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Abstract

In the central spirit of harmonic analysis lies the concept of effectively de-
composing, analyzing and representing functions or functionals. It has lead
to the flourish of Fourier analysis and its modern descendants such as wavelets
and its siblings. Especially, the construction of spherical wavelets and its related
theory is at junior age.

This dissertation gives a brief summary of existing results in this field, and at
the same time create spherical a-wavelets and further develop spherical kernel
theory. Among various strategies, two types of spherical wavelets are empha-
sized, one constructed in the frequency domain, the other generated through
stereographic projection. In the former one I discuss localized tight frame de-
sign and its directional extension. In the latter one a new anisotropic dilation is
defined, and a representation system generated by it consists of the spherical -
wavelets/shearlets. Summability properties of those wavelets/shearlets are well
established once they are restricted to certain subspaces of square-integrable
functions newly defined in this dissertation, including the so called hollow pole
functions.

Kernels, though deeply rooted in classical theory, can find its variation and
application in the frame theory. Indeed, frame kernel, a concept which is pro-
posed in this dissertation, is an equivalent formulation to the frame itself. Be-
sides, there exist a variety of kernels which exhibit their own special properties.
For zonal kernels, I give its necessary and sufficient conditions to approximate
square integrable functions on the sphere. Multiscale kernel, a recently appeared
concept, will meet its spherical version here and it turns out to have reproducing
property for certain Hilbert space of spherical functions.

One of the climaxes in this work is the invention of two novel frames, based
on the two spherical wavelets constructions. In the zonal kernel approach I give
frame properties inside the multiresolution structure; while for a-wavelets, I
prove that under certain conditions they form tight frames in continuous and
discrete setting respectively, following from which are reproducing formulae that
enable us to reconstruct or approximate numerically an integrable function or
solutions of PDEs. Based on the obtained frames a spherical Galerkin scheme
is proposed afterwards. At the end of this dissertation I prove an inner product
formula with respect to a recently emerged surface-value dependent inner prod-
uct space on a triangular mesh, prove its equivalence to the combinatoric inner
product, and give eigenvalues estimation for a discrete Laplacian.



Zusammenfassung

Ein zentraler Aspekt der Harmonischen Analysis ist die effiziente Zerlegung,
Analyse und Repréasentation von Funktionen und Funktionalen. Diese Konzepte
fiihrten zu einem Aufblithen der Fourier Analysis und deren jiingsten Teilgebiete,
wie Wavelets und verwandte Methoden. Dabei befindet sich insbesondere die
Konstruktion von sphirischen Wavelets und die damit verbundene Theorie noch
in den Anfingen ihrer Entwicklung.

Die vorliegende Dissertation gibt einen Uberblick iiber bereits existierende
Resultate in diesem Bereich und entwickelt neuartige Instrumente, wie z.B.
sphéarische Wavelets und sphérische Kernels. Ein besonderes Augenmerk liegt
dabei auf zwei Typen von sphiirischen Wavelets: Zum einen eine Konstruktion
im Frequenzbereich und zum anderen eine Konstruktion durch stereographis-
che Projektionen. Hinsichtlich der Erzeugung im Frequenzbereich werden ak-
tuelle Fortschritte im Bereich des Localized-tight-Frame und deren richtungsab-
hangige Erweiterungen diskutiert. In den Ausfiihrungen iiber die Erzeugung
von Wavelets durch stereographische Projektionen wird andererseits ein neues
Konzept von richtungsabhéngigen Dilationen eingefiihrt, was schliefslich zu so-
genannten sphéirischen a-Wavelets/Shearlets fithrt. In diesem Zuge konnen
Summierbarkeitseigenschaften hergeleitet werden, nachdem die konstruierten
Wavelets/Shearlets auf einen Unterraum von L?-Funktionen eingeschriinkt wur-
den, was insbesondere sogenannte Hollow-Pole Funktionen einschliefst.

Es wird sich herausstellen, dass klassische Kernels ebenfalls sehr vielfiltige
Anwendungsmoglichkeiten in der modernen Frame-Theorie haben. In diesem
Kontext wird das Konzept von Frame-Kernels eingefiihrt, welches eine dquiv-
alente Formulierung der Frame-Eigenschaft ermoglicht. Dariiber hinaus wer-
den noch weitere Beispiele von Kernels hinsichtlich ihrer speziellen Eigen-
schaften untersucht. Fiir Zonal-Kernels werden notwendige und hinreichende
Bedingungen gezeigt, sodass diese quadratisch integrierbare Funktionen auf der
Sphire approximieren. Schlieflich wird eine sphérische Version von Multiskalen-
Kernels hergeleitet und es wird gezeigt, dass diese fiir spezielle Hilbertrdume von
sphérischen Funktionen die Reproduzierbarkeitseigenschaft besitzen.

Ein Hauptergebnis dieser Arbeit bildet die Erfindung von zwei neuarti-
gen Frame-Typen, basierend auf den zwei obengenannten Konstruktionen von
sphérischen Wavelets. Hinsichtlich des Zonal-Kernel-Ansatzes wird die Frame-
Eigenschaft innerhalb der Multiskalenstuktur nachgewiesen. Fiir a-Wavelets
dahingegen wird bewiesen, dass diese unter bestimmten Annahmen Tight-
Frames sowohl im kontinuierlichen als auch im diskreten Sinne bilden. Daraus
folgt insbesondere die Reproduzierbarkeitseigenschaft, die die exakte Rekon-
struktion von integrierbaren Funktionen oder Losungen der partiellen Differ-
entialgleichungen ermoglicht. Auf der Grundlage der erhaltenen Frames wird
anschliefend ein sphérischer Galerkin-Ansatz vorgeschlagen. Zum Abschluss
der Arbeit wird eine Formel fiir das innere Produkt eines kiirzlich eingefiihrten
Pra-Hilbertraums bewiesen, der auf einem Dreiecksnetz definiert ist.
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Chapter 1

Introduction

The purpose of this dissertation is to build analysis tools to analyze information
distributed on those surfaces that can be identified with the unit sphere either
geometrically or topologically. We shall cover different topics from spherical
wavelets, through spherical kernels, to their approximations. However, I am
not ambitious in a way to make an encyclopedia here, but rather to explore
these areas and their interconnection while at the same time make contribution
to some interesting topics along the path, to reflect the beauty and colorfulness
lying between harmonic analysis and other mathematical fields and applications.

1.1 Summary of contents

Each chapter is developed systematically and has their own introduction part,
hence here I only briefly summarize the contents and contributions. The first
chapter serves both as an explanation of mathematical concepts that are cru-
cial in later chapters, such as spherical harmonics, Laplace-Beltrami operator,
and as an introduction to spherical operators that emerged recently along with
their properties. Especially I derive some commutativity properties of a newly
introduced spherical Hilbert-transform. Immediately after that is a reminder of
Funk-Hecke formula, integral formulae on the rotation group, as well as the fact
that the rotation operator, which plays fundamental role in later chapters, is an
irreducible representation of the classical rotation group.

The second chapter starts with the construction of spherical wavelets in the
frequency domain, in which a dilation on the half real line using radial basis func-
tions played a key role. In this approach there has been localized tight frames
successfully constructed in recent years and an extended version into anisotropic
case can be achieved by attaching a steerable directional function onto the ra-
dial basis function. In the second section of this chapter, we construct a type
of spherical a-wavelet system through stereographic projection, which incorpo-
rates spherical wavelets and spherical shearlets. This method is geometrically
the most natural, intuitively can be understood as the correspondence between
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plane and the sphere; it inherits the advantage of conformal mappings, hence
has great mathematical properties such as preserving frame structure. What
quite different from the previous work of others is that I discuss under a setting
incorporating both isotropic and anisotropic dilation. The main new theorem
in this chapter gives a pioneering necessary and sufficient condition for a large
subclass of square integrable functions to be admissible, based on which further
frame properties can be achieved. At the end is a selective review of several
other ways of constructing wavelets on the sphere. Each of them has differ-
ent emphasis on one specific aspect, such as orthogonality, restoration, reduced
redundancy, fast computation and so forth.

The third chapter is an extension to different topics with multiple new re-
sults that have lines of interconnection beneath. The first topic concerns kernel
approximation, in which I would like to invite readers to have a tour through
various types of kernels, from the classical reproducing kernel since Hilbert’s
time to the recently developed multiscale kernels. The underlying questions
that I am going to answer in this part include: When is a zonal kernel capable
of approximating a square integrable function on the sphere? If such a condition
exists, how well can it approximate the function? Does a sphere version mul-
tiscale kernel and its corresponding multiscale structure exist? If exists, what
properties does it have?

After an affirmative answer to those questions I would like to draw your
attention to the construction of spherical frames. In this part two different types
of new frame systems are built corresponding to two different ways of spherical
wavelet construction in the pervious chapter: one is developed in the frequency
domain, where frame property inside the inherited multiresolution structure is
for the first time explored, which allows us to transform an arbitrary frame or
basis without any good properties into a localized one; while another, technically
much more involved, adapts to the wavelets/shearlets systems coming through
conformal mapping. Notice that mapping a plane wavelet system to the sphere
inevitably suffers from defects such as distortion. In other words, a regular grid
on the plane, once we impose on it some translation and dilation operation,
does not necessarily give a regular grid on the sphere. Therefore it becomes
meaningful to develop frame systems directly on the sphere. In fact, I am
going to give both continuous and discrete version localized tight frames on the
sphere and their exact reproducing formulae for the stereographic approach,
which is absent since twenty years. These new frames, unlike the ones obtained
by using energy conservation through conformally projecting planar wavelets
or shearlets frames, have the potential to adapt to any preferable grids on the
sphere. However, I leave the specific choices of grids, that have been or to be
smartly designed and implemented by mathematicians, engineers, scientists and
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artists, as well as redundancy analysis to future work. Based on those spherical
frames and their multiresolution structure a Galerkin scheme which enable us
to do numerical analysis of PDEs on the sphere can be formed.

