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Abstract

In this thesis, we examine different approaches for efficient high dimensional
data acquisition and reconstruction using low rank tensor decomposition tech-
niques. High dimensional here refers to the order of the ambient tensor space
in which the data is contained. Examples of such data include tomographic
videos, solutions to parametric differential equations and quantum states of
many particle systems. The major problem faced in any such high dimensional
setting is the exponential scaling of the tensor space dimension with respect to
the order, often referred to as the curse of dimensionality. A possible remedy
are low rank tensor decomposition techniques, which allow for the storage and
manipulation of a rich set of tensors in a data-sparse way, often avoiding the
exponential scaling with respect to the order. Following the ideas of compres-
sive sensing, we examine methods to exploit these very efficient representations
to efficiently acquire high dimensional data from measurements. Our first
approach uses randomized methods to construct a low rank representation
using repeated random evaluations of the data. The second approach works
non-intrusively and aims to reconstruct a complete low rank representation
from different types of given (incomplete) measurements. The latter approach
is known as the tensor recovery problem and contains as a special case the
popular tensor completion problem. Finally, we employ tensor recovery tech-
niques in a statistical learning setting to obtain low rank approximations of
the complete solutions of parametric differential equations. This parametric
representation in particular allows to predict the solution for any parameter
combinations, even if those were not measured.
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1 Introduction

One of the greatest challenges in computational mathematics today is undoubtedly the
efficient handling of large data sets. This is in part due to the impressive growth of
available and generated data. For example, Hilbert and López [1] show that from 1986 to
2007, the world’s technological per-capita capacity to communicate and store information
has increased by an impressive compound annual growth rate of 28% and 23%, respectively.
Additionally, the capabilities to gather raw data continuously increase, as sensors, such
as RFID readers, cameras, microphones, thermostats, etc., become more precise and
less expensive [2]. At the same time, models and simulations in the natural sciences,
engineering and other applications require this data in order to meet the ever increasing
demands for accuracy and reliability [3].

When referring to the “efficient handling” of data, we usually have three separate tasks
in mind: data acquisition, data storage and data usage. Efficient data acquisition refers
to the minimization of the measurement process required to obtain the desired data.
Efficient data storage in turn refers to data-sparse means to store such information,
achieved through compression of the raw data. Efficient use of data is usually understood
as the computationally thrifty extraction of reliable information from the data. While
conceptually separate, all three objectives are interconnected and can sometimes even be
achieved in one process. For example, a data-sparse representation, e.g. of sparse vectors
or low rank matrices, often allows computationally inexpensive access to information
encoded in those objects. Especially the fusion of the measurement and compression
process sparked a lot of interest in recent years and led to the development of the thriving
field of compressive sensing. Here, the fundamental idea is that if some information is
compressible, i.e. can be represented by a small number of parameters, then it should also
be possible to completely determine it using a similarly small number of measurements. In
other words, compression and measurement may happen simultaneously, hence the name
compressive sensing. The initial results by Donoho [4], as well as Candès et al. [5], were
for signal processing and showed that sparse signal vectors can be reconstructed exactly
from considerably fewer measurements than their dimension would suggest, provided that
it is known that most of the entries are zero. Note that in particular one does not require
the knowledge which exact entries are zero, but merely that most are. The results rapidly
found application in various fields, such as medical imaging [6–8] machine learning [9–11]
and quantum physics [12], to name a few. An extensive overview of fundamental papers,
extensions and applications can be found on the website of Rice University [13].
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1 Introduction

In this work, we are concerned with different ways to apply the idea of compressive sensing
to high dimensional data, i.e. data which can be represented as a higher order tensor. A
fundamental difficulty in handling such high dimensional data is the so-called curse of
dimensionality, which describes the exponential scaling of the storage and computational
complexity of most operations with respect to the order. For large orders, this usually
renders the direct storage of such tensors unfeasible, making the use of compressed repre-
sentations mandatory at all times. In order to determine such a tensor from measurements,
it is clear that fusing the acquisition and compression processes is the only viable choice. A
very successful class of data-sparse representations of higher order tensors are the so-called
low rank tensor decompositions, which generalize the singular value decomposition and
thereby the concept of rank from matrices to higher order tensors and which will be the
main tools of this thesis. The concept of tensor decompositions is already long known in
form of the canonical polyadic (CP) decomposition introduced by Hitchcock [14] in 1927
and the Tucker decomposition first introduced by Tucker [15] in 1966. However, it was
only recently that the concept experienced a renaissance through the development of the
hierarchical Tucker (HT) decomposition by Hackbusch and Kühn [16] and Oseledets and
Tyrtyshnikov [17], which for the first time combined a linear scaling in the order for most
operations with a subspace based rank definition. This allowed a generalized hierarchical
SVD and a manifold structure of the set of fixed rank tensors [18, 19]. As we will show in
detail, these unique properties allow the use of very high order tensors in a mathematically
well defined and stable framework, while remaining numerically feasible. The focus of
this thesis is on a powerful special case of the HT decomposition, namely the tensor
train (TT) decomposition introduced by Oseledets [20], which is also known in physics as
Matrix Product States (MPS) [21, 22]. All of the mentioned formats allow for tremendous
reduction in storage and computational complexity of common operations for a rich set of
corresponding low rank tensors. Especially the performance of the CP, TT and HT formats
is noteworthy as all those formats break the curse of dimensionality in the sense that for a
fixed rank, the aforementioned complexities scale only linearly in the order, in contrast to
the exponential scaling for general tensors. It has been shown that in many applications,
the appearing tensors (approximately) have a low rank in one or more of these formats,
allowing the use of low rank decompositions for increased efficiency. Prominent applications
include (quantum) physics [21–25], computational chemistry [26–29], neuroscience [30–32],
signal processing [33, 34], machine learning [35–38], computer vision [39–42] and graph
analysis [43, 44], see also the surveys by Kolda and Bader [45] and Grasedyck et al. [46].

In the course of this thesis, we pursue two different approaches for the efficient acquisition
of high dimensional data directly in one of the low rank formats. The first one is based
upon the work of Halko et al. [47], who developed and analyzed randomized techniques for
the calculation of different low rank matrix decompositions. While randomized algorithms
for those tasks have been proposed many times in the literature, it was only rather recently
that, thanks to the application of new insights from random matrix theory, these procedures
could be analyzed rigorously and stochastic error bounds became available. In this work,
we present generalizations of these algorithms to calculate low rank Tucker and Tensor
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1.1 Outline

Train decompositions. For these randomized HOSVD and TT-SVD algorithms, we provide
stochastic error bounds. The second approach is based on the results of Recht et al. [48] and
Candès and Recht [49], who showed that low rank matrices can be reconstructed exactly
from far fewer measurements than they have entries, using a low rank assumption. In this
context, one measurement is abstractly defined as the knowledge of a linear superposition
of entries of the matrix or, in the special case of so-called matrix completion, as knowledge
of individual entries. Generalizing these ideas from matrices to higher order tensors using
the rank definition provided by one of the tensor decomposition formats gives rise to the
tensor recovery and tensor completion problems. These problems received considerable
interest in the last years and substantial progress was made, with examples and results
being available for tensor recovery/completion in the CP format [50–54], the Tucker format
[42, 55–58] and the TT/HT format [59–67]. However, as will be shown in detail during
the course of this thesis, many problems of tensor recovery are still fundamentally open
and worth investigating. The contributions of this thesis are outlined in the following.

1.1 Outline

This thesis is structured in six chapters building on one another, which introduce the
low rank tensor decompositions and present our results concerning the decomposition of
(implicitly) given tensors, the reconstruction of tensors from incomplete measurements
and finally, applications of these reconstruction techniques to uncertainty quantification.
The contents of each chapter and the contributions covered therein are outlined in the
following.

Chapter 2 lays the foundation for all further chapters by giving a formal definition
of the tensor product, tensor spaces and higher order tensors, thereby introducing the
notation used throughout this thesis. The chapter starts with a brief review of the formal
tensor product of Hilbert-spaces and some fundamental properties. The main part gives
a detailed review of the finite-dimensional real tensor spaces Rn1×...×nd , as these are
of highest importance for this thesis. This includes an introduction to the important
concepts of matricizations and tensor contractions, as well as to tensor networks and the
diagrammatic notation used to depict them.

Chapter 3 introduces the main tools of this thesis: the low rank tensor decompositions.
We motivate the construction of several different formats with a review of the singular
value decomposition (SVD) for matrices. Generalizing different aspects of this outstanding
matrix decomposition, we derive the canonical polyadic (CP) format, the Tucker format
and the Tensor-Train (TT) format and discuss advantages and disadvantages of each
format. We show that for all three formats, a tremendous reduction in storage and
computational complexity for common operations can be achieved, if the tensors have
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1 Introduction

a low rank in the corresponding format. In this respect, especially the CP and the TT
format shine, as they break the so-called curse of dimensionality: For a fixed rank, the
computational complexity of most operations scale only linearly in the order, as opposed
to the exponential scaling for general tensors. We also give a detailed description of the
HOSVD and TT-SVD algorithms, which are the prime tools used to obtain quasi-best low
rank approximations of given tensors in the Tucker and TT-format. The Tucker and TT
format both use a subspace based definition, which allows a smooth manifold structure
for the corresponding sets of fixed rank tensors, as we show by reference to several earlier
works. In particular, for the TT-format we collect results which include a closed form for
the tangent space and the associated orthogonal projection of this manifold. Finally, we
provide a brief overview of more general decomposition formats, such as the hierarchical
Tucker decomposition and provide a comparison between the different formats.

Chapter 4 is concerned with randomized methods for the calculation of low rank tensor
decompositions. The HOSVD and TT-SVD algorithms introduced in Chapter 3 both
exhibit an exponential scaling with respect to the order and cannot easily exploit a
structured representation of the target tensor. As a possible remedy we propose randomized
HOSVD and TT-SVD algorithms, for which we prove stochastic error bounds. It is shown
that the computational complexity of the randomized TT-SVD scales only linearly in the
order when applied to sparse tensors, making it a powerful tool for the decomposition of
such tensors. We conduct extensive numerical experiments validating the error bounds
and demonstrating the quality of the randomized TT-SVD. As an outlook to future work,
we discuss beneficial applications of the randomized techniques to various algorithms and
the possibility of extending the stochastic error bounds to existing algorithms, such as the
alternating least squares (ALS) algorithm with random initialization.

Chapter 5 examines methods to further reduce the information required to obtain a
low rank representation of a tensor. In particular, the possibility to reconstruct unknown
tensors from incomplete linear measurements is considered. Two kinds of measurements
are of special interest for this thesis. The first is the tensor completion setting, where single
entries of the target tensor are known. The second are so-called rank-one samples, which
are introduced in this thesis. Here we assume that a set of (complete) contractions of the
target tensor with rank one tensors is known. In contrast to the previous chapter, we
assume that these measurements can in general not be chosen freely and are not adaptive.
This so-called tensor recovery setting is the high dimensional generalization of the popular
matrix recovery problem. We provide a review of prior results for the matrix case and
give a formal definition for the tensor recovery problem. Unlike the matrix recovery
problem, which can often be relaxed into a convex nuclear norm minimization problem, the
question for such a convex relaxation for the tensor recovery problem is still largely open.
Nevertheless, we are able to provide and collect some results on the (unique) recoverability,
as well as algorithms designed to solve the tensor recovery problem. Our focus is on the
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1.1 Outline

(block) alternating steepest descent (ASD) algorithm, which combines a gradient descent
algorithm with a partial tangent space projection to a very efficient local optimization
algorithm on the low rank TT manifold. We show that in the completion setting and
for rank-one samples, this algorithm allows a very efficient implementation exhibiting a
computational complexity scaling only linearly in the order. For this ASD algorithm, we
furthermore propose a possible rank adaption strategy based on parallel optimizations in
a shared block-TT format. In a range of benchmark problems, we examine the conditions
for successful reconstruction and the performance of the ASD algorithm.

Chapter 6 explores the application of these tensor recovery techniques as a means for
uncertainty quantification (UQ). We provide a brief introduction to the parametric UQ
setting, in which one aims to incorporate and quantify random effects common in many
real-world settings. Motivated by this practical application, we introduce an abstract
Variational Monte Carlo formalism and explore some interesting connections between
tensor recovery and machine learning. We provide a version of the alternating steepest
descent algorithm specialized to the UQ recovery problem, which reconstructs a complete
parametric representation of the solution of parametric PDEs using only the deterministic
solutions obtained for a limited number of fixed parameter combinations. From this
representation, we can obtain many statistical properties of the solution, such as the
expectation value and the variance, but we are also able to predict the solution to new
parameter combinations not used for the reconstruction. The practical performance of
the algorithms and the quality of the reconstruction is examined in various numerical
experiments.
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2 Tensors and Tensor Spaces

This chapter introduces the foundations of higher order tensors, tensor spaces and the
tensor product. In Section 2.1, we begin with a formal definition for the tensor product
of Hilbert spaces and provide some fundamental properties. As this generally is scarcely
needed in this thesis, we focus on the finite-dimensional real spaces Rn1×...×nd , which are
described in detail in Section 2.2, where additionally much of the notation necessary for the
later chapters is introduced. Finally, Section 2.3 presents the concept of tensor networks
and the diagrammatic notation used to depict them.

2.1 Tensor Product of Hilbert Spaces

The definition for the tensor product of Hilbert spaces given in this section follows the
respective introductions in the works of Uschmajew [68], as well as Reed and Simon [69].
For an exhaustive introduction, including the treatment of Banach tensor spaces, we refer
to the monograph of Hackbusch [70], where the proofs omitted in this chapter can also be
found.

For the remainder of this section, let U and V be Hilbert spaces over the same field K = R
or K = C. The respective scalar products ⟨·, ·⟩U and ⟨·, ·⟩V are assumed to be conjugated
linear in the second argument. The tensor product between elements from U and V can
then be defined as follows.

Definition 2.1 (Algebraic Tensor Product). For any u ∈ U and v ∈ V , the conjugate
bilinear form

u ⊗ v : U × V → R

(ũ, ṽ) ↦→ ⟨u, ũ⟩U · ⟨v, ṽ⟩V ,

is called the tensor product of u and v. Elements that can be constructed in this way are
called elementary tensors. The linear span (using the canonical addition) of all elementary
tensors

U ⊗a V := span{u ⊗ v | u ∈ U , v ∈ V }

is called the algebraic tensor product of U and V .

The scalar products on U and V induce the following scalar product on the tensor product
space.

7



2 Tensors and Tensor Spaces

Proposition 2.2 (Induced Scalar Product [69, Proposition II.4.1]). For every X , X̃ ∈ U ⊗a

V , the induced scalar product ⟨X , X̃ ⟩U⊗V is defined via any (finite) linear representations

X =
∑

i

ui ⊗ vi ui ∈ U , vi ∈ V

X̃ =
∑

j

ũj ⊗ ṽj ũj ∈ U , ṽj ∈ V

as
⟨X , X̃ ⟩U⊗V :=

∑
i,j

⟨ui, ũj⟩U · ⟨vi, ṽj⟩V .

This induced scalar product on U ⊗a V is well defined, i.e. does not depend on the linear
representations chosen.

If U and V are finite-dimensional, U ⊗a V equipped with the induced scalar product is
itself a Hilbert space. However, note that in general this is not the case, because U ⊗a V

might not be complete. This motivates the following definition of the (topological) tensor
product, which yields a complete Hilbert space.

Definition 2.3 (Tensor Product). The closure of the algebraic tensor product

U ⊗ V := U ⊗a V = span{u ⊗ v | u ∈ U , v ∈ V }

with respect to the norm ∥·∥U⊗V defined by the induced scalar product ⟨·, ·⟩U⊗V is called
the (topological) tensor product of U and V .

A beneficial property that will be important later in this thesis, namely the fact that bases
and subspaces of U and V have a direct correspondence in the tensor product space U ⊗ V ,
is formalized in the following propositions.

Proposition 2.4 (Tensor Basis [69, Proposition II.4.2]). If {ui | 1 ≤ i ≤ dim(U)} and
{vj | 1 ≤ j ≤ dim(V )} are orthonormal bases of U and V , respectively, then {ui ⊗ vj |
1 ≤ i ≤ dim(U), 1 ≤ j ≤ dim(V )} is an orthonormal basis of U ⊗ V . Therefore, the
dimension of U ⊗ V is given as dim(U) · dim(V ).

Proposition 2.5 (Tensor Subspaces [68, Satz 1.4]). Let Ũ ⊆ U and Ṽ ⊆ V be subspaces
of U and V and Ũ⊥ and Ṽ ⊥ the respective orthogonal complements, then

U ⊗ V =
(
Ũ ⊗ Ṽ

)
⊕
(
Ũ⊥ ⊗ Ṽ

)
⊕
(
Ũ ⊗ Ṽ ⊥

)
⊕
(
Ũ⊥ ⊗ Ṽ ⊥

)
is an orthogonal decomposition of the space U ⊗ V . In particular, Ũ ⊗ Ṽ is a subspace of
U ⊗ V with dimension dim(Ũ) · dim(Ṽ ).

It is often of interest to regard tensor spaces resulting from multiple tensor products. For
this, let U1, . . . , Ud be Hilbert spaces over the same field K with scalar products ⟨·, ·⟩Uµ ,
which are conjugated linear in the second argument. Analogously to Definition 2.1, the
tensor product space of these d Hilbert spaces can be defined via the following conjugate
multilinear forms.

8



2.2 The Tensor Spaces Rn1×...×nd

Definition 2.6 (Multiple Algebraic Tensor Product). For any u1 ∈ U1, . . . , ud ∈ Ud, the
conjugate multilinear form

u1 ⊗ . . . ⊗ ud : U1 × . . . × Ud → R

(ũ1, . . . , ũd) ↦→ ⟨u1, ũ1⟩U1 · . . . · ⟨ud, ũd⟩Ud
,

is called the tensor product of u1, . . . , ud and elements which can be constructed in this
way are called elementary tensors. The linear span (using the canonical addition) of all
elementary tensors

U1 ⊗a . . . ⊗a Ud := span{u1 ⊗ . . . ⊗ ud | uµ ∈ Uµ}

is called the algebraic tensor product of U1, . . . , Ud. The number d of involved Hilbert
spaces is referred to as the order of the tensor space.

All properties presented above extend to these higher order tensor spaces straightforwardly.
Analogously to the binary case, the topological tensor product is defined as the closure of
the algebraic tensor product with respect to the induced scalar product. Using Proposition
2.4, one can show that the tensor product is associative (up to isomorphisms) and that
(U1 ⊗ U2) ⊗ U3 = U1 ⊗ (U2 ⊗ U3) = U1 ⊗ U2 ⊗ U3 holds.1

The greater part of this thesis is confined to finite-dimensional, real Hilbert spaces Uµ. By
fixing bases {ϕµ,iµ | iµ = 1, . . . , nµ}, these spaces are isomorphic to some Rnµ and every
element of the tensor space X ∈ U1 ⊗ . . . ⊗ Ud can be expressed as

X =
∑

i1,...,id

Ci1,...,id
ϕ1,i1 ⊗ . . . ⊗ ϕd,id

for a C ∈ Rn1×...×nd . As U1⊗. . .⊗Ud is thereby isomorphic to Rn1×...×nd , we can simplify the
notation by only regarding these spaces of multidimensional arrays, which are introduced
further in the next section. Even for finite dimensions, a major obstacle in working with
higher order tensors is already apparent: The dimension scales exponentially with respect
to the order of the tensor space, i.e. O(nd) with n := max(nµ). This exponential scaling
is often referred to as the curse of dimensionality and circumventing this challenge will be
the main subject of Chapter 3.

2.2 The Tensor Spaces Rn1×...×nd

This section is concerned with the spaces Rn1×...×nd of multidimensional arrays, which will
be used throughout this thesis as the representative tensor spaces. Its main purpose is to
introduce the notation for subsequent chapters and recapitulate some basic properties. In

1Note that the order of such tensor spaces depends on the context, as for example U1 ⊗ (U2 ⊗ U3) =
U1 ⊗ U2 ⊗ U3 can be seen as an order two or order three tensor space. In practice this will be no
problem, as the context is usually clear.
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2 Tensors and Tensor Spaces

the rest of this thesis, the term tensor always refers to an element of one of the spaces
Rn1×...×nd , unless explicitly stated otherwise.

Intuitively, tensors of Rn1×...×nd can be considered as the multidimensional generalization of
vectors from Rn and matrices from Rm×n. While vectors and matrices can be interpreted as
one- and two-dimensional arrays, respectively, tensors can be interpreted as d-dimensional
arrays. More precisely, using the notation Nk := {1, . . . , k}, a vector x ∈ Rn can be seen
as a mapping

x : Nn → R

i ↦→ x[i] ,

where u[i] denotes the i-th entry of the vector. In the same way, a matrix A ∈ Rm×n can
be seen as a mapping

X : Nm × Nn → R

(i, j) ↦→ X[i, j] .

For fixed order d, this motivates the following definition.

Definition 2.7 (Tensor). A tensor X ∈ Rn1×...×nd of order d ∈ N is a mapping

X : Nn1 × . . . × Nnd
→ R

(i1, . . . , id) ↦→ X [i1, . . . , id] .

The number nµ is called the µ-th dimension of X , Nn1 × . . . × Nnd
its index set and d ∈ N

is called the order of the tensor. In Proposition 2.9, we will show that this definition of
the order is consistent with the one for general tensors introduced in the previous section.

From this definition, it is clear that tensors are a generalization of vectors and matrices,
as these are order one and order two tensors, respectively. In distinction to these, tensors
with order larger than two are referred to as higher order tensors. As in the case of vectors
and matrices, the entries of a tensor are written as X [i1, . . . , id]. As a naming convention,
we say that the individual indices iµ correspond to the µ-th dimension or µ-th mode. The
synonyms µ-th direction, µ-th position, µ-th axis and µ-th site are common in the literature,
but will not be used in this thesis. Note that, as with vectors and matrices, tensors are
completely defined by their entries. This allows the entrywise definition of tensors often
used within this thesis. For example, let Y ∈ Rm×n be a tensor of order two, then

X [j, i] = Y[i, j] ∀i, j ,

defines X ∈ Rn×m to be the transpose of Y in the matrix sense. As a notational convention,
the ∀i, j will usually be omitted in such entrywise definitions, e.g. in this case we only
write

X [j, i] = Y[i, j] .

10



2.2 The Tensor Spaces Rn1×...×nd

As formalized in the following proposition, the set of all tensors with the same function
signature, i.e. the same index set, admits a vector space structure using the canonical
entrywise addition and scalar multiplication.

Proposition 2.8 (Vector Space Rn1×...×nd). For every fixed index set Nn1 × . . . ×Nnd
, let

Rn1×...×nd := {X : Nn1 × . . . × Nnd
→ R}

be the set of all mappings Nn1 × . . . × Nnd
→ R. Define an addition “+” on Rn1×...×nd as

(X + Y)[i1, . . . , id] = X [i1, . . . , id] + Y[i1, . . . , id] ,

for all X , Y ∈ Rn1×...×nd. The tensor 0 ∈ Rn1×...×nd, with 0[i1, . . . , id] = 0 ∀ i1, . . . , id is
the neutral element of this addition. Define a scalar multiplication “·”, such that for every
scalar α ∈ R and X ∈ Rn1×...×nd

(α · X )[i1, . . . , id] = α · (X [i1, . . . , id]) .

As is easily verified, (Rn1×...×nd , +, ·) forms a real vector space.

The tensor structure of the spaces Rn1×...×nd is due to the fact that they can be constructed
from the real coordinate spaces Rnµ .

Proposition 2.9. Each space Rn1×...×nd can be expressed as the d-fold tensor product of
order one tensor spaces

Rn1×...×nd = Rn1 ⊗ Rn2 ⊗ . . . ⊗ Rnd =
d⨂

µ=1
Rnµ .

In particular, every tensor X ∈ Rn1×...×nd can be expressed as a linear combination of
elementary tensors, i.e.

X =
∑

j

x1,j ⊗ x2,j ⊗ . . . ⊗ xd−1,j ⊗ xd,j xµ,j ∈ Rnµ .

For the real coordinate spaces, the tensor product can be written as an outer product, i.e.
given x1 ∈ Rn1 , . . . , xd ∈ Rnd , we have

(x1 ⊗ . . . ⊗ xd)[i1, . . . , id] = x1[i1] x2[i2] . . . xd[id] .

Furthermore, for general tensors X ∈ Rn1×...×nd and Y ∈ Rm1×...×me , we have

(X ⊗ Y)[i1, . . . , id, j1, . . . , je] = X [i1, . . . , id] · Y[j1, . . . , je] .

All results from Section 2.1 naturally extend to the spaces Rn1×...×nd as well. The induced
scalar product and norm are exactly the Frobenius scalar product and norm known from
matrices.

11



2 Tensors and Tensor Spaces

Proposition 2.10 (Frobenius Scalar Product and Norm). Let the real coordinate spaces
Rnµ be equipped with the canonical scalar product. Then, the unique induced scalar product
on Rn1×...×nd, i.e. the scalar product for which⟨

d⨂
µ=1

xµ,
d⨂

µ=1
yµ

⟩
=

d∏
µ=1

⟨xµ, yµ⟩

holds for all elementary tensors with xµ, yµ ∈ Rnµ , is the Frobenius scalar product defined
as

⟨·, ·⟩F : Rn1×...×nd × Rn1×...×nd → R

(X , Y) ↦→
∑

i1,...,id

X [i1, . . . id] Y[i1, . . . , id]

The induced Frobenius norm is

∥X ∥F :=
√

⟨X , X ⟩ =
√ ∑

i1,...,id

X [i1, . . . , id]2 ,

which is a crossnorm, meaning that

∥x1 ⊗ . . . ⊗ xd∥F =
d∏

µ=1
∥xµ∥

holds for all elementary tensors with xµ ∈ Rnµ.

2.2.1 Reshapings, Vectorizations and Matricizations

It is sometimes necessary to reorder the positions of a tensor’s modes. Such a so-called
reshaping is the high-dimensional analogue of matrix transposition, where the first and
second modes are interchanged. However, for higher order tensors, a much richer set of
reshapings is possible.

Definition 2.11 (Reshape). For a given order d and a permutation (µ1, . . . , µd) of
(1, . . . , d), a reshape is an isomorphism

reshape(µ1,...,µd) : Rn1×...×nd → Rnµ1 ×...×nµd

defined entrywise as

reshape(µ1,...,µd) (X ) [iµ1 , . . . , iµd
] := X [i1, . . . , id] .

For order two tensors (matrices), reshape(2,1) is the matrix transposition. Besides reordering
the modes, it is often expedient to combine certain subsets of modes into single modes
and thereby interpret a tensor as a lower order object, usually a vector or a matrix. In the
following, these operations are formalized as vectorizations and matricizations of a tensor.
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2.2 The Tensor Spaces Rn1×...×nd

Definition 2.12 (Vectorization). Given a bijection φ : Nn1 × . . . × Nnd
→ Nmvec , with

mvec := n1n2 . . . nd, the mapping

Vec : Rn1×...×nd → Rmvec

Vec(X )[i] := X [φ−1(i)]

is called a vectorization. The inverse operation Vec−1 is called de-vectorization or ten-
sorization. The choice of the bijective map φ does not matter, provided that the same
rule is chosen in all vectorizations (and matricizations). As a convention, in this thesis, a
lexicographical ordering of the indices is used, i.e.

φ : Nn1 × . . . × Nnd
→ Nmvec

(i1, . . . , id) ↦→ 1 +
d∑

µ=1
(iµ − 1)

∏
ν<µ

nν .

Definition 2.13 (Matricization). Given a tensor space Rn1×...×nd , let Λ ⊆ {1, . . . , d}
denote a subset of the modes and let ΛC = {1, . . . , d} \Λ be its complement. Define
m1 :=

∏
µ∈Λ nµ and m2 :=

∏
ν∈β nν . Given a bijection

ϕ : Nn1 × . . . × Nnd
→ Nm1 × Nm2

(i1, . . . , id) ↦→
(
φ1(iµ | µ ∈ Λ), φ2(iν | ν ∈ ΛC)

)
,

the mapping

MatΛ : Rn1×...×nd → Rnα×nβ

MatΛ(X )[i, j] := X [ϕ−1(i, j)]

is called the Λ-matricization. The inverse Mat−1
Λ is called the dematricization or tensoriza-

tion. As with the vectorization, the choice of the bijection ϕ does not matter, provided
that the same rule is chosen in every instance. In this thesis, the same lexicographical
convention as for the vectorization is used, that is,

ϕ : Nn1 × . . . × Nnd
→ Nm1 × Nm2

(i1, . . . , id) ↦→

⎛⎜⎜⎝1 +
∑
µ∈Λ

(iµ − 1)
∏
ν<µ
ν∈Λ

nν , 1 +
∑

µ∈ΛC

(iµ − 1)
∏
ν<µ

ν∈ΛC

nν

⎞⎟⎟⎠
Remark. It is possible to define tensorizations for any kind of matrix or vector, even if it
is not the result of a prior matricization or vectorization. However, this requires to give
the dimensions of the resulting tensor and the details of the mapping alongside with the
operator, as these are in general not apparent from the context. Instead, in this thesis, the
tensorization is always a dematricization, in the sense that it is only applied to matrices
where at least one mode of the matrix or vector encodes a tensor structure through a
former matricization or vectorization. For all other matrices or modes, the dematricization
is simply defined to be the identity.
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2 Tensors and Tensor Spaces

The two most important matricizations used in this thesis are the µ-mode matricizations
Mat(µ), where all but the µ-th mode are combined and the so-called µ-mode unfoldings
Mat(1,...,µ), where the first µ modes are combined. For these special matricizations, the
following more compact notation is used.

Notation. The µ-mode matricization Mat(µ) of a tensor X is denoted by the same letter
in matrix notation (upper case bold), superscripted with (µ), i.e.

X(µ) := Mat(µ) (X ) .

Notation. The µ-mode unfolding Mat(1,...,µ) of a tensor X is denoted by the same letter
in matrix notation (upper case bold), superscripted with ⟨µ⟩, i.e.

X⟨µ⟩ := Mat(1,...,µ) (X ) .

Vectorizations and matricizations, as isomorphisms, are uniquely invertible. As long as
the dimensions are evident from context, this allows their use also on the left side of
assignments. For example, given tensors Z ∈ Rm×n×m×n and X , Y ∈ Rm×n×p, then

Z⟨2⟩ = X⟨2⟩
(
Y ⟨2⟩

)T

is equivalent to
Z[i1, i2, i3, i4] =

∑
j

X [i1, i2, j] Y[i3, i4, j] .

2.2.2 Contractions

Apart from addition and scalar multiplication, there are several further operations that
can be generalized from matrices to higher order tensors. Amongst the most important are
the matrix-vector and matrix-matrix multiplications, whose multidimensional counterpart
are the tensor contractions.

Definition 2.14 (Tensor Contraction). Let X ∈ Rn1×...×nd and Y ∈ Rm1×...×me be two
tensors of order d and e, respectively. The contraction X ∗µ,ν Y of the µ-th mode of X
with the ν-th mode of Y is defined entrywise as

(X ∗µ,ν Y)[i1, . . . , iµ−1, iµ+1, . . . , id, j1, . . . , jν−1, jν+1, . . . , je]

:=
nµ∑

p=1
X [i1, . . . , iµ−1, p, iµ+1, . . . , id] Y[j1, . . . , jν−1, p, jν+1, . . . , je] .

This definition can equivalently be expressed via matricizations as

X ∗µ,ν Y = Mat−1
(
Mat(µ)(X )T Mat(ν)(Y)

)
= Mat−1

(
(X(µ))T Y (ν)

)
.

The resulting tensor (X ∗µ,ν Y) ∈ Rn1×...×nµ−1×nµ+1×...×nd×m1×...mν−1×mν+1×...×me is of
order d + e − 2. Note that in order for this operation to be well-defined, nµ = mν must
hold, i.e. the µ-th index set of X and the ν-th index set of Y must coincide.
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The contraction of multiple mode pairs is defined analogously, with the sum being performed
over all indices belonging to the corresponding pairs. That is, for X and Y as above, the
contraction X ∗(µ1,...,µs),(ν1,...,νs) Y of the mode pairs µ1/ν1, µ2/ν2, . . . , µs/νs is defined as(

X ∗(µ1,..,µs),(ν1,..,νs) Y
)

[i1, .., iµ1−1, iµ1+1, .., iµs−1, iµs+1, .., id, j1, .., jν1−1, jν1+1, .., je]

=
∑

k1,...,ks

X [i1, . . . , k1, iµ1+1, . . . , ks, iµs+1, . . . , id] Y[j1, . . . , k1, jν1+1, . . . , ks, jµs+1, . . . , je] .

Here, it is again assumed that nµ1 = mν1 , . . . , nµs = mνs holds.

Finally, it is convenient to define the contraction of an empty set of mode pairs X ∗ Y,
equivalent to the dyadic product, as

(X ∗ Y) [i1, . . . , id, j1, . . . , je] = X [i1, . . . , id] Y[j1, . . . , je] .

An important property inherited from the matrix-matrix product is the associativity, which
also holds for arbitrary contractions, if the modes involved in the contraction are kept
fixed. This is obvious from the entrywise definition of the contractions. For example, given
X ∈ Rn1×n2×n3 , Y ∈ Rm2×n2×p, Z ∈ Rm1×m2×m3 , it is clear that

n2∑
j=1

X [i1, j, i2]
(

m2∑
k=1

Y[k, j, i3]Z[i4, k, i5]
)

=
n2∑

j=1

m2∑
k=1

X [i1, j, i2]Y[k, j, i3]Z[i4, k, i5]

=
m2∑
k=1

⎛⎝ n2∑
j=1

X [i1, j, i2]Y[k, j, i3]

⎞⎠Z[i4, k, i5]

holds. However, there are unfortunately some issues with the notation, in particular, the
“∗” notation is not associative, because the positions of the modes within the involved
tensors change. Note that in the above setting,

X ∗2,1 (Y ∗1,2 Z)  
∈Rn2×p×m1×m3

(2.1)

is a well defined tensor from Rn1×n3×p×m1×m3 , while

(X ∗2,1 Y) ∗1,2 Z (2.2)

is not even well-defined, because the dimensions do not match. This is due to the fact that
in (2.1), the left contraction acts on the second mode of X and the second mode of the
original Y. In the tensor (Y ∗1,2 Z), this second mode of Y is moved to the first position,
which is why the left contraction has to act on the first mode of this resulting tensor. In
(2.2), the left contraction acts on the first mode of Y instead of the second, which, due to
the different dimensions, is ill-defined in general. To circumvent this issue, the syntax has
to be adjusted according to the position of the actual modes the contractions act upon, i.e.

X ∗2,1 (Y ∗1,2 Z) = (X ∗2,2 Y) ∗3,2 Z .
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There are two special kinds of contractions which are predominantly used in this thesis
and for which explicit notations are introduced. The first is the µ-th mode product, which
is a contraction between a tensor and a matrix followed by a reshape which restores the
tensor’s mode order.

Definition 2.15 (µ-th Mode Product). Given a tensor X ∈ Rn1×...×nd and a matrix
A ∈ Rnµ×m, the µ-th mode product between X and A is defined as

×µ : Rn1×...×nd × Rnµ×m → Rn1×...×nµ−1×m×nµ+1×...×nd

(X ×µ A) [i1, . . . , id] :=
nµ∑

j=1
X [i1, . . . , iµ−1, j, iµ+1, . . . , id]A[j, iµ] .

An equivalent definition is given by

X ×µ A := reshape(1,...,µ−1,d,µ,...,d−1) (X ∗µ,1 A) .

One easily verifies that mode products on different modes commute, i.e. for µ ̸= ν

X ×µ A ×ν B = X ×ν B ×µ A

holds for any X ∈ Rn1×...×nd , A ∈ Rnµ×mA and B ∈ Rnν×mB . Successive mode products
on the same mode can instead be combined to a matrix-matrix product, i.e.

X ×µ A ×µ B = X ×µ (AB)

holds for any 1 ≤ µ ≤ d, X ∈ Rn1×...×nd , A ∈ Rnµ×mA and B ∈ RmA×mB .

The second special kind of contractions are those, in which the last k modes of the left
operand are contracted with the first k modes of the right operand, as formalized in the
following.

Notation. Given tensors X ∈ Rn1...,nd−k×m1×...×mk and Y ∈ Rm1×...×mk×p1...,pe−k of orders
d and e, respectively, the contraction between the last k modes of X and the first k modes
of Y is written as

X ◦k Y := X ∗(d+1,...,d+k),(1,...,k) Y = Mat−1
((

X⟨k⟩
)T

Y ⟨k⟩
)

.

If only one mode pair is contracted, the index is usually dropped, i.e. ◦1 becomes ◦.

For order one and two tensors, i.e. vectors and matrices, this last notation is exactly the
matrix-vector and matrix-matrix product, where the circle is usually also omitted. In
particular, given x, y ∈ Rn and A, B ∈ Rm×n,

x ∗1,1 y = x ◦ y = xT y

reproduces the vector scalar product,

A ∗2,1 x = A ◦ x = Ax
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reproduces the matrix-vector product and

A ∗2,1 B = A ◦ B = AB

reproduces the matrix-matrix product. Similarly to the vector case, the Frobenius scalar
product and norm from Proposition 2.10 can be expressed as full contractions, i.e.

⟨X , Y⟩F = X ∗(1,...,d),(1,...,d) Y = X ◦d Y ,

∥X ∥F =
√

X ∗(1,...,d),(1,...,d) X =
√

X ◦d X ,

holds for all X , Y ∈ Rn1×...×nd . Note that the ◦ notation is associative if the order of each
tensor is larger or equal to the sum of modes contracted from both sites, i.e.

(X ◦p Y) ◦q Z = X ◦p (Y ◦q Z)

holds if the order of Y is at least p + q.

2.3 Tensor Networks and Diagrammatic Notation

In this section, we introduce the notion of a tensor network, which is an important formal
construct for several tensor decompositions discussed in Chapter 3.

Definition 2.16 (Tensor Network). A tensor network is defined by a (finite) set of tensors
T and a set of contractions C acting on (unique) pairs of these tensors. The structure
of a tensor network can be visualized by a graph, with nodes corresponding to T and
edges corresponding to C, i.e. two nodes are connected if and only if there is a contraction
performed between them. The tensor that is obtained by performing all contractions C is
said to be the tensor represented by the tensor network. In case the corresponding graph
is not connected, dyadic contractions, i.e. contractions with an empty set of contracted
nodes, are performed between all connected components. As shown in the previous section,
the order of the contractions does not matter.

The concept of tensor networks is especially helpful, because it allows to visualize larger
tensor expressions using the graph structure. In this diagrammatic notation, a tensor
is depicted as a box with edges corresponding to each of its modes. If appropriate, the
dimension of the corresponding mode is given as well. From left to right, the following
shows this for an order one tensor (vector) x ∈ Rn, an order two tensor (matrix) A ∈ Rm×n

and an order four tensor X ∈ Rn1×n2×n3×n4 .

x
n

A

m n

X
n3

n1
n2

n4
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If a contraction is performed between two modes of two tensors, the corresponding edges
are joined. The following exemplifies this for the inner product of two vectors x, y ∈ Rn

and a matrix-vector product of A ∈ Rm×n with x ∈ Rn.

x y A

m
x

n n

Unfortunately, the visualization as a graph loses the information on which modes the
contractions act. It is therefore only used in the following if the modes are evident from
context. There are two special cases concerning orthogonal and diagonal matrices. If
a specific matricization of a tensor yields an orthogonal or diagonal matrix, the tensor
is depicted by a half filled box, or a box with a diagonal bar, respectively. The half
filling and the diagonal bar both divide the box in two halves. The edges joined to
either half correspond to the mode sets of the matricization which yields the orthogonal
or diagonal matrix.2 From left to right, the following shows this for a right-orthogonal
matrix Q ∈ Rm×n, a diagonal matrix D ∈ Rn×n, a tensor U ∈ Rn1×n2×n3×n4 , such
that the matricization U ⟨2⟩ = Mat(1,2) (U) ∈ Rn1n2×n3n4 is left-orthogonal and a tensor
S ∈ Rn1×n2×n3×n4 , such that the matricization Mat(1,4) (S) ∈ Rn1n4×n2n3 is diagonal.

Q
m n

D

n n

U
n3

n1
n2

n4

S
n3

n1
n2

n4

As an example, the diagrammatic notation can be used to depict the singular value
decomposition A = UΣV T of a matrix A ∈ Rm×n with rank r, as shown in the following.

A

m n
= U

m

Σ V

n

r r

More complex networks will appear in the following chapter as a means to represent higher
order tensors.

2For left- or right-orthogonal matrices (see Definition 3.1), the bright side indicates the larger dimension.
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The main obstacle in working with higher order tensors is the exponential scaling of
the dimension with respect to the order, the so-called curse of dimensionality. Even for
moderately sized local dimensions, this causes the computational costs to rapidly escalate.
A prominent example are many particle quantum states, for which the order of the tensor
Hilbert space increases with the number of particles. Even taking the very simple model of a
spin chain, for which the local dimension n = 2 is minimal, the tensor Hilbert space for 100
particles has order d = 100 and its dimension is 2100 ≈ 1030. Handling this space exceeds
the capabilities of current datacenters by far, as even storing one state in single precision
would require more than 1012 Exabytes of memory, which is by orders of magnitude greater
than the storage capacity of around 295 Exabytes available to humankind as a whole
(in 2007, see [1]). Therefore, in order to work with such high order tensors, some kind
of data sparse representation is needed. This format should allow a rich set of common
operations to be computed while staying in this data sparse representation. Very successful
approaches to this are low rank tensor decompositions, which are introduced in this chapter.
While there are several quite different tensor decomposition formats, the fundamental idea
of all these formats is to generalize the singular value decomposition and the notion of
rank from matrices to higher order tensors.

This chapter starts in Section 3.1 with a brief recapitulation of the matrix rank, low rank
matrix decompositions and possible operations which preserve a low rank matrix structure.
This establishes the main ideas and motivates similar approaches for the multidimensional
generalizations in the subsequent sections. In Sections 3.2, 3.3 and 3.4, three of the
most important tensor decompositions are introduced in the chronological order of their
invention. The focus will be on the Tensor Train (TT) decomposition, as it is used the
most in the remainder of the thesis. Section 3.5 provides a brief overview of even more
general decomposition formats. Finally, Section 3.6 gives a summary and comparison
between the different formats.

As a prerequisite, let us begin with the somewhat non-standard definition of left- and
right-orthogonal matrices and tensors that will be important throughout this thesis.

Definition 3.1 (Left-/Right-orthogonal Matrix). A matrix Q ∈ Rn×n is orthogonal iff
its rows and columns are orthogonal unit vectors, that is

QQT = QT Q = In .

A matrix U ∈ Rm×n is left-/right-orthogonal iff its columns/rows are orthogonal unit
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vectors. That is, U is left-orthogonal iff UT U = In and right-orthogonal iff UUT = Im.
Note that every orthogonal matrix is both left- and right-orthogonal and every left-/right-
orthogonal square matrix is also (right-/left-)orthogonal.

