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Zusammenfassung

In dieser Arbeit werden einheitliche Schätzer für die verschiedenen Fehler,
welche eine numerische Lösung enthalten könnte, nämlich Modellierungs-,
Diskretisierungs-, Iterations-, Datenunsicherheits- und Rundungsfehler, her-
geleitet. Anschließend werden die Fehler auf einem Netzwerk adaptiv ge-
steuert, um den Gesamtfehler unter eine vorgegebene Toleranz zu bringen,
während der Rechenaufwand niedrig gehalten wird. Als Beispielprobleme
werden die Simulation und Optimierung von Gasflüssen durch Rohrnetz-
werke betrachtet. Der Gasfluss wird durch die Euler-Gleichungen der Strö-
mungsmechanik, welche ein System von hyperbolischen partiellen Diffe-
rentialgleichungen sind, modelliert. Dieses System wird durch geeignete
Anfangs-, Rand- und Kopplungsbedingungen ergänzt und unter Verwen-
dung verschiedener Diskretisierungsverfahren für transiente Gasströmungen,
z. B. des sehr effizienten impliziten Box-Schemas, diskretisiert. Aufgrund der
hohen Rechenkomplexität zur Simulation oder Optimierung dieses Systems
partieller Differentialgleichungen werden oft Vereinfachungen unter Verwen-
dung geeigneter Annahmen vorgenommen, was zu einer Modellhierarchie
führt. Rein algebraische Modelle können in Teilen des Netzes mit geringer Gas-
dynamik verwendet werden, während komplexere Modelle z. B. unmittelbar
nach einem Kompressor verwendet werden sollten. In dieser Arbeit wird eine
Fehler- und Sensitivitätsanalyse für viele Modelle in dieser Hierarchie durchge-
führt. Da die Modellierungs- und Diskretisierungsfehler in der Literatur bere-
its umfassend untersucht wurden, liegt der erste Fokus auf den Rundungs-
und Datenunsicherheitsfehlern. Diese Fehler werden über eine Rückwärts-
fehleranalyse für die gewonnenen nichtlinearen Gleichungssysteme berech-
net. Dazu wird eine neue komponentenweise Konditionszahl eingeführt und
deren Vorteil gegenüber der klassischen normweise Konditionszahl demon-
striert. Die entwickelte Sensitivitätsanalyse wird u. a. auf ein exemplarisches
Y-förmiges Gasnetzwerk angewendet, in dem der Einfluss veränderter Randbe-
dingungen auf den Netzwerkzustand untersucht wird. Um einen geeigneten
Kompromiss zwischen Genauigkeit und Rechenkomplexität zu finden, wer-
den die verschiedenen Fehler auf jedem Rohr adaptiv gesteuert. Dazu
werden neue Greedy-ähnliche Raum/Zeit/Modell-Verfeinerungsstrategien
entwickelt, welche einen Netzwerkübersicht haben und das Verhalten des
Gases besser berücksichtigen als die Strategie, die derzeit in der Gasfluss-
Simulationssoftware ANACONDA implementiert ist. Sowohl ein synthetisches
als auch ein realistisches Experiment zeigen, dass die neuen Strategien den
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Rechenaufwand im Vergleich zur aktuellen Verfeinerungsstrategie bei gleicher
Fehlertoleranz signifikant reduzieren. Darüber hinaus wird gezeigt, dass eine
adaptive Fehlersteuerung (unter Verwendung von Bulk-Kriterien, die häufig in
der adaptiven Finite-Elemente-Methode verwendet werden) auch innerhalb
eines Optimierungsalgorithmus angewendet werden kann, was wiederum
zu einer Verringerung des Rechenaufwands führt. Es wird bewiesen dass,
auch wenn man Vergröberungen zulässt, nach einer endlichen Anzahl von
Iterationen eine ε-zulässige Lösung gefunden wird. Man beachte, dass die ent-
wickelten Fehlerschätzer und adaptiven Fehlersteuerungstechniken nicht auf
Gasnetze beschränkt sind, sondern beispielsweise auch auf Wasser-, Strom-
oder Verkehrsnetze angewendet werden können.



Abstract

In this thesis, uniform estimators are derived for the different errors that a
numerical solution could contain, namely modeling, discretization, iteration,
data uncertainty, and rounding errors. Subsequently, the errors are adaptively
controlled on a network in order to bring the total error below a prescribed
tolerance while keeping the computational cost low. As example problems,
the simulation and optimization of gas flow through pipeline networks are
considered. The gas flow is modeled by the Euler equations of fluid dynamics,
which are a system of hyperbolic partial differential equations. This system
is complemented by suitable initial, boundary, and coupling conditions and
discretized using different schemes, e.g., the implicit box scheme, which is
an effective discretization method for transient gas flow models. Due to the
high computational complexity of this system of partial differential equations,
simplifications are often made using appropriate assumptions, resulting in a
model hierarchy. Purely algebraic models may be used in parts of the network
with low gas dynamics, whereas more involved models should be used, e.g.,
right after a compressor. In this thesis, an error and sensitivity analysis for
many models in this hierarchy is performed. Since the modeling and discretiza-
tion errors have already been extensively studied in the literature, the first focus
lies on the rounding and data uncertainty errors. These errors are computed
via a backward error analysis for the obtained nonlinear systems of equations.
For this, a novel componentwise condition number is introduced and the
advantage over the classical normwise condition number is demonstrated.
The developed sensitivity analysis is applied, inter alia, on an exemplary Y-
shaped gas network, where the effect of changing boundary conditions on the
network state is investigated. In order to find a convenient trade-off between
accuracy and computational complexity, the different errors on every pipe
are adaptively controlled. For this, new Greedy-like spatial/temporal/model
refinement strategies are developed, which have a network overview and take
the behavior of the gas better into account than the strategy that is currently
implemented in the gas flow simulation software ANACONDA. Both a synthetic
and a realistic experiment show that the new strategies significantly reduce
the computational cost as compared to the current refinement strategy while
maintaining the same error tolerance. Moreover, it is shown that adaptive error
control (using bulk criteria, which are frequently employed in the adaptive
finite element method) can also be applied within an optimization algorithm,
which again results in a reduction of the computational cost. It is proven that,
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also when one allows for coarsenings, an ε-feasible solution is obtained after
a finite number of iterations. Note that the developed error estimators and
adaptive error control techniques are not limited to gas networks, but can also
be applied to, e.g., water, electricity, or traffic networks.
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Chapter 1

Introduction

The numerical solution of a simulation or an optimization problem inevitably
contains errors from all or some of the following sources: modeling, discretiza-
tion, iteration, rounding, and data uncertainty errors; see, e.g., [57]. Namely, if
a mathematical model is used to describe a physical process, then the model is
rarely an exact representation of reality. Thus, a modeling error is made. Also,
a mathematically involved model can be simplified using certain assumptions
on the problem, which yields an additional modeling error. Moreover, if the
model contains ordinary or partial differential equations, then the solution
can often not be obtained analytically. A discretization method should be ap-
plied to find an approximate solution, introducing a discretization error. After
the discretization of the model, a (linear or nonlinear) system of equations is
obtained, which is usually solved using an iterative method. Due to the prelim-
inary stopping of this method, an iteration error is incurred. Furthermore, the
computations are performed nowadays almost exclusively on computers, such
that rounding errors are made due to its inherent floating-point arithmetic.
Finally, model parameters can often only be determined approximately, which
results in a data uncertainty error. In order for the result to be reliable, the total
error should be below a prescribed tolerance. On the other hand, in order to
make real-time decisions, the computational cost should be limited. Hence,
an appropriate trade-off between accuracy and computational complexity
should be made.

Throughout this thesis, the simulation and optimization of gas transport
through pipeline networks are taken as example problems. Natural gas plays
a crucial role in the energy supply of the world. It is sufficiently and readily
available, it is traded, and it is storable. For example, after oil, natural gas
was the second most used energy supplier in Germany in 2017 with a share of
more than 20% of the total energy consumption [20]. The extensive European
pipeline network that is used for the transportation of natural gas is depicted
in Figure 1.1. Directed by EU regulations from 1998 and 2003, the European
gas market has been liberalized with the goals of increasing the competition
between gas transmission operators and ensuring the security of the gas supply
[64, pp. 48, 327, 328]. The high demand for natural gas and the importance

1



2 CHAPTER 1. INTRODUCTION

of a dependable gas supply illustrate the need for accurate and reliable gas
network simulations. Therefore, considerable research on the mathematical
modeling, simulation, and optimization of gas flow through pipeline networks
has been performed in the last decades, see, e.g., [1, 4, 5, 25, 28, 43, 44, 56, 61,
73, 82, 91], where different simulation models for the flow through a pipe or
a network of pipes and compressor stations have been proposed. Since the
simulation models are a key factor in optimization tools, adequate accuracy
and high efficiency are very important. So, using error estimation, typically the
grid is adapted in space and time and as a new component of the simulation
process we will discuss the adaptation of the model within a model hierarchy.

An error analysis on a gas flow model hierarchy has been performed in [33,
39]. Here, only the discretization and model error with respect to a functional
of interest have been analyzed. The rounding, data uncertainty, and iteration
errors are usually not considered in the literature, since they are often implicitly
assumed to be small. However, if the considered problem is ill-conditioned,
then small rounding errors and a low data uncertainty can result in a large
error in the solution. Therefore, the main focus of the error analysis in this
thesis is the calculation of the condition number of the considered discretized
models, which are (usually large) nonlinear systems of equations. Classically,
the normwise relative condition number of a nonlinear system is computed;
see [57, 102]. However, we show that this condition number overestimates the

Figure 1.1: Gas pipeline network and liquefied natural gas (LNG) routes in
Europe [21].
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sensitivity of the problem substantially and that it is more accurate to use a
novel componentwise relative condition number for nonlinear systems. In the
context of gas networks, the different errors on every pipe are often controlled
using adaptive techniques; see, e.g., [37, 38]. In this thesis, the performance
of these current adaptive error control techniques is improved by developing
new Greedy-like algorithms, which have a lower computational cost while
maintaining the same error tolerance. Furthermore, it is shown that adaptive
error control can also be applied within a gas flow optimization algorithm,
which again reduces the computational cost. Finally, the finite termination of
the optimization algorithm is proven.

This thesis has two aims, namely (1) the development of uniform error
estimators for all the different error sources and (2) the adaptive control of
these errors. The first aim is addressed in Chapter 3, where all the errors are
written in a discrete setting with respect to the infinity-norm. This allows
the errors to be balanced and adaptively controlled. Adaptive error control
strategies that bring the total error below a prescribed tolerance and have a low
computational cost are developed in Chapters 5 and 6, which thereby address
the second aim of this thesis. The error control is performed by refining or
coarsening the discretization grid and by switching up or down in a model
hierarchy. The derived error estimators and the developed adaptive error
control techniques are applied to different realistic gas network instances in
order to test their performance and to obtain results that can be useful for gas
network operators.

This thesis is structured as follows. Chapter 2 contains some preliminary
definitions and results. In Chapter 3, uniform estimators are developed for
all the different errors that a numerical solution could contain. These error
estimators are applied to a two-level model hierarchy that describes the gas
flow in networks. The transient model in this hierarchy is discretized using
two different frequently used discretization schemes and the results are com-
pared with each other. The analysis in Chapter 3 is only performed for a single
pipe section. Therefore, the sensitivity analysis is extended in Chapter 4 to an
exemplary Y-shaped gas network, in which the gas flow is described by three
different high-level transient models. The influence of changing boundary
conditions on the network state is determined. Simulations on both a realis-
tic and an abstract gas network with twelve pipes using a three-level model
hierarchy are performed in Chapter 5. Two new strategies for refinements in
space, time, and model are developed and their performance is compared
with a strategy that is currently used in simulation software. A compressor cost
minimization problem, constrained by a stationary gas flow model for every
pipe, is considered in Chapter 6. The spatial grid and the model are adapted
using bulk criteria in order to find an ε-feasible solution. Under certain as-
sumptions, we prove that this solution can be obtained after a finite number
of adaptations. Some conclusions and an outlook are given in Chapter 7 and,
finally, the appendix contains a forecast error analysis for two different gas
networks using the gas flow simulation software ANACONDA.
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Chapter 2

Preliminaries

This chapter contains some preliminary definitions and results regarding sen-
sitivity analysis in Sections 2.1 and 2.2 and the Newton method in Section 2.3.

2.1 Sensitivity Analysis

This section presents a brief overview of the concept sensitivity analysis. Let
the problem (F ;d ), with mapping F : Dd →Rn and Dd an open subset of Rm ,
be given. Thus, the problem is to compute F given input data d . The aim of a
sensitivity analysis is to determine the magnitude of the perturbation in F that
is caused by a perturbation in the data d . Usually, this amounts to calculating
the condition number of F with respect to d . In the following, four different
kinds of condition numbers for (F ;d ) are defined, since the perturbations in
the input data can be given either normwise or componentwise and either
in an absolute or in a relative fashion. For the definitions, it is convenient to
introduce the notation ≤̇, meaning “less than or equal to, except for higher
order terms”. A precise definition of this notation can be found, e.g., in [30],
which also includes the following definition.

Definition 2.1. The absolute normwise condition number of the problem (F ;d )
is the smallest number κabs,n(F ;d ) ≥ 0, such that

‖F (d̃ )−F (d )‖ ≤̇ κabs,n(F ;d )‖d̃ −d‖, for d̃ → d .

Analogously, the relative normwise condition number of (F ;d ) is the smallest
number κrel,n(F ;d ) ≥ 0, such that

‖F (d̃ )−F (d )‖
‖F (d )‖ ≤̇ κrel,n(F ;d )

‖d̃ −d‖
‖d‖ , for d̃ → d .

Furthermore, the absolute componentwise condition number of (F ;d ) is the
smallest number κabs,c(F ;d ) ≥ 0, such that

max
i

|Fi (d̃ )−Fi (d )| ≤̇ κabs,c(F ;d )max
i

|d̃ i −d i |, for d̃ → d .

5
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Finally, the relative componentwise condition number of (F ;d ) is the smallest
number κrel,c(F ;d ) ≥ 0, such that

max
i

|Fi (d̃ )−Fi (d )|
|Fi (d )| ≤̇ κrel,c(F ;d )max

i

|d̃ i −d i |
|d i |

, for d̃ → d .

In general, if the condition number is small, then the problem is called
well-conditioned, and if the condition number is large, the problem is called
ill-conditioned. What is considered “small” and “large” depends on the specific
problem. Figures 2.1 and 2.2 depict examples of an ill-conditioned and a well-
conditioned problem, respectively. In Figure 2.1 a light beam, starting at the
left-hand wall (the input), is aimed at a ball with a mirror at its exterior. The
beam is reflected at the ball, the ceiling, and again the ball before it reaches
the right-hand wall, which is here considered the result. One observes that a
small perturbation of the input yields a large perturbation of the output. Thus,
the problem of determining the position of the beam at the right-hand wall
is ill-conditioned. On the other hand, in Figure 2.2 we consider the problem
of determining the value of f (t ; a) = ae−t + 1 at t = 8 when parameter a is
uncertain. We observe that f (8; a) is only perturbed slightly when a changes,
such that this problem is well-conditioned.

2.2 Sensitivity Analysis for Recursive Schemes

A recursive scheme consists of a number of steps, possibly infinitely many,
where the solution x i in every step depends on the solution x i−1 of the previous
step. Recursive schemes appear, e.g., in the time discretization of ordinary

Figure 2.1: Scattering [96]. The
problem of determining the posi-
tion of the light beam at the right-
hand wall is ill-conditioned.

0 2 4 6 8
0

2

4

6

f (t ;a)= ae−t +1

t

f(
t;
a
)

a = 1
a = 2
a = 3
a = 4
a = 5

Figure 2.2: Horizontal asymptote. The
problem of determining the value of
f (t ; a) at t = 8 is well-conditioned.
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differential equations (ODEs) and partial differential equations (PDEs), where
the solution of the current time integration step depends on the solution(s)
of the previous time step(s); see the flowchart depicted in Figure 2.3. The
pseudocode of a recursive scheme with n steps and problem f , which is solved
in every step, is given in Algorithm 2.1. If the parameter vector d contains
uncertainties, then it causes uncertainties in all solutions x i , i = 1, . . . ,n, in
every step of the recursive scheme. The following theorem gives an expression
for the sensitivity of the final solution xn with respect to the uncertain data d
and the initial value x0.

Theorem 2.1. Let the absolute normwise condition number κabs,n be defined
as in Definition 2.1 and let a recursive scheme be given by Algorithm 2.1. Then,
the data uncertainty error in xn due to uncertain data d and initial value x0 is
given by

‖x̃n −xn‖2
2 ≤̇

[n−1∑
i=0

n∏
j=n−i

κ2
abs,n

(
x j ;

[
d

x j−1

])]
‖d̃ −d‖2

2

+
[ n∏

j=1
κ2

abs,n

(
x j ;

[
d

x j−1

])]
‖x̃0 −x0‖2

2. (2.1)

Proof. Using Definition 2.1 for the absolute normwise condition number and
problem f in line 2 of Algorithm 2.1, one may write

‖x̃n −xn‖ ≤̇ κabs,n

(
xn ;

[
d

xn−1

]) ∥∥∥∥[
d̃ −d

x̃n−1 −xn−1

]∥∥∥∥,

where x̃n = f (x̃n−1, d̃ ) and x̃n−1 and d̃ denote the perturbed values of xn−1

and d , respectively. The 2-norm is chosen and, for notational convenience,

Start:
i = 0

i = i + 1,
x i = f (d ,x i−1) i ==n?

Stop:
xn

d

x i

Yes

No

Figure 2.3: Flowchart of a typical recursive scheme appearing in time-
discretized ODEs or PDEs. Uncertainties in the parameters d cause uncertain-
ties in all solutions x i , i = 1, . . . ,n.

Algorithm 2.1 : A general recursive scheme.

Input: initial value x0, data d
1: for i ← 1 : n do
2: x i = f (d , x i−1)
3: end for

Output: xn
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the expression is squared, which yields

‖x̃n −xn‖2
2 ≤̇ κ2

abs,n

(
xn ;

[
d

xn−1

]) ∥∥∥∥[
d̃ −d

x̃n−1 −xn−1

]∥∥∥∥2

2︸ ︷︷ ︸
=‖d̃−d‖2

2+‖x̃n−1−xn−1‖2
2

= κ2
abs,n

(
xn ;

[
d

xn−1

])
‖d̃ −d‖2

2 +κ2
abs,n

(
xn ;

[
d

xn−1

])
‖x̃n−1 −xn−1‖2

2.

(2.2)

Then, it also holds that

‖x̃n−1 −xn−1‖2
2 ≤̇κ2

abs,n

(
xn−1;

[
d

xn−2

])
‖d̃ −d‖2

2

+κ2
abs,n

(
xn−1;

[
d

xn−2

])
‖x̃n−2 −xn−2‖2

2.

Inserting this in (2.2), it follows that

‖x̃n −xn‖2
2

≤̇
(
κ2

abs,n

(
xn ;

[
d

xn−1

])
+κ2

abs,n

(
xn ;

[
d

xn−1

])
κ2

abs,n

(
xn−1;

[
d

xn−2

]))
‖d̃ −d‖2

2

+κ2
abs,n

(
xn ;

[
d

xn−1

])
κ2

abs,n

(
xn−1;

[
d

xn−2

])
‖x̃n−2 −xn−2‖2

2.

Using an induction argument, the expression (2.1) is obtained.

2.3 The Newton Method

In general, the solution of a nonlinear system of equations

F (x) = 0, F : Rn →Rn , (2.3)

cannot be computed analytically. Indeed, even in the one-dimensional case
n = 1 there is no general algebraic solution for the roots of a polynomial of
degree five or higher, which is known as the Abel-Ruffini theorem [59, p. 211].
However, the nonlinear system of equations (2.3) can be solved iteratively to
an arbitrary precision using, e.g., the Newton method. This method computes
a new iterate x i+1 from the current iterate x i using the expression [63, p. 71]

x i+1 = x i −F ′(x i )−1F (x i ), (2.4)

where F ′ is the Jacobian of the function F . Before discussing the convergence
of the Newton method, we introduce the definition of Lipschitz continuity;
see, e.g., [63, p. 67].
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Definition 2.2. Let Ω⊂ Rn , let G : Ω→ Rm and let || · || be a norm on Rn . G is
Lipschitz continuous on Ω with Lipschitz constant γ if

||G(x)−G(y)|| ≤ γ||x − y ||

for all x , y ∈Ω.

Let the assumptions that (2.3) has a solution x∗, the Jacobian F ′(x) is
Lipschitz continuous, and F ′(x∗) is nonsingular be given. It is well-known,
see, e.g., [63, Theorem 5.1.2], that under these assumptions and if the initial
iterate x0 is sufficiently close to the solution x∗, then the Newton iteration (2.4)
converges quadratically to x∗, i.e., there exists a constant K > 0 such that

||x i+1 −x∗|| ≤ K ||x i −x∗||2, (2.5)

with K ||x i − x∗|| < 1, for all i . A commonly used stopping criterion for the
Newton iteration is a combination of relative and absolute error tolerances,
denoted by τr and τa , respectively, [63, p. 73]

||F (x)|| ≤ τr ||F (x0)||+τa .

Another possibility is to stop the Newton iteration (2.4) when the difference
between consecutive iterates

||e i+1|| = ||x i+1 −x i ||

is sufficiently small. We show that ||e i+1|| is a good approximation of the error
||x i −x∗|| for x i near the solution x∗.

Corollary 2.2. For the difference e i+1 between the consecutive iterates x i+1

and x i it holds that

||e i+1|| = ||x i −x∗||+O
(||x i −x∗||2). (2.6)

Proof. It follows from (2.5) that

||x i+1 −x∗|| = ||x i+1 −x i +x i −x∗|| = ||e i+1 +x i −x∗|| =O
(||x i −x∗||2). (2.7)

We use the reverse triangle inequality [27, Lemma 2.1.2], which states that for
a normed vector space V

||x − y || ≥
∣∣||x ||− ||y ||

∣∣, ∀x , y ∈V.

Then, it follows from (2.7) that

||e i+1 +x i −x∗|| = ||e i+1 − (−(x i −x∗))||
≥

∣∣||e i+1||− ||x i −x∗||
∣∣=O

(||x i −x∗||2).

Hence,
||e i+1||− ||x i −x∗|| =O

(||x i −x∗||2),

from which (2.6) follows directly.
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Chapter 3

Error Analysis and Model Adaptivity
for Flows in Gas Networks

3.1 Introduction

It is well known, see, e.g., [57, page 5], that the numerical solution of a com-
putational problem contains errors from all or some of the following sources:
modeling, discretization, iteration, data uncertainty, and rounding errors,
see Figure 3.1 for a schematic overview. These errors should be balanced to
achieve an adequate simulation result. We focus on the pure pipe flow, where
the model hierarchy is easily constructed and where it can be used to find an
appropriate trade-off between accuracy and computational complexity, see
[3, 19, 33, 37]. We derive error estimates and a sensitivity analysis within the
typical model hierarchy with respect to the discretization scheme, while also
considering the iteration and rounding errors for the solution of the resulting
nonlinear systems of equations. To demonstrate the new techniques and to
keep the presentation simple we present a deterministic as well as statistical
error and sensitivity analysis only for two specific components of the model hi-
erarchy, a purely algebraic model and an isothermal semilinear model, but the
analysis can be carried out also for more complex components in the model
hierarchy. For these two models, model and discretization error estimators for
an arbitrary cost functional have been derived in [33, 40]. However, the effect
of data uncertainty and rounding errors on the solution of these two models
has not been considered in the literature and is the main topic of this chapter.

To estimate the errors, we perform a backward error analysis, see, e.g., [57],
and derive first order upper bounds as well as mean statistical estimates for the
error in the solution due to data uncertainty, modeling, discretization, round-
ing, and iteration errors. A perturbation analysis in which also higher order
error terms are included usually leads to very pessimistic upper error bounds,
see [67], and is therefore not considered. We derive componentwise condition
numbers and, based on these, deterministic first order error bounds. The ad-
vantage of the componentwise relative condition number over the traditional
normwise condition number for nonlinear systems is demonstrated.

11
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This chapter is organized as follows. Section 3.2 introduces different mod-
els that describe the gas flow through a pipeline. Section 3.3 gives a concise
introduction into error analysis and conditioning. Moreover, several kinds
of condition numbers are derived. Section 3.4 presents a sensitivity analysis
for two different discretization schemes applied to the semilinear model and
applies the derived condition numbers to the resulting nonlinear systems
of equations. Moreover, the effect of rounding errors and the iteration error
is investigated and the relative model error between the semilinear and the
algebraic model is determined. In Section 3.5 both a theoretical worst case and
a statistical mean error analysis for the stationary Euler equations in purely
algebraic form is presented. A summary of this chapter is given in Section 3.6.

3.2 The Model Hierarchy

As a model problem for the balanced error analysis in a model hierarchy, the
gas flow through a pipeline is modeled via the one dimensional Euler equations
that represent a system of nonlinear hyperbolic partial differential equations
for the behavior of compressible, non-viscous fluids. The model consists of,
see, e.g., [69], the continuity equation, the impulse equation, and the energy

Real world problem

Mathematical model
(ODE/DAE/PDE)

Discretized model
(linear/nonlinear)

Solution with ite-
rative method

Iteration, rounding,
and data uncertainty
errors

Algebraic model

Solution with ite-
rative method

Iteration, rounding,
and data uncertainty
errors

Modeling error

Discretization error Modeling error

Figure 3.1: Overview of different error sources contained in the numerical
simulation of a real world problem.
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equation, respectively,

∂ρ

∂t
+ ∂

∂x
(ρv) = 0, (3.1a)

∂

∂t
(ρv)+ ∂

∂x
(p +ρv2) =− λ

2D
ρv |v |− gρh′, (3.1b)

∂

∂t

(
ρ
(1

2
v2 +e

))+ ∂

∂x

(
ρv

(1

2
v2 +e

)+pv
)
=−kw

D
(T −Tw ). (3.1c)

Moreover, the state equation for real gases is added, which is given by

p = RρTz(p,T ). (3.2)

In this system of equations the variables have the following physical mean-
ing: ρ is the density of the gas, t is the time, v the velocity of the gas, x the
space coordinate along the pipeline, p the pressure of the gas, λ the pipe fric-
tion coefficient, D the diameter of the pipeline, g the gravitational constant,
h the height of the pipeline, h′(x) the slope of the pipeline, cv the volumet-
ric heat capacity, e = cv T + g h the internal (thermal plus potential) energy,
T the temperature of the gas, kw the heat conductivity coefficient, Tw the wall
temperature of the pipeline, and R the gas constant. Finally, z(p,T ) denotes
the compressibility factor for which we use the model of the American Gas
Association (AGA)

z(p,T ) = 1+0.257
p

pc
−0.533

pTc

pc T
, (3.3)

where pc and Tc denote the pseudo-critical pressure and temperature, which
provides a good approximation of z for pressures up to 70 bar [2, 89]. The full
Euler equations (even in the one-dimensional case (3.1)) are mathematically
quite involved and their numerical solution requires large computational effort.
For this reason, in particular when the solution is part of an optimization
procedure, usually several simplifications are made. Such simplifications are
e.g. to use an approximate semilinear model as derived in Section 3.2.1 or a
purely algebraic model as considered in Section 3.2.2.

