred state.

4Then the Cooper-pair itself is a boson.
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that all Cooper-pairs are identical in their physical properties. The existence of one single
quantum state for the unity of the Cooper-pairs is supported by the great correlation between
single pairs. A coherence length ζco exists, which denotes the mean separation distance at
which a pair correlation becomes effective. This distance holds between 100 and 1000 nm
for a pure superconductor. Intuitively one can say that ζco can be considered as the average
size of a single Cooper-pair. This size is large compared with the mean distance between
two conduction electrons which amounts to a few 10−1 nm. Hence the Cooper-pairs overlap
heavily. In the region of one pair, there are 106 to 107 other electrons which are themselves
correlated into pairs. Under the influence of an external electric field the Cooper-pairs are
accelerated and get a momentum since they are charged with −2e, where e is the elementary
electric charge. It is important to note that all Cooper-pairs acquire the same momentum
while staying in the same quantum state. A fact, that makes it impossible for single Cooper-
pairs to change to another quantum state. Therefore an interaction of single Cooper-pairs
with the lattice by momentum exchange cannot take place and a non-resistive transport of
charge builds up.

The transition from one quantum state to another is possible for the unity of Cooper-pairs
only when the Cooper-pair-relation is broken; in this case the external energy must exceed the
binding energy of the pairs. This corresponds to an increase in momentum to a critical value.
The principle demonstrates the existence of a critical current density in superconductors,
where the excess of this critical current density yields the break up of the Cooper-pairs and
the onset of interaction between the now free electrons and the lattice residues. For details
see [41], [42], for instance.

2.2 Type I and Type II Superconductors

Superconducting materials can be separated into two general groups by identifying the way
an externally applied magnetic field penetrates the material. As will be shown in the next
section, the first group (the so-called Type I superconductors) completely expel any externally
applied magnetic field, whereas Type II superconductors allow the field to enter in quantized
flux tubes. In this section, the main difference between this two groups is explained.

2.2.1 Type I Superconductors

In 1933, Meissner and Ochsenfeld discovered that a superconductor exposed to a magnetic
field and cooled below its critical temperature expels the magnetic flux which tries to pen-
etrate the material (so-called Meissner-Ochsenfeld-effect). They also showed that this flux
expulsion arises regardless of whether the material is already in a superconducting state when
the field is applied or if it is cooled down in a pre-existing magnetic field configuration. Their
experiment confirmed for the first time the existence of one single superconducting state
denoted as the Meissner phase. Superconductors inherent of the behavior of field expulsion
are called Type I superconductors. They act as perfect diamagnets in such a way as sur-
face currents are induced that precisely cancel any magnetic field inside the material. These
screening currents penetrate up to a certain depth, known as the London penetration depth5

5The value of the London penetration depth of Type I superconductors is usually measured; numbers
can be found in textbooks as, e.g., [43]. The calculation of the London penetration depth requires the
knowledge of the charge concentration in the material. From the penetration depth and the critical
current density in this layer, the absolute value of the magnetization resulting from this current layer can
be determined. However, the value is the equivalent to the critical screening field Bc, which can as well
be measured directly. For NbTi, the London penetration depth is measured to be λL= 39 nm.
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λL. They can be considered the source of a magnetic moment m and a magnetization M
can be introduced such as M = m/V , where V is the volume of the sample. Ignoring the
finite thickness of the surface current layer and considering an integral unit of the sample
then makes the magnetization correspond to that of an ideal diamagnet with a susceptibility
χ = −1. The magnetization increases proportionally to the applied field until the applied
field exceeds a certain value (the so-called critical field Bc) which causes a jump back of the
superconductor into the normal conducting state. Above Bc, in the normal conducting state,
the applied field fully penetrates the material. The shielding capacity is therefore limited.

Figure 2.3: Left: Phase diagram of Type I superconductors. The supercon-
ducting and the normal conducting state are separated by the
Bc(T ) curve. Right: Course of the magnetic induction after ap-
plying an external field to a Type I superconducting slab. The
Meissner phase is penetrating the superconductor while the inte-
rior remains field free.

The superconducting state of Type I superconductors is characterized by zero magnetic
flux within the material (except for the thin layer of screening current). Figure 2.3 (left)
shows the B/T -plane of the phase diagram of Type I superconductors where the Bc(T )-curve
separates the superconducting from the normal conducting area. On the right-hand side of
Fig. 2.3, the decrease of the magnetic field in the x/y-plane by means of a screening current
in the Meissner phase is shown qualitatively for an infinitely long superconducting slab. This
way, no end effects have to be considered. The applied external field Bext is oriented in the
y-direction.

Macroscopically a magnetization arises due to the induced current. However, from the
outside it cannot be decided whether the magnetization results from diamagnetism (hence
atomistic currents) or from supercurrents in the Meissner phase. Therefore, the magnetization
can be calculated by assuming the susceptibility of an ideal diamagnet:

M = χ
B

µ0
= − B

µ0
. (2.1)

As long as the critical field is not reached, the magnetization stays fully reversible as indi-
cated by the arrows in Fig. 2.4. Table 2.1 shows the critical field values of typical Type I
superconductors.



16 Chapter 2 The Basics of Superconductivity

Figure 2.4: Magnetization of a Type I superconductor as function of the ap-
plied magentic induction B. The magnetization stays fully re-
versible for an applied magnetic inductions below the critical field
Bc. For the example of the superconducting slab, no end effects
have to be considered.

Table 2.1: Critical field values Bc of some typical Type I superconductors (val-
ues taken from [3]).

Element Tc (K), B = 0 T Bc(T), T = 0 K

Pb 7.19 0.0803
Sn 3.72 0.0305
Ti 0.40 0.0056
Nb 9.25 0.2060

The fact that there is no magnetic field inside a Type I superconductor excludes the
existence of a current in the interior as well; therefore no transport current is possible in these
superconductors, limiting their utility. Today, all the technically relevant materials which are
used for cables in superconducting magnets, including high temperature superconductors, are
Type II materials.

2.2.2 Type II Superconductors

The main difference between Type I and Type II superconductors is that a Type II super-
conductor allows flux penetration while remaining in the superconducting state. This flux
penetration starts at a value denoted as the lower critical field Bc1 of Type II superconduc-
tors. The Bc1 value is usually considerably smaller than the critical field Bc of a Type I
superconductor whereas the material remains superconducting up to a much higher field
value, the so-called upper critical field Bc2 of Type II superconductors.

For applied fields below Bc2, however, the flux does not enter continuously but by means
of quantized flux tubes, so-called vortices. These vortices are able to move freely inside the
material and possess a normal conducting core, while the surrounding area stays supercon-
ducting. Each flux tube is surrounded by circular supercurrents that screen the magnetic
field in the core from the rest of the superconducting material. Due to the co-existence of
superconducting and normal conducting regions, this state is called the mixed state.

Figure 2.5 shows the B/T -plane of the phase diagram for Type II superconductors, indi-
cating qualitative values. Also shown in the plot is a typical Bc(T )-curve of Type I super-
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Figure 2.5: Left: Phase diagram of Type II superconductors. The supercon-
ducting and the normal conducting state are separated by the
Bc2(T ) curve. Right: Progression of the magnetic induction af-
ter applying an external field to a Type II superconducting slab.
The external field is raised from 0 to a value Bext in the range
Bc1 < Bext < Bc2, and kept small enough to let the interior stay
field free.

conductors for comparison.

The normal conducting core of a flux tube contains exactly one quantum of magnetic flux
Φ0, the so-called flux quantum. The value of such a flux quantum is an universal constant
and equals:

Φ0 =
h

2e
≈ 2.0679 10−15 Vs,

where e denotes the charge of an electron and h is the Planck’s constant.

The flux tubes are oriented parallel to the applied field, as illustrated in Fig. 2.6, and
they exist for field values in the range Bc1 < B < Bc2. Any increase of external field within
this range yields an increase in the number of flux tubes penetrating the material until Bc2

is reached.

In case the Type II superconductor did not undergo any further treatment, the vortices
are able to move freely in the material arranging themselves in a triangular flux pattern as is
shown in Fig. 2.6 (assuming the absence of transport currents). This triangular flux pattern
was first recognised by Essman and Träuble [44] who decorated the surface of a superconduc-
tor with metallic powder (evaporated iron) after applying an external magnetic induction.
The powder, being attracted by the strongest magnetic field, illustrated the remanent flux
pattern.

The magnetization of a Type II superconductor is qualitatively shown in Figure 2.7.
Here, the magnetization increases until the lower critical field Bc1 is reached at which the
superconductor goes into the mixed state. Further increase in the magnetic induction results
in a decreasing magnetization which becomes zero when the upper critical field Bc2 is reached
and the superconductivity vanishes. The difference in the behavior compared to Type I
superconductors is the gradual transition from the maximum magnetization at Bc1 to the
zero value reached for Bc2. The shape of the curve in the range of Bc1 < Bext < Bc2 can be
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Figure 2.6: Type II superconducting plate with externally applied field. The
flux penetrates in quantized flux tubes arranged in a triangular
pattern. The side view shows the magnetic flux channeled through
the tube and the induced surrounding screening currents. For the
example of the superconducting slab, no end effects have to be
considered.

explained by thermodynamic considerations as is shown in the appendix A.3.

Figure 2.7: Magnetization of a Type II superconductor as a function of B.
The magnetization stays fully reversible for applied magnetic in-
ductions below the critical field Bc2. Note that the value of Bc1 is
much smaller than Bc2.

An externally applied transport current can be carried in the material by reshaping the
vortex distribution and adding up the circulating supercurrents of the flux tubes. This allows
a Type II superconductor to keep a transport current as long as the total current does not
locally exceed the critical current Ic.

However, the applied transport current exerts a Lorentz force on the flux tubes causing
them to move. The movement of flux lines under this force dissipates energy, which is heating
the superconductor, raising the temperature above Tc and driving it into normal conducting
state. Therefore, flux movement has to be avoided, a fact, that means a restriction in the
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use of superconducting material. Metallurgical treatment is required which changes the
characteristics of an untreated Type II superconductor by producing certain defects, for
instance in form of deformations in the atomic lattice. These defects act as pinning centers,
preventing the movement of the flux tubes. In general, one distinguishes two different types
of defects: The substitutional type where the atoms of the solute substitute the solvent at
random points of the lattice and the interstitial type of solution where the atoms of the
solute are present in the interstices of the solvent lattice. Most common in superconducting
alloys is the precipitation of α-Ti as is used in NbTi, for example. Ti in the α-phase6 is not
superconducting and hence builds flux pinning sites [45], [46]. Further, the movement of flux
lines being not pinned explicitly is reduced due to their interaction with flux lines that are
actually pinned.



200 nm

Figure 2.8: Micro-photographs of superconductors showing the pinning cen-
ters. Left: Conventional pinning centers which consist of α-
titanium (white parts); Right: Artificial pinning centers made of
pure niobium (black parts). The picture gives an idea of the diffi-
culties arising when a microscopic modeling is attempted. Pictures
with the courtesy of D.C. Larbalestier (University of Wisconsin,
USA).

In some cases, special impurities are additionally implanted (so-called artificial pinning
centers) in order to increase the pinning, but this method is not used except in laboratory
studies, so far [45].

During the strand/cable production process, the material undergoes a series of hard work-

6The α-phase denotes a terminal solid solution that has the structure of one of their component metals,
Nb in this case. Nb is a body-centered cubic (bcc) metal and since Ti undergoes a transition from a
hexagonal close-packed (hcp) lattice to a bcc lattice, the solid solution alloy is a preferred state. See,
e.g., [45] for details.
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ing such as drawing and rolling and as a result these materials finally become hard, hence
those superconductors are sometimes denoted as hard superconductors.

Figure 2.8 shows a micro-photograph of a structure of pinning centers: Conventional
pinning centers are indicated by the white domains (left side) and artificial pinning centers
are shown on the right-hand side. The maximum pinning strength of the material keeping
the flux lines from moving is the key factor in determining the maximum of current that can
be carried by the material. However, in the framework of this thesis the interesting point is
not the optimal distribution and size of the pinning centers, but to develop a model which
works on a macroscopical level. From the structure presented in Fig. 2.8 it is obvious that
any microscopical modeling must be considered as extremely difficult, if not impossible and
therefore was not pursued any further.

In this thesis, when superconductivity is mentioned, hard superconducting materials are
referred to, if not indicated otherwise.

2.3 The Jc(B,T)-dependence

In order to describe the behavior of a Type II superconductor in an applied field, not only
the magnetic induction Bext and the operating temperature T have to be given, but also the
critical current density Jc. The critical current density Jc of a Type II superconductor is
the maximum current density a superconductor can keep without migrating into normal con-
ducting state. Different functions for expressing the critical current density Jc are introduced
in this section.

The dependence of Jc on the other parameters is best characterized by its critical surface,
presenting Jc as a function of T and B. From material science, it is known that the total
magnitude of the critical current density depends on the upper critical field Bc2 and the
critical temperature Tc, entities which are intrinsic properties of the alloy. Further, Jc is
also a function of the applied strain ε and of metallurgical properties (such as the amount of
pinning centers resulting from a metallurgical treatment like cold working, etc). The latter
are extrinsic properties of the alloy and depend on the metallurgical state. In the following, a
fit function for the critical current density of NbTi is derived which can be incorporated into
the magnetization model, reproducing the dependencies on the temperature and the applied
magnetic induction.

The strain dependence of the critical current density Jc(ε) has been investigated by
J.W. Ekin [47] (1981) who developed a strain scaling law for a variety of superconduct-
ing materials, including NbTi and Nb3Sn. He derived the following expressions for the upper
critical field and the temperature as a function of the strain ε:

Bc20(ε) = Bc20m(1 − a|ε|1.7), Tc0(ε) = Tc0m

(

1 − a|ε|1.7
)3

. (2.2)

Here, the entity Bc20 denotes the upper critical field at T=0 K, and Tc0 the critical tem-
perature for B=0 T. The parameters Bc20m and Tc0m denote the maximum values of the
upper critical field Bc20 and the critical temperature Tc0 at zero intrinsic strain whereas the
parameter a is a constant whose value depends on the considered strain interval7.

A direct temperature dependence of the critical current density Jc(T ) is given by

7Two intervals are distinguished: a ≈ 900 for ε below zero and a ≈ 1250 for positive values of ε.
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M.S. Lubell [48] (1983):

Jc(T ) ∼
(

1 −
(

T

Tc0

)n)

.

Lubell also gives an expression for the upper critical field dependence to:

Bc2(T ) = Bc20

(

1 −
(

T

Tc0

)n)

, (2.3)

setting the exponent n in both equations to 1.7.

The results of Ekin and Lubell are combined by Summers [49] (1991), in order to derive
a general equation for the determination of the critical surface of Nb3Sn, which besides
the strain- and temperature dependence also considers a radiation damage dependence8.
Following Summers, the expression of Jc for Nb3Sn reads:

Jc(B,T, ε) = C(ε) (Bc2(T, ε))−1/2
(

1 − t2
)2

b−1/2 (1 − b)2 , (2.4)

where b = B/Bc2(T, ε), t = T/Tc0(ε). (2.5)

Neglecting the strain dependence and inserting Eqs. (2.5) allows a re-formulation of
Eq. (2.4) and yields a Jc(B,T )-dependence:

Jc(B,T ) ∼ B
1/2
c2 (T )

1

B

(
B

Bc2(T )

)1/2 (

1 − B

Bc2(T )

)2
(

1 −
(

T

Tc0

)2
)2

︸ ︷︷ ︸

f(T )

. (2.6)

Note that the resulting dependence of the Jc-function on the temperature is two-fold:
First explicitly by means of the last term f(T ) and then also indirectly by the definition of
the critical field Bc2 according to Eq. (2.3).

Equations (2.4) and (2.6) are applied by L. Bottura [50] (1999) as a basis to replace the
function of the critical current density with a current fit jc(B,T ) = Jc,ref f(B,T ). Bottura
introduces four fit parameters into the equation for the fit function f(B,T ) that results in a
dimensionless fit which reads:

jc(B,T ) = Jc,ref f(B,T ) = Jc,ref
C0

B

(
B

Bc2

)α (

1 − B

Bc2

)β (

1 − (
T

Tc0
)n
)γ

. (2.7)

The fit parameters are set to be:

fit parameters
Bc20 = 14.5 T (upper critical field) C0 = 27.04 T
Tc0 = 9.2 K (critical temperature) α = 0.57

n = 1.7 (number from Eq. (2.3)) β = 0.9
γ = 2.32

Table 2.2: Parameters of the fit function f(B,T ) according to Bottura.

8Summers accounted for radiation damages by changing the expressions for Tc0 and Bc0. Since radiation
damages are not considered here, these expressions have been omitted.
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The fit function f(B,T ) has to be multiplied with the reference value Jc,ref = Jc(5 T, 4.2 K)
to obtain the current fit.

This way, a jc(B,T )-surface for NbTi cables could be plotted by applying this fit function
f(B,T ), and an expression could be given for the NbTi cables that are used in the LHC main
dipole and quadrupole magnets. In any case, the dependencies of Jc(B,T ) on strain- and
radiation damages are neglected. The entity Bc2 follows from Eq. (2.3).

Figure 2.9 shows the critical surface that results from Eq. (2.7) with the above-mentioned
fit parameters. Note that the function for the critical current density is given by small letters
if the current density is expressed by a fit function (instead of capitals). In Figure 2.10, the
dependence of jc on the magnetic induction and on the temperature are presented explicitly.

Figure 2.9: Surface of critical current density for NbTi resulting from the cur-
rent fit function jc(B,T ) which is given in Eq. (2.7). Included are
the fit parameters which are given in the table 2.2.

As can be seen from the curves in Fig. 2.10 (left), the current fit for the critical current
density possesses a pole at B = 0 and shows a sharp decline with increasing magnetic induc-
tion. Only little variation can be observed in the jc(B)-dependence for different temperatures
(indicated in the legend). Almost no changes can be seen for fields above 0.8 T with varying
temperature and also for the extreme low field range (below 0.05 T), only a small variation
exists. A change in the slope of the curve can be observed in the range of 0.05 to 1.5 K for the
presented temperature values between 1.9 and 4.2 K. All curves approach the same jc value
for high fields independent of the actual temperature as long as the temperature remains in
the cryogenic range.

Figure 2.10 (right) presents the variation of jc(T ) for different values of the magnetic
induction B. Here, a strong dependence on the applied field is observed. As expected, the
critical current density increases with decreasing applied magnetic induction (indicated in
the legend) for all temperatures in the cryogenic temperature range. Also an increase in the
variation of jc over the presented temperature range can be observed for lower magnetic in-
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Figure 2.10: Left: Critical current density jc, expressed by a fit function, ver-
sus the total magnetic induction B for different temperatures T .
The function shows a pole for B = 0 that, however, cannot be
reached in practice, due to the self-field of a superconducting fila-
ment; Right: jc versus the operating temperature T for different
values of the total applied magnetic induction B. For the cal-
culation of the magnetization that is shown in chapter 4, T is
assumed to be held constant at 1.9 K (red curve in left plot).

ductions. However, the jc(T )-dependence resulting from such a strong temperature variation
is not critical since T usually stays stable in the range of ∆T < 0.3 mK. Note that in Fig. 2.10
(right), T covers a great range from 0.5 K to 4 K.

The current fit, jc(B,T ), of Bottura is used in the framework of this thesis for the cal-
culation of superconductor magnetization effects in the LHC main dipole and quadrupole
magnets which are both wound from NbTi cables. A strain dependence is not considered
whereas the temperature dependence is kept in the function and the temperature is assumed
to be held constant at 1.9 K. The outcome of these calculations is presented in section 6. The
ranges for the fit parameters α, β, γ are given by Bottura as: α in the range of 0.5 to 0.8, β
around 1 and γ in the range of 2. The Figures 2.11, (left, middle, right) present the critical
current density jc (from the fit function) versus the magnetic induction B as a function of the
dependencies on the fit parameters α, β and γ. As can be seen from the plots, the extreme
low field range is determined mainly by the fit parameter α, whereas γ defines the bending
of the increasing slope as a function of decreasing field. The fit parameter β dominates the
medium and high field range and therefore influences the width of the resulting magnetization
curve, which is also responsible for the amount of hysteresis losses, especially at high field
(see section 7.4 for details). Note that the ranges of jc(B) and B vary in the three plots.

The main flaws to be found in most models of filament magnetization are not only the non-
physical negligence of the dependence of the critical current density on the externally applied
magnetic induction B, moreover, most of the models also neglect the variation of Jc inside the
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Figure 2.11: Fit function of critical current density jc versus the magnetic
induction B depending on the dimensionless fit parameters α, β
and γ.

material9. Due to the screening properties of Type II superconductors, the magnetic induction
in the filament cross-section decreases from the outer filament border to the interior and is a
function of the filament radius. Since Jc increases as is shown in Fig. 2.11, (left) according to
the fit function given in Eq. (2.7), any decrease in B(r) corresponds to an increase of Jc(r).
This local variation of Jc(r) in the filament cross-section is self-included in the magnetization
model, in case a of direct consideration of the Jc(B)-dependence. However, Zhilichev [19], for
example, considered a piece-wise continuous distribution of critical currents in a discretized
filament cross-section such that the Jc(B)-dependence indirectly enters the expressions for
the resulting magnetic induction and the superconductor magnetization of the filament. The
above-mentioned direct consideration of the Jc-dependence in the magnetization model will
become more clear from the derived formulas presented in chapter 4.1, where also the behavior
of B(r) is described in detail. As can then be seen in the Figs. 3.7 and 3.8, the surface fit for
Jc versus B determines the shape of the magnetization curve in the quadrants.

The main advantage of the fit curve presented above, is that it applies to a field range
from 0 T to 9 T and hence covers the total operating range of most magnets10. It also applies
to very low fields. However, no analytical solution could be found for the integration of
the fit function. The fit function has therefore been approximated locally around the actual
value of the applied magnetic induction by means of an inverse square root dependence. The
approximation reads:

jc(B,T ) = jc(Bext, T )

√
Bext√
B

, (2.8)

where jc(Bext, T ) is the value of the current fit curve which is hereby approximated by a
square-dependence in each point in order to obtain integrable equations.

For the sake of completeness, also the current fit function of Kim and Anderson [14] is
described here. Kim and Anderson suggested a Jc(B)-dependence following a power series

9As is shown in section 3.1, the Critical State Model does not consider any Jc-dependence at all, whereas
the model of Wilson, described in section 3.2, considers the dependence of Jc on the external field, but
not the local variation of the field in the filament cross-section.

10The fit will be used for the calculation of the LHC main magnets being powered up to a main field of
8.5 T, for instance. See chapter 6 for details.
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expansion of

α

Jc
= B0 + B + a2B

2 + a3B
3 + ...,

which results in the known expression for the critical current density

jc(B) =
α

B0 + B

assuming the coefficients a2, a3, ... to be sufficiently small. The remaining fit parameters are
B0 and α, B denotes the external magnetic induction. Due to its simplicity the Kim-Anderson
current fit function is very often used for the calculation of superconductor magnetization.
However, as shown in section 3.2 where the Wilson Model is applied, in case of the LHC
dipole magnet, which is taken as exemplary, the fit function only moderately reproduces the
measurements taken on the superconducting strand.

It should be emphasized here that for the magnetization model presented in chapter 4 the
geometrical data of filament and strand are needed. Besides this values, only the current fit
function has to be chosen in order to determine the strand magnetization. The fit function
can usually be derived by critical (transport) current measurements (for instance, by means
of the ‘hairpin-method’ [3], [8]). Critical current measurements are the most frequently per-
formed measurements of superconductor properties. Measurements of this kind are carried
out routinely from both sides, by the cable manufacturers as well as the magnet producers in
the framework of the cable quality control. They are therefore mostly easily available. Since
the samples are usually tested by means of applying a magnetic field at right angles to the
strand longitudinal axis, the situation well covers the applications in magnet construction.
At CERN, there are four test stations for critical currents that regularly test strands from all
cables for the LHC. Values for critical currents can also be received indirectly from magneti-
zation measurements. In this case, only the results from the measurement from one up-ramp
cycle11 is needed.

11The up-ramp cycle received from magnetization measurements should ideally be a non-initial state curve,
in order to get fit values of the low field range. However, this is no stringent condition. A fit function
can be received from initial state curve data as well.
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Chapter 3

Superconductor Models for
Filaments

In this chapter, the Critical State Model and the Wilson Model for the determination of
superconductor magnetization are described. The two models as well as the magnetization
model which is developed in the framework of this thesis express superconductivity macro-
scopically, which means finding global parameters for its description. Therefore all models
admittedly lack microscopic rigor. In this way, the models approach superconductivity from
an engineering point of view, keeping in mind that the aim is to calculate and predict the
behavior of superconducting magnets, rather then finding a theory to be used by material sci-
entists. Hence, the aim is the development of a model which can be derived from reasonable
assumptions and which shows a good agreement with the experimental situation.

Figure 3.1 shows the magnetization curve as measured on a superconducting NbTi strand
which is designed for the outer coil layer of the LHC main dipole. The resulting magne-
tization curve is already here presented in order to give an idea of the expected response
if a superconducting filament or strand is exposed to an externally applied magnetic field.
The plot shows a sweep in applied magnetic induction from 0 T → 1.5 T → -1.5 T → 0 T
for a strand with 8900 filaments of radius 3.5 µm yielding a Cu/Sc-ratio1 of 1.95. Starting
from zero, the magnetization follows the initial state curve. The superconducting filaments
shield their interior against the applied magnetic induction. The magnetization follows the
so-called shielding branch. A change in the direction of the applied magnetic induction raises
a reversely oriented current layer penetrating the filament from the outside. The hysteresis
arises due to the already existing currents in the interior which remain and are therefore
denoted trapped currents. The magnetization follows the so-called trapping branch. The
decrease of magnetization with increasing field results from the dependence of the critical
current density on the field. This effect and the hysteresis behavior can be well observed in
the measurements.

In order to determine field errors in a superconducting magnet, any calculated fila-
ment/strand magnetization has to be combined with general field calculation programs for
the computation of a magnet cross-section. This allows to consider the properties of the ma-
terials used in magnet construction. Hence, an additional objective is to derive a model for
superconductor magnetization which can easily be incorporated into the field computation

1The Cu/Sc-ratio denotes the volume ratio of the matrix material (copper (Cu)) and the superconducting
material (niobium titanium (NbTi)).

27
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Figure 3.1: Measured magnetization curve for a superconducting NbTi strand
of an LHC main dipole magnet [51]. Starting from zero, the
magnetization first follows the initial state curve. Each filament
shields its interior against the applied magnetic induction (shield-
ing branch). Due to the non-reversible properties of Type II super-
conductors, the magnetization produces a hysteresis by raising a
reversely oriented current layer, when the direction of the applied
magnetic induction changes. The hysteresis arises due to trapped
currents in the interior and the magnetization follows the so-called
trapping branch.

program ROXIE [52] in order to combine it with finite element solvers for magnet calcu-
lation. ROXIE is an abbreviation for Routine for the Optimization of magnet X-sections,
Inverse field calculation and coil End design and has been created by Stephan Russenschuck
at CERN. The program is used for the electromagnetic design of the superconducting main
magnets for the LHC. One important key factor in the ROXIE program is the use of advanced
numerical solvers which avoid the meshing of the superconducting coil. This is advantageous,
since any coil modeling in finite elements has to be carried out with extreme accuracy due
to the fact that the field quality in the aperture of a superconducting magnet is dominated
by the source current distribution. The magnetization model to be developed here has to be
such as to not violate this principle.

Further, the model should rely only on some characteristic input parameters in order to
avoid the calculation of the magnetization by means of curve fits based on measurements.
As will be shown in this chapter, the developed model calculates the magnetization from one
input function only (which describes the critical current density) and the geometrical data of
the filament.

In principle, three decisive parameters exist that define the difference in the models in-
troduced in this chapter:

• The function for the critical current density Jc and its field dependence. The criti-
cal current density is the maximum current density a superconductor can keep before
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transition to the normal conducting state,

• the critical field Bc2 which is a function of temperature, and

• the penetration field Bp which denotes the value of applied magnetic induction at which
the superconductor reaches full penetration.

In addition, all three models give different expressions for the entity Bp1, which presents the
value of the external magnetic induction when the modulus of the filament magnetization
passes through its first maximum during up-ramp on the initial state curve (see also Fig. 3.1).
Bp1 therefore gives a measure of the total maximum value of magnetic flux that can be
shielded by the superconductor on the initial state curve. Also the parameter Tc, denoting
the critical temperature of a superconductor is of importance due to its influence on the
critical current density, as is already shown in chapter 2. In the framework of the studies
carried out here, local temperature distributions, along the cable cross-section, for example,
will not be considered, rather a constant operating temperature is assumed. For the LHC,
for instance, the operating temperature is set to 1.9 K.

3.1 The Critical State Model

The Critical State Model was developed by C.P. Bean (1964) for a slab of hard supercon-
ductor material. Bean [10], [11] treated the superconductor macroscopically, considering only
two possible states of current density: The density is either zero or equal to the maximum
current density ±Jc which is then called the critical current density. The orientation of Jc fol-
lows from the right-hand law. The Meissner phase and the dependence of the current density
on the position in the superconductor cross-section, as well as on the magnetic induction, are
not considered although Bean qualitatively described these dependencies in his publications.
In case the critical current density Jc flows everywhere in the specimen, it is said to be in
the critical state. Figure 3.2 follows from Bean’s publication [11], showing a superconducting
slab of width D.2. The slab experiences an applied magnetic field H, where H∗ denotes the
maximum screenable field which is reached when the material gets fully penetrated. The
magnetic field H∗ then corresponds to the magnetic induction Bp/µ0 for a filament (see also
section 4.1). In case of a slab with a constant critical current density, the maximum screen-
able field is reached at full penetration (Bp = Bp1). However, as will be shown later, this
is not necessarily the case and the resulting calculated screening field depends on the super-
conductor model. The maximum screenable field, for example, is dependent on the course
of the Jc-function at low field and therefore its evolution depends on the method of how the
critical current density is included into the model. It is obvious, that the value of the com-
puted maximum of the screening field depends on whether Jc is held constant or considered
as field-dependent.

In the Critical State Model, the relationship Jc(B) is determined by the magnetic field
only insofar as the critical current density Jc follows a step function which is reached even
for small variations and does not change for different H-values as long as they are different
from zero. Thus, Jc is constant along the cross-section of the superconductor and only the
penetration depth varies if the external field changes.

2Note, that Bean used the magnetic field H instead of the magnetic induction B in his publications – this
principle is followed for the explanation of the Critical State Model, only.
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Figure 3.2: Application of the Critical State Model: Left: Superconducting
slab of width D with an external magnetic field H applied on the
outside according to Bean. The magnetic field constantly rises
from 0 → H∗/2 → H∗ → 2H∗. Right: Associated distribution of
the critical current density Jc with respect to the H distribution
shown on the left. The plots are taken from [11].

The plots in Fig. 3.2 qualitatively show the magnetic field distribution inside a slab of
width D (left) for three different values starting from H = 0. The associated current density
Jc is shown in the right plot of Fig. 3.2. The external magnetic field H is increased from
0 → H∗/2 → H∗ → 2H∗. In the more general case, when the applied magnetic field changes
orientation, additional current layers are generated as shown in Fig. 3.3, state (e).

Thus the magnetic field in the interior of the slab which is extended infinitely in the y-
and z-direction, derives from Maxwell’s Equation for magnetostatics, ∇×H = Jc, by solving
the simple differential equation:

∂Hy

∂x
= Jc. (3.1)

If the applied field is oriented into the y-direction of the coordinate system, the critical current
density will point into the z-direction, according to the right-hand law for a slab with the
width D in the x-direction. Eq. (3.1) is valid in the plane of the slab cross-section and the
critical current density Jc = Jz is constant, according to the model. Thus the magnetic field
inside the slab results to:

Hy = Jc |x| + H0.

Here, the integration constant H0 represents the offset of the H-curve with respect to the
null value, in case the external field exceeds the maximum screenable field of the slab. The
penetration field Bp = µ0Hp, defined as the value which is reached when the superconductor
gets fully penetrated, reads:

Bp = µ0Jc
D

2
.

As already mentioned, the maximum screening field is identical to Bp for the Critical State
Model. It will be shown in section 4.1.13 that for the more general case of a superconducting
cylinder, when a Jc(B(r))-dependence is considered, the maximum screening field is reached
before the cylinder is fully penetrated. It should be noted that the above given equations
are describing one upramp cycle, only. In Fig. 3.3, the field and current distribution for an
upramp and down-ramp cycle are shown.



3.1 The Critical State Model 31

( a ) ( b ) ( c )

( d )

( e )

B

B

J

J c
m a x

J c
m a x-

B p

0 0

0 0

0 0

00 0
( f )

e x t

e x t

Figure 3.3: Superconducting slab which is exposed to a one-dimensional exter-
nal field for different penetration states as derived from the Crit-
ical State Model. The slab dimension parallel to the orientation
of the applied field extents to infinity. Top: Jc-profiles in the slab
cross-section; middle and bottom: Distribution of critical current
density Jc and magnetic induction B = µ0H along the slab axis
in the cross-section. The axis is perpendicular to the applied field
orientation. Note, that due to the field independent current den-
sity in the slab, the penetration field always presumes the same
slope.

Figure 3.3 shows the cross-section of a superconducting slab being exposed to a sweep of
a homogeneous external field which results in different penetration states according to the
Critical State Model:

(a), (b) Initial state curve, not fully-penetrated. The external field is raised from zero
to a value below Bp, leaving a field free region inside the filament.

