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Programmsystem zur Berechnung des dynamischen Verhaltens drehelastischer

Kupplungen unter Betriebsbedingungen

Start

Eingabedaten:

-Bauteilgeometrie

-Randbedingungen (Umgebungstemperatur,...)

-Beanspruchungen (Verformungsamplitude, Schwingfrequenz)

-Kennwerte des Werkstoffersatzmodells

stationäre Werte für Bauteilsteifigkeit und -dämpfung

erreicht?

Berechnung der Werkstoffkennwerte als Funktion

-des Ortes

-der lokalen Temperatur

-der lokalen Verformung

FEM-Programm ADINA:

-Bauteilverformungen und -spannungen

Berechnung der aktuellen Kupplungssteifigkeit und -dämpfung

Berechnung der Wärmequellen infolge Werkstoffdämpfung

Nein

FEM-Programm ADINAT:

-Temperaturverteilung in der drehelastischen Kupplung

Stop
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σ̂k = Ĉklε̂l ,
�������9�f�

O L H%bSE
O 
 N VIJSJfTSJSCA^q?AE
]|H\@AB

{σ̂k} = (σ11, σ22, σ33, σ12, σ23, σ31)
T . �������NOA�

K VI^�F L JSE VIBDE
FxVI^qH L ^DoijSE
^elnV9H\E
B L VIFg?AE
BDj5VIFgH\E
J L J*]9VIBqH\E
^ L ^DoijSE
J U @r@ABDb L J5V9H\E
J*FxVIT�H\E�H �

σij = Cijklεkl
�������I�|�

� � ����	��+��(
(1��- 
!�*'�, � �%- �%�!(
�!�+��� � 
�/������%�
� 
 �



�A� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

��������� ���
	���
������������������������ �����!��"$#&%'
)(����+*,��������-/.0��
1.0�2��
��43

_`E L bSE
B��MT�~ ^qH\E
FGFGTSJSCZJ L oij|H\F L JSE VIBDE
BtE
FxVI^qH L ^DoijSE
B�lnV9H\E
B L VIFGCAE
^DE�H\Y
E�} L BDb�j5hIT � CZ?A@AJ�OWVI^kP
^DE
��E
Y
@ACAE
JSE a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJSE
J � z�E
�SB\VITSoijnCAE
OWVIoij|H �

W = W(C) ⇐ W = W(J1(C), J2(C), J3(C)) , �������NKA�
}`@A��E L Jk

b L E�QRJ|?IVIB L VIJ|H\E
JcbSE
^ a E
BDY
E
BDBDTSJSCA^qH\E
JS^D@ABD^
C
^ L JSb2�'z�BDTSJSbS^\h9H\Y
F L oij*]9VIJSJcbSE
B

�r� ��L @AFxV P U�L BDoijS@_^'P 
 N VIJSJfTSJSCA^qH\E
JS^D@AB�bSTSBDoij KML ^ E
BDE
JSY L E
BDE
JmbSE
B a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E P
~ TSJS]|H L @AJ MW J5VIoij�bSE
O BDE
oij|H\E
J�� VITSoij|p|Pqz�BDE
E
JrP a E
BDY
E
BDBDTSJSCA^qH\E
JS^D@AB�E
BDY
E
TSCIH�}`E
BDbSE
J2�

M
ES = 2

∂MW
∂C

= 2

(
∂MW
∂C1

∂C1

∂C
+
∂MW
∂C2

∂C2

∂C
+
∂MW
∂C3

∂C3

∂C

)

�������I�|�

}`@A��E L j L E
B�bSE
B�QRJSbSE \ E ~ [SB�bSE
J�w \ H\B\V P 
 N VIJSJfTSJSCA^qH\E
JS^D@AB�@AjSJSE ��} hIJSCATSJSCA^\VIJ|H\E L F|TSJSbbSE
B QRJSbSE \ M ~ [SB bSE
JclnV9H\B L]\ ^qH\E
j|H �S_`E L bSE
B�X ^ JfTSJSC�bSE
B N VIBqH L E
FGFGE
J��M�SFGE L H\TSJSC������I�
} L BDb ?A@AJ bSE
J �MVIT N HR}`E
BqH\E
J CK

bSE
^�stE
JS^D@ABD^
C
���SY�}�� Cij

L J QRJSbSE \ ^DoijSBDE L �|}`E L ^DE �
z�E
�SB\VITSoij CAE
OWVIoij|H ��ueJ|H\E
B�_`E
BD[Soi]f^ L oij|H L CATSJSC bSE
B���} hIJSCATSJSCA^D^ N VIJSJfTSJSC ^DE�H\Y�H�^ L oij
bSE
B�� VITSoij|pr^ N VIJSJfTSJSCA^qH\E
JS^D@AB�VITS^�Y�}`E L �MJ|H\E L FGE
J2�

T =ET +ZT
�������_L|�

ZT
L ^qH`b L Ee^D@ACAE
J5VIJSJ|H\E���} hIJSCATSJSCA^D^ N VIJSJfTSJSC�TSJSb�E
BDC L ��H`^ L oij L JWb L E
^DE
O d'VIFGF'VITS^`bSE
B

QRJS]I@AO N BDE
^D^ L � L F L Hih9H\^D��E
b L JSCATSJSCS�
ZT = −p1 ����� �A�|�

KML E N VIBqH L E
FGFGE
J*�M�SFGE L H\TSJSCAE
J ∂CK/∂C
� O L H K = 1 . . . 3 �5] �AJSJSE
JmO L He� L Fg~ E�bSE
Be^ N E
]APH\B\VIFGE
J � E
BDFGE
CATSJSC���E
^qH L O�O�H }`E
BDbSE
J � ^
�5YI� _M��!]I ��� KNO #�� �

C = Cijei ⊗ ej =

3∑

K=1

C(K)N(K) ⊗N(K) = C1N1 ⊗N1 +C2N2 ⊗N2 +C3N3 ⊗N3

����� � I �
NK

^ L JSbmb L E�@ABqH\jS@AJS@ABDOWVIF L ^ L E
BqH\E
Jnw L CAE
J|?AE
]|H\@ABDE
Jv?A@AJ
C
� w�J|H\^ N BDE
oijSE
JSb bSE
B �e@IHiV P

H L @AJ L J ! KNO #�}`E
BDbSE
J bSTSBDoij�b L E U FxVIO�O�E
B�VIO QRJSbSE \ b L E 
rTSO�OWV9H L @AJ L O 
 L JSJSE�bSE
B
w L JS^qH\E L JS^DoijSE
J U @AJ|?AE
J|H L @AJnVITS^DCAE
^DE�H\Y�H �
KML EM�M�SFGE L H\TSJSC1?A@AJ CK

J5VIoij�bSE
O BDE
oij|H\E
J � VITSoij|p|Pqz�BDE
E
JrP a E
BDY
E
BDBDTSJSCA^qH\E
JS^D@AB
C
F L E P

~ E
BqH �
∂CK

∂C
= N(K) ⊗ N(K)

����� �|�A�
^D@AO L H ~ @AFGCIH�VITS^Mz�F �S�����I�

M
ES = 2

3∑

K=1

∂MW
∂CK
︸ ︷︷ ︸

SK/2

N(K) ⊗ N(K)
����� �A�|�

SK
E
J|H\^ N B L oij|H bSE
J�w L CAE
J|}`E
BqH\E
J�?A@AJ M

ES
� CK

TSJSb
NK

FxVI^D^DE
J�^ L oij�VITS^`bSE
O w L CAE
JrP
}`E
BqH N BD@A�SFGE
O

(C − CK1) ·NK = 0
����� �I�f�

�#0������ �
��� � �%���+��� �
�
/ ')���
���!/�� ��� �
� � 
!� ���



��� ��lnV9H\E
B L VIFG��E
^DoijSBDE L �STSJSC�VIT�~#bSE
BMz�BDTSJSbSFxVICAEZbSE
B U @AJ|H L JfTSTSO�^DO�E
oij5VIJ L ] �NL

��E
^qH L O�O�E
J2� KML E�w L CAE
J|}`E
BqH\E1?A@AJ
C
E
J|H\^ N BDE
oijSE
J�bSE
O `ZT5VIbSB\V9HMbSE
BM�MVIT N H\bSE
jSJfTSJrP

CAE
J�� λK
�5O L H λK

^qH\E�H\^�CAB � �AE
B �eTSFGF �
d�[SB%bSE
Jn^qprO�O�E�H\B L ^DoijSE
JcBDE
E
Fg}`E
BqH L CAE
J*stE
JS^D@AB��

C
C L FgH O L H CK = λ2

K
� ^
�5YI� _M��! KNO #�� �

p =
1

54
(−2 J1(C) + 9 J1(C)J2(C) − 27 J3(C))

q =
1

9

(
J2

1 (C) − 3 J2(C)
)

$ = arccos

(

p
√

q3

)

C1 = −2
√
q cos

($

3

)

+
1

3
J1(C)

C2 = −2
√
q cos

(
$ + 2 π

3

)

+
1

3
J1(C)

C3 = −2
√
q cos

(
$ − 2 π

3

)

+
1

3
J1(C) ����� �+OA�

d�[SB%bSE
JmVIFGFGCAE
O�E L JSE
J�d'VIFGF � C1 6= C2 6= C3
�S^ L JSbcb L E�w L CAE
JSB L oij|H\TSJSCAE
J

N(K) ⊗ N(K) =
CK

2C3
K − J1C2

K + J3

(

C
2 − (J1 − CK)C +

J3

CK

1

)

, ����� �A�|�

O L H JK(C) = JK
�5d�[SB C1 6= C2 = C3

TSJSb C1 = C2 = C3
^ L E
jSE	! KNO # �

��������� � ��� � ������������������� (����
	 �2����
��������������!��"!���
��-
��� � 
���������


KML EnBDE
oij|H\E 
rE L H\EnbSE
B V # � Q�� >TY E
Bq~ @ABDbSE
BqHWb L E U E
JSJ|H\J L ^WbSE
B a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E P
~ TSJS]|H L @AJ MW �td�[SB MW ] �AJSJSE
J��MJS^\h9H\Y
Ey?AE
Bq}`E
JSbSE�H�}`E
BDbSE
J��tb L Eyb5VI^1j|p N E
BDE
FxVI^qH L P
^DoijSE a E
BDj5VIFgH\E
J�?A@AJ*z�TSO�O L ��E
^DoijSBDE L ��E
J2� KML Ee��E
]9VIJSJ|H\E
^qH\E
J*�MJS^\h9H\Y
EM^qHiVIO�O�E
J�?A@AJ
lc@r@AJSE�p �'lc@r@AJSE�p|Pk� L ?rF L J�TSJSb�
ZCAbSE
J2� K E
B�lc@r@AJSE�pNZr�MJS^\V9H\YZ} L BDbW}`E
CAE
JcbSE
B BDE
FxV9H L ?
E L J�~�VIoijSE
Jm�MVIJSbSj5VI�S�5VIBD]IE L HZ^DE
jSBej5hIT � CWE L JSCAE
^DE�H\Y�H � w L J�
r@AJSbSE
Bq~�VIFGF>b L E
^DE
^M�MJS^\V9H\Y
E
^
L ^qH�VIFG^ �eE
@*Z��e@r@A]IE[ZSz�E
^DE�H\Y`��E
]9VIJSJ|H �I_`E L ]fFGE L JSE
BDE
J a E
BDY
E
BDBDTSJSCAE
J�^qH L O�O�H>bSE
B��MJS^\V9H\Y
BDE
oij|H%CAT�H O L H a E
BD^DTSoijS^DE
BDCAE
�SJ L ^D^DE
Jn[S��E
BDE L J2�Sz�B � �AE
BDE a E
BDY
E
BDBDTSJSCAE
J�~ [SjSBDE
J�VI��E
B`Y
T
bSE
T�H\F L oijSE
BDE
Jc�M�|}`E L oijfTSJSCAE
Jn?A@AO BDE VIFGE
J a E
BDj5VIFgH\E
J2�
z�E
J5VITSE
BDE��MJSC|VI��E
JvTSJSbvE L J a E
BDCAFGE L oijmb L E
^DE
BM�MJS^\h9H\Y
E�]9VIJSJ ! KI� #�E
J|H\JS@AO�O�E
Jn}`E
BkP
bSE
J2��% �'! � � 	 � !�?AE
Bq}`E
JSbSE�H�bSE
Jc�MJS^\V9H\Y�?A@AJ �#� ��� ��� ��?IVIJrPRbSE
BkP a�VAVIFG^kPqlc@rbSE
FGF�� � K E
B
�MJS^\V9H\Y ~ [SB#b L E`OWVI^D^DE
��E
Y
@ACAE
JSE a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ�J5VIoijF�#� ��� ���*^ L E
j|H#~ @AF P
CAE
JSbSE
BDOWV �AE
JnVITS^
�

MW = −
MG

ρ






2 MDM



ln



1 −
√

MD1

MDM



+

√

MD1

MDM



+
2

3
MaMD

3
2
1






. ����� �+KA�

QRJcbSE
BMd5TSJS]|H L @AJ MD1
}`E
BDbSE
Jmb L E�E
BD^qH\E
Jn��E L bSE
JcQRJ|?IVIB L VIJ|H\E
J � bSE
^ a E
BDY
E
BDBDTSJSCA^qH\E
JrP

^D@ABD^
C
CAE�} L oij|H\E�H �

�*�
�
C = FT F

�
��� ���&�+� �*')� � �*�+� �
/ �
�
/ �������+�	� �!�*��	 
!����� � ����	 � � � �!������� � ����')��� ��� ���
- - 
 �
� � ��/������+��� � � ��� � (
�!�*'!')� 0
� - � 
 � 
�')01�*�+� �
/ �
�
/ � '�
��+� � ��� � � � �%�!� �%� 
!�

J3(C)
/�- ��� ��	 ��� �



�|� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

MD1 =M D1(C) =
1

2

[
Mβ J1(C) +

(
1 −M β

)
J2(C) − 3

] ����� �A�|�


r@AO L H%E
J|H\j5hIFgHeb L E a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ*J5VIoijnbSE
BZz�FGE L oijfTSJSC���� �+K�? L E
BMlnV P
H\E
B L VIF N VIB\VIO�E�H\E
B
�

MG z�FGE L H\O�@rbSTSF
Mβ z�E�} L oij|H\TSJSCWbSE
^ew L J�
5TS^D^DE
^ebSE
B���E L bSE
JcQRJ|?IVIB L VIJ|H\E
J
Ma TSJSb MDM

��E
^DoijSBDE L ��E
Jnb L E a E
oijS^DE
Fg} L BD]fTSJSCAE
JmbSE
B U E�HDH\E
JcTSJ|H\E
BDE L J5VIJSbSE
B�TSJSb
bSE
B U E�HDH\E
JcY
TnbSE
Jnd�[SFGFG^qH\@_^�H\E L FGoijSE
J2�

��������� � ����� %���������-���� 	 �2����
��������������!��"

U�L JSE
OWV9H L ^DoijSE a E
Bq~ E
^qH L CATSJSC E
J|H\^ N B L oij|HmbSE
BcstB\VIJS^DFxV9H L @AJ/bSE
^cE
FxVI^qH L ^DoijSE
J _`E
BDE L oijS^
} hIjSBDE
JSb bSE
^�d�F L E��I?A@ABDC|VIJSCA^ L O VIFGFGCAE
O�E L JSE
J 
 N VIJSJfTSJSCA^DB\VITSOc�#w�^�} L BDb VIJSCAE
JS@AO�P
O�E
J��Sb5VI^D^�b5VI^elnV9H\E
B L VIF L O �MJ�~�VIJSCA^DY
TS^qHiVIJSb L ^D@IH\BD@ N�L ^qH%TSJSb*b5VI^ed�F L E��AE
J�@AjSJSE�
MJrP
bSE
BDTSJSC bSE
^ a @AFGTSO�E
JS^y^qHiV9HDH � JSbSE�H �`_`E L bSE
BWd5@ABDO�TSF L E
BDTSJSCm} L BDb ?A@AJ bSE
B�^D@ACS�`z�E P
CAE
JS^ N VIJSJfTSJSC �

X
z�E
�SB\VITSoij�CAE
OWVIoij|H � KML EMz�E
CAE
JS^ N VIJSJfTSJSC�C L FgH�VIFG^�b5VI^ O�@AO�E
J|HiVIJSE

� E
J|H\BDTSO bSE
^�E
FxVI^qH L ^DoijSE
J�_`E
BDE L oijSE
^
�9�MTS^tb L E
^DE
O z�BDTSJSb�} L BDb1b L E KML ^D^ LGN V9H L @AJS^ N @IH\E
JrP
H L VIF5VIFG^�E L JSEMd5TSJS]|H L @AJybSE
B�E
FGE
O�E
J|HiVIBDE
J�QRJ|?IVIB L VIJ|H\E
Jy?A@AJ F

T−X
TSJSb

X
~ @ABDO�TSF L E
BqH �

K V�b L EmbSB L HDH\EnQRJ|?IVIB L VIJ|H\EmE L J/lnV ��~ [SB�b L E a @AFGTSO�E
J5hIJSbSE
BDTSJSC L ^qH��`]9VIJSJ L jSB�w L JrP

5TS^D^Z?AE
BDJ5VIoijSFxhI^D^ L CIHZ}`E
BDbSE
J2��d�[SBMb5VI^ KML ^D^ LGN V9H L @AJS^ N @IH\E
J|H L VIF>} L BDbm?A@AJ � 	��
����� 	 �
~ @AFGCAE
JSbSE�d5@ABDO(CAE�} hIjSFgH �

Ω = Ω
(
J2(

F
T − X ),J2(X )

) ����� �NL|�
K VWb5VI^Md�F L E
^D^DE
Jn@AjSJSE a @AFGTSO�E
J5hIJSbSE
BDTSJSCW^qHiV9HDH � JSbSE�H��'}`E
BDbSE
JvJfTSBMb L E K E�? L V9H\@AB\VIJrP
H\E L FGEZ��E
JfT�H\Y�H �

J2(
F
T − X ) =

√

3

2
(FTD − X

D) : (FTD − X
D) ����� �|�|�

QRJ �E 3 ���Q��/5-> } L BDb L O N BD@�� L Y L E
BqH\E
J �MVIT N H\^ N VIJSJfTSJSCA^DB\VITSO b L E _`E�}`E
CATSJSC bSE
B
d�F L E
^D^ 
'hIoijSEW?AE
BDE L J�~�VIoij|H�b5VIBDCAE
^qH\E
FGFgH � KML E�d5@ABDO6TSJSb b L E�z�B � �AE�bSE
B�d�FxhIoijSE�hIJSbSE
BqH
^ L oij ��E L O a E
Bq~ E
^qH L CATSJSCA^q?A@ABDC|VIJSCvJ L oij|H � KML E*_`E
BDE
oijSJfTSJSC bSE
B�z�E
CAE
JS^ N VIJSJfTSJSC �5V P
^ L E
BqHeVIT�~#E L JSE
B�w#?A@AFGT�H L @AJS^DCAFGE L oijfTSJSC	�Sb L E�VITS^�Y�}`E L �MJ|H\E L FGE
J*��E
^qH\E
j|H �

˙̂
X =

2

3
FC D̂v

︸ ︷︷ ︸��� 	�

������� ������

����

��� 

����� � ��	�� ���!	"��

� #
− FΓ k̇ X̂

D

︸ ︷︷ ︸$ 

�&% ��'"(�)*

���
����� �XI �

KML E�_`E
bSE
T�H\TSJSCWbSE
BMz�B � �AE
J*��E � JSbSE
Jn^ L oij L J*bSE
B�s�VI��E
FGFGE����JIA�
�MTS^DCAE
jSE
JSb ?A@AO � 	��
����� 	 �rPqlc@rbSE
FGF !]I*O�� I � ##FGE L H\E�H % �'! � � 	 � ! E L J lnV9H\E
B L VIFGCAE
^DE�H\Y