Afterwards a short discussion is devoted to triangulated surface, as another
step into the discrete surface world. This part is not tightly related to the
previous parts, and by no means I intend to dive deeply here, but rather only
give a flavor of how an object living in the continuous world can find their
discrete partners. We start by giving a formula for a new inner product of
continuous piecewise-linear functions on a given triangulation, comparing it with
the weighted inner product on graphs. Along this way, we see two different types
of discrete Laplacian on surfaces, one purely combinatoric, while the other is
defined in a geometrical manner. The eigenvalues of the geometric discrete
Laplacian are less known and I derive their expressions and bounds as a step
forward, while the eigenvalues estimation of the combinatoric Laplacian has
been well established before this dissertation and I summarize some in the final
chapter as supporting material.

The final chapter also contains a self-contained section of elegant introduc-
tion to Sturm-Liouville theory is given, from which different kinds of orthogonal
polynomials that are essential to the main results in this dissertation are derived
naturally. After that, a small section about quaternions and metrics on rotation
group gives an alternative representation for the spherical points.

Except for the last chapter which consists of reformulation of known results
from personal perspective, most theorems in this dissertation are established
and proved either in original or progressive ways, while prepared by discussions
based on excellent works of others’, so that I believe a balance has been achieved
between what are historical and what are innovative in this work.
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1.2 Spherical representing systems and operators:
old and new

We live in an era that the perception of the world is reformed into mathematical
simulation and the understanding of its objects is deepened through systematical
deduction using mathematical symbols. Many natural objects like the planet on
which we live can be studied abstractly as a sphere, and representing a sphere
mathematically is the first step we shall take.

By "representing" I ask two different but united questions. The first ques-
tion is how to represent points on a sphere? It actually asks, how to build a
correspondence relation between the sphere and some parameter space. One
obvious way is using the coordinates in Euclidean space, that we have been fa-
miliar with in our daily life and in the university analysis and geometry course;
another way is to build a group identification, which is partly illustrated in this
chapter and the last chapter for reference.

The second question is what are natural representations on the function
spaces defined on a sphere? The function space in most context of this work
means the L? space or subspaces of it, which is Hilbert. We shall encounter
several approaches, including representing a function by the superposition of
eigenfunctions of the spherical Laplace operator, the integral representation with
respect to some wisely chosen kernels, and the representation through expansion
of a specially designed representation system.

Let (I, du) be a measure space, a family of elements ® = {¢, };c in a Hilbert
space H is called a dictionary! if span{¢;} = H, namely it is a complete subset.
Various kinds of dictionaries may be chosen to provide optimal representation of
certain class of function spaces, for instance the spherical harmonics introduced
below constitute an orthogonal basis for the space of square integrable func-
tions on the sphere, in finite element methods multivariable polynomials under
different restrictions provide approximation to Sobolev spaces and wavelets are
well adapted to Besov space by its definition. The "optimal" here could either
mean an accurate and unique expression of a signal f with fast convergence
rate, or it could mean the linear expansion of f in terms of an overcomplete
dictionary which has sparse coefficients through minimizing certain norms, or
sensitive to special features like high frequency or singularities, depending on
objects or tasks; just like preparing a tasty noodle soup for the new years eve,
you can either choose ingredients like lamb or fishes inside if the family members

IThe name dictionary is borrowed from learning theory, with the underlying meaning that
the vocabulary inside is sufficiently complete to express any sentences or meanings, in other
context it could be alternatively called atoms or molecules, namely a collection of building
blocks
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are meat fans, or tofu and seegrass if your lovers coincidentally are vegetarian.
Being overcomplete intuitively means that to prepare a fish noodle soup, you
must at least have fish and noodles, and in addition you can add pepper or soy
to achieve different flavors. In real computation usually people aim to obtain
a balance between the precision and the sparsity, by minimizing a functional
like || f — ®g||3 + aM (g), with a a regularization parameter and M some cost
function.

While there is great flexibility of choosing different ingredients for your soup,
you shall not put in everything so that it spoils or does not remains as a fish
noodle soup anymore; in other words structure stability and compatibility shall
be guaranteed. The concept of frames comes in to provide more flexibility than
the orthogonal basis and at the same time requires the basic ingredients that
can stably represent a given function. Precisely, a dictionary ® is called a frame
if there are positive constants A < B such that

AP < [ 148,00 Pl < B2 (11)
T
for any f € H. In particular, when [ is discrete, the above inequality becomes
AlFIP <D F 00 < BIFI (1.2)
il

Meanwhile for any f € H there exists at least one dual frame(the canonical
dual) {¢;},.; with frame bounds % and 4 such that

f= Z(ﬂ i) i (1.3)

icl

When the frame {¢;}ics is super tight, namely when the frame bounds A, B
coincide and equal to one, it holds that ¢; = ng for all 4 € I. The canonical
dual may not be equipped with the properties that ® has, for instance the dual
system does not necessarily have a single generator when the frame & does,
hence does not inherits a wavelet structure. In fact, there might exist infinitely
many (alternate) duals, but how to choose a dual wisely is much depending on
the problems to deal with.

Spherical harmonics form an orthogonal system, hence its dual is itself. It
has become a useful tool to analyze functions on the sphere, since the time of
Laplace and Legendre. A spherical harmonic Y] is a homogeneous polynomial
of degree | which solves the Laplace equation. After being restricted on the
sphere, they are sometimes called surface spherical harmonics. In this work, if
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we don’t give additional clarification, it is assumed that spherical harmonics are
already restricted and they satisfy the equations

AgYi = —1(I + 1)Y; (1.4)
where _y 5 _
Agz = 7Sin6(%(81n9%) + sm&@ToQ) (15)

is the Laplace-Beltrami Operator on S?. The operator of infinitesimal rota-
tions[65] or operators of angular momentum[71] up to a change of sign ¢ are

3} 0 0 0
L = —1 — — 2z—) = (sl _ JE—
© Z(yaz zay) z(smgoaa +cotecos<paw)
0 0 . 0 .0
L,= —1(2'% - m&) = i(—cos Y59 + cot sin @%) (1.6)
0 0 0
L. = —ife—~ —y2y= 42
z z(xay yax) Z&p

It can be immediately verified that
—Ag2=L2+ L)+ L? (1.7)

If we denote by (n1,7m2,73)7 the eigenvector of ¢ € SO(3) with its length
equal to the rotation angle ¢ and the identity matrix of rotation group by oy,
when ¢ is mall, there is

R(0) = R(n1,n2,m3) = R(00) — iLami — iLyns — iL.ns + O(¢?)

where R(og) is just the identity operator.
Since for s,s > 0 there is the obvious relation

’ ’

R(sm1, 872, 513)R(S 71,8 02,8 13) = R((s + 8 )1, (s + 8 ), (5 + 8 )13)
it follows that

dR(sn1, 812, 513)
ds

where Lz = L;m1 + Lyn2 + L_n3, hence

= —iR(sn1, 512, s113) L (1.8)

e_iLﬁ = R(’rlh 12, 773) (19)

and the unitarity of representation R(n1,12,73) is equivalent to the hermiticity
of the operators L,, L, and L, in L?(S?).
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Notice that the element & = 01007 ! leaves oy (m1,m2,n3)T invariant. Fur-
thermore, if - is a unit vector perpendicular to 7 = (11,72,13)7 such that
(on*,nt) = cos ¢, then (Goyn*,01m*) = cos ¢. Thus the rotation angle of & is
the same as 0. Assume that oy is a small rotation, namely

R(01) = R(00) — i(LyC1 + LyCo + L.C3) + O(|¢]?)

with |¢| small. Let n = (|n|,0,0)T and ¢ = (0, [¢|,0)7, then as a consequence of
the identity R(5) = R(01)R(c)R (07 ") there is

R(6) = R(00) — i(Laily + Lyily + Lzij3) + O(Inf?)
= (R(o0) —il¢|Ly)(R(00) — i|n|Ls)(R(00) — i[¢|Ly) (1.10)
= R(00) = iln|Le + |0l - [La, Ly]I¢] + O(I¢]?)

Identity 01¢ = ¢ implies

cosp; 0 singq
01 = 0 1 0
—sing; 0 cos¢,

where ¢y = |¢| and ) = o1 = (|n| cos ¢1,0, —|n|sin #1)T, hence by comparing
the first order term of |¢| in (1.10) we obtain [L,, L,] = ¢L,. By exchanging the
role of x,y and z, we arrive at the following elegant commutation rules

[Ly, Lyl =4L,, [Ly,L,)=4L,, [L.,Ly]=1L, (1.11)

By defining
Ly=L,+il,, L_=1L,—iL,

relations (1.11) become
Ly, L.)=—L., [L_,L.)=L_, [Ly,L_]=2L, (1.12)

Notice that Ly, L_ and L, are self-adjoint and if m € R nonzero is an
eigenvalue of L, with eigenfunction f, then L, f is an eigenvector corresponding
to eigenvalue m + 1 while L_ f is one corresponding to eigenvalue m — 1. Since
the total number of distinct eigenvalues is finite, assume that the largest of them
is [ and write its normalized eigenfunction as Y, similarly the smallest of them
is written as [* with eigenfunction Y.

Define by induction a,,, Y™ ! = L_Y™ where o, are chosen so that

<Ym—1’ Ym—1> -1
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Since L,Y"! =0, that is

1 2 2
LY "= L Y'="Ly ="y =gy (1.13)
27) X 4

an induction argument leads to the claim that L Y™ is proportional to Y™+
namely L, Y™ = a,,77Y ™. Moreover, the fact that Li = L_ gives

m<ym,ym> :%<mel7ymfl>
namely &, = amy = ay,. Thus from the observation that

a2 Y =L L Y™ = (2L, + LLL)Y™ ! = 2m+2+4 a2, )Y !
we obtain the relation a2, ,; — a2, = —2m. From this relation, our observation
that o = 2l leads to the expression

a2 =(1+m)(l—m+1) (1.14)

L_Y" =0 gives a;- = 0, hence [* = —I. Therefore [ is either an integer or half
an odd number and every irreducible representation is uniquely determined by
[ with its dimension equal to 2[ + 1.

In real calculation and approximation, frequently used is the normalized
expression

(20 + 1)(1 — m)!

¥ 0,¢) = (=1)" Ar(l+m)!

e"™% P (cos ) (1.15)

which naturally appears when one solves the Laplace equation through separa-
tion of variables, where [ € N and |m| < I. Those spherical harmonics of degree
[ form an orthonormal basis for the space of homogeneous polynomials of degree
[, denoted by H;.

