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Programmsystem zur Berechnung des dynamischen Verhaltens drehelastischer

Kupplungen unter Betriebsbedingungen

Start

Eingabedaten:

-Bauteilgeometrie

-Randbedingungen (Umgebungstemperatur,...)

-Beanspruchungen (Verformungsamplitude, Schwingfrequenz)

-Kennwerte des Werkstoffersatzmodells

stationäre Werte für Bauteilsteifigkeit und -dämpfung

erreicht?

Berechnung der Werkstoffkennwerte als Funktion

-des Ortes

-der lokalen Temperatur

-der lokalen Verformung

FEM-Programm ADINA:

-Bauteilverformungen und -spannungen

Berechnung der aktuellen Kupplungssteifigkeit und -dämpfung

Berechnung der Wärmequellen infolge Werkstoffdämpfung

Nein

FEM-Programm ADINAT:

-Temperaturverteilung in der drehelastischen Kupplung

Stop
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(Ave. Crit.: 75%)
S, S23

-2.429e-01
-2.316e-01
-2.204e-01
-2.092e-01
-1.979e-01
-1.867e-01
-1.755e-01
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Step: Step-1
Increment      7: Step Time =    1.000
Primary Var: S, S23
Deformed Var: U   Deformation Scale Factor: +1.000e+00
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Ĉij =

















∂T11
∂E11

∂T11
∂E22

∂T11
∂E33

∂T11
∂E23

∂T11
∂E31

∂T11
∂E12

∂T22
∂E11

∂T22
∂E22

∂T22
∂E33

∂T22
∂E23

∂T22
∂E31

∂T22
∂E12

∂T33
∂E11

∂T33
∂E22

∂T33
∂E33

∂T33
∂E23

∂T33
∂E31

∂T33
∂E12

∂T23
∂E11

∂T23
∂E22

∂T23
∂E33

∂T23
∂E23

∂T23
∂E31

∂T23
∂E12

∂T31
∂E11

∂T31
∂E22

∂T31
∂E33

∂T31
∂E23

∂T31
∂E31

∂T31
∂E12

∂T12
∂E11

∂T12
∂E22

∂T12
∂E33

∂T12
∂E23

∂T12
∂E31

∂T12
∂E12

















� Or� �A�|�

_`E L ^ NSL E
FGj5V9~�H } L BDb*j L E
B%E L JSE U @AO N @AJSE
J|H\E�VIJSCAE
CAE
��E
J2�
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MG1(θ) 0, 315 2, 314 · 10−4

FG1(θ) 5, 879 · 10−3 −4, 713 · 10−5 ≈ 0
Fn1(θ) 0, 164 1, 749 · 10−4

FK1θ) 2, 933 · 10−6 ≈ 0 −5, 199 · 10−8 ≈ 0
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ri = 0, 045 m, ra = 0, 087 m,

b = 0, 009 m, h = 0, 018 m.
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ϕ
�PW .LZ3.1.mc;HD2

¥�¶1bT�1�EW"Ù�¦P���5ce�E¦P.��1W �'Ù�Z3bdce�E¿3W »E�
X

� a1b���W �5c
t > 0

�P�E»5c

x = ϕt(X) = ϕ(X, t)
³ !«25�Sµ

_<�EW �$bdcT�1W �TÙ�Z3bdce�E¿3W »E�
X

�E. �1W bT�ÇWDÔ W b�W .1� ¿3¦P.GFL�Pa1beZuce�E¦P.��E�dc
X

2R¥�¶1b
t > 0

¿uZ3.1.�Z3a10VU

x = ϕ(X, t)
³ !«27NPµ

�PW ��0VU1b��EW X�W .¼%W b��1W .[2
F := grad

X
x =

∂x

∂X

³ !«2 Qmµ

_<�EW),/.��PW b���W«�PW Umc<Z3a10VU[4
F

−1 =
∂X

∂x

³ !«2 ©Yµ
_$Z3£¤�5cÇZ3X�W bT�1�EW",/.��PW b���W«�1W;FL.1�EW bdcÇ�E�dcj+1£¨a  

det(F) > 0
³ !«27§Pµ

�PW »5ceW .[2
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η

ξ

Referenzkonfiguration

η

ξ

η

ξ

MomentankonfigurationAnfangskonfiguration

Je je

ϕ, Fe

Ωe
ϕ(Ωe)

Ω�
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J := det(Fij) = det

(
∂xi

∂Xj

) ³ !«2 ¬mµ
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#%W � a1�P��À1»¸Z3� �EW b�a1.1�ÉW b��P�EXRcÇ�1�EW$Ó�W b���0VU1�EW X1a1.1�14

u = x − X
³ !«27®Pµ
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H := grad
X
u =

∂x

∂X
− 1

³ !«2 ¯mµ
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X
4 _<�EW � ª3.1�PW)�E.��1W bÇ!<.RÔrZ3.1�P��¿3¦P.GFL�Pa1beZuce�E¦P.

x
4 _<�EW � ª3.1�PW)�E.��1W b<\¦P£¤W .mcVZ3.1¿3¦P.GFL�Pa1beZuce�E¦P.

u
4 _<�EW)Ó�W b���0VU1�EW X1a1.1�

(Gradu)11 =
u

X

³ !«2 Ámµ

(gradu)11 =
u

x

³ !«25�BOmµ

´'�EW beZ3a1� ¼%W b��1W . �1�EWØW .mce��À1b�W 0VU1W .1�1W .��'¦P£¤À�¦P.1W .mceW . �1W �_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW .



