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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der Modellierung der elektromagnetis-
chen Kopplung, dem sogenannten Crosstalk Phänomen in der Schaltungssim-
ulation, bei der ein neuer Modellierungsansatz über die bilaterale Kopplung
der Maxwell Gleichungen mit den Schaltungsgleichungen in Betracht gezogen
wird. Die Verwendung des bilateral gekoppelten Modells ermöglicht eine voll-
ständige Simulation des Crosstalk Phänomens in der Zeit, in der die durch
den Erregerstrom erzeugten Störungen selbst den gestörten Strom beeinflussen.
Darüber hinaus ist die additive Kopplungsbeziehung, die dem bilateralen Mod-
ell entspricht, für die Berechnung von Vorteil, da sie die Empfindlichkeit des
Phänomens für die Entfernung des Elements als eine der Haupteigenschaften
der sogenannten Crosstalk Phänomene modelliert. Die ungekoppelten Schal-
tungsgleichungen wurden bereits vollständig analysiert. Daher werden in dieser
Arbeit die partielle Differentialgleichung (PDE) Teil des bilateralen Modells und
die bilateralen Kopplungsbeziehungen zu den differentiell-algebraischen Gle-
ichungen (DAEs) untersucht.

Zuerst wird die Modellierung der elektromagnetischen Kopplung in der Di-
mension 3 und in einem allgemeinen Rahmen, der zu partiellen differentiellen
algebraischen Gleichungen (PDAEs) führt, vorgestellt. Der beteiligte Satz von
partiellen Differentialgleichungen (PDEs) wird als eine Operator DAE auf Ba-
nachräumen in einer abstrakten Einstellung betrachtet. Dies ermöglicht die
Berücksichtigung eines der Hauptprobleme bei DAEs, d. H. die Empfindlichkeit
gegenüber der Störungen, von den PDEs bis hin zu DAEs. In dieser Arbeit
wird gezeigt, dass die Operator DAE einen hohen Index aufweisst, wenn die
Diskretisierung im Ort durchgeführt wird. Daher wird die Regularisierung der
DAE mit hohem Index vor der Zeitintegration durch die Technik der min-
imalen Erweiterung in einem Operator-Rahmen durchgeführt, was die Ein-
führung einer neuen Formulierung des Systems erfordert. Tatsächlich ist die
minimale Erweiterung eine Technik zur Indexreduktion und wird auf die orts-
diskretisierte Operator DAE angewendet, um einen niedrigeren Index zu erhal-
ten, der aus numerischer Sicht bessere Eigenschaften hat. Zusätzlich wird die
Ortsdiskretisierung der bilateralen Kopplungsbeziehungen dargestellt, um ein
DAE-System zu erhalten.

Das in einem allgemeinen Rahmen vorgestellte Modell ist theoretisch vollstän-
dig, jedoch nicht numerisch, da die Kopplung normalerweise mit dem Auferlegen
einiger Annahmen (oder Entscheidungen) für die Geometrie von Elementen ein-
hergeht. Die Kopplung der Schaltungsgleichungen an die Maxwell-Gleichungen
erfordert die Berücksichtigung eines zusätzlichen Gleichungssystems innerhalb
eines unendlichen Gebiets, wo dies das Streuproblem erzwingt. Um das Stre-
uproblem in unendlichen Gebieten zu überspringen, wird im nächsten Teil ein
neues Modell für die Kopplung des elektrischen Feldes in der Dimension 2
präsentiert.

In Bezug auf die Magnetfeldkopplung wird gezeigt, dass es ausreichend ist,
eine Komponente des Magnetfelds in Bezug auf die Helmholtz-Zerlegung und
nicht das gesamte Feld zu berücksichtigen. Diese Komponente wird durch Ein-
führung eines neuen Gleichungssystems erhalten, das innerhalb einer Nachver-
arbeitung effizient berechnet werden kann. Es ist vorteilhaft, da die Nachver-
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arbeitung unabhängig von unserer Simulation bei jedem Schritt durchgeführt
wird und außerdem die Systemstruktur mathematisch leichter zu handhaben
ist, aufgrund des Vorhandenseins des Laplace-Operators und des Fehlens des
Rotationsoperators.

Der verbleibende Teil dieser Arbeit folgt der Simulation des Crosstalk Phäno-
mens in einem zweidimensionalen elektromagnetischen System, bei dem die lin-
eare, isotrope und homogene Stoffe berücksichtigt werden. Das Modell ist auf
niedrige Frequenzen beschränkt, bei denen die Operator DAE von die erster
Ordnung ist und den Differenzierungsindex 2 hat. Basierend auf der dargestell-
ten Regularisierung für den allgemeinen Fall wird dieses System regularisiert.
Dann wird gezeigt, dass die erhaltenen regularisierte Operator DAE zusätzlich
zu den Ortsdiskretisierung bilateralen Kopplungsbeziehungen im Raum und den
Schaltungsgleichungen zu einem DAE System mit dem Differenzierungsindex 2
führen. Die Regularisierung dieses Systems wird auf der Grundlage der min-
imalen Erweiterungstechnik durchgeführt, und das neue regularisierte gekop-
pelte System wird über einen Co-simulation Ansatz simuliert. Der Vorteil
dieses Ansatzes besteht darin, dass jedes Subsystem, nämlich die Schaltungs-
gleichungen, sowie die regularisierte Operator DAE separat simuliert werden
können, wobei die Daten zwischen der parallelen Simulationen übertragen wer-
den. Darüber hinaus ist dieser Ansatz erweiterbar, wenn ein weitere Subsystem
beteiligt ist, zum Beispiel das abgeleitete Subsystem aus dem Streuproblem.
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Abstract

This thesis is devoted to modeling electro-magnetic coupling, the so-called crosstalk
phenomenon, in circuit simulation, where a new modeling approach via bilateral
coupling of the Maxwell equations with circuit equations is considered. Using
the bilaterally coupled model allows full simulation of the crosstalk phenomenon
in the evolution of time, when the disturbances generated by the excitation cur-
rent are themselves causing the excitation current to be influenced. In fact, the
additional coupling relation corresponding to the bilateral model is beneficial
for crosstalk modeling since it models the sensitivity of the phenomenon to the
distance of the elements as one of the main characteristics of the crosstalk. The
uncoupled circuit equations have been already completely analyzed by many
people. Therefore, in this thesis, the partial differential equation (PDE) part
of the bilateral model as well as the bilateral coupling relations with respect to
the underlying differential-algebraic equations (DAEs) are studied.

In the first part, three-dimensional (3D) modeling of the electro-magnetic
coupling in a general framework leading to partial differential-algebraic equa-
tions (PDAEs) is presented. The involved set of PDEs is viewed as an operator
DAE on Banach spaces in an abstract setting. This permits converting one
of the main considered issues with DAEs, sensitivity to perturbation, from the
PDEs to the DAEs. It is shown that the operator DAE is of a high index by
considering the semi-discretization in space. Therefore, the regularization of
high index DAE operators before time integration is performed by the minimal
extension technique on an operator level, where the introduced new reformula-
tion of the system is necessary. In fact, the minimal extension is a technique of
reducing the index and is applied to the spatial discretized DAE operators to
obtain a lower index with better properties from the numerical point of view.
Additionally, the spatial semi-discretization of the bilateral coupling relations is
presented to obtain a DAE set.

The presented model is in a general framework and satisfying from a theoret-
ical point of view but does not sufficiently fulfil numerical aspects since coupling
is normally involved with imposing some assumptions (or equivalently making
some decisions) on the geometry of the elements. In fact, the recoupling from
the circuit equations to the Maxwell equations requires approximation of an
extra system of equations within an unbounded domain, where this forces the
scattering problem to be involved. To skip the unbounded scattering problem, a
new two-dimensional (2D) model for the electrical field recoupling is presented
in the second part.

Regarding the magnetic field coupling, it is shown that it suffices to consider
one component of the magnetic field with respect to the Helmholtz decompo-
sition and not the whole field. This component is obtained by approximation
of a new system of equations, which can be computed efficiently during post-
processing. It is beneficial since post-processing is done independently of our
simulation at each time step. Furthermore, the system structure is mathemat-
ically easier to deal with due to the presence of the Laplace operator and the
absence of the curl operator.

The remaining part of this thesis is concerned with the simulation of the
crosstalk within a 2D electro-magnetic system, where the linear, isotropic, and
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homogeneous material is considered. The model is restricted to low frequencies,
where the DAE operator is of the first order and has a differentiation index of 2.
Based on the presented regularization of the general case, this system is regular-
ized. Then, it is shown that the obtained regularized operator DAEs in addition
to the semi-discretized bilateral coupling relations in space and the circuit equa-
tions lead to a DAE system with a differentiation index of 2. The regularization
of this system, based on the minimal extension technique, is presented, and the
new regularized coupled system is simulated via a co-simulation approach. The
advantage of this approach is that each subsystem, namely, the circuit equations
as well as the regularized operator DAEs regarding the Maxwell equations, are
separately simulated while transferring the data, which enables parallel simula-
tion. Furthermore, this approach is extendable when any additional subsystem
is involved, for instance, the derived subsystem from the scattering problem.
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1 Introduction
Electro-magnetic systems are networks of electrical elements, such as capacitors,
inductors, and resistors that are connected via transmission lines. Circuit sim-
ulation has been extremely successful for many years in modeling these systems
using strategies such as modified nodal analysis (MNA). This strategy, which is
based on the constitutive law of the electrical elements as well as Kirschhoff’s
current and voltage law, is highly automatized [GS91]. However, nowadays, for
applications in which the electro-magnetic systems are miniaturized and contain
a huge number of electrical elements to have more functionalities, for instance
on a chip, circuit simulation with the standard strategies may fail in obtaining
sufficiently accurate results. In fact, with tighter and tighter packing of the el-
ements on a chip, several effects that were previously omitted in classical MNA
have become increasingly significant since they could not be prescribed by the
mentioned laws. Therefore, neglecting them may lead to failure in the circuit
simulation. These include, for instance, modeling the thermal effects [ZGS06],
incorporation of the substrate disturbance [KBD02], high-frequency effects on
transmission lines [RT08], and crosstalk phenomenon [NJR05].
One remedy to deal with modeling recently emerging effects is considering cou-
pling MNA with a new system of equations, for instance, with the telegra-
pher equations [KL98] to model the influenced transmission lines or with the
Maxwell equations [Mon03] to model the crosstalk phenomenon. By coupling of
two systems of equations, we find the suitable input-output link between them.
Transmission lines are the physical connections, such as wires, between electrical
elements in a circuit and are responsible for the flow of current from one element
to the next. They are often modeled by an infinite collection of infinitesimal
elements that are assumed to be continuously distributed in the entire circuit
[Kai04]. In the modeling of electrical networks, each transmission line can be
modeled by a combination of finite infinitesimal electrical elements connected
with perfectly conducting wires. Although that contrasts with the transmission
line model, it enables including the modeling of the crosstalk between transmis-
sion lines in addition to the electrical elements.
Crosstalk in an electro-magnetic system refers to the phenomenon of inducing
current and voltage disturbances within an electrical element, which is caused
by the flow of an alternative current through other elements of the system. In-
duction of these disturbances occurs via production of an electro-magnetic field.
Additionally, each disturbance itself generates the electro magnetic field, which
induces new disturbances through the elements again. This procedure continues
while the disturbances become stronger and therefore are no longer negligible.
Thus, during recent years, many models have been suggested and developed
to deal with the crosstalk phenomenon due to potential numerical instabilities
in the simulation. See for example, [Bau12, ST05, Tis03] for the coupling in
both directions where the currents are incorporating to the nodal equations of
MNA in one coupling direction and nodel potentials appear in the boundary of
Maxwell equations in the other coupling direction, [HS05] for coupling in the
time-harmonic case, [KBS15] for coupling in both directions where the eddy
current model is considered, and [BBGS13, SDGW13, SDGB10] for coupling
semi-discretized Maxwell equations. However, very little work has been done
to introduce a model equation in a way that the disturbances as well as their
electro-magnetic consequences are incorporated into the circuit equations in a
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model unit (i.e., a bilaterally coupled model) and using Jefimenko equation.
In this thesis, we will discuss a new modeling approach for the crosstalk phe-
nomenon, which is indeed introducing a general set of model equations by in-
corporation of the electro-magnetic data into the circuit simulation and vice
versa. This allows modelling the induced disturbances and their influences on
the system by considering the reasons for generating the crosstalk, namely, the
electro-magnetic fields. To have this done, we introduce two subsystems of
equations, namely, the Maxwell equations and the circuit equations suited for
bilateral coupling, where the former is investigated for every element in which
the disturbances are induced and the latter is considered for the entire electro-
magnetic system.
This approach is appropriate from a theoretical point of view where all induc-
tion effects are studied, but it may lead to large difficulties in the numerical
simulation since the global coupling of all elements is also considered. However,
from a practical point of view, most induction effects originating from a cur-
rent are large but only locally in space due to the decay of the corresponding
field. In other words, the disturbances will be large in the geometrical neigh-
borhood and small far from the element in which the electro-magnetic field is
produced. Therefore, in the past, for large-scale systems (for instance, on the
centimeter scale), the crosstalk phenomenon could be ignored, but not in to-
day’s applications with tiny scales (for instance, on the nanometer scale). To
create a compromise between the large and small disturbance effects, one may
give weight to the input-output links allowing to incorporate or ignore the in-
fluence of the component on the remaining system. In this way, it is possible to
use classical perturbation results for network equations to globally control the
influences. This leads to a sparsification of the global influenced network graph.
In this thesis, the compromise is achieved since the weights are automatically
included in the proposed recoupling relation; however, one can still approximate
the bilateral coupling relations with the proper weighted relation, such that the
decay occurs at a desired rate.
Additionally, the bilateral coupling of the electro-magnetic system with the cir-
cuit system can be viewed as mathematically connecting the fields and cur-
rents/voltages within the observation time interval I via the proper relations.
Approximating such mathematical relations between the electro-magnetic vec-
tor fields in Rd × I, d ∈ {2,3}, and the currents/voltages in I is a critical task.
In fact, in one way, coupling the degrees of freedom (DOFs) is reduced where
some data must be ignored, whereas we need more data or assumptions to fit
the required DOF. In the 2D case, we introduce a shortcut model to deal with
the recoupling when, for a given current, the electrical field is sought. This
model is very accurate under certain assumptions since it is based on Ohm law
[Ler96]. To deal with the problem of losing some information during coupling
of the electrical and magnetic fields with the current and voltage disturbances,
we show that some parts of the fields do not incorporate into the disturbance
induction and therefore can theoretically be ignored within approximation the
Maxwell equations.
In this work, we first set up the general bilateral coupling of the Maxwell equa-
tions (describing the electro-magnetic induction) and the circuit equations (de-
scribing the dynamical behavior of the entire system) by prescribing them as
input-output systems. Then, given the output from the Maxwell equations, we
present a coupling relation to obtain the input to the circuit equations. Con-
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versely, given the output from the circuit equations, we introduce the recoupling
relation to yield input for the Maxwell equations. This input-output formula-
tion allows us to control the system by manipulating its input via a controller,
for instance, to reduce the disturbance input to the circuit simulation. The
complete coupled system model is then a set of PDAEs in Rd × I consisting of
PDEs (i.e., the Maxwell equations) and DAEs (i.e., the circuit equations) as
well as the coupling and recoupling relations (via inputs and outputs).
Unlike PDEs and even DAEs, PDAEs are a relatively new concept in the
field of numerical analysis where their analysis and approximation are stud-
ied [SA00, LMT01]. The standard approach in the literature [ELLS99, LMT01,
Rei06, JM13, Tis03] to deal with such structures is via considering the space-
discretized system. This can be viewed as operator or abstract DAEs, where
the weak formulation of PDEs are considered instead for analysis and approx-
imation purposes. The difficulties with these systems are inherited from the
complications of the underlying abstract DAEs [Alt13].
To numerically deal with the PDAE model, we use the approach of spatial semi-
discretization of the PDE part (i.e., we use the method of lines (MOL); [Hol07]).
This leads to a large set of DAEs in addition to the original DAE part and allows
us to analyze the underlying DAEs of the PDEs and regularize in advance if
necessary before incorporating into the total DAE model. Furthermore, to have
a total DAE model, we present a discretization of the coupling and recoupling
relations in space based on discretization of the PDE part since these bilateral
coupling relations may increase the index of the total DAE model. Some solv-
ability issues are discussed in [Jan15] with respect to the perturbation of DAEs.
The index of a system, PDAEs or DAEs, expresses how complicated it is to
approximate the system compared to a PDE or to an ordinary differential equa-
tion (ODE) system, respectively. In this thesis, the main index concept used
is the differentiation index, which was first introduced by [Cam87, BCP96] and
is closely related to the strangeness index on which the regularization tech-
nique, namely, the minimal extension, is based. In fact, there have been many
different index concepts for DAEs introduced in the literature, such as the Kro-
necker index [HW96], differentiation index (d-index) [BCP96], perturbation in-
dex [HLR89], tractability index [Mär04, GM86], geometric index [RR94], and
strangeness index [KM06].
The original circuit equations in the MNA formalism have been fully studied in
[Tis03, SS12]. What motivates us to analyze the PDAE system further in the
DAE framework is the fact that DAEs are strong tools for automated and quick
modeling. The DAEs have nice abilities that permit the large multi-physics
systems with several components to be modeled very simply and efficiently via
software packages, such as SPICE [AM93], Modelica [Dyn08], and MATLAB
Simulink [MAT14]. However, there are several issues that may cause failure in
the DAE simulation if not considered, namely, instabilities, drift-off phenomena,
and ill-posedness [GM86, KM06, Ria08, LMT13].
For the considered application, due to the presence of many parameters and in-
puts in the modeling task, the uncertainty of each may lead to large numerical
errors in the results and, even worse, to the failure of the simulation. There-
fore, the focus in this thesis after modeling is to reduce possible instabilities by
introducing a regularized DAE system. To this end, we first regularize only the
operator DAEs obtained by semi-spatial discretization of the problematic PDE
part. In fact, this part is of high index, which may lead to instabilities after
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coupling with the DAE set of circuit equations. Then, we discretize the bilateral
coupling relations based on the discretization of the PDE part and assemble the
total DAE model with the circuit equations, the underlying regularized DAE
associated with the Maxwell equations, and the discretized bilateral coupling re-
lations. This system is of high index even considering the regularized Maxwell
equations; hence, we perform its regularization before the time integration.
For the index analysis and simulation of the total DAE model, we obtain a 2D
model. This model is derived from a mapping of the original 3D model onto a
plane under a modeling approximation on the fields as well as proper assump-
tions on the geometry and the medium of the system. Due to the complexity of
the original model, this reduction in the dimension permits a better understand-
ing of the analysis of the critical issues although this does not fully deteriorate
the original 3D model.
To have a better overview of the presented submodels in this thesis with a focus
on the Maxwell equations as well as the bilateral coupling relations, we briefly
outline the most discussed ones here.

3D submodels:

General model The most general model that is presented by (2.31) is ap-
plicable to any type of electro-magnetic system independent of the frequency
or the system medium except the linearity assumption on the electrical ele-
ments [Bas16]. Although this model can be used for the modeling of any type
of electro-magnetic coupling, the precise modeling of the bilateral coupling,
namely, presenting the exact formulation of the operators Ψj and Ξj in (2.31f),
is a complicated task. Therefore, to analyze and simulate this model, one needs
a few specifications on the application and then enough assumptions/decisions
to derive an explicit submodel from (2.31). Examples of these restrictions are
the often-used assumptions (A1) and (A2) in Section 2.1.3 and the decision of
vanishing the applied current density in Section 3.1.

Electric wave equation The equation (2.11) in the frequency domain, or
equivalently the equation (2.12) in the time domain, when there is no applied
current density in the system, allows us to decompose the set of the Maxwell
equations to compute the electrical field independently of the magnetic field.
Analogously, the magnetic wave equation can be derived from (2.8) to yield the
magnetic field independently of the electrical field. This is a great advantage
of the electric (magnetic) wave equation for disturbance coupling, where only
one field is required for the modeling of each disturbance. More precisely, for
voltage disturbance, the electrical field is utilized, while for current disturbance,
the magnetic field is employed.

Low-frequency model The approximation (2.14) of the electric wave equa-
tion (2.11) is called the low-frequency model since it is an accurate approxima-
tion of the wave equation at low frequencies [RV10]. From the mathematical
perspective, it is less complicated to work with (2.14) compared to (2.11). How-
ever, it may not be sufficiently accurate in high-frequency applications where
the crosstalk can be considered as well.
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Recoupling relation The explicit formulation for the operator Φj in (2.31e)
is obtained by the Jefimenko equation (2.33) and can be accurately approxi-
mated with (2.34), which is mathematically easy to treat with (see Section 2.4).
The Jefimenko equation model guarantees the sensitivity of the crosstalk model
to the distance of the elements, which is the key feature of this model.

2D submodels:

Shortcut model The shortcut model (6.9) is introduced as a remedy in 2D to
the modeling issue discussed in Section 2.1.3, regarding the computation of the
boundary value of the electrical field via (2.17) in the recoupling. This involves
either computation of the Dirichlet-to-Neumann (DtN) map or applying the
perfectly matched-layer (PML) method. None of these approaches is in the
scope of this thesis, and therefore we introduce a shortcut model to skip these
two approaches and save computational effort corresponding to the coupling
via the magnetic flux density. The drawback is neglecting the distance of the
elements in the electric recoupling modeling (i.e., the sensitivity of the crosstalk
to the element distances is not regarded). The model (6.9) has been derived from
the 3D shortcut model (6.8), which is very useful in analysis and simulation but
has not yet been developed.

Voltage coupling The 2D voltage coupling relation (6.28) in time or (6.29b)
in frequency is derived from the 3D voltage coupling model (2.39), which implies
the formulation of the operator Ξj in (2.30b). This model has no dependency on
the magnetic flux density, unlike (2.39), which depends on the flux via (2.38).
The other advantage of this model is using the set of equations (6.31) that can
be computed in post-processing, independent of the crosstalk setting. This can
finally lead to the coupling relation (6.34) in the weak sense.

Current coupling The introduced model (6.39) is not only a coupling rela-
tion but additionally shows that, in general, modeling the disturbance current
via computation of the magnetic field by the Maxwell equations is not necessary.
This is because the magnetic field is only physically coupled via the boundary
value, which can be directly obtained by the Jefimenko equation for the case of
linear, isotropic, and homogeneous material. This model can be also generalized
to the 3D case.
This thesis is partitioned into two parts. Part I primarily addresses the 3D gen-
eral model, whereas, in Part II, we study the derived 2D model equations from
the original model in detail. These parts are summarized along the following
lines.

Part I contains four chapters. Chapter 2 is devoted to the modeling task
of the crosstalk phenomenon with the general 3D PDAE model, where a few
submodels are introduced in detail. In fact, the general PDAEs model, more
specifically the PDEs as well as the bilateral coupling relations, are too complex
to deal with numerically. Therefore, we introduce possible submodels, which are
obtained by imposing different assumptions, often considered in the literature,
for 2D analysis and simulation see the Maxwell model hierarchy in Figure 4.
In Chapter 3, we analyze the Maxwell equations within a linear, isotropic, and
homogeneous material, which can be interpreted as an operator DAE. Moreover,
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we show that the part of the equations that suffices to obtain the electrical
field independently from the magnetic field is of the differentiation index 3.
The remaining Maxwell equations are regular enough for the time integration;
therefore, no index determinations are performed. Consequently, in Chapter
4, we present the regularization of the critical equations on the operator level
to gain a differentiation index of 1. Chapter 5 indicates semi-discretization
of the coupling and recoupling relations in space based on discretization of the
Maxwell equations since the bilateral coupling relations involve electro-magnetic
data. Furthermore, we briefly introduce the used numerical method, namely,
the Runge-Kutta scheme, for the final dynamical simulation.

The second part consists of the remaining two chapters. Modeling in the
lower dimension of 2 is considered in detail in Chapter 6. We demonstrate in
the next chapter that the obtained DAE model after spatial semi-discretization
for the 2D crosstalk is of differentiation index 2. Furthermore, the index determi-
nation and regularization of this model is discussed in Chapter 7. Additionally,
two examples are simulated in this chapter for the low frequencies and eddy
current model. Finally, in Chapter 9, we give a summary and discuss future
work.
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Part I

2 General PDAE system modeling in 3D
We model the crosstalk phenomenon as an overall system of two subsystems of
equations that are coupled in both directions. To this end, we take advantage
of two sets of equations used for modeling the electro-magnetic induction and
dynamical behavior of the electrical circuit. As indicated in Figure 1, these
two are presented by Maxwell equations and circuit equations as the modeling
tools in classical electro-magnetism [Jac98] and circuit theory [VS94]. Then,
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Figure 1: Bilateral coupling structure for crosstalk modeling.

introducing suitable bilateral coupling and recoupling relations between them,
namely, emission and induction, the bilateral modeling task is conducted.

2.1 Model equations for electro-magnetic induction
The induced electro-magnetic fields, more precisely, the induced electrical field
and the induced magnetic field, through an electrical circuit in R3 are modeled
by the set of (non-stationary) Maxwell equations in classical electro-magnetism
[Pur63, ch.9]. In this subsection, we first present the main set of the Maxwell
equations for the entire space R3, and then restrict it to the specific electrical ele-
ment though which the coupling occurs, more specifically, within its boundaries.
In our model, this element is called the inducing element number i ∈ {1, ..., nN},
where nN denotes the number of inducing elements. Later, we present an im-
proved system from the main set that is suitable for our purpose.

2.1.1 Maxwell equations in R3

Let x = [ x y z ]T ∈ R3 and t ∈ I = [0, T ] denote the position in space
and the observation period, respectively. We denote the magnetic flux density
with B, the electrical field with E, the magnetic field with H, and the electric
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Figure 2: The electro-magnetic field spreading according to (2.1) in R3, where
any arbitrary electrical element Ω may be contained. The electrical field E and
the magnetic field H are illustrated, respectively, in blue and green. For visual
simplicity, only a few electrical field lines have been demonstrated. Furthermore,
the red field lines exhibit the magnetic flux density B in R3.

displacement field with D, where B,E,H,D ∶ R3 × I→ R3 × I with

B(x, t) = [ B1(x, t) B2(x, t) B3(x, t) ]
T
,

E(x, t) = [ E1(x, t) E2(x, t) E3(x, t) ]
T
,

H(x, t) = [ H1(x, t) H2(x, t) H3(x, t) ]
T
,

D(x, t) = [ D1(x, t) D2(x, t) D3(x, t) ]
T
.

The set of Maxwell equations for the given B is defined by the following PDEs:
[Hur11, ch.1]

∇ ⋅B(x, t) = 0, in R3 × I, (2.1a)

∇×E(x, t) = −Ḃ(x, t), in R3 × I, (2.1b)

∇×H(x, t) = Ḋ(x, t) + JE(x, t), in R3 × I, (2.1c)

∇ ⋅D(x, t) = ρ(x, t), in R3 × I, (2.1d)

with the unknowns E, H, andD and for the given electric charge density ρ ∶ R3×
I→ R×I (see Figure 2). Therein, quantity JE ∶ R3×I→ R3×I describes the eddy
current density. Furthermore, we utilized the Newton notation [Ste12, VS94] to
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denote the partial time derivative, for instance, for the flux density B as

Ḃ(x, t) =
∂B

∂t
(x, t).

Additionally, the notation ∇⋅ is used for the divergence operator ∇⋅ ∶ R3×I→ R×I
with

∇⋅B(x, t)=(
∂B1

∂x
+
∂B2

∂y
+
∂B3

∂z
)(x, t),

for instance, for the flux density B. Furthermore, the notation ∇× ∶ R3×I→ R3×I
is utilized to indicate the 3D curl operator, for instance, for the vector field E,
where

∇×E(x, t) =
⎡⎢⎢⎢⎢⎢⎣

∂yE3 − ∂zE2

∂zE1 − ∂xE3

∂xE2 − ∂yE1

⎤⎥⎥⎥⎥⎥⎦
(x, t). (2.2)

The 3D curl operator (2.2) is usually used in analytical problems, while the
defined 2D curl operator in (6.2) is utilized for simulation purposes in Section
6.
The first equation of the Maxwell system is called Gauss’s law for magnesium,
while the second one is called the Faraday Maxwell law [Hur11]. The third
equation from the set of Maxwell equations (i.e., (2.8c)), is obtained as follows:
The induced electrical field E produces two more quantities proportional to the
medium in which E is living, namely, the eddy current density JE , coming from
Ohm’s law [Mon03] showing the generated current denisty from the electrical
field within the conductor part of the domain

JE(x, t) = σE(x, t) + Ja(x, t), in R3 × I, (2.3)

and the electric displacement field D, defined by

D(x, t) = ε0E(x, t) + P (x, t), in R3 × I. (2.4)

Therein, ε0 is the vacuum permittivity and P expresses the polarization density
[Mon03]. The electrical conductivity σ describes the capability of the medium
to conduct the electrical current and is assumed in our model to be known and
constant for every material in R3. Additionally, for the homogeneous conductor
subdomain Ωc and the non-conductor subdomain Ωnc ∶= R3 ∖Ωc, conductivity
is modeled by

σ =
⎧⎪⎪⎨⎪⎪⎩

positive constant, if x ∈ Ωc,

0, if x ∈ Ωnc.
(2.5)

In the case of a non-homogeneous conductor subdomain (i.e., where Ωc = ⋃k Ωkc )
we split the conductor domain into subdomains where, on each Ωkc , the conduc-
tivity is modeled by the corresponding σk. Moreover, the applied current dsen-
sity (also called the impressed current density), which is denoted by Ja = Ja(x, t),
is defined as the current density associated with the already existing sources in
the domain of interest. It is normally assumed that Ja is zero in non-conductive
materials (i.e., in Ωnc) since the current cannot flow through [Hur11].
By considering definition (2.4), from now on, we may consider the polarization
density P instead of the electrical displacement field D in the set of unknowns
for the Maxwell equations (2.1).
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2.1.2 Associated Maxwell equations to the inducing element

For the crosstalk modeling via coupling, the input-output system of Maxwell
equations as the first subsystem, is considered where we are interested in the
electro-magnetic fields within any arbitrary inducing element i with the domain
Ωi. Hence, we investigate the following input-output Maxwell equations with
the proper boundary conditions on ∂Ωi (see [Mon03]):

0 = ∇ ⋅B(x, t), in Ωi × I, (2.6a)

Ḃ(x, t) = −∇ ×E(x, t), in Ωi × I, (2.6b)

ε0Ė(x, t) + Ṗ (x, t) = ∇×H(x, t) − [σE(x, t) + Ja(x, t)], in Ωi × I, (2.6c)
0 = ∇ ⋅ [ε0E(x, t) + P (x, t)] − ρ(x, t), in Ωi × I, (2.6d)

ν(x) ×E(x, t) = ν(x) ×Ein(x, t), on ∂Ωi × I, (2.6e)

ν(x) ⋅B(x, t) = ν(x) ⋅Bin(x, t), on ∂Ωi × I, (2.6f)

where ν denotes the outer unit normal vector to the boundary ∂Ωi. These
standard boundary conditions have been chosen to have a well-defined solution,
see [Mon03]. The quantities Bin and Ein denote the magnetic flux density and
the electrical field within R3 ∖ Ωi, and in particular, on ∂Ωi. Both quantities
are assumed to be derived from the other set of equations, namely, the circuit
equations, via recoupling relations. Therefore, they are the inputs to the system
(2.6), meaning that given these quantities the Maxwell system of equations (2.6)
can be approximated. In fact, given the input Bin, one may approximate Ein

by (2.8b). Thus, in the new system of Maxwell equations with the main input
Bin by the unknowns, we are interested in E, H, P as well as B in Ωi.
In the first subsystem of the bilateral coupled system, we assume that the out-
put is extracted from the unknown vector without any changes. More precisely,
regarding the introduced unknown vector, we only consider the electro-magnetic
field E and H as the outputs of the Maxwell system.
The boundary conditions (2.6e) and (2.6f) can be interpreted as the continuity
conditions on the electrical field and the magnetic flux density, respectively, in
the tangential and the normal senses.
Please note that to introduce the equation set (2.6), we used general Maxwell
equation (2.1) as introducing the general model is the main purpose of this
section. In fact, for every specific type of material, the general Maxwell equa-
tion can be simplified and reduced in the number of unknowns by considering
the relations between unknowns based on the properties of the material in the
domain Ωi. Additionally note that as introduced in the previous section, the
applied current density Ja indicates presence of any already existing source be-
fore coupling in the system. It means, in this model Ja is not playing any role in
the coupling, but describes the original used (current/voltage) source into the
electro-magnetic systems. Therefore, we keep Ja in the general model, whereas
for simplicity we can set it to zero while considering the coupling in the model
and later can add it. For instance, in Section 3.1, we are introducing our mathe-
matical settings for the set of PDEs associated to the part of Maxwell equations
which may cause some numerical problems. Therefore in there, we can set the
unimportant parameters from coupling point of view to be zero, e.g. the applied
current density, etc.
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Remark 1. Note that the indicated magnetic flux density in (2.6) is no longer
the input of system in contrast to the magnetic flux density appearing in the
main formulation of the Maxwell equations (2.1). In fact, by restriction of the
unbounded domain R3 to the bounded domain Ωi, we split the input flux density
B(x, t) ∈ R3 × I to B(x, t) ∈ Ωi × I and Bin(x, t) ∈ R3 ∖Ωi × I, where the former
is one of the unknowns of the system (2.6) and the latter is the input of that
system.

