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STRUCTURED PSEUDOSPECTRA AND THE CONDITION OF A
NONDEROGATORY EIGENVALUE*

MICHAEL KAROWT

Abstract. Let A be a nonderogatory eigenvalue of A € C"*™ of algebraic multiplicity m. The
sensitivity of A with respect to matrix perturbations of the form A ~»~ A+ A, A € A, is measured
by the structured condition number ka (A, A). Here A denotes the set of admissible perturbations.
However, if A is not a vector space over C, then ka (A, ) provides only incomplete information
about the mobility of A under small perturbations from A. The full information is then given by
the set Ka(z,y) = {y*Az; A € A, ||A|| < 1} C C that depends on A, a pair of normalized right
and left eigenvectors z,y, and the norm || - || that measures the size of the perturbations. We always
have xa (A, \) = max{|z|"/™; 2 € Ka(z,y)}. Furthermore, Ka (z,y) determines the shape and
growth of the A-structured pseudospectrum in a neighborhood of A. In this paper we study the
sets Ka(z,y) and obtain methods for computing them. In doing so we obtain explicit formulae for
structured eigenvalue condition numbers with respect to many important perturbation classes.
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Notation. The symbols R and C denote the sets of real and complex numbers,
respectively. K™*™ is the set of m x n matrices and K” = K"*! is the set of column
vectors of length n, K € {R,C}. By AT, A, A*, R A, 3 A, and tr(A) we denote the
transpose, the conjugate, the conjugate transpose, the real and the imaginary parts,
and the trace of A € C™*"™. Furthermore, I,, stands for the n X n unit matrix. Finally,

n={1,...,n} for any positive integer n.

1. Introduction. The subject of this paper are the sets
(1.1) Ka(z,y) ={y"Az; A€ A, |Al <1},  z,yeC,

where ||| is a norm on C"*™ and A C C™*™ is assumed to be a closed cone (the latter
means that A € A implies rA € A for all » > 0). Our motivation for considering
these sets stems from eigenvalue perturbation analysis by means of pseudospectra.
The sets Ka(z,y) provide the full first order information about the sensitivity of a
nonderogatory eigenvalue with respect to structured matrix perturbations. This is
explained in some detail in the following discussion.

Let A € C be a nonderogatory eigenvalue of algebraic multiplicity m of A € C™**™.
Let € C™\ {0} be a right eigenvector, i.e., Az = Axz. Then there exists a unique
left generalized eigenvector § € C™ \ 0 satisfying

7 (A= \I,)™ =0, A=) 40,  Jgr=1

Let y* = 9*(A—XI,)™ !, and let || - | be an arbitrary norm on C™**". Under a small
perturbation of A of the form

(1.2) A~ AN =A+4A, AeC™m,
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the eigenvalue A splits into m eigenvalues A;(A),..., A\ (A) of A(A) with the first
order expansion [16]

(1.3) Ai(A) = A+ 6;(8) +o(alP™),  jem,
where 01 (A), ..., 0, (A) are the mth roots of y* Az € C. Obviously,
16;(8)] = ly* Az = o(|A™),  jem.

We assume now that the perturbations A are elements of a nonempty closed cone
A CC™". Let

ka(A,\) =max{ [y*Az[/™;, Aec A, A <1}
Then £a (A, A) is the smallest number x such that
N (A) = Al < &[|AY™+O(|AP™) for A€ A,

The quantity ka (A4, A) is called the structured condition number of A with respect to
A and the norm || - ||. It measures the sensitivity of the eigenvalue A if the matrix A
is subjected to perturbations from the class A. In recent years some work has been
done in order to obtain estimates or computable formulae for ka (A, A) [3, 4, 5, 7,
13, 15, 16, 18, 17, 20, 21, 23]. However, the condition number cannot reveal how the
eigenvalue moves in a specific direction under structured perturbations. For instance
if A is a simple real eigenvalue of a real matrix A and the perturbations A are also
assumed to be real, then the perturbed eigenvalue A\(A) remains on the real axis if
[|A]l is small enough. Information of this kind can be obtained from the structured
pseudospectrum oa (A, €), which is defined as follows [6, 12, 24]:

oa(A,e) ={z € C; zis an eigenvalue of A+A for some A € A, ||Al| <€}, e€>0.

Let Ca (A, A, €) denote the connected component of oa (4, €) that contains the eigen-
value \. Then we have for sufficiently small e that

Ca(A, N\ e) ={Ni(A); AecA Al <e, jem}.
We now consider the sets

(1.4) K(Am)(x,y):{ze(c; 2™ e Ka(z,y) }.

In other words, K(Am) (z,y) is the set of all mth roots of the numbers y*Az, where
A e A, ||A] € 1. We have

(1.5) ka(A,A) = max{|z|; z € K(Am)(a:,y)}
(1.6) = max{|z|'/™; z € Ka(z,y)}.
Moreover, (1.3) yields that
(1.7) lim

where the limit is taken with respect to the Hausdorff metric. More explicitly, (1.7)
states that for each § > 0 there exists an ¢y > 0 such that, for all positive € < ¢g,

(1) Ca(A, ) €) CA+ /MUK (z,y)),
(2) A+ /K (2,y) CUs(Cal(A, N\ €)),

where Us(M) = {z € C; |z—s| < ¢ for some s € M } is a §-neighborhood of M C C.
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Ezample 1.1. The relation (1.7) is illustrated in Figure 1.1. The underlying norm
in the following explanation is the spectral norm.

The upper row of the figure deals with the case m = 1. The first two pictures
show the sets Cgaxs (A, A, €) for the matrix

-3 —-10 -10
A=]1 ) 5
0o -2 =2

and its simple eigenvalue A = i. A corresponding pair of right and left eigenvectors
satisfying y*x = 1 is given by

r=[1+3 —2—-i 2", y=@1/2)1 3—-i 3—1i].