From the property that —i%Ylm = mY;™ we already see that Y™ (y,0) =
e'™? [ () for some function F™(6) =: F}"(cosB). Let o = cos, from (1.5) we
deduce that

d2 ~m d ~m m2 ~m

(1-2?)

when m = 0 it is exactly differential equation (4.41), thus F," are nothing else
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but the associated Legendre Polynomials

B () = (~1)"(1 - 222 L py(a)

dx™
(_1)m(1_x2)m/2 dl+m
= ST e (22 — 1) (1.17)
(I+m) __
— _1 m P m
()" G P )
which satisfy the orthogonality relation that
1
(I+m) 2
P (x) P (x)dx = —0, 1.18
| r@pre = G, (118)

where the last equality of (1.17) follows from Rodrigues formula

d=m(z% - 1) _ (I —m)! (22 — 1)

dxt=m (I+m)!

mdl+m($2 _ l)l
dl’ler

Sometimes Laplace’s integral expression for Legendre polynomials is as useful
as the differential expression. It reads equivalently as

1 [ !
Pi(x) = ;/0 (x + V2?2 — 1cos 0) do (1.19a)
1 [~ —1-1
P(z) = ;/0 (Jc F Va2 —1cos 9) de (1.19b)

More generally there is

m l

P (z) = ’YlJ,rm/O (m F V22— 1cos 9) cos(md)do
m —1-1

P (x) = %Tm/o (x + V22 — 1cos 9) cos(mb)db

where ﬁfm = (:I:l)mi(lfr;?)!e’%” and v, = (il)miﬂ(lfm)!e*%”.
The spherical Hilbert transform, as an analogue of the plane situation, firstly

appears in [85](but no mathematical properties are given there)

o —ifim M >0
@Nm=4 0  m=0 (1.21)
ifim m<O0
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where fl; is the Fourier coefficient of a square integrable function f with respect
to the spherical harmonics Y;™. Let us derive some new commutativity relations
and formulae of those operators in the next theorem.

Theorem 1.1. (i) i$) is self-adjoint and (i9)*f = —f for any f € L*(S?).
When fl m fl’ —m for alll and |m| <1, f and iHf are orthogonal.

(it) The differential operator L., Ly, L. defined in (1.6) commute with $.
In particular [Agz, 9] = 0.

(iii) Given any bounded operator A : L*(S?) — L?(S?), there is

[Agz,A]HlJ_Hl and [Agz,A]mmJ_mtm (122)

where for each m € Z,

M, = span{Y;™ : 1 > 0} (1.23)
(iv) For each l, there holds the identity
(Bt ® (O 1 yn (1) = {Fromon ® {From bon ()
= —isgn([n]) ({9} ® {From Yo () + {Foam o ® (D)1 b (1))

where ({am} ® {bm}) (n) = > ap_m)bm and [n] taking the module*.

ml<l

(1.24)

Proof. The claim that i) is self-adjoint and (i$))?f = —f is obvious. The rest
of (i) is a result of the observation that

f,lf)f L2 Z Z Sgn |fl?n|2 (125)

I |m|<i

is zero since each m term cancels the —m term.
It can be checked through calculation that the identity

—imY," ifm >0

L.HY™ = 0 ifm=0
imY™  ifm <0
= —i|m|Y}™
— ﬁLz}/?n
2Here I make the convention that [n] = —(|n| mod [ + 1) when n is a negative integer;

[n]=1+1when (n—m modl+1)=0

10
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holds for any spherical harmonics, hence for square integrable functions. Ob-
serve that

ALY = —i@m1sgn(m)Y™” = Ly Y™  for m #1

SLLY] =0=L.5HY]
and [9, L_]Y;™ = 0 for any m. As linear combination of L} and L_, operators
L, and L, commute with $) respectively. The assertion that Age commutes

with  is thus an immediate result of (1.7).
Besides, there is

([Age, AJY/™, Y ) = (AV™, A Y™ ) — (AAge Y™, Y ) 126)

= [+ 1) 410+ DAY, Y
Similarly,
L AY™ Y ) = —(AY™. LY™ ) — (ALY™ Y7
<[ ] l 1 > </ l 1 > <, l 1 > (1‘27)
= (m —m){(AY;",Y)")

hence (iii) is verified.
Finally, the left hand side of (1.24) is equal to

— > (sen(fn — m)sgn(m) + 1) f1 pymp f1m

Im|<1

while the right hand side is equal to
—sgn([n]) > (sgn(fn —m]) +sgn(m)) f1 sy frm

<l

hence identical to each other. Indeed, under our convention if [n —m] and m are
of opposite sign, both left and right hand side vanish; if sgn([n—m]) = sgn(m) =
1, then sgn[n] = 1; if sgn([n — m]) = sgn(m) = —1, then sgn[n] = —1. O

The renormalized Poisson kernel has the expression

1 1—1r2 22 +1
=0 = Pi(t 1.28
Q- (1) 4 (1 — 2rt +172)3/2 ; e (1) ( )

with r € (0,1) and ¢ € [—1,1]. It has the following approximation property for
continuous functions, which shall be used later. Its proof can be found in [40]
for instance, but for completeness we give a greatly simplified version.

11



CHAPTER 1. INTRODUCTION

Lemma 1.2. For any continuous function f on the two sphere, there is

lim sup [ [ Qr(x-y)f(x)dz) - f(y)| =0

r—1-— yEeS? s2

Proof. Firstly notice that for any € > 0 there exists § € (0,1) such that |f(x) —
f(y)| < e whenever |z -y — 1] < 4.

2m+1, [
/Ser(x-y)dy—nZ_o 5 r /_1Pn(t)dt—1

hence

. Qr(z-y)f(y)dy — f(x)

< [ @ wliw) - f@ldy
SQ
<o [ eenwrg [ o

1-5 2 1 2
1—r € l—r
< dt + = dt
1 flle [1 (1412 — 2r1)3/2 2 /1,5 (1412 —2rt)3/2

1-§ 1
:171"2 Ifllc _|_171"2 €
roV14+7r2=2rt|_, T2V 412 =2rt|_s
€
%7
2

as r approaches 17. Due to the arbitrariness of ¢, the claim follows.
O

Spherical harmonics in (1.15) have the important property that they form
an orthonormal basis for the Hilbert space L?(S?,dS2). Therefore

Zi&n =Y Y EY" () (1.29)

Im|<1

gives a unique reproducing kernel of the space H;. This definition does not
depend on the orthonormal system that we choose. In fact, the well known
addition theorem says that

2041

Zl(ga 77) A7

P& -n). (1.30)

12
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where P, are Legendre Polynomials. For curious readers, I refer to [10] or [36]
for its proof. In a general dimension, P¢ can be defined in the same way, with

7d I+ Mg

=% ph 1.31
l |Sd71|)\d l ( )

where Ay = (d—2)/2 and PlAd is the Gegenbauer polynomials. Define projection
operators P; : L%(S?) — H; as

PIE) = £ 20 = [ Zi(e-m i) (1.32)

In most of the discussion below we assume d = 3 and briefly denote it by P;.
Every function on [—1,1] which is integrable with respect to the weight

function (1 — ¢2)“Z" satisfies the so called Funk-Hecke formula,

. FE&-m)Y (n)dQ(n) = Y (§) (1.33)

. d—11 rl 2\ 4=38 de(t)
with ¢; = [S*71 [, f(t)(1 — %)= Pgd(l)dt and Y € H;. Furthermore, as an
1

immediate consequence,
[, 2tcwzinwi0w =z (134
S2

Let SO(3) be the rotation group, consisting of matrices that are orthogonal
and of determinant one. This group or its representation plays an essential role
in the analysis on spheres. For instance, the Fourier transform of f € L!(S?)
can be defined alternatively as

rio= [ f(@) (2, 7)du(z), 3 €T (1.35)
50(3)/50(2)
where I' is the dual group of SO(3)/SO(2), annihilator of SO(2).
Since SO(3)/S0(2) is compact, I is discrete. Let ¢ : SO(3) — SO(3)/S0(2)

be the natural homomorphism, then

f—= foqdo (1.36)
S0(3)

is a bounded linear functional on C(SO(3)/SO(2)), hence induces a unique
measure p € M(SO(3)/S0(2)) with ||u|| < ||o|| and

/ foqdo= / fdu (1.37)
S0(3) SO(3)/50(2)

13



CHAPTER 1. INTRODUCTION

The operator defined by Sf([z]) = fSO(Q) f(zy)du(y) projects functions in

C(S0O(3)) onto C(SO(3)/50(2)).
Besides, the integral on SO(3) can be expressed explicitly in the form

2m 2m
[ gio=—g [ [ sentpsintapidie, ()
50(3) 87T

where (©,,0,p,) is the Euler angle. When f depends only on the rotation angle
« it has the expression

=27 by sin2 &
/50(3) fdo = 7r/O f(a)sin 2da (1.39)

where a(g194) = arccos(3(Trgigd — 1)) is the rotation angle.
What is important to later chapters is the left regular unitary representation
of SO(3) on the Hilbert space L?(S?) defined by

(R(0)f)(w) = flo™"w) (1.40)

where o € SO(3). R(0) is called rotation operator. [71] is a brilliant reference for
some of its interesting properties and applications in angular momentum theory
of quantum mechanics. [16] is a classic in both group representation theory
and orthogonal polynomials. The rotation operator, together with the spherical
dilation operators that are going to be defined and discussed intensively in the
next chapter, are building blocks for the frame systems in this dissertation.

We have mentioned that for nonnegative integer [, {Yl’l7 -, Y} form an
orthonormal basis for #;. In this situation R is irreducible, for otherwise sup-
pose there is an invariant subspace ’Hl, then it is invariant under Ly, L_ and L,

!
as well. Take any h = >ooemY" € ’H/, let m’ be the smallest index such that
m=—I|
¢,y # 0. There is Ll_[m o=c - o, 1Y) € H' by invariance under L.
Thus YV} € H and L™V} = ayay_1 -~ g1 Y™ € H' implies that ¥;™ € H'
for arbitrary |m| < I, hence H = H,.

