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Abstract 

It is well known that locally strongly convex affine hyperspheres can be determined as solutions of 
differential equations of Monge-Ampere type. In this paper we study in particular the 3-dimensional 
case and we assume that the hypersphere admits a Killing vector field (with respect to the affine 
metric) whose integral curves are geodesics with respect to both the induced affine connection and the 
Levi Civita connection of the affine metric. We show that besides the already known examples, such 
hyperspheres can be constructed starting from the 2-dimensional Laplace equation, the 2-dimensional 
sine-Gordon equation or the 2-dimensional cosh-Gordon equation. 

Subject class: 53A15 

1 Introduction 

In this paper we study nondegenerate affine hypersurfaces M” into R"*! equipped with its standard 
affine connection D. It is well known that on such a hypersurface there exists a canonical transversal 
vector field €, which is called the affine normal. With respect to this tranversal vector field one can 
decompose 

DxY =VxY +A(X,Y)é, (1) 

thus introducing the affine metric h and the induced affine connection V. The Pick-Berwald theorem 
states that V coincides with the Levi Civita connection V of the affine metric h if and only if M is 
immersed as a nondegenerate quadric. The difference tensor K is introduced by 

KxY =VxY —-VxY (2) 

Deriving the affine normal, we introduce the affine shape operator S by 

Dxé=—-SX (3) 

Here, we will restrict ourselves to the case that the affine shape operator S is a multiple of the identity, 
i.e. S = HI. This means that all affine normals are parallel or pass through a fixed point. In case that 
the metric is positive definite one distinguishes the following classes of affine hyperspheres: _ 

(i) elliptic affine hyperspheres, i.e. all affine normals pass through a fixed point and H > 0, 

(ii) hyperbolic affine hyperspheres, i.e. all affine normals pass through a fixed point and H < 0, 

(iii) parabolic affine hyperspheres, i.e. all the affine normals are parallel (H = 0). 
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Due to the work of amongst others Calabi [2], Pogorelov [9], Cheng and Yau [3], Sasaki [10] and Li [7], 
positive definite affine hyperspheres which are complete with respect to the affine metric h are now well 
understood. In particular, the only complete elliptic or parabolic positive definite affine hyperspheres are 
respectively the ellipsoid and the paraboloid. 

However, in the local case, one is far from obtaining a classification. The reason for this is that affine 
hyperspheres reduce to the study of the Monge-Ampere equations. This can be seen as follows. 

If M is a parabolic affine hypersphere, then by an affine transformation, we may assume that the 
affine normal € is given by (0,...,0,1). It now follows that the immersion @ can be locally written as a 
graph 

P(@1,---,n) = (€1,...,2n, f(#1,---,2n)). (4) 

It is then straightforward to check that the condition that M is a parabolic positive definite affine sphere 
is equivalent with the condition that f is a locally strongly convex function satisfying 

2 \ det( 2 L-) = 1. (5) 
In case that the dimension is two, it already follows from the work of Blaschke that a 2-dimensional 
positive definite parabolic affine hypersphere can be locally represented by 

( 

where G is a holomorphic function. 

In the case of elliptic and hyperbolic positive definite affine hyperspheres one can obtain the deter- 
mining Monge-Ampere equation as follows. We again write the immersion @ locally as 

d
N
o
l
e
 

(z — G), £(22-GG) + sre | G) — }Re(G(z)z)) 

In+1 = f(@1,...,2n), (6) 

and we consider the Legendre transformation by 

uj = ZL. (7) 

It is then easy to check that this is a local diffeomorphism and that the function u defined by 

n 

u= So ain — f, (8) 
i=1 

satisfies 

det( 52) = (Hu), (9) 
and that ¢ can be represented in terms of u; by 

Tr 

(ur, ---5Un) = (Fey... PH, —ut+ Sou B). (10) 
i=1 

Whereas in dimension 2, the techniques in order to obtain explicit examples are well developed, in 
higher dimensions there only exist few non trivial examples. For that reason, we will restrict ourselves 
to the case that M is 3-dimensional and admits some suitable symmetry which will allow us to reduce 
the classification problem to a lower dimensional one. The symmetry condition which we will impose is 
that the hypersurface M admits a Killing vector field whose integral curves are geodesics with respect to 
both the induced connection and the Levi Civita connection. Perhaps most surprising is that under those 
assumptions solutions can be obtained from either the Laplace equation, the sine-Gordon equation or the 
cosh-Gordon equation. Since these are well studied partial differential equations, we obtain in particular 
also solutions of the corresponding Monge Ampere equations. 

