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1. Introduction

Let A be a closed symmetric operator with equal (possibly infinite) deficiency
indices in a Hilbert space K and let {G,T,T'1} be a boundary triplet for the
adjoint operator A*. Let Ay be the self-adjoint extension of A in K corresponding
to the boundary mapping 'y, Ag = A* [ker 'y, and denote the ~-field and Weyl
function corresponding to {G,To,T'1} by ~ and M, respectively. Here the Weyl
function M is an £(G)-valued Nevanlinna function with the additional property
0 € p(Im M (X)), A € C\R. It is well known that in this case the Krein-Naimark
formula

Pe(A=N) "= (Ao = V)7 =y (M) +7(0) ) (L)
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establishes a bijective correspondence between the class of Nevanlinna families 7
in the parameter space G and the compressed resolvents of self-adjoint extensions
Aof Ain K x ‘H, where H is a Hilbert space. This description of the general-
ized resolvents of a symmetric operator was originally given by M.G. Krein and
M.A. Naimark in [25, 26, 28] for the case that A is densely defined and has finite
deficiency indices; see [8, 10, 11, 12, 13, 24, 27] for our more general situation.
Various generalizations of the Krein-Naimark formula in an indefinite setting have
been proved in the last decades. E.g. the case that A is a symmetric operator in a
Pontryagin space K and H is a Hilbert space was investigated by M.G. Krein and
H. Langer in [21]. Later V.A. Derkach considered both K and H to be Pontryagin
or even Krein spaces, cf. [7]. Under additional assumptions other variants of (1.1)
were proved in [3, 4, 5, 6, 7, 22].

Recently a very interesting new proof of the Krein-Naimark formula in the
Hilbert space case was given in [10, 11] by V.A. Derkach, S. Hassi, M.M. Malamud
and H.S.V. de Snoo with the help of a coupling method which allows to interpret
the parameter family 7 as a so-called Weyl family associated to a boundary re-
lation of a symmetric relation in the Hilbert space H. The concept of boundary
relations is a generalization of the notion of boundary triplets which has the es-
sential advantage that every Nevanlinna family can be realized as the Weyl family
associated to a boundary relation, see [9].

The basic aim of this paper is to introduce the concept of boundary relations
for symmetric relations in Krein spaces and to prove some variants of (1.1) in
the Krein space case with a similar method as in [8, 10, 11]. Roughly speaking,
if A is a symmetric relation in a Krein space K which possesses a self-adjoint
extension Ag in K with a nonempty resolvent set, then we show in Theorem 3.1
that formula (1.1) gives a correspondence between compressed resolvents of self-
adjoint extensions Ain K x ‘H, where H is a Krein space, and the Weyl families
7 corresponding to boundary relations of symmetric relations in H. In contrast to
the Hilbert space case where formula (1.1) makes sense for all A € C\R it is not
immediately clear in our setting for which A € p(Ag) the compressed resolvent of
A and the inverse of M + 7 are bounded operators on K and G, respectively, cf.
assertion (a) in Theorem 3.1 and Theorem 3.2. In the special situation that A has
finite defect, the fixed canonical extension Ay locally (with the possible exception
of a discrete set) has the same spectral properties as a self-adjoint operator in a
Hilbert space and H is a Hilbert space we study the local spectral properties of A
in Theorem 3.4, see also [3] for a similar situation.

The paper is organized as follows. Following the lines of [9] we introduce
the concept of boundary relations and associated Weyl families for symmetric re-
lations in Krein spaces in Section 2. The special case of boundary triplets and
corresponding Weyl functions is briefly reviewed in Section 2.3. Section 3 contains
our main results on Krein-Naimark type formulas in the Krein space setting dis-
cussed above. Finally, in Section 4 we show that certain classes of relation-valued
functions can be realized as Weyl families corresponding to boundary relations of
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symmetric relations in Krein spaces. As a special case we obtain an alternative
proof of the main result in [9], that is, each Nevanlinna family can be realized as
the Weyl family of a boundary relation of a symmetric relation in a Hilbert space.

2. Boundary relations of symmetric relations in Krein spaces

The main objective of this section is to generalize the notion of boundary relations
and associated Weyl families for symmetric relations in Hilbert spaces from [9] to
symmetric relations in Krein spaces.

2.1. Symmetric, self-adjoint, isometric and unitary relations in Krein spaces

In the following let (I, [+, |x) and (H, [-,-]») be separable Krein spaces and let Ji
and Jp; be corresponding fundamental symmetries. The linear space of bounded
linear operators defined on K with values in H is denoted by L(IC, H). If K = H we
simply write £(K). We study linear relations from K to H, that is, linear subspaces

of I x H. The set of all closed linear relations from K to H is denoted by C(K, H).
If K = H we write C(K). Linear operators from K into H are viewed as linear
relations via their graphs. For the usual definitions of the linear operations with
relations, the inverse etc., we refer to [14]. The domain (kernel, range, multivalued
part) of a linear relation S from K to H will be denoted by dom S (ker S, ran S,
mul S, resp.).

