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Abstract

The 21st century will be remembered for the ubiquity of data. Data

analysis has become an indispensable tool for finding patterns in high-

dimensional datasets, and the steep increase in computational power

allows us to execute ever more sophisticated algorithms. However, it

is not foreseeable that the rise of computational resources alone will

evade the curse of dimensionality attached to problems in optimiza-

tion, approximation and integration. Therefore, we need better tools

to understand and process high-dimensional data as well as networks

to distribute the relevant information efficiently.

This thesis is devoted to the study of tools which allow us to exploit

parsimonious structure for problems in distributed and sparse signal

processing. The first part deals with the problem of distributed signal

processing. It amounts to studying different notions of parsimony which

allow for the computation of nonlinear functions in a communication-

efficient manner. The identified sets of functions exhibit favorable prop-

erties connected to the concepts of effective dimension and analysis

of variance (ANOVA). For the second part of the thesis, we study a

different notion of parsimony for inverse problems, i.e., problems of re-

constructing a phenomenon we can only partially observe. The main

ingredient of our consideration is a statistical model for sparsity and

compressibility which allows us to determine the reconstruction error

in the non-asymptotic regime. In this regard, our aim is to provide a

better understanding of the trade-off between expected performance

on the one hand, and computational complexity of architectures for

nonlinear estimation on the other.
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Zusammenfassung

Das 21. Jahrhundert wird wegen der Allgegenwart von Daten in Erin-

nerung bleiben. Datenanalyse ist zu einem unverzichtbaren Werkzeug

geworden, um Muster in hochdimensionalen Datensätzen zu finden.

Dabei ermöglicht uns die starke Zunahme der Rechenleistung, im-

mer fortschrittlichere Algorithmen auszuführen. Es ist jedoch nicht

vorhersehbar, dass der Anstieg der Rechenressourcen allein den Fluch

der Dimensionalität für Probleme der Optimierung, Approximation

und Integration brechen wird. Daher benötigen wir bessere Werkzeuge

zum Verständnis und zur Verarbeitung hochdimensionaler Daten sowie

Netzwerke, um die relevanten Informationen effizient zu verteilen.

Diese Arbeit widmet sich der Untersuchung von Werkzeugen,

die es uns ermöglichen, Strukturen der Einfachheit für Probleme

der verteilten und dünnbesetzten Signalverarbeitung zu nutzen. Der

erste Teil beschäftigt sich mit dem Problem der verteilten Sig-

nalverarbeitung, wobei wir verschiedene einfache Strukturen unter-

suchen, die die Berechnung nichtlinearer Funktionen auf kommu-

nikationseffiziente Weise ermöglichen. Die identifizierten Funktions-

mengen besitzen vorteilhafte Eigenschaften im Zusammenhang mit

den Konzepten der effektiven Dimension und der Varianzanalyse

(ANOVA). Im zweiten Teil der Arbeit untersuchen wir eine weitere

Form der einfachen Strukturen für inverse Probleme, bei denen ein

Phänomen basierend auf partiellen Beobachtungen rekonstruiert wer-

den soll. Den Kern unserer Betrachtung bildet ein statistisches Modell

für dünnbesetzte und komprimierbare Daten, welches es uns ermöglicht,

den Rekonstruktionsfehler im nicht-asymptotischen Bereich zu bestim-

men. In diesem Zusammenhang ist unser Ziel, ein besseres Verständnis

des Abtauschs zwischen erwarteter Schätzgüte auf der einen Seite, und

der Komplexität von Architekturen der nichtlinearen Schätzung auf der

anderen Seite, zu erlangen.
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Notation

E[·] Expectation operator

Re(·) Real part

Im(·) Imaginary part

x,y, . . . Vectors

A,B, . . . Matrices

Aij = [A]ij i, j-th entry of A

Ai,: = [A]i,: i-th row of A

A:,j = [A]:,j j-th column of A

Ai1:i2,j1:j2 Submatrix of rows i1 to i2 and columns j1 to j2 of A

x, y, . . . Random vectors

A,B, . . . Random matrices

X ,Y, . . . Sets

IN Identity matrix of size N ×N
ei i-th column of (appropriately sized) identity matrix

1 Vector or matrix of all ones

0 Vector or matrix of all zeros

(·)T Transpose of vector or matrix

(·)H Hermitian of vector or matrix

(·)� Complex conjugate of scalar, vector or matrix

(·)−1 Matrix inverse

(·)† Moore-Penrose pseudoinverse

tr(·) Trace of a matrix

det(·) Determinant of a matrix

rank(·) Rank of a matrix

range(·) Range space of a matrix

range⊥(·) Orthogonal complement of the range space of a matrix

ker(·) Kernel of a matrix

ker⊥(·) Orthogonal complement of the kernel of a matrix

diag(·) Diagonal matrix of vector, (diag(·))ii = (·)i
diag−1(·) Vector of matrix diagonal, (diag−1(·))i = (·)ii
vec{·} Vectorization of a matrix by stacking its columns

unvec{·} Inverse vectorization operation

‖·‖2 Euclidean norm of a vector
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〈·, ·〉 Inner product

N Set of positive integers

N+ Set of non-negative integers

R Set of real numbers

R+ Set of non-negative real numbers

R++ Set of positive real numbers

R �=0 Set of real numbers excluding the origin

C Set of complex numbers

Bp Generalized unit balls

Δ Standard simplex

� Entrywise product

� Entrywise division

⊗ Kronecker product

(·)�d Entrywise power

f ◦ g Functional composition of f and g

∇(·) Gradient of a multivariate function
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Introduction

1.1 Motivation

High-dimensional data analysis allows us to make machines perceive,

learn and imitate. However, the human mind is severely limited in

its ability to understand high-dimensional effects and fails to provide

guidance when passing from three to four, let alone one-hundred or

even thousands of dimensions.

Imagine we were to locate an object placed at random in a unit ball

of dimension d and the time it takes us depends only on the volume

of the ball. One would be tempted to assume the task becomes harder

as the dimension increases. The origin of this guess may lie in our

familiar world of low-dimensional geometry: the ball in dimension 1 is

the line segment with volume 2, the unit disc has volume π and the

unit ball has volume 4
3π. However, this increase only holds true up to

dimension d = 5 as we may verify that the unit ball in d = 5 has volume
8
15π

2 ≈ 5.26 and for d = 6 we obtain 1
3π

3 ≈ 5.17. One the other hand,

if we were to search the unit cube [−1, 1]d instead, the time it takes us

is 2d and we face the curse of dimensionality.

A different behavior can be observed for the �1-ball, i.e., the octahe-

dron and higher-dimensional generalizations thereof, which enjoys the

1



2 Introduction

unique property that, among the set of generalized unit balls (cf. (1.1)),

it is the only member that is convex and at the same time its volume

is a non-increasing function of the dimension d = 1, 2, . . .. The �1-ball

lies at the core of a powerful mathematical framework referred to as

Compressed Sensing [Can06, Don06, CT05, CR06] that deals with the

reconstruction of phenomena given only partial observations. In this

case, one can in general not hope for perfect reconstruction unless ad-

ditional information about the phenomenon of interest is available. In

recent years, using the additional information of membership to the

unit �p-ball defined by

Bp := {x :
∑N

n=1
|xn|p ≤ 1}, p > 0 (1.1)

has attracted more and more attention for problems ranging from

compressed sensing, to machine learning and control theory [FL09,

KBSZ11, CDT98]. A remarkable fact is that the geometry of Bp was

already well-understood by the French mathematician Peter Gustav

Lejeune Dirichlet (*1805, †1859) [Edw22, p.157]. Dirichlet’s important

but sometimes overlooked theorem states that the volume of Bp can be

obtained as

vol(Bp) =
2N

pN

Γ
(

1
p

)N
Γ

(
1 + N

p

) , (1.2)

where Γ (·) is the Gamma function [Dav65]. By further investigating

the numerator and denominator of (1.2), we can find precisely why the

maximal volume of B2 occurs for d = 5.

As the above example indicates, we can obtain promising insights

into the difficulty of localizing a point placed at random inside Bp
based on powerful geometric tools. Moreover, as indicated by the simple

formula (1.2), we find that obtaining such insights does not need to be

computationally expensive.

An interesting generalization of such a parsimonious structure from

vectors to nonlinear functions is the concept of effective dimensionality.

In this framework, low effective dimensionality corresponds to limited

interactions among subsets of variables, which is often linked to the

success of Quasi-Monte Carlo (QMC) methods for high-dimensional
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integration. Interestingly, further examination reveals that functions of

low effective dimensionality also play a central role in distributed and

communication-efficient data-analysis in wireless systems.

1.2 Outline and contribution

This dissertation deals with various aspects of distributed and sparse

signal processing. More precisely, we consider problems of designing

architectures and algorithms for distributed function computation and

efficient nonlinear estimation of sparse stochastic vectors. The disser-

tation is structured as follows.

Chapter 2 introduces the mathematical foundation of the the-

sis. The first part is devoted to a review of compressed sensing. More

specifically, we present a collection of results and different optimization

problems that are widely used in the literature. Then, we introduce a

refined statistical model of compressibility and consider the problem

of Bayesian compressed sensing. In the second part, we introduce the

problem of distributed signal processing. To this end, we review fun-

damental properties of the wireless multiple-access channel. We show

that the underlying physical propagation induces an additive structure

that may be leveraged for the problem of computing nonlinear func-

tions more efficiently. In particular, we review the classes of Ridge func-

tions, Generalized additive models and Nomographic functions, that are

amenable to efficient distributed computation using different pre- and

postprocessing strategies.

In Chapter 3, we pose the problem of (approximately) comput-

ing �p-norms of Gaussian sources using a restricted set of operations

and subject to Gaussian noise. More precisely, we study the problem

of sequence design for a communication system involving a set of pre-

scribed pre- and postprocessing functions that enjoys certain beneficial

implementation aspects. Special cases of the considered problem in-

clude computing the number of non-zero entries in a vector for p → 0

or the maximum value for p→∞. The latter case may be of practical

interest due to its relation to max-consensus in the literature on control

theory. The material in this chapter was previously published in [2].
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Chapter 4 considers the problem of nomographic approximation.

Several approaches for the nomographic approximation problem have

been described in the literature and it should be emphasized that our

intent is not to provide a thorough overview of this wide subject. In-

stead, our contribution is a heuristic method that is motivated by prac-

tical considerations. The main novelty of our work lies in combining

the analysis of variance (ANOVA) decomposition and a postprocess-

ing strategy using the set of Bernstein polynomials. The algorithm then

finds an approximation based on a particular set of dimensionwise inte-

grals and semidefinite programming. The material in this chapter was

previously published in [1].

Chapter 5 introduces a theoretical and conceptual framework to

design nonlinear estimators for the problem of Bayesian compressed

sensing. More specifically, we pose the problem of MMSE estimation

w.r.t. a prescribed uniform distribution over the simplex as the prob-

lem of computing the centroid of a polytope determined by compressive

measurements. Then, we use multidimensional Laplace techniques to

obtain a closed-form solution to this problem, and we show how to map

this solution to a neural estimation architecture comprising threshold

functions, rectified linear and rectified polynomial activation functions.

Interestingly, the resulting nonlinear estimation architecture entails a

fixed number of layers that depends only on the number of measure-

ments. Consequently, the proposed architecture allows for low-latency

solutions on parallel computing platforms. We present numerical sim-

ulations to show that our algorithm provides very good estimation

performance in different scenarios. The material in this chapter was

previously published in [4].

Finally, in Chapter 6, we consider the problem of Bayesian com-

pressed sensing for the case when the stochastic vector is distributed

uniformly over an �p-ball. We provide a non-asymptotic analysis of the

reconstruction MSE for a low-complexity structured nonlinear estima-

tor composed of a linear operator followed by a Cartesian product of

univariate nonlinear mappings. Then, we apply an alternating mini-

mization scheme to optimize the MSE objective w.r.t. the parameters

of the nonlinear estimator. Lastly, we evaluate and compare the per-
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formance of the proposed low-complexity estimator to more complex

recovery techniques based on convex optimization for different param-

eters. The material in this chapter was previously published in [3].

In the spirit of reproducible research, we provide the source code

and data used to obtain the numerical results presented in Chapter 4,

5 and 6 at https://github.com/stli/.

Further results that are not part of the Thesis

During my time at Technical University of Berlin and Fraunhofer Hein-

rich Hertz Institute, we were able to obtain further results, which are

not part of this thesis.

• In a work with Mario Goldenbaum and Renato Luis Garrido Cav-

alcante [5], we study the communication cost attached to cluster-

based consensus algorithms using the paradigm of computation

over multiple access channels (CoMAC). Of particular interest

are consensus algorithms that exploit the broadcast property of

the wireless channel to boost the performance in terms of conver-

gence speeds. The resulting optimization problem is a semidefi-

nite program, which results in an optimized communication pro-

tocol that reduces the energy consumption in the network.

• In a work with Jafar Mohammadi [6], we consider the problem of

eigenvalue estimation for decentralized spectrum sensing. First,

we analyze the Generalized Power method (GPM) w.r.t. robust-

ness and rate of convergence. Then, we propose a splitting into

local and global computation tasks that allows us to use the

paradigm of computation over multiple access channels (CoMAC)

and to obtain a more efficient protocol for decentralized compu-

tation.



6 Introduction

Copyright Information

Parts of this thesis have already been published as journal article and in

conference and workshop proceedings as listed in the publication list on

page 128. These parts, which are, up to minor modifications, identical

with the corresponding scientific publication, are c©2014–2018 IEEE.
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Mathematical Prerequisites

In this chapter, we introduce the mathematical foundation of the the-

sis. In the first part, we discuss the mathematical prerequisites of com-

pressed sensing that are the basis for Chapter 5 and 6. In the second

part, we introduce the problem of distributed signal processing and the

relation to communication systems. Moreover, we provide a selection

of results that are needed for Chapter 3 and 4.

2.1 Compressed sensing

Compressed sensing is a relatively new theoretical framework for solv-

ing problems in signal processing that involve sparsity or compressibil-

ity. Sparse optimization techniques were already used in the 90s by re-

searchers to address problems in statistics [Tib96] and obtain sparse sig-

nal representations [CDS01, MZ93]. The term compressed sensing was

coined about a decade later in the seminal works by Candes, Donoho,

Romberg and Tao [Can06, Don06, CT05, CR06], where the authors

proved new recovery guarantees for sparse optimization problems. Sub-

sequently, the field developed due to contributions by different groups

of mathematicians and engineers.

7



8 Mathematical Prerequisites

The aim of this section is to revisit the main theoretical founda-

tion of compressed sensing, and give an overview over the basic notions

such as the restricted isometry property (RIP), the nullspace property

(NSP) and incoherence. Moreover, we revisit popular problem formula-

tions such as basis pursuit (BP), least absolute shrinkage and selection

operator (LASSO) and basis pursuit denoising (BPDN) that apply to

either noisy or noiseless problem settings. After that, we introduce the

problem of Bayesian compressed sensing, where the sparse or compress-

ible vector is modeled as the realization of a random variable using a

sparsity inducing probability distribution. This probabilistic view al-

lows for richer models of compressible signals, e.g., in terms of decay

profile when entries are sorted by magnitude. Also, the probabilistic

framework allows us to obtain exact or approximate solutions to clas-

sical estimation problems such as maximum a posteriori (MAP) or

minimum mean square error (MMSE).

2.1.1 BP, LASSO, BPDN

In sparse optimization problems, the objective is to recover an unknown

vector x ∈ RN from a set of measurements y ∈ RM given by

y = Ax. (2.1)

Here and hereafter, A ∈ RM×N with M � N is called the measure-

ment matrix and x is assumed to be sparse or compressible. In the

conventional deterministic framework, sparsity is measured in terms

of the number of non-zero components in x defined as the size of the

support, i.e.,

‖x‖0 := |supp(x)| = |{n : xn �= 0}|. (2.2)

The induced set of k-sparse signals is defined as

Σk := {x ∈ RN : ‖x‖0 ≤ k}, (2.3)

which can be viewed as the union of k-dimensional subspaces spanned

by standard euclidean basis vectors en. In addition, we introduce the

k-term approximation

PΣk
(x) := argminq∈Σk

‖x− q‖2, (2.4)
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that computes the closest k-sparse vector q ∈ Σk to some given vector

x. The best k-term approximation is obtained by leaving the largest k

entries in magnitude unchanged and setting the remaining entries to 0

[CDD09]. If entries in x are equal in magnitude the solution on the RHS

in (2.4) may not be unique. In this case we define PΣk
as an arbitrary

point in the solution set corresponding to sorting and thresholding with

random tie-braking.

The so-called �p-norm is defined as

‖x‖p :=

⎧⎪⎨
⎪⎩
(∑N

n=1|xn|p
)1/p

, p ∈ (0,∞)

max
n∈{1,...,N}

|xn|, p =∞
(2.5)

and a direct observation is that

limp→0 ‖x‖pp = ‖x‖0, (2.6)

i.e., we can obtain the number of non-zero entries in x from the limit

of the �p-norm by letting p → 0. The �p-norm induces the unit �p-ball

by

Bp = {x ∈ RN : ‖x‖p ≤ 1}, (2.7)

which is depicted in Fig. 2.1 for various values of p.

Remark 2.1. We emphasize that for p < 1 and N ≥ 2 the expression

(2.5) does not satisfy the triangle inequality and therefore cannot be

a norm. On the other hand, this is not true for the scalar case N = 1

where the �p-norm is equal to the absolute value function. Here and

hereafter, we assume that N ≥ 2 and choose to omit repeated explicit

distinction between �p-quasi-norm for p < 1 and �p-norm for p ≥ 1 for

convenience.

The distinction between p < 1 and p ≥ 1 is of great importance

when one is interested in the design of algorithmic solutions to the

problem of recovering x given y and A. To illustrate this issue, let us

turn to the problem of finding the vector satisfying (2.1) with minimal

�0-norm.
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Figure 2.1: Unit �p-ball for various values of p.
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Definition 2.1 (�0-minimization). Let A ∈ RM×N and y ∈ range(A) ⊆
RM , M < N , be given. Then, the optimization problem

min
x∈RN

‖x‖0 s.t. y = Ax ∈ RM (�0-min)

is referred to as �0-minimization (�0-min).

While a solution to (�0-min) is desirable in many applications,

known algorithms are of combinatorial nature so that they are usu-

ally too complex to be evaluated. In fact, problem (�0-min) can be

shown to be NP-hard [BCKV14] so that it can be translated to the

known-difficult exact cover problem [BCKV14]. It is important to em-

phasize that there is no direct implication on whether fast algorithms

exist for particular problem instances. In fact, one can easily generate

instances of (�0-min) that can be solved in polynomial time as is shown

in the following example.

Example 2.1 (Solution to (�0-min) in linear time). Let

A = [I,0] ∈ RM×2M (2.8)

be the concatenation of an identity and an all-zeroes matrix so that

y = x1:M . (2.9)

Then, the solution x� to (�0-min) is simply given by

x� =
[
yT,0T

]T

. (2.10)

The example shows that the complexity of solving (�0-min) may

largely depend on the particular measurement matrix A. This depen-

dency is an important topic and it appears again in Chapter 5.

A computationally simpler counterpart to (�0-min) for general ma-

trices A is the so-called basis pursuit defined as follows.

Definition 2.2 (Basis pursuit). Let A ∈ RM×N and y ∈ range(A) ⊆
RM , M < N , be given. Then, the optimization problem

min
x∈RN

‖x‖1 s.t. y = Ax. (BP)

is referred to as basis pursuit (BP).
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In comparison to �0-minimization (�0-min), the basis pursuit prob-

lem is defined by replacing the non-convex objective ‖x‖0 by the convex

objective ‖x‖1 so that efficient solvers based on linear programming can

be employed. To this end, one typically introduces the slack variables

x = u− v, where u ≥ 0 and v ≥ 0 to rewrite (BP) as

min
u,v∈RN

+

1T

[
u

v

]
s.t. y =

[
A −A

] [u

v

]
. (2.11)

To solve (2.11) one can use any standard linear programming solver

including, e.g., linprog in MATLAB.

Given the problem formulations (�0-min) and (BP), a natural gen-

eralization is to employ the previously defined �p-norm (2.5), which has

been investigated by several authors (see e.g. [FL09]). The correspond-

ing problem is stated as follows.

Definition 2.3 (�p-minimization). Let A ∈ RM×N and y ∈ range(A) ⊆
RM , M < N , be given. Then, the optimization problem

min
x∈RN

‖x‖p s.t. y = Ax. (�p-min)

is referred to as �p-minimization (�p-min).

Many authors observed that for p < 1 the solution to �p-

minimization (�p-min) is empirically closer to �0-min when compared

to (BP) [FL09]. However, the non-convexity of (�p-min) for p < 1 im-

plies that a globally optimal solution to (�p-min) is notoriously difficult

to find. As a consequence, algorithms to solve (approximately) the �p-

minimization problem are often based on a local optimality criterion

implying certain approximation errors.

Now, let us turn to the case where the measurement process is noisy,

i.e., we are given measurements of the form

y = Ax + z. (2.12)

To account for additive measurement noise in (2.12) we need a weaker

notion of measurement consistency for the adapted optimization prob-

lem. To this end, we assume that (an estimate of) the noise energy

η = ‖z‖2 is available, and define the basis pursuit denoising problem.
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Definition 2.4 (Basis pursuit denoising). Let A ∈ RM×N , y ∈ RM ,

M < N , and η be given. Then, the optimization problem

min
x∈RN

‖x‖1 s.t. ‖y−Ax‖2 ≤ η (BPDN)

is referred to as basis pursuit denoising (BPDN).

As the optimization problem BPDN is convex one can use efficient

solvers to obtain a numerical solution (see [BV04]). A related problem,

where the roles of objective and constraint are exchanged, is referred

to as least absolute shrinkage and selection operator (LASSO) [Tib96].

Definition 2.5 (Least absolute shrinkage and selection operator). Let

A ∈ RM×N , y ∈ RM , M < N , and τ be given. Then, the optimization

problem

min
x∈RN

1

2
‖Ax− y‖22 s.t. ‖x‖1 ≤ τ (LASSO)

is referred to as least absolute shrinkage and selection operator

(LASSO).

In addition to the constrained problems (BPDN) and (LASSO), we

also introduce a related unconstrained composite optimization problem

defined as follows.

Definition 2.6 (Lagrangian basis pursuit). Let A ∈ RM×N , y ∈ RM ,

M < N , and λ be given. Then, the optimization problem

min
x∈RN

1

2
‖y−Ax‖22 + λ‖x‖1 (LBP)

is referred to as Lagrangian basis pursuit (LBP).

Fact 1. It can be shown that the problems (BPDN), (LASSO) and

(LBP) are equivalent for particular triplets of η, τ and λ in the sense

that their solutions coincide [FR13]. However, the correspondence be-

tween the values of η, τ and λ usually cannot be given in explicit form

as it may dependent on the measurements [FR13].

Let us now review one of the most popular algorithms to solve

(LBP) known as iterative shrinkage-thresholding (ISTA). We follow
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the exposition in [PB13] and note that due to Fact 1, we can use ISTA

to solve the problem instances (BPDN) and (LASSO) as well assuming

that the corresponding parameter λ equivalent to η or τ is given. To

obtain ISTA, we rewrite the cost function (LBP) using the splitting

f(x) =
1

2
‖Ax − y‖22 (2.13)

and

g(x) = λ‖x‖1. (2.14)

Next, we find the gradient of f(x) w.r.t. x according to

∇xf(x) = AT(Ax− y). (2.15)

For the second term, we introduce the so-called proximal operator

[PB13].

