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Zusammenfassung

Aktuelle stationäre Gasturbinen zur Stromerzeugung setzen auf eine mager vorgemischte Ver-
brennung, um niedrige Emissionen von schädlichen Abgasen wie NOx zu erreichen. Der Einsatz
dieses Verbrennungsprozesses kann jedoch zu thermoakustischen Instabilitäten führen. Dieses
Phänomen, das durch starke Druckschwankungen in der Brennkammer gekennzeichnet ist,
wirkt sich negativ auf die Abgasemissionen, den Wirkungsgrad, das Geräuschverhalten und die
Lebensdauer der Gasturbine aus. Die Vermeidung dieser unerwünschten Druckschwankungen
ist von großem Interesse für die Hersteller.
Die Stabilität eines Verbrennungssystems im gesamten Betriebsbereich lässt sich in der

Regel nur in Tests an der komplettem Maschine abschließend nachweisen. Allerdings sind diese
sehr teuer und daher ineffizient. So werden Tests in Hochdruck-Verbrennungsprüfständen
durchgeführt. In diesen Studien sind Parameter wie das Strömungsfeld, das Temperaturprofil
und das mittlere Druckniveau gleich derer in der Maschine. Die akustischen Randbedin-
gungen, die einen starken Einfluss auf die Stabilität eines Verbrennungssystems haben, sind
jedoch möglicherweise nicht gleich. Dies gilt auch für moderne Can-Brennkammern. Wech-
selwirkungen mit der Turbine und benachbarten Brennkammern können die akustischen
Randbedingungen am Brennkammerauslass beeinflussen. Ein System, das im Hochdruck-
versuch keine instabilen Betriebspunkte aufweist, kann in der Maschine dennoch anfällig
für Druckschwankungen sein. Um dies zu vermeiden, kann eine aktive Veränderung der
akustischen Randbedingung im Prüfstand durchgeführt werden. Ein entsprechendes Konzept
erlaubt z. B. die Anpassung der Impedanz am Brennkammerauslass des Prüfstands an die der
Maschine.
Im Rahmen dieser Arbeit werden Modifikationen zur Ermöglichung akustischer Unter-

suchungen an einem bestehenden Hochdruck-Verbrennungsprüfstand vorgeschlagen. Unter
Beibehaltung der ursprünglichen Geometrie soll der Prüfstand mit geeigneten Vorkehrungen
zur Erreichung von zwei Hauptzielen ausgestattet werden. Ein Ziel ist die aktive Verän-
derung der akustischen Randbedingung (Impedance Tuning), die eine direkte Beurteilung der
Stabilitätseigenschaften eines Brennersystems ermöglicht. Das zweite Ziel ist die Messung
des Flammenübertragungsverhaltens, das zur Stabilitätsanalyse in einem niederdimension-
alen Netzwerkmodell verwendet wird. Da die Ergebnisse aus Hochdruckversuchen stammen,
sind sie nicht von vereinfachenden Annahmen abhängig, mit denen üblicherweise Daten von
atmosphärischen Prüfständen übernommen werden können.

Zunächst werden die Anforderungen zur Erreichung beider Ziele festgelegt und die notwendi-
gen Hardwaremodifikationen umrissen, die akustische Sensoren und Aktuatoren stromauf und
stromab des Brenners umfassen. Eine große Schwierigkeit bei der Umsetzung der Modifika-
tionen liegt in der Anpassung an die bestehende Geometrie, die für akustische Messungen
generell eher ungeeignet ist.

Für die akustische Anregung stromauf des Brenners wird eine Sirene vorgeschlagen, dessen
Positionierung an zwei Stellen im Prüfstand numerisch untersucht wird. Weiterhin werden
zwei Sensorkonzepte für den Bereich stromauf des Brenners vorgeschlagen. Bei beiden werden
durch dynamische Drucksensoren die akustischen Größen am Brennereintritt erfasst, die zur
Bestimmung des Flammenübertragungsverhaltens benötigt werden.
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Die Umsetzung der aktiven Impedanzanpassung erfordert ein Sensorarray in der Brennkam-
mer. Die vorhandene Geometrie erschwert jedoch die Implementierung einer standardisierten
Methode zur ebenen Wellenzerlegung. Daher werden Methoden zur Bestimmung der sich
stromauf und stromab ausbreitenden Schallwellen für Frequenz- und Zeitbereichsmessungen
in einem Kanal mit veränderlichem Querschnitt entwickelt.

Für die akustische Anregung stromab der Brennkammer wird ein neuartiges Anregungskonzept
vorgeschlagen. Dabei werden zur Schallerzeugung mit Hilfe eines Proportionalventils hohe
Massenströme modulierter Luft in die Verengung am Brennkammerauslass eingedüst. Zum
einen unterstützt die Anregungsposition die erfolgreiche Umsetzung der aktiven Impedanzan-
passung durch vorteilhafte Zeitverzüge. Andererseits bewirkt die Eindüsung eines modulierten
Luftmassenstroms in den kleinsten Querschnitt eine oszillierende Blockage des Hauptluft-
massenstroms. Dadurch wird die erreichbare Anregungsamplitude, gegenüber der Anbringung
des gleichen Aktuators an jeder anderen Stelle im Prüfstand, stark erhöht.
Mit den Ergebnissen dieser Arbeit wird ein umfassendes Konzept vorgestellt, das Anpas-

sungen eines Hochdruckprüfstands für thermoakustische Messungen ermöglicht.
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Abstract

Current stationary gas turbines for power generation rely on lean premixed combustion,
in order to achieve low emissions of detrimental exhaust gases, such as NOx. However,
employment of this combustion process can lead to the occurrence of thermoacoustic insta-
bilities. Characterized by strong pressure fluctuations inside the combustion chamber, this
phenomenon has negative effects on exhaust gas emissions, efficiency, noise characteristics,
and durability of the gas turbine. Thus, inhibition of these unwanted pressure fluctuations is
a major concern for manufacturers.
Usually, stability of a combustion system in the entire operating envelope can only be

conclusively verified in full-scale engine tests. Yet, they are highly expensive and therefore
inefficient. Thus, tests in high pressure combustion test rigs are conducted. In these studies,
parameters like the flow field, temperature profiles, and mean the pressure level are similar
to the engine. Yet, the acoustic boundary conditions, which have a strong influence on
the stability of a combustion system, might not be equal. This is true, even for modern
can-annular combustors. Interactions with the turbine and neighboring combustor cans
potentially influence the acoustic boundary condition at the combustion chamber outlet. A
system that has proven stable operation in high pressure tests might therefore be susceptible
to unexpected self-excited pressure oscillations in the engine. To avoid this shortcoming, an
active modification of the acoustic boundary condition in high pressure tests is perceived as
a viable method. The scheme, e. g., allows for adaptation of the test rig’s combustor outlet
impedance to that present in the engine.
Within this thesis, modifications for enabling acoustic investigations on an existing high

pressure test facility are proposed. Under the premise of retaining the original geometry, the
test rig shall be equipped with suitable instruments to realize two main objectives. One goal
is the active modification of the acoustic boundary condition (impedance tuning), allowing
for a direct assessment of a burner system’s stability characteristics. The second goal is the
measurement of the flame transfer behavior, which may be used for stability analysis in a
low-order network model. As the results are obtained within a high pressure scenario, they are
not dependent on any simplifying assumptions usually associated with data from atmospheric
test rigs.
Initially, the requirements for achieving both objectives are stated and the necessary

hardware modifications, incorporating acoustic sensors and actuators both upstream and
downstream of the burner, are outlined. A major difficulty of implementation of the equip-
ment lies in the adaptation to the existing geometry, which is hardly suited for acoustic
measurements.
For upstream acoustic forcing, a siren actuator is proposed. Its positioning is numerically

investigated at two locations inside the test rig. Furthermore, two sensor concepts for the
region upstream of the burner are proposed. Both concepts incorporate dynamic pressure
sensors for determination of the acoustic variables at the burner inlet, which is required for
measurements of the flame transfer behavior.

Implementation of impedance tuning requires a sensor array inside the combustion chamber.
However, the existing geometry impedes the use of a standardized method for plane wave
decomposition. Thus, techniques for a frequency-domain and a time-domain determination of



the upstream and downstream propagating waves in a duct of non-uniform cross-section are
developed.

For acoustic excitation downstream of the combustion chamber, a novel actuation concept
is proposed. It incorporates a proportional valve, which injects high mass flows of modulated
air into the restriction at the combustion chamber outlet. On one hand, the location supports
a successful implementation of impedance tuning, due to advantageous time delays. On the
other hand, injection of a modulated air flow into the smallest cross-section adds the effect of
an oscillatory blockage of the main air flow. Thereby, the achievable actuation amplitude is
strongly increased versus mounting of the same actuator at any other location in the test rig.

With the results presented in this thesis, a comprehensive concept for the implementation
of modifications for thermoacoustic measurements on a high pressure test rig is introduced.
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CHAPTER 1
Introduction and Objectives

In the first part of this chapter, the role of stationary gas turbines in the generation of
electricity is explained. Since the introduction of lean premixed combustion, which allows for
a reduction of poisonous NOx emissions, manufacturers have to deal with the occurrence of
thermoacoustic instabilities. The practical relevance and driving mechanisms behind these
unsteady combustion phenomena are described. A short overview of passive and active schemes
to inhibit self-excited oscillations is given. In Sec. 1.6, the history of active impedance
control is summarized, which is of high interest in the context of this work. Subsequently, the
investigation of combustion instabilities via flame response measurements in the development
process of gas turbines is discussed. In the final section, the motivation for this thesis is
extracted and the main objectives are formulated: an existing high pressure test is to be
modified in a way that active impedance control and flame response measurements are possible.
Lastly, the structure of this work is outlined.

1.1. Gas Turbines for Power Generation

The demand for generation of electricity is highly increasing and according to the International
Energy Agency [81] it will account for 40 % of the total energy consumption by 2040. On
one hand, this is due to a large increase of access to electricity and growing economies with
increasing incomes that are able to afford electrical devices. On the other hand, decarbonization
in transport and also in heat generation promotes the demand for electrical power. The U.S.
Energy Information Administration’s reference case [179] projects renewable energy sources
(including hydropower) to be the fastest growing source of electricity generation within the
next 20 years (cf. Fig. 1.1). Among those, solar and wind powered generation will increase
the most, accounting for a projected 4.1 % and 7.3 % of the total electricity supply in 2040,
respectively. By then, the percentage of renewables will be equal to that of coal, which
decreases by approximately 9 %. Natural gas will grow by an average of 2.1 % each year,
reaching over 26 %.
The general development of replacing coal with natural gas and renewable energy carriers

is a step in the right direction of containing the effects of the global climate change. However,
according to the Paris Agreement [178], this can only be achieved, if the greenhouse gas
emissions are halved every ten years beginning in 2020. Yet, the reference scenario shown in
Fig. 1.1 assumes a worldwide average annual emissions increase of 0.6 %. This implies that
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Figure 1.1.: Projected fuel sources for net electricity generation worldwide, according to the
International Energy Outlook 2017 by the U.S. Energy Information Administration. Formatted
image from reference [179]. Left: total in 1018 kWh. Right: share in %.

if the agreement is to be fulfilled, the energy transition from fossil fuels towards renewables
still needs to be accelerated.
Yet, with the increased share of renewable energy sources, volatility of the electricity

supply becomes more of an issue. For instance, temporal fluctuations of solar and wind
powered electricity generation need to be compensated. This can be realized by energy storage
technologies, as for example: power-to-gas, batteries, hydrogen electrolysis, pumped-storage
hydroelectricity, and compressed air energy storage. Although these systems are already in
use [29], none of them is viable for large-scale coverage, yet. Main reasons are technological
constraints in terms of efficiency and cost (power-to-gas, battery, electrolysis) on one hand
and geographic restrictions (pumped hydro, compressed air) on the other. In the near future,
technological advances will show, whether one of these solutions is suited for large-scale
energy storage. Another, already widely available means to cover short term demand for
electric energy are gas turbines. They feature the highest ramping rates of any industrial
power generation technology and the second highest operational flexibility after hydro-electric
plants, which is assessed in terms of minimum load. Thus, gas turbines are well suited for
compensation of the variable electric energy supply by renewables. In addition, they are well
suited to counterbalance unexpected outages.
Among fossil fuels, natural gas is considered a relatively clean source of electric energy.

Compared to hard coal and especially lignite, the emissions of CO2, SO2, NOx, and particulates
are much lower. Main reasons are the almost two times higher energy output per emitted tons
of CO2 [180] and natural gas inherently containing less contaminants. Due to the controlled
lean combustion process in gas turbines, emissions of nitrogen oxides are much lower than
for coal firing plants. Fuel efficiencies of coal plants and gas turbine plants in single cycle
are comparable. Under full load, state-of-the-art hard coal and lignite plants reach maxima
of ≈ 47 % [70] and ≈ 44 % [181], respectively. Large gas turbines achieve a fuel efficiency of
≈ 41 % [6, 167].
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However, the fuel efficiency of gas turbines can be strongly increased by incorporating a
steam turbine, which is powered by the excess heat of one or more gas turbines. In combined
cycles, fuel efficiencies of over 61 % [6, 167] are possible. In 2010, the average efficiencies of
German power plants [151] firing natural gas were at 49 %, while hard coal and lignite only
reached values of 38 % and 35 %, respectively. Yet, it has to be mentioned that the operation
of combined cycle gas turbine power plants is not always financially viable. Thus, many
European plants are shut down or converted in order to compensate peak load requirements
[30]. Further note that combined cycle plants require higher minimum loads and feature less
than 50 % of the ramping rate of gas turbines in single cycle.

Nevertheless, considering the short-term demand for highly flexible and clean generation of
electricity induced by the energy transition, gas turbines remain a viable solution.

1.2. Practical Relevance of Thermoacoustic Instabilities

Alongside inherent advantages, governmental restrictions on nitrogen oxides (NOx) emissions
are part of the reason for the eco-friendliness of gas turbines. The main contributor, nitrogen
monoxide (NO), is a poisonous gas that is also responsible for ozone reduction in the atmosphere
and acid rain. The German limit value for gas fired NOx emissions is at 100 mg/m3 [28], which
is well below that of solid or liquid combustibles. Achieving the limit values, however, required
significant engineering effort, as the diffusion-flame combustion process in older gas turbines
needed to be revised. In order to reduce the amount of thermal NO production in stationary
gas turbines, lean premixed combustion was introduced. Lean combustion is characterized
by equivalence ratios below unity. It results in an overall lower flame temperature [187],
which inhibits formation of NOx. In a premixed combustion, the fuel is injected upstream
of the combustion chamber, which reduces local peak temperatures. Thereby, thermal NO
production may be further minimized. Note that the fuel to air ratio has a lower boundary,
which mainly results from the increased production of carbon monoxide (CO) at low fuel
fractions. Thus, a trade-off between CO- and NOx emissions, as well as efficiency, defines the
optimal equivalence ratio.

However, a lean combustion process is more likely to suffer from thermoacoustic instabilities
or combustion dynamics. The phenomenon manifests in self-excited pressure fluctuations,
which are the result of a positive feedback cycle between the combustion chamber acoustics
and unsteady heat release of the flame. Aside from lean combustion itself, accompanying
factors encourage these unwanted oscillations. Due to lower flame temperatures in lean
premixed combustion, less cooling air is required. Thus, convectively cooled combustor walls
are employed, which decreases acoustic damping. Furthermore, the increasing power density of
modern can or annular combustor designs magnifies the effects of thermoacoustic oscillations.
As a result, part of the early gas turbines, employing lean premixed combustion, suffered

from severe thermoacoustic instabilities [96, 140]. Notable effects are, for instance:

• increased emission of polluting gases like NOx and CO,

• disturbances in flame location, leading to flashback or flame blow-off,

• increased noise levels,

• decreased power output, and
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• mechanical wear.

The latter is due to strong pulsations leading to fatigue of components, which is amplified
by an increased thermal conductivity, due to the oscillations. Among the first gas turbine
generations with a lean premixed combustion concept, fatigue of components even led to
total engine failures [96]. When instabilities are encountered in a gas turbine, either the
operating envelope has to be adapted or the engine needs to be shut down completely, both
being financially problematic for the manufacturer.

However, the issue is not confined to stationary gas turbines. Thermoacoustic instabilities
occur in a multitude of combustor applications. Prominent past examples were the solid-
propellant boosters of the Space Shuttle, as well as the liquid-fueled F-1 engines of the Saturn
rockets [198], which exhibited fluctuations in the range of the mean pressure. Further examples
for occurrence of such instabilities are combustion furnaces, heating systems, boilers, and
aeronautical applications like ramjets and afterburners. Furthermore, combustion dynamics
are one of the main constraints, considering the emissions reduction of aircraft engines. Lean
premixed/prevaporized combustion, which was for instance described by Lefebvre in 1977 [92],
is not applicable, due to inherent reliability issues and corresponding safety concerns. Just
recently, lean combustion concepts like the Twin Annular Premixing Swirler from GE [51] or
the Advanced Low Emissions Combustion System from Rolls-Royce [145] have moved from
development to application in the field, or are in the process.

Conversely, in pressure gain combustion or quasi-constant volume combustion, the coupling
of heat release to the acoustic field is a necessary requirement. Examples of such concepts
are wave rotors [3], pulsed detonation [146], shockless explosion [15], or rotating detonation
combustors [99]. These concepts have in common, that the combustion-generated pressure
waves are utilized to initiate the consecutive insertion of fresh fuel-air mixture. Due to
incorporation of a more efficient thermodynamic cycle, such principles promise a higher fuel
efficiency, once implemented in an engine.

1.3. Driving Mechanisms of Thermoacoustic Instabilities

The first scientific observation of thermoacoustic instabilities was in 1777, when Higgins [74]
observed a phenomenon, he called singing flame. He placed a hydrogen flame inside an open
tube and documented "several sweet tones, according to the width, length, and thickness of
the [...] sealed tube". The phenomenon was observed by multiple researchers throughout the
following years, but until 1878 the correct reason was not understood. In that year, Lord
Rayleigh [170] formulated a criterion for the generation of sound via heat release. He stated
that an acoustic vibration is encouraged, only if periodic heat release and pressure fluctuation
are in phase. Mathematically, this condition is expressed as∮

p′Q̇′dt > 0, (1.1)

where p′ and Q̇′ are pressure and heat release rate fluctuations, respectively. Eq. 1.1 is
fulfilled, when the phase between both oscillations accounts to |ϕ| < π/2. In this case, acoustic
energy is fed into the system and a self-excited oscillation might develop. However, this
condition is not a sufficient criterion for a thermoacoustic instability to occur. For instance,

4



losses of acoustic energy are not accounted for, which may in practice be large enough to
prevent self-excited oscillations.
Due to its practical relevance, the Rayleigh criterion was since refined and extended.

Bothien [18] derived an alternative formulation for an onset of thermoacoustic instabilities.
It states that a system might become unstable, when heat release and pressure fluctuations
are in phase and their product exceeds the losses across the system boundaries. Nicoud &
Poinsot [123] further included influences like entropy, heat conduction, and viscous effects.
However, the authors did not include mean flow in their derivation, which is reasonable for
very low Mach number flows. Giauque et al. [53] derived a more general criterion, further
including mean flow and heat release effects.

In order to understand, which triggers are responsible for the actual formation of an insta-
bility, the most influential underlying mechanisms are explained in the following paragraphs.
Good overviews of this topic are, for instance, found in references [18, 117, 128, 147, 198].

The initial perturbations generally stem from a turbulent flow exiting the combustor, which
results in broadband noise. Depending on the type of combustion chamber and the flame
shape, different mechanisms are responsible for perturbations in the flame’s heat release. In
dump combustors, the main influences are velocity fluctuations that excite shear layers and
trigger vortices in the fuel-air mixture. This leads to perturbations of the flame front, and
thus, heat release fluctuations, as for example discussed by Schadow & Gutmark [150]. For
swirl-stabilized combustors, flow instabilities such as coherent vortical structures are main
reasons for heat release oscillations [78, 131, 174]. Furthermore, the mixing of fuel and air in
most technical applications is not perfect. Deviations in the impedances of fuel and air supply
increase the sensitivity of the mixture to acoustic perturbations [95]. In consequence, locally
variable equivalence ratios may also lead to periodic heat release variations. This effect is
amplified under lean conditions, where the burning velocity is highly susceptible to varying
equivalence ratios.
Lieuwen [94] stated that pressure fluctuations may have a direct, yet marginal, influence

on heat release oscillations via the pressure-dependent chemical reaction rate of the fuel-air
mixture. On the contrary, liquid fuels are strongly affected by pressure variations due to the
pressure sensitivity of fuel vaporization and atomization.

The heat release fluctuations cause variations in density and therefore in acoustic pressure.
Acoustic waves then propagate throughout the combustion chamber and are reflected at the
system boundaries. Depending on the frequency, and thus mode shape, various types of
interactions may occur. In this work, we shall focus on intermediate frequency dynamics. The
term was, for instance, used by Farisco [46] and describes oscillations with longitudinal wave
propagation in an approximate frequency range from 50 Hz to 500 Hz. Thus, the relevant
boundary for reflection of the acoustic waves is the combustor outlet, terminated by the highly
reflective turbine inlet vanes.

When the reflected wave reaches the burner, a velocity (and pressure) fluctuation is induced,
which closes the feedback cycle. Given a constructive interference between heat release rate
and pressure fluctuations, and an energy input exceeding the acoustic losses, initially small
disturbances may grow. The amplitude increases until non-linear effects cause a saturation
and an equilibrium is reached. This state is called limit cycle oscillation and it is characterized
by a high-amplitude fluctuation at a distinct frequency – usually close to the resonance
frequency of the combustion chamber.
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Although the actual relevance in stationary gas turbines is a matter of frequent discussion,
entropy waves shall be mentioned, as well. The term might be misleading, as the phenomenon
is based on hot or cold pockets of exhaust gas, which are convected downstream from the
flame. Their formation can have a multitude of influential factors, as was pointed out by
Polifke et al. [136]. If the temperature non-uniformities are not smoothed out until they reach
the turbine inlet, they are strongly accelerated. This causes oscillating volume contractions,
resulting in pressure fluctuations [104, 188], which may contribute to a closed-loop cycle.

1.4. Passive and Active Control

Mitigation of thermoacoustic instabilities in stationary gas turbine engines can be realized
by passive or active means. Overviews of the topics may be found in references [96] and
[195] for stationary and airborne gas turbines, respectively. Possible methods either introduce
attenuation of unstable modes, shift acoustic energy away from them, or inhibit the feedback
cycle between fluctuating heat release and acoustics.

Passive control is possible with various means, some of which are described by Richards et
al. [141]. A standard approach lies in the use of Helmholtz dampers, as for instance described
within references [41, 44, 107, 125, 176]. These devices transform kinetic energy from the
acoustic oscillation into thermal energy by vortex shedding at the damper’s neck. Thereby,
absorption of acoustic energy in a small frequency band is realized. Helmholtz dampers are
employed in stationary gas turbines in order to extend the operating envelope and flexibility,
as pointed out by Bellucci et al. [11]. Bothien et al. [25] extended the concept to resonators
with multiple cavities, which allows for attenuation in a frequency range from 50 Hz to 150 Hz.
Alongside other upgrades, implementation of these devices led to reduced pulsations, and
thus, lower emissions and an improved operational range [27]. Alternative approaches are,
for instance, based on altering the time lag of key mechanisms like fuel injection [129] or
modifying the shape of the swirler in order to reduce the influence of coherent structures
[130].
Active control is usually highly expensive and due to the added complexity, regarded

as a last resort against thermoacoustic instabilities. A prominent example is found in the
publications of Seume et al. [163] and Hermann & Orthmann [71]. The authors outfitted
SIEMENS gas turbines with proportional valves for gas flow modulation in order to actuate
the fuel supply of each individual burner. Pulsations could be effectively reduced for two
differently sized types of annular gas turbines. The step was necessary, as the instabilities were
only encountered in a late development phase. According to Bothien [18], active instability
control provisions were installed in more than 50 engines.

Richards et al. [142] successfully implemented an open-loop active control scheme for a
stationary gas turbine. Their approach is based on readily available solenoid valves from
reciprocating engines, which also modulate the fuel supply.

In lab scale research experiments, active control is more common. For instance, both Guyot
et al. [63] and Hong et al. [77] realized closed-loop control with fuel-modulating valves in
atmospheric combustion experiments. While the former was aimed at a burner for stationary
gas turbines, the latter focused on a burner found in aviation. Both research groups found
the approach to be effective in terms of reducing low-frequency thermoacoustic oscillations.
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Ćosić et al. [40] developed an active open-loop control scheme, which incorporates forcing at
a non-resonant frequency of the combustor system to mitigate self-excited oscillations. They
found the method to be both simple to implement and effective in stabilizing the system.
Lately, the field of plasma assisted combustion has gained popularity. The purpose of the

high-voltage spark discharges includes, for instance, control of ignition delay times, suppression
of soot formation, extending extinction limits, and also active control of thermoacoustic
instabilities [114, 134]. The latter was, for example, investigated by Moeck et al. [115], who
used nanosecond repetitively pulsed plasma to actively stabilize an atmospheric combustion
system with a swirl-stabilized lean-premixed flame in a closed-loop configuration.

1.5. Experimental Identification of Thermoacoustic Instabilities

Control of thermoacoustic instabilities in a gas turbine engine should only be regarded as a
last measure. Optimally, the occurrence of thermoacoustic instabilities is prevented within
the development phase. This helps to avoid unexpected and possibly significant costs for
the manufacturer. The difficulty lies in the complexity of the underlying mechanisms and
their prediction in new combustor systems. An early identification of potentially problematic
combinations of influential factors is desired. Stability has to be ensured over the entire
operational range, which includes engine start up, base load, part load, and turn down.

The earlier a system’s susceptibility towards thermoacoustic instabilities is discovered, the
more cost efficient the entire development becomes. Therefore, manufacturers and academia
have developed several tools to assess stability of burner systems throughout the development
process. An extensive overview of the experimental methods applied by various manufacturers
is given in the PhD thesis of Bothien [18]. The key component, i. e., the one with the most
influence on the occurrence of combustion instabilities, is the burner. Aside from diverse
numerical investigations, experimental determination of the relevant characteristics is highly
important.
Initial water channel tests are followed by atmospheric investigations with single-burner

configurations, which aim at selecting potentially stable combustor designs. Several character-
istics, such as the flame shape and its position, can already be assessed here [193]. For annular
combustion chambers, atmospheric multi-burner tests are a possible next step, in order to
investigate flame interactions. Subsequently, tests under elevated pressure conditions are
conducted with the remaining burner designs. Development of a new combustor system for
annular combustion chambers would optimally include single- and multi-burner high pressure
tests. Investigation of several burners in close proximity might have significant effects on
production of polluting gases, for example. Furthermore, radial or transverse mode shapes
may be excited, which is not assessable in single-burner configurations.
Especially for liquid fuels, high pressure tests are of great importance, as atomization

and vaporization behave very differently under varying mean pressure conditions. Thus,
properties like flame shape and fluctuating heat release are hardly assessable under atmospheric
conditions.
If can-annular systems are regarded, usually only single-burner configurations are tested.

The reason is that interactions between burners are inherently low, as each burner fires
into its own combustion chamber. Thereby, testing effort can be reduced to only single-
burner configurations without significantly reducing the correspondence of engine and test rig.
Properties like exhaust gas composition, fuel flexibility, and thermal loading can be assessed
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in highly comparable environments, when geometry and operational parameters are matched
with those in the engine. Thereby, close resemblances of flow fields and temperature profiles
are possible, which improves comparability and reliability of the results. Most of the acoustic
properties may also be well resembled. For instance, damping due to cooling air injection and,
to a certain extent, the acoustic boundary conditions may be matched. Furthermore, can-
annular combustors inhibit the formation of acoustic modes in radial or transverse direction,
as was pointed out by Kaufmann et al. [84]. The above-mentioned SIEMENS gas turbines
that were outfitted with active instability control devices [163] featured annular combustion
chambers and are therefore a cautionary example.
However, the can-annular design does not preclude any acoustic interactions between

adjacent cans in the engine, as was pointed out by Kaufmann et al. [84] and Farisco et al.
[47]. So-called can-to-can interactions or can-can modes between neighboring or pairwise
neighboring cans may occur. The phenomenon is characterized by acoustic modes that span
over multiple cans, interacting through the gaps at the turbine inlet (or the upstream plenum).
These mode shapes cannot be simulated in single-burner test rigs. Combustor systems that
have proven resistance to thermoacoustic instabilities in such tests might exhibit unexpected
oscillations in the engine, although, otherwise the conditions are the same. Measures to reduce
the cross-talk between the combustion chambers were, for instance, discussed by Farisco
[46], who conducted numerical simulations of different hardware concepts for the first vane
stage. Variants with and without deflection, as well as various gap sizes were investigated.
Interactions between neighboring combustion chambers are of high relevance in the context
of pulsed detonation combustors, as well. Notable references discussing this issue are, for
instance, [7, 31, 138, 139].

The specific test rig regarded in this work features a can-type combustion chamber. As it is
further detailed in Chap. 3, only immediately relevant characteristics shall be mentioned here.
For correspondence to the engine, the combustion chamber in the test rig is terminated by a
section that imitates the first vane stage. It is comprised of several water cooled profiles that
accelerate the main air flow in order to simulate the turbine inlet. This segment is currently
adapted to the requirements of each test run on a hardware level. By employing different
numbers of vanes, the acoustic reflection at that location can be altered. Thus, different
operating conditions are resembled [46, 66]. However, between testing of each hardware
configuration, the rig needs to be cooled down, disassembled, reassembled, and heated up
again. As a result, significant delays and thus costs are to be expected.

An actively modifiable acoustic boundary condition in the test rig could remedy issues like
the resemblance of can-can modes in the test rig or the need for implementation of various
hardware configurations. The great practical relevance of such a method was, for instance,
stated by the authors in references [35, 84, 87, 105]. The following section gives an overview
of the history and currently relevant publications on the topic of active impedance control.

1.6. Active Control of Acoustic Boundary Conditions

In general, the active modification of an acoustic boundary condition is quite similar to active
noise control, which was initially driven by the desire to cancel or absorb acoustic waves.
According to the investigations by Guicking [57], Paul Lueg can be viewed as the inventor
of active noise control. In 1933, he handed in his original patent, in which he describes
the principle of actively canceling incident sound waves by measuring them and producing
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appropriate counteracting fluctuations with a loudspeaker. Remarkably, he already came up
with a number of technical applications and different use cases for one-dimensional as well as
three-dimensional sound absorption. However, his ideas were far ahead of the capabilities
of the available instruments. German officials saw the military potential of sound absorbing
devices, but eventually rejected his application. In consequence, Lueg applied for an American
patent, which was granted in 1936 [100]. Unfortunately, he did not succeed in proving practical
applicability of his concept, although there are indications of him trying [57].
Twenty years after Luegs initial patent application, Olson & May [127] published their

famous work on the laboratory demonstration of sound absorption with an active feedback
control scheme. They were able to significantly reduce the acoustic amplitude at a reference
microphone over three octaves at low frequencies. A notable advance in this field was marked
by the publication of Guicking & Karcher [58]. The authors used two microphones for wave
separation, a loudspeaker, and an open-loop controller to actively alter the reflection coefficient
of a Kundt tube to values between zero and 1.5 in frequency ranges below 800 Hz.
In the 1990s, active noise canceling for mobile applications became feasible, which was of

special importance in the field of aviation. A significant reason is that the required precise
sensors and micro controllers became widely available. While sealed headphones already
passively attenuate acoustics above approximately 500 Hz, low frequency noise needs to be
actively reduced. This is due to the occurrent higher wave lengths and therefore low damping.
There is an abundance of references on the topic, however, one prominent example is a
publication by Bartels from 1992 [8]. He successfully employed a feedback control with a
single microphone as input and the headphone’s loudspeaker to efficiently reduce noise over
a wide frequency range. A review paper on active noise control in mobile applications was
written by Kuo & Morgan [88]. Within this publication, several feedback and feedforward
control approaches are detailed.
A thorough literature research on the topic of active impedance tuning in the context of

combustion experiments is found in the PhD thesis of Bothien [18]. Within his work, he
describes the development of a scheme for an active modification of the acoustic boundary
condition in combustion test rigs. The basic idea of the concept is depicted in Fig. 1.2. In
principle, the boundary condition downstream of an acoustic system can be regarded as a
black box, which is denoted by dashed frames in the depiction. On the left-hand side, different
geometric terminations are shown, which have varying acoustic properties. For example,
a longer duct alters the resonance frequencies of a system. The corresponding reflection
properties may be expressed by an acoustic impedance Z1, which relates the acoustic pressure
to the particle velocity (cf. Eq. 2.31). It determines the reflection of acoustic waves at the
system boundary. Analogously, a decrease (Z2) or an increase in cross-sectional area (Z3)
influence the magnitude and phase of the reflected waves. These geometric variations may be
viewed as black boxes featuring different acoustic impedances.

In contrast, the right-hand image depicts a generic hardware boundary, which is charac-
terized by the open-loop impedance Zol. Employing an active control scheme, an artificial
closed-loop impedance Zcl may be imposed.

The scheme consists of sensors determining the downstream propagating wave in real-time.
It is the input signal for the controller, which then determines a suitable output signal driving
an acoustic actuator downstream. This actuator superimposes an acoustic perturbation on
the waves that are naturally reflected by the outlet. Thereby, the upstream propagating wave
is altered in a way that the acoustic system effectively sees a different boundary condition,
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Figure 1.2.: Left: systems with varying acoustic boundary conditions Zn, due to termina-
tions with different geometries. Right: system with an actively modifiable boundary condition.
Depiction adapted from Bothien [18].

i. e., the closed-loop impedance Zcl. Thereby, for instance, boundary conditions corresponding
to the shown hardware modifications may be mimicked. Bothiens concept is summarized in
his thesis [18]. He also published several research articles and conference proceedings on the
topic, most of which are mentioned in the following passages.

In 2007, Bothien et al. [20] presented their the first publication concerned with impedance
tuning. Using a model-based feedback controller, they succeeded in actively tuning the
outlet impedance of an atmospheric combustion test rig to fully reflecting and fully absorbing
boundary conditions. Additionally, they altered the phase of the controlled reflection coefficient
in order to add virtual additional length, which yields different combustion chamber resonance
frequencies. These milestones were achieved under both non-reacting and reacting conditions.
In order to measure the controller input signal, Bothien et al. used an online wave identification
scheme based on the Two-Microphone Method, which is properly introduced in Sec. 2.2.
This was done for two sets of sensors, subsequently averaging the results. A low-frequency
loudspeaker driver was used for acoustic excitation at the combustion chamber outlet.
Shortly afterwards, Moeck et al. [112] presented the successful implementation of active

impedance control using an advanced version of the online wave identification. The method
relies on more than two sensors to measure the downstream propagating acoustic waves in
real-time, which is effectively easier to implement and delivers more reliable results. Bothien
et al. [17, 23, 24] further showed their concept to be applicable for stability analysis in
the context of combustion experiments. They continuously varied the controlled reflection
coefficient of a test rig and thereby studied the transient behavior of the system. Bothien
et al. [21] also pointed out the applicability of the concept for active instability control of
combustion systems.
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In 2009, the same researchers [22] published an article about the successful employment of
high-bandwidth proportional valves for air flow modulation as acoustic actuators allowing
for impedance tuning. The results showed that the devices are capable of actively tuning
the acoustic boundary conditions in a frequency-band while being able to withstand the
harsh environment of a high pressure test rig. One year later, Bothien et al. [26] presented
an article dealing with the extension of the scheme to actuators with a non-linear response.
However, with these devices, impedance tuning can be implemented at single frequencies,
only. So-called discrete impedance tuning relies on look-up tables to determine the correct
phase and amplitude relations.

Saurabh et al. [149] later applied broadband impedance tuning to realize anechoic conditions
at the termination of a combustion test rig. Thereby, the response of a flame to transverse
acoustic actuation was studied.
In the context of high pressure tests, the active modification of the acoustic boundary

condition may be used to assess susceptibility of a burner system towards thermoacoustic
oscillations. By continuously altering the outlet impedance of the test rig, the onset of
combustion instabilities may be studied. Furthermore, the entire operating envelope of
the engine, incorporating realistic boundary conditions, may be investigated in a test rig
environment.