2.1.3 Scattering problem and unbounded domain

To motivate modeling of the scattering problem, we describe the crosstalk phe-
nomenon which exemplary occurs within a simple electrical circuit with only
two electrical elements. One of them is the inducing element i which is inte-
grated in parallel to the other element. The other element is generating the
input magnetic flux density B once the alternative current is flowing through.
This element is called the emitting element j, since it emits B in the entire R3,
and in particular, within Ωi, see Figure 3.

Figure 3: We consider an electrical circuit with only two elements where the
shown domain Ω is defined to be the only inducing element. The magnetic
flux density B emitted from the other element is shown in red and induces
perpendicularly the electric field, only a few field lines have been illustrated, in
blue, in the entire space and in particular within Ω. The electric field E itself
induces perpendicularly the magnetic field H, shown in green.

The emitted magnetic flux density B(x, t) ∈ R3 × I is generating the so-called
incident electro-magnetic fields in R3 × I. Then, by placing any electrical ele-
ment, for instance, the inducing element i, the incident electro-magnetic field
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becomes updated everywhere, and in particular, in R3 ∖Ωi. Then, the updated
electric and magnetic field, for example when only a simple circuit with one
inducing element is considered, are respectively denoted by Ein and Hin and
can be defined after coupling by

E(x, t)in ∶= E(x, t) +Esc(x, t) in R3 ∖Ωi × I,
H(x, t)in ∶=H(x, t) +Hsc(x, t) in R3 ∖Ωi × I,

(2.7)

where the so-called scattering fields Esc and Hsc are considered due to the exis-
tence of the inducing element and E and H denote the incident electro-magnetic
fields.
As a motivation to such an update, scattered components are present due to
the physical manufacturing of the electrical elements, i.e., because of the per-
fect conductor core of electrical elements (for example, perfect conductor core
of the inducing element Ωi denoted by K). Then, whenever an element has such
a manufacturing design, when locating in the incident electro-magnetic fields,
leads to the scattering components which can be mathematically included in
the model by the so-called radiation condition. For the sake of simplicity in
the analysis of the coupling behavior, we assume that the scattered fields are
negligible, e.g., in (2.6), however, we consider them in here to introduce a more
realistic model for the future work.
If the updated fields are restricted to the boundary ∂Ωi, then according to the
Maxwell equations (2.6) the updated fields are coupled with the fields inside the
domain as in (2.6e) and (2.6f). Therefore, to model the input components Ein

and Hin in (2.6) based on (2.7), modeling the incident fields which contain the
scattered fields within the unbounded domain R3 ∖Ωi has to be considered.
Note that the incident fields should not get mixed up with the electro-magnetic
fields considered in (2.6), since these fields live in different domains. In fact,
the incident fields, i.e., E(x, t) and H(x, t) in R3 ∖ Ωi × I and with subscript
0 in Ωi ∖K × I (see exemplary (2.17)), give rise to the associated fields to the
inducing element, i.e., E(x, t) and H(x, t) in Ωi × I.
In fact, it can be assumed that each electrical element has a perfect conductor
core K inside. Then, there exists no penetration of electro-magnetic field inside
the perfect conductor core but electro-magnetic field can only be scattered from.
This is a restricting assumption used in this thesis.
In this thesis, and in particular, during analysis and simulation of the coupling,
we drop the scattered fields in (2.7). It is known that the wave length is in-
versely proportional to the frequency [CHR02], and hence for such applications
in low frequencies the wave length is very long in comparison with the size of
the considered electro-magnetic system (for instance, in the nano scale). This
allows to ignore the wave propagation and the scattering phenomenon [Siw98].
Therefore, we consider the scattering problem in the following sections briefly
for the modeling.
The so-called scattering problems refer to the class of problems either where the
scattered electro-magnetic wave is of the interest when the incident wave is sent
toward an obstacle [GLMS13] (the direct scattering problem), or having knowl-
edge of the corresponding scattered wave for any incident wave, one is interested
in the physical shape or the properties of an obstacle [CK12] (the inverse scat-
tering problem). The crosstalk modelling as described before is categorized in
the first application. However, the scattering problem is shortly considering in
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this section, since it is not in the main focus of this thesis

Wave equation To study such scattering problems, we need to consider the
electro-magnetic wave equation extracted from the main set of Maxwell equa-
tions (2.1) as well as suitable boundary conditions, i.e.

∇ ⋅B(x, t) = 0, in Ω × I, (2.8a)

∇×E(x, t) = −Ḃ, in Ω × I, (2.8b)

∇×H(x, t) = Ḋ(x, t) + JE(x, t), in Ω × I, (2.8c)
∇ ⋅D(x, t) = ρ(x, t), in Ω × I, (2.8d)
ν ×E(x, t) = 0, on ∂Ω × I, (2.8e)
ν ⋅B(x, t) = 0, on ∂Ω × I. (2.8f)

As stated before, this set is extracted from the set (2.1). In addition, recall from
Section 2.1.1 that JE denotes the eddy current density.
The boundary conditions (2.8d) and (2.8f) are called the continuity conditions
which hold for any electro-magnetic field when there is no coupling to be consid-
ered, [Mon03, ch.1]. As already mentioned in this thesis, by coupling we mean
the coupling of equations, and in particular, coupling of the set of Maxwell
equations with the set of circuit equations, where different sub-models for each
set are addressed to. The origin of the continuity condition ν ×E = 0, is coming
only from the charge density existing (or inducing) on the surface of the domain
Ω. More specifically, the continuity condition is ν × (E1 −E2) = q

ε0
for the dif-

ferent mediums 1 and 2 with the existing charge q on the interface. Therefore,
independent of the scattering problem, i.e., whether the scattering component
is there or not, whether we consider the low frequencies or not, whether we are
considering the large distance from the bodies or not, but only by assuming that
there is no interface charge density which is already existing or induced by the
coupling, we can assume the continuity condition ν × E = 0 on the boundary.
Analogously, for the condition ν ⋅ B = 0 is allowed to be imposed without any
need to discuss about the scattering/frequency issues.
In fact, the boundary condition (2.8f) guarantees the well-posedness of the diver-
gence operator in the least-square sense, [Mon03, ch. 5]. For further reference,
we call this system of PDEs the extended Maxwell system.
To proceed, let us presume the rather standard assumptions that

(A1) The domain of interest as a subset of R3 is filled by linear, isotropic and
homogeneous material(s) allowing

D(x, t) = ε(x)E(x, t), (2.9a)
B(x, t) = µ(x)H(x, t). (2.9b)

Therein ε and µ are denoting the permittivity and permeability of the
material, accordingly, which are modelled for such material in this section
by positive and scalar functions of the position x. However, in the other
sections and for simplification of computations, they are often modeled by
constants rather than scalar functions. The assumption (2.9a) allows new
formulation of D to remove the polarization P from our electo-magnetic
model if we consider a linear material. Therefore one unknown in the set of
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equations (2.6) is dropped and this facilitates our solution approximation.
Recall that the polarization P was first introduced in (2.6) to replace the
unknown displacement field in (2.1) and from now on can be dropped
under this assumption.

(A2) The electric field E is time-harmonic with the frequency ω, i.e., roughly
speaking can be written as E(x, t) ∶= R(Ê(x, ω)exp(−ıωt)) where R de-
notes the real part and ı is defined as the complex unit. Analogously,
the magnetic field H, the electric displacement field D, the magnetic flux
density B and the eddy current density JE as well as the current density
ρ are time-harmonic with the same frequency ω. Recall that the currents
we consider in this thesis are assumed to be alternating and so the time-
harmonic assumption for the considered fields is rather standard.
Note that if the circuits are considered for the data transmissions, then in
the transmission procedure a data signal is modulated onto the carrying
signal which leads to generation of non-time harmonic fields. As a remark,
these types of circuits are not addressed in this thesis and we only consider
those which produce time-harmonic electro-magnetic fields.

Assumption (A1) implies that the displacement field D is not an independent
variable, and therefore equation (2.8d) can be replaced by ∇⋅ε(x)E(x, t) = ρ(x, t)
and therefore the unknowns reduce to only H and E. Under these assumptions,
the time-harmonic extended Maxwell system reads

∇ ⋅ µĤ = 0, in Ω,

∇× Ê = ıωµĤ, in Ω,

∇× Ĥ = −ıωεÊ + ĴE , in Ω,

∇ ⋅ εÊ = ρ̂, in Ω,

ν × Ê = 0, on ∂Ω,

ν ⋅ µĤ = 0, on ∂Ω,

which is considered in frequency domain instead of time domain and therefore
the notations Ê and Ĥ are used instead of E and H. That is all the variables
have the argument (x, ω) which for visual simplicity have been dropped. Let
us define E ∶= ε

1
2

0 Ê and H ∶= µ
1
2

0 Ĥ as well as JE ∶= ε
1
2

0 ĴE and ρ ∶= ε
1
2

0 ρ̂, [Mon03].
Then, we obtain

∇ ⋅ µH = 0, in Ω,

∇×E = ıωµ
√

ε0
µ0
H, in Ω,

∇×H = −ıωε
√

µ0

ε0
E +
√

µ0

ε0
JE , in Ω,

∇ ⋅ εE = ρ, in Ω,
ν ×E = 0, on ∂Ω,
ν ⋅ µH = 0, on ∂Ω.

Note that these notations should not be mixed up with the time dependent
electric field and magnetic field, since we are in frequency domain. Introducing
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the relative permittivity εr ∶= 1
ε0
(ε+ ıσ

ω
) and permeability µr ∶= µ

µ0
as well as the

wave number k ∶= ω√µ0ε0 conclude the system

∇ ⋅ µH = 0, in Ω,
∇×E = ıkµrH, in Ω,

∇×H = −ıkεrE −
√

µ0

ε0
σE +

√
µ0

ε0
JE , in Ω,

∇ ⋅ εE = ρ, in Ω,
ν ×E = 0, on ∂Ω,
ν ⋅ µH = 0, on ∂Ω.

where using the Ohm law JE = σE + Ja already introduced in (2.3) eventually
leads to

∇ ⋅ µH = 0, in Ω, (2.10a)
∇×E = ıkµrH, in Ω, (2.10b)

∇×H = −ıkεrE +
√

µ0

ε0
Ja, in Ω, (2.10c)

∇ ⋅ εE = ρ, in Ω, (2.10d)
ν ×E = 0, on ∂Ω, (2.10e)
ν ⋅ µH = 0, on ∂Ω. (2.10f)

Inserting the magnetic field H in (2.10c) by (2.10b) leads to the electric wave
equation

∇× (µ−1
r ∇×E) − k2εrE = ık

√
µ0

ε0
Ja. (2.11)

The often used references in this section are [Mon03] and [HSZ03b]. There are
also different assumptions used in different parts of the modeling in this thesis
that we summarize in Table 1.

assumption name formulation
no polarization P (x, t) = 0

no applied current density Ja(x, t) = 0
linearity condition B(x, t) = µ(x)H(x, t),D(x, t) = ε(x)E(x, t)
low frequency model ε∂2

tE(x, t)≪ σ∂tE(x, t)
electric field continuity condition (Et(x, t) +Esc(x, t))∣∂Ω = Ein(x, t)

uniformly distribution of current density J(y, t) = J(t) for y ∈ Ω
Coulomb gauge condition ∇ ⋅AB(x, t) = 0

Table 1: Assumptions used to obtain model equations in 3D

Low frequency model In the area of computational electro-magnetism, one
can make some mathematical simplifications based on the applications. For
instance, to investigate electro-magnetic phenomena which are occurring in low
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frequencies, simulations have shown that the quantity εË is much smaller than
σĖ, [SS86]. Therefore, it can be neglected in the modeling when the Faraday
law (2.8b) and the Ampere law (2.8c) are combined, [Bau12], either in time
domain or in frequency domain. For instance, the time dependent PDE

∇× µ−1∇×E + ε∂2
tE + σ∂tE = 0, (2.12)

which is appearing later in the set (3.2a) in Section 3 is reduced to

∇× µ−1∇×E + ∂tσE = 0, (2.13)

if there is no impressed current density applied. This simplification indeed
leads to a first order PDE (2.13) which is computationally less complicated to
approximate in time domain. Analogously in frequency domain, the PDE (2.11)
is changed to

∇× (µ−1∇×E) − iωσE = 0. (2.14)

From mathematical point of view and in the high frequencies, one must con-
sider the full hyperbolic (second order) model rather than the parabolic (first
order) model, since the first order model might destroy well-posedness of the
problem [RV10]. Hence, for the numerical examples of Chapter 6, we will take
into consideration the low frequency model (2.14) provided ε∂2

tE ≪ σ∂tE as
an approximation of (3.2a) which is relatively accurate in the low frequencies
[RV10].

Associated electric wave equation to the inducing element Let us
consider an inducing element i with the domain Ωi and the two boundaries
Γ1 and Γ2 where Γ1 is the interface of the domain with its perfect conductor
core K and Γ2 denotes the outer boundary of domain, see for instance Figure
16. Assume that there is no impressed current density applied for the sake of
simplicity of the computations. Then, for later purpose (see Section 3.1), we
consider the homogeneous Dirichlet boundary condition on Γ1 and the continuity
condition on Γ2 demonstrating the coupling behavior with the emitting element.
Then, the PDE system derived from the electric wave equation (2.11) for low
frequency applications and regarding the Maxwell equations (2.6) associated to
the inducing element reads

∇× µ−1∇×E + ∂tσE = 0, in Ωi × I,
ν ×E = ν ×Ein, on Γ2 × I,
ν ×E = 0, on Γ1 × I.

(2.15)

Let us take into account the low frequency assumption which allows neglecting
the scattering component. Then, the assumption (A1) implies, the given mag-
netic flux density B(x, t) ∈ (R2∖(Ωi∪Ω̄j))×I results in the input magnetic field
Hin(x, t) ∈ Γ2 × I ⊂ (R2 ∖ (Ωi ∪ Ω̄j)) × I as the input to the Maxwell equations
via the algebraic equation

Hin(x, t) = µ−1(x)B(x, t), on Γ2 × I. (2.16)

Note that in the numerical computations, it suffices that (2.16) is pointwise
satisfied.
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Unlike to the input magnetic field, evaluation of the input electric field is not
straightforward, since one needs to solve (2.15) in general with E(x, t)in ∶=
E0(x, t) +Esc(x, t) in R3 ∖Ωi with the incident and scattered fields E and Esc

where the scattered component in frequency domain is satisfying

∇× µr−1∇×Esc(x, ω) − k2εrE
sc(x, ω) = 0, in R3 ∖ K̄, (2.17a)

−ν × (Esc(x, ω) +E0(x, ω)) = 0, on ∂K, (2.17b)
lim
∣x∣→∞

∣x∣[(∇×Esc(x, ω) × ν − ikEsc(x, ω)] = 0. (2.17c)

Therein, the limit is uniform in X
∣X ∣ . Recall that K denotes perfect conductor

part of the inducing element Ωi where the scattered field components (e.g., Esc

in R3 ∖ K̄) are reflected from in the presence of already existing incident fields
(e.g., E0 in R3 ∖ K̄). In addition, ν, denoting the outer unit normal vector to
K, is defined by ν ∶= X

∣X ∣ .
The equation (2.17a) is the electric wave equation where no impressed current
density is applied. The equation (2.17b) implies continuity of the electric field
over the boundary of the perfect conductor core. This means that the entire
sending electric field toward K, i.e., E0, should reflect from K and no component
is penetrating inside K. The equation (2.17c) is called Silver-Müller radiation
condition which roughly speaking enforces the scattering electric field to be
scattered from the perfect conductor core toward infinity. It can be seen as the
boundary condition at infinity as well, [IO81].
For numerical evaluation of Esc employing system (2.17), a bounded domain
is required where the suitable boundary condition should be specified on that.
Therefore, either we apply the perfectly-matched layer (PML) method [WSAH13]
and consider the exponentially decaying behavior of the field far away the so-
called PML surface. Or alternatively, we define an artificial computational do-
main Ω′ encompassing the inducing element Ωi as well as the suitable Dirichlet-
to-Neumann (DtN) map [HSZ03a, Mon03] to approximate Esc within this do-
main. Therefore, it is observed that evaluation of the input electric field Ein is
not effortless like evaluation of Hin where given the flux Bin the equation set
(2.16) follows.
The former approach, i.e., the PML method, is easier for numerical evaluation
of Esc, whereas the latter, i.e., using DtN map, needs computation of a unique
DtN map which might not be numerically possible. However, the latter performs
a more precise model, since the DtN map mirrors the exact field behavior up
to an arbitrary order at infinity onto any arbitrary boundary, and in particular,
onto ∂Ω′. Then, by evaluating the DtN map, the second approach yields the
system

∇× µr−1∇×Esc − k2εrE
sc = 0, in Ω′ ∖ K̄,

−ν × (Esc +E0) = 0, on ∂K,
∇2E

sc ⋅ ν = DtNEsc, on ∂Ω′ ∖ ∂K.
(2.18)

The real domain of inducing element, i.e., Ωi, should be distinguished from the
artificial bounded computational domain Ω′. The reason is that the scattered
component is radiating toward infinity meaning that its domain is infinite which
needs to be truncated artificially to get a finite domain for the numerical compu-
tations. The truncation should be in a way that obviously contains the inducing
element to be aligned with the presented model, i.e., Ωi ⊂ Ω′.
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Elaboration of derivation of the DtN map is presented in Appendix. For both
approaches, the corresponding problem is of the type of a scattering problem,
and therefore needs a precise numerical scheme depending on different ranges
of frequencies.
To summarize the Maxwell equations model for the electrical field which have
been introduced in this section see Table 2.

name model equation

uncoupled model
∇× µ−1∇×E = −∂tσE in Ωi

ν ×E = 0 on ∂Ωi

low frequency model
∇× µ−1∇×E = −∂tσE in Ωi

ν ×E = ν ×Ein on Γ2

ν ×E = 0 on Γ1

scattering problem

∇× µr−1∇×Esc = k2εrE
sc in R3 ∖ K̄

−ν ×Esc = ν ×E0 on ∂K
lim
∣x∣→∞

∣x∣[(∇×Esc × ν−ikEsc] = 0

DtN model
∇× µr−1∇×Esc = k2εrE

sc in Ω′ ∖ K̄
−ν ×Esc = ν ×E0 on ∂K
∇2E

sc ⋅ ν = DtNEsc on ∂Ω′ ∖ ∂K

Table 2: Model equations for the coupling purpose in different frameworks re-
garding the domains. The domain Ωi ⊂ Ω′ is the inducing element with the
perfect conductor core K and Ω′ denotes the artificial bounded computational
domain.

It is observed from Table 2 that for (bilateral) coupling purpose, one more
boundary condition should be added to the uncoupled model (compare the
"low frequency model" with the "uncoupled model"). Then, it follows that to
introduce the extra boundary, it is necessary to model the scattered component
as either of two models "scattered problem" or "DtN model.

2.1.4 Hierarchy of the Maxwell equations

In this work, our focus on crosstalk modeling is to introduce model equations
that are as general as possible, but significantly simplified for the numerical
computations, for both subsystems of the Maxwell equations and circuit equa-
tions as well as the bilaterally coupling relations. However, for the numerical
experiments where it might not be possible to use the general analytical model
of Section (2.1.1) and Section (2.1.2), we do the standard simplifications. The
set of the Maxwell equations according to this physical simplification is partially
classified in Figure 4.

2.2 Model equations for the dynamical behavior of an
electrical circuit

To present the second subsystem (cp. Figure 1), we investigate the dynamical
behavior of the circuit, where it is affected by the induced disturbances. In fact,
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εË
≪
σ
Ė
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the disturbances, namely, the voltage disturbance and current disturbance, are
induced from the first subsystem (i.e., the Maxwell equations) via the coupling
relations.
A commonly used modeling tool in circuit theory to model the dynamical be-
havior of the electrical circuit is the MNA formalism [VS94]. In order to fit the
disturbances into the MNA formalism presented in Section 2.2.1, we propose
locating the artificial controlled sources imitating the disturbances within the
inducing elements in Section 2.2.2.
A circuit is defined as a network of electrical elements, such as resistors, ca-
pacitors, and inductors in addition to the sources, such as current sources and
voltage sources, when they are all connected by transmission lines in a way to
build up closed loops to allow the current to flow. In this thesis, we assume that
every electrical element is linear, allowing the linear constitutive relation be-
tween the associated voltage and current for each element. In the case in which
some nonlinear elements are also contained in the circuit, we need the conditions
on their capacitance and inductances to guarantee that they do not generate en-
ergy, otherwise the circuit equations system is not well-posed, [SS12]. For more
details see the Well-posedness subsection in following section. Additionally,
we assume that transmission lines can be modeled by a chain of tiny segments,
each consisting of artificial electrical elements located in the circuit [Thi04],
which can be prescribed using circuit equations. Therefore, the transmission
lines can be also incorporated into the Modified Nodal Analysis (MNA) frame-
work. This assumption allows us to model the crosstalk between transmission
lines as well as electrical elements.

2.2.1 Circuit equations in the modified nodal analysis framework

In the MNA format, an electrical circuit is mathematically modeled as a directed
graph whose nodes correspond to the electrical elements and whose edges corre-
spond to the interconnections of these elements. We restrict ourselves to linear
electrical elements, such as capacitors with the capacitance matrix C ∈ RnC ,nC ,
inductors with the inductance matrix L ∈ RnL,nL , and resistors with the con-
ductance matrix G ∈ RnR,nR , where nc, nL, and nR denote the number of
capacitors, inductors, and resistors in the considered electrical circuit, respec-
tively. The topological structure of such a graph with nη + 1 nodes and ne
edges can be described by an incidence matrix A0 ∈ {−1,0,1}nη+1,ne that has
entries akl ∈ {−1,0,1}, depending on whether edge l is incident with node k and
whether this edge leaves or enters node k. Using the Kirchhoff current law and
Kirchhoff voltage law [Pau01] as well as the constitutive law of inductors, the
dynamics of the circuit can be described by a system of linear DAEs [Tis03] of
the form

EẊ(t) = AX(t) +Zu(t), (2.19a)

with the static coefficient matrices

E =
⎡⎢⎢⎢⎢⎢⎣

ACCA
T
C 0 0

0 L 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦
, A =

⎡⎢⎢⎢⎢⎢⎣

−ARGATR −AL −AV
ATL 0 0

ATV 0 0

⎤⎥⎥⎥⎥⎥⎦
, (2.19b)
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and the input matrix

Z =
⎡⎢⎢⎢⎢⎢⎣

−AI 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎦
, (2.19c)

corresponding to the control vector u. Therein, XT = [ ηT ıTL ıTV ] and
uT = [ ıTI uTV ] denote the state vector and control vector. In these model
equations, η(t) is the vector of node potentials for all nodes excluding the ground
node. Additionally, ıL(t), ıV (t), and ıI(t) are the vectors of currents through in-
ductors, voltage sources, and current sources, and uV (t) is the vector of voltages
corresponding to the voltage sources. The matrices AC ∈ Rnη,nC , AL ∈ Rnη,nL ,
AR ∈ Rnη,nR , AV ∈ Rnη,nV , and AI ∈ Rnη,nI are the incidence matrices describ-
ing the topology of the corresponding electrical elements and the sources, where
the subscripts C, L, R, V , and I stand for capacitors, inductors, resistors, volt-
age sources, and current sources, respectively. Furthermore, nV and nI denote
the number of voltage sources and current sources, accordingly.

Remark 2. It is possible to generalize the MNA equations (2.19) to nonlinear
model equations considering nonlinear elements (i.e., with a nonlinear relation
between the current and voltage over an electrical element). For more details
see [SS12]. In this work, for simplicity, we will restrict the model only to the
linear case (2.19).

In the theory of electrical networks, two types of sources exist in an electri-
cal circuit: independent sources and dependent sources [SA92]. The first type
refers to the sources producing current/voltage, independent of the circuit el-
ements, whereas the sources of the second type, also known as the controlled
sources, produce current/voltage depending on the circuit itself. One can also
interpret the independent sources as the sources whose currents/voltages can
be physically measured in a laboratory by an ampere-meter/voltmeter device
[WHR87]. Therefore, the only sources incorporated in (2.19), and in particular,
in the input term Zu are independent sources. If dependent sources are consid-
ered as well, then the formulation (2.19) may need to be improved. Therefore,
for circuit modeling, we restrict ourselves to only independent sources.

Well-posedness We will assume that the DAE system (2.19) for a linear
circuit is well-posed in the sense that

(B1) the matrix AV has full column rank

(B2) the matrix [ AC AL AR AV ] has full row rank, and

(B3) the matrices C, L, and G are symmetric, positive definite.

Assumptions (B1) and (B2) imply that the circuit does not contain either loops
of voltage sources or a cut set of current sources, respectively, while assumption
(B3) means that all circuit elements are passive (i.e., they do not generate
energy [SS12]). Note that [ AC AL AR AV AI ] is a reduced incidence
matrix obtained from A0 by removing a row corresponding to the ground node.
The state vector X has dimension nη +nL +nV , while the control vector u is of
the dimension nI + nV .
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Example 1. For a better understanding of our model, let us consider a circuit
containing one voltage source represented by its corresponding voltage uV , one
capacitor represented by its corresponding capacitance C, one inductor repre-
sented by its corresponding inductance L, and one resistor represented by its
corresponding resistance R, integrated so that between each element there is
only one element/source. This circuit, as our case study, is known as the RLC
series circuit, which is schematically illustrated in Figure 5. Given an arbitrary

2 3

01

−
+uV

R

L

C

Figure 5: An RLC series circuit containing the voltage source.

order to the nodes and choosing one of the them as the ground node denoted
by 0, the corresponding MNA equations are as follows:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 L 0
0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η̇1(t)
η̇2(t)
η̇3(t)
ı̇L(t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 −1
0 −G G 0 1
0 G −G −1 0
0 0 1 0 0
1 −1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1(t)
η2(t)
η3(t)
ıL(t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[uV (t)] .

(2.20)

◁

2.2.2 Associated modified nodal analysis of the influenced circuit

To model the influence of the induced disturbances into the circuit and within
the inducing elements, it is not sufficient to consider the MNA formalism (2.19b)
since the induced disturbances do not fit into it. Therefore, we propose inserting
artificial controlled current and voltage sources into the circuit, which simulate
the current and voltage disturbances within every inducing element. We call
these sources the controlled sources, based on the definition of controlled sources
given in previous subsection, since they depend on the circuit itself. More pre-
cisely, they are going to model the induced disturbances coming from the circuit
itself and therefore cannot independently produce current/voltage and neither
called independent sources from this perspective. However, for simplicity of the
notation, we use the time variable t as their argument rather than using the
quantity which control them for the moment. Later when we introduce the cou-
pling relations, we will reveal more about the source of those controlled sources.
Introducing controlled courses allows us to derive an equivalent circuit to the
original affected circuit that is more suitable for the MNA formalism. Justifica-
tions to this equivalency are based on the two mechanisms of mutual inductance
and mutual capacitance considered in [HHM00].
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Voltage disturbance As first, we only consider the induced voltage distur-
bance and not the induced current disturbance and locate an artificial controlled
voltage source with the associated current ıCVi and the associated voltage uCVi
in series [VS94] to every inducing element i of the circuit, where i = 1,⋯, nN
with nN ≤ ne. Therefore, the associated circuit may be described by a graph
of nη + nN + 1 nodes and ne + nN edges leading to the corresponding matri-
ces ÃC ∈ Rnη+nN ,nC , ÃL ∈ Rnη+nN ,nL , ÃR ∈ Rnη+nN ,nR , ÃV ∈ Rnη+nN ,nV , and
ÃI ∈ Rnη+nN ,nI in (2.19). In addition, the associated constitutive relation to
the artificial controlled voltage sources

ÃTCV η̃(t) = uCV (t),

with the incidence matrix ÃCV ∈ Rnη+nN ,nN , the node potential vector η̃(t) with
the dimension nη + nN , and the voltage vector

uCV (t) ∶= [ uCV1(t) uCV2(t) ⋯ uCVnN (t) ]
T
,

should be added to (2.19). Note that the vector η̃ is the vector η with nN extra
entries regarding the extra nodes. Furthermore, the term ÃCV ıCV should be
included in the Kirchhoff current law where

ıCV (t) ∶= [ ıCV1(t) ıCV2(t) ⋯ ıCVnN (t) ]
T
.

We summarize all the changes to derive the new DAE system in the MNA form
describing the influenced circuit by the voltage disturbance uCV as

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ÃCCÃ
T
C 0 0 0

0 L 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

˙̃η(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃRGÃTR −ÃL −ÃCV −ÃV
ÃTL 0 0 0

ÃTCV 0 0 0

ÃTV 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

η̃(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(2.21)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃI 0
0 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıI(t)
uV (t)

] +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
0
−I
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[uCV (t)] ,

with the control vector [ ıTI uTV ]
T

and the disturbance vector [uCV ]. The
control vector contains ıI and uV , which are physically measurable, whereas the
disturbance vector [uCV ] is obtained by the output of the other subsystem (2.6)
via the coupling relation (see Section 2.3.2). As seen above, in the case of having
dependent sources in the circuit, the DAE system (2.19) needs to be improved
by the extra term on the right-hand side, for instance, [ 0 0 −I 0 ]T [uCV ],
which, in the context of the bilateral coupled modeling, we call the disturbance
term.

Example 2. Let us investigate the illustrated case study in Figure 5 where
the only inducing element is assumed to be the inductor. Then, the physical
coupling via the voltage disturbance is done by inserting an artificial controlled
voltage source, represented by CV , in series with the inductor as shown in
Figure 6. Then, the corresponding MNA formalism becomes
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Figure 6: Physical model for an RLC series circuit where coupling via voltage
disturbance is imposed. The artificial controlled voltage source has been shown
in gray.

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 L 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η̇1(t)
η̇2(t)
η̇3(t)
η̇4(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

(2.22)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 −1
0 −G G 0 0 0 1
0 G −G 0 0 −1 0
0 0 0 0 −1 1 0
0 0 0 1 0 0 0
0 0 1 −1 0 0 0
1 −1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1(t)
η2(t)
η3(t)
η4(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
−0
−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[uV (t)] +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
−1
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[uCV (t)] .

◁

Current disturbance In the second step, we investigate the affected circuit
by voltage disturbances, modeled by (2.21), and let the current disturbances
be additionally coupled to the system. The current disturbances are modeled
by inserting artificial controlled current sources into the circuit in parallel to
the inducing elements. Then, to consider these sources in the model equation
(2.21), we change the disturbance matrix to

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃI 0
0 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (2.23)
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and introduce the extended disturbance vector [ ıTCC uTCV ]
T
, where the topo-

logical placement of the controlled current sources are given by the incidence
matrix ÃCC ∈ Rnη+nN ,nN . Analogously to the vector uCV , the vector ıCC is
defined by

ıCC(t) ∶= [ ıCC1(t) ıCC2(t) ⋯ ıCCnN (t) ]
T
. (2.24)

Then, by means of the MNA, we obtain

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ÃCCÃ
T
C 0 0 0

0 L 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

˙̃η(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃRGÃTR −ÃL −ÃCV −ÃV
ÃTL 0 0 0

ÃTCV 0 0 0

ÃTV 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

η̃(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(2.25)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃI 0
0 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıI(t)
uV (t)

] +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃCC 0
0 0
0 −I
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıCC(t)
uCV (t)

] .

Remark 3. We proposed placing the artificial controlled sources into the system
in such a way that neither CV loops nor LI cut sets [BBK+15] have been added to
the circuit topology. Therefore, our approach of inserting the controlled sources
to model the disturbances into the circuit does not lead to extra difficulties in
solving the DAEs [SS12].

Example 3. Let us consider our case study illustrated in Figure 5, where
the inductor is the only inducing element, and the coupling via the voltage
disturbance has been done in Example 2 with the MNA equations (2.22) and
illustrated in Figure 6. The inclusion of the current disturbance within the

−
+uV

R

−
+

CV

L

C

CC

2 3

4

01

Figure 7: The influenced RLC series circuit, by the current and voltage distur-
bances, which presumably behaves like an RLC circuit including the artificial
controlled sources, shown in gray.

inducing element is modeled by integrating a controlled current source in parallel
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to that element (cp. Figure 7). This leads to the following MNA equations:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 L 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η̇1(t)
η̇2(t)
η̇3(t)
η̇4(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

(2.26)
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 −1
0 −G G 0 0 0 1
0 G −G 0 0 −1 0
0 0 0 0 −1 1 0
0 0 0 1 0 0 0
0 0 1 −1 0 0 0
1 −1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1(t)
η2(t)
η3(t)
η4(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
0
0
−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[uV (t)] +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0
−1 0
0 0
0 −1
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[ ıCC(t)
uCV (t)

] .