��� ����	��$� �
�	� � 
!� '!��	
� � ��� � �*'�
!� / �
�
/ /������%�
� 
 �
' � � �%0 ����� �



��� ��lnV9H\E
B L VIFG��E
^DoijSBDE L �STSJSC�VIT�~#bSE
BMz�BDTSJSbSFxVICAEZbSE
B U @AJ|H L JfTSTSO�^DO�E
oij5VIJ L ] �XI

σIIσI

σIII

�M�S� L FGbSTSJSCM���JI �r� U�L JSE
OWV9H L ^DoijSE a E
Bq~ E
^qH L CATSJSC L O N BD@�� L Y L E
BqH\E
J��MVIT N H\^ N VIJSJfTSJSCA^DB\VITSO

~ [SB�CAE�~ [SFGFgH\E�w�FxVI^qH\@AO�E
BDEZjSE
B
� K E
BMz�FGE L oijfTSJSCA^D^\V9H\Y�~ [SB%b L E
^DE
^Mz�E
^DE�H\Y1FxVIT�H\E�H

D̂v =
3

2
k̇

F
T̂

D − X̂ D

J2

(
F T̂D − X̂ D

)
����� �f�A�

k̇ =

〈J2

(
F
T̂

D − X̂ D

)

FK

〉
Fn

����� �|�|�

˙̂
X =

2

3
FC D̂v −F Γ k̇ X̂

D ����� �A�f�

F
T = FG

( √
FDm√

FDm −
√

FD1

−F a
√

FD1

)

Be

����� �(OA�

FD1 =
1

2
[J1(Be) − 3] ����� �|�|�

QRJmz�F �S��� �|��}�TSBDbSE
Jnb L E�d � NSN FG]fFxVIO�O�E
B�?AE
Bq}`E
JSbSE�H �

< a >=
a ~ [SB a ≥ 0

0 ~ [SB a < 0

KML Ev_`E
bSE
T�H\TSJSC bSE
B�E L JSY
E
FGJSE
J z�B � �AE
J ]9VIJSJ bSE
B DF?X �� Q��/5 E
J|H\JS@AO�O�E
J }`E
BDbSE
J2�
KML E L JnbSE
BMs�VI�2�2���JI�b5VIBDCAE
^qH\E
FGFgH\E
Jvz�B � �AE
JmbSE
B ��} L ^DoijSE
J N FxVIY L E
BDTSJSC � ] �AJSJSE
JvbSTSBDoij
~ @AFGCAE
JSbSE 
 N E
B\V9H L @AJ L J*bSE
BMlc@AO�E
J|HiVIJ N FxVIY L E
BDTSJSC�VIJSCAE
CAE
��E
J*}`E
BDbSE
J2�

X̂ = F
−1

X F
−T ����� �(KA�

K VI^ �MTS^DC|VIJSCA^DO�@rbSE
FGFW?A@AJ � 	��
����� 	 � L ^qH L J ^DE L JSE
B TSBD^ N BD[SJSCAF L oijSE
J d5@ABDO.E L J
z�E
CAE
JS^ N VIJSJfTSJSCA^DO�@rbSE
FGFyO L H�w#?A@AFGT�H L @AJS^DCAFGE L oijfTSJSCAE
J2� KML E d5@ABDO bSE
B 
 N VIJSJfTSJSCA^kP
K E
jSJfTSJSCA^D]fTSBq?AE�} L BDbn��E L Y�pr]fF L ^DoijSE
Jv_`E VIJS^ N BDTSoijfTSJSCAE
J L O }`E
^DE
J|H\F L oijSE
JvbSTSBDoijmb L E
] L JSE
OWV9H L ^DoijSE a E
Bq~ E
^qH L CATSJSC�?A@ABDCAE
CAE
��E
J2� KML E
^DE
B#? L ^D]I@A^DE�
 N VIJSJfTSJSCA^\VIJ|H\E L FS��E
^DoijSBDE L ��H

� �1��� '!��	
���
(
- ����� ��� �
�
/ �$' ��� ����	��������	��
��
� 	 � � �



�f� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

s�VI��E
FGFGE%���JIA�fz�B � �AE
JybSE
^`z�FGE L oijfTSJSCA^\V9H\Y
E
^ bSE
^`d�[SFGFG^qH\@_^'PqlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^�z�FGCAJ2�A��� �f�
� L ^���� �|�

VW'����	& � &-B�&-;�:*;32�<���� &-� &('*G�;32�< 68,/230�&-,%:
������	
���
�
FC � � ��� % ��
 $ ����

��� �!# � �!���!�&
 ��

����

������# # ����%���� $ ����

��� �!# � 

��
 ���


� N

mm2

FΓ � 

���!���"��	�� ��� �!���!�&
 ��

����

������# # ����%���� $ ����

��� �!# � 

��
 ���


� Z
k

�!������� ��# � 

����
 � � ��� %���# �!����� ������
 ��

� �


������	�� Z
FDm

$ ����

��� �!# � �!���!�&
 ��

���
����! ��� �!������	��"��

�$# 

������

# % � ������	�� 

	&��

��' 
 ����

	(�
�)����# # ����%�� ��

� # ����

	 Z
FD1

$ ����

��� �!# � ��	��"��� % 	+* � 	-, 	�# 

��	���	����!	)��� 
 � �!	.�/��

�0�1# � �!# � �/� ��	��"��� % 	 Z
2 �43)5$6��
�438749:�4;=<>�4�?�)<=@$AB�
F
T

����# # ����%���� CD� �!	�	���	�� ����

	���% �FE/G �!�����"'�H N
mm2

D̂v � � ��� %���# �!����� ������

��C"����

������	�� ��� 

�����=% � 	>��� � � 

� ������

	���% � � 	)��

��I�% � ������

	>��# ���
� 

����	�� 1
s

X̂
��� 	�

������� ������
 ��

��� 

����� � ��	��&� 	-��

��I�% � ������

	>��# ���
� 

����	�� N

mm2

Be

! # �!����� ������

��# � 	�� 

��G �!�����"'D� � ��



	.� ��

� �


������	�� ����

	���% � � 	)��

� $ % �&

	"���!	>��# ���
� 

����	�� Z

b5VI^�Y
E L HiVI�Sj5hIJSC L CAE%lnV9H\E
B L VIFg?AE
BDj5VIFgH\E
J2�Aw L J a E
BDCAFGE L oij�O L H#E L JSE
O ?AE
BDE L J�~�VIoij|H\E
J�BDjSE
@9P
FG@AC L ^DoijSE
J lc@rbSE
FGF ?AE
BDbSE
T�H\F L oij|H�b L Ecd5TSJS]|H L @AJS^q}`E L ^DE*?A@AJ bSE
B�z�E
CAE
JS^ N VIJSJfTSJSCA^DCAFGE L P
oijfTSJSCS�rQRO E L JSb L O�E
JS^ L @AJ5VIFGE
O d'VIFGF5��E L E L JSE
O lnV9H\E
B L VIF5O L H�bSE
B aZL ^D]I@A^ L Hih9H η j5V9H`bSE
BlnV \ }`E
FGFG^qH\B\VIJSCyb L E�lnV9H\E
B L VIFGCAFGE L oijfTSJSCS�

σ +
η

E
σ̇ = ηε̇ ����� �|�|�

��	�� 
 �10 �KJW7v� ���%�
�102
��
0�	����ML +������W3 � �����%���

�MFG^��MFgH\E
BDJ5V9H L ?AE Y
TSO �#� ��� ��� Pqlc@rbSE
FGFr]9VIJSJyVITSoijybSE
B#�MJS^\V9H\Y`?A@AJ ����������E L JSCAE
^DE�H\Y�H
}`E
BDbSE
J2������������} hIjSFgHM~ @AFGCAE
JSbSE
Jm�MJS^\V9H\Y�~ [SBZb L E1?A@AFGTSO�E
Jf��E
Y
@ACAE
JSE a E
Bq~ @ABDO�TSJSCA^kP
E
JSE
BDC L E�~ TSJS]|H L @AJ

W =

m∑

k=1

µk
λαk

1 + λαk

2 + λαk

3 − 3

αk
. ����� �+L|�

w�^ L ^qH�O��ACAF L oij�b L E
^DE a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ L JnVIJSbSE
BDE���E
]9VIJSJ|H\E�d5TSJS]|H L @AJSE
J
Y
T [S��E
Bq~ [SjSBDE
J2� �MFG^y_`E L ^ NSL E
F%F L E�~ E
BqH�b L E U @AJS^qH\E
FGFxV9H L @AJ m = 1 � α1 = 2 � µ1 = G �

roijfTS�SO�@rbSTSF �Sb L E�^D@ACS� �eE
@9Pk�e@r@A]IE
^DoijSE a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ2�

W = G
λ2

1 + λ2
2 + λ2

3 − 3

2
=
G

2
(J1(C) − 3) �����POI�|�

���
N'��� O ����������P �RQ�-/. 	�
���������S �����4��T2� .0�4� (�� . U ��(���� � 	 - (������

aZL E
FGE��MBD��E L H\E
J ��E
^Doij5h9~�H L CAE
J ^ L oij�O L H�bSE
BS`ZT5VI^ L PRQRJS]I@AO N BDE
^D^ L � L F L Hih9H L J�bSE
B�j|p N E
BkP
E
FxVI^qH L ^DoijSE
J�d5@ABDO�TSF L E
BDTSJSCS� ueO E L J L CAE�Y
T JSE
JSJSE
J��t] �AJSJSE
J } L B % ��� � ! � I # � � !�� ���
��� ! �	! KNO #>TSJSb���������� ! ONK #�VIT�
 L ^qH\E
J2�



��� � K VI^ej|p N E
BDE
FxVI^qH L ^DoijSE 
ZCAbSE
JrPqlc@rbSE
FGF �|�

KML E�w L CAE
J|}`E
BqH\E�bSE
^ � VITSoij|pNZ	
 N VIJSJfTSJSCA^qH\E
JS^D@ABD^
T
@AjSJSE ��} hIJSCATSJSCA^D^ N VIJSJfTSJSCAE
J

^ L JSb2�
Tj =

λj

J

∂W
∂λj

j = 1, 2, 3 �����PO-I �
d�[SB L ^D@IH\BD@ N*L JS]I@AO N BDE
^D^ L �SFGE
^elnV9H\E
B L VIF2FxVIT�H\E�H�b L E ��} VIJSCA^D��E
b L JSCATSJSCS�

detF = J = λ1λ2λ3 = 1 �����POA�A�

ueJ|H\E
B�_`E
BD[Soi]f^ L oij|H L CATSJSCZbSE
B ��} hIJSCATSJSCA^D^ N VIJSJfTSJSCAE
J p �9VITSoij�j|prbSBD@A^qHiV9H L ^DoijSE
B K BDTSoi]CAE
J5VIJSJ|H��5] �AJSJSE
Jnb L E1w L CAE
J|}`E
BqH\E�bSE
^#� ����� 	��3Z	
 N VIJSJfTSJSCA^qH\E
JS^D@ABD^�E
J|H\^ N BDE
oijSE
JSb

Tj = λj
∂W
∂λj

− p j = 1, 2, 3 �����POI�|�

��E
BDE
oijSJSE�H`}`E
BDbSE
J2��w�^�C L ��H�?AE
BD^Doij L E
bSE
JSE a @ABDCAE
jSE
JS^q}`E L ^DE
J�TSO bSE
JWj|prbSBD@A^qHiV9H L ^DoijSE
J
K BDTSoi]*Y
Tc��E
^qH L O�O�E
J2�5w L JSE�[S�SF L oijSE a @ABDCAE
jSE
JS^q}`E L ^DE L ^qHeb L E a VIB L V9H L @AJS^DO�E�H\jS@rbSE � L J
bSE
B b L E a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E L J�E L J L ^D@roijS@ABDE
JyTSJSb�?A@AFGTSO�E�H\B L ^DoijSE
J��MJ|H\E L F5VIT�~ CAE
^ N VIF P
H\E
J*} L BDb��

H(C, p) = W(C) +
∗
pP(C) �����PO9�f�

O L H bSE
B K BDTSoi]9hIJSbSE
BDTSJSC ∗
p
L J�~ @AFGCAEebSE
B U @AO N BDE
^D^ L � L F L Hih9H�TSJSb P(C) = P(J) = 0 ~ [SB

J = 1 � K VI^ JSE
TSE a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E N @IH\E
J|H L VIF�E
Bq~ @ABDbSE
BqH b L E�w L J�~ [SjSBDTSJSC�E L JSE
B�JSE
TrPE
J a VIB L VI�SFGEZTSJSbnE L JSE
^eJSE
TSE
JvlnV9H\E
B L VIFG]IE
JSJ|}`E
BqH\E
^
�2l L HebSE
Be^D@ACS��� 	�� � � ��� ZSlcE�H\jS@rbSE
} L BDb*bSTSBDoij a VIB L V9H L @AJ�bSE
^ � @IH\E
J|H L VIFG^%E L JSE�@ N H L OWVIFGEM�MT�~�H\E L FGTSJSC�E
BDBDE L oij|H �

∂H
∂C

=
∂W
∂C

+
∗
p
∂P
∂C

= 0 �����PONOA�
∂H
∂
∗
p

=
∂W
∂
∗
p

+
∗
p
∂P
∂
∗
p

+ P(C) = 0 �����POI�|�

K E
B � E
J5VIFgHRp|P � VIB\VIO�E�H\E
B ι = ∂P
∂
∗
p

L ^qHZVIFG^ZlnV9H\E
B L VIFG]IE
JSJ|}`E
BqHZY
Tm��E�H\B\VIoij|H\E
J2��
r@W} L BDb
b L E��MJ N VI^D^DTSJSCcY
Tv?AE
BD^Doij L E
bSE
JSE
J��eVIJSbS��E
b L JSCATSJSCAE
J�O��ACAF L oij2� KML Eyz�FGE L oijfTSJSC*���POI�
?AE
BDE L J�~�VIoij|HM^ L oij��S}`E
JSJnOWVIJ

∗
p = −1

ι
P(J) �����PONKA�

^DE�H\Y�H � P(C) �SY�}�� P(J) ^ L JSbWE L J�lnVI^D^`~ [SB�b L E a @AFGTSO�E
J|?AE
BDY
E
BDBDTSJSC L JWbSE
B �MhIjSEe?A@AJ
J = 1 ��}`E
FGoijSE
B�~ @AFGCAE
JSbSE�_`E
b L JSCATSJSCAE
J*E
Bq~ [SFGFGE
J*O�TS^D^
�

P(J = 1) = 0

P(J) 6= 0 ∀ J 6= 1 �����POI�|�

z�E
�SB\hITSoijSF L oijSE1d5TSJS]|H L @AJSE
J*^ L JSb2�

P(J) = ln(J) �����PO_L|�
P(J) = J − 1 , ����� �A�|�



�A� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

}`@A��E L b L E Y�}`E L H\E d5TSJS]|H L @AJSE
J bSTSBDoij bSE
J F L JSE VIBDE
J �MJS^qH L E
C L O _`E
BDE L oij CAB � �AE
BDE
B
K E�~ @ABDOWV9H L @AJSE
J L O�O�E
BeTSJSCA[SJS^qH L CAE
BM} L BDb2�>l L H����PO_LWE
BDC L ��HZ^ L oij�bSE
B�j|prbSBD@A^qHiV9H L ^DoijSE
K BDTSoi]�Y
T2�

∗
p = −1

ι
ln(J) ����� � I �

l L H z�F �����POI�<TSJSb:��� � I(] �AJSJSE
J:b L E(w L CAE
J|}`E
BqH\E(bSE
^=O�@rb L�� Y L E
BqH\E
J � VITSoij|p|P

 N VIJSJfTSJSCA^qH\E
JS^D@ABD^e~ [SB%bSE
J �fT5VI^ L>L JS]I@AO N BDE
^D^ L �SFGE
Jcd'VIFGF2VIJSCAE
CAE
��E
J*}`E
BDbSE
J2�

Ti =
1

J

m∑

k=1

µkλ
αk

i − p− ∗
p ����� �|�A�

QRO ^ N VIJSJfTSJSCA^q~ BDE L E
J � TS^qHiVIJSb O L H λi = 1 TSJSb ∗
p E
BDC L ��H�^ L oij bSE
B�j|prbSBD@A^qHiV9H L ^DoijSEK BDTSoi] p Y
T

p =
1

J

m∑

k=1

µk
����� �A�|�

ueO E L JSE N j|pr^ L ]9VIF L ^DoijSE K E
T�H\TSJSC bSE
^ � E
J5VIFgHRp|P � VIB\VIO�E�H\E
BD^ ι Y
T � JSbSE
J�� } L BDb/bSE
B
d'VIFGF#bSE
B1BDE L JSE
J KML FxV9HiV9H L @AJv��E�H\B\VIoij|H\E�H �td�[SB1b L E
^DE
J�d'VIFGF�^ L JSb b L E 
 N VIJSJfTSJSCAE
J�TSJSb
a E
BDY
E
BDBDTSJSCAE
JnE L JSjSE L H\F L oij���^D@yb5VI^D^

λ1 = λ2 = λ3 = J
1
3

T1 = T2 = T3 = −P
����� �I�f�

K E
B���E
]9VIJSJ|H\E U @AO N BDE
^D^ L @AJS^DO�@rbSTSF K } L BDb*bSE � J L E
BqHMVIFG^

K = lim
J→1

∂(−P )

∂J
����� �+OA�

K E
Bew L JS^\V9H\Y�?A@AJ K L J*bSE
Jmz�FGJ2�S��� � I�TSJSbn��� �|��F L E�~ E
BqH �

K =
1

3

m∑

n=1

µnαn +
1

ι
����� �A�|�

QRJnz�F �S��� �+O�E
J|H\^ N B L oij|H P bSE
O(E L JSCAE N B\hICIH\E
J*j|prbSBD@A^qHiV9H L ^DoijSE
J K BDTSoi]'� K E
B a E
BDCAFGE L oij
O L H�bSE
B K E � J L H L @AJ�bSE
^ U @AO N BDE
^D^ L @AJS^DO�@rbSTSFG^ K = 2G/3+Λ �9O L H ��VIO�E
^ U @AJS^qHiVIJ|H\E
Λ ��F L E�~ E
BqH��#b5VI^D^ ι bSE
B�QRJ|?AE
BD^DEmbSE
B���VIO�E
^ U @AJS^qHiVIJ|H\EcE
J|H\^ N B L oij|H � K VIO L H�} L BDb VITS^z�F �S��� � I

∗
p = −Λ ln J, . ����� �+KA�

% ��� � ! � I #�O�@rb L�� Y L E
BqH 
ZCAbSE
JS^ a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ*TSOc�

H =

m∑

k=1

µk

(
λαk

1 + λαk

2 + λαk

3 − 3

αk
− ln J

)

+ Λ (J ln J − J + 1) ����� �A�|�

_`E L a�VIjSF>bSE
B �eE
@9Pk�e@r@A]IE
^DoijSE
J � VIB\VIO�E�H\E
B%} L BDb*b L E a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ

W =
1

2
G
(
λ2

1 + λ2
2 + λ2

3 − 3
) ����� �NL|�

� TSBMstBDE
JSJfTSJSC*bSE
B�]I@AO N BDE
^D^ L �SFGE
JmTSJSb L JS]I@AO N BDE
^D^ L �SFGE
Jm�MJ|H\E L FGE�bSE
B a E
Bq~ @ABDO�TSJSCA^kP
E
JSE
BDC L E�~ TSJS]|H L @AJ*^DoijSFxhICIH�% ��� � ~ @AFGCAE
JSbSE K BDTSoi]|~ TSJS]|H L @AJc?A@AB
�

∗
p = −Λ

9

(
1

J
− 1

J10

)

�����PKI�|�



��� � K VI^ej|p N E
BDE
FxVI^qH L ^DoijSE 
ZCAbSE
JrPqlc@rbSE
FGF �(O

w L JS^DE�H\Y
E
Jc?A@AJmz�F �S���PKI��~ [SjSBqHeY
TcbSE
B a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJ

H =
∑

k=1

µk

(
λαk

1 + λαk

2 + λαk

3 − 3

αk

− ln J

)

+
Λ

81

(
9 ln J + J−9 − 1

) �����PK-I �

KML E
^�E
J|H\^ N B L oij|HMbSE
B a E
Bq}`E
JSbSTSJSCWE L JSE
B � E
J5VIFgHRp|Pkd5TSJS]|H L @AJ�?A@AJ2�

P(J) =

∗
p

Λ
= −1

9

(
1

J
− 1

J10

)

�����PKA�A�

Q�� � �/5 �/5 � &-4 :*,/� � ;32�< B�&-4 � ?A;3.10	� � � �3?A232 ;32�<	4 :@&-234 !T'14
T

KML E�w L CAE
J|}`E
BqH\E L JmbSE
B�lc@AO�E
J|HiVIJS]I@AJ � CATSB\V9H L @AJmFxVI^D^DE
Jv^ L oij�VITS^ZbSE
B a E
Bq~ @ABDO�TSJSCA^kP
E
JSE
BDC L E�~ TSJS]|H L @AJnz�F �5��� �|����E
BDE
oijSJSE
J � ^
��! ONK #�� �

Tj =
λj

J

∂W
∂λj

− ∗
p− p, O L H j = 1, 2, 3

=
1

J

m∑

k=1

µk

(
λαk

j − 1
)
− ∗
p , �����PKI�|�

}`@A��E L ∗
p bSE
O j|prbSBD@A^qHiV9H L ^DoijSE
J K BDTSoi]�E
J|H\^ N B L oij|H � � L E
B�]9VIJSJ E L JSE�bSE
Byd5TSJS]|H L @AJSE
J

VITS^�bSE
O(?A@ABDjSE
BDCAE
jSE
JSbSE
Jm�M�S^DoijSJ L HDHMYI� _M��z�F �S���PKI� �SE L JSCAE
^DE�H\Y�H�}`E
BDbSE
J2�
d�[SB L ^D@IH\BD@ N EZd5E
^qH\] �AB N E
B j5VI��E
J�bSE
B F L JS]IE � VITSoij|p|Pqz�BDE
E
JrP a E
BDY
E
BDBDTSJSCA^qH\E
JS^D@AB

B
TSJSb

bSE
B�� VITSoij|p|P 
 N VIJSJfTSJSCA^qH\E
JS^D@AB
T
b L E�CAFGE L oijSE
J w L CAE
J|?AE
]|H\@ABDOWV9H\B L]\ [n̂] � KML E�stB\VIJS^kP~ @ABDOWV9H L @AJS^q?A@ABD^DoijSB L ~�H%FxVIT�H\E�H

Tij =

3∑

k=1

n̂ikTkn̂jk
�SY�}��

T = T1n
I ⊗ n

I + T2n
II ⊗ n

II + T3n
III ⊗ n

III �����PK9�f�

KML E1w L CAE
J|?AE
]|H\@ABDE
Jc?A@AJ
B
}`E
BDbSE
JvVIJ5VIFG@ACyz�F �5��� �A����E
BDE
oijSJSE�H ���

n
k ⊗ n

k =
Bk

2B3
k − J1B2

k + J3

(

B
2 − (J1 − Bk)B +

J3

Bk
1

)

, �����PKNOA�

Bk
^ L JSb b L E�w L CAE
J|}`E
BqH\E*bSE
^ystE
JS^D@ABD^

B
� KML EclnV9H\B L]\ bSE
Byw L CAE
J|?AE
]|H\@ABDE
J } L BDb L O

~ @AFGCAE
JSbSE
JcVIJSCAE
CAE
��E
J2�

[n̂] = [n̂ij ] =





nI
1 nI

2 nI
3

nII
1 nII

2 nII
3

nIII
1 nIII

2 nIII
3



 �����PKI�|�

l L H i = I, II, III TSJSb j = 1, 2, 3 � KML E�w L CAE
J|?AE
]|H\@ABDE
Jn] �AJSJSE
JmVITS^�bSE
B�oij5VIB\VI]|H\E
B L P^qH L ^DoijSE
Jvz�FGE L oijfTSJSCy��E
BDE
oijSJSE�He}`E
BDbSE
J2�
_`E L O CAE�~ [SFGFgH\E
J�z�TSO�O L E
BDCAE
��E
JylcE
^D^DTSJSCAE
JyE L JSE � @ L ^D^D@AJS^DY VIjSF�Y�} L ^DoijSE
Jy� � �+LA�+O�TSJSb
� � �+LNL+O ! KI� # �A_`E L bSE
Jy[S�SF L oijSE
J �
( 
�� � 	 � ��	�� � � � ( � Pkd5@ABDOWV9Ht^qH\E
FGFgH#b L E
^#J L oij|H�} L BD]fF L oij�E L J
� BD@A�SFGE
O b5VIB
� K VI^ ��������� Pqlc@rbSE
FGF|]9VIJSJ�~ [SBtE L J �fT5VI^ L P L JS]I@AO N BDE
^D^ L �SFGE
^�lnV9H\E
B L VIF|O L H
bSE
J � VIB\VIO�E�H\E
BDJ VITS^	! ONK #M� ^
� DF?X �� Q�� > �ZE L JSCAE
^DE�H\Y�H�}`E
BDbSE
J2��d�[SB�b L E�_`E
^qH L O�O�TSJSC
���

Jk(B) = Jk(C)
�



�|� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

s�VI��E
FGFGE������r� � VIB\VIO�E�H\E
B�bSE
^ ��������� Pqlc@rbSE
FGFG^`~ [SB�CAE�~ [SFGFgH\E
Jcz�TSO�O L

QRJSbSE \ k I � �
µk
! l � V # � � � I � ��� �A� I �9�(O Pk� � �A�NLA�|�

αk
I � � O�� � Pq��� �

bSE
B K BDTSoi]|~ TSJS]|H L @AJ ���PKI�m} L BDb E L JSE � @ L ^D^D@AJS^DY VIjSF%?A@AJ ν = 0, 49932 CAE
JS@AO�O�E
J ��� �KML E
^DE � @ L ^D^D@AJS^DY VIjSF#E
J|H\^ N B L oij|H�E L JSE
B ��VIO��
^DoijSE
J U @AJS^qHiVIJ|H\E�?A@AJ Λ ≈ 304, 62 MPa �QRJ �E 3 �� Q��/5-Q L ^qH%bSE
B a E
BDFxVIT�~�bSE
B K BDTSoi]|~ TSJS]|H L @AJ*O L H`bSE
J�E
J|H\^ N BDE
oijSE
JSbSE
J�a E
BqH\E
J
b5VIBDCAE
^qH\E
FGFgH �

0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2
−40

−20

0

20

40

60

80

100

120

140

J

p
 [

M
P

a
]

�M�S� L FGbSTSJSC����JI ��� a E
BDFxVIT�~2bSE
B K BDTSoi]|~ TSJS]|H L @AJ N [S��E
B`b L E ���
�������G^DoijSE K E�H\E
BDO L J5VIJ|H\E
�yJ5VIoijmz�F �S���PKI�

K VIO L H�] �AJSJSE
J�b L E � VITSoij|p|P 
 N VIJSJfTSJSCAE
J�~ [SB`b5VI^%lnV9H\B L]\ P 
fH\@_^ CAE
^DE�H\Y�~ [SB B1 6= B2 6=
B3

jSE
BDCAE
FGE L H\E�H%}`E
BDbSE
J2�

M
T =

{

1
J

3∑

k=1

µk(λ
αk

1 − 1) − p

}

B1

2B3
1 − J1B

2
1 + J3

(

B
2 − (J1 −B1)B + J3

B1
1

)

+

{

1
J

3∑

k=1

µk(λ
αk

2 − 1) − p

}

B2

2B3
2 − J1B

2
2 + J3

(

B
2 − (J1 −B2)B + J3

B2
1

)

+

{

1
J

3∑

k=1

µk(λ
αk

3 − 1) − p

}

B3

2B3
3 − J1B

2
3 + J3

(

B
2 − (J1 −B3)B + J3

B3
1

)

�����PKNKA�
d�[SBeb L E1_`E
^qH L O�O�TSJSCy?A@AJ p ^ L E
jSE�z�F �5��� �A���'�MT�~�hIjSJSF L oijSE1�MBqHeTSJSb a E L ^DE1]9VIJSJnbSE
B�r� ��L @AFxV P U�L BDoijSjS@_^'PRstE
JS^D@AB M

S
��E
^qH L O�O�Hy}`E
BDbSE
J2� KML Em�MVIT N H\^ N VIJSJfTSJSCAE
J }`E
BDbSE
J

�!� � ���)
�� ��' 	 � ���



���PO�s%jSE
@AB L E�bSE
Bba hIBDO�E
FGE L H\TSJSC �(K

O L H�� L Fg~ EZbSE
B a E
Bq~ @ABDO�TSJSCA^DE
JSE
BDC L E�~ TSJS]|H L @AJnz�F �S���PK-I���E
^qH L O�O�H �

Sk = λ−1
k

∂W
∂λk

= λ−2
k

{
3∑

m=1

µm(λαm

k − 1) − ∗
p J

}

j = 1, 2, 3 �����PKI�|�

d�[SB L ^D@IH\BD@ N Evd5E
^qH\] �AB N E
B�j5VI��E
J/bSE
Bc�r� ��L @AFxV P U�L BDoijS@_^'P 
 N VIJSJfTSJSCA^qH\E
JS^D@ABWTSJSb/bSE
B
BDE
oij|H\E�� VITSoij|p|Pqz�BDE
E
JrPRstE
JS^D@AB�b L E�CAFGE L oijSE
Jvw L CAE
J|}`E
BqH\Ec� ^
�>z�F ����� �A�|� �2l L H�� L Fg~ E1bSE
B
w L CAE
J|?AE
]|H\@ABDOWV9H\B L]\

N̂
TSJSbcbSE
Jn�MVIT N H\^ N VIJSJfTSJSCAE
J Sk

MSIJ =

3∑

k=1

N̂IkSkN̂Jk
�����PK_L|�

��	�� � ���%������� ��� � ! "��#�$�%���%� 
t�*��+

����� ��� � ��� � �����/.$��������
 �����$������������� 
�	���
��

KML E�z�E
^\VIO�H\E
JSE
BDC L E#��E
^qH\E
j|H�VITS^ L JSJSE
BDE
B2TSJSb1] L JSE�H L ^DoijSE
B�w�JSE
BDC L EI� KML E L JSJSE
BDE�w�JSE
BDC L E
^DE�H\Y�HZ^ L oijnVITS^ebSE
Be] L JSE�H L ^DoijSE
Jmw�JSE
BDC L E�bSE
BeTSJSCAE
@ABDbSJSE�H\E
Jm� H\@AO���E�}`E
CATSJSCWTSJSbnbSE
B
N @IH\E
J|H L E
FGFGE
J*w�JSE
BDC L E�Y�} L ^DoijSE
JnbSE
Jc� H\@AO�E
J*Y
TS^\VIO�O�E
J2� K E � J L E
BqHeOWVIJ�E L JSE L JSJSE
BDE
^ N E
Y L�� ^DoijSE�w�JSE
BDC L E u �S^D@�C L FgH`~ [SB�b L E L JSJSE
BDE1w�JSE
BDC L E U bSE
^ U �AB N E
BD^
�

U =

∫

V

ρudV. ����� �A�|�

KML E�] L JSE�H L ^DoijSE1w�JSE
BDC L E�bSE
^ U �AB N E
BD^%} L BDb*bSTSBDoijnb L E 
rTSO�O�E�bSE
B�] L JSE�H L ^DoijSE
Jnw�JSE
BkP
C L E
J*bSE
Bew L JSY
E
F N TSJS]|H\E�CAE
� L FGbSE�H �

Ekin =
1

2

∫

V

ρv · vdV. ����� � I �

K VIO L H%C L FgH ~ [SB%b L E1z�E
^\VIO�H\E
JSE
BDC L EI�

W = U + Ekin =

∫

V

ρudV +
1

2

∫

V

ρv · vdV. ����� �|�A�

����� ��� � ��
)��
������$�$�
�'	'�����2��"�(���
�� ����
1.0- ('� ���/.0��Q

�IE
bSE
^#BDTSjSE
JSbSE�H\jSE
BDO�@rb�prJ5VIO L ^DoijSE 
fpr^qH\E
O ��E
^ L H\Y�H�E L JSE�oij5VIB\VI]|H\E
B L ^qH L ^DoijSE�� TS^qHiVIJSbS^kP
CAB � �AE �Ib L E L JSJSE
BDE%w�JSE
BDC L E U � 
 L E`} hIoijS^qH bSTSBDoij�b L E`bSE
O 
fpr^qH\E
O=Y
TSCAE�~ [SjSBqH\E a hIBDO�E
TSJSbcb L E�Y
TSCAE�~ [SjSBqH\E1�MBD��E L H ! KI� # �

dU = dQ+ dW. ����� �A�|�



�|� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

KML E��M�SFGE L H\TSJSC�bSE
B�z�F �'��� �A��J5VIoijvbSE
B � E L H��'E
BDC L ��Heb L E 
MJSbSE
BDTSJSC�bSE
BZw�JSE
BDC L E�[S��E
B
bSE
B�� E L H�VIFG^ 
rTSO�O�E�VITS^%H\jSE
BDO L ^DoijSE
B�TSJSbcO�E
oij5VIJ L ^DoijSE
B �>E L ^qH\TSJSCS�

dU

dt
= Q̇+ P. ����� �I�f�

����� ��� � ������#&%��'
������ ������� �����

KML EZCAE
^\VIO�H\EMY
TSCAE�~ [SjSBqH\E��>E L ^qH\TSJSC�^DE�H\Y�H%^ L oij�Y
TS^\VIO�O�E
J*VITS^ bSE
B��>E L ^qH\TSJSC	��b L EM[S��E
B
b L E�
Z��E
B 
'hIoijSE

A
Y
TSCAE�~ [SjSBqH#} L BDb��9TSJSb�bSE
B �>E L ^qH\TSJSC�b L E L O a @AFGTSO�E
J V E L JSCAE
�SB\VIoij|H

} L BDb2� KML EZO�E
oij5VIJ L ^DoijSE �>E L ^qH\TSJSC P } L BDb�bSTSBDoij*b L E �>E L ^qH\TSJSC�bSE
B 
Z��E
B 
'hIoijSE
JrP�TSJSb
a @AFGTSO�E
JS]fB\h9~�H\E���E
^qH L O�O�H%Y
T2�

P =

∫

A

TvdA +

∫

V

ρfvdV, ����� �+OA�

}`@A��E L
T
bSE
J � VITSoij|pr^DoijSE
J 
 N VIJSJfTSJSCA^qH\E
JS^D@AB��

f
b L E OWVI^D^DE
��E
Y
@ACAE
JSE
J a @AFGTSO�E
JrP

]fB\h9~�H\E���E
Y
E L oijSJSE�H �

KML E a hIBDO�E
Y
T�~ TSjSBDFGE L ^qH\TSJSC Q̇ } L BDb�[S��E
B>b L E L O QRJSJSE
BDJ1bSTSBDoij a hIBDO�E �fTSE
FGFGE
J q̇ E L JSCAE P�SB\VIoij|H\E1TSJSb*b L E�bSTSBDoijnbSE
J a hIBDO�E
^qH\BD@AO�?AE
]|H\@AB
h
VI�SCAE�~ [SjSBqH\E �>E L ^qH\TSJSCy��E
BDE
oijSJSE�H �

Q̇ =

∫

V

ρq̇dV −
∫

A

hdA. ����� �A�|�

����� �
N � ���+�$�
�'	'� ��������������������� (���
)* ����
 ��������
������4� �����

l L H�bSE
O E
BD^qH\E
J �MVIT N H\^\V9H\Y�TSJSb bSE
J z�F ����� �|�n� L ^���� �A�m]9VIJSJ b L E�_ L FxVIJSY
CAFGE L oijfTSJSC
VIT�~ CAE
^qH\E
FGFgH }`E
BDbSE
J2�

d

dt

∫

V

(ρu+
1

2
ρv · v)dV =

∫

A

(Tv − h)dA +

∫

V

ρ(f v + q̇)dV. ����� �+KA�

QRJcb L ^ E
BDE
J|H L E
FGFGE
B d5@ABDO(FxVIT�H\E�H%b L E1z�FGE L oijfTSJSC�J5VIoij ! �+K #>TSJ|H\E
Be_`E
BD[Soi]f^ L oij|H L CATSJSCWbSE
B
QRO N TSFG^DE
BDj5VIFgH\TSJSCS�

∂(ρu)

∂t
+ ∇(ρuv) = T · ∇v − ∇h + ρq̇ ����� �A�|�



��� � a hIBDO�E
FGE L H\TSJSC �+L

��	�� ! "��#�$�%���%� 
t�*��+

KML E�w�JSE
BDC L E
� L FxVIJSY L Jcz�F ����� �A� L ^qH%E L JSE�z�FGE L oijfTSJSC�O L H O�E
jSBDE
BDE
JcueJf��E
]9VIJSJ|H\E
J2� K E P
BDE
J ���A^DTSJSCc�SB\VITSoij|H1}`E L H\E
BDE�z�FGE L oijfTSJSCAE
J��>b L E L J d5@ABDO ?A@AJ lnV9H\E
B L VIFGCAE
^DE�H\Y
E
J Y
TSB
a E
Bq~ [SCATSJSC1^qH\E
jSE
J2�rQRJ�b L E
^DE
O �M�S^DoijSJ L HDH }`E
BDbSE
J�b L EMlnV9H\E
B L VIFGCAB � �AE
J�bSE
B a hIBDO�E
FGE L P
H\TSJSC1VIO BDTSjSE
JSbSE
J U �AB N E
B#?A@ABDCAE
^qH\E
FGFgH � KML E KML oij|H\E%} L BDbyVIFG^#]I@AJS^qHiVIJ|H�VIJSCAE
JS@AO�O�E
J2�
K VIO L H ?AE
BDE L J�~�VIoij|HM^ L oijcb L E�w�JSE
BDC L E
� L FxVIJSYZY
T2�

ρ
∂u

∂t
= −∇h + ρq̇ ����� �NL|�

KML E K E � J L H L @AJ�bSE
B�^ N E
Y L�� ^DoijSE
J a hIBDO�E
]9V N VIY L Hih9H%FxVIT�H\E�H

c =
dq

dθ
. ����� LA�|�

KML E���E L ]I@AJS^qHiVIJ|H\E
O a @AFGTSO�E
J1Y
TSCAE�~ [SjSBqH\E a hIBDO�E
O�E
JSCAE } L BDb1b L BDE
]|H L J L JSJSE
BDE`w�JSE
BkP
C L E TSO�CAE�} VIJSbSE
FgH �9_`E L ]I@AJS^qHiVIJ|H\E
O K BDTSoi]�} L BDb1Y
TS^\h9H\Y
F L oij��MBD��E L HtbSTSBDoij�b L E"a hIBDO�E P
bSE
jSJfTSJSCWCAE
CAE
JcbSE
JnhIT	�AE
BDE
J K BDTSoi]�CAE
FGE L ^qH\E�H � KML E a hIBDO�E
]9V N VIY L Hih9H ~ [SB%]I@AJS^qHiVIJ|H\E
^
a @AFGTSO�E
J

cv =

(
∂u

∂θ

)

v

, ����� L I �

TSJSb*~ [SB�]I@AJS^qHiVIJ|H\E
J K BDTSoi]'�

cp = cv +

((
∂u

∂v

)

