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Abstract
The focus of this thesis is the investigation of regular oscillator networks with
numerical and analytical tools. Such systems are ubiquitous in nature and can
emerge in the shape of vastly different processes. Among others, they can be
mathematically derived as discrete approximations of continuous wave equations
or as a local approximation of coupled dynamical systems. In the most basic
meaning of the word, an oscillator is a system that shows a periodic change in one
of its state variables. This thesis will focus on two different mathematical models:
The Stuart-Landau oscillator that is popular in bifurcation theory and the more
applied Lang-Kobayashi model for laser dynamics. Lasers can be seen as optical
oscillators and they are most accessible of all oscillatory systems for precise and
fast experiments.
Many previous works have covered different aspects of coupled oscillators, with

some effects such as synchronization having been studied in some form for more
than three centuries. The overall literature on the topic of coupling-induced dy-
namics is vast, and many different subtopics can be identified, such as the influence
of delay, the application of control schemes, the properties of biological and artifi-
cial neural networks, the causes of chaotic motion or the importance of stochastic
processes. The focus in this thesis will be on highly symmetric networks of coupled
oscillators, where the local dynamics follow very simple models. The focus is there-
fore on the coupling-induced effects in general and not on elaborate and extremely
detailed descriptions of specific experiments. However, because the effects of cou-
pling and especially those connected to symmetries are in some sense universal,
generic models for oscillators and lasers more than suffice for the investigations
done here. A particular focus will be on the emergence of symmetry-broken states
in rings of oscillators. Several different novel aspects of these symmetry-breaking
states are discussed and their connections to the established solutions from the
literature are explored.
The second part of this thesis concerns itself with one of the possible uses of such

oscillatory and laser networks: The neuro-inspired machine-learning concept called
’reservoir computing’. This neuromorphic computing approach allows the exploita-
tion of the intrinsic complex behaviour of driven dynamical systems for analogue
computing. The usability of regular networks of oscillators will be explored. Fur-
thermore, as reservoir computing still suffers from a lack of quantitative theory, a
few fundamental aspects of reservoir computing will also be explored with the help
of the examples in this thesis. As will be shown, hybrid delay-network systems can
be created that are very suitable as reservoir computers.
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Deutsche Zusammenfassung
Diese Doktorarbeit beschäftigt sich mit den dynamischen Eigenschaften von reg-
ulären Netzwerken nichtlinearer Oszillatoren. Diese Systeme sind paradigmatisch
für eine große Klasse von Effekten und erscheinen in verschiedensten Formen in der
Natur. Unter anderem können Netzwerke von Oszillatoren als Näherung für Wellen-
gleichungen in linearen und nichtlinearen Medien hergeleitet und viele gekoppelte
komplexe System durch gekoppelte nichtlineare Oszillatoren angenähert werden.
In der simpelsten und weitesten Definition ist ein Oszillator schlicht ein physikalis-
ches oder mathematisches Modell, dessen wesentliche Eigenschaft die periodische
Änderung mindestens einer ihrer Größen ist. In dieser Arbeit werden zwei Arten
von oszillierenden Systemen untersucht werden: Zum einen das mathematische, ab-
strakte Modell des Stuart-Landau-Oszillators, zum anderen das physikalisch kom-
plexere Lank-Kobayashi-Modell für Laser. Laser können als optische Oszillatoren
gesehen werden und sind daher eines der besten Systeme zur experimentellen Er-
forschung der Dynamik nichtlinearer Oszillatoren.
Die wissenschaftliche Literatur zu gekoppelter Oszillatoren kann in Teilen auf

eine lange Geschichte zurückgreifen. Synchronisierung wurde beispielsweise das er-
ste mal bereits vor mehr als drei Jahrhunderten beschrieben. Daher ist die Zahl der
wissenschaftlichen Arbeiten zu gekoppelten Oszillatoren und oszillierenden System
sehr groß und beschäftigt sich mit vielen verschiedenen Themen, wie zum Beispiel
dem Einfluss von Verzögerungen, Kontrollansätzen, biologischen und künstlichen
neuronalen Netzwerken, den Ursachen deterministischen Chaos oder den Eigen-
schaften stochastischer Prozesse. Das Themefeld dieser Arbeit wird sich daher
auf Netzwerke von hoher Symmetrie beschränken, wobei zusätzlich die lokale Dy-
namik möglichst simpel gehalten ist. Der Fokus liegt auf den durch die Kopplung
verursachten Effekten, wodurch simple Modelle genügen. Da Symmetrie aber ein
allgemeines Konzept der physikalischen Wissenschaften ist, können auch bereits
in simplen Modellen viele relevante Effekte untersucht werden. Ein großer Fokus
dieser Arbeit ist das Entstehen von symmetriegebrochenen Lösungen in Ringen von
Stuart-Landau Oszillatoren. Verschiedene neue Eigenschaften dieser symmetriege-
brochenen Zustände werden erörtert und in Bezug zu den bereits aus der bisherigen
wissenschaftlichen Literatur bekannten Lösungen gesetzt.
Der zweite Teil dieser Arbeit untersucht eine der möglichen Anwendungen solcher

Ringnetzwerke mit nichtlinearen Oszillatoren. Das neurologisch inspirierte ‘Ma-
chine Learning’-Konzept unter dem Namen ‘Reservoir Computing’ erlaubt die Aus-
nutzung der intrinsischen Rechenkraft dynamischer Systeme als analoge Com-
puter. Die Nutzbarkeit von regulären Netzwerken bestehend aus Stuart-Landau-
Oszillatoren wird untersucht. Das Gebiet des ‘Reservoir Computings’ besitzt noch
keine ausgereifte quantative Theorie, weswegen ein wesentlicher Teil dieser Arbeit
die Erforschung einiger grundlegender Aspekte ist. Desweiteren wird ein neues
System von Netzwerken mit verzögerter Kopplung untersucht und es wird gezeigt,
dass diese sich sehr gut als analoge Computer eignen.
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1 Introduction

1.1 Mathematical description of physical phenomena

Recent centuries have had an astounding explosion of knowledge, innovation and
living standards. Many have credited this seemingly unstoppable progress of tech-
nology to the increasing trust in and application of ’the scientific method’. Scores of
famous scientists have left their mark on history with ground-breaking ideas and re-
vealing truths, allowing successive generations to build upon the knowledge of their
predecessors. Often Galileo Galilei is credited with the invention of a form of scien-
tific method in modern shape, with his focus on experimentation and observation.
However, it is not only the measurement or the experiment that advances knowl-
edge. The history of science in general and physics in particular is also strongly
intertwined with the development of ever more sophisticated mathematical tools.
One can roughly divide the evolution of these tools into three great categories.
Even the mathematicians of the classical antiquity knew how to solve and de-

scribe natural phenomena theoretically. They mostly relied on algebraic and ge-
ometric solution methods, allowing them to describe physical phenomena such as
the motion of the stars, sun and moon in the sky or estimating the circumference of
the earth. Many foundational findings of mathematics were first described in this
first era of numbers and geometric shapes. These systems are static or periodic in
nature, needing only the understanding of the current configuration to deduce their
attributes. When the problems are geometric in nature, the methods of geometry
suffice to solve them.
Arguably the biggest change for physics as a science was the arrival of mod-

ern calculus, as introduced by Sir Isaac Newton and Gottfried Wilhelm Leibniz.
This sophisticated mathematical framework transformed and greatly enhanced the
reach of physics. The powerful tool of differential equations and their analytical
solutions allowed for a more quantitative description of natural phenomena, such
as Maxwell’s equations, the laws of thermodynamics, classical and quantum me-
chanics, and more. Because the prime object of calculus are functions, an inherent
connection with a dynamic, time-dependent description of nature exists. The so-
lutions of the differential equations represent the trajectories of the state variables

1



1 Introduction

of a system, but these trajectories may start at arbitrary configurations. Already
within the framework of Newtonian mechanics and celestial motion the question
of self-repeating or eternal solutions arose, which arguably represents the early
beginnings of what would later develop into the field of nonlinear dynamics, i.e.
the study of the stability of solutions of complex systems. Some solutions may
be resilient against disturbances, e.g. Lagrange points in the three-body problem,
while other solutions may easily diverge. Questions like these are investigated by
stability analysis theory, which is a formalisation of the methods applied by the
first adopters of calculus. This era of differential equations can be said to have
been a second spring of physics.
Despite the ongoing great success and prevalence of differential equations, one

could argue that we currently experience the transition to a third mathematical
revolution of physics: the era of numerics. This directly ties into one of the great
problems of nonlinear dynamics and the differential equation framework: Despite
their great success in describing nature, many of the more complex and nonlinear
problems are hard or impossible to solve analytically, i.e. purely by hand or de-
duction. One prime example are the Navier-Stokes equations, which despite being
known for well over a century, still lack definitive proof for many of their mathe-
matical properties [DOE09a]. Fields that profit immensely from this new trend are
those, where limiting approximations are rare and the physics cannot be simpli-
fied without loss of descriptive power, such as soft matter, mesoscale systems or
systems with many interacting elements. Where analytics fail, numerics allow us
(given enough computing power) to investigate even the most complex equations.
This in turn also often gives circumstantial evidence for new hypotheses - that in
turn then can sometimes be proven analytically again.
The era of numerical simulations is a golden age for nonlinear dynamics: Not

only can differential equation systems be numerically integrated to obtain ’numer-
ical experiment data’, but also the methods of path continuation allow a direct
investigation of the stable objects that organize these systems. Tools such as AUTO
or ddeBiftool allow the direct numerical investigation of the complex interaction
between different stable and unstable solutions of a given system. This ansatz
would have been entirely futile only a few decades ago, when such computations
would have been too costly in terms of computation time. Despite the intrinsically
numerical approach, one should not think of these methods as inferior to the ana-
lytical approaches: A large body of mathematical works is concerned with proving
and refining the accuracy of numerical integration methods. Numerics are there-
fore not just a new way, but also, if used correctly, a reliable method to explore
complex systems.
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1.1 Mathematical description of physical phenomena

1.1.1 Nonlinear dynamics and lasers

Since its inception, nonlinear dynamics has had a very close connection with laser
physics. The field of laser dynamics is at least as old as the first demonstration of
a Ruby-based laser by Maiman in 1960 at Bell Labs [MAI60]. Early semiconductor
laser devices were only able to operate under extreme cryogenic cooling and in a
pulsed mode, as the optical and electric losses were too high to sustain a constant
intensity operation. But the first semiconductor lasers capable of continuous wave
(cw) output followed soon after. As early as 1969 Broom [BRO69] noticed however,
that even these advanced devices could switch to a pulsed operation, if an external
reflection of the laser light re-entered the laser cavity - i.e. if a delayed optical
feedback disturbed the laser.
Not only did this susceptibility to optical feedback pose a problem to the usability

of such devices, but it also proved to be pathway to dynamical richness. Both from
the fundamental aspect of trying to understand this behaviour and the simple
engineering goal of optimizing the devices, the field of nonlinear laser dynamics
was eventually born.
At the same time, the seminal work of Edward Lorenz began to investigate the

causes, effects and properties of chaos in meteorological systems [LOR63]. While
calculating time traces of large scale weather patterns with the help of a 1960 su-
percomputer, he noticed a peculiar effect: Whenever he stopped the calculation and
restarted them at a later stage, the new calculations would dramatically diverge
from the old ones after a while. The reason turned out to be related to how Lorenz
re-entered the data: When the program was re-started, the digital numbers were
not reinstated to their entire length, but only the leading digits were marked down.
Further experimenting revealed that any deviation of initial conditions would lead
to an eventual divergence of time traces. Lorenz used the term ’deterministic non-
periodic flow’ to describe this astonishing phenomenon, which nowadays is called
’Chaos’. This is another example of a novel type of science that was only possible
with the help of digital computers.
For the large-scale weather patterns of this world, the findings of Lorenz would

mean that even one additional flap of a butterfly’s wing could eventually decide
whether a storm appears on the other side of the planet or not. This notion is now
famously known as the ’butterfly effect’ and describes the extreme susceptibility of
chaotic systems to initial conditions.
Lasers are also able to exhibit chaotic dynamics. Lang and Kobayashi presented

a simple yet powerful numerical model to describe lasers subject to external feed-
back [LAN80b], which now are called the Lang-Kobayashi equations. The works of
Rosanov in the Soviet Union even partly predate the Western literature. Important
aspects of the mathematical description of laser systems subject to optical feedback
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1 Introduction

is the notion of time-delay and feedback-induced bifurcations. Nowadays people
have come to understand that the complex dynamical behaviours of lasers, initially
likely thought of as a purely detrimental effect, can also be exploited for several ap-
plications. One obvious application is the generation of random numbers with the
help of optical devices. A more advanced application is the masking and encryption
of data within the chaotic time-trace of a laser, called Chaos Communication.
One of the main aspects of laser dynamics is the interplay of the phase and am-

plitude of the electromagnetic field of the laser. Lasers therefore represent just one
specific example from the more general field of ’oscillator dynamics’. In particular,
this thesis will also deal with amplitude oscillators, which can always be seen as
an abstract version of a laser. The laser is the most easily experimentally acces-
sible example of an amplitude oscillator, and thus many important aspects of the
theoretical side have also first been discussed in the context of lasers.
Currently, nonlinear dynamics seems to be on the verge of undergoing another

massive transformation due to the influx of new ideas and concepts from machine
learning.

4



1.2 Machine learning

1.2 Machine learning

Machine learning has shown rapid advancements in recent times and is one of the
fastest growing scientific fields. It is related to a lot of high-impact publications
and will play an important role in the last part of this thesis. This short introduc-
tion only covers the concepts necessary to understand the thesis at hand, machine
learning as a whole, however, is too large of a field.

1.2.1 History of computers

‘Computer’ was originally the name of a profession, not that of a machine. A person
performing computations, i.e. additions, multiplications or divisions of numbers
professionally was a ‘computer’. Armed with tools like the abacus and logarithmic
tables, a group of ‘computers’ was used to numerically solve a given problem. For
example, famous physicist and noble prize winner Richard Feynman himself was
part of the leadership of such a group of human computers in the Manhattan
project in the 1940s. The scientists would decide on all the parameters, formulas
and solution methods to be used and construct a set of instructions. The task of
the computers then was to merely follow these instructions - as fast as possible and
up to a certain level of precision, i.e. significant digits. The scientist would then
look at the results and interpret them.
Of course, the human mind, ever eager to reduce work load and increase efficiency

has devised machines to help with the monotonous task of adding, subtracting etc.
The first generation computer machines were entirely mechanical, with later punch-
card based systems and electro-mechanical computers (which were in use during
the time of the Manhattan project). These still required a human operator though
- someone to input the current input, someone to power the crank or to read and
record the output. Despite their apparent primitiveness these machines are the
spiritual ancestors of our modern day digital computer systems. What connects
them, is the need for instructions. Be it the human hand pulling a mechanical crank,
a punch-card or a modern program, every computer needs and merely executes
instructions.
The central processing unit (CPU) of modern computers has a set of instructions

that it can execute, as did the old mechanical computers. These instructions could
be the addition of two binary numbers, or a logical evaluation of a Boolean system
state. As Alan Turing proved, if these basic instructions are powerful enough (and
contain memory with read/write operations), a machine can become a general com-
puter. We call these systems ‘Turing-complete’ in the inventors honour, and they
are capable of emulating all other computers. And while much less obvious, this
instruction-imperative even holds true for modern smartphones: Modern electron-
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1 Introduction

ics are not fundamentally different than their primitive counterparts. The CPU
of a modern computer only understands the instructions it is capable of perform-
ing. But instructions can be combined to produce much more complex behaviour,
especially when the CPU is as fast as a modern one.
The CPU can only execute instructions if it gets them in the only language it

understands - machine code. Many of the programs for the first electronic com-
puters were directly written in this language of machine-readable instructions. In
contrast, modern programmers no longer directly write machine code and even
may no longer understand in detail which instructions will eventually be executed
by the CPU. Many modern programs and Apps are developed using higher-level
programming languages such as C/C++ or Fortran. These programming languages
are not readable for the CPU. A compiler or an interpreter (for script-based lan-
guages such as Python) is needed to translate the ‘Human-readable’ instructions
into ‘machine-readable’ code. For many users of computing systems, e.g. smart-
phones, the graphical user interfaces acts as another layer between them and the
actual instruction-based computing. The fact that at the core of every digital com-
puter an array of nanometre-scale NAND-gates merely stupidly follows a fixed set
of instruction, not unlike how the human computers of old followed the instructions
of their supervisors, can easily be forgotten.
In view of this, the hunt for the holy grail of computer science - artificial general

intelligence - may appear like a folly. After all, the only (certain) example of
high-level intelligence we know of are humans themselves. And a typical human
does not have a clearly identifiable set of instructions that they are mechanically
following. Much the opposite, the human mind seems messy, containing conflicting
emotions and goals and is never static. Nevertheless, the dream of emulating and
reaching human-level intelligence or aspects thereof has become more realistic in
recent years with the arrival of several astonishing advancements in the field of
machine learning.

1.2.2 The drawbacks of explicit programming

The imperative nature of modern computers has some advantages and disadvan-
tages. The ability to always reconstruct (at least in principle) what the system is
doing step-by-step to illuminate possible problems or understand the behaviour of
a program is valuable in maintaining control and fixing errors. Furthermore, as
these instructions are written for a general-purpose computing system there are
often ways to transfer a program from one machine to another, even when they
are not identical models. However, on the other hand every single instruction is
ultimately derived from the explicit computer code of a developer or programmer.
In a sense, this means that the written code cannot exceed the intelligence of its

6



1.2 Machine learning

creator. The programmer has to understand the scientific or practical problem they
are trying to solve and has to come up with an explicit algorithm to arrive at the
desired solution under all possible conditions. This is usually done by imagining
how a human would solve the problem at hand and breaking that into easy steps.
Explicit programming is complicated by the fact that many of the more hidden

workings of the human mind are not consciously accessible, e.g. we do not control
every single individual muscle consciously when climbing stairs while holding a cup
of tea. However, this directly leads to a problem: when the programmer does not
understand how they themself solve a problem, how can they make an explicit
algorithm to do it? And in fact, the motion control of robots is a difficult problem
- despite the ease with which even children learn to walk.
In 2016 Google Deepminds AlphaGo [SIL16] program defeated Lee Sedol, one of

the best Go players of the world. It can be assumed that none of the programmers
would have actually been able to defeat Lee Sedol themselves. Nevertheless, they
managed to create a program that was better than their creators at playing Go. At
first glance, this may seem to be similar to when Deep Blue defeated G. Kasparov
in western chess for the first time in 1996. However, that defeat was enabled by
a combination of clever programmer heuristics for chess coupled with the brute-
force combinatorial power of a 1996 supercomputer. Disparagingly, it could be
said that Deep Blue merely won by being able to virtually try out many orders of
magnitude more moves than Kasparov. Go on the other hand is a game that has
many many more positions [SIL16]: The average length of a chess game is 80 turns,
with an average of 35 relevant legal moves per position. Go games last for 150
turns and have about 250 legal moves per position. Because the game is so much
more complex (3580 � 250150) it is harder to solve by pure-brute force tree search.
To successfully play Go, a player needs to decide where to concentrate their

attention. Thinking or computational power should not be wasted on moves that
will never yield victory. However, to observe a board position and find the critical
moves to investigate is one of these abilities that human players only develop to do
intuitively after many hours of gameplay. If the programmer trying to write a Go
program would understand how to decide which moves are critical with an explicit
algorithm, they would likely be a Go grand master themself. Nevertheless Google
Deepminds AlphaGo defeated Lee Sedol - with the power of machine learning.

1.2.3 Learning for Machines

Machine learning is the method of creating the instruction sets for computers not
by explicit deduction, but by training. In the end, the code will still be run on a
general purpose computer, but the set of instructions are not derived step-by-step
by some programmer. The way that the program is created itself more looks like a
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numerical approximation. Important elements of Machine learning are goal func-
tions that allow the quantitative evaluation of the learned behaviour and learning
rules to improve the behaviour. Many different machine learning algorithms ex-
ist, suiting different needs and having different strengths and drawbacks. Many of
these machine learning algorithms rely on a long and difficult training stage, where
a lot of data is required. One could even argue, that machine learning substitutes
large amounts of data instead of understanding the problem. The aforementioned
AlphaGo program was trained on a large set of professional Go games [SIL16] to
learn the important aspects of professional play.
An easy example to illustrate one form of machine learning are evolutionary

algorithms. Evolutionary algorithms are a form of meta-programming, whereby
a program or meta-algorithm is designed that in turn produces another program.
Evolutionary algorithms are inspired by the process of natural selection and work as
follows: For a given task, such as playing a game or predicting a quantity from data,
a vast program with many free parameters is created. Imagine, that the instruction
set of this vast program may consist of thousands of lines, and somewhere in the
central part is a line that states to multiply some state variable with the free
parameter a. The human instructor does not know what the optimal value of
this parameter a should be to produce a well-functioning program, especially when
combined with the other free parameters of the system b, c, d etc.
Instead of deciding on any specific set of the free program parameters, multiple

instantiations of the program are randomly produced, each with different parame-
ters. This set of semi-randomly produced programs is called the ‘first generation’.
Some of these programs will perform better than others. However, as they are all
randomly generated, in general all of them will perform horribly. The goal function
can now be used to rank the program parameter sets in order of their performance
from best to worst. From this first generation, only the best performing programs
are kept, while the rest is discarded. This is similar to biological evolution, where
only the fit specimen survive and generate offspring, while the others die out. A
‘second generation’ of programs is produced by inheritance, recombination and mu-
tation/alteration of the free program parameters of the parent generation. Merely
copying the parameter set of the original best cases of the first generation is not
enough as this would never improve the performance. The technical details of the
mutation, evolution and recombination steps can be complex and are an active
field of research. All of them are inspired by the natural mutation active in the
evolution of life forms. The second generation is also evaluated using the goal func-
tion and sorted similarly. From the best samples of the second generation a third
generation is derived. This process repeats until a final generation is created or a
performance threshold is reached. This approach represents a form of stochastic
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exploration of the parameter space. The resulting program may contain elements
or combinations of parameters that no human would have used.
It is important to stress, that the resulting program is of course still an imperative

algorithm run on a CPU - but the steps of derivation are so far removed from normal
programming, that this ’machine learning’ must be classified as its own separate
approach. Through the evolutionary process, the program can help solve problems,
for which it is impossible to derive explicit algorithms. Evolutionary algorithms
are just used as an illustrative example of machine learning; they are not used
in this thesis. Reservoir computing is a different type of machine-learning and is
especially connected to the idea of analogue computing. It will be discussed in the
second half of this thesis.
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1.3 Aim of this work

The aim of this work is to investigate the effect, causes and exploitability of the in-
trinsic complexity of dynamical systems, with a special focus on oscillator dynamics
and networks. While the complexity will be explored with a focus on symmetry-
breaking and non-trivial phase-locked states in regular oscillator, the exploitation of
these dynamic systems is studied with the neuro-inspired machine learning concept
of reservoir computing.

1.3.1 Interdisciplinary study

This thesis deals with questions at the interface of different fields of science. While
the complexity of networks can be investigated with the tools of nonlinear dynam-
ics, the actual models are deduced from real-world photonic systems like lasers or
represent generic models of bifurcation theory from applied mathematics. When
oscillator and laser systems are coupled in larger groups to form networks, the sys-
tem can be treated within the general framework of pattern formation in complex
networks. Despite being a specialized field of study, laser and oscillator network
dynamics is still firmly within the realm of theoretical physics. Additionally, con-
cepts from equivariance theory and group theory to describe the symmetries and
symmetry-breaking patterns of the underlying system are borrowed from mathe-
matics.
When the concept of reservoir computing is added, questions regarding compu-

tation, machine learning and analogue computing become important. This extends
the involved disciplines to the information and computer sciences. The methods of
applied mathematics and theoretical physics, however, are not misplaced in such
an environment: Many of the current day rapid advances in machine learning are
being conducted not by a meticulous study of basic principle, but are rather being
advanced on concrete examples and applications. This leads to the whole field
being advanced more as an engineering than a science problem by the program-
mers involved. The present thesis is an attempt to unify some of the concepts from
these different disciplines. Some excellent reservoir computing reports have covered
different aspects before and will be sufficiently highlighted.

1.3.2 Structure of the thesis

This thesis is divided into three main parts. The first main chapter, Chap. 2 start-
ing after this brief introduction, discusses the general concepts and nomenclature
of this thesis. Additionally, a literature overview is given for the different fields
touched upon in this work. First, Sec. 2.1 gives a brief introduction to nonlinear
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dynamics as a subfield of theoretical physics and applied mathematics. Practical
questions of direct numerical integration are briefly discussed. Sec. 2.2 provides an
overview of network science, with the concepts relevant to this thesis outlined, in
particular synchronization. The notion and definition of networks, nodes and links
are introduced. Then, two different local models, the Stuart-Landau oscillator and
the Lang-Kobayashi-type laser equations, are introduced in Sec. 2.3 and 2.4. The
theory chapter finishes with a brief introduction to supervised machine learning
and reservoir computing in Sec. 2.5.
Chapter 3 is centred on the study of dynamics in networks of coupled oscillators

and lasers. The focus is on the study of symmetry-broken states, especially those
still exhibiting amplitude- and phase-locking. To this end, Sec. 3.1 first introduces
the system of two instantaneously coupled Stuart-Landau oscillators. In this sys-
tem, symmetry-breaking patterns can be found and the full bifurcation scenario can
be analytically studied. This is then also extended and compared to results from
the literature for the laser case in Sec. 3.2. These results are then generalized to
ring networks, first to the unidirectional rings in Sec. 3.3 and then the bidirectional
rings in Sec. 3.4.
The last main part shown in Chap. 4 is focused on the machine-learning inspired

concept called Reservoir Computing, which aims to utilize the intrinsic computa-
tional power of dynamical systems. The dynamical systems in question in this work
are the aforementioned oscillator ring networks. Sec. 4.1 reproduces the results for
delay-based reservoir computing known from the literature with a Stuart-Landau
oscillator model. The dependence on the system parameters, the training stage
and on the system size is discussed. Sec. 4.2 introduces time-multiplexed networks,
which incorporate elements from delay-based reservoirs and earlier echo state net-
works. Different topologies are investigated in Sec. 4.3. Finally, Sec. 4.3.5 discusses
general size-dependent properties of time-multiplexed networks.
Chapter 5 summarizes the results of this thesis and discusses open questions for

future investigations.
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2.1 A short overview of nonlinear dynamics and dy-
namical systems

This section gives a short overview of the general concepts of nonlinear dynamics,
bifurcation theory and numerical integration. It does not go into all the details
nor does it state the touched upon theories in full mathematical rigour. To get a
full understanding, the reader is advised to consult one of the many introductory
books to nonlinear dynamics, e.g. Ref. [OTT02] or Ref. [STR94a].

2.1.1 Ordinary differential equations and mathematical formalism

The theoretical description of natural phenomena hinges on the time evolution of
physical variables. The important physical quantities to keep track of differ from
problem to problem and can range from fundamental properties like position, mass
or speed, to averaged or ensemble variables like temperature and pressure, and
relative properties like phase differences or amplitude ratios. In general, any of
these properties will be described by a time-dependent function x(t) that measures
the value of that physical quantity with some units. These system variables x(t)
are usually complex or real-valued numbers.
Many systems in nature can be described with ordinary differential equations

(ODEs), which are a way to relate the derivatives of the physical quantities of a
system with its current state. A general form for a D-dimensional time-domain
ODE is:

dX(t)
dt

= F (X(t), t, ρ) , (2.1)

where X is the vector of state variables:

X(t) =


x1(t)
...

xD(t)

 , (2.2)
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with D individual components xd(t), that each are time-dependent. The evolution
function F describes how the system state changes with time t. In general, the right
hand side of Eq. (2.1) will depend on a set of different parameters ρ that will also
influence the evolution function F (X(t), t) = F (X(t), t, ρ). To allow for explicit
solutions, F needs to be known and its shape is usually deduced from fundamental
laws and approximations thereof. For many systems where F is relatively simple,
a full solution for X(t) for arbitrary starting values X(t0), starting times t0 and
parameters ρ can be found. For example the solutions of the harmonic oscillator
are derived in many university classes on ODEs. This level of description comprises
the ’standard’ analytical approach to describe physical systems and requires the
scientist or engineer to be competent at analytically solving differential equations.
For example, solving the time-independent Schrödinger equation for the hydrogen
atom requires detailed knowledge of spatial functions.
However, in general such analytical solutions will only be possible for some of the

observable behaviour in a system. If one solely relies on an analytical treatment
of Eq. (2.1) one may falsely assume that periodic or asymptotically stationary
behaviour are the only relevant solutions: However, dynamical systems can also
exhibit chaotic motion for which standard analytical function approaches do not
work [OTT02]. Furthermore, when the dependence on parameters ρ and system state
X becomes complex, Eq. (2.1) may become too hard to solve analytically.

2.1.2 Fixed points, limit cycles and stability analysis

Even when the direct treatment of Eq. (2.1) for a given problem is not possible, a
weaker form of analysis may still apply. It is often useful to study the steady states
or fixed points of a system XFP(t) = const. which do not change once attained.
This directly implies that their derivative must be zero, i.e. ẊFP = 0, where the
dot indicates the time-derivative. This corresponds to setting the left hand side of
Eq. (2.1) to zero to obtain:

0 = F (XFP, t, ρ) . (2.3)

This, for normal ODEs, leads to a set of coupled algebraic equations that need
to be solved to obtain closed expressions for the fixed points XFP as a function
of the parameters ρ. This approach can reveal multiple, or with symmetries even
infinitely many, fixed points. There is no guarantee that Eq. (2.3) can be solved
at all. The evolution function F can be arbitrarily complex and the resulting
algebraic equations can become transcendental or non-polynomial or worse. Where
no solution of even the algebraic equations is possible, the system has to be studied
with other methods, either path continuation toolboxes like ddeBiftool or direct
numerical integration (see Sec. 2.1.4).
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A second type of solution that can be obtained relatively easily are periodic
solutions, also called limit cycles XLC(t). In general, a limit cycle is any solution
to Eq. (2.1) that satisfies:

∃TLC : ∀t : XLC(t) =XLC(t+ TLC), (2.4)

so that there is a period TLC after which the limit cycles recovers its previous state.
Finding limit cycles analytically in general is harder, as the object is a function
instead of a simple set of unknown variables. Different strategies exist. In this
thesis, only simple limit cycles will be studied where their shape can be deduced
relatively easily without much effort. When drawn in a phase-space diagram, a
limit cycle is a closed curve. Even higher-dimensional objects may also exist, such
as quasiperiodic motion. When such a state is projected into phase space, it fills out
a two-dimensional solution manifold, i.e. a Torus, from which the state X(t) never
leaves once it is on that surface. Hence, quasiperiodic solutions are sometimes also
called Torus solutions.

Stability of solutions

Some fixed points XFP and limit cycles XLC(t) are stable, while others are not.
The stability of a solution to Eq. (2.1) describes the evolution of a disturbance
acting on that state. Without going into the formal mathematical definitions (see
e.g. Ref. [OTT02])), a phenomenological description will suffice here: The stability
of fixed points XFP and limit cycles XLC(t) describes the reaction to infinitesimal
deviations. If the system returns to the solution for sufficiently small perturba-
tions, the fixed point or limit cycle is called stable. Accordingly, it is unstable if
arbitrarily small perturbations lead the system to diverge. In general, the direc-
tion of the disturbance in phase space can determine if the system diverges or not.
Hence, a system is only stable if it is stable for all possible deviations of sufficiently
small amplitude. There can also be neutral modes, i.e. directions or states where
perturbations neither decay nor grow. These definitions are formalized with Lya-
punov stability analysis theory as presented in many introductory books such as
Ref. [OTT02].
A simple example to illustrate fixed points and their stability is to consider a

(perfectly cylindrically symmetrical) egg on a table. Fig. 2.1 shows an illustration
of this. Trying to balance it such that it does not topple is difficult, but three
different positions are possible: It can be balanced either on its top (Fig. 2.1 a)),
on its bottom (Fig. 2.1 b)), or on its side (Fig. 2.1 c)) . Both the top and bottom
positions are unstable, i.e. the egg will topple with the slightest disturbance (at
least in the mathematical limits without friction). However, when laid on its side
it is stable against small perturbations in most directions. It may oscillate for a
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Figure 2.1: The three possible fixed points of balancing an egg: On its top, on its bottom
and on its side. Only the last one is stable.

while, but it will eventually recover its rest position. The egg-example of Fig. 2.1
is also useful, as it illustrates the importance of symmetries as well: The egg is
cylindrically symmetric, i.e. it can be rotated around its longest axis arbitrarily
without any global change in its mass distribution or surface positions. This cylin-
drical symmetry is also apparent in the stable solution: the egg can be rotated
around its symmetry-axis without problems, while being balanced on its side with-
out inducing any transient motion. In fact, the symmetry of the system has lead
to a whole set of stable fixed points that are neutrally stable in the direction of
the rotation around the axis of symmetry. The role of symmetries in shaping the
solutions of a given system is not only important in this system, but is a general
property of dynamical systems and will become important in later chapters.
The stability of a given fixed point XFP can be found with the tools of linear

stability analysis. By linearising Eq. (2.1) around the fixed point XFP and deducing
a differential equation for the evolution of a tiny disturbances ∆X, a system of
linear algebraic equations is obtained, see the introductory literature for details,
e.g. Ref. [OTT02]:

d∆X
dt

= J(XFP, ρ)∆X, (2.5)

where J is the Jacobian matrix of F evaluated at XFP. The eigenvalues of J
define the stability of the fixed point XFP. If all eigenvalues are negative, XFP is
linearly stable. If some are positive, XFP is unstable in the direction given by the
corresponding eigenvector. These eigenvalues are also called Lyapunov-exponents
λ and the largest or ‘leading’ eigenvalue λmax determines the long-time behaviour
of a random perturbation ∆X:

∆X(t) ≈ ∆X(0)eλmaxt. (2.6)
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Like fixed points, limit cycles can be stable or unstable. Advanced linear stability
analysis tools have to be used to investigate the stability of periodic solutions, like
the Poincaré projection.
Most systems in nature contain at least some small amount of noise due to

coupling to their environment and parameter drift. Thus, any state that is linearly
unstable will decay due to these fluctuations on long enough time scales. If the
noise is small, it can be easily justified that the system state at any given time
will be very likely close to a stable steady state, stable limit cycle or another
stable solution. Studying the linear stability of all solutions of a system therefore
allows for the abstract deduction of all possible long-term behaviours without the
need of an explicit analytical solution. Because ODEs can describe vastly different
problems, this method has been successfully applied to such different fields as the
stability of predator-prey systems [LOT20, VOL26a], the long-term evolution of alien
civilizations exploiting the planetary resources of their host planet[FRA18] and to
determine the dynamics of a laser, as is done in this thesis, see for example Sec. 2.4.

2.1.3 Bifurcations

So far, the dependence of the solutions of ODEs such as Eq. (2.1) on the parameter
set ρ has been addressed in detail. It is clear, that the shape of the solutions
will in general depend on the parameters ρ and so will their stability. However,
it is even more important to realize, that even the existence of some solutions
may be dependent on the parameters. When the solutions are analytically derived
in a system, one automatically gains this additional information. The analytical
deduction will yield necessary conditions on the parameters for their existence.
In the simplest case, one is interested only in the influence of a single parameter

ρi. Then, the solution may only exist for a large enough ρi > ρcrit. Similarly,
ρcrit may signify a point where the stability of a solution changes. The points
where solutions change their stability, are born or destroyed, i.e. ρi = ρcrit are the
bifurcations points. A bifurcation is the qualitative change of the set of solutions
or their relationship in phase space of a dynamical system. Bifurcations occur
at critical parameters, and they appear in a variety of shapes. Bifurcations are
the subject of bifurcation theory and play an important role in the analysis of
nonlinear dynamical systems. Bifurcations may affect fixed points XFP , limit cycles
XLC and any other solution. Bifurcations can be deduced analytically, with path
continuation methods or be deduced from the qualitative behaviour of numerical
simulations.
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2.1.4 Numerical Integration

The numerical integration of differential equations allows for a third way of analysing
the structure of solutions and time-series. Instead of trying to solve Eq. (2.1) di-
rectly, a discretisation is used: The time is divided into small parts h that represent
a single step, and Eq. (2.1) is transformed into an algebraic map:

X̃(t+ h) = X̃(t) + hF (X̃(t), t). (2.7)

This is called an explicit method and allows numerically obtaining time series of
the ODE (2.7) and this simplest form is called Euler-integration [PRE92]. As can
be instantly seen, X̃(t) will no longer be a continuous function when a numerical
integration scheme is used. Instead, a finite number of X̃(t) is obtained for fixed
successive time points t0 + nh with n ∈ N. When the numerical integration is
successful, the discrete points X̃(t) will be very close to the real solution X(t)
of the ODE. The discrepancy is influenced by the discretisation step length h,
which cannot be too large. The Euler-scheme is mathematically proven to converge
towards the real solution - but only when the step length h converges to 0. In reality,
choosing step size h in such a way, that it is smaller than the smallest dynamical
time-scale in the system usually ensures a stable numerical scheme. On the other
hand, smaller h also mean that more iterative steps of Eq. (2.7) have to be evaluated
for the same absolute time window, which increases the computational cost. It is
therefore often necessary to search for the largest h that still reasonably works.
More advanced schemes exist which alleviate some of the drawbacks of the sim-

plistic Euler-scheme. These include Runge-Kutta and higher-order explicit meth-
ods, automated error estimates for on-the-fly step size controls and implicit meth-
ods [PRE07].
The numerical integration method used in this thesis for systems of ODEs was a

5th and 6th order explicit Runge-Kutta solver with the scheme of Cash and Karp
[CAS90] and adaptive step size control. The solver was written in C++ using the
C++11 standard and making use of lambda functions. The code was compiled
with gcc 6.3.0 20170516 on a DebianStretch system with the GNU/Linux 4.9.0
kernel. The optimization option of the compiler was -Ofast.

2.1.5 Delay-differential equations

While ordinary differential equations (ODEs) are very powerful in solving problems
of classical mechanics, many spatially extended systems require a more sophisti-
cated treatment to represent their inherent complexity. For example, diffusive
processes, such as a blot of ink that is dropped into a glass of water, occur both in
space and over extended periods of time and cannot be described by a set of scalar
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variables. Instead, the information of the current state of the system X is better
understand as a function X(r, t) of both position r and time t, e.g. a field or set of
fields. Such systems often lead to differential equations containing differentiation
with respect to both space and time. These types of equations are called partial
differential equations and are in general much harder to solve than ODEs.
While less known, alternatives to the partial differential equation framework for

the description of continuous variables do exist [GIA96]. A single-mode laser that
is emitting light towards an external mirror, where it is reflected in turn, will
form a complex standing wave pattern between its facet and the mirror. This, in
principle, can be described by the travelling wave equations of electrodynamics.
The electromagnetic wave will propagate along the path between laser and mirror,
and therefore also is an object that evolves both in space and time. However,
when the medium between the facet and external mirror is inert, i.e. if dispersion,
nonlinear losses and gain can be neglected outside the laser cavity, the emitted
electromagnetic wave will simply perform a linear motion on the way to and back
from the external mirror. When modelling the dynamics of such a laser with
external optical feedback, it is therefore not even necessary to keep track of the
spatial intensity profile in the external cavity. Instead, the emitted electric field
E(t) can simply be assumed to return to the laser after some round trip time τ =
d/c, where d is the distance travelled and c the speed of light. When the equations
of motion are then derived, a delay-differential equation (DDE) is obtained.
In general, a delay-differential equation with a single fixed delay-time τ takes the

form :

dX(t)
dt

= F (X(t),X(t− τ), t, ρ) , (2.8)

where the evolution function F not only depends on the instantaneous state vari-
ables X(t), but also the delayed variables X(t − τ). This may seem like a small
change from the ODE ansatz of Eq. (2.1), however, the mathematical implications
are vast. The initial value problem changes from determining X(t = t0) = X0 for
the ODE to the more complex

X(t) = Φi(t), −τ ≤t ≤ 0, (2.9)

for the DDE. Because the evolution of the system depends on delayed state-variable
X(t− τ), this has to be known for all t. Hence, to give complete initial conditions,
Φi(t) is a function that needs to be defined over the entire interval [−τ, 0]. This
interval is also called the ’history’ of the system, as it contains previous values of
the system state X.
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Recall that the phase space of a system is the space where the evolution is
uniquely defined for every element. In an ODE this is the space spanned by all
possible entries of the state vector X and is therefore usually isomorph to RP with
the number of dimensions P ∈ N. However a DDE requires the entire history func-
tion to be completely defined, and thus a finite number of real-valued variables is
not sufficient. The dimensionality of a DDE system becomes infinite, as functions
are infinite dimensional in the mathematical description. This is of course not too
surprising, because here the DDE ansatz was explicitly derived from a spatially
continuous system. The history array therefore fulfils the same role that an initial
spatial profile in a PDE would: The history function ‘encodes’ some spatial dimen-
sion in which patterns are conserved, e.g. electromagnetic waves travelling through
a passive medium.
The study of DDEs was initially investigated with respect to a time-delayed

control [CAL36, HAR37], but later a more general interest in the dynamics of such
systems popularized DDEs [BEL54]. Despite more than half a century of work,
novel fundamental properties of DDEs are still being discovered and proven, e.g.
Ref. [YAN09].
The numerical treatment of DDEs is also made more difficult by the need to

keep track of the history. The explicit Euler-integration can cope with DDEs by
adopting a discretisation of the history interval [−τ, 0] with the time step h. It is
computationally much more efficient, to chose h such that τ mod h = 0. Higher
order Runge-Kutta methods are more difficult to implement for DDEs, Ref. [THO90a]

gives an overview of the problems and possible solutions.
The DDE solver for this thesis was written in C++ and compiled on the same

system under the same conditions as the ODE solver. The fixed integration time
step h and time delay τ are always chosen to fulfil τ mod h = 0. The solver is
a fourth-order explicit Runge-Kutta solver, where the delay-array is interpolated
with a third-order Hermite polynomial, using the values and derivatives at the
neighbouring history array entries.
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2.2 Network theory

So far, a general overview of the concepts of nonlinear dynamics has been given.
This section now introduces the network theory used to describe coupled units,
which are the main system of interest in this thesis.

2.2.1 Introduction to networks: Nodes and links

Science is the discipline of understanding and categorizing the effects and observa-
tions of reality. For the human mind to understand the often complex phenomena,
simplifications, abstractions and reductions have to be used. By a strict process
of observation and mathematical description, many fundamental laws of physics
have been uncovered this way. However, once these fundamental laws have been
understood, scientists are tempted to try and apply them to more complex settings,
despite all the difficulties that usually entails.
One source of complexity is the physical or functional size of the systems of

study. Many objects in nature are multipartite, i.e. made up of many individ-
ual elements. Even when the individual element is well understood, the complex
whole may exhibit properties not directly corresponding to those of its fundamen-
tal constituents. This is also sometimes referred to as ‘emergence’, the generation
of complexity from simpler parts. The essence of this initially paradoxical appear-
ance of properties and structures ‘out of thin air’ can be illustrated with the famous
quote of Aristotle’s Metaphysics: "The whole is greater than the sum of its parts."
The ’whole’, the physical system, may consist of many well-understood elements,
but in addition these elements also interact.
The world consists of many interacting components, which themselves are already

multipartite: The ecosphere is influenced by weather, flora and fauna; the weather
is influenced by air, water and aerosol flows; animals and plants are interlocked
in complex predator-prey systems; each individual life form consists of organs and
internal chemistry; and so forth. Every modelling description has to stop at some
level and make some simplifications. Sometimes it is enough to study one individual
example. In other cases the phenomena may be described by a model consisting of
many individual, similar or even identical elements that are coupled. Such systems
could be fish in a swarm, power stations in the electric grid or lasers that share an
external optical cavity.
Arguably one of the most fascinating examples of such a coupled system is the

human brain. The brain consists of billions of individual neurons, which are con-
nected via axons and synapses to form a large network. This network processes
vast amounts of information. However, each individual neuron is a (comparatively)
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simple unit, only exhibiting low-dimensional dynamics. The complexity lies not in
the individual units, but in their collective behaviour on the large scale.
When trying to describe such a system it is natural to adapt a mathematical

formalism that mirrors the physical reality. Instead of describing the brain in toto
from first principles, a more structured approach can be taken: First the equations
of motions for a single neuron are derived and investigated, ignoring the complexity
of the brain landscape. Once the solitary neuron is well understood, its behaviour
when coupled to other neurons is investigated, e.g. the input of the other neurons
is treated as a perturbation. This example illustrates the basic principle of network
dynamics: there are individual elements, the nodes, which are coupled via links.

Figure 2.2: The human brain is a large organ made up of billions of neurons. Left: 14th
century diagram of the human brain, unknown artist, circa 1300, Cambridge University
Library; Right: Drawing of neurons of a pigeon, Santiago Ramón y Cajal, 1899. Instituto
Santiago Ramón y Cajal, Madrid, Spain.

The ‘nodes’ or ‘units’ in a network describe the individual systems that are the
elementary building blocks of the network. A ‘node’ can be a neuron, as in the
case of the brain, but it could also be a laser, a person, a gene or any other system.
The local equations of motions are known for the nodes, e.g. how often a neuron
with a certain set of parameters emits a spike or how the laser output depends on
its pump current. The local dynamics in this work will mostly focus on laser and
oscillatory systems, but in general any system can be used. A network consists of
multiple nodes. To be useful as a model, the nodes should be sufficiently isolated
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and independent, so that the influence of their coupled neighbours can be seen as
a perturbation. All the information of the system state is encoded in the state of
the nodes.
The ‘links’ or ‘edges’ of a network are the connections between nodes. They are

what turns a set of isolated, independent systems into a network. An edge from
node i to node j indicates that the state of node i influences the state of node j.
These links can be physical links, as in the case of the synapses in the brain or
they can be functional, e.g. an abstract representation of which chemical species
density influences which other. In the most common case a link always connects
exactly two nodes. Multiple edges can originate at or connect to the same node,
e.g. a typical neuron has connections to thousands of other neurons [SPO05]. The
links are usually assumed to be fixed, which represents a reasonable simplification
for short time-scale dynamics. Hence, the phase space of the network system is
entirely described by the sum of the phase space of the individual oscillators (and
possibly their history). The links do not carry any dynamic information.

2.2.2 Network topology and the adjacency matrix

Figure 2.3: The graph of an example network with N = 5 nodes is shown on the left.
Nodes are indicated by circles, while edges/links are shown with arrows. In this example,
the network is directed. The corresponding adjacency matrix is shown on the right.

The defining feature of any network is its topology. Which of the nodes are
connected with which other node plays an important role to determine the resulting
collective dynamics. The topology of the network is a ‘graph’ and is the subject
of study of the mathematical field of ‘graph theory’. In the most general case each
edge has both a direction and a strength, e.g. synapses have weights and only pass
information in one direction. This general case results in a ‘weighted and directed’
graph. An edge with a higher weight results in a higher influence on the target
node. A weighted and directed graph could for example be used to describe the
water flow between different lakes, where the weight indicates the throughput of
the connecting rivers. In other setups all links can be thought of as having the same
strength, resulting in an ‘unweighted graph’. Similarly, if interactions are always
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mutual, connections are bidirectional. This is the case of an ‘undirected graph’.
Bidirectional graphs occur naturally where isolating the influence of one system to
the other is difficult, for example in the power grid.
Figure 2.3 illustrates a small directed and unweighted network. The individual

nodes are shown as circles and labelled. The connections or links are indicated via
arrows or lines. The left side of Fig. 2.3 shows an example for N = 5 nodes. The
placement of the nodes and the length of the arrows do not carry any information.
Their arrangement is chosen for convenience and visual clarity.
A common approach to mathematically encode and define the topology of a

network, i.e. the entirety of its links including directions and weights, is the adja-
cency matrix A. In a network of size N , i.e. a network consisting of N nodes, the
adjacency matrix A has dimension N ×N :

A =


a11 . . . a1N
...

...
aN1 . . . aNN

 (2.10)

Each entry aij of the adjacency matrix represents the edge from node i to node j.
The absence of a connection or edge from node i to node j corresponds to aij = 0.
For an unweighted graph the entries aij of the adjacency matrix are 1 if there is a
connection, while for a weighted graph the magnitude of aij indicates the strength
of the connection. The adjacency matrix of the directed example network is shown
on the right of Fig. 2.3. The adjacency matrix is also often referred to as ’coupling
matrix’, however sometimes the adjacency matrix is explicitly used only for the
topology without the weights. In this thesis these two types will not be distin-
guished and both adjacency and coupling matrix will be used as interchangeable
terms.
The adjacency matrix is also useful to describe a mathematical formalism of

network dynamics in a short differential equation. This thesis will deal only with
networks of time-continuous systems, i.e. not with maps. Hence all time-dependent
dynamics will be derived from ODEs and DDEs. For the simplest case of a network
of N nodes, the equations of motions are given by:

Ẋi = fi (Xi) +
N∑
j=1

aijhij (Xi,Xj) , (2.11)

where Xi is the local state of node i, Ẋi is the derivative with respect to time and
fi(X) are the local (uncoupled) dynamics of node i. The last term in Eq. 2.11 is
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the coupling between nodes. hij (Xi,Xj) is the coupling function between node i
and j and aij the corresponding entry of the coupling matrix.
Many problems can be described with networks of identical units, and hence

once can assume every node to have the same dimension, set of state variables Xi

and local dynamics fi(Xi) = f(Xi). Similarly, when all connections are of the same
kind, the coupling function becomes independent of the node index hij (Xi,Xj) =
h (Xi,Xj). One common and simple example of coupling is diffusive coupling:

h (Xi,Xj) = Xj −Xi, (2.12)

where a simple difference equation is taken. With such a diffusive coupling, the
general equation Eq. (2.11) can be rewritten into a multidimensional equation
to describe the system. Let X be the vector that contains all node variables
(X1, . . . ,XN ), then Eq. (2.11) becomes

Ẋ = f (X) +AX−X, (2.13)

where A is the adjacency matrix and f is assumed to act on every element of X.
When all links in the network are undirected, the resulting adjacency matrix A

is symmetric. The diagonal elements aii denote the self-coupling of node i and are
often absorbed into the local dynamics f(X).

2.2.3 Real networks and symmetries

The study of dynamical systems is interested in the time-evolution of a specific
target set of equations that usually approximates a given physical experiment or
environmental observation. When these systems are studied with respect to their
solitary behaviour, i.e. their dynamics without external perturbation, the role of
stable solutions is extremely important (see the Sec. 2.1.2). The same question
posed for a network requires even more complex analysis: The stable states of
a network system are, in general, dependent on the network topology. As every
node in the network affects it’s neighbours through coupling, even two networks
that differ just in the weight or existence of a single link can exhibit completely
different stable solutions. For transport networks and the electric grid this is known
as Braess’s paradox: Even building just one additional power line to strengthen
the connection of distant parts of the electric network can have the opposite effect
and destabilize the wanted behaviour [WIT12].
Real world networks are often complex and without any obvious structure [BAR02a].

The topology of these systems reflects an underlying order of the real world. For
example, the connections in the power grid are governed by geography and the
distribution of large power plants and cities. When this underlying information
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is removed, the abstracted adjacency matrix encodes this information and like ge-
ography does not have to conform to any mathematical symmetries. Studying
the influence and importance of each individual node and link in such a network
is time-consuming. Important network measures have been developed [ALB02a] to
characterize the network as a whole instead, such as node degree, clustering factors
and the average path lengths. However, this thesis will restrict itself to the study of
simple and regular topologies, that can be described with simple measures. In the
context of this thesis a ‘regular network’ will be a network with a highly symmetric
adjacency matrix, which was constructed from a deterministic process, i.e. without
randomness.
The most defining feature of a network are its inherent symmetries. These sym-

metries are apparent from the adjacency matrix A and are mathematically de-
scribed with symmetry groups. As the set of all nodes in a graph is finite, these
symmetries are the possible permutations of the nodes. A common symmetry for
regular, i.e. non-random, networks are exchange symmetries Z. For example, an
all-to-all network is fully connected, i.e. all nodes have links to all other nodes. Any
exchange of two nodes then leaves the resulting equations of motions unchanged.
Ring networks follow discrete cyclic symmetries, while a bidirectional coupling, i.e.
a graph with unweighted links, leads to a symmetric coupling matrix A so that
aij = aji.
The symmetries of a system also influence the solutions. This is very apparent

in regular network systems. For example, if the network has a discrete cyclic
symmetry, the solutions must equally have said cyclic symmetry. However, there is
one exception: Symmetry-breaking bifurcations can create new solutions, that no
longer adhere to the underlying symmetry groups of the network. Because this can
be very surprising, when it occurs, this has also been called ’spontaneous symmetry-
breaking’. However, according to the equivariant branching lemma [CRA91, HOY06]

these symmetry-broken solutions do not exist in isolation: For every symmetry
that is broken, a branch of solutions is created, so that together they still fulfil
the underlying symmetry properties. This will become apparent later in the thesis,
when it is applied to the concrete example of coupled Stuart-Landau oscillators
and Lang-Kobayashi equations [LAN80b].

2.2.4 Connection to spatially extended systems

Spatially extended systems play an important role in the description of the natural
world. Be it the evolution of waves, the diffusion of chemicals or the flow of a liquid,
problems with an inherent spatial character require a special mathematical treat-
ment. The description of choice is often a system of partial differential equations,
i.e. a set of differential equations with derivates with respect to multiple variables.
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These systems are hard to analyse, as analytical solutions are rare and many of
the numerical methods are computationally costly. A common case is that of spa-
tial derivatives and time derivatives being combined to describe spatially extended
systems. The most famous example of this likely are the Navier-Stokes-equations,
for which many unanswered questions remain. Network systems can help overcome
some of the inherent mathematical problems by simplifying the underlying required
operations. For example, the one-dimensional heat equation is given by

∂u

∂t
− α∂u

2

∂x2 = 0, (2.14)

and its solution is a spatio-temporal pattern u(x, t) that has to be found. With a
discretisation of the spatial dimension of x of the form xi = x0 + ih, where h is the
discretisation length, Eq. (2.14) can be rewritten into a new set of equations for
discrete spatial points ui(t) = u(xi, t):

∂ui
∂t
− αui+1 − 2ui + ui−1

h2 = 0, (2.15)

here, the second derivative of Eq. (2.14) has been replaced with the second dif-
ference (ui+1 − 2ui + ui−1)/h2. Because the derivative with respect to space has
been replaced, the partial derivative with respect to time is the total derivative for
ui. The equation can now be seen as a network of coupled nodes, with the nodes
indicating different spatial positions xi. The state of each node thus is ui(t) and is
influenced by the two neighbouring points ui+1 and ui−1. Equation 2.15 can then
be rewritten as:

dui
dt

= α

h2

∑
j

aijuj, (2.16)

where aij are the entries of the corresponding coupling matrix A. The topology
corresponding to the one-dimensional heat equation will be either an open chain for
normal boundary conditions or a ring for periodic boundary conditions. In higher
dimensions the topology of the resulting network description will reflect a (usually
regular) discretisation, e.g. a two-dimensional problem results in nodes that are
coupled in a 2D-grid.
These discretisations allow for simple treatment of complex partial differential

equations. Because the underlying networks are often highly symmetric, it can be
easier to understand the effects than in the continuous system. However, as any
discretisation, the reduction produces an error that generally increases with larger
h, i.e. a more coarse grid. The continuous system is only reached for infinitesimally
small spatial discretisation step h → 0 and infinite number of nodes N → ∞. An
example of a network approach for a continuous system can be found in Ref. [HAK92,
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GAR12b], where the complex Ginzburg-Landau equation has been explored with a
network of Stuart-Landau oscillators.