3.2.1 Derivation of the Semilinear Isothermal Model

Starting from the full one dimensional Euler equations (3.1), to derive the
isothermal model, the temperature T = T0 is assumed to be constant within
the pipeline, such that the energy equation (3.1c) can be dropped and the
isothermal Euler equations (3.1a) and (3.1b) are obtained. According to the
International Standard Metric Conditions for natural gas [58], the value T0 =
15.0◦C (which is equal to 288K) is taken for this constant temperature. Then,
in the isothermal case, the compressibility factor z in the AGA model (3.3) only
depends on p and we get

z(p) = 1+αp, with α= 0.257

pc
−0.533

Tc

pc T0
. (3.4)
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If one also assumes that this compressibility factor z(p) = z0 is constant in p,
then one can use the average

z0 =
z(0)+ z(70bar)

2
= 0.928

as its value. For constant temperature T0 and compressibility factor z0, the
state equation for real gases (3.2) then reduces to

p(ρ) = RT0z0ρ. (3.5)

If also the entropy of the gas is assumed to be constant, which is a reasonable
assumption when the temperature of the gas is constant [33, page 7], then the
speed of sound is given by c =

√
∂p/∂ρ, see also [69, Eq. (14.32)]. From (3.5) it

follows that
c =

√
RT0z0 =

√
p/ρ. (3.6)

Hence, we have ρ = p/c2, and inserting this in (3.1b), the momentum equation
can be rewritten as

∂

∂t
(ρv)+ ∂

∂x
(p(1+ v2/c2)) =− λ

2D
ρv |v |− gρh′.

As further simplifications often the term v2/c2 is neglected in the case of small
gas flow velocities v , see [81], and it is assumed that h′(x) ≡ 0, i.e., the pipeline
is assumed to be (essentially) horizontal. These simplifications result in the
isothermal semilinear model (see [33, 80])

∂ρ

∂t
+ ∂

∂x
(ρv) = 0, (3.7a)

∂

∂t
(ρv)+ ∂p

∂x
=− λ

2D
ρv |v |. (3.7b)

Introducing the mass flow rate q = Aρv , with a constant cross-sectional area A,
and using (3.6), system (3.7) may be rewritten in the form

∂p

∂t
+ c2

A

∂q

∂x
= 0, (3.8a)

∂q

∂t
+ A

∂p

∂x
=− λc2

2D A

q |q|
p

, (3.8b)

q(xR , t ) = qs(t ), (3.8c)

p(xL , t ) = ps(t ), (3.8d)

where as boundary conditions the mass flow rate is prescribed by qs(t ) at the
right-hand side of the pipeline xR and the pressure is prescribed by ps(t) at
the left-hand side of the pipeline xL . When considering all these drastic model
simplifications it has to be analyzed whether these perturbations in the model
have a large effect on the simulation results.
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3.2.2 Derivation of the Algebraic Model

Another simplified model (presented in an even more reduced form in [19]) is
obtained by neglecting the terms ∂

∂x (ρv2), ∂
∂x (ρv3), and ∂

∂t (ρv) in (3.1). This
results in the model

∂ρ

∂t
+ ∂

∂x
(ρv) = 0, (3.9a)

∂p

∂x
=− λ

2D
ρv |v |− gρh′, (3.9b)

∂

∂t
(ρe)+ ∂

∂x
(ρve +pv) =−kw

D
(T −Tw ). (3.9c)

If, as further simplification, a stationary model is assumed, i.e., the time-
derivatives ∂

∂t are set to zero, the pipeline is again assumed to be horizontal,
i.e., h′ = 0, and the compressibility factor z is set to be constant, then a set of
ordinary differential equations is obtained, which can be solved analytically
via

q̂ = ρinvin, (3.10a)

p(x) =
√

p2
in −

λc2

2r
ρv |ρv |(x −x0), (3.10b)

T (x) = (Tin −Tw )e− kw
Dcv ρv (x−x0) +Tw . (3.10c)

Here, q̂ = ρv is the mass flux, which is constant in space, ρin is the inlet density,
vin the inlet velocity, pin the inlet pressure, c the constant speed of sound, r the
radius of the pipeline, x0 the starting point of the pipeline, and Tin the inlet
temperature. Equations (3.10) are referred to as the temperature dependent
algebraic model of the one dimensional Euler equations. Again, an isothermal
simplification is obtained by taking the temperature T constant. This leaves
us with (3.10a) and (3.10b), which are referred to as the isothermal algebraic
model. A detailed derivation of this model is given in [37]. In the optimization
of natural gas networks, this nonlinear algebraic model is often further approxi-
mated by piecewise linear functions, see, e.g., [47] and [64, page 115]. Although
usually within the optimization methods the approximation accuracy by the
piecewise linear approximations is controlled, the modeling error of the non-
linear algebraic model is usually not considered. If this modeling error is large,
then the linear relaxation techniques used in the optimization methods in-
evitably lead to inaccurate results. This motivates our consideration of the
model error in Section 3.4.5.

The discussed model hierarchy is depicted schematically in Figure 3.2. We
will analyze the errors in this model hierarchy, however, it should be clear that
the analysis can be extended by considering all simplifications separately and
by also starting from a more detailed original model.
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Euler equations (3.1)

Temperature de-
pendent alge-

braic model (3.10)

[ ∂
∂x (ρv

2), ∂
∂x (ρv

3), ∂
∂t ,h

′]= 0,

z = const.

Semilinear isother-
mal model (3.7)

Isothermal algebraic
model (3.10a), (3.10b)

∂
∂t = 0

T = const.

[ ∂
∂x (ρv

2),h′]= 0,

[z,T ]= const.

Figure 3.2: Two level model hierarchy for the simulation of flows in gas net-
works.

3.3 Error Analysis and Conditioning

The aim of error analysis is to construct an estimate or upper bound of the
effect that modeling, rounding, data uncertainty, and discretization errors
have on the solution of a given problem, see, e.g., [15, 57, 85]. Rounding
errors in the numerical computations due to floating point arithmetic can
be interpreted as perturbations in the data using a backward error analysis,
see [101]. We investigate the data uncertainty error by means of a sensitivity
analysis. A deterministic perturbation analysis, as given in Section 3.3.1, results
in a first order upper error bound, which can possibly be very pessimistic for
certain input parameter values. Therefore, it is important to compare this
upper bound with an average error estimate, which can be obtained using a
statistical analysis as described in Section 3.3.2.

3.3.1 Deterministic Perturbation Analysis

The term condition number is used to describe the sensitivity of problems
to uncertainties in the input parameters [85]. Using the classical concepts of
backward and forward error, we have the rule of thumb [57]

forward error ≤̇ condition number×backward error,

with ≤̇ meaning "less than or equal to except for higher order terms". It in-
sightfully shows that despite of a small backward error (which is often given
by the residual), a problem can have a large forward error due to a high condi-
tion number. Formal definitions for normwise and componentwise condition
numbers are given in e.g. [30].

Suppose that the solution of a problem is obtained by evaluating the differ-
entiable function of a single variable f (d). Denoting the derivative of f with
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respect to d by f ′(d), then the quantity [57]

κrel( f ;d) =
∣∣∣∣d f ′(d)

f (d)

∣∣∣∣ ,

with | . | denoting the absolute value, is the relative condition number of f and
it measures, for small perturbations ∆d , the relative change in the output
for a given relative change in the input. On the other hand, if the solution
of a problem is obtained by evaluating a differentiable function of several
variables f (d ) with d ∈Rn , then, using a first order Taylor series expansion, we
have

f (d +∆d )− f (d )

f (d )
.=

n∑
i=1

∂ f (d )

∂di

di

f (d )

∆di

di
,

where
.= denotes a first order approximation, cf. [30, page 28]. Taking the

absolute value results in the first order upper bounds

| f (d +∆d )− f (d )|
| f (d )| ≤̇

n∑
i=1

∣∣∣∣∂ f (d )

∂di

di

f (d )

∣∣∣∣ |∆di |
|di |

≤
n∑

i=1

∣∣∣∣∂ f (d )

∂di

di

f (d )

∣∣∣∣ ·max
i

|∆di |
|di |

,

such that the quantities, cf. [67],

κrel( f ;di ) =
∣∣∣∣∂ f (d )

∂di

di

f (d )

∣∣∣∣ , i = 1, . . . ,n, (3.11)

are the individual relative condition numbers of f with respect to di and the
quantity

κrel( f ;d ) =
n∑

i=1

∣∣∣∣∂ f (d )

∂di

di

f (d )

∣∣∣∣= n∑
i=1

κrel( f ;di ) (3.12)

is the relative condition number of f with respect to d .
For systems of nonlinear equations, normwise relative condition num-

bers were first studied in [102], and the results are extended and summarized
in [57]. We develop componentwise condition numbers for nonlinear systems
of equations

F (x ;d ) = 0, (3.13)

where F : Dx ×Dd →Rm with Dx ×Dd an open subset of Rm×Rn . In the follow-
ing we assume that F ∈C 1,1, i.e., it is (at least once) continuously differentiable
with respect to both x and d . Given a solution x∗ ∈ Rm we are interested in
the sensitivity of x∗ with respect to perturbations in the data vector d ∈ Rn ,
i.e., we are interested in the condition number κrel(x∗;d ) of x∗ with respect to
perturbations d̃ in the data d . So instead of (3.13) one solves the problem

F (x̃ ; d̃ ) = 0, (3.14)

and we determine a relation between the norms ||x̃∗− x∗|| for the solutions
x̃∗, x∗ and the deviation in the data ||d̃ −d ||, where the norm || · || should be
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chosen such that it fits the problem [102, page 374]. The first order term in the
Taylor series expansion gives

F (x̃∗; d̃ )
.= F (x∗;d )+F ′

x (x∗;d )(x̃∗−x∗)+F ′
d (x∗;d )(d̃ −d ), (3.15)

where F ′
x and F ′

d denote the Jacobians of F with respect to x∗ and d , respec-

tively. Since both F (x∗;d ) = 0 and F (x̃∗; d̃ ) = 0, (3.15) can be rewritten as

F ′
x (x∗;d )(x̃∗−x∗)

.=−F ′
d (x∗;d )(d̃ −d ). (3.16)

If F ′
x is invertible and bounded in (x∗;d ), then we obtain that

||x̃∗−x∗|| ≤̇ ||F ′
x (x∗;d )−1F ′

d (x∗;d )|| ||d̃ −d ||, (3.17)

so that
||x̃∗−x∗||

||x∗|| ≤̇
||d || ||F ′

x (x∗;d )−1F ′
d (x∗;d )||

||x∗||
||d̃ −d ||
||d || , (3.18)

where the matrix norm ||F ′
x (x∗;d )−1F ′

d (x∗;d )|| is the one induced by the vector
norm. From (3.17) and (3.18) it follows that the normwise absolute and relative
condition numbers of the solution x∗ with respect to the data d are given by

κabs,n(x∗;d ) = ||F ′
x (x∗;d )−1F ′

d (x∗;d )|| (3.19)

and, see [102, page 377] and [57, Eq. (25.11)],

κrel,n(x∗;d ) =
||d || ||F ′

x (x∗;d )−1F ′
d (x∗;d )||

||x∗|| , (3.20)

respectively. Considering individual components, one can determine the sen-
sitivity of the i -th component x∗

i of the solution vector x∗ of the problem (3.13)
with respect to small perturbations in the data vector d . We rewrite (3.16) as

x̃∗−x∗ .=−F ′
x (x∗;d )−1F ′

d (x∗;d )(d̃ −d ). (3.21)

For the i -th component (x̃∗−x∗)i of the vector x̃∗−x∗ we obtain

(x̃∗−x∗)i
.=−(

F ′
x (x∗;d )−1F ′

d (x∗;d )(d̃ −d )
)

i
.=−(

F ′
x (x∗;d )−1F ′

d (x∗;d )
)

i ,: (d̃ −d ), (3.22)

where Mi ,: denotes the i -th row of the matrix M . Taking the absolute value
and using the Cauchy-Schwarz inequality [95, page 107] result in first order
upper bounds for the absolute and relative error

|x̃∗
i −x∗

i | ≤̇
∥∥(

F ′
x (x∗;d )−1F ′

d (x∗;d )
)T

i ,:

∥∥
2‖d̃ −d‖2, (3.23)

|x̃∗
i −x∗

i |
|x∗

i |
≤̇

‖d‖2

∥∥(
F ′

x (x∗;d )−1F ′
d (x∗;d )

)T
i ,:

∥∥
2

|x∗
i |

‖d̃ −d‖2

‖d‖2
. (3.24)
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It follows that the absolute and relative condition number of component x∗
i

with respect to d are given by

κabs(x∗
i ;d ) =

∥∥(
F ′

x (x∗;d )−1F ′
d (x∗;d )

)T
i ,:

∥∥
2, (3.25)

κrel(x∗
i ;d ) =

‖d‖2

∥∥(
F ′

x (x∗;d )−1F ′
d (x∗;d )

)T
i ,:

∥∥
2

|x∗
i |

. (3.26)

Let us now consider, analogous to [24, Example 3.7], componentwise condition
numbers in both the input and the output parameters. Since we are interested
in the maximum componentwise error in the output parameters, we take the
infinity norm in (3.21), which yields

‖∆x∗‖∞ ≤̇ ‖F ′
x (x∗;d )−1F ′

d (x∗;d )‖∞‖∆d‖∞,

where ∆x∗ = x̃∗− x∗ and ∆d = d̃ −d . Thus, the componentwise absolute
condition number is given by

κabs,c(x∗;d ) = ‖F ′
x (x∗;d )−1F ′

d (x∗;d )‖∞. (3.27)

In order to derive the componentwise relative condition number, we de-
fine matrices Dx∗ = diag(x∗

i ) and Dd = diag(di ), analogous to [24, Def. 3.1].
Then, (3.21) is equivalent to

D−1
x∗∆x∗ .=−D−1

x∗ F ′
x (x∗;d )−1F ′

d (x∗;d )Dd D−1
d ∆d ,

where we assume that all components of x∗ and d are nonzero, such that the
inverses D−1

x∗ and D−1
d exist. Taking the infinity norm again yields

‖D−1
x∗∆x∗‖∞ ≤̇ ‖D−1

x∗ F ′
x (x∗;d )−1F ′

d (x∗;d )Dd‖∞‖D−1
d ∆d‖∞. (3.28)

Hence, the componentwise relative condition number of x∗ with respect to d is
given by

κrel,c(x∗;d ) = ‖D−1
x∗ F ′

x (x∗;d )−1F ′
d (x∗;d )Dd‖∞. (3.29)

Note that by choosing the infinity norm in (3.20), we have the relation

κrel,c(x∗;d ) ≤ κrel,n(x∗;d ) (3.30)

due to the sub-multiplicativity of the infinity norm. Surprisingly, the com-
ponentwise relative condition number (3.29) for general nonlinear prob-
lems (3.13) has not been formulated in the literature before. E.g., in [30, Ex-
ample 2.17], [24, Example 3.7] the componentwise relative condition number
for the more specific nonlinear system F (x) = d is derived. In [57, 102] only
the normwise relative condition number for nonlinear system (3.13) is given.
We note that the amount of literature considering the conditioning of general
nonlinear systems is relatively small. This observation is also made in [57,
page 468].
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Remark. If the nonlinear system (3.13) is solved using (a variant of) the Newton
method, then in each Newton iteration the linear system

F ′(x j )∆x j =−F (x j ), (3.31)

has to be solved, where ∆x j = x j+1 − x j . It is shown in [102] that the data
uncertainty error in x∗ depends on the sensitivity of the nonlinear system (3.13)
and not on the sensitivity of the linear system (3.31).

3.3.2 Statistical Perturbation Analysis

The condition number leads to a first order worst case perturbation bound.
However, in practice, this error bound is rarely attained and the actual error
could be much smaller. In order to have a more detailed description of the data
uncertainty error, we therefore also compute average perturbation estimates
by means of a statistical sensitivity analysis.

We perform this analysis by using the Univariate Reduced Quadrature
(URQ) method, see [83]. This method presents a convenient trade-off between
computational complexity and accuracy. In contrast to the large sample size
that is required for a Monte Carlo Simulation (MCS), the URQ method only
utilizes a sample size of 2n +1, where n is the number of uncertain data com-
ponents. This makes the URQ method computationally much less expensive
than a MCS. The mean µxk and the variance σ2

xk
, k = 1, . . . ,m, of a solution

component xk in x are approximated in the URQ method using the quadrature
formulas in [83, (20) and (21)]. We use the factor

φ(x ;d ) = maxk σxk /µxk

maxi σdi /µdi

(3.32)

as a statistical measure for the average amplification of the uncertainties in
the data di , i = 1, . . . ,n.

Having established normwise and componentwise condition numbers
for general nonlinear systems of equations as well as an average uncertainty
amplification measure, in the next sections we apply these results to study the
sensitivity of the two classes of Euler equations with respect to perturbations
in the data.

3.4 Error Analysis for the Semilinear Isothermal
Model

In this section, an error analysis is performed for the isothermal Euler
equations in semilinear form, called the semilinear model. Sections 3.4.1
and 3.4.2 discuss two simple discretization schemes applied to the semilinear
model (3.7). These simple discretization schemes, here called the 1S-scheme
and the MP-scheme, are typically used in the optimization of large gas net-
works, see [43, 76]. A theoretical worst case and a statistical mean sensitivity
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analysis for both systems is presented in Section 3.4.3. A rounding and iter-
ation error analysis for the two resulting nonlinear systems is contained in
Section 3.4.4. Finally, a first order upper bound for the relative model error
between the semilinear and the algebraic model is derived in Section 3.4.5.

3.4.1 Discretization using a One-Sided Evaluation

For notational convenience, we consider one space interval [xL , xR ] as a piece
of length H of a pipeline and discretize system (3.8) first in space. There are
many different possibilities to obtain such a discretization. Here, we approxi-
mate the space derivative by

∂q

∂x
≈ q(xR , t )−q(xL , t )

H
. (3.33)

Furthermore, we use the evaluation p(xR , t) as an approximation of p(x, t)
and q(x, t) ≈ q(xL , t). Inserting the boundary conditions (3.8c), (3.8d) into
(3.8a), (3.8b) results in a system of ordinary differential equations (ODEs),
which is given by

ṗ(xR , t )+ c2

AH

(
qs(t )−q(xL , t )

)= 0, (3.34a)

q̇(xL , t )+ A

H

(
p(xR , t )−ps(t )

)=− λc2

2D A

q(xL , t )|q(xL , t )|
p(xR , t )

. (3.34b)

Using the implicit Euler discretization scheme in time and introducing the
vector x i = [p(xR , ti ), q(xL , ti )]T , yields the nonlinear system of equations

F1(x i ,d ) = 1

τ
(xi

1 −xi−1
1 )+ c2

AH
(q i

s −xi
2) = 0, (3.35a)

F2(x i ,d ) = 1

τ
(xi

2 −xi−1
2 )+ A

H
(xi

1 −p i
s)+ λc2

2D A

xi
2|xi

2|
xi

1

= 0. (3.35b)

Here, the (uncertain) data are collected in the vector

d = [A,λ,D,c, p i
s , q i

s , xi−1
1 , xi−1

2 ]T . (3.36)

These are the cross-sectional area A, the Darcy friction factor λ, the diam-
eter D, the speed of sound c, the boundary conditions, and the solution of
the previous time step x i−1. The first three parameters are uncertain because
their values cannot be determined accurately for pipelines that lie deep in
the ground for a long period of time. The speed of sound c within the gas is
uncertain because the temperature T and the compressibility factor z are set
to a constant in (3.6) and thus a modeling error is made. The boundary values
are subject to measurement errors (or simulation errors when the pipeline is
split into smaller pieces), and x i−1 is uncertain due to the accumulation of
discretization errors, as well as the rounding and data uncertainty errors in the
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previous time steps. We call this discretization scheme the 1S-scheme in the
following. It is similar to the discretization in [43, 76]; the only difference is
that p and q are there both evaluated in xR , given that the gas flows from xL

to xR . Equations (3.35) define a two-dimensional nonlinear system with so-
lution x i . The Jacobian F ′

x i (x i ,d ) of F = [F1,F2]T with respect to x i is given
by

F ′
x i (x i ,d ) =

 1
τ

− c2

AH

A
H − λc2

2D A
xi

2|xi
2|

(xi
1)2

1
τ + λc2

D A
|xi

2|
xi

1

 . (3.37)

For the solution x i of the nonlinear system (3.35) we use the Newton method,
see, e.g., [63], with stopping criterion ‖x i

j − x i
j−1‖∞ ≤ tol. In our simulations

that we present below we use tol = 10−3, the concrete parameters values

τ= 15s, p i−1
R = 5 ·106 Pa, q i−1

L = 300kgs−1, (3.38a)

c =
√

RT0z0 =
p

518.3 ·288.15 ·0.928 = 372ms−1, see (3.6), (3.38b)

H = 500m, p i
s = 5.07 ·106 Pa, q i

s = 302kgs−1, (3.38c)

A = 0.785m2, λ= 0.06, D = 1m, (3.38d)

and starting values x i
0 = [5 ·106 Pa,300kgs−1]T . These values result in an ap-

proximate solution x i which is given by

x i =
[

p i
R

q i
L

]
=

[
5.01 ·106 Pa
3.03 ·102 kgs−1

]
. (3.39)

An important question is, how sensitive this solution is with respect to small
perturbations in the uncertain data d in (3.36). To determine this sensitivity,
the Jacobian of F with respect to d is computed, which is given by

F ′
d (x i ,d ) =



c2

A2H
(xi

2 −q i
s ) 1

H (xi
1 −p i

s)− λc2

2D A2

xi
2|xi

2|
xi

1

0 c2

2D A
xi

2|xi
2|

xi
1

0 − λc2

2D2 A

xi
2|xi

2|
xi

1

2c
AH (q i

s −xi
2) λc

D A
xi

2|xi
2|

xi
1

0 − A
H

c2

AH 0

−1
τ 0

0 −1
τ



T

. (3.40)

The results of the sensitivity analysis are presented in Section 3.4.3.
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3.4.2 Discretization using the Midpoint Rule

As an alternative space discretization of the system (3.8) we use the midpoint
rule for the pressure p(x, t) and the mass flow rate q(x, t). For example, for
p(x, t ) we obtain

p(x, t ) ≈ p(xR , t )+p(xL , t )

2
.

Again, the boundary conditions (3.8c), (3.8d) are inserted into (3.8a), (3.8b).
This results in the system of ODEs

1

2
ṗ(xR , t )+ c2

AH

(
qs(t )−q(xL , t )

)+ 1

2
ṗs(t ) = 0,

1

2
q̇(xL , t )+ A

H

(
p(xR , t )−ps(t )

)+ 1

2
q̇s(t )

+ λc2

4D A

(
qs(t )+q(xL , t )

)|qs(t )+q(xL , t )|
p(xR , t )+ps(t )

= 0.

Using again the implicit Euler scheme for the time discretization yields the
nonlinear system

F1(x i ,d ) = 1

τ
(xi

1 −xi−1
1 )+ 2c2

AH
(q i

s −xi
2)+ ṗ i

s = 0, (3.42a)

F2(x i ,d ) = 1

τ
(xi

2 −xi−1
2 )+ 2A

H
(xi

1 −p i
s)+ q̇ i

s

+ λc2

2D A

(q i
s +xi

2)|q i
s +xi

2|
xi

1 +p i
s

= 0, (3.42b)

with data vector

d = [A,λ,D,c, p i
s , q i

s , ṗ i
s , q̇ i

s , xi−1
1 , xi−1

2 ]T . (3.43)

We call this discretization scheme the MP-scheme. It is equivalent to the
implicit box scheme in [66]. The Jacobian F ′

x i of F = [F1,F2]T with respect to

x i in this case is given by

F ′
x i (x i ,d ) =

 1
τ

− 2c2

AH

2A
H − λc2

2D A
(q i

s+xi
2)|q i

s+xi
2|

(xi
1+p i

s )2
1
τ + λc2

D A
|q i

s+xi
2|

xi
1+p i

s

 . (3.44)

We again use the Newton method for the solution x i of (3.42) with stopping
criterion ‖x i

j −x i
j−1‖∞ ≤ tol. For the numerical simulations presented below

we use the parameter values (3.38),

ṗ i
s = 100, q̇ i

s = 0.05, (3.45)

and the starting values x i
0 = [5 ·106 Pa,300kgs−1]T . This results in an approxi-

mate solution x i given by

x i =
[

p i
R

q i
L

]
=

[
5.01 ·106 Pa
3.03 ·102 kgs−1

]
. (3.46)
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In order to determine the sensitivity of x i with respect to perturbations in the
data, the Jacobian of the function F with respect to d in (3.43) is calculated as

F ′
d (x i ,d ) =



2c2

A2H
(xi

2 −q i
s ) 2

H (xi
1 −p i

s)− λc2

2D A2

(q i
s+xi

2)|q i
s+xi

2|
xi

1+p i
s

0 c2

2D A
(q i

s+xi
2)|q i

s+xi
2|

xi
1+p i

s

0 − λc2

2D2 A

(q i
s+xi

2)|q i
s+xi

2|
xi

1+p i
s

4c
AH (q i

s −xi
2) λc

D A
(q i

s+xi
2)|q i

s+xi
2|

xi
1+p i

s

0 −2A
H − λc2

2D A
(q i

s+xi
2)|q i

s+xi
2|

(xi
1+p i

s )2

2c2

AH
λc2

D A
|q i

s+xi
2|

xi
1+p i

s

1 0

0 1

−1
τ 0

0 −1
τ



T

. (3.47)

The sensitivity results are presented in Section 3.4.3.

3.4.3 Sensitivity Analysis for the Two Discretizations

This section contains both a worst case first order and a statistical mean sen-
sitivity analysis for the 1S- and the MP- discretization scheme. Moreover, we
show that the normwise condition number yields a too pessimistic upper error
bound.

We use the Jacobians in (3.37), (3.40), (3.44), (3.47) to calculate the indivi-
dual condition numbers (3.26) of the components p i

R and q i
L of the solutions x i

in (3.39), (3.46) with respect to perturbations in the uncertain data. Using the
parameter values in (3.38), (3.45) we obtain the results presented in Table 3.1.
We find that the largest individual condition number is κrel(q i

L; p i
s) for both

schemes. Moreover, one observes that the mass flow rate q i
L is more sensitive

to small perturbations in the parameters than the pressure p i
R . We note that a

scaling of the parameter values or using different units, e.g. by choosing the
unit metric ton rather than kg, does not change the results.

Calculating the normwise relative condition numbers (3.20) of x i with
respect to d in (3.36), (3.43) for the 1S- and the MP-scheme with parameter
values (3.38), (3.45) yields κ1S

rel,n(x i ;d ) = 1.39 ·106, κMP
rel,n(x i ;d ) = 1.45 ·106. We

find that these normwise condition numbers are at least three orders of mag-
nitude larger than the individual condition numbers in Table 3.1. Hence, the
normwise condition number considerably overestimates the sensitivity of the
corresponding nonlinear root finding problem, i.e., it constitutes a very pes-
simistic upper bound. Considering also (3.30), this leads to the conclusion
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that it is more adequate to use the componentwise relative condition number
in (3.29) in order to determine the sensitivity of x i with respect to d .

The componentwise condition numbers for the two different discretization
schemes are calculated for spatial stepsizes H ∈ [1,1000m] and for temporal
stepsizes τ ∈ [10−2,30s]. The results are depicted in Figure 3.3. In order to
get a more detailed description of the sensitivity of the nonlinear systems, we
also perform a statistical mean error analysis for the 1S- and the MP-scheme
using the URQ method; see Section 3.3.2. The relative standard deviations
σd j /µd j , j = 1, . . . ,n, for the input parameters is set to 0.5% and the values
in (3.38) are taken for the mean values µd j . Subsequently, the relative standard

deviations σxi
k
/µxi

k
, k = 1,2, of the solution x i are computed. Factor φ(x i ;d )

in (3.32) is again calculated for H ∈ [1,1000m] and τ ∈ [10−2,30s]. The results
are depicted in Figure 3.4. We find that the differences between the mean
uncertainty amplification factors φ and the first order worst case bounds in
Figure 3.3 are relatively small. Furthermore, we observe in both figures that
given H and τ, the sensitivity of the MP-scheme is smaller than that of the
1S-scheme. Using Figures 3.3 and 3.4 for a given discretization scheme, the
spatial and temporal stepsizes H and τ can be chosen such that the sensitivity
of the corresponding nonlinear system is low. Note that while reducing H

Table 3.1: Individual relative condition numbers in (3.26) for the 1S- and
the MP-scheme. The condition numbers are computed for the solution
components p i

R and q i
L with respect to the uncertain input parameters d

in (3.36), (3.43). The values in (3.38), (3.45) are used.