1.7. Flame Response Measurements for the Thermoacoustic Characterization of Combustor
Configurations

A less direct, but matured approach for stability analyses is the utilization of low-order
network models. The elements of the burner system can be described by individual models,
which describe their corresponding acoustic input-output behavior in terms of transfer
matrices. The transfer behavior of most elements may be determined by analytical or
numerical methods. Further explanations on this topic are found in Sec. 2.3. At this point,
it is sufficient to recognize that one key element can only be determined experimentally.
Namely, the flame transfer matrix and its influences are not reliably predictable with today’s
numerical instruments. Thus, measurement of the flame’s transfer behavior (or thermoacoustic
characterization) remains a highly important tool for employing network models in stability
analyses.
Examples for experimental investigations of flame transfer matrices, conducted in atmo-

spheric pressure environments, are found in references [11, 52, 128, 157, 161, 162]. Under
certain conditions, shape and position of a natural gas flame are independent of the mean
pressure, as stated by Zajadatz et al. [193]. Freitag et al. [49] used a burner, which does,
however, exhibit a mean-pressure dependent flame transfer behavior. Yet, they also stated
that the pressure dependence saturates. I. e., in order to obtain a flame transfer matrix valid
at high pressures, the corresponding tests may be conducted at an intermediate pressure level.
In order to elaborate on the required measurements, the mathematical expression of a

flame transfer matrix TF is introduced here. It represents a so-called acoustic two-port (cf.
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Sec. 2.3), connecting the complex amplitudes of the Fourier-transformed acoustic pressure p̂
and velocity û upstream (index (·)u) of the flame to those downstream (index (·)d):[

p̂d
ûd

]
=
[
T11 T12
T21 T22

]
︸ ︷︷ ︸

TF

[
p̂u
ûu

]
+
[
p̂s
ûs

]
. (1.2)

An additional source term, denoted with the index (·)s, represents coherent sound emitted
by the flow field or the flame and random noise. As stated by Paschereit et al. [128], the
source term arises, e. g., from coherent flow instabilities or turbulent fluctuations of the
velocity field and the fuel–air mixture ratio. It is not required for assessing thermoacoustic
stability. However, it can be used to compute the pressure spectra of the combustor in stable
conditions, as it is responsible for driving the combustor acoustics in the absence of self-excited
oscillations.
Determination of the four transfer matrix elements requires two independent excitation

states [128]. As detailed by Åbom [1], these states may be realized using, for example, the
two-load method or the two source-location method. Application of the two-load method could
be less expensive, as only one actuator is required. Two test states are created by altering
one of the boundary conditions, which can cause practical issues, as pointed out by Åbom [1].
Firstly, the load impedances may not be unique over the whole frequency range. Secondly, in
mean-flow applications, it may be difficult to change the load impedance without changing
the flow field. The two source-location method, as introduced by Munjal et al. [118], requires
actuators and sensor arrays both upstream and downstream of the investigated acoustic
element. Subsequent actuation at the upstream and downstream locations creates the two
independent test cases. As the velocity fluctuations cannot be directly measured in most
technical applications, usually pressure measurements are conducted. A standard approach is
the Multi-Microphone Method (cf. Sec. 2.2), which is considered robust and reliable enough
to be applied in gas turbine combustion chambers.
The effect of the source term is removed from the measurements by cross-correlating the

pressure signals with the excitation signal [128]. The source terms can then be determined by
using data acquired from a third acoustic state, usually one without excitation.
Note that in typical test rig configurations, it is not possible to determine the acoustic

state directly upstream of the flame, but only upstream of the burner. Initially, the measured
transfer matrix TBF will thus include the acoustic properties of burner and flame. The
influence of the burner is removed by the following procedure. In addition to the measurement
of TBF in reacting conditions, a second set of measurements is obtained in non-reacting
conditions, but at an identical preheat temperature. The latter allows for determination of
the burner transfer matrix TB. Subsequently, the flame transfer matrix TF is calculated
according to:

TF = TBFT−1
B . (1.3)

Here, it is assumed that the burner transfer matrix is not affected by the presence of the
flame. This assumption is typically met when the flow field inside the burner does not change
from non-reacting to reacting conditions.
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A closely related alternative to the flame transfer matrix is the scalar flame transfer function
F (ω). It is defined as the ratio of normalized global heat release rate fluctuations to the
normalized velocity fluctuations at the burner outlet:

F (ω) =
ˆ̇Q/Q̇
û/u

. (1.4)

The complex amplitudes are normalized by the corresponding mean values (denoted by
overbars). The flame transfer function is dependent on the circular frequency ω, which results
from transformation into frequency domain via the Fourier transform. Note that the theoretic
background is properly introduced in Chap. 2. Under the following conditions:

• acoustic compactness (acoustic wavelength � axial extent of the flame),

• low Mach number of the flow, and

• pressure insensitive fuel injection,

the flame transfer function can be used to formulate a transfer matrix. Thereby, it may be
incorporated in a low order network model for stability analysis. With the aforementioned
assumptions, the Rankine-Hugoniot relations and the mean energy balance may be invoked,
which yields the flame transfer matrix [161]:

TF(ω) =
[
1 0
0 H(ω)

]
with H(ω) = 1 +

(
Td
Tu
− 1

)
F (ω), (1.5)

where Tu and Td denote the temperatures upstream and downstream of the flame, respec-
tively. For completeness, it shall be mentioned that the T11 element changes to the ratio of
characteristic impedances (ρc)u/(ρc)d, when specific pressure fluctuations are regarded.

Consequently, the determination of the flame transfer function necessitates measurement of
the velocity fluctuations upstream of the flame and the global heat release rate fluctuations.
For non-perfectly premixed (or technically premixed) flames, the latter is a difficult task. In
principle, there are methods based on acoustic and optical measurements. The former is
discussed in Sec. 3.3, while the latter shall be described here.
Optical methods rely on the radiation of excited intermediate reaction species. Under

perfectly premixed conditions, chemiluminescence of excited radicals such as CH∗ or OH∗
was shown to be reasonably proportional to the heat release rate [67, 73, 126]. However, the
chemiluminescence intensity strongly depends on the equivalence ratio. Therefore, it is not a
quantitative marker of the heat release rate in technically premixed conditions, as stressed
by Schuermans et al. [157] and Lauer & Sattelmayer [91]. Despite this shortcoming, single-
species chemiluminescence signals have been used in elevated pressure test rigs to qualitatively
characterize the response of technically premixed flames to acoustic perturbations [36, 75].

In recent years, a multi-species method was developed. Simultaneous measurements of the
chemiluminescence emissions from multiple species account for fluctuations in the equivalence
ratio, as pointed out by Guyot et al. [64] and Schuermans et al. [159]. This approach was
successfully applied to measure flame transfer functions in atmospheric conditions [14, 64]
and also at full engine pressure [160]. However, the results showed that the method does
not give reliable results under all test conditions. Quantitative studies require extensive
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calibration of the chemiluminescence intensity as a function of equivalence ratio and mass
flow. Further, a correction for the CO∗2 background emissions needs to be implemented. At
elevated pressure, higher quenching rates of the excited species and self-absorption diminish
the chemiluminescence intensity [160] and, thus, make the method more error-prone. Another
difficulty encountered in high pressure rigs is limited optical access, which may impede
acquisition of the global heat release rate. Due to the mentioned reasons, the optical multi-
species method cannot be considered as a reliable standard technique to determine the flame
transfer function. Therefore, purely acoustic approaches are discussed throughout this work.

1.8. Objectives and Structure of the Thesis

In the preceding sections, the state-of-the-art in analysis of combustion instabilities in
stationary gas turbines was outlined. Various methods of determining the susceptibility of
new combustion systems towards thermoacoustic instabilities were presented.

This thesis focuses on the modification of an existing high pressure test rig from SIEMENS
PG. The rig is designed for testing of combustion systems that are found in the largest gas
turbines in the portfolio of the company, and its characteristics will be detailed in Chap. 3.
The modifications aim at achieving two major objectives:

1. thermoacoustic characterization of burner systems by measurement of the flame transfer
behavior and

2. active modification of the downstream acoustic boundary condition (impedance tuning)
for a direct assessment of the stability characteristics.

Measurement of the flame transfer behavior is proposed in terms of purely acoustic methods, as
optical methods are not considered reliable. The choice, whether equipment for measurement
of flame transfer functions or flame transfer matrices shall be employed, is discussed in
Chap. 3. In essence, acoustic excitation and measurement of the acoustic fields upstream
and downstream of the flame are required to enable a determination of the flame transfer
behavior. The resulting data can be used as input for low-order thermoacoustic network
models. Thereby, the stability properties of new combustor systems may be assessed based
on simulations that are fed by highly reliable data of the acoustic flame transfer behavior.
Furthermore, a direct assessment of the susceptibility of combustor systems towards com-

bustion instabilities can be realized. Since the flow fields, pressure levels, and temperature
profiles in the geometrically similar test rig correlate well with the engine, the only major
difference lies in the acoustic outlet boundary condition. Using impedance tuning, the acoustic
properties of the engine can be realized at the test rig, which allows for direct investigations
of the stability characteristics of new combustor systems.
Implementation of impedance tuning requires a sensor array capable of real-time determi-

nation of the downstream propagating acoustic waves in the combustor, as well as suitable
acoustic excitation upstream and downstream of the combustion chamber.

The thesis is structured as follows. In Chap. 2, the theoretical background on the utilized
methods is detailed. Basic acoustic theories are presented, which are required to understand,
e. g., data evaluation techniques and network models. Further, the active modification of the
acoustic boundary condition is described.

14



In the first part of Chap. 3, the regarded high pressure test rig is introduced. Subsequently,
the requirements for achieving the two major objectives of the thesis are explained. Mutual
requirements are pointed out, which leads to the proposed modifications. Within the next
four chapters, the approaches to acoustic sensor and actuator design are described.
The fourth chapter deals with the options of sensor design for the region upstream of the

burner, which is required for the thermoacoustic characterization. Two viable methods are
presented, both featuring advantages and disadvantages. No commitment to a final decision
is made, leaving scope of action for the implementation.

In Chap. 5, the plane wave decomposition, which is regarded as a standard technique in the
determination of the acoustic variables, is extended to ducts with non-uniform cross-sections.
This is necessary, as the combustion chamber of the test rig shall keep its current realistic
three-dimensional shape. The utilized theory for implementing a frequency-domain and
a time-domain variant is detailed. Subsequently, validating numerical and experimental
investigations are discussed alongside with possible implications for a practical employment
of the method.
Consecutively, acoustic actuation upstream of the burner is discussed, which includes a

short discussion on possible devices and investigations on the position inside the test rig. Two
main options and variants of these are studied in terms of numerical simulations, and the
corresponding advantages and disadvantages are discussed.

Chap. 7 comprises elaborations on the development of the actuator for the region down-
stream of the flame. The device has to fulfill several requirements, which are difficult to
combine in an industrial high pressure test rig. A discussion on possible actuator types is
conducted, leading to a novel concept for acoustic excitation. Time-resolved compressible
CFD simulations are presented, which show a promising performance of the concept. They
are used as basis for the experimental determination of several characteristics of the actuation
mechanism. Finally, eligibility of the concept for the implementation of impedance tuning is
verified using a time-domain network model.

In the last chapter, the results are summarized and discussed in terms of their practical
implications and contributions to current and future research. Furthermore, an overview of
the remaining steps before the final implementation is given.
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CHAPTER 2
Theoretical Background on Acoustics and Utilized Methods

After the motivation and the goals of the thesis were presented in the preceding chapter,
the theoretical foundation needed for this work shall be summarized. Main references used
throughout this chapter are a standard book on acoustics from Rienstra & Hirschberg [143], as
well as the PhD theses from Schuermans [156] and Bothien [18]. The latter are comprehensive
works on the topics of thermoacoustics in gas turbines and impedance tuning, respectively.

In a first step, the acoustic wave equation is derived for stationary conditions and for cases
with mean flow. Lighhill’s aeroacoustic analogy delivers a source term, which is of relevance
for conclusions made within the actuator development in Chap. 7. Subsequently, generic
solutions to the convective wave equation as well as the connection of Riemann invariants and
primitive acoustic variables are presented. Boundary conditions are introduced in terms of
acoustic impedance and the reflection coefficient. After a summary of the frequency-domain
plane wave decomposition in ducts with constant cross-section, the basics of frequency-
domain and time-domain low-order network models are detailed. Finally, the scheme for an
active modification of the acoustic boundary condition is reviewed and the required wave
identification in time domain is summarized.

2.1. Wave Equation

The governing equations for fluid motion are mass, momentum, and energy conservation,
which may be found for instance in the works of Pierce [133] or Truckenbrodt [177], and
Rienstra & Hirschberg [143]. In linear acoustics, only small perturbations around mean values
are regarded. The flow variables pressure, velocity, density, temperature, heat release, and
entropy are split into their mean and fluctuating values, which is expressed in terms of a
placeholder function Ψ :

Ψ = Ψ + Ψ ′. (2.1)
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In linear acoustic theory, the fluctuating part of each quantity is assumed to be much smaller
than the mean value. Thus, in a source free and inviscid medium (e. g., references [133, 143]),
the linearized conservation equations of mass and momentum read

∂ρ′

∂t
+ ρ∇ · u′ = 0 (2.2)

ρ
∂u′
∂t

+∇p′ = 0, (2.3)

where ρ is the mean density and u′ and p′ are the fluctuating components of the velocity
vector and the pressure, respectively. The linearized conservation of energy reads:

∂s′

∂t
= 0, (2.4)

where s′ is the fluctuating entropy component. These equations can be closed by invoking the
equation of state

p = p(ρ,s) (2.5)

and the ideal gas law

p = ρRgT, (2.6)

with Rg and T being the specific gas constant and the fluid temperature, respectively.
Forming the total differential of the pressure (Eq. 2.5), subsequent incorporation of Eq. 2.4,

and linearization yield the following expression for the fluctuating pressure [143]

p′ =
(
∂p

∂ρ

)
s︸ ︷︷ ︸

:=c2

ρ′. (2.7)

Note that the (italic) index (·)s denotes a partial derivation at constant entropy. The
introduced factor c is the speed of sound. In an ideal gas it is calculated with

c =
√
γRgT , (2.8)

where γ, the ratio of specific heats, is considered constant in most technical applications. These
primal equations are now used to derive the wave equation for quiescent fluids. Subtraction
of the time derivative of Eq. 2.2 from the divergence of Eq. 2.3 yields

∂2ρ′

∂t2
−∇2p′ = 0. (2.9)

With Eq. 2.7, the wave equation in terms of the pressure fluctuation is obtained:

∂2p′

∂t2
− c2∇2p′ = 0. (2.10)
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Application of a Fourier transform yields the Helmholtz equation:

∇2p̂+ k2p̂ = 0, (2.11)

with k being the wave number. It is defined as the ratio of angular frequency ω = 2πf and c:

k = ω

c
. (2.12)

With these equations, source-free acoustic fields can be described in ducts with homogeneous
and stagnant media. This quiescent formulation is extended to cases with mean flow by
replacing the local time derivative ∂

∂t in Eq. 2.10 with the total derivative D
Dt = ∂

∂t + u · ∇:(
∂

∂t
+ u · ∇

)2
p′ − c2∇2p′ = 0. (2.13)

Solutions to the convective wave equation are presented in Subsec. 2.1.2. Equivalently, the
replacement of the local with the total derivative in Eq. 2.3 yields the convective acoustic
momentum equation, which reads:

ρ

(
∂u′
∂t

+ (u · ∇)u′
)

+∇p′ = 0. (2.14)

It is also called the Euler equation and relates the acoustic pressure to the particle velocity.

2.1.1. Mass Source Term and Lighthill’s Aeroacoustic Analogy

So far, only source-free formulations of the equations of motion were presented. However,
due to its application in this work, a source term for mass injection in a stagnant medium is
introduced here. According to Rienstra & Hirschberg [143], the linearized equation of mass
conservation can be written as

∂ρ′

∂t
+ ρ∇ · u′ = m′s, (2.15)

where ms is the source term corresponding to mass injection. Note that throughout the
work, mass flow is denoted with m, missing the otherwise used ˙(·) for time derivatives. The
fluctuating component of the mass flow is defined here as

m′s = ∂(ρsβ)
∂t

, (2.16)

where β is the volume fraction of the injected fluid and ρs the density of the injected fluid.
The total mass in the control volume ρ consists of the injected mass ρs and the original mass
ρor, which is displaced in the source region:

ρ = βρs + (1− β)ρor (2.17)
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Following the steps in Sec. 2.1, the inhomogeneous wave equation outside the source region
can be found:

∂2p′

∂t2
− c2∇2p′ = c2∂

2(βρor)
∂t2

. (2.18)

Thus, it becomes apparent that the generation of sound through fluid injection depends on a
non-vanishing second time derivative of the displaced mass.
As mentioned before, Eq. 2.18 only applies to quiescent media. In presence of a mean

flow, the effects of flow phenomena have to be incorporated, as well. In the work of Lighthill
[97], these effects were first described and his theory has since been referred to as Lighthill’s
aeroacoustic analogy. He introduced an exact wave equation in terms of the density with an
aeroacoustic source term written in Einstein’s notation, which reads:

∂2ρ

∂t2
− c2∇2ρ = ∂2 (ρuiuj + τ ij − c2ρδij

)
∂xi∂xj

. (2.19)

τ ij is the stress tensor and δij the Kronecker delta. The term ρuiuj describes the unsteady
convection of flow, e. g., due to vortices or hydrodynamic instabilities. The remaining terms
include sound generation caused by shear and by non-linear effects, as for instance entropy
waves.

2.1.2. One-Dimensional Solution to the Convective Wave Equation

It is sufficient to account for a purely one-dimensional wave propagation in applications that
consider, for instance, intermediate frequency thermoacoustic phenomena in atmospheric
acoustic test rigs. For these investigations, constant cross-sectional area ducts are employed, as
the corresponding solutions to the convective wave equation are known a priori. Accordingly,
possible solutions shall be briefly summarized in this section.
In ducted applications, the sound field can be described by acoustic modes, which are

patterns of oscillation that depend on the boundary conditions. These modes are either
able to propagate, which is indicated by a purely real wave number or they are evanescent,
which is the case, if the wave number is imaginary. In the latter case, the acoustic waves
associated to that mode are unable to propagate outside of their near environment, as they
are exponentially damped. The distinction between evanescent and propagative modes is the
so-called cut-on frequency, which was, e. g., derived by Bothien [18] as follows:

fcut = 1.84c
πd

√
1−M2, (2.20)

where d is the duct diameter and the Mach number is defined as

M = u

c
. (2.21)

Note that the exponential attenuation of an evanescent mode is frequency-dependent. Thus,
in measurements or simulations, the distance between any near-field influences and sensors
that rely on plane wave propagation needs to be accounted for.
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For acoustic phenomena below the cut-on frequency, solutions to the convective wave
equation shall be presented. One option to solve Eq. 2.13, a second order partial differential
equation, is the general d’Alembert solution. It consists of a superposition of downstream
and upstream propagating waves as functions of shifting arguments:

p′(x,t) = f

(
t− x

c+ u

)
+ g

(
t+ x

c− u

)
. (2.22)

f and g are the Riemann invariants that travel with the speed of sound, which is superimposed
by the mean flow velocity u.
If one considers time-harmonic oscillations, a separation ansatz can be made with an

exponential function. A detailed derivation, which is suitable for the purpose of this work, is
for example found in the works of Schuermans [156] or Bothien [18]. Incorporating the wave
number for downstream (+) and upstream (−) propagating waves:

k± = k

1±M , (2.23)

the pressure field in frequency domain can be described by

p̂ = ρc(f̂ e−ik+x + ĝeik
−x). (2.24)

The constant factor ρc is referred to as the characteristic impedance (Z0) of the fluid.
Substitution of Eq. 2.24 into Eq. 2.14 yields the frequency-domain particle velocity field:

û = f̂ e−ik
+x − ĝeik−x. (2.25)

Due to linearity, Eq. 2.24 and Eq. 2.25 can be expressed in time domain as follows:

p′ = ρc(f + g) (2.26)
u′ = f − g. (2.27)

Accordingly, the Riemann invariants can be calculated from the primitive acoustic variables
using the following equations:

f̂ = 1
2

(
p̂

ρc
+ û

)
(2.28)

ĝ = 1
2

(
p̂

ρc
− û

)
(2.29)

Thus, the foundation for analyses of low-frequency acoustics in ducts with constant cross-
sectional area is laid. As mentioned before, ducted acoustic fields are highly dependent on
boundary conditions, which are therefore covered in the following subsection.
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2.1.3. Boundary Conditions

A descriptive way to define a boundary condition is the reflection coefficient, which is defined
as the ratio of the reflected and the incident sound waves at the boundary of a duct:

R(x,ω) = ĝ(x,ω)
f̂(x,ω)

. (2.30)

This relation is valid for a downstream boundary, while the upstream equivalent is defined
as the reciprocal value. The reflection coefficient is a complex-valued frequency-dependent
function. Its phase is further dependent on the axial coordinate, at which it is evaluated. An
analogous way to describe the reflectivity of a boundary is the acoustic impedance, which
correlates sound pressure to particle velocity:

Z(x,ω) = p̂(x,ω)
û(x,ω) · n(x) . (2.31)

This expression includes the normal vector n(x), which is defined to point out of the control
volume. Thus, its relation to the axial coordinate has to be taken into consideration. The
reflection coefficient can be calculated from the impedance by considering Eq. 2.26 and
Eq. 2.27:

R = Z − ρc
Z + ρc

. (2.32)

Often, the specific impedance Z = Z/ρc is considered. The conversion between reflection
coefficient and specific impedance is possible with:

R = Z − 1
Z + 1 , Z = 1 +R

1−R. (2.33)

The reflection coefficient is a measure for the amount of acoustic energy that is conserved or
radiated from a boundary. Three specific cases are presented, which are frequently referred to
in this work:

• R = 1 (closed end)
At rigid boundaries, the impedance approaches infinity, which manifests in a velocity
node (û = 0). The acoustic particles do not oscillate, which results in a total reflection
of the incident acoustic waves. The phase is not shifted in this case and it is referred to
as a sound hard boundary.

• R = 0 (anechoic end)
The impedance of the fluid is Z = ρc, i. e., it is equal to the characteristic impedance.
Thus, the relation between acoustic pressure and particle velocity is p̂ = ρcû. Acoustic
waves leave the boundary without any reflection.

• R = −1 (open end)
At an impedance of Z = 0, a pressure node (p̂ = 0) is present. The acoustic energy is
conserved and the incident waves are fully reflected with a phase shift of 180°. It is
referred to as a sound soft boundary.
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However, in practice, an open end will not be a fully reflecting boundary for most frequencies.
An exact solution incorporating an end correction for circular unflanged pipes was derived by
Levine & Schwinger [93] for stationary conditions.
Further note that with mean flow, the reflection coefficient may even assume values of
|R| > 1. An elaboration on this is found, for instance, in the works of Munt [122] and Cargill
[34].

2.2. Plane Wave Decomposition with the Multi-Microphone Method

Experimental determination of the Riemann invariants in a duct with constant temperature
profile and constant cross-section is theoretically possible by measuring the acoustic pressure
and particle velocity at one axial location. Subsequent employment of Eq. 2.28 and Eq. 2.29
yields the sought downstream and upstream propagating waves. However, due to practical
issues in reliably determining acoustic velocities, e. g., using hot-wires or laser Doppler
velocimetry, this approach is inapplicable in most technical scenarios. A solution to this
issue is found by employing multiple pressure sensors at an axial distance and fitting the
measurements to analytical solutions of the wave equation. The first application of this
concept was the Two-Microphone Method, which was introduced by Seybert [164] and refined
by Chung & Blaser [37]. In both works, the method was used to calculate reflection and
absorption characteristics of test materials in impedance tubes. However, the method entails
the significant disadvantage of producing infinite errors when the microphone spacing takes
values that are multiples of half a wavelength. Moreover, erroneous results are to be expected
in the vicinity of those frequencies. This was elaborated by Bodén & Åbom [16] for stationary
conditions and additionally for cases with mean flow [2]. Poinsot et al. [135] extended the
Two-Microphone Method to multiple sensors and applied it to impedance measurements of a
premixed turbulent flame. In that way, the mentioned disadvantages of the Two-Microphone
Method may be circumvented. Additionally, the accuracy of the technique is improved, as
the calculation is based on a least-squares solution of an over-determined equation system.
Paschereit et al. [128] later applied the Multi-Microphone Method upstream and downstream
of a swirl-stabilized premixed flame to obtain a transfer matrix, which is the key element for
thermoacoustic stability investigations with low-order network models.
For the scheme introduced here, a straight duct of uniform cross-sectional area, speed of

sound, and mean velocity is assumed. With N pressure sensors aligned along the duct, the
following equation can be established:

ρc

[
f̂(ω)
ĝ(ω)

]
= H†


p̂(x1,ω)
p̂(x2,ω)

...
p̂(xN ,ω)


︸ ︷︷ ︸

p̂

, (2.34)
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where H† is the Moore-Penrose inverse of

H =


e−ik

+x1 eik
−x1

e−ik
+x2 eik

−x2

...
...

e−ik
+xN eik

−xN

 . (2.35)

The matrix H includes the time delays of the acoustic waves between the reference location
and each pressure probe. The wave numbers are defined as per Eq. 2.23. An error-estimate
can be calculated with:

δ = ||(I−HH†p̂)||2
||p̂||2

, (2.36)

where p̂ is the vector containing the measured complex pressure amplitudes (cf. Eq. 2.34).
Low residuals indicate a good accordance of measured and calculated f and g waves. Typical
values for good fits do not exceed low single digit percentages.

2.3. Low-Order Network Models

Linear stability of complex (thermo-) acoustic systems can be assessed using several methods.
One option are detailed CFD simulations, as for instance, conducted by the following research
groups. Hernández et al. [72] investigated academic single burner configurations, Schmitt et
al. [154] computed heat transfer, emissions and thermoacoustic phenomena of a single high
pressure combustor, and Wolf et al. [191] investigated thermoacoustic characteristics for entire
annular aeronautical gas turbine combustors. However, such simulations are highly time-
consuming and involve significant expenditure. Furthermore, implementation of exact acoustic
boundary conditions is a challenge in time-domain CFD, which was for example elaborated
by Lamarque et al. [90] and Widenhorn et al. [190]. As a means to resolve this issue, CFD
simulations have been coupled to low-order acoustic models of boundary conditions, as e. g.
realized by Moeck et al. [113]. Another means to determine linear stability of thermoacoustic
systems are finite element methods (FEM), which were for example conducted by Campa et
al. [32, 33] and Laera et al. [89]. With FEM simulations, computational times can be reduced,
while still incorporating for example three-dimensional geometries and the corresponding
physical effects.

In both academic and industrial research, it is common practice to describe the behavior of
thermoacoustic systems with low-order network models, which only incorporate the relevant
physical system properties. Thus, computation times are further shortened, for example
allowing for large numbers of parameters to be altered, which poses a strong advantage over
CFD or FEM simulations.

The system is divided into multiple elements that are either described by transfer matrices
or scattering matrices in frequency domain or by state-space models in time domain. Both
can be set up in a modular way, which is especially useful in early design stages. In that way,
single elements can be swapped in order to investigate particular aspects of the system. A
standard application is, e. g. the implementation of experimentally determined flame transfer
matrices, whose impact on system stability can thus be assessed. Besides experimental means
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(e. g., references [128, 160]), subsystems can be determined with analytical methods [10, 161],
FEM [5, 32, 132] or CFD simulations [80, 82, 86, 197]. In frequency domain, stability can
be assessed on one hand by solving the system’s dispersion relation, which is elaborated
in references [79, 116, 156, 162]. On the other hand, linear stability can be predicted by
inspecting Nyquist plots, as for instance described in references [85, 137, 148]. In time domain,
thermoacoustic stability is assessed by solving a matrix eigenvalue problem of the state-space
realization of the system, which was detailed by Schuermans et al. [158] and Bellucci et al.
[11].

The elements of a network model can be described with various means. Transfer matrices,
for example, connect the Fourier-transformed acoustic pressure and particle velocity on both
sides of the linear time-invariant subsystems. This relation is expressed as[

p̂d
ûd

]
=
[
T11 T12
T21 T22

]
︸ ︷︷ ︸

T

[
p̂u
ûu

]
. (2.37)

where the index (·)d denotes properties at the subsystem’s downstream boundary and (·)u
those upstream. The entries of T are complex valued functions of the angular frequency ω.
Assuming plane wave propagation, the conversion introduced in Sec. 2.1.2 can be used to
describe pressure and velocity at the boundaries with the Riemann invariants. Thus, the
same subsystem can be characterized by a scattering matrix S:[

f̂d
ĝu

]
=
[
S11 S12
S21 S22

]
︸ ︷︷ ︸

S

[
f̂u
ĝd

]
, (2.38)

which is schematically depicted in Fig. 2.1. Scattering matrices (and transfer matrices)
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Figure 2.1.: Acoustic two-ports relating
Riemann invariants at both boundaries.
Left: scattering matrix S(ω) in frequency
domain, right: state-space model in time
domain.

consist of two sets of equations with a total of four unknowns, i. e., the entries of S (or T).
Hence, in order to solve for the unknowns, two linearly independent acoustic states have
to be investigated, which is realized by obtaining the input and output properties in two
different excitation scenarios. The subsystem in question is once perturbed from the upstream
direction and once from downstream, allowing for calculation of the transfer behavior.
As it is an essential part of a time-domain network model, the procedure of obtaining

a state-space realization of a duct’s transfer behavior by analytical means is detailed here.
Assuming inviscid acoustic transfer behavior and sound-hard walls, a constant cross-sectional
area duct only imposes a time-delay on the passing acoustic waves. Thus, the scattering
matrix reads

Sduct =

e−ikL
1+M 0
0 e

−ikL
1−M

 , (2.39)
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where the delay ∆τ of the incoming acoustic waves is described only by the length of the
duct L, the speed of sound c, and the Mach number M of the mean flow. However, due
to the complex exponential in the elements of Sduct, its transfer function has an infinite
number of poles. Thus, the state vector of its exact state-space realization would need to
have an infinite number of entries [117]. Of course, this is not possible and therefore, the
time delay needs to be translated into a rational transfer function, which is realized using a
finite-dimensional Padé-approximation [18]. The order of the Padé-approximation depends
on the frequency range of the respective investigation and the time-delay. In choosing the
numerator degree higher than that of the denominator, the low-pass characteristic of the
associated transfer function is taken advantage of. This is especially useful in the conducted
simulations, where attenuation at higher frequencies is critical to ensure system stability.
Subsequently, the obtained transfer function is converted to a discrete state-space realization,
which is conveniently done with integrated MATLAB commands.

The input-output behavior of a subsystem in time domain is expressed in state-space form
(cf. Fig. 2.1), reading:

ẋ = Ax + B
[
fu
gd

]
(2.40)[

fd
gu

]
= Cx + D

[
fu
gd

]
. (2.41)

x is the N -dimensional state vector and A, B, C, and D are real constant matrices of the
appropriate dimensions [196]. The state dimension is dependent on the requirements and has
to be high enough in order to represent the acoustic transfer behavior of the element with
sufficient accuracy. Performing a Laplace transform on a state-space model yields the transfer
function

T (ω) = C(iωI−A)−1B + D, (2.42)

where I is the identity matrix. Note that a state-space model is not unique and several
different realizations can be found for one transfer matrix.

For simple elements like ducts, transfer matrices or state-space realizations are determined
analytically, an example of which was described above. More complex transfer behavior
requires system identification tools, a comprehensive overview of which is found in the work
of Ljung [98]. In this thesis the public-domain MATLAB routine Vector Fitting written by
Gustavsen & Semlyen [60, 61] is used, which provides a robust and efficient tool for finding
rational models to frequency-domain data. As pointed out by Bothien [18], the code enforces
stable poles, which is a necessary requirement for the controller transfer function that is
introduced in Sec. 2.4. Input to the Vector Fitting algorithm are discrete frequency responses
obtained from experimental or numerical investigations. A rational approximation of desired
order, i. e., number of poles of the state-space realization, is found by means of a partial
fraction expansion. An increasing number of poles helps to accurately fit the model to the
input data in the regarded frequency range. The obtained models, however, are valid in
the whole frequency spectrum. Increasing numbers of poles usually increase the amplitude
response of the identified models at frequencies below and above the regarded range. This
may lead to an unwanted excitation and render the active control scheme unstable. Therefore,
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the complete spectra of the models have to be examined prior to implementing them in the
control loop.

2.4. Active Modification of the Acoustic Boundary Condition (Impedance Tuning)

As one of the main objectives of this work is implementation of an active modification of the
acoustic outlet impedance of a test rig, the corresponding scheme shall be introduced here. It
was originally developed by Bothien [18], thus, his comprehensive PhD thesis on the topic is
taken as main reference for this section. Fig. 2.2 depicts the general setup for the active
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e
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f

system Rol
Rcl

sensor array actuator

Figure 2.2.: Schematic of the impedance tuning concept adapted from reference [112]. The
dashed frame symbolizes the end element, the impedance of which is effectively altered by the
closed-loop control scheme.

control scheme. On the left-hand side, the combustion system is located, which emits acoustic
waves. Physically it is connected to the outlet boundary on the right-hand side via a duct.
The duct is considered to feature a constant cross-sectional area in the work of Bothien [18],
which is sufficient for introducing the scheme at this point. Furthermore, only plane wave
propagation is regarded, which is a valid assumption in any of the cases reviewed in this work.
The outlet boundary is supposed to be altered, which is indicated by the dashed orange frame
in Fig. 2.2. The entire end element is regarded as a black box with an uncontrolled reflection
coefficient Rol, where the index (·)ol stands for open loop. Given that the active control
scheme is correctly implemented and enabled, the outlet reflection coefficient is altered to the
value Rcl (closed loop). This is based on the superposition of the natural reflection at the
outlet boundary and the actuator’s influence on the acoustic field, the validity of which was
shown by Bothien et al. [19]. The actuator’s driving signal e is calculated in the controller,
which is segmented into the wave decomposer D and the control law K. The control law’s
input is the downstream propagating wave f , which is obtained from the pressure signals
p′1 . . . p

′
N in the wave decomposer block. The scheme for the online wave identification used in

this work was first detailed by Moeck et al. [112] and it is summarized in Sec. 2.5.
Hardware implementation of the presented scheme is realized on a DS1103 PPC controller

board from dSPACE. A schematic of the implementation is given in Fig. 2.3. The fluctuating
pressure signals p′n from the sensor array are amplified externally and digitalized in an
analog-digital converter (ADC). The predetermined complex calibration coefficients (cf.

pn
ADC cn D

f
DACK

e'

Figure 2.3.: Schematic of the controller implementation on the dSPACE controller board.
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Figure 2.4.: Schematic of the microphone array and the end element for visualization of the
control law derivation.

Subsec. 7.4.1) of the sensors could be implemented on the controller board, as well. However,
with the utilized condenser microphones, this is not necessary and therefore omitted in order
to save processing capacity. Instead, the absolute value of the calibration coefficient for each
microphone is implemented as a constant factor cn. In order to yield correct results with
this simplification, sensors with a similar phase run need to be chosen among those available.
Furthermore, the DC component of the sensor signals has to be filtered out, in order to
avoid incorrect processing. This is realized with a high-pass filter using a cut-off frequency of
≈ 20 Hz. Attention has to be paid to the filter, which introduces a delay dependent on the
filter family and its order. The influence of all filters needs to be taken into account in the
calculation of the control law. Subsequently, the pressure signals enter the wave identification
block D, which is detailed in Sec. 2.5 and Sec. 5.2, for constant and non-constant cross-
sectional area ducts, respectively. The obtained downstream propagating wave f is then
high-pass filtered, to avoid unwanted high-frequency oscillations. Subsequently, the actual
control law K, which is detailed in the following passages, is applied. Finally, the controller
signal is limited by a saturation element, protecting the actuator from damage. The output is
handled by a digital-analog converter (ADC) and then emitted as the control command e.
The derivation of the control law is explained in detail in reference [18] and the essentials

are repeated here for completeness. Initially, the approach to obtain the necessary transfer
functions is summarized using the schematic in Fig. 2.4.
As explained before, the upstream propagating wave ĝ in the duct can be regarded as a

superposition of the natural reflection of the downstream propagating wave f̂ at the duct
termination and the actuator output signal, which consists of an input signal ê and the
actuator transfer function G:

ĝ = Rolf̂ +Gê. (2.43)

Note that all quantities are given in frequency domain. Both the open-loop reflection coef-
ficient Rol (without active control) and the actuator transfer function can be determined
experimentally or numerically, depending on the type of investigation. In a first step, Rol is
obtained by excitation upstream of the reference plane, which is referred to as excitation case
A. The Multi-Microphone Method is used to calculate the Riemann invariants f̂ and ĝ. As
no downstream forcing is present (ê = 0), Eq. 2.43 simplifies to:

ĝA = Rolf̂
A. (2.44)
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Subsequently, in excitation case B, the downstream actuator is used for acoustic forcing.
Transposing Eq. 2.43, the actuator transfer function G can be calculated with

G = ĝB −Rolf̂
B

ê
. (2.45)

In order to calculate K, the control command ê is written in terms of the controller transfer
function and its input signal: ê = Kf̂ (cf. Fig. 2.4). It is then inserted into Eq. 2.43:

ĝ = (Rol +GK)f̂ . (2.46)

Division by the downstream propagating wave yields the closed-loop reflection coefficient:

Rcl = ĝ

f̂
= Rol +GK. (2.47)

The control law can thus be calculated with

K = Rcl −Rol
G

. (2.48)

In summary, the open-loop reflection coefficient Rol and the actuator transfer function G
need to be determined and translated into state-space models according to the procedure
detailed in Sec. 2.3, in order to calculate a control law K. Thereby, the closed-loop reflection
coefficient Rcl is defined to a complex-valued and frequency-dependent function. The result is
an altered upstream propagating wave ĝ that satisfies Eq. 2.46. Provided, the control scheme
is implemented correctly, the impedance of the outlet can thus be altered to prescribed values.
The scheme’s application is described in Sec. 7.6.

In practice, it is possible that the time delay of the actuator transfer function is larger
than that of Rcl −Rol, which violates causality of the controller. In other words, the actuator
command signal would need to be sent before its input signal reaches the controller. In general
a large time lag between emission of the actuator output and arrival of the acoustic wave at
the sensor array results in an unfavorable ratio of time lags. This aspect is further detailed in
Sec. 7.6. Another important issue with broadband impedance tuning is the identification
of the control law and the behavior of the identified model at frequencies below and above
the regarded frequency band. As mentioned in Sec. 2.3, the response at frequencies towards
zero and infinity have to be carefully examined in order to avoid an unstable control loop.

These issues can be prevented by actively modifying the acoustic boundary condition only
at discrete frequencies, as was elaborated by Bothien [18]. In this case, the control law is
only valid at a single frequency and it only consists of a gain, a delay, and a band-pass filter,
which removes the demand for system identification. A significant advantage is that the phase
of the controller transfer function can be shifted by a constant value. Thus, the time delay
ratio of the actuator’s output signal and the controller’s input signal is not a limitative factor
any more. As was discussed by Bothien et al. [22], it is important to note that tuning at
discrete frequencies for the investigation of limit-cycle oscillations in a combustion test rig
may lead to instabilities at several frequencies, while in a real application only the mode
with the highest growth rate may prevail. Depending on the aim of the investigation, this
may be a disadvantage in assessing the thermoacoustic properties of a burner setup. Thus,
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discrete impedance tuning can be viewed as a backup solution. However, in this work, only a
broadband modification of the boundary condition is regarded.