2.2.5 Synchronization

Synchronization is a phenomenon in networks of similar or identical dynamical
systems with time-varying behaviour, i.e. periodic, quasiperiodic or chaotic motion.
In the strictest sense, when two systems are fully synchronized their states become
identical at all times, X1(t) = X2(t). In particular, all dynamical events occur at
the same time, which is the origin of the term ’synchronization’ (from old Greek).

Figure 2.4: The famous 17th century study of synchronized mechanical clocks by Chris-
tiaan Huygens. Cited in [KAP12]

Figure 2.4 shows a sketch made by the famous 17th century natural scientist
Christiaan Huygens, who in particular studied this system of ‘two clocks on a beam’.
He observed that, despite the physical separation of the clocks, their pendulums
would eventually synchronize. Both clocks even had different frequencies, as natural
manufacturing discrepancies were sufficient to detune the period of oscillation of
the driving pendulum. Nevertheless, vibrations would travel through the beam
and exact a small force on both pendulums. The force acts in such a way, that
timing-mismatches are discouraged and synchronized motion of the pendulums is
enhanced, eventually leading to complete synchronization. Despite the fame of
this experiment, modern versions have to rely on a more complex setup to find
the mechanical synchronization of oscillators [KAP12]. Synchronization has now
been observed in a wide array of systems where vibrations can couple different
oscillatory systems, such as in the synchronization of organ pipes [ABE06] or in
nano-mechanical oscillators [SHI07a].
Synchronization is not limited to mechanical systems. In fact, the most common

examples are biological systems. Swarms of fireflies have been observed to synchro-
nize their flashing lights, crickets synchronize their chirping and pacemaker cells
in the heart tissue send excitation pulses simultaneously [MAT90]. Synchronization
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of neural activity in the human brain is hypothesized to play an important role
in epilepsy [JIR13]. Furthermore, coupled Josephson-junctions were also an early
test bed for synchronization theory [HAD87]. In many of these cases, simple phase-
oscillator models can be used to describe the synchronization [ACE05]

Biological systems naturally carry a frequency distribution, and therefore initially
there was a large interest in understanding synchronization in networks of non-
identical oscillators [MAT90], which generally leads to complex mathematical models
and dynamics. But even in networks of identical oscillators with full exchange
symmetries synchronization is not the only solution, as the example of chimera
states demonstrates [KAN90, ABR04, KUR02a].
There are multiple definitions for synchronization, with a focus on different as-

pects. As this work is focused on oscillatory and laser networks, the distinctions
between phase, frequency and lag synchronization are important. Let Zi(t) ∈ C be
the time-dependent complex amplitude of an oscillator, then the following defini-
tions will be used in this thesis:

In-phase synchronization Two oscillators i and j are in-phase-synchronized, if
their states are identical for all times, Zi(t) = Zj(t). This is varyingly called
‘zero-lag synchronization’, ‘isochronous synchronization’ or ‘in-phase synchro-
nization’ [LEH15b]. This thesis will declare ‘synchronization’ to be ‘in-phase
synchronization’, if no further explanation is given.

Lag synchronization Two oscillators i and j are lag synchronized, if their time-
traces are identical for all times, when one is shifted by some constant T 6= 0,
Zi(t) = Zj(t+ T ).

Frequency synchronization Two oscillators i and j are frequency synchronized,
if their average phase velocity 〈ω〉 is identical, 〈ωi〉 = 〈ωj〉, with ω = θ̇ and
θ = arg(Z). This is also called ’general synchronization’ and is a weaker
condition than the former two, as any lag or in-phase synchronized oscillator
is also necessarily frequency synchronized.
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2.3 Local model: Stuart-Landau oscillator

So far, the focus has been to introduce networks in general. However, to explicitly
write down a closed system as in Eq. (2.11) the local dynamics f (X) have to
be defined. This thesis is concerned with laser networks for optical computing
purposes and therefore the local dynamics will reflect the lasing system. However,
lasers are just one example of the large class of ‘oscillatory systems’ and many of
the effects found in laser networks can be understood as being examples of more
general concepts. The most important model system for amplitude oscillators is
the Stuart-Landau system, which will be introduced in this section.

2.3.1 Derivation of the Stuart-Landau oscillator equations

This section loosely follows the derivation found in Ref. [GAR12b]. The harmonic
oscillator is perhaps the most important dynamical system used in physics to de-
scribe nature. Its applications range from the classic examples of the spring and
the mathematical pendulum, to the LC-circuits of electrodynamics and the parti-
cle fields of quantum field theory. Vastly different systems can be approximated
or described with this simple equation. The differential equation describing an
undamped harmonic oscillator is given by

dZ

dt
= iωZ, (2.17)

where Z ∈ C is the complex state variable and ω is the frequency of oscillations.
In its complex form Eq. (2.17) has the solution

Z (t) = Aeiωt+φ, (2.18)

with arbitrary, but fixed, amplitude A and phase-shift φ; e is Euler’s number. This
is a perfectly harmonic, eternal oscillation. However nice this system may be from
a mathematical perspective, its simplicity also limits its applications to real-world
problems. Many systems in nature are not fixed, eternal oscillations, but subject
to environmental noise, driving or other influences. Equation (2.17) is capable of
producing harmonic limit cycles of arbitrary amplitudes, but none of these limit
cycles are stable. In fact, the whole phase space volume of Eq. (2.17) is indifferent
to perturbations , i.e. the real part of all eigenvalues of the system are always zero.
Of course, the system stops having infinitely many solutions once damping is

introduced to the Eq. (2.17):

dZ

dt
= λZ + iωZ, (2.19)
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with λ < 0. However, the only stable solution for the damped harmonic oscillator of
Eq. (2.19) is the trivial off-solution Z = 0. In contrast, many systems in nature ex-
hibit a self-regulating amplitude. Oscillations neither die out towards zero, nor are
they of arbitrary strength. A self-regulating system approaches a well-defined so-
lution, i.e. a single stable limit cycle exists. Examples of self-regulating oscillatory
systems include the population dynamics in predator-prey systems [LOT20, VOL26a],
the periodic changes in the density of the chemical species in chemical oscillations
[BEL59, ZHA64], or the electric field inside an active laser cavity [ERN10b].
A simple way to extend Eq. (2.17) to contain self-regulating amplitudes requires

a change of coordinate system: The complex variable Z is transformed to its polar
form Z = r exp(iθ) with new variables r, θ ∈ R. The equations of motion for
radius r and argument θ are:

dr

dt
= 0, (2.20)

dθ

dt
= ω, (2.21)

which also makes visible once again that the amplitude r of oscillations can be cho-
sen arbitrarily. To obtain a self-regulating amplitude Eq. (2.20) must be extended
to higher orders. Arguably the simplest approach is to assume a Taylor Series:

dr

dt
= c0 + c1r + c2r

2 + c3r
3 + . . . , (2.22)

with real-valued constants c0, c1, c2, c3, which have to be found. The aim now is
to find equations of motions that are as simple as possible, while allowing for a
self-regulating amplitudes r. However, it is natural to demand that the equations
not only be of a simple form in the polar coordinates of Eq. (2.20)-(2.21) but also
in the complex view of Eq. (2.17). The term c0 in equation Eq. (2.22) would
correspond to the term c0Z/|Z| in non-polar description, which when expanded
for Re(Z) and Im(Z) will be non-polynomial. To exclude these non-polynomial
elements it is therefore necessary to set c0 = 0. A similar argument can be made
for c2, which corresponds to the term c2|Z|Z, with |Z| as the absolute value of Z.
Because |Z| =

√
Re(Z)2 + Im(Z)2 this is also clearly non-polynomial.

The preceding considerations mean that Eq. (2.22) becomes:

dr

dt
= c1r + c3r

3 + . . . , (2.23)

which means the smallest extension of the harmonic oscillator that preserves both
the angular symmetry and is polynomial in polar and Cartesian description is a
linear term c1r. However, this linear term allows for only two cases to exist: If
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c1 > 0, the system is unstable and the radius grows indefinitely, while for c1 < 0 we
recover the damped harmonic oscillator. Neither of these cases contains stable limit
cycles. Hence, to obtain a self-regulating amplitude the lowest order polynomial
extension of the harmonic oscillator includes both c1 and c3. After transforming
Eq. (2.23) back to complex coordinates with those assumptions, the Stuart-Landau
oscillator equation is then obtained:

dZ

dt
=
(
λ+ iω + γ|Z|2

)
Z, (2.24)

where the common variable designations have been used c1 = λ and c3 = γ. In the
sense as introduced above, Eq. (2.24) is the simplest extension of a harmonic os-
cillator to include self-regulating amplitudes. The equation is named after Russian
mathematician Lev Landau [LAN44] and American applied mathematician Trevor
Stuart [STU60], which proposed this equation in the context of the onset of turbu-
lence in fluid dynamics.
The Stuart-Landau equation Eq. (2.24) is usually extended in a small way: The

parameter γ is assumed to be complex. Re(γ) is important for the direction and
nature of the underlying Andronov-Hopf bifurcation (see next section), with a
supercritical Andronov-Hopf bifurcation occurring for Re(γ) < 0. The addition of
an imaginary part Im(γ) 6= 0 induces a coupling between amplitude and phase and
is sometimes called ‘shear’ [HAK92]. This extension will not destroy the polynomial
nature nor the rotational symmetry of the system and is therefore compatible with
the derivation as shown in this section. A similar extension of c1 = λ will not yield
any new terms, as Im(λ) can be absorbed by the frequency ω.

2.3.2 Andronov-Hopf bifurcation

The field of nonlinear dynamics is devoted to understanding the universal behaviour
of classes of systems. This is done by studying the topology of the state space for
different parameters and connecting it with knowledge of the underlying bifurca-
tions thereof.
The number of possible bifurcations in low-dimensional systems is finite. One

of the most common and fundamental bifurcations is the so-called Andronov-Hopf
bifurcation[HOP42, AND49], named after Russian mathematician A. Andronov and
German-American mathematician E. Hopf. The Andronov-Hopf bifurcation de-
scribes the case when two complex-conjugate eigenvalues cross the imaginary axis
simultaneously. The resulting behaviour of the system is the creation (or annihi-
lation, depending on direction) of a limit cycle. No matter how high-dimensional
the dynamical system viewed is, in the vicinity of an Andronov-Hopf bifurcation,
the onset of oscillations can be approximated with a reduced equation, a so-called
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normal form. This fact is also known as the centre manifold theorem. As a limit-
cycle needs at least two dimensions to exist, the normal form of an Andronov-Hopf
bifurcation is also two-dimensional. The obtained normal form is Eq. (2.24), the
Stuart-Landau oscillator [KUR84, KUZ95].
Thus, any nonlinear system close enough to an Andronov-Hopf bifurcation can

be approximated by a Stuart-Landau oscillator. However, in reality the projec-
tion required to obtain Eq. (2.24) may be very complex. Nonetheless, the above-
mentioned facts mean, that the study of the Stuart-Landau system has wide-
ranging implications for a large class of systems. Indeed, as will be shown in
Sec. 2.4.3, the laser equations are one such example.

2.3.3 Stable states

Figure 2.5: Sketch of the evolution of the radius (left) and frequency of the limit cycle
(right) for a supercritical Hopf bifurcation modelled by its normal form, i.e the Stuart-
Landau equation, cf. Eq. (2.24). In the supercritical case, the fixed point loses stability
at λ = 0, where the limit cycle is born. For Im(γ) = 0 (black line, right), the frequency
does not change with λ, whereas it changes linearly for Im(γ) 6= 0 (blue line, right), cf.
Eq. (2.29). Parameters: Re(γ) = −0.1 (supercritical case), ω = 1.

Because the Stuart-Landau oscillator is of such a simple mathematical form, the
basic solutions can be derived analytically. The Stuart-Landau equation Eq. (2.24)
with general γ ∈ C, written in polar coordinates, is:

dr

dt
= λr + Re(γ)r3, (2.25)

dθ

dt
= ω + Im(γ)r2, (2.26)

33



2 Theory

where once again r is the radius and θ the phase. As Eq. (2.25) contains no θ, it can
be solved separately. Looking for solutions with a fixed radius r = const.→ ṙ = 0
leads to:

0 =
(
λ+ Re(γ)r2

)
r. (2.27)

Equation (2.27) has two solutions with r ≥ 0, which subsequently also allow
Eq. 2.26 to be solved under the constraint θ̇ = const.. First, the trivial off-state
with no oscillations:

r =0→ Z = 0, (2.28)

for which θ is not well-defined due to the polar coordinates. The second solution
describes the limit cycle

r =
√
− λ

Re(γ) θ̇ = ω − λ Im(γ)
Re(γ) , (2.29)

which requires λ/Re(γ) ≤ 0. A linear stability analysis reveals that the Andronov-
Hopf bifurcation point is λ = 0. Additionally, Re(γ) determines whether the
Andronov-Hopf bifurcation is sub- or supercritical.
The supercritical case is sketched in Fig. 2.5. After the limit cycle is created in

the Andronov-Hopf bifurcation at λ = 0, the radius grows with the square root of
λ. The stability of the limit cycle and trivial fixed point can be calculated with
standard linearisation approaches, see for example Ref. [KUZ95]. In the supercritical
case, the limit cycle inherits the stability of the fixed point solution, which turns
unstable at the bifurcation point. The right side of Fig. 2.5 shows the evolution of
the frequency θ̇ of the limit cycle. As dictated by Eq. (2.29), the frequency is fixed
if there is no shear Im(γ) = 0 (Fig. 2.5, black line), whereas it changes with λ for
Im(γ) 6= 0 (Fig. 2.5, blue line).
In the polar coordinates of Eq. (2.25)-(2.26) the limit cycle is indicated by the

non-zero fixed point of the radius. Simultaneously the phase grows linearly with
time. Mathematically the system does not undergo an Andronov-Hopf bifurca-
tion in polar coordinates, as no limit cycle is created. This does not invalidate
the calculations using polar coordinates, but it means that this representation is
unsuited to see the oscillatory nature of the created limit cycle. For better illus-
tration Fig. 2.6a shows a numerically obtained time-series slice of Eq. 2.24. The
real part of the complex variable Z (solid red line, Fig. 2.6a) oscillates sinusoidally
with a quarter period phase shift with respect to the imaginary part Im(Z) (red
dashed line in Fig. 2.6a). Viewed in the complex plane (Fig. 2.6b), this behaviour
describes a circular motion around the origin with constant angular velocity. The
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Figure 2.6: a: Time series of the real part Re(Z) (solid lines) and imaginary part Im(Z)
of a single Stuart-Landau oscillator as described by equation Eq. (2.24) after a transient
time of 50000 time units. b: Projection into the complex plane with a single time-
snapshot shown with the circle. Parameters: λ = 0.5, Re(γ) = −0.1, Im(γ) = 0.5,
ω = 1.

projection into the complex plane of Fig. 2.6b is perhaps the best visualization for
the solutions of the system (and later the network systems) and will be used often
throughout this thesis.

Figure 2.7: Visualization of the self-regulating amplitude property of the Stuart-Landau
oscillator (Eq. (2.24). a: Time evolution of the real part Re(Z) (solid lines) and imagi-
nary part Im(Z) (dashed lines) when starting from amplitudes close to zero Z = 0.1. b:
Time evolution starting from Z = 6. Parameters: λ = 0.5, Re(γ) = −0.1, Im(γ) = 0.5,
ω = 1.

The important self-regulating amplitude property is shown in Fig. 2.7, where
two transient time series are shown. These simulations were obtained by direct
numerical integration of Eq. 2.24 for two different starting conditions. In Fig. 2.7a
the system was initialised close to the trivial off state Z(t = 0) = 0.1. The system
then undergoes a rapid growth in amplitude. This growth is initially exponential,
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because as long as λ is large compared to γ|Z|2 Eq. (2.24) can be approximated
by an exponential with a growth rate of λ. The system approaches the limit cycle
visualized in Fig. 2.6 as the same parameters were used. When the amplitude
of oscillations in Fig. 2.7 a gets close to the limit cycle, growth slows down, and
when the system is close enough that the linear stability will be the dominating
term, the difference to the limit cycle will decay exponentially with a growth rate
of the leading Lyapunov-exponent. Fig. 2.7 b shows the timeseries for a starting
amplitude larger than the limit cycle (t = 0)Z = 6. The oscillations approach the
limit cycle from large amplitudes, but eventually also get exponentially close.

2.3.4 Literature overview: Stuart-Landau oscillator networks

In the following, a short overview of important literature concerned with coupled
Stuart-Landau oscillators and related systems is given. Examples of networks of
oscillators cover a wide range of applications, numerical models and experiments
from coupled lasers [SOR13, GAR99a, JAV03, YAN04c, CLE14, KOZ00, ERZ05, ERZ09, HOH99b]

to nanomechanical systems [SHI07a], chemical oscillators [TOT15, WEI92] and coupled
tunnel diodes [HEI10]. Many fascinating phenomena of coupled oscillators can also
be studied in pure phase-oscillators [KUR02a, ABR04, DHU08] or in chaotic maps [KAN90].
Nonetheless, the Stuart-Landau oscillatory system of Eq. (2.24) is a popular choice
for the local dynamics f in a network system like Eq. (2.11).
The early works sometimes referred to the Stuart-Landau system of Eq. (2.24)

as one example of ‘limit cycle oscillators’. The study of large collective effects
like synchronization has become easier by the increased availability of scientific
computing power in the later half of the 20th century and accordingly the amount
of published results increased. The study of systems of Stuart-Landau oscillators
developed together with the similar simple systems like networks of van-der-Pol
oscillators [AIZ76, YAM84a, SHI89] or chaotic maps [KAN90].
Of the many papers on coupled Stuart-Landau oscillators, Ref. [ARO90] stands

out. It goes into great detail exploring the underlying bifurcations of a system of
two directly coupled Stuart-Landau oscillators, investigating the case of symmetric
coupling of identical oscillators with and without shear, as well as exploring the ef-
fects of non-identical oscillators with frequency detuning. This was inspired by the
observation of the phenomenon described by Bar-Eli in Ref. [BAR85] for the Brus-
selator system: The stabilization of inhomogeneous steady states by means of the
coupling, nowadays called ‘oscillation death’ [KOS13]. Among bifurcation theorists in
the mathematical community, the bifurcation structure of coupled Stuart-Landau
oscillators has been thoroughly studied by Golubitsky and co-workers [GOL88a].
Apart from ‘oscillation death’ a second effect exists in coupled Stuart-Landau

networks. ‘Amplitude death’ is the coupling-induced stabilization of the trivial
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off-state in oscillatory networks [RAM98a]. Both amplitude and oscillation death are
a field of active study [KOS13] with respect to Stuart-Landau oscillatory networks.
These types of solutions are typically seen in systems with delay [STR98a, RAM98a,

RAM99, RAM00, ATA03] or systems with a symmetry-breaking coupling [ZAK13, KAR07].
A natural solution for large systems of oscillators are cluster states, wherein

the system splits into several groups which are in-phase synchronized within the
group, but not with other groups. The Stuart-Landau system is a test bed for
understanding cluster states [CHO09, LEE13, LEH14, KU15]. These cluster states can
also lead to chaotic motion [HAK92, NAK93, NAK94a, KU15].
Another phenomenon in large networks is the so-called ‘chimera state’ [KUR02a,

ABR04] and this has also been observed for the case of Stuart-Landau oscillators
[ZAK14], where once again a symmetry-breaking coupling was employed. The com-
bination of oscillation death and chimera states has been reported in Ref. [ZAK15b,

BAN15] and been termed ’chimera death’. Stuart-Landau systems have also been
used to study the control of synchronization [POP05]. When noise is added to
Eq. (2.24), coherence resonance [USH05, GEF14] can be observed.
In the limit of strong, global coupling the set of oscillators in a network can

be thought of as a homogeneous field. One then obtains a system of partial dif-
ferential equations, i.e., the Ginzburg-Landau-equations [GAR08, GAR12b]. This can
be approximated by a network of coupled Stuart-Landau oscillators, and has been
done in Ref. [SCH15e]. Additionally, a similar Stuart-Landau system with a conser-
vative coupling is studied in Ref. [SCH14a, SCH14g, SCH15a], where different cluster and
chimera states were found.
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2.4 Local model: Lang-Kobyashi-type equations

In this section, the second type of model for the local dynamics f in Eq. (2.11)
is introduced. After a brief overview of laser history, the Lang-Kobayashi laser
equations are shown and the literature on coupled lasers is reviewed.

2.4.1 Laser history

The beginnings of laser theory start in the late 19th and early 20th century, when
the physics of the atom and light were being uncovered. Inspired by Max Plancks
foundational works on the origin of the thermal spectrum of a black body radiator,
the notion of ’quantized light’ was introduced by Albert Einstein in his explanation
of the photoelectric effect [EIN05a]. Many important works followed in the years
after, which lead to the creation of Quantum Theory and Bohr’s model of the
atom. In 1916 Albert Einstein once again returned to the topic of quantized light
and black-body radiation, presenting a new derivation of Planck’s law [EIN17]. In his
derivation, he postulated the existence of a way for an incoming radiation field to
trigger emission of photons, a process that we nowadays call ’stimulated emission’.
The modern formulation envisions light-matter interaction of photons and parti-

cles to have three distinct processes: First, a photon can be absorbed, transferring
its energy hν to and exciting the particle. Second, an excited particle can spon-
taneously decay into a lower energy state, emitting a photon of energy hν with
random phase and direction. Third, the process of ‘stimulated emission’ occurs
only when a photon of matching energy interacts with an already excited particle;
instead of being absorbed, the material emits a new photon of energy hν, which
shares phase and direction of the original. Einstein was able to show that the pro-
cess of absorption and stimulated emission are inversely related and have the same
Einstein coefficient.

2.4.2 Equations and dynamics

The general model of the semiconductor laser equations can be derived with dif-
ferent approximations and levels of detail. The typical derivation starts from a
Hamiltonian describing the light-matter interaction and successively derives the
equations of motion for the photons and carriers. For the laser, the exchange of
energy from the gain medium, i.e. the material with resonant optical transitions
that feed the laser light, is governed by stimulated emission. Meanwhile, the wave
character of the electric field and its propagation and longitudinal modes are de-
scribed with the classical set of Maxwell’s equations. When these two aspects are
combined - the classical propagation and standing wave patterns with the quantized
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energy transfer between photons and electrons - one arrives at the semi-classical
Maxwell-Bloch equations. The derivation and their implications is shown in many
introductory laser theory textbooks, such as Ref. [CHO94] and will not be repeated
here.
The focus in any network system of the form of Eq. (2.11) is on the collective

dynamics. Thus the individual model for the local dynamics f should be a strongly
simplified laser rate equation. The form used in this thesis was deduced by Lang and
Kobayashi in Ref. [LAN80b] for a laser with optical feedback, but can just as easily be
adapted to optical coupling of multiple lasers. The specific parametrization and the
derivation of the Lang-Kobayashi equations used here can be found in Ref. [ALS96].
As discussed in Sec. 2.4.1, the most important aspect of lasers are the light-matter

interactions. As the time-scales of the electrons in semiconductor lasers are usually
not negligible, a single evolution equation for the electric field amplitude is not
sufficient to capture all dynamical features. Therefore, in contrast to the Stuart-
Landau oscillator of Eq. (2.24), a laser has both amplitude, phase and carrier
density. The system has three dimensions and is therefore more complex than the
Stuart-Landau oscillator. The equations of motion of the Lang-Kobayashi laser
with optical feedback [LAN80b] for the complex electric field amplitude E ∈ C and
the excess carriers Ne ∈ R are given by:

dE

dt
=(1 + iα)ENe + κeiφE(t− τ) (2.30)

dNe

dt
= 1
T

(p−Ne − (1 + 2Ne)|E|2). (2.31)

To remove unnecessary parameters, the time has been renormalized with re-
spect to the photon lifetime [ALS96]. T is the ratio of electron to photon lifetime,
as typically electron lifetimes are much longer. Amplitude-phase coupling α de-
termines the imaginary part of the nonlinearity and is therefore similar to Im(γ)
in Eq. (2.24). p is the pump current, which drives the population of the excess
carriers.
Equation (2.30) contains the feedback term with coupling phase φ and delay

time τ . The feedback strength κ is determined both from the reflectivity of the
external mirror, as well as the transmissivity of the laser cavity mirrors. The
original Lang-Kobayashi equations represent a case of a laser with delayed feedback.
The feedback term can also be seen as a self-coupling when the whole system is
viewed as a small network. Thus, the corresponding ’local laser model’ underlying
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the Lang-Kobayashi system can be obtained by setting κ = 0 in Eq. (2.30), which
will be the model in this thesis:

dE

dt
=(1 + iα)ENe (2.32)

Similar to the fixed point analysis of Eq. (2.24) of Sec. 2.3.3, the possible steady-
state solutions of Eqs. (2.32) and (2.31) can be found by setting all derivates to 0
and solving for E and Ne. The first solution that can be found yields

|E|2 = 0 Ne = p, (2.33)

which is the trivial fixed point or ‘off state’. No electric field is emitted and the
carriers population freely follows the pump current p. The second steady state
solution is given by

|E|2 = p Ne = 0, (2.34)

which is the lasing solution. Here, the intensity |E|2 is determined by the pumping
of the laser, while the carriers are fixed at Ne = 0. The lasing solution has a
freedom of the phase θ of the electric field E = Aeiθ that is purely determined
by the initial conditions. In the free-running setup it will be oscillating with a
frequency Ω so that E(t) = |E| exp(i(Ω + θ)).
The stability of the lasing and off-state solutions can be investigated with linear

stability analysis. It can be easily deduced, that the trivial off-state is stable for
p < 0, while the lasing solution is stable for p > 0. At the threshold pump current
pth = 0, both branches of solutions exchange stability in a transcritical bifurcation
when viewed in |E|2-Ne-coordinates. When the complex amplitude E is observed,
the bifurcation instead is an Andronov-Hopf-bifurcation. This allows Eq. (2.32)
and (2.31) to reduce to the Hopf-normal form, which will be done in the following
section.

2.4.3 Reduction of the LK-equations to the Hopf-Normal form

The Lang-Kobayashi laser as modelled by Eq. (2.32)-(2.31) is a simple model for
a laser, yet due to the incorporation of the carrier dynamics it is a more complex
model than the basic Stuart-Landau oscillator of Eq. (2.24). The laser threshold
was identified as an Andronov-Hopf bifurcation in the previous section. Thus,
the Lang-Kobayashi equations can be reduced to the Stuart-Landau oscillators
under certain assumptions, as the Stuart-Landau oscillator is the normal form of an
Andronov-Hopf bifurcation. To facilitate this reduction, the number of dimensions
has to be reduced. As both the Stuart-Landau oscillator and the Lang-Kobayashi
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equations posses a complex amplitude, it is obvious that their main difference lies
in the additional degree of freedom of the carrier population Ne. Hence, one way
to reduce Eq. (2.32)-(2.31) to the Stuart-Landau case is to adiabatically eliminate
the excess carrier Eq. (2.31). This is justified, when carrier dynamics are very fast.
Setting Ṅ = 0 yields

0 = p−Ne − (1 + 2Ne)|E|2. (2.35)

It can now be assumed that carriers are close to the threshold which lies at Ne = 0
and thus Ne � 1. The term (1 + 2Ne) can be approximated as 1, leading to the
equilibrium distribution:

Ne ≈ p− |E|2. (2.36)

Note, that this still correctly contains both solutions Eqs. (2.33) and (2.34). Sub-
stituting Eq. 2.36 into Eq. (2.32) then yields:

dE

dt
=(p+ iαp− (1 + iα)|E|2)E, (2.37)

which structurally is identical to a Stuart-Landau oscillator shown in Eq. (2.24).
The following parameter equivalences between the Lang-Kobayashi laser and the
Stuart-Landau oscillator can be found: The bifurcation parameter λ of the Stuart-
Landau system acts like the pump current p of the laser. The nonlinearity pre-
factor γ of the Stuart-Landau system is related to the complex gain 1 + iα of the
laser. The real part of the gain corresponds to Re(γ) = −1, i.e. the supercritical
case, and is no longer a free parameter due to the normalization of the time to
the photon life time [ALS96]. The normalized imaginary part Im(γ)/Re(γ) of the
Stuart-Landau oscillator describing the ’shear’ corresponds to the amplitude-phase
coupling factor α of the laser. Equation (2.37) contains the imaginary part iαp
which will introduce a frequency like ω in the Stuart-Landau oscillator. The fact
that it depends on the pump parameter p in Eq. (2.37) is not important as long as
p is static, because any rotating frame can be removed.

2.4.4 Literature overview: Laser dynamics

Laser dynamics is a large and active field that covers a wide array of different top-
ics. Lasers are a very popular experimental platform due to several key factors:
First, their theory is very well established, such that quantitative agreement be-
tween theory and measurement can be reached even in complex setups. Second,
the original lasers were one of the first experimentally accessible non-equilibrium
systems, allowing for the investigation of many different aspects of non-equilibrium
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dynamics. Third, lasers are very fast and bright, which allows for a high rate of
data collection on the dynamic phenomenon of interest. This also ties into their
valuable use as tools for different kinds of experiments, such as pump lasers in solid
state physics. Lasers are also widely used in commercial applications, such as data
communication on long and intermediate distances through optical fibres, making
it very important for them to not exhibit unwanted behaviour. Luckily for the
nonlinear dynamics community and somewhat to the frustration of the engineers
involved, lasers are sometimes very easily perturbed and can then exhibit rich non-
linear dynamics. They have traditionally been one of the most important test beds
of chaos and synchronization theory.
In this thesis, the main focus lies on coupled laser systems. Typically, such cou-

pling comes with a delay in experiments, so that most of the literature is focused
on the delay-coupling case. Ref. [SOR13] gives a broad and extensive overview of
delay-coupling in semiconductor lasers. The interest in the coupling of lasers goes
back to the early days of laser physics, with first experiments on the injection of a
laser by another [BOG73] or arrays of coupled lasers as in Ref. [BOT86, WAN88]. The
most important case is a laser with self-coupling, i.e. coupling to an external cav-
ity leading to delayed self-feedback [LEN85, HEN86, MOR92, VAN95, ALS96, HUY99, WOL02].
These modifications of the simple laser system can have a profound effect on the
dynamics and lasers subject to feedback and coupling are liable to exhibit higher
order and chaotic dynamics [HEN86, HEI99b, HEI00c, HEI03a]. However, chaotic inten-
sity and phase fluctuations are not seen entirely negatively in the semiconductor
photonics community. Applications of laser chaos include random number gen-
eration [UCH08, VER17], solving the two-armed bandit problem [NAR17] and chaos
communication [MIR96, KAN08a, KAN10a].
The simplest example of laser coupling is the case of just two lasers, which

has been extensively covered both theoretically and experimentally [WIN88, HOH97,

HEI01b, KIM05, ROG06, HIC11, CLE14, SEI17]. An analytical investigation of the lead-
ing bifurcations for two-coupled Lang-Kobayashi type equations (cf Eq. (2.32)-
(2.31)) with negligible coupling delay time τ can be found in Ref. [YAN04c]. Both
synchronized and anti-synchronized solutions were found, which can be easily de-
scribed by simple mathematical models. A more complex laser model was inves-
tigated in Ref. [JAV03], but ultimately yields quite similar results. Further theo-
retical and path-continuation investigations for the case with delay are given in
Ref. [ERZ05, ERZ05a, ERZ06a].
An experiment with three non-identical lasers coupled via non-identical delay-

lines exhibiting synchronization is shown in Ref. [GON07b]. Larger networks become
more complicated to experimentally construct, the largest example likely being
Ref. [ARG16] with 16 different lasers. Large networks can however be still studied
theoretically [NIX12], where the case of ring networks [BUL07] and global coupling
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[KOZ00, GAR99a] have been studied. Additionally, on-chip fabrication of laser net-
works are being proposed as future analogue computing platforms [BRU15].
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2.5 The reservoir computing paradigm

This section introduces reservoir computing, a form of supervised machine learning
that is distinct from both feed-forward and fully-trained recurrent networks due to
its construction and history. It was developed both from a biological inspiration, as
well as machine learning considerations. The mathematical details of the training
and testing procedures used in this thesis are also given.

2.5.1 Supervised machine learning and artificial neural networks

Supervised machine learning is a subset of machine learning that compromises most
of the advanced systems used today to solve narrow tasks. A task is called narrow,
if the trained AI is only able to solve a very specific problem. For example, the pre-
viously mentioned Google Deepmind AlphaGo program cannot play chess, despite
its great aptitude at Go. Many of the promising applications of artificial intelli-
gence, such as self-driving cars or Apple’s Siri voice assistant, are entirely created
using supervised training methods. For now it seems that far fewer unsupervised
programs exist.
Supervised machine learning heavily relies on the presence of training data. The

goal is to create a program that converts an input to the correct output. The input
and output data can in principle be of any kind or shape, as ultimately any format
can be transformed into binary data. The training data not only needs to contain
a set of representative inputs, but also their corresponding correct outputs. This
knowledge of the ‘correct answer’ is similar to how a teacher knows the correct
answers for a test in school and is the origin of the term ‘supervised’ machine
learning. Such data sets could be images with corresponding annotations to train
a computer at recognizing these images. For example, these sort of algorithms are
used in the automatic detection of material that violates the terms of service of
popular user-created content platforms such as Facebook, YouTube or Instagram
A popular implementation of supervised machine learning are the so called ‘ar-

tificial neural networks’. These bio-inspired but highly abstracted networks consist
of simple ‘artificial neurons’. The connections between the neurons are trained, in
a way that is inspired by the change of synaptic weights in the brain. As borrowed
from the biological context, the state of each artificial neuron is called its ‘activa-
tion’. The local model for the neurons is usually extremely simple, as the main part
of the complex information processing is achieved through the network structure.
To save on computational cost and to avoid convergence issues, the neurons are
usually modelled with maps, i.e. they are defined with respect to a discrete time.
The activation of a neuron then influences the activation of all neurons that it
is connected to. The connections are, in general, assumed to be weighted and di-
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rected, so that artificial neural networks are an example for a weighted and directed
graph. Due to a fundamental difference in complexity and behaviour, the artifi-
cial neural networks are commonly divided into two distinct classes: ‘feed-forward
neural networks’ and ‘recurrent neural networks’.

feed-forward artificial
neural network

input hidden layers output input outputnetwork

recurrent artificial
neural network

a) b)

Figure 2.8: a): Sketch of a feed-forward artificial neural network. The information always
passes from left to right with no recursion. b): Sketch of a recurrent neural network. A
recurrent neural network is allowed to have loops, such as the loop marked in red.

Fig. 2.8 a) shows the sketch of a feed-forward network. The system is divided
into different ‘layers’, with three distinct groups: The first layer is the input layer,
where the information enters the system. This layer should have appropriate di-
mensions. For example, if the goal is to analyse pictures of resolution 480 × 640
pixels, then the input layer could consist of one node per pixel, with the activation
representing the brightness. If the input image was a colour image, then the input
layer should be tripled to account for the three colours of RGB image encoding.
The second group of layers comprises the main part of the feed-forward architecture
and consists of all layers except the first and the last. These layers perform most
of the information processing and because they are not directly coupled to the out-
side, they are sometimes called ‘hidden layers’. The final layer is the output, where
the activation of the nodes indicates the desired result, e.g. certain classifications
or measures of the input. As the name implies, information solely flows from left
to right in a feed-forward network as in the sketch of Fig. 2.8 a), i.e. ‘forward’. No
intra-layer connections or backwards connections exist. This also guarantees the
absence of any ‘loops’ or recurrence.
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The simple nature of feed-forward networks is also apparent in the mathematical
form. Let xni (t) be the activation of an arbitrary node i in layer n at time t, then
evolution will be written as:

xni (t) =f

∑
j

anijx
n−1
j (t− 1) + bni

 , (2.38)

where bni is a bias and f() the activation function. The synaptic weights anij encode
the connection strength from node j of layer n − 1 to node i of layer n. The
time t is discrete and increased in steps, i.e. the system consists of coupled maps.
As mentioned, this is advantageous as it decreases the computational cost for the
forward time evolution. Furthermore, note that Eq. (2.38) contains no self-state
dependence, i.e. there is no xni on the right hand side. The activation of nodes
in layer n at time t only depends on the activation of the previous layer in the
previous time-step xn−1

i (t− 1). The system has no memory and in the absence of
any input in the first layer, the system will reach its resting state within one time
step for every layer. This also justifies the layer structure.
The task of supervised machine learning is now to find the optimal value of all

weights anij and biases bni in Eq. (2.38) to obtain the best possible transformation
into the desired output. This is similar to fitting functions to data points, only
with many, many more degrees of freedom. The choice of f is usually very simple,
e.g. sigmoidal functions f(x) = tanh(x) or linear rectifiers f(x) = xΘ(x), where
Θ is the Heavyside step function. This allows for the direct fit of input to output,
given enough training data.
In general, a feed-forward artificial neural network becomes more powerful, the

more data it is fed and the more hidden layers it contains. Additionally, multiple
feed-forward networks can also be stacked to obtain a ‘deep neural network’. If
the training is successful, the system will not only be able to produce the desired
output for the training data, but also be able to correctly classify previously unseen
data. This corresponds to the system ‘generalizing’ from the examples it has seen
and could be thought of as some ‘interpolation’ or ‘extrapolation’ from the finite
data points of the training to the whole continuous set of possible input data. For
this generalization to occur, the training data needs to be sufficiently diverse and
capture all essential feature for the whole input data space. Needless to say, it is
hard to be ever sure that one has captured all of the essential data, and therefore
some companies view data as the ‘oil of the 21st century’. You can hardly have too
much.
Data sets can also be generated by the learning system itself. In a later iteration

of their Go program called AlphaGo Zero, the team at Google Deepmind created the
data for the training entirely by self-play [SIL17]. The only thing that the program
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was given a priori were the rules of Go - but nothing more. For the first set of
self-play games, every legal move was deemed equally good. So a lot of random
play happened at first. However, from this generated training data, the system was
able to learn. As the system learns, so the quality of the self-play games increased,
and thus a better system could be trained with its help. This allowed AlphaGo
Zero to exceed Human performance and it is considered to be the best Go program
of the world at the moment.
The second type of artificial neural networks are the recurrent neural networks.

As sketched in Fig. 2.8 b), in a recurrent network the connections are no longer
restricted to follow any particular structure. Any node can in principle be linked
to any other, which in turn means that the system can contain many more free
parameters than an equally sized feed-forward network. Additionally, this also
allows for the appearance of loops as shown in red in Fig. 2.8 b). These loops
prevent the system from settling into the resting state instantaneously, but instead
induce an autonomous dynamic of the system itself. This not only brings problems
in the shape of possible oscillations or chaotic motion in the absence of any input,
but also vastly complicates the deduction of optimal parameters aij and bi [PEA95].
An overview of the state-of-the art deep learning algorithms for 2014 can be found
in Ref. [SCH14h]. It is however assumed, that a fully trained recurrent neural network
is much more powerful than a simple feed-forward variant. Especially considering
that the human brain definitely includes loops, this seems also an important aspect
for machine learning.

2.5.2 History of reservoir computing

In 2002 Maass et al. published their paper "Real-time computing without stable
states: A new framework for neural computation based on perturbations" [MAA02],
proposing a new way of performing computation using neuron models. They re-
ported, that a network of neurons could act as a simple computer in what they
called ‘liquid state machine’. At its core, this novel system did not operate by
encoding information in steady states or fixed systems, but by being permanently
transient. On a first glance, the system is very similar to a recurrent neural net-
work, however the training procedure is fundamentally different (and easier to
implement).
In their paper [MAA02], they demonstrate that a sufficiently complex network

of neurons that is driven by an external input will retain some memory of this
input for a finite time. This is caused both by the recurrent loops in the system
and the more complex local model for the nodes. When the neural network is
constructed non-symmetrically, the time-traces of each individual neuron will differ.
A class of ‘read-out’ neurons can now be added, which merely linearly combines
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the traces of the neurons inside the network. When the weights to these read-
out neurons are chosen correctly, a ‘liquid state machine’ allows for surprisingly
powerful computations on time-dependent input data streams.
Independently of this neuro-inspired work, Jäger had already published his report

on "The ‘echo state’ approach to analysing and training recurrent neural networks"
in 2001 [JAE01]. Therein the author describes a method to circumvent the difficult
training of recurrent neural networks. He proposes to divide the weights of the
system into two classes: internal links inside the network, and all links directly
leading to the output nodes. Still working from the background of machine learn-
ing, he envisioned these ‘echo state networks’ to be constructed from simple local
functions and the coupling matrix to be random but fixed. The training would
only be performed on the output-weights, which he could show can be rewritten
as a simple linear regression or matrix (pseudo-)inversion. This is conditional on
the ‘fading memory’ property, wherein the system retains some, but not infinite
memory of past inputs.
In practical terms, both the construction rules introduced by Mass et al. and

those by Jäger yield similar structures, which are nowadays called ‘reservoir com-
puters’ [LUK09]. It has also been observed that the tripartite nature of ‘reservoir
computers’ can naturally emerge in a general training scheme for recurrent net-
works, as is shown in Ref. [SCH04g]. Reservoir computing therefore represents a
small subset of a supervised training algorithm for recurrent artificial neural net-
works. However, modern versions have long superseded some of the restrictions of
the original approach and do not even require a neural network at all.

2.5.3 Modern formulation

The modern formulation of the reservoir computing paradigm used in this section
will rely on a simple yet powerful realization: Any dynamical system possesses
computational power. This fact has not been sufficiently considered or exploited
in the nonlinear dynamics community so far, despite some major efforts. The
focus is slowly changing and in large part this is due to an increased interest in
non-conventional computing concepts, see Ref. [CRU10a].
To avoid the difficult question of a general definition of computation, a signal-

processing view of computation will be adopted here: A time-dependent input
function u(t) should be transformed into a desired output function o(t). Both u(t)
and o(t) can be continuous functions, a discretized version thereof, or data that is
inherently sequential. We are however only interested in input/output relationships
with an inherent temporal nature, or those that can be effectively transformed into
one. For many static problems, such as image recognition or Go games past inputs
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can and should be neglected, as only the current input state is important. For
those problems, a deep neural network is the state-of-the-art solution.
When processing a signal, both instantaneous information of the current input

u(t) and the input one or multiple time steps in the past u(t − τi) can be impor-
tant, which is where the fading memory property is essential. The following simple
example clarifies, how dynamical systems in general can perform this type of com-
putation: An arbitrary dynamical system with state variables X(t) is driven by the
input u(t). In the simplest case of an ODE equation for the solitary behaviour of
the dynamical system, the equivalent equation with input to Eq. (2.1) would be

dX(t)
dt

= F (X(t), t) +Winu(t), (2.39)

where Win is a fixed vector of input weights, with at least one non-zero entry.
The input weights Win are usually taken randomly. As previously discussed, the
dynamics in the absence of any input of the ODE in Eq. (2.39) will be dictated
by the evolution function F . However, with the inclusion of the input, the system
is now perturbed and differs in its behaviour. If the system was in a fixed point
XFP at the beginning of the input, it will be perturbed away from the steady state
values. This is especially apparent, when the solitary dynamics are weak and the
input is strong. The system will perform some trajectory in its phase space, with
the exact shape dependent on the input u(t). If a different input ũ(t) is fed into
the system, the resulting dynamics of Eq. (2.39) will also differ. The individual
entries of the state vector X(t) can then be viewed as a complex transformation
of the input and according to the signal processing view this automatically means
that the system has performed a computation. The importance of this simple
realisation should not be understated, as it allows to view the complex field of
analogue computing, computation theory and nonlinear dynamics in a new light.
Furthermore, if the system is large, each entry of the state vector X(t) will likely
correspond to a different transformation. For example, the motion of a driven
pendulum can be analysed both with respect to its velocity and its position, and
their values and shape over time will not be identical.
One can be tempted to protest at this stage, that the nonlinear system has in fact

done nothing other than reacting to input. Furthermore, the system merely follows
the dynamics prescribed by its ODE of Eq. (2.39), so there is no new information
being produced. However, in the signal processing view any deterministic trans-
formation of the input u(t) is a computation. So as long as Eq. (2.39) is noiseless
and well-behaved, the system is essentially an analogue computer (or a discretised
approximation thereof if Eq. (2.39) is numerically solved).
However, the transformation performed by an arbitrary dynamical system will

rarely be desired. The motion of each of the individual degrees of freedom of the
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state vector X(t) will be some complex transformation of the input. But the space
of all possible transformations of input data u(t) is very large (it is a space of map-
pings from functions to functions), and thus a randomly chosen transformation will
not be producing the desired output o(t). The reservoir computing paradigm uses
an additional step to obtain the desired output o(t). One could attempt to tune the
dynamical system in such a way, that the performed computation becomes optimal,
i.e. adapt the local function F in Eq. (2.39) so that at least one of the degrees of
freedom becomes o(t). However, this in general is a very hard problem as this is
essentially equivalent to designing a custom analogue computer for arbitrary tasks.
The recurrent neural network community has developed some ways to facilitate
such a training, but these methods are computationally costly and require full con-
trol over the target system. The alternative approach leads to reservoir computing:
If the desired output o(t) is not reflected in any individual entry of the state vector
X(t), it still may be obtainable by a suitable linear combination thereof:

ô(t) = X(t) ·Wout, (2.40)

where Wout represents the vector of optimally chosen output-weights, · the scalar
product and ô the approximately reconstructed desired output. The quality of the
approximation increases, if more degrees of freedom are combined, i.e. if the phase
space of X(t) is large. Thus, complex dynamical systems are more suitable for
computation than small and simple ones. Because they contain many degrees of
freedom to hold information, these systems are called ‘reservoirs’. To be useful, a
reservoir should fulfil several criteria to enable effective computing [MAA02]:

Consistency The same or a very similar input u(t) should result in similar phase
space trajectories X(t), so that computation is reproducible. This property
is strongly linked to the solitary dynamics of the system, the number of
attracting states and noise levels.

Separability The system should react differently to sufficiently different inputs
to allow classification.

Fading memory The system should continuously absorb new information and
forget old, irrelevant information, i.e. should permanently be in a transient
state.

One of the great advantages of reservoir computing compared to other machine
learning approaches, is that the reservoir itself is never trained. Hence, even the
imperfect systems of the real world that are subject to noise and small parameter
shifts can be used as reservoirs. This opens the possibility to use substrates for
the dynamics that are fast, i.e. not simulating an artificial neural network on a
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computer, but using an intrinsically fast system as a dynamic core. The digital com-
puters based on silicon microchips have had more than 50 years of development,
making them very advanced systems. With today’s price levels, computational
power on a digital computer is relatively cheap and thus much of the machine
learning is done in silico. Even for concepts that are intrinsically suited for ana-
logue computing such as reservoir computing, it is often more effective to emulate
an analogue system on a digital computer. However, this may be mainly caused
due to the comparatively immature technology used for hardware-based analogue
computers and may change in the coming years. Especially photonic systems have
the potential to vastly out-class conventional transistor-based microchips in terms
of both speed and price.

Figure 2.9: Sketch of the reservoir computing paradigm: An input is fed into a complex
dynamical system, which is called the ’reservoir’. The high-dimensional phase space
trajectory is read-out and then linearly combined in an optimal fashion to obtain the
output.

Figure 2.9 shows a sketch that sums up the reservoir computing principle. An
input u(t) is fed into a dynamical system. As mentioned the dynamical system
can be anything, but should have a large phase space. Traditionally, as a neuro-
inspired computing scheme these systems have often been depicted as ‘artificial
neural networks’ and thus a small network is sketched in Fig. 2.9. This drives
the system and results in some non-trivial response. The reservoir will perform
a high-dimensional trajectory in its phase space. To capture as much as possible
of this complex behaviour, as many state variables as possible are read out from
the system. The individual time-traces of the read-out are then linearly combined
according to Eq. (2.40) to obtain an output signal o(t). The next section will cover
the mathematical formalism in more detail and describe how to obtain the output
weight vector Wout in Eq. (2.40).
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2.5.4 Mathematical details

Reservoir computing is usually applied to discretised functions, as a fully continuous
system cannot be modelled on modern digital computers. Hence, both the input
u(t) and output o(t) can be represented as sequences, which can be seen as a
discretisation of an originally continuous function:

uk = u(kT )ok = o(kT ), (2.41)

with a clock cycle of T . Similarly, let Xk denote the discretised system state of X(t).
Recall, that the system state itself is a vector as the reservoir is a high-dimensional
system and let the dimension be denoted with D:

Xk =


x1
k
...
xDk

 (2.42)

For now it will be assumed that all signals are discretised with respect to the
same clock T , but will usually not coincide with the numerical integration step.
Furthermore u(t) is not necessarily fed into the same system as the original time
series it was produced with. This is for example the case, if the reservoir computer
operates at a much higher or lower speed than the computational task demands.
The predicted output ôk of the reservoir depends on the discretised system state
Xk and the output weight matrix Wout:

ôk = Xk ·Wout. (2.43)

Let ô now denote the entire sequence of predicted outputs ôk. Let the total number
of input samples uk and output targets ok be K. Then let the matrix S denote the
state matrix of the system for all discretised time steps, where Sij = xji , i.e. the
rows of the state matrix S are the discretised system states Xk. Additionally, the
last entry in every row of S shall be 1. This is called a bias and is a typical addition
in supervised machine learning algebra [JAE01]. Thus, the whole state matrix S is
a (D + 1)×K matrix and given by:

S =


x1

1 . . . xD1 1
...

...
...

x1
K . . . xDK 1

 (2.44)

and Eq. (2.43) can be rewritten as a matrix equation:

ô = SWout. (2.45)
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The question of what the optimal weights Wout are hinges on the desired definition
of the goal function. For reservoir computing, it is assumed that the squared
distance between target output o and predicted output ô should be minimized, i.e.
find weights to express:

min
Wout

|o− ô|2 = min
Wout

|o− SWout|2. (2.46)

The solution of this minimization problem can be found [JAE01] and it is in fact a
very common problem for linear algebra. Different formulations use the pseudo-
inverse of the matrix S. However, finding a linear regression such that

o ≈ SWout, (2.47)

in the sense of Eq. (2.46) is a common feature of different linear algebra packages.
Due to the choice of the goal function as the squared distance, Eq. (2.46) corre-
sponds to the regression of a hyperplane to a sample of data points. This thesis
will not rely on creating a separate pseudo-inverse of S, but rather solve Eq. (2.47)
directly using the solve-functionality of the Armadillo linear algebra package for
C++, which in itself is a wrapper for OpenBlas. The library contains all the
functions necessary to find the optimal solution for Wout to Eq. (2.46).
Note, that the number of test samples K can be changed independently of the

system size D. With the inclusion of the bias term, the output weight vector Wout

has D + 1 elements. Hence, if K < D + 1, the system of Eq. (2.47) is under-
determined and the euclidean distance between prediction ô and target output o
becomes 0. On the other hand, if K > D + 1, the system is overdetermined, and
the error can only be minimized but not completely removed. This is the desirable
case, as one wants the system to find the best compromise of all possible output
weights over a large amount of training data. Thus, K � D+ 1 is the normal case
for reservoir computing.

2.5.5 Suitability of delay-systems for reservoir computing

The original concept of reservoir computing was inspired by machine learning based
on artificial neural networks [JAE01] and neuromorphic computing concepts, which
naturally led to the constructions of ‘reservoirs’ as networks. However, any dynam-
ical system possesses computational power (see Sec. 2.5.3), which enables the use
of more than just network systems. This is in contrast to more complex machine
learning algorithms, which constantly adapt many parameters to try to optimize a
recurrent neural network. No ‘trainable’ substrate is necessary for reservoir com-
puting. The fixed nature of the reservoir also allows the use of ’flawed systems’
in experiments, i.e. real hardware implementations. The parameters only need to
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be kept fixed. If, on the other, one wanted to implement a full training algorithm
for a recurrent artificial neural network in hardware, one would have to be able to
adapt the strength every link and parameters of every node very precisely.
When it comes to large dynamical systems, a natural class of physical platforms

are spatially extended systems. Indeed, a simple reservoir computing problem has
been successfully solved with the use of the surface of water in a bucket [FER03].
One disadvantage of such a 2d-surface (or even more complex 3d volume systems)
is that complex versions require a spatially resolving read-out mechanisms, which
increases the complexity of the involved components.
Delay systems described by DDEs (see Sec. 2.1.5) can be viewed as an alternative

way of describing certain classes of spatially extended systems, cf. Sec. 2.2.4. Delay-
systems have an infinite phase-space dimension, as the state of the system is not
only dependent on the instantaneous variables, but also the recent history thereof.
The phase space is only truely infinite in a mathematical sense, as in reality finite
resolution, discrete read-out times and noise limit the exploitable dimensionality of
the system. Nevertheless, DDE systems can serve as powerful reservoirs [APP11] and
especially when photonic systems are used such systems can be very fast [BRU13a].
This form of reservoir computing with delay will also be referred to as the ‘delay-line
approach’ from here on.
The delay-line approach for photonic or electro-optic reservoir computing has

been very successful [SAN17a] and profits from the availability of already mature
telecommunication technologies. In the simplest setup, a single laser subject to
optical feedback is used and can be described by the Lang-Kobayashi rate equation
approach [ALS96], see Sec. 2.4.
Delay-based reservoirs always contain at least one additional time-scale in the

shape of the delay-time τ as compared to systems without delay, cf. Eq. (2.8).
The delay term leads to a reinjection of information and rejuvenates the dynamical
complexity of phase space trajectories. When the delay is short or comparable to
the intrinsic dynamical time-scales of the system, the effect of delay can largely be
absorbed into an effective model that hides the feedback mechanisms. Therefore
a typical delay-based reservoir employs a delay time τ that is much larger than
the intrinsic time scales of the system and thereby extends the lifetime of transient
behaviour.