�SNu© !«2 ��a�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

U1W b��PW »EW �5ceWDcj4

F11 = 1 +
u

X

³ !«25�P�Sµ

= 1 +
x−X

X

³ !«25�SNPµ

=
x

x− (x−X)

³ !«25�BQmµ

=
x

x− u

³ !«25�j©Yµ

=
1

(

1 − u

x

)
³ !«25�S§Pµ

_<�EW #%W � �EW UYa1.1���D¼Ç�E��0VU1W .��1W £ �`Z3a10VUmÖp��0VU1W .Ì*pÀLZ3.1.Ya1.1�P�dceW .1��¦Pb9a1.1� �1W £ Np2�Ù��E¦P»¸ZS
�)�Eb�0VU1¦3�-d*pÀLZ3.1.Ya1.1�P�dceW .1��¦PbÇ»¸Z3aRceWDcÇX�W �[Ó�¦P»Ea1£¤W .1¿3¦P.1�dcVZ3.1�"»¸Z3aRceWDcj4

σ11 =
(

1 +
u

X

)

· S11

³ !«25�B¬mµ

� ��� � ����� ��� � � 
�� � � 
 � � �	� 
 � 
�� � ��
���� � ��� � � �

���E. � �E.1�EW .1W »EW £¤W .mc�¼Ç�Eb��w£¤�5c%´'�E»5Ô WÇ�1W �`_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW . �P¦P. �1W b`#%W � a1�P����E.
�1�EW°\¦P£¤W .mcVZ3.1À1»¸Z3� �EW b�a1.1�ÉW .mce��À1b�W 0VU1W .1�Ø!<X1X[2 !«25�"cebeZ3.1�dÔ ¦Pb�£¤�EW bdcj4

dx = F dX
³ !«25�S®Pµ

('£ �1W .¤#%W �Pb��5�¤Ó�W b�� W b�b�a1.1�"� aÉ�1W;FL.1�EW b�W .[+u¼Ç�Eb��9W �E.1WÇ\WDceb��E¿«Z3»E��\
Z� $Ô ¶1b·�1�EW%Ó�W b�� W b�
b�a1.1�PW .ØW �E.1�PWDÔ ¶1U1bdcj2-_<W b'Ó�W b��P»EW �E0VU�1W b$_<�5��W b�W .1�°�1W b)&$aLZ3�1beZuceW°�1W b � �E.1�EW .1W »EW £¤W .mceW
�E�dc�£wZuceU1W £wZuce�E��0VU°W �E.RÔrZ30VU1W b�Z3»E�ha1.1£¤�5c�ceW »EXLZ3b��1W b��1W b � �E.1�EW .1W »EW £¤W .mceW32j± �EbhX�W .1Õ3ce�E�PW .
�E.���W �1W b'Ù�»¸Z3� �EW b�a1.1�9�1b�W ��a1.LZ3X1ULª3.1�P�E�PW � �E.1�EW .1W »EW £¤W .mceW32
,/.1���PW �eZ3£«c W b��PW X�W .����E0VU���W 0VU1��*p¿uZ3»¸Z3b�À1b�¦p�1a1¿mceW3+�a1.mceW .�¼%W b��1W .ÌW�RW £¤À1»¸Z3b��E��0VU��D¼%W �
Z3.1�PW �PW X�W .[4

dxT
1 dx2 = dXT

1 F
T
F dX2

³ !«25�B¯mµ
dxT

2 dx2 = dXT
2 F

T
F dX2

³ !«25�BÁmµ

����� � 
 � 
�� �"�� ����� ��� ��	 �������� � ��� ��������	�
�� ��� � � � ������#������ ���� � � � � ��� ��� � �

_<W b"GeFVyVzpq/Fw×�=3KLyVzp?u{k�`GeFVFD;L{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

C := F
T
F

³ !«27N3Omµ

!<.LZ3»E¦P�9�1W b">@Co;RÈmF¤×�=3KLyVzp?u{k�`GeFVFD;L{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

B := FF
T

³ !«27Np�Sµ

!<a1�Ç!«27N3OÉW b��P�EXRcT���E0VU�1W b¤�`GeFVFD;L{ : q¢M)Î-FD;�=3;Lqr{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuGp4

E :=
1

2
(C − 1)

³ !«27NPNPµ



!«25�«#%WD¼%W �Pa1.1�wW �E.1W �'�'ÕPb�À�W b��Ta1.1�
�1W bÇ_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mc �SNP§

� U1.1»E�E0VU�¼Ç�Eb����1W bÇ��¦P�12�}"=3nwFD>@{r6<>@n¤=3;RADCo{uÎ-FDG� SFDGkGkKp;p|SADq/FD;RABsuG"�1W;FL.1�EW bdcj4

e :=
1

2

(
1 − B

−1
) ³ !«27N3Qmµ

\�5cÇW �E.1W bÇÀ1a1»E»�/XLZ30V¿P �$À�W beZuce�E¦P.w�PW »E�E.1�3cT�1�EW"('£¤b�W 0VU1.Ya1.1�14

E = F
T
eF

³ !«27Nu©Yµ

!<a1�9�1W £�����������d*Ycj2
	������
����¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb9W .mce�dceW Umcw�1a1b�0VU � �E.1WjZ3b��E���EW b�a1.1�
�1W bÇW »EW £¤W .mcVZ3b�WÉ>@Co;�Fe=3GeF
Î-FDG� SFDGkGkKp;p|SADq/FD;RABsuGk2L\�5cÇ!«2 ¯Éa1.1�!«27N3OR4

E =
1

2

(
(H + 1)T(H + 1) − 1

) ³ !«27NP§Pµ
_<a1b�0VU
!<a1��£¨a1»5ce�EÀ1»E�E� �EW b�W . a1.1� � �E.1WjZ3b��E���EW b�W .�Z3a1�Ç!«27NP§«Ô ¦P»E�3c

