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1. INTRODUCTION

In this paper we study a class of abstract A-dependent boundary value problems
with a local variant of generalized Nevanlinna functions appearing in the boundary
condition. For this let A be a closed symmetric operator or relation with defect one
in a separable Krein space H and let {C,T'5,T'1} be a boundary value space for the
adjoint relation AT. We assume that the selfadjoint extension Ay := ker I’y of A admits
a spectral decomposition into two relations one of which acts in a Pontryagin space.
A selfadjoint relation with this property is called locally of type 7 (see Definition 3.2).
Let 7 be a function which can be written as a sum of a generalized Nevanlinna function
and a locally holomorphic function; a so-called local generalized Nevanlinna function
(see Definition 3.1). In Theorem 4.1 we investigate boundary value problems of the

following form: For a given h € H find a vector f = ( Jf,) € AT such that
(1.1) f'=Af=h and T7(ANTof +I1f =0

holds. For a suitable A € C a solution of this boundary value problem can be obtained
with the help of the compressed resolvent of a selfadjoint extension A of A which acts
in a larger Krein space H x K, i.e. f = Py(A— X"ty h, f/ = Af + h fulfil (1.1). The
relation A is called a linearization of (1.1). We construct A and investigate its local



spectral properties, which are closely connected with the solvability of (1.1), with the
help of the coupling method from [7, §5.2] and a perturbation result from [2]. Here we
obtain that A is locally of type 7.

We briefly describe the contents of this paper. In Section 2 we recall some basic
facts on boundary value spaces and Weyl functions associated with symmetric relations
in Krein spaces. In Section 3 it is shown that a local generalized Nevanlinna function
can be expressed as the Weyl function corresponding to a symmetric relation and a suit-
able boundary value space {C,T',I"} } where the selfadjoint relation ker I'j is locally of
type m4. Section 4 contains our main result. Based on the approach in [7] we construct
a linearization of the boundary value problem (1.1) which again is locally of type 7.
Under an additional assumption this linearization fulfils a minimality condition. In this
case the linearization is, roughly speaking, locally uniquely determined up to unitary
equivalence (Remark 4.4).

In a subsequent paper the results obtained in Section 4 will be applied to boundary
value problems for differential operators with an indefinite weight.

2. BOUNDARY VALUE SPACES AND WEYL FUNCTIONS ASSOCIATED WITH A
SYMMETRIC RELATION IN A KREIN SPACE

Let (K, [-,-]) be a separable Krein space with a corresponding fundamental sym-
metry J. The linear space of bounded linear operators defined on a Krein space Ky
with values in a Krein space Ky is denoted by L(Kq,Ks). If K := K1 = Ky we simply
write £(K). We study linear relations in K, that is, linear subspaces of X2. The set of
all closed linear relations in K is denoted by C (K). Linear operators in K are viewed as
linear relations via their graphs. For the usual definitions of the linear operations with
relations, the inverse etc., we refer to [8]. The sum and the direct sum of subspaces in

K2 is denoted by + and + . We define an indefinite inner product on K2 by

e F.al=ilr.o)- 11, F=($)a=(4) e
Then (K2,[-,-]) is a Krein space and J = () _éj) € L(K?) is a corresponding fun-
damental symmetry. Observe that also in the special case when (I, [-,-]) is a Hilbert

space, [+, -] is an indefinite metric. In the following we shall use at the same time inner
products [, -] arising from different Krein and Hilbert spaces as in (2.1). Then we shall
indicate these forms by subscripts, for example, [, [x2, [, [g2-

Let S be a linear relation in K. The adjoint relation S is defined as

SH = fh e K?|[h, f] = 0 for all f € S}.