Definition 3.2 (Left-/Right-orthogonal Tensor). A tensor X ∈Rn1×...×nd is left-orthogonal,
iff the d − 1-mode unfolding X<d−1> yields a left-orthogonal matrix. Analogously, X is
right-orthogonal, iff the 1-mode unfolding X<1> yields a right-orthogonal matrix.

3.1 Low Rank Matrices

In this section, a brief summary is given for the most important definitions and results
concerning the matrix rank and low rank matrix decompositions. This summary serves
the purpose of motivating and explaining the reasoning behind the low rank tensor
decompositions of the subsequent sections. For a detailed introduction to numerical linear
algebra, the reader is referred to the standard reference by Golub and Van Loan [71], where
proofs for all propositions of this section can be found, for which no explicit reference is
given.

3.1.1 Matrix Rank and Singular Value Decomposition

There are various equivalent ways to define the rank of a matrix, some of which are given
in the following. These different approaches will turn out to be important, as it is later
shown that they are not equivalent for tensors and lead to different definitions of the tensor
rank.

Definition 3.3 (Matrix Rank). A matrix A ∈ Rm×n has rank r iff:

(I) There are exactly r linearly independent columns in A.

(II) There are exactly r linearly independent rows in A.

(III) The image of the linear map induced by A has dimension r.

(IV) The quotient of Rm by the kernel of A has dimension r, i.e. dim(Rm/ ker(A)) = r.

(V) r is the smallest number, such that there exist vectors ui ∈ Rm, vi ∈ Rn and real
numbers σi > 0, for i = 1, . . . , r, such that

A =
r∑

i=1
σiuiv

T
i .

(VI) r is the smallest number, such that there exist r-dimensional subspaces V ⊆ Rm and
U ⊆ Rn, such that A is an element of the induced tensor space V ⊗ U ⊆ Rm×n.
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3.1 Low Rank Matrices

(VII) r is the smallest number, such that there exist left-orthogonal matrices U ∈ Rm×r,
V ∈ Rn×r and a diagonal matrix Σ = diag(σ1, σ2, . . . , σr) ∈ Rr×r, with

A = UΣV T .

The notion of matrix rank is closely linked to the singular value decomposition (SVD),
which in its general form is defined as follows.

Theorem 3.4 (Singular Value Decomposition (SVD)). Every matrix A ∈ Rm×n can be
factorized by a singular value decomposition

A = UΣV T ,

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices and

Σ = diag(σ1, σ2, . . . , σmin(m,n)) ∈ Rm×n

is a rectangular diagonal matrix with ordered, non-negative entries σ1 ≥ σ2 ≥ . . . ≥
σmin(m,n) ≥ 0. These entries are the singular values of A. The number of non-zero
singular values is equal to the rank of A. The Singular Value Decomposition is in general
not unique, but the matrix Σ and the singular values σi are.

As the singular values are unique, we can use the notation σi(A) to denote the i-th singular
value of a matrix A without explicitly giving the complete SVD. There is a particularly
noteworthy interpretation of the spaces spanned by U and V : Let Â : Rn → Rm be
the linear map induced by A. Then, the column vectors of V = (v1, . . . , vn) form an
orthogonal basis of the domain Rn of Â and the column vectors of U = (u1, . . . , um) form a
basis of its codomain. Furthermore, let r be the rank of A, then the vectors vr+1, . . . vn are
a basis of the kernel of Â and ur+1, . . . , um form a basis of Rm/im(Â). The corresponding
singular values σr+1, . . . , σmin(m,n) are all zero. For an exact representation of A, the basis
of the kernel and of Rm/im(Â) are not needed. Therefore, by truncating the last m − r

columns of U and rows of Σ, as well as the last n − r columns of Σ and rows of V T , one
acquires an exact decomposition of A of the form

A = ŨΣ̃Ṽ T , (3.1)

with left-orthogonal Ũ ∈ Rm×r, Ṽ ∈ Rn×r and diagonal Σ̃ = diag(σ1, . . . , σr) ∈ Rr×r. A
decomposition of this form is usually referred to as a compact singular value decomposition
in the literature. This compact SVD is the most useful for our purposes and in the
remainder of this thesis we will always assume a compact SVD, unless explicitly stated
otherwise.

The Singular Value Decomposition also allows obtaining a rank r′ < r approximation
Ĥr′(A) of A. To this end, a SVD is calculated and then all but the first (largest) r′

singular values are set to zero. As the singular values are in descending order by size, this
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means that the min(m, n) − r′ smallest singular values are neglected. Analogously to (3.1),
one obtains

Ĥr′(A) = U ′Σ′V ′T , (3.2)

where the left-orthogonal matrices U ′ ∈ Rm×r′ and V ′ ∈ Rn×r′ are obtained by truncating
U respectively V to r′ columns. Σ′ is obtained from Σ by truncation to r′ rows and columns.
The non-linear operator Ĥr′ introduced here is the singular value hard thresholding operator,
or simply hard thresholding operator. The corresponding decomposition (3.2) is referred
to as the rank r′ truncated SVD of A. The following theorem states that for a fixed rank
r′, this approximation is in fact the best one possible. It is usually attributed to Eckart
and Young [72], although it was already known to E. Schmidt in 1907.1

Theorem 3.5 (Eckart–Young). For every matrix A ∈ Rm×n, the rank r′ approximation
obtained by the hard thresholding operator is a best rank r′ approximation with respect to
both the Frobenius and the spectral norm. That is,A − Ĥr′(A)

 = min
{
∥A − X∥

⏐⏐ X ∈ Rm×n, rank(X) ≤ r′} ,

where ∥·∥ is either the Frobenius norm ∥·∥F , or the spectral norm ∥·∥2. The error is given
by A − Ĥr′(A)


F

=

⎛⎝∑
k>r′

σk(A)2

⎞⎠1/2

,

respectively A − Ĥr′(A)


2
= σr′+1(A) .

3.1.2 Important Properties

This section summarizes several important properties of the singular values of sub-matrices
and the effect of orthogonal transformations.

Lemma 3.6 (Horn and Johnson [74, Corollary 3.1.3]). Given A ∈ Rm×n, let Ap denote
a submatrix of A obtained by deleting a total of p rows and/or columns from A. Then,
for 1 ≤ k ≤ min(m, n),

σk(A) ≥ σk(Ap) ≥ σk+p(A)

holds, where we set σk(Ap) = 0 if there are fewer than k rows or columns left.

Proposition 3.7. For every matrix A ∈ Rm×n and every right-orthogonal matrix Q ∈
Rn×p with n ≤ p and QQT = In, the first n singular values of A and AQ coincide and
all further singular values of AQ are zero.

Proof. Let A = UΣV T be a SVD of A, then AQ = UΣV T Q = UΣṼ T is a valid SVD
of AQ, because QT V = Ṽ ∈ Rn×p is left-orthogonal. Since the unique diagonal matrix Σ
is unchanged, the (unique) singular values coincide.

1Unfortunately the original paper of E. Schmidt is not available to the author. However, see the survey of
Stewart [73] for some interesting historical notes on the singular value decomposition.
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3.1 Low Rank Matrices

Proposition 3.8 (Adapted from [75, Theorem 2.1]). Given a matrix A ∈ Rm×n and a
left-orthogonal matrix Q ∈ Rn×p with p ≤ n and QT Q = Ip, for the singular values of
AQ, it holds that

σk(AQ) ≤ σk(A)

for all 1 ≤ k ≤ min(m, p).

Proof. Let V be the subspace spanned by the orthonormal columns of Q and let V ⊥ be its
orthogonal complement. Let W be a matrix whose columns form an orthogonal basis of
V ⊥. Set M = [Q W ] ∈ Rn×n, which by construction is an orthogonal matrix. Therefore,
A and AM = [AQ AW ] have the same singular values. Now, AQ can be obtained by
deletion of rows from AM and the result directly follows from Proposition 3.6.

3.1.3 Calculation of a Decomposition

An important practical result is that the SVD of a given matrix A ∈ Rm×n can be calculated
efficiently, using for example the algorithm described in the reference by Trefethen and
Bau III [76]. In particular, for every fixed precision, the computational costs can be
bounded by O(nm min(n, m)), making the SVD an extremely powerful numerical tool.
The algorithm is rank revealing, i.e. no information about the rank of A is needed in
advance.

3.1.4 Low Rank Matrices

The set of Rm×n matrices with fixed rank r

Mr(Rm×n) :=
{
X ∈ Rm×n

⏐⏐ rank (X) = r
}

is not a linear space, because in general the sum of two rank r matrices has a rank between
zero and 2r. Although not a linear space, it can be shown that Mr(Rm×n) allows a
manifold structure. This is done for example by Helmke and Moore [77], who prove the
following proposition.

Proposition 3.9 (Fixed Rank Matrix Manifold [77, Chapter 5, Prop. 1.14]). For every
m, n > 1, Mr(Rm×n) is a smooth manifold of dimension r(m + n − r). The tangent space
TAMr(Rm×n) at an element A ∈ Mr(Rm×n) is given by

TAMr(Rm×n) ∼=
{
∆1A + A∆2

⏐⏐ ∆1 ∈ Rm×m, ∆2 ∈ Rn×n} .

Note that Mr(Rm×n) is not a closed set. As a trivial counterexample, consider an arbitrary
rank r matrix A ∈ Mr(Rm×n), then Ak = 1

k A ∈ Mr(Rm×n) is a sequence which converges
to 0 /∈ Mr(Rm×n). The closure of Mr(Rm×n) is the set

M≤r(Rm×n) :=
{
X ∈ Rm×n

⏐⏐ rank (X) ≤ r
}
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3 Tensor Decompositions

of matrices with rank at most r. The proof works by characterizing M≤r(Rm×n) as those
matrices for which all (r + 1) × (r + 1) minors vanish. As taking the minor is a continuous
mapping, the preimage of {0} is closed for every minor and so is M≤r(Rm×n), as the
intersection of the preimages of all (r + 1) × (r + 1) minors. As the rank of any matrix
can be increased by arbitrarily small distortions, it is clear that Mr(Rm×n) is dense in
M≤r(Rm×n).

3.1.5 Computational Aspects

From a numerical point of view, the singular value decomposition allows efficient storage
of matrices with small rank. In particular, representing a matrix A ∈ Rm×n as its SVD
(3.1) only requires to store the mr + r + rn entries of the matrices U , Σ and V , instead of
the mn entries of the full matrix. If the rank is small, i.e. if r ≪ min(m, n), this allows a
significant reduction in storage requirements. Additionally, there is a rich set of operations
which can be computed at significantly reduced cost if the operands are given in a low
rank format. In the following, several of these low rank operations are introduced. For
the remainder of this section, let A, Ā ∈ Rm×n be matrices of rank r and r̄, respectively.
Apart from the normalization paragraph, we assume in the following that both matrices
are given in their respective (compact) singular value decomposition, i.e. UΣV T = A and
ŪΣ̄V̄ T = Ā, with left-orthogonal U , Ū , V , V̄ and diagonal Σ, Σ̄ with decreasing entries.

Normalization, (Re-)Orthogonalization Assume that A ∈ Rm×n is not given in its SVD,
but in a low rank decomposition A = ŨΣ̃Ṽ T with Ũ ∈ Rm×r̃, Σ̃ ∈ Rr̃×r̃, Ṽ T ∈ Rr̃×n.
Here, Ũ and Ṽ are not necessarily orthogonal, Σ̃ is not necessarily diagonal and r̃ might not
be the actual rank of A. Transforming this representation to a valid SVD of A is referred
to as reorthogonalization. One possible method is to compute the QR-decompositions
QLRL = Ũ and QRRR = Ṽ , calculate X = RLΣ̃RT

R and a SVD thereof

UXDV T
X = X .

Finally, setting U := QLUX and V := QRVX gives

UDV T = QLUXDV T
X QT

R = QLXQT
R = QLRLΣ̃RT

RQT
R = ŨΣ̃Ṽ T = A ,

which is a valid SVD of A. Assuming r̃ ≤ min(m, n), the computational complexity is
dominated by the QR-decompositions and scales as O((m + n)r̃2).

Rank Truncation Performing a rank truncation to a smaller rank r′ < r on A is trivial,
as it is sufficient to truncate U and V to r′ columns and Σ to r′ rows and columns. By
Theorem 3.5, this is the best rank r′ approximation of A. The computational complexity
is determined solely by the copying of the values and scales as O(r′(m + n)), compared to
O(mn min(m, n)) for directly stored matrices.
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3.1 Low Rank Matrices

Access Entries A drawback of the decomposed representation is that the entries A[i, j]
cannot be accessed directly. Instead, one has to compute

A[i, j] =
(
UΣV T

)
[i, j] =

r∑
k=1

U [i, k]Σ[k, k]V [j, k] .

The computation cost scales as O(r), compared to the constant access cost for directly
stored matrices.

Addition Computing the sum A + Ā is possible while remaining in a low rank represen-
tation at all times. To this end, construct

WL =
(
U Ū

)
∈ Rm×r+r̄

Σ =
(

Σ 0
0 Σ̄

)
∈ Rr+r̄×r+r̄

W T
R =

(
V T

V̄ T

)
∈ Rr+r̄×n

It is easy to verify that

WLΣW T
R = UΣV T + ŪΣ̄V̄ T = A + Ā

holds, which is therefore a rank r + r̄ representation of A. However, note that A is in
general not of rank r + r̄ and WL, WR are not necessarily orthogonal. Therefore, in
order to stay in the SVD format, a subsequent reorthogonalization is necessary. The
computational costs for the addition itself scale as O((m + n)(r + r̄)), compared to O(mn)
for directly stored matrices.

Hadamard Product The Hadamard or entrywise product A ⊙ Ā can be calculated more
efficiently than for directly stored matrices. For this, let uij := U [i, j] and ūij := Ū [i, j]
denote the entries of U and Ū , analogous for vij := V [i, j] and v̄ij := V̄ [i, j]. Denote the
singular values as σi := Σ[i, i] and σ̄i := Σ̄[i, i]. Define the matrices

WL :=

⎛⎜⎜⎜⎜⎜⎝
u11ū11 u11ū12 . . . u11ū1r̄ u12ū11 . . . u1rū1r̄

u21ū21 u21ū22 . . . u21ū2r̄ u22ū21 . . . u2rū2r̄

...
...

...
...

...
um1ūm1 um1ūm2 . . . um1ūmr̄ um2ūm1 . . . umrūmr̄

⎞⎟⎟⎟⎟⎟⎠ ∈ Rm×rr̄

D := diag(σ1σ̄1, σ1σ̄2, . . . , σ1σ̄r̄, σ2σ̄1, . . . , σrσ̄r̄) ∈ Rrr̄×rr̄

WR :=

⎛⎜⎜⎜⎜⎜⎝
v11v̄11 v11v̄12 . . . v11v̄1r̄ v12v̄11 . . . v1rv̄1r̄

v21v̄21 v21v̄22 . . . v21v̄2r̄ v22v̄21 . . . v2rv̄2r̄

...
...

...
...

...
vm1v̄m1 vm1v̄m2 . . . vm1v̄mr̄ vm2v̄m1 . . . vmrv̄mr̄

⎞⎟⎟⎟⎟⎟⎠ ∈ Rn×rr̄
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Then, (
WLDW T

R

)
[i, j] =

rr̄∑
k=1

WL[i, k]D[k, k]WR[j, k]

=
r∑

p=1

r̄∑
q=1

WL[i, pr̄ + q]D[pr̄ + q, pr̄ + q]WR[j, pr̄ + q]

=
r∑

p=1

r̄∑
q=1

uipūiqσpσ̄qvjpv̄jq

=
r∑

p=1
uipσpvjp

r̄∑
q=1

ūiqσ̄qv̄jq

=
(
UΣV T

)
[i, j]

(
ŪΣ̄V̄ T

)
[i, j]

=
(
A ⊙ Ā

)
[i, j]

is a rank rr̄ representation of the Hadamard product. The computational costs to create
the matrices WL, D and WR scale as O((m + n)rr̄). Note, however, that to obtain a valid
SVD representation, a subsequent reorthogonalization is necessary.

Frobenius Inner Product The Frobenius inner product can be calculated as follows:⟨
A, Ā

⟩
F

=
⟨
UΣV T , ŪΣ̄V̄ T

⟩
F

=
⟨
ŪT UΣV T V̄ , Σ̄

⟩
F

=
⟨
WLΣWR, Σ̄

⟩
F

.

The computational complexity is determined by the computation of WL and WR and
scales as O((m + n)rr̄), compared to O(nm) for directly stored matrices.

Frobenius Norm As the application of an orthogonal matrix does not change the norm,
it holds that

∥A∥F = ∥Σ∥F =

√ r∑
k=1

σ2
k(A) .

This has a computational complexity of only O(r), compared to O(nm) for directly stored
matrices.

Matrix Product Let B ∈ Rn×p be a matrix of rank r′, given as the SVD B = U ′Σ′V ′T .
The matrix-matrix product AB can be computed inexpensively as

AB = U ΣV T U ′Σ′  
:=C

V ′T = UCV ′T .

Calculating a SVD of UcDV T
c = C ∈ Rr×r′ gives

AB = UCV ′T = UUc  
:=WL

D V T
c V ′T  
:=W T

R

= WLDW T
R ,
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3.2 Canonical Polyadic Decomposition

which is a valid SVD of the product AB. The computational costs are dominated by the
computation of C, WL, WR. The scaling of the costs is bounded by O((m + n + p)rr′),
compared to O(mnp) for directly stored matrices.

3.2 Canonical Polyadic Decomposition

The canonical rank and the corresponding canonical polyadic (CP) decomposition is likely
the most widely known generalization of the matrix rank and matrix SVD to higher order
tensors. It is usually attributed to Hitchcock [14], who published his work in 1927. In the
literature, the names PARAFAC (Parallel factor analysis) and Candecomp (Canonical
decomposition) are also commonly used.

3.2.1 Definition

The rank generalization of the CP decomposition is based on Statement V in Definition
3.3, which defines the rank of a matrix A ∈ Rm×n as the minimal r ∈ N, such that A can
be represented as a sum of r dyadic vector products

A =
r∑

k=1
vkuT

k =
r∑

k=1
vk ⊗ uk vk ∈ Rm, uk ∈ Rn .

This is straightforwardly generalized to higher order tensors, as formalized in the following
definition.

Definition 3.10 (Canonical Polyadic Decomposition). Let X ∈ Rn1×...×nd be a tensor of
order d. A representation of X as a sum of elementary tensors

X =
r∑

p=1
v1,p ⊗ . . . ⊗ vd,p =

r∑
p=1

d⨂
µ=1

vµ,p vµ,p ∈ Rnµ (3.3)

is called a canonical polyadic (CP) representation of X . The number of terms r is called
the rank of the representation. The minimal r, such that there exists a CP decomposition
of X with rank r, is called the canonical rank or CP-rank of X .

By defining matrices Vµ = (vµ,1, . . . , vµ,r) ∈ Rnµ×r, (3.3) can equivalently be expressed as
an entrywise equation

X [i1, . . . , id] =
r∑

p=1
V1[i1, p]V2[i2, p] . . . Vd[id, p] .

Note that for matrices, i.e. d = 2, the canonical rank naturally coincides with the matrix
rank and the canonical decomposition is the same as in Statement V of Definition 3.3. In
order for the canonical rank to also be well-defined for higher order tensors, it has to be
shown that every tensor admits at least one CP representation. This is indeed the case
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and follows directly from Proposition 2.9. However, note that in general there is no unique
CP representation with minimal rank. This is somewhat expected, since even for matrices
the SVD is not unique if two or more singular values coincide. Some further discussion on
the uniqueness for higher order tensors can be found in the survey by Kolda and Bader
[45].

3.2.2 Calculation of a Decomposition

Unfortunately, the CP format suffers from a number of theoretical and numerical drawbacks.
One main issue is that there is no equivalent of the numerical matrix SVD for the canonical
format. In fact, even determining the canonical rank of a tensor of order d > 2 is, in
contrast to matrices, a fundamentally open problem. It was shown by Håstad [78] that
even for order d = 3, the problem of deciding whether a rational tensor has CP-rank r is
NP-hard (and NP-complete for finite fields). The situation is in some respects even worse
when trying to approximate a given tensor X by a tensor Xr with CP-rank at most r. In
particular, one is usually interested in the best CP-rank r approximation, that is,

X ∗ = argmin
CP-rank(Xr)≤r

(∥X − Xr∥) . (3.4)

The norm ∥·∥ used may differ depending on the application. In the matrix case, the
Eckart-Young theorem (Theorem 3.5) shows that for the Frobenius and spectral norm, this
best approximation can be calculated directly by a truncated SVD. In contrast, De Silva
and Lim [79] proved that the problem of the best CP-rank r approximation, as formulated
in (3.4), is ill-posed for many ranks r ≥ 2 and all orders d ≥ 3, regardless of the choice of
the norm ∥·∥. Furthermore, they showed that the set of tensors that fail to have a best
CP-rank r approximation is a non-null set, i.e. there is a strictly positive probability that
a randomly chosen tensor does not even admit a best CP-rank r approximation.

Nevertheless, there are methods for the calculation of approximate CP decompositions
and approximations of higher order tensors. Usually, this challenging and expensive task
is approached using optimization algorithms, see for example the survey by Kolda and
Bader [45] and the numerical comparison of several algorithms by Faber et al. [80].

3.2.3 The Set of Tensors with Fixed Canonical Rank

The problems in finding a best rank r approximation in the CP format is tightly
linked to the fact that, as shown by De Silva and Lim [79], neither the set {X ∈
Rn1×...×nd | CP-rank(X ) = r} of all tensors with CP-rank r, nor the set {X ∈ Rn1×...×nd |
CP-rank(X ) ≤ r} of all tensors with CP-rank at most r, are closed for d > 2. In particular,
this means that a sequence of higher order tensors with CP-rank (at most) r may converge
to a tensor with greater rank. A popular example by De Silva and Lim [79] is the sequence
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of tensors

Xn = n

(
u + 1

n
v

)
⊗
(

u + 1
n

v

)
⊗
(

u + 1
n

v

)
− nu ⊗ u ⊗ u ,

with u, v ∈ Rm, ∥u∥ = ∥v∥ = 1 and ⟨u, v⟩ ̸= 1. Here, each Xn is given in a CP
representation with representation rank two, hence the canonical rank of each Xn is at
most two.2 The limit of this sequence is the tensor

X = v ⊗ u ⊗ u + u ⊗ v ⊗ u + u ⊗ u ⊗ v ,

which is of canonical rank three.

The fact that neither set of low rank tensors is closed, poses both a theoretical and practical
problem. Additionally, in contrast to Proposition 3.9, which shows that the set of fixed
rank matrices allows a manifold structure, there is no known equivalent structure for the
set {X ∈ Rn1×...×nd | CP-rank(X ) = r} of tensors with CP-rank r. In particular, this
severely complicates the treatment of optimization algorithms operating on these sets.
This is also due to the fact that there is only very limited normalization available for the
CP-format, and the representation in (3.3) is usually ambiguous, in the sense that there
are many different sets of parameters vµ,p which approximate the same tensor. The work
of Mitchell and Burdick [81] presents several examples of tensors, which are difficult to
optimize.

3.2.4 Computational Aspects

Apart from the difficulties described in the previous two sections, the CP format allows
an unparalleled complexity reduction for tensors with small canonical rank. As shown in
Chapter 2, general tensors suffer from the curse of dimensionality, that is, the storage
complexity, as well as the computational complexity of common operations, scale expo-
nentially in the order. In particular, given a tensor space Rn1×...×nd and n = maxµ(nµ),
storing a general tensor requires Θ(nd) storage space. In contrast, for fixed CP-rank r,
the canonical representation only needs to store the entries of the vectors vµ,p in (3.3).
This requires only Θ(dnr) storage, thus scaling only linearly in the order. As shown in
the following, other common operations can be performed in non-exponentially scaling
complexity as well if all operands are given in a low rank CP representation. The result of
the operation is directly obtained in a low rank representation as well. Accordingly, the
CP-format is said to break the curse of dimensionality, in the sense that no exponentially
scaling complexity occurs when working solely in the CP-format with tensors of bounded
CP-rank.

The following list of operations is analogous to Section 3.1.5 for matrices. For the remainder
of this section, let X , X̄ ∈ Rn1×...×nd be two tensors with CP-rank r and r̄, respectively,
given in CP representations X =

∑r
p=1

⨂d
µ=1 vµ,p and X̄ =

∑r̄
q=1

⨂d
µ=1 v̄µ,q.

2They actually have canonical rank two, as can be shown for example by the fact that the matricization
X

(1)
n has rank two, as will be clear at the end of this chapter.
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Normalization and Rank Truncation As mentioned in the previous sections, there are
no straightforward methods to determine the canonical rank or to compute a low CP
rank representation. This situation remains unchanged even if a (sub-optimal) low CP
rank representation is available. For most of the following operations, this has the
inconvenient consequence that no simple rank reduction can be performed on the results,
which are usually of sub-optimal rank. Additionally, the CP-format also misses much
of the normalization/orthogonalization of the matrix SVD. In particular, in the matrix
representation in Statement V in Definition 3.3, the vectors ui, vi can be chosen to
be orthonormal, yielding an almost unique representation.3 This is not the case for
the CP-format, e.g. requiring all vµ,p in (3.3) to be orthogonal for each µ changes the
rank definition, as tensors with CP-rank r do not necessarily allow such an orthogonal
representation with the same rank, as explained in the work of Kolda [82].

Access Entries As for matrices, the entries X [i1, . . . , id] cannot be accessed directly in
the CP-representation. Instead, one has to compute

X [i1, . . . , id] =

⎛⎝ r∑
p=1

d⨂
µ=1

vµ,p

⎞⎠[i1, . . . , id] =
r∑

p=1

d∏
µ=1

vµ,p[iµ] .

The computational cost scales as O(dr), compared to the constant access cost for a directly
stored tensor.

Addition The addition of X and X̄ can be trivially computed by combining the sums, i.e.

X + X̄ =
r∑

p=1

d⨂
µ=1

vµ,p +
r̄∑

q=1

d⨂
µ=1

v̄µ,q =
r+r̄∑
k=1

d⨂
µ=1

wµ,k ,

with

wµ,k :=
{

vµ,k k ≤ r

v̄µ,k−r k > r
.

This is a CP representation of the sum with rank r + r̄, however, the actual CP rank of
X + X̄ can be smaller. The only contribution to the computational complexity is the
copying of the vectors wµ,k which scales as O(dn(r + r̄)), compared to O(nd) for directly
stored tensors.

Hadamard Product The Hadamard product can be calculated within the canonical
representation, by using

X ⊙ X̄ =

⎛⎝ r∑
p=1

d⨂
µ=1

vµ,p

⎞⎠⎛⎝ r̄∑
q=1

d⨂
µ=1

v̄µ,q

⎞⎠ =
r∑

p=1

r̄∑
q=1

d⨂
µ=1

(vµ,p ⊙ v̄µ,q) .

3Phase factors can still be applied and if two or more singular values coincide, an arbitrary orthonormal
basis for the corresponding spaces can be chosen.

30



3.2 Canonical Polyadic Decomposition

This gives a rank r + r̄ canonical representation of the Hadamard product. The computa-
tional costs are caused by the calculation of the entrywise vector products and amount to
O(dnrr̄), compared to O(nd) for directly stored tensors.

Frobenius Inner Product Using the fact that the Frobenius scalar product is the induced
scalar product (see Definition 2.10), the inner product ⟨X , X̄ ⟩ can be computed as

⟨
X , X̄

⟩
F

=
⟨

r∑
p=1

d⨂
µ=1

vµ,p,
r̄∑

q=1

d⨂
µ=1

v̄µ,q

⟩
F

=
r∑

p=1

r̄∑
q=1

⟨
d⨂

µ=1
vµ,p,

d⨂
µ=1

v̄µ,q

⟩
F

=
r∑

p=1

r̄∑
q=1

d∏
µ=1

⟨vµ,p, v̄µ,q⟩ .

The computational complexity scales as O(dnrr̄), compared to O(nd) for directly stored
tensors.

Frobenius Norm Using the above result, the Frobenius norm of X can be computed as

∥X ∥F =
√

⟨X , X ⟩F =

√ r1∑
p=1

r1∑
q=1

d∏
µ=1

⟨vµ,p, vµ,q⟩ .

The computational complexity scales as O(dnr2), compared to O(nd) for directly stored
tensors.

ν-th Mode Product Given a matrix A ∈ Rnν×m, the ν-th mode product X ×ν A can
be computed as

X ×ν A =

⎛⎝ r∑
p=1

d⨂
µ=1

vµ,p

⎞⎠×ν A

=
r∑

p=1

⎛⎝ d⨂
µ=1

vµ,p

⎞⎠×ν A

=
r∑

p=1
v1,p ⊗ . . . ⊗

(
AT vν,p

)
⊗ . . . ⊗ vd,p .

This is a CP representation of the same rank r. The computational cost consists solely of
the copying and the r matrix-vector products, it thus scales as O(dnr + mnr), compared
to O(ndm) for directly stored tensors.

Other Contractions General contractions can be computed while staying in a low rank
representation at all times, if both operands are given in a CP representation. The following
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3 Tensor Decompositions

shows this for the contraction of a single mode pair. The contraction of multiple mode
pairs can be shown analogously.

Let Y ∈ Rm1×...×me be another tensors of order e given in a CP decomposition Y =∑r̄
q=1

⨂e
ν=1 uν,q. Assuming mτ = nρ holds, the contraction Y ∗τ ,ρ X of the τ -th mode of

Y with the ρ-th mode of X can be calculated as

Y ∗τ ,ρ X =

⎛⎝ r̄∑
q=1

e⨂
ν=1

uν,q

⎞⎠ ∗τ ,ρ

⎛⎝ r∑
p=1

d⨂
µ=1

vµ,p

⎞⎠
=

r̄∑
q=1

r∑
p=1

(
e⨂

ν=1
uν,q

)
∗τ ,ρ

⎛⎝ d⨂
µ=1

vµ,p

⎞⎠
=

r∑
p=1

r̄∑
q=1

⟨uτ ,q, vρ,p⟩
e⨂

ν=1
ν ̸=τ

uν,q ⊗
d⨂

µ=1
µ ̸=ρ

vµ,p .

Absorbing the scalar ⟨uτ ,q, vρ,p⟩ in u1,q in each term, this gives a rank rr̄ CP representation
of the contraction. The computation cost is dominated by the copy operations and scales
as O((d + e)rr̄ max(m, n)), compared to O(mτ md−1nd−1) for directly stored tensors.

3.3 Tucker Decomposition

The Tucker decomposition is a subspace based approach, which is able to avoid some of
the shortcomings of the canonical format. It is usually attributed to Tucker [15], who
described a special case of the decomposition in 1966. The formulation of the Tucker
decomposition as a generalization of the matrix SVD and, in particular, the higher order
SVD introduced in this section are due to De Lathauwer et al. [83].

The fundamental idea of the Tucker decomposition is to generalize the matrix rank using
Item VI in Definition 3.3, which states that the rank r of a matrix A ∈ Rm×n is equivalently
defined as the smallest number r, such that there exist r-dimensional subspaces V ⊆ Rm

and U ⊆ Rn, such that A is an element of the induced tensor space V ⊗ U ⊆ Rm×n. As
elaborated in Section 3.1.1, for matrices, these minimal subspaces are V = im(A) and
U = Rm/ ker(A), and their dimension always coincide. Generalizing this to higher order
tensors, the task is to find minimal subspaces, such that the given tensor is an element
of the induced tensor space. Importantly, in contrast to the matrix case, the dimensions
of these minimal subspaces are not necessarily all equal. Therefore, instead of a single
number, the Tucker rank is defined as the tuple of these dimensions.

3.3.1 Definition

For any tensor X ∈ Rn1×...×nd , let Uµ ⊆ Rnµ be a, not necessarily minimal, set of subspaces,
such that X is an element of the induced tensor space

⨂d
µ=1 Uµ. Let rµ = dim(Uµ) denote
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3.3 Tucker Decomposition

the dimension of the µ-th subspace and let
{
uµ,pµ

⏐⏐ pµ = 0, . . . , rµ
}

be an orthonormal
basis of Uµ, for all µ. As X ∈

⨂d
µ=1 Uµ, it can by definition be expressed as a linear

combination of elementary tensors, composed of the basis vectors uµ,pµ . In particular, it
can always be written as a linear combination of all elementary tensors composed of these
basis vectors

X =
r1∑

p1=1
· · ·

rd∑
pd=1

C[p1, . . . , pd] · u1,p1 ⊗ . . . ⊗ ud,pd
,

with some pre-factors C[p1, . . . , pd] possibly being zero. As indicated by the notation, the
prefactors will themselves be interpreted as an order d tensor C ∈ Rr1×...×rd , the so-called
core tensor. The sets of basis vectors can also be viewed as matrices Uµ =

(
uµ,1, . . . , uµ,rµ

)T ,
called basis matrices, given in entrywise notation by Uµ[pµ, k] := uµ,pµ [k]. As the basis
vectors are chosen to be orthonormal, the basis matrices are left-orthogonal. Using this
matrix representation of the basis, the Tucker rank and the Tucker format are formally
defined as follows.

Definition 3.11 (Tucker Decomposition). Let X ∈ Rn1×...×nd be a tensor of order d. A
Tucker representation of X is given by right-orthogonal matrices Uµ ∈ Rrµ×nµ and a core
tensor C ∈ Rr1×...×rd ,4 such that

X = C ×1 U1 ×2 U2 . . . ×d Ud , (3.5)

or, in entrywise notation,

X [i1, . . . , id] =
∑

p1,...,pd

C[p1, . . . , pd]U1[p1, i1]U1[p2, i2] . . . Ud[pd, id] .

The d-tuple (r1, r2, . . . , rd) is called the representation rank and is associated with the
particular representation. In contrast, the Tucker rank (T-rank) of X is defined as the
minimal d-tuple r = (r1, . . . , rd), such that there exists a Tucker representation of X with
rank r.

The Tucker decomposition (3.5) consists solely of multiple tensor contractions. Accordingly,
the Tucker decomposition can also be interpreted as a representation of a given tensor
by a tensor network with a specific topology. An example of such a network topology is
visualized in Figure 3.1 for an order six tensor.

It is clear that every tensor admits a Tucker decomposition, since choosing all subspaces
Uµ = Rnµ equal to the original spaces and using an arbitrary orthogonal basis always
yields a valid Tucker decomposition. On the other hand, it is not obvious a priori that the
Tucker rank as the minimal d-tuple is well-defined. In fact, in order to talk of a minimal
rank at all, some kind of order on the set of d-tuples is needed. In Definition 3.11 and in
the remainder of this thesis, the following partial order is used for all m-tuples.

4It is possible to impose further restrictions on the core tensor C, see for example the work of De Lathauwer
et al. [83]. However, these restrictions have no impact on the rank definition and all results of this
thesis are compatible with these restrictions through some obvious modifications.
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Figure 3.1: Left: A general tensor X ∈ Rn1×...×nd of order six. Right: Its Tucker decomposition.

Definition 3.12 (Partial order of m-tuples). On the set of m-tuples, the partial order ⪯
is defined for all x = (x1, . . . , xm) and y = (y1, . . . , ym) as

(x1, . . . , xm) ⪯ (y1, . . . , ym) ⇔ ∀i : xi ≤ yi .

The relation ⪰ is naturally defined as x ⪰ y :⇔ y ⪯ x and so are x ≺ y :⇔ x ⪯ y, x ̸= y

and x ≻ y :⇔ x ⪰ y, x ̸= y. Furthermore, let X be a set of m-tuples. Then, y =
(y1, . . . , ym) is the smallest element of X, iff for all x ∈ X, it holds that y ⪯ x. Note
that the smallest element might not exist, which therefore has to be checked separately.
However, if there is a smallest element, it is unique.

In the following, expressions such as “the minimal rank” always refer to the smallest
element in this sense. In order to prove that the Tucker rank is well defined, it has to be
shown that there exists a minimal d-tuple for which a Tucker representation exists. As will
be shown in the following section, this is indeed the case and the minimal rank is linked to
ranks of certain matricizations. The proof is constructive and directly gives an algorithm
to compute the Tucker decomposition.

3.3.2 Calculation of a Decomposition

It is shown by De Lathauwer et al. [83] that a Tucker decomposition with minimal
representation rank can be obtained by successive matrix SVDs. This procedure is
commonly referred to as the higher order singular value decomposition (HOSVD) and is
formalized in Algorithm 1. The idea is to calculate the minimal subspaces in form of the
basis matrices Uµ via singular value decompositions of the single mode matricizations of
the tensor. Subsequently, the core tensor is obtained by projection onto these subspaces.
The following theorem shows that this decomposition is exact and indeed of minimal
representation rank.
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3.3 Tucker Decomposition

Algorithm 1: Higher Order Singular Value Decomposition
Input : Target X ∈ Rn1×...×nd

Output : Core tensor C ∈ Rr1×...,rd , basis matrices U1 ∈ Rr1×n1 , . . . , Ud ∈ Rrd×nd

1 for µ = 1, . . . , d do
2 Calculate ŨµSµV T

µ := SVD
(
X(µ)

)
3 Set Uµ := ŨT

µ

4 Calculate C := X ×1 UT
1 ×2 UT

2 . . . ×d UT
d

Theorem 3.13. Given a tensor X ∈ Rn1×...×nd, let C be the core tensor and U1, . . . , Ud

the basis matrices obtained by the HOSVD in Algorithm 1. Then,

X = C ×1 U1 ×2 U2 . . . ×d Ud (3.6)

is a Tucker representation of X of minimal rank. The obtained representation rank, which
thereby is also the Tucker rank of X , is related to the matrix rank of the µ-th mode
matricizations via

T-rank(X ) =
(
rank(X(1)), . . . , rank(X(d))

)
. (3.7)

Proof. We first show that (3.6) holds. From the SVD-based definition of Uµ, it is clear that
for all µ, UT

µ UµX(µ) = X(µ) holds, which is equivalent to X ×µ UT
µ Uµ = X . Therefore, it

follows that

C ×1 U1 . . . ×d Ud =
(
X ×1 UT

1 . . . ×d UT
d

)
×1 U1 . . . ×d Ud

= X ×1 UT
1 U1 . . . ×d UT

d Ud

= X ,

as asserted. From the SVD-based definition of Uµ, it furthermore follows that Uµ ∈ Rrµ×nµ ,
where rµ = rank(X(µ)) is the rank of the µ-th mode matricization of X , which shows that
for the representation rank (3.7) holds. It remains to show that there cannot be a Tucker
decomposition with a smaller representation rank. Assume towards contradiction that

X = C′ ×1 U ′
1 ×2 U ′

2 . . . ×d U ′
d

is such a Tucker representation of rank (r′
1, . . . , r′

d), where r′
µ < rank(X(µ)). With

R := C′ ×1 U ′
1 . . . ×µ−1 U ′

µ−1 ×µ+1 U ′
µ+1 . . . ×d U ′

d ,

we have
X = C′ ×1 U ′

1 ×2 U ′
2 . . . ×d U ′

d = R ×µ U ′
µ .

By assumption, U ′
µ ∈ Rr′

µ×nµ and therefore,

X(µ) = U ′T
µ R(µ)

is a rank r′
µ factorization of X(µ) in contradiction to the claim that rank(X(µ)) > r′

µ.
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3 Tensor Decompositions

With almost the same procedure, an approximation of X by a tensor X ′ with lower
Tucker rank r′ = (r′

1, . . . r′
d) ⪯ (r1, . . . , rd), can be obtained. To this end, the normal

SVDs in Algorithm 1 are replaced by rank r′
µ truncated SVDs. This results in a Tucker

decomposition of a tensor X ′ with Tucker rank r′, as demanded. Unfortunately, the
Eckard-Young Theorem (Theorem 3.5) does not generalize to this HOSVD. In particular,
the tensor X ′ obtained in this way is in general not the best rank r′ approximation of X .
However, as shown by De Lathauwer et al. [83], it is a so-called quasi-best approximation.
That is, the error is bounded by a factor

√
d times the error of the best approximation.

For many applications, this quasi-best approximation is sufficient. Finding the true best
approximation of X is NP-hard in general, as it is shown by Hillar and Lim [84] that even
finding the best rank (1, . . . , 1) approximation is NP-hard.5 In contrast to the canonical
format, however, the best approximation is well defined for all ranks, since the set of
tensors with Tucker rank at most r′ is closed, as shown in the next section.

In practice, it is usually better to calculate the basis matrices sequentially from the partially
rank reduced tensor, as shown in Algorithm 2 for the truncated HOSVD. The reason for
this is a reduced computational complexity, since the tensors Xµ can be much smaller than
X . The available theoretical error bounds are the same for both algorithms.

Algorithm 2: Truncated Higher Order Singular Value Decomposition
Input : Target X ∈ Rn1×...×nd , maximal rank r

Output : Core tensor C ∈ Rr1×...,rd , basis matrices U1 ∈ Rr1×n1 , . . . , Ud ∈ Rrd×nd

1 Set X0 := X
2 for µ = 1, . . . , d do
3 Calculate rank rµ truncated SVD ŨµSµV

(µ)
µ := SVDrµ

(
X

(µ)
µ−1

)
4 Set X

(µ)
µ := SµV

(µ)
µ

5 Set Uµ := ŨT
µ

6 Set C := Xd

Theorem 3.14 (HOSVD Quasi Best Approximation [83]). Given a tensor X ∈ Rn1×...×nd ,
let C be the core tensor and U1, . . . , Ud the basis matrices obtained by the rank r truncated
HOSVD (Algorithm 2). These define a rank r Tucker representation

X ′ = C ×1 U1 . . . ×d Ud

of a tensor X ′, which is a quasi-best rank r approximation of X , in the sense that

∥X − X ′∥F ≤
√

d · min
{
∥X − Y∥F

⏐⏐ Y ∈ Rn1×...×nd , T-rank(Y) ⪯ r
}

,

holds.

Proof. The original proof by De Lathauwer et al. [83] is rather technical and is omitted
here. However, in Section 4.2, we use a different approach to prove the quasi-optimality of

5As will be shown in Section 3.6 for rank (1, . . . , 1) the CP and Tucker format coincide.
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3.3 Tucker Decomposition

the randomized HOSVD introduced in that section, which can be transformed to a proof
of the present theorem with only a few obvious modifications.

Let us conclude this subsection with the following observation, stating that the complete
Frobenius norm is contained in the core tensor.

Lemma 3.15. For every tensor X ∈ Rn1×...×nd and every right-orthogonal matrix Q ∈
Rnµ×m with QQT = I, it holds that

∥X ×µ Q∥F = ∥X ∥F .

Proof. Using the fact that matricizations do not change the Frobenius norm, it holds that

∥X ×µ Q∥2
F = ∥X(µ)Q∥2

F

=
⟨
X(µ)Q, X(µ)Q

⟩
F

=
⟨
X(µ)QQT , X(µ)

⟩
F

= ∥X(µ)∥2
F = ∥X ∥2

F .

Taking the square root gives the desired result.

