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To my little ninjas,





Tout doit tendre au bon sens : mais, pour y parvenir,
Le chemin est glissant et pénible à tenir;
Pour peu qu’on s’en écarte, aussitôt on se noie.
La raison pour marcher n’a souvent qu’une voie.

Nicholas Boileau. L’art poétique, 1674





Abstract

In the past decades, the rise of transcranial current stimulation (tCS) has sparkled
an increasing interest in the effects of weak extracellular electric fields on neural activity.
These fields, such as induced during tCS, have been shown to polarize the neuronal
membrane and, consequently, to modulate the spiking activity. In this thesis, I follow a
modelling approach to investigate how single neuron properties affect their polarization
in response to weak extracellular fields and how this response translates into a change
in spiking activity.

In the first part, I consider the effects of the somatic membrane polarization due to
sinusoidal electric fields on neural activity. Using a canonical spatial neuron model, I
investigate how this subthreshold membrane polarization leads to a modulation of the
spike rate response to stochastic input currents. Importantly, I observe a resonance
in the spike rate modulation, or in other words, an enhanced spike-field coherence.
The resonance frequency depends on the location of the background synaptic input
and on the somatic spike mechanism. Furthermore, I extend leaky and non-linear
integrate-and-fire point neuron models to reproduce the dynamics of the spatially ex-
tended neuron model. To this end, I analytically derive additional model components
to account for (i) two different locations of synaptic inputs and (ii) the somatic polar-
ization due to weak electric fields. While retaining computational efficiency, the point
neuron model extension successfully reproduces the original model response to synap-
tic input and to extracellular fields. The extended model is therefore well suited to
investigate the effects of extracellular electric fields on the dynamics of large neuronal
populations.

In the second part, I focus on the polarization of the dendritic arbor due to weak
electric fields. Using a biophysically detailed model, I first investigate the frequency-
dependent subthreshold sensitivity of L5 cortical pyramidal cells to sinusoidal electric
fields. Importantly, I observe a strong resonance around 10-20Hz in the field sensitivity
at the apical dendrites, which is absent at the soma or basal dendrites. To disentan-
gle the relative roles of the cell morphology and active properties in this differential
field sensitivity, I further consider simplified models, ranging from simple passive cable
models to reconstructed cell models with simplified active properties. I attribute this
differential polarization to (i) an increased sensitivity at the apical dendrites due to the
morphology and (ii) the high density of active ions channels, especially h-type current,
in the apical dendrites. Finally, I illustrate how the subthreshold polarization due to
electric fields can modulate firing activity of pyramidal cells, notably their firing of
somatic action potentials and dendritic calcium spikes.

Overall, this thesis provides an enhanced understanding of the effects of weak elec-
tric fields on neural activity and is, therefore, a further step towards improving the
design of tCS protocols.
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Zusammenfassung

In den letzten Jahrzehnten löste die zunehmende Verbreitung von transkranieller
Stromstimulation (tCS) ein erhöhtes Interesse an den Auswirkungen schwacher ex-
trazellulärer elektrischer Felder auf die neuronale Aktivität aus. Diese Felder, die
während tCS induziert werden, sind dafür bekannt, die neuronale Membran zu po-
larisieren und somit die Spikingaktivität zu modulieren. In dieser Arbeit verfolge ich
einen Modellierungsansatz, um zu untersuchen, wie die Eigenschaften einzelner Neuro-
nen ihre Polarisation durch schwache extrazelluläre Felder beeinflussen und wie diese
Polarisation in eine Veränderung der Feuerrate übersetzt wird.

Zunächst betrachte ich die Auswirkungen der somatischen Membranpolarisation
durch sinusförmige Felder auf die neuronale Aktivität. Anhand eines kanonischen
räumlichen ausgedehnten Neuronenmodells untersuche ich, wie diese unterschwellige
Membranpolarisation zu einer Modulation der Feuerrateantwort auf stochastische Ein-
gangsströme führt. Interessanterweise finde ich eine Resonanz in der Modulation der
Feuerrate, also eine verstärkte Kohärenz zwischen Spikes und dem Feld. Die Reso-
nanzfrequenz ist abhängig von der räumlichen Position des synaptischen Eingangstroms
und vom somatischen Spike-Mechanismus. Darüber hinaus erweitere ich lineare und
nichtlineare Integrate-and-fire Neuronenmodelle, um die Dynamik des räumlichen Neu-
ronenmodells zu reproduzieren. Zu diesem Zweck leite ich analytisch zusätzliche Mod-
ellkomponenten ab, um zwei verschiedene Stellen von synaptischen Eingängen sowie die
somatische Polarisation durch schwache elektrische Felder zu berücksichtigen. Das er-
weiterte Punkt-Neuronenmodell reproduziert erfolgreich die Antwort des ursprünglichen
Modells auf synaptische Eingaben sowie auf extrazelluläre Felder und ist dabei rech-
nerisch viel effizienter. Das erweiterte Modell ist daher gut geeignet, die Auswirkungen
extrazellulärer elektrischer Felder auf die Dynamik großer Neuronenpopulationen zu
untersuchen.

In einem zweiten Schritt konzentriere ich mich auf die Polarisation des dendritischen
Baums durch schwache elektrischer Felder. Anhand eines biophysikalisch detaillierten
Modells untersuche ich zunächst die frequenzabhängige Unterschwellenempfindlichkeit
von L5 kortikalen Pyramidenzellen unter Einwirkung von sinusförmigen elektrischen
Feldern. Wichtig ist, dass ich eine starke Resonanz um 10-20Hz in der Empfindlichkeit
von apikalen Dendriten für Felder beobachte, die an den Soma- oder Basal-Dendriten
fehlt. Um der relativen Rolle der Zellmorphologie und der aktiven Eigenschaften in
dieser differentiellen Empfindlichkeit für Felder auf den Grund zu gehen, betrachte ich
vereinfachte Modelle, die von einfachen passiven Kabelmodellen bis zu rekonstruierten
Zellmodellen mit vereinfachten aktiven Eigenschaften reichen. Ich schreibe diese dif-
ferentielle Polarisation (i) einer erhöhten Empfindlichkeit an den apikalen Dendriten
aufgrund der Morphologie und (ii) der hohen Dichte an aktiven Ionenkanälen, insbeson-
dere dem h-Typ-Strom, in den apikalen Dendriten zu. Schließlich veranschauliche ich,
wie die unterschwellige Polarisation durch die Felder die Spikingaktivität von Pyrami-
denzellen modulieren kann, insbesondere deren Auslösen von somatischen Aktionspo-
tentialen und dendritischen Kalziumspikes.

Insgesamt bietet diese Arbeit ein besseres Verständnis der Auswirkungen schwacher
elektrischer Felder auf die neuronale Aktivität und ist daher ein weiterer Schritt zur
Verbesserung des Designs von tCS-Protokollen.
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Chapter 1

Introduction

Over two centuries ago, Aldini (1804) was already applying low-amplitude electrical
stimulations on the brain. This interest for low-amplitude current stimulations went on
through generations of physiologists, before being partially eclipsed by high intensity
current stimulations during the 20th century (see Zaghi et al., 2010, for an historical
review). Beginning of the XXIst century, the rise of transcranial magnetic stimula-
tion (TMS) gave birth to a renewed interest for non invasive stimulation techniques.
Among them, the effects of transcranial current stimulation (tCS) on brain activity has
been widely investigated (Zaghi et al., 2010). Yet, the efficacy of tCS has been highly
variable. Behind this variability lies a lack of understanding of tCS effects on neural
activity at the microscopic level. This thesis aims at providing a theoretical basis for a
better understanding of tCS effects on neural activity. Specifically, this thesis focuses
on the effects of weak extracellular electric fields, as generated during transcranial cur-
rent stimulations, on single neuron activity. To begin with, I first review the effects of
tCS and the associated extracellular field.

Presenting transcranial current stimulation Transcranial current stimulation
consists in the application of a weak electric current on a subject scalp (see
Herrmann et al., 2013, for a review). This non-invasive stimulation technique has been
derived in multiple variants, depending on the type of the applied current. The usual
variants consist in the application of direct currents (DC), namely transcranial DC
stimulation (tDCS), or of alternating currents (AC), typically sinusoidal, i.e. transcra-
nial AC stimulation (tACS). Other variants can use, for example, Gaussian white-noise
currents, namely transcranial random noise stimulation (tRNS) (Paulus, 2011), or a
DC current with additional oscillations, i.e. slow oscillatory transcranial direct current
stimulation (so-tDCS) (Ladenbauer et al., 2017).
In all variants, the applied currents are of low amplitude: typically 1mA. In fact, the
stimulation intensities were long set below 2mA for safety reasons (Zaghi et al., 2010),
albeit some recent studies use stronger (3mA) currents (McNickle and Carson, 2015,
for example). Typical stimulations last from a couple of minutes to hours (Paulus,
2011).
Transcranial brain stimulation have been shown to modulate the brain activity and,
sometimes, the associated cognitive capacities (Herrmann et al., 2013). Among others,
Nitsche and Paulus (2000) showed that tDCS could change up to 40% the excitabil-
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ity of motor cortex revealed by TMS1. Applying low frequency tACS during sleep,
Marshall et al. (2006) enhanced the retention of declarative memories in human. Tran-
scranial current stimulation has also been used to improve rehabilitation after stroke,
albeit without robust results (Schmidt et al., 2013). Nevertheless, a general effect of
tCS on neural activity is difficult to deduce from existing literature (Zaghi et al., 2010).
Indeed, the tCS studies usually apply different stimulation setups (e.g. electrodes po-
sition, stimulus intensity or current type) on different tasks and, consequently observe
different results (Fröhlich et al., 2014). Overall, this high variability reflects a lack of
basic understanding of the mechanism behind tCS action on neural activity.

tCS-induced extracellular electric fields Injecting an electric current on a sub-
ject scalp results in a current flowing through the brain. The distribution of the
current within the brain can be estimated from structural magnetic resonance im-
ages (T1, T2) of the head using Finite Element Methods (FEM) (Neuling et al., 2012;
Datta et al., 2012). In brief, the head is first segmented in several layers, e.g. skin,
skull, cerebrospinal fluid (CSF), white and grey matter. To each layer is associated a
conductivity value2, whose anisotropy can be estimated from diffusion tensor imaging
(Neuling et al., 2012). Finally, the distribution of the current is computed in these
layers by solving the maxwell equations with current and voltage continuity between
layers as boundary conditions. The maxwell equations are solved by dividing the space
into small unit volumes, hence the name Finite Element Methods3.
FEM studies inform us that most of the applied current flows along the scalp instead
of penetrating the brain. The current can be 10 times stronger in the scalp than in the
brain Neuling et al. (2012). Similarly, most of the current penetrating the brain flows
within the CSF and tDCS produces mostly a current tangential to the cortical surface
(Rahman et al., 2013).
The tCS-induced current penetrating the brain is distributed broadly across the brain.
Nevertheless, the distribution is not uniform: the current amplitude reaches a peak at
a given location and is lower in the rest of the brain. In fact the exact current distri-
bution strongly depends on the stimulation setup, i.e. the number of electrodes and
their positions. For example, using the HD-tDCS electrode setup4 results in a current
more densely distributed under the electrodes (Datta et al., 2012). Furthermore, the
current distribution also depends on the subjects head morphology. Datta et al. (2012)
found a 1.5 fold difference in the peak current distribution across different subjects.
Nonetheless, the deeper cortical regions are usually not reached.
The current induced within the brain by tCS can be translated into a gradient of
extracellular potential. In the following, I refer to this gradient as the extracellular

1 Nitsche and Paulus (2000) applied TMS on the motor cortex and measured the ensuing motor-
evoked potential in the right abductor digiti minimi muscle (the muscle pulling the hand little finger
away from the others). They found tDCS to significantly modify the size of this motor-evoked poten-
tial.

2 The conductivities are relatively constant in the 1-100Hz frequency range usually used in tACS
(see Miranda et al., 2009, for a review)

3Note that this technique is also used in Electroencephalography (EEG) analysis to compute the
lead-field matrix, which maps the brain activity at a given location to the recorded voltage at the
electrodes (Vatta et al., 2010).

4 The HD-tCS setup consists of 4 cathode disk electrodes surrounding an anode center electrode.
The conventional electrodes setup usually uses only 2 electrodes: one anode and one cathode.
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electric field, or simply the extracellular field. From now on, I will mostly consider the
generated extracellular field instead of the extracellular current.
During 1mA tCS, the extracellular field peaks at approximately 0.5 V/m (Neuling et al.,
2012; Datta et al., 2009, 2012).
Despite variations in the tCS-induced field distributions, the field is usually assumed
to be, locally, spatially uniform (Bikson et al., 2012a). In other words, the field orien-
tation and strength do not change spatially at the scale of a local neuronal population.
This means that the spatial derivative of the field , i.e. the second spatial derivative of
the extracellular potential, is null. In the Cartesian system, this yields:

~∇(E(t)) =
∂E(t)

∂x
~i+

∂E(t)

∂y
~j +

∂E(t)

∂z
~k = 0

where E is the electric field, ~∇ denotes the vector differential operator, and ~i, ~j, ~k the
standard unit vectors in the direction of the x, y, z coordinates.
In practice this assumption implies that, at a given time t, the extracellular potential
scales linearly along a given spatial direction. However the exact amplitude of the field
can vary in time. This assumption of a spatially uniform field is crucial for most of the
results presented in this thesis.

A common question about tCS-induced extracellular electric field is how they com-
pare to endogeneous electric fields, namely Local Field Potentials (LFP)5. The main
difference between endogenous and tCS-induced fields lies in the spatial non-uniformity
of the endogenous fields at the neuron scale. Indeed, the second derivative of the
LFP, also known as Current Source Density, have troughs and maxima along the cell
(Einevoll et al., 2013).
The amplitudes of tCS-induced and endogeneous fields are of similar order of magni-
tude. In fact, the amplitude of endogenous fields depends on the considered rhythm and
can be stronger than tCS fields. For example, Fröhlich and McCormick (2010) mea-
sured a peak amplitude of 2 V/m during slow-oscillation in primary visual cortex of
anesthetized ferrets. Similarly, Anastassiou et al. (2010) reported, in rats CA1, a LFP
of 2-3 V/m during theta (4-12Hz) oscillations and of 10-15V/m during hippocampal
sharp waves, which are associated with high temporal frequencies (180-200Hz).

Polarization of single neuron due to weak extracellular fields With the rise
of tCS, the effects of weak electric fields on neural tissue has known a regain of interest
in the last 15 years. In a seminal work, Bikson et al. (2004) applied step, i.e. DC,
fields in rat hippocampal slices. Using intracellular and voltage-sensitive dyes record-
ings, they found the field to polarize pyramidal cells. The induced polarization was
not uniform over the whole cell; instead fields parallel to the cell somato-dendritic axis
induced a polarization at the apical tree opposite to the polarization at the soma or
basal dendrites. For this field orientation, the stronger polarization was measured at
the tip of basal and apical dendrites.
Most importantly, Bikson et al. (2004) used a wide range of DC field amplitudes and
found the polarization induced by weak subthreshold fields (≤ |40|V/m) to scale

5The term LFP is somewhat confusing. In the literature, LFP usually denotes the extracellular
potential and not the extracellular field. In other words, LFP refers to the potential measured at
one electrodes (Einevoll et al., 2013) and not to its gradient, which would be the extracellular electric
field.
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linearly with the field amplitude. This linearity enables the definition of the sub-
threshold field sensitivity, at a given location, as the polarization amplitude divided
by the field amplitude. Bikson et al. (2004) reported an average field sensitivity of
0.12 ± 0.05 mV.(V/m)−1 at the soma for fields parallel to the somato-dendritic axis
and no somatic polarization for orthogonal fields.
The DC somatic polarization is now known to depend on the cell morphology and
on the field orientation with respect to the cell somato-dendritic axis (Radman et al.,
2009). In this work, Radman et al. applied DC fields on slices of rats motor cortex,
while recording intracellularly interneurons and pyramidal cells. After reconstructing
the cells, they found the somatic polarization to correlate with the cell morphology
and the field orientation. In particular, pyramidal cells displayed the strongest somatic
polarization for fields parallel to their somato-dendritic axis6; the soma of symmetric
cells, e.g. interneurons, was little polarized.
Compared to polarization through DC fields, the polarization induced by oscillating,
i.e. AC, fields has received little attention. Deans et al. (2007) measured, in vitro, the
somatic polarization of CA3 pyramidal cells due to AC fields with frequencies ranging
from DC to 100Hz. For all considered field frequencies, the polarization amplitude
scaled linearly with the field amplitude. Deans et al. reported an exponential decay of
the somatic polarization with the field frequency. It is noteworthy, though, that the
lowest field frequency they measured is 10Hz and that the exponential decay is not
including the 0 Hz field (DC) (see Deans et al., 2007, Fig. 1C). Hence, Deans et al.
measurements do not exclude a resonance of the somatic field sensitivity in the low
frequency range (between 0 and 10Hz). To my knowledge, Deans et al. work is the
only experimental study reporting the subthreshold sensitivity of pyramidal cells to
AC fields for a wide range of frequencies (see Reato et al., 2013, Fig. 1E for a review);
unfortunately they solely measured the polarization at the soma.

Modulation of neural activity due to weak electric fields So far, I reviewed
studies investigating the subthreshold polarization of neuronal membranes due to elec-
tric fields. Still, a primordial question remains: how does this subthreshold polarization
translates into a suprathreshold modulation, i.e. a modulation of neuronal spiking ac-
tivity?
To address this question, Bikson et al. (2012b) theorized the somatic and the terminal
doctrines. According to the somatic doctrine, weak electric fields modulate neural ac-
tivity by polarizing the soma; this somatic polarization brings the somatic membrane
potential closer or further away from the spiking threshold. The terminal doctrine then
complements the somatic doctrine. The terminal doctrine assumes that the effects of
electric fields is not solely located at the soma but at neuronal terminals too, e.g. at
the dendrites, at the synapses and/or at the axon.
The earlier studies focused only on the effects of somatic polarization on the spiking
activity. The somatic polarization due to electric fields has been shown to shift the
spike timing (Radman et al., 2007). Using CA1 hippocampal slices, Radman et al. ap-
plied an intracellular current ramp at the soma of pyramidal cells. This suprathreshold
ramp current brought the cells to fire at a regular time interval. The application of

6 In (Radman et al., 2009), the somato-dendritic axis corresponded to the vector between the
soma and the cell center of mass. This measure enables the definition of a somato-dendritic axis for
interneurons.
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weak DC fields (from -30 to 30 V/m) changed the timing of action potentials (AP).
While positive fields delayed an action potential, negative fields advanced its onset; the
shift of the spike timing scaled linearly with the field amplitude. The application of
an oscillating, i.e. AC, field (30 Hz) increased the coherence of spiking with the field
oscillations. More specifically, the field changed the distribution of spike occurrences
at a given phase of the field7.

Recently, an increasing number of experimental studies started investigating the
effects of weak electric fields on the synaptic efficacy. Using rats motor cortex slices,
Rahman et al. (2013) found weak electric fields parallel to the somato-dendritic axis to
modulate the synaptic efficacy consistently with the somatic polarization8: the synaptic
efficacy was increased by fields which depolarized the soma. In contrast, fields perpen-
dicular to the somato-dendritic axis modulated the synaptic efficacy in a pathway-
specific manner. This latter modulation was consistent with the terminal polarization,
the hyperpolarization of afferent axons facilitating the synaptic efficacy. Note that,
the polarization of axons terminals due to DC fields has been shown to significantly
modulate the action potential dynamics (Chakraborty et al., 2017). Rahman et al.
(2017) further reported a modulation of synaptic efficacy through DC fields during
adaptation to ongoing activity. Additionally, weak DC fields have been shown to affect
synaptic plasticity in CA1 of rat hippocampal slices (Kronberg et al., 2017). Measur-
ing long-term potentiation (LTP) and depression (LTD) at Schaffer collateral synapses,
Kronberg et al. analyzed the impact of ± 20V/m DC fields on the plasticity. Inter-
estingly, they observed a bias towards potentiation: the fields tended to reduce LTD
and enhance LTP. This effects could be observed with both field directions, i.e. with
positive or negative fields.

Weak extracellular fields have also been shown to alter the input/output function
of pyramidal cell, i.e., the likelihood of the cell firing a somatic spike in response to a
given synaptic input. For example, the application of 10 Hz tACS resulted, in vivo, in
a reduced spike frequency of MT (middle temporal area) neurons and in an increased
broadband LFP (Kar et al., 2017). Interestingly, Lafon et al. (2017) observed an asym-
metric change in input/output function due to DC fields of opposite directions. Using
a 2 compartments neuron model, Lafon et al. related this asymmetry to the interplay
between the somatic and terminal polarization. Indeed, while a depolarization of the
soma increased the probability of an action potential, an hyperpolarization of the den-
drites enhanced the driving force of the synaptic activity but reduced the probability of
a dendritic spike. Field parallels to the somato-dendritic axis induced opposite polar-
izations at the soma and at the apical dendrites. In case of a depolarization of the soma
(and therefore an hyperpolarization of the apical dendrites)9, these opposite polariza-
tions had a synergistic effect and the spiking probability of the cell was increased. On
the contrary, in case of an opposite field polarization, the effects at the soma and the
apical dendrites would cancel out and the input/output function of the cell was little
affected. As a consequence, (Lafon et al., 2017) concluded on an asymmetric effect of

7Note that, Radman et al. (2007) used only the timing of the first spike for this analysis.
8Rahman et al. (2013)used the terms tangential and radial, which refers to the field orientation

compared to the cortical surface. Tangential fields are orthogonal to the somato-dendritic axis of
pyramidal cells and radial fields parallel to this axis.

9Lafon et al. (2017)used the term anodal and cathodal stimulations for referring to fields generated
close to, respectively, the positive and negative tCS electrodes. Cathodal fields hyperpolarize the soma
and depolarize the apical dendrites. Anodal fields induce the opposite polarization.
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DC fields, when taking into account both somatic and apical terminal polarizations.
Yet, it is noteworthy that the electric fields applied by Lafon et al. (2017) in this study
were rather strong (35 V/m).

Modelling the effects of extracellular fields on a cable In addition to relatively
recent experimental works on the membrane polarization due to extracellular fields,
modelling studies have been investigating the mechanisms behind this polarization for
some time (see Miranda et al., 2009, for an exhaustive review). The extracellular field is
usually modeled by setting a gradient of extracellular potential along the cell membrane
(see Rattay, 1986; Tranchina and Nicholson, 1986; Plonsey and Altman, 1988; Rattay,
1998; Roth and Basser, 1990, for early works). Using this approach, Roth and Basser
(1990) derived a modified cable equation which accounts for the presence of an extracel-
lular electric field. For completeness, the derivation of this cable equation is reproduced
in the Appendix A.1.
Rattay (1986) showed that the impact of an extracellular field on the membrane is
determined by the second derivative of the extracellular potential, i.e. the gradient
of the field itself10. Consequently, spatially uniform fields (i.e. fields with a spatial
derivative being null) impact straight cables only at their extremities, leaving infinite
cables unaffected. In a more recent work, Anastassiou et al. (Anastassiou et al., 2010)
demonstrated that the membrane polarization in response to DC fields is stronger for
spatially non-uniform electric fields than for uniform ones.
Interestingly, the membrane potential has been shown to raise faster in response to an
electric field than in response to an injected input current (Cartee and Plonsey, 1992).
It is noteworthy that the formulation of the cable equation in an electric field relies
on an open-circuit model. Indeed, the current is allowed to flow between neighboring
neurons without any constraint on local electric balance. In this case the neuron does
not alter its surrounding extracellular potential, unlike what would be the case in a
closed-circuit model (see Bédard and Destexhe, 2013, Fig. 5, for a better description
of these two models and for a cable theory generalized to membranes embedded in
complex extracellular media).
Despite the assumption of an open-circuit model, the cable equation is still a good ap-
proximation for the polarization of a cylinder due to an extracellular field (Malik, 2011,
Chapt. 2). Malik used FEM to simulate the polarization of a finite cylinder in presence
of a current flowing in the extracellular medium. He then compared this polarization
obtained through FEM to the polarization of the same cylinder as predicted by the
cable equation. The cable equation accurately predicted the polarization to DC and
AC uniform fields as long as the membrane conductance was not too low and the cable
was not compact, i.e. the cable length was not negligible compared to its characteristic
space constant λ (see Fig. 2.11 and 2.12 in Malik, 2011).

Effects of tCS at the network level The effects of weak electric fields at the net-
work level have received even less attention than the effects at the single cell level. In a
seminal work, Fröhlich and McCormick (2010) showed that endogeneous electric fields,

10 In general, the contributions of Rattay mainly focus on suprathreshold stimulations of neural
activity, i.e. stimulations aiming at triggering spikes, as observed during intracellular electric stimu-
lations, e.g. deep brain stimulation. Nevertheless, his results on the membrane polarization are valid
in case of weak extracellular fields.
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i.e. LFP, may entrain neural activity. The authors recorded LFP during slow oscil-
lations, i.e. Up and Down states, in primary visual cortex of anesthetized ferrets and
injected the corresponding temporal traces of the field in cortical slices. They observed
an entrainment of Multi-Unit Activity (MUA), i.e. local population spiking, due to
the field. A similar entrainment was reported in vivo by Anastassiou et al. (2011).
Applying weak DC and AC fields in rats hippocampal slices, Reato et al. (2010) suc-
cessfully modulated carbachol-induced gamma oscillations (25-35Hz). They reported
that DC fields of opposite directions induced opposite modulations of the ongoing ac-
tivity, the amplitude of the modulation was not symmetric with the field amplitude
though. The modulation due to AC fields depended on the field frequency. Low fre-
quency fields (≤12Hz) modulated ongoing oscillations with the frequency of the field;
the mean firing rate remained unaltered. On the contrary, higher frequency fields
induced half harmonic oscillations. Interestingly, the slices were more responsive to
weak AC fields than to DC fields. Reato et al. also reproduced their in vitro results
using a network of interconnected Izhikevich point neuron models, to which they added
an additional injected input current to account for the somatic polarization. More re-
cently, (Reato et al., 2015) observed effects of tDCS-induced field on carbachol-induced
gamma oscillations that outlasted the field stimulation.
Entrainment of ongoing neural activity through tCS has also been observed in vivo
(Ozen et al., 2010). Applying very low frequency (≤ 1.7Hz) tACS on rats, Ozen et al.
reported a phase locking of neuronal activity to the electric field; the percentage of
phased-locked neurons increased with the stimulus intensity and depended on the on-
going activity. Importantly, they observed a phase-bias of neuronal spiking with electric
fields as low as 1V/m.
Using voltage-sensitive dyes, Xu et al. (2014) reported the presence of both active and
passive components in the neural population response to weak AC fields. The passive
component simply corresponded to the membrane polarization of neurons due to the
field. The active components was present only for low frequency fields and during the
first few cycles after the field onset. This active component amplified the neural re-
sponse to positive phase of the field. Xu et al. (2014) explained this active component
as a network amplification effect, the activity of several neurons being modulated syn-
chronously. Interestingly, the active component was only triggered for electric fields
stronger than 4V/m, which is of higher amplitude than tCS-induced field.

Outline To summarize, how transcranial current stimulation modulates ongoing neu-
ral activity is still largely not understood. This lack of understanding impedes the
design of optimal stimulation protocols. tCS is known to induce an extracellular elec-
tric field within the brain. This electric field polarizes the neuronal membranes and
therefore modulates the neural activity. Nevertheless, the effects of non-stationary
fields on neural activity still require further investigation (Reato et al., 2013). In this
thesis, I focus on the effects of weak uniform electric fields, as induced during tCS, on
single neuron activity. The thesis is divided in two chapters which follow respectively
the somatic and dendritic doctrine(Bikson et al., 2012b)11. While addressing the same
topic, the two chapters are largely independent and can be read separately.
In the first chapter, I investigate the effects of somatic polarization induced by weak

11 In the dendritic doctrine, I consider the effects of the dendritic polarization due to weak extra-
cellular fields, leaving aside the axonal polarization.
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electric fields on single neurons activity. In practice, I study these effects in a canon-
ical neuron model, namely a ball-and-stick model, and I extend simple point neuron
models to reproduce these effects. In the second chapter, I extend my focus from the
somatic polarization to the dendritic polarization: I investigate the polarization of the
dendritic tree of cortical pyramidal neurons. In particular, I consider the relative role of
morphology and of active membrane properties on the dendritic polarization. Finally,
I show how this polarization may affect the spiking behavior of pyramidal cells.
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Chapter 2

The somatic doctrine: Extending
point neuron models to account for
electric field effects at the soma

2.1 Overview

As introduced in the precedent chapter, transcranial current stimulation induces weak
extracellular electric fields within the brain. These electric fields have been shown
to polarize the membrane of single neurons (Bikson et al., 2004; Radman et al., 2009;
Deans et al., 2007), and therefore to modulate the neural activity. However, their
effects on population spike rate and the mechanisms underlying these effects are largely
unexplored.

Computation models are a useful tool to investigate the modulation of popula-
tion spike rates due to extracellular fields. While multi-compartment neuron models,
e.g. models with reconstructed morphology, can be used to investigate the effects of
extracellular fields on single cells or small circuits (Tiganj et al., 2014), these models
are too complex to be deployed in large populations. On the contrary, point (single-
compartment) neuron models of the integrate-and-fire (IF) type are computationally
more efficient and analytically tractable (Brunel, 2000). Point neuron models are there-
fore suitable for investigating the spike rate dynamics of large neuronal populations.
Nevertheless, usual IF neuron models lack the spatial extent, e.g. the dendritic mor-
phology, necessary to a biophysical description of the effects of electric fields. Besides,
the neuronal response properties are strongly shaped by the dendritic morphology
(Ostojic et al., 2015), even in the absence of electric fields.

In this chapter, we investigate the effects of weak electric fields on neural activity
following the somatic doctrine. In other words, we focus on the somatic polarization due
to weak extracellular fields and on the ensuing modulation of the spike rate dynamics of
simple neuron models. Furthermore, we present an extended point neuron model which
captures these effects and which can be used in large-scale simulations. Specifically, we
first consider a canonical spatial neuron model, namely the ball-and-stick neuron model,
exposed to in vivo-like fluctuating synaptic inputs and to an extracellular electric field.
We then analytically extend leaky and exponential (Fourcaud-Trocmé et al., 2003) IF
point neuron models to reproduce the subthreshold membrane dynamics of this spatial
model for arbitrary parametrizations. Our extended model replicates (i) the impact of
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Effects of weak extracellular fields on single neurons

a dendritic tree on the synaptic inputs integration and (ii) the effects of weak electric
fields. Quantitatively comparing the spiking activity of the two models, we evaluate the
extended point neuron model. Finally, we investigate the effects of a spatially uniform
AC field on spike rate dynamics.