(c) Initial state curve, fully penetrated. The external field assumes the value Bp.
(d) Initial state curve, fully penetrated. The external field assumes a value ≥ Bp.
(e) Reduction of external field when the field previously has been increased from

zero to a value ≥ Bp once before. This results in the development of an
additional layer. In the magnetization curve, a hysteresis arises due to the
remaining current distribution in the center of the filament.

(f) Fully penetrated state (the external field assumes a value ≥ Bp) after reducing
the external field.
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Figure 3.4: Normalized superconductor magnetization M/Mp of a NbTi fil-
ament versus the external magnetic induction according to the
Critical State Model. Mp indicates the magnetization at maxi-
mum screening field Bp1 = Bp. The magnetization of the different
states [(a)-(e)] described in Fig. 3.3 are indicated in the plot.

Although Bean merely considered a slab, the behavior of a superconducting cylinder
can now be described by adopting this model to the cylindric shape of the superconducting
filament we are interested in. In this case, an equation for the inner Jc distribution in the
filament cross-section has to be assumed and is chosen to be an ellipse here. The fixed value
of Jc can be considered as an intrinsic property of the material. The entity Bp then also has
a fixed value, only depending on the constant Jc and the filament radius rf and such can be
determined by:

Bp = f(Jc, rf) =
2µ0

π
Jcrf .

This equation has to be adopted to a cylinder with circular cross-section which is exposed
to an external field perpendicular to the longitudinal axis of the cylinder. This way, the
magnetic induction is obtained after integration of two half circles which are carrying the
current densities ±Jc, respectively. This idea has been taken from the model of Wilson
(to be seen in Fig. 3.5, state (c)). It represents the so-called fully penetrated state of the
filament. In this way, the model has been programmed in FORTRAN in order to obtain the
plot in Fig. 3.4. By omitting the Jc(B)-dependence, the computation of the response of a
superconducting filament on the external field by means of this very simple model yields a
magnetization as displayed in Fig. 3.4. As can be seen, the curve differs considerably from
the measured values presented in Fig. 3.1 and the results given in section 4.1. However, a
rough scheme of the general behavior including the hysteresis is displayed and the results
also show the limitations of the Critical State Model. Note that the approximate model of
an ellipse as inner contour of Jc has been introduced originally by Wilson [8]. Applying this
approximation, an initial state curve and different curves of up-down-ramp can be calculated,
but expressions for minor loops have not been given by Bean.
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3.2 The Wilson Model

For the calculation of the magnetization of superconducting filaments, M. Wilson [8] devel-
oped an approximate model which assumes the inner boundary of the current distribution
of a round superconducting cylinder to approximately match an ellipse, whose ellipticity
changes in order to screen any external field change. Although the screening field produced
by this arrangement will not produce a perfectly uniform dipole field, Wilson expected the
deviations with respect to the real current distribution to be small. Just as for the slab in the
Critical State Model, Fig. 3.5 qualitatively shows a cylinder with circular cross-section in the
x/y-plane in different states of externally applied fields. Again, the critical current density
and the magnetic induction inside the superconductor are presented. As can be seen, the re-
sulting distribution of critical current density Jc considers a dependence on the total amount
of applied field. However, any change of Jc or B as a function of penetration depth is not part
of the model. Wilson determined the resulting magnetic induction and the magnetization in
the center of the filament, only, although for the assumed current distribution, the field is not
exactly zero within the current free core of the filament. Compared with the Critical State
Model, the Wilson Model differs in the distribution of the critical current density insofar, as
a general dependence is considered, and a round cylindrical filament is treated. The radial
dependence of Jc in the filament cross-section, however, is not considered.

Applying the Biot-Savart’s Law on an assumed current distribution as is shown in Fig. 3.5,
where the current is homogeneously distributed in the two areas and pointing in the ±z-
direction, allows to determine the resulting magnetic induction in the center of the filament3

to:

B =
µ0Jc

π

∫

F

y

x2 + y2
ex − x

x2 + y2
ey dF. (3.2)

Here, the total area F consists of the two current carrying surfaces.

Let rf be the filament radius. Then the elliptic inner contour of the current density is
determined by the two entities rf and a, the semi-major axis and the semi-minor axis of
the ellipse, respectively (as indicated in the Figs. 3.5, 3.6). In this way, the current-carrying
surface F in the filament cross-section is determined. Applying Eq. (3.2), the integrals for the
components of the magnetic induction in the center of the superconducting cylinder read:

Bx = 0,

By = −µ0Jc

π

rf∫

−rf

f2(y)∫

f1(y)

x

x2 + y2
dx dy, (3.3)

where the integral borders resulting from the inner ellipse and the outer circular contour are

f1(y) = a

√

1 − (
y

rf
)2

and (3.4)

f2(y) =
√

rf
2 − y2.

3The origin of the coordinate system is positioned in the filament center for this calculation.
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Figure 3.5: Round superconducting cylinder in a homogeneous external field
for different penetration states according to the Wilson Model.
Top: Jc-profiles in the cylinder cross-section; middle and bottom:
Distribution of critical current density Jc and B-distribution in the
cylinder cross-section, respectively. The Wilson Model considers a
dependence of Jc on the value of the applied magnetic indcution
B. Thus, the slopes of the resulting magnetic inductions vary, de-
pending on the state of the filament. The different penetration
states correspond to those of the Critical State Model, shown be-
fore. Note that, when going from state (c) to state (d), the critical
current density reduces to a lower value, due the the dependence
on the changing external magnetic induction Bext (blue curve).

Integration of Eq. (3.3) with the integral boundaries given in the Eqs. (3.4) yields the magnetic
induction in the center of the filament:

By = −2µ0Jcrf

π




1 − a

rf

arcsin
(√

1 − ( a
rf

)2
)

√

1 − ( a
rf

)2




 . (3.5)

According to Eq. (3.5), the maximum screenable magnetic induction (in case of Jc= const.)
is reached, for a=0, when the ellipse in the interior is shrunk to a line (corresponding to the
states (c) and (f) in Fig. 3.5):

By = −2µ0Jcrf

π
(3.6)
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In all states, the critical current density is oriented parallel to the z-axis according to a
right-hand coordinate system.

Figure 3.6: Calculation of the magnetization from the model of Wilson. The
model integrates the surface of equivalent induced currents. The
currents are oriented in ±z-direction.

Using the same principle, the magnetization can be calculated. Starting from the magnetic
moment of two infinitely small currents applied symmetrically around the ordinate axis as
indicated in Fig. 3.6, the magnetic moment in the center of the filament results from:

dmf = Jc2xlf dxdy, (3.7)

mf = 2Jclf

rf∫

−rf

√
r2
f
−y2

∫

a
√

1−( y
rf

)2

x dxdy =
4

3
Jclfr

3
f

(

1 − a2

r2
f

)

where 2x denotes the distance between the two currents and lf the length of the filament
along the z-axis.

The magnetization M , given in (A/m) is defined as the magnetic moment per unit volume
and can be found by division by the filament volume πr2

f lf :

M =
4

3π
Jcrf

(

1 − (
a

rf
)2
)

, (3.8)

where the only remaining parameter is the term for the critical current density Jc = jc(B)
which includes the fit function. The expression for the magnetization reaches a maximum for
the ellipse shrunk to a line, when a = 0. The magnetization is then only depending on the
filament radius and the current density:

Mp =
4

3π
Jcrf . (3.9)

Several fit functions for the critical current density exist which differ considerably, even for
the same alloy material. The importance of chosing the Jc-fit function has already been
discussed in section 2.3. Wilson suggested the use of either the Kim-Anderson current fit [14]
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as a fair approximation or an extended current fit function derived from the Kim-Anderson
fit as follows:

Jc(B) = A0 + A1B +
J0B0

B + B0
.

Here, A0, A1, B0 are the available fit parameters. However, a current fit for the LHC
cables has been developed at CERN by L. Bottura [50] which gives a good agreement with
measured and calculated values. The magnetization can now be calculated from Eq. (3.8)
and allows to consider the dependence Jc(Bext), where Bext denotes the applied field on the
outer filament border (but neglect the dependence of B on the radial coordinate in the cross-
section). The Wilson Model has been programmed in FORTRAN, in order to compare the
outcome with the measurements. The calculation results in a magnetization which is shown
in Fig. 3.7. Also presented in this plot is a measurement performed on an LHC cable [51],
which has already been introduced at the beginning of this chapter, for comparison.

The two curves show a good agreement in the region of moderate and higher fields.
However, the offshift of the measured curve with respect to the ordinate axis is not reproduced.
Also an artificial hysteresis model has to be set up in order to compute the different branches,
since the superconductor hysteresis does not occur by physical means in this model. Reverse
current layers are assumed to keep a current density of 2Jc, which is superimposed on the
original shielding current, and expressions for minor looping have not been given by Wilson.
The question of how in general the current surface in the superconductor cross-section with
respect to B actually looks, still remains. The Wilson Model has also been used by Mess,
Schmüser and Wolff [9] for magnetization calculation. For comparison, a calculation of the
magnetization by means of the Kim-Anderson current fit [14], (which has not been specially
developed for the LHC cables) is shown as well in Fig. 3.8.
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Figure 3.7: Magnetization versus magnetic induction of a superconducting fil-
ament with 3.5 µm filament radius (computed with the current
fit of Bottura) and measurements taken on an LHC strand. The
magnetization has been calculated by means of the magnetization
model of Wilson and has been combined with a hysteresis model
in order to calculate the individual branches and the initial state
curve.
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Figure 3.8: Magnetization versus magnetic induction of a superconducting
filament with 3.5 µm filament radius (computed with the Kim-
Anderson current fit) and measurements taken on an LHC strand.
The magnetization has been calculated by means of the same mag-
netization model of Wilson and has also been combined with a
hysteresis model in order to calculate the individual branches and
the initial state curve.
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Chapter 4

The Nested Ellipse Model

As already explained in the sections 3.1 and 3.2, a screening current distribution is induced
in all superconducting filaments if exposed to an external magnetic field. This current is of
bipolar type and is the source of a screening field in the interior of the superconductor which
results in a superconductor magnetization on a macroscopic range. In order to calculate
the field inside the superconductor and its magnetization, the current-carrying area and the
field dependent value of the local current have to be determined. The screening field in the
interior is directed opposite to the external magnetic field, thus it can be considered as one-
dimensional in a first approach. The coordinate system can be chosen such that the applied
field is always directed parallel to the positive y-axis without loss of generality. According
to the right-hand law, the induced current density is then only oriented in the ±z-direction,
and takes the value of the critical current density Jc – which in general depends on the local
distribution of the magnetic induction B(r). Due to its screening behavior, a superconducting
filament exposed to an externally applied magnetic induction produces a pure dipole field
from the induced current distribution in the filament cross-section. Since the filament tries
to screen its interior, the pattern of the produced screening field will always be inverse to
that of the originally applied field. Further, the field pattern will always follow the principle
of minimal energy. Thus, no unnecessary field harmonics will be produced by the filament
if these do not contribute to the screening behavior. Since on the level of filament sizes, it
is a very good assumption to expect a one-dimensional field at the position of each filament
during one field step, the screening currents which are induced within one step will produce
a dipolar field – independently of the chosen magnet geometry.

The magnetization model presented in this chapter is derived from the principle of two
intersecting ellipses – a structure, where the current transporting surface is defined by two
identical partially overlapping ellipses – carrying currents with opposite orientations. Such
an arrangement has the advantage that it precisely produces the desired pure dipole field in
the current-free core area in the filament cross-section. The ellipses degenerate to the special
case of intersecting circles if the ellipse axes are chosen to be identical.

The derived method is such that pairs of intersecting ellipses are inserted serially one into
another. This will be denoted Nested Ellipses in order to distinguish it from the result of
two (single) intersecting ellipses. The resulting magnetic field is obtained by superposition of
the contribution of all individual ellipse pairs. The sum can be transferred into an integral
expression by taking the limiting value where the thickness of the current transporting area of
one pair of ellipses approaches zero. Solving the resulting integral gives an analytic equation
for the magnetic induction in the filament cross-section as has been shown already in [53].

39
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The dependence of the critical current density on the applied field and the field variation
in the interior of the superconducting material have been taken into account by applying a
current fit function in order to express Jc(B, r) (see section 2.3 for details on the current fit
function). Here, B means the magnetic induction and r indicates the local coordinate inside
the filament which accounts for the variation of B in the filament cross-section.

4.1 Solution for Changes of a Homogeneous External Field

In this section, the Nested Ellipse Model is introduced for a sweep of a homogeneous external
field. The result for rotating fields is shown in section 4.2. The Nested Ellipse Model fully
reproduces the response of a Type II superconducting cylinder on an externally applied field.
It is tested for verification by calculating field errors in the superconducting magnets for the
LHC which are presented in chapter 6.

As before for the Critical State Model and the Wilson Model, respectively, Fig. 4.1 qual-
itatively shows the distribution of the critical current density and the magnetic induction in
the interior of a superconducting filament being exposed to an externally applied magnetic
induction Bext. The applied homogeneous magnetic induction undergoes a sweep. Note that
the intersecting ellipses in the filament cross-sections are drawn qualitatively, with only a
finite thickness. Hence, they do not precisely correspond to the contours which are finally
obtained after taking a limiting value. The Nested Ellipse Model assumes the number of
inserted ellipses to go to infinity and in this way allows a continuous course of the applied
critical current density as is explained in detail in the following sections.

The individual steps in the sequence of Fig. 4.1 are:

(a), (b) Initial state curve, non-fully penetrated. The external field is raised from zero
to a value below Bp, where Bp denotes the state when the filament is fully
penetrated.

(c) Initial state curve, fully penetrated. The external field assumes the value Bp.
(d) Initial state curve, fully penetrated. The external field assumes a value ≥ Bp.

The plot of the Jc-profile in the filament cross-section corresponds to state (c)
(red curve).

(e) Reduction of external field when the field previously has been increased from
zero to a value ≥ Bp once before. This results in the development of an
additional current layer. In the magnetization curve, a hysteresis arises due to
the remaining current distribution (so-called trapped currents) in the center of
the filament.

(f) Fully penetrated state after a change in external field orientation. The external
field equals zero. The resulting magnetization is close to its maximum value on
the trapping branch. The plot of the Jc-profile in the filament cross-section
corresponds to state (g) (blue curve).

(g) Distribution after a change in external field orientation which went from a high
positive external field value to a negative one (Bext < 0).

As can be seen from the plots, the magnetic induction gradually decreases with the
penetration depth, whereas (depending on the total amount of applied field) the critical
current density rises with increasing superconductor penetration. The maximum critical
current density is reached at the point in the filament cross-section, where the external field
is sufficiently screened and the field inside equals zero. This can be seen in the cases (a), (b)
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Figure 4.1: Round superconducting cylinder in a homogeneous external mag-
netic induction Bext for different penetration states according to
the Nested Ellipse Model. Top: Jc-profiles in the cylinder cross-
section; middle and bottom: Distribution of critical current density
Jc and magnetic induction B along the cylinder axis in the cross-
section, respectively. The Nested Ellipse Model distinguishes from
the Critical State and the Wilson Model by considering the de-
pendence of the critical current density Jc both on the applied
magnetic induction as well as its variation in the filament cross-
section due to the screening effect. In addition, by using the correct
current profile inside the filament, non-fully penetrated states can
be calculated as well.

and (c). Note, that the critical current density decreases on the outer filament border due
to the increase in the external magnetic induction, when going from case (a) to the cases
(b) and (c). Consequently, Jc reduces in the filament center when the screening capacity
of the filament is exceeded (see case (d)), while the slope of the magnetic induction inside
the filament reduces when going from case (c) to case (d). As will be shown, the outcome
for the magnetic induction and the resulting induced superconductor magnetization differs
considerably from both the Critical State and the Wilson Model. The field and current
distributions which are shown in case (e) are reached after reducing the external field which
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was applied in case (d). The distributions of Jc and B after a further decrease of the external
field are shown in the cases (f) and (g). In case (f), the external field value equals zero,
whereas in case (g) the field is even further decreased and goes to negative values.

deformed strands

"ideal" round strands

Figure 4.2: Cut-through a Nb3Sn strand showing filaments with non-uniform
cross-sections of various shapes. Deformed filaments are expected
to show an increased superconductor magnetization compared to
the ideal (round) ones. Pictures with the courtesy of G. Kirby
(CERN).

The superconductor magnetization can be calculated, if the current profile in the fila-
ment cross-section is determined. Filaments may be round in the ideal case, however, more
general, the current distribution which results in a filament with an elliptically shaped cross-
section is of interest, since filaments are sometimes the object of unwanted deformations. In
these cases, their outer shape can be approximated by an ellipse and an estimation about
the expected changes in superconductor magnetization for these filaments depending on the
level of deformation can be given. In addition, filaments can be hollow, depending on their
manufacturing process – a feature which has to be considered additionally when the current
profile in the filament cross-section is determined.

Figure 4.2 shows the cut through a Nb3Sn strand with filaments of different shapes, where
deformations can be seen especially on those filaments which are close to the outer strand
border. As can be seen, these filaments are all hollow. It should be noted, that the deviation
in the value of the induced magnetization, compared to the ideally shaped (round) ones
also depends on the orientation of the elliptic filament with respect to the applied field (see
section 4.3 for details).

4.1.1 Principle of Intersecting Circles

For a better understanding, the principle of the intersecting circles (a special case of the
intersecting ellipse structure which is used for the derivation of the model) is briefly explained
here. It is then also shown that an intersecting circle structure produces a pure dipole field
in the current-free region. In the next section it is shown that this principle applies for circles
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as well as ellipses.
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Figure 4.3: Intersecting circles with constant current distribution in the cross-
section. Geometries of overlapping circles or ellipses are producing
pure dipole fields in the resulting current-free region. The radius
of the circle is a.

Figure 4.3 schematically shows two intersecting circles which are carrying a current density
Jc of the same amount but with opposite orientation. According to the right-hand law, this
current density only has components oriented in the ±z-direction of the coordinate system.
The current density is considered to be positive, if its orientation points in the direction of
the positive z-axis. Additionally, Jc is considered constant and homogeneously distributed in
the areas of the circles and the geometries of the circles are identical. Such two intersecting
circles are of interest, since they produce a current-free region in their intersection in which
the resulting field configuration of the magnetic induction is of pure dipole type.

Integrating the first Maxwell equation and applying Stokes’ integral theorem, results in
∮

C
Hϕ ds =

∫

F
Jc dF, where C denotes the surrounding contour of the current transporting

area F, and Jc is the critical current density. From this, the magnetic induction of two single
circular cylinders calculated at the radial positions r1, r2 with respect to the filament centers
reads:

Bϕ1 =
−µ0Jc

2
r1, Bϕ2 =

µ0Jc

2
r2.

The resulting B-field from these two identical circular cylinders with r > c being shifted
out of the origin along the x-axis by the value ±c as shown in Fig. 4.3 can be derived by
superposition. From

eϕ1/2
= − sin ϕ1/2ex + cos ϕ1/2ey, B =

−µ0 Jc

2
[r1 eϕ1 − r2 eϕ2]

the magnetic induction is found to be:

B =
µ0Jc

2
[−r1 (− sin ϕ1ex + cos ϕ1ey) + r2 (− sin ϕ2ex + cos ϕ2ey)] ,
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and the components result with r1 sin ϕ1 = r2 sinϕ2 (see Fig. 4.3) to:

Bx =
µ0Jc

2
(r1 sin ϕ1 − r2 sinϕ2) = 0

and By =
µ0Jc

2
(−r1 cos ϕ1 + r2 cos ϕ2) = µ0Jc c. (4.1)

It is now easy to understand, that such a geometry can merely produce a pure dipole field
in the current-free region. In addition, it can be seen from Eq. (4.1) that the y-component
of the magnetic induction is independent of the position in the current-free area of the circle
overlap, which indicates a homogeneous field distribution.

4.1.2 Principle of Intersecting Ellipses

The same principle as for filaments with a circular cross-section can be applied on those with
elliptical ones. As is already mentioned at the beginning of this chapter, the calculation of
an elliptical cross-section is of interest, since filaments are sometimes the object of unwanted
deformations. In these cases their outer shape can be approximated by an ellipse more
precisely than with a circle. The calculation of the magnetic induction inside a long conductor
with elliptically shaped cross-section which is transporting a constant current density Jz can
be carried out by solving the Poisson’s Equation ∆Az = −µ0Jz for the vector potential Az.
Since the problem is treated in the plane, the vector potential and the transported current
possess only a z-component as indicated by their indices. Further, they are independent of
the variable z.

2 c

2 c

x

y
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b

P

j 1
j 2

r 1r 2

Figure 4.4: Intersecting ellipses with constant current distribution in the cross-
section. Geometries of overlapping circles or ellipses are producing
pure dipole fields in the resulting current-free region. The semi-
axes of the ellipse are a and b.

Consequently, the magnetic induction of such an overlapping ellipse structure has a y-
component only and reads:

By =
2µ0Jc

4
(−r1 cos ϕ1 + r2 cos ϕ2)

2b

a + b
,
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as is derived below.

Following [54], the expression of this vector potential resulting from a homogeneously
distributed current which is pointing in the positive z-direction and determined at an arbitrary
evaluation point with distance r from the ellipse center, but inside the elliptic boundary, reads:

Az = −µ0Jzr
2

4

(

1 − a2 − b2

(a + b)2
cos(2ϕ)

)

.

From this, the magnetic induction can be calculated by B = ∇× Azez, and reads:

B = er

(
1

r

∂Az

∂ϕ

)

+ eϕ

(

−∂Az

∂r

)

,

and the components result to:

Br = −µ0Jzr

4

(

2
a2 − b2

(a + b)2
sin(2ϕ)

)

and

Bϕ =
2µ0Jzr

4

(

1 − a2 − b2

(a + b)2
cos(2ϕ)

)

.

Considering the local coordinate systems of the two shifted ellipses, which are shown in
Fig. 4.4,

eϕ1/2
= − sin ϕ1/2ex + cos ϕ1/2ey, er1/2

= cos ϕ1/2ex + sin ϕ1/2ey,

gives a magnetic induction which origins from these two intersecting ellipses. As before in
the case of the intersecting circle model, the magnetic induction is calculated at an arbitrary
evaluation point with the distances r1 and r2 from the two ellipse centers. The transported
current density Jz equals Jc, the critical current density. The contribution of the two ellipses
can be superimposed and thus the r- and ϕ-component of B read:

B =
2µ0Jc(a − b)

4(a + b)
(er1

r1 sin(2ϕ1) − er2
r2 sin(2ϕ2)) (4.2)

+
2µ0Jc

4

(

eϕ1

(

−r1 +
a − b

a + b
r1 cos(2ϕ1)

)

+ eϕ2

(

r2 −
a − b

a + b
r2 cos(2ϕ2)

))

.

Expressing the components of B from Eq. (4.2) in cartesian coordinates, it can be shown, that
such an arrangement produces a pure dipole field in the y-direction, while the Bx-component
vanishes. Further, the By-component has to be independent of the local coordinates over the
whole current-free surface in order to show that the resulting field is homogeneous.

In cartesian coordinates, the terms of Eq. (4.2) read:

Bx =
2µ0Jc

4

[
a − b

a + b
r1 sin(2ϕ1) cos ϕ1 −

a − b

a + b
r2 sin(2ϕ2) cos ϕ2

+ sin ϕ1

(

r1 −
a − b

a + b
r1 cos(2ϕ1)

)

+ sinϕ2

(

−r2 +
a − b

a + b
r2 cos(2ϕ2)

)]

(4.3)

and

By =
2µ0Jc

4

[

− r1 cos ϕ1 + r2 cos ϕ2 +
a − b

a + b
(r1 sin(2ϕ1) sin ϕ1 + r1 cos(2ϕ1) cos ϕ1

−r2 sin(2ϕ2) sin ϕ2 − r2 cos(2ϕ2) cos ϕ2)

]

. (4.4)
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From Eq. (4.3), it can be seen that the Bx-component vanishes, if the following expression
holds:

a − b

a + b
r1 sin(2ϕ1) cos ϕ1 −

a − b

a + b
r2 sin(2ϕ2) cos(ϕ2)

r1 sin ϕ1 −
a − b

a + b
r1 sinϕ1 cos(2ϕ1) − r2 sin ϕ2 +

a − b

a + b
r2 sin ϕ2 cos(2ϕ2)

!
= 0,

which means, that

r1 sin ϕ1 − r2 sin ϕ2
!
= 0

and

r1 sin(2ϕ1) cos ϕ1 − r2 sin(2ϕ2) cos ϕ2 − r1 sin ϕ1 cos(2ϕ1) + r2 sin ϕ2 cos(2ϕ2)
!
= 0.

Both conditions are fulfilled and this way it is shown that no Bx-component exists in the
current-free region of an intersecting ellipse structure. The y-component of the magnetic
induction, By, which is given by Eq. (4.4), can be written as:

By =
2µ0Jc

4

[

−r1 cos ϕ1 + r2 cos ϕ2 +
a − b

a + b
(r1 cos ϕ1 − r2 cos ϕ2)

]

=
2µ0Jc

4
(−r1 cos ϕ1 + r2 cos ϕ2)

2b

a + b
. (4.5)

Since the term

−r1 cos ϕ1 + r2 cos ϕ2 = 2c

stays constant in the current-free area of the ellipse overlap, the homogeneity of the By-
component is demonstrated. This proof will be applied in the next section. It shows that it
is sufficient to determine the magnetic induction in an arbitrary point in the current-free area
of the ellipse overlap. Note, that in the case of setting the ellipse axes to be equal (a = b),
the geometry degenerates to intersecting circles and Eq. (4.5) gives the identical expression
that has already been found in Eq. (4.1):

By =
µ0Jc

2
(−r1 cos ϕ1 + r2 cos ϕ2) = µ0Jc c.

4.1.3 Magnetic Induction from Intersecting Ellipses

In case of the intersecting circle or ellipse geometry, carrying a uniform current, it has now
been shown in the previous sections, that only the By-component of the magnetic induction is
different from zero, whereas Bx vanishes. In addition, a geometry of two intersecting circles
or ellipses produces a homogeneous dipole field in the current-free region of their overlap,
allowing the determination of the field at any arbitrary point of the current-free region,
without loss of generality. An expression for the magnetic induction has been given, however
a more intuitive approach is presented here by calculating the magnetic induction directly
by means of an integration. Starting from Biot-Savart’s Law, the magnetic induction of a
homogeneous current distribution of arbitrary shape F in the origin of a coordinate system
can be calculated to be:

B =
µ0Jc

π

∫

F

y

x2 + y2
ex − x

x2 + y2
ey dF,
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and so, the y-component of the magnetic induction reads:

By = −µ0

π

∫

F

Jc
x

x2 + y2
dx dy.
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Figure 4.5: Intersecting circles and ellipses in the cross-section of a circular
(left) or elliptic filament (right). Let a, b be the semi-major axis
and the semi-minor axis of the ellipses, respectively and ±c the el-
lipse shifts with respect to the ordinate axis. The current-carrying
surface is limited by the contours f1(y) and f2(y). The outer fila-
ment shape can be round or elliptical with the semi-axes U, V (or
radius U , respectively). In case of intersecting circles (left), a = b.

The current-carrying surface consists of the two intersecting ellipses as is shown in Fig. 4.5.
Thus, the resulting magnetic induction can be calculated by integrating along the contours
of the two intersecting ellipses in order to get the current-transporting profile. For solving
the integral, the equation is transformed into cylindrical coordinates and reads after the
transformation:

By =
µ0 Jc

2π

π/2∫

−π/2

f2(ϕ)∫

f1(ϕ)

cos ϕ

r
rdrdϕ

=
µ0 Jc

2π

π/2∫

−π/2

(f2(ϕ) − f1(ϕ)) cos ϕdϕ,

where

f1(ϕ) =
−b2 c cos ϕ + ab

√

b2 cos2 ϕ + a2 sin2 ϕ − c2 sin2 ϕ

b2 cos2 ϕ + a2 sin2 ϕ
, (4.6)



48 Chapter 4 The Nested Ellipse Model

f2(ϕ) =
b2 c cos ϕ + ab

√

b2 cos2 ϕ + a2 sin2 ϕ − c2 sin2 ϕ

b2 cos2 ϕ + a2 sin2 ϕ
. (4.7)

The integral boundaries in cylindrical coordinates result from the points of intersection of
the radial vector r with the two shifted ellipses. From this, the resulting magnetic induction
in the current free filament core reads:

By = 2µ0 Jc c
b

a + b
, (4.8)

where ±c again denotes the shift of the two ellipses with respect to the filament center
(origin of the coordinate system). Note that the expression given in Eq. (4.8) accounts for
the backwards current by a factor of two. The expression is identical to the one derived from
the magnetic vector potential, Eq. (4.5). In addition, in the case of inscribed circles, where
a = b, the result is identical to Eq. (4.1). The sign of the magnetic induction depends on the
orientation of source currents and therefore on the direction of the externally applied field.

4.1.4 Geometry of Nested Circles or Ellipses
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x

y

2 c

c
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U

x2 c

c

a 2

Figure 4.6: Principle of nested circles. Left: one set of nested circles with
inscribed circle in the current-free area. Right: set of three nested
circles for illustration (n = 3). In the final model, n → ∞.

Figure 4.6 (left) shows a filament with a circular cross-section of radius U where a current-
carrying surface which results from two shifted circles is inscribed. In the current-free region
of the overlap, another circle is placed. Let c be the shifts of the intersecting circles with
respect to the ordinate axis and a be the radii of the circles, as is indicated in the plot. Then
this radius a is determined by:

2a + 2c = 2U

⇒ a = U − c,
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and the inscribed circle in the remaining area has a diameter of (2U − 4c). Now another
couple of intersecting circles is inscribed into the remaining area of the first inscribed circle
and so on as indicated in Fig. 4.6 (right), until a chosen total number n of inscribed circles
in the filament cross-section is reached. The value for n can be set to an arbitrary number,
and for illustration, n = 3 in Fig. 4.6 (right), whereas in the final model, n → ∞. Following
this, the radii a1, a2, ..., ai, ..., an of the 1st, 2nd, ..., ith, ..., nth etc. circle are determined by:

⇒ 2a2 + 2c = 2U − 4c

a2 = U − 3c.

Consequently, the third semi-minor axis reads: a3 = U − 5c, and therefore, more generally:

⇒ ai = U − (2i − 1)c.

From this, one gets with 2c = U/n for the ith set of circles:

⇒ c =
U

2n
(4.9)

ai = U − (2i − 1)
U

2n

= U
2n − 2i + 1

2n
, (4.10)

Thus, an approximation of the current-carrying surface is found in such a way that the
individual sets of intersecting circles can be integrated and the results superimposed. This
way, an expression for the magnetic induction in the filament cross-section can be obtained,
as is shown in the next section.

2 c
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b i

Figure 4.7: Principle of nested ellipses. Left: one set of nested ellipses with
inscribed ellipse in the current-free area. Right: set of five nested
ellipses for illustration (n = 5). In the final model, n → ∞.

The same principle can be applied to a filament with an elliptical cross-section, as is
shown in Fig. 4.7 for an elliptically shaped filament where U is the semi-major axis and V
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denotes the semi-minor axis, as indicated in the plot. For illustration, the filament is shown
with n = 5 inscribed ellipse pairs. In this case, an ellipse (which has the same ratio between
the semi-minor and the semi-major axes as the outer ellipse shape) is inscribed into the
current-free region of the overlap. Hence, the ratio of the axes of the inscribed ellipses and
those of the filament surface stays constant and so the semi-minor axis bi results to:

bi = V
2n − 2i + 1

2n
, (4.11)

where U, V are the semi-axes of the outer filament shape. The special case of round filaments
is implicitly covered for U = V = rf .

4.1.5 Jc-dependence in the filament cross-section

In order to consider the Jc(B(r))-dependence, each ellipse pair carries a constant current
density depending on the position and the local field in the filament cross-section (indicated
by the index i). This accounts for the fact that ellipse pairs in the outer region have a
screening effect on the inscribed pairs which are closer to the filament center. With increasing
vicinity to the filament center, this results in a successively increasing current density for each
predecessing inscribed ellipse pair. The magnetic induction in the center of the filament can
be calculated as the sum of all inscribed ellipse pairs.

B = 2µ0c
n∑

i=1

Jc,i
bi

ai + bi
(4.12)

=
µ0

n

n∑

i=1

Jc,i
UV

U + V
(4.13)

Continuous Course of the Magnetic Induction B

By means of the Eq. (4.13), an expression for the magnetic induction resulting from a geom-
etry of n inscribed ellipses (or circles, in the special case) has been derived which allows to
set an individual constant current in each layer. This accounts for the screening effect of the
outer ellipses on the inner ones, which can, due to the lower total field which they experience,
carry a higher current density. The total field can be expressed by a superposition of all layer
contributions and results in a sum which is given in Eq. (4.12). In order to get a continuous
course of the magnetic induction along the filament cross-section, the limiting value n → ∞
is applied on Eq. (4.13). This changes the sum in the equation to an integral expression with
the integration constant q such that

q = i/n. (4.14)

This way, an analytic term for the magnetic screening field which is produced by two inter-
secting ellipses for a slice of current between the contours U qi and U qi+1 is found:

Bi = µ0

qi+1∫

qi

Jc,i
UV

U + V
dq. (4.15)

This allows to give a resulting expression for the magnetic induction which is contributed by
the current on an infinitely thin slice dq in the filament cross-section:

dB = µ0Jc(B(q))
UV

U + V
dq. (4.16)
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The expression is independent from the actual shape of the filament as long as its cross-
section can be approximated by an ellipse with arbitrary values for the semi-axes U, V . In
the case that intersecting circles are inscribed, the relation simplifies to:

dB = µ0Jc(B(q))
1

2
rfdq. (4.17)

It also precisely produces a dipole field, where the only source of error is the current-free tri-
angle which remains between the individual pairs of ellipses. In the next section, a correction
factor for this current-free triangles, applicable for the case of intersecting ellipses is derived.