3.3.3 The Set of Tensors with Fixed Tucker Rank

The sets of tensors with fixed or bounded Tucker rank inherit most of the useful structure
of low rank matrices introduced in Section 3.1.4. In particular, it is shown by Uschmajew
[68] that the set

MT
r (Rn1×...×nd) :=

{
X ∈ Rn1×...×nd

⏐⏐ T-rank (X ) = r
}

of tensors with fixed Tucker rank admits a manifold structure.6

Theorem 3.16 (Tucker Manifold [68, Satz 5.2]). The set MT
r (Rn1×...×nd) of tensors

with fixed Tucker rank forms a differentiable embedded submanifold of Rn1×...×nd, with
dimension

dim
(
MT

r (Rn1×...×nd)
)

=
d∏

µ=1
rµ +

d∑
µ=1

nµrµ −
d∑

µ=1
r2

µ .

Analogously to the matrix case, the set MT
r (Rn1×...×nd) is not closed, but the set

MT
⪯r(Rn1×...×nd) of tensors with bounded Tucker rank is closed and it is easy to see

that it is the closure of MT
r (Rn1×...×nd).

Proposition 3.17. The set

MT
⪯r(Rn1×...×nd) :=

{
X ∈ Rn1×...×nd

⏐⏐ T-rank (X ) ⪯ r
}

of tensors with bounded Tucker rank is closed.
6The theorem of Uschmajew [68] is even somewhat more general and does not require finite dimensions.
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Proof. Matricizations are isomorphisms, therefore the sets

Mµ,≤rµ(Rn1×...×nd) :=
{

X ∈ Rn1×...×nd

⏐⏐⏐ rank
(
X(µ)

)
≤ rµ

}
,

as pre-images of the closed matrix sets M≤r(Rnµ×n1·...·nµ−1·nµ+1·...·nd) from Section 3.1.4,
are closed as well. Expressing the low rank decomposition

MT
⪯r(Rn1×...×nd) =

d⋂
µ=1

Mµ,rµ(Rn1×...×nd)

as intersection of these sets directly shows that it is closed as well.

3.3.4 Computational Aspects

To store a tensor X ∈ MT
⪯r (Rn1×...×nd) in the Tucker representation, it is sufficient to

store the core tensor C and the basis matrices Uµ. Setting n = max(n1, . . . , nd) and
r = max(r1, . . . , rd), this requires on the order of Θ(rd + ndr) memory. For r ≪ n, this
offers a major reduction compared to the general Θ(nd) scaling, but does not prevent the
exponential scaling with respect to the order d. A similar scaling can also be achieved for
many common operations, if all operands are given in a low rank Tucker representation.
In practice, this means that the Tucker format is mainly applicable to moderate orders,
where the exponential scaling is not prohibitive.

The following list of operations is analogous to Section 3.1.5 for matrices. In the following,
let X , X̄ ∈ Rn1×...×nd be two tensors of Tucker rank r = (r1, . . . , rd) and r̄ = (r̄1, . . . , r̄d),
respectively. With exception of the normalization paragraph, we assume that X and X̄
are given in Tucker representations

X = C ×1 UT
1 ×2 UT

2 . . . ×d UT
d

X̄ = C̄ ×1 ŪT
1 ×2 ŪT

2 . . . ×d ŪT
d ,

with right-orthogonal Uµ ∈ Rrµ×nµ and Ūµ ∈ Rr̄µ×nµ . For all following statements
on the computational complexity, define n = max(n1, . . . , nd), r = max(r1, . . . , rd) and
r̄ = max(r̄1, . . . , r̄d).

Normalization, (Re-)Orthogonalization Assume that X ∈ Rn1×...×nd is not given in a
Tucker decomposition but in a low rank representation

X = D ×1 V1 ×2 V2 . . . ×d Vd ,

with Vµ ∈ Rr′
µ×nµ and D ∈ Rr′

1×...×r′
d . Here, the Vµ are not necessarily right-orthogonal

and r′ = (r′
1, . . . , r′

d) might not be the Tucker rank of X . Transforming this to a valid
Tucker representation of X is usually called a reorthogonalization. One possible method is
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to compute the RQ-decompositions RµQµ := Vµ. Then,

X = D ×1 V1 ×2 V2 . . . ×d Vd

= D ×1 (R1Q1) ×2 (R1Q1) . . . ×d (R1Q1)

= (D ×1 R1 ×2 R2 . . . ×d Rd)  
:=C

×1Q1 ×2 Q2 . . . ×d Qd

is a valid Tucker representation of rank r′ of X . However, the rank might still not
be the actual Tucker rank. One possibility to achieve this is to perform a HOSVD on
the core tensor, as described in the next paragraph. The computational cost of the
reorthogonalization is composed of the QR-decompositions and the calculation of C, and
scales as O(dnr′2 + dr′d+1).

Rank Truncation A quasi-best rank r′ ≺ r approximation of X can be computed by
performing a truncated HOSVD on the core tensor C. Given the resulting representation

C ≈ D = C′ ×1 V1 ×2 V2 . . . ×d Vd

of the core tensor,

X ′ = D ×1 U1 ×2 U2 . . . ×d Ud

=
(
C′ ×1 V1 ×2 V2 . . . ×d Vd

)
×1 U1 ×2 U2 . . . ×d Ud

= C′ ×1 (V1U1)  
:=U ′

1

×2 (V2U2)  
:=U ′

2

. . . ×d (VdUd)  
:=U ′

1

is a rank r′ Tucker representation of an approximation of X . Applying Lemma 3.15 gives
that X ′ fulfills the same quasi-optimality as a direct HOSVD, i.e.

∥X − X ′∥F ≤
√

d · min
T-rank(Y)⪯r′

(∥X − Y∥F ) .

The computational cost is made up of the HOSVD of the core tensors and the matrix-matrix
products for the basis matrices and scales as O(drd+1 + dnrr′), compared to O(dnd+1) for
a direct application of the HOSVD on X .

Access Entries The entries X [i1, . . . , id] cannot be accessed directly in the Tucker repre-
sentation. Instead, one has to compute

X [i1, . . . , id] = (C ×1 U1 ×2 U2 . . . ×d Ud)[i1, . . . , id]

=
r1∑

p1=1
· · ·

rd∑
pd=1

C[p1, . . . , pd]U1[p1, i1]U2[p2, i2] . . . Ud[pd, id] .

The computational cost scales as O(rd), compared to the constant access cost for directly
stored tensors.
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Addition Similarly to the method for matrices, the sum X + X̄ can be computed while
maintaining a low rank representation at all times. For this, define

Vµ :=
[
Uµ

Ūµ

]
∈ R(rµ+r̄µ)×nµ

and

D[i1, . . . , id] :=

⎧⎪⎪⎨⎪⎪⎩
C[i1, . . . , id] iµ ≤ rµ∀µ

C̄[i1 − r1, . . . , id − rd] iµ > rµ∀µ

0 else
∈ Rr1+r̄1×...×rd+r̄d .

Then,

(D ×1 V1 . . . ×d Vd) [i1, . . . , id]

=
r1+r̄1∑
p1=1

. . .
rd+r̄d∑
pd=1

D[p1, . . . , pd]V1[p1, i1] . . . Vd[pd, id]

=
r1∑

p1=1
. . .

rd∑
pd=1

C[p1, . . . , pd]U1[p1, i1] . . . Ud[pd, id]

+
r1+r̄1∑

p1=r1+1
. . .

rd+r̄d∑
pd=rd+1

C̄[p1, . . . , pd]Ū1[p1, i1] . . . Ūd[pd, id]

=
(
X + X̄

)
[i1, . . . , id]

is a rank r + r̄ representation of the sum. Note that r + r̄ might not be the Tucker rank
and that the matrices Vµ are not necessarily right-orthogonal, possibly requiring a further
reorthogonalization and rank reduction. The computational cost of this addition itself
scales as O((r + r̄)d + dn(r + r̄)), compared to O(nd) for directly stored tensors.

Hadamard Product The entrywise product of X and X̄ can be computed while main-
taining a low rank representation. For this, define Vµ ∈ Rrµr̄µ×nµ and D ∈ Rr1r̄1×...×rdr̄d

as

Vµ[pr̄µ + qµ, iµ] := Uµ[pµ, iµ]Ūµ[qµ, iµ] 1 ≤ pµ ≤ rµ, 1 ≤ qµ ≤ r̄µ

and

D[p1r̄1 + q1, . . . , pdr̄d + qd] := C[p1, . . . , pd] C̄[q1, . . . , qd] 1 ≤ pµ ≤ rµ, 1 ≤ qµ ≤ r̄µ .
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Then,

(D ×1 V1 . . . ×d Vd) [i1, . . . id]

=
r1r̄1∑
p1=1

. . .
rdr̄d∑
pd=1

D[p1, . . . , pd]V1[p1, i1] . . . Vd[pd, id]

=
r1∑

p1=1
. . .

rd∑
pd=1

r̄1∑
q1=1

. . .
r̄d∑

qd=1
D[p1r̄1 + q1, . . . , pdr̄d + qd]V1[p1r̄1 + q1, i1] . . . Vd[pdr̄d + qd, id]

=
∑

p1,...,pd

C[p1, . . . , pd]U1[p1, i1] . . . Ud[pd, id] ·
∑

q1,...,qd

C̄[q1, . . . , qd]Ū1[q1, i1] . . . Ūd[qd, id]

= X [i1, . . . , id] · X̄ [i1, . . . , id]

is a rank (r1r̄1, . . . , rdr̄d) representation of the entrywise product. The matrices Vµ are
not necessarily right-orthogonal and the rank might not be optimal, advising an additional
reorthogonalization and rank reduction step. The computational complexity scales as
O(dnrr̄ + rdr̄d), compared to O(nd) for directly stored tensors.

Frobenius Inner Product The Frobenius scalar product of X and X̄ can be calculated
via

⟨
X , X̄

⟩
F

=
⟨
C ×1 U1 . . . ×d Ud, C̄ ×1 Ū1 . . . ×d Ūd

⟩
F

=
∑

i1,...,id

∑
p1,...,pd

∑
q1,...,qd

C[p1, . . . , pd]U1[p1, i1] . . . Ud[pd, id]C̄[q1, . . . , qd]Ū1[q1, i1] . . . Ūd[qd, id]

=
∑

p1,...,pd

C[p1, . . . , pd]
( ∑

q1,...,qd

C̄[q1, . . . , qd]
(
U1ŪT

1

)
[p1, q1] . . .

(
UdŪT

d

)
[pd, qd]

)
.

This way, the computational costs scale as (dnrr̄+drr̄d+rd), compared to O(nd) for directly
stored tensors. Using the symmetry, this can be improved to O(drr̄(n + min(rd−1, r̄d−1)) +
max(rd, r̄d)).

Frobenius Norm From Lemma 3.15, it follows that the norm can be calculated as

∥X ∥F = ∥C∥F .

The computational complexity scales as O(rd), compared to O(nd) for directly stored
tensors.
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µ-th Mode Product Given a matrix A ∈ Rnµ×m, the µ-th mode product X ×µ A can
be computed as

X ×µ A = (C ×1 U1 . . . ×d Ud) ×µ A

= C ×1 U1 . . . ×µ (UµA)  
:=B∈Rrµ×m

. . . ×d Ud .

This is a low rank representation of X ×µ A with the same rank r. To obtain a valid
Tucker representation, calculate the RQ-decomposition RQ = B and C′ = C ×µ R. Then,

X ×µ A = C′ ×1 U1 . . . ×µ Q . . . ×d Ud

is a valid Tucker representation of the same rank. Note, however, that this rank might not be
the Tucker rank. The scaling of computational complexity amounts to O(mnr+mr2+rd+1),
compared to O(mnd) for directly stored tensors.

Other Contractions General contractions can also be computed while remaining in a
low rank representation at all times, if both operands are given as a Tucker representation.
The following shows this for the contraction of a single mode pair. The contraction of
multiple mode pairs can be shown analogously.

Let A ∈ Rm1×...×me be another tensor of order e given in a Tucker representation A =
D×1 V1 . . .×d Vd with rank (r′

1, . . . , r′
e). Assuming mµ = nν holds, the contraction A∗µ,ν X

of the µ-th mode of A with the ν-th mode of X can be calculated as

(A ∗µ,ν X ) [j1, . . . , jµ−1, jµ+1, . . . , je, i1, . . . , iν−1, iν+1, . . . , id]

=
mµ∑
k=1

∑
p1,...,pe

D[p1, . . . , pe]V1[p1, j1] . . . Vµ[pµ, k] . . . Ve[pe, je]

·
∑

q1,...,qe

C[q1, . . . , qd]U1[q1, i1] . . . Uν [qν , k] . . . Ud[qd, id]

=
∑

p1,...,pµ−1,pµ+1,...,pe,
q1,...,qν−1,qν+1,...,qd

⎛⎝ ∑
k,pµ,qν

D[p1, . . . , pe]C[q1, . . . , qd]Vµ[pµ, k]Uν [qν , k]

⎞⎠
  

:=K[p1,...,pµ−1,pµ+1,...,pe,q1,...,qν−1,qν+1,...,qd]

· V1[p1, j1] . . . Vµ−1[pµ−1, jµ−1]Vµ+1[pµ+1, jµ+1] . . . Ve[pe, je]

· U1[q1, i1] . . . Uν−1[qν−1, iν−1]Uν+1[qν+1, iν−+] . . . Ud[qd, id] .

The final term is a valid Tucker representation of A ∗µ,ν X of representation rank
(r′

1, . . . , r′
µ−1, r′

µ+1, . . . , r′
e, r1, . . . , rν−1, rν+1, . . . , rd). Calculating the matrix product V T

µ Uν

first, the computational complexity scales as O(mµr′
µrν + min(r′

µ, rν)r′e−1rd−1), compared
to O(min(m, n)me−1nd−1) for directly stored tensors. As with most operations, this rank
might not be minimal and can be reduced by a subsequent rank reduction step.
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3.4 Tensor Train Decomposition

3.4 Tensor Train Decomposition

The tensor train (TT) decomposition follows a subspace based approach similar to the
Tucker format. In this way, the TT format retains most of the advantages of the matrix
SVD and the Tucker format, namely a generalized higher order SVD, a closed set of low
rank tensors and a manifold structure on the set of tensors with fixed rank. At the same
time, the computational complexity of most common operations scales only linearly in the
order if all operands are given in TT representation. This means that to some extent, the
tensor train format unifies the advantages of both the canonical and the Tucker format.

The history of the tensor train format is shaped by several independent re-inventions
of the format. In particular, it was already known for almost half a century under the
name “matrix product states” (MPS) in quantum physics. In this context, MPS are
especially useful to describe many-particle quantum states with low entanglement. They
are at the very heart of the extremely successful DMRG algorithm, originally introduced
by White [85] in 1992. A comprehensive introduction to MPS from a physical point of
view is given by Perez-Garcia et al. [21], in combination with the DMRG algorithm by
Schollwöck [22]. Despite the tremendous success of MPS in physics, the concept was largely
unknown to most of the mathematical community. To this community, the concept of MPS
was introduced by Oseledets [20], who developed it as a means of tensor decomposition.
In this work, the name tensor train format was coined. These reinventions resulted in
different sets of names and notations. This thesis predominantly uses the conventions of
the mathematical community.

3.4.1 Definition

Similar to the Tucker decomposition, the idea of the tensor train (TT) decomposition
is to find minimal subspaces, such that a given tensor can be represented in terms of
these spaces. But in contrast to the Tucker format, these subspaces are not chosen as
corresponding to the single modes. Instead, a hierarchy of nested subspaces with increasing
order is constructed, such that the final subspace contains the given tensor. More precisely,
the construction is done by finding (minimal) subspaces U1, . . . , Ud−1, such that for a given
X ∈ Rn1×...×nd ,

U1 ⊆ Rn1 with X ∈ U1 ⊗ Rn2×...×nd

U2 ⊆ U1 ⊗ Rn2 ⊆ Rn1×n2 with X ∈ U2 ⊗ Rn3×...×nd

U3 ⊆ U2 ⊗ Rn3 ⊆ Rn1×n2×n3 with X ∈ U3 ⊗ Rn4×...×nd

...

Ud−1 ⊆ Rnd−1 ⊗ Ud−2 ⊆ Rn1×...×nd−1 with X ∈ Ud−1 ⊗ Rnd . (3.8)

Let rµ denote the dimension of Uµ and let {Vµ,1 . . . Vµ,rµ} be orthogonal bases for Uµ.
For µ > 1, the nested construction Uµ ⊆ Uµ−1 ⊗ Rnµ ensures that there exist vectors
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uµ,i,k ∈ Rnµ , such that

Vµ,k =
rµ−1∑
i=1

Vµ−1,i ⊗ uµ,i,k . (3.9)

Writing the orthogonal basis as a tensor

Wµ[j1, . . . , jµ, k] := Vµ,k[j1, . . . , jµ]

and defining
Uµ[i, j, k] := uµ,i,k[j] ,

Equation (3.9) can be rewritten as

Wµ[i1, . . . , iµ, k] =
rµ−1∑
i=1

Vµ−1,i[j1, . . . , jµ−1]uµ,i,k[jµ]

=
rµ−1∑
i=1

Wµ−1[j1, . . . , jµ−1, i]uµ,i,k[jµ]

=
rµ−1∑
i=1

Wµ−1[j1, . . . , jµ−1, i]Uµ[i, jµ, k]

= (Wµ−1 ◦ Uµ) [j1, . . . , jµ, k] . (3.10)

Since X ∈ Ud−1 ⊗ Rnd , there also exist vectors ud,i ∈ Rnd , such that

X =
rd−1∑
i=1

Vd−1,i ⊗ ud,i .

Similar to the above, defining
Ud[i, j] := ud,i[j] ,

this can be rewritten as X = Wd−1 ◦ Ud. Applying Equation (3.10) recursively gives

X = Wd−1 ◦ Ud

= (Wd−2 ◦ Ud−1) ◦ Ud

= (Wd−3 ◦ Ud−2) ◦ Ud−1 ◦ Ud

...

= W1 ◦ U2 ◦ . . . ◦ Ud−1 ◦ Ud

= U1 ◦ U2 ◦ . . . ◦ Ud−1 ◦ Ud , (3.11)

where we defined U1 := W1. Note that the tensors U1, . . . , Ud−1 completely define the
corresponding subspaces U1, . . . Ud−1. Equation (3.11) can be interpreted as a tensor
network and as such be visualized in the diagrammatic notation. The following shows this
by example for an order four tensor.

U1 U2 U3 U4

n1 n2 n3 n4

r1 r2 r3

44



3.4 Tensor Train Decomposition

Here, the diagrammatic notation already indicates that for 1 ≤ µ < d, the Uµ are
left-orthogonal. In particular, it holds that

U
⟨1⟩
1

T
U

⟨1⟩
1 = I ∈ Rr1×r1

and for 1 < µ < d,
U ⟨2⟩

µ

T
U ⟨2⟩

µ = I ∈ Rrµ×rµ .

For U1 = W1, this is obvious from the construction as a matrix containing orthonormal
basis vectors. For 1 < µ < d, note that(

W ⟨µ⟩
µ

T
W ⟨µ⟩

µ

)
[k1, k2] =

∑
i1,...,iµ

Wµ[i1, . . . , iµ, k1]Wµ[i1, . . . , iµ, k2]

=
∑

i1,...,iµ

Vµ,k1 [i1, . . . , iµ]Vµ,k2 [i1, . . . , iµ]

= ⟨Vµ,k1 , Vµ,k2⟩ = δk1,k2 ,

because the Vµ,k form an orthonormal basis by construction. It follows that

I[k1, k2] =
(

W ⟨µ⟩
µ

T
W ⟨µ⟩

µ

)
[k1, k2]

=
∑

i1,...,iµ

(Wµ−1 ◦ U) [i1, . . . , iµ, k1] (Wµ−1 ◦ U) [i1, . . . , iµ, k2]

=
∑

i1,...,iµ

∑
j1,j2

Wµ−1[i1, . . . , iµ−1, j1]U [j1, iµ, k1]Wµ−1[i1, . . . , iµ−1, j2]U [j1, iµ, k1]

=
∑
iµ

∑
j1,j2

I[j1, j2]U [j1, iµ, k1]U [j1, iµ, k1]

=
(

U ⟨2⟩
µ

T
U ⟨2⟩

µ

)
[k1, k2] ,

which proves the assumption.

Note that the choice of the subspace hierarchy in (3.8) was somewhat arbitrary. In fact,
for any 1 ≤ ν ≤ d, one could choose subspaces U1, . . . Uν−1, Uν+1 . . . , Ud, such that for a
given X ∈ Rn1×...×nd

U1 ⊆ Rn1 with X ∈ U1 ⊗ Rn2×...×nd

U2 ⊆ U1 ⊗ Rn2 ⊆ Rn1×n2 with X ∈ U2 ⊗ Rn3×...×nd

...

Uν−1 ⊆ Uν−2 ⊗ Rnν−1 ⊆ Rn1×...×nν−1 with X ∈ Uν−1 ⊗ Rnν×...×nd

Uν+1 ⊆ Rnν+1 ⊗ Uν+2 ⊆ Rnν+1×...×nd with X ∈ Rn1×...×nν ⊗ Uν+1

...

Ud−1 ⊆ Rnd−1 ⊗ Ud ⊆ Rnd−1×nd with X ∈ Rn1×...×nd−2 ⊗ Ud−1

Ud ⊆ Rnd with X ∈ Rn1×...×nd−1 ⊗ Ud
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and consequently X ∈ Uν−1 ⊗ Rnν ⊗ Uν+1. Repeating the same construction as above
yields left-orthogonal U1, . . . Uν−1, right-orthogonal Uν+1, . . . Ud and Uν such that

X = U1 ◦ . . . ◦ Ud

holds. As will be shown in Section 3.4.4, the position of the non-orthogonal tensor can be
changed without altering the subspace dimensions, which means that the different subspace
hierarchies are equivalent for most purposes. In particular, this allows the following
formal definition of the tensor train representation, which is based on the above subspace
construction.

Definition 3.18 (Tensor Train Format). Let X ∈ Rn1×...×nd be a tensor of order d. A
factorization

X = U1 ◦ U2 ◦ . . . ◦ Ud−1 ◦ Ud (3.12)

of X into component tensors U1 ∈ Rn1×r1 , Uµ ∈ Rrµ−1×nµ×rµ , µ = 2, . . . , d − 1 and
Ud ∈ Rrd−1,nd is called a tensor train (TT) representation of X . The tuple of the dimensions
(r1, . . . , rd−1) of the component tensors is called the representation rank and is associated
with the specific representation. In contrast, the tensor train rank (TT rank) is defined as
the minimal rank tuple7 r = (r1, . . . , rd), such that there exists a TT representation of X
with representation rank equal to r. The representation is said to be orthogonalized if
for some ν, the component tensors U1, . . . , Uν−1 are left-orthogonal and Uν+1, . . . , Ud are
right-orthogonal. The index ν of the (possibly) non-orthogonal component tensor is called
the core position.

An alternative way to interpret the component tensors Uµ is as sets of vectors and matrices
defined as

U1,i1 [j1] := U1[i1]

Uµ,iµ [jµ−1, jµ] := Uµ[jµ−1, iµ, jµ] µ = 2, . . . , d − 1

Ud,id
[jd−1] := Ud[jd−1, id] .

Thereby, (3.12) can be given as

X [i1, . . . , id] = U1,i1 U2,i2 . . . Ud−1,id−1 Ud,id
, (3.13)

where the juxtaposition denotes the regular matrix product. This notation is especially
popular in the theoretical physics community, where the tensor train format is known as
matrix product states.

From the derivation of the TT format at the beginning of this section, it should be clear
that there always exists a TT representation of any given tensor. For example, taking
each subspace Uµ = Rn1×...×nµ equal to the complete space always works. However, it is a
priori not clear whether there always is a TT representation with a minimal rank in the

7In the sense of Definition 3.12
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sense of Definition 3.12. As with the Tucker format, the proof can be established using a
generalized singular value decomposition, which is done in the following section. For this,
we also require the following lemma.

Lemma 3.19. Given left-orthogonal tensors V ∈ Rn1×...×nµ−1×rµ−1 and W ∈ Rrµ−1×nµ×rµ ,
the contraction X = V ◦ W is also left-orthogonal. Analogously, given right-orthogonal
tensors W ∈ Rrµ−1×nµ−1×rµ and V ∈ Rrµ×nµ×...×nd, the contraction X = W ◦ V is also
right-orthogonal.

Proof. We prove the first statement, the second follows analogously. We have(
X<µ>T

X<µ>
)

[k, k′]

=
∑

i1,...,iµ−1

(V ◦ W) [i1, . . . , iµ, k] (V ◦ W) [i1, . . . , iµ−1, k′]

=
∑

i1,...,iµ

∑
j1

V[i1, . . . , iµ−1, j1] W[j1, iµ, k]
∑
j2

V[i1, . . . , iµ−1, j2] W[j2, iµ, k′]

=
∑
j1

∑
j2

∑
i1,...,iµ−1

V[i1, . . . , iµ−1, j1]V[i1, . . . , iµ−1, j2]

  
=
(

V ⟨µ−1⟩T
V ⟨µ−1⟩

)
[j1,j2]=I[j1,j2]

∑
iµ

W[j1, iµ, k] W[j2, iµ, k′]

=
∑

j

∑
iµ

W[j1, iµ, k] W[j2, iµ, k′]

=
(

W ⟨2⟩T
W ⟨2⟩

)
[k, k′]

= I[k, k′] .

3.4.2 Calculation of a Decomposition

Due to the subspace based construction, the Tensor Train format shares a major feature
with the Tucker format: There is a generalized singular value decomposition, called TT-
SVD, which computes a minimal TT representation of any given tensor. Algorithm 3 gives
the formal TT-SVD procedure and Figure 3.2 depicts the steps of the algorithm in the
diagrammatic notation for an order four tensor. The following theorem and corollary show
that the decomposition obtained by the TT-SVD is of minimal rank and can also be used
as a constructive proof, showing that the TT rank is indeed well defined.

Theorem 3.20. For every given tensor X ∈ Rn1×...×nd, the TT-SVD obtains a valid
right-orthogonal tensor train representation of X . The representation rank is related to the
ranks of matricizations of X via

rµ = rank
(
X⟨µ⟩

)
. (3.14)
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X0
n3

n4
n1

n2

(a)

X
⟨1⟩
0

n1 n2n3n4
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U1 Σ1 V1

n1
r1 r1

n2n3n4

(c)

U1 X
⟨1⟩
1

n1
r1

n2n3n4

(d)

U1 X1
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n2

n3
n4
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U1 X
⟨2⟩
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n3n4
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2 X

⟨1⟩
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r1 r1n2 r2

n3n4
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U1 U2 X2
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n2
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U1 U2 X
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n1
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r2 r2n3 n4
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U1 U2 U
⟨2⟩
3 Σ2 V

⟨1⟩
2

n1
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n2

r2 r2n3 r3 r3
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r2 r2n3 r3
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n3

r3
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(m)

Figure 3.2: Step by step depiction of the TT-SVD by example for an order 4 tensor X0 ∈
Rn1×n2×n3×n4 (a). First, a matricization combining all but one mode is performed (b) and an
SVD of this matricization is calculated (c). The two rightmost matrices are contracted (d) and the
result is dematricized (e). In this way, one open index is detached. The remaining tensor X1 is
again matricized where the first dimension is formed by the internal and the next open mode (f).
Again, an SVD of this matrix is calculated (g) to detach another open mode (h)-(i). This process
is continued until all open modes are separated (j)-(m).
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Algorithm 3: Tensor Train Singular Value Decomposition (TT-SVD)
Input : Target X ∈ Rn1×...×nd

Output : Component tensors U1 ∈ Rn1×r1 , U2 ∈ Rr1×n2×r2 , . . . , Ud ∈ Rrd−1×nd

1 Set X1 = X
2 Calculate SVD U

⟨1⟩
1 Σ1V

⟨1⟩
1 = X

⟨1⟩
1 ,

where U1 ∈ Rn1×r1 , Σ1 ∈ Rr1×r1 , V1 ∈ Rr1×n2×...×nd

3 Set X2 = Σ1 ◦ V1

4 for µ = 2, . . . , d − 1 do
5 Calculate SVD U

⟨2⟩
µ ΣµV

⟨1⟩
µ = X

⟨2⟩
µ ,

where Uµ ∈ Rrµ−1×nµ×rµ , Σµ ∈ Rrµ×rµ , Vµ ∈ Rrµ×nµ+1×...×nd

6 Set Xµ+1 = Σµ ◦ Vµ = Uµ ∗(1,2),(1,2) Xµ

7 Set Ud = Xd

Proof. The intuition of the TT-SVD is to perform a matrix SVD in every step in order
to detach one mode from the tensor. Figure 3.2 shows the TT-SVD step-by-step for an
order four tensor and is frequently referred to in the following. The procedure starts by
calculating a SVD of the matricization of X = X0, where all modes but the first one are
combined (Fig. 3.2 (a)-(c)), i.e.

U
⟨1⟩
1 Σ1V

⟨d−1⟩
1

T
:= SVD

(
X

⟨1⟩
0

)
U1 ∈ Rn1×r1 , Σ1 ∈ Rr1×r1 , V1 ∈ Rn2×...×nd×r1 .

A fundamental property of the compact SVD is that the dimension r1 is equal to the rank
of X

⟨1⟩
0 = X⟨1⟩, i.e. (3.14) holds for µ = 1. The next step is to set

X
⟨1⟩
1 := Σ1V

⟨d−1⟩
1

T
X1 ∈ Rr1×n2×...×nd .

Note that the following holds:

U1 ◦ X1 = Mat−1
(
U

⟨1⟩
1 X

⟨1⟩
1

)
= Mat−1

(
U

⟨1⟩
1 Σ1V

⟨d−1⟩
1

T
)

= X

In the next step, a matricization of the newly acquired tensor X1 is performed. The first
mode of the matricization is formed by the first two modes of X1, corresponding to the new
dimension introduced by the prior SVD and the second original dimension. The second
mode of the matricization is formed by all remaining modes of X1 (Fig. 3.2 (f)). From
this matricization, another SVD is calculated (Fig. 3.2 (g))

U
⟨2⟩
2 Σ2V

⟨d−2⟩
2

T
:= SVD

(
X

⟨2⟩
1

)
U2 ∈ Rr1×n2×r2 , Σ2 ∈ Rr2×r2 , V2 ∈ Rn3×...×nd×r2 .

Again, the next step is to define

X
⟨1⟩
2 := Σ2V

⟨d−2⟩
2

T
X2 ∈ Rr2×n3×...×nd .

As in the first step, it holds that

U2 ◦ X2 = Mat−1
(
U

⟨2⟩
2 X

⟨1⟩
2

)
= Mat−1

(
U

⟨2⟩
2 Σ2V

⟨d−2⟩
2

T
)

= X1

⇒ U1 ◦ U2 ◦ X2 = X .
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The obtained rank r2 is equal to the rank of the matricization X⟨2⟩, which can be shown
as follows. Using Lemma 3.19, we know W := U1 ◦ U2, W ⟨2⟩ ∈ Rn1n2×r2 is an orthogonal
matrix. Now, consider that

X⟨2⟩ = Mat(1,2) (U1 ◦ U2 ◦ X2) = W ⟨2⟩Σ2V
⟨d−2⟩

2
T

holds and forms a valid SVD of X⟨2⟩ with rank r2. Since the matrix of singular values is
unique, it follows that indeed rank(X⟨2⟩) = r2. This procedure is continued for a total of
d−2 steps and in each step, the order of Xi ∈ Rri×ni+1×...×nd shrinks by one. By induction,
it follows that for 1 < µ < d − 1,

U1 ◦ U2 ◦ . . . ◦ Uµ ◦ Xµ = X Uµ ∈ Rrµ−1×nµ×rµ

and rank
(
X⟨µ⟩

)
= rµ hold. The (d − 1)-st step (Fig. 3.2 (k)),

Ud−1Σd−1V T
d−1 = SVD

(
M(1,2)(Xd−1)

)
Ud−1 ∈ R(rd−2·nd−1)×rd−1 , (Σ2V T

2 ) ∈ Rrd−1×nd ,

is special, since
U

⟨1⟩
d := ΣdV

⟨1⟩
d

T
Ud ∈ Rrd−1×nd

yields an order two tensor that is named Ud instead of Xd (Fig. 3.2 (l)-(m)). Finally,

U1 ◦ U2 ◦ . . . ◦ Ud−1 ◦ Ud = X

is a valid TT representation of X with rank r = (r1, . . . , rd−1), whose entries are exactly the
ranks of the matricizations X⟨µ⟩ as asserted. The orthogonality of U

⟨1⟩
1 and U

⟨2⟩
2 , . . . , U

⟨2⟩
d−1

is evident from their definition as components of the SVDs.

Corollary 3.21. For every tensor X ∈ Rn1×...×nd , the tensor train rank r = (r1, . . . , rd−1)
is given by

rµ = rank
(
X⟨µ⟩

)
.

Proof. Theorem 3.20 shows that a TT representation with the above matricization ranks
can always be obtained. It remains to show that they are also a lower bound for the
corresponding entry of the TT-rank, i.e. that there cannot be a TT representation with
at least one entry of the rank being smaller. Assume towards contradiction that for
TT-rank (X ) = (r1, . . . , rd−1),

rµ < rank
(
Mat(1,2,...,µ) (X )

)
holds for any µ ∈ {1, . . . , d − 1}. Then, by definition of the TT-rank, there exist tensors
U1 ∈ Rn1×r1 , Ui ∈ Rri−1×ni×ri , Ud ∈ Rrd−1×nd , such that

X = U1 ◦ U2 ◦ . . . ◦ Ud−1 ◦ Ud = (U1 ◦ . . . ◦ Uµ) ◦ (Uµ+1 ◦ . . . ◦ Ud) = A ◦ B ,
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3.4 Tensor Train Decomposition

with A ∈ Rn1×...×nµ×rµ and B ∈ Rrµ×nµ+1×...×nd . Then,

X⟨µ⟩ = A⟨µ⟩B⟨1⟩

is a rank rµ factorization of X⟨µ⟩, in contradiction to the assumption that rank(X⟨µ⟩) >

rµ.

A modified TT-SVD algorithm can also be used to calculate a rank r∗ = (r∗
1, . . . , r∗

d−1)
approximation of a tensor X with TT-rank r ⪰ r∗. To this end, the normal SVDs are
replaced by truncated rank r∗

i SVDs, yielding a tensor X ∗ of TT-rank r∗. The following
theorem shows that X ∗ is a so-called quasi best rank r∗ approximation of X .

Theorem 3.22. Given a rank-tuple r∗ = (r∗
1, . . . , r∗

d−1), for every tensor X ∈ Rn1×...×nd

the tensor X ∗ = U1 ◦ . . . ◦ Ud obtained by the TT-SVD with all matrix SVDs replaced with
rank r∗

µ truncated SVDs, fulfills

∥X − X ∗∥F ≤
√

d − 1 min
Y∈MTT

⪯r∗(Rn1×...×nd)
(∥X − Y∥) ,

where
MTT

⪯r∗
(
Rn1×...×nd

)
:=
{
X ∈ Rn1×...×nd

⏐⏐ TT-rank (X ) ⪯ r∗}
is the set of tensors with rank at most r∗.

Proof. A proof is available in the work of Oseledets [20] and more detailed in Oseledets
and Tyrtyshnikov [86] and is not repeated here. However, in Section 4.3, we present a
different proof for the quasi optimality of the randomized TT-SVD introduced in that
section, which can be transformed into a proof for the present theorem with only a few
obvious modifications.

As for the canonical and Tucker format, finding the true best approximation of X is
NP-hard in general, because for rank one, i.e. (1, . . . , 1), the TT and the CP-rank coincide.
Determining the best CP-rank one approximation is shown to be NP-hard by Hillar and
Lim [84]. However, in contrast to the canonical format, the best approximation in the
TT-format is well defined for all ranks, since the set of tensors with TT-rank at most r′ is
closed, as shown in the next section.

3.4.3 The Set of Tensors with Fixed Tensor Train Rank

As with matrices, the set

MTT
r

(
Rn1×...×nd

)
:=
{
X ∈ Rn1×...×nd

⏐⏐ TT-rank (X ) = r
}
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3 Tensor Decompositions

of tensors with fixed TT-rank is not closed. However, the set MTT
⪯r (Rn1×...×nd) of tensors

with bounded TT-rank is closed. This can be shown by noting that matricizations are
isomorphisms and therefore, the sets

Mµ,rµ(Rn1×...×nd) :=
{

X ∈ Rn1×...×nd

⏐⏐⏐ rank
(
X⟨µ⟩

)
≤ rµ

}
,

as pre-images of the closed matrix sets M≤r(Rn1·...·nµ−1×nµ·...·nd) from Section 3.1.4, are
closed as well. Expressing

MTT
⪯r (Rn1×...×nd) =

d⋂
µ=1

Mµ,≤rµ(Rn1×...×nd)

as intersection of these sets directly shows that it is closed as well. Observing that for
every rank entry, there are arbitrarily small distortions which increase that rank entry, it
is clear that MTT

r (Rn1×...×nd) is dense in MTT
⪯r (Rn1×...×nd), which therefore is its closure.

Analogously to the Tucker case and as a natural generalization of Section 3.1.4, it is shown
by Holtz et al. [87] that the set MTT

r (Rn1×...×nd) of tensors with fixed TT rank forms a
manifold. In particular, they prove the following theorem.

Theorem 3.23 (Tensor Train Manifold [87, Lemma 4.1 and Theorem 4.2]). For fixed
dimensions n1, . . . , nd and a fixed rank r = (r1, . . . , rd−1), the set MTT

r (Rn1×...×nd) is a
smooth manifold of dimension

dim
(
MTT

r (Rn1×...×nd)
)

=
d∑

µ=1
rµ−1nµrµ −

d−1∑
µ=1

r2
µ ,

where as a convention r0 = rd = 1.

Additionally, a characterization of the tangent space of this manifold is available, as given
in the following.

Theorem 3.24 (Tensor Train Tangent Space (adapted from [87])). The tangent space
TX MTT

r (Rn1×...×nd) at a point X = U1 ◦ . . . ◦ Ud ∈ MTT
r (Rn1×...×nd) is given by

TX MTT
r

(
Rn1×...×nd

)
= V1 ⊕ . . . ⊕ Vd ,

where

V1 =
{
K ◦ U2 ◦ . . . ◦ Ud

⏐⏐ K ∈ Rn1×rµ , U1 ◦ K = 0
}

,

Vµ =
{

U1 ◦ . . . ◦ Uµ−1 ◦ K ◦ Uµ+1 ◦ . . . ◦ Ud | K ∈ Rrµ−1×nµ×rµ , Uµ ∗(1,2),(1,2) K = 0
}

for µ = 2, . . . , d − 1 and

Vd =
{
U1 ◦ . . . ◦ Ud−1 ◦ K | K ∈ Rrd−1×nd

}
.

Here, it is assumed that the decomposition is normalized, such that U1, . . . , Ud−1 are left
orthogonal, i.e. the core position is d.
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3.4 Tensor Train Decomposition

The decomposition of the tangent space into these orthogonal subspaces has the advantage
that explicit projectors onto these spaces can be given, as shown by Lubich et al. [88].

Theorem 3.25 (Tangent Subspace Projection [88]). The projectors P̂Vµ onto the partition
spaces Vµ of the tangent space TX MTT

r (Rn1×...×nd) at a point X ∈ MTT
r (Rn1×...×nd) from

Theorem 3.24 can be given explicitly. For this, define the tensors

U<µ = U1 ◦ U2 ◦ . . . ◦ Uµ−1,

U>µ = Uµ+1 ◦ Uµ+2 ◦ . . . ◦ Ud.

Here, the Uk are the left and right orthogonal components of a TT representation of X ,
respectively, such that the core is at position µ. For µ = 1, . . . , d − 1, the projector is
composed of

P̂Vµ = P̂ +
µ − P̂ −

µ ,

where the P̂ +
µ project onto the spaces

Ṽ1 =
{
K ◦ U2 ◦ . . . ◦ Ud | K ∈ Rnµ×rµ

}
,

Ṽµ =
{
U1 ◦ . . . ◦ Uµ−1 ◦ K ◦ Uµ+1 ◦ . . . ◦ Ud | K ∈ Rrµ−1×nµ×rµ

}
,

and P̂ −
µ enforces the orthogonality constraint. For µ = d, there is no such constraint and

P̂Vµ = P̂ +
µ holds. The partial projectors are defined as

P̂ +
µ (Z) =

(
U<µ ∗(µ),(µ) U<µ

)
∗(1,...,µ−1),(1,...,µ−1) Z ∗(µ+1,...,d),(1,...,d−µ)

(
U>µ ∗(1),(1) U>µ

)
.

and

P̂ −
µ (Z) =

{
U<µ+1 ∗(µ+1),(µ+1) U<µ+1

)
∗(1,...,µ),(1,...,µ) Z ∗(µ+1,...,d),(1,...,d−µ)

(
U>µ ∗(1),(1) U>µ

}
.

The composition of the projector can be expressed intuitively in the graphical notation,
shown for an example of an order five tensor in the following.

P̂ +
3 (Z) =

U1U<3 U2 U4 U5 U>3

U1U<3 U2 U4 U5 U>3

Z
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P̂ −
3 (Z) =

U1U<4 U2 U3 U4 U5 U>3

U1U<4 U2 U3 U4 U5 U>3

Z

These subspace projectors will play an important role in the formulation of optimization
algorithms in the later chapters of this thesis.

3.4.4 Computational Aspects

To store a tensor X ∈ MTT
⪯r (Rn1×...×nd) in the tensor train decomposition, it is sufficient to

store the d component tensors Uµ. Setting n = max(n1, . . . , nd) and r = max(r1, . . . , rd),
this requires order Θ(dnr2) memory. For r ≪ n, this offers a tremendous reduction
compared to the normal Θ(nd). In particular, the TT format realizes a linear scaling with
respect to the order d. A similar scaling can also be achieved for common operations, if
all operands are given in a low rank tensor train representation. This makes the tensor
train representation the most versatile format introduced so far.

Analogously to the previous discussions of computational aspects for matrices, and the CP-
and Tucker formats, in Sections 3.1.5, 3.2.4 and 3.3.4, respectively, we will now discuss
the complexity of various operations in the TT format. In the following, assume that
X , X̄ ∈ Rn1×...×nd are two tensors of TT-ranks r = (r1, . . . , rd−1) and r̄ = (r̄1, . . . , r̄d−1),
respectively. Apart from the first paragraph, we assume that both tensors are given as TT
decompositions

X = U1 ◦ U2 ◦ . . . ◦ Ud

X̄ = Ū1 ◦ Ū2 ◦ . . . ◦ Ūd .

For all statements on the computational complexity, define n = max(n1, . . . , nd), r =
max(r1, . . . , rd−1) and r̄ = max(r̄1, . . . , r̄d−1).