◁

To illustrate the introduced procedure, let us consider an electrical circuit
with at least three electrical elements, namely, Element 1, Element 2, and El-
ement 3 (cp. Figure 8 (a)), where Element 2 is the only inducing element. In
Section 2.2.2, we proposed to place the associated controlled voltage source CV2

in series to Element 2 in order to model the voltage disturbance (cp. Figure
8 (b)). In addition, to model the current disturbance within Element 2, we
located the controlled current source CC2 in parallel to that (cp. Figure 8 (c)).
Note that the more general model is the one considering both the voltage and
current disturbances as the full electro-magnetic coupling as illustrated in Fig-
ure 8 (c). Hence, from now on in this thesis we consider the general case unless
it is explicitly mentioned that only one of the disturbances, associated to either
of electric or magnetic coupling is investigated.
As a motivation to model the disturbance voltage and current by the artificial
voltage and current sources integrated in series and in parallel to the inducing
element, note that these disturbances are induced by the electric and magnetic
fields which are coupled with the inducing element and can be modeld by the
mutual capacitor and inductor, respectively [Bis01]. Therefore, in our model
we introduce accordingly the artificial controlled voltage and current sources to
model the mutual elements.
Input to the Maxwell system has been introduced in our model only in terms of
the currents flowing through the emitting elements, which are obtained by the
circuit equations (2.25). The corresponding unknown vector to this equation
only implies the inductor currents but not the capacitor or resistor currents,
which may also play a role as emitting elements in the circuit. However, by ex-
tracting the node potential vector, we can derive the associated current through
the capacitors and resistors as well. This suggests having two different output
relations in terms of the state vector [ η̃T ıTL ıTCV ıTV ]

T
.

We can either extract the inductor current vector as well as the node potential
vector from the state vector and consider the relation between the node poten-
tial and the capacitor/resistor current in the coupling relation, or we can include
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Figure 8: (a) Schematic view of an electrical circuit, containing at least three
elements before the crosstalk is modeled; (b) Influenced circuit by voltage dis-
turbance modeled by the controlled voltage source CV2, where the only inducing
element is Element 2 and index 2 only refers to the name of the element and not
the number of inducing elements; (c) Influenced circuit by both disturbances
modeled by CV2 and CC2.

these constitutive relations in the output relation in advance. In this thesis, to
have compatibility with the definition of the output from the Maxwell system,
we follow the former approach and assume that the output vector to (2.25) is
the extraction of the quantities η̃ and ıL from the state vector.

2.3 Bilateral coupling
So far, we have obtained two subsystems (2.1) (or (2.6)) and (2.25) describing
electro-magnetic induction and dynamical behavior of the electrical circuit, re-
spectively, in the classical electro-magnetism and circuit theory. To obtain a
complete model for crosstalk, it remains to couple them by bilateral coupling
relations (see Figure 1). Therefore, it is necessary to introduce two sets of cou-
pling relations in such a way that each set of relations takes the output from
one subsystem and produces input to the other subsystem.
In this section, two sets of coupling relations are presented. In the first set,
we prescribe the magnetic flux density B (or Bin) as the input into the first
subsystem (2.1) (or (2.6)) in terms of the corresponding current to the emitting
elements. This can be done equivalently either in terms of the inductor currents
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or node potential vector, obtained by the second subsystem (2.25).
The second set introduces the induced current disturbance ıCC and the induced
voltage disturbance uCV as the inputs into the second subsystem (2.25) with
the given electrical field and the given magnetic field from the first subsystem
(2.1) (or (2.6)).
As explained in Section 2.1, for each inducing element i, the Maxwell system is
approximated within Ωi by applying the total magnetic flux density, which has
been generated by the current flow through the emitting elements of the circuit.
In contrast, the circuit system (2.25) is only approximated one time in each iter-
ation for the whole circuit, including both the inducing and emitting elements.
The algorithm of the full bilaterally coupled will be presented in Section 2.4.
Later, we will point out the algorithm used for the numerical experiments more
precisely in Section 8.

2.3.1 Magnetic flux density from emitting elements

As the general relation of i and j, explained in Section 2.3, the index i indi-
cates each inducing element where the Maxwell system is approximated within
Ωi. For each such i, the total magnetic flux density (emitted from all the emit-
ting elements) is needed to approximate the Maxwell system and therefore the
current section follows up to model magnetic flux densities emitted from each
emitting element j.
The first coupling relation, addressed to in Figure 1 as the emission relation, is
presenting the input to the subsystem (2.1) (or (2.6)) (i.e., the total magnetic
flux density B (or Bin), in terms of the outputs η̃ and ıL, which are derived
from the subsystem (2.25)).
The individual magnetic flux density emitted from the element j ∈ {1, ..., nM},
which we called the emitting element in Section 2.1, is produced by the current
ıj passing through this element, which is influenced by the geometric shape of
the emitting element denoted by Ωj . Let us denote such magnetic flux density
by Bj . Hence, there exists, in general, an operator Φj such that

Bj(x, t) = Φj(x,Ωj , ıj(t)), in R3 ∖Ωi × I.

The emitted magnetic flux density is introduced everywhere excluding the in-
ducing element with the domain Ωi.
As a reminder, the index i is used for the inducing element with the domain Ωi
and the index j is illustrating the emitting element with the domain Ωj in the
following.
If the emitting element j is any of the inductors, or even the voltage sources,
then the current ıj is extracted directly from the state vector. Otherwise, by
selecting the node potential vector η̃ from the state vector, we can obtain, as in
[SA92], the corresponding currents to the other elements, namely, the capacitors
and resistors by

ıC(t) = CATC ˙̃η(t), (2.27a)

ıR(t) = GATRη̃(t). (2.27b)

Therefore, we derive the generalized map; for generality, we could write

Bj(x, t) = Φj(x,Ωj , ıL(t), ıV (t), η(t), η̇(t)), in R3 ∖Ωi × I. (2.28)
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Note that, i and j are chosen arbitrary and therefore can be referring to the
different or the same elements. If they address the same elements, i.e., the
emitting element and the inducing element are identical, then the map (2.28)
states that the flux is emitted from one element to the entire R3 excluding the
element itself but including the boundary of the element. And therefore, in
this case the flux generated by the element and measured on the boundary will
lead to the induction of electro-magnetic field inside the element itself using the
system (2.6).
The total magnetic flux density denoted by Bt is then compounded from all
individual magnetic flux densities Bj coming from the emitting elements j, for
j = 1, ..., nM , as

Bt(x, t) ∶=
nM

∑
j=1

Bj(x, t) =
nM

∑
j=1

Φj(x,Ωj , ıL(t), ıV (t), η(t), η̇(t)). (2.29)

In fact, the total magnetic flux density Bt is identical to B in R3 ∖ Ωi × I or
Bin in R3 ∖Ωi × I depending on the domain of interest, see Remark 1. In this
model, only the boundary of the inducing element is geometrically involved in
the emitting relation (2.29) and therefore, we excluded the inducing element
from the entire domain R3. Note that as superposition of the single Bj ’s for a
single element i, the total flux has clearly the same domain R3 ∖Ωi as Bj ’s.
By definition, B in (2.31a) (or Bin in (2.6)) is the input to its corresponding
Maxwell systems. Therefore, for more than one emitting element, Bt is the total
input, i.e., total B or total Bin in (2.31a) or (2.6), respectively, considering all
the emitting elements.

2.3.2 Induced current and voltage disturbances in inducing elements

The coupling set, illustrated as the induction in Figure 1, contains those rela-
tions which lead to the current disturbance and voltage disturbance caused by
the induced electro-magnetic field. These disturbances are utilized in the cir-
cuit equations (2.25). That is, there exist operators Ψi and Ξi [Kno08, Pur63]
corresponding to the inducing element i such that

ıCCi(t) = Ψi(Ωi,H(x, t)), (2.30a)
uCVi(t) = Ξi(Ωi,E(x, t)). (2.30b)

We will see later that these operators are integral type of operators and therefore
the left hand side of (2.30) do not depend on position x.

Example 4. Regarding the introduced case study of Figure 5, the introduced
bilateral coupling relations between the 2D electro-magnetic field lines (the 3D
case has been drawn in Figure 3) and the element currents for the arbitrary
inductor as the emitting element j are shown in Figure 9. ◁

2.4 Model equations for crosstalk phenomenon in electri-
cal circuits

In this section, we bring up the most important equations to model the crosstalk
phenomenon using the bilateral coupling approach one more time as a summary
for the reader. For better visibility, we also include a schematic view of the model
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ıj

Ωj

Bj = Φj(Ωj , ıj)

Ωi ıCCi

ıCCi = Ψi(Ωi,H)

Figure 9: Recoupling via emitting element j (left); coupling via inducing element
i (right).

where the inputs are named again, see Figure 10. Additionally, the Algorithm
1 is demonstrating how the following bilaterally coupled PDAE system of equa-
tions is modeling the crosstalk phenomenon where all the inducing and emitting
elements are contributing simultaneously in each iteration.
Summarizing all the derived model equations, we finally attain the following
model equations where polarization has vanished [NRS15b], with an illustration
in Figure 10 for the crosstalk phenomenon in an electro-magnetic system:
The set of Maxwell equations that model the electro-magnetic induction is

given by

0 = ∇ ⋅B(x, t), in Ωi × I,
Ḃ(x, t) = −∇ ×E(x, t), in Ωi × I,

ε0Ė(x, t) = ∇×H(x, t) − [σE(x, t) + Ja(x, t)], in Ωi × I,
0 = ∇ ⋅ ε0E(x, t) − ρ(x, t), in Ωi × I,

ν(x) ×E(x, t) = ν(x) ×Ein(x, t), on ∂Ωi × I,
ν(x) ⋅B(x, t) = ν(x) ⋅Bin(x, t), on ∂Ωi × I.

(2.31a)

This set is a PDE of order 1 with two unknowns and therefore to be well-defined
mathematically, needs two boundary conditions. The reason to choose the ap-
plied boundary conditions has been discussed in [Mon03].
In fact, in this general modeling chapter we would like to have a general model
where there is no need to consider special material laws in there, for example
(A1). However, having a linear, isotropic and homogeneous material, i.e., con-
dition (A1), is leading to reduction in number of unknowns for (2.31a) and
therefore, this will be considered in next chapters where we are interested in
more special cases with special material laws.
The circuit model equation for the dynamical behavior of the electrical circuit
for the entire electro-magnetic system including the emitting and the inducing
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elements is given by

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ÃCCÃ
T
C 0 0 0

0 L 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

˙̃η(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃRGÃTR −ÃL −ÃCV −ÃV
ÃTL 0 0 0

ÃTCV 0 0 0

ÃTV 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

η̃(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(2.31b)

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃI 0
0 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıI(t)
uV (t)

] +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ÃCC 0
0 0
0 −I
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıCC(t)
uCV (t)

] ,

where
ıCC(t) ∶= [ ıCC1(t) ıCC2(t) ⋯ ıCCnN (t) ]

T
,

uCV (t) ∶= [ uCV1(t) uCV2(t) ⋯ uCVnN (t) ]
T
.

(2.31c)

The bilateral coupling relations model the bilateral influences (i.e., emission and
induction, respectively) by

Bt(x, t) =
nM

∑
j=1

Bj(x, t), (2.31d)

Bj(x, t) = Φj(x,Ωj , ıL(t), ıV , η(t), η̇(t)), (2.31e)

and
ıCCi(t) = Ψi(Ωi,H(x, t)), for i = 1, ..., nN ,

uCVi(t) = Ξi(Ωi,E(x, t)), for i = 1, ..., nN .
(2.31f)

where Bt∣∂Ωi = Bin and (Et + Esc)∣∂Ωi = Ein with Ḃt = −∇ × Et. Here, we
assumed that the continuity boundary condition holds for electric field on each
Ωi. For more explanation, see Associated electric wave equation to the
inducing element in Section 2.1.3.
Recall that nM and nN , respectively, denote the number of emitting and in-
ducing elements in the system. The developed crosstalk model system (2.31)
corresponds to a set of PDAEs for the unknown variables E, H, and P , in the
Maxwell system, η, ıL, ıCV , and ıV in the circuit equations, as well as Bt, ıCC ,
and uCV , determined in the bilaterally coupling relations. Furthermore, ρ, Ja,
ıI , and uV are the parameters to the overall system (2.31).
The purpose of this chapter is presenting a general model for the crosstalk
phenomenon covering the possible scenarios in the electro-magnetic coupling.
Within this scope, the general model (2.31) considers possible cases where each
involved element in the bilateral coupling, takes the role of inducing element or
emitting element or even both. Therefore, we do not separate the indices nei-
ther the domains. But, since for example the Maxwell equations (2.31a) model
the inducing behavior and is employed for each inducing element everywhere in
the entire thesis, it is important to identify whether an element has the induc-
ing behavior, totally independent of the emitting behavior, such that the set
(2.31a) can be used to model it or not. Therefore, the index sets {1, ..., nM}
and {1, ..., nN} are arbitrarily chosen in the sense that they might have overlaps
unless it is mentioned that there is no overlap, e.g., in Numerical example at
the end of this chapter.
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circuit equations

induction
uCV i, ıCCiH, E

uV

ıI

ıCC , uCV

η, ıL, ıV
emissionBt(X, t) = ∑

j
Bj(X, t)

ρ

Ja

(non-stationary)

Maxwell equations

Figure 10: Schematic view of the model where ρ, Ja, ıI , and uV are measurable
quantities and assumed to be the input to the entire crosstalk model.

Jj(y, t)

ν(y)

ΣΩE

ıj(t)

Figure 11: An example for a cylindrical conductive part of an emitting element
denoted by ΩE with a cross section Σ where the current is flowing in parallel to
the axis.

Bilateral coupling algorithm The corresponding pseudocode for the bilat-
erally coupled system of equations modeling crosstalk phenomenon with the
given parameters ρ, Ja, ıI , and uv is introduced as in Algorithm 1. In this
algorithm in each iteration k corresponding to the time interval [tk, tk+1], first
the total flux density generated from the emitting elements is calculated. Then,
given the total flux, the associated electro-magnetic fields to the inducing ele-
ments are computed. At the last step, the circuit system for the disturbance
currents and voltages coming from the electro-magnetic fields is solved to de-
termine the updated currents and voltages at time tk+1. Therefore, in each
iteration the algorithm approximates the circuit system only once, while it es-
timates the Maxwell system nN times.

Jefimenko equation The introduced operator Φj in (2.29) can be explicitly
characterized in terms of the associated current density of the emitting element
j. Let the conductive part of the emitting element j with the domain Ωj be
denoted by ΩE . Additionally, let j be in a homogeneous, linear, and isotropic
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Bilaterally coupled model algorithm:
Input: original currents and voltages of the elements in the system,

termination iteration K
Output: updated current and voltages after considering crosstalk

phenomena in the system
k ← 1
while iteration k not yet reached K do

for j ← 1 to nM do
compute Bj (using (2.31e));
j ← j + 1

end
return Bt(using (2.31d))
for i← 1 to nN do

compute Ei and Hi (using (2.31a));
compute ıCCi and uCVi (using (2.31f));
i← i + 1

end
return ıCC , uCV
Compute updated current and voltages (using (2.31b));
k ← k + 1

end
Algorithm 1: This algorithm considers a bilaterally coupled system to
model the crosstalk phenomenon by computing the updated currents and
voltages influenced by crosstalk.

material [Mon03], with the corresponding current ıj flowing through the arbi-
trary cross sectional area of Σ ⊂ ΩE . To have a better understanding, see Figure
11 where the conductive part of the domain has been chosen as a cylinder where
the current ıj(t) is flowing parallel to its axis. Then, it is known [Jac98] that
there exists the associated current density Jj ∶ ΩE × I→ R3 × I with

Jj(y, t) = [ Jj1(y, t) Jj2(y, t) Jj3(y, t) ]
T
,

in such a way that
ıj(t) ∶= ∫

Σ
Jj(y, t) ⋅ νΣ(y) dy, (2.32)

where Jj is vanishing on non-conductive parts of the element j, and the vector
νΣ is the outer unit normal vector to Σ [WHR87]. Then, the corresponding
magnetic flux density Bj(x, t) is defined by the second equation from the set of
Jefimenko’s equations, [Jef04]

Bj(x, t) =
µ

4π
∫

ΩE
(
Jj(y, t − ∣x−y∣c )
∣x − y∣3

+
J̇j(y, t − ∣x−y∣c )

c∣x − y∣2
) × (x − y) dy, (2.33)

where µ, and c are denoting the material permeability, and the velocity of light
in vacuum, respectively. The integral can also be taken over the entire emitting
element Ωj instead of only the conductive part ΩE , since the current density has
disappeared in the non-conductive parts. More assumptions and elaborations
for J toward numerical analysis and simulation of B will come later for example
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in Section 5.1.1 and Chapter 6.
Since the velocity of light (i.e., c = 299792458 meter per second) is very large in
comparison with the scale of the element distances in the circuit, for instance
in the (nano)meter scale, the model equation may be simplified by dropping
the term ∣x−y∣

c
in the second argument of the current density and neglecting the

term 1
c∣x−y∣2 × (x − y) to

Bj(x, t) =
µ

4π
∫

ΩE

Jj(y, t)
∣x − y∣3

× (x − y) dy. (2.34)

Note that the distance between the inducing and emitting element is still in-
corporated into the recoupling relation (2.34) proportionally to the associated
magnetic flux density and therefore is reflected in our model equations. This
means, the closer the elements, the stronger the magnetic flux density and con-
sequently the stronger the crosstalk disturbances.

Current density from the current in R3 Let the associated currents to
the emitting elements be denoted by the current vector ı(t) = [ıj(t)]nE×1. Then
we can compute the corresponding current density to each emitting element j
with the arbitrary cross section Sj with the associated normal unit vector νj
using the relation, [WHR87],

ıj(t) = ∫
Sj
Jj(y, t) ⋅ νj(y) dy. (2.35)

The obtained current ıj from the circuit equation in our model is only in terms
of the time. This implies that the current density should be assumed for the
mathematical modeling to be uniformly distributed on any chosen cross section
Sj with the normal vector νi parallel to the current. Therefore, for each Sj with
the normal component νj(y) in parallel to the direction of flowing current ıj(t),
we can write

Jj(y1, t) ⋅ νj(y1) = Jj(y2, t) ⋅ νj(y2), y1,y2 ∈ Sj .

In addition, for such Sj the normal unit vector on an arbitrary cross section is
independent of the position. Therefore, for such an orthogonal surface Sj to the
current, the current leads to the current density fulfilling

ıj(t) = ∫
Sj
Jj(t) ⋅ νj dy,

= Jj(t) ⋅ νj ∫
Sj

dy,

= ∣Sj ∣Jj(t) ⋅ νj

or equivalently

Jj(t) ⋅ νj =
ıj(t)
∣Sj ∣

.

Note that, the uniformly distribution assumption has been chosen for simplic-
ity of the modeling and might cause some small acceptable errors. For more
discussion, see Section 5.1 and Section 6.4.
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Well-definedness of the Jefimenko equation If the distance of the induc-
ing element from the emitting element is not in the scale of infinity and also
Ji(y, t) and J̇i(y, t) are bounded from above, then Jefimenko equation is well-
defined in its domain R∖Ωi×I. These conditions are satisfied if the emitting and
the inducing elements are sitting in a positive finite distance from each other
and the corresponding current density to the emitting element is not increasing
beyond a bounded value as time evolves, nor in any small period. Note that
the latter is interpreted as the time derivative of the current density. These
conditions are automatically fulfilled in our considered application (i.e., in the
crosstalk phenomenon within electro-magnetic systems) and therefore Jefimenko
equation is well-defined for the purpose of crosstalk modeling in our setting.
Note that the distance of the inducing element from the emitting element ap-
pears in both terms inside the integral (2.33) with a negative order. This im-
plies that for the crosstalk modeling when Jefimenko equation is well-defined,
the shorter the distance of the elements, the stronger the flux density and con-
sequently the less negligible crosstalk effects.
Additionally, considering bilaterally coupled approach to model crosstalk phe-
nomenon using the Jefimenko equation allows to take into account distance of
inducing and emitting elements directly into the model, and hence it is one of
the advantages of our approach.
In contrast to the magnetic flux density, which can be analytically prescribed
only for homogeneous, linear, and isotropic materials, the current and voltage
disturbances ıCCi(t) and uCVi(t) can be explicitly prescribed for any type of
material in terms of the electrical and magnetic field. To proceed in represent-
ing the induced current disturbance in terms of the magnetic field, let us first
introduce the following well-known statements in classical electro-magnetism:

General Ampere law [Kno08] the magnetic field H(x, t) produces the cur-
rent ı(t) only in the conductor via

ı(t) = ∮
Γ
H(x, t) ⋅ dl,

where Γ denotes an arbitrary magnetic field line, [Kon75], which can be chosen
inside or outside of the conductor. Therein, dl denotes the infinitesimal vector
element of the field line Γ in the field direction. As a short remark, one can
choose any arbitrary but closed curve in the integral instead of the magnetic
field line Γ with respect to the fact that the produced current will flow only in
the conductor part of the surrounded surface by that closed curve.

Theorem 1. [Kelvin-Stokes theorem [Pur63, ch.2]] For every arbitrary field
line Γ associated with a vector field, for instance, the magnetic field H(x, t),
which is surrounding the surface S,

∬
S
(∇×H(x, t)) ⋅ νS(x) ds = ∮

Γ
H(x, t) ⋅ dl,

holds where νS denotes the outer unit normal vector to the surface S correspond-
ing with the right-hand rule [CJ05] for the field direction.

Although Γ has been introduced as a field line, again one can also choose
any arbitrary surface S with the boundary path Γ, providing Γ is a closed path
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[LE10], and search for the current flowing through S, and through the conduc-
tive part of S. The reason to choose Γ as a field line is due to the physical
fact that the field is not varying in the space variable over any field line, which
makes our computations simpler.
Bringing these two statements for the magnetic field H(x, t) together, we intro-
duce the induced current disturbance within the inducing element i by

ıCCi(t) ∶= ı(t) =∬
S
(∇×H(x, t)) ⋅ νS(x) ds, (2.36)

where S is the surface encompassed by an arbitrary chosen magnetic field line
Γ around the inducing element i. Note that Theorem 1 is only used to model
the current disturbance and not the voltage disturbance as we will investigating
in the following example.

Example 5. If the inducing element Ωi is totally filled by the conductive
medium and sitting in a non-conductive material, Γ may be chosen as the coin-
ciding closed path with the boundary of the element and perpendicular to the
current flowing into the element (i.e., perpendicular to ıi; cp. Figure 12). In
this figure, Γ is identical to the green field line of the magnetic field H. This

non-conductor

S

ıi

Ωi

E

H

p1

p2

Figure 12: One possible choice for the surface S and the field line p1p2.

choice of the magnetic field line is computationally optimal in the size and in
the angular position. In fact, choosing any larger field line leads to more com-
putation in the numerical approximation of the integral (2.36). Additionally,
the inner product in (2.36) illustrates that only the normal component of ∇×H
to the surface S is taken into account, whereas the tangential component is dis-
regarded. Therefore, the optimal surface S is perpendicular to the flow current,
since the current is flowing in the prependicular direction to the field line Γ,
[Kno08], based on the right hand rule, [CJ05]. ◁

To obtain the other coupling relation for the induced voltage disturbance,
we assume that two points p1 and p2, also known as the electrical element
ports, are the connecting points of the inducing element i to the circuit. For
a static electrical field E(x), the defined electromotive force or leakage voltage
between p1 and p2, defined as the potential difference up1p2(t) ∶= ηp2 − ηp1 , may
be obtained [Gri89] via the integral

up1p2 = −∫
p2

p1
E(x) ⋅ dl, (2.37)

where dl is the infinitesimal vector on a path from p1 to p2, [LE10]. For the
non-stationary electrical field E(x, t), the relation (2.37) no longer holds since
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the integral depends on the path between p1 and p2. To proceed, one may define
the so-called magnetic vector potential denoted by AB(x, t), such that

B(x, t) = ∇×AB(x, t), in Ωi × I. (2.38)

Then, as indicated in [Jac98], the associated electromotive force up1p2(t) can be
obtained by the path-independent integral

up1p2(t) = −∫
p2

p1
(E(x, t) + ȦB(x, t)) ⋅ dl. (2.39)

Regarding the existence of AB(x, t), applying the divergence operator to (2.38)
leads to Gauss’s law for magnetism (2.1a), which is assumed to be solvable in the
sense of the existence of the solution [Pur63]. Therefore, such a magnetic vector
potential AB(x, t) satisfying the equation (2.38) exists. In order to guarantee
the uniqueness of AB(x, t), we impose the Coulomb gauge condition [Jac98]

∇ ⋅AB(x, t) = 0, in R3 × I. (2.40)

This suggests that we propose, for the induced voltage disturbance within the
inducing element i with the ports p1 and p2, the coupling relation

uCVi(t) ∶= up1p2(t) = −∫
p2

p1
(E(x, t) + ȦB(x, t)) ⋅ dl. (2.41)

In addition, we must include the two equations (2.38) and (2.40) in our coupling
relations. For justification of these coupling relations, see [RV10].

Remark 4. There are different gauging conditions to guarantee the existence
of AB , which can be chosen based on the given data to the entire system,
depending on the applications, [McD97, Bau12]. We choose the Coulomb gauge
condition since this condition involves the minimum data (i.e., the magnetic
vector potential), whereas, for instance, in the Lorenz gauge condition, the
electrical potential is involved in addition to the magnetic vector potential.
However, the Lorenz gauge condition is the best choice in the sense that it does
not increase the complexity of DAEs (see [Bau12]).

Numerical example In this chapter, we introduced the general 3D PDAE
system of equations (2.31) to model the crosstalk phenomenon in electrical cir-
cuits. Our approach to deal with such systems of PDAEs is as follows. We first
discretize the PDE system (i.e., equations (2.31a), (2.31e), and (2.31f)) in space.
The obtained semi-discretized system with the DAEs system (2.31b) provided
(2.31c) together yield a large system of DAEs, which can be approximated effi-
ciently by an implicit method if regularized enough [Gea06]. In fact, the explicit
schemes are computationally cheaper than the implicit schemes and so interest-
ing for large systems of equations but are conditionally stable and cannot be
applied for DAEs. Hence, implicit methods should be used. However, if our
final DAE system is not complex in the index sense (i.e., it has d-index of one,
or equivalently strangeness index of zero) [KM06], we can apply an implicit
method for time integration. In this example we consider the implicit method
as in Section 8 due to have a small system of equations.
Let us consider the magnetic coupling in the framework of the electro-magnetic
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name symbol value(unit)
resistance R 2 (Ohm)
inductance L 0.5 (Henry)

Table 3: Measures used in circuit equations.

coupling, namely, the crosstalk phenomenon between two elements in two neigh-
boring electrical circuits, where one of the circuits contains the resistor and the
inducing element, while the other circuit has at least one emitting element.
Regarding the type of inducing and emitting elements, we assume that both
perform the linear ideal inductor behavior [Che02], leading to the constitutive
relation

Lı̇L(t) = ATLη(t),

between the current and node potential vector. We also assume that the in-
ducing element, an inductor L, is a part of the RL circuit with the features
illustrated in Table 3. Regarding shape of the inducing and emitting elements,

y

z

x

R

J

×

inducing element emitting element

Figure 13: Crosstalk phenomenon may occur between two elements, illustrated
in gray, where the red square (left) and the blue square (right) demonstrate
cross sections of the inducing and emitting elements, respectively.

suppose that they look like right rectangular prisms with the same size and same
cross section size 2×2 and arbitrary length and are filled with copper. They are
located in parallel in R3, which is assumed to be a vacuum, and at the same
distance as their edge size (i.e., in 2; cp. Figure 13).
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We are interested in the current changes within the cross section of the induc-
ing element, for instance, the red square oriented at the origin and in the yz
plane (cp. Figure 13) via the magnetic coupling caused by the emitting element.
Therefore, the domain of interest for the space discretization of the differential
equation (2.34) is the cross section of the inducing element.
Note that this then leads to a simple problem of crosstalk when due to in-
vestigating only one way coupling and also once the current change within one
iteration, the model equation is simple and small since there is no PDE involved
in but instead only DAE. In fact in this example the entire Maxwell equations
are replaced by the material relation (2.9b) where the input magnetic flux den-
sity is obtained by the Jefimenko equation (2.34) and the output magnetic field
is inducing the disturbance current via (2.36).
Let the corresponding time-varying current density to the flowing current through
the emitting element be defined by

J(x, t) = J([ x y z ]T , t) = (4sin(z) + 4cos(y2) + z + t2,0,0),

and as shown in Figure 13. Then, to semi-discretize it within the entire emitting
element, it suffices to consider only one cross section in parallel to the yz plane,
for instance, the blue square in Figure 13, since J does not vary in the x axis by
definition. This allows us to simplify the computation from 3D space to the 2D
space. To discretize it, we impose the 5× 5 square mesh over the intended cross
section of the inducing element and evaluate the nodal value of J over the mesh.
Then, the discreted magnetic flux density within the domain of interest (i.e., the
red square in the inducing element, which is generated (emitted) by this current
density) is obtained via discretization of the Jefimenko equation (2.34). This is
done by the finite difference method with the forward differences [KC02] without
any adaptivity and over a mesh of 5 × 5 on the inducing element. The result
for the initial time t = 0 is illustrated in Figure 14. To consider the magnetic

Figure 14: Distribution of the discretized magnetic flux density within the red
cross square of Figure 13.
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time 0 0.2000 0.4000 0.6000 0.8000 1.0000
influenced current 1.5000 148.5648 216.1748 246.9939 260.4999 265.5850
original current 0 60.2233 127.6153 158.5249 172.4297 178.2220

Table 4: Some numerical results associated with the current (mA) flowing
through the inducing device before and after disturbance coupling (i.e., the
original current and the influenced current).

coupling where the discrete magnetic flux density has been approximated, it
suffices to consider the linear relation (2.9b) in the cross section of the inducing
element (i.e., in the red square of Figure 13). Then, it is proposed to compute the
disturbance current ıCC by the discretized (2.36), where the discrete magnetic
field on the surface S, chosen as the red square, is given, and the normal vector
to the cross section of the inducing device is pointing in the direction of the
x axis. For the time discretization, we have applied the implicit Runge-Kutta
method with the time step 0.01 using the second order Lobatto IIIC Butcher
tableau [KM06], a discontinuous collocation method, [KC02].

Figure 15: Simulated current flowing (mA) through the inducing device in both
cases before and after induction of the crosstalk phenomenon.

The simulation results are plotted in Figure 15 for the described test example.
Inserting the disturbance current ıCC and solving the DAEs system (7.2d) within
the inducing RL circuit, we obtain the influenced current associated with the
inducing device. In Figure 15, it is observed that the original current is highly
influenced by the disturbance current and therefore should not be neglected
when modeling electro-magnetic systems. Table 4 shows that, for a simple
RL circuit, even when the disturbance voltage coupling is ignored, the original
current is still changed due to the disturbance current coupling.
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3 DAE system from the Maxwell equations in 3D
In this chapter, we show that semi-discretization of the PDE system of Maxwell
in space leads to a high index DAE system. In fact, the high index in DAEs
may destroy the stability and robustness of the time integration; therefore, reg-
ularization of such high index DAEs using an index reduction technique before
the time integration is necessary [KM06, ST05, Ste06]. In this chapter, the dif-
ferentiation index of the DAE system is briefly called d-index and refers to the
minimum needed number of the time differentiations, which must be taken for
the whole system or from a few equations to determine the unknown vector as
a continuous vector function of position x and time t [KM06].
We first introduce the operator DAE system of Maxwell equations that are
obtained by a Maxwell variational formulation and then present the index re-
duction technique in an operator level applying to that. In fact, by choosing
suitable Hilbert spaces, one can write a weak formulation of the PDE system
that represents the corresponding operator DAE system in the Hilbert spaces
[Emm13].
In this chapter, we do not consider the full Maxwell equations, but only in-
vestigate the problematic equations from the DAE index perspective (i.e., with
d-index of higher than 1), which are approximating the electrical field. This
system of equations, which is extracted from the Maxwell equations, can be
indeed solved for the electrical field independently from the full set of Maxwell
equations. Additionally, the remaining equations in the Maxwell system au-
tomatically lead to a d-index 1 system after semi-discretization in space and
therefore do not influence the stability of the time integration for the entire
system [KM06].
In contrast, we could have considered the full Maxwell equations instead in this
chapter with the unknown vector of electro-magnetic field, which would lead
to a lower d-index system but still would require regularization before time in-
tegration. In such a case of considering the full Maxwell equations, the same
procedure as presented in the next sections would be proposed to apply to for
regularization. Therefore, in this chapter we consider only the problematic part
of Maxwell equations, since it is a smaller problem and computationally more
efficient and so beneficial compared to the full Maxwell equations.