κ1S
rel κMP

rel

p i
R q i

L p i
R q i

L

A 2.30 ·10−2 7.65 ·10−2 2.40 ·10−2 4.07 ·10−2

λ 1.15 ·10−2 3.60 ·10−2 1.20 ·10−2 1.88 ·10−2

D 1.15 ·10−2 3.60 ·10−2 1.20 ·10−2 1.88 ·10−2

c 2.28 ·10−2 8.09 ·10−2 2.40 ·10−2 4.38 ·10−2

p i
s 9.44 ·10−1 2.94 1.00 1.57

q i
s 2.53 ·10−2 9.16 ·10−1 2.53 ·10−2 9.57 ·10−1

ṗ i
s − − 6.23 ·10−6 4.58 ·10−4

q̇ i
s − − 3.13 ·10−6 4.89 ·10−6

p i−1
R 7.93 ·10−2 2.87 2.08 ·10−2 1.53

q i−1
L 2.37 ·10−3 7.39 ·10−3 1.25 ·10−3 1.96 ·10−3
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and τ decreases the discretization error, it increases the sensitivity of the
problem and thus both the error due to data uncertainty and the effect of
rounding are amplified. Hence, a balance between the discretization and the
data uncertainty error should be determined to find appropriate values for H
and τ.
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Figure 3.3: The componentwise relative condition numbers in (3.29) of the
1S-scheme (left) and the MP-scheme (right) as a function of the spatial and
temporal stepsize. The condition number is computed for the solution x i =
[p i

R , q i
L]T with respect to the uncertain data d in (3.36), (3.43). The numbers at

the colorbar denote the values of κrel,c.
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Figure 3.4: The mean uncertainty amplification factor φ(x i ;d ) in (3.32), calcu-
lated with the URQ method, for the 1S-scheme (left) and MP-scheme (right) as
a function of H and τ. The values in (3.38) are taken for the mean values of the
uncertain data. The numbers at the colorbar denote the values of φ.
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3.4.4 Rounding and Iteration Error Analysis

In this section a first order upper bound for the rounding errors and the itera-
tion error that are committed in the Newton method is derived. The result is
applied to both the 1S- and the MP-scheme.

A rounding error analysis for the solution of the linear system (3.31) arising
in the Newton method is presented in [103], together with a condition for
which the intermediate solution x j cannot be improved due to rounding
errors, see [103, page 117]. If e j is an upper bound for the rounding error
‖F (x j )−F̃ (x j )‖, where F is the exact function evaluation and F̃ is the computed
function evaluation, then this condition is given by

‖F̃ (x j )‖ ≤ e j or ‖F̃ (x j )‖ ≥ ‖F̃ (x j−1)‖. (3.48)

In the following we assume that the first condition of (3.48) is satisfied before
the second condition of (3.48). We define the set

S := {x | ‖F̃ (x)‖ ≤ e j } (3.49)

and assume that x∗ ∈S . Then, provided that the Jacobian of F̃ is invertible
for all x ∈S , it follows from the implicit function theorem that

‖x j −x∗‖ ≤̇ ‖[F̃ ′(x j )]−1‖‖F̃ (x j )− F̃ (x∗)‖
≤ ‖[F̃ ′(x j )]−1‖ (‖F̃ (x j )‖+‖F̃ (x∗)‖)

≤ ‖[F̃ ′(x j )]−1‖ (‖F̃ (x j )‖+e j ) (3.50)

for all x j ∈S . Let B(r ) denote the ball with radius r around x∗, i.e.,

B(r ) = {x |‖x −x∗‖ < r }.

It is well-known, see, e.g., [63, Theorem 5.1.1], that under certain assumptions
on the function F , e.g., Lipschitz continuity of F ′, there exists a ξ > 0 such
that if x j ∈ B(ξ) \ S , then the Newton method converges quadratically, i.e.,
‖x j+1 −x∗‖ =O(‖x j −x∗‖2). This implies that

‖x j −x∗‖ ≤ ‖x j −x j+1‖+O(‖x j −x∗‖2), for all x j ∈B(ξ) \S . (3.51)

Thus, we have the following theorem.

Theorem 3.1. Let a solution x j of the nonlinear system arising in the gas flow
simulation that is computed with the Newton method be given. Let ηri denote
the error in x j both due to rounding errors in the solution of (3.31) and due to a
preliminary stopping of the Newton iteration. Let e j be an upper bound for the
rounding error ‖F (x j )− F̃ (x j )‖. Suppose that S ⊆B(ξ) and x j ∈B(ξ), then

ηri ≤̇
{
‖[F̃ ′(x j )]−1‖ (‖F̃ (x j )‖+e j ) if x j ∈S ,

‖x j −x j+1‖ if x j ∈B(ξ) \S .
(3.52)
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Proof. If x j ∈ B(ξ) \ S , then the Newton method converges quadratically
despite rounding errors in the solution of (3.31), see [103, page 117]. Thus, ηri

is given by (3.51). On the other hand, if x j ∈ S , then condition (3.48) is
satisfied and we do not have convergence. An upper bound for ηri is then given
by (3.50).

To apply this result, we compute ηri for the 1S- and the MP-scheme. For
the 1S-scheme we may write

F̃1(x i ,d ) = xi
1 −xi−1

1

τ
(1+3ε)+ c2(q i

s −xi
2)

AH
(1+6ε),

F̃2(x i ,d ) = xi
2 −xi−1

2

τ
(1+4ε)+ A(xi

1 −p i
s)

H
(1+5ε)+ λc2xi

2|xi
2|

2D Axi
1

(1+8ε),

where |ε| ≤ u and u denotes the unit roundoff. Hence, we have

|F1 − F̃1| ≤
|xi

1 −xi−1
1 |

τ
3u+ c2|q i

s −xi
2|

AH
6u =: α1S,

|F2 − F̃2| ≤
|xi

2 −xi−1
2 |

τ
4u+ A|xi

1 −p i
s |

H
5u+ λc2(xi

2)2

2D Axi
1

8u =: β1S

and, thus, e1S
j = ‖[α1S,β1S]T ‖. For the MP-scheme we obtain

F̃1 =
xi

1 −xi−1
1

τ
(1+4ε)+ 2c2(q i

s −xi
2)

AH
(1+7ε)+ ṗ i

s(1+ε),

F̃2 =
xi

2 −xi−1
2

τ
(1+5ε)+ 2A(xi

1 −p i
s)

H
(1+6ε)+ q̇ i

s (1+2ε)

+ λc2(q i
s +xi

2)|q i
s +xi

2|
2D A(xi

1 +p i
s)

(1+11ε),

and, hence

|F1 − F̃1| ≤
|xi

1 −xi−1
1 |

τ
4u+ 2c2|q i

s −xi
2|

AH
7u+|ṗ i

s |u =: αMP,

|F2 − F̃2| ≤
|xi

2 −xi−1
2 |

τ
5u+ 2A|xi

1 −p i
s |

H
6u+|q̇ i

s |2u

+ λc2(q i
s +xi

2)2

2D A(xi
1 +p i

s)
11u =: βMP,

and eMP
j = ‖[αMP,βMP]T ‖. Assuming the use of IEEE standard double precision

arithmetic, such that u = 2.22·10−16, see [57, page 39], and choosing the infinity
norm, we obtain the following error estimates. For the 1S-scheme with the
values in (3.38) and the solution x i in (3.39) we have e1S

j = 1.16 ·10−12 and

‖F̃ (x i )‖ = 1.74 ·10−11. Thus, x i is not an element of the set S . We assume
that x i ∈ B(ξ) such that we have ηri ≤̇ 1.56 ·10−10. For the MP-scheme with
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the values in (3.45) and the solution x i in (3.46) we have eMP
j = 1.73 ·10−12

and ‖F̃ (x i )‖ = 2.22 ·10−11. Hence, x i again is not contained in S . We again
assume that x i ∈B(ξ) such that we have ηri ≤̇ 7.82 ·10−11. It can be concluded
that for both schemes the rounding and iteration errors can be neglected in
comparison with the data uncertainty error.

3.4.5 Modeling Error between the Semilinear and Algebraic
Model

In this section we analyze the modeling error that is committed when the
isothermal semilinear model (3.7) is simplified to the isothermal algebraic
model (3.10a), (3.10b) that is obtained by assuming a stationary gas flow, see
Figure 3.2.

We consider the semilinear and the algebraic model on the spatial inter-
val [0,L], with pipeline length L, and the temporal interval [0,T ]. We define
gridpoints (xi , t k ), i = 0, . . . , N and k = 0, . . . , M , with stepsizes H = L/N and
τ = T /M . Let the solution of the semilinear model at the gridpoints be de-
noted by y sem(xi , t k ), the solution of the discretized semilinear model with
stepsizes H and τ at the gridpoints (xi , t k ) be denoted by y k

i (H ,τ), and the

solution of the algebraic model at the gridpoints be denoted by y alg(xi ), with
y(x, t ) = [p(x, t ), q(x, t )]T . We define the relative model error ηm between the
semilinear and the algebraic model by

ηm := max
i ,k

∥∥D−1
y k

i (H/2,τ/2)

(
y sem(xi , t k )− y alg(xi )

)∥∥
∞,

with Dx := diag(x). Using the triangle inequality, we have

ηm ≤ max
i ,k

(∥∥D−1
y k

i (H/2,τ/2)

(
y sem(xi , t k )− y k

i (H/2,τ/2)
)∥∥

∞

+
∥∥D−1

y k
i (H/2,τ/2)

(
y k

i (H/2,τ/2)− y alg(xi )
)∥∥

∞
)
. (3.55)

The term y sem(xi , t k )− y k
i (H/2,τ/2) in (3.55) denotes the discretization error

of the semilinear model at the gridpoint (xi , t k ). We note that the right-hand
side of the semilinear model in (3.8) is only once continuously differentiable
in both space and time due to the term q |q |. Thus, in general, the maximum
attainable convergence order in space and time for finite difference schemes
is one. However, if q does not change sign during the simulation, i.e., if no
backflow occurs, which we assume in the following, then higher order conver-
gence rates can be achieved. Suppose that the discretization scheme for the
semilinear model converges with order γ in space and order δ in time. Then,
the discretization error has an asymptotic expansion of the form

y sem(xi , t k )− y k
i (H/2,τ/2) = e(xi , t k )

(
(H/2)γ+ (τ/2)δ

)+O
(
Hγ+1 +τδ+1),

with coefficient function e(x, t ) that is independent of H and τ, cf. [50]. Hence,
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we have the first order approximations

y sem(xi , t k )− y k
i (H/2,τ/2)

.= e(xi , t k )
(
(H/2)γ+ (τ/2)δ

)
, (3.56)

y sem(xi , t k )− y k
i (H ,τ)

.= e(xi , t k )(Hγ+τδ). (3.57)

Subtracting (3.56) from (3.57) and rewriting yields

e(xi , t k )
.=

y k
i (H ,τ)− y k

i (H/2,τ/2)

Hγ+τδ− (H/2)γ− (τ/2)δ
.

Inserting this into (3.56) and inserting (3.56) into (3.55) results in the first order
upper bound for the relative model error

ηm ≤̇ max
i ,k

( (H/2)γ+ (τ/2)δ

Hγ+τδ− (H/2)γ− (τ/2)δ

·
∥∥D−1

y k
i (H/2,τ/2)

(
y k

i (H ,τ)− y k
i (H/2,τ/2)

)∥∥
∞

+
∥∥D−1

y k
i (H/2,τ/2)

(
y k

i (H/2,τ/2)− y alg(xi )
)∥∥

∞
)
. (3.58)

In order to apply this result, we discretize the semilinear model with the 1S-
scheme from Section 3.4.1. This discretization scheme is consistent of order 1
both in space and time. The stability of the 1S-scheme is secured by the use of
the implicit Euler method in time. Hence, we have convergence of order 1 in
space and time, i.e., γ=δ=1. Using e.g. the concrete values pin = 5.06 ·106 Pa,
q = 300kgs−1 for the algebraic model and the values in (3.38) for the semilinear
model, we compute the discrete semilinear solutions y k

i (H ,τ), y k
i (H/2,τ/2)

and the algebraic solution y alg(xi ). From (3.58), for these concrete data this
results in ηm ≤̇ 1.16%.

Having analyzed different error sources for the semilinear model, in the
next section we step down one level in the model hierarchy in Figure 3.2 and
perform a similar analysis for the algebraic model.

3.5 Error Analysis for the Algebraic Model

In this section an error analysis is performed for the temperature dependent
algebraic model in (3.10). This analysis is performed both in terms of backward
and forward errors, resulting in first order upper error bounds, in Section 3.5.1
and statistically, yielding mean error estimates, in Section 3.5.2. Furthermore,
it is analyzed in Section 3.5.3 under which condition the temperature depen-
dent model can safely be simplified to the isothermal algebraic model. Further
details and examples can be found in [75].

3.5.1 Deterministic Error Analysis

In this section a backward error analysis is performed for the algebraic
model (3.10). The rounding errors due to finite precision arithmetic and the



3.5. ERROR ANALYSIS FOR THE ALGEBRAIC MODEL 31

uncertainties in the data are interpreted as perturbations in the input parame-
ters. Then, the relative errors in the output parameters are calculated using
the individual relative condition numbers and their magnitudes are analyzed
for certain concrete input parameter values.

In the equation for the mass flux

q̂(d ) = ρinvin, (3.59)

which is constant in space, only one multiplication is performed with relative
error ε1, which yields

˜̂q(ρin, vin) = ρin(1+ερin )vin(1+εvin )(1+ε1)

= ρinvin(1+ερin +εvin +ε1 +O(ε2))

= q̂(ρin, vin(1+ε2)), (3.60)

with ε2 = ερin +εvin +ε1 +O(ε2). Here, ερin is the relative measurement error
in ρin, εvin the relative data error in vin, and |ε1| < u the relative error of the
multiplication, with u the rounding unit in finite precision arithmetic. For the
absolute relative error in q̂ , using (3.60), we obtain

|q̂(d )− q̂(d +∆d )|
|q̂(d )| ≤

∣∣∣ ∂q̂

∂ρin

1

q̂(d )
∆ρin︸ ︷︷ ︸

0

∣∣∣+ ∣∣∣ ∂q̂

∂vin

1

q̂(d )
∆vin

∣∣∣+O
(
(∆d )2)

=
∣∣∣( ∂q̂

∂vin

vin

q̂(d )

)
︸ ︷︷ ︸

ρinvin
ρinvin

=1

∆vin

vin︸ ︷︷ ︸
ε2

∣∣∣+O
(
(∆d )2)

= |ε2|+h.o.t. ≤ |ερin |+ |εvin |+ |ε1|+h.o.t.,

where h.o.t. stands for higher order terms in the ε j . Assuming that the round-
off error ε1 is so small that it can be neglected in comparison with errors ερin

and εvin , then we have the constraint

|ερin |+ |εvin | ≤̇ elim,

where elim is a limit for the relative error in q̂ .
For the computation of the pressure

p(d ) =
√

p2
in −

λc2

2r
ρv |ρv |(x −x0) (3.61)

we use Algorithm 3.1. Using the Taylor series expansion 1
1−ε

= 1+ε+O(ε2), this
leads to a backward error due to roundoff errors in finite precision arithmetic
with unit roundoff u, given by

p̃(d ) =
√

(pin(1+ε13))2 − λ(1+ε14)c2

2r
ρv |ρv |(x −x0), (3.62)
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where
2|ε13| = |ε1 +ε11 +2ε12 +O(ε2)| ≤ 4u+O(u2),

so that |ε13| ≤ 2u+O(u2) and |ε14| ≤ 13u+O(u2). Introducing relative data
errors and denoting the relative measurement error for the parameter α by εα,
continuing with (3.62), gives

p̃(d )2 = (
pin(1+ε15)

)2 − λ(1+ε16)c2

2r
ρv |ρv |(x(1+εx)−x0(1+εx0 )

)
,

with

|ε15| = |εpin +ε13 +O(ε2)| ≤ |εpin |+2u+h.o.t., (3.63a)

|ε16| ≤ |ελ|+2|εc |+ |εr |+2|ερ|+2|εv |+13u+h.o.t. (3.63b)

Thus, for the backward error of p(d ), considered as a function of pin,λ, x, x0,
we have the expression

p̃(pin,λ, x, x0) = p
(
pin(1+ε15),λ(1+ε16), x(1+εx), x0(1+εx0 )

)
. (3.64)

The effect of the rounding errors in the arithmetic computation of the pressure,
given by 2u and 13u in (3.63), is in general much smaller than the measurement
errors for the input parameters, which, in the worst case scenario, can be in the
order of a few percent. Hence, the magnitudes of the relative backward errors
ε15,ε16,εx ,εx0 mainly depend on the inflicted measurement errors. Using
Taylor series expansion and the triangle inequality, it follows from (3.64) that
an upper bound for the relative error in p(d ) due to the relative perturbations
in the data d = [pin,λ, x, x0]T caused by rounding and data uncertainty is given

Algorithm 3.1 : Computing the pressure p in (3.61)

Input: pin, λ, c, r , ρ, v , x, x0

1: ← pin ·pin

2: z2 ← c · c
3: z3 ←λ · z2

4: z4 ← 2 · r
5: z5 ← z3/z4

6: z6 ← ρ · v
7: z7 ← x −x0

8: z8 ← z5 · z6

9: z9 ← z8 · |z6|
10: z10 ← z9 · z7

11: z11 ← z1 − z10

12: z12 ←p
z11

13: p(d ) ← z12

Output: p
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by

|p(d )−p(d +∆d )|
p(d )

≤
4∑

i=1

∣∣∣∂p(d )

∂di

di

p(d )

∣∣∣∣∣∣∆di

di

∣∣∣+O
(
(∆d )2)

=
(

pin

p(d )

)2

︸ ︷︷ ︸
κrel(p;pin)

|ε15|+
λc2ρ2v2(x −x0)

4r p(d )2︸ ︷︷ ︸
κrel(p;λ)

|ε16|+
λc2ρ2v2|x|

4r p(d )2︸ ︷︷ ︸
κrel(p;x)

|εx |

+ λc2ρ2v2|x0|
4r p(d )2︸ ︷︷ ︸
κrel(p;x0)

|εx0 |+h.o.t., (3.65)

where κrel(p; pin), κrel(p;λ), κrel(p; x), κrel(p; x0) are the individual relative con-
dition numbers, see (3.11), which amplify the relative backward errors. Note
that the relative condition number κrel(p;d ) of p with respect to d is given
by the sum of these four individual condition numbers, see (3.12). Suppose
that we require κrel(p; pin) ≤ tol, where tolerance tol > 1 should depend on εpin ,
then the inequality

p2
in

p2
in −λc2ρv |ρv |(x −x0)/(2r )

≤ tol

is obtained. By rewriting this relation it follows that if ρv > 0, then the algebraic
model can be used safely for a maximum pipeline length

L = x −x0 ≤
2r p2

in(1−1/tol)

λc2ρ2v2
. (3.66)

If ρv ≤ 0, then there is no such restriction on the pipeline length. Choosing e.g.
the concrete nominal values d nom given by

pinnom = 2 ·105 Pa, λnom = 0.03, cnom = 343ms−1, (3.67a)

rnom = 0.5m, ρnom = 1kgm−3, vnom = 10ms−1, x0nom = 0m, (3.67b)

then κrel(p; x) = κrel(p;λ) and κrel(p; x0) = 0. The relative condition numbers
κrel(p; pin), κrel(p;λ), κrel(p; x) grow quickly with the pipeline length L=x −x0,
see Figure 3.5. The graphs have a vertical asymptote at L=113km. Given that
we require that

‖[κrel(p; pin),κrel(p;λ)]T ‖∞ ≤ 2,

it can be concluded for these concrete data that the algebraic model can only
be used safely for pipelines up to 60km length.

For the computation of the temperature

T (d ) = (Tin −Tw )e− kw
Dcv ρv (x−x0) +Tw , (3.68)

we apply Algorithm 3.2. Due to rounding errors in finite precision arithmetic, a
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Figure 3.5: The individual relative condition numbers κrel(p; pin),κrel(p;λ),
κrel(p; x) in (3.65) considered as a function of the pipeline length L = x − x0,
with the nominal values in (3.67). The curve κrel(p; x) is behind the curve
κrel(p;λ).

relative error ε is committed in every step of the algorithm. Using Taylor series
expansion, we obtain

T̃ (d ) =
(
Tin

(
1+ε11 −Tw (ε11 −ε10)/Tin

)−Tw (1+ε10)
)
e− kw (1+ε12)

Dcv ρv (x−x0)

+Tw (1+ε10),

where

|ε10| ≤ u, (3.69a)

|ε11| = |ε1 +ε8 +ε9 +ε10 +O(ε2)| ≤ 4u+O(u2), (3.69b)

|ε12| = |ε2 +ε3 +ε4 +ε5 +ε6 +ε7 +O(ε2)| ≤ 6u+O(u2). (3.69c)

Algorithm 3.2 Computing the temperature T in (3.68)

Input: Tin, Tw , kw , D , cv , ρ, v , x, x0

1: z1 ← Tin −Tw

2: z2 ← D · cv

3: z3 ← z2 ·ρ
4: z4 ← z3 · v
5: z5 ← kw /z4

6: z6 ← x −x0

7: z7 ← z5 · z6

8: z8 ← e−z7

9: z9 ← z1 · z8

10: z10 ← z9 +Tw

11: T (d ) ← z10

Output: T
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Including data errors for the input parameters gives

T̃ (d ) = (
Tin(1+ε13)−Tw (1+ε14)

)
e− kw (1+ε15)

Dcv ρv

(
x(1+εx )−x0(1+εx0 )

)
+Tw (1+ε14),

with

1+ε13 = 1+εTin +ε11 −Tw (ε11 −ε10)/Tin +O(ε2),

1+ε14 = (1+εTw )(1+ε10) = 1+εTw +ε10 +O(ε2),

1+ε15 = 1+εkw +ε12 +εD +εcv +ερ +εv +O(ε2).

This results in the backward error

T̃ (Tin,Tw ,kw , x, x0)

= T
(
Tin(1+ε13),Tw (1+ε14),kw (1+ε15), x(1+εx), x0(1+εx0 )

)
. (3.70)

The effect of rounding errors in the computation of the temperature, given
by u, 4u, 6u in (3.69), can in general be neglected again as compared to the
measurement errors. Thus, for the backward errors it holds that ε13 ≈ εTin ,
ε14 ≈ εTw , ε15 ≈ εkw +εD +εcv +ερ +εv . From (3.70) it follows that an upper
bound for the relative error in the temperature T (d ) due to finite precision
arithmetic and data errors is given by

|∆T |
T (d )

≤ Tin∣∣∣Tin +
(
e

kw (x−x0)
Dcv ρv −1

)
Tw

∣∣∣︸ ︷︷ ︸
κrel(T ;Tin)

|ε13|+
∣∣∣∣ Tw −Tw e− kw (x−x0)

Dcv ρv

(Tin −Tw )e− kw (x−x0)
Dcv ρv +Tw

∣∣∣∣︸ ︷︷ ︸
κrel(T ;Tw )

|ε14|

+
∣∣∣∣ (Tin −Tw )(x −x0)kw

Dcvρv
(
Tin + (e

kw (x−x0)
Dcv ρv −1)Tw

)
∣∣∣∣︸ ︷︷ ︸

κrel(T ;kw )

|ε15|

+
∣∣∣ (Tin −Tw )kw x

DcvρvT (d )

∣∣∣e− kw (x−x0)
Dcv ρv︸ ︷︷ ︸

κrel(T ;x)

|εx |

+
∣∣∣ (Tin −Tw )kw x0

DcvρvT (d )

∣∣∣e− kw (x−x0)
Dcv ρv︸ ︷︷ ︸

κrel(T ;x0)

|εx0 |+O
(
(∆d )2) , (3.71)

with ∆T = T (d )−T (d +∆d ). To see whether the relative backward errors |ε13|,
|ε14|, |ε15|, |εx |, |εx0 | are amplified in the relative error for the temperature, we
consider e.g. the concrete nominal values

Dnom = 1m, ρnom = 1kgm−3, vnom = 10ms−1, Tinnom = 293K, (3.72a)

Twnom = 283K, kwnom = 0.0341Wm−1 K−1, (3.72b)

cvnom = 1700Jkg−1 K−1, x0nom = 0m, (3.72c)
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in the individual relative condition numbers in (3.71). With x0nom = 0, then
κrel(T ; x0) = 0. The four remaining relative condition numbers are depicted in
Figure 3.6 as a function of the pipeline length L = x −x0. The figure shows that
all condition numbers remain below one, which means that the relative errors
in the input parameters are not amplified. The relative condition numbers
κrel(T ;kw ),κrel(T ; x) are so small as compared to κrel(T ;Tin),κrel(T ;Tw ) that
they can be neglected. Again, we note that the relative condition number
κrel(T ;d ) of T with respect to d = [Tin,Tw ,kw , x, x0]T is given by the sum of the
four individual condition numbers.

Our backward error analysis and the computation of the associated con-
dition numbers show that the values for the pressure are most affected by
data and rounding errors and present restrictions to the pipeline length that
can be safely considered. This theoretical analysis presents a first order worst
case error analysis. From a practical point of view the worst case analysis is
important to obtain warnings, but in view of the large uncertainty that the data
will have a statistical analysis, which results in average perturbation estimates,
seems more adequate. Such an analysis is performed in the next section.
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Figure 3.6: The individual relative condition numbers κrel(T ;Tin), κrel(T ;Tw ),
κrel(T ;kw ), κrel(T ; x) in (3.71) considered as a function of the pipeline length
L = x −x0 for the concrete values in (3.72).
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3.5.2 Statistical Perturbation Analysis

In this section we compute average perturbation amplification estimates for
the algebraic model (3.10) using a statistical analysis. It complements the
theoretical worst case analysis carried out in the previous section.

The efficient URQ method, see Section 3.3.2, enables us to calculate the
relative standard deviation of the pressure p and the temperature T for many
different pipeline lengths L. The mean of the remaining input parameters is set
to the nominal values in (3.67), (3.72). The relative standard deviation σdi /µdi

is set to 0.5% for every input parameter di of d . Subsequently, the mean
perturbation amplification factors φ(p;d ),φ(T ;d ), see (3.32), are computed
as a function of L. The average perturbation amplification results of the URQ
simulation for p and T are depicted in Figure 3.7. A similar behavior as in
the worst case analysis in Section 3.5.1 is observed; the uncertainty in the
pressure grows quickly for increasing pipeline length and the uncertainty in
the temperature decreases slightly for increasing L. As expected, the average
uncertainty amplification factors φ(p;d ), φ(T ;d ) in Figure 3.7 are smaller than
the first order upper bounds κrel(p;d ), κrel(T ;d ), which are obtained by taking
the sum of the individual condition numbers in Figures 3.5 and 3.6, see (3.12).
The mass flux q̂ is not considered here, because it is constant with respect to L.

Concluding, the backward errors due to rounding and data uncertainty
have been presented in the previous section. Multiplying these backward
errors with the condition numbers from Section 3.5.1 results in first order
worst case error bounds. On the other hand, multiplying the backward errors
with the average amplification factors given in this section, yields mean error
estimates. The worst case bounds and the mean estimates together provide
a useful description of the error in the pressure and the temperature due to
rounding and data uncertainty.