Normalization, (Re-)Orthogonalization Assume that X ∈ Rn1×...×nd is given in a TT
representation, but the component tensors are not necessarily orthogonalized. The reorthog-
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3.4 Tensor Train Decomposition

onalization can be computed using QR-decompositions. Starting at U1, one calculates

Ũ<1>
1 R := QR

(
U<1>

1

)
W2 := R ◦ U2

Ũ<2>
2 R := QR

(
W <2>

2

)
W3 := R ◦ U3

...

Ũ<2>
d−1 R := QR

(
W <2>

d−1

)
Ũd := R ◦ Ud

At the end, the core is at the d-th node and all Ũ1, . . . , Ũd−1 are left-orthogonal, as required.
Note that because R is always a rµ × rµ matrix, this procedure cannot increase the rank
entries. At the same time, the representation obtained may possibly have a non-minimal
rank. The computational cost scales as O(dnr3).

Move core The core position can be changed by calculating the QR or RQ decomposition
of the current core component. In particular, to increase the core position from µ to µ + 1,
calculate

Q<2>R := QR
(
U<2>

µ

)

and set U<2>
µ := Q<2> and U<1>

µ+1 := RU<1>
µ+1 . Now, Uµ is left-orthogonal and Uµ+1 carries

the core, as required. All other components remain unchanged. Analogously, to decrease
the core position from µ to µ − 1, calculate

RQ<1> := RQ
(
U<1>

µ

)

and set U<1>
µ := Q<1> and U<2>

µ−1 := U<2>
µ−1 R. The computational cost for one step scales

as O(nr3). By repeating these steps, any core position can be reached.

Rank Truncation To reduce the ranks to the optimal TT-rank, or to obtain a quasi-best
rank r′ ≺ r approximation of X , a sweep of matrix SVDs is required. This assumes that
the representation is already orthogonalized with the core position one, otherwise a prior
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orthogonalization as described above is required. The algorithm works as follows:

Ũ<1>
1 Σr′

1
V T

1 := SVDr′
1

(
U<1>

1

)
W2 :=

(
Σr′

1
V T

1

)
◦ U2

Ũ<2>
2 Σr′

2
V T

2 := SVDr′
2

(
W <2>

2

)
W3 :=

(
Σr′

2
V T

2

)
◦ U3

...

Ũ<2>
d−1 Σr′

d−1
V T

d−1 := SVDr′
d−1

(
W <2>

d−1

)
Ũd :=

(
Σr′

d−1
V T

d−1

)
◦ Ud ,

where Σr′
µ

denotes the rank r′
µ truncated matrix of singular values. At the end, Ũ1 ◦ . . .◦Ũd

is a r′ approximation of X with core position d. Due to the inital orthogonality of
U2, . . . , Ud, at each step Wµ carries the core and due to the uniqueness of the singular
values, it holds that

Ũ<2>
µ ΣµV T := SVD

(
W <2>

µ

)
⇒

Mat1,...,µ
(
Ũ1 ◦ . . . Ũµ

)
  

QL

Σµ V T Mat1(Uµ+1 ◦ . . . Ud)  
QT

R

= SVD
(
Mat1,...,µ

(
Ũ1 ◦ . . . ◦ Ũµ−1 ◦ Wµ ◦ Uµ+1 ◦ . . . ◦ Ud

))
.

It follows that the approximations done by this procedure are exactly the ones of the
TT-SVD and therefore, the quasi best approximation properties of the TT-SVD apply.
However, the computational complexity scales only as O(dnr3), instead of O(nd+1 +dndr2)
for the TT-SVD.

Access Entries The entries X [i1, . . . , id] cannot be accessed directly in the Tensor Train
representation. Using the matrix notation (3.13) for the TT-format, the entries are
obtained from the matrix products

X [i1, . . . , id] = U1,i1 U2,i2 . . . Ud−1,id−1Ud,id
.

The computational cost to calculate this for one entry scales as O(dr2), compared to the
constant access cost for directly stored tensors.

Addition Similar to the methods for matrices, the sum X + X̄ can be computed while
remaining in a low rank representation at all times. Using the matrix notation (3.13) for
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the TT-format, one can express X + X̄ as(
X + X̄

)
[i1, . . . , id]

= U1,i1 U2,i2 . . . Ud−1,id−1Ud,id
+ Ū1,i1 Ū2,i2 . . . Ūd−1,id−1 Ūd,id

=
(
U1,i1 Ū1,i1

)(U2,i2 0
0 Ū2,i2

)
. . .

(
Ud−1,id−1 0

0 Ūd−1,id−1

)(
Ud,id

Ūd,id

)
= W1,i1 W2,i2 . . . Wd−1,id−1 Wd,id

. (3.15)

The Wk,i are (rk−1 + r̄k−1) × (rk + r̄k) matrices, thus (3.15) is a valid TT representation of(
X + X̄

)
of rank r+r̄. The computational costs for the addition itself scale as O(dn(r+r̄)2),

compared to O(nd) for directly stored tensors. Note that in general, the representation
obtained is not of minimal rank, and requires a subsequent reorthogonalization.

Hadamard Product The entrywise product of X and X̄ can be computed within
a low rank representation. To this end, define the tensors W1 ∈ Rn1×r1r̄1 , Wµ ∈
Rrµ−1r̄µ−1×nµ×rµr̄µ , 1 < µ < d and Wd ∈ Rrd−1r̄d−1×nd as

W1[i1, k1] := U1[i1, k1 div r̄1] Ū1[i1, k1 mod r̄1]

Wµ[kµ−1, iµ, kµ] := Uµ[kµ−1 div r̄µ−1, iµ, kµ div r̄µ] Ūµ[kµ−1 mod r̄µ−1, iµ, kµ mod r̄µ]

Wd[kd−1, id] := Ud[kd−1 div r̄d−1, id] Ūd[kd−1 mod r̄d−1, id] ,

where div and mod denote the integer division and modulus, respectively. The Hadamard
product can then be given as(

X ⊙ X̄
)
[i1, . . . , id]

= (U1 ◦ U2 ◦ . . . ◦ Ud)[i1, . . . , id]
(
Ū1 ◦ Ū2 ◦ . . . ◦ Ūd

)
[i1, . . . , id]

=
r1∑

p1=1
· · ·

rd−1∑
pd−1=1

r̄1∑
q1=1

· · ·
r̄d−1∑

qd−1=1

U1[i1, p1] U2[p1, i2, p2] . . . Ud[pd−1, id] Ū1[i1, q1] Ū2[q1, i2, q2] . . . Ūd[qd−1, id]

=
r1r̄1∑
k1=1

· · ·
rd−1r̄d−1∑
kd−1=1

W1[i1, k1] W2[k1, i2, k2] . . . Wd[kd−1, id] ,

which is a rank r + r̄ representation. Note that the representation is in general neither or-
thogonalized, nor of minimal rank. The computational cost scales as O(dnr2r̄2), compared
to O(nd) for directly stored tensors.

Frobenius Inner Product The Frobenius scalar product of X and X̄ can be calculated
via ⟨

X , X̄
⟩

F
=
((

· · ·
((((

U1 ∗1,1 Ū1
)

∗1,1 U2
)

◦2 Ū2
)

∗1,1 U3
)

◦2 Ū3 . . .
)

∗1,1 Ud

)
◦2 Ūd .

Performing the contractions in this order incurs a computational cost of O(dnr3), compared
to O(nd) for directly stored tensors.
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Frobenius Norm Assuming that the representation is orthogonalized and that the core
is at the µ-th node, the Frobenius norm can be calculated as

∥X ∥F = ∥Uµ∥F .

The computational complexity scales as O(rn) (if µ equals 1 or d) respectively O(r2n)
(otherwise), compared to O(nd) for directly stored tensors.

ν-th Mode Product Given a matrix A ∈ Rnν×m, the ν-th mode product X ×ν A can
be computed as

X ×ν A = (U1 ◦ U2 ◦ . . . ◦ Ud) ×ν A

= U1 ◦ U2 ◦ . . . ◦ Uν−1 ◦ (Uν ×2 A) ◦ Uν+1 ◦ . . . ◦ Ud .

If ν was the core position, the representation remains orthogonalized, but in general not
of minimal rank. The computational complexity scales as O(mnr2), compared to O(mnd)
for directly stored tensors.

Other Contractions Several other contractions can be computed staying in a low rank
representation at all times, if both operands are given in a TT-representation or other low
rank formats. Some examples will occur later within this thesis.

3.5 Hierarchical Tucker and Other Tensor Network
Decompositions

Apart from the tensor decompositions presented in the previous sections, there is quite a
number of further decompositions, all based on the idea of decomposing a tensor into a
specific class of tensor networks. From a mathematical point of view, the most important
one is the Hierarchical Tucker (HT) decomposition, introduced by Hackbusch and Kühn
[16]. The following gives a brief summary of the construction, the reader is referred to the
introduction by Hackbusch and Schneider [89] for a formal definition. The fundamental
idea is the same as for the Tensor Train format, but instead of using the nested subspace
sequence (3.8), the final subspace is constructed from a hierarchy of subspaces. To this
end, a partition tree for the set of mode-indices is defined, such that the root of the tree
contains the complete set, each leaf contains a single mode-index and each inner node of
the tree contains the union of its children. Two examples of partition trees for four modes
(i.e. order four tensors) are given in Figure 3.3. Starting from the lowest level (furthest
from the root), the HT-decomposition constructs subspaces for each node. For leaf nodes,
these are the subspaces Uµ ⊆ Rnµ , while for the inner nodes, the subspaces are subspaces
of the tensor product of the subspaces associated with the child nodes. The dimensions of
these subspaces define the HT-rank tuple. To represent a tensor, which is an element of the
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{1, 2, 3, 4}

{1, 2} {3, 4}

{1} {2} {3} {4}

{1, 2, 3, 4}

{1} {2, 3, 4}

{2} {3, 4}

{3} {4}

Figure 3.3: Exemplary partition trees for the Hierarchical Tucker format for order four tensors
from Rn1×...×nd .

U1,2,3,4

U1,2 U3,4

U1

n1

U2

n2

U3

n3

U4

n4

r12 r34

r1 r2 r3 r4

U1,2,3,4

U1

n1

U2,3,4

U2

n2

U3,4

U3

n3

U4

n4

r1 r234

r2 r34

r3 r4

Figure 3.4: Diagrammatic notation of a balanced hierarchical Tucker decomposition (left) and
the realization of a tensor train in the HT format (right), for an example of an order four Tensor.
The formats correspond to the partition trees from Figure 3.3.

root subspace, it is sufficient to store the basis matrices for the leaves, the transfer-tensors,
which transform the bases of the child nodes to a basis of each inner node and lastly, the
coefficient root tensor. The resulting tensor networks for the two partition trees of Figure
3.3 are depicted in Figure 3.4. For a fixed hierarchical rank, the storage requirement to
store these scales as O(dnr + dr3), i.e. in particular only linearly in the order. Further
properties of the Tucker and TT-format, including the generalized SVD and the low rank
manifold, also extend to the HT-format. In the literature, it is sometimes claimed that the
TT format is a special case of the HT format. This is not entirely correct, at least not for
the TT format as introduced in the previous section, because the HT format requires basis
matrices for every mode to be separated, as in the Tucker format (see Fig. 3.4). A detailed
discussion of the differences between the TT and HT format is given by Grasedyck and
Hackbusch [90], who also give an extensive introduction to the HT format in general.

Especially in quantum physics, even more general tensor networks are used. For example,
there are the projected entangled pair states (PEPS), which can be seen as a generalization
of MPS to higher dimension [91], the multi-scale entanglement renormalization ansatz
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3 Tensor Decompositions

Action CP Tucker TT HT

SVD - dnd+1 nd+1 + dndr2 dnd+1 + dndr2

Orthogonalization - drd+1 + dnr2 dnr3 dnr2 + dr4

Rank Reduction - drd+1 + dnr2 dnr3 dnr2 + dr4

Access Entry dr rd dr2 dr3

Addition* dn(r + r̄) dn(r + r̄) + (r + r̄)d dn(r + r̄)2 dn(r + r̄) + d(r + r̄)3

Hadamard Product* dnrr̄ dnrr̄ + rdr̄d dnr2r̄2 dnrr̄ + dr3r̄3

Inner Product dnrr̄ dnrr̄ + drr̄d + rd dnr3 dnr2 + dr4

Frobenius Norm dnr2 rd rn r2

µ-th Mode Product* (d + m)nr2 mnr mnr2 mnr

Storage dnr rd + dnr dnr2 dnr + dr3

Table 3.1: Comparison of the asymmtotic computational complexity of several operations for the
different decomposition formats. By convention, n = max(nµ), r = max(rµ) and r̄ = max(r̄µ).
The values for the HT-format assume a binary partition tree. Operations marked with * may yield
an unorthogonalized representation with sub-optimal rank.

(MERA) [92] and the tree tensor networks (TTN) [93]. While there are individual
advantages and disadvantages for each format, there is a qualitative difference between
those formats for which the tensor network is described by a tree (i.e. which is cycle free)
and those for which it is not (e.g. PEPS and MERA). For example, cyclic networks can not
be constructed by a generalized SVD and there is no well defined minimal rank, because
any rank in a loop can be decreased by increasing the other ranks within the loop. An
interesting discussion on the closedness of tensor networks containing cycles can be found
in the work of Landsberg et al. [94].

3.6 Comparison

All low rank formats presented in the previous sections have unique advantages and disad-
vantages. Especially the scaling of different operations differs significantly, as summarized
in Table 3.1. For a fixed rank, the canonical format has a superior scaling for most
operations and in particular breaks the curse of dimensionality by allowing a linear scaling
with respect to the order for all mentioned operations. However, the CP-format lacks a
generalized SVD method to obtain a low rank approximation in the first place, as well
as further obstacles described in Section 3.2. These obstacles are overcome by all three
subspace decompositions, which offer a generalized higher order SVD and also allow a
manifold structure on the set of low rank tensors. The Tucker format as the simplest
subspace decomposition still suffers from the curse of dimensionality, exhibiting an expo-
nential scaling with respect to the order for most mentioned operations. The Tensor Train
and the Hierarchical Tucker format using an incremental hierarchy of subspaces are able to
circumvent this problem, indeed allowing a linear scaling with respect to the order while
inheriting the advantages of a generalized SVD and manifold structure from the Tucker
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format. Formally, the Tensor Train format offers a better scaling for most operations,
but this neglects the fact that the meaning of rank differs for all formats. A noteworthy
exception is the fact that for all formats the set of rank one tensors coincides and is equal
to the set of elementary tensors. For all other tensors, however, the CP-, Tucker-, TT- and
HT-rank may differ significantly. See for example the work of Grasedyck and Hackbusch
[90] for some bounds between the TT- and HT-ranks. In practical applications, it is
therefore important to choose the format according to the underlying structure of the
problem.
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4 Randomized Tensor Decomposition
Methods

This chapter presents a set of randomized methods for the calculation of low rank tensor
decompositions. The main results are randomized HOSVD and TT-SVD algorithms, for
which stochastic error bounds are proven. It is shown that the randomized TT-SVD has a
computational complexity scaling only linearly in the order if applied to sparse tensors,
making it a powerful tool for the decomposition of such tensors. Parts of this work were
previously published in [95] together with R. Schneider and B. Huber.

As shown in the previous chapter, calculating a low rank representation or approximation
of a given higher order tensor is a challenging task. For the canonical format, the situation
is worst, as there is no straightforward way to calculate a decomposition or approximation
at all. Furthermore, for the Tucker and Tensor Train formats, the costs for calculating
the HOSVD or TT-SVD scale exponentially in the order. For dense tensors, this is of
course somewhat expected, as there is an exponential number of entries that have to be
incorporated. Nevertheless, also for sparse and structured tensors, the algorithms exhibit
an exponential scaling. This chapter shows that randomized methods can severely reduce
the computational complexity, especially for such sparse or structured tensors. Let us
highlight that the calculation of low rank decompositions and approximations is at the
heart of several optimization algorithms on the low rank Tucker or Tensor Train manifolds,
see for example the survey of Grasedyck et al. [46, Section 3.1] and references therein.
Many of these algorithms can directly profit from the randomized approach proposed in
this chapter. An example of special interest for this thesis is the iterative hard thresholding
(IHT) algorithm for tensor completion, originally proposed by Rauhut et al. [61] and
refined in [65, 96].

The algorithms proposed in this chapter build upon the work of Halko et al. [47], who
developed randomized methods for the calculation of approximate matrix factorizations.
Especially for sparse or structured matrices, these techniques allow the very efficient
calculation of common matrix factorizations, such as the SVD or QR decomposition, while
offering rigorous stochastic error bounds. This chapter starts with a brief summary of
these results in Section 4.1. In the following sections, randomized variants of the HOSVD
(Section 4.2) and TT-SVD (Section 4.3) are presented and stochastic error bounds are
derived. Section 4.4 discusses the use of structured randomness and shows an interesting
relation between the alternating least squares (ALS) algorithm and the randomized TT-
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4 Randomized Tensor Decomposition Methods

SVD. In Section 4.5, we provide numerical evidence for the practical applicability of the
presented methods. Finally, Section 4.6 summarizes the results and gives an outlook on
future work.

4.1 Randomized Singular Value Decomposition for Matrices

Randomized techniques for the calculation of singular value decompositions and QR
factorizations of matrices have been proposed many times in the literature. However, it
was only rather recently that these procedures could be analyzed rigorously, thanks to
the application of new insights from random matrix theory. The stochastic error bounds
presented here were originally published by Halko et al. [47]. This section focuses on the
usage of standard Gaussian random matrices, i.e. matrices whose entries are i.i.d. standard
Gaussian random variables. The usage of structured random matrices is briefly discussed
in Section 4.4.

The fundamental method proposed by Halko et al. [47] is a randomized procedure, which
calculates an approximate low rank subspace projection

A ≈ QQT A , (4.1)

where A ∈ Rm×n is a given matrix and Q ∈ Rm×s is an orthogonal matrix approximately
spanning the range of A. Here, s = r + p is composed of the desired rank r and an
oversampling parameter p. With this projection at hand, numerous different low rank
decompositions can be calculated deterministically at low costs. For example, the singular
value decomposition of A can be calculated by forming B := QT A and calculating the
deterministic SVD USV T = B. Using Ũ = QU ,

ŨSV T = QUSV T = QB = QQT A ≈ A

is an approximate SVD of A containing only the approximation error incurred by the
subspace-projection. The computational costs scale as O

(
sTmult + s2(m + n)

)
, where

Tmult is the cost to calculate the matrix-vector product with A, which is O(mn) for a
general matrix but can be much lower for sparse or structured matrices. In a very similar
way, other matrix factorizations can be computed with low costs if the projection (4.1) is
given, see [47].

The main challenge is the calculation of the approximate range Q through randomized
techniques. As a motivation, consider a set of s random vectors g1, . . . , gs ∈ Rn and
set xi = Agi. If the matrix A ∈ Rm×n has rank r ≤ s, then with high probability, the
set {xi | i = 1, . . . , s} spans the range of A. While the details depend on the choice of
randomness for the vectors gi, the argument of the proof can be summarized as follows.
First, let

UΣV T = A U ∈ Rm×m, Σ ∈ Rm×n, V ∈ Rn×n
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4.1 Randomized Singular Value Decomposition for Matrices

be a complete SVD of A. It is clear that with high probability, the vectors gi are in general
linear position, i.e. span a s-dimensional subspace of Rn (unless s > n, in which case they
span the entire space). Applying the orthogonal matrix V T does not change this and so
the set {yi = V T gi | i = 1, . . . , s} is in general linear position as well. Applying Σ sets the
last n − r entries of each vector to zero. As the entries are random, the truncated vectors
still span a min(r, s)-dimensional subspace with high probability. The scaling of the first r

values through the application of Σ does not break the linear independence. Consequently,
with high probability, {zi = Σxi | i = 1, . . . , s} spans a min(r, s)-dimensional subspace
of Rm. The application of the orthogonal matrix U again preserves linear independence
and with high probability, {xi = Uzi = Agi | i = 1, . . . , s} spans a min(r, s)-dimensional
subspace of Rm. In this case, {xi | i = 1, . . . , s} spans the complete range of A if s ≥ r,
because by construction xi ∈ range(A), and the dimension of the range is equal to the
rank. To obtain the matrix Q as above, one may construct an orthogonal basis of this span,
e.g. by calculating the QR decomposition QR = X = (x1, . . . , xs), which is comparatively
inexpensive if s ≪ n. Algorithm 4 formalizes this prototype algorithm using an equivalent
random matrix instead of the random vectors gi. The remarkable result of Halko et al. [47],
given in the following theorem, is that this approach also provides a good approximation
of the range for r > s, in the sense of (4.1).

Algorithm 4: Randomized Matrix Range Approximation
Input : Target A ∈ Rm×n, sampling parameter s ∈ N+

Output : Approximated range Q ∈ Rm×s

1 Create a standard Gaussian random matrix G ∈ Rn×s

2 Calculate the intermediate matrix B := AG ∈ Rm×s.
3 Compute the QR-factorization QR = B.

Theorem 4.1 (Halko et al. [47, Theorem 10.7 and Theorem 10.8]). Let A ∈ Rm×n be a
matrix, let r be a target rank and let p ≥ 4 an oversampling parameter with s := r+p. Then
the following error bounds hold for the orthogonal projection QQT obtained by Algorithm
4. For all u, t ≥ 1,

∥A − QQT A∥F ≤
(

1 + t

√
12r

p

)⎛⎝∑
k>r

σk(A)2

⎞⎠1/2

+ ut
e
√

r + p

p + 1 σr+1(A)

and

∥A−QQT A∥2 ≤
(

1 + t

√
12r

p

)
σr+1(A)+t

e
√

r + p

p + 1

⎛⎝∑
k>r

σk(A)2

⎞⎠1/2

+ut
e
√

r + p

p + 1 σr+1(A)

each hold with probability at least 1 − 5t−p − 2e−u2/2. Here, σi(A) denotes the i-th singular
value of A.

Note that if the matrix A has rank r or less, that is, if σr+1 = σr+2 = . . . = 0, then the
subspace projection is exact with probability one. This follows directly by taking the limit
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4 Randomized Tensor Decomposition Methods

as t → ∞, u → ∞. Theorem 4.1 can also be transformed to provide error bounds with
respect to the best approximation, as given in the following.

Corollary 4.2. Given the setting of Theorem 4.1, for all u, t ≥ 1,

∥A − QQT A∥F ≤ η(r, p)

⎛⎝∑
k>r

σk(A)2

⎞⎠1/2

= η(r, p) min
rank(X)≤r

∥A − X∥F ,

with

η(r, p) := 1 + t

√
12r

p
+ ut

e
√

r + p

p + 1 ,

holds with probability at least 1 − 5t−p − 2e−u2/2.

Proof. The result is directly obtained from Theorem 4.1 and the Eckart–Young theorem
(Theorem 3.5).

4.2 Randomized HOSVD

In this section, the prototype algorithm of Section 4.1 is extended to a randomized
higher order SVD for the Tucker format. This is possible in a rather straightforward way,
by replacing the truncated matrix SVDs in the HOSVD algorithm (Algorithm 2) with
randomized subspace projections W W T obtained by the prototype algorithm. This gives
a Tucker representation with rank (r1 + p1, . . . , rd + pd), where rµ and pµ are the desired
rank and oversampling parameter for the µ-th projection. To simplify the notation, we
will use a uniform oversampling parameter pµ = p in the following. The formal procedure
is given in Algorithm 5.

Algorithm 5: Randomized Tucker subspace projection
Input : Target X ∈ Rn1×...×nd , rank (r1, . . . , rd), oversampling p ∈ N
Output : Core tensor C ∈ R(r1+p)×...×(rd+p), basis matrices

W1 ∈ R(r1+p)×n1 , . . . , Wd ∈ R(rd+p)×nd

1 Set X0 := X
2 for µ = 1, . . . , d do
3 Create a Gaussian random matrix Gµ ∈ R(n1·...·nµ−1·nµ+1·...·nd)×(rµ+p)

4 Calculate Aµ := X
(µ)
µ−1Gµ

5 Calculate the QR-factorization W T
µ Rµ := Aµ

6 Calculate Xµ = Xµ−1 ×µ W T
µ

7 Set C := Xd

Analogously to the matrix case, we can derive stochastic error bounds for this randomized
HOSVD. To show this we require the following lemmas, which allow us to bound the effect
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4.2 Randomized HOSVD

on the singular values caused by µ-th mode contractions with (left-/right-)orthogonal
matrices.

Lemma 4.3. Let X ∈ Rn1×...×nd be a tensor and let A ∈ Rnµ×m be a matrix. Then,
for every ν ̸= µ, the µ-th mode product with A can be represented in the ν-th mode
matricization as

Mat(ν) (X ×µ A) = X(ν)Ã ,

with

Ã := Mat(1,3,...,2d−3)
(
In1 ⊗ . . . ⊗ Inµ−1 ⊗ A ⊗ Inµ+1 ⊗ . . . ⊗ Inν−1 ⊗ Inν+1 ⊗ . . . ⊗ Ind

)
if µ < ν and

Ã := Mat(1,3,...,2d−3)
(
In1 ⊗ . . . ⊗ Inν−1 ⊗ Inν+1 ⊗ . . . ⊗ Inµ−1 ⊗ A ⊗ Inµ+1 ⊗ . . . ⊗ Ind

)
if µ > ν. Furthermore, if A is (left-/right-) orthogonal, then Ã is as well.

Proof. We show the result for µ < ν, as the case µ > ν follows analogously. It holds that

Mat(ν) (X ×µ A)

= Mat(ν)
(
X ×1 In1 ... ×µ−1 Inµ−1 ×µ A ×µ+1 Inµ+1 ... ×ν−1 Inν−1 ×ν+1 Inν+1 ... ×d Ind

)
= Mat(ν) (X ) Mat(1,3,..,2d−3)

(
In1 ⊗...⊗Inµ−1 ⊗ A ⊗ Inµ+1 ⊗...⊗Inν−1 ⊗ Inν+1 ⊗...⊗Ind

)
= X(ν)Ã .

Now, if AAT = I, then

ÃÃT

= Mat(1,3,...,2d−3)
(
In1IT

n1 ⊗ . . . ⊗ Inµ−1IT
nµ−1 ⊗ AAT ⊗ Inµ+1IT

nµ+1 ⊗ . . .

. . . ⊗ Inν−1IT
nν−1 ⊗ Inν+1IT

nν+1 ⊗ . . . ⊗ IdIT
d

)
= Mat(1,3,...,2d−3)

(
In1 ⊗ . . . ⊗ Inµ−1 ⊗ Inµ ⊗ Inµ+1 ⊗ . . . ⊗ Inν−1 ⊗ Inν+1 ⊗ . . . ⊗ Id

)
= In1n2...nν−1nν+1...nd

.

Analogously, one can show that if AT A = I holds, then ÃT Ã = I holds as well.

Lemma 4.4. For every tensor X ∈ Rn1×...×nd and every left-orthogonal matrix Q ∈ Rnµ×m

with QT Q = Im, for the µ-th mode subspace projection

Y := X ×µ QQT ,

it holds that
σk

(
Y (ν)

)
≤ σk

(
X(ν)

)
,

for all k.
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Proof. In case µ = ν we can write

Y (ν) = Matν

(
X ×ν QQT

)
= QQT X(ν)

and the result follows directly from Propositions 3.8 and 3.7. For µ ̸= ν, use the matrix
representation Q̃ from Lemma 4.3, i.e.

Y (ν) = Matν

(
X ×µ QQT

)
= X(ν)Q̃Q̃T .

Since Q is orthogonal, Q̃ is orthogonal as well. Therefore, Propositions 3.8 and 3.7 are
applicable and yield the desired result.

Using these results, we can prove the following theorem, which quantifies the quality of
this randomized Tucker subspace projection by providing a stochastic error bound.

Theorem 4.5 (Error Bound for the Randomized Tucker Subspace Projection). Let
X ∈ Rn1×...×nd be a tensor, let r be a target rank and let p ≥ 4 be an oversampling
parameter. Then, for every u, t ≥ 1, the randomized Tucker subspace projection given in
Algorithm 5 fulfills

∥X − C ×1 W1 . . . ×d Wd∥F ≤ η(r, p)
√

d min
T-rank(Y)≤r

∥X − Y∥F ,

where r = max(r1, . . . , rd), with probability at least (1 − 5t−p − 2e−u2/2)d. The parameter
η is given as

η(r, p) = 1 + t

√
12r

p
+ ut

e
√

r + p

p + 1 .

Proof. By construction, C can be expressed in term of the Wµ as C = X ×1W T
1 ...×dW T

d .
Using Zµ = X ×1 W T

1 W1 . . . ×µ W T
µ Wµ, it follows that

∥X − C ×1 W1 . . . ×d Wd∥2
F

=
X −

(
X ×1 W T

1 . . . ×d W T
d

)
×1 W1 . . . ×d Wd

2

F

=
X − X ×1 W T

1 W1 . . . ×d W T
d Wd

2

F

= ∥X − Zd∥2
F

=
Z0 ×1

(
I − W T

1 W1
)

+ Z1 ×2
(
I − W T

2 W2
)

+ . . . + Zd−1 ×d

(
I − W T

d Wd

)2

F

=
Z0×1

(
I − W T

1 W1
)2

F
+
Z1×2

(
I − W T

2 W2
)2

F
+...+

Zd−1×d

(
I − W T

d Wd

)2

F

=
(I − W1W T

1

)
Z

(1)
0

2

F
+
(I − W2W T

2

)
Z

(2)
1

2

F
+ . . . +

(I − WdW T
d

)
Z

(d)
d−1

2

F
,

where we used the orthogonality of the summands. Repeated application of Lemma 4.4
provides that for all k and all µ

σk

(
Z

(µ)
µ−1

)
= σk

(
Matµ

(
Zµ−2 ×µ−1 W T

µ−1Wµ−1
))

≤ σk

(
Z

(µ)
µ−2

)
≤ σk

(
X(µ)

)
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holds. That is, in all involved matricizations, the singular values of the Zµ are bounded
by the singular values of X . For each µ, the algorithm obtains the orthogonal matrix
Wµ from a randomized matrix subspace approximation of Z

(µ)
µ−1. Therefore, by applying

Corollary 4.2,

(I − WµW T
µ

)
Z

(µ)
µ−1


F

≤ η(rµ, p)

⎛⎝∑
k>rµ

σ2
k

(
Z

(µ)
µ−1

)⎞⎠1/2

≤ η(rµ, p)

⎛⎝∑
k>rµ

σ2
k

(
X(µ)

)⎞⎠1/2

≤ η(r, p) min
T-rank(Y)≤r

∥X − Y∥F (4.2)

holds with probability at least 1−5t−p −2e−u2/2 and η(r, p) as defined in Corollary 4.2. As
the random tensors are sampled independently for each µ, the probability that (4.2) holds
simultaneously for all µ is at least (1 − 5t−p − 2e−u2/2)d, yielding the desired result.

The randomized Tucker subspace projection obtained by Algorithm 5 yields a valid Tucker
approximation of the input tensor with rank (r1 + p, . . . , rd + p). This representation can
be inexpensively truncated to the desired tucker rank r = (r1, . . . , rd) using a deterministic
HOSVD as described in Section 3.3.4.

4.3 Randomized TT-SVD

In this section, we show how the same idea of the randomized range approximation for
matrices can be used to formulate a randomized algorithm that calculates an approximate
TT-SVD of arbitrary tensors. This procedure is somewhat more involved than the one
used for the Tucker format in the previous section. We show that stochastic error bounds
analogous to the matrix and Tucker case can be obtained. Furthermore, we show that for
sparse tensors this randomized TT-SVD can in fact be calculated in linear complexity with
respect to the order of the tensor, instead of the exponential complexity of the deterministic
TT-SVD.

The idea of our randomized TT-SVD procedure is to calculate nested range approximations,
increasing by one mode at a time. The corresponding projectors are defined by left-
orthogonal matrices Wµ, which are calculated using the randomized subspace projection
given in Algorithm 6. This process is visualized in Figure 4.1. The dematricizations of these
matrices will become the component tensors W2, . . . , Wd of the final TT decomposition.
The first component tensor W1 is given by contracting the initial X with all these orthogonal
components (see Figure 4.2), i.e.

W1 := X ∗(2,...,d),(2,...,d) (W2 ◦ . . . ◦ Wd) .
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X

≈

X

W5

W5

X

W5

B4

≈

X

W5W4

W4

B4

X

W5W4

B3

≈

X

W5W4W3

W3

B3

...

Figure 4.1: Iterative construction of the tensors Bµ through subsequent range projections.

The complete procedure calculating the orthogonal components and this final contraction
is given in Algorithm 6.

The tensor obtained as the result of Algorithm 6,

X ≈ W1 ◦ W2 ◦ W3 ◦ . . . ◦ Wd ,

is an approximate TT decomposition of rank s = (s1, . . . , sd−1). Recursively inserting the
definition of the Bµ from Algorithm 6 gives

Bµ = X ∗(µ+1,...,d),(2,...,d−µ+1) (Wµ ◦ . . . ◦ Wd) ,

and shows that the final composition can also be given in terms of contractions with the
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4.3 Randomized TT-SVD

Algorithm 6: Randomized TT Subspace Projection
Input : Target X ∈ Rn1×...×nd , rank (r1, . . . , rd−1), oversampling p ∈ N
Output : Component tensors W1 ∈ Rn1×r1 , W2 ∈ Rr1×n2×r2 , . . . , Wd ∈ Rrd−1×nd

1 Set Bd := X
2 for µ = d, . . . , 2 do
3 Create a Gaussian random tensor Gµ ∈ Rn1×...×nµ−1×(rµ−1+p)

4 Calculate A<1>
µ :=

(
G<µ−1>

µ

)T
B<µ−1>

µ

5 Calculate the RQ-factorization RµW <1>
µ := A<1>

µ

6 if µ = d then
7 Calculate Bµ−1 = Bµ ∗(µ),(2) Wµ

8 else
9 Calculate Bµ−1 = Bµ ∗(µ,µ+1),(2,3) Wµ

10 Set W1 = B1

X

W5W4W3W2

W2 W3 W4 W5

B1

=

X

W5W4W3W2

W2 W3 W4 W5

P̂2,...,d

Figure 4.2: Depiction of the randomized TT-SVD as the action of the projection operator P̂2,...,d

orthogonal components Wµ, i.e.

X ≈ W1 ◦ W2 ◦ W3 ◦ . . . ◦ Wd

=
(
X ∗(2,...,d),(2,...,d) (W2 ◦ W3 ◦ . . . ◦ Wd)

)
◦ W2 ◦ W3 ◦ . . . ◦ Wd

= X ◦ ((W2 ◦ W3 ◦ . . . ◦ Wd) ∗1,1 (W2 ◦ W3 ◦ . . . ◦ Wd))

=: P̂2,...,d(X )

This contraction can also be seen as the action of a projector P̂2,...,d, which is indeed an
orthogonal projector, as the involved Wµ are right-orthogonal. This relation is visualized
in Figure 4.2. The following theorem shows that there exists a stochastic error bound for
this randomized TT-SVD.

Theorem 4.6 (Error bound). Let X ∈ Rn1×...×nd be a tensor, let r be a target rank and let
p ≥ 4 be an oversampling parameter. Then, for every u, t ≥ 1, the error of the randomized
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TT-SVD as given in Algorithm 6 fulfills

X − P̂2..d(X )


F
≤

√
d − 1 η(r, p) min

TT-rank(Y)≤r
∥X − Y∥F ,

where r = max(r1, . . . , rd−1), with probability at least (1−5t−p−2e−u2/2)d−1. The parameter
η is given as

η(r, p) = 1 + t

√
12r

p
+ ut

e
√

r + p

p + 1 .

Proof. For notational convenience, let us define the right-orthogonal matrices Qµ := W <1>
µ .

Since P̂2,...,d is an orthogonal projector, we have

X − P̂2,...,d(X )
2

F
= ∥X ∥2

F −
P̂2..d(X )

2

F

= ∥X ∥2
F −

X ∗(2,...,d),(2,...,d) (W2 ◦ . . . ◦ Wd) ◦ (W2 ◦ . . . ◦ Wd)
2

F

= ∥X ∥2
F −

X ∗(2,...,d),(2,...,d) (W2 ◦ . . . ◦ Wd)
2

F

= ∥X ∥2
F − ∥B1∥2

F

= ∥X ∥2
F −

B<1>
1

2

F
. (4.3)

For all 1 ≤ µ < d, it holds that

B<µ>
µ

2

F
=
⟨
B<µ>

µ+1 QT
µ , B<µ>

µ+1 QT
µ

⟩
=
⟨
B<µ>

µ+1 , B<µ>
µ+1 QT

µ Qµ

⟩
=
⟨
B<µ>

µ+1 , B<µ>
µ+1 − B<µ>

µ+1 (I − QT
µ Qµ)

⟩
=
B<µ>

µ+1

2

F
−
⟨
B<µ>

µ+1 , B<µ>
µ+1 (I − QT

µ Qµ)
⟩

=
B<µ+1>

µ+1

2

F
−
B<µ>

µ+1 (I − QT
µ Qµ)

2

F
,

where we used that I − QT
µ Qµ is an orthogonal projection as well. Inserting this iteratively

into (4.3) gives

∥X − P2..d(X )∥2
F = ∥X ∥2

F +
d∑

µ=2

B<µ>
µ+1 (I − QT

µ Qµ)
2

F
−
B<d>

d

2

F

=
d∑

µ=2

B<µ>
µ+1 (I − QT

µ Qµ)
2

F
,

where we used that B<d>
d = X<d>, as a matricization of X has the same norm as X itself.

As each Qµ := W <1>
µ is obtained in the exact setting of Theorem 4.1, we know that for
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all 2 ≤ µ ≤ d,B<µ>
µ+1 (I − QT

µ Qµ)
2

F

≤

⎡⎢⎣(1 + t

√
12r

p

)⎛⎝∑
k>rµ

σ2
k(B<µ>

µ+1 )

⎞⎠1/2

+ ut
e
√

r + p

p + 1 σrµ+1(B<µ>
µ+1 )

⎤⎥⎦
2

≤

⎡⎢⎣(1 + t

√
12r

p
+ ut

e
√

r + p

p + 1

)⎛⎝∑
k>rµ

σ2
k(B<µ>

µ+1 )

⎞⎠1/2
⎤⎥⎦

2

≤ η2 ∑
k>rµ

σ2
k(B<µ>

µ+1 )

holds with probability at least 1 − 5t−p − 2e−u2/2. From the definition of the Bµ, it follows
that the matricization can be expressed as

B<µ>
µ+1 = X<µ>(Wµ+1 ◦ . . . ◦ Wd)<1>T ,

i.e. as the matrix product of X<µ> and a left-orthogonal matrix. Using Proposition 3.8, it
follows that the singular values of B<µ>

µ+1 are entrywise smaller than the ones of X<µ>.
Thereby, it follows thatB<µ>

µ+1 (I − QT
µ Qµ)

2

F
≤ η2 ∑

k>rµ

σ2
k(B<µ>

µ+1 )

≤ η2 ∑
k>rµ

σ2
k

(
X<µ>)

≤ η2 min
rank(Y <µ>)≤rµ

∥X − Y∥2
F

≤ η2 min
TT-rank(Y)≤r

∥X − Y∥2
F .

As the random matrices G in Algorithm 6 are sampled independently in each step, the
combined probability that the above holds for all µ is at least (1 − 5t−p − 2e−u2/2)d−1, as
asserted.

Note that if the tensor X actually has TT-rank r or smaller, i.e. if minTT-rank(Y)≤r ∥X −
Y∥ = 0, then the randomized TT-SVD is exact with probability one. This follows directly
from Theorem 4.6 by taking the limit t → ∞, u → ∞.

Using standard Gaussian random matrices G, the computational complexity of the random-
ized TT-SVD is bounded by O(dsnd), which is very similar to the deterministic TT-SVD
presented in Section 3.4. However, as we show in the following proposition, for sparse
tensors the complexity scales only linearly in the order, which is a dramatic reduction
compared to the exponential scaling of the deterministic TT-SVD.

Proposition 4.7. Assume that X ∈ Rn1×...×nd contains at most N non-zero entries. Then
the computational complexity of the randomized TT-SVD given in Algorithm 6 scales as
O
(
d(r + p)2(N + n(r + p))

)
.
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Proof. First note that if X has at most N non-zero entries, then each Bµ has at most
N(rµ + p) non-zero entries. The fact that X has at most N non-zero entries implies
that, independent of µ, there are at most N tuples (k1, . . . , kµ), such that the sub-
tensor X [k1, . . . , kµ, ·, . . . , ·] is not completely zero. Now, each Bµ can be given as Bµ =
X ∗(µ+1,...,d),(2,...,d−µ+1) (Wµ ◦ . . . ◦ Wd). As any contraction involving a zero tensor results
in a zero tensor, Bµ is non-zero only if the first µ modes take values according to the
aforementioned at most N tuples. As there is only one further mode of dimension rµ + p,
there can in total be only (rµ + p)N non-zero entries in Bµ.

There are at most (rµ−1 + p)(rµ + p)N entries of G actually needed to perform the
(sparse) matrix product A<1>

µ :=
(
G<µ−1>

µ

)T
B<µ−1>

µ from Algorithm 6. Therefore, the
complexity of this product can be bounded by O((rµ−1 + p)(rµ + p)N). Calculating
the RQ-factorization of A<1>

µ has complexity O((rµ−1 + p)2nµ(rµ + p)). The involved
(de-)matricizations do not incur any computational costs. Finally, the product Bµ−1 =
Bµ ∗(µ,µ+1),(2,3) Wµ has computational complexity O(sj−1sjN). These steps are repeated
d − 1 times. The asymptotic cost is therefore bounded by O(d(N(r + p)2 + n(r + p)3)),
where r := max(r1, . . . , rd−1).

4.4 Structured Randomness and Relation to the ALS Algorithm

This section provides a brief outlook on the use of structured random tensors Gµ. To avoid
repetition, we focus on the more interesting TT-SVD, but everything said straightforwardly
extends to the randomized HOSVD as well. One possible advantage of the use of structured
randomness is an improved computational complexity of the randomized HOSVD and
TT-SVD. For the matrix case, the use of structured randomness is discussed in the work
of Halko et al. [47], in particular the use of the subsampled random Fourier transform.
Transferring their results to the high dimensional case allows a reduced computational
complexity even if the given tensor is dense. However, as the computational complexity for
matrices still scales as O(mn log(r)) (see [47, Section 4.6]), the exponential scaling for dense
tensors remains. An even more interesting choice is therefore the use of random low rank
tensors for Gµ. One easily verifies that if Gµ is given in a TT representation of rank q, the
contraction in Line 4 of Algorithm 6 can be computed with decreased complexity depending
on the representation of X . In particular if X is given in a rank q̄ TT representation, then
the complexity scales as O(µnqq̄ min(q, q̄)+nsµ−1sµ min(q, q̄)). If X is sparse with at most
N non-zero entries, then the complexity scales O(Nµq2sµ−1). This is of particular interest:
if X is the sum of a sparse and a low rank tensor, the contraction can be performed
separately for the two parts, due to the linearity of contractions. This results in an
overall computational complexity that is the sum of the two aforementioned complexities,
which in particular is linear in the order d. Using the arguments of Proposition 4.7, one
shows that in this case all Bµ can be represented as a sum of a sparse and a low rank
tensor and therefore, the computational complexity of the complete algorithm scales only
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quadratically in the order (the outer iteration contributes one factor d ). As mentioned
in the introduction of this chapter, being able to compute the TT-SVD of such a sum
of a sparse and a low rank tensor is at the very heart of several thresholding algorithms,
most prominently the iterative hard thresholding (IHT) algorithm for tensor completion.
Proving (stochastic) error bounds similar to Theorem 4.6 for the use of random low rank
tensor is ongoing work and subject to future publications. However, the next section
provides numerical evidence that such bounds indeed hold.

