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Abstract

This Ph.D. thesis advances the fully coupling of robust shallow
water flow and sediment transport modeling.

The first part mainly focuses on the multislope MUSCL recon-
struction for shallow water flow on unstructured grids. A limitation
method for reconstruction of velocities avoids extremely high val-
ues for wet/dry fronts. The reconstruction methods are tested via
analytical benchmarks and laboratory experiments and it has been
shown that the MUSCL reconstruction at the middle point of the
edge can obtain better results than the intersection point of the edge
and the neighboring two cell centers. An improved vector manipu-
lation method including more downwind information also provides
more promising results than the original vector manipulation method
based on the local value slopes. Further additional work related to a
vector manipulation method considers a larger geometry stencil and
more geometry relationships and through a straightforward imple-
mentation, a higher order accuracy and an increasing computational
efficiency with increasing mesh size is obtained when compared to
the previous work.

In the second part, sediment movement is treated as additional
transport source terms in the shallow water model and the coupled
shallow water flow and sediment transport model is also discretized
on unstructured grids using the aforementioned multislope MUSCL
scheme of the first part to obtain high order accuracy. Regarding sed-
iment transport, a bed load flux and a depth-averaged concentration
flux sediment transport approach to be chosen depending on the flow
conditions are compared. Sensitivity studies are carried out show-
ing that Manning number and the sediment porosity are the most
influencing parameters for bed load flux and depth-averaged concen-
tration flux sediment transport model, respectively. Further develop-
ment of the depth-averaged concentration flux model introduces the
sediment velocity ratio to differentiate between the advection of the
sediment and the advection of water. A modified Harten, Lax and
van Leer Riemann solver with the contact wave restored (HLLC)
is derived for the flux calculation based on the new wave pattern
involving the sediment velocity ratio. The source term calculation
is enhanced by means of a novel splitting-point implicit discretiza-
tion. The slope effect is introduced by modifying the critical shear
stress, with two treatments being discussed. The numerical scheme
is tested in five examples that comprise both fixed and movable beds,
model predictions show good agreement with measurements, except
for cases where local three-dimensional effects dominate. Slope ef-
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fect is further investigated by introducing the slope failure of the
sediment assuming that a bed slide will occur if the bed slope ex-
ceeds a critical angle. This is enabled by means of a slope failure
operator. Existing slope failure operators usually suffer from high
computational costs and may fail at wet/dry fronts. Based on a
modified mass balance approach, a novel slope failure operator for
the total load transport model is developed. This slope operator is
verified in three test cases, involving bank failure, dyke overtopping
and a two-dimensional bank failure, and the numerical results from
the proposed slope operator yield good agreement with analytical
results and measurement data.

In future work, real applications, parameter optimization, new
slope failure operators and improved computational efficiency can
be investigated.
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Zusammenfassung

Diese Doktorarbeit behandelt die vollständige Kopplung eines
robusten Flachwassermodells mit einem Sedimenttransportmodell.

Der erste Teil konzentriert sich hauptsächlich auf die Multislope
MUSCL-Rekonstruktion der Flachwassergleichungen auf unstruktu-
rierten Gittern. Eine Methode zur Begrenzung der Geschwindigkei-
ten bei der Rekonstruktion vermeidet extrem hohe Werte an Nass
/Trocken-Fronten. Verschiedene Rekonstruktionsmethoden wurden
mittels analytischer Benchmarktests und Laborexperimenten unter-
sucht und es zeigte sich, dass die MUSCL-Rekonstruktion am Mittel-
punkt der Kante bessere Ergebnisse erzielt als am Schnittpunkt der
Kante mit den beiden benachbarten Zellmittelpunkten. Eine verbes-
serte Vektormanipulationsmethode mit stärkerer Berücksichtigung
von Stormab-Informationen liefert ebenfalls vielversprechendere Er-
gebnisse als die ursprüngliche Vektormanipulationsmethode, welche
auf den lokalen Werten der Steigung basiert. Weitere Arbeiten zu
einem Vektormanipulationsverfahren berücksichtigen mehr geome-
trische Abhängigheiten; durch eine effiziente Implementierung wird
eine Genauigkeit höherer Ordnung sowie eine effizientere Rechen-
leistung bei zunehmender Zellgröße im Vergleich zu den vorherigen
Arbeiten erzielt.

Im zweiten bei Teil wird die Sedimentbewegung als zusätzlicher
Transportquellterm im Flachwassermodell berücksichtigt und das ge-
koppelte Flachwasser- und Sedimenttransportmodell wird ebenfalls
auf unstrukturierten Gittern unter Verwendung des oben erwähnten
Multislope MUSCL-Schemas diskretisiert, um eine Genauigkeit höhe-
rer Ordnung zu erziehen. Bezüglich des Sedimenttransports werden
zwei Ansätze in Abhängigkeit des Fließzustandes miteinander ver-
glichen: ein Geschiebetransportfluss und ein Sedimenttransportmo-
dell mit tiefengemitteltem Konzentrationfluss. Sensitivitätsstudien
wurden durchgeführt und zeigen, dass die Parameter Manning-Zahl
und Sedimentporosität den stärksten Einfluss auf den Geschiebe-
transportfluss beziehungsweise auf das Sedimenttransportmodell mit
tiefengemitteltem Konzentrationsfluss haben. Eine weitere Entwick-
lung des Sedimenttransportmodells mit tiefengemitteltem Konzen-
trationsfluss führt das Sedimentgeschwindigkeitsverhältnis zur Un-
terscheidung zwischen der Advektion des Sediments und der Advek-
tion des Wassers ein. Ein modifizierter Harten, Lax und van Leer Rie-
mannlöser mit der zurückgespeicherten Kontaktwelle (HLLC) wird
für die Flussberechnung abgeleitet basierend auf dem neuen Wel-
lenmuster unter Einbeziehung des Sedimentgeschwindigkeitsverhält-
nisses. Die Quelltermberechnung wird durch eine neue implizite Punkt-
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splitting-Diskretisierung verbessert. Der Neigungseffekt wird durch
eine Modifizierung der kritischen Schubspannung berücksichtigt, wo-
bei zwei unterschiedliche Behandlungen diskutiert werden. Das nu-
merische Schema wird an fünf Beispielen überprüft, die sowohl feste
als auch bewegliche Sohlen umfassen. Die Modellberechnungen zei-
gen eine gute Übereinstimmung mit Messungen, außer für Fälle, in
denen lokale dreidimensionale Effekte dominieren. Der Neigungsef-
fekt wird weiter untersucht, indem das Hangversagen bei Überschrei-
tung eines kritischen Neigungswinkels berücksichtigt wird. Dies wird
durch einen Hangversagensoperator ermöglicht. Existierende Ope-
ratoren für das Hangversagen leiden üblicherweise unter einem ho-
hen Rechenaufwand und können bei Nass/Trocken-Fronten versa-
gen. Basierend auf einem modifizierten Massenbilanz-Ansatz wird
ein neuer Hangversagensoperator für das Modell der gesamten Sedi-
mentfracht entwickelt. Dieser Operator wird an drei Testfällen veri-
fiziert: Böschungsversagen, Deichüberströmen und ein zweidimensio-
nales Böschungsversagen. Die numerischen Ergebnisse mit dem vor-
geschlagenen Hangversagensoperator zeigen eine gute Übereinstim-
mung mit analytischen Lösungen und Messdaten.

In zukünftigen Arbeiten können reale Anwendungsfälle, Parame-
teroptimierungen, neue Hangversagensoperatoren sowie eine Verbes-
serung der Recheneffizienz untersucht werden.
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Chapter 1

Introduction

1.1 Motivation

“Water is essential to life on earth. It is paramount social
and economical value and its availability and use will consider-
ably influence the development of the societies. A sustainable
management and protection of water in the environment is one
of the key problems of the 21st century, and numerical simula-
tion models will contribute considerably to its solution.”

– R. Hinkelmann [Hinkelmann, 2005]

The early history of humanity is the story of how people live with wa-
ter. A Chinese proverb says “Who rules the country must first rule the
water”. Water provides food, energy, and area to inhabit. But with the
ever-increasing human activity, the hydrosystems of the world face the un-
precedented threads of industrial pollution, overuse of water, loss of ecosys-
tems and degradation of aquatic habitats.

Surface water, defined as the water flowing on the ground or in the
streams, rivers, lakes, wetlands, and oceans [Hou, 2013], is a major part of
the hydrological cycle and is one of the most important resources for society
and the economy.

The unpredictable climate change and the inexorable growth of the pop-
ulation sharply increase the contradiction between the demand of the hu-

1
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man society and the earth environment. More and more water is needed
in agriculture, industry, and household, and with the rapid urbanization,
gives rise to serious water problems such as water scarcity, water pollution,
and floods [Hou, 2013]. The boats driving in the river, tanker spills in
the ocean, thermal power plants and the farming activities drainage along
the rivers, all will influence the water environment and bring the threats
to the ecosystem and the life of aquatic plants. The nearest example for
the water pollution happened on 6 January 2018, for the Sanchi oil tanker
collision near Shanghai, China, which spills 136,000 metric tons natural-
gas condensate in the East China Sea, at least 350 square kilometers were
get polluted by this accident [Sun et al., 2018]. The urbanization accom-
panies the increasing number of citizens and the naked ground is sharply
decreased due to the constructing of the buildings, roads, infrastructure and
paved areas. The rainfall is blocked from infiltrating into the soil which in-
creases the volume of the surface runoff, and leads to a growing trend of
the urban flood. Meanwhile, the climate change increases the rate of flash
floods, short localized heavy rainfall events with quite short reaction times,
the sewer systems can not drain the water immediately, and flooding and
ponding occurs damaging the facilities and threatening the human life. For
example, a heavy rainfall caused flooding of Gleim tunnel on July 27, 2017,
in Berlin, Germany, which significantly damaged properties and lead to the
closing of the tunnel for about half year [Özgen, 2017].

A better understanding and prediction of flow and transport processes is
becoming more and more important in the hydroscience. Laboratory exper-
iments are a means to improve the understanding of fundamental processes,
e.g. a dam-break, but are generally restricted to scaled and simplified sys-
tems.

Newtonian fluids flow can be described by combining the continuity
and the Navier-Stokes equations, providing the basis for a model in three
dimensions. For applications dominated by the horizontal processes (i.e.
long waves), the Navier-Stokes equations can be transfered to the shallow
water equations by intergrating over the depth [Liang and Marche, 2009a].
The categorization depends on the ratio of wave length L and water depth
h. Cases with L/h > 20 are long wave problems such as shallow water flow
and the others are short wave problems [Hinkelmann, 2005].

Shallow water models have been applied to various application in hy-
droscience and engineering such as flood prediction and management, river
restoration and engineering, environmental hydraulics and morphodynam-
ics [Hinkelmann et al., 2015]. The rapid development in the surveying tech-
niques (e.g. airborne and terrestrial laser scanning) provides increasingly
high-resolution geometry information [Hinkelmann et al., 2015]. To be ca-
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pable to predict various complex hydraulic flows (e.g. dam-break, flow tran-
sitions, wetting and drying, small water depths), various robust numerical
methods have been developed in recent years [Liang et al., 2015b, Lacasta
et al., 2015, Liang et al., 2015a, Morales-Hernández et al., 2015, Özgen et al.,
2015, Hou et al., 2015a, Liang and Borthwick, 2009, Liang and Smith, 2015].
With the application of high-performance computing, high-resolution data
and robust numerical methods, the next generation of shallow water models
can be used in a bigger range and provide more accurate predictions when
compared to today.

Flow processes often are associated with the transport of sediment,
which impacts the topography of the earth. Sediment transport is one
of the most important components to sustainable agriculture, watershed
management, and the global geochemical cycle [Montanarella et al., 2016].
Depending on local factors, sediment can be either beneficial or detrimen-
tal to the society, and the environment. An example for the beneficial
case, consider a flood event that transports sediment in a floodplain, where
it provides essential nutrients for the crops, it also can bring the sediment
from upstream to downstream and create new agricultural areas [Wei et al.,
2017, Zhao et al., 2017b, Zhao et al., 2017a]. In contrast, sediment trans-
port also causes a series of problems. Riverbank erosion will rise the river
bed which significantly diminishes the flow capacity of the river and leads
to a higher vulnerability to floods. Sediment deposition in the front of the
dam decreases the life span of the reservoirs and reduces the storage capac-
ity. Serious erosion and deposition may damage aquatic habitats. Sediment
erosion will negatively influence the stability of in-stream structures, such
as bridge piers, spur dikes and weirs. Fine-grained sediment deposited in
the estuarine regions can form month bars and reduce the flow depth in
navigation channels and change the salinity of the water. A high sediment
concentration will also influence the water quality significantly.

Sediment transport in water is comprised of solid particles of mineral
and organic material [Ji, 2017]. Sediment movement with fluid is among
the most complex and least understood processes in nature [Wu, 2008]. The
quantity of transported sediment is usually controlled by the flow capacity
and the supply of sediment. Depending on its transport mode, sediment
can be categorized as “suspended load” and “bed load”. Here, suspended
load describes the sediment that is suspended in the water, while the bed
load is comprised of larger particles that are transported on the bed by
means of rolling, sliding, or saltation.

Fig. 1.1 illustrates the conceptual model of sediment transport [Wu,
2008]. The bed load moves along the bottom of the channel, the sediment
particles move in the sheet flow layer, wherein grains roll, slide, or move
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Figure 1.1: Sketch of the sediment movement with the flow along the lon-
gitudinal direction (after [Wu, 2008]).

in saltation in a zone close to the bed surface. The upper part of the bed
load may be distributed into the water column due to the strong interac-
tion between water flow and bed load. The mass exchange between the
bed load and suspended load is represented via the entrainment and de-
position fluxes, represented by Db and Eb in Fig. 1.1, respectively. Due
to the gravity force of the sediment, the suspended sediment concentration
in a water column increases from the top of the water column to its bot-
tom. It is difficult to find analytical solutions to sediment related problems.
Many sediment transport related research relies on physical experiments
(e.g. [Gardner, 1983, Wilcock et al., 2001, Whipple et al., 1998, Wijdenes
and Ergenzinger, 1998, Ran et al., 2012, Liu and Dong, 2004]) and field
measurement (e.g. [Masselink and Hughes, 1998, Bayram et al., 2001, Aa-
gaard et al., 2004, Bassoullet et al., 2000, Edwards and Glysson, 1999]).
These types of research provide directly visible results. The downside of
these studies is that they are expensive and time consuming [Wu, 2008],
and that the produced results are case-dependent. In addition, the pro-
totype physical experiments are unlikely to match the same conditions as
the real-life cases, and experimental results contain a certain amount of
uncertainty such as the model scale and the influence from the temperature
[Wu, 2008]. With the advances in computing technology after 1970, the
computational sediment transport models have been greatly improved and
widely applied to solve real-life problems [Wu, 2008]. These models provide
direct, real-scale predictions without scale distortion and are cost-effective.

The computational models describe the physical processes using mathe-
matical equations. Derivation of such equations started centuries ago. The
mathematical model for linking water flow with sediment movement that is
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currently being used is the bed load equation, established in 1897 by DuBoys
[DuBoys, 1879]. The description of surface flow via the Navier-Stokes or
shallow water equations is a classical physically-based model, which is well
documented and researched, the sediment movement is usually described
by empirical equations. The usefulness of the flow and sediment transport
model is highly dependent on how well the physical processes are described
by the mathematical governing equations, boundary conditions, and the
empirical formulas. The accuracy of the numerical results mainly depends
on the discretization method, the solver used for solving the PDEs and the
implementation of the code. The mathematical models for flow and sed-
iment movement should choose a suitable scheme for describing the flow
considering the efficiency and the accuracy, and the empirical equations
should be fully verified and validated using analytical solutions and mea-
surement data from the laboratory experiments and field surveys.

For large-scale real-life problems, different models are used to describe
processes at different scales. For localized processes, such as bridge pier ero-
sion, 3D models are required, but for large-scale problems, such as sediment
transport in rivers and in dam-break flow, 1D and 2D models are sufficient.
In advection dominated sediment movement problems, the Navier-Stokes
equations are usually simplified to the Saint-Venant or shallow water equa-
tions, and the sediment transport is added as an additional scalar transport
term into the simplified equation. The bed topography is updated using
empirical equations that depend on the flow variables, e.g. flow velocity
and water depth.

In order to build up the mathematical relationship used in compu-
tational sediment models, the basic theory and empirical formulas were
investigated by lots of researchers (e.g. [Vanoni, 1975, Chien and Wan,
1983, Chang and Stow, 1988, Zhang et al., 1989, Raudkivi and Witte,
1990, Simons and Şentürk, 1992, Julien, 2010]). Sediment settling veloc-
ity, vertical distribution of suspended sediment concentration, the incipient
motion of sediment particles and the properties of the sediment particle
(e.g. sediment diameters, sediment porosity of the bed, etc.), all of there
characters play very important roles in the empirical system of the sedi-
ment transport equations. The settling velocity is used for describing the
average terminal velocity of a sediment particle sinking in standing wa-
ter, being a very important parameter in the sediment transport. It is
related to particle size, shape, submerged specific weight, water viscosity,
and sediment concentration [Wu, 2008]. Many empirical equations in the
laterature are based on experimental data are available to determine the
settling velocity (e.g. [Stokes, 1851, Zanke, 1982, Dietrich, 1982, Van Rijn,
1989, Cheng and Chiew, 1999]). The incipient motion of a single grain is
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determined during the bed load transport by an imbalance between cur-
rent force and weight force acting on the riverbed grain. The most com-
monly used methods are employed as an approach similar or identical to
the Shields diagram for non-cohesive particles [Shields, 1936]. Based on
this diagram and additional data for the sediment movement, the incipient
motion of sediment is separated into critical average velocity (e.g. [Shamov,
1959, J. and H, 1993, Yang, 1973, Qin, 1980]) and critical shear stress (e.g.
[Shields, 1936, Parker et al., 1982, Chien and Wan, 1983]), which are used
for determining the flow conditions when a given particle size moves.

Shallow water models with sediment transport can roughly be divided
into the Exner equation coupled model (bed load flux coupled model),
e.g. [Liang, 2011a, Murillo and Garcı́a-Navarro, 2010, Murillo and Garcı́a-
Navarro, 2010, Soares-Frazão and Zech, 2011, Liu et al., 2008], and the con-
centration flux coupled model, e.g. [Simpson and Castelltort, 2006a, Wu
et al., 2011, Cao et al., 2004a, Guan et al., 2014, Guan et al., 2015b,
Greimann et al., 2008, Xia et al., 2010]. In the bed load flux coupled
model, the Exner equation is used to consider morphodynamics. The sedi-
ment transport is represented by the change of the bed elevation, the con-
centration distributed along the water column is neglected. The assump-
tions made for the derivation of this model are limiting its applicability.
For strongly variable, transcritical flow conditions with high sediment con-
centration, e.g. a dam-break, this model cannot provide satisfying results
[Zhao et al., 2017c]. The concentration flux coupled models integrate the
concentration transport with the water flow. The bed elevation is updated
via empirical exchange terms that depend on a local sediment concentra-
tion. This model is more suitable for varying flow conditions. However,
the sediment concentration is added as a transported variable to the shal-
low water model, which increases the number of governing equations. In
addition, varying sediment concentration in the water influences the den-
sity of the fluid-sediment mixture. In existing models, a gravity source is
considered that occurs due to the gradient of the concentration. However,
for higher order numerical schemes, the gravity source inside the consid-
ered cell is neglected. Meanwhile, most of the existing models neglect the
difference between the water flow velocity and the transport velocity of the
sediment, e.g. [Simpson and Castelltort, 2006a, Wu et al., 2011, Cao et al.,
2004a, Guan et al., 2014, Xia et al., 2010], and solve the sediment transport
as a passive scalar transport. In [Guan et al., 2015b, Greimann et al., 2008],
the velocity difference is considered, but the governing equations are solved
still using a solely flow-based Riemann solver, which neglects the modified
wave structure of the governing equations. This neglects part of the under-
lying physics of the sediment transport process and therefore reduces the
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Figure 1.2: Coupled processes for robust shallow water based sediment
transport model on unstructured grids of this thesis.

accuracy of the model. Motivated by the aforementioned issues, this work
investigates the difference between the bed load flux coupled model and
the concentration flux coupled model and reports the flow conditions for
which the models give reliable results. In a second step, a robust sediment
transport model that better represents the underlying physical processes,
specifically the gravity source term for higher order schemes and the velocity
difference is developed.

The aim of this thesis is to develop a robust integral shallow water
flow and sediment transport model. As the shallow water flow drives the
sediment transport, it is important to simulate this process accurately. In
modeling of hydrosystems, unstructured meshes are usually considered more
beneficial, because they allow discretization of complex boundaries [Hinkel-
mann, 2005]. This thesis addresses both the shallow water flow and the
sediment transport modeling parts.

Fig. 1.2 describes the coupling processes of the shallow water based
sediment transport model, the hydrodynamics and morphodynamics are
integrated into the shallow water equations, the sediment is transported
via the concentration flux model or bed load flux. The whole computa-
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tional domain is discretized by unstructured grids. The depth-averaged
scheme is extended to a higher order scheme via a total variation diminish-
ing monotonic upwind scheme for conservation laws (TVD MUSCL) [van
Leer, 1979], after the flux and source term calculation, the updating will
influence the flow and sediment field and movement. All the grey blocks in
Fig. 1.2 are the points addressed in this thesis.

In this work, first an improved TVD MUSCL scheme for unstructured
grids is developed initially for shallow water flow and then for sediment
transport. In a second step, the performance of existing sediment trans-
port models is compared. In the last step, an enhanced, physically more
advanced sediment transport model (i.e. considering the velocity difference
between water and sediment concentration) is developed and verified. Then,
combining the shallow water flow model with the improved TVD MUSCL
reconstruction with the improved sediment transport model results in the
fully coupled robust shallow water flow and sediment transport model this
thesis aimed to develop.

1.2 Governing equations

Shallow water equations

Shallow water flow theory assumes that the depth of the water is small
with respect to wave length or free-surface curvature, and that the pressure
distribution is given as in hydrostatics and results from assuming that the
vertical acceleration of the water particles has a negligible effect on the
pressure [Toro, 2001].

Using the hydrostatic pressure assumption, the Navier-Stokes equations
can be integrated over the water depth to obtain the depth-averaged two-
dimensional shallow water equations (SWE). In conservative form, they can
be written as:

∂h
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where Eq. 1.1 is the mass balance equation and Eq. 1.2 and Eq. 1.3 are the
momentum balance along x− and y− direction of the Cartesian coordinate,
respectively, and t is the time. Conserved variables are h, qx and qy denoting
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the water depth, unit-width discharges in x- and y- direction, respectively.
ν is the viscosity, that accounts for molecular and may account for turbulent
viscosity. sh is the source term of the mass balance equation, which accounts
the source and sink term of the mass balance, it can include, e.g. the
rainfall, infiltration, water abstraction or injection, bottom modification.
sqx and sqy denote the momentum source terms along the x- and y- direction,
respectively. These source terms usually include the gravity source, the
friction source, and an external forcing term related to the momentum of
the flow, that may include, e.g. terms related to sediment transport, wind
stress, and density change.

If viscous terms (molecular and turbulent viscosity) are neglected, the
shallow water equations become a hyperbolic system of equations [Liang
and Marche, 2009a, Liang et al., 2011, Hou et al., 2013c, Toro, 2001], which
can be written in conservative vector form as

∂q

∂t
+
∂f

∂x
+
∂g

∂y
= s (1.4)

with vectors defined as

q =

⎡⎣hqx
qy

⎤⎦ , f =

⎡⎣ qx
uqx + gh2/2

uqy

⎤⎦ , g =

⎡⎣ qy
vqx

vqy + gh2/2

⎤⎦ , (1.5)

s =

⎡⎣ sh
−gh ∂z

∂x
− cfu

√
u2 + v2 + sex

−gh∂z
∂y

− cfv
√
u2 + v2 + sey

⎤⎦ , (1.6)

where q represents the vector of conserved variables. u, v are defined as
depth-averaged velocities in x- and y-direction, respectively; f and g are
the flux vectors in x- and y-direction, respectively; s is the source term
that includes bed slope and friction contributions, sex and sey are external
momentum sources related to external forces from the feedback of the the
sediment transport, i.e. momentum of the gradient of concentration and
of the bottom modification which are neglected in the bed load flux model
[Zhao et al., 2017c] but considered in the concentration flux models [Zhao
et al., 2017c, Zhao et al., 2019, Zhao et al., 2018b]. z is the bed elevation
and cf is the bed roughness coefficient calculated as gn2/h1/3, g is the
gravitational acceleration and n is the Manning coefficient.

Sediment transport equations

The advective sediment transport is modeled via an additional mass bal-
ance equation for transported variables in the SWE. Based on the model
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category, the vector form in Eq. 1.4 for sediment concentration flux and
bed-load based Exner equation coupled models can be defined as

q =

[︃
hc
z

]︃
, f =

[︃
qxc
qsx

]︃
, g =

[︃
qyc
qsy

]︃
, s =

[︃
sc
sz

]︃
. (1.7)

c is the sediment concentration, and sc is the sediment concentration
source term; qsx and qsy are the sediment fluxes in the x− and y− direction,
respectively; sz is the source term for the bottom elevation.

By defining the flux and source terms associated with different sediment
transport model categories, the corresponding coefficients of the Exner cou-
pled model are represented as{︄

c = 0 sc = 0

qsx = Agqx
q2x+q2y

h3(1.0−p)
qsy = Agqy

q2x+q2y
h3(1.0−p)

sz = 0
, (1.8)

where sediment fluxes are calculated with Grass’ model [Grass, 1981],
which considers the sediment fluxes dependent on the flow discharge. Ag

is an empirical coefficient that indicates the intensity of the interaction be-
tween flow and sediment, which is experimentally determined as a constant
value between 0 and 1. A detailed discussion of Grass’ model can be found
in, e.g. [Liang, 2011a]. p is the porosity of the sediment.

For the sediment concentration flux coupled model, the coefficients are
defined as {︃

sc = E −D
qsx = 0 qsy = 0 sz =

D−E
1−p

, (1.9)

where E and D are substrate entrainment and deposition fluxes across the
bottom boundary of flow, respectively.

1.3 Finite volume method

Eq. 1.4 can be written in integral form as∫︂
Ω

∂q

∂t
dΩ +

∫︂
Ω

(︃
∂f

∂x
+
∂g

∂y

)︃
dΩ =

∫︂
Ω

sdΩ, (1.10)

where Ω is an arbitrary control volume (CV). Applying the Green-Gauß
theorem and replacing the boundary integral with a sum over all edges, Eq.
1.10 becomes a finite-volume method (FVM) formulation written as∫︂

Ω

∂q

∂t
dΩ +

m∑︂
k=1

Fk(q) · nklk =

∫︂
Ω

sdΩ, (1.11)
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where m is the number of edges, k is an index, and n = (nx, ny)
T is the

unit vector along the outward direction normal to the interface of the cell,
l is the length of the edge, F(q) ·n is the flux vector normal to the interface
and can be written as

F(q) · n = (fnx + gny) =

⎡⎢⎢⎣
qxnx + qyny

(uqx + gh2/2)nx + vqyny

uqxnx + (vqy + gh2/2)ny

qxcnx + qycny

⎤⎥⎥⎦ . (1.12)

A TVD-MUSCL scheme is used to achieve second-order accuracy in
space. A second order two-stage explicit Runge-Kutta scheme [Liang and
Borthwick, 2009, Liang and Marche, 2009a, Hou et al., 2013d] is adopted
for maintaining the overall second order accuracy in time when updating
the value of q in cell i, where the value at the next time level in cell i, qn+1

i ,
is updated by

qn+1
i =

1

2
{qn

i + f [f (qn
i )]} , (1.13)

with

f(qn
i ) = qn

i +
∆tn

Ω

[︄∫︂
Ω

sn+1dΩ−
m∑︂
k=1

F(qn
i )k · nklk

]︄
, (1.14)

where f() is a function to represent the updating process to a new time
level in the considered cell. ∆tn is the time step at the nth time level.
The Courant-Friedrichs-Lewy condition is used here for maintaining the
stability,

∆t = CFLmin

(︄
R1√︁

u21 + v21 +
√
gh1

, ...,
Rn√︁

u2n + v2n +
√
ghn

)︄
(1.15)

where Rn is the minimum distance from the cell center to the edge, CFL
is the Courant-Friedrichs-Lewy number. For explicit time marching algo-
rithms CFL ∈ (0, 1].

Different methods to calculate the numerical flux (Fk in Eq. 1.11) lead
to different finite volume methods. In this work, a Harten, Lax and van
Leer approximate Riemann solver with the contact wave restored (HLLC)
which takes into account the wet-dry interfaces [Toro et al., 1994] is used.
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1.4 A review of relevant literature

Classical shallow water models

The shallow water equations can be solved by using a Eulerian approach via
the framework of finite-difference, finite-volume and finite-element meth-od.

The finite-difference method is one of the oldest methods for solving
partial differential equations. The computational domain is discretized by
structured, rectangular meshes and the derivatives of the unknown func-
tion can be developed with the help of a Taylor-series expansion. It is
simple to implement, fast and with a well-developed theory. The classical
finite-different method fails in the presence of shocks. The total varia-
tion diminishing (TVD) MaxCormack method [MacCormack, 2002] is de-
rived for dealing with shocks in the framework of finite-differences [Liang
et al., 2007b, Liang et al., 2006, Liang et al., 2007a, Fiedler and Ramirez,
2000a, Fiedler and Ramirez, 2000b]. The DHI-Mike models [Institute, 1996]
apply the finite-difference method.

The finite-element method subdivides the computational domain into
small finite elements with nodes. Shape functions are used to interpolate
discrete variables at nodes inside the element. The idea of it is to multiply
the residual with a weighting function and make the integration of the resid-
ual equal to 0 over the computational domain. It can be used with unstruc-
tured meshes, and it is globally but not locally conservative [Hinkelmann,
2005]. In shallow water modelling, weighting functions that incorporate
more upstream information, e.g. the Petrov-Galerkin and the Streamline-
Upwind/Petrov-Galerkin finite-element method, are preferred, cf. [Hinkel-
mann, 2005]. The well-known shallow water code open TELEMAC-MASC-
ARET [Galland et al., 1991] is one of the finite-element models.

The finite-volume method can be formulated in a cell-centred or node-
centred way. The mesh cell is considered as a Eulerian control volume and
the conservation is solved locally in each cell. It allows using unstructured
meshes and is locally and globally conservative [Hinkelmann, 2005]. The
main difficulty for finite-volume methods is the calculation of the numerical
flux across the edge. In finite-volume methods, the numerical flux can be
treated as a Riemann problem over the edge. This kind of shock-capturing
finite volume method is also called Godunov-type finite volume scheme
[Godunov, 1959]. A well-known Godunov-type commercial shallow water
model is Hydro AS-2D [Nujic, 2009].

Sediment modules are treated as additional transport terms added into
some of the well-known existing shallow water models, such as SISYPHE
for TELEMAC-MASCARET [Mattia et al., 2013], Hydro AS-2D [Nujic,
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2009], DHI-Mike models [Institute, 1996].
The shallow water models (SWM) may be confronted with instability or

even fail for cases featuring wetting and drying, or very small water depths,
and with the increasing high-resolution data are obtained by the modern
technologies, the calculation ability becomes a bottleneck. Models that
overcome these difficulties are referred to as “robust shallow water models”.
In this work, a robust shallow water model with coupled sediment transport
and morphodynamics is implemented.

Robust SWM: TVD MUSCL schemes

The Godunov-type shallow water equations are widely used in hydrody-
namic simulations in hydraulic, ocean and environmental engineering [Liang
and Marche, 2009a, Liang et al., 2011, Xia et al., 2010, Liang and Marche,
2009b, Liang, 2011a, Liang, 2010, Liang et al., 2004, Hou et al., 2013d, Hou
et al., 2014, Hou et al., 2013a, Hou et al., 2015b]. The Godunov-type finite
volume methods can be summarized as follows:

In each time step, for each cell,

1. define a Riemann problem at cell interfaces using cell averages,

2. solve the Riemann problem to get the numerical flux,

3. update the cell averages by summing up flux and source terms.

The MUSCL scheme [van Leer, 1979] is a well-known approach to achieve
higher order accuracy by data reconstruction. An overview of MUSCL-type
high-order methods can be found in, e.g. [Toro, 2009, Ch. 13.4, pp. 426–
440]. MUSCL-type schemes are essentially an extension of the original
Godunov scheme [Godunov, 1959]. MUSCL-type schemes replace the cell
averages in step 1 of the original Godunov method by piecewise linear func-
tions. Thus, step 1 of the Godunov method is replaced by extrapolating
the cell averages (linearly) to cell interfaces (MUSCL reconstruction step).
In order to avoid spurious oscillations, the slope of the extrapolation is lim-
ited by so-called slope limiter functions [Harten, 1983]. Many slope limiter
functions have been derived in the literature and an overview can be found
in classical textbooks such as [Toro, 2009, LeVeque, 2002b].

For high-order schemes to produce physically meaningful results, they
have to be monotone, otherwise, spurious oscillations may occur. Mono-
tonicity of a numerical scheme can be deduced from a property called total
variation (TV) that is defined as the summation of differences between ev-
ery two neighbouring states over the whole domain at a fixed time. If the
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total variation does not increase in time, the scheme is said to be total vari-
ation diminishing (TVD) and the monotonicity of the scheme is ensured
[Toro, 2009].