2.5. Plane Wave Decomposition in Time Domain

Determination of the downstream propagating wave in real-time is a key component of the
impedance tuning scheme. The theoretic basis of the method shall be summarized here, as it
is used in Sec. 7.6 and required for the extension to ducts with variable cross-sections in
Sec. 5.2.

f g

p1 p2

u

' '

x1 x2

Figure 2.5.: Schematic of two pressure
sensors for wave identification on a duct
with constant cross-sectional area. Image
adapted from [21].

As depicted in Fig. 2.5, a duct of constant cross-sectional area with uniform mean flow (u)
is considered. Initially, two pressure sensors are mounted along the duct in order to calculate
the Riemann invariant f(t), which allows for calculation of g(t), directly. Analog to Eq. 2.22,
the pressure readings at the sensors can be written in terms of the downstream and upstream
propagating waves, which are delayed in time:

p′1
ρc

= f1(t) + g2(t− τ−1,2) (2.49)

p′2
ρc

= f1(t− τ+
1,2) + g2(t). (2.50)

Here, τ±1,n = (xn − x1)/(c± u) are the time delays of the acoustic waves between locations x1
and xn, traveling downstream and upstream, respectively. With evaluation of Eq. 2.50 at
t− τ−1,2 and insertion into Eq. 2.49, g2(t) can be eliminated, which yields:

f1(t) = p′1(t)
ρc
−
p′2(t− τ−1,2)

ρc
+ f1(t− τ+

1,2 − τ
−
1,2). (2.51)

This expression can be solved in real-time by employing a feedback loop, which is depicted in
reference [18] or can be deduced from Fig. 2.6. As mentioned in Sec. 2.2, the Two-Microphone
Method features the disadvantage of singular frequencies, which occur at

ωm = 2πm
τ+

1,2 + τ−1,2
, m ∈ Z. (2.52)

In order to circumvent this issue and to increase the accuracy, the scheme is extended to more
than two pressure probes. Thus, instead of evaluation of Eq. 2.50 at t− τ−1,2, the arithmetic
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Figure 2.6.: Feedback loop of the online wave identification scheme as developed by Moeck et
al. [112] and adapted from the figure in reference [21].

mean of the remaining N −1 pressure sensors at their respective time delays is inserted, which
then yields:

f1(t) = p′1(t)
ρc
− 1
N − 1

N∑
n=2

p′n(t− τ−1,n)
ρc

+ f1(t− τ+
1,n − τ

−
1,n). (2.53)

In order to be applicable in conjunction with the controller, described in Sec. 2.4, this
expression needs to be implemented in a programming environment. To that end, a block
diagram was derived, which is shown in Fig. 2.6. Note that the time delays are expressed in
exponential form, which is the frequency-domain equivalent. The block diagram basically
represents Eq. 2.53 in a graphical way. Initially, the mean values of the delayed pressure
readings from all but microphone 1 are subtracted from p′1. Then, a feedback loop is entered,
in which the arithmetic mean values of the delayed f -waves (last term on the right-hand side
of Eq. 2.53) are added.
Thus, the required steps for applying an active modification of the acoustic boundary

condition in a suitable actuated measurement duct were presented. The scheme is used in
Chap. 7, where additional information on the implementation at the high pressure test rig is
given.
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CHAPTER 3
Current Test Rig and Requirements

In this chapter, the regarded single-burner high pressure test rig is described. Initially, the
test site housing the rig is shortly introduced. Subsequently, the test rig itself and its relevant
characteristics are detailed. The final three sections aim at explaining the various instruments,
which are required for achieving the main objectives of a thermoacoustic characterization and
the active impedance control.
The test site, referred to as Clean Energy Center, is operated by SIEMENS Energy and

located in Ludwigsfelde, Germany. It is used for material and component testing of combustion
chamber parts under realistic operating conditions [101]. I. a., the site features two test cells
dimensioned for combustor systems of large power plant turbines. This includes, for instance,
SGTx-4000F, SGTx-8000H, and SGTx-9000HL engines. The latter is depicted in Fig. 3.1,
where the colored frame highlights one of the can-annular combustors. Depending on the
power frequency, twelve or sixteen of these cans are employed in the engine. One of the
combustor can segments is represented by the combustion test rig described in the following
section.

Figure 3.1.: Render image of a SIEMENS SGT5-9000HL heavy duty gas turbine adapted
from reference [166]. One can combustion chamber is highlighted by a colored frame.
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3.1. Current High Pressure Combustion Test Rig

With the current test rig, measurements of various parameters like power output, efficiency,
and emissions are possible. Furthermore, thermoacoustic oscillations can be detected using
CP235 piezoelectric pressure transducers from Meggit SA, which are specifically designed for
gas turbine applications [184]. They measure pressure fluctuations in characteristic locations,
in order to maintain comparability between different test rigs. However, currently they cannot
be used to identify upstream and downstream propagating waves, as they are not mounted in
an array allowing for wave decomposition.
The test rig consists of an outer pressure housing. Inside, interchangeable flow boxes can

be mounted in order to simulate different burner systems. The engine’s combustor annulus is
reduced to single burner configurations, which corresponds to 1/12th or 1/16th of the engine’s
combustion segment, which is represented by the flow box. Thus, for can-annular systems,
incorporation of one can yields very close resemblance of the flow and combustion parameters.
Fig. 3.2 depicts a schematic of the components of the test rig located inside the pressure
housing.

The flow box guides compressed air from the compressor outlet on the lower left-hand side
to the combustor in the upper-left part. As in the engine, the air flow around the combustion
chamber is used to cool the combustor walls. Subsequently, the air enters the annulus-shaped
flow sleeve, which directs it to the plenum upstream of the burner. The entire burner and
parts of the combustion chamber are connected to the burner base plate, which is accessible
from the outside. The schematic burner depiction is divided into an inner pilot and an outer
main stage. Downstream, the combustion chamber is located, which can be further separated
into the upstream basket and the downstream transition. As the name implies, the latter is
responsible for transition of the circular shape at the basket to the annulus-segment, present
at the turbine inlet. The first vane stage is resembled by the vane simulation section (VSS),
which consists of airfoil-shaped profiles accelerating the exhaust air flow. Downstream, the
dump segment realizes the transition back to a circular cross-section. The back pressure valve,
featuring a movable cone-shaped piston, regulates the mean pressure inside the test rig.

In order to allow for a thermoacoustic characterization and impedance tuning (cf. Sec. 1.8),
the test rig has to meet various requirements that have thus far never been incorporated in
an industrial high pressure test facility. Main challenge is the implementation of impedance

flow box

combustion
chamber

back pressure
valve

vane simulation
section

flow sleeveburner base plate

burner main stage

plenum
pilot stage

dump
compressor

air inlet

Figure 3.2.: Schematic of the single burner high pressure combustion test rig. The parts are
labeled according to the terminology used in the work.
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tuning while retaining the original test rig geometry. The following sections give an overview
of the requirements for achieving the objectives of this work. Mutual requirements are
highlighted and first implications on the realization are given.

3.2. Requirements for Measurements of Flame Transfer Matrices

An overview of the basics regarding measurements of flame transfer matrices was given in
Sec. 1.7. In summary, determination of the flame transfer matrix requires acoustic forcing
and measurement of the acoustic variables both upstream and downstream of the flame.
Possible provisions in the test rig are schematically depicted in Fig. 3.3.

The upstream sensors are needed for determination of the primitive acoustic variables at the
burner outlet. Yet, these cannot be measured directly under reacting conditions, as previously
described in Sec. 1.7. However, with knowledge of the burner transfer matrix, they can be
deduced from the sound field at the burner inlet. The burner transfer matrix is obtained
either experimentally or using the partially empirical L-ζ-model, which was developed by
Schuermans et al. [161].

Acoustic pressure and particle velocity upstream of the burner are, for instance, determined
using the Multi-Microphone Method. For application of this technique, the sensors need
to be calibrated. Their relative amplitude and phase runs have to be incorporated in the
corresponding evaluation scripts in terms of complex calibration coefficients.

Due to the geometry of the burner plenum (cf. Fig. 3.2), a geometric modification, allowing
for a wave identification directly upstream of the burner, would be the prime option. However,
as the test rig’s concept relies on a close resemblance of the engine, another solution has to be
found. Two options are discussed in Chap. 4. The first incorporates an experimental wave
decomposition in the flow sleeve, which is denoted by blue crosses in Fig. 3.3. In conjunction
with the numerically obtained transfer behavior from the slow sleeve outlet to the burner
inlet, the required variables can be calculated. The second approach employs the unsteady
pressure drop over the burner [160], which is discussed in Sec. 4.3. In the schematic, this
option is denoted with orange crosses.
Similarly, the complex test rig geometry impedes a straightforward determination of the

acoustic variables downstream of the flame with the standard Multi-Microphone Method. As

upstream
actuator

downstream
actuator

upstream
sensors

downstream
sensors

upstream
actuator

Figure 3.3.: Schematic of the required instruments for measurements of flame transfer matri-
ces. Blue and orange components denote options, i. e., only one of each is required.
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n o d u ct of c o n st a nt cr o s s- s e cti o n al ar e a i s pr e s e nt, t h e t e c h ni q u e n e e d s t o b e e xt e n d e d t o
d u ct s  wit h n o n- u nif or m cr o s s- s e cti o n s.  T hi s t o pi c i s di s c u s s e d i n C h a p. 5 .

Hi g h a m plit u d e a c o u sti c e x cit ati o n n e e d s t o b e r e ali z e d u p str e a m of t h e i m pl e m e nt e d
( u p str e a m) s e n s or arr a y.  T h e r e a s o n f or t h at i s e x pl ai n e d i n C h a p. 4 .  F or  m e a s ur e m e nt s of
t h e fl a m e tr a n sf er b e h a vi or, f or ci n g  m a y b e r e ali z e d vi a  m o n o-fr e q u e n c y or s w e e p e x cit ati o n.

A s s h o w n i n Fi g. 3. 3 , i n c or p or ati o n of t h e s e n s or s i n t h e fl o w sl e e v e r e q uir e s a n a ct u at or
m o u nt e d u p str e a m of t h at l o c ati o n,  w hi c h i s d e n ot e d b y a bl u e l o u d s p e a k er.  N ot e t h at
l o u d s p e a k er s o nl y a ct a s a s c h e m ati c t o ol i n t hi s c a s e a n d ar e g e n er all y u n s uit e d f or a p pli c ati o n
i n i n d u st ri al t e st ri g s. I n c a s e of t h e s e n s or s b ei n g  m o u nt e d u p str e a m a n d d o w n str e a m of
t h e b ur n er, p o siti o ni n g of t h e a ct u at or at t h e b ur n er b a s e pl at e ( or a n g e l o u d s p e a k er)  w o ul d
b e vi a bl e, a s  w ell.  T h e s u g g e st e d t y p e of a ct u at or a n d it s p o siti o ni n g ar e i n v e sti g at e d a n d
di s c u s s e d i n C h a p. 6 .

F u rt h e r m or e, hi g h a m plit u d e a c o u sti c f or ci n g d o w n str e a m of t h e fl a m e i s r e q uir e d,  w hi c h
i s i n di c at e d b y a bl a c k l o u d s p e a k er i n Fi g. 3. 3 .  R e q uir e m e nt s o n t h e a ct u at or i n t er m s of
m e a s ur e m e nt of t h e fl a m e tr a n sf er  m atri x ar e e s s e nti all y si mil ar t o t h o s e i n t h e u p str e a m
r e gi o n.  H o w e v er, a s  will b e s e e n i n S u b s e c. 3. 4 , a hi g hl y c a p a bl e a ct u at or n e e d s t o b e
e m pl o y e d f or i m p e d a n c e t u ni n g, a n y w a y s.  D e v el o p m e nt of a s uit a bl e d e vi c e i s d e s cri b e d i n
C h a p. 7 .

3. 3. R e q uir e m e nts f or  M e as ur e m e nts of Fl a m e  Tr a nsf er F u n cti o ns

I n c o m p ari s o n t o  m e a s ur e m e nt of a fl a m e tr a n sf er  m atri x, d et er mi n ati o n of a fl a m e tr a n sf er
f u n cti o n g e n er all y r e q uir e s l e s s  m o di fi c ati o n s t o t h e hi g h pr e s s ur e t e st ri g.  Di ff er e nt o pti o n s
f or t h e n e c e s s ar y e q ui p m e nt ar e d e pi ct e d i n Fi g. 3. 4 .

T h e r e q uir e d i n p ut v ari a bl e s f or t hi s t y p e of t h er m o a c o u sti c c h ar a ct eri z ati o n ar e t h e p arti cl e
v el o cit y u p str e a m of t h e fl a m e, a s  w ell a s t h e gl o b al h e at r el e a s e of t h e fl a m e.  A s d e s cri b e d i n
t h e p r e c e di n g s e cti o n, t h e v el o cit y at t h e b ur n er o utl et c a n n ot b e dir e ctl y  m e a s ur e d u n d er
r e a cti n g c o n diti o n s.  A n al o g o u sl y, k n o wl e d g e of t h e b ur n er tr a n sf er  m atri x, all o w s t o d e d u c e
t h e v el o cit y fl u ct u ati o n s at t h e b ur n er o utl et fr o m t h o s e at t h e i nl et.  A g ai n, t w o a ct u at or
l o c ati o n s a n d t w o s e n s or c o n c e pt s ar e p o s si bl e.
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Fi g u r e 3. 4.: S c h e m ati c of t h e r e q uir e d i n str u m e nt s f or  m e a s ur e m e nt s of fl a m e tr a n sf er f u n c-
ti o n s.  Bl u e a n d or a n g e c o m p o n e nt s d e n ot e o pti o n s, i. e., o nl y o n e of e a c h i s r e q uir e d.  T h e
o pti c al s e n s or i s a n alt er n ati v e t o t h e s e n s or s d e n ot e d i n bl a c k.
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The flame response is measured in the combustion chamber. This may be realized using
various methods, which are generally divided into acoustic and optical techniques. The optical
approach (green sensor in Fig. 3.4) focuses on the determination of the global heat release
rate fluctuations, the advantages and disadvantages of which are mentioned in Sec. 1.7. In
summary, multi-species chemiluminescence measurements deliver the most accurate results.
That said, they are still not regarded reliable under all operating conditions and require
extensive sensor calibration, as well as an ample optical access to the flame.
For the acoustic approach, the T22-element in Eq. 1.5 simplifies to H(ω) = ûd/ûu. In

consequence, the velocity fluctuation inside the combustion chamber is sought. It may, for
instance, be measured using the Multi-Microphone Method, which is indicated by black
crosses in Fig. 3.4. Under the premise of the fixed non-constant cross-sectional combustor,
the wave decomposition needs to be adapted, which is elaborated in Chap. 5.

In general, determination of the flame transfer function can be realized by acoustic forcing
from upstream or downstream of burner and flame. As the equation system (Eq. 1.5) contains
two equations and two unknown variables, only one acoustically excited state is necessary to
solve it. Thus, if optical sensors were incorporated, acoustic excitation could theoretically be
implemented downstream of the flame, which is denoted by a green loudspeaker in Fig. 3.4, or
upstream of the burner. Conversely, acoustic sensors inside the combustor require excitation
in the upstream region. Options are highlighted analogously to the elaborations in Sec. 3.2.

3.4. Requirements for Impedance Tuning

The concept of an active modification of the acoustic boundary condition was detailed in
Sec. 2.4. Initially, the open-loop reflection coefficient of the combustion chamber outlet needs
to be determined. In theory, acoustic forcing would not be imperative for this task. However,
the signal-to-noise ratio can be drastically increased by acoustic forcing and cross-correlating
the measured pressure fluctuations with the actuator signal. Thus, implementation of an
upstream acoustic excitation is preferable, which coincides with the requirement for the
thermoacoustic characterization, discussed in the preceding sections. Possible locations are
highlighted in blue and orange in Fig. 3.5 and their performance is investigated in Chap. 6.

upstream
actuator

downstream
actuator

downstream
sensors

upstream
actuator

Figure 3.5.: Schematic of the required instruments for the active modification of the down-
stream acoustic boundary condition. Blue and orange components denote options, i. e., only
one of them is required.
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In order to measure the Riemann invariants for calculation of the combustor’s open-loop
reflection coefficient, a sensor array facilitating the Multi-Microphone Method is required. A
schematic depiction of such an array is denoted with black crosses in Fig. 3.5. The same
sensor array is further needed for the online wave identification, mandatory for implementation
of the impedance tuning concept. Extension of the frequency-domain and the time-domain
Multi-Microphone Method to ducts with variable cross-sectional area is detailed in Chap. 5.
Attention has to be paid to the phase runs of the utilized pressure transducers. In order to
apply the scheme shown in Fig. 2.3, the phase relations need to be similar for each of the
sensors. Furthermore, the amplitude deviations between the microphones are ideally close
to constant in the regarded frequency range. Otherwise, corresponding complex calibration
coefficients need to be implemented in the controller software.
The key component in the realization of the active modification of the combustor outlet

impedance is a suitable acoustic actuator downstream of the sensor array. I. a., the device has
to be capable of a high-bandwidth and high-amplitude excitation. The required amplitude is
difficult to quantify, as it depends on several parameters, such as the operating point and
the aimed closed-loop reflection coefficient. A good indication are, for instance, the incident
sound waves. In order to achieve non-reflecting conditions, they need to be canceled. Thereby,
the required amplitude can be estimated.
Note that pressure fluctuations due to combustion noise or thermoacoustic phenomena

increase with mean pressure, which was for example shown by Freitag [50]. This is related to
an increased reaction rate at elevated pressures due to a higher concentration of reactants.
Thus, an increased heat release rate is promoted, which in turn, constitutes an acoustic
source term [108]. High peak amplitudes of approximately 210 mbar, caused by self-excited
thermoacoustic instabilities, were measured while testing a prototype SGT6-4000F gas turbine
by Seume et al. [163]. These considerations yielded a target amplitude requirement, which is
not disclosed in this thesis, however.
In order to enable broadband impedance tuning, the actuator should additionally feature

a linear response between its input and the generated perturbation at the sensor array.
Furthermore, a high-bandwidth excitation in the determined frequency range should be
possible. In sum, these three requirements are currently not met by any actuating device
known to the author. Development of an appropriate actuator concept via numerical and
experimental methods is presented in Chap. 7.

Another crucial prerequisite for a functioning active broadband modification of the acoustic
boundary condition is a proper phase run of the actuator transfer function, which was
explained in Sec. 2.4. It is determined by the time lags associated to the numerator and the
denominator in Eq. 2.48 and corresponding investigations are discussed in Sec. 7.6.

In conclusion, impedance tuning requires actuators upstream and downstream of the flame,
as well as sensors inside the combustion chamber. A thermoacoustic characterization, i. e.,
measurement of the flame transfer behavior generally leaves more options. Yet, acoustic
sensors are needed in the combustor for impedance tuning, in any case. Thus, the complexity
can be strongly reduced by using the same sensor array for measurement of the flame transfer
behavior. In consequence, the optical determination of the flame transfer function becomes
obsolete.

Furthermore, both methods for thermoacoustic characterizations require sensors upstream
of the flame. Thus, the minimum requirements consist of acoustic sensors and actuators both
upstream and downstream of the flame (as depicted in Fig. 3.3). Therefore, the determination
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of the flame transfer function does not yield any reduction in the amount of necessary test
rig modifications. However, the main focus lies in the implementation of flame transfer
matrix measurements and the active modification of the acoustic boundary condition at the
combustor outlet.
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CHAPTER 4
Two Sensor Concepts for the Region Upstream of the Flame

Within this chapter, sensor concepts for the region upstream of the burner are discussed.
They are required for the determination of acoustic variables to obtain the flame transfer
behavior. Initially, suitable concepts are discussed, which account for the existing geometry
of the regarded test rig. In the following section, the first option is discussed in more detail.
A hybrid approach is presented, which uses analytical transfer matrix elements and FEM or
CFD simulations for conditioning of the analytical method. In Sec. 4.3, another method is
presented, which is based on determination of the unsteady pressure drop over the burner.
Finally, both methods are discussed in terms of additionally required investigations and
practical considerations.

4.1. Discussion of the Utilized Methods

Part of the thermoacoustic characterization of a burner system is the determination of the
acoustic flame transfer behavior in terms of a flame transfer matrix or a flame transfer function.
As detailed in Chap. 3, measurement of the flame transfer function requires sensors capable of
measuring at least the velocity fluctuations at the burner inlet. Experimental determination
of the flame transfer matrix, additionally requires measurement of the acoustic pressure.
However, as direct velocity measurements are not viable in most test rigs, and especially in
high pressure facilities, pressure measurements are required in any case.

One option to obtain the velocity fluctuation at the burner inlet is measuring the unsteady
pressure drop over the burner. Both variables are related via the burner transfer matrix.
The theoretical background was detailed by Schuermans [156] and the specific procedure is
explained in reference [160]. The required hardware consists of two pressure sensors, one at
the burner inlet and one in the combustion chamber. The method is explained in more detail
in Sec. 4.3.

A standard approach to measure the primitive acoustic variables in combustion test rigs is
the Multi-Microphone Method (e. g., references [11, 49, 69, 128, 135, 157]), which necessitates
a duct with constant cross-section and a constant temperature profile. However, as the
regarded test rig closely resembles the real engine’s combustion segment, it does not feature a
duct of uniform cross-section directly upstream of the burner. An option to deal with this issue
is locating the upstream sensor array in the flow sleeve (cf. Fig. 3.2). This section features
a constant cross-sectional passage, where the Multi-Microphone Method can be applied.
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Thereby, the acoustic variables at the flow sleeve outlet can be determined. The transition
to the burner inlet is formed by a plenum with an unknown acoustic transfer behavior. It
is characterized by a transfer matrix, which can be obtained using several approaches. If
an experimental approach was chosen, a test rig resembling the flow sleeve, plenum, and
burner section would be required. Accordingly designed, it could even allow for the same
operational parameters, such as temperature and flow field. Acoustic excitation and sensor
arrays needed to be employed both at the flow sleeve and in the burner passage. However,
this approach is highly expensive and once the measurements are conducted, extrapolation to
other operational parameters might be difficult.

Another option is to conduct numerical analyses, i. e., CFD or FEM simulations. The major
issue with CFD are expenses, strongly increasing with geometrical complexity and mean flow
conditions. Furthermore, flexibility in terms of operational parameters is quite low. FEM
simulations can be conducted using, for instance, Helmholtz solvers (no mean flow) or LEE
solvers. Such methods were applied in a similar context, for example, by Laera et al. [89].
Compared to CFD, expenditures can be decreased, as computations execute much faster.
However, setting up a reliable and accurate simulation still requires considerable validation
effort.
Transfer matrices may also be derived in an analytic way. Comprehensive collections of

transfer matrices representing numerous geometries are found in the publications of Munjal
[119, 121]. Such analytically derived expressions bear the advantage of a straightforward
implementation and high flexibility in terms of operational parameters. However, accuracy in
the regarded parameter space has to be verified beforehand.

Hence, in Sec. 4.2, a procedure for developing and validating an analytical transfer matrix
of the plenum is presented. In the first step, the geometry in question is introduced. A suited
transfer matrix representation for the stationary case is detailed and later validated with an
FEM simulation. A means for optimizing the analytical method by fitting the underlying
geometry is presented in Subsec. 4.2.2. Subsequently, analytically determined transfer
matrices with mean flow are presented. In a final step, the resulting transfer matrices need
to be validated and optimized for the operational parameter space using experimental or
numerical methods. However, this step was not in the scope of this work.
The result is a conditioned analytical method of obtaining the plenum’s transfer matrix,

which can be quickly evaluated for a large range of operational parameters, as computational
demands are extremely low.

4.2. Transfer Matrix Representation of the Plenum Geometry

The method used in this section is comparable to the procedure of setting up a low-order
network model, as introduced in Sec. 2.3. Several transfer matrices T, representing the
acoustic input-output behavior of the system’s elements, are multiplied to characterize the
acoustic system:

T =
N∏
i=1

Ti, (4.1)
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where N is the total number of elements. Note that transfer matrices in this chapter are
denoted differently than in Sec. 2.3, as the particle velocity û is replaced by the volume flow
velocity v̂ = ûA:[

p̂d
v̂d

]
=
[
T11 T12
T21 T22

]
︸ ︷︷ ︸

T

[
p̂u
v̂u

]
. (4.2)

This notation stems from Munjal [121] and it simplifies calculations, especially at jumps in
the cross-sectional area of duct elements. As explained above, the acoustic transfer behavior
of the plenum upstream of the burner shall be investigated. The employed geometry is a
simplified model of the actual parts in the high pressure test rig and is shown in Fig. 4.1.
The geometry is an excerpt from that depicted in Fig. 6.2. Lengths, cross-sectional areas,

flow sleeve
main burner

pilot burner
plenum

Figure 4.1.: Simplified geometry for
the development of the transfer ma-
trix method for the region upstream
of the burner. Combustion air en-
ters at the righthand face of the flow
sleeve, is redirected at the plenum,
then enters the two burner passages.

and volumes are similar to those found in the test rig. However, constructional details were
excluded for this study.

Eventually, measurement of the acoustic pressure field is realized at the flow sleeve via the
Multi-Microphone Method. In the plenum, the acoustic waves and the combustion air are
deflected and enter the burner passages. As approximately 90 % of the air passes through the
burner main stage, the pilot’s influence is omitted. The regions downstream of the burner
passage and upstream of the flow sleeve are represented by according boundary conditions.

In the books of Munjal [121] and Mechel et al. [120], numerous geometric shapes and their
transfer matrix representations are described. However, by default, no representation from
the literature fits the plenum geometry. A total of six presumably suitable expressions were
investigated throughout the conducted work. They were initially validated using analytic test
cases and then evaluated in terms of their accuracy when compared to FEM results. Yet,
only the expression delivering the most accurate results is introduced here. It consists of a

Figure 4.2.: Left: schematic geometry comprising the flow sleeve, plenum, and burner main
passage with highlighted aid lines. Right: schematic of the transfer matrix representation.
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concatenation of basic duct elements, the geometry of which was extracted as described in
Fig. 4.2. The left-hand image shows the axisymmetric plenum geometry with its neighboring
elements. Flow sleeve and burner passage are represented by short pieces of 4 mm length
to incorporate reflection at the cross-sectional jumps into and out of the plenum. The blue
line denotes a possible acoustic path, along which the straight ducts are aligned. Their
individual length is defined by the center distance from one dashed orange line to the next.
The cross-sectional area for each duct is calculated from the dashed lines, rotated around the
symmetry line, forming a conical surface. The number of ducts, the plenum is approximated
with, was part of the investigation, with 36 elements emerging as the optimum. Less ducts
produced inferior results and more elements did not improve accuracy. The right-hand image
displays a schematic of the corresponding representation in the form of an unrolled depiction
of these ducts. Lengths and cross-sectional areas are calculated using an automated script,
capable of treating the number of elements as a variable input parameter. Further note that
the annulus-shaped flow sleeve and burner passage are represented by circular duct elements,
as well.
Under the assumption of inviscid plane wave propagation at stationary conditions, each

element is described by a transfer matrix [109, 121]:

T =
[

cos(kL) −iZ0 sin(kL)
1
iZ0

sin (kL) cos (kL)

]
, (4.3)

with the wave number k, duct length L, and the characteristic acoustic impedance Z0 = ρc
A

incorporating the duct’s circular cross-section. Due to incorporation of the volume flow
velocity, cross-sectional jumps are simply described by the identity matrix.

4.2.1. FEM Computations for Validation of the Transfer Matrix Representation

In order to evaluate the performance of the found representation, numerical simulations
were conducted with the commercial finite-elements software COMSOL Multiphysics 5.2a.
The stationary simulations were conducted using the Pressure Acoustics, Frequency Domain
Interface. Operational parameters, sans mean flow, were set to typical values found in the
high pressure test rig. A frequency range from f = 20 Hz to 600 Hz was investigated, which
allows for plane wave propagation, only.

In order to compare the results, transfer matrices need to be calculated from the simulation.
As mentioned in Sec. 2.3, two linearly independent states of excitation (cases A and B)
need to be realized to determine the four unknown elements of the transfer matrix. Fig. 4.3
depicts a sectional view of the utilized computational domain with the highlighted planes
a, b, and c, where different boundary conditions were set. In excitation case A, forcing is
applied at face a and faces b and c are set to non-reflective conditions. In case B, face b is
excited, whereas a and c are set to anechoic conditions.
Acoustic excitation was realized via the Plane Wave Radiation boundary condition in

conjunction with the Incident Pressure Field node. The forcing amplitude was set to

p̂ = (ρc) 2.4× 10−4 m/s, (4.4)
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Figure 4.3.: Sectional view of the computational domain with probe locations in the up-
stream located flow sleeve and the downstream located burner main passage. The reference
planes are highlighted in red and the boundary conditions (a, b, c) are indicated in different
colors. The downstream and upstream propagating waves f and g are defined with excitation
at the flow sleeve.

which corresponds to the value employed in Sec. 6.2, ensuring linear acoustics. Non-reflecting
boundary conditions were implemented by setting the corresponding faces to the characteristic
acoustic impedance with the Impedance node. All other boundaries were set to Sound Hard
Boundary Walls. Measurement of acoustic pressure and particle velocity directly upstream
and downstream of the plenum is prone to errors due to near-field effects. Therefore, the
Multi-Microphone Method was employed to obtain the required variables at the reference
locations, which coincide with those used in the transfer matrix representation.

Fig. 4.3 further shows the mentioned reference planes, as well as the utilized sensor arrays.
From the simulated excitation cases, the following pressure fluctuations are obtained:

p̂A,B =

p̂
A
1 p̂B1
...

...
p̂A
N p̂B

N

 . (4.5)

Subsequently, the Riemann invariants are determined using Eq. 2.35 and p̂ and û are
calculated at the respective reference planes with Eq. 2.28 and Eq. 2.29. Note that the
particle velocity needs to be replaced by the volume flow velocity v̂ = ûA, in order to arrive at
directly comparable results. The transfer matrix is then calculated with the acoustic pressures
and volume flow velocities evaluated at the reference planes via:[

T11 T12
T21 T22

]
=
[
p̂A

d p̂B
d

v̂A
d v̂B

d

] [
p̂A

u p̂B
u

v̂A
u v̂B

u

]−1

. (4.6)

The resulting transfer matrix is depicted in Fig. 4.4, where solid lines correspond to
results obtained from the transfer matrix method and dashed lines denote results from FEM
simulations. The phase, colored in orange, is well approximated by the analytical expression.
Phase jumps are computed as smooth transitions by the Helmholtz solver. Absolute values,
colored in blue, obtained with both methods match relatively well up to 400 Hz. The frequency
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Figure 4.4.: Stationary transfer matrix from FEM computations (COMSOL, dashed) and
from the transfer matrix method (TMM, solid)

of the minimum in T11 is met exactly and the one in T22 is off by ≈ 26 Hz. Maximum deviations
of the magnitudes are about 20 % for T22 and approximately 10 % for the remaining transfer
matrix elements. Given the apparent errors, especially of the physically relevant T22-element,
a correction needs to be implemented.
The transfer matrix obtained with a concatenation of multiple ducts yielded by far the

best results among the investigated representations. However, it remains a simplified model
of the three dimensional plenum. Further note, the exact approach to extracting the duct
geometries, as indicated in Fig. 4.2 is by no means straightforward, which is compensated in
the following subsection.

4.2.2. Computational Parameter Optimization for the Underlying Geometry of the Transfer
Matrix Method

In this subsection, the procedure of optimizing the underlying geometry for the transfer matrix
method is explained. This step is necessary, as the determination of the acoustic path and the
corresponding geometries of the straight ducts (cf. Fig. 4.2) are error-prone. Optimization of
the transfer matrix elements was realized using the fmincon function in MATLAB, which
minimizes the deviations between analytical results and those from the FEM simulations.
Considered parameters for the optimization encompassed:

• a maximum deviation from the geometric baseline dimensions of each duct element
(10 % or 15 %),

• a regarded frequency range for optimization (50 Hz to 400 Hz or 50 Hz to 600 Hz), and
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setting allowed deviation frequency range weighting
1 10% 50 Hz to 400 Hz min(δT22)
2 10% 50 Hz to 400 Hz min(δT22 + 0.25 · δT11)
3 10% 50 Hz to 600 Hz min(δT22)
4 10% 50 Hz to 600 Hz min(δT22 + 0.25 · δT11)
5 15% 50 Hz to 400 Hz min(δT22)
6 15% 50 Hz to 400 Hz min(δT22 + 0.25 · δT11)
7 15% 50 Hz to 600 Hz min(δT22)
8 15% 50 Hz to 600 Hz min(δT22 + 0.25 · δT11)

Table 4.1.: Settings for the optimization of the geometry that is used with the transfer matrix
method.

• weighting of the most influential transfer matrix elements (T22 with 100 % or T22 with
80 % and T11 with 20 %).

Tab. 4.1 shows the simulated configurations. δT stands for the deviation between the
magnitudes of the transfer matrix elements obtained from both methods.

For the optimization, the deviations are summed up over the frequency range indicated in
Tab. 4.1. However, in the final evaluation of the optimization settings, only the frequency
range from 50 Hz to 400 Hz is considered. Due to the varying orders of magnitude, the results
are normalized by the minimum value, among the respective transfer matrix elements of
all settings. Accordingly, the optimal value is unity, while higher values indicate stronger
divergence.
The results are graphically summarized in Fig. 4.5. With setting 6, the ensemble of

deviations is the lowest and the deviation of the T22-element is among the lowest of all
settings. Comparing settings 8 and 6, optimization in the smaller frequency range proves
to be advantageous, as the lower deviations are found across all elements of T. Moreover,
weighting the T11-element with 20 % benefits the results for all three other transfer matrix
elements, as seen in settings 4, 6, and 8. Setting 2 is an exception here, as the T12-element is
poorly approximated. Settings 6 and 8 performing best, indicates that the maximum allowed

T21

T12

T11

T22

setting k

δ
T

m
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k
(δ

T
)
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Figure 4.5.: Normalized deviation of the analytically found transfer matrix elements from
those obtained via numerical computations for the eight investigated settings (cf. Tab. 4.1).
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Figure 4.6.: Representation of the
plenum with 36 straight ducts as
extracted from the original geome-
try (black) and optimized with the
fmincon function at setting 6 (cf.
Tab. 4.1, blue)

deviation from the original duct area and length of 15 % benefits the approximation. However,
increasing this value to 20 % yielded worse results, as the solver did not converge any more.
The resulting geometrical modifications,

as computed by the optimization routine, are depicted in Fig. 4.6. With the optimized
geometry as basis, the transfer matrix was calculated.

It is shown in Fig. 4.7. Both magnitudes and phases of the analytically obtained transfer
matrix elements concur with those from the numerical simulations with the Helmholtz solver
in the frequency range from 50 Hz to 400 Hz.
Up to now, the transfer matrix method was implemented for stationary conditions. The

results were validated and optimized using FEM simulations. The scheme is easily applied
and can be adapted to any plenum geometry with minor modifications. The next step in the
development of the sensor concept for the region upstream of the burner is incorporation

Figure 4.7.: Stationary transfer matrix found with numerical computations (COMSOL,
dashed) and the transfer matrix method applied to an optimized geometry incorporating multi-
ple ducts (TMM, solid).
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of the mean flow present in the high pressure test rig, which is discussed in the following
subsection.

4.2.3. Transfer Matrix Representation with Mean Air Flow

Analog to the analytically found transfer matrix under stationary conditions, expressions
for ducts with steady mean flow can be derived. As different variants are mentioned in the
literature, two of them are introduced here. According to Munjal [121] and Miles [109], the
transfer matrix of a straight duct of length L with mean flow reads

Tduct,M = e−iMkcL

[
cos(kcL) −iZ0 sin(kcL)

1
iZ0

sin(kcL) cos(kcL)

]
, (4.7)

where the characteristic acoustic impedance Z0 is defined as in Eq. 4.3, kc = k
1−M2 is a

convective wave number, and M the mean duct Mach number. With steady flow, the transfer
matrix for a cross-sectional area jump reads:

Tcsj,M =
[
1 MuZu − (1 +Kcsj)MdZd
0 1

]
, (4.8)

with Kcsj describing cross-sectional jumps. It is defined for increasing (superscript (·)<) and
decreasing jumps (superscript (·)>):

K<
csj =

(
Ad
Au
− 1

)2
, K>

csj = 1
2

(
1− Ad

Au

)
(4.9)

Based on a slightly different derivation, Greitzer et al. [55] arrived at the following definition
for duct transfer matrices with mean flow:

Tduct,G = 1
2

 Au
Ad

(
eik

+L + e−ik
−L
)
−Z0
Ad

(
eik

+L − e−ik−L
)

−Au
Z0

(
eik

+L − e−ik−L
) (

eik
+L + e−ik

−L
)  , (4.10)

where the wave numbers k±, traveling in downstream and upstream direction, are defined as
per Eq. 2.23, respectively. Greitzer et al. [55] describe increasing and decreasing jumps in
the cross-sectional area with the following two expressions:

T<
csj,G =

[
1 −2MuZ0

Ad

(
1− Ad

Au

)
0 1

]
, T>

csj,G =

1 −MuZ0Au
A2

d

(
1−

(
Ad
Au

)2
)

0 1

 . (4.11)

Validity of both derived transfer matrices was successfully shown within the work, with
both methods exhibiting only minor errors. One of the validation cases is presented in App. A.
However, at this point, only the final transfer matrix of the plenum for several main air
velocities shall be presented. Firstly, the expressions derived by Munjal [121] and Miles [109]
(Eq. 4.7 and Eq. 4.8) were applied to the optimized geometry, as depicted in Fig. 4.6. The
resulting transfer matrices for three different levels of mean flow velocities in the flow sleeve
is shown in the top image of Fig. 4.8. Considering the frequency range from 50 Hz to 400 Hz,
the transfer matrix representation at u = 0 m/s delivers absolute and phase values that
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Munjal and Miles

Greitzer et al.