The resolvent set p(S) of a closed linear relation S € C(K) is the set of all
A € C such that (S — )7t € L(K), the spectrum o(S) of S is the complement of
p(S) in C. The extended spectrum o (S) of S is defined by 7(S) = o(S) if S € L(K)
and 7(5) = o(S)U{oo} otherwise. The extended resolvent set p(.S) of S is defined
by p(S) = C\&(S). A point A € C is an eigenvalue of S if ker(S — \) # {0}; we
write A € 0,(5). We say that A € C belongs to the continuous spectrum o.(S)
(the residual spectrum o,(S)) of S if ker(S — A) = {0}, ran(S — ) is dense in K
and ran (S — \) # K (resp. if ker(S — X) = {0} and ran (S — A) is not dense in K).
We set NV g := ker(S — \) and /\Af)\,s ={(x) g9r € Mas}.

If U C K xH is a linear relation from K to H, then the adjoint relation

Ut € C(H,K) is defined by
Ut = {{h,k} € H x K|[h,hlp = [k, k]xc for all {k,h} € U}.

The linear relation U C K x H is said to be isometric (unitary) if U1 C U™ (resp.
U-'=U"). If A C K? is a linear relation in K, then A is said to be symmetric

(self-adjoint) it A C AT (resp. A= A™1). A unitary relation U € C(K,H) satisfies
ker U = (dom U)** and mul U = (ran U (2.1)

and dom U is closed if and only if ran U is closed, see e.g. [9, Proposition 2.3].

A symmetric relation A € C(K) is said to be of defect m € N U {oc}, if both
deficiency indices

na (JcA) = dimker ((JeA)* F i)
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of the symmetric relation Jx A in the Hilbert space (K, [Jx-, |x) are equal to m.
Here * denotes the adjoint with respect to the Hilbert scalar product [Jic-, -|x. We
note that the symmetric relation A € C(K) is of defect m if and only if there exists
a self-adjoint extension of A in K and each self-adjoint extension A’ of A in K
satisfies dim(A’/A) = m.

We define an indefinite inner product [, -], on K? (and analogously [-, ],
on H?) by

[/, e = (U, 6 — [ alc), f = (J{) - (gg) c K2

Then (K2, [, -],2) is a Krein space and (i?}c 71‘6]“) € L(K?) is a corresponding
fundamental symmetry. Observe that also in the special case when (K, [-,-]) is a
Hilbert space, [, ]2 is an indefinite inner product. In the following we will say
that a linear relation I' C K% x H? from K? to H? is [, -]-isometric ([-, -]-unitary)
if T' is an isometric (resp. unitary) relation from (K2, [, ]x2) to (H?, [, ]2). The
adjoint of T’ will be denoted by T'[*].

2.2. Definition and basic properties of boundary relations and associated Weyl
families

The notion of boundary relations and associated Weyl families were introduced in
[9] for symmetric relations in Hilbert spaces. The definitions and some of the basic
properties remain the same in the Krein space case.

Definition 2.1. Let A € C(K) be a symmetric relation in the Krein space K. A
linear relation T C K? x G? is called a boundary relation for At if G is a Hilbert
space, T := dom T is dense in AT and T is [, -]-unitary.

Let A € C(K) be a symmetric relation and let T’ € C(K?2,G?) be a boundary
relation for A™. Then the first relation in (2.1) implies A = ker I". The elements in
I will be written in the form {f, h} € T', where f = (J{,) eKZand h = (}'L’,) € G2
Associated with the boundary relation I' are the relations

Lo = {{f,h}[{f,h} €T} and Ti:={{f,W}[{f,h}eT}.  (22)

We note that ker 'y and ker I'; are symmetric relations in K which in general are
not closed.

Definition 2.2. Let A be a closed symmetric relation in K and let ' be a boundary
relation for AT, T = dom I'. The ~-field v and the Weyl family 7 of the boundary
relation T are defined by

v\ = {{h, f}|[{f.h} €T and f e N\ar}, N€EC,
and

7(A\) :=D(Nag) = {h|{f.h} €T and f e N\ 7}, AeC.
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Remark 2.3. In general the values of the Weyl family and the - ﬁeld correspondmg
to a boundary relation have nontrivial multivalued parts. For {f h} with f € ./\/')\ T,
A € C, the [, -]-unitarity of T yields

(W', h)g — (h,h)g = (A = N, flk-

In the special case where K is a Hilbert space, this leads to ker(To|Ny.r) = {0}
for A € C\R and hence, if A is a closed symmetric relation in a Hilbert space K
and T is a boundary relation for A*, then the y-field v associated with T is an
operator-valued function on C\R which maps dom 7(\) onto Ny r, cf. [9, §4.2].