S is said to be symmetric (selfadjoint) if S C St (resp. S = ST). The resolvent set
p(S) of S € C(K) is the set of all A € C such that (S —X\)~! € £(K), the spectrum o(S)
of S is the complement of p(S) in C. For the definition of the point spectrum o,(.5),
continuous spectrum o.(S) and residual spectrum o,(S) we refer to [8]. The extended
spectrum o (S) of S is defined by ¢(S) = o(S) if S € L(K) and &(S) = o(S) U {o0}
otherwise.



We say that a closed symmetric relation A has defect m € N U {oo}, if both
deficiency indices

n+(JA) = dimker((JA)* — N), A e CH,

of the symmetric relation JA in the Hilbert space (IC,[J-,]) are equal to m. With the
help of the von Neumann formulas for a closed symmetric relation in a Hilbert space
(see e.g. [6, §2.3]) one can verify without difficulty that this is equivalent to the fact
that there exists a selfadjoint extension of A in K and that each selfadjoint extension
A of Ain K satisfies dim(fl/A) =m.

We shall use the so-called boundary value spaces for the description of the selfad-
joint extensions of closed symmetric relations in Krein spaces. The following definition
is taken from [4].

Definition 2.1. Let A be a closed symmetric relation in the Krein space K. We say
that {G,T¢,T1} is a boundary value space for AT if G is a Hilbert space and there
exist mappings Lo, I'1 : AT — G such that T := (E‘l)) : At — G? is surjective, and the

relation |[Ff, Ig] o = |[f, 9] 2 holds for all f,geAt.

In the following we recall some basic facts on boundary value spaces which can be
found in e.g. [3] and [4]. For the Hilbert space case we refer to [9], [5] and [6]. Let A,
{G,Ty,T1} and T be as in Definition 2.1. It follows that the mappings I'y and T'; are
continuous. The selfadjoint extensions

Ag:=kerI'y and A; :=kerl

of A are transversal, that is AgN A; = A and Ag+ A; = AT. The mapping I' induces,
via

(2.2) Ag:=T"'Oo={fec ATIIfe O}, ©€cC),

a bijective correspondence O — Ag between the set of all closed linear relations C(G) in
G and the set of closed extensions Ag C AT of A. In particular (2.2) gives a one-to-one
correspondence between the symmetric (selfadjoint) extensions of A and the symmetric
(resp. selfadjoint) relations in G. If © is a closed operator in G, then the corresponding
extension Ag of A is determined by

(23) A@ = ker(F1 - @Fo)

Let again A be a closed symmetric relation in K, let {G,Tg,I'1} be a boundary
value space for AT and assume that Ag = ker 'y has a nonempty resolvent set. Let

Ny a+ = ker(At — X) =ran (4 — }) [
be the defect subspace of A and let
(2.4) ./\A/‘A,A+={()\fg)‘f)\€./\/‘>\,l4+}.

When no confusion can arise we will simply write Ay and N instead of N, A4+ and
/\A/')\7A+. We have

(2.5) AT =Ag+ Ny forall Xe p(Ag)



(see e.g. [4]). By m we denote the orthogonal projection onto the first component of
K2. For every X\ € p(Ag) we define the operators

(2.6) A\ = m(To]Ny) "t e L(G,K) and M(X) =T (To|Ny) 7! e £(G).

The functions A — 7(A) and A — M(A) are called the v-field and Weyl function
corresponding to A and {G,T¢,I'1}. ~ and M are holomorphic on p(Ay) and the
relations

() = 1+ (¢ =N (A = )™V
and
M) = M(Q)" = (A=) (W)
hold for A, ¢ € p(Ag) (see e.g. [4]). A little calculation yields
(2.7)  M(X) =ReM (X)) +7v(Xo) T (A = Reo + (A = Ao)(A = No)(Ag — A) 1) v(No)

for all A € p(Ap) and a fixed \g € p(Ap).
The following well-known theorem shows how the spectra of closed extensions of
A can be described with the help of the Weyl function. For a proof see e.g. [4].