4.1.6 Correction Factor for the Current-free Triangles

In the sections above, it has been described how to implement the nested ellipse model in
order to determine the current-profile in the cross-section of the filament. As has been shown,
the individual ellipse pair is chosen in such a way as to keep the ellipticity of all progressively
inscribed ellipses identical. This way, the semi-minor and the semi-major axes are resulting
as given in the Eqs. (4.10) and (4.11), allowing to derive the equations for the magnetic
induction and the magnetization. Keeping the ellipticity constant is, however, chosen at will
and not compulsary. In fact, by keeping the ratio of the ellipse axes of each inscribed ellipse
pair constant, an error is produced due to the fact that the remaining triangles between
the individual ellipse pairs stay current-free (see, e.g. Fig. 4.7, for illustration)1. In order to
correct for this error, a dimensionless correction factor H is derived from the fully penetrated
case as follows: The inscription of an individual sets of ellipses can be done in such a way
that the radii of curvature of the ith and the i − 1th ellipses are equal. This means, the
idea of keeping the ellipticity constant is abandoned and the ellipse axes are calculated for
each set of inscribed ellipses individually. This correction is illustrated by Fig. 4.8, showing
the optimized, individually adopted ellipse shapes for a set of five nested ellipses and the
resulting triangles. This picture can be compared with the nested ellipses with constant
ellipticity, Fig. 4.7, or for the inscribed circles, Fig. 4.6.

A general expression for the radius of curvature R(x0, y0), determined at an arbitrary
position (x0, y0) of an ellipse with semi-axes a and b is given by the formula [55]:

R = a2b2

(

x2
0

a4
+

y2
0

b4

)3/2

.

Hence, the radius of curvature Ri of the inscribed ith ellipse determined on the abscissa
(where y0 = 0 and x0 = ai) results to:

Ri =
b2
i

ai

whereas Ri−1 of the i − 1th ellipse reads:

Ri−1 =
b2
i−1

ai−1
.

1In the case that the semi-axes are identical, the ellipses degenerate to circles. The considerations shown
here, however, are the same and an error from the current-free triangles occurs in both cases.
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Figure 4.8: Principle of nested ellipses where the sets of inscribed ellipses have
different ellipticities in order to reduce the error which results from
the current-free triangles of each slice of induced current. In this
case, the semi-axes of the newly inscribed ellipse pair has to be
calculated individually. The current-free triangles get minimal, if
the radii of curvature along the filament axis of the newly inscribed
ellipses and that of the last ellipse are identical. The example
illustrated here is shown for a set of five nested ellipses and this
way can be compared to the right picture in Fig. 4.7.

From this, the ratio of the semi-axes ai, bi changes to:

b2
i

ai
≡ b2

i−1

ai−1
,

and the semi-minor axis bi can be expressed by:

bi = V

√

2n − 2i + 1

2n
. (4.18)

The correction factor H for the remaining triangles derives from the comparison to a fully
penetrated filament calculated from the ideal field of two intersecting circles. Using the
geometry of intersecting circles for comparison allows the resulting correction factor to be
applied on the rotating field model that is shown in section 4.2, as well. Therefore, Eq. (4.18)
has to be inserted into Eq. (4.12), whereas the major semi-axis ai remains according to
Eq. (4.10). The resulting magnetic induction including the correction reads:

Bcorr = 2µ0c
n∑

i=1

Jc,i
bi

ai + bi

= 2µ0c
n∑

i=1

Jc,i
V

U
√

2n−2i+1
2n + V

. (4.19)
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Since c = U/2n, Eq. (4.9), the sum in Eq. (4.19) changes to an integral expression for n → ∞,
and q = i/n, where:

2n − 2i + 1

2n
= 1 − 2i

2n
− 1

2n
︸︷︷︸

0

= 1 − q. (4.20)

The result is integrated from q1 = 0 to q2 = 1, yielding:

Bcorr = µ0Jc

1∫

0

UV

U
√

1 − q + V
dq

= 2µ0Jc

V (U + V ln( V
U+V ))

U
. (4.21)

In the special case of round filaments, where U = V = rf , the equation simplifies to:

Bcorr = 2µ0Jc rf

(

1 + ln

(
1

2

))

. (4.22)

The expression for the fully penetrated filament is achieved from Eq. (4.15), which also has
to be integrated from 0 to 1, and yields in the case of round filaments:

B =
1

2
µ0Jcrf . (4.23)

Comparison of Eq. (4.22) with Eq. (4.23) yields a resulting correction factor for round fila-
ments of:

H = 4

(

1 + ln

(
1

2

))

≈ 1.227, (4.24)

where rf denotes the filament radius. This way, the solution for the magnetic induction
resulting from Eq. (4.16) can be expressed as:

dB(q) = µ0H rf Jc(B(q)) dq,

making the correction factor applicable in the expression of the magnetic induction dB(q)
and allowing to derive a closed term, which results from an infinitely thin slice dq that is
carrying a constant current density Jc(B(q)). This current density is a function of the local
field B(q), where q denotes a relative penetration depth in the filament cross-section. The
absolute value of the penetration depth (in µm) reads: qU . Consequently, q equals zero on
the outer filament border, which corresponds to no penetration, whereas q equals 1 in the
filament center, corresponding to the case of full penetration, when the absolute value of the
penetration depth equals U (see also Fig. 4.9 and section 4.1.8, where the application of q is
explained by means of exemplary values).

As can be seen from Eq. (4.24), the correction factor causes an increase of the magnetic
induction of about 22% which is produced by the additional current compared to the magnetic
induction which is due to the non-corrected current distribution shown in the Figs. 4.6 and 4.7.
Note, that this increase is only valid for the fully penetrated case, whereas in the case of
non-fully penetrated filaments, this correction factor would yield a too high increase of the
resulting magnetic induction. This can easily be adopted by a re-scaling with the actual
penetration depth.
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4.1.7 Magnetic Induction in the Filament After a Sweep of a Homogeneous
External Field

From the expression of a slice of constant current, the magnetic induction as a function of
the relative penetration depth can be found by integration. It has already been mentioned in
section 2.3 that no analytical solution could be found for the integration of the fit function
given in Eq. (2.7). The fit function has therefore been approximated locally around the actual
value of the applied magnetic induction by means of an inverse square root dependence. This
approximation is motivated by the fact that for small values of the magnetic induction B,
where the influence of the persistent currents on the field quality is of interest, the critical
current density strives for infinity: Since α = 0.57, Bα−1 = B−0.43 1/

√
B for B → 0.

Considering now the dependence of Jc on B by means of this approximation, a differential
equation for B(q) is found which can be solved including the known boundary condition for
B(q = 0) = Bext to:

dB(q) = µ0H rf jc(Bext, T )

√
Bext

√

B(q)
dq, (4.25)

⇒
∫ √

B(q) dB(q) =

∫

µ0H rf jc(Bext, T )
√

Bext dq,

B(q) =

(

B
3/2
ext +

3

2
ξ µ0H rfjc(Bext, T )

√

Bext q

)2/3

.

Here, the parameter ξ indicates the branch of the hysteresis curve, in the case of ramping up,
ξ equals −1 and for ramping down, ξ = 1. In the first case (ξ = −1), the magnetic moment
resulting from the screening current is opposite to the orientation of the outside field Bext

and the magnetic induction B(q) decreases inside the filament. For reasons of brevity, a new
parameter F is introduced which follows Eq. (2.8) and substitutes to:

F = jc(Bext, T )
√

Bext. (4.26)

This way, a closed expression for the magnetic induction in the interior of the filament can
be given as:

B(q) =

(

B
3/2
ext +

3

2
ξ µ0H rf F(Bext) q

)2/3

. (4.27)

Equation (4.27) depends on the external field Bext and gives a description of the magnetic
induction in the filament cross-section. Figure 4.9 shows B(q) according to Eq. (4.27) together
with the dependence of the critical current density2 Jc(B(q)) on the relative penetration depth
q. The curves are not normalized and so the magnetic induction at q = 0 equals the externally
applied field Bext. In general, the magnetic induction in the interior of a filament can become
negative. This case is implicitly included in Eq. (4.27) and is considered in the programmed
code by expressing the equation as:

B(q) =

(

|B3/2
ext +

3

2
ξ H rf F(Bext)µ0 q|

)2/3

· sign(B
3/2
ext +

3

2
ξ H rf F(Bext)µ0 q).

The field distribution shown presents the filament in a fully penetrated state, which is reached
for the case of increasing the external field from negative field values to Bext = 0.08 T. As

2As introduced in section 2.3, the critical current density Jc is written in capitals for the general case,
whereas small letters as jc indicate the use of an explicit current fit function.
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Figure 4.9: Magnetic induction B(q) as a function of the relative penetration
depth q (continuous line) in the cross-section of a NbTi-filament.
Here, q = 0 denotes the outer filament border, whereas q = 1 is
the center of the filament. Consequently, B(q) presumes the value
of the outside field, Bext, for q = 0. The dark blue dashed line
indicates the absolute value of the current density |jc(q)| according
to this induction whereas the red dotted line indicates the magnetic
induction, which results when Jc is held constant. Note that the
scales on the right- and the left-hand side (B and Jc) are not
correlated.

can be seen in the plot, this results in a decreasing field B(q) along the relative penetration
depth which produces an increase of Jc(B(q)) along q. At B(q) = 0, the critical current
density reaches its maximum value and the strong increase of jc comes with a sharp decline
of B(q). Though the fit function would presume a pole for B = 0, the values are cut to a
finite value as can be seen in the plot. It is obvious, that an infinitely high current density
has no practical meaning and, in addition, can even theoretically never be reached due to
the self-field produced by each individual filament. However, the course of jc(q) shows the
importance of expressing jc as a function of q in addition to the dependence on Bext rather
than assuming a constant value.

4.1.8 Comparison to the Wilson Model

In the case of round filaments, the solution for the magnetic induction in the filament cross-
section should lead to a similar result as the model of Wilson given in Eq. (3.5), where
a/rf = 1− q. The latter expression can be cross-checked by the two cases of full penetration
and no penetration: In the Wilson Model, for the case of the non-penetrated filament, there
is a = rf , which is equivalent to q = 0, whereas in case of the fully penetrated filament, a = 0,
which is equivalent to q = 1.

Figure 4.10 shows the difference between the solution of Wilson and Eq. (4.27) for two
cases: The case of a filament exposed to a field value below the penetration field Bp (left
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Figure 4.10: Comparison between the screening field calculated from
Eq. (4.27) and the field resulting from the Wilson Model. Left
plot: Applied magnetic induction Bext below penetration field
Bp; right plot: Bext > Bp. Note that depending on the model,
the value of Bp varies considerably. Here, the calculated value
from the Nested Ellipse Model is taken.

plot) and a fully penetrated filament where Bext > Bp, (right plot). For a better comparison,
the curves are normalized to the applied external induction Bext. It can be seen from the
plots that the difference between the Wilson and the Nested Ellipse Model is small in case of
field values above the penetration field Bp, where mainly the shape of the curve and the field
value in the filament center at q = 1 differs. However, in the low field range, the difference
is significant. It can be seen from the left plot in Fig. 4.10 that there is less penetration
of the filament in the Nested Ellipse Model compared to the Wilson Model, resulting in
a considerably different course of screening field in the filament cross-section. In case of
the Nested Ellipse Model, a field free filament core in the range of 0.68 < q < 1 remains,
where a complete screening takes place which arises due to the consideration of the Jc(B(q))-
dependence in the Nested Ellipse Model as follows: The currents induced in the outer part of
the filament cross-section screen the interior, reducing the applied magnetic induction with
increasing penetration depth. This screening effect allows the existence of higher current
densities with increasing penetration depth and thus produces a higher screening effect than
the Wilson Model. This is due to the fact that the critical current density in the Wilson
Model is a function of B, although constant with the penetration depth (Jc = f(Bext), but
Jc 6= f(B(q))) and hence only considers a dependence of Jc on the applied field, but not
on the varying field in the filament cross-section. It is obvious that the reinforced screening
capacity which can be observed in the Nested Ellipse Model results in a stronger decrease of
the magnetic induction B(q) versus q in the filament cross-section and as such the point of
complete screening is reached for less penetration.

In general, the precision with which the dipole screening field of a superconducting fila-
ment is reproduced can be used as a measure of the quality of the magnetization model. Due
to the fact that each pair of ellipses produces a pure dipole field inside the filament cross-
section, the resulting field from the superposition of the current-carrying areas of all ellipses
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also remains of dipole type. This means, for instance, in case of the non-fully penetrated
state, the derived current distribution from the Nested Ellipse Model precisely produces the
field-free core area. Likewise, the resulting magnetic induction outside the filament follows
an exact dipole field.

It is shown in the sections 5.1 and 7.2 that the reproduction of an exact dipole field from
the induced current distribution is a stringent condition for the determination of the resulting
field distribution in the close vicinity of a strand (as is needed in case of the calculation of
superconducting magnet cables). Also it is important to precisely determine the actual field
shape for the calculation of the repercussion of the magnetic induction which is produced
by the screening currents on the originally applied field. In fact, the magnetic induction at
the surface of the superconducting filament considerably increases when the induced field is
superimposed. It should be noted that the resulting screening field from the Wilson Model,
for instance, is of no dipole type and therefore will neither result in a field free core, nor
produce a dipole type field outside the filament. Besides the fact that the Nested Ellipse
Model considers the dependence of the critical current density on the applied field and the
field distribution in the filament cross-section, the generation of a pure dipole field in the
interior and the exterior of the filament, is one of the important benefits of the model with
respect to the calculation of superconducting magnets.

4.1.9 The Hysteresis in the Superconductor Magnetization

In the sections 3.1 and 3.2, it is shown from the magnetization curve that a hysteretic effect
arises when the external field changes its orientation. In order to express a hysteresis function,
different mathematical models exist, for example, the Preisach Model [56] which is the most
common one. The aim of all hysteresis models is to unequivocally identify the branch on
which the effect has to be calculated from the cause. Usually the resulting value is calculated
from a constitutive equation like the H(B)-curve for ferromagnetic materials and has to be
associated with the actual branch in the H/B-plane by checking on the history. In the case
of modeling a superconductor magnetization, however, the physical source of the hysteresis
is well known and therefore it is possible to incorporate it into the model such that the
hysteresis arises by physical modeling as is done within the scope of this thesis. This is
advantageous since it avoids any artificial hysteresis modeling. In this section, the principle
of how superconductor hysteresis arises and the idea of considering a pre-conditioning from
a set of applied field values for single filaments is explained.

When calculating a superconducting cylinder exposed to a magnetic induction, the inner
contour can be determined from the nested ellipses and the only unknown parameter is
the relative penetration depth. Since the resulting magnetization depends on the history
experienced by the filament, the very first calculation has to always start with an initial state
curve (see also chapter 6). The sequence of the applied field values has to be stored in order
to correctly calculate the resulting magnetizations. However, storing the whole history of
applied fields for a great number of filaments as in superconducting cables would allocate an
unreasonable amount of memory and is unnecessary. From the calculation of the penetration
depth one can decide between history-relevant values that have to be kept for a correct
calculation and those that can be erased. A successively increasing external field has the
feature of wiping out the predessesing field values which then do not have to be stored in the
history array, once the higher field value is reached.

In the example given below and illustrated by Fig. 4.11, the value of the magnetic induc-
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tion B1 is wiped out while reaching the value B2. Going from value B2 to value B3, however,
means that both values have to be stored in the history array in order to be able to produce
the resulting field pattern inside the superconductor by considering its history (it is obvious
that a different field pattern would arise if the value B3 is reached on an initial state curve).
Both values, B2 and B3, however are wiped out when the field value B4 is applied. Conse-
quently, in each step the field array that is containing the history values changes, keeping
only the history-relevant field values.

B 1 B 1

B 2

B 1

B 2

B 3

0 0 0

[  B 1  ]H i s t o r y  a r r a y : [  B 2  ] [  B 2  ,  B 3  ]

B 1

B 2
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[  B 4  ]

B 4

E x t e r n a l  m a g n e t i c  i n d u c t i o n

R e l a t i v e
p e n e t r a t i o n  d e p t h

Figure 4.11: Setup of a history array for a sweep of a homogeneous external
field. The pictures show the distribution of the magnetic induc-
tion in the interior of a filament as a function of the relative
penetration depths for a field sweep from B1 - B4. The dashed
lines show the field profile of the predecessing step(s). The values
below indicate the corresponding entries in the history array.

Fig. 4.12 shows the resulting magnetization for the indicated low field values of the above
described field sweep, where starting from zero, the external field successively assumes the
values B1, ..., B4, of which |B1| < |B2| > |B3| and |B4| > |B2|. The field orientations of
B1, B2 opposites those of B3, B4.

As already explained, changes in the orientation of the applied field cause additional
current layers of opposite direction in the filament cross-section, whereas the application of
the magnetic induction B1 starting from zero field raises a magnetization which is following
the up-ramp branch (shielding branch on the initial state curve) from 0 to B1. in this case,
the filament is shielding its core from the applied field.

In the application of superconducting magnet calculation, history arrays of individual
filaments usually do not contain more than 8 - 10 values due to the repeated wipe out of
non history-relevant entries. However, mainly for correction magnets which are powered
permanently in up-down-up ramp modes, the history array can become two or three times
as large, when strong minor looping arises for individual filaments.

4.1.10 Continuous Course of the Magnetization

In a similar way to the derivation of the analytic expression of the magnetic induction B(q)
inside the filament, the magnetization of such an ellipse formation can be calculated. An
expression for the magnetization due to a radial slice of current Jc(q) between the relative
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Figure 4.12: Resulting magnetization from the field sweep shown in Fig. 4.11.
The blue dashed line presents a major magnetization loop as it
would result from a field sweep with higher inductions. It is given
in order to illustrate the actual position of the example values on
the M(B)-curve.

penetrations qi and qi+1 can be derived. Integration over the current-carrying surface leads
to the magnetic moment and the magnetization can be found by dividing the result by the
superconductor volume. For one set of inscribed ellipses with semi-minor axis a and semi-
major axis b, the contours are determined by Eqs. (4.6) and (4.7) and the expression for the
magnetic moment reads:

dmf = 2Jclf

∫

F

x dxdy = 2Jclf

∫

F

r2 cos ϕ drdϕ,

in cylindrical coordinates. From this, the magnetization is defined by the magnetic moment
per volume of superconducting material, the filament volume Vfil, here. The filament volume
reads Vfil = πUV lf in the case the filament has an elliptical cross-section with the semi-axes
U, V , and Vfil = πr2

f lf in the case of a circular cross-section with a filament radius rf . As
before, lf denotes the length of the filament.

M =
2Jclf
Vfil

f2(ϕ)∫

f1(ϕ)

r2 cos ϕ dϕ =







2Jc abc
U V for elliptical cross-section

2Jc abc
r2
f

for circular cross-section.

Again, a circle (or an ellipse) is inscribed into the current-free region of the intersection axis
shown in the Figs. 4.6, 4.7 (left) and then another couples of intersecting ellipses is inserted
into the remaining area of this circle and so on. Summation of the contribution of all n ellipse
pairs reads:

M =
2c

U V

n∑

i=1

Jc,iaibi

= 2c
n∑

i=1

Jc,i

(
2n − 2i + 1

2n

)2

,



60 Chapter 4 The Nested Ellipse Model

where expressions for the semi-axes of the inscribed ellipses are taken from Eqs. (4.10)
and (4.11). The magnetization is given in (A/m). The special case of a circular filament
cross-section can be obtained for U = V = rf .

Following the argumentation in section 4.1.7 for the calculation of the magnetic induction,
a similar expression for the magnetization M is found. Again, taking the limiting value for
n → ∞ changes the sum to an integral with the integration constant q where q = i/n
and nc = U/2. For the considered slice of current between the contours Uq1 and Uq2, the
magnetization reads:

Mi = U

qi+1∫

qi

Jc,i (1 − q)2 dq,

and for an infinitely thin slice of thickness dq, where dq → 0, an expression for the magneti-
zation can be given as:

dM = Jc(B(q)) U(1 − q)2
︸ ︷︷ ︸

m(q)

dq. (4.28)

As already shown before when deriving the expression for the magnetic induction B(q), the
result is independent of the actual shape of the filament as long as its cross-section can be
approximated by an ellipse with arbitrary values for the semi-axes U, V . Note, that the
expression for dM only depends on the value of the semi-major axis U . This is a result of
the homogeneous field distribution inside the filament cross-section.

This way, a function m(q) is introduced which can be considered as a magnetization
contribution since the magnetization is obtained from the integral over this function. As is
shown in the Figs. 4.15 and 4.16, the magnetization contribution m(q) can be identified with
the curve in the m(q)-plots, whereas M(q) is given by the area under the curve. In the next
section, only the case of filaments with a circular cross-section and a filament radius rf is
considered. The solution for arbitrarily shaped filaments can be found in section 4.3.

4.1.11 Magnetization Resulting from a Change of a Homogeneous External
Field

In section 4.1.9 it is shown that changes in the external magnetic induction cause current
layers with opposite polarities and are the source of the filament hysteresis. Therefore,
individual slice magnetizations are needed to describe the hysteresis after changes of the
ramp direction. Such a change, where ∂Bext/∂t changes sign, will produce a new layer of
screening currents with opposite polarity. This means that the parameter ξ which is indicating
the branch of the hysteresis curve switches sign. The individual layers of different slice
magnetizations have to be added up to the total magnetization of one filament as illustrated
in detail in section 4.1.9. For small changes the new current layer will penetrate the filament
only from q1 = 0 to q2 ≤ 1 while the currents inside persist. The values for qi are calculated
using Eq. (4.27), following Figure 4.5 (left), where one such layer in the cross-section of
a filament for the non-fully penetrated state is presented. For minor excitation loops, the
magnetization is obtained from the superposition of k different layers,

M(q) =
k∑

i=1

Mi =
k∑

i=1

qi+1∫

qi

U Jc,i (1 − q)2
︸ ︷︷ ︸

m(q)

dq. (4.29)
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In Eq. (4.29), Mi denotes the modulus of the magnetization of the ith layer of M . It has a
negative value if the resulting orientation is opposite to a positive external field. Its value
results from the integration of the function m(q). With the expression for the current fit
function given in Eq. (2.7), the magnetization for a round filament (U = rf) with radius rf

results to:

Mi = rfξ

qi+1∫

qi

Jc(B(q))(1 − q)2 dq = rfξ F
qi+1∫

qi

(1 − q)2
√

B(q)
dq. (4.30)

As before in the expression for the magnetic induction, Eq. (4.27), the parameter ξ indicates
the branch of the hysteresis curve, in the case of ramping up, ξ equals −1 and for ramping
down, ξ = 1. By means of solving the integral given in Eq. (4.30) and including the history
parameter ξ, the current fit function, the parameter F from Eq. (4.26), and the expression
for the magnetic induction B(q) which is given in Eq. (4.27), a closed expression is found for
the filament magnetization for one slice as follows:

Mi =
4 B(q)

5πF2µ2
0H3r2

f

[

B3
ext + ξHFµ0

((

5 − 4q +
5

4
q2
)

ξHFµ0 − (q − 4) B
3/2
ext

)]∣
∣
∣
∣

q=qi+1

q=qi

(4.31)

The total magnetization is calculated by the sum of the individual slices given in Eq. (4.29)
and reads:

M =
k∑

i=1

Mi

=
k∑

i=1

4 B(q)

5πF2µ2
0H3r2

f

[

B3
ext + ξHFµ0

((

5 − 4q +
5

4
q2
)

ξHFµ0 − (q − 4)B
3/2
ext

)]∣
∣
∣
∣

q=qi+1

q=qi

(4.32)

The parameter ξ changes the sign for each layer and thus assumes the values ±1 depending on
the direction of the externally applied field. As before, a correction factor for the remaining
triangles is received from the case of a fully penetrated filament containing one single layer
of constant current by integrating Eq. (4.30) from qi = 0 to qi+1 = 1, which yields:

M = rfJc

1∫

0

(1 − q)2 dq = −rfJc
1

3
. (4.33)

Comparison of Eq. (4.33) and the result for a fully penetrated filament with a circular cross-
section given in Eq. (3.9) yields a correction factor of 4/π. The factor H remains in the
expression for B(q) as a correction factor for the ellipse shape when calculating the magnetic
induction in the filament cross-section.

Figure 4.13 presents calculations of the filament magnetization derived from Eq. (4.31).
The outcome is multiplied with the filling factor λ in order to rescale to the magnetization
of a strand which then can be compared with measurements3. The initial state curve and

3It should be noted that measurements can be carried out on a strand level only. The superconducting
alloy is very brittle and has a filament radius of 6µm which would not restrain the mechanical handling
– whereas a strand where a bunch of filaments is embedded in a copper matrix can easily be handled
mechanically.
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Figure 4.13: Computed magnetization curve for one filament (rf = 3.5µm,
λ = 1/2.95, T = 1.9 K) compared to measurements on a super-
conducting strand [51].

several hysteresis loops are displayed. The comparison of the calculation and the measured
magnetization of a superconducting strand (dashed line) shows good agreement apart from
the region of B close to zero. At these points the difference between the magnetizations
of one filament and a whole strand becomes significant. Since the outside field for each
filament varies slightly due to the position in the strand cross-section and is additionally
influenced by the field arising from the screening currents in the neighboring filaments, Bext

will be different for each filament according to its exact position. This results in a spread
of filament magnetizations and hence in a smoothing of the region of B close to zero. Since
the Rutherford cables used in LHC magnets consist of many individual strands, this region
will be smoothed out automatically due to the differences of Bext at the individual strand
positions within the coil.

Calculation of the Relative Penetration Depths

The equation for the magnetization, Eq. (4.32) can be evaluated, if the values of the pene-
tration depths of the individual layers are known. These relative penetration depths can be
calculated from the course of the magnetic induction, Eq. (4.27), by fulfilling an additional
condition for the field that is depending on the actual pre-conditioned state of the filament.
This can be the screening field condition in the case of the initial state, where B(qin) = 0, or
the intersecting condition for all other cases.

For the initial state, the magnetic field in Eq. (4.27) vanishes when q = qin and the relative
penetration depth at initial state qin results to:

B(qin) = 0

⇒ qin =

∣
∣
∣
∣
∣

2 B
3/2
ext

3µ0 Hrf F(Bext)

∣
∣
∣
∣
∣
, (4.34)
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whereas the relative penetration depth of the general case qgen results from the point of
intersection between the (i − 1)th and the (i)th applied field value to:

(

(Bi−1
ext )3/2 +

3

2
ξi−1 Hrf F(Bi−1

ext )µ0 qgen
)2/3

=

(

(Bi
ext)

3/2 +
3

2
ξi Hrf F(Bi

ext)µ0 qgen
)2/3

.

In the latter case, the hysteresis parameters ξi−1 from the last step and ξi from the actual
step always have opposite signs. The relative penetration depth finally reads:

qgen =

∣
∣
∣
∣
∣
∣
∣

(

Bi−1
ext

)3/2
−
(

Bi
ext

)3/2

3µ0 Hrf F

∣
∣
∣
∣
∣
∣
∣

. (4.35)

The derivation of the Eqs. (4.34) and (4.35) is illustrated in Fig. 4.14.

Figure 4.14: Calculation of the relative penetration depths qin and qgen for the
initial state curve and the general case, respectively. The dashed
line indicates the magnetic induction in the predecessing (ith)
step.

4.1.12 Initial State Curve and Fully Penetrated State

The derived expressions of the magnetic induction B(q), Eq. (4.27), and the magnetization
contribution m(q), Eq. (4.28), respectively the magnetization M , Eq. (4.31), can be plotted
as a function of the relative penetration depth q, where the absolute penetration depth
(in µm) is obtained from the product with the semi-axis U of the filament q U . Figure 4.15
(upper plot), shows the result for the magnetic induction B(q) versus the relative penetration
depth in the case of increasing external fields Bext (ξ = −1) on the initial state curve. The
magnetic induction in this case is achieved from one current layer extending from q1 = 0
to q2(Bext). Depending on Bext, the resulting B(q) decreases according to the screening
effect until a certain penetration depth is reached, where complete screening of the external
field is obtained. The remaining part of the filament stays field free. In the lower plot the
contribution m(q) of a slice dq to the total magnetization M is presented. As shown, the value
of the magnetization M can be obtained by integrating the presented curves (see indication
on the plot).

Figure 4.16 illustrates the same quantities as in Fig. 4.15, but for a filament that has
already experienced a negative outside field once before (different history) and hence is fully
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Figure 4.15: Course of the magnetic induction B(q) and the contribution m(q)
as a function of the relative penetration depth q for the initial
state curve. The magnetization is obtained by integrating the
value of the magnetic contribution m(q) and thus corresponds to
the blue area under the m(q)-curve.

penetrated. Since the currents inside the superconductor persist, there is a remaining negative
field B(q) inside, whereas in the case of the initial state curve the field is zero for q > q2(Bext).
The lower plot in Fig. 4.16 also explains why the maximum magnetization does not occur at
Bext = 0: As the magnetization is determined by the integrated area M under the m(q) curve,
it can be seen that it is biggest for small values of Bext 6= 0. This characteristic behavior
has already been observed in measurements (see Fig. 4.13), but a theoretical explanation was
missing so far. In those cases, where the magnetization model neglects the Jc-dependence,
this effect is not reproduced as can be seen in the case of the Wilson Model, Fig. 3.7, for
example.
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Figure 4.16: Course of the magnetic induction B(q) and the contribution of
the magnetization m(q) as a function of the relative penetration
depth q for a filament already been exposed to a magnetic field
before (non-initial state curve).The magnetization is obtained by
integrating the value of the magnetic contribution m(q) and thus
corresponds to the blue area under the m(q)-curve.

4.1.13 Calculation of Bp1

In the case that the critical current density is held constant, the magnetization reaches its
maximum on the initial state curve exactly when the filament is fully penetrated and the
outside magnetic induction Bext equals Bp. However, in the case that the field-dependency
of the critical current density is considered, the maximum in the magnetization is reached
before the filament goes into the fully penetrated state. Thus, a magnetic induction Bp1 is
defined that denotes the value of the outside magnetic induction where the modulus of the
filament magnetization passes through its first maximum when ramping up on the initial
state curve (see Fig. 4.13). This value of Bp1 and the correspondent relative penetration
depth are calculated in the following.

The calculation of the maximum magnetization, starts with the closed analytical expres-
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sion that has been given in Eq. (4.31). For the initial state curve, the magnetization consists
of only one layer, so i = 1. This single layer penetrates the filament from q1 = 0, to a relative
penetration depth q2 which can be calculated from Eq. (4.27), in which B(q2) = 0 to:

q2 = 2B
3/2
ext /(Hrf F(Bext)µ0), (4.36)

since the field inside the superconductor is fully screened in this case (see also Fig. 4.13 for
illustration).

The magnetization given in Eq. (4.31) now only depends on B(q) and Bext and thus, the
maximum of the magnetization on the initial state curve can now be derived by solving the
equation ∂ M(Bext)/ ∂ Bext = 0. Since the function of the critical current density in the
region of very low values is cut to a finite value, an approximation is used when Bext = Bp1,
such that j′c(Bext) ∼= 0. This way, the applied field reads:

Bp1
∼= (HF(Bp1) µ0)

2/3 (15 − 5
√

5)1/3

2
, (4.37)

q2
∼=

√

5

6
− 5

√
5

18
∼= 0.46 . (4.38)

Equation (4.37) has to be solved recursively and yields a good estimate for the entity Bp1

after few iterations. From Eq. (4.38), it can be seen that the maximum modulus of the
magnetization does occur at a relative penetration depth of q2

∼= 0.46 rather than in the fully
penetrated state. This fact is illustrated by the lower plot of the Figs. 4.15 and 4.16, where
the area under the m(q)-curve reaches its maxima at q → 0.46 (solid blue line). Note that
the value of q2 is independent of the critical current fit, provided ∂F(Bext)/ ∂Bext

∼= 0 i.e.
the critical current diverges with 1/

√
Bext, for Bext → 0, a restraint which is fulfilled as can

be seen from Eq. (2.7) and its approximation, Eq. (2.8) for the example of the LHC main
dipole and quadrupole cable. Also this can be seen in the Figs. 4.15 and 4.16.
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4.2 The Nested Ellipse Model for Rotating Fields

In the last section, the field response of a superconducting cylinder on an externally applied
magnetic induction exposed to a change of a homogeneous external field has been described.
In the more general case, the applied magnetic induction rotates in the plane of the filament
cross-section. This means that with varying source currents, the magnetic induction which
is applied on the strands in the coil cross-section changes not only its value, but also the
exercising angle with respect to the local coordinate system of the strand. The amount of
local change in applied field depends on numerous parameters as the location of the strand
in the coil cross-section, the type of coil, as, dipole, quadrupole or so-called nested coils, for
instance, the influence of the iron yoke saturation and such the vicinity of the yoke structure
with respect to the coil position, local iron saturation effects, influence of neighboring strands,
global displacement effects of the magnetization in the complete coil and influences due
to the application of local compensation devices (as ferromagnetic shims or non-powered
(passive) superconductors, etc.), if present. All these effects make the determination of the
magnetization in the more realistic case of so-called rotating fields far more complicated than
in the one-dimensional case. Since it has been shown, for example, in [41], that magnetic fields
oriented parallel to the strand axis only have a minor influence on the induced superconductor
magnetization, rotating fields in the plane can be considered the general case of interest in
the framework of persistent current calculation.