Slope limiters limit the slope of the MUSCL reconstruction such that it is
ensured that no new extrema are created at the cell interfaces. The limiter
function depends on the slope of variables at the upwind and downwind
direction of the cell centres. The calculation of these slopes has a significant
influence on the accuracy of the scheme. Early TVD schemes were derived
on structured grids and when applied directly to unstructured meshes give
unsatisfactory results. This is a problem, because in order to conform the
complex geometries, unstructured grids are usually preferred in literature,
cf. e.g. [Venkatakrishnan, 1993, Skoula et al., 2006, Van Emelen et al.,
2015, Canestrelli et al., 2010, Siviglia et al., 2013, Hou et al., 2013a, Darwish
and Moukalled, 2003, Hinkelmann, 2005].

The reason for the unsatisfactory results is that on structured grids,
the slope calculation on the left and right side is straight-forward as the
direct neighbour cell and the so-called far-neighbour cell (the neighbour of
the direct neighbour cell) can be accessed directly by index relationships.
In addition, the ratio of these slopes is a good indicator for stability be-
cause all points that contribute to the ratio are equidistant. In contrast, on
unstructured meshes, the calculation of the points that contribute to the
calculation of the slopes is not straight-forward. Hence, the calculation of
the slopes itself poses a challenge.

TVD MUSCL reconstruction techniques for unstructured meshes can
be divided into monoslope and multislope methods [Buffard and Clain,
2010a]. The monoslope method that is initially presented in [Venkatakr-
ishnan, 1995] calculates a single vector of slope for the entire cell based on
the three direct neighbors of the cell. In contrast, the multislope method
calculates a slope for each edge based on a three-point stencil. The chal-
lenge of applying the multislope method to unstructured grids is that the
determination of the points of the stencil is non-trivial. In literature, sev-
eral multislope methods for unstructured grids can be found. For example,
[Darwish and Moukalled, 2003] calculates a local slope based on a two-point
stencil without considering the far-neighbour cell. In [Li and Liao, 2008], a
three-point stencil is used but instead of the far-neighbour cell, a “virtual”
node is included. Motivated by these approaches, in [Hou et al., 2012] a
multislope method that calculates individual weights for slopes depending
on the distance of the cell centres to the cell interface is derived. In [Hou
et al., 2013c] slopes are calculated based on points that are located on a
line normal to the cell interface. The “virtual” node approach provides
a straightforward way to implement methods similar to the ones for struc-
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tured grids. However, it is important to choose the position of the “virtual”
node correctly. It has been shown in [Zhao et al., 2018a] that if the node
is not located inside the neighboring cells, the TVD property will be lost.
This will introduce numerical errors in the MUSCL scheme. [Zhao et al.,
2018a] provides a method to search for the “virtual node” in the upwind
direction, which has been shown to be more robust and yield a higher order
of accuracy.

In the alliterative method which is proposed in [Buffard and Clain,
2010a], the “virtual” node searching step is avoided. In [Hou et al., 2014]
a more straightforward vector based method is proposed, which provides
better robustness and accuracy. However, in [Zhao et al., 2018a] it is found
that the method in [Hou et al., 2014] includes too much upwind informa-
tion which decreases the order of accuracy and negatively influences the
stability. This motivated an additional treatment that includes downwind
information, which improves the results significantly [Zhao et al., 2018a].

In addition, an improved vector manipulation multislope method was
proposed in [Zhao et al., 2018c] for better robustness and accuracy. Here,
a step for the geometric relationships is skipped, and the stencil of points
that are used for the slope calculation is extended.

Sediment transport models coupled with shallow
water flow

Current process-based sediment transport models use partial differential
equations that are referred to as conservation laws to describe flow and
transport processes [Kandel et al., 2004, Bennett, 1974]. Usually, the wa-
ter flow is solved by using either a kinematic or diffusive wave approxi-
mation, or by using the fully dynamic SWE. The latter usually provide
more accurate and detailed flow fields [Julien and Saghafian, 1991, Wa-
ter and Environment, 1995, Murillo and Garcı́a-Navarro, 2010, Liang et al.,
2011, Soares-Frazão and Zech, 2011, Murillo and Garcı́a-Navarro, 2010, Juez
et al., 2014, Paola and Voller, 2005, Cao et al., 2004a, Simpson and Castell-
tort, 2006a, Wu and Marsooli, 2012, Wu and Wang, 2008].

The diffusive wave models neglect the inertia term, the continuity equa-
tion of this model is expressed as shown in Eq. 1.1. Momentum equation
is simplified by using the difference between bed slope and energy gradient
to represent pressure gradient without considering inertia terms [Downer
and Ogden, 2004, Nunes et al., 2005, Fontes et al., 2004]. Kinematic wave
models are often used in hydrological modeling [Singh, 1996] with ignor-
ing inertia and pressure gradient terms and suppose the flow to be uni-
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form, which is the simplest form of dynamic wave equations [Nearing et al.,
2011, Laflen et al., 1991, Knisel and Turtola, 2000, Knisel, 1993, Lopes,
1987, Borah et al., 2004, Borah et al., 1999, Borah et al., 2000, Smith et al.,
1995, Leavesley et al., 1983].

The fully dynamic SWE are rarely used for watershed simulations due
to their high computational cost [Singh, 1996]. With the development of
advanced computers, computational resources are increasing sharply, and
high-performance (e.g. Message Passing Interface (MPI)) and Graphic Pro-
cessing Unit (GPU)-based parallel computing make large-scale fully dy-
namic SWE simulations to be possible already today [Liang and Smith,
2015, Liang et al., 2015c, Xia et al., 2017, Smith et al., 2015, Guan et al.,
2018, Ngoc, 2017, Guan et al., 2015c].

Based on the way the sediment transport problems are related to the
flow, sediment transport model can be categorized into decoupled and cou-
pled model. Decoupled flow and sediment transport models have been
widely used in many real-life engineering problems. It is relatively easy
to implement, and the results may be justified due to different time scales
in flow and sediment transport and the use of empirical formulas for bed
roughness and sediment transport capacity [Wu, 2008]. Most of the de-
coupled models are related to the equilibrium sediment transport model
which assumes low sediment concentration and small bed change in each
time step.

Fully coupled models that consider the coupling of water and sediment
phases can be used at a wider range of flow conditions. The categorization
of these models in concentration flux (CF) and bed load flux (BF) model
has been discussed in Sec. 1.2.

The BF model solves the depth-averaged shallow water equations to-
gether with the Exner equation, which describes the sediment transport
based on bed load movement through a power law of flow velocity, more
details about Exner equation can be found in [Coleman and Nikora, 2009].
The interaction between flow and sediment is accounted for by a variable
parameter [Murillo and Garcı́a-Navarro, 2010, Liang et al., 2011, Soares-
Frazão and Zech, 2011, Murillo and Garcı́a-Navarro, 2010, Juez et al.,
2014, Paola and Voller, 2005]. Existing literature about the Exner equa-
tion treats the hydrodynamic and sediment mass conservation separately,
without considering the influence of sediment movement on hydrodynam-
ics [Soares-Frazão and Zech, 2011, Hudson and Sweby, 2003, Liu et al.,
2008, Liang et al., 2011]. This model assumes that the movement of the
sediment is much slower than the flow velocity. The CF model describes
the sediment transport as a fully mixed suspended load, while the erosion
and deposition processes are calculated with empirical equations. The sed-
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iment is modelled as a concentration in the water column, and its fluxes
are calculated based on this concentration. Several additional parameters
are introduced to calculate mass exchange between the dissolved sediment
and the bed. In this study, source terms were introduced accounting for the
interaction between the sediment and flow [Cao et al., 2004a, Simpson and
Castelltort, 2006a, Wu and Marsooli, 2012, Wu and Wang, 2008].

In [Zhao et al., 2017c], the difference between the CF model and BF
model is analyzed. The CF model is suggested for rapidly varying flows
such as dam-break and tsunami. The BF model is more suitable for less
varying flow such as river channel flow and overtopping flow.

[Guan et al., 2015b] proposes a one-dimensional shallow water model
coupled with sediment transport, which considers the velocity difference
between the sediment and water flow. The model treats the sediment trans-
port separately as bed load and suspended load. This model provides a way
to analyze the sediment transport more physically, and it is suitable for more
complex and different conditions. However, it is observed that even if the
model in [Guan et al., 2015b] uses different velocities for sediment transport
and water flow, it neglects the influence of this difference on the Jacobian
matrix. In [Zhao et al., 2019], an HLLC Riemann solver is developed that
takes into account the difference in velocity by introducing an additional
contact wave into the Riemann problem. This is shown to enhance the
model in [Guan et al., 2015b] significantly.

In [Audusse and Bristeau, 2005], a hydrostatic reconstruction of the
bottom elevation is proposed that ensures non-negativity of water depth
and preserves the C-property (i.e. if water level is constant, the momentum
should equal to 0 in the stationary case) [Bermudez and Vázquez, 1994]
of the numerical scheme. This method uses the divergence form of the
bed slope source, and shifts it to the cell edges [Audusse and Bristeau,
2005]. In second-order schemes, the sediment concentration is interpolated
linearly from cell center to the interface, which leads to a variation of density
inside the cell. The divergence form of the bed slope must take this density
variation into account. This is derived in [Zhao et al., 2019].

In literature, sediment transport models usually discretize the source
terms in an explicit way. In [Zhao et al., 2019], the source terms are dis-
cretized using the splitting point implicit treatment [Bussing and Murman,
1988], which is widely used to discretize the friction source term. This
method avoids instability and spurious velocity due to stiff friction source
terms for very shallow water depths. Applying it to the deposition and
erosion source terms of the sediment transport model also improves the
robustness of the model significantly [Zhao et al., 2019].

The channel in slopes in most natural rivers are very gentle, the effect
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of gravity on sediment transport is usually neglected. However, the effect
is becoming significant when the slope becomes steep. In morphodynamic
models, the slope may start flat and become steep during the simulation,
causing numerical difficulties. Nakagawa et al. [Nakagawa et al., 1986]
establish an equation to determine the pickup rate of sediment particles on
a steep side slope. Damgaard et al. [Damgaard et al., 1997] and Smart and
Jäggi [Smart, 1984b] describe the slope effect on the critical shear stresses.
The slope equations from Damgaard et al. [Damgaard et al., 1997] and
Smart and Jäggi [Smart, 1984b] are compared in [Zhao et al., 2019] for a
dyke overtopping erosion case. It is shown that the slope effect equation
from Smart and Jäggi [Smart, 1984b] provides better results.

The slope effect considers situations, where the bed slope angle exceeds
a critical angle and the bed particles lose their equilibrium. In this case, the
particles will strive to regain a state of equilibrium. The slope will collapse
such that the new bed slope angle is less or equals the critical angle. This is
also called a slope failure. The critical angle depends on the type of the bed
material and whether it is wet or dry. Slope failure happens, e.g. when a dry
slope submerges in water, and it stops when the new slope approximately
equals the critical slope for the wet material. Volz et al. [Volz et al.,
2012] propose a scheme for the slope failure treatment with a dual mesh
approach. Here, slopes are calculated at cell vertices. Swartenbroekx et
al. [Swartenbroekx et al., 2010] propose a mass balance approach, where
the slope is calculated in each cell. In both of these two approaches, once
the bed elevation of the cell or vertex is updated, it is necessary to check
its neighborhood to ensure that the modification does not cause another
slope to exceed the critical slope. The calculation will not stop until all bed
slopes in all cells do not exceed the critical slope any more. This increases
the computational cost. In addition, it is difficult to obtain the wet and
dry interfaces in the dual mesh approach. It is noted that the slope failure
is a physical process. However, all previous methods treat the slope failure
as a single step process, which will somehow influence the sediment and
flow properties in the entire domain instantly. Hence, they assume that the
time step size is larger than the relaxation time of the slope failure process.
But the time step size in an explicit shallow water model is relatively small,
thus the relaxation time of the slope failure process may not be reached.
Hence, the assumption that this process influences the entire domain in a
single time step may not hold. Taking this reasoning into account, a new
slope failure treatment is proposed in [Zhao et al., 2018b], which is based
on a mass balance approach.
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1.5 Document structure

This document is structured in seven chapters, an introduction, four peer-
reviewed journal articles (two published, one submitted, one revised and re-
submitted), one supplementary peer-reviewed conference contribution, fur-
ther related work ,conclusions and outlook.

• Chapter 1 gives a short introduction to the topic of robust shallow
water models with sediment transport.

• Chapter 2 introduces two improved multislope MUSCL reconstruction
on unstructured grid for shallow water equations.

• Chapter 3 proposes an improved vector manipulation multislope MUSCL
scheme for solving shallow water equations on unstructured grids.

• Chapter 4 integrates the sediment transport into the robust shallow
water modeling, and compares two types of sediment transport mod-
els.

• Chapter 5 adds improved flux and source term treatment into the
sediment transport model for the purpose of a more physically based
and stable sediment transport model.

• Chapter 6 discusses the slope effect and proposes a novel slope failure
treatment to improve accuracy and efficiency.

• Chapter 7 presents supplementary work related to this research.

• Chapter 8 draws conclusions, points out open research questions and
gives an outlook.



Chapter 2

Improved multislope MUSCL
reconstruction on unstructured
grids for shallow water
equations

This is the accepted version of an article that has been published as:
[Zhao et al., 2018a] Zhao, J., Özgen, I., Liang, D. and Hinkelmann, R.

(2018) Improved multislope MUSCL reconstruction on unstructured grids
for shallow water equations. International Journal for Numerical Methods
in Fluids 87(8), pp. 401–436.
doi: https://doi.org/10.1002/fld.4499

2.1 Abstract

In shallow water flow and transport modeling, the monotone upstream-
centered scheme for conservation laws (MUSCL) is widely used to extend
the original Godunov scheme to second-order accuracy. The most impor-
tant step in MUSCL-type schemes is the MUSCL reconstruction, which
extrapolates the values of independent variables from the cell center to the
edge. The monotonicity of the scheme is preserved with the help of slope
limiters that prevent the occurrence of new extrema during the reconstruc-
tion. On structured grids, the calculation of the slope is straightforward
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and usually based on a two-point stencil that uses the cell centers of the
neighbor cell and the so-called far-neighbor cell of the edge under consid-
eration. On unstructured grids, the correct choice for the upwind slope
becomes non-trivial. In this work, two novel TVD schemes are developed
based on different techniques for calculating the upwind slope and down-
wind slope. An additional treatment that stabilizes the scheme is discussed.
The proposed techniques are compared to two existing MUSCL reconstruc-
tion techniques and a detailed discussion of the results is given. It is shown
that the proposed MUSCL reconstruction schemes obtain more accurate
results with less numerical diffusion and higher efficiency.

2.2 Introduction

The monotone upstream-centered scheme for conservation laws (MUSCL)
[van Leer, 1979] is a well-known approach to achieve higher order accuracy
by data reconstruction. An overview of MUSCL-type high-order methods
can be found in, e.g. [Toro, 2009, Ch. 13.4, pp. 426–440]. MUSCL-type
schemes are essentially an extension of the original Godunov scheme [Go-
dunov, 1959]: (1) define the Riemann problems at cell interfaces using cell
averages, (2) solve the Riemann problems to get the numerical flux, (3) up-
date the cell averages by summing up flux and source terms [Guinot, 2003].
In contrast, MUSCL-type schemes replace cell averages by piecewise linear
functions. Thus, step 1 of the Godunov scheme is replaced by: (1) extrap-
olate the cell averages (linearly) to cell interfaces in defining the Riemann
problems (MUSCL reconstruction step). In order to avoid spurious oscil-
lations, the slope of the extrapolation is limited by so-called slope limiter
functions [Harten, 1983]. Many slope limiter functions have been derived
in the literature and an overview can be found in [Hou et al., 2012] and in
classical textbooks such as [Toro, 2009, LeVeque, 2002b].

For high-order schemes to produce physical results, they have to be
monotone, otherwise spurious oscillations may occur. Monotonicity of a
numerical scheme can be deduced from a property called total variation
that is defined as the summation of differences between every two neigh-
boring states over the whole domain at a fixed time. If the total variation
does not increase in time, the scheme is said to be total variation dimin-
ishing (TVD) and the monotonicity of the scheme is ensured [Toro, 2009].
Slope limiters limit the slope of the MUSCL reconstruction such that it
is ensured that no new extrema are created at the cell interfaces. As will
be discussed in the following, the limiter function depends on the slope of
the upwind and downwind direction of the cell centers. The calculation of
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these slopes has significant influence on the accuracy of the scheme. Early
TVD schemes were derived on structured grids and when applied directly
to unstructured meshes give unsatisfactory results. The reason is that on
structured grids, the slope calculation on the left and right side is very
straight-forward as the direct neighbor cell and the so-called far-neighbor
cell (the neighbor of the direct neighbor cell) can be used directly. In ad-
dition, the ratio of these slopes is a good indicator for stability because all
points that contribute to the ratio are equidistant. In contrast, on unstruc-
tured meshes, the calculation of the points that contribute to the calculation
of the slopes is not straight-forward. Hence, the calculation of the slopes
itself poses a challenge. TVD MUSCL reconstruction techniques for un-
structured meshes can be divided into monoslope and multislope methods
[Buffard and Clain, 2010a]. The monoslope method that is initially pre-
sented in [Venkatakrishnan, 1995] calculates a single vector of slope for the
entire cell based on the three direct neighbors of the cell. In contrast, the
multislope method calculates a slope for each edge based on a three-point
stencil. The challenge of applying the multislope method to unstructured
grids is that the determination of the points of the stencil is non-trivial. In
literature, several multislope methods for unstructured grids can be found.
For example, [Darwish and Moukalled, 2003] calculates a local slope based
on a two-point stencil without considering the far-neighbor cell. In [Li and
Liao, 2008], a three-point stencil is used but instead of the far-neighbor cell,
a “virtual” node is included. Motivated by these approaches, in [Hou et al.,
2012] a multislope method that calculates individual weights for slopes de-
pending on the distance of the cell centers to the cell interface is derived.
In [Hou et al., 2013c] slopes are calculated based on points that are located
on a line normal to the cell interface. Based on the multislope method by
Buffard and Clain [Buffard and Clain, 2010a], Hou et al. [Hou et al., 2014]
proposed a more straightforward vector based multislope method, which
obtains the robustness and accuracy together.

In this work, two novel TVD MUSCL reconstruction techniques are
investigated based on an additional condition for the TVD scheme, and a
treatment for limiting the velocity at wet and dry interfaces is proposed for
avoiding the instability caused by MUSCL schemes. The proposed schemes
are compared with the multislope methods by [Buffard and Clain, 2010a]
and [Hou et al., 2014]. The schemes are compared in five computational test
cases: (1) Thacker’s planar rotation benchmark, (2) a steady-state oblique
jump, (3) a radial dam-break, (4) a two-dimensional Riemann problem,
and (5) a Tsunami wave around a canonical island. In these benchmarks,
the accuracy of the TVD method as well as their computational cost is
compared.
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2.3 Governing equations and numerical

model

Shallow water equations

The two-dimensional shallow water equations (SWEs) can be written in
vector form as

∂q

∂t
+
∂f

∂x
+
∂g

∂y
= s (2.1)

with vectors defined as

q =

⎡⎣hqx
qy

⎤⎦ , f =

⎡⎣ qx
uqx + gh2/2

uqy

⎤⎦ , g =

⎡⎣ qy
vqx

vqy + gh2/2

⎤⎦ , (2.2)

s =

⎡⎣ 0

−gh ∂z
∂x

− cfu
√
u2 + v2

−gh∂z
∂y

− cfv
√
u2 + v2

⎤⎦ , (2.3)

where t is time, x and y are the Cartesian coordinates, q represents the
variable vector consisting of h, qx and qy that denote water depth, unit-
width discharges in x- and y- direction, respectively. u, v are defined as
depth-averaged velocities in x- and y-direction, respectively; f and g are
the flux vectors in x- and y-direction, respectively; s is the source term that
includes bed slope and friction contributions, z is the bed elevation and cf
is the bed roughness coefficient. Here, viscous, diffusive and turbulent flux
terms are neglected.

Finite volume discretization of SWEs on unstructured
grids

The SWEs in Eq. (2.1) can be written in the integral form as∫︂
Ω

∂q

∂t
dΩ +

∫︂
Ω

(︃
∂f

∂x
+
∂g

∂y

)︃
dΩ =

∫︂
Ω

sdΩ (2.4)
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where Ω is an arbitrary control volume (CV). Applying the Green-Gauß
theorem and replacing the boundary integral with a sum over all edges, Eq.
(2.4) becomes ∫︂

Ω

∂q

∂t
dΩ +

m∑︂
k=1

F · nklk =

∫︂
Ω

sdΩ (2.5)

wherein m is the number of edges, and n = (nx, ny)
T , is the unit normal

vector pointing in the outward normal direction of the boundary edge, l is
the length of the edge, F · n is the flux vector normal to the boundary and
can be written as

F · n = (fnx + gny) =

⎡⎣ qxnx + qyny

(uqx + gh2/2)nx + vqyny

uqxnx + (vqy + gh2/2)ny

⎤⎦ . (2.6)

The value of q in cell i is updated using the two-stage explicit Runge-
Kutta scheme [Liang and Borthwick, 2009, Liang and Marche, 2009a, Hou
et al., 2013d], where the value at the next time level in cell i, qn+1

i , is
updated by

qn+1
i =

1

2
{qn

i + κ [κ (qn
i )]} (2.7)

with

κ(qn
i ) = qn

i +
∆tn

Ω

[︄∫︂
Ω

sn+1dΩ−
m∑︂
k=1

F(qn
i )k · nklk

]︄
, (2.8)

where sn+1 is friction source term and discretized in a splitting point implicit
way [Bussing and Murman, 1988], the slope source term is calculated based
on the slope flux calculation method from [Hou et al., 2013a], which is added
into flux term F(qn

i ), κ is a function to represent the updating process to a
new time level in the considered cell. ∆tn is the time step at the nth time
level. For this work, the Courant-Friedrichs-Lewy condition is used here for
maintaining the stability,

∆t = CFLmin

(︄
R1√︁

u21 + v21 +
√
gh1

, ...,
Rn√︁

u2n + v2n +
√
ghn

)︄
(2.9)

where Rn is the minimum distance from the cell center to the edge, CFL
is the Courant-Friedrichs-Lewy number. For explicit time marching algo-
rithms CFL ∈ (0, 1]. In this work, CFL = 0.5 is adopted.



CHAPTER 2. IMPROVED TVD MUSCL SCHEME 25

i-1

qi-1

qi

qi+1

i i+1

Δxi+1/2,i+1

Δxi,i+1/2

Figure 2.1: One-dimensional monotonic upstream-centered scheme for con-
servation laws reconstruction

MUSCL reconstruction

In order to obtain a second order accurate numerical scheme, Godunov’s
theorem [Godunov, 1959] can be circumvented by reconstructing the cell-
averaged values linearly using the MUSCL reconstruction [van Leer, 1979].
The MUSCL reconstruction is applied successfully for many physical prob-
lems, e.g. [Simons et al., 2014, Liang and Marche, 2009b, Liang, 2010, Hou
et al., 2013d, Toro, 2009, Buffard and Clain, 2010b, Guinot and Delenne,
2012]. The reconstruction from cell center i to the cell interface (i, i + 1),
hereinafter also denoted with the subscript i+ 1/2, is calculated as

qi+1/2 = qi +∆xi,i+1/2ψ(r)
qi+1 − qi

∆xi,i+1/2 +∆xi+1/2,i+1

(2.10)

as shown in Fig. 2.1, ∆xi,i+1/2 and ∆xi+1/2,i+1 are the distances from the
cell center i to the edge and the cell center i + 1 to the edge, respectively,
ψ is the limiting coefficient of slope, and r is the slope ratio, which will
be discussed in the following section. The MUSCL reconstruction gives
values at the left and right cell interface that can be used to construct a
Riemann problem. The solution of the Riemann problem then yields the
numerical flux in Eq. (2.6) [Toro, 2009]. In this work, a Harten, Lax,
and van Leer Riemann solver with the contact wave restored (HLLC) [Toro
et al., 1994] is used. The positivity preserving hydrostatic reconstruction
by [Audusse et al., 2004] is used to maintain non-negative water depth and
correct reconstruction of the Riemann states, and the C-property preserving
divergence form of the bed slope source term proposed by Hou et al. [Hou
et al., 2013a] is used; the source term treatment does not influence the
well-balanced property of any of the MUSCL schemes.
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2.4 Multislope MUSCL reconstruction

methods

In multislope MUSCL reconstruction methods, the slope for the MUSCL
reconstruction in Eq. (2.10) is calculated at each edge individually.

In the original multislope scheme (derived in [Roe, 1985] for uniform
grids), the edge value is calculated with a diffusive first order upwind value
and an anti-diffusive term as

qCD = qC +
1

2
ψ(r)(qD − qC). (2.11)

Here, r is the ratio of consecutive slopes [Venkatakrishnan and Barth, 1989],
that can be calculated with a three-point-stencil that consists of two ad-
jacent cells C and D, and the far-neighbor cell U located in the upstream
direction. The ratio r becomes:

r =
▽qup
▽qdown

(2.12)

It is noted that due to the uniform grid assumption, the ratio
∆xi,i+1/2

∆xi,i+1/2+∆xi+1/2,i+1
in Eq. (2.10) is simplified to 1

2
in Eq. (2.11).

In literature, two-dimensional (2D) MUSCL schemes on unstructured
grids are mainly separated into one-dimensional (1D) gradient methods,
e.g. [Li and Liao, 2008], [Darwish and Moukalled, 2003], [Hou et al., 2012],
[Hou et al., 2013c], 2D nodal evaluating methods, e.g.[Hou et al., 2015c],
[Park et al., 2010], and vector manipulation methods, e.g. [Hou et al., 2014],
[Buffard and Clain, 2010a]. In this paper, 2D nodal evaluating methods
and vector manipulation methods are compared with regard to efficiency,
accuracy and ease of implementation.

2D nodal evaluation methods

A straight-forward approach to calculate the MUSCL slope on unstructured
grids is to directly apply the classical TVD methods derived for 1D struc-
tured grids. Then, the upstream node U of the stencil can be calculated by
extrapolating along a certain distance in the upstream direction. Darwish
and Moukalled [Darwish and Moukalled, 2003] note that the difficulty of
implementing MUSCL reconstructions on unstructured grids is determin-
ing U . Based on prior work by Bruner and Walters [Bruner and Walters,
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Figure 2.2: Three-point-stencil for Darwish and Moukalled [Darwish and
Moukalled, 2003] (U is not taken into account), Li and Liao [Li and Liao,
2008] and Hou et al. [Hou et al., 2012] (left); three-point stencil for Hou et
al. [Hou et al., 2013c] (right)

1997], Darwish and Moukalled [Darwish and Moukalled, 2003] proposed a
MUSCL reconstruction method (Darwish’s scheme) where r is defined as

r =
2(▽q)C ·

−→
d C,D

qD − qC
− 1. (2.13)

Here,
−→
d C,D is the distance vector from cell center of C to cell center of D.

(▽q)C is the cell value gradient of cell C. In contrast to the calculation of
r on uniform grids given in Eq. (2.12), Darwish and Moukalled [Darwish
and Moukalled, 2003] account for non-uniform distance between the cell
centers. Instead of determining an additional point U , the value at node U
is interpolated based on the gradient of cell C, as shown in Fig. 2.2 (left).
This is in fact a very local calculation of r. If the gradient in cell C does
not represent the overall behavior of the variable, the calculated r differs
significantly from a three-point-stencil. Li and Liao [Li and Liao, 2008]
define the stencil for calculating r using the cell centers of two adjacent
cells C and D, and construct a virtual node U which is located in the
upstream direction on the line connecting C and D, such that all nodes
are equidistant, cf. Fig. 2.2 (left). Ur is the cell center where node U is
located in. The value at U is interpolated based on the gradient of the cell
containing U ((▽q)Ur):

qU = qUr +
−→
d Ur,U · (▽q)Ur (2.14)
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and Eq. (2.12) becomes:

r =
qC − (qUr +

−−→rUr,U · (▽q)Ur)

qD − qC
(2.15)

The method by Li and Liao [Li and Liao, 2008] contains more upstream
information and is not as local as Darwish’s scheme.

All of these TVD schemes neglect the interface position and the distance
of the cell centers to the interface. Hou et al. [Hou et al., 2012] propose
a reconstruction (Hou’s 1st scheme) that includes the interface position in
the interpolation. It can be written as

qCD = qC +
dCf

dCf + dDf

ψ(rf )(qD − qC), (2.16)

r =
(qD − qC)/dCD

(qC − qU)/dUC

. (2.17)

Here, f denotes the interface, dUC , dCD, dCf , dDf are the distances from
node U to C, C to D, C to interface and D to interface, respectively, cf.
Fig. 2.2 (left).

Hou et al. [Hou et al., 2013c] note that in most reconstruction tech-
niques, the value at node U is interpolated from the cell center using the
gradient of the variable in the cell. Thus, the cell gradient has to be calcu-
lated firstly. It is then argued that in advection dominated flows, the flux
can be splitted in a component normal to the interface and a component
tangential to the interface. The tangential component is transported by the
normal component as a passive scalar. Therefore, instead of connecting the
cell centers of the adjacent cell and locate the upstream node U on this line,
Hou et al. [Hou et al., 2013c] suggest to draw a line that goes normal to the
interface, through the center of the interface and locate all three nodes of
the stencil on this line, cf. Fig. 2.2 (right). C, D and U are projections of
the cell centers Cr, Dr and Ur, respectively. Ur is determined as the nearest
cell center around the vertex P1 of cell C to the line. The values at the
points C, D and U are not interpolated but shifted directly from the cell
centers, i.e. the value at node U is equal to the value at node Ur. Then,
Eqs. (2.16) and (2.17) are used to reconstruct the values at interface.

Vector manipulation methods

Buffard and Clain [Buffard and Clain, 2010a] developed an approach to
construct the upwind and downwind slope of edges in the considered cells by
manipulating the geometric directional unit vector. Based on this approach,
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Figure 2.3: Vector notations at the considered and the neighboring cells

Hou et al. [Hou et al., 2014] developed a more straightforward scheme for
the calculation of the upwind and downwind slopes. As shown in Fig. 2.3,
dimensional unit vectors are calculated as

−→rk =

−−→
iMk

|
−−→
iMk|

(2.18)

−→
tk =

−→
ijk

|−→ijk|
. (2.19)

M is the center of the edge, −→rk and
−→
tk are the unit directional vectors from

considered cell center to the edge center and neighbor cell center respec-
tively. It also can easily be shown that the opposite direction of −→rk will
pass by the node coordinate which belongs to the considered cell but not
the vertex of the edge.

The slope along
−→
tk can be calculated as

▽qij =
qjk − qi
|ijk|

. (2.20)
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By following the approach of Buffard and Clain [Buffard and Clain,
2010a], the slopes along the line connecting the cell center with the edge
center in the upwind and downwind direction can be thought as the slopes
from the far node Nm, with m = 1, 2, 3, to the cell center i and from the cell
center i to the considered edge center M , respectively, i.e the slopes along
−−→rk and −→rk in Fig. 2.3, respectively.

In the scheme by Hou et al. [Hou et al., 2014], the vectors −→rk and −−→rk
are obtained by solving a set of linear equations, that can be obtained by
geometric considerations as

−→r1 = α1
−→
t1 + α2

−→
t3 (2.21)

−−→r1 = β1
−→
t2 + β2

−→
t3 . (2.22)

Here, α1,2 and β1,2 are coefficients for linear construction and can be cal-

culated from Eqs. 2.21 and 2.22. The slopes along
−→
tk are obtained by Eq.

2.20. The gradients along
−→
tk and −→rk are independent from each other and

(grad · −→t )i,j = ▽qi,j, so that slopes at the upwind and downwind direction
can be calculated as

▽qiM = α1 ▽ qi,j1 + α2 ▽ qi,j2 (2.23)

▽qN1,i = −(β1 ▽ qi,j2 + β2 ▽ qi,j3). (2.24)

Values at the cell edge are defined as qiM and qoM , where the superscripts
i and o denote that the variable is defined at the inside or at the outside of
the cell under consideration, respectively. It is noted, that the variables at
the outside of the cell under consideration equal the inside variables of the
neighbor cell. qiM can be calculated as

qiM = qi + |iMk|ψ(▽qiMk
,▽qNji) (2.25)

where k is the local index of the edge, and j is the local index of the
node along the opposite direction of the considered edge. ψ is the limiter
function as defined in the previous section, with the difference being that
the parameters here are using the upwind and downwind slopes instead of
the slope ratio r.

Methods of improving the TVD property

One aspect that to the authors’ knowledge is not discussed in the litera-
ture is a special case of MUSCL reconstruction that violates monotonicity
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Figure 2.4: Monotonicity violating reconstruction

without creating new extrema. Consider the case illustrated in Fig. 2.4.
If r(C,D) > 1.0 and r(D,C) > 1.0, where r(C,D) is the slope ratio on the left
side of the edge and r(D,C) is the slope ratio on the right side of the edge,
the reconstructed values give qeL > qeR even though qC < qD. The clas-
sical TVD limiter does not prevent this case because no new extremum is
created. However, the numerical flux based on qeL and qeR in this case
is physically not feasible. In this work, it is ensured that the following
condition is satisfied, so that the case discussed above is always prevented:

(qi+1 − qi)(qi+1,i − qi,i+1) ≥ 0.0 (2.26)

This condition preserves the monotonicity for both cells and edges. The
derivation of Eq. (2.26) is briefly presented in the following.