Theorem 2.2. Let A be a closed symmetric relation in a Krein space K and let
{G,T,T1} be a boundary value space for AT where Ay = ker I’y has a nonempty resol-

vent set. Denote by vy and M the corresponding v-field and Weyl function, let © € C(G)
and let Ag be the corresponding extension. For A € p(Ag) the following assertions are
true.

(i) A € 0i(Ae) if and only if 0 € 0;(© — M (X)), i = p,c,r.
(ii) A € p(Ae) if and only if 0 € p(© — M(N)).
(iii) For all X € p(Ae) N p(Ap)

(Ao — N7t = (A9 — N+ 4N (0 — M) ()T

3. LocAaL GENERALIZED NEVANLINNA FUNCTIONS AS WEYL FUNCTIONS OF
SYMMETRIC RELATIONS

Recall that a piecewise meromorphic function 7 in C\R which is symmetric with

respect to the real axis (that is 7(\) = 7(\) for all points A where 7 is holomorphic) is
a generalized Nevanlinna function if the kernel

T(A) —7(7)
N-(A =

(A ) P
has a finite number of negative squares. Here we consider a local variant of generalized
Nevanlinna functions ([1, Definition 1.5]). We recall the definition of the class of local
generalized Nevanlinna functions, which is a subclass of the class of the so-called locally

definitizable functions (see [13]).



Let 2 be some domain in C symmetric with respect to the real axis such that
QNR # () and the intersections of € with the upper and lower open half-planes are
simply connected.

Definition 3.1. Let 7 be a piecewise meromorphic function in Q\R which is symmetric
with respect to the real axis. We say that T is a generalized Nevanlinna function over
Q, if for every domain Q' with the same properties as Q, ¥ C Q, T can be written in
the form

T =1 +T(0),

where 1y is a generalized Nevanlinna function and 7y is a holomorphic function in Q.
The class of generalized Nevanlinna functions over € is denoted by N(2).

The class N(C) coincides with the class of generalized Nevanlinna functions (see
[13]). Note, that for 7 € N () the nonreal poles of 7 in Q do not accumulate to Q N R.
The set of the points of holomorphy of 7 in Q\R and all points A € Q@ N R such 7 can
be analytically continued to A and the continuations from QNC* and QNC™ coincide,
is denoted by h(7).

In Section 4 below we will make use of the fact that every local generalized Nevan-
linna function coincides with the Weyl function corresponding to some boundary value
space {C,I'),I'}} for a closed symmetric relation where the selfadjoint relation ker I,
has special spectral properties. For this representation we need the following subclass
of locally definitizable selfadjoint relations in a Krein space (see [12]).

Definition 3.2. Let Q) be a domain as in the beginning of this section and let Ay be a
selfadjoint relation in the Krein space (IC,[-,-]). Ao is said to be of type my over  if
for every domain € with the same properties as Q, Q' C Q, there ezists a selfadjoint
projection E in IC such that A can be decomposed in

Ao = (40 N (BK)?) + (40 N (1= E)K)?)
and the following holds.
(i) EK is a Pontryagin space with finite rank of negativity, p(Ag N (EK)?) # (.
(i) d(Ao N (1 = E)K)*) N = 0.

Let Ag be a selfadjoint relation of type 71 over €2 in the Krein space K. Then the
set 5(Ag) N (Q\R) is discrete and the nonreal spectrum of Ag in Q does not accumulate
to QN R. Let ' be a domain with the same properties as ©, Q' C €, and let E be
a selfadjoint projection with the properties as in Definition 3.2. If E’ is the spectral
function of the selfadjoint relation Ag N (EK)? in the Pontryagin space EXC, then the
mapping

(3.1) 5 E'(8)E =: Ea,(6)

defined for all finite unions ¢ of connected subsets of ' N R the endpoints of which
belong to ' N R and are not critical points of Ag N (EK)?, is the spectral function of
Ap on Q' NR (see [12, Section 3.4, Remark 4.9]). E4,(-) does not depend on the choice
of E.