The results presented in this chapter have been previously published (Aspart et al.,
2016)1 2.

2.2 Models presentation

In the following, we formally introduce the neuron models used in this chapter. In
brief, the ball-and-stick model is a spatially extended canonical model which consists
of a lumped soma attached to a passive cable. The extended point (eP) neuron model
is a simple integrate-and-fire point neuron model with additional model components.
We derive the point neuron model extension in two steps.
To begin with, we analytically compute the subthreshold response of a ball-and-stick
(BS) model at the soma, i.e. its somatic membrane potential response, to three per-
turbations. The perturbations include synaptic inputs located (i) at the soma or (ii) at
the distal dendrite and (iii) a spatially homogeneous, but time-varying, extracellular
electric field. This computation involves solving the cable equation in presence of an
electric field (see Appendix A.1 and A.2).
We then seek to reproduce the ball-and-stick membrane response in the point neuron
model through derivation of additional model components (see Fig. 2.1). The model
components are two linear temporal filters (one for each synaptic location), which we
apply to the ”raw” synaptic input, and an additional input current to account for the
field effects. The three model components are derived analytically and depend on the
parameters of the BS model and on the extracellular field.
We first derive the extension for the leaky integrate-and-fire (LIF) neuron model (Sec-
tion 2.3). Finally, we adapt our extension to a more refined model: the exponential
integrate-and-fire (EIF) neuron model (Section 2.4).

Ball-and-stick model We follow the BS neuron model description used by Tuckwell
(1988): a lumped-soma attached to a straight passive dendritic cable. In other words,
we neglect the diameter of the soma compared to the dendritic cable length l. Con-
sequently, the soma perceives a uniform extracellular potential, equal to the potential
at the beginning of the cable. We further provides the BS model with a IF-type reset
mechanism as well as an exponential spike initiation mechanism (see below).
The dynamics of its membrane voltage, when subject to synaptic inputs located at the
soma, Is(t), and at the distal dendrite, Id(t), and to a spatially homogeneous extracel-
lular field, E(t), are determined by the cable equation:

cm
∂VBS

∂t
− gi

∂2VBS

∂x2
+ gmVBS = 0, 0 < x < l, (2.1)

1 The authors contribution to the original article are (FA: F. Aspart, JL: J. Ladenbauer, KO:
Klaus Obermayer): Conceptualization: JL FA. Funding acquisition: JL KO. Investigation: FA JL.
Methodology: FA JL. Project administration: JL KO. Software: FA JL. Supervision: JL KO. Valida-
tion: FA JL. Visualization: FA JL. Writing – original draft: FA JL KO. Writing – review & editing:
FA JL KO.

2The article is published under the Creative Commons Attribution License (CC BY 4.0).
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Chapter 2. The somatic doctrine

l

Figure 2.1: Diagram of the extended point neuron model
Top: Visualization of the ball-and-stick, BS, (left) and the extended point, eP, (right) neuron models.
Both models receive synaptic input currents at the soma and the distal dendrite, Is(t) and Id(t),
and are exposed to an external electric field E(t). Ls(t) and Ld(t) denote the additional input filters
describing the dendritic effects. IE(t) denotes the additional input current describing the field effect.
VeP(t) and VBS(0, t) denote the corresponding membrane voltages (at the soma). Bottom: Electrical
circuit diagram for the subthreshold dynamics of the BS model. For a description of the parameters
and their values see Table C.1 in Appendix. Figure and caption adapted from (Aspart et al., 2016,
CC BY 4.0)

with the boundary conditions at the soma (x=0) and at the dendritic end (x=l):

Cs
∂VBS

∂t
− gi

∂VBS

∂x
+GsVBS −Gs∆Te

VBS−VT
∆T = Is(t)− giE(t), x = 0, (2.2)

∂VBS

∂x
=
Id(t)

gi

+ E(t), x = l, (2.3)

VBS corresponds to the deviation of the membrane voltage from rest Vrest:

VBS(x, t) := VBS,i(x, t)− VBS,e(x, t)− Vrest, (2.4)

where VBS,e and VBS,i are the extra- and intracellular potentials. cm is the membrane
capacitance and gm, gi are respectively the membrane (radial) and the internal (axial)
conductances of a dendritic cable segment of unit length. Gs and Cs denote the somatic
membrane capacitance and leak conductance. The exponential term, with effective
threshold voltage VT and threshold slope factor ∆T , corresponds to an approximate
somatic sodium current during spike initiation (Fourcaud-Trocmé et al., 2003).
The cable equation due to the field (Eq. 2.1) and the boundary conditions at both
ends (Eq. 2.2 and 2.3) due to synaptic inputs were already reported in the literature
(Roth and Basser, 1990; Tuckwell, 1988). The boundary condition at the soma in
presence of an electric field has not been derived before. For the sake of completion,
the full derivation of these equations can be found in Appendix A.1.

We also provides the BS model with a IF-type spike mechanism. This mechanism
is described by a reset condition at the soma:

if VBS(0, t) ≥ Vs then VBS(0, t) := Vr (2.5)
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Effects of weak extracellular fields on single neurons

We further include a short refractory period of length Tref = 1.5 ms, during which we
clamp the somatic membrane VBS(0, t) at the reset value Vr. We do not include any
reset mechanism along the dendritic cable.
In the following, we define spike times as the times at which the somatic membrane
voltage VBS(0, t) crosses the spike threshold Vs.

Point neuron models In our IF point neuron extension (eP model), the deviation,
VeP, of the membrane voltage from rest is determined by:

CeP
dVeP

dt
+GePVeP − αGeP∆Te

VeP−VT
∆T = [Ls ∗ Is](t) + [Ld ∗ Id](t) + IE(t), (2.6)

GeP and CeP are the membrane leak conductance and capacitance. We set them to the
same values as the somatic conductance and capacitance of the BS model: CeP = Cs,
GeP = Gs. While this choice reduces the space of free parameters for the analysis, it
enables us to determine the effects of adding a dendritic cable to a simple point neuron
model.
Ls, Ld, IE and α are the additional model components compared to usual point neuron
models (Fourcaud-Trocmé et al., 2003). In brief, Ls and Ld are linear temporal filters
to account for synaptic input at different locations (respectively the soma and the
dendritic end). IE is an equivalent input current to reproduce the polarization due to
the field as observed in BS. Finally, the scaling factor α ensures an equal membrane
response to the phenomenological spike initiating current (the exponential terms) in
both models (BS and eP). More precisely it compensates the conductance difference in
the BS and the eP model in response to the depolarizing current (see Section 2.4).
Similarly to the BS model, the eP model includes a reset condition:

if VeP ≥ Vs then VeP := V ′r , (2.7)

and a refractory period Tref = 1.5 ms during which the membrane voltage VeP is
clamped to V ′r after each spike. Note that the eP and the BS model do not have the
same reset value. In fact, we choose an elevated reset voltage for all point neuron
models: V ′r = (Vr + VT)/2, in order to imitate the remaining depolarization along the
dendritic cable after each spike.

As mentioned above, we derive successively two versions of the extended point
neuron model. First, we consider the leaky IF (LIF) version, where we neglect the ex-
ponential terms in Eqs. 2.2 and 2.6 by taking the limit ∆T → 0 (and setting Vs = VT).
Subsequently, we treat the full exponential IF (EIF) versions of the BS and eP models.
In the following sections, we detail the derivation of the point model extension compo-
nents: the linear input filters Ls(t), Ld(t), the additional input current equivalent to
the field effect, IE(t), and, in case of the EIF type models, the scaling factor α. The
mathematical expressions of these model components are provided in Eqs. 2.14, 2.18
and 2.22, 2.23 (for the LIF case), and in Eqs. 2.26–2.30 (for the EIF case).
As a comparison, we also consider a point neuron model (of LIF and EIF type, respec-
tively) without the extension, that is Ls(t) = Ld(t) = δ(t) and α = 1. This model,
which we refer as the P model, corresponds to the traditional IF point neuron model.
We fit its parameters to best reproduce the activity of the BS model for equal synaptic
inputs (see below for details).

12
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Simulating the neuron models In the following, we simulate the BS neuron model
using the NEURON simulation environment (Hines and Carnevale, 2001). Specifically,
the model is integrated numerically using a finite difference space discretization, i.e.
the dendritic cable is divided into 50 segments, and the implicit Euler (also known as
backward Euler) time discretization scheme. We use fixed time steps of 0.05 ms for
the LIF case and of 0.025 ms for the EIF simulation3. When mentioned, we apply
a sinusoidal extracellular electric field to the BS model using the NEURON built-in
“extracellular” mechanism.
We simulate the point neuron models (eP and P) using a self implemented forward Euler
time discretization scheme with the same time step as for the BS model. The solution
is implemented in Python and uses the ”Numba” library for faster computation.
When mentioned, we investigate the models responses to in vivo-like fluctuating input
currents. We describe these stochastic input currents using an Ornstein-Uhlenbeck
process:

dIx

dt
=
I0

x − Ix

τ
+ σx

√
2

τ
ξx(t), (2.8)

with mean I0
x , correlation time τ and standard deviation σx. The subscript x ∈ {s, d}

denotes the input location: ”s” for a somatic input and ”d” for an input located
at the dendritic end. ξx(t) denotes a Gaussian white noise process, i.e. with zero
mean (〈ξx(t)〉 = 0) and delta autocorrelation (〈ξx(t)ξx(t + t′)〉 = δ(t′)), 〈.〉 being the
expectation operator. In practice, we numerically integrate Eq. 2.8 using Gillespie’s
method (Gillespie, 1996). In all presented simulations, the stochastic synaptic input
is also integrated in NEURON and the same realization is shared across all neuron
models, i.e. BS, eP and P.
We apply the linear filter Lx(t) of the eP model offline in the Fourier domain. In
other words, we take the fast Fourier transform (FFT) of Ix(t), apply the filter in
the frequency domain and then use the inverse FFT of the filtered signal L̂x(ω)Îx(ω),
x ∈ {s, d}.
As an example, a clean source code for the implementation of all three model is freely
available at https://github.com/nigroup/IF extension.

2.3 Extending LIF point neuron models

We first consider the BS and eP models of the LIF type (i.e, ∆T → 0, Vs = VT).
Therefore, the BS equation rewrites:

cm
∂VBS

∂t
− gi

∂2VBS

∂x2
+ gmVBS = 0, 0 < x < l, (2.9)

with the boundary conditions:

Cs
∂VBS

∂t
− gi

∂VBS

∂x
+GsVBS = Is(t)− giE(t), x = 0

∂VBS

∂x
=
Id(t)

gi

+ E(t), x = l

3Varying the number of segments and/or the time step did not change the results obtained through
numerical integration (neither the membrane voltage traces nor the spike trains).

13

https://github.com/nigroup/IF_extension


Effects of weak extracellular fields on single neurons

The equation corresponding to the eP model of the LIF type is:

CeP
dVeP

dt
+GePVeP = [Ls ∗ Is](t) + [Ld ∗ Id](t) + IE(t), (2.10)

Applying the Fourier transform in the temporal domain on Eq. 2.10 yields:

CePiωV̂eP +GePV̂eP =L̂s(ω)Îs(ω) + L̂d(ω)Îd(ω) + ÎE(ω),

where ω = 2πf denotes an angular frequency and .̂ corresponds to the temporal Fourier
transform.
From this equation, we obtain the membrane potential of the eP model in response to
synaptic input currents and extracellular field:

V̂eP(ω) =
L̂s(ω)Îs(ω) + L̂d(ω)Îd(ω) + ÎE(ω)

CePiω +GeP

. (2.11)

The equations determining the membrane voltage of both models being linear (Eq. 2.9-
2.10), we will in the following consider the membrane response to each perturbations,
namely Is, Id and E, successively. To avoid ambiguity, we will denotes the membrane
potential variations due to each perturbations separately using the superscripts Is, Id

or E.

2.3.1 The somatic input filter for the LIF model

Filter derivation We first consider the BS and eP neuron models (of the LIF type)
simply subject to a synaptic input at the soma, Is, i.e. in the absence of dendritic
synaptic input (Id = 0) and electric field (E = 0).
The subthreshold membrane response of the BS model is (see Appendix A.2 for the
detailed derivation):

V̂ Is
BS(0, ω) =

Îs(ω)

Csiω +Gs + z(ω) gi tanh(z(ω)l)
, (2.12)

z(ω) =

√
gm +

√
g2

m + ω2c2
m

2gi

+ sgn(ω)i

√
−gm +

√
g2

m + ω2c2
m

2gi

, (2.13)

Following from Eq. 2.11, the subthreshold membrane response of the eP model is:

V̂ Is
eP(ω) =

L̂s(ω)Îs(ω)

CePiω +GeP

.

We design the linear synaptic input filter Ls in order to exactly reproduce in the
eP model the somatic membrane response of the BS model, that is V̂ Is

eP(ω) = V̂ Is
BS(0, ω).

To this end, we set the filter equal to the ratio of impedances of both models:

L̂s(ω) =
CePiω +GeP

Csiω +Gs + z(ω) gi tanh(z(ω)l)
, (2.14)

where z(ω) is defined in Eq. 2.13.
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Chapter 2. The somatic doctrine

To evaluate the necessity of the filter, we compare the eP and BS model to the P
model (no dendritic filter, L̂s(ω) = 1). The subthreshold response of the P model is:

V̂ Is
P (ω) =

Îs(ω)

CPiω +GP

. (2.15)

Comparing the equations for the membrane responses of the BS and the P model
(respectively Eq. 2.12 and Eq. 2.15), the presence of an additional frequency-dependent
term in the denominator of the BS model impedes the reproduction of the BS mem-
brane response in the P model. Indeed, there is no set of parameters for the P model
(i.e. CP and GP) such that V̂ Is

P (ω) = V̂ Is
BS(0, ω) for all frequencies ω. Simple LIF point

neuron model (i.e. the P model) can therefore only approximate the subthreshold so-
matic response of the BS model.
For comparison, we plots the impedances, ZIs

m (ω) := V̂ Is
m (ω)/Îs(ω), m ∈ {BS|x=0, eP,P},

of the three neuron models (Fig. 2.2A). The displayed impedance of the BS model cor-
responds to an arbitrary parameter set chosen as an example, nevertheless, choosing
other parameters did not change qualitatively the following results. Here, the parame-
ters of the P model are set to best reproduce the impedance of the BS model 4. Despite
this choice of best P parameters, the impedance of the P model deviates substantially
from the BS one in the large frequencies. On the contrary, the impedance of the eP
model successfully matches the one of the BS model. This is not surprising, since the
input filter Ls was designed to this end.

We further look at the amplitudes and phases of the input filter L̂s(ω) for varying
BS morphology (Fig. 2.2B-D). Regardless of the BS morphology, L̂s(ω) acts as an
high-pass filter. It attenuates the low frequency somatic inputs and leave the higher
frequency inputs (in comparison) unchanged. However, the BS morphology affects
the filter shape. The bigger (e.g. longer and thicker) the dendritic compartment, the
strongest is the attenuation in the low frequency range. On the contrary, the BS soma
size mainly affects the higher frequency response: the bigger the soma, the more the
filter attenuates high frequency inputs. For very small somas, the filter even enhance
the high frequency responses (Ls(ω) > 1 for ω = 104).

Comparison of the models spiking activity After comparing the models
impedances, and therefore their subthreshold membrane responses, we now focus on
the suprathreshold activity of the models. More precisely, we analyze how well the eP
and P neuron models reproduce the spiking activity of the BS model in response to
an in vivo-like fluctuating input current at the soma Is(t). We describe this stochastic
input current using an Ornstein-Uhlenbeck process, described in Eq. 2.8, with mean
I0

s , correlation time τ and standard deviation σs.
To compare the spiking activity of the different neuron models in response to the so-

matic input, we use the spike trains coincidence factor Γ as defined by
Gerstner and Kistler (2002)5. The spike trains coincidence factor between a reference

4In Fig. 2.2A, we first adjust the conductance of the P model, GP, to match the steady-state
somatic response of the BS model ZIs

P (0) = ZIs
BS(0). We then select its capacitance CP using grid

search to minimize the mean squared distance between the impedance of both models (ZIs
P and ZIs

BS)
over the range of visualized input frequencies.

5In the paper, the authors refers to the coincidence factor as the ”coincidence rate”.
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Figure 2.2: Impedance and filter for somatic inputs
(A) Impedances ZIs

BS, ZIs
eP, and ZIs

P of the three neuron models as a function of input frequency. (B)

Gain and phase of the input filter L̂s as a function of input frequency. The neuronal morphology
varied as indicated, in terms of dendritic cable length (350 µm, 700 µm, 1050 µm), cable diameter
(0.6 µm, 1.2 µm, 1.8 µm) and soma diameter (5 µm, 10 µm, 15 µm). ∗ indicates the default parameter
values. For all other parameter values used see Table C.1 in Appendix. Figure and caption adapted
from (Aspart et al., 2016, CC BY 4.0)

and a compared spike train is defined as:

Γref,comp =
Ncoinc − 〈Ncoinc〉
(Nref +Ncomp)/2

1

N
, (2.16)

where Nref and Ncomp are respectively the number of spikes in the reference and in
the compared spike trains. Ncoinc denotes the number of coincident spikes between
both spike trains with temporal precision ∆ = 3ms. 〈Ncoinc〉 = 2r∆Nref corresponds
to the expected number of coincidences if the compared spike train were generated by
an homogeneous Poisson process with same spike rate r = Ncomp/T , T being the spike
train duration.
Due to the normalization factor N = 1− 2r∆, the coincidence factor ranges between 0
and 1. While Γref,comp = 1 corresponds to spikes trains matching exactly (with temporal
precision ∆), Γref,comp = 0 indicates a pure chance coincidence levels.

We fit the P model parameters for each synaptic input realization (hence for each
considered pair of I0

s , σs). For a given synaptic input, the P model parameters are
optimized to best reproduce the BS spike train, in terms of spike coincidence6. As

6More precisely, we choose GP to reproduce the steady-state subthreshold response of the BS
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Chapter 2. The somatic doctrine

mentioned above, we set the membrane capacitance and conductance of the eP model to
the same values as the BS somatic capacitance and conductance: CeP = Cs, GeP = Gs.

Fig. 2.3A displays the somatic membrane potential of the three models in response
to weak (small I0

s , σs) and to strong (large I0
s , σs) somatic input currents Is(t). For

both considered input currents, the eP model (green traces) successfully reproduces
the somatic voltage dynamics of the BS model (blue traces). As a result, the spike
times are well reproduced (see below for further analysis).
Note that, each spike introduces a mismatch between the BS and eP voltage traces.
Indeed, we derived our model in the linear, i.e. subthreshold, regime. The reset associ-
ated to the spike introduces a non-linearity which breaks this assumption of linearity.
Furthermore, after each spikes the membrane of the BS model is reset at the soma
only; the dendritic cable remains polarized. As a result, the voltage traces of the eP
and BS models diverge for short periods of time (typically around 10 ms) after each
spikes. To account for this remaining polarization, we use an elevated reset voltage in
the point neuron models compared to the BS one: V ′r = (Vr +VT)/2. This intermediate
voltage was chosen to minimize the distance between the spike-triggered voltage traces
of the BS and the point neuron models (result not shown).
Compared to the eP model, the P model (red trace) fails to reproduce the fast fluctu-
ations of the BS somatic membrane dynamics. This result is expected considering the
impedance mismatch between both models in the high frequencies (cf. Fig. 2.2A).

We now compare how well both point neuron models reproduce the spiking activity
of the BS model for a wide range of input parameters, i.e. for various mean I0

s and
standard deviation σs (Fig. 2.3B-E). To this end, we quantify the spike trains similarity
between two models using the above mentioned coincidence factor Γ (Eq. 2.16) with a
precision of 3ms. Remember that we fit the P model to reproduce the BS spiking activ-
ity for each stochastic input realization. As a consequence, the presented coincidence
factors, ΓBS,P, correspond to the best possible results for a given BS spike train and
might not generalize to other stochastic input realization with same parametrization.
On the other hand, the parameters of the eP model remain constant across the diverse
input parametrizations
For small spike rates, the eP model reproduces the BS spike trains very accurately
(Γ ≥ 0.9 for small I0

s and σs), see Fig. 2.3B,E. The model performance, i.e. the re-
production accuracy, decreases slightly for increasing σs (noise dominated input), but
stronger for increasing I0

s (mean dominated input). Overall, ΓBS,P decreases with in-
creasing spike rates. We attribute this phenomena to the mismatch in voltage traces
observed earlier after each spikes. After each spike, the eP membrane potential de-
viates from the somatic membrane potential of the BS model for a transient period,
whose duration does not depend on the spike rate. Consequently, these deviations
have a stronger impact on the spike rate reproduction when the interspike intervals are
shorter (for higher spike rates). Furthermore, when the input noise is low (small σs),
the neuron models spike repetitively in a clock-wise manner. The mismatch in spike
rates of the eP and BS models (even if it is rather low), together with the mismatches

model (as described above when displaying the models impedances). We then select CP using grid
search in order to maximize the coincidence factor Γ between the spike trains of the BS and P model
neurons (for a simulation duration of circa 52s and the given pair of input (I0s , σs) parameter values).
Note that in order to optimize the use of the FFT (for the filter application) algorithm, the exact
simulation duration is calculated to have a number of time sample (duration/time step) equals to a
power of 2.
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Figure 2.3: Reproduction of spiking activity for somatic inputs using LIF type models
(A) Membrane voltage traces of the BS (blue), eP (green) and P (red) neuron models in response to
a weak (I0s = 4.68 pA, σs = 11.94 pA, top) and a strong input current (I0s = 7.69 pA, σs = 33.34 pA,
bottom). The parameter values of the P model were tuned independently to maximize the coincidence
factor ΓBS,P for each set of input parameters. (B) Coincidence factor for the BS and eP model spike
trains, ΓBS,eP (left), and for the BS and P model spike trains, ΓBS,P (right) as a function of input
mean I0s and standard deviation σs. (C) Difference ΓBS,eP − ΓBS,P between the coincidence factors
shown in B. (D) Spike rate difference of the BS and eP models (left) and of the BS and P models
(right) as a function of I0s and σs. (E) Spike rate of the BS neuron model. The input parameters used
in (A) are indicated in (B). Results presented in (B)-(E) are averages over 6 noise realizations. The
parameter values of the BS model are listed in Table C.1 in Appendix. Figure and caption adapted
from (Aspart et al., 2016, CC BY 4.0)

in membrane potential after each reset, result in the neurons being out of phase and
in a decreased coincidence factor. This explains the lower ΓBS,P for mean dominated
inputs. Generally, The eP model slightly underestimates the spike rate of the BS model
(Fig. 2.3D). Note that, the eP model performance, e.g. the spike coincidence and the
spike rate reproduction, could be improved by fine tuning the reset voltage V ′r for a
given input parametrization.
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Chapter 2. The somatic doctrine

In comparison, the P model is considerably worse in reproducing the spike times for
small spike rates and it performs only slightly better than the eP model for large spike
rates (Fig. 2.3B,C). The P model slightly overestimates the BS spike rate (Fig. 2.3D).
To conclude, the presented eP model outperforms the P model in the reproduction of
the BS spiking activity, although we optimized the parameters of the P model for each
input realizations.

In summary, adding a dendritic cable to a point neuron corresponds to high-pass
filtering the somatic input currents. We therefore extended a point neuron model by
adding a filter on somatic inputs. Our extended model, eP, accurately reproduces the
sub- and suprathreshold responses of the BS model to somatic inputs. Most impor-
tantly, simulating the presented eP model requires at least 25 times less than simulating
the BS model (measured on a single CPU code of a desktop computer).

2.3.2 The distal input filter for the LIF model

After considering somatic inputs, we now consider synaptic inputs at the distal den-
drites. Besides the input location, we use the same setup as in the preceding section
and the same analysis. To distinguish from the previous scenario, we denotes the mem-
brane response to the distal dendritic input with the superscipt Id.
The somatic membrane response of the BS model to a distal input Id(t) can be ex-
pressed in the Fourier domain as (see Appendix A.2 for the full derivation):

V̂ Id
BS(0, ω) =

Îd(ω) sech(z(ω)l)

Csiω +Gs + z(ω) gi tanh(z(ω)l)
, (2.17)

where z(ω) is given by Eq. 2.13.
Following from Eq. 2.11, the subthreshold membrane response of the eP model to distal
input is:

V̂ Id
eP (ω) =

L̂d(ω)Îd(ω)

CePiω +GeP

.

As previously done for the somatic input case, we derive the distal input filter L̂d in
order to reproduce the somatic membrane dynamics of the BS model with eP model.
In other words: V̂ Id

eP (ω) = V̂ Id
BS(ω). This leads to the expression for the distal input

filter:

L̂d(ω) =
(CePiω +GeP) sech(z(ω)L)

Csiω +Gs + z(ω) gi tanh(z(ω)L)
. (2.18)

We further choose CeP = Cs, GeP = Gs for convenience.
Unlike the previous somatic input filter Ls, the distal input filter Ld exhibits low-

pass properties for all considered BS morphologies (see Fig. 2.4A). The dendritic cable
morphology affects the filter cutoff frequency: the longer or the thinner the cable,
the lower the cutoff frequency. The soma size does not affect the filter shape. It is
noteworthy, that the filter gain for high frequency dendritic input is much lower than
the gain of the somatic input filter for low frequency (cf Fig. 2.2B). Therefore the
filtering effects is much stronger for dendritic inputs than for somatic inputs.

We now evaluate the distal input filter in terms of reproduction of BS spiking ac-
tivity, e.g. coincidence factor Γ and spike rates, in response to a stochastic input at the
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Figure 2.4: Distal input filter and reproduction of spiking activity using LIF type models
(A) Gain and phase of the input filter L̂d as a function of frequency. The neuronal morphology varied
as indicated, in terms of dendritic cable length (350 µm, 700 µm, 1050 µm), cable diameter (0.6 µm,
1.2 µm, 1.8 µm) and soma diameter (5 µm, 10 µm, 15 µm). ∗ indicates the default parameter values.
(B) Coincidence factor for the BS and eP model spike trains, ΓBS,eP (left), and for the BS and P model
spike trains, ΓBS,P (right) as a function of input mean I0d and standard deviation σd. (C) Difference
ΓBS,eP − ΓBS,P between the coincidence factors shown in (B). (D) Spike rate difference of the BS and
eP models (left) and of the BS and P models (right) as a function of I0d and σd. (E) Spike rate of the
BS neuron model. Results presented in (B)-(E) are averages over 6 noise realizations. The default
parameters values of the BS model are listed in Table C.1 in Appendix. Figure and caption adapted
from (Aspart et al., 2016, CC BY 4.0)

dendritic end. We evaluate the response for various input mean I0
d and standard devi-

ation σd values (Fig. 2.4B-E). For the sake of comparison, we again use the P model,
i.e. without filter, whose parameters were optimized to reproduce the spike train of
the BS model for each input realization (same fitting procedure as above).
For small spike rates, the eP model successfully reproduces the BS spike times (ΓBS,eP ≥
0.9 for small I0

d and σd). Similarly as observed with the somatic input, the accuracy
drops with increasing I0

d (see Section 2.3.1 for an explanation). Interestingly, the re-
production performance does not necessarily deteriorate as the spike rate increases. In-
deed, the coincidence factor remains high, provided the noise intensity σd is sufficiently
strong (ΓBS,eP ≥ 0.8 for σd ≥ 80 pA, independently of I0

d in the considered range). The
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Chapter 2. The somatic doctrine

eP model underestimates the spike rate of the BS model, though (Fig. 2.4D). Again,
increasing the reset voltage value V ′r could potentially increase the spike rate reproduc-
tion, since the remaining dendritic polarization after each spike is stronger in case of
distal input than in somatic input.
Importantly, the eP models outperforms the P model (with best fit parameters) for all
considered distal inputs settings (Fig. 2.4B-D).

In summary, the dendritic cable act as a low-pass filter for distal dendritic inputs
propagating through it. The presented eP model, i.e. the additional low-pass filter
we derived, successfully reproduces the sub- and suprathreshold responses of the BS
model to distal dendritic inputs. The computation speed-up of using the eP model for
distal dendritic inputs remains the same as for somatic inputs.

2.3.3 Effect of an extracellular electric field on the neuronal
dynamics

We now examine a neuron model subject to an extracellular electric field in addition to
the synaptic inputs. To avoid ambiguity, we note the membrane voltages variation due
to the field with the superscript E. Here, we restrict ourselves to the somatic doctrine.
That is, we solely analyze the effects of the field on the subthreshold somatic membrane
voltage and the resulting modulation of the spiking dynamics of the BS neuron. We
further extend our extended point neuron model, eP, with an additional input current,
whose expression is derived analytically in order to reproduce the field effects.

Field sensitivity We consider an electric field, E(t), as induced during tACS. The
field is oscillatory (more precisely sinusoidal), spatially uniform on the neuronal scale
and of low amplitude (typically ≤ 2V/m) (Bikson et al., 2012b):

E(t) = −∂VBS,e

∂x
(t) = E1 sin(ϕt)

where E1 and ϕ are respectively the field amplitude and its angular temporal frequency.
VBS,e(x, t) is the extracellular potential.

The subthreshold somatic membrane voltage response of the BS model to this field,
V E

BS(0, t), is ruled by the cable equation (Eqs. 2.1–2.3). It can be expressed in the
temporal Fourier domain as (see Appendix A.2 for the full derivation):

V̂ E
BS(0, ω) =

Ê(ω)gi [sech(z(ω)l)− 1]

Csiω +Gs + z(ω) gi tanh(z(ω)l)
, (2.19)

where z(ω) is given by Eq. 2.13.
In the time domain, the BS somatic membrane dynamics is:

V E
BS(0, t) = |A(ϕ)| sin

(
ϕt+ arg(A(ϕ))

)
, (2.20)

A(ϕ) =
E1gi [sech(z(ϕ)L)− 1]

Csiϕ+Gs + z(ϕ) gi tanh(z(ϕ)l)
, (2.21)

where arg(x) corresponds to the argument of the complex number x. Using this nota-
tion, we define the field sensitivity of the BS model at the soma as the ratio between
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the amplitude of the somatic membrane response to the field and the amplitude of the
field; in other words, the field sensitivity equals |A(ϕ)|/E1.