The right picture in the upper row shows the set Kﬂéi)xn(x, y) = Kgnxn(z,y). By (1.7)
we have
. i
lim = Kgaxa(z,y).
e—0

CR3X3(A,i, 6) —1
€

The pictures indicate the convergence. The scalings have been chosen such that the
displayed sets have approximately the same size. The plots of the pseudospectra
components Craxs (A, i, €) have been generated using the formula

ognxn(A,€) ={s€C; Tp(sI —A)<e}, AeC™" e>0.

Here 7,, denotes the smallest real perturbation value of the second kind [1], which
is given by

RM —y M

Tn(M) = su e - , M eCr ",
M) = s o2 1({715”‘4 RM D

where 02,1 is the second smallest singular value. The set Kgsxs(x,y) has been
computed using Theorem 6.5 below.

The left pictures in the lower row of the figure show the real pseudospectra
oraxa(J3,€) = Craxs(J3,0,€) for the 3 by 3 Jordan block

010
J3=10 0 1
0 0 0

The right picture shows the limit set Kﬂgm (e1,e3), wheree; =[100]T,e3 =1[001].
Note that e; is a right eigenvector and e] is a left generalized eigenvector of J3
satisfying eje; = 1, e} J7 = e}. Hence, (1.7) yields

lim C]R3><3 (J3, 0, 6)

3
e—0 €l/3 = Ku(g3)x3(61763)~

It is easily verified that the set Kgsxs(ey,es) equals the interval [—1,1]. Thus,

K)o (es, 1) = [1,1]Ue™/3[—1,1] U e™/3[—1,1].
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1.2 1.1 10
11 1.05 5
1 1 0
0.9 0.95 -5
0.8 0.9 -10
-0.2 -0.1 0 0.1 0.2 -0.1 -0.05 0 0.05 0.1 -10 -5 0 5 10
the set Cgraxs(4,1,¢€), the set Cgraxs(4,1,¢€), the set Kpsxs(z,y)
e =0.02 e =0.01
)
01 0.04
0 0 0
o -0.04 »
-0.1 0 0.1 004 0 004 -1 0 1
the set CR?,XS(J;),,O,G), the set CRSXS(JB,O,G), the set Kﬂg)xs(el,eg)
e=10"3 e=10"4

Fic. 1.1. The sets defined in Example 1.1.

The aim of this paper is to provide methods for calculating the sets Ka(z,y). In
particular we consider the following perturbation classes A:

K"T.XTL
Symg = {A e K™ AT = AL,

Skewg = {A €K™ AT =-A},
Herm = {A e C™"; A*=A}, K e {R,C}.

(1.8)

Our considerations are based on two observations concerning Ka (z,y), A C C"*":

(A) If A € A implies that zA € A for all z € C, then Ka(z,y) is a disk. The

mth root of the radius of that disk equals the condition number ka (A4, A).

(B) If A is convex, then Ka(x,y) is convex, too.

Statement (A) yields that Ka(x,y) is a disk for A € {C"*"™, Sym, Skewc}. Obser-
vation (B) enables us to approximate Ka (x,y) using its support function.

The organization of this paper is as follows. In section 2 we recall some basic facts
about convex sets and support functions and specialize them to the sets Ka(z,y). In
section 3 we characterize the support function of Ka (z,y) for the sets A in (1.8) via
dual norms and orthogonal projectors. The results are then applied to the cases where
the underlying norm is of Hélder type (section 4) or unitarily invariant (section 5).
In section 4 we also treat zero-structured perturbations. Condition numbers for these
perturbation classes with respect to the Frobenius norm have been considered by
Noschese and Pasquini [17]. Our approach yields an extension of their results to
other norms. Section 6 deals with Ka (z,y) for the case where the underlying norm
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is either the spectral norm or the Frobenius norm. It is shown that Ka(x,y) is an
ellipse for many important perturbation classes. The results obtained so far will be
extended in section 7 to classes of matrices that are self- or skew-adjoint with respect
to an inner product.

2. Characterization by support functions. Let K be a nonempty compact
convex subset of C. Then its support function sg : C — R is defined by
2.1 sk(z) = maxR(2€) = maxz' ¢,
1) () = max R(=€) = max=T¢
where in the second equation the complex numbers z = 21 + 129, £ = & + &2 have

been identified with the corresponding vectors [21, 22] ", [€1, &]T € R2. The set K is
uniquely determined by its support function since we have [9, Corollary 3.1.2]

(2.2) K ={¢eC; R(zE) <sk(z) forall z € C with |z| = 1}.
Furthermore, the boundary of K is given as
(2.3) 0K ={¢ € K; R(z2&) = sk(z) for some z € C with |z] = 1}.

This follows from (2.2) and the compactness of the unit circle. Let rx = max{|{[; £ €
K }. Then rk is the radius of the smallest disk about 0 that contains K. It is easily
seen that rx = max{sk(z); z € C, |z| =1}. If sk(z) = r|z| for some r > 0, then K
is a disk about 0 with radius r = rx. We will also need the following fact.
PRrROPOSITION 2.1. Assume the nonempty compact convexr set K C C is point
symmetric with respect to 0; i.e., & € K implies —§ € K. Assume further that
sk(z) =0 for some z € C with |z| = 1. Then K is a line segment. Specifically,

K={0iz; 0 R, |0 <sk(iz)}.

Proof. From the point symmetry it follows that sx(z) = sx(—z). Hence, if
sk (z) =0, then R(z&) =0 for all £ € K. Thus K C {fiz; 6 € R}. By compactness
and convexity, K = {0iz; 0 € R, || <r} for some r > 0. It is easily verified that
r=sk(iz) if [z| = 1. 0

The relations (2.2) and (2.3) can be used to approximate K via the following
method (adapted from the standard algorithm for approximating the boundary of the
field of values [11, section 1.5]). Let z; = €%/, j € N, where 0 = ¢1 < ¢o < -+ <
on < 2m. Let & € K, j € N, be such that R(Z; §;) = sk(z;). Then by (2.3) each
&; is a boundary point of K. Let K; denote the convex hull of these points, and let
Ky, ={£ € C; R(z;&) < sk(z), j € N}. Then we have K; C K C Ko, where the
latter inclusion follows from (2.2). The boundary of K; is a polygon with vertices
1,82, ., &N

The proposition below yields the basis for our further development.