Masking

In the simplest case, a delay-line based reservoir computer consists of only a single
active unit and a delay-line. This delay-line can be seen like a hidden network or
a hidden spatial dimension, where the information is stored to be reinjected later.
To make use of this dimension, it is important to realize that the information
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must be encoded in time. Hence, for a delay-based reservoir computer information
must be sequentially injected, and the system state has to be recorded at periodic
intervals. However, a simplistic application of the injection and read-out procedure
proves to be inadequate, i.e. simply reading out at a clock cycle T is not enough:
the system only contains a single active node, which means that in the simplest
case only a single input and readout channel exist. For the purpose of reservoir
computing, a single read-out channel would limit the effective dimension used for
the computation of the system to D = 1, the level of a network with just N = 1
oscillator. This would be a very poor reservoir. Hence, one has to make better use
of the temporal dynamics in the system to obtain a richer response to an input
signal.
The read-out bottle neck can be overcome by sampling the system response, i.e.

recording the state of the oscillator multiple times during one input timing window
T . In principle, any arbitrary collection of timings in the interval [0, T ] could be
used, as long as these timings do not drift with respect to the input timeseries,
i.e. both input and output must adhere to the same clock cycles T . However,
in reality every signal has characteristic time scales, e.g. autocorrelation times.
The sampling of two parts of the system response that are very close to each
other temporally will not provide much independent information. Furthermore,
for purely photonic systems this readout sampling is one of the limiting factors,
as a very fast out-coupling mechanism is necessary. Therefore the system usually
is constantly sampled at a rate of 1/θ, with θ being the time between read-outs
(and as fast as oscilloscopes or other limiting equipment allows). For example, a
40GHz oscilloscope will sample the system state every 25ps. If the clocky cycle is
T = 10ns, the system state would be read out 400 times per input, bringing the
effective dimension to D = 400.
The second drawback that can limit the efficiency of reservoirs with a single

unit with delay is that the delay-line often consists of a ‘closed loop’ that merely
returns a previously emitted signal of the system. The content of the delay line,
and correspondingly the history function of the governing DDE is therefore not
directly accessible. This is roughly similar to the case when information is only
injected at one place into a network, or when only a single point in a spatially
extended system is perturbed by u(t). The resulting dynamics will be relatively
low-dimensional, and therefore computational power may be low.
To increase the complexity of the transients and to elucidate a dynamically rich

response to the input, delay-based reservoir computers employ a masking procedure.
This technique, as introduced by Appeltant et al. in Ref. [APP11], greatly enhances
the performance of such reservoir computers. Let u(t) be the piece-wise constant
input function with piece-lengths as long as the clock cycle T based on the time-
discrete input series uk. The masked signal will be produced by the following
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procedure: a function M(t) called the Mask is multiplied with u(t), resulting in
the masked signal J(t) = u(t)M(t mod T ). The mask M(t) is defined on the
interval [0, T ]. Using the definition of both the mask and the discretised input
sequence uk this leads to

J(t) = ukM(t mod T ), where (k − 1)T < t ≤ kT. (2.48)

Often the mask M is defined as a piece-wise constant function with step-length θ
and values Mj :

M(t) = Mj , where (j − 1)θ < t ≤ jθ, (2.49)

and if T mod θ = 0, the masked input signal becomes

J(t) = ukMj , where (k − 1)T < t ≤ kT, (j − 1)θ < t mod θ ≤ jθ. (2.50)

Figure 2.10 shows a sketch of the masking procedure. The piece-wise constant input
function u(t) (left) is relatively uniform. With a complex multi-valued masking, the
masked input J(t) (right side of Fig. 2.10) is much better for reservoir computing.

Figure 2.10: Comparison of the input data stream for the raw (unmasked) data (left)
and the masked data (right). The data and mask are piece-wise constant functions with
piece-lengths T and θ, respectively. A binary mask was used.

The shape of the masking signal can, in principle, be arbitrary and is not limited
to the piece-wise constant nature introduced here. In fact, Ref. [NAK16] shows the
advantage of using continuously varying signals, such as coloured noise or chaotic
time-traces. This masking approach can also be extended to more complex systems:
When the input is multi-dimensional and u(t) is a vector, then a fixed but different
mask will be generated for every entry of u(t). Similarly, when more than a single
input-channel into the system exists, e.g. there are two oscillators with delay-lines

56



2.5 The reservoir computing paradigm

instead of one, u(t) will be masked with a different mask for every channel. Hence
in a system with NR input channels and M -dimensional input signal, NRM masks
are needed.

Figure 2.11: Illustration of the advantages of the masking procedure. When a system
is driven with a piece-wise constant input (black, left), the response (blue) will only
be ’dynamically rich’ at the beginning of the interval (left). With the masked input
(black, right), the system is constantly kept in a transient state, allowing for a higher
dimensional system response (right). τ = T = 25, θ = 1.

To illustrate the great increase in dynamical richness, Fig. 2.11 shows the re-
sponse (blue lines) of a single Stuart-Landau oscillator with delay when driven by
the raw input u(t) (left) and the masked signal J(t) (right). When the system is
driven by the unmasked signal, it quickly approaches a steady state value and the
transient response dies out (blue line on the left of Fig. 2.11). Conversely, with the
reservoir driven by a masked signal, the system is kept constantly in a transient
state (blue line, right of Fig. 2.11). The masks used in this thesis will be binary
masks, as shown in Fig. 2.11. The input timing window T and the delay time τ
were both chosen to be 25 in Fig. 2.11 in the unitless units of the Stuart-Landau
equation of Eq. (2.24). The input looks more complex on the right of Fig. 2.11
only because the of the masking, as none of the other factors were changed.

2.5.6 Virtual networks

In some way, the reservoir computer based on the delay-approach is not so different
from the network approach. While the network has N discrete units, that produce
different transformations of the input, at first glance it may seem that the delay-
line is infinite dimensional as it contains a continuous history of the system state.
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However, the readout of the delay-line reservoir is only produced at fixed temporal
positions in the delay-loop. In a good reservoir computer, each of these temporal
positions produces a different transformation of the input signal. These T/θ fixed
temporal positions are then similar to a reservoir computer based on a network.
When the reservoir computer contains simple equations, it is even possible to

find a ‘virtual network’ representation that corresponds to the different temporal
positions in the delay-line. This has been done in Ref. [APP12] and Ref. [SCH13l].

2.5.7 Benchmark tasks for reservoir computers

Different benchmark tests exist to evaluate the performance of reservoir computing
systems. Any of these tests can be applied to any reservoir computer. All the
benchmarks are time-discrete in nature, i.e. they are represented by sequences, not
functions. Each task is posed as a problem, where from a certain input sequence
uk a correct output sequence ok is to be computed. The tests used in this thesis
are outlined in the following. The errors of the test can be quantified with different
measures. The mean squared error (MSE) is a measure of the average deviation
between prediction ôk and target ok [DAM12], and is natural to evaluate, as it is the
property that the reservoir computing training minimizes:

MSE(ôk) = 1
K

K∑
k=0

(ok − ôk)2 . (2.51)

The lowest possible MSE is 0, when there is a perfect agreement between prediction
ôk and target ok. However, there is no upper bound to the error and therefore a
comparison between different tasks is difficult. This can be corrected by a normal-
ization:

NMSE(ôk) = 1
K

∑K
k=0 (ok − ôk)2

σ2(o) , (2.52)

and the resulting quantity is called the normalized mean squared error (NMSE).
Here, σ2(o) is the variance of the target series ok:

σ2(o) = 1
K

K∑
k=0

(〈o〉 − ok)2 , (2.53)

where 〈o〉 is the average of the target series ok. The worst behaviour that any
machine learning system should offer is to not learn any dynamic prediction for ok.
Instead, the minimal learning is to predict a static ôk = 〈o〉, i.e., always predict the
average of the target. With such a static prediction Eq. (2.52) becomes solvable
and the NMSE is 1. The normalized mean squared error therefore ranges from 0
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(perfect learning) to 1 (minimal learning, worst case), allowing also for a cross-
comparison between different tasks.
Many reservoir computing systems are quite successful at their benchmark tasks,

and therefore NMSE very close to 0 are often found. To better distinguish between
different regimes of performance, the normalized root mean squared error (NRMSE)
is given by:

NRMSE(ôk) =
√
NMSE(ôk). (2.54)

The NRMSE has the same upper and lower bounds as the NMSE as
√

1 = 1 and√
0 = 0.

Santa Fe chaotic time-series prediction

The Santa Fe time series challenge was a collection of machine learning tasks that
were considered difficult and proposed by the Santa Fe Institute [WEI93]. As the
name implies, these sets of data were generally posed as the continuation problem
of a timeseries, i.e. a recorded but complex time series was to be continued based
on an analytical or numerical scheme. These kinds of problems are not merely
academic in nature, but were intended to be solved to help with stock market
trading or parameter inference of complex systems.
The data sets were made publicly available and scientists were encouraged to

submit their works. First, they should continue the data sets. The correct con-
tinuation as measured or calculated for that specific task was not made publicly
available but was known to the organizers. Furthermore, the authors should also
submit their used algorithm, and they should give an estimate of the noise char-
acteristics, dimensionality of the time series and attempt to recreate the governing
equations.
The data sets were collected from different fields and contained recorded as-

trophysical, physiological, economical data and data numerically generated by an
analytical systems. Furthermore, the authors even included the beginnings of Jo-
han S. Bach’s last unfinished musical piece from Die Kunst der Fuge [WEI93]. All
of the data sets were non-periodic and therefore hard to predict. Finally, one data
set was that of a NH3-laser with chaotic behaviour.
Fig. 2.12 shows the first 1000 data points of the laser time series. This is an

experimentally recorded intensity time trace. The laser exhibits an almost-periodic
oscillatory behaviour with undamped relaxation oscillations interspersed with drop-
outs. As with the other tasks in the Santa Fe challenge set, the goal is to predict
a future intensity value I(t + n), given the intensities up to time t. This n-step
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Figure 2.12: The first 1000 data points of the Santa Fe time series prediction task for
the NH3-laser chaos. The whole time series is 9000 data points long.

prediction becomes harder for larger n. In the reservoir computing formalism, this
can be expressed as

uk = Ik onk = I(k + n), (2.55)

where onk is the n-step prediction, with n > 0 ∈ N and Ik is the sequence of inten-
sities. The results of the original competition, as outlined in Ref. [WEI93], showed
that most systems could not predict more than the first 15 data points. One draw-
back of the Santa Fe chaotic laser time series prediction task is its experimental
origin: the resolution is limited by the noise and instruments used in the origi-
nal experiment. Hence, the prediction is not perfectly possible, even for a very
powerful machine learning scheme. It is only useful for roughly estimating the
computational power of a system as the task performance saturates for finite lev-
els of computational power. In the reservoir computing setup this means, that no
reservoir of too large dimensions should be used, as otherwise the performance will
already be saturated and no parameter dependences can be reliably investigated.
Nevertheless, the Santa Fe task is a classic benchmark and often used throughout
the literature.

Nonlinear autoregressive moving average (NARMA)

Another type of test for the computational capabilities of a system for temporal
signal processing and the main benchmark for this thesis is the nonlinear autore-

60



2.5 The reservoir computing paradigm

gressive moving average (NARMA) task. This task was introduced by Atiya and
Parlos in Ref. [ATI00]. The NARMA task can be posed for different lengths, where
the length represents the required memory. A typical choice for the reservoir com-
puting community is the NARMA task of length 10, the NARMA10.
The input for the NARMA10 is a series of uniformly distributed uk in the interval

[0, 0.5]. The NARMA10(uk) is defined by an iterative formula ok as given by:

ok+1 = 0.3ok + 0.05ok

( 9∑
i=0

ok−i

)
+ 1.5uk−9uk + 0.1, (2.56)

where it is assumed for the initialization, that all uk<0, ak<0 = 0. This task re-
quires the system to retain a long memory of past inputs, as the Eq. (2.56) explic-
itly depends on uk−9 and ok−9. Unfortunately, the NARMA10 task of Eq. (2.56)
is not well defined, and in rare cases if the random numbers uk happen to all
be rather large, the sequence will diverge. For the numerical part of this thesis,
the NARMA10 target ok is therefore capped at ok ≤ 1, which prevents it from
diverging.

Figure 2.13: Example of a NARMA10 series. The blue dots represent the random
numbers uk, from which the NARMA10 ok is calculated.

Figure. 2.13 shows an example of a NARMA10 series, with the initial random
numbers uk in blue, and the resulting NARMA10 according to Eq. (2.56) in black.
Note, that while the original random number sequence uk is uncorrelated, the
resulting NARMA 10 sequence is not. Unlike the Santa Fe task, the NARMA10
task can be calculated for arbitrary precision and thus does not suffer from noise
or fundamental resolution limits.
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Memory capacity

An important property for a reservoir computer is the ability to hold memory. This
was first quantified for echo state networks in Ref. [JAE02]. Let uk be an arbitrary
input for the reservoir computer, then the memory capacity can be derived by
training the system to calculate

omk = uk−m, (2.57)

where omk is the m-step linear recall. This conceptually is the opposite of the
timeseries prediction of the Santa Fe tasks; the system has to be able to reconstruct
previously seen entries, which requires the information to still be present in the
reservoir. The corresponding m-step memory capacity CmL is then given by [JAE02]:

CmL = 1−NMSE(ômk ), (2.58)

with the the normalized mean squared error (NMSE) as given by Eq. (2.52). The
m-step memory capacity CmL is 0 if the system is unable to recall any information
m steps in the past, and correspondingly Cm = 1 for a perfect linear recall. In
general, any input sequence uk that is varying can be used, but to numerically
obtain a general measure for the linear recall, the input sequence should not have
correlations, i.e. it should be a white noise sequence. In this thesis, the memory is
always tested for an input sequence drawn from a uniform distribution between 0
and 0.5, as this allows the simultaneous evaluation of the memory and NARMA10
task and no difference between this and a Gaussian white noise sequence was found.
Typically, the linear memory capacity decreases with larger m, i.e., CmL > Cm+1

L .
The total linear memory capacity of a system CL,tot is given by the sum of all CmL :

CL,tot =
∞∑
m=0

Cm. (2.59)

However, when numerically evaluating the memory capacity CmL for large m, the
numerical noise and finite precision will result in a residual non-zero CmL , even when
in reality the system has lost almost all the information. A numerically evaluated
CL,tot must therefore be truncated at an appropriate CmL , typically when CmL has
approached zero within the level of training precision.
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Nonlinear extensions

Nonlinear extensions for the memory capacity exist and are shown by Dambre et al.
in the excellent paper Ref. [DAM12]. The simple linear memory target of Eq. (2.57)
can be extended to

ok = f [uk], (2.60)

where f is an arbitrary, possibly nonlinear transformation of uk. For f [uk] = uk
Eq. (2.60) turns back into Eq. (2.57) with m = 0, while choosing f [uk] = uk−1
recovers the 1-step linear recall and so forth. Furthermore, transformations such as
f [uk] = ukuk−1 that use multiple different entries of the sequence uk are explicitly
allowed. In order to be able to capture a reservoirs ability to store information in
any nonlinearly transformed format, a set of base vectors spanning the entire space
of nonlinear functions f needs to be found. Dambre et al. propose to restrict oneself
to the weighted L2 Hilbert space of functions, see Ref. [DAM12] for mathematical
details. In principle, any family of nonlinear functions f{ε} with index family {ε} is
applicable if it spans the entirety of the L2 space of functions. However, it is best
to use a set of orthogonal functions f{ε}, such as Legendre or Hermite polynomials.
Similar to the linear memory, the nonlinear memory can be tested by inserting

an arbitrary input uk, for which white noise is once again suited best. The cor-
responding nonlinear memory capacity for index {ε} is obtained by training the
system to approximate ok = f{ε}[uk]:

C{ε} = 1−NMSE(ô{ε}k ). (2.61)

In this notation, the linear memory capacity is just one of many memory capacities
C{ε} and a certain subfamily of indices in {ε}. Like its linear counterpart, the
nonlinear capacity is bounded 0 < C{ε} < 1. The total linear and nonlinear memory
capacity is then given by:

Ctot =
∑
{ε}

C{ε}. (2.62)

It can be shown that the maximum total linear and nonlinear memory capacity
cannot exceed the dimensionality of the system [DAM12], i.e. Ctot ≤ D.
While the considerations by Dambre at al. in Ref. [DAM12] only apply to time-

discrete functions, it seems likely that similar concepts could be deduced for time-
continuous functions (at least if one is not too worried about full mathematical
proofs). It would be interesting to see what the corresponding measure of memory
is, as Ctot will have to become some integral. However, this will have to be left for
future investigations.
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2.5.8 Analogue computing: non-von-Neumann architectures

Having introduced the framework of reservoir computing, the typical mathemat-
ical details and the common tasks or benchmarks, it is important to reflect on
the somewhat exceptional position that hardware-based reservoir computing is at,
compared to conventional computers. The standard desktop of today is a Turing-
complete digital binary computer based on the von-Neumann architecture and
reservoir computers are not.
Modern computers store their internal state not in some analogue signal, but in a

fixed set of internal physical quantities, e.g. voltages on a microchip. The different
levels of the microscopic quantities represent the fundamental unit of the computer.
When the system only distinguishes quantized levels, it becomes inherently more
robust against noise and it is easier to obtain reproducible computations. The
internal state can then be expressed abstractly with integers, i.e. digits. A dig-
ital computer therefore is first and foremost a computer that is constructed in a
way that it performs actions on discrete levels of voltages. Most modern comput-
ers can only distinguish between two states: on/off also called 1/0 or True/False
corresponding internally to high voltage/low voltage and they are therefore binary.
The von-Neumann architecture is a way of constructing a general-purpose elec-

trical computer. A programmable computer is called general-purpose, when it is
Turing-complete in the sense of Ref. [TUR36]. The von-Neumann architecture is
sometimes also called Princeton-architecture (after the Princeton University) and
was proposed by American-Hungarian Polymath John von Neumann, albeit earlier
works for electro-mechanical computers such as Konrad Zuse’s Z1 machine are said
to predate it. The principle components of a computer are the memory, the instruc-
tion set, i.e. the algorithm, to be executed and the central processing unit (CPU).
The von-Neumann architecture is a way of constructing such a general-purpose
computer and allowing both the program itself and the data that the program uses
to be stored in the same memory. The EDVAC and EDSAC computers were the
first to fully incorporate these principles and are seen by many as the first modern
computers.
The von-Neumann architecture is sequential by its nature, as the CPU or con-

trol unit of the computer reads out the memory as directed by its current active
instruction. Because data and instructions are stored in a shared environment,
any manipulation of data must first finish, before a new instruction can be ob-
tained. This is contrasted with the Harvard-architecture, where the instruction
set and the data are always separate. In the Harvard-approach, a computer must
be constructed in a way that allows the simultaneous manipulation of the data in
the memory by multiple instructions. When implemented correctly, this makes it
inherently safe for multi-threading and an efficient approach for programs that can
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be largely parallelized. Most of the modern computing architecture follows the von-
Neumann approach. However, with the increased use of multi-core CPUs the strict
von-Neumann architecture has been left behind in recent years and aspects of the
Harvard-architecture are finding more use. Both the Harvard and von-Neumann
architecture are designed for digital computers, albeit not necessarily for binary sys-
tems, as not all early computers used Bits initially. Furthermore, the instruction set
is a logically separate entity in both the Harvard and von-Neumann architecture,
as this separation of code and data allows for a much easier programming.
In a modern context, the brain and other biological control systems are sometimes

considered non-von-Neumann. The information processing and storage in such
a neural network is inherently distributed, which generates a more complex and
parallel computing. However, one could argue that the brain is not just non-
sequential in nature - but that there is, in fact, not even a separation between
processing and memory. In that sense, even other binary computer architectures
like the Harvard-architecture seem to not apply to the brain. It would therefore
seem to be more useful to speak of ‘non-digital computing’ or ‘analogue computing’.
Whether these analogue computers are inherently as computationally powerful as
Turing-machines is not initially clear, but it seems hard to argue for the opposite
case.
The field of reservoir computing with dynamical systems is deeply linked to

the idea of an analogue computing. As mentioned, most modern computers are
binary, i.e. their states are defined by binary signals and the operations are defined
on binary inputs. Nanometer-sized transistors are used that can manipulate the
voltage in the circuit, but only two states of voltages are effectively distinguished:
A ’high level’ and a ’low level’, representing logical ’1’ and ’0’ states to form the
binary basis. The computations occur at regular intervals as dictated by the clock
cycle, which effectively regulates it such that the states are well-defined. However,
a voltage signal can in principle have an almost arbitrary shape. To distinguish
only two distinct levels that are only evaluated at regular intervals means reducing
the dimensionality of the signal a lot.
When a signal is treated and used without discrete levels, this is called ’analogue

computing’ or ’analogue data transmission’. The first telephone cables, television
and radio applications were analogue in nature. While analogue signals theoret-
ically allow a much larger information storage, this is limited by the noisiness of
the real world. Furthermore, powerful error-correction mechanism exist for digital
data, but not for analogue data. How much computational power is lost by restrict-
ing oneself to the binary and digital systems, and whether this effects all possible
computational tasks equally is very much an open question. It seems only natural
to assume that many of the tasks that the human brain - an analogue computer
- is so good at, such as object recognition, body movement or spatial awareness,
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may be intrinsically easier in an analogue substrate. On the other hand, many of
the mathematically rigid problems - such as simple arithmetic or combinatorics -
suffer greatly even from tiny errors, and therefore a binary approach is much better
suited for them.
In the future it may become common, that different computing substrates will be

used for different tasks. With the high speed and multitude of accessible nonlinear
elements, photonic reservoir computing could form the first generation of a new
set of analogue computers, that are used in specific, targeted tasks. These will
likely never make the classic binary von-Neumann computers obsolete, as the latter
are still very useful for highly abstract and formal tasks. But there is a place
for photonic analogue computers in the future. Additionally, the computational
power for certain operations could be further boosted with the advent of quantum
computers, such as the factorization of large numbers.

2.5.9 Literature overview of reservoir computing

The original reservoir computing concept was introduced by Jaeger in Ref. [JAE01]

and Maass et al. in Ref. [MAA02], where the proposed schemes were called ‘echo
state networks’ and ‘liquid state machines’, respectively (see also the history of
reservoir computing in Sec. 2.5.2). A review article presenting the the state of
research for 2009 can be found in Ref. [LUK09]. A 2017 review for photonic reservoir
computing is presented in Ref. [SAN17a].
While many of the earlier publications focused on computer-simulated network-

based reservoirs, the field of photonic reservoir computing has especially flourished
since the introduction of delay-based reservoir computing. These were first exper-
imentally demonstrated by Appeltant et al. in 2011 [APP11]. The thesis of Her-
mans [HER12] gives a good overview for delay-based reservoir computing. Different
platforms can be distinguished by their information injection and manipulation
type: Opto-electronic implementations use a combination of light and voltages
[LAR12, PAQ12, SOR13a, LAR17], while purely electronic implementations [SOR15] use
only electronic components. The consistency properties of photonic systems have
been analysed in Ref. [OLI16]. A very fast system using lasers was shown by Brun-
ner et al in 2013 [BRU13a]. Since then, more experiments [NGU17] and simulations
have also explored lasers with delay [HIC13]. Possible modifications for delay-based
reservoirs include the use of additional degrees of freedom such as polarization
[NGU14], counter-propagating waves in ring lasers [NGU15], reduction of the phase
sensitivity [NGU16], double feedback [HOU18], interleaving of multiple tasks [DUP16a]

or truly all-optical [DUP12, DEJ14] and fully analogue systems [DUP16]. The impor-
tance of choosing the right input masks has also been shown and both chaotic or
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noisy analogue masks [ROD11] and maximum length sequences binary masks [APP14]

have been investigated.
Implementations of optical and electro-optical networks are also being researched.

A system of semiconductor optical amplifiers was investigated in Ref. [VAN08a], with
the influence of noise and spontaneous emission further investigated in Ref. [VAN11c].
To overcome the limitations of this noise, Ref. [VAN14] later showed the benefits of
using a passive reservoir, with follow-up work extending the task and dimensions
of the system [VIN15]. A network of lasers coupled via optical elements is proposed
in Ref. [BRU15].
Boolean systems, i.e. transistor-based logic gates on a semiconductor chip,

represent another interesting substrate for reservoir computing. Both the delay-
architecture [HAY15] and networks of coupled elements [SCH08k, SNY13] have been
used. Here, experiments made use of ’field-programmable gate arrays’ (FPGAs),
which are becoming more powerful and cheaper every year. Similarly, atomic switch
networks have also been shown to function as reservoirs [SIL13d].
As a neuro-inspired computing scheme, more realistic biological and neural mod-

els for reservoir computing have also been investigated [HAE03], with some extensions
trying to copy the inherent plasticity of synaptic connections [STE07c, SCH08n, LAZ09a].
Especially the part of the brain known as the cerebellum is assumed to have simi-
lar properties to a reservoir computer [YAM13]. Furthermore, an implementation of
reservoir computing using real biological neurons contacted by electrodes was also
demonstrated [DOC09].
Attempts to reunify reservoir computing with the general training of recurrent

networks have also been made. Training the mask by back-propagation through
time[HER15, HER15a] or online-training algorithms [ANT16] are promising avenues. An
evolutionary algorithm for a complex setting was investigated in Ref. [ROE10a], show-
ing that the network parameters can greatly influence the performance of the sys-
tem, see also Ref. [CHA13e].
The question of how to find the optimal operating parameters has been often

discussed, with many authors favoring the ‘edge of stability’ or the ‘edge of chaos’
[BER04]. Transitions from stability to chaos are influenced by the node dynamics
and change performance [BUE10b]. This has also led to attempts to analytically con-
struct powerful reservoirs by manipulating the eigenvalue spectrum of the coupling
matrix [OZT07]. Alternatively, calculating optimal architectures [GRI15] or better in-
put masks [ROD11] from first principles has been tried, although the success of such
approaches has arguable not been very convincing.
An important milestone in the theory of reservoir computing was the introduc-

tion of the linear memory capacity, see Ref. [JAE02]. This has also been investigated
for different topologies [HER10]. A quantification using Fisher information for a lin-
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ear reservoir driven by white noise was outlined in Ref [GAN08]. Fisher information
was later shown to be equivalent to the linear memory capacity under certain con-
ditions [TIN13]. The nonlinear extensions supplied by Dambre et al. in Ref. [DAM12]

presents a concise and beautiful unification of memory and nonlinear transforma-
tion capabilities of dynamical systems. The trade-off between nonlinearity and
memory was further investigated in Refs. [BUT13b, INU17].
Finding even better connections between quantifiable properties of the reservoir

and reservoir computing performance has proven difficult [PRO05]. Ref. [VER07] rep-
resents a very detailed investigation, where different tasks are investigated with
their connection to the Lyapunov exponents of the solitary system. A similar
attempt is made in Ref. [ROD12]. For the case of lasers, experimental studies of
consistency [OLI16] and memory can be linked to full or partial injection locking
[BUE17].
Applications of reservoir computing are still rare, despite the fact that the ap-

titude of reservoir computing systems for real-world tasks such as market trad-
ing [GRI14], hydrological predictions [COU10] or emulating a guitar amplifier [KEU17]

has been shown. Like many machine-learning concepts, reservoir computing has
also been tried in robotic motion [ANT08a] or image recognition [MES15a]. For the
nonlinear dynamics community, reservoir computers are interesting, as they can
successfully emulate the behaviour of complex dynamical attractors. This makes
reservoir computing systems interesting for model reduction and timeseries analysis
[CHA11a, GRI14, PAT18]. Especially interesting are recent results that prove the abil-
ity to calculate Lyapunov exponents from the resulting trained reservoir computer
[PAT17].
This thesis will extend the knowledge of reservoir computing by looking at the

more general case of Stuart-Landau oscillators. This simple setting allows relatively
fast numerical integration and thus larger parameter scans. Different features can
be efficiently evaluated. Furthermore, the feasibility of hybrid network-delay sys-
tems is systematically studied. This in turn can serve as inspiration for future
photonic neuromorphic computing platforms.
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This chapter studies the synchronization patterns that can be found in networks of
lasers and Stuart-Landau oscillators. It highlights the differences and similarities
between networks of different size, local model and topology. This is a large field
with a plethora of previously published literature. The focus in this theses will be
on systems with symmetry-breaking bifurcations leading to non-trivial amplitude-
and phase-coupling. The networks studied will be non-random and have highly
symmetric topologies, and are unidirectional and bidirectional ring networks. The
local models will mostly be the Stuart-Landau oscillator as introduced in Sec. 2.3.1.
Additionally, a comparison is made with the Lang-Kobayashi class of laser equa-
tions as shown in Sec. 2.4.
A common theme throughout this chapter will be the emergence of phase-

synchronized patterns from the local off-state, i.e. the non-oscillatory resting state
of the system. Depending on the coupling phase, different constant phase shifts
between the oscillators appear, but initially all of them adhere to the underlying
symmetries of the system. These basic oscillatory patterns then typically undergo
either a secondary Andronov-Hopf bifurcation, at which point quasiperiodic be-
haviour may be found, or a pitchfork of limit cycles. It is these regions where
a pitchfork of limit cycles occurs, where complex symmetry-broken patterns are
found. Furthermore, the important role of shear or amplitude-phase coupling is
prevalent throughout this chapter.
The structure of the analysis follows different networks in order of increasing

complexity and size. First the fundamental case of two instantaneously coupled
Stuart-Landau oscillators is presented in Sec. 3.1, which also includes contents
that have been published in Ref. [ROE18] about symmetry-broken amplitude and
phase-locking states (SBL). These results are compared with bifurcation structure
of two coupled Lang-Kobayashi systems from the literature. The results of the fun-
damental case of two coupled Stuart-Landau oscillators can then be generalized to
unidirectional rings of Stuart-Landau oscillators, which is done in Sec. 3.3. Finally,
one can also extend the system to bidirectional ring networks, which is presented
in Sec. 3.4.
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3 Symmetry-breaking in networks

3.1 Two coupled Stuart-Landau Oscillators

To start investigating the synchronization of lasers and oscillators, it is best to begin
with the simplest and most fundamental case. Once the local dynamics of a single
oscillator are understood, cf. Sec. 2.3.3, the system of two instantaneously coupled
identical Stuart-Landau oscillators represents a minimal network. This extension
of Eq. (2.24) is described by the complex variables Z1,2 ∈ C in the following system
of ODEs:

Ż1 = (λ+ iω + γ |Z1|2)Z1 + κeiφZ2, (3.1)
Ż2 = (λ+ iω + γ |Z2|2)Z2 + κeiφZ1, (3.2)

where the driving parameter λ ∈ R, solitary frequency ω ∈ R and nonlinearity γ ∈ C
act as for the solitary case of Sec. 2.3.3. The coupling between the oscillators is
defined by the coupling strength κ ∈ R and coupling phase φ ∈ [0, 2π]. This
complex coupling allows for a more general treatment of coupled oscillators than
a purely real-valued coupling. Complex coupling terms can easily arise in the
context of delays and are especially common in lasers. Some parameters will not
be varied throughout this thesis, so that it always holds that ω = 1, κ = 0.1 and
Re(γ) = −0.1. The focus here is on the simple, minimal case necessary and hence
no delay-coupling is used. Many possible extensions of Eqs. (3.1) and (3.2) exist,
but these have the disadvantage of possessing a large number of parameters on
which the dynamics critically depends. Furthermore, the more degrees of freedom
that are introduced into a system, the more one can expect to find a large number
of solutions and the less certain one can be about which precise mechanism causes
the observed patterns.
The case of two coupled Stuart-Landau oscillators has been extensively inves-

tigated by Aronsen et al. in Ref. [ARO90], alas with a different parametrization
and a focus on the case of two non-identical oscillators. The model presented in
Eqs. (3.1) and (3.2) can also be seen as the simplest case of a mean-field or globally
coupled network of Stuart-Landau oscillators. This system has been studied with
respect to chaos and clusters in the large oscillator limit [HAK92, NAK93, NAK94a, KU15].
This section will derive the standard solutions for the two instantaneously coupled
Stuart-Landau oscillators. Additionally, new analytical results for a special kind
of symmetry-broken solution are presented. The results of this section also will be
heavily used when larger networks are investigated later in this thesis. The con-
tents of this section were published in Ref. [ROE18], albeit with a slightly different
parametrization: the coupling included a self-coupling, which can be removed via
parameter transformations.
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3.1.1 Symmetries of the system

The choice of coupling of Eqs. (3.1) and (3.2) induces a symmetry in the coupled
system: First, the solitary Hopf normal form possesses a S1 rotational symmetry,
which represents the global phase freedom: eiθf(Z) = f(eiθZ) for all angles θ ∈
[0, 2π] for f(Z) = (λ+ iω+γ |Z|2)Z. The S1 rotational symmetry is also preserved
in the coupled case of Eqs. (3.1) and (3.2), because Z1,2 only enter linearly in the
coupling term. The symmetry is best expressed, when the system variables and
relevant parameters are listed before and after the transformation [ERZ06a]. For the
S1-symmetry, this means that a transformation of:

(Z1, Z2, φ) →
(
eiθZ1, e

iθZ2, φ
)
, (3.3)

leaves the system globally unchanged. This symmetry will be referred to as the
‘(global) phase freedom’, and equally applies to the case of two Lang-Kobayashi-
type lasers as well as for the case with delay.
A second symmetry is induced by the coupling: the coupling terms are identical

in type and parametrization in both oscillators, only the indices are switched.
The coupled system therefore also possesses a Z2 exchange symmetry: Relabelling
Z1 ↔ Z2 and vice versa, and swapping Eq. (3.1) and (3.2) leaves the system
unchanged.

(Z1, Z2, φ) → (Z2, Z1, φ) , (3.4)

This is also the most trivial case of cyclic symmetry, that will later be shown in the
Ring networks. This symmetry will simply be referred to as exchange symmetry.
Furthermore, the coupling phase is naturally invariant to multiples of 2π, such

that a 2π-translational symmetry exists:

(Z1, Z2, φ) → (Z1, Z2, φ+ 2π) . (3.5)

Lastly, there also exists a symmetry that will link in-phase and anti-phase solutions
(introduced in the next section), and will be referred to as the π-translational
symmetry as in Ref. [ERZ06a]:

(Z1, Z2, φ) → (Z1,−Z2, φ+ π) , (3.6)

which consists of flipping the sign of the complex amplitude of one of the two
oscillators, while also shifting the coupling phase φ by π. Each of the symmetries
can be easily checked by inserting into Eqs. (3.1) and (3.2) and verifying that the
equations of motion do not change afterwards.
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3.1.2 Symmetric solutions

These symmetries are also reflected in the fundamental solutions for Eqs. (3.1)
and (3.2) and will be discussed in this section. First recall that a single oscillator
(cf. Sec. 2.3.3) will exhibit an ‘off-state’ for low λ, where no oscillations are stable.
This directly extends to two coupled oscillators, where the trivial off-state is given
by Z1 = Z2 = 0, which shall also be called the ’off-state’ for the system of Eq. (3.1)
and (3.2). There are no solutions, with exactly one of the two oscillators turned off
Z1 = 0, Z2 6= 0, as the coupling would always leak at least an amplitude of order
κ|Z2| from the oscillating unit to the other, i.e. there are no partial off-states.

Figure 3.1: Example timeseries for the fundamental patterns of two instantaneously
coupled Stuart-Landau oscillators as defined by Eqs. (3.1) and (3.2) obtained by direct
numerical integration. The top panel shows a time series slice of the real part of the
complex amplitude Re(Z) with different colours for the two oscillators. Bottom panels
show the time-trace (black line if identical for both, coloured lines if different) and
simultaneous positions (coloured circles) for the same timeseries in the complex plane.
Column a) shows the in-phase (IP) synchronized solution, column b) the anti-phase
synchronized solution and c) is an example of symmetry-broken amplitude- and phase-
locking (see Sec. 3.1.3) Parameters: λ = 0.00, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5,
φ = 0, 1π, π, 0.2π

The single oscillator exhibits stable oscillatory solutions of fixed amplitude for
λ > 0 (cf. Sec. 2.3.3). This generalizes into two different basic oscillatory solu-
tions for the two instantaneously coupled Stuart-Landau oscillators of Eqs. (3.1)
and (3.2): The in-phase (IP) and the anti-phase (AP) synchronized solutions. Fig-

72



3.1 Two coupled Stuart-Landau Oscillators

ure 3.1 shows timeseries samples of the real part Re(Z) (top panels) and projections
in the complex plane (bottom panels) for solutions of Eqs. (3.1) and (3.2) obtained
by direct numerical integration. The in-phase synchronized solution can be seen
in Fig. 3.1 a) and is characterized by two identical time traces for both oscillators,
i.e. their amplitudes are identical for all times Z1(t) = Z2(t). The real part of the
in-phase synchronized solution Re(Zn), as shown in Fig. 3.1 a) on the top, is very
similar to the time-series of an individual oscillator, cf. Fig. 2.6 a).
The anti-phase (AP) synchronized solutions are shown in Fig. 3.1 b). Here,

the amplitudes of the oscillators are exact opposites Z1 = −Z2, as can also be
seen in the complex plane on the bottom panel of Fig. 3.1 b), where the blue and
red circle indicate position at one point in time of Z1 and Z2. The black line in
the bottom panel of Fig. 3.1 a) and b) is the time-trace of the system projected
into the complex plane. Because both oscillators perform harmonic oscillations
exp(iωt), this is a circle centred around the origin for both in-phase and anti-
phase synchronization. Anti-phase synchronized solutions can also be seen as an
example of lag-synchronization, where the second oscillator is half a period delayed
Z2(t) = Z1(t+ P/2), with period P . Finally, Fig. 3.1 c) shows a symmetry-broken
solution that will be explained in Sec. 3.1.3.
The generalized oscillatory solutions shown in Fig. 3.1 a) and b) can be sys-

tematically deduced by considering the symmetries of the system. A single Stuart-
Landau oscillator has a global phase θ that can be freely chosen. Similarly the
coupled system, Eqs. (3.1) and (3.2), have a global phase freedom. However, the
complex amplitudes Z1, Z2 are directly coupled in Eqs. (3.1) and (3.2) and there-
fore also the phases of both oscillators θ1, θ2 become linked. This means that as
opposed to the global phase, the phase difference θ1− θ2 is not free. As mentioned
in Sec. 3.1.1, the system also possesses a Z2 exchange symmetry. To preserve this in
a generalized oscillatory case, solutions have to also be exchange-symmetric with
respect to the phase difference θ1 − θ2. Due to the circular nature of complex
phases, i.e. adding 2π to a phase does not change it, this exchange property can
be stated as:

θ1 − θ2 =θ2 − θ1 + k2π, k ∈N (3.7)

This allows for two solutions: Either the phase difference is zero θ1 − θ2 = 0 (in-
phase (IP) solution) or half a rotation apart θ1−θ2 = π (anti-phase (AP) solution),
which are the solutions shown in Fig. 3.1 a) and b). A second link with respect to
the IP and AP synchronization is also apparent: The anti-phase patterns are the
image of in-phase solutions under the π-translational symmetry. This will become
more clear in the next section, where the parameter dependence is shown.
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Parameter scans for Im(γ) = 0

Figure 3.2: Regions of numerical stability for two instantaneously coupled Stuart-Landau
oscillators as described in Eqs. (3.1) and (3.2) as a function of λ and coupling phase
φ. a): White areas indicate the trivial off-state, light peach areas the in-phase and
bright blue areas the anti-phase state. Purple regions are multistable between in-phase
and anti-phase orbits. b): Analytically derived bifurcation lines given by Eqs. (3.11)
and (3.12) for the Hopf of the in-phase (HIP ) and anti-phase solution (HAP ), Eqs. (3.13)
and (3.14) for the torus (TIP and TAP ), and Eqs. (3.15) and (3.16) for the pitchfork
bifurcation (PIP and PAP ). Black circles mark a co-dimension 2 bifurcation point.
Parameters: Re(γ) = −0.1, Im(γ) = 0.0, ω = 1, κ = 0.1.

The logical next step is to analyse the stability of the fundamental solutions of
the system with respect to varying parameters. This can in general be done with
different methods, e.g. direct numerical integration, path continuation, experi-
ments or analytical derivations. This thesis employs direct numerical integration
for complex systems, as well as analytical derivations for the simple systems where
this is possible.
Figure 3.2 a) shows numerically obtained regions of stability for the three prin-

cipal solutions of two coupled Stuart-Landau oscillators as given by Eqs. (3.1)
and (3.2): The trivial off-state (white), in-phase synchronization (light peach) and
the anti-phase synchronization (bright blue) for Re(γ) = −0.1 (supercritical case),
Im(γ) = 0.0 (without shear), ω = 1, κ = 0.1. The axis are the coupling phase φ
and the Stuart-Landau parameter λ, which corresponds to the threshold parameter
of oscillations in a single oscillator and is similar to the pump current of a laser.
Note, that the coupling phase φ is periodic and therefore Fig. 3.2 could be period-
ically extended for φ < 0, φ > 2π. The stability regions in Fig. 3.2 were obtained
by starting a simulation close to each of the three generalized solutions (off-state,
IP, AP) and then numerically integrating until all transients disappeared (typically
several thousand time units). Different random initial conditions were also tried,
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but no additional stable states were found. As can be seen from the coloured re-
gions in Fig. 3.2 a), the different solutions have different regions of stability. There
is also a substantial overlap between stable in-phase and anti-phase solutions, indi-
cated by the purple region of multistability in Fig. 3.2 a). The stable in-phase (IP)
synchronization is centred around the symmetric coupling phase φ = 0, while the
anti-phase (AP) synchronization is found around φ = π. This is a general prop-
erty of phase-locked oscillations: The coupling phases that they are found at are
similar to the relative phase difference of the oscillators θ1− θ2 ≈ φ. A generalized
version of this will be seen later for ring networks. Note, that the in-phase (red in
Fig. 3.2 a)) and anti-phase (Fig. 3.2 a)) synchronized regions are each others image
under the π-translational symmetry, i.e. the π-translational symmetry does not
only apply to individual solutions but by extension also to the shape of the entire
region of stability.
The boundaries of the regions of stability of Fig. 3.2 a) can be calculated analyt-

ically, which is done in the following paragraphs and the appendix of Ref. [ROE18].
When the oscillators are assumed to be in-phase synchronized Z1(t) = Z2(t) =
r exp(iω̂t+ θ), Eqs. (3.1) and (3.2) decouple and can be transformed into a single
Stuart-Landau equation:

Ż = (λ̃+ iω̃ + γ |Z|2)Z, (3.8)

with λ̃ = λ + κ cosφ and ω̃ = ω + κ sinφ. An Andronov-Hopf bifurcation occurs
at λ̃ = 0, as it is the normal form of such a bifurcation. Using the formulas from
Sec. 2.3.3, the phase velocity of this orbit is given by

Ω = ω̃ + Im(γ) r2 = ω + κ sinφ− λ Im(γ)/Re(γ), (3.9)

and the radius r grows with

r =
√
−λ̃/Re(γ). (3.10)

Corresponding to the Andronov-Hopf-bifurcation of a single oscillator, the in-phase
(IP) synchronized solution are then created in an Andronov-Hopf bifurcation at:

λH(IP ) = −κ cosφ. (3.11)

Similar calculations can be executed for the anti-phase (AP) solution Z1(t) =
−Z2(t) = r exp(iω̂t+ θ) (see Ref. [ROE18]), which is created at

λH(AP ) = κ cosφ. (3.12)

75



3 Symmetry-breaking in networks

For Re(γ) < 0, the case shown in Fig. 3.2, both of these Hopf bifurcations are
supercritical. The in-phase Hopf HIP is shown with black dashed lines in Fig. 3.2,
the anti-phase Hopf HAP with grey dashed lines. Further analytical calculations
reveal two more kinds of bifurcations for the synchronized solutions (see the ap-
pendix of Ref. [ROE18]). Two Hopf-Hopf-points (black circles in Fig. 3.2) situated
at φ = π/2, 3π/2 give birth to two additional secondary Andronov-Hopf or torus-
Bifurcations occurring for the in-phase (TIP , dark blue) and anti-phase (TAP ,
orange) limit cycle, respectively:

λT (IP ) = −3κ cosφ, (3.13)
λT (AP ) = 3κ cosφ. (3.14)

Additionally, a pitchfork of limit cycles, limiting the region of stability (PIP , violet,
and PAP , brown in Fig. 3.2 b)), appears for:

λP (IP ) = − κRe(γ)
Im(γ) sinφ+ Re(γ) cosφ − κ cosφ, (3.15)

λP (AP ) = κRe(γ)
Im(γ) sinφ+ Re(γ) cosφ + κ cosφ. (3.16)

When looking at the analytic forms of the bifurcations shown in Eqs. (3.11) to (3.16)
it is apparent that all the bifurcations related to the in-phase (IP) synchronized
behaviour are identical to those of the anti-phase (AP) synchronized regions, if the
coupling phase is shifted by π (which is the π-translational symmetry as introduced
in Eq. (3.6)). This is not a coincidence, but a result of the symmetric coupling
scheme in Eqs. (3.1) and (3.2) and the π-translational symmetry. This can also
be proven more intuitively by introducing new coordinates Z̃2 = −Z2 and using
− exp(iφ) = exp(i(φ+π)), such that the original equations for two coupled Stuart-
Landau oscillators become:

Ż1 = (λ+ iω + γ |Z1|2)Z1 + κei(φ+π)Z̃2, (3.17)
˙̃Z2 = (λ+ iω + γ |Z̃2|2)Z̃2 + κei(φ+π)Z1, (3.18)

where all parameters are as before. Because the new coordinate Z̃2 is a π phase
shift of the original Z̃2 = −Z2, the in-phase solutions of Eqs. (3.17) and (3.18)
correspond to the anti-phase solutions of the original Eqs. (3.1) and (3.2). Com-
paring Eqs. (3.17)-(3.18) to Eqs. (3.1)-(3.2) reveals that they are identical except
for a phase-shift in the coupling term of π. Therefore, in-phase and anti-phase
solutions behave identically for coupling phases φ that differ by π, which is the
π-translational symmetry of Eq. (3.6). In fact, all solutions have a corresponding
"phase-flipped" mirror image: If (Z1(t), Z2(t)) is a solution of Eqs. (3.1) and (3.2),
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3.1 Two coupled Stuart-Landau Oscillators

then (Z1(t),−Z2(t)) will be a solution for the coupling phase φ + π. This is once
again a result of the underlying symmetries of the system. This behaviour will
later be generalized to larger Ring networks in Secs. 3.3 and 3.4.
All of the analytical derived solutions are shown and labelled in Fig. 3.2 b),

with the relevant parts also plotted on top of the numerically obtained regions of
stability in Fig. 3.2 a). The agreement between numerics and analytics is perfect
and proves the validity of the numerical integration scheme. It also illustrates how
analytical deductions can help understand numerically obtained data.

Parameter scans for Im(γ) 6= 0

Figure 3.3: Regions of numerical stability for two instantaneously coupled Stuart-Landau
oscillators as described in Eqs. (3.1) and (3.2) as a function of λ and coupling phase φ
for different non-zero shear Im(γ) . White areas indicate the trivial off-state, light peach
areas the in-phase and bright blue areas the anti-phase state. Purple regions are multi-
stable between in-phase and anti-phase orbits. Green corresponds to symmetry-broken
amplitude- and phase-locking (SBL), while dark green marks this state with multista-
bility either with the in-phase or anti-phase orbits (SBL+IP/AP). Light grey indicates
higher order dynamics, e.g. quasiperiodic behavior. Lower row shows analytically de-
rived bifurcation lines given by Eqs. (3.11) and (3.12) for the Hopf of the in-phase (HIP )
and anti-phase solution (HAP ), Eqs. (3.13) and (3.14) for the torus (TIP and TAP ), and
Eqs. (3.15) and (3.16) for the pitchfork bifurcation (PIP and PAP ). Black circles mark
a co-dimension 2 bifurcation point. Parameters: Re(γ) = −0.1, Im(γ) as indicated atop
the columns, ω = 1, κ = 0.1.

So far, the amplitude-phase coupling or shear parameter Im(γ) had been set to
zero. Fig. 3.3 shows the results of numerical simulations for varying λ and the
coupling phase φ for increasing values of the shear parameter from a) Im(γ) = 0.05
to c) Im(γ) = 0.5. The lower half of Fig. 3.3 shows the corresponding bifurcation
lines of which the relevant parts are reproduced in the top-panel.
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3 Symmetry-breaking in networks

The most obvious influence of non-zero shear Im(γ) 6= 0 in Fig. 3.3 is the defor-
mation of the pitchfork bifurcations: Compare the violet line (PIP ) and brown line
(PAP ) in Fig. 3.2 and Fig. 3.3. On the other hand, the Hopf bifurcations generating
the in-phase (HIP ) and anti-phase (HAP ) solutions and the torus bifurcations (TIP
and TAP , orange and blue lines in Fig. 3.3) do not change with shear. This is also
apparent from the analytic formulas as given in Eqs. (3.11) to (3.16), where only
the pitchfork bifurcations depend on Im(γ). Furthermore, Fig. 3.3 reveals that the
bifurcations and therefore the regions of stability for IP and AP solutions are no
longer mirrored along φ = π and φ = 0. This was an additional feature that is
specific to the Im(γ) = 0-case of Fig. 3.2. However, the π-translational symmetry
is still preserved, so that IP and AP solutions are the image of each other with
respect to coupling phases that are π apart.
At some value of Im(γ) the torus (T) and pitchfork (P) bifurcation cross each

other (compare Fig. 3.3 a) and b)) opening the regions marked in grey and dark
green. Within these parameter regions, none of the previously described solutions
of the system are stable. The grey regions of Fig. 3.3 contain higher-order limit
cycles and quasiperiodic dynamics. In contrast, the regions marked in green contain
a new solution with harmonic oscillations but non-trivial amplitude and phase
relationship between the two oscillators, which will be called ‘symmetry-broken
amplitude- and phase-locking’ (SBL) [ROE18].

3.1.3 Symmetry-broken solutions

The symmetry-broken amplitude and phase-locking states appear for parts of the
two-dimensional parameter scan close to the pitchfork-bifurcations (the violet lines
(PIP ) and brown lines (PAP ) in Fig. 3.3). These states are characterized by a
non-trivial phase- and amplitude-relationship between the two oscillators, while
simultaneously maintaining harmonic, regular oscillations with the same frequency
for both oscillators. An example of such a symmetry-broken state is shown in
Fig. 3.1 c). Especially note, that despite the non-trivial amplitude and phase re-
lationship, the motion of both oscillations still inscribes a perfectly round circle
when projected into the complex plane in the bottom panel of Fig. 3.1 c). They
are therefore not just any kind of symmetry-broken solution, but rather an ex-
ceptionally well-behaved and clearly defined case. These symmetry-broken states
are the third type of phase-synchronized oscillatory behaviour that can arise in
the system of two coupled Stuart-Landau oscillators of Eqs. (3.17) and (3.18) after
the IP and AP solutions. However, the solutions are no longer symmetric with
respect to the Z2 exchange symmetry of the system. When a solution no longer
adheres to the symmetries of the governing equations, this is called (spontaneous)
‘symmetry-breaking’ and thus these states are symmetry-broken.
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3.1 Two coupled Stuart-Landau Oscillators

Symmetry-breaking is a general property of dynamical systems and can occur
in a variety of ways. Naturally, a symmetry-breaking can only occur for dynam-
ical system that has symmetries to begin with, like the exchange symmetry of
Eqs. (3.17) and (3.18). Furthermore, it is worth noting that even in a regime of
symmetry-broken dynamics, a system will not exhibit those if a symmetric initial
condition is chosen, but the symmetric solution usually is unstable in the direction
of symmetry-breaking. In the symmetry-broken solutions shown in Fig. 3.1 c), one
of the two oscillators has a larger amplitude. Which of the two oscillators this
is, is solely decided by the initial conditions. If the initial conditions for Z1 and
Z2 are exchanged, so will the final amplitudes be. Hence, every instance of SBL
states shown in the green regions of Fig. 3.3 will consist of two separate branches of
solutions, which are their mirror image under the exchange symmetry. This is a re-
sult of the equivariant branching lemma, which demands that symmetries must be
obeyed by the sum of all solutions, even if individual examples do not. Symmetries,
sub-symmetries and their relationship to the solution space of dynamical systems
are the subject of the mathematical theory of equivariance. Most prominent here
are the works of Golubitsky and Stuart [GOL88a].
The symmetry-broken amplitude and phase-locking states for two coupled Stuart-

Landau oscillators had been found and mentioned by Aronson et al. [ARO90] in
passing, but never seen to be stable. As can be seen in Fig. 3.3 these states only
become sufficiently prevalent for high shear Im(γ), which explains their relative
absence from the literature. Their stability is a novel results and opens up the pos-
sibility to observe them experimentally or in other systems. There also exists recent
analysis for large global networks of Stuart-Landau oscillators in in Ref. [KU15]. The
authors study cluster states in detail and some of their implicit equations may also
potentially coincide with the SBL states of this thesis if the two clusters have the
same size. However, the relevant parameter regions are never shown in Ref. [KU15].
The connection of the SBL states with cluster states thus is an open question, that
will be left for future investigations.