Overall, the field sensitivity of the BS model decreases with increasing field fre-
quency (Fig. 2.5, upper row). This means that the BS subthreshold response to field
decreases when the field becomes faster.
The frequency-dependence of the field sensitivity varies quantitatively, but not quali-
tatively with the BS neuronal morphology. In particular, its dependence on the field
frequency becomes stronger when the ratio between the sizes of the dendritic and so-
matic compartments increases. The cable length impacts the field sensitivity the most
(see next Section 3.2.1 in next chapter for a more thorough analysis of this dependence).
Importantly, the frequency-dependence and the amplitude of the BS model field sen-
sitivity are similar to reported measurements on pyramidal cells in rat hippocampal
slices (Deans et al., 2007).
The field frequency also affects the phase shift between the somatic subthreshold re-
sponse and the field. The phase shift between the somatic membrane voltage and field
oscillations also depends on the field frequency (Fig. 2.5, lower row). In the low fre-
quencies, the membrane response and the field are anti-phased, the phase-shift then
decreases with increasing frequency.

* * *
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Figure 2.5: The field sensitivity of the BS model decreases with the field frequency
Neuron sensitivity to the field, i.e., the ratio between its somatic membrane voltage amplitude and the
field amplitude, and phase shift between the oscillatory membrane voltage and the field. The neuronal
morphology varied as indicated, in terms of dendritic cable length (350 µm, 700 µm, 1050 µm), diam-
eter (0.6 µm, 1.2 µm, 1.8 µm) and soma diameter (5 µm, 10 µm, 15 µm). N indicate values obtained
from electrophysiological recordings of rat hippocampal pyramidal cells (Deans et al., 2007). ∗ indi-
cates the default parameter values. For all other parameter values used see Table C.1 in Appendix.
Figure and caption adapted from (Aspart et al., 2016, CC BY 4.0)

Equivalent input current Following from Eq. 2.11, the subthreshold membrane
response of the eP model to an extracellular field, i.e. to the additional input current
IE equivalent to the field, is:

V̂ Id
eP (ω) =

ÎE(ω)

CePiω +GeP

.

We choose the equivalent current, IE, in order to guarantee an equal somatic membrane
response in both models, i.e. V̂eP(ω) = V̂BS(0, ω). This yields the analytical expression
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of the current:

IE(t) = |B(ϕ)| sin
(
ϕt+ arg(B(ϕ))

)
, (2.22)

B(ϕ) =
E1gi(CePiϕ+GeP)[sech(z(ϕ)l)− 1]

Csiϕ+Gs + z(ϕ) gi tanh(z(ϕ)l)
, (2.23)

Note that, although we consider only sinusoidal fields, this derivation is valid for spa-
tialy uniform fields with arbitrary temporal dynamics using the Fourier transform of
the time-varying field (see for example the derivation done for simple straight passive
cables in Appendix A.3).

The amplitude and phase (relative to the field) of the equivalent input current are
displayed in Fig. 2.6. Interestingly, the amplitude of IE(t) increases with the field
frequency. On the contrary, the field sensitivity of the BS model, and therefore of the
eP model, decreases with the field frequency (Fig. 2.5). In practice, this means that
the field sensitivity of the eP model decreases slower with increasing frequency than
the eP subthreshold response to (unfiltered) input current does. In brief, the neuron
model is more responsive to high frequency fields than to high frequency currents.
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Figure 2.6: The eP model requires an equivalent input current whose amplitude increases
with field frequency to account for the field effects
Input current IE to reproduce the effect of a 1 V/m field in the eP model. In particular the equiv-
alent current amplitude (top) and phase shift relative to the field (bottom) as a function of field
frequency. For all parameter values used see Table C.1 in Appendix. Figure and caption adapted
from (Aspart et al., 2016, CC BY 4.0)

Spike rate modulation We next investigate the frequency-dependent effects of elec-
tric fields on spiking activity in the BS and eP models. To this end, we simulate both
neuron models with a noisy synaptic input either at the soma or at the distal den-
drite and with an extracellular electric field. Note that, due to its low amplitude,
the field alone does not elicit any spikes. On the contrary, we set the synaptic drive
strong enough to induce stochastic spiking with rate r0. In this case, the subthreshold
response of the BS model to combined synaptic input and electric field is:

V̂BS(0, ω) = V̂ Is
BS(0, ω) + V̂ Id

BS(0, ω) + V̂ E
BS(0, ω),
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where V̂ Is
BS(0, ω), V̂ Id

BS(0, ω) and V̂ E
BS(0, ω) are defined in Eqs. 2.12, 2.17 and 2.19. The

eP model response is:

V̂eP(ω) =
L̂s(ω)Îs(ω) + L̂d(ω)Îd(ω) + ÎE(ω)

CePiω +GeP

.

The sinusoidal field leads to a modulation of the ongoing spiking rate. This mod-
ulation is sinusoidal and becomes apparent over many trials, i.e., over independent
realizations of the synaptic input Is(t). Note that, the neuron spike rate averaged over
many independent trials is equivalent to the spike rate of an uncoupled population of
neurons, which individually receive independent stochastic inputs and are subject to
the same oscillatory field.
To investigate this modulation of the population (or trial-averaged instantaneous) spike
rate, we consider the same simulation setup as above. Each neuron model is subject to
a stochastic synaptic input at the soma and to an oscillatory field E(t) = E0sin(ϕt)7.
The sinusoidal spike rate modulation can be quantified as:

spike rate(t) = r0 + r1(ϕ) sin(ϕt+ ψ(ϕ))

where r0 is the baseline spike rate, r1(ϕ) the spike rate modulation amplitude and
ψ(ϕ) the phase difference between the field and the spike rate modulation. Impor-
tantly, both r1(ϕ) and ψ(ϕ) depend on the field frequency. This definition of the spike
rate modulation relates to the spike-field coherence measure used in the experimental
literature.
In practice, we quantify the spike rate modulation at a given field frequency by building
an histogram of the field phases at which the spikes are triggered8. We then fit this
spike rate histogram with a sinusoid of the form F (φ) = r0 + r1 sin(φ+ ψ), φ ∈ [0, 2π)
being the phases of the spikes. We set r0 to the histogram mean value and choose
r1 and ψ to minimize the square error. We use this computed value r0, r1 and ψ to
investigate the spike rate modulation due to the field.

In case of a synaptic input current located at the soma, the spike rate modulation
of the BS model exhibits a clear resonance for field frequencies in the 15-50Hz range,
i.e. in the beta and gamma frequency bands (Fig. 2.7). In other words, the spike
rate oscillations are the largest for fields with frequency at the resonance. This is
surprising since the resonance is absent in the subthreshold field sensitivity of the BS
model (Fig. 2.5). This resonance is consistent across the considered spiking regimes, i.e.
across the different somatic inputs parametrizations (in terms of I0

s and σs) (Fig. 2.7).
Overall the resonance amplitude increases with the strength of the synaptic inputs
and is the most prominent in case of the mean dominated input (large I0

s , small σs).
When the baseline spike rate increases from a few spikes per second to about 60 Hz9,
the resonance amplitude rapidly increases until it reaches a saturation point around
r0 = 30 Hz (Fig. 2.7, center plot). When the baseline spike rate increases, the resonance
frequency shifts gradually from the beta to the gamma range.

The spike rate modulation and the field are anti-phased. Indeed, the phase shift ψ

7In the eP model the field is replaced by the equivalent input current IE(t) defined in Eq. 2.22.
8 This spike rate histogram is computed using the spike phases from 944 trials of at least 26 s

duration each. We disregard the first 2 s of each trials to avoid transients and consider only complete
field cycles. We use 20 equally sized bins to build the histogram.

9To this end, we increase both the input mean and standard deviation simultaneously, starting
from small values.
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Figure 2.7: Spike rate modulation due to an electric field for somatic inputs
Top/bottom, left/right: Spike rate modulation of the BS (blue) and the eP (green) models due to
an oscillating electric field as a function of its frequency, for different field amplitudes (E1 = 1 V/m,
solid lines; E1 = 10 V/m, dashed lines) and somatic inputs: I0s = 7.69 pA, σs = 11.94 pA (top left),
I0s = 7.69 pA, σs = 33.34 pA (top right), I0s = 4.68 pA, σs = 11.94 pA (bottom left), and I0s = 4.68 pA,
σs = 33.34 pA (bottom right). Magenta lines show the spike rate modulation of the eP model for
which IE was given by IE(t) = I1 sin(ϕt+ φ) with constant amplitude I1 = |B(0.5/(2π))|, phase shift
φ = arg (B(0.5/(2π))), B from Eq. 2.23 and E1 = 10 V/m. Note the different amplitude scales in the
top panel. Results for larger field amplitude (E1 = 10 V/m) are not displayed for the mean driven
regime (top right), because spike rate modulation amplitudes exceeded the baseline rate in that case,
which impedes the modulation quantification procedure. Center: Resonance frequency argmax(r1)
and amplitude max(r1) of the spike rate modulation of the eP model as a function of baseline spike
rate r0, which was changed by simultaneously increasing (I0s , σs) from (4.25 pA, 8.89 pA) to (8.12
pA, 36.40 pA). Figure and caption adapted from (Aspart et al., 2016, CC BY 4.0)

varies around π (Fig. 2.7), its exact value depending on the field frequency and the
somatic input. This anti-phase relationship implies that the probability of spiking are
the strongest at the troughs of the field oscillation. This anti-phase relationship is due
to the field orientation we chose: in our convention, a positive DC field (E(t) = E0 > 0)
hyperpolarizes the somatic membrane voltage.
The spike rate modulation amplitude is proportional to the field amplitude. A field
with an amplitude of 10 V/m modulates the spike rate 10 times more than a field of 1
V/m (see normalized spike rate modulation in Fig. 2.7). The phase shift between the
field and the modulation is not affected by the field amplitude.
Importantly, the eP model successfully reproduces the spike rate dynamics, i.e. the
spike rate modulation, of the BS model (Fig. 2.7). The reproduction performance is
the best for low firing rate, as found above with the spike coincidence factor (Fig. 2.3).
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We further examine the importance of the specific shape of the equivalent input current
IE(t) in the reproduction accuracy. To this end, we consider a variant of the eP model,
in which the derived equivalent input current from Eq. 2.22 is replaced with a sinusoidal
input current whose amplitude and phase shift remain constant across the different field
frequencies: IE(t) = I1 sin(ϕt + φ). The spike rate modulation due to this modified
input current (Fig. 2.7, magenta line) lacks the typical resonance of the BS model. This
highlights the importance of an equivalent input current whose amplitude increases
with increasing field frequencies (as displayed in Fig. 2.6).

At last, we analyze the spike rate modulation due to the field when the background
synaptic input is located at the distal dendrites (Fig. 2.8). Surprisingly, the modulation
amplitudes increases monotonically with the field frequency over the whole range of
considered frequencies (up to 1 kHz, see Discussion in Section 2.5 for an explanation).
This increase is consistent in all considered input parametrizations (i.e. various I0

d

and σd). As observed for somatic inputs, the modulation is the largest for mean
dominated distal inputs (large I0

d, small σd), and the phase shift ψ also varies around
π. The eP model again well reproduces the spike rate modulation of the BS model; this
reproduction is not possible using an equivalent input current IE(t) with an amplitude
independent on the field frequency.

Figure 2.8: Spike rate modulation due to an electric field for distal dendritic inputs
Spike rate modulation of the BS (blue) and the eP (green) models due to an oscillating electric field
as a function of its frequency, for different distal dendritic inputs: I0d = 12.44 pA, σd = 33.04 pA (top
left), I0d = 12.44 pA, σd = 111.2 pA (top right), I0d = 7.03 pA, σd = 33.04 pA (bottom left), and
I0d = 7.03 pA, σd = 111.2 pA (bottom right). Magenta lines show the spike rate modulation of the eP
model for which IE was given by IE(t) = I1 sin(ϕt + φ) with constant amplitude I1 = |B(0.5/(2π))|
and phase shift φ = arg (B(0.5/(2π))) with B from Eq. 2.23 and E1 = 10 V/m. Note the different
amplitude scales in the upper panel. Figure and caption adapted from (Aspart et al., 2016, CC BY
4.0)
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In summary, we extended a point neuron model of the LIF type to reproduce
the subthreshold membrane dynamics of the BS neuron model. In spite of being
derived for the subthreshold regime, the extended point neuron model successfully
reproduces the spiking dynamics of the BS neuron model in response to synaptic inputs
and to an extracellular electric field. Furthermore, we found weak electric fields to
modulate the spike rate response to stochastic synaptic input. Importantly, this spike
rate modulation exhibits a resonance at a field frequency which depends on the location
of the input current.

2.4 Extension for EIF neuron models

The analysis and model extension presented so far applies to neuron models of the
LIF type. In other words, we considered only capacitive and leak currents through the
neuronal membrane. We now consider more refined neuron models: neuron models of
the exponential integrate-and-fire (EIF) type (Fourcaud-Trocmé et al., 2003). That is,
the BS and eP models includes an exponential term which approximates the voltage-
dependent sodium current, which is responsible for the spike initiation. We follow the
same strategy as in the precedent section with LIF neurons to derive and evaluate the
model extensions for neuron models of the EIF type.

EIF model derivation The EIF versions of the BS and eP models are described
respectively by Eqs. 2.1–2.3 and Eq. 2.6. In order to reuse the same techniques as for
the LIF model, we first linearize the exponential term around the baseline voltage value
V0 in Eqs . 2.2 and 2.6. From the linearized equations, we derive the model components
of the eP model, namely Ls(t), Ld(t), α and IE(t).
Specifically, we analytically calculate the subthreshold somatic membrane voltage re-
sponse of the linearized BS model, using the temporal Fourier transform. This yields
the four response components:

V̂BS(0, ω) = V̂ Is
BS(0, ω) + V̂ Id

BS(0, ω) + V̂ ∆T
BS (0, ω) + V̂ E

BS(0, ω) (2.24)

where V Is
BS, V Id

BS and V E
BS are the somatic membrane response to synaptic inputs at the

soma (Is) and at the dendrites (Id) and to the electric field E. Note the additional
term V ∆T

BS which corresponds to the somatic membrane response to the (linearized)
exponential term. These four components are explicitly expressed as (see Appendix A.2
for their full derivation):

V̂ Is
BS(0, ω) =

Îs(ω)

X(ω)
, V̂ ∆T

BS (0, ω) =
2πδ(ω)Gse

V0−VT
∆T (∆T − V0)

X(ω)
,

V̂ Id
BS(0, ω) =

Îd(ω) sech(z(ω)l)

X(ω)
, V̂ E

BS(0, ω) =
Ê(ω)gi [sech(z(ω)l)− 1]

X(ω)
,

where sech(x) = cosh(x)−1 denotes the hyperbolic secant function and:

X(ω) = Csiω +Gs

(
1− e

V0−VT
∆T

)
+ z(ω) gitanh(z(ω)l).
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Similarly, we linearize the exponential term of the full EIF eP model (Eq. 2.6)
around the steady-state somatic voltage value; this yields:

CeP
∂VeP

∂t
+GeP

(
1−αe

V0−VT
∆T

)
VeP = GePαe

V0−VT
∆T (∆T−V0)+[Ls∗Is](t)+[Ld∗Id](t)+IE(t)

We then apply the temporal Fourier transform:

CePiωV̂eP +GeP

(
1− αe

V0−VT
∆T

)
V̂eP =

2πδ(ω)GePαe
V0−VT

∆T (∆T − V0) + L̂s(ω)Îs(ω) + L̂d(ω)Îd(ω) + ÎE(ω)

This equation can be easily solved to obtain:

V̂eP(ω) =
L̂s(ω)Îs(ω) + L̂d(ω)Îd(ω) + 2πδ(ω)GePαe

V0−VT
∆T (∆T − V0) + ÎE(ω)

CePiω +GeP

(
1− αe

V0−VT
∆T

) (2.25)

Finally, we obtain the explicit expressions for the components of the eP model (Ls,
Ld, α and IE) by requiring equal subthreshold responses of the eP and BS models:
V̂eP(ω) = V̂BS(0, ω). The resulting expressions of the eP model components are:

L̂s(ω) =
CePiω +GeP

(
1− αe

V0−VT
∆T

)
Csiω +Gs

(
1− e

V0−VT
∆T

)
+ z(ω) gi tanh(z(ω)l)

, (2.26)

L̂d(ω) =

[
CePiω +GeP

(
1− αe

V0−VT
∆T

)]
sech(z(ω)l)

Csiω +Gs

(
1− e

V0−VT
∆T

)
+ z(ω) gi tanh(z(ω)l)

, (2.27)

α =
Gs

Gs + tanh(l/λ) gi/λ
, (2.28)

IE(t) = |B(ϕ)| sin
(
ϕt+ arg(B(ϕ))

)
, (2.29)

B(ϕ) =
E1gi

[
CePiϕ+GeP

(
1− αe

V0−VT
∆T

)]
[sech(z(ϕ)l)− 1]

Csiϕ+Gs

(
1− e

V0−VT
∆T

)
+ z(ϕ) gi tanh(z(ϕ)l)

, (2.30)

where ϕ refers to the angular temporal frequency of the sinusoidal electric field and
z(ω), expressed in Eq. 2.13, is the same as for the LIF case.
The scaling factor α ensures the reproduction of the somatic membrane response to
the spike initiating current. In other words, α guarantees that the spike initiation cur-
rent, described by the exponential term V ∆T

BS , induces an equal steady state membrane
potential in both BS and eP models.
It is noteworthy, that the two synaptic filters present the same qualitative dependence
on the input frequency in the EIF and the LIF neurons (compare Eqs. 2.26 and 2.27
with Eqs. 2.14 and 2.18).
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Reproduction performance of the extended EIF model We now compare the
suprathreshold response of the eP and the BS model to synaptic inputs and to electric
fields. We perform the same analysis as for the LIF case. In particular, we use the
same simulation techniques as mentioned above.
We use the eP model components derived after linearizing the exponential term around
the rest membrane potential: V0 = Vr. Linearizing around a different value did not
considerably improved the following results 10. Note that, while the model components
are computed after linearization, the exponential current in the BS, eP and P models
are not linearized during the simulations.

To begin with, we assess how well the eP model reproduces the BS spiking activity
in response to a synaptic input at the soma (Fig. 2.9). To this end, we compute the
spike coincidence factor between the eP and BS model for a range of somatic input
parameter values (I0

s and σs). This range is chosen to obtain a similar spike rates as
for the LIF case in Fig. 2.311.
Despite the linearization approximation during the model derivation, the eP model

A B

C D

Spike coincidence factor

Spike rate di�erence (Hz)
BS - eP BS - P BS spike rate (Hz)

(best fit)

Difference of spike

coincidence factors

Figure 2.9: Reproduction of spiking activity for somatic inputs using EIF type models
(A) Coincidence factor for the BS and eP model spike trains, ΓBS,eP (left), and for the BS and P
model spike trains, ΓBS,P (right) as a function of input mean I0s and standard deviation σs. The
parameter values of the P model were optimized to maximize ΓBS,P for each input (i.e., (I0s , σs)-pair)
independently. (B) Difference ΓBS,eP−ΓBS,P between the coincidence factors shown in (B). (C) Spike
rate difference of the BS and eP models (left) and of the BS and P models (right) as a function of
I0s and σs. (D) Spike rate of the BS neuron model. Results presented in (A)-(D) are averages over 6
noise realizations. The parameter values of the BS model are listed in Table C.1 in Appendix. Figure
and caption adapted from (Aspart et al., 2016, CC BY 4.0)

10Several values were tested in the range [Vr, Vs] (results not shown).
11 As for the LIF case, we choose the lower bound of I0s to induce a somatic depolarization of 5mV

in the absence of noise. We then adjust, through simulations, the range of σs and the higher bound
of I0s to obtain the same range of spike rate as for the LIF case.
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fairly well reproduces the BS spike trains. Indeed, ΓBS,eP ≥ 0.7 for a wide range
of input parameters. Similarly to the LIF case, ΓBS,eP is large for small spike rates
(small I0

s and σs) and decreases when I0
s increases (towards mean dominated input),

see Fig. 2.9A,D.
Overall, the eP model underestimates the firing rate of the BS model (Fig. 2.9C).
Interestingly, this discrepancy is lower than the one observed for the LIF case.
As for the LIF case, the spike rate reproduction could probably be reduced through
optimization of reset voltage, V ′r , of the point neuron model.
Here again, we compare the eP model to an usual EIF point neuron model, P. The
parameters of the P model are optimized for each input realization in order to maximize
the spike coincidence with the BS model. In spite of this best fit parametrization, the
P model poorly reproduces the BS spike trains for small input noise intensity (Γ ≤ 0.6
for σs ≤ 30 pA, see Fig. 2.9A). In the small spike rates regime, the eP model clearly
outperforms the simpler model (ΓBS,eP−ΓBS,P ≥ 0.3 for small I0

s and σs); both models
achieves a similar performance for high spiking activity (Fig. 2.9B).

Now, we test the reproduction of the BS spiking activity in case of distal dendritic
inputs (Fig. 2.10). Again, we adjust the range of input parameters (I0

d and σd) to
observe similar spike rates as for the LIF case. The reproduction performance of the eP
model decreases compared to the previously observed somatic input case (Fig. 2.10A).

A B

C D
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Spike rate di�erence (Hz)
BS - eP BS - P BS spike rate (Hz)
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Difference of spike

coincidence factors

Figure 2.10: Reproduction of spiking activity for dendritic inputs using EIF type models
(A) Coincidence factor for the BS and eP model spike trains, ΓBS,eP (left), and for the BS and P
model spike trains, ΓBS,P (right) as a function of input mean I0d and standard deviation σd. The
parameter values of the P model were optimized to maximize ΓBS,P for each input (i.e., (I0d , σd)-pair)
independently. (B) Difference ΓBS,eP−ΓBS,P between the coincidence factors shown in (B). (C) Spike
rate difference of the BS and eP models (left) and of the BS and P models (right) as a function of
I0d and σd. (D) Spike rate of the BS neuron model. Results presented in (A)-(D) are averages over 6
noise realizations. The parameter values of the BS model are listed in Table C.1 in Appendix. Figure
and caption adapted from (Aspart et al., 2016, CC BY 4.0)
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Nevertheless, it performs well for small spike rates or sufficiently noisy inputs. The eP
model performances drop in the mean driven regime. Both the P and eP model tend
to underestimate the BS model spike rate (Fig. 2.10C).

Finally, we analyze the spike rate modulation of the EIF neuron models due to an
electric field. The simulation setup and the analysis are similar to the LIF case, with
adjusted input parameters (mean input and noise intensity) though.
As in the LIF case, the spike rate modulation does not decrease monotonously with
increasing field frequency (Fig. 2.11 and Fig. 2.12). If the stochastic background input
is located at the soma (Fig. 2.11), the spike rate modulation exhibits a resonance with
a peak in the beta/gamma frequency range, i.e. around 20-40Hz). This is similar to
the LIF case. However, in case of distal dendritic inputs (Fig. 2.12), the spike rate
modulation exhibits a resonance in the high gamma range (between 70Hz and 300Hz
depending on the input parameters). The exact resonance frequency increases with the
neuron spike rate, i.e. with increasing I0

d, and σd. This resonance frequency is much
lower than in the LIF case, where the resonance peak was outside of the considered
frequency range in case of distal dendritic synaptic input (see below, Section 2.5, for

Figure 2.11: Spike rate modulation due to an electric field for somatic inputs using
neuron models of the EIF type
Spike rate modulation of the BS (blue) and the eP (green) models due to an oscillating electric field
(E1 = 1 V/m) as a function of its frequency, for different somatic inputs: I0s = 10.61 pA, σs = 24.08 pA
(top left), I0s = 10.61 pA, σs = 68.21 pA (top right), I0s = 5.05 pA, σs = 24.08 pA (bottom left), and
I0s = 5.05 pA, σs = 68.21 pA (bottom right). Magenta lines show the spike rate modulation of the eP
model for which IE was given by IE(t) = I1 sin(ϕt + φ) with constant amplitude I1 = |B(0.5/(2π))|
and phase shift φ = arg (B(0.5/(2π))) with B from Eq. 21 and E1 = 10 V/m. Note the different
amplitude scales in the two top plots. The parameter values of the BS model are listed in Table C.1
in Appendix. Figure and caption adapted from (Aspart et al., 2016, CC BY 4.0)
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Figure 2.12: Spike rate modulation due to an electric field for distal dendritic inputs
using neuron models of the EIF type
Spike rate modulation of the BS (blue) and the eP (green) models due to an oscillating electric field
(E1 = 1 V/m) as a function of its frequency, for different distal dendritic inputs: I0d = 16.73 pA,
σd = 57.73 pA (top left), I0d = 16.73 pA, σd = 203.41 pA (top right), I0d = 7.56 pA, σd = 57.73 pA
(bottom left), and I0d = 7.56 pA, σd = 203.41 pA (bottom right). Magenta lines show the spike rate
modulation of the eP model for which IE was given by IE(t) = I1 sin(ϕt+φ) with constant amplitude
I1 = |B(0.5/(2π))| and phase shift φ = arg (B(0.5/(2π))) with B from Eq. 21 and E1 = 10 V/m.
Note the different amplitude scales in the two top plots. The parameter values of the BS model are
listed in Table C.1 in Appendix. Figure and caption adapted from (Aspart et al., 2016, CC BY 4.0)

an explanation).
For both input locations, the resonance amplitude is the strongest in the mean dom-
inated regime (i.e., large I0

x , small σx, x ∈ {s, d}). In general, the rate modulation is
stronger for large spike rates than in the low spike rate regime (i.e., small I0

x and small
σx, x ∈ {s, d}).
For all considered inputs, e.g. locations and intensity, the eP model successfully re-
produces the spike rate modulation observed in the BS model. The eP model tends to
underestimate the spike rate modulation amplitude, though. In case of distal dendritic
input, the eP model also underestimates the resonance frequency.

In summary, we derived an extended point neuron model for EIF neurons. The
derived additional model components, i.e. the two input filters and the equivalent
input current, are similar to the ones for LIF neurons. In spite of the linear approxi-
mation during the components derivation, the eP model well reproduces the sub- and
suprathreshold activity of the BS model. In particular, the eP model outperforms the
P model, i.e. usual EIF point neuron models. Furthermore, we found that the pres-
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ence of an exponential spike mechanism lowers the resonance frequency of the spike
rate modulation due to electric fields.

2.5 Discussion

In this chapter, we focused on the effects of tCS-induced electric fields at the soma.
We looked for an efficient way to embed these effects in large simulations of neuronal
population. To this end, we introduced an extension for IF point neuron models which
accounted for the presence of a virtual dendritic cable. The model extension aimed at
accurately reflecting (i) the synaptic inputs filtering depending on the inputs location
and (ii) the effects of weak AC extracellular fields on neural activity, as observed in a
canonical spatially extended neuron model: the ball-and-stick model.
The point neuron model extension consisted of additional model components, which
we analytically derived to reproduce the somatic subthreshold membrane response of
BS neuron model. These components included (i) two linear filters applied to synaptic
inputs, one for each input location (soma or distal dendrite) and (ii) an additional
input current accounting for the somatic polarization due to the field.
We successively extended point neuron models of the LIF and EIF type. In addition
to the above mentioned components, the EIF point neuron model further required a
scaling parameter to better match the BS membrane dynamics during spike initiation.
We further demonstrated, through exhaustive evaluations with fluctuating inputs, that
the extended point neuron model reproduced the spiking activity of the BS model
accurately. On the contrary, standard LIF and EIF models, i.e. without the extension,
were not able to reproduce the spiking activity of the BS model adequately.
In the following, we further summarize our results and relate them to existing literature.

Synaptic input filtering due to the dendrite

We showed that, due to the presence of the dendrite, synaptic signals were integrated
differently at the soma, depending on the input location. The low-pass filtering of
distal dendritic inputs (cf. Fig. 2.2A), which travel through the dendritic cable, has
been known for some time (Koch, 2004). On the contrary, we found synaptic inputs
located at the soma to be high-pass filtered by the presence of the dendritic cable (cf.
Fig. 2.4B). Combining in vitro measurements and theoretical analysis, Ostojic et al.
(2015) reported a similar change in somatic impedance due to the presence of a dendritic
tree (Fig. 4 in Ostojic et al., 2015); this change was similar to the one we observed
here (Fig. 2.2A). As a result, the presence of a dendrite could amplify the neuronal
spiking response to high-frequency somatic inputs (Ostojic et al., 2015). Note that,
this response may be further enhanced by the dendritic effect on the sharpness of
spikes at the axon initial segment (Eyal et al., 2014).

Our aim was to take into account complex neuron morphologies in models whose nu-
merical simulations are computationally efficient. To this end, two different strategies
emerge from previous literature. The first option is to reduce the number of compart-
ments while preserving important properties of the dendritic tree (Pinsky and Rinzel,
1994). The second alternative is to extend point neuron models with temporal kernels.
These temporal kernels are calibrated to reproduce the somatic membrane dynam-
ics of complex cells models in response to synaptic inputs (Dayan and Abbott, 2005;
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Jolivet et al., 2004). In this chapter, we adopted the second approach, with the ad-
vantage that we analytically derived the temporal kernels, i.e. the filters, from the
underlying morphological BS model. Note that, a similar extension for point neuron
models has been developed to reproduce the dendritic input integration of cells with
reconstructed morphologies(Wybo et al., 2013). Wybo et al. derived the temporal ker-
nels using the Green’s function formalism. Nevertheless, the computational complexity
of their kernel derivation only allows, in practice, for a limited number of synaptic in-
put locations.
Thanks to the lower dimensionality of the BS model, we derived input filters for point
neuron models only using the Fourier transform, in contrast to the more complex
Green’s function. This results in filters which were easier to evaluate and to imple-
ment.

Despite being derived in the subthreshold regime, our extended model could, over-
all, accurately reproduce the spike trains of the BS model. Our model performed
particularly well in case of weak (but still suprathreshold) distal and somatic inputs.
As we mentioned in the results section, the performance of the extended model may be
further improved through optimization of the reset voltage. This reset voltage could be
adjusted to better reflect the membrane depolarization which remains after each spike
in the dendritic cable of the BS model. Importantly, the extended model outperformed
simpler point neuron models in terms of spike train reproduction.

In this chapter, we solely considered passive dendrites. Therefore, we ignored
active membrane properties along the dendrite, which have been shown to cause
nonlinear synaptic input integration (Migliore and Shepherd, 2002; Zhou et al., 2013;
Zhang et al., 2013). It should be possible to incorporate such currents in our model
extension using the “quasi-active” framework (see (Koch, 2004) and next chapter). In
brief, this would involve linearizing the nonlinear components, e.g. the active ion chan-
nels, before solving the linearized cable equation, similarly as we did for the exponential
terms in the boundary condition (EIF case).