PROPOSITION 2.2. Let A be a nonempty convex subset of C"*™. Then the
following hold:

(i) The set Ka(z,y) defined in (1.1) is a compact convex subset of C with support

function
(24) sa(z) = max R(Zy*Az) = max Rtr(A*(zyz™)), zeC.

AcA AcA
lal<1 lal <1

If A is a cone, then the mazimum is attained for some A € A with
[A]l =1.
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(ii) Let |z| = 1, and let A, € A be a mazimizer for (2.4). Then y*A,x is a
boundary point of Ka(x,y).

(iii) Suppose A is a vector space over R, and let sa(z) =0 for some z € C with
|z| = 1. Then Ka(z,y) is a line segment. Specifically,

Ka(e,y) = {0iz 0€R, 0] <saliz)}.

Proof. The compactness and convexity of Ka (z,y) are obvious. Equation (2.4)
is immediate from (2.1) and the relations

zy*Ax = tr(Zy*Azx) = tr(Zay*A) = tr((z yz*)*A) = tr(A*(z yx*)).
(ii) follows from (2.3). (iii) is a consequence of Proposition 2.1. O

3. Dual norms and orthogonal projectors. The dual of a vector norm || - || :
C™ — R is defined by

(3.1) =" = max R(y"z), z e C".
Ii!yﬁg 1

There is a natural extension of this definition to matrix norms.

DEFINITION 3.1. Let || - || be a norm on C**™. Then its dual is defined as
(3.2) [ X]":= max Rtr(Y*X), X eCmrm,
Yy ecr
Ivir=1

This yields the following corollary to Proposition 2.2.

COROLLARY 3.2. For any norm || - || on C™**™ the support function Scnxn of
Kenxn(x,y) is given by scnxn(2) = |2] lyz*||’, 2 € C. Thus Kcenxn(x,y) is a disk of
radius ||yz*||’.

The map

(3.3) (X,Y) = Rtr(Y*X)

is a positive definite symmetric R-bilinear form on C™"*™. Thus for each subspace
(over R) A C C"™*" we have the direct decomposition C"*" = A @& AT, where
AT ={X eC™; Rtr(A*X)=0 for all A € A} is the orthogonal complement of
A with respect to the inner product (3.3). The orthogonal projector onto A is the
R-linear map Pa : C"*"™ — C"*" satisfying

Pa(Xi + X2) = Xy for all X; € A, Xo € A*.
Note that for all X, Y € C**™,
(3.4) Rtr(Pa(Y)* X) = Rtr(Pa(Y) Pa(X)) = Rtr(Y*Pa(X)).

We will need the following lemma.
LEMMA 3.3. Let A C C™*™ be a vector space over C, and let Agx = A NR"*",
Suppose that A = Ar @& iAr. Then the orthogonal projector onto Agr satisfies

(3.5) Pa.(X) = R(Pa(X))  for all X € C™™.

Proof. This is immediate from the fact that the vector spaces Ar and iAg are
orthogonal to each other with respect to the inner product (3.3). a
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The table below gives the orthogonal projectors for the subspaces introduced in
(1.8):

A Pa(X)
C’IZXTL X
Rmxn RX
(3.6) Herm (X +X%)/2
Skewc (X —-XT)/2
Symp | R(X+XT)/2
Skewpg RNX—-XT)/2

The main results of this paper are based on the next lemma.

LEMMA 3.4. Let || - || be a norm on C**™, and let A C C™™™ be a vector space
over R. Suppose the orthogonal projector onto A is a contraction with respect to the
norm || - ||, i.e.,

(3.7) IPa(X)] < ||X]| for all X € C™*™.
Then, for all M € C™*™,

(3.8) max Rtr(A*M) = |Pa(M)|.
AcA
lall =1

Let Ag € C™ ™ be such that ||Aol| = 1, and let Rtr(A§Pa(M)) = |[Pa(M)|’. If
Pa(M) # 0, then the matrix A1 = Pa(Ao) is a maximizer for the left-hand side of
(3.8).

Proof. Let L denote the left-hand side of (3.8). For A € A we have Rtr(A*M) =
Rtr(A*Pa(M)). This yields L < ||[Pa(M)|/. We show the opposite inequality. For
the matrix Ay we have ||Pa(M)||’ = Rtr(A{Pa(M)) = Rtr(Pa(Ao)*Pa(M)). If
Pa(Ag) =0, then ||Pa(M)||' =0 = L. Suppose Pa(Ao) # 0. By condition (3.7) we
have ||Pa(A0)| < ||Ao|| = 1. The matrix A; = Pa(Ao)/||Pa(Ao)]| satisfies ||A1]| =
1 and Rtr(A{Pa(M)) = [Pa(M)[/|Pa(Bo)ll > [Pa(M)|. Thus L > [Pa(M)].
Consequently, L = ||Pa(M)]|" and ||Pa(Ao)|| = 1. a

Remark 3.5. The Frobenius norm || X||p = /tr(X*X) is the norm induced by
the inner product (X,Y) — Rtr(X*Y). Hence, the Frobenius norm is its own dual,
and an orthogonal projection onto a subspace (over R or C) is always a contraction
with respect to the Frobenius norm. Thus, all statements of Lemma 3.4 hold for
-1l = |- |, and we have [Pa(M) [ = [Pa(M)| .

From Proposition 2.2 and Lemma 3.4 (applied to the matrix M = zyz*, z € C)
we obtain the following theorem.