Having performed the analysis for the algebraic model including tem-
perature and having observed that the temperature dependence is rather
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Figure 3.7: The mean uncertainty amplification factors φ, see (3.32), for the
pressure p (left) and the temperature T (right) as a function of the pipeline
length L, computed with the URQ method. The relative standard deviation of
the input parameters is set to 0.5 % with mean values in (3.67), (3.72).
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insensitive, we can also extend the simplification of the algebraic model to the
isothermal version by assuming the temperature T to be constant. The error
inflicted by this simplification is analyzed in the following section.

3.5.3 Error between Temperature Dependent and Isothermal
Algebraic Model

In this section we analyze the error that is committed when the temperature
dependent algebraic model in (3.10) is simplified to the isothermal algebraic
model in (3.10a), (3.10b), see the lower level of the model hierarchy in Fig-
ure 3.2.

Suppose that the temperature in the algebraic model is set constant and
that the value T (d ), for certain parameter values d , is taken for this constant
temperature, whereas the actual parameter values are given by d̃ . Then, using
Taylor series expansion and the triangle inequality, a first order upper bound
for the relative error in T is given by

|T (d )−T (d̃ )|
|T (d )| ≤̇

n∑
i=1

∣∣∣∂T (d )

∂di

di

T (d )

∣∣∣ |di − d̃i |
|di |

.

Inserting the nominal values d nom in (3.72) together with xnom = 70km, the
individual relative condition numbers for T with respect to the parameter
vector d are given by∣∣∣∣∂T (d )

∂ρ

ρ

T (d )

∣∣∣∣= ∣∣∣∣∂T (d )

∂v

v

T (d )

∣∣∣∣= ∣∣∣∣∂T (d )

∂D

D

T (d )

∣∣∣∣= ∣∣∣∣∂T (d )

∂x

x

T (d )

∣∣∣∣
=

∣∣∣∣∂T (d )

∂kw

kw

T (d )

∣∣∣∣= ∣∣∣∣∂T (d )

∂cv

cv

T (d )

∣∣∣∣= 4.18 ·10−3,∣∣∣∣∂T (d )

∂x0

x0

T (d )

∣∣∣∣= 0,

∣∣∣∣∂T (d )

∂Tin

Tin

T (d )

∣∣∣∣= 8.73 ·10−1,∣∣∣∣∂T (d )

∂Tw

Tw

T (d )

∣∣∣∣= 1.27 ·10−1.

It follows that only perturbations in the parameter Tin create an equivalent
relative perturbation in the temperature T . Perturbations in the other input
parameters only cause a small relative error in T . This means that if the input
temperature Tin is not subject to change, then the temperature can safely be set
constant. If, however, the input temperature changes, for example for different
pipelines, then the temperature cannot be set constant and the temperature
dependent algebraic model should be chosen.

3.6 Summary of Chapter 3

This chapter presents an error and perturbation analysis for the Euler equa-
tions in semilinear and algebraic form. The main focus is on the effect of
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rounding and data uncertainty errors on the solution of these two models.
However, also the modeling error that is committed in the different simplifica-
tions, the discretization error for the semilinear model, and the iteration error
due to a preliminary stopping of the Newton method are analyzed.

The partial differential equations of the semilinear model are discretized
by applying two simple schemes which are used in natural gas network opti-
mization problems. It is shown that the normwise relative condition number
of the resulting nonlinear systems leads to a considerable overestimation of
the sensitivity of the problems. The novel componentwise relative condition
number constitutes a more accurate measure for the sensitivity. Furthermore,
it is shown that the mass flow rate has higher condition numbers with respect
to the uncertain parameters than the pressure and we can determine stepsizes
for which well-conditioned problems are obtained. Moreover, it is shown
that the rounding and iteration errors can be neglected compared to the data
uncertainty error and we find that the modeling error between the semilinear
and the algebraic model is approximately 1% for certain concrete parameter
values.

The error analysis for the pressure in the algebraic model results in a round-
ing and data uncertainty error that grows quickly with increasing pipeline
length, such that the algebraic model can only be used safely for short pipelines
(for certain parameter values up to 60km length). The error in the temperature
decreases slightly with increasing pipeline length. These results are obtained
both via a deterministic first order worst case and via a statistical mean pertur-
bation analysis. Finally, it is shown that only if the pipeline input temperature
is not subject to change, then the temperature can safely be set constant and
the isothermal algebraic model can be used.

In Chapters 5 and 6, we implement the derived error estimators into several
error controllers, which allow to adaptively switch between different simula-
tion models and discretization grids within the gas pipeline network in order
to achieve a prescribed accuracy while keeping the computational cost low.
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Chapter 4

Sensitivity Analysis using Three
Transient Models: A Case Study for
a Y-Shaped Network

4.1 Introduction

In this chapter, we apply our approach to perform a componentwise sensitivity
analysis, as described in Section 3.3.1. To obtain concrete values, we use an
exemplary Y-shaped gas network. For this network, besides the equations
describing the gas flow through the pipes, we also need appropriate coupling
conditions in the junction. Since the coupling conditions also hold in addi-
tional junctions, the analysis can easily be extended to larger pipe networks.
We analyze the sensitivity of the network state, i.e., the mass flow rate, the pres-
sure, and, if applicable, the temperature distribution along the network, with
respect to changes or perturbations in the boundary conditions. In Sections
4.2, 4.3, and 4.4, three different transient models are used to describe the gas
flow through the pipes. All models are discretized both in space and in time,
where the temporal discretization is implicit. For every model, this yields a
nonlinear system of equations for every time integration step. The sensitivity
of the three nonlinear systems is analyzed using the componentwise relative
condition number in (3.29). Furthermore, the results for the three different
models are compared with each other.

4.2 The Isothermal Euler Equations with Constant
Compressibility Factor

4.2.1 The Model

The boundaries of a gas pipeline network consist of entry and exit nodes. At
entries the gas is inserted into the network and at exits it is ejected. Usually,
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the boundary conditions vary in time. We examine the influence of changing
boundary conditions on the gas flow in the pipeline network.

As an example, we consider the small Y-shaped network with one entry
and two exits depicted in Figure 4.1. As boundary conditions, the pressure of
the gas is prescribed at the entry and the mass flow rate is given at the two
exits. Our goal is to determine the sensitivity of the pressure and mass flow rate
distribution in the network w.r.t. perturbations in the boundary conditions.

The gas flow through the pipe network is modeled by the system of PDEs
with boundary and initial conditions

∂p j

∂t
+ c2

A

∂q j

∂x
= 0,

∂q j

∂t
+ A

∂p j

∂x
=− λc2

2D A

q j |q j |
p j

, in (0,L j )× (0, t f ], p1(0, t )
q2(L2, t )
q3(L3, t )

=
 pEn(t )

qEx1(t )
qEx2(t )

 ,

[
q j (x,0)
p j (x,0)

]
=

[
q0

j (x)

p0
j (x)

]
,

(4.1)

for the three pipes j = 1,2,3. This system has been derived from the isothermal
Euler equations of fluid dynamics in [93] and in section 3.2.1. In the inner
node the first Kirchhof law

q1(L1, t ) = q2(0, t )+q3(0, t ), for all t ∈ (0, t f ], (4.2)

Entry

Exit 1

Exit 2

Pipe 1

Inner node

Pipe 2

Pipe 3

Figure 4.1: Small gas network with one entry and two exit nodes. Pipe 1 is
10 km, Pipe 2 is 20 km and Pipe 3 is 30 km long.
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and the pressure equality

p1(L1, t ) = p2(0, t ) = p3(0, t ), for all t ∈ (0, t f ], (4.3)

hold, which are in the following referred to as the coupling conditions. To
discretize system (4.1) in space, we apply a first order finite difference scheme,
which results in the system of ODEs with boundary and initial conditions

d p j (xi+1, t )

d t
+ c2

A

q j (xi+1, t )−q j (xi , t )

h
= 0,

d q j (xi , t )

d t
+ A

p j (xi+1, t )−p j (xi , t )

h
=− λc2

2D A

q j (xi , t )|q j (xi , t )|
p j (xi+1, t )

,p1(x0, t )
q2(xN , t )
q3(xN , t )

=
 pEn(t )

qEx1(t )
qEx2(t )

 ,

[
q j (xi ,0)

p j (xi+1,0)

]
=

[
q0

j (xi )

p0
j (xi+1)

]
,

(4.4)

for pipes j = 1,2,3, time t ∈ (0, t f ], equidistant spatial gridpoints xi = i h, i =
0,1, . . . , N j , and the number of spatial intervals N j = L j /h. The ODEs in (4.4)
are equivalent to system (3.34). We now consider the temporal discretization
of system (4.4). Let the temporal gridpoints be denoted by tk , k = 0,1, . . . , M ,
with uniform stepsize τ= t f /M . Furthermore, we define qk

j ,i := q j (xi , tk ) and

pk
j ,i := p j (xi , tk ). There are several possibilities to discretise system (4.4) in

time. Implicit temporal discretization schemes are frequently used because of
their favourable stability properties. After implicitly discretizing system (4.4) in
time, a nonlinear system of equations has to be solved in every time integration
step.

4.2.2 Sensitivity Analysis

In this section the sensitivity of the gas flow in the network with respect to
changes in the boundary conditions is determined.

Using the implicit Euler method to discretize system (4.4) in time re-
sults in the nonlinear systems of equations F k = 0, k = 1, . . . , M , where
F k = [F k

1 , . . . ,F k
3+2

∑3
`=1 N`

]T is given by

F k

i+∑ j−1
`=1 N`

=
pk

j ,i −pk−1
j ,i

τ
+ c2

A

qk
j ,i −qk

j ,i−1

h
, (4.5a)

F k

i+∑ j−1
`=1 N`+

∑3
`=1 N`

=
qk

j ,i−1 −qk−1
j ,i−1

τ
+ A

pk
j ,i −pk

j ,i−1

h
+

λc2qk
j ,i−1|qk

j ,i−1|
2D Apk

j ,i

, (4.5b)

F k
1+2

∑3
`=1 N`

= qk
1,N1

−qk
2,0 −qk

3,0, (4.5c)

F k
2+2

∑3
`=1 N`

= pk
1,N1

−pk
2,0, (4.5d)

F k
3+2

∑3
`=1 N`

= pk
1,N1

−pk
3,0, (4.5e)
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for j = 1,2,3 and i = 1, . . . , N j . Equations (4.5c)–(4.5e) are the discrete versions
of the coupling conditions (4.2) and (4.3). As an example, we consider the
first time integration step and we set F := F 1. In [93, p. 9] the first order
approximation

D−1
u1 ∆u1 .=−D−1

u1

(
F ′

u1

)−1 F ′
d d∆d/d , with u1 :=

[
q1

p1

]
, (4.6)

for the componentwise relative perturbation in the state variables u1 w.r.t.
datum d ∈ R is derived. Here, matrix Dz is a diagonal matrix with z on the
diagonal, ∆z := z − z̃,

.= denotes a first order approximation in ∆u1 and ∆d , F ′
z

is the Jacobian matrix of F w.r.t. z,

q1 := [q1
1,0, . . . , q1

1,N1
, q1

2,0, . . . , q1
2,N2−1, q1

3,0, . . . , q1
3,N3−1]T and

p1 := [p1
1,1, . . . , p1

1,N1
, p1

2,0, . . . , p1
2,N2

, p1
3,0, . . . , p1

3,N3
]T .

(4.7)

We define |x| := [ |x1|, . . . , |xn | ]T to be the componentwise absolute value of the
vector x ∈Rn and

k(u1;d) := |D−1
u1

(
F ′

u1

)−1 F ′
d d | (4.8)

to be the componentwise relative amplification vector for the perturbation in
u1 w.r.t. a perturbation in d . Then, taking the componentwise absolute value
in (4.6) yields

|D−1
u1 ∆u1| .= k(u1;d) |∆d/d |. (4.9)

Dividing amplification vector k(u1;d) into

k(q1;d) := [k(u1;d)]1:1+∑3
`=1 N`

,

k(p1;d) := [k(u1;d)]2+∑3
`=1 N` :3+2

∑3
`=1 N`

,
(4.10)

where z1:n denotes the first n components of vector z, approximation (4.9)
can be rewritten as

|D−1
q1 ∆q1| .= k(q1;d) |∆d/d |,

|D−1
p1 ∆p1| .= k(p1;d) |∆d/d |.

Taking the infinity-norm gives

‖D−1
q1 ∆q1‖∞ .= κ(q1;d) |∆d/d |,

‖D−1
p1 ∆p1‖∞ .= κ(p1;d) |∆d/d |,

with the componentwise relative condition numbers given by κ(q1;d) =
‖k(q1;d)‖∞ and κ(p1;d) = ‖k(p1;d)‖∞. In summary, we obtain the condi-
tion numbers of q1 and p1 w.r.t. d given by

κ(q1;d) =
∥∥[

D−1
u1 (F ′

u1 )−1F ′
d d

]
1:1+∑3

`=1 N`

∥∥
∞,

κ(p1;d) =
∥∥[

D−1
u1 (F ′

u1 )−1F ′
d d

]
2+∑3

`=1 N` :3+2
∑3

`=1 N`

∥∥
∞,

(4.11)
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respectively, cf. [93, Eq. (28)]. We examine the influence of changing boundary
conditions on the solution. In nonlinear system (4.5), with k = 1, the boundary
values are given by p1

En = p1
1,0, q1

Ex1 = q1
2,N2

and q1
Ex2 = q1

3,N3
. Thus, we consecu-

tively insert d = p1
En, d = q1

Ex1 and d = q1
Ex2 into the condition numbers (4.11).

We choose, e.g., the concrete parameter values

D = 0.8m, A = 0.503m2, λ= 0.06, c = 372ms−1, h = 500m,

τ= 15s, L1 = 10km, L2 = 20km, L3 = 30km, p1
En = 60bar,

q1
Ex1 = q1

Ex2 = 150kgs−1, q0
1 =1 ·300kgs−1,

q0
2 = q0

3 =1 ·150kgs−1, p0
1 = p0

2 = p0
3 =1 ·60bar,

(4.12)

where z0
1 := [z0

1,0, z0
1,1, . . . , z0

1,N ]T and 1 is the one vector of appropriate length.
The Newton method, see, e.g., [63], is used to find an approximate solution of
the nonlinear system (4.5). The results of the sensitivity analysis are contained
in section 4.2.3.

4.2.3 Results

Inserting the concrete parameter values (4.12) into the componentwise rela-
tive condition numbers (4.11) for the Y-shaped network in Figure 4.1 results
in the values given in Table 4.1. We observe that all condition numbers are
smaller than one except for κ(q1; p1

En). Therefore, we depict the componen-
twise relative amplification vectors k(q1; p1

En) and k(p1; p1
En), given in (4.10),

in Figure 4.2. Here, we observe both that a perturbation in p1
En has the largest

effect on q1
1,0 and that the amplification vectors decrease along the pipe net-

work.
As a comparison, in [93] the PDEs (4.1) are reduced to a purely algebraic

model using simplifying assumptions. Here, it is obtained that the condition
number κ(p; pEn) increases significantly w.r.t. x, see [93, Figure 5, left]. Hence,
the pressure distribution in system (4.5) is much less sensitive to perturbations
in the boundary value pEn and thus has better numerical stability properties
than the pressure distribution in the algebraic model.

We conclude that changes in the boundary value p1
En have a large influence

on the mass flow rate q1
1 in Pipe 1 and a small influence on q1

2 , q1
3 and p1,

whereas perturbations in the boundary values q1
Ex1 and q1

Ex2 have a small
influence on both q1 and p1 along the entire Y-shaped network.

Table 4.1: The condition numbers (4.11) into which the concrete parameter
values (4.12) are inserted.

d κ(q1;d) κ(p1;d)
p1

En 34.0 0.809
q1

Ex1 0.889 0.0451
q1

Ex2 0.889 0.0451
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Figure 4.2: The componentwise relative amplification vectors k(q1; p1
En) and

k(p1; p1
En) in (4.10) for system (4.5) and the small pipe network in Figure 4.1.

Here, q1 and p1 are defined in (4.7) and x1, x2 and x3 correspond to pipes 1, 2
and 3, respectively.

4.3 The Isothermal Euler Equations with Variable
Compressibility Factor

4.3.1 The Model

In this chapter, the temperature T = T̄ is again assumed to be constant. Using
the mass flow rate q = Aρv , keeping the friction coefficient λ=λ(|q |) variable
and inserting the state equation for real gases ρ = p/(RT̄ z(p)), where the
compressibility factor z(p) is given in (3.4), the isothermal Euler equations
(3.1a), (3.1b) can be rewritten in the form

∂

∂t

(
p

RT̄ z(p)

)
+ 1

A

∂q

∂x
= 0,

1

A

∂q

∂t
+ ∂p

∂x
+ 1

A2

∂

∂x

(
q2

ρ

)
=−g h′

RT̄

p

z(p)
− RT̄

2D A2

z(p)q|q |λ(|q|)
p

.

(4.13)

Here, the friction factor λ(|q |) is implicitly given by the Prandtl-Colebrook law,
see, e.g., [35],

1p
λ
=−2log10

(
2.51

Re
p

λ
+ k

3.71D

)
with the roughness k of the pipe and the Reynolds number Re = Dρ|v |/η =
D|q |/(Aη), where η is the dynamic viscosity of the gas. We use a close approxi-
mation of the Prandtl-Colebrook law given in [26]

1p
λ
=−2log10

(
k

3.7065D
− 5.0425

Re
log10

[
(k/D)1.1098

2.8257
+ 5.8506

Re0.8981

])
, (4.14)
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which is an explicit formula for the friction factor. Eliminating the density ρ

and introducing P = p/z(p) and the constant C = RT̄ /A, system (4.13) can be
written shortly as

∂P

∂t
+C

∂q

∂x
= 0,

∂q

∂t
+ A

∂p

∂x
+C

∂

∂x

(
q2

P

)
=−g h′

C
P − C

2D

q|q|λ(|q |)
P

.
(4.15)

In order to be able to choose a suitable discretization scheme, it is important
to study the flow characteristics of the gas. In [35] it is derived that the charac-
teristic curves of system (4.15) are given by d x

d t = v ± c, with speed of sound c.
Since in practical gas flow applications it holds that |v | ¿ c, the characteris-
tics do not change sign, i.e., there is always one negative and one positive
characteristic. For this type of systems, box schemes, which are introduced
in [99], have been shown to be effective discretization schemes. In this chapter
we use the implicit box scheme, which is conservative and stable under mild
conditions [35]. For the scalar balance law

∂u

∂t
+ ∂ f (u)

∂x
= g (u),

with initial conditions u(x,0) = u0(x), this box scheme is given by

uk
i−1 +uk

i

2
=

uk−1
i−1 +uk−1

i

2
− ∆t

∆x
( f k

i − f k
i−1)+∆t

g k
i−1 + g k

i

2
. (4.16)

The main properties and advantages of the implicit box scheme have been
described in [66].

4.3.2 Sensitivity Analysis

We again consider the Y-shaped network in Figure 4.1. The gas flow within
this network is now modeled using the PDE system (4.15) with coupling con-
ditions (4.2) and (4.3). We use the notation introduced in Section 4.2.1 and
discretise the PDE system in space and time using the implicit box scheme.
This results in the nonlinear systems of equations F k = 0, k = 1, . . . , M , where
F k is given by

F k

i+∑ j−1
`=1 N`

=
P k

j ,i−1 +P k
j ,i

2τ
−

P k−1
j ,i−1 +P k−1

j ,i

2τ
+C

qk
j ,i −qk

j ,i−1

h
, (4.17a)

F k

i+∑ j−1
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∑3
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=
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−
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j ,i

2τ
+ A

pk
j ,i −pk

j ,i−1

h

+ C

h

( (qk
j ,i )2

P k
j ,i

−
(qk

j ,i−1)2

P k
j ,i−1

)
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C

P k
j ,i−1 +P k

j ,i

2

+ C

4D

(qk
j ,i−1|qk

j ,i−1|λ(|qk
j ,i−1|)

P k
j ,i−1

+
qk

j ,i |qk
j ,i |λ(|qk

j ,i |)
P k

j ,i

)
,

(4.17b)
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F k
1+2

∑3
`=1 N`

= qk
1,N1

−qk
2,0 −qk

3,0, (4.17c)

F k
2+2

∑3
`=1 N`

= pk
1,N1

−pk
2,0, (4.17d)

F k
3+2

∑3
`=1 N`

= pk
1,N1

−pk
3,0, (4.17e)

for j = 1,2,3 and i = 1, . . . , N j , with N j the number of spatial intervals of
pipe j . Moreover, the initial conditions p0, q0 and boundary conditions
pk

1,0, qk
2,N2

, qk
3,N3

have to be prescribed. In (4.17b), λ(|qk
j ,i |) is given in (4.14).

We perform the same sensitivity analysis as in Section 4.2.2 for system (4.17).
We choose, e.g., the concrete parameter values

D = 0.8m, c = 372ms−1, k = 0.12mm, η= 10−5 Pas, T̄ = 288K,

R = 518m2 s−2 K−1, pc = 46.4bar, Tc = 191K, h′ = 0.05, g = 9.81ms−2,

h = 500m, τ= 7.5s, L1 = 10km, L2 = 20km, L3 = 30km,

p1
En = 60bar, q1

Ex1 = q1
Ex2 = 150kgs−1, q0

1 =1 ·300kgs−1,

q0
2 = q0

3 =1 ·150kgs−1, p0
1 = p0

2 = p0
3 =1 ·60bar

(4.18)

and again use the Newton method to find an approximate solution of the
nonlinear system (4.17). Parameter values (4.18) are inserted in the compo-
nentwise relative condition numbers (4.11) with F given in (4.17).

4.3.3 Results

The results are given in Table 4.2. We observe that the values are similar to the
ones in Table 4.1. Again, only κ(q1; p1

En) is larger than one. The componentwise
relative amplification vectors k(q1; p1

En) and k(p1; p1
En) in (4.10) are depicted

in Figure 4.3. Again, we observe that a perturbation in the pressure at the entry
has the largest effect on the mass flow rate at the entry. This means that if
one is interested in the mass flow rate in Pipe 1, then the pressure at the entry
should be determined accurately. However, if the mass flow rate in Pipe 1 is of
lower interest, then a larger uncertainty in the input pressure can be permitted.

Table 4.2: The condition numbers (4.11), where F is given by (4.17), into which
the concrete parameter values (4.18) are inserted.

d κ(q1;d) κ(p1;d)
p1

En 38.7 0.780
q1

Ex1 0.903 0.0208
q1

Ex2 0.903 0.0208
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Figure 4.3: The componentwise relative amplification vectors k(q1; p1
En) and

k(p1; p1
En) in (4.10) for system (4.17) and the small pipe network in Figure 4.1.

Here, q1 and p1 are defined in (4.7) and x1, x2 and x3 correspond to pipes 1, 2
and 3, respectively.

4.4 The Temperature Dependent Euler Equations

4.4.1 The Model

With mass flow rate q = Aρv and energy E = ρ( 1
2 v2+e), the full Euler equations

(3.1)–(3.3) may be rewritten into the form ut + f (u)x = g (u), given by

ρ

q
E


t

+


q
A

Ap + q2

Aρ
q

Aρ
(E +p)


x

=

 0
− λ

2DρA q|q|− Agρh′

−kw
D (T −Tw )

 , (4.19)

together with the algebraic equations

E = q2

2A2ρ
+ cvρT +ρg h, (4.20a)

p = RTρ
(
1+0.257

p

pc
−0.533

pTc

pc T

)
. (4.20b)

4.4.2 Sensitivity Analysis

We again consider the Y-shaped network in Figure 4.1. As boundary conditions
the pressure p1(0, t) and the temperature T1(0, t) are prescribed at the entry
and the mass flow rates q2(L2, t ), q3(L3, t ) are prescribed at the two exits. The
coupling conditions are given by (4.2), (4.3) together with the temperature at
the inner node, cf. [64, Eq. (2.10)],

T1(L1, t ) = T2(0, t ) = T3(0, t ), for all t ∈ (0, t f ].
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For the initial conditions, we use the solution of the temperature-dependent
algebraic model, i.e.,

q1(x,0) = q2(L2,0)+q3(L3,0), q2(x,0) = q2(L2,0), q3(x,0) = q3(L3,0),

p j (x,0) =
√

p j (0,0)2 − λ j (x,0)c2x

A2D
q |q |,

T j (x,0) = (T j (0,0)−Tw )e− kw A
Dcv q x +Tw ,

ρ j (x,0) = p j (x,0)/
(
RT j (x,0)

(
1+0.257

p j (x,0)

pc
−0.533

p j (x,0)Tc

pc T j (x,0)

))
,

E j (x,0) =
q2

j (x,0)

2A2ρ j (x,0)
+ cvρ j (x,0)T j (x,0)+ρ j (x,0)g h,

where λ j (x,0) is given in (4.14). Applying the implicit box scheme, see (4.16),
to system (4.19)–(4.20) results in the nonlinear system of equations F k = 0,
k = 1, . . . , M , where F k is given by

F k

i+∑ j−1
`=1 N`

= 1

2τ
(ρk

j ,i−1 +ρk
j ,i −ρk−1

j ,i−1 −ρk−1
j ,i )+ 1

Ah
(qk

j ,i −qk
j ,i−1),

(4.21a)

F k∑3
`=1 N`+

∑ j−1
`=1 N`+i

= 1

2τ
(qk

j ,i−1 +qk
j ,i −qk−1

j ,i−1 −qk−1
j ,i )

+ 1

h

(
Apk

j ,i +
(qk

j ,i )2

Aρk
j ,i

− Apk
j ,i−1 −

(qk
j ,i−1)2

Aρk
j ,i−1

)

+ 1

2

( λ(|qk
j ,i−1|)

2Dρk
j ,i−1 A

qk
j ,i−1|qk

j ,i−1|+ Agρk
j ,i−1h′

+
λ(|qk

j ,i |)
2Dρk

j ,i A
qk

j ,i |qk
j ,i |+ Agρk

j ,i h′
)
, (4.21b)

F k

2
∑3

`=1 N`+
∑ j−1

`=1 N`+i
= 1

2τ
(E k

j ,i−1 +E k
j ,i −E k−1

j ,i−1 −E k−1
j ,i )

+ 1

Ah

( qk
j ,i

ρk
j ,i

(E k
j ,i +pk

j ,i )−
qk

j ,i−1

ρk
j ,i−1

(E k
j ,i−1 +pk

j ,i−1)
)

+ kw

2D
(T k

j ,i−1 +T k
j ,i −2Tw ), (4.21c)

F k

3
∑3

`=1 N`+
∑ j−1

`=1 N`+ j
=E k

j ,0 −
(qk

j ,0)2

2A2ρk
j ,0

− cvρ
k
j ,0T k

j ,0 −ρk
j ,0g h, (4.21d)

F k

3
∑3

`=1 N`+
∑ j−1

`=1 N`+ j+i
=E k

j ,i −
(qk

j ,i )2

2A2ρk
j ,i

− cvρ
k
j ,i T k

j ,i −ρk
j ,i g h, (4.21e)
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F k

4
∑3

`=1 N`+
∑ j−1

`=1 N`+3+ j
=pk

j ,0 −RT k
j ,0ρ

k
j ,0

(
1+0.257

pk
j ,0

pc
−0.533

pk
j ,0Tc

pc T k
j ,0

)
,

(4.21f)

F k

4
∑3

`=1 N`+
∑ j−1

`=1 N`+3+ j+i
=pk

j ,i −RT k
j ,iρ

k
j ,i

(
1+0.257

pk
j ,i

pc
−0.533

pk
j ,i Tc

pc T k
j ,i

)
,

(4.21g)

F k
5
∑3

`=1 N`+7
=qk

1,N1
−qk

2,0 −qk
3,0, (4.21h)

F k
5
∑3

`=1 N`+8
=pk

1,N1
−pk

2,0, (4.21i)

F k
5
∑3

`=1 N`+9
=pk

1,N1
−pk

3,0, (4.21j)

F k
5
∑3

`=1 N`+10
=T k

1,N1
−T k

2,0, (4.21k)

F k
5
∑3

`=1 N`+11
=T k

1,N1
−T k

3,0, (4.21l)

for j = 1,2,3 and i = 1, . . . , N j , with N j again the number of spatial intervals
of pipe j . Again, the Newton method is used to find an approximate solution
of this nonlinear system after the first time integration step. We define u1 :=
[(q1)T , (p1)T , (ρ1)T , (E 1)T , (T 1)T ]T to be the solution of the nonlinear system.
Then, from the first order approximation

D−1
u1 ∆u1 .=−D−1

u1

(
F ′

u1

)−1 F ′
d d∆d/d (4.22)

it follows that the componentwise relative condition numbers and the com-
ponentwise relative amplification vectors for the mass flow rate, the pressure,
and the temperature are given by

κ(q1;d) = ‖k(q1;d)‖∞, k(q1;d) = |D−1
u1

(
F ′

u1

)−1 F ′
d d |1:1+∑3

`=1 N`
, (4.23a)

κ(p1;d) = ‖k(p1;d)‖∞, k(p1;d) = |D−1
u1

(
F ′

u1

)−1 F ′
d d |2+∑3

`=1 N` :3+2
∑3

`=1 N`
,

(4.23b)

κ(T 1;d) = ‖k(T 1;d)‖∞, k(T 1;d) = |D−1
u1

(
F ′

u1

)−1 F ′
d d |10+4

∑3
`=1 N` :11+5

∑3
`=1 N`

,

(4.23c)

cf. the derivation in Section 4.2.2.