The TVD condition for the one-dimensional case is given in [Harten,
1983] as:

qn+1
i = qni + C+,(i,i+1)∆q

n
i,i+1 − C−,(i−1,i)∆q

n
i−1,i (2.27)

Here, C is a variable-dependent coefficient, subscript ‘+’ and ‘−’ mean
the flux flow into and out of cell i respectively, ∆qni,i+1 = qni+1 − qni . The
sufficient TVD conditions are expressed in a series of inequalities:

C+,(i,i+1) ≥ 0, C−,(i,i+1) ≥ 0, C+,(i,i+1) + C−,(i,i+1) ≤ 1 (2.28)
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A TVD scheme needs to satisfy the conditions given in Eqs. (2.27 and
2.28). For one dimensional grids, the variable at time step n+ 1 in the cell
i can be written as

qn+1
i = qni + C+,(i,i+1)(qi+1 − qi)− C−,(i−1,i)(qi − qi−1), (2.29)

and the reconstructed variables read

qi+1,i = qi+1 +Υ(i+1,i)(qi − qi+1) (2.30)

qi,i+1 = qi +Υ(i,i+1)(qi+1 − qi) (2.31)

qi,i−1 = qi +Υ(i,i−1)(qi−1 − qi) (2.32)

qi−1,i = qi−1 +Υ(i−1,i)(qi − qi−1). (2.33)

Υ can be seen as the distance multiplied with the slope limiter. Then, it is
easy to get

qi+1 − qi =
qi+1,i − qi,i+1

1.0−Υ(i+1,i) −Υ(i,i+1)

(2.34)

qi − qi−1 =
qi,i−1 − qi−1,i

1.0−Υ(i,i−1) −Υ(i−1,i)

(2.35)

so that the Eq. (2.29) can be rewritten as:

qn+1
i = qni +

C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1,i − qni,i+1)

−
C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

(qni,i−1 − qni−1,i), (2.36)
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∆qn+1
i,i+1 = qn+1

i+1 − qn+1
i

= qni+1 +
C+,(i+1,i+2)

1.0−Υ(i+2,i+1) −Υ(i+1,i+2)

(qni+2,i+1 − qni+1,i+2)

−
C−,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1,i − qni,i+1)

− (qni +
C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1,i − qni,i+1)

−
C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

(qni,i−1 − qni−1,i))

=
qni+1,i − qni,i+1

1.0−Υ(i+1,i) −Υ(i,i+1)

+
C+,(i+1,i+2)

1.0−Υ(i+2,i+1) −Υ(i+1,i+2)

(qni+2,i+1 − qni+1,i+2)

−
C−,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1,i − qni,i+1)

− (
C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1,i − qni,i+1)

−
C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

(qni,i−1 − qni−1,i))

=
1.0− C−,(i,i+1) − C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

(qni+1 − qni,i+1)

+
C+,(i+1,i+2)

1.0−Υ(i+2,i+1) −Υ(i+1,i+2)

(qni+2,i+1 − qni+1,i+2)

+
C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

(qni,i−1 − qni−1,i). (2.37)

For TVD schemes, it is not difficult to get 1.0− C−,(i,i+1) − C+,(i,i+1) ≥
0, C+,(i+1,i+2) ≥ 0, C−,(i−1,i) ≥ 0. If Eq. (2.37) satisfies the TVD property,
the coefficients should be non-negative, which gives that 1.0 − Υ(i,i−1) −
Υ(i−1,i), 1.0 − Υ(i+1,i) − Υ(i,i+1), 1.0 − Υ(i+2,i+1) − Υ(i+1,i+2) should all be
positive values and thus
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|∆qn+1
i,i+1| ≤

1.0− C−,(i,i+1) − C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

|qni+1 − qni,i+1|

+
C+,(i+1,i+2)

1.0−Υ(i+2,i+1) −Υ(i+1,i+2)

|qni+2,i+1 − qni+1,i+2|

+
C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

|qni,i−1 − qni−1,i|. (2.38)

Summing up Eq. (2.38) for −∞ < i <∞ the total variation at time n+ 1
gives

TV (qn+1) =
i=∞∑︂
i=−∞

|∆qn+1
i,i+1|

≤
i=∞∑︂
i=−∞

1.0− C−,(i,i+1) − C+,(i,i+1)

1.0−Υ(i+1,i) −Υ(i,i+1)

|qni+1 − qni,i+1|

+
i=∞∑︂
i=−∞

C+,(i+1,i+2)

1.0−Υ(i+2,i+1) −Υ(i+1,i+2)

|qni+2,i+1 − qni+1,i+2|

+
i=∞∑︂
i=−∞

C−,(i−1,i)

1.0−Υ(i,i−1) −Υ(i−1,i)

|qni,i−1 − qni−1,i|

=
i=∞∑︂
i=−∞

|∆qni,i+1| = TV (qn). (2.39)

It is noted that Υ depends on the slope limiter Ψ and the position
information ∆xi,i+1/2/(∆xi,i+1/2 + ∆xi+1/2,i+1), so Eqs. (2.30) - (2.36) are
also valid for unstructured grids. If 1.0−Υ(i+1,i)−Υ(i,i+1) and 1.0−Υ(i,i−1)−
Υ(i−1,i) are zero, which means the reconstructed values along the edge for
both neighbors are the same, the absolute value for the value difference is
zero and does not influence the TVD property of this scheme, as

1.0−Υ(i+1,i) −Υ(i,i+1) ≥ 0, (2.40)

if qi+1 ≥ qi, Eq. (2.40) can be rewritten as

qi + γi,i+1(qi+1 − qi)− (qi+1 + γi+1,i(qi − qi+1)) ≤ 0.0, (2.41)

it can be obtained that if qi ≤ qi+1 then qi,i+1 ≤ qi+1,i, and vice versa, it
will be very easy to get the relationship for the variables along the edges,

(qi+1 − qi)(qi+1,i − qi,i+1) ≥ 0.0 (2.42)
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which is the condition given by Eq. (2.26).
If the TVD condition is satisfied for the reconstruction method, the

scheme should fullfill the relationship given in Eq. (2.28), but if the upwind
and downwind neighbor cells are defined as i− 2 and i+2 respectively, Eq.
(2.28) becomes

qn+1
i = qni + C+,(i,i+2)∆q

n
i,i+1 − C−,(i−2,i)∆q

n
i−1,i. (2.43)

The value difference between cell i and i + 1 on the new time step n + 1
can be stated as,

∆qn+1
i,i+1 = (1− C+,(i,i+2) − C−,(i,i+2))∆q

n
i,i+1

+ C+,(i+1,i+3)∆q
n
i+1,i+2 + C−,i−2,i∆q

n
i−1,i. (2.44)

If all the coefficients satisfy the inequalities

C+,(i,i+2) ≥ 0, C−,(i,i+2) ≥ 0, C+,(i,i+2) + C−,(i,i+2) ≤ 1, (2.45)

the total variation can be summed up for the −∞ < i < +∞ and the
following expression is obtained:

TV (qn+1) =
i=∞∑︂
i=−∞

|∆qn+1
i,i+1| ≤

i=∞∑︂
i=−∞

(1.0− C−,(i,i+2) − C+,(i,i+2))|∆qni.i+1|

+
i=∞∑︂
i=−∞

C+,(i+1,i+3)|∆qni+1,i+2|

+
i=∞∑︂
i=−∞

(C−,(i−2,i))|∆qni−1,i| (2.46)

Changing the indices of the last two terms to i+2 and i−2, respectively,
it is seen that the resulting equation is not TVD anymore:

TV (qn+1) =
i=∞∑︂
i=−∞

|∆qn+1
i,i+1| ≤

i=∞∑︂
i=−∞

(1.0− C−,(i,i+2) + C−,(i−1,i+1))|∆qni.i+1|

̸= TV (qn). (2.47)

It can be concluded that the coefficients which get the influence from
the i − 2 and i + 2 will not lead to a TVD scheme. As shown in Fig. 2.5,
the situation can be thought about as a dam break problem. From the
time level t to t + 1, if i ± 2 are chosen to be the upwind and downwind
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Figure 2.5: Illustration of interpolation error in 2D node evaluation meth-
ods

cells, the slope for the water depth (left) is calculated properly, but the
slope for the discharge (right), i + 2 will yield a wrong interpolation if the
cell i is used as the upwind cell instead of i + 1. Considering the previous
2D node evaluation methods, only Darwish’s scheme satisfies the condition
presented in this section. In contrast, the other 2D node evaluation schemes
using a certain distance or preferential direction may set i ± (n ̸= 1) as
the upwind cell, thus leading to a non-stable scheme. However, Darwish’s
scheme consists of a very localized stencil and therefore has a lower order
of accuracy.

In [Park et al., 2010, Hou et al., 2015c], the stability condition of 2D
shallow water equations is extended to an interval from the minimum and
maximum value of the cell centered values at both sides of the considered
edge and the values of the two vertices of that edge, so that it will allow
that the interpolated values of the edge can be the values larger or lesser
than the values at the cell centers of both adjacent cells.

The TVD condition for the vector manipulation method is obtained by
verifying that the scheme satisfies Eq. (2.26). As an illustrative exam-
ple, a Scottish mesh is chosen to calculate the stencil of the reconstruction
method, as shown in Fig. 2.6. α1, α2 and β1, β2 are calculated to be
1.34164, 0.632456 and 1.26491, 1.34164. Because the vectors −→r1 and −−→r1
are located between the vectors, they will be used for constructing the lin-
ear system later, it can be shown that all of the values are non-negative
numbers, so that the slope for the upwind and downwind is depending on−→
tj . Let hD = 1.1m, hE = 0.2m, then the reconstruction of hD,M = 1.1m
remains first order, but for qC,M , the slopes for the upwind and downwind in
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Figure 2.6: Stencils for vector manipulation method

cell C can be calculated as ▽qN,C = 0.7589, ▽qC,M = 0.7589, which means
there will be a positive value calculated by the limiter function and mul-
tiplied with the distance, which may create a local extremum value larger
than qD,M . If hD = 1.0, the overestimated interpolation also will happen
and will lead to the unphysical flux.

2.5 Improved multislope MUSCL

reconstruction methods

For multislope methods on unstructured grids, the three-point-stencil can
be considered as a one-dimensional interpolation stencil problem in the
local coordinate system of the edge, whereby the main challenge becomes
the definition of the upstream node. In this work, it is suggested to use the
upwind values interpolated or extrapolated by the surrounding neighbor
cell center values. The details are given in the following.

In the following, it is assumed that all the multislope MUSCL methods
require that the cell center of the considered cell is located inside the triangle
constructed by the cell centers of the surrounding neighbors, cf. Fig. 2.7.
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Figure 2.7: Configuration that satisfies (left) and does not satisfy (right)
the assumption

Improved 2D node evaluation method

Motivated by the reconstruction method proposed in [Hou et al., 2013c],
which is based on the fact that in advection-dominated problems the flux
at the interface mainly depends on the variables transport normal to this
interface, the following TVD reconstruction is suggested:

1. Draw a line perpendicular to the considered edge, which passes through
the center of the edge

2. Find the intersection node U of the normal line and the line connecting
the neighboring cell centers which are the outside neighbors of the
edges in the considered cell except the considered edge. cf. Fig. 2.8a.

3. Interpolate (if U is located between E and F ) or extrapolate (if U is
not located between E and F ).

4. Reconstruct the values.

The main novelty of this method is the choice of the upstream node U . The
upwind cell of the considered cell for the considered edge is chosen from the
neighboring cells of the considered cell. As illustrated in Fig. 2.8a, these are
cells E and F , thus, both of these two cells can be thought as the upwind
cell, but both of these two cell centers are far from the normal line of the
considered edge. Thus, the value of the upstream node is calculated by
interpolating or extrapolating the values at the center of E and the center
of F . There are two ways to draw a line to determine the position of the
upstream node U : (1) the line is drawn through the edge center M in the
normal direction of the edge (cf. Fig. 2.8a), so called UEM; or (2) the line is
drawn through the cell center of C and the cell center of D (cf. Fig. 2.8b),
so called UEQ. Note that in the latter case values are not reconstructed at
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Figure 2.8: Stencils for (A) 2D nodal evaluation method along edge normal
direction (UEM); (B) 2D nodal evaluation method along the cell centerline
(UEQ)

the edge center M , but at the intersection point Q (cf. Fig. 2.8b). U is
determined by intersecting this constructed line and a line drawn through
the cell centers of E and F . It is noted that for UEM, the distance from

cell center C to the projection point Cr (|
−−→
CCr|) and the distance from cell

center D to the projection point Dr (|
−−→
DDr|) may be large in comparison to

the distances |
−−−→
CrDr| and |

−−→
CrU |, leading to numerical diffusion and increased

mesh-dependency.

Improved vector manipulation method

In section 2.4, the discussion of occurring local extrema is based on Hou’s
vector manipulation method [Hou et al., 2014]. The MUSCL reconstruction
interpolates the cell centered values to the edge along the gradient of the
edge direction, or, in other words, along the outside neighbor cells. Special
attention has to be given to the downwind slope calculation in order to pre-
serve the TVD property. In this study, it is suggested to use the geometric
vector relationship to calculate the downwind slope by connecting both cells
across the considered edge, and construct the vector from the outside cell
center to this edge center, as shown in Fig. 2.9a. Then

−−→
CM =

−−→
CD +

−−→
DM (2.48)
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so that,

−−→rCM =
|
−−→
CD|
|
−−→
CM |

−−→rCD +
|
−−→
DM |
|
−−→
CM |

−−→rDM (2.49)

▽qCM =
|
−−→
CD|
|
−−→
CM |

▽ qCD +
|
−−→
DM |
|
−−→
CM |

▽ qDM . (2.50)

The additional computational effort is very small compared to the scheme
of Hou et. al [Hou et al., 2014], but the slope for calculating the downwind is
solely depending on the variables of the downwind direction (outside cell).
Recalculating the water depth in section 2.4, if hD = 1.0, the downwind
slope is calculated as ▽qCM < 0.0, and hence qCM will be reconstructed
first order accurate. If hD = 1.1, the downwind slope is calculated by Eq.
2.49, giving ▽qCM = −0.8064. Then, qCM will also be reconstructed first
order accurate. When we observe the meshes, it can be seen that the line
CM will pass through the center of cells D and E, and the cell E shows
a decreased slope from cell C and D. Therefore, it is meaningful to use a
first order for reconstruction of the values at the considered edge.

In comparison, consider the method by Buffard and Clain [Buffard and
Clain, 2010a], where the slope is calculated along the line connecting the
center of the considered cell with the center of the neighbor cell, cf. Fig.
2.9b. While this method is able to accurately calculate downwind slopes,
the extrapolated values at the considered edge are calculated not in the
center of this edge M , but rather at the intersection point Q and therefore
may not represent the averaged values at the considered edge. Hereinafter,
the improved vector manipulation method is referred to as VEM, and the
method by Buffard and Clain is referred to as VEQ.

Comparison of the multislope MUSCL reconstruction
procedures in a cell

The procedures of MUSCL reconstruction methods used in this work are
summarized and compared in Tab. 2.1. In this work, a modified Van Leer’s
limiter function from [Hou et al., 2012] is adopted for 2D nodal evaluation
methods:

Ψ(r) =
0.5Rr + 0.5R|r|

R− 1 + r
(2.51)
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Table 2.1: Procedures of multislope MUSCL reconstructions

Steps 2D nodal evaluation Q method
(UEQ). Choose Fig. 2.8b as
legend

Vector manipulation extrapo-
late Q method (VEQ) Choose
Fig. 2.9b as legend

1 Calculate the coordinate of in-
tersection point U of line CD
and the neighbor cell centers
connecting line EF

Compute −→rk and −→
k

2 Interpolate value U from values
at center E and F

Solve Eq. (2.22) get the coeffi-
cient β1 and β2.

3 Extrapolate the edge value by
following Eqs. (2.16, 2.17)

Calculate ▽qC,(D,F,H) from Eq.
(2.20)

4 - Extrapolate ▽qN3C from Eq.
(2.23)

5 - Extrapolate the edge value by
following Eq. (2.25)

Steps Vector manipulation extrapo-
lateM method (VEM). Choose
Fig. 2.9a as legend.

Old vector manipulation ex-
trapolate M method (HOU).
Choose Fig. 2.9a as legend.

1 Compute −→rk and
−→
tk Compute −→rk and

−→
tk

2 Solve Eqs. (2.21 & 2.22 ) to get
the coefficient α1 , α2, β1 and
β2.

Solve Eq. (2.21 & 2.22) to get
the coefficient α1 , α2, β1 and
β2.

3 Calculate ▽qC,(D,F,H) and
▽qD,(C,E,G) from Eq. (2.20)

Calculate ▽qC,(D,F,H) and
▽qD,(C,E,G) from Eq. (2.20)

4 Evaluate ▽qCM and ▽qN3C

from Eq. (2.23)
Evaluate ▽qCM and ▽qN3C

from Eq. (2.23)
5 Update ▽qCM with Eq. (2.50) Extrapolate the edge value by

following Eq. (2.25)
6 Extrapolate the edge value by

following Eq. (2.25)
-
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(a) VEM (b) VEQ

Figure 2.9: Stencils for (A) improved vector manipulation method (VEM);
(B) Buffard and Clain’s vector manipulation method (VEQ)

Here, R = (dCf + dDf )/dCf ; and a limiter function from [Delis and Nikolos,
2013] is adopted here for vector manipulation methods:

Ψ(a, b) =

{︃
(a2+e)b+(b2+e)a

a2+b2+2e
if ab > 0

0 if ab ≤ 0
(2.52)

Boundary treatment

In this work, the boundary conditions are treated by following the descrip-
tion in [Hou et al., 2013d], in order to maintain the high order inside the
computational domain, a ghost cell technique is applied here. We will indi-
vidually discuss the different MUSCL methods presented in Table 2.1 based
on the legend of Fig. 2.10.

• UEQ: The ghost cells are used here for storing the values of the bound-
ary information. In order to make sure that all internal cells have
neighboring cells out of the local internal edge, the geometric informa-
tion is stored by mirroring the internal neighboring cell. After storing
the geometric information in the ghost cells, a two step boundary in-
terpolation will be carried out to preserve the high order of accuracy
for the whole computational domain.
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Figure 2.10: Ghost cell techniques used for the MUSCL reconstructions

– The internal neighboring cells ACD, BDE will use cell centered
values for calculating the ghost cells values by using the boundary
conditions from [Hou et al., 2013d].

– The interpolation of edge values at edge CD and DE will be
calculated based on the UEQ method, and the ghost cells’ value
will be chosen as the downwind cell value. After that, a new
loop calculation for boundary edge values at DC and ED will
be updated by the boundary conditions [Hou et al., 2013d]. The
ghost cells’ values will remain the same as the boundary edges,
and thus all internal cells and edges have neighboring cells for
the high order reconstruction.

• VEM, VEQ and HOU: With the ghost cell technique, the slope from
the center of ghost cell to the edge center will be thought as 0.0.

– Compute the ghost cell values using the same method as UEQ.
The downwind slope of the internal cell will be thought as the
value difference between ghost cell and the internal cell divided
by the distance from the internal cell center to the edge center
and edge perpendicular point for the VEM (same as HOU) and
VEQ, respectively.

A novel approach for restraining the recnstruction
instability

The instability of MUSCL reconstructions is mainly caused by overesti-
mated velocities [Hou et al., 2013b], which will yield an overestimated flux
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across the cell edges. In order to avoid numerical instability, the velocities
at the edge should satisfy the monotonicity condition

max(uC , uD) ≥ uLM ≥ min(uC , uD). (2.53)

here, uC , uD and uLM means the velocities at the cell inside, outside and the
velocity at edge after interpolation.

If the case that creates local maxima in velocity is considered, if the unit
discharges have the same sign, i.e. qCqD ≥ 0, then min(|qC |, |qD|) ≤ |qLM | ≤
max(|qC |, |qD|), and Eq. 2.53 can be rewritten as

min(|uC |, |uD|) ≤ |uLM | ≤ max(|uC |, |uD|) if qCqD ≥ 0. (2.54)

This means, if the discharges have the same sign, the absolute value of
the discharge can be considered for simplification. If the slope of the abso-
lute value of the discharge and the slope of the water depth have different
signs, no local maximum will be created, and therefore

min(|uC |, |uD|) ≤ |uLM | ≤ max(|uC |, |uD|) if
d(|q|)
dx

dh

dx
≤ 0 ∧ qCqD ≥ 0.

(2.55)
It is always true for Eq. 2.55, besides this, if discharge with same signs
are considered, two distinct cases can be identified that will create local
extrema in the velocity: (1) increasing water depth, (2) decreasing water
depth.

For the increasing water depth, if the velocity is beyond the range of
the adjacent velocities, again two distinct cases have to be considered:

1. For the larger velocity interpolation: Velocities are calculated by us-
ing the discharge divided by the water depth. If the velocity is big-
ger than the adjacent velocities (absolute values), we can conclude
that the discharge is overestimated. In this case, we will use the wa-
ter depth hLM multiplied with the velocity with the larger absolute
value. This means, that the increasing estimated situation (slope)
of discharge is not changed, but adjusted by imposing a limit to the
MUSCL reconstruction of the discharge, as shown in Fig. 2.11 (a).

2. For the smaller velocity interpolation: As before, we want to limit the
MUSCL reconstruction values but do not want to change the slope
sign for the MUSCL reconstruction. In the other word, the aim of
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Figure 2.11: When qCqD ≥ 0, the local extrema for velocities created
by MUSCL reconstruction: (a) dh/dx > 0, |uLM | > max(|uC |, |uD|), the
overestimated result is controlled by limiting the qLM ; (b) dh/dx > 0, |uLM | <
min(|uC |, |uD|), the overestimated result is controlled by limiting the hLM ; (c)
dh/dx < 0, |uLM | > max(|uC |, |uD|), the overestimated result is controlled by
limiting the hLM ; (d) dh/dx < 0, |uLM | < min(|uC |, |uD|), the overestimated
result is controlled by limiting the qLM .

the additional limitation is just for limiting the relatively bigger over-
estimate, for this smaller velocity interpolation, we think about the
modification of water depth, increasing the absolute value of discharge
may give local extrema, as shown in Fig. 2.11 (b).

For the decreasing water depth, if the velocity beyond the range of the
velocities, we also give two situations for consideration.

• For the larger velocity interpolation: If the velocity is larger than
the range of velocities (absolute values), the water depth is underesti-
mated. The water depth will be calculated as the edge discharge qLM
divided by the larger velocity of the both sides, as shown in Fig. 2.11
(c).

• For the smaller velocity interpolation: If the velocity is underesti-
mated for the conditions of the water depth and the absolute discharge
is decreasing, the discharge is underestimated so that the discharge
will be calculated as the water depth multiplied with the smaller ve-
locity of the both sides, as shown in Fig. 2.11 (d).
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We can summarize as:

if qCqD ≥ 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qLM = hLMmax(|uC |, |uD|)qLM/|qLM |
if dh/dx ≥ 0, |uLM | > max(|uC |, |uD|)

hLM = qLM/min(|uC |, |uD|)qLM/|qLM |
if dh/dx ≥ 0, |uLM | < min(|uC |, |uD|)

hLM = qLM/max(|uC |, |uD|)qLM/|qLM |
if dh/dx ≤ 0, |uLM | > max(|uC |, |uD|)

qLM = hLMmin(|uC |, |uD|)qLM/|qLM |
if dh/dx ≤ 0, |uLM | < min(|uC |, |uD|)

(2.56)

Figure 2.12: When qCqD < 0 all the left hand side of (a-d) shows the
situations can not create the local extrema velocities, for the right sides:
(a) dh/dx > 0, uLM > max(uC , uD), the overestimated result is controlled
by limiting the qLM ; (b) dh/dx > 0, uLM < min(uC , uD), the overestimated
result is controlled by limiting the qLM ; (c) dh/dx < 0, uLM > max(uC , uD),
the overestimated result is controlled by limiting the hLM ; (d) dh/dx < 0,
uLM < min(uC , uD), the overestimated result is controlled by limiting the
hLM .

The case for the both sides of the considered edge with different signs for
the discharge is limited in a similar way. We analyzed the situation with the
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increasing and decreasing water depth, and as shown in Fig. 2.12 (a-d), all
kinds of situations are listed which may occur for both sides with different
signs for the discharges: the left side is the condition which will not create
an extreme velocity and the right side is the one where this situation may
happen. The limitation can be summarized as:

if qCqD < 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qLM = hLMmax(uC , uD)

if dh/dx ≥ 0, uLM > max(uC , uD)

qLM = hLMmin(uC , uD)

if dh/dx ≥ 0, uLM < min(uC , uD)

hLM = qLM/max(uC , uD)

if dh/dx ≤ 0, uLM > max(uC , uD)

hLM = qLM/min(uC , uD)

if dh/dx ≤ 0, uLM < min(uC , uD)

(2.57)

It can be observed that the water depth is modified during the lim-
itation of the velocity. In two-dimensional shallow water equations, the
unit discharge is usually splitted in x- and y-directions, which may make
the limitation process more challenging, because the unit discharge in both
directions can be limited independently. The modified water depth may
lead to a local extremum in velocity in the direction that is not being lim-
ited, e.g. if the x-direction is limited a local extremum in the velocity in
y-direction may occur. However, the treatment described in Eqs. 2.56 and
2.57 restricts the slope of the water depth while its sign is ensured to stay
the same. Thus, the method for reconstructing the discharges in x- and
y-direction will automatically select the smaller slope and therefore always
satisfies the condition in both x- and y-direction. An additional challenge
is that the variables have to be also reconstructed at the vertices of the cell,
hence the limiting process is applied to the whole cell. Consequently, the
order of accuracy of the MUSCL reconstruction decreases and if the values
of discharge at the vertices differ significantly from the values at the cell
edge, the interpolation of the discharge will be wrong. In order to control
this issue, we propose to use a threshold value ϵ+ for limiting very high ve-
locities at the wet and dry interface. We choose this value to be ϵ+ = 100ϵ,
where ϵ = 10−6 m is the threshold that determines whether a cell is wet (if
the water depth in the cell is larger than ϵ) or dry (if the water depth in the
cell is less than ϵ), cf. e.g. [Hou et al., 2013b, Simons et al., 2014, Liang,
2010].
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Figure 2.13: The three types of mesh employed to evaluate the effective ac-
curacy of the schemes: the diagonal mesh (left), the Scottish mesh (center)
and the Delaunay mesh (right)

2.6 Computational examples

We present 5 computational test cases, 2 with analytical solutions. The per-
formance of the improved MUSCL reconstructions are compared regarding
accuracy, efficiency and ease of implementation.

The first test case is the well-known Thacker’s solution benchmark,
which is chosen to demonstrate the accuracy and capability to deal with wet
and dry interfaces of the MUSCL schemes. The second test case is chosen
to verify the capability of the scheme to capture shock waves for high-speed
discontinuous flow conditions and shows a steady-state oblique jump. The
third test case shows a radial dam break and the fourth test case shows
a 2D Riemann problem, to demonstrate the accuracy of the presented re-
construction methods. Finally, in a last test case a Tsunami experiment is
replicated to demonstrate a near to real-world application.

Three types of meshes are employed in this work, the diagonal mesh,
Scottish mesh and Delaunay mesh, respectively ([Buffard and Clain, 2010a])
as shown in Fig. 2.13.

Thacker’s planar rotation benchmark

Thacker’s planar rotation benchmark is considered to be one of the most
challenging test cases for numerical codes, because it involves moving wet
and dry fronts inside a parabola. The bottom topography is defined as

zb(x, y) = −h0
[︃
1− (x− x0)

2 + (y − y0)
2

a2

]︃
(2.58)

where (x0, y0) represent the coordinates of the parabola center; h0 is the
water depth at the parabola center; a is the distance from the center point
to the zero elevation of the shoreline. The analytical solution of this test
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case is given as

ηt =
σh0
a2

[︃
2(x− x0)cos(ωt) + 2(y − y0)sin(ωt)

]︃
(2.59)

u(t) = −ωsin(ωt), v(t) = ωσcos(ωt) (2.60)

where σ is a constant value, and ω =
√
2gh0/a is the angular velocity of the

rotation. In this work, parameters are set to be the same with [Hou et al.,
2014] with h0 = 0.1 m, a = 1.0 m, σ = 0.5 and the computational domain
is set to be 4× 4 m2 with the domain center at (2 m, 2 m). All boundaries
are closed boundaries.

The characteristic length ∆x =
√︁
A/N is used to set the resolution of

the meshes, A is the area of the computational domain and N is the total
number of cells. The accuracy is expressed as the L1-error which can be

Table 2.2: Characteristic length ∆x used for mesh convergence test

Mesh level Diagonal mesh
(m)

Scottish mesh (m) Delaunay mesh
(m)

1 0.0442 0.0435 0.0439
2 0.0314 0.0313 0.0315
3 0.0224 0.0222 0.0223
4 0.0159 0.0159 0.0156

calculated as

L1 =

∑︁n
1 |qi − qi,exact|Ai∑︁n

1 Ai

. (2.61)

The upper part of Fig. 2.14 - 2.18 plot the water depth contour of FOU,
HOU, UEQ, VEQ and VEM compared to the analytical solution, respec-
tively, at t = 3.5T and 4T , T represents one period. It can be observed that
VEM reaches the best agreement. HOU also yields good agreement, which
is slightly less accurate than VEM. FOU yields the worst agreement and has
more diffusion compared to other schemes; the lower part of the Fig. 2.14
- 2.18 show the velocity field plot, where it can be observed that the FOU
gives the most drag effect of velocity, HOU shows a significantly drag tail,
which maybe because of too much information from upwind, which leads to
more diffusive behavior and VEM shows the best velocity field, where the
vectors of the velocity almost coincide with the water depth contour. In
order to compare the accuracy of different methods, we consider the worst
grids to test the schemes. Cut section plots are shown in Fig. 2.19 and 2.20
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Figure 2.14: Thacker’s planar solution: contours of water depth computed
by FOU scheme (dashed line) and the analytical solution (solid line) from
Thacker at: t = 3.5T (a: left), t = 4.0 T (a: right), unit (m), with 16364
cells of Delaunay mesh. (b) The corresponding velocity field.

for Delaunay and Scottish grids presented in Fig. 2.13. It is seen that VEM
can obtain good accuracy on both grids, the difference between VEM and
other methods is not very large on Delaunay grid; but on the Scottish grid,
VEM yields much better agreement than the other methods. HOU always
gives the second best agreement. The time step size is set adaptively using
the CFL criterion, therefore the velocity influences the time step size. Even
though the algorithm of VEM is slightly more complex than HOU, the com-
putational effort is about 10% less than HOU, because no high velocities
are reconstructed.

We present a mesh convergence study for this test case in Fig. 2.21 -
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(b) Velocity field plot

Figure 2.15: Thacker’s planar solution: contours of water depth computed
by HOU scheme (dashed line) and the analytical solution (solid line) from
Thacker at: t = 3.5T (a: left), t = 4.0 T (a: right), unit (m), with 16364
cells of Delaunay mesh. (b) The corresponding velocity field.

2.23. The L1-error at t = 4T for h and qy are plotted in these figures for dif-
ferent grids, in which the lines with symbols represent the numerical results
varying with the refining of the mesh level (represented by characteristic
length ∆x shown in Tab. 2.2) and the solid line is the order of 2. It can
be seen that the results for VEQ and HOU are the same for the diagonal
grid, as the middle point and the intersection point will reach to the same
coordinate on diagonal grid, this also can be found in [Buffard and Clain,
2010a]. For the numerical results on diagonal grid, all the numerical re-
sults give a relatively low order, however, the VEM still can obtain highest
accuracy and numerical order. For the Scottish and Delaunay grid, HOU
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(b) Velocity field plot

Figure 2.16: Thacker’s planar solution: contours of water depth computed
by UEQ scheme (dashed line) and the analytical solution (solid line) from
Thacker at: t = 3.5T (a: left), t = 4.0 T (a: right), unit (m), with 16364
cells of Delaunay mesh. (b) The corresponding velocity field.

scheme increases the accuracy significantly, which means that the scheme
is more or less mesh dependent. And VEM scheme keeps the highest ac-
curacy and numerical order. UEQ and VEQ scheme give almost slightly
different results for different grids, the advantage of each scheme is related
to the mesh type, but is quite small. The presented MUSCL schemes add
a limitation presented in Sec. 2.5 at wet and dry fronts. This is to prevent
the occurrence of negative water depths. Consequently, wet and dry fronts
reduce the overall accuracy of these schemes, and this can be thought as
the explanation of why the accuracy order cannot reach 2 in this test case.

In summary, it can be observed that VEM yields the lowest error and
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(b) Velocity field plot

Figure 2.17: Thacker’s planar solution: contours of water depth computed
by VEQ scheme (dashed line) and the analytical solution (solid line) from
Thacker at: t = 3.5T (a: left), t = 4.0 T (a: right), unit (m), with 16364
cells of Delaunay mesh. (b) The corresponding velocity field.

highest order in all figures, HOU yields a slightly lower error than the other
methods for the water depth, but also yields the most diffusive velocity
field except FOU. VEQ and UEQ are similar, because their algorithms are
both based using a line connecting both cell centers. However, from the
results we can conclude that the difference is negligibly small. The imple-
mentation of UEQ is more straight-forward. Present results are compared
to the results reported in [Hou et al., 2013d, Delis and Nikolos, 2013]. The
cell numbers in these test cases are similar to the present one, therefore a
comparison is meaningful. The VEQ yields less accurate results, the VEM
yields almost similar accuracy. It is noted that both the VEQ and VEM
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(b) Velocity field plot

Figure 2.18: Thacker’s planar solution: contours of water depth computed
by VEM scheme (dashed line) and the analytical solution (solid line) from
Thacker at: t = 3.5T (a: left), t = 4.0 T (a: right), unit (m), with 16364
cells of Delaunay mesh. (b) The corresponding velocity field.

are computationally more efficient and more straightforward to implement
than the approaches in [Hou et al., 2013d, Delis and Nikolos, 2013].