THEOREM 3.6. Let A C C™*™ be a vector space over R, and let sa : C — R
denote the support function of Ka(x,y). Suppose (3.7) holds for the underlying norm.
Then the following hold:

(i) The support function satisfies

(3.9) sa(z) = |Pa(zyz)|’, zeC.
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(ii) Let|z| =1, andlet A, € C"*™ be such that ||A|| = 1 and Rtr(ALPa(z yz*)) =
sa(z). Theny*Pa(A,)x € Cis a boundary point of Ka(z,y). Ify*Pa(Ay)x
0, then Ka(z,y) is a line segment.

(iii) If A is a vector space over C, then

(3.10) sa(2) =Palyz")|'[zl, z€C.

Thus Ka(z,y) is a disk about O with radius |Pa (yz*)]||’.
Next, we consider norms that have one of the following properties (a)—(c) for all
X e Cmxm:

(3.11) @) IXI=1XI, G IXI=1X", ) [1X]=1XT.

Note that two of these conditions imply the third.

LEMMA 3.7. Let A C C™ ™ be a vector space over C such that A = Agr ® iAg,
where Ag = ANR™ ™. Let || - || be a norm such that conditions (a) and (3.7) hold.
Then condition (3.7) also holds for the orthogonal projector onto Ag; i.e., we have
[Pag (X)) < | X for all X € C™>".

Proof. We have, for X € C"*",

(X)) = [R(PAC)] (by Lemma 3.3
= SIPa(X) + Pal0)|
< S (PACO)] +IPalX)
= [|Pa(X)| (by condition (a))
<|x]. @

LEMMA 3.8. Condition (3.7) holds for the following cases:
(i) The norm satisfies (a) and A = R™*".
(ii) The norm satisfies (b) and A = Herm.
(i) The norm satisfies (¢) and A € {Symg, Skewc}.
(iv) The norm satisfies (a), (b), and (c) and A € {Sympg, Skewg}.
Proof. (i) is immediate from Lemma 3.7. (b) implies that ||Pgerm(X)| = (X +
X*/2| < (IX]| + |1X*]1)/2 = ||IX||- This yields (ii). The proof of (iii) is analogous.

(iv) follows from (iii) and Lemma 3.7. O
THEOREM 3.9. The following assertions hold for the support function sa : C — R
Of KA (CE, y) ;

(i) If the norm || - || satisfies condition (a), then sgaxn(z) = [|[R(zyz*)]|’.
(ii) If the norm || - || satisfies condition (b), then SHerm(z) = || Pterm (2 yz™*)|’.
(iii) If the norm || - || satisfies condition (c), then

ssyme (2) = | Psyme (2 y2")|” = [ Psym. (=) |2]
and
Sskewe (2) = [ Pskewe (2 y2")||” = | Pskewe (yz") [ |2].
(iv) If the norm || - || satisfies (a), (b), and (c), then
ssymg (2) = [Psymg (zy2") I and  ssiews (2) = [[Pskew (2 y27)|".

In the next sections we specialize Theorem 3.9 to classes of norms for which the
duals can be explicitly given.
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4. Norms of Hélder type. The Holder-p-norm of z = [z, ..., xn]T c C"is
defined by
D) for1 <
(4.1) Iz, = (Zjeﬂ |z, ) or 1 <p < oo,
max;cn |, for p = oo.

We consider the matrix norms of Holder type [8, page 717] defined by

.
(4.2) 1€0o = | (Il ller- 2l )7 1 <pr<oo,
where x1,...,2, denote the rows of X € C"*". Note that [|X|[;jo is the row sum
norm and
N for1 <

4.3 Xl = | (Sivenlrl?) © for 1 <p <o

max; xen |jk| for p = oo,
where the numbers x;, are the entries of X. In particular, [ - |[3)2 is the Frobenius
norm.

As is well known the dual of the Holder-p-norm is the Holder-g-norm, where
% + % =1if1<p<ooand ¢g=1if p=oo. Using this fact the next proposition is
easily verified.

PROPOSITION 4.1. The dual of the norm || - ||, is || - [[¢)q, where

%—I—%:l ifl<r<ooandt=171ifr=o0,
4.4
44 %+%:1if1§p<ooandq:1ifp:oo.
To a given X € C™*™ with rows x1,...,r, a matriv Yo € C"*" satisfying [|Yoll¢q = 1
and Rtr(Yy X) = Rtr(XYy) = || X ||, can be constructed via the following procedure.
Let € = [ |lz] |-, |z} |I- ]T. Choose a nonnegative vector n = [n1,...,m,]" such
that |nlly = 1 and n7¢ = ||€||,. For each j € n choose a row vector y; € C"
with ||yJTHt =1n; and xjyj—-r = ||x;'—|\r77j Then Yo = [y),..., v, |* has the required
properties.

From Proposition 4.1 combined with Corollary 3.2 and Theorem 3.9 we get the
following corollary.

COROLLARY 4.2. Let 1 <r,p < oo, and let t,q be given by (4.4). Let Ka(z,y) =
{y*Ax; Ac A, ||Allyp < 1}. Then the following hold:

(i) the set Kenxn(x,y) is a disk of radius ||yx*||4q;

(ii) the support function of Kgnxn(x,y) is

sprn (2) = [R(zy2%)lgg,  2€GC

(iii) for the case p =1 and A € {Herm, Symg, Skewc, Sympg, Skewr} the support
function of Ka(z,y) is sa(z) = [|[Palzyz™)llq|q-
Example 4.3. Figure 4.1 shows the sets

Krrxn(2,y) = {y*Az; A€ R™", HA||1|oo <1},

(4.5) 3) 5
Kplin(z,y) ={2€C; 2° € Kpnxn(2,9) },
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20 5
-20 -2
-20 0 20 -2 0 2

FiG. 4.1. The sets Kpnxn(z,y) (left) and K® (z,y) (right) from Example 4.3.