Apart from the outlined practical use as a means to approximate structured or sparse
tensors, there is also a very noteworthy relation of the randomized TT-SVD and the
popular alternating least squares (ALS) algorithm. The ALS itself is a general optimization
algorithm, closely related to the very successful DMRG algorithm, which is well known
in quantum physics. The following provides a minimal introduction of the algorithm,
however, for an exhaustive treatment the reader is referred to the literature, e.g. the work
of Holtz et al. [97], as well as Espig et al. [98].

The ALS is used to solve optimization problems with general objective functionals J :
Rn1×...×nd → R on the low rank manifold MTT

r (Rn1×...×nd) of tensors with fixed TT-rank
r. The special case of particular interest for this work is the approximation problem, i.e.

J (X ) := ∥Z − X ∥F

for a given tensor Z ∈ Rn1×...×nd . The global optimum X ∗ is then the best rank r

approximation
X ∗ := argmin

TT-rank(X )=r
∥Z − X ∥F .

The tensor train parameterization X = τ (U1, . . . , Ud) = U1 ◦ . . . ◦ Ud is multilinear in the
parameters Uµ ∈ Rrµ−1×nµ×rµ . Hence, fixing all components Uµ except the ν-th component
Uν provides a parameterization of X which is linear in the remaining component:

X := X (Wν) := U1 ◦ . . . ◦ Wν ◦ . . . ◦ Ud Wν ∈ Rrν−1×nν×rν

Now, the original optimization problem in the large ambient space Rn1×...×nd induces an
optimization problem

Uν := argmin
Wν∈Rrν−1×nν ×rν

∥Z − U1 ◦ . . . ◦ Wν ◦ . . . ◦ Ud∥F = argmin
Wν∈Rrν−1×nν ×rν

J (X (Wν))

in the relatively small subspace Rrν−1×nν×rν , which can be solved inexpensively. This
procedure is continued iteratively by choosing another component to be optimized next,
resulting in a nonlinear Gauß-Seidel iteration. From a practical point of view, it is favorable
to optimize the components in the canonical order, i.e. from ν = 1 to ν = d, see e.g. [97].
The process of optimizing each component exactly once in this way is usually referred to
as a half-sweep.

This idea of using a nonlinear Gauß-Seidel iteration is not limited to the tensor train
format, but can also be applied to the Tucker, Hierarchical Tucker and even the canonical
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4 Randomized Tensor Decomposition Methods

format. However, only the former two offer the possibility to keep the representation
orthogonalized and only optimize at the core position. Doing so allows the ALS algorithm
to perform much better and more stable than without orthogonalization, see e.g. [97]. To
get started, the ALS algorithm requires an initial guess, i.e. it needs the d − 1 components,
which are fixed in the first step. A common choice is to use (Gaussian) random tensors
for these, possibly orthogonalized. The interesting observation is that using this random
initialization, one half-sweep is almost equivalent to the proposed randomized TT-SVD
using random TT-tensors for Gµ, in the sense that numerically the same operations are
performed. The only difference is that, from the point of view of the randomized TT-SVD,
the random tensor Gµ is not chosen as a Gaussian random tensor in each step, but as
the first d − ν (contracted) random components of the ALS initialization. That is, Gµ

is a random TT-tensor as in the TT-SVD, but the component tensors are not changed
during the iteration. Accordingly, note that for the matrix case d = 2, the two methods
actually coincide completely, as there is only one step. This makes an extension of the
stochastic error bounds to the setting of possibly reused structured random tensors Gµ very
interesting, as such an extension would imminently provide stochastic error bounds for the
first half-sweep of the ALS. Theoretically, this would be of major importance as there are
mainly local convergence theories for the ALS, making the starting point essential.

4.5 Numerical Experiments

In order to provide practical evidence for the performance of the presented randomized TT-
SVD, we conducted several numerical experiments. All calculations are performed using the
xerus C++ tensor library (see Appendix A), which includes a complete implementation of
the randomized TT-SVD. The experiments use several different types of random tensors,
which are created as follows.

• Standard Gaussian tensors are created by definition by sampling each entry
independently from N (0, 1).

• Sparse random tensors are created by sampling N entries independently from
N (0, 1) and placing them at positions sampled independently and evenly distributed
from Nn1 × Nn2 × . . . × Nnd

.

• Random rank r∗ tensors are created by sampling the entries of the components
U1, . . . , Ud in representation (3.12), independently from N (0, 1), i.e. all components
Uµ are independent standard Gaussian random tensors.

• Nearly rank r∗ tensors are created from a random rank r∗ tensor X̃ ∈ Rn1×...×nd

by adding a specific amount of Gaussian noise. That is, for a given noise level τ > 0,
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4.5 Numerical Experiments

a standard Gaussian random tensor G ∈ Rn1×...×nd is used to create the tensor

X := X̃ + τ
∥X̃ ∥F

∥G∥F
G .

This yields a tensor which has a rank r∗ approximation with relative error at most τ .
For small ranks and large order the relative error of the best approximation indeed
approaches τ .

• Random tensors with roughly quadratically decaying singular values are
created from random low rank tensors by imposing the specific decay on the singular
values of all relevant matricizations. To this end, for µ from 1 to d − 1, the
components Uµ ◦ Uµ+1 are contracted and re-separated by calculating the SVD
W ΣV T = Mat(1,2)(Uµ ◦ Uµ+1). The Σ factor is then replaced with a matrix Σ̃,
in which the singular values decay in the desired way. For a quadratic decay that
is Σ̃ := diag(1, 1

22 , 1
32 , . . . , 1

1002 , 0, . . . , 0), where 100 is a cut-off used in all of the
following experiments. Subsequently, U<2>

µ = W and U<1>
µ+1 = Σ̃V T are replaced.

Note that since the later steps change the singular values of the earlier matricization,
the singular values of the resulting tensor do not obey the desired decay exactly.
However, empirically we observe that this method yields a rough approximation
suitable for our experiments. If a better approximation is needed, the above procedure
can be iterated. Empirically, we observe that such an iteration quickly converges
towards a tensor for which the singular values of all relevant matricizations obey the
specified decay.

In all experiments, uniform dimensions nµ = n, target ranks rµ = r and (approximate)
ranks of the solution r∗

µ = r∗ are used. Deviating from this rule, the ranks are always chosen
within the limits of the dimensions of the corresponding matricizations. For example,
for d = 12, n = 3, r = 10 the actual TT-rank would be r = (3, 9, 10, . . . , 10, 9, 3). If not
explicitly stated otherwise, 10000 samples are created for each setup. For each sample, we
examine the result of the deterministic TT-SVD Xdet, as described in Section 3.4.2, and of
the randomized TT-SVD Xrnd from Algorithm 6, including the subsequent (deterministic)
rank r truncation. In particular, the relative errors

ϵdet := ∥Xdet − X ∥F

∥X ∥F
ϵrnd := ∥Xrnd − X ∥F

∥X ∥F

are of interest. In some experiments we are also interested in the result of the random
subspace projection Xproj, excluding the deterministic rank truncation. The relative error
for this rank r + p tensor is given analogously as

ϵproj := ∥Xproj − X ∥F

∥X ∥F
.
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Figure 4.3: Approximation errors for the randomized and deterministic TT-SVD for nearly rank
r∗ = 10 tensors in dependence on the noise level τ . The target rank is chosen as r = 10 and the
other parameters are d = 12, n = 3, p = 10.

4.5.1 Approximation Quality for Nearly Low Rank Tensors

In this first experiment, the approximation quality of the randomized TT-SVD for low
rank tensors in dependence on noise is examined. To this end, nearly rank r∗ tensors with
variable noise levels τ are created and the randomized and deterministic TT-SVD are
calculated for each sample. Figure 4.3 shows the resulting approximation errors for different
noise levels τ . The other parameters are chosen as d = 12, n = 3, r∗ = 10, r = 10, p = 10,
with 10000 samples calculated for each noise level.

As expected, the error of the deterministic TT-SVD almost equals the noise τ for all samples,
with no visible variance (the quartiles are indistinguishable). Almost independently of the
noise level, the error ϵrnd of the randomized TT-SVD is on average larger by a factor of
roughly 1.3. There is a very slight decay with increasing τ , meaning that the factor becomes
smaller, as the target tensor approaches full rank. The only exception is in the case τ = 0
where both methods are exact, up to machine precision. In contrast to the deterministic
TT-SVD, there is some variance in the error ϵrnd. Relative to ϵdet, the variance is almost
constant (right plot in Figure 4.3), which means that the variance continuously decreases to
zero with the noise level τ . Note that the error octiles are empirical error bounds for fixed
probabilities 0.125, 0.25, 0.375, 0.5, 0.625, 0.75 and 0.875. This allows a comparison to the
theoretical expectations from Theorem 4.6, which postulates that for a fixed probability,
the approximation error of the randomized TT-SVD is bounded by the error of the best
approximation times a factor independent of noise. Indeed, each error octile in Figure 4.3
shows this expected behavior.
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4.5.2 Approximation Quality with Respect to Oversampling
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Figure 4.4: Approximation errors of the randomized and deterministic TT-SVD for nearly rank
r∗ = 10 tensors in dependence on the oversampling p. The target rank is chosen as r = 10 and the
other parameters are d = 12, n = 3, τ = 0.05.

0

0.02

0.04

0.06

0.08

0.1

0.12

0 10 20 30 40 50

R
el

at
iv

e
er

ro
r

Oversampling p

ϵdet quartiles
1st ϵrnd octile

· · ·
7th ϵrnd octile

0.8

1

1.2

1.4

1.6

1.8

2

0 10 20 30 40 50

E
rr

or
ra

tio
ϵ r

nd
/
ϵ d

et

Oversampling p

1st octile
· · ·

7th octile

Figure 4.5: Approximation errors of the randomized and deterministic TT-SVD in dependence
on the oversampling p for tensors with roughly quadratically decaying singular values. The target
rank is chosen as r = 10 and the other parameters are d = 12, n = 3.

In this experiment, the influence of the oversampling parameter p on the approximation
quality is examined. The first setting uses the same nearly low rank tensors as in Experiment
4.5.1, but now the noise level τ = 0.05 is fixed and the oversampling parameter p is varied.
Numerical results for the parameters d = 12, n = 3, r∗ = 10, r = 10, τ = 0.05 are shown
in Figure 4.6. For small p, a steep descent of all error octiles is observed, which saturate
towards an error of ϵrnd = 0.05, corresponding to the noise level and the deterministic
error ϵdet. With increasing p, the variance in ϵrnd approaches zero.
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In the second setting, tensors with roughly quadratically decaying singular values are
used. The numerical results are visualized in Figure 4.7 for the same parameters d =
12, n = 3, r = 10 as in the first setting. In contrast to the first setting, there is a significant
variance in the error of the deterministic TT-SVD. This variance is in part explained by
the fact that the deterministic TT-SVD is only a quasi-best approximation (see Theorem
3.22). Additionally, in this setting, the error of the best approximation varies significantly.
The decay of the relative error of the randomized TT-SVD is observed as before, although
it is less distinct. Examining the ratio ϵrnd/ϵdet, we observe almost the same decay with
increasing p as in the first setting. The most significant difference is that for large p,
most octiles are actually smaller than one, i.e. in most cases, the error of the randomized
TT-SVD is smaller than the one of the deterministic TT-SVD. Note that this is no
contradiction, as the deterministic TT-SVD only gives a quasi-best approximation.

For a fixed probability, i.e. fixed u and t, Theorem 4.6 predicts a dependency on p of
c1 + c2√

p + c3
√

r+p
p+1 for both the error and the error relative to the best approximation. This

is roughly what is observed in both experiments, with the exception that the decay for
small p is even somewhat faster than 1/p, i.e. the error decays faster than the upper error
bound provided by Theorem 4.6.

4.5.3 Approximation Quality with Respect to the Order
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Figure 4.6: Approximation errors of the randomized and deterministic TT-SVD in dependence
on the order for nearly rank r∗ = 10 tensors. The parameters are n = 3, r = 10, τ = 0.05.

In this experiment, the impact of the order on the approximation quality is investigated.
Again, the first setting uses nearly low rank tensors with some noise. The parameters are
chosen as d = 12, n = 3, r∗ = 10, r = 10, τ = 0.05. The results are shown in Figure 4.6.
With these parameters, there is no truncation for d < 6, since all ranks are automatically
smaller than 10. With increased order the maximal possible ranks increase, leading to an
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Figure 4.7: Approximation errors of the randomized and deterministic TT-SVD in dependence
on the order for tensors with roughly quadratically decaying singular values. The parameters are
n = 3, r = 10.

actual truncation/approximation of the tensor. This is visible in Figure 4.6, as the relative
error of both SVDs, as well as the error ratio, increase with the order at the beginning.
For larger d, both errors are almost constant and, therefore, also the ratio ϵrnd/ϵdet, for
which the median (4th octile) remains slightly larger than 1.3, independent of the order.

The second setting uses target tensors with roughly quadratically decaying singular values.
The results for the otherwise same parameters d = 12, n = 3, r = 10 are shown in Figure
4.7. Again, both errors are almost independent of d, except for the effect of small orders.
The major difference is, as was already observed in Experiment 4.5.2, that there is a
significant variance in ϵdet for these target tensors as well.

The observed results are somewhat better than expected from Theorem 4.6. In fact, the
error bounds for both the deterministic and the randomized TT-SVD include a factor√

d − 1, which is not visible in the examined settings. For the randomized TT-SVD, the
order also appears as an exponent in the probability, which should be observable in these
results for the ratios ϵrnd/ϵdet. The fact that it is not suggest that a refinement of Theorem
4.6 is possible, in which this exponent does not appear.

4.5.4 Computation Time

In this experiment, the computational complexity of the (randomized) TT-SVD is examined,
in particular regarding the expected linear scaling with respect to the order for sparse
tensors. To this end, random sparse tensors with varying order and a fixed number
N = 1000 of entries are created and the computation time for the deterministic and
randomized TT-SVD is measured. The other parameters are chosen as n = 2, r = 10, p = 10.
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Figure 4.8 show the results, which clearly confirm the linear scaling of the randomized
TT-SVD. The absolute runtimes are of course hardware and implementation dependent1,
however, the dramatic advantage of the randomized approach over the deterministic
TT-SVD for high orders is obvious.
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Figure 4.8: Average run-time of the det. and rnd. TT-SVD algorithms for sparse tensors of
different orders. The time for the random subspace projection and the rank truncation of the rnd.
TT-SVD is given separately. The parameters are n = 2, r = 10, p = 10, N = 1000.

4.5.5 Approximation Quality using Structured Randomness

This experiment examines the use of structured randomness as discussed in Section 4.4.
To this end, variants of Algorithm 6 are used, which use structured random tensors
Gµ ∈ Rn1×...×nµ−1×(rµ−1+p). The first choice of structured random tensors are TT-rank
(rµ−1 + p, . . . , rµ−1 + p) tensors2

Gµ = V1 ◦ V2 ◦ . . . ◦ Vµ−1 ,

where V1 ∈ Rn1×(rµ−1+p) and Vν ∈ R(rµ−1+p)×nν×(rµ−1+p) for ν = 2, . . . , µ − 2 and Vµ−1 ∈
R(rµ−1+p)×nµ−1×(rµ−1+p) are standard Gaussian tensors.3 The second choice is the use of
rank one tensors for each index position, that is

Gµ =
rµ−1+p∑

i=1
g1,i ⊗ g2,i ⊗ . . . ⊗ gµ−1,i ⊗ êi ,

1The results in Figure 4.8 were achieved using the xerus C++ tensor library (see Appendix A) on a
standard laptop with Intel Core i7-5600U CPU and 8 GB RAM

2The TT-rank is chosen within the limits possible, i.e. the first ranks might be smaller depending on the
external dimensions.

3Since the last component Wµ−1 carries two external indices, this is not strictly a TT representation.
However, by separating the last index into a further component, full rank component one obtains an
equivalent strict TT-representation.
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Figure 4.9: Approximation errors with respect to the deterministic TT-SVD of the randomized
TT-SVD, using Gaussian random tensors (ϵrnd), random TT-tensors (ϵtt) and sums of random rank
one tensors (ϵcp). The oversampling p is varied and the parameters are d = 12, n = 3, r = 10. On
the left for nearly rank r∗ = 10 tensors with noise τ = 0.05, on the right for tensors with roughly
quadratically decaying singular values.

where the gν,i ∈ Rnν are standard Gaussian vectors and êi ∈ Rsµ−1 denotes the i-
th standard basis vector. Figure 4.9 shows the reconstruction quality relative to the
deterministic TT-SVD for nearly low rank tensors and tensors with roughly quadratically
decaying singular values in dependence of the oversampling parameter p. Figure 4.10 uses
the same settings and shows the relative reconstruction quality in dependence of the order.

The main observation is that the qualitative behavior does not differ between the different
choices of randomness, with the notable exception that using rank one random tensors, the
approximation quality for nearly low rank tensors significantly deteriorates with increased
order, see Figure 4.10. The use of a dense random tensor shows mostly better results
than the use of structured random tensors, although the difference is rather small in the
examined settings. Especially in Figure 4.9, it is apparent that with slightly increased
oversampling parameter, the TT-SVD with structured randomness achieves the same
accuracy as the one using Gaussian random tensors.

4.5.6 Comparison to Alternating Least Squares

In this final experiment, the performance of the randomized TT-SVD is compared to
randomly initialized ALS iterations. In all settings, the results of a single and of four ALS
half-sweeps with random rank r + p initialization and subsequent rank r truncation are
used. Figure 4.11 shows the reconstruction quality relative to the deterministic TT-SVD
for nearly low rank tensors and tensors with roughly quadratically decaying singular values
in dependence on the oversampling parameter p. Figure 4.12 uses the same settings and
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Figure 4.10: Approximation errors with respect to the deterministic TT-SVD of the randomized
TT-SVD, using Gaussian random tensors (ϵrnd), random TT-tensors (ϵtt) and sums of random
rank one tensors (ϵcp). The order d is varied and the parameters are p = 10, n = 3, r = 10. On
the left for nearly rank r∗ = 10 tensors with noise τ = 0.05, on the right for tensors with roughly
quadratically decaying singular values.

shows the relative reconstruction quality in dependence on the order. In both figures, the
approximation quality of the randomized TT-SVD without the rank truncation, i.e. for
the rank r + p tensors, is given.

There are several noteworthy observations. The approximation quality of a single ALS
half-sweep is roughly the same as that of the randomized TT-SVD. Without oversampling,
this is significantly worse than the deterministic TT-SVD but not arbitrarily bad, e.g.
much better than a random tensor. This is noteworthy, since from the point of view of
the ALS, the result is only a single optimization step applied to a random initial guess.
Increasing the number of half-sweeps to four yields approximations, which usually have
slightly smaller error than the ones of the deterministic TT-SVD, independent of the
oversampling.

The error obtained by the randomized subspace projection without the subsequent rank
truncation is quite different for the two settings examined, see Figure 4.11. For nearly low
rank tensors, the error is, independent of p, actually larger than the error of the complete
randomized TT-SVD, despite the rank r + p being larger. This means that in the nearly
low rank setting, the rank truncation acts as some kind of denoising, removing some of
the error introduced by the random projection. For tensors with roughly quadratically
decaying singular values, the error of the projection keeps decreasing with increased p,
which is expected, since here the higher rank allows a significantly better approximation.
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Figure 4.11: Approximation errors of a single and of four ALS half-sweeps with random rank
r + p initialization and subsequent rank r truncation, relative to the error of the deterministic
TT-SVD. The oversampling p is varied and the parameters are d = 12, n = 3, r = 10. On the
left for nearly rank r∗ = 10 tensors with noise τ = 0.05, on the right for tensors with roughly
quadratically decaying singular values.

4.6 Summary and Conclusions

We have shown theoretically and practically that the introduced randomized HOSVD
and TT-SVD algorithms provide a robust alternative to the deterministic algorithms,
incurring only a controlled stochastic error. In particular, the randomized HOSVD and
TT-SVD are exact if applied to a tensor with TT-rank smaller than or equal to the
target rank. For the case of actual low rank approximations, stochastic error bounds were
proven. A number of numerical experiments were conducted to confirm these bounds in
practice. Some numerical experiments suggest that these proven bounds are even somewhat
pessimistic, as the observed error is often significantly smaller than expected. In particular,
no significant deterioration of the error bounds with increased order is observed, contrary
to Theorem 4.6, which includes d as exponent in the probability. This leaves room for
improvements and it is the author’s expectation that enhanced versions of our theorem
are possible. On the computational side, we have provided efficient implementations of
the proposed algorithm, available in the xerus C++ library (see Appendix A). For sparse
tensors, we have shown that the randomized TT-SVD algorithm dramatically outperforms
the deterministic algorithm, scaling only linearly instead of exponentially in the order,
which was verified by this implementation. We believe that these results show that the
randomized TT-SVD algorithm is a useful tool for low rank approximations of higher
order tensors.

Apart from enhanced error bounds, a topic of further investigations is the use of structured
random tensors in the randomized TT-SVD. For the matrix case, several choices of struc-
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Figure 4.12: Approximation errors of a single and of four ALS half-sweeps with random rank
r initialization relative to the error of the deterministic TT-SVD. The order d is varied and the
parameters are d = 12, n = 3, r = 10. On the left for nearly rank r∗ = 10 tensors with noise
τ = 0.05, on the right for tensors with roughly quadratically decaying singular values.

tured random matrices are already discussed in the work of Halko et al. [47]. Transferring
their results to the high dimensional case could allow reduced computational cost even
for dense tensors, as is the case for matrices. The even more interesting choice, however,
is the use of random low rank tensors, as discussed in Section 4.4. On the one hand, an
analysis of this setting would benefit the theoretical understanding of the alternating least
squares algorithm, as it would result in error bound for the first half-sweep for a random
initial guess. This can be of major importance, as there are mainly local convergence
theories for the ALS so far, which is why the starting point is essential. On the other hand,
obtaining error bounds for this setting would also allow computationally fast application
of the randomized TT-SVD to tensors given in various data-sparse formats, e.g. in a
sparse representation, the canonical, the TT or HT format and also sums of those. The
latter could directly benefit several thresholding algorithms, for example the iterative hard
thresholding algorithm for tensor completion, discussed in the next chapter.
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In the previous chapters, the deterministic and randomized HOSVD and TT-SVD were
introduced, which allow the computation of exact and approximate Tucker or Tensor Train
representations of a given tensor. The deterministic variants assume that the complete
tensor is known and available for the calculation. This implies that they are affected by the
curse of dimensionality, i.e. the exponential scaling with respect to the order, as they have
to handle the complete tensor. For large orders this becomes prohibitively expensive. The
randomized SVD variants introduced in the previous chapter do not require knowledge of
the complete tensor, instead only requiring the ability to calculate contractions with test
tensors. If the tensor is given in some structured way, this can lead to severely reduced
computational cost, scaling sub-exponentially in the order, as was shown in the previous
chapter. Still, the requirement to compute various contractions with (random) test tensors
is a rather strong one and cost reductions are only possible if these calculations are cheap.

One possible remedy are so-called cross approximation algorithms, which only require the
(adaptive) evaluation of single entries of the input tensor. For matrices it is well known
that the knowledge of r linearly independent rows and columns is sufficient to reconstruct
any rank r matrix and directly obtain a rank r factorization of said matrix. However,
finding these linearly independent rows and columns might require more information than
just those entries. Additionally, if the matrix is not (exactly) of rank r, the quality of the
approximation depends on the chosen rows and columns. Here, one aims to find the r × r

submatrix with maximum volume (i.e. absolute value of the determinant), see e.g. the work
of Goreinov et al. [99]. Both problems can be tackled by adaptive cross approximation
algorithms, which try to find “good” sub-matrices using as few evaluations as possible
[100–102]. The idea of cross approximation can be extended to higher order tensors in the
Tucker [103, 104], tensor train [86] and hierarchical Tucker format [105]. For the TT and
HT format, these methods often work with linear complexity with respect to the order.

This chapter is concerned with methods to further relax these requirements and enable the
reconstruction of low rank tensors from more general measurements. This in particular
includes settings where the measurements are a priori given and no further/adaptive infor-
mation is available at all, e.g. tensors describing physical systems, which are only available
through limited and possibly completely predefined measurements. The general term for
this endeavor is tensor recovery, as one attempts to recover a low rank representation of
the tensor from incomplete information. The fundamental idea of tensor recovery goes
back to compressive sensing, which is based on the postulate that if an object of interest
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can be defined completely by a specific number of parameters, then one should be able
to recover said object from a similar amount of independent measurements. For tensor
recovery, this means that if a tensor has e.g. a small TT-rank, then it should be possible to
recover it from a number of independent measurements related to the number of degrees
of freedom possessed by tensors of that rank.

This chapter starts with an introduction to the very popular and successful low rank
matrix recovery setting, which builds the foundation for the multidimensional extension to
higher order tensors introduced in Section 5.2. The algorithmic treatment of the tensor
recovery problem is discussed in Section 5.3 and numerically verified in Section 5.4. Finally,
Section 5.5 summarizes and discusses the results.

Parts of the introduction in Sections 5.1 and 5.2 were previously published in [106].

5.1 The case d = 2: Matrix Recovery

As a motivation and an important point of reference for the general tensor recovery setting,
this section introduces the matrix recovery setting, i.e. the special case restricted to order
two. The advantage of the matrix setting is that it is already well understood and more
intuitive than the recovery of higher order tensors. As will be shown later, it is also special
in the sense that there are unfortunately no straightforward generalizations for many of the
results presented in this section. However, this makes the matrix results no less important
for tensor recovery, as high dimensional extensions are still sought-after.

In matrix recovery, one aims to reconstruct an unknown matrix from limited knowledge
about its entries, using the assumption that it has a low rank. An important special case
is matrix completion, where an unknown matrix is to be reconstructed from knowledge
of some of its entries. A famous and very instructive example for a matrix completion
problem is the so-called Netflix Problem, described in detail by Bennett, Lanning, et al.
[107]. In slightly simplified form, it can be introduced as follows. Imagine a large video
lending platform, with numerous customers and available videos. The company collects
ratings from their customers whenever these watch one of the videos. These ratings can be
organized as a matrix, with each column representing a specific user and each row a specific
video title. Over time, the company obtains a large number of entries of this rating matrix.
However, the vast majority of entries is unknown, since every user usually only rates a tiny
fraction of the available videos. The company wants to use this data to recommend videos
to its costumers, in such a way that the user is likely to like the recommended video, i.e.
give it a good rating. In other words, they want to know all entries of the rating matrix
and thereby not only know what ratings a user gave to the videos they have watched,
but also what rating they would give a video they have not watched yet. Obtaining
such predictions works quite well as summarized by Bell and Koren [108], who won the
“Netflix Prize”, offered by Netflix for an efficient algorithm to solve this problem. The key
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insight is, that the preferences of people are not completely random, but rather follow
some potentially unknown but existing patterns. In the context of matrix completion,
this insight justifies the conjecture that the complete rating matrix is approximately of
low rank. As described in the remaining section, this low rank assumption often allows
a matrix to be reconstructed from a highly incomplete set of entries. Obviously, matrix
completion and matrix recovery are not limited to customer recommendation systems.
Successful applications include machine learning [109–111], computer vision [112], global
positioning [113, 114], quantum state tomography [12] and many more.

5.1.1 Formal Definition

This section provides formal definitions for the matrix recovery setting and its special case,
the matrix completion setting. For this, let M ∈ Rm×n be an unknown matrix that shall
be reconstructed. Assume that N linear measurements

b[k] :=
m∑

i=1

n∑
j=1

Ak,i,j M [i, j] Ak,i,j ∈ R, k = 1, . . . , N

of M are known. It is convenient to introduce the linear measurement operator Â :
Rm×n → RN , defined entrywise as

Â(X)[k] :=
m∑

i=1

n∑
j=1

Ak,i,j X[i, j]

and its adjoint operator ÂT : RN → Rm×n, defined entrywise as

ÂT (v)[i, j] :=
N∑

k=1
Ak,i,j v[k] .

The measured values can thereby be given by the vector

b = Â (M) ∈ RN .

The special case, in which a subset

Ω ⊆ Nm × Nn = {(i, j) | i ∈ Nm, j ∈ Nn} |Ω| = N

of entries of M are known, is referred to as the matrix completion setting. A corresponding
measurement operator ÂΩ : Rm×n → RN is defined using Ak,i,j := δωk,(i,j), i.e.

ÂΩ(X)[k] :=
m∑

i=1

n∑
j=1

δωk,(i,j)X[i, j] , (5.1)

where δ is the Kronecker-delta and ωk ∈ Ω are the measured positions in an arbitrary but
fixed order. In this setting, it is also convenient to define the projection operator

P̂Ω (X) [i, j] = ÂT
(
Â(X)

)
[i, j] =

{
X[i, j] (i, j) ∈ Ω

0 else
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onto the space of matrices that are zero except for the measured positions.

In the following, it is assumed that the measurements are incomplete in the sense that
N < mn, e.g. for matrix completion not all entries are known. The goal is to reconstruct the
unknown matrix M from the measurement operator Â and the corresponding measurements
b = Â(M). In other words,

Â (X) = b (5.2)

has to be solved for X ∈ Rm×n. Without further restrictions, this problem is of course
ill-posed, because the space of m × n matrices is mn dimensional and (5.2) is a system of
only N < mn linear equations, yielding infinitely many solutions. In particular, one can
define the set of admissible solutions as

Adm
(
Â, b

)
:=
{

X ∈ Rm×n
⏐⏐⏐ Â(X) = b

}
.

Using that Â is linear, it is easy to show that Adm(Â, b) is a convex set, i.e. for every
0 ≤ α ≤ 1 and X1, X2 ∈ Adm(Â, b),

Â(αX1 + (1 − α)X2) = αÂ(X1) + (1 − α)Â(X2) = αb + (1 − α)b = b

holds and therefore, αX1 + (1 − α)X2 ∈ Adm(Â, b). It is clear that one of the matrices
in Adm(Â, b) is equal to the unknown matrix M , but without further information it is
impossible to infer which. The key assumption, allowing the reconstruction problem to be
well-posed, is that the unknown matrix M has a small rank r. From Proposition 3.9, it is
known that a matrix of rank r has only r(m + n − r) degrees of freedom. Therefore, if
the unknown matrix M has rank r, then r(m + n − r) measurements can in principle be
sufficient to determine M as the unique matrix with rank at most r that is compatible
with the measured values. In other words, we want that

Â (X) ∩ M≤r(Rm×n) = {M} . (5.3)

As an example, consider the following measured entries of an unknown rank two matrix
M ⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 ? 1 1
1 2 1 ? ?
1 3 ? 1 ?
1 4 ? ? 4
1 5 1 ? ?

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ R5×5 .

Here r(m + n − r) = 16 entries are known and indeed there is only one possible rank two
completion, namely ⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1
1 2 1 1 2
1 3 1 1 3
1 4 1 1 4
1 5 1 1 5

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ R5×5 . (5.4)

90



5.1 The case d = 2: Matrix Recovery

This is due to the fact, that the last three columns have to be linear combinations of the
first two, in order to give a rank two matrix. The resulting sets of linear equations allow
the rows of (5.4) as the only solution. Note, however, that having at least r(m + n − r)
measurements is no sufficient criterion for uniqueness, as is easily seen in the above example,
e.g. by removing one measured entry from the fifth row and adding it anywhere in the
third one.

In most practical applications, the actual rank of M is unknown and there is only the
somewhat vague assumption that the rank is low. To circumvent this lack of knowledge,
one searches the set of admissible matrices for the matrix X∗ ∈ Adm(Â, b) with the
smallest rank, as formalized in the following.

Problem 5.1 (Matrix Recovery). Let Â : Rm×n → RN be a linear measurement operator
and let b := Â(M) be the corresponding measurements of an otherwise unknown matrix
M ∈ Rm×n. To reconstruct M , solve the following optimization problem in X ∈ Rm×n:

minimize rank (X)

subject to Â (X) = b

Note that if (5.3) holds, i.e. if M is the only admissible matrix with rank at most r, then
the rank minimization yields M as the unique solution and vice versa. Hence, advance
knowledge of the correct rank is not required for this approach. However, this advantage
comes at a cost, as the rank minimization has the major drawback that it is NP-hard
in general. For the matrix recovery problem, this can be proven by showing that the
vector cardinality minimization can be recast to a special case of it, see [48]. The vector
cardinality minimization problem is the task of finding the sparsest vector compatible
with a set of linear measurements and is shown to be NP-hard by Natarajan [115]. For
the completion problem, see e.g. [49, 116, 117] and references therein. As a consequence,
directly solving the rank minimization is infeasible for large matrices. A popular resort is
to instead regard a convex relaxation, namely

Problem 5.2 (Convex Matrix Recovery). In the setting of Problem 5.1, to reconstruct
M , solve the following convex optimization problem in X ∈ Rm×n,

minimize ∥X∥∗

subject to Â (X) = b .

That is, the minimization of the rank is replaced by the minimization of the nuclear norm.
While the rank is the number of non-zero singular values, the nuclear norm is equal to their
sum. Therefore, replacing the NP-hard rank minimization by minimization of the nuclear
norm is in clear analogy to the classical compressive sensing, where the minimization of the
“l0-norm”1 is replaced by the convex l1-norm, see e.g. [118]. The idea to approximate the

1Note that in contradiction to its name, the “l0-norm” is not a norm.
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NP-hard rank optimization by the convex nuclear norm optimization is due to Fazel [119]
and is a generalization of the trace minimization that was already used to approximate the
rank minimization for symmetric, positive semi-definite matrices, see for example the work
of Mesbahi and Papavassilopoulos [120]. In some respects, the nuclear norm is the tightest
convex relaxation of the rank minimization problem, as it is shown by Fazel et al. [121]
that the nuclear norm is the convex envelope2 of the rank function on the set of matrices
with spectral norm bounded by one. Since every norm is a convex function and since the
set of admissible matrices is a convex set, Problem 5.2 constitutes a convex optimization
problem. As such, it poses a number of practical advantages and can in particular be
solved directly by semidefinite programming (see Section 5.1.3). The important question
is, under what conditions Problem 5.2 is equivalent to the rank minimization, in the sense
that it yields the same solutions. This question was studied by several authors and the
most important results are presented in Section 5.1.2.

Finally, the robustness of the recovery is of interest as well. Real-world measurements are
usually not perfect and the measured values thus contain a certain error. Additionally, in
numerous practical applications, the unknown matrix is only approximately of low rank.
In this case, one aims to reconstruct the low rank approximation, as the exact matrix is
inaccessible by an incomplete set of measurements. Both scenarios can be modeled by
assuming that there is a low rank matrix M that is to be reconstructed, but that the
measurements are corrupted by a full rank noise term E ∈ Rm×n. The measurements are
then given as

b = Â(M) + Â(E) = Â(M + E) .

For an analysis of this problem, it is necessary that the amplitude of the measured noise is
bounded. A convenient choice is for example that ∥ÂT (Â(E))∥S < ϵ holds for an ϵ > 0,
where ∥·∥S is the spectral norm. In order to account for this error, the restrictions on
the set of admissible matrices have to be relaxed. This is done by replacing the equality
constraint by a quadratic inequality constraint, yielding the error aware formulations of
the convex reconstruction problems.

Problem 5.3 (Convex Matrix Recovery with Error). Let Â : Rm×n → RN be a linear
measurement operator and let b := Â(M + E) be the corresponding noisy measurements
of an otherwise unknown matrix M ∈ Rm×n. Assume that the noise term is bounded
by ∥ÂT (Â(E))∥S < ϵ for an ϵ > 0. To reconstruct M , solve the following optimization
problem in X ∈ Rm×n:

minimize ∥X∥∗

subject to
ÂT

(
Â (X) − b

) < ϵ .

The choice of the norm ∥·∥ depends on the setting. In the general recovery setting the
spectral norm is convenient, while in the completion setting the Frobenius norm can be
used.

2The convex envelope of a function f : D → R is defined as the largest convex function g : D → R, such
that g(x) ≤ f(x) holds for all x ∈ D.
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5.1.2 Theoretical Results for Matrix Recovery and Completion

The reconstruction of matrices from incomplete data has already been studied for several
decades. However, in the early studies this was usually not done in the mindset of recovering
a matrix from incomplete measurements. Instead, the goal often was to approximate
matrices with a specific structure, or to understand under which conditions a compatible
matrix with certain properties exists. The settings considered are not limited to finding
compatible matrices with minimal rank, but also include settings in which compatible
matrices with different properties are desired. A worthwhile survey of these very general
matrix reconstruction settings was done by Johnson [122]. Early works in the setting of
low rank reconstruction include for example one by Gabriel and Zamir [123] from 1979,
who studied the low-rank approximation of matrices with respect to a variation of the
Frobenius norm, where each entry is considered according to a weight assigned to it. This
contains the matrix completion setting as a special case with weights equal to zero or one.
Another example is the work of Woerdeman [124], who studied the low rank reconstruction
of block matrices, where only the lower triangular part of the matrix is known. The major
shift to consider low rank techniques as a means to recover matrices from incomplete
measurements is due to the wide success of compressive sensing. Carrying over ideas and
concepts from compressive sensing also led to substantive progress in matrix recovery.

One essential tool adapted from compressive sensing is the restricted isometry property
(RIP), which allows the formulation of sufficient criteria for unique reconstruction. The
RIP was first introduced in classical compressive sensing by Candès and Tao [125] and
then transferred to the matrix recovery problem by Recht et al. [48]. In its formulation for
matrix recovery, it is defined as follows.

Definition 5.4 (Restricted Isometry Property [48]). Let Â : Rm×n → RN be a linear
operator. For every natural number 1 ≤ r ≤ min(m, n), the r-restricted isometry constant
(r-RIC) of Â, is defined as the smallest number δr(Â), such that(

1 − δr(Â)
)
∥X∥F ≤

Â(X)


2
≤
(
1 + δr(Â)

)
∥X∥F , (5.5)

holds for all matrices X of rank at most r. An operator Â is said to obey the RIP of order
r with RIC δr(Â), if δr(Â) is smaller than one.

Note that by construction, for every measurement operator Â, it holds that δr′ ≤ δr for
r′ < r. As a first result using the RIP, Recht et al. [48] established the following theorem.

Theorem 5.5 (Recht et al. [48, Theorem 3.3]). Let M ∈ Rm×n be a matrix of rank r

and let Â : Rm×n → RN be a measurement operator with restricted isometry constant
δ5r < 1/10. Then, M can be recovered exactly from the corresponding measurements
b = Â(M), as it is the unique minimum of the convex optimization Problem 5.2.

This result is substantially improved by Candès and Plan [126], who proved the following
theorem, which additionally ensures that the recovery is stable in the presence of noise.
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Theorem 5.6 (Candès and Plan [126, Theorem 2.4]). Let M ∈ Rm×n be a matrix of rank
r, let Â : Rm×n → RN be a measurement operator and let

b = Â(M + E)

be a corresponding noisy measurement of M . For this, let E ∈ Rm×n be a noise term with
∥ÂT (Â(E))∥S ≤ ϵ. Assume that Â has a restricted isometry constant δ4r <

√
2 − 1. Then,

for the minimizer X∗ of the convex Problem 5.3,

∥X∗ − M∥F ≤ C
√

rϵ,

holds for a constant C, depending only on the isometry constant δ4r(Â).

This theorem shows the power of the restricted isometry property. However in order for this
to be useful in practice, it is necessary that there are in fact measurement operators obeying
the RIP. This is for example shown by Recht et al. [48], who prove for different sampling
methods that random measurement operators obey the RIP with high probability, provided
that they correspond to a sufficiently large set of measurements. As an explicit example,
their result for Gaussian measurement operators is presented here. A measurement operator

Â(X) =
N∑

k=1

m∑
i=1

n∑
j=1

Ak,i,j X[i, j] ek ,

is completely defined by the coefficients Ak,i,j . For given dimensions m, n and a number of
measurements N , a Gaussian measurement operator is created by sampling each coefficient
independently from identical normal distributions. The result of Recht et al. [48] for
Gaussian measurement operators can be stated as follows.

Theorem 5.7 (Recht et al. [48]). Fix 0 < δ < 1. If Â : Rm×n → RN is sampled as a
Gaussian measurement operator, then for every 1 ≤ r ≤ min(m, n), there exist constants
c0, c1 > 0 depending only on δ such that, with probability at least 1 − e−c1p, the r-RIC of
Â obeys δr(Â) ≤ δ, whenever N ≥ c0r(m + n) log(mn).

Altogether, the above results show that exact and robust matrix recovery is indeed possible
for a large class of (random) measurement operators, which obey the RIP. Unfortunately,
however, the measurement operators corresponding to the matrix completion setting
invariably do not obey the RIP of any order. To show this, let Ω be any incomplete set of
measured positions and let ÂΩ be the corresponding measurement operator defined as in
(5.1). Let (i, j) /∈ Ω be an entry that is not measured and consider the matrix X = γeie

T
j ,

which has only this very entry equal to γ > 0 and all others equal to zero. This is a rank
one matrix with ∥X∥F = γ and from (5.1), it is clear that Â(X) = 0 holds. From the left
part of (5.5), it then follows with

(1 − δ1(Â))∥X∥F ≤ ∥Â(X)∥2 = 0 ,

that the 1-RIC obeys δ1(Â) ≥ 1. Since the restricted isometry constants for larger ranks
can only be larger, this shows that Â does not obey any RIP. Furthermore, it is easy to
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5.1 The case d = 2: Matrix Recovery

see that in the completion setting, one cannot hope to reconstruct all matrices from any
incomplete measurement set. In the example above, all measured entries of X = γeie

T
j are

zero and therefore, there is absolutely no way to infer the factor γ from the measurements.
As a consequence, other criteria for unique reconstruction are needed in the completion
setting.

A first rigorous analysis of the matrix completion problem in the formulation used in
this chapter was done by Candès and Recht [49]. As no measurement set works for all
matrices, they used probabilistic arguments instead. More precisely, they introduced a
random orthogonal model, which defines a procedure to randomly sample matrices from
the set of all matrices with a fixed rank. For given dimensions m, n with m ≤ n and rank
r, matrices U ∈ Rm×r and V ∈ Rn×r are independently and uniformly sampled from the
sets of all orthogonal m × r and n × r matrices, respectively. With an arbitrarily sampled
diagonal matrix Σ ∈ Rr×r, a rank r matrix

M = UΣV T ∈ Mr
(
Rm×n)

is obtained. Their main results is that if the unknown matrix M is sampled from the
random orthogonal model and at least

|Ω| = Cn1.2r log(n)

positions are sampled at random by incrementally sampling positions uniformly from
all remaining positions, then the minimizers of the convex Problem 5.2 and the rank
minimization Problem 5.1 are both unique and equal to M , with a probability of at least
1 − cn−3. Roughly speaking, this result states that most matrices can be recovered from
most measurement sets containing Θ(n1.2r log(n)) entries. This result is already quite
powerful, as for low rank r this requires only a tiny fraction of the number of entries, while
maintaining an exact reconstruction.