Let again K be a Krein space and let G be a Hilbert space. Then the bijective
transformation

s ()W) {0 (G) e

establishes via I' — J(I') a one-to-one correspondence between the set of [, -]-
isometric ([-,-J-unitary) relations I' C K2 x G? and the set of symmetric (resp.
self-adjoint) relations in (K x G)2. The mapping (2.3) is called the main transform
in [9]. Clearly, if A is closed and symmetric in K then a relation I' C K2 x G2
with the property A = kerT" is a boundary relation for AT if and only if J(T") is
self-adjoint. This also implies that for a symmetric relation A € C(K) a boundary
relation always exists. The next lemma shows how the Weyl family 7 of a boundary
relation I' is connected with the compressed resolvent of J(I') onto G. The proof
is straightforward and essentially contained in [9, §3]. We leave the details to the
reader.

Lemma 2.4. Let A be a closed symmetric relation in K and let T € C(K2,G?)
be a boundary relation for At with corresponding Weyl family 7. Define J as in
(2.3) and denote by Pg the orthogonal projection from K x G onto G and by [g the
canonical embedding of G in IC x G. Then T satisfies (i)-(iii).
(i) The formula
Pg(T(L) =N lg=—(r(\) + N) 7! (2.4)
holds for all A € C.
(ii) If p(J (1)) is nonempty, then —(T(X) +X)~1 € L(G) for XA € p(J(T)).
(iii) The Weyl family is symmetric with respect to the real line, i.e. T(X) = 7(\)*
for X € C\R.

Remark 2.5. The class of Weyl families corresponding to boundary relations for
symmetric relations in Hilbert spaces is completely described in [9, Theorem 3.9].
Namely, in the case that K is a Hilbert space it follows from Lemma 2.4 that the
values 7(A\) of the Weyl family T are mazimal dissipative (maximal accumulative)
relations for every A € C, (resp. A € C_), and 7(\) = 7(\)* and —\ € p(T()\))
holds for all A € C\R, i.e. T is a so-called Nevanlinna family; we write T € ﬁ(g)
Conversely, by [9, Theorem 3.9] each Nevanlinna family T € ﬁ(g) can be realized
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as the Weyl family of a boundary relation for a symmetric relation in a Hilbert
space (see also Corollary 4.4).

2.3. Boundary triplets for symmetric relations in Krein spaces

The concept of boundary relations is an extension of the notion of boundary triplets
for symmetric relations in Krein and Hilbert spaces, cf. [5, 6, 7] (and e.g. [12, 13, 15]
for the Hilbert space case).

Definition 2.6. Let A be a closed symmetric relation in a Krein space K and let

I' € C(K2,G?) be a boundary relation for AT with To and T'y as in (2.2). If T is
surjective, then {G,To,T'1} is said to be a boundary triplet for A™.

Definition 2.6 coincides with the usual definition of a boundary triplet for a
symmetric relation since by (2.1) a surjective boundary relation I' € C(K2,G?) is
necessarily an operator defined on A* and therefore I'y and I'; are operators such

that the mapping (IFJ;) : AT — G? is surjective and

(f/ug)’C - (f7 g/)K = (Plfv Fog)g - (F0f7rlg)g

holds for all f = {f,f'}, § = {g9,9'} € AT. We briefly recall some important
properties of boundary triplets which can be found in e.g. [5, 6, 7, 12, 13]. Let in
the following A be a closed symmetric relation in IC and let {G, Ty, 1}, T' = (;i’),
be a boundary triplet for A*. The mapping I induces, via
Ag :=T"'O@={fec AT |Tfe0}, (2.5)

a bijective correspondence © — Ag between the set of all closed linear relations
© in G and the set of closed extensions Ag C A1 of A in K. Furthermore (2.5) es-
tablishes a one-to-one correspondence between the closed symmetric (self-adjoint)
relations in G and the closed symmetric (self-adjoint) extensions of A in K. Note,
that in particular Ag := kerI'g and A; := kerI'y are self-adjoint extensions of A.

Assume now that p(Ag) is nonempty. Then for each A € p(Ag) the relation
A% is the direct sum of Ay and N A4+ and it follows from Definition 2.2, that
for A € p(Ap) the y-field v and the Weyl function M of the boundary triplet
{G,Ty,T'1} are given by

v(A) = m (Lo |-/\7)\,A+)71 € L£(G,K) and M(\) =Ty (o \/\A,m)’1 € L(G).

Here m; denotes the orthogonal projection onto the first component of K x K. The
functions v and M are holomorphic on p(Ag) and satisfy the relations

Y = (I + A= m)(Ao =2~ )v(k)
and

M) = M(p)" = (A =1)y(e) "v(V)
for all A\, i € p(Ap). Moreover

YN Th =T, (( / J(i"(ZOAZ_;)h_l h) (2.6)
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holds for each h € KC and A € p(Ay)

With the help of the Weyl function the spectral properties of the closed
extensions Ag C AT of A can be described. Namely, if © € C(G) and Ag is the
corresponding extension of A via (2.5), then a point A € p(Ap) belongs to p(Ae)
(0i(Ae), i =p,c,r) if and only if 0 belongs to p(© — M(A)) (resp. 0;(0 — M()N)),
i =p,c,r) and the well-known formula

(Ao =N = (Ao =N (N (O = M)~
holds for all A € p(A4p) N p(Ag) (see e.g. [T]).