Method of lines (MOL) One approach to deal with the system of PDE
with different variables, space and time, is the MOL [Hol07], in which the ap-
proximation of the solution is split into two levels, where first the equations
are semi-discretized for all variables except one, for instance, the spatial semi-
discretization without time integration. Then, the resulting system of equations
is approximated for the remaining variables. This approach is quite popular for
the solution of PDEs where one can first discretize the system in space and then
use the time integration simulator for the obtained DAEs [Sch91]. The favorable
aspect of MOL for the PDEs is the use of the well-established strong numerical
method for ODEs. Similarly, one can apply MOL to PDAEs to obtain a DAE
system permitting the standard theory and software developed for DAEs.
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3.1 PDE setting
We investigate semi-discretization of the Maxwell equations in space within ho-
mogeneous, linear, and isotropic material where (2.9a) and (2.9b) hold [Mon03].
For such material, the permittivity ε and the permeability µ as well as the con-
ductivity σ are modeled by positive constants. The conductivity σ can also take
a zero value in the general model, but simulation of this model may not give
the right approximate solution (non-stable discretization). That is due to the
stability issue for low frequencies. This case is not in the scope of this thesis,
however we elaborate it shortly in Section 8.1, where we need to introduce one
more equation for numerical experiments to avoid the stability issue of this case
with σ = 0 .
Let the computational domain be Ωi, denoting the inducing element i. We
drop the index i for visual simplicity in this section and then suppose that the
computational domain Ω is bounded, open, and connected with the boundary Γ
compounded for two boundaries, the inner boundary Γ1 and the outer boundary
Γ2, where Γ1 is the interface of the perfect conductor and non-perfect conductor
of the inducing element (see Figure 16). The idea of distinguishing the perfect

Ω

Γ1

Γ2

Figure 16: Schematic view of the inducing element as our computational domain
for the Maxwell system, where the black circle is filled by the perfect conductor.

conductive part of the inducing element from the remainder allows us to find
trivial solutions of the electro-magnetic fields effortlessly. In fact, it is known
that no electro-magnetic field is present inside the perfect conductor, [Mon03],
and therefore the electro-magnetic field in there is simply zero without any need
to consider the interaction of other parts of the domain. This idea has no draw-
back in the sense that it does not influence the interaction of other types of
conductors.
The motivation to use such an idea is only due to obtain the trivial solutions
and should not be mixed primarily with the scenario of high frequencies where
the skin depth is much smaller than the conductor thickness, and therefore
the conductor can be modelled by the perfect conductor where the well-known
impedance boundary condition, [Mon03], is applied.
If the outside electro-magnetic field is penetrating the inside but only in a tiny
distance from the boundary of the perfect conductor, then one can impose the
accurate impedance boundary condition on Γ1. In this thesis, for simplicity of
the model we assume that there is no penetrated field inside the perfect con-
ductor.
Let us assume that no electro-magnetic field is passing through Γ1. Additionally,
we assume that there exists no applied current density as well as no electrical
charge density in Ω. In this chapter, we work more in depth on the analy-
sis of PDEs and therefore use the Leibniz notation [Ste12] denoting the time
derivative, which is usually employed in the literature on PDEs [Eva99, Mon03].
However, after discretization of the PDEs in space where we obtain DAEs, we
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represent the time derivative again by our notation in the last chapter (i.e., the
Newton notation). We constantly use the basics of PDEs in this chapter as
[Emm13, Eva99]. Then, considering suitable boundary conditions on the inner
boundary as well as the model equations (2.6), which has been described in
Chapter 2, the full set of Maxwell equations [NRS15a] is as follows:

∇ ⋅H(x, t) = 0, in Ω × I,
∇×E(x, t) = −∂tµH(x, t), in Ω × I,
∇×H(x, t) = ε∂tE(x, t) + σE(x, t), in Ω × I,
∇ ⋅E(x, t) = 0, in Ω × I,

ν(x) ×E(x, t) = ν(x) × f(x, t), on Γ2 × I,
ν(x) ⋅H(x, t) = ν(x) ⋅ g(x, t), on Γ2 × I,
ν(x) ×E(x, t) = 0, on Γ1 × I,
ν(x) ⋅H(x, t) = 0. on Γ1 × I,

(3.1)

Therein, ν denotes the outer unit normal vector to Ω, while I denotes the
bounded observation time interval [0, T ] corresponding to the Maxwell equa-
tions. The inputs f and g are sufficiently smooth functions; for instance, Ein

and Hin for the bilateral coupling are introduced in Chapter 2. For an un-
coupled system of Maxwell equations, f and g are compatible, whereas for a
coupled system, e.g., a bilaterally coupled, they might not be compatible via
the Maxwell equations anymore since they are disturbed. However the distur-
bances are approximated using the circuit equations separately meaning that
they depend approximately on each other.
Instead of considering this system, we investigate two PDE systems achieved by
eliminating H in the first evolution equation. Then, we split the obtained PDE
system into two PDE systems, where the electrical field E can be evaluated in-
dependently by the first system, and the magnetic field H can be approximated
independently by the second system. This means

µ−1∇×∇ ×E(x, t) + ε∂2
tE(x, t) + σ∂tE(x, t) = 0, in Ω × I,

∇ ⋅E(x, t) = 0, in Ω × I,
ν(x) ×E(x, t)=ν(x) × f(x, t), on Γ2 × I,
ν(x) ×E(x, t) = 0, on Γ1 × I,

(3.2a)

∇ ⋅H(x, t) = 0, in Ω × I,
ν(x) ⋅H(x, t) = ν(x) ⋅ g(x, t), on Γ2 × I,
ν(x) ⋅H(x, t) = 0. on Γ1 × I,

(3.2b)

The consistent initial conditions, [KM06] for the above systems will be intro-
duced later in this chapter where these systems are studying from a DAE point
of view. From now on, we only work with the problematic set (3.2a), which may
lead to a high index DAE after spatial semi-discretization.

3.2 Discretization
In this section, we aim at discretization of the PDE system (3.2a) in space by
means of the Galerkin method, for instance the FEM. For the sake of better
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visibility of the equations, we drop the variables wherever beneficial. To this end,
we introduce the associated weak formulations to (3.2a) as well as the suitable
test spaces and ansatz space. Then, we look for the finite element Galerkin
approximation of the solution E(x, t) in a finite dimensional space included in
the ansatz space. We show that the Galerkin approximation [Eva99] is satisfying
a DAE system of d-index 3, whereby the d-index, we point out the differentiation
index [KM06].
Let the solution E(x, t) regarding only the first argument x (i.e., (E(t))(x)) be
in the Hilbert space V. Then, with the Lebesgue measure, where I is Lebesgue
measurable [Eva99] (e.g., an interval of the real axis), we work with E ∈ L1(I;V)
and E ∈ L2(I;V), where for 1 < p ≤ ∞ the Bochner space Lp(I;V) [Eva99] is
defined as

Lp(I;V) ∶= {v ∶ I↦ V ∣ (∫
I
∥v(t)∥pV dt) <∞}.

The weak derivative of E ∈ Lp(I;V), which is denoted by ∂tE ∈ Lp(I;V) is
defined such that, for all scalar functions φ ∈ C∞0 (I), the identity

∫
I
∂tφ(t)E(t) dt = −∫

I
φ(t)∂tE(t) dt,

holds. Additionally, if the weak derivative ∂tE ∈ L2(I;V) is defined, then the
corresponding Sobolev-Bochner space [Eva99] to the Hilbert space V is defined
as

W1,2(I;V) ∶= {v ∈ L2(I;V) ∶ ∂tv ∈ L2(I;V)},

and this allows E(x, t) ∈W1,2(I;V) for the solution.

3.2.1 Maxwell variational formulation

Let us introduce the Bochner test spaces L2(I;V), L2(I;Q) and L2(I;P) for the
Hilbert spaces

V =H0(curl,Ω) ∶= {v ∈ [L2(Ω)]3 ∶ ∇ × v ∈ [L2(Ω)]3, ν × v = 0 on Γ1},
Q = L2

0,0(Ω) ∶= {u ∈ L2(Ω) ∶ u = 0 on Γ1 ∪ Γ2},

P = [H
1
2 (Γ2)]3,

(3.3)

where L2(Ω) denotes the space of all square integrable functions over Ω, and
H

1
2 (Γ2) is the trace space ofH1(Ω) on the boundary Γ2 [Mon03] and is a Hilbert

space, [BF12]. Then, we consider a generalization of the integration by parts
formula for the curl operator ∇× [Mon03]

(∇× u, v)L2(Ω) − (u,∇× v)L2(Ω) = −(ν × v, u)L2(∂Ω), ∀v ∈H(curl,Ω),

to the Bochner Sobolev spaces where (. ⋅ .)L2(Ω) denotes the L2-inner product
over Ω and

H(curl,Ω) ∶= {v ∈ [L2(Ω)]3 ∶ ∇ × v ∈ [L2(Ω)]3}.
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We apply this to the PDE (3.2a) and obtain the associated weak formulations

∫
Ω
µ−1∇×E ⋅ ∇ × v dx − ∫

Γ2

ν × v ⋅ µ−1∇×E dx+

∫
Ω
(ε∂2

tE + σ∂tE) ⋅ v dx = 0, ∀v ∈ L2(I;V),

∫
Ω
∇ ⋅Eu dx = 0, ∀u ∈ L2(I;Q),

∫
Γ2

ν ×E ⋅w dl = ∫
Γ2

ν × f ⋅w dl, ∀w ∈ L2(I;P).

(3.4)

Note that the space [H 1
2 (Γ2)]3 might be not the optimal test space for testing

the tangential component and therefore either one can introduce a new test
space as in [Mon03], or improve the Ansatz space V as follows by introducing
a new Ansatz space where the boundary condition on Γ2, i.e., ν ⋅ v = 0, is also
included. For simplicity, we call this new Ansatz space V again, similarly to the
previous Ansatz space in (3.3), and from Section 3.2.2 we mean by V the new
Ansatz space.

3.2.2 Operator DAEs

It is more convenient to have an abstract formulation of the system (3.4) that is
easier to handle when performing an index reduction technique on the operator
level later in Section 3.2.3. Hence, regarding the space

V ∶= {v ∈H(curl,Ω) ∩H(div,Ω) ∶ ν × v = 0 on Γ1, ν ⋅ v = 0 on Γ2}, (3.5)

we introduce for a fixed t ∈ I the following stationary operators for E(t) ∈ V

A1 ∶V Ð→ V∗,
E(t)↦ A1E(t),

with

⟨A1E(t), v(t)⟩V∗,V ∶= ∫
Ω
µ−1∇×E(t) ⋅ ∇ × v(t) dx − ∫

Γ2

v(t) × ν ⋅ µ−1∇×E(t) dx,

and

A2 ∶V Ð→ Q∗,
E(t)↦ ∇ ⋅E(t),

A3 ∶V Ð→ P∗,
E(t)↦ ν ×E(t)∣Γ2 .

Therein, the spaces V∗, Q∗, and P∗ are the corresponding dual spaces to V,
Q, and P , respectively [Eva99]. Note that the theory of Hilbert and Sobolev
spaces can be generalized to the Bochner and Sobolev-Bochner spaces [Emm13,
ch. 7]. The weak formulation (3.4) is then represented for the new space V by
the operator DAE system

ε∂2
tE(t) + σ∂tE(t) +A1E(t) = 0, in V∗, (3.6a)

A2E(t) = 0, in Q∗, (3.6b)
A3E(t) = A3f(t), in P∗. (3.6c)
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In addition, in order to have a well-defined duality pairing ⟨⋅, ⋅⟩V∗,V , it is nec-
essary to consider the space (3.5) rather than the defined original space V in
Section 3.2.1 (i.e., H0(curl,Ω)). The justification is as follows:
The arbitrary triple (V ,H,V∗) with the separable reflexive Banach space V and
the pivot space H [Emm13], and the real separable Hilbert space H is called an
evolution triple if

V d↪H ≅H∗ d↪ V∗.

As a short remark, the dual space of a Hilbert space H is a linear space of all
bounded linear functionals on H, [Eva99], which is itself a Hilbert space with
respect to the dual norm

∥l∥H∗ ∶= sup
h≠0

∣l(h)∣
∥h∥H

.

Therein, the symbol
d↪ denotes the continuous and dense embedding, where

the equivalency of H and H∗ is understood in the sense of the Riesz theorem
[Eva99]. This embedding allows the extension of the H-inner product to the
duality pairing of V and V∗ [GHM10], that is,

⟨h, q⟩V,V∗ = (h, q)H.

The suitable pivot space for our application is chosen as H ∶= [L2(Ω)]3 [GHM10].
We restrict ourselves only to the Hilbert space setting. Then, as the continuous
and dense embedding of the older version of V does not hold with this pivot
space, this holds for the recently defined space V as (3.5).
Let the dual operators A∗2 and A∗3 correspond, respectively, to the operators A2

and A3 and be defined by

A∗2 ∶Q Ð→ V∗,
λ(t)↦ −λ(t)∇,

A∗3 ∶P Ð→ V∗,
γ(t)↦ γ(t)∣Γ2 × ν,

with the gradient operator denoted by ∇. Then, we consider the dummy vari-
ables λ(t) ∈ Q and γ(t) ∈ P to incorporate the constraints (3.6b) and (3.6c) into
the equation (3.6a) via the dual operators and obtain the associated quadratic
formulation, the so-called mixed formulation as:
Seek (E(t), λ(t), γ(t)) ∈ V ×Q ×P for almost all t ∈ I such that

ε∂2
tE(t) + σ∂tE(t) +A1E(t) +A∗2λ(t) +A∗3γ(t) = 0, in V∗,

A2E(t) = 0, in Q∗,
A3E(t) = A3f(t), in P∗.

(3.7)

Recall from the first part of Section 3.2 that if the solution E(x, t) regarding
only the first argument x (i.e., (E(t))(x)) is in a Hilbert space V (denoted by
(E(t)) ∈ V), then, with the Lebesgue measure, where I is Lebesgue measurable
which leads to E = E(x, t) ∈ L1(I;V), we assumed that E = E(x, t) ∈W1,2(I;V).
This assumption has been made to enable us introducing the suitable space V

46



as (3.3) for the variational formulation in Section 3.2.1 and improved as (3.5)
for the operator DAE formulation in Section 3.2.2.

It is observed that it suffices to have the regularity A3f ∈ L2(I;P∗) for
f , and furthermore to have consistent initial values [KM06] for the regularity
conditions

E0 ∶= (E(x))(t)∣t=0 ∈ V, (3.8a)
∂tE0 ∶= ∂tE(t)∣t=0 ∈ V. (3.8b)

In addition, to have a well-defined parabolic term σ∂tE(t) and hyperbolic term
ε∂2
tE(t), accordingly, the following regularity conditions must be satisfied:

∂tE ∈ L2(I;V∗), (3.8c)

∂2
tE ∈ L2(I;V∗). (3.8d)

3.2.3 Galerkin method

Let the finite element Galerkin subspaces Vh ⊂ V, Qh ⊂ Q and Ph ⊂ P [Eva99]
denote the finite dimensional subspaces where the Galerkin approximations
Eh(x, t), λh(x, t), and γh(x, t) are evaluated via the Galerkin system:

ε(∂2
tEh, vh)L2(Ω) + σ(∂tEh, vh)L2(Ω)+

⟨A1Eh, vh⟩ + ⟨vh,A∗2λh⟩ + ⟨vh,A∗3γh⟩ = 0, vh ∈ Vh, (3.9a)
⟨A2Eh, uh⟩ = 0, uh ∈ Qh, (3.9b)
⟨A3Eh,wh⟩ = ⟨A3fh,wh⟩, wh ∈ Ph. (3.9c)

The equality in (3.9c) should be understood in the trace sense (i.e., ⟨⋅, ⋅⟩ ∶=
(⋅, ⋅)L2(Γ2)), whereas this notation in (3.9a) and (3.9b) generally addresses ⟨⋅, ⋅⟩ ∶=
(⋅, ⋅)L2(Ω).
Let {φi}i=1,...,n denote a set of basis functions for the space Vh ordered as

φ1, ..., φn−m
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
non-zero in Ω

, φn−m+1, ..., φn
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
non-zero on Γ2

,

where the first n −m basis functions are vanishing on Γ2 (more precisely, van-
ishing in their tangential components), and the remaining are vanishing in the
domain Ω but are non-zero in a small neighborhood of Γ2 (this is due to the
choice of the finite element space for discretization, where the basis functions
are defined to have local support on the mesh). Then, considering the basis set
of functions {ξ1, ..., ξm} ∶= {φn−m+1∣Γ2 , ..., φn∣Γ2} for Ph as well as the arbitrary
basis function set {ηi}i=1,...,r for Qh such that Qh ⊂ Q, the subspaces are defined
as

Vh ∶= span{φ1, ..., φn},
Qh ∶= span{η1, ..., ηr},
Ph ∶= span{ξ1, ..., ξm},

47



where r +m ≤ n. Therefore, the Galerkin approximations can be represented in
terms of the basis functions by

Eh(x, t) =∑
n

i=1 ei(t)φi(x),
λh(x, t) =∑

r

i=1 νi(t)ηi(x),
γh(x, t) =∑

m

i=1 γi(t)ξi(x),

where taking vh(x) = φj(x) for j = 1, ..., n, uh(x) = ηj(x) for j = 1, ..., r, and
wh(x) = ξj(x) for j = 1, ...,m and substituting in the Galerkin system (3.9),
we apply a discretization method, for instance, the conforming finite element
[Mon03], and yield the DAE system:

Më(t) +Nė(t) +A1e(t) +AT2 ν(t) +AT3 γ(t) = 0,

A2e(t) = 0,

A3e(t) = b(t),
(3.10a)

with the state vector variables e(t) = [ei(t)]n×1, ν(t) = [νi(t)]r×1 and γ(t) =
[γi(t)]m×1. Therein, the inhomogeneity is the vector b(t) = [bj(t)]n×1, where
bj(t) corresponds to the coefficient vector of A3fh(x, t) in the Galerkin approxi-
mation. In addition, the mass matricesM and N as well as the stiffness matrices
A1, A2, and A3 are defined as follows:

M ∈ Rn×n with (M)ij ∶= (εφi, φj)L2(Ω),

N ∈ Rn×n with (N)ij ∶= (σφi, φj)L2(Ω),

A1 ∈ Rn×n with (A1)ij ∶= ⟨A1φi, φj⟩,
A2 ∈ Rr×n with (A2)ij ∶= ⟨A2φj , ηi⟩,
A3 ∈ Rm×n with (A3)ij ∶= ⟨A3φj , ξi⟩,

(3.10b)

where the mass matrices M and N are positive definite since the material prop-
erties ε and σ have been set to be positive constants in Section 3.1.

3.3 Existence and uniqueness of the mixed formulation
In Section 3.2.2, we introduced the associated operator DAE system (3.6) to
a subset of the Maxwell equations to model the electrical field. The operator
DAE system (3.6) has more equations than unknowns and hence leads to a non-
square linear system after discretization in space. It is well-known [KM06] that
such systems may not be well-posed or may not be solvable in a straightforward
manner. As a remedy, one can introduce a certain number of dummy variables
to construct a system of mixed formulation, e.g., (3.7), leading to a square
linear system after discretization, which is more likely to be well-posed. This
mixed formulation provides well-posedness but only conditionally. Therefore,
we introduce the requirements needed to have a well-posed mixed formulation
in both cases of the non-transient and transient formulation [BJ16]. In the case
of σ = 0, the existence and uniqueness of the solution for the non-stationary
Maxwell equations have been shown in [Lei68].

3.3.1 Non-transient problem

We consider well-posedness of the non-transient mixed formulation in this sec-
tion, for instance, the well-posedness of the system (3.7), where t is set to be

48



fixed and therefore the time derivatives vanish. To show well-posedness in the
sense of the existence and uniqueness of the solution E(x) as well as its con-
tinuous dependence on the variable x, we introduce the following theorem for
(3.7).

Theorem 2. [Brezzi splitting theorem [Bra07]] There exists a unique solution
to the stationary mixed problem (3.10) if and only if the following two conditions
hold:

1. A1 is VA3-elliptic where VA2 denotes the kernel of A2, i.e.,

VA2 ∶= {E(t) ∈ V ∶ ⟨A2E(t), λ(t)⟩ = 0,∀λ(t) ∈ Q} ⊂ V.

2. A2 and A3 satisfy the inf-sup condition. The inf-sup condition holds, for
instance, for the operator A2 if there exists β(t) > 0 such that

inf
λ(t)∈Q

sup
E(t)∈V

⟨A2E(t), λ(t)⟩
∥E(t)∥V∥λ(t)∥Q

≥ β(t). (3.11)

3.3.2 Transient problem

In this section, we show existence and uniqueness of the solution to transient
type of problem

ε∂2
tE + σ∂tE +∇ × µ−1∇×E = J, in Ω × I, (3.12a)

∇ ⋅E = 0, in Ω × I, (3.12b)

ν ×E = ν × f, on Γ2 × I, (3.12c)
ν ×E = 0, on Γ1 × I, (3.12d)

with the consistent initial conditions

E = 0, on Ω × {0}, (3.12e)
∂tE = 0, on Ω × {0}, (3.12f)

under the condition that Gauss’s law (3.12b) and the boundary condition (3.12c)
are considered in (3.12a) by the means of dummy variables, [NR17] and the
parabolic term σ∂tE is neglected.
Existence and uniqueness of the non-transient mixed formulation can be checked
by applying the inf-sup condition as well as ellipticity for an elliptic PDE [Bra07]
as in Section 3.3.1. However, these criteria may not suffice for a transient mixed
problem where the parabolic term σ∂tE and the hyperbolic term ε∂2

tE are
also involved in the mixed formulation. In this section, we only consider the
hyperbolic term and not the parabolic term and assume that σ∂tE is negligible
in comparison to ε∂2

tE. This can be motivated by the fact that the PDE systems
looking like (3.12) with both parabolic and parabolic terms are in the class of
the well-posed damped PDEs, see [BBKMS03]. In following, we show well-
posedness of the lossy-less continuous problem with σ = 0. By this assumption,
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the system (3.12) is reduced to

ε∂2
tE +∇ × µ−1∇×E = J, in Ω × I, (3.13a)

∇ ⋅E = 0, in Ω × I, (3.13b)

ν ×E = ν × f, on Γ2 × I, (3.13c)
ν ×E = 0, on Γ1 × I, (3.13d)

E = 0, on Ω × {0}, (3.13e)
∂tE = 0, on Ω × {0}. (3.13f)

We use the energy preserving approach which is one of the standard techniques
to show the well-posedness of the hyperbolic/parabolic PDEs, [CE98, Mar15].
To this end, we consider ν × ∂tf = 0 on Γ2 × I, since we are interested in the
preservation of energy in time only within the domain.

Theorem 3. The problem (3.13) is well-posed if
√
∫

Ω
(ε∣∂tE∣2 + µ−1∣∇×E∣2) ≤ ∫

I
(
√
∫

Ω
ε−1∣J ∣2)

holds for almost all t ∈ I with E ∈ L∞(I;H(curlµ−1 ,Ω)). Therein,

L∞(I;H(curlµ−1 ,Ω)) (3.14)

∶={E ∈ L2(I;H(curlµ−1 ,Ω)) ∶ ∇ × µ−1E ∈ [L2(Ω)]3 for almost all t ∈ I},

where E is sufficiently smooth for almost all t ∈ I in the sense that

∥E∥L∞(I,H(curlµ−1 ,Ω)) ∶=
n

∑
k=0

sup
t∈I
∥∂kt E∥ <∞.

Proof. We perform the proof for the special case where ε, µ, and σ are modeled
by positive constants. In this case, the space (3.14) is modified to

L∞(I;H(curl,Ω))
∶={E ∈ L2(I;H(curl,Ω)) ∶ ∇ ×E ∈ [L2(Ω)]3 for almost all t ∈ I}.

Testing the equation (3.13a) with ∂tE concludes

∫
Ω
ε∂2
tE ⋅ ∂tE + ∫

Ω
∇× µ−1∇×E ⋅ ∂tE = ∫

Ω
J ⋅ ∂tE,

which can be written by applying the Green formula in the form

1

2
∂t ∫

Ω
(ε∣∂tE∣2 + µ−1∣∇×E∣2) = ∫

Ω
J ⋅ ∂tE,

provided ν ×∂tE = 0 on ∂Ω which is satisfying with the assumption we imposed
on ν × ∂tf on the boundary Γ2. Note that, according to the regularity of the
solution E on both the time and space variables, we are allowed to swap the
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time integral with the space integral. Then, defining the energy U(E, t) ∶=
1
2 ∫Ω (ε∣∂tE∣

2 + µ−1∣∇×E∣2) leads to the system

U(E, t) = ∫
t

0
⟨J(τ), ∂tE(τ)⟩, (3.15a)

U(E,0) = 0, (3.15b)

for almost all t > 0. The energy definition guarantees

2U(E, t) ≥ ∫
Ω
ε ∣∂tE∣2 = ε∥∂tE∥2L2(Ω). (3.16)

Then, by applying the Causchy-Schwarz inequality, using (3.16) yields

U(E, t) ≤ ∫
t

0

√
2

ε
∥J(τ)∥L2(Ω)

√
U(E, τ). (3.17)

Lemma 1. [Grönwall lemma, [Rou13]] Set α ∈ (0,1), and let the functions φ
and m be continuous and positive definite, satisfying the following:

φ(t) ≤ ∫
t

0
m(τ)φ(τ)α,

for every t ∈ I. Then, φ(t) ≤ ((1 − α) ∫
t

0 m(τ))
1

1−α .

Applying the Grönwall lemma, energy estimate (3.17) is improved as

U(E, t) ≤ ( 1√
2ε
∫

t

0
∥J(τ)∥L2(Ω))

2
,

and demonstrating that the energy remains bounded and positive, which allows
the well-posedness of problem [Mar15].

3.4 Index analysis
Considering the block matrix AT ∶= [AT2 AT3 ] ∈ Rn×(r+m) as well as its corre-
sponding state vector δT (t) ∶= [νT (t) γT (t)] and the inhomogeneity BT (t) ∶=
[0 bT (t)], the DAE system (3.10a) is reformulated as

Më(t) +Nė(t) +A1e(t) +AT δ(t) = 0, (3.18a)
Ae(t) = B(t). (3.18b)

We claim that the DAE system (3.18) has d-index 3. To prove the claim,
it suffices to show that we need a minimum of three differentiation steps to
obtain a unique continuously differentiable solution [Alt13]. Then, to regularize
the system, we apply the minimal extension technique [KM06], where only the
reduced derivative array instead of the complete derivative array is investigated.
To proceed, let us differentiate the constraint (3.18b) two times, provided B(t) ∈
C2(I). In the derivative array approach system

Më(t) +Nė(t) +A1e(t) +AT δ(t) = 0, (3.19a)
Ae(t) = B(t), (3.19b)

Aė(t) = Ḃ(t), (3.19c)

Aë(t) = B̈(t). (3.19d)
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is considered. However, in the minimal extension, we consider only the new
constraint (3.19d) instead of (3.18b) in the DAE system (3.18), which results in

[M AT

A 0
] [ë(t)
δ(t)] = [

−Nė(t) −A1e(t)
B̈(t) ] . (3.20)

This system is uniquely solvable for the continuous ë(t) and δ(t), if the matrix
[M AT

A 0
] is invertible. This holds true if A has full rank, since M is positive

definite. Hence, if the basis function set Qh ∶= span{η1, ..., ηr} ⊂ Q is chosen
in a way that it allows independency of the basis functions ηi from ξj for any
i ∈ {1, ..., r} and j ∈ {1, ...,m}, then the matrix AT ∶= [AT2 AT3 ] has full rank.
In fact, we constructed the basis function sets Qh ∶= span{η1, ..., ηr} ⊂ Q and
Ph ∶= span{ξ1, ..., ξm} ⊂ P , where definitions of the corresponding Hilbert spaces
Q and P in (3.3) allow general independency of the basis functions ηi from ξj for
any i ∈ {1, ..., r} and j ∈ {1, ...,m}. Therefore, these two guarantee that matrix
AT ∶= [AT2 AT3 ] has full rank.
Note that we applied the conforming FEM, which automatically guarantees nice
properties of M and enough degrees of freedom to choose the basis function set
for the space Qh such that the matrix A has full rank. However, the presented
result may not be true in general for any discretization method. For instance,
if we do not consider the conforming FEM, where Qh ⊂ Q and Ph ⊂ P and
matrices A2 and A3 are defined as in (3.10b), then A might not be a full rank
matrix. Additionally, any discretization method that does not conclude a posi-
tive definite matrix M may fail.
Furthermore, we need one more derivative to achieve a continuous differentiable
δ(t) to determine d-index 3 for the DAE system (3.18). Hence, regularization
of the system before time integration is necessary to have a stable and robust
problem.

3.5 Magnetic field
Let the magnetic field H satisfying (3.2b) have the Helmholtz decomposition
H = ∇ψ +H0, where ∇ψ and H0 denote the curl-free and divergence-free com-
ponents, respectively [Mon03]. Then, ∮∂SH0 ⋅ νi ds = 0 holds according to the
divergence theorem [Pur63], where H is considered within the cross section S
of the domain Ω where the Helmholtz decomposition holds as well (as a clarifi-
cation, we only use the term "cross section" in a general sense where we mean
an arbitrary cut), and the general ampere law (2.8c) for the coupling purpose
is reduced to

ıCCi ∶= ∮
∂S
∇ψ ⋅ νi ds. (3.21)

Therefore, it suffices to solve (3.2b) partially and only for the curl-free compo-
nent of the magnetic field (i.e., for ∇ψ) on the surface S to obtain the disturbance
current ıCCi. This disturbance is induced perpendicularly to S (see Example
5). To this end, we evaluate system

−∆ψ = 0, in S × I,
∇ψ ⋅ νi =Hin ⋅ νi, on ∂2S × I,
∇ψ ⋅ νi = 0, on ∂1S × I,

(3.22)
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since, due to the divergence-free property of H0, we have used H0 ⋅ νi = 0 on
∂S ∶= ∂1S∪∂2S, where the total boundary of the cross section S is split into the
boundary of the perfect conductor part with the domain denoted by ∂1S and
the remainder, for example the outer boundary, denoted by ∂2S.
Note that, after employing the Helmholtz decomposition, we need at least
two boundary conditions to yield a well-posed second order PDE, namely, the
Laplace equation (3.22). Therefore, when we have only one boundary condition,
for instance, if the boundary ∂1S is an empty set as supposed later in Section
6.2, we can decompose the boundary to two sub-boundaries with two different
conditions on them [Eva99].

3.5.1 Discretization

By including the boundary condition on ∂1S into the test space, integration by
parts formula of the Laplace equation (3.22) leads to the variational formulation

∫
S
∇ψ ⋅ ∇ψ′ dx = ∫

∂2S
Hinψ′ ⋅ νi ds, ∀ψ′ ∈ L2(I;H1

∂1S(S)), (3.23)

where

H1
∂1S(S) ∶= {v ∈H

1(S) ∶ ∇ψ ⋅ νi = 0 on ∂1S}.

Then, the corresponding operator formulation to (3.23) can be written as

⟨B2ψ,ψ
′⟩ = ⟨B3H

in, ψ′⟩,

where the operators B2 and B3 are defined by

⟨B2ψ,ψ
′⟩ ∶= ∫

S
∇ψ ⋅ ∇ψ′ dx,

⟨B3H
in, ψ′⟩ ∶= ∫

∂2S
Hin ⋅ ψ′νi ds.

Introducing the discrete representation of the ansatz function for a Galerkin
approximation in terms of the basis functions as

ψh(x, t) ∶=∑
n

i=1 pi(t)$i(x),

and taking test functions ψ′h(x) =$j(x) for i = 1, ..., n, leads to the set of linear
algebraic equations

B2p = B3p
in, (3.24)

where the stiffness matrix B2 and the matrix B3 are defined by

B2 ∈ Rn×n with (B2)ij ∶= ⟨∇$i,∇$j⟩,
B3 ∈ Rn×n with (B3)ij ∶= ⟨$k,$jν⟩.

Therein, the unit outer normal ν is the corresponding vector to the surface S
of the inducing element, which is denoted by νi in (3.23). However, we have
dropped the subscript here to avoid the confusion with the counter index of the
basis functions $i. In addition, the unknown vector is [p]n×1, and the input
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vector is represented by pin ∶= [pk]n×1, if the input Hin is approximated by the
Galerkin approximation as

Hin
h (x, t) ∶=∑

n

k=1 pk(t)$k(x). (3.25)

We apply a proper discretization method like FEM to this system. Since the
stiffness matrix B2 is square and non-singular by definition (i.e., none of the $j

are gradient-free and ∇$j = 0 holds for all $j) the set of equations (3.24) is
explicitly solvable for p; furthermore, the index is 1.
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4 Reformulated Strangeness-free DAE system from
Maxwell equations in 3D

In this chapter, we introduce a reformulation of the operator DAE system (3.6)
in such a way that, after semi-discretization in space, it leads to a DAE system
of d-index 1.
In fact, the d-index of a DAE system, which has been roughly defined in the
last chapter, is conditionally identical to another concept of the DAE index, the
introduced strangeness index in [KM06, Ch. 3] summarized by the s-index plus
1. For instance, a strangeness-free DAE system with the s-index 0 has a d-index
of 1 [KM06, Meh16].
This reformulation is presented within three steps, called regularizing on the
operator level, since the main idea has been inspired by the regularization tech-
nique of the minimal extension where it is applied to the operator DAE system.
After the presented reformulation, we can integrate the spatially semi-discretized
system in time without any further need for regularization.

4.1 Regularizing on the operator level
Step I In the first step, we suggest a new ansatz space rather than the already
introduced space (3.5) to reduce size of the system. To do so, we investigate
equation (3.12b) only in the strong sense [Dem08]. This leads to the following
reduced variational formulation:
Seek (E(t), γ(t)) ∈ V̄ ×P for almost all t ∈ I, such that

ε∂2
tE(t) + σ∂tE(t) +A1E(t) +A∗3γ(t) = 0, in V̄∗, (4.1a)

A3E(t) = A3f(t), in P∗, (4.1b)

where the new ansatz space that is the new domain of operators A1 and A3 is
defined by

V̄ ∶= {v(t) ∈ V ∶ A2v(t) = 0}.