Analytic description

The symmetry-broken amplitude- and phase-locking states can also be described
analytically. For this, a more general non-symmetric ansatz is made:

Z2 = sZ1 =: aeiψZ, (3.19)
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Inserting this into Eqs. (3.1) and (3.2) and assuming harmonic oscillations Ż = iΩ̃Z
leads to:

0 =
(
λ+ iΩ + γ |Z|2

)
+ σs (3.20)

0 =
(
λ+ iΩ + γ |s|2|Z|2

)
s+ σ, , (3.21)

with Ω = ω − Ω̃ and σ = κ exp iφ. Equations (3.20) and (3.21) are two complex
equations and are sufficient to determine the 4 unknowns Ω, |Z|, a and ψ. Solving
for three of the four unknowns with these equations, a simple formula can be
obtained for the amplitude ratio a as a function of the phase relationship ψ:

a =
√

Im(γ) cos (φ− ψ)− Re(γ) sin (φ− ψ)
Im(γ) cos (φ+ ψ)− Re(γ) sin (φ+ ψ) . (3.22)

The general ansatz of Eq.(3.19) also implicitly contains the in-phase and anti-
phase synchronized solutions. Thus solving Eq. (3.22) yields a = 1 for ψ = 0, π.
Ultimately, Eqs. (3.20) and (3.21) can also be solved for all four unknown variables
analytically, such that the measures of asymmetry a and ψ can be expressed as
functions of the parameters λ, γ, and coupling parameters κ and φ. This has been
done and is also shown in Ref. [ROE18]. However, these calculations lead to very
lengthy expressions, and are therefore only shown in App. A.1.1.
The analytical description also allows the identification of one additional bifurca-

tion line: The symmetry-broken amplitude- and phase-locking states are not only
created in the pitchfork bifurcations of the in-phase and anti-phase synchronized
solutions, but can also emerge independently from a saddle-node located at:

λSN = 1
α̃2 + 1

√
8κ2(α̃ cotφ− 1)(α̃2 + 2α̃ cotφ1), (3.23)

with α̃ = Im(γ)/Re(γ). This additional bifurcation is a novel result that has
not been reported before, and it links the regions of existence for the different
symmetry-broken amplitude- and phase-locking states.
Figure 3.4 shows the analytically derived regions of existence for symmetry-

broken amplitude- and phase-locking states of the two two instantaneously coupled
Stuart-Landau oscillators as described in Eqs. (3.1) and (3.2) in the parameter
plane of λ and φ for different Im(γ). The colours in Fig. 3.4 indicate the num-
ber of coexisting symmetry-broken amplitude- and phase-locked branches, where
symmetrized pairs are not counted independently. pitchfork bifurcation lines as
given by Eq. (3.15) and (3.16) are shown with dashed purple and brown lines,
the torus bifurcations lines of Eq. (3.13) and (3.14) are shown as solid blue and
orange lines. These lines correspond to the limits of the in-phase and anti-phase
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3.1 Two coupled Stuart-Landau Oscillators

synchronized regions of Figs. 3.3 and 3.2. Additionally, the saddle-node bifurca-
tion of Eq. (3.23) is shown with a red line in Fig. 3.4. Important co-dimension two
points are where matching pitchfork and torus lines meet (blue with purple for IP,
orange with brown for AP) in a pitchfork-torus point (black squares in Fig. 3.4)
and where the saddle-node intersects the pitchfork lines (red circles in Fig. 3.4). On
these saddle-node-pitchfork points, the pitchfork turns from sub- to supercritical.
As Fig. 3.4 reveals, the symmetry-broken amplitude- and phase-locking states

exist for a wide range of parameter combinations. In particular, they can even
be found for Im(γ) = 0, albeit they were never observed to be stable in the nu-
merics. Nevertheless, this analytical map of existence together with the exactly
known shape of the amplitude and phase ratio allows for interesting applications.
In particular, one could apply a Pyragas-type feedback control to stabilize the
symmetry-broken patterns. However, this is outside the scope of this thesis and
will be left for future investigations.
The symmetry-breaking pitchfork bifurcation can also be seen, when the system

is investigated as a line scan over λ. Fig. 3.5 shows a linescan for increasing λ at
coupling phase φ = 0.2π. The shear is Im(γ) = 0.5, for which the two-dimensional
parameter scan is shown in Fig. 3.3 c). Fig. 3.5 a) shows the extrema of |Z1,2|2 in
blue and orange. Fig. 3.5 b) shows the corresponding amplitude ratio a and phase
difference ψ for Z1 = a exp(iψ)Z2 over the same λ. The system is in the trivial
off-state for λ ≤ −0.08 and accordingly |Z1,2|2 = 0 in Fig. 3.5 a). The in-phase
synchronized oscillations start for λ ≥ −0.08. Both absolute squares are identical
|Z1|2 = |Z2|2 and grow linearly, as is typical for an Andronov-Hopf bifurcation,
while the phase difference is zero ψ = 0. For λ ≈ −0.035 the symmetry-breaking
in-phase pitchfork bifurcation occurs (PIP in Fig. 3.3 c) as given by Eq. (3.15)),
which is visible as a splitting of amplitude squares |Z1|2 6= |Z2|2 in Fig. 3.5 a) and a
change of the asymmetry parameters a 6= 1 ψ 6= 0 in Fig. 3.5 b). The dashed lines
in Fig. 3.5 b) show the analytically predicted asymmetries for the symmetry-broken
amplitude- and phase-locking states as derived in the Appendix. Then, for λ ≥ 0.02
a secondary Andronov-Hopf bifurcation occurs, creating amplitude modulations.
Due to the amplitude-phase coupling in Eqs. (3.1) and (3.2) this also means that
there is no longer a fixed phase relationship ψ between the two oscillators. Finally, a
symmetry-restoring bifurcation creating higher-order dynamics occurs at λ ≈ 0.05.

Special coupling phases

In general, the symmetry-broken amplitude- and phase-locking states combines
differences in both the amplitude and phase. However, for certain coupling phases
φ, the system can be found to diverge only in amplitudes, but not in phase, i.e
Z2 = a exp(iψ)Z1 with either ψ = 0 or ψ = π [ROE18]. The case of ψ = 0 represents
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a generalized in-phase synchronization, and from the general analytical solutions
of App. A.1.1 it can be calculated that this case occurs for:

Im(γ)
Re(γ) = tanφ, (3.24)

Because of the trigonometric identity tanφ = tan(φ+π), it follows that the general-
ized anti-phase synchronized solutions also fulfil Eq. (3.24) when the π-translational
symmetry is used. Naturally, the branches can only occur if an underlying pitch-
fork bifurcation exists. Because the in-phase and anti-phase synchronized solutions
never undergo a pitchfork bifurcation at the same parameters, their symmetry-
broken generalized counterparts also never coincide. The special phases are indi-
cated by the vertical black dotted line in Fig. 3.4.
Due to the equivariant branching lemma, each symmetry-broken state always

has a mirror image under the exchange symmetry. For the two branches created at
the special coupling phases indicated in Eq. (3.24) their phase differences are fixed
at ψ = 0 or ψ = π. Along one of these branches the amplitude ratio a either goes
to infinity or approaches 0 for λ→∞.
A second case of special phase relationships can be treated analogously for ψ =

π/2, 3π/2. This state can not be linked to any general pattern, as the phase-
relationship is not revertible. The case of ψ = π/2 always coexists with ψ = 3π/2
due to the exchange symmetry, thus there are two different branches of SBL states.
The condition for this is:

Im(γ)
Re(γ) = − cotφ. (3.25)

Hence a phase shift of ψ = π/2, 3π/2 occurs exactly for coupling phases φ where
there is no pitchfork bifurcation and the symmetry-broken amplitude-and phase-
locked states only emerge from saddle-node bifurcations, see the grey dotted vertical
lines in Fig. 3.4.
The conditions shown in Eq. (3.24) and (3.25) describe the only coupling-phases

φ for which ψ does not change while increasing λ, only the amplitude ratio a

changes. Therefore, the four vertical dotted lines in Fig. 3.4 form a sort of ’orga-
nizing skeleton’ at which the symmetry-broken amplitude- and phase-locking states
are pinned. This is an interesting observation that needs further development. In
particular, one could try to find similar structures in rings and other networks.

Significance of the symmetry-broken amplitude- and phase-locking states

The symmetry-broken amplitude- and phase-locking states shown in this section are
a very accessible example of symmetry-breaking, that occurs for the paradigmatic
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model of two coupled Stuart-Landau oscillators. As the individual oscillators are
the normal form of the ubiquitous Andronov-Hopf bifurcations, a coupling scenario
as described by Eqs. (3.1) and (3.2) is not rare. The symmetry-broken nature of
these states nevertheless does not prevent them from exhibiting regular, harmonic
oscillations (see the timeseries in Fig. 3.1 c)). Thus, they are a very neat example of
symmetry-breaking, that allows further study. The fact that it can be completely
analytically solved also differentiates it from similar states already known in the
laser system (see next section).
The symmetry-broken nature also automatically lends itself to be used as a

switch, as due to the broken exchange-symmetry exactly two branches of the solu-
tions must exist. This has also been tested for the laser case in Ref. [CLE14]. The
Stuart-Landau case is such a fundamental example, that studying all of the phase-
locked patterns in itself reveals general insights. Additionally, with the properties
of the symmetry-broken amplitude and phase-locked states in the Stuart-Landau
case now known analytically and described in detail, one can also look through the
literature of coupled oscillatory systems in general and find corresponding patterns
in more complex circumstances. In particular, the case for lasers is interesting,
which is investigated in the next section.
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Figure 3.4: Regions of existence of symmetry-broken amplitude and phase-locking
(SBL) states for two instantaneously coupled Stuart-Landau oscillators as described
in Eqs. (3.1) and (3.2) as a function of λ and coupling phase φ for different non-zero
shear Im(γ). The numbers within the different regions indicate the number of coexist-
ing branches of SBL states. White areas indicate none, green areas contain on branch
and yellow areas two. Symmetrized versions were not counted independently. pitch-
fork bifurcation lines are given according to Eq. (3.15) and (3.16) (dashed lines), torus
bifurcations lines according to Eq. (3.13) and (3.14) (solid blue and orange lines), and
saddle-node lines as given by Eq. (3.23) (solid red lines). Saddle-node-pitchfork points
are indicated by red circles, pitchfork-torus points by black squares. Vertical black
dotted lines show where symmetry-broken amplitude- and phase-locking solutions with
special phase differences ψ = 0 and ψ = π exist according to Eq. (3.24), grey dotted
lines show ψ = π/2 and ψ = 3π/2 as Eq. (3.25). Dark green areas show the numerically
found regions of stable amplitude- and phase-locking, light green and yellow only an-
alytically derived regions of existence. Parameters: Re(γ) = −0.1, Im(γ) as indicated
atop the columns, ω = 1, κ = 0.1.
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Figure 3.5: Linescan of the extrema of |Z|2 (a) and asymmetry measures a and ψ (b) for
two instantaneously coupled Stuart-Landau oscillators as in Eqs. (3.1) and (3.2) as a
function of λ for coupling phase φ = 0.2π. a): The system is in the in-phase symmetric
solution for λ < 0.05, and in the symmetry-broken amplitude- and phase-locking state
afterwards. Period-doubling bifurcations occur at λ ' 0.02 and symmetry-restoring at
λ ' 0.05. b): amplitude ratio a and phase-difference ψ are plotted from the numerics
(red, black) and with the analytic formulas (purple, green) from App. A.1.1. Parameters:
Re(γ) = −0.1, Im(γ) = 0.5, ω = 1, κ = 0.1, φ = 0.2π.
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3.2 Two coupled Lang-Kobayashi-type lasers

This section investigates the case of two coupled Lang-Kobayashi-type lasers with
negligible transmission delay. The focus in particular lies on the amount of differ-
ences one can expect due to the inclusion of the carrier equations when compared
with the more simple Stuart-Landau oscillator case of the previous section. After
a short general introduction, the main aspect of interest here will be symmetry-
breaking bifurcations.

3.2.1 Equations and symmetries

The solutions for two coupled lasers closely mirrors those of two coupled Stuart-
Landau oscillators, as the system of Lang-Kobayashi type equations used to de-
scribe coupled lasers can be approximated by Stuart-Landau oscillators near the
Hopf-bifurcation, see Sec. 2.4.3. The case of two coupled lasers in the Lang-
Kobayashi framework has first been analytically studied in Ref. [YAN04c] by Yanchuk
et al, including the case with delay and shear or amplitude-phase coupling α 6= 0.
However, some important differences arise due to the inclusion of the additional
carrier equation.
To best illustrate the similarities with the case of the two coupled Stuart-Landau

oscillators of Eqs. (3.1) and (3.2) the following parametrization and coupling will
be investigated:

Ė1 = (1 + iα)E1Ne,1 + κeiφE2, (3.26)

Ṅe,1 = 1
T

(
p−Ne,1 − (1 + 2Ne,1)|E1|2

)
(3.27)

Ė2 = (1 + iα)E2Ne,2 + κeiφE1, (3.28)

Ṅe,2 = 1
T

(
p−Ne,2 − (1 + 2Ne,2)|E2|2

)
(3.29)

This is in contrast to Ref. [YAN04c], where the electric field was scaled by
√

2,
resulting in a different Ne-equation.
The shear Im(γ) was important in creating the SBL states for the case of two

coupled Stuart-Landau oscillators. For a laser, the corresponding amplitude-phase
coupling is determined by the well-known α-factor. To be precise, the α factor is
a measure of the imaginary part of the gain normalized by the real part. Thus
it directly correlates with Im(γ)/Re(γ). However, as Re(γ) is never changed for
the Stuart-Landau systems throughout this thesis, changing α for the system of
instantaneously coupled Lang-Kobayashi equations has the same effect as changing
the shear Im(γ) for the Stuart-Landau oscillator case, cf. Fig. 3.3.
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The Lang-Kobayashi equations were originally derived for the setup of a single
laser with delayed feedback, see Refs. [LAN80b, ALS96]. In particular, they have
proven to be very accurate at describing experimental behaviour for large delay
times τ and small coupling strengths κ. Hence, Ref. [YAN04c] by Yanchuk et al is
particularly interested in the behaviour of two delay-coupled lasers. In this thesis
the importance is not on the most realistic, complex system, but on the minimal
set of equations that are required to describe a certain effect. Symmetry-broken
amplitude- and phase-locking states were not a result of delay-coupling in the
Stuart-Landau case. As will be shown, similar states can also be observed for the
Lang-Kobayashi system of of Eqs. (3.26) to (3.29) which does not include delay.
This is also justified, as systems with small delay inherit a lot of their bifurcation
landscape from the case without delay. Furthermore, by looking at the bifurcations
and stable states found for the case with and without delay, the delay-induced
behaviour can be separated from the effects of the local dynamics and the effects
of coupling lasers.

Symmetries of the coupled Lang-Kobayashi equations

The system of Eqs. (3.26) to (3.29) describing two instantaneously coupled Stuart-
Landau oscillators possesses the same symmetries as the system of two coupled
Stuart-Landau oscillators discussed in Sec. 3.1.1. Due to the local dynamics of
the Lang-Kobayashi equations, the system possesses a global phase freedom, i.e. a
global factor of exp(iθ) for arbitrary but fixed θ can be multiplied to both electric
fields En without changing the dynamics. Additionally, as the coupling is iden-
tical in shape and parametrization to the system of two coupled Stuart-Landau
oscillators as defined in Eqs. (3.1) and (3.1), the two coupled Lang-Kobayashi also
have Z2-exchange, i.e. discrete cyclic, symmetry. Hence, switching all indices of
Eqs. (3.26) to (3.29) leaves the system unchanged.

(E1, E2, Ne,1, Ne,2, φ) →
(
eiθE1, e

iθE2, Ne,1, Ne,2, φ
)
, (3.30)

(E1, E2, Ne,1, Ne,2, φ) → (E2, E1, Ne,2, Ne,1, φ) , (3.31)
(3.32)

The symmetries of of Eqs. (3.26) to (3.29) als contain the 2π-translational sym-
metry and the π-translational symmetry, as discussed in Ref. [ERZ06a]:

(E1, E2, Ne,1, Ne,2, φ) → (E1, E2, Ne,1, Ne,2, φ+ 2π) , (3.33)
(E1, E2, Ne,1, Ne,2, φ) → (E1,−E2, Ne,1, Ne,2, φ+ π) , (3.34)

87



3 Symmetry-breaking in networks

3.2.2 Solutions and their stability

The natural solutions for two symmetrically, instantaneously coupled lasers are the
in-phase (IP) and anti-phase (AP) synchronized solutions E1 = ±E2. The stability
of these states is directly connected, as laid out in Ref. [YAN04c]: The system contains
an intrinsic symmetry between in-phase and anti-phase solutions, if the coupling
phase is shifted by π (π-translational symmetry). This can be easily checked by
defining new coordinates Ẽ1 = E1 and Ẽ2 = −E2 and deriving the ODEs for this
new coordinates system. The resulting transformation is analogue to the arguments
made for two coupled Stuart-Landau oscillators (see Eqs. (3.17) and ((3.18)). It
is therefore sufficient to study the secondary bifurcations of either the in-phase or
anti-phase state, which can be done with standard bifurcation analysis tools.
The oscillatory phase-locked solutions are created in an Andronov-Hopf bifurca-

tion that corresponds to the laser threshold. In a solitary laser, this threshold is
pth = 0 due to the normalization of Eqs. (3.26)-(3.29) (see Ref. [ALS96]). However,
the coupling modifies the laser threshold, as constructive (destructive) interference
between the lasers can decrease (increase) the photon losses. When the calculations
are carried out under the assumption that E1 = ±E2 and Ne,1 = Ne,2 = NEe, the
Andronov-Hopf bifurcations describing the thresholds are given by:

pH(IP ) = −κ cosφ. (3.35)
pH(AP ) = κ cosφ. (3.36)

which is identical to the Andronov-Hopf bifurcations in λ for two coupled Stuart-
Landau oscillators as shown in Eqs. (3.11) and (3.12). Note, that Eqs. (3.35)
and (3.36) recover the solitary threshold p = 0 for κ = 0, i.e. the uncoupled case.
The secondary bifurcations of the system are studied in great detail throughout

the literature: Ref. [YAN04c] contains a detailed analysis of the case N = 2 with
partially analytical results. The much more detailed and path-continuation based
results of Erzgräber et al. in Ref. [ERZ06a] practically cover the entirety of solutions
that can be found in the system of two delay-coupled lasers, including symmetry-
breaking solutions. The symmetry-broken solutions were also discussed in more
detailed in Ref. [CLE14] and [SEI17]. Finally, Ref. [KOM17] also highlights similar
states, albeit using a different terminology and is least relevant here. Over all, the
state of the literature for two (delay-)coupled Lang-Kobayashi-type lasers is so well
researched, that this thesis will not present detailed derivations of the bifurcations,
but rather refer to the just mentioned publications and directly cite the results,
where applicable. However, the literature usually does not include a scan of the
pump current p. To better highlight the correspondence between the Stuart-Landau
and Lang-Kobayashi case, this thesis will shortly introduce this slightly different
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parameter system and discuss the similarities and differences of symmetry-breaking
bifurcations between the two systems.

Parameter scan for α = 0

Typically, for two-dimensional parameter scans of the system of coupled lasers, the
parameters to be varied are chosen to be those of the coupling, i.e. the coupling
strength κ and coupling phase φ. However, in this thesis the coupling strength
κ will be kept constant, and instead the driving pump current p will be scanned.
This has three reasons: First, this allows a more direct comparison with the Stuart-
Landau oscillator case, where the investigated parameters were coupling phase φ
and λ. As Sec. 2.4.3 shows, λ for the Stuart-Landau system corresponds to pump
current p in the laser case. Second, the generating Hopf-bifurcations, i.e. the laser
threshold for coupled laser systems, is modified by the coupling. This is very visible
in parameter scans that use the pump current p, but may entirely be absent when
only the coupling strength κ is varied. The last reason to use pump current p
as a bifurcation parameter instead of the coupling strength κ, is the fact that the
coupling strength κ may not exceed a certain critical value, as otherwise the system
diverges: Moreover, this critical coupling strength κ is dependent on the coupling
phase φ as well. In contrast, the system is well defined for any p.

Figure 3.6: Regions of numerical stability for two instantaneously coupled Lang-
Kobayashi-type lasers as described in Eqs. (3.26)-(3.29) as a function of pump current
p and coupling phase φ. a): White areas indicate the trivial off-state, light peach areas
the in-phase and bright blue areas the anti-phase state. Purple regions indicate mul-
tistability between in-phase and anti-phase orbits (none found for these parameters).
b): Bifurcation lines given by Eqs. (3.11) and (3.12) for the Hopf of the in-phase (HIP )
and anti-phase solution (HAP ) and the torus lines T1 and T2. Black circles mark a
co-dimension 2 bifurcation point. Parameters: T = 200, α = 0.0, κ = 0.1.
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Figure 3.6 shows the regions of stability for two instantaneously coupled Lang-
Kobayashi-type lasers (a) and the bifurcations (b). The light peach (blue) regions in
Fig. 3.6 a) show the numerically found regions of stability of in-phase (anti-phase)
synchronized solutions. These regions were obtained by initializing the system
close to the target phase relationship (10−4). The system was then numerically
integrated, until a state of constant amplitude or the maximum integration time
was reached. Afterwards, the reached system state was automatically classified.
Fig. 3.6 a) combines the data from several two-dimensional parameter scans with
different initial conditions, and therefore the blue and red regions in Figure 3.6 a)
closely approximate the full mathematical region of stability of the in-phase and
anti-phase solutions. Figure 3.6 showing the results for two coupled lasers uses the
same colour code as Fig. 3.2 for two coupled Stuart-Landau oscillators.
Figure 3.6 a) can be divided into three main regions: First, the trivial off-state

E1 = E2 = 0 is found for values below the laser threshold (white regions). The
boundaries are given by the in-phase Andronov-Hopf HIP (black dashed line) and
anti-phase Andronov-Hopf (grey dashed line) as defined in Eq. (3.35) and (3.36).
These in turn give rise to the in-phase synchronized orbit (light peach regions in
Fig. 3.6 a)) and the anti-phase synchronized orbit (blue regions in Fig. 3.6 a)).
The regions of stable in-phase and anti-phase oscillations are separated by the
torus bifurcation lines marked T1 and T2 (blue and orange line in Fig. 3.6). These
lines are in reality two tightly separated supercritical torus bifurcations, as can be
seen in Ref. [CLE14] Fig. 7 (κ > PH1). The two Hopf-Hopf points (black circles in
Fig. 3.6 b)) create two torus-bifurcation lines as in the case of two coupled Stuart-
landau oscillators (Fig. 3.2). However, here the torus bifurcations lines created in
the same co-dimension 2 Hopf-Hopf point do not diverge and stay very close to
each other.
The most striking difference between the parameter scans for the two coupled

Lang-Kobayashi-type lasers shown in Fig. 3.6 and the case of two coupled Stuart-
Landau oscillators, as shown in Fig. 3.2, is the complete absence of any multista-
bility for the laser system (no purple regions in Fig. 3.6 a)). This can be related to
the different bifurcation scenario that occurs with respect to the secondary bifurca-
tions on top of the simple oscillatory IP and AP states: While the Stuart-Landau
oscillator shows a complex border consisting of both pitchfork and torus bifurca-
tions (Fig. 3.2 b)), the laser IP and AP solutions are purely limited by the torus
bifurcations (T1 and T2 in Fig. 3.6 b)). This is also caused by the fact, that the
torus lines connect both Hopf-Hopf points for the Stuart-Landau case (black circles
in Fig. 3.2 b)), while they do not for the laser system (T1,2 are straight lines in
Fig. 3.6 b)). Following the deductions of Ref. [CLE14], it is also clear that the laser
system contains some tiny regions of higher order dynamics along the torus lines
(not visible in the scale of Fig. 3.6): As mentioned, every torus line is in reality
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3.2 Two coupled Lang-Kobayashi-type lasers

made up of two tightly separated torus bifurcations, in between which higher order
dynamics can be found. The difference between the Stuart-Landau and Lang-
Kobayashi case are in general smallest close to the Hopf-bifurcations, as this is
where the Lang-Kobayashi system is well approximated by the Stuart-Landau sys-
tem. Despite these differences, the laser case still obeys the same symmetry-rules,
and hence the IP regions (light peach in Fig. 3.6 a)) are the image of the AP regions
(blue in Fig. 3.6 a)) under the π-translational symmetry.

Parameter scan for α 6= 0

The importance of the amplitude-phase coupling parameter α in determining the
dynamics of laser systems is a well established fact. In particular, some laser sys-
tems may even require a description that goes beyond the linear α-factor approach
used to described amplitude-phase coupling in the Lang-Kobayashi model, e.g. see
Ref. [LIN12b]. As mentioned, α is related to the shear Im(γ) of the Stuart-Landau
system. It was only in the presence of this shear Im(γ) 6= 0 that symmetry-broken
amplitude- and phase-coupling states were found, see Fig. 3.3. Studying the influ-
ence of α is therefore of great importance.

Figure 3.7: Regions of numerical stability for two instantaneously coupled Lang-
Kobayashi-type lasers as described in Eqs. (3.26) to (3.29) as a function of excess pump
current p and coupling phase φ. White areas indicate the trivial off-state, light peach
areas the in-phase and bright blue areas the anti-phase state. Purple regions indicate
multistability between in-phase and anti-phase orbits (none found for these parameters).
Black circles mark a co-dimension two Hopf-Hopf point and squares mark a pitchfork-
Hopf point. Parameters: T = 200, α as indicated on top of the panels, κ = 0.1.

Figure 3.7 shows the 2D-parameter scan for different excess pump currents p and
coupling phases φ for α 6= 0 (as indicated atop the panels). When comparing to
the parameter scan without amplitude phase coupling in Fig. 3.6, it becomes ap-
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parent that α does not influence the off-state (white regions in Fig. 3.7 and 3.6) or
border to the in-phase (light peach regions) and anti-phase (blue regions) synchro-
nized solutions. This is also apparent from the analytic formula of the generating
Andronov-Hopf-bifurcations of Eqs. (3.35) and (3.36), which do not depend on α.
On a more fundamental level of the physical processes involved, the border be-
tween off-state (white regions in Fig. 3.7) and continuous wave solutions (IP and
AP, light peach and blue regions in Fig. 3.7) corresponds to the laser threshold of
the involved lasers. As macroscopic lasers have a negligible emission below thresh-
old, the α-factor mediated influence of the amplitude on the phase will also be
negligible. For the Lang-Kobayashi-type of coupled laser equations, as given in
Eqs. (3.26)-(3.29), the spontaneous emission is in fact entirely neglected and not
included. Hence, the α-factor only grows in influence for higher intensities and thus
pump-currents, and has no influence directly at the laser threshold.
The inclusion of non-zero amplitude-phase coupling α leads to the appearance of

additional stable states in Fig. 3.7. First, on the border between the stable regions
of in-phase (IP, light peach regions) and anti-phase (AP, blue regions) synchronized
solutions a small region of higher order dynamics appears (grey regions for large p
in Fig. 3.7). This is analogous to the appearance of stable higher order dynamics in
the system of two coupled Stuart-Landau oscillators, which appeared for Im(γ) 6= 0
(grey regions in Fig. 3.3), highlighting the great similarity between the laser and
pure amplitude oscillator system. Additionally, the regions marked in green in
Fig. 3.7 b) and c) mark the appearance of symmetry-broken amplitude and phase-
locking state (SBL) in the laser system.
The bifurcations and critical points in Fig. 3.7 are known from the literature,

especially cf. Fig. 6 in Ref. [CLE14] obtained by path-continuation. Note, the
different sign of the coupling phase φ in their definition. The black squares in
Fig. 3.7 mark the pitchfork-Hopf point called ’PH1’ in Ref. [CLE14]. One of the
torus lines (coloured in blue and orange in Fig. 3.6, border between light peach
and blue regions in Fig. 3.7) originating in the Hopf-Hopf point (black circles in
Fig. 3.7) connects to the pitchfork-Hopf point (black squares in Fig. 3.7), while
the other torus line passes close by. The vicinity of the pitchfork-Hopf point is
explored in Fig. 8 of Ref. [CLE14]. The most important aspect of the bifurcation
scenario underlying Fig. 3.7 for now is that with the parameters as chosen there
exists both a pitchfork and a torus bifurcation bounding the stability of the in-
phase and anti-phase synchronized solutions. The region where SBL states are
found (indicated by the green coloured regions in Fig. 3.7) lie along the pitchfork
bifurcation, analogue to how the SBL states emerge from a pitchfork bifurcation in
the Stuart-Landau case (see Fig. 3.3). On the other hand, no SBL states are found
along the other border that corresponds to the torus bifurcations. This is the same
behaviour as in the Stuart-Landau case, where no symmetry-broken states were
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3.2 Two coupled Lang-Kobayashi-type lasers

found along the torus bifurcation lines (orange and blue lines in Fig. 3.3). Finally,
it is worth noting that Ref. [CLE14] also predicts regions of multistability between
SBL and in-phase and anti-phase solutions. However, these are not found here,
which may be caused due to a slightly different parameter set but has not been
further tested.

Symmetry-broken states in coupled Lang-Kobayashi-type lasers

Figure 3.8: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of two coupled Lang-Kobayashi-type lasers as defined by Eqs. (3.26) to (3.29).
a): time series slice of the real part of the complex electric field amplitude Re(E)
with different colours for the different oscillators. b): time-trace (coloured lines) and
simultaneous positions (coloured filled circles) for the same timeseries in the complex
plane. Parameters: p = 0.05, T = 200, α = 1.5, φ = 0.65π.

Figure 3.8 shows an example of a symmetry-broken amplitude- and phase-locking
state from the parameter region marked in green in Fig. 3.7 b) with α = 1.5. The
state is characterized by a non-trivial phase and amplitude relationship between the
two lasers (see coloured circles indicating the positions for one time in the complex
plane in Fig. 3.8). However, as the name ‘symmetry-broken amplitude- and phase-
locking’ (SBL) implies, this non-trivial amplitude and phase relationship is fixed in
time, as it was for the corresponding SBL states in the Stuart-Landau case. This
can also be seen by the time trace of the real parts of the electric field Re(E) shown
in Fig. 3.8 a). Moreover, if the phase relationship were time-dependent, this would
automatically lead to a time-dependent coupling term in the electric field equations
of the coupled Lang-Kobayashi-type laser system (cf. Eqs. (3.26) and (3.28)). Due
to the amplitude-phase coupling induced by α 6= 0, this would directly translate
into amplitude oscillations as well. In contrast, the SBL states exhibit harmonic

93



3 Symmetry-breaking in networks

oscillations of the form En = An exp(i(ωt+ θn), n = 1, 2 with some ω, θn, An ∈ R.
They are therefore also an example of non-trivial phase-locking.
Figure 3.8 also visualizes the symmetry-breaking nature of the SBL states (green

regions in Fig. 3.7): Despite having identical parameters and symmetric coupling,
the lasers end up in different states: One laser exhibits a much larger amplitude
than the other. Naturally, as the system still contains its basic symmetries, the
result of which laser ends up with the large amplitude is only decided by the initial
conditions, and swapping the initial conditions between the lasers would also lead
to a flip of the amplitudes in the eventually reached SBL state. As in the Stuart-
Landau oscillator case, this is a result of the equivariant branching lemma that
deals with the symmetries and sub-symmetries of solutions of dynamical systems:
While each individual solution does not need to abide all the symmetries of the
underlying system of equations, the solutions can be grouped together to recover the
fundamental symmetry group. In particular, this means that the SBL state shown
in Fig. 3.8 is breaking the exchange symmetry of the coupled Lang-Kobayashi-type
laser system of Eqs. (3.26)-(3.29). Hence, exchanging the amplitudes of the lasers
as observed in the stable limit cycle of Fig. 3.8 must also be a stable orbit. This
is all analogue to the symmetry-broken states in the Stuart-Landau case discussed
in Sec. 3.1.3. The time traces of the complex electric field in Fig. 3.8 therefore
also looks very similar to the complex amplitude of the Stuart-Landau oscillators
in Fig. 3.1.
Symmetry-broken states, as shown in Figure 3.8, have already been investigated

in great detail in the literature. This is in contrast to the coupled Stuart-Landau
oscillator case, where seemingly only passing reference to symmetry-broken states
had been made previously to Ref. [ROE18]. In the Lang-Kobayashi case, the state
has been studied both with and without delay, albeit is often referred to by dif-
ferent names: Yanchuk et al. [YAN04c] call them ‘asynchronous continuous wave
states’, which highlights both their symmetry-breaking (‘asynchronous’) and regu-
lar (‘continuous wave’) aspects. Similarly, Erzgräber et al. in Ref. [ERZ06a] refer to
them as ‘intermediate phase compound laser mode’, as their bifurcation analysis
reveals the connecting bifurcations between the SBL states and the in-phase and
anti-phase synchronized states. Ref. [CLE14] and the follow-up paper of Ref. [SEI17]

refer to these states as ‘symmetry-broken 1-colour states’, where ‘1-colour’ refers
to the fact that both lasers share the same frequency and are thus phase-locked.
The terminology of Ref. [KOM17], ‘asymmetric phase-locked states’, is similar to the
previous ones.
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3.2 Two coupled Lang-Kobayashi-type lasers

The ansatz that can be made to describe the symmetry-broken amplitude and
phase-locking states analytically is similar to that of the Stuart-landau case (com-
pare Eq. (3.19)):

E1(t) =sE2(t) = sÊeiΩt, (3.37)
N1(t) =N1 = const., (3.38)
N2(t) =N2 = const., (3.39)

where Ω is the common frequency, Ê ∈ R the amplitude of laser 1 and s ∈ C is
complex amplitude- and phase-factor. This ansatz is already discussed by Yanchuk
et al. in Ref. [YAN04c], who find an implicit transcendental equation to determine
s = A1/A2 exp(iψ) in Eq. (B20) of the Appendix in Ref. [YAN04c]. However, as
opposed to the numerical simulations shown in Fig. 3.7 and Ref. [CLE14], Yanchuk
et al. hypothesized that these states are always unstable, which we now know to
be false.
Overall the SBL states found here for the case of two coupled Stuart-Landau

oscillators and the variously named symmetry-broken states of two-coupled Lang-
Kobayashi-type lasers throughout the literature are extremely similar: Both exhibit
similar properties, appear in identical bifurcation scenarios (symmetry-breaking
pitchfork of limit-cycle bifurcations), are connected to amplitude-phase coupling
factors (Im(γ) for Stuart-Landau and α for Lang-Kobayashi) and can be described
with similar analytical approaches. However, while a full analytical description
of the SBLs states is possible for the Stuart-Landau case (as deduced in Ap-
pendix A.1.1), no such complete description exists for the Lang-Kobayashi case.
In particular, it is still an open question whether the appearance of ‘non-trivial
in-phase’ and ‘non-trivial anti-phase’ (E1 = AE2 with A ∈ R) states is possible for
the Lang-Kobayashi case. These states are possible for the Stuart-Landau case (cf.
Eqs. (3.24) and (3.25)).
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3.3 Unidirectional ring networks

One of the ways to extent the results of two coupled lasers or oscillators is to
look at ring networks. Both bidirectional ring networks and unidirectional ring
networks contain solutions that are very similar to those of two coupled oscillators.
These simple ring topologies employ a nearest-neighbour coupling, i.e. edges only
connect directly adjacent nodes when sketched as a ring, see Fig. 3.9. Unidirectional
rings are directed graphs with one incoming and one outgoing connection per node
and are covered in this section. Bidirectional rings are undirected networks with
every node connected to its two neighbours and will be covered in Sec. 3.4. This
restriction in the coupling range is in contrast to more complex ring networks that
employ next-nearest neighbour coupling or a coupling Kernel, as is often used in
the Chimera state literature, e.g. see Ref. [KUR02a] or Ref. [ZAK15b].

Figure 3.9: Sketch of the topology of ring networks. A unidirectional ring (a) has one
incoming and one out-going edge and is a directed network. A bidirectional ring (b) is
an undirected network with two edges connected to each node.

3.3.1 Unidirectional ring of Stuart-Landau oscillators

A unidirectional ring is defined by the adjacency matrix A with elements aij :

aij =

1, j = i+ 1 || (i, j) = (1, N)
0, otherwise

(3.40)
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where N is the number of nodes. The unidirectional ring of N Stuart-Landau
oscillators is then given by the following set of equations:

Ż0 = (λ+ iω + γ |Z0|2)Z0 + κeiφZN−1,

...
Żn = (λ+ iω + γ |Zn|2)Zn + κeiφZn−1, (3.41)
...

ŻN−1 = (λ+ iω + γ |ZN−1|2)ZN−1 + κeiφZN−2,

Note, that to simplify some equations appearing later, the index starts at n = 0.

Symmetries

The unidirectional ring of size N possesses an N -fold discrete cyclical symme-
try ZN . This is an extension of the Z2-symmetry of the case of two coupled
Stuart-Landau oscillators. Additionally, the unidirectional ring and its Eqs. (3.41)
retain the global phase-freedom of the Hopf-normal form, i.e. if a global factor
exp(iθ) is multiplied to all complex amplitudes Zn, the system remains unchanged.
The parametrization of the coupling in Eqs. (3.41) also ensures that the 2 − π-
translational symmetry still exists. The π-translational symmetry of the N = 2-
case, however, does not exist in general (it only exists for even N), but a more
general symmetry can be found, which is linked to the special solutions of the uni-
directional ring: rotating wave patterns. These are introduced in the next section.

3.3.2 Special solutions: Rotating wave patterns or "Ponies on a
merry-go-round"

The natural solutions of two coupled Stuart-Landau oscillators were the in-phase
(IP) synchronization Z1 = Z2 and anti-phase (AP) synchronization Z1 = −Z2, see
Sec. 3.1.2. In the unidirectional ring (Eqs. 3.41), these generalize to rotating wave
patterns labelled with index j ∈ [0, . . . , N − 1]:

Zn(t) = ei(nξj+θ)Z(t), (3.42)

where Z(t) = Aj exp(iωjt+θ) is a harmonic oscillation with fixed amplitude Aj ∈ R,
frequency ωj and arbitrary θ (global phase freedom). The rotating wave solu-
tions are characterized by a fixed and identical phase difference ξj between every
pair of neighbouring oscillators, i.e. Zn/Zn−1 = exp(iξj), while they share the
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same amplitude and frequency. Hence, all the oscillators are frequency and phase-
synchronized. The off-set phase for index j is given by:

ξj = 2πj
N

. (3.43)

This special choice of the phase difference ξj is a natural consequence of the fact
that going once around the ring, one has to return to the same oscillator - and
therefore the same phase. Hence it must hold that Nξj = k2π for some k ∈ N,
which Eq. (3.43) fulfils. The rotating wave index j will be taken to be in the
interval of integers [0, . . . , N − 1]. Any j outside of this interval will not yield
different solutions, as ξj and ξj + 2π yield identical dynamics. Thus, the rotating
waves can also be seen as a standing wave pattern in the relative phases of the
unidirectional ring. Due to the discrete nature, only N different patterns exist.
The validity and existence of these states can be checked by inserting the ansatz

of Eqs. (3.42) into the unidirectional ring Eq. (3.41). Solving for the amplitude of
such rotating wave patterns yields:

|Aj |2 =− λ+ κ cos(φ− ξj)
Re(γ) , (3.44)

which implicitly contains the condition for existence, i.e the generating bifurcation
of the rotating wave of index j, as the right hand side of the equation has to be
positive. One can safely assume this to be a Hopf-bifurcation from the N = 2 case
and due to the square-root dependence of the amplitude. The Hopf bifurcation for
the rotating wave of index j therefore occurs for:

λH(j) = −κ cos (φ− 2πj/N) , (3.45)

which is a generalization of the deductions of Sec. 3.1. The rotating wave of index
j = 0 always corresponds to the in-phase solution. Hence, λH(j) in Eq. (3.45) for
j = 0 becomes identical to the in-phase Andronov-Hopf bifurcation of two coupled
oscillators as deduced in Eq. (3.11) in Sec. 3.1. The rotating wave of index j = N/2
(if N is even) corresponds to a general anti-phase pattern, i.e. every oscillator is
anti-phase to both of its neighbours. Hence Eq. (3.45) is identical to the HAP -
bifurcation of Eq. (3.12) for the N = 2 case if j = N/2. Additionally, if the
anti-phase pattern exists, it will always initially be centred around φ = π just as
in the N = 2 case. Other rotating wave patterns are centred around φ = 2πj/N .
If index j is a factor of the number of oscillators N the system forms clusters.
Specific examples will be shown for N = 4 in the next section, which illustrate the
properties of the rotating waves.
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3.3.3 Unidirectional ring of 4 oscillators

Figure 3.10: Example timeseries for the fundamental patterns of the unidirectional ring of
N = 4 Stuart-Landau oscillators as defined by Eqs. (3.41). The rotating wave patterns
are described by an index j according to Eq. (3.42). The top panel shows a time
series slice of the real part of the complex amplitude Re(Z) with different colours for
the different oscillators. Bottom panels show a phase space projection of the time-
trace (black line) and simultaneous positions (coloured circles) for the same timeseries
in the complex Z plane. Parameters: λ = 0.05, ω = 1, Re(γ) = −0.1, Im(γ) = 0,
φ = 0, 0.5π, π, 1.5π

Figure 3.10 shows the example for the unidirectional Stuart-Landau ring as given
by Eqs. (3.41) for N = 4 oscillators. Accordingly the system possesses 4 different
rotating wave states that can be obtained (excluding the trivial global phase free-
dom), which are shown from right to left in Fig. 3.10. The top panel shows a
timeseries slice of the real part Re(Z(t)), with the different oscillators in colour.
Note, that slightly different line widths have been used to see overlapping oscil-
lations. The row of bottom panels of Fig. 3.10 shows corresponding projections
of the time-traces (black) and simultaneous positions (coloured circles) for all the
oscillators into the complex Z plane.
The in-phase synchronized case with Z0 = Z1 = Z2 = Z3 is shown in Fig. 3.10 a)

and occurs for index j = 0 with a phase difference ξ0 = 0. All 4 oscillators are
identical for all times. Fig. 3.10 b) shows the first of the non-trivial extensions
when compared to the two coupled Stuart-Landau oscillators. With index j = 1
the rotating wave results in a phase difference of ξ1 = π/2. Every oscillator has a
unique phase and therefore is visible as distinct trace in the top panel of Fig. 3.10 b)
and the simultaneous positions (coloured dots in the bottom panel of Fig. 3.10 b))
are each a quarter of the circumference of the circle apart.
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The anti-phase synchronized case is given by index j = 2 for the N = 4 oscillator
case shown in Fig. 3.10 c). The oscillators are anti-phase with both of their neigh-
bours Z1 = −Z2 = Z3 = −Z4. This necessarily leads to the system creating two
in-phase synchronized clusters, as is visible in the time traces (top) and complex
plane representation (bottom) in Fig. 3.10 c). Finally, the index j = 3 shown in
Fig. 3.10 d) is another non-trivial rotating wave pattern. Note, that the order is
reversed compared to index j = 1 of Fig. 3.10 b). It is a general rule that indices j
and N − j will be mirror images. Note, that an index j = 4 would simply recover
the in-phase synchronized state of j = 0.
The bottom panels of Fig. 3.10 also illustrate the informal name of these rotating

wave patterns: ‘ponies on a merry-go-round’. In the complex plane, the oscillators
will perform a circular motion around the origin with constant angular velocity,
while keeping their distance. This is reminiscent of the ‘ponies’ (and elephants, fire
trucks etc.) on a merry-go-round, which also simply rotate around a common axis.
These solutions also represent primitive ‘cluster states’ for index j 6= 0, as different
oscillators exhibit different phases [LEH15b]. Thus, the anti-phase case of j = 2 for
N = 4, as shown in Fig. 3.10 c), is a cluster state. If the rotating wave index j is
not a factor of the number of oscillators N , then each unit will have its own unique
complex amplitude Zn 6= Zm for m 6= n. These states of constant, identical phase
shift between oscillators are also called ‘splay states’. For example, j = 1 and j = 3
are not a factor of N = 4 and therefore Fig. 3.10 b) and d) are also splay states.

Symmetry-abiding coordinate transformations

The existence of all these different rotating wave patterns can also be deduced by
a calculation using coordinate transforms and using the symmetries of the system.
Similar to the deductions for two coupled Stuart-Landau oscillators in Sec. 3.1.2
used to obtain Eqs. (3.17) and (3.18). First, new variables are defined:

Z̃n = einξjZn. (3.46)

Eq. (3.46) actually describes N different coordinate transforms, as one for each
different rotating wave index j can be used. In particular, the transformation of
Eq. (3.46) for j = 0 leaves the system unchanged, while j = N/2 is similar to the
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transformation introduced in Sec. 3.1.2. Inserting these transformations into the
equations of motion of the unidirectional Stuart-Landau ring, Eqs. (3.41), yields:

˙̃Z0 = (λ+ iω + γ |Z̃0|2)Z̃0 + κei(φ+ξj)Z̃N−1,

...
˙̃Zn = (λ+ iω + γ |Z̃n|2)Z̃n + κei(φ+ξj)Z̃n−1, (3.47)
...

˙̃ZN−1 = (λ+ iω + γ |Z̃N−1|2)Z̃N−1 + κei(φ+ξj)Z̃N−2,

Thus, these transformed equations are identical to the original Eqs. (3.41), with the
exception of a new coupling phase φ̃ = φ+ξj . Due the nature of the transformation
introduced in Eq. (3.46), the in-phase synchronized solutions of the transformed
system Eqs. (3.47) correspond to a rotating wave of index j in the original system.
Thus, if an in-phase synchronized solution is found for φ in the original Eqs. (3.41),
then there must also exist a corresponding rotating wave of index j for a shifted
coupling phase of φ+ ξj . In fact, any solution found in the original equations, has
a corresponding phase-shifted solutions with index j in the transformed system.
This is the generalization of the π-translational symmetry for a phase shift of π of
two coupled Stuart-Landau oscillators in Sec. 3.1.2. It will therefore be called the
ξj-translational symmetry. This simple algebraic trick again uses the symmetries
of the underlying system. It not only connects the solutions for different coupling
phases φ and rotating wave index j, but it can also be used to deduce the existence
of the non trivial rotating wave patterns j 6= 0, as this transformation leaves the
overall system of ODEs unchanged.
To study the secondary bifurcations of the oscillatory solutions of Eqs. (3.41),

i.e. the rotating wave patterns with index j, it is therefore sufficient to investigate
the bifurcations of the in-phase synchronized oscillations j = 0. The behaviour for
j 6= 0 then simply follows with the ξj-translational symmetry introduced in the
previous paragraph. The in-phase synchronized solution is given by Zn = Z, which
leads to Eqs. (3.47) decoupling completely, and seems easiest to solve. Using the
ξj-translational symmetry therefore reduces the number of explicit equations to be
deduced by a factor of N .

Parameter scan for N = 4 and Im(γ) = 0

So far, the symmetries and basic solutions for the unidirectional Stuart-Landau
ring of N = 4 were discussed, which are the rotating wave patterns of index j.
Fig. 3.11 a) shows numerical simulations of a unidirectional network of N = 4

101



3 Symmetry-breaking in networks

Figure 3.11: a:) Regions of numerical stability for N = 4 instantaneously coupled Stuart-
Landau oscillators in a unidirectional ring as described in Eqs. (3.41) as a function of
λ and coupling phase φ for shear Im(γ) = 0 . White areas indicate the trivial off-
state. The colours indicated in the legend with ‘j = 0’, ‘1’ etc. are rotating wave
patterns as described by Eq. (3.42) as shown in Fig. 3.10. Labels such as ‘0+1’ indicate
multistability between rotating waves of different index j. The right panel (b) shows
analytically and semi-analytically derived bifurcation lines given by Eq. (3.45) for the
Hopf of the the different indices j (Hj), and Eqs. (3.48) for the pitchfork bifurcation (Pj .
The torus lines were calculated by numerically finding the roots of the real part of the
last (analytically expressible) eigenvalue branches. Black circles mark a co-dimension 2
bifurcation point. Parameters: Re(γ) = −0.1, Im(γ) = 0, ω = 1, κ = 0.1.

oscillators for different coupling phases φ and driving parameters λ as given by
Eqs. (3.41) for the case without amplitude-phase coupling Im(γ) = 0. The colour
code indicates the observed regions of stability for the 4 fundamental rotating wave
patterns j = 0, 1, 2, 3. Time series samples for these states in this system are shown
in Fig. 3.10. Fig. 3.11 a) contains the information of 4 different batches of simula-
tion: 4 different initial conditions were numerically integrated for each parameter
combination of coupling phase φ and λ. One each was initialised very close (10−3)
to each of the four fundamental rotating waves. An automatic transient detection
routine determined the time the system needed to evolve: at least 1000 time units
and at most 20000 time units. After that time, the final state was observed and
categorized. Due to the finite numerical integration time and computer precision,
any state that was close to a mathematically precise rotating wave was counted as
such. Thus, Fig. 3.11 a) should realistically represent the regions of stability for
all the different rotating wave types.
Fig. 3.11 a) also shows the regions of multistability between different rotating

waves. The regions of stability of the rotating wave with index j should be identical
to those of the in-phase synchronized solution j = 0, once the coupling phase is
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shifted by ξj = jπ/2 due to the ξj-translational symmetry. This is confirmed by
the numerics here, and it in turn validates the numerical approach taken. Because
the region of stability never stretches for more than π in the coupling phase φ,
this also means that there never are more than two simultaneously stable states
(because for N = 4 it follows that 4/2 = 2). Numerical simulations indicate, that
this should generalize to a maximal multistability of N/2 simultaneously stable
rotating wave patterns for rings of arbitrary size N . The regions of stability for
each j as seen by the coloured regions in Fig. 3.11 a) generally grow with λ, and
unlike the case of two-coupled oscillators shown in Fig. 3.2 it never contracts.
Therefore the multistability strictly increases with λ.
For the case of N = 4 it is possible to solve the characteristic equation along

the rotating wave states explicitly. This is done in Appendix A.2. The secondary
bifurcations are also derived. The Andronov-Hopf bifurcation Hj that generates
the oscillations of Eq. (3.45) is recovered (dashed dark and grey lines in Fig. 3.11).
Two additional bifurcations are also derived in Appendix A.2. First, a pitchfork
can be explicitly expressed:

λP = −3κ+ κ cos(2φ) + α̃κ sin(2φ)
2 cosφ+ 2α̃ sinφ , (3.48)

with α̃ = Im(γ)/Re(γ). Additionally, a last branch of 4 related eigenvalues is ob-
tained, as shown in the lengthy expression Eq. (A.34). This last branch corresponds
to a secondary Andronov-Hopf or torus bifurcation.
Figure 3.11 b) shows the bifurcation structure of the ring of N = 4 unidirection-

ally coupled Stuart-Landau oscillators of Eqs. (3.41). The generating Hopf bifur-
cations for the rotating waves of index j are given by the dark and grey dashed
lines on the bottom of Fig. 3.11 b). The labels indicate the phase relationship
of the created phase-locked solution Hj , where j = 0 corresponds to the in-phase
synchronized solution. As in the case of the two coupled Stuart-Landau oscillators
shown in Fig. 3.2, only the first Andronov-Hopf bifurcation that occurs for lowest λ
produces stable oscillations. Thus, despite every Andronov-Hopf line Hj spanning
the entire coupling phase range φ, the corresponding rotating wave patterns only
emerge for one quarter of the length along it. This generalized to a length of 2π/N
for larger unidirectional rings, i.e. for every coupling phase there is always only a
single stable rotating wave created through a Hopf-bifurcation from the off-state.
All other rotating wave patterns are only created unstable and multistability only
arises through secondary bifurcations.
On rotating waves created in Hj secondary bifurcations occur. Where two funda-

mental Andronov-Hopf-bifurcations Hj meet a co-dimension 2 Hopf-Hopf point is
located (black circles in ig. 3.11 b)). In these Hopf-Hopf points two secondary
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Andronov-Hopf or torus bifurcations Tj are created (orange and blue lines in
Fig. 3.11 b)). Note, that there are two lines called Tj for every j in Fig. 3.11 b).
These branches are both obtained from Eq. (A.34) in the appendix, but represent
two different roots of that eigenvalue, i.e. they are independent lines. They will also
react differently, once the symmetry is broken for Im(γ) 6= 0. Nonetheless, in the
symmetric case Im(γ) = 0 shown in Fig. 3.11, the region of stability of the different
states as shown by the numerics are always limited by the torus bifurcations Tj .
The pitchfork bifurcations (black and grey solid lines in Fig. 3.11 b)) only occur
in regions where the original rotating wave of index j is already unstable. This is
in contrast to the N = 2 case, where these pitchfork bifurcations also limited the
regions of stability. The parts of the bifurcation lines that limit regions of stability
are also reproduced in Fig. 3.11 a), where they perfectly frame the numerically
obtained data (Hj and Tj , but not Pj due to the solution already being unstable).
In general, the N = 4 unidirectional ring of Stuart-Landau oscillator has a

more complex bifurcation landscape than the case of two oscillators. Nevertheless,
this increase in the number of possible solutions does not drastically increase the
difficulty of studying the system analytically and numerically. This is mostly due to
the ξj-translational symmetry, which reduces the number of required calculations
by a factor of N . However, due to the closer spacing of the different rotating
wave patterns, it is also apparent that the influence of the coupling phase φ has
increased when compared to the N = 2 case. This is a trend that continues
towards even larger networks, which will be discussed later. Additionally, the
regions of multistability have increased for the unidirectional ring. Both the higher
phase sensitivity and larger multistability could potentially be difficult to control in
experimental setups, and thus a unidirectional network may be a difficult topology
to investigate.

Parameter scan for N = 4 and Im(γ) 6= 0

As before, the importance of the amplitude-phase coupling for Im(γ) 6= 0 should not
be neglected, and will now be investigated. Figure. 3.12 shows the evolution of the
regions of stability for different amplitude-phase coupling Im(γ) as indicated atop
the columns. This is the generalization of the system that is shown for Im(γ) = 0 in
Fig. 3.11. The colour code and legend are identical in both figures, with the regions
of stability for different rotating wave patterns shown. When comparing Fig. 3.11
and 3.12 the influence of the shear can be studied: First, as can also be seen from
Eq. (3.45), the position of the generation Hopf bifurcations Hj does not change
with shear. However, while the regions of stability for the rotating wave states
are always centred and symmetric in coupling phase around φ = ξj if Im(γ) = 0,
in the presence of amplitude-phase coupling Im(γ) this is only true for small λ;
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Figure 3.12: Top: Regions of numerically obtained stability for N = 4 instantaneously
coupled Stuart-Landau oscillators in a unidirectional ring as described in Eqs. (3.41) as
a function of λ and coupling phase φ for different shears Im(γ). White areas indicate
the trivial off-state. The colours indicated in the legend with ‘j = 0’, ‘1’ etc. are
rotating wave patterns as described by Eq. (3.42) as shown in Fig. 3.10. Labels such as
‘0 + 1’ indicate multistability between rotating waves of different index j. Grey areas
contain higher-order dynamics. Dark green areas contain symmetry-broken amplitude
and phase-locking states. The bottom panels show analytically and semi-analytically
derived bifurcation lines given by Eq. (3.45) for the Hopf-lines with different indices j
(Hj), and the roots of Eqs. (A.34) for the torus (orange and blue lines Tj and black lines
T̃j). Black circles mark co-dimension 2 Hopf-Hopf points. Parameters: Re(γ) = −0.1,
Im(γ) as indicated atop the column, ω = 1, κ = 0.1.

e.g. compare the symmetric regions of stability for j = 0 in Fig. 3.11 a) with the
increasingly asymmetric regions of j = 0 for high λ in Fig. 3.12. This naturally also
extents to the regions of multistability. For high λ, the amplitude-phase coupling
induced by Im(γ) 6= 0 bends the region of stability towards lower coupling phases φ
in Fig. 3.12. This breaks the mirror symmetry in the coupling phase φ, that existed
for each of the tongues in Fig. 3.11 a) with Im(γ) = 0. Nevertheless, the general
ξj-translational symmetry that links the bifurcation scenario for different j still
persists: The two torus lines Tj for each index j (blue and orange lines in Fig. 3.12)
are no longer mirror images, but the same bifurcation lines for the different j are
still exactly ξj apart in the coupling phase φ. This is also visible for the lower
panels of Fig. 3.12, where the pure bifurcation lines are shown again. This also
confirms the symmetry argument deduced from the transformation of Eq. (3.46).
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While for lower shear (Fig. 3.12 a) and b)), the regions of stability are merely
distorted, the situation fundamentally changes in Fig. 3.12 c) for Im(γ) = 0.5.
There, new regions open up, where none of the rotating wave patterns of any index
are stable (grey regions). This is similar to what happened for Im(γ) = 0.15 in
Fig. 3.3 b) for N = 2. However, a distinctive difference is apparent for the uni-
directional ring with N = 4 units: No symmetry-broken states appear in these
newly opened-up regions. This is a result of the different bifurcation scenario.
The basic, symmetry-abiding rotating waves of the unidirectional ring are entirely
limited by the torus-bifurcations Tj (orange and blue lines in Fig. 3.12). In con-
trast, the regions with symmetry-broken amplitude- and phase-locking were limited
by a pitchfork bifurcation in the N = 2 case. While a pitchfork bifurcation is a
symmetry-breaking bifurcation, a torus bifurcation does not have to be. Further-
more, a torus bifurcation also always creates amplitude oscillations, but the interest
here is in phase-locked symmetry-broken states. Hence, no SBL states are directly
created in Fig. 3.12 c). This is a natural pattern of these highly symmetric cou-
pled oscillator systems: Symmetry-breaking states are mostly found close to the
pitchfork bifurcations, and where pitchfork bifurcations are missing, these states
are not directly created.