OO

3. Generalized resolvents of symmetric relations in Krein spaces

If A is a closed symmetric operator or relation with equal (possibly infinite) de-
ficiency indices in a Hilbert space 8 and {G,Ty, 1}, A9 = kerT'g, is a boundary

triplet for the adjoint A* € C(R) with corresponding v-field v and Weyl function
M, then the Krein-Naimark formula

Pa(A= N7 1a= (Ao = N7 =y (V) (M) +7(0) 9", AeC\R, (3.1)

establishes a bijective correspondence between the compressed resolvents of min-
imal self-adjoint extensions Aof Ain & x $, where the exit space ) is a Hilbert
space, and the Nevanlinna families 7, i.e. the Weyl families of boundary relations
of symmetric relations in Hilbert spaces (see e.g. [8, 10, 11, 12, 13, 24, 27]). In this
section we prove some variants of (3.1) for the case that £ and $) are Krein spaces.
Other indefinite generalizations of (3.1) can be found in [3, 4, 5, 6, 7, 21, 22].

3.1. The case of a Krein space as exit space

In the next theorem we show, roughly speaking, that a correspondence of the form
(3.1) exists also between the compressed resolvents of the self-adjoint extensions
of a symmetric relation in a Krein space K and the Weyl families of boundary
relations of symmetric relations acting in Krein spaces H. The idea of the proof is
based on the coupling method from [8].

Theorem 3.1. Let K and H be Krein spaces, let A € C(K) be a symmetric relation
and let {G,To,T1} be a boundary triplet for AT with corresponding y-field v and
Weyl function M. Let Ag = kerT'g and assume that p(Ag) is nonempty.

(i) If Ae 5(IC x H) is a self-adjoint extension of A and for some Ao € p(Ao)

Pc(A—=Xo)™! [k€ L(K), then there exists a boundary relation T” € C(H?, G?)
such that the corresponding Weyl family T satisfies (a) and (b).

(a) If X € p(Ag), then (M(X) +7(XN)~! € L(G) if and only if
Pe(A - ) e L(K).
(b) The formula

Pe(A=2) "= (40 = N7 =) (M) + 7)) )T (3.2)
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holds for all X\ € p(Ag) such that (M(X) +7(\)~! € L(G).
(ii) If TV € 5(H2,92) is a boundary relation with corresponding Weyl family T
and (M(Xo) + 7(Xo))™t € L(G) for some g € p(Ap), then there exists a

self-adjoint extension A € C(K x H) of A such that (a) and (b) are satisfied.

Proof. (i) 1. The proof of assertion (i) is organized in 4 steps. Let H be a Krein
space and let Abea self-adjoint extension of A in I x H. We do not exclude the
case of a canonical self-adjoint extension ﬁ, that is, H = {0}. It is not difficult to
see that the closed linear relations

o[t em{(5). ()} <5}
s {men {(2). (1)} <3

are symmetric in K and H, respectively. The same arguments as in the Hilbert
space case (see [9, Proposition 2.12]) imply that the closures of the linear relations

o= {ie e ((8)- () 5}
ne={mmet{(2). () 4

coincide with Sa' and Sf', ie. S, cT,CT, = S;r holds for ¢ = 1, 2. Note also that
Sp is an extension of the symmetric relation A.

2. In this step we show that

e {{n Crlp) e l{ () (D) <) oo

is a boundary relation for S
;From the definition of T we immediately get that dom I'" is dense in S;". In
order to verify that the linear relation I" C H? x G? is [-, -J-unitary let

Lo fi 5 S . [ Tog /
[ ) afer ma fo (T ) er

As A is self-adjoint in K x H we have

Jl g KxH J1 g KxH
a,“d IleIlce

M—Flgf;o)’ (—Flgfgo)ﬂgz = i([f gol — [for gblc)= [f1, 1] 5,2

implies that I is [-, -]-isometric, i.e. I/ =1 ¢ IVI*]. Conversely, let {h, f;} € I'[+]

and choose fo € A such that h = (fl‘jf;o ). Then {(j:‘l) ) (ﬁ’ ) } belongs to A=At
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SiAnC(i for an arbitrary {(9°), (z‘;) )A} € A we have {an, (_Fli’lqgo)} € I and hence
{h, f1} € T"I*] and the choice of h imply

K@ | @f)]m; [(?) ’A@?)LXH = =i([fo o] o + [f1 1] 0)
(IG5 (o], [ (i), =0

Hence {f1,h} belongs to I and this gives I"[*] c I” =1, We have shown that I”
is a boundary relation for S

3. Let A € p(Ap) such that Pi(A—\)"! [xe £(K) and denote the Weyl family of
I by 7. We check that

(M) + (V)" = {(“ﬁ}: hl) eg? ‘ fr € Ny a+ and (F‘;fk) c T(A)}

is a bounded operator defined on G.