Figure 4.17: Coil cross-section of an orbit corrector magnet (LHC MCBX mag-
net) showing the induced magnetization vectors (in color) and the
resulting magnetic induction (in black) for different states in a
powering cycle. The pictures show the results for a time-stepping
of the source currents from the coil in the top left to the bottom
on the right-hand side. The source currents result in an anti-
clockwise rotation of the main field. The vectors of the induced
magnetization in the superconducting coil change accordingly.
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Figure 4.17 shows the coil cross-section of an orbit corrector magnet which is designed for
LHC (so-called MCBX magnet). The MCBX magnet is described in detail in section 6.5. The
plots have been chosen here in order to illustrate the necessity of the rotating field calculation.
The presented magnetic fields have been calculated from source currents, only. The currents
are fed in such a way that the resulting inner field distribution rotates in the plane. As
can be seen from the field distribution in the cross-section, the vortices which exist within
the coil structure, are moving according to the orientation of the main field component. In
addition, the radial position of these vortices depends on the total amount of source current
in the coil and on the shape and the vicinity of the ferromagnetic iron contour surrounding
the coil (not shown in the plot). Strands which are located in the vortex regions experience
a rapid change in external field direction with the movement of the field vortices and such
react with a strong change in their induced superconductor magnetization. Additionally, the
field vortices indicate low field regions (field drains) where the amount of magnetization as
well as the magnetization gradient are high.

In the case of rotating fields, the magnetic induction resulting from external field sweeps
can no longer be determined by superposition which results in a sum of several scalar terms (as
in Eq. (4.32)). Changes in external field orientation do not only produce a new current layer,
moreover, different layers can presume arbitrary angular rotations of their local coordinate
system. The resulting magnetic induction has then to be calculated by superposition of the
vector terms of the fields resulting from the induced currents of the individual layers. Since
it is also possible, that the total amount of the applied magnetic induction stays constant
while only the angle of the direction of the applied field varies, also the criteria for detecting
hysteresis branches have to be adapted and the history array of each strand has to contain
an angular information in addition to the amount of the applied field.

4.2.1 Magnetic Induction in Case of a Rotating Field Sweep

The model presented in this section has been derived from the one-dimensional case intro-
duced in section 4.1 and the expressions given there. In a first step, the one-dimensional
integral for the magnetic induction in the interior of a filament, Eq. (4.27) has to be modified
for the 2D case. This means that the parameter ξ, which was formerly toggling between −1
and +1 (in case the external field changed orientation), now has to be modified in such a
way as to encompass the exercising angle of the applied field instead of merely expressing
the external field orientation. Assuming, in a first step, the applied magnetic induction to
be oriented in the x-direction of the local coordinate system of the filament and the origin of
local coordinate system to be in the filament center. Then α may denote the angle between
the applied field and the induced screening field. Thus, the entity ξ can be expressed by the
relation

ξ = − cos α. (4.39)

In case only one field value has been applied so far, α equals zero in the first step and the
screening field directly opposites the applied field. In case of any change in external field
strength without angular variation, α assumes either null or π, corresponding to the one-
dimensional cases ξ = ±1. This allows to modify the one-dimensional differential equation
B′ = ±µ0HrfF /

√

B(q), (equivalent of Eq. (4.25)), to the set of equations:

B′
x(q)

4

√

B2
x(q) + B2

y(q) = − cos αFHrfµ0 (4.40)

B′
y(q)

4

√

B2
x(q) + B2

y(q) = − sin αFHrfµ0,
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where q denotes the dimensionless relative penetration depth. The absolute penetration
depth (in µm) is obtained from the product q U . The equations have to fulfill the boundary
conditions on the outer filament border:

Bx(0) = Bext By(0) = 0.

The amount of resulting magnetization, formerly expressed only for the one-dimensional
case, Eq. (4.31), already includes the parameter ξ which now follows Eq. (4.39) and such the
application on a slice i of current between the relative penetration depths qi → qi+1 remains
as derived in section 4.1:

Mi =
4 B(q)

5πF2µ2
0H3rf

[

B3
ext + ξHFµ0 ·

((

5 − 4q +
5

4
q2
)

ξHFµ0 − (q − 4) B
3/2
ext

)]∣
∣
∣
∣

q=qi+1

q=qi

.

The problem is now, to determine the relative penetration depths qi, qi+1 in the rotating
field case. As before in the case of a sweep of a homogeneous external field, a new current
layer is induced in case of a general external field change. Consequently, the width of the
existing current layer(s) from the previous step(s) changes due to the newly induced currents.
Direction and amount of the newly induced currents follow a set of rules: Independent of the
(already existing) current distribution which resulted from the previous step, they are oriented
according to the right-hand law with respect to the external field direction of the actual step.
The amount is such as to screen the change in field from the previous to the actual step
(assuming the field change does not exceed the penetration field Bp). In case the field change
exceeds the maximum screen-able field, the current layer from the previous step is wiped out.
In any case, the total field of such a filament results from the superposition of the contribution
of all remaining and the actual current layers. The orientation of the magnetization which
results from the individual layers has to be taken into account. Therefore, both the direction of
total screening field and the direction of the resulting superconductor magnetization decouples
from the orientation of the actual applied magnetic induction. For the calculation of rotating
fields, only nested circles are used. This way, the individual current slices can be shifted with
an arbitrary angle and such the rotation is modelled.

4.2.2 Parameterizing the Problem

Generally, the relative penetration depth can be received in a similar way as in the one-
dimensional case from the boundary conditions. In order to do so, the set of equations,
Eqs. (4.40) is parameterized

B′
x(q) = −t′(q) cos α, B′

y(q) = −t′(q) sinα. (4.41)

This way, the components of the magnetic induction as a function of the relative penetration
depth q, in the general case, result to:

[

Bx(q)
By(q)

]

= Bext

[

cos ϕ
sin ϕ

]

− t(q)

[

cos(α + ϕ)
sin(α + ϕ)

]

, (4.42)

where ϕ is the angle of the external magnetic induction with respect to the x-axis. For the
special case mentioned before, where the magnetic induction in the first step has only an
x-component (ϕ=0), Eq. (4.42) modifies to the easier case of:

[

Bx(q)
By(q)

]

= Bext

[

1
0

]

− t(q)

[

cos α
sinα

]

. (4.43)
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Equally, if the external magnetic induction has only a y-component, ϕ=π/2 and the equation
reads:

[

Bx(q)
By(q)

]

= Bext

[

0
1

]

− t(q)

[

cos α + π
2

sin α + π
2

]

. (4.44)

The function t(q) can be considered the newly induced screening field in the present step.
In order to illustrate this, two successive values of magnetic inductions, B1

ext and B2
ext may

be applied to a filament as is shown in Fig. 4.18, where |B1
ext| = B1

ext > Bp, the penetration
field, and Bp > |B2

ext| = B2
ext. The superscript indices 1,2 denote the number of the step. If

no superscript is given (as, for instance, in Eq. (4.39)), the general case is meant. Without
loss of generality, B1

ext may be oriented in the +y-direction.
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Figure 4.18: Cross-sections of a round superconducting filaments exposed to
externally applied magnetic inductions B1,2

ext. The intersecting
circle pairs suggest the induced current profiles. The number
of inscribed pairs goes to infinity in the model by applying a
limiting value. Left: 1-dimensional change of the applied mag-
netic inductions B1

ext,B
2
ext. Right: The magnetic induction B2

ext

has changed the excercising angle with respect to the first step.
The arrow diagrams show the resulting induced screening vectors
t1, t2 in the respective two steps. Applied cycle, left hand side:
|B1

extey| > Bp (indicated by the dark blue arrow) → |B2
extey| <

Bp (indicated by the red arrow). Applied cycle, right hand side:
|B1

extey| > Bp → |B2
ext = B1

ext,xex + B2
ext,yey| < Bp. The vec-

tor t2 is the resulting screening vector from the second step. It
opposes the change in the magnetic induction rather than the
induction itself. In the case of the rotating fields, it can be seen
that the screening vector de-couples from the orientation of the
magnetic induction applied in the second step.
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The right plot in Fig. 4.18 shows qualitatively how the two magnetic inductions of the
two steps induce two independent current slices of which the outer is rotated by the angle ϕ.
The arrow diagram at the right hand side of this figure is to be read as follows: In the 1st
step, B1

ext is applied pointing only in the y-direction. The induced screening currents fully
penetrate the filament, since B1

ext > Bp. They result in a screening field t1 with opposite
direction to B1

ext. The screening is, however, not complete, thus the length of the arrow of t1

is shorter than that of B1
ext. In the 2nd step, the applied field reduces its total amount and –

in addition – rotates by the angle ϕ with respect to the coordinate system of the 1st step. A
new current layer is induced. The resulting screening field t2 of the second step opposes the
change in the field with respect to the last step (rather than the total field that is applied
in the second step). The resulting total screening is obtained from the superposition of the
screening from the 1st step and the screening field produced in the 2nd step (not shown
in the arrow diagram). Consequently, the orientation of the total screening field de-couples
from the external field direction. This is, of course, equally true for the orientation of the
resulting magnetization. In addition, the second current layer reduces the screening capacity
of the 1st layer due to the re-distribution of the current: When the second current slice is
induced, the newly induced currents are reducing the available area of the currents of the 1st
step. Consequently, the length of the arrow of t1 has to be shortened when the second step
is applied (dashed part of t1).

The plot on the left hand side of Fig. 4.18 is showing the easier case of a one-dimensional
change of the applied field, for comparison. In addition, for both cases shown in Figure 4.18,
the resulting distributions of the two components Bx(q) and By(q) of the induced magnetic
inductions in the filament cross-section versus the relative penetration depth q of the filament
are presented. As can be seen from the plots, the y-component of the screening field is reduced
in the second application step and matches the applied magnetic induction B2 at q = 0 (the
dashed line indicates the course of By(q) versus q after the 1st application step). It should
be noted that the amount of B2

ext,y in the case of rotating fields is chosen to have the same
amount as B1

ext (thus the distributions of By versus q are identical).

As has already been mentioned, for rotating fields, the orientation of the induced screening
fields (and this way also the resulting magnetization) de-couples from the externally applied
field direction. This feature will be further investigated in section 6.5, when a rotating field
is applied to the coil of a dipole-orbit corrector magnet and the resulting magnetization is
computed.

A similar diagram as the arrow plot for the applied field and the screening fields in the
different step can be derived for the correlation between the relative penetration depths and
the external fields in the various steps. Figure 4.19 illustrates the development and the
boundary conditions which are used to determine the relative penetration depths for the
above given example of two consecutive steps with rotating the fields by an angle ϕ.

In order to calculate the above described penetration of the induced current layers, the
relative penetration depth of the actual step has to be calculated by combining the Eqs. (4.40),
(4.41). This yields the correlation:

t′(q) 4

√

B2
x + B2

y = FHµ0.

Including now the components that are given in Eq. (4.43), results in:

t′(q) 4

√

B2
ext + t2(q) − 2Bextt(q) cos α = FHµ0,



72 Chapter 4 The Nested Ellipse Model

B y

B x

B 1 e x t

B y

B x

B 1 e x t

B 2 e x t

B x

q 1 = 0

q 1 = 1

q 1 = 0

q 1 = 1

j

B 1 e x t

B 2 e x t

q 1 = 0

q 1 = 1

j

q 2 = 0

q 1  =  q 2

Figure 4.19: Diagrams of the applied magnetic induction (blue and red) and
the resulting vector for the determination of the penetration
depths in the different steps. Applied cycle: |B1

extey| > Bp →
|B2

ext = B1
ext,xex + B2

ext,yey| < Bp. The penetration depth of
the second step, is obtained from two boundary conditions: (1)
on the outer border of the filament, where q2 = 0, the screening
field has to have the value of the external field, B2

ext, in the actual
step (the two arrowheads of the red and orange arrows meet). (2)
At the position, where the two slices of current which result from
the two successive steps touch, the value of the penetration depth
from the first step and that one from the second step have to be
identical. This is indicated by the red point, where q1 = q2 and
corresponds to the point q∗ in Fig. 4.18.

with the boundary condition t(q = 0) = 0. Substituting now u(q) = t(q) − Bext cos α gives:

u′(q) 4

√

u2(q) + B2
ext sin2 α = FHµ0 (4.45)

and the boundary condition u(0) = −Bext cos α. From Eq. (4.45), the function of the relative
penetration depth q can be determined:

du(q) 4

√

u2(q) + B2
ext sin2 α = FHµ0 dq

q =
1

FHµ0

∫

4

√

u2(q) + B2
ext sin2 α du(q) (4.46)

which yields:

q =
1

FHµ0

[
2

3
u
(

B2
ext sin2 α + u2

)1/4

+
1

3

B2
ext sin2 α u(1 + u2

B2
ext sin2 α

)3/4

(B2
ext sin2 α + u2)3/4 2F1 (

1

2
,
3

4
,
3

2
,
−u2

B2
ext

)





+
√

|Bext sin α| 2F1 (
1

2
,
3

4
,
3

2
,
−(t(q) − Bext cos α)2

B2
ext

)

]

This way, the relative penetration depth can be expressed including the boundary condition
q(−Bext cos α) = 0 as4:

q(t) =
1

3FHµ0

[

Bext cos α(2
√

Bext +
√

|Bext sin α|)
]

2F1 (
1

2
,
3

4
,
3

2
,− cot2 α) +

4Equation (4.46) has been solved by means of the program package MATHEMATICA c©.
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(t − Bext cos α)
(

2(B2
ext + t2 − 2Bextt cos α)1/4+

√

|Bext sin α| 2F1 (
1

2
,
3

4
,
3

2
,−(t − Bext cos α)2

sin2 α B2
ext

)

)

. (4.47)

Where 2F1 denotes the Gauss’ hypergeometric function. The input of the hypergeometric
function in Eq. (4.47) assumes a pole in its argument if sinα=0 or Bext=0. In this case, the
function q(t) can be determined as follows:

q(t) =
2

3FHµ0

[

B
3/2
ext cos α + (t − Bext cos α)(B2

ext + t2 − 2Bextt cos α)1/4
]

(4.48)

For programming purposes, the hypergeometric function is expressed in terms of the Gamma-
function [57] as is shown in the appendix A.4.

4.2.3 Equations for the Relative Penetration Depth

It is now possible, to determine the function t(q) of the Eqs. (4.47), (4.48) by means of the
Newton algorithm and from this, the components of the induced magnetic induction Bx, By

are received by means of Eq. (4.42) as a function of the relative penetration depth for different
values of externally applied magnetic induction Bext. However, in the general case, where
both fields (predessesing and actual step) are applied on the filament with arbitrary angles
in the filament cross-section, three unknowns ti, ti+1 and αi+1 remain. Here, i denotes the ith

step (predessesing step), i+1 the i+1th step (actual step) hence, q(ti) the relative penetration
depth in the ith step, q(ti+1) the relative penetration depth in the actual step. The entities αi

and αi+1 denote the angles between the screening vectors ti and the corresponding applied
fields Bi

ext, and ti+1 and Bi+1
ext , respectively (see Fig. 4.20 for the illustration of the entities

in the general case).

B xB i e x t

B i + 1 e x t q i + 1 = 0

j

q i  =  q i + 1

B y a i + 1

t i + 1 ( q )

q i + 1 = 1
q i = 1

q i = 0
t i ( q )

a i

Figure 4.20: Diagram of consecutively applied magnetic inductions Bi
ext, B

i+1
ext

and the induced screening field vector ti+1(q) of the i + 1-th
application step.

As already mentioned, the relative penetration depths of two consecutive steps have to
be identical since the current layers of two consecutive steps touch. Therefore, the condition
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for the relative penetration depths reads:

q(ti)
∣
∣
∣
Bi

ext,α
i
= q(ti+1)

∣
∣
∣
Bi+1

ext ,αi+1
, (4.49)

delivering the first stipulative equation for the remaining three unknowns.

The two other stipulative equations result from the fact that the magnetic inductions at
the point of intersection from the ith and i + 1th step are continuous:

Bx(qi) = Bx(qi+1), By(q
i) = By(q

i+1). (4.50)

The system of equations Eq. (4.49), (4.50) can be solved by means of the Newton algorithm
and delivers the three unknowns ti, ti+1 and αi+1.

4.3 Influence of Arbitrarily Shaped Filaments

4.3.1 Change of Filament Size

While investigating the influence of filaments with arbitrarily shaped cross-sections, in a first
step, the dependency on the filament radius is considered. Therefore, the magnetization
of a filament during a homogeneous field sweep is calculated for different filament radii.
The magnetization value is multiplied with the Cu/Sc-ratio in order to obtain the same
presentation as in the predecessing chapters. As could be seen from the Eqs. (4.8), (4.22) and
(4.33), the magnetic induction and the resulting magnetization have a direct proportionality
to the filament radius rf .
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Figure 4.21: Calculated magnetization for a NbTi-filament with different fila-
ment radii of 3.5 µm and 5.0 µm. As expected, the filament mag-
netization directly scales with the filament radius and increases
accordingly.

Figure 4.21 shows the magnetization calculated for a filament radius of 3.5 µm and 5.0 µm,
respectively. As can be seen from the plot, the area that is outlined by the magnetization
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curve grows proportionally to the filament radius, but the characteristic shape of the curve is
preserved. This is a very good illustration of the fact that the shape of the curve is given by
the dependency of the filament on the current fit function and supports the statement given
in section 2.3 that the jc-function has to be chosen carefully. It can also be seen that the
Bp1-value and the Bp-value change for different radii. As is shown in section 7.4, the area
being surrounded by the magnetization curve is directly proportional to the hysteresis losses
experienced in the filament. Consequently, the losses during a major loop increase with an
increasing filament radius as well.

It should be mentioned here that in the early literature, while treating the subject of
magnetization, the filament radius has often been used as a parameter to adjust the calculated
values to the measured magnetization curve. In these cases, so-called ”effective filament radii”
were introduced into the expression for the magnetization. By doing so, the magnetization
curve can be adjusted (provided that the current fit function is well chosen), but this method
cannot be recommended, since it might also blur other effects which can occur within a
magnetization measurement that is taken on a strand.

4.3.2 Hollow Filaments

In the framework of the development of conductors for even higher fields that are foreseen
for the LHC (e.g. fields up to 10 T in a dipole-type magnet), the material Nb3Sn seems to be
a promising alternative to NbTi, allowing to carry a higher critical current density. Nb3Sn-
filaments have a typical filament radius of around 20 µm. They are made by means of a
so-called powder-in-tube (PIT) process in which a Nb-tube is embedded into a copper-carrier
and filled with Sn-powder. Considerable research in this respect has been carried out, for
example, by A. Ouden et al. from the University of Twente (NL) partly in collaboration
with CERN [58]. Main objectives in the development of such new Nb3Sn-filaments are the
reduction of the filament radius and an improvement of the current carrying capacity. The
Sn-core is reacting with the Nb-tube to Nb3Sn and this way is providing the Type II super-
conducting material. The center part of the core, however, will not react and stays as pure
Sn. This core is measured to be in the range of 6-8 µm, which means that from the point
of the magnetization effect, the core part as not being a Type II superconductor will not
contribute in carrying the critical current density and thus the filament can considered to be
”hollow”. An example of such hollow filaments is presented in the cut through already shown
in Fig. 4.2.

Although the main interest in using Nb3Sn-filaments is to operate at considerable higher
fields than it is currently possible with NbTi, the magnetization that can be observed at low
field only, is the part which interests here. Figure 4.22 shows the calculated magnetization
for a Nb3Sn-filament at an operating temperature of 4.4 K for values of the inner radius of
6 and 8 µm. The outer filament radius is chosen to be 11 µm (green and red curve). The
resulting magnetization for a massive filament is presented for comparison (blue curve).

In the same way as for a simple change of the outer filament radius (presented in the last
section), different effects can be observed: Firstly, the magnetization reduces if the filament
has a hollow core. This is to be expected since the maximum penetration depth which is
available to the critical current is smaller in the hollow case. Consequently, the area which
is surrounded by the magnetization curve reduces and thus less hysteresis losses are to be
expected in the case of a hollow filament on the major loop. Running a minor loop, however,
the situation is different. As it is explained in section 7.4, the losses are proportional to the
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Figure 4.22: Calculated magnetization for a hollow Nb3Sn-filament with dif-
ferent inner radii and identical outer radius. The outer filament
radius is chosen to be 11 µm and the inner is 6 µm and 8 µm,
respectively (red and green curve). For comparison, a massive
filament (inner radius = 0 µm) has been calculated as well. Such
a filament corresponds to the ones shown in the cut through in
Fig. 4.2. In addition, for the massive filament and the hollow
filament with inner radius of 8 µm, a minor loop on the up-ramp
branch is calculated.

area which is enclosed by the magnetization curve. Comparing now the minor loop of the
blue curve (massive filament) with the minor loop of the red curve (hollow filament with an
inner radius of 6 µm), it can be seen that the area surrounded by the red curve is slightly
larger than that of the blue curve5. Thus higher losses during the minor looping are to be
expected in the second case. This observation is not pursued further, and so the difference
between the two loss-values during the minor looping has not been quantified. Nevertheless,
it is obvious from the curves that in the case that the magnet ramp contains a minor looping,
a re-scaling of the calculated hysteresis losses, (e.g. as a function of the filament radii or the
superconductor surface), will not result in correct loss values. Though a re-scaling might
work on the loss calculation of an individual filament, calculated for a major loop (as it is
suggested, for example, by R. Hartmann in [13]), it is not applicable for a superconducting
accelerator magnet.

Finally, a considerable change in the initital state curve is observed. As can be seen
from the curves, all initial state curves are identical until Bp1 (the maximum value of the
magnetization on the initial state curve) is reached. In case of the massive filament, Bp1

and Bp are different, whereas for the two hollow filaments, these values coincide. This is
due to the fact, that the hollow part does not carry any critical current and this way, the
screening property (and also the resulting magnetization, of course) of the filament is limited
by reaching the inner edge of the filament. Thus, the point of maximum penetration is

5In order to keep Fig. 4.22 readable, no minor loop has been calculated for an inner radius of 6 µm.
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reached, when the critical current touches the core part of the filament6. It is also obvious
that, depending on their inner radii, each filament possesses a different value for Bp1.

4.3.3 Influence of Deformed Filaments

During the production process, the filaments within one strand are usually more or less
deformed, depending on their position within the bundle when they are drawn. The state
of their deformation is also used as a measure of the quality of the total billet from which
the filaments are taken. In general, it can be said that within one bundle of filaments, their
cross-sections are not continuously deformed, thus no uniform type of filament cross-section
exists [59]. It is also observed, that the shape of the filament cross-section deteriorates towards
the outer border of the bundle [60], (also to be seen in Fig. 4.2). The damage of the filament’s
cross-sections is detected by a cut through and a micro-photographic inspection.

Deformation of the originally round filament cross-sections results in an increase of the
expected magnetization and a widening of the magnetization loop. It is therefore necessary
for quality insurance to quantify the expected deformations before the cable to be used in an
accelerator magnet is produced.

The application of an elliptically shaped filament cross-section into the calculation of the
magnetization in the Nested Ellipse Model is only possible for a homogeneous external field
change. In the case of rotating fields, a circle has to be inscribed into the remaining areas (see
section 4.2) in order to make the rotation in the cross-section possible within the model and
thus the filament cross-section has to be round. Note, that all investigations in this section
are carried out for fully penetrated filaments, only (no initial state curve is considered, here).

Though the filament cross-section will not exactly deform from a circular to an elliptic
shape, assuming an ellipse shape is a good assumption which gives sufficient flexibility to
model even heavily deformed filaments which are presuming a thin, flat shape. In addition,
one can assume that the available area of the cross-section does not change. Following now
the investigation of S. Le Naour and R. Wolf [60], there are two possible extrema for the
positioning of such a deformed filament with respect to the applied field: The semi-major
axis is positioned parallel or perpendicular to the external field direction (see Fig. 4.23, case I
is the original round filament, in case II the semi-major axis is parallel to the external field
and in case III, the semi-major axis is perpendicular to the applied field).

From Equation (3.9), the magnetization of a round, fully penetrated filament depends on
the filament radius rf , which is – at the same time – the maximum penetration distance that
is available for screening. In the case of an elliptically shaped filament, the magnetization
depends on the width of the semi-axis a perpendicular to the external field orientation (which
is the x-direction in the system shown in Fig. 4.23). Therefore the resulting magnetization
in the center of the filament, given in Tesla, for the three cases and in the fully penetrated
state read:

M =
4µ0

3π
Jc







rf round filament
b case II filament
a case III filament

.

Comparing now the magnetization of two ellipses with the same ellipticity, the same area
of the cross-section, but one being upright as in case II of Fig. 4.23 and the other one flat as

6This is valid as long as the inner radius has a certain size; as it typically the case today, due to the
production process.
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Figure 4.23: Deformation of filaments: It is assumed that the deformed fila-
ment can be represented by an elliptical shape. Case I: Original
round filament, cases II and III: Two extreme possibilities for the
positioning of the deformed filament with respect to the orienta-
tion of the external magnetic field. All filaments are in the fully
penetrated state.

in case III, the differences in their magnetization will not cancel out when they are averaged,
and the average results to:

M =
4µ0

3π
Jc

a + b

2
.

By keeping the cross-sectional area of the round filament for the ellipses constant, r2
c π = abπ,

the average magnetization of the two extreme cases II and III reads:

M =
4µ0

3π
Jcrf

a2 + b2

2rfa
︸ ︷︷ ︸

>1

.

Consequently, the magnetization produced by an elliptical filament will be higher than those
of a circular one, if the current density is kept constant. This feature can be easily explained
by plotting the screening capacity of the different filaments. Figure 4.24 shows the ratio of the
calculated screening field of a filament with elliptical cross-section to the screening field of a
filament with a round cross-section versus the width of the semi-axis of the elliptical filament
(

Bscreen,ellipt.

Bscreen,round
vs. rf , respectively a in µm). The reference filament radius for the round filament

is 3.5 µm.

It can be seen from the plot, Fig. 4.24 that the resulting screening field of an elliptical
filament of the ”upright shape” (shown as case II in Fig. 4.23) is always smaller than the
reference value of the round filament. Since the magnetic induction is divergence-free, the
field produced by the filament on its outside will therefore also be smaller than the outside
field of a round filament. Consequently, the resulting external field of the elliptical filament
after superposition to the external source field will be smaller than the resulting field in case
of the round filament. This explaines, why the magnetic induction in of the elliptical filament
is always smaller than that one of the round filament. The same principle is to be applied
on the second part of the curve shown in Fig. 4.24, above a semi-axis of approx. 6 µm.
In the range between 3.5 µm and approx. 6 µm, however, the screening capacity of the
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Figure 4.24: Screening capacity of an elliptically shaped filament with respect
to a filament with a round cross-section (ratio of the calculated
screening field of an elliptical filament with respect to the screen-
ing field of a round filament). The reference radius of the round
filament is 3.5 µm. The ratio is below 1 for all filaments of the
case II shown in Fig. 4.23, and equals 1 when the reference radius
is reached. For elliptical filaments of the ”flat type” (case III in
Fig. 4.23), the screening capability first increases above the ref-
erence value of the round filament and then reduces to values
below.

filament with the elliptical cross-section rises above that of the round filament. In this cases,
the resulting magnetization should be smaller than the one of the round filament. This,
however is not observed from the equations for the magnetization given above. It is to
be expected that this behavior is explained when a real Jc(B)-dependence is included into
the equations (instead of the assumption of a constant Jc, as is taken in this sub-section).
However, the aim here is to generally show that a difference in the produced screening field and
the resulting magnetization between round and elliptically shaped filaments is to be expected
which motivates the use of the model with intersecting ellipses instead of intersecting circles
in the case of a homogeneous external field change. Thus, a further investigation is omitted
here.
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Chapter 5

Magnet Calculation and
Repercussion on the External Field

In the previous chapter, the response of a superconducting filament or strand on an ex-
ternally applied field and the calculation of the resulting induced magnetization (persistent
currents) is described. In order to calculate the influence of these persistent currents on
the field distribution in the superconducting coil of a magnet, the magnetization model has
to be evaluated individually for each strand. Therefore, the model is incorporated into the
field calculation program ROXIE. The ROXIE package is a numerical field calculation pro-
gram which has been created by Stephan Russenschuck at CERN. ROXIE stands for the
Routine for the Optimization of magnet X-sections, Inverse field calculation and coil End
design. Implementing the persistent current model allows the use of the existing ROXIE
subroutines, for example, the routine for the determination of the exact position of the in-
dividual strands in the cross-section or the algorithm for the evaluation of the multipoles
from a calculated field configuration. Also, the routines for magnet optimization, for the
calculation of excitation curves and the graphical packages are used. In addition, the ROXIE
program includes advanced numerical field solvers which allow the precise calculation of the
contribution of non-linear iron domains to the resulting coil field. Iron domains can be, for
example, the yoke structure of a superconducting magnet. All two-dimensional (2D) ROXIE
features applicable for the superconducting magnet design can now be carried out including
the persistent current calculation. This allows to incorporate the effects from the induced
coil magnetization from start on into the design process for superconducting magnets. Due
to the repercussion of the persistent current fields on the field which arises from transport
currents only, the superposition of these two field contributions has to be solved iteratively.
The field distribution in the coil cross-section which results from this M(B)-iteration is then
the input value for the calculation of the magnetization of the ferromagnetic parts in the
magnet.

At this point, and before the M(B)-iteration can be applied, the user has to decide about
which part of the magnet structure has to be incorporated into the iteration and whether the
M(B)-iteration influences the magnetization of the ferro-magnetic domains. In the case of
magnet geometries, in which the distance between the coil and the inner yoke radius is large,
it is often sufficient, to iterate the source currents and the persistent currents in the coil, only.
This way, the repercussion of the superconductor magnetization on the field which is resulting
only from the source currents, is considered. After convergence in the M(B)-iteration, the
yoke contribution can be determined from the fields of this iterated current distribution in
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the coil and can then be added in a final step.

However, in the case of coil geometries which include very thin non-linear and highly
permeable regions in the cross-section of a magnet, such as tuning shims, for example, their
influence can lead to a change in the local field distribution in each step of the iteration of
source currents and persistent currents. This change then causes a change in the excitation
field of the persistent currents. In such cases, the re-calculation of the iron magnetization
has to be carried out in each step of the M(B)-iteration.

In this chapter, first the necessity of the iteration procedure is illustrated by means of
calculating the repercussion of the persistent current fields on the source fields. Then the
iteration method is presented. The iteration is carried out by means of a fixed point iteration
and is combined with a relaxation method in order to accelerate and stabilize the convergence.
The relaxation method is investigated and the above-mentioned different possibilities, of
applying the M(B)-iteration on a magnet geometry, are discussed.

5.1 The M(B)-Iteration

For a precise determination of the field in the coil, an M(B)-iteration is necessary to consider
the repercussion of the induced magnetic induction on the external field. From the fact
that the field quality in a superconducting magnet is mainly determined by the coil shape
and the current distribution in the coil cross-section, it is obvious that the changes in the
current distribution in the cross-section which result from the field repercussion have to be
considered. As for persistent currents in general, the influence of the repercussion plays an
important role especially at very low fields.
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Figure 5.1: Magnetization in the first quadrant of the cross-section of a
dipole coil computed without M(B)-iteration (left) and with M(B)-
iteration (right) at low excitation currents. Without the iteration,
the repercussion of the magnetic field produced by the induced
persistent currents on the external field cannot be considered.

Figure 5.1 shows the coil magnetization in the first quadrant of a dipole coil arising for
low excitation currents. The magnetization has been calculated with and without the field
repercussion in order to illustrate the necessity of the iteration. A more detailed evaluation
is given in section 5.8 at the end of this chapter.
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The plots clearly show the changes in the local distribution of the magnetization in all coil
blocks. The calculation has been performed for a very low current on the initial state curve.
In this case, the amount of induced superconductor magnetization is directly proportional
to the applied field and a region of low magnetization is presented by the dark red and
purple spot close to the abscissa, where a field drain is located. As is shown in chapter 5.8,
examplery for a superconducting tuning quadrupole (the so-called MQTB), the location of
this area of low fields moves with increasing current. Two reasons exist for this behavior.
Firstly, small saturation effects occur along the inner yoke structure. Although these have
only little influence on the magnetic induction at low field, they make a significant difference
for the magnetization since even small changes in the magnetic field result in considerable
changes of the magnetization due to the steep slope in the Jc(B)-curve. For the same reason,
the region of low magnetization also moves outwards with respect to the beam center and
enlarges if iterations are performed.