Effects of weak electric fields on neuronal activity

Besides the point neuron model extension, the main objective of this chapter was to
investigate the effects of weak electric fields on the activity of the BS neuron. This
one-dimensional spatial model is a canonical representation for neurons with elongated
(apical) dendrites. Here, we followed the somatic doctrine (Bikson et al., 2012b) and we
focused exclusively on the effects of the field which result from the somatic membrane
polarization.
We analytically calculated the field sensitivity at the soma, i.e. the somatic membrane
polarization due to the field. Despite the simplicity of the BS model, its field sensitivity
at the soma agreed with electrophysiological observations. First, the magnitude of the
somatic membrane polarization scaled linearly with the field amplitude (Bikson et al.,
2004). Furthermore, the field sensitivity was of the same order of magnitude as that
measured in rats CA3 pyramidal cells (Deans et al., 2007): circa 0.3 mV.(V/m)−1 for
low frequency fields (see Fig. 2.5). The field sensitivity also decreased with increasing
field frequency in a morphology-dependent manner (Radman et al., 2009).
Note that, this decrease is specific to the spatially uniform field we focused on. In case of
non-uniform electric fields (such as generated by point source extracellular stimulation),
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the field sensitivity can remain roughly constant for frequencies up to at least 100 Hz
(Anastassiou et al., 2011). Nevertheless, we also observed this constant behavior with
spatially uniform field when using rather short dendritic cables (cf. Fig. 2.5).

Whereas field sensitivity due to DC current has been extensively studied
(Cartee and Plonsey, 1992; Plonsey and Altman, 1988; Tranchina and Nicholson, 1986),
the polarization due to time-varying fields has received less attention. In previous stud-
ies, the field sensitivity has been analytically derived for a finite dendritic cable with
a shunt end subject to uniform AC fields (Monai et al., 2010) and for a simple cable
subject to spatially non-uniform DC fields (Anastassiou et al., 2010). However, previ-
ous studies did not consider a somatic compartment. Using the BS model, we showed
that the somatic field sensitivity was modulated by the relative size of the soma com-
pared to the dendritic cable. In the next chapter, we further analyze the impact of the
morphology, e.g. electrotonic length or branching, on the field sensitivity at different
locations.

Besides the subthreshold field sensitivity, we considered the ensuing spike rate mod-
ulation due to the electric field12. Contrarily to the subthreshold field sensitivity, the
spike rate modulation amplitude did not decrease monotonically with the field fre-
quency; the exact relationship between the modulation and the field frequency de-
pended on the synaptic input location and on the model type (LIF or EIF).
For a BS neuron subject to a somatic input, the spike rate modulation exhibited a reso-
nance for fields in the 15-50Hz, i.e. in the beta and gamma frequency bands (cf Figs. 2.7
and 2.11). In comparison, the spike rate modulation amplitudes were the strongest at
much higher field frequencies when the neuron was driven by distal dendritic inputs
(cf. Figs. 2.8 and 2.12). This shift of the resonance towards higher frequencies can be
explained by the low-pass filtering of distal dendritic inputs. This results in an equiv-
alent fluctuating synaptic input at the soma with an increased autocorrelation time.
This larger autocorrelation has been shown, analytically, to increase the response of
single-compartment neuron models to high frequency inputs (Brunel et al., 2001).
Furthermore, the spike rate resonance frequencies in the EIF neurons were lower than
for LIF neurons, this shift being the most prominent in case of distal dendritic input.
This resonance frequency may be attributed to the presence of the exponential term,
simulating the spike initiating sodium current. Indeed, this spike initiation current de-
creases the rate response to high frequency inputs (see (Fourcaud-Trocmé et al., 2003)
and the analytical results in (Ostojic et al., 2015)).
For all considered model types and input locations, the amplitude of the modulation
varied with the input strength (i.e. input mean and noise intensity), but the resonance
frequency was little affected by the input parameters.
A similar spike rate resonance has been observed in Purkinje neurons (Ostojic et al.,
2015) in response to synaptic input. Purkinje cells, due to their large dendritic trees,
exhibited a spike rate resonance at rather high frequencies when subject to somatic
input modulations and a noisy dendritic input (Ostojic et al., 2015, Fig. 5A). Nev-
ertheless, a spatially uniform AC field corresponded to anti-phased oscillatory input
currents at the soma and the distal dendrite, respectively (cf. Eqs. 2.2 and 2.3). Con-
sequently, the effects of the field can not be directly inferred from those of an input
current modulation at the soma alone (see also Discussion in next chapter).

More generally, our observation of a spike rate modulation due to weak AC fields is

12The spike rate modulation is a similar measure to the spike-field coherence.
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in accordance with existing literature. Indeed, Radman et al. (2007) measured in vitro
an increase in the spiking coherence of rats CA1 pyramidal cells in the presence of weak,
30 Hz, AC fields; this increase was proportional to the subthreshold field sensitivity
of the cells. Nevertheless, while several experimental studies investigated the modula-
tion of spiking activity due to AC fields, they only considered a small number of field
frequencies (see Reato et al., 2013, for a review, in particular their Fig. 1E). In light
of these studies, the spike rate resonance we reported here can not be confirmed; the
resonance may be considered as a prediction. Nonetheless, Fröhlich and McCormick
(2010) observed a stronger entrainment of multi-unit activity (MUA) due to extra-
cellular electric fields with high-frequency components compared to fields with low-
frequency components (see Fig. S6 in Fröhlich and McCormick, 2010)13.
In summary, our results on spike rate modulation due to AC fields agree with current
knowledge. These results are informative for future experimental studies and may be
of interest for the design of tACS protocols.

We also extended point neuron models to include the effects of electric fields at the
soma. This extension took the form of an additional input current derived analytically
to reproduce the subthreshold response of the BS model. The amplitude and phase
(relative to the field) of the equivalent input current depended on the parameters of
the BS neuron and on the electric field.
Previous studies used similar model extensions, i.e. equivalent input currents, for simu-
lating the effects of the field on neural population. The amplitude of these phenomeno-
logical input currents where either constant across frequencies (Fröhlich and McCormick,
2010; Ali et al., 2013) or fitted to electrophysiological date (Reato et al., 2010). Note
that, in the latter study, the input current amplitude decreased monotonically with
the field frequency. This contrasts with our equivalent input current whose magnitude
increases with frequencies up to 10 kHz. Both studies, i.e. (Reato et al., 2010) and
the one here, present similar subthreshold sensitivity. The discrepancy between the
input currents of both studies may come from the impedances of their respective point
neuron models, which influence the equivalent input current. In (Reato et al., 2010)
the point neuron model parameters (and hence the impedance) were not fitted to real
cells. It is therefore unlikely that the model impedance corresponded to the impedance
of pyramidal cells from which the field sensitivity was recorded (Deans et al., 2007).
Furthermore, our extended point neuron model successfully reproduced the spike rate
modulation, e.g. the resonance, of the BS model. This accurate reproduction supports
the frequency-dependent profile of the equivalent input current we presented here.
Moreover, our equivalent input current agrees with the results of Cartee and Plonsey
(1992), who reported a faster rate of rise of the membrane potential in response to a
step extracellular field than in response to a step input current.

The derived IF model extension enables efficient analyses of the BS spike rate
response to various the input currents and electric fields. A thorough analysis of the
BS dynamics in case of coupled neuronal population is, however, out-of-the scope of
this thesis. In fact, coauthors of the article corresponding to this chapter developed
a further efficient reduction of the BS model (Ladenbauer and Obermayer, 2018). In
brief, they considered a two-compartments model with input impedance fitted to the
BS model and with the input current equivalent to the field we presented here. They
then used moment closure to derive a mean field model of populations of this two-

13Fröhlich and McCormick (2010) measured the entrainment in vitro in ferrets V1
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compartments model.
Additionally, the here-presented input current equivalent to the field is currently used
in large-scale simulations of the effects of tCS on the brain dynamics (Cakan et al.,
2017).

We presented an extension for point neuron models of the LIF and EIF types. More
refined point neuron models include variables with slow dynamics (Brette and Gerstner,
2005) to account for spike rate adaptation and associated characteristic neuronal re-
sponse properties (Ladenbauer et al., 2012, 2014). The presented extension approach
could be adapted to such refined models by using a separation of timescales before
performing the model extension.

In summary, using a canonical spatial neuron, we showed that weak extracellular
fields polarized the somatic membrane. This somatic polarization then modulated the
spike rate. Importantly, this spike rate modulation displayed a resonance which was not
present in the subthreshold field sensitivity. Additionally, we derived a point neuron
model extension to reproduce the somatic dynamics of the canonical neuron. While
remaining computationally efficient, our extended model accounted for the effects of
morphology on synaptic inputs and for the effects of weak extracellular fields. This
model is well suited to be used in large scale simulations to investigate the effects of
weak extracellular fields on neuronal population activity.
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Chapter 3

The dendritic doctrine: Fields
effects on cortical pyramidal cells

3.1 Overview

In the precedent chapter, we extended point neuron models to account for the sub-
threshold membrane polarization due to extracellular fields. We also highlighted a
modulation of the neuron spike rate through the polarization due to the field (see Fig.
2.7). We focused solely on the somatic doctrine and ignored the polarization of the
dendritic tree due to the field. Yet, terminal, e.g. dendritic, polarization was recently
found to modulate synaptic efficacy (Kronberg et al., 2017; Rahman et al., 2017).
The field sensitivity at the soma has been investigated in several experimental and the-
oretical works. For example, the somatic field sensitivity is known to be stronger for
field orientations parallel to the somato-dendritic axis, to depend on cell morphology
(Radman et al., 2009) and to decrease with the field frequency (Deans et al., 2007). On
the contrary, little is known about the dendritic sensitivity to oscillating (AC) fields.
Yet, the dendritic tree receives virtually all afferent synaptic inputs. The dendritic
tree is also endowed with voltage-dependent currents(Major et al., 2013), which might
be modulated by electric fields. As a results, understanding the dendritic tree field
sensitivity could be of major importance when designing tCS protocols.
In the present chapter, we investigate the polarization of cortical pyramidal cells den-
dritic tree in response to an AC extracellular field. More specifically, we consider
the frequency-dependent field sensitivity of cortical pyramidal cell using a biophysical
model. To begin with, we compute the subthreshold field sensitivity of the passive
model, i.e. with reconstructed morphology but without active membrane properties.
We then explain the main properties of the field sensitivity observed in the passive
model using simplified passive cable models. We further consider the field sensitivity
of the pyramidal cell model with active conductances. Interestingly, we find a strong
frequency resonance in the field sensitivity of the apical dendrites; this resonance is
absent in the basal dendrites. We relate this resonance to both the cell passive prop-
erties and the presence of specific ion channels, in particular the Ih channel. Using a
simplified model of active conductances, we generalize the relation between the active
properties of a cell and its field sensitivity. Finally, we illustrate how weak electric
fields can modulate the cell spiking activity both at the soma and at the dendritic tree.
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Besides Section 3.41, the results presented in this chapter have been previously
published (Aspart et al., 2018)2 3.

3.2 Impact of the morphology on the field sensitiv-

ity

To begin with, we investigate how the morphology of a neuron impacts its field sensi-
tivity, i.e. its frequency-dependent polarization in response to an extracellular electric
field. Specifically, we first consider the field sensitivity of a passive pyramidal neuron
model with reconstructed morphology. Then, we explain the main characteristics of
the reconstructed cell field sensitivity using simpler passive cable models.

Field sensitivity of a passive pyramidal neuron

We first consider the subthreshold response of a passive pyramidal cell model subject to
an extracellular electric field. Specifically, we use the layer 5b pyramidal neuron model
published by Hay et al. (2011) without active membrane properties. Unless stated
otherwise, we use the reconstructed morphology cell #1 from (Hay et al., 2011). We
simulate the model with NEURON(Carnevale and Hines, 2006) and set the extracellu-
lar field, i.e. the gradient of extracellular potential, using the extracellular mechanism.
As in the previous chapter, we focus on fields induced by transcranial current stimula-
tion. These fields are of low amplitude (1 V/m) and spatially uniform, i.e. their spatial
derivative is null (Bikson et al., 2012b). Furthermore, the fields are either constant in
time, e.g. Direct Current (DC) fields, E(x, t) = E0, or sinusoidal, e.g. Alternating
Current (AC), E(x, t) = E0 sin(2πftt) where ft is the field frequency. We exclusively
consider fields oriented parallel to the cell somato-dendritic axis (Fig. 3.1A), i.e. par-
allel to the vector formed by the soma and center of mass of the cell. This field
orientation has been shown to result in the strongest somatic membrane polarization
(Radman et al., 2009).
In presence of a DC field parallel to this axis, the apical dendrites get oppositely po-
larized compared to the soma and basal dendrites (Fig. 3.1BC). This is in accordance
with reported in vitro measurements (Bikson et al., 2004). In this passive case, the
apical end presents the strongest polarization amplitude. At the field onset, the basal
and somatic regions display a slight overshoot. The passive model being linear, the
polarization is reversed when the field has opposite sign.

We now consider AC fields. At each location, the resulting membrane polarization
is sinusoidal (Fig. 3.1D), but the phases vary. For example the polarization at the
apical end is anti-phased with the somatic polarization. Due to the linearity of the
model, the polarization amplitude scales linearly with the field amplitude. Similarly

1 The conceptualization, analysis and visualization of Section 3.4 were performed by F. Aspart.
Joram Keijser, under supervision of F. Aspart, implemented the code for evaluating the 3 neuron
models (see first paragraph of that section).

2 The authors contribution to the original article are (FA: Florian Aspart, MR: Michiel WH
Remme, KO: Klaus Obermayer): Conceptualization: FA. Funding acquisition: KO. Resources: KO
Investigation: FA. Methodology: FA, MR. Formal analysis: FA, Software: FA. Supervision: MR, KO.
Visualization: FA, MR. Writing – original draft: FA, MR. Writing – review & editing: FA, MR, KO.

3The article is published under the Creative Commons Attribution License (CC BY 4.0).
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Figure 3.1: In a passive pyramidal cell model subject to an electric field, soma and
basal dendrites get oppositely polarized than apical dendrites. This later are the most
responsive to low frequency stimulations.
(A) Considered neuron morphology with color coding the distance of each segment to the soma. (B)
(Bottom) Membrane polarization of the passive cell due to positive and negative steps of DC electric
field (orange, top). (C) Polarization due to a positive 1 V/m field plotted as the function of the
distance from the soma. For clarity basal dendrites are plotted with negative distance. (D) Example
polarization at the apical dendrite (blue star, bottom) and soma (green circle, middle) due to an an
oscillating field of diverse frequencies (orange, top). (E) Frequency-dependent sensitivity to AC fields
of different cell segments, namely basal, proximal dendrites and soma (left panel) and distal apical
dendrites (right). Colors of the polarization (B) and field sensitivity (E) correspond to the distance
from the soma as depicted in A. The red dashed lines correspond to the soma. Figure and caption
adapted from (Aspart et al., 2018, CC BY 4.0)

to the previous chapter, we define the field sensitivity as the ratio between membrane
polarization and field amplitude (Deans et al., 2007). In practice, we compute the field
sensitivity of the pyramidal cell model through simulation4.
The field sensitivity mostly decreases monotonously with the field frequency. While,
the apical dendrites present the strongest field sensitivity to low frequency fields, their
sensitivity decreases faster with increasing frequency. The field sensitivity at the soma
and basal dendrites display a slight resonance around 5-10Hz. This resonance is due
to the dendritic branches attached close to the soma (see below for further details).
Interestingly, some proximal and basal dendrites exhibit a field sensitivity with a strong
frequency resonance in the 20Hz to 50Hz range (Fig. 3.2). These locations correspond

4After waiting 700 ms to ensure that the cell is in its resting state, we apply a 1V/m field for 2
cycles or at least 400ms and use the last peak of polarization to compute the sensitivity. Using longer
simulation does not affect the measured field sensitivity. Note that, contrarily to the original Hay et
al. model, we initialize all variables in the model (see Section 3.4).
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to proximal and basal branches whose tips, when projected on the field axis, are closer
to the apical dendrites than their branching point. However, the maximum field sensi-
tivity at this resonance is low compared to the maximum field sensitivity measured in
the apical dendrites.
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Figure 3.2: A passive pyramidal neuron exhibits a frequency resonance in its field sen-
sitivity at the proximal dendrites
(Left) Frequency-dependent sensitivity of the passive cell, i.e. without any active ion channels, due to
an AC field parallel to the somato-dendritic axis. (right) Locations of measurement of the sensitivities
displayed in (left). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)

In sum, the considered passive pyramidal cell model is more sensitive to low fre-
quency fields at the apical dendrites than at the soma and basal dendrites. The field
sensitivity mostly decreases with frequency. However, the field sensitivity at some
proximal dendrites presents a strong frequency resonance. In the rest of this section,
we will use simpler models, that is passive cable models with or without branches, to
investigate (i) the origin of the disparity in the sensitivity to low frequency fields at the
apical dendrites and at the soma/basal dendrites and (ii) the origin of the resonance
at the proximal dendrites.

3.2.1 Field sensitivity of passive cable models

Sensitivity of a passive cable to an arbitrary extracellular electric field

We further consider a passive dendritic cable, to which we apply an extracellular field,
E, parallel to its axis, ~x:

E(x, t) = −∂ve
∂x

(x, t),

where ve denotes the extracellular potential. For the sake of generality, we here do
not restrain ourselves to spatially uniform electric fields but consider also non-uniform
fields. We define the membrane potential v, as the difference between the intra- and
extracellular potential v(x, t) = vi(x, t) − ve(x, t). It is solution of the cable equation
(Roth and Basser, 1990) (see Appendix A.1 for the full derivation):

τ
∂v

∂t
− λ2 ∂

2v

∂x2
+ v = −λ2∂E

∂x
0 < x < l (3.1)
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with the boundary conditions (sealed end):

∂v

∂x
= E, x = 0

∂v

∂x
= E, x = l,

(3.2)

where l, λ and τ denote respectively the cable length and the membrane space and
time constants.
We solve this equation under the assumption that the spatial and temporal compo-
nents of the extracellular potential, respectively vx,e(x) and vt,e(t) are independent,
i.e. ve(x, t) = vx,e(x)vt,e(t). In this case, the field is equivalent to correlated inputs
distributed according to the field spatial component, along the cable (right hand side
of Eq. 3.1) and at the extremities (Eq. 3.2). The full expression of the solution and
its derivation are not directly relevant for the following analysis and are, for the sake
of clarity, described in Appendix A.3. In the following, all displayed field sensitivities
of straight and bent passive cables are obtained through evaluation of this analytical
solution.
In case of AC fields, the induced polarization is sinusoidal in time and of the form:

v(x, t) = α(x, ft) sin(2πftt+ φ(x, ft)),

where ft is the field frequency, α(x, ft) the amplitude of the polarization at the location
x and φ(x, ft) the phase shift between the field and the polarization. We further express
the field sensitivity as:

Field sensitivity(x, ft) = α(x, ft)/E0,

E0 being the field amplitude.
For given field spatial distribution and field frequency, the field sensitivity of the cable
depends on its length l, its membrane time, τ , and length constants λ. In the following,
we further decrease this parameter space by normalizing the lengths by the space
constant, for example: L = l/λ. For clarity, we denotes the normalized length units
using upper case, and the unnormalized lengths using lower-case. We also express the
field sensitivity in normalized units: V/(V/λ).

The space constant λ corresponds to the distance over which the polarization due to
a steady state input decreases by 1/e (Koch, 2004). In case of time dependent inputs,
we can define the generalized frequency-dependent space constant, λgen(ft), as:

λgen(ft) =
λ

Re(
√

1 + 2iπftτ)
, (3.3)

where Re(z) is the real part of the complex number z.
λgen(ft) decreases with the frequency ft. Consequently, the effects of high frequency
inputs are more localized than the one of low frequency inputs (Koch, 2004, chap-
ter 2.3). Transposed to the field, this means that the effects of high frequency fields
depend more on their local spatial profile than for low frequency fields. The membrane
time constant determines the influence of the field frequency on λgen: the higher τ
is, the faster λgen(ft) decreases with ft. In the ensuing sections, we will analyze the
impact of the generalized frequency-dependent space constant on the field sensitivity
of straight and bent cables. We then relate this impact to the field sensitivity observed
in the reconstructed cell model.
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Field sensitivity of straight cables

We now consider the effects of a spatially uniform field on a straight passive cable.
Due to its spatial uniformity, the effect of the field along the cable is null (right hand
side of Eq. 3.1 equals 0). The field is therefore equivalent to input currents injected
at both cable ends (right hand sides of Eqs. 3.2). These inputs have opposite orien-
tations: inward on one side, and outwards on the other. The resulting polarization is
antisymmetric (Fig. 3.3B): both cable sides have the same field sensitivity and their
AC polarization is antiphased.
For all frequencies, the field sensitivity is maximal at the cable ends and cancels at the

center of the cable. The area of null sensitivity in the middle broadens with increasing
frequencies. We explain this phenomenon through the decrease of λgen with increasing
field frequencies. Consequently, with increasing frequencies, the influence of the cable
ends on the cable center decreases; so does the influence of the input currents equiv-
alent to the field (right hand side of Eq. 3.2) on the cable center. For high frequency
fields (e.g. ft > 200Hz), the cable is locally equivalent at its center to an infinite cable,
which is not polarized by uniform fields.
The field sensitivity monotonously decreases with increasing frequencies (Fig. 3.3C).
While the membrane time constant τ does not affect the sensitivity to low frequency
fields, it determines the cutoff frequency, i.e. the frequency at which the field sensitiv-
ity starts to decrease. The higher the time constant, the higher the cutoff frequency.
Intuitively, τ determines how fast the membrane reacts to perturbations and therefore
up to which frequency it is able to get polarized.
Increasing the cable length, L, increases the field sensitivity at the cable ends (Fig. 3.3D).
The inputs at both ends being opposite, they tend to cancel each other out. When
the cable gets longer, each extremity is less impacted by the opposite input, the can-
cellation effect decreases and the extremity gets more polarized. At a given length,
the increase in field sensitivity with field frequency saturates: the cable is long enough
and the cable ends do not influence each other anymore. The cable is then locally
semi-infinite. In this case, the field sensitivity is solely determined by the membrane
time constant τ , i.e. how fast the membrane can integrate the input.

Field sensitivity of bent cables

While the straight cable model presents an opposite polarization at both ends, it fails
to reproduce some characteristics of the field sensitivity of the passive pyramidal cell
model. For example, unlike straight cables, the passive pyramidal cell exhibits an
asymmetric polarization amplitude (at the apical and basal dendrites) and some prox-
imal dendrites have an atypical field sensitivity profile.
We further consider a bent passive cable subject to an uniform field as depicted in
Fig. 3.4A. We refer to the part of the cable parallel to the field as the main branch,
and to the other part, i.e. the one forming an angle Θ with the main branch, as the
bent branch.
This model is equivalent to a straight cable in a spatially non-uniform extracellular
field. The spatial profile of the corresponding field is obtained through projection of
the bent cable coordinates on the field axis:

vx,e(x, t) =

{
E0x 0 ≤ x ≤ h, ”main branch”

−E0 cos(θ) ∗ (x− h) h < x ≤ l, ”bent branch”,
(3.4)
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where x is the position along the straight cable, l the total cable length and h the
length of the main branch. x = 0 corresponds to the main branch extremity and x = l
to the extremity of the bent branch. We also note d the length of the bent branch.
Sticking to the notation convention of the precedent section, L, H and D represent the
normalized (using the space constant λ) lengths of (respectively) the total cable, the
main and the bent branches.
The bent cable subject to a spatially uniform field is analog to a straight cable in a
field with the spatial distribution defined in Eq. 3.4. We therefore compute the field
sensitivity of the bent cables using the solution of the cable equation for straight cables
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Figure 3.3: The polarization of a passive straight cable due to an extracellular field is
anti-symmetric and decreases with the field frequency
(A) Schematic representation of a straight cable subject to a parallel electric field. (B) (top) Field
sensitivity, i.e. ratio between membrane polarization and field amplitude, along the cable for different
field frequencies (0.5, 50, 200 and 1000Hz, color coded) for τ = 40ms and L = 1λ. (bottom) Phase shift
between the field and the membrane polarization oscillations. (C) Field sensitivity at the cable ends
as a function of frequency (x axes), for various cable’s electrotonic length L (top: 0.5λ, bottom: 3λ)
and time constant τ (color coded). (C) Field sensitivity at the cable ends as a function of electrotonic
length L, for various frequencies (color coded) and membrane time constants (solid lines: 5ms, dashed
lines: 40ms). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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subject to field with arbitrary spatial profile (see Appendix A.3 for the solution and its
full derivation). Note that in the following, we no longer mention this model analogy
and refer solely to the field sensitivity of bent cables.

Unlike the straight cable case, the bent cable is not symmetric and its polarization
is therefore not antisymmetric. Obtuse bending angles, i.e. Θ ≤ π/2, lower the field
sensitivity at the cable ends but do not qualitatively change its frequency-dependent
profile. For example a bending angle of 3π/4 slightly decreases the field sensitivity at
the bent end while the other side is even less affected (Fig. C.1 in Appendix). This effect
on the field sensitivity is stronger when both branches get more orthogonal, reaching
a maximum for a right bending angle, i.e. Θ = π/2 (Fig. C.2 in Appendix). For all
obtuse and right bending angles, the decrease of the field sensitivity due to the bend-
ing increases with the length of the bent cable part. If the main branch is sufficiently
long, the field sensitivity at the end of the main branch is little affected by the bending.

In case of an acute bending angle (Θ < π/2), the frequency-dependent profile of
the field sensitivity at the bent end changes qualitatively. Indeed, the sensitivity to
low frequency fields decreases and a resonance appears (see Fig. 3.4C for Θ = π/4).
This resonance is similar to the one we observed previously at proximal dendrites in
the passive pyramidal cell model (Fig. 3.2). At the end of the main branch, the field
sensitivity does not display any resonance (Fig. 3.4B).
For a fixed acute bending angle, the presence or not of the resonance at the bent end
is determined by the relative lengths of the main and bent cable branches (Fig. 3.4E
and Fig. C.4 in Appendix). The membrane time constant τ has no influence on the
presence or not of a resonance. However, the time constant influences the frequency of
the resonance. In fact, the time constant determines the range of frequencies affected
by the decrease of sensitivity to low frequency fields at the bend end (Fig. C.3 in
Appendix). The lower τ is, the higher is the cutoff frequency and therefore the higher
is the resonance frequency (Fig. C.4 in Appendix).
The resonance frequency influences the amplitude of the resonance (Fig. 3.4C). As
mentioned above, the resonance is due to a decrease in the sensitivity to low frequency
fields; the sensitivity to high frequency field remains unchanged, that is very low. As a
result, the amplitude of the resonance, i.e. the difference between the field sensitivities
at the resonance and at very low frequency (0.5 Hz), depends both on the decrease
of the sensitivity to low frequency fields and on the field sensitivity at the resonance
frequency5.

To better understand the origin of this resonance, we now inspect the spatial
distribution of the field sensitivity along the bent cable for various field frequencies
(Fig. 3.4D). For all frequencies, the field sensitivity reaches a local minima on each
branch, i.e. on each side of the bending. The location of this local minima is biased
towards the bent end but its exact location depends on the field frequency. In fact, the
higher the field frequency is, the closer to the branches centers the local minima are.
Consequently, the minimal (at constant frequency) field sensitivity can be reached at
the bent end for low frequency fields, but in the middle of the bent branch for high
frequency fields. For example, in case of very low frequency fields (e.g. 0.5Hz), the local

5Note that, we do not use the standard Q-factor (i.e. the ratio between the peak and DC field
sensitivity), since this measure explodes when the DC field sensitivity approaches 0.
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Figure 3.4: Passive cables with an acute bending angle can display a resonance in their
sensitivity to spatially uniform fields
(A) Schematic representation of a bent cable. The unbent branch of the cable, of length H, is parallel
to the field axis. The bent branch, of length D, has an angle Θ with the field. L is the total cable
length. (B,C) Sensitivity ( in V/(V/λ) ) at both cable ends, i.e. at the main (B) and bent (C)
branches ends, as function of the field frequency. The sensitivities are displayed for various main
(H, columns) and bent (D color coded) branches lengths. (D) Distribution of the sensitivity (top)
and phase (bottom) along the bent cable for different field frequencies (0.5, 50, 200 and 1000Hz) for
H = 0.6(λ) and D = 0.4(λ). (E) Resonance amplitude (sensitivity at the resonance minus sensitivity
at 0.5Hz) and (F) resonance frequency at the bent end depending on both branches length. The white
area corresponds to the absence of resonance. In all the plots the bending angle is Θ = π/4 (rad) and
the membrane time constant τ = 40(ms). L, H and D are electrotonic lengths. Figure and caption
adapted from (Aspart et al., 2018, CC BY 4.0)

47



Effects of weak extracellular fields on single neurons

minimum on the bent branch is located at its extremity while for very high frequency
(1 kHz) it is located at its center. This results in a reduced sensitivity to low frequency
fields and, therefore, in the observed resonance at the bent end.
We attribute this frequency-dependent phenomena to the generalized
frequency-dependent space constant λgen(ft). The higher the field frequency is, the
smaller is the generalized space constant and consequently the lower is the interplay
between both branches. When λgen(ft) is very small, the branches are locally indepen-
dent of each other and their field sensitivities cancel at their respective centers, as in
straight cables. When the time constant decreases, λgen(ft) is less affected by changes
in the field frequency ft and both branches still have an impact on each other at high
frequencies (Fig. C.5 in Appendix).

Field sensitivity of cables with several bending branches

In the preceding paragraph, we showed that a simple bent in a passive cable induces
an asymmetric field sensitivity. Specifically, the bent end displays a reduced field
sensitivity compared to the other cable end (Fig. C.2 in Appendix). Yet, this effect is
limited in amplitude for obtuse bending angles and it therefore does not explain the
strong asymmetry in the field sensitivity of the reconstructed cell, that is the soma and
basal dendrites being 2-3 times less sensitive than the apical dendrites (see Fig. 3.1).
To better understand the origin of this asymmetry, we now investigate the effects of
adding several branches to the field sensitivity of a main cable.
To begin with, we consider a model composed of a main straight cable to which end
several branching cables are attached. The extracellular field is parallel to the main
cable (see Fig.3.5A for a schematic representation). By analogy, we refer to the main
cable as the apical dendritic tree and to the branching cables as the basal dendrites; the
soma is located at the branching point. The model includes at least one basal dendrite
which is parallel to the apical axis, all additional basal branches form an angle of
Θ ∈ [0, π] with that axis. We note N the number of non-parallel basal dendrites.
We compute the field sensitivity of the model through numerical simulation as for
the reconstructed pyramidal cell model6. The model parameters are the electrotonic
lengths of the basal (D) and apical (H) branches, the membrane time constant τ and
the number N and angle Θ of the additional basal branches.