This result was subsequently improved by Candès and Tao [127], Keshavan et al. [116] and
Recht [128]. An important property needed to formulate Recht’s result is the coherence
defined as follows.

Definition 5.8 (Coherence). Let V ⊂ Rn be a r-dimensional subspace of Rn and let P̂V

be the orthogonal projection onto V . The coherence of V with respect to the canonical
basis {ei}i=1,...,n is defined as

µ(V ) := n

r
max

1≤i≤n

P̂V (ei)
2

2
.

The largest possible coherence is n/r, which is achieved if any canonical basis vector is
contained in the subspace. The smallest possible coherence of any subspace is 1, which
corresponds to a subspace that is spanned by basis vectors whose entries all have the same
magnitude 1/

√
n. It turns out that in order to reconstruct a matrix from an incomplete

set of entries, a low coherence of its row and column spaces is important. Recht [128]

95



5 Tensor Recovery

argues that if both spaces have a low coherence, then all entries carry approximately the
same information and vice versa. To give an intuition to this, consider the matrix used as
a counter example before,

e1eT
1 =

⎛⎜⎜⎜⎜⎝
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎟⎠ ∈ R4×4 .

This matrix has maximal coherence, since the first row and column vectors are both equal
to e1. Here, it is intuitively clear that the information gained by measuring the top left
entry is much higher than measuring any of the other entries. The main result of Recht
[128] is the following theorem.

Theorem 5.9 (Recht [128]). Let M ∈ Rm×n be a matrix of rank r, with singular value
decomposition M = UΣV T . Without loss of generality, impose that m ≤ n. Assume that

• the row and column spaces of M have coherence bounded above by some positive µ0,

• the matrix UV T has a maximum entry bounded by µ1
√

r/mn in absolute value for
some positive µ1.

Suppose N entries of M are measured with locations Ω sampled uniformly at random. If

N ≥ 32 max(µ0, µ2
1)r(m + n)β(log(2n))2

for a β > 1, then the minimizer of the convex Problem 5.2 is unique and equal to M with
probability at least 1 − 6 log(n)(m + n)2−2β − n2−2β1/2.

Asymptotically, the bound is nearly optimal, exceeding the definite lower bound of
r(m + n − r) required entries only by a logarithmic factor. It is shown by Candès and
Recht [49] that for random matrices, the requirements of Theorem 5.9 are fulfilled with
high probability. In particular, they show that with high probability, matrices sampled
from the random orthogonal model have a low coherence and that the second assumption
is also fulfilled with high probability, with a µ1 scaling at most logarithmically in n.

Finally, Candès and Plan [129] showed that matrix completion is also robust to noise.
Roughly speaking, they show that if the unknown matrix M and the measured locations
Ω are such that M can be recovered from noiseless measurements by solving the convex
Problem 5.2, then M can also be recovered from noisy measurements by solving Problem
5.3 (using the Frobenius norm), with an error

∥M − X∗∥F ≤ Cϵ

√
2mn min(m, n)

N

proportional to the noise level ϵ = ∥PΩ (E)∥F . Here, X∗ is the minimizer of Problem 5.3
and C is a constant.
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5.1 The case d = 2: Matrix Recovery

In conclusion of this section, let us note that this altogether shows, that many low rank
matrices can indeed be recovered exactly from incomplete subsets of their entries and
that this reconstruction is robust with respect to noise. Additionally, the recovery can be
performed by solving the convex optimization Problem 5.2, instead of the NP-hard rank
minimization Problem 5.1.

5.1.3 Reconstruction Algorithms

Up to this point, only theoretical results are given, guaranteeing the ability to reconstruct
matrices from certain incomplete measurements. Therefore, this section gives some
examples for the practical realizations of such reconstructions, i.e. algorithms which
(approximately) solve the optimization problems introduced in the previous sections. This
following collection is not exhaustive and focuses on those algorithms that are also of
interest for the more general tensor recovery setting. In their first paper on matrix recovery,
Recht et al. [48] show that the convex problem, Problem 5.2, can be solved by semidefinite
programming. For the special case of matrix completion, this is already shown by Candès
and Recht [49]. The formulation as a semidefinite program has the advantage that well
established algorithms like interior point methods are directly available. However, these
general algorithms do not take the special properties of these matrix problems into account
and it is evident that they have difficulties with large matrices. For example, Cai et al.
[117] state that SDPT3 [130], a state of the art semidefinite programming solver, is only
capable of handling n × n matrices with n ≤ 100. Accordingly, specialized algorithms are
required for efficient matrix recovery.

One of the simplest, yet quite powerful, algorithms for matrix reconstruction is the iterative
hard thresholding (IHT) algorithm, see [131, 132]. The IHT algorithm can be seen as an
Riemannian gradient descent on the low rank matrix manifold. In its most basic form, the
iteration is given by

Xi+1 := Ĥr

(
Xi − αÂT

(
Â(Xi) − b

))
,

where Ĥr is the hard-thresholding operator defined in (3.2) and α is a step size. The
algorithm is not by itself rank adaptive and requires an a priori guess on the rank. However,
rank adaptation strategies are available and presented in the aforementioned papers.

A second iterative approach is the singular value thresholding (SVT) algorithm, which
is an adaptation of linearized Bregman iterations for matrix reconstruction. Bregman
iterations were first introduced by Osher et al. [133] and have successfully been applied
to l1-norm minimization by Yin et al. [134] and others. The adaptation to the matrix
reconstruction setting is due to Cai et al. [117]. The SVT algorithm combines a nuclear
norm minimization step using singular value soft thresholding with a modified gradient
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step. Cai et al. [117] show that the resulting iteration converges to the unique minimizer of

minimize τ∥X∥∗ + 1
2∥X∥2

F

subject to Â(X) = b ,

where τ > 0 is a parameter of the algorithm and can be chosen freely. Furthermore, they
show that for τ → ∞, this minimizer indeed converges to the minimum norm solution of
the convex matrix recovery, i.e. Problem 5.2. The major advantage of the SVT algorithm
compared to the IHT algorithm is that it is inherently rank adaptive, i.e. no a priori
knowledge on the rank is needed. Computationally, the SVT algorithm is very efficient,
with Cai et al. [117] being able to reconstruct matrices in the completion setting with rank
10 and dimensions of up to 30, 000 × 30, 000 on an ordinary desktop computer.

Another interesting approach is alternating subspace optimization, which is examined
for the matrix recovery setting by Jain et al. [135]. The idea is to impose a low rank
decomposition, e.g. X = UV T , U ∈ Rn×r, V ∈ Rm×r, and optimize by alternatingly
finding the optimal U while keeping V fixed, and then finding the optimal V while keeping
U fixed. This approach can be seen as the order two special case of the more general
alternating least squares (ALS) algorithm briefly introduced in Section 4.4 and examined
in details by Holtz et al. [97] and Espig et al. [98]. Just like the IHT, this algorithm is not
by itself rank adaptive and needs an a priori guess on the rank and possibly additional
rank adaptation strategies.

5.2 The Tensor Recovery Setting

This section is concerned with higher order generalizations of the low rank matrix recovery
setting from the previous section. In principle, such generalizations are possible using any
of the tensor rank definitions introduced in Chapter 3. The canonical format, however, has
several undesirable properties making it an unsuitable candidate, especially concerning
numerical computations. In particular, the NP-hardness of even determining the rank
of a given tensor, as well as the fact that the set of low CP-rank tensors is not closed,
pose problems, see Section 3.2 for the details. In the following, we therefore focus on
the subspace based tensor rank definitions, in particular the Tensor Train format. The
Tensor Train format is used as the prime example, as it combines the favorable features of
a generalized SVD and manifold structure with a linear scaling with respect to the order.
However, the definitions and results of this section can be straightforwardly adapted to
the simpler Tucker format and to large extent also to the HT-format, as they share the
subspace based definition.
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5.2 The Tensor Recovery Setting

5.2.1 Formal Definition and Types of Measurements

Let T ∈ Rn1×...×nd be an unknown tensor that shall be reconstructed and assume that N

linear measurements
b[k] =

∑
i1,...,id

Ak,i1,...,id
T [i1, . . . , id]

are available, for some Ak,i1,...,id
∈ R. That is, each sample measures a linear superposition

of the entries. The corresponding measurement operator Â : Rn1×...×nd → RN is defined
entrywise as

Â(X )[k] :=
∑

i1,...,id

Ak,i1,...,id
X [i1, . . . , id] (5.6)

and its adjoint operator ÂT : RN → Rn1×...×nd as

ÂT (v)[i1, . . . , id] :=
N∑

k=1
Ak,i1,...,id

v[k] .

Note that, even though for a fixed rank the TT-format scales only linearly in the order,
one cannot hope to solve this very general recovery problem in sub-exponential complexity,
as the measurement coefficients Ak,i1,...,id

themselves can already be interpreted as a tensor
A ∈ RN×n1×...×nd , amounting to a storage complexity of O(ndN). Hence, we are mostly
interested in special cases, for which we can hope to avoid the exponential complexity. In
this work, we propose the concept of rank-one samples, which represent such a special case
not suffering from the curse of dimensionality. Rank-one samples are samples, for which
the measurement coefficients can be expressed as

Ak,i1,...,id
= a1,k[i1] a2,k[i2] . . . ad,k[id] ,

for some aµ,k ∈ Rnµ . Interpreting A ∈ RN×n1×...×nd as a tensor, this means that there
exists a rank N CP-decomposition such that

A =
N∑

k=1
ek ⊗ a1,k ⊗ a2,k ⊗ . . . ⊗ ad,k . (5.7)

In this way, A itself has a storage complexity of O(dnN). The concept of rank-one samples
is more general that the popular completion setting, in which only certain entries of the
tensor are known. That is, a set of N entries of T with positions

Ω ⊆
d×

k=1
Nnk

=
{
(i1, . . . , id)

⏐⏐ iµ ∈ Nnµ , µ = 1, . . . , d
}

is measured. To see that the completion setting is indeed a special case of rank-one samples,
denote the positions as {(j1,1, . . . , jd,1), . . . , (j1,N , . . . , jd,N )}. Then, a corresponding rank
one measurements is given by

A =
N∑

k=1
ek ⊗ ej1,k ⊗ ej2,k ⊗ . . . ⊗ ejd,k ,
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where the ejµ,k ∈ Rnµ are the canonical basis vectors. In the tensor completion setting, it
is sometimes also convenient to use the projection operator

P̂Ω (X ) [i1, . . . , id] = ÂT
Ω

(
ÂΩ (X )

)
[i1, . . . , id] =

{
X [i1, . . . , id] if (i1, . . . , id) ∈ Ω

0 else

onto the set of tensors that are zero everywhere except at the measured positions and the
corresponding tensor

B := P̂Ω (T )

containing only the measured entries.

Analogously to the matrix recovery problem, the goal is to reconstruct T ∈ Rn1×...×nd

from the measurements b = Â(T ) ∈ RN . For given measurements, the set of admissible
tensors can be defined as

Adm
(
Â, b

)
:=
{

X ∈ Rm×n
⏐⏐⏐ Â(X ) = b

}
.

As with matrices, Adm
(
Â, b

)
is convex, because for any β ∈ [0, 1] and any X1, X2 ∈

Adm
(
Â, b

)
it holds that

Â(βX1 + (1 − β)X2) = βÂ(X1) + (1 − β)Â(X2) = βb + (1 − β)b = b

and therefore, βX1 + (1 − β)X2 ∈ Adm(Â, b). Obviously, the sought tensor T is contained
in Adm

(
Â, b

)
, however, assuming incomplete measurements, i.e. N <

∏d
µ=1 nµ, there

are also infinitely many other admissible tensors, as Â(X ) = b is a system of N linear
equations in a

∏d
µ=1 nµ-dimensional space. Without further restrictions, the recovery

problem is therefore fundamentally ill-posed. As mentioned in the beginning, we use the
assumption that T has a small TT-rank r = (r1, . . . , rd−1). Similar to the matrix case,
this could in principle allow a reconstruction of T from highly incomplete measurements,
as the TT-manifold of rank r has a dimension

∑d
µ=1 rµ−1nµrµ −

∑d−1
µ=1 r2

µ, where as a
convention r0 = rd = 1. As a consequence, O(dnr2) measurements, where r = max(rµ)
and n = max(nµ), could be sufficient to determine T as the single admissible tensor with
TT-rank at most r, i.e.

Adm
(
Â, b

)
∩ MTT

⪯r

(
Rn1×...×nd

)
= {T } . (5.8)

5.2.2 Reconstruction Approaches

There are several different ways to approach the tensor recovery problem. The most
straightforward approach is to simply use one of the matricizations of T . If T has
TT-rank (r1, . . . , rd−1), then Corollary 3.21 provides that the matricizations T <µ> have
rank rµ, i.e. a low TT-rank directly implies a low rank of these matricizations. The
measurement operator Â can straightforwardly be transformed to an operator acting on
the matricizations and thus, the complete machinery of matrix recovery introduced in
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Section 5.1 can be applied to reconstruct T through one of its matricizations. In particular,
recovery guarantees from the matrix theory directly extend to the tensor setting in this
way. However, a simple parameter counting argument suggest that this is not the best
approach. Due to its rank, the µ-th matricization has

dim
(
Mrµ

(
Rn1·...·nµ×nµ+1·...·nd

))
= rµ

⎛⎝ µ∏
ν=1

nν +
d∏

ν=µ+1
nν − rµ

⎞⎠ (5.9)

degrees of freedom. This gives a definite lower bound for the number of measurements
needed. In almost all cases, this is much more than the

dim
(
MTT

r

(
Rn1×...×nd

))
=

d∑
ν=1

rν−1nνrν −
d−1∑
ν=1

r2
ν

degrees of freedom that T has according to its TT-rank (see Theorem 3.23). In particular,
the required number of measurements imposed by (5.9) scale exponentially in the order,
because either

∏µ
ν=1 nν or

∏d
ν=µ+1 nν has to scale as Θ(nd/2). In contrast, the degrees of

freedom only scale as O(dnr2) judging from the TT-rank. Therefore, in order to obtain
a linear scaling in the order, one requires an approach which is based on the complete
TT-rank, rather than using one of its entries via a single matricization.

As with matrices, it would be favorable to have an inherently rank adaptive formulation
for tensor reconstruction, which does not require an a priori guess for the TT-rank. In the
matrix setting, this was achieved by minimizing the rank on the set of admissible matrices,
as formalized in Problem 5.1. Formally, one can define an analogous optimization problem,

minimize TT-rank(X )

subject to Â(X ) = b ,
(5.10)

where the minimization is with respect to the partial order ⪯ from Definition 3.12. As
with matrices, the solution is in general not unique, as there can be several tensors with
the same (minimal) rank. Additionally, as ⪯ is only a partial order, there is also the
possibility that there are several solutions with different ranks. In particular, there could
be two (or more) minimal elements, but no least element, i.e. admissible tensors X and X̄
with TT-ranks r and r̄ respectively, such that{

Y ∈ Adm
(
Â, b

) ⏐⏐⏐ TT-rank(Y) ⪯ r
}

= ∅ =
{

Y ∈ Adm
(
Â, b

) ⏐⏐⏐ TT-rank(Y) ⪯ r̄
}

but rµ < r̄µ and rν > r̄ν for some µ, ν. Therefore, even if (5.8) holds, this optimization
might fail to have a unique solution. A possible alternative is to interpret the low TT-rank
as multiple separate structures, one for each involved matricization, and introduce a
function F : Rd−1 → R to map the corresponding ranks to the real numbers and minimize
according to this function, i.e.

minimize F (TT-rank(X ))

subject to Â(X ) = b .
(5.11)
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Using this optimization problem, T is reconstructable, i.e. the unique solution, if and only
if

Adm
(
Â, b

)
∩
{
Y ∈ Rn1×...×nd

⏐⏐ F (TT-rank(Y)) ≤ F (TT-rank(T ))
}

= {T } .

A popular choice for F is a (weighted) sum of the ranks, i.e.

F (r) =
d−1∑
µ=1

λµrµ ,

with positive λ ∈ R. It is noteworthy that, using strictly positive weights, this preserves
all unique solutions of the original problem.

Proposition 5.10. If X ∈ Rn1×...×nd is the unique solution of Problem (5.10), then it is
also the unique solution of Problem (5.11) for any weighted sum F with strictly positive
weights.

Proof. Assume towards contradiction, that Y ̸= X is a solution of Problem (5.11) with
TT-rank r′. This implies that

F (r′) =
d−1∑
µ=1

λµr′
µ ≤

d−1∑
µ=1

λµrµ = F (r)

and therefore, that either r′ = r or r′
µ < rµ for at least one µ holds. In both cases,

Y is also a solution to (5.10), which would therefore be non-unique in contradiction to
the assumption that X is the unique solution. In this first case, this is obvious, as Y is
admissible and has the same rank as the solution X . For the latter case, note that there
can be no admissible tensor Z with rank r′′ ⪯ r′, as this would imply F (r′′) < F (r′) and
thereby that Z and not Y is a solution of (5.11).

Other choices for F are possible as well, for example using the dimension of the corre-
sponding manifold

F (r) =
d∑

i=1
ri−1niri −

d−1∑
i=1

r2
i , (5.12)

minimizes the actual degrees of freedom.3

The main problem is that the minimization (5.11) is still NP-hard for most choices of F ,
because the matrix recovery rank minimization is contained as a special case. This is in
particular true for any weighted sum and for (5.12), which are both equivalent to Problem
5.1 for d = 2. For matrices, the remedy is to replace the NP-hard rank minimization
with the convex nuclear norm minimization. As (5.11) is a minimization over the ranks
of several matricizations, a tempting approach to avoid the NP-hardness, is to use the
nuclear norms of the respective matricization, instead of the ranks. The minimization thus
becomes

minimize F
(
∥X<1>∥∗, . . . , ∥X<d−1>∥∗

)
subject to Â(X ) = b .

(5.13)

3Again, we use the convention that r0 = rd = 1.
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It is easily verified that ∥Mat(1,...,µ) (·)∥∗ defines a norm on Rn1×...×nd . Therefore, if F is
a convex function, then (5.13) is a convex optimization problem. This is in particular
true for any weighted sum and for (5.12). For order two, both are also equivalent to the
convex matrix recovery, Problem 5.2. In the early works on tensor recovery, this approach
to obtain a convex tensor recovery optimization was often used for the Tucker format.
The setting for the Tucker format is completely analogous, with the only difference that
instead of the TT-rank, the Tucker-rank tuple and the respective nuclear norms have to
be minimized. A weighted sum of the (Tucker) nuclear norms is for example used by Liu
et al. [42], Gandy et al. [55], Tomioka et al. [136], and Kreimer and Sacchi [137] for tensor
recovery. A more general discussion of sums of (Tucker) nuclear norms as a generalization
of the matrix nuclear norm is done by Signoretto et al. [138]. In the TT-format, weighted
sums of nuclear norms are for example used by Phien et al. [139] for tensor recovery.
While successful reconstruction from incomplete measurements is indeed observed given a
sufficiently large number of measurements, the theoretical as well as practical results for
both formats are not completely satisfactory. Especially the number of samples needed for
successful reconstruction exceeds the degrees of freedom by far, e.g. for the Tucker format
mostly of order Ω(rnd−1) samples are needed, compared to the O(dnr + rd) degrees of
freedom of a tensor of Tucker-rank r according to Theorem 3.16, see [140].

The underlying problem here is the convex relaxation. For matrices, it was shown that
the nuclear norm is the convex envelope of the rank function on the set of matrices with
spectral norm bonded by one. Therefore, replacing the rank function by the nuclear norm
gives in some respect the tightest convex relaxation of the rank minimization problem for
matrices. Unfortunately, this result does not extend to higher order tensors, as shown by
Romera-Paredes and Pontil [141] for the Tucker format. In particular, they show that for
d ≥ 3 the sum of the corresponding nuclear norms is not the convex envelope of the sum of
the Tucker-rank entries. Much more generally, Oymak et al. [142] show that this general
method of forming a convex relaxation cannot yield the desired result. In particular, they
show that if the sought-after object is structured in several ways, where each structure can
be promoted by minimizing an associated norm, then minimizing any combination these
norms, one can do no better order-wise than using only one of the present structures, in
terms of measurements needed. As a special case, this includes our setting of tensors, which
are structured by the small ranks of the different matricizations used in the Tucker or TT
format, which can each be promoted by the corresponding nuclear norm. A similar result
was also obtained and demonstrated for the tensor recovery in the Tucker format by Mu
et al. [140]. A particular consequence of these results is that for the TT-format, using any
convex relaxation formed in this way, one requires an exponential number of measurements
for successful reconstruction, as was shown at the beginning of this section for the use
of a single matricization rank. While these results represent a significant difficulty, it is
important to note that they do not imply that no reconstruction efficiently exploiting all
sparsity structures is possible. However, such approaches require more involved convex
relaxations than the ones obtained by combining the nuclear norms of the matricizations.
The question of the convex envelope, i.e. the optimal convex relaxation, for the weighted
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sum of the ranks is still open, but there are several new convex relaxations being proposed
for tensor recovery, for example by Romera-Paredes and Pontil [141] and Yuan and Zhang
[143].

In this work, a different approach is chosen to obtain a tractable reconstruction problem.
The idea is to split the reconstruction into an optimization on the low rank manifold and a
rank adaptation. First, assume that an upper bound r∗ = (r∗

1, . . . , r∗
d−1) for the TT-rank r

of the unknown tensor T is known, i.e. r ⪯ r∗. We say that T is uniquely reconstructable
from this information, if T is the only admissible tensor with TT-rank ⪯ r∗, i.e. if

Adm
(
Â, b

)
∩ MTT

⪯r∗
(
Rn1×...×nd

)
= {T } .

A sufficient condition for this can be given using a generalization of the restricted isometry
property (RIP) introduced in Definition 5.4 for matrix recovery. A similar extension of
the RIP to higher order tensors was first introduced by Rauhut et al. [56] for the Tucker
format.

Definition 5.11 (Tensor Restricted Isometry Property (TRIP)). Let Â : Rn1×...×nd → RN

be a linear measurement operator. For every rank tuple r = (r1, . . . , rd−1), the r-restricted
isometry constant (r-RIC) is defined as the smallest number δr(Â), such that

(1 − δr(Â))∥X ∥F ≤ ∥Â (X )∥2 ≤ (1 + δr(Â))∥X ∥F

holds for all tensors X ∈ Rn1×...×nd with TT-rank r′ ⪯ r. Â is said to satisfy the tensor
restricted isometry property of order r if δr(Â) < 1.

Note that from the definition, it directly follows that δr ≤ δr′ for r ⪯ r′. A sufficient
condition for the uniqueness of T can now be given by the following proposition.

Proposition 5.12. Let Â be a measurement operator that satisfies the TRIP of order
2r = (2r1, . . . , 2rd−1) and let b = Â (T ) be the corresponding measurements of a tensor T
with TT-rank r. Then, T is the unique tensor for which

Â (X ) = b

and TT-rank (X ) ⪯ r
(5.14)

holds.

Proof. It is clear that T is a solution. To show that it is unique, assume that Y ∈ Rn1×...×nd

is any solution to (5.14). From Section 3.4.4, we know that the TT-rank of a sum of
tensors is bounded by the (entrywise) sum of the ranks. Since TT-rank(Y) ⪯ r, it follows
that T − Y is a tensor of TT-rank at most 2r. Using the TRIP, it follows

0 = ∥b − b∥2 = ∥Â (T ) − Â (Y)∥2 = ∥Â (T − Y)∥2 ≥ (1 − δ2r)  
>0

∥T − Y∥F ,

and therefore, ∥T − Y∥F = 0 and Y = T as demanded.
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For the practical applicability of this sufficient condition, it is important that the TRIP
is indeed satisfied for practically obtainable measurement operators. For random mea-
surements, this is shown by Rauhut et al. [65], who prove that the TRIP is with high
probability satisfied for randomly sampled measurement operators.

Theorem 5.13 (Rauhut et al. [61, 65]). Let r = (r1, . . . , rd) be a rank tuple, let
ϵ, δr ∈ (0, 1) be constants and let A ∈ RN×n1×...×nd be a measurement tensor with en-
tries sampled independently at random from N (0, 1/N). Then, the measurement operator
Â : Rn1×...×nd → RN induced via (5.6) satisfies the TRIP of order r with RIC δr, with
probability at least 1 − ϵ, provided that

N ≥ Cδ−2
r max

{
dnr2 log(dr), log(ϵ−1)

}
,

where r = maxi(ri), n = maxi(ni) and C is a universal constant.

Up to the logarithmic factor log(dr), the number of measurements needed is order-wise
already optimal. Together with Proposition 5.12, this theorem shows that low rank tensors
can indeed often be reconstructed from a number of random linear measurements, which
scales almost linearly in the order.

Unfortunately, these results are for completely dense measurement operators, which by
themselves require an exponential complexity in the order. For the tensor completion
setting, it can be shown that no TRIP of any order is satisfied.

Proposition 5.14. Let ÂΩ be the measurement operator induced by a set of measured
positions Ω. Then, ÂΩ does not satisfy the TRIP of any order r.

Proof. Let Y = ei1 ⊗ . . . ⊗ eid
be the TT-rank one tensor, which is non-zero only at

a position (i1, . . . , id) /∈ Ω that is not measured. Then, ∥Y∥F = 1 and ÂΩ (Y) = 0.
Consequently, the (1, . . . , 1)-RIC of ÂΩ has to fulfill

(1 − δ(1,...,1)) = (1 − δ(1,...,1))∥Y∥F ≤ ∥ÂΩ (Y)∥2 = 0 ,

from which δ(1,...,1) ≥ 1 follows. As (1, . . . , 1) is the minimal TT-rank, for every TT-rank
r, the r-RIC is larger δr ≥ δ(1,...,1) ≥ 1.

Nevertheless, there are recent results by Ashraphijuo and Wang [67], which show that also
in the tensor completion setting, most tensors have a unique low rank completion for most
measurement sets of sufficient size. One of the main results is the following theorem.

Theorem 5.15 (Ashraphijuo and Wang [67, Lemma 5.8]). Let T ∈ Rn×n×...×n be an
order d tensors of TT-rank (r1, . . . , rd−1) that shall be completed from an incomplete
set of know entries. Define m =

∑d−2
k=1 rk−1rk, M = n

∑d−2
k=1 rk−1rk −

∑d−2
k=1 r2

k and r′ =
max

{
r1
r0

, r2
r1

, . . . , rd−2
rd−3

}
, where by convention r0 = 1. Assume that n > max{m + d, 400}
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and r′ ≤ min(n
6 , rd−2) hold and also let 0 < ϵ < 1 be given. Moreover, assume that the

sampling probability satisfies

p >
1

nd−2 max
{

63 log
(4n

ϵ

)
+ 9 log

(8M

ϵ

)
+ 18, 6rd−2

}
+ 1

4√
nd−2

Then, with probability at least (1 − ϵ)
(
1 − exp(−

√
nd−2

2 )
)n2

, T is uniquely reconstructable.

Compared to Theorem 5.13, the bound on the measurements is much worse, in particular,
it is not linear in the order, suggesting room for future improvement.

Now if T is the unique tensor of TT-rank at most r∗ compatible with the measurements,
then T is also the unique solution of the following optimization problem.

minimize ∥Â (X ) − b∥2

subject to TT-rank (X ) ⪯ r∗ .
(5.15)

That is, one searches for the tensor with TT-rank bounded by r∗, which best fits the
measurements. Using the TRIP, it can be shown that this formulation is stable with
respect to noisy measurements.

Proposition 5.16. Let T be an unknown tensor with TT-rank r ⪯ r∗ and let Â be a
measurement operator that fulfills the TRIP of order 2r∗ with RIC δ2r∗. Assume that the
measurements are corrupted by noise, i.e.

b = Â (T + E) = Â (T ) + Â (E) ,

for an arbitrary measurement error E ∈ Rn1×...×nd with ∥Â(E)∥2 ≤ ϵ. Let T ∗ be the
corresponding solution of Problem (5.15). For the reconstruction error, it holds that

∥T ∗ − T ∥F ≤ 2ϵ

1 − δ2r
,

i.e. the reconstruction error is linearly bounded in the measurement error.

Proof. It holds that

∥Â(T ) − b∥2 = ∥Â(T ) − Â (T ) − Â (E)∥2 = ∥Â(E)∥2 ≤ ϵ .

Therefore, the solution T ∗ of Problem (5.15) has to fulfill

∥Â(T ∗) − b∥2 ≤ ϵ

and TT-rank(T ∗) ⪯ r∗. By assumption, T has TT-rank bounded by r∗ as well. Therefore,
using the TRIP and the fact that T ∗ − T has TT-rank at most 2r∗, it follows that

∥T ∗ − T ∥F ≤ 1
1 − δ2r

∥Â(T ∗ − T )∥2

= 1
1 − δ2r

∥Â(T ∗) − b + b − Â(T )∥

≤ 1
1 − δ2r

(
∥Â(T ∗) − b∥ + ∥b − Â(T )∥

)
≤ 2ϵ

1 − δ2r
,
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as claimed.

The following section introduces methods to solve Problem (5.15) for different types of
measurements, as well as strategies to find a rank estimate r∗, should it not be known in
advance.

5.3 Algorithmic Treatment of the Tensor Reconstruction
Problem

The previous section showed that some of the reconstruction guarantees for matrices can
be generalized to higher order tensors. However, in contrast to the matrix recovery setting,
finding an optimal convex relaxation of the NP-hard rank minimization problem turns
out to be a major difficulty. Circumventing this problem, we assume that an estimate
r for the rank is known, thereby transforming the tensor reconstruction problem to an
optimization problem on the set MTT

⪯r (Rn1×...×nd) of low TT-rank tensors. More precisely,
given a measurement operator Â : Rn1×...×nd → RN and the corresponding measurements
b = Â(T ) ∈ RN of an otherwise unknown tensor T ∈ Rn1×...×nd , the recovery problem
becomes

minimze J(X ) =
Â(X ) − b

2

2

subject to TT-rank(X ) ⪯ r
. (5.16)

This section introduces several methods for tackling this optimization problem. The focus
is on the alternating steepest descent method presented at the end of the section. For this
method, rank adaptation strategies are also introduced, which provide estimates for the
rank of the unknown tensor, if none is available a priori.

5.3.1 Iterative Hard Thresholding

Iterative hard thresholding (IHT) is a rather simple, yet quite powerful, method for tensor
recovery. The IHT principle is successfully used in classical compressive sensing, as well as
matrix completion, see e.g. the work of Tanner and Wei [132] and Blumensath and Davies
[144]. For tensor recovery, the IHT algorithm was introduced and refined by Rauhut et al.
[56, 61, 65]. Notably, Rauhut et al. [65] were able to prove local recovery guarantees for
the IHT in the tensor recovery setting using the TRIP.

The fundamental idea behind the IHT algorithm is to combine a gradient descent iteration
with a rank truncation in each step. Using the fixed rank optimization formulation (5.16),
the gradient G is given by

G(X ) := ∇J(X ) = ∇
Â (X ) − b

2

2
= 2 ÂT

(
Â(X ) − b

)
.

107



5 Tensor Recovery

Starting at some X0, the iterations of the IHT algorithm are defined recursively as

Xi+1 := Ĥr (Xi − βiG(Xi)) = Ĥr

(
Xi − βiÂT

(
Â(Xi) − b

))
,

where Ĥr : Rn1×...×nd → MTT
⪯r (Rn1×...×nd) is a hard thresholding operator and βi is a

sequence of step sizes. Ideally, one wants the hard thresholding operator Ĥr : Rn1×...×nd →
MTT

⪯r (Rn1×...×nd) to use the best rank r approximation, i.e.

Ĥr(X ) = argmin
Y∈MTT

⪯r
(Rn1×...×nd )

∥X − Y∥ .

However, as finding this best approximation is NP-hard in general (see Section 3.4.2), the
quasi-best rank r approximation obtained by a truncated TT-SVD is usually used instead.
Obtaining good step sizes for the IHT algorithm is a non-trivial task as well. The locally
optimal step sizes are

βopt
i = argmin

β∈R

Â(Ĥr (Xi − βG(Xi))
)

− b


2
. (5.17)

That is, the step sizes are chosen, such that the residual for the next iterate is minimal.
However, to the authors knowledge, there is no analytic solution to (5.17) for any commonly
used thresholding operator Ĥr , which therefore requires rather expensive backtracking or
similar approaches. Nevertheless, there are several approximations available, which are
obtained by replacing the hard-thresholding operator Ĥr in (5.17), thus yielding inexpensive
to calculate step sizes. In particular, one example is to neglect the hard-thresholding
operator, and instead project the gradient onto the tangent space TXiMTT

r (Rn1×...×nd) at
the current iterate, resulting in

βapp
i = argmin

β∈R

Â(Xi − βP̂TXi
(G(Xi))

)
− b


2

=

⟨
Â(Xi) − b , Â

(
P̂TXi

(G(Xi))
)⟩

Â(P̂TXi
(G(Xi))

)2

2

.

For more details on different choices for the step sizes, see the work of Kressner et al. [57]
and Rauhut et al. [65].

The advantages of the IHT algorithm are its simplicity and the local recovery guarantees
mentioned in the beginning. The main disadvantage is that without further approximation,
the complexity of the IHT algorithm is exponential in the order, even in the tensor
completion setting. This is due to the use of the TT-SVD in every step, to calculate the
low rank approximation of Xi − βiG(Xi). A possible remedy in the completion setting is
that the gradient G(Xi) = 2 ÂT

(
Â(Xi) − b

)
= 2P̂Ω(Xi − B) is sparse and that the current

iterate Xi is of low rank. As explained in Section 4.4, this could allow the application of
the randomized TT-SVD (using structured random tensors) at non-exponential costs. A
detailed analysis of the impact of the introduced stochastic error is a subject of future
work.
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5.3.2 Riemannian Optimization Algorithms

Riemannian optimization algorithms are similar to the IHT algorithm, but more involved.
Here, the idea is to use tools from differential geometry to reformulate the restricted
optimization problem in Rn1×...×nd (5.16) as an unrestricted optimization problem on
the low rank manifold MTT

r (Rn1×...×nd) (see Theorem 3.23). Using the Euclidean metric
on Rn1×...×nd induced by the Frobenius scalar product as the metric on the embedded
manifold, MTT

r (Rn1×...×nd) becomes a Riemannian manifold. This allows the formulation
of different line search algorithms utilizing the Riemannian gradient.

For a target function J : Rn1×...×nd → R in the ambient space, let J̃ : MTT
r (Rn1×...×nd) →

R denote its restriction to MTT
r (Rn1×...×nd). Then the Riemannian gradient Grad J̃(X ) on

MTT
r (Rn1×...×nd) can be obtained by projecting the Euclidean gradient onto the tangent

space (see e.g. [64, 145]), i.e.

Grad J̃(X ) = P̂TX (∇J(X )) ,

where P̂TX is the projector onto the tangent space of MTT
r (Rn1×...×nd) at the point X . Now,

given an update direction Z in the tangent space, e.g. the negative Riemannian gradient,
one also needs a way to “move” in that direction on the manifold. In theory, the best
method is to use the exponential map ExpX : TX MTT

r (Rn1×...×nd) → MTT
r (Rn1×...×nd),

which, starting from X , moves in the direction of Z along the corresponding geodesic for a
distance of ∥Z∥. Unfortunately, however, there is no analytic expression for the exponential
map available for MTT

r (Rn1×...×nd). Instead, one usually resorts to a retraction RX :
TX MTT

r (Rn1×...×nd) → MTT
r (Rn1×...×nd), which is an approximation of the exponential

map, see [145] for details. In the tensor train format, an example of a retraction is defined
by the TT-SVD via

RX (Z) := TT-SVD(X + Z) ,

as shown by Steinlechner [64]. Using these tools, a steepest descent iteration on the
manifold MTT

r (Rn1×...×nd) is given by

Xi+1 := RXi

(
−βi Grad J̃(Xi)

)
= RXi

(
−βiP̂TX (∇J(Xi))

)
, (5.18)

where the βi are some step sizes. Using the TT-SVD as retraction, this is almost equivalent
to the IHT algorithm of the previous section, with the distinction, that here the Riemannian
gradient is used instead of the Euclidean one.

It is also possible to formulate higher order algorithms, such as the conjugated gradient
method in the Riemannian setting. This additionally requires a method of “moving”
tangent vectors from the tangent space TXiMTT

r (Rn1×...×nd) at the point Xi to the
tangent space TXi+1MTT

r (Rn1×...×nd) at a subsequent point Xi+1. Again, the optimal
differential geometric tool, the parallel transport, is computationally infeasible on the TT
manifold. However, the vector transport introduced by Absil et al. [145] defines a class of
approximations, which can be used to accomplish this task.
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The differential geometric concepts of retraction and vector transport and their use for
optimization on manifolds is introduced in detail in the monograph by Absil et al. [145].
For tensor completion, Riemannian optimization algorithms are formulated and examined
by Kressner et al. [57] and Kasai and Mishra [62] in the Tucker and by Steinlechner [63] and
Steinlechner [64] in the tensor train format. For the TT-Format, Steinlechner [63] showed
that a computational complexity of O(d(n + |Ω|)r2) for one iteration of a Riemannian
conjugated gradient algorithms is achievable in the tensor completion setting. In many
examples, this allows the reconstruction of a high dimensional tensor in sub-exponential
complexity with respect to the order.

5.3.3 Alternating Least Squares

A conceptually different approach is the alternating least squares (ALS) algorithm, already
described in Section 4.4. Recall that the fundamental idea is to create a nonlinear Gauss-
Seidel iteration minimizing the global objective function J : Rn1×...×nd → R, by optimizing
only one component in the tensor train parametrization at a time. As the parametrization
X = U1 ◦ . . . ◦ Ud is multilinear in the parameters Uµ ∈ Rrµ−1×nµ×rµ , fixing all components
Uµ except the ν-th component Uν provides a parametrization of X that is linear in this
remaining component,

X := X (Wν) := U1 ◦ . . . ◦ Wν ◦ . . . ◦ Ud Wν ∈ Rrν−1×nν×rν .

Hence, the global optimization problem in the large ambient space Rn1×...×nd induces an
optimization problem

Uν := argmin
Wν∈Rrν−1×nν ×rν

J (X (Wν))

in the relatively small Rrν−1×nν×rν , which can be solved inexpensively. This procedure
is applied sequentially for ν = 1, . . . , d, which as a whole is called one half-sweep. These
half-sweeps are iterated, yielding an algorithm minimizing the global objective function
J . For numerical practicability and stability, it is favorable to move the core along and
only optimize at the core component. The basic procedure of alternating least squares
is outlined in Algorithm 7. For details, the reader is referred to the work of Holtz et al.
[97], where further general and implementational details of the ALS can be found. Some
general convergence results for ALS-like algorithms are shown by Espig et al. [98].

Using the fixed rank formulation (5.16) of the tensor recovery problem, the global objective
function is

J(X ) :=
Â (X ) − b

2

2
.

For the tensor completion setting, it was shown by Grasedyck et al. [60] that the ALS can
be implemented very efficiently for this objective function. In particular, a computational
complexity of O(dr4|Ω|) per half-sweep can be realized. For this setting, Grasedyck and
Krämer [66] present stable rank adaptation techniques, for the case that the TT-rank is
not known a priori.
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Algorithm 7: Basic Alternating Least Squares
Input : Initial guess X = U1, . . . , Ud ∈ Rn1×...×nd , target function J : Rn1×...×nd → R
Output : Solution X = U1, . . . , Ud ∈ Rn1×...×nd

1 while stopping criteria not fulfilled do
2 for ν = 1, . . . , d do
3 Move core to position ν

4 Set Uν := argmin
Wν∈Rrν−1×nν ×rν

J(U1 ◦ . . . ◦ Uν−1 ◦ Wν ◦ Uν+1 ◦ . . . ◦ Ud)

5.3.4 Alternating Steepest Descent

In this work, we focus on the alternating steepest descent (ASD) algorithm, which can
be considered to lie somewhere in-between the Riemannian algorithms and the ALS. The
fundamental idea is to use the closed form of the projection operator TX MTT

r (Rn1×...×nd)
onto the tangent space of the TT-manifold, established in Theorem 3.25, to define a
gradient descent algorithm optimizing in only one of the spaces Vµ from Theorem 3.25 at
a time. The ASD algorithm can be seen as a generalization of the alternating directional
fitting (ADF) algorithm developed by Grasedyck et al. [59, 60] for tensor completion.
However, the derivation as a projected gradient descent presented in the following is quite
different and provides additional insight into the algorithm.

As established in Theorem 3.23, the set of TT-rank r tensors MTT
r (Rn1×...×nd) forms a

smooth embedded manifold and according to Theorem 3.24, given a point X = U1◦. . .◦Ud ∈
MTT

r (Rn1×...×nd) with left-orthogonal U1, . . . , Ud−1, the tangent space TX MTT
r (Rn1×...×nd)

at X can be expressed as

TX MTT
r

(
Rn1×...×nd

)
= V1 ⊕ . . . ⊕ Vd ,

where

V1 =
{
K ◦ U2 ◦ . . . ◦ Ud

⏐⏐ K ∈ Rn1×r1 , U1 ◦ K = 0
}

,

Vµ =
{

U1 ◦ . . . ◦ Uµ−1 ◦ K ◦ Uµ+1 ◦ . . . ◦ Ud | K ∈ Rrµ−1×nµ×rµ , Uµ ∗(1,2),(1,2) K = 0
}

,

for µ = 1, . . . , d − 1 and

Vd =
{
U1 ◦ . . . ◦ Ud−1 ◦ K | K ∈ Rrd−1×nd

}
.

The essential idea of the ASD algorithm is to create an iteration by projecting the Euclidean
gradient of some target functional J : Rn1×...×nd → R onto one of the spaces Vµ at a
time and perform an update in that direction. For this purpose, it is required that the
spaces partition the tangent space, but not necessarily that they are orthogonal or disjoint.
We can therefore simplify the calculation and in practice accelerate the algorithm, by
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considering the enlarged spaces

Ṽ1 =
{
K ◦ U2 ◦ . . . ◦ Ud

⏐⏐ K ∈ Rn1×r1
}

,

Ṽµ =
{
U1 ◦ . . . ◦ Uµ−1 ◦ K ◦ Uµ+1 ◦ . . . ◦ Ud | K ∈ Rrµ−1×nµ×rµ

}
, (5.19)

Ṽd =
{
U1 ◦ . . . ◦ Ud−1 ◦ K | K ∈ Rrd−1×nd

}
,

where we drop the orthogonality constraint for 1 ≤ µ < d. Next, we show that these
enlarged spaces span the tangent space and nothing more. In order to avoid unnecessary
clutter, we will omit the special treatment for µ = 1 and µ = d in the following, whenever
the necessary changes to the formulas are self-evident.