If I‘lf)\ +h' =0 then ( Fl‘jf} ) € 7(A) and hence there exists fl e Ny 1, such
—L1JX

that {f1, ("5 )} € I By (33) {(£), (3)} € A and this implies that {0, /,}
belongs to

P,C(E—)\)_lr,g—{{fo Ao, fo} € K2 {(T) ( )}eﬁandflem,ﬂ}.

Therefore fy = 0, i.e. Tofy = 0 and (M(X)+7(\))~! is an operator. Next we show
dom (M(A) +7(N) " =

Let ¢ € G and choose fo AT such that (fl‘j{;)co) = (g) By our assumption

dom (Pc(A — )\)* lc) = K there exists f € At and fi € Ny 1, such that
{({) (Ah)} € Aand f' — Af = fi — Mo. Hence f\ == f — fo € Nya+ and
{fl,( Fof )} el ie. (_F(’ff) e 7()). Setting i’ := —T'; f we find (F%f*) eT(N)
and R o R

Difa+0 =T1(f - fo) +h'=-T1fo=gy,
that is g € dom (M(X) + 7()\))~!. Finally M()\) € £(G) and the fact that 7(\) is
closed imply that (M (\)+7(\)) ! is closed and therefore (M (X)+7(X) ™t € L(G).

4. Let now A € p(Ao) such that (M(A) + 7(A))~! € L(G) holds. We prove in this
step that Pc(A — A)~! [c€ L(K) has the form (3.2).
Let k € K and fy := —y(\)((M(\) + T(A))_ly(X)Jrk € Ny a+ and define

fo € At by f(f()) ( (Ao — \) "k )+(fx) (3.4)
0= )= Weacas =) ) |
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We have
fo=Mo=k and fo= (Ao —A) "k — (AN ((MO) +7(N) 7N k.

Therefore, by the form of Pi(A — A)~! |x it remains to show that there exists
P K 1 ((foy (F T
fr € Nar, with {(), (ffl))} € A. First of all

Tofr = —(M\) +7(N) M)k

implies

(384) = 000 700 = { (i) [0}

and this gives

Lo fa o
(—W(X)ﬂc - rlfA> er(\) =T"(Myn).

Hence there exists fl € NA,Tl such that

2 Tofa /
{f a (—V(X)ﬂﬂ — rlf)} <f

and from (3.4) and (2.6) we obtain T'ofo = Iofy and Tyfo = v(\)Tk + Iy fo.

f( Tof f £ 1 :
Therefore {fl, (7;1}%0)} belongs to IV and thus by (3.3) {(f‘l)), (f(l,’)} € A. This
completes the proof of assertion (i).

We prove assertion (ii). Let I € C(H?,G?) be a boundary relation with corre-
sponding Weyl family 7. We claim that

= {{(0) (D eocomrffa (i)} exp e

is a self-adjoint extension of A. In fact, for {(}?), (;é)}, {(gfl))a (Zé)} € A we
1 1

have {fla (jlff})o '} {a, (_Flgoﬁgl )} € I'” and the [-, [-isometry of I implies

() (o |(R)- G = U o)
= ([ (] (25 (2)],) o

that is, 4 is symmetric. Let now {(;? ), (;‘{3 )} € A*. We show that {(ﬁ’ ) (;‘% )}
belongs to A. First of all we have

[fo.90] o = —[f1, 1], for all {@) , (g%)} € A (3.6)
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If go € A = kerI'g NkerI'; we conclude {(900), (905)} € A from {0,0} € T” and

(3.6) yields in this case foe AT. By (3.5) it remains to check {fl, ( Flff; )} el
—1l1Jo

For this let {g1,k} € IV and choose Jo € AT such that k = (fli’fgo) By (3.5)

{(90), (gé’)} belongs to A and (3.6) implies

(i = Uil = [(R) () = [CE) 4,

Therefore {( Flff(]} ),fl} e IV = 171 and this gives {(;T ), (;‘é)} € A. We have
—1l1Jo 1

shown that A is self-adjoint. Moreover it is not difficult to see that A € C(K x H)
is an extension of A.
If A is defined by (3.5) then the boundary relation I can be written in the

form
;L : ( Tofo fo fo T
o= {0 (o) e {(2)- (1)} =}

It was shown in step 2 of the proof of (i) that I is a boundary relation for S (see
step 1) and by step 3 and 4 the assertions (a) and (b) of (i) hold. We have proved
Theorem 3.1. g

3.2. The case of a Hilbert space as exit space

We are now concerned with the situation that the exit space H is a Hilbert space.
Under this additional assumption assertion (a) of the previous theorem can be
improved.