RnXn

where
x=[1-i, —4,1]T, y=1[2-14,2 2-i]".

The plot of Kgnxn(z,y) has been generated by computing 200 boundary points using
claim (ii) of Theorem 3.6 and Proposition 4.1.

The following theorem extends a result by Noschese and Pasquini [17] on zero-
structured perturbations.

THEOREM 4.4. For an index set T C n X n, let A(Z) denote the set of A =
[0,k] € CY*™ with 6;, =0 for (j,k) ¢ I.

(i) The orthogonal projection of X = [x;i] € C**™ onto A(Z) is given by

zie if (J, k) €T,
0 if (J,k) €Z.

The orthogonal projection onto A(Z) NR™*™ satisfies

(4.7) Pa@nrnxn(X) = R(Pa) (X)) = [kl

where

(4-6) PA(I)(X) = [fjk], where gjk = {

A Raje if (J,k) €T,
0 if (. k) ¢ I.
(ii) Let p,q € [1,00] be such that % + % = 1. Then the support function of
Ka(z,y) = {y*Ax; A e AD), ||Allpp < 1} is given by
sa@)(2) = 1Pa@)(z y2")lqq = Pa@) (yz )llgq |21, z€C.

Hence Ka(zy(z,y) is a disk about 0 of radius ||Pa(z)(yz*)llqq- Further-
more, the support function of Kaynrnxn(2,y) = {y*Az; A € A(Z)N
R™™ | A|lpp < 1} is given by

sa@nrmn (2) = [Pa@nrn (2927) lgq = Rz Pa@ (2)llgq,  2€C

Proof. Obviously, the orthogonal complement of A(Z) is A((n x n) \ Z). This
yields (4.6). Equation (4.7) follows from Lemma 3.3. It is easily seen that the pro-
jectors in (i) satisfy the contraction condition (3.7) for || - || = || - ||p. This yields
(i). O
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5. Unitarily invariant norms. In what follows, U,, denotes the set of all uni-
tary m X n matrices. A norm || - || on C**" is said to be unitarily invariant if
IUXV] = ||X]|| for all X € C**" U,V € U,. There is a one to one correspon-
dence between the unitarily invariant norms on C™**™ and symmetric gauge functions
[22, section II.3]. A symmetric gauge function ® is a symmetric and absolute norm
on R™. The unitarily invariant norm || - || associated with ® is given by

(5'1) HXH‘I’ = (I)([Ul(X)ﬂ O'Q(X),..., Un(X)]T)v

where 01(X) > 09(X) > --- > 0,(X) denote the singular values of X € C"*". The
unitarily invariant norm induced by the Hélder-p-norm is called the Schatten-p-norm,
which we denote by

1/p
(Srenon(x)) 7 if1<p< o,
Xl = n
o1(X if p = co.

Note that || X||(«) is the spectral norm and [[X|[2) = /tr(X*X) is the Frobenius
norm of X. In the following, ® stands for the dual of the symmetric gauge function
P, i.e.,

(5.2) (€)= max n'E  EERM
n €R"
o(n) =1

Let X = Udiag(o)V* be a singular value decomposition, where U,V € U,, and ¢ =
[01,...,0,]T is the vector of singular values of X € C"*™. Let 7 = [r1,...,7,]" be
a nonnegative vector such that ®(7) = 1 and 7'o = & (o). Let Yy = Udiag(t)V*.
Then

(5.3) | X|p = e Rtr(YV*X) > Rtr(YyX)=7"0 =& (0) = || X| o

Ylle =1

It can be shown that the inequality in (5.3) is actually an equality. Hence we have
the following result [2, Proposition IV.2.11].

PROPOSITION 5.1. For any symmetric gauge function ® the dual of the unitarily
invariant norm || - ||o s || - ||e-

From (5.1) it follows that unitarily invariant norms have properties (a), (b), and
(¢) of (3.11). Thus, by combining Theorem 3.9 and Proposition 5.1, we get the
following result.

THEOREM 5.2. Let ® be a symmetric gauge function on R™, and let A be one of
the sets in (3.6). Then the support function of

Ka(z,y) ={y"Az; A€ A, ||Alle <1},  z,yeC,
is given by
sa(z) = |Palzyz)ler = @' ([01(2),- .. 0u(2)]T),  z€C,

where 01(2),...,0,(2) denote the singular values of Pa(zyz™).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/14/17 to 130.149.176.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

STRUCTURED PSEUDOSPECTRA AND THE CONDITION 2871

6. Frobenius norm and spectral norm. The results in this section are based
on the following proposition about the support function of an ellipse.

ProPOSITION 6.1. Let K C C be a nonempty compact convex set with support
function

sk (z) = vValz]? + R(b22), z,b€C,a>1b|.

Then K is an ellipse (which may degenerate to a line segment). Specifically,

6.1 K={c(VarPla+Va—pl&i): &.&eRG+&<1},

where ¢ = arg(b).
Proof. Let E denote the set on the right-hand side of (6.1), and let sg denote its
support function. Let

1 i 1 i
a=g(Vatpl+Va—The ™ 5= S(Vatbl-a—To)e 2

Then, for &1,& € R,

—it/2 (M& +a—b& Z) =af + B¢,  where { =& +&i€C.

Thus

sp(z) = maxR(z (e + F§))

l€1<1
=maxR((aZ+ B2)¢&)

g1<1
=|az + B2

— /(a2 + 182)212 + 2R(z> aB)
=+a|z|? + R(22D).

Thus sg = sk, and consequently £ = K. O
Note that the set (6.1) is a disk if b = 0 and a > 0. It is a line segment if
a=1b| > 0.
The next theorem characterizes the sets Ka (z,y) if the underlying norm is the
Frobenius norm || - || .
THEOREM 6.2. Letxz,y € C", and let P = Pa(yx*). Furthermore, let A C C™**"
be a vector space over C. Then the following hold:
(i) The set Ka(x,y) ={y*Ax; A€ A, ||A|lr <1} is a disk about 0 of radius
1Pl
(ii) Suppose that A = Agr @ i Ar, where Ag = A NR™ ™. Then the set
Ka,(z,y) = {y*Az; A € Ag, ||Allr < 1} equals the ellipse defined in
(6.1) with

1 1 1
a=gtr(P"P) =3 | P||%, b= §tr(PTP).