Let A C Ag be a closed symmetric relation with defect one and let {C,Tg,T'1} be
a boundary value space for A" with ker 'y = Ag. We denote the corresponding y-field
and Weyl function by v and M, respectively. Here v(\) € L(C,K) for A € p(Ay), and
M is a scalar function. From (2.7) and the assumption on Ay we conclude that the
Weyl function M can be written as the sum of the generalized Nevanlinna function

Mo(A) := Re M(Ag) +7(Xo) T (A =Re o+ (A — Ao)(A — Ao) (Ao — X)) B (o)
and the function
Mgy(A) == v(Ao)T(A=ReXo + (A = A0)(A = Xo) (Ao — N) ) (1 = E)y(Ao)

which is holomorphic in €. Therefore, M € N(2).

Assume now that a function 7 € N(2) is given. In [13] it was shown that for every
domain Q' with the same properties as Q, ¥/ C (, there exists a Krein space (K, [-,]),
a selfadjoint relation Ty in K of type m. over ' and an element e € K such that for a

fixed \p € Q' Nh(7) and every X € Q' N h(7) the relation
(3.2) 7(A) = Re7(Xg) + (A —ReXo)[e,e] + (A — X)X — Xo)[(To — N) " He, €]

holds. Moreover, p(Tp) N Q' = h(7) N QY.
The representation (3.2) is called minimal if

(3.3) cdsp{(1+ (A =X0)(Ty — AN Ne| A€ p(Tp) N} =K

holds for some \g € p(Tp) N Q. Such a minimal representation of 7 exists e.g. if,
in addition, 7 is the restriction of a generalized Nevanlinna function or a so-called
definitizable function (see [10], [11]) to €' or if, in addition, the boundary of €’ is
contained in h(7).

Making use of the representation (3.2) we construct in the following theorem a
boundary value space such that 7 € N(Q) is its Weyl function. The idea of the proof
is the same as in the proof of [5, Theorem 1].

Theorem 3.3. Let Q2 be as in the beginning of this section and let T € N(2) be non-
constant. Let Q' be a domain with the same properties as Q, ' C Q, and let T be
represented with a selfadjoint relation Ty of type my over ' in a Krein space K as
in (3.2). Then there exists a closed symmetric relation T' C Ty with defect one and a
boundary value space {C, T, T} for Tt such that T coincides with the corresponding
Weyl function on €Y.

In the case Q = C Theorem 3.3 reads as follows.

Corollary 3.4. Let 7 be a nonconstant generalized Nevanlinna function. Then there
exists a closed symmetric relation T in a Pontryagin space K with finite rank of nega-
tivity and a boundary value space {C,T'(,T"i} for T such that T is the corresponding
Weyl function.

Proof of Theorem 3.3. The assumption that 7 is not constant implies that the vector
e € K in the representation (3.2) is not zero. For every A € Q' N h(7) and a fixed
Ao € ' Nh(r) we define

(3.4) YA = (14 (A= 20)(Ty — ) Ve,



which implies 7/(Xg) = ¢, 7/(¢) = (1 + (¢ — AN)(To — )~ 1)y (N) and 7/()\) # 0 for all
A, ¢ e Np(r). For some p € Q' Np(7) we define the closed symmetric relation

(35) r={(J) e|ls-mrv 01 =0}
in K. As
lg—H AW =lg—1f 1+ @ — ) (To—p)")Y (W) = lg—af.7 ()]

for all (g) € Ty and i/ € Q' Nh(7), the relation T does not depend on the choice of p.
By (3.5) we have N, = ran (T — )] = sp+/(p).
Now we regard +/'(\), A € ' N h(7), as the linear mapping C > ¢ — c7'(A)
and denote the linear functional ¢v/(\) — ¢ defined on Ny = sp~/(A) by v/(A)(=1)
We write the elements f € T, for every A € Q' N h(7), in the form