Figure 4.8.: Transfer matrices of the plenum representation consisting of a concatenation of
straight ducts with mean flow. Absolute values colored in blue, phase in orange. Reference
results computed with a stationary FEM simulation (solid). Analytical transfer matrices for
various mean flow conditions obtained from the expressions derived by Munjal [121] and Miles
[109] (top) and Greitzer et al. [55] (bottom).
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match those obtained with the previously used stationary FEM simulations. With increasing
mean flow, the matrix elements T11 and T12 show significantly different curves, indicating a
dependence of the downstream pressure fluctuations on the mean flow conditions. Considering
T11, the pressure amplitude is indifferent to the flow at very low frequencies. However, towards
higher frequencies, an increasing mean velocity increases the ratio of downstream to upstream
pressure fluctuations. A reverse trend is observed with T12, where at higher frequencies,
the downstream pressure amplitudes become indifferent to changes in mean flow. At lower
frequencies, the highest differences in the ratios of downstream pressure to upstream velocity
fluctuations are apparent.
The T21 and T22-element however, are very weakly affected by a steady mean flow up to

400 Hz. This indicates that the downstream velocity fluctuations are insensitive to mean flow
variations. Greitzer et al. [55] explain this observation with the assumed incompressibility at
low Mach numbers. In this regime, no mass storage occurs and the volume flow velocities
at the inlet and outlet of a duct or cross-sectional jump element are equal. Accordingly, a
similar result is found when implementing the transfer matrix method according to Greitzer
et al. [55] (Eq. 4.10 and Eq. 4.11), which is depicted in the bottom image of Fig. 4.8
Qualitatively, the differently derived transfer matrices concur. However, deviations between
the different levels of flow velocities for the T11 and T12 elements are less pronounced than
with the expressions of Munjal and Miles.

The next step in the development of the upstream sensor design would be CFD simulations
or experiments with a range of realistic operational parameters and the original geometry of
the plenum. By validation and presumably necessary optimization of the underlying geometry,
reliability and accuracy of the results would be provided. Thus, the analytical expressions
could be used to efficiently calculate the plenum’s transfer behavior for variable operational
parameters. However, as it is unclear, which approach for the upstream sensors (Sec. 4.2 or
Sec. 4.3) will be applied, the highly expensive numerical or experimental investigations were
out of scope within the current work.

4.3. Determination of the Acoustic Variables Using the Unsteady Pressure Loss Over the Burner

As mentioned in the beginning of this chapter, a second method for determination of the
acoustic pressure and particle velocity at the burner inlet exists. It is based on the relation
of the unsteady pressure loss over the burner to the velocity fluctuation at the burner inlet.
According to Schuermans [156], assuming an unsteady compact velocity potential field without
combustion or external forces, the burner transfer matrix TB(ω) can be expressed as an area
discontinuity with mean flow:

[
p̂d/ρc
ûd

]
=

1 MB
AB
Au

(
1− ζB

(
Au
AB

)2
−
(
Au
Ad

)2
)
− iωcLred

AB
Au

0 Au
Ad


︸ ︷︷ ︸

TB(ω)

[
p̂u/ρc
ûu

]
. (4.12)

The frequency-dependent TB(ω) is thus characterized by a reduced length Lred, the cross-
sectional areas upstream (Au), inside (AB), and downstream of the burner (Ad), the burner
Mach number MB, and the burner loss coefficient ζB. The latter factor incorporates viscous
losses resulting from large velocity gradients in the vicinity of sharp edges. In practice, both
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the reduced length and the loss coefficient are curve fitted while measuring the burner transfer
function.
Substituting the (·)12-element of TB(ω) with the burner transfer function TB,12, the first

line of Eq. 4.12 reads

p̂d/ρc = p̂u/ρc+ TB,12ûu. (4.13)

Thus, TB,12 can be expressed by the unsteady pressure drop p̂d − p̂u over the burner and
the velocity fluctuation ûu at its inlet. This procedure was successfully applied by Schuermans
et al. [160] at a high pressure test rig. The authors determined burner and flame transfer
matrices on the basis of pressure measurements upstream and downstream of the burner, in
conjunction with the Two-Microphone Method inside the combustion chamber.
Note that this method requires a curve fit of the reduced length Lred and the burner loss

coefficient ζB at various operational parameters, as detailed in the work of Schuermans [156].
Therefore, practical applicability at the high pressure test rig might be intricate and thus
expensive.

4.4. Conclusion of the Sensor Design Upstream of the Flame

In this chapter, two methods for obtaining the required acoustic variables at the burner
inlet are described. The quantities are needed for a thermoacoustic characterization, i. e.,
determination of the flame transfer behavior of the burner system. As the geometry of the
regarded high pressure test rig does not allow for a direct measurement of acoustic pressure
and particle velocity, alternative methods are proposed.
The method described in Sec. 4.2 is based on a standardized approach on determining

the primitive acoustic variables with the Multi-Microphone Method in a suitable location
further upstream of the burner inlet and then incorporating the transfer behavior of the
section in between both locations. The plenum, which lies between the flow sleeve and the
burner, has an initially unknown acoustic input-output behavior. It is characterized by its
transfer matrix, which depends on the test rig’s operational parameters. The proposed method
incorporates an analytical determination of the transfer matrix with suitable expressions
derived by Munjal [121], Miles [109] and Greitzer et al. [55]. The results need to be validated
using either numerical simulations or experiments, delivering reliable results for the acoustic
transfer behavior of the plenum. This is especially necessary, as the pilot burner passage was
omitted in the present study and the overall geometry was a simplified version of that found
in the test rig. Presumably, the underlying geometry for the analytically derived transfer
matrices needs to be optimized using, e. g., the algorithm detailed in Subsec. 4.2.2. By
following this procedure, only a small number of reference CFD simulations or experiments is
required in order to condition the transfer matrix method. This method can then be used
out-of-the-box with instant results of transfer matrices for various operational parameters.
This approach is presumed to be far more practical in application than a lookup table with
data from a potentially large amount of expensive CFD simulations or experiments. Another
significant advantage of this method is that it can be applied a priori, and therefore, does not
extend the required measurement time at the high pressure test rig.
In Sec. 4.3, a second approach for determination of the sought acoustic variables is

described, which was successfully implemented by Schuermans et al. [160]. The method
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is based on two pressure sensors, upstream and downstream of the burner, respectively.
These measure the unsteady pressure drop over the burner, which is related to the velocity
fluctuation at its inlet. Note that in order to apply this method, two characteristic quantities,
describing the burner geometry, need to be curve fitted. This potentially poses an issue, as
testing time at the high pressure test rig is highly expensive.

Further note that the upstream actuator positioning is dependent on which type of sensor
design is finally chosen. With the probe array in the flow sleeve, the actuator would need
to be located somewhere upstream, i. e., mounting at the burner base plate would not be
possible.
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CHAPTER 5
Wave Decomposition in the Combustor with Non-Uniform Cross-Section

Both the active modification of the acoustic boundary condition at the combustor outlet and
the measurement of the flame transfer matrix require implementation of the Multi-Microphone
Method inside the combustion chamber of the regarded test rig. However, the standard
method can only be applied in ducts of constant cross-section. Therefore, an extension of
the technique to ducts with variable cross-sectional areas is presented within this chapter.
Initially, the Multi-Microphone Method in frequency-domain is extended to account for slowly
varying cross-sections and curvatures. The corresponding wave equation may be solved
analytically in some special cases. However, the geometry of the regarded test rig dictates
the use of numerical methods for obtaining the required solutions. Subsequently, a scheme for
a time-domain wave decomposition in ducts with variable cross-sections is presented. The
methods are validated with numerical and experimental means. Lastly, potential for errors
and recommendations on the final implementation are discussed.

5.1. Multi-Microphone Method in Ducts with Non-Uniform Cross-Sections

In specifically designed acoustical test rigs, the measurement ducts are of constant cross-
sectional area, as for instance in references [11, 49, 128, 152, 162]. In that case, the wave
identification introduced in Sec. 2.2 can be employed. However, the high pressure test
rig regarded in this work needs to maintain its geometrical design, which features a curved
combustion chamber of non-uniform cross-sectional area. Therefore, the methodology for
pressure measurements in this segment needs to be revised.
In summary, the original Multi-Microphone Method is based on fitting the solution of the

one-dimensional wave equation to the pressure measurements inside the duct (cf. Sec. 2.2).
Subsequently, the Riemann invariants can be calculated, which enables reconstruction of
sound pressure and particle velocity at an arbitrary reference plane within the same duct.
This method was further developed for applicability in time domain by Moeck et al. [112],
which is described in Sec. 2.5. Both methods are to be applied on the high pressure test rig,
regarded in this work. The frequency-domain approach is necessary for the thermoacoustic
characterization and the time-domain Multi-Microphone Method is needed for the active
modification of the acoustic boundary condition of the combustion chamber outlet. Hence, an
extension of both to non-uniform cross-sectional area ducts is required.
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Previous work on this topic is, for instance, found in the publications of Subrahmanyam et
al. [171, 172]. The authors developed special solutions to the wave equation for particular
families of variations in cross-sectional area at stationary conditions. In this work however,
the publications by Webster [189] and Rienstra [144] are used as a basis to find a suitable
wave equation and its solutions. Part of the contents of this chapter was conducted within
the master thesis of Schmidt [153].

Basis for the development of the Multi-Microphone Method in non-constant cross-sectional
area ducts is Webster’s horn equation [189]. In essence, he found a one-dimensional second-
order ordinary differential equation that approximates the sound pressure field in non-uniform
ducts at stationary conditions. An equivalent of this equation is given by Rienstra & Hirschberg
[143]:

d2p̂

dx2 + d logA
dx

dp̂
dx + k2p̂ = 0 (5.1)

⇔d2p̂

dx2 + 1
A

d
dx

(
A

dp̂
dx

)
+ k2p̂ = 0. (5.2)

Derivation of Eq. 5.2 and a detailed discussion of the assumptions are carried out in reference
[144]. The following assumptions are considered the most relevant for the development of the
wave identification scheme:

• small ratio of duct diameter to typical length scale of the cross-sectional area variation
d/LA � 1

• ratio of area-variation length scale to wave length LA/λ = O(1)

• sound hard boundaries

• duct and coordinate system may be bent as long as the curvature radius Rc =∣∣∣∣∣∣∣
[

1+( dy
dx)2

] 3
2

d2y
dx2

∣∣∣∣∣∣∣ is not smaller than LA or λ.

Rienstra [144] further derived an extension of this equation to ducts with irrotational isentropic
mean flow and rigid walls:

1
ρA

∂

∂x

(
ρA

∂p̂

∂x

)
=
(
iω + u

∂

∂x

)[ 1
c2

(
iω + u

∂

∂x

)
p̂

]
. (5.3)

Here, A, ρ, u, and c are slowly varying functions of the axial coordinate x. In order to
numerically calculate a solution of the sound propagation, these parameters need to be
determined with sufficient accuracy.

The goal is to find the Riemann invariants analog to Eq. 2.34 in the duct with non-constant
cross-sectional area, which is depicted in Fig. 5.1. However, the entries of H are no longer
given by the solution to the convective 1D wave equation, but either that to Webster’s horn
equation (Eq. 5.2) or Webster’s horn equation in generalized form (Eq. 5.3) for mean flow
applications. Both are second-order ordinary homogeneous differential equations with the
general solution

p̂(x,ω) = f̂(ω)P1(x,ω) + ĝ(ω)P2(x,ω). (5.4)
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Figure 5.1.: Schematic of the microphone array for wave identification on a duct with non-
constant cross-sectional area.

As P1 and P2 form a fundamental system, an equation analog to Eq. 2.34 can be found:
p̂(x1,ω)
p̂(x2,ω)

...
p̂(xN ,ω)

 =


P1(x1,ω) P2(x1,ω)
P1(x2,ω) P2(x2,ω)

...
P1(xN ,ω) P2(xN ,ω)


︸ ︷︷ ︸

H

[
f̂(ω)
ĝ(ω)

]
. (5.5)

In general, numerical methods are required to determine H(xn, ω, A(x), u(x), ρ(x), c(x)) for
a given setup in the regarded frequency range. In the case of stationary investigations, a
Helmholtz solver is well suited due to its efficiency. If a non-vanishing mean flow is to be
incorporated, linearized Euler solvers or more complex CFD simulations are required.

In special cases, however, the coefficients P1 and P2 can be determined analytically or with
an approximation, as is shown in the following subsection.

5.1.1. Particular Solutions to Webster’s Horn Equation

A particular solution to Webster’s horn equation may be found by substitution of A = Θ2

and Ψ = Θp̂ in Eq. 5.2 [143], which yields

Ψ ′′ +
(
k2 − Θ′′

Θ

)
Ψ = 0. (5.6)

For families of area variations of the form A(x) = (aemx+be−mx)2, such as cones or exponential
horns, Θ′′/Θ becomes constant and a solution to Eq. 5.6 is found with:

Ψ = p̂(x)
√
A = C1e

(
−i
√

(k2−m2)x
)

+ C2e
(
i
√

(k2−m2)x
)
. (5.7)

For linear area variations of the type A(x) = a+ bx, Eq. 5.2 simplifies to

d2p̂

dx2 + b

a+ bx

d
dx + k2p̂ = 0, (5.8)
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which is very similar to Bessel’s differential equation of order zero:

z2 d2y

dz2 + z
dy
dz + z2y = 0, for z 6= 0 (5.9)

⇔d2y

dz2 + 1
z

dy
dz + y = 0. (5.10)

Substitution of z = k(x+ a/b) and dz = kdx yields

1
k2

d2y

dx2 + b

k2(xb+ a)
dy
dx + y = 0 (5.11)

⇔d2y

dz2 + b

xb+ a

dy
dx + k2y = 0, (5.12)

which is similar to Eq. 5.8. As y(z) is a solution to Bessel’s differential equation, the pressure
field p̂ can be determined by:

p̂(x,ω) = C1J0(x,ω)
(
kx+ ax

b

)
+ C2Y0(x,ω)

(
kx+ ax

b

)
, (5.13)

where J0 and Y0 are zeroth-order Bessel functions of the first and second kind, respectively.

5.2. Online Wave Decomposition in Ducts with Non-Uniform Cross-Sections

Compared to the time-domain wave decomposition scheme detailed in Sec. 2.5, the down-
stream (and upstream) propagating waves in ducts with variable cross-section are not functions
of shifted arguments, i. e.,

f(x,t) 6= f

(
t− x

c+ u

)
, g(x,t) 6= g

(
t+ x

c− u

)
. (5.14)

The reason is that parts of the acoustic waves are continuously reflected due to the variation
in cross-sectional area [172]. Thus, the Riemann invariants g1 and f2 emitted from a duct
segment are expressed as functions of the incident waves f1 and g2 (cf. Fig. 5.1):

g1(t) = F1,2,g(f1,g2) (5.15)
f2(t) = F1,2,f (f1,g2) (5.16)

Hence, the incident waves can be related to the fluctuating pressures and the emitted waves
analog to Eq. 2.49 and Eq. 2.50:

f1(t) = p′1
ρc
− F1,2,g(f1,g2) (5.17)

g2(t) = p′2
ρc
− F1,2,f (f1,g2). (5.18)

Once a model for F1,2 is found, both equations can be solved with the feedback loop presented
in Fig. 5.2. As detailed in Sec. 2.5, the Two-Microphone Method is only marginally stable,
as it features singular frequencies. Furthermore, accuracy can be improved by incorporating
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Figure 5.2.: Online wave decomposition scheme for two microphones on a duct with non-
constant cross-sectional area. Left: feedback loop, right: model for duct segment incorporating
the scattering matrix S1,2.

multiple sensors, effectively lowering the influence of noise. Thus, the introduced loop is
extended to N > 2 sensors by incorporating the arithmetic mean of g1, which is depicted
in Fig. 5.3. The aim is to find state-space representations for F1,n, which necessitates
determination of the scattering matrices S1,n:[

f̂n
ĝ1

]
=
[
S1,n

11 (ω) S1,n
12 (ω)

S1,n
21 (ω) S1,n

22 (ω)

]
︸ ︷︷ ︸

S1,n

[
f̂1
ĝn

]
. (5.19)

This is done a priori in frequency domain, whereby experimental or numerical means would
be an option. A theoretical approximation, incorporating Webster’s horn equation is possible,
as well. Insertion of Eq. 5.4 into the one-dimensional linearized conservation of momentum
(Eq. 2.14)

ρiωû = −∂p̂
∂x

(5.20)

yields

û(x,ω) = − C1
ρiω

∂P1(x,k)
∂x

− C2
ρiω

∂P2(x,k)
∂x

. (5.21)

Assuming small distances between the microphone locations, the Riemann invariants may
be expressed in terms of the primitive acoustic variables, as per Eq. 2.28 and Eq. 2.29.
Substitution of Eq. 5.4 and Eq. 5.21 into these equations yields

f̂ = C1
2ρc

(
P1 + i

k

∂P1
∂x

)
+ C2

2ρc

(
P2 + i

k

∂P2
∂x

)
, (5.22)

ĝ = C1
2ρc

(
P1 −

i

k

∂P1
∂x

)
+ C2

2ρc

(
P2 −

i

k

∂P2
∂x

)
(5.23)
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Figure 5.3.: Feedback loop of the online wave decomposition scheme. Extension for N micro-
phones located along a duct with non-constant cross-sectional area.

Subsequently, f̂ and ĝ are evaluated at x1 and x2, respectively. They are sorted by emitted
and incident waves and written into an equation systems as follows:[

f̂2
ĝ1

]
=

P1(x2) + i
k
∂P1
∂x (x2) P2(x2) + i

k
∂P2
∂x (x2)

P1(x1)− i
k
∂P1
∂x (x1) P2(x1)− i

k
∂P2
∂x (x1)


︸ ︷︷ ︸

:=Px2,x1

 C1
2ρc
C2
2ρc

 , (5.24)

[
f̂1
ĝ2

]
=

P1(x1) + i
k
∂P1
∂x (x1) P2(x1) + i

k
∂P2
∂x (x1)

P1(x2)− i
k
∂P1
∂x (x2) P2(x2)− i

k
∂P2
∂x (x2)


︸ ︷︷ ︸

:=Px1,x2

 C1
2ρc
C2
2ρc

 . (5.25)

Solving Eq. 5.25 for the unknown constants C1
2ρc and C2

2ρc by inversion of Px1,x2 and inserting
the constants into Eq. 5.24, the following expression can be obtained:[

f̂2
ĝ1

]
= Px2,x1P−1

x1,x2︸ ︷︷ ︸
S1,2

[
f̂1
ĝ2

]
. (5.26)

Hence, S1,2 and thus S1,n can be calculated from Pn and their spacial derivatives. Again, these
quantities have to be determined using numerical or analytical means. Once the scattering
matrices for all duct segments are known, they can be translated into state-space realizations
using the tools introduced in Sec. 2.3.
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5.3. Numerical Validation of the Frequency-Domain Multi-Microphone Method in Non-Uniform
Ducts

In this section the frequency-domain Multi-Microphone Method for non-constant cross-
sectional area ducts, developed in Sec. 5.1, shall be validated using numerical methods.
The geometry, employed for validation, is a model of the high pressure test rig’s combustion
chamber, which is shown in Fig. 5.4. As the results shall be compared to experimental results

0 0.2 0.4 0.6 0.8 1 1.2
0

0.1

0.2

0.3

0.4 curve 1
curve 2
probe locations

x (m)

y
(m

) outlet boundary

Figure 5.4.: Left: schematic of the combustion chamber (black) in the test rig (gray). Right:
combustion chamber geometry for validation of the Multi-Microphone Method in non-constant
cross-sectional area ducts. The dashed blue and orange curves, denote possible sensor locations
along the center chord and along the geometry’s upper boundary, respectively.

in Sec. 5.4, the geometry’s dimensions were scaled according to the expected temperatures
in the test rigs and the corresponding wave lengths. A conversion factor of λhp/λa ≈ 2.48
was calculated for a typical temperature ratio between high pressure and atmospheric test
rig. According to the capabilities of the cold acoustic test rig, no mean flow is incorporated.
The exact geometry of the test rig features a complex three-dimensional shape, which was
simplified by effectively turning it into a 2D geometry. The z-dimension, pointing out of the
drawing layer in Fig. 5.4, is kept constant. Due to the low-frequency acoustics and thus
only longitudinal wave propagation, this does not pose a significant limitation in accuracy.
The cross-sectional area and the curvature of the model between the black dotted lines,
corrected by the aforementioned conversion factor, match the values of the high pressure test
rig. Upstream and downstream of the dotted lines, ducts of constant cross-sectional area
are attached, in order to calculate the Riemann invariants at the boundaries of the curved
shape with the original Multi-Microphone Method. Two curves are depicted for the sensor
locations, which is due to practical considerations in the high pressure test rig. As the sensors
cannot be located close to the center chord (curve 1, blue line), they are placed close to the
upper wall (orange line), which was initially regarded as well suited in terms of practicability.
Assuming low curvatures [144], the x-coordinate in Eq. 5.2 can be substituted with the
resulting curves 1 and 2 without loss of accuracy.
The geometry was built using the Pressure Acoustics, Frequency Domain Interface of

COMSOL Multiphysics 5.2a, which was chosen due to stationary conditions. Fig. 5.5 depicts
the employed mesh for the FEM solver, which was automatically generated and features 21 491
elements. The solution was obtained in a frequency range from 50 Hz to 1200 Hz. The upper
boundary corresponds to the lowest cut-on frequency of the test rig. However, results are
only shown up to f = 800 Hz for clarity. Boundary conditions were implemented as follows:
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Figure 5.5.: Mesh for the FEM-validation of the Multi-Microphone Method in ducts with
variable cross-sectional area.

• Upstream: Plane Wave Radiation, non-reflective boundary condition for plane waves,
allowing for simultaneous excitation.

• Downstream: depending on the type of investigation either non-reflecting (R = 0) with
Impedance node, fully reflecting (R = 1) with Sound Hard Boundary Wall, or fully
reflecting (R = −1) with Sound Soft Boundary Wall.

• All other walls are Sound Hard Boundary Walls.

A qualitative examination of the pressure field obtained from the FEM simulation can be
conducted using Fig. 5.6. The real part of the calculated pressure fluctuations is depicted

f = 600Hz f = 700Hz

Figure 5.6.: Isosurfaces of the real part of the acoustic pressure obtained with the Helmholtz
solver. Left: results for an excitation frequency of f = 600 Hz and a sound hard boundary at
the domain outlet. Right: results for an excitation frequency of f = 700 Hz and a non-reflecting
boundary at the domain outlet.
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using isosurfaces for two cases. The left-hand image shows the result for a sound hard
boundary at the outlet plane of the domain and a plane-wave excitation at the inlet with
an excitation frequency of f = 600 Hz. In the right-hand image, the outlet boundary is
non-reflecting and the image was captured at f = 700 Hz, while the legend is enforced to
the same scaling for both. Most isosurfaces show that plane wave propagation is present. In
regions of strong variations of the cross-sectional area, however they are deformed. At the
bend in the left-hand image, the isosurfaces are curved, suggesting that a pressure reading at
the top of the duct may lead to a different result than at the center chord. In the right-hand
image, this is even more pronounced, as one of the isosurfaces forms a U-bend. Note that
the images were chosen in order to specifically display this inaccuracy, which is not as severe
in all cases, especially for lower frequencies. However, in practice, the issue’s impact is not
negligible and it is discussed in several passages throughout the remainder of the chapter.

In order to quantitatively assess the accuracy of the developed wave identification scheme,
a residual is defined:

δ∗ = ||p̂FEM − p̂MMM||2
||p̂MMM||2

, (5.27)

which gives an estimate of the error made by reconstruction of the pressure field in comparison
to the underlying FEM results. The pressure field is reconstructed using three complex-valued
pressure readings from the FEM simulation, which are denoted by circles along curves 1 and
2 in Fig. 5.4. In order to put the accuracy of the scheme into perspective, three methods for
the reconstruction are employed:

1. 1D wave equation: original Multi-Microphone Method, not incorporating the variation
of the cross-sectional area (cf. Sec. 2.2),

2. Webster, analytical: solution to Webster’s horn equation (Eq. 5.13) assuming a linear
decrease of the cross-sectional area between the black dotted lines in Fig. 5.4,

3. Webster, numerical: H is determined from two linearly independent solutions of Web-
ster’s horn equation (Eq. 5.13) with the exact function of the cross-sectional area
A(x).

The error-estimate, as calculated per Eq. 5.27, is depicted for an anechoic outlet boundary
condition in Fig. 5.7. The residuals of each reconstruction are displayed for the two curves of
sensor alignment, as introduced in Fig. 5.4. Sensor alignment along the center chord (curve 1)
and reconstruction of the pressure field with the 1D wave equation yields a maximum residual
of approximately 10 % in the regarded frequency range from 50 Hz to 400 Hz. Approximating
the area variation by a linear decrease and solving Webster’s equation analytically, lowers the
maximum error-estimate in the same range to ≈ 3.5 %. By solving Webster’s horn equation
numerically, the residual is reduced to less than 1.0 %. With sensor locations close to the
upper boundary of the geometry, an overall increase of δast is observed versus center chord
locations. Again, the 1D wave equation yields the worst results, as expected. The analytical
solution to the simplified case shows a residual of ≈ 8.0 %, while the numerical solution for
the exact geometry is the most accurate with a maximum error-estimate of approximately
5.3 % in the regarded frequency range.
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Figure 5.7.: Residual δ∗ for the frequency-domain Multi-Microphone Method in a non-
uniform duct for a non-reflective outlet boundary condition calculated with three different
approaches (colors). Left: sensor locations aligned along curve 1 (center chord), right: sensors
aligned along curve 2 (close to upper boundary).
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Figure 5.8.: Reflection coefficient for the frequency-domain Multi-Microphone Method in
a non-uniform duct for a non-reflective outlet boundary condition calculated with three dif-
ferent approaches (colors). Reference solution from FEM given in black. Left: sensor loca-
tions aligned along curve 1 (center chord), right: sensors aligned along curve 2 (close to upper
boundary). Top: magnitude, bottom: phase at the inlet plane.

An important measure for the verification of the wave decomposition is the reflection
coefficient, which is calculated from the ratio of the Riemann invariants at the inlet plane of
the geometry. This is done for the two sensor-alignment curves, analog to the previous image.
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Fig. 5.8 shows the magnitude and phase of said reflection coefficients for the three
reconstructions and the reference solution obtained from the FEM simulation is given in
black.

A general verification of the FEM simulations is conducted using an analytical approximation
of the reflection coefficient of a compact and smooth contraction for very low frequencies.
Analog to Rienstra [143], the linearized mass conservation

ρA1u
′
1 = ρA2u

′
2 (5.28)

in conjunction with Eq. 2.32 yields a low-frequency approximation of the restriction’s
reflection factor. Inserting the contraction ratio α = A1/A2 = 1.54 of the duct, a reflection
coefficient of R = 0.21 is calculated. The result from the FEM simulation indicates a slightly
higher reflection for f → 0. This is presumably due to the assumption of a straight duct
in the analytical approximation, which is not fulfilled. It is expected that the additional
reflection stems from the curvature of the duct, which implies that the result of the FEM
simulation is reasonable.
Reconstruction at curve 1 (left-hand image in Fig. 5.8) shows that both magnitude and

phase of the reflection coefficient are well approximated with the numerical solution to
Webster’s horn equation. However, for the analytical solution of the linear approximation of
the cross-sectional area variation the results are less accurate, aside from very low frequencies.
The results for the 1D wave equation yields the worst results, as is the case for the sensors
being located along curve 2 (right-hand image in Fig. 5.8). For this setup, the analytical
solution does not yield reliable results, as the reflection coefficient’s magnitude diverts by
≈ 0.04 to 0.95 in the regarded frequency range from 50 Hz to 400 Hz. The phase shows
a significant error of about 2.6 rad at f = 400 Hz. The reconstruction with the numerical
solution yields an almost constant magnitude deviation from the reference solution of ≈ 0.04
with a maximum phase error of 0.4 rad.

From Fig. 5.7 and Fig. 5.8 it is apparent that locating the sensors along curve 1 is
beneficial compared to curve 2. However, due to practical considerations in the high pressure
test rig, a sensor positioning at the upper wall was determined to be readily applicable. For
that reason, this option was preferred and the acoustic test rig was set up accordingly. In
order to maintain comparability, the following elaboration will focus on a sensor positioning
at curve 2.
Validity of the developed method is further investigated by plotting the error-estimate δ∗

for fully reflecting boundary conditions at the outlet plane of the geometry in Fig. 5.9.
Again, the three introduced reconstruction methods are used and the qualitative result

is similar to those previously shown. Overall, the solution to the 1D-wave equation yields
the highest residuals for both sound hard (Rout = 1) and sound soft (Rout = −1) outlet
impedances. In the regarded frequency range from f = 50 Hz to 400 Hz, the analytical solution
to the linear approximation of the cross-sectional area variation yields maximum residuals
of approximately 6.6 % and 10 % for Rout = 1 and Rout = −1, respectively. The numerical
solution to Webster’s horn equation lowers the error-estimate to ≈ 3.5 % and ≈ 6.8 % for
sound hard and sound soft terminations, respectively. Note that these results were obtained
at curve 2, which is close to the upper wall of the geometry and therefore in the region of the
strongest curvature.
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Figure 5.9.: Residual δ∗ for the frequency-domain Multi-Microphone Method in a non-
uniform duct calculated with three different approaches (colors). Microphones are aligned
along curve 2. Left: sound hard outlet impedance, right: sound soft outlet impedance.

Further verfication is conducted for the same test cases using the practically relevant
reflection coeffiecient, evaluated at the inlet plane. Fig. 5.10 depicts the reconstructed
reflection factors for each of the utilized methods and the reference value obtained from
acoustic pressure and particle velocity in the FEM simulation (black). Both magnitude and
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Figure 5.10.: Reflection coefficient for the frequency-domain Multi-Microphone Method
in a non-uniform duct calculated with three different approaches (colors). Microphones are
aligned along curve 2. Reference solution from FEM given in black. Left: sound hard outlet
impedance, right: sound soft outlet impedance. Top: magnitude, bottom: phase at the inlet
plane.
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Figure 5.11.: Inverse values of the curvature radius Rc (solid, colors) and the typical length
scale of the cross-sectional area variation LA (dashed, black) over the corresponding curves.

phase of all reconstruction methods show good accordance to the expected reference values.
The magnitude of the numerical solution fluctuates slightly more than those obtained with
the remaining reconstruction methods. With deviations of ≈ 0.3, the phase error at low
frequencies, is largest for the reconstruction with the 1D wave equation. The numerical
solution yields the lowest phase error compared to the FEM results.

The high residuals and lack of accuracy of the reconstruction with the numerical solution to
Webster’s horn equation with sensors located along the upper wall (cf. Fig. 5.8, left) imply
that the applicability of the theory detailed in Sec. 5.1 is reduced. Critical assumptions
involve the maximum duct diameter d/LA � 1 and the curvature: Rc ≥ LA. With LA
assumed to be the length of the cross-sectional area variation, the former assumption is
adequately satisfied at d/LA ≈ 1/3. However, attention needs to be paid to the curvature.
Especially that of curve 2, which is located close to the upper wall of the geometry, does
not satisfy the assumption. In Fig. 5.11, the inverse values of the curvature radii Rc along
curve 1 (center chord, blue), curve 2 (close to upper wall, orange), and additionally along
the lower wall (yellow) are plotted over their corresponding chord coordinates. Furthermore,
the inverse value of the typical length scale LA, set to the length of the cross-sectional area
variation at the center chord, is plotted as a black dashed line. The assumption made in the
beginning of Sec. 5.1 would be satisfied, if the reciprocals of Rc were below the threshold of
the typical length scale. It is apparent that the curvature is strongest for curve 2, which is
unfavorable in the context of applying the Multi-Microphone Method with sensors along that
curve. Moving towards the lower wall decreases the curvature and thereby potentially lowers
the error made with the developed wave decomposition scheme.

5.4. Experimental Validation of the Multi-Microphone Method in Non-Uniform Ducts

In order to experimentally validate the extended Multi-Microphone Method in frequency
domain and in time domain, a cold acoustic test rig was designed and built from acrylic glass
with a thickness of 20 mm. Fig. 5.12 shows the setup in a top view. A total of 16 microphones
can be mounted along curve 2 close to the upper boundary of the curved duct. The first and
last four sensor locations are situated inside constant cross-sectional area parts of the ducts,
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Figure 5.12.: Schematic of the cold acoustic test rig for validation of the Multi-Microphone
Method in ducts with variable cross-sectional area.

allowing for application of the original, and therefore reference, Multi-Microphone Method.
The downstream end of the duct is sealed, realizing a sound hard boundary condition. The
upstream end is used for excitation with a swept sine (f = 50 Hz to 800 Hz) as well as a
pre-recorded combustion noise signal. As sound transducer, an 18” woofer without enclosure
was used.

The microphones are calibrated according to the elaborations in Subsec. 7.4.1. However,
a key difference in the cold acoustic tests in this section are the microphone holders. They
are not cooled and can therefore be flush-mounted to the inside walls. Microphones in cooled
holders are comparably more complex in handling. Yet, when the according attention is paid
to calibration steps, residuals of both flush-mounted and microphones in cooled holders are in
the same range.
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Figure 5.13.: Calibration coefficients for five microphones in flush mounted holders. Top:
magnitude, bottom: phase.
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Figure 5.14.: Residual of the frequency-domain wave decomposition obtained from mi-
crophone readings in the duct segments with constant (black, reference) and variable cross-
sectional area (blue). For comparison, the residual δ is calculated for the same setup with the
FEM simulation from Sec. 5.3.

As mentioned in Sec. 2.4, microphones with a similar phase and a constant amplitude
response are chosen among those available. The calibration coefficients are depicted in
Fig. 5.13.
Three of the microphones are mounted at locations 13, 15, and 16 (cf. Fig. 5.12) for the

reference measurement in the downstream duct segment with constant cross-sectional area.
Two additional sensors are located at positions 7 and 9, together with the microphone at
location 13, forming the sensor array in the bend. Both arrays are thus capable of measuring
the Riemann invariants at location 13, which shall be investigated later on. Initially, the
residuals of both methods are calculated with Eq. 2.36 and depicted in Fig. 5.14.
The original Multi-Microphone Method (black), which acts as reference, shows very low

residuals of δ < 0.2 % at f = 50 Hz to 400 Hz, indicating a good accordance of the measured
and calculated Riemann invariants inside the uniform duct. In the same range, the extended
Multi-Microphone Method (blue) applied in the duct with variable cross-sectional area reaches
a maximum of δ = 0.8 %, which indicates a high-accuracy reconstruction of the pressure
field. For comparison, the error-estimate δ is calculated for the reconstruction based on data
obtained from the FEM simulation in Sec. 5.3 (orange). A qualitative similarity is observed,
however, the maximum residual is more than two times higher.
In the same experiment, the downstream traveling waves f̂ , generated with consecutive

sine-signals, were calculated using the two sensor arrays in the constant and variable cross-
sectional area segments, respectively. Fig. 5.15 depicts the reconstructed Riemann invariant
at location 13 for both methods. The amplitude of f̂ is in good accordance with both methods
up to ≈ 400 Hz. However, the phase shows slowly increasing deviations of 0.05 rad to 0.2 rad
in a range from 300 Hz to 400 Hz.
In the next step, the time-domain implementation of the Multi-Microphone Method for

non-uniform ducts was validated experimentally. Microphone locations were kept the same

69



MMM: A(x) = var.
MMM: A(x) = const.

frequency (Hz)

ar
g(

f̂
)

(r
ad

)
|f̂

|

0 100 200 300 400 500 600 700 800
−π

−π/2

0

π/2

π

10−3

10−2

Figure 5.15.: f̂ -wave reconstructed with the frequency-domain Multi-Microphone Method in
the constant (black) and variable (yellow) cross-sectional area duct segments, each evaluated at
location 13. Top: magnitude, bottom: phase.

as in the frequency-domain investigation (7, 9, 13). However, the forcing signal was altered
to typical combustion noise, which was extracted from an atmospheric combustion test
with a lean premixed swirl stabilized flame. The code for online wave identification was
implemented on the dSPACE controller board according to the schematic depicted in Fig. 5.3.
The scattering matrices Sn(ω) were analytically calculated assuming linear variations of the
cross-sectional areas between neighboring microphones (Eq. 5.26). Subsequently, they were
translated into state-space realizations, according to the description in Sec. 2.3.
Again, the downstream propagating waves at location 13 were evaluated, this time with

previously recorded combustion noise as input signal. Reference values of the obtained
f -wave were calculated using the frequency-domain Multi-Microphone Method for uniform
ducts at the probe locations in the segment with constant cross-section. From Fig. 5.16, a
good accordance of the f -wave obtained from the time-domain wave decomposition inside
the non-uniform duct with that of the reference approach is apparent. Deviations in both
magnitude and phase are observed in the lower frequency range, as well as above 500 Hz.
Due to the importance of an online identification of the downstream propagating wave for
the active modification of the acoustic boundary condition, errors have to be reduced to a
minimum. This topic is further discussed in the outlook in Sec. 5.5.