The paper is organized as follows. In Section 2, we introduce the examples, starting from the above 
mentioned partial differential equations and in Section 3, we then characterize these examples by the 
property of admitting a Killing vector field. In particular, we prove the following theorems:



Theorem 1 Let ¢: M? > BR‘ be a positive definite parabolic affine sphere. Suppose that M? admits a 
Killing vector field whose integral curves are geodesics with respect to both the induced connection and the 
Levi Civita connection of the affine metric. Then there exists an open dense subset U of M such that for 
each point p of U, there exists a neighborhood V of p such that Pj, %8 an open part of a quadric or ¢), 
1s congruent to one of the tmmersions described in Example 1 or 8. 

Theorem 2 Let ¢ : M? — R* be a positive definite elliptic affine sphere. Suppose that M? admits a 
Killing vector field whose integral curves are geodesics with respect to both the induced connection and the 
Levi Civita connection of the affine metric. Then there exists an open dense subset U of M such that for 
each point p of U, there exists a neighborhood V of p such that dj, %8 an open part of a quadric or $j, 
as congruent to one of the immersions described in Example 2 or 5. 

Theorem 3 Let ¢: M? - R‘ be a positive definite hyperbolic affine sphere. Suppose that M? admits 
a Killing vector field whose integral curves are geodesics with respect to both the induced connection and 
the Levi Civita connection of the affine metric. Then there exists an open dense subset U of M such that 
for each point p of U, there exists a neighborhood V of p such that Py 18 an open part of a quadric, an 
open part of xyzw = 1 or d,, is congruent to one of the immersions described in Example 4. 

2 Examples of affine hyperspheres admitting a Killing vector 
field 

In this section, we introduce some examples of affine hyperspheres admitting a Killing vector field whose 
integral curves are geodesics with respect to both the induced connection and the Levi Civita connection 
of the affine metric h. The following two classes of examples are known, see [8] and [5]. 

Example 1 Let ¢: M? > R® be a positive definite parabolic affine sphere with constant affine normal 
vector field € = (0,0,1). Writing it as a graph in the z-coordinate, we have 

b(21, £2) = (21,22, f(%1,22)), 

where f is a solution of 
oF _ 

It is then straightforward to compute that also 

(£1, £2, 23) = (21, 22,23, f(r, 22) + 523), 

is a positive definite parabolic affine sphere. 

Example 2 In [5] it is shown how a positive definite 3-dimensional elliptic affine sphere for which 

{Z|K(X,Z) =0 for all vector fields X} (11) 

spans a 1-dimensional distribution can be constructed from a surface immersed in the pseudo-sphere 53 
with the following properties 

(i) the induced metric is positive definite 

(ii) the immersion is minimal (vanishing mean curvature vector) 

(iii) the image of a(v,v), where a denotes the second fundamental form of the immersion and v is a 
unit tangent vector describes a circle in each normal plane. 

It is also shown there that such a surface is characterized by the following system of differential equations: 
Let (A,o): N > R’, (u,v) + (A(u,v),o(u,v)) be positive functions such that (Ing)uu + (Ing)w. = 
—o?(1+ 207° A?) and either



(i) (In A)uu + (In A)yy = 0? (Ge — 1) or 

(ii) (In A)uw + (In A)yy = —o?. 

Then in the first case there is a minimal linearly full immersion g: N 3 S$ and in the second case a 
linearly full minimal immersion g: N — S$ whose ellipses of curvature are non- degenerate circles and 
whose curvature is given by k = 1+ 2A?a ~6 >1. 