Steady oblique hydraulic jump

A steady-state hydraulic jump that develops when a unidirectional super-
critical flow in an open channel hits an inclined solid wall is investigated.
A 40m × 30m frictionless domain with a flat bed is used and a uniform
supercritical velocity with a Froude number of 2.7 is applied at the west-
ern inflow boundary. The initial water depth and velocity for the whole
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Figure 2.19: Thacker’s planar solution: computed and analytical water
levels at cross section of y = 2 m at: t = 3.5 T (left), t = 4.0 T (right),
with 2062 Delaunay meshes.
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Figure 2.20: Thacker’s planar solution: computed and analytical water
levels at cross section of y = 2 m at: t = 3.5 T (left), t = 4.0 T (right),
with 2116 Scottish meshes.

domain is set to 1m and 8.57m/s, respectively. The eastern boundary is a
free outflow boundary, and the northern and southern boundaries are closed
boundaries. The southern wall is given an inclined angle of 8.95◦, beginning
from x = 10m to the northeastern direction. The supercritical velocity will
reflect, thus creating an oblique hydraulic jump along the southern wall.
Theoretically, the water will jump from 1m to 1.5m and starting from
x = 10m, form a 30◦ to the x-direction. We enforce a constant time step
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Figure 2.21: Thacker’s planar solution: h (left) and qy (right) convergence
results for numerical schemes used on diagonal grid at t = 4 T.

Figure 2.22: Thacker’s planar solution: h (left) and qy (right) convergence
results for numerical schemes used on Scottish grid at t = 4 T.

for all methods for comparison purposes. The simulation runs for 10 s until
the flow is steady and the hydraulic jump is formed. The simulation is
carried out on a Delaunay grid (Fig. 2.13) with 3029 cells. Results are
shown in Fig. 2.24 - 2.28. The dashed line in the water level represents
the 30◦ of the analytical solution. Except FOU all methods diminish the
numerical diffusion. On the left of the figures, the cut sections show that
the water depth increases from 1 m sharply to 10 m, and the water level
almost reaches 1.4 m at x = 5m. All MUSCL reconstruction methods yield
good accuracy for this test case.

Table 2.3: Oblique hydraulic jump: relatively computational cost.

Schemes FOU UEQ VEQ HOU VEM

Relative computational time 1.00 1.35 1.40 1.47 1.50

As shown in Tab. 2.3, FOU is the fastest scheme. For the MUSCL re-
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Figure 2.23: Thacker’s planar solution: h (left) and qy (right) convergence
results for numerical schemes used on Delaunay grid at t = 4 T.
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Figure 2.24: Water level contour (left) and cut section plot for FOU scheme
(right).

constructions, UEQ is the most efficient method due to the straight-forward
implementation and simple algorithm. Comparing to HOU, VEQ only need
to compute the linear system along the upwind direction, where can improve
the computational efficiency. The VEM takes the most computational time,
but compare to HOU, the difference is quite small, the additional treatment
for including the downwind information doesn’t influence the computational
efficiency too much.

Radial dam break

A 2D radial dam break case from [Canestrelli et al., 2010] is simulated to
test the capability of the reconstruction methods to preserve the symmetry
of the problem. The initial conditions are:

h(0, x, y) =

{︄
2 m if

√︁
(x− 25)2 + (y − 25)2 < 20.0

0.5 m otherwise
(2.62)
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Figure 2.25: Water level contour (left) and cut section plot for HOU scheme
(right).
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Figure 2.26: Water level contour (left) and cut section plot for UEQ scheme
(right).

The computational domain is a 50m × 50m square. The computational
mesh is a Delaunay mesh (Fig. 2.13) with 11932 cells. The simulation is
run for 3 s.

A reference solution is obtained using a high-resolution simulation with
1000000 cells on a structured grid using the high-resolution Godunov-type
scheme of Clawpack [Clawpack Development Team, 2014].

Fig. 2.29 shows a 3D plot of VEM results at t = 1.0 s and t = 2.5 s.
The cut section along y = 25 m is shown in Fig. 2.30, the numerical results
are plotted over a section that goes from (25, 50) m to (50, 50) m at times
t = 1 s, t = 2 s and t = 3 s.

The difference between the different MUSCL reconstructions are quite
small, but at t = 1 s, it can be observed that the UEQ shows the best
agreement, and VEM is slightly better than VEQ and HOU. The shock
wave position is correctly captured, but due to numerical diffusion the shock
wave front smeared. This is because of the low resolution of the grids. For
t = 2s, the water level at the domain center is only well captured by HOU
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Figure 2.27: Water level contour (left) and cut section plot for VEQ scheme
(right).
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Figure 2.28: Water level contour (left) and cut section plot for VEM scheme
(right).

and VEM, while UEQ shows the lowest water level (about 0.05 m lower
than the reference solution). Except at the center position, the MUSCL
reconstructions are near to the reference solution, in which, the VEM shows
the best agreement, followed by HOU. For t = 3 s, the shock wave is still well
captured, but for the water level at domain center, HOU shows the most
numerical diffusion and VEQ gives the best agreement with the maximum
water level of the reference solution, followed by VEM.
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Figure 2.29: Radial dam-break problem: 3D view of water level computed
by VEM at: t = 1.0 s (upper); t = 2.5 s (lower).

2D Riemann problem

This test case is originally presented in [Guinot, 2003]. A frictionless
[0, 200]× [0, 200] computational domain with a initial condition set as

h =

{︃
10 if x ≥ 100 ∧ y ≥ 100
1 else

(2.63)

u =

{︃
10 if x ≤ 100
0 else

(2.64)

v =

{︃
10 if y ≤ 100
0 else

(2.65)

is used. The Delaunay computational mesh( Fig.2.13) consists of 6552 cells.
In order to investigate the accuracy, a mesh that can be considered ‘poor’
is used.

Fig. 2.31 shows the flow pattern calculated by VEM at 1 s, 3 s, and 5 s.
It can be observed that the shock wave positions are well captured. Due to
the poor grid, the front of the shock wave is smeared. The rarefaction wave
at the Northeast of the domain is well resolved by the numerical scheme.
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The water depth contour plot and the velocity field are shown in Fig. 2.32.
As there is no analytical solution for this test case, quantitative analysis can
not be further conducted, but it can be obviously found that the present
MUSCL schemes produce less diffusion than FOU scheme.

In order to verify the order of accuracy of the methods, a cut section
along [0,0] [200,200] is set inside the domain. The water depth along this cut
section is shown in Fig. 2.33. We can observe that the MUSCL reconstruc-
tion methods are quite similar, but UEQ captured a slightly steeper rar-
efaction wave compared to the others. According to the description in [Hou
et al., 2015c] and the theoretical and numerical analysis in [Toro, 2009], the
rarefaction waves are likely to be dampened by low-order schemes. Then,
we can conclude that UEQ has the best performance in modeling shock
problems on unstructured grids.

Tsunami wave impact on a conical island

We replicate the laboratory experiment from [Briggs et al., 1995] using the
presented numerical schemes and the MUSCL reconstructions. The exper-
iment features wet and dry fronts, uneven topography and very shallow
water depths, which are challenging for a numerical method.

The experiment domain is a [0.0, 25.92] m × [0.0, 27.6] m rectangle
(Fig. 2.34). A Delaunay grid of 15692 cells is used for discretization. An
ideal conical island with the center located at [x0, y0] = [12.96, 13.8]m is
defined as

z(x, y) = max[max(0.625, 0.9− 1/(4
√︁
(x− x0)2 + (y − y0)2)), 0.0]. (2.66)

The initial still water level of the domain is 0.32 m, the island is partially
submerged inside the water, a wave maker is set at the inflow boundary
with a varying water level relative to the initial still water level, and the
velocity is set as

η(t) = Hsech2[
√︂
3H/4η30

√︁
g(η0 +H)(t− T )] + η0 (2.67)

u(t) =
C(η(t)− η0)

η(t)
(2.68)

v(t) = 0 (2.69)

where H is the amplitude of the wave and η0 is the still water depth; T
denotes the time for the wave crest reach the domain. The wave working
condition is chosen as η0 = 0.32 m, T = 2.45 s, and H = 0.064 m. Friction
is not take into account in this case. The simulation run time is 20 s.
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Fig. 2.35 shows the maximum wave run up at the front, the side and
the back of the island at t = 9 s, t = 11 s and t = 13 s. Fig. 2.36 shows
oscillating solutions computed by VEM and HOU without the treatment
for the velocity, respectively, which means that the velocity limitation for
the wetting and drying front significantly influences the stability of the
numerical scheme. Fig. 2.37 shows the comparison of measurement data
from the experiment with the numerical results from different reconstruction
methods at gauges located approximately at the run up area. The gauges
number 6, 9, 16 and 22 are located at [9.36, 13.80] m, [10.36, 13.80] m ,
[12.96, 11.22] m and [15.56, 13.80] m respectively, as shown in Fig. 2.34.
Numerical results capture the peak of the water level at gauge 6 and gauge
9, but for the gauge 6, the trough is overestimated by all methods. For
gauge 16 and gauge 22, both peak and trough are slightly smaller compared
to the measurement data. This is because of the 3D effects of the wave
propagation. The position of the wave is well captured by all the MUSCL
reconstructions, FOU shows the most diffusion. Furthermore, the computed
maximum run-up on the island is compared with the measurement data in
Fig. 2.38. A slightly overestimated run-up can be observed for the MUSCL
schemes at the front face to the wave come direction, this maybe the case
because of the mesh size in relative to the wetting and drying interface which
leads to a numerical error, while the backwash direction is well captured
except for FOU. It can be observed that the difference of the results between
the different MUSCL schemes are quite small, but all are much better than
FOU. All MUSCL reconstructions are capable to handle wet and dry fronts
over uneven terrain.

2.7 Conclusions

This paper presents two novel MUSCL reconstruction methods on unstruc-
tured grids: UEQ and VEM. Based on the TVD approach, the search for
the upwind information is ambiguous. Therefore, we developed improved
ways to determine the point from which the upwind information can be
obtained. We derived an additional TVD condition, which limits the edge
values based on the variables of the cells at the considered edge and showed
that existing MUSCL reconstruction methods do not satisfy this condition.
In order to avoid spurious velocity oscillations at the edge, we proposed a
treatment for limiting the velocities.

The derived reconstruction methods are tested in 5 test cases. We com-
pared results with the methods from [Hou et al., 2014, Buffard and Clain,
2010a]. In most cases, we demonstrate that the novel VEM method is supe-
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rior to the existing methods, especially on Scottish meshes (Fig. 2.13). The
presented numerical scheme is able to handle wet and dry fronts, where the
advantage and necessity of the proposed velocity treatment is significant.
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Figure 2.30: Radial dam-break problem: section view computed water level
at: t = 1.0 s (upper); t = 2.5 s (middle); t = 3.0 s (lower).
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(a) t = 1s

(b) t = 3s

(c) t = 5s

Figure 2.31: 2D Riemann problem: 3D views of computational flow pattern
by VEM scheme at: t = 1.0 s (a); t = 3.0 s (b); t = 5.0 s (c).
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Figure 2.32: 2D Riemann problem: contour plot of water depths (left) and
velocity vector fields (right) for different numerical schemes
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Figure 2.33: 2D Riemann problem: diagonal section water depth plot at t
= 5s for different numerical schemes
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Figure 2.34: Tsunami wave impact on a conical island: computational
domain, boundary conditions and locations of selected gauges.
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(a) t = 9s

(b) t = 11s

(c) t = 13s

Figure 2.35: Tsunami wave impact on a conical island: 3D view of water
depth and the bottom topography calculated by UEQ scheme at: (a) t =
9s, (b) t = 11s and (c) t = 13 s.
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(a) VEM

(b) HOU

Figure 2.36: Tsunami wave impact on a conical island: 3D view of water
depth and the bottom topography calculated by VEM and HOU scheme
without limitation for the velocity at 11.5 s: (a) VEM and (b) HOU.
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Figure 2.37: Tsunami wave impact on a conical island: time series of water
level at 4 gauges.
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Figure 2.38: Tsunami wave impact on a conical island: measured max
run-up (blue lines) and computed dry area (red dot).



Chapter 3

An improved multislope
MUSCL scheme for solving
shallow water equations on
unstructured grids

This is the accepted version of an article that has been published as:
[Zhao et al., 2018c] Zhao, J., Özgen, I., Liang, D., Wang, T. and Hinkel-

mann, R. (2018) An improved multislope MUSCL scheme for solving shal-
low water equations on unstructured grids. Computers & Mathematics with
Applications 77(2), pp. 576-596.
doi: https://doi.org/10.1016/j.camwa.2018.09.059

3.1 Abstract

This paper describes an improved vector manipulation multislope monotone
upstream-centred scheme for conservation laws (MUSCL) reconstruction for
solving the shallow water equations on unstructured grids. This improved
MUSCL reconstruction method includes a bigger stencil for the interpola-
tion and saves time for determining the geometric relations compared to the
original vector manipulation method, so it is computationally more efficient
and straightforward to implement. Four examples involving an analytical
solution, laboratory experiments and field-scale measurements are used to
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test the performance of the proposed scheme. It has been proved that the
proposed scheme can provide comparable accuracy and higher efficiency
compared to the original vector manipulation method. With the increasing
of the number of cells, the advantage of the proposed scheme becomes more
apparent.

3.2 Introduction

Monotone upstream-centred scheme for conservation laws (MUSCL) [van
Leer, 1979] is a well-known approach for achieving high-order accuracy
by data reconstruction for solving hyperbolic partial differential equations.
In hydrodynamics, many researchers use the MUSCL scheme to solve the
two-dimensional shallow water equations (SWEs) due to its monotonicity
and high order accuracy (e.g. [Buffard and Clain, 2010a, Darwish and
Moukalled, 2003, Hou et al., 2012, Hou et al., 2014]). The MUSCL-type
schemes are an extension of the original Godunov scheme [Godunov, 1959].
The variable values along the cell edges are extrapolated from the cell
centres, and the reconstructed values are stored at the edges to calculate
the Riemann flux across the edges. In order to avoid spurious oscillations
and produce physically meaningful results, the numerical scheme should be
monotonic. The monotonic numerical scheme can be deduced by examining
the total variation, which is defined as an over time decreasing summation
of the differences between each all adjacent cells.

Early TVD schemes were derived on structured grids. Directly apply-
ing them on unstructured grids often leads to poor results, because the
structured grid provides a simple stencil layout for figuring out the up-
wind and downwind neighbors. On unstructured grids, the upwind and
downwind neighbors are often not located along the perpendicular bisector
of the edge. This has to be accounted for in MUSCL reconstructions on
unstructured grids.

On unstructured grids, TVDMUSCL schemes can be divided into monos-
lope and multislope methods [Buffard and Clain, 2010a]. The monoslope
method was initially presented in [Venkatakrishnan, 1995], which calculates
a single slope for the entire cell based on the three immediate neighbors of
the cell [Zhao et al., 2018a]. The multislope method calculates a slope for
each edge based on a three-point stencil. Stencils are set up based on the
extrapolation in the upwind direction, and the variable values at the up-
wind point can be interpolated [Li and Liao, 2008], [Hou et al., 2012], or set
to the value at the cell centre that is closest to the perpendicular bisector
of the considered edge. These methods require significant computational
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effort to determine the upwind cells and the upwind point in the stencil.
A poor choice of the upwind point introduces significant numerical errors,
even leading to the loss of the TVD property.

As discussed in Hou et al. [Hou et al., 2014], the multislope method can
provide a more efficient and straightforward scheme. Although the multi-
slope method may not provide a piecewise linear slope for the considered
cell, the reconstructed values only determine the fluxes across the edges
and thus will not influence the conservation law. Therefore, the shape of
the reconstructed function inside the cell is not of importance for the FVM
[Hou et al., 2014].

The vector based manipulation method is proposed by Buffard and Clain
[Buffard and Clain, 2010a], who provide a very straightforward method
on complex unstructured grids, especially suitable for multi-dimensional
schemes. Based on the idea of Buffard and Clain [Buffard and Clain, 2010a],
Hou et al. [Hou et al., 2014] proposed a new vector based manipulation
multislope method. However, in the authors’ previous work [Zhao et al.,
2018a], it was found that their scheme [Hou et al., 2014] does not include
enough downwind information for the calculation of the downwind slopes,
which may lead to the wrong interpolation. In order to overcome this
problem, Zhao et al. [Zhao et al., 2018a] calculates the down-slope value
in the downwind direction, which increases the robustness and accuracy.
A new multislope MUSCL method is devised in this work to improve the
accuracy, which includes more stencil points to maintain the monotonicity
of the scheme in different flow conditions.

This study is based on the framework of unstructured Godunov-type
cell-centered FVM. The new MUSCL scheme is compared with the scheme
in [Zhao et al., 2018a] and analytical analyses.

3.3 Governing equations and numerical

model

The two-dimensional shallow water equations (SWEs) are derived from the
depth-averaged Navier-Stokes equations. They can be written in the con-
servative vector form as:

∂q

∂t
+
∂f

∂x
+
∂g

∂y
= s (3.1)



CHAPTER 3. IMPROVED MULTISLOPE MUSCL SCHEME 75

with vectors defined as

q =

⎡⎣hqx
qy

⎤⎦ , f =

⎡⎣ qx
uqx + gh2/2

uqy

⎤⎦ , g =

⎡⎣ qy
vqx

vqy + gh2/2

⎤⎦ , (3.2)

s =

⎡⎣ 0

−gh ∂z
∂x

− cfu
√
u2 + v2

−gh∂z
∂y

− cfv
√
u2 + v2

⎤⎦ , (3.3)

where x and y are the Cartesian coordinates, t is time, q represents the
unknown variable vector consisting of h, qx and qy denoting the water depth,
unit-width discharges in x- and y- direction, respectively. u, v are defined
as depth-averaged velocities in x- and y-direction, respectively; f and g are
the flux vectors in x- and y-direction, respectively; s is the source term
that includes bed slope and friction contributions, z is the bed elevation
and cf is the bed roughness coefficient calculated as gn2/h1/3, g is the
gravitational acceleration. Viscous and turbulent flux terms are neglected
in this equation.

Finite volume discretization of SWEs on unstructured
grids

The shallow water equations(SWEs) in Eq. (3.1) can be integrated over a
cell as ∫︂

Ω

∂q

∂t
dΩ +

∫︂
Ω

(︃
∂f

∂x
+
∂g

∂y

)︃
dΩ =

∫︂
Ω

sdΩ, (3.4)

where Ω denotes the area of a cell. Applying the divergence theorem and
replacing the boundary integral with a sum over all edges, Eq. (3.4) becomes∫︂

Ω

∂q

∂t
dΩ +

m∑︂
k=1

F · nklk =

∫︂
Ω

sdΩ, (3.5)

herein m is the number of edges, l is the length of the edge, and n =
(nx, ny)

T , is the unit normal vector pointing in the outward normal direction
of the boundary edge, F · n is the flux vector normal to the boundary and
can be written as

F · n = (fnx + gny) =

⎡⎣ qxnx + qyny

(uqx + gh2/2)nx + vqyny

uqxnx + (vqy + gh2/2)ny

⎤⎦ . (3.6)

The value of q in cell i is updated using the two-stage explicit Runge-
Kutta scheme [Liang and Borthwick, 2009, Liang and Marche, 2009a, Hou
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et al., 2013d], where the value at the next time level in cell i, qn+1
i , is

updated by

qn+1
i =

1

2
{qn

i + κ [κ (qn
i )]} , (3.7)

with

κ(qn
i ) = qn

i +
∆t

Ω

[︄∫︂
Ω

s dΩ−
m∑︂
k=1

F(qn
i )k · nklk

]︄
, (3.8)

where κ is a function to represent the updating process to a new time level
in the considered cell. ∆t is the time step. For this work, the Courant-
Friedrichs-Lewy condition is followed for maintaining the stability,

∆t = CFLmin

(︄
R1√︁

u21 + v21 +
√
gh1

, ...,
Rn√︁

u2n + v2n +
√
ghn

)︄
, (3.9)

where Rn is the minimum distance from the cell center to the edge, CFL
is the Courant-Friedrichs-Lewy number. For explicit time marching algo-
rithms CFL ∈ (0, 1]. In this work, CFL = 0.5 is adopted.

3.4 Multislope MUSCL reconstruction

methods

The original Godunov’s theorem used cell-averaged values for calculating
the flux and slope source terms. This is first order accurate. In order to get
higher accuracy, a linear MUSCL reconstruction is usually used to obtain a
second-order accurate scheme. Different ways for calculating slopes lead to
different types of MUSCL reconstructions that give different performance
(cf., e.g., [Simons et al., 2014, Liang and Marche, 2009b, Liang, 2010, Hou
et al., 2013d, Toro, 2009, Buffard and Clain, 2010b, Guinot and Delenne,
2012]). In the multislope method, slopes are calculated towards each edge
individually. As shown in Fig. 3.1, reconstructed values along the con-
juncted edge are represented by qlM and qrM . M is the middle point of the
edge, N1−3 are the vertices of the left cell, cell averaged values of the left
and right cells are represented by qC and qD1, respectively. Based on the
work in [Hou et al., 2014], qlM can be extrapolated from the cell centroid
based on a one-dimensional multislope MUSCL by

qlM = qC + |
−−→
CM |Ψ(▽qN3C ,▽qCM), (3.10)

where
−−→
CM is the vector from cell centroid C to edge middle point M , and

▽qN3C and ▽qCM represent the gradients from N3 to cell center and from
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the cell center to edge center, respectively. Ψ is the limiting function for
restricting the reconstruction scheme to satisfy the total variation dimin-
ishing condition. The modified Van Albada’s limiter with two arguments a
and b from [Delis and Nikolos, 2013] is adopted in this work,

Ψ(a, b) =

{︃
(a2+e)b+(b2+e)a

a2+b2+2e
if ab > 0

0 if ab ≤ 0
(3.11)

Here, e = 10−12 used to avoid division by zero.

Figure 3.1: Definition of the considered cell and the neighbor cells.

Vector manipulation methods

The two-dimensional multislope MUSCL schemes can be thought as a one-
dimensional reconstruction process along the median line linking the cell
center and the edge middle point, with the focus on the method for calcu-
lating the upwind and downwind slopes of the cell center along the median
line. In the aforementioned literatures, slopes constructed by extrapolating
the upwind value along the cell centrelines [Hou et al., 2012, Li and Liao,
2008, Darwish and Moukalled, 2003], and the approximated cell averaged
method [Hou et al., 2013c] have been studied. Owing to the accuracy and
the unphysical reconstruction point location at the edge, the multislope
method still needs to be further investigated.

Buffard and Clain [Buffard and Clain, 2010a] proposed the vector ma-
nipulation methods, where upwind and downwind slopes can be calculated
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without the gradient calculation for the cells and the interpolation for the
upwind points. Hou et al. [Hou et al., 2014] simplified the original scheme to
make the vector manipulation method more straightforward to implement
and enhance the robustness and accuracy.

As mentioned in [Zhao et al., 2018a], the main idea of the vector ma-
nipulation method is to reconstruct the slopes from the cell centres to the
slopes along the line passing through the cell center and the edge middle
point. It has been shown that the methods from [Buffard and Clain, 2010a]
and [Hou et al., 2014] include too much information from the considered
cells and may lead to a wrong reconstruction value along the edge center.
An improved vector manipulation method introduced in [Zhao et al., 2018a]
overcomes this disadvantage.

The legends are shown in Fig. 3.1, and the dimensional unit vector can
be calculated as,

−→rk =

−−→
CNk

|
−−→
CNk|

(3.12)

−→
tk =

−−→
CDk

|
−−→
CDk|

, (3.13)

where −→rk and
−→
tk are the unit vectors from the considered cell center to

the vertices and the neighboring cell centres, respectively. It can be easily
shown that all the vector −→rk shall pass by the corresponding edge center
along the reverse direction.

The value slopes for the cell centres can be calculated along
−→
tk directions,

▽qk =
qDk

− qC

|
−−→
CDk|

. (3.14)

The upwind and downwind slopes for the MUSCL reconstruction can
be thought as the slopes along the reverse direction of −→rk from the vertices
to the cell center and cell center to the edge center. For instance, the
reconstructed value qlM needs the slope along −−→r3 and −−→rCM , respectively.
M represents the middle of the edge.

In order to get the right information for the reconstruction, the unit
vector −→rk is represented by the surrounding unit vector

−→
tk , with the con-

sideration of geometric relationship obtained as

−−→r3 = α1
−→
t2 + α2

−→
t3 (3.15)

−−→rCM = β1
−→
t1 + β2

−→
t2 . (3.16)
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Wherein, the coefficients α1,2 and β1,2 can be solved by a set of linear
equations. So that the upwind and downwind slopes can be computed as

▽qNC = α1 ▽ q2 + α2 ▽ q3 (3.17)

▽qCM = β1 ▽ q1 + β2 ▽ q2. (3.18)

In the work of Hou et al. [Hou et al., 2014], ▽qNC and ▽qCM are di-
rectly used as the upwind and downwind slopes for the MUSCL reconstruc-
tion. An additional step is added for obtaining more downwind information.
From the geometric relationship, it can be concluded that

−−→rCMk
=

|
−−→
CDk|
|
−−−→
CMk|

−−→rCDk
+

|
−−−→
DkMk|
|
−−−→
CMk|

−−−→rDMk
, (3.19)

and then, Eq. 3.18 can be derived as

▽qCMk
=

|
−−→
CDk|
|
−−−→
CMk|

▽ qCDk
+

|
−−−→
DkMk|
|
−−−→
CMk|

▽ qDkMk
. (3.20)

Here, k is the local index of the considered cell. This treatment has been ap-
proved to give more physical reconstructed value and obtain good accuracy
in [Zhao et al., 2018a].

Improved vector manipulation method

As discussed in the previous section, including solely upwind information
decreases the stability of the scheme. The improved vector manipulation
scheme obtains more information from downwind direction. However, the
slope from cell centres to the edges centres −−→rCMk

needs to be calculated from

the location relationships with the cell centres vectors
−→
tk . Additional com-

putational steps are needed to decide −−→rCMk
located in which two cell centres

vectors
−→
tk before the calculation of Eq. 3.16, and the slope calculation is

highly influenced by the geometric distribution rather than the physical
values in VMM scheme. Therefore, an improved scheme is suggested here
to overcome the disadvantage of the previous schemes.

As shown in Fig. 3.2, all the vectors from the cell centers to the vertices
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Figure 3.2: Stencils for new vector manipulation method.

can be calculated as

−→r1 = β11
−→
t1 + β12

−→
t2 (3.21)

−→r2 = β21
−→
t1 + β22

−→
t3 (3.22)

−→r3 = β31
−→
t2 + β32

−→
t3 (3.23)

−→r4 = β41
−→
t4 + β42

−→
t5 (3.24)

−→r5 = β51
−→
t4 + β52

−→
t6 (3.25)

−→r6 = β61
−→
t5 + β62

−→
t6 (3.26)

and the relationship for the vectors can be easily derived as

−−→
DM =

−−→
DN1 +

−−→
DN2

2
, (3.27)

considering the unit vectors rk, Eq. 3.27 can be written into

−−→rDM =
|
−−→
DN1|
2|
−−→
DM |

−→r4 +
|
−−→
DN2|
2|
−−→
DM |

−→r5 , (3.28)
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so that, Eq. 3.16 can be changed to

−−→rCM =
|
−−→
CD|
|
−−→
CM |

−→
t1 +

|
−−→
DM |
|
−−→
CM |

(
|
−−→
DN1|
2|
−−→
DM |

−→r4 +
|
−−→
DN2|
2|
−−→
DM |

−→r5 ) (3.29)

=
|
−−→
CD|
|
−−→
CM |

−→
t1 +

|
−−→
DN1|
2|
−−→
CM |

−→r4 +
|
−−→
DN2|
2|
−−→
CM |

−→r5 (3.30)

=
|
−−→
CD|
|
−−→
CM |

−→
t1 +

|
−−→
DN1|
2|
−−→
CM |

(β41
−→
t4 + β42

−→
t5 ) +

|
−−→
DN2|
2|
−−→
CM |

(β51
−→
t4 + β52

−→
t6 ),

(3.31)

the slope of cell centres are introduced, and then the downwind slope can
be computed as

▽qCM =
|
−−→
CD|
|
−−→
CM |

▽ qCD +
|
−−→
DN1|
2|
−−→
CM |

(β41 ▽ qDC + β42 ▽ qDG)

+
|
−−→
DN2|
2|
−−→
CM |

(β51 ▽ qDC + β52 ▽ qDE). (3.32)

A local extrema violates the monotonicity principle [Hou et al., 2015c].
The maximum principle states that the extrapolated value along the edge
midpoints of the cell nodes can not be beyond the range of the local max-
imum and minimum value. It is originally proposed in [Liu, 1993] to
avoid over- and undershooting when reconstructing the slopes for multi-
dimensional problems on unstructured grids. For the one-dimensional prob-
lem, the maximum principle can be used as:

min(ql, qr) ≤ qlM , q
r
M ≤ max(ql, qr). (3.33)

For the multi-dimensional problems, the reconstruction processes should
try to include more multi-dimensional flow physics [Park et al., 2010]. The
proposed MUSCL reconstruction here includes 6 cells in the computational
stencils. As shown in Fig. 3.3, the schemes from Buffard and Clain [Buffard
and Clain, 2010a] and Hou et al. [Hou et al., 2014] are based on 4 cells, while
the improved vector manipulation method from Zhao et al. [Zhao et al.,
2018a] is based on 5 cells. The vector manipulation methods satisfy the
maximum principle. It is hard to say whether more cells will lead to higher
accuracy, but the more information is included, the maximum principle will
be extended to a bigger range for the stability conditions, the less sensitive
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Figure 3.3: Comparison of stencils involved in limiting and the maximum
principle. Shaded region is the stencil for the maximum principle, and the
dotted line is the edge for limiting. (a) Limiter from Buffard and Clain
[Buffard and Clain, 2010a] and Hou et al. [Hou et al., 2014], (b) limiter
from Zhao et al. [Zhao et al., 2018a] and (c) new limiter in this work.

to local mesh distribution and faithfully represents multi-dimensional flow
physics [Park et al., 2010]. However, we shall note that the benefit of adding
more cells to the stencil can be expected to diminish after a certain number.

The aim of MUSCL reconstruction is to give values at the left and
right cell interface that can be used to construct a Riemann problem and
calculate the slope source term. The solution of the Riemann problem then
yields the numerical flux in Eq. (3.6) [Toro, 2009] and the slope source
will be added into the fluxes across the edge. In this work, a Harten, Lax
and van Leer Riemann solver with the contact wave restored (HLLC) [Toro
et al., 1994] is used. The positivity preserving hydrostatic reconstruction
by [Audusse et al., 2004] is used to maintain non-negative water depth and
correct reconstruction of the Riemann states, and the C-property preserving
divergence form of the bed slope source term proposed by Hou et al. [Hou
et al., 2013a] is used; the source term treatment does not influence the
well-balanced property of the MUSCL schemes.

For the friction source term, the most straightforward technique is ex-
plicit in time. However, this approach yields numerical instabilities unless
the time step size ∆t satisfies [Guinot, 2003]:

−1 ≤ 1 +
s(qn+1,x

i )

qn+1,x
i

∆t ≤ 1, (3.34)

where qn+1,x
i is the solution after adding the fluxes terms, and the time step
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has to be calculated using

∆ts = Min
i=1,...,N

[︃
−2

qn+1,x
i

s(qn+1,x
i )

]︃
(3.35)

∆t = Min(∆tc,∆ts), (3.36)

where ∆t, ∆ts and ∆tc are time steps for the system, source term part and
conservation part, respectively. Depending on the source term, this might
result in a severe degradation of the time step size.

To overcome this limitation, in literature, e.g. [Hou et al., 2013a, Hou
et al., 2013d], the splitting point-implicit method is adopted. This avoids
the instability of the numerical scheme for very shallow water depths.

In splitting point implicit methods, conserved variables inside the cell
are updated as

qn+1 = qn +
1

PI

(︄
−∆t

A

∑︂
k

fnk · nklk +∆tsn

)︄
, (3.37)

here, n and n+ 1 represent the time levels and PI is a matrix equal to

PI = I−∆t

(︃
∂s

∂q

)︃n

. (3.38)

The momentum friction source terms are derived with respect to the
unit discharge, except the slope source term that has been transformed into
fluxes over the cell edges. Eq. 3.38 then yields

PI = [1−∆t(∂sx/∂qx)
n, 1−∆t(∂sy/∂qy)

n]T . (3.39)

This gives
∂sx
∂qx

= − cf
h2

(q̂ +
q2x
q̂
), (3.40)

∂sy
∂qy

= − cf
h2

(q̂ +
q2y
q̂
), (3.41)

where q̂ =
√︁
q2x + q2y is the magnitude of the unit discharge vector.

In order to preserve the stability, the general treatment from [Hou et al.,
2015c] is adopted here, which locally switches the second order MUSCL
scheme to first order in a cell when the flow condition satisfying:

hLM ≤ min(|zLbM − zc| , 0.25hc) or hc ≤ ϵwd (3.42)
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Table 3.1: Procedures of MUSCL schemes, choose Fig. 3.2 as legend

Steps Vector Manipulation Method
(VMM)

Improved Vector Manipulation
Method (IVMM)

1 Compute −→rk and
−→
tk Compute −→rk and

−→
tk

2 Solve Eqs. (3.15 & 3.16 ) to
get the coefficients α1, α2, β1
and β2.

Solve Eqs. (3.21-3.26) to get
β1−6,1−2

3 Calculate ▽qC,(D,F,H) and
▽qD,(C,E,G) from Eq. (3.14)

Calculate ▽qC,(D,F,H) and
▽qD,(C,E,G) from Eq. (3.14)

4 Evaluate ▽qNC and ▽qCM

from Eq. (3.17 & 3.18)
Evaluate ▽qNC and ▽qCM

from Eq. (3.17 & 3.32)
5 Update ▽qCM with Eq. (3.20) Update ▽qCM with Eq. (3.20)
6 Extrapolate the edge value by

following Eq. (3.10)
Extrapolate the edge value by
following Eq. (3.10)

here, hLM and zLM represent the reconstructed water depth and bottom eleva-
tion, respectively, along the considered edge; hc and zc are the corresponding
values at the cell center, ϵwd is the tolerance used to distinguish the wet and
dry cells, which is set to ϵwd = 10−6 in this study.