Ẽ =
1

2

(
H + H

T
) ³ !«27N3¬mµ

¦p�1W bÇ�E.�,/.1�1W�R��0VU1b�W �EXm¼%W �E��W34

Ẽij =
1

2

(
∂ui

∂xj

+
∂uj

∂xi

) ³ !«27NP®Pµ

_$Z �1W b��������������������
�����1��0VU1WÓ�W b�� W b�b�a1.1�P�dceW .1��¦Pb�PW �PW .Y¶1X�W b�X�W »E�EW X1�E�PW . *YcVZ3b�b�
¿3ÕPb�À�W b�X�WD¼%W �Pa1.1�PW .J�E.��3Z3b��¸Z3.mcÇ�E�dcj+L¼Ç�Eb��
W b'�E.1��X�W ��¦P.1�1W b�W«X�W ��Ù�b�¦PX1»EW £¤W .£¤�5c'�Pb�¦� PW .
Ó�W b���0VU1�EW X1a1.1�PW .�Z3X�W bT¿Y»EW �E.1W .�Ó�W b�� W b�b�a1.1�PW .
W �E.1�PW ��WDce�Dcj2
_<�EW �PW beZ3»E»E�PW £¤W �E.1W bdceW)¥L¦Pb�£ Ô ¶1b`Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb�W .�Z3a1�°� ®P§S��»¸Z3aRceWDcj4

E
α =

1

α
(Uα − 1) , α ∈ R

³ !«27N3¯mµ

��a1b«_<W;FL.1�5ce�E¦P.]�1W � �PW beZ3»E»E�PW £¤W �E.1W bdceW .JÓ�W b�� W b�b�a1.1�P��£wZ� PW �°¼Ça1b��1W �P¦P.Ï�1W . �dÖp£¤£¤Wk
ceb��E��0VU1W .Ø*Yceb�W 0V¿mceW .1��¦Pb)�)W X1beZ3a10VU�PW £wZ30VUmcj2

F = RU
³ !«27N3Ámµ

R
�E�dcÇW �E.1W)¦PbdceU1¦P�P¦P.LZ3»EW)�Ç¦3cVZuce�E¦P.1�dceW .1��¦Pb +RÔ ¶1bÇ�1W .�P�E»5c

R
T = R

−1
+-Z3»E��¦

C = F
T
F = (RU)T

RU = U
T
R

T
R

︸ ︷︷ ︸

1

U = U
2

³ !«2 QPOmµ

C
¿uZ3.1.]Z3a10VUJ¶1X�W b)�1�EWÉ*pÀ�W ¿mcebeZ3»E� W b�»EW �Pa1.1���P¦P.

U
£¤�5c$�1W .]���E�PW .��PW ¿mce¦Pb�W .

Ni

�LZ3b�
�PW �dceW »E»5cÇ¼%W b��1W .[2�,/.
�1�EW ��W £ ¥-Z3»E»[�E�dc<�1�EW°#%W �dce�E£¤£¨a1.1�¤�1W bÇ±Ïa1b�� W » �P¦P.

U
.1�E0VUmc<À1b�¦u

X1»EW £wZuce�E��0VU[2
C =

3∑

i=1

λ2
i Ni ⊗Ni

³ !«2 QR�Sµ

��a1b�#%W �dce�E£¤£¨a1.1�$�1W b�´<Z3a1ÀRce�dceb�W 0V¿Ya1.1�PW .
λi > 0

�E�dc·�1�EW`0VULZ3beZ3¿mceW b��E�dce�E��0VU1W'�)»EW �E0VUYa1.1�

det
(
C − λ2

1
)

= 0
³ !«2 QmNPµ



�SN3¬ !«2 ��a�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

� a»EÕP��W .[2-*p¦P£¤�5cTW b��P�EXRcÇ���E0VU£¤�5cT�1W b'�'¦Pb�£¤�EW b�a1.1�
‖Ni‖ = 1

U = λ1N1 ⊗ N1 + λ2N2 ⊗N2 + λ3N3 ⊗ N3

³ !«2 QPQmµ
X1�D¼"2��E.Ì\
Zuceb��E� W .1��0VU1b�W �EXm¼%W �E��WØ¿3ÕP.1.1W .Ì�1�EW�RÖmZ3�1�E��0VU1W . Ù�b�¦p�1a1¿mceW

Ni ⊗ Ni

�1a1b�0VU
NiN

T
i

W b���WDce�Dch¼%W b��1W .[+B¼%¦PX�W �
Ni

W �E.1W�Q ����Ó�W ¿mce¦Pb��E�dcj2B*p¦P£¤�5c[W b��P�EXRc����E0VU[+j¼Ç�EW·W bd¼`Z3bdceWDc
W �E.1W�Q �1QSd\
Zuceb�� ��Z3a1���1W £ �RÖmZ3�1�E��0VU1W . Ù�b�¦p�1a1¿mcj2`_<W b��LZ3� aÌ�PW U1ÕPb��E�PW
¦PbdceU1¦P�P¦P.LZ3»EW
�Ç¦3cVZuce�E¦P.1�dceW .1��¦Pb

R
¼Ç�Eb��Z3a1�

R = FU
−1 ³ !«2 Q3©Yµ

X�W b�W 0VU1.1WDcj2

���� ,.��$��#$)3:*��;���<4

± �EW«¿3ÕP.1.1W .Ø¼Ç�Eb<X�W �E��À1�EW »E�d¼%W �E��W«�1�EW«!<X1»EW �5cea1.1�w�1W b$��W £¤À�W beZucea1b<.LZ30VUØ�1W £ �$bdc$X1�E»�
�1W .��"_<�5��W b�W .1� �EW b�W .w¼Ç�Eb%�1�EW'��W £¤À�W beZucea1b%.LZ30VU

x
+p.LZ30VU

y
¦p�1W b%.LZ30VU

z
+RX1�D¼"2R.LZ30VU

r
+

ϕ
+
z
2

\�5cÇ�1W £ �<Z3X1»¸ZS �$À�W beZuce¦Pb
∇

grad θ = ∇θ =

(
∂θ

∂x
,
∂θ

∂y
,
∂θ

∂z

)