4.4.3 Results

We choose, e.g., the concrete parameter values in (4.18) and T 1
1,0 = 293K,

Tw = 283K, kw = 0.0341Wm−1 K−1, cv = 1850Jkg−1 K−1. The corresponding
values for the condition numbers are given in Table 4.3. Again, we observe
that the largest condition number is κ(q1; p1

En) = 18.1. Thus, perturbations
in the inlet pressure cause large deviations in the mass flow rate. In order
to investigate this further, the componentwise relative amplification vectors
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k(q1; p1
En),k(p1; p1

En),k(T 1; p1
En) w.r.t. p1

En are depicted in Figure 4.4 as a func-
tion of the spatial coordinate x. Again, we observe that perturbations in the
inlet pressure have the largest influence on the mass flow rate in Pipe 1.

4.5 Summary of Chapter 4

In this chapter, for a simple example of a network we have carried out a case
study and we have determined the sensitivity of the state of the gas network
with respect to changes or perturbations in the boundary conditions. We have
used three different transient models for the gas flow through the pipes and
discretized them both in space and in time with an implicit discretization
scheme. In all three models we find that the largest condition number is
κ(q1; p1

En) and that all other condition numbers are around or smaller than 1.
The computation of the componentwise relative amplification vectors shows,
for all models, that perturbations in the inlet pressure have the largest effect
on the mass flow rate in pipe 1.

Table 4.3: The condition numbers in (4.23), where F is given by (4.21), into
which concrete parameter values are inserted.

d κ(q1;d) κ(p1;d) κ(T 1;d)
p1

En 18.1 0.780 0.261
T 1

En 1.48 2.11 ·10−3 0.470
q1

Ex1 0.839 0.0338 6.87 ·10−3

q1
Ex2 0.834 0.0359 7.32 ·10−3
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Figure 4.4: The componentwise relative amplification vectors k(q1; p1
En),

k(p1; p1
En), k(T 1; p1

En) in (4.23) for system (4.21) and the small pipe network in
Figure 4.1. Here, x1, x2, x3 correspond to pipes 1, 2 and 3, respectively.



Chapter 5

Adaptive Refinement Strategies for
the Simulation of Gas Flow in
Networks using a Model Hierarchy

5.1 Introduction

Studies in control and optimization of natural gas supply in a dynamic supply-
demand environment strongly depend on large scale simulations of pipeline
networks. Depending upon requirement, there exist multiple models, based
on the Euler equations of fluid dynamics, to predict the system behavior with
varying levels of accuracy. Generally, more accurate models are computa-
tionally more expensive. Hence, in order to make real-time decisions, an
appropriate trade-off between accuracy and computational complexity should
be made. This can be achieved by using a hierarchy of models, where the
models can be adaptively switched during the simulation process. Beside the
models, the discretization mesh may be varied in space and time, which places
the demand for an adaptive strategy to automatically steer the simulation by
changing the models and the discretization meshes.

Since simulations are the basis for decisions in the optimization and con-
trol of the gas flow, the reliability of the simulation is of prime importance.
The simulation is to be carried out such that the relative error in the state
or in a functional of interest is below a specified tolerance. In this chapter,
starting with a coarse simulation, an adaptive strategy is used to bring the
error below the tolerance by refining the discretization in time and space or
refining models, i.e., shifting to a model of higher accuracy. Hence, we have
three different refinement possibilities for each pipe j ∈ Jp of the pipeline
network, where Jp denotes the set of pipes in the network. These refinement
possibilities are indexed by i = 1, . . . ,3Np , where Np := |Jp | is the number of
pipes. Refinements are to be chosen such that the computational costs are
kept low. We define an optimal refinement strategy as a strategy which returns

53



54 CHAPTER 5. ADAPTIVE REFINEMENT STRATEGIES

the solution of the constrained optimization problem

min
ri

c +
3Np∑
i=1

ri∑
k=1

∆ci k

s.t. |η|−
3Np∑
i=1

ri∑
k=1

∆ηi k ≤ tol.

(5.1)

Here, the constants c and η denote the cost and relative error of the starting
simulation, respectively. For each refinement possibility i , ri is the number of
refinements, ∆ηi k the relative error reduction due to the kth subsequent refine-
ment, and ∆ci k the corresponding cost addition. We note that if ∆ci k , ∆ηi k are
constant for all k, then this problem is equivalent to the unbounded knapsack
problem, which is NP-hard; see, e.g., [62]. We aim to find a good approxima-
tion to the solution of this generalization of the knapsack problem. For this,
we examine three adaptive refinement strategies which return approximate
solutions of (5.1). We call these strategies individual tolerances (S1), maximal
error refinement (S2), and maximal error-to-cost refinement (S3). The ideas
of the first two strategies are frequently used in practice for the adaptation of
the computational mesh; cf. the overview given in [7, Section 5.2]. An effective
adaptive mesh refinement strategy for hyperbolic partial differential equations
(PDEs) on a rectangular domain has been developed in [8–11]. Based on the
ideas of this strategy, a mesh and model adaptation strategy for hyperbolic
PDEs on a pipe network has been presented in [33, 37–40, 65]. The latter
strategy is almost identical to strategy S1. The idea of strategy S2 is similar to
the technique that is used in the adaptive finite element method; see, e.g., [17,
22, 23, 41, 42]. Strategy S2 also bears similarities to the adaptive strategy in
a general multiscale setting that is discussed in [79]. Strategy S3 is based on
the idea of the greedy approximation algorithm for solving the unbounded
knapsack problem; see [29]. The aim of this chapter is to compare the per-
formance of the three mesh and model refinement strategies S1–S3 on a gas
pipeline network with respect to their computational cost incurred. The ideas
presented here are for the example of pipe networks. By generalizing pipes to
functional sub-domains, the described principles of adaptive refinement can
be extended to simulations for other applications which use a model hierarchy,
e.g., power grids and water supply networks.

This chapter is organized as follows. Section 5.2 introduces a model hierar-
chy for the simulation of gas flow through a single pipe as well as the aim of
the adaptive refinement strategies. Section 5.3 describes the three proposed
refinement strategies and Section 5.4 introduces both a synthetic experiment
on an abstract gas network and an application of the refinement strategies to
a realistic network simulation. Finally, a summary of this chapter is given in
Section 5.5.
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5.2 Simulation of Gas Flow

In this section, we present a framework for the simulation of gas flow in a pipe
network. We give a description of a gas network in Section 5.2.1, including
a model hierarchy for the pipes and the fuel gas consumption of a compres-
sor. Model and discretization error estimators w.r.t. a user-defined functional
are derived in Section 5.2.2. We then outline a framework for the adaptive
simulation of pipe networks using the given model hierarchy in Section 5.2.3.
Finally, we highlight the aims of the refinement strategies within the simulation
framework in Section 5.2.4.

5.2.1 Gas Network

We follow the framework given in [33, 40] to describe the gas network. The
network is modeled as a directed graph G =(J ,V ) with edges J and vertices V .
The set of edges J consists of pipes j ∈Jp , compressor stations c ∈Jc , and
valves Jv . Each pipe j ∈Jp is defined as an interval [xa

j , xb
j ] with a direction

from xa
j to xb

j . In each pipe, one of the models described in Section 5.2.1 holds
and adequate initial and coupling as well as boundary conditions have to be
specified. Valves and compressors are described by algebraic equations.

Model Hierarchy

As an example, we take a three-model hierarchy for the gas flow simulations,
discussed in detail in [37]. The isothermal Euler equations [69] consist of the
continuity and the momentum equation together with the equation of state for
real gases. We simplify these equations by assuming the pipe to be horizontal
and the speed of sound to be constant, yielding a nonlinear model

pt +
ρ0c2

A
qx = 0,

qt +
A

ρ0
px +

ρ0c2

A

(
q2

p

)
x
=−λρ0c2

2D A

|q|q
p

.
(M1)

Here, q = Aρv/ρ0 denotes the mass flow rate under standard conditions (1 atm
air pressure, temperature of 0 ◦C), p denotes the pressure, c =

√
p/ρ the speed

of sound, A the cross-sectional area of the pipe, λ> 0 the Darcy friction coef-
ficient, D the pipe diameter, ρ the gas density, v the gas velocity, and ρ0 the
density under standard conditions. If the gas velocity is much smaller than
the speed of sound, i.e., if |v | ¿ c, then we can neglect the nonlinear term
in the spatial derivative of the momentum equation in M1. This results in a
semilinear model [33, 80]

pt +
ρ0c2

A
qx = 0,

qt +
A

ρ0
px =−λρ0c2

2D A

|q |q
p

.
(M2)
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A further simplification of assuming a stationary state, i.e., setting the time
derivatives to zero, yields a system of two ordinary differential equations,
which can be solved analytically and are referred to as the algebraic model

q = const.,

p(x) =
√

p2
in −

λρ2
0c2|q|q
D A2

x.
(M3)

Here, pin = p(0) denotes the pressure at the inbound of the pipe. The three
models are shown in hierarchical form in Figure 5.1. The model hierarchy is
set in the decreasing order of accuracy for our purpose of gas flows. In general,
models M1 and M2 can not be solved analytically. Therefore, a discretization
method has to be applied in order to obtain an approximate discrete solution.
In practical gas flow applications, box schemes, which are introduced in [99],
have been shown to be effective discretization schemes for these two systems
of hyperbolic PDEs. We apply the implicit box scheme, which is conservative
and stable under mild conditions [35]. For the scalar balance law

ut + f (u)x = g (u),

with initial conditions u(x,0) = u0(x), this box scheme is given by

u`
i−1 +u`

i

2
=

u`−1
i−1 +u`−1

i

2
− ∆t

∆x
( f `

i − f `
i−1)+∆t

g`
i−1 + g`

i

2
, (5.2)

where u`
i = u(xi , t`) and f `

i = f (u(xi , t`)). The implicit box scheme is conver-
gent of order 2 in space and order 1 in time [66]. Each pipe in the network is
simulated using one of the three models and varying discretization stepsizes
in space and time.

Compressor Station

The pressure of the gas is increased using a compressor station, which consists
of several compressors. A compressor consumes some of the gas during its
operation. The equation for the fuel gas consumption of a compressor c ∈Jc

is given by [55]

Gc (t ) = cF qin(t )

((
pout(t )

pin(t )

) γ−1
γ

−1

)
, (5.3)

with in- and outgoing pressure pin, pout, and ingoing flow rate qin. The para-
meter cF is a compressor specific constant and γ the isentropic coefficient of
the gas.

5.2.2 Error Estimators

Using the solution of adjoint equations as done in [7, 12, 16, 33, 40], we derive
a model and a discretization error estimator which measure the influence
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of the model and the discretization on a user-defined output functional M .
The functional M can be of any form, for example measuring the fuel gas
consumption of the compressor stations via

M(p, q) =
∑

c∈Jc

∫T

0
Gc (t )dt

with Gc (t ) being the fuel gas consumption of the individual compressor c ∈Jc

as given in (5.3). In the following, we consider the arbitrary cost functional

M(p, q) =
∫T

0

∫
Ω

N (p, q)dx dt +
∫
Ω

NT (p, q)dx

+
∑

v∈V

∫T

0
Nv (p, q)dt +

∑
i∈JALG

∫T

0
Ni (p i , q i )dt ,

where Ω = ∑
j∈JPDE

[xa
j , xb

j ], p i = [p(xa
i , t), p(xb

i , t)]T , and q i = [q(xa
i , t),

q(xb
i , t )]T . The sets JALG and JPDE contain the arcs that are modeled by alge-

braic equations (i.e., pipes using model M3 or other network components like
valves or compressor stations) and arcs that are modeled by PDEs (i.e., pipes
using models M1 or M2), respectively. The components N (p, q), Nv (p, q), and
Ni (p i , q i ) define tracking-type costs on the respective sets (Ω, specific nodes,
or algebraic arcs) in the whole time interval (0,T ) and the component NT (p, q)
defines costs on Ω at the final time T . The adjoint equations of model M2 with
respect to M(p, q) are given by

ξ1t +
A

ρ0
ξ2x =−λρ0c2

2D A

|q |q
p2

ξ2 −
∂N (p, q)

∂p
,

ξ2t +
ρ0c2

A
ξ1x =

λρ0c2

D A

|q |
p

ξ2 −
∂N (p, q)

∂q
,

(5.4)

together with appropriate “initial”, coupling, and node conditions. Note that
in the adjoint equation (5.4) only the tracking-type component N (p, q) ap-
pears. The remaining components occur in the “initial”, coupling, and node

Nonlinear model M1

Semilinear model M2

Algebraic model M3

|v |¿ c

pt = qt = 0

Figure 5.1: The model hierarchy for the simulation of gas flow that is consi-
dered in this chapter.
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conditions, cf. [33, Eq. (3.33)] or [39, Eq. (20)]. The solution ξ= [ξ1,ξ2]T of the
adjoint equations consists of the adjoint pressure and mass flow rate of the
semilinear model M2 with respect to the functional M(p, q). Let u = [p, q]T

be the solution of the nonlinear model M1 and uh = [ph , qh]T the discretized
solution of the semilinear model M2. For the discretization of M2 we apply the
implicit box scheme in (5.2). Then, the difference between the output func-
tional M(u) and M(uh) can be approximated using Taylor expansion. Inserting
the solution ξ of the adjoint system (5.4), we get a first order error estimator
for the model and the discretization error given by [33, 39, 40]

M(u)−M(uh) ≈ ηLIN-NL
m +ηLIN

h ,

ηLIN-NL
m =

∫T

0

∫
Ω
−ξT

[
0

ρ0c2(qh )2

Aph

]
x

dx dt ,

ηLIN
h =

∫T

0

∫
Ω
−ξT

 ph
t + ρ0c2

A qh
x

qh
t + A

ρ0
ph

x + λρ0c2|qh |qh

2D Aph

dx dt .

The discretization error estimator ηLIN
h may be split up into a temporal and

spatial discretization error estimator as follows. Let u be the exact and uh be
the discretized solution of the semilinear model M2. We use a short notation
of M2, i.e., u t + f (u)x = g (u), which yields

ηLIN
h =

∫T

0

∫
Ω
−ξT (

uh
t + f (uh)x − g (uh)

)
dx dt

=
∫T

0

∫
Ω
−ξT (

(uh
t −u t )+ ( f (uh)x − f (u)x)− (g (uh)− g (u))

)
dx dt

=
∫T

0

∫
Ω
−ξT (uh

t −u t )dx dt︸ ︷︷ ︸
=:ηLIN

t

+
∫T

0

∫
Ω
−ξT (

( f (uh)x − f (u)x)− (g (uh)− g (u))
)

dx dt︸ ︷︷ ︸
=:ηLIN

x

,

since u is the exact solution of M2. The temporal discretization error estimator
can be split up into error estimators for the individual pipes via

ηLIN
t =

∫T

0

∑
j∈Jp

∫xb
j

xa
j

−ξT (uh
t −u t )dx dt =

∑
j∈Jp

ηLIN
t , j , (5.5)

analogously for the spatial discretization and model error estimator. For the
computation of the discretization error estimators, the exact solution is ap-
proximated by a higher order reconstruction using neighboring points. We
use a polynomial reconstruction of order 2 for the time derivative and denote
it by u t ≈Rt (uh). The spatial derivative of f and the value of g are recon-
structed with order 4, giving f (u)x ≈Rx( f (uh)) and g (u)≈R(g (uh)). Thus, the
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computed estimators are given by

ηLIN
t , j ≈

∫T

0

∫xb
j

xa
j

−ξT (
uh

t −Rt (uh)
)

dx dt , (5.6a)

ηLIN
x, j ≈

∫T

0

∫xb
j

xa
j

−ξT
((

f (uh)x −Rx( f (uh))
)− (

g (uh)−R(g (uh))
))

dx dt ,

(5.6b)

ηLIN-NL
m, j =

∫T

0

∫xb
j

xa
j

−ξT

[
0

ρ0c2(qh )2

Aph

]
x

dx dt , (5.6c)

for all j ∈Jp . The model error estimator ηALG-LIN
m, j between the algebraic and

the semilinear model and the discretization error estimators ηNL
t , j and ηNL

x, j for
the nonlinear model are derived analogously for every pipe j ∈Jp ; see [38].

5.2.3 Adaptive Gas Network Simulation

We consider a gas flow simulation over a pipeline network Jp . The simulation
time [0,T ] is divided into time intervals of equal size [tk , tk+1], k = 0,1, . . . , N−1
and tN = T . Given a starting model distribution over the network m0 =
[m0,1,m0,2, . . . ,m0,Np ]T , with m0, j ∈ {1,2,3}, and a corresponding discretiza-
tion in space nx,0 and in time nt ,0, a simulation is run for [t0, t1]. We ob-
tain error distributions along the network using the a posteriori error estima-
tors in Section 5.2.2: ηm = [ηm,1,ηm,2, . . . ,ηm,Np ]T for the model errors and

ηx = [ηx,1,ηx,2, . . . ,ηx,Np ]T and ηt = [ηt ,1,ηt ,2, . . . ,ηt ,Np ]T for the spatial and
temporal discretization errors, respectively. The simulation error for a single
pipe is the sum of all three errors. For the simulation to be valid, the relative
error in M must be below a given tolerance tol. Hence, we require that

|M(u)−M(uh)|
|M(uh)| ≈

|∑ j∈Jp (ηm, j +ηx, j +ηt , j )|
|M(uh)| < tol. (5.7)

If the tolerance is not achieved, models and discretization meshes are refined.
The task of deciding the required refinements is made by an adaptive strategy.
A switch to a higher model in the hierarchy is called a model refinement and
a refinement of the mesh is called a discretization refinement. With the new
models and discretizations we re-simulate for the time interval and continue
the cycle. Once the solution meets the tolerance requirements, the models
and discretizations are coarsened if appropriate, the simulation progresses to
the next time interval, and the cycle repeats. This simulation flow is shown in
Figure 5.2 for an interval [tk , tk+1].

5.2.4 Structure and Aim of Adaptive Strategies

Our focus lies on comparing adaptive strategies that control the errors and
drive the simulation. For the time interval [tk , tk+1] an adaptive strategy takes
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as input the error distributions ηm,k ,ηx,k ,ηt ,k , the model distribution mk , and
the number of (equidistant) nodes in the spatial and temporal discretizations
nx,k ,nt ,k . For notational convenience we drop the dependence on k in the
following. The strategy returns a refinement scheme r m = [rm,1, . . . ,rm,Np ]T ,

r x = [rx,1, . . . ,rx,Np ]T , r t = [rt ,1, . . . ,rt ,Np ]T , where rm, j ∈ {0,1,2}, rx, j ,rt , j ∈N

denote the number of refinements to be made in the models and in the dis-
cretizations for all pipes j ∈ Jp such that constraint (5.7) is satisfied. The
aim of the adaptive strategies is to achieve this constraint while keeping the
computational costs that are incurred in the simulation low.

5.3 Refinement Strategies

In this section, we discuss three strategies for the adaptive refinements in the
network simulation. The first strategy assigns individual error tolerances to
each pipe and executes multiple discretization refinements simultaneously.
The second and third strategy use the overall error tolerance and iteratively
refine only the best option(s) in the network.

We first provide some general remarks which hold for every strategy. Re-
lations between the initial numbers of discretization intervals n−1 and the

Start: k = 0

Simulate

for [tk , tk+1]

A posteriori error esti-

mates give ηm , ηx , ηt

Total error

< tol?

Adaptive strategy

returns refine-

ments rm , r x , r t

mk ,nx,k ,nt ,k

rm=r x=r t =0

k = k +1

Coarsen model

and discretisation

if appropriate

k =N −1?

Stop

No

Yes
No

Yes

Figure 5.2: Gas flow adaptive simulation process using an adaptive refinement
strategy which returns a set of refinements r m , r x , r t .
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numbers of intervals after r refinements n(r )−1 are given by

nx, j
(
rx, j

)−1 = 2rx, j (nx, j −1),

nt , j
(
rt , j

)−1 = 2rt , j (nt , j −1), ∀ j ∈Jp ,
(5.8)

where n is the number of nodes. Thus, the number of intervals is doubled for
a single refinement. We choose this factor 2 such that, given a conservative ini-
tialization for the implicit box scheme (5.2) on the coarser grid, it is possible to
obtain a conservative initialization on the refined grid. Namely, the pointwise
values of corresponding grid points are copied from the coarser grid and the
intermediate grid points are assigned the arithmetic mean of the two neigh-
boring grid points [39, 65]. From (5.8) it follows that approximate relations
between the initial discretization error estimators η and the estimators after r
refinements η(r ) are given by

ηx, j
(
rx, j

)≈ ηx, j

2sx rx, j
, ηt , j

(
rt , j

)≈ ηt , j

2st rt , j
, ∀ j ∈Jp ,

where sx and st are the convergence orders of the spatial and temporal dis-
cretization schemes, respectively. The reduction for the error is only an ap-
proximation. Therefore, to have a safe upper bound for the estimated error
after refinement, we multiply these approximated errors by a safety factor of
refinement fr > 1 in each of the pipes that require refinements to be made. This
ensures that it is very unlikely that the actual error overshoots its estimated
value after the refinement. In the model hierarchy presented in Figure 5.1,
discretization errors feature only in the models M1 and M2. The algebraic
model M3 has no discretization errors. Thus, when models are switched
from M3 to M2, discretization errors are introduced. For pipe j simulated with
the most detailed model M1, we set the model error to ηm, j = 0.

Strategy 1 - Individual tolerances (S1)

In order to meet the tolerance of the network error, we derive fixed indivi-
dual error tolerances for the individual pipes for each of the three error types.
The simulation is then carried out such that for each pipe the error is below
the individual tolerance for all three errors. The pseudocode for individual
tolerances is given in Algorithm 5.1. We set the tolerance for the model errors
as

tolm = κ · tol, κ ∈ (0,1) .

The remaining tolerance tol− tolm = (1−κ)tol is equally divided between the
spatial and temporal discretizations, i.e.,

tolx = tolt = (1−κ)/2 · tol

are the tolerances for both error types for the entire network. To get the
tolerances for individual pipes, we uniformly distribute these tolerances over
the entire network, i.e., we divide them by the number of pipes Np . For the
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refinements, first the number of discretization refinements are computed that
bring the discretization errors below the respective tolerances for every pipe.
That is, for every pipe j for which

|ηx, j | >
tolx

Np
|M(uh)| (5.9)

holds, we require for the spatial discretization error after rx, j refinements that

fr |ηx, j (rx, j )| = fr
|ηx, j |
2sx rx, j

≤ tolx

Np
|M(uh)|.

Solving this inequality for the number of refinements rx, j yields

rx, j = ceil

(
log

(
fr |ηx, j |Np

tolx |M(uh)|

)
1

log(2sx )

)
,

where ceil is the ceiling function, i.e., ceil(α) is the smallest integer greater
than or equal to α. The mesh size is then refined rx, j times for every pipe j for
which (5.9) holds, see Alg. 5.1, lines 4, 5. The procedure for the computation of

Algorithm 5.1 : Individual tolerances

Input: ηm ,ηx ,ηt , tol, sx , st , fr

1: r m ← 0
2: while |∑ j∈Jp

(
ηm, j +ηx, j +ηt , j

)| > tol |M(uh)| do
3: for j = 1, . . . , Np do
4: if |ηx, j | > tolx |M(uh)|/Np then

5: rx, j ← ceil

(
log

(
fr |ηx, j |Np

tolx |M(uh)|

)
1

log(2sx )

)
6: end if
7: if |ηt , j | > tolt |M(uh)|/Np then

8: rt , j ← ceil

(
log

(
fr |ηt , j |Np

tolt |M(uh)|

)
1

log(2st )

)
9: end if

10: end for
11: update ηm ,ηx ,ηt
12: if |∑ j∈Jp

(
ηm, j +ηx, j +ηt , j

)| > tol |M(uh)| then
13: for j = 1, . . . , Np do
14: if |ηm, j | > tolm |M(uh)|/Np then
15: rm, j ← rm, j +1
16: end if
17: end for
18: end if
19: update ηm ,ηx ,ηt
20: end while
Output: r m ,r x ,r t
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the number of temporal discretization refinements is analogous, see Alg. 5.1,
lines 7, 8. The gas network is simulated again with the refined spatial and
temporal stepsizes and the new error distributions ηm ,ηx ,ηt are computed
(Alg. 5.1, line 11). Subsequently, if the relative network error still exceeds the
tolerance, i.e., if (5.7) is not satisfied, then the model of every pipe j for which

|ηm, j | >
tolm

Np
|M(uh)|

holds is refined to the next model higher up in the hierarchy (Alg. 5.1, lines
12, 14, 15). The simulation errors are then re-evaluated again and this cycle
is repeated until (5.7) is satisfied (Alg. 5.1, lines 19, 2). This strategy is very
similar to the one discussed in [33, Section 3.3]. The only differences are that
the temporal error and tolerance are there considered for the entire network
instead of the individual pipes.