Definition 2.7 (Proximal operator). Let g : RN → R be a convex func-

tion. Then, the proximal operator proxg : RN → RN of g is defined

by

proxg(x) := argmin
q∈RN

1

2
‖x − q‖22 + g(x), (2.16)

provided that a unique minimizer exists.

With (2.16), the proximal operator of (2.14) is obtained as the

solution to

proxg(x) = proxλ‖·‖1
(x) = argmin

q∈RN

1

2
‖x− q‖22 + λ‖q‖1, (2.17)

which can be related to the Lagrangian form of the projection of x onto

the (scaled) �1-ball. It is interesting to note that the objective function

to be optimized in (2.17) is separable in the variables, i.e., it can be

written as

1

2
‖x− q‖22 + λ‖q‖1 =

1

2

N∑
n=1

|xn − qn|2 + λ
N∑
n=1

|qn|. (2.18)
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Figure 2.2: Soft-thresholding operator for λ = 1.

Accordingly, the optimization problem can be reduced to solving N

independent optimization problems given by

q�n = argmin
qn∈R

1

2
|xn − qn|2 + λ|qn|. (2.19)

The solution to (2.19) can be obtained in closed-form by a geometric

argument illustrated in Fig. 2.2 and is given by the soft-thresholding

operator [PB13]

q�n = prox(xn) = sign(xn)max(|xn| − λ, 0). (2.20)

Now we are in a position to obtain the iterates of ISTA by combin-

ing the gradient step (2.15) and the soft-thresholding operator (2.20)

according to

x(k+1) : = prox
(
x(k) − μ∇xf(x(k)

)
(2.21)

= prox
(
x(k) − μAT

(
Ax(k) − y

))
. (2.22)

We highlight that the iteration (2.21) exhibits nice properties for prac-

tical implementations. In fact, the architecture implied by the ISTA ar-

chitecture is favorable for modern parallel architectures as the involved

operations are robust to noise and the structure allows for pipelining

to achieve high throughput in real-time systems.
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Finally, we introduce a problem formulation that consists in adapt-

ing the problem formulation (�p-min) to the noisy setting.

Definition 2.8 (�p-regularized least squares). Let A ∈ RM×N , y ∈ RM ,

M < N , λ and 0 < p ≤ 2 be given. Then, the optimization problem

min
x

1

2
‖y−Ax‖22 + λ‖x‖pp (LPLS)

is referred to as �p-regularized least squares (LPLS).

The main difference of problem formulation (LPLS) to (LBP) is

that one replaces the regularization term λ‖x‖1 by λ‖x‖pp. To solve the

non-convex problem (LPLS) for 0 < p < 1, the authors in [ZMW+17]

propose to use a technique referred to as p-continuation. The approach

consists in solving a sequence of problems starting with the convex case

p = 1. Then, the subsequent problems are solved using a local gradi-

ent scheme initialized with the previous solution and using a slightly

smaller value of p. The sequence continues by gradually diminishing

the value of p until a solution for the desired value is obtained. While

the authors in [ZMW+17] show a favorable empirical performance of

this approach, we highlight that there is no guarantee regarding global

optimality of the obtained solution.

2.1.2 RIP, NSP, Incoherence

In this part we introduce the theoretical tools to understand and

quantify the recovery performance of previously introduced algorithms

based on the works [BCKV14, FR13]. To this end, we denote the kernel

or nullspace of A by

ker(A) := {x ∈ RN : Ax = 0}. (2.23)

Intuitively, it is clear that if x ∈ Σk ∩ ker(A) we obtain measurements

of the form Ax = 0 and there is clearly no hope for adequate recov-

ery. Consequently, a crucial property of the matrix A is the so-called

nullspace property (NSP) defined as follows.

Definition 2.9 (Nullspace property [FR13]). Let K ⊂ {1, . . . , N} with

|K| ≤ k be a support set and Kc := {1, . . . , N}\K be its complement.
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Then, a matrix A is said to fulfill the NSP w.r.t. the set K if

‖xK‖1 < ‖xKc‖1 for all x ∈ ker(A)\0. (2.24)

If A fulfills the NSP for all K with |K| ≤ k we say that A fulfills the

NSP of order k.

Using Def. 2.9 we can formally state a first condition under which

the solutions to the problems (�0-min) and (BP) coincide.

Theorem 2.1 (NSP and successful recovery via (BP) [FR13, p.79]). Let

A ∈ RM×N and K be given and suppose that supp(x) ⊆ K and A

fulfills the NSP w.r.t. K. Then, the solution to the convex-optimization

problem (BP) is equal to that of problem (�0-min).

Proof. The proof can be found in [FR13, p.79].

As a direct consequence, we can formulate a uniform recovery guar-

antee for x ∈ Σk as follows.

Theorem 2.2 (Successful uniform recovery via (BP) [FR13, p.79]). Let

A ∈ RM×N be given and suppose that x ∈ Σk and A fulfills the NSP of

order k. Then, the solution to the convex-optimization problem (BP)

is equal to that of problem (�0-min).

While the recovery guarantee via NSP is relatively easy to prove,

it is hard to establish the NSP for a given matrix A [TP14]. In addi-

tion, the NSP does not account for measurement noise which may be

prohibitive in some cases.

An alternative quantity to analyze the expected performance in the

noisy setting is the so-called restricted isometry property (RIP) defined

as follows.

Definition 2.10 (Restricted isometry property (RIP) [BCKV14]). A ma-

trix A is said to fulfill the restricted isometry property (RIP) of order

k if there exists a constant δk ∈ (0, 1) such that

(1− δk)‖x‖22 ≤ ‖Ax‖22 ≤ (1− δk)‖x‖22, for all x ∈ Σk. (2.25)
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In other words, the restricted isometry property requires that for

all x ∈ Σk we have that the �2-norm of Ax is bounded from below and

above by constant multiples of the �2-norm of x. Using the RIP, we can

obtain a theoretical recovery guarantee formalized in the following.

Theorem 2.3 (RIP and successful recovery via (BP) [FR13, p.141]). Let

A ∈ RM×N with restricted isometry constant

δ2k <
1

3
. (2.26)

Then, the solution to the convex-optimization problem (BP) is equal

to the solution of problem (�0-min).

An interesting property of the RIP is that it can be applied to

analyze the robustness to noise for the recovery algorithm (BPDN).

Theorem 2.4 (RIP and robust recovery via (BPDN)). Let A ∈ RM×N

with restricted isometry constant

δ2k <
4√
41
. (2.27)

Then, for every x ∈ RN and measurement y with ‖Ax − y‖2 ≤ η we

have that the solution x̂ to the convex-optimization problem (BPDN)

obeys

‖x− x̂‖1 ≤ Cσk,1(x) +D
√
kη (2.28)

‖x− x̂‖2 ≤
C√
k
σk,1(x) +Dη, (2.29)

where the generalized k-term approximation error is defined by

σk,p(x) := minq∈Σk
‖x− q‖p, (2.30)

and C,D > 0 depend only on δ2k.

Proof. The proof can be found in [FR13, p.144].

Theorem 2.4 also reveals that for x ∈ Σk and η = 0, the solu-

tion of (BP) is equal to that of (�0-min). Moreover, if x ∈ Σk, the

reconstruction error scales linearly in D
√
k and D when measured in



2.1. Compressed sensing 19

�1 and �2-norm, respectively. However, the RIP suffers from a similar

drawback as the NSP in that certifying the RIP for a given matrix is

NP-hard.

To overcome the limitation of certifying NSP and RIP we introduce

in the following the measure of coherence that is simpler to compute

but usually results in weaker recovery guarantees.

Definition 2.11 (Coherence [BCKV14, p.27]). Let A ∈ RM×N with unit

norm columns an, 1 ≤ n ≤ N . Then, the coherence μ(A) is defined as

μ(A) := max
n �=n′

|〈an,an′〉|. (2.31)

The connection to the RIP is given in the following theorem restated

from [BCKV14].

Theorem 2.5 (Connection between coherence and RIP [BCKV14, p.28]).

Let A ∈ RM×N with unit norm columns an, 1 ≤ n ≤ N , and coherence

μ(A). Then, A satisfies the RIP of order k with δk ≤ (k − 1)μ(A) for

all k < μ(A)−1.

Sets of matrices with good coherence properties have attracted a

great deal of attention and are studied in the field of frame theory (see

[SHJ03, KC08, CK13]). An interesting example for a low-coherence

matrix is the Mercedes-Benz frame depicted in Fig. 2.3. The Mercedes-

Benz frame corresponds to the matrix

A =

√
2

3

[
0

√
3

2 −
√

3
2

1 −1
2 −1

2

]
. (2.32)

and has the remarkable property that the columns are equiangular, i.e.,

we have that

|〈an,an′〉| = c for any n �= n, (2.33)

with c = 1
3 . Matrices (or frames) formed by equiangular lines are opti-

mal in the sense that they attain the smallest possible coherence (2.31)

for some given dimensions (M,N). However, it should be emphasized

that these so-called equiangular tight frames (ETFs) exist only for par-

ticular values of (M,N) (see [Red09]). Due to the favorable coherence
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Figure 2.3: Vectors corresponding to the Mercedes-Benz frame.

properties, we use ETFs for performance comparison in Chapter 3 and

6.

While the coherence can be easily computed in (N−1)N/2-steps and

many different designs of low-coherence matrices are known to perform

well in practice [CK13], we emphasize that the recovery guarantee cor-

responding to Theorem 2.5 is rather loose and of limited relevance for

practical applications.

2.1.3 Bayesian compressed sensing

In this part, we introduce an estimation theoretic framework of com-

pressed sensing referred to as Bayesian compressed sensing (BCS). This

framework can be viewed as an application of classical Bayesian estima-

tion theory [Kay93] using sparsity-inducing probability distributions.

In the Bayesian framework, we may also analyze structured estimators

such as the celebrated linear MMSE estimator (LMMSE) [Kay93]. The

LMMSE estimator is optimal (in an MSE sense) for Gaussian estima-

tion problems.

A couple of difficulties arise when we introduce sparsity-inducing

distributions. These difficulties are related to fundamental computa-

tional problems such as optimization and high-dimensional integration.

In this regard, we highlight that the prominence of the Gaussian dis-

tribution in many signal processing tasks is due to favorable algebraic

properties that allow for simple closed-form solutions of optimization
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and integration problems.

We first revisit classical Bayesian estimators for the problems of

maximum likelihood (ML), maximum-a posteriori (MAP) and mini-

mum mean square error (MMSE) estimation. After that, we derive

solutions for these estimators for the case of Gaussian distributions

and for the case of sparsity-inducing distributions. To analyze the com-

pressibility of a given probability distribution, we introduce the con-

cept of order-statistics and present comparisons of different models

that appear in the literature. Finally, we review connections between

classical Bayesian estimators and the optimization problems (BP) and

(BPDN) and explain the difficulties that arise when trying to compute

the MMSE estimator.

Classical Bayesian estimators

The main difference of the Bayesian setting compared to the linear

measurement model (2.12) is that the variables x,y, z are modeled as

random variables x, y, z. Accordingly, we analyze in the following the

probabilistic measurement model

y = Ax + z. (2.34)

While we assume that A is full-rank and deterministic in what follows,

one could also introduce uncertainty in the measurement matrix by al-

lowing for a random matrix A. However, this would introduce further

difficulties that we choose to avoid in what follows due to limited rel-

evance for our applications of interest. Given the measurement model

(2.34), the main ingredient of the Bayesian setting is the specification of

prior distributions of signal px(x) and noise pz(z) that encode the avail-

able information about the realizations in a practical system. Thus, the

Bayesian framework introduces a richer problem structure by incorpo-

rating additional information about x and z. Such prior information

about x and z is often available in form of a dataset resulting from a

measurement campaign or as a result of a synthetic data generation

process.

Remark 2.2. We assume in the following that all RVs admit proper

densities and avoid the technical subtleties connected to the use of
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Dirac delta distributions for the noiseless case, . Under this assump-

tion, the noiseless case can be treated numerically by assuming that

the noise follows a Gaussian distribution with diminishing variance

subceeding machine precision. In Chap. 5 and 6, we introduce an alter-

native approach for the noiseless case involving a geometric argument

and problem formulations based on the mean-square error criterion.

For a more elaborate discussion on the noiseless case, the reader is

referred to [Stu10, Ch. 2.3]).

We start with an elementary result from probability theory which

states that the prior px(x) and the joint distribution px,y(x,y) of input

RV x and output RV y are related by the marginalization

px(x) =

∫
RM

px,y(x,y) dy. (2.35)

Similarly, we have that the marginal density py(y) is given by

py(y) =

∫
RN

px,y(x,y) dx, (2.36)

which frequently appears as a normalization constant when we insert

a particular numerical measurement vector y.

For the stochastic linear model (2.34) and by virtue of the classical

Bayes’ theorem, we obtain the joint distribution px,y(x,y) of signal and

noise based on the individual distributions px(x) and pz(z) as follows.

Definition 2.12 (Joint distribution). Assume that x ∈ RN and z ∈ RM

are independent with prior distributions px(x) and pz(z). Given the

measurement model (2.34) the joint distribution of x and y is given by

px,y(x,y) = px(x)pz(y−Ax). (2.37)

To establish results in the general setting, let us introduce two im-

portant distributions that characterize the information about a random

variable conditioned on the outcome of another random variable.

Definition 2.13 (Likelihood). Assume that x ∈ RN and z ∈ RM have

a prior distribution px(x) and pz(z). Then, for x ∈ supp(px(x)) the

likelihood function is given by

py|x(y|x) =
px,y(x,y)

px(x)
. (2.38)
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We observe that defining the likelihood for x /∈ supp(px(x)) is not

meaningful as it is equivalent to conditioning on an impossible event.

Next, we introduce the posterior distribution of input x given an

observed vector y.

Definition 2.14 (Posterior). Assume that x ∈ RN and z ∈ RM have

a prior distribution px(x) and pz(z). Then, for y ∈ supp(py(y)) the

posterior distribution is given by

px|y(x|y) =
px,y(x,y)

py(y)
=
px(x)py|x(y|x)

py(y)
. (2.39)

As for the case of the likelihood (cf. Def. 2.38), it is not meaningful

to define the posterior for y /∈ supp(py(y) as it corresponds to an

observation that is inconsistent with the given measurement model. For

the remainder of this section, the noise is assumed to be independent of

the signal and in accordance with Rem. 2.2 is modeled by a Gaussian

distribution with variance σn in the noisy setting and σn = ε > 0 in

the noiseless setting.

We are now in a position to introduce a widely-used classical esti-

mator referred to as maximum likelihood estimator (ML).

Definition 2.15 (Maximum likelihood estimate (ML)). Assume that x ∈
RN and y ∈ RM have a (well-defined) likelihood py|x(y|x). Then, the

maximum likelihood estimate (ML) is defined by

xml ∈ argmax
x∈RN

py|x(y|x), (2.40)

provided that a maximizer exists. If a maximizer exists but is not

unique we define any vector in the solution set as ML estimate.

Example 2.2 (Gaussian ML estimate). Assume that x ∼ N (0, σ2
xIN )

and z ∼ N (0, σ2
z IM ) are two independent zero-mean Gaussian random

vectors and let A ∈ RM×N . By (2.37) we have that

py|x(y|x) = pz(y−Ax) (2.41)

so that the optimization problem to obtain the ML estimate is given
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by

xml = argmax
x∈RN

det(2πσ2
z I)−1/2 exp

(
− 1

2σ2
z

‖y−Ax‖22
)

(2.42)

= argmin
x∈RN

‖y−Ax‖22. (2.43)

For the considered setting with M < N , the optimization problem

in Example 2.2 can be easily solved in closed-form by

xml = A†y, (2.44)

where

A† = AT
(
AAT

)−1
(2.45)

is the Moore-Penrose pseudo-inverse. While the simple matrix inverse

in (2.45) amounts to fast solutions in practice, the likelihood function

(2.41) does not depend on the prior information px(x) so that the ML

estimate does not benefit from available prior information. To account

for available prior information, we may consider instead the maximum

a posteriori estimate (MAP).

Definition 2.16 (Maximum a posteriori estimate (MAP)). Assume that

x ∈ RN and y ∈ RM have a (well-defined) posterior distribution

px|y(x|y). Then, the maximum a posteriori estimate (MAP) is defined

by

xmap ∈ argmax
x∈RN

px|y(x|y), (2.46)

provided that a maximizer exists. If a maximizer exists but is not

unique we define any vector in the solution set as MAP estimate.

Example 2.3 (Gaussian MAP estimate). Assume that x ∼ N (0, σ2
xIN )

and z ∼ N (0, σ2
z IM ) are two independent zero-mean Gaussian random

vectors and let A ∈ RM×N . By (2.34) we have that

px|y(x|y) =
px(x)pz(y−Ax)

py(y)
(2.47)

∝ exp

(
− 1

2σ2
z

‖y−Ax‖22 −
1

2σ2
x

‖x‖22
)
. (2.48)
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We can omit the normalization by py(y) and apply the logarithm so

that the MAP estimate is obtained as the solution to

xmap = argmax
x∈RN

px|y(x|y) (2.49)

= argmin
x∈RN

1

2
‖y−Ax‖22 +

σ2
z

2σ2
x

‖x‖22. (2.50)

The optimization problem (2.49) is an �2-regularized least squares

problem often referred to as Tikhonov regularization [KS06]. As such, it

is a special case of the �p-regularized least squares problem introduced

in (LPLS) with p = 2 and λ = σ2
z/2σ2

x .

The particular structure of problem (2.49) allows for a solution in

closed-form given by

xmap = AT

(
AAT +

σ2
z

σ2
x

IM

)−1

y. (2.51)

Hence, the complexity to obtain the MAP estimate is associated with

solving a linear system or inverting an M × M symmetric positive-

definite matrix which can be performed in O(M3) flops [TB97]. It is

also interesting to observe that the regularization in (2.51) accounts for

the prior information through the relationship between signal and noise

variance σ2
z/σ2

x . In practice, we often have this knowledge in form of the

inverse quantity σ2
x/σ2

z referred to as signal to noise ratio (SNR). Con-

sequently, in the Gaussian setting with known SNR, the MAP estimate

is usually preferred over the ML estimate.

To complete the review of classical estimators, we introduce the

so-called conditional mean estimator (CM) often also referred to as

(Bayesian) minimum mean square error estimator (MMSE).

Definition 2.17 (Conditional mean estimate (CM)). Assume that x ∈
RN and y ∈ RM have a (well-defined) posterior distribution px|y(x|y).

Then, the conditional mean (CM) or minimum mean square error es-

timate (MMSE) is defined as

xcm =

∫
RN

x px|y(x|y) dx. (2.52)

In the following we present an example for the conditional mean

estimator in the Gaussian case.
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Example 2.4 (Gaussian CM estimate). Assume that x ∼ N (0, σ2
xIN )

and z ∼ N (0, σ2
z IM ) are two independent zero-mean Gaussian random

vectors and let A ∈ RM×N . For the Gaussian setting and the measure-

ment model (2.34) it is well-known (see e.g. [KS06, Th. 3.7]) that the

posterior distribution takes the form

px|y(x|y) ∝ exp

(
−1

2
(x−mx|y)TC−1

x|y(x −mx|y)

)
(2.53)

where

mx|y = AT

(
AAT +

σ2
z

σ2
x

IM

)−1

y, (2.54)

and

Cx|y = σ2
xIN − σ2

xAT

(
AAT +

σ2
z

σ2
x

IM

)−1

A. (2.55)

By virtue of (2.52), the conditional mean estimate is given by the mean

of the posterior distribution px|y(x|y) so that xcm = mx|y.

It is interesting to note that in the Gaussian setting the conditional

mean estimate xcm = mx|y (2.54) is equal to the maximum a posteriori

estimate xmap (2.51). It is also interesting to note the relation of CM

and MAP estimate to problem (LPLS) with p = 2.

From Gaussian to compressible distributions

The specification of prior information in terms of a prior pdf px(x) is

one of the crucial steps to obtain adequate reconstructions via classical

estimators. However, if the signal lives in a higher dimensional space,

the problem of estimating the pdf from data usually suffers from the

curse of dimensionality. Therefore, it is typically not possible to acquire

enough data to obtain rigorous error bounds and an adequate estimate

of the prior px(x). To see this, consider an arbitrary two-dimensional

distribution and a histogram fit with L bins (see Fig. 2.4 for the special

case of a two-dimensional Gaussian distribution and L = 20).

In this case, the histogram is stored in a matrix of size L2 and a

direct generalization to N -dimensions results in a tensor of size LN .
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Figure 2.4: Histogram fit of two-dimensional Gaussian pdf.

This is a fundamental problem that prohibits the approximation of

arbitrary distributions in higher dimensions and forces us to restrict

our analysis to parametric families of compressible distributions with

favorable properties. Hence, the question to be addressed in the follow-

ing is which characteristics should be imposed to allow for beneficial

implementation aspects.

Definition 2.18 (Independence). Two random variables with joint prob-

ability distribution px1,x2(x1, x2) are independent, iff the distribution

factorizes as

px1,x2(x1, x2) = px1(x1)px2(x2). (2.56)

In contrast to the case of arbitrary distributions, the assumption of

independence implies that we can efficiently store and estimate the pdf

px(x) because it factorizes according to

px(x) =
N∏
n=1

pxn(xn). (2.57)

Therefore, the storage complexity of a classical histogram estimator re-

duces from LN to LN . Moreover, if we assume that pxn(xn) = pxn′ (xn′)

for n �= n′, i.e., that the entries of the random vector x are independent

and identically distributed (i.i.d.), we can reduce the storage complexity
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to a number of L parameters. A popular sparsity inducing prior pdf for

the random vector x involving the i.i.d. assumption is the generalized

Gaussian distribution (GGD).

Definition 2.19 (Generalized Gaussian distribution (GGD)). A random

variable x follows the generalized Gaussian distribution with parameters

(β, ρ, μ), iff its pdf px(x) is of the form

px(x) =
β1/2

2Γ (1 + 1/ρ)
exp

(
−βρ/2|x− μ|ρ

)
. (2.58)

A natural extension of (2.58) to the case of an N -dimensional i.i.d.

generalized Gaussian distribution x ∼ G(β, ρ,μ) follows as

px(x) ∝ exp
(
−βρ/2‖x− μ‖ρρ

)
. (2.59)

In Fig. 2.5, we depict realizations and marginal histograms of the GGD

prior for various values of ρ (β = 1, μ = 0), where ρ = 2 corresponds

to the classical Gaussian distribution. For the GGD, we can also verify

that the entries are identically distributed by noting that the marginal

distributions in Fig. 2.5 are equal.

An interesting connection arises when we formulate the MAP esti-

mator, cf. Def. 2.16, for x ∼ G(β, ρ,0) and z ∼ N (0, σ2
z ). In this case,

we have that

px|y(x|y) ∝ exp

(
− 1

2σ2
z

‖y−Ax‖22 − β
ρ/2‖x‖ρρ

)
(2.60)

so that the MAP estimate is obtained as a solution to the problem

(LPLS), i.e.,

xmap = argmin
x∈RN

1

2σ2
z

‖y−Ax‖22 + β
ρ/2‖x‖ρρ. (2.61)

The GGD prior with ρ = 1 is usually referred to as Laplace distribution

and the corresponding MAP estimator corresponds to a solution to

the optimization problem (LBP). While there has been some debate

about the implications of this similarity (see e.g. [Gri11, GCD12]), the

comparison of (2.61) and (LPLS) reveals an often overlooked reference

for choosing the regularization parameter λ in (LPLS) based on (an

estimate of) the parameters β and ρ of the GGD prior. For additional
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(a) ρ = 2 (b) ρ = 1

(c) ρ = 0.5 (d) ρ = 0.25

Figure 2.5: Realizations and marginals for GGD with various parameters of ρ.
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literature addressing the problem of (approximate) conditional mean

estimation for particular cases of the GGD prior as well as the Gaussian

mixture and Bernoulli Gaussian prior, we refer the reader to [RGF09,

KWT10, DMM11]. However, we choose to omit a more detailed review

of these works as it would have to include a rather involved discussion

of the underlying controversial Replica method (see, e.g., [VZ85] or

[Dot12]).