From the formulas of [5] it follows that the unit vector field which spans the 1-dimensional distribution 
is a Killing vector field if and only if the corresponding surface is contained in a totally geodesic S$(1), 
i.e. if A and o satisfy (ii). 

The next classes of examples are new and show how to use the solutions of the 2-dimensional sine- 
Gordon equation, the 2-dimensional cosh-Gordon equation or the 2-dimensional Laplace equation in order 
to obtain examples of 3-dimensional positive definite affine hyperspheres in R¢. 

Example 3 Let D C R? be a simply connected domain and let f[:D7Rbea positive solution of the 
Laplace equation frz + fyy +8 = 0. Then, denoting by x and y the coordinates on D C R? and by z the 
coordinate on R, we define a metric h on D x R by 

  

MBB) =F be MSs) =~ (12 
WSS )=f+ Bh, Noe dz) = ify, (2b) MBs) = He We B)=1 020) 

where f, (resp. fy) denotes the partial derivative of f with respect to x (resp. y) and a tensor K by 

K(£,2)=88+0+ He, KS R= I+ Hz, (3a) 
Kb 2) = ht be, K(2,2) = ME - bd) (130) 
K(2,2)=-H2+le2), K (5, 2) = 0, (130) 

  

V 9 bs = £2 -(b4 fefy — thy) (14a) 

V 2 Bi = #2 + (b4fefy — they) 2, (14b) 

V a be = aye + ay + (3 pe 1+ Lise) 2. (14c) 

Vo b= Play t ied: ; (14d) 

V 2.8: =43(-2+7he), (14e) 

V 0b: = 0, (14f) 

and that h and the connection V=V+K satisfy the following properties 

R(X,Y)Z =0, 
(Vxh)(Y, Z) = (Vyh)(X, Z), 

Vwr, = 0, 

for all vector fields X,Y,Z on M. 

Hence applying the basic existence theorem, with affine shape operator S = 0, see for example [4], 
we then obtain that there exists an immersion of D > R as an improper affine sphere in R* with h as 
induced metric and V as induced affine connection. By construction, a is a Killing vector field whose 
integral curves are geodesics with respect to both connections.



Example 4 Let D C R’ be a simply connected domain and let f : D—R be a positive solution of the 
Sine-Gordon equation fz + fyy —8sin f = 0. Then, denoting by x and y the coordinates on D C R® and 
by z the coordinate on R, we define a metric on D x R by 

nz, 2) =cos f+ Lf, h( Sp) be) = ~iefefy, ea) 
ne, 2) =cosf+ Af, h( S51 32) = ~t fy (1b) 
Nip be) = thes Maz 3s) = 1, ie) 

    

  

where f, (resp. fy) denotes the partial derivative of f with respect to x (resp. y) and a tensor T' by 

9 8\)__ fs 29 fz) a 0 8)\)__ fy a fy) oe K (35) dz) = —xeosF By + (1+ acy) se: K (39> dy) = ~3eesF oe ~ tact): (16a) 
0 Oy) _ fe 9 fy a 8 8\)_ 17/8 ,1¢ 8a 

K (35) da) = —Tecey Ba — Tecay by? K (gaia) = sey los + ahve) (16b) 

a 98 K (55> 32) = — aang (by ~ afed): K ($5 §:) = 9, (6c) 
A straightforward computation shows that the Levi Civita connection V of this metric is given by 

<1
) 

  

2d = —Seosf be ~ (Stange fy + they) 5 (17a) 

Vo by =~ Beast By + (Sep lely + tev) (17) 
V a bs =~ “tect be ~ each oy + (Gfes —sinf + BU - BAZ, (17c) 

V 9 bs = Sang (dy ~ tfede) (17d) 
V ob: = Sig + fy), (17e) 

Ve 2=0, (17£) 
Oz 

and that h and the connection V=V+K satisfy the following properties 

R(X,Y)Z = —-h(Y, Z)X + h(X, Z)Y, 

(Vxh)(¥, Z) = (Vyh)(X, Z), 
Vwp, = 0, 

for all vector fields X,Y, Z on M. 