3.3.4 Symmetry-broken solutions for N = 4

Figure 3.12 d) shows the two-dimensional landscape for even higher shear Im(γ) =
1.5. The grey-coloured regions of higher order dynamics have significantly ex-
panded. Additionally, symmetry-broken amplitude- and phase-locking states are
now apparent in eight regions (dark green spots in Fig. 3.12 d), two of which are
indicated by the arrows labelled ‘SBL’). These originate from 2 groups of fundamen-
tally different parameter combinations and their images under the ξj-translational
symmetry (each solution can be linked to three related states for N = 4). These
two different groups of symmetry-broken states will be investigated separately to
study their dynamics.

The first group of symmetry-broken solutions

First, for λ ≈ 0 and φ ≈ 0.25π, 0.75π, 1.25π, 1.75π isolated patches of symmetry-
broken amplitude- and phase-locking states can be found deep inside the regions of
higher order dynamics (grey regions) in Fig. 3.12 d). These states are found to be
stable suddenly without connections to the surrounding tongues of rotating waves.
The bifurcation scenario leading to their stability is therefore likely to be complex
and may include subcritical bifurcations.
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Figure 3.13: Example timeseries for the first type of symmetry-broken amplitude- and
phase-locking (SBL) states of the unidirectional ring of N = 4 Stuart-Landau oscillators
as defined by Eqs. (3.41). The top panel shows a time series slice of the real part of
the complex amplitude Re(Z) with different colours for the different oscillators. Bottom
panels show the time-trace (color line) and simultaneous positions (coloured filled circles)
for the same timeseries in the complex plane. Parameters: λ = −0.01, ω = 1, Re(γ) =
−0.1, Im(γ) = 1.5, φ = 1.25, 1.75π, 0.25π, 0.75π

Figure 3.13 shows time series of the real part Re(Zn) (top) and projections in
the complex plane (bottom panels) for the SBL states in the isolated patches λ ≈ 0
of Figure 3.12 d). The coupling phases for the four related parameter regions
are φ = 1.25, 1.75π, 0.25π, 0.75π and each is labelled with a rotating waves of
index j = 0, 1, 2, 3, respectively (also see the labels on the top of the columns
in Fig. 3.13). Here, the rotating wave indices indicate the nearest stable rotating
wave solution in the 2D-parameter plot of Fig. 3.12 d). As these SBL states exist
in isolated regions, this is not necessarily the rotating wave state from which the
particular SBL solution split off originally. This can only be rigorously proven with
a comprehensive bifurcation analysis.
The SBL states shown in Fig. 3.13 represent a single solution and it’s sym-

metrized versions. Each SBL solution is defined by two amplitude clusters of two
oscillators each, that have the same amplitudes within the clusters |Z0|2 = |Z2|2
and |Z1|2 = |Z3|2, but different amplitudes between the clusters |Z0|2 6= |Z1|2.
Between the two amplitude clusters, the phase relationship is non-trivial, i.e. not
a multiple of any ξj . The amplitude ratio of the clusters is similarly complex. The
amplitude and phase relationship between the clusters also changes within the pa-
rameter region marked with ’SBL’ in Fig. 3.12 d). As opposed to the inter-cluster
relationship, the phase relationship within the clusters is ordinary: For the even
rotating wave indices j = 0, 2 (Fig. 3.13 a) and c)) phases within the clusters are
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identical Z0 = Z2 and Z1 = Z3, while for the uneven rotating wave indices j = 1, 3
(Fig. 3.13 b) and d)) oscillators are anti-phase within the clusters Z0 = −Z2 and
Z1 = −Z3. Furthermore, when comparing j = 0 and j = 2 the phase between the
clusters is flipped by π (compare the position of the coloured dots in the bottom
panel of Fig. 3.13 a) and d)). Once again, the seemingly strange zoo of solutions
can be made sense of, with knowledge of the symmetries of the system: The trans-
formation of Eq. (3.46) shows that all states of Fig. 3.13 will behave identically,
when the coupling phase is changed to φ + ξj . Despite the first impression one
can have, especially when looking at the real part time series in the top panels
of Fig. 3.13 a) and b), all solutions in Fig. 3.13 are each others image under the
ξj-translational symmetry.
One can analytically explore the SBL state for j = 0 shown in Fig. 3.13 a) with

a simple ansatz, reflecting the observed pattern: Two oscillators are sharing the
same amplitude each. As in Sec. 3.1.3, the amplitude and phase relationship can
then be described with a complex number s:

Z1 = sZ2 =Z3 = sZ4 (3.49)

Additionally, only harmonically oscillating solutions are considered Żn = iΩ̃Zn.
Inserting this into the unidirectional Stuart-Landau ring equation (3.41) yields
4 equations, of which two each are identical. The two remaining equations are
identical to Eqs. (3.20) and (3.21) of Sec. 3.1.3, which described the symmetry-
broken amplitude- and phase-locking solutions for N = 2. Hence, the first kind of
SBL states for the unidirectional ring shown in Fig. 3.13 directly corresponds to
the original SBL states that were described in Ref. [ROE18]. Where in the original
N = 2 case the symmetry-breaking expressed itself in two different amplitudes for
the two Stuart-Landau oscillators, this turns into a symmetry-broken state with
two oscillators sharing their amplitude each. The symmetry-broken states for two
coupled Stuart-Landau oscillators of Sec. 3.1.3 emerged through a single pitchfork
bifurcation. A similar emergence seems plausible here, but no pitchfork bifurcation
can be seen in the numerics, indicating that they may be created as unstable limit
cycles at first. Because all the examples in Fig. 3.13 are so closely related, the
states in Fig. 3.13 share their origin, with only the original rotating wave patterns
that their limit cycles split off from differing.
The states for N = 4 shown in Fig. 3.13 are also cluster states. This is most

apparent for Fig. 3.13 a) and c). The assumptions of Eq. (3.49) implicitly assumes
that these clusters already exists, i.e. only the stability on the synchronization
manifold can calculated that way. For the SBL states for N = 4 to be actually
stable, the clusters also have to be internally stable. Internal stability here means,
that a small deviation of the amplitudes of oscillators within the same cluster, e.g.
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Z1 and Z3, does not grow but decays. The symmetry-broken states for N = 4
Stuart-Landau oscillators in a unidirectional ring are likely also linked to the works
of Ref. [KU15], who looked exactly at this type of problem of cluster stability of
Stuart-Landau oscillators. Sadly, the authors never looked at small unidirectional
ring networks, so that no results for this particular case exist. Considering that the
numerical simulations of this thesis did find symmetry-broken states that also are
cluster states, it would be an interesting avenue of future research to study their
relationship to clustering and symmetry-breaking in larger networks.

The second group of symmetry-broken solutions

The two-dimensional scan in Fig. 3.12 d) revealed two different groups if symmetry-
broken amplitude- and phase-locking states, of which the first was studied in the
previous paragraphs. The second group of SBL states can be found close to λ ≈ 0.5
for φ ≈ 1.03, 1.53π, 0.03π, 0.53π. These are connected to one side of the rotating
wave states - along a special part of the torus line marked as T̃j in Fig. 3.12 d). This
torus line is derived from the roots of the last eigenvalue cluster of Eq. (A.34) in the
appendix. No full analytic form for this bifurcation line exists, but the eigenvalues
themselves can still be expressed analytically. In the case of the upper SBL in
Fig. 3.12 d), the roots are still complex conjugates, but the real and imaginary
parts are crossing zero almost at the same time.

Figure 3.14: Example timeseries for the second type of symmetry-broken amplitude-
and phase-locking states of the unidirectional ring of N = 4 Stuart-Landau oscillators
as defined by Eqs. (3.41). The top panel shows a time series slice of the real part of
the complex amplitude Re(Z) with different colours for the different oscillators. Bot-
tom panels show the time-trace (black line) and simultaneous positions (coloured filled
circles) for the same timeseries in the complex plane. Parameters: λ = 0.36, ω = 1,
Re(γ) = −0.1, Im(γ) = 1.5, φ = 1.03, 1.53π, 0.03π, 0.53π
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Figure 3.14 shows time series slice (top) and complex plane representations (bot-
tom) of the SBL states found for λ ≈ 0.5 in Fig. 3.12 d) (dark green regions next
to the upper ‘SBL’ arrow). The different columns of Fig. 3.14 show the different
symmetrized versions, sorted by rotating wave index j. In contrast to the first
group of SBL states shown in Fig. 3.13, the states of the second group smoothly
bifurcate directly from the underlying phase-synchronized rotating wave state, i.e.
they are only separated from the normal rotating wave states by the torus-line T̃j
in Fig. 3.12 d). Thus, all of the time series and complex plane projections shown in
Fig. 3.14 are close to the original rotating waves. In particular, j = 0 (Fig. 3.14 a))
is still very close to the in-phase synchronized state, and thus the small phase dif-
ferences between the amplitudes Zn of the different oscillators are easy to overlook
(coloured circles in the bottom panel of Fig. 3.14 a) are not perfectly aligned, this
is not a plotting artefact). For j = 1, 3 it would be easy to overlook the small
deviations from the rotating wave state (Fig. 3.14 b) and d)).
This second group of symmetry-broken amplitude- and phase-locked states seems

to only differ in phase between the oscillators, the amplitudes are very similar
|Z0| ≈ |Z1| ≈ |Z2| ≈ |Z3|. There potentially is a very long-term slow oscillation of
the phases, but this was hard to numerically distinguish from transients and must
be left for future investigations. To understand the nature of the second type of
SBL states for the unidirectional ring, it is useful to look at larger networks.

3.3.5 Large unidirectional rings

Figure. 3.15 shows parameter scans for larger unidirectional rings in coupling phase
φ and λ. However, the number of rotating wave patterns grows with N , and
therefore the numerical simulations required to produce an accurate map of all
states also increases. Additionally, the number of multi-stable solutions coexisting
also increases as N/2 as discussed in Sec. 3.3.3, and it becomes difficult to portray
the structure of the system easily (not enough distinguishable colours). Hence,
Fig. 3.15 is based entirely on one batch of numerical simulations that were started
close the in-phase synchronized state j = 0. Accordingly, only the extent of the
pink region in Fig. 3.15 outlines the true region of stability of a solution. The other
states are only randomly sampled in those regions, where the numerical integration
did not converge to the in-phase solutions j = 0. However, the regions of stability
for j 6= 0 can in principle be obtained by applying the ξj-translational symmetry.
Several facts become apparent when studying Fig. 3.15: First, the region of

stability for the in-phase state never exceeds a length of π in the phase dimensions,
which it reaches for high λ (width of the red region in Fig. 3.15). This can likely be
proven, with an external cavity mode (ECM) ansatz for the case of instantaneously
coupled Stuart-Landau oscillators, but is left for future investigations here. Second,
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Figure 3.15: Regions of numerical obtained stability for the in-phase oscillatory solution
(j = 0, red regions) of instantaneously coupled Stuart-Landau oscillators in large uni-
directional ring as described in Eqs. (3.41) as a function of λ and coupling phase φ for
different oscillator numbers N . White areas indicate the trivial off-state. The colours
indicated in the legend with ’j = 0’, ’1’ etc. are rotating wave patterns as described by
Eq. (3.42) as shown for N = 4 in Fig. 3.10. Grey areas contain higher-order dynamics.
Dark green areas contain symmetry-broken amplitude and phase-locking (SBL) states.
Parameters: Re(γ) = −0.1, Im(γ) = 0.5, ω = 1, κ = 0.1.

as follows from the equation of the fundamental Hopf bifurcations Hj Eq. (3.45),
the line dividing rotating waves from the off states (border of white to coloured
regions in Fig. 3.15) gets closer to −κ for higher N . Third, from calculating the
intersections of different generating Andronov-Hopf bifurcations Hj Eq. (3.45), it
can be deduced that the regions of stability for a given rotating wave state will
cover 2π/N in the coupling phase dimension for small λ (compare the width of
the coloured regions for λ ≈ −0.1 across the different panels of Fig. 3.15, which
become thinner for higher N). This also implies that the torus bifurcations Tj
cannot have an analytic form independent of the oscillator number N , as their
position and shape changes with N . However, the regions of stability of individual
rotating wave states seemingly asymptotically approach the same phases φ for large
λ independent of N , compare the extent of the pink region ‘j=0’ across the different
panels of Fig. 3.15. This once again is something that could be investigated with
a compound cavity mode ansatz known from laser dynamics.
When the regions of stability of the in-phase state j = 0 (pink regions) are

compared between the unidirectional ring of size N = 4 of Fig. 3.12 c) and larger
rings in Fig. 3.15, it is apparent that the qualitative shape is similar: A small and
narrow tongue for low λ widens towards high λ. This also extents to the location of
the symmetry-broken amplitude and phase-locking states. These appear along the
borders of the in-phase solution for φ ≈ 1.13π and λ ≈ 0.44 (dark green regions).
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This location corresponds to the second group of symmetry-broken solutions of
the smaller unidirectional ring with N = 4 discussed in the previous section. In
contrast, the first group of symmetry-broken states around λ ≈ 0 for N = 4
discussed previously is not visible for larger N . This may in part be caused by the
lower amplitude-phase coupling Im(γ) in the study of the large rings in Fig. 3.15
compared to the highest investigated amplitude-phase coupling for the N = 4 case
of Fig. 3.12 d).

Symmetry-broken states in large unidirectional rings

Figure 3.16: Example timeseries for the second type of symmetry-broken amplitude- and
phase-locking states of the unidirectional ring for different numbers N of Stuart-Landau
oscillators. The system equation is shown in Eqs. (3.41). The top panel shows a time
series slice of the real part of the complex amplitude Re(Z) with different colours for the
different oscillators. Bottom panels show the time series (black line) and simultaneous
positions (coloured filled circles) in the complex plane. Parameters: λ = 0.44, ω = 1,
Re(γ) = −0.1, Im(γ) = 0.5, φ = 1.13π

Figure 3.16 shows the time-series (top) and complex plane projections of the SBL
states found in Fig. 3.15 for different sized unidirectional ring networks. These types
of states were found in numerical simulations for unidirectional ring networks, in-
dependent of the size of those rings. They appear to be a universally appearing
pattern. The SBL states shown in Fig. 3.16 are characterized by a sudden di-
vergence of all phases, which destroys the previously stable in-phase solution. If
amplitude oscillations exist, they must be either very small or very slow. This is
the extension of the states shown in Fig. 3.14 for N = 4, i.e. the second group
of SBL states. In the N = 4 case, it was possible to study the eigenvalues an-
alytically and the limiting bifurcation was identified as a torus bifurcation with
very small imaginary part (T̃ -line in Fig. 3.12 d)). A similar creation mechanism
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likely underlies the SBL states found in Fig. 3.16. As a result, the phase differences
between the oscillators shown in Fig. 3.16 are relatively small, as the system is still
close to the bifurcation. These symmetry-broken states quickly lose stability and
it is therefore difficult to analyse them far away from the bifurcation. Fig. 3.14 for
N = 4 showed all 4 symmetrized patterns (j = 0, 1, 2, 3 in panels a)-d)). Natu-
rally, symmetrized versions for the SBL states shown in Fig. 3.16 also exist, but
are omitted for brevity. For the ring of size N , N − 1 symmetrized SBL states
exist in addition to the j = 0 case shown in Fig. 3.16. The additional symmetrized
versions can be obtained by use of the ξj-translational symmetry.

Figure 3.17: Phase representation for the second type of symmetry-broken amplitude- and
phase-locking states of the unidirectional ring for different numbers N of Stuart-Landau
oscillators given by Eqs. (3.41). The panels shows the phase of the complex amplitude
arg(Z) for the same symmetry-broken states as Fig. 3.16. Parameters: λ = 0.44, ω = 1,
Re(γ) = −0.1, Im(γ) = 0.5, φ = 1.13π

Figure 3.17 shows the SBL states for N = 8, 9, 12 of Fig. 3.16 in a different
way: The phases of the oscillators (y-axis) are shown over the oscillator index
normalized over the length of the unidirectional ring n/N (x-axis). Thus, the com-
plicated phase-relationship between oscillators can be observed. Fig. 3.17 offers
some intriguing evidence that these SBL states are created in a modulational in-
stability. However, this cannot conclusively be proven with the numerical approach
taken here. A detailed investigation, possibly including path-continuation to better
understand the bifurcation scenario, is left for future investigations. A tempting
hypothesis is to assume, that the SBL states shown in Fig. 3.17 will converge to a
Turing-type modulational instability solution in the continuous system N →∞.
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3.3.6 Unidirectional rings with delay

The final aspect of unidirectional ring networks of Stuart-Landau oscillators to
be investigated will be the influence of delay. Delay can arise in many systems
and has profound implications for the mathematical properties of the system, as
ordinary differential equations are turned into delay-differential equations, also see
Sec. 2.1.5.
The equations of motion for the unidirectional ring of Stuart-Landau oscillators

with delay are given by:

Ż0 = (λ+ iω + γ |Z0|2)Z0 + κeiφZN−1 (t− τ) ,
...

Żn = (λ+ iω + γ |Zn|2)Zn + κeiφZn−1 (t− τ) , (3.50)
...

ŻN−1 = (λ+ iω + γ |ZN−1|2)ZN−1 + κeiφZN−2 (t− τ) ,

where all parameters are as in the case without delay, see Eq. 3.41. The delay
time τ only appears in the coupling terms and all other oscillator amplitudes Z are
instantaneous.

Figure 3.18: Regions of numerically obtained stability for N = 4 delay-coupled Stuart-
Landau oscillators in a unidirectional ring as described in Eqs. (3.50) as a function of
λ and coupling phase φ for different delay times τ . White areas indicate the trivial
off-state. The colours indicated in the legend with ‘j = 0’, ‘1’ etc. are rotating wave
patterns as described by Eq. (3.42) as shown in Fig. 3.10. Labels such as ‘0+1’ indicate
multistability between rotating waves of different index j, with dark grey areas contain-
ing at least three simultaneously stable solutions. Light grey areas contain higher-order
dynamics. Dark green areas contain symmetry-broken amplitude and phase-locking
states. Parameters: Re(γ) = −0.1, Im(γ) = 0.5, ω = 1, κ = 0.1, τ as atop the columns.
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3.3 Unidirectional ring networks

Figure 3.18 shows the results for the numerical parameter scan of a unidirectional
ring with delay of size N = 4 as given by Eqs. (3.50). The delay-time has to be
compared with internal system time scales to study its effect, as delays that are
much shorter than the system time scales typically have only minor effects. The
characteristic time scale of the Stuart-Landau oscillator as used in this thesis, with
parameter as chosen, is determined by the frequency ω = 1 and nonlinearity pref-
actor Re(γ) = −0.1, leading to the Stuart-Landau oscillator dynamics to usually
occur in 1 to 10 units of the system time. To explore different regimes of the delay
time, three different delay-lengths were applied in Fig. 3.18: A short delay of τ = 1
in Fig. 3.18 a), an intermediate delay of τ = 10 in Fig. 3.18 b) and a large delay
τ = 100 in Fig. 3.18 c). The other parameters correspond to the Im(γ) = 0.5-case
of the unidirectional ring without delay in Fig. 3.12 c).
The inclusion of a delay in the coupling term has a strong influence on the system

behaviour, especially with respect to the coupling phase φ. This influence increases
with larger delay times and thus the shortest delay of τ = 1 in Fig. 3.18 a) is still
relatively similar to the case without delay of Fig. 3.12 c). As for the system
without delay, all different rotating wave patterns (coloured regions) exist and
appear for low λ in a narrow parameter tongue which widens towards higher λ.
However, the position of these tongues has already changed. For example, the
in-phase synchronized region ‘j = 0’ (pink regions in Fig. 3.18) so far had always
been centred around coupling phases φ = 0, but are now somewhere near φ ≈ 0.3π
for τ = 1. This is due to the interplay of the free frequency ω and the delay,
which causes an additional phase-offset of ωτ to accrue for the coupling term in
Eqs. (3.50).
The delay also causes a higher degree of multistability to occur. This can already

be seen for the case of short delay τ = 1 in Fig. 3.18 a), where regions with 3
multistable rotating wave patterns exist (dark grey regions). This is in contrast to
the unidirectional ring networks without delay, where never more than N/2 rotating
waves were simultaneously stable. This was caused by the fact that the regions of
stability for each rotating wave never covered more than π in the coupling phase φ
dimension. In Fig. 3.18, the delay has extended the region of stability for rotating
wave patterns for sufficiently large λ, reducing the influence of the coupling phase
φ.
For intermediate delays of τ = 10 shown in Fig. 3.18 b) the delay causes a large

expansion of regions of higher-order dynamics (light grey regions). These regions
occur for large ranges in λ. The different rotating wave patterns (coloured regions
in Fig. 3.18 b)) are only visible for low and high λ. The phase-sensitivity of the
oscillation threshold (upper border of the white regions inFig. 3.18) also reduces
with larger delay times. The individual tongues of stable rotating wave patterns
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3 Symmetry-breaking in networks

are tilted strongly for Fig. 3.18 b). Already for the intermediate delays of τ = 10
there are large regions where all rotating waves are simultaneously stable.
The influence of delay grows even more extreme for the case of τ = 100 in

Fig. 3.18 c), where individual rotating wave states are almost entirely absent. Their
regions of existence are confined to a very small parameter region extremely close
to the threshold (λ ≈ −0.1) and a large region where all rotating wave patterns
are simultaneously stable (dark grey areas in Fig. 3.18 c) for large λ.
Over all the coupling phase becomes less important of a parameter for the study

of systems with long delays. Symmetry-broken states can be found for small
and intermediate delays, where their time series is similar to the previously dis-
cussed symmetry-broken amplitude- and phase-coupling states of unidirectional
rings. However, in the case of large delays, SBL states are only found very close to
the threshold λ ≈ −0.1. Thus, in experiments with delays (and therefore also in
many laser systems) it may be difficult to observe symmetry-broken amplitude- and
phase-locking. Small delays, on the other hand, can be included without completely
destroying the coupling phase dependence and SBL states.
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3.4 Bidirectional Rings

3.4 Bidirectional Rings

After having studied the unidirectional ring networks in the previous section, the
second type of ring network to be investigated are bidirectional rings. Here,
the oscillators are coupled in both directions to their neighbours, see the sketch
Fig. 3.9 b). These system, though only varying slightly in the adjacency matrix,
exhibit a quite different behaviour when compared to the unidirectional rings shown
in Sec. 3.3. The content of this section will follow the same structure as the previous
one. The starting point will be the investigation of the symmetries of the system
and the resulting ’natural solutions’ of the system. Then the numerical investiga-
tions will start with the N = 4 case. As previously, the case of four oscillators
is intimately linked with the case of two coupled Stuart-Landau oscillators, that
were investigated in Sec. 3.1. The case of non-zero shear Im(γ) 6= 0 again causes
the appearance of symmetry-broken amplitude- and phase-locking (SBL) states,
which resemble the N = 2 case. However, due to the higher symmetries in the
system, a richer zoo of such states is found. The case of large bidirectional rings
is also investigated, revealing a different scaling behaviour from the unidirectional
ring, especially for uneven numbers of oscillators. Finally, the influence of delay is
shortly studied.

3.4.1 Bidirectional ring of Stuart-Landau Oscillators

The bidirectional ring of N Stuart-Landau oscillators described by their complex
amplitudes Zn with n ∈ (0, N − 1) is given by:

Ż0 = (λ+ iω + γ |Z0|2)Z0 + κ

2 e
iφ (ZN−1 + Z1) ,

...

Żn = (λ+ iω + γ |Zn|2)Zn + κ

2 e
iφ (Zn−1 + Zn+1) , (3.51)

...

ŻN−1 = (λ+ iω + γ |ZN−1|2)ZN−1 + κ

2 e
iφ (ZN−2 + Z0) ,

with the parameters as described in Sec. 2.3 and Sec. 3.1. The scaling of the
coupling strength to κ/2 is a convenient definitions, that allows a clearer connection
to be drawn to the N = 2 case. Additionally, now every oscillator is coupled to
both of its neighbours. As for the unidirectional ring, the index starts at n = 0 to
simplify some equations appearing later and from now all indices should be taken
modulus N .
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3 Symmetry-breaking in networks

The coupling matrix that corresponds to Eqs. (3.51) contains 0 on the main
diagonal (no self-feedback), 0.5 for all the terms on the sub- and superdiagonal and
the top right and bottom left entry, and 0 every where else. The coupling matrix
of the bidirectional ring of size N can be created from the unidirectional ring of
size N by symmetrization: the coupling matrix of the unidirectional ring and its
transposed version are added together and then divided by 2. For example, the
coupling matrix for N = 4 of the bidirectional ring is given by:

0 0.5 0 0.5
0.5 0 0.5 0
0 0.5 0 0.5

0.5 0 0.5 0

 (3.52)

Symmetries and natural solutions of the bidirectional ring

The bidirectional ring of Eqs. (3.51) still contains the global phase freedom S1,
which allows any global phase factor exp(iθ) for fixed arbitrary θ to be multiplied to
the Zn, but leaves the dynamics unchanged. This is the symmetry, that is contained
within all the networks of Stuart-Landau oscillators where the coupling is linear
in every Zn. Additionally, the coupling topology adds an additional symmetry:
While the unidirectional ring has an overall direction caused by the locally directed
coupling, the bidirectional ring does not. The coupling in the bidirectional ring is
undirected and therefore the coupling graph and matrix are identical to their mirror
images. This is not the case for the unidirectional ring. The symmetry group of the
bidirectional ring of size N is the dihedral group Dn, which contains both rotations
Z̃n → Zn±k and reflections, e.g. Z̃n → Z−n. The bidirectional ring hence has a
higher symmetry than the unidirectional ring: the symmetry group of the former
contains all and more elements than that of the latter. This of course is no new
result, but has a profound influence on the natural solutions of the system.
The ’natural’ solutions of the unidirectional ring were given by the ‘ponies-on-a-

merry-go-round’ or rotating wave patterns of index j (Eq. (3.42)):

Zn(t) = ei(nξj+θ)Z(t),

where Z(t) = Aj exp(iωjt+θ) with fixed amplitude Aj ∈ R, frequency ωj , arbitrary
θ (global phase freedom) and ξj = 2πj

N . These in principle also act as the natural
solutions to the bidirectional ring as shown in Eqs. (3.51). However, the coupling of
the bidirectional ring is more complicated. The coupling term contains both Zn−1
and Zn+1. The phase relationship between Zn and both coupling terms should be
independent of n in any of the natural solutions (as otherwise different oscillators
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along the ring would behave differently, breaking the symmetry). For the rotating
wave pattern the constant phase condition can be expressed as the fraction

Zn−1 + Zn+1
Zn

=e−iξj + e+iξj , (3.53)

which should be constant. This is fulfilled for the bidirectional ring in the rotating
wave states, so that these are solutions for Eqs. (3.51). However, the rotating
wave states do not all behave the same in the bidirectional ring. Their parameter
dependence differs, which can be deduced by a symmetry-abiding transformation.
In the unidirectional ring case it was possible to find the transformation given in

Eq. (3.46). The transformed equations were identical in shape and parametrization
to the original system of equations, which means that every rotating wave of index
j could be seen as a transformed version of the in-phase synchronized solution
(j = 0). This convenient fact no longer holds for the bidirectional ring, as the
coupling cannot be transformed in the same way. In particular, the problem is
that the coupling terms in Eqs. (3.51) depend on two different oscillators, namely
Zn−1 and Zn+1. This prevents that a transformation as general as Eq. (3.46) for
the unidirectional ring can be found for the bidirectional ring.
However, a different type of symmetry-transformation can be obtained for the

system of Eqs. (3.51). Assuming an even number of oscillators N , a new set of
coordinates can be defined as:

Z̃n = (−1)nZn, (3.54)

that is, the sign of every second oscillator is flipped. This is a subset of the trans-
formations of the unidirectional ring shown in Eq. (3.46) with j = N/2. Inserting
this into Eqs. (3.51) yields a new system of ODEs for the transformed coordinates:

˙̃Zn = (λ+ iω + γ |Z̃n|2)Z̃n + κ

2 e
iφ
(
−Z̃n−1 − Z̃n+1

)
, (3.55)

which can be easily rewritten as:

˙̃Zn = (λ+ iω + γ |Z̃n|2)Z̃n + κ

2 e
i(φ+π)

(
Z̃n−1 + Z̃n+1

)
, (3.56)

which is identical to the original Eqs. (3.51) except for a phase shift of π in the
coupling phase φ. Hence, the same argument as for the unidirectional ring can
be made: Any solution found in the original system of Eqs. (3.51) will have a
symmetrized version, when the phase is shifted by π and the sign of every sec-
ond oscillator is flipped. In particular, this means that the in-phase (j = 0) and
anti-phase (j = N/2) solutions are linked as in the case of two coupled Stuart-
Landau oscillators. This will be called the π-translational symmetry, as it directly
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3 Symmetry-breaking in networks

corresponds to the symmetry of the same name that was studied in the N = 2
case.

Fundamental Andronov-Hopf bifurcations

The rotating waves are the fundamental solutions of the bidirectional ring, and
their bifurcations shall now be investigated. Inserting the rotating wave ansatz
Eq. (3.42) into the bidirectional ring equation Eqs. (3.51) yields the amplitude Aj :

Re(γ)|Aj |2 = λ+ κ

2 (cos(φ− ξj) + cos(φ+ ξj)) . (3.57)

As the amplitude squared |Aj |2 has to be positive, Eq. (3.57) implicitly contains the
generating Hopf bifurcations Hj of the rotating wave of index j for the bidirectional
ring. Rearranging the right hand side of Eq. (3.57) yields:

λHj = −κ2 (cos(φ− ξj) + cos(φ+ ξj)) = −κ cos(φ) cos(ξj). (3.58)

Note, that this is a more complex equation as compared to the unidirectional ring
case: It is either the sum of two cosine functions or the product. However, for the
in-phase case j = 0, ξj = 0 and the anti-phase case j = N/2, ξj = π Eq. (3.58) is
identical to the N = 2 case studied in Sec. 3.1.

λH0 = −κ cos(φ), (3.59)
λHN/2 = κ cos(φ). (3.60)

Parameter scans for N = 4 and Im(γ) = 0

To better understand the implications of the bidirectional coupling, the system of
N = 4 oscillators will now be investigated. This system is then also compared to
the unidirectional ring of N = 4 oscillators.
Figure 3.19 shows the two-dimensional parameter scan of the bidirectional ring

as described in Eqs. (3.51) as a function of λ and coupling phase φ for shear
Im(γ) = 0. Fig. 3.19 a) combines results from four different sets of numerical
simulations: Each simulation was started close (10−4) to one of the 4 basic rotating
wave patterns j = 0, 1, 2, 3. Hence, the regions indicated by the different colours in
Fig. 3.19 and labelled j = 0, 1 2 3 should represent the complete region of stability
of these solutions. Additionally, the trivial off-state Zn = 0 is marked by the white
regions. Multistability of the j = 0 with the j = 2 rotating wave is indicated by
the purple regions.
Overall, the shape of the numerically obtained regions of stability shown in

Fig. 3.19 a) are strikingly similar to those of two coupled Stuart-Landau oscillators
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3.4 Bidirectional Rings

Figure 3.19: a:) Regions of numerical stability for N = 4 instantaneously coupled Stuart-
Landau oscillators in a bidirectional ring as described in Eqs. (3.51) as a function of λ
and coupling phase φ for shear Im(γ) = 0 . White areas indicate the trivial off-state.
The colours indicated in the legend with ‘j = 0’, ‘1’ etc. are rotating wave patterns
as described by Eq. (3.42). The purple regions labelled ‘0 + 2’ indicate multistability
between rotating waves of index j = 0 (in-phase) and j = 2 (anti-phase). The right
panel (b) shows bifurcation lines given by Eq. (3.58) for the generating Andronov-Hopf-
bifurcations of the the in-phase j = 0 (HIP , black dashed line) and the anti-phase j = 2
(HAP , grey dashed line) orbit. The pitchfork bifurcation (PIP and PAP , purple and
brown lines) are given in Eq. (3.62), while the torus bifurcations torus (TIP and TAP ,
blue and orange lines) are as in Eq. (3.61). The relevant parts of the bifurcations are
also reproduced and overlaid in a) with the same formatting and colour. Parameters:
Re(γ) = −0.1, Im(γ) = 0, ω = 1, κ = 0.1.

shown in Fig. 3.2: Only the in-phase (j = 0, light red regions) and anti-phase
(j = 2, dark blue regions) synchronized solutions were found to be stable. The
rotating waves of uneven index j = 1, 3 were never found to persist in the nu-
merical simulations. This is in contrast to Fig. 3.11 a) for the unidirectional ring,
where all the rotating waves had regions of stability with identical size and shape.
The bidirectional coupling that is locally symmetrical between neighbours forces
the system to collapse to either the in-phase (IP) or anti-phase (AP) state. As for
the case of two coupled Stuart-Landau oscillators, the in-phase (j = 0, light red
regions) and anti-phase (j = 2, dark blue regions) solutions can coexist in some
regions (purple in Fig. 3.19 a)). As was the case for two coupled Stuart-Landau
oscillators and for the unidirectional ring, the basic symmetry-abiding solutions
cover the entire parameter plane for the case without shear (Im(γ) = 0).
The fact that only the j = 0 and j = 2 case are visible in Fig. 3.19 a) can also

be explained from the perspective of their Hopf-bifurcations: When coming from
low λ, only the rotating wave pattern with the lowest oscillation threshold will

121



3 Symmetry-breaking in networks

become stable. Due to the more complex dependence on ξj and φ in the Hj Hopf
bifurcations as shown in Eq. (3.58), only the in-phase and anti-phase rotating wave
patterns can emerge from a supercritical Hopf bifurcation for even N .
Figure 3.19 b) shows analytically described bifurcation lines for the in-phase

(j = 0, IP) and anti-phase (j = 2, AP) solutions. The border between the off-state
(white regions in Fig. 3.19 a)) and the simple rotating wave patterns (coloured re-
gions in Fig. 3.19 a)) is denominated by the generating Andronov-Hopf bifurcation
of Eq. (3.58), labelled HIP for j = 0 and HAP for j = 2. These are identical to
the N = 2 case (due to the convenient definition of the coupling term with κ/2 in
Eqs. (3.51)). As was the case in Fig. 3.2 for two coupled Stuart-Landau oscillators,
the Hopf bifurcations HAP and HIP meet at λ = 0, φ = π/2, 3π/2. From these
Hopf-Hopf points (black circles in Fig. 3.19 b)), two torus bifurcations are created.
The in-phase torus TIP and the anti-phase torus bifurcation TAP are identical to
the N = 2 case:

λT (IP,AP ) = ∓3κ cosφ, (3.61)

which correspond to the orange and blue lines in Fig. 3.19 b). Additionally, the
pitchfork bifurcations are shown as PIP (purple line) for the in-phase and PAP
(brown line) for the anti-phase orbits in Fig. 3.19 b). These pitchfork bifurcations
are not identical to the N = 2 case and given by:

λP (IP/AP ) = ± κRe(γ)
2 (Im(γ) sinφ+ Re(γ) cosφ) ± κ cosφ, (3.62)

which differs by a factor of 2 in the denominator. This could likely be adjusted by a
different scaling of the coupling term in the bidirectional ring equation (Eqs. (3.51)),
but it seems more convenient to keep the fundamental generating Andronov-Hopf
bifurcations HIP,AP of Eq. (3.58) unchanged. The relevant parts of the bifurcation
lines are reproduced also on top of the numerical results in Fig. 3.19 a). The
agreement of numerics and the bifurcation lines given is perfect. As was the case
for the N = 2 case, the in-phase and anti-phase solutions are limited by the torus
and pitchfork bifurcations in different parts of the parameter plane. This is in
contrast to the unidirectional ring, where only a limiting torus bifurcation was
found, while a pitchfork still existed, but never limited a region of stability (the
solution was already unstable when it reached the pitchfork). Conversely, the
region of stability for any index j was never found to exceed π in the coupling
phase φ-dimension for unidirectional ring (Fig. 3.12 and 3.15). In contrast, the
regions of stability for the in-phase (j = 0) and anti-phase (j = 2) solutions clearly
extent for more than π in the coupling phase dimension in Fig. 3.19 a) at λ = 0.15.
Nevertheless, both the unidirectional ring and the bidirectional ring of size N = 4
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show the simultaneous stability of more than one rotating wave pattern. In the
case of the bidirectional ring shown in Fig. 3.19 a) this is due to the total absence
of stable regions for the rotating wave solutions of index j = 1, 3. Note, that due
to the slightly different shape that the pitchfork bifurcation given in Eq. (3.62)
takes, the regions of multistability are slightly smaller for N = 4 shown in purple
in Fig. 3.19 a), when compare to the case of N = 2 shown in Fig. 3.2.
In the numerical simulations, long living transients were detected for coupling

phases close to φ = π/2, 3π/2 and starting conditions close to j = 1, 3. This
likely indicates that these rotating wave patterns are only barely unstable, and
could therefore potentially be stabilized with a feedback control scheme [PYR92].
Furthermore, the lifetime behaviour of these transients indicate that they could
potentially obtain a neutral largest eigenvalue, i.e neither be attracting (stable)
nor repelling (unstable), for values exactly at φ = π/2, 3π/2. However, a detailed
investigation of this will have to be left for future investigations.

Parameter scans for Im(γ) 6= 0

Both for the unidirectional ring and the case of just two coupled Stuart-Landau
oscillators, the amplitude-phase coupling or shear Im(γ) played a crucial role in
generating higher order dynamics, especially the symmetry-broken patterns. Fig-
ure 3.20 shows the numerically obtained regions of stability (top, colours) for all
rotating waves j = 0, 1, 2, 3 and analytically described bifurcations (bottom, lines),
and can be directly compared to the corresponding figures for the unidirectional
ring (Fig. 3.12) and two coupled Stuart-Landau oscillators (Fig. 3.3). As was al-
ready the case for Im(γ) = 0, the bidirectional ring behaves more like the system
of two coupled oscillators than the unidirectional ring. In particular, the rotating
waves of index j = 1 (light blue in Fig. 3.20) and j = 3 (yellow regions in Fig. 3.20)
are never found to be stable. Long-living transients were once again found for these
states at particular coupling phases φ = π/2, 3π/2.
The bifurcations defining the regions of stability behave differently to increasing

shear Im(γ) (compare the bottom row across columns in Fig. 3.20). While the
generating Andronov-Hopf bifurcations (HIP , black dashed line, and HAP , grey
dashed line) and the torus bifurcations (TIP and TAP , blue and orange lines) are
independent of the shear Im(γ), the pitchfork bifurcations (PIP and PAP , purple
and brown lines in Fig. 3.20) distort and shift for Im(γ) 6= 0. This can also
be seen in the analytical formulas given in Eqs. (3.58)-(3.62). With increasing
shear Im(γ), i.e. going through the columns from left to right in Fig. 3.20, this
distortion of the pitchfork bifurcation once again opens up regions, where previously
at least one of the rotating wave solutions was stable. These regions are mostly
marked in grey in the top row of Fig. 3.20 and contain higher-order limit cycles
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Figure 3.20: Top row: Regions of numerical stability for N = 4 instantaneously coupled
Stuart-Landau oscillators in a bidirectional ring as described in Eqs. (3.51) as a function
of λ and coupling phase φ with shear Im(γ) as indicated atop the column. White areas
indicate the trivial off-state. The colours indicated in the legend with ‘j = 0’, ‘1’ etc.
are rotating wave patterns as described by Eq. (3.42). The purple regions labelled ‘0+2’
indicates multistability between rotating waves of index j = 0 (in-phase) and j = 2 (anti-
phase). Green areas contain symmetry-broken amplitude- and phase-coupling states
(SBL), potentially multistable with other solutions. Grey areas only contain higher-order
solutions. The bottom row shows bifurcation lines given by Eq. (3.58) for the generating
Andronov-Hopf-bifurcations of the the in-phase j = 0 (HIP , black dashed line) and the
anti-phase j = 2 (HAP , grey dashed line) orbit. The pitchfork bifurcation (PIP and
PAP , purple and brown lines) are given in Eq. (3.62), while the torus bifurcations torus
(TIP and TAP , blue and orange lines) are as in Eq. (3.61). The relevant parts of the
bifurcations are also reproduced and overlaid on the top with the same formatting and
colour. Parameters: Re(γ) = −0.1, Im(γ) as indicated atop the column, ω = 1, κ = 0.1.

and quasi-periodic dynamics. These regions of complex dynamics grow in size
with Im(γ) but the maximum extent is limited by the asymptotic behaviour of the
pitchfork bifurcations (PIP and PAP , purple and brown lines in Fig. 3.20) and the
unchanging generating Andronov-Hopf (HIP , black dashed line, and HAP , grey
dashed line) and torus (TIP and TAP , blue and orange lines) lines. Hence the grey
regions, containing no stable rotating waves, shown in Fig. 3.20 d) represent almost
the maximum extent they can fill. Overall, the agreement between numerics and
analytics also holds for non-zero shear.
The green areas contain symmetry-broken amplitude and phase-locking (SBL)

solutions. The green colour also indicates regions, where these states coexist with
the in-phase or anti-phase synchronized solutions. These will be investigated in
more detail in the next section.
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3.4.2 Symmetry-broken solutions in the bidirectional ring with
N = 4

Symmetry-broken amplitude and phase-locking states (SBL) were found in the case
of N = 2 oscillators as described in Sec. 3.1.3. As a system of complex coupled
oscillatory units, the bidirectional ring also contains many symmetry-broken so-
lutions. Many of the complex, high-dimensional objects, such as high-order limit
cycles and quasiperiodic torus attractors that populate the grey regions in Fig. 3.20
are in fact not adhering to all of the underlying symmetries of the bidirectional ring
as discussed in Sec. 3.4.1. However, these complicated system behaviours are hard
or impossible to analytically describe, and they do not offer much potential for
applications. In a sense, the symmetry-breaking is just part of a more general ‘loss
of simplicity’ for these states. Without a particular application or setup in mind,
it is hard to justify to look at all the possible states in great detail.
The SBL states, however, are not just characterized by symmetry-breaking lead-

ing to non-trivial solutions - they are also simultaneously mathematically sim-
ple objects: Every oscillator merely performs a fixed, harmonic oscillation, i.e.
Zn(t) = An exp(i(Ωt+θn)) with some fixed An and θn. They are therefore the most
simple symmetry-broken patterns and the mathematically easiest to describe. Ex-
pressing their phase and amplitude relationship with complex numbers s0, .., sN−1
yields:

s0Z0 = s1Z1 = · · · = snZn = . . . sN−1ZN−1, (3.63)

where exactly one of the complex prefactors can be set to sn = 1 without loss
of generality. These types of states were already described for the unidirectional
ring in Sec. 3.3.4. As outlined in Sec. 3.4.1, the unidirectional ring has a lower
symmetry than the bidirectional ring, as the latter also contains reflections. Hence,
more symmetries are available to be broken in in the bidirectional ring. On the
other hand, fewer stable symmetry-abiding patterns exist: While the unidirectional
ring of size N = 4 contained all the rotating wave patterns j = 0, 1, 2, 3 (see
Fig. 3.11), only the in-phase j = 0 and anti-phase j = 2 was found to be stable in
the bidirectional ring (see Fig. 3.19). It is therefore not clear a priori, which of the
topologies will be more prone to showing SBL states. The comparison of numerical
2D-parameter scans shown in Fig. 3.12 for the unidirectional and in Fig. 3.20 for
the bidirectional ring reveals, that (at least for the parameters chosen), SBL states
are a lot more prevalent in the bidirectional rings. This will especially be true, for
larger bidirectional ring networks investigated later.
The green regions found in Fig. 3.20 that indicate symmetry-broken amplitude-

and phase-locking contain two fundamentally different sets of SBL solutions. Time
series slices for the SBL states found for Im(γ) = 0.15 are shown in Fig. 3.21. Those
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Figure 3.21: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 4 Stuart-Landau oscillators as defined by
Eqs. (3.51). The top panels show a time series slice of the real part of the complex am-
plitude Re(Z) with different colours for the different oscillators. Bottom panels show the
time series (coloured lines) and simultaneous positions (coloured filled circles) projected
into the complex plane. Parameters: λ = 0.10, 0.10, 0.02, 0.02, ω = 1, Re(γ) = −0.1,
Im(γ) = 0.15, φ = 0.35π, 1.35π, 0.35π, 1.35π

for the other non-zero shear cases shown in Fig. 3.20 all fall into one of these two
categories.
Figure 3.21 shows both a time-series slice of the real part (top) and a projection in

the complex plane (bottom) coloured differently for the different oscillators, and can
therefore directly be compared to the SBL states found in the unidirectional rings
shown in Fig. 3.13 and Fig. 3.14. Figure 3.21 shows one type of SBL state for the
bidirectional ring in panels a) and b), and a different type of SBL states in panels c)
and d). The first major difference between the unidirectional and bidirectional
ring is once again based on it’s symmetry: While every set of SBL solutions in the
unidirectional ring can be translated via the ξj-translational symmetry to every
index of rotating waves j, symmetry-broken states only have one other related SBL
state under the π-translational symmetry. In the bidirectional ring, one SBL state
of each group is related to the in-phase j = 0 rotating wave pattern (Fig. 3.21 a)
and c)) and one to the anti-phase j = 2 rotating wave pattern (Fig. 3.21 b) and
d)). Thus overall, the unidirectional ring for N = 4 has 4 variants of each SBL, see
Fig. 3.14 and Fig. 3.13, while the bidirectional ring only has two. This scales to N
variants of every SBL for large unidirectional rings, while the SBL states always
only come in pairs even in larger bidirectional rings.
Figure 3.21 a) shows a symmetry-broken amplitude and phase-locking states

where the oscillators in the bidirectional ring exhibit 4 different phases, while they
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all share the same amplitude. This is similar to the SBL states shown in Fig. 3.14,
however, here in the case of the bidirectional ring phases are much further apart.
Additionally, Fig. 3.21 a) also shows that two oscillators are in anti-phase with each
other, e.g. Z1 = −Z3 (green and light blue in Fig. 3.21 a)). In contrast, the states
found for the unidirectional ring contained no such reflection symmetries. The
SBL state shown in Fig. 3.21 a) exists in the parameter space inside the regions of
higher order dynamics (grey regions in Fig. 3.20 b)) and along the upper parts of
the in-phase pitchfork (purple line PIP in Fig. 3.20 b)).
As mentioned, for every symmetry-broken amplitude- and phase-locking state in

the bidirectional ring a single symmetrized version exists (not counting rotationally
relabelling oscillators). The symmetrized version can be obtained by applying the
π-translational symmetry and the image under this symmetry of the SBL state
shown in Fig. 3.21 a) is shown Fig. 3.21 b). Note the different order of the oscillators
in the complex plane projection (bottom panels) compared to panel a): While in
Fig. 3.21 a) the oscillators go in anti-clockwise order around in the complex plan,
in Fig. 3.21 b) oscillators are sorted clock-wise in ascending index n. The SBL
state in Fig. 3.21 a) is found for φ = 0.35π, while panel b) is for a coupling phase
of φ = 1.35π. Both Fig. 3.21 a) and b) share all other parameters. They may look
very similar, but if evaluated carefully, the original SBL state and its symmetrized
version are discernible by their unique properties. It is important to stress, that
there exists no set of initial conditions at the parameters of Fig. 3.21 a) that could
lead to an oscillator order as shown in Fig. 3.21 b): The ‘chirality’ of ascending
node number when counting anti-clockwise in the complex plane around the origin
in the bottom of Fig. 3.21 a) is never reversed, no matter the initial conditions
used. This is fascinating, because the equivariant branching lemma does not even
imply the existence of the SBL state shown in Fig. 3.21 b). This is a more subtle
result of the π-translational symmetry between AP and IP states. The preceding
considerations once again exemplify how subtle many aspects of symmetry-breaking
in highly symmetric systems can be, and therefore also how valuable the SBL states
found in Stuart-Landau oscillator networks are, as they offer a very clean and neat
example.
Figure 3.21 c) and d) show the second kind of symmetry-broken amplitude- and

phase-locking states (SBL) for the bidirectional ring of size N = 4, which is found
in the green regions of Fig. 3.20 b) for φ = 0.35π, 1.35π and λ = 0.02. This
SBL state therefore lies in the exact parameter position that corresponds to the
SBL states found for two coupled Stuart-Landau oscillators N = 2 as discussed
in Sec. 3.1 and shown in Fig. 3.1 c). In particular, it is found along the regions
in Fig. 3.20 b) close to the in-phase and anti-phase pitchfork bifurcations (PIP
and PAP in Fig. 3.20 b)). These were already identified with creating symmetry-
broken amplitude- and phase-locking states in the case of two oscillators (see also
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Ref. [ROE18]). Accordingly, the states shown in Fig. 3.21 c) and d) are exact ana-
logues of the original SBL states found for two oscillators in Fig. 3.1 c): Two clusters
are formed in Fig. 3.21 c) with a non-trivial amplitude and phase-relationship be-
tween the clusters. Presupposing the formation of these clusters and inserting the
ansatz Z0 = Z2 and Z1 = Z3 into Eqs. (3.51) directly recovers the equations for two
coupled Stuart-Landau oscillators. The stability of these states given the clusters
therefore is identical to the analytical calculations used for the N = 2 case. In
addition, for larger bidirectional ring the clusters also have to be stable internally,
which requires an analysis of the transverse stability. This is left for future in-
vestigations, as the details will certainly be more subtle still, considering that the
pitchfork bifurcations are not identical. Notably, every large bidirectional ring with
even number of oscillators can be reduced to the equations for just two coupled
Stuart-Landau oscillator, if it is assumed that all oscillators with even index form
one cluster, and oscillators with uneven index the other.
The SBL state shown in Figure 3.21 d) may seem less symmetrical at first, in

particular when looking at the time series of the real part (top panel). Nevertheless,
it is merely a symmetrized version of Fig. 3.21 c) and obtained by shifting the
coupling phase φ by π, which yields a state where the sign of every second oscillator
amplitude Zn is flipped (cf. the transformation Eq. (3.54)).

3.4.3 Large bidirectional rings

Next, the focus will be on larger bidirectional ring networks, where the scaling
behaviour of the different states discussed in the previous section will become ap-
parent. This parallels the investigations for unidirectional rings of large N shown
in Sec. 3.3.5.
Figure 3.22 shows 2D-parameter scans in the plane of coupling phase φ and λ for

large bidirectional rings as given by Eqs. (3.51) for a shear of Im(γ) = 0.5 and num-
ber of oscillators as written atop the columns. As was done for the unidirectional
ring, here Fig. 3.22 only represents the results of one numerical simulation that
was started close to the in-phase synchronized state. Hence, only the red regions
in Fig. 3.22 adequately represent the full extent of stability for j = 0, while all
other solutions are sampled less reliably. This is done, because the high number of
oscillators and potentially symmetrized solutions would make the numerical effort
too high.
As can be seen in Fig. 3.22, the regions of stability of the in-phase synchronized

solution j = 0 (pink regions in Fig. 3.22) are almost identical to those of the two os-
cillator case (Fig. 3.3) and the case of a bidirectional ring of size N = 4 in Fig. 3.20.
The bottom row of Fig. 3.22 shows the limiting bifurcations for the in-phase (IP,
j = 0) and anti-phase (AP, j = N/2) oscillations. The generating Andronov-Hopf
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bifurcations of the in-phase j = 0 (HIP , black dashed line) and the anti-phase
j = N/2 (HAP , grey dashed line) follow Eq. (3.58). Hence, the Hopf-Hopf points
have not moved (black circles in Fig. 3.22). The torus bifurcations (orange and
blue lines in Fig. 3.22) are also independent of N as given in Eq. (3.61). However,
the pitchfork bifurcations (PIP and PAP , purple and brown lines in Fig. 3.22) ap-
parently depend on N . An explicit analytic formula has not yet been derived, but
an approximation was estimated from the numerical simulations:

λP (IP/AP,N) ≈ ±
κRe(γ)

N (Im(γ) sinφ+ Re(γ) cosφ) ± κ cosφ, (3.64)

The results of the numerical simulations shown in Fig. 3.22 can be divided into
two classes: while the even numbers N = 6 (a), N = 8 (b) and N = 12 (d) behave
qualitatively similarly, the odd numbered N = 9 of Fig. 3.22 c) exhibits a different
stability landscape. For the even-numbered bidirectional ring networks shown in
Fig. 3.22 a), b) and d), the numerical simulations essentially converge to 4 major
solutions: First, the trivial off-state marked in white in Fig. 3.22 is once again
apparent for small λ as given by the generating Andronov-Hopf bifurcations of
the in-phase and anti-phase solutions (HIP , black dashed line) and the anti-phase
j = 2 (HAP , grey dashed line) as given by Eq. (3.58). Second, the pink regions
indicate the in-phase synchronized solutions, that are found for parameters that
are close to those of smaller bidirectional rings and the case of two Stuart-Landau
oscillators, with the exception of the limiting pitchfork bifurcations (PIP and PAP ,
purple and brown lines in Fig. 3.22) that shift with N . For the bidirectional
rings with even number of oscillators, a second type of rotating wave pattern is
also strongly present, namely the one that corresponds to the anti-phase pattern
j = N/2, e.g. j = 3 (orange regions) in N = 6 in Fig. 3.22 a). The shape of
their stability region also closely matches the one that can be inferred by looking
at the limiting bifurcations. Additionally, due to the symmetry that is outline
by the transformation of the bidirectional ring equation system in Eq. (3.54), the
anti-phase and in-phase regions have to match in size and shape and only differ in
the coupling phase φ by a phase-shift of π. This is almost completely confirmed by
the numerical simulations, despite not being explicitly tuned to find the full extent
of the anti-phase regions. Finally, the grey regions in Fig. 3.22 once again contain
higher order dynamics, as was already previously the case for the unidirectional
ring and the system of two coupled Stuart-Landau oscillators. The even-numbered
large bidirectional rings thus are very closely linked to the case of two coupled
Stuart-Landau oscillators.
However, the case of an uneven number of oscillators in the bidirectional ring as

shown in Fig. 3.22 c) for N = 9 is worthy of a more detailed study: Here, no anti-
phase pattern can exist as j = N/2 is not an integer and therefore not a solution
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of the bidirectional Stuart-Landau ring equations Eqs. (3.51). Interestingly, it
appears from viewing Fig. 3.22 c) near coupling phases φ = 0.6π, that the system
compensates this by a multistability between the closes ’approximation’ of such an
anti-phase pattern, i.e. j = N/2 ± 0.5, which turns into j = 4, 5 for N = 9. The
speckled features (orange and green dots in Fig. 3.22 c)) here are a result of the
non-aligned initial condition, that will lead to the system randomly converging to
one of the two stable states and hence is very likely an indicator of multistability
between both states. Also noteworthy for N = 9 is the fact, that because there
no longer is a true anti-phase pattern j = N/2 for odd numbers of oscillators,
the anti-phase Andronov-Hopf bifurcations (HAP , grey dashed line in Fig. 3.22 c))
is no longer the boundary to the off-solution. The more accurate formula given
in Eq. (3.58) has to be used. Odd-numbered bidirectional rings therefore behave
fundamentally different. This is different from the case of unidirectional rings,
where the number of oscillators could be even or odd without major changes.
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Figure 3.22: Top row: Regions of numerical obtained stability for the in-phase oscillatory
solution (j = 0, red regions) of instantaneously coupled Stuart-Landau oscillators in
large bidirectional ring as described in Eqs. (3.51) as a function of λ and coupling phase φ
for different oscillator numbers N . White areas indicate the trivial off-state. The colours
indicated in the legend with ‘j = 0’, ‘1’ etc. are rotating wave patterns as described
by Eq. (3.42). Grey areas contain higher-order dynamics. Dark green areas contain
symmetry-broken amplitude and phase-locking (SBL) states. The bottom row shows
bifurcation lines given by Eq. (3.58) for the generating Andronov-Hopf-bifurcations of
the the in-phase j = 0 (HIP , black dashed line) and the anti-phase j = N/2 (HAP , grey
dashed line) orbit. The pitchfork bifurcation (PIP and PAP , purple and brown lines) are
given in Eq. (3.64), while the torus bifurcations torus (TIP and TAP , blue and orange
lines) are as in Eq. (3.61). The relevant parts of the bifurcations are also reproduced and
overlaid on the top with the same formatting and colour. Parameters: Re(γ) = −0.1,
Im(γ) = 0.5, ω = 1, κ = 0.1.
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Symmetry-broken solutions in large bidirectional rings

The regions marked in dark green in Fig. 3.22 contain symmetry-broken amplitude
and phase-locking (SBL) solutions. For the bidirectional ring of size N , these
states appear in different regions, sometimes close to one of the limiting pitchfork
bifurcations, and other times deep inside the regions of higher order dynamics
(grey regions in Fig. 3.22). Because the variety of SBL states increases drastically
for large bidirectional rings, this section will restrict itself to a few paradigmatic
examples of such states. To adequately predict and define all possible SBL states
for an arbitrarily large bidirectional ring is very much an open problem. The use
of equivariance theory of mathematics will likely yield some insights into the zoo
of SBL states that is found here, but must be left for future investigations.