Strategy 2 - Maximal error refinement (S2)

Since strategy 1 assigns individual tolerances, it loses the view of the network
as a whole. However, the contribution of different errors to the overall network
can balance each other without overshooting the total network tolerance. This
is accounted for in the following strategy where we seek to make only those
refinements which result in the maximal error reduction. This results in an
iterative procedure, which we split in a network controller, see Algorithm 5.2a,
and pipe level computations, see Algorithm 5.2b. For every pipe j , the esti-
mated error reductions due to a single refinement in the model ∆ηm, j and in
the space and time discretizations ∆ηx, j , ∆ηt , j are given by

∆ηm, j = Fm(mc, j ,mc, j −1) |ηm, j |+ |ηx, j (mc, j ,rx, j )|− |ηx, j (mc, j −1,rx, j )|
+ |ηt , j (mc, j ,rt , j )|− |ηt , j (mc, j −1,rt , j )|

= Fm(mc, j ,mc, j −1) |ηm, j |

+ (
Fx(mc, j )−Fx(mc, j −1)

)(
1+ ( fr −1)sign(rx, j )

) |ηx, j |
2sx rx, j

+ (
Ft (mc, j )−Ft (mc, j −1)

)(
1+ ( fr −1)sign(rt , j )

) |ηt , j |
2st rt , j

, (5.10a)

∆ηx, j = |ηx, j (mc, j ,rx, j )|− |ηx, j (mc, j ,rx, j +1)|

= Fx(mc, j )
(
1+ ( fr −1)sign(rx, j )−2−sx fr

) |ηx, j |
2sx rx, j

, (5.10b)

∆ηt , j = |ηt , j (mc, j ,rt , j )|− |ηt , j (mc, j ,rt , j +1)|

= Ft (mc, j )
(
1+ ( fr −1)sign(rt , j )−2−st fr

) |ηt , j |
2st rt , j

, (5.10c)
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where ηx, j , ηt , j , ηm, j denote the error estimators for the initial discretization
stepsizes and model distribution and the functions

ηx, j (mc, j ,rx, j ) = Fx(mc, j )
(
1+ ( fr −1)sign(rx, j )

) ηx, j

2sx rx, j
,

ηt , j (mc, j ,rt , j ) = Ft (mc, j )
(
1+ ( fr −1)sign(rt , j )

) ηt , j

2st rt , j
,

estimate the new discretization errors after model and/or grid refinements.
Here, the factor Fm(a,b) denotes an error reduction factor for the model error
when models are shifted from a to b. The spatial and temporal discretization
errors also depend on the simulation model. The factors Fx(mc, j ),Ft (mc, j )
denote error amplification factors for the discretization errors which account
for this model dependency, where mc, j =1,2,3 denotes the current model of

Algorithm 5.2a : Maximal error refinement

Input: m,ηm ,ηx ,ηt , tol, sx , st ,φ
1: for j = 1, . . . , Np do
2: b j , z j ← MAXERRORRED(m j ,rm, j ,rx, j ,rt , j ,ηm, j ,ηx, j ,ηt , j , sx , st )
3: end for
4: while networkError > tol |M(uh)| do
5: bound ←φ ·max j b j

6: for j = 1, . . . , Np do
7: if b j > bound then
8: rz j , j ← rz j , j +1
9: b j , z j ← MAXERRORRED(m j ,rm, j ,rx, j ,rt , j ,ηm, j ,ηx, j ,ηt , j , sx , st )

10: end if
11: end for
12: update networkError
13: end while
Output: r m ,r x ,r t

Algorithm 5.2b : Maximal pipe error reduction

1: function MAXERRORRED(m,rm ,rx ,rt ,ηm ,ηx ,ηt , sx , st )
2: mc ← m − rm

3: if mc 6= 1 then
4: Compute ∆ηm as in (5.10a)
5: else
6: ∆ηm ← 0
7: end if
8: Compute ∆ηx as in (5.10b)
9: Compute ∆ηt as in (5.10c)

10: [b, z] = max{∆ηm , ∆ηx , ∆ηt }
11: return b, z
12: end function
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pipe j and refers to models M1, M2, M3, respectively. Since the discretiza-
tion error is absent for mc =3, we set Fx(3)=Ft (3)=0. Furthermore, we set
Fx(2)=Ft (2)=1. For model M1, the amplification factor for the discretization
errors is set with respect to the benchmark model M2. Note that in deter-
mining ∆ηm, j in (5.10a) we also consider changes in the spatial and temporal
discretization errors, since the central idea is to account for net error reduc-
tion. The approximate error reductions ∆ηm, j ,∆ηx, j ,∆ηt , j are computed in
Algorithm 5.2b, lines 4, 8, 9. Then, the best option

b j = max
j∈Jp

{
∆ηm, j , ∆ηx, j , ∆ηt , j

}
is passed to the network, see Alg. 5.2b, line 10. There, the notation [b, z] = max{·}
is similar to MATLAB notation where b denotes the maximal element and z
is the corresponding index. On the network level, we mark those pipes for
refinement for which the error reductions are larger than φ·max j b j , with φ≤ 1
(Alg. 5.2a, lines 5, 7). The numbers of refinements of the selected pipes are
increased by one and the best options of these pipes are updated (Alg. 5.2a,
lines 8, 9). Then, the total network error is updated (Alg. 5.2a, line 12). This can
be done either by simulating the gas network again with the refined models
and discretizations and computing the new error estimates in (5.6) or by using
the error reduction estimates ∆η in (5.10) to update the error estimators via

η(r+1) = η(r )− sign(η(r ))∆η, (5.11)

with r the number of refinements. This iteration is repeated until the relative
absolute network error is brought below the tolerance (Alg. 5.2a, line 4).

Strategy 3 - Maximal error-to-cost refinement (S3)

The adaptive refinements are made with an objective of reducing the com-
putational cost without compromising on the simulation error. However, the
previous two strategies do not address the computational costs explicitly. They
address the error tolerance which is merely a constraint to the adaptive strate-
gies, viewed in the optimization setting (5.1). In this strategy we also take
into account the computational costs that are incurred by the refinements.
Strategy 3, given in Algorithm 5.3a for the network level and Algorithm 5.3b
for the pipe level, is identical to strategy 2 on the network level. On the pipe
level, however, we also compute the cost additions ∆cm, j , ∆cx, j , ∆ct , j using a
cost functional Fc (mc ,rx ,rt ), for each of the corresponding error reductions
∆ηm, j , ∆ηx, j , ∆ηt , j , see Alg. 5.3b, lines 11, 13, 14. The error controller on the
pipe level passes the best option

b j = max
{∆ηm, j

∆cm, j
,
∆ηx, j

∆cx, j
,
∆ηt , j

∆ct , j

}
,

i.e., the maximal error-to-cost ratio, to the network (Alg. 5.3b, line 15). The idea
of this strategy is similar to the greedy approximation algorithm for solving the
unbounded knapsack problem, see [29].
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For the experiments and simulations performed in this chapter we com-
pute the computational cost per pipe in CPU seconds using a cost functional
of the form

F (m,nx ,nt ) =Cm nαm
x nβm

t , (5.12)

where nx , nt denote the number of nodes in space and time, m ∈ {1,2,3}
denotes the model, and Cm , αm , βm are model-dependent constants. These
constants are determined by a least squares fit to experimental data. For this,
gas flow simulations through a single pipe are performed using the software
ANACONDA (cf. [65, 66]) with many different values of nx and nt , which return
the corresponding computational cost values F . The constants are given in
Table 5.1. We note that although no discretization is required for the algebraic
model M3, still a mesh is used in this model to determine the evaluation
points. These evaluation points are used for the computation of the model
error estimator ηALG-LIN

m, j ; cf. Section 5.2.2. We can rewrite the functional (5.12)
in terms of refinements, which is needed in Algorithm 5.3b, assuming that the
initial number of nodes nx,0, nt ,0 are known. Then we get the cost functional

Fc (m,rx ,rt ) =Cm(2rx nx,0)αm (2rt nt ,0)βm . (5.13)

Having defined two new greedy-like refinement strategies S2 and S3, in the
next section we compare the performance of these strategies with the existing
strategy S1.

Algorithm 5.3a : Maximal error-to-cost refinement

Input: m,ηm ,ηx ,ηt , tol, sx , st ,φ
Same as Algorithm 5.2a, replacing lines 2, 9 with
b j , z j ← MAXERRORTOCOSTRATIO(m,rm, j ,rx, j ,rt , j ,ηm, j ,ηx, j ,ηt , j , sx , st )

Output: r m ,r x ,r t

Algorithm 5.3b : Maximal pipe error-to-cost ratio

1: function MAXERRORTOCOSTRATIO(m,rm ,rx ,rt ,ηm ,ηx ,ηt , sx , st )
Lines 2-9 same as Algorithm 5.2b

10: if mc 6= 1 then
11: ∆cm ← Fc (mc −1,rx ,rt )−Fc (mc ,rx ,rt )
12: end if
13: ∆cx ← Fc (mc ,rx +1,rt )−Fc (mc ,rx ,rt )
14: ∆ct ← Fc (mc ,rx ,rt +1)−Fc (mc ,rx ,rt )
15: [b, z] = max{∆ηm/∆cm , ∆ηx/∆cx , ∆ηt /∆ct }
16: return b, z
17: end function
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Table 5.1: Cost functional constants in (5.12), (5.13).

m Cm αm βm

1 8.45 ·10−5 0.952 0.937
2 1.06 ·10−4 0.908 0.925
3 5.49 ·10−5 0.694 0.857

5.4 Numerical Results

In this section we numerically test the performance of the three refinement
strategies given in Section 5.3. A synthetic experiment on an abstract gas
network is conducted in Section 5.4.1 and an application of the algorithms to
the numerical simulation of a realistic gas network is presented in Section 5.4.2.

5.4.1 Synthetic Experiment

Let us consider an abstract gas network that is given by its number of pipes Np .
On this network we perform a synthetic experiment in order to test and com-
pare the three refinement strategies given in Section 5.3. The experiment is
conducted by first drawing random samples of initial discretization and model
errors ηm ,ηx ,ηt ∈RNp and initial numbers of discretization nodes nx ,nt ∈NNp

from probability distributions. Then, for every sample, the three algorithms
are executed using the approximate error reductions in (5.10) to update the
errors. The computational simulation cost after applying the resulting refine-
ment scheme is computed using the functional in (5.13) for every sample and
strategy. Finally, the mean of the computational cost values over all samples is
computed for every strategy. Each error sample represents the evaluation of
the error estimators in (5.6) on a specific but unknown network configuration
of Np pipes. Thus, the abstract network setting enables us to consider many
possible pipe network configurations by drawing a large number of error sam-
ples. It also enables us to execute the three algorithms a large number of times
with a low computational cost, since the need for actual gas flow simulations
within the network is circumvented.

We test the performance of the three refinement strategies on 104 random
samples of error distributions ηm ,ηx ,ηt ∈ R12 in a network of Np = 12 pipes.
The initial number of space and time discretization nodes nx, j , nt , j are ran-
domly chosen from the interval [100,200] for every pipe j . All models are set to
the most simple model M3 in the beginning. The error reduction upon model
refinement also takes into account the introduction or increase of the spatial
and temporal errors; see (5.10a). This requires that the spatial and temporal
errors are small when compared to the model error. Hence, for the experiment,
the initial model errors are drawn from the distribution U [0,1], where U [a,b]
denotes a uniform probability distribution on the interval [a,b]. The initial
spatial and temporal discretization errors are drawn from the distribution
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U [0,0.2]. The model and discretization error estimators η after increasing the
number of refinements r by one are given in (5.11), where ∆η is given in (5.10)
with Fm(3,2)=3/4, Fm(2,1)=1/4. We choose sx =2, st =1, since these are the
convergence orders of the implicit box scheme in (5.2). The parameter κ= 1/3
for strategy 1 is chosen such that all three error types have an equal fraction of
the network tolerance. Strategies 2 and 3 are tested for a fraction φ ∈ {0.8,0.9,1}
of the maximal best option. The strategies work with a relative error tolerance
of tol = 10−1 with a target functional value M(uh) = 2.5 ·Np = 30. Hence, we
require for the total network simulation error that∣∣ ∑

j∈Jp

(ηm, j +ηx, j +ηt , j )
∣∣< tol |M(uh)| = 3.

Each strategy returns a refinement scheme which brings the simulation
error below the network tolerance. The goal is to have a low computational
cost. The mean of the total computational cost values in CPU seconds over
104 samples is shown in Table 5.2 for every refinement strategy. We also show
the percentage savings in mean total computational cost of the strategies with
respect to strategy 1. We denote the strategies as S1–S3. The subscripts 1,2,3
refer to φ= 0.8,0.9,1, respectively. We observe that strategies S2 and S3 have a
percentage saving of over 77% with respect to S1 for all values of φ ∈ {0.8,0.9,1}.
Among the different values, φ= 1 performs best for both S2 and S3.

In this experiment we find that by working with a greedy-like strategy
for error control, an adaptive process can reduce the computational cost
significantly. Furthermore, accounting for the computational cost explicitly
in our estimates, we find even better refinement schemes that result in lower
computational costs.

Table 5.2: Mean total computational cost values in CPU seconds for strategies
S1–S3 and savings with respect to S1. The subscripts 1,2,3 denote the different
values of φ= 0.8,0.9,1, respectively.

Strategy Mean CPU time [s] Savings
S1 36.1 -
S21 8.30 77.0 %
S22 8.04 77.7 %
S23 7.72 78.6 %
S31 7.64 78.8 %
S32 7.39 79.5 %
S33 7.12 80.3 %

5.4.2 Application to a Realistic Network Simulation

We now apply the three different strategies to a simulation of a gas supply
network, which is shown in Figure 5.3. The considered network consists of
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twelve pipes (P01–P12, with lengths between 30 km and 100 km), two sources
(S01–S02), four consumers (C01–C04), three compressor stations (Comp01–
Comp03) and one control valve (CV01). Starting with stationary initial data,
the boundary conditions and the control for the compressor stations and
the control valve are time-dependent. The simulation time is 4 hours. The
target functional M(u) is given by the total fuel gas consumption of the three
compressors and the error estimators are evaluated using a dual weighted
residual method; see Section 5.2.2. The simulation is performed using the
software ANACONDA; cf. [65, 66].

Remark. For the strategies proposed in Section 5.3, the temporal error

ηt =
∑

j∈Jp

ηt , j ,

cf. (5.5), is considered individually for each pipe. In the implementation of
ANACONDA, however, it is only computed globally. In order to get a local
temporal error and hence to fit into the setting, we distribute the temporal
error uniformly among the pipes. If the time stepsize has to be refined in a
single pipe following one of the strategies above, then it will be refined globally
and the temporal error estimators of all pipes are updated.

A reference solution was computed using model M1 and a very fine spatial-
temporal discretization with approximately 24 million degrees of freedom in
space and time (DOF-ST). The simulation was performed using the strategies
from Section 5.3 with a relative tolerance of tol = 10−4 and with a conventional
modeling using the most accurate model and a uniform space and time dis-
cretization with 360 000 DOF-ST. Note that with the conventional modeling,
we did not estimate any model or discretization errors and hence did not gain
any information about the accuracy of the solution. Table 5.3 shows the rela-
tive errors of the simulations compared to the reference solution, the total CPU
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Figure 5.3: Gas supply network with compressor stations and a control valve.
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Table 5.3: Relative error (tol = 10−4) and computational cost (in s) of a network
simulation using strategies S1–S3 and savings with respect to a conventional
modeling. The subscripts 1,2,3 denote the different values of φ = 0.8,0.9,1,
respectively.

Strategy Rel. error CPU time DOF-ST M1/M2/M3 [%] Savings
S1 1.38 ·10−5 7.53 49 700 100 / 0 / 0 73.3 %
S21 3.73 ·10−5 2.42 11 300 92 / 0 / 8 91.4 %
S22 3.09 ·10−5 2.27 10 500 92 / 0 / 8 92.0 %
S23 3.09 ·10−5 2.29 10 500 92 / 0 / 8 91.9 %
S31 5.08 ·10−5 3.12 11 700 83 / 17 / 0 88.9 %
S32 5.19 ·10−5 2.83 12 900 100 / 0 / 0 90.0 %
S33 5.10 ·10−5 2.83 11 700 92 / 8 / 0 90.0 %

conventional 4.57 ·10−5 28.2 359 000 100 / 0 / 0 -
reference - 1013 23 900 000

time, the degrees of freedom in space and time (DOF-ST), the models used (in
percent), and the percentage savings of the strategies S1 to S3 in relation to
the conventional modeling.

We see that the relative error of the Strategies S1 to S3 are in a similar range
as of the simulation using the conventional modeling. However, due to the
adaptive error control, the DOF-ST are reduced significantly. We see that the
results of Strategies S2 and S3 are in a similar range and that these strategies
gain an additional saving of 15 % to 20 % as compared to strategy S1. Regarding
the synthetic experiment in Section 5.4.1, this means that the savings with
respect to S1 are in the range of 60 % to 70 %. The choice of the parameter
φ ∈ {0.8,0.9,1.0}, however, does not seem to have a significant influence on the
saving. Moreover, the maximal error-to-cost strategy S3 does not result in a
larger saving of CPU time. What is noticeable is that the relative errors of the
strategies S2 and S3 are closer to the proposed relative tolerance, which shows
that they are not as restrictive as the individual tolerances strategy S1.

5.5 Summary of Chapter 5

In this chapter we address the problem of automatic error control for large
scale gas flow simulations that use a model hierarchy. The simulation needs
to be reliable, i.e., keeping the total relative error below a specified tolerance,
while retaining low computational costs. The problem of finding an optimal
refinement strategy is a generalization of the knapsack problem. We present
three strategies for adaptive simulation error control via spatial and temporal
discretization and model refinements. The strategy individual tolerances,
which is currently implemented in ANACONDA, sets a uniform tolerance for
each error type and each pipe, maximal error refinement iteratively chooses
those refinements that result in the largest error reduction and has a network
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overview, and maximal error-to-cost refinement also accounts for the increase
in computational cost inflicted by the refinement.

We constructed a synthetic experiment to test the three strategies on many
different network configurations. From this experiment we find that the two
greedy-like strategies significantly reduce the computational cost as compared
to the individual tolerances strategy. This result is largely reflected in an ac-
tual gas flow simulation using ANACONDA for a 12 pipe network including
compressor stations and a control valve. Especially when the simulation pro-
cess is a key component in a gas flow optimization problem, the greedy-like
refinement strategies lead to considerable computational savings without
compromising on the simulation accuracy.
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Chapter 6

Model and Discretization Error
Adaptivity within Stationary Gas
Transport Optimization

6.1 Introduction

In this chapter we discuss the minimization of operation costs for natural gas
transport networks based on a model hierarchy, see [36, 54], which ranges from
detailed models based on instationary partial differential equations with tem-
perature dependence to highly simplified algebraic equations. The detailed
models are necessary to achieve a good understanding of the system state,
but in many practical optimization applications only the stationary algebraic
equations—or even further simplifications like piecewise linearizations as in
[47, 48, 87]—are used in order to reduce the high computational effort of eva-
luating the state of the system with the more sophisticated models. However,
it is then unclear how good the true state is approximated by these simplified
models and error bounds are typically not available in this context; see the
chapter [60] in [64] for a more detailed discussion of this issue. Recently, in
[93], a detailed error and perturbation analysis has been developed for several
components in the model hierarchy and it has been shown how the more
detailed model components can be used to estimate the error obtained in the
simplified models.

Here, we use these error estimates from the model hierarchy together with
classical error estimate grid adaptation techniques for the space discretization
within an optimization method to control the error adaptively by switching
to more detailed models or finer discretizations if necessary. Moreover, our
adaptive method also allows to locally switch back to coarser models or to
coarser discretizations if they are sufficiently accurate with respect to the local
flow situation. Our new approach can, in general, be used for the entire model
hierarchy by also using space-time grid adaptation. However, to keep things
simple and to illustrate the functionality of the new adaptive approach, we will
use three stationary isothermal models from the hierarchy in [36].

73
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Using adaptive techniques to achieve a trade-off between computational
efficiency and accuracy by using adaptive discretization methods in the con-
text of optimization and optimal control problems is an important research
topic, in particular in the context of real-time optimal control of constrained
dynamical systems, see, e.g., [14, 31, 32, 78], or in the context of optimal con-
trol of problems constrained by partial differential equations; see, e.g., [6, 68,
70, 71]. We extend these ideas and combine adaptive grid refinement and
model selection in a model hierarchy in the context of nonlinear optimization
problems. We also theoretically analyze the new algorithm. First promising
numerical results for such an approach were presented in [89, 90].

The chapter is structured as follows. The models used in this chapter
are described in Sect. 6.2 together with a simple first-order Euler method for
the space discretization. In Sect. 6.3 we introduce model and discretization
error estimators, which are used in Sect. 6.4 to derive an adaptive model
and discretization control algorithm for the nonlinear optimization of gas
transport networks that, in the end, delivers solutions that satisfy prescribed
error tolerances. Numerical results are presented in Sect. 6.5 and a summary
of the chapter is given in Sect. 6.6.

6.2 Problem Description, Modeling Hierarchy, and
Discretizations

In this section we introduce the problem of operation cost minimization for
natural gas transport networks. We present our overall model of a gas transport
network involving continuous nonlinear models describing a stationary flow
for all the considered network elements. Since the majority of the elements are
pipes, our focus lies on the precise and physically accurate modeling of these
pipes. The typical models for the pipe flow are nonlinear instationary partial
differential equations (PDEs) on a graph and their appropriate space-time dis-
cretizations. To address the fact that the behavior of the flow and the accuracy
of the model may vary significantly in different regions of the network, we
discuss a small part of the complete model hierarchy of instationary models,
see [36], where the lower level models in the hierarchy are simplifications of the
higher level models. Which model is most appropriate to obtain a computa-
tionally tractable, adequately accurate, and finite-dimensional approximation
depends on the task that needs to be performed with the model.

Our modeling approach is based on the following physical assumptions.
First, we only consider a stationary gas flow, i.e., we neglect all time effects of
gas dynamics, so that we have ordinary differential equations (ODEs) in space
instead of systems of PDEs on a graph. Second, we assume an isothermal
regime, i.e., we neglect all effects arising from changes in the gas temperature.

These assumptions are taken carefully such that we still obtain physically
meaningful solutions and such that we are still able to derive and analyze an
adaptive model and discretization control algorithm—without unnecessarily
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overloading the models with all technical details of the application that may
distract us from the main mathematical ideas.

6.2.1 The Network

We model the gas transport network by a directed and connected graph G =
(V , A). The node set is made up of entry nodes V+, where gas is supplied, of
exit nodes V−, where gas is discharged, and of inner nodes V0, i.e., we have
V = V+ ∪V− ∪V0. The set of arcs in our models comprises pipes Api and
compressor machines Acm, i.e., we have A = Api ∪ Acm.

Real-world gas transport networks contain many other element types like
(control) valves, short cuts, or resistors. For detailed information on modeling
these devices, see [46] in general or [89, 90] for a focus on nonlinear program-
ming (NLP) type models. However, we restrict ourselves to models with pipes
and compressors in order to streamline the presentation of our basic ideas
and methods, and to show in a prototypical way that our approach of space
discretization and model adaptivity leads to major accuracy and efficiency
improvements.

As basic quantities we introduce gas pressure variables pu at all nodes u ∈V
and mass flow variables qa at all arcs a ∈ A of the network. Both types of
variables are bounded due to technical constraints on the pipes, i.e.,

pu ∈ [pu , pu] for all u ∈V , (6.1a)

qa ∈ [q a , q a] for all a ∈ A. (6.1b)

All other required quantities are introduced where they are used first.

6.2.2 Nodes

In stationary gas network models, the nodes u ∈ V are modeled by a mass
balance equation, i.e., we have the constraint∑

a∈δin(u)

qa −
∑

a∈δout(u)

qa = qu for all u ∈V , (6.2)

where for ingoing arcs we use the notation

δin(u) := {a ∈ A : there exists w ∈V and a = (w,u)}

and for outgoing arcs

δout(u) := {a ∈ A : there exists w ∈V and a = (u, w)}.

Moreover, qu models the supplied or discharged mass flow at the correspon-
ding node, i.e., we have

qu


≥ 0 for all u ∈V−,

≤ 0 for all u ∈V+,

= 0 for all u ∈V0.
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6.2.3 Pipes

Isothermal gas flow through cylindrical pipes is described by the Euler equa-
tions for compressible fluids,

∂ρ

∂t
+ 1

A

∂q

∂x
= 0, (6.3a)

1

A

∂q

∂t
+ ∂p

∂x
+ 1

A

∂(qv)

∂x
=−λ(q)

|v |v
2D

ρ− gρh′, (6.3b)

see, e.g., [45, 72] for a detailed discussion. Here and in what follows, ρ is the
gas density, v is its velocity, λ=λ(q) is the friction term, A denotes the cross-
sectional area of the pipe, h′ is its slope, and D is the diameter of the pipe.
Furthermore, g is the acceleration due to gravity, t is the temporal coordinate,
and x ∈ [0,L] is the spatial coordinate with L being the length of the pipe.
Equation (6.3a) is called the continuity equation and (6.3b) the momentum
equation. Since we only consider the stationary case, all partial derivatives
with respect to time vanish and we obtain the simplified stationary model

1

A

∂q

∂x
= 0, (6.4a)

∂p

∂x
+ 1

A

∂(qv)

∂x
=−λ(q)

|v |v
2D

ρ− gρh′. (6.4b)

Thus, the continuity equation in its stationary variant simply states that the
mass flow along the pipe is constant, i.e., q(x) ≡ q = const for all x ∈ [0,L].

To simplify the stationary momentum equation (6.4b), we consider two
more model equations. First, the equation of state

p = ρc2 with c =
√

RsTz,

where c is the speed of sound, Rs is the specific gas constant, and z is the
compressibility factor. The second model is the relation of gas mass flow,
density, and velocity given by

q = Aρv.

Substituting both these models into (6.4b), we obtain

∂p

∂x

(
1− q2

A2

c2

p2

)
=− λc2

2A2Dp
|q|q − g h′

c2
p, (M1)

i.e., the stationary momentum equation written in dependence of the gas
pressure p = p(x), x ∈ [0,L], and the mass flow q .

A simplified version of the latter equation can be obtained by ignoring the
ram pressure term

1

A

∂(qv)

∂x
,

in (6.4b), i.e., the total pressure exerted on the gas by the pipe wall, or, equiva-
lently, the term

− q2

A2

c2

p2

∂p

∂x
(6.5)
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in (M1). For a discussion of this simplification step, see [100]. Neglecting the
ram pressure term (6.5) yields

∂p

∂x
=− λc2

2A2Dp
|q|q − g h′

c2
p. (M2)

Finally, one may also neglect gravitational forces, i.e., set the term g h′p/c2 to 0
and obtain

∂p

∂x
=− λc2

2A2Dp
|q|q. (M3)

Analytical solutions for the models (M1)–(M3) are only rarely known; see,
e.g., [51, 52, 89]. Thus, in order to obtain finite-dimensional nonlinear opti-
mization models, we discretize these differential equations in space. Applying,
e.g., the implicit Euler method we obtain

pk −pk−1

h

(
1− q2

A2

c2

p2
k

)
=− λc2

2A2Dpk
|q|q − g h′

c2
pk , k = 1, . . . ,n, (D1)

pk −pk−1

h
=− λc2

2A2Dpk
|q|q − g h′

c2
pk , k = 1, . . . ,n, (D2)

pk −pk−1

h
=− λc2

2A2Dpk
|q|q, k = 1, . . . ,n, (D3)

where pk = p(xk ) and Γ= {x0, x1, . . . , xn} is an equidistant spatial discretization
of the pipe with constant stepsize h = xk −xk−1 and x0 = 0, xn = L. Of course,
one could also apply a higher-order Runge–Kutta method, which would allow
a larger stepsize and would thus reduce the computational cost.

These discretizations extend the model hierarchy (M1)–(M3) for the Euler
equations by infinitely many models that are parameterized by the discretiza-
tion stepsize h applied in (D1)–(D3). In summary, we obtain the pipe model
hierarchy of stationary Euler equations depicted in Figure 6.1.