Hence applying the basic existence theorem, with affine shape operator S = —J, see for example [4], 
we then obtain that there exists an immersion of D + R as an hyperbolic affine sphere in R* with h as 
induced metric and V as induced affine connection. By construction, a is a Killing vector field whose 
integral curves are geodesics with respect to both connections. 

Example 5 Let D C R’ be a simply connected domain and let f:D-—-R bea positive solution of the 
Cosh-Gordon equation fry + fyy + 8cosh f = 0. Then, denoting by x and y the coordinates on D C R? 
and by z the coordinate on R, we define a metric on D x R by 

  

WZ, &) = sinh f+ 3/2, h Sy be) = ~iglely, (18a) 
h(Z, 2) =sinh f+ 372, h Ser 32) = ahy (18b) MBB) = —He WEB) <1 (80 

where f; (resp. fy) denotes the partial derivative of f with respect to x (resp. y) and a tensor T by 

Kp ae) = nto ++ atin e KS R= abet ahh, — (199 
K(e,#) = mph tata. Ks. ge) = any (Ge ~ 240%) (19b) 

KSB) =~ & + Hed), K(s3: 92) = 0 wn



A straightforward computation shows that the Levi Civita connection V of this metric is given by 

  

V 2 3s = re me — (FSS fefy — they) 2, (20a) 

V 9 dy = Sinn oy + (3 Sanh Sele — av) (20b) 
V ob: = Baan} be + SSE S + (—d fee — cosh f+ B(f2 — feos) 2, (20c) 
V 2 = Suny (oy + 4he&), (20d) 

V ob: = — Supe (te — fy®), (20e) 
VaZ=0, (20f) 

Oz 

and that Ah and the connection V = V + K satisfy the following properties 

R(X, Y)Z = h(¥, Z)X — h(X, ZY, 

Vw, = 0, 

for all vector fields X,Y, Z on M. 

Hence applying the basic existence theorem, with affine shape operator S — I , see for example [4], we 
then obtain that there exists an immersion of D -> R as an elliptic affine sphere in R* with h as induced 
metric and V as induced affine connection. By construction, = is a Killing vector field whose integral 
curves are geodesics with respect to both connections. 

In the next section, we then show that any affine hyperspheres which admit such a Killing vector field 
is either a quadric or it can be locally obtained as one of the previous examples. 

3 Proof of the Main Theorem 

We identify M with its image in R*. It is well known that an affine sphere with mean curvature H is 
determined by the following system of equations: 

=~ 

(i) R(X,Y)Z = H(A(Y, Z)X — h(X, Z)Y) - [Kx, Ky]Z, 

(ii) (Vx K)(Y, Z) is symmetric in X,Y and Z, 

(iii) h(K (X,Y), Z) is symmetric in X, Y and Z, 

(iv) trace Ky = 0 for any vector field X. 

Let us now assume that M is 3-dimensional, positive definite and satisfies the assumptions of the 
Main Theorem. By applying an homothety, we may assume that H € {—1,0, 1}. We denote the Killing 
vector field by £3. Since its integral curves with respect to both the Levi Civita connection and the 
induced connection are geodesics, we obtain that 

Ve,E3 = Ve,E3 = K(E3, E3) = 0. (21) 

Clearly, we also can assume that E3 has constant length 1 with respect to the affine metric h. Since 
Kp, 3 = 0, E3 is an eigenvector of Kg,. Denote by U; = {p € M|Kz, 4 0}, by U2 = {p€ M\U,|K #0} 
and U3 = M \ (U; UU2). Then U; U U2 U U3 is an open dense subset of M. 

Clearly on U3 the difference tensor vanishes identically and hence by the Berwald Theorem, U3 is 
affine congruent to an open part of a quadric. Next assume that p € U2. Then K E; = 0. Hence it follows 
that K(E3,X) = 0, for any tangent vector field X. From [1] and [5] it now follows that, in the case that 
M is a proper affine hypersphere, M realizes the equality in the affine version of Chen’s inequality.