Similarly we can define the regular representation of SO(d) and denote by
the RY? its restriction on Hg,;. In fact, the next classic theorem generalize
the irreducible property to R%! on SO(d). Its proof is quite instructive in
decomposing polynomial spaces aspect, hence I include it here. However, it is
like a cherry on the cake, not every child likes or needs to eat it.

Theorem 1.3. R%! is an irreducible representation of SO(d).

14
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Proof. For 041 € SO(d — 1), there is

R (o41) = PR (04-1) (1.41)

U<l

Indeed, for f :=a!' bt € 2! H,_q assume with out loss of generality that
04—1 leaves e; unchanged, then there is

Rl’d(ad—l)f = zfj_l hl (O—d__ll (xly e axd—l))

’
hence z';' #, | ; is an invariant subspace of Py, the space of homogeneous
polynomials of degree . Since Py; = Hay @ r*Pa,—2, there is

1
LEJ
Pay = @T%Hd,l—% (1.42)
k=0

Let g : Pg; — Pd,l/r277d,l,2 be the canonical map and Vl‘fl/ = q(acifl Hd—u’)

which is invariant under R“(o4_1). By (1.42) there is

2
Pay =1"Pai—2 + x4 Pa—1,1-1|, + Pa-1.l,

-1 1
L5 a L5

2 2 2k 2 2k
=71"Pgi—2 + 2q E (r*—ao)"Ha—1,1-1-2k + E (r*—a3)"Ha—1,1—2k
k=0 k=0

l

2 k
CroPai—2+ @l’d%dfl,lfk
k=0

’ . . . .
where = (21, ,24-1), and the converse inclusion is obvious. Thus we get

l

Pas = 1"Pai—2 + P alHa 11+ (1.43)
k=0

!
hence ¢(Pay) = Pai/r*Pai—2 = P Vlflk and (1.41) follows.
k=0

As a consequence is the irreducibility of R!¢ of the group SO(d) for d > 3.
Suppose this has been proved for d < n — 1. For d = n, notice in (1.41) that

the restriction of R%? on SO(d — 1) is the the direct sum of irreducible R! -¢~1
on V,%,. Therefore if W is a non-trivial invariant subspace under R, it must

15



CHAPTER 1. INTRODUCTION

be of the form W = @, V%, for some subset £ of {0,---,1}. Thus it only
remains to prove £ = {0,--- ,l}.

Let [ be the smallest index in £ and [, biggest and assume Vldl/ c W.
Since each rotation can be decomposed as a series of rotations in planes x;, )
(j # k), infinitesimal operators L;; = xk% - chaank must leave Vzdz’ invariant

J ° )
and choose some j such that % # 0. If neither j nor k are equal to d,
J
then L (z" =1 (2)) € o Hy - If k= d for instance(the same to the
situation j = d),
, opd-1l

5 - Uyl et

! ’ ’
Lj,d(-ril_l hd—l,l (.73 )) _ xfj_l +1

! ’
11" 41 - —1
€ xy Moy -1+ 24 Ha1 41

Thus if I, < [, then Lj7d(l‘ld_lb7'[d_1,lb) N Z‘ld_lb_lHd_le.:,_l #* ¢ and
l—lp—1
Zy Ha1,+1 CW

since W is invariant, contradictory to the assumption that [, is the biggest

index. Similarly, if I, > 0, then ahg;""‘ # 0 implies 27T H, 1, C W,

contradictory to the smallest assumption on I5. Therefore we can conclude that
W =%Hqg,-

O

On the one hand we have been immersed in the exhilarating success of spher-
ical harmonics which not only expand the L? space, but also form rotational
invariant subspaces with hierarchical structure; on the other hand we have to
admit that, the nowadays most widely used planar wavelets, which was origi-
nally based on the idea of Gabor functions, have replaced traditional Fourier
transform in dealing with shock waves in seismology, acoustic or image signals
characterized with singularities, and spherical harmonics face the same awk-
wardness in this aspect due to its global feature. Furthermore, after witnessing
the fast development of wavelets’ planar descendants like ridgelets, curvelets,
brushlets, contourlets and cone-adapted shearlets in an attempt to complement
the inefficiency of the wavelets in detecting anisotropic structures, it is very
natural to ask for the generalization of those "-lets" adapting to an arbitrary
surface.

16



Chapter 2

Spherical Dilation Systems

In the past decade emerged multiple methods to define wavelets on the sphere
or a general manifold, and each of them bears different merits. Furthermore,
like those affine-like systems on the plane, whenever possible, it is convenient
to introduce operations like translation and dilation. Not only because through
them a system can be generated and implemented in a simple manner, but also
pertaining to them there are wonderful properties. Thus in this section let us
pay attention to those special wavelet systems equipped with various means of
dilation operation.

2.1 Dilation in frequency domain

One attempt of this, the so called the curvelets on the sphere, is given in [22].
The idea behind this is similar to that of differential geometry, namely the
surface is divided smoothly into charts for multiple scales and then apply the
curvelets on each of the building block. The scaling function there is proposed
as follows. Let L = 27 for some J € N and

L
¢ = or(,0)Yi0 (2.1)
1=0
to form a sequence of functions of multi-scale ¢, ¢o-17, -+, Po—ir,.
With the low pass filter
—~ a&*jflL(lfm) —j—1 —
h](l7m) = ¢2—.7L(lvm) b<2 L and m 0 (22)
0 otherwise

17



CHAPTER 2. SPHERICAL DILATION SYSTEMS

and the high pass filter

Pyim1 (bm) l<29 'Landm=0

P azfj L (l,m)

gi(lbm) =14 1 1>2-7"1L and m = 0 (2.3)
0 otherwise

where one of the simplest choice of 1) is JQﬂ-L(Z, m) = 527j+1L(l, m)—¢?27jL(l, m).
Clearly in this case g; = 1 — h; The isotropic wavelet coefficients function for a
function f are

wj = o—ip * [ *gj
or Wy = ¢g—ipf(1—hj)=vsirf

One possible choice of $L(l,m) is %Bg (%), the B-spline of order 3, but in
general it is not specified except for being bandlimited. However, a class of
choices using radial basis functions can be found in the earlier works in [66][67],
namely if we firstly ignore the bandlimit and simply set the scaling function as
®,(l) = v(2791), where v : [0,00) — R monotonously decreasing satisfies the
following conditions

(2.4)

~ continuous at zero and v(0) = 1

2
;ﬂf( sup ‘7(2‘jm)|> < o0

z€[l,l41)

(2.5)

In particular the first condition implies lim | f — f * ®;||z2 = 0, namely ®;
Jj—o0

forms an approximate identity. Examples of such functions include (1 + z)~*

with 2 € [0, 00), which is natural for the Sobolev setting, the linear construction
1for z € 0,7

)
y(z) =< F=Zfor z €[r,1) (2.6)
0 for x € [1, 00)

and the cubic construction

(1 —2)%(1 + 2z) for x € [0,1)
(@) = { 0 for z € [1,00) (2.7)

Wavelets and its dual are chosen in this setting to meet the simple equality

\I/j * \ijj = (I)j+1 * (I)jJrl — (I)J * ‘P] (28)

18



2.1. DILATION IN FREQUENCY DOMAIN

and consequently there is

o]
(I)O*(I)O+Z\I/j*\llj:1 (29)
7=0

Two typical choices are thus

~ 2 = = U, =; — b,
\I]j = \I/J = \/<I>j<I>j - (I)j+lq)j+1 and { ’:] (/I\)] (,£]+1 (210)

The advantage of this setting is that reconstruction of zonal functions follows
immediately from the hierarchical property of radial basis functions without
extra efforts. Indeed, by set V; = {®; x @, x f : f € L*} where ®; = ®; is the
low-pass and W; = {¥; * @j x f 1 f € L*} where U; x (I/j is the band-pass, a
natural multi-resolution structure appears, namely

VoC--CV;CVjyg Coo-CL2

o)

U V; dense in L? (2.11)
J=0

If (Dj * (I)j * f c Vj,then (I)j+1 * (Dj—i-l * f S ‘/j+1

As a result any square-integrable function can be approximated by adding de-
tailed terms from W; level-wise. It is desirable that band-pass vanishes for lower
orders, one possible way is to define v%° equal to 1 on [0, Lg] being continuous
at x = L and set

®ro (1) = DEoyto(l) = v (Lo + 277 (1 — L)) (2.12)

which has the properties that @JLO(Z) =1forl=0,---,Lo and lim </ISJL° (=1

j—o0
for any [. Thus for arbitrarily given f € L2, \I/f" * @fo x f is orthogonal to H;
for [ < Ly. Meanwhile for bandlimited function, say fl =0 for [ > L, we could
instead set @f" (1) = v*0(27791), then the corresponding wavelets have the good
property that \IIJLO * ﬁlfo * f = 0 whenever 277 < Lo /L.

In the continuous setting, however, the admissibility conditions imposed on
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

the wavelets are

—Oand/ p)dp=1forl >

ilo: (/a v, (Do (p)dp>2 < o0 (2.13)

/aoo \Ilp(t)a(p)dp‘ dt <T

1
L,
where a(p)dp is an arbitrary positive measure. Under the first condition there

is
/ / n)dna(p)dp = ZCD P(f)— fasa—0

in the sense of L?, where ®,(t) = [ W,(t)a(p)dp or equivalently d o) =

[ \I/ p)dp is well deﬁned in L? since the second condition of (2.13) im-
plies that CI) € L?*([-1,1]). The convergence holds because of the uniform
boundedness ‘(I\’a(l)’ < S 2w, (t)a(p)dp| dt < T and the Banach-Steinhaus

theorem.