The procedures of MUSCL reconstruction methods for vector manip-
ulation method (VMM) and the improved vector manipulation method
(IVMM) are summarized in Table 3.1.

3.5 Numerical Tests

Five computational test cases published in the literature are presented here
for verifying the MUSCL reconstruction methods. The performance of
MUSCL reconstruction methods will be evaluated in terms of accuracy
and efficiency. Two types of meshes, namely the diagonal mesh and the
Delaunay mesh, are considered in evaluating each MUSCL reconstruction,
as seen in Fig. 3.4.

The first test case considers a Riemann problem from Toro [Toro, 2001]
as a benchmark to verify the stability and the efficiency of the MUSCL
schemes. Moving shorelines in a two-dimensional frictional parabolic bowl
is chosen as the second test case, where the proposed MUSCL schemes are
verified for the accuracy and the capability to deal with wet and dry inter-
face. Meanwhile, the performance of the friction source term treatment, and
the grid convergence performance are investigated based on this test. The
third and the forth examples are the MUSCL schemes are tested against the
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Figure 3.4: The two types of mesh employed to evaluate the accuracy and
efficiency of the schemes: the diagonal mesh (left) and the Delaunay mesh
(right)

dam-break in a 45◦ channel and a two-dimensional dam-break flow against
an isolated obstacle for evaluating how the MUSCL schemes perform on
complex geometry for shock wave capturing. The final test cases are the
near real-world application for the Malpasset dam-break. The accuracy is
reflected by the L1-error which can be calculated as

L1 =

∑︁n
1 |qi − qi,ref|Ai∑︁n

1 Ai

, (3.43)

which qi and qi,ref are the numerical solution and the reference solution in

cell i, respectively. A characteristic length ∆x =
√︁
A/N is used here for

the resolution of the meshes, A and N are the total area and the number
of cells.

Dam break problems

Two challenging problems proposed by Toro [Toro, 2001] are used here
for examining the capability to resolve the linear and non-linear waves on
unstructured grids. A frictionless rectangular channel with [0, 50]× [0, 0.25]
m is discretized into 12032 Delaunay triangular meshes. Initial conditions
of the test cases are summarized in Tab. 3.2, where hL, hR, uL and uR
donate the initial water depth and the velocity in the left and right hand
side of the discontinuity, x0 is the location of the discontinuity, tout is the
output time.

Different initial conditions lead to different results after a short period,
while the configuration a leads to a result with the left wave as a rarefaction
wave transported to the lefts and the right wave is as a shock transported
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Table 3.2: Initial conditions for Toro’s test problems.

Test hL (m) uL (m/s) hR (m) uR (m/s) x0 (m) tout (s)
a 1.0 2.5 0.1 0.0 10.0 7.0
b 1.0 -5.0 1.0 5.0 25.0 2.5

to the right. Configuration b generate a two rarefaction wave transport to
a opposite direction, in the middle of the computational domain, a very
shallow water depth keeps a constant value.
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Figure 3.5: Comparison of numerical and exact solution for Toro’s Riemann
problems: left rarefaction wave and right shock wave: water elevation (a
left), hydraulic head (a right); two rarefaction waves and nearly dry bed:
water elevation (b left), hydraulic head (b right).

The results are compared considering the water elevation h and hy-
draulic head calculated via e = h+ U2

2g
. The exact solution (—), numerical

solutions from VMM (− ∗ −) and IVMM (− ◦ −) are shown in Fig. 3.5.
It can be observed that the numerical results are coincide very well with
the exact solution from Toro [Toro, 2001], there is a little diffusion at the
front of the waves, the VMM and IVMM provide results with the same
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quality. The comparisons of the computational efficiency are based on the
averaged computational time for a single step ∆t, which is calculated by
∆t = ttotal/n, where ttotal is the total computational time and n is the num-
ber of time steps for the calculation. Each ∆t in VMM is bigger than in
IVMM for 3.6%, 2.9% in configuration a and b, respectively. This means
that IVMM can obtain a better efficiency than VMM scheme. The result
is as expected in the previous section, the additional step used for search-
ing the vectors t will increase the computational time and decrease the
computational efficiency.

Moving shorelines in a two-dimensional frictional
parabolic bowl

The analytical solution of the moving shorelines in a two-dimensional fric-
tional parabolic bowl was developed by Sampson et al. [Sampson et al.,
2006], it will be used to validate the proposed model for the MUSCL recon-
struction and frictional treatment here. The bed topography is described
as,

z(x, y) = h0[(x− x0)
2 + (y − y0)

2]/a2. (3.44)

Here, z(x, y) represent the bottom elevation of the (x, y) point, x0, y0 is
the coordinate of the geometry center. h0 is the initial water depth at the
parabola center, and a is a constant value. τ is the bed frictional parameter,
and cf = hτ/

√
u2 + v2. The peak amplitude parameter p =

√
8gh0/a, if

τ < p, the analytical solution for the water level is given by

η(x, y, t) = h0 −
B2e−τt

2g
− Be−τt/2

g

{︂[︁τsin(st)
2

+ scos(st)
]︁
(x− x0)

+
[︁τcos(st)

2
− ssin(st)

]︁
(y − y0)

}︂
, (3.45)

and the analytical solution for the velocities are

u(t) = Be−τt/2sin(st) (3.46)

v(t) = Be−τt/2cos(st), (3.47)

where B is a constant as an initial value of v(0), and s =
√︁
p2 − τ 2/2, in

which p =
√
8gh0/a.

A square computational domain of 8000 × 8000 m with the center at
(0.0, 0.0) is chosen as the study area. The parameters are set to h0 = 10m,
a = 3000, B = 5 m/s and τ = 0.002 s−1. The computational domain is
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Table 3.3: Characteristic length ∆x (m) used for the mesh convergence test

Mesh Level Diagonal Mesh Delaunay Mesh
1 35.355 30.708
2 52.868 45.967
3 70.711 61.612
4 88.386 77.110
5 104.752 91.630

discretized with two types of meshes with 5 refinement levels for the mesh
convergence.

The boundaries are all set to closed boundaries, and the simulation time
runs until t = 6000 s, which is almost 4 periods. The initial condition can
be obtained from Eqs. 3.45 - 3.47.

The contours plot at t = 1500 s, which is almost 1.1 period after the
simulation begin can be seen in Fig. 3.6. The difference between VMM and
IVMM scheme results is quite small, both of the schemes can capture the
water depth quite well at diagonal grid and Delaunay grid at the first mesh
level. The cut section plot along the diagonal line of the computational
domain at t = 500 s and t = 1500 s are shown in Fig. 3.7 and Fig. 3.8
for the Delaunay and diagonal grids, respectively. In order to show the
accuracy of the MUSCL reconstruction, the results at the first mesh level
(finest mesh) and the fifth mesh level (coarsest mesh) are chosen for the
comparison. The water level (wl) and the discharge along x− direction (qx)
and y− direction (qy) are all captured well with the analytical solution at
the finest mesh; for the coarsest mesh, water levels wl are captured well for
both grids types, but for the discharges, it can be observed that the results
of diagonal grids agree worse than that of Delaunay grids, especially for qx,
and the result from IVMM is slightly better than the VMM scheme.

A mesh convergence study for this test case at t = 1500 s is presented
in Fig. 3.9. The L1 errors for h and qy are plotted in the figures for the
different mesh level (represented by the characteristic length ∆x shown
in Tab. 3.3). The results from VMM and IVMM are represented by the
◦ − ◦ and ▷ − ▷, respectively. It can be seen that the order of VMM and
IVMM are all slightly lower than the slope 2 (solid lines). This is because
of the wet and dry interfaces, where the order of the scheme will switch to
first order, which decreases the overall order of accuracy. The VMM and
IVMM schemes are nearly parallel with the increasing of the mesh level,
but the error values for the IVMM scheme is almost always smaller than



CHAPTER 3. IMPROVED MULTISLOPE MUSCL SCHEME 89

−4000 −3000 −2000 −1000 0 1000 2000 3000 4000

x [m]

−4000

−3000

−2000

−1000

0

1000

2000

3000

4000

y
 [
m
]

VMM (Diagonal grid)

−4000 −3000 −2000 −1000 0 1000 2000 3000 4000

x [m]

−4000

−3000

−2000

−1000

0

1000

2000

3000

4000

y
 [
m
]

IVMM (Diagonal grid)

−4000 −3000 −2000 −1000 0 1000 2000 3000 4000

x [m]

−4000

−3000

−2000

−1000

0

1000

2000

3000

4000

y
 [
m
]

VMM (Delaunay grid)

−4000 −3000 −2000 −1000 0 1000 2000 3000 4000

x [m]

−4000

−3000

−2000

−1000

0

1000

2000

3000

4000

y
 [
m
]

IVMM (Delaunay grid)

Figure 3.6: Moving shorelines in a two-dimensional frictional parabolic
bowl: contours of water depth computed by VMM scheme (black lines
located at the left side) and the result from IVMM scheme (black lines
located at the right side) by using the diagonal grid (level 5, for the upper
part) and the Delaunay grid (level 5, for the lower part) compared with the
analytical solution (blue lines) at t = 1500 s.
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Figure 3.7: Moving shorelines in a two-dimensional frictional parabolic
bowl: comparison between analytical solution (-) and the numerical solution
(Delaunay mesh): VMM(◦ ◦), IVMM(◁ ◁) for the water level (black), qx
(red), qy (blue) for t = 500 s (left) and t = 1500 s (right) for the Delaunay
grid in level 1 (upper) and level 5 (lower).
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Figure 3.8: Moving shorelines in a two-dimensional frictional parabolic
bowl: comparison between analytical solution (-) and the numerical solution
(diagonal mesh): VMM(◦ ◦), IVMM(◁ ◁) for the water level (black), qx
(red), qy (blue) for t = 500 s (left) and t = 1500 s (right) for the diagonal
grid in level 1 (upper) and level 5 (lower).



CHAPTER 3. IMPROVED MULTISLOPE MUSCL SCHEME 92

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
1
0
(L

1
(h
)) a

Delaunay grids
VMM

IVMM

Slope 2

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
1
0
(L

1
(q

x
)) b

VMM

IVMM

Slope 2

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
10
(L

1
(q

y
)) c

VMM

IVMM

Slope 2

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
1
0
(L

1
(h
)) a

Diagonal grids
VMM

IVMM

Slope 2

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
1
0
(L

1
(q

x
)) b

VMM

IVMM

Slope 2

1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1

log10(∆x)

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

lo
g
10
(L

1
(q

y
)) c

VMM

IVMM

Slope 2

Figure 3.9: Moving shorelines in a two-dimensional frictional parabolic
bowl: grid convergence study on Delaunay grids (left) and diagonal grids
(right) for h (a), qx (b) and qy (c).
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Figure 3.10: Moving shorelines in a two-dimensional frictional parabolic
bowl: relative computational time for a single step for VMM scheme and
IVMM scheme for the diagonal grids (upper) and Delaunay grids (lower).

the corresponding error for the VMM scheme, which can be thought the
order of the IVMM scheme and VMM scheme is similar but the accuracy of
the IVMM scheme is better. As the characteristic length ∆x is different for
the Delaunay and diagonal grids, the errors for the diagonal grids is a little
bit higher than for the Delaunay grids. It was already shown the diagonal
grids will significantly influence the results for the MUSCL reconstructions
in [Zhao et al., 2018a], it can be observed here that the qy for the VMM
scheme leads to higher error compared to the results from IVMM scheme,
which means the IVMM is less influenced from the grid type.

The relative time of VMM against IVMM scheme is shown in Fig. 3.10.
It can be clearly observed that IVMM provides a relatively better efficiency
than VMM scheme, and with increasing of the mesh number, this advantage
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Table 3.4: Position of measurement gauges.

Gauge x [m] y [m]
4 5.7400 0.6925
6 6.6488 0.7650
9 8.1267 2.2428

becomes bigger. The unstructured grids in this work are mainly focused on
the triangle mesh, where the vector structure in the single cell is still simple,
but for a more complex mesh, the additional calculation will increase, which
will decrease the computational efficiency even more.

Dam-break in a channel with 45◦ bend

To assess the performance of the MUSCL reconstructions for the dam-
break induced waves in non-straight channels, a test case from EU CADAM
[Morris, 2000] is chosen as the benchmark, which was also considered in
[Hou et al., 2013d, Kao and Chang, 2012, Zhou et al., 2004] for verifying
the capability of their model for dam-break simulation. The set up and the
computational grid used for the simulation of the experiment facility can be
seen in Fig. 3.11. The reservoir with the size 2.39 × 2.44m2 is located at
the left side of the experiment, the northwest of the reservoir is set to be the
origin position of the geometry, a 0.495 m wide channel with a 45◦ bending
corner is connected with the reservoir and with a free outlet for the end of
the channel. The water depth for the reservoir and the channel are 0.58 m
and 0 m, respectively. A 0.33 m high topography step is located between
the reservoir and the channel. The Manning number is suggested equal
to 0.012 s/m1/3 after the preliminary numerical tests. The computational
domain is discretized into 13038 Delaunay triangles-based meshes.

The simulation results from VMM and IVMM scheme are compared
with the measurement data for three gauges located as shown in Tab. 3.4.
As shown in Fig. 3.12, after 40 s, the water elevation is quite well predicted
by the numerical results, the only overestimated water elevation is after
5s at G6 and underestimated after 20s at G9, which may come from the
three dimensional effects after the 45◦ bend. It also can be observed that
the difference between the IVMM and VMM scheme is quite small, they all
provide promising result, but again, the IVMM is about 4.1% faster than
the VMM scheme, which indicates that the proposed scheme is sufficient
for simulating the dam-break flow over dry bed even discontinuity.
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Figure 3.11: Dam-break in a channel with 45◦ bend: plan view of the
experiment set up (upper) and the computational grid (lower), values in
(m).

Two-dimensional dam-break flow against an isolated
obstacle

A physical experiment is set up for two-dimensional dam-break flow against
an isolated obstacle constructed by Soares-Frazão and Zech [Soares-Frazão
and Zech, 2007]. It is chosen for testing the capability of the MUSCL
reconstructions work on asymmetric geometry, the water elevation and the
velocity will be checked for both numerical schemes. The sketch of the
experiment is shown in Fig. 3.13, with a trapezoidal bottom for the up
and downstream channel and the cut sections can be found in Fig. 3.13, all
the boundaries are closed except for the channel outlet. The initial water
level for the reservoir and down stream of the dam are 0.4 m and 0.02 m,
respectively. The dam-break is simulated by removing the gate in a sudden
period. The velocities and water levels are measured in the different gauges
located in the positions shown in Tab. 3.5, and the coordinate origin is set
at the center of the gate.

The computational domain is discretized into 27831 triangle cells, rel-
atively coarse mesh in the reservoir and a higher resolution for the down-
stream of the dam. The velocity field is set to be still for the beginning of
the simulation. Numerical test will run for 30 s and the Manning coefficient
is chosen n = 0.01 s/m1/3 by following [Soares-Frazão and Zech, 2007].

After 30 s, the simulation results from VMM and IVMM compared with
the measurement data are shown in Fig. 3.15, the water elevation is shown
in the left column. It can be observed that the measured data is fairly good
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Figure 3.12: Dam-break in a channel with 45◦ bend: water level at G4
(upper), G6 (middle), G9 (lower) against measurements.
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Table 3.5: Two-dimensional dam-break flow against an isolated obstacle:
position of measurement gauges.

Gauge x (m) y (m)
G1 2.65 1.15
G2 2.65 -0.60
G3 4.00 1.15
G4 4.00 -0.80
G5 5.20 0.30
G6 -1.87 1.10

predicted by the numerical results, both MUSCL reconstructions show good
agreement, but IVMM shows a little bit better results at gauge G2, however,
the VMM is slightly better at G1. However, the IVMM leads to more stable
results. The middle column presents the velocity along the x− direction,
the measurement data agrees well with the numerical results except for the
G1, this maybe caused by the strong three dimensional effects near the
obstacle. The VMM shows a slightly faster wave front at G5, here VMM
may give a better prediction because of the faster wave speed, but it is
difficult to say which one is better. The right column shows the velocity
along the y− direction, it can be observed that the range of the velocity
value is smaller than the measurement data, as the obstacle provides a three
dimensional influence on the flow field, which is neglected by the shallow
water model. However, the water level at G6 seen in Fig. 3.16, shows
that the numerical results perfectly captured the measured data, which
means that both of the schemes can capture the long wave well. Again,
the single computational effort is compared, and the IVMM can save 9.51%
computational time compared to the IVMM scheme.

Malpasset dam-break

The last example is chosen to be the Malpasset dam-break for test the
capability of the numerical model for simulating the field scale case. The
Malpasset dam is located on the Reyran River valley and the associated
floodplain in southern France is shown as in Fig. 3.17 (a). The topography
is provided by [N., 1999] and the computational domain is discretized into
28855 triangle cells as shown in Fig. 3.17 (b) and the boundaries are set to
be solid walls except for the downstream boundaries near to the sea which
is transmissive. The reservoir has a constant water level for 100 m above
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Figure 3.13: Two-dimensional dam-break flow against an isolated obstacle:
sketch of the experiment set up (m) after [Soares-Frazão and Zech, 2007].

Figure 3.14: Two-dimensional dam-break flow against an isolated obstacle:
computational grid used for simulation.

the sea level, and the downstream of the dam is set to be initially dry except
for the sea. The Manning coefficient is set to 0.033 s/m1/3, following [Wang
et al., 2011, Hou et al., 2014, Hou et al., 2013a, N., 1999, Valiani et al.,
2002, Hou et al., 2013d].

Laboratory studies were carried out by Electricité de France to measure
the arrival time and the maximum water level at the gauge points G (6-
14) and the police points P (1-17), the measurement data is well matched
with the field data, and will be used for validating the numerical schemes.
Simulation runs until 3600s and the water depth floodplain simulated by
IVMM scheme is shown as in Fig. 3.18.

After 3600 s, the arriving time at the electrical transformers is com-
pared in Fig. 3.19(a), which the IVMM scheme reaches a little faster than
the VMM scheme, being closer to the measurement data. The summary
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Figure 3.15: Two-dimensional dam-break flow against an isolated obstacle:
the comparison of water elevation (left), the velocity along x− direction
(middle) and y− direction (right) between measurement data (◦ ◦), and
simulation results from VMM (□−□) and IVMM (◁− ◁) at gauges G 1-5.
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Figure 3.16: Two-dimensional dam-break flow against an isolated obstacle:
the comparison of water elevation between measurement data (◦ ◦), and
simulation results from VMM (□−□) and IVMM (◁− ◁) at gauges G 6.

of the maximum water level of the survey points is shown in Fig. 3.19(b),
it can be observed that the simulated results from both MUSCL schemes
show fairly well agreement with the measurement data. Small discrepan-
cies happen at the experiment gauges for the arriving time of the water,
this can be due to the limitation of the two-dimensional SWEs and certain
complex flows with three-dimensional effects will also influence the mea-
surement results. This simulated results also well match the results from
the literature, e.g. [Hou et al., 2014, Hou et al., 2013a, Hou et al., 2013d].
However, in general, the simulated results provided by VMM and IVMM
can well predict the field measurements, there is no negative water depth
predicted, nor are non-physical velocities created by the proposed schemes.
To the end, the computational efficiency is compared and the IVMM saves
10.5% computation time compared to the VMM scheme.

3.6 Conclusions

An improved vector manipulation of the multislope MUSCL method is
proposed in this work to achieve high accuracy and efficiency for two-
dimensional unstructured cell-centered finite volume modelling of shallow
water flows. The proposed scheme is proven to be more straight-forward
without including any additional step for judging the geometry relation-
ships. Five examples involving analytical solution, laboratory experiments
and field-scale surveys are used for validating the proposed scheme, and
all the results are compared with those of the original vector manipulation
method from [Zhao et al., 2018a]. The results from the proposed MUSCL
reconstruction are shown to produce satisfactory results without creating
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Figure 3.17: Malpasset dam-break: topography and locations of electrical
transformers T , survey points P and experimental gauges G (a); computa-
tional domain and simulation grid (b).

negative water depth and infinite velocity. The mesh convergence study
shows that the new scheme is roughly second order accuracy. The compu-
tational cost is compared in each test case, the new IVMM scheme is shown
to save about 4%-10% computational time compared to the VMM scheme,
and the saving is more apparent with more computational grid points. To
sum up, the new reconstruction method exhibits good performance for solv-
ing the SWEs on unstructured grids.
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Figure 3.18: Malpasset dam-break: predicted water depth (m) by IVMM
scheme at t = 2000 s.
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Figure 3.19: Malpasset dam-break: (a) arrival times at three electrical
transformers, (b) maximum water levels at survey points, (c) arrival times
at experiment gauges, (d) maximum water levels at experimental gauges.



Chapter 4

Comparison of depth-averaged
concentration and bed load
flux sediment transport models
of dam-break flow

This is the accepted version of an article that has been published as:
[Zhao et al., 2017c] Zhao, J., Özgen, I., Liang, D. and Hinkelmann, R.

(2017) Comparison of depth-averaged concentration and bed load flux sed-
iment transport models of dam-break flow. Water Science and Engineering
10(4), pp. 287–294.
doi: https://doi.org/10.1016/j.wse.2017.12.006

4.1 Abstract

This paper presents numerical simulations of dam-break flow over a movable
bed. Two different mathematical models were compared: a fully coupled
formulation of shallow water equations with erosion and deposition terms
(a depth-averaged concentration flux model), and shallow water equations
with a fully coupled Exner equation (a bed load flux model). Both mod-
els were discretized using the cell-centered finite volume method, and a
second-order Godunov-type scheme was used to solve the equations. The
numerical flux was calculated using a Harten, Lax, and van Leer approxi-
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mate Riemann solver with the contact wave restored (HLLC). A novel slope
source term treatment that considers the density change was introduced to
the depth-averaged concentration flux model to obtain higher-order accu-
racy. A source term that accounts for the sediment flux was added to the
bed load flux model to reflect the influence of sediment movement on the
momentum of the water. In a one-dimensional test case, a sensitivity study
on different model parameters was carried out. For the depth-averaged
concentration flux model, Manning’s coefficient and sediment porosity val-
ues showed an almost linear relationship with the bottom change, and for
the bed load flux model, the sediment porosity was identified as the most
sensitive parameter. The capabilities and limitations of both model con-
cepts are demonstrated in a benchmark experimental test case dealing with
dam-break flow over variable bed topography.

4.2 Introduction

Sediment transport in flowing water is one of the main factors in erosion and
deposition processes. The mathematical and numerical modeling of these
processes is challenging, because the erosion and deposition processes lead
to a time- variable bottom elevation, which in return influences the flow.
In addition, the sediment concentration is often considered to influence the
momentum of the water. Furthermore, the erosion and deposition processes
are usually described by empirical laws that depend on several parameters.

[Guan et al., 2015a] state that there are currently four types of sediment
transport models. Two of them are so-called coupled models that solve
the hydrodynamic and morphodynamic equations together. Based on the
transport mode, coupled models can be categorized into the depth-averaged
concentration flux model (CF model) and the bed load flux model (BF
model). The other two types of models are so-called decoupled models,
namely the two-layer transport model and the two-phase flow model.

In this paper, coupled models are considered. The BF model solves
the depth-averaged shallow water equations together with the Exner equa-
tion, which describes the sediment transport based on bed load movement
through a power law of flow velocity. The interaction between flow and
sediment is accounted for by a variable parameter [Murillo and Garcı́a-
Navarro, 2010]. Existing literature about the Exner equation treats the
hydrodynamic and sediment mass conservation separately, without consid-
ering the influence of sediment movement on hydrodynamics [Soares-Frazão
and Zech, 2011, Hudson and Sweby, 2003, Liu et al., 2008, Liang, 2011b].
This model assumes that the movement of the sediment is much slower
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than the flow velocity. The CF model describes the sediment transport as
a fully mixed suspended load, while the erosion and deposition processes
are calculated with empirical equations. The sediment is modeled as a con-
centration in the water column, and its fluxes are calculated based on this
concentration. Several additional parameters are introduced to calculate
mass exchange between the dissolved sediment and the bed. In this study,
source terms were introduced accounting for the interaction between the
sediment and flow [Cao et al., 2004b, Simpson and Castelltort, 2006b, Wu
et al., 2011, Wu and Wang, 2008].

The aim of this study was to compare the bed load flux and depth-
averaged concentration flux sediment transport models for dam-break flow
over movable beds with regard to accuracy and suitable conditions for each
model.

4.3 Governing equations

The coupled governing equations, consisting of the two- dimensional shallow
water equations and sediment transport, can be expressed as

∂q

∂t
+
∂f

∂x
+
∂g

∂y
= s (4.1)

where t is time; x and y are the two-dimensional Cartesian coordinates;
q is the vector of conserved variables; f and g are the flux vectors of the
conserved variables in the x- and y- directions, respectively; and the vector
s represents the source terms. These vectors are expressed as

q =

⎡⎢⎢⎢⎢⎣
h
qx
qy
hc
z

⎤⎥⎥⎥⎥⎦ , f =

⎡⎢⎢⎢⎢⎣
qx

uqx + gh2/2
uqy
qxc
qsx

⎤⎥⎥⎥⎥⎦ , g =

⎡⎢⎢⎢⎢⎣
qy
vqx

vqy + gh2/2
qyc
qsy

⎤⎥⎥⎥⎥⎦ , s =

⎡⎢⎢⎢⎢⎣
hm
Bx

By

Bz

zm

⎤⎥⎥⎥⎥⎦ ,
(4.2)

where h is the water depth; qx and qy are the unit-width discharges in
the x− and y− directions, respectively, and qx = uh and qy = vh, with
u and v being the depth-averaged velocity components in the x− and y−
directions, respectively; z is the bottom elevation above the datum; c is
the flux-averaged volumetric sediment concentration; g is the gravitational
acceleration (9.81m/s2 ); qsx and qsy are the sediment fluxes in the x−
and y− directions for the BF model, respectively, with the corresponding
fluxes of the CF model described as qxc and qyc; hm is the mass source
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term of flow; Bx and By are the momentum source terms in the x− and y−
directions, respectively; Bz is the source term of the sediment concentration;
and zm is the source term for the bottom elevation. By defining the flux
and source terms associated with sediment transport, the BF or CF model
can be obtained from Eq. 4.2.

For the CF model,

hm =
E −D

1− p
(4.3)

Bx = −gh
[︃
∂z

∂x
+ Sfx +

(ρs − ρw)h

2ρ

∂c

∂x

]︃
− (ρ0 − ρ)(E −D)u

ρ(1− p)
(4.4)

By = −gh
[︃
∂z

∂y
+ Sfy +

(ρs − ρw)h

2ρ

∂c

∂y

]︃
− (ρ0 − ρ)(E −D)v

ρ(1− p)
(4.5)

Bz = E −D (4.6)

qsx = qsy = 0 (4.7)

zm =
D − E

1− p
(4.8)

where p is the bed sediment porosity; Sfx and Sfy are the friction slopes in
the x− and y− directions, respectively; E and D are substrate entrainment
and deposition fluxes across the bottom boundary of flow, respectively; ρw
and ρs are the density of water and sediment, respectively; ρ is the density
of the sediment-water mixture, and ρ = ρwp+ρs(1−p); and ρ0 is the density
of the saturated bed, and ρ0 = ρwp+ ρs(1− p). These equations have been
presented in [Simpson, 2010].

For the entrainment and deposition of sediment, this study used the
following equations from [Cao et al., 2004b]:

D = ω0(1− αc)mαc (4.9)

E = φmax(θ − θc, 0.0)
u

hd0.2
, (4.10)

where ω0 is the settling velocity of a single particle in still water, and
ω0 =

√︁
(13.95ν/d)2 + 1.09(ρs/ρw − 1)gd − 13.95ν/d; ν is the kinematic

viscosity; d is the sediment diameter; the coefficient α is calculated by
α = min[2.0, (1 − φ)/c]; m = 2; φ is a calibration parameter; θ is the
Shields parameter calculated by θ = u∗2/sgd, where u∗ is friction velocity,
s = ρs/ρw − 1; and θc is the critical value of the Shields parameter for the
initiation of sediment motion.
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For the BF model, sediment fluxes are calculated with Grass’ model
[Grass, 1981] as follows:

hm = 0 (4.11)

Bx = −gh∂z
∂x

− ghSfx (4.12)

By = −gh∂z
∂y

− ghSfy (4.13)

c = 0 (4.14)

qsx = ζAgqx
q2x + q2y
h3

(4.15)

qsy = ζAgqy
q2x + q2y
h3

(4.16)

zm = 0 (4.17)

where ζ = 1/(1 − p); and Ag is an empirical coefficient that indicates the
intensity of the interaction between flow and sediment, which is experimen-
tally determined as a constant with a value between 0 and 1. Details of
the parameters can be found in [Liang et al., 2011]. The BF model with
the Exner equation is known to overestimate the flow velocity because sed-
iment particles do not influence the momentum of the fluid. Extending the
momentum source terms of the BF model with −ψsqsx and −ψsqsy in the
x− and y− directions, respectively, is proposed, in order to account for
momentum losses due to the sediment movement. As the influence of these
source terms on the eigen-structure of the governing equations has been
neglected, the calibration coefficient ψ is introduced.

4.4 Numerical methods

For both models, a cell-centered Godunov-type scheme is used for solving
the equations, and a second-order monotonic upstream-centered scheme for
conservation laws (MUSCL) [van Leer, 1979] is employed to reconstruct
the value at the middle point of the edge. To preserve the non-negative
water depth and the C-property [Gallardo et al., 2007], the hydrostatic
reconstruction method [Audusse et al., 2004] is used. A total variation
diminishing scheme presented in Hou et al. [Hou et al., 2013d] is applied
to avoid spurious oscillations.

In the CF model, the numerical fluxes are calculated by the Harten, Lax,
and van Leer approximate Riemann solver with the contact wave restored
(HLLC) [Toro et al., 1994]. In the BF model, the additional fluxes q sx
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and q sy change the eigen- structure of the governing equations. Thus, the
modified HLLC flux calculation method by [Liang et al., 2011] is used in
this model.

A two-stage Runge-Kutta scheme is applied for the time discretization.

Treat of source terms

In sediment transport models, the influence of sediment movement is re-
flected by source terms. For shallow water equations, the friction source
terms are evaluated with a splitting point-implicit method [Bussing and
Murman, 1988].

Valiani and Begnudelli [Valiani and Begnudelli, 2006] presented an ef-
ficient divergence form for the slope source term calculation and Hou et
al. [Hou et al., 2013a] modified this slope source term treatment to obtain
higher-order accuracy for the bed slope source term in the classical shallow
water model. Based on this method, a modified source term treatment was
derived in this study, induced by the water flow density change. It is noted
that this treatment requires flow with density change, which means that
the volumetric concentration is a necessary condition, or, in other words,
this method cannot be applied to the BF model.

In a one-dimensional case, the source terms in the CF model related to
gravity force can be written in the integral form as follows:

Bgx =

∫︂
Ω

−gh
[︃
∂z

∂x
+

(ρs − ρw)

2ρ

∂c

∂x

]︃
dΩ (4.18)

where Bgx is the gravity source term, and Ω is the control volume. Source
terms related to the gravity force are divided into the bed slope source term
of the flow and the gradient source term of the sediment concentration.
This assumes that sediment concentration and flow depth are independent
of each other. The source terms are calculated separately with one of the
two values remaining constant.

The derivation process will not be shown in detail here. The overall
derivation for a bed slope can be found in Hou et al. [Hou et al., 2013a],
and the application of the method to the source terms in Eq. (4.18) is

Fs(q) · nf =

⎡⎣ 0
−nfxg(hM + hfρf/ρM)(zbM − zbf/2)
−nfyg(hM + hfρf/ρM)(zbM − zbf/2)

⎤⎦ (4.19)

where Fs(q) denotes the flux of the slope source term; nfx and nfy are the
components of the outward unit normal vector n f along the x− and y−
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directions, respectively, of the considered face; hM , zbM , ρM = ρw(1−cM)+
ρscM , and cM represent the water depth, bottom elevation, density, and
concentration at the centroid of the considered cell, respectively; and hf ,
zbf , ρf = ρw(1 − cf ) + ρscf , and cf represent the corresponding values for
the face. The integral of slope source sb over a cell can be rewritten as∫︂

Ω

sbdΩ =

∮︂
Γ

Fsk(q) · nfdΓ =
nc∑︂
k=1

[Fsk(q) · nf lk] (4.20)

where k and ne are the index and the number of the edges in the considered
cell, respectively.

Main procedure of models’ application

The models use a ghost cell treatment to impose boundary conditions [LeV-
eque, 2002a]. The updating procedure of the models can be summarized in
the following steps:

Step 1: Update the ghost cells.
Step 2: Interpolate the edge values by means of the MUSCL reconstruc-

tion from Hou et al. [Hou et al., 2013d].
Step 3: Carry out the hydrostatic reconstruction [Audusse et al., 2004].
Step 4: Use the novel slope source treatment to calculate the divergence

form of the bed and density slope source terms for the CF model and use the
divergence form to calculate the bed slope source terms while neglecting the
density change with regard to ρf/ρM = 1 for the BF model, then calculate
interface fluxes of mass and momentum in the same loop with the slope
source fluxes, with different HLLC approximate solvers for the CF and BF
models.