X1�D¼"2
=

(
∂θ

∂r
,

1

r
· ∂θ
∂ϕ

,
∂θ

∂z

) ³ !«2 Qm§Pµ

���
	��� ���������������������
∇

_$Z����E0VU]_<�5��W b�W .mce�¸Z3»E¦PÀ�W beZuce¦Pb�W .Ø��W »EX1�dc)¼Ç�EW9�1�EWÉ�'¦P£¤À�¦P.1W .mceW .JW �E.1W �$Ó�W ¿mce¦Pb��$cebeZ3.1��
Ô ¦Pb�£¤�EW b�W .[+R¿3ÕP.1.1W .¼Ç�EbT���EW°Z3»E�T�'¦P£¤À�¦P.1W .mceW .W �E.1W �TÓ�W ¿mce¦Pb�¦PÀ�W beZuce¦Pb��ÇX�W � W �E0VU1.1W .[2

grad θ = ∇θ =

(
∂θ

∂x
,
∂θ

∂y
,
∂θ

∂z

)

X1�D¼"2
=

(
∂θ

∂r
,

1

r
· ∂θ
∂ϕ

,
∂θ

∂z

) ³ !«2 QP¬mµ

X�W �E��À1�EW »E�d¼%W �E��W3+
∇x =

∂

∂x

³ !«2 Qm®Pµ

± �Ebw¼Ç�E����W .[+T�LZ3�����LZ3� Ó�W b�ULª3»5ce.1�E� +%�E.Ì�1W £ ���E0VU
θ

�E.ÌW �E.1W b��Ç�E0VUmcea1.1� ª3.1�1W bdcj+T�1�EW
�'¦P£¤À�¦P.1W .mceW �P¦P.

∇θ
�E.¤�1�EW ��W b%�Ç�E0VUmcea1.1�«�E�dcj2p_<W bT�)beZ3�1�EW .mc �P¦P.

θ
ULZuc%�1�EW'�Ç�E0VUmcea1.1�

�1W �'�dceW �E»E�dceW .�!<.1�dce�EW �P� �P¦P.
θ
2



!«2 Q �$À�W beZuce�E¦P.1W .�£¤�5c
∇

�SNP®

���� � &(��$)3546�;0������ 2 �e4
∇

��2 #<2LW �E.1W)��¿uZ3»¸Z3b�W°\a1»5ce�EÀ1»E�E¿uZuce�E¦P.¤£¤�5cTW �E.1W £¾Ó�W ¿mce¦Pb 4

∇ · h = ∇x hx + ∇y hy + ∇z hz

³ !«2 QP¯mµ

∇ · h
�E�dcÇW �E.���¿uZ3»¸Z3b�W �Ç¥LW »E�[+1�LZ3�Ç�1�EW)À1UmÖp���E¿uZ3»E�E��0VU1W«�)b�Õ� PW«x"CoÃ3FDGt|YFD;p É�LZ3b��dceW »E»5cj2

∇ · h = divh
³ !«2 QPÁmµ

���� ,.�;���(���e4@3��
	;���e4@�����:���

_<�EW"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5cT�1W �T£wZuceW b��EW »E»EW .wÙ�a1.1¿mceW �ÇX�W � ¦P�PW .�Z3aRÔ��1�EW$�ÇWDÔ W b�W .1� ¿3¦P.GFL�Pa1beZS
ce�E¦P.��T¼Ç�Eb����1a1b�0VU
�1�EW)£wZuceW b��EW »E»EW ��W �5cVZ3X1»EW �5cea1.1�

v(X, t) =
Dϕ

Dt
=
∂ϕ(X, t)

∂t
= ϕ̇(X, t)

³ !«2 ©mOmµ
,/.��1W b`beª3a1£¤»E�E0VU1W .�#%W ��0VU1b�W �EX1a1.1�¤�P�E»5c�Ô ¶1b`�1�EW"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5cTW �E.1W �ÇÙ�a1.1¿mceW �

x
� a1b

��W �5c
t
�E.
ϕ(B)

W �E.1.1�E£¤£«cj+
v̂(x, t) = v̂ (ϕ(X, t), t) = v(X, t)

³ !«2 ©1�Sµ
_<�EW���W �5cVZ3X1»EW �5cea1.1�¨�1W �'_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mceW .�W b��P�EXRc

Ḟ = Gradϕ̇(X, t) = Gradv = gradv̂F
³ !«2 ©YNPµ

_<W bÇbeª3a1£¤»E�E0VU1W"�)W ��0VUm¼Ç�E.1�1�E�P¿3W �5ce���PbeZ3�1�EW .mc
gradv̂

¼Ç�Eb��Z3a10VU
£¤�5c
l
X�W � W �E0VU1.1WDcj2

l = ḞF
−1 ³ !«2 ©mQmµ

_<�EW���W �5cVZ3X1»EW �5cea1.1�¨�1W b<�)b�W W .p � Z3.1�PbeZ3.1�PW ��0VU1W .�Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb��<�E�dc

Ė =
1

2

(

Ḟ
T
F + F

T
Ḟ

) ³ !«2 ©P©Yµ

��� � ��$)�������;��*������ ��0��<46��� ����2��62 ������3:����������� �#$'"57
� ���

���� � & �
$'���;�:����������3%/U46���

sp(a ⊗ b) = a · b
³ !«2 ©Y§Pµ

sp(S + T) = sp(S) + sp(T)
³ !«2 ©m¬mµ

sp(ST) = sp(TS)
³ !«2 ©Y®Pµ

�p]eS1b^d1NPMRQRSUT�VEW;X;Y[Z1T;SU\^]8_`L X;Y�T;MRY1]eYUY�_p{



�SN3¯ !«2 ��a�1W . �PW bd¼%W .1�1WDceW .���W .1��¦Pb�W .