To deal with the anisotropic situation, one strategy is to add an additional
directional function h € L*(S?) with 37, -, [him|* # 0 to form the directional
wavelet B

Vi = U(D)bim (2.14)

If b is bandlimited, one can assume without loss of generality that b preserves
the energy on each degreel namely 3 < [hun[* = 1, hence [|¢]3 = 3207 W(1)*.
The dilation operation in this formulation is defined by

Da(a)iy,, = ¥ (al) i (2.15)

By choosing a ¥ such that supp¥ C (a,a™!) with a € (0,1) and J the
smallest integer such that a’/L < 1, one can define in the same way as in (2.10)
that

V(L) = V(e L) = \/'yg(a—(j—l)L—ll) —~2(a~IL-10) (2.16)

1.2
with v2(t) = % and ro(t) =7 (ﬁ—a(t —a)— 1) for some Schwartz func-

tion r on [—1,1].
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2.1. DILATION IN FREQUENCY DOMAIN

Note that supp(r,) C [a,1] and v,(t) = 1 when t < a, hence there is
suppya(a P L71) C (—o0,d’ L]

and @Zm = W (1), is supported in [a? 1L, a?~1L], which together with the
scaling function
Bim =Yala”™ L™ )00 (2.17)

give the reconstruction formula for each [ within the bandlimit of § that

J
P+ > Pl L) =1 (2.18)

7=0|m|<l

in a similar manner as (2.9).

One choice for the directional function b, as proposed in [41], is based on the
concept of steerability. The class of steerable functions on R? under the steering
constrain that

M
folr.d) = > km(0)gm(r, ¢) (2.19)

for some M € N and basis functions g, were discussed firstly in [69]. In [9]
this definition was applied to spherical functions with respect to the third Euler
angle, a quantity that can be understood as the direction in the tangent plane.

Let us, however, generalize the definition in [41] slightly and prove a stronger
result on the sphere. Denote by R(¢) the rotation operation around axis £y by
an angle t, we call a function f € L?(S?) steerable, if there exists some t,, € St,
m=1,---, M such that

RWOf =D km(O)R(tm) f (2:20)

holds for almost every t.

Proposition 2.1. Steerability is equivalent to the ewistence of an azimuthal
band limit in m for L*(S?) functions.

Proof. In fact, if a function f(6,¢) = . a,(0)ei™® € L%(S?) satisfies (2.20)

for some t,, and almost every t € [0, 2], then

o M
Y e lan(e) <e ka@)e""tmﬂ =0 ae. (221)

n=-—00 m=1
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

Since Fourier series forms a Schauder basis for L?(S?), for any a,(6) # 0, there
et — Z km(t)e~tm =0 a.e. Without loss of generality, assume for some

L>M there is

e~ H(t1—1) e—tt2—t) .. o—iltm—t) Fy (t) 1
e—i2(t1—t) e—iQ(f,Q—t) .. e—iQ(t]u—t) k2(t) 1

_ - (2.22)
e—iLitl—t) e—iL{tg—t) o e—iL(.tM—t) kM(t) 1

or simply G¢ky = E for almost every ¢, which implies that rankG; < M a.e.,
contradictory to the linear independence of set {e%* : j = 1,-.-, L}. Therefore
the number of non-zero Fourier coefficients of f with respect to variable ¢ is at
most M. The other direction of the proof of the equivalence is an immediate
consequence of the next Lemma. O

Lemma 2.2. If f € L*(S?) and flm =0 for any |/m| = L + 1 € Ny, then for
any t € [0, 27],

L
D k(t—t)R(ta)f =R()f (2.23)
n=—1L
L .
with t, = 3% and k € L*(S") given by k(t) = Y e
Proof. Since
1 —imt,, ) 1 for m=0
2L+1|X<:Le { 0 for m#0 (2.24)

the Fourier coefficients of both sides of (2.23) coincide, namely

L —

ROy = f

tm t
s XX ey,

|m|<L In|<L

zn(t tm )f)lm'

|m|<L In|<L

_ Z b(t = 1) (R () )y

Im|<L

Therefore the equality (2.23) holds.
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2.1. DILATION IN FREQUENCY DOMAIN

Under the assumption that b is steerable, namely R(t)h = >k, (t)R(¢,,/)b

|m|<L
for some finite L, there is
() = Z\If (t)Ph
, TP :

S ke (03 OB (Rit 225
lm'|<L !
D ko (DR,
|m|<L

namely v is steerable too. In this case there is

RO RV ) =5 S e

I |m/|<min{l,L}
=S a6 i)
l

where Aj(t) = 32 |b,,,[2e”™ ). Intuitively speaking, if we choose 0 = ¢! <
m’ <L
t2 <.-- <tV <27 and form a N x N matrix

M = (R(t*)7, R(t")9)7) 12 (2.27)

with 1 < s,u < N, the diagonal elements are 1’s, while the smaller the off
diagonal elements are, the more directional 7 is.

Within this approach, the best known work in frame properties aspect is
probably [30], where a localized tight frame is constructed in the following del-
icate way. By taking a continuous function a supported in [5, 2], for instance
a(t) = mo(mwlogy(t)) with mg the standard orthogonal wavelet mask on real line,
such that

(2.26)

1
la(t)|? + |a(2t)]> = 1 on (51 (2.28)
We have obviously for any J € Z, that
J ; 2
Z ‘a(2_]t)‘
= (2.29)
| Ja@in)? +| @9HH[P =1 forte2[L1],j<J
la(2~71)|” for t € 27%1[$,1]
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In particular, when J — oo, > |a(2’jt)|2 =1 on (0,00). Thus, if we define

for 7 < J that

L% a(2771) cos(larccost)  for d =2
Adt)y =9 (2.30)
S a2 U1+ M) ZH(t) ford >3
1=0

and

3=+ = 3 b(2771) cos(larccost) for d =2
Bi(t) =8 o~ =1 (2.31)
lz (2=UHID (1 4 N\g)) ZM(t) ford >3
=0

where j4 = logy[Ag] for d > 3 and j; = 0 are so that the minimal eigenvalue of

the operator
o0

Lo=\Ai—Dgas =Y (I+A)P] (2.32)
1=0
lies in interval [1,2], then for any f € L2(S41)

J d
. ad.s | (By=Py)xf ford=2
j=—00
and by Funk-Hecke formula and the support of a
(Aig * A?, xf, f)= <Z a(2-G+ia) (] + /\d))a(gf(j/ﬂ’d)(l + )\d))]P’?f, f)
l (2.34)
=0

for any |j —j'| =2, d > 3.
Suppose S?~! has a subdivision into {£2;};c; labeled by a set of points V =
{pi}icr. For a mesh with good uniformity, namely the mesh ratio

sup inf d(z,p;)

h —1pi€EV
= v _ a:EISd 1_” (2.35)
qv 3 min d(p;, p;)
PiFDj

is larger than 2, where hy is called mesh norm and ¢y called separation radius
of V respectively, there exists a nested sequence Vj, C Vi1 such that

1 1
Zhvk < th+1 < ihvk (236)
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It is proved in [30] as main theorems, here we cite as lemmas without proof,
that

Lemma 2.3. There exist constants sq depending solely on dimension d such
that, for any 6 € (0,1) and integer L € Z., whenever ||V|| = max diam(§);) <
pe

Ssy (L +Ay) ™t

(L= )Ifll < D 1F @] < @ +8)IIf]l (2.37)

peEV

holds for spherical harmonics in 113 = @ 7—[ there ezist positive weights w(p)

I<L
such that
Fndn =" w(p)f(p) (2.38)
Sd—1 pev
and w(p) have the following bounds
1-26 |Sa—1|

17_5|Qp| Sw(p) < (2.39)

dim(H‘[iL /2] )

Lemma 2.4. For a € C*(R) with k > max{d — 1,2}, if f € L9(S?!) with
1 < g < oo, then there exists constant Cy i.q such that

If = BS * fllg < Cyxadista(f,117) (2.40)
As a result, on j—th level mesh V;, by defining
Wi.p(1) = /W05 pAG (0 p) (2.41)
with a € C*, we have for f € C(S%1) or f € LI(S?!) with 1 < ¢ < o0,
F=200 AFvinhbin (2:42)
Jj=0peV;

with convergence in the corresponding space norms. For f € L2, it is equivalent
to

LA+ S [(fy) ford=2

IfIP=1 IOV (2.43)
> 2 Kfp))? ford >3
7=0peV;
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namely {¢;,} forms a tight frame. Meanwhile, when 277 < ¢, there is the
integral expression of

3 |
M2

a(e) cos(larccost) for d =2

Al =
lZ:Oa e(l+ Xa))Z(2) ford >3
that ")
A4(cos ) — Y ed d 2.44
¢ (cost) sin? 19 Jy (cosf — cos @) ¢ (2.44)
- 22T (A\g+1/2)
where 74 = oot 204
1 ~ d .. ¢+ wrn
_ 1N py@-2m ;@@ wmn 2.4
Ceal9) = 5 E( ) Qd_z(ld¢)ﬂ( ) (2.45)
with
[432]
[T (22— (g —3)?) zsin(Agm) if j even
Qu-a(2) =1 iz, (2.46)
[T (22— (Aa—3)?) cos(Agm)  if j odd
j=1
It leads to an estimation for a € C*(R) that
—d+1
Ay Ba,k,a€
|A(cosh)| < Lo (%)’“ (2.47)

with some constants g .. Thus we see that when j and k increase, |1; ]
decrease in scale value as 2-U+72)k hence is localized.

2.2 Dilation through stereographic projection

In contrast to doing dilation in frequency domain, this section we discuss dilation
through geometric approach. As we have encountered at the beginning of the
chapter and we shall see in the review part later, one common strategy is to
wisely cover the whole manifold by local patches, and then construct a dictionary
as it was done on the plane followed by lifting it back. This method has the
advantage that it can be applied to any manifolds and it has localized nature.
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2.2. DILATION THROUGH STEREOGRAPHIC PROJECTION

On the sphere there is much more to say than on a general manifold, not only
because the stereographic projection is obviously ideal for building a one-to-one
correspondence with the plane, but also that the Euclidean sphere has exquisite
group structures that has been introduced above. Stereographic map is confor-
mal and can be used to generate the whole system globally, while by choosing
localized generators it allows us to construct frame systems with ideal local prop-
erties. Although at the pole it may cause distortion it avoids the consistency
problem arising from different patches, hence much easier to implement in my
opinion. The first work in this approach probably dates back to [92][93], where
admissibility condition is proposed without successfully formulating frames.

In this section, however, dilation is done in both isotropic and parabolic
manner. Especially the second brings much difference when one deals with
anisotropic problems, exactly for this reason I shall call the corresponding gen-
erators "spherical shearlets" or "spherical a-wavelets". A long lasting unsolved
problem in the stereographic projection approach before the writing of this dis-
sertation is the lack of a constructible tight frame. Discussion about that is
going to be delayed till the next chapter, where exact design of a class of tight
frames is given.