Step 5: Calculate source terms that are evaluated based on cell values.
Step 6: Calculate the intermediate values of cells.
Step 7: Carry out the Runge-Kutta time integration by repeating steps

1 through 6 using the intermediate values.

4.5 Test cases

In this section, two test cases are presented. The first case is a one-
dimensional dam-break flow over a movable bed. The second case is dam-
break flow over variable bed topography.



CHAPTER 4. SEDIMENT TRANSPORT COMPARISON 110

Figure 4.1: Comparison of water surface elevations and bottom elevations
of BF model and CF model after 60 s.

Error calculation

The volume weighted L1-norm [Sun and Takayama, 2003] was used to quan-
tify the difference between results:

L1(q) =

∑︁Nc

i=1Ai|qi − q′|∑︁Nc

i=1Ai

(4.21)

where Nc is the total number of the cells, i is the cell index, Ai is the area
of the computational cell i, qi is the exact solution of the computational
cell i, and q′ is the numerical solution.

One-dimensional dam-break flow over movable bed

This test case was initially presented by Cao et al. [Cao et al., 2004b], who
described a numerical solution for reference. The domain was 4000 m long.
A dam was set up at a position of 2000 m. The water surface elevation
on the left side of the dam was 40 m, and the water surface elevation on
the right side of the dam was 2 m. The sensitivity of Manning’s coefficient,
sediment diameters, and sediment porosity were investigated.

This case used the same parameters as Cao et al. [Cao et al., 2004b]
to verify the model. This case was also used as the reference case for the
sensitivity study. The parameters were as follows: the diameter of the bed
sediment was set to 8 mm, the porosity of the bed sediment was 0.4, and
the density of the sediment was 2650kg/m3. The calibration parameter
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Figure 4.2: Unit-width discharge after 60 s.

was set to φ = 0.015 in the CF model. The modified source term in the
BF model was omitted, i.e., ψ = 0, to demonstrate the overestimation of
velocities by the BF model. Results are shown in Fig. 4.1. While the
CF model shows strong agreement with the results re- ported in Cao et al.
[Cao et al., 2004b], the BF model results do not agree. This is expected, as
the CF model uses similar model concepts to the model by Cao et al. [Cao
et al., 2004b], i.e., suspended load trans- port that influences the momentum
balance, while in the BF model the sediment is transported solely as bed
load, i.e., the sediment is not transported as suspended load. Thus, the
im- mediate change in the bottom elevation in the BF model is described
by the sediment concentration in the CF model. Therefore, the BF model
overestimates the erosion upstream and the deposition downstream. It can
be argued that the CF model captures the physical process better, as the
results seem to agree with the experimental results of Spinewine and Zech
[Spinewine and Zech, 2007], who replicated this test case in a laboratory.
It is noted that, in reality, distinguishing suspended load from bed load is
not trivial.

In addition, as discussed in Audusse et al. [Audusse et al., 2004], us-
ing Ag = 0.2s2/m for unsteady flow will lead to almost constant water
level downstream, which might also explain the greater deviation of the BF
model, and because the influence from the sediment movement has been
neglected, the water level wave front of the BF model is significantly faster
than that of the CF model. Fig. 4.2 shows the unit-width discharge distri-
bution in the domain. It is noted that the BF model tends to overestimate
flow velocities, because the sediment movement does not influence the fluid
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Figure 4.3: Comparison of water surface elevations and bottom elevations
of modified BF model and CF model after 60 s.

dynamics.
To capture the shock wave position downstream, the coefficient ψ of the

BF model was set to 0.05. A comparison between the CF model and the
modified BF model is shown in Fig. 4.3. After both models were verified,
a sensitivity analysis was carried out. Manning’s coefficient, the sediment
diameter, and the sediment porosity were varied and their respective influ-
ences on the results were quantified by means of the L1-norm of the bottom
elevation with regard to the reference case. In each simulation run, one pa-
rameter was increased or decreased by 50% of itself, while the values of all
other parameters were the same as those in the reference case. The results
are summarized in Table 1. The results for varying Manning’s coefficient
are shown in Fig. 4.4. Increasing friction causes different types of erosion.
In the BF model, Manning’s coefficient is not considered in the sediment
movement process, so the friction only decreases the flow velocity, which
leads to less erosion. In contrast, with an increasing friction parameter in
the CF model, θ will grow larger, causing more erosion.

For the CF model, Manning’s coefficient and the sediment porosity show
an almost linear relationship with the change of bottom elevation. For the
BF model, the sediment porosity is identified as the most sensitive param-
eter. This is partly because the BF model in this study used a constant Ag

to calculate the sediment flux and Manning’s coefficient was not used.
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(a) BF model

(b) CF model

Figure 4.4: Comparison of results with varying Manning’s coefficient for
modified BF model and CF model.

Simulation of laboratory dam-break experiment over
movable discontinuous bottom

Dam-break experiments over movable beds were carried out at the labora-
tory of the Department of Civil and Environmental Engineering at Université
Catholique de Louvain, Belgium, by Spinewine [Spinewine et al., 2005]. In
comparison to the previous example, the bottom topography in these cases
was more complex, as initial discontinuities were introduced in the initial
domain.
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Table 4.1: L1-norm summary of bottom elevation in dependency of model
parameters.

Parameter L1-norm bottom elevation
• CF model BF model

n = 0.015 sm−1/3 0.729 0.168
n = 0.045 sm−1/3 0.666 0.227

d = 4mm 1.130 0.125
d = 12mm 0.424 0.134
p = 0.2 0.610 0.376
p = 0.6 0.730 0.483

Table 4.2: Upstream and downstream elevations for four scenarios.

Scenario Water surface elevation Bottom elevation (m)
• Upstream Downstream Upstream Downstream
1 0.35 0 0 0
2 0.35 0 -0.1 0
3 0.35 0 0.1 0
4 0.35 0.1 0.1 0

The domain was a rectangular glass flume, which was 6 m long, 0.25
m wide, and 0.70 m high. At the middle of the flume there was a thin
gate that simulated the dam. Sand bed material had a uniform diameter,
d = 1.82 mm, sediment density was ρs = 2683 kg/m3 , and porosity was
p = 0.47. Different initial conditions were imposed by adjusting the initial
water depth and thickness of the bed material upstream and downstream of
the gate. All four scenarios had the same upstream water surface elevation
of 0.35 m and downstream bottom elevation of 0 m. The upstream bed
elevation and the downstream water surface elevation for the four scenarios
are shown in Table 4.2. A detailed discussion of the experiments can be
found in [El Kadi Abderrezzak and Paquier, 2010].

The experimental results were replicated with both models, in order to
study the applicability of both models in different scenarios with complex
topography.

For the BF model, Ag was set to 0.0006. This is because the water
depth here was comparably low, implying less interaction between flow and
sediment. The parameter ψ was set to 0.1 for the flow momentum source
term dealing with the sediment movement. For the CF model, ϕ was set
to 0.002. The results for scenarios 1, 2, 3, and 4 are plotted in Fig. 4.5, in
which the experimental data are from [Spinewine et al., 2005]. As shown
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(a) Scenario 1 (b) Scenario 2

(c) Scenario 3 (d) Scenario 4

Figure 4.5: Water surface elevation and bottom elevation at t = 1.247 s for
different scenarios.

in Fig. 4.5, for scenarios 1 and 2, both the modified BF model and the CF
model show strong agreement with the experimental data for the bottom
elevation. The agreement of the water surface elevation is poor for both
models, but the location of the shock is captured accurately. The deviation
between the models and experiments might be due to the mathematical
model limitations of the shallow water equa- tions, which cannot account for
the non-hydrostatic pressure distribution that is expected at the beginning
of a dam break. For scenario 1, the CF model provides better results than
the modified BF model. The reason for this is the same as in the first
test case, i.e., the sediment in the CF model is still dis- solved in the fluid
while the modified BF model causes immediate deposition. The CF model
has stiff source terms, i.e., for cases with dry beds, the erosion rate goes
to infinity. As a numerical treatment, if the water depth is less than the
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sediment diameter, the erosion rate is set to zero. This enables a robust
simulation of sediment transport on a dry bed. For scenario 2, both models
provide about the same agreement for the bottom elevation. However, the
modified BF model shows better agreement with the experimental data for
water surface elevation.

The results for scenario 3 show that the modified BF model provides
better agreement for the bottom elevation. Both models fail to capture the
shock properly. For the water surface elevation, the modified BF model
results may be considered better. For scenario 4, the modified BF model
provides strong agreement for the bottom elevation. The water surface ele-
vation could not be reproduced by either of the models, but the modified BF
model provides better agreement. The shock is again not captured prop-
erly. It can be concluded that the sharply descending bottom is numerically
more challenging for both models and leads to errors in the hydrodynamics
and morphodynamics. The shock cannot be captured accurately in these
cases. For the flat bottom and the sharply ascending bottom, these errors
are not observed; the shock is captured accurately.

Overall, the results are comparable to the ones reported in [El Kadi Ab-
derrezzak and Paquier, 2010].

4.6 Conclusions

A bed load flux (BF) model and a depth-averaged con- centration flux (CF)
model were used to simulate sediment transport in two different ways: as
bed load and as suspended load. The bottom change in the BF model is
calculated using the sediment flux of the bed load. Therefore, the morpho-
dynamics are instantaneous. In contrast, in the CF model, the sediment
transport is a process that depends on the entrainment and deposition that
are calculated separately using empirical formulas. The water carries the
sediment and the sediment particle movement influences the water momen-
tum. Thus, the CF model concept is more complex than the BF model
concept.

A simple heuristic modification is proposed that introduces additional
source terms to the momentum balance. A modified bed slope source term
treatment that considers the density change of the flow in the CF model
meant to obtain higher order accuracy, is presented in this paper.

Two test cases were described that compare the BF model with the
CF model. In the first test case, both models were verified by comparison
with results from Cao et al. [Cao et al., 2004b]. After the verification,
a sensitivity test was carried out for different parameters. For the CF
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model, Manning’s coefficient and the sediment porosity show an almost
linear relationship with the bottom change. For the BF model, the sediment
porosity is considered the most sensitive parameter. The influence of the
friction in both models shows the opposite impact.

In the second test case, the modified BF model and the CF model were
compared with experimental data. The BF and CF models both provide
good results for the morphodynamics, but for the water surface, the numer-
ical models show greater water depth in the wave front, which might result
from non-hydrostatic flow conditions in the experiment. However, in the
investigated cases, the sediment movement and its influence on the water
surface elevation were relatively small, so that both models lead to similar
surface water levels. For real-world applications such as real flood events,
the difference between the morphodynamics may lead to larger differences
in the water surface levels.

The empirical coefficient ψ in the BF model will be investigated in the
future. It can be concluded that the modified BF model can be used for
sediment transport modeling for relatively steady flow, and the CF model
can be used for unsteady flow. However, it is acknowledged that in practice
it is difficult to separate these cases.
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A depth-averaged non-cohesive
sediment transport model with
improved discretization of flux
and source terms
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with improved discretization of flux and source terms. Journal of Hydrology
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5.1 Abstract

This paper presents novel flux and source term treatments within a Godunov-
type finite volume framework for predicting the depth-averaged shallow wa-
ter flow and sediment transport with enhanced the accuracy and stability.
The suspended load ratio is introduced to differentiate between the advec-
tion of the suspended load and the advection of water. A modified Harten,
Lax and van Leer Riemann solver with the contact wave restored (HLLC)
is derived for the flux calculation based on the new wave pattern involv-
ing the suspended load ratio. The source term calculation is enhanced by

118

https://doi.org/10.1016/j.jhydrol.2018.12.059


CHAPTER 5. ROBUST SEDIMENT MODEL 119

means of a novel splitting-point implicit discretization. The slope effect is
introduced by modifying the critical shear stress, with two treatments being
discussed. The numerical scheme is tested in five examples that comprise
both fixed and movable beds. The model predictions show good agreement
with measurements, except for cases where local three-dimensional effects
dominate.

Highlights

1. A second-order finite-volume method is presented for solving the total-
load non-cohesive sediment transport

2. An improved HLLC Riemann solver is derived

3. An improved bed slope treatment is derived to account for density
variation inside the cell

4. A novel implicit source term discretization is presented

5. The numerical model shows good agreement with measurement as
long as the shallow flow assumptions are valid

5.2 Introduction

Flow processes often are associated with the transport of sediments, which
impacts the topography of the earth. Sediment transport governs the ero-
sion and deposition processes, the movement of sediment with fluid is among
the most complex and least understood processes in nature [Wu, 2008]. De-
pending on its transport mode, sediment can be categorized as “suspended
load” and “bed load”. Here, suspended load describes the smaller particles
that are suspended in the water, while the bed load is comprised of larger
particles that are transported on the bed by means of rolling, sliding, or
saltation. The mathematical and numerical modeling of these processes is
challenging, because the erosion and deposition processes lead to a time-
variable bottom elevation, which in return influences the flow.

Current process-based sediment transport models use partial differen-
tial equations that are referred to as conservation laws to describe flow and
transport processes [Kandel et al., 2004, Bennett, 1974]. Usually, the water
flow is solved by using either a kinematic or diffusive wave approximation, or



CHAPTER 5. ROBUST SEDIMENT MODEL 120

by using the fully dynamic shallow water equation. The latter usually pro-
vide more accurate and detailed flow fields [Julien and Saghafian, 1991, Wa-
ter and Environment, 1995, Murillo and Garcı́a-Navarro, 2010, Liang et al.,
2011, Soares-Frazão and Zech, 2011, Murillo and Garcı́a-Navarro, 2010, Juez
et al., 2014, Paola and Voller, 2005, Cao et al., 2004a, Simpson and Castell-
tort, 2006a, Wu and Marsooli, 2012, Wu and Wang, 2008]. Based on the
way the sediment transport is related to the flow, sediment transport models
can be categorized into (1) decoupled and (2) coupled models. Decoupled
flow and sediment transport models have been widely used in many real-
life engineering problems. They are relatively easy to implement, and the
results may be justified due to different time scales in flow and sediment
transport and the using of empirical formulas for bed roughness and sed-
iment transport capacity [Wu, 2008]. Most of the decoupled models are
related to the equilibrium sediment transport assumption considering low
sediment concentration and small bed change in each time step.

Fully coupled models that account for the coupling of water and sedi-
ment phases can be used at a wider range of flow conditions. These models
are categorized as (1) Exner equation coupled models (bed load flux cou-
pled model), e.g. [Liang, 2011a, Murillo and Garcı́a-Navarro, 2010, Murillo
and Garcı́a-Navarro, 2010, Soares-Frazão and Zech, 2011, Liu et al., 2008],
and (2) concentration flux coupled models, e.g. [Simpson and Castelltort,
2006a, Wu et al., 2011, Cao et al., 2004a, Guan et al., 2014, Guan et al.,
2015b, Greimann et al., 2008, Xia et al., 2010]. The Exner equation cou-
pled model solves the depth-averaged shallow water equations together with
the Exner equation, which describes the sediment transport based on bed
load movement through a power law for the flow velocity. The interac-
tion between flow and sediment is accounted for by a variable parameter
[Murillo and Garcı́a-Navarro, 2010, Liang et al., 2011, Soares-Frazão and
Zech, 2011, Murillo and Garcı́a-Navarro, 2010, Juez et al., 2014, Paola and
Voller, 2005]. Existing literature about the Exner equation treats the hydro-
dynamic and sediment mass conservation separately, without considering
the influence of sediment movement on hydrodynamics [Soares-Frazão and
Zech, 2011, Hudson and Sweby, 2003, Liu et al., 2008, Liang et al., 2011].
This approach assumes that the movement of the sediment is much slower
than the flow velocity. The concentration flux coupled model describes the
sediment transport as a fully mixed suspended load, while the erosion and
deposition processes are calculated with empirical equations. The sediment
is modelled as a concentration in the water column, and its fluxes are cal-
culated based on this concentration. Additional parameters are introduced
to calculate mass exchange between the dissolved sediment and the bed,
and additional source terms are introduced to account for the interaction
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between the sediment and flow [Cao et al., 2004a, Simpson and Castelltort,
2006a, Wu and Marsooli, 2012, Wu and Wang, 2008]. The difference be-
tween the concentration flux coupled model and Exner equation coupled
model is analyzed in Zhao et. al. [Zhao et al., 2017c]. The concentration
flux coupled model is suggested for rapidly varying flows such as dam-break
and tsunami. The Exner equation coupled model is more suitable for less
varying flow such as river channel flow and overtopping flow.

Guan et. al.[Guan et al., 2015b] propose a one-dimensional shallow
water model coupled with sediment transport, which considers the veloc-
ity difference between the sediment and water flow. The model treats the
sediment transport separately as bed load and suspended load. This model
provides a way to simulate the sediment transport more physically, and it is
suitable for more complex and different conditions. However, it is observed
that even if the model in [Guan et al., 2015b] uses different velocities for
sediment transport and water flow, it neglects the influence of this difference
on the Jacobian matrix, and the unmodified HLLC Riemann solver [Toro
et al., 1994] was used to compute the numerical flux. Using the unmodi-
fied HLLC Riemann solver in this case is not optimal, because it neglects
the additional wave emerging due to the difference in sediment and fluid
velocities, and therefore calculates a non-optimal numerical flux.

In Audusse and Bristeau [Audusse and Bristeau, 2005], a hydrostatic re-
construction of the bottom elevation is proposed that ensures non-negativity
of water depth and preserves the C-property (i.e. if water level is constant,
the momentum should equal to nil in the stationary case) [Bermudez and
Vázquez, 1994] of the numerical scheme. This method uses the divergence
form of the bed slope source, and shifts it to the cell edges [Audusse and
Bristeau, 2005]. In second-order schemes, the sediment concentration is
interpolated linearly from cell center to the interface, which leads to a vari-
ation of density inside the cell. Hence, the density of the sediment flow
mixture will be not distributed homogeneously, and the original treatment
of the slope source will not provide a satisfying result anymore.

In order to avoid instability and spurious velocity due to stiff friction
source terms for very shallow water depths, the friction source term can be
discretized using the splitting point implicit treatment [Bussing and Mur-
man, 1988]. However, common sediment transport models in the literature
usually discretize the source terms in an explicit way. This influences the
stability of these schemes.

This work extends the idea of the multimode total load transport model
of Guan et. al. [Guan et al., 2015b] to present a two-dimensional, non-
equilibrium, total load sediment transport model with several improvements
in the numerical solution. In the proposed model, the bottom elevation is
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updated via the summation of erosion and deposition calculated by empir-
ical equations based on the sediment concentration and flow field variables
at the last time step. Sediment (including both suspended and bed load)
is distributed into the water column represented by the sediment volume
concentration. Sediment fluxes across the cell edges are transported as an
additional transport term added to the shallow water equations. At the end
of each time step, the concentration is updated by the sediment fluxes from
the neighboring cells and the erosion and deposition inside the considered
cell. In this process, the flow field is also influenced by sediment movement.
We address the aforementioned shortcomings of existing sediment trans-
port models as follows: (1) We derive a modified HLLC Riemann solver
that accounts for the additional wave generated by the velocity difference
between fluid and sediment; (2) We present an extension to the hydrostatic
reconstruction [Audusse and Bristeau, 2005] that accounts for variable den-
sity inside the computational cell. This ensures that the C-property of the
numerical scheme is preserved and positive water depth reconstruction is
guaranteed; (3) We utilize the splitting point implicit treatment [Bussing
and Murman, 1988] to discretize the additional source terms related to sed-
iment transport. This relaxes the time step restriction and improves the
robustness of the scheme for small water depths. A robust shallow water
total-load non-cohesive sediment transport model is presented using a novel
numerical treatment, which provides a physically meaningful and numeri-
cally stable tool.

Finally, we note that this work, similar to the work in [Guan et al.,
2015b], assumes that the sediment material is non-cohesive and turbulent
effects are neglected. The implications of these assumptions are discussed
in the conclusions.

5.3 Governing equations

The model consists of two modules that interact with each other via source
terms; the hydrodynamic module and the morphodynamic module. The
governing equations introduce a coefficient ξ addressing the sediment to
flow velocity, which is the ratio between the velocities of sediment advec-
tion and fluid movement. Although in [Simpson and Castelltort, 2006a, Cao
et al., 2004a, Soares-Frazão and Zech, 2011] it is assumed that the flow ve-
locity equals the sediment advection velocity, i.e. ξ = 1, in this work these
velocities are assumed to be different. With this additional velocity of sedi-
ment, the Jacobian matrix will change to reflect the different eigenstructure
of the governing equations. Hence, a novel Riemann solver is derived to ap-
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proximate the interfacial fluxes correctly.

Hydrodynamic module

The hydrodynamic module considers the sediment-laden surface water flow
that drives the bed evolution. The depth-averaged two-dimensional shal-
low water and sediment transport equations are used to describe the mass
and momentum exchange of the sediment-water mixture flow [Simpson and
Castelltort, 2006a, Cao et al., 2004a, Xia et al., 2010]. In order to ac-
count for the effect of the density change and bed evolution on the momen-
tum of the flow, additional terms are added to the equations. The usual
depth-averaged shallow flow assumptions are adopted here, i.e. the vertical
acceleration of flow is negligible and the pressure is hydrostatic.

This yields the following equations:

∂h

∂t
+
∂(hu)

∂x
+
∂(hv)

∂y
= −∂zb
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where t, x and y are time and two-dimensional Cartesian coordinates, h
is the water depth, and u and v are the velocity in x− and y− direc-
tion, respectively. (Sbx, Sby) and (Sfx, Sfy) are the bed slope and fric-
tion source terms, Sbx = −∂zb/∂x, Sby = −∂zb/∂y, Sfx = Cfu

√
u2 + v2,

Sfy = Cfv
√
u2 + v2, Cf is the bed roughness coefficient determined by the

Manning coefficient n and h in the form of gn2/h1/3, g represents the grav-
ity acceleration, ∂zb/∂t represents the rate of the bed elevation change, ξ is
the aforementioned sediment to flow velocity coefficient for total sediment
transport that is calculated as

ξ = α/β + (1− α) , (5.4)

where α is the sediment transport mode parameter in the range of 0 to
1 which specifies the ratio of the bed load in total load, β is the ratio
of the fluid velocity relative to bed load velocity, and the velocity of the
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suspended load is assumed to be the same with the flow velocity. Values
for α and β can be obtained from [Greimann et al., 2008], p is the porosity
of bed material. The last two terms on the right hand sides in Eq. 5.2 and
5.3 account for the spatial variations in sediment concentration and the
momentum transfer between flow and erodible bed because of the sediment
exchange and velocity difference between flow and bed material. ρm is the
depth-averaged density of sediment water mixture, ρw and ρs are the density
of water and sediment, respectively, which can be calculated as

ρm = ρsc+ ρw (1− c) , (5.5)

where c is the depth-averaged volume concentration.

Morphodynamic module

The morphodynamic module considers sediment transport and bed evo-
lution. These processes are governed by the suspended load and bed load
equations. In [Guan et al., 2015b], the suspended load model sets the advec-
tion velocity of the sediment equal to the flow velocity. The bed evolution
is governed by

∂zb
∂t

=

[︃
α
qb − qb∗
La

+ (1− α) (D − E)

]︃
/ (1− p) , (5.6)

and the sediment concentration is calculated by

∂hc

∂t
+ ξ

∂huc

∂x
+ ξ
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∂y
= −∂Zb

∂t
(1− p) . (5.7)

D and E are the deposition and entrainment fluxes representing the set-
tling and entrainment of sediment respectively due to the suspended load
transport. qb = ξ

√︁
q2x + q2yc is the bed load sediment transport rate (m2/s),

where qx = uh and qy = vh are the unit width discharge (m2/s) in x−
and y− direction, and qb∗ is the bed load transport capacity (m2/s). Based
on the non-equilibrium assumption, La is the adaptation length of sedi-
ment (m), which is the characteristic distance for sediment to recover from
non-equilibrium transport towards equilibrium transport.

The widely used Meyer-Peter-Müller formula [Meyer-Peter and Müller,
1948] is adopted to calculate the bed load transport capacity as

qb∗ = ε8.0

√︄(︃
ρs
ρw

− 1

)︃
gd3 (θ − θc)

3/2 , (5.8)
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where ε is a calibration parameter for erosion, θ and θc are, respectively,
the real dimensionless bed shear stress and the critical dimensionless bed
shear stress with θ = u2∗/[(ρs/ρw − 1)gd], d is the sediment diameter, u∗ =
n
√︁
g(u2 + v2)/h1/6 is the friction velocity, and θc can be related to following

the empirical equation in [Soulsby, 1997]

θcf =
0.3

1 + 1.2d∗
+ 0.055(1− e−0.02d∗), (5.9)

where d∗ = d50[(ρs/ρw − 1)g/ν2]1/3 is the dimensionless particle diameter,
where d50 is the median diameter. Considering the effect of longitudinal
slopes, an empirical function is proposed in [Smart, 1984a] as

θc
θcf

= cosφ (1− tanφ/tanφr) . (5.10)

where θcf is the critical shear stress on the flat bottom calculated using Eq.
5.9, φr is the repose angle, φ is the bed slope angle, with positive values for
down-slope beds. And a slope effect function from [Damgaard et al., 1997]
is chosen for comparison as

θc
θcf

=
sin(φr − φ)

sinφr

, (5.11)

The definition of the parameters is the same as in Eq. 5.11.
Deposition and entrainment fluxes of suspended load are calculated as

D = ωsCa and E = ωsCae [Wu, 2008]. ωs settling velocity of naturally
sediment particle (m/s) estimated as shown in [Zhang and Xie, 1993]:

ωs =

√︃
(13.95

ν

d
)2 + 1.09(

ρs
ρw

− 1)gd− 13.95
ν

d
(5.12)

where ν is the water viscosity. Ca = ϕc, herein, ϕ = min (2.0, (1− p)/c) is
a parameter which depends on the distribution of the sediment over water
column originally proposed in [Cao et al., 2004a]. Cae is the near bed
equilibrium concentration at a reference level σ [Guan et al., 2015b] above
the bed, determined by the function proposed in [Einstein et al., 1950] as

Cae =
1

11.6

qb∗
σU ′

∗
, (5.13)

where U
′
∗ is the effective bed shear velocity related to grain roughness,

determined by U
′
∗ = Ug0.5/C

′

h with C
′

h = 18log(4h/d), the reference level is
chosen as σ = 2d.
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In this work, sediment transport mode coefficient α is calculated by
following an equation originally proposed in [Greimann et al., 2008] as

α = 1.0−min(1, 2.5e−Z), (5.14)

Z =
ωs

κu∗
, (5.15)

where κ is the von Kármán constant, and is assumed equal to 0.41.
The first term of right hand side of Eq. 5.14 is the source term from bed

load transport. For the bed load movement, it is assumed that the velocity
difference is innegligible, which is supported by findings in [Van Rijn, 1984,
Greimann et al., 2008]. In this work, the equation from [Greimann et al.,
2008] is used to estimate the appropriate velocity ratio for weak bed shear
stress. For high bed shear stress with θ/θcr > 20, the bed load velocity
coefficient β is set to be 1, which yields

1

β
=

{︄
u∗
u

1.1(θ/θc)0.17[1−exp(−5(θ/θc))]√
θc

if θ/θc ≤ 20

1 if θ/θc > 20
, (5.16)

the adaption length La has been studied in, e.g. [Wu and Asce, 2004, Wu
and Wang, 2007, Wu, 2008, Armanini and Di Silvio, 1988, Greimann et al.,
2008]. In this work, La is calculated with

La =
h
√
u2 + v2

γωs

, (5.17)

as described in [Guan et al., 2015b], where γ is the ratio of near bed con-
centration and volume concentration in flow. The value of γ is calculated
as

γ = min

(︃
h

βhb
,
1− p

c

)︃
, (5.18)

where the thickness of sheet-flow layer is calculated by the function hb =
10θd as proposed in [Wilson, 1987].

5.4 Numerical scheme

Eq. 5.1, 5.2, 5.3, and 5.7 constitute a non-linear hyperbolic system. The
governing equations can be rewritten in vector form as:

∂q

∂t
+
∂f

∂x
+

g

∂y
= s (5.19)
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with vectors define as:
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q is the vector of conserved variables, f and g are the flux vectors in x− and
y− direction, respectively. s is the source term including the bed friction,
bed slope and the additional terms associated with the sediment transport
and bed deformation.

Eq. 5.19 can be written in integral form as:∫︂
Ω
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where Ω is an arbitrary control volume (CV). Applying the Green-Gauß
theorem and replacing the boundary integral with a sum over all edges, Eq.
5.20 becomes a finite-volume formulation written as∫︂
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F · nklk =
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Ω
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where m is the number of edges, k is an index, and n = (nx, ny)
T is the

unit vector in the outward direction normal to the interface of the cell, l is
the length of the edge, F · n is the flux vector normal to the interface and
can be written as

F · n = (fnx + gny) =
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qxnx + qyny

(uqx + gh2/2)nx + vqyny

uqxnx + (vqy + gh2/2)ny

ξqxcnx + ξqycny

⎤⎥⎥⎦ . (5.22)

The value of q in cell i is updated using the two-stage explicit Runge-
Kutta scheme [Liang and Borthwick, 2009, Liang and Marche, 2009a, Hou
et al., 2013d], where the value at the next time level in cell i, qn+1

i , is
updated by

qn+1
i =

1

2
{qn

i + f [f (qn
i )]} (5.23)
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with

f(qn
i ) = qn

i +
∆tn

Ω

[︄∫︂
Ω

sn+1dΩ−
m∑︂
k=1

F(qn
i )k · nklk

]︄
, (5.24)

where sn+1 is the source term composed with friction source and sediment
movement discretized in a splitting point implicit way to be discussed in Sec.
5.4. f() is a function to represent the updating process to a new time level
in the considered cell. ∆tn is the time step at the nth time level. For this
work, the Courant-Friedrichs-Lewy condition is used here for maintaining
the stability,

∆t = CFLmin

(︄
R1√︁

u21 + v21 +
√
gh1

, ...,
Rn√︁

u2n + v2n +
√
ghn

)︄
(5.25)

where Rn is the minimum distance from the cell center to the edge, CFL
is the Courant-Friedrichs-Lewy number. For explicit time marching algo-
rithms CFL ∈ (0, 1]. In this work, CFL = 0.8 is adopted.

Novel HLLC approximate Riemann solver

The introduction of the coefficient ξ in Eq. 5.7 augments the Riemann
solution with an additional contact wave. Fig. 5.1 shows a possible wave
configuration for this Riemann problem. The wave propagating with the
speed Sc

∗ results from the introduction of ξ and is distinct from the con-
tact wave associated with the advection of the tangential velocity, which
propagates with the speed S∗.

We now design a modified HLLC approximate Riemann solver that is
suitable for the presented wave pattern. The presence of the source terms
leads to a mixed system, but with the assumption of dominant advection
it can be classified and numerically treated as a hyperbolic system [Juez
et al., 2014]. Hence, from Eq. 5.21, a Jacobian matrix can be defined as

A =
∂F · n
∂q

=

⎡⎢⎢⎣
0 nx ny 0

(−u2 + gh)nx − uvny 2unx + vny uny 0
−uvnx + (−v2 + gh)ny vnx unx + 2vny 0

cξ(−unx − vny) ξcnx ξcny ξ(unx + vny)

⎤⎥⎥⎦
(5.26)

The eigenvalues of the Jacobian matrix A can be obtained as:⎡⎢⎢⎣
λ1
λ2
λ3
λ4

⎤⎥⎥⎦ =

⎡⎢⎢⎣
u⊥ − a
u⊥

u⊥ + a
ξu⊥

⎤⎥⎥⎦ (5.27)
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here, u⊥ = unx + vny is the velocity normal to the interface, a =
√
gh is

the local dynamic wave velocity. There are 4 real and distinct eigenvalues,
so the hyperbolicity of this system is preserved. We observe a 1-wave that
is either a shock or a rarefaction, a 2-wave that is a contact wave, a 3-wave
that is either a shock or a rarefaction and a 4-wave that is a contact wave. It
can be thought to solve a one-dimensional Riemann problem across the cell
interface in the normal direction of it. The tangential velocity is assumed
to be transported with the mass flux. For sake of simplicity we consider
the normal direction to be aligned with the x-axis, i.e. n = (1, 0). The
corresponding Jacobian matrix can be written as:

As =

⎡⎢⎢⎣
0 1 0 0

a2 − u2 2u 0 0
−uv v u 0
−cξu ξc 0 ξu

⎤⎥⎥⎦ (5.28)

where the velocity u can be thought of as the velocity normal to the interface
and v is the tangential velocity. In order to analyze the Rankine-Hugoniot
condition across the shock waves and the generalized Riemann invariants
across the rarefaction and contact waves, the right eigenvector of Jacobian
As can be calculated as:

R =

⎡⎢⎢⎣
1 0 1 0

u− a 0 u+ a 0
v 1 v 0

−ξca
u−a−ξu

0 ξca
u+a−ξu

1

⎤⎥⎥⎦ (5.29)

The matrixR allows the following generalized Riemann invariants [Toro,
2009] to be defined for a solution made of simple waves:

dh

1
=

dqn
u− a

=
dqt
v

=
d(ch)
−ξca

u−a−ξu

across
dx

dt
= u− a (5.30)

dh

0
=

dqn
0

=
dqt
1

=
d(ch)

0
across

dx

dt
= u (5.31)

dh

1
=

dqn
u+ a

=
dqt
v

=
d(ch)
ξca

u+a−ξu

across
dx

dt
= u+ a (5.32)

dh

0
=

dqn
0

=
dqt
0

=
d(ch)

1
across

dx

dt
= ξu (5.33)

After integration, constant variables across simple waves lead to the follow-
ing relationships:⎧⎨⎩

u+ 2a = const
v = const, across dx

dt
= u− a

ch
[a+(ξ−1)u]2ξ

= const
(5.34)
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(normal direction)

Figure 5.1: HLLC solution of the Riemann problem with SL, S∗, S
c
∗, SR

describing the wave speed of the left wave, the contact waves for scalar and
sediment and the right wave.