Generally, this phenomenon can be described as follows: In a first step, the applied exter-
nal induction increases when superimposed with the induced field from persistent currents.
This results in an increase of the superconductor magnetization in the low field region due to
the fact that the initial state curve is calculated. Thus, the area of low magnetization close to
the abscissa reduces (illustrated in the plot presented on the left side which is resulting from
the calculation without iteration. With the use of the iteration, the increase in the external
magnetic induction is considered after each superposition and iteration with the persistent
current field. The result is that the external field does not rise with the same amount as it
does in the case of no iteration. Therefore, a reduction of induced screening currents is ob-
served. Hence, the magnetic field resulting from these induced (persistent) currents reduces,
causing an increase of the region of low induction and therefore also yields in the observed
increase of the size of the area of low magnetization, and so on. This process can be derived
from considering a single filament and also applies to the entire coil cross-section. It can be
accounted for by iterating the field components. These iterations are carried out by means
of a fixed point iteration, a numerical principle which is explained in the next section.

5.2 Fixed Point Iteration

The iteration is carried out by means of a fixed point iteration and has been implemented
into the ROXIE program. Fixed point iterations are generally used for solving systems of
non-linear equations. The system is expressed by means of the so-called fixed point notation:

x = F(x), (5.1)

where x =






x1
...

xn




 , F(x) =






f1(x)
...

fn(x)




 (5.2)

where x denotes the fixed point and F(x) the fixed point map which may be non-linear.
The solution of this equation maps easily in the IR2 by searching for the intersection point
between y(xi) = xi and fi(x). The method converges due to the self-mapping feature of the
function y(x) = x. The iterative sequence reads:

x(i+1) := F(x(i)) ∀ i ∈ IN, (5.3)

where the entity (i) denotes the iteration step.
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In general, the exact determination of a fixed point is rare [61]. However, in case an
approximate value x(i) of the exact solution x∗ is known, one can calculate a new value by
exercising Eq. (5.1). It can then be determined by means of estimating the distance, whether
the value thus found is closer to the exact solution or not. In the case that the solution is
closer, the distance between the function value in the actual step F(x(i)) and the true value
x∗ = F(x∗) should be smaller than the distance between the function value in the last step
x(i−1) and the true value x∗. The distance is given by means of the mapping

d : R×R → IR

which means that d(x,y) can be called the distance function. The distance function has to
fulfill the following conditions:

d(x,y) = 0, if and only if x = y

otherwise, d(x,y) > 0 (5.4)

and d(x,y) ≤ d(x, z) + d(y, z), (5.5)

which means that the distance function is fulfilling the triangle inequality. Consequently, the
distance d denotes an unequivocal correlation in space (for example, the length of a vector
between two positions). Here, the Euclidean Norm will be used as a distance function:

||x|| =

√
√
√
√

n∑

p=1

|xp|2.

It follows from the triangle inequality, Eq. (5.5) that d(x,y) is a continuous function of its
arguments, and hence:

xn → x0 and

yn → y0

⇒ d(xn,yn) → d(x0,y0). (5.6)

Applying now the iterative sequence of Eq. (5.3), on an arbitrary starting point x(1), for the
determination of a fixed point x∗, allows the evaluation of an error for the next value x(2).
The use of the distance function yields:

d(x(2),x∗) = d(F (x(1), F (x∗)),

or, more general:

d(x(i+1),x∗) = d(F (x(i), F (x∗)).

In any case, if the error is smaller in the new step, the function contracts. With other words:
An iterative mapping function F is denoted as a contractive mapping function, in case there
is a number k < 1, holding such that:

d(F(x),F(y)) ≤ k · d(x,y)

or in our case:

||F(x) − F(y)|| ≤ k · ||x − y||.

This means that the error arising in the actual (i + 1)-th step is weighted by means of
the above explained ’distance’ with respect to the true value d(x(i+1),x∗) = d(F(x(i)),x∗)
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and is smaller than the error resulting from the last step in case of a contraction mapping
(so-called Lipschitz Criterion). In the case of strong contraction mapping, it is possible to
perform an error estimation by means of the Contraction Mapping Theorem. The special
feature of the distance function of d(x,y) > 0, Eq. (5.5) ensures, together with Eq. (5.6)
that the iteration can converge to one fixed point only. Following [62], the existence of an
additional fixed point y∗ would yield (due to the contraction mapping of the function) to
||F(x∗) − F(y∗)|| = ||x∗ − y∗|| ≤ k ||x∗ − y∗||. However, since k ≤ 1, this equation holds
only in case ||x∗ − y∗|| = 0, this is x∗ = y∗. Thus, no second fixed point can exist if the
above-mentioned conditions are fulfilled.

5.3 General Termination Criterion for the Iteration

In general, the iteration can be terminated when the changes between the iteration steps
are sufficiently small (so-called absolute error estimation or absolute termination decision),
which means that the changes are smaller than a certain value ε ∈ IR:

||x(i) − x(i−1)|| < ε. (5.7)

It is customary here, to use a relative residual, δ for the termination decision:

||x(i) − x(i−1)||
||x(i)|| < δ where δ ∈ IR. (5.8)

The precise values for ε and δ depend on the accuracy that can be obtained in the calculation.

5.4 The Relaxation Method

The relaxation method is used to accelerate and stabilize the convergence of the iteration.
Figure 5.2 exemplary shows the principle of the relaxation method applied on an oscillating
function. There, the relaxation starts when the third iteration step is calculated, hence the
function values for the first and the second step are identical for the two cases with/without
iteration. When calculating the function value in the actual step, the relaxation causes
a displacement of the calculated value towards the (estimated) true value. The individual
relaxation methods differ generally in the determination of the relaxation factor, the frequency
by which the relaxation is applied and at which iteration step the relaxation starts. Relaxation
methods can be applied to all functions presuming a contractive mapping. This means that,
during the calculation, the fulfillment of the Lipschitz Criterion has to be provided for.

Two different relaxation methods according to the works of S. Kurz [63] and I. Hantila [64]
have been programmed. They mainly differ in the choice between applying the relaxation
factor of the iteration in each step or in every second step. For the special case of magnet
calculation, the method of Kurz proved to be faster and is therefore implemented in the
ROXIE program. The relaxation method consists in the calculation of the relaxation factor
ω applied to a non-linear system of equations given in fixed point notation:

ω(1) = 1 as starting value (5.9)

ω(i) = ω(i−1)

(

1 − [F(x(i−1)) − x(i−1)] · [x(i−1) − x(i−2)]

[x(i−1) − x(i−2)] · [x(i−1) − x(i−2)]

)−1

x(i) = x(i−1) + ω(i)[F(x(i−1)) − x(i−1)]. (5.10)
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Figure 5.2: Principle of the Relaxation method for convergence acceleration
and stabilization.

The formula for the calculation of the relaxation factor simplifies considerably in the case
of a scalar contractive mapping:

ω(i) = ω(i−1)

(

1 − F (x(i−1)) − x(i−1)

x(i−1) − x(i−2)

)−1

. (5.11)

As for the case of a global mapping, Eq. (5.10), at least two steps have to be calculated before
the first relaxation factor can be determined, thus the earliest application of the relaxation
can be carried out in the third step.

5.5 The ROXIE Interface

For the calculation of superconducting magnets, different contributions to the main field
component and the higher multipole components exist and have to be taken into account by
superposition. The main contribution is arising from the source currents in the coil (source
field) to which the effect of the magnetization of the non-linear iron yoke has to be added.
It is clear that the contribution of the iron yoke to the main field and the field errors is
much smaller than that of the source currents and that the value of the iron contribution
also depends on the actual current strength in the coil. The non-linear behavior of the
iron domains can only be considered by means of numerical field calculation. In the case of
the LHC dipole, the contribution of the surrounding iron yoke to the main field component
amounts to about 20% of the total field. In addition, the yoke starts to saturate for higher
source currents and influences the field errors due to these saturation effects.

The ROXIE program offers the user to chose from various methods for the numerical field
calculation, of which two are of special interest in the framework of this thesis. These are
the coupled boundary element/ finite element method [65] (the so-called BEM-FEM method)
and the classical finite element method [66] (FEM), which, in the ROXIE program, applies
a reduced vector potential [67] for the field calculation. All numerical solvers implemented
in the ROXIE program have one feature in common that is: They avoid the meshing of the
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superconducting coil and restrict the finite element mesh to the iron domains only (as is
the case when the BEM-FEM method is used). In the case of the use of the finite element
method, also the air domains are meshed, but due to the use of the reduced vector potential,
the meshing of the coil geometry can still be avoided.

It has been shown in various publications [38], [68] that it is advantageous, if the coil
does not have to be modelled in finite elements, since the field quality in the aperture of
a superconducting1 magnet is dominated by the layout of the coil cross-section and the
distribution of the current in the coil. It is this sensitivity to the coil geometry that produces
several difficulties (amongst others) in case the coil is to be a part of the finite element mesh:

• The mesh has to be such as to model the coil geometry with an extreme accuracy.
Even small geometric effects such as the alignment on the winding mandrel, the exact
keystoning of the cable, the insulation thickness and the shrinking of the coil due to
cool down have to be reproduced. This usually results in a very dense mesh in the area
of the coil which in turn yields an immense increase in the necessary number of finite
elements.

• In case the mesh is adopted dynamically, the change in mesh size from the very small
finite elements which are necessary in the coil region to the relatively big elements in
the air domain above the outer yoke radius requires an advanced solver for the handling
of the resulting system of equations.

• Due to the keystoning of the cable, the cable compaction changes and so does the
current density in the cable. This grading of current density in the radial direction has
to be considered and presents a formidable task in using finite elements.

• For the calculation of the coil magnetization and the persistent current effects, the
meshing of the cable has to be filament-wise if a numerical method, as listed in chapter 1,
is to be used. If a method similar to the Nested Ellipse method is developed, the
magnetization results have to be fed back into the finite element mesh of the coil
current distribution in order to consider the persistent current effects. This feed-back
has to be done iteratively until a steady state solution is reached.

• Compensations of persistent current effects in superconducting magnets are carried out
mostly by inserting small ferromagnetic shims or passive (non-powered) superconduc-
tors into the coil aperture or close to the coil geometry (as, for instance, attachment of a
shim on the outer coil radius). This means that often only a very small gap between the
shims and the coil remains (some micrometers), which has to be meshed. In addition,
the shim itself has a typical width of some tens of a millimeter.

• Further, a numerical error is also arising from the coil geometry, and not only from the
iron yoke calculation (as is the case in the ROXIE program), if the coil is a part of the
finite element mesh, and

• the optimization of coil geometries can become difficult, if the mesh has to be changed,
since this can result in an additional numerical error.

1This is one of the main differences between superconducting and conventional magnets, from the field
quality point of view. In a conventional magnet, the field quality in the aperture is determined by the
shape of the yoke in the magnet cross-section and is relatively insensitive to coil positioning errors. For
superconducting magnets, however, the field quality in the magnet aperture is mainly defined by the coil
and is less sensitive (but not completely insensitive) to manufacturing errors on the yoke.
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It should be emphasized here, that the developed Nested Ellipse model for the supercon-
ductor magnetization is semi-analytic and thus follows the ROXIE principle.

5.5.1 The Combination with the BEM-FEM Coupling Method
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Figure 5.3: Elementary model problem for BEM-FEM computation of super-
conducting magnets. The BEM-FEM area encompasses the air do-
main Ω3 where the superconducting coil and the evaluation point
is positioned. The source currents Is in the coil act on the dif-
ferent magnetic subdomains Ω1 and Ω2 (partially non-linear). In
the case of computation of superconducting magnets, the evalu-
ation point is located inside the aperture of the magnet in the
air domain (symbolized by the dashed circle). The magnetic field
in the evaluation point comprises contributions of the non-linear
iron yoke (here: subdomain Ω1), the thin soft magnetic iron sheet
(here: subdomain Ω2) and the superconducting source currents.
The magnetic domains may be of arbitrary shape.

Figure 5.3 shows the elementary model problem for the BEM-FEM computation. As can
be seen in the figure, the computing area of a superconducting accelerator magnet comprises
different domains. In case of the BEM-FEM method, the superconducting coil is positioned
inside the non-meshed air domain (boundary element domain) Ω3. Additional magnetic
subdomains of different material parameters (Ω1 and Ω2) exist and have to be discretized
in finite elements as well. These magnetic subdomains can be arbitrarily shaped and can
present a coil protection sheet or tuning shims, for instance. Non-linear material parameters
are allowed for all subdomains. The evaluation point is positioned in the boundary element
domain, which is free from magnetic material and source currents (symbolized by the dashed
circle). During magnet calculation, this is where the radius of the harmonic analysis is
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positioned. Only the magnetic domains have to be meshed in finite elements.

The field arising from the superconducting coil can be computed analytically by means
of the Biot-Savart’s Law, since the coil is positioned in the air subdomain Ω3 of the BEM-
FEM area. Single currents in the coil are accurately described by single line currents at the
position of the superconducting strands in the coil cross-section. From the source currents,
the source vector potential AΓ on the coupling boundary between the FEM domains and the
air domain is determined. The resulting vector potentials AΓ1

and AΓ2
are found from the

iterative solution of the system of linear equations that results from the BEM-FEM coupling
method. In this case, the right-hand side of the system of equations is the vector potential
AΓS

, which can again be calculated by Biot-Savart type integrals [63]. The reduced magnetic
inductions BR1

and BR2
can be computed by means of Kirchhoff-Integrations, once the AΓ

are determined. The magnetic induction at the evaluation point is found by superimposing
the source field Bs and the iron contributions BRn .

In the case of the LHC main dipoles, about 20% of the total field in the aperture is
contributed by the magnetization of the iron yoke structure. Since the BEM-FEM coupling
method computes the source fields analytically, the numerical errors are restricted to this
numerically computed 20 % of the field arising from the iron yoke.

5.5.2 The Combination with the Finite Element Method

The use of a reduced vector potential formulation (which is described in this section) is
another possibility besides the BEM-FEM method, that allows the coil to be excluded from
the mesh in FEM area. Contrary to the BEM-FEM method, the air domain is meshed in
finite elements. In the case of the FEM, the superconducting coil is positioned in the air
domain, however, meshing of the coil can be avoided, since that part of the field which is
resulting from the source currents, is not determined from a vector-potential, but is calculated
by means of the Biot-Savart’s Law.

The field which is due to the iron magnetization is then expressed by the curl of a reduced
vector potential:

B = µ(B)H = µ0Hs + µ0Hr = µ0Hs + ∇× Ar in Ω. (5.12)

This formulation corresponds to B = ∇ × Atot = ∇ × (As + Ar), where Atot denotes the
commonly used total vector potential. The magnetic field from the source currents reads:

Hs(r) =
1

4π

∫

Ωs

J(rq) × r

r3
dΩ. (5.13)

The vector r is the distance vector from the source point to the field evaluation point. From
Equation (5.12), a differential equation for the reduced vector potential Ar is derived, which
only contains the vector potential and the (known) source field Hs.

Apart from that, the field quantities have to fulfil two different types of boundary condi-
tions on the surface Γ. This surface is divided in two sections, ΓB and ΓH. On ΓB, the normal
component of the magnetic induction and on ΓH the tangential component of the magnetic
field are prescribed. The boundary ΓB is often denoted the ”Dirichlet-boundary” on which,
in many cases, the normal component of the magnetic induction vanishes. This is the case,
for instance, on symmetry planes parallel to the field or on the so-called far-field boundary
condition on the outer border of the air domain. On the other part of the boundary, ΓH, the
tangential component of the magnetic field also vanishes for some cases. This boundary ΓH
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Figure 5.4: Elementary model problem for FEM computation of superconduct-
ing magnets making use of a reduced vector potential formulation
Ar. The FEM area encompasses the air domain Ωair where the
superconducting coil and the evaluation point is positioned. The
source currents Is in the coil act on the magnetic subdomains Ωi

(presenting the yoke which is non-linear). In the case of computa-
tion of superconducting magnets, the evaluation point is located
inside the aperture of the magnet in the air domain. The mag-
netic field in the evaluation point comprises contributions of the
iron yoke and the superconducting source currents. The magnetic
domains may be of arbitrary shape.

is often denoted the ”Neumann-boundary” and the tangential field vanishes, for example, on
symmetry planes perpendicular to the field. These boundary conditions can be summerized
as:

B · n = −b on ΓB (5.14)

and

H × n = K on ΓH, (5.15)

where K is a surface current distribution and b a fictitious magnetic charge density. The
vector n is the outer normal vector on the surface Γ, while ΓB and ΓH are disjoint parts
of the entire boundary as shown in Fig. 5.4. The fictitious magnetic surface charge density
can be used for the modeling of known magnetic flux distributions, for instance. In the
application of the reduced vector potential, the known boundary conditions, given in the
Eqs. (5.14) and (5.15) have to be expressed for the reduced vector potential (instead of the
field vectors).

On any surface between two regions with different magnetic properties, the field quantities
have to fulfil interface conditions: The continuity of the tangential component of H and the
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continuity of the normal component of the magnetic induction.

For 2D calculations, the vector potential has only one component Ar = Az(x, y)ez that
can be set in z-direction. It therefore automatically satisfies the Coulomb Gauge and thus is
unique, making any further gauging procedure unnecessary. In the program package ROXIE,
the use of this ungauged reduced vector potential is implemented for the field calculations in
the plane. It offers the possibility to separately calculate the excitation field due to the current
in the coils and the reduced field due to the iron magnetization. Therefore it is possible to
calculate the peak field in the coils with required high accuracy. For details on the reduced
vector potential see [37], [67]. A description of the implementation into the ROXIE program
can be found in [52], [69], for example.

5.6 Implementation and Conversion in ROXIE

The method used for the calculation of the magnetization of a superconducting filament/strand
in the field computation program ROXIE considers the repercussion of the magnetic induction
resulting from the induced persistent currents BPERS.

The structure of the iteration reads as follows:

B(i−1) → MPERS,(i−1) → BPERS,(i−1) → BIRON,(i−1)(BPERS,(i−1))
︸ ︷︷ ︸

optional

→ B(i),

and thus presents a fixed point iteration method:

B(i) = F(B(i−1)) with i ∈ IN.

The superscript index (i) denotes the actual iteration step and each strand is calculated
separately. In a first step, the magnetic induction, B(i−1), as a function of the actual (i−1)th

iteration step, according to its local strand position, is calculated. From this, the calculation
of the induced persistent currents and the resulting strand magnetization MPERS,(i−1) is
possible, as is described in section 4.1. Also the magnetic induction BPERS,(i−1) produced
by the persistent currents, is calculated. The total field results from a superposition of the
magnetic field from the source currents in the coil and the persistent current field. The
outcome results in a change in the originally assumed field distribution.

Depending on the vicinity of iron parts (as the yoke or shims) and the state of saturation
in the individual parts, it is necessary to consider the influence of the persistent currents on
the field distribution inside the ferromagnetic parts in each iteration step by performing a
re-calculation of the iron magnetization and the resulting field BIRON,(i−1)(BPERS,(i−1)).

The existence of very thin non-linear and highly permeable domains, in the aperture of a
magnet, for example, may lead to a change in the local field distribution. This change then
causes a change in the excitation field for the persistent currents and results in the production
of unwanted multipoles. In such cases, the re-calculation of the iron magnetization by using
the numerical solver a second time is inevitable in each step of the iteration.

The outline of the M(B)-iteration and the feed-back of the superconducting filament
magnetization are shown in detail by means of a flow-chart in Fig. 5.5. The entities in the
diagram are as follows: Is presents the total current (source current) driven during the magnet
cycle while In is the individual transport current in single strands. BS,k is the source field
at the kth strand position and is calculated by means of the Biot-Savart’s Law. AΓ is the
z-component of the vector potential on the coupling boundary from the BEM-FEM coupling
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Figure 5.5: Algorithm for the calculation of persistent currents as incorpo-
rated in the field computation program ROXIE. The blue part
shows the M(B)-Iteration to be carried out in order to consider
the repercussion of the persistent current produced field on the
externally applied field. The flow chart exemplary shows the in-
terfacing with the BEM-FEM method. In the ROXIE program,
the method is combined with a classical FEM method as well

method. From these vector potentials, the entity M IRON, the magnetization arising from
the surrounding ferromagnetic (iron) yoke is calculated. The magnetization is defined as the
magnetic moment per unit volume. BIRON

R,k denotes the reduced magnetic induction due to
the iron magnetization and is computed by solving Kirchhoff’s integrals. Hence, the magnetic
induction, Bk, of the kth strand position is obtained by superposing the source field and the
reduced field arising from the iron magnetization.

The superconductor filament magnetization is calculated from the magnetization model.



5.6 Implementation and Conversion in ROXIE 93

This magnetization is the source of the reduced induction BPERS
R,k . The induced fields from

the persistent currents are superimposed to the fields from the source currents, resulting in an
updated vector potential AΓ on the BEM-FEM boundary and a change in Bk, the magnetic
induction at the kth strand position. Iterations with the source fields which are up-dated in
this way are performed repeatedly until convergence is obtained.

5.6.1 The Iteration Function

The iteration function of the M(B)-iteration is given as a non-linear hysteresis function. The
dependence of the superconductor magnetization on the externally applied field is only given
indirectly, by means of the function for the critical current density Jc. For the calculation of
the magnetization, the Jc-distribution is determined explicitly from the fit in the individual
steps as is described in section 2.3. Therefore, the fulfillment of the Lipschitz Criterion cannot
be proven for the complete calculation range. However, the Lipschitz Criterion is checked
explicitly in each step of the iteration in the case the relaxation is used. The following
expression is used for the point-wise testing of the Lipschitz constant:

λ =
|B(i) − B(i−1)|
|B(i−1) − B(i−2)| < 1 (5.16)

If the criterion is once violated2 with λ ≥ 1, the relaxation in the actual step is reversed and
is not further used in the iteration steps. As long as the Lipschitz Criterion is fulfilled, the
iterated values will be relaxed by applying the Eqs. (5.9) to (5.10).

5.6.2 Termination Criterion in ROXIE

The convergence is decided by the relative termination criterion given in Eq. (5.7). This
procedure leads to numerical problems, if the iterated field values reach an interval close to
zero. In this case, the termination criterion is immediately switched to the absolute criterion
given in Eq. (5.8).

5.6.3 Local and Global Method of the Relaxation

The calculation of the induced magnetization in a superconducting coil of an accelerator
magnet depends on the local field distribution and therefore on the position of the strand in
the coil cross-section.

Figure 5.6 shows the distribution of the magnetic induction calculated for an excitation
current of 600 A (left) and the amount of induced magnetization in the superconducting
strands (right), resulting from the field distribution on the left-hand side. As can be seen
from the plots, strands in the outer layer of the coil (close to the abscissa) experience lower
fields (dark blue regions), whereas filaments in the inner coil layer are affected by a higher
field (red and purple regions). However, during magnet up-ramp, the field variation is bigger
in the outer coil layer since the low field regions (field drains) move outwards with increasing
yoke saturation. It is also observed that even at nominal field there are filaments in the coil
cross-section remaining still non-fully penetrated.

2A violation of the Lipschitz Criterion is no proof that the iteration with an applied relaxation method
will not converge, whereas convergence is ensured as long as the criterion holds.
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Figure 5.6: Left: Amount of magnetic induction inside the superconducting
coil. Regions in blue indicate the low field region, whereas areas
with high field levels are indicated in red. From the dipole geome-
try, two low field levels (field drains) exist in the coil cross-section.
Right: Superconductor magnetization resulting from the magnetic
induction. The magnetization is highest in the region of the field
drains, as is indicated in red.

This means that for each strand an individual history has to be stored. The factor by
which the field changes will also influence the convergence behavior in the calculation of the
individual strands. Experience shows that in the iteration, some strands converge faster than
others. In general, one can expect that the iteration of strands which experience low fields
will converge considerably slower than those exposed to a high external magnetic induction.
The intention of the local method is to make use of this behavior in order to save computing
time.

Local Method of Relaxation

The local method of relaxation makes use of a local convergence criterion which assumes that
the convergence behavior of the individual strands is independent from each other. In this
case, the single vector components of the applied magnetic induction B of the N strands are
treated independently as N scalar fixed point iterations and the relaxation method is applied
locally on the strands:

k ∈ IN : B
(i)
i = Fi(B

(i−1)
i ) with i = 1 . . . N.

This relaxation factor is then calculated by means of Eq. (5.11).

At the end of each iteration step, some strands (number n of N existing strands in the
cross-section) will show a local convergence, leaving a number of N − n remaining strands,
for which the iteration still has to be carried out.

No further iterations are applied on strands which are locally convergent and total conver-
gence is achieved in the case that all strands have shown a local convergence. The Lipschitz
Criterion is tested for each iteration step. As already explained, the relaxation method is not
applied on strands which violated the criterion once. The iteration is finished as soon as a
convergence is achieved on all strands.
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Global Method of Relaxation

The global method of relaxation only uses one global convergence criterion. Instead of it-
erating and relaxing the applied field of the individual strands, the vector of the applied
magnetic induction B is relaxed by means of one relaxation factor. The relaxation factor is
then calculated from Eq. (5.10).

Starting the Relaxation

Another important question is at which iteration step the relaxation method should start.
It will be shown in section 5.7.2 that the starting conditions have a certain influence on
the convergence behavior of the fixed point iteration in the individual steps. A number of
principles with different starting points have therefore been tested which are classified in the
following list:

• 3/3–Method:
The relaxation factor is calculated and applied from step 3 on.

• 3/4–Method:
The relaxation factor is calculated from step 3 and applied from step 4 on.

• 4/4–Method:
The relaxation factor is calculated and applied from step 4 on.

• 4/5–Method:
The relaxation factor is calculated from step 4 and applied from step 5 on.
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5.7 Test Results from the Relaxation Methods

5.7.1 Comparison of Local and Global Methods

All computations shown in this paragraph are based on a simple 1-in-1 dipole magnet consist-
ing of the 6-block coil geometry, taken from the LHC main dipoles surrounded by a circular
yoke with a 98 mm inner yoke radius. This simple geometry has been chosen in order to
simplify the observation of the differences in the iteration methods. The nominal excitation
current in the coil is set to 11800 A. The first investigation is a comparison between the
global and the local relaxation methods. Figure 5.7 exemplary shows the 3/3–Method as,
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Figure 5.7: Comparison of the local relaxation method, the global relaxation
method and the non-relaxed iteration for the lower order multi-
poles of an 1-in-1 dipole coil in a simple iron yoke. The results
mainly demonstrate the stabilizing effect of the global method.

calculated for a small current factor of 0.001, corresponding to a source current of about
10 A. The presented results are typical and the other X/Y–Methods show a very similar
behavior. As can be seen in the plots, two conclusions can be drawn from this: First of all,
the global methods in general show a faster convergence behavior than the local methods for
all calculated examples (compare the blue and the green curves in Fig. 5.7). Although the
curves presented here do not show an effect of convergence acceleration, if compared with
the non-relaxed iteration, this acceleration has been observed on more complicated magnet
geometries. Secondly, it can be seen from the plots that the global relaxation method has a
stabilizing effect on the oscillating behavior of the non-relaxed iteration (compare the blue
and the red curves, also shown in Fig. 5.7). In the example presented, the stabilization mainly
improved the convergence on the multipoles B3 and B7. Due to the superior behavior of the
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global methods during this investigation, the local methods are no longer considered.

5.7.2 Onset of the Relaxation

Various tests have been carried out in which the relaxation method was applied on the
iteration for magnet calculation in order to stabilize and accelerate the convergence of the
problem. However, since the induced fields produce a repercussion on the originally applied
magnetic induction, a considerable field change takes place during the first steps of the
iteration. It is therefore necessary to discuss in which step the relaxation method can be
applied in a general and stable way.

It has been shown in section 5.4 that at least two iteration steps are mandatory in order to
calculate the first relaxation factor. The earliest possible iteration step to apply the relaxation
is therefore step number 3. Figure 5.8 shows the influence of the starting iteration step of
the relaxation on the stabilization and the convergence of the multipole coefficients B3 and
B5. The naming convention follows the description given in section 5.6.3.
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Figure 5.8: Influence of the onset of the relaxation on the stabilizing effect
of the relaxation method. From the top left to the bottom right:
main field component B1, multipole coefficients B3, B5, and B7.
All values are calculated at a reference radius of 17 mm.

As can be seen from the plots, the 3/3-Method (calculation of the relaxation factor and
its application in the third step) has a stabilizing effect on the main field component and on
the multipoles B5 and B7, whereas the multipole coefficient B3 deteriorates at the onset of
the relaxation method. The 3/4-Method and the 4/4-Method show little difference to the
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3/3-Method. However, the 4/5-Method (calculation of the relaxation factor in step 4 and
application in the fifth step) shows a weak stabilizing effect in the simple example of the
1-in-1 geometry from which the curves are taken. This effect has been observed to be strong
mainly for more complicated geometries as for the two-in-one geometry of the LHC main
dipole (introduced in section 6.3). Although the principle can also be seen in the simpler
geometries, the gain here – in general – is smaller.

In addition to the stabilizing effect, a considerable acceleration of the convergence has
been observed. Also this effect becomes especially important when the method is applied
on more complicated magnet geometries that take a considerable amount of computational
resources and usually run for more than one day (such as the LHC main dipole, or the
nested magnets). In these cases, the iterations without any relaxation method have been
terminated after 200 iteration steps when no convergence was achieved. This was the case for
some calculations with extremely low source currents, when the induced persistent currents
fully compensated, or even overcompensated, the applied field in the very first iteration steps.
With no stabilization measure applied, these cases of very low source currents have also the
tendency to destabilize and oscillate. Then, a stabilizing measure is inevitable to ensure the
convergence. The 4/5-Method has shown a very good performance in these cases as well and
is therefore considered the optimum of the compared principles.

At last the convergence velocity of the global methods is investigated. Therefore, the
factor λ, given in Eq. (5.16) is interpreted as the decrease of the size of the iterating interval.
In that sense, smaller values of λ indicate a higher convergence velocity. For the comparison of
the methods, the geometrical average of all λ(k)s during one current step have to be computed.
Figure 5.9 shows the calculations for all current steps and for all compared global methods.
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Figure 5.9: Comparison of the convergence velocity of the relaxation meth-
ods by the decrease of the interval size in the individual steps.
The magenta curve shows the non-relaxed iteration method, here
presented for the sake of completeness.

It can be seen from Fig. 5.9 that the non-relaxed iterations (magenta curve in this figure)
is slower than the relaxed methods. An absolute comparison can be done by calculating
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the convergence-step-weighted average of the interval decrease. From this investigation, the
methods are ranked due to their convergence velocity:

3/4-Method > 3/3-Method > 4/5-Method > 4/4-Method > non-relaxed methods.

Although the 4/5-Method is not the fastest of the programmed relaxation methods, it has
been implemented into the ROXIE program due to its superior feature with respect to sta-
bilizing the convergence behavior.

5.8 Multipole Results with and without Repercussion

It has already been mentioned at the beginning of this chapter that the screening field of
the induced superconductor magnetization influences the (originally) applied field and thus
the resulting magnetization. By means of the above described iteration, it is possible to
consider this repercussion. In general, it is observed that the influence of the repercussion
on the induced magnetization in the superconducting coil and the field errors in the magnet
aperture depend on the coil structure (which can be build out of one layer of coil blocks or
several) and on the vicinity of the surrounding iron yoke. The effect is therefore less critical
for the LHC main dipole, for example, where there are the stainless steel collars around the
superconducting coil and this way the inner border of the ferromagnetic iron yoke is at a
certain distance to the superconducting coil (see also Fig. 6.4).
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Figure 5.10: Cross-section of the MQTB magnet, a superconducting tuning
quadrupole which has been developed at CERN for the LHC.
The MQTB is a typical magnet geometry which is sensitive to
the repercussion effect of the induced screening fields in the su-
perconductors. The sensitivity results from the coil design which
consists of only one layer and the vicinity of the surrounding iron
yoke. The plot shows the µ-distribution on the second up-ramp
branch for a source current of 208 A. Left: The repercussion of
the persistent current field is omitted; Right: The repercussion
of the persistent current field is considered by iteration.
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Figure 5.10 shows the cross-section of the coil of a so-called MQTB magnet in its sur-
rounding yoke3. The MQTB magnet [70] has been developed at CERN for the LHC. It is a
superconducting tuning quadrupole which is mounted into the main quadrupole cold mass.
This magnet has been chosen here, since it is build from a one layered NbTi coil where the
inner yoke radius is close to the outer radius of the coil. Thus, it presents a typical example
of a magnet geometry which is very sensitive to the repercussion effect. The Figure 5.10
shows the µ-distribution on the second up-ramp branch for a source current of 208 A. The
plots present the influence of the persistent current field on the distribution of the yoke
magnetization. The left plot is without any persistent current repercussion, whereas on the
right-hand side, the persistent current influence is considered by means of an M(B)-iteration
and an update of the yoke magnetization. Due to the quadrupole geometry, the lowest even
order multipoles are the b6, b10, b14, ..., where only the multipoles b6 and b10 are known to be
influenced by the persistent current effect (whereas the influence of the coil magnetization on
the multipole b14 is considered to be negligible). The results for the multipole b14 and higher
are therefore omitted here.

Figure 5.11 presents the calculated values for the lowest order multipole b6 versus the main
field component. The plot shows a significant difference in the curves which are calculated
with and without iteration (pink and blue curves), especially at low field. Also presented in
the plot is the geometrical value of this magnet (green curve). The initial state curves are
shown as dashed lines. The multipoles are determined during an up-down-up ramp cycle. As
before in the case of the main dipole, which is presented at the beginning of this thesis, the
geometric value stays fully reversible and the hysteresis in the calculated multipoles arises
from the superconductor magnetization.