Proof. (i) is a special case of claim (iii) of Theorem 3.6.
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(ii) The support function of Ka,(x,y) satisfies

5ag(2) = [[Pag(2 yﬁU*)H(z) (by claim (i) of Theorem 3.9)
= [R(zP)l|(2) (by Lemma 3.3)

1 I

_ %wr((zp +2P)*(2P + 2P))

1 o _ _
= 5( |2|(tr(P* P) + tr(P* P)) + 2%tr(P* P) + z%tr(P* P))"/?
=2tr(P*P) =2R(22tr(PT P))
=Valz]? + R z2).
Now, (ii) follows from Proposition 6.1. O

Theorem 6.2 has the following consequences for structured eigenvalue condition
numbers.

COROLLARY 6.3. Let A € C be a simple eigenvalue of A € C"*™ with right
eigenvector x € C™ and left eigenvector y € C™ such that y*x = 1. Then the following
statements hold for the structured condition number

(6.2) ka(A, ) =max{ |y"Az|; A€ A, ||A|<1}.

(i) If the set Ka(z,y) = {y*Ax; A € A||A] < 1} equals the ellipse in (6.1),
then

ka(A,A) =+/a+ bl

(ii) Suppose the norm in (6.2) is the Frobenius norm. Let A C C™*™ be a subspace
over C, and let P = Pa(yx™) denote the orthogonal projection of yx* onto
A. Then

(6.3) ka4, A) =[P

Suppose additionally that A = Ar @i Ar, where Agp = ANR" ™. Then

1 1
(6.4) Kag(A,A) = \/§||P|% + 5 [t (PTP)].
In particular, the following inequality holds:

Kag(A,A) > A N).

1

V3l

Proof. (i) is obvious and (ii) is a consequence of (i) and Theorem 6.2. O

Remark 6.4. Relation (6.3) is Tisseur’s formula [23, section 4] in another notation.
From (6.3) one obtains the results of Noschese and Pasquini [18] on the structured
condition number of Toeplitz matrices by observing that the orthogonal projection of
a matrix X € C™*™ onto the set of Toeplitz matrices is given by replacing the entries
in each diagonal of X by their arithmetic mean.

Relation (6.4) generalizes a result by Byers and Kressner [4] on condition numbers
with respect to real perturbations.
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The next theorem gives explicit formulae for the constants a and b if A is one
of the perturbation classes defined in (1.8). Here we also consider the case where the
underlying norm is the spectral norm.

THEOREM 6.5. Let ||A|| denote either the Frobenius norm or the spectral norm
of A € C"*", Let A CC"™ ", and let a > 0, b € C be as in the tables below. Then
the support function of

Ka(z,y) ={y"Az; AcA, [A] <1}
is given by
(6.5) sa(z) = +valz]? + R(bz?), zeC.

Hence, Ka(z,y) equals the ellipse defined in (6.1).
Table for the Frobenius norm:

A a b

crxn [l 112 0

R 3 =l lly )12 3@T2) (yTy)

Herm | Lllellyl? L(a*y)?

Symg sUelPllyll? + |z Tyl?) 0

Skewg sUelPllyll* = |z Tyl?) 0

Symp FUelPllyll® + |z Tyl?) 1(@T2) (v y) + (2"y)?)
Skewr FUlPlyl? — |z Tyl?) 1H(@T2) (yTy) — (z*y)?)

Table for the spectral norm:

A a b

Ccrxn )l [l 0

ron |3 el i + VIR - P -] | @ ey

Herm el yll? — 3 ly*=|? 3(z*y)?

Symg )l 0

Skewc PNyl — |z Tyl 0

Skewr sl lyl1? = |z Ty[? + /det(F*F) ) 3(@T2)(yTy) — (27y)?)
F=[z z y 7

Here and in the following, ||z||, ||y|| denote the Fuclidean norm of x,y € C".

Remark 6.6. Theorem 6.5 makes no statement about the case where A = Symp
and the underlying norm is the spectral norm. The associated sets Ksym, (,y) are in
general not ellipses. Figure 6.1 gives two examples. It shows the sets Ksym, (75, ¥;),
7 =1,2, where

vy =2+, 244, 2|7, y1 = [-2, -2, 3i]T,

6.6
(6.6) o = [1+2i, 4, 2|, Yo = [i, —2+2i, 1+2i]T.
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10 10
5 5
0 0
-5 -5
-10 -10
10 5 0 5 10 10 -5 0 5 10

FIG. 6.1. The sets Ksymg (z1,91) (left) and Ksymg (22,y2) (right) from Remark 6.6.

According to Theorem 3.6 the boundary points of Kgym,(2;,y;) are of the form
Y5 Psym, (Az)z;, where z € C, [z] = 1, and A, € C"*" is any matrix satisfying
A l[(o0) = 1 and Rtr(A% Psym, (2y2*)) = [[Psym, (zy2*)|[1). A matrix A, with
these properties is given by A, = U, V", where Psym, (2 yz*) = U. X,V is a singular
value decomposition of Psym, (2 yz*). In order to generate the plots in Figure 6.1 we
have chosen 400 equidistant values of z.

The proof of the formulae for a and b with respect to the structures A in the
table for the spectral norm is based on the fact that for these structures the projection
Pa(zyz*) has at most two distinct nonzero singular values. However, the latter
generically does not hold for the structure A = Symy.

The proof of Theorem 6.5 uses the lemma below.