⎧⎨⎩
h = const
qn = const, across dx

dt
= u

ch = const
(5.35)

⎧⎨⎩
u− 2a = const
v = const, across dx

dt
= u+ a

ch
[a+(1−ξ)u]2ξ

= const
(5.36)

⎧⎨⎩
h = const
qn = const, across dx

dt
= ξu

qt = const
(5.37)

Consequently, in Eq. 5.35, u = qn/h also is constant across the wave,
and u = qn/h, v = qt/h are constant in Eq. 5.37, representing the contact
discontinuity wave for qt and ch, respectively.

Based on a two rarefaction wave approximation [Toro, 2001], the imme-
diate dynamic wave velocity a∗ can be obtained as

a∗ =
1

2
(aL + aR)−

1

4
(uR − uL) , (5.38)

where L and R means the left and right side of the considered edge.
The corresponding velocity u∗ and water depth h∗ in the star region is

given by

u∗ =
1

2
(uL + uR) + aL − aR, (5.39)

h∗ =
1

g

[︃
1

2
(aL + aR)−

1

4
(uR − uL)

]︃2
. (5.40)
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Compared to the scalar transport equation in [Toro, 2001], the sediment
concentration stays constant across the 1-, 2- and 3-wave, the water depth h
and the normal velocity u change. The sediment concentration only changes
across the 4-wave, which is a contact wave. In the presented scheme, for
the third terms in Eq. 5.34 and 5.36, it is assumed that the concentration
c stays constant. It is further assumed that the coefficient ξ changes across
the 1- and 3-wave, following a two shock wave approximation with two
discontinuities. In the star region, the coefficient set to be a constant value
ξ∗ (see Eq. 5.4), i.e. it does not change across the 4-wave.

With this knowledge about the physical problem, we calculate the wave
speed S∗ by using the relationships in the star region defined in [Toro, 2009]
as

q∗J = hJ

(︃
SJ − uJ
SJ − S∗

)︃⎡⎣ 1
S∗

u
||
J

⎤⎦ (5.41)

for J = L,R. For the wave speed Sc
∗, the relationship can be written as

q∗J = hJ

(︃
SJ − ξJuJ
SJ − Sc

∗

)︃[︃
cJ
Sc
∗

]︃
. (5.42)

Using the first components of the vectors in Eq. 5.41 and 5.42 each, and
by noting that h∗L = h∗R, we obtain the two wave speeds as

S∗ =
SLhR(uR − SR)− SRhL(uL − SL)

hR(uR − SR)− hL(uL − SL)
(5.43)

Sc
∗ =

SLhR(uRξR − SR)− SRhL(uLξL − SL)

hR(uRξR − SR)− hL(uLξL − SL)
. (5.44)

The tangential velocity u|| changes across the 2-wave propagating with the
speed S∗ and the sediment concentration changes across the 4-wave propa-
gating with the speed Sc

∗.
The HLLC solution for the hydrodynamic module is

F hllc
i+1/2 =

⎧⎪⎪⎨⎪⎪⎩
FL if 0 ≤ SL

F∗,L if SL < 0 ≤ S∗
F∗,R if S∗ < 0 ≤ SR

FR if SR < 0

(5.45)

where SL and SR are the 1- and 3-wave speeds, respectively, cf. Fig.5.1.
They can estimated following [Fraccarollo and Toro, 1995] as:

SL =

{︃
uR − 2

√
ghR if hL = 0

min(uL −
√
ghL, u∗ −

√
gh∗) if hL > 0

, (5.46)
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SR =

{︃
uL + 2

√
ghL if hR = 0

max(uR +
√
ghR, u∗ −

√
gh∗) if hL > 0

. (5.47)

The fluxes FL and FR are calculated from the left and right Riemann
states, qL and qR respectively. As described in [Song et al., 2011], the fluxes
at the left and right side of the 2-wave, F∗,L and F∗,R are given by

F∗,L =

⎡⎣ F∗,1
F∗,2nx − u∥,LF∗,1ny

F∗,2ny + u∥,LF∗,1nx

⎤⎦ , (5.48)

F∗,R =

⎡⎣ F∗,1
F∗,2nx − u∥,RF∗,1ny

F∗,2ny + u∥,RF∗,1nx

⎤⎦ . (5.49)

The HLLC solution for the morphodynamic module is

F4 = F s hllc
i+1/2 =

⎧⎪⎪⎨⎪⎪⎩
FL,1cL if 0 ≤ SL

F∗,scL if SL < 0 ≤ Sc
∗

F∗,scR if Sc
∗ < 0 ≤ SR

FR,1cR if SR < 0

(5.50)

where the tangential velocity u∥ is obtained with u∥ = −uny + vnx. The
flux in the star region of the hydrodynamic module is calculated by using
the HLL flux equation [Toro, 2001] as

F∗ =
SRF (q

⊥L)− SLF (q
⊥R) + SLSR(q

⊥R − q⊥L)

SR − SL

(5.51)

where the normal variables q⊥ and the fluxes F are calculated as

q⊥ =

[︃
h

qxnx + qyny

]︃
, F (q⊥) =

[︃
hu⊥

u⊥(qxnx + qyny) + gh2/2

]︃
, (5.52)

The HLL flux of the morphodynamic module, F∗,s, is calculated by using
the following relationships:

ξLu
⊥
LcLhL − F∗,scL = (ξLcLhL − ξ∗cLh∗)SL (5.53)

ξRu
⊥
RcRhR − F∗,scR = (ξRcRhR − ξ∗cRh∗)SR (5.54)

The solution of this system of two equations with two unknowns is unique,
and F∗,s can be calculated as

F∗,s =
SR(ξLu

⊥
LhL)− SL(ξRu

⊥
RhR) + SLSR(ξRhR − ξLhL)

SR − SL

. (5.55)

This completes the presentation of the novel HLLC approximate Riemann
solver.
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Figure 5.2: Improved slope source term treatment at the edge of e of the
left cell.

Source term treatment

We propose an improved slope source term calculation based on the method
in [Audusse and Bristeau, 2005]. In order to prevent an overestimation of
the source term, a splitting point implicit method is proposed to calculate
the friction and sediment source terms.

Improved slope source term treatment

The slope treatment in [Audusse and Bristeau, 2005] is modified to account
for the density change due to suspended load. Variables at the cell edges are
adjusted by using the non-negative water depth reconstruction from [Hou
et al., 2013a].

Slope terms in the cell are projected onto the edges using∫︂
Ω

SbdΩ =

∮︂
Γ

FSM(q)dΓ =
m∑︂
k=1

[FSM(q)lM ], (5.56)

where FSM represents the flux vector of the slope source terms, located at
the middle of the edge and along the normal direction of this edge, M is the
index of the edges, lM is the length of the edge, and m is the total number
of the edges in the considered cell.

As shown in Fig. 5.2, the slope source flux can be separated into an
interface part that results from the hydrostatic reconstruction and a inner
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part due the results from the bed elevation change from the cell center to
the edge center.

The calculation of the variables at the edge is based on the averaged
variables inside the considered cell. Hence, the reconstruction at the edge
can be enhanced by taking the density variation inside the cell into account.
This can be achieved by multiplying the water depth with the ratio of the
density at the edge, ρM , to the density at the cell center, ρi. The fluxes at
the interface F I

SM and the center FC
SM can be written as

FI
SM =

gρLM
2ρi

[︂
(hLM)2 − (ĥLM)2

]︂
, (5.57)

FC
SM = −g

2

(︃
ρLM
ρi
ĥLM + hi

)︃(︁
zLbM − zbi

)︁
, (5.58)

and the normal flux of bed slope can be calculated as

FSM(q) = FSMnM = (FI
SM + FC

SM)nM , (5.59)

where nM = (nx, ny)
T is the unit normal vector of the edge, ĥLM is the water

depth after interpolation from the cell center, as shown in Fig.5.2, zbi, hi,
and chi are the bottom elevation, water depth and sediment volume depth

at cell center, respectively, and similarly zLbM , ĥLM , and ĉh
L

M are the bottom
elevation, water depth and sediment volume depth after the interpolation
but before the hydrostatic reconstruction, respectively, and finally, hLM is the
water depth after the interpolation and after the hydrostatic reconstruction.

We can introduce a virtual bed and ignore the influence of the water
body under the virtual bed [Hou et al., 2013d], which gives the slope flux
that accounts for the density variation as

FSM =
g

2

[︃
−(
ρLM
ρi
hLM + hi)(zbM − zbi)

]︃
, (5.60)

and the final slope flux is given by

FSM =

⎡⎢⎢⎢⎣
0

−nx
g
2
(
ρLM
ρi
hLM + hi)(zbM − zbi)

−ny
g
2
(
ρLM
ρi
hLM + hi)(zbM − zbi)

0

⎤⎥⎥⎥⎦ . (5.61)

At steady state with a homogeneous concentration, the density is constant
and the ratio ρLM/ρi equals to 1. Then, the slope flux is equivalent to the
one presented in [Hou et al., 2013d], which is proven to preserve the C-
property. Hence, the presented numerical scheme is also well-balanced and
C-property preserving.
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Splitting point implicit source term treatment

We now focus on the discretization of the remaining source terms. The
most straight-forward technique would be to treat them explicitly in time.
However, this approach yields numerical instabilities unless the time step
size ∆t satisfies [Guinot, 2003]:

−1 ≤ 1 +
S(Un+1,x

i )

Un+1,x
i

∆t ≤ 1, (5.62)

where Un+1,x
i is the solution after adding the fluxes terms, and the time

step has to be calculated using

∆tS = Min
i=1,...,N

[︃
−2

Un+1,x
i

S(Un+1,x
i )

]︃
(5.63)

∆t = Min(∆tc,∆tS), (5.64)

where ∆t, ∆tS and ∆tc are time steps for the system, source term part and
conservation part, respectively. Depending on the source term, this might
result in a severe degradation of the time step size.

To overcome this limitation, in literature, e.g. [Hou et al., 2013a, Hou
et al., 2013d], the splitting point-implicit method is adopted. This avoids
the instability of the numerical scheme for very shallow water depths.

In splitting point implicit methods, conserved variables inside the cell
are updated as

qn+1 = qn +
1

PI

(︄
−∆t

A

∑︂
k

fnk · nklk +∆tSn

)︄
. (5.65)

Here, n and n+ 1 represent the time levels and PI is a matrix equal to

PI = I−∆t

(︃
∂S

∂q

)︃n

. (5.66)

We now derive all momentum source terms with respect to the unit
discharge, except the slope source term that has been transformed into
fluxes over the cell edges. Eq. 5.66 then yields

PI = [1−∆t(∂Sx/∂qx)
n, 1−∆t(∂Sy/∂qy)

n]T . (5.67)

This gives

∂Sx

∂qx
= −Cf

h2
(q̂ +

q2x
q̂
) +

ρs − ρw
ρm

∂z

∂t

ξ(1− p− c)

h
, (5.68)
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∂Sy

∂qy
= −Cf

h2
(q̂ +

q2y
q̂
) +

ρs − ρw
ρm

∂z

∂t

ξ(1− p− c)

h
, (5.69)

where q̂ =
√︁
q2x + q2y is the magnitude of the unit discharge vector.

MUSCL reconstruction

We use a TVD-MUSCL reconstruction of cell-averaged variables [van Leer,
1979] to obtain second order accuracy. There are many TVD-MUSCL
schemes in literature, cf. e.g. [Simons et al., 2014, Liang and Marche,
2009b, Liang, 2010, Hou et al., 2013d, Toro, 2009, Buffard and Clain,
2010b, Guinot and Delenne, 2012, Zhao et al., 2018a]. In this work, we
apply the multislope total variation diminishing (TVD) scheme from [Zhao
et al., 2018a].

If not treated properly, the MUSCL reconstruction will overestimate the
sediment volume ch at the cell interfaces, leading to concentrations larger
than 1. We use the sediment diameter to limit the MUSCL reconstruction
of ch at cell interfaces as

ci =

{︄
(ch)i/hi if hi > d

(ch)e/he if hi ≤ d
, (5.70)

where, ci, (ch)i, and hi represent the interpolated concentration, sediment
volume and water depth, respectively, along the interface, and ce, (ch)e,
and he are the corresponding values at the cell center. The threshold value
for determining whether a cell is wet or dry is set to be 10−6 m.

Boundary conditions

The hydrodynamic module uses the ghost cell-based boundary conditions
presented in [Hou et al., 2013d]. The sediment concentration is set

cb = ci (5.71)

for all boundary conditions, with cb being the concentration of the ghost
cells, and ci being the interpolated value of the shared interfaces.

5.5 Computational examples

A series of model tests were undertaken to verify the numerical model out-
lined above. The predictions are compared to other numerical solutions
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Figure 5.3: Dam-break over a triangular bottom sill: experimental setup
and initial conditions (all dimensions are in m) [Soares-Frazão, 2007].

and laboratory experiments published in the literature. Five test cases of
dam-break and dyke overtopping flows were undertaken (1) a dam-break
flow wave over a triangular bottom, (2) one-dimensional dam-break over
movable bed, (3) dyke erosion due to flow overtopping, (4) dam-break flow
in a mobile channel with a sudden enlargement, and (5) a partial dam-break
flow on movable bed in a straight channel.

A sensitivity analysis is carried out for a one-dimensional dam-break over
movable bed. Four parameters, including Manning’s coefficient n, sediment
diameter d, and sediment porosity p are chosen to study the sensitivity
to the sediment movement. The root-mean-square error (RMSE) of the
bottom is chosen to evaluate the difference of the simulation results as

RMSE =

√︄∑︁N
i=1[(zbi − zbi0)2Ωi]∑︁N

i=1 Ωi

(5.72)

where N is the number of the cells, zbi0 is the benchmark bottom elevation.
In this work, the density of water is set to be ρw = 1000 kg/m3, water

viscosity is ν = 1.2 · 10−6, and gravity g = 9.81m/s2, the sediment diameter
d, density ρs, porosity p, repose angle φr and the Manning’s coefficient of the
computational domain n will be specified in each test case, the parameter
ε in Eq. 5.8 will be specified after calibration.

Laboratory dam-break wave over a triangular bottom
sill

Aim of this test case is to verify the hydrodynamic module of the proposed
scheme. A laboratory experiment considering a dam-break wave over a
triangular bottom sill is reproduced. Measurement data, experimental setup
and numerical parameters are provided in [Soares-Frazão, 2007]. A sketch
of the setup is shown in Fig. 5.3. There is a dam located at the 2.39 m of
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a 5.6 m long and 0.5 m wide horizontal channel, and a reservoir is formed
at the upstream of the gate with a 0.111 m deep still water. A symmetrical
bump is set at x = 4.45 with a height of 0.065 m and bed slopes of ±0.14.
Between the bump and wall in downstream, a pool is set with an initial
water level at 0.02 m above the flat bottom. Three gauges are installed
to measure the water level around the bump, which are located along the
centreline of the channel with x1 = 5.575 m, x2 = 4.925 m and x3 = 3.935
m for representing the location of G1, G2 and G3 respectively.

As this is a one-dimensional test case, for the sake of efficiency, the
numerical solution is based on a 5.6 m × 0.2 m computational domain.
All boundary conditions are closed boundaries. The domain is discretized
with 1400 cells. The simulation stops after 45 s. A Manning’s coefficient
n = 0.011 sm−1/3 is given as suggested in [Soares-Frazão, 2007].

In this test case, the bed is fixed and therefore only the hydrodynamic
module takes part in the calculation. All source terms and fluxes that
are related to the morphodynamic module are automatically equal to zero.
The computed water levels are compared with measurement data at three
gauges are plotted in Fig. 5.4. Very good agreement between model results
and measurement data is achieved.

As the sediment movement is mainly caused through exceeding the shear
stress, which means that even on the fixed bed, the coefficients still can be
calculated, and as there is no interaction between the flow and the sediment
movement, it is straightforward to check the laws of the relationship between
the coefficients. In order to show the sensitivity of the coefficient in this test
case, a group of imaginary initial conditions are studied for the sediment.
Here, the sediment diameter is d = 0.008 m, and the density is set to be
ρs = 2650 kg/m3, porosity of the sediment bed p = 0.4, the calibration
parameter ε = 1.0, and the repose angle is φr = 30◦. The water levels
around the triangular bump and coefficients for sediment transport at 1.8
s, 3.0 s and 8.4 s are plotted in Fig. 5.5. The water levels are well captured
by the numerical simulation. The sediment velocity coefficient ξ behaves
similar to the suspended load coefficient 1−α. This is because ξ is calculated
based on the ratio of the suspended load coefficient to the bed load velocity
coefficient 1/β, cf. Eq. 5.4. We note that 1/β < 1, which means the more
suspended load in the sediment transport, the larger the sediment velocity
will be. Taking the partial derivative of Eq. 5.4 with respect to the ratio of
suspended load 1 − α, we obtain ∂ξ/∂(1 − α) = 1 − 1/β, as shown in Eq.
5.16, 1/β ≤ 1.0 which means that the sediment velocity is increasing with
the ratio of suspended load.
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Figure 5.4: Dam-break over a triangular bottom sill: time histories of water
levels at: (a) gauge 1, (b) gauge 2, (c) gauge 3.
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Figure 5.5: Dam-break over a triangular bottom sill: water level and co-
efficients around triangular bottom sill at: (a) t = 1.8 s, (b) t = 3.0 s, (c)
t = 8.4 s.
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Figure 5.6: One-dimensional dam-break over movable bed: sketch of the
experiment set up, initial and boundary conditions (dimension in meters).

One-dimensional dam-break over movable bed

Comparison with experimental data

The purpose of this test case is to analyze the model parameters related to
the morphodynamic module and assess the model performance for sediment
transport for rapidly varying flow. A laboratory experiment that considers
a dam-break wave over movable bed is reproduced numerically. The ex-
perimental data, initial conditions and model parameters can be found in
[Fraccarollo and Capart, 2002]. The domain is 2.5m long and 0.1m wide.
A dam is set at 1.25m. The upstream water depth is initially h0 = 0.1m,
and with dry bed downstream, four boundaries are set to be solid bound-
aries, there will be a hydraulic jump happen near to the location of the
dam during the flow process. A sediment layer with a constant depth of ap-
proximately 5−6 cm is placed within the boundaries domain, the sediment
diameter is reported to d = 0.0035m, and the density is ρs = 1540 kg/m3,
bed porosity is p = 0.3, the Manning coefficient n = 0.025 sm−1/3, the re-
pose angle φr = 30◦, and the erosion calibration parameter ε = 2.4. The
domain is discretized with 1710 triangular cells, whole experiment runs for
2 s.

Model results are compared with measurement data and a pseudo-
analytical solution from [Fraccarollo and Capart, 2002]. Fig. 5.7 (a-c) shows
the comparison of water levels and bed elevations. Overall good agreement
is observed, the position of the largest erosion and its elevation are well
predicted and the hydraulic jump is captured accurately. Compared to the
pseudo-analytical results, the proposed model performs better with regard
to water level prediction at the upstream of the dam-break. However, both
of the water elevations for the hydraulic jump are not well captured by the
proposed model and the pseudo-analytical model, this may be due to the
opening of the gate generating localized disturbances in the nearby region.
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Figure 5.7: One-dimensional dam-break over movable bed: bed and water
surface at: (a) t = 5.0 t0, (b) t = 7.5 t0, (c) t = 10.0 t0, t0 = 0.101 s.

The flow does not completely smooth out as it becomes shallower, which
leads to non-hydrostatic effects in this region, and thus violates the shallow
water assumption. Here, the bed elevation is also predicted more accurately
by the proposed model. The shock propagating in downstream direction is
not captured well by the pseudo-analytical solution because it neglects the
influence of the additional source terms due to sediment transport.

Due to the total load sediment transport concept of the proposed scheme
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Figure 5.8: One-dimensional dam-break over movable bed: water level and
coefficients along the channel: (a) t = 5.0 t0, (b) t = 7.5 t0, (c) t = 10.0 t0,
t0 = 0.101 s.

the sediment is transported as suspended load and as bedload. The related
coefficients are plotted in Fig. 5.8. We observe that large velocities yield
large values of suspended transport ratio (1 − α) (see Eq. 5.14). Bed load
transport dominants upstream while in the region near to the shock wave
suspended load transport dominates.

Fig. 5.8 also shows that the velocity of the water sediment mixture col-
umn u exhibits similar behavior as the suspended load ratio (1 − α) (see
Eq. 5.14), Shield’s parameter θ and the sediment concentration. Based
on the Eq. 5.17 and Eq. 5.18, it can be observed that with the increas-
ing of adaption length La, there is a monotonically increasing tendency for
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the flow velocity, Shield’s parameter θ, ratio of suspended load 1 − α, and
the sediment flux q̂c. This relationship can be seen in Fig. 5.8, where
the adaption length is the parameter used for sediment exchange from the
non-equilibrium to equilibrium state. For high velocity and high concen-
tration conditions, the corresponding adaption length will be longer. As
the velocity of suspended load is assumed equal to the fluid, which means
that sediment velocity coefficient ξ (see Eq. 5.4) is mainly depend on the
bed load velocity coefficient 1/β (see Eq. 5.16). As described in Sec. 5.5,
the velocity coefficient ξ shows the increasing relationship with the ratio
of suspended load. Using a similar manipulation, it can be derived that
the larger bed load velocity coefficient 1/β will lead to a larger sediment
velocity. Eq. 5.16 reveals that if θ/θc > 20, 1/β equals 1 and the advection
velocity of the sediment is equal to the flow velocity. Fig. 5.8 shows that
θ/θc is located in the range of [0, 40), remaining mostly below 20, while the
bed load velocity 1/β still reaches 1. As u∗/u = n

√
g/h1/6, we can use Eq.

5.16 to derive that 1/β is also influenced by the water depth, and therefore
Eq. 5.16 should be limited as 1/β = min(1, 1/β).

Sensitivity analysis

In order to investigate the influence of different parameters and quantify
how they perform for the dam-break flows, a sensitivity of Manning’s co-
efficient n, sediment diameter d, and sediment porosity p is carried out in
this section.

The open-source Python library SALib [Herman and Usher, 2017] is
applied here to do a global sensitivity analysis. A group of parameters
is generated by the algorithms from [Saltelli et al., 2017] and the range
of parameters is set to be [0.5n0, 1.5n0], [0.5d0, 1.5d0], and [0.5p0, 1.5p0],
where the subscript 0 means the parameters used in Sec. 5.5. Sobol’s
sensitivity analysis is performed based on the results from 80 simulations.
The quantification of the deviation is calculated via Eq. 5.72 at time t =
7.5 t0. The results from Sec. 5.5 are chosen as the benchmark results.

The first-order sensitivity indices ”S1” and the total-order sensitivity
index ”ST” of the parameters are shown in Tab. 5.1. The first-order sen-
sitivity indices ”S1” shows that the porosity p is the most sensitive one
in this numerical model, and sediment diameter d provides the least sen-
sitivity, the total-order sensitivity index ”ST” shows that the porosity p
receives the least sensitivity by the interactions from the other parameters.
The relationship between the parameters’ relative value and the RMSE can
be seen in Fig. 5.9.
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Figure 5.9: One-dimensional dam-break over movable bed: relationship
between the parameters’ relative value and RMSE.

Table 5.1: Results of sensitivity analysis

Parameter S1 ST

n (sm−1/3) 0.303090 0.204921
d (m) 0.091357 0.023238
p (-) 0.783449 0.776626

The parameter are set into five levels (e.g. n/n0 = 0.5, 0.75, 1.0, 1.25,
1.5) compared to the value set in Sec. 5.5. The water surface and bed
elevation at time t = 7.5 t0 are shown in the left side of Fig. 5.10. It can
be observed that the sediment diameter d shows very slight influence for
the water surface, bottom elevation, and the discharge, which matches the
global sensitivity analysis; the Manning’s coefficient n highly influences the
discharge and the speed of the wave front in the downstream, giving a lin-
ear decrease with increasing value of n, but the shape of the position of the
maximum erosion depth and the secondary shock at the middle shows good
agreement. The porosity p of the bed has more influence on the topography
of the bed, even the shock wave front shows different velocities for different
porosities, but the distribution of the discharge in the downstream shows
good agreement. With increasing porosity p, the position of maximum ero-
sion depth and the secondary shock at the middle is moving to the upstream
direction and the erosion depth becomes larger, which also explains why the
porosity p is the most sensitive one in the global sensitivity analysis when
the deviation is calculated based on the influence on the bottom elevation.
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Figure 5.10: One-dimensional dam-break over movable bed: water sur-
face and bed elevation change with increasing parameters (left) and the
corresponding discharge along x− direction qx (right) at t = 7.5 t0.

Dyke erosion due to flow overtopping

Flow overtopping of dykes can cause serious erosion and even wash out
structures. Such a complex process is involving outburst, supercritical and
steady flow making the simulation of sediment movement even more diffi-
cult. Aim of this example is to test the proposed model for each complex
flow condition and the influence of different slope effects on the sediment
movement.

The laboratory experiment from [Tingsanchali and Chinnarasri, 2001]
is replicated numerically. The experimental set-up is sketched in Fig. 5.11.
The flume is 35m long and 1m wide. The dyke is 0.8m high and 1m
wide, and is located at the middle of the flume with a crest width of 0.3m.
The upstream and downstream slopes of the dyke are 1 : 3 and 1 : 2.5,
respectively. The bottom of up- and down-stream of the dyke is fixed and
unmovable, the dyke is made of medium sand with a diameter of d =
0.00086m, and the density of the sand ρs = 2650 kg/m3, the porosity of the
bed material p = 0.35, the Manning’s coefficient is set to n = 0.018 sm−1/3,
the repose angle φr = 26◦ and the calibration parameter ε = 1.2 after
calibration. Initial conditions can be seen via the sketch of the experiment
in Fig. 5.11, a constant water level of 0.83 m is set at upstream reservoir
of the dyke, and 0.03 m downstream, bottom elevation is 0.0 m except the
dyke, which the downstream slope is initially set to dry. The upstream
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Figure 5.11: Sketch of overtopping flow over a dyke

boundary condition is an inflow boundary, where a constant discharge of
1.23 · 10−3 m3/s is imposed. The downstream boundary condition is a free
outflow condition. The domain is discretized with 1190 triangular cells.

We use the measurement data from the case C-2. The comparison of
measured and model predicted bed profiles at 30 s and 60 s is shown in
Fig. 5.12 (a-b). The agreement at 30 s between the simulation results and
the measurement data is fairly good, while it is slightly underestimate the
measured erosion at 60 s, there is an obvious scour pit at the peak of the
dyke in the observation that is missing in the model prediction.

In addition to measurement data, model results obtained with the SWE-
Exner model from [Murillo and Garcı́a-Navarro, 2010] and the total load
model from [Guan et al., 2014] (Guan’s model hereinafter) are compared
with the proposed model. Fig. 5.13 (a) shows that the proposed model
captures the peak in the discharge accurately, but undershoots the mea-
surement data in the later stages of the simulation. We note that the other
two models can not replicate this part of the hydrograph neither and the
proposed model outperforms both of them. Fig. 5.13 (b) compares the
water elevations. We see that water elevations are well predicted for the
first 60 s, but overshoot the measurement data after 80 s. This might be
due to the effect of the slope on the critical Shield’s number θc (see Eq. 5.9,
5.11, 5.10) that influences the erosion on the dyke and the water elevation.
Another reason might be the underlying empirical equations that have been
derived under different conditions than the investigated case.

Fig. 5.14 compares different slope effects from Damgaard et al. [Damgaard
et al., 1997] and Smart and Jäggi [Smart, 1984a] that relate to the critical
shear stress as seen in Eq. 5.11 and Eq. 5.10, respectively. It is seen that
the peak discharge from [Damgaard et al., 1997] is predicted earlier and
lower than [Smart, 1984a]. We can conclude that the slope effect signifi-
cantly influences the flow pattern but has only small influence on the water
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Figure 5.12: Comparison between simulated bed elevation and measured
data at t = 30 s (a) and t = 60 s (b).

elevation. This means that the erosion at the top of the crest is small, be-
cause the critical shear stress of the slope effect is only suitable for a range
of bed slope angles and is not valid for this type of topography. We investi-
gate the sensitivity of the slope effect for different values of the repose angle
φr: 26◦, 30◦, 35◦ and 40◦. The model results obtained with these angles
are plotted in Fig. 5.15 and 5.16. We see that the peak of the discharge
shifts to an earlier point in time as φr increases. The maximum discharge
decreases for larger values of φr. Meanwhile, larger φr values lead to higher
water elevations at the upstream. This can be explained by the increased
critical shear stress on the slope, which is proportional to φr as seen in Eq.
5.11 and 5.10.

Parameters include suspended transport ratio 1−α (see Eq. 5.14), sed-
iment velocity coefficient ξ (see Eq. 5.4) and the slow velocity u which used
for controlling the sediment transport mode are presented in Fig. 5.17. The
relationship between the parameters is similar to what has been discussed
in Sec. 5.5. By comparing (1− α), we can argue that the results of the pro-
posed scheme are influenced more significantly by the bed load transport,
while the results obtained from [Guan et al., 2014] are more significantly
influenced by the suspended load transport. Eq. 5.14 reveals that the sed-
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Figure 5.13: Simulated discharge (a) and water elevation (b) against time
compared to the measurement data, SWE-Exner and Guan’s model.

iment settling velocity ωs is the parameter that indicates which transport
mode is more significant. In this work, we calculate ωs via Eq. 5.12, while
[Guan et al., 2014] treats ωs as a calibration parameter. This explains the
difference in the results.

Two-dimensional dam-break flow in a mobile channel
with a sudden enlargement

In this test case, we aim to assess the suitability of the proposed scheme to
two-dimensional problems. The laboratory experiment described in [Goutiere
et al., 2011] is reproduced numerically. The flume in the experiment is 6m
long and features a sudden enlargement from 0.25m to 0.5m width, which
is located at 1m downstream of the gate, cf. Fig. 5.18. The initial condi-
tions consist of a 0.100 m horizontal layer of fully saturated and compacted
sand over the whole flume and an initial layer of h0 = 0.25m clear water
upstream of the gate water depth at the upstream of the gate and dry bed
in the downstream. The median sediment diameter is d = 1.65mm, the
density is ρs = 2630 kg/m3, the repose angle φ = 30◦ and the porosity of
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Figure 5.14: Comparison of measurement data with slope effect from Smart
and Jäggi [Smart, 1984a] and Damgaard et al. [Damgaard et al., 1997] for
simulated discharge (a) and water elevation (b) against time.

Table 5.2: Position of gauges

Gauge x (m) y (m)
U1 3.75 0.125
U2 4.20 0.375
U3 4.20 0.125
U4 4.70 0.375
U5 4.70 0.125

the sand is p = 0.42. Bed friction is accounted for via a Manning’s coeffi-
cient of n = 0.0185 sm−1/3. At the beginning of the experiment, the gate
is opened to generate a dam break wave. In the numerical model, we use
2064 triangular cells to discretize the flume. The calibration parameter is
determined to be ε = 0.15 in this test case. Measurement data of water
and bed elevations at specific gauges and cut sections are available from
[Goutiere et al., 2011], cf. Tab. 5.2 and 5.3, respectively. The three di-
mensional results from a standard k − ϵ model (3D results) obtained from
[Marsooli and Wu, 2014] are chosen here for comparison.
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Figure 5.15: Comparison of measurement data with slope effect from Smart
and Jäggi [Smart, 1984a] for different repose angle φr for simulated dis-
charge (a) and water elevation (b) against time.

Table 5.3: Position of cut sections

Section x (m)
CS1 4.05
CS2 4.15
CS3 4.25
CS4 4.35
CS5 4.45
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Figure 5.16: Comparison of measurement data with slope effect from
Damgaard et al. [Damgaard et al., 1997] for different repose angle φr for
simulated discharge (a) and water elevation (b) against time.

Fig. 5.19 shows the comparison of measured and computed water el-
evations. We see that overall the model prediction is fairly close to the
measurement data. Gauges U1 and U3 show the worst agreement. Espe-
cially for U1, the 3D results almost perfectly match the measurement data,
but for results from this work overestimate the water level. Similarly, for
the results at U3, both the results from 3D model and this work underesti-
mate the measurement, but the 3D results show slightly better agreement.
The reason for the deviation is that these gauges are located close to the ex-
pansion where strongly three-dimensional flow occurs. The depth-averaged
model concept is poor at these locations. While, at U2, the results from
this work show slightly better agreement than the 3D model results, both
models provide good results at the remaining gauges. This supports the
conclusion that the deviation at U1 and U3 are due to strong 3D effects at
these locations.

Fig. 5.20 shows the comparison between measured and computed bed
elevations at cut sections CS1 to CS5, at the end of the simulation. We
see that all cut sections are predicted reasonably well by the numerical
model. The overall tendency of erosion on the right side and deposition
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Figure 5.17: Simulated coefficients at t = 30 s and t = 60 s.

on the left side of channel is captured accurately. At CS1, which is located
close to the expansion area, the maximum erosion is underestimated and its
location is predicted wrong, more specifically it is shifted to the left, while
the 3D results almost perfectly capture the magnitude of maximum erosion
and its location, the deposition at the left bank is predicted wrong with
an erosion hole instead. At CS2 to CS5, deviations between the measured
and predicted maximum erosion is observed. The maximum deposition
locations are predicted more accurately in 3D results. A consistent shift to
left of the maximum deposition locations in the simulation results from this
work can be observed. Three-dimensional flow effects are most likely the
reason for these deviations. The proposed model is depth-averaged, and
therefore neglects three-dimensional effects. This means that there will be
more flow predicted into the down-stream direction of the channel, which
might be the reason for more erosion at the right side and less deposition
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Figure 5.18: Sketch of a 2D dam-break flow with a sudden enlargement
channel over mobile bed.

at the left side. We show the computed final bed elevation contours in Fig.
5.21.