Figure 3.23: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 6 Stuart-Landau oscillators as defined by
Eqs. (3.51). a): time series slice of the real part of the complex amplitude Re(Z) with
different colours for the different oscillators. b): time-trace (coloured lines) and simul-
taneous positions (coloured filled circles) for the same timeseries in the complex plane.
The symmetrized version according to Eq. (3.54) is shown in Figure 3.24. Parameters:
λ = −0.06, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5, φ = 0.16π

Figure 3.23 shows an example timeseries of an SBL state for N = 6. The cluster-
ing, symmetry-breaking and phase relationship becomes more complex with larger
number of oscillators N , which is most apparent when looking at the limit cycle
representation in Fig. 3.23 b). The oscillators have formed 4 different amplitude
clusters, of which two are of trivial size. In particular, Z3 = Z1 and Z0 = Z4, while
Z2 and Z5 are solitary. This is a type of SBL state that has not been described
in this thesis before, as so far clusters were always of the same size. The creation
mechanism for this state and the underlying bifurcation scenario is likely to be
complex, and is potentially linked to j = 2 or j = 4 rotational wave states, which
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would naturally lead to 3 clusters of size 2 for N = 6. However, this is only a
hypothesis and would need to be investigated with dedicated bifurcation analysis
software such as AUTO. It is useful to describe the state portrayed in Fig. 3.23
with a string that encodes the amplitudes of the clusters: Let a be the smallest am-
plitude and d the largest, then going along the ring starting from oscillator n = 0
to n = N1 the amplitudes read as ‘acdcab’. Hence, this pattern is characterized by
each solitary oscillator being surrounded by both oscillators from the same cluster,
while oscillators in the non-trivial clusters are surrounded by neighbours that ex-
hibit different amplitudes. In Fig. 3.23 this means that the solitary oscillator n = 5
is neighbouring n = 0 and n = 4, which exhibit the same amplitude Z4 = Z0. Sim-
ilarly, n = 2 is surrounded by Z3 = Z1. Due to this fact, the solution in Fig. 3.23
still is mirror-symmetric for reflections centered on n = 5 or n = 2, but is no longer
rotationally symmetric with respect to the symmetry group Zn. This is another
case, where in coupled Stuart-Landau oscillator systems, states can be found that
break some symmetries, but not others.

Figure 3.24: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 6 Stuart-Landau oscillators as defined by
Eqs. (3.51). a): time series slice of the real part of the complex amplitude Re(Z) with
different colours for the different oscillators. b): time-trace (coloured lines) and simul-
taneous positions (coloured filled circles) for the same timeseries in the complex plane.
This is the symmetrized version of Figure 3.23 according to Eq. (3.54). Parameters:
λ = −0.06, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5, φ = 1.16π

Figure 3.23 no longer exhibits any recognizable features of either the in-phase
(j = 0) or anti-phase (j = 3 because N = 6) synchronized solutions. Neverthe-
less, the transformation according to Eq. (3.54) that describes the π-translational
symmetry also works for such SBL states. A corresponding symmetrized version
where the sign of every second oscillator is flipped, if the coupling phase is shifted
by π can therefore be found. This is shown in Fig. 3.24. The usefulness of the
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mathematical understanding of the system symmetries is visualized with this ex-
ample, because when the system grows larger the relationship between different
SBL states becomes more complex and harder to understand intuitively.

Figure 3.25: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 9 Stuart-Landau oscillators as defined by
Eqs. (3.51). a): time series slice of the real part of the complex amplitude Re(Z)
with different colours for the different oscillators. b): time-trace (coloured lines) and
simultaneous positions (coloured filled circles) for the same timeseries in the complex
plane. Parameters: λ = −0.06, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5, φ = 0.85π

Next, an SBL state for a bidirectional ring with odd number N of oscillators shall
be studied. Figure 3.25 shows a SBL state for N = 9. This is relevant, because
the bifurcation land scape for odd numbers of oscillators N is different than for
even numbers in bidirectional ring networks, as can be seen in the two-dimensional
parameter scan of Fig. 3.22. As for the SBL example for N = 6 shown in Fig. 3.23,
the system mostly consists of clusters of size 2. However, in contrast to the N = 6
case, here in Fig. 3.25 for N = 9, only a single oscillator is unpaired (dark green,
n = 5). Using the same system of encoding the amplitude with letters, the SBL
state in Fig. 3.25 can be described (starting from n = 1) as ’abcdedcba’. Hence,
the system is symmetric around the unpaired oscillator n = 5, with oscillators that
have the same distance from n = 5 along the ring sharing the same amplitude and
phase. Note, that because N = 9, i.e. there is an odd numbers of oscillators, the
symmetry-transformation of the bidirectional ring according to Eq. (3.54) cannot
be applied: Flipping the sign of every second oscillator is not well-defined. Thus,
the SBL state shown in Fig. 3.25 does not have a symmetrized version under the
π-translational symmetry, as do none of the states found for N = 9.
Figure 3.26 shows another peculiar type of symmetry-broken amplitude- and

phase-locking state for N = 9. There, the system exhibits 3 clusters that each
share the amplitude, but within the cluster are exactly 2π/3 apart in phase (see
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Figure 3.26: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 9 Stuart-Landau oscillators as defined by
Eqs. (3.51). a): time series slice of the real part of the complex amplitude Re(Z)
with different colours for the different oscillators. b): time-trace (coloured lines) and
simultaneous positions (coloured filled circles) for the same timeseries in the complex
plane. Parameters: λ = 0.015, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5, φ = 1.03π

Fig. 3.26 b) for the complex plane projection). The amplitude can be encoded as
’cbacbacba’. This state therefore is in essence a combination of three rotating wave
patterns or‘’ponies’. Each oscillator is adjacent to the other two clusters and does
not directly connect to it’s own cluster. It breaks some of the system symmetries
but not all. As was the case for Fig. 3.25, the SBL state shown in Fig. 3.26 does
not have a symmetrized version.

Symmetry-broken solutions based on anti-symmetry

Figure 3.27 shows a final type of qualitatively different SBL states for the ring
of bidirectionally coupled Stuart-Landau oscillators as given by Eqs. (3.51) of size
N = 9. Like in Fig. 3.25 this state contains 4 amplitude clusters of size 2. However,
the most significant difference to Fig. 3.25 is that the solitary oscillator n = 0 (light
blue in Fig. 3.27) exhibits no amplitude Z0 = 0. Additionally, the phases of the
oscillators within a cluster are anti-phase, e.g. Z1 = −Z8 (blue and dark red in
Fig. 3.27), where they were in-phase before. In the complex plane picture shown in
Fig. 3.27 this SBL state therefore almost looks like a planetary system. However, if
this projection was turned into video, it would become apparent that all oscillators
share the same phase velocity (as their phases are locked), unlike the different
angular velocity of planets as demanded by Kepler’s second law and conservation
of angular momentum.
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Figure 3.27: Example timeseries for the symmetry-broken amplitude- and phase-locking
states of the bidirectional ring of N = 9 Stuart-Landau oscillators as defined by
Eqs. (3.51). a): time series slice of the real part of the complex amplitude Re(Z)
with different colours for the different oscillators. b): time-trace (coloured lines) and
simultaneous positions (coloured filled circles) for the same timeseries in the complex
plane. Parameters: λ = −0.04, ω = 1, Re(γ) = −0.1, Im(γ) = 0.5, φ = 1.3π

The type of SBL states are shown in Fig. 3.27 can also be found for larger or
smaller states, in particular a similar state also exists for N = 3 (not shown).
The fact that oscillators are anti-phase within the clusters of same amplitude can
easily be deduced from Eqs. (3.51): Suppose, that Zn = 0 is the oscillator with no
amplitude, then the corresponding ODE reads (from Eqs. (3.51)):

Żn = κ

2 e
iφ (Zn−1 + Zn+1) , (3.65)

which directly translates to Zn−1 = −Zn+1 if Żn = 0 is demanded. Thus, given that
one of the oscillators has no amplitude, its two neighbours will exhibit the same
amplitude and be anti-phase. Inserting this into the equations for the oscillators
n+ 1 and n− 1 yields:

Żn−1 = (λ+ iω + γ |Zn−1|2)Zn−1 + κ

2 e
iφ (Zn−2) , (3.66)

Żn+1 = (λ+ iω + γ |Zn+1|2)Zn+1 + κ

2 e
iφ (Zn+2) . (3.67)

Because Zn−1 = −Zn+1 for all times, this also implies that Żn−1 = −Żn+1 and thus
Żn−1 + Żn+1 = 0 which when calculated yields the condition Zn+2 = Zn−2. The
same argument can then also be used for Zn±3 and so forth. Thus, all oscillator
phases are mirrored or anti-phase, when one oscillator has zero amplitude Zn = 0.
This is what happens for N = 9 in Fig. 3.27, where it is most easily seen in
the complex plane in panel b). This ‘anti-phase mirror rule’ also implies that a
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bidirectional ring network with even number of oscillators would have to contain
at least two zeros, as otherwise the condition that Zn+k = −Zn−k is not fulfilled
for all k. However, such a state was never found to be stable in the numerical
simulations so far.
Overall, the bidirectional ring networks show a much larger variety of symmetry-

broken amplitude and phase-locking states. This is especially interesting under the
consideration, that a bidirectional ring seems much more natural than a unidi-
rectional ring: Most interactions in nature are reciprocal and thus an undirected
adjacency matrix seems more easily realised in reality. The bidirectional ring can
also be seen as an approximation of diffusive coupling [HAK92]. What kind of state
corresponds to a symmetry-broken amplitude- and phase-coupling in the continu-
ous limit N →∞ is an open questions. In particular, this is also interesting from
the perspective of different types of SBL states and their scaling behaviour. Of
course, it is entirely possible that SBL states will not exist at all in the continuous
limit, as the coupling strength κ is typically scaled inversely with the system size.
A detailed investigation of these scaling patterns is left for the future.

3.4.4 Bidirectional rings with delay

The final aspect of bidirectional ring networks of Stuart-Landau oscillators to be
investigated here will be the influence of delay, as was done for the unidirectional
case in Sec. 3.3.6.
The equations of motion for the bidirectional ring of Stuart-Landau oscillators

with delay are given by:

Ż0 = (λ+ iω + γ |Z0|2)Z0 + κ

2 e
iφ (ZN−1 (t− τ) + Z1 (t− τ)) ,

...

Żn = (λ+ iω + γ |Zn|2)Zn + κ

2 e
iφ (Zn−1 (t− τ) + Zn+1 (t− τ)) , (3.68)

...

ŻN−1 = (λ+ iω + γ |ZN−1|2)ZN−1 + κ

2 e
iφ (ZN−2 (t− τ) + Z0 (t− τ)) ,

where all parameters are as in the case without delay, see Eq. 3.51. The delay
time τ only appears in the coupling terms and all other oscillator amplitudes Z are
instantaneous. The case of N = 4 will now be studied.
Figure 3.28 shows the influence of the delay time τ on the two-dimensional pa-

rameter scans for the bidirectional ring of delay-coupled Stuart-Landau oscillators
as given by Eqs. (3.68). The pink coloured regions show stable in-phase solutions
Z0 = Z1 = Z2 = Z3, blue regions stable anti-phase rotating waves j = 2 with
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Figure 3.28: Regions of numerically obtained stability for N = 4 delay-coupled Stuart-
Landau oscillators in a bidirectional ring as described in Eqs. (3.68) as a function of
λ and coupling phase φ for different delay times τ . White areas indicate the trivial
off-state. The colours indicated in the legend with ‘j = 0’, ‘1’ etc. are rotating wave
patterns as described by Eq. (3.42). ‘0 + 2’ indicate multistability between rotating
waves of of the in-phase (j = 0 IP) and anti-phase (j = 2 AP) states. Light grey areas
contain higher-order dynamics. Dark green areas contain symmetry-broken amplitude
and phase-locking states. Parameters: Re(γ) = −0.1, Im(γ) = 0.5, ω = 1, κ = 0.1, τ as
atop the columns.

Z0 = −Z1 = Z2 = −Z3, and multistability between the two occurs for the parame-
ter combinations marked in purple. White regions correspond to the off-state, grey
regions to higher-order dynamics. The parameter scan with delay of Fig. 3.28 can
be directly compared to the study of N = 4 without delay shown in Fig. 3.20 c)
with Im(γ) = 0.5, as they share all parameters except delay time τ . The different
panels of Fig. 3.28 show different delay times τ , as was done for the unidirectional
ring in Fig. 3.18 (the same parameters are used).
The bidirectional ring with small feedback τ = 1 shown in Fig. 3.28 a) exhibits

most of the properties of the bidirectional ring of size N = 4 without delay. The
regions of in-phase (pink) and anti-phase (blue) stable rotating wave patterns are
located close to their original position and have a similar shape to the case with-
out delay. However, for large λ, it is once again observable that the region of
multistability has increased. This is the same effect that was also discussed for
unidirectional rings with delay. The case of small delay still contains symmetry-
broken amplitude and phase-locking states (dark green in Fig. 3.28 a)), showing
that small delay times τ are not changing the system and symmetry-breaking bi-
furcations drastically.
The case of intermediate delay shown in Fig. 3.28 b) is more strongly distorted.

The delay has reduced the regions of stable in-phase and anti-phase oscillations,
and large parts of the parameter space are covered in higher order dynamics (grey
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regions). The bidirectional ring thus exhibits the same trend as the unidirectional
ring with intermediate delays. This also includes regions of multistability for large
λ, that cover the entire couplinge phase φ-dimension.
The bidirectional ring with large delay τ = 100 shown in Fig. 3.28 c) differs

greatly. The delay-coupling has destroyed all regions of stable in-phase and anti-
phase solutions. Whether this is due to an extremely small basin of attraction of
these states or whether they are completely unstable is not easily decidable with
numerical investigations alone. However, the numerical simulations do strongly
imply that it will be difficult to find stable fixed-amplitude oscillations in delay-
coupled amplitude oscillator networks with a bidirectional ring topology. This is
in contrast to the unidirectional ring, which at least showed stable rotating waves
close to threshold and for large λ. Why exactly the bidirectional ring topology is
so detrimental when coupling is delayed does not seem obvious and is a surprising
result.
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3.5 Discussion

3.5.1 Outlook: Symmetry-breaking and small chimera states in
laser networks

A final aspect of symmetry-breaking in amplitude oscillators shall now be discussed
here. The results of this section were published in Ref. [ROE16]. Symmetry-breaking
can also be linked with a special type of pattern called ‘chimera states’. Chimera
states were first reported by Kuramoto and Battogtokh in Ref. [KUR02a] in 2002,
however the name was not coined until 2004 [ABR04] and similar states can also be
found in earlier works [KAN90]. A chimera state is defined for a system of identically
coupled oscillators, where one part of the system is synchronized, while the other
part performs some irregular motion. The name ‘chimera’ is inspired by the beast of
Greek mythology, which consisted of several incoherent parts. Chimera states were
first described in systems of phase oscillators, but they have since been reported in
many different systems.
Symmetry-breaking is clearly connected to the properties of chimera states. As

most systems used to study chimera states original consist of N identically coupled
and parametrized oscillators, the final state clearly divides the system into two
different parts. This is a form of symmetry-breaking, where only the initial condi-
tions decide which oscillators will end up as the unsynchronized region. However,
many chimera states are only transient phenomena and not a stable solution of
finite-sized networks [WOL11, OME16, SEM17]. Thus, they cannot be investigated as
results of symmetry-breaking bifurcations in general. Furthermore, chimera states
are hard to observe for small networks, as the definition of an ‘incoherent region’
becomes hard to evaluate.
Nevertheless, there exists a class of chimera states in a system of globally cou-

pled lasers [BOE15, ROE16] that can be seen as a stable ‘tiny chimera state’. They
represent a particular example, but in return allow for a more detailed study of
their bifurcations. The system that shall be mentioned here consists of N = 4 cou-
pled Lang-Kobayashi lasers with delay, and the topology is a global or ‘all-to-all’
network with self-feedback. The complex electric field amplitude En of laser n and
its excess carrier density Ne,n can then be modelled by the following DDE:

dEn
dt

=(1 + iα)EnNe,n + e−i2φκ
N∑
m=1

Em(t− τ), (3.69)

dNe,n

dt
= 1
T

(p−Ne,n − (1 + 2Ne,n)|En|2), (3.70)
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Figure 3.29: Left: Linescan over the coupling strength κ with the extrema of the electric
field intensity |En|2 shown in the different colours. The individual line scans for the
different lasers are also separately shown in the bottom panels. The labels indicate
the synchronization state of the system which is also indicated on the top in different
colours. Right: Time series examples for the line scan, with the intensity |En|2 shown as
a function of time t for some of the non-trivial patterns. Parameters: p = 0.23, T = 392,
α = 2.5, φ = 2.15, τ = 40 . Reprinted with permission from Ref. [ROE16].

where the parameters are as described in Sec. 2.4. Note, that due to geometric
reasons outlined in Ref. [ROE16], the coupling phase φ appears with a prefactor of
−2 and that the laser index goes from n = 1 to n = 4.
Figure 3.29 shows the chimera state for Eqs. (3.69) and (3.70), with a line scan

of the electric field intensity |En|2 on the left and sample time series for different
non-trivial states on the right. The over all bifurcation land scape of this small
network system is even more complex, but the line scan here shows how non-trivial
system state evolves from a regular rotating wave state to a tiny chimera state.
Note, that the time-series shows the intensity, i.e. |E|2, where previous time series
in this thesis showed the real part Re(Z). Hence, any oscillation seen in Fig. 3.29
corresponds to an amplitude oscillation and would have been classified as a ‘higher
order dynamic’ previously. The labels indicate the number of intensity clusters, i.e.
‘2-2’ consists of two clusters with 2 laser each, that share their intensity.
The line scan on the left of Fig. 3.29 begins with the in-phase synchronized state

‘4’ for small coupling strengths κ. No time series for this state is shown, but it
corresponds to the rotating wave patterns of index j = 0 as previously discussed,
i.e. E1 = E2 = E3 = E4. For κ ≈ 0.34 the system undergoes a symmetry-
breaking torus bifurcation, leading to the 2− 2I state. The time series is shown in
Fig. 3.29 a). This state is characterized by two intensity clusters of lasers of size 2

141



3 Symmetry-breaking in networks

each. Because the topology is an all-to-all network, which laser synchronized with
which other solely depends on the initial conditions. The bifurcation that gives
rise to this state is in particular interesting, because so far the focus has been on
symmetry-broken amplitude and phase-coupling states. Torus bifurcations always
also lead to amplitude oscillations, so their symmetry-breaking properties have
not been investigated in this chapter. The amplitude oscillations are initially sinu-
soidal, but their amplitude grows for larger κ. For κ ≈ 0.42 the two-cluster solution
undergoes an additional symmetry-breaking pitchfork of limit cycles bifurcation.
The time-series for the newly created state 2-2II is shown in Figure 3.29 b). The
important difference to the 2-2I state here, is that the intensity clusters can now
be distinguished, i.e. they no longer are time-shifted versions of each other. This
also means, that the 2-2I state is lag-synchronized, while the 2-2II is not. This
bifurcation cascade reveals a previously not mentioned aspect of nonlinear oscil-
lators: lasers and amplitude oscillators that already exhibit amplitude oscillations
can still exhibit symmetry-breaking bifurcations and symmetry considerations are
still applicable for them. However, du to the presence of limit cycle dynamics ana-
lytic solutions are harder to find for such systems than for the previously discussed
SBL states.
A second symmetry-breaking pitchfork of limit cycles bifurcation occurs for κ ≈

0.43, leading to the appearance of the small chimera state 2-1-1LC . The subscript
LC indicates, that it still behaves like a limit cycle. This state is characterized by
two synchronized lasers E1 = E2, and two lasers that exhibit a different amplitude.
The time series is shown in Fig. 3.29 c). The variant 2-2T differs in that the clusters
in this state perform quasi-periodic amplitude oscillations (see Fig. 3.29 d)). For
larger coupling strength κ the system is in the unsynchronized regime, and a time
series example is shown in Fig. 3.29 e).
These tiny chimera states of Fig. 3.29 c) and d) thus clearly originate from

symmetry-breaking bifurcations. First, the system breaks into intensity clusters,
representing a first symmetry-breaking. Then, some of the sub-clusters lose their
internal stability in subsequent bifurcations. The system reaches a state where a
large cluster still remains, forming the synchronized region of the chimera state,
while the rest of the network exhibits unsynchronized behaviour. This is also a
possible creation mechanism for chimera states in larger networks. However, it is
not clear how this bifurcation scenario would scale for larger laser networks, as
to create an incoherent region of solitary oscillators, a large cascade of symmetry-
breaking pitchfork of limit cycle bifurcations may be necessary. A systematic study
of such bifurcations is still an open question. One interesting avenue to be inves-
tigated could potentially be trying to find similarities to so called ‘solitary sates’
[MAI14a], which have been reported for chaotic maps and seem superficially similar.
A detailed investigation will however have to be left for future studies.
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3.5.2 The role of symmetries for regular oscillator networks

Networks of Stuart-Landau oscillators can exhibit a large variety of dynamics and
patterns. Because the system is mathematically relatively simple, many of the so-
lutions can be calculated analytically. The system of two instantaneously coupled
Stuart-Landau oscillators was thoroughly investigated in Sec. 3.1 using both ana-
lytical and numerical tools. Even this simple system exhibits an intriguing interplay
of different symmetries, allowing for the emergence of symmetry-breaking bifurca-
tions. In particular, a symmetry-broken amplitude- and phase-locking (SBL) was
reported and can be described by a simple analytical ansatz. Due to the particular
nature of these states that combine regular harmonic oscillations with a broken
exchange symmetry, the Stuart-Landau must arguably be the smallest and sim-
plest nonlinear oscillator model to exhibit such symmetry-broken solutions. The
SBL solutions emerge in a symmetry-breaking pitchfork bifurcation, where they
inherit the stability of the preceding solution. Additionally, they can emerge from
a saddle-node of limit cycles bifurcation. Two branches of SBL states exist, one for
both of the fundamental oscillatory solutions of the system (the in-phase and the
anti-phase solution). Due to the consequences of the equivariant branching lemma
the SBL states are naturally multistable.
The coupled Stuart-Landau oscillators can also be seen as an approximation of

a laser close to threshold. To investigate the differences and similarities, Sec. 3.2
showed a corresponding system of two instantaneously coupled Lang-Kobayashi-
type systems. There, extensive bifurcation analysis was already published, so that
a comparison with the Stuart-Landau system was a natural question to be inves-
tigated. The Lang-Kobayashi system includes an additional carrier equation, that
allows for more complex dynamical properties. Nevertheless, the laser system was
found to be similar to the Stuart-Landau case. This is caused by the fact that
both the system of two Stuart-Landau oscillators and the system of two Lang-
Kobayashi-type lasers exhibit the same symmetry properties. Symmetries play
such an important role in coupled nonlinear oscillators, that many of the primary
properties are determined purely by the symmetries. This in particular holds for
the fundamental oscillatory solutions (in-phase and anti-phase synchronization in
the case of two instantaneously oscillators), and as such general amplitude oscillator
dynamics can be explored with a variety of models, yielding similar results.
The realization that symmetries are often more important than the details of the

local nonlinear oscillator model naturally leads to the question of the properties for
larger and highly symmetric systems. The properties of rings of instantaneously
coupled Stuart-Landau oscillator models were therefore studied, with unidirectional
rings in Sec. 3.3 and bidirectional rings in Sec. 3.4. Both types of rings contain
a larger amount of phase-synchronized solutions. These are the so called ‘ponies
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on a merry-go-round’ or rotating wave states, and there exists N different labelled
with index j for a ring network of size N . However, while all of these solutions
can be reduced to the in-phase synchronized solution for the unidirectional ring,
see Eq. (3.46), the bidirectional ring exhibits no such general relation. In a bidi-
rectional ring, only the in-phase synchronized solution j = 0 and for even numbers
of oscillators N the anti-phase synchronized solution j = N/2 are preferred. The
map of stable solutions for the bidirectional ring looks very similar independent
of the number of oscillators N , in particular it always resembles the case of two
coupled oscillators N = 2 as discussed in Sec. 3.1. In contrast, ever more stable
rotating wave solutions appear for larger unidirectional rings with increasing size.
This contrast can be related to the fact, that the bidirectional ring has a higher
symmetry than the unidirectional ring. The stricter symmetry requirements lead
to a smaller number of stable states, reducing the complexity of the bifurcation
diagrams.
Both the unidirectional and the bidirectional ring networks can exhibit symmetry-

broken amplitude- and phase-locking states. In both cases, these states can be seen
as an extension of the symmetry-breaking bifurcations for the system of two Stuart-
Landau oscillators. In particular, for the case of N = 4 oscillators in a ring network,
both the unidirectional and the bidirectional ring can exhibit cluster states with
two clusters of two oscillators each, which directly correspond to the SBL states
of the two oscillator system. However, for the ring networks additional symmetry-
broken solutions can appear, which also include a symmetry-breaking mostly in
the phase-direction, leading to novel SBL states that have no corresponding N = 2
solutions.
Larger unidirectional and bidirectional rings were also investigated (sizes N =

6, 8, 9, 12). A general scaling trend for both kinds of ring topologies was visible,
but differed in shape. While the unidirectional ring becomes increasingly multi-
stable between a vast number of phase-synchronized solutions, the bidirectional
ring network only shows 2 basic patterns regardless of size N . An exception was
found for the case of bidirectional rings of uneven size, where 3 different rotating
wave patterns can be found to be stable. Symmetry-breaking occurs for both large
unidirectional and large bidirectional rings. However, the bidirectional ring shows
a much larger variety of stable SBL states. Finding a systematic way of classifying
and counting all possible SBL states for a given ring topology is still an open
problem. The numerical results of this thesis can only serve as an indication, that
bidirectional rings have a larger number of stable SBL states than the unidirectional
ring, and strictly speaking only for the parameters investigated.
The influence of delay on the solutions of regular ring networks of Stuart-Landau

oscillators was also studied briefly. A few general trends were apparent: For small
delays, the system structure has only slightly been distorted, when compared to
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the case without delay. For increasing delay times τ , the coupling phase φ loses
importance, and the regions of stable phase-locked behaviour begin to depend
less on φ. Additionally, for high λ large multistabilities exist, while for small λ
regions of higher order dynamics become prevalent. For very long delay times, the
unidirectional ring still exhibited a recognizable structure, with regions where all
rotating wave patterns were simultaneously stable. The bidirectional ring, however,
lost its well-defined bifurcation structure and was characterized by a complete loss
of fixed amplitude solutions.
Overall, this chapter illustrates how much the symmetry of the system dictates

the basic solutions. The Stuart-Landau oscillator is especially suited for the study
of these effects, as its mathematical simplicity allow for analytical results and easy
numerical integration. Symmetry-breaking is a ubiquitous phenomenon, so that
paradigmatic models are needed to study it and the results of this section will be
valid for a plethora of different systems.
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4 Reservoir computing in networks

This chapter covers the application of networks of lasers and oscillators as the
core elements in the neuro-inspired machine-learning paradigm called ’reservoir
computing’. The aim here is explicitly not to set new records in the performance of
such systems. Rather, the general setting of regular oscillator and laser networks
will be used to explore fundamental principles of reservoir computing. This also
connects with ideas from the more general field of analogue computing and the
question of the general computational capabilities of dynamical systems. This is
a complex scientific problem for which definitive answers are rare. This current
thesis will therefore offer a start by working with basic questions and concepts.
Open questions and fruitful future avenues of research will be pointed out.
The chapter is structured by the type of system investigated, going from simple

to more complex. Section 4.1 investigates a virtual network approach consisting
of a single Stuart-Landau oscillator with delayed feedback. Here, some general
properties of time-multiplexing, parameter dependence and the influence of reser-
voir computing hyper parameters are investigated. Section 4.2 then extends the
investigations to larger reservoirs called ‘time-multiplexed networks’, which incor-
porate both time-multiplexing and delay-coupling. Thus, these networks have both
‘virtual nodes’ created by time-multiplexing and several ‘real’ physical nodes. The
influence of the balance between these two groups is systematically studied.
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4.1 Single-node with delay

This section introduces a system consisting of a single Stuart-Landau oscillator with
a long delayed feedback and uses it as the dynamical core of a reservoir computing
scheme. This simple example is used to illustrate basic properties of the reservoir
computing and time-multiplexing algorithm, such as the dependence on the delay
time τ , system parameters such as λ and hyper-parameters such as the training
length Ktraining. Many of the fundamental aspects of how systems react as reservoir
computing components are discussed in a general framework that can be applied
to different systems.

4.1.1 Stuart-Landau oscillator with delayed feedback

To connect with the previous topics of this thesis and to allow for a simple and
efficient description, the first system that is used for reservoir computing is a single
Stuart-Landau oscillator as introduced in Sec. 2.3. However, in addition to the
local dynamics as introduced in Eq. (2.24), a delayed feedback loop is added to
the system. This delayed feedback will play the role of extending the phase space
dimension of the system, as outlined in Sec. 2.5.5: By the inclusion of delay, the
system state is no longer described by a mere vector of real numbers X ∈ RN ,
but needs to be described over the whole delay interval X(t) for t ∈ [0, τ ]. This
also means that the equation of motion ceases to be an ODE and becomes a DDE
(see Sec. 2.1.5 of the theory for an introduction to DDEs). The complete equation
for the single Stuart-Landau oscillator with delayed feedback used for reservoir
computing is then given by:

dZ

dt
=
(
λ+GJ(t) + iω + γ|Z|2

)
Z + κeiφZ(t− τ), (4.1)

where λ is the bifurcation parameter of the Stuart-Landau system, ω is the solitary
frequency and γ is the nonlinearity. The feedback term Z(t− τ) is delayed by the
delay time τ and is similar in nature to the usual feedback term in lasers, such as
in the Lang-Kobayashi system [LAN80b, ALS96]. The feedback strength is κ and the
feedback phase is φ. Eq. (4.1) is a delay-differential equation (DDE), for which
special methods of numerical integration have to be used (cf. Sec. 2.1.5).
The information is injected via the time-dependent input term J(t). The masked

signal J(t) enters the Stuart-Landau oscillator in Eq. (4.1) in a way that it can
be seen as a modification of the Stuart-Landau bifurcation parameter λ. Due to
the analogy between the Stuart-Landau model and laser models such as the Lang-
Kobayashi system, this kind of information injection is similar to the case of an
electrically pumped laser, where data is fed via a time-varying pump current.
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Recall, that the reservoir computing paradigm is based on the injection of data
into a high-dimensional dynamical system and the subsequent read-out of the input-
induced transients. When the system is not highly parallel, i.e. when most of the
complexity of the phase space transients occurs in time, the standard approach of
data injection and readout needs to be modified to include ’time-multiplexing’. The
mathematical details of the time-multiplexing procedure and how it is applied to
delay-based reservoir computing are shown in Sec. 2.5 of the theory. Only the most
important aspects shall be repeated here and the special implementation used for
Eq. (4.1) shall be explained: The dynamical system that constitutes the ’reservoir’
of information and transients is driven by an input sequence uk. The state of the
reservoir is recorded at certain times to produce a high-dimensional state vector Xk,
which encodes the response of the system. For the single Stuart-Landau oscillator
with delayed feedback of Eq. (4.1) the masked input signal is given by the term
J(t) and scaled with the input gain parameter G. A high G corresponds to a
stronger drive, while a small G is a weak input forcing. The masked input J(t) has
to be calculated from the raw input sequence uk and this is done via the masking
formula:

J(t) = ukM(t mod T ), where (k − 1)T < t ≤ kT. (4.2)

where T is the input clock cycle, and M is the mask-function, which is defined in
the interval [0, T ]. The mask in this thesis is not further investigated with respect
to its influence, but previous publications indicate that it can be chosen freely from
a large array of different functions, such as binary masks, low-frequency noise or
chaotic timeseries [NAK16]. Here, the method of Appeltant et al. is used [APP11],
and the mask is always taken as a binary bit-pattern of length NV , where NV is
the ’virtualisation factor’. The mask function M(t) of length T is divided into NV

equidistant ’virtual nodes’, with every node lasting θ in time:

θ = T

NV
(4.3)

Thus, NV can also be seen as the total number of virtual nodes in the system of
Eq. (4.1), as only a single Stuart-Landau oscillator is used. This will not be the
case in general, when larger networks are discussed later in this chapter. The mask
function M for Eq. (4.1) then is a sequence of NV values MJ with Mj = 0 or 1
such that:

M(t) = Mj , where (j − 1)θ < t ≤ jθ, (4.4)

for t in [0, T ] with clock cycle T .
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Figure 4.1: Examples of the piece-wise constant input signal u(t) (top), the T -periodic
mask M(t mod T ) (centre) and the masked signal J(t) (bottom). T = 25, NV = 25,
θ = 1. The vertical grey lines denote full clock cycles T .

To illustrate the relationship and to visualize the masking process, Fig. 4.1 shows
an example. The top panel of Fig. 4.1 shows the the raw input sequence u(t),
which is a simple piece-wise constant function with piece-length T and heights
according to the input sequence uk. The mask M(t) (centre panel of Fig. 4.1) is a
random binary pattern and is here repeated for every T . The masked signal J(t)
(bottom panel of Fig. 4.1) is then obtained by simple multiplication. In Fig. 4.1
the clock cycle is T = 25 with a virtualisation factor of NV = 25, i.e. there are
25 virtual nodes each in a window of length θ = 1. Note, that the mask is chosen
randomly from the binary distribution [0, 1], so that not every θ the mask value
changes. The divisions between the different clock cycles T are indicated by the
grey vertical lines in Fig. 4.1. The input sequence (top panel of Fig. 4.1) is based on
the input sequence uk for the NARMA10-task, i.e. random numbers drawn from
the uniform distribution in the interval [0, 0.5]. Thus, the final masked signal also
has a maximum strength of 0.5 = 0.5 ∗ 1.

Implementation details

To construct the reservoir computing scheme, a high dimensional system state Xk

has to be recorded to encode the response of the system to the input uk. This
also implicitly means, that the information read-out and the input uk have to be
always operating at the same speed, i.e. share the same clock cycle T . They are
never allowed to drift with respect to each other, as otherwise this would nullify
the learning of the system. The readout of the system state necessary for reservoir
computing can be done in multiple ways. In principle, the numerical integration of
the Stuart-Landau oscillator with delay of Eq. (4.1) can be done at arbitrarily small
time-resolutions, at least to the level of the C++-double precision. Naturally, in
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such a numerical simulation, all data points are available to be recorded. However,
this is neither desirable nor is it realistic for a comparison with experiments. The
readout of the single-Stuart-Landau oscillator is therefore done in the same way
as introduced by Appeltant et al. [APP11]: The system is read-out once per virtual
node, i.e. every θ. In the implementation used in this thesis, the readout always
happens exactly at the end of the time window of length θ that corresponds to a
certain virtual node. The read-out is done irrespective of the phase-information of
the system, only the absolute squared |Z|2 is recorded. Thus, during every clock
cycle T , NV different recordings of the system state |Z|2 are made. Hence, the
system response is recorded as an NV -dimensional vector to every input value uk
for the solitary Stuart-Landau oscillator with delayed feedback of Eq. (4.1).

4.1.2 System parameter scan for NARMA10 task

Figure 4.2: Parameter scan for the single Stuart-Landau oscillator with delayed feedback
as given by Eq. (4.1) for different feedback phases φ and Stuart-Landau parameters λ.
The colour code indicates the NRMSE of the NARMA10 task in the testing, i.e. for the
independent evaluation after the training. The parameter scan was done with fixed mask
and fixed NARMA10 series. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176,
NV = 128, T = 1536, θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

The ability of reservoir computers to perform tasks is dependent on the system
parameters. For example, Appeltant et al. [APP11] investigated the importance
of balancing between nonlinear and linear parts of the parameter space. As the
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system response is critically dependent not only on the input, but also on the
underlying phase-space topology, a complex dependence on the system parameters
is typical for reservoir computers. Some of the fundamental parameters of the
system can drastically influence the resulting reservoir computing capabilities. This
will be illustrated using the single Stuart-Landau oscillator of Eq. (4.1) with delayed
feedback in this section.
Figure 4.2 shows the two-dimensional parameter scan for the performance of the

single Stuart-Landau oscillator with delayed feedback as given by Eq. (4.1). The
normalized root mean squared error (NRMSE) as defined in Eq. (2.54) was used
to evaluate the NARMA10-task and the NRMSE is shown in colour code versus
the feedback phase φ and Stuart-Landau parameter λ in Fig. 4.2. The system
was trained with a training length of Ktraining = 5000 data points and evaluated
for another Ktesting = 5000 data points with an additional buffer of Kbuffer = 1000
being fed in before starting to record the system states. To not introduce any other
sources of uncertainty of the evaluation, both the binary mask and the NARMA10
series was random but identical for all combinations of feedback phase φ and Stuart-
Landau parameter λ in Eq. (4.1). Additionally, the system was always initialized
with the same initial conditions. Thus, all variations in NRMSE seen in the colour
code of Fig. 4.2 are purely due to changes in the system response caused by differing
parameters φ and λ.

Causes of NRMSE variation

The structure of the NRMSE shown by the colour code in Fig. 4.2 is non-trivial,
with several abrupt transitions for some parameter combinations, and smooth vari-
ations for others. Understanding the causes for good and performance in a reser-
voir computing system is a hard problem in general. The example of the single
Stuart-Landau oscillator will be used to determine several influencing factors and
to explain some of the main causes in the following paragraphs. They concern four
different classes of features of Fig. 4.2: Regions of no response (white, NRMSE
= 1), bifurcations, attractor basins and the trade-off between linear memory and
nonlinearity.
First, there exists a critical border at λ = −0.1 below which the error is constant

at NRMSE= 1 (bottom white part in Fig. 4.2). This is the region where the Stuart-
Landau oscillator with delayed feedback of Eq. (4.1) is permanently locked into its
trivial off-state Z = 0, like a Lang-Kobayashi system below the laser threshold.
Usually, the threshold for the onset of oscillations in a solitary Stuart-Landau
oscillator is at λ = 0. However, the threshold is located at λ = −0.1 in Fig. 4.2 due
to the choice of the feedback strength κ = 0.1. Constructive interference with the
delay term reduces the effective damping and causes a threshold reduction, similar
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to the external cavity mode (ECM) solutions of a Lang-Kobayashi laser system.
Below this threshold, the only stable solution of Eq. (4.1) is the trivial off-state
Z = 0.
The off-state is very harmful to the reservoir computing abilities of the system:

The single Stuart-Landau oscillator with delayed feedback of Eq. (4.1) is modulated
by the input J(t). Due to the choice of how to include the input, J(t) can be seen
as modifying the Stuart-Landau bifurcation parameter λ in Eq. (4.1). Thus, the
system response has to be excited by a change in λ + GJ(t). However, the stable
off-state is independent of λ, i.e. its amplitude and frequency do not depend on λ.
Therefore, if the system is fed with input data J(t), the time series of the trivial
off-state is not changed and the system does not react at all. The amplitude simply
remains zero Z = 0 for all times, regardless of the input J(t). In such a setting, no
information processing can be obtained, as the system simply does not react at all
to the incoming information. The maximum error that the NRMSE can produce
is 1. Because regions for λ < −0.1 perform as bad as possible, the trivial off-state
in Fig. 4.2 shows an NRMSE of 1 (white colour).

Figure 4.3: Zoom of the parameter scan for the single Stuart-Landau oscillator with
delayed feedback marked by the bottom square in Fig. 4.2. The colour code indicates
the NRMSE of the NARMA10 task in the testing, i.e. for the independent evaluation
after the training. The parameter scan was done with fixed mask and fixed NARMA10
series. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176, NV = 128, T = 1536,
θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.
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For large enough Stuart-Landau parameter λ, the NRMSE is less than 1 and
changes both with λ and feedback phase φ in Fig. 4.2. This is due to changes of the
underlying phase space topology and the change in the stability of the embedded
solutions. One such bifurcation is the aforementioned threshold of oscillations for
λ = −0.1. This bifurcations can be seen as an abrupt changes in the NRMSE: There
is a clear boundary between the off-solution (bottom white region in Fig. 4.2, see
the zoom of the bottom square also in Fig. 4.3) and the regions where the system is
oscillating and dynamically active (blue and purple regions for λ > −0.1 in Fig. 4.2
and 4.3)). This is a general aspect of the NRMSE landscapes and applies to all
reservoir computing systems: The NRMSE is abruptly modified at bifurcation lines.

Figure 4.4: Zoom of the parameter scan for the single Stuart-Landau oscillator with
delayed feedback marked by the top square in Fig. 4.2. The colour code indicates the
NRMSE of the NARMA10 task in the testing, i.e. for the independent evaluation after
the training. The parameter scan was done with fixed mask and fixed NARMA10 series.
Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176, NV = 128, T = 1536,
θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

An additional abrupt change in the NRMSE can be seen for feedback phases
φ ≈ 1.2π in Fig. 4.2 (inside the top square), where the error abruptly jumps
between two intermediate NRMSE. A zoom of this parameter region is shown in
Fig. 4.4. This is not too different from what one can expect to see at the boundary
of a bifurcation. However, there is an alternative explanation tied to the details of
the numerical simulations underlying Fig. 4.2: The system as given by Eq. (4.1)
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was always initialized with the same initial conditions. The natural solutions of
the Stuart-Landau oscillator with delayed feedback are ECM-like solutions that for
a delay as long as τ = 2176, as used for Fig. 4.2, are stable over the entire range
of feedback phases φ. However, there are multiple stable ECM-like solutions, as
the number of ECMs in general increases with delay [ROT07]. The abrupt change
in the NRMSE seen at feedback phases φ ≈ 1.2π in Fig. 4.2 is not caused by a
bifurcation, but rather by the fixed initial condition converging to a different ECM-
like solution. This is an effect that can only be observed, when the initial condition
is fixed and very finely controlled, and as such would therefore be rather hard to
see in an experimental setting. The stability and phase-space neighbourhood of
different ECMs is slightly different, as for example they have different amplitudes
|Z|2. This will ultimately lead to a different transient response to the input, and
thus a visibly different NRMSE in Fig. 4.2. This is an important fact to be aware of:
When a system has multiple stable solutions, the performance will differ between
them.
The difference between an abrupt change in the NRMSE caused by a bifurcation

and that caused by simply converging to a different stable solution can also possibly
be detected by the qualitative change of the NRMSE near those transitions: A
supercritical bifurcation has the solution on both sides of the bifurcation line change
its stability, while in a subcritical bifurcation at least on one side a solution its
stability. This means, that at least on one side the leading Lyapunov exponent
will converge to zero. Such a drastic change in the leading Lyapunov-exponent
should also consistently result in a drastic change of the NRMSE, regardless of the
task observed. On the other hand, if the system merely converges to a different
attractor during initialization, the border between the different parameter ranges
will not be marked by a vanishing leading Lyapunov-exponent on either side, as
neither solution changes stability. Thus the following hypothesis can be raised: If
an abrupt change in the NRMSE as a function of a parameter is accompanied at
least on one side of the transition by a strongly, but smoothly changing NRMSE
with the distance from the critical point, it is likely to be caused by a bifurcation.
Conversely, if an abrupt change is not accompanied by a scaling behaviour of
the NRMSE near the transition, i.e. of the NRMSE is constant on both sides of
the critical parameter, the system is likely simply switching between multi-stable
solutions.
For the two-dimensional parameter scan shown in Fig. 4.2 this means that the

system undergoes a supercritical Hopf-bifurcation for λ = −0.1 because it does
change the reservoir computing capabilities as a function of λ (see the NRMSE for
λ > −0.1 in the zoom of Fig. 4.3). On the other hand, the abrupt change for high
λ and feedback phases φ ≈ 1.2π shown in Fig. 4.4 is merely a switching of the
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attractor basin of the initial condition, and thus both the regions to the left and
to the right of it do not exhibit a strongly changing NRMSE as a function of λ.
The last general aspect of the parameter dependence of reservoir computing

systems that will be discussed on the example of the Stuart-Landau oscillator with
delayed feedback is the linearity-nonlinearity trade off. As discussed by Ref. [DAM12],
a reservoir computer has to allocate its response between nonlinear and linear
contributions. Each specific task has different requirements and differing amounts
of linear recall and memory that are needed. When the reservoir computer cannot
offer the required memory or nonlinear transformation, the resulting NRMSE will
be high. The results for the NARMA10 NRMSE shown in Fig. 4.2 do not only
show abrupt changes in the NRMSE (colour code), but also smooth evolutions over
large parameter values. As the NARMA10 task requires quite a significant amount
of linear memory, these evolutions can be best understood by looking at the linear
memory capacity, as will be done in the next section. In general, predicting a priori
at which parameter combinations favourable conditions for a specific task can be
found is still an open problem.

4.1.3 Parameter scan of the memory capacity

A measure of the linear memory of a system, i.e. its ability to internally store
information that it has received in the past, was introduced in Sec. 2.5.7 of the
theory. The linear memory capacity CmL can be deduced by training the system
to perform a linear recall of length m. The target for this training is to output
o(k) = u(k −m), i.e. a time shifted version of the input uk. The linear memory
capacity CmL is normalized to be 1 for a system with perfect linear memory m-steps
into the past, whereas CmL = 0 for a system without linear memory m-steps in the
past (it may still have non-linear memory [DAM12]). When the memory capacity is
plotted as a function of m, the linear memory curve of a system is obtained.
Figure 4.5 shows one example of a linear memory curve for the Stuart-Landau

oscillator with delayed feedback as given by Eq. (4.1), with parameters as indicated
in the figure caption. The linear memory capacity CmL after training is shown for
a training and testing length of Ktraining = Ktesting = 5000. The linear memory
capacity CmL is almost 1 for m ≤ 15. This shows that the system can perfectly
linearly recall the last 15 inputs that it has been fed. On the other hand, the linear
memory capacity drops off sharply for m > 18 in Fig. 4.5. The system has almost
no linear memory for inputs that are more than 18 steps in the past. The shape
seen in Fig. 4.5 is typical for a linear memory curve, with an initially high plateau
CmL ≈ 1 for small m and then a sharp decline for some critical mc. Note, however,
that there remains a residual memory capacity CmL > 0 even for very high m. This
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Figure 4.5: Examples of a memory curve, i.e. the linear memory capacity Cm
L in testing

as defined in Eq. (2.58) for the m-step linear recall as a function of the step m , where
higher m lie further back in the past. Parameters: Im(γ) = −0.1, ω = 1, λ = −0.02,
φ = 0, G = 0.01, κ = 0.1, τ = 2176, NV = 128, T = 1536, θ = 12, Ktraining = 5000,
Ktesting = 5000, Kbuffer = 1000.

is due to numerical precision and the strictly positive definition of CmL and does
not represent a real memory of the system.
The memory curve of Fig. 4.5 is only an example for one specific combination

of λ and feedback phase φ, and therefore to explain the variations of the NRMSE
in the two-dimensional scan shown in Fig. 4.2 such a memory curve has to be
calculated for every parameter combination. One of the great advantages of the
reservoir computing paradigm is the ability to train different output weights for
different tasks simultaneously, as the training does not affect the internal dynamics
of the reservoir. This means, that the linear memory capacity can be calculated
for all step lengths m simultaneously from the same random number base and this
is also how it is done in this thesis, as this saves a lot of computational effort.
However, to present the results of the linear memory capacity in a two-dimensional
form comparable to Fig. 4.2, the information needs be compressed better. Different
methods are possible, of which three shall be discussed in the following.
A simple way to summarize the complex information contained in the memory

curve of Fig. 4.5 is to calculate the total linear memory capacity CL,tot =
∑∞
m=0C

m
L .

Because the linear memory capacity typically drops of rather quickly towards high
m, this means that the total memory capacity is a measure of the length of the sys-
tems memory. However, as mentioned in Sec. 2.5.7 of the theory and as can be seen
in the example memory curve of Fig. 4.5, the numerically obtained linear memory
capacity CmL never drops perfectly to 0 due to the finite numerical precision. Be-
cause the individual memory capacities CmL of length m are always positive, this
means that CL,tot would just grow unbounded if larger and larger m are included,
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even when the underlying system has already completely lost all memory. To pre-
vent this behaviour from overshadowing the real system characteristics, the total
memory capacity is therefore calculated by summing the truncated linear memory
capacities CmL , where every CmL < 0.05 has been set to 0. This is enough to ensure
numerical stability for the parameters used here. The exact value of this threshold
does not drastically shift the outcome.