Another estimate of the accuracy is obtained from investigating the reflection coefficient at
the same location, which simplifies identification of weaknesses due to an inherent normalization
of the Riemann invariants. Fig. 5.17 depicts the reflection coefficient at probe location 13 for
the reference case with the frequency-domain wave decomposition performed in the uniform
duct segment in black. The time-domain reconstruction of the Riemann invariants at the
same location is colored in yellow. Regarding a frequency range from 50 Hz to 400 Hz, good
accordance of the magnitude is obtained at frequencies between 100 and 240 Hz. Stronger
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Figure 5.16.: Downstream propagating wave at location 13. Reconstructed with the
frequency-domain (black) and time-domain (yellow) Multi-Microphone Method in the constant
and variable cross-sectional area duct, respectively. Top: magnitude, bottom: phase.
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Figure 5.17.: Reflection coefficient evaluated at location 13. Reconstructed with the
frequency-domain Multi-Microphone Method in the constant (black) and variable (orange)
cross-sectional area duct segments, and for the time-domain wave decomposition inside the
non-uniform duct (yellow). Top: magnitude, bottom: phase.

deviations occur towards 50 Hz and there is a distinct peak at 100 Hz, which is expected to
be due to electric hum. The deviations between 240 and 400 Hz reach maximum values of
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5.0 %. For further comparison, the result of the frequency-domain wave decomposition in the
non-uniform duct is highlighted in orange. The achieved accuracy is higher compared to that
of the time-domain implementation. The phase of both methods of wave decomposition in
the non-uniform duct shows deviations towards higher frequencies. Towards lower frequencies,
the frequency-domain method yields better accuracy than its time-domain counterpart.

5.5. Conclusion and Outlook for the Developed Methods

Throughout Sec. 5.3 and Sec. 5.4 it becomes obvious that the accuracy of the developed
scheme offers potential for improvement. From Fig. 5.7 a general trend can be derived,
stating that a better reconstruction is possible when moving the probe locations to the center
chord, instead of the upper wall. The physical reason for that can be found inspecting the
shape of the isosurfaces in Fig. 5.6, which are strongly bent towards the upper surface.
However, the development of the wave identification scheme inside a non-uniform duct as
presented in Sec. 5.1, among others, relies on the assumption of low curvature. This was
investigated in Fig. 5.11, where the ratio of curvature to typical length of the variation of the
cross-sectional area is presented. In conclusion, these findings indicate that probe locations
close to the lower boundary potentially deliver superior results.
However, prior to the final implementation of the developed methods, simulations for

acquiring the scattering matrices need to be conducted under realistic flow conditions, in any
case. Within this investigation, practically applicable sensor locations need to be incorporated.
The transfer behavior in between these locations and to the desired reference planes are
to be determined, respectively. This was not done for the development of the scheme, as
further simulations with mean flow were required, anyways. The results of the additional
investigations can easily be evaluated for arbitrary sensor locations. The additional effort to
obtain error-estimates for positioning close to the lower boundary is expected to be minor.
Seeing the potential gain in accuracy (cf. Fig. 5.11), this step is highly recommended.

Implementation at the high pressure test rig may invoke further sources of inaccuracy that
are to be mentioned for completeness. An insight into the influence of wave attenuation is
given by Tijdeman [175] and is an important factor to incorporate in future investigations.
However, the complexity in finding the acoustic transfer relations is highly increased and their
experimental determination may be necessary.
Furthermore, incorporation of the influence of a significant axial temperature gradient

due to cooling might be necessary. For stationary conditions, Subrahmanyam et al. [171,
172] developed solutions to the wave equation for particular families of cross-sectional area
variations and temperature profiles. Furthermore, Sujith et al. [173] developed solutions to the
wave equation for exponential, quadratic, and square root-shaped temperature profiles. Manoj
Kumar & Sujith [103] analogously derived solutions for polynomial temperature profiles,
however both of these studies also neglected convection. The results are therefore only valid
with mean flow Mach numbers M < 0.1, which is a value that might be exceeded in the
regarded test rig at certain operating points. Thus, an extension of the proposed methods
to variations in mean temperature could become necessary for ensuring a reliable wave
decomposition technique.
Note that the method is not restricted to use in combustion chambers. Any technical

applications that require determination of acoustic variables in segments of slowly-varying
cross-sections may profit from this approach. Usually, the system is redesigned and straight
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ducts are incorporated under the assumption that the acoustic fields are equal. This step
could be omitted by employing the developed wave decomposition scheme. Thereby, costs
for redesigning may be reduced and the reliability of the results may be enhanced, as no
simplifying assumptions are made.
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CHAPTER 6
Simulations for Positioning of an Actuator Upstream of the Burner

Thermoacoustic characterization of a combustor system by means of a flame transfer matrix
measurement at the high pressure test rig requires acoustic excitation upstream of the burner
section. In this chapter, different actuator types are discussed and eventually a siren actuator
is proposed.
Depending on the type of sensor array that is employed, different actuator locations are

possible. Therefore, Sec. 6.2 deals with different mounting options at the burner base plate,
which are investigated with FEM simulations. Subsequently, various options for mounting
further upstream at the flow box are studied on the basis of additional simulations. Finally,
both options are compared and practical implications are discussed.

6.1. Actuator Types and Their Eligibility

The type of actuator that is chosen is highly relevant in the context of an elevated pressure
scenario, as present in the regarded industrial test rig. Only few actuation methods provide
a sufficient acoustic pressure amplitude, cover the required frequency range and endure the
harsh environment. In atmospheric test rigs, loudspeaker drivers are the optimal choice as
a means of acoustic excitation. They feature a linear behavior in frequency and amplitude
response, are easy to operate, and inexpensive to replace. However, even in atmospheric
tests loudspeakers are prone to destruction due to high pressure peaks occurring in reacting
tests, need to be cooled and monitored extensively, and require considerable installation space.
Oftentimes, several loudspeakers are used to achieve the required control authority. In high
pressure tests, the necessary sound pressure amplitude (cf. Sec. 3.2) increases linearly with
the mean pressure (and thereby density), making loudspeakers unfeasible due to their lack of
control authority. Furthermore, the occurrent pressure peaks make a reliable operation with
loudspeakers impossible.
In intermediate or high pressure test rigs, several types of acoustic actuators come into

consideration. Bothien [18] investigated various interesting concepts. For instance, an oil
combustor was developed, the fuel supply of which could be modulated with a proportional
valve. The idea was to generate a sound source by utilizing a fluctuating heat release. However,
the generated acoustic amplitude was not sufficient, especially at frequencies higher than
100 Hz and the overall achievable frequency range was too small. Furthermore, flame blow off
was a problem at high excitation amplitudes and frequencies. In addition, Bothien investigated
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the electro-pneumatic actuator Ling Electronics model EPT-94B (cf. references [26, 96]).
The electronically controlled device modulates a driving airflow of up to 0.26 kg/s using a
pneumatic valve. This type of actuator is capable of generating sinusoidal wave shapes in a
frequency range of 20 Hz to 500 Hz, as well as noise or any other wave form. However, the
piston stroke amplitude is frequency dependent, making the actuator somewhat intricate
to handle. This is especially important considering the active modification of the acoustic
boundary condition. In case of upstream acoustic excitation, this is not an issue as long as
the required amplitudes are achieved in the combustion chamber. Another type of actuator
discussed by Bothien [18] is a proportional valve for air flow modulation. These devices are
fed by a constant supply mass flow, which is modulated by linear displacement of a piston.
High actuation amplitudes can be achieved and the devices may be operated in the harsh
environment of a high pressure test rig. Further information on proportional valves is found
in Subsec. 7.4.3.
A detailed discussion on additional actuator types, such as electro-dynamic, magneto-

restrictive, or piezo-electric zero-net-mass-flux drivers, and their suitability in high pressure
environments is carried out in Sec. 7.1.

6.1.1. Siren Actuator

In contrast to those previously mentioned, one actuator type is frequently employed in high
pressure test rigs. Siren actuators (e. g. employed in references [36, 49, 68, 83, 152, 160]) are
wide spread due to their capability of providing high amplitude excitation, ruggedness, and
general simplicity of design. Sirens modulate a driving air flow and can be operated in a wide
frequency range. However, they are only capable of excitation at one single frequency at a
time, due to their working principle. In the case of incorporation as an upstream actuator,
this is sufficient. A schematic of a siren is given in Fig. 6.1. Pressurized air enters the vessel
on the left hand side and exits from the duct on the top right. The outlet duct is alternately
opened and closed by rotation of a disk outfitted with holes, teeth, or a scalloped contour, as
realized in the actuator design described in Sec. 7.4. Thereby, the air flow is modulated and
high amplitude velocity fluctuations are induced. According to Freitag [50], the waveform of
the outgoing signal correlates with the open area, thus a sinusoidal variation of the open area
is desirable in the context of a high signal-to-distortion ratio. The shape of the rotating disk
may be altered in order to adjust the wave shape or to cover a different frequency range.

inlet
outlet

drive shaft
perforated disk

Figure 6.1.: Schematic of a siren actuator.
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Sirens are manufactured individually, thus cost and manufacturing time depend on the
design parameters. Main matters of expense are the desired level of usability as well as
pressure and temperature rating. The latter factors are obvious, as the cost increases with
more solid housing and robust sealing, especially of the moving parts. Usability can be
improved by addressing an issue in the amplitude behavior inherent to siren actuators, which
is the dependence of the actuation amplitude on the driving air flow. Increasing the rotational
frequency of the perforated disk decreases the amplitude of the velocity fluctuations. Therefore,
exciting at constant amplitudes in a given frequency range demands the siren air flow to be
adjusted by implementing a variable bypass. However, this would result in varying combustion
parameters such as equivalence ratio and bulk velocity. Accordingly, the variation in air mass
flow and possibly preheat temperature needs to be compensated for, making the experiments
time-consuming and, therefore, costly on high pressure test rigs. This issue can be addressed,
e. g., by using two sirens with controllable phases in a specifically designed arrangement.
In this setup the phase of each actuator’s outgoing velocity fluctuation can be controlled
according to the amplitude requirement at each operational point. When high amplitudes
are desired, the phase relation of both outgoing signals is set to a constructive interference.
When lower amplitudes are required, e. g., due to resonances or low damping inside the test
rig, the phase relation is altered and the total amplitude of the outgoing signal is lowered,
although the total air mass flow through the siren actuators remains constant. The increased
cost of such a setup is mostly due to the manufacturing of a second identical siren and its
necessity needs to be evaluated case by case.
The siren’s overall effectiveness is strongly dependent on its location in the test rig and

the type of mounting that is employed. In the following sections, the influence of those
contributing factors is investigated by means of FEM simulations that were mostly conducted
within the master thesis of Schneehagen [155].

6.2. Acoustic Simulations with Base-Plate-Mounted Actuator

On one hand, the positioning depends on practical considerations, i. e., the connector for the
siren may only be implemented in locations with enough space. Further, the pressure housing
of the test rig might need to be perforated and adapted, in order to fit the connector. On the
other hand, the achievable acoustic amplitude in the combustor may vary, when incorporating
different locations. For instance, segments of smaller cross-section will lower the amplitudes
due to reflection and damping.

Additionally, the location is dependent on the sensor concept employed for the thermoacous-
tic characterization. Specifically, the sensors need to be located downstream of the actuator.
This is necessary, as the sound field is strongly affected by an acoustic source. Therefore,
placing the source in between the sensor array and the evaluation location of the acoustic
variables yields false results. This becomes relevant, when considering the sensor concept
introduced in Sec. 4.2, which employs a pressure transducer array in the flow sleeve upstream
of the burner. Thus, acoustic excitation needs to be implemented upstream of the flow sleeve
to ensure proper functionality of the sensor concept. However, if the unsteady pressure
loss over the burner (cf. Sec. 4.3) is utilized, the upstream actuator may also be located
downstream of the flow sleeve.
Two main options for mounting of the upstream actuator were identified. The first is the

burner base plate, which is shown in Fig. 3.2. Actuation at this location is expected to
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yield low losses in acoustic amplitude, as it is in close proximity to the burner. The pressure
housing would not need to be adapted in this case. However, the burner base plate already
features manifold connectors for cables and fuel lines, which impedes mounting of a siren
connector. Furthermore, the sensor array in the flow sleeve (cf. Sec. 4.2) does not comply
with this option, as it is located upstream of the burner base plate.

The second identified location is further upstream at the flow box (cf. Fig. 3.3). This option
requires perforation and adaptation of the pressure housing and the achievable amplitude in
the combustor might suffer, as the acoustic waves need to pass the flow sleeve. Yet, the sensor
array in the flow sleeve could be employed and mounting space at this location is ample.

Accordingly, the first investigation presented here focuses on mounting locations of a siren
actuator at the burner base plate. Fig. 6.2 shows the sectional view of the corresponding
computational domain. It is axially symmetric around the x-axis and features the same
proportions in length, area, and volume as present in the high pressure test rig. Compared to
the complete CAD geometry, the domain was reduced in complexity. Besides confidentiality
and lower requirements on computational resources, the main reason lies in the regarded low
frequency acoustics. Hence, geometric details of dimensions well below the acoustic wave
lengths have only minor influence.

The axisymmetric domain in Fig. 6.2 consists of several parts. The flow sleeve is confined
at plane 1, which is the boundary to the flow box (omitted in the first part of the study).
Plane 1 is set to two different boundary conditions. For the reference case, an impressed
normal particle velocity is set, simulating the natural oscillation of the entire system. This
reference case is then compared to a case with the actuator attached to various locations on
the burner base plate. For these cases, boundary 1 is set to a pressure node, which is expected
to be a realistic representation of the actual case, because of the sudden area increase at
the connection to the flow box. From plane 1, the flow sleeve extends to the plenum on the
left-hand side, which is terminated by the burner base plate coinciding with the y-axis. Inside
the plenum, the combustion air is deflected into two channels, the inner one being the pilot
stage of the burner. The outer channel is an annulus resembling the burner main stage. The
combustion chamber extends from the burner outlet to the restriction on the right-hand side,
representing the vane simulation section (VSS, cf. Sec. 3.1). The circular plane marked
with a 2 is the domain outlet, featuring anechoic conditions, which is done by setting the

y

x

1

1

2

evaluation plane

vane simulation
section

burner passage

combustion
chamber

flow sleeve

burner base plate

Figure 6.2.: Sectional view of the computational domain for a base plate mounted actuator.
The boundary condition at plane 1 is an impressed normal velocity or a pressure node and at
plane 2 the impedance is adjusted to anechoic conditions.
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Figure 6.3.: (a) Base plate in plan view with four different connection strategies, which are
summarized in Tab. 6.1.
(b) Computational domain with the employed mesh and the burner base plate highlighted in
blue

impedance boundary condition to the characteristic acoustic impedance. All other boundaries
are sound hard.

Fig. 6.3b shows the unstructured mesh of tetrahedrons generated by COMSOL, featuring
a relatively fine grid for low frequency acoustics. It was made sure that the maximum element
size is smaller than 10 % of the minimum wave length at the lowest temperature, as advised
in the COMSOL User Guide [38]. The burner base plate, which contains the siren connectors
is highlighted in blue and shown in top view in Fig. 6.3a, featuring the four connection
strategies used in this study. The base configuration is a d = 50 mm circular inlet at the
center point of the burner base plate (A). The diameter was chosen, as it is considered
the standard connector size for a siren on combustion test rigs. However, there are spacial
restrictions to where the connector can be placed on the burner base plate. Several ducts
and cable connections run through the base plate, leaving very few mounting possibilities.
In order to acquire information on how various installation alternatives perform compared
to the baseline, three other representative cases were investigated. Configuration B is a
circular inlet of the same diameter as A, but placed at z/dbase = −0.26 out of center. The
z-coordinate is normalized by the total diameter dbase of the burner base plate. Option C
consists of two identical inlets, located at z/dbase = 0.26 and 0.35 off center. Configuration D
features two identical inlets, as well, which are placed symmetrically around the center point
at z/dbase = ±0.18. The test cases are summarized in Tab. 6.1.

configuration # of connectors symmetric z/dbase

A 1 yes 0.0
B 1 no -0.26
C 2 no 0.26 & 0.35
D 2 yes -0.18 & 0.18

Table 6.1.: Configurations for investigation of different actuation locations at the burner base
plate.
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Figure 6.4.: Sectional view of the temperature distribution inside the axisymmetric computa-
tional domain.

Acoustic excitation with the four configurations was realized using a normal velocity
boundary condition with an amplitude of ûexc = 0.01 m/s. The value was chosen in order to
stay within the linear regime, due to the solver not being able to reproduce non-linear behavior.
For the reference case, i. e., excitation at plane 1 in Fig. 6.2, the amplitude was scaled. In
order to achieve the same sound energy flux, an excitation amplitude of ûexc = 2.4× 10−4 m/s
was set.

Fig. 6.4 displays the temperature distribution in a sectional view of the computational
domain. From the flow sleeve to the burner outlet, the normalized temperature is set to a
constant value of 0.400, which matches the compressor outlet temperature at an intermediate
pressure level. Inside the combustion chamber, the temperature follows a linear decline from
1.00 to 0.944 from the burner outlet to the throat of the VSS. Downstream of the throat, the
temperature remains constant. The working fluid is air, assumed to be an ideal gas, with a
temperature-dependent isentropic exponent.

For the calculations carried out in this section, the Pressure Acoustics, Frequency Domain
Interface was used. Results were passed to an evaluation program in MATLAB, as is the case
for the following sections, as well. As the focus lies on comparably low frequency acoustics
up to 400 Hz in this study, only plane wave propagation is regarded. The assumption was
verified by evaluating Eq. 2.20 for the generic combustion chamber. At the burner outlet,
an area jump leads to a spherical sound wave propagation, initially. The non-axial velocity
components decline exponentially. A suitable location for data evaluation is found at an axial
distance of ∆x = 0.18 m from the burner plate, which is highlighted in yellow in Fig. 6.2.
Here, the non-axial velocity components are reduced to values below ≈ 10 % of the axial
component. In order to compare the native oscillation with excitation at the flow sleeve inlet
to the configurations A to D, the phase difference in the plane normal to the axial direction is
evaluated.

Fig. 6.5 depicts the phases of the axial velocity over the z-coordinate for mono-frequency
excitation at the flow sleeve (blue) and at the burner base plate (orange), each corrected by
its offset. The largest difference between both phases is found at the combustion chamber
wall in this example. The difference varies depending on the frequency as well as the burner
base plate configuration that is employed. The maximum value of the phase difference in the
reference plane is taken as a performance parameter for the studied configurations.
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Figure 6.5.: Exemplary offset-
corrected phase of the axial velocity
component with excitation at the
flow sleeve (blue) and at the burner
base plate with configuration A (or-
ange) at an excitation frequency of
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Figure 6.6.: Maximum phase difference of the axial velocity between the reference excitation
at the plenum and the four excitation strategies at the burner base plate

The resulting maximum phase difference between the reference excitation and each configu-
ration over the frequency is shown in Fig. 6.6. In a range from 100 Hz to 250 Hz the maximum
differences are smaller than 1.0°. Above 250 Hz, the strongest deviations of the symmetric
configurations (A, D) are smaller than with asymmetric excitation (B, C). The maxima of the
latter configurations reach 34° and 20°, respectively, while those of excitation locations A and
D stay below 5°. Those two configurations perform quite similarly. However, configuration D
with two smaller excitation holes delivers less deviations from the case simulating the natural
oscillation. This can be attributed to a more evenly spread excitation with less variance of the
phase over the radial coordinate than with the single large excitation plane in configuration
A.

Comparing cases A, B and C, it is apparent that the phase difference increases with
the level of asymmetry. Furthermore, the influence of asymmetry on the performance of
each configuration is larger than the influence of the amount of excitation planes. This
becomes obvious comparing A and D, where two excitation planes are beneficial to the
actuator performance, to B and C, where this relationship is reversed. Here, two excitation
planes perform worse, while the only difference is the radial arrangement. In conclusion, the
symmetric configurations result in a velocity distribution far more similar to the naturally
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Figure 6.7.: Exemplary offset-corrected axial velocity component with excitation at the flow
sleeve (blue) and the burner base plate with configuration B (orange) at an excitation fre-
quency of fexc = 340 Hz. (a) phase of the sound velocity (b) sound velocity level
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Figure 6.8.: (a) Sound velocity level and (b) sound pressure level for excitation at the flow
sleeve (black) and at the burner base plate with configurations A (blue), B (orange), C (yellow)
and D (purple)

occurring sound velocity field in the combustion chamber. In order to investigate the influence
of asymmetry, an exemplary spatial sound velocity distribution is evaluated.

Fig. 6.7 shows the phase and the sound velocity level over the z-coordinate at fexc = 340 Hz
for simulation of the natural oscillation and an asymmetric base plate excitation (B), each
corrected by their individual offsets. For asymmetric excitation, the radial distributions of
phase and SVL are asymmetric as well. In the exemplary result shown here, the SVL is ≈ 5 dB
larger on the side of the excitation location than at the opposite wall. Various data points
reveal the same correlation between the phase and SVL of asymmetric velocity distributions.
Analogously, symmetric mounting locations result in symmetric distributions and, therefore,
low phase deviations from excitation at the flow sleeve.

The maximum SVL and SPL values of the aforementioned configurations were measured in
the radial coordinate and plotted over the frequency in Fig. 6.8. The velocity amplitudes
of the base plate configurations behave very similarly, up to ≈ 350 Hz. The asymmetric
excitation locations lead to slightly higher sound velocity levels, with ∆SVL≈ 3 dB to 5 dB.
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This can be attributed to the asymmetric velocity fields and their locally higher maximum
sound velocities. The decline in SVL above 310 Hz, observed in the four configurations, might
be a disadvantage in the final execution. However, the issue could be corrected by using, for
instance, λ/4-connector tubes. Using suitable resonator tubes, the frequency response can be
equalized, as for instance, shown by Bothien [18]. Obvious differences to excitation at the
flow sleeve, are the resonance frequencies in the amplitude spectrum. They are due to the
boundary condition at the flow sleeve, which is set to a normal velocity in the reference case
and a pressure node, otherwise. The overall undulation of the amplitude spectra is in a similar
range for the reference case versus the four investigated excitation locations. The right-hand
plot in Fig. 6.8 shows the sound pressure level for the same configurations as before. The
individual base plate excitation alternatives do not deviate from each other significantly and
the SPL decline above 310 Hz is not as pronounced as in the SVL plot. Compared to the
simulation of the natural oscillation, the amplitude deviation over the frequency is lower with
base plate excitation.

In summary, the first investigation on the optimal siren location shows that with mounting
at the burner base plate, symmetric excitation profiles lead to a more even acoustic actuation
inside the combustion chamber than an asymmetric setup. Whether a single large tube or
two smaller tubes are used, depends on the available space at the burner base plate and on
the type of siren that is used. For example, if two sirens are incorporated (cf. Subsec. 6.1.1),
the setup with two inlets would become easier to implement. Otherwise, a configuration
with only one connector would be preferable, as the influence of a Y-piece is unknown. The
study, so far, does not include the connector tube(s) of the siren, which is due to a lack of
specifications.

6.3. Acoustic Simulations with Flow Box

As stated in the introduction of this chapter, locating the upstream actuator at the burner
base plate has two main disadvantages. The first being a limited amount of available space at
the burner base plate, which houses numerous tubes and cables for cooling, fuel, and sensors.
A further disadvantage is that the sensor design proposed in Sec. 4.2 demands an actuator
upstream of the flow sleeve, in order to enable the thermoacoustic characterization. Therefore,
an alternative upstream actuation location was investigated and is discussed in the following
paragraphs.

The domain designed in Sec. 6.2 was supplemented with a generic flow box (cf. Fig. 3.2)
that features realistic volume and area proportions. In the test rig, this box forms the plenum
upstream of the flow sleeve and downstream of the compressor inlet. It is used to investigate
actuator locations upstream of the flow sleeve. A possible position is found at the top right
wall of the flow box in Fig. 6.9. Here, a comparably large space allows for the connection
of an actuator. In fact the area is large enough to fit a horn-shaped connection, which aids
mitigating the impact of the impedance jump at the area discontinuity. Due to more available
space and therefore higher flexibility, the optimal connection type shall be investigated. In
total, three different exponential horns are compared to a simple tube and a connection with
linearly increasing area.
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Figure 6.9.: Computational domain of flow box, burner passage, combustion chamber and
vane simulation section with an unstructured mesh.

In a preliminary step, the exponential horn geometries are designed. According to Hanna
& Slepian [65], the cross-sectional area of the horn needs to follow an exponential function of
the form

Amo = Ate
hLh (6.1)

⇒ h =
ln
(
Amo
At

)
Lh

. (6.2)

where Amo stands for mouth area, which is the large opening of the horn. The smaller opening,
where the acoustic driver is located at, is denoted with At for throat area. h is the horn
constant and Lh is the horn length. The throat diameter is fixed at dt = 50 mm, the same as
in Sec. 6.2. The lower limit frequency flim of the horn is defined by

flim = hc

4π . (6.3)

A defining parameter for the limit frequency is the mouth diameter, which is set to dmo =
500 mm. This is the maximum value allowed by the flow box geometry. In theory, smaller
mouth areas lead to a lower limit frequency, but simulations have shown that the configurations
with larger mouth areas actually perform better. Presumably, this is due to a decreased
impedance jump at the flow box boundary with a larger mouth.

Furthermore, the limit frequency is highly dependent on the horn length, as becomes obvious
when inserting Eq. 6.2 into Eq. 6.3. Consequently, Lh shall be subject to investigations.
The three employed lengths are shown in Tab. 6.2 with their corresponding horn constants
as per Eq. 6.2.
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horn length Lh (m) 0.5 0.75 1
horn constant h (1/m) 9.2 6.14 4.6

Table 6.2.: Horn lengths and the corresponding horn constants

Lh=1.00m Lh=0.75m Lh=0.50m

Figure 6.10.: Computational domain with flow box and three exponential horns of different
lengths

Lower horn constants, i. e., higher horn lengths lead to a lower limit frequency and are
therefore preferable in theory. The performance of each configuration shall be investigated by
simulating the acoustic behavior when mounted at the flow box wall.
The considered horns are shown in Fig. 6.10, with their connection location indicated by

the longest horn, only. The small distance from the upper edge of the horn to the corner of
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Figure 6.11.: Sound pressure level inside the combustion chamber with three horns of differ-
ent lengths mounted at the flow box, computed with a stationary acoustic simulation
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the flow box is deliberately chosen, in order to utilize the upper wall as a horn extension,
potentially lowering its limit frequency. The temperature profiles are chosen as in the preceding
investigations, with the flow box being set to the constant compressor outlet temperature.
Due to the domain’s complexity, only stationary acoustic simulations are run with the flow
box setup. Consequently, the Pressure Acoustics module of COMSOL is used. Boundary
conditions are set similarly as in Sec. 6.2. I. e., the domain outlet downstream of the vane
simulation section is set to anechoic conditions and at the horn’s throat, a normal velocity
boundary condition with an amplitude of û = 0.01 m/s is employed. The sound pressure level
is evaluated at the same location in the combustion chamber as in the preceding sections and
it is shown for the aforementioned configurations in Fig. 6.11.

Below 100 Hz the sound pressure level in the combustion chamber is almost independent of
the horn length. At higher frequencies, however, there are differences to be observed. While
the maxima and minima of the SPL occur at roughly the same frequencies up to 250 Hz,
the amplitude increases with horn length in this frequency range. In the whole considered
frequency range of 20 Hz to 400 Hz, the mean SPL of the longest horn is ≈ 8 dB higher than
with the shortest horn and ≈ 2 dB above that of the medium-length horn. Further, the
minimum at 260 Hz is by far the least distinct with the lengthiest horn.
It can be stated that the longest horn performs best among the configurations considered

here. It is able to mitigate the impedance jump and the associated loss in acoustic energy
better than the shorter horns, which makes it preferable in this application. A horn-shaped
connection requires a comparably high production expenditure. Therefore, two further
connection types were simulated in a similar arrangement. Those are a straight tube with
d = 50 mm and a length of L = 1.0 m, and a cone of the same length with mouth and throat
diameters of dmo = 500 mm and dt = 50 mm, respectively.

As depicted in Fig. 6.12, the mounting location has been chosen in a similar way as with
the horn configurations, placing the upper edges of the connectors close to the flow box corner.
Excitation was realized in a similar manner as before and the results are shown in Fig. 6.13.

The tube connection allows for a higher sound pressure level in the lower and in the higher
part of the considered frequency range, when compared to the horn and cone connections.
However, from 210 Hz to 260 Hz, the SPL is significantly lower, leading to a strong variance
in amplitude depending on the excitation frequency. This issue can usually be addressed
by tuning the resonance frequency of the connector tube differently, in order to shift the

tube

cone
flow box

Figure 6.12.: Computational domain with flow box (cropped view) and two alternative con-
nection strategies: tube and cone of 1.0 m length, respectively
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Figure 6.13.: Sound pressure level inside the combustion chamber with a horn, a cone and a
tube, of the same length (L = 1.0 m), mounted at the flow box. Computed with a stationary
acoustic simulation.

extremal values of the SPL spectrum. Shorter tube connections were investigated, yet, did
not produce any remarkable advantages in terms of amplitude spectra. Within these studies,
the connections were no shorter than the aforementioned 0.5 m. The reason is that the test
rig is encased in a large pressure vessel, which prohibits any shorter connectors.

Connecting the actuator with a cone leads to an SPL spectrum quite similar to the horn of
the same length. Most of the resonance frequencies are shifted but the amplitudes generally
remain in the same range. However, the extremal values at 260 Hz and 302 Hz differ quite
strongly, with the cone performing worse than the horn connector. This places the mean SPL
of the cone about 2.5 dB below that of the horn. In summary, depending on the available space
and the production expenditures, the siren’s connection to the flow box should preferably be
a realized by a horn- or cone-shaped junction. The main reason is the frequency dependent
amplitude variance of the tube connector, which performs poorly in the medium frequency
range.

6.4. Comparison of Base-Plate- and Flow-Box-Mounted Actuators

In order to compare the two basic mounting locations, the acoustic fields with excitation at the
base plate are compared to those with excitation at the flow box. At each location, the best
performing configuration is employed. Thus, data acquired with the longest horn configuration
(Lh = 1.0 m) represents the flow box mounted actuator. For the base plate excitation, another
simulation is conducted using the computational domain shown in Fig. 6.9. In this case,
actuation is applied via configuration A (cf. Fig. 6.3a), i e., one connection in the base plate
center. Reasons are its good performance and its direct comparability to excitation at the
flow box wall, which is also realized with only one connection. The excitation amplitudes
for each of the investigated cases was kept the same in terms of sound energy flux at the
boundaries.
In Fig. 6.14 both aforementioned excitation cases are evaluated in terms of the sound

pressure level. As reference, data from excitation at the flow sleeve inlet from Sec. 6.2 is
displayed in black. It simulates the natural oscillation of the combustor system, however,
the flow box was not included in this computation and is approximated with a sound soft
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Figure 6.14.: Sound pressure level at the evaluation plane inside the combustion chamber
with three excitation strategies. Simulation of the natural oscillation of the system is colored in
black, excitation with a single inlet at the base plate center in blue and actuation at the mouth
of a horn (1.0 m) mounted at the flow box in red.

boundary condition. Comparing the curves for the simulated natural oscillation and the base
plate excitation (blue), the results coincide quite well, except for cavity resonances. This
indicates that the sound soft boundary condition is a good approximation of the area jump
from the flow box to the flow sleeve. Focusing on the relevant frequency range from 50 Hz
to 400 Hz, the deviation of the base plate excitation from the natural oscillation is rather
small. For excitation at the flow box (orange), this difference is more pronounced, with strong
destructive and constructive interferences at e. g., 210 Hz, 260 Hz and 302 Hz. Furthermore,
in the lower frequency range from 50 Hz to 150 Hz, flow box excitation yields amplitudes that
are approximately 10 dB lower than with base plate excitation.

In order to compare more realistic configurations, the base plate excitation shall be modified
by incorporating connector tubes like they would be required in a real application. As the
burner base plate is not encased in a pressure vessel like the flow box, the connection lengths
can be somewhat shorter than those of the connectors in Sec. 6.3. Computations are carried
out with the domain shown in Fig. 6.9, the only difference is the tubes that are attached to
face A from Fig. 6.3. The domain boundary condition, where the normal velocity fluctuation
is applied, is connected to three tubes with d = 50 mm and lengths of L = 0.25 m, 0.50 m,
and 0.75 m. The results of the generated sound pressure level at the evaluation plane in the
combustion chamber for the above mentioned connector lengths are shown in Fig. 6.15. For
comparison, the SPL for actuation directly at the burner base plate (0.0 m, blue) and for the
1.0 m-horn excitation at the flow box (black) are shown, as well. Below 75 Hz, the spectra
generated with the three tube lengths practically match. The λ/4-resonances for the tubes of
0.50 m and 0.75 m lie within the regarded frequency range and generate strong peaks of the
sound pressure level. For the shortest tube, the resonance frequency lies at approximately
540 Hz. From 50 Hz to 400 Hz, the differences between minima and maxima for the three
configurations is highest for the longest tube and lowest for the shortest tube, which is mainly
due to the higher resonance frequency of the shortest configuration. For a smooth amplitude
spectrum, the tube length should be L < c

4fmax
. Here, fmax is the maximum relevant frequency

for the investigations. Note that the speed of sound is dependent on the actual temperature
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Figure 6.15.: Sound pressure level at the evaluation plane inside the combustion chamber
with horn excitation at the flow box (black) and base plate excitation with four different con-
nector lengths: 0.0 m (blue), 0.25 m (orange), 0.50 m (yellow), 0.75 m (purple)

inside the connector tube, which depends i. a. on the maximum temperature tolerance of the
actuator components.

In summary, it can be stated that excitation at the burner base plate is preferable in terms
of deviations between minimal and maximal achievable amplitude. Furthermore, the minima
are more pronounced with excitation at the flow sleeve.

6.5. Conclusions Drawn from the Upstream Actuator Positioning

In this chapter, possible actuators for the region upstream of the burner in the high pressure
test rig were discussed. A siren actuator was found to be the most suitable type of actuator
due to its strengths in acoustic amplitude, coverage of the required frequency range, and
robustness. Due to its widespread application in academia and industry, and therefore
profound experience of the manufacturer, the risk of failures can be minimized. It can be
uniquely designed according to the required specifications, making it an optimal choice for
the specialized application at hand.

According to the identified locations for the upstream actuator, several connector types were
investigated by means of FEM simulations. The two main regions for actuation were the burner
base plate, and the flow box wall, as depicted in Fig. 6.3 and Fig. 6.10. Overall, connecting
the actuator to the burner base plate delivers the most consistent amplitude response, as the
strong reflection at the flow sleeve does not interfere with sound propagation. However, the
general mounting location is potentially restricted by the sensor concept, employed upstream
of the burner. As stated in Sec. 6.2, the use of a sensor array in the flow sleeve (cf. Sec. 4.2)
prohibits mounting of the actuator at the burner base plate. The sensor concept from Sec. 4.3
would allow both mounting locations of the upstream actuator.

Comparing different mounting options at the burner base plate, it was found that an
asymmetric arrangement yields skewed velocity fluctuations, which poses a disadvantage.
However, the performance difference between one and two symmetric mounting holes of
the same total area was rather small. Later it was shown that the connector length has a
strong influence on the amplitude spectrum, giving an advantage to short tubes with higher
λ/4-resonance frequencies.
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Excitation at the flow box was realized using several connector types, of which the longest
horn connection performed best. Compared to shorter horns, the minima of the amplitude
response were least pronounced. In comparison to a tube and a cone-shaped connection,
the horn led to the least difference between the extrema and the weakest amplitude drop at
minimal values. Production expenditure versus performance has to be taken into account
prior to realization, especially when comparing the horn with the cone connector.
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CHAPTER 7
Development and Verification of the Actuator Concept Downstream of the
Burner

Development of a suitable downstream actuator concept for the regarded high pressure test rig
is a crucial element of this work. The fulfillment of the two main objectives (cf. Sec. 1.8) relies
on a viable excitation mechanism downstream of the flame. Especially, the implementation of
impedance tuning at the combustion chamber outlet poses diverse demands on the downstream
actuator. The same device may be used for the experimental determination of flame transfer
matrices. The individual demands for both application cases are outlined in Sec. 3.2 and
Sec. 3.4, respectively.
In this chapter, the downstream actuator development is elaborated. Initially, various

concepts are discussed. The modulated injection of secondary air into the throat of the
vane simulation section emerges as a possible concept. A literature survey on comparable
applications is given in Sec. 7.2. Subsequently, numerical investigations are detailed. They
aim at gaining information about the achievable amplitude and the mean pressure dependence.
The results are used as basis for the experimental investigations presented in the following
sections. Several questions are addressed, such as, the estimated amount of required actuators
and dependence on operational parameters such as mass flux ratio, momentum flux ratio,
and mean temperature. The concept is furthermore extended to an angled injection and
compared to a siren-type excitation principle. Finally, the applicability of impedance tuning
at the regarded test rig is investigated using a time-domain network model with input data
from a CFD simulation.