In this thesis, we address a class of priors with a sparsity inducing

structure that is closely related to the aforementioned GGD prior but

allows us to use a powerful set of geometric tools. To this end, we recall

the definition of the �p-norm (2.5) and the unit �p-ball (2.7). Then, we

introduce the uniform distribution on Bp by

px(x) = vol(Bp)−1
1Bp(x). (2.62)

For brevity, we use x ∼ U(Bp) to refer to the random variable x drawn

according to (2.62). We note that in this case the distribution is sym-

metric so that we have

px(x) = px(Px) (2.63)

for arbitrary (signed) permutation matrices P. As for the GGD dis-

tribution, we can illustrate the distribution in terms of histogram and

marginal histograms provided in Fig. 2.6 and 2.7.

In contrast to the case of independent priors with histograms com-

prising LN unknowns, the case is a little bit more difficult for the case

of symmetric distributions. Here, we find that the complexity of storing

symmetric histograms is equal to the complexity of storing a symmet-

ric N -way tensor of dimension L, a problem that is addressed by the

Alexander-Hirschowitz theorem [CGLM08]. For completeness, we point

out that (with some low-dimensional exceptions) the resulting number

of free parameters is given by L�1/L
(N+L−1

N

)
� [CGLM08].

While histograms and marginals may well be analyzed in low di-

mensions, it is difficult to visualize the histogram tensors in higher

dimensions. A useful descriptor to analyze the compressibility of ran-

dom vectors with higher dimensional distributions is the so-called order

statistic [DN04]. Order statistics can be seen as a natural generalization

to the expected maximum and minimum value (in magnitude) of some
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Figure 2.6: Histogram fit of two-dimensional uniform B2 pdf.

random vector. To introduce order statistics, we denote the rearranged

absolute values as x̄n = |(Px)n|, where P is a permutation such that

that

|(Px)1| ≥ |(Px)2| ≥ . . . ≥ (Px)N . (2.64)

Then, we define a new RV x̄ that is constructed such that realizations

x̄n correspond to non-increasing rearrangements (Px)n. As is custom-

ary in the literature, we apply a normalization to the order-statistics so

that the expected maximum entry is one, i.e., E[x̄1] = 1. The induced

distribution of the random vector x̄ is referred to as order-statistics

(OS) of the original random vector x. It is important to realize that

due to the presumed ordering, the entries of x̄ are necessarily depen-

dent. Order statistics are a valuable tool to analyze the decay profile

of compressible random vectors and we refer the interested reader to

[Cev09] for a comprehensive analysis of distributions such as GGD,

Pareto, Student’s t and Log-Logistic. In our case, we are mainly in-

terested in the correspondence between the GGD and the uniform Bp
prior as well as the influence of the parameters ρ and p. To illustrate

the connection, we depict the order statistics of GGD and U(Bp) in

Fig. 2.8 and 2.9. It is a remarkable property that the decay profile is

essentially the same implying a direct relationship between the param-

eters ρ of the GGD prior and p of the uniform Bp prior. While the



32 Mathematical Prerequisites

(a) p = 2 (b) p = 1

(c) p = 0.5 (d) p = 0.25

Figure 2.7: Realizations and marginals for U(Bp) with various parameters of p.



2.1. Compressed sensing 33

(a) N = 10 (b) N = 102

(c) N = 103 (d) N = 104

Figure 2.8: Order statistics of the GGD prior for varying dimensions and varying
parameters of ρ.

i.i.d. assumption tied to the GGD prior leads to a favorable structure

for estimating the pdf, we find that the geometric structure of the uni-

form prior allows for fast approximate as well as closed-form estimators.

These estimators are introduced in Chapter 5 and 6. As a side-note,

it was argued in [GCD12] that the Laplace distribution is not a use-

ful compressible distribution due to insufficient recovery guarantees.

However, in their definition, the authors use a notion of dimension-

independent compressibility meaning that realizations carry a constant

and dimension-independent amount of information. In contrast, in our

case we allow for a dimension dependent scaling and only require that

the reconstruction error scales better in the measurement ratio M/N

than for the isotropic Gaussian or uniform B2 prior.
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(a) N = 10 (b) N = 102

(c) N = 103 (d) N = 104

Figure 2.9: Order statistics of the uniform Bp prior for varying dimensions and
varying parameters of p.
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2.2 Distributed signal processing

In the following, we introduce and analyze distributed strategies that

enable nodes to calculate functions of values in a network. Such a com-

putation strategy is beneficial if the network is deployed not to dis-

tribute and store every individual node value but only to compute

a relevant function. Depending on the particular application, such a

function can monitor a normal network operation or classify between

multiple possible network states that depend on the values of the nodes.

Wireless channels

The foundation for distributed signal processing consists in exploiting

the structure of the wireless communication medium. To analyze this

structure, we start by introducing the popular OFDM model that ex-

poses the multiple-access property of wireless communication systems.

To this end, we take a closer look at a popular characterization of the

input output relationship of a time-variant linear channel that is due to

the seminal work by Bello [Bel63]. For a single point-to-point link, this

relationship is described by a linear time-varying system, where the

(continuous time) received signal y(t) is obtained as the convolution

of the (continuous time) transmit signal x(t) and a channel response

h(τ, t) according to

y(t) = (h ∗ x)(t) =

∫ ∞

−∞
h(τ, t)x(t− τ) dτ. (2.65)

Here, h(τ, t) models the effect of the channel at time t to an impulse

transmitted at time t− τ .

The wireless channel model (2.65) is often motivated by the mul-

tipath propagation scenario illustrated in Fig. 2.10. In this multipath

propagation setting, the received signal is a superposition of multiple

delayed and attenuated copies of the transmit signals with a corre-

sponding channel defined by

h(τ, t) =
∑
i

ai(t)δ(τ − τi(t)). (2.66)

Here, the number of terms in the sum can be either finite or infinite

depending on the desired granularity of the model. Accordingly, we



36 Mathematical Prerequisites

Figure 2.10: Multipath wireless transmission scenario.

obtain the received signal corresponding to the channel (2.66) by

y(t) =
∑
i

ai(t)x(t− τi(t)). (2.67)

While this model can be well motivated by the physical propagation

of waves, the continuous time structure makes a numerical analysis

and simulations using finite memory cumbersome. To alleviate such

problems, it is customary to transfer the continuous time system (2.67)

into a discrete time system. In the literature, several approaches have

been proposed for discretizing the continuous-time system, including

sampling, eigendecomposition and Weyl-Heisenberg signaling [HM11,

Ch. 2]. In the following, we consider the sampling-based discretization

based on [TV05]. First, we assume that the continuous time input x(t)

in the baseband is band-limited to W/2 so that it can be written as

x(t) =
∑
j

x[j]sinc(Wt− j), (2.68)

with sinc(t) := (πt)−1sin(πt). Then, we obtain the continuous baseband

output as

y(t) =
∑
j

x[j]
∑
i

ai(t)sinc(Wt−Wτi(t)− j) (2.69)

and the discrete time baseband output at integer multiples of W−1 is
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given by

y[k] =
∑
j

x[j]
∑
i

ai(k/W )sinc(k − j − τi(k/W )W ) (2.70)

=
∑
j

x[k − j]
∑
i

ai(k/W )sinc(j − τi(k/W )W ). (2.71)

Finally, we can absorb the effect of discretization into a discretized

input output relationship

y[k] =
∑
j

hj [k]x[k − j], (2.72)

where hj [k] is the discretized impulse response at time k. It should

be noted that the ideal sampling operation results in an infinite sum

over the index j which is unfavorable for many practical purposes. In

addition, the infinite sum renders the discretized system non-causal

meaning that the system output at discrete time k depends on the

system input at a later discrete time k′ > k. To combat this problem it

is convenient to consider a truncation of the sum (2.72) together with

a positive or negative delay to arrive at the discrete and causal finite

impulse response (FIR) model with J + 1 taps given by

y[k] =
J∑
j=0

hj [k]x[k − j] + z[k]. (2.73)

In (2.73) we added the term z[k] which models the error due to the

truncation of the infinite-sum as well as other impairments of the sam-

pling operation. By assuming that the channel is constant over a time-

window of sufficient length and appending and removing a cyclic prefix

of appropriate length, we can rewrite the input output relationship for

a sequence of consecutive outputs by

y = Hcx + z. (2.74)

Here, Hc is a cyclic matrix of channel taps and x, y and z are vectors of

sampled inputs, outputs and noise, respectively.1 Finally, denoting by F

1We refer the reader to [TV05, Ch. 3.4.4] for the details of the underlying con-
version.
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and F−1 the normalized discrete and inverse discrete Fourier transfrom

and by (̌·) the DFT of (·) we arrive at

F−1y̌ = HcF
−1x̌ + F−1ž (2.75)

y̌ = FHcF
−1x̌ + ž. (2.76)

It is well known (see e.g. [GL12, Ch. 4.8.2]) that a circular matrix Hc

can be diagonalized by the DFT matrix so that we have

y̌ = ȟ� x̌ + ž (2.77)

with

ȟ = Fhc,1 (2.78)

and hc,1 denoting the first column of Hc. By considering also successive

time-windows we arrive at the well-known input output relationship of

the orthogonal frequency division multiplexing (OFDM) scheme given

by

y̌f,t = ȟf,tx̌f,t + žf,t. (2.79)

To estimate the channel ȟf,t and allow for correct detection of the

transmit symbol x̌f,t given the receive symbol y̌f,t it is customary to

interleave pilot-symbols at particular known position into the transmit

data-stream. In a conventional data transmission scheme, the receiver

uses the channel knowledge at the known positions to estimate the

channel at the unknown positions so that information can be transmit-

ted using the corresponding time-frequency slots.

Multiple-access and linear functions

In the following, we analyze the more general communication setting

comprising N -users. In this case, the corresponding input output rela-

tion is obtained by

y̌f,t =
N∑
n=1

ȟ
(n)
f,t x̌

(n)
f,t + ž

(n)
f,t , (2.80)

i.e., the output is obtained as a weighted sum of inputs and noise.

As in the single user system, we can estimate the channel coefficients
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Figure 2.11: Orthogonal multiple access with pilot-symbols in marked positions.

ȟ
(n)
f,t by interleaving a set of pilot-symbols into the data-stream as il-

lustrated in Fig. 2.11. However, in the multi-user setting the available

resources have to be allocated to allow for a successful transmission of

a symbol x̌
(n)
f,t of user n and avoid interference by users n′ �= n. Using a

suitable allocation scheme the interference can be mitigated and the re-

ceiver can detect a transmit symbol by equalizing the channel using the

channel information obtained by the individual user’s pilot-symbols.

Depending on the chosen type of multiplexing, the relevant unknown

positions are determined by a resource allocation scheme such as time-

division multiple-access (TDMA) or frequency-division multiple-access

(FDMA) depicted Fig. 2.12 and 2.13, respectively.

While the type of multiplexing employed in a practical system de-

pends on the assumptions about the physical channel, the more im-

portant aspect for our purpose is the additive structure of the N -user

multiple-access channel. To formalize and exploit this structure, we

use a slight adaption of notation and define the discrete noisy multiple-

access channel as follows.

Definition 2.20 (Noisy multiple-access channel). Let N ≥ 2 and

{xn}Nn=1, y and z be real or complex valued input, output and noise,

respectively. Then, the noisy multiple-access channel without channel
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Figure 2.12: Time-division multiple access (TDMA).

Figure 2.13: Frequency-division multiple access (FDMA).
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Figure 2.14: Ideal multiple-access channel.

corresponds to an input-output relation

y =
N∑
n=1

xn + z, (2.81)

and the noisy multiple-access channel with channel {hn}Nn=1 is defined

by

y =
N∑
n=1

hnxn + z. (2.82)

It is clear that (2.81) and (2.82) are directly related when the trans-

mitters perfectly know their own channel. In this case, they can invert

the effect of their channel by transmitting h−1
n xn instead of xn and

thereby convert (2.82) to (2.81). On the other hand, such a conversion

is in general not possible without perfect channel knowledge at at the

transmitters or channel knowledge at the receiver only.

To simplify the model even further, we also define an idealized set-

ting where there is no channel effect to the transmit signal and the

system is noiseless.

Definition 2.21 (Ideal multiple-access channel). Let N ≥ 2 and

{xn}Nn=1, y be real or complex valued input and output, respectively.

Then, the ideal multiple access channel corresponds to an input-output

relation

y =
N∑
n=1

xn. (2.83)

In the idealized setting the ideal MAC can be used to compute the

sum of inputs of individual users in a single transmission as depicted

in Fig. 2.14.
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The additive structure of the ideal MAC has attracted attention

for particular problems of efficient distributed computation such as the

problem of average consensus [OSFM07]. Here, the goal of the users is

to determine the arithmetic mean

f(x1, . . . , xN ) =
1

N

N∑
n=1

xn (2.84)

of individual values of users in a network using a reduced amount of

transmission resources. A detailed analysis of transmission schemes for

the arithmetic mean problem is provided in [GS13, KGS14]. It should

be noted that the only difference between (2.84) and the ideal MAC

(2.83) is the additional division by 1/N. Clearly, inserting such an oper-

ation introduces an additional degree of freedom that allows for repre-

senting a richer class of functions. In the following, we analyze different

pre- and postprocessing strategies that allow to use the ideal MAC (cf.

Def. 2.21) as a building block and provide a review of the literature.

Ridge functions

In this section we introduce ridge functions that have a longstanding

history in approximation theory [Pin99] and were applied in partial

differential equations, computerized tomography and neural networks

[Joh81, Pin99]. Ridge functions also appear in statistics under the name

single-index models [HHI93] or generalized linear models [NW72].

Definition 2.22 (Ridge function). Let N ≥ 2, {xn}Nn=1 and f(x) be real

valued inputs and output, respectively. Then, a ridge function f(x)

corresponds to a multivariate function of the form

f(x) = ψ (〈a,x〉) , (2.85)

where a ∈ RN and ψ : R → R are referred to as ridge direction and

ridge profile.

Ridge functions can be computed via the ideal MAC by introducing

the linear preprocessing xn �→ anxn and the postprocessing ψ as illus-

trated in Fig. 2.15. Due to the nonlinear postprocessing, the analysis of

ridge functions is an intricate task and the interested reader is referred
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Figure 2.15: Computation of ridge functions via an ideal multiple-access channel.

to [Pin99] for several approximation theoretic results. Classical algo-

rithms to obtain an approximation of a given function in terms of ridge

direction and ridge profile can be found in, e.g., [NW72, Hub85, HHI93].

More recent approaches to the approximation problem from adap-

tive point queries can be found in [CDD+12, FSV12]. A main ingredi-

ent of these approaches is a method to approximate the ridge profile

a. This is done by first assuming that the ridge profile ψ is (at least)

once continuously differentiable. In turn, this assumption guarantees

that we can obtain information about the ridge direction by evaluating

(or approximating) the gradient

∇xψ (〈a,x〉) = ψ′ (〈a,x〉) a. (2.86)

Given information about the ridge direction, it remains to approximate

the univariate function ψ, which can be accomplished by standard nu-

merical routines such as polynomial or spline approximation. Interest-

ingly, the main contributions of [CDD+12] and [FSV12] also include

a rigorous analysis of resulting approximation errors which is a rather

intricate task.

Generalized additive models

A different functional class that maps to the ideal MAC (cf. Def. 2.21)

with preprocessing on the transmitter side is referred to as generalized

additive models [HT90]. Generalized additive models were originally in-

troduced in statistics to analyze nonlinear interactions among variables

and the definition is introduced in the following.

Definition 2.23 (Generalized additive model). Let N ≥ 2, {xn}Nn=1 and
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Figure 2.16: Computation of generalized additive models via an ideal multiple-
access channel.

f(x) be real valued inputs and output, respectively. Then, a generalized

additive model f(x) corresponds to a multivariate function of the form

f(x) =
N∑
n=1

ϕn(xn), (2.87)

where ϕn are univariate preprocessing functions.

Generalized additive models can be computed via the ideal MAC

as depicted in Fig. 2.16. Several algorithms have been proposed to

represent or approximate a given function by a generalized additive

model. For instance, in the original work [HT90], the authors suggest

to obtain the functions ϕn by fitting individual univariate basis ex-

pansions. In [Wah90], the author introduces a more rigorous treat-

ment by choosing the basis functions as univariate splines and posing

the approximation problem in a tensor product space. In the tensor

product framework, additional constraints need to be imposed so that

the univariate functions ϕn are smooth and unique. A different ap-

proach that does not directly impose a smoothness constraint is based

on a truncation of the analysis of variance (ANOVA) decomposition

[Gri05, NW08, KSWW10]. This decomposition produces a finite ex-

pansion of f into 2N different terms with increasing number of active
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variables given by

f(x1, . . . , xN ) =f∅ +
N∑

n1=1

fn(xn) +
∑

n1<n2

fn1,n2(xn1 , xn2) + · · ·

+ f1,...,N(x1, . . . , xN )

=
∑

S⊆N
fS(xS). (2.88)

The ANOVA decomposition is sometimes also referred to as Hoeffding-

Sobol decomposition to indicate the early appearance in the classical

works [Hoe92, Sob69]. In the field of statistics, the decomposition was

popularized by Efron and Stein [ES81]. Generalized additive models are

obtained by the ANOVA decomposition for particular functions f when

all interactions of order |S| > 1 vanish or can be reasonably neglected.

We formally introduce the ANOVA decomposition and a corresponding

algorithm in a rigorous manner in Chapter 3.

Nomographic functions

Finally, we introduce a functional class that combines the preprocessing

of generalized linear models and the postprocessing of ridge functions.

This class is referred to as nomographic functions and the definition is

provided in the following.

Definition 2.24 (Nomographic function). Let N ≥ 2, {xn}Nn=1 and f(x)

be real valued inputs and output, respectively. Then, a nomographic

function f(x) corresponds to a multivariate function of the form

f(x) = ψ

(
N∑
n=1

ϕn(xn)

)
, (2.89)

where ϕn are univariate preprocessing functions and ψ is a univariate

postprocessing function.

The computation of a nomographic function using the ideal MAC

as a building block is illustrated in Fig. 2.17. The theoretical analysis

of functions that can be written as (sums of) nomographic functions

has a long history, which dates back to Kolmogorov [Kol57], Arnol’d
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Figure 2.17: Computation of nomographic functions via an ideal multiple-access
channel.

[Arn57], Sprecher [Spr65], Golitschek [Gol80, Gol84] and Buck [Buc82].

The author in [Spr65] showed that every function has a nomographic

representation, when outer or inner functions are allowed to be dis-

continuous. However, implementing discontinuous functions in digital

signal processing systems is prohibitive and leads to designs that are

notoriously susceptible to noise. An approach for the approximation

of a given function by a single nomographic function with continuous

pre- and postprocessing function appears in the work by Golitschek

[Gol80]. This work is related to the work of Golitschek and Lorentz

[Gol84, LGM96] and is based on an iterative algorithm due to Diliberto

and Strauss [DS51]. However, the proposed algorithm only addresses

the bivariate case N = 2 and there is no direct generalization to higher

dimensions. Moreover, it is unclear how the proposed algorithm can be

implemented efficiently in practice as it entails dimension-wise max-

imum operations. These problems motivated the study of a simpler

heuristic algorithm based an the ANOVA decomposition that can be

applied in higher dimensions and can be implemented in practice us-

ing convex optimization techniques. The corresponding algorithm is

described in more detail in Chapter 4.

A slightly different approach is considered in Chapter 3, where we

design an approximation scheme for the particular problem of approx-

imating the �p-norm using a finite sum of nomographic functions of

particular form. The considered approach is motivated by the noisy

MAC (cf. Def. 2.20) and the case when the channel is only known by

magnitude and the phase is unknown, e.g., as a result of a rapidly

varying propagation environment. The considered setting entails the
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problem of designing non-orthogonal sequences based on a fixed pre-

processing scheme at the transmitter as well as a fixed energy detection

postprocessing scheme at the receiver.



3

Distributed Computation of �p-norms

In this chapter, we consider the problem of approximating the �p-norm

using a sum of nomographic functions with prescribed set of pre- and

postprocessing functions. Computing �p-norms is of high practical rele-

vance for many applications, as it allows to compute the number of non-

zero elements for p→ 0 (and various proxies for 0 < p ≤ 1) or the max-

imum value for p → ∞. The considered scheme to be analyzed in the

following is based on [GS13], where the authors suggest to use energy

detection as a postprocessing scheme to simplify the channel estimation

effort. To make the following analysis tractable, we abstract from the

underlying communication system and consider a related problem to

be formalized in §3.1. We hasten to add that our problem of interest

does not directly map to the complex-valued baseband description of a

multiple-access channel. However, the following real-valued derivation

allows us to gain valuable insights into the technical problems that arise

when dealing with non-linear estimation of �p-norms. In this context,

the analysis has been a first step to derive the subsequent results on

nonlinear-estimation using higher-order statistics presented in Chapter

6.

48
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3.1 Problem formulation

The objective of this chapter is to compute or approximate functions

of the form

f(x) = ‖x‖pp =
N∑
n=1

|xn|p (3.1)

for some given value of p. In our setting, the approximation is to be

accomplished using a sum of nomographic functions

f(x) ≈
M∑
m=1

ψm

(
N∑
n=1

ϕm,n(xn) + zm

)
= f̂(x), (3.2)

where particular constraints apply to ψm and ϕm,n, and zm denotes

additive noise. Motivated by a reduced channel estimation effort ex-

plained in [GS13], we assume in the following that the postprocessing

functions are fixed and given by

ψm : R→ R+, y �→ |y|2. (3.3)

Moreover, we assume that each preprocessing function ϕm,n only de-

pends on a parameter sm,n ∈ R and is given by

ϕm,n : R→ R, xn �→ sm,n|xn|
p
2 . (3.4)

Using a vectorized notation we can simplify the inner-part of the RHS

in (3.2) according to⎡
⎢⎣
∑N

n=1 ϕ1,n(xn)

. . .∑N
n=1 ϕM,n(xn)

⎤
⎥⎦ =

⎡
⎢⎢⎣
s1,1 . . . s1,N

...
. . .

...

sM,1 . . . sM,N

⎤
⎥⎥⎦ρ(x) =

⎡
⎢⎢⎣

sT
1
...

sT

M

⎤
⎥⎥⎦ρ(x) (3.5)

= Sρ(x), (3.6)

where

ρ(x) :=
[
|x1|

p
2 . . . |xN |

p
2

]T

. (3.7)

We also introduce the concatenated noise vector

z :=
[
z1 . . . zM

]T

(3.8)
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x1

xN
ρ(·)

ρ(·) sT
1

sT

M z

‖·‖22 f̂(x)

Figure 3.1: Structure of the considered approximation scheme.

to rewrite the RHS in (3.2) in the compact form

f̂(x) = ‖Sρ(x) + z‖22. (3.9)

The considered structured approximation scheme (3.9) is illustrated in

Fig. 3.1.