The addition of basal branches increases the sensitivity to low frequency fields at
the apical end (Fig. 3.5). The length of the apical cable modulates the exact range
of affected frequencies. For longer apical cables (e.g. H = 2λ), the apical sensitivity
to field of frequencies lower than 25Hz increases. This results in a stronger frequency
dependence of the apical field sensitivity, comparable to the one observed in the passive
pyramidal cell model (Fig. 3.1E). Oppositely, the field sensitivity at the soma and at
the end of the parallel basal branch decreases with the number of additional basal
branches N (Fig. 3.5).

The angle Θ has little impact on the changes of field sensitivity when adding new
basal branches. The changes remain qualitatively the same for all considered angle Θ
(result not shown), besides Θ = π. In the virtual case where all basal dendrites are
parallel to the apical dendrites (Θ = π), the field sensitivity at the soma presents a

6To limit the computational cost of the simulations and enable a full parameter exploration, we
focus on frequencies lower than 100Hz as in the reconstructed model.
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Figure 3.5: The presence of several basal dendrites increases the field sensitivity at the
apical dendrites while decreasing the field sensitivity at the soma and basal dendrites
(A) Schematic representation of the simplified neuron model. The model consists of a main branch
of length H, parallel to the extracellular field. Several branches of length D are attached to one end
of the main cable. At least one of the attached branch is parallel to the main cable axis, the others
form an angle Θ with that axis. (B,C) Sensitivity (in V/(V/λ) ) at the end of the main cable (red
star), at the branching point (green square) and at the end of the parallel branching cable (purple
circle), as function of the field frequency. The field sensitivities are displayed for various number
N (color coded) of branches with an angle of Θ and various main cable lengths (H, columns) and
branch lengths (D, columns). In all the plots the bending angle is Θ = π/2 (rad) and the membrane
time constant τ = 40 ms. H and D are electrotonic lengths. Figure and caption reproduced from
(Aspart et al., 2018, CC BY 4.0)

resonance (Fig. C.6 in Appendix); nevertheless, the effect on the field sensitivity at the
apical end remains the same.

The additional basal dendrites act as an electric shunt, i.e. a locally increased
conductance, at the soma. This shunt is sufficient to explain the asymmetric field
sensitivity (Monai et al., 2010). In fact, replacing the non-parallel basal branches with
a simple shunt at the soma results in the same effects on the field sensitivity (see
Fig. 3.6)7. The shunt due to the additional basal branches, therefore, accounts for the
increased field sensitivity at the apical dendrites and for the decreased field sensitivity
at the soma and basal dendrites. Furthermore, the shunt induces a slight resonance
around 10Hz as observed in the field sensitivity of the soma and basal dendrites in
the reconstructed cell (compare Fig. 3.1 and Fig. 3.6). Note that, using the simple
model with several cables, we did not find any resonance at the soma, except for the
virtual case where all basal dendrites were parallel to the apical cable (Θ = π, Fig. C.6).

To summarize, in the absence of active membrane properties, the (passive) pyra-
midal cell model displays an asymmetric sensitivity to extracellular electric fields. The

7 We simulate the shunt through an increased passive conductance gL at a single segment. The
shunt conductances we report account for the membrane surface of the segment (using area function
in NEURON).
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Figure 3.6: The presence of a shunt at the soma induces an asymmetric field sensitivity,
the apical dendrites being more sensitive than the soma and basal dendrites
(A) Schematic representation of the simplified neuron model at use. The model consists of a passive
cable with a local shunt (green square), i.e. an additional local conductance. The shunt is located
at a distance H from one cable end and D from the other; H being longer than D. The cable is
subject to an extracellular field parallel to it. (B,C) Sensitivity ( in V/(V/λ) ) at both cable ends
(red star and purple circle) and at the location of the shunt (green rectangle), as function of the field
frequency. The sensitivities are displayed for various shunt conductances (color coded) and various
distances between the shunt and both extremities (H and D columns). In all the plots the membrane
time constant is τ = 40(ms). H and D are electrotonic lengths. Figure and caption reproduced from
(Aspart et al., 2018, CC BY 4.0)

apical dendrites are more sensitive to low frequency fields than the soma or basal den-
drites; this difference in field sensitivity fades with increasing field frequencies. We
explain this asymmetry through the multitude of basal branches and the associated
increased conductance, i.e. shunt, at the soma. This shunt further results in a slight
resonance around 5Hz at the basal dendrites and the soma. Finally, we observed a reso-
nance in the field sensitivity of some oblique and basal dendrites which forms an obtuse
branching angle with the apical dendrites. We attribute this ”passive resonance” to
the competition between the main branch (i.e. the apical cable) and the bent branches
(the oblique and basal branches), both branches experiencing the extracellular field
with opposite effective directions.

3.3 Impact of voltage-dependent membrane prop-

erties on the field sensitivity

In the precedent section, we analyzed the role of pyramidal cells morphology on their
sensitivity to weak electric fields. We now investigate the effects of active, i.e. voltage-
dependent, membrane properties on the field sensitivity. Specifically, we first consider
a biophysical model of cortical pyramidal cells with experimentally constrained con-
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ductances. Using this model we investigate how active membrane properties influence
the field sensitivity of pyramidal cells. We then generalize our findings to any type of
active channels using a simplified channel model, namely a quasi-active current.

3.3.1 Field sensitivity of a biophysical pyramidal cell model
with experimentally constrained conductances

Let us consider the full Hay et al. (2011) model, i.e the same reconstructed morphology
as for the passive case above with additional voltage-dependent conductances. This
state-of-the-art model of a thick-tufted layer 5b pyramidal cell includes nine ionic chan-
nels, which were constrained using experimental data. Specifically, the authors used a
multi-objective evolutionary algorithm to fit the ion channels parameters, e.g. the spa-
tial distribution of the conductance. The model reproduces the perisomatic response to
current step input and back-propagating action potential-activated calcium spikes as
reported experimentally (see Section 3.4 for more details about the fitting procedure).
Note that, the conductance distribution of the hyperpolarization-activated inward cur-
rent, Ih, was not fitted but set according to electrophysiological evidences(Nevian et al.,
2007; Kole et al., 2006). In brief, the Ih conductance was distributed uniformly in the
basal dendrites and with an exponential increase with distance from the soma in the
apical dendrites.
Similarly to the passive case, we investigate the subthreshold sensitivity of this bio-
physical model to an extracellular electric field. The field is spatially uniform and
parallel to its somato-dendritic axis. We consider solely the field sensitivity of the cell
at rest, i.e. at its steady state in absence of synaptic inputs8. In the following, the field
sensitivities are computed with 1V/m electric fields; using fields with higher amplitude
(but still weak) does not qualitatively change the results.
In the absence of field, the original model has a spatially non-uniform membrane po-
tential at rest due to the active conductances distribution: the membrane in the apical
dendrite is more depolarized than the basal dendrites and the soma (Fig. C.7A in Ap-
pendix). This gradient of rest membrane potential agrees with experimental in vitro
recordings (Kole et al., 2006; Larkum and Zhu, 2002).

Weak DC fields slightly polarize the membrane, but not sufficiently to qualitatively
counterbalance the gradient of resting membrane potential (Fig. C.7B in Appendix).
In the following, we consider the effective membrane polarization due to a DC field, i.e.
the membrane polarization around the resting potential of each location (Fig. 3.7A).

Unlike in the passive model, the soma and basal dendrites are more sensitive to DC
fields than the apical dendrites. Besides, the membrane potential at the apical den-
drites display a strong overshoot at the field onset. Looking at the membrane response
to AC fields (Fig. 3.7B and Fig. C.8 in Appendix), the apical dendrites sensitivity to
low frequency fields is decreased compared to the passive case (see Fig. 3.8 red and
black traces for a comparison). This decrease induces a strong frequency resonance of
the field sensitivity in the 10-20Hz range.

This resonance is only present in the apical dendrites; the soma or basal dendrites

8In the original Hay et al. (2011) model, the mechanism CaDynamics E2 is lacking of an ini-
tialization block ”INITIAL”; the internal calcium concentration cai is therefore not initialized (see
Section 3.4 and Fig. 3.20). We use version of this mechanism corrected by Ness et al. (2016), in order
to ensure that our neuron is simulated at steady state.
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Figure 3.7: Unlike the soma and basal dendrites, the apical dendrites of an active cell
have an increased subthreshold response to AC fields of 10-20Hz
We consider a pyramidal cell model of Hay et al. (2011) with all active channels. (A) Membrane po-
larization around the resting state due to a positive step current electric field (orange). (B) Frequency-
dependent sensitivity of the cell to AC fields measured at different location on the whole cell. (C)
Sensitivity to sinusoidal fields of frequency 0.5Hz (left) and 10.3Hz (right) as a function of distance
to the soma. For clarity basal dendrites are plotted with negative distance. Colors of the polarization
(A) and field sensitivity (B) correspond to the distance from the soma as depicted in A. The red
dashed lines correspond to the soma. Figure and caption adapted from (Aspart et al., 2018, CC BY
4.0)

still exhibit a slight resonance around 5Hz as in the passive case. While the sensitivity
to low frequency fields is the highest at the soma and the basal dendrites, the apical
dendrites are the most sensitive to fields at the resonance frequency (Fig. 3.7C,D).
The resonances present at some locations in the passive model, e.g. at some proximal
dendrites, remain qualitatively the same in this biophysical model.

To better understand the role of voltage-dependent ion channels on the field sen-
sitivity profile of the cell, we further consider the effects of the three main differences
between the passive and active models: (i) the non-uniform distribution of the rest-
ing membrane potential, (ii) the increased resting conductance due to the presence of
additional active channels and (iii) the dynamics of the active channels themselves.

We first consider the impact of the non-uniform membrane potential at rest on the
field sensitivity. We set the rest membrane potential uniformly to arbitrary values by
adjusting the reversal potential of the leak current along the membrane
(Carnevale and Hines, 2006, Chapter 8). In all considered model variations, i.e. values
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Figure 3.8: The hyperpolarization-activated inward current, Ih, is responsible for the
frequency resonance in the sensitivity of apical dendrites to AC fields
The subplots display the field sensitivity (in mV/(V/m)) of the cell at given locations depending on
the channels included in the model: without any active channels (passive) or with all active channels
present in the model of Hay et al. (2011) active (Active). We also consider the model with frozen
channels, i.e. their gating variable is fixed to their resting value. We freeze either all the channels
(Fully frozen) or all except the Ih which is fully active (Frozen + Ih active) or linearized following
the quasi-active approximation (Frozen + Ih QA). Figure and caption adapted from (Aspart et al.,
2018, CC BY 4.0)

of uniform rest potential, the field sensitivity exhibits a resonance at the apical tuft
(Fig. 3.9). Nevertheless the frequency and amplitude of the resonance change with the
rest membrane potential. The field sensitivity at the soma and basal dendrites is little
affected by the rest membrane potential, except for highly depolarized values (60mV),
where the somatic and basal sensitivity to low frequency fields increase drastically.
We then disentangle the role of the local, i.e. at the location of measurement, rest
membrane potential against the global, i.e. at the whole cell level, rest membrane
distribution. For each measurement location, we consider a model in which the rest
membrane potential is set uniformly to the same value as the local membrane poten-
tial in the original Hay et al. (2011) model. In this case (Fig. 3.9,red line), the field
sensitivity is the same as the field sensitivity in the original model (black line). This
indicates that the local rest membrane potential determines the resonance amplitude
and frequency of the field sensitivity.

We further evaluate the impact of the increased resting conductance in the biophys-
ical model (compared to the passive one) due to the presence of active ion channels.
To this aim, we freeze some of or all the active channels present in the full biophysical
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Figure 3.9: The distribution of the resting membrane potential does not qualitatively
affects the field sensitivity profile of the active cell at the apical dendrites
(A) Distribution of the membrane potential at rest, i.e. in absence of electrical fields, in the fully
active Hay et al. (2011) model. (B) Field sensitivity of the fully active model in case of non-uniform
(black dashed line) and uniform resting membrane potential (solid lines). The uniform distribution
of the resting membrane was set to an arbitrary value by adjusting the passive leak reversal potential
at each dendritic segment independently. The red line traces are measured with a different value of
uniform rest membrane potential in each subplots. In this case, the rest membrane potential is set
uniformly to the local (i.e. at the location of measurement) value of the rest membrane potential in the
non-uniform case. In other words, in each subplot the red line and the dashed black line correspond
to sensitivity with a same local rest membrane potential. The local rest potentials in the red line and
the black dashed line are (from left to right, top to bottom): -65.5 mV, -67.8 mV, -71.1 mV, -77.3
mV and -77.8 mV. Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)

model. In other words, we fix the channels conductances and gating variables to their
rest values (Ness et al., 2016). We refer to these channels as ”frozen”. The dynamics
of frozen channels are blocked and therefore they simply act as additional leak con-
ductances. We first consider the fully frozen (Fig. 3.8, brown curve) model in which
all active conductances of the biophysical model are presents and frozen. Compared
to the passive model (black curve), the addition of frozen channels reduces the apical
dendrites sensitivity to fields with frequencies up to 40 Hz. The active model (red
curve) and the fully frozen model display the same sensitivity to fields of frequency
higher than the resonance frequency of the active model. However, the fully frozen
model does not exhibit any strong resonance and its sensitivity to low frequency fields
is halfway between the one of the passive and active models. The addition of frozen
channels, has little effects on the field sensitivity at the soma and basal dendrites.

To examine the role of single channels dynamics on the resonance, we further starts
from the fully frozen model and unfreeze each channel separately. Reactivating the
hyperpolarization-activated inward current (Ih) is sufficient to recover the resonance.
In fact, the model with all channels frozen except Ih (Fig. 3.8, green curve) displays
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the same field sensitivity as the fully active model. Keeping Ih frozen and reactivating
other channels does not yield any resonance. We therefore conclude that the Ih channel
is responsible for the field sensitivity resonance in the apical dendrites.

In vivo, neurons are constantly bombarded with background synaptic activity. This
additional synaptic conductance results in a “high-conductance state” (Destexhe et al.,
2003; Chance et al., 2002; Mishra and Narayanan, 2015). The increased conductance
could prevail over the active membrane properties and lower their effects. To assess the
effects of such conductance changes on the field sensitivity, we consider a model with
a uniformly increased membrane conductance. The increased membrane conductance
results in a decreased field sensitivity of the model (Fig. 3.10). Actually, increasing
the membrane conductance, reduces the frequency-dependence of the field sensitivity
and, consequently, the resonance amplitude. The resonance frequency remains unal-
tered when varying the membrane conductance (see the normalized field sensitivities
in Fig. C.9 in Appendix).
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Figure 3.10: The field sensitivity of a pyramidal cell decreases in a high-conductance
state
The subplots display the field sensitivity (in mV/(V/m)) of the pyramidal cell model in different
conductance states. The low-conductance state corresponds to the model with the same leak con-
ductance as the original Hay et al. (2011) model. In the high- (blue lines) and higher-conductance
(orange lines) states, we uniformly increased the passive conductance of the original model by adding
respectively 350µS/cm2 and 900µS/cm2 uniformly throughout the model. To remove the effects of
changes in resting membrane potential, we uniformly set the resting membrane potential of all 3 mod-
els to −65 mV by adjusting the leak reversal potential. The somatic input resistances of the low-,
high- and higher-conductance state model are respectively: 53 MΩ, 15.62 MΩ, and 9.05 MΩ. Figure
and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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To summarize, the field sensitivity of the passive pyramidal neuron model mostly de-
creases with field frequency (with the exception of some proximal dendritic branches).
Adding active conductances lower the apical dendrites sensitivity to low frequency
fields; this decrease in field sensitivity results in a resonance. We explain this phe-
nomenon by (i) the increased membrane conductance due to the additional channels
and (ii) the intrinsic dynamics of the Ih channel. The exact resonance frequency and
amplitude are determined by the resting membrane potential.

3.3.2 Field sensitivity of a pyramidal cell model with quasi-
active channels

The above findings, e.g. the resonance at the apical dendrites, depend on the ion chan-
nels present in the Hay et al. (2011) model. We now would like to generalize these
results to any kind of subthreshold currents included in a model. To this aim, we con-
sider a simpler channel model and systematically study the effects of its parametrization
on the model field sensitivity. Concretely, we use the quasi-active (QA) approxima-
tion (Koch, 1984; Remme and Rinzel, 2011; Remme, 2013; Ness et al., 2016), which
consists in linearizing active currents around the membrane potential at rest. The QA
framework lowers the parameter space of active currents, while still keeping their active
properties. The linear approximation is, in our case, justified due to the low amplitude
of the considered extracellular fields and of the resulting membrane polarization.

Presentation of the quasi-active approximation Let us consider a neuron with
a leak current and a voltage-dependent current Iw, which has a single gating variable
w(t). At a given segment of the cell, the membrane potential V (t) is determined by
the equation:

cm
dV (t)

dt
= −gL(V (t)− EL)− gww(t)(V (t)− Ew) + Iaxial(t)

τw(V )
dw(t)

dt
= (w∞(V )− w(t))

(3.5)

where cm denotes the membrane capacitance. Eα, gα (with α ∈ {L,w}) are respec-
tively the reversal potentials and conductances of the leak (subscript L) and active
(subscript w) currents. Iaxial corresponds to axial (intracellular) currents flowing from
neighboring segments. In this description, the current conductance gw is static and
the active current dynamics are contained in the gating variable w, with activation
function w∞(V ) and time constant τw(V ).
We now linearize the active current by taking the first order term of the Taylor expan-
sion of Eq. 3.5 around rest, i.e. around the rest membrane potential VR and the rest
gating variable w∞(VR) (see Appendix B for a detailed derivation of the equation):

cm
dV (t)

dt
= −gL (γR(V (t)− VR) + µm(t)) + Iaxial(t) (3.6)

τw(VR)
dm(t)

dt
= V (t)− VR −m(t) (3.7)
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with:

γR = 1 +
gw
gL
w∞(VR)

µ =
gw
gL

(VR − Ew)
∂w∞
∂V

(VR)

m(t) = (w(t)− w∞(VR))
/∂w∞
∂V

(VR)

(3.8)

This quasi-active approximation can also be performed in models including several
active channels. Each of them would then be linearized separately.

Before further analysis, we need to assess the validity of the quasi-active approxi-
mation in our case of study. We therefore simulate the field sensitivity of the pyramidal
model with all channels of the Hay et al. (2011) model frozen except the Ih one, which
we linearize following the QA approximation. This quasi-active model perfectly re-
produces the field sensitivity of the fully active model (Fig. 3.8, yellow dashed curve).
Regarding the weakness of the applied extracellular field, this result is not surprising.
Indeed, the induce membrane polarization is of low amplitude and the active channels
operate in a near linear regime.

A key asset of the QA framework is that it strongly reduces the parameter space
of the model. Indeed, the dynamics of the quasi-active membrane (Eq. 3.6) is now
fully described by the scalars γR, µ and τw(VR) which do not depend on the current
membrane potential. Most importantly the sign of µ determines the behavior of the
QA channel in the low frequencies (Remme and Rinzel, 2011; Remme, 2013; Ness et al.,
2016):

1. µ < 0: the channel provides a positive feedback to modulations of the membrane.
The current is regenerative.

2. µ = 0: the dynamics of the normalized gating variable m has no influence on the
membrane. The quasi-active current acts as a passive (leak) current.

3. µ > 0: the channel provides a negative feedback to membrane modulations. The
current is restorative.

It is worth noting that this classification of quasi-active currents is valid for membrane
modulations of shorter timescale than the QA current time constant τw(VR). For faster
variations, the gating variables have no time to adapt and to provides their feedback to
the modulation. In case of modulations with a timescale comparable to τw(VR), some
phase shift between m and V may occur and this classification would break.

Effect of quasi-active currents on the field sensitivity Three factors can de-
termine the impact of a QA current on the field sensitivity of a cell: (i) the QA
conductance distribution along the cell, (ii) the channel type (i.e. the sign of µ), and
(iii) the channel activation time constant τw(VR). In the following, we assess the im-
portance of each of these factors using a pyramidal cell model with a leak current and
a quasi-active current.

In particular, we consider three different distributions of the QA conductance over
the whole cell: 1) uniform, 2) linearly increasing and 3) linearly decreasing with dis-
tance from the soma; we distribute the leak conductance gL uniformly to 50µS/cm2
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in all models. In case of the linear distributions, we set the difference in conductance
between the soma and the most distal apical point to be 60-fold (Ness et al., 2016).
This relates to empirical measurement of the Ih conductance distribution in the apical
dendrites of cortical pyramidal cell (Kole et al., 2006). For simplification, we consider
a linear distribution of QA channel over both basal and apical dendritic trees in our
models9.
We calibrate all conductance distributions to have an equal amount of total, i.e.
summed over the whole cell, quasi-active gw and leak conductance gL

10. As a result, the
linearly increasing and decreasing distributions are respectively gw(x) = 0.117x+ 2.60
(µS/cm2) and gw(x) = −0.0539x + 71.9 (µS/cm2), x (µm) being the distance along
the dendritic tree separating a given cell segment and the soma. Unless specified oth-
erwise, the QA channel activation time constant is 50 ms. We further fix uniformly the
membrane capacitance cm to 1 µF/cm2, the axial resistance Raxial = 100(Ωcm) and
w∞(VR) = 0.5. We also set the rest membrane potential VR uniformly.
The channel type is defined by µ which, by definition (Eq. 3.8), depends on the local
QA conductance gw(x). To set the type of QA current independently of the local QA
channel conductance, we use µ∗ instead. µ∗ is defined as:

µ∗(x) := µ(x)gL/gw(x) = (VR − Ew)
∂

∂V
w∞(VR) (3.9)

To begin with, we investigate the effects of the QA channel conductance distribution
on the field sensitivity. To this end, we consider a pyramidal neuron model with the
uniformly distributed leak conductance and a passive (i.e. µ = 0) QA channel. The QA
conductance is distributed according to one of the three above mentioned distributions.
Changing the conductance distribution mainly alters the sensitivity to low frequency
fields (below 80Hz) (Fig. 3.11). In general, increasing the local passive QA conductance
decreases the local field sensitivity. For example, compared to the uniform case, the
model with a linearly increasing conductance distribution has a higher QA conductance
at the apical dendrites and a lower one at the basal dendrites and at the soma. This
leads to a lower field sensitivity (still compared to the uniform distribution) at the apical
dendrites and a stronger one at the basal dendrites and the soma (Fig. 3.11, blue and
orange lines). Using the linearly decreasing distribution induces the opposite effect.
The range of affected frequencies is higher at the apical dendrites (up to 80Hz) than at
the soma and the basal dendrites (up to 30Hz). Moreover, using a linearly increasing
conductance distribution results in a slight resonance at the apical dendrites.

We next study the effect of the channel type on the field sensitivity. We consider a
uniformly distributed QA channel with various channel type, i.e. various values of µ11.
Restorative QA currents (µ > 0) provide a negative feedback to membrane modulations
and therefore decrease the sensitivity to low frequency fields compared to passive QA
channels (µ = 0) (Fig. 3.12 blue and black lines). Consequently, a resonance appears
in the field sensitivity. The resonance is similar to the one previously observed due to
Ih in the Hay et al. (2011) model. In fact, Ih is a restorative current (see below).

9Actually, Ih is known to be uniformly distributed in the basal dendritic tree of rats cortical
pyramidal cells (Nevian et al., 2007).

10Note that, when computing the total QA conductance, we need to multiply it by its activation
function at rest w∞(VR)

11By definition, in case of a uniform distribution gL(x) = gw(x) and µ(x) = µ∗(x)
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Figure 3.11: The quasi-active channel conductance distribution affects the cell field sen-
sitivity depending of the local conductance at the considered location
We consider a neuron model which includes solely a leak conductance and a single quasi-active channel
(QA). The QA channel have no active dynamics (µ = 0) and acts as an additional leak current. We
consider 3 different QA conductance distributions: uniform and linearly increasing/decreasing with
distances from the soma. For each distribution, the sum over the whole cell of the QA conductances at
rest is equal to the sum of the leak conductances. Figure and caption reproduced from (Aspart et al.,
2018, CC BY 4.0)

On the contrary, regenerative currents provide a positive feedback to membrane modu-
lations and, thus, increase the cell sensitivity to low frequency fields (Fig. 3.12 red and
black lines). In this case no resonance appears. This is similar to what we observed
at the soma of the Hay et al. (2011) model in case of highly depolarized membrane at
rest (Fig. 3.9, blue line).
The QA conductance being uniformly distributed, we observe the effects of the restora-
tive and regenerative currents at all considered locations (soma, basal and apical den-
drites).

We further consider the effects of the channel type in case of non uniform QA
conductance distribution, i.e. linearly increasing or decreasing. For both distributions,
the effects of the QA channel type on the field sensitivity remains qualitatively the same
as in the uniform case. Regenerative currents increase the sensitivity to low frequency
fields and restorative currents decrease it, inducing a resonance.
In case of linearly increasing distribution (Fig. 3.13), the impact on field sensitivity
is the strongest in the apical tree, while the field sensitivity at the soma and basal
dendrites is only slightly affected by the channel type. In comparison, for linearly
decreasing distribution (Fig 3.14), the modulation of the field sensitivity by the channel
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Figure 3.12: While regenerative currents increase the cell sensitivity to low frequency
fields, restorative currents decrease it and induce a resonance
We consider a neuron model which includes solely a leak conductance and a single uniformly distributed
quasi-active channel (QA). The plots display the sensitivity (in mV/(V/m)) of the cell to AC fields at
different location in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0) and regenerative (red,
µ∗ = −1) quasi-active currents. Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)

type, i.e. µ∗, is weakened at the apical dendrites and is enhanced at the soma and basal
dendrites. In sum, these observations support a local effects of the QA channels: the
field sensitivity is the most affected by the channel dynamics at locations with the
highest channel density.

Finally, we study the impact of the activation time constant τw(VR) on the field
sensitivity profile of the cell (Fig. 3.15). The faster the channels (i.e. the lower the
time constants), the broader the range of affected frequencies. In other words, channels
with a shorter τw(VR), modulate the field sensitivity up to higher frequencies. Conse-
quently, the activation time constant of restorative QA currents determines the cut-off
frequency of the low-pass filtering effect on the field sensitivity. The time constant
therefore modulates the resonance frequency: the smaller the activation time constant
τw(VR), the higher the resonance frequency. For very short τw(VR), e.g. 1 ms, the
channel attenuates the field sensitivity over the whole range of frequencies and the
resonance disappears.

We further assess if the above effects of QA channels on field sensitivity also trans-
pose to other pyramidal cell morphologies. To this end, we consider other reconstruc-
tion of cortical pyramidal cells (specifically the morphologies referred as cell #2 and
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Figure 3.13: The type of QA channel, with conductance distributed increasingly from
the soma, affects more strongly the field sensitivity at apical dendrites than at the soma
and basal dendrites
The neuron model includes a leak current and a single QA channel, whose conductance distribution
increases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. µ∗ determines the type of the QA channel. The plots display the sensitivity of the cell
to AC fields at different locations depending on the values of µ∗ (color coded). Figure and caption
adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure 3.14: The type of QA channel, with conductance distributed decreasingly from
the soma, affects the field sensitivity at the soma, apical and basal dendrites
The neuron model includes a leak current and a single QA channel, whose conductance distribution
decreases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. µ∗ determines the type of the QA channel. The plots display the sensitivity of the cell
to AC fields at different locations depending on the values of µ∗ (color coded). Figure and caption
adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure 3.15: The time constant of restorative currents determines the resonance fre-
quency of the sensitivity to AC fields
We consider a neuron model which includes solely a leak conductance and a single uniformly dis-
tributed quasi-active channel (QA). The plots display the cell’s sensitivity (in mV/(V/m)) to AC
fields at different locations in case of a passive (µ∗ = 0, dashed line) or a restorative (µ∗ = 2, dashed
lines) quasi-active current. The shades of grey encode the restorative QA channel time constant,
τw(VR). Figure and caption reproduced from (Aspart et al., 2018, CC BY 4.0)

cell #3 in (Hay et al., 2011). Similarly to the precedent case, each cell has a leak current
and a QA current, whose distribution is uniform or linearly increasing/decreasing. The
exact distribution is recomputed for each morphology following the same constraints
as for the precedent morphology. As expected, for both morphologies and all three
QA conductance distributions, restorative currents decrease the sensitivity to low fre-
quency fields, while regenerative currents increase it (Fig.3.16,3.17 and Fig.C.10-C.13
in Appendix).
Furthermore, at a given location, the field sensitivity decreases with increased local
conductance independently of the morphology. For example, in case of a passive QA
channel (µ∗ = 0), the field sensitivity at the apical dendrites is lower when the QA con-
ductance is distributed linearly increasingly with distance from the soma (Fig. C.10
or Fig. C.12 in Appendix) than when the QA conductance is uniformly distributed
(Fig. 3.16 or Fig. 3.17).
Interestingly, we observe a resonance around 20Hz at the center of the apical tuft in
case of a linearly increasing QA conductance distribution (Fig. C.10 and Fig. C.12, mid-
dle subplot right). This resonance occurs independently of the QA channel type, i.e.
independently of µ∗ and is not present in the first considered morphology (Fig. 3.13).
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Figure 3.16: The effects of the channel type on the field sensitivity are transposable to
other pyramidal cell morphologies, cell 2
We consider a neuron model which includes solely a leak conductance and a single uniformly distributed
quasi-active channel (QA). We use the reconstructed morphology corresponding to cell 2 in the Hay et
al. (Hay et al., 2011) paper. The plots display the sensitivity (in mV/(V/m)) of the cell to AC fields
at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0) and regenerative
(red, µ∗ = −0.5) quasi-active currents. Figure and caption adapted from (Aspart et al., 2018, CC BY
4.0)
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Figure 3.17: The effects of the channel type on the field sensitivity are transposable to
other pyramidal cell morphologies, cell 3
We consider a neuron model which includes solely a leak conductance and a single uniformly dis-
tributed quasi-active channel (QA). We use the reconstructed morphology corresponding to cell 3 in
the Hay et al. (2011) paper. The plots display the sensitivity (in mV/(V/m)) of the cell to AC fields
at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0) and regenerative
(red, µ∗ = −0.5) quasi-active currents. Figure and caption adapted from (Aspart et al., 2018, CC BY
4.0)
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This resonance being also observed with the passive QA channel, it may have a similar
origin as the one observed at some proximal dendrites of the passive cell with the first
morphology (Fig 3.2); the non-uniform conductance distribution could play the role of
the non-uniform field as in the bent cable.