��Z3X�W »E»EW$!«25�P4-�'¦P.mce�E.Ya1a1£¤��£¤W 0VULZ3.1�E��0VU1W«�)b�Õ� PW .
��������� ��	�
��
� ��������
��������
������������� ��


B � �� !��
����
����
������������� ��
 ϕ(B) � � ����	����
������������� ��

"$#&%�%�'�( )�*,+,#&*,'�-&.0/�%�#
1 %�#&2�%�#&#&3�'�+,- 40%�'�-&5,# E = 1

2 (C − 1)

6 *,78%�9 ( :;9 78*,'�-&< -&.0/�%
1 %�#&2�%�#&#&3�'�+,- 40%�'�-&5,# e = 1

2 (1 − B−1)

#&%�.0/�40%�#
=>*,3�.0/�?�( "$#&%�%�'�( @�%�'�-&5,# C = FTF

9 < '�A,%�#
=>*,3�.0/�?�( "$#&%�%�'�( @�%�'�-&5,# B = FFT

=>*,3�.0/�?�-&.0/�%
B�C�*,'�'�3�'�+,- 40%�'�-&5,# T

D8E�FHG
σ

I,J�K < 5,9 *�( L;< #&.0/�/�5�M�-&.0/�% P
D8E�FHG

TP NPO0QB�C�*,'�'�3�'�+,- 40%�'�-&5,# PAk = J σik(FiA)−1

R�J�K < 5,9 *�( L;< #&.0/�/�5�M�-&.0/�% T
D8E�FHG

B�C�*,'�'�3�'�+,- 40%�'�-&5,# S = F−1P
L;< #&.0/�/�5�M�-&.0/�%
B�C�*,'�'�3�'�+,- 40%�'�-&5,# τ = FSFT = JT

��TS ,.��46��$)2 ����3:�<46���

det(αT) = α3 det(T)
³ !«2 ©m¯mµ

det(ST) = det(S) det(T)
³ !«2 ©mÁmµ

det(T−1) =
1

det(T)

³ !«27§3Omµ

���U V �XW ��$)�9�YW 0��[Z �����90%$'���

¥�¶1b �1�EW
,/.��PW b���W]�1W b�*pa1£¤£¤WØW �E.1W ��Z3»E»E�PW £¤W �E.1W .��D¼%W �E�dceaGFL�PW . ��W .1��¦Pb���£¤�5cwW �E.1W £
�RÖmZ3�1�E��0VU1W .ØÙ�b�¦p�1a1¿mc'�P�E»5cT�1�EW]\_^����a` �
���bdc����ae,f$c���d�)»EW �E0VUYa1.1�14

[T + a⊗ b]−1 = T
−1 − T

−1
a⊗ bT

−1

1 + b · T−1a

³ !«27§p�Sµ



!«2 ÁÉ!<X1»EW �5cea1.1�PW .��1W bÇ,/.��3Z3b��¸Z3.mceW . �SN3Á

����  �
	;���e4@�����:��� *���$ V �XW535$'��3:�<46���

J1(C)
+
J2(C)

+
J3(C)

���E.1�,/.��3Z3b��¸Z3.mceW . �P¦P.
C

a1.1���¦P£¤�5cÇZ3a10VU �P¦P.
B

2L���Ç�P�E»5cj4

J1(C) = λ2
1 + λ2

2 + λ2
3

³ !«27§PNPµ
J2(C) = λ2

1λ
2
2 + λ2

2λ
2
3 + λ2

3λ1

³ !«27§3Qmµ
J3(C) = λ2

1λ
2
2λ

2
3

³ !«27§u©Yµ

∂J1(C)

∂C
= 1

³ !«27§P§Pµ
∂J2(C)

∂C
= J1(C) 1− C

³ !«27§3¬mµ
∂J3(C)

∂C
= J3(C)C

−1
³ !«27§P®Pµ
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_<W b¤���E.1�eZuce��W �E.1W �w\
ZuceW b��¸Z3»E�PW ��WDce� W �9�E.�¿3¦P£¤£¤W b�� �EW »E»EW . ¥·��d*p¦3Ôoc/¼`Z3b�W�W bdÔ ¦Pb��1W bdc¤�1�EW
!<.1�mZ3X�W«�1W �$¿3¦P.1���E�dceW .mceW .]\
ZuceW b��¸Z3»5ceW .1��¦Pb�� 2�#%W ���1W b$�'¦P£¨X1�E.LZuce�E¦P.��P¦P.�UmÖpÀ�W b�W »¸Z3�dce��
��0VU1W .¤a1.1� �p�E��¿3¦PÀ1»¸Z3�dce�E��0VU1W .w\
ZuceW b��¸Z3»E�PW ��WDce� W .¨¼Ç�Eb��9X�W �E��À1�EW »E�d¼%W �E��W`�E.9!<XLZ3ÐYa1�Ç��� �1�1W b
W »¸Z3�dce�E��0VU1W«!<.mceW �E»t+-ª3U1.1»E�E0VU�1W £ Ó�¦Pb��PW U1W .Ø�E.�1W b��P¦Pb�»E�EW �PW .1�1W .
!<b�X�W �5cj+-� a1b$#%W �dce�E£9
£¨a1.1�¤�1W b<Ù�beª3�1�E¿mce¦Pb�d*pÀLZ3.1.Ya1.1� �PW bd¼%W .1�1WDcj2�¥�¶1bÇW �E.1W«�'¦P£¨X1�E.LZuce�E¦P.�X�W �E�1W b<�)W ��WDce� W
�E�dcÇ�E.��1W b'Z3XLZ3ÐYa1��W �E�PW .1W .
('��W b�d*pa1X1b�¦PaRce�E.1W ��($\!�� �"�1W b'���E.1�eZuce� �P¦P.,/.1¿3¦P£¤À1b�W ������
X1�E»E�5cVªuc'�1W �)UmÖpÀ�W b�W »¸Z3�dce�E��0VU1W .Jb�W 0VUmc°£¨¶1U1�eZ3£2�!<a1�)�1�EW ��W £��)b�a1.1�
¼Ç�Eb���X�W ���1W b"¥·��
\¦p�1W »E»E�EW b�a1.1�`W £¤ÀRÔ ¦PU1»EW .[+ �1W .°!<.1�eZuce���P¦P.�� ���
���¤�E.)�1W bh¥L¦Pb�£+k¼Ç�EW�W b��E£ !<X1��0VU1.1�5c�c
QR2 © �P¦Pb��PW �dceW »E»5cT¼Ça1b��1W3+�W �E.1� a1��WDce� W .[2�!<aRÔ·�1W .Ô ¦P»E�PW .1�1W .
*pW �5ceW .¼Ç�Eb���Ô ¶1bÇW �E.��¦P»E0VU1W �
Ó�¦Pb��PW U1W .¨�1�EW�¥L¦Pb�£¨a1»E�EW b�a1.1�ÇW �E.1W ��¿3¦P.1���E�dceW .mceW .¤\
ZuceW b��¸Z3»5cVZ3.1�PW .mceW�.LZ30VU�� ®P§S�pa1.1� � §P®S�
�P¦Pb��PW �dceW »E»5cj2