Applying now the apolarity condition, together with the assumption that E3 is a Killing vector field 
and the fact that h(K(X,Y), Z) is totally symmetric it follows there exists vector fields E, and E> such 
that {£,, 2, £3} is an orthonormal basis, such that the second fundamental form h is given by 

K(Fx, Ey) = —K (Eo, E) > AEj, 

K(&,, Eo) = —AE2, 

K (FE), E3) = K(E2, E3) = K(E3, E3) = 0, 

and such that the connection is given by 

Vn, E3 — 0, Ve, Es = —bE», Ve,Fi = cK, 

Ve,E\ = ako, V 5, Es = bE, VB, E2 = dy, 

Va, E2 = —aF, Ve, Bo = —cE, + bEs, Va,E, = —dE2 — bE3. 

Since (Ve, K)(Es, E1) = (Ve, K)(E,, £1), we first deduce that a = —4£b. It then follows from the 
Gauss equation that 

a 

A= hA(R(E,, £3) Es, £,) 

= h(-Vp,(—bE2) - V_ 24,3) Fi) 

= 7b? + 20. 

Hence if H = —1, we obtain a contradiction. In the case that H = 0, it follows that b = 0. In that 
case the distribution spanned by E, and Ep is integrable. Denote by Nj, an integral manifold of this 
distribution and denote the immersion of M into R* by ¢. It now follows immediately from the above 
formulas that ¢|, lies in a 3-dimensional subspace R® of R* and defines an improper affine sphere with 
constant transversal vector field € in that space. We also immediately see that E3|y, is a constant vector 
field along this immersion. We now introduce coordinates x,y,z such that 0, and 0, span N; and such 
that 0, = E3. Since Dg, E3 = —€, it then follows that 

P(x, y, z) = dln, (x, y) + (z ~ 20) E3|Nn, — 1/2(z — z0)°€. (22) 

Applying now an affine transformation, together with a translation in the z-coordinate we see that @ is 
as obtained in Example 1. 

Next, we consider the case that H = 1. In that case, if necessary by replacing E2 by —E2, we have 
that b = 1. Since M is now an elliptic affine sphere which realizes the equality in Chen’s inequality we 
can apply the classification results of [5]. Taking into account that b = 1 and n(V BE, £3, £,) = 0, it follows 
that M can be obtained as described in Example 2. 

Finally, we assume that p € Uj. In this case, we can choose differentiable vector fields FE, and E> 
such that 

K (4, Es) = AF, (23) 

K (Ea, E3) = —AEF2, (24) 

where A is a nonzero function. Since F3 is a Killing vector field, it follows that we can write 

Ve, E3 a po, (25) 

Ve,E3 = —pEy. (26) 

We now use the Gauss equation. Since 

a 

R(E,, E3) E3 =HE} — Kr, Kr, E3 + Keke, Es 

=HE, + AK pF 

=(H + \*)Ey,



and 

R(E,, E3)E3 =Vr, V5, 23 _ Vay Ve, E3 — Ven, E3—Ve, Fi Es 

= — E3(u)B2 — wV 5, E> + pw? Ey — h(V 5, £1, Er) uEy 

= — E3(u)E2 + Ey, 

it follows that E3(u) = 0 and yp? — A? = H. By interchanging E, and Eb if necessary, or replacing E> by 
—E2, we may assume that > 0 and pw > 0, and therefore we can put 

\= sahF (27) 

b= ee (28) 

if H = 1, i.e. M is an elliptic affine sphere; 

A= Sef (29) 
p= Sas, (30) 

if H = —1, i.e. M is an hyperbolic affine sphere and in case that M is a parabolic affine sphere 

A= p= F, (31) 
for some local function f. Since yw did not depend on E3 it follows from the previous equations that 
E3(f) = E3(A) =0. 