To summarize, we used in this section the quasi-active approximation to investigate
the effects of voltage-dependent channels on the field sensitivity. We first found that,
independently on the channel intrinsic dynamics, the field sensitivity at a given location
decreases with increasing local conductance (Fig. 3.11). This explains the decrease of
field sensitivity at the apical dendrites observed when adding frozen channels to the
passive model (Fig. 3.8). Furthermore, the intrinsic channels dynamics alter the cell
sensitivity to lower frequency fields. While regenerative currents increase this field
sensitivity, restorative ones decrease it, which results in a resonance (Fig. 3.12). The
range of affected field frequencies, and therefore the resonance frequency, is determined
by the channel activation time constant: the lower the time constant, the wider the
range of affected frequencies (Fig. 3.15). All these results are independent of the exact
neuron morphology.

In the light of these results, we can explain the effects of Ih on the field sensitivity of
the full Hay et al. (2011) model, in case of varying rest membrane potential (Fig. 3.9).
Fig. 3.18 displays the parameters of the quasi-active, i.e. linearized, Ih currents as a
function of the rest membrane potential VR. For all considered rest membrane po-
tential, Ih is a restorative current (µ∗ < 0 ). Furthermore, µ∗ decreases when the
membrane at rest gets more hyperpolarized. Therefore, Ih impacts the sensitivity to
low frequency fields more strongly in case of lower rest membrane. (Fig. 3.9).
Furthermore the activation time constant τw decreases with increasing membrane po-
tential. This results in the shift of resonance frequency towards higher frequencies
observed when considering more hyperpolarized rest membrane potential (Fig. 3.9,
resonance of the green versus blue curves).
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Figure 3.18: Ih is a restorative current whose time constant increases with increasing
rest membrane potential
Parameters of the quasi-active approximation of the Ih current depending on the rest membrane
potential. The displayed parameters are the QA time constant, τw, (blue line) and µ∗ (red dots).
These parameters are independent on the local conductance distribution of Ih. The QA approximation
is derived from the full description of Ih as used in Hay et al. (2011) and Kole et al. (2006).
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3.4 Modulation of pyramidal cells spiking activity

by weak electric fields

In the beginning of this chapter, we focused on the subthreshold polarization of L5b
pyramidal cells due to weak extracellular electric fields. Importantly, we highlighted a
resonance in the subthreshold field sensitivity at the apical dendrites which is absent
at the soma and basal dendrites.
In this section, we now investigate the modulation of suprathreshold, i.e. spiking,
activity of pyramidal cells through weak extracellular fields. In particular, we want to
study whether the subthreshold resonance observed at the apical dendrites (Fig. 3.7)
translates to a resonance in the modulation of spiking activity.
In the following, we first provide more details about the Hay et al. (2011) pyramidal
cell model to better understand to which extent it can be used for further analysis.
Then we investigate how weak electric fields can modulate the somatic spiking activity
and the firing of calcium spikes in the apical dendrites.

Assessing the pyramidal cell model quality So far, we used the Hay et al. (2011)
pyramidal cell model. As mentioned above, the biophysical properties of the model were
fitted to reproduce empirical measurements of L5 pyramidal cells (Hay et al., 2011).
These properties include the conductance distribution of 10 ionic channels, notably
calcium currents. The distributions were adjusted to reproduce (i) the pyramidal cells
response to somatic step current injections (Fig. 3.19E), (ii) the back-propagation of
action potential (BAP) in the apical tree (Fig. 3.19B) and (iii) the backpropagating
action potential-activated calcium (BAC) firing (Fig. 3.19D), as measured in vitro.

The response to somatic step current injections were measured for 3 different in-
put current amplitudes: low (0.619 nA), reference (0.793 nA) and high (1.507 nA).
Hay et al. chose the reference amplitude as the average amplitude (across 11 pyramidal
cells) eliciting a 15Hz spike rate. Low and high amplitudes correspond to respectively
78% and 190% of the reference amplitude. The step input current lasted for 2s (see
Table 3.1 for a full list of the stimulation parameters).

The BAC firing corresponds to a burst of action potentials (AP) at the soma in

Step input current at the
soma

Low amplitude 0.619 nA
Reference amplitude 0.793 nA
High amplitude 1.507 nA
Duration 2 s

BAP stimulus: brief step
current injected at the soma
(pulse)

Pulse amplitude 1.9 nA
Pulse duration 5 ms

BAC stimulus: brief step
current injected at the soma
(pulse) followed by an EPSP at
the distal apical tuft (620µm
from the soma)

Pulse amplitude 1.9 nA
Pulse duration 5 ms
EPSP amplitude 0.5 nA
EPSP rise time constant 0.5 ms
EPSP decay time constant 5 ms
Delay (∆T ) between somatic
pulse and EPSP

5 ms

Table 3.1: Stimuli parameters used to fit the Hay et al. (2011) model
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Figure 3.19: The Hay et al. model is fitted to reproduce BAC firing and responses to
somatic step current injection as recorded in vitro
(A) Location of the current injection (black and red electrodes) and of the recording locations, i.e. at
the soma (blue), at 420µm (green) and 600µm (orange) from the soma. (B,C,D) Cell response to (B)
an impulse current at the soma, (C) an EPSP at 600µm form the soma and (D) both the somatic
impulse and the EPSP with a 5ms delay. (E) Somatic membrane response (blue) to (from top to
bottom) low, reference and high DC input currents injected at the soma. The colors of all traces in
(B,C,D,E) are matched to the schematic representation in (A). The black traces correspond to the
somatic input current and the red traces (if present) to the apical input current, i.e. the EPSP.

response to concurrent somatic current impulse and a synaptic excitatory input at
the distal dendrites. When subject to a suprathreshold current impulse at the soma
(Fig. 3.19B), pyramidal cells fire an AP at the soma. This AP backpropagates along
the apical dendritic tree, increasing the apical membrane potential. If the cell re-
ceives a concurrent excitatory post synaptic potential (EPSP) at the apical dendrites
(Fig. 3.19D, red trace), a plateau-shaped calcium spike is triggered in the apical den-
drites (green and orange traces). This calcium spike, in turn, induces further APs at
the soma (blue traces). Note that, the somatic current impulse or the EPSP alone do
not induce this calcium spike and the subsequent burst at the soma (Fig. 3.19B and
C). In the following, we will refer to the pulse current at the soma followed by an EPSP
at the apical dendrites as the BAC stimulus. Similarly, we refer to the sole somatic
pulse current as the back-propagating action potential (BAP) stimulus. The BAC and
BAP stimuli parameters are listed in Table 3.1.

During the fitting procedure, Hay et al. (2011) characterized the model reproduc-
tion performance using a set of features for each kind of stimuli. For instance, in case
of somatic step current injections, these features include the neuron spike rate, the
latency of the first spike after stimulus onset or measures of the interspike interval
(ISI). In case of BAC firing, these features include the ISI at the soma or the calcium
spike width and height. In case of BAP stimuli, the features consist of measures of the
membrane voltage along the apical dendrites. The full list of features is summarized
in Table C.3 (in Appendix C) in case of somatic step input current and in Table C.2
(in Appendix C) for the BAP and BAC stimuli.
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Among the BAC features Hay et al. (2011) used to characterize the model, the
authors put a particular emphasis on having a burst of exactly 3 action potentials
(AP). In fact, all pyramidal cells they recorded fired 3 APs in response to the BAC
stimuli. Yet, this hard constraint is not fully achieved by the fitted model the authors
provided12.
During the fitting procedure, the authors applied to their model a BAC stimulus at
295ms after the beginning of the simulation; this results in a burst of 3 APs as required
(Fig. 3.20B). Nevertheless, applying a BAC stimulus at a later time (see Fig. 3.20C for
a stimulus 2s later), no longer induces a burst of 3 APs but only 2. In brief, the model
response depends on the stimulus onset time. This dependence is due to an incorrect
initialization in the original Hay et al. (2011) model. Specifically, the internal calcium
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Figure 3.20: Stimulus onset-dependent BAC firing behavior of the Hay et al. model due
to non-initialized internal calcium concentration
(A) Schematic of the BAC stimulus applied to the neuron model. A pulse current is applied at the
soma, followed by an EPSP-like input current at the apical tuft. The parameters of the stimulation
are summarized in Table 3.1. (B) Membrane voltage response of the original Hay et al. model when
the BAC stimulus is applied at 295ms. (C) Membrane voltage response of the original Hay et al.
model when the BAC stimulus is applied at 2295ms. (D) Internal calcium concentration over time in
the absence of BAC stimulus. In all plots, the blue traces correspond to measurement at the soma, the
green and orange traces to measurement at the apical dendrites at, respectively, 400 µm and 620 µm
from the soma (see locations of blue, green and orange dots in (A)).

12Hay et al. (2011) published their model on ModelDB (McDougal et al., 2016), accession number
139653
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concentration (namely the variable cai from the Ca dynamics E2 NEURON mecha-
nism 13 ) is not initialized. This concentration reaches its steady state only after 2s, i.e.
later than the stimulus onset time used by Hay et al. (2011) (295ms) (see Fig. 3.20D).
This bug in the original Hay et al. model is particularly problematic when comparing
the cell response to stimuli occurring at various times, e.g. at various phases of the
extracellular AC fields.
To circumvent this issue, we perform an ad hoc fix of the model in order to always
get 3 APs independently of the BAC stimulus onset time. Specifically, we adjust
the minimum internal calcium concentration to obtain a steady state internal calcium
concentration equal to the concentration of the original model at 295ms 14. In the fol-
lowing, we refer to this model as the ”fixed model” in contrast to the original Hay et al.
(2011) model.
We now assess the changes in reproduction accuracy of the model induced by the ad hoc
fix. We successively simulate (i) the original Hay et al. model in its fitting condition,
i.e. not at its steady state, (ii) the original Hay et al. model at its steady state and
(iii) the fixed model. We measure the response of the 3 models to all kind of stimuli
used for the fitting procedure (cf Fig. 3.19). Fig. 3.21 summarizes the deviations of
the feature values obtained with the 3 models from the in vitro measurements. Over-
all, the introduced fix does not drastically reduce the reproduction performance of the
model. The fixed model tends to overestimate the spike frequency in response to low
and reference step input currents (Fig. 3.21B and C) though. The original model does
not perfectly reproduce the features as measured in vitro. In fact, these measurements
were not reported by Hay et al. (2011) in their original article; the authors simply pre-
sented this model as the best performing model.
In the following, we use exclusively the fixed model to investigate the effects of weak
extracellular fields on the spiking activity of pyramidal cells. Note that the subthresh-
old field sensitivities of the original Hay et al. model and of the fixed model do not
differ.

Modulation of somatic firing due to extracellular fields We now investigate
the modulation of the somatic firing due to extracellular electric fields. We use the
fixed pyramidal cell model described above. Except otherwise mentioned, we apply
fields of 1 V/m.

To begin with, we consider how DC fields modulate the cell response to step currents
of low amplitude injected at the soma. The extracellular field being weak, they do not
qualitatively alter the cell response to step currents. The cell first fires 4 to 5 action
potentials (AP) in a burst mode before firing further APs more temporally spaced
(Fig. 3.22).
In presence of a positive DC field, the APs in the spike train are delayed compared
to the no field case (Fig. 3.22). This agrees with the subthreshold modulation: in our
convention positive fields hyperpolarize the soma. Furthermore, the intervals between

13In the precedent sections, we used a version of the mechanism corrected by Ness et al. (2016) to
initialize these concentrations; the reported subthreshold field sensitivities were therefore computed
at steady state.

14 We set the minCai variable of the CaDynamics E2 to 0.737e-4 mM at the soma and 0.955e-
4 mM uniformly at the apical dendrite. Obviously, we further initialize the cai variable to its steady
state with the new minCai values.
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Figure 3.21: Fixing the Hay et al. model does not strongly lower the reproduction
accuracy of the original model
The plots display how accurately different pyramidal cell models reproduce the response of cortical
pyramidal cells measured in vitro. The four plots correspond to the response to different kind of
stimuli: to (A) the BAC and BAP stimuli and to step currents of (B) low, (C) reference and (D)
high amplitude injected at the soma. The stimulation parameters are listed in Table 3.1. For each
stimulus, the reproduction accuracy is quantified through the set of features (x-axis) used for fitting
the Hay et al. (2011) model. The models reproduction are plotted in term of deviation from the
empirical mean, as measured in vitro. The deviations are expressed in empirical standard deviations.
The features and the experimental values are listed in Tables C.2 and C.3 in Appendix C. The three
compared pyramidal cell models are (blue dot) the original Hay et al. (2011) model in the same
condition as during the fitting procedure, (orange cross) the original Hay et al. model at steady state
at the stimuli onset and (green triangle) the fixed model, i.e. with an internal calcium concentration
initialized to obtain 3 spikes during BAC firing (see text). The AP count in (A) for the original model
at steady state would be equal to −∞ and is therefore not displayed here.

two spikes in the steady state (i.e. after the burst) are increased.
Interestingly, in case of a negative field, the first AP after the initial burst is also
delayed compared to the ”no field” case (see Fig. 3.23, 5th spike in middle plot). At
first sight, this delay may seem counterintuitive: negative fields depolarize the soma
and should facilitate the trigger of an AP. In fact, zooming in the initial burst, the
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Figure 3.22: Positive electric fields delay the cell response to low amplitude step currents
injected at the soma
Somatic membrane response to a low amplitude step current injected at the soma in presence (orange
dashed lines) or absence (blue line) of a positive (+1 V/m) extracellular field. The middle and bottom
plots are zoomed version of the top one. The stimulation parameters are described in Table 3.1.
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Figure 3.23: Negative electric fields advance the initial spiking response of the cell to
low amplitude step currents injected at the soma, resulting in a delayed spike after the
initial burst
Somatic membrane response to a low amplitude step current injected at the soma in presence (orange
dashed lines) or absence (blue line) of a negative (-1 V/m ) extracellular field. The middle and bottom
plots are zoomed version of the top one. The stimulation parameters are described in Table 3.1.
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negative DC field advances the timing of the first 4 spikes; this advance then induces
a delay in the AP after burst, probably due to intrinsic dynamics of the cell.
DC fields have a lower effect on the response to step input current with higher amplitude
(Fig. 3.24). Indeed, the change in spike timing between the field and no field case is
smaller (compare top plots of Fig. 3.22 and Fig. 3.24A). Importantly, negative fields
no longer induce a delay of the first spike after the burst at stimulus onset. Instead
negative fields advance this first spike, in agreement with the depolarization of the
somatic membrane. In case of a step input of reference amplitude, the results are
similar as for the high amplitude step current (not shown).

We further investigate the modulation of the cell response due to time varying
fields. As for DC fields, we examine the cell response to a step input current at the
soma in presence of an AC field (Fig. 3.25). The modulation can depend on both the
field frequency and the field phase at the input stimulus onset. For each frequency, we

250 ms80

60

40

20

0

20

40

Figure 3.24: In case of a somatic step input current of high amplitude, positive DC fields
delay the first spike after the initial burst and negative fields advance it
Somatic membrane response in response to a step current of high amplitude injected at the soma, in
absence (solid blue lines) and presence (dashed orange and green lines) of a DC extracellular field.
(A) Response in case of a positive DC field (+1 V/m). (B) Response in case of a negative DC field
(-1 V/m). The bottom plots in (A) and (B) are zoomed version of the top ones. The stimulation
parameters are described in Table 3.1.
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Figure 3.25: The modulation of the first interspike interval after stimulus onset by AC
fields is very weak
(Top) Somatic membrane potential in response to a step current of low amplitude injected at the
soma in presence (blue solid line) and absence (red dashed line) of an oscillating extracellular electric
field. (Bottom) Oscillating intensity of the extracellular field applied to the neuron model. The field
parametrization, i.e. frequency and phase at the stimulus onset, is the one inducing the smallest initial
interspike interval. The input stimulus parameters are summarized in Table 3.1. The origin of the
displayed time (t = 0ms) corresponds to the onset of the somatic step input current.

test 16 different field phases (ranging from 0 to 2π) at the stimulus onset15.
AC fields modulate the latency of the first spike, i.e. the delay between the stimulus
onset and the first spike (Fig. 3.26, left column). The modulation depends on the
field frequency and phase and on the amplitude of the step input current. Overall,
the amplitude of the modulation, i.e. the maximal and minimal latency over the field
phases, decreases with the field frequency. This agrees with the subthreshold field
sensitivity at the soma. Furthermore, the modulation of the first spike latency is
weaker in case of higher amplitude input currents.
AC fields also modulate the first interspike interval (ISI), i.e. the delay between the first
2 spikes after the stimulus onset (Fig. 3.26, right column). Interestingly, the modulation
of the first ISI presents a resonance. The frequency of the resonance depends on
the amplitude of the step input current. While the resonance frequency is around
60Hz in case of a low amplitude input current, it becomes higher than 100Hz for high
amplitude current. Nevertheless, the modulation is very weak, see for instance the
traces corresponding to the lowest first ISI in Fig. 3.25.

Finally, we investigate how weak electric fields modulate the somatic suprathresh-
old sensitivity to input currents. To this aim, we consider the cell response to a single
pulse current (5ms) injected at the soma. Over a given amplitude threshold, this pulse
triggers an action potential (AP); below this threshold, no AP is fired (Fig. 3.27 A).
DC fields modulate this input current amplitude threshold to fire an AP (Fig. 3.27 B).
Consistently with the subthreshold polarization, negative DC fields lower the threshold,
making the cell more sensitive to somatic input current. Positive fields increases this
threshold. The change in amplitude threshold scales linearly with the field amplitude.
Similarly to DC fields, AC fields also modulate the pulse amplitude threshold neces-
sary to trigger an AP (Fig. 3.28). The modulation depends on the field frequency and
the phase of the field at the input current onset (Fig. 3.28A). Overall, the threshold
modulation decreases with the field frequency. Yet, the modulation presents a slight
resonance in the very low field frequencies, as observed in the subthreshold field sen-

15In practice, the electric field is applied from the beginning of the simulation and we vary the
stimulus onset to be triggered at a given phase of the field
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Figure 3.26: Weak AC fields modulate the response to onset of somatic step input
currents in a field frequency- and phase-dependent manner
The plots quantify the modulation through weak (1 V/m) AC fields of the cell initial response to step
current injected at the soma. Specifically, the plots display the latency of the first spike (left column,
blue points) and the interval between the two first spikes (right column, green points) after onset of
step current. Each dot represents a field at a given frequency and at a given phase at onset of the
somatic stimulus. We consider 16 different field phases (2πn/16, n ∈ {0, .., 15} ). The rows correspond
to step input currents of different amplitudes, namely (A) low, (B) reference and (C) high amplitudes
(see Table 3.1). The red lines correspond to the feature values in the absence of field. All simulations
are performed with the fixed pyramidal cell model.

sitivity at the soma (Fig. 3.7B). In fact, the change in AP threshold is related to the
somatic polarization due to the field at the pulse onset (Fig. 3.28B). Nonetheless, for a
given somatic polarization, the phase of the field at the pulse onset further determines
the change in pulse amplitude threshold. Fields in a raising phase (within [−π/2, π/2])
will increase the threshold, while fields in a descending phase ([π/2, 3π/2]) decreases
the threshold and facilitate the firing of an action potential. Note that, this phase
effects take place for higher frequency fields (i.e. lower somatic polarization). In this
case, the field phase will have changed before the AP is actually fired, which may ex-
plains this phase effect.

To summarize, we showed that weak extracellular electric fields can modulate the
response of pyramidal cells to somatic input currents. For example, electric fields
modulate the cell response to step input currents. The field shifts the timing of the
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Figure 3.27: DC fields modu-
late the somatic pulse ampli-
tude threshold to trigger an ac-
tion potential
(A) Somatic membrane voltage re-
sponses (top) to an impulse cur-
rent injected at the soma (bot-
tom). The response is plotted for
two different impulse amplitudes:
one suprathreshold (1.9 nA, dashed
lines), i.e. triggering an action po-
tential, and one subthreshold (1.3
nA, solid lines). The pulse current
last 5ms. (B) Minimum pulse am-
plitude required to trigger an ac-
tion potential in presence of a DC
field, depending on the field ampli-
tude. The minimum pulse ampli-
tude is computed by dichotomy; ac-
tion potentials are detected using a
somatic membrane voltage thresh-
old of 0mV.
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Figure 3.28: The modulation of the
somatic pulse amplitude threshold
by AC fields depends on the sub-
threshold somatic polarization and
therefore on the field frequency
(A,B) Pulse amplitude threshold, i.e.
minimum amplitude of the pulse current
injected at the soma, to trigger an action
potential, in presence of an AC extracel-
lular field. Each dot corresponds to a
field parametrization, i.e. field frequency
(x-axis) and phase at the current stimu-
lus onset (color coded). (A) Pulse ampli-
tude threshold as a function of the field
frequency. The black line corresponds to
the minimal pulse amplitude in the ab-
sence of an extracellular field. (B) Pulse
amplitude threshold as a function of the
somatic polarization at the pulse onset.
In both plots, the pulse current lasts 5ms.
The amplitude of the AC field is 1V/m.
The amplitude thresholds are computed
as described in Fig. 3.27.
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spikes in the response spike trains. This modulation does not solely depends on the field
parameters but also on the input current amplitude. The stronger the step current, the
lower the effects of the fields. Weak electric fields also affect the cell sensitivity to pulse
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input currents: the fields modulate the input amplitude threshold to trigger an action
potential. Importantly, this threshold modulation is consistent with the subthreshold
field sensitivity at the soma.

Modulation of BAC firing due to extracellular fields After investigating the
impact of weak electric fields on the response of pyramidal cells to somatic input cur-
rents, we further consider the modulation of the firing of calcium spikes through weak
electric fields. Specifically, we study how electric fields modulate the backpropagating
action potential-activated calcium (BAC) firing of the fixed pyramidal cell model. The
BAC firing is triggered in response to a somatic pulse input current followed by an
EPSP injected at the apical dendrite.
During BAC firing, DC fields mainly modulate the timing of the third action poten-
tial in the burst (Fig. 3.29). In agreement with the somatic subthreshold polarization,
positive fields delay the firing of the action potentials and negative fields advance it.
For strong positive fields, e.g. 5 V/m, the field even inhibits the firing of the third
action potential. The time shift of the third action potential depends on the DC field
amplitude in a nonlinear manner (Fig. 3.30, green curve).

AC fields can modulate the BAC firing of the pyramidal cell too. In particular,
AC fields modulate the backpropagation of action potentials (BAP) along the apical
dendrites (Fig. C.16A in Appendix). This modulation depends on the field frequency
and phase at the onset of the BAP stimulus (that is an impulse current injected at
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Figure 3.29: DC fields modify the timing of action potentials during BAC firing
All four plots display the membrane potentials at different locations during BAC firing, in presence
(solid lines) and absence (dashed lines) of DC fields. The different plots correspond to different field
amplitudes (top plots: ±1V/m, bottom plots: ±5V/m) and different field orientations (left plots:
positive fields, right plots: negative fields). The field amplitude is written as title of the 4 different
subplots. The membrane voltages are measured at three different locations: soma (blue lines), and
at 400µm (green lines) and 600µm (orange lines) from the soma on the apical dendrites (see colored
dots in the schema on the left). The BAC stimulation parameters are summarized in Table 3.1). The
simulation were performed with the fixed neuron model.
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Figure 3.30: DC fields mainly af-
fect the timing of the last spike
during BAC firing
Timing of the 3 action potentials (AP)
during BAC firing in presence of a DC
field. The AP times are plotted as a
function of the field amplitude. The
BAC firing was simulated in the fixed
neuron model with stimulus parameters
defined in Table 3.1 and with a spatially
uniform DC field of various amplitude.
Note that the third somatic spike disap-
pears for too strong positive fields; con-
sequently the green curve stops where
the third AP disappears.
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the soma). Interestingly, the strength of the modulation does not decrease with the
field frequency. AC fields also modulate the amplitude of calcium spikes during BAC
firing (Fig. C.16B in Appendix). Here again, this modulation does not decrease with
increasing field frequencies.

More interesting is the modulation of the cell sensitivity to BAC stimulus. In
other words, do electric fields modulate the cell ability to detect coincident somatic
pulse input current and EPSP at the apical dendrites? For instance, do electric fields
alter the minimum EPSP amplitude or the maximal delay between the EPSP and the
somatic impulse which triggers BAC firing?

To begin with, we consider the EPSP amplitude required to trigger BAC firing. In
brief, we stimulate the cell with the BAC stimulus, i.e a pulse current injected at the
soma and an EPSP at the apical dendrite (see Table 3.1), with various EPSP ampli-
tudes. Over a given EPSP amplitude, a calcium spike is triggered (Fig. 3.31A). To
determine the EPSP amplitude threshold for BAC firing, we measure the peak mem-
brane voltage at different locations along the apical dendrites for the various EPSP
amplitudes. Over a given EPSP amplitude, the peaks of the membrane voltages at
distal apical locations, e.g. 620µm and 800µm from the soma (respectively orange and
magenta lines), become higher than at proximal locations, e.g 400µm from the soma
(green line)(Fig. 3.31B). In the following, we consider the point where the peaks of
the membrane voltages at 400µm and 620µm cross as the EPSP amplitude threshold
to trigger BAC firing. This transition point is affected by the presence of a field (see
dashed line in Fig. 3.31B for a positive 5V/m field). In fact, weak DC fields modulate
the EPSP amplitude threshold (Fig. 3.31C). While positive fields decrease the EPSP
amplitude threshold for BAC firing, negative fields increase it, making the cell less
sensitive to the presence of an EPSP concurrent to the action potential. The change
in EPSP amplitude threshold scales linearly with the field amplitude.
We further investigate how AC fields modulate the sensitivity of the cell to the EPSP
amplitude. In this case, the modulation depends on the field frequency and the phase of
the field at the BAC stimulus onset (Fig. 3.32). Interestingly, the strength of the thresh-
old modulation does not decrease with the field frequency. Instead, the modulation
presents a resonance around 10-20Hz similar to the precedently observed subthreshold
field sensitivity at the apical dendrites. Then the modulation decreases a bit until
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Figure 3.31: Weak DC fields modulate the EPSP amplitude threshold to trigger BAC
firing
(A) Example membrane voltage traces in response to a BAC stimulus with various EPSP amplitudes:
0.5nA (top), 0.1nA (middle) and 0.05nA (bottom). (B) Peak membrane voltage in response to BAC
stimulus depending on the EPSP amplitude. The peak membrane voltage are displayed in the presence
(dashed lines) and in the absence (solid lines) of a 5V/m extracellular field parallel to the somato-
dendritic axis. (C) EPSP amplitude threshold, i.e. minimal EPSP amplitude, to trigger BAC firing.
The BAC firing is detected if the peak membrane voltage on the apical dendrites is higher at 620µm
than at 400µm from the soma. In (A) and (B), the colors code the different locations of measurement:
at the soma (blue) and at the apical dendrite, 400µm (green), 620µm (orange) and 800µm (magenta)
from the soma (see dots on the left schema). Besides the varying EPSP amplitude, the parameters of
the BAC stimulus are listed in Table 3.1.

30Hz before increasing again. Note that this last increase over 30Hz cannot be inferred
directly from the subthreshold field sensitivity.

In addition to the EPSP amplitude, the delay ∆T between the EPSP and the so-
matic impulse current influences whether a backpropagating action potential-activated
calcium spike (BAC) is fired or not (Fig. 3.33A). The EPSP needs to arrive in a given
time window around the somatic pulse current in order to trigger BAC firing. If the
EPSP arrives to early before the somatic input current or too late after it, no dendritic
calcium spike is triggered. For simplicity, we refer in the following to an EPSP arriving
after the somatic stimulus as a positive delay (∆T > 0), and to an EPSP arriving
before the somatic input as a negative delay (∆T < 0).
We want to determine the maximum (positive) and minimum (negative) delays be-
tween both stimuli, which still trigger BAC firing. As for the EPSP amplitude, we
measure the peak membrane voltage at different locations along the apical dendrites
(Fig. 3.33B). For delays in a given range around 0, the peak membrane voltage is
higher at the distal apical dendrites (620 and 800µm from the soma, orange and ma-
genta lines) than at proximal locations (400µm, green lines); beyond this range, the
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Figure 3.32: The modulation of the
EPSP amplitude threshold through
AC fields does not decrease mono-
tonically with the field frequency
Each dot represents the minimal EPSP
amplitude necessary to trigger BAC fir-
ing, depending on the field frequency (x-
axis) and on the field phase at the BAC
stimulus onset (color coded). The black
line corresponds to the EPSP amplitude
threshold in the absence of an extracellu-
lar field. Besides the varying EPSP am-
plitude, the parameters of the BAC stim-
ulus are listed in Table 3.1.
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peak membrane is the strongest at proximal locations. In practice, this range of delays
corresponds to delays triggering BAC firing. In other words, this is the time window
during which the pyramidal cell model detects a coincidence between the EPSP and
the somatic pulse stimuli.
In the following, we consider the points where the curves of the peak membrane po-
tentials at 400µm and at 620µm cross as the threshold delays to trigger a BAC firing.
There are two thresholds: one for negative and one for positive delays. Note that the
time window is not symmetric. Indeed, the negative delay threshold is shorter than
the positive one.
Consistently with a depolarization of the apical membrane, positive DC fields enlarge
this detection time window (Fig. 3.33B dashed lines). In other words, positive fields
decrease the temporal precision for the coincidence detection: they decrease the neg-
ative delay threshold and increase the positive threshold (Fig. 3.33C). Negative DC
fields induce the opposite effects. Overall, the shift in delay threshold scales with the
field amplitude. Unexpectedly, fields between 1.5 and 3V/m have the same negative
delay threshold for BAC firing. It is noteworthy that, compared to the negative delay
threshold, the positive delay threshold is much more affected by the fields.
We then look at the modulation of the delay thresholds through AC fields depend-
ing on the field frequency and phase at the somatic stimulus onset. Interestingly, the
modulations of the negative and positive delay thresholds do not present the same
dependence on the field frequency (Fig. 3.34). The modulation of the negative delay
threshold reaches its peak for fields with frequency in the 10-20Hz range (Fig. 3.34A),
it then decreases monotonically with field frequencies higher than 20Hz. Moreover, the
modulation at the resonance frequency is not symmetric around the ”no field” case
(red line). Indeed, for field with frequency in the 10-20Hz range, the maximal increase
of the negative delay is weaker than the maximal decrease of this delay.
The modulation of the positive delay threshold also displays a resonance in the 10-20Hz
range (Fig. 3.34B). The modulation strength then decreases until 30Hz before increas-
ing again in the 40Hz range. This increase of the modulation in the high frequency
cannot be directly inferred from the subthreshold field sensitivity. The modulation of
the positive delay threshold is not symmetric either. Consistently with the negative
delay, AC fields tend to more strongly increase the positive delay threshold. Note that,
the field phases which enlarge the negative delay also enlarge the positive delay.