6.2.4 Compressors

Compressor machines a = (u, w) ∈ Acm increase the inflow gas pressure to a
higher outflow pressure, i.e., they can be described in a simplified way by

pw = pu +∆a , ∆a ∈ [0,∆̄a] for all a ∈ Acm. (6.6)

Moreover, for simplicity, we assume that we are given cost coefficients ωa ≥ 0
for every compressor a ∈ Acm that convert pressure increase to compression
cost. Of course, this is an extremely coarse approximation of a compressor
machine. An alternative would be to use a simple input-output surrogate
model obtained from a realization or system identification of an input-output
transfer function; see, e.g., [18]. However, our focus is on an accurate modeling
of the gas flow in pipes and on deriving an adaptive model and discretization
control algorithm. Model (6.6) allows for setting up a reasonable objective
function for our NLPs and is thus appropriate in this work. For more details,
see [86, 89, 90] or [46].
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Model (M1)

(M2)

(M3)

h′ = 0

∂(qv)
∂x ≈ 0

(D1)

(D2)

(D3)

h′ = 0

∂(qv)
∂x ≈ 0

discr.

discr.

discr.

Figure 6.1: Pipe model hierarchy based on the Euler equations. The space con-
tinuous models are positioned in the left column and their space discretized
counterparts are positioned in the right column.

6.2.5 The Optimization Problem

We will use the adaptive model and discretization control algorithm in the
context of the following nonlinear ODE-constrained optimization problem

min
∑

a∈Acm

ωa∆a (6.7a)

s.t. variable bounds (6.1), (6.7b)

mass balance (6.2), (6.7c)

compressor model (6.6) for all a ∈ Acm, (6.7d)

pipe model (M1) for all a ∈ Api, (6.7e)

where our objective function models the cost for the compressor activity that
is constrained by an infinite-dimensional description of the gas flow in pipes.
Problem (6.7) is a classical nonlinear optimal control problem. A typical ap-
proach to solve such problems in practice is the first-discretize-then-optimize
paradigm; see, e.g., [13]. In this setting, one replaces the ODE constraints
by finite sets of nonlinear constraints that arise, e.g., from implicit Euler dis-
cretizations like (D1) for (M1). Moreover, practical experience suggests that
for the evaluation of the constraints, it is often not required to apply the most
accurate model like (D1) with a small stepsize for every pipe in the network.
Instead, in many situations it is sufficient to use simplified models like (D2)
and (D3) with a coarse grid, which then typically yields fast execution times
for the evaluation of the constraint functions.

To this end, we define discretized problem variants of Problem (6.7) by
specifying the model level `a ∈ {1,2,3} for every arc a ∈ Api (i.e., the discretized
model (D1), (D2), or (D3), respectively) together with a stepsize ha . This yields
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Γ1 = {xk }
La/ha
k=0

Γ2 = {xs}
La/(2ha)
s=0

Γ3 = {xr }
La/(4ha)
r=0

ha

2ha

4ha

Figure 6.2: Overview of the three considered discretization grids Γ1, Γ2, and Γ3

with gridpoints xk , xs , and xr and stepsizes ha , 2ha , and 4ha , respectively. The
vertical lines represent the evaluation grid Γ3 for the error estimators in (6.9)
and (6.10).

the family of finite-dimensional NLPs

min
∑

a∈Acm

ωa∆a (6.8a)

s.t. variable bounds (6.1), (6.8b)

mass balance (6.2), (6.8c)

compressor model (6.6) for all a ∈ Acm, (6.8d)

pipe model (D`a ) with stepsize ha for all a ∈ Api. (6.8e)

Note that the constraints (6.7b)–(6.7d) in the infinite-dimensional problem
are exactly the same as constraints (6.8b)–(6.8d) in the family of discretized
problems.

6.3 Error Estimators

In this section we introduce a first-order estimate for the error between the
most detailed infinite-dimensional and an arbitrary space-discretized model.
This error estimator is obtained as the sum of a discretization and a model
error estimator. Since we consider the stationary case, mass flows in pipes are
constant in the spatial dimension. This is why we base our error estimators on
the differences of the pressures p(x) for different models and discretizations.

Suppose that for a given pipe a ∈ Api, the model level `a ∈ {1,2,3} with
discretization stepsize ha is currently used for the computations. The overall
solution of the optimization problem for the entire network, also including
pressure increases in compressors etc., is denoted by y and contains the dis-
cretized pressure distributions of the separate pipes a ∈ Api, which we denote

by p`a (xk ;ha) with discretization grid Γ1 = {xk }La /ha
k=0 obtained by using the step-

size ha . We now compute an estimate for the error between the solution of the
currently used model (D`a ) and the solution of the reference model (M1). Let
the solution of model (M1) for pipe a ∈ Api be denoted by p̂(x) with x ∈ [0,La].

Furthermore, let the solutions of Model (D1) with discretization grids
Γ2 = {xs}La /(2ha )

s=0 and Γ3 = {xr }La /(4ha )
r=0 using stepsizes 2ha and 4ha , be denoted
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by p1(xs ;2ha) and p1(xr ;4ha), respectively. Due to the larger stepsize, the com-
putation of these two solutions is in general less expensive than computing
a solution of Model (D`a ) on the grid Γ1. Since the discretization grid Γ3 is
the coarsest grid and all computed pressure profiles can be evaluated on this
grid, Γ3 is called the evaluation grid. This grid is used in the definitions of
the following error estimators. The considered discretization grids and the
evaluation grid are depicted in Figure 6.2.

For a pipe a ∈ Api, let the discretization error estimator be defined by

ηd,a(y) := ‖p1(xr ;2ha)−p1(xr ;4ha)‖∞ (6.9)

and let the model error estimator be defined by

ηm,a(y) := ‖p1(xr ;2ha)−p`a (xr ;ha)‖∞. (6.10)

Here,

p`a (xr ;ha) = [p`a (x0;ha), . . . , p`a (xn ;ha)]>, n = La/(4ha),

denotes the solution of Model (D`a ) computed with stepsize ha that is eva-
luated at the gridpoints xr , i.e., on the grid Γ3. If `a = 1, i.e., if the considered
solution already corresponds to the most accurate model, then we set the
model error to zero, i.e., ηm,a(y) = 0. Furthermore, let the overall error es-
timator ηa(y) for a pipe a ∈ Api be defined to be a first-order upper bound
for the maximum error between the solutions of models (M1) and (D`a ) at
gridpoints xr with stepsize 4ha . Thus, we have

‖p̂(xr )−p`a (xr ;ha)‖∞
≤ ‖p̂(xr )−p1(xr ;2ha)‖∞+‖p1(xr ;2ha)−p`a (xr ;ha)‖∞
.= ηd,a(y)+ηm,a(y) =: ηa(y),

(6.11)

where
.= denotes a first-order approximation in ha , see [92, page 420], and

we use that the implicit Euler method has convergence order 1. The error
estimator ηa(y) is the absolute counterpart of the componentwise relative
error estimator given in [93]. An overview of the considered models in this
section together with the considered stepsizes is depicted in Figure 6.3.

We close this section with a remark on the computation of the discretization
error estimator in (6.9). A straightforward way is to solve Model (D1) once with
stepsize 2ha and once again with stepsize 4ha for every a ∈ Api. Another
possibility would be to use an embedded Runge–Kutta method, see, e.g., [53],
which in general saves computational cost due to the reduced number of
function evaluations.

6.4 The Grid and Model Adaptation Algorithm

In this section we present and analyze an algorithm that adaptively switches
between the model levels in the hierarchy of Figure 6.1 and adapts discretiza-
tion stepsizes in order to find a convenient trade-off between physical accuracy
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Model (M1) Model (D1) with step-
sizes 2ha and 4ha

Model (D`a )
with stepsize ha

ηd,a(y)

ηm,a(y)ηa(y)

Figure 6.3: Overview of the models and stepsizes used for the computation
of the overall error estimator ηa(y) between models (M1) and (D`a ) in (6.11).
Here, for a pipe a, ηd,a(y) is the discretization error estimator and ηm,a(y) is
the model error estimator.

and computational costs. To this end, the algorithm iteratively solves NLPs
and initial value problems (IVPs). Solutions of the latter are used to evaluate
the error estimators discussed in the last section and to decide on the model
levels and the discretization stepsizes for the next NLP.

Consider a single NLP of the sequence of NLPs that are solved during
the algorithm and assume that pipe a ∈ Api is modeled using model (D`a )
and stepsize ha . Let the solution of this NLP be denoted by y . According
to the last section, the overall model and discretization error estimator for
this pipe is given by ηa(y) as defined in (6.11). Thus, it is given by the error
estimator between the solutions of the most accurate model (M1) and the
current model (D`a ).

The overall goal of our method is to compute a solution of a member of
the family of discretized problems (6.8) for which it is guaranteed that this
solution has an estimated average error per pipe with respect to the reference
model (M1), that is less than an a-priorily given tolerance ε> 0. This leads us
to the following definition:

Definition 6.1 (ε-feasibility). Let ε > 0 be given. We say that a solution y of
problem (6.8) with discretized models (D`a ), `a ∈ {1,2,3}, and stepsizes ha for
the pipes a ∈ Api is ε-feasible with respect to the reference problem (6.7) if

1

|Api|
∑

a∈Api

ηa(y) ≤ ε.

The remainder of this section is organized as follows. Sect. 6.4.1 introduces
rules about how the model levels and discretization stepsizes are modified.
The strategies for marking pipes for model or grid adaptation are explained
in Sect. 6.4.2. The adaptive model and discretization control algorithm is
introduced in Sect. 6.4.3, together with a theorem for the finite termination of
the algorithm. Finally, some remarks regarding the adaptive control algorithm
are given in Sect. 6.4.4.
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6.4.1 Model and Discretization Adaptation Rules

Before we present and discuss the overall adaptive model control algorithm
we have to

1. describe the mechanisms of switching up or down pipe model levels as
well as that of refining and coarsening the discretization grids, and

2. discuss our marking strategy that determines the arcs on which the
model or grid should be adapted.

We start with the first issue and follow the standard PDE grid adaptation
technique; see, e.g., [22, 23, 42] or [17]. The general strategy is as follows. We
switch up one level in the model hierarchy if this yields an error reduction
that is larger than ε; otherwise, we switch up to the most accurate discretized
model (D1). Hence, for pipe a ∈ Api we have the rule

`new
a =

{
`a −1, if ηm,a(y ;`a)−ηm,a(y ;`a −1) > ε,

1, otherwise,
(6.12)

for switching up levels in the model hierarchy. We apply this rule because it
is possible that the effects of neglecting the ram pressure term (which is the
difference between model levels `= 1 and `= 2) and neglecting gravitational
forces for non-horizontal pipes (which is the difference between model levels
` = 2 and ` = 3) balance each other out in the computation of the pressure
profile of model (D3). In this case, switching from model (D3) to (D2) would
increase the model error, which is why we switch from (D3) to (D1) directly.

A discretization grid refinement or coarsening with a factor γ> 1 is defined
by taking the new stepsize as

hnew
a :=

{
ha/γ, for a grid refinement,

γha , for a grid coarsening.
(6.13)

For a discretization scheme of order β it is well-known that a first-order ap-
proximation for the discretization error in x ∈ [0,La] is given by ed,a(x)

.=
c(x)hβ

a , where c(x) is independent of ha ; see, e.g., [92]. From this, it follows
that the new discretization error after a grid refinement or coarsening can be
written as

enew
d,a (x)

.= (hnew
a /ha)βed,a(x).

Since the implicit Euler method has convergence order β = 1, with hnew
a

in (6.13) and γ = 2, for the new discretization error estimator after a grid
refinement or coarsening, it holds that

ηnew
d,a (y)

.=
{
ηd,a(y)/2, for a grid refinement,

2ηd,a(y), for a grid coarsening.
(6.14)
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6.4.2 Marking Strategies

We now describe our marking strategies, i.e., how we choose which pipes
should be switched up or down in their model level and which pipes should get
a refined or coarsened grid. Given marking strategy parameters Θd,Θm ∈ [0,1],
we compute subsets R,U ⊆ Api such that they are the minimal subsets of arcs
that satisfy

Θd

∑
a∈Api

ηd,a(y) ≤
∑

a∈R

ηd,a(y) (6.15)

and

Θm
∑

a∈A>ε
pi

(ηm,a(y ;`a)−ηm,a(y ;`new
a )) ≤

∑
a∈U

(ηm,a(y ;`a)−ηm,a(y ;`new
a )) (6.16)

with
A>ε

pi := {a ∈ Api : ηm,a(y ;`a)−ηm,a(y ;`new
a ) > ε},

where `new
a is given in (6.12). Analogously, given marking strategy parame-

ters Φd,Φm ∈ [0,1] and τ ≥ 1, we compute C ,D ⊆ Api such that they are the
maximal subsets of arcs that satisfy

Φd

∑
a∈Api

ηd,a(y) ≥
∑

a∈C

ηd,a(y) (6.17)

and

Φm
∑

a∈A<ε
pi (τ)

(ηm,a(y ;`new
a )−ηm,a(y ;`a)) ≥

∑
a∈D

(ηm,a(y ;`new
a )−ηm,a(y ;`a))

(6.18)
with

A<ε
pi (τ) := {a ∈ Api : ηm,a(`new

a )−ηm,a(`a) ≤ τε}.

In (6.18), `new
a is always set to min{`a +1,3}. For every arc a ∈ R (a ∈ C ) we

refine (coarsen) the discretization grid by halving (doubling) the stepsize, i.e.,
we set γ= 2 in (6.13). We note that these marking strategies are very similar
to the greedy strategies on a network described in [34], where those pipes are
marked for a spatial, temporal, or model refinement which yield the largest
error reduction.

6.4.3 The Algorithm

With these preliminaries we can now state the overall adaptive model and dis-
cretization control algorithm for finding an ε-feasible solution of the reference
problem (6.7). The formal listing is given in Alg. 6.1.

The algorithm makes use of the safeguard parameter µ ∈N. This parameter
ensures that the algorithm performs grid coarsenings and switches down the
model level only after applying µ rounds of grid refinements and switching up
model levels. It prevents an alternating switching up and down model levels or
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an alternating refining and coarsening of the discretization grid. We note that
this technique is similar to the use of hysteresis parameters; see, e.g., [77]. By
employing this safeguard, we can prove that Alg. 6.1 terminates after a finite
number of iterations with an ε-feasible point of the reference model (M1).

To improve readability, we split the proof of our main theorem into two
parts. The first lemma states finite termination at an ε-feasible point if only
discretization grid refinements and coarsenings are applied, whereas the se-
cond lemma considers the case of switching levels in the model hierarchy only,
i.e., with a fixed stepsize for every pipe.

Lemma 6.1. Suppose that the model level `a ∈ {1,2,3} is fixed for every pipe a ∈
Api. Let the resulting set of model levels be denoted by M . Suppose further that
ηa(y) = ηd,a(y) holds in (6.11) and that every NLP is solved to local optimality.
Consider Alg. 6.1 without applying the model switching steps in Lines 11 and 20.
Then, the algorithm terminates after a finite number of refinements in Line 12
and coarsenings in Line 21 with an ε-feasible solution with respect to model

Algorithm 6.1 Adaptive Model and Discretization Control

Input: A full specification of the gas network G = (V , A), a tolerance ε > 0,
initial marking strategy parameters Θ0

d,Θ0
m,Φ0

d,Φ0
m ∈ [0,1], τ0 ≥ 1, and an

initial safeguard parameter µ0 ∈N.
Output: An ε-feasible solution of the reference problem (6.7).

1: Choose an initial model level `0
a and a stepsize h0

a for every a ∈ Api.
2: Solve Problem (6.8) and let y0 denote the optimal solution.
3: Compute ηa(y0) for every a ∈ Api.
4: if y0 is ε-feasible then
5: return y0.
6: end if
7: Set k = 1 and Θk

d =Θ0
d,Θk

m =Θ0
m,Φk

d =Φ0
d,Φk

m =Φ0
m,µk =µ0,τk = τ0.

8: for k = 1,2, . . . do
9: for j = 1, . . . ,µk do

10: Compute the sets Uk, j ,Rk, j ⊆ Api according to (6.15) and (6.16).
11: Switch up the model level for every pipe a ∈Uk, j .
12: Refine the discretization grid for every pipe a ∈Rk, j .
13: Solve Problem (6.8) and let yk, j denote the solution.
14: Compute ηa(yk, j ) for every a ∈ Api.
15: if yk, j is ε-feasible then
16: return yk, j .
17: end if
18: end for
19: Compute the sets Dk ,Ck ⊆ Api according to (6.17) and (6.18).
20: Switch down the model level for every pipe a ∈Dk .
21: Coarsen the discretization grid for every pipe a ∈Ck .
22: Increase k ← k +1 and update parameters Θk

d,Θk
m,Φk

d,Φk
m,µk ,τk .

23: end for



6.4. THE GRID AND MODEL ADAPTATION ALGORITHM 85

level set M if there exists a constant C > 0 such that

1

2
Θk

dµ
k >Φk

d +C (6.19)

holds for all k.

Proof. We consider the total discretization error

ηd(y) =
∑

a∈Api

ηd,a(y)

and show that for every iteration k the difference between the decrease ob-
tained in the inner for-loop and the increase obtained due to the coarsenings
applied in Line 21 is positive and uniformly bounded away from zero. In what
follows, we only consider a single iteration and drop its index k for better
readability.

First, we consider one refinement step in Line 12. Let η
j−1
d,a denote the

discretization error before the j th inner iteration and let η
j
d,a denote the dis-

cretization error after the j th inner iteration. With this, we have∑
a∈Api

η
j−1
d,a −

∑
a∈Api

η
j
d,a

=
∑

a∈R j

η
j−1
d,a +

∑
a∈Api\R j

η
j−1
d,a −

∑
a∈R j

η
j
d,a −

∑
a∈Api\R j

η
j
d,a

=
∑

a∈R j

η
j−1
d,a −

∑
a∈R j

η
j
d,a

=
∑

a∈R j

1

2
η

j−1
d,a

for every j = 1, . . . ,µ. For the last equality we have used that the implicit Euler

method has convergence order 1, which (for small stepsizes ha) implies η
j
d,a =

1
2η

j−1
d,a when we take the new stepsize as half the current stepsize; see (6.14).

Summing up over all µ inner iterations we obtain a telescopic sum and finally
get an error decrease of

µ∑
j=1

( ∑
a∈Api

η
j−1
d,a −

∑
a∈Api

η
j
d,a

)
=

∑
a∈Api

η0
d,a −

∑
a∈Api

η
µ

d,a = 1

2

µ∑
j=1

∑
a∈R j

η
j−1
d,a .

We now consider the coarsening step. For this, let η
µ

d,a denote the dis-

cretization error before and η
µ+1
d,a the discretization error after the coarsening
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step in Line 21. Using similar ideas like above we obtain∑
a∈Api

η
µ+1
d,a −

∑
a∈Api

η
µ

d,a

=
∑

a∈Api\C
η
µ+1
d,a +

∑
a∈C

η
µ+1
d,a −

∑
a∈Api\C

η
µ

d,a −
∑

a∈C

η
µ

d,a

=
∑

a∈C

η
µ+1
d,a −

∑
a∈C

η
µ

d,a

= 2
∑

a∈C

η
µ

d,a −
∑

a∈C

η
µ

d,a

=
∑

a∈C

η
µ

d,a .

Thus, we are finished if we prove that

1

2

µ∑
j=1

∑
a∈R j

η
j−1
d,a −

∑
a∈C

η
µ

d,a

is positive and uniformly bounded away from zero. Using

η
j−1
d,a ≥ η

µ

d,a , for all j = 1, . . . ,µ,

(6.15), (6.17), and (6.19), we obtain

1

2

µ∑
j=1

∑
a∈R j

η
j−1
d,a ≥ 1

2
Θd

µ∑
j=1

∑
a∈Api

η
j−1
d,a ≥ 1

2
Θd

µ∑
j=1

∑
a∈Api

η
µ

d,a

= 1

2
Θdµ

∑
a∈Api

η
µ

d,a > (Φd +C )
∑

a∈Api

η
µ

d,a >
∑

a∈C

η
µ

d,a +C
∣∣Api

∣∣ε,

which completes the proof.

Next, we prove an analogous lemma for the case that we fix the stepsize of
every arc a ∈ Api and only allow for model switching.

Lemma 6.2. Suppose that the discretization stepsize ha is fixed for every pipe a ∈
Api. Suppose further that ηa(y) = ηm,a(y) holds in (6.11) and that every NLP is
solved to local optimality. Consider Alg. 6.1 without applying the discretization
refinements in Line 12 and the coarsenings in Line 21. Then, Algorithm 6.1
terminates after a finite number of model switches in Lines 11 and 20 with
an ε-feasible solution with respect to the stepsizes ha , a ∈ Api, if there exists a
constant C > 0 such that

Θk
mµk > τkΦk

m

∣∣Api
∣∣+C (6.20)

holds for all k.
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Proof. We consider the total model error

ηm(y) =
∑

a∈Api

ηm,a(y)

and show that the difference between the decrease obtained in the inner loop
and the increase obtained due to switching model levels down in Line 20 is
positive and uniformly bounded away from zero for every iteration k. We again
consider only a single iteration and drop the corresponding index.

First, we consider a single step of switching up the model level in Line 11.

Let η
j−1
m,a denote the model error before the j th inner iteration and η

j
m,a the

model error after the j th inner iteration. We then have∑
a∈Api

η
j−1
m,a −

∑
a∈Api

η
j
m,a

=
∑

a∈U j

η
j−1
m,a +

∑
a∈Api\U j

η
j−1
m,a −

∑
a∈U j

η
j
m,a −

∑
a∈Api\U j

η
j
m,a

=
∑

a∈U j

η
j−1
m,a −

∑
a∈U j

η
j
m,a

for every j = 1, . . . ,µ. Summing up over all j yields the overall model error
decrease after µ for-loop iterations of

µ∑
j=1

( ∑
a∈Api

η
j−1
m,a −

∑
a∈Api

η
j
m,a

)
=

∑
a∈Api

η0
m,a −

∑
a∈Api

η
µ
m,a =

µ∑
j=1

∑
a∈U j

(η j−1
m,a −η

j
m,a).

We now consider the step of switching down the model level in Line 20.
Let ηµ

m,a denote the model error before and η
µ+1
m,a the model error after this step.

It holds that ∑
a∈Api

η
µ+1
m,a −

∑
a∈Api

η
µ
m,a

=
∑

a∈D

η
µ+1
m,a +

∑
a∈Api\D

η
µ+1
m,a −

∑
a∈D

η
µ
m,a −

∑
a∈Api\D

η
µ
m,a

=
∑

a∈D

(ηµ+1
m,a −η

µ
m,a).

Thus, the proof is finished if we show that

µ∑
j=1

∑
a∈U j

(η j−1
m,a −η

j
m,a)−

∑
a∈D

(ηµ+1
m,a −η

µ
m,a)

is positive and uniformly bounded away from zero. With similar ideas as in
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the proof of Lemma 6.1 and using (6.16), (6.18), and (6.20), we obtain

µ∑
j=1

∑
a∈U j

(η j−1
m,a −η

j
m,a) ≥Θm

µ∑
j=1

∑
a∈A>ε

pi

(η j−1
m,a −η

j
m,a) >Θm

µ∑
j=1

∑
a∈A>ε

pi

ε

=Θmµ
∣∣∣A>ε

pi

∣∣∣ε≥Θmµε> τΦm
∣∣Api

∣∣ε+Cε≥Φm
∑

a∈A<ε
pi (τ)

ετ+Cε

≥Φm
∑

a∈A<ε
pi (τ)

(ηµ+1
m,a −η

µ
m,a)+Cε≥

∑
a∈D

(ηµ+1
m,a −η

µ
m,a)+Cε,

where we used that |A>ε
pi | ≥ 1. This completes the proof.

Let ηnew
m,a (y) denote the new model error estimator after a grid refinement

or coarsening. In order to prove our main theorem we need to assume
that, for every pipe a ∈ Api, the change in the model error estimator after
a grid refinement or coarsening can be neglected as compared to ηm,a(y), i.e.,
|ηm,a(y)−ηnew

m,a (y)| ¿ ηm,a(y), such that we may write ηnew
m,a (y) = ηm,a(y). A

sufficient condition for this assumption to hold is given by ηd,a(y) ¿ ηm,a(y)
for every a ∈ Api. This condition also implies that ηm,a(y) is a first-order ap-
proximation of the exact model error em,a(y) and is thus reliable for small
stepsizes ha .

Lemma 6.3. Let the discretization and model error estimator ηd,a(y) and
ηm,a(y) as defined in (6.9) and (6.10) be given for every a ∈ Api. Let further
em,a(y) be the exact error between models (M1) and (M`a ) and let ηnew

m,a(y) be
the new model error estimator after a grid refinement or coarsening. Then, the
implications

1. ηd,a(y) ¿ ηm,a(y) =⇒ ηm,a(y)
.= em,a(y),

2. ηd,a(y) ¿ ηm,a(y) =⇒ ηnew
m,a(y) = ηm,a(y)

hold for every a ∈ Api.

Proof. Let pipe a ∈ Api be arbitrary. To improve readability, in the following we
drop the dependencies of the exact errors and the error estimators on a and y .
Without loss of generality, we consider only one arbitrary spatial gridpoint xk .

Let us first introduce some notation. The exact model error is given
by em(xk ) = p̂(xk )− pM`a (xk ) for the current model level `a , the exact dis-
cretization error for model (D1) is given by e1

d(xk ) = p̂(xk ) − p1(xk ;2ha)

and the exact discretization error for model (D`a ) is denoted by e`a
d (xk ) =

pM`a (xk ) − p`a (xk ;2ha). Furthermore, the model error estimator is given
by ηm(xk ) = p1(xk ;2ha) − p`a (xk ;2ha), see (6.10), and we define the dis-
cretization error estimators η1

d(xk ) := p1(xk ;2ha)−p1(xk ;4ha) and η
`a
d (xk ) :=

p`a (xk ;2ha) − p`a (xk ;4ha) as in (6.9). Then, we have η1
d(xk )

.= e1
d(xk ) and

η
`a
d (xk )

.= e`a
d (xk ); see [92, page 420]. Further, it holds that

|η1
d(xk )|¿ |ηm(xk )| ⇐⇒ |η`a

d (xk )|¿ |ηm(xk )|, (6.21)
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because η1
d(xk ) and η

`a
d (xk ) use the same stepsizes 2ha and 4ha to compute

the discrete pressure distributions.
We now prove implication 1. Using the previously defined notation it holds

that

em(xk ) = p̂(xk )−pM`a (xk )

= e1
d(xk )+p1(xk ;2ha)−e`a

d (xk )−p`a (xk ;2ha)
.= η1

d(xk )+p1(xk ;2ha)−η
`a
d (xk )−p`a (xk ;2ha)

= η1
d(xk )−η

`a
d (xk )+ηm(xk ).

Thus, if |η1
d(xk )| and |η`a

d (xk )| may be neglected as compared to |ηm(xk )|, then
we have em(xk )

.= ηm(xk ), i.e.,

|η1
d(xk )|¿ |ηm(xk )| ∧ |η`a

d (xk )|¿ |ηm(xk )| =⇒ em(xk )
.= ηm(xk ).

Considering also the equivalence relation (6.21) it follows that

|η1
d(xk )|¿ |ηm(xk )| =⇒ em(xk )

.= ηm(xk ),

from which implication 1 follows directly.
Finally, we prove implication 2. We show that this implication holds for

the case that ηnew
m (xk ) is the new model error estimator after a grid coarsening.

The case for a grid refinement can be shown analogously. It holds that

ηnew
m (xk ) = p1(xk ;4ha)−p`a (xk ;4ha)

=−η1
d(xk )+p1(xk ;2ha)+η

`a
d (xk )−p`a (xk ;2ha)

=−η1
d(xk )+η

`a
d (xk )+ηm(xk ).

This yields

|η1
d(xk )|¿ |ηm(xk )| ∧ |η`a

d (xk )|¿ |ηm(xk )| =⇒ ηnew
m (xk ) = ηm(xk ). (6.22)

Again, considering (6.21) and (6.22) results in

|η1
d(xk )|¿ |ηm(xk )| =⇒ ηnew

m (xk ) = ηm(xk ),

from which implication 2 follows immediately.