LEMMA 6.7. Let M = a1b7 + a2b3, where a1, az,b1,bs € C*. Then the Frobenius
norm and the Schatten-1-norm of M are given by

[M1E = llaxIPl[o1]” + llazl*1b2]1* + 2 R[ (aFaz) (bb2)],

M7 = 1M + 2 \/( lax|l[laz)l* — lataz[*) ([[oa][?[[2]| — [67b2]? ).

The Frobenius norms of the matrices Sy = %(M + MT) are given by

T T
(larl[lor]l* + llaz|*|lba]l* + |ay b1|* + |ag ba|*)

+ R (@faz) (bibo) % (a]b2) (agb) )

N~

IS£llE =

The Schatten-1-norm of S_ satisfies
I5-12y =2 (IS- 113 + v/det(a=a) )

where A = [al as by 62} e Cnx4,
Proof. See the appendix. O
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Proof of Theorem 6.5. First, we treat the case where A = R"*™. Let
M, =2R(zyx™)=zyx" +zyz".

According to Proposition 5.1 the dual of the spectral norm is the Schatten-1-norm.
Hence, by Theorem 5.2 the support function of Kgnxn»(x,y) (with respect to spectral
norm) is

sgnxn (2) = || Prexn (2 y2™) || (1) (by Theorem 5.2)
= [R(zyz)l 1)
1
= — MZ
LIVl

1
=3 o, + 24/, (by Lemma 6.7),

where
oz = HMZH%‘
= 2yl ll2)® + Iz glPPl|z[1* + 2 R[ (2 y)* () (2" 7) ]
=2 (|22 yl? + RIz* (2 Tx) (" w))),
B = (l=ylPlz51? = 1z ) EPP) (2] - J=*zf*)
= 21"l = a2 (llyll* — ly Ty l).
If the underlying norm is the Frobenius norm, then

. 1 1
smon (2) = IRy |p = 50 = 5 V@

Next, we consider the real skew-symmetric case. Let S_ = (M, —M_"). The support
function of Kskew (%, y) with respect to the spectral norm is

Sskews (2) = [ Pskews (2 y2™) |l (1) (by Theorem 5.2)
1
SEIEAS

1
5\/2 HS,H% +2+/det(AzA,) (by Lemma 6.7)

VIS + b VAR,
where
1513 = 5 (Nl + 1= gIP 0 1z 9)l? ~ |(20) 2P
+R [ ED) @'a) — (7o) ()T |
= [z (l?llyl® = [« Tyl*) + R (@T2)(y"y) - (@y)*)],

AZ:[zy Zy « ;ﬂ = [y g x 9?] diag(z, z,1,1).
S ——
—A,
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50 50 50 50
-50) -50) -50 -50)
-50 0 50 -50 ] 50 -50 ] 50 -50 ] 50
A=Crn A =R"" A = Herm A = Symg
50 50 50
0 0 0 &
_50 _50 -50
-50 0 50 -50 0 50 -50 0 50
A= Sym@ A = Skewc A = Skewp

F1a. 6.2. The sets Ka(xz,y) for the Frobenius norm and x,y defined in (6.7).

We have det(AfA.) = |z|*det(AjA;) = |z[*det(F*F), where F = [z = y j].
The computations for the other cases are analogous. O
Ezample 6.8. Figure 6.2 shows the sets Ka(z,y) = {y*Ax; A€ A, ||Allp <1},
where

r=[4+5i, 4+2i, 2—i, 3+4i]T,
(6.7)
y=[3+3i, 1+3i, 5+14, 0]T.

7. Self- and skew-adjoint perturbations. We now treat the case where A is
a set of matrices which are skew- or self-adjoint with respect to a scalar product on
C™. Specifically we show that the associated sets Ka(z,y) can be computed via the
methods in the previous sections if the scalar product is induced by a unitary matrix
and the underlying norm is unitarily invariant.

For nonsingular I1€ C"*"™ we consider the scalar products

(z,y)n = =11y, z,ycC", xe{x T}

Depending on whether x = T or x = %, the scalar product is a bilinear form or a
sesquilinear form. We assume that II satisfies a symmetry relation of the form

(7.1) II" = ¢oll, with ¢g = —1 or ¢g = 1.

A matrix AeC™*™ is said to be self-adjoint (skew-adjoint) with respect to the scalar
product (-, -)p if

(7.2) (Az,y)n = e(x,Ay)n  for all x,ycC",
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and € = 1 (e = —1). The relation (7.2) is easily seen to be equivalent to
(7.3) AT = eIIA.
We denote the sets of self- and skew-adjoint matrices by
struct(Il, x,€) := { A € C™*"; A*II =€lIA }.
The relation (7.1) implies that (7.3) is equivalent to
(7.4) (TIA)* = e e ITIA.

We thus have the following lemma.
LEMMA 7.1. Let II,A € K"*", where K = R or C. Suppose II* = €Il with
€0 = —1 or eg = 1. Then the following equivalences hold:

ITAeHerm  if ege =1, x = x,

[MAeSymg ifepe=1, x=T,
A€ struct(I, x, €) <

[IAeSkewg ifege=—1, k=T,

iIIA€eHerm if ege = —1, x = x*.

In many applications II is unitary. The most common examples are
IT € {diag(Ix, —In—k), En, Jn},

where

Jn — |:_OI I(;’L:| c ((:2n><2n7 En — c (Cnxn.
! 1

PROPOSITION 7.2. Suppose 11 € C™"*™ s unitary and satisfies II* = eIl with
€0 = —1 or e = 1. Let struct = struct(Il,x,¢). Then, for any unitarily invariant
norm,

Kstruct(xa y) = KA(!E, Hy)7

where
Herm  if ege =1, x = x,
Syme  ifege=1, =T,
(7.5) A=<{Symyp ifee=1, =T, and Il € R™*"

Skewc if ge=—1, x =TT,

Skewgr if ege = —1, x =T, and II € R"*".