The justification of choosing this new space comes in the discretization Section
4.2. The required regularities in (3.8) should also be satisfied for the new space
and its dual.
Note that this step does not influence the index of the spatial discretized system
and therefore could be done earlier in Section 3.2.2. However, we investigate
the non-reduced variational formulation (3.7) since it allows more candidates
for the discretization method due to less restricted ansatz space.

Step II In the second step, we perform the minimal extension technique to
the operator DAE (4.1) via constructing the reduced derivative array. This
implies that we investigate an over-determined system instead of (4.1) for spatial
discretization. To proceed, we consider time derivatives of the constraint (4.1b)
up to order 2, that is,

∂t(A3E(t)) = ∂t(A3f(t)), in P∗,
∂2
t (A3E(t)) = ∂2

t (A3f(t)), in P∗.
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The justification of only two time derivations is that system (4.1) has the same
d-index 3 as system (3.7) after discretization in space. Therefore, similar to
Section 3.4, we consider derivation of the constraint up to the second order.
Let the inf-sup condition for the operator A3 be fulfilled, that is, there exist
β(t) > 0 such that

inf
w(t)∈P

sup
E(t)∈V̄

⟨A3E(t),w(t)⟩
∥E(t)∥∥w(t)∥

≥ β(t).

Then, the regularity of the solution is not influenced by the time derivative,
hence A3(∂tE(t)) = ∂t(A3E(t)) ∈ W1,2(I; V̄) and A3(∂2

tE(t)) = ∂2
t (A3E(t)) ∈

W1,2(I; V̄). Then, we build up the over-determined system by introducing the
new variable F (t) ∶= ∂tE(t) as

F (t) − ∂tE(t) = 0, in V̄∗,
ε(∂tF (t)) + σF (t) +A1E(t) +A∗3γ(t) = 0, in V̄∗,

A3E(t) = f(t), in P∗,
A3F (t) = A3(f(t)), in P∗,

A3(∂tF (t)) = A3(f(t)), in P∗.

(4.2)

Step III In this step, we decompose the introduced ansatz space by

V̄ = V̄A3 ⊕ V̄�, (4.3)

where

V̄A3 ∶= {E(t) ∈ V̄ ∶ ⟨A3E(t), u⟩ = 0,∀u ∈ L2(I;P)} ⊂ V̄,

and V̄� denotes the orthogonal complement of the subspace V̄A3 [Eva99]. This
decomposition can be justified by applying the decomposition in the Hilbert
spaces [Mon03, Thm 2.9]. Additionally, this results in a decomposition of the
solution E(t) = E1(t) + E2(t) ∈ V̄A3 ⊕ V̄� in such a fashion that A3E1(t) = 0.
Analogously, by decomposing the variable F (t) as F (t) = F1(t)+F2(t) ∈ V̄A3⊕V̄�
where A3F1(t) = 0. Then, the system (4.2) in the suitable dual spaces V̄∗ and
P̄∗ is rewritten as

(F1(t) + F2(t)) − ∂tE1(t) −G2(t) = 0, in V̄∗,
ε∂t(F1(t)) + εL2(t) + σ(F1(t) + F2(t))

+A1(E1(t) +E2(t)) +A∗3γ(t) = 0, in V̄∗,
A3E2(t) = A3f(t), in P̄∗,

A3F2(t) = A3(∂tf(t)), in P̄∗,
A3(L2(t)) = A3(∂2

t f(t)), in P̄∗.

(4.4)

Therein, the dummy variables G2(t) ∶= ∂tE2(t) ∈ V̄� and L2(t) ∶= ∂tF2(t) ∈ V̄�
are introduced to avoid an over-determined system. Then, for discretization, we
consider a solution of the operator DAE (4.4) instead.
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4.2 Discretization
In this section, we present discretization of the operator DAE (4.4) in space by
applying the Galerkin scheme.

4.2.1 Galerkin method

We use the prescribed finite element Galerkin method in Section 3.2.3 to dis-
cretize the operator DAE (4.4). Let spaces V̄h = V̄A3h

⊕ V̄�h ⊂ V̄A3 ⊕ V̄� = V̄
and P̄h ⊂ P with the basis function sets {φ̄i}i=1,...,n and {ξ̄i}i=1,...,m for m ≤ n,
respectively, denote the finite dimensional subspaces where the Galerkin ap-
proximations are evaluated, that is,

Ē1h , F̄1h ∈ V̄A3h
,

Ē2h , F̄2h ∈ V̄�h ,
γ̄h ∈ P̄h.

If the φ̄i’s are ordered such that the first n−m functions are non-zero within the
domain Ω (more precisely, vanishing in their tangential components), and the
remaining m functions have a non-zero component on the boundary Γ2 and its
small neighborhood (due to the choice of finite element space for discretization),
then the basis functions ξ̄i can be defined similarly to Section 3.2.3 as ξ̄i ∶=
φ̄i+(n−m)∣Γ2 . Furthermore, let {φ̄i}i=1,...,n = {φ̄1, ..., φ̄n−m} ∪ {φ̄n−m+1, ..., φ̄n}
regarding the proposed decomposition (4.3). Then, the Galerkin approximations
is represented by

Ēh(x, t) ∶= Ē1h(x, t) + Ē2h(x, t),

=∑
n−m
i=1 ēi(t)φ̄i(x) +∑

n

i=n−m+1
ēi(t)φ̄i(x),

F̄h(x, t) ∶= F̄1h(x, t) + F̄2h(x, t),

=∑
n−m
i=1 f̄i(t)φ̄i(x) +∑

n

i=n−m+1
f̄i(t)φ̄i(x),

γ̄h(x, t) ∶=∑
m

i=1 µ̄i(t)ξ̄i(x),

where f̄i(t) ∶= ∂tēi(t). Then, taking v̄h(x) = φ̄j(x) for j = 1, ..., n, ūh(x) = φ̄j(x)
for j = 1, ..., n, and w̄h(x) = ξ̄j(x) for j = 1, ...,m, substituting these approx-
imations into the associated Galerkin system (4.4) and applying a suitable
discretization scheme for the ansatz space, for instance, the conforming FEM
[Mon03], yields the DAE system

[f̄1(t)
f̄2(t)

] − [
˙̄e1(t)
g2(t)

] = 0,

M̄ [
˙̄f1(t)
l2(t)

] + N̄ [f̄1(t)
f̄2(t)

] + Ā1 [
ē1(t)
ē2(t)

] + [ 0
A�3
] µ̄(t) = 0,

A�3 ē2(t) = b(t),
A�3 f̄2(t) = A�3 ḃ(t),

A�3l2(t) = A�3 b̈(t),

(4.5)

where the vector pairs f̄2(t) ∶= [f̄i(t)]m×1 and ē2(t) ∶= [ēi(t)]m×1, f̄1(t) ∶=
[fi(t)](n−m)×1, and ē1(t) ∶= [ēi(t)](n−m)×1, whereAKer3 ē1(t) = 0 andAKer3 f̄1(t) =
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0 denote the time coefficient vectors where the matrices A�3 ∈ Rm×m and AKer3 ∈
R(n−m)×m correspond to the continuous map A3 according to the orthogonal
decomposition of its domain. This means, A�3 denotes the discretization of
the operator A3, where defined on V̄A3 , while A

Ker
3 represents the discretiza-

tion of the operator A3, when restricted to its kernel set V̄A3 . Additionally,
b(t) ∶= [bj(t)]m×1 with A�3bj(t) ∶= ∫ΓA3f(t) ⋅ ξj as well as ḡ2i(t) ∶= ˙̄e2i(t) and
l̄2i(t) ∶= ˙̄f2i(t). The mass matrices M̄ and N̄ as well as the stiffness matrices
Ā1 and A�3 are defined as follows

M̄ ∈ Rn×n with (M)ij ∶= (εφ̄i, φ̄j)L2(Ω),

N̄ ∈ Rn×n with (N)ij ∶= (σφ̄i, φ̄j)L2(Ω),

Ā1 ∈ Rn×n with (A1)ij ∶= ⟨A1φ̄i, φ̄j⟩,
A�3 ∈ Rm×m with (A3)ij ∶= ⟨A3φ̄j , ξ̄i⟩,

(4.6)

where the mass matrices M̄ and N̄ are positive definite, since the material
properties ε and σ are assumed to be positive constants.

4.3 Index analysis
We claim that, under certain conditions regarding the used space discretization
scheme, the discrete DAE system (4.5) has d-index 1. To this end, we first omit
the redundant equation ¯̇e2(t) = f̄2(t). Then, by resubstituting ¯̇e1(t) = f̄1(t), we
consider the following second order DAE system with the state variables ē1(t),
ē2(t), f̄2(t), l2(t), and µ̄(t):

M̄ [
¨̄e1(t)
l2(t)

] + N̄ [f̄1(t)
f̄2(t)

] + Ā1 [
ē1(t)
ē2(t)

] + [ 0
A�3
] µ̄(t) = 0,

A�3 ē2(t) = b(t),
A�3 f̄2(t) = A�3 ḃ(t),

A�3l2(t) = A�3 b̈(t).

(4.7)

The system (4.7) is equivalent to the system (3.18b), where the regularizing
method of minimal extension is applied. Therefore, this system has d-index 1
[KM06] and is a strangeness-free DAE system. Hence, it can be guaranteed that
the time integration of the reformulated system is reliable.

Summary In this chapter, we dealt with the electrical Maxwell equations,
where the electrical field is approximated independently of the magnetic field,
for the case in which there is no applied current density in the system, and the
material parameters are modeled by positive constants. Then, for such a system,
we showed that the semi-discretization in space leads to a d-index 3 DAE, which
may cause instabilities in the time integration. To resolve this problem, we
introduced a reformulation of the electrical Maxwell equations, allowing a d-
index 1 DAE system after spatial semi-discretization via a suitable method.
Therefore, this reformulation can be taken as an index reduction technique on
the operator level, since the PDE Maxwell system can be considered in the
suitable Hilbert spaces as an operator DAE system.
Additionally, we have demonstrated that, after performing the index reduction
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technique, more specifically, the minimal extension, a d-index 1 DAE system
is attained after spatial semi-discretization, which is sufficiently regularized to
obtain reliable numerical results.
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5 Discretization of the bilateral coupling relations
in 3D

As already discussed in Chapter 2, our approach of dealing with the original
PDAE system (2.31) is semi-discretization of the PDE system (i.e., systems
(2.31a), (2.31e), and (2.31f)) in space to obtain a large DAE system, which can
be approximated by the introduced methods in [KM06].
In the last two chapters, we focused only on the discretization of the first subsys-
tem of the Maxwell equations, i.e., (2.31a), and introduced the suitable reformu-
lated PDE instead. This reformulation has been done in the framework of the
index reduction technique on operator level for an operator DAE [Alt13, NR17].
Therefore, it only remains to consider the discretization of the relations (2.31e)
and (2.31f) in space which we consider, respectively, in the following.

5.1 Discrete recoupling relation
In this section, we show that the problem of spatial discretization of the original
recoupling model (2.31e) is reduced under certain conditions to the problem of
approximation of (2.33) or equivalently (2.34).
We have introduced the second equation from the Jefimenko equations, i.e.,
the equation (2.33), in Section 2.4 to specify the magnetic flux density recou-
pling, which has been represented by the general model (2.31e). In addition, we
discussed that one can also approximate the equation (2.33) by (2.34) for the
crosstalk phenomenon within nanoscale circuits.
Evaluating the discrete magnetic flux density can be done via approximating
the integrals in (2.33) or (2.34). Numerical integration of the discrete magnetic
flux density will not be fully considered in this work, since it is out of the scope
of this thesis. However for a toy problem, it will be elaborated in detail for
the 2D case in Section 6.4. Additionally, we will show in Section 6.2 that one
can partially model the emission (recoupling) by a shortcut relation without
considering the magnetic flux density.

5.1.1 Magnetic flux density

For the purpose of recoupling as in Section 2.4, it suffices to investigate the
magnetic flux density on the outer boundary of the inducing element Ωi. This
means, it is required to approximate (2.33) or (2.34) only for x ∈ Γi.
In electro-magnetism, the current density J is generally defined [Jac98] via

ı(t) =∬
S
J(y, t) ⋅ dS, (5.1)

where dS is the surface vector defined as νSds with ds denoting the infinitesimal
element of the surface and νS expressing the unit outer normal vector to the
surface S. Therefore, ı(t) is evaluated by taking the integral from the normal
component of J(y, t), which is perpendicular to the surface, over the surface. For
simplicity, let the current density be uniformly distributed on the cross section
of the emitting element implying J(S, t) = J(t). This assumption enables us to

61



present (5.1) as

J(t) ⋅ νS =
ı(t)
∣S∣

. (5.2)

This means that normal component of the current density within the surface S
is producing the current flowing perpendicularly through that surface and can
be computed as (5.2). This implies that the tangential component of the current
density is not contributing in the current flowing perpendicularly to the surface
S. Therefore, we can assume that the current density only has the component
in the current direction and introduce J ∶= ıj

∣Sj ∣eı where eı is the unit vector in
the direction of current ı. Thus assuming the uniform distribution of the current
density on the entire volume of the emitting element j allows us to take

Bj(x, t) =
µ

4π
(ı(t)∫

Ωj

1

∣Sj ∣
eı

∣x − y∣3
× (x − y) dy+

∂tı(t)∫
Ωj

1

∣Sj ∣
eı

c∣x − y∣2
× (x − y) dy),

(5.3)

for x ∈ Γi, since J × (x − y) = ıj
∣Sj ∣eı × (x − y). For more elaborations see Section

6.4. The integrals can be approximated using the operators Q2(x) ∶= ∫Ωj
eı
∣x−y∣3 ×

(x − y)dy and Q3(x) ∶= ∫Ωj
eı

c∣x−y∣2 × (x − y)dy and by introducing the discrete
magnetic flux density by

Bj(x, t) ∶=
µ

4π∣Sj ∣
(ı(t)Q2(x) + ∂tı(t)Q3(x)).

So far, we have investigated the input to the Maxwell equations (2.1). Analo-
gously, the input magnetic field Hin to the Maxwell equations (2.6) for the case
of linear, isotropic, and homogeneous material can be identified using the same
operators as

Hin
j (x, t) =

1

4π∣Sj ∣
(ı(t)Q2(x) + ∂tı(t)Q3(x)). (5.4)

5.2 Discrete coupling relations
In Section 2.3, we proposed two coupling relations to drive the current distur-
bance and voltage disturbance within the inducing element i, where the discrete
electrical and magnetic fields are obtained by the Maxwell equations. In this
section, we primarily introduce discretization of the set of relations (2.31f), and
in particular, (2.36) and (2.41), in space within the suitable parts of the domain
via the discrete electro-magnetic fields. To proceed, we consider the assumptions
(A1) and (A2) of Section 2.1.3 for the constant positive material parameters
ε, µ, and σ, as in Chapter 3.

In the following sections, Section 5.2.1, Section 5.2.2 and Section 5.2.3, we
assume that the discrete electric field and the discrete magnetic field are given
and then using them we introduce the coupling distrubance.
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5.2.1 Current disturbance

In this section, we investigate discretization of the general relation for the current
disturbance

ıCCi(t) =∬
S
∇×H(x, t) ⋅ νi dx = ∮

∂S
H(x, t) ⋅ νi ds, (5.5)

introduced in Section 2.4 for the current coupling, to couple the Maxwell equa-
tions via the magnetic field, obtained from the well-posed system (3.2b) when
the suitable consistent initial conditions are imposed, with the circuit equations.
In Section 3.5, we have shown that relation (3.21) can be alternatively applied
instead of (5.5) for the coupling, but under some assumptions. However, if not
applicable, one needs to approximate the general relation (5.5) as follows:
More precisely, considering the spaces

VH ∶= {v ∈H1(Ωi) ∶ νi ⋅ v = 0 on Γ1},

PH ∶= [H
1
2 (Γ2)]3,

for the associated variational formulation to (3.2b)

∫
Ωi
∇ ⋅Hv dx = 0, ∀v ∈ L2(I;VH),

∫
Γ2

νi ⋅Hw dl = ∫
Γ2

νi ⋅ gw dl, ∀w ∈ L2(I;PH),

we introduce basis functions of the Galerkin subspace Vh ⊂ VH as ηk with
k = 1, ..., p where vanishing on the boundary Γ1 in the tangential sense. Let
Hh(x, t) ∶= ∑pk=1 hk(t)ηk(x) represent the approximated solution to the system
(3.2b) via the above variational formulation. Then, the discrete version of (5.5)
can be displayed as

ıCCi(t) ∶= Gh(t),

with the input vector h(t) = [hk(t)]p×1, where

G ∶= [∮
∂S
ηk(x) ⋅ νk(x) ds]1×p, (5.6)

or equivalently

G ∶= [∬
S
∇× ηk(x) ⋅ νk(x) dx]1×p, (5.7)

using Gauss’s theorem [LE10]. To approximate these integrals a quadrature
rule, for instance, Gaussian rule, can be used [BLWW04].
To consider the voltage disturbance discretization, it is necessary to have an
approximation of the potential corresponding to the magnetic flux density. In
the following, we investigate estimation of the potential from the introduced
system of equation in section 2.4 and in particular in Example 5.

5.2.2 Potential

Recall that the defined potential AB(x, t) associated with the given magnetic
field within the inducing element under the assumption (A1) and those settings
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mentioned in Example 5 is obtained from the equations:

∇×AB = µH, in Ωi × I,
∇ ⋅AB = 0, in Ωi × I,

(5.8)

where the second equation (i.e., the Coulomb gauging condition) has been chosen
to guarantee well-posedness of the problem. By introducing the test spaces

V1 =H0(curl,Ωi) ∶= {v ∈ L2(Ωi) ∶ ∇ × v ∈ L2(Ωi), ν × v = 0 on Γi},
V2 =H1

0(Ωi) ∶= {w ∈H1(Ωi) ∶ w = 0 on Γi},

where Γi ∶= ∂Ωi, the corresponding variational formulation to (5.8) is

∫
Ωi
AB ⋅ ∇ × v = ∫

Ωi
µH ⋅ v, ∀v ∈ L2(I;V1), (5.9a)

−∫
Ωi
AB ⋅ ∇w = 0, ∀w ∈ L2(I;V2). (5.9b)

Equation (5.9b) has been derived using the integration by parts formula [Mon03].
Then, by applying the introduced Galerkin method in Section 3.2.3 to the system
above, we choose suitable finite element Galerkin subspaces, and in particular,
the spaces of discrete test functions V1h and V2h regarding the discretization
method, for example conforming FEM, and compatible with the spaces V1 and
V2.
For instance, we can select the same basis functions {φ0i}i=1,...,n as in Section
3.2.3 for V1h, satisfying ν × vh = 0 on the boundary. Note that we chose the test
space V1 = H0(curl,Ωi) with respect to the second boundary condition. If this
space is chosen as the ansatz space for AB , then more smoothness conditions to
satisfy the Coulomb gauging condition are required. Hence, we choose the space
H0(curl,Ωi)∩H(div,Ω) for AB with the suitable basis function set {φ̄0i}i=1,...,n.
Additionally, we represent the set of basis functions for the discrete Galerkin
subspace V2h ⊂ V2 by {ηk}k=1,...,p. Then, taking test functions

vh(x) = φ0j(x), for j = 1, ..., n,

wh(x) = ηk(x), for k = 1, ..., p,

we let the given discrete magnetic field be represented asHh(x, t) ∶= ∑pi=k hk(t)ηk(x)
and the Galerkin representation of the potential as

Ah(x, t) ∶=∑
n

i=1 ai(t)φ̄0i(x).

Then, the associated discrete problem to (5.8) is presented by

An×nan×1(t) = Bn×php×1(t),
Dp×nan×1(t) = 0,

where
Aij ∶= ∫

Ωi
φ̄0i(x) ⋅ ∇ × φ0j(x)dx,

Bjk ∶= ∫
Ωi
φ0j(x) ⋅ µ(x)ηk(x)dx,

Dki ∶= −∫
Ωi
∇ηk(x) ⋅ φ̄0i(x)dx.

To evaluate the integrals, a quadrature rule can be employed [BLWW04].
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5.2.3 Voltage disturbance

Recall from Section 2.4 that the voltage drop between two ports of an electrical
element, namely p1 and p2, can be obtained under certain assumptions via the
following relation inspired from electro-magnetism:

up1p2(t) = −∫
p2

p1
(E(x, t) + ∂tAB(x, t)) ⋅ dl. (5.10)

Therein, the magnetic vector potential AB is satisfying (2.38) with respect to the
Coulomb gauging condition (2.40). Recall from Section 2.4 that the potential
term has been used only to make the integral path independent.
To be faithful to the notation of Chapter 3, let the discrete electrical field within
the inducing element i be presented in terms of the introduced basis functions as
Eh(x, t) ∶= ∑ni=1 ei(t)φi(x). Note that this presentation is only for the modeling,
while for the analysis and simulation one may use the introduced notation of
Ēh(x, t) in Chapter 4. Then, making use of the discrete potential represented
in the last section as

Ah(x, t) ∶=
n

∑
i=1
ai(t)φ̄0i(x),

the discrete version of (5.10) is approximated as

up1p2(t) = −∫
p2

p1
∑

n

i=1 (ei(t)φi(x) + ∂tai(t)φ̄0i(x)) ⋅ dl.

Then, the equivalent compact formulation is given by

up1p2(t) = U1e(t) +U2ȧ(t), (5.11a)

with
U1 ∶= [−∫

p2

p1
φi(x)dx]1×n,

U2 ∶= [−∫
p2

p1
φ̄0i(x)dx]1×n.

(5.11b)

In fact, system (5.11) is the discrete (5.10) to estimate current disturbance in
terms of the discrete electrical field and the discrete potential.

65



66



Part II

6 PDE system modeling in 2D
In this chapter, we introduce the PDE part of the model equations (i.e., the
first subsystem as well as the bilateral coupling relations) for the mapped 2D
crosstalk from the 3D phenomenon. The reason to investigate the phenomenon
in 2D instead of 3D is mainly for the sake of simplicity in the computations of
such a complex problem. In fact, the relevant work for the 3D case, e.g., the
implementations for a more complex system with 3D vector fields and within
a 3D geometry, would require much more effort and is not in the scope of this
thesis. However, the main idea of this chapter can be generalized to a 3D case
in the future work.

This 2D model is obtained by first mapping the 3D domain to the 2D domain
and then decomposing the 3D problem to 2D problem and 1D problem with
respect to the modeling and numerical issues. Moreover, we consider semi-
discretization of this part in space to achieve the large overall DAE system of
crosstalk model equations in 2D when the circuit equations are respected as
well.

Within the framework of MNA for the circuit equations, geometrical as-
pects of the inducing element (e.g., its dimension) are not regarded, but instead
properties such as its inductance, capacitance, or resistance are appearing in
the formulation. Therefore, to follow one of the main objectives of this thesis,
namely, presenting a general model, we consider the same inducing element in
this chapter as in Chapter 2 from the MNA perspective but reduced in dimen-
sion. That is, if the inducing element in the 3D problem is chosen as a 3D
inductor with the inductance L, we map it onto the 2D domain in a way that
the inductance L remains the same.

In Chapter 3, we studied system (3.2a), which was derived from the general
Maxwell equations of Chapter 2 for the discretization and analysis in 3D. Similar
to the 3D case, in the current chapter, we introduce the 2D system suited for
the numerical simulation. Although the presented 2D model is mainly extracted
from the general bilaterally coupled 3D model (3.2), it slightly differs and is more
simplified in a few aspects from the procedural point of view.

The main difference is regarding the structure of the Maxwell equations.
Apart from the suitable assumptions allowing decomposition of the 3D Maxwell
system to the 2D and 1D systems, which will be discussed in detail in this
chapter, we assume that the considered electro-magnetic system in 3D comprises
linear, isotropic, and homogeneous materials. This assumption helps us with the
simplification of the structure of material parameters, the permeability µ, the
permittivity ε, and the conductivity σ, from the possible complex structured
nonlinear matrices to the positive, bounded scalar functions of the position
[Mon03]. Then, for even more simplicity, we suppose that they are modeled by
positive constant coefficients while computing the electric field. Additionally,
the magnetic fieldH can be explicitly computed for a given magnetic flux density
via (2.9b); therefore, there is no need to deal with the full PDE set of Maxwell
equations to compute the magnetic field for the given flux (assumption (A1) in
Section 2.1.3).

Additionally, we skip the evaluation of the magnetic flux density associated
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with the current flowing through the emitting element (also called the excitation
current) in the recoupling relation and directly use the excitation current to
compute the electric field via the Maxwell equations introducing a shortcut
model. However, for the computation of the magnetic field directly from the
excitation current, it is not efficient to use similarly a shortcut model since the
magnetic field is simply approximated for the flux density via the linear relation
(2.9b).

One more possible simplification is restricting the model only to the low
frequencies where there is no impressed current applied to the system. Then,
instead of considering the 3D PDEs (2.11) and (3.2a), we investigate (2.14) and
(2.15) to derive the 2D model.

Shortcut model To present the shortcut model, we propose an artificial cut
over the domain in 2D and introduce a corresponding auxiliary function, the so-
called winding function, to deal with the vector field over this cut. This allows
us to introduce the relation between the excitation current and the electric field
over the cut using an auxiliary function. This relation is called the shortcut
model since, by means of this model, there is no need to compute the interme-
diate flux density where the Maxwell equations are considered for evaluation
of the electric field. Hence, we can use the circuit equations output directly
as the Maxwell equations input. To summarize, the original model in 3D and
the introduced mapped model in 2D, benefiting from the shortcut model, are
schematically sketched in Figure 17.
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Figure 17: Sketch of the general model in 3D (above) versus the corresponding
model to the shortcut model in 2D (below), where ıexc denotes the excitation
current.

6.1 Maxwell equations in 2D
The general 3D model equations and, in particular, the set of Maxwell equations
for the crosstalk phenomenon have been introduced in Section 2.4 [NRS14]. If
we assume that the 3D source of electric field is producing vector field that is
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constant in one direction (e.g., in the direction of the z axis) but varying in the
remaining directions (i.e., in the xy plan), then the 3D field can be decomposed
to the 2D and 1D fields if the geometry of the domain is also not varying in that
direction. This means, using the proper settings that will be discussed next,
the 3D problem (2.14) is decomposed to a 2D problem as well as a 1D problem
which can be solved independently of each other [GGKK03]. Additionally, we
can analyze and discretize these problems separately. In fact, these problems
are the original 3D problem which has mapped into a 2D problem and a 1D
problem, and therefore are slightly different from the usual unmapped 2D and
1D problems in some aspects.
Generally, by assuming no changes of the field neither geometry of the domain in
the z direction of the Euclidean space, we can map the field solution in R3 onto
the xy plan and to the z axis. This assumption is compatible with several appli-
cations [Kon75, Jac98]; for instance, with modeling the crosstalk phenomenon
between two long wires/coils [Pau06], where assuming the geometry of the de-
vice is not varying in one direction, or between electrical elements in a nano
circuit where the produced field, with negligible variation in the z direction, is
very strong in comparison to the circuit scale [WSAH13].

Geometrical aspects To be able to decompose the 3D problem to a 2D
problem as well as a 1D problem, apart from the vector field which is needed not
to vary in one direction (namely the direction corresponds to the 1D problem),
it is also necessary that the geometry of the 3D domain does not vary in that
direction. Then, one is able to map the 3D domain to a 2D domain as follows.
Let us investigate the crosstalk within an inducing element in R3, for example,
within a coil that is built by a certain number of wire turns N around the core,
also known as winding, and that behaves as an ideal inductor. Additionally,
let it be located in a nanoscale electrical circuit in parallel to the z axis (see
a) in Figure 18). Note that the inductance remains the same [Gro04] if the
permeability µ of the coil or its winding area A or its length l changes according
to the following:

L = µN
2A

l
. (6.1)

Then, we consider equivalent coils with similar inductances but with different
geometries according to the relation (6.1) in 3D and 2D, [Gro04], such that the
2D inducing element shows similar properties as the 3D element in the set of
circuit equations. More precisely, the coil a) in Figure 18 with the inductance
L, which satisfies (6.1) with the winding area A and N = 4 is equivalent from
the MNA perspective to a one-turn (N = 1) denser coil with the permeability
µ′ = 42µ but with the same winding area A and length l in 3D, cp. b) in Figure
18. This itself is equivalent to a very short coil with length l′ and in turn less
denser coil with the permeability µ′′ such that µ′

l
= µ′′

l′
but still with the same

winding area A in 2D with an arbitrary cut Σ. The cut is indeed the interface
between the ports p1 and p2, see c) in Figure 18, where the current jumps over
that cut Σ by definition of the ports. From now on, we consider such a 2D coil,
which is also the mapped 3D inducing element over the xy plane, as part of our
2D computational domain which chosen as the square illustrated in c) of Figure
18 and in Figure 19 denoted by Ω in the xy plane.
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Figure 18: The equivalent coils with the same inductances but with different
geometries in 3D and 2D; a) Standard coil in 3D with two ports p1 and p2 where
the current is flowing into the coil at p1 and flowing out of the coil from p2; b)
3D coil with equivalent inductance but different geometry; c) Equivalent 2D coil
with the similar inductance.

ΩΩcΓ

Σ

+−

Figure 19: Schematic view of the computational domain Ω, which is a square
centered at the origin with edge size 1.

Note that the 2D inducing element illustrated in c) of Figure 18, is similar in
the winding area and the inductance to the mapped 3D domain illustrated in
a) or b) of Figure 18 onto the xy plane. Considering this mapping, ports p1 and
p2 are coinciding on the cut Σ in 2D where the current value jumps over Σ. In
fact, to make sense of the mapped ports p1 and p2 of the 3D model onto the
xy plane, we proposed the cut Σ with a jump of current over it. Therefore, the
current value is different on the cut depending on whether we are approaching
the cut from the left side or from the right side. A more mathematical definition
of the cut is introduced in Section 6.2, [Mon03].

Curl operator In the 3D case, the associated 3D curl operator, for instance
applied to E, where

E ∶ R3 × I→ R3,

E(x, t) = [ E1(x, t) E2(x, t) E3(x, t) ]
T
,

is defined by

∇×E ∶=
⎡⎢⎢⎢⎢⎢⎣

∂yE3 − ∂zE2

∂zE1 − ∂xE3

∂xE2 − ∂yE1

⎤⎥⎥⎥⎥⎥⎦
.

Let the changes of the electrical field, not the current, be negligible in the z
direction. Then, to evaluate solutions of the Maxwell equations in 2D, more
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specifically within the square containing the 2D mapped inducing element in c)
of Figure 18 in the xy plane, we decompose the Maxwell equation by splitting
the 3D curl operator into a 2D vectorial curl operator as well as a 2D scalar curl
operator as follows:

∇×
⎡⎢⎢⎢⎢⎢⎣

E1

E2

E3

⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣

∇
2D
×E3

∇2D × [
E1

E2
]

⎤⎥⎥⎥⎥⎥⎦
, (6.2)

where ∇
2D
×E3 ∶= [

∂yE3

−∂xE3
] and ∇2D × [

E1

E2
] ∶= ∂xE2 − ∂yE1. Consequently, the

double curl operator in 3D is written in terms of the 2D vectorial and 2D scalar
curl operators as

∇× µ−1∇×E =
⎡⎢⎢⎢⎢⎢⎣

∇2D × µ−1∇
2D
×E3

∇
2D
× µ−1∇2D × [

E1

E2
]

⎤⎥⎥⎥⎥⎥⎦
.

Hence, (2.14) is split to

∇2D × µ−1∇
2D
×E3 + ∂tσE3 = 0, in Ω × I, (6.3a)

∇
2D
× µ−1∇2D × [

E1

E2
] + ∂tσ [

E1

E2
] = [0

0
] , in Ω × I, (6.3b)

where Ω is in the xy plane and demonstrates the computational domain in
2D. The computational bounded domain Ω in R2, illustrated in Figure 18 as
an square, contains the 2D inducing element Ωi. For the sake of simplicity,
let Ωi = Ωc, where Ωc ∶= Ωic denotes the conductive part of the 2D inducing
element. Furthermore, we see later in Example 1 of Section 6.5.1 that the com-
putational domain must also contain the mapped emitting element j in 2D due
to the extension of the current density; hence in 2D, Ωi ∪Ωj ⊂ Ω.
By definition of the operators ∇2D and ∇

2D
, we yield the known operator iden-

tity

∇2D × µ−1∇
2D
× = −∇ ⋅ µ−1∇.

Therefore, for the piecewise constant permeability µ and conductivity σ, the
equation (6.3a) is reformulated as

−µ−1∆E3 + σ∂tE3 = 0, in Ω × I. (6.4)

Solutions of this system can be approximated using the solutions of the Laplace
equation as in [Eva99] and simulated by the numerical C++ library Concepts
[FL02], where the Laplace operator is defined by ∆ ∶= ∇ ⋅ ∇.
System (6.4) is not the focus of this chapter; however, it is necessary to obtain
the overall 3D model equation for the crosstalk once the regarded assumption
is fulfilled.
To proceed with numerical approximation of the second equation (6.3b) in 2D,
we consider a Galerkin approximation as in Section 3.2, where, for the varia-
tional formulation of (6.3b), determination of the tangential component for the
solution (i.e., the ν ×E) in 2D is required.
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In general, the cross product of two vectors is meaningful if they are considered
in 3D [Ste12, LE10]. However, we can make sense of the 2D cross product ν ×E
by investigating the identity ν × E = ν� ⋅ E in the 2D case where ν� denotes
unit tangent vector on the boundary of domain. Note that the result of the 2D
cross product ∇2D×[ E1 E2 ]

T
is a scalar field, presumably in the z direction;

therefore, the new definition of the normal trace ν� ⋅E in 2D is compatible with
the defined 2D cross product as well.