�-��� V � � $'��2 ���<46� 	 	;��� � ��$'/ 3 �
$'���

¥�¶1b��1�EW$\¦p�1W »E»E�EW b�a1.1�)£¤�5c��1W b%¥��E.1�5ceW .¤��»EW £¤W .mceW .�\WDceU1¦p�1W'£¨a1���%W �E.¤»E�E.1WjZ3b�W �%�)»EW ��
0VUYa1.1�P���dÖp�dceW £�Ô ¶1b"�1�EW¤�).1¦3ceW .RÔ b�W �EU1W �5ce���PbeZ3�1WÉW b�� W a1�3c°¼%W b��1W .[2�,/.Ï�1W £��1�EWÉ�PW �eZ3£«ceW
��W �5ce��ÀLZ3.1.1W¨�1W b)_<WDÔ ¦Pb�£wZuce�E¦P.
�E. ��W �5ce�E.1¿Yb�W £¤W .mceW«a1.mceW bdceW �E»5c<¼Ç�Eb��ØW b�b�W �E0VUmc"�LZ3�"�)»EW ��
0VUYa1.1�P���dÖp�dceW £ �1�EWÉW bd¼Ç¶1.1��0VUmceW � �E.1WjZ3b��E���EW b�a1.1�12[_<�EW �)b�Õ� PW .J�1W b¨�)»EW �E0VUYa1.1��¼%W b��1W .
�E.�W �E.1W bT��ZjÖp»E¦Pb�b�W �EU1W)W .mc/¼Ç�E0V¿3W »5cj2

ζ(t+ ∆t) = ζ(t) +
dζ(t)

dt
∆t + O(∆t2)

³r#<25�Sµ
,/.�E.1¿Yb�W £¤W .mceW »E»EW)¥L¦Pb�£¾»¸Z3aRceWDcÇ�1�EW°�)»EW �E0VUYa1.1�14

∆ζ = ζ(t+ ∆t) − ζ(t) =
dζ(t)

dt
∆t+ O(∆t2)

³r#<27NPµ

!<»E��W b��dceW ��¼%W b��1W .w�1�EW%Ó�W b�� W b�b�a1.1�P���E.1¿Yb�W £¤W .mceW'�E.9�1W b·ce¦3cVZ3» � Z3�PbeZ3.1�PW ��0VU1W .w#%WDcebeZ30VUp
cea1.1�P�d¼%W �E��W°U1W b��PW »EW �5ceWDcj2

�BQPO



#<27N¨Ó�W b�� W b�b�a1.1�P���E.1¿Yb�W £¤W .mceW �BQR�

�-��� � ��$�����$@$)�������9��� � $'��2 ���<46�

_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �ÇÓ�W b���0VU1�EW X1a1.1�P�dceW .1��¦Pb��<»¸Z3aRceWDc°� ©mÁu�

∆u =
du

dt
∆t+ O(∆t2) .

³r#<2 Qmµ
_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �ÇÓ�W b���0VU1�EW X1a1.1�P���PbeZ3�1�EW .mceW .¼Ç�Eb���£¤�5cÇ´'�E»5Ô W��P¦P.
#<2 Q9�PW X1�E»E�1WDcj4

∆H = H(t+ ∆t)−H(t) = Grad(u + ∆u)−Gradu = Grad∆u +O(∆t2)
³r#<2 ©Yµ

_$Z3�T�E.1¿Yb�W £¤W .mceW »E»EW$_<WDÔ ¦Pb�£wZuce�E¦P.1���PbeZ3�1�EW .mc%Ô ¦P»E�3cTZ3a1�`�1W £¾Ó�W b���0VU1�EW X1a1.1�P���PbeZ3�1�EW .mceW .[4

∆F = F(t + ∆t) − F(t) = ∆H
³r#<27§Pµ

_$Z3�Çb�W 0VUmceW9�`Z3a10VUmÖmd�)b�W W .p¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb<�E.��E.1¿Yb�W £¤W .mceW »E»EW bÇ¥L¦Pb�£+

∆C = C(t+ ∆t) − C(t) = ∆H + ∆H
T + ∆H

T
H + H

T ∆H + ∆H
T ∆H

³r#<2 ¬mµ
,/.É�1W £ ,/.1¿Yb�W £¤W .mc��1W �%�)b�W W .p � Z3�PbeZ3.1�PW ��0VU1W .ÉÓ�W b�� W b�b�a1.1�P�dceW .1��¦Pb�� �PW b���0VUm¼Ç�E.1�1WDc`�1W b
���E.1U1W �5ce�dceW .1��¦PbÇ�1a1b�0VU
�1�EW"_<�5��W b�W .1� W .YX1�E»E�1a1.1�

∆E =
1

2

(
∆H + ∆H

T + ∆H
T
H + H

T∆H + ∆H
T ∆H

) ³r#<27®Pµ

�-���  #0����9��� 46���<46��$�� 3546��$'��3�	e4@3:���:���<46� /��
$��	�
� �  S�
S ��

_<W b<\
ZuceW b��¸Z3»5ceW .1��¦PbT�E.��1W bÇ��¦3cVZ3»� � Z3�PbeZ3.1�PWk�¥L¦Pb�£¨a1»E�EW b�a1.1�"»¸Z3aRceWDc