The values of the calculated multipole b6 are presented in table 5.1. It is in general
observed that on the shielding branch (first up-ramp), the iterated values of the multipoles
are lower than those which result when no iteration is applied, whereas on the trapping
branch (first down-ramp) the iterated multipoles are higher. This is due to the effect of local
field change which has already been observed in Fig. 5.1 at the beginning of this chapter. In
the case shown here, the total field which is seen at each strand position in case the iteration
is applied, is smaller than the values which result if only the first persistent current field is
superimposed (without any further iteration). Consequently, the magnetization and thus the
resulting field errors are higher (except on the initial state curve, where the magnetization
rises according to the external field). As a result, the so-called 2M-value, which denotes the
width of the magnetization curve for a certain field value, increases if an iteration is applied.
The area which is encompassed by the magnetization curve enlarges, a feature which results,
for example, in higher losses than those which are received without iteration (see section 7.4
for the loss determination).

Further, the differences between the calculation with and without iteration are biggest in
the low field range, as expected, and reduce with increasing field strength. The calculated
value of the multipole b6, for example, amounts to 10.98 units without iteration, whereas
with iteration, a b6 of 9.01 units is obtained, both determined for a field value of 0.140 T (see
Fig. 5.11). In a higher field range, above approximately 0.8 T, the difference almost vanishes
as can be seen from the plot in Fig. 5.11 and the values in the table 5.1.

Figure 5.12 shows the magnetization in the coil cross-section for low (about 0.14 T from

3Various test models exist of the MQT magnet with slight modifications, as for example, the use of different
tuning shims in the coil cross-section or a change in the air gap between the coil and the inner yoke radius.
The version chosen here is without any tuning shims and an air gap of about 3 mm.



5.8 Multipole Results with and without Repercussion 101

4

8

12

16

20

24

28

32

36

0 0.2 0.4 0.6 0.8 1 1.2

Magnetic Induction (T)

b 6
 (

un
its

 @
 1

7 
m

m
)

no iteration

iteration

geom. value

(0.3 T, 18.7 units)

(0.3 T, 20.0 units)

(0.9 T, 29.97 units)
(0.9 T, 29.90 units)

Figure 5.11: Calculated values for the lowest even order multipole b6 versus the
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the initial state curve.

Table 5.1: Multipole b6 calculated at 17 mm radius for the MQTB magnet.
All values are taken from the second up-ramp cycle. The arrows
indicate the highlighted values in Fig. 5.11

Multipole b6 in units of 10−4

Isource |B| geometric value without iteration after iteration

69.3 0.046 24.763 51.783 54.984
102.3 0.069 24.763 18.990 23.568
207.9 0.140 24.763 10.984 9.012

⇒ 452.1 0.305 24.764 20.029 18.732
590.7 0.399 25.562 22.385 21.464
660.0 0.445 26.524 23.818 23.035

⇒ 1485 0.894 31.170 29.972 29.896

a source current of 208 A) and intermediate field level (about 0.40 T from a source current
of 591 A) in case the iteration is omitted (left side of Fig. 5.12) and with an iteration applied
(right side of Fig. 5.12). As can be seen from the plots, a significant difference in the dis-
tribution of the magnetization in the cross-section occurs, when the iteration is applied. As
expected, the difference is larger for the lower value of source current which is shown in the
plots on the top of Fig. 5.12. However, the distribution of the magnetic induction in the coil
cross-section shows very little change if the iteration is applied, even at low fields, as can be
seen in Fig. 5.13. This results from the fact that the induced superconductor magnetization
is extremely sensitive to even small field changes due to the steep slope of the Jc(B)-curve
at low field. The Jc(B)-curve is shown in Fig. 2.9 of section 2.3. The small change in the
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Figure 5.12: Magnetization in the coil cross-section of the MQTB magnet
without and with the M(B)-iteration applied. Top: For a source
current of 208 A; Bottom: For a source current of 591 A. The
appropriate distributions of the magnetic induction according to
the magnetization on the top is shown in Fig. 5.13. All values
result from the second up-ramp cycle.

distribution of the magnetic induction in the coil cross-section is caused by the saturation
effect which starts already at this very low field value and can also be observed in the dis-
tribution of the yoke magnetization in Fig. 5.10. Any saturation effect on the non-linear
yoke can be considered as a change in the effective inner yoke shape and this way causes a
slight change in the total field distribution. Following this reasoning, it is then also clear why
magnet geometries which have the yoke in close vicinity to the superconducting coil are very
sensitive to the field repercussion at low field levels. If the magnet geometry is such that
there is a considerable distance between the coil and the inner yoke contour, the influence of
the inner yoke shape is much smaller.

Note that the non-linear behavior of the multipole b6 for values of the magnetic induction
above 0.4 T results from the saturation effect in the surrounding iron yoke structure. This
feature is typical for magnet geometries with only a small air gap between the outer coil
radius and the yoke.

Thus, the example of the MQTB magnet shows a strong influence due to the non-linear
yoke features on the calculated field errors for all field levels. The plots very well illustrate the
necessity of performing an M(B)-iteration and considering the repercussion of the persistent
current field on the surrounding yoke. It has been observed that in the low field range, even
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Figure 5.13: Cross-section of the coil of the MQTB magnet. The plot shows
the distribution of the resulting magnetic induction without and
with the M(B)-iteration applied for a source current of 208 A. Al-
though only small changes can be observed in the B-distribution
in the coil cross-section, the appropriate magnetization changes
significantly (see Fig. 5.12, top).

small changes in the magnetic induction cause a significant change in magnetization and make
an M(B)-iteration necessary if the persistent current induced field errors are to be determined
correctly. At the intermediate and high field range, where the persistent current influence
is smaller and vanishes, the saturation of the yoke increases and results in a change in the
shape of the multipole curves.

It is now of interest to evaluate whether the field errors, calculated for this kind of magnet
which possesses only a small air gap, could be determined with a comparable precision, in
case the yoke is replaced by an iron yoke with constant permeability on which the imaging
method is applied. This investigation is carried out in the next section.

5.8.1 The Limits of the Application of the Imaging Method

In order to consider the contribution of the iron yoke in magnet geometries, the non-linear
area of the iron yoke in the simulation is sometimes replaced by an iron yoke with constant
permeability which is then considered by means of the imaging method. The application of
the imaging method is in principle possible if the inner yoke contour is perfectly round and
only the resulting fields in the magnet aperture are of interest. However, no saturation effects
in the yoke may occur, if this method is to be applied correctly, since local changes of the
resulting field have to be considered, as has been shown in the last section, and cannot be
determined by the imaging method.

By using the ROXIE program, a comparison has been carried out between the results
of the iterated multipoles in case the influence of the yoke is calculated by the BEM-FEM
method and in case the influence of the yoke is considered by the imaging method. Figure 5.14
shows again the calculated values for multipole b6 which are now determined by means of
the imaging method (pink curve). For comparison, the plot also shows the result when the
influence of the iron yoke is considered by means of the BEM-FEM method in the blue
curve (already presented in Fig. 5.11). The green curve shows the geometric value. In all
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cases, the iteration is applied. For the imaging method, a µ-value of 1000 is assumed, which
equals the µ-value which has been given by the iron magnetization curve that is used by the
BEM-FEM method at low field. As before, an up-down-up ramp is calculated. It can be
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Figure 5.14: Calculated values for the lowest even order multipole b6 versus
the source currents in the magnet coil. Pink curve: Imaging
method is applied with a µ-value of 1000; Blue curve: BEM-
FEM method is applied. The green curve shows the geometric
value, calculated with the BEM-FEM method, when no persistent
currents are considered. The dashed lines result from the initial
state curve. For all cases, an M(B)-iteration is carried out. The
curves illustrate the significant difference between the methods
which results from the saturation of the non-linear iron yoke.

seen from the two curves that a considerable difference between the calculated multipoles
emerges. Depending on the region of interest, the deviation between the values is relatively
small and amounts to about 0.2 units in 10−4 (for a range of field values below 0.3 T). For
higher fields, a deviation of 2 units up to 8 units (for a range of field values above 0.4 T)
is observed. All values are determined at a 17 mm reference radius and are also given in
table 5.2. Note, that the curves in Fig. 5.14 are plotted versus the source current instead
the magnetic induction. This is due to the fact that the calculated values of the magnetic
induction which result from the imaging method are considerably higher than those which
result from the BEM-FEM calculation. The reason for this is that the contribution of the
iron yoke reduces as soon as a saturation effect starts. A plot of the multipoles versus the
magnetic induction could therefore be easily misleading. In addition, it can be said, that
above a field value of approximately 0.35 T, the saturation effect dominates the multipole
value and the results which are determined from the imaging method become very unprecise.
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Table 5.2: Comparison of the multipole b6, calculated for the case that the
non-linear yoke is considered by means of the imaging method with
the result when the yoke contribution is calculated from the BEM-
FEM method. The multipole b6 is given in units of 10−4 at 17 mm
reference radius.

Multipole b6 in units of 10−4 for 17 mm reference radius.
Isource |B| from imaging method from BEM-FEM method

69.3 0.0465600 56.208 54.984
171.6 0.1165500 7.844 7.869
310.2 0.2112900 14.893 14.694
452.1 0.3063200 18.902 18.732
521.4 0.3537100 20.020 20.037
590.7 0.4011000 20.833 21.464
660.0 0.4484800 21.444 23.035
1150.0 0.7852500 23.373 31.168
1320.0 0.8974900 23.652 30.769
1485.0 1.0097400 23.857 29.896
1980.0 1.3464500 24.234 27.812
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Chapter 6

Field Calculations for the LHC
Magnets

In this chapter, the results of field calculations which have been carried out for some LHC
magnets, mainly the main dipole and quadrupole magnets, including the effect of supercon-
ductor magnetization, are presented. The calculation of the persistent current effects on the
field quality of the LHC magnets offered the possibility to verify the magnetization model
since plenty of measurements on magnets already have been carried out at CERN in the
framework of the R&D program. This allowed the comparison of the measurements with the
calculated values for various cable and magnet types. In this chapter, the LHC project and
its magnet system is first briefly introduced. Then the calculated results are presented and
discussed for the LHC main dipole, the LHC main quadrupole and a nested magnet for orbit
correction which consists of two nested dipole coils where the inner coil is rotated by an angle
of 90 degrees. The nested magnet is of special interest, since there the effect of the rotating
fields can be observed.

6.1 The LHC Project

The Large Hadron Collider (LHC) project [1] is a superconducting particle accelerator that
will provide proton-proton collisions, as well as collisions of lead ions. The aim of this
collider is not only to produce a higher collision energy, but also a higher luminosity1 than
that of already existing hadron colliders. In order to recreate the conditions which existed
in the universe just 10−12 seconds after the “Big Bang”, LHC will provide proton-proton
collisions with a center-of-mass energy of 14 TeV and a luminosity of 1034cm−2s−1. It will
also provide heavy (Pb) ion collisions with a center-of-mass energy of more than 1000 TeV
and a luminosity in excess of 1027cm−2s−1. Proton-proton colliders require two separate
beam channels with fields that are equal in strength but opposite in orientations in order to
bend particles that have identical electrical charge. Due to the limited space in the already
existing LEP tunnel, a so-called two-in-one design was chosen for the LHC dipoles as well
as for the main quadrupoles, where the two beam channels are incorporated into a common
yoke structure and one single cryostat.

1The rate of interaction per unit cross-section.

107



108 Chapter 6 Field Calculations for the LHC Magnets

6.2 Lattice and Magnet System

Figure 6.1 (right) shows the basic layout of the LHC accelerator which is divided into eight
arc sections (so-called octants). The two beams cross from one beam pipe to the other at
four points on the circumference and at those intersections, the physics experiments will be
located: ALICE (A Large Ion Collider Experiment), ATLAS (A Toroidal LHC ApparatuS),
LHC - B (Large Hadron Collider Beauty experiment) and CMS (Compact Muon Solenoid).
The two high luminosity proton-proton experiments ATLAS and CMS are located in two
new underground areas.

The four straight sections, where the beams do not cross, are used for machine utilities:
Acceleration, beam cleaning and beam dump systems. The layout of octant four which
contains the RF accelerating system is designed to allow the installation of an additional
experiment in the future.
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Figure 6.1: Left: Injector chain for the LHC. The LHC makes use of the al-
ready existing pre-accelerator chain of the LEP accelerator. Right:
Layout of the LHC accelerator with the four physics experiments.

The LHC machine will make use of the existing injector chain which is also shown in
Fig. 6.1 (left). The machine itself is subdivided in eight 2456 m long arcs that are built out of
23 cells, each formed of two identical half-cells. A half cell, as is shown in Fig. 6.2, comprises
a bending/focusing configuration that is composed of three 14.2 m long twin-aperture main
dipoles and a short straight section.

The use of superconducting magnets which operate in super-fluid helium below the tem-
perature of 2 K will allow a guiding field of about 8.5 Tesla, i.e. proton beams to be stored
at an energy of more than 7 TeV per beam.

The short straight section contains one 3.10 m long main quadrupole, a combined sex-
tupole/dipole corrector, an octupole or a skew quadrupole or a trim quadrupole and a beam
position monitor. Small 6-pole and 10-pole correctors are located at the ends of the main
dipoles. The main dipoles and the main quadrupoles are all of twin-aperture (two-in-one
aperture) design, where the two channels are incorporated into a single iron yoke and a
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common cryostat. The other corrector magnets are installed independently for each beam.

The quadrupole is separated from the dipole string by 2.42 m. The separation between
the dipoles is 1.46 m, including 520 mm for connections between the cryostats. In total, the
LHC accelerator consists of 3444 superconducting magnet units, including 1232 main dipoles
and 386 main quadrupoles. 4928 small correctors of the main dipoles have to be added, so
in total there are about 8400 magnet units of different size and importance.
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Figure 6.2: Sketch of an LHC halfcell containing three dipole bending magnets
and various other magnets for beam focusing and field correction.

The characteristic features of the LHC dipole magnets are the high bending field in the
aperture and the high stored energy. During the R&D phase, this features yielded a so-called
short magnet model programme that includes the construction, test and measurement of
several 1.3 m long magnet models and 10 m long dipole prototypes. At the same time, a
test string of magnets is installed at CERN in order to test the basic machine halfcell and to
confirm the feasibility of the project.

6.3 The LHC Main Dipole Magnet

As is explained in section 1.2, field errors in magnets are generally divided into random and
systematic errors, where systematic errors arise from the coil geometry, for example. However,
due to the existing symmetries, the field imperfections follow a simple pattern. The odd order
normal multipoles b3, b5, b7, ... arise from contributions that respect the up-down and the left-
right symmetry. Hence, these errors are mainly determined by misalignment or unprecise
positioning of the conductors in the collared coil. In the case of the LHC main dipoles, an
additional b3 component arises from the surrounding iron yoke due to the two-in-one design.

The even order multipoles b2, b4, b6, ... arise from contributions that do not respect a left-
right symmetry. They are therefore mainly due to the shape and the positioning of the iron
yoke and – in the case of the LHC dipole – of the iron insert.

In the final design of the LHC main dipole, the odd order multipoles (mainly the multipole
b3) has been chosen to have non-zero values in order to compensate in the mean for the
persistent current effect. This is why the geometric value of the multipole b3, which is
introduced and presented in section 1.2 as well, does not equal zero.
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6.3.1 The Dipole Magnet Geometry

Figure 6.3 shows the cross-section of the two-in-one aperture dipole magnet in its cryostat.
The coils of the LHC dipole magnets consist of two layers of 24 blocks in total, two on
the outer and three on the inner coil layer of each quadrant. Both layers are connected
in series and thus the current density in the cable of the outer layer is about 40% higher
than in the cable of the inner layer. The coil is shaped in such a way as to make the best
use of the superconducting material, while at the same time yielding the highest possible
field homogeneity in the magnet aperture. Inside the coil aperture, the beam pipe (often
also denoted as the cold bore) and a beam screen, with two small beam screen pipes, are
positioned. They are indicated by the number 4 in Fig. 6.3, and can be seen in detail in
Fig. 6.4. Since the beam pipe has to be kept free, the coil is wound on a winding mandrel
with saddle-shaped endspacers in a so-called constant-perimeter coil end (see, for example, [8]
for details on different coil ends).

After winding, the coil layers are polymerized in a mould in order to glue the turns firmly
together and thus avoid coil positioning errors. The coil is then put into stainless steel collars
and pressed together under a pressure of 120 MPa to keep its final shape. Collaring rods are
inserted that lock the collars. These collars hold the coil in place and are enclosed by the iron
yoke inside the shrinking cylinder. The shrinking cylinder is closed at the ends. This state
of the assembly is called the cold mass and is indicated in red in Fig. 6.3. It encompasses all
parts that are cooled by liquid helium.

Together, the collar, the iron yoke and the shrinking cylinder contribute a necessary az-
imuthal pre-compression in the coil in order to prevent conductor displacements arising in
the coil under the action of electromagnetic forces. Even small movements of the coil have
to be avoided since they result in a local energy rise which could make the magnet quench.
A quench is the spurious transition of a magnet from superconducting to normal conducting
state. A quench arises if the temperature in the conductor is too high or the local field inten-
sity is above the critical field intensity. Therefore the origin of a quench usually is a magnetic
or mechanical disturbance that heats a small region of the superconductor so that it becomes
resistive. Current passing through this resistive region then generates additional Joule heat
and raises the temperature of more material, leading to more heating and eventually the
entire superconductor winding is driven normal. There are different possibilities to avoid a
magnet quench, as, for instance, the already mentioned cryogenic stabilization. Others are
explained in [8], for example, and therefore the discussion is omitted here.

The cold mass weights about 24 tons and is then mounted into a cryostat which also
contains a support system, the cryogenic piping, a radiation insulation and a thermal shield.
For electromagnetic field calculations it is sufficient to consider the structure including the
cold mass whereas the influence of the outermost cryostat on the field in the aperture is
negligible.

6.3.2 Technical Requirements

As already mentioned, superconducting coils for magnet design have become essential compo-
nents of accelerators in order to reach the desired high field economically. The development
of dipoles for higher and higher fields is a great incentive, with the consequence that the su-
perconducting dipole magnets, which are the most important components of the accelerator
from the cost point of view, have also become the most critical technology.

The main requirements for the superconducting magnets are:
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Figure 6.3: Cross-section of the LHC main dipole magnet in its cryostat.

Where
1) heat exchanger pipe 5) cryostat
2) bus bar (sc) 6) thermal shield
3) superconducting coil 7) shrinking cylinder (He-vessel)
4) beam pipe surrounding 8) super-insulation

the beam screen with its 9) non-magnetic collar
two attached beam screen pipes 10) iron yoke (ferromagnetic material).

1. An extremely uniform field in the aperture both at injection field level as well as during
the ramping of the magnets to the nominal field level, which means the presence of a
large good field region over the aperture.

2. A field strength of about 8.3 Tesla, and

3. a sufficient quench margin.

In the framework of the short dipole model programme at CERN, 23 single aperture
models and ten double aperture models have been built and tested at CERN since 1995.
Additionally, seven 10 m long double aperture prototypes were industrially manufactured.
The testing and measuring of the magnets has not only shown the feasibility of the project
but has also offered an opportunity to compare the field calculations, resulting from the
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different magnetization models, with the measured values.

The main parameters of the LHC dipole are listed in Table 6.1.

Table 6.1: Main parameters of the LHC dipole.
Operational field 8.36 T
Coil aperture 56 mm
Magnetic length 14.2 m
Distance between aperture axes 194 mm
Operating current 11800 A
Operating temperature Tref 1.9 K

6.3.3 The Cables of the LHC Main Dipole and Quadrupole Magnets

For the LHC main dipole and quadrupole magnets, a Rutherford-type cable of trapezoidal
shape is used as is shown already in Fig. 1.1 in the introduction of this thesis. The trapezoidal
shape is chosen in order to give a good circular approximation when being put closely around
the circular aperture of the magnet. However, the trapezoid is not sufficient to allow the
cables to build up arc-segments. Therefore the coil layers are divided into individual blocks
which are separated by copper wedges. Besides the cable properties, the radial position and
angular alignment of the coil blocks can be used as design variables for the optimization of
field errors arising from the coil.

For the manufacturing of the main dipole and quadrupole magnets, two different cables
have been ordered in industry, where cable 1, consisting of 28 strands of 1.065 mm diameter
is used for the inner layer coil of the LHC dipole (and for the main quadrupole). Cable 2
which is used for the outer layer of the LHC main dipole consists of 36 strands of 0.825 mm
diameter. Therefore, the cables have the same height, but are different in width. The
strands are made of thousands of superconducting NbTi filaments which are embedded in a
copper matrix in order to stabilize the superconductor in case of a quench. This principle of
current sharing is called cryogenic stabilization and is also described in chapter 1. The size
of the filaments is aimed to keep as small as possible in order to reduce the magnetization
effects. However, a reduction in diameter is limited by manufacturing possibilities as well as
cost considerations. The cable is insulated with layers of polyimide film of 50.8 µm thickness
which is wrapped around the cable ‘edge-to-edge’ and an additional layer of 60.8 µm thickness
twisted longitudinally with a spacing of 2 mm. Table 6.2 gives the main cable data.

Table 6.2: Main cable data for the LHC main dipole and quadrupole magnets.
Number of filaments per strand (inner/outer layer) 8900/6500
Filament diameter (inner/outer layer) 7/6 µm
Bref(Tref)
reference value of magnetic induction
(inner/outer layer) 9/10 T
Jc(5 T,4.2 K)
reference value of critical current density
(inner/outer layer) 3 kA/mm2

used in current fit function
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6.3.4 Results
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Figure 6.4: Left: ROXIE model of one quadrant of the LHC main dipole mag-
net geometry in finite elements for the application of the BEM-
FEM method. The geometry includes the superconducting coil
(1) in a ferromagnetic yoke structure (4) with stainless steel col-
lars (3). The coil protection sheet (2) is mounted on the outer coil
radius. Right: Geometry of the LHC main dipole coil including
the vacuum tube (7) and the beam pipe (6) with the two cool-
ing pipe tubes (5). The hatched areas indicate the copper wedges
between the coil blocks.

Figure 6.4 (left) shows a ROXIE plot of the meshed structure of the LHC dipole consisting
of the superconducting coil (1), the coil protection sheet (2), the stainless steel collars (3)
and the ferromagnetic iron yoke (4). On the left-hand side of Fig. 6.4, the geometric model
of the dipole coil including the vacuum beam pipe (7) and the beam screen (6) with the two
beam screen tubes (5) is displayed.

The model shown here is prepared for the application of the coupled BEM-FEM method,
where only the iron domains have to be meshed. All air domains (as the region above the
outer yoke radius or the holes in the yoke structure) remain without a mesh. As already
mentioned in chapter 5.5, in the ROXIE program all numerical solvers work in such a way
that the coil geometry does not have to be modelled in finite elements.

In order to give an idea of the expected field distribution in the yoke cross-section of
the LHC main dipole, Figure 6.5 shows the modulus of the magnetic induction in the first
quadrant for the case of nominal field. The plot displays one half of the superconducting
coil surrounded by the stainless steel collars and the non-linear iron yoke with the iron insert
structure. The computed values for the odd lower order multipole b3 versus the main field
are presented in Fig. 6.6 for an up-down ramp. In that plot, the dashed curve in blue shows
the calculation without persistent currents, the so-called geometric value, when the multipole
components are fully reversible. The continuous curve in red shows the calculation including
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Figure 6.5: Modulus of the magnetic induction, |B|, of the first quadrant of
the LHC main dipole cross-section, including the stainless steel
collars, at nominal current.

the persistent current effect.

The geometric value should be constant during any ramp-cycle, since it – per definition
– comes from the geometry that are the conductor positioning and the shape of the yoke.
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Figure 6.6: Multipole b3 calculated at 17 mm reference radius for an up-down-
up ramp cycle on the non-initial state curve. Red curve: including
persistent current effects; Dashed blue curve: results without per-
sistent current calculation. When the persistent current effect is
excluded from the calculation, the multipoles values show a fully
reversible behavior.

However, both curves show a slight decrease in the interval of about 4 to 6.5 T as compared
to a situation without iron saturation. Also, a slight slope upwards can be observed from
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the dashed curve in Fig. 6.6 when the main field increases. Both varitations are due to yoke
saturation effects that change the magnetic field contribution from the iron material and thus
influence the multipole behavior (starting from approx. 6 T on). It can also be seen that at
high field level little influence of the coil magnetization remains: the shape of the red curve
is following the dashed one, both during up-and down-ramp. Only the hysteresis effect which
occurs due to a change in ramp direction, remains. Note, that the saturation influence is
relatively small for the dipole geometry due to the distance between the outer coil radius
and the ferromagnetic yoke. Saturation effects are observed to be much higher for magnet
geometries on which the inner yoke contour is in close vicinity to the magnet coil (an effect
which is already demonstrated in detail in section 5.8.1.
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Figure 6.7: Comparison of the calculation of the odd lower order multipole b3

for the LHC main dipole magnet (determined at a reference radius
of 17 mm and expressed in units of 10−4). Blue curve: Measure-
ment taken in the left aperture; green curve: Measurement taken
in the right aperture; red curve: Calculation. The dashed red curve
shows the calculated initial state curve for the sake of complete-
ness (no measurements for the initial state curve presented). The
measurements are taken for repeatedly up-down-up ramp cycles,
whereas the calculation is carried out only for the major loop.

Figure 6.7 now shows a comparison of the calculated values of the multipole b3 at a
reference radius of 17 mm and expressed in units of 10−4 with measurements taken in both
apertures (blue and green curves, respectively). This picture has already been presented in
the introduction. As can be seen from the plot, there is a very good agreement between the
measured and the calculated values. Both, the measurements and the calculations are taken
for values of the magnetic induction below 1.6 T, which is the most interesting range, from
the persistent current point of view. The deviation between the measurements taken in the
left and right magnet aperture, respectively, are usually caused by little deformations of the
coil or small errors in the cable positioning.
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Figure 6.8: Comparison of the calculation and the measurements of the odd
lower order multipole b5 for the LHC main dipole magnet (de-
termined at a reference radius of 17 mm and expressed in units
of 10−4). Blue curve: Measurement taken in left aperture; green
curve: Measurement taken in right aperture; red curve: Calcula-
tion. The dashed red curve shows the calculated initial state curve
for the sake of completeness (no measurement for initial state curve
presented). The measurements are taken for repeatedly up-down-
up ramp cycles, whereas the calculation is carried out for the major
loop, only.

The behavior of the lower odd order multipole b5 is shown in Fig. 6.8. Here as well, a very
good agreement between the measured and the calculated values can be observed, although
there is a bigger difference between the calculated and the measured values, compared to
the difference for the b3 multipole. However, as can be seen from the plot by comparing
the measurements taken in the left and the right magnet aperture, there also a considerable
difference exists between the measurements of the two apertures. This is leading to the
conclusion that there has been a noticeable deformation or cable position error in at least
one of the coil cross-sections. This means that the coil cross-sections during the measurements
are probably not identical with the cross-section which is taken for the calculation. Since
the difference between the measured and the calculated value does not exceed the deviations
between the two measured apertures, Fig. 6.8 presents a good result.
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6.4 The LHC Main Quadrupole Magnet

The coils of the LHC main quadrupole magnets consist of two layers with 32 blocks in total,
four on the outer and four on the inner coil layer of each quadrant. Both layers are connected
in series. The coil is shaped in such a way as to make the best use of the superconducting
material, while at the same time yielding the highest possible field gradient in the magnet
aperture. Since the beam pipe has to be kept free, the coil is wound on a winding mandrel
with saddle-shaped endspacers (in a similar way as is shown for the LHC main dipole coil) in
a so-called constant-perimeter coil end (see for example, [8] for details on different coil ends).

In a similar way as for the LHC main dipole magnet, the coils are held in place by
a stainless steel collar that is surrounded by the iron yoke inside the shrinking cylinder.
The main quadrupole, however, has two separated collars (see Fig. 6.9 for the geometry,
for example). In order to carry out the electromagnetic field calculations, it is sufficient to
consider the structure including the cold mass whereas the influence of the outermost cryostat
on the field in the aperture is negligible.

The cable of the LHC main quadrupole magnet is identical with the cable of the outer
layer dipole cable which was discussed in detail in section 6.3.3, where the features of the
dipole cable are shown.

6.4.1 Results

Figure 6.9 shows a ROXIE plot of the meshed structure of the quadrupole geometry consisting
of the ferromagnetic iron yoke and the stainless steel collars. The model shown here is

Figure 6.9: ROXIE model of one quadrant of the LHC main quadrupole mag-
net geometry in finite elements for application of the BEM-FEM
method. The geometry includes the coil, the non-linear yoke struc-
ture and the stainless steel collars.

prepared for the application of the coupled BEM-FEM method, where only the iron domains
have to be meshed. All air domains (as the region above the outer yoke radius or the holes
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in the yoke structure) remain without a mesh. The coil geometry is not shown explicitly, but
can be seen in Fig. 6.10, where the field distribution in the coil and the corresponding coil
magnetization are plotted.

Figure 6.10: Left: Modulus of the magnetic induction, |B|, in the coil cross-
section of the LHC main quadrupole magnet. Right: Coil mag-
netization resulting from the coil fields presented on the left-hand
side. As can be seen from the plots, in case of a quadrupole ge-
ometry, four vortices (field drains) exist inside the coil geometry.

The dark blue regions in Fig. 6.10, left plot, indicate the low field areas (field drains),
whereas in the red and magenta regions, the field is highest. On the right-hand side, the
corresponding coil magnetization is shown. As expected, the plot of the magnetization shows
an inverse behavior to the magnetic field in the cross-section. This results in a high magneti-
zation value in the region of the field drains and a low magnetization in the high field areas.

In Figure 6.11, the values for the multipole b6 calculated at a reference radius of 17 mm and
expressed in units of 10−4 is presented. Also shown in this plot are the measurements taken
at CERN. As can be seen from the curves, there is a good agreement between the measured
and the calculated values. Both, the measurements and the calculations are presented for low
field, only, since this is the interesting range from the persistent current point of view. The
persistent current influence vanishes in the high field range, except for the non-reversibility
of the superconductors arising from changes in the ramp direction, which is also the source of
the hysteresis effect and remains in the curves. The measurements are taken for a repeatedly
up-ramp cycle, whereas the calculation is carried out only for the major loop.

As can be seen from the curve, a small deviation by means of an off-set on the curve can
be observed between the measured and the calculated data. As has already been explained
in case of the LHC main dipole, such an offset is usually the result of a small conductor
misplacement in the magnet cross-section. The shape of the curve, however, matches for
the measured and calculated values. In order to illustrate this fact, the main quadrupole
geometry has been re-calculated with a shift of 0.5o on the two conductors of the top inner
block without applying any further optimization or inverse calculation. Figure 6.12 shows
the calculated multipole b6 for an up-down-upramp cycle of the geometry after the shift is
applied on the coil cross-section. For comparison, the measurement that has been shown in
Fig. 6.11 already is presented as well. As can be seen from the pink curve of the calculated
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Figure 6.11: Comparison of the calculation of the even lower order multipole
b6 for the LHC main quadrupole magnet (determined at a ref-
erence radius of 17 mm and expressed in units of 10−4). Blue
curve: Measurement taken in left aperture; red curve: Calcu-
lation. The dashed red curve shows the calculated initial state
curve for the sake of completeness (no measurement for initial
state curve presented) and the complete ramp loop. The measure-
ments are taken for repeatedly up-down-up ramp cycles, whereas
the calculation is carried out for the major loop, only. The con-
tinuous line is the operating area for the MQ magnet.

values, the geometrical value increased to about 6.5 units (which corresponds to an increase
in the geometrical value of about 3 units compared to the results without the block shift,
Fig. 6.11).

Though it cannot be claimed that this block shift is the exact source of the deviation
between the measured and the calculated values that are presented in Fig. 6.11, it is a
good illustration of the sensitivity of such a magnet geometry with respect to the conductor
positioning. It also well illustrates the underlying task that is behind the calculation of
magnet geometries in order to have an exact re-production of measured values. As has been
already said before, concerning the calculation of persistent current effects, one is rather
interested in the exact re-production of the shape of the measured curve, considering the
shifts which are often observed of secondary interest.

In order to give also an idea of the field distribution in the yoke cross-section of the
LHC main quadrupole, Figure 6.13 shows the modulus of the magnetic induction in the first
quadrant of this magnet. The geometry includes the stainless steel collars.
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Figure 6.12: Comparison of the calculation of the even lower order multipole
b6 for the LHC main quadrupole magnet (determined at a ref-
erence radius of 17 mm and expressed in units of 10−4) with
the measured value (blue curve). Here, the two conductors in
the inner layer of the coil cross-section of the MQ magnet have
been shifted angularly by 0.5o, producing a shift of the geometric
value. The dashed line is the initial state curve (no measurements
presented).
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Figure 6.13: Modulus of the magnetic induction |B| of the first quadrant of
the LHC main quadrupole cross-section including the stainless
steel collars at low excitation current.
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6.5 Calculation of the MCBX Orbit Corrector Magnet

It has been explained in detail in section 4.2 that the orientation of the magnetization that is
produced by a filament in the case of an applied rotating field de-couples from the direction
of the source field. It is therefore obligatory to consider the rotating field features for the
calculation of the field errors in a superconducting magnet. In this section, these features will
be illustrated by calculating a dipole orbit corrector magnet, the so-called MCBX magnet.
The MCBX magnet is a superconducting single aperture (1-in-1) dipole corrector magnet
which was designed at CERN. In total, 16 of these 0.6 m long dipole correctors are needed
in the LHC ring for orbit correction.