Remark 3.1. In an idealized setting with z = 0 and M ≥ N , the

desired function can be recovered exactly using any matrix S such that

STS = IN . In this case, we have

f̂(x) = ‖Sρ(x)‖22 = ρ(x)TSTSρ(x) =
N∑
n=1

(
|xn|

p
2

)2
(3.10)

= ‖x‖pp ≡ f(x).

The problem addressed in this chapter is defined as follows:

Problem 1. Let M < N , ρ and {ψm}Mm=1 be given by (3.7) and (3.4).

Given that x ∼ N (0, σ2
xIN ), z ∼ N (0, σ2

z IM ) are independent RVs and

f̂ is given by (3.9), find a minimizer S� ∈ RM×N of the mean square

error

ε(S) = Ex,z

[
(f − f̂)2

]
. (3.11)

In other words, the problem of interest is to approximate ‖x‖pp of

an N -dimensional vector x by ‖y‖22 of an M < N dimensional vector y

obtained by a nonlinear and noisy dimension reduction y = Sρ(x)+z.

3.2 Solution by first-order optimization

To address our problem, we start with a lemma that allows to evaluate

the considered cost function for some given value of p.
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Lemma 3.1. Assume that x ∼ N (0, σ2
xIN ) and z ∼ N (0, σ2

z IM) are

independent. Then, the expectation in (3.11) decomposes and we have

Ex,z

[
(f − f̂)2

]
(3.12)

= Ex,z

⎡
⎢⎣
⎛
⎜⎝ρ(x)T(IN − STS)ρ(x)︸ ︷︷ ︸

a

− 2ρ(x)TSTz︸ ︷︷ ︸
b

− zTz︸︷︷︸
c

⎞
⎟⎠

2⎤⎥⎦
= E

[
a2 + b2 + c2 − 2ab− 2ac + 2bc

]
,

where

E
[
a2

]
= tr

{
P(STS⊗ STS)

}
(3.13)

− 2tr
{

P(I⊗ STS)
}

+ tr {P}

E
[
b2

]
= 4σ2

z tr
{

CSTS
}

E
[
c2

]
= tr{Z}

E [ac] = Mσ2
z tr

{
C(I− STS)

}
E [ab] = E [bc] = 0,

and

C = E
[
ρ(x)ρ(x)T

]
(3.14)

P = E

[
vec

{
ρ(x)ρ(x)T

}
vec

{
ρ(x)ρ(x)T

}T
]

Z = E

[
vec

{
zzT

}
vec

{
zzT

}T
]
,

Proof. The proof is deferred to §3.4.1.

Throughout the subsequent analysis, we have the following assump-

tion.

Assumption 3.1. The MSE function ε : RM×N → R+ defined by (3.11)

attains a minimum on RM×N .

Remark 3.2. Even though the function ε(S) is continuous in S, a global

minimum of (3.11) need not exist as the domain RM×N is not bounded
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and accordingly not compact. We can remedy this problem by ad-

ditional technical restrictions, e.g., by assuming that S belongs to a

compact set S ⊂ RM×N . However, we choose to omit the additional

technical overhead and instead merely assume that Assumption 3.1

holds.

To compute the matrices C, P and Z, we note that all matrix entries

are monomials with either non-negative rational exponents α ∈ RK
+ for

C and P, or non-negative integer exponents β ∈ ZM+ for Z. Thus, the

entries of C and P can be obtained by a multidimensional extension of

the central absolute moments provided in [Win12] according to

Q(α) = E

[
K∏
n=1

|xn|αn

]
=

∫
RK
|x1|α1 · · · |xN |αN px(x)dx

=
(2σ2

x )
∑K

n=1
αn
2

√
π
K

K∏
n=1

Γ

(
αn + 1

2

)
. (3.15)

Similarly, the entries of z can be obtained by a multidimensional ex-

tension of the central moments provided in [Win12] according to

I(β) = E

[
M∏
m=1

zβn
n

]
=

∫
RM

nβ1
1 · · ·n

βM

M pz(z)dz (3.16)

=

⎧⎪⎨
⎪⎩

0 if some βm is odd

(2σ2
z )

∑M

m=1
βm

2
√
πM

∏M
m=1 Γ (βm+1

2 ) if all βm are even.

Now we are in a position to state our optimization problem.

Proposition 3.1. Let f̂ be given by (3.9), and let x ∼ N (0, σ2
xIN )

and z ∼ N (0, σ2
z IM ) be independent. Then, the optimal matrix S

for computing f = ‖x‖pp according to Problem 1 can be obtained as a

solution to the problem

min
S∈RM×N

ε(S) (3.17)

= min
S∈RM×N

tr
{

P(STS⊗ STS)
}
− 2tr

{
P(1⊗ STS)

}
+ tr {P}+ 4σ2

z tr
{

CSTS
}

+ tr {Z} − 2Mσ2
z tr

{
C

(
I− STS

)}
. (3.18)
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Proof. The proof follows directly by combining Assumption 3.1 and

Lemma 3.1.

To the best of our knowledge, a closed-form solution to this problem

is not known. Consequently, we are going to approach the problem by

numerical methods.

In the following, we develop a simple gradient descent algorithm to

optimize the cost function ε(S) over the unconstrained input domain

RM×N . We make use of the well-known gradient descent iteration

S(t+1) = S(t) − μ(t)∇Sε(S
(t)), (3.19)

using a step-size μ that satisfies the Armijo criterion [WN99, MMS11]

ε
(
S(t) − μ(t)∇Sε(S

(t))
)
≤ ε(S(t))− cμ(t)‖∇Sε(S

(t))‖2F . (3.20)

In fact, it can be shown that a sufficiently small constant step size

would guarantee a non-increasing sequence of objective values as well.

Since the objective function is bounded below (it is greater than zero),

we can conclude that the sequence ε(S(t)) must converge under (3.20).

This fact will be used for the termination condition. To obtain an

analytic expression for ∇Sε(S) we refer to the analytic expression in

Lemma 3.1 and (3.11), and standard formulas provided, e.g., in [HG07]

yield

∇SE
[
b2

]
= 4σ2

z (SCT + SC) (3.21)

∇SE [ac] = −Mσ2
z (SCT + SC)

∇SE
[
b2

]
= ∇SE

[
c2

]
= 0.

It remains to compute∇SE
[
a2

]
. To this end, we introduce the following

lemma.

Lemma 3.2 (Kronecker Product SVD [VLP93]). Let A ∈ RN2×N2
and

R(A) denote a permutation of A given by

R(A) = [vec {A1,1} , . . . , vec {AN,1} , vec {A1,2} , . . . ,
vec {A1,2} , . . . , vec {AN,N}]T (3.22)
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where Ai,j ∈ RN×N , i, j ∈ {1, . . . , N} denote the N ×N block matrix

partitioning of A. If R(A) has a singular value decomposition

R(A) =
N2∑
n=1

σnunvT

n, (3.23)

where σn, un and vn are the corresponding singular values and singular

vectors, then the matrices Un = unvec{un} and Vn = unvec{vn} form

a decomposition

A =
N2∑
n=1

σnUn ⊗Vn. (3.24)

Proof. The proof follows directly from Corollary 2.2 in [VLP93].

Remark 3.3. In our case, the matrix P (cf. Lemma 3.1) has the ad-

ditional property that R(P) = P = PT, which is stated here without

proof. Hence, the SVD in Lemma 3.2 can be replaced by an EVD.

Consequently, the matrix P can be decomposed as

P =
N2∑
n=1

Pn ⊗Pn, (3.25)

with Pn :=
√
σnUn ≡

√
σnVn.

Now we are in a position to obtain an analytic expression for

∇SE[a2].

Proposition 3.2. Let E[a2] be given according to Lemma 3.1 and P

according to Lemma 3.2 and Remark 3.3. Then, ∇SE[a2] is given by

∇SE[a2] = 2
N2∑
n=1

tr{PnSTS} · (SPn + SPT

n) (3.26)

− 2
N2∑
n=1

tr{Pn} · (SPn + SPT

n).

Proof. The proof is deferred to §3.4.2
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Using Proposition 3.2 and (3.21), the overall gradient of ε(S) w.r.t.

S is given by

∇Sε(S) = ∇SE[a2] +∇SE[b2]− 2∇SE[ac] (3.27)

= 2
N2∑
n=1

tr
{

Pn

(
STS− IN

)}(
SPn + SPT

n

)
(3.28)

+ (2M + 4)σ2
z

(
SCT + SC

)
.

In practice, the sum involved in the computation of Δ(1) and Δ(2) can

be truncated depending on the decay of singular values σn to reduce

the computational burden. The resulting gradient descent algorithm is

described in Alg. 1.

Algorithm 1 Gradient descent algorithm for optimizing ε(S).

Input: Initial matrix S(0), desired value p, parameters (c, δ, T )

Output: Optimized matrix S� ∈ RM×N , cost ε(S�)

Initialization : compute matrices C, P, Pn, Z

1: while ε(S(t))− ε(S(t−1)) ≥ δε(S(t)) and t ≤ T do

2: find μ(t) that satisfies (3.20)

3: S(t+1) = S(t) − μ(t)∇Sε(S)

4: end while

5: return

3.3 Numerical results

To evaluate the performance of the proposed first-order optimization

algorithm we set (M,N) = (3, 6) and (M,N) = (6, 16) and optimize

the corresponding matrices for p ∈ [10−3, 4] using Alg. 1. The signal

and noise powers are set to σ2
x = 1 and σ2

z ∈ {0.01, 0.1} and the gra-

dient descent optimization is carried out using the relative threshold

δ = 10−5, Armijo parameter c = 0.5 and a maximum of T = 105 it-

erations. To verify the correctness of the analytical MSE (cf. Lemma

3.1) we also evaluate a numerical Monte Carlo approximation using a

number of 105 samples. We use equiangular tight frames (ETFs) as a
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10−2 10−1 100

p

10−5

100

105

M
S
E

opt 3x6
wbe 3x6
opt 6x16
wbe 6x16

Figure 3.2: Simulation results for σ2
x = 1 and σ2

z = 10−3. Monte Carlo results are
shown in solid, analytical results from Alg. 1 in dashed linestyle.

10−2 10−1 100

p

100

102

M
S
E

opt 3x6
wbe 3x6
opt 6x16
wbe 6x16

Figure 3.3: Simulation results for σ2
x = 1 and σ2

z = 0.1. Monte Carlo results are
shown in solid, analytical results from Alg. 1 in dashed linestyle.
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baseline (see (2.32) and (2.33)), which are known to meet both Welch

Bound and Maximum Welch Bound with equality and are good can-

didate solutions for many applications in communications and coding

(see e.g. [SHJ03]). For the simulations, we use scaled versions of the

3× 6 and 6× 16 ETFs from [Red09, p. 78f], where the scaling factor is

obtained by line-search to optimize (3.11). The ETF matrices are also

used as initial iterate S(0) for the gradient descent optimization in Alg.

1. The resulting mean square error (MSE) (3.11) is depicted in Fig. 3.2

and 3.3 where wbe and opt denote the results for Welch bound and op-

timized matrices, respectively. According to our simulation results, we

can achieve considerable performance gains over ETFs for p (strictly)

between 10−3 and 4. On the other hand, the performance gains for the

case p = 4 and noise level σ2
z = 10−3 as well as the case p ≤ 10−1 and

noise level σ2
z = 0.1 are rather moderate. Finally, we point out that the

Frobenius norm of the compared matrices are allowed to be different in

our setting. However, higher norms do not necessarily result in a lower

estimation error due to the fixed post-processing (see Fig. 3.1). In fact,

our simulation results show that optimized matrices can also have lower

Frobenius norm in some cases. An interesting direction to further im-

prove the approximation is to use more flexible pre- and postprocessing

functions as well as more powerful optimization methods based, e.g., on

low-rank matrices or semidefinite relaxation. An approach using these

methods for a related problem of approximating an arbitrary function

by a nomographic function is explored in Chapter 4.
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3.4 Proofs

3.4.1 Proof of Lemma 3.1

Proof. The result for E[a2] follows from

ρ(x)TAρ(x)ρ(x)TBρ(x) = (3.29)

= tr
{

ρ(x)ρ(x)TAρ(x)ρ(x)TB
}

= vec
{

ATρ(x)ρ(x)T
}T

vec
{

ρ(x)ρ(x)TB
}

= tr

{
(BT ⊗A)vec

{
ρ(x)ρ(x)T

}
vec

{
ρ(x)ρ(x)T

}T
}

using

tr {ABC} = tr {CAB} = tr {BCA} (3.30)

tr
{

ATB
}

= vec {A}T vec {B}

vec {ABC} = (CT ⊗A)vec {B}
(A⊗B)(C ⊗D) = AC⊗BD,

and performing the expectation w.r.t. the random variable x. The term

E[c2] follows similarly with z as random variable. E[b2], E[ac], E[ab]

and E[b2] follow from independence of x and z and the zero mean

assumption on z, respectively.

3.4.2 Proof of Proposition 3.2

Proof. Define ∇SE[a2] := Δ(1) − 2Δ(2) +Δ(3) with

Δ(1) := ∇Str
{

P(STS⊗ STS)
}

(3.31)

Δ(2) := ∇Str
{

P(I⊗ STS)
}

Δ(3) := ∇Str {P} .
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Using Lemma 3.2, Remark 3.3 and trace derivatives (e.g. [HG07]) we

obtain

Δ(1) = ∇S

N2∑
n=1

tr
{

(Pn ⊗Pn) · (STS⊗ STS)
}

(3.32)

= ∇S

N2∑
n=1

tr{PnSTS}tr{PnSTS}

= 2
N2∑
n=1

tr{PnSTS} · (SPn + SPT

n),

Δ(2) = ∇S

N2∑
n=1

tr
{

(Pn ⊗Pn) · (1⊗ STS)
}

(3.33)

= ∇S

N2∑
n=1

tr{Pn} · tr{PnSTS}

=
N2∑
n=1

tr{Pn} · (SPT

n + SPn),

and

Δ(3) = 0, (3.34)

which completes the proof.
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Nomographic Approximation

In this chapter, we consider the problem of nomographic approxima-

tion. More precisely, we introduce a novel algorithmic solution for the

problem of approximating a given continuous multivariate function by

a nomographic function that is composed of a univariate continuous

and monotone outer function and a sum of univariate continuous in-

ner functions. We show that a suitable approximation can be obtained

by solving a cone-constrained Rayleigh quotient optimization problem.

The proposed approach is based on a combination of a dimensionwise

function decomposition referred to as analysis of variance (ANOVA)

and optimization over a class of monotone polynomials.

4.1 Problem formulation

It was shown in §2.2 and originally in [GS13, GBS13] that a nomo-

graphic representation of some given function admits an efficient re-

construction or estimation over the wireless channel. Although every

function has a nomographic representation of the form ψ(
∑N

n=1 ϕn(xn))

(see Fact 2), the general construction of the inner functions and the

outer function is not amenable to implementation on state-of-the-art

60
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x1

x2

xn

f(x)

ϕ1(x1)

ϕ2(x2)

ϕn(xn)

ψ (
∑
ϕn(xn))

≈ f(x)

Figure 4.1: Direct and nomographic function compuation.

hardware technologies. Therefore, given some function f defined by

f : XN → Ω ⊆ R (4.1)

with x := [x1, . . . , xN ]T ∈ XN , N ∈ N and N := {1, . . . , N}, the

problem is to find a suitable nomographic approximation such that (in

some sense)

f(x) ≈ ψ
(∑N

n=1
ϕn(xn)

)
∀x ∈ XN . (4.2)

In doing so, we assume the following:

A.1 ψ is monotone continuous,

A.2 {ϕn}n∈N are continuous,

which is based on practical considerations concerning noise robustness

and finite-precision on digital signal processing systems. To emphasize

the importance of Assumptions A.1 and A.2 on the space of repre-

sentable functions, let us review some previously known results from

literature.

Fact 2 (Representation by nomographic functions).

Let ϕn be monotone increasing, ψ be possibly discontinuous and C(XN )

denote the space of continuous functions f : XN → R. Then we have

[Spr65]

f(x) = ψ
(∑N

n=1
ϕn(xn)

)
,∀f ∈ C(XN ). (4.3)
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Fact 3 (Representation by nomographic functions).

Let FC(XN ) denote the space of nomographic functions with continu-

ous preprocessing functions ϕn ∈ C(X ), n ∈ N , and continuous post-

processing function ψ ∈ C(Ω′) defined by

FC(XN ) :=

{
f : XN → R : ∀x ∈ XN : f(x) = ψ

(∑N

n=1
ϕn(xn)

)}
.

(4.4)

Then we have

1. FC(XN ) is a nowhere dense subset of C(XN ) [Buc82].

2. f(x) =
∑2N+1

m=1 ψi
(∑N

n=1 ϕm,n(xn)
)
, i.e., every function can be

written as a sum of at most 2N + 1 nomographic functions that

are members of FC [Kol57, Spr14].

Due to Assumptions A.1 and A.2, we consider the second case

and impose an additional constraint of a single outer function ψ. Note

that the implication of Fact 3 is that only a small subset of functions

f ∈ C(XN ) can be approximated by some f̂ ∈ FC(XN ) with arbitrary

high precision. The derived framework provides a necessary condition

for suitable f̂ to exist and an algorithm to obtain the respective inner

and outer functions.

4.2 Analysis of variance decomposition

To establish our results, we make us of a general framework for a di-

mensionwise decomposition of a function f(x) into a sum of lower-

dimensional terms. More precisely, we consider the analysis of vari-

ance (ANOVA) framework [NW08, KSWW10], which appeared in the

literature as a valuable tool for a variety of applications, ranging from

chemistry and finance to statistics (see e.g. [Gri05]). The goal of this

framework is to decompose a function f ∈ L2(XN ) into a sum of

2N functions fS that are mutually orthogonal w.r.t. the inner prod-

uct 〈f, g〉 =
∫

X N f(x) · g(x) dx. Here, the function f is decomposed

into a sum of lower dimensional functions

f(x) =
∑

S⊆N fS(xS), (4.5)
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where each function fS only depends on a subset of variables indexed

by the set S ⊆ N and the sum ranges over the power set of N . The

algorithm to obtain the ANOVA decomposition for a given function

f ∈ L2(XN ) is given by Alg. 2.

Algorithm 2 ANOVA decomposition of f [KSWW10].

Input: f ∈ L2(XN )

Output: functions {fS}S⊆N , variances σ2, {σS}2S⊆N
Initialize : f∅ :=

∫
X N f(x) dx; σ∅ := 0

1: for S ⊆ N , S �= ∅ do

2: fS(xS) :=
∫

X N−|S| f(x) dxN \S −
∑

U�S fU (xU )

3: σ2
S :=

∫
X |S| f2

S(xS) dxS
4: end for

5: return

Remark 4.1. Despite its simple form, the reader should note that a nu-

merical implementation of Alg. 2 is in general not trivial. In fact, the

computation of all 2N terms for a full decomposition becomes imprac-

ticable for moderate values of N and the involved high-dimensional

integrals need to exist and be well-defined. In addition to these re-

quirements, the integrals might still be hard to obtain in analytical

form and numerical approximation methods might be necessary. How-

ever, for some classes of functions, including multivariate polynomials

f ∈ PN,D(XN ), we can easily obtain a truncated decomposition in

closed form up to moderate values of N .

The conditions for which a truncated decomposition provides a good

approximation to the original function are made precise in the following

definition.

Definition 4.1. [KSWW10] A function f is said to be of order d if

f(x) =
∑

|S|≤d fS(xS)⇔
∑

|S|≤d σ
2
S = σ2 (4.6)

and of effective superposition dimension d if, for some given sufficiently

small ε > 0, there holds∑
|S|≤d σ

2
S ≥ (1− ε)σ2, (4.7)
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where fS(xS), σ2
S and σ2 are obtained by Alg. 2.

In particular, if a function f is of order one, the variables {xn}n∈N
are decoupled and there exists a parametrization of the form f(x) =∑

|S|≤1 fS(xS) ≡ ∑N
n=1 fn(xn) + f∅. On the other hand, if a function

f is of effective superposition dimension one, there are only small in-

teractions and the variables are approximately decoupled.1 Functions of

order one are referred to in the literature as Generalized additive mod-

els [HT90, Bac17] and they form the basis for the algorithm developed

in the following.

To illustrate the necessary steps to obtain a decomposition using

Alg. 2, we conclude this section with a simple example.

Example 4.1 (ANOVA example). Consider the ANOVA decomposition

of f := x1 + x2 + x1x2 defined on X 2 := [0, 1]2. By evaluating Alg. 2,

we obtain

σ2 =

∫
[0,1]2

f2 dx −
(∫

[0,1]2
f dx

)2

=
55

144

S = ∅ : f∅ =

∫
[0,1]2

x1 + x2 + x1x2 dx =
5

4

σ2
∅ =

∫
[0,1]2

f2
∅ dx−

(∫
[0,1]2

f∅ dx

)2

= 0

S = {1} : f{1} =

∫
[0,1]

f dx2 − f∅ =
3x1

2
− 3

4

σ2
{1} =

∫
[0,1]

f2
1 dx1 =

3

16

S = {2} : f{2} =

∫
[0,1]

f dx1 − f∅ =
3x2

2
− 3

4

σ2
{2} =

∫
[0,1]

f2
2 dx2 =

3

16

1For convenience, subsequent designations on the approximate case are only made
when a precise distinction is necessary.
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S = {1, 2} : f{1,2} = f −
(
f∅ + f{1} + f{2}

)
= x1x2 −

x1

2
− x2

2
+

1

4

σ2
{1,2} =

∫
[0,1]2

f2
{1,2} dx =

1

144
.

4.3 Nonconvex optimization and semidefinite relaxation

To obtain a parametrization of type (4.2) the idea is to apply a bijection

g ∈ C : Ω → Ω′, such that the resulting function ϕ(x) := (g ◦ f)(x) :

X → Ω′ is of order one according to Def. 4.1. Here, the required bijec-

tiveness of g ensures that a unique functional inverse ψ := g−1 exists

and the resulting parametrization in nomographic form can be given

by

f(x) = (g−1 ◦ g ◦ f)(x) = ψ
(∑

|S|≤dϕS(xS)
)
. (4.8)

Accordingly, given some approximation constant ε > 0 in Def. 4.1,

a nomographic approximation is obtained if ϕ(x) = (g ◦ f)(x) is of

effective superposition dimension 1. These statements are summarized

in the following lemma.

Lemma 4.1. Let f ∈ C(XN ) : XN → Ω and g ∈ C(Ω) : Ω → Ω′ be

a bijection with inverse ψ := g−1 ∈ C(Ω′). If ϕ(x) := (g ◦ f)(x) ∈
L2(XN ) is of order 1, we obtain a nomographic representation f =

ψ(
∑

|S|≤1ϕS(xS)) by the ANOVA decomposition of ϕ(x) and the iden-

tity (ψ ◦ g ◦ f)(x) := (ψ ◦ ϕ)(x) = ψ(
∑

|S|≤1 ϕS(xS)). Similarly, if

(g ◦ f)(x) is of effective superposition dimension 1 (given ε > 0), we

obtain a nomographic approximation, where the inner approximation of

ϕ(x) is optimal in an L2 sense (or, equivalently, the minimum variance

sense) [Rah14].

Remark 4.2. The reader should note, however, that due to the usually

nonlinear transformation by the outer function ψ, this L2 optimality

does not need to hold for the overall approximation. Note also that

bounding the resulting supremum norm of the approximation error

supx∈X N |f −
∑

|S|≤dϕS(xS)| is an interesting open problem but out
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of scope of this implementation-oriented paper. We highlight, that the

required analysis seems to be quite challenging but might be similar in

spirit to the simpler case of approximation by ridge functions (see e.g.

[KV15]).