∆S = L : ∆E
³r#<2 ¯mµ

,/.«´<Z3a1ÀRcVZ30VU1��W .RÔ ¦Pb�£¨a1»E�EW b�a1.1�'¿uZ3.1.°�1�EW��E.1¿Yb�W £¤W .mceW »E»EW�*pÀLZ3.1.Ya1.1�$Z3.1�PW �PW X�W .°¼%W b��1W .[2

∆S =
3∑

A=1

∆SA NA ⊗ NA + SA ∆(NA ⊗ NA)
³r#<2 Ámµ

_<�EW"�E.1¿Yb�W £¤W .mceW »E»EW)¥L¦Pb�£¾�1W b'´<Z3a1ÀRce��ÀLZ3.1.Ya1.1�PW .
»¸Z3aRceW .[4

∆SA =
3∑

B=1

∂SA

∂CB

∆CB =
∑

B=1

∂SA

∂EB

∆EB

³r#<25�BOmµ

_<�EW
�E.1¿Yb�W £¤W .mceW »E»EW
¥L¦Pb�£~�1W b����E�PW .��PW ¿mce¦Pb�À1b�¦p�1a1¿mc��E�dc WDc/¼`Z3��Z3aRÔo¼%W .1�1�E�PW b�³ � 2$� ®P§S�
*�2�N3QPQSdN3QP¬mµk4

∆(NA ⊗NA) = ∆NA ⊗ NA + NA ⊗ ∆NA

³r#<25�P�Sµ

∆NA =

3∑

B=1

(NB ⊗ NB) · ∆NA =

3∑

B=1

(NB · ∆NA)
︸ ︷︷ ︸

ΩBA

NB

³r#<25�SNPµ



�BQmN #<2-�'¦P.1���E�dceW .mceW b$\
ZuceW b��¸Z3»5cVZ3.1�PW .mceW<Ô ¶1bÇW »¸Z3�dce�E��0VU1W"_<WDÔ ¦Pb�£wZuce�E¦P.1W .

_$Z3£¤�5c�¿uZ3.1.¨�1�EW%�E.1¿Yb�W £¤W .mceW »E»EW%¥L¦Pb�£²�1W �����E�PW .��PW ¿mce¦Pb�À1b�¦p�1a1¿mceW ��Z3.1�PW �PW X�W .«¼%W b��1W .[4

∆(NA ⊗ NA) =

3∑

B=1

ΩBA (NB ⊗ NA + NA ⊗ NB)
³r#<25�BQmµ

_$Z3�<*p¿uZ3»¸Z3b�À1b�¦p�1a1¿mcÇ�D¼%W �EW b'���E�PW .��PW ¿mce¦Pb�W .
�E�dcÇ�P»EW �E0VU��1W £ �)b�¦P.1W 0V¿3W b��_<W »5cVZ

∆(NA ·NB) = δAB

³r#<25�j©Yµ
¼`Z3�ÇX�W �eZ3�3cj+L�LZ3���

ΩAB

W �E.1W bT��0VU1�EWDÔ �dÖp£¤£¤WDceb��E��0VU1W .�\
Zuceb�� ��W .mce��À1b��E0VUmcj2
3∑

A=1

3∑

B=1

SAΩBA (NB ⊗NA + NA ⊗NB) =
3∑

A=1

3∑

B=1

(SA − SB)ΩBA (NA ⊗NB)

³r#<25�S§Pµ
_<W b<*pÀLZ3.1.Ya1.1�P���E.1¿Yb�W £¤W .mc<W b��P�EXRcÇ���E0VU� a[4

∆S =

3∑

A=1

3∑

B=1

[
∂SA

∂EB
∆EB NA ⊗NA + (SA − SB)ΩBA · NA ⊗ NB

] ³r#<25�B¬mµ

_$Z3�Ç,/.1¿Yb�W £¤W .mc<�1W �<�`Z3a10VUmÖmd�)b�W W .p¢Ó�W b�� W b�b�a1.1�P�dceW .1��¦Pb��$¼Ç�Eb��ª3U1.1»E�E0VU�X�W b�W 0VU1.1WDcj4

∆E =
3∑

A=1

∆EA N(B) ⊗ N(B) +
3∑

B=1

(EA − EB) ΩBANA ⊗NB

³r#<25�S®Pµ

_<W b%\
ZuceW b��¸Z3»5ceW .1��¦Pb
L

¿uZ3.1.wZ3a1���1W £ Ó�W b�ULª3»5ce.1�E�·X�W �E�1W b�,/.1¿Yb�W £¤W .mceW'X�W b�W 0VU1.1WDc%¼%W b�
�1W .Ï� §P®S�t4

L =
3∑

A=1

3∑

B=1

∂SA
∂EB

∆EB NA ⊗ NA ⊗NB ⊗NB

+
3∑

A=1

3∑

B 6=B=1

1
2
SA − SB
EA − EB

(NA ⊗NB ⊗NA ⊗ NB + NA ⊗ NB ⊗ NB ⊗ NA)
³r#<25�B¯mµ

_<�EW°*YÖp£¤£¤WDceb��EW W �E�PW .1��0VULZuÔoceW . �P¦P.
L

¿3ÕP.1.1W .ØZ3.1ULZ3.1��1W b'¥L¦Pb�£¨a1»E�EW b�a1.1�

L = Lijkl Ni ⊗Nj ⊗Nk ⊗Nl ,
³r#<25�BÁmµ

�PW ¿Y»¸ª3bdcT¼%W b��1W .[2�\�5c
diag(SH

ij) = SA

a1.1�
diag(EH

ij) = EA

Lijkl =







∂SH
ij

∂EH
kl

Ô ¦Pb
i = j

a1.1�
k = l

1
2

(
SH

ik − SH
jl

EH
ik −EH

jl

+
SH

il − SH
jk

EH
il −EH

jk

) Ô ¦Pb
i 6= j

a1.1�
k 6= l

0
��¦P.1�dc

³r#<27N3Omµ

_$Z¤W �'���E0VU
X�W �
diag(SH

ij)
a1£ W �E.1W«\
Zuceb�� ��ULZ3.1�1W »5cj+-�1�EW".Ya1b<Z3.�1W b<´<Z3a1ÀRce�1�¸Z3�P¦P.LZ3»EW

X�W ��WDce�Dc<�E�dcj+L���E.1�Z3»E»EW$±ÏW bdceW°Z3a1����W b
i = j

�P»EW �E0VU�'a1»E»t21_<�EW«*YÖp£¤£¤WDceb�W �EW �E�PW .1��0VULZuÔoceW .
�P¦P.