The MCBX features two nested single-layer dipole coils which can be powered individually.
The coil cross-section of this special magnet has already been shown in Fig. 4.17 in chapter 4,
since it is an examplary of a magnet which can be used for the production of rotating fields.
The inner coil yields a vertical dipole field whereas the outer coil yields a horizontal dipole
field. This way, by powering the layers individually with sine and cosine current patterns, a
rotating field in the magnet aperture can be produced. Though the original objective of the
MCBX magnet is beam orbit correction by providing an integrated dipole field of 1 Tm in
any angular direction, it has been used here for the calculation of coil magnetization patterns
in a magnet cross-section where the conductors are exposed to rotating fields.

The coils of the MCBX magnet are wound from a NbTi rectangular wire which is bound
into a flat cable of 9 and 7 wires in the inner and the outer layer, respectively. The magnet is
designed for an operating dipole field of 3.3 T per layer, operated at 1.9 K and an excitation
current in the range of 360 to 600 A. The coil is incorporated into a circular iron yoke, the
complete magnet design has been introduced in detail by Ang et al. [71] and is omitted here.

Powering this magnet in the above described current pattern of sine and cosine terms
with an amplitude of about 110 A produces a dipolar field with any angle within the magnet
aperture. The figures 6.5 and 6.5 show the coil cross-section of the MCBX magnet for different
time steps. The yoke structure is not plotted. The actual time step is indicated in the left
corner of each plot. On the left hand side of the Figs. 6.5 and 6.5, the resulting magnetic
induction is shown whereas on the right hand side, the corresponding magnetization in the
coils can be seen. The amount of the magnetization is illustrated by the colors following
the legend. The orientation of the magnetization vectors can be seen from the small arrows
plotted within the coil. In addition, for the magnetization plot, the orientation of the main
field pattern which produces the magnetization is indicated by the black arrows inside the
aperture. The coils are powered in such a way that the produced field in the magnet aperture
rotates clock-wise

The purpose of these plots is to illustrate the fact that the orientation of the magnetization
vectors in a coil cross-section (small arrows within the coil area) de-couple from the orientation
of the main field (big arrows in the aperture of the coil) for the application of rotating fields.
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The powering cycle is as follows:

1. Starting with time step 10, in which the outer coil is powered only, the field (left plot)
is of dipolar type. The dark blue regions indicate the field drains (low field region). As
can be seen, the inner coil is not powered, however, is exposed to the dipolar field which
is produced by the outer layer. In the corresponding pattern of the coil magnetization
shown on the right hand side, it can be seen that the magnetization is highest (red
areas) in the regions where the source field is low (as expected). The amount of the
induced magnetization can be interpreted by the color code in the legend; in addition,
the orientation is shown by the small arrows which are plotted on top of the colored
region. In the time step 10, the magnetization vectors are following the pattern of
the source field (all opposite). It is now of interest to observe this pattern of the
magnetization when the source field rotates.

2. In time step 20, the inner coil is powered also and the resulting magnetic field is obtained
by superimposing the two contributions of the outer and the inner layer. Thus, the field
has rotated clock-wise. The resulting field drains have moved accordingly inside the
coil and the low field area enlarges on both coil layers. The bigger part of the low field
area is located in the inner layer which is contributing a larger amount to the total field
than the outer layer during this step. The corresponding magnetization pattern on the
right hand side now shows the before-mentioned de-coupling of its vector orientation
with respect to the field pattern. This can be best seen in the low field region (where
the magnetization is highest, red area).

3. In time step 30, the field has further rotated clock-wise, the main contribution is coming
from the outer coil layer, consequently the field drain is located there. For the magne-
tization vectors, the same principle which has already been observed in time step 20,
repeats, showing a de-coupling of the magnetization vectors from the orientaion of the
source field. It is interesting to see here that the magnetization arrows do not recover
their orientation in such a way that they oppose the source field although the source
field now is back to almost a dipole type (as in the first plot, time step 10) with inverse
sign.

4. In time step 40, the source field is rotated further, the two layers are powered with
approximately equal strength, resulting in a field orientation of about 270o. It can be
seen that the orientation of the magnetization vectors is fully de-coupled from the ori-
entation of the source field vectors, their pattern becoming more complicated. Though
the amount of magnetization stays highest in the low field region, the orientation is
rectangular to the main field in the aperture and also does not oppose the local field
pattern in this region.

5. In time step 55, the orientation of the source field is back to the starting value, however,
due to the hysteresis in the magnetization, the orientation of the magnetization vectors
still is in any direction, staying completely de-coupled from the vectors of the main
(source) field.
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Figure 6.14: Coil cross-section of the superconducting MCBX magnet for var-
ious time steps in the rotating field case (time steps 10, 20, 30).
Left: Magnetic induction in the cross-section; Right: Magneti-
zation and orientation of the magnetization vectors in the coil.
The arrows in the center of the right plots indicate the direction
of the magnetic induction corresponding to the plot on the left
side.

As a conclusion, it can be said that the magnetization within the cross-section of a
superconducting coil that is exposed to rotating fields completely de-couples its orientation
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Figure 6.15: Coil cross-section of the superconducting MCBX magnet for var-
ious time steps in the rotating field case (time steps 40 and 55).
Left: Magnetic induction in the cross-section; Right: Magneti-
zation and orientation of the magnetization vectors in the coil.
The arrows in the center of the right plots indicate the direction
of the magnetic induction corresponding to the plot on the left
side.

from that of the source field. As a consequence, the field errors which are resulting from
such an induced magnetization have to be calculated by considering the local distribution of
the magnetization and cannot be derived from the orientation of the main field component.
Consequently, the calculation of field errors by applying a 1-dimensional magnetization model
in such a magnet type as the MCBX will not result in a correct reproduction of the induced
persistent current field errors.



Chapter 7

Field Errors from Persistent
Currents

In chapter 6, the field errors in the LHC dipole and quadrupole magnet and the combined
orbit corrector magnet including the errors due to the coil magnetization are calculated. In
this chapter, some important features to be considered when calculating these field errors are
explained. First, the determination of the value of an equivalent pair of replacement currents
is shown for the magnetization of an LHC strand at low field. A replacement of a magnetic
moment m is possible in the far-field region of a field calculation. Then, the calculation of the
vector potential which results from a magnetic moment in the plane is shown. Expressions for
the multipoles are derived and also for the magnetic field in the vicinity of such a magnetized
strand are given .

7.1 Multipole Expansion from the Magnetic Moment

Usually, the field quality in the aperture of a magnet is expressed by the Fourier coefficients
of the series expansion of the radial main field component [72]. In this section the multipole
expansion resulting from the source of a magnetic moment m is derived. The general theory
of Fourier series expansion is described in appendix A.2.

In order to compare the amount of persistent currents that have to be expected within a
coil which is driven by a certain transport current, the following example can be excercised:
For far-field calculations which are carried out in a reasonable distance to the magnetic source,
the magnetic moment per unit length l of a strand with cross-section A, m/l = AM, can be
substituted by a small dipole of (replacement) line-currents with the strength −Is and Is. This
pair of line-currents is separated by a distance S and oriented perpendicular to the direction
of the magnetic moment. The magnetic moment of such a single dipole m/l = Is S must
equal the magnetic moment which arises from persistent currents. Therefore the replacement
currents read:

Is =
MA

S
, (7.1)

where the distance between the currents, S, can be chosen to be the strand diameter.

A strand taken from the LHC main dipole cable has a diameter of 1.065 mm and therefore
a cross-sectional area of approximately A = 0.9 mm2. In the case of low fields, the cable cross-
section carries a transport current of about 500 to 1000 A. Consequently, a substitute current

125
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of about 6.65 A (maximum value) at low field level (≈ 0.7 T) is received for such a strand
which compares to about 20 A of transport current in each strand. This equivalent pair of line
currents can then be used for the calculation of field errors resulting from the superconductor
magnetization.

Figure 7.1: Coordinate system for the calculation of the magnetic vector po-
tential A from the magnetic moment m.

However, it is also possible to receive the (persistent current) induced field errors directly
from the vector potential which is calculated at an evaluation point r while the magnetic
moment is given at a source point r′, as indicated in Fig. 7.1. The derivation starts from the
expression for the magnetic vector potential:

A(r) = −µ0m(r′) × (r− r′)

4π|r − r′|3 =
µ0m(r′)

4π
×∇r

1

|r − r′| = −µ0m(r′)

4π
×∇r′

1

|r− r′| ,

which holds in three dimensions and

A(r) = −µ0m(r′)

2π
×∇r′ ln

|r− r′|
a

(7.2)

which holds for two-dimensional problems, respectively. Here, |r − r′| indicates the distance
between the source- and evaluation point whereas a is an arbitrary reference distance.

The logarithmic term can be expressed from the particular solution of Poisson’s Equation as:

ln
|r − r′|

a
= ln

R

a
=

Az

−µ0I
2π

, (7.3)

so that the vector potential reads:

A(r) = −µ0m(r′)

2π
×∇r′(

Az

−µ0I
2π

) . (7.4)

The distance between the source point and the evaluation point R, used in Eq. (7.3), can be
expressed by means of the Cosine Law to be:

R2 = r2 + r′2 − 2rr′ cos(ϕ − θ)
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and rewritten as [9]:

R2 = r′
2
(

1 − r

r′
ei(ϕ−θ)

)(

1 − r

r′
e−i(ϕ−θ)

)

.

Thus, the logarithmic expression reads:

ln(
|r − r′|

a
) = ln(

r′

a
) +

1

2
ln(1 − r

r′
ei(ϕ−θ)) +

1

2
ln(1 − r

r′
e−i(ϕ−θ)).

Applying the Taylor Series expansion of ln(1 − x) which for |x| < 1 (here: r < r′) reads1:

ln(1 − x) = −
∞∑

n=1

1

n
xn,

the expression for the magnetic vector potential results in:

Az

−µ0I
2π

= ln(
r′

a
) −

∞∑

n=1

1

n
(
r

r′
)n cos(n(ϕ − θ)) . (7.5)

Now applying the Nabla operator in cylindrical coordinates2 on Eq. (7.5) yields:

∇r′(
Az

−µ0I
2π

) =
1

r′

[

(1 +
∞∑

n=1

(
r

r′
)n cos(n(ϕ − θ))) er′ −

∞∑

n=1

(
r

r′
)n sin(n(ϕ − θ))eθ

]

.

Introducing this result in Eq. (7.4) and solving the cross-product yields

A(r) =
µ0

2πr′
ez

[

−mr′

∞∑

n=1

(
r

r′
)n sin(n(ϕ − θ)) − mθ(1 +

∞∑

n=1

(
r

r′
)n cos(n(ϕ − θ)))

]

.

For the evaluation of the Fourier Series expansion, the radial field component of the magnetic
induction Br(r0) at a defined reference radius r0 is needed (see appendix A.2).

Since Br(r0, ϕ) = 1
r0

∂Az
∂ϕ , one can apply the trigonometric identities3 and in this way

express the radial component of the magnetic induction to:

Br(r0, ϕ) =
µ0

2πr0r′

[

−mr′

∞∑

n=1

(
r0

r′
)n n(cos nϕ cos nθ + sinnϕ sin nθ)

+ mθ

∞∑

n=1

(
r0

r′
)n n(sin nϕ cos nθ − cos nϕ sin nθ)

]

,

=
µ0

2πr0r′

[ ∞∑

n=1

n(
r0

r′
)n(−mr′ cos nθ − mθ sinnθ) cos nϕ

+
∞∑

n=1

n(
r0

r′
)n(−mr′ sin nθ + mθ cos nθ) sinnϕ

]

.

1The condition r < r′ is always fulfilled when calculating a magnet structure, since the multipoles are
calculated inside the magnet aperture.

2The Nabla operator in the cylindrical coordinate system which is applied here reads: ∇r′ = ∂
∂r′.

er′ +
1

r′

∂
∂θ

eθ. No z-component is necessary due to the calculation in the plane.
3sin(nϕ − nθ) = sin nϕ cos nθ − cos nϕ sin nθ , cos(nϕ − nθ) = cos nϕ cos nθ + sin nϕ sin nθ .
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Finally the multipole coefficients resulting from the magnetic moment can be expressed as:

An =
µ0

2π

rn−1
0

r′n+1
n(mr′ cos nθ + mθ sinnθ) ,

Bn =
µ0

2π

rn−1
0

r′n+1
n(mr′ sin nθ − mθ cos nθ) .

As is also explained in the appendix A.2, the values Bn are denoted as the normal and the
values An as the skew components of the field while bn are the normal relative and an the
skew relative field components, all given at a reference radius r0. The latter are dimensionless
and usually expressed in units of 10−4.

As an example of the contribution of the strand magnetization to field errors in the LHC
dipole coil, the resulting B3 field component in the coil cross-section evaluated at 17 mm
reference radius is shown in Fig. 7.2. The left plot shows the harmonic B3 resulting from the
transport currents and the right plot the same harmonic resulting only from the persistent
currents.

Block numbers:

1

2

3

4

5

6

Figure 7.2: Left: Contribution of the source current to the B3 field compo-
nent; Right: Contribution of the strand magnetization to the B3

field component. The calculation has been carried out at 17 mm
reference radius for a very low source current of 12 A in the coil.

The regions in the coil cross-section of high contribution to B3 are represented by the dark
red and mauve coloured areas, whereas the regions in green contribute little to the total B3.
The demonstration of such a field error distribution in the coil cross-section for individual
multipoles is of interest since it allows to identify which region of the coil acts as the source
of a certain unwanted multipole.

The coil blocks can now be arranged in such a way that the multipoles resulting from
the coil geometry are minimized, if only the source currents are considered. However, a
comparison of the two plots shows, that the B3 component from persistent currents arises
mainly from the coil block number 6 (top block in the inner coil layer), whereas in the case
of source currents, block number 5 dominates. From this, it can be concluded that it is not
possible to fully suppress the persistent current induced B3 component by means of changing
the design of the coil cross-section in such a way that the total persistent current induced B3

component is canceled out by the B3 component which is arising from source currents.
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7.2 Resulting Field of Neighboring Strands

In order to determine the resulting magnetic induction at a certain strand position, the
initially applied magnetic induction has to be superimposed with the inductions arising from
the induced persistent currents of all other strands. However, Eq. (7.1) may not be applied
on strands in the immediate vicinity of the evaluation point, since the substitute current loop
Is only produces an approximate, and not a pure, dipole field in the near-field region4. Hence,
also the magnetic induction has to be determined from the magnetic moment m.

Starting from Eq. (7.2) in the 2D plane, the magnetic induction at the evaluation point
B(r) results from A(r) by B = ∇ × A = −ez × ∇Az, since A only has a component in
the z-direction. In contrary to the determination of the multipoles shown in section 7.1, the
gradient of the logarithmic function has to be evaluated and reads in cylindrical coordinates:

∇r′ ln(|r − r′|) = −e′r
r0 cos(ϕ − θ) − ri

|r− r′|2 + eθ
r0 sin(θ − ϕ)

|r− r′|2 ,

and in cartesian coordinates, respectively:

∇r′ ln(
√

(x − x′)2 + (y − y′)2) = − 1

(x − x′)2 + (y − y′)2
((x − x′) ex + (y − y′) ey).

Thus, the vector potential given in Eq. (7.2) and the resulting magnetic induction in cartesian
coordinates read:

Az(x, y) =
µ0

2π

mx(y − y′) − my(x − x′)

(x − x′)2 + (y − y′)2
,

Bx(r) =
µ0

2π

[
mx

(x − x′)2 + (y − y′)2
+

2(my(x − x′) − mx(y − y′))(y − y′)

((x − x′)2 + (y − y′)2)2

]

(7.6)

and

By(r) = −µ0

2π

[

− my

(x − x′)2 + (y − y′)2
+

2(my(x − x′) − mx(y − y′))(x − x′)

((x − x′)2 + (y − y′)2)2

]

(7.7)

The vectors r, r′ are the position vectors of the evaluation point and source point, respectively

and in cartesian coordinates read r =
√

x2 + y2 and r′ =
√

x′2 + y′2. According to Fig. 7.1,
the Eqs. (7.6) and (7.7) denote the resulting field components at the position r from one
strand with the induced superconductor magnetization M(r′) at the position r′. For the
evaluation of the contribution of the complete coil, the contribution of all strands has to be
calculated from the sum of the individual strand fields.

It has to be emphasized that the replacement of the strand/filament magnetizations by
an equivalent pair of line currents will cause not only a numerical problem for the field solver
since per definition the distance of separation of the currents in the pair should go to zero
(whereas the value of the substitute current strives to infinity). Moreover, the calculation is
simply incorrect in the near field region of the current pair and therefore the derivation of the
expressions presented above is inevitable. Figure 7.3 shows the evaluation of the harmonic
analysis of the resulting magnetic induction in the direct vicinity of an arbitrarily chosen
strand.5 It can be seen from the plot that the source currents are producing a pure dipole field

4It is clear from the definition of the magnetic dipole that an ideal dipole field will be received only if the
encircled area A in the equation of the dipole moment m = I A approaches the null value, whereas the
application implies a finite substitute area, however small.

5The direct vicinity is the position of the next strand in the cable, for example.
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Figure 7.3: Harmonic analysis of the resulting magnetic induction of one
strand evaluated in its direct vicinity. Blue curve: source cur-
rents only; Red curve: source currents and persistent currents;
Green curve: Source currents and persistent currents where the
screening field is calculated from an equivalent pair of substitute
line currents.

(blue curve) which is damped (but stays dipolar!) if the persistent current effect is calculated
by means of the method 1, i.e. following the Eqs. 7.6 and 7.7 (red curve). Applying the
method of an equivalent pair of line currents is, however, producing a field harmonic which is
not dipolar anymore (green curve); instead higher order multipoles are artificially introduced.
The method is therefore inappropriate for the calculation of field errors in the aperture of a
superconducting magnet.

7.3 Influence of the Ramp Cycle on the Induced Field Errors

In order to keep the orbit of the particles in a circular accelerator stable with increasing
particle energy, the bending field of the main dipole magnets has to increase accordingly.
This increase in field strength is called ramping of the magnets and the ramping pattern is
called a ramp cycle. Figure 7.4 shows the ramp cycle for the LHC main dipole magnets.
The total ramp cycle usually differs from the final operating cycle of the magnet – the LHC
main dipoles, for instance, are ramped up to a high field and then down again, before in
the second up-ramp branch, the beam is injected and the actual operating cycle starts. This
pre-cycle is carried out to bring all the magnets in a defined state for both, the iron and the
superconductor magnetization that, in addition, is identical for each individual magnet (a
random pattern of magnetization histories along the beam trajectory is unwanted).

Now, the magnetization of each strand strongly depends on the history seen by the super-
conductor and hence on the applied ramp cycle. This means that for a magnet, the chosen
ramp cycle influences the resulting total field errors at injection field level as well as the varia-
tion ∆bn during the operating interval6. In fact, the actual variation is mainly determined by
the turning point at which the low field in the down-ramp branch ends and the applied field

6When calculating the multipole variation for a certain magnet without persistent currents, no variation
in the operating cycle for different ramp cycles occurs. The ramping is fully reversible.



7.3 Influence of the Ramp Cycle on the Induced Field Errors 131

increases again (the so-called low field turning point, see also Fig. 7.4). At low field the strong
increase of the critical current density results in an equally strong rise in the superconductor
magnetization and from this also in an increase of the persistent current induced field errors.
The value of the low field turning point is therefore of significance concerning the persistent
current pattern and has to be chosen with caution. In this context, one also has to consider
that the local field being experienced by the individual strands varies considerably depending
on their position in the coil cross-section. This is due to the distribution of the applied field
in the coil cross-section from which each strand will see its own ramp cycle and assume its
own history.
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Figure 7.4: Actual scheduled current ramp cycle of the LHC main dipole mag-
net. After one pre-ramp without beam, the beam is injected at low
field of the second up-ramp branch. For the calculation of the field
errors in the magnet’s aperture resulting from persistent currents,
the low field turning point is of importance.

The effect of the value of the low field turning point is illustrated by the calculation of
different ramp cycles with varying values of the low field turning being calculated exemplary
for the geometry of an LHC main dipole coil. The dipole coil is incorporated into a 1-in-1
iron yoke structure with a circular inner yoke radius of 98 mm. This easy geometry has
been chosen in order to simplify the recognition of the observed effects and shows the effect
without loss of generality. The calculations resulted in a change of the slope of the multipole
components. The graphs in Figure 7.5 show the influence of a change in ramp cycle on
multipole b3 versus the source current in the coil. In Figure 7.5 (left), the complete ramp
cycle as a function of the value of the low field turning point, for three different turning
points is presented. The change occurs in the interval of I = [500, 1000] A of the operating
cycle (the framed yellow box on the second up-ramp branch). Figure 7.5 (right) presents this
interval for the same turning points of B(0A), B(350A) and B(500A) (the plot corresponds
to the yellow box). Also shown in Fig. 7.5 is the curve for the turning point of B(600A). The
presented values can also be found in table 7.1

As can be seen from the plots in Fig. 7.5 and from table 7.1, the multipole variation of b3

increases with decreasing values of the low field turning point and a maximun in variation is
reached for the turning point at zero field. From this result, it is therefore recommendable to
chose the turning point at a current as high as possible in order to reduce the variation, ∆b3,
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Figure 7.5: Left: Hysteresis curve of multipole b3 calculated at 17 mm refer-
ence radius versus the source current in the coil. The curves show
the dependence of the b3-hysteresis on different low field turn-
ing points in the second up-ramp branch. The yellow box indi-
cates the interval where the change in the b3-values occurs. Right:
Variation of b3 on the second up-ramp branch in the interval of
I = [500, 1000] A.

Iturn Bturn b3 b3 ∆b3 b5 b5 ∆b5

Bmain ≈ 0.5 T Bmain ≈ 3 T Bmain ≈ 0.5 T Bmain ≈ 3 T
1 0.0004 -4.753 3.438 8.191 0.249 -0.819 1.067

350 0.2547 -4.161 3.439 7.599 0.484 -0.819 1.303
400 0.2906 -3.903 3.439 7.342 0.529 -0.819 1.348
448 0.3256 -3.602 3.439 7.041 0.584 -0.819 1.403
500 0.3632 -3.197 3.439 6.636 0.669 -0.819 1.488
602 0.4368 -0.984 3.439 4.423 0.754 -0.819 1.573

Table 7.1: Multipoles b3 and b5 calculated at 17 mm radius for low field levels
and for B ≈ 3 T as a function of the low field turning point in the
LHC operating cycle.

on the multipole b3. However, it can also be seen that the gain in reducing the multipole
variation of b3 by changing the ramp-cycle is limited. A pay-off can be observed in the
multipoles, since the measures to reduce the variation of multipole b3 cause an increase in the
variation of multipole b5. Moreover, for low field turning points, above ≈ 550 A, the onset of
the b3 curve is increasing again and the reduction in the variation will partially be lost with
further increase. Considering the multipole b5 in this example, a deterioration can already be
observed for values of Iturn above 400 A. The higher order multipoles (not shown) are hardly
influenced by the value of the current at the turning point.

Thus, considering also the behavior of multipole b5, a relative optimum can be found for
the geometry considered here by setting the low field turning point at a source current of
about 550 A.
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Figure 7.6: Field quality in the aperture of the main dipole coil at a field level
of about 0.5 T (main field component). Left: Low field turning
point at B(350 A); Right: Low field turning point chosen at B(0 A).
The dark blue region indicates the homogeneous field region (the
so-called good field region).

Figure 7.6 shows the calculated field quality in the aperture of the main dipole coil. As
already explained, the coil is placed in a circular iron yoke structure with a 98 mm inner
yoke radius for this simulation. The plots show the distribution of the field homogeneity in
the magnet aperture and are therefore a measure of the dynamic beam aperture. The dark
blue region is denoted as good field region in which the field homogeneity is at its maximum.
Consequently, the size of the dark blue region desired to be as large as possible. The total
deviation is calculated from
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> 2 10−4 white areas

Both field quality plots are determined at a main field component of 0.5 T, received after
different low field turning points in their ramp cycles. In the left plot, the low field turning
point is chosen at B(350 A), resulting in a satisfyingly good field region for low excitation
fields. The right plot shows the field quality as received after setting the low field turning
point to B(0 A). As can be seen from the plot, a strong reduction of the size of the good field
region is the result in this case. The plots clearly illustrate the influence of the value of the
low field turning point on the field quality, for instance, at injection field level.

7.4 Hysteresis Losses in Strands

Hysteresis losses occur in each filament of the superconducting coils in accelerator magnets.
They are a major source of energy dissipation and have to be considered when calculating
the heat load of the cryogenic plant. The source of the hysteresis are the pinned flux vortices,
which cannot move out of the material freely, but are trapped inside the superconductor. They
are then the source of a hysteresis of the magnetic induction inside the filament, as well as the
cause of a hysteresis in the filament magnetization. The loss calculation in superconductors
is similar to the loss calculation in ferromagnetic samples. Energy may be stored inductively
in the current pattern in the superconductor during a field cycle. The energy loss of a magnet
can then be calculated by means of an integration over the magnetization of each filament
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during the magnet cycle. In general, the energy loss of one filament p is given by:

Qhyst
p =

∮
1

µ0
Mp(Bp(r)) dB, (7.8)

where r denotes the position of the filament in the magnet cross-section and Bp(r) is the
local field which is experienced by the considered filament. The energy loss is given in Ws

m2 .
Finally, the total hysteresis loss is calculated as the sum of the losses of all filaments:

Qhyst =
∑

p

Qhyst
p ,

where p denotes the filament number.
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Figure 7.7: Hysteresis loss calculation for a superconducting filament. For the
loss calculation, a closed cycle has to be calculated, excluding the
yellow area which may not be part of the integration.

The loss integral formula, Eq. (7.8), is only correct if the integration is carried out along a
closed cycle, as indicated by the closed integral loop. Contrary to expressions often given in
literature, it is not sufficient to integrate the first quadrant of the M(B)-curve and multiply
the outcome with a symmetry factor (for example two in case of an up-down-up ramp cycle
from 0T → maximum field → 0T or four in case of an up-down-up ramp cycle also covering
the negative range). The reason for that is the unsymmetry of the magnetization curve.
However, depending on the operating cycle, a symmetry with respect to the ordinate axis
is a good assumption in case the cycle does not include the initial state curve. As shown
in Fig. 7.7, a loop from B1 to B2 encompasses the red area, however, the yellow area may
not be part of the integration and has to be subtracted from the total calculated losses. The
dissipated power, given in watts, results from the total loss per cycle time (given in seconds):

Ph =
Qhyst

cycletime
.

The dissipated power is calculated in watts. For the LHC superconducting dipole, during one
complete up-down-upramp cycle up to injection field level, the energy loss has been calculated
to Qhyst = 281.9 Ws/m.
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Thus, the dissipated power results to:

Ph = 281.9
Ws

m
14.7m
︸ ︷︷ ︸

magneticlength

/20min = 3.5W
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Chapter 8

Compensation of Persistent
Current Induced Multipole Errors

As has been shown in the chapters 6 and 7, persistent current effects in the coils of supercon-
ducting accelerator magnets are a source of unwanted multipoles and a multipole hysteresis.
The resulting deterioration in field quality is most critical at low field levels, since then the
particle beam is injected and at the same time, the persistent current influence is at its max-
imum. In the case of the LHC dipoles, the persistent current induced field errors reduce to
a negligible amount for higher fields. However, for corrector magnets, which are powered in
several up-down-up ramps, not only the induced currents persist, but also the hysteresis on
the multipoles can be a problem. It has also been shown in section 7.3 that the persistent
currents influence the setting of the ideal ramp cycle for the LHC main dipoles, for instance.

In this chapter, a practical application of the developed Nested Ellipse Model is presented.
The model is used to calculate a reduction and partial compensation of the persistent cur-
rent induced field errors by means of different compensation principles. A main part of this
chapter is taken by compensations with ferromagnetic shims in various shapes and positions
which are inserted into the magnet cross-section. Also, the compensation by means of an
insertion of passive (non-powered) superconducting shims or rods is investigated. This meth-
ods have partially been introduced in [73] and [74]. In any case, the main idea behind these
compensations is, to add materials which only react on the applied field at low field levels,
since the persistent current effect vanishes for higher fields. Thin, ferromagnetic shims will
saturate at high field and then behave almost linear, whereas non-powered superconductors
behave in the same way as the powered ones, from the persistent current point of view. This
means, the induced currents in the superconductors are highest at low fields. Therefore, both
principles (ferromagnetic shims and passive superconductors) are mainly active at the low
field range and thus qualify for persistent current compensations.

All compensation principles which are presented here, are intrinsic solutions which means,
that they could be incorporated from start on into the magnet design process. These com-
pensations could than be a means to reduce the necessary field strength of the corrector
magnets which are attached, for example, to the LHC main dipoles in order to correct for
the persistent current induced field errors.

137
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8.1 Ferromagnetic Coil Protection Sheet

One possible solution for a partial compensation of the persistent current multipole errors
has been found for the LHC superconducting dipoles by making a part of the so-called coil
protection sheets (CPS) from ferromagnetic material. Non-magnetic coil protection sheets,
consisting of different layers of the same material, have originally been foreseen in the magnet
design in order to protect the coil against damages from the surrounding stainless steel collars.

Figure 8.1: Ferromagnetic part of the coil protection shield as it has been used
in a compensation study in one of the short models of the LHC
main dipole.

Figure 8.2: Picture of the LHC main dipole coils in the common stainless steel
collar, including the ferromagnetic coil protection sheet (indicated
by the red arrow). This 1.5 m long test magnet has been con-
structed and studied at CERN.
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It has to be emphasized here that the aim was to compensate for the variation in the
odd order multipoles b3 and b5, rather than affect the absolute value. This is due to the fact
that multipole variations are much more difficult to correct by adjusting the coil geometry,
for example, than constant offsets which show up on the multipole curves during a complete
powering cycle. Changes in the average multipole value can be corrected by small shifts of
coil blocks in the final design version of a magnet. A shift of one degree, applied on the
uppermost coil block on the inner layer of an LHC dipole coil, for example, results in about
one unit of constant multipole b3, calculated at 17 mm reference radius. The ideal case is, if
there is no multipole variation versus excitation at all in the magnet.

An experimental verification of the compensation principle has been carried out at CERN
in one of the short model dipole magnets. The compensation for the persistent current effects
consists of changing one layer of the CPS from non-magnetic stainless steel to iron sheets
with a very low content of impurities (99.99% pure Fe). Figure 8.1 shows the first quadrant
of the LHC main dipole coil with the ferromagnetic part of the coil protection sheet which
is mounted on the outer coil radius between the coil and the collars (see also Fig. 8.2). The
angle α of the magnetic part of the shield has been chosen to 52o from mechanical necessities:
The coil protection shield has to fully cover the outer coil shape.

In table 8.1, the calculated and measured values of this test magnet is presented. It can be
seen from these numbers that the insertion of the ferromagnetic coil protection sheet results
in a significant reduction of variation in all lower order multipoles.

Table 8.1: Expected variation in relative multipole errors ∆bn including per-
sistent currents (in units of 10−4 determined at 17 mm reference
radius). A compensation has been calculated by means of a ferro-
magnetic coil protection sheet for a range of 0.6 − 1.6 T.

Calculated Values Measured Values
CPS no yes no yes

∆b2 0.001 0.041 0.277 0.142
∆b3 5.721 3.632 5.981 1.370
∆b4 0.002 0.003 0.007 0.018
∆b5 0.721 0.337 1.076 0.036

The difference, and the resulting change, in the calculated multipole b3 for geometries
with and without the ferromagnetic CPS compared with measurements taken at CERN are
shown in Fig. 8.3. As already shown in section 4.1.9, it is important to calculate a full up-
down-up ramp cycle of the magnet in order to achieve simulation data for an LHC operating
cycle that can be compared to the measurements. The LHC dipoles will be ramped up from
about 0.6 T (injection field) to about 8.5 T (nominal field). Injection field level indicates
the value, when the particle beam is injected into the accelerator. Following the increasing
energy of the beam, the magnetic field in the bending magnets rises linearly to their nominal
field value. For the calculations, an interval up to 1.6 T has been considered. This interval is
sufficient, since the relative field errors due to the persistent current effect vanishes for higher
fields (except for the hysteresis, which remains). In this range, the calculated curves show
a reduction in the non-linearities of the multipole b3 of about 60 % (while the variation of
multipole b5 can be reduced to about 50 % of its original value). Except for small deviations
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Figure 8.3: The odd lower order multipole b3 determined at 17 mm reference
radius compared with measurements from the test magnet, with
and without the magnetic coil protection sheet, respectively. The
aim of the ferromagnetic coil protection sheet is to reduce the vari-
ation ∆bn of the lower order multipoles in the LHC main dipoles.

between calculated and measured values, the curves well validate the partial compensation
of the sheet, since the compensative effect, as well as the curve shapes, are fully reproduced.
The measurements give an even more optimistic picture: According to the values presented
in table 8.1, the variation of multipole b3 could be reduced from 5.981 units in 10−4 (without
the CPS) to a value of 1.370 units in 10−4 at a reference radius of 17 mm.

It should be mentioned here, that in case of a dipole magnet, the odd lower order multi-
poles b3 and b5 are contradictory in their values: An improvement in the values of multipole
b3 (or its variation) is usually coupled to a deterioration of the multipole b5 (or its varia-
tion, respectively). This inherent behavior is also illustrated in the next section and means a
restriction in the compensation capabilities of the CPS.