To summarize, we have shown that weak extracellular fields can modulate the
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firing of backpropagating action potential-activated calcium spikes (BAC) by cortical
pyramidal cells. For example, the fields can alter the timing of the action potentials in
the BAC burst or the amplitude of the back-propagating action potential. Moreover,
the fields can alter the sensitivity of the cell to the BAC stimulus (a somatic impulse
input current concurrent with an EPSP at the apical dendrite). Indeed, the field can
modulate the EPSP amplitude thresholds or the delay threshold (between the somatic
stimulus and the EPSP) to trigger the BAC firing.
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Figure 3.33: Weak DC fields modulate the temporal precision for detecting coincidence
between action potentials and afferent EPSPs
(A) Example membrane voltage traces in response to the BAC stimulus for various delay between the
somatic input current and the EPSP: 10ms (top), 15ms (middle) and -5ms (bottom). Positive delay
corresponds to an EPSP arriving after the somatic impulse. (B) Peak membrane voltage in response
to BAC stimulus depending on the delay between the two stimuli. The peak membrane voltage are
displayed in presence (dashed lines) and in absence (solid lines) of a 5V/m extracellular field parallel
to the somato-dendritic axis. (C) Threshold delays between the stimuli to trigger BAC firing. The
thresholds are given for (top) negative delays, i.e. minimum ∆T , and for (bottom) positive delays, i.e.
maximum ∆T . The BAC firing is detected if the peak membrane voltage on the apical dendrites is
higher at 620µm than at 400µm from the soma. In (A) and (B), the colors code the different locations
of measurement: at the soma (blue) and at the apical dendrite, 400µm (green), 620µm (orange) and
800µm (magenta) from the soma (see dots on the left schema). Besides the varying EPSP amplitude,
the parameters of the BAC stimulus are listed in Table 3.1.
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Figure 3.34: Weak AC fields mod-
ulate the temporal precision for
detecting BAC stimuli in a field
frequency-dependent manner
Modulation through AC fields of the de-
lay thresholds between BAC stimuli, i.e.
between the somatic pulse current and
the EPSP, which still triggers BAC fir-
ing. (A) corresponds to the minimal,
e.g. negative, delay and (B) to the max-
imal, e.g. positive delay. In (A) and
(B), each dot represents the longer delay
which still triggers BAC firing, depend-
ing on the field frequency (x-axis) and
on the field phase at the BAC stimulus
onset (color coded). The red line cor-
responds to the delay threshold in the
absence of an extracellular electric field.
Besides the varying delay between the
stimuli, the parameters of the BAC stim-
ulus are listed in Table 3.1.
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3.5 Discussion

In the present chapter, we investigated the effects of weak extracellular electric fields on
the activity of cortical pyramidal neurons. We considered solely electric fields parallel to
the somato-dendritic axis. To begin with, we assessed the field sensitivity of pyramidal
neurons, that is their subthreshold frequency-dependent sensitivity to weak electric
fields. Importantly, we found a strong frequency resonance in the field sensitivity of the
apical dendrites. This resonance, located in the 10-20 Hz range, was absent at the basal
dendrites and at the soma. We explained this differential frequency-dependence of the
field sensitivity through the intrinsic properties of the cell. Specifically, we attributed
this spatial profile of the field sensitivity to the interplay between the morphology
and the active properties of the pyramidal cells. While the presence of numerous
basal dendrites increased the field sensitivity at the apical dendrites, the presence of
active channels, notably the h-type current, decreased the apical sensitivity to low
frequency fields. Furthermore, we thoroughly analyzed the mechanism behind the
observed resonance. We therefore provided a better understanding of the relative role
of a pyramidal cell membrane properties and morphology on its sensitivity to weak
electric fields. Finally, we illustrated how weak extracellular fields may modulate the
suprathreshold neural activity of the pyramidal cells, e.g.. their firing of somatic action
potentials and dendritic calcium spikes. Below, we further detail our findings and relate
them to previous studies.

Impact of the morphology We first considered a passive pyramidal cell model, i.e.
with all active conductances removed. In agreement with previous studies (Bikson et al.,
2004; Radman et al., 2009), this model exhibited, in presence of spatially uniform fields,
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an opposite polarization in the apical dendrites compared to the soma and basal den-
drites. At most locations, the field sensitivity of this passive model decreased mono-
tonically with the field frequency. Deans et al. (2007) measured, in vitro a similar
frequency-dependent field sensitivity profile at the soma (Deans et al., 2007); this field
sensitivity profile may therefore be explained by a purely passive effect.
Importantly, the sensitivity of the passive cell model to low frequency fields was not
symmetrical. The apical dendrites were more sensitive to low frequency fields than the
basal dendrites and the soma were. We attributed this asymmetry to the presence of
numerous dendrites radial from (or close to) the soma, namely the basal and oblique
dendrites. These branches acted as a local shunt, lowering the field sensitivity close
to their branching points (see Fig. 3.5). This shunting effect agrees with a study of
Monai et al. (2010). Analyzing mathematically a single cable with a shunt at one end,
Monai et al. showed that the shunt broke the symmetry of the field sensitivity. In
addition, the authors observed a resonance in the field sensitivity close to the shunted
endpoint; this resonance is similar to the one we reported at the soma in a simplified
model (see Fig. 3.6) and in the reconstructed cell (see Fig 3.1). We further showed In
the reconstructed cell that the effects of the shunt were not restricted to the branching
point, i.e. the soma, instead the shunt lowered the field sensitivity of the oblique and
basal dendrites too.
Surprisingly, the field sensitivity at some oblique and basal branches exhibited a fre-
quency resonance. We observed this resonance for branches pointing in the apical
direction. Due to its relatively small amplitude, this resonance would probably have
only a limited effect on the cell response to tACS. However, similar resonances could
possibly occur at different locations in presence of spatially non-uniform fields, e.g.
endogeneous fields.
We considered a simpler model to explain this passive resonance at the proximal den-
drites. Using Fourier transforms and the Green’s function (that is, the impulse response
function), we derived analytically the polarization of a passive cable subject to time-
dependent and spatially non-uniform fields (see also Anastassiou et al., 2010). To
begin with, we exposed how the sensitivity of a straight cable depended on the cable
length and on the field frequency (see Fig. 3.3; see also (Malik, 2011)); we explained
these dependence using the generalized frequency-dependent space constant, λgen(ft)
(Eq. 3.3). This generalized space constant further accounted for the frequency reso-
nance in the field sensitivity of passive cables with an acute bending angle (see Fig.
3.4). In that case, the bending resulted in a change in the field orientation experi-
enced locally by the cable. This change in effective field orientation strongly reduced
the sensitivity to DC fields; the sensitivity to alternating fields with high frequency,
i.e. associated to a shorter generalized space constant, depended mostly on the local
effective field orientation. Importantly, similar effects may take place in presence of
spatially non-uniform fields. Indeed, these effects could potentially explain the “pas-
sive resonance” Malik (2011) observed in the sensitivity of a straight cable to a field
generated by a point source.
The presence of dendritic spines alters the membrane surface area and can therefore
modulate the field sensitivity. The membrane properties of the Hay et al. (2011) model
already accounts for the presence of dendritic spines. In brief, the membrane surface
area was increased by 100% at the apical and basal dendrites (Sterratt et al., 2011).
In general, increasing the membrane surface results in a reduced field sensitivity (see
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Fig. C.14 in Appendix for an example in case of a DC field). While a further uniform
increase of the cell surface does not affect the asymmetry in the field sensitivity, a non-
uniform distribution of spines could potentially affects the spatial shape of the field
sensitivity.

Impact of the active currents After the passive case, we studied the polarization
of a pyramidal cell neuron model with voltage-dependent ion channels. In agreement
with in vitro recordings (Bikson et al., 2004; Deans et al., 2007), the polarization am-
plitude of this neuron model scaled linearly with the field amplitude. Also in accor-
dance with in vitro measurements in CA1 pyramidal cells (Bikson et al., 2004), our
active model displayed a stronger sensitivity to DC fields at the soma and basal den-
drites than in the apical dendrites. The polarization at the apical dendrites exhibited
a strong overshoot at the DC field onset, still in accordance with Bikson et al. (2004)
measurements. We observed a slight resonance (around 5Hz) in the somatic sensitivity
to AC fields; this resonance cannot be confirmed or challenged in hands of published
in vitro data (see Fig. 10 in Deans et al., 2007). Importantly, the field sensitivity
of our model displayed a strong resonance in the 10-20 Hz range at apical dendrites.
No experimental studies have, to our knowledge, investigated the sensitivity of the
dendritic tree to weak AC fields; this resonance at the apical dendrites cannot be
confirmed or excluded by electrophysiology data yet. Nonetheless, we explained this
resonance by the presence of the Ih channel, whose conductance were distributed in
the model according to in vitro measurements (Kole et al., 2006; Nevian et al., 2007).
The presence of h-type current in pyramidal cell has been long known to induce
resonances in the impedance profile, i.e. in the subhtreshold membrane response to
injected current (Hutcheon and Yarom, 2000; Ulrich, 2002; Narayanan and Johnston,
2008; Kalmbach et al., 2013; Dembrow et al., 2010). Nevertheless, the field sensitivity
cannot be easily inferred from the membrane impedance (see Fig. 6 in Monai et al.,
2010, for an explicit demonstration of the difference between impedance and field
sensitivity). During the last writing stage of our manuscript (Aspart et al., 2018),
Toloza et al. (2017) reported, using computational models, a similar resonance due to
Ih in the field sensitivity of pyramidal cells.
To systematically study the effects of active properties on the field sensitivity, we
next used a simplified model of voltage-dependent ion channels: the quasi-active ap-
proximation (Koch, 1984; Remme and Rinzel, 2011). Given the low amplitude of the
considered field and of the resulting membrane polarization, this linear approximation
was particularly well suited for our purposes. Under the quasi-active approximation,
voltage-dependent currents can be divided in two classes: regenerative and restorative
currents. The restorative currents provide negative feedback to slow voltage fluctu-
ations and, hence, reduce the sensitivity to low frequency fields. In practice, this
reduction induced a frequency resonance as observed with the Ih channel; Ih is indeed
a restorative current. Oppositely, regenerative currents (e.g., a persistent sodium cur-
rent) amplified the sensitivity to low-frequency fields without leading to resonances.
This effect of the channel type remained qualitatively the same with other pyramidal
cell morphologies (see Fig. 3.16 and Fig. 3.17 for example).
The amplitude of the channel effects on the field sensitivity depended on the density
of the active conductance (relative to other currents) and on the channel activation
function at rest. The cutoff frequency, and therefore the resonance frequency in case of

82



Chapter 3. The dendritic doctrine

restorative currents, were determined by the channel activation time constant at rest.
Using these relationships, we explained the variation of field sensitivity at rest through
the variation of the Ih properties at rest.

Effect of the polarization on spiking activity After focusing on the subthresh-
old membrane polarization resulting from extracellular fields, we illustrated how this
subthreshold polarization can modulate the neuron suprathreshold response to input
currents. To this end, we first had to fix the Hay et al. (2011) neuron model without
actually refitting it on experimental data. The ensuing explorations should therefore
be taken as a proof-of-concept rather than accurate predictions of the modulation due
to weak electric fields of pyramidal cells suprathreshold responses.
We showed that weak extracellular fields could modulate the cell response to step cur-
rent inputs injected at the soma. In accordance with Radman et al. (2007), we found
that the fields shifted the timing of single spikes in the spike train response. The
exact modulation depended on the step current amplitude: the stronger the current,
the lower the modulation. Counterintuitively, in case of low amplitude step currents,
both DC fields directions induced a delay of the first spike after the initial burst (see
Fig. 3.22 and Fig. 3.23). This effect illustrates the importance of the cell intrinsic
dynamics in their response to electric fields. AC fields further modulated the cell sen-
sitivity to impulse currents. Depending on their phase at the pulse onset, AC fields
lowered or increased the pulse amplitude threshold to trigger an action potential. This
modulation of threshold displayed the same frequency profile as the subthreshold field
sensitivity at the soma.

The strong frequency resonance we found in the subthreshold field sensitivity was
exclusively present in the apical dendrites. Hence, questions remained: can this sub-
threshold polarization of the apical dendrites modulate the output spiking activity?
Does the subthreshold resonance translate into the suprathreshold modulation? In
fact, most of the modelling and experimental studies followed the “somatic doctrine”
(Bikson et al., 2012b): these studies solely considered the impact of the somatic polar-
ization on neural output activity (see Reato et al., 2013, for a review).
Recent studies observed, in vitro, a modulation of synaptic efficacy through the po-
larization of dendritic endings (Rahman et al., 2013, 2017; Lafon et al., 2017). The
reported modulation was very subtle (±1.17% of EPSP amplitude change per V.m−1).
Nevertheless, each neuron being subject to the same field, the modulation could be am-
plified at the network scale. Additionally, using CA1 rat hippocampal slices,
Kronberg et al. (2017) highlighted a modulation of plasticity, specifically long term
potentiation (LTP) and depression (LTD), at Schaffer collaterals by weak DC fields.
Whether the fields reduced or enhanced the plasticity depended on the synapse location
and on the fields orientation. Note that, these studies were limited to DC fields; given
our results on the subthreshold field sensitivity, AC fields at the resonance frequency
may achieve stronger modulations.

The dendritic arbor is the locus of non-linear events such as NMDA, calcium and
sodium spikes (Major et al., 2013; Moore et al., 2017). These events greatly increase
the importance of distal dendritic inputs compared to proximal inputs. Interestingly,
these events present a voltage-dependent threshold, which could be modulated by the
polarization due to the field. In fact, we showed that weak extracellular electric fields
could modulate the firing of backpropagating action potential-activated calcium spikes
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(BAC). This BAC firing, generated exclusively in the apical dendrite, is crucial for the
integration of feedback inputs from higher level cortical areas (Larkum, 2012). There-
fore, weak electric fields may be able to interfere with the integration of these feedback
inputs.
In particular we showed that weak fields modulated both the EPSP amplitude threshold
and the time window during which an EPSP can trigger the BAC firing. In agreement
with the subthreshold polarization, DC fields had opposite effects on the threshold
for somatic spikes than on the threshold for BAC firing. While positive DC fields
increased the threshold for somatic action potentials, they facilitated the BAC firing,
and vice-versa (see Fig. 3.27B and Fig. 3.31C). This could be of interest when try-
ing to modulate the balance between feedforward and feedback inputs, which arrive
respectively at the basal and apical dendrites (Larkum, 2012). Interestingly, unlike
the subthreshold field sensitivity, the modulation of the threshold for BAC firing by
AC fields did not decrease monotonously with the field frequency. This suggests the
presence of some temporal effects which require further investigation.
Note that, while we considered only the BAC firing, the firing of dendritic NMDA and
Sodium spikes may be similarly modulated by the weak electric fields. This would
increase the importance of the dendritic arbor polarization in response to the field.

To conclude, the modelling work presented in this chapter provides a better under-
standing on the sensitivity of cortical pyramidal cells to weak extracellular fields. In
particular, we highlighted the relative role of a cell morphology and active membrane
properties on its frequency-dependent sensitivity to subthreshold electric fields. Impor-
tantly, we predicted a strong resonance in the sensitivity of apical dendrites to AC fields.
We further illustrated how weak extracellular fields could modulate the suprathreshold
activity, e.g. the firing of somatic action potentials and dendritic calcium spikes, of
cortical pyramidal cells.
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Conclusion

In this thesis, I investigated the response of single cells to weak electric fields as induced
by tCS.
First, I concentrated on the somatic doctrine using a spatially extended canonical
model: the ball-and-stick model (Chapter 2). Specifically, I investigated the effects of
the somatic polarization, induced by sinusoidal weak electric fields, on the cell activity.
Interestingly, I identified a resonance in the modulation of spike rate due to sinusoidal
fields which was absent in the subthreshold field sensitivity at the soma. Based on this
canonical model, I derived an extension of point neuron models which accounted for
different locations of input currents and for the somatic polarization due to the field.
The extended model successfully reproduced the dynamics of the canonical model while
being computationally efficient to simulate.
In the next step, following the dendritic doctrine, I extended my focus from the somatic
polarization to the polarization of the whole dendritic tree in response to electric fields.
In particular, I studied the field sensitivity of L5 cortical pyramidal cells, using a bio-
physical model with reconstructed morphology. I found the frequency-dependence of
the field sensitivity to differ at the basal and apical dendrites. Importantly, I explained
this difference through intrinsic pyramidal cell properties, that is their morphology and
the distribution of ion channels. Finally, I illustrated how the subthreshold polarization
of pyramidal cells may induce a change in spiking neural activity.
Based on these results, future research may take two directions. On one hand, the
effects of weak fields on large neuron populations still need to be investigated. This
would be an important step in understanding how tCS modulates neural activity. In
fact, the investigation of the population response to the field is already the subject
of ongoing works, based on the model extension presented here (Cakan et al., 2017;
Ladenbauer and Obermayer, 2018, see Section 2.5 for more details). On the other hand,
how weak extracellular fields modulate the spike response of single pyramidal cell is
still not fully understood. For example, the same modelling approach as in chapter 3
could be used to investigate the impacts of the field-induced subthreshold polarization
on the synaptic integration or on the triggering of dendritic spikes.
Overall, the modelling work I presented provides an improved understanding on the
mechanisms underlying the modulation of neural activity through weak extracellular
electric fields. I focused solely on spatially uniform fields, as induced by tCS. Nonethe-
less, my approach could easily be extended to spatially non-uniform extracellular fields,
e.g. endogenous fields, to study ephaptic coupling or invasive electric stimulation.
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Importantly, my results predict resonances in the cell response to weak extracellular
fields. These modelling predictions still require to be confirmed experimentally, which
could be achieved in vitro using the experimental setup developed in earlier studies
(Bikson et al., 2004; Deans et al., 2007; Radman et al., 2007, 2009; Reato et al., 2010).
Nevertheless, the resonances I exhibited in this thesis suggest that the response of single
neurons to extracellular fields might not decrease monotonically with increasing field
frequencies, unlike previously hypothesized (see Reato et al., 2013, for a review). In
this respect, this thesis adds substantially to our understanding of the effects of weak
electric fields on neural activity and provides insight towards improving the design of
tCS protocols.
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Appendix A

Cable equation subject to an
electric field: derivation and
solutions

In this appendix, we first present the derivation of the cable equation in presence of an
extracellular field, and of the boundary conditions for a sealed end (for simple passive
calbes) and a lumped soma (for the ball-and-stick model) (Section A.1). We then
solve the cable equation for the ball-and-stick neuron model in presence of a spatially
uniform electric field (Section A.2). Finally, we solve the cable equation for a simple
passive cable model (with sealed end) in presence of a spatially non-uniform electric
field (Section A.3).

A.1 Derivation of the equation for passive cables

subject to an extracellular electric field

A.1.1 Cable equation

We derive in this section the cable equation subject to the field as expressed by
Roth and Basser (1990).

We consider a passive straight cable of length l (mm) and of cable radius r (mm).
The cable is subject to an extracellular electric field, E(x, t), defined as the spatial
derivative of the extracellular potential, ve(x, t), along the cable axis x:

E(x, t) = −∂ve
∂x

(x, t) (A.1)

We note c (F.mm2), ρi (S/mm) and ρm (S/mm2) the specific membrane capacitance,
the axial conductance and the membrane conductance of the cable. We assume these
values to be uniform along the cable. We further define the membrane capacitance
per unit length cm = 2πrc (F/mm), as well as the internal (axial) and membrane
conductances per unit length respectively gm = 2πrρm (S/mm) and gi = ρiπr

2(S.mm).
These variables are depicted in Fig. A.1. The membrane potential, v(x, t), is defined
as the difference between the intracellular (vi) and extracellular (ve) potentials:

v(x, t) = vi(x, t)− ve(x, t) (A.2)
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A

B

Figure A.1: Schematic description of a passive cable and a ball-and-stick models subject
to an extracellular electric field
(A) Passive cable model and its associated electric circuit. At both cable ends, the boundary conditions
are sealed ends, i.e. no axial current is flowing at the cable end. vi and ve refer to the intracellular and
extracellular potential of the passive model. (B) Ball-and-stick (BS) model and its associated electric
circuit. The BS model has a lumped soma (x=0) and a sealed end (x=l) boundary conditions. VBS,i

and VBS,e are the intracellular and extracellular potential of the BS model. In both models, cm, gm
and gi denote respectively the membrane capacitance and the membrane (leak) conductance and the
axial conductance per unit length. Both models are of length l. dx corresponds to a small length. Cs

and Gs are the capacitance and conductance of the lumped soma in the BS model.

For simplicity, we assume that the rest membrane potential, i.e. in the absence of an
extracellular field, is null.
Writing the Kirchhoff’s law of conservation of current at a given location x, we have:

Ia(x− dx, t) + Im(x, t)− Ia(x, t) = 0 (A.3)

where Ia and Im are respectively axial and transmembrane currents, which can be
expressed using the Ohm’s law and the expression for the capacitive current:

Ia(x, t) =
gi
dx

(vi(x+ dx, t)− vi(x, t))

Im(x, t) = cmdx
∂v

∂t
(x, t) + gmdx v(x, t)

Injecting these expressions in Eq. A.3, we obtain:

− gi
dx

(vi(x+ dx, t)− vi(x− dx, t)) + cmdx
∂v

∂t
(x, t) + gmdx v(x, t) = 0
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Appendix A. Cable equation subject to an electric field: derivation and solutions

Dividing by dx and taking the limit dx→ 0:

−gi
∂2vi
∂x2

(x, t) + cm
∂v

∂t
(x, t) + gmv(x, t) = 0

Using the definitions of the membrane potential Eq. A.2 and of the field Eq. A.1:

−gi
∂2v

∂x2
(x, t) + cm

∂v

∂t
(x, t) + gmv(x, t) = −gi

∂E

∂x
(x, t)

We further express the cable equation subject to the field using the cable membrane
time constant τ = cm/gm (s) and electrotonic length scale λ =

√
gi/gm (mm):

τ
∂v

∂t
(x, t)− λ∂

2v

∂x2
(x, t) + v(x, t) = −λ∂E

∂x
(x, t) (A.4)

A.1.2 Boundary conditions

The partial differential equation of the cable (Eq. A.4) fully determines the membrane
potential response to the field when ”associated” to the boundary conditions. In this
thesis we solely consider two kind of cable ends: the sealed end and the lumped soma
(used in the ball-and-stick model). Depending on the analysis we perform, these cable
ends can be subject to synaptic input currents; in all considered cases, they are subjects
to an extracellular field. In the following, we briefly derive the different boundary
conditions encountered in this thesis.

Sealed-end In the sealed end condition, no axial current is allowed to flow at the
boundary:

∂vi
∂x

(x, t) = 0, x ∈ {0, l}

and therefore, in presence of an electric field:

∂vi
∂x

(x, t) = E(x, t), x ∈ {0, l} (A.5)

We now consider a sealed end at the cable end (x = l) subject to both an extracellular
field and a synaptic input current I(t). The intracellular voltage is determined by
(Tuckwell, 1988):

∂vi

∂x
(x, t) =

I(t)

gi

x ∈ l,

This yields for the membrane voltage:

∂v

∂x
(x, t) =

I(t)

gi

+ E(l, t) x = l. (A.6)

Lumped soma In the lumped soma condition, we consider a soma attached to the
cable at x = 0. Given the relative size of the soma compared to the cable length, we
assume the soma is an equipotential surface with a capacitance Cs and resistance Rs

(Tuckwell, 1988). Applying Kirchhoff’s law of current conservation at x = 0, we have:

Cs
∂v

∂t
(0, t) +Gsv(0, t) =

gi
dx

(vi(dx, t)− vi(0, t))
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Taking the limit dx→ 0, using the definitions of the membrane (v = vi−ve) and of the
field (Eq. A.1), we obtain the lumped soma boundary condition at x = 0 in presence
of an extracellular field:

Cs
∂v

∂t
(0, t) +Gsv(0, t)− gi

∂v

∂x
(0, t) = −giE(0, t) (A.7)

If subject to a synaptic input current I(t) in addition to the field, the lumped soma
boundary condition is expressed as:

Cs
∂v

∂t
(0, t) +Gsv(0, t)− gi

∂v

∂x
(0, t) = I(t)− giE(0, t) (A.8)

Finally, we consider the case where the lumped-soma includes voltage dependent cur-
rents Iion(V, t). When subject to both an extracellular field E and an input current I,
this lumped soma corresponds to the boundary condition:

Cs
∂v

∂t
(0, t) +Gsv(0, t)− gi

∂v

∂x
(0, t)− Iion(t) = I(t)− giE(0, t) (A.9)

where, for example:

Iion(t) = Gs∆Te
VBS−VT

∆T (A.10)

in case of an exponential integrate-and-fire neuron (EIF) (see Table C.1 for a description
of the parameters).

A.2 Derivation of the BS somatic membrane po-

tential in response to synaptic inputs and a

spatially uniform extracellular electric field

In this section, we analytically derive the subthreshold membrane response of the Ball-
and-stick (BS) neuron model in response to synaptic input currents located at the
model ends and to a spatially uniform extracellular field.

The Ball-and-stick neuron (BS) model consists of a lumped somatic compartment
attached to a finite passive dendritic (Fig. A.1B). The BS morphology is defined by
the cable length l, the cable diameter Dd and the soma diameter Ds. The BS cable is
oriented along the x axis, the lumped soma being at x = 0 and the sealed end at the
cable extremity x = l. We note VBS the deviation from rest, Vrest, of the membrane
potential of the BS model1. By definition:

VBS(x, t) := VBS,i(x, t)− VBS,e(x, t)− Vrest

where VBS,i and VBS,e denote respectively the intra- and extracellular potentials. We
are interested in the BS model response to synaptic inputs and to an electric field. The
synaptic inputs are located at the soma Is(t) and at the distal dendritic end Id(t). Here,

we consider solely electric fields, E(t) = −∂VBS,e

∂x
(x, t), which are spatially uniform, i.e.

their spatial derivative is null, at the scale of the neuron.

1 Note that, we use a different notation than for the membrane potential of a simple passive cable
to emphasize the distinction between both models.
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Appendix A. Cable equation subject to an electric field: derivation and solutions

Furthermore, we consider a BS model including an exponential mechanism (Eq. A.10)
at the soma which corresponds to spike initiating currents.
Using the cable equation Eq. A.4 and the boundary conditions of Eqs. A.6, A.9 and
A.10, we express the cable equation corresponding to the EIF BS neuron model:

cm
∂VBS

∂t
− gi

∂2VBS

∂x2
+ gmVBS = −gi

∂E

∂x
= 0 0 < x < l, (A.11)

and the boundary conditions:

Cs
∂VBS

∂t
− gi

∂VBS

∂x
+GsVBS −Gs∆Te

VBS−VT
∆T = Is(t)− giE(t) x = 0, (A.12)

∂VBS

∂x
=
Id(t)

gi

+ E(t), x = l. (A.13)

cm = cDdπ refers to the membrane capacitance per unit length. gi = %i(Dd/2)2π and
gm = %mDdπ are respectively the internal (axial) and the membrane conductances,
per unit length, of the cable. c still denotes the specific membrane capacitance (in
F/m2), %m the specific membrane conductance (in S/m2) and %i the specific internal
conductance (in S/m). Gs = %mD

2
sπ and Cs = cD2

sπ are the somatic membrane leak
conductance and capacitance.
The rightmost equality in Eq. A.11 results from the assumption of the field spatial
uniformity.
In the following we solve an approximation of this BS cable equation (Eq. A.11-A.13)
for the subthreshold regime. In brief, we first linearize the exponential term around a
baseline membrane potential, then separate the temporal and spatial variables, apply
the temporal Fourier transform and finally solve the resulting complex second order
differential equation with respect to the spatial variable (see the following for more
details).