Theorem 3.2. Let K be a Krein space and let H be a Hilbert space, let A € C(K)
be a symmetric relation and let {G,To,T1} be a boundary triplet for AY with
corresponding y-field v and Weyl function M. Let Ag = kerT'y and assume that
p(Ap) is nonempty.

(i) If A € C(K x H) is a self-adjoint extension of A and Pc(A—Xo)™* [x€ L(K)
holds for some Ao € p(Ayp), then there exists a Nevanlinna family 7 € R(G)
such that (a) and (b) hold.

(a) If X € p(Ay), then (M(X) +7(N\)~t € L(G) if and only if A € p(A).
(b) The formula

Pi(A= )" o= (Ao = )71 =) (M) + (1) ()

holds for all X € p(Ag) N p(A).

(ii) If T € R(G) is a Nevanlinna family and (M(Xo) +7(Xo)) ™" € L(G) for some
Ao € p(Ap), then there exists a self-adjoint extension A € C(K xH) of A such
that (a) and (b) are satisfied.
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Proof. Since the class of Nevanlinna families ﬁ(g) coincides with the class of
Weyl families of boundary relations in Hilbert spaces (see [9, Theorem 3.9], Re-
mark 2.5 and Corollary 4.4) the assertions of Theorem 3.2 follow immediately
from Theorem 3.1 if we show that each point A € p(A4y) with the property

(M(X) +7(\) L € £(G) belongs to p(A).

Define I € C(H2,G?) as in (3.3), let 7 and 4/ be the corresponding Weyl family
and v-field and assume that A € p(Ag) is chosen such that (M (\)+7(\)) "t € L(G).

In order to show that A — X is injective, let
/ ~
{<f0> , <f9>} € A such that fl—Afo=0and f] — \f; =0,
fi I
ie. fo € N, a+ and fie N 1, . Writing A in the form (3.5) and setting h := Lo fo

we conclude )
h _( Tofo / _
(‘ M(X ) ( Flfo) ST (Mn)=7(N
A

)h
and therefore (£) € M(X) + 7(A). From (M(X) + 7(A\)™' € £(G) we now get
h = 0 and since both v(\) and +/(X) are operators (cf Remark 2.3) here we obtain
/

fo=v(MDh=0and f, =~ ()\)h = 0, that is, ker(A A) = {0}.

In order to show the surjectivity of A — X we construct elements fo € AT and

fi € Ty with )
s Tofo / fo—Mo\ _ (90
{fl, (—Fﬁo)} el and (f’l - Ah) = <gl) (3.7)

for an arbitrary (go) € K x H. First of all choose fy € Ay such that fo—=Afo=90
and set x := Iy fo. Since J(I") (cf. Section 2.2) is self- adjoint in the Hilbert space
‘H x G there exists {fl, h} € IV with f] — Af1 = ¢1. Let now f,\ € N, 4+ such that
Iofx = h (and hence I'y fy = M(A)h) holds and since M () +7(\) is surjective by
assumption there exists [ € 7(\) with M(\)l 41’ = —(h/ + M(A\)h + z). Therefore
there are fi, € N1, and for € N _a+ such that {fl,\, i} eI and | = Tgfox (and
hence T'y fox = M(A)1). Setting

for=fo+ fr+for € AT and fi = fi + fir € 11,
we have {f1,h+ 1} € T" and from

b— A T'of .
(f? fo) _ <90) and < ofo ) i
1 — Af g1 —T'ifo
we conclude that (3.7) holds, that is, A — X is surjective. O

In Theorem 3.4 below we will impose additional conditions on the symmetric
relation A € C(K) and the fixed canonical self-adjoint extension Ay = ker[y in
order to get more information on the (local) spectral properties of the extensions
A. For this we briefly recall the notion of locally definitizable self-adjoint relations.
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For a detailed study of (locally) definitizable self-adjoint operators and relations
we refer to the papers [16, 19, 23] of P. Jonas and H. Langer.

If Ay is a self-adjoint relation in a Krein space IC, then A € C belongs to the
approzimate point spectrum of Ao, denoted by o4p(Ao), if there exists a sequence
(y2) € Ao, n = 1,2,..., such that |lz,| = 1 and lim,—c [|yn — Az,|| = 0.
The extended approximate point spectrum oqp(Ag) of Ao is defined by o4y (Ao) if
0 ¢ 0ap(Ayt) and by o4,(Ag) U {00} otherwise. A point A € 74,(Ap) is said to be
of positive type (negative type) with respect to Ay, if for every sequence (?jz ) € Ay,
n=12..., with [|z,]| = 1, lim, 0 ||yn — Azys|| = 0 we have

liminf [z, z,]c > 0 (lim Sup [T, Tnc < 0, resp.).

n—0oo n— o0

If 0o € T4p(Ap), oo is said to be of positive type (negative type) with respect to
Ay if 0 is of positive type (resp. negative type) with respect to A ! The set of all
spectral points of positive type (negative type) with respect to Ag will be denoted
by 014 (Ag) (resp. o__(Ap)). An open subset A of R is said to be of positive type
(negative type) with respect to Ag if ANG(Ag) C 044 (Ag) (ANG(Ag) C o——_(Ap),
resp.) holds.