7.1. Discussion of Various Actuator Concepts

Several actuator types have been investigated in order to find a device capable of meeting
key requirements such as high amplitudes, coverage of the frequency range of interest,
linear behavior in amplitude and phase and robustness in the harsh test rig environment.
Loudspeakers are not an option due to a lack of ruggedness and acoustic power density, as was
discussed in the beginning of Chap. 6. In the mentioned chapter, further acoustic actuators,
such as a siren, proportional valves, electro-pneumatic, magneto-restrictive, piezo-electric, and
electro-dynamic devices were mentioned. However, as no suitable concept emerges from this
list, further actuator types were discussed in the course of this work. The evaluated concepts
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are shown in Tab. 7.1 with their corresponding main weakness related to applicability as the
downstream actuator.

actuator type/concept main weakness
siren phase response
proportional valves amplitude
electro-pneumatic transducer amplitude linearity
intake/outlet valves (automotive) frequency range
injector valves (automotive) amplitude and wave form
fluidic oscillators phase response
electro-dynamic drivers robustness and amplitude
magneto-restrictive devices robustness and amplitude
piezo-electric devices robustness and amplitude
linear motors robustness and frequency range
movable parts in the VSS robustness (temperature)
movable parts in the BPV safety, reflection at VSS
water injection time lag for evaporation

Table 7.1.: Actuator concepts and their main weakness in the context of eligibility as a down-
stream acoustic excitation device

The siren’s major disadvantage is its inability to follow the phase of the input signal (cf.
Chap. 6), rendering it unsuitable for impedance tuning. While based on a similar principle of
modulating a driving air flow, a proportional valve for gas flow modulation (cf. Subsec. 7.4.3)
might be considered. Such actuators were successfully employed in high pressure test rigs,
e. g. by Hermann & Orthmann [71] and Kapucu et al. [83], showing their robustness in
industrial applications. They feature a linear response in terms of amplitude and frequency.
Amplitude-linearity describes a linear relation of the actuator output to varying input voltages
and air mass flows. Frequency-linearity implies that the generated response is only dependent
on the input signal at a certain frequency, i. e., the (sub-) harmonics of the input signal have
no influence on the system response [26]. Bothien et al. [18, 22] used proportional valves
for application of impedance tuning on an atmospheric combustion test rig, proving their
general suitability. However, the maximum achievable actuation amplitude is dependent on
the fluctuating mass flow output. In order to achieve the required amplitudes (cf. Sec. 1.8)
in an industrial test rig, according to Bothien [18], approximately ten to 20 valves are needed.
Note that this estimation is based on the devices being mounted on the combustion chamber
wall via (resonance) tubes. This point is discussed further below. Major disadvantages of
using large quantities of actuators are scarce availability and cost of acquisition, which is
detailed in Subsec. 7.4.3. Technical challenges include limitations in the available space,
which influences the required length of the connector tubes to the test rig. As impedance
tuning is highly dependent on the time lag between input and output signal, connections are
required to be as short as possible.
Furthermore, Bothien et al. [26] investigated an electro-pneumatic transducer (or Ling

driver), which generates a higher mass flow modulation than proportional valves. They found
that the lack of amplitude and frequency linearity necessitates the use of an alternative control
scheme, which accounts for the non-linearities. A major difference to the previously employed
method [21, 22], was the restriction to discrete frequencies. Although a successful employment
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of the non-linear actuator was achieved, disadvantages had to be accepted. For instance,
tuning to sound hard conditions at any mode can cause a different mode to enter limit-cycle
oscillations, therefore impeding a study of the actual mode of interest. For this reason
non-linear actuators like electro-pneumatic transducers are not regarded in the development
of the downstream actuator for this work.

Similarly to the aforementioned actuator types that generate a modulated air flow, further
types of devices with such features were investigated. In the automotive industry, intake and
outlet valves are used for gas flow control inside the combustion engine’s cylinders. Several
high performance devices operating at significant engine speeds, were considered. In modern
applications there is no need for mechanical cam shafts, any more, as triggering of the driving
rods for opening and closing the valves is done electronically. Thus, wave form and phase of
the outgoing signals could be adjusted to the requirements. However, the maximum achievable
frequency is highly dependent on the mass of the moving components and the corresponding
inertial forces. An initial estimation showed that the relevant frequency range could not be
covered with current high performance components.
In the automotive sector further actuator types are used, including injector valves for

direct fuel injection into the combustion cylinder. Those components are able to handle high
pressures during injection. However, their low maximum mass flow and exclusive square wave
output render them unsuitable in the prospect of this work.
So called fluidic components were first invented in the late 1950s, in an effort to develop

controllable systems without any moving parts. Belsterling [12] gives an early overview about
system design with such components. A design that emerged from logic switches was the
fluidic oscillator, which was first described by Spyropoulos [169] and subsequently refined by
Viets [185]. Basically, a fluidic oscillator incorporates bi-stable flow patterns that are usually
governed by the Coandă effect, which describes the tendency of a fluid stream to stay attached
to an adjacent surface. More recent research expanded possible applications into the field
of instability control in gas turbine combustors, as for instance shown by Guyot et al. [62].
Obvious advantages are the omission of any moving parts and a nearly arbitrary oscillation
frequency depending on the design. However, the lack of control over the phase makes this
actuator type inadequate for the required application. A design with a controllable output,
which is basically a fluidic switch, has various other disadvantages. Most prominently, the
necessary implementation to achieve a time-harmonic pressure signal in a confined space is
intricate. Another critical disadvantage is the direct dependency of the oscillation frequency
on the driving mass flow.
Conversely to fluid-injecting actuators, mechanical actuation could be employed. For

instance, electro-dynamic drivers such as shakers may be used in a similar fashion to loud-
speakers, but deliver significantly higher stroke and displacement force. They could be
mounted to robust membranes or movable walls to realize acoustic actuation, which is ex-
plained further below. However, implementation of such a driver is intricate, as the coil has to
be cooled extensively. This is even complicated by the requirement to ventilate the membrane.
Ventilation is necessary in order to avoid preloading, which results from the elevated mean
pressure inside the test rig. In addition, due to the potentially very low resonance frequency
of such an assembly, it becomes challenging to cover the required frequency range.

In analogy to electro-dynamic drivers, magneto-restrictive and piezo-electric devices could
be utilized. Their main advantage is a high displacement force, while still covering a large
frequency range. One downside is the low deflection amplitude, which to some extent can
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be compensated by stacking. Specifically, piezo-ceramics feature slightly higher deflection
amplitudes than piezo-crystals, although displacements are still in the sub-millimeter range.
In turn, crystals are more tolerant to high temperatures due to their higher Curie-temperature
(the temperature at which piezo-electric devices lose their polarization) of up to approximately
1200 K. However, for piezo-ceramics and magneto-restrictive devices, the main disadvantage
remains the low temperature tolerance. Another drawback is that the displacement of
magneto-restrictive and piezo-electric devices is pressure-dependent.
The three aforementioned actuator types, i. e., electro-dynamic, magneto-restrictive, and

piezo-electric drivers, require special mounting concepts for their implementation inside the
high pressure test rig. One such concept consists of the driver and membrane being mounted
inside a cabinet, much like the loudspeaker housings used in atmospheric test rigs. However,
in such an assembly, complex modifications to the test rig are required and various issues
concerning available space, cooling and back-ventilation have to be solved. The complexity
for the implementation of such a system is high and likewise there is a significant probability
of failure. In summary, the advantages over using conventional loudspeakers is not sufficient
to justify the additional development expenditure.

Another group of concepts involves oscillating parts being mounted directly into the exhaust
section of the test rig. For instance, in the works of Hochgreb et al. [75] and Macquisten et al.
[102], a siren-type actuator was used at the throat of the combustion chamber outlet of a high
pressure test rig. A scalloped rotor blocks the smallest cross-section of the choked outlet in a
harmonic way, thereby generating high amplitude pressure fluctuations inside the test rig.
The specific concept may not be used for an active control of the acoustic boundary condition,
due to the inability to follow the phase of the input signal. Yet, the mechanical manipulation
of the downstream boundary may be adapted to fulfill the requirements at hand. For example,
parts in the vane simulation section could be outfitted with suitable mechanical actuators in
order to generate an oscillating blockage ratio of the vanes. The idea is depicted in Fig. 7.1,
where blue dotted lines indicate the areas that could be actuated. Fluctuation of the smallest
cross-sectional area introduces sound pressure variations, both upstream and downstream
of the restriction due to modulations imposed on the flow velocity. Located inside a nozzle
throat, mechanical actuation has a comparably high influence on sound generation. However,
as the VSS is in sub-critical conditions at most operational points, prediction of the resulting
amplitude is difficult. Preliminary calculations showed that the deflection amplitudes of both
magneto-restrictive and piezo-electric devices are not sufficient, even with extensive stacking

vane simulation
section

back pressure
valve

dump

Figure 7.1.: Schematic of the high pressure test rig’s exhaust section in top view. The com-
bustion chamber is located upstream of the VSS. Downstream, the dump and back pressure
valve are connected. Possible actuation locations are highlighted blue (vane simulation section)
and orange (back pressure valve).
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or the use of levers. As previously stated, installation of mechanical actuators into the exhaust
section remains problematic due to their lack of robustness against high temperatures.

Fig. 7.1 further depicts the second proposed location with a high contraction, which is
found in the back pressure valve of the test rig. It is choked in operation, thus cross-sectional
area fluctuations at this location have an even higher and also more predictable influence
on sound generation. However, besides the aforementioned temperature concerns even more
restrictive disadvantages arise from safety concerns, which complicate modifications of related
components. Furthermore, the upstream located vane simulation section is responsible for
strong reflections, thus attenuating the possible acoustic amplitude inside the combustion
chamber.

Another option to drive movable parts (e. g., in the VSS) is a linear motor. In principle, such
devices are capable of any wave form and feature high deflection amplitudes. However, inertial
forces are responsible for a trade-off between displacement and covered frequency range, which
was the reason that none of the reviewed devices could fulfill the posed requirements.

An exotic way of generating acoustic pressure fluctuations is injecting liquids into the
exhaust section of the test rig. Water injection could benefit from a relatively low injector
volume flow, which generate a comparatively high pressure fluctuation due to evaporation.
However, preliminary calculations showed that the thermal power of the test rig at the relevant
operating conditions does not suffice to evaporate an adequate amount of water. Alternatively,
injection of a liquid propellant could be considered. In the 1970s, injection of exothermal
fluids into the divergent parts of rocket nozzles was studied, as presented in references [192,
194]. This specific application for the generation of acoustic fluctuations was investigated by
Bothien [18], who used an oil combustor, driven by a proportional valve. However, due to
intricate handling and unreliable operation, this concept was not followed any further.

As previously mentioned, mounting an actuator inside a restriction or nozzle throat increases
its efficiency. Thus, a modulated fluid injection into the smallest cross-section of the vane
simulation section is regarded a promising approach. Employment of proportional valves for
gas flow modulation is proposed, as they feature a linear response in terms of amplitude and
frequency, which has been shown in a comprehensive way by Bothien et al. [18, 22]. If the
efficiency in terms of amplitude can be sufficiently increased by mounting inside the smallest
cross-section of the VSS, a suitable actuator concept might be found.

g
vane simulation section

injection location

Figure 7.2.: General principle of the downstream actuator. In the vane simulation section,
fluid is injected in a modulated way in order to block the smallest cross-sectional area and thus
introduce a pressure fluctuation in the combustion chamber upstream of the VSS.
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The idea is depicted in Fig. 7.2, where the dotted blue line represents the injector location.
The aim is an oscillatory blockage, which in return modulates the throat velocity and generates
high amplitude acoustic fluctuations upstream and downstream of the throat.
An additional advantage of the actuation location inside the vane simulation section is its

distance from the sensor array, which needs to be located inside the combustion chamber. As
discussed in Sec. 2.4, the time lag between determination of the downstream propagating
sound waves and incidence of the actuator’s response at the sensor array is crucial for
impedance tuning to function. Thus, a location as far downstream as possible is desired.
However, downstream of the VSS is not expected to be a suitable region, as upstream
propagating waves would be reflected by the sudden cross-sectional variation.

7.2. Fluid Injection into Nozzles in the Literature

The concept of injecting fluid into a restriction was already applied several decades ago in
thrust modulation for the convergent-divergent nozzles of rocket engines. For instance, Gunter
and Fahrenholz [59] used steady air injection into the throat of a fixed-geometry supersonic
exhaust nozzle in order to control the effective throat area. Thereby, the operating conditions
inside the laval nozzle could be altered, thus enabling thrust control of the engine without
moving parts. Baruzzini et al. [9] extended the concept to pulsed injection at various incidence
angles, axial locations, duty cycles, and injector Strouhal numbers, the latter of which is
defined as:

Sr s = fds
us

. (7.1)

Using numerical methods, they compared the achievable blockage of steady and pulsed
injection at the throat. Baruzzini et al. [9] reported that at very low values of Sr s, the
main flow through the nozzle was subject to severe fluctuations. At high Strouhal numbers,
fluctuations vanished, as the time-invariant solution was approached. Lately, numerical
simulations have been conducted in order to find optimizations to fluidic injection for area
control used in fixed-geometry nozzles for throttling [4, 186]. Note that these studies focus on
a choked laval nozzle and supersonic injector velocities. These conditions are not expected in
the test rig application of this work and the results might not be comparable.

Another application of injection into nozzles is thrust vectoring. In modern fighter aircraft
or rockets, mechanical thrust vectoring is being phased out in favor of various types of bleed
air injection into the exhaust nozzles. Mason and Crowther [106] give an overview of subsonic
and supersonic thrust vectoring techniques. Considering injecting methods, subsonic control
is represented by skewing with the co-flow technique, which relies on the Coandă effect. In
order to attach the exhaust jet to one side of the nozzle, a fluid stream is injected at the
corresponding wall in exhaust flow direction. More related to the injection scheme of this
thesis, however, are methods for supersonic thrust vectoring, such as Shock Thrust Vector
Control and Fluidic Throat Skewing. Main aim of the methods is to increase control efficiency
(deflection angle per injected mass flow) and achieve low thrust loss. The foundation for these

96



fields of research were laid by research groups investigating jets in crossflow. An extensive
amount of literature can be found on this topic. However, usually, the momentum flux ratio

J = ρsu
2
s

ρmu
2
m
, (7.2)

is quite high in these works. J relates the momentum of the injector jet (index (·)s for source)
to that of the main air stream (index (·)m for main). This is mostly due to low main air
Mach numbers. Holdeman & Walker [76] used acoustically excited jets in a confined crossflow
to enhance dilution mixing in gas turbine burners. They found that the momentum flux
ratio is the most important factor for jet penetration and mixing. Yet, the density ratio of
main and injector air did not significantly influence their results. Further, they found that a
large number of actuator holes with the same total injector area decreases penetration depth
and at the same time increases blockage of the main stream. Vermeulen et al. conducted
experimental investigations of acoustically excited air jets in cold [182] and hot [183] confined
crossflows. Momentum flux ratios were in the range of J ≈ 3 and Strouhal numbers Sr s ≈
0.2 to 0.3. With pulsating jets they also found that entrainment and mixing was strongly
increased versus steady injection. At the investigated high momentum flux ratios they further
observed a strong dependence of Strouhal number and the penetration depth, which was at
its maximum at Sr s = 0.3. Later, Miller et al. [110] from Lockheed Martin invented a concept
of fluidic throat skewing for exhaust laval nozzles of fighter airplanes. The nozzle throat is
either symmetrically actuated in order to achieve area control for throttling or asymetrically
for subsonic thrust skewing. The latter is complemented by an injection at the divergent
nozzle’s exit flap, which adds the effects of shock vector control to subsonic skewing, thereby
increasing efficiency. They observed an increased main air jet deflection efficiency at a lower
loss in nozzle discharge coefficient

Cd = m

mideal
= m

At
√

2ρ∆p (7.3)

which is a measure of blockage. The authors worked together with Vermeulen’s research
group, for instance, conducting numerical simulations [13] of steady and pulsating jets in
crossflow in a duct with constant cross-section. High momentum flux ratios of J ≈ 3.7
were considered in this work. They further extended the fluidic throat skewing concept to
incorporate pulsed injection [111]. The nozzle in this study featured a pressure ratio of 2.0
and a low contraction ratio of ≈ 2.22 : 1 with a subsequent opening of 1:1.1. The authors
found that blockage is a weak function of pulsation frequency, however, the opposite is true
for penetration depth. Furthermore, at mean injection Mach numbers Minj > 0.5, the pulsed
injection delivers higher blockage than steady injection. This result suggests that momentum
flux is the driving mechanism for blockage. In addition, an increasing injector Mach number
strongly increases the penetration depth, but has little influence on blockage, which they
account to vortex entrainment effects. They further confirmed the result of Holdeman and
Walker [76], regarding the above-mentioned relation between the number of holes and blockage.
With an angled injection of 45° towards the incoming mean air stream the authors observed
maximum blockage and jet penetration. They accounted this to a reduction of vortex ring
entrainment.
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The concept of fluidic thrust vectoring was developed further by NASA researchers. Deere
[42] presented the dual throat nozzle, which features an additional cavity. The first throat
is used for fluidic actuation, while the cavity aids the main air jet deflection by harnessing
the feedback due to formation of characteristic vortices. An injector angle of 45° became
standard, lowering the required injector mass flow at the same jet deflection. Deere [43]
et al. later investigated pulsed injection in order to decrease the required secondary mass
flow, which yielded no significant advantage for the dual throat nozzle concept. Several
numerical investigations [48, 56, 165] seeking to optimize thrust vectoring were conducted in
the following years. Injector mass flows in the range of 10 % of the main air mass flow were
found to be sufficient. However, due to the high nozzle pressure ratios, a direct comparison to
this thesis might not be justified.
In summary, the concept of fluid injection into a nozzle throat has been a prominent

research topic. However, the specific operational parameters expected in this work have not
yet been examined. Therefore, initial investigations with numerical methods were conducted,
which are described in the following section.

7.3. Numerical Simulations of the Actuator Concept

One of the first key questions in the actuator design was whether the described concept is able
to provide an excitation of sufficient amplitude, when implemented in the high pressure test rig.
The reason is that impedance tuning at the combustion chamber outlet requires a minimum
amplitude of the upstream propagating wave g, which was elaborated in Sec. 3.4. An answer
to this question was found by Hanraths [66], who conducted a CFD simulation during his
master thesis. Additionally, several other characteristics of a modulated air injection into
the throat of the VSS were studied. This included the dependence on mean pressure and
temperature, as well as a variation of the injector location. The numerical simulation’s setup
is described in Subsec. 7.3.1 and results of the mentioned investigations are summarized in
Subsec. 7.3.2.
In Subsec. 7.3.3, the frame of these simulations was used to efficiently compute input

parameters for setup of the 1D time-domain network model for investigation of impedance
tuning on the high pressure test rig in Sec. 7.6.

7.3.1. Numerical Setup of the Simulations for the Actuator Concept

The CFD simulation was implemented using the sonicFoam solver, which is capable of
compressible, transient, and transsonic computations. It is included in the C++-based CFD
software suite OpenFOAM, which is documented in the user guide authored by Greenshields
[54]. The solver employs a finite volume method to solve the Euler equations, i. e., neglecting
diffusive and turbulent effects. An implicit Euler algorithm solves for the total pressure,
temperature and velocity fields. Under the assumption that only planar waves are able to
propagate inside the constant area ducts, the Multi-Microphone Method (cf. Sec. 2.2) was
applied to axially distributed probe readings. The implementation of the Multi-Microphone
Method needed to be adapted to the available data sets collected from the computation, i. a.
by filtering with a Hann-window and zero padding [66].

The employed CFD setup was initially validated using several test cases, which are found in
the work of Hanraths [66]. Among others, the atmospheric experiment described in Sec. 7.4
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Figure 7.3.: Computational domain with employed structured mesh for the numerical inves-
tigation of the periodic injection into the vane simulation section. Red dots indicate probe
locations. Image courtesy of Hanraths [66]

was used as reference. The results of the simulations showed good accordance with the
respective validation cases.
Subsequently, a domain resembling the high pressure test rig geometry was created and

realistic operational parameters were implemented. The domain is depicted in Fig. 7.3.
The segments upstream and downstream of the vane simulation section are replaced by

constant cross-sectional area ducts in order to apply the Multi-Microphone Method. A lengthy
downstream duct was included to simulate numerical dissipation, mitigating the influence of
flow phenomena like vortices interacting with the non-reflective boundary condition. Making
use of symmetry, the VSS is resembled by only one half of a vane. Secondary air injection is
by default realized at the bottom face of the patch added to the restriction’s throat using
the oscillatingFixedValue boundary condition provided by OpenFOAM. The main air inlet
and outlet are represented by non-reflective boundary conditions, while the VSS itself uses
the fixedValue boundary condition in order to generate an (adiabatic) no-slip wall. All other
boundaries are slip walls due to symmetry.

pout um (m/s) Tm.norm us (m/s) ûs (m/s) T s (K) fexc (Hz)
I 3 levels 110.0 .882 .. 1 5.0 1.0 723 300
II engine [34, 110] 1 (location altered) 723 300

Table 7.2.: Excerpt of the flow and excitation parameters for the numerical investigations.

Tab. 7.2 gives an overview of the key parameters of the two investigations (denoted I
and II) that are summarized here. Further studies were conducted throughout the work
of Hanraths [66], yet, only the most relevant for this work are adopted here. In Fig. 7.3,
the main air mass flow mm is oriented from left to right and consists of air at temperature
Tm.norm (normalized), and a mean velocity of um. The mean pressure pout is fixed at the
outlet on the right-hand side domain boundary. Secondary air injection consists of a mean
mass flow (represented by us) and a superimposed harmonic component (ûs). The excitation
frequency is fixed to a value of f = 300 Hz.
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7.3.2. Results of the CFD Simulations on the Actuator Concept

The first investigation discussed here primarily aimed at finding the required actuation
intensity at standard operating conditions to achieve the prescribed amplitude of the upstream
propagating wave ĝ. Secondary objectives were the dependence on mean pressure and
exhaust gas temperature. Accordingly, the operational parameters from row I in Tab. 7.2
are employed. Thus, three mean pressure levels were investigated alongside exhaust gas
temperature variations within a range of practical relevance. The resulting amplitudes of
ĝ are presented in Fig. 7.4. Due to normalization by the mean pressure, all three graphs
approximately collapse. Thus, a linear dependence of the |ĝ| to mean pressure or the mean
density in the test rig can be deduced. Furthermore, there is no apparent temperature
dependence for any of the pressure levels. Standard deviations in the amplitudes of each curve
range from 3.3 % to 5.5 %. These observations can be substantiated with the mass source
term of Eq. 2.18. It may be linearized as follows:
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Contributors to the source term are two expressions, which include the fluctuating density
and velocity, respectively. The first expression is further dependent on the temperature and
mean velocity of the injected fluid, which are both kept constant in the obtained simulations.
The second is additionally dependent on the mean pressure, which is the reason for the
aforementioned scaling of the pressure amplitude.

Note that the targeted sound pressure amplitude was achieved with the operational values as
mentioned above. With the determined value of the injection velocity, the required fluctuating
mass flow through the actuator valves can be calculated, which is detailed in Subsec. 7.5.2.

The operational parameters of the second investigation are presented in row II in Tab. 7.2.
With this study, the underlying principle of the sound generation shall be investigated.
Therefore, the main air inlet velocity was varied (u = [34, 110]m/s), which resulted in throat
Mach numbers of M ≈ [0.15, 0.59]. Furthermore, the injection location along the vane was
altered, as indicated in Fig. 7.5. Note that with each configuration, only one of the injector
channels was actually implemented in the computational domain. In the default configuration,
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Figure 7.4.: Amplitudes of the upstream propagating wave ĝ normalized by the mean pres-
sure. Results obtained at three different mean pressure levels (× - engine pressure, ◦ - interme-
diate pressure, � - atmospheric pressure) and at five exhaust gas temperatures, respectively.
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air is injected at the smallest cross-section, which is located at x/Lvane = 0.33. The other
two injection locations are distributed upstream along the contraction at x/Lvane = 0.05 and
x/Lvane = 0.14, i. e., close to the leading edge and approximately in the center of the nozzle
inlet. The result of investigation II is depicted in Fig. 7.6, with |ĝ| being normalized by
the maximum amplitude of the data set. At the lower throat Mach number (×), injection
of modulated air at the three locations does not yield any significant amplitude differences.
The magnitude of |̂ is always in the range of 16 % to 19 % of the maximum value. This
hints at the sound generation at low nozzle Mach numbers being mainly due to a volume
source (Eq. 7.3.2). With a higher throat Mach number, however, the blowing location has a
strong influence on the sound generation. Injection close to the leading edge results in an
amplitude of ≈ 35 % of the maximum value. With injection at the center of the nozzle inlet,
the amplitude drops to about 17 %, while throat excitation at the higher Mach number yields
by far the largest amplitude value of the six configurations. In order to gain insight into
the reason for this strong performance, the velocity streamlines with superimposed static
pressure for all three cases at the higher throat Mach numbers are shown in Fig. 7.7. The
bottom configuration, representing throat injection, displays large regions of vortex shedding
along the diverging part of the nozzle. Connected to these vortices are periodic pressure
minima traveling downstream. This is in contrast to injection at the upstream locations,
where periodic vortex shedding does not seem to play a major role. Further, the upstream
pressure is largely increased due to direct injection into the throat, which again is different
from the other two configurations. This hints at an increased blockage with injection directly
into the smallest cross-section. According to Hanraths [66], the significant increase in sound
generation is most likely due to the hydrodynamic fluctuations interacting with the upstream
pressure field. This induces high amplitude acoustic pressure (and velocity) fluctuations,
which is in accordance with Lighthill’s theory introduced in Subsec. 2.1.1.

7.3.3. Combined RANS and LEE Simulations for Development of a Time-Domain Network Model

On the basis of the CFD setup detailed in the preceding subsections, another numerical
investigation of the downstream actuator was conducted. The primary motivation for this
study was to obtain data for the development of the 1D time-domain network model for
impedance tuning in Sec. 7.6. At this point it is important to note that the simulation does
not need to fulfill the requirement of giving an accurate prediction of the actuator’s amplitude,
which was done in Subsec. 7.3.2. Instead, the simulations were used to investigate the time
delays present in the high pressure test rig. In order to implement the network model for
simulation of the impedance tuning concept, the corresponding phase relations for the two
main input parameters, i. e., the open-loop downstream acoustic reflection coefficient Rol and

x/Lvane
10.05 0.14 0.330

um

Figure 7.5.: Locations for secondary air injection at the vane simulation section normalized
by vane length Lvane.
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Figure 7.6.: Normalized amplitudes of the upstream propagating wave ĝ for three different
injection locations along the vane and two different main air velocities, respectively.

the actuator transfer function G, need to be determined. As detailed in Sec. 2.4, Rol and G
are used to calculate the control law K, which is responsible for the actuator’s response to the
downstream traveling wave f . The phase information in K gives insight into the causality of
the controller, i. e., whether the active control loop receives the required input in time before
it needs to send the output signal – which is the key question to be answered in Sec. 7.6.
Initially, a multitude of parameters were studied. However, only the results for the final

operational parameters are shown here. Note that with the utilized parameter space, the full
CFD simulation from Subsec. 7.3.1 would be highly cost- and time-consuming. However,
as the focus does not lie on the amplitudes, but on the time delays, the simulations were
simplified. As a result, the steady-state flow field was calculated using a 2D-RANS simulation
set up in sonicFoam with the k-ω turbulence model. The boundary conditions were similar
to those in Subsec. 7.3.1, except for the slip-walls (symmetry). In this study they were
set to adiabatic no-slip walls with functions for a turbulence model in the shear layer. The

p

Figure 7.7.: Velocity streamlines superimposed with static pressure (colormap) around the
vane for the three different injection locations as introduced in Fig. 7.5 at a nozzle Mach
number of M ≈ 0.59. Image courtesy of Hanraths [66].
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unstructured mesh featured 32 000 hexahedrons, refined at the injector location, as depicted
in Fig. 7.8.
Using the steady-state velocity and pressure fields, a 2D linearized Euler equation (LEE)

model neglecting entropy fluctuations was set up. The Weak Form PDE module [39] in
COMSOL Multiphysics was configured to incorporate the steady-state flow field into the
acoustics mesh of 40 000 linear triangular elements by interpolation. Spatial discretization
is implemented using the FEM Galerkin method, which was stabilized using the Galerkin
Least-Squares method.

Acoustic boundary conditions, with some exceptions, were set in compliance with the
previous simulations. In order to determine the open loop reflection coefficient, sound hard
walls, a non-reflecting outlet and an imposed pressure fluctuation at the domain inlet were set.
By means of a Multi-Microphone Method, the downstream and upstream propagating waves
f and g were determined at the domain inlet, the ratio of which is the open-loop reflection
coefficient Rol. For obtaining the actuator transfer function G, a non-reflecting inlet and
acoustic excitation in the VSS channel via an imposed particle velocity were set. Thereby, the
transfer function from the excitation signal to the upstream traveling wave at the domain inlet
was obtained. As the non-reflecting boundary conditions in the implemented LEE simulation
do not usually work infallibly, the upstream traveling wave g was corrected by the reflected
wave Rolf , as expressed in Eq. 2.45.

In order to test the control-loop scheme under more realistic conditions, further alterations
to the boundary conditions were introduced. Firstly, the acoustic boundary condition at
the domain outlet was set to full reflection, by implementing a velocity node (R = 1). This
simulates the sound hard property of the back pressure valve in the actual test rig. In
Subsec. 7.3.1, the inlet for the secondary air mass flow for actuation was set to a short
length to reduce additional complexity, for instance, related to large vortical structures in the
injection channel. However, in this simulation, realistic time delays between injection and
response in the combustion chamber were sought. Therefore, the short injector used in the

Figure 7.8.: Mesh for the acoustics simulations conducted with COMSOL. Top: total view,
bottom: detailed view of the refinement at the (long) injector.

103



preceding simulation (Linj = 0.02 m) was replaced by a longer one. As a realistic estimate
of the actual length of the connector channel from the proportional valve to the inlet at the
vane simulation section in the high pressure test rig, a length of Linj = 0.3 m was chosen. An

pout, Tm, us, ûs, T s um fexc Linj outlet BC
see Tab. 7.2 100 m/s 0 Hz to 800 Hz 0.3 m R = 1

Table 7.3.: Parameters used in the combined CFD and LEE simulation for development of
the time domain network model (Sec. 7.6).

overview of the parameters that differ from the default case in Tab. 7.2 is given in Tab. 7.3.
Results of this simulation are shown in Fig. 7.9.

The obtained Rol is initially used for calculation of the actuator transfer function G, which
is displayed in the same plot. Subsequently, both are used for the time-domain network model
in Sec. 7.6.
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Figure 7.9.: Absolute values and phase of the open-loop reflection coefficient Rol for a long
injector, active main flow and full reflection at the outlet boundary. Determined by a com-
bined CFD and LEE approach. Top: magnitude, bottom: phase between excitation signal and
pressure at the reference plane.
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7.4. Experimental Setup for Atmospheric Experiments

After the concept of air injection into a subsonic nozzle for an effective upstream generation
of sound was investigated with numerical simulations, some of the concept’s aspects were
characterized experimentally. To that end, an atmospheric test rig with a generic nozzle for
fluid injection was designed, which is detailed later in this section. Proportional valves of
two types, specifically designed for air flow modulation (cf. Subsec. 7.4.3) were used for
excitation of the secondary air flow. Initially, characteristics of the valves were investigated,
for instance, yielding an estimated amount of devices necessary for the implementation of
the concept on the regarded high pressure test rig. Subsequently, the injector concept itself
was examined in terms of multiple parameter variations. Those included dependence on
excitation frequency, variable main air mass flows, injector mass flows, and temperature ratios.
Furthermore, the injection angle was varied, as proposed in the literature [9, 43, 111], and the
concept was compared to mechanical excitation with a siren-type actuator.
Some of the results and explanations in the following sections were already published in

reference [124]. Attention has been paid that no co-authors are quoted without explicit
labeling as such.
Several hardware configurations were implemented. The basic setup for non-reacting (or

cold) acoustic measurements is depicted in Fig. 7.10. For instance, the setup was used to
validate CFD simulations, which was mentioned in Subsec. 7.3.1. Furthermore, it was used
for the measurements that are detailed in Subsec. 7.5.2 and Subsec. 7.5.3. On the left hand
side, air at a maximum pressure of 10 bar is fed into the system. The main air is homogenized
by multiple meshes. An 18” low-frequency loudspeaker driver (woofer) from B&C Speakers,
driven by a Behringer EP2500 (500 W @ 8Ω) amplifier, is mounted perpendicularly to the
main duct. The woofer is contained in a closed casing that allows for venting. Downstream
of the T-piece, the measurement duct is located. Along this duct, provisions for cooled and
flush-mounted microphones are found. In the cold tests, flush-mounted holders were used
due to easier handling. These sensors are employed for the Multi-Microphone Method. An
absolute pressure sensor is mounted at the axial location of the downstream microphone. The
termination of the test rig consists of a generic cone-shaped nozzle featuring a contraction

air inlet

absolute pressure sensor
nozzle

proportional valve

loudspeaker

microphones

Figure 7.10.: Experimental setup for preliminary atmospheric tests with mean flows up to
sonic conditions inside the nozzle throat and simultaneous acoustic excitation with an up-
stream loudspeaker and a downstream mounted proportional valve.
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17

swappable end piece
injection holes

Figure 7.11.: Generic nozzle and an end piece for air injection at 90° and 45° towards the
main air flow.

ratio of α = 38 : 1. It enables sonic conditions in the throat, both, under reacting and
non-reacting conditions. The nozzle is designed to facilitate several end pieces, allowing for
various types of actuation, two of which are presented here. Fig. 7.11 shows the generic
nozzle with an installed end piece for air injection, all manufactured from refractory steel.
The depicted termination is used for steady measurements with air injection and for

excitation with a proportional valve. The end piece accommodates two drill holes that
guide fluid from each connector to the axial center of the nozzle’s throat. One is oriented
perpendicular to the main air flow, the other is tilted at an angle of 45° towards the incoming
flow. A proportional valve can be mounted at either one of the connectors, while the other
can be sealed air tight with a plug made of stainless steel. Both plugs are shaped so that
minimum flow disturbance is introduced in the throat. The connections feature a constant
inner diameter from the valve outlet to the throat entry for low losses. During Mach number
measurements (cf. Fig. 7.22), an adapter can be inserted into the 90° hole to facilitate
mounting of an absolute pressure sensor.

Fig. 7.12 depicts the second swappable end piece, which has the same minimum diameter
as the termination in Fig. 7.11, but does not feature a constant area throat. At the outlet a
scalloped rotating disk, driven by a brushless DC motor (Ott GmbH, BL4240B), is installed.
The motor has a total power output of 47 W and a minimum and maximum shaft speed of
120 rpm and 1500 rpm, respectively. In order to keep the setup as simple as possible, the
contour disks are directly mounted onto the shaft, which necessitated the use of a right-angled
drive. The gear features a transmission ratio of 3:1. Additionally, Fig. 7.12 shows two
exemplary disks, one with two and another with twelve teeth of the same root and head
diameter. They feature an area blockage amplitude of 5 %, while two other designs with
16.7 % and 25 % were manufactured, as well. The shape of the teeth was designed in a way
that the cross-sectional area of the nozzle outlet is alternatingly blocked and opened in a
sinusoidal way. According to the investigations by Freitag [50], this delivers optimal results,
as the sound generation is dependent on a harmonic fluctuation of the opening cross-section.
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Figure 7.12.: End piece for mechanical-blockage actuation with various contour disks, which
are driven by a DC motor. The two exemplary disks on the right hand side feature twelve and
two teeth, respectively.

Incorporating two contoured disks for each amplitude, respectively, a combined excitation
frequency range of 4 Hz to 300 Hz at the same blockage amplitude was achieved.

The test rig setup for combustion experiments is depicted in Fig. 7.13. It was used for the
measurements, detailed in Subsec. 7.5.4. The downstream section is the same as in the cold
acoustic test rig, however, several segments are added upstream in order to allow for reacting
test conditions resulting in elevated temperature. The main air inlet is followed by a T-piece,

burner microphones

loudspeaker

air inlet

steel duct measurement ducts
absolute

pressure sensor

nozzle

proportional
valve

Figure 7.13.: Experimental setup for atmospheric combustion tests

connecting a housed 18” woofer to the rig. A U-bend guides the air to a movable-block
swirl generator. In an annular mixing tube, natural gas is injected to allow for a technically
premixed combustion. The burner also features pilot fuel injection at the downstream end of a

107



center body that sits flushed with the burner exit plane. The theoretical swirl number was set
to S = 0.7 throughout the experiments. The acoustic boundary condition with the nozzle at
the combustion chamber outlet was close to total reflection, which caused strong self-excited
combustion instabilities. To achieve sufficiently small oscillation levels, a very lean fuel to
air ratio was set, resulting in a global equivalence ratio of φ = 0.38 to 0.48. This required a
fuel ratio of pilot to main stage of approximately 3 : 7. As exhaust gas temperatures are a
necessary input for the multi microphone method, they were monitored using several type K
thermocouples distributed throughout the setup, e. g., directly upstream and downstream of
the microphone arrays.
Due to employment of the nozzle, moderately elevated pressures were expected in this

experiment. Thus, no quartz glass tube was used downstream of the burner. Instead, a
solid steel tube of 300 mm length was used, in which the flame is located. Two measurement
tubes were installed that both featured an array of mounting positions for cooled microphone
holders. Details are given in Subsec. 7.4.1. Only the nozzle end piece depicted in Fig. 7.11
was utilized at reacting conditions. The reason is that the siren actuator from Fig. 7.12 was
not designed to withstand hot exhaust gas.
Another test rig configuration is depicted in Fig. 7.14. It was employed for preliminary

impedance tuning experiments, which were mainly used for the validation of a time-domain
network model, simulating the scheme on the high pressure test rig. In the process, reflection
coefficients and the actuator transfer function were determined via system identification tools.
The utilized reference planes are denoted with red dashed lines. Furthermore, the power
spectral density at the highlighted microphone was calculated, the result of which is depicted
in Fig. 7.33. The setup is similar to the cold acoustic test rig, introduced in Fig. 7.10,
the only difference being its termination. Instead of a nozzle, a simple duct extension and a
second (open) 18” woofer were mounted downstream. The extension was necessary in order
to maintain a working phase difference between detection of the downstream propagating
wave and response of the downstream actuator.