4.3.1 A class of monotone polynomials

To obtain a computationally tractable set of continuous bijections g,

we consider a class of polynomials known as Bernstein polynomials:

Lemma 4.2 (Bernstein polynomials and extremal properties [CS66]).

Let g̃(ξ) ∈ P1,D−1 :=
∑D−1

d=0 zd+1ξ
d, be a real polynomial of degree

D − 1 defined on [0, 1] with real coefficients z := [z1, . . . , zD] and M̃ ∈
RD×D be a lower triangular matrix with entries given by [M̃]i,j =(i−1
j−1

)(D−1
j−1

)−1 ∀i ≥ j, [M̃]i,j = 0 ∀i < j. Then it holds that

min
i

[M̃z]i ≤ g̃(ξ) ≤ max
i

[M̃z]i. (4.9)

As a continuous function on a closed interval is bijective iff it is

strictly monotone, we may obtain a suitable set of bijections by bound-

ing g̃(ξ) > 0 ∀ ξ ∈ [0, 1] and integrating the polynomial g̃(ξ) w.r.t. ξ. A

formal proposition defining the resulting set is given in the following.

Proposition 4.1. Let g(ξ) ∈ P1,D be a polynomial in ξ of degree D

defined on [0, 1]. Then, g(ξ) is monotone and continuous on [0, 1] if it

holds that g ∈ V ⊂ P1,D with

V :=
{∑D

d=1
zdξ

d + c : z ∈ Z \ 0
}
, (4.10)

Z := {z : Mz ≥ 0}, (4.11)

M := M̃ diag
(
[1, 2, 3, . . . ,D]T

)
. (4.12)

Proof. The proof follows from Lemma 4.2 by integration and compar-

ison of terms.

The reader should note that Z defines a polyhedral cone of poly-

nomial coefficients corresponding to monotone polynomials on [0, 1].
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Remark 4.3. To ensure strict monotonicity, the only minor technical

problem is that we need to exclude the boundary of Z by demanding

that Mz > 0 (cf. (4.9)).2 Due to the structure of the sets Z and V,

it is sufficient to increase the first component z1 by some small ε > 0

with corresponding set defined by

Z ′ := {z + εe1 : z ∈ Z} . (4.13)

On the other hand, the distinction between Z and Z ′ is of little impor-

tance when using practical optimization algorithms based on interior-

point methods [Stu99] as they are known to generate iterates that avoid

the boundary. Therefore, we only make a precise distinction between

Z and Z ′ when it is technically necessary.

4.3.2 Nomographic approximation by cone-constrained Rayleigh
quotient optimization

It remains to study the structure of the inner approximation problem.

To this end, let g ∈ P1,D with domain Ω := [0, 1]. Then we can establish

the following results on σ2 and σ2
n.

Lemma 4.3. Let g ∈ P1,D, ϕ := (g ◦ f) ∈ L2([0, 1]N ) and f : [0, 1]N →
[0, 1]. Then, it holds that σ2 =

∫
[0,1]N ϕ2(x) dx−

(∫
[0,1]N ϕ(x) dx

)2
can

be written in quadratic form σ2 = zTBz with B := B(1) − b(2)b(2),T ∈
RD×D and

[B(1)]ij :=

∫
[0,1]N

f(x)i+j dx, b
(2)
i :=

∫
[0,1]N

f(x)i dx (4.14)

which is independent of the chosen constant c.

Proof. The proof is deferred to §4.5.1.

Lemma 4.4. Let g, ϕ and f be as in Lemma 4.3 and let the mixed

2In the original publication [1], it was incorrectly stated that it is sufficient to
exclude the origin to ensure strict monotonicity.
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integrals

[A(1)(n)]ij :=

∫
[0,1]

(∫
[0,1]N−1

f(x)i dxN \n (4.15)

×
∫

[0,1]N−1
f(x)j dxN \n

)
dxn ∀n ∈ N

exist and be finite. Then, we have σ2
n = zTAnz, n ∈ N , with

An := A(1)(n)− b(2)b(2),T ∈ RD×D . (4.16)

Proof. The proof is deferred to §4.5.2.

Now, with the above results in hand, we are in a position to state

our main result.

Proposition 4.2. Let g, ϕ and f be as in Lemma 4.3. Then, given some

ε > 0, a function f : [0, 1]N → [0, 1] has a nomographic approximation

in accordance with Def. 4.1 and Rem. 4.2 with continuous and mono-

tone outer function ψ and continuous inner functions ϕn if and only

if

(1− ε) ≤ max
z∈Z′

zTAz

zTBz
, (4.17)

where A =
∑N

n=1 An, and the matrices An, n ∈ N , B and M are given

by Lemma 4.3, 4.4 and Prop. 4.1.

Proof. Let ε ∈ (0, 1) be given and arbitrary. Then, by Def. 4.1 and (4.8),

a function f has a nomographic approximation if (and only if) there

exists g ∈ V such that ϕ(x) = (g ◦ f)(x) is of effective superposition

dimension 1 and (1 − ε) ≤ R :=

∑
|S|≤1

σ2
S

σ2 =

∑
n
σ2

n

σ2 , where both σ2
S =

σ2
n, n = 1 . . . N , and σ2 depend on z (through the function g). Now

taking the maximum (which exists) of R = R(z) over all z ∈ Z ′, and

by considering Lemma 4.3 and Lemma 4.4 with (4.8), we can conclude

that f has a nomographic approximation if and only if (4.17) holds.

By applying the matrix lift Z := zzT, one can show that if the

matrix B is nonsingular, the optimization problem outlined in Prop.
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4.2 can be recast as the nonconvex optimization problem

Z� ∈ argmax
Z∈SD×D

tr {AZ} (4.18a)

s.t. tr {BZ} = δ (4.18b)

Z ! 0 (4.18c)

[MZMT]i,j ≥ 0 ∀ {i, j} ∈ N 2 (4.18d)

rank(Z) = 1. (4.18e)

Due to the high complexity of solving (4.18) directly, we apply a tech-

nique known as semidefinite relaxation [LMS+10] to the nonconvex

semidefinite program by neglecting the (nonconvex) rank constraint

(4.18e) first and solving the resulting convex SDP. Then, the candi-

date solution set for the original problem (4.18) is given by {±
√
λ1q1},

where λ1 and q1 denote the largest eigenvalue and eigenvector of Z�.

The relaxation is tight, i.e., the solution z� ∈ Z ∩ {±
√
λ1q1} of the

SDR coincides with the solution to (4.18) if rank(Z�) = 1. If the rank

constraint is violated, the solution will in general be suboptimal. In

this case, we apply a heuristic to obtain a suboptimal feasible solution

z� ∈ Z ∩
{

M−1
(
M

√
λ1q1

)
+
,M−1

(
M

√
λ1q1

)
−

}
, (4.19)

where (·)+ and (·)− denote the projection onto the positive and nega-

tive orthant, respectively. This heuristic is motivated by our simulation

results, which show that applying the projection onto the positive or-

thant after transformation by the matrix M yields a numerically much

more stable solution compared to applying the projection directly by

solving the optimization problem

z� ∈ argmin
z∈Z

min
{
‖z−

√
λ1q1‖22, ‖z +

√
λ1q1‖22

}
.

Finally, we ensure that the strict monotonicity constraint implied by

Rem. 4.3 is fulfilled. The resulting overall approximation algorithm is

described in Alg. 3.
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Algorithm 3 Nomographic approximation of f by ψ(
∑

|S|≤1 ϕS(xS)).

Input: f : [0, 1]N → [0, 1], D

Output: {ϕS}|S|≤1, ψ

1: Compute A, B, M using Lemma 4.3, 4.4 and 4.2

2: Compute z� by solving SDR of (4.18)

3: Compute {ϕS}|S|≤1 by Alg. 2 for g� ◦ f with g�(ξ) :=
∑D

d=1 z
�
dξ

d

4: Compute ψ using numerical inversion of g�

5: return

4.4 Numerical results

To evaluate the performance of the proposed algorithm, we consider

the test function

f(x1, x2) =
1

9
(x1 + x1x2 + x2)2 . (4.20)

We choose the given example to highlight the impact of optimizing the

postprocessing function to cancel out the interaction introduced by the

product x1x2, where it is rather counter-intuitive that a good nomo-

graphic approximation exists. Many other interesting functions may

come from data-driven models for distributed regression/classification

using polynomial kernels which is beyond the scope of this exposi-

tion. Using the algorithm described in Alg. 3 with polynomial g of

degree D = 20, we find a nomographic approximation with objective

value ε = 10−3. The resulting functions and the overall approxima-

tion error are given in Table 4.2 and Fig. 4.2, where it can be seen in

Fig. 4.2(f) that the resulting overall approximation error is bounded

by |f − ψ(
∑

|S|≤1ϕS)| ≤ 6 × 10−3. To highlight the effectiveness of

using an optimized postprocessing function, the variances for approxi-

mation by a purely additive model (i.e. without using a postprocessing

function) are given in Table 4.1 as a reference resulting in an objec-

tive value of ε = 0.12. While a precise characterization of the class

of functions approximable in nomographic form with prescribed error

metric remains an open problem, we can see some interesting applica-

tions of the presented results including, e.g., distributed learning and

distributed optimization.
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Figure 4.2: Simulation results for Alg. 3 applied to the function f =
1
9

(x1 + x1x2 + x2)2, ϕ∅ = 0.0495.
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σ2
{1} = 0.0168 σ2

{2} = 0.0168 σ2
{1,2} = 0.0043

σ2 = 0.038
(
σ2

{1} + σ2
{2}

)
σ−2 = 0.88 ε = 0.12

Table 4.1: Direct evaluation of Alg. 2 for given test function.

z1, . . . , z5 z6, . . . , z10 z11, . . . , z15 z16, . . . , z20

1.2803 −134.14 442644.0 −366688.0

−12.162 2637.0 −697011.0 145299.0

72.975 −21534.0 874766.0 −37288.0

−236.66 84667.0 −862822.0 5220.6

334.42 −222633.0 652977.0 −247.38

Table 4.2: z� obtained by Alg. 3 and D = 20.

4.5 Proofs

4.5.1 Proof of σ2 = zTBz, independence of c

To show that σ2 is independent of c let g ∈ P1,D, ϕ(x) := (g ◦ f)(x) ∈
L2(XN ), XN := [0, 1]N and f := f(x). Then

σ2 =

∫
X N

ϕ(x)2 dx︸ ︷︷ ︸
Δ(1)

−
(∫

X N
ϕ(x) dx

)2

︸ ︷︷ ︸
Δ(2)

Δ(1) =

∫
X N

(∑D

d=1
zdf

d
)2

+ 2c
∑D

d=1
zdf

d + c2 dx

Δ(2) =
(∫

X N

∑D

d=1
zdf

ddx
)2

+

∫
X N

2c
∑D

d=1
zdf

d

+ c2 dx

σ2 =

∫
X N

( D∑
d=1

zdf
d
)2

dx −
(∑D

d=1
zd

∫
X N

fd dx
)2
.

As z is independent of f it follows by comparison of terms that σ2 =

zTBz with B := B(1) − b(2)b(2),T and

[B(1)]ij :=

∫
[0,1]N

f i+j dx, {i, j} ∈ {1, . . . ,D}2
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b
(2)
i :=

∫
[0,1]N

f i dx, i ∈ {1, . . . ,D}.

4.5.2 Proof of σ2
n = zTAnz, independence of c

To show that σ2
n = zTAnz is independent of c let g, ϕ(x), XN and f

be as in §4.5.1. Then

σ2
n =

=

∫
X

(∫
X N−1

ϕ(x) dxN \n −
∫

X N
ϕ(x) dx

)2

dxn

=

∫
X

[∫
X N−1

(
D∑
d=1

zdf
d + c

)
dxN \n −

∫
X N

(
D∑
d=1

zdf
d + c

)
dx

]2

dxn

=

∫
X

[∫
X N−1

(
D∑
d=1

zdf
d + c

)
dxN \n

]2

dxn

+

∫
X

[∫
X N

(
D∑
d=1

zdf
d + c

)
dx

]2

dxn

− 2

∫
X

[∫
X N−1

(
D∑
d=1

zdf
d + c

)
dxN \n ·

∫
X N

(
D∑
d=1

fd + c

)
dx

]
dxn

=

∫
X

(∫
X N−1

D∑
d=1

fd dxN \n

)2

dxn + 2c

∫
X

[∫
X N−1

D∑
d=1

zdf
d dxN \n

]
dxn

+

∫
X
c2 dxn − 2

∫
X

(∫
X N−1

D∑
d=1

zdf
d) dxN \n ·

∫
X N

D∑
d=1

zdf
d dx

)
dxn

− 2c

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n

)
dxn − 2c

∫
X

(∫
X N

D∑
d=1

zdf
d dx

)
dxn

− 2

∫
X
c2 dxn +

∫
X

(∫
X N

D∑
d=1

zdf
d dx

)2

dxn

+ 2c

∫
X

(∫
X N

D∑
d=1

zdf
d dx

)
dxn +

∫
X
c2 dxn,
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where we note that all terms involving c vanish and we obtain

σ2
n =

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n

)2

dxn︸ ︷︷ ︸
Γ (1)

− 2

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n ·

∫
X N

D∑
d=1

zdf
d dx

)
dxn︸ ︷︷ ︸

Γ (2)

+

∫
X

(∫
X N

D∑
d=1

zdf
d dx

)2

dxn︸ ︷︷ ︸
Γ (3)

,

with

Γ (1) =

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n

)2

dxn

=

∫
X

⎛
⎝ D∑
i=1

D∑
j=1

zizj

∫
X N−1

f i dxN \n ·
∫

X N−1
f j dxN \n

⎞
⎠ dxn

=
D∑
i=1

D∑
j=1

zizj

∫
X

(∫
X N−1

f i dxN \n ·
∫

X N−1
f j dxN \n

)
dxn.

Here, Γ (1) ≡ zTA(1)(n)z with

[A(1)(n)]ij :=

∫
X

(∫
X N−1

f i dxN \n ·
∫

X N−1
f j dxN \n

)
dxn.

Proceeding with

Γ (2) =

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n ·

∫
X N

D∑
d=1

zdf
d dx

)
dxn

=

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n · b(2),Tz

)
dxn

=

∫
X

(∫
X N−1

D∑
d=1

zdf
d dxN \n

)
dxn · b(2),Tz
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=

∫
X N

D∑
d=1

zdf
d dx · b(2),Tz = zTb(2)b(2),Tz,

Γ (3) =

∫
X

(∫
X N

D∑
d=1

zdf
d dx

)2

dxn

=

∫
X

[
D∑
d=1

zd

∫
X N

fd dx ·
D∑
d=1

zd

∫
X N

fd dx

)
dxn = zTb(2)b(2),Tz

yields the desired result σ2
n = Γ (1)− 2Γ (2) +Γ (3) = zTAnz with An :=

A(1)(n)− b(2)b(2),T.
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Optimal Nonlinear Estimators for Signal

Recovery

5.1 Introduction

In the following, we turn to the second part of this thesis, that is the

problem of Bayesian compressed sensing (see §2.1.3) in the noiseless

case. To this end, we recall the (noiseless) stochastic linear model

y = Ax. (5.1)

Throughout the chapter, we have the following model assumption.

Assumption 5.1. The random vector x is assumed to be distributed

uniformly over

Δ :=

{
x ∈ RN

+ :
∑N

n=1
xn ≤ 1

}
(5.2)

with probability density function

px(x) = vol−1(Δ)1Δ(x), (5.3)

and we will use the shorthand notation x ∼ U(Δ) in what follows.

The outline of this chapter is as follows. First we recast the prob-

lem of MMSE estimation as the problem of computing the centroid

76
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Figure 5.1: Unfolding of ISTA into a layer-wise architecture.

of a polytope that is equal to the intersection of the simplex and an

affine subspace determined by compressive measurements. Then, we

review in §5.3 our main theoretical tool of multidimensional Laplace

transforms that is used to obtain a closed-form solution to this com-

putation problem. After that, in §5.4 and §5.5 we show how to map

the MMSE estimator to a neural estimation architecture comprising

threshold functions, rectified linear (ReLU) and rectified polynomial

(ReP) activation functions.

In the following, we briefly summarize related approaches in the lit-

erature for efficient implementations related to basis pursuit (BP), ba-

sis pursuit denoising (BPDN) or approximate message passing (AMP)

[DMM10]. While the exact structure of these algorithms differs, they all

are iterative in nature and typically require an unknown number of iter-

ations to meet a predefined convergence criterion. In recent years, spe-

cial attention emerged for neural architectures that follow the paradigm

of unfolding [HRW14], in which case conventional iterative algorithms

are unfolded into a layer-wise structure analogous to a neural network.

This process can be illustrated using the ISTA algorithm (2.21) pro-

vided in §2.1. In this case, we may rewrite the iteration (2.21) as

x(k+1) = prox
(
(I− λATA)x(k) + λATy

)
(5.4)

and define W := (I − λATA), x(0) := 0. Then, we observe in Fig. 5.1

that a particular iterate in (5.4) can be obtained as the output of an

equivalent neural network comprising weight matrices and nonlinear

activation functions.

The rationale behind this approach is to combine the expressive

power of neural networks and their amenability to supervised training

methods with domain-knowledge and initialization provided by tradi-

tional iterative algorithms.
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Figure 5.2: Problem setting of compressed measurements and recovery via a
neural architecture.

Several works showcased superior performance of the unfolding

approach over conventional algorithms. This includes architectures

based on ISTA [GL10, KM16], based on iterative hard-thresholding

(IHT) [XWG+16] and based on approximate message passing (AMP)

[MMB17, BSR17].

In contrast, the neural estimation architecture proposed in the fol-

lowing solves exactly a Bayesian MMSE recovery problem formalized

in Prob. 2 and illustrated in Fig. 5.2

5.2 Optimal nonlinear estimation by centroid computation

Given a realization y = Ax, A ∈ RM×N and Assumption 5.1, the set

of feasible solutions is restricted to a polytope

Py := Δ ∩ {x : Ax = y} = Δ ∩ (x0 + ker(A)) , 1 (5.5)

where x0 is an arbitrary solution to y = Ax (e.g., the Moore-Penrose

pseudo inverse x0 = A†y) and ker(A) denotes the N −M -dimensional

kernel of A. In other words, upon observing y ∈ RM , the support of the

conditional pdf px|y(x|y) is limited to Py. To simplify the subsequent

derivations, let V0 and Vs constitute a basis of ker(A) and ker⊥(A)

1For two sets X and Y we denote their Minkowski Sum by X + Y := {x + y :
x ∈ X , y ∈ Y}. Here, one set is the singleton x0.
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as obtained, for instance, by the singular-value decomposition (SVD)

A = UΣVT =
[
Us

] [
Σs 0

] [VT
s

VT
0

]
, (5.6)

with Us ∈ RM×M , Σs ∈ RM×M , Vs ∈ RN×M and V0 ∈ RN×N−M .

Then, we apply (5.6) to (5.5) and multiply Ax = y from left by Σ−1
s UT

s

(note that UT
sUs = IM ) to obtain an equivalent description for the

same polytope given by

Pt := Δ ∩ {x : VT

sx = t}, dim(Pt) = N −M. (5.7)

This description uses the equivalent measurement vector

t := Σ−1
s UT

sy = VT

sx (5.8)

and defines the intersection polytope in terms of ker⊥(A) via the or-

thogonal basis Vs. We point out that as A is assumed to be real, so

are also U and V. Fig. 5.3(a) depicts an example of the polytope Pt

for M = 1 and N = 3.

Lemma 5.1 (Optimality of centroid estimator under uniform distribution).

Assume that x ∼ U(Δ) and suppose that a compressed realization t =

VT
sx (5.8) has been observed. Let �P be the Lebesgue measure on the

(N−M)-dimensional affine subspace that contains Pt (see [MP13, Sec.

2.4]) and assume that vol(Pt) :=
∫

Pt
1 d�P > 0. Then, the conditional

mean estimator x̂ of x given t has the MMSE property

E
[
‖x− x̂‖22

]
= inf

f
E

[
‖x− f(t)‖22

]
(5.9)

and is obtained by

x̂n = vol(Pt)−1
∫

Pt

xn d�P , n ∈ {1, . . . , N}, (5.10)

i.e., the centroid of the polytope Pt, cf. (5.7).

Proof. The proof is a standard result in estimation theory [Kay93].

The remaining part of this chapter is devoted to the following prob-

lem:
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Problem 2. Given a fixed measurement matrix A, design a neural net-

work composed of only elementary arithmetic operations and activation

functions such that if the input to the network is t, then its output is

(P1) the volume vol(Pt), and

(P2) the moments μ =
∫

Pt
x d�P .

The sought neural network to obtain the centroid x̂ (cf. (5.10)) via

(P1) and (P2) is depicted in Fig. 5.2.

5.3 Fundamentals of Laplace techniques

In the following, our objective is to introduce the theoretical back-

ground on multidimensional Laplace transformations which is used to

obtain solutions to (P1) and (P2).

Originally discovered by Leonhard Euler (1707-1783) and named

after Pierre-Simon Laplace (1749-1827), the Laplace transform ranks

among the most valuable tools for mathematicians, physicists and en-

gineers. This integral transform was originally applied by Laplace to

problems in probability [Lap12] and is nowadays of paramount impor-

tance in control theory [TRA70] and in the field of differential equations

[Doe12].

As a survey of theoretical aspects will necessarily be incomplete, we

restrict the subsequent exposition to our main problem of interest, that

is evaluating multidimensional integrals. Recent advancements related

to the field of convex geometry are described in [Kol05, Las09]. Most no-

tably, the authors show how Laplace techniques can be used to simplify

proofs of known results or to obtain novel closed form solutions for par-

ticular integration problems. The latter is the key aspect for this chap-

ter and we follow the classical monographs [Doe12, BTGP92, GPS06]

to introduce the necessary theoretical background. We hasten to men-

tion also the more accessible works of Lasserre [Las83, LZ01a, Las15]

that contain applications of Laplace techniques to compute the volume

of polytopes.

For a function f : R+ → C we define its (one-sided) Laplace trans-
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(a) Intersection polytope Pt

(b) Centroid x̂

Figure 5.3: Intersection polytope Pt and centroid x̂ for t = 0.5 and A =
VT

s = [0, 0, 1].
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form by

F (λ) = Lt(f(t)) :=

∫ ∞

0
f(t) exp(−λt) dt (5.11)

provided that the integral converges in the sense of Lebesgue. We refer

to t as transform variable and λ as Laplace variable and conveniently

designate transform pairs by f(t) � �F (λ). It is apparent that given

some input function f(t) the integral (5.11) may not converge for all λ ∈
C and the corresponding function F (λ) may not be defined. To obtain

a precise understanding of the corresponding region of convergence,

assume there exists some γ ∈ R such that∫ ∞

0
|exp(−γt)f(t)| dt <∞. (5.12)

Then, the Laplace integral (5.11) converges absolutely and uniformly

on {λ ∈ C : Re(λ) ≥ γ}, and

γac := inf

{
γ ∈ R :

∫ ∞

0
|exp(−γt)f(t)| dt <∞

}
(5.13)

is called the abscissa of absolute convergence. The induced region of

absolute convergence allows us to define the inverse Laplace transform

of a (possibly piecewise) continuous function f by

f(t) = L−1
λ (F (λ)) :=

1

2πi

∫ c+i∞

c−i∞
F (λ) exp(λt) dλ, c > γac (5.14)

and in points of discontinuity by

L−1
λ (F (λ)) =

f(t+) + f(t−)

2
. (5.15)

To avoid issues that may arise when applying tabulated Laplace

transform pairs, we highlight the importance of restricting the domain

of f or equivalently requiring f(t) = 0 for t < 0 when considering

functions defined on the whole real line.