8.1.1 Investigating the Sheet Covering Angle

In this section, the investigation of small changes in the covering angle of the ferromagnetic
part of the coil protection sheet, α, are presented (see Fig. 8.1 for the position of the angle). It
is expected that even small angular changes should result in a considerable change in the odd
lower multipoles b3 and b5, since from the point of coil symmetries, geometrical changes in
the angular range of 50o are known to be a source of variation of these multipoles. Table 8.2
shows the computed values at different angles.

As can be seen from the plots in Fig. 8.4, the covering angle of the ferromagnetic coil
protection sheet has a certain influence on the lower order multipoles. Although it is shown
in the last section that a ferromagnetic coil protection sheet with a covering angle of 52o

(which is used for the test model) resulted in a considerable reduction of the variation of the
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Table 8.2: Expected relative multipole errors including persistent current con-
tribution in units of 10−4 calculated at 17. mm reference radius for
different angles of the ferromagnetic coil protection sheet.

Coil protection sheet in ferromagnetic material
α = 44.68o α = 46.34o

injec. nominal variat. injec. nominal variat.
field field ∆bn field field ∆bn

b2 -2.943 -3.178 0.909 -2.941 -3.177 0.906
b3 10.848 8.300 2.721 10.094 8.304 2.200
b4 0.080 -0.013 0.111 0.080 -0.013 0.111
b5 -0.820 -0.905 0.130 -0.955 -0.917 0.104
b6 0.002 -0.002 0.005 0.002 -0.002 0.005
b7 0.171 0.632 0.461 0.183 0.632 0.449
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Figure 8.4: Odd lower order multipole b3 versus the magnetic induction as a
function of the covering angle of the ferromagnetic part of the coil
protection sheet (CPS) on the superconducting coil. The ferro-
magnetic part of the CPS reduces the variation on b3 and b5. A
comparison of the plot with Fig. 8.5 also illustrate the contradic-
tory dependence in the multipole variation of these two multipoles:
Geometrical changes which cause a reduction of the variation of
multipole b3 at the same time increase the variation of multipole
b5.

multipoles1, it can be seen from the plots, that the value of 52o is not optimal. Note, that
the plots cover the whole LHC excitation range up to about 8.4 T. As can be seen from the
plots, a covering angle of around 46o (dark blue dashed curve) seems to be the best choice
for a reduction of both multipoles. This result has been obtained after optimization of the
objectives ∆b3 → min and ∆b5 → min.

1For the test magnet, a change in the covering angle was not an option, since the coil protection sheet has
to fully cover the superconducting coil, and the stainless steel collars should not be modified in order to
have an easy and inexpensive test possibility. In general, however, the size of the angle can be optimized.
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Figure 8.5: Odd lower order multipole b5 versus the magnetic induction as a
function of the covering angle of the ferromagnetic part of the coil
protection sheet (CPS) on the superconducting coil. The ferro-
magnetic part of the CPS reduces the variation on b3 and b5.

In Figure 8.5, where b5 is presented, it can also be seen, that a reduction of the angle from
52o to approximately 44o yields an overcompensation of this multipole, which is indicated by
the change of the curve shape. The same behavior can be expected for the multipole b3 in
case the angle is reduced even further.

8.1.2 Tuning Possibility by Varying the Sheet Thickness

The use of ferromagnetic coil protection sheets of slightly different thicknesses offers a tuning
possibility for the series magnet coils and can compensate deviations in multipole components
arising from different magnetization [75] in the cables of the different cable manufacturers for
the LHC.

Figure 8.6 shows the multipole b3 versus the magnetic induction as a function of the
thickness of the ferromagnetic CPS. In all the presented cases, the covering angle is held at
52o. The computed multipole values are shown in table 8.3.

Table 8.3: Expected relative multipole errors including persistent current con-
tribution in units of 10−4 calculated at 17. mm reference radius for
different thicknesses of a ferromagnetic part replacing a part of the
already existing coil protection sheet.

Coil protection sheet in ferromagnetic material
0.4 mm thick 0.5 mm thick 0.6 mm thick

injec. nominal multipole injec. nominal multipole injec. nominal multipole
field field variation field field variation field field variation

b2 -2.964 -3.163 0.921 -2.937 -3.157 0.914 -2.916 -3.152 0.871
b3 5.259 7.974 3.297 6.957 8.293 2.344 8.654 8.611 1.506
b4 0.080 -0.012 0.111 0.080 -0.012 0.111 0.079 -0.012 0.111
b5 -1.062 -0.949 0.156 -1.288 -0.959 0.328 -1.511 -0.969 0.542
b6 0.002 -0.001 0.005 0.002 -0.001 0.005 0.002 -0.001 0.005
b7 0.244 0.634 0.390 0.241 0.633 0.392 0.237 0.632 0.394



8.2 Influence of a Ferromagnetic Sheet Inside the Magnet Aperture 143

5

6

7

8

9

10

11

0 1 2 3 4 5 6 7 8 9

Magnetic Induction (T)

b 3
 (

un
its

 @
 1

7 
m

m
)

4 mm sheet 5 mm sheet 6 mm sheet

Figure 8.6: Influence of sheet thickness variation on multipole b3during LHC
up ramp cycle (for 0.4 mm, 0.5 mm and 0.6 mm). The coil protec-
tion sheet is partially made of ferromagnetic iron sheets (99.99%
pure Fe). Multipoles in units of 10−4 calculated at 17 mm reference
radius.

As can be seen from the curves in Fig. 8.6, the range of tuning possibilities by varying
the thickness of the ferromagnetic part of the CPS covers about 1.8 units in 10−4 for the
multipole b3: The increase of the sheet thickness reduced the value of the multipole variation
from a ∆b3 of 3.297 units to 1.506 units (all calculated at a reference radius of 17 mm). At
the same time, the even lower order multipoles see relatively little changes (see table 8.3).
It can also be seen in the plot in Fig. 8.6 that the average value of the multipole b3 shows a
slight increase (shift to higher values). This is due to the additional magnetic material which
is added to the original geometry, when the ferromagnetic coil protection sheet is inserted.
As has already been explained in the introduction to this chapter, a curve shift can easily be
compensated by a slight change in the final coil geometry of a magnet. It can therefore be
concluded, that the variation of the thickness of the ferromagnetic part of the CPS offers an
additional tuning possibility for magnet design purposes.

8.2 Influence of a Ferromagnetic Sheet Inside the Magnet

Aperture

Another easy to realize and effective method of a partial compensation of the persistent
current effect is to add a thin ferromagnetic layer on the outer radius of the already existing
cold bore. The cold bore denotes the beam pipe cylinder which contains the vacuum in the
magnet (see Fig. 6.3 in chapter 6.3.1, for instance). The ferromagnetic layer can easily be
added by a sputtering process, for example, or by means of a thin metallic foil to be glued on
the outer cold bore radius. The sheet thickness in this case should be in the range of some
micrometers as is shown in Fig. 8.7.

Table 8.4 shows the calculated values for different thicknesses of the sputtered sheet on
the outer cold bore radius. As before in the case of the ferromagnetic coil protection sheet,
an interval range up to 1.6 T has been considered. The objectives were again a reduction of
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Figure 8.7: 1st quadrant of the LHC dipole coil with ferromagnetic sheet which
can be used for a partial compensation of persistent current in-
duced multipole errors.

Table 8.4: Expected relative multipole variation including the persistent cur-
rent contribution in units of 10−4, calculated at 17. mm reference
radius. The values are determined for an LHC dipole magnet with
a cold bore and a sputtered ferromagnetic layer of various thick-
nesses attached to the outer cold bore radius. In the left column,
the calculated values for the LHC dipole without a sputtered layer
are presented for comparison.

Calculated multipole variation
Without sputtered With sputtered layer of ferromagnetic material

layer on the outer cold bore radius
40 µm thick 50 µm thick 60 µm thick

b2 0.0006 0.034 0.005 0.002
b3 5.7207 1.124 0.055 1.187
b4 0.0021 0.050 0.018 0.035
b5 0.7206 1.337 1.821 2.334
b6 0.0004 0.005 0.011 0.011
b7 0.2826 0.581 0.788 1.000

the variation of the odd lower order multipoles b3 and b5. It can be seen from the values that
the sputtered layer only partially fulfills these objectives, since it improves the variation of
the odd lower order multipoles b3, however, causes an increase on the multipole b5. Here, the
before mentioned contradictory behavior of these two multipoles can be seen. A thickness
of the sputtered layer of 40 µm causes a reduction of the variation on multipole b3 of about
4.75 units from 5.72 to 0.97 units, whereas at the same time the multipole b5 increases from
about 0.72 units to more than one unit. This result repeats with increasing thickness of
the ferromagnetic layer. For thicknesses above approximately 50 µm, also the variation of
multipole b3 increases again.

Figure 8.8 shows the calculated objectives b3 and b4 resulting from the geometry which
includes a ferromagnetic layer of 40 µm thickness. The dashed curves in the plot show the
complete ramp cycle, whereas the part of the actual operating cycle is drawn in continuous
lines. It is expected, that the values for the multipoles which are calculated for a main field
component of around 1.5 T do not differ significantly from the multipoles at nominal field.
As can be seen from the curves, the variation of this two multipoles is reduced considerably.

Compared with the results from the ferromagnetic coil protection sheet, the sputtered
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Figure 8.8: Odd lower order multipoles b3 and b5 calculated at a reference
radius of 17 mm, including a ferromagnetic layer of 40 µm thickness
inside the magnet aperture.

layer on the cold bore has the advantage that the circular symmetry of the cold bore can be
exploited. Thus, no unwanted multipoles are induced by this change in the magnet cross-
section. In addition, the cold bore is centered with a high precision in the magnet aperture
and therefore no ill-positioning with respect to the up/down or the left-right symmetry has
to be expected. However, the trade-off between the multipole variations of b3 and b5 show
up in a relatively strong way, in this case and thus present a real flaw for this compensation
measure.

As a conclusion, it can be said that a sputtered layer of ferromagnetic material on the
existing cold bore of the LHC main dipoles can be considered a simple possibility to intrinsicly
partially compensate unwanted persistent current induced field harmonics, in case the layer
can be produced sufficiently thin.

8.3 Ferromagnetic Shims Inside the Superconducting Cable

Figure 8.9: First quadrant of the LHC dipole coil with ferromagnetic sheet
which can be used for a partial compensation of persistent current
induced multipole errors.
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A compensation by means of thin ferromagnetic shims inserted into the cable of the inner
layer of the coil (as indicated in Fig. 8.9) has been calculated. These shims are centered
inside the keystoned cables and have a thickness of 0.1 mm. They can be included during
the cable production process and are then an easy to realize method of compensation.

As before for the shims in the magnet aperture, a complete up-down-up ramp cycle for
the LHC main dipole coil has been determined. Although a compensation takes place, the
calculated results were not satisfying for application in magnets with NbTi cables, since the
calculation of the multipoles and the multipole variation including these shims showed a
strong overcompensation of the persistent current effect. The compensatory effect of the
ferromagnetic shims yields in an increase of multipole b3 to 37.4 units at injection field level
and 8.8 units at nominal field level, respectively. All calculations are carried out at a reference
radius of 17 mm. A reduction in the radial size of the shims can be done in principle, however
could lead to difficulties with a precise shim centering inside the cable. It has therefore not
been considered. This method of inserting ferromagnetic shims inside the cable cross-section
can be interesting for cables made of Nb3Sn superconductor material. Nb3Sn magnets are
currently studied in order to provide magnetic fields up to 11-15 T. The idea of passive
correction by means of thin shims in the cable has already been proposed by Green [33]
or Kashikin [36], for example. Commercially available Nb3Sn superconductors allow for a
higher critical current density than NbTi superconductors. This, however, also increases the
induced magnetization at low field levels. In addition, due to their production process, these
Nb3Sn strands have a larger filament diameter of about 10-15µm compared to 6-7µm of a
NbTi strand. The magnetization of a filament scales linear with its filament diameter. The
insertion of thin ferromagentic strips in the cable could therefore be a viable method to reduce
the total magnetization in the cable.



Chapter 9

Conclusion

In the framework of this thesis, it has been shown, that the critical current density is one of
the most important parameters with respect to the calculation of coil magnetization effects.
Its dependence on the local field value and the field distribution in the cross-section of a
superconducting coil heavily influences the computed field and the resulting error.

The purpose of this thesis is to develop a new model for the superconducting filament
magnetization and incorporate it into the ROXIE program for the calculation of field errors
and the design optimization of superconducting accelerator magnets.

Most of the currently available magnetization models for superconductors calculate the
magnetization from field maps in the magnet cross-section. The repercussion of the screening
field produced by the superconductor is not considered and the magnetization is usually
determined from a measurement by means of a curve fit. The models are usually restricted
to a change of a homogeneous external field.

For the calculation of superconducting accelerator magnets, these approaches are not sat-
isfying with respect to the determination of the persistent current influence with the required
preciseness. Therefore, a filamentary superconductor magnetization model has been devel-
oped which calculates the continuous course of the magnetic field inside the filament by means
of a differential approach. Expressions are given for the magnetization of superconducting
filaments and coil magnetizations are calculated. The derived solution is exact in Bscreen = 0
within the current-free core of the filament.

The magnetization model is implemented into the source code of the CERN field com-
putation program ROXIE. This allows the combination of the superconductor model with
advanced numerical field solvers and thus the calculation of the persistent current effects in
superconducting magnets.

Several magnet types which are used for the LHC accelerator which is currently under
construction at CERN have been calculated by using this model. Measurements taken at
CERN verified well the calculated field errors in this magnets.

The LHC main dipole magnet has been used exemplary and, after the determination of
the persistent current induced field errors in this magnet, different methods are computed
for (passive) partial compensation by means of ferromagnetic parts to be inserted into the
magnet cross-section. One method of partial compensation of the persistent current induced
field errors has been tried on a 1.5 m long test dipole magnet. There, a part of the existing coil
protection sheet has been replaced by a ferromagnetic layer. This magnet has been measured
at CERN and confirmed the compensatory effect which has been calculated.
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The following conclusions can be drawn:

1. A filamentary superconductor model should be such as to consider the non-fully pen-
etrated state of the superconductor. It has been shown during the calculation of the
LHC main dipole, for example, that a part of the total number of filaments stays non-
fully penetrated even if the main field in the magnet aperture reaches its maximum of
about 8.5 T. These filaments are located in the low field areas in the coil cross-section.
The number and position of these low field areas depend on the magnet type (dipole,
quadrupole, etc.), however, at low field, the (locally) induced currents are highest and
thus the non-fully penetrated state should be considered in order to get a reliable pre-
diction of the expected field errors.

2. A hysteresis model to be combined with the magnetization model is recommended in
order to allow the calculation of arbitrary ramp cycles. It is shown for the LHC dipole,
that the choice of the ramp cycle influences the field error at injection field level. In the
case of loss calculations, a hysteresis model is inevitable for a precise determination of
losses due to hysteresis and superconductor magnetization.

3. For the determination of persistent current induced field errors in superconducting
accelerator magnets, each superconductor model has to be combined with numerical
field solvers in order to enable the user to consider saturation effects during magnet
ramp. It has been shown that the use of the imaging method as a replacement of the
non-linear iron magnetization is in the general case not sufficient for the calculation of
the magnet cross-section.

4. The calculated field from the induced current distribution has to be fed back and added
to the originally applied field. It has been shown, that the repercussion of the persistent
current field has to be considered. This is easiest done by an M(B)-iteration. Depending
on the magnet geometry, it is sufficient to include the source field in the coil into the
iteration. In case of highly non-linear domains in the vicinity of the superconducting
coil, however, also the contribution to the total field of these magnetic domains has to
be part of the iteration, since they can be the source of field variations which influence
the induced persistent currents.

5. Partial compensation of the persistent current induced field errors can intrinsically be
achieved by ferromagnetic parts which are added to the magnet cross-section. The use of
the superconductor model allows the incorporation of these ferromagnetic compensation
parts into the design process of a magnet. Optimization algorithms can be used in order
to obtain the best compensatory effect on different multipoles.

As an outlook on continuing subjects, an interesting investigation which has not been part
of this thesis is the incorporation of the strain- and temperature dependence of the critical
current density, which has been mentioned in chapter 3, for instance.

Also, the influence of the coil ends for a complete three dimensional field calculation
and its effect on the local superconductor magnetization is an interesting topic which is not
covered in this thesis.

Finally, the calculation of the current coupling between the individual strand and the
influence on the coil magnetization should be investigated. A model which considers this
current coupling on the level of the individual strands or the superconducting cables could
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easily be combined with the filamentary superconductor model which has been developed in
the framework of this thesis.
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Appendix A

A.1 The RRR-Value of Normal Conductors

Not only the superconductors behavior, but also the electrical resistivity ρ, of the normal
conducting stabilizing matrix material of a superconducting strand, depends on the temper-
ature and on the applied magnetic induction. The electrical resistivity is usually expressed
in terms of the residual resistivity ratio (RRR):

RRR =
ρ(273.15K)

ρ(4.22K)

∣
∣
∣
∣
B=0 T

(A.1)

which defines the ratio of the resistivity of the material at zero degrees Celsius to the resistivity
measured at the boiling point of helium (4.22 K) in zero magnetic field1.
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Figure A.1: Temperature dependence of the electrical resistivity of Copper
ρCu as a function of the residual resistivity ratio RRR.

Figure A.1 shows the electrical resistivity of copper, ρCu, versus the temperature T for
different values of RRR. The presented curves are received by means of a fit function, follow-
ing [76].

1The given definition of the RRR-value is the standard, also for practical reasons. Often it is given as the
ratio between the resistivity at room temperature and the resistivity at operating temperature. Note,
that for Cu, this definition implies an error of about 15 %.
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In general, the electrical resistivity of metals with impurities can be described by:

ρ = ρl + ρi, (A.2)

where ρl denotes the resistivity due to the collision of conduction electrons with the atoms
in the lattice. This is often denoted as the intrinsic resistivity, since it is a characteristic of a
certain material. ρl dominates at room temperature, but since the interaction of the electrons
with the atoms goes to zero with decreasing temperature, the entity ρl vanishes in this limit
and below approximately 20 K, the electrical resistivity is dominated by ρi, which is then
denoted the residual resistivity. The residual resistivity depends on the amount of impurities
and lattice defects of the metal and scales linearly with the concentration of impurities (the
higher the impurity and lattice defects amount, the lower the RRR-value). Therefore, the
purity of a material is also a measure of the thermal conductivity and the purity is often
expressed in terms of its RRR-value.

ρi results from the interaction of the conduction electrons with the impurities in the
material. It gets independent of the temperature in the case where the concentration of
impurities in the metal is small [5].

A commercially pure copper wire has an RRR of about 50 to 500 [76]. In the case of
very high purity copper that is well annealed, a RRR value of around 2000 is reached. The
cables for the LHC main dipoles and quadrupoles have to fulfill the condition of a RRR
above 70. For aluminum, values between 5 to 10 times higher are usually observed. The
residual resistivity is strongly affected by the magneto-resistivity effects. This yields to a ρ
as given in Eq. (A.2). For superconducting material, the RRR is defined by using a ρ-value
for temperatures T above Tc.
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A.2 Fourier Expansion of the Radial Field Component

Since the radial component of the magnetic induction Br is a function with the period 2π,
it is generally possible to expand Br into trigonometric functions. Assuming that the field
component Br(r, ϕ) is known at a reference radius r = r0, the Fourier expansion of the
magnetic field reads:

Br(r0, ϕ) =
A0(r0)

2
+

∞∑

n=1

Bn(r0) sin nϕ + An(r0) cos nϕ, (A.3)

where A0 = 0, An and Bn are the coefficients of the cosine and sine terms, calculated by:

An(r0) =
1

π

π∫

−π

Br(r0, ϕ) cos nϕ dϕ (A.4)

Bn(r0) =
1

π

π∫

−π

Br(r0, ϕ) sin nϕ dϕ for n ≥ 1. (A.5)

For the superconducting LHC magnets at CERN, the reference radius is chosen to be 17 mm,
which corresponds to approximately 2/3 of the magnet aperture. If the field components are
related to the main field component BN, the units of dipole component is found for N=1, the
units of quadrupole component for N=2, etc. after normalization:

Br(r0) = BN(r0)
∞∑

n=1

bn(r0) sin nϕ + an(r0) cos nϕ. (A.6)

The values Bn are denoted2 the normal and the values An the skew components of the field,
while bn are the normal relative and an the skew relative field components at a reference
radius r0. The latter are dimensionless and are usually given in units of 10−4.

In terms of magnet design, this means that the magnetic field is characterized by the
sequence of harmonic coefficients bn and an. For reasons of symmetry of the main component
in the two-in-one design of the LHC main dipoles, the even terms b2, b4, b6, ... have different
signs in the two apertures, whereas the odd order multipoles b3, b5, b7, ... have the same sign.

2Note that in this denotion is not unique. In the USA, for example, it is inversely and the An are denoted
as the normal whereas the values Bn are denoted the skew components of the field.
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A.3 The Thermodynamic Potential of Superconductors

It is known from thermodynamics that each thermodynamic system can be unequivocally
described by means of its thermodynamic potential, the so-called Gibbs-functions. However,
the problem is how to chose an appropriate Gibbs-function and the corresponding set of
independent variables for a certain system. Following [41], the Gibbs-function is chosen at
will to G(T, p,B) where the independent variables of the function denote the temperature T ,
the pressure p and the magnetic induction B. The Gibbs-function then reads:

dG = −S dT + V dp − m dB (A.7)

with S := the entropy
V := the volume

and m := the magnetic moment.

The Gibbs-function has to fulfill additional constraints in order to reproduce the well-known
features of superconductors. If the pressure is assumed to be stable and the applied magnetic
induction to be constant (but not necessarily zero), the only remaining independent variable
is the temperature and the following conclusions can be drawn:

• From experiments, it is known that the superconducting phase is stable for temperatures
T < TC , hence the value of the Gibbs-function of the superconducting state Gs(T =
const.) is smaller than the value for the normal conducting state Gn(T = const.), if
T < TC :

Gs < Gn for T < Tc.

• Two phases of a system are in equilibrium if their Gibbs-functions have the same value,
therefore:

Gs = Gn for T = Tc.

• An applied magnetic induction above the critical value makes the superconducting state
unstable, hence:

Gs > Gn for T > Tc.

• If the superconductor is in the normal conducting phase, the Gibbs-function is inde-
pendent of the magnetic field, therefore:

Gn(B) − Gn(B = 0) = 0 for T > Tc.

• The determination of Bc at various temperatures yields:

Gs(B) − Gs(B = 0) = −
B∫

0

m dB for T = const,

where m denotes the magnetic moment due to the field B.
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From these conditions, an expression for the free energy difference between the normal and
the superconducting state is deduced:

Gn(T ) − Gs(T ) = −
Bc(T )∫

0

m dB. (A.8)

From the definition of the magnetization M as the magnetic moment m per volume V , a
relation between the Gibbs-function and the magnetization can be derived, saying that the
area under the magnetization curve yields the difference in the Gibbs-functions (this is often
denoted as the free energy difference):

Gn − Gs = −V

Bc∫

0

M dB, (A.9)

where V indicates the sample volume.

From this, the magnetization is easily derived as shown in Fig. 2.4 for Type I superconduc-
tors and in Fig. 2.7 for Type II superconductors. A Type I superconductor macroscopically
exhibits an ideal diamagnetism, where the magnetic susceptibility χ = −1. In the case that
the sample has the volume Vs and is shaped in such a way that the demagnetization factor
can be neglected, the magnetization M , multiplied with the permeability of free space µ0

is inversely proportional to the applied field for values below the critical field Bc, and reads
M = χ B

µ0
= − B

µ0
. The expression for the free energy difference results in:

Gn − Gs = −V s

µ0

Bc∫

0

BdB =
1

2

Vs

µ0
B2

c . (A.10)

In this case, the sample volume is considered to be constant, which is a good approximation
for a Type I superconductor, since the London penetration depth is in the order of some
hundreds of Å [77] and the volume, de facto, stays the same.

However, for a Type II superconductor, the superconducting volume reduces considerably
when flux tubes with a normal conducting core penetrate the material. This process is non-
linear and renders the shape of the M(B)-curve for the interval Bc1 < B < Bc2, as is indicated
in Fig. 2.7.
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A.4 Using the Hypergeometric function

The hypergeometric function, 2F1 which is applied in the Nested Ellipse Model has three
input parameters a, b and c and one functional argument z. The hypergeometric function
is no intrinsic FORTRAN-function, however, can generally be expressed by means of the
Gamma-function, Γ. The Gamma-function is available in most FORTRAN libraries. From
the Eqs. (4.47), (4.48), it can be seen that the hypergeometric function is only used for real
input values z from the interval of (−∞, 1]. Following [57], the hypergeometric function reads
in terms of the Gamma-function:

2F1 (a, b, c, z) = 1 +
Γ(c)

Γ(a)

∞∑

x=1

(−1)x
(

−b
x

)

Γ(a + x)

Γ(c + x)
zx. (A.11)

The expression is valid for input values |z| < 1. This results for the case of interest, when
the parameters a = 1/2, b = 3/4 and c = 3/2, in:

2F1 (
1

2
,
3

4
,
3

2
, z) = 1 +

Γ(3
2)

Γ(1
2)

∞∑

x=1

(−1)x
(

−3/4
x

)

Γ(x + 1
2)

Γ(x + 3
2)

zx (A.12)

= 1 +
1

2

∞∑

x=1

(−1)x
(

−3/4
x

)

π1/2

Γ(x + 3
2)

(2x − 1)! (
z

2
)x (A.13)

The hypergeometric function is convergent for the considered interval of |z| < 1. The special
case of z = 0, where 2F1 (a, b, c, 0) = 1 is included in Eq. (A.12). The use of the Γ-function
has the additional advantage that the Γ-function Γ(x) converges for all arguments x > 0 [78]
(whereas the hypergeometric function only converges for certain intervals, which are then to
be indicated). In Eq. (A.12), the following features of the Γ-function are used (all expressions
taken from [78]):

Γ(
3

2
) =

1

2

√
π, Γ(

1

2
) =

√
π, Γ(x +

1

2
) =

1 · 3 · 5 . . . (2x − 1)

2x
Γ(

1

2
).

The term

(

−b
x

)

denotes the binomial coefficient for real numbers b and integers x and is

defined as:
(

−b
x

)

=

{
b(b−1)(b−2) ...(b−x+1)

x!
1

if x > 0
if x = 0.

Following again [78], the hypergeometric function can be expressed by a linear transfor-
mation formula which is valid for values of z < −1 as:

2F1 (a, b, c, z) = (1 − z)−a
2F1 (a, c − b, c,

z

z − 1
), (A.14)

where the value of the hypergeometric function with the argument z
z−1 can then be obtained

from Eq. (A.11). In the application of Eq. (A.14), it has been observed, that the programmed
solution became increasingly unprecise for higher values of |z| in the negative range. The
interval has therefore been splitted at the value of z = −20, making use of the following
relation:

2F1 (a, b, 2b, z) = (
1

2
+

1

2

√
1 − z)−2a

2F1 (a, a − b +
1

2
, b +

1

2
, (

1 −
√

1 − z

1 +
√

1 − z
)2).
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This relation can be applied since c = 2b. The hypergeometric function with the function

argument of (1−
√

1−z
1+

√
1−z

)2 can then be evaluated by using the Eq. (A.11).

The expressions given above have been used in FORTRAN, when the hypergeometric
function has been programmed.
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[74] C. Völlinger M. Aleksa, S. Russenschuck. Compensation of Magnetization Effects in
Superconducting Accelerator Magnets. In IEEE Transactions on Applied Superconduc-
tivity, volume 12, 2002.

[75] Rob Wolf and Sandrine Le Naour. The Expected Persistent Current Field Errors in the
LHC Main Dipole and Quadrupole, 2000.

[76] Properties of Copper and Copper Alloys at Cryogenic Temperature. United States, Na-
tional Institute of Standards, 1992.

[77] H. Brechna. Superconducting Magnet Systems. Springer Verlag, Berlin, Heidelberg, New
York, 1973.

[78] Milton Abramowitz and Stegun Irene A. Handbook of Mathematical Functions. Dover
Publications, Inc., New York, 1972.



164 Bibliography



Modellierung der Supraleiter-Magnetisierung zur numerischen
Berechnung von Feldfehlern in Beschleunigermagnten

Zusammenfassung der Dissertation in Deutscher Sprache

Zur Beschleunigung schwerer geladener Teilchen mit Hilfe von modernen Teilchenbeschle-
unigern werden ungewöhnlich starke Magnetfelder benötigt, um die Teilchen auf einer Kreis-
bahn zu halten. Diese hohen Magnetfeldstärken sind nur mit supraleitenden Magneten
erzeugbar, wobei die Spulen der supraleitenden Magneten aus sog. Typ II Supraleitern
hergestellt werden. Befinden sich solche Typ II Supraleiter in einem magnetischen Feld,
werden – ähnlich dem Prinzip der Wirbelströme in einem herkömlichen Leiter – Ströme in
den Supraleitern induziert, die die Feldqualität in der Apertur eines supraleitenden Magneten
empfindlich stören. Im Gegensatz zu Strömen in normalleitenden Materialien, klingen diese
supraleitenden Ströme aufgrund des nicht vorhandenen Widerstands im Supraleiter nicht ab.
Sie werden deshalb häufig als supraleitende Dauerströme bezeichnet und sind die Ursache
einer (induzierten) Supraleitermagnetisierung.

Im Rahmen dieser Dissertation wurde ein makroskopisches Model zur Bestimmung der in-
duzierten Magnetisierung eines dünnen supraleitenden Zylinders aus Typ II supraleitendem
Material entwickelt, wenn dieser sich einem äusseren magnetischen Feld ausgesetzt sieht.
Das Model berücksichtigt die Abhängigkeit der induzierten Stromdichte vom externen Feld
sowie der lokalen Feldverteilung im Querschnitt des Supraleiters. Zur Bestimmung der Mag-
netisierung ist für das Model, neben geometrischen Daten wie des Radius des supraleitenden
Zylinders, nur ein einziger Parameter, die sogenannte kritische Stromdichte Jc erforderlich.

Im häufigsten Fall der Magnetfeldberechnung, wie sie typischerweise bei den Dipolmag-
neten auftritt, wird nur ein eindimensionales Magnetisierungsmodel benötigt, bei dem auss-
chliesslich eine eindimensionale (homogene) Feldänderung in der Ebene berücksichtigt werden
muss. Im allgemeinen Fall beliebiger Magnetgeometrien wird der Supraleiter jedoch einem
sich drehenden Feld beliebiger Richtungsänderung in der Ebene ausgesetzt, was zu einem
veränderten Induktionsverhalten und damit zu einer unterschiedlichen Magnetisierung führt.
Für den zweiten Fall wurde das Magnetisierungsmodel zur Berücksichtigung von Drehfeldern
erweitert, so dass beliebige Feldänderungen möglich sind.

Die Rückwirkung der induzierten Magnetisierung auf das ursprünglich angelegte Feld wird
mit Hilfe eines Iterationsverfahrens nach dem Prinzip der Fixpunkt-Iteration berücksichtigt.
Ein Relaxationsverfahren beschleunigt die Konvergenz und erhöht die Stabilität der Itera-
tion. Die bei einer Änderung des äusseren Feldes auftretende Hysterese ist Teil des Mag-
netisierungsmodells und wird somit vollständig erfasst.

Das Model wurde implementiert in das Feldberechnungsprogramm ROXIE, das am CERN
zur Berechnung und Optimierung der Felder supraleitender Magnete entwickelt wurde. Die
Kombination des Supraleiter-Modells mit dem Feldberechnungsprogramm ROXIE erlaubt
die Berechnung kompletter Magnetgeometrien, da das ROXIE Programm moderne Algorith-
men zur numerischen Feldberechnung unter Verwendung unterschiedlicher Finite-Elemente
Verfahren, besitzt. Diese numerischen Methoden sind erforderlich, um die nicht-linearen
Materialien, die beim Bau supraleitender Magnete verwendet werden, in der Berechnung zu
berücksichtigen (wie z.B. das Magnetjoch, gefertigt aus ferromagnetischem Material).

Die Gültigkeit des Supraleiter-Modells wurde anhand verschiedener supraleitender Mag-
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nete, wie sie beim LHC-Projekt am CERN eingesetzt werden, getestet. Dazu wurden die Feld-
fehler des supraleitenden Dipols und des supraleitenden Quadrupols berechnet und mit Mes-
sungen verglichen. In beiden Fällen zeigten die berechneten Werte eine sehr gute Übereinstim-
mung mit den Werten aus den Messungen.

Zur Kompensierung dieser (unerwünschten) Feldfehler aus der supraleitenden Spulen-
magnetisierung wurden verschiedene passive Kompensierungsmethoden unter Verwendung
von ferromagnetischem Material berechnet. Als passive Kompensierung bezeichnet man
Methoden, die eine intrinsische, also aus der Magnetgeometrie entstehende Kompensierung
darstellen. Eine solche Kompensierungsmethode, die Verwendung eines teilweise ferromag-
netischen Spulen-Schutzschildes wurde anhand des Modells eines supraleitenden Dipolmag-
neten am CERN getestet und die Feldfehler gemessen. Die Messungen wurden mit den
berechneten Feldfehlern verglichen und zeigten ebenfalls eine sehr gute Übereinstimmung.
Der aufgrund der Berechnungen vorhergesagte Kompensierungseffekt konnte anhand dieser
experimentellen Messung verifiziert werden.
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