6.2 Electric recoupling relation
In this section, we present the shortcut model in detail as the electric recoupling
relation to model the input to the electrical Maxwell equations in 2D. This allows
to skip evaluation of the intermediate magnetic flux density. In fact, we consider
the general 3D model where the reduction to the 2D model only changes the
dimension of the cross section S from 2 to 1 (i.e., from a cross sectional area
to a 1D line that is considered in this model to be the cut Σ). This 2D cross
section which is relevant to the dimension of the domain shouldn’t be mixed
with S in (2.36) which depends on the original field dimension.
The obtained excitation current ıj from the circuit equations can be coupled in
the physical sense with the inducing element i via the current density as well as
the magnetic flux density. More specifically, the excitation current ıj , which is
flowing through the emitting element j (generally in any dimension) is relevant
to the corresponding current density Jj(y, t) in Ωj × I based on the physical law
(5.1). This can be simplified as in (5.2) in Section 5.1 to

Jj(t) ⋅ ν =
ıj(t)
∣S∣

, (6.5)

provided the uniformly distribution of the current density on the cross section
S of the emitting element, with the outer unit normal vector ν. Then for
modeling in this thesis, we propose an extension of Jj(t) from Ωj to Ω ∶= Ωi∪Ωj
and the cross section Si of the inducing element and denote it by J(t). Inspired
by the physical law (5.1), we can define the induced current ıCV i within the
inducing element i from the extension of the corresponding current density to
the excitation current (i.e., from J) via

ıCV i ∶=∬
Si
J ⋅ νi ds. (6.6)

Note that, in the non-conductive part of the domain Ω, the current density is
zero in Ohm law [Ler96],

J = σE, (6.7)

according to the conductivity model (2.5). Therefore, it suffices to evaluate the
integral (6.6) only over conductive part of the inducing element Ωi. Then, using
the relation (6.6) and Ohm law (6.7), we introduce the shortcut model in 3D as

ıCV i ∶= σi∬
Si
E ⋅ νi ds, (6.8)
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where E ∶= Ei denotes the induced electrical field inside i, and with the more
proper representation of Si in 2D (i.e., Σ) as

ıCV i ∶= σi ∫
Σ
Ei ⋅ νi dx. (6.9)

Note that in the 3D case (6.8) the electric field is the original 3 dimensional
vector field while for the 2D problem (6.9) the electric field is the mapped vector
field on 2D. This implies that once we consider the electric field in this chapter
for the introduced 2D problem, we need to find the compatible cross section of
domain to the mapped electric field, whereas to investigate the magnetic field
for the computation of the disturbance current, we look for the suitable original
field lines where surrounding the 2D domain.
This shortcut model leads to a disturbance voltage uCV i between two ports p1

and p2, or equivalently a voltage drop over the cut Σ, see for instance b) and c)
in Figure 18. This voltage is modeled later in Section 6.3 in post-processing.
Note that, we have not yet introduced explicit formulation of the promised
auxiliary winding function since we have not yet considered the shortcut model
(6.8) numerically. In the next section, we introduce proper formulation of the
Maxwell equations for the electrical field in 2D using the shortcut model and
the winding function.
The associated current to the emitting element cannot flow through the cut of
the inducing element, if there is no physical connection between them. However,
one can assume extension of the corresponding current density arising from the
current of the emitting element to an extended domain including the inducing
element as well (i.e., Ω), and consider its induction over the cut of the inducing
element if the cut is in Ωic, as presented so far. More precisely, we can suppose
that the current ıj is relevant via the same current density Jj(x, t) to the induced
current ıCV i (must be distinguished from the disturbance current ıCCi) in the
inducing element, and in particular, on the cut. Again for the sake of simplicity,
we assume that the current density Jj(x, t) on the emitting element and its
extension J(x, t) on the extended domain Ω are uniformly distributed. Then
choosing the suitable cross section Si of the inducing element such that νi = νj ,
the extension of current density according to (6.5) leads to

ıj

∣Sj ∣
= ıCV i
∣Si∣

. (6.10)

For the simulation of Example 1 in Section 6.5.1, let ∣Si∣ = ∣Sj ∣ allowing the
following formulation with the advantage that can be computed uniquely for
the simulation of B

ıj = ıCV i. (6.11)

This means that the same associated current to the emitting element is induced
through the inducing element and then flowing into Ωi via the cut Σ. This gives
rise to the induction of the electrical field and therefore to the generation of the
disturbance voltage.
The subscript CV for the induced current was not chosen accidentally but for
the purpose of inserting an artificial controlled voltage source into the circuit
modeling the induction behavior by producing uCV i.
Thus, by investigating the shortcut relation (6.9) as the side condition to the
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electrical Maxwell equation (2.15), we obtain the first subsystem for the crosstalk
modeling in 2D as well as the electrical recoupling relation partially (where only
the electrical field is involved) as the system

∇
2D
× µ−1∇2D ×E + ∂tσE = 0, in Ω × I, (6.12a)

∇2DE ⋅ ν = 0, on Γ × I, (6.12b)

E ⋅ ν = 0, on ∂out
Ω × I, (6.12c)

σ∫
Σ
E ⋅ ν dx = ıj , on Σ × I, (6.12d)

where E ∶= [E1 E2]
T
, and ∇2D denotes the 2D gradient operator [KK00].

Therein, Γ denotes the boundary of the 2D inducing element Ωi (see Figure
19), while ∂out

Ω denotes the outer boundary of the computational domain Ω, for
instance, the square in Figure 19.
In general, the boundary condition ν� ⋅ E = 0 in 2D (equivalent to ν × E = 0
in 3D) should be considered on the boundary of the perfect conductor part of
the inducing element separating the perfect conductor and non-perfect conduc-
tor parts, for instance on Γ1 (defined in Section 3.1) for the equation system
(2.15). However, for the sake of simplification, we assume that this boundary
is an empty set. Therefore, for now Ωic denotes only the conductive part of the
inducing element i and should not be mixed with the perfect conductive part.
Additionally, we assume that the inducing element is only filled by conductive
material and that Ωi has a small positive conductivity. The latter assumption is
crucial since the numerical experiments may fail by neglecting it. This is indeed
the topic of Section 8.1. Such assumptions on the type of material filling the
electrical elements are quite natural in manufacturing electrical circuits, where
each element of the circuit is first made of conductive material and is then cov-
ered by a dielectric [HKD86].
Gauss law ∇⋅E = 0 has not yet been treated since it will be considered in Chap-
ter 6.3, where the voltage disturbance is approximated. Normally for 3D case,
we may assume that Gauss law is automatically fulfilled by a suitable choice of
the discretization method; for instance, by applying the curl and div conforming
FEM [Joh12], the divergence-free edge elements maintain this properly. How-
ever, for 2D case, Gauss law may not hold and therefore must be regarded for
the computation of the voltage as in Section 6.3.

6.2.1 Discretization

In this section, we aim at a spatial discretization of the first subsystem of the
crosstalk model in 2D within the domain Ω, where the Maxwell equations are
considered only for the electrical field, as well as the electric recoupling relation,
which is also known as the shortcut model (i.e., the system (6.12)). Recall that,
in Section 6.2, we have assumed that the domain Ωi ⊂ Ω does not contain any
perfect conductor or non-conductor parts. To this end, we proceed with the
definition of an auxiliary function, the so-called winding function, to deal with
the vector field over the cut which is modeling two ports of the inducing element
in 2D.
The spatial discretization in this section is performed in the frequency domain,
where the time-harmonic assumption is applied [Mon03]. In this case, using
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(2.14) in 2D (6.12a) is reformulated, and therefore the system (6.12) generally
becomes

∇
2D
× µ−1∇2D ×E + iωσE = 0, in Ω, (6.13a)

∇2DE ⋅ ν = 0, on Γ, (6.13b)

E ⋅ ν = 0, on ∂out
Ω , (6.13c)

σ∫
Σ
E ⋅ ν dx = ıj , on Σ, (6.13d)

where E = E(x, ω) is in fact Ẽ = Ẽ(x, ω) (̃ is dropped for the sake of simplicity)
and Ẽ ∶= ε

1
2

0 Ê with Ê satisfies the time-harmonic representation of the original
electrical field

E(x, t) ∶=R(Ê(x, ω)exp(−iωt)). (6.14)

Winding function for recoupling Let us introduce the winding function,
which is denoted for the moment by

χ ∶ R2 → R2,

χ(x) = [ χ1(x) χ2(x) ]
T
,

with the fact that one should be able to distribute the scalar excitation current
(in the frequency domain) over the cut in 2D. Moreover, the winding function
enables use of the electrical field distribution in 2D to determine the scalar
disturbance voltage (in the frequency domain) on the 2D cut and on the surface
of the inducing element between two 3D ports in (2.41). This distribution
function is called the winding function in [SDGW13] and is defined via the
following conditions:

(C1) ∫Σ χ ⋅ dx = 1,

(C2) ∬Ωnc
χ ⋅ ds = Nt,

where Nt is denoting the number of windings in the non-conductor part of the
domain Ωnc. For instance, the corresponding winding function to the circular
geometry illustrated at c) in Figure 18, or equivalently in Figure 19, can be
explicitly defined as

χ(x) = [ y1

−x1
] 1

2π(x2
1 + y2

1)
, (6.15)

for x = [ x1 y1 ]
T
. Then, using the winding function (6.15), the mentioned

shortcut relation (6.13d) is

σ∫
Ωc
E ⋅ χ dx = ıj ,

where Ωic = Ωc. Hence, the corresponding variational formulation to the equa-
tion set (6.13) with the test function v in the test space

H(curl2D,Ωc) ∶= {v ∈ [L2(Ωc)]2 ∶ ∇2D × v ∈ [L2(Ωc)]2},
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is represented as

µ−1 ∫
Ωc
∇2D ×E∇2D × v + iωσ∫

Ωc
E ⋅ v = 0,

∫
Ωc
σE ⋅ χ = ıj .

(6.16)

Therein, the boundary term −µ−1 ∫Γ∇2D ×E ⋅ v × ν in the integration by parts
formula is vanished by assuming Neumann boundary condition. This condition
is further considered in Section 6.3 where identified as the condition (6.29e).
Following the mixed regime approach introduced in Section 3.2.2 and considering
the contribution of the shortcut relation by the dummy variable λ ∈ C, the mixed
formulation is

µ−1 ∫
Ωc
∇2D ×E∇2D × v + iωσ∫

Ωc
E ⋅ v − λ∫

Ωc
σχ ⋅ v = 0,

∫
Ωc
σE ⋅ χ = ıj .

(6.17)

Then, the investigated mixed problem (6.17) can be represented as before by
the stationary operators by

AE +A∗3λ = 0, in H∗(curl2D,Ωc),
A3E = ıj , in C,

(6.18)

where the operator A3 is defined as

A3 ∶V Ð→ Q∗,

E ↦ ∫
Ωc
σE ⋅ χ,

for V ∶=H(curl2D,Ωc) and Q ∶= C. In addition, the operator A is defined by

A ∶V Ð→ V∗,
E ↦ AE,

with

⟨AE,v⟩V∗,V = ⟨A1E,v⟩V∗,V + ⟨A2E,v⟩V∗,V

∶= µ−1 ∫
Ωc
∇2D ×E∇2D × v + iωσ∫

Ωc
E ⋅ v.

Galerkin method Let the finite element Galerkin subspace of the space
H(curl2D,Ωc) be constructed using the basis functions φ1, ..., φn+k in 2D. Al-
though we use a similar notation for the Galerkin basis functions of the space
L2(V , I) in the 3D model introduced in Section 3.2.3, these 2D basis functions
differ in several aspects, such as the structure, the number of functions, and so
on.
For the later use in Section 6.3, we may assume that the function set {φ1, ..., φn}
is chosen such that it coincides with the basis function set of the finite element
Galerkin subspace of ∇H1(Ωc). That means, ∇Φ ∈ span{φ1, ..., φn} if

E = −∇Φ − Ã, (6.19)
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is Helmholtz decomposition of field E, i.e., Ã and∇Φ are denoting the divergence-
free component and the curl-free component of field E. Then, we use the
Galerkin approximations

Eh(x) ∶=∑
n+k
i=1 qiφi(x),

= −∑
n

i=1 q
Φ
i φi(x) −∑

n+k
i=n+1

qAi φi(x),

where taking vh(x) = φj(x) for j = 1, ..., n + k and qΦ
i ∶= uq

φ
i . The motivation

to the latter definition will be considered in Section 6.3. In addition, the basis
functions φn+1, ..., φn+k are selected such that they satisfy the divergence-free
property of Ã for any Helmholtz decomposition (6.19). Then, by introducing
the matrices

A ∈ R(n+k)×(n+k),
Aij ∶= (µ−1∇2D × φi(x),∇2D × φj(x))L2(Ωc) + (iωσφi(x), φj(x))L2(Ωc),

A1 ∈ R(n+k)×(n+k),
A1ij ∶= (µ−1∇2D × φi(x),∇2D × φj(x))L2(Ωc),

A2 ∈ R(n+k)×(n+k),
A2ij ∶= (iωσφi(x), φj(x))L2(Ωc), and

A3 ∈ R1×(n+k),

(A3)i ∶= (χ(x), σφi(x))L2(Ωc),

and the unknown vector q = [[−qΦ
i ]n×1 [−qAi ]k×1] and λ ∈ C, the corresponding

discrete system can be represented by

A1q +A2q +AT3 λ = 0,

A3q = ıj .

It can be equivalently written by the linear system

[A AT3
A3 0

] [q
λ
] = [0

ıj
] . (6.20)

Therein, we have n+ k + 1 equations and n+ k + 1 unknowns. Being inspired by
the representation (6.14) after spatial discretization and employing the inverse
Fourier transform [Fol95] of

q(ω) = ∫
I
e(t)exp(iωt) dt,

as

e(t) = 1

2π
∫
Iω
q(ω)exp(−iωt) dω, (6.21)

the system (6.20) can be transformed back to time domain as will be elaborated
next, where the interval Iω is the associated frequency interval to I.

77



We introduce the new matrix Ã2 ∈ R(n+k)×(n+k) with Ã2ij ∶= (σφi(x), φj(x))L2(Ωc),
corresponding to the matrix A2, once the time derivative in the time domain is
respected. Then, we use the inverse transform of the discrete Fourier transform
to map from frequency domain to time domain using the finite number of fre-
quencies, e.g., N + 1 frequencies ω0, ..., ωN chosen from the interval Iω, by the
operator Q4 as

Q4(t)q(ω) ∶=
ωN

∑
ω=ω0

1

N + 1
q(ω)exp(−iωt) = e(t). (6.22)

Thereby, we can write the system (6.20) in time domain by applying the operator
Q4. Then, the corresponding estimated DAEs to the system (6.20) take the form

[Ã2 0
0 0

] [ė(t)
λ̇(t)] = − [

A1 AT3
A3 0

] [e(t)
λ(t)] + [

0
ı(t)] , (6.23)

where ı ∶= Q4ıj .

6.3 Coupled disturbance voltage
The idea of the winding function has been considered in [SDGW13] to couple
the electrical field with the current where the solid conductor is connected to
the electrical circuit via two electrodes. The defined winding function justifies
the following coupling relation of the voltage disturbance between two ports.
The voltage disturbance caused by the electrical field, for instance, in the solid
circular conductor with two electrodes (i.e., two ports p1 and p2), can be modeled
by

up1p2(t) ∶= −∫
p2

p1
(E(x, t) + Ȧ(x, t)) ⋅ dl (6.24)

with

∇×A = B, (6.25)

where the magnetic flux density satisfies ∇ × E = −Ḃ for the given electrical
field E [NRS14]. Note that, for simplicity, we dropped the subscript B for AB
compared to Section 2.4.
To recall, the Helmholtz decomposition (see [Mon03]) of the electrical field,
which leads to the curl-free part of the field (lives in a gradient space) and
the divergence-free part of the field (lives in the orthogonal complement of the
gradient space) is presented by the form

E = −∇Φ − Ã. (6.26)

Therein ∇Φ, with the electric potential Φ denotes the curl-free component, while
the magnetic vector potential Ã denotes the divergence-free component. It is
known [Sch11] that, in the electrostatic area of studying, the electrical field is
not varying in time and hence the term Ȧ is negligible in (6.24). However, for
the general case, when Ȧ is considered as well, we may assume the existence
of the auxiliary divergence-free magnetic potential A(x, t) which is satisfying
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Ã(x, t) ∶= Ȧ(x, t).
To justify this, by applying the curl operator to the Helmholtz decomposition
(6.26) and plugging into the Faraday law ∇ × E = −Ḃ, we obtain ∇ × Ã = Ḃ
and equivalently ∇ × Ȧ = Ḃ. This implies the equation (6.25) up to a static
field, for instance, C(x). The magnetic flux density B and electric potential
A are not static. Therefore, it can be assumed that the static field satisfying
∇×A(x, t) = B(x, t) +C(x) is the zero field and (6.25) holds true.
Considering the Helmholtz decomposition ∇Φ = −E − Ȧ with the divergence-
free A, the potential disturbance can be modeled by ∫

p2
p1
∇Φ ⋅ dl. This suggests

modelling the voltage disturbance in 3D by

up1p2(t) ∶= ∫
p2

p1
∇Φ ⋅ dl = ∫

p2

p1
∇Φ ⋅ τ ds. (6.27)

Therein, τ represents unit tangential vector to the path l between p1 and p2.
This coupling relation can motivate following definition of voltage disturbance
in 2D via the jump of potential value over the cut Σ which represents the device
ports in 2D (cp. Figure 19):

up1p2(t) ∶= ∫
+

−
∇Φ ⋅ ν dx = [Φ]Σ, (6.28)

with ν denoting the unit outer normal vector to the cut Σ. Recall that the
geometric cut Σ has been introduced to represent the device ports in 2D. Fur-
thermore, the jump notation [Φ]Σ is defined in [Mon03] as [Φ]Σ = Φ∣+ ⋅ν −Φ∣− ⋅ν
for the vector Φ where the symbols + and − represent the area in the neighbor-
hood of the cut when approaching the cut from the right side and from the left
side (cp. Figure 19).
Therefore, to model the voltage disturbance, it suffices to have the electric po-
tential Φ given. Equivalently, in Section Voltage disturbance coupling, the
general winding function satisfying the set of equations (6.30) for an arbitrary
geometry is introduced, which leads to the evaluation of the disturbance voltage
via ∇Φ .
From now on, we proceed in frequency domain where by the later use of the
inverse Fourier transform the results can be transformed back to time domain.
For this purpose, we change only the notation of the voltage disturbance from
up1p2(t) to ũp1p2(ω) and skip changing the other variables notations except their
argument from t to ω. To this end, we introduce a suitable system of equations
for the potential Φ based on the properties of the electric field, the Helmholtz
decomposition, and the physical assumptions in the frequency domain.
Let Ωc denote the conductive part of the mapped inducing element i in 2D,
which has been illustrated in Figure 20 by the outer ring. Moreover, we assume
Ωi = Ωic where for visual simplicity the subscript i is dropped. As before, let
the denoted cut by Σ take over the ring radius and the other boundary of Ωc be
addressed by Γ. Recall that the cut is an auxiliary tool allowing the simulation
within the prescribed computational domain Ω (see Figure 19). Then, applying
the divergence operator to the Helmholtz decomposition (6.26) and considering
Gauss law ∇ ⋅E = 0 yields the Laplace equation

−∆Φ = 0, in Ωc, (6.29a)

where ∆ ∶= ∇ ⋅ ∇.
Additionally, we take into consideration the relation (6.28) on the cut Σ and in
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frequency domain, that is,

[Φ]Σ = ũp1p2 . (6.29b)

To exploit the next equation, we use the orthogonality argument for the Helmholtz
decomposition (i.e., ∫Ωc A⋅∇Φ = 0). Then, the integration by parts formula leads
to

∫
Ωc
A ⋅ ∇Φ = −∫

Ωc
∇ ⋅AΦ + ∫

Γ
A ⋅ νΦ + ∫

Σ
{A ⋅ ν}[Φ]Σ + ∫

Σ
[A ⋅ ν]Σ{Φ}, (6.29c)

where the notation {} denotes the average point-wise value of the inside ar-
gument over Σ. Due to the divergence-free property of the magnetic vector
potential A, the integral ∫Ωc ∇ ⋅AΦ vanishes. In addition, from the divergence
theorem, [Pur63], ∇ ⋅ A = 0 in Ωc implies that (A ⋅ ν)∣Γ = [A ⋅ ν]Σ and since
A ⋅ ν is vanished on Γ, the right hand side [A ⋅ ν]Σ = 0. Considering the jump
of the decomposition over the cut and with respect to [E ⋅ ν]Σ = 0, the equality
[A ⋅ ν]Σ = −[∇Φ ⋅ ν]Σ must hold. Then, (6.29c) implies the equation

[∇Φ ⋅ ν]Σ = 0. (6.29d)

The next equation is obtained straightforwardly using the facts E ⋅ ν = 0 and
A ⋅ ν = 0 on Γ. Applying the Helmholtz decomposition yields

∇Φ ⋅ ν = 0, on Γ. (6.29e)

We extend the domain from Ωc to the square Ω and therefore it is necessary
to impose the suitable boundary condition over the square edges ∂out

Ω . The
natural boundary condition is the Neumann boundary condition since it can be
implied for Φ by the Dirichlet boundary condition (6.13c) for E on ∂out

Ω and
then considering the Helmholtz decomposition again.
To solve the system of PDEs (6.29), that is,

−∆Φ = 0, in Ωc,

[Φ]Σ = ũp1p2 ,
[∇Φ ⋅ ν]Σ = 0,

∇Φ ⋅ ν = 0, on Γ,

we use the cohomology argument discussed in details later in this section.
It states that for any solution φ to the system (6.29) with [φ]Σ = 1 instead of
(6.29b), the manifold of the winding function ∇φ, which is approximating the
system

−∇ ⋅ χ = 0, in Ωc,

[χ ⋅ ν]Σ = 0,

χ ⋅ ν = 0, on Γ,

(6.30)

has dimension 1 for any constant jump of Φ. This allows to represent the diver-
gence of the electrical potential by the winding function in frequency domain as
∇Φ = ũp1p2(ω)∇φ. Therefore, the currently intended problem to approximate
is reduced to

−∇ ⋅ ∇φ = 0, in Ωc, (6.31a)
[φ]Σ = 1, (6.31b)

[∇φ ⋅ ν]Σ = 0, (6.31c)
∇φ ⋅ ν = 0, on Γ. (6.31d)
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As observed, the PDEs (6.31) can be solved independently of our crosstalk
setting in post-processing and their analysis is not interfering with the DAE
analysis.

6.3.1 Discretization

Variational formulation of the equation (6.31) with the test function φ′ ∈H1
Σ(Ωc∖

Σ) for the Galerkin approximation is verified by

∫
Ωc
∇φ ⋅ ∇φ′ − (∫

Σ
∇φ ⋅ ν[φ′] + ∫

Σ
[∇φ ⋅ ν]φ′) − ∫

Γ
∇φ ⋅ νφ′ = 0,

where according to (6.31c) and the Neumann boundary condition (6.31d), the
last two terms vanished. Therein, the test space is defined by

H1
Σ(Ωc∖Σ) ∶= {φ ∈H1(Ωc∖Σ) and [∇φ ⋅ ν]Σ = 0}.

Then, we look for the pair (φ,λ) ∈ H1(Ωc∖Σ)×H −1
2 (Σ) with λ ∶= ∇φ ⋅ ν such

that
∫

Ωc
∇φ ⋅ ∇φ′ − ∫

Σ
∇φ ⋅ ν[φ′] = 0, ∀φ′ ∈H−1

Σ (Ωc∖Σ),

−∫
Σ
[φ] ⋅ λ′ = −∫

Σ
λ′ ⋅ 1, ∀λ′ ∈H

1
2 (Σ).

The new system is of the form of mixed formulation if in the first equation ∇φ ⋅ν
is replaced by the defined dummy variable λ. Therefore, the well-posedness of
the problem can be studied by Brezzi’s splitting theorem (see [Bra07]). However,
this is not in the scope of this thesis.

Galerkin method We are interested in discretization of the system

∫
Ωc
∇φ ⋅ ∇φ′ − ∫

Σ
λ[φ′] = 0, ∀φ′ ∈H−1

Σ (Ωc ∖Σ),

∫
Σ
[φ] ⋅ λ′ = ∫

Σ
λ′ ⋅ 1, ∀λ′ ∈H

1
2 (Σ),

(6.32)

to numerically compute φ(x) and λ(x). Let us define the finite element Galerkin
subspaces of H1(Ωc∖Σ) and H

−1
2 (Σ) to be spanned by the basis functions

ϕ1, ..., ϕn, where ∇ϕi = φi for i = 1, ..., n, and η1, ..., ηm, respectively. Recall
from Section 6.2.1 that φ1, ..., φn are the basis functions of the finite element
Galerkin subspace of ∇H1(Ωc∖Σ). Then, by representing the discrete ansatz
functions in frequency domain as

φh(x, ω) ∶=∑
n

i=1 q
φ
i (ω)ϕi(x),

λh(x, ω) ∶=∑
m

i=1 νi(ω)ηi(x),

and taking the trial functions φ′h(x) = ϕ′j(x) for j = 1, ..., n and λ′h(x) = η′j(x)
for j = 1, ...,m the discrete problem read as

A1q
φ(ω) +A2ν(ω) = 0,

Bqφ(ω) = Fλ.
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Therein,

A1 ∈ Rn×n with A1ij ∶= (∇ϕi,∇ϕ′j)L2(Ωc∖Σ),

A2 ∈ Rn×m with A2ij ∶= −(ηi, [ϕ′j])L2(Σ),

B ∈ Rm×n with Bij ∶= ([ϕi], η′j)L2(Σ),

Fλ ∈ Rm×1 with Fλj ∶= (ηj ,1)L2(Σ),

with the state variables qφ(ω) = [qφi (ω)]n×1 and ν(ω) = [νi(ω)]m×1. Therefore,
the equivalent linear system is

[A1 A2

B 0
] [q

φ

ν
] = [ 0

Fλ
] , (6.33)

where A2 = −BT . To realize the jump concept for the simulation, we introduce
an additional auxiliary cut in a symmetric position as Σ with respect to the
origin. It allows distinguishing between the area + and the area − (cp. Figure
19) once approaching the cut Σ from the auxiliary cut. Therefore, by evaluating
the discrete potential φ by the system (6.31) with jump 1, the divergence of the
electrical potential (i.e., ∇Φ) is obtained via ∇Φ = ũp1p2(ω)∇φ.

Cohomology argument Let us introduce the system

∇×∇φ = 0, in Ωc,

∇ ⋅ ∇φ = 0, in Ωc,

[φ]Σ = constant,
∇φ ⋅ ν = 0, on Γ,

with the solution φ where ∇φ is in the tangential cohomology space

KT (Ωc) ∶= {v ∈H0(div,Ωc); ∇ ⋅ v = 0, ∇× v = 0 in Ωc}.

The dimension of this space is identical to the number of interior cuts by em-
ploying [Mon03, Thm.3.44]. For the illustrated domain Ωc in Figure 19, there
is only one interior cut meaning that the dimension of this space is one. It is
deduced that, to construct any other element in this space, it is sufficient to
consider ∇φ as the only basis function. Therefore, for any additional restricted
equation set with the solution space as subset of KT for instance, with the jump
condition [∇φ ⋅ν]Σ = 0, the solution may be written as a multiple of the function
∇φ. More specifically, ∇Φ can be described as ∇Φ = ũp1p2(ω)∇φ.

Voltage disturbance coupling Let us investigate the Helmholtz decompo-
sition (6.26) in the weak sense within Ωc as

∫
Ωc
E ⋅ v = −∫

Ωc
∇Φ ⋅ v,

where it is tested by v ∈Ker(∫Ωc A⋅), allowing ∫Ωc A ⋅ v = 0, up to the boundary
term of the magnetic potential in the weak sense ∫Γ∪ΣA ⋅ v. Then, by substi-
tuting ∇Φ = ũab(ω)∇φ for the conductive part Ωc, we need only the electro-
magnetic field in the conductor, independent of the field outside for the voltage
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coupling. Therefore, it follows that

ũp1p2(ω) = −
∫Ωc E ⋅ v

∫Ωc ∇φ ⋅ v
. (6.34)

Then, analogous to Section 6.2.1, we introduce Galerkin approximations

Eh(x, ω) ∶=∑
n+k
i=1 qi(ω)φi(x),

φh(x, ω) ∶=∑
n

i=1 q
φ
i (ω)ϕi(x),

as the discretizations of the winding functions by taking vh(x) = φj(x) for
j = 1, ..., n to consider (6.34) in the weak form. Then, the discrete approximation
of (6.34) appears as

ũCV (ω) =
D1q(ω)
D2qφ(ω)

,

with the stiffness matrices

D1 ∈ Rn×(n+k), with [D1]ij = ⟨−φi(x), φj(x)⟩,
D2 ∈ Rn×n, with [D2]ij = ⟨∇ϕi(x), φj(x)⟩,

and where q(ω) = [qi(ω)](n+k)×1 and qφ(ω) = [qφi (ω)]n×1. We may rewrite this
system as

D2qφ(ω)ũCV (ω) =D1q(ω),

or by employing the decomposition D1q(ω) ∶=D1,ΦqΦ(ω) −D1,AqA(ω) where

D1,Φ ∈ Rn×n,
D1,A ∈ Rn×k,

qA(ω) = [qAi (ω)]k×1,

as the linear system

(D2 −D1,Φ)qφ(ω)ũCV (ω) =D1,AqA(ω).

Furthermore, defining D ∶=D2 −D1,Φ leads to the system

Dqφ(ω)uCV (ω) =D1,AqA(ω),

in frequency domain. Note that qφ(ω) was already approximated in post-
processing independently of the problem setting but relevantly to the geometry
of the problem.
Before proceeding, inspired by the continuous case where (6.14) led to the intro-
duction of (6.22), we introduce the spatial discrete approximation of the time
harmonic representation by

Q4(t)Eh(x, ω) = Eh(x, t),
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with Eh(x, t) ∶= ∑n+ki=1 ei(t)φi(x) where the vector e(t) is represented by Q4(t)
applying to the vector q(ω) = [qi(ω)](n+k)×1. Therein, the operator Q4 is the
well-known discrete inverse Fourier transform used for switching from frequency
domain to time domain, as in (6.22). Then, applying this transform implies

[Deφ(t)] ∗ uCV (t) =D1,AeA(t),

where the notation ∗ in general for two scalar functions f(t) and g(t) refers
to the convolution operator of them, i.e., (f ∗ g)(t) = ∫

∞
−∞ f(τ)g(t − τ) dτ . In

fact, convolution of functions in time domain is identical to the multiplication
of their Fourier transforms in frequency domain. In the current case, we need
the discrete convolution of a vector with a scalar as defined by

D
tn+1

∑
z=tn

eφ(t − z)uCV (z) =D1,AeA(t),

where the observed discrete temporal interval is [tn, tn+1] ∶= [0, t]. Using the
suitable operator Q5 to estimate the convolution integral [Fol95], then the com-
pact formulation

DQ5(eφ(t)uCV (t)) =D1,AeA(t), (6.35)

is yielded. In the case of a linear operator, Q5(eφ(t)uCV (t)) can be reduced to
L(t)uCV (t). Moreover, if it is supposed to be time independent, we obtain

Dn×nLn×1uCV (t) =D1,A
n×ke

A
k×1(t) .

This is a natural assumption if the initial disturbance voltage is assumed to be
zero which leads to

tn+1

∑
z=tn

eφ(t − z)uCV (z) = eφ(0)uCV (t) = LuCV (t).

Note that the voltage coupling relation is demonstrating an approximately (due
to several estimation we made) linear relation between the voltage and the
current, which is only the case for the linear resistors among other electrical
elements. Therefore, it can be implied that the controlled voltage source, which
is artificially and in series attached to the inducing element, is behaving like a
resistor. In general, by definition of the electrical elements [HKD86], each elec-
trical element demonstrating the linear (nonlinear) relation between the current
and time derivative of the voltage is called a linear (nonlinear) capacitor. Addi-
tionally, any electrical element indicating the linear (nonlinear) relation between
voltage and time derivative of the current is called a linear (nonlinear) inductor.

6.4 Magnetic flux density recoupling
In contrast to the introduced electric recoupling relation via the shortcut model
in Section 6.2, we need the magnetic flux density for the magnetic field recou-
pling. More precisely, for the approximation of the magnetic field as the input
to the Maxwell equations in 2D and from the excitation current, the magnetic
flux density should be modeled. Recall that, to yield the magnetic field inside
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the inducing element, approximation of the input magnetic field on the inducing
element boundary is required.
In this section, as in Chapter 6, we consider a linear, isotropic, and homogeneous
material, allowing to have the linear relation B = µH. Then, it is sufficient to
evaluate the magnetic field outside of the domain Ωj and on the inducing el-
ement boundary, which is generated by the excitation current, instead of the
flux evaluation. As a result, we can approximate the Maxwell equations with
this input magnetic field Hin. As in Section 5.1, we use the second Jefimenko
equation, which requires in advance evaluation of the current density associated
with the excitation current.
As a short remark, note that in the 2D case where E = [ E1 E2 ]

T ∈ R2,
the corresponding magnetic field is a scalar, denoted by H3 ∈ R. This means,
Hin ∈ R. Therefore, to have a well-defined magnetic field based on the cross
product in the Jefimenko equation, it is convenient to consider the excitation
current flowing in the xy plane with the current density in R2 as well.