SCHNITT B-B
MAßSTAB 1 5

ÄNDERUNGZEICHNUNG NICHT SKALIEREN
ENTGRATEN
UND SCHARFE
KANTEN

C

OBERFLÄCHENGÜTE:WENN NICHT ANDERS DEFINIERT:
BEMASSUNGEN SIND IN MILLIMETER
OBERFLÄCHENBESCHAFFENHEIT:

upstream
boundary

microphones
loudspeaker

absolute pressure sensor
duct extension

loudspeaker

downstream
boundary

Figure 7.14.: Experimental setup for preliminary tests of the active control of the acoustic
boundary condition. Simultaneous acoustic excitation is realized with loudspeakers upstream
and downstream of the microphone array, respectively.
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7.4.1. Microphone Measurements

The theoretical basis for axially aligned pressure sensors utilized for the Multi-Microphone
Method was detailed in Sec. 2.2. During all measurements, five 1/4" condenser microphones
from G.R.A.S. Sound & Vibration A/S were installed at the test rig. An in-house built
amplifier provided analog signal conditioning features, i. e., a low-pass filter and a gain.
The amplifier output signals were detected via NI-9215 BNC-modules mounted in a NI
cDAQ-9188 from National Instruments and passed to a connected PC. A LabVIEW based
manual data acquisition tool was employed, in case the excitation signal was generated
externally by a signal conditioner. The subsequent mono-frequency harmonic excitation (e. g.,
Subsec. 7.5.3 and Subsec. 7.5.4) was realized by an automated LabVIEW script. Therefore,
the corresponding excitation frequencies, amplitudes, and the recording time were specified in
an input. Recording times were dynamically defined, such that at least 20 oscillation periods
were obtained.

Before installation at the rig, all microphones need to be calibrated to a reference microphone,
which is done via a calibrator duct, specifically designed for this purpose. The output signals
are complex calibration coefficients, which contain amplitude and phase information. They
are used throughout data evaluation or implemented (as a constant factor) on the controller
board for impedance tuning. Exemplary values of these calibration coefficients are depicted
in Fig. 5.13.

In case of cold acoustic measurements (cf. Fig. 7.10 and Fig. 7.14), small axial distances
between the microphones were employed. The distance between first and last microphone was
Larray = 0.3 m. For low frequencies down to 50 Hz, this setup causes reasonably low errors.
For the combustion experiments, however, the residuals at low frequencies increased to values
of the order of 10 %. Therefore, the total extent of the array was increased to a maximum
distance of 1 m from the microphone located most upstream to that downstream (cf. Fig. 7.13).
Thereby, in the range from f = 50 Hz to 80 Hz, the maximum error could be significantly
lowered. An issue arising with the longer sensor array is that the constant temperature
assumption of the Multi-Microphone Method is violated for combustion experiments. The
burned gas temperature noticeably decreases with downstream distance, due to the water-
cooled combustor walls. Thus, under reacting conditions, the results were analyzed separately,
depending on the acoustic forcing frequency. The larger array was only used for low frequency
analyses below 80 Hz, while in case of higher acoustic excitation frequencies, microphones in
a shorter array were evaluated for the measurements.

Under reacting conditions in the combustor, the microphones initially did not work properly
for more than a couple of minutes. Their response became superimposed by low-frequency
oscillations and they showed general unresponsiveness. Those typical signs of overheating
were either permanent or could be remedied by purging of the combustion chamber with cold
air.
The sensors worked fine under reacting conditions without the nozzle installed, and con-

versely, they also worked at non-reacting conditions with an installed nozzle. Thus, apparently
the combination of hot exhaust gas and elevated pressures posed an issue. Hot gas passage
through the microphones, and in particular their pre-amplifiers, was identified as the main
reason for the malfunctions. Thus, the microphones were supplemented by an additional
coupler that was sealed using a high temperature silicone, as depicted in Fig. 7.15. The
threads between capsule, coupler, and pre-amplifier were also sealed to prevent any hot
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Figure 7.15.: 1/4" condenser microphone with additional coupler, electrically insulated and
mounted in a metal inlay inside a cooled holder.

gas from entering the pre-amplifier. In consequence, the calibration process became more
elaborate. The microphones first needed to be installed at the test rig and checked for air
tightness at the highest possible pressure inside the measurement section. Subsequently, they
were calibrated with the designated equipment and again installed at the test rig.

In order to decouple the microphones from electric hum, the cooled holders are equipped
with several inlays and a fixture made of polyoxymethylene. The holders were used for
atmospheric combustion experiments at the institute for several years and never showed any
weaknesses in keeping the microphones sufficiently cooled. However, in the case of elevated
pressures their thermal conductivity was deficient. Although hot gas passage through the
microphones had been eliminated, overheating was still an issue. Therefore the plastic material
inside the holders was replaced by metal inlays that needed to be adapted to fit a layer of
electrical insulation around the microphones. The required parts are shown in Fig. 7.15.
Ultimately, by combining the above-mentioned sealing and measures to increase thermal
conductivity, microphone measurements under reacting conditions with elevated pressures
could be conducted without any hardware failures.

7.4.2. Absolute Pressure Sensors

Static pressure was measured using calibrated compensated absolute pressure sensors of the
type HDOB002AY8P from First Sensor AG. For an initial determination of the nozzle Mach
number at each hardware configuration, two of such sensors were employed. One probe was
installed in the measurement duct at the axial location of the downstream microphone and
one at the nozzle throat. Data from both was then used for calculation of the (unactuated)
nozzle Mach number by evaluation of Eq. 7.7. Thus, a relation of the nozzle Mach number
to the static upstream pressure was found. The acquired lookup tables could then be used
to determine the nozzle Mach number based solely on measurements with the upstream
pressure sensor. This procedure became necessary, as injection into the throat inhibits reliable
measurement results from the downstream sensor, which is situated in the vicinity of the
injector connection.

The sensors were further used for dynamic pressure measurements at very low frequencies,
where microphones with static pressure equilibration cannot be used (below 5 Hz). Results
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Figure 7.16.: Difference in the measured pressure fluctuation between the absolute pressure
sensor and a condenser microphone. Top: magnitude deviation, bottom: phase deviation.

incorporating both dynamic measurements with an absolute pressure sensor and a microphone
at the same axial position are presented in Subsec. 7.5.3.

Fig. 7.16 depicts the difference in absolute values and phases of the pressure signals
between the absolute pressure sensor and a condenser microphone at the same axial location.
The microphone is connected to the measurement duct via the holder’s internal channel
(l ≈ 8 mm and d = 1.0 mm). The absolute pressure sensor is mounted via a rigid tube of
l ≈ 50 mm and d = 3 mm. Each curve corresponds to a different main air mass flow and,
thus, to a different nozzle Mach number. Hence, multiple levels of mean pressure, fluctuation
amplitude, and noise are represented. As actuation device, a proportional valve was operated
with a source mass flow of ms/mm = 0.1. The difference in amplitude is very large at very
low frequencies due to the pressure sensor being able to capture low frequency fluctuations,
which the microphone is not able to detect. Up to 20 Hz the difference is not negligible, but
can be explained by large values of the total amplitude (cf. Fig. 7.28). There is a small
difference from 20 Hz to 60 Hz, until the pressure sensor’s readings start deviating from the
microphone’s again. The phase difference exhibits an increasing divergence towards very low
frequencies and has a minimum at ≈ 55 Hz. The varying excitation amplitudes only have
an effect on the amplitude difference, while that of the phase remains largely unaffected. In
summary, as the absolute pressure sensor is capable of accurately measuring the amplitude
in a frequency range from 20 Hz to 60 Hz, it is assumed that the absolute pressure sensor’s
accuracy below 20 Hz is acceptable for the prospected measurements.

7.4.3. Proportional Valves for Air Flow Modulation

Two types of direct drive valves or proportional valves from Moog GmbH were used throughout
the work. They are based on a linear motor that deflects a piston in the flow path of pressurized
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supply air. At 0 V control voltage, the piston is in 50 % opening position. An arbitrarily-
shaped input signal can be applied, thus moving the piston and modulating the outgoing mass
flow. The D050-E042 proportional valve has a maximum pressure rating of pmax = 35 bar and
a maximum fluid temperature rating of Tmax = 473 K (maximum ambient temperature 373 K).
Similar valves (type D050-E043) have been produced that can withstand fluid temperatures
up to Tmax = 573 K. Such valves are sufficiently robust to operate in close vicinity of a running
high pressure test rig. The operating frequency ranges from 0 Hz to ≈ 330 Hz. Fig. 7.17
(left) shows a photograph of the utilized device, which is similar to the valves used within the
studies of Bothien et al. [18, 22]. The right-hand image in Fig. 7.17 depicts the D633-7320
proportional valve. It is smaller than the above-mentioned with about a third of the effective
cross-sectional area. In contrast to the D050-E042 valve, this valve’s piston has limiting stops.
Thus, to prevent damage, the maximum control voltage must not be exceeded. Similar valves
were used for active instability control in gas turbine engines via fuel supply modulation by
Seume et al. [163] and Hermann & Orthmann [71]. The operating frequency range is 0 Hz to
≈ 400 Hz and their maximum pressure rating is pmax = 140 bar.
As pointed out by Bothien [18], the valves feature linearity between input signal and

actuator output. I. e., the acoustic excitation is linearly dependent on the control command
and the inlet mass flow. Both valves are equipped with dampers, connected to the air inlet.
Their purpose is to minimize upstream propagating fluctuations, thus supporting a constant
amplitude response. The valves can be controlled with a designated control unit from Moog
GmbH or any amplifier capable of a 48 V pulse-width modulated output signal. The piston
deflection is measured with the LVDT (linear variable displacement transducer) module of
the Moog control unit. The excitation signal for general sweep or mono-frequency forcing
is either provided by a Keysight Technologies 33210A signal generator or an automated
LabVIEW-based script. For implementation of impedance tuning, the valve’s input signal
is calculated within the controller, which is loaded on a DS1103 PPC Controller Board
from dSPACE. The controller script is written in Simulink, while monitoring is done via the
dSPACE software ControlDesk.

Figure 7.17.: Proportional valves from Moog GmbH. Left: D050-E042, right: D633-7320.
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None of the valves are currently being produced and an inquiry to Moog GmbH for a
medium amount of proportional valves was answered negatively. A new production would
require approximately 100 valves of minimum purchase quantity per year, and therefore
significant expenses. However, a small (but supposedly sufficient) number of D050-E04x valves
is available to SIEMENS Energy, justifying further investigation of the actuator concept.
Availability of the D633-7320 valves is comparable.

7.5. Experimental Results for Characterization of the Actuation Concept

In the preceding sections, a suitable actuator concept was proposed, numerical simulations
for an initial assessment were detailed, and the experimental setup was elucidated. The latter
elaborations are the foundation to this section, which focuses on the results of the atmospheric
experimental investigations conducted throughout the work.
In Subsec. 7.5.1, part of the initial tests for characterization of the utilized proportional

valves are detailed, as they are the core of the actuation principle. The key question, as to
whether the valves will be able to provide the required mass flow modulation in the industrial
test rig, is answered. Later, investigations for characterization of the generic nozzle, which
simulates the VSS, are presented. In Subsec. 7.5.3, various results from tests with modulated
air injection into the nozzle are shown. Several properties, such as the dependence on nozzle
Mach number, momentum flux ratio, and injection angle are discussed. Subsequently, a
comparison to results under reacting conditions is presented.

7.5.1. Characterization of the Proportional Valves

The amount of valves required to achieve sufficient pressure amplitudes at the high pressure
test rig, was experimentally evaluated. The CFD simulations in Sec. 7.3 provide the target
mass flow fluctuation (not disclosed).

In an initial experiment, the dependence of the valves’ mass flows on their supply pressure
is investigated. The underlying equation for this correlation was derived by Sigloch [168] for
subsonic ejection, isentropic compression, and small approach Mach numbers:

msubsonic = αAeff
√

2p1ρ1

√√√√ γ

γ − 1

[(
p2
p1

) 2
γ

−
(
p2
p1

) γ+1
γ

]
, (7.5)

where the indices (·)1 and (·)2 denote locations upstream and downstream of the restriction,
respectively. Aeff is the effective area of the smallest cross-section and the loss coefficient α is
equivalent to the nozzle discharge coefficient (cf. Eq. 7.3) for low ejection Mach numbers.
Personal communication with a lead designer of the D050-E042 valves revealed a value for
the loss coefficient of α ≈ 0.63 for both valves. Due to a lack of documentation on the used
devices, this information was initially used for the subsequent calculations and later verified.
The hardware setup consisted of a mass flow meter for control of the steady mass flow,

while pressure sensors measured the absolute mean pressures upstream and downstream of the
valves. Fig. 7.18 shows the resulting mass flows over pressure difference (◦) and square-root
fits for the D050-E042 (black) and the D633-7320 valve (blue), respectively. Expectedly, the
mass flow through the larger valve is significantly higher at the same pressure differential.
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Figure 7.18.: Mass flow over pressure
difference for two proportional valves:
Moog D633-7320 (blue) and Moog D050-
E042 (black). Markers denote measured
values, lines denote square-root fits.

Subsequently, the effective opening area Aeff of the piston at 0 V control voltage (50 %
opening) was calculated according to Eq. 7.5 and averaged. For the D633-7320 valve, an
effective opening area of Aeff = 15 mm2 was calculated. The D050-E042’s effective cross-section
was determined as Aeff = 48 mm2. It was further found that all D050-E04x valves feature the
same geometry. Thus, the effective opening area could be confirmed by an available data
sheet for a D050-E041 valve, which in return confirmed the previously stated value for the
loss coefficient. The effective opening areas were then used to determine the mean valve mass
flows for the expected pressure differentials, supposed to occur in the industrial test rig.
However, as Eq. 7.5 only holds for subsonic conditions in the smallest cross-section, a

corresponding equivalent for sonic conditions was required. Sigloch [168] derived the following
expression, again for isentropic compression and small approach Mach numbers:

msonic = αAeff
√

2p1ρ1

√
γ

γ + 1

[ 2
γ + 1

] 1
γ−1

. (7.6)
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Figure 7.19.: Estimated number of D050-E04x valves for varying ratios of mean valve supply
and test rig pressure. The gray area denotes higher test rig pressure than valve supply. The
blue line marks intermediate test rig pressure (standard operation).
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By means of Eq. 7.5 and Eq. 7.6 and the evaluated values for Aeff and α, the mass flows
through the valves were calculated for various static pressures in the test rig and valve supply
pressures. Fig. 7.19 depicts the result in terms of a mass flow contour plot for a D050-E042
valve. A constant target mass flow and a fluid temperature of T = 473 K were assumed.

Both, test rig and valve supply pressure are normalized. A negative pressure differential is
denoted in gray, as in this case no fluid would be injected through the valves. Depending on
the pressure difference, a certain amount of valves needs to be employed, to obtain the required
fluctuating air mass flow through the valve. The black lines denote the lower boundary,
down to which each configuration is viable. The blue line corresponds to a typical operating
pressure of the rig. With five valves, for instance, a normalized supply pressure of at least 0.4
needs to be set to achieve the mass flow and thus, pressure fluctuation requirement. Note
that these calculations include the assumption of an optimal distribution of the inlet holes in
the nozzle. In practice, this may be difficult in cases where the amount of valves is no integer
fraction of the number of installed vanes.
Note that the fluid temperature has an influence on the results. If it is larger than 473 K,

as would be possible with D050-E043 valves, the density would decrease. Thus, the supply
pressure would need to be increased in order to achieve the same mass flow, which follows
directly from Eq. 7.6.

In summary, the prospected amount of D050-E04x valves is considered feasible for application
at the high pressure test rig. Yet, for the atmospheric investigations planned within this work,
they are hardly suited. Practical issues arose due to the G1" connectors, which had to be
reduced to smaller connectors to fit the nozzle injector holes. The associated losses and the
reduced frequency range were reasons enough for employing the smaller D633-7320 valves in
the atmospheric experiments. An analog calculation according to Eq. 7.5 and Eq. 7.6 reveals
an increase of the required number by factors of 2 to 3, compared to D050-E04x valves, at
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Figure 7.20.: Transfer function between voltage input and piston stroke for the D633-7320
proportional valve, measured by the output voltage of the LVDT module. Top: magnitude,
bottom: phase.

115



the same pressure differentials. Thus, assuming sufficient availability or large-enough supply
pressures, the smaller valves are also viable for application at the high pressure test rig.

Further preliminary experiments were conducted, to characterize the frequency-dependent
piston deflection. At first, the amplitude of the piston movement was measured in dependence
of the excitation frequency, which was done for different input voltages. Fig. 7.20 shows
the result for a mean valve mass flow of ms = 5.0 g/s. No significant deviation from the
mentioned linear behavior is apparent, as the curves for various input voltage amplitudes
collapse. The deflection amplitude shows a slight dependence on the actuation frequency. For
impedance tuning, this influence needs to be taken into account, so that the actuator transfer
function is determined correctly. For experiments regarding the actuation concept of fluid
injection into the nozzle, this influence is canceled by normalization of the input voltage. By
doing so, the frequency response of the piston stroke amplitude can be flattened, as depicted
in Fig. 7.21 (orange line).
The normalized control voltage was used throughout all experiments that are concerned

with sound generation due to injection into the nozzle. In that way, the biasing influence of
the valve was removed. These results conclude the relevant preparatory investigations of the
valves. Within the following section, the generic nozzle shown in Fig. 7.11 is characterized.

7.5.2. Characterization of the Nozzle

The atmospheric test rig, shown in Fig. 7.13, was employed to investigate the Mach number
in the nozzle throat for various main air mass flows with steady-state injection at reacting
and non-reacting conditions. Absolute pressure sensors were installed upstream of the nozzle
and inside the nozzle throat, as described in Sec. 7.4. Assuming adiabatic compression [168],
the throat Mach number is calculated as follows:

M =

√√√√ 2
γ − 1

[(
p1
p2

) γ−1
γ

− 1
]
, (7.7)

where p1 corresponds to the static pressure upstream of the nozzle and p2 to the static pressure
inside the nozzle throat. Fig. 7.22 depicts the Mach number over main air mass flow in the
throat for the non-reacting case (blue line, ∗) and the reacting case at an equivalence ratio of
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Figure 7.21.: Amplitude of the control voltage input |Ûc| and the measured LVDT voltage
amplitude |ÛLVDT| of the D633-7320 valve’s piston.
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Figure 7.22.: Calculated mean Mach
number in the nozzle throat over main air
mass flow for non-reacting (∗, blue: linear
regression) and reacting (+, orange: linear
regression) conditions.

φ = 0.43 (orange line, +). Knowledge of the Mach number in the experiment is important for
comparing, e. g., cases with reacting and non-reacting flows.
Subsequently, the steady blockage of the nozzle via steady-state air injection at two

incidence angles (cf. Fig. 7.11) was investigated. As mentioned, when introducing the
discharge coefficient in Eq. 7.3, Cd is a measure for the blockage of a nozzle. In order to
compare the results of both 90° and 45° injection, Cd is plotted over the momentum flux ratio
J in Fig. 7.23. The latter was varied by increasing the secondary air injection ms, and it is
defined as

J = ρsu
2
s

ρmu
2
m

= m2
s

m2
m

A2
nozzleρm
A2
injρs

. (7.8)

Anozz and Ainj are the cross-sectional areas of the main nozzle and the injector, respectively.
The nozzle Mach number is calculated without secondary air injection and was varied from
M = 0.3 to M = 0.75, which corresponds to main air mass flows of mm = 33.3 g/s to 83.3 g/s.
Generally, Cd declines with increasing momentum flux ratio, i. e., growing injector mass flows.

45° injection

90° injection

M = 0.75

M = 0.60

M = 0.30

momentum flux ratio J

d
is

ch
a
rg

e
co

effi
ci

en
t

C
d

0 0.05 0.1 0.15 0.2 0.25 0.3

0.6

0.7

0.8

0.9

1

Figure 7.23.: Discharge coefficient of the main nozzle over momentum flux ratio of the in-
jection at three different main air Mach numbers (calculated without injection). Results for
injection angles of 90° (solid lines) and 45° (dashed lines).
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This corresponds to an increase in blockage, as the actual mass flow through the nozzle
is reduced, compared to the theoretical value. The slopes for varying Mach numbers are
comparable for each injection angle. However, a steeper drop is observed for the case of 45°
injection, especially for M = 0.30 and M = 0.60. This indicates a higher blockage at the
same injector mass flow for the injection angled towards the incoming main air flow. This
coincides with observations by Miller et al. [111], who found a significant blockage increase
versus normal injection. Tilted blowing has since become the standard for fluidic throat
skewing and thrust control [9, 43, 48, 56]. The influence of an angled injection on dynamic
measurements is investigated in the following section. However, for comparability and in
respect to implementability at the high pressure test rig, 90° injection remains the standard
configuration throughout this work.

7.5.3. Modulated Air Injection into a Subsonic Nozzle at Isothermal Conditions

For the experiments with harmonic excitation via the D633-7320 proportional valve, the test rig
was set up as depicted in Fig. 7.10, unless stated otherwise. Main goal of the experiments was
to gain insight into the dynamic characteristics of the actuator concept. Thus, measurements
and data evaluation were realized, such that external influences could be excluded as far
as possible. The first step was to ensure a constant piston displacement amplitude over
the regarded frequency range, which was discussed in Subsec. 7.5.1. Throughout all tests,
the maximum deflection amplitude was utilized. The measurements were then conducted
in two steps, analog to the procedure detailed in Sec. 2.4. In a first step, the open loop
reflection coefficient Rol of the test rig termination was measured using the Multi-Microphone
Method. Mono-frequency upstream loudspeaker forcing in a range from fexc = 50 Hz to
400 Hz was used. At a control signal of 0 V, the proportional valve was set to inject a steady
mass flow corresponding to the mean mass flow of the dynamic measurement. This was
necessary, because the reflection is dependent on the mean nozzle Mach number, which needs
to be equal in both measurement steps. The valve mass flow was independently controlled
using a pressure reducing valve, while simultaneously reading the mass flux from an in-line
connected mass flow meter. In the second measurement step, the proportional valve was used
for acoustic excitation. Application of the Multi-Microphone Method yielded the actuator
transfer function from Eq. 2.45. However, the normalization with the control signal is
neglected in this section, as the total amplitude is more descriptive in showing the actuator
characteristics. Thus, a non-normalized or total actuator transfer function is introduced:

Gtot = ĝ −Rolf̂ . (7.9)

As the naturally reflected part Rolf̂ is subtracted from the upstream propagating wave ĝ, Gtot
provides a measure for the acoustic wave solely generated by the acoustic actuator. In order to
show the independence of external factors, an error bar plot is given in Fig. 7.24. It contains
six different measurements conducted at a main air mass flow of mm = 66.7 g/s, corresponding
to an unactuated nozzle Mach number of M = 0.60. Injection was realized with the D633-7320
valve at a mass flux ratio of ms/mm = 0.10, which corresponds to a momentum flux ratio
of J = 0.20. The test rig was disassembled and reassembled in between the measurements,
and further, two setups with different internal volumes (Fig. 7.10 and Fig. 7.13) were
used. Yet, the maximum standard deviation is ≈ 6 % throughout the entire frequency range.
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Figure 7.24.: Error bar plot of the total actuator transfer function Gtot for the same operat-
ing conditions at six different measurements across several weeks.

Thus, the measurement technique is only marginally dependent on the confinement, enabling
comparisons between various test rig setups or experiments and numerical simulations.

The general run of the amplitude response features a plateau from 50 Hz to 180 Hz, followed
by an approximately linear decline by ≈ 30 % in magnitude and another plateau from 300 Hz
to 400 Hz. It will be seen throughout the conducted measurements, that this characteristic
run is more or less similar for any of the regarded cases, despite occasional deviations in the
lower frequency range.
Note that a phenomenological explanation for this behavior was not found within the

literature. The references mentioned in Sec. 7.2 focused on different operating conditions,
which are not applicable in this work. The nozzle Mach number, for instance, is above unity
in any of the previously regarded sources. In this investigation, however, subsonic conditions
are of interest. Typical momentum flux ratios from the literature (e. g., references [9, 42,
186]) are significantly above unity, and thus, exceed reasonable values for application at the
high pressure test rig. Furthermore, in investigations with dynamic excitation, generally the
Strouhal number of the injector is regarded to retain comparability. For example, Vermeulen
et al. [183] and Miller et al. [111] operated their injectors at Sr s = O(1). However, typical
Strouhal numbers in this work are significantly lower. For instance, Sr s ranges from 3.6× 10−3

to 2.91× 10−2 in Fig. 7.24, which is two to three orders of magnitude lower. Consequently,
due to the multitude of differently aimed investigations discussed throughout this work, no
normalization of the injector frequency is used.

In order to gain information about the effectiveness of the actuation concept in comparison
to simply mounting the valve at the measurement duct’s (or combustor) wall, a corresponding
experiment was conducted. The setup shown in Fig. 7.10 was used and nozzle actuation was
realized as detailed above. For actuation on the combustor wall, the valve was flanged to a
connector piece for exhaust gas analysis, using the same adapter length and diameter as for
nozzle injection. In this case, the nozzle was replaced by an orifice, as the strong reflections
impaired accuracy of the measurements. The same operating point as in the preceding results
was used, complemented by two measurements at lower main air mass flows. The mass flux
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Figure 7.25.: Total actuator transfer function Gtot for three Mach numbers and two different
injection locations. All measurements conducted at a constant ratio of secondary and main
air mass flow: ms/mm = 0.1. Solid lines denote air injection into the nozzle throat and dash-
dotted lines denote injection upstream of the nozzle.

ratio for all six configurations was kept constant. Note that the momentum flux ratio for
nozzle injection and upstream injection on the combustor wall is not kept constant in this
case, as the cross-sectional area of the main air flow is significantly larger. Hence, the mass
flux ratio was considered the more reasonable comparison parameter in this case.

Fig. 7.25 depicts the result of this investigation. Solid lines denote excitation in the nozzle,
while dash-dotted lines denote actuation upstream, on the wall of the measurement duct. A
significant difference in the achievable amplitude is observed, with nozzle excitation being
three to ten times more effective at the same main air mass flows. The general trend of higher
amplitudes for increasing nozzle Mach numbers, denoted by colors, is the same for both
injection locations. An exception is upstream injection in the range from 150 Hz to 250 Hz,
where the three curves collapse. Furthermore, nozzle injection at M = 0.45 delivers a slightly
different trend of the actuation amplitude at higher frequencies. Deviations are within the
error margin and supposedly result from the measurements being conducted on different days.
Note that direct mounting of the valve to the wall of the measurement duct is not ideal,

as was pointed out by Bothien [18]. He showed that depending on the frequency range, an
additional resonance tube delivers improved results. However, the amplitude gains using this
method are not as pronounced and most importantly not as constant over a wide frequency
range, as the gains possible with injection into the nozzle.

Subsequently, a comparison between injection into the nozzle at 90° and 45°, tilted towards
the incoming main air, was conducted. For this investigation, the mass flux ratio was again
set to ms/mm = 0.10, yielding a momentum flux ratio of J = 0.20. Another operating point
with M = 0.15 was added to those previously used. The result is depicted in Fig. 7.26,
where solid lines denote 90° and dash-dotted lines 45° injection. Comparing each main air
mass flow, denoted by graph colors, the angled injection constantly delivers higher actuation
amplitudes. Deviations range up to 15 %, with angled injection generally achieving about
a ten percent increase versus normal injection. The deviation is relatively constant and
apparently not dependent on the nozzle Mach number. Thus, a simple dependence on the
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Figure 7.26.: Total actuator transfer function Gtot for a momentum flux ratio of J = 0.20 at
injection angles of 90° (solid) and 45° (dash-dotted). The unactuated nozzle Mach number was
varied from M = 0.15 to 0.60 (colors).

blockage, which varies with the main air mass flow (cf. Fig. 7.23), is not found. As mentioned
in references [13, 110, 111], penetration depth of the jet, formation of vortex rings, and the
injector Strouhal number are also highly important factors in characterizing fluid injection
into a nozzle. However, as previously stated, a comparison to the literature is hardly possible,
especially in terms of the occurring Strouhal numbers.
The preceding results show that the achievable amplitude with injection into the nozzle

increases with main air mass flow or nozzle Mach number at a constant mass flux ratio between
injection and main air. A saturation effect is found, which manifests in a relatively constant
amplitude of Gtot above nozzle Mach numbers around M = 0.50 (cf. Fig. 7.25, Fig. 7.26,
and Fig. 7.31). This was observed for various measurements and is always apparent, when
the momentum flux ratio is kept constant. As the typical operating point for the high pressure
test rig incorporates a nozzle Mach number of M = 0.60, this finding is valuable in terms of
investigating the achievable amplitude provided by the proposed actuator concept.

The importance of the momentum flux ratio, which was already stressed by various authors
[76, 111, 183], is evinced by another investigation. The setup is similar to the preceding
tests, incorporating normal and angled injection into the nozzle throat. However, instead of
the momentum flux ratio, the valve mass flow was fixed to a value of ms = 6.67 g/s. Main
air mass flows were varied in a range from mm = 0.0 g/s to 66.7 g/s, corresponding to the
unactuated nozzle Mach numbers as presented in Fig. 7.27.
Several conclusions can be drawn from this plot. As in the preceding results, the angled

injection delivers significantly higher actuation amplitudes as compared to normal injection.
With decreasing momentum flux ratios, corresponding to increasing nozzle Mach numbers,
this deviation decreases. To some extend, this might be connected to the blockage. As
depicted in Fig. 7.23, the momentum flux ratio’s influence on blockage also decreases with
an increasing Mach number, when comparing normal to angled injection. Furthermore, the
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Figure 7.27.: Total actuator transfer function Gtot for a constant injection mass flow of ms =
6.67 g/s at injection angles of 90° (solid) and 45° (dash-dotted). The unactuated nozzle Mach
number was varied from M = 0.0 to 0.60 (colors).

actuation amplitude over main air Mach number apparently reaches a maximum between
M = 0.0 andM = 0.45 for both injection strategies. This is remarkable, as the 45° injection is
angled into the measurement duct and its maximum amplitude is still higher with a moderate
main air mass flow. Hence, sound generation with the actuator concept requires a minimum
main air mass flux in order to couple the actuation to the upstream cavity, which confirms
the initial CFD simulation on the actuator’s working principle. Above a threshold main air
flow, the amplitude declines, supposedly due to a lowering momentum flux ratio.
The general run of all curves that were presented so far, is very similar, as was mentioned

at the beginning of this subsection. In most cases, a constant amplitude is reached at lower
and higher frequencies, respectively. The range in between is usually formed by a more or
less pronounced magnitude decline. However, it has to be stated that the overall frequency
response is considered to be comparably uniform. This uniformity depends on the operating
conditions. However, no parameters were found, where the modulated injection into the
nozzle generated intolerably large amplitude variabilities. Yet, it was observed that the
presented dynamic pressure amplitudes are orders of magnitude lower than the pressure
differentials obtained from steady-state nozzle injection at the same operating conditions.
This behavior was found by Baruzzini et al. [9], as well. Thus, the frequency range below
50 Hz was investigated using an absolute pressure sensor, as mentioned in Subsec. 7.4.2
and a microphone, both located at the same axial position inside the measurement duct. A
standard operating point was chosen: M = 0.60, J = 0.20 at 90° nozzle injection.

Fig. 7.28 depicts the dynamic pressure amplitudes measured with the absolute pressure
sensor (×) and the microphone (◦), as well as the static pressure difference between no
injection and steady injection (�) at the same main air mass flow. This value corresponds
to an extrapolated "pressure amplitude at 0 Hz". At frequencies below 4 Hz the microphone
yields lower amplitudes than the absolute pressure sensor, which is accounted to the venting
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Figure 7.28.: Steady pressure difference (�), low frequency pressure amplitudes obtained
with an absolute pressure sensor (×) and a condenser microphone (◦). Transfer functions cal-
culated with the time constant (dash-dotted) and from the Fourier transform of the impulse
response (solid).

of the microphone. At larger frequencies they agree quite well, showing the presumed low
pass behavior of the actuator.
In addition to discrete data points, Fig. 7.28 incorporates continuous transfer functions.

These were obtained from a step response experiment with an identical hardware configuration.
Alterations were only made in data acquisition and in the method of air injection via the
proportional valve. At the same main air mass flow, valve supply air was first stopped by a
ball tap and then rapidly opened. The absolute pressure sensor was monitored, yielding the
pressure difference between injection and no injection. Assuming a first order low-pass, the
time constant τ of the step response was calculated from the slope of the pressure increase.
The transfer function Gsr (dash-dotted line) was then obtained with

Gsr = ∆p

1 + iωτ
. (7.10)

An alternative transfer function was found by calculating the Fourier transform of the pressure
signal’s gradient, the result of which being denoted by a blue line in Fig. 7.28. Due to the low
number of samples at low frequencies, the method produces inherently noisy results, which
could be minimized by averaging multiple measurements. Still, the three methods produce
similar results in the very low frequency range. Thus, in summary, the strong deviation
between steady and dynamic measurements could be attributed to the low-pass characteristic
of the injector concept.
In order to evaluate the proposed actuation concept to a comparable scheme that has

already been applied in the literature, a mechanical actuation concept was implemented. As
mentioned in the beginning of this chapter, the works of Hochgreb et al. [75] and Macquisten et
al. [102] propose a siren-type actuator located in a nozzle throat downstream of a combustion
chamber. The corresponding hardware was introduced in Sec. 7.4 and was designed to ensure
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Figure 7.29.: Steady pressure difference (�), very low frequency pressure amplitudes ob-
tained with an absolute pressure sensor (×), and low frequency pressure fluctuations from a
condenser microphone (denoted with dots) for three different actuation types: 90° air injection
(orange), 45° air injection (yellow), and excitation via a scalloped disk (blue).

a high degree of comparability to the injector concept. In order to find comparable operating
conditions, the static nozzle blockage was matched. Accordingly, the discharge coefficient,
or similarly the averaged pressure difference between cases of inactive and active actuation,
was equalized for both mechanical and fluid excitation. The first step was determining the
averaged pressure difference between the unactuated nozzle setup and actuation with the
contour disk at a fixed main air mass flow. The same static pressure difference was then
adjusted with both the 90° and the 45° air injection from the proportional valve. This was
done for various main air mass flows and contour disks with three different amplitudes,
respectively. As the trend for any of the investigated configurations is identical, only one
case is shown here. It incorporates an unactuated nozzle Mach number of M = 0.6, a disk
blockage amplitude of 5 % and the corresponding momentum flux ratios of J = 0.32 and
J = 0.31 for 90° and 45° air injection, respectively.

Fig. 7.29 shows the coinciding steady pressure differences (�) as discussed above, as
well as dynamic pressure amplitudes measured with the absolute pressure sensor (×) and
a microphone (dots). Data for the contour disk is represented in blue and air injection at
90° and 45° are colored in orange and yellow, respectively. The fluctuating amplitudes of all
three configurations follow a similar path. Except from an outlier at 40 Hz the excitation with
the contour disk has the lowest amplitude, albeit only by a small margin. Angled injection
towards the incoming main air flow results in the highest excitation amplitudes. Note that the
frequency range was reduced for clarity. However, the overall trend is identical for the entire
frequency range and furthermore for any of the tested parameter combinations, including
cases with higher-amplitude mechanical blockage.
In conclusion, for the investigated case with a subsonic nozzle and moderate blockage

amplitudes, excitation with a contour disk performs inferior to air injection with proportional
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Figure 7.30.: Total actuator transfer function Gtot for an unactuated main air Mach number
of M = 0.6 at reacting (φ = 0.43, dash-dotted) and non-reacting (solid) conditions. Momentum
flux ratios were varied from J = 0.015 to 0.140 (colors).

valves. In addition, injection at a 45° angle always yielded higher fluctuation amplitudes at
lower momentum flux ratios than injection normal to the surface.

7.5.4. Modulated Air Injection into a Subsonic Nozzle at Reacting Conditions

Further characterization of the injection concept was realized by incorporating reacting
experiments with the test rig setup depicted in Fig. 7.13. At an equivalence ratio of
φ = 0.43, the temperature ratio between injected air and main air was Ts/Tm ≈ 0.25, which
approximately matches the value expected in the high pressure test rig. The first experiment
was conducted at an unactuated nozzle Mach number of M = 0.60 and varying momentum
flux ratios, which was realized by three levels of secondary mass flows. Fig. 7.30 additionally
shows results for non-reacting conditions at the same J as reference.
For both reacting and non-reacting conditions, actuation amplitudes increase with mo-

mentum flux ratio. Furthermore, excitation in a cold main flow delivers consistently higher
fluctuation magnitudes. The deviation between amplitudes at reacting and non-reacting
conditions are generally in the range of 10 % to 20 % at each momentum flux ratio. It has
to be stated that the unactuated nozzle Mach number at two different temperature ratios
might not be perfectly suited for a fair comparison. With cold air injection, the resulting
nozzle Mach number will differ between cases with hot and cold main flow, due to mixing.
Furthermore, the momentum flux ratio calculation becomes prone to errors, as the density in
the nozzle throat cannot be accurately determined in cases with a temperature gradient. Yet,
a general conclusion can be drawn in stating that a strong increase in main air temperature
and thus temperature ratio Ts/Tm has only minor influence on the generation of upstream
pressure fluctuations. This result confirms findings by Holdeman & Walker [76] and those in
the preliminary CFD investigations (cf. Fig. 7.4).
Within the same experiment, additional operating parameters were varied, yielding a

comparison between unactuated nozzle Mach numbers for a constant momentum flux ratio
under reacting and non-reacting main flow conditions, respectively. Fig. 7.31 shows the
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Figure 7.31.: Total actuator transfer function Gtot for a momentum flux ratio of J = 0.062 at
reacting (φ = 0.43, dash-dotted) and non-reacting (solid) conditions. The unactuated nozzle
Mach number was varied from M = 0.50 to 0.70 (colors).

results, once again displaying the relevance of the momentum flux ratio in comparing various
operational parameters. The amplitudes at varying main air mass flows collapse for reacting
and non-reacting conditions, respectively. A saturation effect of the achievable amplitudes of
Gtot for nozzle Mach numbers M > 0.5 and constant momentum flux ratios was mentioned
earlier and is observed here. Further, hot main flows result in 15 % to 20 % lower fluctuation
magnitudes, which matches the observation made in Fig. 7.30. Note that the accuracy of M
and J are equally error-prone and thus, the absolute difference has to be taken with care.
However, the key message remains that the temperature influence on the actuator concept is
not expected to be an issue for the implementation at the high pressure test rig.