L
���E.1�

Lijkl = Ljikl = Lijlk

³r#<27Np�Sµ
±ÏW �5ceW b�U1�E.��P�E»5c%Ô ¶1bTUmÖpÀ�W b�W »¸Z3�dce�E��0VU1W¨\
ZuceW b��¸Z3»E�PW ��WDce� W

Lijkl = Lklij

�LZ ∂SH
ij

∂EH
kl

=
∂SH

kl

∂EH
ij

.
³r#<27NPNPµ
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�'�E0VUmc)Z3»E»EW°Ù�Z3beZ3£¤WDceW b<»¸Z3����W .Ø���E0VU�X1�E�'� a �j©mO
◦
� X�W �dce�E£¤£¤W .[2�_<�EW9\W ����a1.1�PW .JU1ÕPb�W .

X�W ��¬mN
◦
� Z3aRÔ�a1.1���1�EW"� �pcebeZ3À�¦P»¸Zuce�E¦P.w�1W b<\W ���d¼%W bdceW"Ô ¶1U1bdcÇ.1�E0VUmcÇ�E£¤£¤W b%� a����E.1.��P¦P»�

»EW .«��b��PW X1.1�E����W .[2S!<»E��*Yce¶Rce� À1a1.1¿mceW��1�EW .1W .9\W ���d¼%W bdceW`Z3a1�hÔ ¶1.RÔ1��W £¤À�W beZucea1b�W . ³tNPN
◦
�<+

QmN
◦
�<+1©YN

◦
�<+-§PN

◦
�<+L¬mN

◦
�Tµk2L('£¾�1�EW$Ó�¦Pb��PW U1W .1�d¼%W �E��W"� a��PW b��1W aRce»E�E0VU1W .�¼Ç�Eb���W �E.1W"�ÇWk

�Pb�W �����E¦P.1��X�W b�W 0VU1.Ya1.1�wZ3a1�dÔ ¶1U1b�»E�E0VU �LZ3b��PW �dceW »E»5cj2R_<�EW$b�W �dce»E�E0VU1W .�¥La1.1¿mce�E¦P.1W . ¼%W b��1W .��E.
�1W b � � ?BA�� A���Z3.1�PW �PW X�W .[2

� ��	 6? � � �  
 MG
�~\�5c�ce»EW b�W$��W £¤À�W beZucea1b 4

θmittel = 42◦C
³t�<25�Sµ

\�5c�ce»EW b�W b'*p0VUYa1X1£¤¦p�1a1»t4
MGmittel = 0, 325

N

mm2

³t�<27NPµ
¥L¦Pb�£¾�1W b'�ÇW �Pb�W �����E¦P.1���PW beZ3�1W34

f(θ) = b · θ + a
³t�<2 Qmµ

*YceW �E�Pa1.1�É�1W b'�ÇW �Pb�W �����E¦P.1���PW beZ3�1W34

b =

n ·
n∑

i=1

θi · MGi −
n∑

i=1

θi ·
n∑

i=1

MGi

n ·
n∑

i=1

θ2
i −

(
n∑

i=1

θi

)2 = 0, 0002314
³t�<2 ©Yµ

£¤�5c
n = 5

2-�'¦P.1�dcVZ3.mceW bÇ��W b�£ �1W b'�ÇW �Pb�W �����E¦P.1���PW beZ3�1W34

a = MGmittel − b · θi = 0, 315
³t�<27§Pµ

�)W .LZ3a1�E�P¿3W �5cT�1W b'�ÇW �Pb�W �����E¦P.1���PW beZ3�1W34�\�5cÇ�1W bTÓ�Z3b��¸Z3.1�$�1W b
θ
¢±ÏW bdceW

Sθ =

√
√
√
√
√

1

n







n∑

i=1

θ2
i −

1

n

(
n∑

i=1

θi

)2





= 14, 142 ,

³t�<2 ¬mµ

�BQPQ



�BQ3© �<2 � �E.1WjZ3b�W"�ÇW �Pb�W �����E¦P.1��X�W b�W 0VU1.Ya1.1��� ®3¬u�

!<X1X1�E»E�1a1.1�¤�<25�P4-�'¦P.GFL�1W .1� �E.mceW b �3Z3»E»EW$Ô ¶1bT�1�EW°�ÇW �Pb�W �����E¦P.1���PW beZ3�1W

a1.1��1W bTÓ�Z3b��¸Z3.1�)�1W b
MG

¢±ÏW bdceW

SG =

√
√
√
√
√

1

n







n∑

i=1

MG2
i −

1

n

(
n∑

i=1

MGi

)2





= 0, 03 ,

³t�<27®Pµ

Ô ¦P»E�3cT�1W b<*YcVZ3.1�LZ3b��1��0VULªuce�DÔ W U1»EW b 4

σstandard =

√

n · S2
G − n · b2 · S2

θ

n− 2
= 0, 039 .

³t�<2 ¯mµ

#%W �dce�E£¤£¨a1.1�Ø�1W b9�'¦P.GFL�1W .1� �E.mceW b �3Z3»E»EW¤Ô ¶1b¨W �E.1W�¥LW U1»EW bd¼`Z3U1b���0VU1W �E.1»E�E0VU1¿3W �5c��P¦P.
α =

5%
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