[ fo fa
/= <f6> * (m) ’

where (;2) € Tp and fy € N, (see (2.5)). Let 'y, T} : TT — C be the linear functionals
defined by

e K

of =7 NV fa

(3'6) i / +rp Y / (1)
Dy f =" (A" (fo — AMfo) + 7MY (M) fa

?9) : T+ — C? is surjective. Indeed, let (Zl) € C? and set
1 2

fr =7 (\)h1 € Ny. Since, by the relation {0} = kerv/(\) = (ran~y'(A\)*)+, /(A is
surjective, there exists (}CZ) € Ty such that v/ (A\) (£} — Afo) = ha — 7(\)h1. Then

e () (5) = ()

Making use of the relation 7(\) — 7(¢) = (A — )7/ (¢O)*+'()\), which can be verified
by a straightforward calculation, we obtain

[F.a)e = [(%) + (5)- (30) + ()]
= i([fx, 90 — Ago] — [fo — Mo, 9x] — [(A = X) fx, gal)
= i((v’(k)(‘l)fx,v’(kﬁ(gé —Xg0)) = (YT (5 = Mo), v (N TV gy)
()~ T A ) D))
= i((v’(k)(‘l)fx,v’(kﬁ(gé —Xg0) + (MY (N gy)
— (YN (fo — Ao) + T()\)Vl()\)(_l)fm7’()\)(_1)%»
- |[P/ﬁ Pléﬂ]c?’

The mapping I := (



Hence {C,T'(,,T}} is a boundary value space for T". Moreover, we have ker I, = Tj
and the corresponding 7-field coincides with +'. For h = ( )\hhx) € N, we obtain

7(Moh = 7(A)Y (A "V hy =Tk,

Therefore 7 coincides with the Weyl function of T' on €’ corresponding to the boundary
value space {C, T, I} } defined in (3.6).
O

4. BOUNDARY VALUE PROBLEMS WITH SPECTRAL PARAMETER IN THE
BouUNDARY CONDITION

In this section we consider a class of abstract boundary value problems of the
form (1.1) where the spectral parameter appears nonlinearly in the boundary condition.
Theorem 4.1 and Corollary 4.2 extend results obtained with the help of the coupling
method in [7] for a symmetric operator A in a Hilbert space and a Nevanlinna function
7 in the boundary condition. In contrast to [7] we consider only the case where 7 is a
scalar function.

Let (H,[,-]n) and (K,[-,-]x) be Krein spaces. The elements of H x K will be
written in the form {h,k}, h € H, k € K. H x K equipped with the inner product [-, -]
defined by

{1, k1}, {he, ko}] := [h1, holy + [k1, ko],  hi,ho € H, ki,ka € K,

is a Krein space. If A is a relation in H and T is a relation in C we shall write A x T
for the direct product of A and T" which is a relation in H x K,

(4.1) AXT = {(Eji,}}) ‘ (;‘,) € A, (:,) c T} .

For the pair ( {Eﬁi,}}) on the right hand side of (4.1) we shall also write {a,{}, where

A~ a f _ t
o= (3) 1= (). )

Let, as in Section 3, {2 be some domain in C symmetric with respect to the real
axis such that @ "R # () and the intersections of € with the upper and lower open

half-planes are simply connected and let Q' be a domain with the same properties as
Q such that Q' C Q.

Theorem 4.1. Let A be a closed symmetric relation with defect one in the Krein space
H and assume that there exists a selfadjoint extension Ag of A which is of type w4 over
Q. Let {C,To,T1} be a boundary value space for AT, Ag = ker Ty, and denote by v and
M the corresponding y-field and the Weyl function, respectively.

Let 7 € N(Q2) be nonconstant and assume that M + T is not identically equal to zero
in Q\R. Let T be a closed symmetric relation with defect one in a Krein space K and
let {C, T, T} be a boundary value space for T such that T coincides with the corre-
sponding Weyl function on Q' and Ty = ker I}y is of type w1 over ' (see Theorem 3.3).