Furthermore, Kgtruct(€,y) = Kherm(,1ly) if ege = —1 and x = *.
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Proof. Using Lemma 7.1 and IT*II = I,, we obtain for the sets in (7.5)

Kstruet(z,y) = {y"Ax; A € struct, ||A| <1}
= {(Ily)*(ITA)z; TIA € A, |TA| <1}

The proof of the remaining statement is analogous. O
Ezxample 7.3. In this final example we consider the matrix

a p 1 0
(7.6) A= _05 o0 }3 . a,BER, B0
0 0 -0 «

Note that A has two Jordan blocks of dimension 2 associated with the eigenvalues
A= a+i8, A = a —if. Both eigenvalues are nonderogatory and have algebraic
multiplicity 2. Let 2, € C* be defined as

r:=—[1, i, 0, 0], =

1
V2
Then

Az = A, TA-N)?> =0, J(A-)\L)#0, grr = 1.

Let y* := 9*(A — XI4) = [0, 0, 1,—i]/v2. According to the discussion in the
introduction we have for the connected component Ca (A, A, €) of the pseudospectrum
oa(A,e) that

lim Cal(A, N e)— A

2
e—0 el/2 = K(A)(x’ Y),

where K(AQ)(x,y) ={z; 22 € Ka(z,y) }. We consider now the case where A = R**4
and where the underlying norm is the Frobenius norm. Then by Theorem 6.5 the set
Ka(z,y) = Kgaxa(x,y) equals the ellipse defined in (6.1), where

1 o 2 1 =
a=slalPlyl? =5, b=3ETD) Ty =0

Since b = 0, the ellipse is a disk of radius v/a = 1/v/2. Hence, K(A2) (x,y) is a disk of
radius 271/4,

Note that the matrix A is Hamiltonian; i.e., A is skew-adjoint with respect to
the skew-Hermitian inner product (v,w) — v*Jw, J = [_012 102} Let Hamp =
{A € RY™; ATJ = —JA} denote the set of all real Hamiltonian 4 x 4 matrices.
Then, by Lemma 7.1, Hamg = {A € C***; JA € Symy } and, by Proposition 7.2,
K¥amg (,y) = Ksym, (2, Jy). Hence, if the underlying norm is the Frobenius norm,
then Kpamg(x,y) equals the ellipse with the parameters (see Theorem 6.5)

2?7912 + 127 TyP) = 5,
(T2) ()T () + @ () = 7
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Since a = b, the ellipse degenerates to an interval. Precisely we have Kpam, (z,y) =

[—vVa+b,va+b = [-27Y2,27/2] and hence KI(i)mR(a:,y) = [-27V4 2714y
7;[—271/4,271/4].

8. Appendix. We give the proof Lemma 6.7. To this end we need the following
fact.

ProposiTION 8.1. Let 09 > 092 > --+ > 0, denote the singular values of
M = AB*, where A,B € C"™". Then o, = 0 for k > r, and 0%,03,...,0% are
the eigenvalues of (A*A)(B*B). In particular,

> op =tr((A*A)(B*B)), [ o7 = det((4*A)(B*B)).
k=1 k=1

Proof. Since rank(M) < r, we have o}, = 0 for k > r. The squares of the singular
values of M are the eigenvalues of M*M = XY, where X = B, Y = (A*A)B*. As is
well known XY and YX = (A4*A)(B*B) have the same nonzero eigenvalues. O

Now, let 01,02 denote the largest singular values of the matrix

M = ale + a2b§ = [a1 ag] [bl bg]*, ay,as, by, by € C".

Since rank(M) < 2, the other singular values of M are zero. Using Proposition 8.1
we obtain for the Frobenius norm and the Schatten-1-norm of M

IM||% = o + 03
_ i (leall* atas ] [lbal* - b70s
azar lazf?| | 631 [|b2f|?
= llax[I*[|ba]1? + llaz|*[[b2]]* + 2 R( (afaz) (b7b2) ),

IMI[7y) = (o1 + 02)?
:U%+0§+2 o203

= | M7 +2v/5,

where

lai|l*  ajaz | [lloa]|*  bibe
= det
b ({ laal] | b3br (ol
= (JlasPlas]® — lafas ) ([bs |2 bs])? — [b7bs[?).

Next, we compute the norms of the symmetric and the skew-symmetric parts of M.
Let St = %(M + MT). Then S+ can be written in the form Sy = ABZ, where

- 1
A= [al as by bg} , By = 5 [bl by +ay idg} .
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We have

lail*  afas  afbi  afb

ajar  laz|* azbi azbs

A"A= T T —_— ’
biai  blaz |buf*  bibo
bjai bjaz Dzbi b
[b1]]> biba  £blar £b]ay
BBy — 1| B Ibal2 +£bjay +b]ay

41talby +alby |ai]? afaz

+agby +ag by asas [laz|?

Using Proposition 8.1 we obtain for the Frobenius norm of Sy

5<% =

(=

r((A*A)(BiBx))

T T
(larl[lor]l* + llaz|* o]l + |ay b1|* + |ag ba|*)

+ % ((@faz) (b3b2) + (a]b2) (afby) ).

N~

We now determine the Schatten-1-norm of S_. Since rank(S_) < 4, at most four
singular values of S_ are nonzero. Let o1 > o9 > 03 > 04 denote these singular
values. Since S_ is skew-symmetric, its singular values have even multiplicity [10,
section 4.4, Exercise 26]. Thus o1 = 02 and o3 = 4. This yields

HS_||%1) = (01 + 09 + 03 + 04)*
= (207 + 203)?
=2(20%1 +203) + 80103
=2|[S_||% + 8 (ot o3050d)
= 2[|S_|3 + 8 (det[(A* A)(B* B_)])'/*.
Since 4 B* B_ is unitarily similar to A*A, we have det(B*B_) = zi-det(A*A).
Hence,

I5-1%y = 2 (IS- 113 + v/det(474) )
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