Let in the following € be some domain in C symmetric with respect to the
real axis such that Q NR # () and the intersections of Q with the upper and lower
open half-planes are simply connected.

Definition 3.3. A self-adjoint relation Agy in a Krein space K is said to be defini-
tizable over Q if o(Ag) N (Q\R) consists of isolated points which are poles of the
resolvent of Ag, no point of QNR is an accumulation point of the nonreal spectrum
of Ag in Q and the following holds.

(i) For every finite union A, A C QNR, of open connected subsets there exists
m > 1, M > 0 and an open neighborhood U of A in Q such that

1(Ao = N)7H < M1+ A"~ [Im A7

holds for all A € U\R. _

(ii) Every point u € QNR has an open connected neighborhood I,, in R such that
each component of I,\{u} is either of positive or of negative type with respect
to Ao.

Let Ap be definitizable over 2 and let e be a discrete (possibly empty) set of
points in Q NR. Then the property that (2 NR)\e is of positive type with respect
to Ag is equivalent to the fact that o__(Ap) is discrete in .

Theorem 3.4. Let K be a Krein space and let H be a Hilbert space, let A € C(K) be
a symmetric relation of finite defect and let {G,Ty,T'1} be a boundary triplet for
AT with corresponding y-field v and Weyl function M. Assume that Ag = ker 'y
is definitizable over Q and that o__(Ap) is discrete in .
(i) If A € C(K x ) is a self-adjoint extension of A and Pc(A—Xo)~! € L(K)
holds for some \g € p(Ag)NKY, then there exists a Nevanlinna family T € ﬁ(g)
such that (a)-(c) are satisfied.
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(a) If X € p(Ag) NQ, then (M(A) +7(\)~t € L(G) if and only if X € p(A).
(b) The formula

Pe(A =) o= (Ao = 271 = 1) (M) +7(0)

holds for all X € p(Ag) N p(A) NAQ.
(c) If p(A) N Q #£ O then A is definitizable over Q and o__(A) is discrete
in Q.
(ii) If 7 € R(G) is a Nevanlinna family and (M(Xo) +7(Xo)) "t € L(G) for some
Xo € p(Ao) NQ, then there exists a self-adjoint extension A€ 5(IC x H) of A
such that (a)-(c) are satisfied.

Nt

Proof. The statement of Theorem 3.4 follows from Theorem 3.2 if we show that
the extension A in (i) satisfies assertion (c).

For this, let Sy and S; be the symmetric relations in the Krein space IC and
the Hilbert space H, respectively, defined in step 1 of the proof of Theorem 3.1.
As A is of finite defect the deficiency indices n(JxcA) of the symmetric relation
JiA in the Hilbert space (K, [Jk:,-]) are both equal to n < oo and hence the
deficiency indices ny (JicSo) of the symmetric relation JicSp are both equal to
m < n. Considerations very similar to those in [9, Lemma 2.14] show that the
deficiency indices ny(S1) of Sy coincide and are also equal to m.

Let By be a self-adjoint extension of S7 in the Hilbert space H. We claim
that the self-adjoint relation Ay x By € 5(IC x H) is definitizable over © and
o__(Ag x By) is discrete in Q. In fact, first of all o(Ag x Bp) N (2\R) coincides
with (A4p) N (Q\R) and the growth properties of the resolvent of Ay and By,
(Bo — A)7Y < |Im A]71, A ¢ R, imply that condition (i) in Definition 3.3 holds
for Ag x By. Moreover R C o4 (By) U p(By) and the assumptions that Ag is
definitizable over Q and o__(Ap) is discrete in Q imply that with the exception
of a discrete set Q NR belongs to o 4 (Ag x Bg) Up(Ag x By). Therefore Ay x By
is definitizable over Q and o__ (A x By) is discrete in €.

Since A and Ay x By are self-adjoint extensions of the symmetric relation

So x S1in K x H and p(A) N is nonempty we conclude that

(A=N)""=((Aox Bo) =)', Aep(A)np(Ag x Bo) N,

is a finite rank operator. Hence we can apply [2, Theorem 2.2] and it follows that
A is definitizable over Q and o__(A) is discrete in . O

4. Realization of relation-valued functions as Weyl families

We show in Theorem 4.1 that certain classes of C(G)-valued functions can be real-

ized as Weyl families corresponding to boundary relations I' € C(K?2,G?) of sym-
metric relations in Krein spaces K. Lemma 2.4 (i) and the proof of [9, Theorem 3.9]

suggest that for a given C(G)-valued function 7 the function A — —(7(\) + \)~!
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has to be realized as the compressed resolvent of some self-adjoint relation J(T")
in K xG.