Figure 4.6: Parameter scan for the single Stuart-Landau oscillator with delayed feedback
as given by Eq. (4.1) for different feedback phase φ and Stuart-Landau parameter λ. The
colour code indicates the total linear memory capacity CL,tot as defined in Eq. (2.59).
Every Cm

L < 0.05 was not counted and set to zero to correct for numerical precision.
The memory capacity was evaluated with the same random numbers as produced for
NARMA10 and all parameters and hyper-parameters are identical to Fig. 4.2. Param-
eters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176, NV = 128, T = 1536, θ = 12,
Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

Fig. 4.6 shows the results for the two-dimensional parameter scan of the single
Stuart-Landau oscillator with delayed feedback as given by Eq. (4.1) for different
feedback phase φ and Stuart-Landau parameter λ, where the colour code now
indicates the total linear memory capacity CL,tot as defined in Eq. (2.59). All
parameters, masks, and even the random numbers used as training and testing
data are identical to the NARMA10 plot shown in Fig. 4.2. There is a clear
variation of the total memory capacity CL,tot across the parameter scan shown in
Fig. 4.6, with values ranging from 0 (no memory) to more than 50 (very long linear
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memory). When studying the landscape more in detail, one can also see that the
regions of higher linear memory capacity generally coincide with those of good
NARMA10 performance, i.e. low NRMSE in Fig. 4.2. This is not too surprising,
as the NARMA10 task is known for having a rather long memory requirement.
Naturally, the regions where the system does not react at all to input show a total
memory capacity of CL,tot = 0 and are visible as the white regions in Fig. 4.6 for
λ < 0. The abrupt change in the memory capacity for large λ and feedback phases
φ ≈ 1.2π also coincide with the abrupt change of the NRMSE in Fig. 4.2 for the
NARMA10 task. This shows that both a qualitative change in the system state
by switching attractor basins and bifurcations can leave a visible mark in the total
linear memory capacity.
However, studying the total linear memory capacity CL,tot, i.e. the sum of all

memory capacities, is not the only way to evaluate the memory curve presented in
Fig. 4.5. Especially for a case such as the NARMA task, which is always defined
with respect to a certain length (here always NARMA10), it only seems natural that
inputs far in the past should not play any role. Hence, CL,tot could be artificially
inflated and become irrelevant. Only the memory capacity CmL for a specific m may
be important for the task at hand. Thus, in the next step the memory function
shall be evaluated at a specific point m.
Figure 4.7 shows the two-dimensional parameter scan of the single Stuart-Landau

oscillator with delayed feedback as given by Eq. (4.1) for different feedback phase φ
and Stuart-Landau parameter λ. This time, the colour code now indicates the linear
memory capacity C15

L as defined in Eq. (2.58). This is chosen, as the NARMA10
task is not only dependent on the last 10 inputs, but also an iterative formula
of length 10 itself, so that a longer memory should still benefit the system. The
parameters, random numbers and memory curves are exactly the same as evaluated
for Fig. 4.6, which showed the total linear memory capacity. Hence, the agreement
between these two evaluation methods is very good.
Large regions of the parameter space are coloured in black in Fig. 4.7, indicating

that the linear memory C15
L for 15-steps into the past is almost perfect. These are

also the regions, where the total linear memory capacity CL,tot is larger than 15 in
Fig. 4.6. Conversely, where C15

L is small in Fig. 4.7 (white regions), the total linear
memory capacity is also markedly lower in Fig. 4.6 (white and yellow regions).
However, the overall variation when just looking at one particular value of the
memory curve is less drastic, as large parts of the parameter space in Fig. 4.7 show
a saturated, maximal linear memory capacity close to 1. On the other hand, these
regions (black in Fig. 4.7) still show variations in the total linear memory capacity
(Fig. 4.6) and the NARMA10 task (Fig. 4.2). Focusing just on one specific linear
memory capacity CmL therefore in general is of limited use. The sole advantage of
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Figure 4.7: Parameter scan for the single Stuart-Landau oscillator with delayed feedback
as given by Eq. (4.1) for different feedback phase φ and Stuart-Landau parameter λ. The
color code indicates the linear memory capacity Cm

L as defined in Eq. (2.58) for m = 15
steps in the past. The memory capacity was evaluated with the same random numbers
as produced for NARMA10 and all parameters and hyperparameters are identical to
Fig. 4.2 and Fig. 4.6. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176,
NV = 128, T = 1536, θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

this approach is the easy implementation, as only a single linear recall has to be
evaluated.
Figure 4.8 shows a third and final version for an evaluation of the memory for the

two-dimensional parameter scan of the Stuart-Landau oscillator with delayed feed-
back, which will be explained now. The parameters, masks, initial conditions and
random numbers are identical to the previous figures and given in the caption. The
total linear memory capacity shown in Fig. 4.6 can start adding up contributions
for steps very far back in the past, i.e. large m, and hence yield unrealistically large
variations. On the other hand, when only a specific memory capacity is studied,
such as C15

L in Fig. 4.7, many variations disappear as this particular linear mem-
ory capacity will be either close to 0 or close to 1. The final evaluation method
shown in Fig. 4.8 therefore makes use of the usually clearly distinct regions in the
memory curve, such as in the example shown in Fig. 4.5: There is a critical mc

after which the memory capacities CmL rapidly drops off. In the example memory
curve of Fig. 4.5 this critical memory length was roughly mc ≈ 15. For the eval-
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Figure 4.8: Parameter scan for the single Stuart-Landau oscillator with delayed feedback
as given by Eq. (4.1) for different feedback phase φ and Stuart-Landau parameter λ.
The color code indicates the length of the memory, i.e. the critical mc for which Cm

L >

0.9∀m < mc. The memory capacity was evaluated with the same random numbers
as produced for NARMA10 and all parameters and hyperparameters are identical to
Fig. 4.2, 4.7 and 4.6. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.1, τ = 2176,
NV = 128, T = 1536, θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

uation used in Fig. 4.8, this threshold is defined to be the largest mc for which
CmL > 0.9 ∀m ≤ mc. Blue and black colours in Fig. 4.8 therefore indicate a long
memory of high quality, while yellow and white colours indicate that already inputs
not very far in the past are being at least partially forgotten. This definition will
be called ‘critical memory length mc’ from here on.
The critical memory lengthmc is especially suited for the NARMA10 task. When

the system exhibits an mc < 10 this indicates that even for the last 10 inputs the
linear memory quality is low. Because the NARMA task is defined with respect to
a length, the critical memory length mc can naturally compared with this and in
fact it is easy so see that regions with a critical memory length mc shorter than 10
in Fig. 4.8 have a high NARMA10 NRMSE in Fig. 4.2.
The three methods of evaluating the memory curves studied here and shown in

Fig. 4.6, 4.7 and 4.8 overall yield a similar picture when their extreme values are ob-
served. They do however differ in the details. Moreover, the dynamical system used
here is relatively simple. There is no mathematical reason demanding the memory
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curve has to monotonically decay. If it indeed would start to exhibit ’resurgence
peaks’, this would drastically change the behaviour of some of the measures, es-
pecially between the total linear memory capacity CL,tot and the critical memory
length mc used for Fig. 4.8. Which way of summarizing the complex memory curve
is the best will ultimately depend on the task that is being studied. Because the
task of interest here is the NARMA10 task, the main method will be the critical
memory length mc.

4.1.4 Influence of the system timescales

The single Stuart-Landau oscillator system as shown in Eq. (4.1) contains three
distinct time-scales, which will have to be optimally scaled with respect to each
to obtain favourable reservoir computing performance: First, the Stuart-Landau
oscillator without feedback has some intrinsic system time scale, especially with
respect to its amplitude damping. This can be linked to the Lyapunov-exponents
of the stable and unstable solutions, and is especially dependent on the parameter
λ and typically of order 10 due to the choice of the nonlinearity Re(γ) = −0.1 in
this thesis. A second timescale is obviously introduced by the delayed self-feedback
in shape of the delay time τ . To facilitate an effective increase in the internal
dimension of the system as would be required for optimal reservoir computing,
this delay time τ should be significantly larger than the typical time scales of the
oscillator without delay. If the time-scales were comparable, they could be absorbed
into one ’effective’ model with respect to this short time-scale, and the effect of
the delay in increasing the phase-space dimension of the system would be rapidly
diminished. However, finding a quantitative way to analyse the effectiveness of a
particular delay length τ is still an open problem, as it is not entirely clear what
constitutes a ’large’ delay. Lastly, the reservoir computing system also contains the
additional time scale of the clock cycle T of the input and read-out used in reservoir
computing. This clock cycle T does not need to coincide with the delay-time τ of
the system, despite this always being the studied case for the earlier publications
using reservoir computing. How the timescales affect reservoir computing will be
studied in this section.
To study the interplay of these time-scales, two of them will now be varied: The

delay-time τ and the clock cycle T . The third one can be kept constant, as only
its relative value to the other two is important. The delay time τ can be accessed
by changing the length of the delayed feedback loop in an optical setting, while the
clock cycle T should often be changeable with the help of the electronic controls
of the reservoir computer. The intrinsic time scale of the system may also be the
hardest to change in experiments, and thus changing only τ and T is a realistic
procedure.
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Figure 4.9: Influence of the time scales on the reservoir computing performance of the
single Stuart-Landau oscillator with delayed feedback as given by Eq. (4.1). The color
code indicates the NARMA10 NRMSE after the training and is plotted versus delay
time τ and clock cycle T . Because the virtualization factor is fixed, the y-axis can also
be converted into the time per virtual node θ (right y-axis labels). The parameters are
identical to Fig. 4.2 with λ = −0.02 and φ = 0. The red dot indicates the choice of τ and
T used in the other simulations of Eq. (4.1). Parameters: γ = −0.1, ω = 1, G = 0.01,
λ = −0.02, φ = 0, κ = 0.1, τ as indicated on the bottom axis, NV = 128, T as on the
y-axis, θ as on the second y-axis, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

Figure 4.9 shows a two-dimensional scan of the single Stuart-Landau oscillator
with delayed feedback of Eq. (4.1), where the colour code indicates the NARMA10
NRMSE. Here, the x-axis is the delay time τ , while the y-axis is the clock cycle T .
Because the virtualisation factor NV = 128 is kept constant, the clock cycle T can
also be converted into the time per virtual node θ, which is done with the second
y-axis in Fig. 4.9. The parameters for the simulations of Fig. 4.9 are identical
to those of the early NARMA10 scan of Fig. 4.2 with now fixed λ = −0.02 and
φ = 0. Conversely, the parameter choice of τ and T for all other simulations in this
section is indicated by the red dot in Fig. 4.9. The NARMA10 NRMSE has a clear
dependence on T and τ , as can be seen by the colour code of Fig. 4.9. For too small
τ or T , the performance drastically drops down (yellow border regions in Fig. 4.9).
On the other hand, there is a large portion of τ -T combinations that allow for a
reasonably low NRMSE (blue regions in Fig. 4.9). These are centred around τ ≈ T
but allow for large deviations. There is a clear structure within these regions of

163



4 Reservoir computing in networks

good NRMSE. For example, exactly on the diagonal of Fig. 4.9 for τ = T , the
NRMSE is visibly higher than in its direct neighbourhood. This is independent of
the actual size of T , and seems to be only influenced by the resonance. There are
further similar resonance lines that can be seen, for example T = 2τ or T = τ/3.
In fact, one can reasonably hypothesize that these resonances should be roughly
located at:

pτ =qT with p, q ∈ N, (4.5)

where resonances with higher p and q are less visible in Fig. 4.9. Naturally, the
finite resolution of Fig. 4.9 only allows for so many resonances to be visible. The
resonance structure of the NRMSE visible in Fig. 4.9 is not unique to the Stuart-
Landau case, but can be observed in many different systems. These resonances
were found for every system tried during the numerical preparations of this thesis
and have also been known from the literature, where Ref. [PAQ12] appears to contain
the earliest mention.

Figure 4.10: Sketch of the connections (arrows) between virtual nodes (dashed circles)
representing the reservoir state xd

k for a time-multiplexed reservoir for different τ and
T . a) resonant case of τ = T : every virtual node xd connects to itself between timestep
k and k + 1. b) τ = T + θ every virtual node xd

k from input time step k connects to its
neighbour xd+1

k+1 in the next timestep k+ 1. c) τ = 2T (resonance): Every node connects
to the virtual node NV /2 along the ring apart.

There exists an intuitive explanation for this effect, that is caused by the in-
terplay of time-multiplexing and delay, which is sketched in Fig. 4.10: The time-
multiplexing creates NV ’virtual nodes’ xd, that are effectively time-slices along
the delay-line of the system. However, they can also be approximated as a network
[APP11], where nodes that influence each other are connected by an edge. Because
the time-series has to be chopped into pieces of length T , these nodes live in dis-
crete time of the input uk, so that for each input step k a virtual network state
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of NV nodes exist as described by xdk with d ∈ [0, . . . , NV ]. The virtual nodes are
shown as dotted circles in Fig. 4.10, with nodes from the same time-step k hor-
izontally aligned and their connections indicated by the arrows pointing towards
the next time step k + 1 below them. The resonant case of τ = T is detrimental
to reservoir computing as can be seen from Fig. 4.9. The structural details of the
virtual network topology for this τ = T are sketched in Fig. 4.10 a). Because the
information returns exactly after τ due to the delay, each node will effectively be
projected onto itself. This means that information is not strongly transferred to
other virtual nodes. If, on the other hand, there is no resonance, the situation
changes. In Fig. 4.10 b) the clock cycle T is one time per virtual node θ shorter
than τ . This means, that after one round trip, the delay will return the information
to the next virtual node xd+1

k+1, and not the original. This at first may seem like
a trivial difference: after all, the information should remain in the reservoir either
way and shifting it to a different virtual node should hardly matter. However,
the nodes are not interchangeable, as they have different input weights win due to
the mask M(t). In particular, there may be some virtual nodes with very small
input weights win = 0. In a resonant case τ = T , these nodes will barely contain
information. However, if they are receiving input from their neighbouring node,
they can serve as an effective storage for information and extend the memory of
the system. With the information then being transferred to their neighbours in the
next time step k+ 2, such a non-resonant case provides a long and complex system
response.
A different way of viewing this process can also be illustrated by thinking of the

input weight vector W in, i.e. the discrete mask values Md as projecting the input
uk into some dimension in the high-dimensional phase space RD of the virtual
network. For the resonant case of τ = T the delay term will be parallel to the
weight vector W in, as the delay is merely an echo of the previous time-step. Thus,
the new information and the delay-transmitted information will be projected on top
of each other in phase space and overwrite themselves. This reduces the memory
capacity of the system, and hence also the NARMA10 NRMSE. If however, the
delay is non-resonant, the projection will be in a different direction, as the weights
of the delayed term will have shifted. The visualisation of Fig. 4.10 can therefore
explain the complex behaviour of the time-scale resonance τ = T in Fig. 4.9.
The cause for the smaller resonances of Eq. (4.5) visible in Fig. 4.9 is similar to

those of the main resonance T = τ . The case for τ = 2T , which is also visible in the
colour code of the NRMSE in Fig. 4.9 is sketched in Fig. 4.10 c). For τ = 2T the
virtual network is projecting its own state xdk onto the virtual node that is NV /2
further along the virtual network. Going from input time-step k to k + 1, this
may be a good projection as it spreads the information along the virtual network.
However, for every second input cycle k + 2 this means that the information will
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return to the original node. The return of the information to the original node is
delayed by a bit, but the whole dimension of the virtual network is still poorly used
in this case. This is why the τ = 2T is still clearly visible in the NRMSE in Fig. 4.9
and not as pronounced as the main resonance τ = T . The same reasoning can of
course be extended to all other resonances pτ = qT , where their impact should be
larger for smaller p, q ∈ N.

Figure 4.11: Influence of the time scales on the memory capacity of the single Stuart-
Landau oscillator with delayed feedback as given by Eq. (4.1). The colour code indicates
the lowest mc, for which Cm

L < 0.9, i.e. where the linear memory starts to decline.
The critical memory length mc is plotted versus delay time τ and clock cycle T . The
parameters are identical to Fig. 4.9. The red dot indicates the choice of τ and T used in
the other simulations of Eq. (4.1). Parameters: γ = −0.1, ω = 1, G = 0.01, λ = −0.02,
φ = 0, κ = 0.1, τ as indicated on the bottom axis, NV = 128, T as on the y-axis, θ as
on the second y-axis, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

The interplay of the different time-scales also influences the memory capacity.
Figure 4.11 shows the memory of the Stuart-Landau system with delayed feedback
versus variations of the delay time τ and clock cycle T . The colour code indi-
cates the length of the linear memory as defined by the critical mc as introduced
in Sec. 4.1.3, i.e. Fig. 4.11 depicts which mc the memory curve CmL drops below
0.9. Thus, higher values (dark and blue colours in Fig. 4.11) indicate a long mem-
ory, while low values (white and yellow in Fig. 4.11) are regions with short linear
memory. The results of Fig. 4.11 clearly show the same resonance structure as the
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NARMA10 NRMSE of Fig. 4.9. This proves, that the deterioration of the reservoir
computing capabilities found previously for resonances of τ and T is at least partly
caused by a loss of linear memory capacity. While the main resonance of T = τ

is clearly visible in Fig. 4.11, the minor resonances are not as pronounced. This
shows, that choosing the delay time τ and clock clycle T identical is almost the
worst possible choice for the linear memory.

4.1.5 Influence of hyper-parameter Ktraining

In machine learning, the outcome of the training does not only depend on the
system parameters, which define the local dynamics, e.g. the parameters λ, fre-
quency ω, feedback strength κ and feedback phase φ in Eq. (4.1), but also on some
parameters describing the training process itself. These parameters are usually
called ’hyper-parameters’, as they do represent parameters that are only used for
the learning. They are important for fixing the weights of the reservoir computer.
However, once the training is done they no longer play any role. The reservoir
computing paradigm is relatively simple when compared to other machine learning
schemes, and thus only the length of the training sequence Ktraining is a true hyper-
parameter. The input scaling G and clock cycle T are not true hyper-parameters
here, as they are still important even after the training. Some implementations of
reservoir computing make use of a regularization of the training to prevent over-
fitting, in which case the regularization factor would also be a hyper-parameter.
However, so far it has not seemed to be necessary for the system as used here. This
section will shortly investigate the importance of the only hyper-parameter of the
system: the training length Ktraining

The mathematical details of the training are presented in Sec. 2.5.4 of the theory
chapter, but a short reminder of the importance of the training length Ktraining will
be given here: The system has to learn to predict the desired outcome ok, by being
trained on an input uk of length Ktraining. During the training step, the system is
fed with the input and the system state is readout and recorded. This training time
series is used to fix the output weights W out in an optimal fashion. Afterwards, the
system is fed a new input sequence uk called the ’testing sequence’, and its system
response is once again recorded. The readout weights W out are not changed in the
testing run, the trained weights are merely applied. The performance of both the
fitting procedure during the training as well as the testing afterwards are measured
with NRMSE, memory capacities or other measures where applicable.
One can expect a priori that the system will become better with longer training

sequences Ktraining, as the system will be exposed to more data and thus be able
to generalize more. Even humans find it hard to predict from a small sample size
to a large cohort, which is the cause of many cognitive biases. Similarly, a machine
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learning system cannot learn to distinguish between important features of the task
in general and statistical flukes that are only present in the training sequence uk
if the training is too short, i.e. Ktraining is small. When the system tries to learn
some general features, shows very low errors for the training sequence, but then
has much larger errors during the testing stage. This indicates a fundamental
problem of the learning procedure. A system that is unable to solve more than
the specific training sequence uk suffers from so-called over-fitting. Over-fitting is
conceptually related to the interpolation and regression of statistical analysis: Any
sequence of K real numbers can in principle be perfectly fitted by a polynomial
of order K − 1. However, when one is trying to find a trend in large amounts of
(potentially noisy) data, the focus is on the average or mean trends, not on the
particulars of the training. ‘Over-fitting’ in machine learning is similar, as the
used learning scheme tries to ’perfectly fit’ the training data instead of learning
the underlying patterns. Like statistical models, machine learning systems such
as reservoir computing can have large numbers of free parameters, allowing the
system to easily ‘fit’ the presented training sequence uk. Usually, over-fitting can
be countered by regularization or longer training sequences.

Figure 4.12: Influence of the training length Ktraining on the NARMA10 NRMSE (blue
lines, top), total linear memory capacity (red lines, bottom) and memory cutoff mcrit

(green, bottom). The values for the training (dashed lines) and for an independent
testing run (solid lines) are shown. Parameters: Im(γ) = −0.1, ω = 1, λ = −0.02,
φ = 0, G = 0.01, κ = 0.1, τ = 2176, NV = 128, T = 1536, θ = 12, Ktraining as indicated
along the x-axis, Ktesting = 5000, Kbuffer = 1000.
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Figure 4.12 shows the result of a simulation for the influence of the training length
Ktraining on the reservoir computing performance of the single Stuart-Landau os-
cillator with delayed feedback (Eq. (4.1)). The parameters are given in the caption
and identical to the typical parameters used in this chapter so far. All variables
were kept constant as far as possible during the simulations, i.e. the training was
done on the same sequence of random numbers uk, with only different cut-offs for
the different Ktraining. Masks and testing sequences were also kept identical for all
simulations used for Fig. 4.12.
The top panel of Figure 4.12 shows the results for the NARMA10 NRMSE (blue

curves). The dashed line indicates the NRMSE during training. The error clearly
increases with longer Ktraining. This may seem contradictory at first, but is the
result of the previously mentioned problem of over-fitting. For small data samples,
i.e. small Ktraining, the reservoir computing system contains more than enough
degrees of freedom to fit almost any function. For the system used in Figure 4.12
the number of degrees of freedom was NV = 128, so that the NRMSE of the
NARMA10 task (blue dotted line) is virtually 0 for Ktraining < 128. On the other
hand, if the system performance is then evaluated on an independent set after the
training (blue solid line in Fig. 4.12), the resulting NARMA10 NRMSE is very
large. This indicates a poorly trained reservoir. In general, when the system is
not over-fitted, the NRMSE between training and testing should be very similar.
Thus, the distance between the solid and dashed lines of the same colour in Fig. 4.12
can be used to estimate the over-fitting For the NARMA10 task, there is a drastic
improvement already for Ktraining ≈ 1000. However, the testing NRMSE (blue solid
line) continues to drop and approach the NRMSE during training (blue dashed line)
for a much larger range of Ktraining.
The bottom panel of Fig. 4.12 shows the results of the influence of the training

length on the memory capacity. Two different measures as introduced in Sec. 4.1.3
are shown: The total linear memory capacity CL,tot (red lines) and the critical
memory length mc (green lines), i.e. where the linear memory capacity CmL starts
to fall below 0.9. The dashed and solid lines indicate training and testing results, re-
spectively. The bottom panel of Fig. 4.12 reveals that the Ktraining-length required
to prevent over-fitting of the total linear memory capacity CL,tot (red lines) is in
the range of 5000, which is significantly longer than for the NARMA10 NRMSE
(blue lines, top). The critical memory length (green lines in Fig. 4.12), on the other
hand, converges very quickly. The jumps visible for Ktraining ≈ 1800 and 5800 are
due to the discrete nature of mc and represent a change of 1 in mc. In general
it seems that the critical memory length mc therefore is a more robust measure,
i.e. less easily influenced by over-fitting. For the rest of the simulations in this
thesis, the training will be set to Ktraining = 5000 to be on the safe side and avoid
over-fitting, even if parameters and learning behaviour should slightly change.
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The influence of the length of the evaluation step Ktesting was also investigated.
However, it has turned out that this step is not nearly as important for the resulting
NRMSE and memory capacities. Even relatively small testing lengths Ktesting ≥
100 yield an accurate prediction of the reservoir computing performance. Thus,
the length of Ktesting = 5000 used mostly in this thesis is more than enough. The
importance of the training and evaluation lengths should be a general property of
reservoir computing systems with the same number of trained parameters (i.e. read-
out dimension). The preceding results and considerations are therefore applicable
to other reservoir computing systems with a read-out dimension of 128, in particular
also the systems of the next section.

4.1.6 Possible extensions

The single Stuart-Landau oscillator with delayed feedback can also be seen as an
approximation of a laser with optical feedback, such as Ref. [BRU13a]. The exper-
imental and theoretical literature contains a large variety of modified laser-based
reservoir computing schemes, of which many could also be tested for the more gen-
eral Stuart-Landau equations. For example, a popular alternative to direct optical
feedback, as is indirectly modelled by Eq. (4.1) is the inclusion of ’opto-electronic
feedback’. Optoelectronic means, that instead of the laser light being directly re-
flected back into the laser cavity, the intensity |E|2 is externally measured. The
injection current is then varied based on the measured intensity. This could be
modelled by a modified version of the Stuart-Landau equation with feedback of
Eq. (4.1) in the shape of:

dZ

dt
=
(
λ+ κ|Z(t− τ)|2 +GJ(t) + iω + γ|Z|2

)
Z, (4.6)

where κ is now the opto-electronic delay-coupling strength. The delayed feedback
term is given by κ|Z(t − τ)|2 and no longer contains any phase information. Due
to the correspondence between the Stuart-Landau bifurcation parameter λ and
the pump current p of the Lang-Kobayashi system, Eq. (4.6) approximates some
features of opto-electronic feedback. However, it is important to note that the
Lang-Kobayashi system contains both an additional equation in the form of the
carrier density Ne, and also a richer dynamical phase space with the appearance of
’relaxation oscillations’. Thus, Eq. (4.6) will definitely yield a different behaviour
than a true laser model.
Another choice that was mode for the reservoir computing system as given by the

single Stuart-Landau oscillator modelled by Eq. (4.1) was the read-out procedure.
Inspired by how photodiodes are used to record the light intensity of a laser, only
the absolute squared |Z|2 of the complex amplitude was used for the reservoir
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computing. This means, that the phase-information of the system has been entirely
neglected. Recent results shown in Ref. [NGU15] show the possibility of the much
faster phase dynamics that could potentially be used for the read-out instead. This
is also possible to implement in the Stuart-Landau system. However the data-input
J(t) acts a like a modified pump-current in the scheme as shown so far, and does
not directly excite phase dynamics. To make full use of the of the phase dynamics
as well, the system likely requires ’optical injection’ as well.
The Stuart-Landau oscillator with delayed feedback and pseudo-optical injection

can be modelled by:

dZ

dt
=
(
λ+ iωd + γ|Z|2

)
Z + κeiφZ(t− τ) + κinj(Z0 +GJ(t)), (4.7)

(4.8)

where Z0 is the base injection amplitude, ωd now the difference frequency of the
free-running oscillator and the injected complex amplitude and κinj the injection
strength. To perform reservoir computing, a phase-sensitive readout then can be
either based on the polar or Cartesian coordinates of Z: in the first case, each read-
out step the absolute squared |Z|2 and complex phase arg(Z) would be recorded,
while in the second approach the system is measured in real Re(Z) and imagi-
nary part Im(Z). It should be advantageous to record the system with respect to
either the frequency of the injection or maybe even at its own average frequency
(both cases become identical for injection-locking). Otherwise, the complex Stuart-
Landau oscillator as modelled by Eq. (4.7) will have additional phase-oscillations
due to the free-running frequency of the system, which could potentially completely
scramble the phase-information if that frequency is very high.
The preceding paragraphs only outline a selection of possible extensions. The

literature and experimental implementations for photonic reservoir computing have
investigated many different aspects in recent years, and for many of these publica-
tions a similar Stuart-Landau system can be constructed. However, it is difficult to
find general trends for the reservoir computing performance as a function of these
changes, as these differences tend to merely change the interplay between non-
linearity and linear memory. Thus, their influence on the performance strongly
depends on the individual task that is considered. The focus here is on basic and
quantifiable differences between systems. To connect with the first chapters of
this thesis, no such complicated variations of Eq. (4.1) will be studied, but instead
networks shall now be used as reservoir computers.
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4.2 Time-multiplexed Networks

In this section ensembles of oscillators will be investigated as an extension of the
individual Stuart-Landau oscillator with delayed feedback shown in the previous
one. The general properties of networks of Stuart-Landau oscillators when used as
a reservoir computer will be systematically studied.
Due to the change of the reservoir computing system from a single oscillator to an

ensemble of oscillators, a few adaptations of the readout and information injection
procedure have to be made. A network can already contain a large number of
degrees of freedom by construction and thus may already intrinsically be a suitable
system for reservoir computing. In fact, the original papers by Jäger [JAE01] and
Maass et al. [MAA02] proposed the reservoir computing ideas purely in the context
of networks. Only later was the reservoir computing paradigm extended to delay
systems. Therefore, a variety of ‘echo state network’ and ‘liquid state machine’
papers from the early days of reservoir computing have already covered some of
the properties of such reservoir computers. The networks covered in this thesis
will differ from the literature in two fundamental ways: While previously, the
system considered were mostly random networks, here the focus will be on regular
networks, such as the ring networks introduced in Chap. 3. Furthermore, these
regular networks will also include delay and make use of the time-multiplexing
paradigm of the delay-based reservoir approach. Continuing from the results of the
previous section of the single Stuart-Landau oscillator with delayed feedback, this
section will investigate the behaviour of ’time-multiplexed networks’, i.e. systems
containing both long delays and multiple coupled units. The focus in this section
will not be on symmetry-broken states or a detailed analysis of the bifurcation
landscape, but on the implications of time-multiplexing in networks on the reservoir
computing capabilities. The results of this section were published in Ref. [ROE18a].

4.2.1 Time-multiplexing in networks

Time-multiplexing is the process of using a mask and sequential read-out in delay-
based reservoir computers. It makes use of the high dimensional phase-space
transients that occur in such delay-systems. For large systems without time-
multiplexing, observing the system state is trivial. For time-multiplexed systems,
the sequential nature of the information processing in a delay-system necessitates
the introduction of additional read-out timings θ and the virtualisation factor NV

(see Sec. 2.5.5). The situation becomes even more complex when a delay-coupled
network is studied, where parallel and sequential elements of reservoir computing
are mixed.
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There are multiple ways in which time-multiplexing can be introduced into a
system of coupled oscillators, i.e. a network. The first and most straightforward
would be to merely treat the network as a single, complex local model. This local
model then needs to be extended with an external delayed feedback loop, and from
there on the same methods as in the previous section can be applied. However, this
approach has two distinct disadvantages: First, it is not entirely clear how a delayed
feedback loop should be applied to a complex model, as many different options exist:
Connecting every node with itself, connecting only a subset of nodes, connecting
nodes with different nodes via delay etc. This may be great from a customization
perspective, but is beyond the scope of this work, where only the fundamental
properties of a these system shall be investigated. As stated earlier, the goal
is explicitly not to find new record-breaking reservoir computers, so unnecessary
complexity will be avoided. The second problem of this type of time-multiplexing
with delay is in the need for additional connections. In an experiment, these
additional links would mean unnecessary complexity and require more physical
components, increasing the cost, maintenance and points of failure of the system.
Therefore, a different approach for the time-multiplexing of networks will be

taken here. Instead of introducing additional delayed feedback loops, the system
will be constructed as a network with delayed connections from the beginning. This
means, that the subject of study are essentially the delayed networks of Sec. 3.3.6
and 3.4.4. For simplicity, all delay-connections will be assumed to have the same
delay length τ . However, it seems possible that a system with a set of different
delays τi for different connections i would allow for a wider spectrum of applications.
This will have to be left for future investigations. Furthermore, it will also be
assumed that all connections have the same coupling strengths and coupling phases.
Thus, the networks studied in this thesis merely represent a minimalistic example
of time-multiplexed networks for reservoir computing and many possible extensions
exist.

4.2.2 Real and virtual nodes

To adequately describe time-multiplexed networks, a few details and concepts will
be explained in the following paragraphs. A network consists of multiple oscillators
that are connected via edges. To discern them from the ‘virtual nodes’ created
by time-multiplexing, let these nodes be called ‘physical nodes’, ‘real nodes’ or
‘oscillators’ and let the number of real nodes be NR. Each individual oscillator is
a Stuart-Landau oscillator described by the complex amplitude Zn and the time
evolution is given by the ODE of Eq. (2.24). The real nodes are connected with
(delayed) links. Depending on the network topology, each node can have multiple
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links, the links can be bidirectional or unidirectional, and the system may or may
not have symmetries.
For effective reservoir computing in large systems, a few extensions of the infor-

mation feed-in mechanism need to be made. First, if the system contains NR nodes
which can serve as input, in the best case all of these nodes should be stimulated by
the input uk. However, if the network is made up of identical nodes in a symmetric
setting, there exists the danger of all nodes behaving identically. For example, if
the system is in the in-phase synchronized state where all local states are identical,
the transients for the different real nodes will not differ if the same input u(t) is
applied to all real nodes. This is detrimental, because if the oscillators all react
identically, the effective phase-space dimension of the network will be that of a
single oscillator. However, reservoir computing requires large phase spaces. So to
avoid problems with the system being locked into perfect synchronization for all
times, any synchronisation needs to be broken up. The easiest way to ensure this,
is to not let the oscillators have the same inputs u(t).
There are multiple ways to solve the problem of avoiding identical inputs for

different real nodes. One way is to stagger the input on the node number, e.g.
have node n receive an input sequence u(k − n) that is delayed by n steps. This
way, unless the input sequence is trivial, each oscillator will have a different input
at each time step. This also has the advantage of potentially extending the linear
memory of the system. However, most of the time a fast information processing
is desired, and staggering the information in this way gives the current input time
step uk a very weak weighting, as only a single node receives an input that is up
to date.
In this thesis a second approach is taken: To diversify the transients of the

network system, the input of the oscillators is already preprocessed by the masking
scheme J(t) = M(t mod T )u(t). A simple yet effective extension of the masking
scheme then is to give each oscillator a different mask Mn(t). With a different
mask, the resulting dynamics will also be different. As for the single Stuart-Landau
oscillator, the mask M will be a piece-wise constant function drawn from a binary
distribution (see also the sketch of the masking in Fig. 4.1). The piece-length
is the time per virtual node θ = T/NV . The input to all oscillators has to be
synchronized, i.e. they have to share the same clock cycle T . However, in principle
there could be differing numbers of virtual nodes per real node, which would mean
a θ that also differs for different real nodes. To stay in the simplest case possible,
here all of the NR real nodes will each have a virtualisation factor of NV , thus
having the equal numbers of virtual nodes. The total read-out dimension is the
product of NV and NR. Each virtual node can be seen as the T/NV = θ-long part
of the trajectory of the oscillators time trace Zn(t). Such a reservoir computer with
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both virtual and real nodes shall be called a ’time-multiplexed network’ from here
on.

4.2.3 Stuart-Landau time-multiplexed network equations

Once a reservoir computing system consists of several oscillators, the question of
how to connect them arises. There are many different network topologies that can
be used, and the results may critically depend on the structure. The earliest papers
concerning reservoir computing often investigated ‘echo state networks’ created
with a random topology. However, this makes a systematic evaluation complicated.
To connect with the knowledge obtained from the investigation of symmetry-broken
states of the network in Chap. 3, regular networks will be used in this thesis. The
equation of motion is once again based on the Stuart-Landau oscillator model of
Eq. (2.24):

dZn
dt

=
(
λ+GJn(t) + iω + γ|Zn|2

)
Zn + κeiφ

NR−1∑
l=0

AnlZl(t− τ), (4.9)

(4.10)

Here, Zn is the complex amplitude of Stuart-Landau oscillator n, of which overall
NR are in the network (real number of oscillators). The local parameters of all
oscillators are identical, with bifurcation parameter λ, solitary frequency ω and
nonlinearity γ independent of n. The only difference is the inclusion of the driving
term GJn(t), where G is the input scaling and Jn(t) the masked input signal. The
shape of Jn is given by the mask Mn(t), which will define the number of virtual
nodes NV . Similarly, the clock cycle T and the time per virtual node θ only
affect how Jn(t) is constructed and how often the network state Zn is read-out
for the reservoir computing, but are not direct factors in Eq. (4.9). The coupling
is modified by the global coupling strength κ and coupling phase φ, as was used
before. The coupling topology is given by the coupling matrix A and the coupling
terms are delayed by τ . Note, that for certain coupling matrices Aii 6= 0 the system
of Eq. (4.9) also contains a delayed self-coupling. The network equation of Eq. (4.9)
can be seen as a generalization of the single Stuart-Landau oscillator with delayed
feedback, because Eq. (4.1) can be obtained for NR = 1 and A = [1].

4.2.4 Importance of the system size

The time-multiplexing procedure for the delay-based networks is a generalization
of the procedure for a single oscillator. Comparisons between different reservoir
computing systems in general are difficult as different models, tasks and parame-
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ters can give rise to vastly different performances. One important aspect of time-
multiplexed networks that needs to be investigated here is the effect of the number
of real oscillators NR and the virtualisation factor NV .

Figure 4.13: Influence of the system size on the reservoir computing capabilities of a
Stuart-Landau oscillator network given by Eq. (4.9) using a unidirectional ring network
topology. The number of real oscillators NR (y-axis) and virtualisation factor NV (x-
axis) is changed from 1 to 25. The color code indicates the NARMA10 NRMSE after
the training (left) and the critical memory length mc (right). Parameters: γ = −0.1,
ω = 1, G = 0.01, λ = −0.02, φ = 0, κ = 0.1, NR on the y-axis, τ = 17NV , NV on the
x-axis, T = 12NV , θ = 12, Ktraining = 5000, Ktesting = 1000, Kbuffer = 1000.

Figure 4.13 shows a systematic scan to investigate the influence of the system
size. The Stuart-Landau oscillator network was simulated as given by Eq. (4.9)
and using a unidirectional ring network topology as introduced in Sec. 3.3. The
number of real nodes NR is varied on the y-axis and the virtualisation factor NV

on the x-axis. The colour code of the left panel in Fig. 4.13 shows the NARMA10
NRMSE after training, while the right panel shows the critical memory length
mc, i.e. the largest m for which the corresponding linear memory capacity CmL is
greater than 0.9. The total read-out dimension of the system is the product NVNR,
which ranges from 1 (bottom left corner in in Fig. 4.13) to 525(top right corner in
Fig. 4.13).
There is a clear and strong influence of the system size on the over all reservoir

computing capabilities as can be seen in Fig. 4.13. In general, systems with larger
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read-out size perform better, i.e. larger NR and NV (points further to the top
and right in in Fig. 4.13 are darker). This is what would also be expected from
a general machine learning perspective, as most artificial neural network schemes
become more powerful with larger system sizes. Moreover, this is also in line with
the theoretic considerations of Dambre et al. in Ref. [DAM12] and even the earliest
reservoir computing works of Ref. [MAA02]: If the system contains more degrees
of freedom to be read out, constructing an arbitrary output function ô(t) out of
this becomes easier. This increase of the reservoir computing power can bee seen
as the same effect that occurs in fitting of data points: Functions that have more
degrees of freedom (free parameters) can be brought into closer agreement with the
underlying data. In reservoir computing, the complexity of the task is independent
of the system size. Meanwhile, larger systems have a larger set of phase space
trajectories to reconstruct any desired target from, making them far more powerful
in terms of reservoir computing capability.
As a side note, there is a clear loss of linear memory for NV = 17 visible in the

right plot of Fig. 4.13. This is due to the special parameter choice used in the
simulations underlying Fig. 4.13: As discussed in Sec. 4.1.4 the system timescales
greatly influence the performance. For the simulations of Fig. 4.13 the time per
virtual node θ was kept fixed at 12, while the delay time τ was set to 17NV .
Because both NV and NR have to be integers, this means that also the clock cycle
T and delay time τ are integers. With the choice of time scales as is, for NV = 17
there exists one of the resonances between T and τ . This causes the linear memory
deteriorate, as discussed in Sec. 4.1.4.

4.2.5 Constructing networks of constant size

As the previous section showed, it is clear that larger system size has a large im-
pact on the performance of reservoir computing systems. The reservoir computing
scheme scales very well if the read-out dimension of the system is increased, which
can be achieved by either increasing the number of real nodes NR or the number
of virtual nodes by increasing the virtualisation factor NV . An increase in the
computational power with larger systems is also known for other machine learning
paradigms. For example, the popular ’deep learning’ architectures gain much of
their computational power by being ’deep’, i.e. large, systems. Reservoir com-
puting in particular profits from larger sizes, because the training procedure is so
extremely simple in comparison. Fig. 4.13 clearly showed that over all system size
greatly influences both the NARMA10 NRMSE and the linear memory capacity.
One can generally expect the larger system to perform better. However, just de-
termining the size of a reservoir computer still leaves a lot of room for variation.
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Figure 4.14: Sketch of different time-multiplexed networks. The real nodes are indicated
by full circles, while the virtual nodes are sketched as dashed circles. The links are
shown as arrows, where here a unidirectional ring topology was used. This sketch shows
how networks of identical read-out dimension but different number of real oscillators NR

can be constructed. Left: A single node NR = 1 with delayed feedback with NV = 8
virtual nodes created by time-multiplexing (one virtual node coincides with the real
node). Middle: NR = 2 delay-coupled real nodes with NV = 4 virtual nodes each.
Right: A network of NR = 8 real nodes.

But additionally, intermediate cases are also possible with NR > 1 and NV > 1
simultaneously, as sketched in Fig. 4.14 b).
Time-multiplexed networks can be constructed in a variety of ways, with different

topologies, real node numbers NR and virtualisation factors NV . Fig. 4.14 shows
a sketch of different time-multiplexed networks: At one of the extreme ends is the
choice of NR = 1, which results in a system of a single oscillator with delayed
feedback as described Eq. (4.1) and sketched in Fig. 4.14 a). Similarly, at the other
extreme end is the choice of NV = 1 as sketched in Fig. 4.14 c). The resulting
system is similar to the early echo state network papers (e.g Ref. [JAE02]): A large
network of coupled oscillators, where every real node is read out simultaneously
to construct the output ô(t). These two extremes also correspond to the bottom
row and left-most column of Fig. 4.13, where the influence of the system size was
investigated.
The system size for two different time-multiplexed reservoirs is the same, if

the product NVNR is identical, which corresponds to hyperbolas NR = D/NV

in Fig. 4.13 for some fixed size D. However, it is important to realize that both
the virtualisation factor NV and the number of real nodes NR need to be integers.
There cannot be partial nodes. This means, that given a certain total system di-
mension, only the factors of the integerD can be used to construct time-multiplexed
networks. For example, because D = 23 is prime, such reservoir computer would
either have to contain only a single real node NR = 1, NV = 23 or no virtualisation
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NR = 23, NV = 1. Obviously, numbers with more factors are more easily split
up, e.g. D = 6 would allow for four different combinations between real nodes NR

and virtualisation factor NV . This strict requirement for the dimension D could
be relaxed, if the virtualisation factor NV is not taken to be identical for all real
nodes NR, i.e if some real nodes are read out more often per clock cycle T than
others. But this does contradict the assumption that all oscillators are identical in
some way, and it also is unrealistic for an experimental realization, as any imple-
mentations would try to maximize its total dimension D, especially when it is only
by a finer recording in time.
ThusD should be chosen in a fashion that it has many different factors. Similarly,

for the context of this thesis the system size D should not be too large, as otherwise
numerical integration times become too long for results to be obtained. Arguably
the best choice for D then would be one of the ‘highly divisible numbers’, which
are sometimes also called anti-primes. These are integers k, for which no l < k

has more divisors. For example, possible anti-primes for this thesis would be 120,
180 or 240. However, the step size in NR and NV can be quite irregular for these
numbers. Moreover, the number of possible combinations should also not be too
large, as this would necessitate too many numerical simulations to obtain results
for all combinations of NR and NV . Thus, a somewhat simpler approach that still
yields a sufficient number of divisors for the total dimension D is chosen: The
system is build on powers of 2, with the total dimension D = 128. This number
has 8 divisors: 1, 2, 4, 8, 16, 32, 64, 128. This results in the following combination
of NV and NR:

NR 1 2 4 8 16 32 64 128
NV 128 64 32 16 8 4 2 1
T 1536 768 384 192 96 48 24 12
τ 2176 1088 544 272 136 68 34 17

(4.11)

The steps between the different combinations shown in Tab. 4.11 are equidistant
in a logarithmic sense. Each network has twice the number of real oscillators as
the previous one when going from left to right. The case of NR = 1 was already
studied in the previous section as modelled by Eq. (4.1) and will therefore not
be considered in the following. The clock cycle T is chosen so that the time per
virtual node θ = 12 is constant and thus also depends on NV . Similarly, the delay
time τ is modified accordingly, to keep the ratio of τ/T constant. To avoid strong
resonances, this ratio is set to τ/T = 17/12. The delay time τ and clock cycle T
are shown in the last rows of Tab. 4.11.
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Disadvantages of systems with large NV

As the simulations of Sec. 4.1 for the single Stuart-Landau oscillator show, the sys-
tem can perform very well as a reservoir computing system with only one real node
NR = 1 and large virtualisation NV = 128. However, this has a big practical dis-
advantage that so far has not been mentioned: The time per virtual node θ should
always be on the typical time scales of the system and is therefore kept constant in
this thesis. This directly implies that the clock cycle T has to grow linearly with
the virtualisation factor NV . Thus, a system with a larger virtualisation factor
NV will be slower in its computational speed. This is only natural, as the whole
idea of the time-multiplexing procedure is to encode ‘virtual nodes’ in time: The
more virtual nodes the system contains, the more of the effective phase space is
temporally encoded, and thus it takes longer to read it out.
The example of the single Stuart-Landau oscillator of Eq. (4.1) in this sense is

the ‘slowest’ of the time-multiplexed network systems. Therefore, any other time-
multiplexed network with more real nodes and thus a smaller virtualisation factor
NV would be faster. The single Stuart-Landau system already showed that it can
work reasonably well as the core of a reservoir computer. The question, whether
non-trivial time-multiplexed networks can, will be investigated in the following.
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4.3 Reservoir computing results for time-multiplexed
networks

This section shows the results of the reservoir computing performance of time-
multiplexed networks based on the Stuart-Landau oscillator system. The main
objective is to find the influence of different combinations of the number of real
nodes NR and the virtualisation factor NV , while keeping the over all read out
dimension NVNR = const., as described in Sec. 4.2.5. The system topology is
changed between different unidirectional and bidirectional ring networks as intro-
duce in Chap. 3. Parts of this section were published in Ref. [ROE18a] and [ROE18x].

4.3.1 Unidirectional ring network

The unidirectional ring was investigated in Sec. 3.3 and consists of oscillators ar-
ranged in a ring, where each oscillator receives input from one of its two neighbours
and influences the other. This in particular means, that there is an inherent direc-
tion in the unidirectional ring network.
The unidirectional ring equations, that were used to discuss the symmetry-

breaking bifurcations and dynamic properties, were shown in Eq. (3.3). The corre-
sponding equations for reservoir computing include additional features: The cou-
pling terms are now delayed by the delay time τ and the system has an additional
input J(t). Thus, the evolution of the complex amplitude Zn of the real oscillator
n with n ∈ [0, . . . , NR − 1] is given by:

Żn = (λ+GJn(t) + iω + γ |Zn|2)Zn + κeiφZn−1(t− τ). (4.12)

Most of the parameters will be kept fixed during the investigation of the reservoir
computing capabilities: The input scaling G = 0.01, solitary frequency ω = 1,
nonlinearity γ = −0.1 (in particular this means that Im(γ) = 0) and the coupling
strength κ = 0.04. The masked signal Jn(t) is dependent on the real node number n
and contains NV virtual nodes, as per the time-multiplexing protocol for networks
introduced in Sec. 4.2. Eq. (4.12) describes a set of equations, one for each of the
NR real oscillators. The total readout dimension is kept constant by keeping the
product NRNV = 128 as per Tab. 4.11. The clock cycle T is always adapted to
keep the time per virtual node θ = 12, i.e. τ = 12NV and the delay time is similarly
scaled τ = 17NV to keep the ratio of these time scales constant. This means, that
larger networks will have shorter delays and clock cycles, i.e. be faster.
Figure 4.15 shows the influence of the total number of real nodes NR on the

reservoir computing capabilities of the unidirectional ring network as modelled by
Eq. (4.12). Each panel shows the dependence on the Stuart-Landau bifurcation
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Figure 4.15: Results for the time-multiplexed unidirectional ring of Stuart-Landau os-
cillators as given by Eq. (4.12). Each individual panel shows the dependence on the
Stuart-Landau bifurcation parameter λ and the delay coupling phase φ. The top row
shows the observed rotating wave pattern for the system without input: White re-
gions are the trivial off-state Zn = 0, red regions the in-phase-synchronized states
Z0 = Z1 = · · · = ZNR−1, yellow regions indicate all other phase-locked rotating wave
states, and grey regions non-trivial behaviour. The middle row shows the result of the
NARMA10 NRMSE in colour after training. The bottom row shows the critical memory
length mc, i.e. the longest recall m for which the linear memory capacity Cm

L > 0.9. The
number of real oscillators NR is changed throughout the columns. This also changes the
delay time τ , clock cycle T and virtualisation factor NV as per Tab. 4.11. Parameters:
γ = −0.1, ω = 1, G = 0.01, κ = 0.04, NR atop the column, NV = 128/NR, τ = 17NV ,
T = 12NV , θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

parameter λ (y-axis) and the delay-coupling phase φ (x-axis). The panels of the
centre row of Fig. 4.15 show the NARMA10 NRMSE in colour code. This can be
compared to the single Stuart-Landau oscillator case that was shown in Fig. 4.2.
Similarly, the bottom row of Fig. 4.15 shows the critical memory length mc as
defined for Fig. 4.8. Furthermore, to help interpret these results, the top column
of Fig. 4.15 shows the dynamical state of the system, where red is the in-phase
synchronized state (Z0 = Z1 = . . . ZNR−1) and yellow regions indicate all other
phase-locked rotating wave states. The trivial off-state Zn = 0 ∀n occurs for pa-
rameter combinations that are marked in white in the top row of Fig. 4.15. Grey
regions indicate non-trivial behaviour, e.g. limit cycles or quasi-periodic behaviour.
Each column of Fig. 4.15 corresponds to certain network size, i.e. a certain

number of real nodes NR. Thus, the three panels in each column can be seen
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as different aspects of the same system. The bottom and centre panel in each
column are based on the same numerical simulation data, in particular they share
the same mask and input sequence Jn(t). The top panel differs in that it was
recorded for a system without input, but the same initial conditions where used
for the numerical integration of Eq. (4.12) across all three panels in each column.
Thus, the top row of Fig. 4.15 gives an indication of the state the system was in
once input started. Because the input is weak (input gain G = 0.01) it is unlikely
that the system was driven out of its current stable state by the input. Thus,
the system likely performed the reservoir computing around the state indicated by
the colour code in the top row of Fig. 4.15. The system was initialised close the
in-phase synchronized state. When the number of real nodes NR is varied between
the columns of Fig. 4.15, the clock cycle T , delay time τ and virtualisation factor
NV is also changed. The variations are shown in Tab. 4.11.
There are many common features for the time-multiplexed unidirectional rings

of Stuart-Landau oscillators as shown in in Fig. 4.15 across different number of real
oscillators NR. One feature that stands out in particular, is a sudden border at
λ = −0.04, where both the error of the reservoir computing as measured by the
NARMA10 NRMSE becomes maximal and the critical memory length mc goes to 0
(white areas in the centre and bottom row of in Fig. 4.15). This indicates the com-
plete loss of all computational power and linear memory, i.e. the system becomes
useless for computing applications. Looking at the underlying dynamics as shown
in the top row of Fig. 4.15 it becomes clear, that this corresponds to the parameter
combinations where the system is in the trivial off-state (white regions in the top
row of Fig. 4.15). This effect was already observed and discussed for the results
of the single Stuart-Landau oscillator with delayed feedback in Fig. 4.2 and 4.8.
The off-state is so detrimental to the reservoir computing performance, because the
system no longer reacts to input at all (at least for the input scheme used here in
Eq. (4.12)). Thus, these ‘current-driven’ schemes need to ensure to operate above
threshold, as otherwise reservoir computing will completely fail. Naturally, this
is not a great restriction for experimental realization, as any measurement of the
system state already requires the presence of some amplitude Zn or no response
would be recorded. However, this is a restriction that one needs to keep in mind,
when larger or more complex reservoir computing setups are considered, as one
must be careful not to introduce mechanics that suppress all oscillations.
A second prominent feature in the results for the time-multiplexed rings shown

in Fig. 4.15 can be seen by studying the rotating wave state in the top row: Most
parameter combinations that show oscillations lead to the in-phase synchronized
solution (j = 0, red regions in Fig. 4.15). For the unidirectional ring, no other
phase-locked states are observed. This is in part due to the choice of the initial
condition, which was set to be very close to the in-phase synchronized state. How-
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ever, the grey areas in the top row of Fig. 4.15 reveal some regions of more complex
behaviour.
The border between the in-phase synchronized region (red in the top panels)

and higher-order dynamics (grey in the top panels) are often visible as a drastic
increase in the NARMA10 NRMSE (yellow-white lines in the centre panels) and
a drop in the critical memory length mc (compare the three panels within each
column in Fig. 4.15, especially for NR = 32, 64, 128). This is a generalization of
the observations for the single Stuart-Landau oscillator with delayed feedback: The
borders of the in-phase synchronized solutions correspond to bifurcations. Along
these bifurcations, the system timescales and phase space trajectories can change
drastically. Depending on the details, this can cause the system response to become
too slow or too fast to be useful, and thus the error as seen by the centre panels in
Fig. 4.15 becomes large.
The regions of in-phase synchronization marked in red in the top panels of

Fig. 4.15 become less prevalent for higher number of real nodes NR. This is mainly
caused by the reduced influence of the delay, as the coupling delay time τ is scaled
inversely with the number of real nodes, cf. Tab. 4.11. Large unidirectional rings
without delay were investigated in Fig. 3.3.5 and show that the stability of the
in-phase synchronized solution never covers more than π in the coupling phase
dimension φ for the case without delay. The column for NR = 128 in Fig. 4.15
for the unidirectional ring networks used for reservoir computing has the shortest
delay of all the sown examples, and therefore is most similar to the delay-free case
studied earlier. Only for sufficiently long delays does the unidirectional ring show
stable in-phase oscillations for all coupling phases φ, e.g. for NR ≤ 32 (red regions
in the top row of Fig. 4.15). Thus, choosing the delay too short may have a detri-
mental effect by causing a sensitivity to the coupling phase φ. This is usually not
desired in an optical setup, as these coupling phases are hard to control and reli-
ably manufacture. Here, networks with smaller numbers of real nodes NR, larger
virtualisation factors NV and thus longer delay times τ have an advantage.
Overall, in the unidirectional ring as used in Fig. 4.15, intermediate size time-

multiplexed networks greatly outperform the extreme cases of purely real or purely
virtual networks. This is a surprising result, that will be discussed in more detail
later. When looking at the reservoir computing performance and memory in gen-
eral in the centre and bottom row of Fig. 4.15, the oscillation threshold once again
plays an important role: As was the case for the singly Stuart-Landau oscillator,
the lowest NARMA10 NRMSE and thus the best performance can be found close
to the threshold λ ≥ −0.04 (blue regions in the NRMSE in the centre row panels of
Fig. 4.15). This is likely caused by an optimal interplay of nonlinear transformation
capability and sufficient linear memory, as can be seen by the fact that mc > 15
for most of the intermediate networks in the bottom row of Fig. 4.15. However,
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such regions of small NARMA10 error are not visible for time-multiplexed multi-
plexed networks with many real nodes. In particular, NR = 128 shows a dramatic
breakdown of performance (centre rightmost panel in Fig. 4.15). The loss of per-
formance can also be seen by the critical memory length mc in the bottom row of
Fig. 4.15, where large networks show poor linear memory. It is the intermediate
case of NR = 8 that shows the longest linear memory for the unidirectional ring.
The dramatic loss of performance for large networks can be explained from dif-

ferent perspectives. First, it may be caused by the much smaller region of stability
for the in-phase synchronized solution (red regions in the top row of Fig. 4.15), as
discussed before. This is notable, because within the plane of parameters, those
that correspond to the in-phase synchronized state (red regions in the top panel of
the right-most column in Fig. 4.15) show the lowest error and longest critical mem-
ory length. Second, the number of possible rotating wave patterns is dependent on
the number of real nodes. There are NR different rotating waves for a unidirec-
tional ring of size NR. It is therefore easier for a large network to spontaneously
switch from one attracting state to another, due to the higher multistability. Such
an attractor-hopping would be highly detrimental to the reservoir computing ca-
pabilities, as it would destroy the reproducibility of the system response for similar
inputs.
A final reason for the poor performance of large networks is related to the time-

multiplexing procedure itself: The virtualisation factor NV is smallest for the large
NR systems, cf. Tab. 4.11. In particular, for NR = 128 the virtualisation factor
is NV = 1, corresponding to an absence of time-multiplexing. The original intent
of the time-multiplexing procedure was to introduce a more complex transient
behaviour into the system. Apparently, the system greatly suffers when the time-
multiplexing is entirely removed. Now, one would expect the role of the lost virtual
nodes to be taken over by the additional real nodes that are introduced for larger
NR. However, the trajectories of these nodes are potentially too similar, to be
useful. In particular, the symmetry of the unidirectional ring may be hurting the
performance. The unidirectional ring is also extremely sparsely connected, making
it hard for information to circle around the ring many times. One way to alleviate
some of these disadvantages is to augment the underlying topology of the system,
which is done in the next section.

4.3.2 Unidirectional ring with jumps

The unidirectional ring discussed in the previous section showed good performance
for small and intermediate number of real nodes NR, but had a dramatic breakdown
of performance for entirely ‘real’ networks. To test if this behaviour is tied to
the particular topology, or if it is a general phenomenon, the topology will now
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be changed. The unidirectional ring is very sparsely connected, and has a strict
directional nature. To break both of these features without resorting to random
links, specific shortcut links will be introduced to construct a ‘unidirectional ring
with jumps’.

Figure 4.16: Sketch of three differently sized unidirectional rings with jumps. The basic
structure is identical to the unidirectional ring, but additionally every fourth node is
connected forwards jumping four nodes ahead. This means, that for NR = 4 no extra
links are included (left), for NR = 8 (centre) two additional links are added and for
NR = 16 4 additional links are made.