Finally, it has to be mentioned that an additional investigation is required for determining an
optimal layout of the injectors at the vane simulation section. As pointed out by Holdeman &
Walker [76], an increasing number of holes at the same total injector area increases blockage,
yet reduces penetration depth. Due to the assumed working mechanism of the actuator
concept being blockage of the main air stream, an increased number of holes is presumed
to perform best in terms of acoustic excitation. Yet, an increase of injector holes is highly
dependent on the actual possibilities with the specialized liquid-cooled designs of the vanes
in the test rig. Furthermore, inclination of the injection jets towards the incoming main air
flow is recommended, the implementation of which also depends on hardware restrictions.
Due to the expenses related to manufacturing an appropriate experimental setup for this
investigation and the comparably large parameter space with different injector angles, total
injector areas and number of injector holes, a numerical investigation is presumed to be more
feasible.

7.6. Time-Domain Network Model: Impedance Tuning on the High Pressure Test Rig

In the preceding sections, the actuator concept was investigated in terms of several aspects.
CFD simulations showed that the achievable amplitude is high enough for the prospected

126



application in the industrial test rig. Various experimental results showed that the concept
performs superior to comparable methods, features a relatively constant amplitude response,
and is robust in terms of operating conditions, such as mean temperature or Mach number
variations.

However, as detailed in Sec. 2.4, implementation of the impedance tuning concept, addi-
tionally requires a proper phase relation between identification of the downstream propagating
acoustic wave and incidence of the actuator’s response. If this phase relation is improper, the
output signal of the controller could not be generated in time, to successfully superimpose the
required acoustic fluctuation on the upstream propagating wave. An investigation, covering
this aspect was conducted using a time-domain network model and is presented in this section.
The required input, i. e., the simulated open-loop reflection coefficient (natural reflection,

cf. Sec. 2.4) and the actuator transfer function were determined from combined RANS and
LEE simulations, the results of which are presented in Subsec. 7.3.3.

A schematic of the time-domain network model is depicted in Fig. 7.32. It consists of basic
elements such as transfer delays that represent constant area ducts, segments for extraction
of the pressure readings, and the upstream and downstream reflection coefficients Rus and
Rol. Furthermore, the components necessary for impedance tuning, i. e., blocks for wave
decomposition D, controller K and the actuator transfer function G are incorporated. Within
this work it is set up to represent both the cold acoustic test rig from Sec. 7.4 and the
industrial test rig’s representation from Fig. 7.8.

7.6.1. Verification of the Time-Domain Network Model

First of all, the 1D network model’s elements were verified, sequentially. Key steps in
the verification are presented here. Firstly, the acoustic system depicted in Fig. 7.32
was simulated without the wave decomposition and controller elements, and compared to
experimental results. In the second step, the online wave identification D was validated with
the standard frequency-domain Multi-Microphone Method. Finally, the performance of the
controller K was investigated and compared to experimental results.
For the initial simulation of the cold acoustic test rig, the geometric features and the

operational parameters from the high-pressure experiment were applied in the model. I. e.,
typical mean temperatures, pressures, and flow velocities leading to an approximate nozzle
Mach number of M = 0.6 were applied. Upstream and downstream reflection coefficients
and the actuator transfer function were obtained from experimental data. To that end, the
Multi-Microphone Method was evaluated at the highlighted reference planes in Fig. 7.14. The
identified discrete frequency-dependent functions from the experiment were translated into

Ru

eexc
D

ep4'p3'p2'p1'
K

Rol

G

f

duct duct duct duct duct

Figure 7.32.: Schematic of the 1D time-domain network model for verification of the active
modification of the acoustic boundary condition
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state-space realizations using system identification tools, as described in Sec. 2.4. Together
with the microphone calibration factors, they were subsequently incorporated into the model
using standard MATLAB routines. Broadband excitation with added noise was realized in a
range from f = 50 Hz to 500 Hz.
For comparison, the cross power spectral density of the upstream sensor (red frame in

Fig. 7.14) and the excitation signal was calculated from the experimental data and from the
network model. It is depicted in Fig. 7.33. The magnitudes of both match to a certain extent.
Deviations result from the actuator transfer behavior, which was not included in the network
model. Instead, a constant-amplitude excitation of the loudspeaker throughout the entire
frequency range was assumed. Furthermore, the discrete experimental data for the upstream
and downstream boundary conditions had to be translated into state-space realizations for
inclusion in the model. In the process, they were smoothed and fitted using a sufficiently
small number of poles in the Vector Fitting routine, in order to keep the system stable. In
consequence, the corresponding gains differ slightly throughout the frequency range and thus,
the magnitudes deviate, especially at the resonance peaks. However, the important conclusion
from this result is that the frequencies of the extreme values are accurately reproduced by
the 1D network model. Further, the slopes of both experimental and simulated spectra are in
good agreement. Thus, the results indicate correctly implemented time delays.
Subsequently, a generic network model with flow and realistic boundary conditions was

set up in order to verify the online wave decomposition’s implementation. The resulting
f -wave from the time-domain Multi-Microphone Method was compared to the established
frequency-domain variant. Fig. 7.34 depicts magnitude and phase of the separately calculated
f -waves, which are in very good agreement. The image at the top right shows an enlarged
portion of the magnitude plot, which reveals accuracy of the implemented scheme. The
Multi-Microphone Method in time domain is evaluated at the reference plane at the location
of the upstream microphone. Accordingly, the frequency-domain evaluation is performed at
the same location with a cross-correlation of the pressure and the excitation signal. The
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Figure 7.33.: Magnitude of the cross power spectral density between excitation and pressure
reading at the reference plane in the cold acoustic test rig. Measured in the experiment (blue)
and calculated with the 1D network model (orange).
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Figure 7.34.: Downstream traveling wave f for non-zero mean flow conditions in the 1D
network model obtained from time-domain (blue) and frequency-domain (orange) Multi-
Microphone Method. Top: magnitude with enlarged depiction of a small frequency range,
bottom: phase at the reference plane.

determined phase plots shows no deviations, hence, the online wave identification is considered
as verified.

Validity of the controller was tested using the results from an impedance tuning experiment
conducted on the cold acoustic test rig from Fig. 7.14. In the experiment it was shown
that the outlet boundary condition of the measurement duct could be successfully altered to
various closed-loop reflection coefficients in a range from R = 0.2 to 1.0 Fig. 7.35 shows
exemplary results from this experiment. The open-loop reflection coefficient is denoted by a
solid blue line. With a controller transfer function defined in a frequency range from 150 Hz
to 350 Hz, the closed-loop reflection coefficient was adjusted (dashed blue line). The target
was an absolute value of |Rcl| = 0.7 and the original phase of Rol. The jagged run of the
magnitude of the experimental data (upper image) is presumably due to incorporated large
open loudspeaker in close proximity to the outlet boundary.

In the model of the cold acoustic test rig, the open-loop reflection coefficient was smoothed
and again fitted with as few poles as possible, in order to keep the simulation stable. As
a result, the magnitude of Rol (solid orange line) in the network model is much smoother
than in the experiment. The same holds for the closed-loop reflection coefficient (dashed
orange line). The controller was set exactly as in the experiment, leading to the absolute
value of the acoustic boundary condition of |Rcl| ≈ 0.7 in a large frequency range. Deviations
of the results presumably originate from the jagged experimental data. The phases of both
the experimental and the simulated Rcl are depicted in the lower image. They are in very
good agreement with the phase of the open-loop reflection coefficient, which was the target.
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Figure 7.35.: Open-loop (solid) and closed-loop (dashed) reflection coefficients experimentally
determined (blue) and calculated with the 1D network model. The closed-loop reflection coeffi-
cient was tuned to |Rcl| = 0.7 in a frequency band from f =150 Hz to 350 Hz. Top: magnitude,
bottom: phase between g and f at the reference plane.

Thus, proper functionality of the 1D network model including the online wave decomposition
scheme and the controller has been shown.

7.6.2. Results of the Simulations with the Time-Domain Network Model

After its verification, the network model was used to simulate the industrial test rig and
implementation of the active modification of the acoustic boundary condition. Fig. 7.36 shows
the geometry, used for the simulation. All x-coordinates are normalized by the combustion
chamber length Lcc, which is defined from the burner base plate to the throat of the VSS.
The microphone array is denoted by black and blue dashed lines, the latter representing the
axial location of microphone 1. Furthermore, it stands for reference plane 1, relevant for the
online wave identification. The orange dashed line (ref. 2) represents the reference plane that

ref. 2
vane simulation

section

0.25 0.31 0.38 0.43 0.49 1.00.0
x/Lcc

mic1 (ref. 1) mic4burner base

Figure 7.36.: Geometry as implemented in the 1D time-domain network model. Locations of
the microphone array and reference planes (blue and orange) are normalized by the combustor
length Lcc.
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was used in the preliminary RANS/LEE simulation in Subsec. 7.3.3. The duct downstream
of the VSS is cut off in this depiction. Its exact geometry is not required for the model, as it
is already incorporated in the Rol- and G-data from the input simulations.
The upstream boundary condition at the burner base plate was set to an arbitrary fixed

value with zero phase taken from a comparable setup. This slight simplification does not
impede validity of the results, as Rus has no influence on the downstream time delays, this
investigation focuses on. The operational parameters implemented in the network model are
summarized in Tab. 7.2 and Tab. 7.3.

Furthermore, the location of the sensor array in the combustion chamber is of high relevance.
The layout given in Fig. 7.36 depicts a sensible option in terms of the constraining factors,
which are summarized here. One key parameter is the length of the array, i. e., the axial
extent from the upstream to the downstream microphone. Instructions for the appropriate
length and layout of sensor arrays for the Multi-Microphone Method is given, for instance, by
Schuermans [156]. In summary, the optimal spacing depends on several factors, such as the
observed frequency range, damping, or uniformity of the temperature profile. Length and
spacing were chosen according to the mentioned publication. The second parameter for the
array positioning is the flame location. The microphones need to be located downstream of
the flame, due to its acoustic-source character and strong influence on the temperature field.
Finally, the distance from the microphone array to the downstream boundary is of significant
importance in terms of the applicability of impedance tuning. As mentioned in Sec. 2.4,
the time lag between detection of the downstream propagating wave f and incidence of the
naturally reflected acoustic wave at the same reference location has to be larger than the
time lag between emission of the actuator output signal and incidence at the sensor array.
Note that time lag is not equivalent to the distance in this case, due to the presence of a
non-zero bulk-velocity. Hence, the phase of the controller transfer function K, relating the
aforementioned time delays, was investigated for several sensor array locations. According to
Eq. 2.48, K was calculated using input data taken from the RANS/LEE simulations detailed
in Subsec. 7.3.3.
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Figure 7.37.: Phase of the controller transfer function K for various offsets of the sensor
array along the x-coordinate of the combustion chamber. Left: arg(K) for |Rcl| = 0.2, right:
arg(K) for |Rcl| = 1.0
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Fig. 7.37 depicts the phase of the controller transfer function for several axially varied
sensor array locations (denoted by colors) and two different closed-loop reflection coefficients
(left and right). Since the reference plane for the online wave identification is set to the
location of the first microphone, an artificial time lag corresponding to the distance from the
first reference plane to the second (cf. Fig. 7.36) was incorporated into any calculation of K.
To account for various sensor array locations, the phase difference was varied in steps of

the equivalent of 10 mm. A negative value, indicated in the legend of Fig. 7.37, corresponds
to an upstream shift of the sensor array location, while a positive value denotes a downstream
shift. At both Rcl-values, the phase runs are qualitatively similar, yet, their phases are shifted
by π. The reason lies in the open-loop reflection coefficient, which assumes absolute values
between both closed-loop values. Thus, the controller destructively interferes with the incident
sound wave when controlling to a lower reflection coefficient (|Rcl| = 0.2) and constructively
interferes to attain an increased reflection (|Rcl| = 1.0). For the applicability of the active
control of the boundary condition, the slope of the controller transfer function’s phase is
highly relevant. A decreasing phase over the frequency renders the controller causal, i. e.,
the input signal arrives at the controller before the output signal needs to be send [18]. As
depicted in Fig. 7.37, shifting the sensor array upstream increases the frequency ranges, in
which this condition is met and therefore the probability of a successful application of the
scheme. On the other hand, a downstream shift reduces the frequency ranges with decreasing
phases, which diminishes the scheme’s applicability range.
However, the array’s distance to the burner base plate has a certain minimum, which is

dictated by the flame location. Note that the flame’s extent is not fixed and depends on
the operating point. Furthermore, near-field effects are to be expected. Thus, the required
distance to burner base plate is higher than the typical axial extent of the flame. Considering
the constraints on the sensor array’s location, the suggested layout in Fig. 7.36 is the optimum
and will be used throughout the remainder of this section.
Subsequently, the 1D time-domain network model was set up according to Fig. 7.32. As

in the preliminary investigation of K, the open-loop reflection coefficient and the actuator
transfer function from the RANS/LEE simulation in Subsec. 7.3.3 were implemented in
state-space form. All parameters were set up in order to realistically represent the high
pressure test rig. External forcing was realized using a custom sweep function operating in
a frequency range from 50 Hz to 800 Hz. Artificial noise was generated and superimposed
on the excitation. The first simulation aims to demonstrate the control concept’s ability
of modifying the open loop-reflection coefficient to the following targeted absolute values:
|Rcl| = [0.0, 0.2, 0.4, 1.0]. Results are depicted in Fig. 7.38. The required controller transfer
functions were generated in frequency ranges, in which control was possible (denoted with
colored dashed lines).

The open-loop reflection coefficient is colored in blue and the simulated closed-loop reflection
factors for the desired magnitudes are presented in the remaining colors. The controlled
frequency ranges are different for each configuration, as the setup of the control law depends
on several factors and might not be possible in the same frequency bands for any desired Rcl.
Main constraints were the stability of the network model, which could not be ensured for
higher numbers of poles, i. e., control laws with higher accuracy.

For a virtually anechoic end (solid orange line), a maximum deviation of ∆|R| = 0.08 from
the desired value (dashed orange line) is observed. Due to the low amplitudes, the phase
values are not relevant in this case. For desired magnitudes of |Rcl| = 0.2 and 0.4, deviations
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Figure 7.38.: Open-loop and closed-loop reflection coefficients. Top: magnitude of Rol (blue),
|Rcl| = 0.0 (orange), |Rcl| = 0.2 (yellow), |Rcl| = 0.4 (purple), and |Rcl| = 1.0 (green). Fre-
quency ranges for control are indicated by dashed lines and the corresponding colors. Bottom:
phase between g and f at the reference plane.

are ∆|R| < 0.06. Modification to a fully reflective boundary condition was successful in a
frequency range from 310 Hz to 600 Hz, with maximum deviations below 7 % of the desired
magnitude. At lower frequencies, control was not possible, which is presumed to originate from
a badly conditioned controller transfer function, leading to strong reflections from f = 240 Hz
to 300 Hz.

The closed-loop phase for all configurations, except anechoic conditions, is accurately tuned
in the corresponding frequency ranges. Setting up a controller transfer function in frequency
bands, where the magnitude of Rcl coincides with the open-loop reflection coefficient, is
intricate. The reason lies in the phase of K, which accordingly needs to incorporate jumps of
180°. Using smaller frequency bands, control would be possible.

Another key application of impedance tuning is phase modification of Rcl. In that way,
virtual additional lengths of the combustor can be realized, effectively changing its resonance
frequencies without physical alterations. In the according simulation, magnitudes of the
closed-loop reflection coefficients were adjusted to the open-loop case, while the phase was
varied. The results for four different virtual additional lengths from ∆L = 0.1 m to 1.2 m are
shown in Fig. 7.39. The top and center image depict magnitude and phase of the open-loop
and closed-loop reflection coefficients, respectively. Slopes of the phases are steeper for larger
virtual extents of the combustion chamber. The simulated values of the virtual additional
lengths are calculated from the closed-loop phases with

∆L = ∆ϕc

2ω , (7.11)

where ∆ϕ is the phase difference between Rol and Rcl. Frequency-dependent values for ∆L are
depicted in the bottom image of Fig. 7.39. The frequency range, in which control was realized,
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Figure 7.39.: Top: magnitude of the open-loop (blue) and four closed-loop reflection coeffi-
cients (remaining colors). Controlled frequency range: f = 111 Hz to 671 Hz (black dashed
line). Center: phase between g and f at the reference plane. Bottom: Virtual additional
lengths for four different target values calculated from phase difference and controlled fre-
quency range.

is delimited by dashed black lines. For virtual additional lengths of 0.1 m and 0.4 m, a high
accuracy was achieved throughout the entire frequency range. Except for lower frequencies,
the same holds for virtual additional lengths of 0.8 m and 1.2 m. Here, deviations from the
targeted values increase to 8 % and 11 %, respectively. In the latter case, the magnitude of
Rcl significantly deviates from the open-loop values, as well. Likewise, at frequencies above
500 Hz, the controlled magnitudes differ noticeably from the target value. Total deviations
grow with virtual additional length. However, regarding the intermediate frequency range
considered in this work, these errors are acceptable.

In the context of application at the industrial test rig, the controller’s reaction to transient
input signals is of great relevance. Due to combustion noise, not only consisting of time-
harmonic signals, other signal types were simulated with the time-domain network model, as
well. Fig. 7.40 depicts the actuator’s response Ge (orange) to transient perturbation signals
Rolf , which are reflected at the system boundary, and the resulting upstream propagating
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Figure 7.40.: Three transient perturbation signals, represented by the reflected wave Rolf
(blue), the corresponding actuator response signal Ge (orange) and the resulting superposition
(yellow) at a set closed-loop reflection coeffcient of |Rcl| = 0.2 plotted over time.

wave g, which is a superposition of both (conf. Eq. 2.43). Results are plotted over time for
three different transient input signals.

The first two are Morlet wavelets, which consist of a harmonic wave localized by a Gaussian
window. They are centered at frequencies of f = 120 Hz and 330 Hz, which are typical for
such signals in the industrial test rig. The closed-loop reflection coefficient is set to |Rcl| = 0.2
in every case shown. It is apparent that the controller functions as intended. Its reaction to
the perturbation is instant, which shows in the incident wave being immediately superimposed
with a corresponding actuator output. The resulting reflection coefficient, which may be
deduced from the time series, matches the target value exactly and there are no overshoots or
reverberations. The bottom image shows data for a square perturbation signal. As with the
wavelets, the response is instant and no overshoot is apparent, despite the sharp input signal.
Any fluctuations in the perturbation signal are immediately counteracted, thus, smoothing
the acoustic wave returned into the system.
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The above investigations, conducted in a realistically set up network model, show that the
active modification of magnitude and phase of the acoustic boundary condition is possible
as intended at the high pressure test rig. Although the distance between sensor array and
injection location is limited and the injection channel for the modulated secondary air needs
to have a minimum length, the time lags suffice for enabling the impedance tuning scheme.
Furthermore, the time-resolved response to transient input signals is investigated and proper
functionality of the controller is predicted.

7.7. Discussion of the Downstream Actuator Concept

In the beginning of this chapter, various actuator concepts are discussed in terms of their
ability to fulfill the requirements posed in Sec. 3.4. The most promising concept is found
to be a modulated air injection into the restriction downstream of the combustion chamber.
Due to utilization of the blockage introduced by air injection into the smallest cross-section,
a significant increase in efficiency of the secondary air injection is expected. Furthermore, the
location far downstream is beneficial for the implementation of impedance tuning. Similar air
injection schemes from the literature are reviewed, although they were conducted within the
field of aviation research, and thus, focus on different operational parameters. However, some
general physical relations are comparable and dimensionless parameters are adopted for use
in this work.
Subsequently, CFD simulations under realistic test rig conditions were conducted. They

show that the actuator concept is capable of achieving the required amplitudes, and thereby,
deliver a mass flow target for the modulated secondary air. Furthermore, the mechanism of
sound generation is indicated to be connected to an oscillating vortex shedding, rather than
the injection acting as a volume source. As expected, a linear increase of the sound pressure
amplitude with mean density in the test rig is shown. Technically relevant mean temperature
variations do not exhibit a significant influence on the excitation amplitude, which is later
substantiated by experimental results.
The required number of proportional valves is calculated using data from preliminary

experiments. First of all, the regarded frequency range determines the type of valve that may
be used. A larger frequency range comes at the cost of a lower throughput, which could be
compensated for by an increased supply pressure. All things considered, it is expected that a
reasonable amount of valves is sufficient for the actuation concept to achieve adequately large
excitation amplitudes on the high pressure test rig with both investigated valves.
Further experiments were conducted on a modular atmospheric test rig, equipped with a

generic nozzle. Under comparable circumstances, a 45° inclination of the injected mass flow
towards the incoming main air flow proved to be more efficient than standard 90° injection.
Furthermore, a siren-type mechanical actuation delivered lower amplitudes throughout all test
cases. It was also shown that injection into the nozzle throat yields far higher amplitudes than
a similar injection at the combustor wall, which confirms results of the CFD. The concept was
further characterized by altering several operational parameters, while keeping characteristic
variables constant. It was found that an increase in the unactuated nozzle Mach number at
a constant momentum flux ratio yields a saturation effect in the achievable amplitude for
values of M > 0.5. However, a minimum Mach number is required in order to couple the
excitation to the combustion chamber acoustics.
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In the last section, a one-dimensional time-domain network model of the high pressure test
rig is detailed. The aim of this study was to verify that the relevant time lags for application
of impedance tuning are in an appropriate ratio. The necessary boundary conditions and
the actuator transfer function were computed with a combined RANS and LEE simulation.
Initially, the sensor array location was examined in terms of the phase of the actuator
transfer function. Results show that the scheme is applicable in large portions of the regarded
frequency range. The broadband active modification of the acoustic boundary condition
was demonstrated by successfully imposing various absolute values of closed-loop reflection
coefficient and several virtual additional lengths of the combustion chamber. Furthermore,
the system’s response to a transient input signal was presented and the controller was found
to function in a robust and reliable way.

Aside from the purpose described in this thesis, the presented actuator concept may be used
for other applications, as well. For example, it could be utilized for active instability control
in a closed-loop configuration designed for impedance control, as pointed out by Bothien et al.
[21]. Alternatively an open-loop scheme could be utilized, such as the one described by Ćosić
et al. [40]. An advantage over the active instability control approaches described in references
[71, 163] is the working medium. In the mentioned publications, the valves were used for a
modulated fuel injection. However, due to the composition of natural gas, corrosion of the
valves poses an issue. The problem can be eliminated by instead using the proposed injection
of air into the first vane stage.

Note that active control of combustion instabilities is not limited to stationary gas turbines.
It may also be of relevance in aviation, where the use of compressor or fan bleed air for
thrust control or thrust vectoring is already considered feasible [43, 110]. The additional
instruments for incorporation of active instability control merely include suitable sensors and
a controller. Further, the utilized valves need to be capable of air flow modulation at the
required frequencies. However, as pointed out in references [63, 77, 142], even solenoid valves
are viable options, when incorporated in suitable closed-loop control schemes.

137





CHAPTER 8
Conclusion

Among the crucial steps in the development of new gas turbine combustion systems are
experimental investigations to determine the susceptibility to thermoacoustic instabilities. In
early development stages, the transfer behavior of combustors is measured at atmospheric
pressure conditions. The results are used as input for low-order network models, which
aim to predict the stability characteristics of the combustion system. A subsequent step
consists of high pressure tests. As the operational parameters may be adapted to those of
the engine, reliability and comparability of the results are increased. However, the acoustic
boundary conditions may differ, as for instance, interaction with neighboring combustors
cannot be reproduced in single-burner test rigs [84]. Thus, the risk of encountering combustion
instabilities in full scale engine tests remains. In the worst case, alterations of the advanced
design become necessary, which is highly expensive for the manufacturer. Incorporation of an
active modification of the acoustic boundary conditions, especially that downstream of the
combustion chamber, would remedy this issue.

Bothien et al. [18, 20–22, 24, 26] and Moeck et al. [112] successfully developed such a method
for broadband and discrete active impedance control with different actuators and applied it
to combustion test rigs. Impedance tuning allows for imposing of quasi-arbitrary boundary
conditions on an acoustically actuated test rig termination. Thus, fully reflecting conditions
may be simulated without the need for a choked exit, anechoic conditions are possible,
and virtually variable combustor lengths can be imposed without hardware modifications.
Employment of the scheme on a test rig with high correlation to the engine, thus, enables a
highly realistic direct assessment of several characteristics. The entire operating envelope of a
new combustor system can be thoroughly tested in terms of exhaust gas emissions, efficiency,
acoustic behavior, and their interrelations. Thereby, especially the risk of susceptibility to
thermoacoustic oscillations can be strongly minimized before moving to full scale engine tests.
The necessary equipment for impedance tuning, complemented by an additional sensor

array, may further be used to determine the flame transfer behavior. As the operating
conditions are very similar to those in the engine, the results are highly reliable compared to
those obtained from atmospheric experiments.
In essence, the aim of this thesis is a concept for a high pressure test rig allowing for a

thermoacoustic characterization and impedance tuning at the combustor outlet. The required
hardware modifications need to account for the existing test rig geometry, which closely
resembles the engine. The proposed concept comprises actuators and sensors both upstream
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and downstream of the flame. Once the equipment is implemented, the industrial test rig will
grant efficient opportunities for the development of new combustor systems and advances in
the research on thermoacoustic phenomena. Within the following passages, the corresponding
investigations and key results of this thesis are summarized.
The fixed design of the industrial test rig impedes a straightforward measurement of

acoustic pressure and particle velocity directly upstream of the burner, which are required
for a thermoacoustic characterization. Hence, suitable methods for determination of these
variables needed to be developed. The first option, described in the thesis, is a sensor
array located in a passage of constant cross-section upstream of the combustor plenum.
This method requires additional determination of the plenum’s transfer behavior. The
corresponding calculations incorporate an analytical approach to obtain the transfer behavior,
which is complemented by numerical simulations. Thereby, the acoustic variables may be
obtained in a flexible and accurate way. The second option utilizes the unsteady pressure drop
over the burner. It allows for calculation of the velocity fluctuations at the burner inlet (cf.
reference [160]). Both proposed options are expected to be viable solutions. Their individual
advantages and disadvantages are discussed and practical considerations will determine a
final implementation.

Determination of the acoustic variables inside the combustor is imperative for the realization
of impedance tuning. However, as the combustion chamber comprises a curved geometry with
a variable cross-sectional area, the standard method for a plane wave decomposition needed
to be adapted. The solution to Webster’s horn equation [189] and its extension to mean
flows by Rienstra [144] were used for development of a frequency-domain and a time-domain
variant of the Multi-Microphone Method for ducts with non-uniform cross-sections. On
account of the combustion chamber’s shape, the necessary solutions to the wave equation
can only be obtained using numerical simulations. The results show the method to yield
accurate reconstructions of the apparent sound pressure field for both frequency-domain and
time-domain implementations of the technique. Note that the final employment in the high
pressure test rig requires additional simulations with mean flow in order to determine the
scattering matrices between the probes. In this step, the proposed relocation of the sensor
array to the combustion chamber bottom should be investigated. As these simulations are
required in any case, the benefit of the adjustment is easily assessed, with a potentially strong
increase in the method’s accuracy.

The developed method is of high relevance for the determination of acoustic properties in any
applications that incorporate segments of slowly varying cross-sectional areas. Especially in the
case of combustion chambers for stationary applications or aviation, acoustic measurements
generally require the rigs to be redesigned. Straight ducts need to be employed to utilize
standard techniques for wave identification. This simplification becomes unnecessary by
incorporating the proposed method. Thereby, a higher correlation between test rig and engine
can be achieved and costs for redesigning can be reduced.

For the acoustic excitation upstream of the burner, a siren actuator is proposed. It fulfills
the stated requirements and has proven its reliability in similar applications (e. g., references
[36, 49, 83, 152, 160]). A siren may be tailored to the needs of the regarded high pressure test
rig and experienced manufacturers are available. In this work, the location and several options
of mounting are investigated in terms of FEM simulations. The results indicate that the best
performance is achieved by forcing at the burner base plate via symmetrically arranged inlet
holes. However, in combination with a sensor array in the flow sleeve, a positioning further
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upstream at the flow box is required. A horn-shaped connection performed best among the
investigated mounting options at that location. Yet, its theoretical advantage has to be
carefully weighed up against the required expenditures.
The core of this thesis is the actuator design for the region downstream of the flame.

Acoustic excitation at this location is the key element for impedance tuning and it is required
for measurements of the flame transfer matrix. It has to fulfill demanding requirements, the
sum of which, no current actuator type is capable of. Initially, several possible actuators are
discussed. From this discussion, a concept is derived. It employs proportional valves injecting
modulated air into the restriction downstream of the combustion chamber. A literature
survey on related injection concepts (e. g., references [9, 42, 43, 110, 111]) yielded initial
indications for the implementation of the method. Subsequently, CFD simulations were
conducted to determine the achievable amplitude and the corresponding mass flow to be
injected. Furthermore, the simulations indicated that the concept’s underlying mechanism is
based on oscillatory vortex shedding rather than acting as an acoustic volume source.
In subsequent experimental investigations, the necessary amount of valves was sought.

Given a sufficient supply pressure, the number of required valves is considered to be feasible
for application at the high pressure test rig. Furthermore, several of the actuation concept’s
properties were characterized using an atmospheric test rig. A generic nozzle allowed for
a modulated secondary air injection with a proportional valve. Dependence on the nozzle
Mach number, the momentum flux ratio, injection angle, and exhaust gas temperatures are
discussed. Furthermore, it is shown that nozzle injection performs superior to an upstream
injection at the combustor wall. It also delivers higher fluctuation amplitudes than comparable
mechanical actuation at the nozzle throat, which was for example employed by Hochgreb et al.
[75]. In the final step, a time-domain network model is described, which verifies the actuation
concept’s functionality with regard to the occurring time lags in the high pressure test rig.

In summary, the numerical and experimental investigations show that the actuator concept
is capable of fulfilling the demanding requirements for achieving sufficient acoustic forcing
amplitudes and how this amplitude scales with different operating parameters. Further,
simulations indicate that the time lags are favorable for the implementation of impedance
tuning at the regarded industrial test rig.

Note that additional application purposes for the developed actuation concept are possible.
Due to its ability to generate high amplitude pressure fluctuations, it may be viable for active
instability control in both stationary and aviation gas turbines. With the move towards lean
combustion processes in airborne gas turbines, an active instability control gains importance.
Especially, aviation applications with fluidic thrust control [43] could profit, as only few
additional instruments are required, simplifying the implementation.

8.1. Additional Efforts for the Final Implementation

In this work, a concept for both an implementation of a thermoacoustic characterization, i. e.,
measurement of the flame transfer matrix, and the active modification of the downstream
acoustic boundary condition in an existing industrial combustion test rig from SIEMENS PG
are detailed. With the help of a small number of finalizing investigations, this specific test rig
and also similar facilities can be outfitted with the proposed sensors and actuators. Thereby,
significant advancements in the field of thermoacoustic investigations for new combustor
systems are possible.
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For the final hardware implementation of the upstream sensors detailed in Chap. 4, one
of the two proposed approaches needs to be chosen according to practical and monetary
considerations. If the concept from Sec. 4.2 is to be implemented, validating numerical or
experimental investigations are to be conducted. These are required, as the proposed concept
was based on simplified geometries and focused on derivation of a procedure, applicable in
high pressure tests. Thus, in the next step, the exact plenum geometry has to be incorporated
and the obtained transfer matrix needs to be conditioned to be valid in the entire operational
parameter space. If the alternative approach from Sec. 4.3 is followed, additional input
parameters, describing the burner, need to be fitted. Likewise, experimental investigations
are necessary, which presumably need to be conducted on the high pressure test rig.
In Chap. 5, an extension of the Multi-Microphone Method for ducts of non-uniform

cross-section was developed, in order to allow for a wave decomposition in the combustion
chamber. Final implementation of the concept requires an additional numerical investigation
for determination of the scattering matrices between each of the sensors and the reference
planes. Within this study, eligible locations of the pressure sensors with respect to hardware
restrictions need to be investigated. Inclusion of practically applicable positions at the
bottom of the combustor wall is highly recommended, as significant increases in the method’s
accuracy are expected. With the resulting data, performance of the sensor locations can be
evaluated and sensor positions can be finalized. Ultimately, calibration of the sensors and
their installation on the test rig enable application of the concept. Note that a potential
for errors remains due to ceramic liners, which may cause significant damping. The effect
needs to be compensated for by incorporation of an appropriate wave propagation constant
(cf. reference [175]). Furthermore, a significant axial temperature gradient could impede
application of the Multi-Microphone Method and would require additional modifications to
the wave decomposition scheme. Possible solutions to various families of mean temperature
profiles in quiescent conditions are presented in references [103, 171–173]. In the regarded
high pressure test rig, mean Mach numbers at the sensor array approach – and in some
operational points exceed – values of M = 0.1, necessitating a scheme that works under mean
flow conditions.
The options for positioning of a siren for upstream acoustic forcing of the test rig are

discussed in Chap. 6. Depending on the sensor concept in the upstream region, excitation at
the burner base plate may not be viable. If both alternatives are possible, the performance
differences need to be weighed up against practical and monetary considerations regarding
the hardware implementation. The final step is the compilation of specifications for the
production of the siren according to the elaborations in Subsec. 6.1.1.

Application of the proposed concept for downstream acoustic excitation requires acquisition
of suitable proportional valves, the availability of which has been affirmed. As explained in
Chap. 7, an additional investigation for determination of the final layout of the injector holes
in the vane simulation section is necessary. The amount of holes needs to be investigated in
terms of internal structure and material properties of the liquid-cooled vanes. Furthermore,
inclination of the injection channels towards the incoming main air is to be studied. Issues
related to cooling deficiencies with inactive secondary air supply need to be considered, as
well. Depending on the eventual amount of available valves, achieving of the required air mass
flow at the respective supply pressure is presumed to pose the demand of an extra compressor.
In summary, the modifications for downstream acoustic excitation necessitate design and
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manufacturing of special vanes and an infrastructure for secondary air supply. Additionally,
the proportional valves themselves and their control units need to be acquired.
Once the entire setup is implemented and tested, regular measurements by technical

personnel require development of graphical user interfaces. Key features should enable sensor
calibration, flame transfer matrix measurements, and application of the active modification
of the acoustic boundary condition. These steps generally require simultaneous acoustic
excitation and pressure measurements. Further, online monitoring for sensor failures should
be included. Implementation of impedance tuning initially requires attendance of a specifically
trained engineer.
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APPENDIX A
Validation Case For The Analytical Transfer Matrix Method with Mean
Flow

The analytic transfer matrices for mean flow conditions, discussed in Subsec. 4.2.3, were
validated with various test cases. One of these, adapted from the book of Ehrenfried [45], is
presented here. It incorporates an increasing cross-sectional jump and a low-Mach number
mean flow. A schematic of the setup is depicted in Fig. A.1. Assumptions for the analytical

Mu

Md

Au

Ad

fugu fd

Figure A.1.: Test case for comparison of
the results from the two transfer matrix
approaches to an analytical result. Two
ducts of different diameters are connected
via a cross-sectional jump. Mean flow
is denoted by the corresponding Mach
numbers.

solution of the problem are plane wave propagation, no thermal conductivity, inviscid media,
and negligence of boundary layers. Further assuming non-reflecting terminations at both
outlets, the acoustic pressures inside the upstream and downstream ducts read:

p′u(x,t) = f̂ue
i(ωt−k+x) + ĝue

i(ωt+k−x)

p′d(x,t) = f̂de
i(ωt−k+x). (A.1)

The downstream propagating wave in the upstream duct f̂u acoustically excites the system.
Ehrenfried [45] further assumes an incompressible flow, which allows for the conservation of
mass (Eq. 2.2) and energy (Eq. 2.4) to be rearranged to calculate the amplitudes of the
downstream and upstream propagating waves f̂d and ĝu:

f̂u(Mu + 1) + ĝu(Mu − 1) = Ad
Au

f̂d(Md + 1) (A.2a)

f̂u(1 +Mu) + ĝu(1−Mu) = f̂d(1 +Md). (A.2b)
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In the calculation, the maximum Mach number does not exceed M = 0.2, thus ensuring
incompressible flow. Furthermore, the acoustic excitation amplitude is chosen sufficiently
small, only allowing for linear acoustics. The ratio of cross-sectional areas is Ad/Au = 2. The
reference case could be modified in order to deliver a transfer matrix as output, which is
omitted here. Instead, the equivalent ratios of sound pressure and particle velocity upstream
and downstream are compared to those obtained from the two transfer matrix approaches.
The acoustic pressure is scaled with the characteristic acoustic impedance ρc, in order to

arrive at non-dimensional quantities. The phase angles, calculated with the two transfer matrix
approaches, match those obtained with the analytical reference in all four plots. Further,
the absolute values of the depicted ratios agree quite well for the first three plots, when
focusing on the frequency range from 50 Hz to 400 Hz. In all investigated cases, the TMM
from Greitzer et al. [55] delivers higher absolute values, while the transfer matrix derived
by Munjal [121] yields lower absolute values. Within all four plots, the same tendency is
observed. For the transfer behavior from upstream to downstream particle velocity, maximal
deviations amount to approximately 10 % above and below the reference results.

Several other test cases further substantiate this outcome. In any case, the tendency of slight
overestimations obtained from the TMM derived by Greitzer et al. [55] and underestimations
of the TMM results of Munjal [121] are observed. Thus, both methods should be incorporated
in the development of a prediction of the plenum’s transfer behavior, initially.
In summary, the applied methods have shown to produce results that can be used as a

basis for the fit to numerical data. Note that this fit is required anyways, before arriving at a
reliable transfer matrix representation with mean flow.

Figure A.2.: Downstream to upstream ratios of acoustic pressure and particle velocity for a
cross-sectional jump with low-Mach number mean flow. Calculated from an analytical reference
case (solid) and using the transfer matrix method of Munjal [121] (dashed) and of Greitzer et
al. [55] (dotted)
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