Assuming the variations of the synaptic inputs Is(t), Id(t) and the amplitude of the
weak oscillatory electric field E(t) are small, we linearize the exponential term in the
boundary condition at the soma (x=0, Eq. A.12) around a baseline voltage value V0.
This yields:

Cs
∂VBS

∂t
− gi

∂VBS

∂x
+Gs

(
1− e

V0−VT
∆T

)
VBS = Gse

V0−VT
∆T (∆T−V0) + Is(t)− giE(t) (A.14)

This results in a partial differential equation A.11 and associated boundary condi-
tions A.14 and A.13 which are linear. This system of differential equations can be
solved using, successively, the separation of variables VBS(x, t) = W (x)U(t) and the
Fourier transform in the temporal domain:

V̂BS(x, ω) = W (x)Û(ω) = W (x)

∫ ∞
−∞

U(t)eiωtdt,

where ω = 2πf indicates angular frequency and .̂ the temporal Fourier transform. The

91



Effects of weak extracellular fields on single neurons

system of differential equations becomes:

cmiωV̂BS − gi
∂2V̂BS

∂x2
+ gmV̂BS = 0 0 < x < l, (A.15)

CsiωV̂BS − gi
∂V̂BS

∂x
+Gs

(
1− e

V0−VT
∆T

)
V̂BS =

2πδ(ω)Gse
V0−VT

∆T (∆T − V0) + Îs(ω)− giÊ(ω) x = 0, (A.16)

∂V̂BS

∂x
=
Îd(ω)

gi

+ Ê(ω) x = l, (A.17)

where δ(.) denotes the Dirac delta function.
Eq. A.15 is a second order linear differential equation whose solution is of the form:

V̂BS(x, ω) = a1(ω)ez(ω)x + a2(ω)e−z(ω)x (A.18)

±z(ω) correspond to the roots of the characteristic polynomial giλ
2 = gm + cmiω of

Eq. A.15:

z(ω) =

√
gm +

√
g2

m + ω2c2
m

2gi

+ sign(ω)i

√
−gm +

√
g2

m + ω2c2
m

2gi

, (A.19)

The boundary conditions Eq. A.16,A.17 of the differential system constrain its general
solution Eq. A.18. Specifically, the coefficients a1(ω) and a2(ω) are derived by inserting
V̂BS(x, ω) from Eq. A.18 in Eqs. A.16 and A.17. This yields the subthreshold somatic
membrane response of the BS model to synaptic inputs and an extracellular field:

V̂BS(0, ω) = V̂ Is
BS(0, ω) + V̂ Id

BS(0, ω) + V̂ ∆T
BS (0, ω) + V̂ E

BS(0, ω) (A.20)

with

V̂ Is
BS(0, ω) =

Îs(ω)

X(ω)
, V̂ ∆T

BS (0, ω) =
2πδ(ω)Gse

V0−VT
∆T (∆T − V0)

X(ω)
, (A.21)

V̂ Id
BS(0, ω) =

Îd(ω) sech(z(ω)l)

X(ω)
, V̂ E

BS(0, ω) =
Ê(ω)gi [sech(z(ω)l)− 1]

X(ω)
, (A.22)

and

X(ω) = Csiω +Gs

(
1− e

V0−VT
∆T

)
+ z(ω) gitanh(z(ω)l). (A.23)

The function sech(x) = cosh(x)−1 indicates the hyperbolic secant.
V Is

BS, V Id
BS and V E

BS are respectively the membrane response components to Is, Id and E.
V ∆T

BS is the membrane “response” to the (linearized) exponential term, i.e. the spike
initiation mechanism.
Furthermore, the membrane response to a sinusoidal field, E(t) = E1 sin(ϕt), can be
expressed in the time domain as

V E
BS(0, t) = |A(ϕ)| sin

(
ϕt+ arg(A(ϕ))

)
, (A.24)

A(ϕ) =
E1gi [sech(z(ϕ)l)− 1]

Csiϕ+Gs

(
1− e

V0−VT
∆T

)
+ z(ϕ) gi tanh (z(ϕ)l)

. (A.25)
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A.3 Derivation of the membrane polarization of a

straight passive cable due to a spatially non-

uniform electric field

In this section, we analytically derive the membrane polarization of a straight passive
cable in response to an extracellular electric field. Unlike for the ball-and-stick case in
the precedent section, we do not assume that the field is spatially uniform.

We consider a straight cable of radius r (mm) and length l (mm). The cable elec-
tronic properties are characterized by its membrane time constant τ = cm/gm (s) and
electrotonic length scale λ =

√
gi/gm (mm), cm = 2πrc (F/mm) being the membrane

capacitance per unit length and gm = 2πrρm (S/mm), gi = ρiπr
2(S.mm) respectively

the internal (axial) and membrane (radial) conductances per unit length. c (F.mm2),
ρi (S/mm), ρm (S/mm2) denote respectively the specific membrane capacitance, the
axial conductance and the membrane conductance. We define the membrane potential
along the cable as v(x, t) = vi(x, t) − ve(x, t). We assume that the rest membrane
potential is null. Note that, the cable being passive, this later assumption does not
change the results.
We apply an extracellular electric field E(x, t) parallel to the cable axis, x:

E(x, t) = −∂ve
∂x

(x, t)

In the following computation, we do not assume the field to be stationary or spa-
tially non-uniform but we do assume that its spatial and temporal components are
independent:

ve(x, t) = ve,x(x)ve,t(t) (A.26)

As derived in section A.1, the membrane potential along the cable is governed by the
cable equation:

τ
∂v

∂t
− λ2 ∂

2v

∂x2
+ v = −λ2∂E

∂x
0 < x < l

Or, in terms of vi and ve:

τ
∂vi
∂t
− λ2∂

2vi
∂x2

+ vi = ve + τ
∂ve
∂t

0 < x < l (A.27)

and the sealed end boundary conditions:

∂vi
∂x

= 0, x = 0

∂vi
∂x

= 0, x = l

To solve Eq. A.27, we first apply the separation of variables (for which the assumption
of Eq. A.26 is necessary) and the temporal Fourier transform:

vα(x, t) = vx,α(x)vt,α(t) = vx,α(x)

∫ ∞
−∞

v̂t,α(ωt)e
iωttdωt (A.28)

v̂α(x, ωt) = vx,α(x)v̂t,α(ωt) = vx,α(x)

∫ ∞
−∞

vt,α(t)e−iωttdt (A.29)

(A.30)
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with α ∈ {i, e}. .̂ denotes the temporal Fourier transform and ωt = 2πft the temporal
angular frequency.
We consider each angular frequency separately and rewrite Eq. A.27 in the temporal
Fourier domain, for a fixed ωt, :

−λ2∂
2v̂i
∂x2

+ (1 + iωtτ)v̂i = (1 + iωtτ)v̂e 0 < x < l (A.31)

We further define the complex frequency-dependent space constant, λeq(ft):

λ2
eq =

λ2

1 + iωtτ

As a side note, in the results of Chapter 3, we use the real component of λeq, that is
the generalized frequency-dependent space constant (Koch, 2004, Chapt. 2.3), λgen:

λgen(ft) = Re(λeq(ft)) =
λ

Re(
√

1 + 2iπftτ)

Using the frequency dependent space constant, Eq. A.31 becomes:

−λ2
eq

∂2v̂i
∂x2

+ v̂i = v̂e, 0 < x < l (A.32)

After the temporal Fourier transform, we now apply the Fourier transform in the
spatial domain. To avoid confusion between imaginary terms resulting from Fourier
transforms in the temporal and spatial domains, we use the cosine transform for the
spatial domain:

vx,α(x) =

∫ ∞
−∞

ṽx,α(ωx)e
iωxxdωx =

∫ ∞
−∞
|ṽx,α(ωx)|ei(ωxx+arg(ṽx,α(ωx))dωx

=

∫ ∞
−∞
|ṽx,α(ωx)| sin (ωxx+ arg(ṽx,α(ωx)) + π/2)dωx

ṽx,α(ωx) =

∫ ∞
−∞

vx,α(x)e−iωxxdx

with α ∈ {i, e}. .̃ denotes the spatial Fourier transform and ωx = 2πfx the spatial
frequency of the extracellular potential. This cosine notation is valid since vx,α is real,
i.e. ∀x, vx,α(x) ∈ R.
We consider each spatial component separately. For a fixed ωx, and after setting
v̄α(ωx, ωt) = ṽx,α(ωx)v̂t,α(ωt), α ∈ {i, e} Eq. A.32 becomes:

−λ2
eq

∂2v̄i
∂x2

+ v̄i = v0 sin(2πfsx+ φs), 0 < x < L (A.33)

with v0(ωx, ωt) = v̂t,e(ωt)|ṽx,e(ωx)| and φs(ωx) = arg(ṽx,e(ωx)) + π/2).
For fixed temporal (ωt) and spatial (ωx) field frequencies, we normalize the length units
using the frequency-dependent space constant:

Ωx = ωxλeq, X =
X

λeq
, Vα =

v̄α
v0

, α ∈ {e, i}
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Eq. A.33 becomes:

−∂
2Vi
∂X2

+ Vi = sin(ΩxX + φs), 0 < X < L = l/λeq

and the boundary conditions:

∂Vi
∂X

= 0, X = 0

∂Vi
∂X

= 0, X = L

This differential system has already been solved by Anastassiou et al. (2010, Support-
ing Information) using the Green’s function derived in (Tuckwell, 1988):

Vi(X) = − Ωx

Ω2
x + 1

sin(ΩxX + φs)

+
Ω2
x

Ω2
x + 1

(
cosh(X)

tanh(L)
cos(φs)−

cosh(X)

sinh(L)
cos(ΩxL+ φs)− sinh(X) cos(φs)

)
In terms of membrane potential, i.e. V = Vi − Ve:

V (X) = − Ω2
x

Ω2
x + 1

sin(ΩxX + φs) (A.34)

+
Ω2
x

Ω2
x + 1

(
cosh(X)

tanh(L)
cos(φs)−

cosh(X)

sinh(L)
cos(ΩxL+ φs)− sinh(X) cos(φs)

)

V (X) is a complex function which corresponds to the subthreshold cable membrane
polarization due to an electrical field with given spatial and temporal frequencies.
Indeed, the dependence of V (X) in the field spatial, ωx, and temporal, ωt, angular
frequencies is hidden in the variables Ωx, φs and λeq. To obtain the full membrane
modulation, i.e. for an arbitrary field, we need to integrate V over these angular
frequencies. The full equation for the membrane polarization due to an arbitrary
extracellular field is:

v(x, t) =

∫ ∫
v0(ωx, ωt)V (x/λeq)e

iωttdωxdωt (A.35)

where V is given by Eq. A.34 and also depends on ωx. Note that, v0(ωx, ωt) corre-
sponds to the spatial and temporal Fourier coefficients of the extracellular field for the
respective frequencies ωx and ωt.
In the above derivation, we solely assumed that the spatial and temporal components
of the extracellular field are independent (Eq. A.26). Since we consider only fields
whose spatial component does not vary in time, this assumption is not restricting the
present work but it could be in case of endogenous fields. Nevertheless, this limitation
can be easily by-passed by considering each spatial components separately and using
the linearity of the cable equation.
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Derivation of the quasi-active
approximation

For completeness, we present here the derivation of the cable equation with a quasi-
active current (Remme and Rinzel, 2011; Remme, 2013).
We consider a neuron with a leak current IL and a voltage-dependent current Iw. The
cable equation governing the membrane dynamics is:

cm
∂V

∂t
(x, t) = gi

∂2

∂x2
V (x, t) + IL(x, t) + Iw(x, t) (B.1)

where V (t) = Vi(t) − Ve(t) the membrane potential, i.e. the difference between intra-
and extracellular potentials. cm denotes the membrane capacitance.
The leak and voltage-dependent current are expressed as:

IL(x, t) = −gL(V (x, t)− EL) (B.2)

Iw(x, t) = −gww(x, t)(V (x, t)− Ew), (B.3)

Eα, gα (with α ∈ {L,w}) being respectively the reversal potentials and conductances
of the leak (subscript L) and active (subscript w) currents. In this description, the
current conductance gw is static and the voltage-dependent dynamics of the active
current are contained in the gating variable w. The gating variable w is determined
by:

∂w

∂t
(x, t) =

1

τw(V (x, t))
(w∞(V (x, t))− w(x, t)) (B.4)

where w∞(V ) and τw(V ) are the activation function and time constant of the gating
variable w.
We are interested by the variation of the membrane potential and gating variables
around rest, we therefore set:

U(x, t) = V (x, t)− VR(x)

W (x, t) = w(x, t)− w∞(VR(x))

where VR is the rest membrane potential. We do not assume a spatial uniformity of
the rest membrane potential: VR(x) depends on x.
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Appendix B. Derivation of the quasi-active approximation

For the sake of readability, we omit writing down the dependence in x and t of the
variables V , U , W and w in the following derivation.
We now linearize the dynamics of the active current around the rest state. To this end
we take the first order term of the Taylor expansion of the right hand sides of Eq. B.3
and of Eq. B.4.
Beginning with the current Iw:

Iw(x, t) ≈ Iw

∣∣∣
R

+
∂Iw
∂V

∣∣∣
R
U +

∂Iw
∂w

∣∣∣
R
W

= −gww∞(VR)(VR − Ew)− gww∞(VR)U − gw(VR − Ew)W
(B.5)

We now linearize the right hand side of Eq. B.4, which we note F (x, t):

F (x, t) ≈ F |R +
∂F

∂V

∣∣∣
R
U +

∂F

∂w

∣∣∣
R
W

= 0 +

[
1

τw(VR)

∂w∞
∂V

(VR)− 1

τw(VR)2

∂τw
∂V

(VR)(w∞(VR)− w∞(VR))

]
U − 1

τw(VR)
W

=
1

τw(VR)

∂w∞
∂V

(VR)U − 1

τw(VR)
W

(B.6)

Combining Eq. B.2, B.3 and B.5 into Eq. B.1:

cm
∂V

∂t
= gi

∂2

∂x2
V − gL(V − EL)− gww∞(VR)(VR − Ew)

− gww∞(VR)(V − VR)− gw(VR − Ew)(w − w∞(VR))

= gi
∂2

∂x2
VR − gL(VR − EL)− gww∞(VR)(VR − Ew)

+ gi
∂2

∂x2
(V − VR)− gL(V − VR)

− gww∞(VR)(V − VR)− gw(VR − Ew)(w − w∞(VR))

Using the fact that the right hand side of Eq. B.1 is null at rest and setting:

γR = 1 +
gw
gL
w∞(VR)

µ =
gw
gL

(VR − Ew)
∂w∞
∂V

(VR)

m(t) = (w(t)− w∞(VR))
/∂w∞
∂V

(VR)

The cable equation and the dynamics of the gating variable become:

cm
∂V

∂t
(x, t) = gi

∂2(V − VR)

∂x2
(x, t)− gL

(
γR(V (x, t)− VR(x)) + µm(x, t)

)
(B.7)

τw(VR(x))
∂m

∂t
(x, t) = V (x, t)− VR(x)−m(x, t) (B.8)

It is noteworthy that after the linearization, no term involving the derivative of τw
remain.
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In this thesis, we consider only quasi-active membrane with spatially uniform mem-
brane potential at rest. For commodity, we note:

Iaxial = gi
∂2(V − VR)

∂x2
(x, t) = gi

∂2V

∂x2
(x, t)
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Supplementary information
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C.1 Supplementary information for chapter 2

Parameter Value (range) Description
(Unit)

c (F/m2)
10−2 (Migliore et al., 2005;
Mainen and Sejnowski, 1996)

Specific membrane capacitance

%m (S/m2) 1/2.8 (Migliore et al., 2005) Specific membrane conductance

%i (S/m)
1/1.5 (Migliore et al., 2005;
Mainen and Sejnowski, 1996)

Specific internal (axial) conductance

Ds (m) {5, 10∗, 15} · 10−6 (Rattay, 1999) Soma diameter

Dd (m)
{0.6, 1.2∗, 1.8} · 10−6

(Major et al., 1994)
Dendritic cable diameter

l (m)
{3.5, 7∗, 10.5} · 10−4 (Spruston,
2009)

Dendritic cable length

Cs(F) cD2
sπ Somatic membrane capacitance

Gs (S) %mD
2
sπ Somatic membrane conductance

cm (F/m) cDdπ Dendritic membrane capacitance
per unit length

gm (S/m) %mDdπ Dendritic membrane conductance
per unit length

gi (S ·m) %i(Dd/2)2π Internal (axial) conductance
per unit length

Vs (mV) {10, 20} Spike (or cutoff) voltage
Vr (mV) 0 Reset voltage of BS model
VT (mV) 10 (Badel et al., 2008) Threshold voltage
V0 (mV) Vr Baseline voltage for EIF model extension
∆T (mV) 1.5 (Badel et al., 2008) Threshold slope factor
TRef (ms) 1.5 Duration of refractory period

CeP (F) Cs Membrane capacitance of eP model
GeP (S) Gs Membrane conductance of eP model
V ′r (mV) 5 Reset voltage of eP and P models

I0s (pA) [4.254, 11.407] Mean input current at the soma
σs (pA) [8.887, 74.512] Somatic input noise intensity
I0d (pA) [6.255, 13.214] Mean input current at the dendrite

σd (pA) [21.875, 122.363] Dendritic input noise intensity
τ (ms) 0.5 Synaptic current correlation time

E1 (V/m) {1, 10} Amplitude of electric field

ϕ (rad) [0, 104] · 2π Angular frequency of electric field
∆ (ms) 3 Spike coincidence precision

∗ indicates default values.

Table C.1: Description of parameters and applied values for the simulations
Table and caption adapted from (Aspart et al., 2016, CC BY 4.0).
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C.2 Supplementary information for chapter 3
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Figure C.1: In a passive cable with an obtuse bending angle, the length of the bent
branch has little effects on the field sensitivity at both ends
The subplots represent the field sensitivity (in V / (V/λ) ) at both cable ends: (top, red star) the
unbent branch and (bottom, violet circle) the bent one, as function of the field frequency (x axis).
The field sensitivity are displayed for various membrane time constants τ (rows for each location),
total cable lengths L (increasing from left to right) and bent branch lengths D (color coded). The
bending angle is Θ = 3π/4 (rad). The red dashed lines correspond to the sensitivity of a straight
cable of length L (i.e. D = 0). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.2: In a passive cable with a right bending angle, the length of the bent branch
mainly affects the field sensitivity at its end, without inducing a resonance
The subplots represent the field sensitivity (in V / (V/λ) ) at both cable ends: (top, red star) the
unbent branch and (bottom, violet circle) the bent one, as function of the field frequency (x axis).
The field sensitivity are displayed for various membrane time constants τ (rows for each location),
total cable lengths L (increasing from left to right) and bent branch lengths D (color coded). The
bending angle is Θ = π/2 (rad). The red dashed lines correspond to the sensitivity of a straight cable
of length L (i.e. D = 0). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.3: In a passive cable with an acute bending angle, the membrane time constant
τ determines the resonance frequency
The subplots represent the field sensitivity (in V / (V/λ) ) at both cable ends: (top, red star) the
unbent branch and (bottom, violet circle) the bent one, as function of the field frequency (x axis).
The field sensitivity is displayed for various membrane time constants τ (rows for each location), total
cable lengths L (increasing from left to right) and bent branch lengths D (color coded). The bending
angle is Θ = π/4 (rad). The red dashed lines correspond to the sensitivity of a straight cable of length
L (i.e. D = 0). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.4: In a passive cable with an acute bending angle, the relative lengths of the
main and bent branches determine the presence of a resonance; the membrane time
constant determines the resonance frequency
We consider the sensitivity to AC fields of a cable with an acute bending angle (Θ = π/4). The
field sensitivity is measured at the bent end. From left to right, the plots represent the resonance
amplitude (peak field sensitivity, i.e. at the resonance, minus the field sensitivity at 0.5Hz), the peak
field sensitivity, the field sensitivity at 0.5 Hz and the resonance frequency. Each of these measures is
plotted for various electrotonic lengths of (vertical axis) the main branch, H, and of (horizontal axis)
the bent branch, D. The white areas correspond to the absence of resonance. The rows correspond to
different membrane time constants (top: τ = 5 ms, bottom: τ = 40 ms). Figure and caption adapted
from (Aspart et al., 2018, CC BY 4.0)
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Figure C.5: Decreasing the membrane time constant reduces the frequency-dependence
of the field sensitivity along bent cables
(A) Schematic representation of a bent cable. The unbent branch of the cable, of length H, is parallel
to the field axis. The bent branch, of length D, have an angle Θ with the field. L is the total
cable length. (B,C) Distribution of the sensitivity (top) and phase (bottom) along the bent cable
for different field frequencies (0.5, 50, 200 and 1000Hz) in case of a slow (B, τ = 40(ms)) and a
fast (C,τ = 40(ms)) membrane time constant. In all the plots the bending angle is Θ = π/4 (rad),
H = 0.6(λ) and D = 0.4(λ). Figure and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.6: The presence of several basal dendrites parallel to apical dendrites increases
the field sensitivity at the apical dendrites and can induce a resonance at the soma
(A) Schematic representation of the simplified neuron model at use. The model consists of a main
branch of length H, parallel to the extracellular field. Several branches of length D are attached to
one end of the main cable. At least one of the attached branch is parallel to the main cable axis, the
others form an angle Θ with that axis. (B,C) Sensitivity ( in V/(V/λ) ) at the end of the main cable
(red star), at the branching point (green square) and at the end of the parallel branching cable (purple
circle), as function of the field frequency. The field sensitivities are displayed for various number N
(color coded) of branches with an angle of Θ and various electrotonic lengths of the main cable (H,
columns) and of the branches (D, columns). In all the plots the bending angle is Θ = π (rad) and
the membrane time constant τ = 40(ms). H and D are electrotonic lengths. Figure and caption
reproduced from (Aspart et al., 2018, CC BY 4.0)
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Figure C.7: Pyramidal cells present, at rest, a gradient of membrane potential which is
not counterbalanced by the polarization due to weak DC fields.
(A) Membrane potential (color coded) at rest, i.e. in the absence of electric fields or synaptic inputs,
of the Hay et al. pyramidal cell model. (B) Membrane voltage in presence of a DC extracellular field
(orange trace). Colors of the polarization correspond to the distance from the soma (see top right
schema). The red dashed red line corresponds to the soma.
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Figure C.8: In an active pyramidal cell model, the field sensitivity presents a strong
resonance around 10-20Hz at the apical dendrites but not at the soma or the basal
dendrites
Frequency-dependent sensitivity of the cell to AC fields measured at different locations at the basal
(A) or apical (B) dendrites. Colors code the distance to the soma of the considered segment. Figure
and caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.9: The field sensitivity of a pyramidal cell is less frequency-dependent in an
high-conductance state
We consider the field sensitivity of a neuron model in different conductance states. The low-
conductance state corresponds to the model with the same leak conductance as the original Hay et al.
(2011) model. In the high- (blue lines) and higher-conductance (orange lines) state, we uniformly
increased the passive conductance of the original model by adding respectively 350µS/cm2 and
900µS/cm2. To remove the effects of changes in resting membrane potential, we uniformly set the
resting membrane potential of all 3 models to -65mV by adjusting the leak reversal potential. The
resistance to somatic input current of the low-, high- and higher-conductance state models are re-
spectively: 53 MΩ, 15.62 MΩ, and 9.05 MΩ. The subplots display the normalized field sensitivity
(in fraction of the local peak sensitivity) for the models in different conductance state. Figure and
caption adapted from (Aspart et al., 2018, CC BY 4.0)
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Figure C.10: Results with a QA channel conductance distributed linearly increasingly
with distance from the soma are transposable to the cell 2 morphology.
The neuron model includes a leak current and a single QA channel, whose conductance distribution
increases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. We use the reconstructed morphology corresponding to cell 2 in the Hay et al. (2011)
paper. µ∗ determines the type of the QA channel. The plots display the sensitivity (in mV/(V/m)) of
the cell to AC fields at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0)
and regenerative (red, µ∗ = −0.5) quasi-active currents.
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Figure C.11: Results with a QA channel conductance distributed linearly decreasingly
with distance from the soma are transposable to the cell 2 morphology.
The neuron model includes a leak current and a single QA channel, whose conductance distribution
decreases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. We use the reconstructed morphology corresponding to cell 2 in the Hay et al. (2011)
paper. µ∗ determines the type of the QA channel. The plots display the sensitivity (in mV/(V/m)) of
the cell to AC fields at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0)
and regenerative (red, µ∗ = −0.5) quasi-active currents.
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Figure C.12: Results with a QA channel conductance distributed linearly increasingly
with distance from the soma are transposable to the cell 3 morphology.
The neuron model includes a leak current and a single QA channel, whose conductance distribution
increases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. We use the reconstructed morphology corresponding to cell 3 in the Hay et al. (2011)
paper. µ∗ determines the type of the QA channel. The plots display the sensitivity (in mV/(V/m)) of
the cell to AC fields at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0)
and regenerative (red, µ∗ = −0.5) quasi-active currents.
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Figure C.13: Results with a QA channel conductance distributed linearly decreasingly
with distance from the soma are transposable to the cell 3 morphology.
The neuron model includes a leak current and a single QA channel, whose conductance distribution
decreases linearly with distance from the soma. The shades of grey in the cell plot represent this
distribution. We use the reconstructed morphology corresponding to cell 3 in the Hay et al. (2011)
paper. µ∗ determines the type of the QA channel. The plots display the sensitivity (in mV/(V/m)) of
the cell to AC fields at different locations in case of restorative (blue, µ∗ = 2), passive (black, µ∗ = 0)
and regenerative (red, µ∗ = −0.5) quasi-active currents.
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Figure C.14: Increasing the neuron
membrane surface reduces the sen-
sitivity to DC fields
Polarization of passive pyramidal cell
models due to a positive 1 V/m field plot-
ted as the function of the distance from
the soma. For clarity basal dendrites
are plotted with negative distance. The
polarization is plotted for original cell
(green) and for a cell with an increased
membrane surface (black). The passive
cell properties of the original cell, e.g.
membrane conductance and capacitance,
are the one reported in (Hay et al., 2011).
In the other cell, we mimic a further 40%
increase of the membrane surface by ad-
justing the membrane conductance and
capacitance (Sterratt et al., 2011, Chap-
ter 4.3.2). Figure and caption adapted
from (Aspart et al., 2018, CC BY 4.0)
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Figure C.15: The transfer impedances be-
tween the apical dendrites and the soma are
symmetric and are not affected by DC fields
Transfer impedances from the apical dendrites to
the soma (blue lines) and in the opposite direction
(orange lines). The impedances are displayed in the
absence of field (solid lines) and in the presence of
a positive DC field of 1 V/m (dashed lines). The
impedances are computed through the injection of
a low amplitude sinusoidal current at one location
and measuring the membrane potential response at
the other. The amplitude of the injected current is
0.05 nA for an injection at the soma and 0.01 nA
for a dendritic injection. The apical location is lo-
cated at 620 µm from the soma. Figure and caption
reproduced from (Aspart et al., 2018, CC BY 4.0)
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Features of BAP and BAC
firing

Description Mean ± SD

Ca2+ peak (mV)
Peak membrane voltage at the distal apical
trunk 620 µm from the soma

6.73 ± 2.54

Ca2+ width (ms)
Width of the calcium spike at 620 µm,
computed at the base of the spike (-55mV)

37.43 ± 1.27

Somatic AP spike count (during
somatic + dendrite current injec-
tion)

Number of APs during the BAC firing 3 ± 0

Mean somatic AP ISI (ms) Mean interspike interval 9.9 ± 0.85

Somatic AHP depth (mV)
Averaged minimum somatic voltage be-
tween 2 APs

-65 ± 4

Somatic AP peak (mV)
Averaged peak somatic membrane poten-
tials during an AP

25 ± 5

Somatic AP half-width (ms)
Average AP width at the middle point be-
tween its onset and peak

2 ± 0.5

Somatic AP spike count (during
somatic current injection only)

Number of APs in the absence of a concur-
rent EPSP

1 ± 0

BAP amplitude at 620 µm (mV)
Peak membrane voltage in the apical tuft
(620 µm from the soma) in response to a
sole somatic impulse current (no EPSP)

45 ± 10

BAP amplitude at 800 µm (mV)
Peak membrane voltage in the apical tuft
(800 µm from the soma) in response to a
sole somatic impulse current (no EPSP)

36 ± 9.33

Table C.2: List of features characterizing the backpropagation of AP and the BAC firing
of pyramidal cells.
The table summarizes the list of features used by Hay et al. (2011) to fit the back-propagation of
Action Potential (BAP) along the apical dendrite and the ensuing backpropagating action potential-
activated calcium (BAC) firing. The features values were measured in vitro and reported in Hay et al.
(2011). The BAP features were measured after the injection of a 1.9nA impulse current (5ms) at the
soma. In case of BAC, an EPSP was injected in the apical tuft 5ms after the impulse onset. The
simulation parameters are summarized in Table 3.1. See also Hay et al. (2011) for more details.
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Somatic firing
Feature

Description
Mean ± SD,
Low

Mean ± SD,
Reference
(15Hz)

Mean ± SD,
High

Spike frequency
(Hz)

Neuron spike rate 9 ± 0.88 14.5 ± 0.56
22.5 ± 2.22

Adaptation Index

Average of the difference
between two consecutive
interspike intervals divided
by their summed duration
(Druckmann et al., 2007) a

3.6e-3
± 9.1e-3

2.3e-3 ± 5.6
e-3

4.6e-3
± 2.6e-3

ISI-CV

ISI coefficient of variation:

ISI mean

ISI SD

0.1204
± 0.0321

0.1083
± 0.0.0368

0.0954
± 0.0140

Initial Burst ISI
(ms)

ISI between the first two
spikes

57.5 ± 33.48 6.625 ± 8.65
5.38 ± 0.83

First spike latency
(ms)

Time between the simulus on-
set and the first spikeb

43.25 ± 7.32 19.13 ± 7.31 7.25 ± 1

AP peak (mV)
Peak voltage value averaged
over all APs

26.23 ± 4.97 16.52 ± 6.11 16.44 ± 6.93

Fast AHP depth
(mV)

Fast After-spike Hyperpolar-
ization (AHP) depth, i.e.
average minimum membrane
voltage within the first 5ms
after an AP

-51.95 ± 5.82
-54.19
± 5.57

-56.56 ± 3.58

Slow AHP depth
(mV)

Average minimum membrane
voltage between 5ms after an
AP and the next one

-58.04 ± 4.58 -60.51 ± 4.67 -59.99 ± 3.92

Slow AHP time

Average time of the mini-
mum membrane voltage be-
tween 5ms after an AP and
the next one

0.238
± 0.030

0.279
± 0.027

0.213
± 0.037

AP half-width (ms)
Average AP width at the
middle point between its on-
set and peak

1.31 ± 0.17 1.38 ± 0.28 1.86 ± 0.41

Table C.3: List of features characterizing the cell response to step input currents at the
soma.
The table summarizes the list of features used by Hay et al. (2011) to fit the model response to
step currents injected at the soma. The features values correspond to the feature measured in vitro,
as reported in (Hay et al., 2011). For each cell, the features were measured for three different input
intensities: a reference amplitude which by definition elicit a 15Hz spike rate, a low and high amplitude
corresponding to 78% and 190% of the reference input intensity. Each input lasted 2s. The simulation
parameters are summarized in Table 3.1. See also Hay et al. (2011) for more details.

aThe first 4 spikes or at least 20% of the total number of spikes are skipped for computing this
feature

bThe spike onset is defined as the maximum of the second temporal derivate of the membrane
voltage
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Figure C.16: Weak AC fields modulate the back-propagation of action potentials along
the apical dendrite, as well as the peak of the calcium spike during BAC firing.
(A) Modulation of the action potential back-propagation (BAP), i.e. the peak membrane voltage, in
response to the BAP stimulus by weak 1 V/m AC fields. The BAP stimulus consists in the injection of
a brief pulse current at the soma. (B) Modulation of the calcium spike peak, i.e. the peak membrane
voltage, in response to the BAC stimulus, by weak 1V/m AC fields. The BAC stimulus consists in
the injection of a brief pulse current at the soma followed by an EPSP at the apical dendrite. In (A)
and (B) the features are measured along the apical dendrites at 400µm (top), 620µm (middle) and
800µm (bottom) from the soma. Each dot corresponds to the feature value in presence of an AC field,
depending on the field frequency (x-axis) and the field phase at the stimuli onset (color coded). The
red lines correspond to the features values in the absence of field.
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et en divers amphithéâtres anatomiques de Londres. Imprimerie de Fournier Fils.
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