Next, we use that for an affine sphere K is a Codazzi tensor with respect to the Levi Civita connection 
of the affine metric V. Therefore, since 

(Vr, K)(B3, E3) = -2K (Vx, Es, E3) = 2dEp, 

(Vi, K)(Fi, Es) = E3(A)E, + Vp, Ey — K(Vp, Ey, Es) — K(Ei, Vn, Es) 

= E3(A)E, + 2An(V pg, E1, Eo) Es, 

we deduce that h(Vg,F,, F2) = p. It now follows that we can write 

Vn, Bs = 0 Vaz, Es = LE, VEE = cH» (32) 

Va, H, = pE» Vin, E3 = —pE, Vn, Ea = dE, (33) 
Vz, Es = —ph Vn, Ee = —ckh, = LE Vek = —dE» + LE (34) 

From (Vg, K)(Ei, E3) = (Vz, K)(E2, E3) we deduce that 

Ey (A) = 2cA, (35) 

E,(X) = 2d), (36) 
E3(X) =0 (37) 

We now deal with the case that 4 = 0 on an open set. Since yp? — \? = H, this can only happen if 
A = 1 and H = —1. Thus M is an hyperbolic affine sphere. It follows now from the differential equations 
for \ that c=d=0. This implies that the Levi Civita connection V of M is flat. It is now well known, 
see [11] or [6] that a flat hyperbolic affine sphere with nonvanishing difference tensor is congruent with 
an open part of zyzw = 1. This completes the proof in this case. 

Therefore, we may now assume that y is different on the neighborhood of the point that we are 
considering. Since y? —\* = H this implies that the function p satisfies the following system of differential 
equations: 

Ey (u) = 24%, 
— 9, 

Eo(u) = 2c 

E3(p) = 0.



We know that 

[Ei, £3] = 0, (38) 
[Es, E3| = 0, (39) 

[Fy, Fp] = —chy + dE» = 2pE3. (40} 

Therefore, it follows computing the integrability conditions for (35), (36) and (37) that E3(c) = E3(d) = 0 
and that Ey(c) = F2(d). 

In the next step, we use the Gauss equation. Since on one hand we have that 

R(E3, E,)E, = HE; -[Kp,,Kp,JE1 
= HE; — Kp,Ke,E,+\Ke, Ey 

= (H + »”)E3 + 2h(K(E,, Ey), Ex)\E 2, 

R(E3, E2)E, = HE3 —[Kp,, Kp,|E> 
= HE; — Kp,Kp,E, — Kp, Eo 

= (H + »”)E; — 2h(K (Eo, Eo), F,:)AEL, 

and on the other hand we have that 

RBs, Bs) Bi = = Va, (cE2) — Va, (uE2) 

—F, (pu) Ey + yp? Es, 

R( Es, Ba) E -%5 (dE) — Vp, (—uE1) 
E> = (ue )Ey + pb 2 EB, 

we deduce that 

h(K (Ey, E;),B2) = — 8 = -aa, (41) 
h(K (Ez, Ez), Ey) = ~ 23 = —cA. (42) 

Using now (41), (42), the apolarity condition and the total symmetry of h(K(X,Y),Z) we obtain 
that 

K(E,, Ey) = cA E, — dA Ey + ABs, 

K (Ep, Ey) = —cAEy + d* Ey — Es, 

K(E,, Ep) = —dAE, — cAEp. 

Finally, it follows from _ 

h(R(Ey, B)E2, E,) = H — h(K (Ep, E2), K(By, E,)) + h(K (En, Eo), K(Ey, E2)) 

= H+? 42(? + @)z, 

and 

h(R(E,, Ez) E>, Ey) = h(V gz, (dE,) ~ Vp, (—cEy — pE3) — V cB; +dB2~2pB,E2, Ey) 

= Ey (d) + Ey(c) — w? — 7? — d — 2p, 

that 

Ey (d) + Ea(c) — 4u? — (ce? + d*)(1 + 245) = 0. (43) 
We now introduce vector fields X, Y and Z by 

1 
X = (A)"2 (Ey — 5 7cEs), (44) 

sk 
= ()72 (Ep + 42dBs), (45) 

Z = Es. (46)



Then, it follows from (43) that 

  