Remark 5.1. It will be customary to apply the LT to a larger class of

functions supported on a subset (t�,∞) of the real line so that f(t) = 0

for t < t� and t� may be a negative but finite real number. In this

case, we shall assume that the value of t� is known or can be efficiently
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Figure 5.4: Shifted boxcar function with step at t = −1 and t = 0.

obtained. We extend the Laplace transform by introducing a translation

operator

St�(f(t)) := f(t− t�). (5.16)

The effectiveness of this approach becomes apparent when we consider

a simple example function f(t) = 1+(t + 1)− 1+(t), i.e., the so-called

boxcar function with a step at t = −1 and t = 0 illustrated in Fig. 5.4.

It is evident that a direct application of (5.11) and (5.14) results in the

undesired effect that Lt(f(t)) = 0 and

L−1
λ Lt(f(t)) = 0 �= f(t). (5.17)

This can be remedied by considering instead the identity

f(t) = (St�L−1
λ LtS−t�)(f(t)). (5.18)

For t� = −1 we obtain

f(t) = (S−1L−1
λ LtS1)(f(t)) = (S−1L−1

λ Lt)(1+(t)− 1+(t− 1))

= (S−1L−1
λ )(λ−1(1− exp(−λ))

= (S−1) (1+(t) · (1− 1+(t− 1))) = 1+(t + 1)− 1+(t), (5.19)

which is equal to the original function for all t ∈ [t�,∞).

Now we turn to a multidimensional extension of the LT.
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Definition 5.1. [BTGP92, Def. 2.2] The (one-sided) MD-LT of a func-

tion f : RM
+ → C is the function F : CM → C defined by

F (λ) =

∫
RM

+

exp(−λTt)f(t) dt (5.20)

provided that the integral converges.

The corresponding multidimensional inverse transform is given in

the following.

Definition 5.2. The M -dimensional ILT (MD-ILT) of a function

F (λ) : CM → C is defined by the concatenation of ILTs

f(t) =
(
◦Mm=1L−1

λm

)
(F (λ)) (5.21)

provided that all integrals exist. If the individual ILTs converge abso-

lutely and uniformly the order of integration is again arbitrary. The

function f(t) in expressions like f(t) � �F (λ) is to be understood as

(
∏M
m=1 1+(tm))f(t).

Corresponding to (5.12), we may wish to characterize the region of

absolute convergence in the multidimensional setting, i.e., to character-

ize the set of λ ∈ CM for which we have∫
RM

+

∣∣∣exp(−λTt)f(t)
∣∣∣ dt <∞. (5.22)

As was noted in [BTGP92, Th. 2.1.], we can show that if there is

some γ for which the integral (5.22) converges absolutely we also have

that (5.22) (and (5.20)) converges for all λ ∈ CM with Re(λ) ≥ γ. In

addition, we can rewrite the MD-LT (5.20) in terms of one-dimensional

transforms as [BTGP92, (2.6)]

F (λ) =

∫ ∞

0
exp(−λM tM ) · · ·

∫ ∞

0
exp(−λ1t1)f(t) dt1 · · · dtM

=
(
◦Mm=1Ltm

)
(f(t)) , (5.23)

and the order of integrals may be arbitrarily interchanged.

Remark 5.2. In contrast to the one-dimensional case it is much more

difficult to characterize the region of absolute convergence in the mul-

tidimensional setting. One may be tempted to use the definition (5.13)
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Figure 5.5: Test function considered in Example 5.1.

for individual integrals in (5.23). However, let us take a look at a simple

test function that also appears in [BTGP92] to understand the under-

lying problems.

Example 5.1. Consider the function f : R2
+ → R given by

f(t1, t2) = 1+(t2 − t1) exp(t1) + 1+(t1 − t2) exp(t2) (5.24)

depicted in Fig. 5.5. It is easy to show that the individual LTs

F1(γ1, t2) =

∫ ∞

0
|exp(−γ1t1)f(t1, t2)| dt1 (5.25)

and

F2(t1, γ2) =

∫ ∞

0
|exp(−γ2t2)f(t1, t2)| dt2 (5.26)

converge absolutely for γ1 > 0 and γ2 > 0, respectively. However, the

double integral

F12(γ1, γ2) =

∫
R2

+

|exp(−γ1t1 − γ2t2)f(t1, t2)| dt1dt2 (5.27)

converges only for γ1 > 0, γ2 > 0, γ1 +γ2 > 1 and diverges for γ1 +γ2 <

1.
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Corollary 5.2 ([BTGP92, Corr. 1]). If the M -dimensional Laplace inte-

gral (5.22) converges absolutely for some γ ∈ RM , then it converges

absolutely for every λ ∈ CM with Re(λ) ≥ γ as it holds that∫
RM

+

∣∣∣exp(−γTt)f(t)
∣∣∣ dt ≤

∫
RM

+

∣∣∣exp(−λTt)f(t)
∣∣∣ dt. (5.28)

Corollary 5.3. If the M -dimensional Laplace integral (5.22) converges

absolutely for some γ1 ∈ RM and some γ2 ∈ RM , then it converges

absolutely for every λ ∈ CM with Re(λ) ≥ αγ1 + (1−α)γ2, α ∈ [0, 1].

In order to see this, note that by Corr. 5.2 it is sufficient to show

absolute convergence for convex combinations of γ1 and γ2. In turn,

this follows from convexity and non-negativity of exp(·) as it holds that∣∣∣exp(−(αγ1 + (1− α)γ2)Tt)f(t)
∣∣∣

≤
∣∣∣α exp(−γT

1 t)f(t) + (1− α) exp(−γT

2 t)f(t)
∣∣∣

≤
∣∣∣α exp(−γT

1 t)f(t)
∣∣∣ +

∣∣∣(1− α) exp(−γT

2 t)f(t)
∣∣∣

≤
∣∣∣exp(−γT

1 t)f(t)
∣∣∣ +

∣∣∣exp(−γT

2 t)f(t)
∣∣∣. (5.29)

However, a similar result does not hold if we replace absolute con-

vergence (5.22) with convergence (5.20). In this case we can have

convergence for some γ ∈ RM and divergence for some λ ∈ CM

with Re(λ) ≥ γ. A corresponding example is provided to the in-

terested reader in [BTGP92, Ex. 3, p. 88] for the Bessel function

f(t1, t2) = J0(2
√
t1t2).

Remark 5.3. As a characterization of the maximal domain of con-

vergence, i.e., the maximal set of λ for which (5.20) converges is an

intricate task, we will usually be satisfied to characterize a single λ for

which the integral (5.20) converges (absolutely). We refer the interested

reader to [BTGP92, GPS06] and point out that the transforms appear-

ing in this chapter are obtained by combining standard transform pairs

tabulated in §5.8.

5.4 Volume of simplex slices via Laplace techniques

The goal of this section is to solve (P1) by designing a neural net-

work that computes vol(Pt) given some t ∈ RM . To this end, we use
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the powerful framework introduced by Lasserre for polyhedral volume

computation [LZ01a, Las15] that consists in exploiting the identity

f(t) =
(
◦mL−1

λm

)
(◦mLtm) (f(t))

=
(
L−1
λM
◦ . . . ◦ L−1

λ1︸ ︷︷ ︸
M−times

◦LtM ◦ . . . ◦ Lt1︸ ︷︷ ︸
M−times

)
(f(t)) (5.30)

for functions f(t) admitting (multidimensional) Laplace transforms ac-

cording to Def. 5.1, 5.2.

Interestingly, this approach allows for evaluating complicated func-

tions as vol(Pt) without resorting to costly multidimensional numerical

integration. For the particular case of (P1) and a single measurement

(see illustration in Fig. 5.3) with

f(t) = vol(Δ ∩ {x : aTx = t}) (5.31)

we can apply the following result of Lasserre [Las15].

Lemma 5.4 (Volume of a simplex slice [Las15]). Let S =

{s1, . . . sN+1} = {e1, . . . , eN ,0} denote the vertices of the standard

simplex and a ∈ SN−1 be such that 〈a, sn〉 �= 〈a, sn′〉 for any pair of

distinct vertices sn, sn′ . Then, the volume of the simplex slice at any

point t ∈ R is given by

vol (Pt) =
1

(N − 1)!

N+1∑
n=1

(t− 〈a, sn〉)N−1
+∏

n′�=n〈a, sn′ − sn〉
. (5.32)

Proof. The lemma is a restatement of Theorem 2.2 in [Las15].

On closer inspection of (5.32), we find that vol (Pt) can be effi-

ciently implemented given some fixed a and an input t ∈ R by a

1-layer (shallow) neural network via a set of rectified polynomial ac-

tivation functions with shift {−a1, . . . ,−aN , 0} and weights wn =∏
n′�=n(〈a, sn′〉 − 〈a, sn〉)−1 as illustrated in Fig. 5.6. It was shown in

[Las15] that (5.32) also holds when some an < 0 with ∃t < 0 such that

f(t) > 0 preventing the direct application of Laplace transform tech-

niques. The necessary extension was obtained in [Las15] by applying

the translation operator St�(·) as explained in Rem. 5.1.
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Figure 5.6: Volume computation network with rectified polynomial layers for input
t ∈ R.

Remark 5.4. To avoid the technical difficulties connected with a mul-

tidimensional extension of the shifted LT identity (see Rem. 5.1) and

involved analysis of admissibility conditions we consider in the remain-

der of the chapter only a particular case specified by the following as-

sumption. We show by numerical simulations that the transformations

to be introduced in the following indeed apply for every orthogonal

basis Vs as is suggested by the example presented in Rem. 5.1.

Assumption 5.2. A admits a non-negative orthogonal basis Vs ∈
RN×M

+ for ker⊥(A).

By Assumption 5.2, we have Vs ∈ RN×M
+ , VT

sVs = I. With this

in hand, it may be verified that vol(Pt) = 0 whenever there is some

tm < 0 and Laplace transforms including the identity (5.30) can be

applied. To compute vol(Pt), we start with a lemma on exponential

integrals over the simplex. This lemma will be used later on.

Lemma 5.5. Let l ∈ RN be such that 〈l, sn〉 �= 〈l, sn′〉 for any pair of
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distinct vertices sn, sn′ ∈ Δ. Then we have2

∫
Δ

exp(−〈l,x〉) dx =
N+1∑
n=1

exp(−〈l, sn〉)∏
n′ �=n〈l, sn′ − sn〉

. (5.33)

Proof. The lemma follows from [BBDL+11, Cor. 12] by changing the

sign of the linear form and noting that the volume of the (full-

dimensional) simplex is equal to (N !)−1.

We can verify that Lemma 5.5 equally holds for a complex vector

l ∈ CN so that we can use this result to compute the inner MD-LT,

cf. (5.20), in (5.30). To this end, let Tt := Δ ∩ {x : VT
sx ≤ t} be the

intersection of the simplex and M halfspaces, and consider

F (λ) = F (λ1, . . . , λM ) =
(
LtM ◦ . . . ◦ Lt1︸ ︷︷ ︸

M−times

)
(vol(Tt)) . (5.34)

By the definition of the MD-LT (5.20) and the fact that R → R+ :

xk → exp(xk) is non-negative, the Fubini-Tonelli theorem [Tes18, Th.

9.11] implies that, for Re(λ) > 0, we have

F (λ) =

∫
RM

+

exp(−〈λ, t〉)
(∫

Δ∩{x:VT
sx≤t}

1 dx

)
dt

=

∫
Δ

(∫
[vT

1x,∞)×...×[vT

M
x,∞)

exp(−〈λ, t〉) dt

)
dx

=
1∏M

m=1 λm

∫
Δ

exp(−〈Vsλ,x〉) dx. (5.35)

Consequently, applying the Laplace identity (5.30) with f(t) = vol(Tt)

to (5.35) shows that

vol(Tt) =
(
◦mL−1

λm

)(
1∏
m λm

∫
Δ

exp(−〈Vsλ,x〉) dx

)
, (5.36)

whenever the MD-ILT (5.21) on the RHS exists. In this case, the RHS

is a function of the transform variable t and the inner simplex integral

may be evaluated via Lemma 5.5 if the corresponding condition holds.

To obtain vol(Pt), we use (5.35) to establish the following proposition.

2In the remainder of this chapter, the complex inner product is defined as 〈x, y〉 =
〈y, x〉� = xTy�.
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Proposition 5.1. Let Vs be a non-negative orthogonal basis (Vs ∈
RN×M

+ , VT
sVs = IM ) and Pt := Δ ∩ {x : VT

sx = t}. Then we have

vol(Pt) =
(
◦Mm=1L−1

λm

)(∫
Δ

exp(−〈Vsλ,x〉) dx

)
(5.37)

provided that the integrals on the RHS exist.

Proof. The proof is deferred to §5.10.2.

Now let us turn our attention to the numerical evaluation of vol(Pt)

via the MD-ILT (5.21). To this end, we first evaluate the inner integral

over the simplex using Lemma 5.5 to obtain

vol(Pt) =
(
◦Mm=1L−1

λm

)(
N+1∑
n=1

exp(−〈Vsλ, sn〉)∏
n′ �=n〈Vsλ, sn′ − sn〉

)
. (5.38)

Given that the argument of the MD-ILT in (5.38) is a sum of

exponential-over-polynomial (exp-over-poly) functions we continue with

a lemma on corresponding one-dimensional transform pairs.

Lemma 5.6 (ILT of an exp-over-poly function). Let M = 1, a ≥ 0,

b ∈ RN
�=0. Then we have the transform pair (F (λ) � �f(t))

exp(−aλ)∏N
n=1(bnλ)

a≥0

� �
(t− a)N−1

+

(N − 1)!
∏N
n=1 bn

. (5.39)

Proof. The proof is deferred to §5.10.3.

Lemma 5.7 (ILT of an exp-over-poly function). Let M ≥ 2, a ∈ RM and

B:,1 ∈ RN
�=0, B:,2:M ∈ RN×M−1 with pairwise linearly independent rows.

Then we have the transform pair F (λ1, . . . , λM ) � �f(t1, λ2, . . . , λM )

exp(−〈λ,a〉)∏N
n=1[Bλ]n

a1≥0

� �
1+(t1 − a1)∏

nBn,1

N∑
n=1

exp(−〈λ2:M ,a
(n)〉)∏N−1

n′=1[B(n)λ2:M ]n′

. (5.40)

By setting C := B � (B:,11T), a(n) ∈ RM−1 and B(n) ∈ RN−1×M−1

(n ∈ {1, . . . , N}) are given by

a(n) = a2:M + (t1 − a1)Cn,2:M , (5.41)

B(n) = C1:N\n,2:M − 1Cn,2:M . (5.42)
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Figure 5.7: Volume network with rectified polynomial and threshold layers for input
t ∈ RM .

Proof. The proof is deferred to §5.10.4.

Remark 5.5. We highlight that in case Bk,1 = 0 for some k we can

treat the corresponding factor Bk,:λ = Bk,2:Mλ2:M as a constant w.r.t.

the ILT L−1
λ1

(·). Accordingly, we can apply (5.40) using the truncated

matrix B̃ = B1:N\k,:, where B̃:,1 ∈ RN−1
�=0 , and obtain the truncated

output B̃(n) ∈ RN−1×M−1. For the subsequent ILT we have to include

the corresponding factor Bk,2:Mλ again by applying the matrix con-

catenation

B(n) =

[
B̃(n)

Bk,2:M

]
. (5.43)

5.4.1 Structure of the network

Now we are in a position to present a computation network for the MD-

ILT (5.37) by an algorithm that can be described by a computational

tree and that is adapted from [LZ01a] (see also Fig. 5.7). Due to the
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particular form of RHS in (5.33) the root of this tree is the MD-ILT

of N + 1 exp-over-poly-functions

(a(i),B(i))→ exp(−〈λ,a(i)〉)∏
n′ [B(i)λ]n′

. (5.44)

1. In layer m = 1, each node computes the ILT

F (λ1, . . . , λM ) � �f(t1, λ2, . . . , λM ) of an exp-over-poly-function

with parameters (a(i),B(i)) inherited from the root node. If the

branch is active, i.e., 1+(t1 − a
(i)
1 )(

∏
nB

(i)
n,1)−1 �= 0, it applies

transform (5.40) and passes the corresponding N exp-over-poly

functions (a(i,j),B(i,j)), (i, j) ∈ {1, . . . , N + 1} × {1, . . . , N} to

its children nodes.

2. In layer m = 2, each node computes the ILT

f(t1, λ2, . . . , λM ) � �f(t1, t2, λ3, . . . , λM ) of an exp-over-poly-

function inherited from its parent node. If the branch is active,

i.e., 1+(t2−a(i,j)
1 ) �= 0, it applies transform (5.40) and passes the

corresponding N − 1 exp-over-poly functions (a(i,j,k),B(i,j,k)),

(i, j, k) ∈ {1, . . . , N + 1} × {1, . . . , N} × {1, . . . , N − 1} to its

children nodes.

3. ...

4. In the last layer m = M , each node computes the

ILT f(t1, . . . , tM−1, λM ) � �f(t1, . . . , tM ) of an exp-over-poly-

function inherited from its parent node. If the branch is active,

i.e., 1+(tM −a(i,j,...)
1 ) �= 0, it applies transform (5.39) and obtains

a numerical value.

5. The final result is obtained by summing and weighting all values

of the last layer.

Remark 5.6. We emphasize that the order of ILTs in the computational

tree is arbitrary (see Def. 5.1) and therefore the constructed network

is not unique.
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Figure 5.8: Intersection polytope Pt (line segment) and centroid x̂ for t =
[0.5; 0.933] and A = VT

s = [0, 0, 1; 0.5, 0.866, 0].

5.5 Moment of simplex slices via Laplace techniques

The final step towards the optimal estimator of Lemma 5.1 is to solve

(P2), i.e., to compute the moment vector μ =
∫

Pt
x d�P . To this end,

we introduce an extension of Lemma 5.5 and Prop. 5.1 that allows to

compute the desired moments using equivalent volumes.

Lemma 5.8. Let l and Δ be as in Lemma 5.5. Then we have∫
Δ
xk exp(−〈l,x〉) dx

=
exp(−〈l, sk〉)∏
n �=k〈l, sn − sk〉

+
N+1∑
n=1
n �=k

exp(−〈l, sn〉)
〈l, sk − sn〉

∏
n′ �=n〈l, sn′ − sn〉

−
N+1∑
n=1
n �=k

exp(−〈l, sk〉)
〈l, sn − sk〉

∏
n′ �=k〈l, sn′ − sk〉

. (5.45)

Proof. The proof is deferred to §5.10.5.

Proposition 5.2. Let Pt and Vs be as in Prop. 5.1. Then, the moment
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Figure 5.9: Moment network for μk with rectified linear, rectified polynomial and
threshold layers for t ∈ RM .

μk :=
∫

Pt
xk d�P = vol(Pt)x̂k (see (5.10)) is given by

μk =
(
◦mL−1

λm

)(∫
Δ
xk exp(−〈Vsλ,x〉) dx

)
, (5.46)

provided that the integrals on the RHS exist.

Proof. The proof is deferred to §5.10.6

To evaluate the MD-ILT in (5.46) we first note that Lemma 5.8

also holds for a complex vector l ∈ CN . Then, we inspect the terms in

the sum (5.45) and find that the first term contains only simple poles

permitting its Laplace transformation via Lemma 5.6 and 5.7. In fact,

the corresponding term already appears in (5.33) and accordingly the

MD-ILT is already computed as part of the volume computation net-

work. However, this does not apply to the remaining 2N terms as they

contain quadratic terms 〈l, sk − sn〉 and 〈l, sn − sk〉. Accordingly, for

M ≥ 2 two rows of the denominator matrix B(i), 2 ≤ i ≤ 2N + 1 will

be linearly dependent violating the assumptions of Lemma 5.7. The

following proposition provides a modified result applicable to ILTs of
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exp-over-poly-functions with one double pole (resp. two linearly depen-

dent rows of B).3

Proposition 5.3 (ILT of exp-over-poly function with one double pole).

Let M ≥ 2, N ≥ 3, B:,1 ∈ RN
�=0 and assume w.l.o.g. that the first and

second row of B are equal, i.e., B1,: = B2,:. Then, the transform pair

F (λ1, . . . , λM ) � �f(t1, λ2, . . . , λM ) is given by

exp(−〈λ,a〉)∏N
n=1[Bλ]n

a1≥0

� �
(t1 − a1)+∏N
n=1 Bn,1

exp(−〈λ2:M ,a
(1)〉)∏N−1

n′=1[B(1)λ2:M ]n′

+
1+(t1 − a1)∏N

n=1 Bn,1

N−1∑
n=2

(
exp(−〈λ2:M ,a

(n)〉)∏N−1
n′=1[B(n)λ2:M ]n′

−exp(−〈λ2:M ,a
(1)〉)∏N−1

n′=1[B(n)λ2:M ]n′

)
. (5.47)

By setting C := B � (B:,11T), a(n) ∈ RM−1 and B(n) ∈ RN−1×M−1

(n ∈ {1, . . . , N − 1}) are given by

a(n) =

⎧⎨
⎩a2:M + (t1 − a1)C1,2:M , n = 1

a2:M + (t1 − a1)Cn+1,2:M , n ≥ 2
(5.48)

B(n) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

C3:N,2:M − 1C1,2:M , n = 1⎡
⎣ Cn+1,2:M −C1,2:M

C3:N,2:M − 1Cn+1,2:M

⎤
⎦ , n ≥ 2.

(5.49)

Proof. The proof is deferred to §5.10.7.

As a result of Prop. 5.3 we again obtain a multi-stage algorithm to

compute the moment μk (1 ≤ k ≤ N) comprising O(NM ) operations

as depicted in Fig. 5.9. As already mentioned above, the volume is

computed as a by-product of the moments which may be exploited to

decrease the computational complexity.

3While higher order (e.g., cubic, quartic) terms may appear when employing
particular structured measurement matrices like partial Hadamard or discrete cosine
transform matrices, we exclude these cases for brevity and note that they reduce to
the considered quadratic case when a small numeric perturbation is applied.
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Remark 5.7. It is important to emphasize that even if the scaling of

computational complexity seems unfavorable, it should indeed be ex-

pected for the general case as the underlying problem of computing

polyhedral centroids is known to be hard [Rad07]. However, the closed-

form evaluation via Laplace techniques provides us with new insights

that relate the measurement matrix to the resulting algorithm. Appar-

ently, we find that the sparsity of the equivalent measurement matrix

Vs directly translates to a less computational expensive evaluation al-

gorithm. As a consequence, a reasonable preprocessing step is to find

a sparse basis for the corresponding subspace ker⊥(A), which poses an

interesting problem to be addressed in future works. In Chapter 6, we

present a slightly different approach to reduce the complexity based on

a simpler nonlinear estimation architectures.

Regarding computational complexity, we note that one can obtain

much less complex formulae for structured polytopes with an example

stated in the following without proof.

Proposition 5.4. Let Vs =
√

2
−1

[
Q,−Q

]T

∈ R2M×M with orthogonal

matrix Q ∈ RM×M . Then, we have

vol(Pt) =

√
2
M

2M ·M !

(
1−

∥∥√2Qt
∥∥

1

)M
+
. (5.50)

5.6 Conversion to a feedforward network

In this section, we describe the initialization of layers and weights of

a conventional feedforward network corresponding to the computation

of vol(Pt) via the iterated Laplace transform in §5.4. Together with

the gradients provided in §5.9, this initialization allows for fine-tuning

the network when there is a model mismatch between observed data

and idealistic signal prior or when computational budgets require prun-

ing to obtain a less complex approximation of the initial network (see

simulations in §5.7).