θ

+ p

)(
∂v

∂θ

)

p

. ����� L|�A�

KML E`�MJSJ5VIjSO�E �Ib5V �Zb5VI^#^ N E
Y L�� ^DoijSE a @AFGTSO�E
J�E L JSE
^�d5E
^qH\] �AB N E
BD^�VIJSJ5hIjSE
BDJSb�]I@AJS^qHiVIJ|H
�SFGE L ��H���~ [SjSBqH�Y
TcE L JSE
BeVIJSJ5hIjSE
BDTSJSCA^q}`E L ^DE�z�FGE L oijSjSE L H%bSE
B���E L bSE
J*stE
BDO�EI�

cp ≈ cv
����� LA�|�

l L H�bSE
O z�E
^DE�H\YW?A@AJ d5@ATSB L E
B�} L BDb�bSE
B a hIBDO�E
^qH\BD@AO�?AE
]|H\@AB
h
��E
^qH L O�O�H �td�[SB1E L J

L ^D@IH\BD@ N E
^1lnV9H\E
B L VIF ��b2� j2�>b L ESa hIBDO�E
FGE L HD~�hIj L CA]IE L H k L ^qH L J�VIFGFGE
J�� L oij|H\TSJSCAE
J�CAFGE L oij��C L FgH �

h = −k∇θ. ����� LI�f�

K VI^cl L JfTS^DY
E L oijSE
J/Y
E L CIH�VIJ��`b5VI^D^�bSE
BEa hIBDO�E
^qH\BD@AO�bSE
O stE
O N E
B\V9H\TSBDCAB\VIb L E
J|H\E
J
E
J|H\CAE
CAE
JSCAE
B L oij|H\E�H L ^qH �



OI� ����s%jSE
@ABDE�H L ^DoijSE�z�BDTSJSbSFxVICAE
J

l L H�bSE
J CAE�} hIjSFgH\E
J a @AB\VITS^D^DE�H\Y
TSJSCAE
J FxVIT�H\E�H�b L E KML ^ E
BDE
J|H L VIFGCAFGE L oijfTSJSCAE
J ��� �NLmbSE
B
a hIBDO�E
FGE L H\TSJSC�TSJSbn��� LI��~ [SB%bSE
JcBDTSjSE
JSbSE
J U �AB N E
B L J�bSE
B�JSE
TSE
Jmd5@ABDOc�

ρcp
∂θ

∂t
= ∇(k∇θ) + ρq̇. ����� L+OA�

��	�� 
 ��� ! "��#�$�%����
'&(�
	#)��
�*��+ �
��89�1��+1���$��	��*�1���
0�	���� �
;=���1�*0>7��#�*	����*��+

ueJ|H\E
B a E
BDJ5VIoijSFxhI^D^ L CATSJSCmbSE
B�hIT	�AE
BDE
J a hIBDO�E �fTSE
FGFGE
J�]9VIJSJ E L JSE�w�JSE
BDC L E
CAFGE L oijfTSJSC
VITS^�bSE
J _ L FxVIJSY
^\h9H\Y
E
J�~ [SB�b5VI^ylnV9H\E
B L VIFGCAE
^DE�H\Y�?A@AJ % �'! � � 	 � ! ~ @ABDO�TSF L E
BqH�}`E
BDbSE
J2�
KML E
^ L ^qH E L JSE KML ^ E
BDE
J|H L VIFGCAFGE L oijfTSJSC1E
BD^qH\E
B 
ZBDbSJfTSJSC	��bSE
BDE
J ���A^DTSJSC�JfTSO�E
B L ^Doij�E
Bq~ @AF P
CAE
Jc^D@AFGFgH\EI�5lnVIJcE
BDj5hIFgH�^D@AO L H%b L E�stE
O N E
B\V9H\TSBq?AE
BqH\E L FGTSJSC L O w�FxVI^qH\@AO�E
BD] �AB N E
B
�

ρ cp θ̇ − k∆θ − sp
(

F
TF

−T
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X (t+ ∆t) = X (t) + Ẋ (t+ ∆t)∆t . � Or� �|�

l L H ˙̃
Ev(t+ ∆t) ]9VIJSJcbSE
B U @ABDBDE
]|H\TSBD^DoijSB L HDH�~ [SB a E
BDY
E
BDBDTSJSCAE
JnE L JSCAE
FGE L H\E�H }`E
BDbSE
J2�
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bSE
B U T NSN FGTSJSCWz�E
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OWVIoij|H�TSJSbcJfTSB�b L E��MhIFg~�H\E�bSE
B U T NSN FGTSJSCyb5VIBDCAE
^qH\E
FGFgH �
w�^*} L BDb hIjSJSF L oij/bSE
O a @ABDCAE
jSE
J ��E L O �
� ���*Z a E
Bq~�VIjSBDE
J/E L J CAFG@A�5VIFGE
B��MJS^\V9H\Y CAE P
} hIjSFgH��|bSE
B ^ L oijy[S��E
B bSE
J�w�FxVI^qH\@AO�E
BD��E
BDE L oij�bSE
B U T NSN FGTSJSC�E
BD^qH\BDE
oi]|H TSJSb�bSE
B��eVIJSbrP
��E
b L JSCATSJSCAE
J/CAE
Jf[SCIH �%�MTS^*bSE
J/�M�S� L FGbSTSJSCAE
J/�S� � TSJSb �S�PO CAE
j|HcjSE
Bq?A@AB��%b5VI^D^*b L E
d�FxVIJS^DoijSEeVIFG^�^qHiVIBDB�VIJSCAE
JS@AO�O�E
J�}`E
BDbSE
JW] �AJSJSE
J2��w�J|H\^ N BDE
oijSE
JSb�bSE
O a @ABDCAE
jSE
Jy?A@AJ
% �'! � � 	 � ! ! �|� # } L BDb E L J � L F L JSE VIBDE
B��MJS^\V9H\Y�~ [SB�b L E a E
BD^Doij L E
�STSJSCAE
J CAE�} hIjSFgH��#bSE
B
~ @AFGCAE
JSbSE
J �eVIJSbS��E
b L JSCATSJSCAE
J�� ��E L E L JSE
BW?A@ABDCAE
CAE
��E
JSE
J BDE
FxV9H L ?AE
J a E
BDbSBDE
jfTSJSC bSE
B

fHiVIjSF�
'VIJS^DoijSE1CAE
CAE
JSE L J5VIJSbSE
B�TSO 2ϑ �SCAE
Jf[SCAE
JnO�TS^D^
�

IA� 1
u = 0

�r� 2
u = 0

��� 3
u = ra(cosϑ− 1)er + ra sin ϑeϕ

�S� 4
u = ri(cosϑ− 1)er + ri sin ϑeϕ

K E
B��MJS^\V9H\Y

u(r, z) = (a1 + a2r + a3z + a4rz)er + (a5 + a6r + a7z + a8rz)eϕ
� Or�JINI �
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BDbSE
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b L JSCATSJSCAE
J���E P
^qH L O�O�H �
a E
CAE
J ra

h
= ri

b
= ra − ri

h− b
C L FgH

a3 =
ra

h
(cosϑ− 1) � Or�JI �A�

a7 =
ri

b
sin ϑ . � Or�JI �|�
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J U @rE���Y L E
J|H\E
JnC L FgH

ai = 0 � Or�JI �f�

l L H�bSE
O K E�~ @ABDOWV9H L @AJS^DCAB\VIb L E
J|H\E
J

Fe = gradu + 1
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BDY
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BDBDTSJSCA^qH\E
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E(ϑ, r, z) =
1
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(
F

T
e · Fe − 1

) � Or�JI �|�
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
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JS]fT NSN P
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E
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^qH L O�O�TSJSC bSE
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BDbSE
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FGE
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C|VIJSCAE
J�� b5VI^D^Wb L E��MVI��E^ L oij�TSO E L JSE
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F ϑ BDE
FxV9H L ?yY
T�bSE
B �MT	�AE
JS^DoijSE L ��EZ?AE
BDbSBDE
j|H ��
r@�]9VIJSJ�VIJSCAE
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J1}`E
BDbSE
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1
u = u(r = ri, z = 0) = 0

4
u = u(r = ri, z = b) = 0

2
u = u(r = ra, z = 0) = ra (sin ϑeϕ + (cosϑ− 1)er)

3
u = u(r = ra, z = h) = ra (sinϑeϕ + (cosϑ− 1)er)
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a L E���E L bSE
B a E
BD^DTSoijS^D]fT NSN FGTSJSC VITS^1bSE
O ?A@ABDjSE
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u = (a1 + a2r)er + (a3 + a4r)eϕ
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J2�

a1 = − rari

ra − ri

(cosϑ− 1)

a2 =
ra

ra − ri
(cosϑ− 1)

a3 = − rari

ra − ri
sin ϑ

a4 =
ra

ra − ri
sinϑ
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u(r, z) = a2(r − ri)er + a4(r − ri)eϕ
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(gradu)rr = ∂ur
∂r

= a2

(gradu)rϕ = 1
r
∂ur
∂ϕ

− uϕ
r = −a4

r − ri
r

(gradu)rz = ∂ur
∂z
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(gradu)ϕr =
∂uϕ
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(gradu)ϕϕ = 1
r

∂uϕ
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+ ur

r = a2
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(gradu)ϕz =
∂uϕ

∂z
= 0

(gradu)zr = ∂uz
∂r

= 0

(gradu)zϕ = 1
r
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∂ϕ

= 0

(gradu)zz = ∂uz
∂z

= 0
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
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(Ave. Crit.: 75%)
S, S23

-2.429e-01
-2.316e-01
-2.204e-01
-2.092e-01
-1.979e-01
-1.867e-01
-1.755e-01
-1.643e-01
-1.530e-01
-1.418e-01
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-1.081e-01

Step: Step-1
Increment      7: Step Time =    1.000
Primary Var: S, S23
Deformed Var: U   Deformation Scale Factor: +1.000e+00

Oeztuerk kupp_schraeg
ODB: kupp_schraeg.odb    ABAQUS/Standard Student Edition 6.4-2    Thu Jan 20 22:20:54 Westeuropäische Normalzeit 2005
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b L E
J|H%VIFG^ w L JSC|VI��E�}`E
BqH
~ [SB b L E 
 L O�TSFxV9H L @AJ��A^D@AO L H O�[S^D^DE
J*FGE
b L CAF L oij�b L EME
BDBDE
oijSJSE�H\E
J U B\h9~�H\EMTSJSbcd�FxhIoijSE
J L JrP
j5VIFgH\E�VIJ*b L E a @ABDC|VI��E�VIJSCAE N VI^D^qHe}`E
BDbSE
J2�
d�[SBWb L E�
 N H L O L E
BDTSJSC�} L BDb E L JSE � I �POA� Pkw#?A@AFGT�H L @AJS^D^qH\B\V9H\E
C L E�?AE
Bq}`E
JSbSE�H��%VIFG^W`ZT5VIF L P
Hih9H\^D]fB L H\E
B L TSO Q Y
TSB�
rE
FGE
]|H L @AJ ^D@AFGF b L E 
rTSO�O�E�bSE
B�BDE
FxV9H L ?AE
J d5E
jSFGE
B �fT5VIbSB\V9H\E�~ [SB
b L E U B\V9~�H � ��E L OWV \�L OWVIFGE
Be�MTS^DFGE
JS]fTSJSCcTSJSb b L Ey��pr^qH\E
BDE
^DE 
'hIoijSE�b L E
JSE
J��2b L E�O L J L P
O L E
BqH }`E
BDbSE
Jn^D@AFGF �

Q =

(
F s0

0 − F s0
Sim

F s0
0

)2

+

(
A0 −ASim

A0

)2 �����JI �
KML E 
 N H L O L E
BDTSJSC N E
B=w#?A@AFGT�H L @AJS^D^qH\B\V9H\E
C L E ~ [SjSBqH L O 
roijSJ L HDH=J5VIoij�E�HR} V KI� P
z�E
JSE
B\V9H L @AJSE
J�Y
T�E L JSE
B����A^DTSJSC	�>b L E L JSJSE
BDj5VIFG�vbSE
B�bSE � J L E
BqH\E
J�st@AFGE
B\VIJSY�F L E
CIH � K VI^
E
J|H\^ N B L oij|H�E L JSE
B�lcE
JSCAE�?A@AJ��+OI�eCAE
JSE
B L E
BqH\E
J ���A^DTSJSCA^q?AE
]|H\@ABDE
J2� K E
B�b5VI��E L Y
TSBD[Soi]fCAE P
FGE
CIH\E a E
C L O����A^DTSJSCA^DB\VITSO L ^qH L J �E 3 �� ��� > [S��E
B>bSE
B `ZT5VIF L Hih9H\^q~ TSJS]|H L @AJMb5VIBDCAE
^qH\E
FGFgH��
E L JSCAE
Y
E L oijSJSE�H L ^qH
�DE�}`E L FG^�bSE
B���E
^qH\E �MVIoijS]I@AO�O�E�E L JSE
Bez�E
JSE
B\V9H L @AJ2�

� ��- 
!���!��� 
!� � � �%�!���
��' � �����+��� 
��+��������� � 
 �	�����!(
�!��01��� �



���JI��MTS^q} VIjSF�bSE
^ 
 N H L O L E
BDTSJSCA^q?AE
Bq~�VIjSBDE
JS^ �A�

�M�S� L FGbSTSJSCe�����r� a E
BDFxVIT�~�bSE
B 
 N H L O L E
BDTSJSC%O L HDH\E
FG^>w#?A@AFGT�H L @AJS^D^qH\B\V9H\E
C L E�[S��E
Btb L E `ZT5V P
F L Hih9H\^q~ TSJS]|H L @AJ Q

K E
J�Y
TSCAE
j	�AB L CAE
J a E
BDFxVIT�~�bSE
B`lcT�HiV9H L @AJS^D^DoijSB L HDHR}`E L H\E
J�Y
E L CIH �E 3 �� ��� Q � KML E 
roijSB L HDHqP
}`E L H\E � VITS^DCAE
jSE
JSb ?A@AO QRJ L H L VIFg}`E
BqHEI � �mY
TSJ5hIoijS^qHW^qHiVIBD]�VIJS^qH\E L CIH��#TSO O L H�CAE
B L JSCAE
B
}`E
BDbSE
JSbSE
O � L E
FxVI�S^qHiVIJSb�} L E
bSE
B�^qH\E�H L C�VI�SY
TSJSE
jSO�E
J2�

�M�S� L FGbSTSJSC���� ����
roijSB L HDHR}`E L H\E
J|?AE
BDFxVIT�~ L J��M�Sj5hIJSC L CA]IE L H%?A@AJcbSE
BMz�E
JSE
B\V9H L @AJS^DY VIjSF

�E 3 �� ��� � Y
E L CIH1bSE
J a E
BDCAFGE L oij�Y�} L ^DoijSE
J ?A@ABDCAE
CAE
��E
JSE
B�� bSTSBDoijSCAE
Y
@ACAE
JSE
Bi��TSJSb�VIJrP
CAE N VI^D^qH\E
Bn� CAE N TSJS]|H\E�H\E
Bi����pr^qH\E
BDE
^DE
]fTSBq?AEn��E L E L JSE
O CAE
^DE�H\Y�H\E
J�`ZT5VIF L Hih9H\^D]fB L H\E
B L TSO
?A@AJ Q = 0, 01 � b5VI^�E
J|H\^ N B L oij|H*E L JSE
BWbSTSBDoijS^DoijSJ L HDH\F L oijSE
J �M�|}`E L oijfTSJSC ?A@AJ/� �PK ���K E
B L Jcb L E
^DE
O d'VIFGF>E
BDBDE
oijSJSE�H\E `ZT5VIF L Hih9H\^q}`E
BqHM��E�H\B\hICIH 0, 0056 �S} VI^ZE L JSE
BeO L HDH\FGE
BDE
J�M�|}`E L oijfTSJSC�bSE
^ `ZT5VIF L Hih9H\^D]fB L H\E
B L TSO�^ ?A@AJm� �POI�	� E
J|H\^ N B L oij|H �



�I� ��� � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�~ [SB�b5VI^elnV9H\E
B L VIFGO�@rbSE
FGF

�M�S� L FGbSTSJSCy��� �S� 
 N H L O L E
BDTSJSCA^DE
BDCAE
�SJ L ^`~ [SB%b5VI^e_`E L ^ NSL E
F>VIO�ueO�]IE
jSB N TSJS]|HMbSE
Be��p|P
^qH\E
BDE
^DE �2?A@ABDCAE
CAE
��E
JSEn� bSTSBDoijSCAE
Y
@ACAE
JSE�� L J L E ��TSJSb VIJSCAE N VI^D^qH\En� CAE N TSJS]|H\E�H\E �Z��pr^qH\E P
BDE
^DE
]fTSBq?AEI�

��������� O �������4��T2����# ���RQ ����-
�

��� ( � 
�� � ( � ����� � � �
	 � � �&��� � � ��	 � �
	�� � 	 � ������� � � ��� 	 � � 	���� 
 � ��� �!
 ��� 
 � 	 � 	�$ � � 	���	��+0	� 	 � � 	
� � ( � � 	�� 	 � � �+���&( 	 � � �1� ��� � � �����!0�
 � 	 � 
 ����� � � ��� � � ��� � 	�����	���	��-, � � �
	�� � 	���� 
 � � 	 � ���
(�� � � � � 	���	���
 �
d�[SB%b L E�_`E�}`E
BqH\TSJSCWbSE
B%E
BDY
E
TSCIH\E
J����A^DTSJSCA^DO�E
JSCAEZ} L BDb*E L JSE `ZT5VIF L Hih9H\^q~ TSJS]|H L @AJW��E P
J	�IH L CIH � K E
B KML ^ E
BDE
JSYWY�} L ^DoijSE
J bSE
O 
r@AFGF PeTSJSb�QR^qHR}`E
BqH�]9VIJSJ VI�S^D@AFGT�H�@rbSE
B�BDE
FxV9H L ?
Y
TSO 
r@AFGFg}`E
BqH`��E
BDE
oijSJSE�H�}`E
BDbSE
J���}`@A��E L j L E
B`bSE
B BDE
FxV9H L ?AE
J��M�|}`E L oijfTSJSC�bSE
B a @ABDY
TSC
CAE
CAE
��E
J } L BDb2� 
r@m] �AJSJSE
J b L E���E
^qHiVI�|}`E L oijfTSJSCAE
J���?AE
BDTSBD^\VIoij|H�bSTSBDoij O L H 
roij|} VIJrP
]fTSJSCAE
Jn��E
j5V9~�H\E�H\E
JmlcE
^D^q}`E
BqH\E ��b L E `ZT5VIF L Hih9H\^q}`E
BqH\E�J L oij|He��E
E L J|H\B\hIoij|H L CAE
J2�
QRO a E
BDFxVIT�~>bSE
B�?A@ABDF L E
CAE
JSbSE
J 
 N H L O L E
BDTSJSCA^\VIT�~ C|VI��E%} L BDbW[S��E
B`E L JSEeCAB � �AE
BDEM�MJSY VIjSF
?A@AJ*��pr^qH\E
BDE
^DE
]fTSBq?AE
JmO L H �DEZY�}`E L>U E
JSJ|}`E
BqH\E
J��SbSE
B%d�FxhIoijSE WD