With the three preceding lemmas at hand, we are now ready to state and
prove our main theorem about finite termination of Alg. 6.1.

Theorem 6.4 (Finite termination). Suppose that ηd,a ¿ ηm,a for every a ∈ Api

and that every NLP is solved to local optimality. Then, Algorithm 6.1 termi-
nates after a finite number of refinements, coarsenings and model switches in
Lines 11, 12, 20, and 21 with an ε-feasible solution with respect to the reference
problem (6.7) if there exist constants C1,C2 > 0 such that

1

2
Θk

dµ
k >Φk

d +C1, Θk
mµk > τkΦk

m

∣∣Api
∣∣+C2

hold for all k.
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Proof. We consider the total error
∑

a∈Api
ηa and show that the difference be-

tween the decrease obtained in the inner loop and the increase obtained due
to switching down the model level and coarsening the grid is positive and
uniformly bounded away from zero for every iteration k. Again, we consider
only a single iteration and drop the corresponding index. We first consider
Lines 11 and 12 for fixed j . It holds that∑

a∈Api

η
j−1
a −

∑
a∈Api

η
j
a

=
∑

a∈Api

η
j−1
m,a +

∑
a∈Api

η
j−1
d,a −

∑
a∈Api

η
j
m,a −

∑
a∈Api

η
j
d,a

=
∑

a∈Api\(U j∪R j )
η

j−1
m,a −

∑
a∈Api\(U j∪R j )

η
j
m,a +

∑
a∈U j \R j

η
j−1
m,a −

∑
a∈U j \R j

η
j
m,a

+
∑

a∈R j \U j

η
j−1
m,a −

∑
a∈R j \U j

η
j
m,a +

∑
a∈R j∩U j

η
j−1
m,a −

∑
a∈R j∩U j

η
j
m,a

+
∑

a∈Api\(U j∪R j )
η

j−1
d,a −

∑
a∈Api\(U j∪R j )

η
j
d,a +

∑
a∈U j \R j

η
j−1
d,a −

∑
a∈U j \R j

η
j
d,a

+
∑

a∈R j \U j

η
j−1
d,a −

∑
a∈R j \U j

η
j
d,a +

∑
a∈R j∩U j

η
j−1
d,a −

∑
a∈R j∩U j

η
j
d,a

=
∑

a∈U j

η
j−1
m,a −

∑
a∈U j

η
j
m,a +

∑
a∈R j

η
j−1
d,a −

∑
a∈R j

η
j
d,a

=
∑

a∈U j

(η j−1
m,a −η

j
m,a)+ 1

2

∑
a∈R j

η
j−1
d,a ,

where we use that η j
m,a = η

j−1
m,a for every a ∈R j \U j since η

j−1
d,a ¿ η

j−1
m,a for every

a ∈ Api; see Lemma 6.3. Moreover, the discretization error estimator ηd,a does
not change after a switching up the model level.

Again, summing up over all j = 1, . . . ,µ yields the overall error decrease
after µ for-loop iterations of

µ∑
j=1

( ∑
a∈Api

η
j−1
a −

∑
a∈Api

η
j
a

)
=

∑
a∈Api

η0
a −

∑
a∈Api

η
µ
a

=
µ∑

j=1

( ∑
a∈U j

(η j−1
m,a −η

j
m,a)+ 1

2

∑
a∈R j

η
j−1
d,a

)
.

With similar arguments as before for Lines 11 and 12 we consider Lines 20
and 21 and obtain ∑

a∈Api

η
µ+1
a −

∑
a∈Api

η
µ
a

=
∑

a∈Api

η
µ+1
d,a +

∑
a∈Api

η
µ+1
m,a −

∑
a∈Api

η
µ

d,a −
∑

a∈Api

η
µ
m,a

=
∑

a∈C

η
µ+1
d,a −

∑
a∈C

η
µ

d,a +
∑

a∈D

η
µ+1
m,a −

∑
a∈D

η
µ
m,a

=
∑

a∈C

η
µ

d,a +
∑

a∈D

(ηµ+1
m,a −η

µ
m,a).
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Finally, it remains to prove that

µ∑
j=1

( ∑
a∈U j

(η j−1
m,a −η

j
m,a)+ 1

2

∑
a∈R j

η
j−1
d,a

)
−

∑
a∈C

η
µ

d,a −
∑

a∈D

(ηµ+1
m,a −η

µ
m,a)

is positive and uniformly bounded away from zero. Using the proofs of Lem-
mas 6.1 and 6.2 we have
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η
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η
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>
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(ηµ+1
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µ
m,a)+C2ε+

∑
a∈C

η
µ

d,a +C1
∣∣Api

∣∣ε,

which completes the proof.

6.4.4 Remarks

Before we close this section we discuss some details and extensions regarding
Alg. 6.1. First, we give an overview of the main computations that are per-
formed in the algorithm. In Lines 2 and 13, the NLP (6.8) is solved using the
current model level `a and the current stepsize ha for every pipe a ∈ Api. Most
types of NLP algorithms are iterative methods. That is, the computational costs
of the algorithms depend on the number of iterations required to converge
to a (local) optimal solution and the costs per iteration. The latter mainly
consist of the solution of a linear system (e.g., suitable forms of the KKT system
for interior-point or active-set methods) for computing the search direction.
The size of this linear system typically is O (n +m), where n is the number of
variables and m is the number of constraints of the NLP. Both n and m are
directly controlled by the stepsizes ha that we use in our NLP models. The
model level `a mainly determines the sparsity/density of the system matrices
of the linear systems and the overall nonlinearity of the NLP, which typically
influences the number of required iterations.

In Lines 3 and 14, the overall error estimator ηa(y) is computed for every
pipe a ∈ Api. Thus, for all pipes, the solution of model (D1) is computed with
stepsize both 2ha and 4ha and the solution of model (D`a ) is computed with
stepsize ha . These solutions are obtained by solving the initial value prob-
lems consisting of the ordinary differential equations (M1) and (M`a ) together
with the initial value p(x0), which is contained in the optimal solution y of
Problem (6.8). Continuing with the example of the implicit Euler method that
we use as numerical integration scheme throughout this chapter, the initial
value problems can be solved (i) by considering the implicit equations in (D1)
and (D`a ) and using, e.g., the Newton method to solve for pk in every space
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integration step or (ii) by using an existing software code and setting the order
of the numerical integration scheme to one.

The subset R in Line 10 can be determined efficiently, since ηd,a(y) has
already been computed in Line 3 or 14 for every a ∈ Api. For subset U in Line 10
and in (6.16) the error estimator ηm,a(y) has also already been computed in
Line 3 or 14 for every a ∈ Api. Moreover, `new

a in (6.12) has to be computed
in order to determine U . For this, we compute ηm,a(y ;`a −1) if and only if
`a = 3. In the case `a = 2 we have ηm,a(y ;`a −1) = 0 and for `a = 1 we have
ηm,a(y ;`new

a ) = ηm,a(y ;`a) = 0. Subset C in Line 19 can also be computed
efficiently, since ηd,a(y) has already been computed in Line 3 or 14 for every
a ∈ Api. For subset D in Line 19 and in (6.18) the error estimator ηm,a(y) has
been computed already in Line 3 or 14 for every a ∈ Api. If `a ∈ {1,2}, then
ηm,a(y ;`a +1) has to be computed for every a ∈ Api in order to determine D.

We note that the optimal solution y of Problem (6.8) contains, among
others, the model level `a , stepsize ha , and pressure p`a (x0) at the beginning
of the pipe, for every a ∈ Api. Using `a , ha , and p`a (x0), the discretization and
model error estimator for pipe a ∈ Api can be computed without information
from other pipes. Hence, the error estimators, e.g., in Line 14, can be computed
in parallel.

Up to now, we have discussed two types of errors: modeling and discretiza-
tion errors. Both are handled by Alg. 6.1 and we have shown that the algorithm
terminates with a combined model and discretization error that satisfies a
user-specified error tolerance ε> 0. What we have ignored so far is that the
NLPs are also solved by a numerical method that introduces numerical errors
as well. However, it is easy to integrate the control of this additional error
source into Alg. 6.1. Let εopt > 0 be the optimality tolerance that we hand over
to the optimization solver and suppose that the solver always satisfies this
tolerance. Furthermore, let the tolerance ε considered so far now be denoted
by εdm. Using the triangle inequality we easily see that the upper bound of
the total error (that is aggregated modeling, discretization, and optimization
error) is εopt +εdm. Hence, in order to satisfy an overall error tolerance ε> 0,
we have to ensure that εopt +εdm ≤ ε holds, which can be formally introduced
in Alg. 6.1 by replacing ε with εopt +εdm.

Finally, note that this additional error source directly suggests itself for
adaptive treatment as well. In the early iterations of Alg. 6.1 it is not important
that εopt is small. That is, the optimization is allowed to produce coarser
approximate local solutions. However, in the course of the algorithm, one can
observe the achieved modeling and discretization error and can adaptively
tighten the optimization tolerance. Since this strategy allows the optimization
method to produce coarse approximate solutions in the beginning, it can be
expected that this leads to a speed-up in the overall running times of Alg. 6.1.

The choice of the error tolerance ε that has to be provided in Alg. 6.1 will
depend on the user requirements, however, one should be aware that due to
the round-off errors committed during every single step of the procedure, and
due to possible ill-conditioning of the linear systems solved by the NLP solver,
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none of the three errors, the discretization error, the modeling error, and the
NLP error can be chosen extremely small. Since the backward error and the
associated condition number of the linear systems can be estimated during
the procedure, see [49], and since the error estimates for the discretization
method are at hand, it is just the modeling error which is not known a priori.
To estimate this latter error (of the finest model) usually requires a comparison
with experimental data. If these are available during a real-world process, then
it is possible to adjust the required tolerances ε in a feedback loop using a
standard PI controller, see, e.g., [84], i.e., if measured data are available that
show that the finest model has a given accuracy, then ε should not be chosen
smaller than this.

Finally, we want to stress that the described adaptive error control algo-
rithm can be used with any number of model levels in the hierarchy, with any
higher order discretization scheme, and with any number of grid refinement
levels.

6.5 Computational Results

In this section we present numerical results obtained by the adaptive error
control algorithm. To this end, we compare the efficiency of the method with
an approach that directly solves an NLP that satisfies the same error tolerance
and that is obtained without using adaptivity. Before we discuss the results
in detail we briefly mention the computational setup and the gas transport
network instances that we solve.

We implemented the adaptive error control algorithm 6.1 in Python 2.7.13
and used the scipy 0.14.0 module for solving the initial value problems. All non-
linear optimization models have been implemented using the C++ framework
LaMaTTO++1 for modeling and solving mixed-integer nonlinear optimiza-
tion problems on networks. The computations have been done on a six-core
AMD OpteronTM Processor 2435 with 2.20 GHz and 64 GB of main memory.
The NLPs have been solved using Ipopt 3.12; see [97, 98].

For our computational study, we choose publicly available GasLib in-
stances; see [88]. This has the advantage that, if desired, all numerical results
can be reproduced on the same data. In what follows, we consider the net-
works GasLib-40 and GasLib-135, since these are the largest networks in the
GasLib that only contain pipes and compressor stations as arc types. Detailed
statistics are given in Table 6.1.

Next, we describe the parameterization of Alg. 6.1. We initialize every pipe
a ∈ Api with the coarsest model level `a = 3 and with the coarsest possible
discretization grid. In order to yield a well-defined algorithm, the number of
discretization grid intervals has to be a multiple of 4; see Figure 6.2. Thus, we
initially set ha = La/4 and ensure in Step 21 of Alg. 6.1 that we never obtain
a coarser grid size than the initial one. The overall tolerance is set to ε =

1http://www.mso.math.fau.de/edom/projects/lamatto.html

http://www.mso.math.fau.de/edom/projects/lamatto.html
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Table 6.1: Statistics for the instances

Network # nodes # pipes # compressor total pipe
stations length (km)

GasLib-40 40 39 6 1112
GasLib-135 135 141 29 6935

10−4 bar. Moreover, we set Θd =Θm = 0.7, Φd =Φm = 0.3, τ = 1.1, and µ = 4.
Here, we refrain from updating these parameters from iteration to iteration,
which is possible in general. Note that our parameter choice violates the
second inequality of Theorem 6.4. This could be fixed by simply increasing the
hysteresis parameter µ. However, we refrain from using a larger µ in order to
give the adaptive algorithm more chances to also switch down in the model
hierarchy or to coarsen discretization grids. Our numerical experiments show
that the violation of the second inequality of Theorem 6.4 does not harm
convergence in practice but leads to slightly faster computations.

The same rationale holds for the relation between model and discretization
error as assumed in Theorem 6.4; see also Lemma 6.3. To be fully compliant
with the theory, the initial discretization grids need to be much finer. Again,
coarser initial discretization grids do not harm convergence in our numerical
experiments but yield much faster computations.

We now turn to the discussion of the numerical results. Both instances are
solved using 8 iterations. Thus, together with the initially solved NLP, we have
to solve 9 NLPs for solving both instances.

Using the adaptive control algorithm, it takes 3.82 s to solve the GasLib-40
instance and 7.50 s to solve the GasLib-135 instance. For the GasLib-40 network,
the final NLP contains 2030 variables and 1990 constraints, whereas for the
GasLib-135 the final NLP contains 3410 variables and 3270 constraints.

Most interesting is the speed-up that we obtain by using the adaptive
control algorithm. Thus, we compare the above given solution times with
the solution times for an NLP that satisfies the same error tolerances but
that is obtained without using model level and discretization grid adaptivity.
This NLP contains 40 000 variables and 40 000 constraints for the GasLib-40
instance and 145 000 variables as well as 145 000 constraints for the GasLib-135
instance. Compared to the final NLPs that have to be solved within the adaptive
algorithm, the NLPs obtained without using adaptivity are quite large scale.
This directly translates to solution times. The GasLib-40 instance requires
53.1 s and the GasLib-135 instance requires 122 s. Thus, we get a speed-up
factor of 13.89 and 16.33, respectively.

Figure 6.4 illustrates the adaptivity of the algorithm by plotting how many
pipe grids are refined (|R|) and how many pipe models are switched up in
the hierarchy (|U |). It can be clearly seen that increasing the accuracy is only
needed for a small fraction of the pipes. For the GasLib-40 network, we never
refine grids for more than 9 pipes, whereas we never refine grids for more than
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21 pipes for the GasLib-135 network. Thus, for the larger network, we never
refine grids for more than 15 % of all pipes.

For both networks, the Lines 20 and 21 are only reached once. For the
smaller network, only 1 pipe grid is coarsened, whereas 3 pipe grids are coar-
sened for the larger network. Moreover, the algorithm never switches down
in the model hierarchy. Consequently, the NLPs get larger from iteration
to iteration. This then yields increased running times for the NLP solver as
depicted in Figure 6.5. It can be seen that the subsequent NLPs can be solved
quite fast. There are two main reasons for this phenomenon. First, the NLP’s
size only increases moderately due to the adaptive control strategy. Second,
the overall algorithm allows for warm-starting: When solving a single NLP we
always use the last NLP’s solution to set up the initial iterate.

Lastly, we consider the decrease in the respective errors. In Figure 6.6,
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Figure 6.4: Number of pipes with refined grid (y-axis; |R|) and number of
pipes where the model is switched up in the model hierarchy (y-axis; |U |) over
the course of the iterations (x-axis). Left: GasLib-40, right: GasLib-135.
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the computation of the error estimates. Left: GasLib-40, right: GasLib-135.
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the discretization, model, and total errors are plotted over the course of the
iterations. Both profiles show the expected decrease in the errors.
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Figure 6.6: Discretization, model and total error estimates (y-axis) over the
course of the iterations (x-axis). Left: GasLib-40, right: GasLib-135.

6.6 Summary of Chapter 6

We have considered the problem of operation cost minimization for gas trans-
port networks. In this context, we have focused on stationary and isothermal
models and developed an adaptive model and discretization error control
algorithm for nonlinear optimization that uses a hierarchy of continuous and
finite-dimensional models. Out of this hierarchy, the new method adaptively
chooses different models in order to finally achieve an optimal solution that
satisfies a prescribed combined model and discretization error tolerance. The
algorithm is shown to be convergent and its performance is illustrated by
several numerical results.

The results pave the way for future work in the context of model switching
and discretization grid adaptation for nonlinear optimal control. On the one
hand, it should be extended to non-isothermal and instationary models of
gas transport, in particular, in a port-Hamiltonian formulation. On the other
hand, it would be interesting to extend the new technique to mixed-integer
nonlinear optimal control.



Chapter 7

Conclusions and Outlook

The numerical solution of a simulation or an optimization problem contains
errors from all or some of the following sources: modeling, discretization, iter-
ation, data uncertainty, and rounding errors. In this work, estimators for the
different error sources have been derived and the errors have been adaptively
controlled. As an example, natural gas networks have been considered. The
gas flow through the pipes is modeled using a hierarchy of models based on the
Euler equations of fluid dynamics. In order to obtain an appropriate trade-off
between accuracy and computational complexity, detailed (and therefore com-
putationally expensive) models should only be used in the network where this
is necessary, e.g., right after a compressor, where the gas flow is dynamic. On
the other hand, in parts of the network where the gas flow is steadier, simpler
models, with a lower computational cost, can be applied. For many models in
this hierarchy, we compute and analyze the magnitude of the different error
sources within the state variables of a gas flow simulation using a backward
error analysis. While modeling and discretization error estimators for gas flow
simulations have already been extensively studied in the last decades, there
is relatively few literature on iteration, data uncertainty, and rounding errors,
which are therefore our main focus in Chapters 3 and 4. Moreover, if the total
error exceeds a prescribed tolerance, then the different error components for
every pipe have been adaptively controlled in Chapters 5 and 6 using Greedy-
like strategies and techniques stemming from adaptive finite element methods.
Both a synthetic experiment and applications to realistic gas networks have
shown that the developed adaptive techniques significantly reduce the compu-
tational time as compared to classical methods, while maintaining the same
accuracy.

We now shortly discuss the conclusions from the individual chapters. In
Chapter 3, estimators have been derived for all the different error sources and
they have been applied to a two-level model hierarchy for the simulation of gas
flows. We find, e.g., that the componentwise condition numbers for nonlinear
systems of equations reflect the sensitivity of the problem better than the
classical normwise condition numbers. Moreover, spatial and temporal step-
sizes are determined for which a well-conditioned problem is obtained. The
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analysis in Chapter 3 was performed for a single pipe with a two-point spatial
discretization scheme that is often used in gas flow optimization methods. The
sensitivity analysis has been extended in Chapter 4 to an exemplary Y-shaped
gas network that is discretized using the implicit box scheme, which is an
effective discretization scheme for transient gas flow problems. The sensitivity
of the network state with respect to perturbations in the boundary conditions
has been computed using novel componentwise amplification vectors. We
find that the mass flow rate in the first pipe is highly sensitive to perturbations
in the inlet pressure. It is shown in Chapter 5 that the problem of finding an
optimal refinement scheme is a generalization of the unbounded knapsack
problem. New Greedy-like refinement strategies for the adaptive control of the
error in space, time, and model have been developed, which have a network
overview and take the behavior of the gas flow better into account than the
strategy that is currently used in gas flow simulation software. Both a synthetic
experiment on an abstract gas network and a realistic gas flow simulation
show that the new strategies significantly outperform the current refinement
strategy with respect to the computational cost incurred. Finally, in Chapter 6,
the discretization and model error in every pipe are adaptively controlled
within an optimization algorithm using bulk criteria. It is proven that, also
when one allows for coarsening, an ε-feasible solution is found after a finite
number of grid and model adaptations. Numerical experiments show that the
use of adaptive error control reduces the computational time substantially
as compared to solving the optimization problem without adaptivity, while
retaining the same accuracy.

Although error estimators have been developed for all the different er-
ror sources in Chapter 3, only the discretization and model error have been
adaptively controlled in Chapter 5 and 6. Thus, future work should consist
of incorporating the iteration, data uncertainty, and rounding errors into the
adaptive controllers. Further, note that we have chosen the example of gas
networks. However, the developed error estimators and adaptive control strate-
gies can be easily adapted to other applications on networks, like water flow,
electricity, and traffic flow problems.



Appendix A

Forecast Error Analysis using
ANACONDA

In this appendix, we analyze the effect of forecast errors in the gas demand on a
certain quantity of interest. First, some regulatory rules concerning the trading
of natural gas are discussed in Section A.1. The gas flow model used within
the simulation software ANACONDA is given in Section A.2. In Section A.3,
a network with one compressor is simulated, where the quantity of interest
is the volume flow rate at the source. A network with three compressors is
considered in Section A.4, with the total fuel gas consumption as the quantity
of interest.

A.1 Rules for using Gas Networks

Before the German gas market liberalization in 2005, there were only a few
German gas companies that were both gas traders and network operators [64].
After the liberalization, the trading and the shipping of gas were separated.
Because of the high importance of gas in the German energy supply, the
trading and shipping of gas are subject to strict regulations. In [64, p. 49], the
process before the actual transportation of the gas is described. First, capacity
contracts, which are rights to inject or withdraw gas within certain limits, can
be booked by a transport customer to be allowed to transport gas through the
network. Second, on the day before the transportation the nomination takes
place, i.e., the transport customer has to fix the share of the capacity contracts
it wants to use. Finally, until two hours before the transportation, the customer
is allowed to renominate the initial nomination, e.g., if the supply or demand
has unexpectedly changed. Besides this process, there is a daily auction on
which freely available capacities are sold one day before the transportation,
which do not have the right of a renomination.
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A.2 ANACONDA Gas Flow Model

The code ANACONDA [65] simulates the gas flow through pipeline networks.
It uses the volume flow rate under standard conditions, which is given by [33]

q0 =
Aρv

ρ0
,

with unit m3/s, where A is the cross-sectional area of the pipe and ρ0 the
density under standard conditions. By standard conditions, an air pressure
of 1 atm = 1.01325 bar and a temperature of 0 ◦C = 273.15 K is meant [33]. The
nonlinear model in ANACONDA to simulate gas flow through pipes is given by
[39, Eq. (5)]

∂p

∂t
+ ρ0c2

A

∂q0

∂x
= 0, (A.1a)

∂q0

∂t
+ ∂

∂x

(
A

ρ0
p + ρ0c2

A

q2
0

p

)
=−λρ0c2|q0|q0

2D Ap
. (A.1b)

This nonlinear model is derived from the isothermal Euler equations, the first
two equations of (3.1), by assuming both the compressibility factor z to be
constant and the pipe to be horizontal, i.e., h′ = 0.

A.3 Network with One Compressor

A small example gas network with one compressor and one pipe is given in
Figure A.1. The gas flow in this network is simulated with ANACONDA [65]
using the nonlinear model (A.1) for the gas flow in the pipe. The compressor
is set to increase the pressure p of the gas with 4 bar and the bypass valve is
closed. The time horizon for the simulation is set to t f = 4h. As boundary
values, the pressure at the source (so) is prescribed by p(so, t ) = 60bar for every
time t ∈ [0, t f ] and the volume flow rate at the sink (si) is prescribed by

q0(si,0) = 0, q0(si,1h) = 139, q0(si,2h) = 194,

q0(si,3h) = 83, q0(si,4h) = 139,
(A.2)

with a linear interpolation between these time points. The main result of the
simulation is the volume flow rate at the source q0(so, t ) at the different time
points ti , given by

q0(so,0) = 0, q0(so,1h) = 141, q0(so,2h) = 194,

q0(so,3h) = 84, q0(so,4h) = 139.
(A.3)

The result shows the amount of gas that should be inserted into the source
such that the demand at the sink, given by the boundary values (A.2), is fulfilled.
The flow rates in (A.2) are forecasted demands for gas at the sink. However,
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forecast errors are involved in these demands. A customer could change his
mind due to unexpected circumstances and would like to withdraw a different
gas flow rate at the sink as originally stated. Customers are allowed to change
their demand until two hours before the withdrawal using a renomination; see
Section A.1. Thus, uncertainty is involved in the boundary values.

We investigate how the errors in the boundary values influence the re-
sult (A.3) by perturbing the flow rates at the sink with ±5%. We find a linear de-

pendence between q0(so, ti ) and q0(si, ti ) with a slope of one, i.e., ∂q0(so,ti )
∂q0(si,ti ) = 1.

This holds for all four different times ti ∈ {1h,2h,3h,4h}. It means that the
error in the result (A.3) is equal to the forecast error in the flow rates (A.2). For
example, if we know from experience that the forecast error for the volume flow
rate at the sink q0(si, t), t ∈ [0, t f ], is less than or equal to 10%, then we know
that the volume flow rate at the source q0(so, t) can also maximally change
with 10%. Hence, ten per cent more gas should be kept ready at the source
than the result of the simulation shows in order to satisfy the possible increase
in demand at the sink.

Source Sink

Figure A.1: A small gas network with (from left to right) a source, a compressor
including a bypass valve, a pipe, and a sink [39].

A.4 Network with Three Compressors

We again consider the realistic pipe network depicted in Figure 5.3. It con-
sists of twelve pipes P01–P12 with lengths between 30 km and 100 km, three
compressors, one control valve, two sources, and four sinks. The target func-
tional M is given by the total fuel gas consumption of the compressors [33, p.
106]

M(u) =
∑

c∈Jc

∫t f

0
Fc (u, t )dt , (A.4)

where u = [p, q]T is the state vector, Jc is the set of compressor stations,
t f = 86400s(24h) the simulation time, and Fc the fuel gas consumption of
compressor c . The unit of target functional M is m3. The fuel gas consumption
Fc is given by [55], [33, Eq. (1.29)]

Fc = dF,c q0,in

((
pout

pin

)γ−1
γ

−1

)
,
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where the coefficient dF,c is a compressor specific parameter, q0,in is the vol-
ume flow rate at the compressor inlet, pout and pin are the pressures at the
compressor outlet and inlet, respectively, and γ is the isentropic coefficient of
the gas. The unit of the fuel gas consumption Fc is m3/s. The initial conditions
are set to the stationary state of the network and the boundary conditions are
set to

p(So01, t ) = 60, ∀t ∈ [0, t f ], (A.5a)

q0(So02, t ) =
{

200+ 1
2880 t , for t ≤ 14400,

205, for t > 14400,
(A.5b)

q0(Si01, t ) = 100, ∀t ∈ [0, t f ], (A.5c)

q0(Si02, t ) = 50, ∀t ∈ [0, t f ], (A.5d)

q0(Si03, t ) = 100, ∀t ∈ [0, t f ], (A.5e)

q0(Si04, t ) = 100, ∀t ∈ [0, t f ]. (A.5f)

The gas flow through this pipeline network is again simulated using the soft-
ware ANACONDA [65], which results in a target functional value M in (A.4).
The boundary values at the four sinks in (A.5c)–(A.5f) are predicted demands
by the customers for the coming 24 hours. Again, it could happen that the
customers’ wishes change during this time period. In this case, the customer
is allowed to modify his or her demand at time ti for time ti +2h onward using
a renomination; see Section A.1. Hence, the boundary values in (A.5c)–(A.5f)
again contain uncertainties during the simulation time of 24 hours.

We determine the effect that the uncertainties in the boundary conditions
have on the total fuel gas consumption M . For this, the volume flow rates q0 at
the four sinks are perturbed with ±10% for every time t ∈ [0, t f ] and the total
fuel gas consumption is computed as a function of the flow rates within this
range. We find a linear relation between the fuel gas consumption and the gas
flow rate at all four sinks. The slopes of the linear functions are 0.12 for sink
Si01 and 0.22 for sinks Si02–Si04. This means that changes in the flow rates of
sinks Si02–Si04 have a larger effect on the total fuel gas consumption than a
change in the flow rate of sink Si01.
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