We start by noting that the first layer of the network (resp. last layer

in the computational tree) is defined by the parameters a(i,...,k),B(i,...,k)

(see Fig. 5.7). These parameters are obtained by applying the affine
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Figure 5.10: Equivalent feedforward network with ReP, GLU and FC layers.

map (5.41). Consequently, the first layer of the equivalent feedforward

network comprises an affine map in the measurements t1:M . The cor-

responding non-linearity is given by a rectified polynomial that follows

from (5.39) and the equivalent first layer of the feedforward network is

given by

RePW(t) :=

(
W

[
tT 1

]T
)�d

+
,

where the weight matrix can be generated (after a slighty involved

analysis) from the parameter sequence a(i) and B(i), i ∈ {1, . . . , N+1},
and the affine map (5.41) (see example in §5.7.1). Here, the degree of the

polynomial activation can be obtained as d = N −M . The subsequent

layers are defined by (5.40) as well as Step 2) and 3) described in §5.4

which amounts to a linear map together with a multiplicative Heaviside

nonlinearity. The corresponding layer appears already in the literature

as gated linear unit [DFAG17] (GLU) given by

GLUW(1),W(2)(t, z) := σ

(
W(2)

[
t

1

])
�

(
W(1)

[
z

1

])
,

where σ(·) = 1+(·). Again, the corresponding weight matrices W(1)

and W(2) can be obtained from the parameter sequence a(i) and B(i),

i ∈ {1, . . . , N + 1} (see Example in §5.7.1). We conclude with the

observation that the last layer in the feedforward network is a fully

connected (FC) layer

FCw(z) := wT
[
zT 1

]T

when inferring vol(Pt) from t, and we employ a squared loss layer

SQw(t, z) :=

(
vol(Pt)−wT

[
zT 1

]T
)2
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when the network is trained. The overall feedforward architecture is

depicted in Fig. 5.10 and the necessary gradients for supervised training

are provided in §5.9.

5.7 Numerical examples

5.7.1 Volume computation example

To illustrate the necessary steps for computing the volume vol(Pt), let

us consider a simple low dimensional example corresponding to Fig.

5.8. Here, M = 2, N = 3 and Pt is defined by the measurements

t = VT

sx[
0.5

0.093

]
=

[
0 0 1

0.5 0.866 0

] ⎡
⎢⎣ 0.1

0.05

0.5

⎤
⎥⎦ . (5.51)

In this case the exp-over-poly functions at the root node follow from

(5.33) and are given by the parameters

a(1) =

[
0

0.5

]
, a(2) =

[
0

0.866

]
, a(3) =

[
1

0

]
a(4) =

[
0

0

]

B(1) =

⎡
⎢⎣0 0.366

1 −0.5

0 −0.5

⎤
⎥⎦ , B(2) =

⎡
⎢⎣0 −0.366

1 −0.866

0 −0.866

⎤
⎥⎦ ,

B(3) =

⎡
⎢⎣−1 0.5

−1 0.866

−1 0

⎤
⎥⎦ , B(4) =

⎡
⎢⎣0 0.5

0 0.866

1 0

⎤
⎥⎦ .

The first step consists in computing the ILT with respect to λ1, i.e.,

L−1
λ1

(
4∑
i=1

exp(−〈λ,a(i)〉)∏N
n=1[B(i)λ]n

)
. (5.52)
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To this end, we apply (5.40) to (5.52) and using truncation and con-

catenation when required (see Rem. 5.5) yields

a(1,1) = 0.25, a(2,1) = 0.433, a(3,1) = 0.25,

a(3,2) = 0.433, a(3,3) = 0, a(4,1) = 0,

B(1,1) =

[
0.366

−0.5

]
, B(2,1) =

[
−0.366

−0.866

]
, B(3,1) =

[
−0.366

0.5

]
,

B(3,2) =

[
0.366

0.866

]
, B(3,3) =

[
−0.5

−0.866

]
, B(4,1) =

[
0.5

0.866

]
.

The ILT with respect to λ2 can be obtained by using (5.39) and for the

corresponding functions f (i,j)(t1, λ2) � �f (i,j)(t1, t2) we have that

f (i,j) =
(t2 − a(i,j)

1 )+∏
nB

(i,j)
n,1

· 1+(t1 − a(i)
1 )∏

n′ B
(i)
n′,1

f (1,1) = 0, f (2,1) = 0, f (3,1) = 0

f (3,2) = 0, f (3,3) = 0, f (4,1) = 0.215,

where n′ ∈ supp(B
(i)
:,1). Finally, summing all intermediate values reveals

the desired result vol(Pt) = 0.215.

In the following we present an equivalent feedforward network using

the techniques presented in §5.6. For the given dimensions M = 2,

N = 3 with dense matrices B(n) we find the general parameters of the
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first layer RePW([tT, 1]T) as d = N −M = 1 and

W =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−B(1)
1,2/B(1)

1,1 1 B
(1)
1,2a

(1)
1 /B(1)

1,1 − a
(1)
2

−B(1)
2,2/B(1)

2,1 1 B
(1)
2,2a

(1)
1 /B(1)

2,1 − a
(1)
2

−B(1)
3,2/B(1)

3,1 1 B
(1)
3,2a

(1)
1 /B(1)

3,1 − a
(1)
2

−B(2)
1,2/B(2)

1,1 1 B
(2)
1,2a

(2)
1 /B(2)

1,1 − a
(2)
2

−B(2)
2,2/B(2)

2,1 1 B
(2)
2,2a

(2)
1 /B(2)

2,1 − a
(2)
2

−B(2)
3,2/B(2)

3,1 1 B
(2)
3,2a

(2)
1 /B(2)

3,1 − a
(2)
2

−B(3)
1,2/B(3)

1,1 1 B
(3)
1,2a

(3)
1 /B(3)

1,1 − a
(3)
2

−B(3)
2,2/B(3)

2,1 1 B
(3)
2,2a

(3)
1 /B(3)

2,1 − a
(3)
2

−B(3)
3,2/B(3)

3,1 1 B
(3)
3,2a

(3)
1 /B(3)

3,1 − a
(3)
2

−B(4)
1,2/B(4)

1,1 1 B
(4)
1,2a

(4)
1 /B(4)

1,1 − a
(4)
2

−B(4)
2,2/B(4)

2,1 1 B
(4)
2,2a

(4)
1 /B(4)

2,1 − a
(4)
2

−B(4)
3,2/B(4)

3,1 1 B
(4)
3,2a

(4)
1 /B(4)

3,1 − a
(4)
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

For the particular sparsity pattern of parameters B(i), we need to in-

corporate Remark 5.5 and as a result the weights sparsify according

to

W=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

−B(1)
2,2/B(1)

2,1 1 −a(1)
2

0 0 0

0 0 0

−B(2)
2,2/B(2)

2,1 1 −a(2)
2

0 0 0

−B(3)
1,2/B(3)

1,1 1 B
(3)
1,2a

(3)
1 /B(3)

1,1

−B(3)
2,2/B(3)

2,1 1 B
(3)
2,2a

(3)
1 /B(3)

2,1

0 1 0

0 0 0

0 0 0

0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0.5 1 −0.5

0 0 0

0 0 0

0.87 1 −0.87

0 0 0

0.5 1 −0.5

0.87 1 −0.87

0 1 0

0 0 0

0 0 0

0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

For the second layer GLUW(1),W(2)(t2, z
(1)), we find the general param-

eters for the considered dimensions as

W(1) = blkdiag
(
v(1),T, . . . ,v(4),T, 0

)
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with

v(n)=

⎡
⎢⎢⎢⎣
B

(n)
1,1/det

(
B

(n)
1:2,:

)
det

(
B

(n)

[1,3],:

)
−B(n)

2,1/det

(
B

(n)
1:2,:

)
det

(
B

(n)
2:3,:

)
B

(n)
3,1/det

(
B

(n)

[1,3],:

)
det

(
B

(n)
2:3,:

)
⎤
⎥⎥⎥⎦, and W(2)=

⎡
⎢⎢⎢⎢⎣

1 −a(1)
1

1 −a(2)
1

1 −a(3)
1

1 −a(4)
1

⎤
⎥⎥⎥⎥⎦.

Therefore, we obtain

W(1)= blkdiag

⎛
⎜⎜⎝
⎡
⎢⎣ 0

−5.46

0

⎤
⎥⎦

T

,

⎡
⎢⎣ 0

3.15

0

⎤
⎥⎦

T

,

⎡
⎢⎣ 5.46

−3.15

−2.31

⎤
⎥⎦

T

,

⎡
⎢⎣ 0

0

2.31

⎤
⎥⎦

T

, 0

⎞
⎟⎟⎠,

W(2) =

⎡
⎢⎢⎢⎣

1 0

1 0

1 −1

1 0

⎤
⎥⎥⎥⎦.

Finally, the last layer FCw is parametrized by the weights w =

[1 1 1 1 0]T. Accordingly, the outputs of the individual layers yield

z(1) = ReP (t) = [0 0 0 0 0 0 0 0 0.093 0 0 0.093]T

z(2) = GLU
(
t2, z

(1)
)

= [0 0 0 0.215]T

vol(Pt) = FC
(
z(2)

)
= 0.215.

5.7.2 Validation of theoretical results and robustness

To assess the performance of the proposed estimator and its robustness

to small model-mismatch, we consider the problem of recovering sparse

stochastic vectors that are members of the p-simplex (0 < p ≤ 2)

Δp :=
{
x ∈ RN

+ :
∑N

n=1
xpn ≤ 1

}
(5.53)

with probability distribution

px(x) = vol(Δp)
−1

1Δp(x). (5.54)

The p-simplex is a non-negative counterpart of the Bp-ball (1.1) and

uniform realizations can be easily generated as absolute values of real-

izations from Bp (see [BGMN05]). In this model, the sparsity-parameter
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p adjusts the energy concentrated in the largest entries where the com-

pressibility of a realization x increases with decreasing values of p. To

the best of our knowledge, closed-form expression for volume and mo-

ments of the slices

Ωp := Δp ∩ {x : VT

sx = t} (5.55)

are not known for general values of p apart from p = 1, p = 2 and

p = ∞. Therefore, one is typically left with the challenging problem

of approximating the required integrals numerically, e.g., using Monte-

Carlo methods [LZZ07].

In the first set of experiments, we vary the ground-truth sparsity-

parameter p ∈ {0.9, 1, 1.1} and obtain an estimate x̂ by centroid com-

putation (5.10) over the (possibly mismatched) integration domain

Ω1 ≈ Ωp. In other words, we approximate the numerically challeng-

ing integration over Ωp (p �= 1) by an easier exact integration over Ω1.

We measure the empirical mean square error

eMSE :=
1

Ns

Ns∑
i=1

‖x(i) − x̂(i)‖22 (5.56)

over a testing set of cardinality Ns = 1000 and compare the proposed

estimator x̂ (5.10) with centroid computation by simplicial decomposi-

tion over the same (mismatched) domain using Qhull [BEF00] as well

as solutions to the well-established non-negative �1-minimization

x̂�1 = argmin
x∈RN

+ : t=VT
sx

‖x‖1 (5.57)

and (simplex constrained) �2-minimization

x̂�2 = argmin
x∈Δ: t=VT

sx

‖x‖22. (5.58)

For the compression matrix A, we use an i.i.d. random Gaussian ma-

trix drawn once and set fixed for each measurement configuration. The

compressed vector is given by t = VT
sx ∈ RM and we vary the num-

ber of compressed measurements M . As the computational complexity

grows fast in the number of measurements M , we limit our analysis to

the low-dimensional setting and defer the higher-dimensional analysis
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Figure 5.11: Empirical MSE for N = 9, x ∼ U(Δ1), i.i.d. Gaussian matrix A and
varying number of measurements M .

Figure 5.12: Empirical MSE for N = 9, x ∼ U(Δ0.9), i.i.d. Gaussian matrix A and
varying number of measurements M .



104 Optimal Nonlinear Estimators for Signal Recovery

Figure 5.13: Empirical MSE for N = 9, x ∼ U(Δ1.1), i.i.d. Gaussian matrix A and
varying number of measurements M .

(M,N) (1, 9) (3, 9) (7, 9) (1, 50) (1, 100)

a) proposed 0.003 s 0.12 s 85.8 s 0.09 s 0.77 s

b) Qhull 0.05 s 0.14 s 0.10 s N/A N/A

c) MC N/A N/A 0.34 s N/A N/A

Table 5.1: Average computation time for centroid via a) the proposed method, b)
simplicial decomposition using Qhull, c) Monte Carlo Approximation using 100N−M

points.
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to a future study using e.g. faster approximate methods or structured

measurement matrices along the lines of Prop. 5.4. In terms of recon-

struction error, it is interesting to see that for p = 1 the proposed cen-

troid estimator outperforms the conventional �1- and �2-based methods

by a factor of about 3 and 2, respectively (see Fig. 5.11). For a model-

mismatch with p = 0.9 and p = 1.1, the proposed method is still

superior to both �1-minimization and �2-minimization (see Fig. 5.12

and 5.13). However, if we increase the model-mismatch even further

(p < 0.8 or p > 1.2), the mismatch of the integration region Pt ≈ Ωp

becomes too large and the performance of the centroid estimate over

the mismatched domain Pt is inferior. We present the average compu-

tation times of the proposed method and compared it to the (highly

optimized) domain decomposition using Qhull and direct Monte-Carlo

integration [LZZ07] in Tab. 5.1. As can be seen from the results, the

proposed approach quickly becomes unfavorable when the number of

measurements exceeds M = 5 due to the undesired scaling of com-

plexity. On the positive side, the scaling does not depend on the di-

mension D = N −M of the polytope so that the centroid can still be

computed, e.g., in dimensions (M,N) = (1, 100) where D = 99 and

there is no hope for solutions using traditional domain decomposition

or Monte Carlo integration methods. We note that we exclude �1- and

�2-minimization for the timing analysis as they are based on a differ-

ent problem formulation and do not provide estimates of volume and

moments.

As a side note, the volumes of the intersection polytopes can be

surprisingly small which may result in numerical precision problems

as underflows. To mitigate this undesired effect, we suggest to either

increase the precision of arithmetic operations or employ numerical

stabilization, e.g., via logarithmic calculus.

5.7.3 Training and pruning and of volume networks

In the following we investigate the approximation properties for the

volume computation problem and compare the proposed architecture

to a standard ReLU network with one hidden layer and a similar num-

ber of trainable parameters. We use the derivation in §5.6 to construct
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an analytical feedforward network with weight matrices and activa-

tion functions that ideally computes the desired volume as well as a

randomly initialized ReLU architecture. To generate training and val-

idation datasets Dtr, Dval of measurements t(i) and volumes vol(Pt(i))

of cardinality Ni ≈ 105, we set M = 2, N = 5 and take regular spaced

samples over supp (vol(Pt)) for two random measurement matrices A.

The weight matrices corresponding to the networks are concatenated

into a single parameter vector w and the network output is denoted

by f(t,w). Note that the complexity of evaluating the network f(t,w)

is proportional to the number of non-zero components in w denoted

by |supp(w)| and hence a smaller number of parameters for a desired

inference accuracy is generally preferred. To compute the gradients for

the proposed architecture, we employ the classical back-propagation al-

gorithm using the layer-wise gradients provided in §5.9. For the ReLU

architecture, we also use the backpropagation algorithm with gradients

implemented in any standard deep learning framework.

For optimizing the proposed architecture, we found the Adagrad

optimizer [DHS11, Kas18] and batch size 100 to yield good perfor-

mance and compare it to the SGD algorithm with adaptive step size

for the ReLU architecture. To avoid vanishing gradients, we replace

the multiplicative Heaviside nonlinearity in the GLU-layer of the pro-

posed architecture by its sigmoidal approximation using α = 100 which

explains the small excess error of 10−12 and 10−10 for the proposed ar-

chitecture. We perform two consecutive runs using different realizations

of the sensing matrix A and measure the empirical mean square error

eMSEvol :=
1

Ni

Ni∑
i=1

(f(t, ŵ)− vol(Pt))2 . (5.59)

As can be seen from Fig. 5.14 and 5.15, the proposed architecture

is superior compared to the standard ReLU architecture with similar

numbers of parameters over a wide range. Only for an extremely small

number of parameters (30 in the first, 55 in the second run) the ReLU

architecture performs moderately better than the proposed architec-

ture. In Fig. 5.14 and 5.15 we also observe that there is no significant

error when using Alg.4 and a number of 51 remaining parameters in

the first and 79 parameters in the second configuration from initially
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Figure 5.14: Emprical MSE for approximate volume computation with limited
number of parameters (first configuration). Training eMSEvol is shown in solid,
validation eMSEvol in dotted linestyle. The proposed architecture was pruned using
Alg. 4.

Figure 5.15: Emprical MSE for approximate volume computation with limited
number of parameters (second configuration). Training eMSEvol is shown in solid,
validation eMSEvol in dotted linestyle. The proposed architecture was pruned using
Alg. 4.
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127 parameters in both cases.

As can be seen from the computation times reported in Tab. 5.1

the proposed closed-form architectures for sparse recovery is currently

only favorable in the low-measurement regime due to a steep increase

in complexity. On the other hand, the approximation properties are

clearly superior to a standard ReLU architecture. In addition, we pro-

vide an example for a particular structured measurement matrix in

Prop. 5.4 that allows for volume computation in much higher dimen-

sions which motivates to continue the search for scalable constructions

of neural architectures.

Algorithm 4 Iterative network pruning algorithm [LDS90].

Input: Network f , weights w, gradient∇wf , data Dtr, parameter bud-

get K

Output: Pruned weights ŵ

Initialisation : ŵ = w

1: while |supp(ŵ)| > K do

2: for k ∈ supp(ŵ) do

3: Compute saliency of parameter wk by ck =
∑

i(f(t(i), ŵ\k) −
vol(Pt(i)))2

4: end for

5: Delete weight k with minimal saliency ck by fixing ŵk = 0

6: Retrain the network f(·, ŵ\k) using data Dtr

7: end while

8: return
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5.8 Table of Laplace transforms

# f(t) F (λ)

(LT1) c1f1(t) + c2f2(t) c1F1(λ) + c2F2(λ)

(LT2)
tn−1

(n− 1)!

1

λn

(LT3) exp(at)
1

λ− a
(LT4) t exp(at)

1

(λ− a)2

(LT5)
exp(at)− exp(bt)

a− b (a �= b)
1

(λ− a)(λ− b)
(LT6) 1+(t− a)f(t− a) (a ≥ 0) exp(−aλ)F (λ)

(LT7) f ′(t) λF (λ) − f(0+)

5.9 Gradients of the feedforward network

As a direct computation of the gradients results in excessive memory

requirements (see e.g. [VL15]) we provide the gradients of the feedfor-

ward network for the computation of vol(Pt) in terms of inner-products

with some vector p of suitable dimension:

∇W〈p,ReP(t)〉 = d ·WT

:,1:N−1

⎛
⎝p�

(
W

[
t

1

])�d−1

+

⎞
⎠[

t

1

]T

(5.61)

∇z〈p,ReP(t)〉 = d ·WT

:,1:N−1

⎛
⎝p�

(
W

[
t

1

])�d−1

+

⎞
⎠ (5.62)

∇W(1)〈p,GLU(t, z)〉 =

(
p� σ

(
W(2)

[
t

1

]))[
z

1

]T

(5.63)
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∇z〈p,GLU(t, z)〉 = W
(1),T
:,1:N−1

(
p� σ

(
W(2)

[
t

1

]))
(5.64)

∇W(2)〈p,GLU(t, z)〉 =

= σ′
(

W(2)

[
t

1

])
�

(
p�W(1)

[
z

1

])[
t

1

]T

(5.65)

∇t〈p,GLU(t, z)〉 =

= W
(2),T
:,1:N−1

(
p� σ′

(
W(2)

[
t

1

])
�

(
W(1)

[
z

1

]))
. (5.66)

As the gradients w.r.t. W(2) and t vanish, we replace the Heaviside

function by a sigmoidal approximation

σ(αz) = (1 + exp(−αz))−1 ≈ 1+(z), (5.67)

where

σ′(αz) = exp(−αz) (1 + exp(−αz))−2 (5.68)

and we note that

limα→∞(1 + exp(−αz))−1 = 1+(z). (5.69)

5.10 Proofs

5.10.1 Proof of Lemma 5.5 [LZ01b]

Let Δ(t) := {x ∈ RN
+ :

∑N
n=1 xn ≤ t} and consider the integral

g(t) =

∫
Δ(t)

exp(−〈l,x〉) dx. (5.70)

Using the Fubini-Tonelli theorem we obtain the Laplace transform

G(λ) � �g(t) by

G(λ) =
N+1∏
n=1

(λ + 〈l, sn〉)−1 (5.71)

with ILT given by

g(t) =
N+1∑
n=1

exp(−t · 〈l, sn〉)∏
n′�=n〈l, sn′ − s〉 (5.72)

and g(1) reveals the desired result.
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5.10.2 Proof of Proposition 5.1

First note that Pt is an (N−M)-dimensional face of Tt. Hence, repeated

application of [Las83, Prop. 3.3] shows that

vol(Pt) = ‖v1‖2 · · · ‖vM‖2
∂M

∂t1 · · · ∂tM
vol(Tt). (5.73)

Considering (5.30) with f(t) = vol(Pt) and the fact that ‖vm‖2 = 1

yields

vol(Pt) =
(
◦mL−1

λm

)
(◦mLtm) vol(Pt)

=
(
◦mL−1

λm

)
(◦mLtm)

∂M

∂t1 · · · ∂tM
vol(Tt). (5.74)

By continuity of vol(Tt) we have ∀ m ∈ {1, . . . ,M} that

limtm→0 vol(Tt) = 0. (5.75)

So repeated application of the transform pair (LT7) yields the desired

result.

5.10.3 Proof of Lemma 5.6

The stated transform pair is obtained by using standard transform

pairs tabulated in §5.8. ((LT6), (LT2) and linearity (LT1)).

5.10.4 Proof of Lemma 5.7

We first prove the transform pair (λ
(0)
n �= λ

(0)
n′ , n �= n′)

c exp(−aλ)∏N
n=1(λ− λ(0)

n )

a≥0

� �1+(t− a)
N∑
n=1

c exp(λ
(0)
n (t− a))∏

n′ �=n(λ
(0)
n − λ(0)

n′ )
. (5.76)

To this end, we use the partial fraction expansion (see [Doe12, (10)

p.77])

1∏N
n=1(λ− λ(0)

n )
=

N∑
n=1

1

λ− λ(0)
n

1
d
dλ

∏N
n′=1(λ− λ(0)

n′ )|
λ=λ

(0)
n

=
N∑
n=1

1

λ− λ(0)
n

1∏
n′ �=n(λ

(0)
n − λ(0)

n′ )
(5.77)
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in conjunction with the transform pair (LT3) to obtain the transform

pair

1∏N
n=1(λ− λ(0)

n )

� �

N∑
n=1

exp(λ
(0)
n t)∏

n′ �=n(λ
(0)
n − λ(0)

n′ )
. (5.78)

Then, (5.76) follows from (5.78) by linearity and the transform pair

(LT6). Finally, by assumption,

λ(0)
n := − 1

Bn,1
Bn,2:Mλ2:M (5.79)

are pairwise distinct (we can assume λ2:M is arbitrary but fixed) and

the result (5.40) follows from (5.76) by setting λ := λ1, a := a1 and

c := (
∏N
n=1 Bn,1)−1 exp(−〈λ2:M ,a2:M 〉).