Then the relation

(4.2) A={{fi, fa} € AT THT1fi — T\ fo = Tof1 + T fo = 0}



is a selfadjoint extension of A in 'H x K which is of type w4 over Q. For every h € H
and every A € Q'\(RUX), where X is some finite set, a solution of the \-dependent
boundary value problem

(43) FieMi=h AT =0, fi= (3] e an
s given by

fi = Pr(A = X)7Hh, 0} = (Ao — N7 =9V (M) +7(N) (V) h,
(4.4)

fi=Af1+h.

If, in addition, the representation (3.2) of T on ' is minimal, then A satisfies the
minimality condition

(4.5) clsp {(14+ (A = Xo)(A = N {n,0} |h e H, A€ p(A)NQ'} =H x K

for some \g € p(A) N Q.

In the next corollary we consider the special case that H is a Pontryagin space
and 7 is a generalized Nevanlinna function.

Corollary 4.2. Let A be a closed symmetric relation with defect one in the Pontryagin
space H with finite rank of negativity and assume that there exists a selfadjoint extension
Ay which has a nonempty resolvent set. Let {C,To,T'1} be a boundary value space for
At Ay = kerDg, and denote by v and M the corresponding v-field and the Weyl
function, respectively.

Let 7 € N(C) be nonconstant and assume that M + 7 is not identically equal to zero.
Let Ty be a minimal representing relation for 7 in a Pontryagin space IC, let T C Ty
be a closed symmetric relation with defect one and let {C,T(,T"\} be a boundary value
space for T™ such that T is the corresponding Weyl function and Ty = kerT{, (see

Corollary 3.4).

Then tiLe relation (4.2) is a selfadjoint extension of A in the PontNryagz'n space
H XK, and A is minimal, that is (4.5) holds with p(A) N replaced by p(A). For every
h € H and every A € C\(RU X), where X is a finite set, a solution of the \-dependent

boundary value problem (4.3) is given by (4.4).

Proof of Theorem 4.1. As was shown below Definition 3.2 the Weyl function M corre-
sponding to the boundary value space {C,Ty,T'1} is a generalized Nevanlinna function
in Q. Since 7 and M + 7 belong to the class N() [1, Theorem 2.2] implies that
—7~Yand —(M + 7)~! belong also to N(£2). Therefore their nonreal poles in © do not
accumulate to Q N R and we conclude that the set

%= {p e Q\R|p g h(M)Ub(r) Ub(r) Ub((M +7)7")}

is finite. We define the set ho := h(M) N h(7) N h(r~ 1) NH((M + 7)7!). Note, that
(Y\R) N b coincides with Q'\(RU ).

Let K, T C Ty € T" and {C,T,T"}} be as in the assumptions of the theorem,
Ty := kerI’} and let 7/ be the ~-field corresponding to {C,I'{,I"j}. We define the

10



mappings Lo, ['1 : AT x T+ — C2 by

=~ I'y O = r 0
(3 ) e b= )

It is easy to see that {C?, fo, fl} is a boundary value space for A™x TF. On account
of Ny a+xr+ = Ny a+ X N 1+ (see (2.4)), it follows that the 7-field ¥ corresponding to
{C?,Ty, T} is given by

~y (YN 0 _
ao) A= ("0 ). A€HnNNE naEY,
and the corresponding Weyl function M is

- M) 0 )
o= (MY 0)). Aenannamnae .

(see (2.6)).