[X,Z] =0, 
[Y, Z] =0, 

[X,Y] =A™* By, By] — 447? ( By (A) Ey — Ea(\) Ey) 
1 LL cL 

+ 3A” 2 (Ei (A+ d) + Ey(A*0)) Bs 

= (=25 + 355 (Ei(d) + Ea(c) — (c? + d?)(1 + 245) By 
=e 

Hence there exist local coordinates x, y and z on M? such that X = ss ¥= by and Z = = 
We now consider different cases depending on the fact that M is an hyperbolic, an elliptic or a 

parabolic affine sphere. First, we deal with the case that H = 0. In that case we had that \ — po f, 
From (35) and (36) it now follows that 

  

  
  

= 12m) =~} RW == 2 fy, 

—~ 1 Fi) _ Fi(f) _ _ 1 p-5 
d= Oy = ap = of hey 

and hence (44), (45) and (46) can be rewritten as 

@_ fin 11 ow = f?E, +1f,Es, (47a) 
i 

by = f2 Ey — tf, Bs, (47b) 
2 = Es. (47c) 

From (47) it now follows that the metric with respect to the coordinates z, y and z is given by (12). 
Moreover, inverting the above formulas, we get that 

i 
by = f 2(2 ~ thy), 

1 

Fo = f-2 (5, + fed), 
E3 = &. 

Using the above formulas to rewrite the equation (43) as a differential equation in our coordinates, we 
see that f depends only on z and y and it is a solution of 

fea + fyy + 8 =0. 

  

  

  

Next, we consider the case that H = —1, i.e. M is an hyperbolic affine sphere. In this case, we had 
that A= sop and p = $24. From (35) and (36) it now follows that 

Eo(d sin f E2 in f 
C= 7 2) = pee = 3 ar} Fy, 

cos2 f 

d= 1AiQ) _ isinfEi(f) _ 1 _sinf f 
“2 A ~~ 2 cosf ~ 2 342) 

cos f 2 

and hence (44), (45) and (46) can be rewritten as 

1 
& = (cos f)2 E; — +f, Es, (48a) 

1 

ae = (cos f)2 Eo + ¢f2Es, (48b) 

2 = E3. (48c) 

10



From (48) it now follows that the metric with respect to the coordinates z, y and z is given by (15). 

Moreover, inverting the above formulas, we get that 

1 
E, = (cos f)"2(2+4fy&), 

1 
E2 = (cos f)"2 (5 — the d): 

EB; = £2. 

Using the above formulas to rewrite the equation (43) as a differential equation in our coordinates, we 

see that f depends only on x and y and it is a solution of 

fer + fyy — 8sin f = 0. 

Finally, we consider the case that H = 1, i.e. M is an elliptic affine sphere. In this case, we had that 
A= Tk? and p = $!£ From (35) and (36) it now follows that sinh f° 

— 1E2(A) _ _icoshfEo(f) _ __1 cosh 
C=o-y- =— 9 amp = Ss 

  

  d= EP = penne — yo, 
sinh f 2 

and hence (44), (45) and (46) can be rewritten as 

2 = (sinh prey ++f,Es, (49a) 

5, = (sinh f)2 Bs ~ $feEs, (49b) 

2 = B3. (49c) 

From (49) it now follows that the metric with respect to the coordinates x, y and z is given by (18). 
Moreover, inverting the above formulas, we get that 

i. 
Ey = (sinh f)"2( — 3 fy 8); 

1 

E2 = (sinh f)2(¢ + i fe), 

E3=. 

Using the above formulas to rewrite the equation (43) as a differential equation in our coordinates, we 
see that f depends only on z and y and it is a solution of 

In order to complete the proof, we see that using the above formulas we can obtain the expression 
of the difference tensor K terms of our coordinates. It is easy to see that they correspond with those 
described in Example 3, 4 or 5, depending on whether M is an elliptic, an hyperbolic or a parabolic affine 
sphere. Therefore, applying the existence and uniqueness theorem of affine differential geometry we get 
that in a neighborhood of p, M? is affine congruent with an affine hypersphere as constructed in Example 
3, 4 or 5. This completes the proof of the Main Theorem. 
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