We briefly recall the notion of (locally) definitizable functions introduced and
studied by P. Jonas in [17, 18, 19, 20]. Let, as in Definition 3.3, {2 be a domain which
is symmetric with respect to the real axis such that QNR # @) and the intersections
of 2 with the upper and lower open half-planes are simply connected. For an £(G)-
valued function G' meromorphic in Q\R we denote the set of all A € Q\{oo} such
that 7 can analytically be continued in A in a unique way by h(G).

An L£(G)-valued function G' meromorphic in C\R satisfying G(\) = G(\)*
for all A € C\R is called definitizable if there exists a scalar rational function r
such that rG is the sum of a Nevanlinna function N and an £(G)-valued rational
function n whose poles belong to h(G),

r(AM)G(A) = N(A) +n(N)
for all points A € C\R of holomorphy of rG, cf. [18, §3]. If Q is a domain as above,
then an £(G)-valued function G meromorphic in Q\R satisfying G()\) = G()\)* for
all A € Q\R is said to be locally definitizable in €, if for every domain ' with

the same properties as €, & C €, G can be written as the sum Gg4 + G}, of a
definitizable function G4 and a function G}, locally holomorphic on € (see [20]).

Theorem 4.1. Let G be a Hilbert space, let T be a 5(g) -valued family and assume
that the function

A= GA) = —(t(\) +A) 7!
is an L(G)-valued locally definitizable function in Q. Then for every domain
with the same properties as Q, O C Q, there exists a Krein space K, a closed
symmetric relation A € C(K) and a boundary relation T € C(K2,G?) for AT such
that the corresponding Weyl family coincides with T in ' N H(G).

Proof. Let us fix some domain ', Q' C Q, and a point Ay € Q' NH(G). Since G is
a definitizable function in by [1] the same holds for the function

Gl( )':)\—Re>\0+(>\—)\0)(>\—X0)G(>\), )\EQﬂf)( ) (4 1)

Hence [20, Theorem 3.8] implies that there exists a Krein space IC a self-adjoint
relation B € C(K) definitizable over Q, and a mapping v € £(G,K) such that
' NH(Gy) = Np(B) and

Gi(A) =Re G1(Ag) +7T(A=Re Ao+ (A= X)(A=A)(B—N)"")y  (42)
holds for all A € Q'NH(G1). By (4.1) we have G1(N\g) = iIm Ao and Re G1(XAg) =0
which together with (4.2) yields vt~y = Ig. Since yy" is a self-adjoint projection
in the Krein space K we can identify G with the Hilbert subspace ran v in K. Then
the orthogonal companion K := G [L] of G in K is a Krein space and K= K[+ ]g

holds. Moreover v is the embedding of G into K and ~T the projection Pg in K
onto G. Hence (4.2) can be rewritten as

GL(A) = A = Re g + (A — A)(A = Xo)P(B -\ g
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and taking into account (4.1) we conclude
—(TAN)+AN) =GN =Pg(B-XN""1g, A€ np(G).

Let J be as in (2.3) and define I' := J~(B). Then T is a boundary relation for
At A:=kerT, and by (2.4) the associated Weyl family is . O

Remark 4.2. The self-adjoint relation B = J(T') corresponding to the boundary
relation T (with Weyl family T) constructed in the proof of Theorem 4.1 is definiti-
zable over Q. A converse statement also holds, that is, if T' is a boundary relation
such that J(T') is definitizable over ), then the corresponding Weyl family meets
the assumptions of Theorem 4.1.

By virtue of [1, Theorem 2.5] we immediately obtain the following corollary
on matrix-valued locally definitizable functions.

Corollary 4.3. Let 7 be a matriz-valued definitizable function in Q and assume
that det (T(X) + A) is not identically equal to zero. Then for every domain Q' as
Q, V' C Q, there exists a Krein space K, a closed symmetric relation A in IC and
boundary relation I' € 5(IC2, G?) such that the corresponding Weyl family coincides
with 7 in Q.

A similar construction as in the proof of Theorem 4.1 yields an alternative
proof of the main realization theorem in [9].

Corollary 4.4. Every Nevanlinna family T € ﬁ(g) can be realized as the Weyl

family of a boundary relation T' € 5(K2, G?), where K is a Hilbert space.
Proof. As the sum and the negative inverse of a Nevanlinna family are Nevanlinna
families

GiA) = A=A+ )TN+ N1
==Y T = (r)=ATH T,

A € C\R, is an £(G)-valued Nevanlinna function. Hence there exists a Hilbert
space K, a self-adjoint relation B € C~(l€) and an operator v € E(Q,lz) such that
a representation of the form (4.2) with A\g = ¢ holds. Now the same reasoning as
in the proof of Theorem 4.1 shows that I' = J~1(B) is a boundary relation with
Weyl family 7. O
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