�SY�}�� AHys
TSJSb�bSE
B


 N VIJSJfTSJSC���E L OWV \�L OWVIFGE
O a E
BDY
E
BDBDTSJSCA^q} L JS]IE
F τ(γmax)
@ N H L O L E
BqH � KML E a E
BD]fJf[ N ~ TSJSC

?A@AJ 2n `ZT5VIF L Hih9H\^q}`E
BqH\E
JybSTSBDoijWb L EMlcE�H\jS@rbSE�bSE
B �fT5VIbSB\V9H L ^DoijSE
J�l L HDH\E
Fg}`E
BqH\� L FGbSTSJSCS�

Q =

√
√
√
√

n∑

i=1

Q2
1i +

n∑

i=1

Q2
2i

2 · n , �������A�
}`@A��E L Q1i

TSJSb Q2i
�DE�}`E L FG^%b L E1z�[�H\E�~ TSJS]|H L @AJSE
JcbSE
B�Y�}`E LtU E
JSJ|}`E
BqH\E
Jm^ L JSb2�

�
� ��'�	 � ��� ���
���%/�� � � � ��'��+�	� � �%(
� 
!��- � 
�� '�� ��'!')� ��� ��� �+� ��� ����- �+
!� ����'!'�
!��� 
!��/�� � �



����� KML E � VIB\VIO�E�H\E
B%bSE
^ZlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^ �+O

��������� � ��
 U 	'����.0����
 ��������������- 
��4��� . ���

KML E�~ [SBZb L E � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�bSE
^1lnV9H\E
B L VIFGCAE
^DE�H\Y
E
^ZE L JSCAE
^DE�H\Y�H\E a VIB L VIJ|H\E�bSE
B
w#?A@AFGT�H L @AJS^D^qH\B\V9H\E
C L E L ^qH���^DoijS@AJ }`E
CAE
J/bSE
B KML O�E
JS^ L @AJ bSE
^ ���A^DTSJSCA^DB\VITSO�E
^�� ≥ 8 �TSJSb�bSE
B L H\E
B\V9H L ?AE
J�_`E
BDE
oijSJfTSJSC�bSE
^ a E
BDY
E
BDBDTSJSCA^q} L JS]IE
F P � 
roijfTS�S^ N VIJSJfTSJSCA^q?AE
BDFxVIT�~ E
^��
]I@AO N F L Y L E
BqH\E
BtVIFG^�b5VI^�@A� L CAE�_`E L ^ NSL E
FrVIT�~ CAE
�5VIT�H�� }`@A��E L ? L E
FGE bSE
B L O _`E L ^ NSL E
F|CAE
J5VIJSJrP
H\E
Jc�MJS^\h9H\Y
E�VITSoijcj L E
B%Y
TSO�w L JS^\V9H\Y�]I@AO�O�E
J2�
� B L JSY LGNSL E
FGF ^D@AFGF ~ [SB�b L E � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�E L JSE�E L J�~�VIoij*CAE
^Doij5VIoij|H\E
FgH\E a VIB L VIJ|H\E
bSE
B�w#?A@AFGT�H L @AJS^D^qH\B\V9H\E
C L E�E L JSCAE
^DE�H\Y�H�}`E
BDbSE
J2� KML E
^Zj5V9HZbSE
J a @ABqH\E L F �'b5VI^D^�Y
TSO<E L JSE
J
��E L w \�L ^qH\E
JSY�O�E
jSBDE
BDE
BMFG@A]9VIFGE
BMl L J L OWVybSE
B8`ZT5VIF L Hih9H\^q~ TSJS]|H L @AJcTSJ|H\E
BMbSE
Jv@S� CS� a @ABkP
VITS^D^DE�H\Y
TSJSCAE
J�b5VI^ZCAFG@A�5VIFGE1lnV \�L O�TSO CAE�~ TSJSbSE
Jm}`E
BDbSE
JvTSJSbvY
TSO VIJSbSE
BDE
Jm��E L �MJrP
J5hIjSE
BDTSJSC VIJ b5VI^�
 N H L O�TSO E L J ^DoijSJSE
FGFGE
^ a E
BD]fFGE L JSE
BDJ bSE
B�
roijSB L HDHR}`E L H\E
J L J E L JSE
B
JSE
TSE
J � @ N TSFxV9H L @AJS^DCAE
JSE
B\V9H L @AJ���E L _`E
b5VIBq~t]I@ABDB L C L E
BqH`}`E
BDbSE
Jc]9VIJSJ2� KML EZCABDTSJSbSFGE
CAE
JrP
bSE 
fH\BDTS]|H\TSB�bSE
^ 
 N H L O L E
BDTSJSCA^\VIFGCA@AB L H\jSO�TS^ L ^qH L J �E 3 ������ = b5VIBDCAE
^qH\E
FGFgH ��
rQqlmz�uZl �
E L J ^DE
FG�S^qH\CAE
^DoijSB L E
��E
JSE
^mQRJS^qH L H\T�H\^ N BD@ACAB\VIO�O$VIT�~�bSE
Bn_ VI^ L ^*bSE
^ �#� ��� ��� PR�MJS^\V9H\Y
E
^
TSJSbvbSE
^�d�[SFGFG^qH\@_^ OWV9H\E
B L VIFGCAE
^DE�H\Y
E
^��5� L FGbSE�HMbSE
J�d5@ABqH\B\VIJ�LA� P U E
BDJnbSE
BZO�E
oij5VIJ L ^DoijSE
J
_`E
BDE
oijSJfTSJSCS�

��	 � 
 ��� � ���#�1�$� 
�� � ����0 � ��
�� ���
����+1��0>� 
 � ��0

K VI^�lnV9H\E
B L VIFGCAE
^DE�H\Y�^DE�H\Y�Ht^ L oij�VITS^>E L JSE
O j|p N E
BDE
FxVI^qH L ^DoijSE
J�TSJSb�? L ^D]I@ N FxVI^qH L ^DoijSE
J��MJrP
H\E L F�Y
TS^\VIO�O�E
J2�>�MTS^D^\VICAE
J�Y
TSB1stE
O N E
B\V9H\TSB\VI�Sj5hIJSC L CA]IE L H�bSE
B1E L JSY
E
FGJSE
J � VIB\VIO�E�H\E
B
] �AJSJSE
J�bSTSBDoijW_`E
BD[Soi]f^ L oij|H L CATSJSC�?AE
BD^Doij L E
bSE
JSE
B N j|pr^ L ]9VIF L ^DoijSE
B � L J|H\E
BDCABD[SJSbSE%CAE�H\BD@I~xP
~ E
J*}`E
BDbSE
J2�
�MJ*b L E
^DE
B 
fH\E
FGFGE
J�}`E
BDbSE
Jcb L E1z�FGE L oijfTSJSCAE
J*VITS^%bSE
O �M�S^DoijSJ L HDHe��� �����1} L E
bSE
B�VIT�~ CAE P
F L ^qH\E�H �

D̂v =
3

2
k̇

F
T̂

D − X̂ D

J2

(
F T̂D − X̂ D

)
����� �|�

k̇ =

〈J2

(
F
T̂

D − X̂ D

)

FK

〉
Fn

����� �f�

˙̂
X =

2

3
FC D̂v −F Γ k̇ X̂

D �����POA�

F
T = FG

( √
FDm√

FDm −
√

FD1

−F a
√

FD1

)

Be

����� �|�

FD1 =
1

2
[J1(Be) − 3] �����PKA�



�A� ��� � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�~ [SB�b5VI^elnV9H\E
B L VIFGO�@rbSE
FGF

�M�S� L FGbSTSJSCW���POr� 
fH\BDTS]|H\TSBebSE
^ 
 N H L O L E
BDTSJSCA^\VIFGCA@AB L H\jSO�TS^�Y
TSBM_`E
^qH L O�O�TSJSC�bSE
BZlc@9P
bSE
FGF N VIB\VIO�E�H\E
B
�

����� ��� � �'
�� ��
��2���������+(���
 � �'
 �������
�'	 ����� �����

�IEmO�E
jSB � VIB\VIO�E�H\E
BWb5VI^*lnV9H\E
B L VIFGCAE
^DE�H\Ycj5V9H��`bSE
^qH\@ E L J�~�VIoijSE
B L ^qH�b L En�MJ N VI^D^DTSJSC
bSE
^ 
 L O�TSFxV9H L @AJSE
BDCAE
�SJ L ^D^DE
^�VIT�~eE L J �SBDE L H\E
BDE
^�
 N E
]|H\BDTSO ?A@AJ a E
BD^DTSoijS^DE
BDCAE
�SJ L ^D^DE
J2�
z�FGE L oijSY
E L H L C�E
BDj	�Aj|H1^ L oij b L E���E
oijSE
JSY
E L HiVIJ�~ @ABDbSE
BDTSJSCAE
J2�td�[SB�b L E
^DE
J U @AJ�
 L ]|H1O�TS^D^
E L J 
 N H L O�TSO(CAE�~ TSJSbSE
J*}`E
BDbSE
J2�
� TSBe��E
^D^DE
BDE
J��MJ N VI^D^DTSJSC�bSE
B U TSBq?AE
JmbSE
^ U [SO�O�FGE
E P a E
BD^DTSoijS^e} L BDbnY
TSE
BD^qH�VIbSb L H L ?
b L E�d�[SFGFG^qH\@_^'P 
 N VIJSJfTSJSC�VIT�~rO�E
jSBDE
BDE 
fH\B\hIJSCAE�E
Bq}`E L H\E
BqH�� }`E
FGoijSE b L E#E
BD^qH\E`l��ACAF L oijS]IE L H
Y
TSBew�BDj	�AjfTSJSC�bSE
B � VIB\VIO�E�H\E
B\VIJSY VIjSF L ^qH � KML E�l��ACAF L oijS]IE L H\E
J*^ L JSb��

IA���%bSb L H L ?AEMw�Bq}`E L H\E
BDTSJSC�bSE
^ d�[SFGFG^qH\@_^'P 
 N VIJSJfTSJSCA^qH\E
JS^D@ABD^ F
T
VIT�~ n PRstE L FGEI� KML E
^DEE
J|H\^ N B L oij|He��E L E L JSE
O(BDjSE
@AFG@AC L ^DoijSE
Jnlc@rbSE
FGF bSE
B%�%bSb L H L @AJ�?A@AJ n− 1 Y
TS^\h9H\Y
F L PoijSE
J 
fH\B\hIJSCAE
J2�

�r�ew�BDj	�AjfTSJSC�bSE
B��MJSY VIjSF>bSE
B a VIB L VI�SFGE
J�bSE
B�] L JSE
OWV9H L ^DoijSE
J a E
Bq~ E
^qH L CATSJSC
X



����� KML E � VIB\VIO�E�H\E
B%bSE
^ZlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^ �+K

��� U @AO�� L J5V9H L @AJ�bSE
B�E
BD^qH\E
Jn��E L bSE
Jnl��ACAF L oijS]IE L H\E
J

K VI^ 
fH\@_^ CAE
^DE�H\Y*bSE
B�lnV9H\B L]\ j5V9HybSE
J ?AE
B\hIJSbSE
BDF L oijSE
J 
roijfTS�SO�@rbSTSF N VIB\VIO�E�H\E
B MG �_`E L bSE
B��MT�~ ^qH\E
FGFGTSJSCyj5V9H�b5VI^ed�[SFGFG^qH\@_^ CAE
^DE�H\YZ~ @AFGCAE
JSbSE � VIB\VIO�E�H\E
B
�

s�VI��E
FGFGE����JIA�'z�B � �AE
J*bSE
^Md�[SFGFG^qH\@_^'PqlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^
Fg~ b2� 
fprO���@AF _`E
bSE
T�H\TSJSC
I FG C����������&%D����# ��

������# # ����%�� � 

��
 ���


�
� Fn �
����, 	>� �!������	��"��

� � 

�����=% � 	>��� � � 

� �����������!	�� � � � 

� �

> 0� FK �
����, 	>� �!������	��"��

� � 

�����=% � 	>��� � � 

� �����������!	�� � � � 

� �
> 0� FΓ � 

���!���"��	�� ��� �!���!�&
 ��

����

��! � % # � ��� % 	���� # 

� ������	��O FC � � ��� % ��
�� �!���!�&
 ��

����

��! � % # � ��� % 	���� # 

� ������	��

d�[SBMb5VI^�z�E
^\VIO�H\CAE
^DE�H\Y�C L ��HME
^ L O�j|p N E
BDE
FxVI^qH L ^DoijSE
J stE L Ftb L E�Y
TS^\h9H\Y
F L oijSE
JvbSBDE Lta V P
B L VI�SFGE
J Mβ � Ma TSJSb MDm

��b L E�~ E
^qH\CAE
^DE�H\Y�H�}`E
BDbSE
J TSJSb ^D@AO L H�]IE L JSE � VIB\VIO�E�H\E
B��
^D@AJSbSE
BDJ U E
JSJ|}`E
BqH\E�^ L JSb2� KML E
^DE
a E
BqH\Ey}`E
BDbSE
J ^ N h9H\E
B1]IE L JSE
O 
 N H L O L E
BDTSJSCA^\VIFGCA@9P
B L H\jSO�TS^ TSJ|H\E
Bq}`@ABq~ E
J2� a @ABDE
BD^qH`C L ��H E
^`Y
TS^\VIO�O�E
J�O L H bSE
O E
FxVI^qH L ^DoijSE
J 
roijfTS�SO�@rbSTSF
MG ^DE
oijS^ � VIB\VIO�E�H\E
B
�
ueO b L E U TSBq?AE
J5VIJ N VI^D^DTSJSCvY
T E
BDFGE L oij|H\E
BDJ ]9VIJSJ b5VI^ 
fH\@_^ CAE
^DE�H\YWVIT�~ Y�}`E L�N VIB\VIFGFGE
FGE

fH\B\hIJSCAE1VITS^DCAE
bSE
jSJ|He}`E
BDbSE
J2�

F
T =F

1T +F
2T

����� �|�
KML E
^DE
B�
roijSB L HDHeE
Bq~ @ABDbSE
BqHeVIFGFGE
BDb L JSCA^ Y�}`E Lt� VIB\VIO�E�H\E
BD^\h9H\Y
EI�

IA� F
1 T
(

FG1,
Fn1,

FK1,
FΓ1,

FC1

)

�r� F
2 T
(

FG2,
Fn2,

FK2,
FΓ2,

FC2

)

w�^Z} L BDbmE L JSE a E
BDbS@ NSN FGTSJSC�bSE
B N FxVI^qH L ^DoijSE
J � VIB\VIO�E�H\E
B\VIJSY VIjSF�JS@IHR}`E
JSb L C�TSJSbvOWVIJ
E
BDj5hIFgH�E
Fg~ � VIB\VIO�E�H\E
B
�
w L JSE Y
TS^\h9H\Y
F L oijSEel��ACAF L oijS]IE L H#Y
TSB#��E
^D^DE
BDE
J U TSBq?AE
J5VIJ N VI^D^DTSJSC1]9VIJSJ�[S��E
B�E L JSE%w�BDj	�9P
jfTSJSC�bSE
B��MJSY VIjSF>bSE
B a VIB L VI�SFGE
J�bSE
B�] L JSE
OWV9H L ^DoijSE
J a E
Bq~ E
^qH L CATSJSCyE
BDBDE L oij|H�}`E
BDbSE
J2�

X̂ 1 = X̂ 1,1 + X̂ 1,2
����� L|�

X̂ 2 = X̂ 2,1 + X̂ 2,2
�����JI �|�

���
X̂ N = X̂ N,1 + X̂ N,2

�����JINI �

QRJS^DCAE
^\VIO�H�E
BDCAE
��E
J1^ L oij�? L E
Btw#?A@AFGT�H L @AJS^DCAFGE L oijfTSJSCAE
J2� K V�JfTSJ�VITSoij1Y�}`E L TSJ|H\E
BD^Doij L E
brP
F L oijSE`? L ^D]I@ N FxVI^qH L ^DoijSE a E
BDY
E
BDBDTSJSCA^\VI]f]fTSO�TSFxV9H L @AJSE
J�E \�L ^qH L E
BDE
J��AO�[S^D^DE
Jyb L E`~ @AFGCAE
JSbSE
J



�A� ��� � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�~ [SB�b5VI^elnV9H\E
B L VIFGO�@rbSE
FGF

w#?A@AFGT�H L @AJS^DCAFGE L oijfTSJSCAE
J*JS@roijSOWVIFG^�VI]|H\T5VIF L ^ L E
BqH`}`E
BDbSE
J2�
˙̂
X 1,1 = FC1,1 ε̇v,ein −FΓ1,1 |ε̇v,ein|X̂ 1,1

�����JI �A�
˙̂
X 1,2 = FC1,2 ε̇v,ein −FΓ1,2 |ε̇v,ein|X̂ 1,2

�����JI �|�
˙̂
X 2,1 = FC2,1 ε̇v,ein −FΓ2,1 |ε̇v,ein|X̂ 2,1

�����JI �f�
˙̂
X 2,2 = FC2,2 ε̇v,ein −FΓ2,2 |ε̇v,ein|X̂ 2,2

�����JI*OA�

l L H�bSE
B�FGE�H\Y�H\E
Jnw�Bq}`E L H\E
BDTSJSCy} L BDb*E L JSE � VIB\VIO�E�H\E
B\VIJSY VIjSF2?A@AJ I*O�E
BDBDE L oij|H �

����� ��� * 
 ���"S ���������+(���
 �,� 
��/.0�!����
��
�'	 ����� �����

�MFG^�E
BD^qH\E
^e} L BDb*E L JSE 
 N H L O L E
BDTSJSC�O L H%E L JSE
O�E L JS^qH\B\hIJSC L CAE
JnlnV9H\E
B L VIFGCAE
^DE�H\Y�bSTSBDoijrP
CAE�~ [SjSBqH � KML Ecw#?A@AFGT�H L @AJS^DCAFGE L oijfTSJSCAE
J ���JI �v� L ^����JI*Om}`E
BDbSE
J b5VIO L H�?AE
BDE L J�~�VIoij|H ��w�^
E
BDC L ��H ^ L oij�E L JSE�z�E
^\VIO�H N VIB\VIO�E�H\E
BDY VIjSF'?A@AJ��%oij|H � KML E�
 N H L O L E
BDTSJSCA^ N BD@AY
E
bSTSB }�TSBkP
bSE Y
TSJ5hIoijS^qH�~ [SB�b L E ueO�CAE
�STSJSCA^qH\E
O N E
B\V9H\TSBt?A@AJ�s53Z�f� ◦ ��TSJSb�bSE
Jyd5BDE �fTSE
JSY
��E
BDE L oij
?A@AJm~43�� �JI�� L ^ I �W�eY�bSTSBDoijSCAE�~ [SjSBqH � K E
BME
BDO L HDH\E
FgH\E � VIB\VIO�E�H\E
BD^\V9H\Y�]9VIJSJ DF?X �� ��� >
E
J|H\JS@AO�O�E
J�}`E
BDbSE
J2�

s�VI��E
FGFGE������r� � VIB\VIO�E�H\E
BD^\V9H\Y�bSE
^ZlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^1� E L JS^qH\B\hIJSC L Cf�
Fg~ b2� � VIB\VIO�E�H\E
B � VIB\VIO�E�H\E
BD^\V9H\Y�s53Z�f� ◦ �
I MG ��� �A�NLNL+ONOI�A�+OI�I�|�
� FG1