By identifying a 2-sphere with the homogeneous space SO(3)/SO(2), the
sphere is embedded into the rotation group and group operations can be applied
naturally. Therefore the translation on the sphere can be achieved by rotation.
However, in comparison with translation in the Euclidean plane, it obviously
brings much more complicated work since parameters are located in the rotation
group instead of R. Let d€2 = sin 8dfdy be the rotation invariant measure on the
unit sphere, and dx be the Lebesgue measure on R2. Denote by ¢ an element
in the group SO(3) and by do the Haar measure on it. The Haar measure is
normalized so that the whole group SO(3) has volume one. Recall that the left
regular unitary representation defined by

(R(@)f)(w) = (o™ w)

where o € SO(3). Related to the rotation operator R(c) there is the Wigner
D-matrix which consists of coefficients with respect to the normalized orthogo-
nal spherical harmonics. Peter-Weyl Theorem tells us that these coefficients are
dense in L2(S?) and R can be written as the direct sum of finite-dimensional irre-
ducible representations. L?(S?) is correspondingly decomposed into R-invariant
vector subspaces, those are exactly the eigenspaces H; corresponding to the dif-
ferent eigenvalues of the Laplace-Beltrami operator on the sphere, as we have
seen in the introduction.
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

Schulr’s orthogonality relations in this case are

— 1
| Dh()DL (0 = 8B (2.45)
50(3) 1

where indexes m,n and m/, n’ are integers of absolute value no larger than [
and [ respectively.

Let w = (0,¢) denote the polar coordinate of a point on the unit sphere.

In particular, & = = is the north pole &;. The stereographic projection 7 :
82\{50} = Rz; by

(6, p) = (rcos p,rsingp) (2.49)

with r = 2 tan( g), gives an isomorphism, and its inverse is denoted by 7 1.

One strategy of doing dilation on the sphere is to utilize the dilation operator
d(a) on L*(R?,dx) defined as

(d(a)h)(z,y) = a= "+ 2h(a" 2,07 ) (2.50)
with o € [0, 1].
Definition 2.5. Given a € R, and f € L?(S?,d), define D(a) : L?(S?,dQ)) —
L?(S?,dQ) as
U™ld(a)Uf(w) w# &

Dla)ftw) = { a=z" /(&) w = &o

where U is the operator such that
(Uf)(x) = v(n~ %) f(r~'x)
with (6, ¢) = cos?(0/2) guaranteeing the unitarity of the operator.

Let us make the convention that throughout this chapter « is chosen as a
positive number no larger than 1. In the special case a = %, D(a) will be called
parabolic spherical dilation operator.

A simple calculation shows that w = (6, ) and the point after dilation

w1 =d(a)(d,p) = (01,p1), are related by

tan(01 /2) = \/7(a, ) tan(6/2)
tanpi = a'"“tany when ¢ # % and ¢ # 37“ (2.51)

— _ T 3
1 =¢ when o= 3ForF

2 1/2

where \/y(a,¢) = (a=2 cos? ¢ + a~2*sin? )

28



2.2. DILATION THROUGH STEREOGRAPHIC PROJECTION

Let 6 = 01 /a5 o = ©1/4- By (2.51), it is easy to see the following relations
that are going to facilitate our mathematical deduction.

sin? p = @’ tan® p cos? p = !
1+ a2*=2tan? ¢’ 1+ a2o=2tan? ¢’
. 2tan(%) cos ©' /a2 + a2 tan? ¢’

sinf = YT - > (2.52)

1+ tan®(%5) cos? ¢’ (a? + a2 tan® ")
9 1 — tan?(%) cos? ¢ (a2 + a2 tan? ')

cosf = :

1+ tan?(%) cos? ¢’ (a2 + a2 tan® ')

With these, we arrive at an explicit formulation of the spherical dilation
operator.

Proposition 2.6. For f € L*(S?,dQ),

1D(a)fll2 = [If]l2 (2.53)

(D@fw) ={ VAGEA) Wz (2.50)
a" 7 f() w =&

where

3—a ’

2a 2 (4o 0
Aa, 8, ¢) = oy sk (+a)/2(q +J2)c0s2(§) (2.55)

dF = a®[1 £7(a, )] and J = tan & = tan(%) cos ¢ /(a2 + a2 tan? ¢).

a =

Proof. ||D(a)f||2 = ||f||2 comes from the fact that both d(a) and U are unitary
operators. From the definition (2.5) it follows immediately that

9(m (6, ¢)) (2.56)

and from (2.49) that

2 .2
w), arctan(@)) (2.57)

7 (z1, 25) = (2arctan(
KA
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

for any g € L?(S?,d2) and x = (x1,72) on the plane. Therefore by the defini-
tions (2.50) and (2.5) for 6 # 7

D)} (8. ¢) = (U d(@)U f](6. )
= (@)U )6, )

v(0, )
_ a*(1+a)/2y = 2tan 4 cos p 2tan%sincp))f(w )
v(0, ) a ’ a® 1/a
a~(+a)/2 cos?¢  sin?¢

2
= ———5— cos”(arctan((
cos? 3

0
a2 + a2 )1/2 tan 5])‘]0((,01/(1)

2aB=2 f(wy/,)

(a2 — a2-22gin? ¢ — cos? ) cos O 4 a2 + a2—22 sin? ¢ + cos2 p

which is exactly the expression (2.54).
Meanwhile, from (2.52) we deduce that

1
cos? ' (1 + a2*~2tan? ¢')

<I>ai:a2i

hence

a? tang(%)(l — cosf)
72

@, cos+ P =a*(cosf+1) +

2a? 2a> tan2(%)
_l’_
1+ J2 1+ J2
2a2 sec?(%)
1+ J2

and (2.55) follows.
O

Remark 2.7. The coefficient A(a,f,¢) can be alternatively defined as the
Radon-Nikodym derivative dgg&/)a), and it is easy to check these two differ-
ent ways of definition give the same result. In this sense, A can be interpreted

as the change of measure caused by dilation operation.

With the rotation operator as well as the dilation operator, the continuous
spherical wavelets on the sphere is generated by a single function.
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Definition 2.8. For v € L?(S?,dS)), define spherical a-wavelet system on S?
as

{¥o,0(w) = R(0)D(a)p(w) = v/ A(a, b, @)w((o_lw)l/a) 10 € 50(3),a e RT}

in particular when « # 1, let us call it a continuous spherical shearlet system.
Define spherical a-wavelets/shearlet transform as

Sf(av a) = <f7 ¢a,a>'

It is natural to ask if we can exchange the order of the rotation and the
dilation as defined above, namely if D(a) is a rotation commutative operator,
unfortunately the answer is no in general. In fact, there are the following simple
counter examples.

Example 2.9.
(i) Let [D(a), R(0)] = D(a)R(c) — R(0)D(a).

cosp sing 0
o3(p)=| —sinp cosp 0 |, a<1lin (2.51), then as a — 0,
0 0 1

[D(a), R(as(#))]f (0o, po) — f(m, ) — f(m,0)
or f(m,m+¢) — f(m, ).

cos@ 0 siné
(ii) o2(0) = 0 1 0 , a <1, then as a — 0,
—sinf 0 cosf

[D(a), R(02(0))]f (00, po) — f(m +6,0) — f(m,0)
or f(m+0,7) — f(m,n), depending on whether tan¢ > 0 or tan p < 0.

2.3 Spaces of admissible a-wavelets/shearlets

Like the Fourier basis in R™, spherical harmonics have the draw back that they
are not sensitive to local behavior in the spatial domain, or more precisely, a
perturbation of the function value at a point may lead to the change of all
coefficients and we are forced to do integration on whole sphere. Consequently
they are insufficient in representing functions of high frequency. This motivates
us to construct localized generators.
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

Definition 2.10. A spherical a-wavelet v is admissible, if
0<Cl o)im|”
<= 2l+12|;l/ (a)im? < oo

where ({/;a)lm is the Fourier coeflicients of the dilated function ¢, = D(a)y with
respect to spherical harmonics. Denote by A the set of admissible functions.

Without loss of generality we use spherical shearlet for the development of
the theory in the rest of this section.

Proposition 2.11. When a spherical shearlet is admissible, the following re-
construction formula holds

/0 /SO (0,0) Y0, q(w)do = Z Z Czlpﬁ;nm(w).

I |m|<I
Proof. By definition
Dy, (0) = (R(0)Y;", V") (2.58)
Since H; are invariant subspaces under R (o), it follows immediately that
= > Din(0)fin (2.59)

In|<i

Therefore (2.48) and (2.59) together give us

[ 5 o ROIRE )

:/o a3/50<3)< D Fun¥REOWa) DD [RloValy 1Y ()

l |m|<l U nl<l’
/ E flm E D 7//(1 in § §
SOG) 11 iml<t |ni<t ! |<U |n’ | <V

DL (@) o)y Vi ()

221—1—1/ Z Z|waln| flem()

Im|<l|n|<l

=30 > Chfm¥"(w)

U |m|<i
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2.3. SPACES OF ADMISSIBLE o-WAVELETS/SHEARLETS

Thus the reconstruction formula holds when Cfl} in Definition 2.10 has finite
value for every [. O

In particular, if C’fp is positive and independent of [, identity in Proposition
2.11 becomes

> da
flw) = C/o a® /SO(3) S1(0,0)tg.0(w)do (2.60)

for some constant C' > 0. The question concerning the existence of such con-
struction arises, but an affirmative answer comes after much efforts.
Furthermore, the observation

> (a3 = IPrall3 < llvall = [¥13 < oo (2.61)

Im|<l

and

> IPwls = llvll (2.62)
1
show that Cfb = 0 for all [ only if ¢ vanishes identically, and that under the

assumption
1 <P 2
Cfb _ / H lwa“2da<00
0

20+ 1 a3

the space of admissible functions is closed under certain algebraic rules.

Lemma 2.12. For ¢ € L(S?), the two conditions:
HypeAd
(@) ||Pi)a]l2 = o(a) as a — 0 forl € Z
are equivalent. In particular, it indicates that
(i) f1, f2 € A= cifi + cafs € A for anypairlc% Ii—c% >0

@) If L +1=1andpg>0, fi, e A= [l f €A
(iti ) {fa} CA, fa= f=>fEA

Let us define some important function spaces that will appear frequently
through out this section and later.