Current density in R2 from the excitation current in xy plane For
the excitation current representation ıjej , with the corresponding unit vector
ej = (e1, e2) in the ıj direction in the xy plane, the corresponding current den-
sity fulfills the relation Jj(t) ⋅ ej = ıj(t)

∣Sj ∣ from (2.35). This is because the only
component of Ji(t) that contributes in the current production is the compo-
nent in the current direction ej . This direction was supposed to be the direc-
tion of the normal component of the cross section for the specific cross sec-
tion in 3D. This representation suggests introduction of the current density by
Jj(t) ∶= (Jj(t) ⋅ ej)ej = ıj(t)

∣Sj ∣ ej and the cross product by

Jj(t) × (x − y) =
ıj(t)
∣Sj ∣

[ 0 0 e1(y1 − y2) − e2(x1 − x2) ]
T
, (6.36)

for the later computation of the field by the Jefimenko equation, where x =
[ x1 y1 ]

T
and y = [ x2 y2 ]

T
in R2. Then, this product should be mapped

onto the xy plane to yield the scalar ıj(t)
∣Sj ∣ (e1(y1 − y2) − e2(x1 − x2)).

6.5 Coupled disturbance current
In this section, we consider the component of the original 3D magnetic field in
z direction namely, H3.
For the 3D problem, let the magnetic field Hin be given via the magnetic flux
recoupling from the second Jefimenko equation. Then, we can investigate the
original 3D PDE model equation, inspired from the general 3D model (3.2b),
but only for this magnetic field component as

∇ ⋅H3 = 0, in Ωi × I,
H3 ⋅ νi =Hin ⋅ νi, on Γ × I,

(6.37)

where Ωi ⊂ R3. For the mapped 2D problem, (6.37) is changed in domain
from the 3D inducing element to the mapped 2D inducing element illustrated
in Figure 18 part c).
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Recall from Section 2.4 that the Maxwell equations are coupled with the circuit
equations via the relation

ıCCi = ∮
∂Mi

H3 ⋅ dl = ∮
∂Mi

H3 ⋅ νi dx, (6.38)

with Mi denoting part of the inducing element where the disturbance current
ıCCi is modeled to flow through with respect to Theorem 1 and its corresponding
explanations in Section 2.4. Note that the decision of where the disturbance
current flows into the circuit is our own choice and part of the introduced model
since we did design the artificial source to model that current. For instance, in
the 3D problem of Example 5, Mi ∶= Si has been chosen as the cross section of
the inducing element perpendicular to the original current flowing through the
element. For the considered 2D case, however, we choose Mi as the mapped
2D inducing element Ωi, and therefore ∂Mi as the boundary Γ2 illustrated in
Figure 16. Note that the choice of Mi and consequently ∂Mi is arbitrary as
long as it is based on Theorem 1 and satisfying the General Ampere law.
If Γ1 of Figure 16 is assumed to be an empty set again, then Γ2 is equivalent to
the shown Γ in Figure 19 and therefore Γ = ∂Mi and (6.38) is reduced to

ıCCi ∶= ∮
Γ
Hin ⋅ νi dx. (6.39)

The coupling relation (6.39) implies that in the considered 2D case within linear,
isotropic, and homogeneous material, there is no need to solve the whole Maxwell
equations to introduce the disturbance current via the magnetic field. Instead,
it only suffices to approximate the integral (6.39) over the boundary for the
normal component of the input magnetic field Hin. More precisely, with the
introduced model (5.4), the disturbance current can be approximated by

ıCC ∶=
1

4π∣Sj ∣ ∮Γ
(ıQ2(x) + ı̇Q3(x))dx.

Then, space discretization of this system leads to

ıCC =
1

4π∣Sj ∣
(ıQ2 + ı̇Q3),

where

Q2 = ∮
Γ
Q2(x) dx,

Q3 = ∮
Γ
Q3(x) dx.

The elaborations are represented in detail in the next example. As a short
remark, in case of more than one emitting element (e.g., nM emitting elements),
the disturbance current is modeled by

ıCC =
nM

∑
j=1

1

4π
(ıjQ2j + ı̇jQ3j).
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6.5.1 Example 1: Low-frequency model

We consider the 2D crosstalk phenomenon which is mapped from the 3D phe-
nomenon between the 3D inducing element and the 3D emitting element on the
xy plane. Let the mapped elements in the xy plane be the rings of different
sizes both centered at the origin as shown in Figure 20. The larger ring which is
denoted byMi illustrates the 2D inducing element, while the smaller ring which
is denoted by Mj illustrates the 2D emitting element.

Ω
Mi

Mj

Figure 20: The new computational domain Ω in 2D for the discretization in
space (mapped from the 3D domains including the emitting element as well).

For simplicity of the example, we suppose that there exists a non-conductive
material (also known as insulator [CB70]), for instance, air/vacuum, between
the elements with a very tiny conductivity σ and may let the field penetrate
inside as well. The boundaries of each element in 2D are compounded from
two circles allowing to use the simpler relation (6.39) instead of (2.36) for the
coupling relation.
Let the excitation current, which flows through Ωj , be denoted by ıj with the
corresponding current density Jj . Then, we model the disturbance current ıCCi
for 2D problem as in the following part.

Quadrature rule for the current coupling Let Mi be the ring with larger
radius 0.8 and smaller radius 0.5. We approximate current disturbance using
the introduced relation (6.39) in 2D, that is,

ıcc ∶= ∮
∂Mi

Hin ⋅ dl,

= ∮
∂C(0.8)

Hin ⋅ dl + ∮
∂C(0.5)

Hin ⋅ dl,

where ∂C(0.8) denotes the circumference of the outer circle of the ring with
radius 0.8. We may first convert the coordinate of the integrals from cartesian
coordinates to the polar coordinates with the fixed radiuses as

ıcc ∶=∫
2π

θ=0
0.8(−sin(θ), cos(θ))Hin(0.8, θ) dθ+

∫
2π

θ=0
0.5(−sin(θ), cos(θ))Hin(0.5, θ) dθ.
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To this end, we first change the integral range as

ıcc ∶=∫
2π

θ=0
0.8(−sin(θ), cos(θ))Hin(0.8, θ) dθ

+ ∫
2π

θ=0
0.5(−sin(θ), cos(θ))Hin(0.5, θ) dθ

∶= ∫
1

−1
πf1(πθ + π) dθ + ∫

1

−1
πf2(πθ + π) dθ.

Then, we approximate integrals, for instance, by the n-point Gaussian quadra-
ture rule, [BLWW04], as

ıcc ∶=
n

∑
i=1
uiπf1(πθi + π) +

n

∑
i=1
viπf2(πθi + π) dθ, (6.40)

for an arbitrary n and the quadrature weight sets ui’s and vi’s for the chosen
quadrature nodes θi’s. Each weight sets can be chosen as the Legendre polyno-
mials 1, or the Chebyshev polynomials 1√

1−θ2i
for −1 < θi < 1.

To compute the input magnetic field, let the mapped emitting element on the xy
plane, coincided by Mj , be a ring with the smaller radius 0.1 and larger radius
0.3. Then, the magnetic field Hin(x, t) is modeled in the Euclidean space where
x = [ x1 y1 ]

T
and y = [ x2 y2 ]

T
(denoting an arbitrary point within Mj)

with x − y = [ x1 − x2 y1 − y2 ]
T
using (5.3) and (6.36) by

Hin((x1, y1), t) =
1

4π
ıj(t)∫

Ωj

1

∣Sj ∣
e1(y1 − y2) − e2(x1 − x2)
((x1 − x2)2 + (y1 − y2)2)

3
2

dy+

1

4π
∂tıj(t)∫

Ωj

1

∣Sj ∣
e1(y1 − y2) − e2(x1 − x2)
c((x1 − x2)2 + (y1 − y2)2)

dy.
(6.41)

and more conveniently in the polar coordinates, where x = [ rcos(θ) rsin(θ) ]T

and y = [ r′cos(θ′) r′sin(θ′) ]T , by

Hin((r, θ), t) =

1

4π
ıj(t)∬ r′

1

∣Sj ∣

e1(rsin(θ) − r′sin(θ′)) − e2(rcos(θ) − r′cos(θ′))

[(rcos(θ) − r′cos(θ′))
2

− (rsin(θ) − r′sin(θ′))
2

] 32
dr′dθ′+

1

4π
∂tıj(t)∬ r′

1

∣Sj ∣

e1(rsin(θ) − r′sin(θ′)) − e2(rcos(θ) − r′cos(θ′))

c[(rcos(θ) − r′cos(θ′))
2

− (rsin(θ) − r′sin(θ′))
2

]
dr′dθ′,

(6.42)
for 0.1 < r′ < 0.3 and 0 < θ′ < 2π.
For numerical purposes, we model the time derivative of the current using the
finite difference formula [KC02] with the increment 1 as

∂tıj(t) ≈
ıj(t + 1) − ıj(t)
(t + 1) − t

.

However, one should consider a smaller increment rather than 1.
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7 Index determination and regularization
In Chapter 6, we introduced the PDAE system of equations for the 2D mapped
crosstalk phenomenon derived from the original 3D model within a 2D electro-
magnetic system. Then, we elaborated its space discretization under certain
conditions to obtain a large DAE system.

In general, for computing the approximation of a DAE system, one needs
to have a reliable system in the sense of having a stable numerical method.
As considered also in Chapter 2 (in Numerical example), the implicit meth-
ods which are more preferable methods rather than the explicit ones to use for
approximation of DAE systems may not always work, since they are only con-
ditionally stable. In general, for an unreliable DAE system, any method like
multistep methods or Runge-Kutta methods, may be unstable and not appli-
cable at all [KM06]. Therefore, for applying those methods it is necessary to
reformulate the DAE system in advance in the regularization sense which will
be shortly introduced in 7.2.

In fact, to recognize such unreliable DAEs the concept index is introduced
where the lower index of the DAE system indicates that is more reliabie in
the simulation using standard numerical methods, e.g., multistep methods or
Runge-Kutta methods. Reformulating high index DAE system such that it
turns into a nice index one system, namely regularization, is done via the index
reduction techniques. The concept of index has been introduced in Chapter 3
where we presented index reduction techniques for regularization of the PDE
part of 3D crosstalk model. Furthermore, we will consider regularization for
the DAE system obtained from the PDAE system for modeling the mapped 2D
crosstalk phenomenon in Section 7.2.

This chapter is mainly devoted to index determination and regularization of
the 2D DAE set of equations obtained in the previous chapter. Furthermore,
accordingly some numerical experiments will be performed in Chapter 8 for the
crosstalk phenomenon in low frequencies, and in addition by considering the
eddy current model.

7.1 General model equation
The 2D electrical recoupling model (6.23) has index larger than one due to
the similar structure as the 3D DAE system (3.18) though their different DAE
orders. Therefore, preceding the analysis of the entire DAE system, we apply
the similar regularization technique called the regularizing on the operator level
as presented in Chapter 4 to derive a d-index 1 DAE system.
In fact, if we consider the general second order DAE system (i.e., considering the
high frequencies as well), then we could use the exact regularization technique of
Chapter 4 to obtain a d-index 1 system. More precisely, for the given excitation
current ıj = ∣Sj ∣∣Si∣ ıCV i, which is for simplicity assumed to be ıj ∶= ıCV i, the general
d-index 1 second order DAE system associated with the low-frequency electrical
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recoupling model (6.23) would be represented as

M [ë1(t)
ë2(t)

] + Ã2 [
ė1(t)
ė2(t)

] +A1 [
e1(t)
e2(t)

] +AT3 λ(t) = 0,

A�3e2(t) = ıj ,
A�3 ė2(t) = ı̇j ,

A�3 ë2(t) = ı̈j ,

(7.1)

with

M ∈ R(n+k)×(n+k),

Ã2 ∈ R(n+k)×(n+k),

A1 ∈ R(n+k)×(n+k),

A3 ∈ R1×(n+k),

A�3 ∈ R1×(k+m′).

Therein, A�3 is the discrete associated operator to the part of the solution lying in
the orthogonal complement of Ker(A3) with A3E ∶= ∫Ωc σE ⋅χ dx and denoted
by e2(t). That is, eT = [ eT1 eT2 ] =∶ [e1]n−m′ + [e2]k+m′ , which is occasionally
expressed by e = e1 + e2, with e1 ∶= eKer(A3) and e2 ∶= e� for visual simplicity in
this chapter. If we describe a decomposition of the curl-free component of the
solution (i.e., eΦ according to the Helmholtz decomposition e = eΦ + eA) by

eΦ ∶= uCVi[e1]n−m′ + uCVi[eres]m′ ,

then e = e1 + e2 implies that e2 ∶= [eA]k + uCVi[eres]m′ . Therefore, one may
propose the decomposition A�3[e2]k+m′ = AA3 [eA]k +Ares3 uCVi[eres]m′ .

Voltage coupling relation The general voltage coupling relation has been
defined in the previous chapter by DQ5[eΦ(t)]n = D1,A[eA(t)]k where D ∶=
(D2 −D1,Φ) ∈ Rn×n with D1,A ∈ Rn×k, or equivalently by

Dres(x)Q5[eres(t)]m′uCVi(t) +D1(x)Q5[e1(t)](n−m′)uCVi(t)
=D1,A(x)[eA(t)]k,

where D can be decomposed to Dres ∈ Rn×m
′

and D1 ∈ Rn×(n−m
′), respec-

tively, according to the decomposition of eΦ to uCVie1 and uCVie
res. Since

e(t) has been computed in advance, we can introduce linear operator L(t) ∶=

[ L1(t)
Lres(t)] such that L1(t) and Lres(t) are linearizations of Q5[e1(t)](n−m′) and

Q5[eres(t)]m′ , respectively, and furthermore approximate it in each time step
by L. Then, the voltage coupling relation is written as the following set of n
equations:

Dres(x)LresuCVi(t) +D1(x)L1uCVi(t) −D1,A(x)[eA(t)]k = 0 , (7.2a)

where the operator L is replaced by its decomposition L = [ L1

Lres] with

LuCV (t) ∶= qφ ∗ uCV (t).
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Maxwell equations and electric recoupling The introduced d-index 1
system (7.1) is identified as a second order DAE system and hence is too complex
and not desired for our computations. Therefore, we investigate the following
DAE system regarding low frequencies, where the regularization is employed:

Ã2 [
ė1(t)
ė2(t)

] +A1 [
e1(t)
e2(t)

] +AT3 λ(t) = 0,

A�3e2(t) = ıj ,
A�3 ė2(t) = ı̇j .

Then, after splitting the solution to the proper components, this system reads
as

ÃΦ
2 Lu̇CVi(t) + ÃA2 ėA(t) +AΦ

1 LuCVi(t) +A1e
A(t) +AT3 λ(t) = 0,

A�
res

3 LresuCVi(t) +A�
A

3 eA(t) = ıj ,

A�
res

3 Lresu̇CVi(t) +A�
A

3 ėA(t) = ı̇j .

(7.2b)

It has been shown in Chapter 4 that such a DAE system (7.2b) has d-index 1
(i.e., appears as an strangeness-free system) [KM06].

Magnetic recoupling relation The discrete magnetic recoupling relation
has resulted in Section 6.5.1 via the spatial discretization of the second Jefimenko
equation as

1

4π∣Sj ∣
(ıj(t)Q2 + ı̇j(t)Q3) = ıCCi(t).

It can be rewritten by considering ıCVi
∣Si∣ =

ıj
∣Sj ∣ and regardless of the circuit topol-

ogy in terms of the induced current ıCVi as

∣Sj ∣
4π∣Si∣

(ıCVi(t)Q2 + ı̇CVi(t)Q3) = ıCCi(t) . (7.2c)

In case of more emitting elements, the above relation takes the form

nM

∑
j=1

1

4π∣Sj ∣
(ıjQ2 + ı̇jQ3) = ıCCi ,

and results in (7.2c), since ıCVi
∣Si∣ = ∑

nM
j=1

ıj
∣Sj ∣ .

The equations (7.2a), (7.2b), and (7.2c) have been presented where the space
discretization of the Maxwell equations as well as one of the coupling and recou-
pling relations have been carried out in the frequency domain and transformed
back to the time domain. Thus, it only remains to consider the circuit equa-
tions to derive a full DAE system modeling the crosstalk phenomenon in the
low frequencies.

Circuit equations Recall that the circuit equations for the coupled system
have been described by the set (2.31b). For the sake of simplicity, we drop˜and
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rewrite this as

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ACCA
T
C 0 0 0

0 L 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

η̇(t)
ı̇L(t)
ı̇CV (t)
ı̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ARGATR −AL −ACV −AV
ATL 0 0 0
ATCV 0 0 0
ATV 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

η(t)
ıL(t)
ıCV (t)
ıV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−AI 0
0 0
0 0
0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıI(t)
uV (t)

] +

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ACC 0
0 0
0 −I
0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[ ıCC(t)
uCV (t)

] ,

with

ıCC(t) ∶= [ ıCC1(t) ıCC2(t) ⋯ ıCCnN (t) ]
T
,

uCV (t) ∶= [ uCV 1
(t) uCV 2(t) ⋯ uCV nN (t) ]

T
.

Let us assume that there is no current source in the circuit. Then, if we put all
the inputs and outputs in the state vector, we obtain

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ACCA
T
C 0 0 0 0 0 0

0 L 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η̇(t)
ı̇L(t)
ı̇CV (t)
ı̇CC(t)
u̇CV (t)
ı̇V (t)
u̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ARGATR −AL −ACV −ACC 0 −AV 0
ATL 0 0 0 0 0 0
ATCV 0 0 0 −I 0 0
ATV 0 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η(t)
ıL(t)
ıCV (t)
ıCC(t)
uCV (t)
ıV (t)
uV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(7.2d)

This system is considered in detail in Example 6.
It has been shown in [EST00] that the circuit system (7.2d), satisfying assump-
tions (B1) - (B3), has a d-index of at most 2. The following lemma from [SS12]
introduces the conditions for a circuit to be of the d-index 1.

Lemma 2. Consider the system (7.2d) satisfying assumptions (B1) - (B3) of
Section 2.2.1. Let QC be a projector onto kerATC . The following conditions are
equivalent:

(i) system (2.19) is of d-index 1;

(ii) rank(QTCAV ) = nV and rank([ AC AR AV ]) = nη;

(iii) rank([ AC AV ]) = rank(AC)+nV and rank([ AC AR AV ]) = nη.

Proof. See [SS12].
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Remark 5. By considering the topological structure of the circuit, the rank
conditions in Lemma 2 imply that an electrical circuit that contains neither
CV loops (loops consisting of capacitors and/or voltage sources) except for C-
loops (loops consisting of capacitors only) nor LI cut sets (cut sets consisting of
inductors and/or current sources) is modeled by the circuit equations of d-index
1.

Example 6. RLC-emitting L-inducing model equation In this example,
we intend to keep the model as general as possible. However, the type of inducing
element will be specified, since the circuit equations in the MNA format are
constructed based on the type of this element and its topological location (see
also Section 8).
In addition, to keep the example sufficiently simple, we consider an RLC series
circuit where the only inducing element is recognized as an inductor with the
inductance L and hence uCV ∶= [ uCV L ]

T
and ıCC = [ ıCCL ]

T
, similarly to

the circuit of Figure 7. Then, the general circuit equations in the framework
of the larger coupled system corresponding to the crosstalk phenomenon, where
the inputs and outputs are also part of the unknowns is obtained as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 L 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η̇1(t)
η̇2(t)
η̇3(t)
η̇4(t)
ı̇L(t)
ı̇CV L(t)
ı̇CCL(t)
u̇CV L(t)
ı̇V (t)
u̇V (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 −1 0
0 −G G 0 0 0 0 0 1 0
0 G −G 0 0 −1 0 0 0 0
0 0 0 0 −1 1 −1 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 1 −1 0 0 0 −1 0 0
1 −1 0 0 0 0 0 0 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

η1(t)
η2(t)
η3(t)
η4(t)
ıL(t)
ıCV L(t)
ıCCL(t)
uCV L(t)
ıV (t)
uV (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

◁

Summary Considering all the equations in the coupled system, we derive the
DAE system (7.2) as the model equation for the crosstalk phenomenon.
To prepare for the index analysis, we change the notation from q (for instance,
where q = qφuCV + qA) to e. Additionally, we introduce a new variable f satis-
fying ė ∶= f . This helps us to more easily figure out that the discrete electrical
set of Maxwell equations is of d-index 1. Then, system (7.2) is prescribed as the
DAE system

EẊ(t) = AX(t) +Z(t), (7.3a)
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with

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

A�
res
3 Lres A�

A
3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 Q2

4π∣Si∣ 0 0 0

0 0 0 ACCA
T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7.3b)

A=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AΦ
1 L −AA1 −AT3 0 0 0 0 0 0

A�
res
3 Lres A�

A
3 0 0 0 (−∣Sj ∣/∣Si∣) 0 0 0

0 0 0 0 0 0 0 0 0

DL −D1,A 0 0 0 0 0 0 0

0 0 0 0 0 − Q3

4π∣Si∣ I 0 0

0 0 0 −ARGATR −ATL −ATCV −ATCC −ATV 0
0 0 0 ATL 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,(7.3c)

and

ZT (t) = [ 0 0 0 0 0 0 0 0 0 ]T , (7.3d)

where the state vector X(t) is defined by

XT (t) ∶=

[uCV T (t) eA
T (t) λT (t) ηT (t) ıTL(t) ıTCV (t) ıTCC(t) ıTV (t) uTV (t) ] .

(7.3e)

The system (7.3), as the crosstalk model for an RLC circuit with one inductor as
the only inducing element, has more unknowns than the equations and therefore
is underdetermined.

7.2 Regularization
To proceed with the analysis of the DAE system (7.3) via index determination,
we first recall that the terminology index is addressing the differentiation index,
also called the d-index, see [KM06, sec. 3.3] unless we explicitly employ the
strangeness index [KM06, sec. 3.1] in the regularization procedure.
To perform the index determination and regularization of such a linear DAE
system where the leading matrix is continuous with respect to the state vector
X, we apply the introduced regularization algorithm in [Ste06].
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Let us reorder the equations as

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0

0 0 0 0 0 Q2

4π∣Si∣ 0 0 0

0 0 0 ACCA
T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AΦ
1 L −AA1 −AT3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 − Q3

4π∣Si∣ +I 0 0

0 0 0 −ARGATR −ATL −ATCV −ATCC −ATV 0
0 0 0 ATL 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Then, the leading matrix E is decomposed to [ ET0 0T ]T , where E0 does not
have full row rank, since the third and fifth rows are linearly dependent. This
means that the system has a d-index of more than 1. Hence, index determina-
tion and consequently regularization before time iteration to obtain a reliable
strangeness-free system becomes necessary.
To this end, we initialize the level s = 0. Then, it is observed that transforming
the matrix pairs E and A with the transformation matrix Z0, where it multi-
plies − 4π∣Si∣

Q2
L with the third row and adds it to the fifth row and then brings

the third row to the row after the sixth row such that E1 ∶= Z0E = [ ET1 0T ]T

and A1 ∶= Z0A = [ AT11 AT12 ] leads to

E1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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and

A1=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AΦ
1 L −AA1 −AT3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −ARGATR −ATL −ATCV −ATCC 0 −ATV
0 0 0 ATL 0 0 0 0 0

0 0 0 ATL 0 Q3

Q2
L −4π∣Si∣

Q2
L 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where the upper block of the leading matrix, that is,

E1 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

has full row rank. Therefore, (7.3) can be reduced to the intermediate system
of DAEs

E1Ẋ(t) = A11X(t), (7.4a)
0 = A12X(t), (7.4b)

with the differential part (7.4a) and the algebraic part (7.4b) of level s = 0.
To compute the index, we build matrix [ ET1 AT12 ]

T
, where A12 is obtained

by differentiation of A12X(t) with respect to X, since A12 does not depend on
X, and check if it is non-singular. In this case, the DAEs (7.4) are considered a
strangeness-free system and can be accurately simulated.
To proceed, we identify the matrix

[ E1A12
] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0

0 0 0 ATL 0 Q3

Q2
L −4π∣Si∣

Q2
L 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

which is singular, since the second and the sixth rows are linearly dependent.
Then, we increase the level to s = 1 in the next step and follow the same
procedure as before for the new DAE system

E1Ẋ(t) = A11X(t), (7.5a)

A12Ẋ(t) = A12,tX(t). (7.5b)
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Recall that we have assumed that the coefficient matrices of DAE are time
independent (i.e., considering L as in (7.2a) instead of L(t), the right-hand side
of (7.5b) vanishes); therefore, (7.5) is reduced to

[ E1A12
] Ẋ(t) = [ A11

0
]X(t). (7.6)

We introduce a suitable transformation Z1 for the system (7.6), where it is
applied from the left such that the new intermediate DAE system

[ E2
0
] Ẋ(t) = [ A21

A22
]X(t),

is carried over where the block E2 has full row rank. To continue, let E2 ∶=
[ ET1 AT12 ]

T
and A2 ∶= [ AT11 AT12,t ]

T = [ AT11 0T ]T . Then, by applying
the transformation Z1, where it subtracts the second row from the sixth row,
the non-zero element of the second row of E2 is eliminated and we obtain the
new pair

Z1E2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0

0 0 0 ATL 0 Q3

Q2
L −4π∣Si∣

Q2
L 0 0

0 0 0 0 0 0 0 0 0
DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and

Z1A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AΦ
1 L −AA1 −AT3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −ARGATR −ATL −ATCV L −ATCC 0 −ATV
0 0 0 ATL 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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where reordering of the equations leads to the DAE system

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0

0 0 0 ATL 0 Q3

Q2
L −4π∣Si∣

Q2
L 0 0

DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ẋ(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−AΦ
1 L −AA1 −AT3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −ARGATR −ATL −ATCV L −ATCC 0 −ATV
0 0 0 ATL 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

X(t).

(7.7)
This system generally has a leading matrix with full row rank upper block

E2 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ÃΦ
2 L ÃA2 0 0 0 0 0 0 0

A�
res

3 Lres A�
A

3 0 0 0 −(∣Sj ∣/∣Si∣) 0 0 0
0 0 0 ACCA

T
C 0 0 0 0 0

0 0 0 0 0 L 0 0 0

0 0 0 ATL 0 Q3

Q2
L −4π∣Si∣

Q2
L 0 0

DL −D1,A 0 0 0 0 0 0 0
−I 0 0 ATCV 0 0 0 0 0
0 0 0 ATV 0 0 0 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Thus, since the lower block of Z1A2 after reordering of the equations (i.e., in
(7.7)) is zero, the process is terminated in the step s = 1. Then, per the notation
[Ste06], the maximal constraint level is νc = 1, and d-index of the system (7.3)
appears to be 2. Therefore, it is concluded that the bilateral coupling will
increase index of the original DAE system, where it contains only the circuit
equations, by at least one. Note that this conclusion has been drawn even
where the regularized strangeness-free PDE set of Maxwell equations has been
considered.
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8 Numerical experiments
In this chapter, numerical experiments of the 2D crosstalk model equations (7.2)
via a co-simulation approach (and aligned with the Algorithm 1) are performed,
where each subsystem of our bilaterally coupled model is simulated separately
while exchanging the data. In this chapter we only consider a simple domain
since performing the simulation for bilateral coupling relations (illustrating in-
teraction of Maxwell system with the circuit system) depends on the geometry
of the domain and therefore may vary for different cases. Hence, considering
numerical experiments of other domains are not in the scope of this thesis. This
approach is indeed a simplification of Algorithm 1 only for the electrical bilat-
eral coupling where there exists only one emitting and one inducing element
in the system. In addition, we use the shortcut model for the 2D case instead
of the recoupling relation (2.31d) suitable for 3D case. This allows to reduce
the first for-loop in the Algorithm 1 to only summation of the all excitation
currents (coming from the emitting elements) as the total excitation current
into the Maxwell system. More precisely, the electrical Maxwell equations as
well as the shortcut model and the voltage coupling relation are simulated (sec-
ond for-loop in the algorithm), while the MNA formalism (the first line after
the second for-loop in the algorithm) as well as the current disturbance cou-
pling (second line of the second for-loop in the algorithm) are simulated with
the given input from the electro-magnetic simulation. The former is developed
in Concepts (a C++ numerical library) [FL02], whereas the latter is done in
MATLAB [MAT14] based on the implicit Runge-Kutta method [KM06] shortly
considered in numerical example of Section 2.4.

Toy problem As an example for simulation, we consider only two electrical
circuits. Let one of the circuits consist of one emitting element (there might be
also other elements in the circuit) and the other circuit be composed of only one
electrical element, namely, the inducing element, for instance, an inductor with
the inductance L2 (see Figure 21). The type of the elements should be chosen

2

CV

ıCV

L2
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0⋮

em
it
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Figure 21: Source of the disturbance voltage within the inductor with the induc-
tance L2 which is caused by the electro-magnetic induction from the emitting
element is modeled by considering the artificial controlled voltage source CV .
If the problem and elements are considered in 2D, then instead of the cylinders
we have only circles, illustrated by red and green colors (cp. Figure 20).
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from the set of ideal capacitors, ideal inductors, and ideal resistors, if they
incorporate the circuit simulation, since the MNA formalism in the presented
format is only valid for the ideal elements. Following the convention that self-
induction is negligible and not currently considered in the crosstalk simulation,
the type of inducing element incorporates the circuit simulation, while the type
of emitting element is not incorporated anywhere but its geometrical shape
in the electro-magnetic simulation. However, the emitting element should be
considered in the circuit simulation, when it is sitting in the same circuit as
the inducing element. Therefore, it is generally necessary to know at least the
type of the inducing element, since the circuit simulation is done in the DAE
framework.

Co-simulation An approach to deal with dynamical simulation of the cou-
pled systems is co-simulation [Sch11, SBG+14], where each subsystem can be
separately simulated in a specific simulation software package on its own time
scale and most likely in different space domains. Then to simulate the full
system, subsystems (i.e., Maxwell equations and circuit equations) are succes-
sively solved where the repetition is done for each time step till convergence
[MEJW14]. The used co-simulation technique in here is the serial scheme called
Gauss-Seidel in contrast to the parallel scheme Jacobi. For instance, to approx-
imate the Maxwell equations in space, we employ the C++ library Concepts in
the frequency domain. Therefore, for the DAE analysis, we first use the stan-
dard simulator for the Maxwell equations in the frequency domain and then
transform the solution to the time domain to be entered in the circuit simula-
tor. On the other hand, dynamical simulation of the circuit equations can be
done by MATLAB software, where the time integration is carried out within
the observation time interval I ∶= tk+1 − tk associated to each iteration k. The
interaction of these two simulators via the co-simulation approach is shown in
Figure 22. For simplicity in numerical treatment, the small interval δ is esti-

C sim.
tk tk+1 tk+2 tk+3 tk+4

⋯

⋯
tk tk+1 tk+2 tk+3 tk+4

EM sim.
δ δ δ δ δ

itr. k

Figure 22: Co-simulation scheme for the crosstalk phenomenon of an example
with only one inducing and one emitting element using the circuit simulator (C
sim.) and the electro-magnetic simulator (EM sim.) where each consecutive
arrows of different colors are illustrating an iteration. The iteration k (itr. k)
has been exemplary illustrated by a green arrow

mated as one temporal point, since one can assume that the induction occurs
immediately after the excitation current is flowing. In other words, the tran-
sient temporal interval for the induction in the electro-magnetic simulation is
relatively small and negligible in comparison with our dynamical circuit simula-
tion scale. Therefore, we can obtain the corresponding voltage to the excitation
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current nearly at the same time in post-processing.
Let the associated current to the emitting and inducing element be denoted
respectively by ı and ıL2

. We set the initial excitation current (i.e., ı(0)) to
be 1 and run the electro-magnetic simulation to obtain the electrical field by
the electrical Maxwell equations. Then, by considering that the transient time
is negligible in comparison with the circuit simulation observation interval I,
the corresponding voltage u(0) is obtained in post-processing via the electrical
field. The voltage u(0) is indeed the disturbance voltage uCV (0), which must
be dealt with in addition to the original voltage drop inside the inducing ele-
ment for coupling. Therefore, it is recognized in the circuit simulation as the
input and can be modeled via an artificial controlled voltage source, which pro-
duces the disturbance voltage uCV and is integrated in series to the inducing
element (cp. Figure 21). See the justification in Section 2.2.2. Then, we run
the circuit simulation for such a circuit with only two elements, namely, the
inductor with the inductance L2 and the controlled voltage source as shown in
Figure 21, which is governed by the DAE system of circuit equations in the
MNA formalism as

⎡⎢⎢⎢⎢⎢⎣

0 0 0
0 L2 0
0 0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

η̇1(t)
ı̇L2(t)
ı̇CV (t)

⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣

0 1 −1
1 0 0
−1 0 0

⎤⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎣

η1(t)
ıL2(t)
ıCV (t)

⎤⎥⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎢⎣

0
0
−1

⎤⎥⎥⎥⎥⎥⎦
uCV (t).