Proposition 5.17. For the enlarged spaces Ṽµ from (5.19), it holds that

TX MTT
r

(
Rn1×...×nd

)
= Ṽ1 + . . . + Ṽd .

Proof. Let Irµ−1×nµ ∈ Rrµ−1×nµ×rµ−1×nµ denote the generalized identity, in the sense that
I<2>

rµ−1×nµ
= I ∈ R(rµ−1nµ)×(rµ−1nµ). Note that Uµ is left-orthogonal for all µ < d. Therefore,

for any K ∈ Rrµ−1×nµ×rµ there holds

K =
(
Irµ−1×nµ − (Uµ ∗3,3 Uµ)

)
∗(1,2),(1,2) K  

=:K⊥∈Rrµ−1×nµ×rµ

+ (Uµ ∗3,3 Uµ) ∗(1,2),(1,2) K  
=:K∥∈Rrµ−1×nµ×rµ

=
(
Irµ−1×nµ − (Uµ ∗3,3 Uµ)

)
∗(1,2),(1,2) K  

=:K⊥∈Rrµ−1×nµ×rµ

+ Uµ ◦
(
Uµ ∗(1,2),(1,2) K

)
  

=:K̃∥∈Rrµ×rµ

and it is easy to see that Uµ ∗(1,2),(1,2) K⊥ = 0. From this, it follows that

U1 ◦ . . . ◦ Uµ−1 ◦ K ◦ Uµ+1 ◦ . . . ◦ Ud

= U1 ◦ . . . ◦ Uµ−1 ◦ K⊥ ◦ Uµ+1 ◦ . . . ◦ Ud  
∈Vµ

+ U1 ◦ . . . ◦ Uµ−1 ◦ Uµ ◦
(
K̃∥ ◦ Uµ+1

)
◦ . . . ◦ Ud  

∈Ṽµ+1

holds, i.e. any element of Ṽµ can be decomposed as one element from Vµ and one from
Ṽµ+1. As Ṽd = Vd holds, this implies that the Ṽµ and Vµ span the same space, which
concludes the proof.

Note, however, that in contrast to the Vµ, the enlarged spaces Ṽµ are neither disjoint
nor orthogonal anymore. Using the closed form of the tangent space projection from
Theorem 3.25, the projectors P̂µ : Rn1×...×nd → Ṽµ ⊆ TX MTT

r (Rn1×...×nd) (called P̂ +
µ in

the theorem) onto the enlarged spaces Ṽµ can be given as

P̂µ(Y) =
(
U<µ ∗(µ),(µ) U<µ

)
◦µ−1 Y ◦d−µ

(
U>µ ∗(1),(1) U>µ

)
,

where we used the tensors U<µ and U>µ from Theorem 3.25. In the alternating steepest
descent, we use the negative Euclidean gradient ∇J(Xi) at the current iterate as update
direction. An abstract outline of the resulting procedure is provided in Algorithm 8.

112



5.3 Algorithmic Treatment of the Tensor Reconstruction Problem

Algorithm 8: Abstract Alternating Steepest Descent
Input : Initial guess X ∈ Rn1×...×nd , target function J : Rn1×...×nd → R
Output : Solution X ∈ Rn1×...×nd

1 for i = 1, 2, . . . do
2 for µ = 1, . . . , d do
3 Calculate the projected gradient P̂µ(∇J(X ))
4 Determine step size βi

5 Update X := X − βiP̂µ(∇J(X ))

In some respects, this is similar to the Riemannian gradient descent in (5.18), with the
main difference that instead of using the complete Riemannian gradient in each iteration,
its orthogonal projection onto one of the spaces Ṽµ is used. The main advantage is that
independent of step size, such an update never leaves the manifold and therefore, no
retraction is required at all.4

Lemma 5.18. Let X ∈ Rn1×...×nd be a tensor of rank r given in a TT-decomposition
X = U1 ◦ . . . ◦ Ud with core position µ. Given an update direction Z ∈ Rn1×...×nd, the
update X+ = X + βP̂µ(Z) can be given as

X+ = U1 ◦ . . . Uµ−1 ◦ (Uµ + βWµ) ◦ Uµ+1 ◦ . . . ◦ Ud = U<µ ◦ (Uµ + βWµ) ◦ U>µ ,

with

Wµ := U<µ ∗(1,...,µ−1),(1,...,µ−1) (Z) ∗(µ+1,...,d),(2,...,d−µ+1) U>µ ∈ Rrµ−1×nµ×rµ . (5.20)

In particular, the rank of X+ is bounded by the rank of X .

Proof. The result follows directly from the observation that

P̂µ(Z) =
(
U<µ ∗(µ),(µ) U<µ

)
◦µ−1 (Z) ◦d−µ

(
U>µ ∗(1),(1) U>µ

)
= U<µ ◦

(
U<µ ∗(1,...,µ−1),(1,...,µ−1) (Z) ∗(µ+1,...,d),(2,...,d−µ+1) U>µ

)
  

=Wµ

◦ U>µ

holds and the linearity of the contraction.

In contrast to the Riemannian optimization algorithms as introduced in Section 5.3.2,
which rely on a retraction to stay on the manifold, this allows a direct calculation of the
optimal step size with respect to the global target function J . Given the current iterate X
and an update direction Z, the optimal step size is given by

β = argmin
β∈R

Â(X − βP̂µ(Z)
)

− b
2

2
=

⟨
Â(X ) − b, Â(P̂µ(Z))

⟩
Â(P̂µ(Z))

2

2

.

4That is, the rank cannot increase. Theoretically, the update could end in a critical point, i.e. a tensor
with smaller rank.
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If the update is in direction of the gradient Z = ÂT
(
Â(X ) − b

)
, we can use the definition

of Wµ from (5.20) and simplify this to

β =

⟨
Â(X ) − b, Â

(
P̂µ

(
ÂT
(
Â(X ) − b

)))⟩
Â(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2

=
∥Wµ∥2

FÂ(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2

,

where we used that P̂µ is an orthogonal subspace projector and the fact that the complete
Frobenius norm of a tensor in TT-representation can be obtained from the core component.

As a further side effect, Proposition 5.18 shows that it suffices to calculate (5.20) and then
perform a computationally inexpensive addition exclusively within the core component.
Using a different derivation, Grasedyck et al. [60] show that this can be exploited to create
a very efficient algorithm for the tensor completion problem, exhibiting a computational
complexity of only O(dr2|Ω|) per half-sweep.5 Here, half-sweep means one step for each
projector P̂µ, 1 ≤ µ ≤ d. In the following, we show that a similar construction allows an
efficient algorithm for the more general setting of tensor recovery using rank-one samples,
as defined in (5.7).

Consider the optimization problem in (5.16), with a measurement operator

Â(X )[k] :=
∑

i1,...,id

a1,k[i1] a2,k[i2] . . . ad,k[id]X [i1, . . . , id] aµ,k ∈ Rnµ

using N rank-one samples. At the heart of an efficient implementation are stacks SLeft
µ,k

and SRight
µ,k defined as

SLeft
1,k := a1,k ◦ U1 ∈ Rr1

SLeft
µ,k := aµ,k ◦

(
SLeft

µ−1,k ◦ Uµ

)
∈ Rrµ (5.21)

SRight
d,k := Ud ◦ ad,k ∈ Rrd−1

SRight
µ,k :=

(
Uµ ◦ SRight

µ+1,k

)
◦ aµ,k ∈ Rrµ−1 , (5.22)

where the Uµ in the definition of SLeft
µ,k are assumed to be left-orthogonal and those in

the definition of SRight
µ,k are assumed to be right-orthogonal. The calculations of SLeft

µ,k and
SRight

µ,k each have computational complexity O(nr2), assuming that SLeft
µ−1,k and SRight

µ+1,k, as
well as the appropriately orthogonalized Uµ, are directly available. The crucial components
of the algorithm are Â(P̂µ(∇J(X ))) = Â(P̂µ(ÂT (Â(X ) − b))), which are needed for the
calculation of the optimal step size and the core component of projected update direction

Wµ := U<µ ∗(1,...,µ−1),(1,...,µ−1)
(
ÂT
(
Â(X ) − b

))
∗(µ+1,...,d),(2,...,d−µ+1) U>µ .

5Note that the ADF algorithm of Grasedyck et al. [60] is not completely equivalent to the ASD algorithm
presented here. From the point of view of this work, the main difference is that the ADF further divides
the tangent space using the external dimension. In the tensor completion setting, this allows a fine
grained calculation of the step sizes. However, this does not extend to the more general tensor recovery
setting.
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5.3 Algorithmic Treatment of the Tensor Reconstruction Problem

Using the stacks, these crucial components can be calculated inexpensively, as we have(
Â(X ) − b

)
[k] = SLeft

µ−1,k ◦ (aµ,k ∗1,2 Uµ) ◦ SRight
µ,k − b[k] (5.23)

Wµ =
N∑

k=1

(
Â(Xi) − b

)
[k]

(
SLeft

µ,k ⊗ aµ,k ⊗ SRight
µ,k

)
(5.24)

Â
(
P̂µ

(
ÂT
(
Â(X ) − b

)))
[k] = SLeft

µ,k ◦ (aµ,k ∗1,2 Wµ) ◦ SRight
µ,k , (5.25)

with the obvious exception that for the special cases µ = 1 and µ = d, the left/right stack
is omitted, respectively. The computational complexity for each of the above calculations
is O(nr2N). Therefore, the complete procedure for tensor recovery via rank one samples,
given in Algorithm 9, has complexity O(dnr2N + dnr3) for one sweep. As the number of
samples N has to exceed the degrees of freedoms Θ(dnr2) for successful reconstruction, the
computational cost for the core movement is usually negligible, resulting in a computational
complexity of O(dnr2N) per half-sweep.

5.3.5 Block Alternating Steepest Descent

Just as most of the algorithms presented in this chapter, the alternating steepest descent
algorithm optimizes on the manifold of tensors with a fixed TT-rank. This means that
either an initial guess of the optimal rank has to be known a priori, or rank adaptation
strategies are required. The first approach is naturally very efficient, if a sufficiently
accurate rank estimate is available, however, for many settings this is hard to obtain. The
simplest rank adaptation strategy is to increase the TT-ranks by adding a rank-increasing
constant or random perturbation to the current iterate, whenever the manifold optimization
reaches a (local) minimum. However, this has the disadvantage that not a specific rank
is increased, but rather all ranks are increased at once. More elaborate but also more
expensive approaches estimate the potential gain of a rank increase at each position or
increase the rank by adding a low rank truncation of the Euclidean gradient. In a recent
work, Grasedyck and Krämer [66] introduce further rank adaptation techniques for tensor
completion via the ALS ensuring stability of the reconstruction.

In this section, we propose a new rank adaptation strategy for tensor recovery via the ASD
algorithm based on the block-TT format. This strategy allows for the selective increase
and decrease of ranks at beneficial positions and also provides a specific subspace for the
increase. The main tool is the block-TT format, which was first introduced by Dolgov et al.
[146] for the calculation of extreme eigenvalues and allows the representation of several
tensors in the TT-format, which share the same orthogonal basis for all but one mode.

Definition 5.19 (Block Tensor Train [146]). The tensors X1, . . . , XL ∈ Rn1×...×nd are
said to be in block-TT format with rank r = (r1, . . . , rd−1) and core position µ, if
there exist left orthogonal U1 ∈ Rn1×r1 , . . . , Uµ−1 ∈ Rrµ−2×nµ−1×rµ−1 , right orthogonal
Uµ+1 ∈ Rrµ×nµ+1×rµ+1 , . . . , Ud ∈ Rrd−1×nd and Uµ,1, . . . , Uµ,L ∈ Rrµ−1×nµ×rµ , such that for
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Algorithm 9: Alternating Steepest Descent for Tensor Recovery
Input: Initial guess X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd , measurement operator

Â : Rn1×...×nd → RN and measured values b ∈ RN

Output: Solution X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd

1 Subroutine Update_core(µ)

2 Calculate Â(X ) − b according to (5.23).
3 Calculate Wµ according to (5.24).
4 Calculate Â(P̂µ(ÂT (Â(X ) − b))) according to (5.25).

5 Caclulate step size as β = ∥Wµ∥2
F

∥Â(P̂µ(ÂT (Â(X )−b)))∥2
2

6 Update Uµ := Uµ − βWµ.

7 begin
8 Move core to position 1.
9 Calculate SRight

µ,k for µ = d, . . . , 2, according to (5.22).
10 while stopping criteria not fullfilled do
11 for µ = 1, . . . , d do
12 Update_core(µ)

13 if µ < d then
14 Move core to position µ + 1
15 Calculate SLeft

µ,k according to (5.21).

16 for µ = d, . . . , 1 do
17 Update_core(µ)

18 if µ > 1 then
19 Move core to position µ − 1
20 Calculate SRight

µ,k according to (5.22).

each l = 1, . . . , L, it holds that

Xl = U1 ◦ . . . Uµ−1 ◦ Uµ,l ◦ Uµ+1 ◦ . . . ◦ Ud .

This means that X1, . . . , XL can be represented in the same TT-representation, with only the
core tensor changing. It will often be convenient to use a core tensor Uµ ∈ Rrµ−1×nµ×L×rµ

of order four, where the third mode encodes the additional index. In the following, an
example of this case is shown in diagrammatic notation.
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U1 U2 U3 U4

n1 n2

L

n3 n4

r1 r2 r3

In contrast to the classic TT-format, moving the core position in the block TT-format can
in general increase the rank, because the extra index is moved along with the core. For
example, to move the core from position µ to µ + 1 one can use a SVD and calculate

V <2>ΣW <1> := SVD
(
U<2>

µ

)
V ∈ Rrµ−1×nmu×r, Σ ∈ Rr×r, W ∈ Rr×L×rµ

U<2>
µ := V

Uµ+1 := reshape(1,3,2,4)(Σ ◦ W ◦ Uµ+1) ∈ Rr×nµ+1×L×rµ .

The rank of U<2>
µ ∈ Rrµ−1nµ×Lrµ , which becomes the new rank rµ, is in general between

one and min(rµ−1nµ, Lrµ), i.e. possibly larger than rµ. Analogously, it is possible to move
the core from µ to µ − 1 and by repetition also to any other position. Note that using an
SVD with a specified accuracy ϵ, it is therefore possible that the rank of the block tensor
train increases or decreases when moving the core. In the following, we show how this can
be used to formulate a rank adaptive algorithm.

In the proposed block alternating steepest descent, we use the block-TT format to per-
form several separate ASD iterations in parallel, while enforcing a coherent basis for all
components which are not currently optimized. To this end, the set of measurement is
randomly split into several subsets. This gives rise to independent measurement operators
Âl, right hand sides bl and thereby to independent optimization problems

minimize Jl(Xl) := ∥Al(X ) − bl∥2

subject to Xl ∈ MTT
r

(
Rn1×...×nd

)
.

For each of these optimization problems, the ASD is used, with the addition that when
moving the core after each micro iteration, the block TT-format is preserved, i.e. the core
is moved using a complete SVD with prescribed accuracy ϵ, as described above. The
heuristic is that if the basis of the true solution is found, all iterates stay within this
subspace and moving the core will not increase the rank. However, if the current basis is
too small, the different sub-problems evolve in different directions, which can be quantified
by the singular value decomposition and is used subsequently to increase the rank when
moving the core. As this is done separately for each core position, this allows a selective
rank increase and also the prescription of an accuracy, at which a rank increase or decrease
should be carried out. The current solution can always be obtained by averaging over all
of the parallel iterates. However, note that since each sub-problem uses only a subset of
the measurements, the residual of this iteration is not necessarily non-increasing in every
step. It is therefore expedient to keep track of the best solution separately. In practice,
there is also the problem of over-fitting the data, e.g. in the presence of noise. To prevent
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this, we use a control set containing a small amount of the measurements, which are never
used in any of the L normal sets. If the error of the solution on the control set fails to
decrease during the iteration, this is an indication of over-fitting, which can for example
be used to increase the ϵ, i.e. decrease the accuracy when moving the core. The complete
algorithm is given in Algorithm 10.

Surprisingly, the rank adaptation method via the block-TT format can be added without
significant increase of the computational complexity compared to the standard ASD
algorithm. In particular, the computational complexity of Algorithm 10 for one half-sweep
scales as O(dnr2N + dnr3L2), i.e. for the usual case that rL2 < N , the complexity is not
increased.
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Algorithm 10: Block Alternating Steepest Descent for Tensor Recovery
Input: Initial guess X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd , measurement operator

Â : Rn1×...×nd → RN and measured values b ∈ RN , division constant L ∈ N+,
accuracy ϵ > 0

Output: Solution X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd

1 Subroutine Update_core(µ)

2 for l = 1, . . . , L do
3 Using only the samples k ∈ Λl:
4 Calculate Âl(Xl) − bl according to (5.23).
5 Calculate Wµ,l according to (5.24).
6 Calculate Âl(P̂µ(ÂT

l (Âl(Xl) − bl))) according to (5.25).

7 Calculate step size as β = ∥Wµ,l∥2
F

∥Âl(P̂µ(ÂT
l (Âl(Xl)−bl)))∥2

2

8 Update Uµ[i1, i2, l, i3] := Uµ[i1, i2, l, i3] − βWµ,l[i1, i2, i3].

9 begin
10 Set Rbest = ∞.
11 Move core to position 1.
12 Duplicate core L times: U1[i1, i2, l, i3] := U1[i1, i2, i3] ∀i1, i2, i3, l.
13 Separate samples {1, . . . , N} into the optimization set Λ and control set Λtest.
14 Calculate SRight

µ,k for µ = d, . . . , 2, according to (5.22).
15 while stopping criteria not fullfilled do
16 Partition the samples into sets, Λl ⊆ Λ for 1 ≤ l ≤ L.
17 for µ = 1, . . . , d do
18 Update_core(µ)

19 if µ < d then
20 Move core to position µ + 1, with accuracy ϵ

21 Calculate SLeft
µ,k according to (5.21).

22 for µ = d, . . . , 1 do
23 Update_core(µ)

24 if µ > 1 then
25 Move core to position µ − 1, with accuracy ϵ

26 Calculate SRight
µ,k according to (5.22).

27 Calculate average core Uavg[i1, i2, i3] = 1
L

∑L
l=1 U1[i1, i2, l, i3].

28 Calculate residual Rtest on Λtest using Uavg ◦ U2 ◦ . . . ◦ Ud.
29 if Rtest < Rbest then
30 Set Rbest = Rtest.
31 Set Xbest = Uavg ◦ U2 ◦ . . . ◦ Ud.

32 return Xbest.
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5.4 Numerical Experiments

This section presents several experiments providing numerical evidence that low rank
tensor recovery using a limited number of rank-one samples or incomplete sets of entries is
indeed possible and numerically feasible. In all experiments, we use the (block) alternating
steepest descent algorithm introduced in the previous section.

Analogously to Section 4.5, the experiments use different types of random tensors and
random measurements, which are created as follows.

• Standard Gaussian tensors are created by sampling each entry independently
from N (0, 1).

• Random rank r tensors are created by sampling the entries of the components
U1, . . . , Ud in representation (3.12) independently from N (0, 1), i.e. all components
Uµ are independent standard Gaussian random tensors.

• Random tensors with roughly quadratically decaying singular values are
created from random low rank tensors by imposing the specific decay on the singular
values of all relevant matricizations. To this end, for µ from 1 to d − 1, the
components Uµ ◦ Uµ+1 are contracted and re-separated by calculating the SVD
W ΣV T = Mat(1,2)(Uµ ◦ Uµ+1). The Σ factor is then replaced with a matrix Σ̃,
in which the singular values decay in the desired way. For a quadratic decay that
is Σ̃ := diag(1, 1

22 , 1
32 , . . . , 1

1002 , 0, . . . , 0), where 100 is a cut-off used in all of the
following experiments. Subsequently, U<2>

µ = W and U<1>
µ+1 = Σ̃V T are replaced.

Note that since the later steps change the singular values of the earlier matricization,
the singular values of the resulting tensor do not obey the desired decay exactly, see
also the notes in Section 4.5.

• Random rank one samples are created by sampling the vectors aµ,k in (5.7)
as independent standard Gaussian tensors (vectors), i.e. each entry is sampled
independently from N (0, 1). For exact measurements, the measured values are by
definition given as b = Â(T ), where T is the target tensor. For noisy measurements,
a standard Gaussian vector g ∈ RN is created and the measured values are set to

b = Â(T ) + τ

Â(T )


2
∥g∥2

g , (5.26)

where τ > 0 is the noise amplitude.

• Random completion samples are created by randomly sampling N positions of
the tensor. Each position is drawn from a uniform distribution on all remaining
(i.e. not already drawn) positions. In the noiseless setting, the measured values are
exactly the entries at the sampled positions, i.e. b = Â(T ). Noisy measurements are
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created the same way as for random rank one samples, i.e.

b = Â(T ) + τ

Â(T )


2
∥g∥2

g , (5.27)

where τ > 0 is the noise amplitude and g ∈ RN a standard Gaussian vector.

All calculations for this section are performed using the xerus C++ tensor library (see
Appendix A), which includes the complete implementation of the (block) ASD algorithm for
tensor recovery. The following implementation details and additions to the base algorithm
are used. For the block ASD, we use L = 2 equally large sample sets plus the control
set, which contains 10% of the measurements. We update the current “best solution”, if
for the current iterate the residual norm on the control set is at least by a factor 0.99
smaller than for the current best solution. Both the block and normal ASD algorithm are
stopped, if at the end of one iteration either the current residual norm is smaller than
10−10, or 1000 iterations were performed. Additionally, the fixed rank ASD algorithm is
stopped if the residual norm did not improve by at least a factor 0.999 during the last
ten iterations.6 For the block ASD, the residual norm is not necessarily decreasing, which
is why we use the control set here. In particular, the block ASD is stopped if for 25
subsequent iterations, the best solution is not updated. At the beginning of the iteration,
the accuracy is ϵ = 5 · 10−3, which is increased by a factor two (to a maximum of 0.32) if
no new best solution was found in the previous three iterations. In all experiments, we
restrict each entry of TT-rank to remain less than or equal to 20 during the iteration.

Unless explicitly stated otherwise, all experiments use uniform dimensions nµ = n and
target ranks rµ = r. In most experiments, the following values of interest depending on
the solution (or iterate) X are calculated. The relative reconstruction error is given as

∥X − T ∥
∥T ∥

and the relative residual norm is given asÂ(X ) − b


∥b∥
.

In most experiments, we calculate the averages of these values over 200 independent runs
for each parameter combination. In the calculation of these averages, we cap both the
relative reconstruction error, as well as the relative residual at one, which represents a
failed reconstruction. In the noiseless settings, we say that the reconstruction is successful
if the relative reconstruction error is smaller than 10−5. In all experiments, we observe
that if the algorithm reaches this threshold, there is a linear convergence of the error down
to machine precision. In the noisy settings, we say that the reconstruction is successful
if the reconstruction is denoising, i.e. the reconstruction error is smaller then the noise
amplitude.

6In fact, the factor is 0.999910 ≈ 0.999.
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Note that for all experiments presented in the following, there are exhaustive numerical
results available in Appendix B, including the ratio of successful reconstructions, the
average relative residual norm, the average relative reconstruction error, as well as the
average number of iterations.

5.4.1 Noiseless Recovery of Low Rank Tensors
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Figure 5.1: Performance of the alternating steepest descent algorithm for low rank tensor recovery
of order d = 7 tensors with local dimensions n = 10 and rank r = (4, 2, 5, 3, 4, 2). The reconstruction
uses N = 100 000 rank one samples or entries respectively.

In this first experiment, we examine the recovery of random low rank tensors from noiseless
measurements. Figure 5.1 shows the relative residual and the relative reconstruction
error during the iteration of a single ASD run for the parameters d = 7, n = 10 and
rank r = (4, 2, 5, 3, 4, 2) using N = 100 000 rank one samples or entries, respectively. For
both types of measurements, we observe that during the first few iterations there is no
improvement in the residual or the reconstruction error. After this initial phase, we observe
fast linear convergence down to machine precision, as expected for a (projected) gradient
descent. As a result of the rather high number of samples, almost no difference between
the residual and the reconstruction error is visible in this setting.

While there are limited theoretical results available, one of the most important questions
is how many measurements are needed in practice for successful reconstruction. This is
examined in the second setup, where we conduct several runs of the ASD for different
numbers of samples. Figure 5.2 shows the ratio of successful reconstructions of order
d = 5 tensors with local dimensions n = 10 for different ranks r = (r, . . . , r). For rank
one samples, we observe the presence of two distinct domains. The “few samples” domain,
in which the reconstruction invariably fails and the “many samples” domain, where all
reconstructions are successful. Between these two domains, there is a rather small transition
area, where only some reconstructions are successful. The number of samples at which
this transition happens, i.e. the number of samples required for successful reconstruction,
is roughly related to the degrees of freedom the target tensor has according to its TT-rank
(plotted in red), although larger by at least a factor of two. For the completion setting,
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Figure 5.2: Ratio of successful noiseless reconstructions of order d = 5 tensors with local dimensions
n = 10 for different ranks and number of samples. The red line denotes the degrees of freedom.
Left: Rank one samples. Right: Completion setting.
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Figure 5.3: Avg. rel. residual norm of noiseless reconstructions of order d = 5 tensors with local
dimensions n = 10 for different ranks and number of samples. The red line denotes the degrees of
freedom. Left: Rank one samples. Right: Completion setting.

the two domains also exist, but the transition is less sharp, i.e. there is a significant region
in which some reconstructions fail and some are successful. A major difference is that
even for a large number of samples, the reconstruction for very small ranks often fails.
In fact, for rank r = 1, a large portion of the reconstructions fail for all numbers of
samples considered. This difficulty with rank r = 1 reconstructions is also visible for rank
one samples, however much less distinct. For all ranks, successful reconstruction in the
completion setting requires more samples than using rank one samples, but the amount is
again roughly related to the degrees of freedom. The observation that very small ranks
pose a problem in the completion setting is consistent with results of Grasedyck et al. [60],
where a similar behavior can be observed for the ADF algorithm.

As established in Section 5.2, no unique reconstruction with fewer samples than the degrees
of freedom is possible. However, in Figure 5.2, it is directly apparent that a successful
reconstruction requires more than these degrees of freedom. One may ask whether this is
due to the fact that the tensor is not uniquely reconstructable, or due to a shortcoming
of the algorithm. A partial answer to this can be given by examining the value of the
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(normalized) target functional, i.e. the relative residual norm J(X ) = ∥T − X ∥/∥T ∥, which
is shown in Figure 5.3. It is clearly visible that for fewer samples than required due to the
degrees of freedom, the average residual is almost zero. This means that the algorithm
finds a solution, which completely satisfies the measurements, but is different from the
target tensor (otherwise the reconstructions were successful). In the domain, in which all
reconstructions are successful, the avg. residual norm is of course zero as well, because
the target tensor is found by the algorithm. The interesting part is in-between, where we
in fact observe a rather large average residual norm. Note that in the noiseless setting,
there always exists a global minimum, namely the target tensor T , for which the residual
vanishes. Every solution with non-zero residual is therefore at most a local minimum. This
means that the ASD algorithm indeed gets stuck in local minima in this regime, however,
we can only speculate whether the global minimum is unique.
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Figure 5.4: Ratio of successful noiseless reconstructions of rank r = 4 tensors with local dimensions
n = 10 for different orders and number of samples. The red line denotes the degrees of freedom.
Left: Rank one samples. Right: Completion setting.
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Figure 5.5: Avg. rel. residual norm of noiseless reconstructions of rank r = 4 tensors with local
dimensions n = 10 for different orders and number of samples. The red line denotes the degrees of
freedom. Left: Rank one samples. Right: Completion setting.

In the third setup, we examine the impact of the order on the reconstruction, i.e. instead
of the rank, the order of the target tensor is varied. The local dimensions are chosen as
n = 5 and the rank is r = 4. Figure 5.4 shows the ratio of successful reconstructions and
Figure 5.5 shows the average relative residual norm of the solutions. The observations are
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largely analogous to the second setup, in particular, there are two distinct domains, where
either all or no reconstitution is successful, with a transition area in-between. Again, the
residual norm vanishes if there are fewer samples than degrees of freedom (barely visible)
and if the reconstruction is successful. For the sample set sizes in-between, the residual
norm is significantly non-zero, indicating that the algorithm gets stuck in local minima.
The major observation is that the algorithm seems to struggle more for larger orders, as
the number of measurements required for successful reconstruction increases faster with
the order than expected from the degrees of freedom. This is especially striking for the
completion setting, where there are no successful reconstructions for large orders within
the considered range. However, note that for order 10, there are almost 10 million entries
in the tensor, i.e. the range tops out at just 0.15% of measured entries.

5.4.2 Noisy recovery of low rank tensors
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Figure 5.6: Ratio of successful noisy reconstructions of order d = 5 tensors with local dimensions
n = 10 for different ranks and number of samples. The red line denotes the degrees of freedom.
Left: Rank one samples. Right: Completion setting.
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Figure 5.7: Avg. rel. residual norm of noisy reconstructions of order d = 5 tensors with local
dimensions n = 10 for different ranks and number of samples. The red line denotes the degrees of
freedom. Left: Rank one samples. Right: Completion setting.

In this second experiment, we examine the impact of noise in the measurements on the
reconstruction quality. To this end, we conduct several runs of the ASD algorithm for
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random low rank target tensors and random measurements which are corrupted by noise
with amplitude τ = 0.05 (see (5.26) and (5.27)). The parameters are chosen as d = 5
and n = 10. Figure 5.6 shows the ratio of denoising reconstructions, i.e. those for which
the relative reconstruction error is smaller than 0.05, for various ranks. Figure 5.7 shows
the corresponding average relative residual norm of the solutions. The results are largely
analogous to the noiseless setting, with the difference that slightly more samples are
required for successful (denoising) reconstruction and that naturally, the residual norm of
the solutions in the region of successful reconstruction is not zero, but somewhat below
0.05.7 Overall, this shows that the reconstruction is stable with respect to noise and is in
fact able to perform effective denoising.
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Figure 5.8: Ratio of successful noisy reconstructions of rank r = 4 tensors with local dimensions
n = 10 for different orders and number of samples. The red line denotes the degrees of freedom.
Left: Rank one samples. Right: Completion setting.

In the second setup, we again vary the order instead of the rank. Figure 5.8 shows the
ratio of denoising reconstructions for n = 5 and r = 4. As for the first setup, there are
only slight differences to the noiseless setting, indicating that the robustness to noise is
independent of the order.

5.4.3 Recovery of tensors with decreasing singular values

In this next experiment, we use target tensors with approximately quadratically decaying
singular values instead of exact low rank tensors. As the target tensors are not exactly of
low rank, the notion of successful reconstructions is not clear in this setup. However, as
the target tensors can be well approximated by low rank tensors, it makes sense to regard
the relative reconstruction error. Figure 5.9 shows this for d = 5, n = 10 and various
reconstruction ranks and samples sizes. As expected, the reconstruction error decreases
with the reconstruction rank as the higher ranks allows better approximations of the target
tensors. For rank one samples, similar to the previous experiments, there is a certain rank
dependent threshold for the number of samples at which the reconstruction is successful,
which in this case means that the average reconstruction error drops from almost one to

7Note that in this noisy setting, the target tensor T also incurs a relative residual of around 0.05

126



5.4 Numerical Experiments

2

4

6

8

10

0 2500 5000 7500 10000 12500 15000

R
an

k
r

#Samples

0

0.2

0.4

0.6

0.8

1

Av
g.

re
l.

er
ro

r

0 2500 5000 7500 10000 12500 15000

2

4

6

8

10

R
an

k
r

#Samples

Figure 5.9: Avg. rel. reconstruction error for order d = 5 tensors with local dimensions n = 10 and
approximately quadratically decreasing singular values for different ranks and number of samples.
Left: Rank one samples. Right: Completion setting.

a value corresponding mostly to the rank. Further measurements beyond that threshold
have only a minor effect. For the completion setting, there is almost no clear threshold, as
the algorithm often fails to find good low rank approximations.

5.4.4 Recovery Using the Block ASD
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Figure 5.10: Ratio of successful reconstructions using the block-ASD of order d = 5 tensors with
local dimensions n = 10 for different ranks and number of samples. The red line denotes the
degrees of freedom. Left: Noiseless rank one samples. Right: Noisy rank one samples.

In this final experiment, we use the rank adaptive block ASD for the reconstruction. As
in the other experiments, we run several reconstructions of random target tensors with
random measurements for each parameter combination. Figure 5.10 shows the ratio of
successful reconstructions for d = 5, n = 10 and various ranks for noiseless and noisy
measurements using rank one samples. The noise amplitude is chosen as τ = 0.05. Figure
5.11 shows the corresponding average relative residual norm of the solutions. Provided
that sufficient samples are available, the reconstruction is successful for almost all ranks,
however, the amount of samples required is significantly higher than for the fixed rank
ASD used in the previous experiments. A notable exception is for rank 10 and noiseless
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Figure 5.11: Avg. rel. residual norm of reconstructions using the block-ASD of order d = 5 tensors
with local dimensions n = 10 for different ranks and number of samples. The red line denotes the
degrees of freedom. Left: Noiseless rank one samples. Right: Noisy rank one samples.

measurements, where the success ratio remains somewhat below 0.9. The reason here is
that sometimes, the algorithm finds a solution with slightly smaller rank,8 which yields a
relative residual norm of around 10−3 (also apparent from the vanishing average residual in
Figure 5.11), i.e. less than the accuracy parameter ϵ. Consequently, the algorithm does not
increase the rank and does not reach the threshold of 10−5 for successful reconstruction.
Otherwise, the results are qualitatively similar to the fixed rank ASD, in particular the
two distinct domains with a small transition area exist. An obvious difference, however, is
that for fewer samples than required by the degrees of freedom, the block-ASD does not
converge to a wrong but compatible solution, as this is directly detected and prevented by
use of the control set.

5.5 Summary and Conclusions

In this chapter, we have recapitulated well-established results for low rank matrix recovery
and used these as a basis to formulate different generalizations of the recovery problem from
matrices to higher order tensors. We collected theoretical results, discussed advantages
and disadvantages of the different approaches and provided an overview of available
reconstruction algorithms. We derived the alternating steepest descent algorithm as a
projected gradient procedure for tensor reconstruction using single entries or rank-one
samples and introduced a novel rank adaptation technique for tensor recovery based on
the block-TT format. Finally, we conducted extensive numerical experiments examining
the performance of the proposed (block-) ASD algorithm for tensor recovery.

Thanks to recent theoretical results, e.g. by Rauhut et al. [61, 65] and Ashraphijuo and
Wang [67], there are now some guarantees for the unique reconstructability of low rank
tensors for certain classes of (random) measurements. In contrast to the matrix recovery
problem, however, tensor recovery still lacks a tractable convex relaxation of the rank

8Note that we do not restrict the block-ASD to uniform TT-ranks
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minimization problem, which preserves these recovery guarantees. A possible remedy are
optimization algorithms on the low rank tensor manifold, combined with rank adaptation
schemes where necessary. In this chapter, the alternating steepest descent algorithm was
derived as a projected gradient descent as one such algorithm on the low rank tensor
manifold. The numerical results show that this algorithm is indeed able to reconstruct
different types of (approximately) low rank tensors from incomplete measurements and that
it is robust with respect to noise. However, they also show that especially for high orders,
the algorithm presumably gets stuck in local minima if an insufficient number of samples
is provided. As the ASD is a local optimization algorithm, this is not unexpected, instead
it is rather surprising that local minima are apparently no problem at all if a sufficient
number of samples are provided. As a subject of future work, it would be interesting to
explore whether the incorporation of global optimization techniques such as basin hopping
and thereby the avoidance of local minima could reduce the number of required samples.

A novel approach taken in this work is the use of rank-one samples, which offer several
benefits. First and foremost, rank-one samples represent a significant generalization of the
completion setting, thereby enabling the use of more general types of measurements. This
will for example be of use in the next chapter, where rank one samples appear naturally in
an uncertainty quantification problem. In contrast to the even more general setting using
an arbitrary A ∈ RN×n1×...×nd to define the measurement operator, the use of rank one
samples remains computationally feasible. In particular, the storage complexity as well as
the computational complexity of an ASD iteration scales only linearly in the order of the
target tensor, as shown in the previous sections. As a practical benefit, we observed in
all numerical experiments that significantly fewer random rank one samples are required
for successful reconstruction than entries in the completion setting. It remains a topic for
future work to examine whether this observation can be backed by theoretical results on
rank one samples, e.g. regarding the TRIP.

Another novelty presented in this work is the technique of splitting the measurements,
allowing rank adaptation via the block-TT format. The results for this technique in
the synthetic benchmark problems presented in this chapter show that the block-ASD
is indeed able to derive the correct rank during the reconstruction without any a priori
information. However, compared to the fixed rank ASD and other techniques, for example
by Grasedyck and Krämer [66], this requires significantly more samples. In the author’s
estimation, the main obstacle is the adaptation of the accuracy ϵ used to control the
rank increase and decrease. The results presented in this chapter all use a fixed control
of ϵ, however, tests using an ϵ adapted to the parameters (d, n and r) show that much
better results in terms of the required samples can be obtained. Therefore, using a more
fine-grained and adaptive control of the parameter ϵ could possibly allow to significantly
reduce the number of additional samples required compared to the fixed rank ASD and
other techniques. This adaptive control is an important topic for future work. However,
the block-ASD, as presented in this chapter, already proved to be a robust tool for the
recovery problems appearing in the next chapter, where it will also be used. Let us finally
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note that this rank adaptation technique is not limited to the ASD algorithm, but can be
used for most optimization algorithms for tensor recovery with rank one samples or single
entries. Especially an application to the ALS algorithm could prove beneficial and will be
explored in future work.
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6 Application to Uncertainty Quantification
and Variational Monte Carlo

In this chapter, we examine the application of tensor recovery techniques to uncertainty
quantification (UQ) problems. To this end, Section 6.1 provides a brief introduction to
uncertainty quantification and the parametric setting considered in this work. Motivated
by this practical application, Section 6.2 gives an abstract formalism for variational Monte
Carlo type reconstruction problems, which reveals some interesting connections between
tensor recovery and machine learning. Section 6.3 is concerned with the practical realization
of the reconstruction and presents a specialized version of the alternating steepest descent
algorithm. In Section 6.4, this algorithm is used to conduct several numerical experiments,
where tensor recovery techniques are used to obtain a functional approximation of the
complete solution manifold of parametric partial differential equations. Finally, Section
6.5 summarizes the results and gives an outlook on future work.

Parts of this chapter have previously been published in [147], together with M. Eigel, J.
Neumann and R. Schneider and will be part of an upcoming publication [148], together
with M. Eigel, R. Schneider and P. Trunschke. The (quasi) Monte Carlo samples for the
parametric PDE settings used in Section 6.4 of this work were provided by M. Eigel and P.
Trunschke.

6.1 Uncertainty Quantification

The goal of Uncertainty Quantification is to incorporate incomplete knowledge and random
effects common in many real-world settings. Typical applications come from engineering
and the natural sciences, where the inclusion of uncertainties in modeling and simulation
has become a standard requirement. Here the source of uncertainty can be both, due to an
inherent randomness of the problem (aleatoric), e.g. common in engineering applications
due to deviations in a production process (material perturbations) or random nature
phenomena, such as wind forces acting on the structure, as well as due to a lack of
knowledge (epistemic), e.g. common in fluid dynamics due to unknown makeup of the
medium, see for example the surveys by Najm [149] and Wojtkiewicz et al. [150]. Both
kinds of uncertainty can often be included in form of random variables (e.g. coefficients,
forces and domains) in the mathematical modeling of the problem as a partial differential
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equation (PDE). A classical approach would then be to evaluate statistics of the solution or
any other quantity of interest from random draws of the stochastic data, as it is done with
Monte Carlo sampling and modern variants such as Multilevel Monte Carlo (MLMC) and
quasi Monte Carlo (QMC), see for example the work by Giles [151], Cliffe et al. [152], and
Kuo et al. [153]. As an alternative, functional approximations seek to determine a surrogate
model in some discretization of the function space of the problem. The most common
approaches are non-intrusive interpolation methods based on sparse grids (Stochastic
Collocation) and intrusive Galerkin methods (Stochastic FEM), see for example the work
of Babuška et al. [154], Nobile et al. [155], Babuška et al. [156], Giesselmann et al. [157],
and Eigel et al. [158]. These methods have the fundamental advantage that they allow a
complete parameterized solution, from which most quantities of interest, as well as the
(deterministic) solution for any instance of the random data, can be obtained inexpensively.
This, however, comes at the cost that the computation of the parameterized solution
can be significantly more involved. To alleviate this obstacle, different model reduction
techniques, e.g. reduced basis methods, have to be employed.

In this chapter, we aim to attain such a full functional approximation of the entire
parametric solution using a non-intrusive tensor reconstruction approach. Using conforming
finite elements (FE) in the physical space and orthogonal polynomials in the parameter
space (so-called generalized polynomial chaos) allows a tensorized basis of the complete
space, through which the functional approximation can be identified with a single high
dimensional coefficient tensor. However, the exponential scaling in the order – which is
equivalent to the stochastic dimensions plus usually one spacial dimension – would in
most cases render the direct representation of this tensor unfeasible. Therefore, we use the
TT-format as a low rank tensor representations to approximate the solution tensor. In
earlier works, for example by Khoromskij and Schwab [159], Matthies et al. [160], Espig
et al. [161], Khoromskij and Oseledets [162], Dolgov et al. [163], and Bachmayr et al. [164],
it was shown that the operators of the corresponding parametric PDEs often exhibit a low
rank structure. Based on this observation, different approaches are possible to compute
the solution tensor. For example, Eigel et al. [165] used the low rank structure of the
operator to formulate a fully adaptive intrusive algorithm, which provides a low TT-rank
representation of the parametric Galerkin solution. Empirically, they showed the important
result that in many cases, the solution tensor can also be well approximated in the low
TT-rank format. One drawback of their approach is that it requires the construction
of a low rank representation of the parametric operator and right hand side, as well
as an efficient algorithm to solve the resulting system in a low rank fashion. This in
particular requires adjustments for each problem setting and prevents the use of existing,
possibly highly optimized, deterministic PDE solvers. The latter property is the reason
why such methods are referred to as intrusive. As a remedy to these restrictions, we
propose a completely non-intrusive reconstruction algorithm, which attempts to recover
the complete solution tensor from a set of Monte Carlo (MC) measurements of the solution.
These MC samples can be obtained without modifications from any existing PDE solver
of choice. Additionally, since we do not require a specific choice of measurements, this
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6.1 Uncertainty Quantification

method can also be applied to already available data, without the need for recomputations.
The practical reconstruction in our approach is based on the tensor recovery techniques
introduced in Chapter 5. We refer the interested reader to the work of Espig et al. [166],
Dolgov et al. [167], and Dolgov and Scheichl [168] for related approaches.