Definition 2.13. Let B, be the subset of square integrable functions with the
property that elim [£(0,¢) - tan™ g| exists and being bounded. Define
—TT

N ={feL*S?: /0 7r/07r f(0,¢) tan(g)dﬁdgo =0}
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

and for £ € S, let
Ke(&) ={fe€L>®S*: f(¢€-1)=0 a.e. for £ 1> cosO}.
In particular, f is called a hollow pole function, if f € K(&) = Ug Ko (&0).

By definition it is clear that g C B,,, hence we have the inclusion relation
B, D K. Furthermore, there is K = B,,, where the closure can be taken both in
L*> and L? norm.

Let us take the following formula from [60]

Py(cos6) = <s1ie> Jo ((l + ;)9)

N 0120(172) if c¢/l<O<T—e¢
620(1) if 0<6<c/l

(2.63)

where J,, are the Bessel functions (4.52), but here we need its integral form
2)” ! ,
Jo(z) = %/ (1— ) 2etdt (2.64)
v+ DT(D) )
Taking derivative leads to the following asymptotic result.
Lemma 2.14.
1
Fl+m+1) 0 \? 1
P(m) 0) = Jm l =)0
v (cost) (I+3)™(l—m)!'sin™ @ (sin9> ( +2)

0'20(17) if ¢/l<O<m—e
gmr20(m) if 0<6<c/l

With the preparation above we are standing at the point to prove the main
result of this section. It indicates how to construct a shearlet system meeting
the admissibility condition. Without loss of generality let us take o = %, the
parabolic case, for the simplicity of the proof.

Theorem 2.15. B, NN = B, N A forn > 3.

Proof. We firstly prove that KN AN = KN A Set § = 01 /a5 o = ©1/as
dQ =sin6'df' dy’ and suppose (0, p) - tang| < M a.e.. By Lemma 2.12, in
order to prove mutual inclusion we only have to check that ¢ € N if and only

if [Pialld = X<t [($a)im] = 0(a?).
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By (1.15),
Y, (0, ¢) = cime™ sin™ (H)Pl(m) (cos9)

’

Consider 1o = X[0,27]x[0,0] 1/1 € K. Using the fact that A(a,0,¢) = d% , We
get
(be)olin = [ T)(Dla)ve) )
Y (0,0)V/ M 0.0, 0)be (0170 01/a)dQ (265

s2
B /sz Y (0, )NV (a, 0, 0)00 (0, ¢ )dQ

To avoid confusion of the notation in (2.65) and also in later part, we clarify here
that ¢(0 ,¢ ) are now taken as new variables while 6 and ¢ shall be understood
as 0(0, ) and (0, ¢ ).

Insert (2 51) into (2.65) and replace v/A(a, 8, ¢) by the expression a_HTa(l—i—
J?) cos?(%) in (2.55), we get
vo(t/.¢) tan(%y )db'dy

+

(@eTam =20 e [ [ i o) sty P

(2.66)

where J = tan( ) cos ¢ \/(a2 + a2 tan® ¢').
Let us examine the integrand in (2.66) in detail. Since 8" € (0,0), tan g <
tan % bounded almost everywhere. What’s more, Lemma 2.14 and the obser-

vation that § — 0 as a — 0 tell us sin™ HPl(m)(cos 0) = O(a®™*™). Indeed,
according to (2.52) there is

/

2tan(%) cos ©' Va2 + a2 tan? ¢’

|sinf| = |

’

1+ tan?(% ) cos? ¢’ (a2 + a2 tan’ ¢')

= |2tan(9—

5 )cos g \/a? + a2 tan® ¢’ | + O(a>®)
= O(a®)

we conclude that for fixed [,

lem((g7 QO) — O(aa\m\+(1+a)/2) (267)
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for all m > 0, and hence for all |m| <1 due to the fact that
Y= ()Y (2.68)

Thus |(@)lm| = O( am+(1+a)/2) ((wo) JimY™ € A for all |m| > 1, and

P (v0)all3 = 2 iml<i \((zb@)a)lm\ = o(a?) if and only if we impose the require-
ment that

0= lim a™"((ve)a)io

a—0

2 V(0 )t ey o,
—211ma Y Czo/ / PlCOSO er)JaZn(Q)detp

27
—211ma 1/ ClO/ / 1/)9 0 tan( )d9d<p

namely that f fo @) tan(% )d0 do’ = 0. The last step used Lebesgue
dominated Theorem w1th the observatlon that |P(cosf)| < P(1)=1,J =0
as a — 0. Although we used a specially designed g, the whole argument we
used above applies to any function in K, namely CNA=KNN.

Due to our assumption that 1 € By, (8, ¢ ) tan®(%)| is bounded by some
M > 0 almost everywhere whenever |© — 7| < §, we see that if ||P;(¥).]]3 =
lime . [P (ve)all3 = 0(a?), we necessarily have

2m e ’ ’ 0/ ’ ’ 2m 7T / / 9/ ’ ’
0= lim / PO, )tan(;)d@ dp = / / (ICANY )tan(g)de de
0 o Jo

o= Jo
Conversely, assume fo% Jo 0(0,¢) tan(4)d0de = 0. Let

where

2m
Te (0, p) tan / / Yo (0, @) tan( )d9dgp (2.70)

Since wN@(Q, ) € Ke NN, by our former conclusion we get %(9, ¢) € A. Hence
it follows from Lemma 2.12 that |P;(ve)a||3 = o(a?). Fix 0 < m, it’s easy to
see that ’(/}@(0? SD) - ¢(07 50) as © — , and that |(¢@(0a 90) - 1/J®(9> SD)) ta'ng :
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is bounded for any © < 7. In fact, there is

0

[ (0. 9) — (6 0) | tan®(3)

< (1960, ¢) — o0, )| + o (6,9) — ¥(0, 9)l) tan’(3)

[ e(0.9) — 600, 9) an( 3 dtg| ()
0 0

-+ max
6>0

wawm&@ﬁ

ot () [ o

which is bounded almost everywhere as © approaches 7, since ¢ € B. By
replacing 1o in (2.66), we use Lebesgue dominated Theorem again to get

0
©) tan( )‘ dfdyo + max 5

wa@m&fﬂ

lim a~2||Py(¢a)]|2 = lim lim a 2||Py(¢e)a]? = 0
a—0 a—00—1

In the last step the exchange of order of limits is allowable since the convergence
is uniform. Indeed, for m = 0 and any a € (0, 1], there is

27 4
Pi(cos9) ;o 6
ot | [T A (o - w) 0y an G

_1
= 4

(), - @

Since 1o — ¥ € N, the latter goes to

/%/ da <P1l iojf)) (% —w) (6, ¢) tan gd()’d@’

as a — 0, which further converges to zero uniformly due to the fact that

\%(9, ©) — (0, )| tan® (§) is bounded almost everywhere. For m # 0 it can
be verified similarly. Thus we have proved that ¢ € A.

3
a4

O

This main result reduces the complicated admissibility condition into the
easy-to-check condition in Definition 2.13, hence greatly helpful for selecting
candidate shearlets. Another natural question is whether an admissible shearlet
remains admissible after dilation. In other words, we need to check whether our
system defined in (2.8) is closed under the dilation operation. The following
lemma gives us a positive answer.
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Proposition 2.16. If v € N N B, then ¥, € N N B, for any a € R, and
n>1

Proof. Let 6 = 01/, and o = ©1/q- Suppose [(0, @) tan” g| < M for some
M > 0, then by (2.51) and Proposition 2.6,

0 r 0
a0, ) tan” 2| = [V/N@,0, )¢, ) tan” 5|

—a

_ 20"t M
= |Pa cos @ + Oy |(cos? p + a2—22 sin? p)n/2

Further, we observe that
27 T 0
[ [ atortan(ydoa
o Jo 2
2T ™ 0
— [ ] VN@B 051 0170) () a0
o Jo
2m T sec? Q ’ / / ’ ’
[ ISR w006 sind a0 d
o Jo

2 7T 1 + J2 a(a+1)/2 Secz(%) ’ ’ ’ ’ ’
= 0 inf df d

’

27 T
7 !’ 6 ! 7
= a(o‘H)/Q/ V(b e )tan(;)d@ do
0 0

therefore ¢,(0, ) € B, NN.
O

Remark 2.17. Once we have a square integrable function v on the sphere
which fulfills the requirements in Theorem 2.15, then taking the difference of
two sides of (2.3), we see a natural candidate of admissible shearlets is the
function 1, (0, ) — a*/*(6, ). Besides, for hollow pole functions, operator
D(a) preserves regularity on the whole sphere. Indeed, given f € C*(S2) with
k > 0, it is obvious that D(a)f is k-times continuously differentiable away from
the pole according to (2.54); while if f is a hollow pole function, then its dilated
version keeps regularity at § = 7, hence D(a)f € C*(S?).

The relationship between functions on R? and shearlets on S? is described by
the next proposition. More precisely, we prove that every zero mean function on
R? after being projected inversely by U is an admissible shearlet on the sphere.
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Proposition 2.18. Let 1 € L*(R?) be a function such that

1,[)(1’1, IQ)dX =0
R2

and
[h(21, 22)r" | < M Vn <

for some M >0 and N € Z+*. Then U"") € By NN € A.

Proof. Let r = Qtan( ), 1 compactly supported implies U149 is a hollow pole
function.

27 27
/ / U~ t(8, tan( )dOdyp = / / Y (r cos p, T sin @) sec (Z)tan(e)dew
2T
= f/ / P (r cos p, rsin@)rdrdy
2Jo Jo

= ¢($1, mg)dx
R2
Since [,, 1 (21, 22)dx = 0, by definition, we have U~ '¢ € V. Furthermore,
|Y(21, 22)7" 2| < M for all n < N implies that U~ € By. Therefore, U~
is an element in A. O

2.4 Other approaches: a selective review

In this section let us have a tour and make some comments on other represen-
tative and creative approaches of constructing spherical wavelets that exhibit
certain merits as well as insufficiency in different applications.