�����I�NLA�NLA�A�A� I �-I �
� Fn1

�r� �+K9�(OI�NLNLA�I�|�I�(KA�
� FK1

��� �A�I�|�+O_L+O_LA� I �|�
O FΓ1,1

�A�r� �+K-I � INI �9�f�9�(KI�
� FΓ1,2

I@L|�A�r� L|�I�A�|�NK9�+L I �A�
K FC1,1

�����A�NONK9�|�+ONOI�A�+KI�
� FC1,2

��� �+KI�+K_L+O9�|� I*ONKI�
� &-03#9&(' � �J�	=T=����

KML E U E
JSJ|}`E
BqH\EybSE
BZ]I@AO N FGE \ E
J 
fH\E L�� CA]IE L H c′ TSJSb c′′ ��E L E L JSE
O<E L JS^qH\B\VIJSC L CAE
J�lnV P
H\E
B L VIFGCAE
^DE�H\Y�^ L JSb L J �E 3 �� ��� � b5VIBDCAE
^qH\E
FGFgH ��stBD@IH\Y�bSE
^MVI]fY
E N HiVI�SFGE
J `ZT5VIF L Hih9H\^q}`E
BqH\E
^
?A@AJ�o V��I� � �+OI��O L HDH\FGE
BDE
B��M�|}`E L oijfTSJSC�Y
E L CIH�b L E�CAB\V � ^DoijSE �MTS^q}`E
BqH\TSJSC	�Ib5VI^D^ L JS^D��E
^D@AJrP
bSE
BDE%b L E ��pr^qH\E
BDE
^DE 
'hIoijSE
J�JfTSB�^DE
jSB#TSJSY
TSBDE L oijSE
JSbWV NSN BD@ \�L O L E
BqHt}�TSBDbSE
J2�f_`E L ��E L bSE
J
U E
JSJ|}`E
BqH\E
J CAE
F L JSCIH1]IE L JSEW��E�H\B\VICA^DOWh � L CcCAT�H\EW�M�S� L FGbSTSJSCcbSE
B�d5BDE �fTSE
JSY VI�Sj5hIJSC L C9P
]IE L H\E
J2� KML E N B L JSY LGNSL E
FGFGE 
ZBDbSJfTSJSC�bSE
B U TSBq?AE
J L ^qH�j L JSCAE
CAE
J�?A@ABDj5VIJSbSE
J2�
K VI^M� P � VIB\VIO�E�H\E
BkPqlc@rbSE
FGF L ^qHe^D@AO L H�TSJSCAE
E L CAJSE�H � K TSBDoijv� L JSY
T�~ [SCAE
JcE L JSE
^�? L ^D]I@ N FxV P
^qH L ^DoijSE
J 
fH\B\VIJSCAE
^%} L BDb*b L E��MJSY VIjSF>bSE
B � VIB\VIO�E�H\E
B L JS^DCAE
^\VIO�HeVIT�~FI*O�E
Bq}`E L H\E
BqH �
d�[SBtb5VI^ I*O P � VIB\VIO�E�H\E
BkPqlc@rbSE
FGFI}`E
BDbSE
J � VIB\VIO�E�H\E
BD^\h9H\Y
E�~ [SBtb L E stE
O N E
B\V9H\TSBDE
Jy�A� ◦ ���
�f� ◦ ���'�|� ◦ �/E
BDO L HDH\E
FgH � KML E
^DE1��E � JSbSE
Jc^ L oij L J DF?X �� ��� Q �



����� KML E � VIB\VIO�E�H\E
B%bSE
^ZlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^ �NL

�M�S� L FGbSTSJSC���� ��� a E
BDCAFGE L oijnbSE
B U T NSN FGTSJSCA^D]IE
JSJ|}`E
BqH\E c′ TSJSb c′′ bSE
B 
 L O�TSFxV9H L @AJ*TSJSblcE��I}`E
BqH\E�� @f�`~ [SB�� � VIB\VIO�E�H\E
BFZ I�P 
fH\B\VIJSC9Pqlc@rbSE
FGF �

s�VI��E
FGFGE���� ��� � VIB\VIO�E�H\E
BD^\V9H\Y�bSE
^MlnV9H\E
B L VIFGCAE
^DE�H\Y
E
^�� Y�}`E L ^qH\B\hIJSC L Cf�
Fg~ b2� � VIB\VIO�E�H\E
B s53��A� ◦ � s53Z�f� ◦ � s53��|� ◦ �
I MG ��� � I*OA�A�A�-I*OI�A� I*K �����_LA�A�|�I� I � I*KNKNK ��� �|�A�9�|� I*KNK-I �I�|�
� FG1

��� �A�I�XI �I�I�XI@LA�A�I� ��� �A�A�I�|�|�9�XI �|�A�A� ��� �A�|�I�A�A�I�(KI�+K-I �
� Fn1

���JINI �+KI�A�+OA�9�+LNLNL �����A�-I*ONKA�NOI�NL+ONONK ���JINI*K9�(KI� INI@LA�|�_L
� FK1

��� �A�A�A�A�|�9�|�A�I�|�+O ��� �A�A�A�A�A�A�A�|�-I �A� ��� �A�A�A�A�|�A�A�I�|�A�9�
O FΓ1,1

��� �NLA�A�A�A�A�I�(KNOI�A� ��� �+OA�-I �A�NLA�|�-I �|� ���PO_LA�I�(ONO_LA�A�A� I �
� FΓ1,2

��� LA�+KI�A�NL+OI�A�A�I�(K I �r� �A�A�A�A�|�NK9�XI �A� I ��� �I�(OI�A�+O-I �I�(K-I �
K FC1,1

���PONK_L I �|�_LNL I �(OI� ���PKNKI� I@LA�A�A� I �I�(K ���POI�I�f�NOI�A�|�I�A�A�A�
� FC1,2

�����I�+KNK_L I �|�I�I�|�+K ���JI �(ONKI�|�NK-ININI*KI� �����NOA�I�A�A�A�NLI�A�(KA�
L FG2

��� �|�+OI�I�|�A�I�(KI�A�+O ��� �(ONKNONOI� I@LA�NL I*O ��� �f�I�A�A�A�I�(K9�|�NLA�
I � Fn2

��� L I@L|�NKNKA�NKI�A�+ONK �S� �XI �_L+KI�NLNLI�|�A�A� Or� �A� I � I �A�A�A�|�NOI�
INI FK2

��� �|�NKNKNK-I �+O9�|�|�I� ��� �|�NONOI�A�+OI�+OI� I � ��� �|�A�I�I�+LNLI�|� ININI
I � FΓ2,1

��� �+OI�I�f�I�|�_L I �A�A� ���JI �I�|�+OI�+OA�-I �+LI� ��� �+KI�A�A�A�I�|�A�A�A�NL
I � FΓ2,2

OA�r�PKI�|�I� I �+KI�A�A�I�|� �|���PKI�A� I �|�A�+KNKI�+OI� �(Kr�PK_L|�I�A�A�A�+K-I �NLNL
I � FC2,1

�r�JI �A�A�NLI�XINI �A�A� I �r� � I �+KNKA�_LNL|�I�+OA� �r� �NLNLNL|�I�I�+LA�A�NLNL
I*O FC2,2

IA� � INI@LA�+K-I �+OI�I�XI IA� � I �A�+OI�+KI�A�+KI�A� IA� �A�A�|�_LA�A� I �+KA�NK
� &-03#9&(' � �J��� HTH�� � �J�	>TQ��T= � �J�	>	HAQTY

KML E�CAB\V � ^DoijSE
J w�BDCAE
�SJ L ^D^DE bSE
B 
 N H L O L E
BDTSJSC ~ [SB�b5VI^ I*O P � VIB\VIO�E�H\E
BkPqlc@rbSE
FGFe} L BDb
E
��E
J�~�VIFGFG^2~ [SB>s53Z�f� ◦ ��TSJSb1E L JSE
J�d5BDE �fTSE
JSY
��E
BDE L oij1?A@AJ�� �JI��eY � L ^"I ���eY L J �E 3 �� ��� H
b5VIBDCAE
^qH\E
FGFgH �9w�^�} L BDb�^ L oij|H\�5VIB��9b5VI^D^#bSE
B#E
BDO L HDH\E
FgH\E � VIB\VIO�E�H\E
BD^\V9H\Y`FGE L oij|H\E�
roij|} hIoijSE
J



LA� ��� � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC�~ [SB�b5VI^elnV9H\E
B L VIFGO�@rbSE
FGF

L J1bSE
B��M�S� L FGbSTSJSCebSE
B#d5BDE �fTSE
JSY VI�Sj5hIJSC L CA]IE L H�bSE
B�b�prJ5VIO L ^DoijSE
J 
fH\E L�� CA]IE L H c′ ��E
^ L H\Y�H �KML E U TSBq?AE
JcbSE
B�
 L O�TSFxV9H L @AJSE
JWF L E
CAE
J�b L oij|H\E
B���E L E L J5VIJSbSE
B%VIFG^ b L E�CAE
O�E
^D^DE
JSE
J U TSBkP
?AE
J���@A�SCAFGE L oij�b L E N B L JSY LGNSL E
FGFGE 
ZBDbSJfTSJSC VITSoij L J�bSE
B�
 L O�TSFxV9H L @AJ VI�SCAE
� L FGbSE�H�} L BDb2�
K VICAE
CAE
J L ^qHMb L E �e��E
BDE L JS^qH L O�O�TSJSCybSE
B a E
BDFGTS^qH\^qH\E L�� CA]IE L H\E
J c′′ bSE
T�H\F L oijn��E
^D^DE
B
� K Vb L E a E
BDFGTS^qH\^qH\E L�� CA]IE L H�~ [SB%b L E�stE
O N E
B\V9H\TSBDE
J|HR} L oi]fFGTSJSC L J*bSE
B U T NSN FGTSJSC�VITS^D^DoijSFxVIC9P
CAE
��E
JSb L ^qH��']9VIJSJ L Jm�eVIjSO�E
Jnb L E
^DE
BM�MBD��E L HMVIT�~ E L JSE a E
BD��E
^D^DE
BDTSJSC�?AE
BDY L oij|H\E�H�}`E
BkP
bSE
J2�
stBD@IH\Y
bSE
O }�TSBDbSE�E L JSEe}`E L H\E
BDE�
 N H L O L E
BDTSJSC�~ [SB E L J*�A� P � VIB\VIO�E�H\E
BkPqlc@rbSE
FGF5CAE�H\E
^qH\E�H �
_`E L E L JSE
ByCAE
B L JSCI~ [SC L CAE
J a E
BD��E
^D^DE
BDTSJSC bSE
BE`ZT5VIF L Hih9H��t^qH L E
C b L Ec��E
oijSE
JSY
E L HWE
BDjSE
�rP
F L oij��r^D@�b5VI^D^ b L E
^DE
^elc@rbSE
FGF'~ [SB`bSE
J�TSJ|H\E
BD^DTSoij|H\E
Jm_`E
BDE L oij*VIFG^`TSJSFG@AjSJSE
JSb�E L JSCAE
^qH\T�~�H
}�TSBDbSEI�

�M�S� L FGbSTSJSC����PKr� a E
BDCAFGE L oijnbSE
B U T NSN FGTSJSCA^D]IE
JSJ|}`E
BqH\E c′ TSJSb c′′ bSE
B 
 L O�TSFxV9H L @AJ*TSJSblcE��I}`E
BqH\E�� @f��~ [SB I*O � VIB\VIO�E�H\E
B��Ss53�� I*O��PO ◦ U Z*� P 
fH\B\VIJSC9Pqlc@rbSE
FGF �

��	�� � ���$7v� �#��
t����8I�*��)y
���������� 8����6����� � ���#�1�$� 
�� � ����0
� ��
�� ���
����+1��0>� 
 � ��0

KML E lcE
^D^DTSJSCAE
J���E L TSJ|H\E
BD^Doij L E
bSF L oijSE
J�stE
O N E
B\V9H\TSBDE
J�}�TSBDbSE
J�VIT�~5E L J L CAE 
fH\[�H\Y N TSJS]AP
H\Ee��E
^DoijSB\hIJS]|H ��ueO ��E L bSE
B 
 L O�TSFxV9H L @AJyVITSoijWY�} L ^DoijSE
J�bSE
J�CAE
O�E
^D^DE
JSE
J a E
BqH\E
J � V P
B\VIO�E�H\E
B#Y
Tyj5VI��E
J��I}`E
BDbSE
JWO L H�� L Fg~ E`E L JSE
B#F L JSE VIBDE
Jy��E
CABDE
^D^ L @AJS^\VIJ5VIFgpr^DE�d5TSJS]|H L @AJSE
J
L J �M�Sj5hIJSC L CA]IE L H�bSE
B � VIB\VIO�E�H\E
B���E
^qH L O�O�H � KML E U @rE���Y L E
J|H\E
J bSE
B I*On��E
CABDE
^D^ L @AJrP
~ TSJS]|H L @AJSE
JcJ5VIoijcbSE
Bed5@ABDO

T (θ) = a+ b · θ
^ L JSb L J DF?X �� ��� � VIT�~ CAE
F L ^qH\E�H � K VI^�_`E L ^ NSL E
F#E L JSE
B�F L JSE VIBDE
J���E
CABDE
^D^ L @AJS^D��E
BDE
oijSJfTSJSC
��E � JSbSE�HM^ L oij L O(�MJSj5VIJSC��M�



��� � 
roijSFGT	�I~ @AFGCAE
BDTSJSCAE
JcVITS^�bSE
B � VIB\VIO�E�H\E
BD@ N H L O L E
BDTSJSC L I

s�VI��E
FGFGE���� �S� KML E U @rE���Y L E
J|H\E
JcbSE
B%H\E
O N E
B\V9H\TSB\VI�Sj5hIJSC L CAE
J � VIB\VIO�E�H\E
Bq~ TSJS]|H L @AJSE
J
� �%��� � �#
!���

a b
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FG1(θ) 5, 879 · 10−3 −4, 713 · 10−5 ≈ 0
Fn1(θ) 0, 164 1, 749 · 10−4
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∇(k∇θ) + ρq̇ = ρcpθ̇.
� Kr� �f�

KML E KML ^ E
BDE
J|H L VIFGCAFGE L oijfTSJSC } L BDb ^D@AO L H�[S��E
B b L E H\E
O N E
B\V9H\TSB\VI�Sj5hIJSC L CAE
J z�B � �AE
J
ρq̇, ρ, k, cp

CAE
^qH\E
TSE
BqH � K VI^1w�FxVI^qH\@AO�E
B Z�w�FGE
O�E
J|H L ^qH1VIFG^�jS@AO�@ACAE
J VIJSY
TSJSE
jSO�E
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r@
E
J|HD~�hIFGFgHyb L E�
ZBqH\^\VI�Sj5hIJSC L CA]IE L HybSE
B�z�B � �AE
J ρ, k, cp � KML En��@IHiV9H L @AJS^D^qprO�O�E�H\B L E�bSE
BU T NSN FGTSJSC1} L BDbWbSTSBDoij �e��E
Bq~ [SjSBDTSJSC�bSE
B z�F �-Kr� � L JWY�prF L JSbSB L ^DoijSE
J U @r@ABDb L J5V9H\E
J�Y
TSO
�MTS^DbSBDTSoi]*CAE
�SB\VIoij|H �

1

r

∂

∂r
(k r

∂θ

∂r
) +

1

r2

∂

∂ϕ
(k
∂θ

∂ϕ
) +

∂

∂z
(k
∂θ

∂z
) + ρ q̇ = ρ cpθ̇.
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KML E�_`E
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^DE�BD@IHiV9H L @AJS^D^qprO�P
O�E�H\B L ^DoijSE�_`E
FxVI^qH\TSJSC*^qH\E
FGFgH�^ L oij E L JSE�?A@AJ bSE
B U @r@ABDb L J5V9H\E ϕ TSJ5VI�Sj5hIJSC L CAE�stE
O N E P
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BqH\E L FGTSJSCyE L J2� KML E1z�F �TKr�PO�?AE
BDE L J�~�VIoij|HM^ L oij*Y
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1

r

∂

∂r
(k r

∂θ

∂r
) +

∂

∂z
(k
∂θ

∂z
) + ρ q̇ = ρ cpθ̇.
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KML E�CAE
@AO�E�H\B L ^DoijSE
J K V9H\E
J*~ [SB�b L E U T NSN FGTSJSCn� ^
�5�M�S�2�	Kr�JI �`^ L JSb

ri = 0, 045 m, ra = 0, 087 m,

b = 0, 009 m, h = 0, 018 m.
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j5VIJSbSFGTSJSC�bSE
B a hIBDO�E
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bSE
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BDE L H\^eVIT�~ 
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^DoijSB L E
��E
J2��QRJmbSE
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JSbSE
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E
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→ k = (0, 23 − 0, 0002 · θ) [W/m K]
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→ cp = [1700 + 2, 5(θ − 273, 15)] [J/kg K]
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KML E N VIBqH L E
FGFGE
JW�M�SFGE L H\TSJSCAE
J L J�bSE
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J*bSTSBDoij KML ^ E
BDE
JSY
E
J��fTS@IH L E
J|H\E
J*E
BkP
^DE�H\Y�H�}`E
BDbSE
J2� K VI^�F L JSE VIBDE�z�FGE L oijfTSJSCA^D^qpr^qH\E
O�bSE
B%OWV9H\E
B L E
FGFGE
J � TSJS]|H\E L O � BD@A�SFGE
O�P
CAE
� L E�H�] �AJSJSE
J ^D@ JfTSO�E
B L ^Doij CAE
F �A^qH�}`E
BDbSE
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BDE
JSY
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JmVIJSCAE
J5hIjSE
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(
∂θ

∂x

)

P

≈ θE − θP

∆x
≡ δ+

x θP ,
� Kr�PKA�

(
∂θ

∂x

)

P

≈ θP − θW

∆x
≡ δ−x θP ,

� Kr� �|�
(
∂θ

∂x

)

P

≈ θE − θW

2∆x
≡ δxθP .
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θP
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J|H\E
J��5VIJSCAE P
bSE
T�H\E�HebSTSBDoijnb L E�CAE
^qH\B L oijSE
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(
∂θ

∂t

)

P

= ψ(θ(t)). � Kr�JINI �
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det(F) > 0
³ !«27§Pµ

�PW »5ceW .[2
IKJ@L MONPMRQRSUT�VEW;X;Y[Z1T;SU\^]8_`L X;Y>aBS1V`V9YULcb^d�_@YUXe_gfPMRY1h[L T;MR\`fPMRLcVEM)a�L _)h[MR\@i6Y[jk]eYUT�VEW;X;Y[Z1T;SU\^]8_`L X;Y

t = 0lUm MR\`MRL Y1Vg_`L a�a�MRYon1] m MR\6h[L MpVEM)qrX;\`T;MRdUMRY1VEfPMRLcVEM'LcVg_6L YtsuL MRv MRYti6YufPMRY1h[SUYUT;MRYwMRL YUMyxz\`v MRLcb^d�_`MR\`SUYUT1{
�SNPN



!«25�«#%WD¼%W �Pa1.1�wW �E.1W �'�'ÕPb�À�W b��Ta1.1�
�1W bÇ_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mc �SN3Q

η

ξ

Referenzkonfiguration

η

ξ

η

ξ

MomentankonfigurationAnfangskonfiguration

Je je

ϕ, Fe

Ωe
ϕ(Ωe)

Ω�

!<X1X1�E»E�1a1.1�9!«25�P4L!<X1X1�E»E�1a1.1�9�1W �<_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW .J� ®P§S�

_<�EW
_<WDceW b�£¤�E.LZ3.mceWØZ3a1�¤�1W b ('.1�P»EW �E0VUYa1.1�Ï!«27§J�E�dcw�P»EW �E0VU1� W �5ce�E���1�EW
��¦P�12`fPZ30 ¦PX1�E��0VU1W
_<WDceW b�£¤�E.LZ3.mceW34

J := det(Fij) = det

(
∂xi

∂Xj

) ³ !«2 ¬mµ

����������	�
�� ?�
���� � � ������
�� �����
_<�5��W b�W .1�"�D¼Ç�E��0VU1W .J\
¦P£¤W .mcVZ3.p­�a1.1�
#%W � a1�P��À1»¸Z3� �EW b�a1.1�ÉW b��P�EXRcÇ�1�EW$Ó�W b���0VU1�EW X1a1.1�14

u = x − X
³ !«27®Pµ

�)beZ3�1�EW .mceW .YX1�E»E�1a1.1�ÉZ3.
!«27®¨W b��P�EXRcÇ�1W .�Ó�W b���0VU1�EW X1a1.1�P���PbeZ3�1�EW .mceW .[4

H := grad
X
u =

∂x

∂X
− 1

³ !«2 ¯mµ

��
 � ����	���
 � ��������� ����
���� �! 
�� �"������#������ 
���� �$# 
 � � � � � �

¥�¶1b"�1�EWÉÓ�W beZ3.1��0VULZ3a1»E�E0VUYa1.1�
W �E.1W �°beª3a1£¤»E�E0VU1W .���a1�dcVZ3.1�1W �°¼Ç�Eb��]W �E.]W �E.LZ30VU1���E�
X�W »¸ZS­
�dceWDceW b ��a1�P�dcVZ3X�£¤�5cT¿3¦P.1�dcVZ3.mceW £ &$a1W b���0VU1.1�5c�c'X�WDcebeZ30VUmceWDcj2�´'�EW b�X�W �����E.1�[4

X
4 _<�EW � ª3.1�PW)�E.��1W bÇ!<.RÔrZ3.1�P��¿3¦P.GFL�Pa1beZuce�E¦P.

x
4 _<�EW � ª3.1�PW)�E.��1W b<\
¦P£¤W .mcVZ3.1¿3¦P.GFL�Pa1beZuce�E¦P.

u
4 _<�EW)Ó�W b���0VU1�EW X1a1.1�

(Gradu)11 =
u

X

³ !«2 Ámµ

(gradu)11 =
u

x

³ !«25�BOmµ

´'�EW beZ3a1� ¼%W b��1W . �1�EWØW .mce��À1b�W 0VU1W .1�1W .��'¦P£¤À�¦P.1W .mceW . �1W �
_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW .



�SNu© !«2 ��a
�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

U1W b��PW »EW �5ceWDcj4

F11 = 1 +
u

X

³ !«25�P�Sµ

= 1 +
x−X

X

³ !«25�SNPµ

=
x

x− (x−X)

³ !«25�BQmµ

=
x

x− u

³ !«25�j©Yµ

=
1

(

1 − u

x

)
³ !«25�S§Pµ

_<�EW #%W � �EW UYa1.1���D¼Ç�E��0VU1W .��1W £ �`Z3a10VUmÖp��0VU1W .Ì*pÀLZ3.1.Ya1.1�P�dceW .1��¦Pb9a1.1� �1W £ Np2�Ù��E¦P»¸ZS­
�)�Eb�0VU1¦3�-­d*pÀLZ3.1.Ya1.1�P�dceW .1��¦PbÇ»¸Z3aRceWDcÇX�W �[Ó�¦P»Ea1£¤W .1¿3¦P.1�dcVZ3.1�"»¸Z3aRceWDcj4

σ11 =
(

1 +
u

X

)

· S11

³ !«25�B¬mµ

� ��� � ����� ��� � � 
�� � � 
 � � �	� 
 � 
�� � ��
���� � ��� � � �

���E. � �E.1�EW .1W »EW £¤W .mc�¼Ç�Eb��w£¤�5c%´'�E»5Ô WÇ�1W �`_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW . �P¦P. �1W b`#%W � a1�P��­��E.
�1�EW°\
¦P£¤W .mcVZ3.1À1»¸Z3� �EW b�a1.1�ÉW .mce��À1b�W 0VU1W .1�Ø!<X1X[2 !«25�"cebeZ3.1�dÔ ¦Pb�£¤�EW bdcj4

dx = F dX
³ !«25�S®Pµ

('£ �1W .¤#%W �Pb��5�¤Ó�W b�� W b�b�a1.1�"� aÉ�1W;FL.1�EW b�W .[+u¼Ç�Eb��9W �E.1WÇ\
WDceb��E¿«Z3»E��\
Z� $Ô ¶1b·�1�EW%Ó�W b�� W b�­
b�a1.1�PW .ØW �E.1�PWDÔ ¶1U1bdcj2-_<W b'Ó�W b��P»EW �E0VU
�1W b$_<�5��W b�W .1�°�1W b)&$aLZ3�1beZuceW°�1W b � �E.1�EW .1W »EW £¤W .mceW
�E�dc�£wZuceU1W £wZuce�E��0VU°W �E.RÔrZ30VU1W b�Z3»E�ha1.1£¤�5c�ceW »EXLZ3b��1W b��1W b � �E.1�EW .1W »EW £¤W .mceW32j± �EbhX�W .1Õ3ce�E�PW .
�E.���W �1W b'Ù�»¸Z3� �EW b�a1.1�9�1b�W ��a1.LZ3X1ULª3.1�P�E�PW � �E.1�EW .1W »EW £¤W .mceW32
,/.1���PW �eZ3£«c W b��PW X�W .����E0VU���W 0VU1��*p¿uZ3»¸Z3b�À1b�¦p�1a1¿mceW3+�a1.mceW .�¼%W b��1W .ÌW
�RW £¤À1»¸Z3b��E��0VU��D¼%W �
Z3.1�PW �PW X�W .[4

dxT
1 dx2 = dXT

1 F
T
F dX2

³ !«25�B¯mµ
dxT

2 dx2 = dXT
2 F

T
F dX2

³ !«25�BÁmµ

����� � 
 � 
�� �"
�� ����� ��� ��	 ��
������ � ��� ��������	�
�� ��� � � � ������#������ 
���� � � � � ��� ��� � �

_<W b"GeFVyVzpq/Fw×�=3KLyVzp?u{k�`GeFVFD;L{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

C := F
T
F

³ !«27N3Omµ

!<.LZ3»E¦P�9�1W b">@Co;RÈmF¤×�=3KLyVzp?u{k�`GeFVFD;L{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

B := FF
T

³ !«27Np�Sµ

!<a1�Ç!«27N3OÉW b��P�EXRcT���E0VU
�1W b¤�`GeFVFD;L{ : q¢M)Î-FD;�=3;Lqr{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

E :=
1

2
(C − 1)

³ !«27NPNPµ



!«25�«#%WD¼%W �Pa1.1�wW �E.1W �'�'ÕPb�À�W b��Ta1.1�
�1W bÇ_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mc �SNP§

� U1.1»E�E0VU�¼Ç�Eb����1W bÇ��¦P�12�}"=3nwFD>@{r6<>@n¤=3;RADCo{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuG"�1W;FL.1�EW bdcj4

e :=
1

2

(
1 − B

−1
) ³ !«27N3Qmµ

\
�5cÇW �E.1W bÇÀ1a1»E»�­/XLZ30V¿P­ �$À�W beZuce�E¦P.w�PW »E�E.1�3cT�1�EW"('£¤b�W 0VU1.Ya1.1�14

E = F
T
eF

³ !«27Nu©Yµ

!<a1�9�1W £�����������­d*Ycj2
	������
����­¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb9W .mce�dceW Umcw�1a1b�0VU � �E.1WjZ3b��E���EW b�a1.1�
�1W bÇW »EW £¤W .mcVZ3b�WÉ>@Co;�Fe=3GeF
Î-FDG� SFDGkGkKp;p|SADq/FD;RABsuGk2L\
�5cÇ!«2 ¯Éa1.1�
!«27N3OR4

E =
1

2

(
(H + 1)T(H + 1) − 1

) ³ !«27NP§Pµ
_<a1b�0VU
!<a1��£¨a1»5ce�EÀ1»E�E� �EW b�W . a1.1� � �E.1WjZ3b��E���EW b�W .�Z3a1�Ç!«27NP§«Ô ¦P»E�3c

Ẽ =
1

2

(
H + H

T
) ³ !«27N3¬mµ

¦p�1W bÇ�E.�,/.1�1W
�R��0VU1b�W �EXm¼%W �E��W34

Ẽij =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

) ³ !«27NP®Pµ

_$Z �1W b
����������­����������
�����1��0VU1W
Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb
�PW �PW .Y¶1X�W b�X�W »E�EW X1�E�PW . *YcVZ3b�b�­
¿3ÕPb�À�W b�X�WD¼%W �Pa1.1�PW .J�E.��3Z3b��¸Z3.mcÇ�E�dcj+L¼Ç�Eb��
W b'�E.1��X�W ��¦P.1�1W b�W«X�W ��Ù�b�¦PX1»EW £¤W .
£¤�5c'�Pb�¦� PW .
Ó�W b���0VU1�EW X1a1.1�PW .�Z3X�W bT¿Y»EW �E.1W .�Ó�W b�� W b�b�a1.1�PW .
W �E.1�PW ��WDce�Dcj2
_<�EW �PW beZ3»E»E�PW £¤W �E.1W bdceW)¥L¦Pb�£ Ô ¶1b`Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb�W .�Z3a1�°� ®P§S��»¸Z3aRceWDcj4

E
α =

1

α
(Uα − 1) , α ∈ R

³ !«27N3¯mµ

��a1b«_<W;FL.1�5ce�E¦P.]�1W � �PW beZ3»E»E�PW £¤W �E.1W bdceW .JÓ�W b�� W b�b�a1.1�P��£wZ� PW �°¼Ça1b��1W �P¦P.Ï�1W . �dÖp£¤£¤Wk­
ceb��E��0VU1W .Ø*Yceb�W 0V¿mceW .1��¦Pb)�)W X1beZ3a10VU
�PW £wZ30VUmcj2

F = RU
³ !«27N3Ámµ

R
�E�dcÇW �E.1W)¦PbdceU1¦P�P¦P.LZ3»EW)�Ç¦3cVZuce�E¦P.1�dceW .1��¦Pb +RÔ ¶1bÇ�1W .
�P�E»5c

R
T = R

−1
+-Z3»E��¦

C = F
T
F = (RU)T

RU = U
T
R

T
R

︸ ︷︷ ︸

1

U = U
2

³ !«2 QPOmµ

C
¿uZ3.1.]Z3a10VUJ¶1X�W b)�1�EWÉ*pÀ�W ¿mcebeZ3»E� W b�»EW �Pa1.1���P¦P.

U
£¤�5c$�1W .]���E�PW .��PW ¿mce¦Pb�W .

Ni

�LZ3b�­
�PW �dceW »E»5cÇ¼%W b��1W .[2�,/.
�1�EW ��W £ ¥-Z3»E»[�E�dc<�1�EW°#%W �dce�E£¤£¨a1.1�¤�1W bÇ±Ïa1b�� W » �P¦P.

U
.1�E0VUmc<À1b�¦u­

X1»EW £wZuce�E��0VU[2
C =

3∑

i=1

λ2
i Ni ⊗Ni

³ !«2 QR�Sµ

��a1b�#%W �dce�E£¤£¨a1.1�$�1W b�´<Z3a1ÀRce�dceb�W 0V¿Ya1.1�PW .
λi > 0

�E�dc·�1�EW`0VULZ3beZ3¿mceW b��E�dce�E��0VU1W'�)»EW �E0VUYa1.1�

det
(
C − λ2

1
)

= 0
³ !«2 QmNPµ



�SN3¬ !«2 ��a
�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

� a
»EÕP��W .[2-*p¦P£¤�5cTW b��P�EXRcÇ���E0VU
£¤�5cT�1W b'�'¦Pb�£¤�EW b�a1.1�
‖Ni‖ = 1

U = λ1N1 ⊗ N1 + λ2N2 ⊗N2 + λ3N3 ⊗ N3

³ !«2 QPQmµ
X1�D¼"2��E.Ì\
Zuceb��E� W .1��0VU1b�W �EXm¼%W �E��WØ¿3ÕP.1.1W .Ì�1�EW
�RÖmZ3�1�E��0VU1W . Ù�b�¦p�1a1¿mceW

Ni ⊗ Ni

�1a1b�0VU
NiN

T
i

W b���WDce�Dch¼%W b��1W .[+B¼%¦PX�W �
Ni

W �E.1W�Q ����Ó�W ¿mce¦Pb��E�dcj2B*p¦P£¤�5c[W b��P�EXRc����E0VU[+j¼Ç�EW·W bd¼`Z3bdceWDc
W �E.1W�Q �1QS­d\
Zuceb�� ��Z3a1���1W £ �RÖmZ3�1�E��0VU1W . Ù�b�¦p�1a1¿mcj2`_<W b��LZ3� aÌ�PW U1ÕPb��E�PW
¦PbdceU1¦P�P¦P.LZ3»EW
�Ç¦3cVZuce�E¦P.1�dceW .1��¦Pb

R
¼Ç�Eb��
Z3a1�

R = FU
−1 ³ !«2 Q3©Yµ

X�W b�W 0VU1.1WDcj2


���� ,.��$��#$)3:*��;���<4

± �EW«¿3ÕP.1.1W .Ø¼Ç�Eb<X�W �E��À1�EW »E�d¼%W �E��W«�1�EW«!<X1»EW �5cea1.1�w�1W b$��W £¤À�W beZucea1b<.LZ30VUØ�1W £ �$bdc$X1�E»�­
�1W .��"_<�5��W b�W .1� �EW b�W .w¼Ç�Eb%�1�EW'��W £¤À�W beZucea1b%.LZ30VU

x
+p.LZ30VU

y
¦p�1W b%.LZ30VU

z
+RX1�D¼"2R.LZ30VU

r
+

ϕ
+
z
2

\
�5cÇ�1W £ �<Z3X1»¸ZS­ �$À�W beZuce¦Pb
∇

grad θ = ∇θ =

(
∂θ

∂x
,
∂θ

∂y
,
∂θ

∂z

)

X1�D¼"2
=

(
∂θ

∂r
,

1

r
· ∂θ
∂ϕ

,
∂θ

∂z

) ³ !«2 Qm§Pµ

���
	��
� ���������������������
∇

_$Z����E0VU]_<�5��W b�W .mce�¸Z3»E¦PÀ�W beZuce¦Pb�W .Ø��W »EX1�dc)¼Ç�EW9�1�EWÉ�'¦P£¤À�¦P.1W .mceW .JW �E.1W �$Ó�W ¿mce¦Pb��$cebeZ3.1��­
Ô ¦Pb�£¤�EW b�W .[+R¿3ÕP.1.1W .
¼Ç�EbT���EW°Z3»E�T�'¦P£¤À�¦P.1W .mceW .
W �E.1W �TÓ�W ¿mce¦Pb�¦PÀ�W beZuce¦Pb��ÇX�W � W �E0VU1.1W .[2

grad θ = ∇θ =

(
∂θ

∂x
,
∂θ

∂y
,
∂θ

∂z

)

X1�D¼"2
=

(
∂θ

∂r
,

1

r
· ∂θ
∂ϕ

,
∂θ

∂z

) ³ !«2 QP¬mµ

X�W �E��À1�EW »E�d¼%W �E��W3+
∇x =

∂

∂x

³ !«2 Qm®Pµ

± �Ebw¼Ç�E����W .[+T�LZ3�����LZ3� Ó�W b�ULª3»5ce.1�E� +%�E.Ì�1W £ ���E0VU
θ

�E.ÌW �E.1W b��Ç�E0VUmcea1.1� ª3.1�1W bdcj+T�1�EW
�'¦P£¤À�¦P.1W .mceW �P¦P.

∇θ
�E.¤�1�EW ��W b%�Ç�E0VUmcea1.1�«�E�dcj2p_<W bT�)beZ3�1�EW .mc �P¦P.

θ
ULZuc%�1�EW'�Ç�E0VUmcea1.1�

�1W �'�dceW �E»E�dceW .�!<.1�dce�EW �P� �P¦P.
θ
2



!«2 Q �$À�W beZuce�E¦P.1W .�£¤�5c
∇

�SNP®


���� � &(��$)3546�;0������ 2 �e4
∇

��2 #<2LW �E.1W)��¿uZ3»¸Z3b�W°\
a1»5ce�EÀ1»E�E¿uZuce�E¦P.¤£¤�5cTW �E.1W £¾Ó�W ¿mce¦Pb 4

∇ · h = ∇x hx + ∇y hy + ∇z hz

³ !«2 QP¯mµ

∇ · h
�E�dcÇW �E.���¿uZ3»¸Z3b�W �Ç¥LW »E�[+1�LZ3�Ç�1�EW)À1UmÖp���E¿uZ3»E�E��0VU1W«�)b�Õ� PW«x"CoÃ3FDGt|YFD;p É�LZ3b��dceW »E»5cj2

∇ · h = divh
³ !«2 QPÁmµ


���� ,.�;���(���e4@3��
	;���e4@�����:���

_<�EW"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5cT�1W �T£wZuceW b��EW »E»EW .wÙ�a1.1¿mceW �ÇX�W � ¦P�PW .�Z3aRÔ��1�EW$�ÇWDÔ W b�W .1� ¿3¦P.GFL�Pa1beZS­
ce�E¦P.��T¼Ç�Eb����1a1b�0VU
�1�EW)£wZuceW b��EW »E»EW ��W �5cVZ3X1»EW �5cea1.1�

v(X, t) =
Dϕ

Dt
=
∂ϕ(X, t)

∂t
= ϕ̇(X, t)

³ !«2 ©mOmµ
,/.��1W b`beª3a1£¤»E�E0VU1W .�#%W ��0VU1b�W �EX1a1.1�¤�P�E»5c�Ô ¶1b`�1�EW"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5cTW �E.1W �ÇÙ�a1.1¿mceW �

x
� a1b

��W �5c
t
�E.
ϕ(B)

W �E.1.1�E£¤£«cj+
v̂(x, t) = v̂ (ϕ(X, t), t) = v(X, t)

³ !«2 ©1�Sµ
_<�EW���W �5cVZ3X1»EW �5cea1.1�¨�1W �'_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW .�W b��P�EXRc

Ḟ = Gradϕ̇(X, t) = Gradv = gradv̂F
³ !«2 ©YNPµ

_<W bÇbeª3a1£¤»E�E0VU1W"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5ce���PbeZ3�1�EW .mc
gradv̂

¼Ç�Eb��
Z3a10VU
£¤�5c
l
X�W � W �E0VU1.1WDcj2

l = ḞF
−1 ³ !«2 ©mQmµ

_<�EW���W �5cVZ3X1»EW �5cea1.1�¨�1W b<�)b�W W .p­ � Z3.1�PbeZ3.1�PW ��0VU1W .�Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb��<�E�dc

Ė =
1

2

(

Ḟ
T
F + F

T
Ḟ

) ³ !«2 ©P©Yµ


���
 � ��$)�������;��*������ ��0��<46��� ����2��62 ������3:����������� �#$'"57
� ���


���� � & �
$'���;�:����������3%/U46���

sp(a ⊗ b) = a · b
³ !«2 ©Y§Pµ

sp(S + T) = sp(S) + sp(T)
³ !«2 ©m¬mµ

sp(ST) = sp(TS)
³ !«2 ©Y®Pµ

�p]eS1b^d1NPMRQRSUT�VEW;X;Y[Z1T;SU\^]8_`L X;Y�T;MRY1]eYUY�_p{



�SN3¯ !«2 ��a
�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

��Z3X�W »E»EW$!«25�P4-�'¦P.mce�E.Ya1a1£¤��£¤W 0VULZ3.1�E��0VU1W«�)b�Õ� PW .
��������� ��	�

��

� ���
�����


��������
������
������� ��


B � �� !��
����


����
������
������� ��
 ϕ(B) � � ����	
����
������
������� ��

"$#&%�%�'�( )�*,+,#&*,'�-&.0/�%�#
1 %�#&2�%�#&#&3�'�+,- 40%�'�-&5,# E = 1

2 (C − 1)

6 *,78%�9 ( :;9 78*,'�-&< -&.0/�%
1 %�#&2�%�#&#&3�'�+,- 40%�'�-&5,# e = 1

2 (1 − B−1)

#&%�.0/�40%�#
=>*,3�.0/�?�( "$#&%�%�'�( @�%�'�-&5,# C = FTF

9 < '�A,%�#
=>*,3�.0/�?�( "$#&%�%�'�( @�%�'�-&5,# B = FFT

=>*,3�.0/�?�-&.0/�%
B�C�*,'�'�3�'�+,- 40%�'�-&5,# T

D8E�FHG
σ

I,J�K < 5,9 *�( L;< #&.0/�/�5�M�-&.0/�% P
D8E�FHG

TP NPO0QB�C�*,'�'�3�'�+,- 40%�'�-&5,# PAk = J σik(FiA)−1

R�J�K < 5,9 *�( L;< #&.0/�/�5�M�-&.0/�% T
D8E�FHG

B�C�*,'�'�3�'�+,- 40%�'�-&5,# S = F−1P
L;< #&.0/�/�5�M�-&.0/�%
B�C�*,'�'�3�'�+,- 40%�'�-&5,# τ = FSFT = JT


��TS ,.��46��$)2 ����3:�<46���

det(αT) = α3 det(T)
³ !«2 ©m¯mµ

det(ST) = det(S) det(T)
³ !«2 ©mÁmµ

det(T−1) =
1

det(T)

³ !«27§3Omµ


���U V �XW ��$)�9�YW 0��[Z �����90%$'���

¥�¶1b �1�EW
,/.��PW b���W]�1W b�*pa1£¤£¤WØW �E.1W ��Z3»E»E�PW £¤W �E.1W .��D¼%W �E�dceaGFL�PW . ��W .1��¦Pb���£¤�5cwW �E.1W £
�RÖmZ3�1�E��0VU1W .ØÙ�b�¦p�1a1¿mc'�P�E»5cT�1�EW]\_^����a` �
��­�bdc����ae,f$c���­d�)»EW �E0VUYa1.1�14

[T + a⊗ b]−1 = T
−1 − T

−1
a⊗ bT

−1

1 + b · T−1a

³ !«27§p�Sµ



!«2 ÁÉ!<X1»EW �5cea1.1�PW .��1W bÇ,/.��3Z3b��¸Z3.mceW . �SN3Á


���� 
 �
	;���e4@�����:��� *���$ V �XW535$'��3:�<46���

J1(C)
+
J2(C)

+
J3(C)

���E.1�
,/.��3Z3b��¸Z3.mceW . �P¦P.
C

a1.1�
��¦P£¤�5cÇZ3a10VU �P¦P.
B

2L���Ç�P�E»5cj4

J1(C) = λ2
1 + λ2

2 + λ2
3

³ !«27§PNPµ
J2(C) = λ2

1λ
2
2 + λ2

2λ
2
3 + λ2

3λ1

³ !«27§3Qmµ
J3(C) = λ2

1λ
2
2λ

2
3

³ !«27§u©Yµ

∂J1(C)

∂C
= 1

³ !«27§P§Pµ
∂J2(C)

∂C
= J1(C) 1− C

³ !«27§3¬mµ
∂J3(C)

∂C
= J3(C)C

−1
³ !«27§P®Pµ
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_<W b¤���E.1�eZuce��W �E.1W �w\
ZuceW b��¸Z3»E�PW ��WDce� W �9�E.�¿3¦P£¤£¤W b�� �EW »E»EW . ¥·��­d*p¦3Ôoc/¼`Z3b�W�W bdÔ ¦Pb��1W bdc¤�1�EW
!<.1�mZ3X�W«�1W �$¿3¦P.1���E�dceW .mceW .]\
ZuceW b��¸Z3»5ceW .1��¦Pb�� 2�#%W ���1W b$�'¦P£¨X1�E.LZuce�E¦P.��P¦P.�UmÖpÀ�W b�W »¸Z3�dce��­
��0VU1W .¤a1.1� �p�E��¿3¦PÀ1»¸Z3�dce�E��0VU1W .w\
ZuceW b��¸Z3»E�PW ��WDce� W .¨¼Ç�Eb��9X�W �E��À1�EW »E�d¼%W �E��W`�E.9!<XLZ3ÐYa1�Ç��� �1�1W b
W »¸Z3�dce�E��0VU1W«!<.mceW �E»t+-ª3U1.1»E�E0VU
�1W £ Ó�¦Pb��PW U1W .Ø�E.
�1W b��P¦Pb�»E�EW �PW .1�1W .
!<b�X�W �5cj+-� a1b$#%W �dce�E£9­
£¨a1.1�¤�1W b<Ù�beª3�1�E¿mce¦Pb�­d*pÀLZ3.1.Ya1.1� �PW bd¼%W .1�1WDcj2�¥�¶1bÇW �E.1W«�'¦P£¨X1�E.LZuce�E¦P.�X�W �E�1W b<�)W ��WDce� W
�E�dcÇ�E.��1W b'Z3XLZ3ÐYa1��W �E�PW .1W .
('��W b�­d*pa1X1b�¦PaRce�E.1W ��($\
!�� �"�1W b'���E.1�eZuce� �P¦P.
,/.1¿3¦P£¤À1b�W ������­
X1�E»E�5cVªuc'�1W �)UmÖpÀ�W b�W »¸Z3�dce�E��0VU1W .Jb�W 0VUmc°£¨¶1U1�eZ3£
2�!<a1�)�1�EW ��W £��)b�a1.1�
¼Ç�Eb���X�W ���1W b"¥·��­
\
¦p�1W »E»E�EW b�a1.1�`W £¤ÀRÔ ¦PU1»EW .[+ �1W .°!<.1�eZuce���P¦P.�� ���
���¤�E.)�1W bh¥L¦Pb�£
+k¼Ç�EW�W b��E£ !<X1��0VU1.1�5c�c
QR2 © �P¦Pb��PW �dceW »E»5cT¼Ça1b��1W3+�W �E.1� a1��WDce� W .[2�!<aRÔ·�1W .
Ô ¦P»E�PW .1�1W .
*pW �5ceW .
¼Ç�Eb���Ô ¶1bÇW �E.
��¦P»E0VU1W �
Ó�¦Pb��PW U1W .¨�1�EW�¥L¦Pb�£¨a1»E�EW b�a1.1�ÇW �E.1W ��¿3¦P.1���E�dceW .mceW .¤\
ZuceW b��¸Z3»5cVZ3.1�PW .mceW�.LZ30VU�� ®P§S�pa1.1� � §P®S�
�P¦Pb��PW �dceW »E»5cj2

�-��� V � � $'��2 ���<46� 	 	;��� � ��$'/ 3 �
$'���

¥�¶1b��1�EW$\
¦p�1W »E»E�EW b�a1.1�)£¤�5c��1W b%¥��E.1�5ceW .¤��»EW £¤W .mceW .�\
WDceU1¦p�1W'£¨a1���%W �E.¤»E�E.1WjZ3b�W �%�)»EW ��­
0VUYa1.1�P���dÖp�dceW £�Ô ¶1b"�1�EW¤�).1¦3ceW .RÔ b�W �EU1W �5ce���PbeZ3�1WÉW b�� W a1�3c°¼%W b��1W .[2�,/.Ï�1W £��1�EWÉ�PW �eZ3£«ceW
��W �5ce��ÀLZ3.1.1W¨�1W b)_<WDÔ ¦Pb�£wZuce�E¦P.
�E. ��W �5ce�E.1¿Yb�W £¤W .mceW«a1.mceW bdceW �E»5c<¼Ç�Eb��ØW b�b�W �E0VUmc"�LZ3�"�)»EW ��­
0VUYa1.1�P���dÖp�dceW £ �1�EWÉW bd¼Ç¶1.1��0VUmceW � �E.1WjZ3b��E���EW b�a1.1�12[_<�EW �)b�Õ� PW .J�1W b¨�)»EW �E0VUYa1.1��¼%W b��1W .
�E.�W �E.1W bT��ZjÖp»E¦Pb�b�W �EU1W)W .mc/¼Ç�E0V¿3W »5cj2

ζ(t+ ∆t) = ζ(t) +
dζ(t)

dt
∆t + O(∆t2)

³r#<25�Sµ
,/.
�E.1¿Yb�W £¤W .mceW »E»EW)¥L¦Pb�£¾»¸Z3aRceWDcÇ�1�EW°�)»EW �E0VUYa1.1�14

∆ζ = ζ(t+ ∆t) − ζ(t) =
dζ(t)

dt
∆t+ O(∆t2)

³r#<27NPµ

!<»E��W b��dceW ��¼%W b��1W .w�1�EW%Ó�W b�� W b�b�a1.1�P���E.1¿Yb�W £¤W .mceW'�E.9�1W b·ce¦3cVZ3» � Z3�PbeZ3.1�PW ��0VU1W .w#%WDcebeZ30VUp­
cea1.1�P�d¼%W �E��W°U1W b��PW »EW �5ceWDcj2

�BQPO



#<27N¨Ó�W b�� W b�b�a1.1�P���E.1¿Yb�W £¤W .mceW �BQR�

�-��� � ��$�����$@$)�������9��� � $'��2 ���<46�

_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �ÇÓ�W b���0VU1�EW X1a1.1�P�dceW .1��¦Pb��<»¸Z3aRceWDc°� ©mÁu�

∆u =
du

dt
∆t+ O(∆t2) .

³r#<2 Qmµ
_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �ÇÓ�W b���0VU1�EW X1a1.1�P���PbeZ3�1�EW .mceW .
¼Ç�Eb���£¤�5cÇ´'�E»5Ô W��P¦P.
#<2 Q9�PW X1�E»E�1WDcj4

∆H = H(t+ ∆t)−H(t) = Grad(u + ∆u)−Gradu = Grad∆u +O(∆t2)
³r#<2 ©Yµ

_$Z3�T�E.1¿Yb�W £¤W .mceW »E»EW$_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mc%Ô ¦P»E�3cTZ3a1�`�1W £¾Ó�W b���0VU1�EW X1a1.1�P���PbeZ3�1�EW .mceW .[4

∆F = F(t + ∆t) − F(t) = ∆H
³r#<27§Pµ

_$Z3�Çb�W 0VUmceW9�`Z3a10VUmÖm­d�)b�W W .p­¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb<�E.��E.1¿Yb�W £¤W .mceW »E»EW bÇ¥L¦Pb�£
+

∆C = C(t+ ∆t) − C(t) = ∆H + ∆H
T + ∆H

T
H + H

T ∆H + ∆H
T ∆H

³r#<2 ¬mµ
,/.É�1W £ ,/.1¿Yb�W £¤W .mc��1W �%�)b�W W .p­ � Z3�PbeZ3.1�PW ��0VU1W .ÉÓ�W b�� W b�b�a1.1�P�dceW .1��¦Pb�� �PW b���0VUm¼Ç�E.1�1WDc`�1W b
���E.1U1W �5ce�dceW .1��¦PbÇ�1a1b�0VU
�1�EW"_<�5��W b�W .1� W .YX1�E»E�1a1.1�

∆E =
1

2

(
∆H + ∆H

T + ∆H
T
H + H

T∆H + ∆H
T ∆H

) ³r#<27®Pµ

�-���  #0����9��� 46���<46��$�� 3546��$'��3�	e4@3:���:���<46� /��
$��	�
� � 
 S
�
S 
��

_<W b<\
ZuceW b��¸Z3»5ceW .1��¦PbT�E.��1W bÇ��¦3cVZ3»�­ � Z3�PbeZ3.1�PWk­�¥L¦Pb�£¨a1»E�EW b�a1.1�"»¸Z3aRceWDc

∆S = L : ∆E
³r#<2 ¯mµ

,/.«´<Z3a1ÀRcVZ30VU1��W .RÔ ¦Pb�£¨a1»E�EW b�a1.1�'¿uZ3.1.°�1�EW��E.1¿Yb�W £¤W .mceW »E»EW�*pÀLZ3.1.Ya1.1�$Z3.1�PW �PW X�W .°¼%W b��1W .[2

∆S =
3∑

A=1

∆SA NA ⊗ NA + SA ∆(NA ⊗ NA)
³r#<2 Ámµ

_<�EW"�E.1¿Yb�W £¤W .mceW »E»EW)¥L¦Pb�£¾�1W b'´<Z3a1ÀRce��ÀLZ3.1.Ya1.1�PW .
»¸Z3aRceW .[4

∆SA =
3∑

B=1

∂SA

∂CB

∆CB =
∑

B=1

∂SA

∂EB

∆EB

³r#<25�BOmµ

_<�EW
�E.1¿Yb�W £¤W .mceW »E»EW
¥L¦Pb�£~�1W b����E�PW .��PW ¿mce¦Pb�À1b�¦p�1a1¿mc��E�dc WDc/¼`Z3��Z3aRÔo¼%W .1�1�E�PW b�³ � 2$� ®P§S�
*�2�N3QPQS­dN3QP¬mµk4

∆(NA ⊗NA) = ∆NA ⊗ NA + NA ⊗ ∆NA

³r#<25�P�Sµ

∆NA =

3∑

B=1

(NB ⊗ NB) · ∆NA =

3∑

B=1

(NB · ∆NA)
︸ ︷︷ ︸

ΩBA

NB

³r#<25�SNPµ



�BQmN #<2-�'¦P.1���E�dceW .mceW b$\
ZuceW b��¸Z3»5cVZ3.1�PW .mceW<Ô ¶1bÇW »¸Z3�dce�E��0VU1W"_<WDÔ ¦Pb�£wZuce�E¦P.1W .

_$Z3£¤�5c�¿uZ3.1.¨�1�EW%�E.1¿Yb�W £¤W .mceW »E»EW%¥L¦Pb�£²�1W �����E�PW .��PW ¿mce¦Pb�À1b�¦p�1a1¿mceW ��Z3.1�PW �PW X�W .«¼%W b��1W .[4

∆(NA ⊗ NA) =

3∑

B=1

ΩBA (NB ⊗ NA + NA ⊗ NB)
³r#<25�BQmµ

_$Z3�<*p¿uZ3»¸Z3b�À1b�¦p�1a1¿mcÇ�D¼%W �EW b'���E�PW .��PW ¿mce¦Pb�W .
�E�dcÇ�P»EW �E0VU��1W £ �)b�¦P.1W 0V¿3W b�­�_<W »5cVZ

∆(NA ·NB) = δAB

³r#<25�j©Yµ
¼`Z3�ÇX�W �eZ3�3cj+L�LZ3���

ΩAB

W �E.1W bT��0VU1�EWDÔ �dÖp£¤£¤WDceb��E��0VU1W .�\
Zuceb�� ��W .mce��À1b��E0VUmcj2
3∑

A=1

3∑

B=1

SAΩBA (NB ⊗NA + NA ⊗NB) =
3∑

A=1

3∑

B=1

(SA − SB)ΩBA (NA ⊗NB)

³r#<25�S§Pµ
_<W b<*pÀLZ3.1.Ya1.1�P���E.1¿Yb�W £¤W .mc<W b��P�EXRcÇ���E0VU
� a[4

∆S =

3∑

A=1

3∑

B=1

[
∂SA

∂EB
∆EB NA ⊗NA + (SA − SB)ΩBA · NA ⊗ NB

] ³r#<25�B¬mµ

_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �<�`Z3a10VUmÖm­d�)b�W W .p­¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb��$¼Ç�Eb��
ª3U1.1»E�E0VU�X�W b�W 0VU1.1WDcj4

∆E =
3∑

A=1

∆EA N(B) ⊗ N(B) +
3∑

B=1

(EA − EB) ΩBANA ⊗NB

³r#<25�S®Pµ

_<W b%\
ZuceW b��¸Z3»5ceW .1��¦Pb
L

¿uZ3.1.wZ3a1���1W £ Ó�W b�ULª3»5ce.1�E�·X�W �E�1W b�,/.1¿Yb�W £¤W .mceW'X�W b�W 0VU1.1WDc%¼%W b�­
�1W .Ï� §P®S�t4

L =
3∑

A=1

3∑

B=1

∂SA
∂EB

∆EB NA ⊗ NA ⊗NB ⊗NB

+
3∑

A=1

3∑

B 6=B=1

1
2
SA − SB
EA − EB

(NA ⊗NB ⊗NA ⊗ NB + NA ⊗ NB ⊗ NB ⊗ NA)
³r#<25�B¯mµ

_<�EW°*YÖp£¤£¤WDceb��EW W �E�PW .1��0VULZuÔoceW . �P¦P.
L

¿3ÕP.1.1W .ØZ3.1ULZ3.1�
�1W b'¥L¦Pb�£¨a1»E�EW b�a1.1�

L = Lijkl Ni ⊗Nj ⊗Nk ⊗Nl ,
³r#<25�BÁmµ

�PW ¿Y»¸ª3bdcT¼%W b��1W .[2�\
�5c
diag(SH

ij) = SA

a1.1�
diag(EH

ij) = EA

Lijkl =







∂SH
ij

∂EH
kl

Ô ¦Pb
i = j

a1.1�
k = l

1
2

(
SH

ik − SH
jl

EH
ik −EH

jl

+
SH

il − SH
jk

EH
il −EH

jk

) Ô ¦Pb
i 6= j

a1.1�
k 6= l

0
��¦P.1�dc

³r#<27N3Omµ

_$Z¤W �'���E0VU
X�W �
diag(SH

ij)
a1£ W �E.1W«\
Zuceb�� ��ULZ3.1�1W »5cj+-�1�EW".Ya1b<Z3.
�1W b<´<Z3a1ÀRce�1�¸Z3�P¦P.LZ3»EW

X�W ��WDce�Dc<�E�dcj+L���E.1�
Z3»E»EW$±ÏW bdceW°Z3a1����W b
i = j

�P»EW �E0VU
�'a1»E»t21_<�EW«*YÖp£¤£¤WDceb�W �EW �E�PW .1��0VULZuÔoceW .
�P¦P.

L
���E.1�

Lijkl = Ljikl = Lijlk

³r#<27Np�Sµ
±ÏW �5ceW b�U1�E.��P�E»5c%Ô ¶1bTUmÖpÀ�W b�W »¸Z3�dce�E��0VU1W¨\
ZuceW b��¸Z3»E�PW ��WDce� W

Lijkl = Lklij

�LZ ∂SH
ij

∂EH
kl

=
∂SH

kl

∂EH
ij

.
³r#<27NPNPµ
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�'�E0VUmc)Z3»E»EW°Ù�Z3beZ3£¤WDceW b<»¸Z3����W .Ø���E0VU�X1�E�'� a �j©mO
◦
� X�W �dce�E£¤£¤W .[2�_<�EW9\
W ����a1.1�PW .JU1ÕPb�W .

X�W ��¬mN
◦
� Z3aRÔ�a1.1���1�EW"� �pcebeZ3À�¦P»¸Zuce�E¦P.w�1W b<\
W ���d¼%W bdceW"Ô ¶1U1bdcÇ.1�E0VUmcÇ�E£¤£¤W b%� a����E.1.��P¦P»�­

»EW .«��b��PW X1.1�E����W .[2S!<»E��*Yce¶Rce� À1a1.1¿mceW��1�EW .1W .9\
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