6.1.1 Parametrized Uncertainty Quantification Setting

This section provides a brief review of the formal setting of partial differential equations
with stochastic parameters, as commonly considered in uncertainty quantification. More
detailed introductions can for example be found in the work of Schwab and Gittelson [169]
and Lord et al. [170], as well as in the work of Eigel et al. [158, 165, 171] and Eigel and
Merdon [172] for the adaptive Galerkin setting.

The general goal is to obtain a feasible representation of the parametric solution u(x, y) ∈ V

of an abstract problem
D(u, y) = 0 . (6.1)

Here, D encodes a model in a physical domain D ⊂ Rκ with κ = 1, 2, 3, and y ∈ RM is a
M -dimensional parameter vector encoding the random data. In the following, we assume
that the components of y correspond to independent random variables with an associated
product parameter domain Γ and joint product density γ. A prime example of this setting,
which is often considered, is the stochastic diffusion equation

−∇(a(x, ω)∇u(x, ω)) = f(x, ω) x ∈ D, ω ∈ Ω

u(x, ω) = 0 x ∈ ∂D, ω ∈ Ω , (6.2)

where a : D × Ω → R is a random field with finite variance depending on the probability
space (Ω, Σ,P). Here, Ω is a sample space, Σ a σ-algebra on Ω and P a probability measure
on Σ. The use of a classical truncated Karhunen-Loève expansion admits a representation
of a(x, ω) in terms of mutually uncorrelated random variables yν(ω), see e.g. the work of
Schwab and Gittelson [169], Loève [173], and Schwab and Todor [174]. In the numerical
experiments in Section 6.4, we in particular examine the two prototypical cases of affine
and lognormal dependence on y, such that either

a(x, y) = a0(x) +
M∑

ν=1
aν(x)yν , (6.3)

with Γ = [−1, 1]M and yν ∼ U(−1, 1), ν = 1, . . . , M , or

a(x, y) = exp
(

M∑
ν=1

aν(x)yν

)
, (6.4)

with Γ = RM and yν ∼ N (0, 1), ν = 1, . . . , M , where U(−1, 1) is the uniform distribution
on [−1, 1] and N (0, 1) is the normal distribution with zero mean and variance one. Using
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this representation of a allows a reformulation of the stochastic diffusion equation (6.2) as
a parametric PDE with parameters y, fitting to the aforementioned setting.

For most models, the solution u ∈ V = X ⊗Y , usually with X = H1
0 (D) and Y = L2(Γ, γ),

is infinite-dimensional and not directly accessible. This problem is solved by the use
of finite-dimensional subspaces of X and Y . For X, the common choice is the use of a
conforming finite element space Xρ(τ) = span{φj}j=1,...,S ⊂ X of order ρ on a triangulation
τ of the physical domain D. Since Γ exhibits a Cartesian product structure, the space Y is
the tensor product of the Hilbert spaces {L2(Γ1, γ1), ...L2(ΓM , γM )} endowed with a cross-
norm, i.e. Y =

⨂M
ν=1 Yν =

⨂M
ν=1 L2(Γν , γν). For each of the spaces Yν := L2(Γν , γν), we

use a truncated orthogonal polynomial basis, i.e. {P
(q)
ν }q=1,...,nν , where P

(q)
ν is a univariate

polynomial of degree q − 1 and Eγν [P (q)
ν P

(l)
ν ] = δq,l holds for all 1 ≤ q, l ≤ nν . For the

normal and uniform distributions considered in the following, this means that {P
(q)
ν }q=1,...,nν

is either a truncated Hermite or Legendre basis. Using Y
(nν)

ν = span{P
(q)
ν }q=1,...,nν ⊆

L2(Γν , γν) and Proposition 2.5, we obtain a finite-dimensional subspace

Ṽ = Xρ(τ) ⊗ Y (1)
n1 ⊗ . . . ⊗ Y (M)

nM
⊆ X ⊗ Y ≃ V

of the original space. From Proposition 2.4, we know that there exists the tensorized basis

Ṽ = span
{

φj ⊗ P
(q1)
1 ⊗ . . . ⊗ P

(qM )
M

⏐⏐⏐ j = 1, . . . , S; qν = 1, . . . , nν

}
.

An approximation ũ in the finite-dimensional subspace Ṽ ⊂ V can then be given in this
basis as

u(x, y) ≈ ũ(x, y) =
S∑

j=1

n1∑
q1

. . .
nM∑
qM

T [j, q1, . . . , qM ] φj(x) P
(q1)
1 (y1) . . . P

(qM )
M (yM ) , (6.5)

for a coefficient tensor T ∈ RS×n1×...×nM of order M + 1. Note that for fixed bases,
ũ(x, y) is completely defined by the coefficient tensor, which is the object that we aim to
reconstruct in the following sections. The determination of suitable truncation thresholds
nν and the adaptation of the FE space in the above setting is discussed by Eigel et al.
[165]. Defining the vectors

Φ(x) :=

⎛⎜⎜⎜⎜⎜⎝
φ1(x)
φ2(x)

...
φS(x)

⎞⎟⎟⎟⎟⎟⎠ ∈ RS and ξν(y) :=

⎛⎜⎜⎜⎜⎜⎝
P

(1)
ν (y)

P
(2)
ν (y)

...
P

(nν)
ν (y)

⎞⎟⎟⎟⎟⎟⎠ ∈ Rnν ,

equation (6.5) can be phrased as

ũ(x, y) = T ◦M+1 (Φ(x) ⊗ ξ1(y1) ⊗ . . . ⊗ ξM (yM )) . (6.6)

134



6.2 Tensor Recovery Approach and the Variational Monte Carlo Framework

6.2 Tensor Recovery Approach and the Variational Monte Carlo
Framework

This section introduces the idea of our tensor recovery approach for the uncertainty
quantification setting. Before turning towards the practical aspects, we examine this UQ
recovery problem from an abstract perspective and explore relations to machine learning
techniques. This abstract variational Monte Carlo formulation is more general than the
UQ problem at hand and may also be applied to a variety of other applications. This will
also be covered in detail in a separate future publication [148] together with M. Eigel, R.
Schneider and P. Trunschke.

The goal of the recovery approach is to find a function

ṽ(x, y) = X ◦M+1 (Φ(x) ⊗ ξ1(y1) ⊗ . . . ⊗ ξM (yM )) ∈ Ṽ ,

which approximates the sought-for solution ũ(, y). Using n := max(nν), the dimension
of Ṽ scales as Θ(SnM ), i.e. exponentially in the number of parameters. Therefore, a
direct approximation in Ṽ is usually unfeasible, as it would require at least that many
measurements for a unique recovery and accordingly, an exponential amount of storage for
the solution. Instead, we restrict the approximate solution to the set

M̃⪯r :=
{

Y ◦M+1 (Φ(x) ⊗ ξ1(y1) ⊗ . . . ⊗ ξM (yM ))
⏐⏐⏐ Y ∈ MTT

⪯r

}
of functions from Ṽ for which the coefficient tensor in the tensorized basis has TT-rank at
most r. The dimension of M̃⪯r then scales as the dimension of the corresponding TT-
manifold, i.e. O(Sr + Mnr2). As we want ṽ to approximate ũ for all possible parameters
y, a reasonable measure of the quality of the approximation is the cost functional

J(ṽ) :=
ˆ

Γ
∥ṽ(·, y) − ũ(·, y)∥2

c dγ(y) (6.7)

for some X-norm ∥·∥c. However, unless we already have a data-sparse representation of ũ

at hand, evaluating this cost functional is usually unfeasible, as it requires knowledge of
the solution for all parameter combinations. Instead, we aim to only use samples of the
solution for some fixed parameters y(k). That is, we assume that, for a set {y(1), . . . y(N)}
of N parameter vectors, the corresponding solutions ũ(x, y(k)) are known. In order to
avoid the evaluation of the complete solution in the cost functional (6.7), we can then use
the empirical cost functional

JN (ṽ) := 1
N

N∑
k=1

ṽ( · , y(k)
)

− ũ
(

· , y(k)
)2

c

to find an approximation of ũ. As this functional only requires knowledge of the solution
ũ for the known parameters y(k), we can indeed optimize with respect to this functional
using the information at hand. Note that for fixed y(k), the problem (6.1) is deterministic
and not parameter-dependent. Therefore, contrary to the complete parametric solution,
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the solutions ũ(x, y(k)) are usually inexpensive to obtain. For example, if D encodes the
stochastic diffusion equation, then ũ(x, y(k)) is the solution to the deterministic diffusion
equation using the deterministic field a(x, y(k)), which can be obtained by any PDE solver
of choice.

6.2.1 Variational Monte Carlo

The above setting can be embedded in a more general variational Monte Carlo framework,
which allows a systematic treatment of the occurring errors. For this, let H be a Hilbert
space and let (Ω, Σ, ρ) be a probability space. We consider variational problems defined
by a cost functional

J(Ψ) :=
ˆ

Ω
ℓ(Ψ, z) dρ(z) = E[ℓ(Ψ, ·)] , (6.8)

which can be cast into the form of an integral over a loss function ℓ : H × Ω → R. We
assume that ℓ(Ψ, ·) is integrable with respect to the measure ρ for every Ψ ∈ H. The goal
is to find a minimizer

Ψ∗ ∈ argmin
Ψ∈H

J(Ψ) .

As for the practical UQ application above, it is usually essential to restrict the minimization
to a compact1 model class M ⊆ H and consider the constrained minimization problem

Ψ∗
M ∈ argmin

Ψ∈M
J(Ψ) .

On the one hand, this serves the purpose of making the numerical computations feasible,
as in many setting the space H is very large or even infinite-dimensional. On the other
hand, the restriction to the model class M allows reconstructions using only a limited
number of samples, as we will outline in the following.

Computing the exact integral in (6.8) is often unfeasible even for a given Ψ, let alone
performing an optimization on this basis. However, it is reasonable to assume that
independent samples {z(k)}1≤k≤N , distributed according to ρ, can be generated. For this
setting, we propose to resort to Monte Carlo integration for the calculation of the expected
value and use the empirical cost functional

JN (Ψ) := 1
N

N∑
k=1

ℓ
(
Ψ; z(k)

)
= E[ℓ(Ψ, ·); N ] ,

which provides a surrogate functional that can be minimized to obtain

Ψ∗
(M,N) ∈ argmin

Ψ∈M
JN (Ψ) . (6.9)

1Note that for the UQ application introduced at the beginning of the section, the model class M̃⪯r is not
compact itself. However, this can easily be accomplished by using the intersection MTT

⪯r ∩ B(0, λ) with
a ball of sufficiently large radius λ in the definition of M̃⪯r.
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This is now a typical machine learning problem in the spirit of Cucker and Smale [175].
Therefore, it is possible and beneficial to employ ideas from statistical learning theory for
the analysis of the resulting approximation Ψ∗

(M,N). In this statistical learning framework,
it is expedient to split the error introduced by the use of the model class and the empirical
cost functional into the following components:

E :=
⏐⏐⏐J(Ψ∗) − J

(
Ψ∗

(M,N)

)⏐⏐⏐
≤ |J(Ψ∗) − J(Ψ∗

M )|  
:= EApp

+
⏐⏐⏐J(Ψ∗

M) − J
(
Ψ∗

(M,N)

)⏐⏐⏐  
:= EGen

+
⏐⏐⏐J(Ψ∗

(M,N)

)
− J(ΨOpt)

⏐⏐⏐  
:= EOpt

.

Here, ΨOpt denotes the solution obtained by an optimization algorithm applied to solve
(6.9). The interpretation of these components is as follows.

• EApp is the approximation error, which is the error incurred by the use of the model
class M, i.e. the error of the best approximation within the model class, in terms of
the cost functional. This error naturally decreases with the size of the model class.

• EGen is the generalization error, which is the error caused by the use of the empirical
cost function JN instead of J . This error generally decreases with the number of
samples N , as the Monte Carlo integration used in the definition of JN becomes
more and more accurate.

• EOpt is the optimization error, which is the error due to the practical optimization
algorithm failing to find an exact minimizer (6.9) of the empirical cost functional.
This can be due to the accuracy of the used optimization algorithm and, usually
more importantly, due to local minima, in which the optimization gets stuck. This
error is highly dependent on the used algorithms and can rarely be estimated in
general.
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Figure 6.1: Typical relation of the training residual and the generalization error in dependence on
the capacity of the model class M (see e.g. [176]). While the training residual generally decreases
with the capacity, the generalization error is usually optimal for a limited capacity of the model
class and worsens for larger sets due to overfitting.
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An important aspect is the antagonistic relation between the approximation error and
the generalization error. While enlarging the model class M naturally decreases the
approximation error and the residual on the training data, it in turn generally increases
the generalization error. This typical relation is depicted in Figure 6.1. Using tools
from statistical learning theory, it is possible to give probabilistic bounds on these errors.
Deriving such error bounds for the variational Monte Carlo framework of this section will
be the topic of an upcoming publication [148], together with M. Eigel, R. Schneider and P.
Trunschke. An important example of a result adapted from the work of Macdonald [177]
is that the generalization error can be bounded using covering numbers defined as follows.

Definition 6.1 (Covering Number). The covering number κ(M, ϵ) of a subset M of H

is defined as the minimal number of ∥·∥H -open balls of radius ϵ needed to cover M.

For the set of low rank tensors used in the practical UQ application, Rauhut et al. [65]
have shown that the covering numbers can be bounded by

κ
(
MTT

r (Rn1×...×nd) ∩ B(0, 1), ϵ
)

≤
(

3(2d − 1)
√

r

ϵ

)dim(MTT
r (Rn1×...×nd ))

,

where r := maxµ(rµ). The result on the generalization error can then be stated as follows.

Theorem 6.2 (Generalization Error Bound [148]). Assume that ℓ is bounded, i.e. there
exists C1 > 0 s.t. for all Ψ ∈ M, it holds that

|ℓ(Ψ, z)| ≤ C1 for almost all z ∈ Ω

and that ℓ is Lipschitz continuous on M, i.e. there exists C2 > 0 s.t. for all Ψ1, Ψ2 ∈ M
it holds that

|ℓ(Φ1, z) − ℓ(Ψ2, z)| ≤ C2∥Ψ1 − Ψ2∥H for almost all z ∈ Ω .

Then, the following probabilistic error bound on the generalization error holds for all ϵ > 0:

P[Egen > ϵ] ≤ 2κ

(
M, ϵ

8C2

)
e−ϵ2N/(32C2

1 ) .

6.3 Reconstruction Algorithm

In this section, we show that for the UQ setting the variational Monte Carlo approach of
the previous section can be cast as a tensor recovery problem. This allows the use of the
tools from Chapter 5 and in particular the alternating steepest descent (ASD) algorithm to
obtain the parametric approximation ṽ from the known solutions ũ(·, y(k)). Furthermore,
we show that a version of the ASD algorithm specialized to this UQ reconstruction problem
exhibits a significantly superior scaling compared to a direct application of the ASD from
Section 5.3.4, which allows a very efficient calculation of the parametric UQ solution.
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In principle, alternating steepest descent algorithms can be used for different loss functions
ℓ, however in the following we concentrate on the least squares loss functional ℓ(ṽ, y) =
∥ṽ(·, y) − ũ(·, y)∥2

c , for some norm ∥·∥c on X. The empirical cost function is then given by

JN (ṽ) := 1
N

N∑
k=1

ℓ
(
ṽ, y(k)

)
= 1

N

N∑
k=1

ṽ(·, y(k)
)

− ũ
(
·, y(k)

)2

c
. (6.10)

Using the basis expansion from (6.6) for ũ and analogously

ṽ(x, y) = X ◦M+1 (Φ(x) ⊗ ξ1(y1) ⊗ . . . ⊗ ξM (yM ))

for ṽ, (6.10) can be formulated in terms of the tensors T , X ∈ RS×n1×...×nM as

JN (ṽ) = 1
N

N∑
k=1

(X − T ) ◦M+1
(
Φ(·) ⊗ ξ1(y(k)

1 ) ⊗ . . . ⊗ ξM (y(k)
M )

)2

c
.

Using the 2-norm defined by the values on the FE nodes for ∥·∥c,2 this simplifies to

JN (ṽ) = 1
N

S∑
j=1

N∑
k=1

(
(X − T ) ◦M+1

(
ej ⊗ ξ1(y(k)

1 ) ⊗ . . . ⊗ ξM (y(k)
M )

))2
.

Defining the rank-one measurement operator

Â : RS×n1×...×nM → RS·N

Â(X )j,k = X ◦M+1

( 1
N

ej ⊗ ξ1(y(k)
1 ) ⊗ . . . ⊗ ξM (y(k)

M )
)

and the measured values as
b := Â(T ) ∈ RS·N ,

we finally obtain
JN (ṽ) =

Â(X ) − b
2

2
.

This is exactly the tensor recovery setting with a rank-one measurement operator Â. In
principle, this formulation allows the direct application of the ASD algorithm as introduced
in Section 5.3.4. However, note that this formulation treats each parameter combination of
spatial and parametric position as individual measurements, hence there are NS rank one
samples. This and the fact that the first mode of the solution has dimension S results in a
computational complexity of O(Mnr2NS + r2NS2) for one sweep of the unmodified ASD
from Section 5.3.4, where n = maxν(nν) and r = maxν(rν). In the following, we show that
an implementation of the ASD specialized to this setting is able to reduce the complexity
to O(Mnr2N + Mr3N + rNS).3 Especially for large S, i.e. a fine FE triangulation, this
is a tremendous improvement.

Similar to the ASD implementation in Section 5.3.4, the foundation of the efficient
implementation are stacks, which store partial contractions between the current iterate,

2Note that using this norm provides a particularly simple formulation, however, using for example the L2

norm on the space X also works by including the corresponding stiffness matrix.
3In both statements, we assumed N > r and neglected the Mnr3 and r2S terms due to the core movement.
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the measurement operator and the tangent space projectors. Compared to the stacks
defined in (5.21) and (5.22), the stacks defined here are more involved, as they have to
absorb the possibly large spatial dimension S. In the following, we use the notation from
Section 5.3.4, i.e. among other things we assume that the current iterate is given in an
orthogonalized TT-representation

X = U1 ◦ . . . ◦ Ud ∈ RS×n1×...×nM .

The core position is assumed to change, corresponding to the projector P̂µ under consider-
ation. To simplify the notation, we combine all measurements with the same stochastic
parameters and define the vectors b̃k ∈ RS as b̃k[j] := bj,k for j = 1, . . . , S and k = 1, . . . , N .
Under this premise, the stacks are defined as

SLeftIs
1,k := I ∈ Rr1×r1 (6.11)

SLeftIs
µ+1,k :=

(
ξµ

(
y(k)

µ

)
∗1,2 Uµ+1

)
∗1,1 SLeftIs

µ,k ∗2,1
(
ξµ

(
y(k)

µ

)
∗1,2 Uµ+1

)
∈ Rrµ+1×rµ+1

SLeftOught
1,k := b̃k ◦ U1 ∈ Rr1 (6.12)

SLeftOught
µ+1,k := SLeftOught

µ,k ◦
(
ξµ

(
y(k)

µ

)
∗1,2 Uµ+1

)
∈ Rrµ+1

SRight
M+1,k := ξM

(
y

(k)
M

)
∗1,2 UM+1 ∈ RrM (6.13)

SRight
µ−1,k :=

(
ξµ−2

(
y

(k)
µ−2

)
∗1,2 Uµ−1

)
◦ SRight

µ,k ∈ Rrµ−2 ,

where the core position is assumed to be larger than ν in the definition of the left stacks
SLeftIs

ν,k and SLeftOught
ν,k and smaller than ν in the definition of the right stacks SRight

ν,k . Note
that while artificial at first glance, this core position is naturally enforced in the resulting
algorithm. The computational complexity for SLeftIs

µ+1,k is O(nr2 + r3), assuming that all
components are given. For SLeftOught

1,k , it is O(rS) and for the other stacks, it is O(nr2),
again assuming that all components are given. Calculating all left stacks for µ = 1, . . . , M

and all right stacks for µ = M + 1, . . . , 2 therefore has a total complexity bounded by
O(Mnr2N + Mr3N + rNS).

The stacks can be used to inexpensively calculate the crucial components

Wµ := U<µ ∗(1,...,µ−1),(1,...,µ−1)
(
ÂT
(
Â(X ) − b

))
∗(µ+1,...,d),(2,...,d−µ+1) U>µ

and
Â(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2
of the algorithm. In particular, one can straightforwardly
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verify that

W1 =
N∑

k=1

(
U1 ◦ SRight

2,k

)
⊗ SRight

2,k  
=(ÂT (Â(X )))∗(2,...,d),(2,...,d)U>1

−
N∑

k=1
b̃k ⊗ SRight

2,k  
=(ÂT (b))∗(2,...,d),(2,...,d)U>1

Wµ =
N∑

k=1

(
SLeftIs

µ−1,k ◦
(
ξµ−1

(
y

(k)
µ−1

)
∗1,2 Uµ

)
◦ SRight

µ+1,k

)
⊗ ξµ−1

(
y

(k)
µ−1

)
⊗ SRight

µ+1,k  
=U<µ∗(1,...,µ−1),(1,...,µ−1)(ÂT (Â(X )))∗(µ+1,...,d),(2,...,d−µ+1)U>µ

(6.14)

−
N∑

k=1
SLeftOught

µ,k ⊗ ξµ−1
(
y

(k)
µ−1

)
⊗ SRight

µ+1,k  
=U<µ∗(1,...,µ−1),(1,...,µ−1)(ÂT (b))∗(µ+1,...,d),(2,...,d−µ+1)U>µ

andÂ(P̂1
(
ÂT
(
Â(X ) − b

)))2

2
=

N∑
k=1

W1 ◦ SRight
µ+1,k

2

FÂ(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2
(6.15)

=
N∑

k=1

((
ξµ−1

(
y

(k)
µ−1

)
∗1,2 Wµ

)
◦ SRight

µ+1,k

)
◦ SLeftIs

µ−1,k ◦
((

ξµ−1
(
y

(k)
µ−1

)
∗1,2 Wµ

)
◦ SRight

µ+1,k

)
hold, with the obvious exception that for µ = M + 1, the right stack does not appear
in either equation. The computational complexity is bounded by O(rS) for W1 and by
O(nr2) for the others, assuming that all components are given. The complete procedure
constructing and using these stacks for an alternating steepest descent is given in Algorithm
11. The complete computational complexity for one sweep is bounded by O(Mnr2N +
Mr3N + Mnr3 + r2S + rNS). As N > r holds in all reasonable settings, the terms Mnr3

and r2S due to the core movement during the algorithm can be neglected.

6.3.1 Rank Adaptivity

Rank adaptivity can be added to the specialized ASD in the same way as for the basic
ASD in Section 5.3.5. In particular, as all stack operations, as well as the calculations
of Wµ and

Â(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2
are done on a per-sample basis, it is possible to

split the set of samples and use several parallel optimizations in the block-TT format, to
obtain a rank adaptive algorithm. The resulting procedure is completely analogous to
Algorithm 10, with the difference that the specialized stacks and calculations introduced
in this section are used.

6.3.2 Quantities of Interest

Let us note that many statistical properties of the solution are directly available from the
TT reconstruction. For example, assuming appropriate orthonormal polynomials are used,
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Algorithm 11: Alternating Steepest Descent for UQ Recovery
Input: Initial guess X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd , measurement operator

Â : RS×n1×...×nM → RS·N and measured values b ∈ RS·N

Output: Solution X = U1 ◦ . . . ◦ Ud ∈ Rn1×...×nd

1 Subroutine Update_core(µ)

2 Calculate Wµ according to (6.14).

3 Calculate
Â(P̂µ

(
ÂT
(
Â(X ) − b

)))2

2
according to (6.15).

4 Caclulate step size as β = ∥Wµ∥2
F

∥Â(P̂µ(ÂT (Â(X )−b)))∥2
2

5 Update Uµ := Uµ − βWµ.

6 begin
7 Move core to position 1.
8 Calculate SRight

µ,k for µ = M + 1, . . . , 2, according to (6.13).
9 while stopping criteria not fullfilled do

10 for µ = 1, . . . , M + 1 do
11 Update_core(µ)

12 if µ < M + 1 then
13 Move core to position µ + 1
14 Calculate SLeftIs

µ,k according to (6.11).
15 Calculate SLeftOught

µ,k according to (6.12).

16 for µ = M + 1, . . . , 1 do
17 Update_core(µ)

18 if µ > 1 then
19 Move core to position µ − 1
20 Calculate SRight

µ,k according to (6.13).

the expected value is directly given as

E[u(x, ·)] =
ˆ

Γ
ũ(x, y)dγ(y)

=
ˆ

Γ
T ◦M+1

(
Φ(x) ⊗ ξ1(y′

1) ⊗ . . . ⊗ ξM (y′
M )
)
dγ(y)

= T ◦M+1 (Φ(x) ⊗ e1 ⊗ . . . ⊗ e1)

=
S∑

j=1
T [j, 1, . . . , 1]φj(x) ,

which can be obtained from the TT representation at negligible costs. Here, we used that´
Γν

P
(ν)
k (yν)dγν(yν) = δk,1 is non-zero only for the constant polynomial.
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Another benefit of the TT representation is that the solution for any given parameter
vector y′, i.e. any realization of the random variables, can be calculated at significantly
reduced costs via the representation (6.5) as

ũ(x, y′) = T ◦M+1
(
Φ(x) ⊗ ξ1(y′

1) ⊗ . . . ⊗ ξM (y′
M )
)

.

The computational complexity of these contractions scales as O(Sr+Mr2n). For reasonable
ranks, this is a drastic cost reduction compared to actually solving the PDE with the
corresponding parameters, as done in Monte Carlo sampling.

6.4 Numerical Experiments

This section presents several numerical experiments illustrating the performance of the
proposed tensor reconstruction approach for several benchmark problems. In all experi-
ments, we examine the quality of the functional tensor representation of the stochastic
solution by comparing the obtained first and second stochastic moments with Monte Carlo
simulations using the exact same samples, as well as a Quasi Monte Carlo simulation
using Sobol sequence points. In all settings, a reference solution is calculated from at least
256 000 Sobol sequence points. As an additional benchmark, we calculate the error of the
functional tensor representation in predicting the solution for new parameter combinations
that were not used for the reconstruction. More than the stochastic moments, which can
also be obtained by MC and QMC methods, this ability to predict the result for new
parameters shows the real power of the functional representation.

6.4.1 Implementation Details

In all setups, the domain is given as D = (0, 1)2 and a lowest-order conforming Finite
Element discretization is employed. As described in Section 6.1.1, we expand the stochastic
parameters either in orthogonal Legendre (for uniform random variables) or Hermite (for
normal random variables) polynomials. The maximal degree is uniformly fixed to n = 5 for
the Hermite bases and n = 13 for the Legendre bases. For the reconstruction, we employ
the block variant of the specialized ASD introduced in the previous section. We divide
the samples in L = 2 equally large sets plus the control set, which contains 10% of the
measurements. The algorithm is stopped, if at the end of one iteration either the current
relative residual norm is smaller than 10−8, or if the algorithm failed to find a solution for
which the residual norm on the control set decreased by at least a factor of 0.9999 in the
last 100 iterations. We limit the maximal allowed rank for each entry of the TT-rank to 50
and additionally prevent excessive rank increases by allowing each entry of the TT-rank
to increase only once every 10 iterations. At the beginning of the iteration the accuracy is
set to ϵ = 10−2, which is decreased by a factor 0.8 (to a minimum of 10−10) if the relative
residual norm did not improve by at least a factor 0.995 during the last ten iterations and
if the ranks can increase, i.e. if there was no rank increase in the last ten iterations.
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6 Application to Uncertainty Quantification and Variational Monte Carlo

The computation of the FE solutions is performed with the freely available FEniCS [178]
software packages. For the tensor reconstructions, the xerus C++ library (see Appendix
A) is used, which includes the complete implementation of our (block) UQ-ASD algorithm.
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Figure 6.2: Comparison of the reconstruction results for the parametric PDE setting (I) to a MC
and QMC simulation. The graphics show the relative error for the first (left) and second (right)
stochastic moment for different numbers of samples. The reconstruction and the MC simulation
use the exact same samples, which are chosen randomly for each size. Additionally, on the left, the
relative error in predicting the solution for 1000 random parameter combinations (which are not
used for the reconstruction) is given (“Prediction error”).

6.4.2 Parametric PDEs

The first class of problems examined are linear second order partial differential equations
containing a stochastic field, which is parametrized using a random field expansion (6.3) or
(6.4) in independent variables as introduced in Section 6.1.1. For the benchmark problems,
we assume that the expansion is given by

a0 := 1, am(x) := αm cos(2πβ1(m)x1) cos(2πβ2(m)x2), m ∈ N,

where αm = 9
10ζ(2)m−2 with the Riemann zeta function ζ. Moreover,

β1(m) = m − k(m)(k(m) + 1)/2 and β2(m) = k(m) − β1(m),

with k(m) := ⌊−1/2 +
√

1/4 + 2m⌋. This choice corresponds to the “slow decay” ex-
periments in the work of Eigel et al. [158, 171]. In both experiments, the random field
expansion is truncated after M = 20 terms. The following stationary parametric PDEs
with homogeneous Dirichlet boundary conditions are considered:

(I) Diffusion (affine)
−∇(a(x, y)∇u(x, y)) = 1
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Figure 6.3: Comparison of the reconstruction results for the parametric PDE setting (II) to a MC
and QMC simulation. The graphics show the relative error for the first (left) and second (right)
stochastic moment for different numbers of samples. The reconstruction and the MC simulation
use the exact same samples, which are chosen randomly for each size. Additionally, on the left, the
relative error in predicting the solution for 1000 random parameter combinations (which are not
used for the reconstruction) is given (“Prediction error”).

(II) Diffusion (lognormal)

−∇(exp(a(x, y))∇u(x, y)) = 1

The results for the two settings are shown in Figures 6.2 and 6.3, respectively. In comparison
to the Monte Carlo simulations, using the exact same samples, the approximation of the
stochastic moments achieved by the reconstruction is usually better by at least two orders
of magnitude in both settings. The results of the reconstruction are also significantly
better than the Quasi Monte Carlo simulation, although the latter likewise outperforms
the MC simulation. It is noteworthy that the difference in the error between the MC/QMC
simulations and the reconstruction is much larger in Setting I than in Setting II, where
the QMC simulation partially achieves a similar error as the reconstruction.

For all comparisons between the QMC simulation and the reconstruction or the MC
simulation, it is important to note that the reference solution used to calculate the errors
is also the result of a QMC simulation using Sobol sequence points. Although there are
many more points used to determine the reference solution, this means that it is somewhat
biased towards the QMC simulation, as both use the same Sobol sequence. Furthermore,
the relatively small variance in the error sometimes observed for the QMC simulation
is expected, because the samples for the reconstruction and MC simulation are chosen
randomly each time, while the Sobol sequence points are always the same, differing only
by the number of samples used.

The relative error in predicting the solution for 1 000 random parameter combinations
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Figure 6.4: Comparison of the reconstruction results to MC and QMC simulations for the cookie
setting (III) with fixed radii. The graphics show the relative error for the first (left) and second
(right) stochastic moment for different numbers of samples. The reconstruction and the MC
simulation use the exact same samples which are chosen randomly for each size. Additionally,
on the left, the relative error in predicting the solution for 1000 random parameter combinations
(which are not used for the reconstruction) is given (“Prediction error”).

which were not used in the reconstruction initially shows a steep decline with an increased
number of samples, but then saturates, showing only a small improvement for further
samples. To some extent, this behavior is expected, as the degrees of freedom of the
tensor scale as O(Mnr2 + Sr), i.e. quadratically in the rank, which means that the number
of samples required for successful reconstruction increase at least quadratically as well.
Additionally, the accuracy improvement achieved by increasing the rank depends on the
relative size of the singular values. Since the relative size declines, the accuracy gained is
larger for small ranks. This is apparent in Figure 6.2 for Setting I, where the error barely
declines with further samples, which indicates that the limit of the low rank approximability
of the solution is reached, in the sense that the part not yet approximated by the low rank
solution has (almost) full rank.

6.4.3 Cookie Problems

The second class of problems examined are so-called cookie problems. These are parametric
PDEs, in which circular inclusions of the domain with fixed or random size and with
different random diffusion coefficients are prescribed. In particular, we consider the
following two model settings.

(III) Cookies with fixed radii. Let 9 subdomains of D = (0, 1)2 be given by discs Dk,
k = 1, . . . , 9 with fixed radius R = 1/8 and centers c =

(
i/6 j/6

)⊺
for i, j ∈ {1, 3, 5}.

The considered problem depends on y =
(
y1 . . . y9

)⊺
with yk ∼ U(−1, 1), has
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Figure 6.5: Comparison of the reconstruction results to MC and QMC simulations for the cookie
setting (IV) with random radii. The graphics show the relative error for the first (left) and second
(right) stochastic moment for different numbers of samples. The reconstruction and the MC
simulation use the exact same samples which are chosen randomly for each size. Additionally,
on the left, the relative error in predicting the solution for 1000 random parameter combinations
(which are not used for the reconstruction) is given (“Prediction error”).

homogeneous Dirichlet boundary conditions and is given by

−∇ · (κ(x, y)∇u(x, y)) = 1,

where κ|D\∪k=1,...,9Dk
= 1 and κ|Dk

= yk.

(IV) Cookies with random radii. The setting is the same as before. However, the
problem depends on additional parameters y =

(
y1 . . . y9 y∗

1 . . . y∗
9

)⊺
with

y∗
k ∼ U(−1, 1) determining the radii Rk = (1 + y∗

k/3)/8 for k = 1, . . . , 9 of the discs
Dk.

The results for the two settings are shown in Figures 6.4 and 6.5 respectively. For the
setting with fixed radii, the results are largely analogous to Setting I and Setting II. In
particular, the error in predicting the stochastic moments is by orders of magnitude smaller
than for the MC simulation and also much smaller than for the QMC simulation, except
for very small sample sets. The error in predicting the solution for previously unknown
random parameter combinations shows the same behavior as for Setting I, i.e. a saturating
decline.

The setting with random cookie radii is significantly more difficult, as apparent from
the increased errors observed for all three methods. The reconstruction approach is
again able to achieve smaller errors in the stochastic moments than the MC simulation,
however, the gap is much smaller than for the other settings. Compared to the QMC
simulation, the error is even larger in almost all cases. This indicates a rather poor low
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rank approximability of the solution tensor, which is also recognizable by the much larger
error obtained in the prediction of the solution for random parameter combinations.

6.5 Summary and Conclusions

In this chapter, we examined the uncertainty quantification problem for parametric partial
differential equations from a tensor reconstruction and statistical learning point of view.
The variational Monte Carlo approach introduced in Section 6.2 allows a completely
non-intrusive tensor recovery approach for the generation of complete parametric PDE
solutions in tensor Hilbert spaces. For the practical realization of this generation, we
derived a specialized version of the alternating steepest descent algorithm, which enables
the numerical computation of the reconstruction in sub-exponential time with respect
to the number of parameters, i.e. with respect to the order of the tensor Hilbert space.
Finally, we conducted several numerical experiments examining the quality of the solutions
obtained by the reconstruction approach and compared it to standard Monte Carlo and
Quasi Monte Carlo methods.

The requirements on the structure of the measurements by the reconstruction approach
is minimal, as basically no specific choice of samples is required at all. It can therefore
be considered as a direct alternative to Monte Carlo methods, based on principally the
same (but possibly much fewer) samples of the parametric solution. In some respects the
requirements are even relaxed, as contrary to Monte Carlo simulations, our algorithm can
recover a solution even if the samples are drawn from a possibly unknown probability
density different from γ. Examining this setting and the involved errors is an interesting
topic for future work. In direct comparison in our benchmark problems, the tensor
reconstruction often achieves errors in the prediction of the stochastic moments, which are
by orders of magnitude smaller than classical Monte Carlo. From another perspective, this
means that the reconstruction requires much fewer samples to reach the same accuracy
as the Monte Carlo simulation. With exception of the last problem setting, the same
is true for the comparison to Quasi Monte Carlo simulations, i.e. the reconstruction
usually required significantly fewer samples to reach the same accuracy. Especially for
problem settings in which the cost to determine the samples is high and even more so
for real world applications, in which samples require a physical measurement, the tensor
reconstruction approach should therefore offer a superior use of the available samples, even
if only statistical moments like the expected value are desired.

However, the main advantage is that, contrary to Monte Carlo methods where the result
is the estimation of some functional (typically the expectation or variance), the proposed
reconstruction approach yields a functional approximation of the entire solution manifold,
from which many quantities of interest can be inexpensively calculated. In this sense, the
calculated tensor representation can provide much more information and the comparison
with Monte Carlo sampling serves only to illustrate the expected accuracies for these
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common statistics. The real power of the functional approximation is that the individual
solution for any parameter combination can be predicted. For reconstructions using 10 000
samples, the relative error of these solutions for random parameter combinations not used
in the reconstruction is shown in the numerical results to be between 4 · 10−5 for the
diffusion equation with affine coefficient field and 7 · 10−3 for the cookie problem with
random radii. This accuracy is naturally constrained by the accuracy of the discretization
introduced in Section 6.1.1 and the low rank approximability of the solution. For the
examined parametric linear PDEs with affine and non-affine coefficient fields and the
cookie problems, it is apparent (and for the parametric PDEs also known from earlier
references) that the solution can indeed be well approximated by tensors with small
TT-rank. For many applications, the accuracy reached here should indeed be viable and
allow the prediction of solutions for unknown parameter combinations.

Let us finally note that the variational Monte Carlo setting introduced in Section 6.2 is
in fact much more general and not limited to the UQ setting. It is the author’s belief
that further exploration of the relation and inter-connectivity between tensor recovery and
machine learning is a promising subject for future work on the topic.
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A The xerus Tensor Library

In preparation of this thesis and in collaboration with his college Benjamin Huber, the
author designed and implemented a high performance C++ tensor library named xerus.
The rationale of writing this library was, on the one hand, to have a solid foundation
for efficient implementations of the algorithms developed and used in this work. On the
other hand, having a self-contained library, which includes all common routines, is a great
way to share those algorithms with fellow researches and the general public and allows
them to easily modify and extend this work. With this goal in mind, the complete source
code is released under the AGPLv3 free software license [179]. The source code, as well as
an extensive documentation, can be found on the website http://libxerus.org. Today,
xerus is used by several researchers from different working groups and we are confident
that the development of the library will also continue in the future.

In its current state, the library implements classes for dense and sparse tensors of arbitrary
orders, general tensors Networks and a specialized class for the TT-format. For both
types of tensors and the TT-format, all the elementary operations mentioned in Chapter
3 are implemented. Wherever possible, the efficient algorithms with non-exponential
scaling mentioned in Chapter 3 are used. As a means to obtain a TT decomposition, the
library contains implementations of the deterministic TT-SVD, as well as the randomized
variants presented in Chapter 4. Furthermore, several optimization algorithms for low
rank TT-tensors are available in xerus, including all variants of the alternating steepest
descent (ASD) presented in Chapter 5 and Chapter 6, the alternating least squares (ALS)
algorithm and several Riemannian optimization algorithms. For an exhaustive list, we
refer to the manual on http://libxerus.org.

To achieve the best performance, the library directly calls the basic linear algebra subpro-
grams (BLAS) [180] and the Linear Algebra Package (LAPACK) [181], as well as routines
from “SuiteSparse” [182]. For the particular calculations presented in this thesis, the
“OpenBLAS” [183] implementation of the BLAS is used.
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B Complete Numerical Results of Chapter 5

This appendix provides the complete numerical results for the low rank tensor recovery
setting described in Chapter 5. The detailed description of all experiments can be found
in Section 5.4. The performance of the alternating steepest descent (ASD) algorithm for
tensor recovery of exact low rank tensors is shown in Figures B.1, B.2 (varying rank)
and B.7, B.8 (varying order) for the noiseless and Figures B.3, B.4 (varying rank) and
B.9, B.10 (varying order) for the noisy setting. Figures B.5 and B.6 show the results for
noiseless recovery of tensors with approximately quadratically decreasing singular values.
Figures B.11 and B.12 show the performance of the rank adaptive block-ASD algorithm
for tensor recovery of exact low rank tensors using rank-one samples in the noiseless and
noisy setting.
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(d) Average number of iterations performed by the algorithm.

Figure B.1: Numerical results for low rank tensor recovery using the ASD algorithm with rank one samples.
The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . = nd = 10 and varying uniform
rank r.
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Figure B.2: Numerical results for low rank tensor recovery using the ASD algorithm with single entries of the
tensor (completion setting). The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . =
nd = 10 and varying uniform rank r.
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Figure B.3: Numerical results for low rank tensor recovery using the ASD algorithm with noisy rank one
samples. The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . = nd = 10 and varying
uniform rank r. The noise amplitude is τ = 0.05.
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Figure B.4: Numerical results for low rank tensor recovery using the ASD algorithm with noisy measurements
of single entries (completion setting). The target tensors are of order d = 5, uniform local dimensions
n1 = n2 = . . . = nd = 10 and varying uniform rank r. The noise amplitude is τ = 0.05.
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Figure B.5: Numerical results for low rank tensor recovery using the ASD algorithm with rank one samples.
The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . = nd = 10 and have approximately
quadratically decreasing singular values.
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(d) Average number of iterations performed by the algorithm.

Figure B.6: Numerical results for low rank tensor recovery using the ASD algorithm with single entries of the
tensor (completion setting). The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . =
nd = 10 and have approximately quadratically decreasing singular values.
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(d) Average number of iterations performed by the algorithm.

Figure B.7: Numerical results for low rank tensor recovery using the ASD algorithm with rank one samples.
The target tensors have uniform local dimensions n1 = n2 = . . . = nd = 10, rank r = 4 and varying order d.
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(d) Average number of iterations performed by the algorithm.

Figure B.8: Numerical results for low rank tensor recovery using the ASD algorithm with single entries of the
tensor (completion setting). The target tensors have uniform local dimensions n1 = n2 = . . . = nd = 10, rank
r = 4 and varying order d.
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Figure B.9: Numerical results for low rank tensor recovery using the ASD algorithm with noisy rank one
samples. The target tensors have uniform local dimensions n1 = n2 = . . . = nd = 10, rank r = 4 and varying
order d. There noise amplitude is τ = 0.05.
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Figure B.10: Numerical results for low rank tensor recovery using the ASD algorithm with noisy measurements
of single entries (completion setting). The target tensors have uniform local dimensions n1 = n2 = . . . = nd = 10,
rank r = 4 and varying order d. There noise amplitude is τ = 0.05.
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Figure B.11: Numerical results for low rank tensor recovery using the block ASD algorithm with rank one
samples. The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . = nd = 10 and varying
uniform rank r.
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(d) Average number of iterations performed by the algorithm.

Figure B.12: Numerical results for low rank tensor recovery using the block ASD algorithm with noisy rank
one samples. The target tensors are of order d = 5, uniform local dimensions n1 = n2 = . . . = nd = 10 and
varying uniform rank r. The noise amplitude is τ = 0.05.
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