5.10.5 Proof of Lemma 5.8

To obtain the desired integral, we assume l1:N\k is arbitrary but fixed,

and consider the function

f(x, lk) := exp(−〈l,x〉). (5.80)

As f is jointly continuous in the variables x, lk and ∂
∂lk
f(x, lk) is con-

tinuous, it holds that (see [Die69, Th. 8.11.2])∫
Δ
xk exp(−〈l,x〉) dx =

∫
Δ
− ∂

∂lk
f(x, lk) dx

= − ∂

∂lk

∫
Δ
f(x, lk) dx = − ∂

∂lk

N+1∑
n=1

exp(−〈l, sn〉)∏
n′ �=n〈l, sn′ − sn〉

.

Carrying out the differentiation yields the desired result.

5.10.6 Proof of Proposition 5.2

Let Tt := Δ ∩ {x : VT
sx ≤ t} and

μk(Tt) :=

∫
Tt

xk dx, k ∈ {1, . . . , N}. (5.81)
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First, a derivation similar to (5.35) yields that(
◦Mm=1Ltm

)
(μk(Tt))

=

∫
RM

+

exp(−〈λ, t〉)
(∫

Δ∩{x:VT
sx≤t}

xk dx

)
dt

=

∫
Δ

(∫
[vT

1x,∞)×...×[vT

M
x,∞)

xk exp(−〈λ, t〉) dt

)
dx

=
1∏M

m=1 λm

∫
Δ
xk exp(−〈Vsλ,x〉) dx, (5.82)

where the first equality follows from the Fubini-Tonelli theorem [Tes18,

Th. 9.11] that is again applicable as the integrand is non-negative.

Next, we relate the moment μk(Tt) of Tt to the moment μk(Pt) of

an (N −M) dimensional face. To this end, the key is to invoke the

integral relation

μk(Tt) =

∫
Tt

xk dx =

∫
Tt

(∫ xk

0
z dz

)
dx = vol

(
V(k)

t

)
,

where V(k)
t := {(x, z) : x ∈ Tt, 0 ≤ z ≤ xk} defines a convex polytope

contained in RN+1
+ . Similarly, for the desired moment we have that

μk(Pt) = vol(Q(k)
t ) with

Q(k)
t := {(x, z) : x ∈ Pt, 0 ≤ z ≤ xk}.

We are now in a position to repeatedly apply [Las83, Prop. 3.3] and

obtain

μk(Pt) = ‖v1‖2 · · · ‖vM‖2
∂M

∂t1 · · · ∂tM
vol

(
V(k)

t

)
. (5.83)

As ‖vm‖2 = 1 we have that

μk(Pt) =
(
◦mL−1

λm

)
(◦mLtm)

∂M

∂t1 · · · ∂tM
vol

(
V(k)

t

)
(5.84)

and the desired result follows by using the fact that ∀ k ∈ {1, . . . , N}

limtm→0 vol
(
V(k)

t

)
= 0 (5.85)

and repeated application of (LT7).
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5.10.7 Proof of Proposition 5.3

First we obtain the transform pair F (λ) � �f(t) (λ
(0)
n �= λ

(0)
n′ for n �=

n′ ∈ {1, . . . , N − 1})

exp(aλ)

(λ− λ(0)
1 )

∏N−1
n=1 (λ− λ(0)

n )

a≥0

� �
(t− a)+ exp(λ

(0)
1 (t− a))∏N−1

n=2 (λ
(0)
1 − λ

(0)
n )

+1+(t− a)
N−1∑
n=2

exp(λ
(0)
n (t− a))− exp(λ

(0)
1 (t− a))

(λ
(0)
n − λ(0)

1 )
∏
n′ �=n(λ

(0)
n − λ(0)

n′ )
(5.86)

by using the partial fraction expansion (5.77)

1

(λ− λ(0)
1 )

∏N−1
n=1 (λ− λ(0)

n )
= (5.87)

=
1

(λ− λ(0)
1 )

N−1∑
n=1

1

λ− λ(0)
n

1∏
n′ �=n(λ

(0)
n − λ(0)

n′ )
(5.88)

in conjunction with the transform pairs (LT4), (LT5) and (LT6). By

assumption, B1,: = B2,: and λ2:M is arbitrary but fixed so that

λ(0)
n :=

⎧⎨
⎩−

1
B1,1

B1,2:Mλ2:M , n = 1

− 1
Bn,1

Bn+1,2:Mλ2:M , n ∈ {2, . . . , N − 1}
(5.89)

are pairwise distinct and (5.47) follows from (5.86) by setting

λ := λ1, a := a1 and multiplying both sides by c :=

(
∏N
n=1 Bn,1)−1 exp(−〈λ2:M ,a2:M 〉).
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Fast Nonlinear Estimators for Signal Recovery

6.1 Introduction

In light of practical constraints, a drawback of the nonlinear estimator

proposed in the previous chapter is the steep increase of computa-

tional complexity. Hence, a question that remains is how can we design

low-complexity estimators that only approximately minimize the mean

square error. In this regard, our aim is to provide insights on the rela-

tionship between expected estimation accuracy on the one hand, and

computational complexity of nonlinear estimation architectures on the

other.

Towards this end, in this last chapter we study the Bayesian mean

square error (MSE) for two types of low-complexity estimators:

1. a linear estimator and

2. a structured estimator composed of a linear operator followed by

a Cartesian product of univariate nonlinear mappings.

By construction, the complexity of the proposed structured nonlin-

ear estimator is comparable to that of its linear counterpart since the

nonlinear mapping can be implemented efficiently. By resorting to an

115
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alternating minimization technique, we obtain a sequence of optimized

linear operators and nonlinear mappings that converges in the objec-

tive. The resulting solution is attractive for real-time applications and

is computationally much simpler than the MMSE estimator derived

in Chapter 5. However, the decrease in computational complexity has

to be traded with an additional excess error. We consider again the

(noiseless) stochastic linear model (5.1). In contrast to the previous

chapter, we study in the following the case of a uniform distribution

on the generalized unit ball

Bp :=

{
x :

N∑
n=1

|xn|pn ≤ 1

}
. (6.1)

Consequently, in all that follows, the probability distribution px(x) is

assumed to be

px(x) =
1

vol(Bp)
1Bp

(x). (6.2)

For brevity, we use x ∼ U(Bp) to refer to the random variable x drawn

according to (6.2).

For the case of a polynomial mapping in canonical form, we derive

the mean square error (MSE) in closed-form as a function of higher-

order statistics of inner products involving the random vector x. To

obtain an optimized structured nonlinear estimator, we minimize the

MSE using an alternating optimization approach that is guaranteed to

converge w.r.t. the objective value.

6.2 Monomials and higher-order statistics

Given the probability distribution in (6.2) the first question is if vol(Bp)
can be obtained for general vectors p without resorting to multivariate

approximation techniques (e.g. cubature formulae) that suffer from the

so-called curse of dimensionality. As mentioned in §1.1 an affirmative

answer to this question can be traced back to works by Dirichlet us-

ing the Laplace transform [Edw22]. The result by Dirichlet (1.2) was

generalized in [Wan05] to (not necessarily symmetric) generalized unit

balls with some characteristic vector p ∈ RN
++. The result is restated

in the following Lemma.
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Lemma 6.1 (Volume of generalized unit balls Bp). Let p ∈ RN
++ and Bp

be given by Bp := {x :
∑N

n=1|xn|pn ≤ 1} ⊂ RN . Then,

vol(Bp) =
2N∏N
n=1 pn

∏N
n=1 Γ

(
1
pn

)
Γ

(
1 +

∑N
n=1

1
pn

) , (6.3)

where

Γ (z) :=

∫ ∞

0
tz−1 exp(−t) dt (6.4)

is the Gamma function [Dav65].

Proof. The proof can be found in [Wan05].

As an extension of Lemma 6.1, we obtain the following result for

the integral as well as expectation of a monomial over Bp w.r.t. to the

pdf (6.2), which forms the basis for the subsequent analysis.

Lemma 6.2 (Expectation of monomials over Bp). Let xα denote the

monomial xα1
1 · · · x

αN

N with x ∈ RN and α ∈ NN
+ , x ∼ U(Bp), and

2N+ := {2β : β ∈ N+} be the set of nonnegative even integers. Then,

we have

∫
Bp

xα dx =

⎧⎪⎨
⎪⎩

2N∏N

n=1
pn

∏N

n=1
Γ
(

αn+1
pn

)
Γ
(

1+
∑N

n=1
αn+1

pn

) for α ∈ 2NN
+

0 otherwise,

and

Ex [xα] =
1

vol(Bp)

∫
Bp

xα dx. (6.5)

Proof. The proof is deferred to §6.6.1.

Of course, vol(Bp) can be obtained similarly as a special case of

Lemma 6.2 using α = 0. In the subsequent analysis, we also need to

evaluate higher-order statistics of an inner product of x and some given

vector u ∈ RN , which is formalized in the following Lemma.



118 Fast Nonlinear Estimators for Signal Recovery

Lemma 6.3 (Higher-order inner-product statistics). Let x ∼ U(Bp), d ∈
N+ and u ∈ RN be a given vector. Then, using(

d

α

)
=

d!∏N
n=1(αn!)

, (6.6)

we obtain

Ex

[
〈u, x〉d

]
=

∑
‖α‖1=d

(
d

α

)
uαEx [xα] , (6.7)

Ex

[
xi〈u, x〉d

]
=

∑
‖α‖1=d

(
d

α

)
uαEx

[
xα+ei

]
, (6.8)

Ex

[
xixj〈u, x〉d

]
=

∑
‖α‖1=d

(
d

α

)
uαEx

[
xα+ei+ej

]
, (6.9)

where ei denotes the i-th standard Euclidean basis vector in RN .

Proof. The Lemma follows from an application of the multinomial for-

mula

(u1x1 + u2x2 + . . . + uNxN )d =
∑

‖α‖1=d

(
d

α

)
uαxα (6.10)

with multinomial coefficient(
d

α

)
=

d!∏N
n=1(αn!)

(6.11)

together with the linearity of the expectation operator.

For a practical algorithm and implementation to generate signals

from Bp we refer the interested reader to [CDT98], which was used for

the Monte-Carlo simulations in §6.5.

6.3 Structured Bayesian estimators

In contrast to the derivation of Bayesian estimator provided in §2.1.3,

we now consider structured Bayesian estimators in the noiseless case.
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6.3.1 Linear estimation

Let us start with the low-complexity linear Bayesian MMSE estimator

(LMMSE) that, whilst usually being inferior to the MAP estimator (cf.

Def. 2.16) or the MMSE estimator (cf. Def. 2.17) in terms of estimation

performance, may be easily implemented and often offer acceptable

performance guarantees.

Definition 6.1 (Linear Bayesian MMSE estimator (LMMSE)). Let y and

px(x) be given by (2.1) and (6.2). Then, the linear Bayesian MMSE

estimator Wlmmse is given as a solution to

Wlmmse ∈ argmin
W∈RN×M

Ex

[
‖x −WAx‖22

]
, (6.12)

where the expectation is taken over x ∼ U(Bp).

Theorem 6.4 (Linear Bayesian MMSE estimator (LMMSE)). Let y be

given by (2.1) and px(x) by (6.2). Assuming that the inverse exists, the

optimal linear estimator according to Def. 6.1 can be obtained by

Wlmmse = CxAT
(
ACxAT

)−1
(6.13)

with Cx := E
[
xxT

]
given by

[Cx]i,j := Ex

[
xei+ej

]
. (6.14)

Proof. The proof is a standard results in Bayesian MMSE estimation

(see e.g. [UT10]).

The corresponding Bayesian MSE is given by

εlmse(W) =Ex

[
‖x−WAx‖22

]
= tr {Cx} − 2tr {WACx}

+ tr
{

ATWTWACx

}
. (6.15)

6.3.2 Structured nonlinear estimation

A popular technique for recovering sparse signals consists in using a lin-

ear mapping together with a Cartesian product of univariate nonlinear-

ities in an alternating fashion. We refer the reader to the ISTA iteration

(5.4) and Fig. 5.1. As a conceptual analogue, we analyze a nonlinear

Bayesian MMSE estimator using a similar structural assumption.
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Proposition 6.1 (Structured nonlinear MMSE estimator (SMMSE)). Let

T := T1× . . .×TN : R× . . .×R �→ R× . . .×R be a Cartesian product

of univariate nonlinear mappings and define the sructured Bayesian

MMSE (SMMSE) estimator to be of the form

x̂ = T (Wy) = T (WAx) , (6.16)

where for ease of practical realization we further impose equality among

the nonlinear maps, i.e., T1 = . . . = TN .

An illustration of the SMMSE estimators’ structure is shown in Fig.

6.1. In this chapter we analyze explicitly the canonical polynomial map

y1

yM

x1

xN

x̂1

x̂N

A W T

Figure 6.1: Structured nonlinear Bayesian MMSE estimator composed of a linear
map W and a Cartesian product of univariate nonlinear maps T := [T1 · · · TN ]T.

given by

Ti(t) :=
D∑
d=0

adt
d (6.17)

which results in an estimate

x̂ =
D∑
d=0

ad (WAx)�d . (6.18)

Accordingly, the corresponding Bayesian MSE is given by

εsmse(a,W) = Ex

[
‖x− x̂‖22

]
= tr {Cx} − 2tr {Cxx̂}+ tr {Cx̂} , (6.19)

where tr {Cx} follows from Theorem 6.4. The two other terms can be
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obtained by

tr {Cxx̂} = tr

{
Ex

[
D∑
d=0

addiagd (WAx) diag(x)

]}
(6.20)

= 1TEx [diag(x)V] a (6.21)

tr {Cx̂} = tr

⎧⎨
⎩Ex

⎡
⎣ D∑
i=0

D∑
j=0

aiajdiagi+j (WAx)

⎤
⎦
⎫⎬
⎭ (6.22)

= aTEx

[
VTV

]
a, (6.23)

where we use the convention that diag0(u) = I and define the Vander-

monde matrix V as

V :=
[
1, (WAx)�1, . . . , (WAx)�D

]
. (6.24)

To obtain (6.20)-(6.23) we define U = [u1, . . . ,un]T := WA and apply

Lemma 6.3 to compute the required expectations entrywise:

{Ex [diag(x)V]}i,j = Ex

[
xi〈ui, x〉j−1

]
(6.25)

∀{i, j} ∈ {1, . . . , N} × {1, . . . ,D + 1},{
Ex

[
VTV

]}
i,j

=
N∑
n=1

Ex

[
〈un, x〉i+j−2

]
(6.26)

∀{i, j} ∈ {1, . . . ,D + 1}2.

6.4 Alternating minimization of the SMSE

The aim of this section is to derive an algorithmic solution to the min-

imization of the Bayesian SMSE (6.19), i.e., solving (approximately)

the problem

min
a∈RD+1

W∈RN×M

εsmse(a,W). (6.27)

The reader should note that for a := e2 ∈ RD+1 the problem reduces to

the LMMSE setting from Theorem 6.4. Due to the imposed structure,

the SMMSE estimator is a generalization of the LMMSE estimator and
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therefore the achievable SMSE (6.19) is smaller than the LMSE (6.15).

On the other hand, the integrand (expectation) in (6.19) is nonnegative

for every x ∈ Bp. Hence, we can write

0 ≤ min
a∈RD+1

W∈RN×M

εsmse(a,W) ≤ min
W∈RN×M

εlmse(W). (6.28)

A widely-used algorithm for optimization problems with block parti-

tioned arguments is the alternating minimization algorithm (AMA),

which takes the form given in Alg. 5 when applied to Problem (6.27).

Algorithm 5 Alternating minimization algorithm.

Input: Initial weight W(0), initial coefficients a(0)

Output: Optimized weights W�, optimized coefficients a�

1: for k = 0, 1, . . . do

2:

a(k+1) ∈ argmin
a∈RD+1

εsmse(a,W
(k)) (6.29a)

W(k+1) ∈ argmin
W∈RN×N

εsmse(a
(k+1),W) (6.29b)

3: end for

4: return

The algorithm generates a non-increasing sequence of objective val-

ues since

∀k ∈ N+ : εsmse(a
(k),W(k)) ≤ εsmse(a

(k+1),W(k)) ≤ (6.30)

≤ εsmse(a
(k+1),W(k+1)). (6.31)

Thus, the algorithm must converge in the objective function since by

(6.28), the objective function is bounded from below. Due to non-

convexity of Problem (6.27) - the optimization variable W being the

argument of a generally non-convex polynomial map - we seek critical

points of problem (6.27). It was shown in [GS00] that if the gener-

ated sequence {a(k),W(k)} has a limit point, then every limit point

(a,W) is indeed a critical point of problem (6.27). However, there is
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no guarantee that a critical point to which the algorithm converges (if

it converges) is a local minimum.

Now we address the subproblems in (6.29a) and (6.29b). Firstly, we

note that if the matrix Ex

[
VT,(k)V(k)

]
is positive-definite,1 then sub-

problem (6.29a) is a convex problem and admits a closed form solution

by exploiting the first-order optimality condition

∇aε :=
[
∂ε
∂a0

· · · ∂ε
∂aD

]T

(6.32)

= −2Ex

[
V(k),T x

]
+ 2Ex

[
V(k),TV(k)

]
a

!
= 0. (6.33)

Using (6.24) for some given W(k) we obtain

a(k+1) := Ex

[
VT,(k)V(k)

]−1
Ex

[
VT,(k)x

]
. (6.34)

As a global optimum of (6.29b) cannot be obtained in reasonable time,

we use a gradient-descent approach to find a critical point using the

following result for the partial derivative (see §6.5 for a description of

the numerical implementation)

∇Wε :=

⎡
⎢⎢⎣

∂ε
∂W1,1

· · · ∂ε
∂W1,M

. . .
. . . . . .

∂ε
∂WN,1

· · · ∂ε
∂WN,M

⎤
⎥⎥⎦ . (6.35)

Proposition 6.2. Let tr {Cxx̂} and tr {Cx̂} be given by (6.20) and

(6.22). Then, it holds that

∇Wtr {Cxx̂} = Ex

[
D∑
d=1

daddiagd−1(WAx)xxTA

]
(6.36)

and

∇Wtr {Cx̂} = (6.37)

= Ex

⎡
⎢⎢⎣ D∑
k=0

D∑
l=0

[k,l] �=0

(k + l)akaldiagk+l−1(WAx)1xTAT

⎤
⎥⎥⎦ .

1Although a formal proof is missing, we assume in the following that this matrix
is positive-definite which was observed to be valid in numerical simulations.
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Proof. The proof is deferred to §6.6.2.

To compute the expectations in Prop. 6.2 we use Lemma 6.3 and

evaluate the matrix numerically to obtain

[∇Wtr {Cxx̂}]i,j =
D∑
d=1

dadEx

[
xixj〈ui, x〉d−1

]
, (6.38)

[∇Wtr {Cx̂}]i,j =
D∑
k=0

D∑
l=0

[k,l] �=0

(k + l)akalEx

[
xj〈ui, x〉i+j−1

]

∀{i, j} ∈ {1, . . . , N}2.

6.5 Numerical results

To obtain the proposed structured Bayesian MMSE estimator, we solve

the optimization problem (6.29) using the update (6.34) for (6.29a)

and a reference implementation of the steepest-descent algorithm with

Armijo line-search [BM13] using the gradients (6.36),(6.37) for (6.29b).

We evaluate the normalized MSE defined as

NMSE := ε(a�,W�)/tr(Cx) (6.39)

for a set of structurally different sensing matrices A ∈ R3×6 given as

1. an equiangular tight frame (i.e. A1 := [a1, . . . ,a6] s.t. ‖ai‖2 = 1 ∀i
and |〈ai,aj〉| =

√
N −M/

√
M(N − 1) ∀i �= j),

2. a subsampled orthogonal matrix A2 (with A2AT
2 = I), and

3. a random matrix generated by drawing i.i.d. Gaussian entries

followed by a normalization of rows.

The remaining parameters are p := p · 1 with p ∈ [0.4, 2] and the poly-

nomial map is set to degree D = 9. As initial values we use a(0) = 0 and

a scaled Moore-Penrose pseudo-inverse W(0) = cA†, with scaling set to

c = 10 to stabilize the polynomial map, that were found experimentally.

The results in terms of the NMSE are shown in Fig. 6.2 and in terms

of the optimal nonlinearities of the polynomial map for A1 in Fig. 6.3.
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For comparison, we also show the results for (BP) which were obtained

using CVX [GB12]. Due to the high complexity of obtaining the opti-

mal parameters (a�,W�) of the structured Bayesian MMSE estimator

using Alg. 5, we limit our numerical analysis to the low-dimensional

setting and defer the high-dimensional analysis to a future study using

e.g. faster approximate methods. We note that the upper bound 0.5 of

the NMSE results from the compression factor M/N . It is interesting to

see that the nonlinear Bayesian MMSE estimator in conjunction with

the equiangular tight frame A1 resulted in the highest performance

gains, with an approximate performance increase of 20 % compared to

the linear estimator. For the subsampled orthogonal matrix we obtain

a performance increase of 15 % and for the normalized i.i.d. matrix of

13 %. The offline optimization of the SMMSE over all parameter sets

was carried out on an Amazon AWS c4.8xlarge instance and 36 par-

allel threads. In terms of complexity, the estimation of x̂ given Ax by

the SMMSE estimator was observed to be more than a thousand-fold

faster than �1-minimization on a laptop with i7-2.9 GHz processor.
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Figure 6.2: Normalized MSE for the proposed estimator and varying matrices A.
Analytical results from (6.15) are shown in solid, Monte-Carlo results in dashed and
results for �1-minimization in dotted linestyle.
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Figure 6.3: Optimal nonlinearities T for equiangular tight frame A and varying
values of p plotted over ±supx∈Bp
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6.6 Proofs

6.6.1 Proof of expectation of monomials over Bp

Given the symmetry of the integration domain w.r.t. each xn, it fol-

lows that the integral vanishes if at least one exponent αn is odd. For

the remaining part we use the fact that ∀α ∈ 2NN
+ and the injective

substitution ϕ : RN
+ → RN

+ : [x1, . . . , xN ] �→ [y
1/(α1+1)
1 , . . . , y

1/(αN +1)
N ]

with Jacobian determinant

|det(Jϕ)| =
N∏
n=1

1

αn + 1
|yn|−

αn
αn+1 . (6.40)

to obtain the transformed integral of (6.5), i.e.,

N∏
n=1

1

αn + 1

∫
Ω′

N∏
n=1

|yn|
αn

αn+1 |yn|−
αn

αn+1 dy = (6.41)

=
N∏
n=1

1

αn + 1

∫
Ω′

1 dy, (6.42)

with transformed integration domain

Ω′ =
N∑
n=1

|yn|
pn

αn+1 =: Bp′ with p′
n =

pn
αn + 1

∀n. (6.43)
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Using the volume of generalized balls from (6.2) with the characteristic

vector p′ from (6.43) in (6.42) establishes the desired result.

6.6.2 Derivation of partial derivatives

Due to linearity we may exchange the roles of trace and expectation

and employ the following results on derivatives of traces [PP08]

∇Wtr {g(W)} = g′(W)T (6.44)

∇Wtr {WA} = AT. (6.45)

Thus, for d ∈ N++ we have that

∇Wtr
{
Ex

[
diagd(WAx)diag(x)

]}
= (6.46)

= ∇WEx

[
tr

{
I� (WAx1T)�ddiag(x)

}]
= Ex

[
dI� (WAx1T)�d−1diag(x)∇Wtr

{
WAx1T

}]
= d · Ex

[
diagd−1(WAx)xxTAT

]
,

which proves the first part, while the second part follows along similar

lines by replacing diag(x) with I in (6.46).
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