Partial dam-break flow on movable bed in a straight
channel

In this final example, we test the proposed model again for complex two-
dimensional flow conditions, the computational domain is a suddenly en-
larged channel with symmetric geometry. As the proposed model is dis-
cretizated on the unstructured grids, the complex geometry conditions can
be thought as a good benchmark for verifying the sediment movement and
whether the flow field is influenced by the sediment interaction which leads
to a non-symmetric flow field. The laboratory experiment from [Soares-
Frazão et al., 2012, Wu et al., 2011] is reproduced numerically. The flume
is 3.6m wide and 36m long, cf. Fig. 5.22. A 1m wide gate is located
in the middle of the domain, the partial dam-break was represented by
rapidly lifting the gate away. Initially, a sand layer with a depth of 85mm
is set over a fixed bed in the region that spans from 1m upstream of the
gate to 9m downstream of the gate and is indicated with gray color in Fig.
5.22. The density of the sand layer is ρs = 2630 kg/m3 and its porosity
is p = 0.42. The diameter of the sediment is d = 0.00161m, and the re-
pose angle φr = 30◦. The origin of the coordinate system is located at the
middle of the gate. Water and bed elevations are measured at 8 gauges.
Gauges 1-4 are located at the coordinates x = 0.64 m with y1 = −0.5, y2 =
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Figure 5.19: Comparison between measured (-◦-) and calculated (–) water
levels at gauges U1-U6.
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Figure 5.20: Comparison between measured (-◦-) and calculated (–) bottom
topographies at cut sections CS1-CS5.

Figure 5.21: Contour plot of calculated final bed topography.
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Figure 5.22: Sketch of UCL partial dam-break experiment (dimension in
meters) after [Wu et al., 2011]

−0.165, y3 = 0.165, y4 = 0.5 m, respectively, gauges 5-8 are located at the
coordinates x = 1.944 m with y5 = −0.99, y6 = −0.33, y7 = 0.33, y8 = 0.99
m, respectively. Three longitudinal cut sections are chosen to measure the
final bed topography, all the cut sections are set along the x− direction
by the range of [0.0, 9.0] m, with parallel lines for cut section CS1 to CS3
located at y = 0.2 m , y = 0.7 m and y = 1.455 m, respectively, cf. Fig
5.22.

The laboratory experiment is repeated twice, i.e. two measurement data
sets are available for comparison.

The domain is discretized using 2935 triangular cells. The simulation is
run for 20 s. The calibration parameter ε = 0.75 is adopted in this test case.
The Manning’s roughness coefficient is n = 0.01 sm−1/3 for the fixed bed,
and n = 0.0165 sm−1/3 for the sand layer [Wu et al., 2011]. The initial water
level in the reservoir is 0.47 m above the fixed bed, and the dry bed for the
downstream. Transmissive boundary conditions are set at the downstream
boundary and free slip boundary conditions are set for all other boundaries.

Fig. 5.23 shows the comparison of measured and computed water el-
evations at the 8 gauges. We note that the locations of the gauges are
symmetric with regard to the y-axis. Thus, we observe that the flow is
symmetric by comparing the corresponding gauge pairs, i.e. G1 and G4,
G2 and G3, G5 and G8, and G6 and G7. The computed water elevations
at gauges G5 to G8 show good agreement with the measurement data. At
gauges G1 and G4 the computed water elevations undershoot the measure-
ment data, while at G2 and G3 the measurement data is overshot by the
numerical model. This is most likely due to the sudden expansion that
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Figure 5.23: Comparison between measured and calculated water levels at
gauges G1-G8.

causes three-dimensional flow conditions in these locations.
The predicted bed elevations at 20 s along longitudinal cut sections at

CS1-CS3 are compared against measurement data in Fig. 5.24. We see that
the model prediction is good in the upstream part for CS1 and CS2. The
deposition at the downstream is under-predicted. The bed elevations at CS3
show good agreement. In the upstream, the deposition is underestimated.

5.6 Conclusions

We present a two-dimensional, well-balanced total load sediment transport
model that features following novel aspects: (1) the suspended load is ad-
vected with a different velocity from that of water, which is achieved by the
introduction of the coefficient ξ; (2) a novel HLLC approximate Riemann
solver is used to take into account the different advection velocities; (3) an
improved bed slope treatment that accounts for density variation inside the
cell; (4) a novel splitting-point implicit source term discretization for the
remaining source terms.

The model is tested in 5 examples that include fixed bed and mobile bed
problems. From these examples we can conclude that the hydrodynamic
module reproduces the flow fields accurately and the morphodynamic mod-
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Figure 5.24: Comparison between measured and calculated bottom to-
pographies at cut sections CS 1,2 and 3.
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ule reproduces the bed evolution fairly well for different types of complex
flows such as dyke overtopping, dam-break flow and discontinuous geometry,
which include complex flow patterns (shock and rarefaction waves, super-
critical and sub-critical flows), the proposed model can be generalized and
applied to similar cases.

A sediment velocity coefficient is introduced to distinguish between flow
velocity and sediment advection velocity. This coefficient mainly depends
on the ratio of suspended load. The increase of bed load velocity coefficient
1/β, will lead to a larger sediment advection velocity.

The sediment movement calculation is mainly based on the equation
from Meyer, Peter and Müller, which is an empirical equation derived from
a group of physical experiments. Situations that satisfy the laboratory
conditions are limited. Hence, the validity of the Meyer-Peter and Müller
equation for a majority of cases is questionable. The calibration parameter
ε is introduced to account for this issue. Varying this parameter yields
a change in the erosion depth, and enables reproducing the measurement
data more accurately.

Meanwhile, the slope effect is also found to have a large influence on the
sediment movement and the flow pattern during the simulation, as the slope
effect will lead to a different critical shear stress number θc, which will lead
to a different bed load capacity qb∗. Hence, the suspended load erosion and
the concentration distribution are also influenced. In this work, the slope
effect from [Smart, 1984a] is found to outperform other formulations, but
it must be mentioned that we did not perform tests that consider different
initial bed gradients.

A sensitivity analysis is undertaken for a one-dimensional dam-break
flow over movable bed. Manning’s coefficient n, sediment diameter d, and
sediment porosity p are chosen as parameters. The results show that the
diameter of sediment d has the least influence and sensitivity for the numer-
ical model, Manning’s coefficient n is quite sensitive for the water discharge.
The erosion depth is also influenced by n, the position of the shock wave in
the middle and maximum erosion depth are not influenced. The porosity p
reacts quite sensitive on the erosion depth and shape for the sediment, but
for the water surface and the discharge in the downstream the influence is
small.

On a final note, we discuss some limitations of the model. The proposed
model uses depth-averaged approach. Consequently, if three-dimensional
effects or large horizontal circulation patterns become significant, e.g. tur-
bulent vertical structures and non-hydrostatic pressure distribution, the
model’s underlying assumptions are violated and model accuracy can not
be guaranteed. In the range of classical shallow flow theory, the proposed
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model is expected to predict the flow field and the sediment movement with
reasonable confidence. Depth-averaged models are useful for applications
considering large-scale far-field results for real-world cases, where the influ-
ence of localized three-dimensional effects can be neglected in the ”larger
picture”.

The proposed model further assumes non-cohesive sediment. On the
other hand, the basic assumption for suspended load theory is that the di-
ameter of the sediment is much smaller than the water mass scale. With
this assumption, the velocity of suspended load is thought to be equal to
the velocity of the fluid in all horizontal directions. For bed load, the sed-
iment diameter and the water mass scale are almost at the same order
of magnitude, and a different transport velocity must be assumed [Chien
and Wan, 1999]. All of these findings are valid only for cases with rela-
tively low sediment concentration. If the sediment concentration is high,
the fluid-sediment mixture will become a non-Newtonian fluid, and all our
assumptions would fail. Thus, the proposed model is limited to low sedi-
ment concentrations. This limitation is not unique for the proposed model,
but also applies to all sediment transport models discussed in the introduc-
tion.

While we discussed the limitations of the proposed model, we emphasize
that the model is reliable and accurate for a broad range of applications in
hydro- and environmental system modeling, and improves existing shallow
flow sediment transport models. Future work will aim to extend the range
of model’s capability, e.g. by using a multi-layer shallow flow model to
capture the three dimensional effects, and including turbulence models.
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A novel slope failure operator
for a non-equilibrium sediment
transport model
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6.1 Abstract

Complex transport mechanism and interaction between fluid and sediment
make the mathematical and numerical modeling of sediment transport very
challenging. Different types of models can lead to different results. This
paper investigates a non-equilibrium sediment transport model based on
the total load. In this type of model, it is assumed that a bed slide will
occur if the bed slope reaches a critical angle. This is enabled by means of
a slope failure operator. Existing slope failure operators usually suffer from
the high computational cost and may fail at wet/dry interfaces. The main
contribution of this work is the development of a novel slope failure oper-
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ator for the total load transport model, based on a modified mass balance
approach. The proposed approach is verified in three test cases, involving
bank failure, dyke overtopping and a two-dimensional bank failure. It is
shown that the proposed approach yields good agreement with analytical
results and measurement data.

6.2 Introduction

Sediment transport in the flow is responsible for the erosion and deposition
processes. Several approaches to model sediment transport and morphody-
namics exist. In this work, a total load transport model, which considers
both bedload and suspended load transport, is presented. In this type of
models, if the slope angle of a noncohesive bed becomes larger than a cer-
tain critical value, bed slide or avalanche will occur to achieve a new slope
approximately equal to the critical angle [Guan et al., 2015b]. Several op-
erators have been proposed to handle slope failure, cf. e.g. [Volz et al.,
2012, Swartenbroekx et al., 2010]. These operators mainly focus on the
mass balance and dual mesh approaches. The main idea of the mass bal-
ance approach is to calculate the slope in each cell. If the critical slope is
exceeded, then update the bed elevation in a suitable way such that the
slope equals to the critical slope. Here, once the bed elevation of the cell
is updated, it is necessary to check its neighborhood to ensure that the
modification does not cause another slope to exceed the critical slope. This
procedure is repeated until a global stability is reached. In the dual mesh
approach, a second mesh is constructed around cell nodes that stores only
the bed elevation values. Using this second mesh, slopes are calculated in
each cell and bed elevations are updated on this mesh. In this approach,
bed elevations are only defined at cell vertices. This approach comes with
additional computational cost and difficulties in treating wet/dry fronts. In
the present work, a mass balance approach-based novel slope failure opera-
tor is derived to obtain an algorithm that is efficient, robust and accurate.
The key difference is that no iteration is needed for calculating the mass
balance based on this operator. Instead of simply updating the bed eleva-
tion in the cell under consideration, the mass difference due to bed elevation
change is distributed among neighbor cells.



CHAPTER 6. SLOPE FAILURE OPERATOR 164

6.3 Numerical model

Hydrodynamic model

Due to the interaction between water flow and river bed, the topography
of the river undergoes continuous morphological changes. In this work,
the 2D shallow water-sediment equations are used to describe the mass
and momentum exchanges between sediment-water mixture flow and bed
([Simpson and Castelltort, 2006a],[Cao et al., 2004a],[Xia et al., 2010]).
The vertical acceleration is regarded to be negligible, and the pressure is
hydrostatic. Considering the influence of sediment movement, additional
terms are added to represent the effect of the density change and bed level
variation.
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where, t, x and y are the time and two dimensional Cartesian coordinates
respectively, h is the water depth and u and v are the velocity along x− and
y− direction, respectively. (Sbx, Sby) and (Sfx, Sfy) are the bed slope and
friction source term, Sbx = −∂Zb/∂x, Sby = −∂Zb/∂y, Sfx = Cfu

√
u2 + v2,

Sfy = Cfv
√
u2 + v2, Cf is the bed roughness coefficient determined by

the Manning coefficient n and h in the form of n2/h4/3, g represents the
gravity acceleration, ∂Z/∂t represents the rate of the bed elevation change,
ξ = α/β + (1 − α) is the sediment-to-flow velocity coefficient for total
sediment transport, α is the sediment transport mode parameter in the
range of 0 to 1 which specifies the ratio between the bed load and suspended
load, β is the velocity of bed load movement relative to the fluid, values
for α and β can be obtained from [Greimann et al., 2008], p is the porosity
of bed material. The last two terms on the right hand sides in Eqs. (6.2),
(6.3) account for the spatial variations in sediment concentration and the
momentum transfer between flow and erodible bed because of the sediment
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exchange and velocity difference between flow and bed.

ρm = ρsc+ ρw(1− c) (6.4)

in which, c is the depth-averaged volume concentration; ρm is the depth-
averaged density of sediment water mixture, ρw and ρs are the density of
water and sediment, respectively.

Morphodynamic model

The bed elevation is updated as

∂Z

∂t
= [α

qb − qb∗
L

+ (1− α)(D − E)]/(1− p), (6.5)

and the sediment concentration is calculated by,

∂hc

∂t
+ ξ

∂huc

∂x
+ ξ

∂hvc

∂y
= −∂Z

∂t
(1− p) (6.6)

whereD and E are the deposition and entertainment fluxes representing the
settling and entrainment of sediment respectively due to the suspended load
transport. qb is the bed load sediment transport rate (m2/s); qb∗ is the bed
load transport capacity (m2/s). Based on the non-equilibrium assumption,
L is the adaptation length of sediment transport, which is a characteristic
distance for sediment to evolve from non-equilibrium transport into equi-
librium transport whose calculation can be found in Wu [Wu, 2008]. The
suspended load transport coefficients D and E are calculated by using the
equation from Van Rijn [Van Rijn, 1984]. The bed load transport capacity
qb∗ is calculated by Meyer-Peter and Müller [Meyer-Peter and Müller, 1948].

Numerical approach

The full system of Eqs. (6.1), (6.2), (6.3) and (6.6) is solved on a triangu-
lar mesh. The monotone upstream-centered scheme for conservation laws
(MUSCL) scheme from [Zhao et al., 2018a] is used to modify the original
Godunov discretization [Godunov, 1959] to have the second-order accuracy,
and a Harten, Lax, and van Leer Riemann solver with the contact wave re-
stored (HLLC) [Toro et al., 1994] is used for solving the Riemann problem
at the cell interfaces. The variables in a cell are updated using the two-
stage explicit Runge-Kutta scheme [Liang and Borthwick, 2009, Liang and
Marche, 2009a, Hou et al., 2013d]. Friction source term Sf is discretized
in a splitting point implicit way [Bussing and Murman, 1988] to avoid in-
stabilities, the slope source term Sb is calculated based on the slope flux
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calculation method regarding the density slope from [Zhao et al., 2017c],
which is added into flux term across the edges. In this work, the Courant-
Friedrichs-Lewy condition is followed for maintaining the stability, with
CFL = 0.5.
The bottom elevation is updated by integrating Eq. (6.5) over the cell. The
sediment concentration flux is located at the interface is calculated by the
contact middle wave. All empirical relationships can be found in Sec. 6.3.

6.4 Slope failure operator

In the cell-centered finite volume approach, cell-averaged values of the wa-
ter elevation and bottom elevation are stored at the cell center. At the
cell edges, values are reconstructed from the cell-averaged values from the
adjacent cells. A different value is reconstructed from the cells located at
the left and right hand-side of the edge, which means that the water and
bottom elevations at the vertex cannot be unique in a cell-centered finite
volume framework. The basic principle is to conduct a continuity plane for
the vertices in the computational cells. In this work, the bottom elevation
is only influenced by the integration of the source term like presented in
Eq. (6.5). After updating the bottom elevation, the vertex will be adapted
to the new cell averaged bottom elevation, using the mean value of the
surrounding cells and corresponding influence area

B C

D

A

Figure 6.1: Primary cells surrounding vertex A.

zv =

∑︁
(ziAi/3)∑︁
(Ai/3)

. (6.7)
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D

E
F

Figure 6.2: Vertex adjusting for satisfing critical slope.

Here, zv and zi are the bottom elevation of vertex and cell respectively, and
i is the index of cell. As shown in Fig. 6.1, the grey area around vertex
A is its influence area, the dashed lines are the lines through the center of
gravity and the middle point of edges,

j=Nv∑︂
j=1

(zjv
∑︂

(Ai/3)) =

j=Nv∑︂
j=1

(
∑︂

(ziAi/3)), (6.8)

where, j represents the index of vertex, and Nv is the total number of
vertices, as every cell has 3 vertices, the right side of Eq. (6.8) can be
changed to

∑︁i=Nc

i=1 (ziAi), where Nc is the total number of cells. By applying
Eq. (6.7), the cell averaged bottom column will switch to a vertex averaged
bottom column. The mass conservation is guaranteed by this approach as
shown in Eq. (6.8). This approach can be extended to unstructured meshes
besides triangular meshes.

The angle between horizontal plane and the plane composed by the
vertices of the cell can be calculated by mathematical manipulations. If the
angle is larger than the critical angle, the following slope failure operator
would be used, combined with Fig. 6.2, the processes are shown as follows:

1. Assume that vertex A is the highest vertex, and C is the lowest one.
σ is the angle of the plane ABC and the horizontal plane passes by
the lowest vertex C, DEA is the plane perpendicular to the horizontal
and ABC plane.

2. Adjust A to A′ to satisfy the critical angle σc, as the plane is treated
as a rotation around line CE, the shape of ABC will stay constant.
It can be derived that zB/zA = BF/AF = B′F/A′F = zB′/zA′ , there-
fore, zB′ can be calculated.
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3. In order to guarantee the mass balance, the mass loss from vertex A
and B will be averaged to the horizontal plane height δzh,

δzh =
(zA − zA′)AA

I + (zB − zB′)AB
I

AA
I + AB

I + AC
I

(6.9)

zA = (zA′ − zC) + δzh, zB = (zB′ − zC) + δzh, zC = zC + δzh,
(6.10)

here, AA
I , A

B
I , A

C
I are the influence area of vertex A, B, C, respec-

tively.

4. Finally, the bottom elevation of the cell under consideration and the
cells adjacent to its vertices are updated using the modified elevation
at the vertices.

znewi = zi +
δzA + δzB + δzC

3
(6.11)

δzA, δzB, δzC are the difference between the adjusted bottom eleva-
tion and the original bottom elevation at vertex A, B, C, respectively.

This slope operator may not yield a final critical slope in each time step,
as the adjacent cell will influence the vertex bottom elevation and thus the
critical slope will be influenced. In this work, the adjusted treatment will
be thought as an approximation to the real physical process.

6.5 Numerical tests

The proposed slope failure operator is validated in three test cases: one
case dealing with bank failure, the second case dealing with overtopping
of a dyke [Chinnarasri et al., 2003] and the last test case considering a
two-dimensional bank failure in trapezoidal channel [Soares-Frazão et al.,
2007].

Ideal bank failure

This test case is set for validating the above algorithm for the slope operator.
A sand cylinder with 2 m diameter is set at the middle of a 10 m × 10 m
square domain, part of the cylinder is submerged under the water level (0.5
m) and the critical frication angle for wet and dry sand is 30◦ and 60◦,
respectively.
The simulation runs for 10 s until the water level becomes stable, as shown
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Figure 6.3: Initial water and bottom elevation(left); final water and bottom
elevation(middle); numerical result compared with theoretical critical angle
(right).

in Fig. 6.3, the final result can reflect the critical angle properly, but it can
be observed that the bottom higher than the final water level also obtains a
friction angle for wet sand, which is caused by the slip of the bank leading
to a wave propagation and the water climbing on the sand cone before the
final steady state.

Dyke erosion due to flow overtopping

Flow overtopping dyke can cause serious erosion and even wash out the
structures. Further complex processes involving outburst flow, supercritical
flow and steady flow make the sediment movement even more difficult.

The proposed model will be tested against an experiment presented by
Chinnarasri et al. [Chinnarasri et al., 2003]. The experimental flume is
35 m long and 1 m wide. A 0.8 m high and 1 m wide dyke is located at
the middle of the flume, with a crest width of 0.3 m. The upstream and
downstream slope of the dyke are set to be 1 : 3 and 1 : 2.5, respectively.
The details of the experiment set-up and the parameters can be found in
Chinnarasri et al. [Chinnarasri et al., 2003]. The friction angle is set to
30◦. A comparison of measured and simulated bottom profiles at 30 and
60 s is shown in Fig. 6.4. The simulated results underestimate a little bit
erosion when compared to the measured data at t = 60 s, while they agree
well with each other at t = 30 s.

Bank failure in a trapezoidal channel

Simulated bed profiles are compared with the laboratory data measured by
Soares-Frazão et al. [Soares-Frazão et al., 2007]. Parameters can be found
in [Soares-Frazão et al., 2007]. The friction angle for submerged and dry
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Figure 6.4: Simulated bed elevation at t = 30 s (left) and t = 60 s (right).

21.113.415
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239 Upstream
reservior

Gate

Figure 6.5: Sketch of dam break through trapezoidal channel: plan view
(a), cross section (b) (cm) (after [Soares-Frazão et al., 2007]).
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Figure 6.6: Comparison between numerical results and measurement for
bed cross sections at x = 0.5, 1.5 m at t = 3, 5 s.

sand are both 37◦, and for the humid sand is 87◦. As shown in Fig. 6.6,
the bed profiles can be well captured for the cross section at x = 1.5 m.
However, for the cross section at x = 0.5 m, the slope is steeper than the
measurement, which may be because the overestimated erosion of the main
river channel leads to a stable angle closer to the trapezoidal river bank.

6.6 Conclusions

In this work, a total load transport model with a novel slope failure oper-
ator is developed with high efficiency, robustness and accuracy. The pro-
posed operator does not perform additional iterations until global stability
is reached, which gives a better computational efficiency. It is suspected,
that such iterations are not necessary as the time step in explicit numerical
methods is relatively small. The small time steps guarantee an approx-
imately physical slope failure process. Good agreements between model
results and measurement data also support this claim, however it will be
further investigated in future research.



Chapter 7

Supplementary work

This chapter summarizes supplementary work carried out during my time
as a PhD student at Technische Universität Berlin during the years from
2013 to 2018.

7.1 Anisotropic porosity shallow water

model

This is the accepted version of an article that has been published as:
[Oezgen et al., 2016] Özgen, I., Zhao, J., Liang, D. and Hinkelmann,

R. (2016) Urban flood modeling using shallow water equations with depth-
dependent anisotropic porosity. Journal of Hydrology 541, pp. 1165–1184.
doi: https://doi.org/10.1016/j.jhydrol.2016.08.025

Abstract

The shallow water model with anisotropic porosity conceptually takes into
account the unresolved subgrid-scale features, e.g. microtopography or
buildings. This enables computationally efficient simulations that can be
run on coarser grids, whereas reasonable accuracy is maintained via the
introduction of porosity. This article presents a novel numerical model
for the depth-averaged equations with anisotropic porosity. The porosity
is calculated using the probability mass function of the subgrid-scale fea-
tures in each cell and updated in each time step. The model is tested
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in a one-dimensional theoretical benchmark before being evaluated against
measurements and high-resolution predictions in three case studies: a dam-
break over a triangular bottom sill, a dam-break through an idealized city
and a rainfall-runoff event in an idealized urban catchment. The physi-
cal processes could be approximated relatively well with the anisotropic
porosity shallow water model. The computational resolution influences the
porosities calculated at the cell edges and therefore has a large influence
on the quality of the solution. The computational time decreased signifi-
cantly, on average three orders of magnitude, in comparison to the classical
high-resolution shallow water model simulation.

7.2 Wave propagation speeds and source

term influences in porosity shallow

water model

This is the accepted version of an article that has been published as:
[Özgen et al., 2017] Özgen, I., Zhao, J., Liang, D. and Hinkelmann, R.

(2017) Wave propagation speeds and source term influences in single and
integral porosity shallow water equations. Water Science and Engineering
10, 275–286.
doi: https://doi.org/10.1016/j.wse.2017.12.003

Abstract

In urban flood modeling, so-called porosity shallow water equations (PSWEs),
which conceptually account for unresolved structures, e.g., buildings, are a
promising approach to addressing high CPU times associated with state-of-
the-art explicit numerical methods. The PSWE can be formulated with a
single porosity term, referred to as the single porosity shallow water model
(SP model), which accounts for both the reduced storage in the cell and
the reduced conveyance, or with two porosity terms: one accounting for
the reduced storage in the cell and another accounting for the reduced con-
veyance. The latter form is referred to as an integral or anisotropic porosity
shallow water model (AP model). The aim of this study was to analyze the
differences in wave propagation speeds of the SP model and the AP model
and the implications of numerical model results. First, augmented Roe-type
solutions were used to assess the influence of the source terms appearing in
both models. It is shown that different source terms have different influ-
ences on the stability of the models. Second, four computational test cases

https://doi.org/10.1016/j.wse.2017.12.003
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were presented and the numerical models were compared. It is observed in
the eigenvalue-based analysis as well as in the computational test cases that
the models converge if the conveyance porosity in the AP model is close to
the storage porosity. If the porosity values differ significantly, the AP model
yields different wave propagation speeds and numerical fluxes from those of
the BP model. In this study, the ratio between the conveyance and storage
porosities was determined to be the most significant parameter.

7.3 Comparison of capacity and

non-capacity sediment transport

models

This is the accepted version of an article that has been published as:
[Zhao et al., 2016] Zhao, J., Özgen, I., Liang, D. and Hinkelmann, R.

(2016) Comparison of capacity and non-capacity sediment transport models
for dam break flow over movable bed.
In: Proceedings of the 13th International Symposium on River Sedimenta-
tion, Stuttgart, Germany.

Abstract

This study presents numerical simulations of dam break flow on movable
bed. Two different mathematical models are compared; the fully coupled
formulation of the shallow water equations with erosion and deposition
terms (non-capacity model) and the shallow water equations with fully cou-
pled Exner equation (capacity model). Both equations are discretized using
cell-centred finite-volumes and a second order Godunov-type scheme is ap-
plied for the solution. The numerical flux is calculated by a Harten, Lax
and van Leer approximate Riemann solver with the contact wave restored
(HLLC). In a one-dimensional test case, a sensitivity study for different
model parameters is carried out. The capabilities and limitations of both
model concepts are demonstrated in a benchmark experimental test case
dealing with dam break flow over variable bed topography.



Chapter 8

Conclusions and outlook

Conclusions

Surface flow and sediment transport are important components of the en-
vironmental water system. In order to simulate these processes in “real
world” applications, a robust, physically-based, accurate and computation-
ally efficient numerical model is required.

This work identified and addressed the following two challenges in shal-
low flow and sediment transport modeling:

1. Unstructured grids are usually preferred to discretize complex ge-
ometries, because they can approximate complex boundaries better
than structured grids. In literature, a widely used approach to obtain
second-order accuracy is the TVD MUSCL method. The implemen-
tation of this method on unstructured grids is not straight-forward.

2. The sediment transport model coupled with shallow water flow in-
troduces additional transport terms in the shallow water equations.
These terms influence the bed elevation and the density of the fluid
and therefore have significant influence on the overall flow. The nu-
merical discretization of these terms has to be carried out with care,
or the model’s robustness and accuracy is degraded.

Consequently, the main outcomes of this work are separated into two
parts:
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1. In the first part, TVD MUSCL reconstructions on unstructured grids
are considered. Chapter 2 developed an improved multislope MUSCL
reconstruction technique, designed for unstructured grid applications.
Chapter 3 extended this technique, using an extended stencil.

2. The second part addresses coupled shallow flow and sediment trans-
port modeling. Chapter 4 aims to find the proper model concept for
different flow conditions. Building on this chapter, Chapter 5 derives
a novel coupled shallow flow and sediment transport model. The main
innovations are the point implicit source term discretization, the novel
HLLC Riemann solver, and the bed slope source term treatment.

Chapter 6 presents additional research on bank failure, which is a pro-
cess that commonly occurs during sediment transport. A straightforward
algorithm is suggested to take it into account. The models are applied
for the laboratory scale experiments and obtained quite promising results,
the sediment research composed a system for dealing with the sediment
transport under different flow conditions and the bank stability properties.

A short overview of supplementary work that is related to the research
topic is given in Chapter 7.

Multislope TVD MUSCL reconstructions on
unstructured grids for shallow water equations

This topic is discussed in Chapter 2 and Chapter 3 and it can be concluded
that:

• Total variation diminishing is not guaranteed if the upwind node of a
cell under consideration is not located inside an adjacent cell.

• Reconstruction at the middle point of edge is found to be superior
than that at the intersection point of the edge and the cell centers.

• Often spurious velocities occur at a cell edge after the value recon-
struction, therefore, a velocity limitation method is proposed in [Zhao
et al., 2018a].

• Based on the multislope vector manipulation TVD MUSCL scheme
in [Zhao et al., 2018a], an improved reconstruction technique with
an extended stencil for the interpolation is derived in [Zhao et al.,
2018c]. This technique is more straightforward to implement than
the one proposed in [Zhao et al., 2018a].
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• The improved reconstruction technique in [Zhao et al., 2018c] is shown
to save about 4-10% computational time compared to the one in [Zhao
et al., 2018a], and the efficiency scales with the cell number.

Sediment transport model coupled with shallow water
flow

In Chapter 4, 5 and 6, the sediment transport coupled with shallow water
flow is considered.

• Bottom change in the bed load flux (BF) model is calculated using the
sediment flux of the bed load, the morphodynamics is instantaneous.
While the sediment transport in the concentration flux (CF) model
is a process that depends on the entrainment and deposition that are
calculated separately using empirical formulas, sediment is distributed
into the water column and the morphodynamics is not instantaneous.

• For the CF model, Manning’s coefficient and the sediment porosity
show an almost linear relationship with the bottom change. Sediment
porosity is considered the most sensitive parameter for the BF model.

• Both models yield different results for the morphodynamics, which
will yield different flow fields. In real-world applications, this differ-
ence may lead to large differences in predicted water elevations. The
BF model is suitable for sediment transport modeling for relatively
steady flow. The CF model is suitable for sediment transport model-
ing for both steady and unsteady flow.

• A two-dimensional, well-balanced total load sediment transport model
with following innovations is developed in [Zhao et al., 2019] consid-
ering different advection velocities for the flow and sediment. A novel
HLLC approximate Riemann solver is developed to take into account
the different advection velocities. In order to obtain good stability,
the splitting-point implicit source term discretization is used.

• The slope effect has a large influence on the sediment movement and
the flow pattern, as the slope effect will lead to a different critical shear
stress number θc, which will lead to a different bed load capacity qb∗.
Hence, the suspended load erosion and the concentration distribution
are also influenced. The slope effect from [Smart, 1984b] is found to
outperform other formulations, but it must be mentioned that tests
are not performed that consider different initial bed gradients.
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• A novel slope failure operator with high efficiency, robustness and
accuracy is developed in [Zhao et al., 2018b]. The proposed opera-
tor does not perform additional iterations until global equilibrium is
reached, which increases the computational efficiency. Control area
mass balance concept is used in the slope failure operator, which is
clear and easy to implement. The small time steps in an explicit time
integration guarantee an approximately physical slope failure process.

Outlook

The following open issues are identified which could be considered as further
research:

• The unstructured grids MUSCL reconstruction methods in this work
are mainly focusing on triangular grids, but for the complex geometry
problem, more kinds of unstructured grids may be included to dis-
cretize the computational domain. A challenge here is the additional
computational effort that will be used for searching for the upwind
cells. The vector relationships in vector manipulation methods will
be more difficult to obtain.

• Sediment models in this work are mainly focusing on open channel
flows. Empirical equations used in the model are mainly obtained
from experimental open channel results. But in real-world applica-
tions in catchments, the sediment movement is also influenced by
rainfall-driven erosion and gully flow erosion. The water depth in
these conditions is quite shallow and different from the conditions
these empirical equations were derived from. Hence, experimental
studies to derive empirical relationships for sediment transport in
catchments is necessary.

• The calibration in the sediment models is a complicated process, es-
pecially for the multiple parameters. Normally, satisfying results can
only be obtained by a group of adjustments for the parameters, which
is a verbose and boring work. Numerical optimization methods ap-
plied for these parameters can be implemented to automate the cali-
bration process.

• The slope failure operator presented in this work is based on small
time steps of explicit schemes. Additional iterations are avoided, and
the slope failure will be transformed into a continuous process instead
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of a one-step calculation. However, the process is still not a physically-
based process, and the calculation will be highly influenced by the
time step size. Different CFL numbers will lead to different slope
failure processes. Another approach worth to investigate is to view
slope failure as a diffusion process.

• High-performance scientific computing techniques beyond the shared
memory parallelization used in this work may be implemented to re-
duce computational cost. Candidates are the distributed memory
parallelization or the GPU-based parallelization.

• In this work, the sediment movement is mainly focused on non-cohesive
sediment. In the real world, sediment distributed at the bottom is not
uniformly non-cohesive. The cohesiveness is random along the layer
of the sediment composition. The numerical model also should take
into account cohesive sands for the bottom surface. Furthermore, the
mixed material from both cohesive and non-cohesive sand is closer to
real-world conditions. Simple experiments can be carried out to cal-
ibrate and validate the numerical model, and the model can be used
for more complex problems afterwards.

• The developed model can be used in future research. Some possible
interesting real-world cases are:

– The man-made catchment, Chicken Creek near Cottbus (Ger-
many) [Hofer et al., 2012], where the growing rill network in-
cluding influence of vegetation could be simulated.

– The natural Loess Plateau area, China, where long-term sed-
iment transport simulations could be carried out, considering
impacts of buildings such as dams and of vegetation.
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