This leads to the results for the first iteration of the co-simulation, which are
illustrated in the first two rows of Table 5 and summarized with a green arrow,
while the remaining row pairs demonstrate the results corresponding to the
remaining rounds of co-simulation. The electro-magnetic simulator and circuit
simulator are run independently in each round and then exchange their data.
More precisely, in the former ı is the input and uCV is the output, whereas in
the latter uCV is the input with the output excitation current ı.
As already shown in Section 7.1, the excitation current ı is assumed to be a
multiple of ıCV depending on the cross section of the inducing element where,
in this example, the cross sections are assumed to be equal in the area; therefore,
ı = ıCV . Additionally, based on the circuit equations, the input current of the
electro-magnetic simulation (i.e., ıCV in this example) is identical to the inductor
current ıL2 . Hence, the bilateral coupling is completely covered in each round.
The co-simulation of this example has been carried out for 15 rounds. The
circuit has been simulated in each round within the unit time interval and with
the time step 0.1 in MATLAB. For the time discretization, we have applied the
Runge-Kutta method, where the Lobatto IIIC Butcher tableau has been used.
For this method, the convergence results can be found, for example, in [Luo15].
The electro-magnetic simulation has been done by the master student Vsevolod
Shashkov in Concepts and shows that the magnitude of the coupled electrical
field is quickly growing, comparing Figure 24 with Figure 23, while the solution
over the cut is changing from the order 101 to 103, comparing Figure 25 with
Figure 26. The negative sign in the result appears due to the negative input
current, and it means that the current is flowing in the opposite direction and
not in the chosen direction.
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ıL2
ıCV uCV

EM 1 12.3001
C -2.4600 -2.4600
EM -2.4600 -30.2581
C 3.5916 3.5916
EM 3.5916 44.1769
C -5.2438 -5.2438
EM -5.2438 -64.499
C 7.6560 7.6560
EM 7.6560 94.1693
C -11.1779 -11.1779
EM -11.1779 -137.489
C 16.3199 16.3199
EM 16.3199 200.736
C -23.8273 -23.8273
EM -23.8273 -293.077
C 34.7881 34.7881
EM 34.7881 427.896
C -50.7911 -50.7911
EM -50.7911 -624.734
C 74.1557 74.1557
EM 74.1557 912.119
C -108.2681 -108.2681
EM -108.2681 -1331.7
C 158.0719 158.0719
EM 158.0719 1944.29
C -230.7860 -230.7860
EM -230.7860 -2838.68
C 336.9500 336.9500
EM 336.9500 4144.5
C -491.9500 -491.9500
EM -491.9500 -6051.01

Table 5: Results of the co-simulation compounded by the electro-magnetic sim-
ulation, denoted by EM , and the circuit simulation, denoted by C.
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Figure 23: Obtained electric field magnitude, where the cur-
rent 1 is exciting the system at t = 0.

Figure 24: Electric field magnitude over the cut at t = 15.
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Figure 25: Negative electrical field magnitude over the cut
at t = 0.

Figure 26: Coupled electrical field magnitude at t = 15.

8.1 Example 2: Eddy current model
In this section, we consider modeling the electric recoupling within the domain
Ω ∶= Ωc ∪ Ωnc, where Ωnc denotes the non-conductive part of the domain, for
instance, filled by glass or rubber, with σ = 0.
Recall that the electric recoupling in 2D has been modeled by the set of equa-
tions (6.13) if the conductivity σ is non-zero. However, for the engineering
applications in electro-magnetism, where σ = 0, it is usually modeled by a very
small value to avoid getting involved in different models in the simulation [JZ12].
This permits us to use one unique model for all values of σ; therefore, there will
be no need to introduce a switch between two models in the simulation. How-
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ever, for the case of σ = 0, we introduce the eddy current model to improve the
model equation (6.13) in the electro-magnetic simulation. This leads to more
realistic results, where σ = 0.
Recall that the general model equation in electro-magnetism is

∇
2D
× µ−1∇2D ×E + iωσE − ω2εE = 0, in Ω,

which can be reduced to the low-frequency models in the 3D case (2.14) or
2D case (6.13a). Additionally, the following equation for the non-conductive
material considering low frequencies is deduced:

∇
2D
× µ−1∇2D ×E = 0, in Ωnc. (8.1a)

Equation (8.1a) has a unique solution up to the gradient of a scalar function
(e.g., ∇ϕ; see the De-Rham diagram in [Mon03]). As the boundary condition,
we postulate continuity of the field on the boundary and on the interface of the
conductive part (denoted by E−) and the non-conductive part (denoted by E+)
by

E− ⋅ τ = E+ ⋅ τ, on ∂Ωnc,

where τ expresses unit tangent vector to the surface. Additionally, for the eddy
current model, we must consider Gauss’s law with the constant ε, where we
assume that there is no initial electrical charge density in the non-conductor
domain as follows:

∇ ⋅E = 0, in Ωnc. (8.1b)

Continuity of the field in the interface of the conductive and non-conductive
part implies (E+ − E−) ⋅ τ = ∇ϕ ⋅ τ = 0 on ∂Ωnc. This means, ϕ is constant
along such an interface, more specifically, on ∂Ωnc; therefore, ϕ is in the space
H1(Ωnc) with suitable boundary conditions as

ϕ ∈H1
c (Ωnc) = {ϕ ∈H1(Ωnc) ∶ ϕ = c0 = 0 on Γ0, ϕ = cj on Γj for j = 1, ...,m},

where ∂Ωnc = ∑mj=0 Γj . Note that boundaries of the domain may be the different
constants in each segment of the boundary Γj .
For the numerical approximation of the eddy current model equation (8.1), we
investigate Gauss’s law (8.1b) in the weak sense, that is,

∫
Ωnc
∇ ⋅Eϕ′ = 0, ∀ϕ′ ∈H1

c (Ωnc).

That is because we have already completely developed the analysis and simula-
tion of the equation set (8.1a) as well as where the extra term regarding σ ≠ 0
has been considered. Then, integration by parts gives

−∫
Ωnc

E ⋅ ∇ϕ′ + ∫
∂Ωnc

ϕ′(E ⋅ ν) = 0, ∀ϕ′ ∈H1
c (Ωnc),

or equivalently for every j ∈ {0,1, ...,m}, where the boundary is denoted by Γj ,
gives

−∫
Ωnc

E ⋅ ∇ϕ′ + cj ∫
Γj
E ⋅ ν = 0, ∀ϕ′ ∈H1

cj(Ωnc).
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In particular, for ϕ′ ∈H1
0(Ωnc) (i.e., ∂Ωnc = Γ0), we have

−∫
Ωnc

E ⋅ ∇ϕ′ = 0, (8.2a)

and in addition, choosing the test function as cj ∈H1
cj(Ωnc) leads to

∫
Γj
cjE ⋅ ν = 0, ∀j ∈ {1, ...,m}. (8.2b)

Considering the set (8.2) as well as the variational formulation of (8.1a), we
obtain the model equation for the electric recoupling in the weak sense. This
leads to the following mixed formulation:
Seek (E,ϕ,λi,⋯, λm) ∈ (H(curl2D,Ωc) ×H1

c (Ωnc),H−
1
2 (Γ1),⋯,H−

1
2 (Γm))

∫
Ω
µ−1∇2D ×E ⋅ ∇2D × v + ∫

Ω
iωσE ⋅ v+

∫
Ωnc
∇ϕ ⋅E′ + ∫

Γ1

λ1E
′ ⋅ ν +⋯ + ∫

Γm
λmE

′ ⋅ ν = 0,

σ∫
Σ
E ⋅ ν dx = ıj ,

∫
Γ1

c1E ⋅ ν = 0,

⋮

∫
Γm

cmE ⋅ ν = 0,

−∫
Ωnc

E ⋅ ∇ϕ′ = 0.

Using the co-simulation from the low-frequency model, we can include the ad-
ditional terms, compared with (8.3) to simulate the eddy current model. Sim-
ulation of this model when ∂nc = Γ0 yields the following result for the crosstalk
phenomenon considered for our toy problem:

ıL2
ıCV uCV

EM (1,−1.24697e − 16) (9.06472,−1.13034e − 15)
C −3.6259 −3.6259
EM (1,1.14787e − 21) (12.3001,1.41188e − 20)
C −3.9200 −3.9200
EM (1,−1.24697e − 16) (9.06472,−1.13034e − 15)
C −2.6259 −2.6259
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9 Summary and outlook
The main objective of this thesis was modeling electro-magnetic coupling, the
crosstalk phenomenon, via the DAE system of circuit equations coupled with
a set of PDEs, namely, the Maxwell equations, from a DAE point of view.
Additionally, we considered the analysis and simulation tasks for the 2D case
and partially for the 3D case. To achieve this target, we used the standard
approach of spatial approximation for the coupled PDAEs, namely, the MOLs,
to obtain the underlying DAEs.

It was shown that the PDE set of Maxwell equations is partially critical if
simulated for the electrical field individually and may fail in deriving a reliable
solution set during the time integration. More precisely, the semi-discretized set
of Maxwell equations is a DAE of high index. Therefore, to prevent errors in
the simulation of the entire coupled PDAEs, we first replaced the critical part of
the Maxwell equations after semi-discretization in space by an equivalent DAE
model with index 1 and then considered the semi-discretization of the bilateral
coupling relations to obtain a full DAE model before the time integration. This
is due to the standard approach of the MOLs that, prior to the integration of
the coupled PDAEs in time, one can first semi-discretize entirely in space and
then apply a time integration method to the obtained DAEs.

To derive a 2D DAE model from the developed general model, we introduced
coupling and recoupling relations and performed their spatial discretization in
detail by applying a few basic natural physical assumptions. Then, we analyzed
the obtained DAE model for the crosstalk phenomenon based on its structure,
where reformulation of the DAEs corresponding to the Maxwell equations to
an index 1 DAE system is used. We showed that this model is still of a high
index, even with the consideration of the index 1 circuit equations; hence, we
presented the regularization before time integration.

Along with the modeling task, some issues arose, particularly during bilat-
eral coupling of two subsystems of the circuit and the Maxwell equations. For
instance, the main characteristic of the crosstalk phenomenon (i.e., the closer
the signals the stronger the effects) must be reflected in the bilaterally coupled
model. As the second challenge, the different DOFs between the inputs and
outputs, which either cause loss of data or require more data should be treated
in the modeling.

The first issue is automatically covered by the introduction of the general
recoupling relation model to approximate the magnetic flux density in 3D and
the magnetic field in 2D by the Jefimenko equation. This allows us to simulate
the coupled problem fully and accurately.

The proposed remedy to the second challenge in this thesis is by considering
a new geometrical concept, namely, the cut concept, used for physical recoupling
of the current with the electrical field in 2D. Linked to this issue, the realization
of this geometrical concept for the 3D case, which is the natural considered
dimension of real engineering applications, is still of great interest and can be
considered as the future work. In fact, modeling of the recoupling relation must
be performed relatively independently of the geometry of the devices and via
consideration of the scalar time-dependent current. Note that, in the general 3D
model where we considered the magnetic flux distribution, we made a natural
decision from the physical perspective that the current density associated with
the magnetic flux density can be extended to a larger domain and to the inducing
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element. However, this decision has the drawback that the remedy to the first
mentioned modeling issue is no longer addressed.

Additionally, for the sake of simplicity, we considered a submodel of the
Maxwell equations, namely, the low-frequency model, which deals with the first
order DAEs rather than the original second order DAEs. In fact, the original
problem is, by nature, sufficiently complex; therefore, simplification of it can
be helpful for the analysis and numerical approximation. Nevertheless, this
submodel in which low frequencies are considered is an accurate approximation
of the solutions for the Maxwell equations.

Another challenge that is restricted not only to the coupled model in electro-
magnetism but also to the general PDAE coupled models is the analysis of
the PDAE system by the index concept for PDAEs [Sei01]. In this thesis,
our approach was using the DAE index concept for the spatial semi-discretized
PDAEs instead of using the PDAE index concept for the original PDAE model.
Note that even for DAEs, there are different index notations [Meh16, LMT13,
CM99], where only the differentiation index and the strangeness index concepts
were regarded in this thesis.

The scattering problem in the wave propagation framework should be con-
sidered in the general case of modeling and for the coupling via the boundaries
since crosstalk occurs in high frequencies as well. In this thesis, we covered ana-
lytical modeling of the electro-magnetic induction within an unbounded domain;
however, the simulation part is still a great challenge, which remains to be in-
vestigated. In fact, applying suitable methods, for instance, the PML [ZKSS06],
to such scattering problems requires modeling suitable (boundary) conditions
over the artificial layer, which results in a radiation condition to focus only on
the bounded domain for the numerical approximation. This is a sophisticated
task from numerical point of view.

As the next outlook regarding modeling and simulating the crosstalk phe-
nomenon, in future work, we would like to investigate different algorithms for
co-simulation to compare their efficiency and results.

So far, our concern lies with the macroscopic issues, whereas, from the mi-
croscopic point of view, there are still open topics in electro-magnetic coupling,
among them, numerical modeling of the crosstalk for non-isotropic material,
where the medium parameter cannot be modeled with scalars or constants, but
with positive definite matrices.
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10 Appendix

Dirichlet-to-Neumann map
To benefit from the accurate approximation of the system (2.17), we investigate
the approach of introducing the DtN map for the presented system (2.18) within
a vacuum and where the domain is topologically sufficiently smooth.

Recall that the computational domain Ω′ ⊂ R3 contains the inducing element
Ωi. In addition, we assumed that Ωi has a perfect conductive core denoted by K,
which is assumed to be a sufficiently smooth compact set for the existence and
uniqueness analysis [HSZ03a]. Then, the computational domain is reduced to
Ω ∶= Ω′∖K since no electro-magnetic field is flowing inside the perfect conductive
material [Mon03]. In addition, we denote Γ1 ∶= ∂K and ∂Ω ∶= Γ1 ∪Γ2, where Γ2

addresses the other boundary of Ω (cp. Figure 16).
Let us assume that the outer neighbor of the domain Ωi is a vacuum. Then,

by defining the Debye potential u(r, θ,ϕ) [Mon03] in spherical coordinates, the
scattered electrical field can be defined as

Esc(x) ∶= ∇× (ux).

Therein, the position variable is represented in spherical coordinates by x ∶= rer,
where er denotes the unit vector of the first direction. Therefore, the argument
ux is presented by u(r, θ,ϕ)rer = (ru(r, θ,ϕ),0,0). With this new notation of
Debye potential, the set of equations (2.17) is rewritten as the exterior problem
PE

∆u + k2u = 0, in R3 ∖ K̄, (10.1a)

lim
r→∞

r[∂u
∂r
− iku] = 0. (10.1b)

The equation (10.1a) is known as the Helmholtz equation, whereas the condition
(10.1b) is called the Sommerfeld radiation condition [Mon03]. In addition to this
set, one must consider the continuity condition (2.17b) in terms of the potential
u. The exterior problem is not practically suitable for numerical purposes since
the computational domain R3 ∖ K̄ is unbounded. This motivates defining the
bonded domain Ω with the corresponding interior problem PI

∆u + k2u = 0, in Ω, (10.2a)
∂u

∂ν
= DtNu, on Γ2. (10.2b)

Analogous to the exterior problem, the suitable continuity condition should be
included as well. Condition (10.2b) is called the transparent boundary condi-
tion since it guarantees that the computed potential within the computational
domain is identical to the original solution of the unbounded problem (10.1)
[Zsc09]. In fact, the DtN map captures the radiating property of the solution
from PE and brings it into PI . In other words, the radiation condition is a
boundary condition at infinity [YL11], which is mapped via the DtN map on
the boundary Γ2. Therefore, we can identify the DtN map by analytically solv-
ing the Helmholtz equation (10.1a) and then seeking those solutions satisfying
the Sommerfeld radiation condition in the solution set (10.1b). This leads to an
analytical formulation for the DtN map satisfying (10.2b).
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3D Helmholtz equations Let us consider the Helmholtz equation (10.1a) in
terms of the Laplace-Beltrami operator [Mon03] on the unit ball B1 centered at
the origin, that is, ∆∂B1

∶= 1
sinθ

∂
∂θ
(sinθ ∂

∂θ
) + 1

sin2θ
( ∂

2

∂ϕ2 ). By applying the fol-
lowing relation [Mon03] between the Laplace operator and the Laplace-Beltrami
operator

∆ = 1

r2

∂

∂r
(r2 ∂

∂r
) + 1

r2
∆∂B1

,

we yield

∂

∂r
(r2 ∂u

∂r
) +∆∂B1

u + r2k2u = 0, r ≥ a,

which, by separation of variables with the ansatz u(r,ϕ, θ) = u1(r)u2(ϕ, θ), can
be rewritten as

∆∂B1
u2 = −

1

u1

( ∂
∂r
(r2 ∂u1

∂r
) + k2r2u1)u2.

This problem is the eigenvalue problem for the operator ∆∂B1
in ∂B1 with the

eigenvalues δ, where

δ = − 1

u1

( ∂
∂r
(r2 ∂u1

∂r
) + k2r2u1). (10.3)

Therefore, given the eigenvalues δ, the separation of variables method that is
applied to (10.3) leads to the spherical Bessel differential equation :

∂

∂r
(r2 ∂u1

∂r
) + k2r2u1 + δu1 = 0, r ≥ a. (10.4)

To solve this equation analytically, one may use the classical approach based
on the solution series or the canonical approach based on employing the pole
condition.

Classical 3D approach Let us introduce the new variable ξ ∶= kr. Then, the
equation (10.4) is presented as

∂ξ(ξ2 ∂u1

∂ξ
) + (ξ2 − n(n + 1))u1 = 0, r ≥ a.

In fact, in the classical spherical harmonics field, the eigenvalues can be rep-
resented as δ ∶= −n(n + 1) [Mon03]. Using the direct solution series of this
equation, two solutions the Bessel functions of order n denoted by jn(ξ) and
the Neumann functions of order n denoted by yn(ξ) are obtained [Mon03].
Therefore, the solutions of the spherical Bessel differential equation (10.4) can
be formulated by

h1
n ∶= jn(ξ) + iyn(ξ),
h2
n ∶= jn(ξ) − iyn(ξ).

The first solution h1
n is chosen for the radiating purpose since it satisfies the

Sommerfeld radiation condition [Mon03].
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Canonical 2D approach The component u1(r) of the solution to the 2D
Helmholtz equation (10.1a), regarding the 2D Laplace-Beltrami operator, satis-
fies the polar Bessel differential equation

u′′1 +
1

r
u′1 + (k2 + δ

r2
)u1 = 0. (10.5)

Let us assume the simple geometry for K as a ball centered at the origin with
a radius a. Therefore, we use r ≥ a for the equation (10.5) since the defined
domain for (10.1a) is R3 ∖ K̄. Then, by shifting the variable r as y ∶= r − a, we
obtain

u′′1(y) +
1

y + a
u′1(y) + (k2 + δ

(y + a)2
)u1(y) = 0, y ≥ 0.

We use the new variable v ∶= u1

y+a to derive the following set of equations:

yu′′1(y) + au′′1(y) + u′1(y) + k2yu1(y) + ak2u1(y) + δv(y) = 0, y ≥ 0,

v(y) + av(y) − u1(y) = 0, y ≥ 0.
(10.6)

Then, by applying the Laplace transform denoted by L to (10.6), where L(u1(y)) =
û1(s) and L(v(y)) = v̂(s), the system (10.6) is reformulated as

∂

∂s
( û1(s)

v̂(s) ) = (
a − s

s2+k2
δ

s2+k2
−1 a

)( û1(s)
v̂(s) ) − a(

su1(0)−u′1(0)
s2+k2

0
) . (10.7)

Let Ψ denote the fundamental solution to the corresponding homogeneous prob-
lem of (10.7). Then, the solution of the inhomogeneous problem (10.7) This can
be represented via the Cauchy problem [Had14]

( û1(s)
v̂(s) ) = Ψ(s)∫

s

s0
Ψ−1(τ)a(

−τu1(0)+u′1(0)
τ2+k2

0
)dτ. (10.8)

It is observed from (10.8) that û1(s) can be computed in terms of u1(0) and
u′1(0), which are the associated Dirichlet and Neumann data to u1(r) at y = 0
(or equivalently at r = a), respectively. Therefore, the first component can be
formulated as

û1(s) ∶= g(s)
1√

k2 + s2
,

where g(s) depends on the parameters u1(0) and u′1(0) and whether the ho-
mogeneous solution Ψ is given and the Cauchy problem (10.8) is analytically
solvable.

Pole condition The Sommerfeld radiation condition (10.1b) is satisfied if and
only if û1(s) does not have any pole in the lower complex half plane, [Sch00],
unless the term 1/√k2+s2 vanishes and the component û1(s) is not scattered
toward infinity. This condition is called the pole condition [Mon03]. To avoid
vanishing the term 1/√k2+s2 in û(s), we build g(s), such that g(−i) = 0. This
allows us to define the DtN map as u′(y)∣y=0 = DtNu(y)∣y=0, or equivalently

u′(a) = DtNu(a),

111



in terms of the formulation of g(s).
The DtN map is obtained in such a way that it results in an accurate approx-

imation of the solution based on analytical formulation of the exact solution,
which satisfies the radiation condition. In addition, we showed that the pole
condition for the 2D case leads to a unique DtN map representation. However,
the pole condition approach may violate the unique representation of the DtN
map in 3D; therefore, in such cases, the PML method is usually used [Mon03].

As an example for the failure of the pole condition approach, we consider the
2D Laplace-Beltrami operator for the 3D Helmholtz equation (10.1) and yield
the spherical Bessel differential equation

∂

∂r
(r2 ∂u1

∂r
) + k2r2u1 + δu1 = 0, r ≥ a.

Analogous to the 2D case, by shifting, defining a new variable, and applying the
Laplace transform, we obtain the system of equations

∂

∂s
( û1(s)

v̂(s) ) = (
a − δ

s2+k2
−1 a

)( û1(s)
v̂(s) ) − (

(as+1)u1(0)+au′1(0)
s2+k2

0
) . (10.9)

This inhomogeneous problem can be analytically solved directly for û(s) to
derive the solution

û(s) = g(s) 1

(s + ik)(s − ik)(s +
√
−a2k2−δ
a

)(s −
√
−a2k2−δ
a

)
,

where g(s) depends on the parameters u(0) and u′(0). It is observed that the
only poles of û(s) in the lower complex half plane are {

√
−a2k2−δ
a

,−ik}. There-
fore, to impose the pole condition, we enforce g(

√
−a2k2−δ
a

) = 0 and g(−ik) = 0.
This obtains suitable relations between u′(a) and u(a) in terms of g(s), never-
theless this leads to two DtN maps.
Regarding the pole

√
−a2k2−δ
a

, we solve (10.9) using Mathematica software [Res10]
and determine g(s). Then, by letting g(

√
−a2k2−δ
a

) = 0, the DtN map is obtained
as

u′(a) = 1 +
√
−a2k2 − δ
a

u(a) =∶ DtNu(a).

However, in correspondence to the pole −ik, there is no analytical solution to
g(−ik) = 0 in terms of u(a) and u′(a). This means that introducing a unique
DtN map in this case is not possible and the pole condition fails in identifying
a suitable DtN map.
In the following, we investigate the existence and uniqueness of the weak solution
when the pole condition is applied.

Existence and uniqueness In this part, we investigate the wave equation

∇×∇ ×E(x) − (kω)2E(x) = 0, in R3 ∖ K̄ (10.10)

in the frequency domain as a special case of the wave equation (2.11) and show
the well-posedness of the pole condition problem.
Let Ωa∗ ∶= {x ∈ R3 ∶ ∣x∣ > a∗} for an arbitrary a∗ > 0 such that Ωa∗ ⊂ R3 ∖ K̄.
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Additionally, recall that K ∶= {x ∈ R3 ∶ ∣x∣ > a}. Then, instead of seeking
the solution E(x) in R3 ∖ K̄, we look for E(ρx̂) where the radially symmetric
potential is denoted by ρ > a∗, and x̂ ∈ S2 ∶= {x ∈ R2 ∶ ∣x∣ = 1}. Then, with this
setting, we introduce the function

e(ρ, x̂) ∶= ρE(ρx̂), (10.11a)

as well as its shifted Laplace transform

êa(s, x̂) ∶= ∫
∞

0
exp(−sr)e(r + a, x̂)dr, (10.11b)

where a ≥ a∗ and the real part of the complex variable s is positive.

Definition 1 (Pole condition, [HSZ03a]). A bounded function E(x) ∶ Ωa∗ → C3

satisfies the pole condition if for some a ≥ a∗ and for all x̂ ∈ S2, ê(⋅, x̂) has a
holomorphic extension to the lower complex half plan C− ∶= {s ∈ C ∶ Is < 0}
where Is denotes the imaginary part of the complex variable s, [HSZ03a].

Remark 6. If the pole condition is satisfied for one a ≥ a∗, then it is satisfied
for all a ≥ a∗, [HSZ03a].

Weak Formulation For the computation, recall that we restricted R3 ∖ K̄ to
Ω. We also imposed Neumann data (∇×E)×ν = f on the boundary ∂K, where
ν denotes the outer unit normal vector to ∂K. Let the right-hand side f be a
sufficiently smooth given function. To obtain the variational formulation, we
consider the test function v̄ = v̄(x) ∈H(curl,Ωa) (v̄ is the conjugate gradient of
v), where

H(curl,Ωa) ∶= {v ∈ (L2(Ωa)3 ∶ ∇ × v ∈ (L2(Ωa)3},

equipped with the norm

∥v∥2H(curl,Ωa) ∶= ∥v∥
2
(L2(Ωa))3 + ∥∇× v∥

2
(L2(Ωa))3 . (10.12)

Then, multiplying the wave equation (10.10) by v̄ and integrating over Ωa leads
to

∫
Ωa
∇×∇ ×E ⋅ v̄ dx − ∫

Ωa
(kω)2E ⋅ v̄ dx = 0.

Applying Green’s formula [BH03], for the curl operator

∫
D
∇×∇ ×E ⋅ v̄ dx = ∫

D
∇×E ⋅ ∇ × v̄ dx − ∫

∂D
(∇×E) × ν ⋅ v̄ dΓD,

yields

∫
Ωa
∇×E ⋅ ∇ × v̄ dx − ∫

∂Ωa
(∇×E) × ν ⋅ v̄ dΓ − ∫

Ωa
(kω)2E ⋅ v̄ dx = 0.

Then, because ∂Ωa = ∂K ∪ Γ2, where Γ2 ∶= {x ∈ R3 ∶ ∣x∣ = a}, applying the
Neumann data leads to

∫
Ωa
∇×E ⋅ ∇ × v̄ dx − ∫

∂K
f ⋅ v̄ dΓK − ∫

Γ2

(∇×E) × ν ⋅ v̄ dΓ2−

∫
Ωa
(kω)2E ⋅ v̄ dx = 0.
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With the sesquilinear form h ∶H(curl,Ωa) ×H(curl,Ωa)→ C defined by

h(u, v) ∶= ∫
Ωa
∇×u ⋅∇× v̄ dx−∫

Γ2

(∇×u)×ν ⋅ v̄ dΓ2 −∫
Ωa
(kω)2u ⋅ v̄ dx, (10.13)

and the antilinear functional F ∶H(curl,Ωa)→ C represented by

F (v̄) ∶= ∫
∂K
f ⋅ v̄ dΓK, (10.14a)

the corresponding variational formulation to the wave equation (10.10) is

h(u, v̄) = F (v̄), ∀v̄ ∈H(curl,Ωa). (10.14b)

Let the trace operator be represented as

tr ∶= γt ∶H(curl,Γ2)↦H
1
2 (curl,Γ2).

Then, the sesquilinear form (10.13) suggests defining the Dirichlet-to-Neumann
operator

DtN ∶H
1
2 (curl,Γ2)→H−

1
2 (curl,Γ2)

u∣Γ2 ↦ ∇× u∣Γ2 × ν,
(10.14ca)

such that for every u ∈ H(curl,Γ2), tru ∈ H 1
2 (curl,Γ2). This condition is im-

posed to guarantee a well-defined DtN operator in the sense that it is surjective
for a Lipschitz domain Ωa [CS02]. Then, we obtain

h(u, v) = ∫
Ωa
∇× u ⋅ ∇ × v̄ dx − ∫

Γ2

DtNu ⋅ v̄ dΓ2 − ∫
Ωa
(kω)2u ⋅ v̄ dx.

(10.14cb)

Theorem 4. [HSZ03a] The variational problem (10.14) has a unique solution
E for all antilinear functional F , which depend continuously on F , if the defined
Dirichlet-to-Neumann operator by (10.14ca) satisfies the following properties:

1. DtN is linear and bounded.

2. There exists a compact operator L ∶ H 1
2 (curl,Γ2) → H−

1
2 (curl,Γ2) such

that ∫Γ2
(DtN−L)u ⋅ ū ≥ 0 for all u ∈H 1

2 (curl,Γ2).

3. ( ∫Γ2
−DtNu ⋅ ū) > 0 for all non-zero u ∈H 1

2 (curl,Γ2).

Proof. To show existence and uniqueness of the weak solution, the Fredholm
alternative [Bre83] is applied. We first show that the corresponding operator
to the sesquilinear form (10.14cb) is a Fredholm operator with index 0. Let the
conditions 2 and 3 hold. Then

h(u,u) = ∫
Ωa
∇× u ⋅ ∇ × ū dx − ∫

Γ2

DtNu ⋅ ū dΓ2 − ∫
Ω2

(kω)2u ⋅ ū dx

= ∫
Ω2

∇× u ⋅ ∇ × ū dx + ∫
Ω2

u ⋅ ū dx − ∫
Γ2

Lu ⋅ ū dΓ2

− ∫
Ω2

u ⋅ ū dx − ∫
Ω2

(kω)2u ⋅ ū + ∫
Γ2

Lu ⋅ ū dΓ2 dx − ∫
Γ2

DtNu ⋅ ū dΓ2

= ∥u∥2H(curl,Ωa) − ∫Γ2

Lu ⋅ ū − ∫
Ωa
((kω)2 + 1)u ⋅ ū dx − ∫

Γ2

(DtN−L)u ⋅ ū dΓ2

= V0(u,u) + V1(u,u),
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where

V0(u,u) ∶= ∥u∥2H(curl,Ωa) − ∫Γ2

Lu ⋅ ū dΓ2,

V1(u,u) ∶= −K(u,u) − ∫
Γ2

(DtN−L)u ⋅ ū dΓ2,

K(u,u) ∶= ∫
Ωa
((kω)2 + 1)u ⋅ ū dx.

The sesquilinear V0(u, v) is strictly coercive since

∥u∥2H(curl,Ωa) −∫Γ2

Lu ⋅ ū dΓ2 ≥ ∥u∥2H(curl,Ωa) −∫Γ2

DtNu ⋅ ū dΓ2 ≥ ∥u∥2H(curl,Ωa).

In addition, the operator K(u) ∶= K(u,u) is compact in H(curl,Ωa). That is,
for every bounded sequence in H(curl,Ωa), there is a sub-sequence denoted by
(un)n∈M⊂N ∈H(curl,Ωa) converging to u in L2(Ωa) such that

lim
n→+∞

∥K(u − un)∥H(curl,Ωa) = 0.

In fact,

∥K(u − un)∥2H(curl,Ωa) = (K(u − un),K(u − un))H(curl,Ωa)

= ∣∫
Ωa
((kω)2 + 1)(u − un) ⋅K(u − un) dx∣

≤ ∥(kω)2 + 1∥ ⋅ ∥u − un∥L2(Ωa) ⋅ ∥K(u − un)∥L2(Ωa),

and consequently

∥K(u − un)∥H(curl,Ωa) ≤ ∥(kω)
2 + 1∥∞.∥u − un∥L2(Ωa),

which leads to the compactness result. Furthermore, V1(u,u) is compact by
compactness of the operators DtN−L and K(u) in H(curl,Ωa).
The Riesz representation theorem [Emm13] allows us to write the operator for-
mulation in sesquilinear form (10.14cb) as

(Au,u) =∶ h(u,u) = V0(u,u) + V1(u,u) =∶ (A0u,u) + (A1u,u),

where A0 is a strictly coercive operator and A1 is a compact operator. Therefore,
operator A is Fredholm of index 0 [Bre83]. Then, according to the Fredholm
alternative, uniqueness of the weak solution implies the existence of it.
It only remains to show that, if variational formulation (10.14) has a weak
solution, then it is unique. To this end, we demonstrate that, if u ∈H(curl,Ωa)
is the weak solution to h(u,u) = 0, then u ≡ 0. Condition 3 as well as the
computations

0 = I(∫
Ωa
∇× u ⋅ ∇ × ū dx − ∫

Γa
DtNu ⋅ ū dΓ2 − ∫

Ωa
(kω)2u ⋅ ū dx)

= I(−∫
Γ2

DtNu ⋅ ū dΓ2),

lead to u = 0 where u ∈ H 1
2 (curl,Γa). Hence, the term including DtN operator

in h(u,u) vanishes and

0 = h(u,u) = ∥∇× u∥2L2(Ωa) + (kω)
2∥u∥2L2(Ωa),

yields u ≡ 0 where u ∈H(curl,Ωa).
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