The selfadjoint relation A in H x K corresponding to © := (9 {) € £(C?) via (2.2),
(2.3) is given by
(4.7) A =ker(Ty — OTg) = {{f1, fo} € ATx TH|T1fi —Tifo=Tofi +Tf2 = 0}.
For A € hg we have

' o o to [ MM+ (M) + 7)) T )
(4.8)  (©—-M(W) (T N(MO)+7r(0)) "1 MO (M) +7(0) ()
and Theorem 2.2 implies

) @-xt= (T L0 A (e - B A

By our assumptions and the properties of Ty the selfadjoint extension Ag x Ty of
Ax T inH x K is of type w1 over . Since the defect of Ay and T} is one

(Ag x Ty = A) ' = (A= N1, \ € b,

is a rank two operator. Making use of [2, Theorem 2.4] we conclude that A is of type
. over (.

Let us show that the compressed resolvent of A onto M is a solution of (4.3). By
(4.6), (4.8) and (4.9) we obtain

Pr(A =N H = (A = N7 =3 (M) + (V)
for A € hg. For a given h € H we define
f1:=Pr(A=XN"HR,0} and fo:= Pc(A— XN {h,0}.

(0Ad) €4

Since A € At x T we have fi := (Af{ﬂrh) e At and fo := (/\fé) € /\A/')\7T+, (see (2.4)).

RTeVy

Then

11



By (4.7), and since 7 is the Weyl function of {C,T'(;,I'}}, we obtain
Plfl = 1j,1f2 = T()\)Pf)fz = —T()\)Pofl

for X € h(7). We have shown that for h € H and X € by the vector f; = (Af{lJrh) €AT
is a solution of (4.3).

It remains to verify (4.5). Assume that the representation (3.2) is minimal (see (3.3)).
Then, by (3.4),

(4.10) csp {v' (N | A € p(To) N} =K,

and the set p(Tp) N in (4.10) can be replaced by p(A) N Y. From (4.6), (4.8) and
(4.9) we obtain

P(A = N)"HR, 01 =7 () (M) +7(0) () th

for h € Hand XA € hg. If h & N)[\lA+ we have y(A)*h # 0. Making use of (4.10) we

obtain
clsp { Pc(A —X)"Hh,0} [h € H, A € p(A) N} =K,

and therefore (4.5) holds. Theorem 4.1 is proved.
O

Remark 4.3. Let A C Ap and let {C,T'y,I'1}, v and M be as in the assumptions of
Theorem 4.1. The case that 7 € N(Q) is a real constant is excluded in Theorem 4.1.
In this case the boundary value problem (4.3) has the form

(4.11) fl=Afi=h, TTofi +T1f1 =0, f1=<ﬁ>€z4+-

The relation A_, = ker(rTo +T'1) € C(H) (see (2.2), (2.3)) is a selfadjoint extension of
A in ‘H. By Theorem 2.2 we have

(A =N = (Ao = N =AW (7 + M)

Y

for A € h(M) Nh((r + M)~'). Therefore, making use of the assumption that Ay is of
type 7y over Q and [2, Theorem 2.4] we conclude that A_, is also of type m4 over 2.

Setting f1 := (A_, — A\)"h it follows that f; := (Aff+h) € A_, is a solution of (4.11).

Remark 4.4. Let the assumptions be as in Theorem 4.1 and assume that A fulfils the
minimality condition (4.5). Let B be a selfadjoint extension of A in some Krein | space
H x K which is of type w1 over €' such that the compression of the resolvent of B onto
H yields a solution of (4.3). Assume that B fulfils the minimality condition 1 (4.5) with
p(A) N replaced by p(B) N €Y. We denote the local spectral functions of A and B by
E; and Ej, respectively (see (3.1)). Let A C 'NR be a closed connected set such that
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E3(A) is defined. Then also Ez(A) is defined, the Pontryagin spaces E7(A)(H x K)
and Egz(A)(H x IE) have the same finite rank of negativity and the relations

A= AN (Ef(A)(H x K))? and By := BN (E(A)(H x K))?

are unitarily equivalent (see [13]), that is, there exists an isometric isomorphism V'
which maps E37(A)(H x K) onto E5(A)(H x K) such that

() [ () e ap =5
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