Figure 4.16 shows a sketch of unidirectional rings with the additional links in-
cluded. Every fourth node has an additional forward connection that jumps four
nodes ahead along the ring. This is only a well-defined network, when the total
number of nodes NR is divisible by four, but due to the factor 2-based construction
used for time-multiplexing in this thesis, this is always fulfilled. When the total
number of real nodes NR is smaller than 4, no additional links are added and the
system is identical to the standard unidirectional ring (see left example in Fig. 4.16).
For NR > 4 the number of additional links added is equal to NR/4. Hence, NR = 8
has two additional links (central sketch in Fig. 4.16) and for NR = 16 there are
four additional links (right example in Fig. 4.16). Especially for larger rings, the
subset of nodes that is connected with these extra links provides some ‘fast-track’
connections for information to spread and mix around the ring. The effect of this
on the reservoir computing performance will be analysed in this section.
For most of the real nodes n the typical unidirectional ring network equations

still apply:

Żn =(λ+GJn(t) + iω + γ |Zn|2)Zn + κeiφZn−1(t− τ), (4.13)
if n mod 4 6= 0.

The extra ’jumps’ added for the unidirectional ring network only appear for every
fourth node. Without loss of generality, these nodes are always chosen to be n =
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0, 4, 8, . . . as large as the ring permits. The coupling terms of these nodes contains
the extra links:

Żn =(λ+GJn(t) + iω + γ |Zn|2)Zn + κeiφ (Zn−1(t− τ) + Zn−4(t− τ)) , (4.14)
if n mod 4 = 0

Note, that the extra links in Eq. (4.14) are included with the same coupling phase
φ, coupling strength κ and delay-time τ . This is done for reasons of simplicity
here, as no additional parameters need to be introduced. However, many possible
generalizations exist. For example, one could argue that if the whole purpose of
the ’shortcuts’ is to facilitate a mixing of the information, then these extra links
could also be instantaneous. On the other hand, this may not be too realistic when
applied to experimental setups. Possible variations like that are left for future
investigations.
Figure 4.17 shows the reservoir computing results for the unidirectional ring with

jumps as given by Eq. (4.13) and (4.14). These results should be compared to those
of the unidirectional ring without jumps of Fig. 4.15. Each panel is once again a
two-dimensional parameter scan for the Stuart-Landau parameter λ and coupling
phase φ. The number of real nodes NR is changed in the different columns as per
Tab. 4.11. As mentioned, due to construction the extra links in the unidirectional
ring with jumps are not included for NR = 2 and NR = 4, and thus Fig. 4.17 is
identical in these cases to Fig. 4.15.
The top row of Fig. 4.17 shows the dynamic state of the system, and for NR > 4

the inclusion of the extra links has a direct and visible impact when compared
to the pure unidirectional ring of Fig. 4.15: The inclusion of these extra links
leads to a threshold reduction. The border between the off-state (white in the
top row of Fig. 4.17) is decreased and now lies at λ ≈ 0.05. Furthermore, no
rotating wave patterns can be found for larger λ, all regions are marked in grey
in the top row of Fig. 4.17. This is due to the breaking of the discrete circular
symmetry that the unidirectional ring originally had. The inclusion of the extra
jumps makes the real nodes non-identical and thus rotating waves are no longer
the natural solutions of Eq. (4.13) and (4.14). The custom detection algorithms
used in creating the dynamic state plots have not been adapted, and a detailed
analysis of the bifurcation landscape of the unidirectional ring with jumps is out
of the scope of this thesis.
When looking at the NARMA10 NRMSE in the centre row of Fig. 4.17, it is

visible that the inclusion of the extra links over all has improved the performance
of the system. The intermediate sizes of NR = 16 and NR = 32 have profited
the most, underlining that the inclusion of the extra links has fulfilled its purpose.
But also the largest ring networks for NR = 128 (right most column in Fig. 4.17)

187



4 Reservoir computing in networks

Figure 4.17: Results for the time-multiplexed unidirectional ring of Stuart-Landau oscil-
lators with jumps as given by Eq. (4.13) and (4.14). Each individual panel shows the
dependence on the Stuart-Landau bifurcation parameter λ and the delay coupling phase
φ. The top row shows the observed rotating wave pattern for the system without input:
White regions are the trivial off-state Zn = 0, red regions the in-phase-synchronized
states Z0 = Z1 = · · · = ZNR−1, yellow regions indicate all other phase-locked rotating
wave states, and grey regions non-trivial behaviour. The middle row shows the result
of the NARMA10 NRMSE in colour after training. The bottom row shows the criti-
cal memory length mc, i.e. the longest recall m for which the linear memory capacity
Cm

L > 0.9. The number of real oscillators NR is changed throughout the columns.
This also changes the delay time τ , clock cycle T and virtualisation factor NV as per
Tab. 4.11. For NR = 2 and NR = 4 the system is identical to the unidirectional ring
without jumps shown in Fig. 4.15. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.04,
NR atop the column, NV = 128/NR, τ = 17NV , T = 12NV , θ = 12, Ktraining = 5000,
Ktesting = 5000, Kbuffer = 1000.

have lower errors when compared to the original ring without jumps of Fig. 4.15.
The performance is still visibly worse than for smaller networks, but at least some
parameter combinations allow for a decent computational power. It seems therefore
likely, that larger networks may need an even more well-connected network than
the unidirectional ring with jumps used here.
When studying the influence of the additional links of Fig. 4.17 on the critical

memory length mc shown in the bottom row, one curious feature becomes apparent
when compared to the pure unidirectional ring in Fig. 4.15: NR = 8 has in parts
even lost some memory length, while NR = 16 and NR = 32 have improved.
This shows, that the trade-off between mixing of information and linear memory
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length is complex. The inclusion of the additional links has improved the system
performance for the NARMA10 task, but that does not guarantee a larger linear
memory. However, for the large network NR = 128 the system with jumps of
Fig. 4.17 shows a clear improvement in the memory length that is likely also the
cause of the better NARMA10 performance. This indicates once again, that the
pure unidirectional ring is too sparsely connected for effective computing, and that
the additional links have improved the system performance.

4.3.3 Bidirectional ring

A second way of augmenting the unidirectional ring of Sec. 4.3.1 is to remove the
directed nature of the graph. This way, a more complex spread of information
within the system is enabled. If the links of the unidirectional ring are turned
undirected one arrives at bidirectional ring networks. These were also studied with
respect to their bifurcations, dynamics and symmetry-broken states in Sec. 3.4. A
bidirectional ring is a simple nearest-neighbour coupling and can also be seen as
an approximation of the one-dimensional diffusive Ginzburg-Landau equation with
periodic boundary conditions [HAK92].
Here, the coupling is once again taken with delay, to make use of the extended

phase-space dimension in DDE systems. The number of real nodes NR and the
virtualisation factor NV are scaled as per Tab. 4.11. The equations of motion for
the bidirectional ring of Stuart-Landau oscillators for reservoir computing are then
given by:

Żn = (λ+GJn(t) + iω + γ |Zn|2)Zn + κ

2 e
iφ (Zn−1(t− τ) + Zn+1(t− τ)) , (4.15)

where the complex amplitude of each oscillator is Zn for index n ∈ [0, . . . , NR].
Each index n should be understood to be taken modulo NR. The bidirectional ring
network described by Eq. (4.15) differs from the unidirectional ring of Eq. (4.12)
only in the coupling term: In addition to the forward coupling from Zn−1, the
oscillator n also receives input in the backwards direction from Zn+1. The coupling
terms are delayed with the same delay time τ . The coupling strength appears scaled
as κ/2 as was used in the bidirectional ring Eq. (4.15) to account for the additional
connections of the network compared to the unidirectional ring. This way, both
network types share similar bifurcation lines.
The reservoir computing results are shown in Fig. 4.18, which is to be compared

to the results for the unidirectional ring of Fig. 4.15. The structure of the figure
itself is the same, with rows showing the dynamics, NARMA10 NRMSE and critical
memory length mc, while the different columns show networks of different size, i.e.
different number of real oscillators NR, which also implicitly scales the clock cycle
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T , delay time τ and virtualisation factor as per Tab. 4.11. Each panel is a parameter
scan of λ and coupling phase φ.

Figure 4.18: Results for the time-multiplexed bidirectional ring of Stuart-Landau os-
cillators as given by Eq. (4.15). Each individual panel shows the dependence on the
Stuart-Landau bifurcation parameter λ and the delay coupling phase φ. The top row
shows the observed rotating wave pattern for the system without input: White re-
gions are the trivial off-state Zn = 0, red regions the in-phase-synchronized states
Z0 = Z1 = · · · = ZNR−1, yellow regions indicate all other phase-locked rotating wave
states, and grey regions non-trivial behaviour. The centre row shows the result of the
NARMA10 NRMSE in colour after training. The bottom row shows the critical memory
length mc, i.e. the longest recall m for wich the linear memory capacity Cm

L > 0.9. The
number of real oscillators NR is changed throughout the columns. This also changes the
delay time τ , clock cycle T and virtualisation factor NV as per Tab. 4.11. Except for
the topology, all parameters are identical to the unidirectional ring shown in Fig. 4.15.
Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.04, NR atop the column, NV = 128/NR,
τ = 17NV , T = 12NV , θ = 12, Ktraining = 5000, Ktesting = 5000, Kbuffer = 1000.

The results of the bidirectional ring in Fig. 4.18 show some clear and interesting
difference to the unidirectional ring case of Fig. 4.15, but also many similarities.
In the bidirectional ring, the border between the off-state (white regions in the top
row of Fig. 4.18) and the oscillating solutions (coloured regions in the top row of
Fig. 4.18) is located at λ = −0.04, as the coupling term was correctly scaled in
Eq. (4.15). The only exception being NR = 2, where there is no real difference
between unidirectional and bidirectional ring, so that the scaling of κ/2 reduced
the threshold. As in the other studied cases so far, the regions of the off-state
posses no computational power and will therefore be ignored from here on. The
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bidirectional ring in Fig. 4.18 shows stable in-phase synchronization (red regions)
for most of the observed networks. For large networks, the effect of short delay
once again reduced the regions of stability of the in-phase synchronized solutions,
and allows for other rotating waves to be stable (yellow regions in the top row of
Fig. 4.18) and partly shows more complex dynamics (grey regions).
The qualitative dependence of the NARMA10 NRMSE shown in the centre row

of Fig. 4.18 on the number of real nodes NR is similar to the unidirectional ring:
Intermediate network sizes show the best performance, while the pure network
case without time-multiplexing of NR = 128 (right most columng in Fig. 4.18)
shows a dramatic breakdown of performance. Interestingly, despite this loss of
computational power, the parameter regions that still perform best for NR = 128
are those where the underlying system is in the in-phase synchronized regime:
The red regions in the top row of the NR = 128 column of Fig. 4.18 correspond
to the regions of the lowest NRMSE in the panel below. This shows, that the
more ‘well-behaved’ states of rotating wave solutions are better suited to reservoir
computing than more complex dynamical behaviour. This is not too surprising, as
complex amplitude oscillations can completely drown out the transients induced by
the input, and thus make effective reservoir computing impossible. Especially with
parameters as chosen here, where the input gain was relatively small G = 0.01, the
system is prone to be dominated by its internal dynamics, if it has any.
The critical memory length mc shown in the bottom row of Fig. 4.18 is overall

low. The bidirectional ring seems to have a shorter linear memory than its unidi-
rectional counterpart. This can be related to the nature of the bidirectional links.
While the unidirectional ring network has a clear direction, information fed into
different real nodes NR interacts much earlier in the bidirectional ring. This causes
a reduced linear memory. However, it may in turn also give rise to a larger nonlin-
ear transformation capacity, and thus a bidirectional ring may be more suited for
certain applications. It is clear, that the NARMA10 NRMSE does not suffer from
the reduced linear memory of the bidirectional ring, because the critical memory
length is still sufficiently long at mc ≈ 15 for most parameters. This is however
not the case for the pure network for NR = 128 (bottom right panel in Fig. 4.18):
The memory length is clearly degraded drastically, strongly limiting the usefulness
of the system for computational purposes.

4.3.4 Bidirectional ring with self-feedback

A final regular ring topology shall now be covered in this section. One important
aspect of delay-coupled oscillator networks is that any self-feedback can no longer
be absorbed into the local dynamics: In particular, for the Stuart-Landau oscillator
without delay, self-coupling can be absorbed into the local bifurcation parameter
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λ and solitary frequency ω. However, once delay is included, this is no longer
possible. Thus, there is a fundamental difference between a network with delayed
self-feedback and one without. Here, the bidirectional ring network of the previous
section will be taken and the influence of additional self-feedback links will be
investigated.
The bidirectional ring of Stuart-Landau oscillators with self-feedback can be

implemented in different ways. One obvious choice would be to treat the self-
feedback just as an additional link of the same strength and sign as all the others.
However, here the approach will be based on considerations of a difference equation:
In nature there are often coupling terms between two systems X1 and X2 that only
depend on the difference of the two system states X1 −X2. In this case, the self-
feedback has the opposite sign of all the other coupling terms. For a bidirectional
ring network, there are two neighbours per node, and thus the difference will have
to be taken twice:

κeiφ (Zn−1 − Zn) + κeiφ (Zn+1 − Zn) = κeiφ (Zn−1 + Zn+1 − 2Zn) . (4.16)

When the coupling terms are delayed with the delay time τ and the coupling
strength is once again scaled by a factor of 2, the equation of motion for the
bidirectional ring of Stuart-Landau oscillators is derived:

Żn = (λ+GJn(t) + iω + γ |Zn|2)Zn
+ κ

2 e
iφ (Zn−1(t− τ) + Zn+1(t− τ)− 2Zn+1(t− τ)) , (4.17)

where all parameters otherwise are as before. Differently sized networks will be
constructed as per Tab. 4.11.
Figure 4.19 presents the reservoir computing performance results for the bidirec-

tional ring of Stuart-Landau oscillators with self-feedback as modelled by Eq. (4.17).
Except for the underlying topology, all other aspects are identical to Fig. 4.15 for
the unidirectional ring, the unidirectional ring with jumps of Fig. 4.17 and the
bidirectional ring without self-feedback in Fig. 4.18.
Two important novel features appear in Fig. 4.19 that are caused by the inclusion

of the additional self-feedback links: First, there is a threshold reduction when
compared to the pure bidirectional ring network. This is to be expected, as any
additional link usually allows at least for some solutions to appear earlier. This
similar to the effect that the additional shortcut links had in the unidirectional
ring with jumps of Fig. 4.17. However, a much more important feature is that
the system no longer prefers to converge to the in-phase synchronized state (red
regions in the top row of Fig. 4.17). Rather, the system approaches a different
rotating wave pattern. Time series analysis reveals that these states are anti-phase
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Figure 4.19: Results for the time-multiplexed bidirectional ring of Stuart-Landau oscil-
lators with self-feedback as given by Eq. (4.17). Each individual panel shows the de-
pendence on the Stuart-Landau bifurcation parameter λ and the delay coupling phase
φ. The top row shows the observed rotating wave pattern for the system without input:
White regions are the trivial off-state Zn = 0, red regions the in-phase-synchronized
states Z0 = Z1 = · · · = ZNR−1, yellow regions indicate all other phase-locked rotating
wave states, and grey regions non-trivial behaviour. The centre row shows the result
of the NARMA10 NRMSE in colour after training. The bottom row shows the criti-
cal memory length mc, i.e. the longest recall m for which the linear memory capacity
Cm

L > 0.9. The number of real oscillators NR is changed throughout the columns.
This also changes the delay time τ , clock cycle T and virtualisation factor NV as per
Tab. 4.11. Except for the topology, all parameters are identical to the unidirectional ring
shown in Fig. 4.15. Parameters: γ = −0.1, ω = 1, G = 0.01, κ = 0.04, NR atop the col-
umn, NV = 128/NR, τ = 17NV , T = 12NV , θ = 12, Ktraining = 5000, Ktesting = 5000,
Kbuffer = 1000.

rotating waves. This is likely caused by the exact shape that was used for the
self-feedback in Eq. (4.17), where the self-feedback has a different sign than the
inter-node coupling.
The influence of the self-feedback on the reservoir computing capabilities (centre

row of Fig. 4.19) is not very strong. Apart from the threshold reduction, no major
qualitative differences are apparent. The NARMA10 NRMSE for the bidirectional
ring with self-feedback of Fig. 4.19 does not differ from the pure bidirectional ring
shown in Fig. 4.15 in a significant way. The self-feedback can also not prevent the
dramatic breakdown of performance for large networks (NR = 128). Moreover, as
the bottom row of Fig. 4.15 shows, the feedback does also not increase the critical
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memory length mc. This is a surprising observation. The system seems to not be
influenced much by the self-feedback. Thus, it seems that to influence the compu-
tational capabilities of time-multiplexed networks it is much more useful to study
the effect of additional intra-node links, like the shortcuts for the unidirectional
ring of Sec. 4.3.2.

4.3.5 General influence of the number of real nodes NR

In this section, the results of the previous four sections will be compacted. Each
of the previous sections analysed the behaviour of a different kind of topology
with respect to the influence of the system size as per Tab. 4.11. In particular,
Fig. 4.15 show the results for the unidirectional ring, Fig. 4.17 the unidirectional
ring with jumps, Fig. 4.18 the bidirectional ring and Fig. 4.19 the bidirectional
ring with self-feedback. Additionally, the case of NR = 1, i.e. the single Stuart-
Landau oscillator with delayed feedback was covered in Sec. 4.1. Each figure in
detail studied the influence of the Stuart-Landau bifurcation parameter λ and the
coupling or feedback phase φ. However, this also makes it hard to get more than
a qualitative impression of the influence of the number of real nodes NR.

Compression of the information

The data from each individual λ-φ-plot will now be compressed into two single
numbers. In an experimental setting using these systems, it may be too tedious to
try out every combination of parameters. Thus, the operators will have to choose
some combination of λ and φ to try out and record. If the area of the individual 2D-
parameter scan of the figures of the previous sections was to represent the possible
range of experimentally accessible values for λ and φ, then an experiment would be
a randomly chosen point from that region. To quantitatively predict the expected
figures of merit for the reservoir computing, such as the NRMSE or critical memory
lengthmc, under such circumstances is relatively simple: Because the 2D-parameter
scans were done on an equally spaced grid, the average of all points can simply be
taken. This average is then simply the ‘expected value’ of the reservoir. However,
one small modification to the underlying data will be allowed: It can be expected
that any experimentalist will quickly be able to determine whether their system
is actually showing any dynamics or not. Therefore, for the sake of quantitative
evaluation, the regions of the ‘off-state’ Zn = 0 ∀n will not be considered. These
regions also showed no reservoir computing capability, i.e. had very high errors, so
that their inclusion would greatly dominate the resulting average.
During the calculation of the average, it is also simple enough to calculate the

standard deviation. Furthermore, to visually represent systems that had favourable
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parameter regions, the best value of each time-multiplexed network will also be
recorded: The best value corresponds to the lowest NRMSE for the NARMA10
task or the longest critical memory length mc.

Dependence of the NARMA10 NRMSE on NR

Figure 4.20: Influence of the number of real nodes NR on the reservoir computing per-
formance as measured by the NARMA10 NRMSE. Each figure shows the results for
one of the four topologies investigated in Sec. 4.3, where the blue dots are the best ob-
served performance, the black dashed line is the average performance and the grey area
is one standard deviation. The left most data point is the same in all panels and is the
observed performance of the single Stuart-Landau oscillator with delayed feedback of
Sec. 4.1. a): Unidirectional ring based on Fig. 4.15, b): unidirectional ring with jumps
based on Fig. 4.17, c): bidirectional ring based on Fig. 4.18, d): bidirectional ring with
self-feedback based on Fig. 4.19. For parameters, see those figures.

Figure 4.20 shows the results for the NARMA10 NRMSE as quantitatively eval-
uated for the time-multiplexed networks that were investigated in this thesis. Each
panel shows the results for a different topology as a function of the number of real
nodes NR. Note, that only the sizes NR indicated on the x-axis were used, as per
Tab. 4.11. The blue dot represents the best value that was found for that topol-
ogy and size, while the black dashed lines shows the average with one standard
deviation shown by the grey area. Each panel is based on one of the Figures in
Sec. 4.3: The unidirectional ring is based on Fig. 4.15, the unidirectional ring with
jumps on Fig. 4.17, the bidirectional ring on Fig. 4.18 and the bidirectional ring
with self-feedback on Fig. 4.19. The left most data point shows the performance
that was found for the single Stuart-Landau oscillator discussed in Sec. 4.1 and
thus is the same in all panels.
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The results in Fig. 4.20 confirm the general qualitative impression of the 2D-
parameter scans: For all parameter scans both the best values (blue dots in
Fig. 4.20) and the average values (black dashed link in Fig. 4.20)) are relatively
flat for intermediate sized networks, allowing for good performance for many dif-
ferent numbers of oscillators. Both extreme cases, i.e. the largest networks with
NR = 128 and the solitary oscillator with NR = 1, show a decrease in computa-
tional performance, marked by the sudden increase in the NRMSE in Fig. 4.20.
The different topologies show slightly different NRMSE. The unidirectional ring

of Fig. 4.20 a) has the largest average NRMSE of all the topologies investigated.
The comparison with Fig. 4.20 b) also shows, that the inclusion of the jumps has
improved the average performance of the system (black dashed lines in Fig. 4.20),
but mostly not the lowest NRMSE that was obtained (blue dots). The bidirectional
ring networks shown in Fig. 4.20 c) and d) generally show a somewhat lower aver-
age error (black dashed lines) than the unidirectional ring of Fig. 4.20 a). However,
the optimal value shown with blue dots in Fig. 4.20 is worse than for the unidirec-
tional ring. This shows that the unidirectional ring has a much stronger parameter
dependence, i.e. the values of the NRMSE are more spread out. This can also be
seen by the larger standard deviation in Fig. 4.20 a) than in Fig. 4.20 c) and d) as
shown by the grey area. One can hypothesize that this may be in part caused by the
sparser connectivity of the unidirectional ring: When the network has fewer links,
the properties of the individual oscillators are much more important and therefore
a 2D-parameter scan will produce a larger spread of NRMSE. On the other hand,
if there is a strongly connected network, then the global dynamics are much more
dominated by collective effects and the change of local variables only influences
the system slightly. Fig. 4.20 also shows that the inclusion of self-feedback barely
changed anything for the NARMA10 NRMSE, as Fig. 4.20 c) and d) are highly
similar.
The left most data point in all panels of Fig. 4.20 shows the NARMA10 NRMSE

that was obtained for a single Stuart-Landau oscillator with delay, and as such
is the same in all four panels as topology does not matter for a single oscillator.
The performance is clearly worse by all measures for the solitary oscillator. This is
an interesting observation, as it highlights the possible performance gain one can
expect from going to time-multiplexed networks. The fact, that it is the extreme
ends of NR = 1 andNR = 128 that show the worst results also leads to the following
hypothesis: Reservoir computing systems are build on the intrinsic computational
power of dynamical system. The more diverse and varied the transients in a system
are, the better they can be exploited for reservoir computing. Thus, a system might
profit substantially, if a fundamentally new dynamical aspect is added to it: For
example, when going from a purely virtual network of NR = 1 to the case of
two coupled oscillators NR = 2, the whole dynamical range of coupled cavity and
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oscillator dynamics is introduced into the system. This represents a fundamentally
new dynamical aspect and can greatly enrich the transients of the reservoir. On
the other hand, going from NR = 32 to NR = 64 only trades some virtual nodes
for more real nodes, without introducing any fundamentally new aspects to the
system and therefore also the performance in Fig. 4.20 barely differs between the
two. A similar argument can be made for purely real networks of NR = 128 in
Fig. 4.20, where the total absence of time-multiplexing deprives the system of one
of the fundamentally different dynamical aspects that intermediate size networks
have.

Dependence of the critical memory length mc on NR

Figure 4.21: Influence of the number of real nodes NR on the reservoir computing per-
formance as measured by the critical memory length mc, i.e the largest mc for which
Cm

L > 0.9 for all m ≤ mc. Each figure shows the results for one of the four topologies
investigated in Sec. 4.3, where the blue dots are the best observed performance (highest
mc), the black dashed line is the average performance and the grey area are one stan-
dard deviation from that. The left most data point is the same in all panels and is the
observed performance of the single Stuart-Landau oscillator with delayed feedback of
Sec. 4.1. a): Unidirectional ring based on Fig. 4.15, b): unidirectional ring with jumps
based on Fig. 4.17, c): bidirectional ring based on Fig. 4.18, d): bidirectional ring with
self-feedback based on Fig. 4.19. For parameters, see those Figures.

Figure 4.21 shows the behaviour of the critical memory length mc as a function
of the number of real nodes NR for the different topologies. This figure is based
on the corresponding two-dimensional parameter scans of mc shown in the bottom
rows of Fig. 4.15 to 4.19. The blue dots show the highest mc found and the black
dashed line is the average mc for all combinations of λ and φ. Once again, data
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points where the system was in the off-state and thus had no computational power
were not included in the calculation for Fig. 4.21.
The general trends of the critical memory length shown in Fig. 4.21 mirror the

results of the NARMA10 NRMSE shown in Fig. 4.20: The worst performance
(lowest mc) can be found for the largest networks of NR = 128, which do not have
any time-multiplexing. This shows the poor linear memory of such large networks,
e.g the right most best performance (blue dots in Fig. 4.20) barely exceeds 10, with
the averages even lower.
The unidirectional rings show longer critical memory lengths mc than their bidi-

rectional counterparts, compare Fig. 4.20 a) and b) with c) and d). This may be
due to the ordered nature of information flow within the unidirectional ring, which
may favour a simple linear recall and prevent effective mixing of information. The
bidirectional ring shows lower memory lengths, but the standard deviation is also
smaller (grey areas in Fig. 4.20), i.e. a more reliable memory length is obtained.
The results for the single Stuart-Landau oscillator with delayed feedback corre-

spond to the left most data point in Fig. 4.20, which is identical for all panels. One
remarkable feature here is that the average is lower than for many time-multiplexed
networks, but the best observed value (blue points in Fig. 4.20) is highest of all
tested systems. This however may be an artefact of the numerical simulations:
The 2D scan of the Stuart-Landau bifurcation parameter λ and feedback phase φ
was done in a higher resolution for the single Stuart-Landau oscillator with delayed
feedback in Sec. 4.1 than the numerical simulations for the time-multiplexed net-
works. So many time-multiplexed networks had to be simulated, that such a high
resolution was not usable. In particular, looking at Fig. 4.8 reveals that the system
contains only a very small region with mc > 30. On coarser grid, these regions may
have well been less pronounced. Thus, it may purely be the higher resolution used
in the parameter scan for the single Stuart-Landau with self-feedback that may be
the reason for the somewhat high best value of the critical memory length mc. The
average, naturally, does not depend that much on the resolution and therefore does
show a somewhat shorter critical memory length mc for the single Stuart-Landau
oscillator than for the intermediate networks.
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4.4 Discussion

4.4.1 Results

This chapter showed the reservoir computing performance of regular oscillator net-
works. Different aspects were investigated, such as the computational power of a
single Stuart-Landau oscillator with delayed feedback as an example of the delay-
architecture, that is popular in photonic reservoir computing [SAN17a]. The numer-
ical simulations of this thesis clearly showed a few basic aspects of such reservoir
computing systems: The influence of the off-state was clearly detrimental to the
system performance, leading to a total loss of computational power and memory.
This was easily explained by the lack of dynamic response to the input at such
levels. Furthermore, bifurcations can directly shape the behaviour of the reservoir
computer, leading to drastic changes of the associated measures such as NRMSE
close to the critical parameters. Lastly, the single Stuart-Landau oscillator was
also used to investigate the general properties of the memory capacities CmL and
different ways of evaluating the memory curve. Here, a new way of compressing
the information was introduced by the way of the critical memory length mc, which
was chosen in particular for the explanation of the NARMA10 task.
In the second part, hybrid systems consisting of both delay-lines and networks

were studied. These ‘time-multiplexed’ networks contain both virtual nodes cre-
ated by time-multiplexing as well as several real nodes. A way of constructing
well-defined time-multiplexed networks of identical effective size but different vir-
tual and real node numbers was introduced. The reservoir computing capabilities
of these systems were investigated with respect to different real node numbers
NR and different underlying topologies. The results showed that hybrid systems
outperformed both delay-line reservoir computers as well as pure networks. The
interplay of delay and network dynamics leads to a richer dynamical landscape,
allowing for a more effective approximation of the NARMA10 task. This is in
particular interesting for experiments, as any reduction in the virtualisation factor
NV directly reduces the clock cycle T of the system, and thus increases the com-
putational speed. Hybrid networks are therefore also faster than their fully virtual
counterparts. Naturally, one has to pay a price in the form of the larger number of
elements involved.
Different topologies were tested, with a focus on the regular networks introduced

in Chap. 3. Here it was found, that the unidirectional ring showed a very poor
performance for large node numbers NR. This was partly related to the lack of
connectedness, so that a modified version of a unidirectional ring with jumps was
also investigated. The unidirectional ring with jumps did somewhat alleviate the
problems, however the breakdown of performance for fully real networks could still
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not be entirely prevented. Next, the bidirectional topology was studied, showing
overall a worse but more consistent performance than the unidirectional rings in
both NARMA10 NRMSE and critical memory length mc. The influence of delayed
self-feedback was studied with the inclusion of self-feedback in the bidirectional ring
topology. However, the influence was so minute, that it can largely be ignored.
Overall, the results of this chapter are good news for experimentalists and de-

signers of new reservoir computing platforms. They show that a wide variety of
systems can be used, and that hybrid delay-network architectures are robust with
respect to the underlying topology. In particular, while the unidirectional ring
showed relatively large variations of the critical memory length mc and NARMA10
NRMSE, it is also a topology that requires few connections. This could make it
especially interesting for on-chip integration of lasers via optical waveguides, as not
too many connections have to be made.

4.4.2 Towards a quantitative theory

Reservoir computing is still a relatively young field and, compared to other machine
learning schemes, has a relatively small research community attached to it. Reser-
voir computing is also arguably conceptually more difficult to grasp than Deep
Neural networks. The latter can be seen as a simple high-dimensional interpola-
tion of the training data. Reservoir computing on the other hand uses the degrees
of the system that are already present, i.e. it does not modify the reservoir itself.
This leads to the problem of identifying and classifying suitable systems. Deter-
mining a priori which reservoir is suited for which application is a very difficult
question. A quantitative theory of the computational power of dynamical systems
could answer such questions, but such a theory would be almost identical to a gen-
eral analogue computing theory. This seems like a very hard problem, that needs
to be approached in steps. In this thesis, the influence of different parameters
and topologies was investigated in the framework of regular oscillator networks.
However, to obtain the performance for a single task, such as NARMA10, and a
single mask and parameter combination, the full reservoir computing routine had
to be executed, including long numerical integrations of DDEs. No clear way of
predicting the reservoir computing capabilities were found, except for the fact that
a completely inert system, i.e. a network in the off-state, does not work.
An attempt at better understanding the memory and transformative properties

of reservoir computing systems was outlined in Ref. [DAM12] with the introduction
of both linear and nonlinear memory. It may be possible to develop a quantita-
tive theory of reservoir computing (or analogue computing in general) by further
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developing their concepts. In particular, they propose to think of arbitrary trans-
formations between input sequences uk and output sequences ok of the shape:

ok = F(uk), (4.18)

where F is a function that can have an almost arbitrary shape and dependence on
the entries of uk. The space of all possible transformations F will then be some
vector space of functions Vfunc. Within their mathematical framework, the au-
thors of Ref. [DAM12] can show that the computational power of any given reservoir
computing system is necessarily limited. For example, the total linear memory
capacity CmL can not exceed the total read-out dimension D of a system, i.e. the
‘effective phase space dimension’. This is due to the fact, that linear recalls of
different lengths m are orthogonal in Vfunc. Every individual degree of freedom
of the reservoir must lie along some direction in Vfunc. In the best case scenario,
every out-put degree corresponds to one linear recall, allowing for the total linear
memory capacity to approach its limit CmL = D. However, this would also mean
that all other linear recalls that are not covered by any of the natural reservoir
transformations are orthogonal to those in Vfunc, and thus that their associated
linear memory capacity CmL is 0. The learning process for the reservoir computer
is a pure linear combination, and thus only the parts of the function space Vfunc
that are spanned by the transformations provided by the reservoir can be reached.
A similar argument can be made for different nonlinear transformations F as well,
which can also be divided into orthogonal subspaces. When an appropriate base for
Vfunc is chosen, it can be shown that the sum of both linear and nonlinear capacity
of a any dynamical system must be smaller than D [DAM12].
It is important to realize that Vfunc is infinite dimensional. The reservoir com-

puting system now has to allocate its (finite) computational power to a number
of base vectors of this infinite dimensional vector space. Every degree of freedom
of the reservoir performs some transient motion as excited by the input. Each of
these transients can be seen as one particular transformation of the input uk, and
thus every degree of freedom is a single element in Vfunc. This directly means, that
no finite-sized reservoir computing system will ever be able to solve every task.
There will always be subspaces in Vfunc that are orthogonal to the current set of
base vectors provided the reservoir.
In contrast, other machine learning systems, such as gradient descent rules for

recurrent neural networks, have an advantage in this respect: The main differ-
ence compared to the reservoir computing paradigm is that they also change the
weights of the network itself. Thus, the transformations provided by the system
are changed, i.e. the part of the vector space of functions Vfunc that is accessible
changes during training and can be optimized. In contrast, a reservoir computing
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system is ‘frozen’, and the accessible parts of Vfunc are merely optimally used, but
inaccessible transformations in Vfunc can never be reached.
If an easy, well-behaved and fast to compute set of base vectors of the space of

all nonlinear transformations Vfunc could be found, this could be a first step for
the creation of a quantitative theory of reservoir computing. Instead of testing a
newly invented reservoir for different tasks, which tend to be somewhat randomly
chosen by the operators sometimes, the reservoir could instead be characterized
by its access to different parts of Vfunc. Now, as Vfunc is infinite dimensional, this
all would hinge on finding a reasonably small subset of Vfunc that covers most of
the relevant transformations. With such a general set of base vectors in play, one
could then attempt to classify different reservoirs according to their transformative
powers. One could also investigate the role of bifurcations, linear stability and
system parameters on the directions in Vfunc.
On the flip side of this process, every applied reservoir computing task could also

be located within Vfunc as described by this universal base vector set. Then, every
reservoir whose accessible subspace of Vfunc contains the target task should be able
to flawlessly execute it. Different tasks could then also quantitatively be classified
according to their memory requirements and nonlinearity.
However, it is not entirely clear what the best base vectors of this space of func-

tions Vfunc should be, and how feasible it is to find a reasonably small yet physically
relevant subspace. For example, many interesting and important functions become
infinite series when they are expressed as a Fourier series. A similar problem is
likely to occur in Vfunc, because the number of different tasks for machine learning
systems is so large and diverse. Furthermore, when the target transformation F is
not in the accessible part of Vfunc, it is not quite clear what the resulting NRMSE
would be. A general formula for the quantitative mismatch between the reservoir
and the target task would need to be found.
This thesis can only serve as a starting point in trying to understand fundamental

aspects of reservoir computing. However, the results obtained here can still serve
as a first test for every proposed quantitative theory. In particular, any proposed
hypothesis for how exactly certain dynamical systems are suited better than others
and which parameters are well-suited and which not would need to be able to
explain some of the found properties:

• Why bifurcations have such a drastic influence on the performance

• How performance scales as distance from the bifurcations

• Why different multistable solutions show different performances

• Why the linear memory tends to decay monotonously with m
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• Why resonances between T and τ exist and which are the strongest

As the field of reservoir computing is still growing, there is hope that at least
some of these questions will be answered in the coming years. Moreover, the in-
creasing interconnectedness of science itself enables a faster knowledge transfer be-
tween previously isolated scientific communities. In particular, reservoir computing
could greatly benefit from the inclusion of more mathematically proven concepts
and ideas from traditional computer science. Should a quantitative theory of the
computational power be discovered, this would also greatly enhance the use of the
reservoir computing scheme: With such a theory at hand, custom hardware could
be constructed to perform desired computations.
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In this thesis, the properties of regular oscillator networks were investigated. New
symmetry-broken solutions have been found and a new type of reservoir computing
architecture consisting of hybrid delay-network systems was introduced.
First, the paradigmatic model of two instantaneously coupled Stuart-Landau os-

cillators was introduced. This is the simplest coupling scenario imaginable, and
has been studied in the literature as well. The fundamental solutions found there
were the in-phase and anti-phase synchronized states. These two states are not
totally independent however, as due to the shape of the coupling there exists a
π-translational symmetry in the coupling phase φ that links both states. Despite
its importance for general coupled oscillatory systems, a full descriptions all the
bifurcations of this system did not previously exist. Here, in particular the im-
portance of the amplitude-phase coupling Im(γ) was investigated, showing that
it greatly increases the dynamical richness of the system. This also leads to the
appearance of novel symmetry-broken amplitude- and phase-locking states, which
break the exchange symmetry of the system without introducing amplitude os-
cillations. These states are therefore an excellent and easy accessible example of
spontaneous symmetry-breaking in oscillatory systems and are also naturally mul-
tistable, making them excellent candidates for bistable switches. Their bifurcations
and properties could be fully expressed analytically and it was found that they show
great similarities to known symmetry-broken solutions from the laser literature.
To further study the role of symmetries, larger networks of Stuart-Landau oscil-

lators were studied. First, the unidirectional ring was investigated and the funda-
mental symmetry properties of this system were introduced. The basic symmetry-
abiding solutions called ‘ponies on a merry-go-round’ or rotating wave patterns
were introduced and their bifurcation landscape investigated exemplarily for the
network of 4 Stuart-Landau oscillators. They can be seen as an extension of the
in-phase and anti-phase synchronization of two coupled Stuart-Landau-oscillators.
For a ring of size N , N different patterns exist and they can all be linked via a
ξj-translational symmetry. In the unidirectional ring there also exist symmetry-
broken amplitude- and phase-locked solutions. In particular, two different types
were identified for N = 4, with one being a cluster state analogous to the N = 2
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SBL states. SBL states were also found in larger unidirectional rings. Lastly, the
influence of delay in the coupling terms was studied, showing a reduced phase-
dependence and higher multistability with larger τ .
A second type of topology was then investigated in the form of the bidirectional

ring. This system has a higher symmetry than the unidirectional ring, allowing
for a larger variety of symmetry-breaking. The fundamental solutions are the
rotating wave patterns and identical to the unidirectional ring. However, their
bifurcation landscape is different, which leads to the total absence of stable re-
gions for most rotating waves. This is in contrast to the unidirectional ring, where
all patterns had identical properties due to the ξj-translational property. In the
bidirectional ring this was not the case. For even numbers of oscillators, only a
generalized in-phase and anti-phase oscillation was found to be stable, indepen-
dent of network size. Like the unidirectional ring, the bidirectional ring can show
symmetry-broken amplitude- and phase-locking states. Due to the higher symme-
try, more symmetry-broken patterns were found. Especially larger bidirectional
rings showed a plethora of different symmetry-breaking states. The influence of
delay on the bidirectional ring revealed similar general trends as in the unidirec-
tional ring. However, for very large delays it was found that the bidirectional
ring completely loses all amplitude-oscillation free stability and always performs
higher order dynamics. Both unidirectional and bidirectional rings were strongly
influenced by the presence of amplitude-phase coupling Im(γ).
Lastly, a connection with the famous ‘chimera state’ of phase oscillators and

lasers was attempted. The symmetry-breaking bifurcations described in this thesis
can be seen as a possible avenue towards a chimera state from the fully-synchronized
state. In particular, they would consist of a cascade of ever smaller cluster states
in which roughly half of the system maintains its synchronization, while the other
half completely loses it.
In the second main portion of this thesis, the reservoir computing capabilities

of regular oscillator networks were investigated. First, some general properties
of Stuart-Landau oscillators, when used the core in a reservoir computer, were
explored in the ‘delay-line’ setup. There, it was shown that this system can perform
computations reasonably well, as tested by the NARMA10 task. Furthermore, the
influence of bifurcations and initial conditions was explored. The linear memory as
introduced by Jaeger [JAE02] was also studied, with a novel way of compacting the
information introduced in the form of the critical memory length mc. The interplay
of the different dynamical time-scales in the system was explored, and it was found
that delay times τ resonant to the clock cycle T yield a much lower performance.
Furthermore, the influence of the only hyper-parameter Ktraining was shown and
possible extensions of the system were discussed, including connections to photonic
experiments.

206



Next, the details of hybrid delay-network systems were explained. In particular,
the difference between real and virtual nodes and a particular time-multiplexing
procedure was introduced. Time-multiplexed networks were tested and first the
importance of the effective system size was studied. Here, it was found that sys-
tems with more read-out degrees usually out-perform smaller networks. Thus, to
facilitate a fair comparison between networks of different numbers of virtual and
real nodes, a way of constructing time-multiplexed networks of constant over all
size was introduced and based on factors of 2.
The time-multiplexed networks of constant size but different numbers of real

nodesNR were then tested with the NARMA10 tasks and critical memory lengthmc.
The unidirectional ring was found to perform adequately for intermediate sized
networks, but suffered from a dramatic breakdown of performance for fully real
networks. This was in part caused by the sparse connectivity of the network, so
that the inclusion of additional shortcut connections could somewhat remove this
flaw. The bidirectional ring also showed a better performance for large networks.
However, over all it showed a somewhat worse performance for intermediate net-
works than the unidirectional ring, in particular it had a shorter linear memory.
The influence of the inclusion of self-feedback in the bidirectional ring was found
to be negligible.
Over all, time-multiplexed networks of intermediate size, i.e. with both sig-

nificant numbers of virtual and real nodes, showed the best performance. The
extreme cases of a purely real network or a single oscillator with delay had a higher
NARMA10 NRMSE and short critical memory length mc. Here, the unidirectional
ring showed a larger spread of performance as a function of the coupling phase φ
and Stuart-Landau parameter λ. Nonetheless, all tested topologies were suitable
as reservoir computers.

Open questions

For the future, a natural extension of the works of this thesis is the inclusion of noise.
This includes both parameter mismatches between nodes in the networks (breaking
the exchange symmetry) and noise during the simulations, i.e. the simulation of
stochastic delay-differential equations. Some preliminary simulations have already
been tried during the preparation of this thesis, showing that both the reservoir
computing performance and the symmetry-broken amplitude- and phase-locking
states are robust against small amounts of noise and parameter mismatch. In
particular, different frequencies for the oscillators were tested.
A second extension obviously concerns the inclusion of more diverse sets of

topologies for time-multiplexed networks. This thesis was focused on the study
of the influence of the ratio of NR to NV and as such needed to find topologies
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that could be scaled for different numbers of real oscillators NR. However, in
general such a restriction for a single implementation is not necessary, so that a
more diverse set of topologies could be tested. For example, random networks or
custom-tailored topologies could be investigated.
Finally, there still exists a need for the development of a general quantitative

theory of reservoir computing and the computational power of complex dynamical
systems. This is an important open question, whose solution could greatly increase
the applicability of the reservoir computing scheme.
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A Appendix

A.1 Symmetry-broken amplitude and phase-coupling

This section covers the detailed calculations of Sec. 3.1, which can also be found
in the appendix of Ref. [ROE18], where the standard calculations for the analytic
bifurcation lines are also shown.

A.1.1 Analytical symmetry-broken solution

The analytical formulas for describing the symmetry-broken phase and amplitude
locking states are derived in detail in the following pages. The two coupled ODEs
describing two coupled Stuart-Landau oscillators are given by (also shown in Eq. 3.1
and 3.2 with σ = κ exp iφ):

Ż1 =
(
λ+ iω + γ |Z1|2

)
Z1 + σZ2, (A.1)

Ż2 =
(
λ+ iω + γ |Z2|2

)
Z2 + σZ1. (A.2)

Symmetry-broken states are in general given by Z2 = sZ1 := sZ with constant
s ∈ C. With the rotating wave ansatz Ż = iΩ̃Z and assuming Z 6= 0, dividing by
Z leads to

0 =
(
λ+ iΩ + γ |Z|2

)
+ sσ (A.3)

0 =
(
λ+ iΩ + γ |s|2|Z|2

)
s+ σ, (A.4)

where Ω = ω̃ − Ω̃. Four real-valued unknowns remain: |Z|2, Ω, Re(s) and Im(s),
for which the complex Eqs. (A.3) and (A.4) suffice. s = ±1 is always a solution of
the system, corresponding to the in-phase and anti-phase orbits of coupled Stuart-

209



A Appendix

Landau oscillators. The real and imaginary part for Eq. (A.3) are used to determine
|Z|2 and Ω:

|Z|2 = −λ−Re(σs)
Re(γ) (A.5)

Ω = c (−λ−Re(σs)) + Im(σs), (A.6)

with c = Im(γ)/Re(γ) introduced for clarity. Using s = Re(s)+iIm(s), σ = α+iβ
and the real and imaginary part of Eq. (A.4), closed polynomial equations for Re(s)
and Im(s) can be deduced. With additional definitions x = Re(s), y = Im(s),
g = α/β and L = λ/β for visual clarity, these two equations for s result in the
following equations for x and y:

0 = (g c− 1)
(
x3 + x y2 − x

)
− (g + c)

(
y3 + x2 y + y

)
(A.7)

0 = (−L− g x+ y) (y + c x)
(
1− x2 − y2

)
+ 2g x y + x2 − y2 − 1. (A.8)

Combining Eqs. (A.7) and (A.8) leads to a final quartic equation that is diffi-
cult to solve by hand. Using the Solve-function of Wolfram Mathematica to solve
Eqs. (A.7) and (A.8), the following solutions are obtained: Apart from s = ±1,
solutions are of the form:

Re(s)1,2 = −T1 −
1
2
√
T2 ±

1
2
√
T3 (A.9)

Re(s)3,4 = −T1 + 1
2
√
T2 ±

1
2
√
T4, (A.10)

with the following definitions:

T1 = L(c+ g)
(
c2 + 4cg − 3

)
4 (g2 + 1) (c2 + 2cg − 1) (A.11)

T2 =
(c+ g)2

((
c2 + 1

)2
L2 − 8(cg − 1)

(
c2 + 2cg − 1

))
4 (g2 + 1)2 (c2 + 2cg − 1)2 (A.12)

T3,4 = (c+ g)
2 (g2 + 1)2 (c2 + 2cg − 1)2

×
[
− 2

(
g2 + 1

)
(c+ g)

(
c2
(
L2 + 2

)
+ 4cg + L2 − 2

)
±
(
g2 + 1

)
L
(
c2 + 2cg − 1

) [
(c+ 2g)2 + 1

]√
4F2

+ L2
(
c2 + 4cg − 3

)2
(c+ g)− 4g

(
c2 + 2cg − 1

)
(c+ g)2

− 2L2
(
2c3g + c2

(
5g2 − 1

)
− 6cg + g2 + 3

)
(c+ g)

]
(A.13)
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A.1 Symmetry-broken amplitude and phase-coupling

The results returned by Wolfram Mathematica for imaginary part y = Im(s) are
extremely long. This could be due to inefficient formatting, but no way of obtaining
a clear description was found. Nevertheless, two ways of obtaining the imaginary
part y = Im(s) from Re(s) are possible: First, the a-to-ψ formula obtained of
Eq. 3.22 can be rewritten to obtain Im(s) as a function of Re(s). Alternatively,
the fact that for each s the corresponding value 1/s is also a solution to the system
of equations is used. Hence s1 = 1/s2 and s3 = 1/s4. Consequently, Re(s) and
Re(1/s) are known and through some simple algebra Im(s) is obtainable. All of
these approaches introduce some spurious solutions one needs to be careful not to
include, for which numerical simulations were used in this thesis.
After splitting s into real and imaginary part both Re(s) and Im(s) need to be

real-valued. Hence, the arguments of the square roots inside Eqs. (A.9) and (A.10)
need to be positive and necessary conditions for the existence of symmetry-broken
amplitude and phase locking states can be obtained. By solving T2 ≥ 0 the bifur-
cation line of the saddle-node of limit cycles (Eq. (3.23)) as described in Sec. 3.1.3
and plotted as the red line in Fig. 3.4 is obtained.
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A.2 Unidirectional ring networks

This section covers the derivation of the characteristic equation and simple bifur-
cations of the unidirectional ring as used in Sec. 3.3.2. The system of N Stuart-
Landau oscillators is given by Eq. (3.41):

Żn = (λ+ iω + γ |Zn|2)Zn + κeiφZn−1, (A.14)

where the oscillator index n is taken modulus N .
As outlined in Sec. 3.3.2, there exist N rotating waves or ‘ponies on a merry-go-

round’ as defined in Eq. 3.42.
To derive the characteristic equation, the complex amplitude is split into real

and imaginary part Zn = xn + iyn, leading to two sets of equations:

ẋn =λxn − ωyn + Re(γ)
(
x2
n + y2

n

)
xn − Im(γ)

(
x2
n + y2

n

)
yn

+ κ cosφxn−1 − κ sinφ yn−1 (A.15)

ẏn =λxy + ωxn + Re(γ)
(
x2
n + y2

n

)
yn + Im(γ)

(
x2
n + y2

n

)
xn

+ κ cosφ yn−1 + κ sinφxn−1 (A.16)

The Jacobian JN of the unidirectional ring of size N then is of size 2N in the
new coordinates and given by:

JN =



L0 0 . . . 0 C0
C1 L1 0 . . . 0

0 C2
. . . . . . ...

... . . . . . . LN−2 0
0 . . . 0 CN−1 LN−1


(A.17)

Where the L and C are 2×2-dimensional matrices describing the local and coupling
terms, respectively. The local dynamics L enter along the main-diagonal of JN ,
while the coupling terms C appear for the sub diagonal. They are given by:

Ln =
(
fxxn fxyn
fyxn fyyn

)
(A.18)

Cn =
(
Cxxn Cxyn
Cyxn Cyyn

)
(A.19)
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Where the following variables have been used:

fxxn = λ+ Re(γ)
(
3x2

n + y2
n

)
− 2 Im(γ)xnyn (A.20)

fxyn = −ω + 2 Re(γ)xnyn − Im(γ)
(
x2
n + 3y2

n

)
(A.21)

fyxn = ω + 2 Re(γ)xnyn + Im(γ)
(
3x2

n + y2
n

)
(A.22)

fyyn = λ+ Re(γ)
(
x2
n + 3y2

n

)
+ 2 Im(γ)xnyn (A.23)

Because of the regular nature of JN it may even be possible to solve, or at least fac-
tor, the characteristic equation det(JN −ΛI) = 0 analytically for all N . This thesis
will present the case of N = 4 here, which was used to calculate the bifurcation
lines of Sec. 3.3.2. As outlined in Sec. 3.3.2, only one of the rotating waves needs
to be investigated, as all other follow from symmetry arguments. Hence, without
loss of generality the in-phase synchronized state j = 0 is chosen:

Zn = Z = r(t) exp(iθ(t)) ∀n (A.24)

For the in-phase synchronized state, all Eqs. (A.14) decouple, and the radius r
and frequency θ̇ of oscillations can be deduced like for the solitary oscillator in
Sec. 2.3.3:

r =
√
−λ+ κ cosφ

Re(γ) θ̇ = ω + κ sinφ− λ Im(γ)
Re(γ) (A.25)

Thus, the radius r is not time-dependent, and if ω is chosen correctly by applying
an appropriate rotating frame, the phase velocity can be removed θ̇ = 0. Hence,
all secondary bifurcations of the periodic in-phase orbit become bifurcations of a
fixed point with a single neutral eigenvalue in the correct rotating frame. Because
of that neutral eigenmode (corresponding to the Goldstone mode of the original
system), the global phase of Zn can be chosen freely. To simplify the calculations,
it is useful to choose xn = r and yn = 0.
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The Jacobian of the unidirectional ring of size N = 4 Stuart-Landau oscillators
thus is:

J4 =



a b 0 0 0 0 e −f
c d 0 0 0 0 f e

e −f a b 0 0 0 0
f e c d 0 0 0 0
0 0 e −f a b 0 0
0 0 f e c d 0 0
0 0 0 0 e −f a b

0 0 0 0 f e c d


(A.26)

with

a =− 2λ− 3κ cosφ b =κ sinφ (A.27)

c =− 2 (λ+ κ cosφ) Im(γ)
Re(γ) − κ sinφ d =− κ cosφ (A.28)

e =κ cosφ f =κ sinφ (A.29)

The characteristic polynomial det(J4 − ΛI) = 0, where I is the identity matrix
of size 8, can now be solved. This was done using the CharacteristicPolynomial-
function of Wolfram Mathematica (v10.1). The lengthy expression was then re-
duced using the Factor-function, and an expression of 4 factors was obtained:

0 =Λ (Λ + 2λ+ 2κ cosφ)R3R4 (A.30)

where R3,4 are still lengthy expressions. Equation (A.30) reveals several bifurca-
tions: First, the neutral eigenmode is revealed, in that there is always an eigenvalue
Λ = 0 from the first factor. The second factor of Eq. (A.30) becomes zero for:

λ = −κ cosφ, (A.31)

which correspond to the in-phase Andronov-Hopf bifurcation H0 of Eq. (3.45),
where the oscillations are created. The next factor R3 can be solved using the
Solve-function of Mathematica, yielding an eigenvalue of:

Λ =− 3κ cos(φ)− λ

± 1√
2

√
−4α̃κ2 sin(2φ)− 8α̃κλ sinφ+ 5κ2 cos(2φ)− 3κ2 + 4κλ cos(φ) + 2λ2,

(A.32)
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with α̃ = Im(γ)/Re(γ). This becomes 0, i.e. a pitchfork bifurcation, for:

λP = −3κ+ κ cos(2φ) + α̃κ sin(2φ)
2 cosφ+ 2α̃ sinφ , (A.33)

which is shown as P0 in Fig. 3.11. The corresponding bifurcations for rotating waves
of index j are then found via the symmetry-transformation: Pj(φ) = P0(φ + ξj),
with the phase difference ξj as given by Eq. (3.43). The final factor R4 yields 4
related eigenvalues:

Λ =− λ− (2± i)κ cos(φ)± 1√
2
√
S (A.34)

S =(4− 4i)α̃κ2 sin(2φ) + (8− 8i)α̃κλ sin(φ)
+ (1− 2i)κ2 cos(2φ) + (1 + 2i)κ2 + 4κλ cos(φ) + 2λ2, (A.35)

where the two ±-signs are taken to be independent in Eq. (A.34). The eigenvalues
given by Eq. (A.34) will occur in complex conjugate pairs when going through
Re(Λ) = 0. Finding the roots of this last set of eigenvalues is difficult, so that their
analytic form of Eq. (A.34) was simply numerically solved for Λ = 0.
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