Firstly, I want to comment that, in the dilation aspect, the anisotropic spher-
ical Gaussian(ASQG) is probably the most widely used tool by engineers, for in-
stance in the description of directional dependence radio waves from antenna.
Mathematically, without loss of generality, if we denote by x,y,z a set of mutu-
ally perpendicular unit eigenvectors of a 3 x 3 symmetric matrix A, correspond-
ing to eigenvalues A1 > Ao > A3 respectively, the ASG(as a function of &) is
defined to be

G, A) = £ AL max{z- &0}

Note that the matrix A can be rewritten in the form A = (A\; — A3)xx? +
(A2 — X3)yy? + A31, hence ASG has another expression

6_[()\1_)\3)(f'x)2+()\2—)\3)(f'}’)2+)\3] . mam{z -E, ()} (2_71)
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Comparing it with the traditional von Mises-Fisher distribution

Q2AE7—1) _ - AEXH(EY)] | g~ A(Ea—1)?

2.72
— o ME*HEYDH] | A E 2> +22(E2) (2.72)

where A is the bandwidth and z is chosen to be the lobe axis, the axis of
the smallest eigenvalue which corresponds to the smallest radiation amplitude,
we see that the last z term is replaced by a smoothing term, which is used
to constrain value in upper hemisphere while preserving smoothness. It is
demonstrated[7] that ASG have approximate closed-form solutions for product
and convolution operators.

A subdivision scheme is used in the 1995 work by Schréder and Swelden[25]
to build the orthogonal Haar wavelet transform on arbitrary manifolds. This
method starts with an initial quasi-uniform triangulation of the surface and
builds finer level mesh by connecting the midpoint of each edge. Whenever
there is a multiresolution analysis on the surface either based on vertex basis or
face basis, one can use the lifting scheme to obtain wavelets of better properties
like improved smoothness or vanishing moments. That is to say, if we have a
biorthogonal wavelet basis system such that for any f € L?(S?) there is

f = Z<fﬂ @j,mﬁpj’m

Jm

) (2.73)
vk = 3 Ry i T O Gjkm Vi
K m

with refinement relations Z:hj’k’kl i1 = @ip ad 3205k mPitim = Vjko
k m

then a new wavelet system can be generated through the following design of
filters
k= Mk

~metly -
P =h e +22Ckmdin m
m (2.74)

~new __ =
9jke,m = 9j,km
new

i Rim = G = 22 €1k My
k

namely the scaling function remains the same while its dual and the wavelet
function are lifted, where g; 1 . and h + are similarly defined and ¢; ; ;- and
¢jk,m are coefficients to be chosen.

There are in general two types of schemes of subdivision, the face splitting
scheme and the vertex splitting scheme. In the face setting, the scaling function

Jym,k
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2.4. OTHER APPROACHES: A SELECTIVE REVIEW

and its bi-orthogonal dual at different levels supported in a local triangle can
be simply formed by taking the characteristic functions, namely setting ¢, =
X1;, and @; . = ﬁxTJ; .- If the subdivision triangles of Tj; are labeled as
{Ty, T1, T2, T3} with Tj indicating the middle triangle, the wavelet dual pairs
can be chosen as

Pj l,mdQ
Yjym =2 <</7j+1,m - fS}Z;on j,o) (2.75a)
sz P,
- 1 )
Vjm = 5(@jr1m = Pik) (2.75b)

where m = 1,2, 3, so that the wavelet here has vanishing integral. In order to
achieve higher vanishing moments in the sense that there exist n linearly inde-
pendent polynomials restricted on the sphere such that their wavelet coefficients
vanish for all j > 0 and all m in index set at level j, one can propose the lifted
dual as 1
’(/}j;m = §(ij+l,m - ‘70]‘71@) - Z Cj,k’,msbj,k’ (2.76)
k' eN (k)

where & are index of the neighboring triangles of T} 1.

In the vertex setting, the scaling functions are often chosen as delta functions.
If the vertices are labeled by k at level j and the midpoint of an edge(or the newly
generated vertex) is labeled by m, then one could simply subsample followed by
upsampling the scaling coefficients and let the refinement relation be

Yim = itlm = Y CikmPik
keN (m)

A special choice would be

2 [52 ©;,£dQ

i1 mdS
o2 pormd? g g V1, V2
Cjk,m = .
otherwise

where v; and v are endpoints corresponding to m.

Suppose now we have a convex polyhedron I' with triangular surfaces and
having all its vertices located on the 2-sphere. Through certain subdivision
scheme we obtain refined triangulations 77 with the set of vertices V7 and
nodal functions ¢, at vertex v € V7. The space IF’} of piecewise linear continuous
function on 77 is a subspace of ]P’]l 41- In fact, if only neighboring vertices are
involved, there is the relation ¢ = ¢J*1 + % > (;51,“; while in the butterfly

v EN(v)
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CHAPTER 2. SPHERICAL DILATION SYSTEMS

scheme more vertices could be involved. Thus the composition of ¢/ and inverse
projection p~! : S — 9T, denoted by 7, satisfy the refinement equation

=it +s Y el (2.77)

v

v EN(v)

and if u € V/T1\VJ be the newly added midpoint on an edge [v1, vs], the next
step is to define a wavelet space such that W; @ P} = P}, . One strategy used
in [70] is to assume that the wavelet function at m is a linear combination of
the nodal functions of the previous level in the neighborhood of v; and vs, and
vanishes ]P’}. It is proved there if one define

wj,u = Cl(bz}jl + Z Cv’ (ﬁf)j_l + Co Ujl + Z Cv/ qb_z}:‘rl
v ENI+1(vy) v ENI+1(vg)
1 2
= i+ ¥
‘ (2.78)
by requiring that for any v € V7

(-1)27%y v=u

Wﬁu ¢l )or = 27%y =1y
0 else
and )
[z =
(V5 u 3)or = 27%y  w=u
0 else

where v is a given nonzero constant, so that (1;.,¢J)sr = 0, then wj(lu) and

%(213 are uniquely determined, hence 1), .

Spherical Haar wavelets are later improved into a both orthogonal and sym-
metric basis in the work [46], where instead of using the geodesic bisectors they
smartly designed the subdivision by employing a spherical trigonometry for-
mula from a college and school book a century ago that is not well-known to
the people nowadays, so that areas of the children triangles on the finer level
are equal.

The authors of [82] project from the plane to the sphere the Mexican hat
wavelet \/%7(2 — 22)e=*"/2 which is almost the Laplacian of a Gaussian, to
form the so called spherical Mexican wavelet. Noticed by computer scientists
that spherical Haar wavelets are constructed after subdivision and the refining
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scheme depending heavily on the connectivity of the mesh hence computation-
ally expensive, the authors from [59] recently introduced a Mexican hat wavelet
formulated in the frequency domain as an alternative choice, namely by defin-
ing the continuous wavelet on an a compact manifold as the derivative of the
heat kernel hy(z,y) and the discrete version wavelet as its difference. It has the
advantage being localized in both space and frequency domains. Precisely, let

Gi(,y) =D Ae Mop(a)dr(y) (2.79)
k=0

with {¢x} are eigenfunctions of the Laplace-Baltrami operator on the manifold
and Ag the corresponding distinct eigenvalues, then the continuous wavelets
transform of a square integrable function f on M is

Wy f (a,1) = / el ) () dy
M
and it has the inverse transform
;= / W ()it + F(0)o () (2.80)

By definition heat kernel and the associated wavelets have the properties that
for all x and y on M

tli_% he(z,y) = 6.(y)

Jm (. y) = 1/v(M)

tlgrolo Vi@, y) =0

Jim y(z,y) = ; Mo dk(2) dr(y)

(2.81)

In particular the last term is the kernel of Ay.
Similarly, if we divide the time line into a sequence [to, - - , tx], the discrete
Mexican hat wavelet transformation and its inverse are

WF (k) = de, (K) F (k)

N ) (2.82)
fl@) =SS WLraty)+ [ hole) )y

j=1
where zzt\](k) = e Mti-1 — e~Mt | using the fact that hg is the reproducing
kernel of the Hilbert space L?(M). Since the heat kernel preserves the integral
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Jog Pt (2, y)dy = 1 for all t > 0, the wavelet formulated in this way automatically
has zero mean. I would like to briefly mention that a comparable construction of
the Mexican hat wavelet is the Poisson wavelet from [51], where frame properties
are discussed in a more theoretical way.

Another relatively new method is the Geometric Multi-Resolution Analy-
sis(GMRA) adapted to a m-dimensional smooth compact Riemannian manifold
M embedded in R™ was built in [97]. This method consists of the following
steps. Firstly decompose the m-dimensional manifold in each scale j € Z into
subsets U; = {Uj r }rek,, such that:

(i) They completely cover M and v(U, ;+ (\Ujx) = 0 for any E #kek;

(ii) U 4 is included in one and only one Uj; ; whenever j < i

(iii) comparison principle: for each level j,

Bp(0j7k,27j ) C Uj C Bp(Cj7k,27j)

holds for some jl > j, where the Riemannian metric is denoted by p and the
Borel measure by p. Such a decomposition for instance can be achieved through
intersection of the manifold with dyadic cubes in R".

The second step is to find the minimizer of the functional

m};n/U. d(z, P)?dv(x) (2.83)

J.k
where d measures the Euclidean distance to an affine plane P. The solution

of this minimization problem is the affine space spanned by the m eigenvectors
corresponding to the maximum eigenvalues of the covariance matrix

E[(z — Ex)(z — Ex)'|z € Uji] = BjxZ;uBl, (2.84)

with »;; a dim P x dim P diagonal matrix and dim P equals the number of
vectors in Bj i, centered at

1
Cjk = E[l’ S Ung] = m/{] J;dy(x) S R™
75 g,k

denoted by ¢; i + Vji. Indeed, let & (i = 1,--- ,n —m) be orthonormal unit
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vectors in R™, then (2.83) equals to

min / Z|$ & — Nil*dv(z)

n—m
AER v( Ujk =1

gesnt
! / "ZT:” r — Ex, &) |?dv(x) (2.85)

= min
£, eSn—1 V(UJ k)

= mj IE[(z — Ex)(z — Eax)f
5irerélnn ) Z & z)(z — Ex)'|x € Uj i)

therefore the minimum value is achieved by choosing arbitrary n — m eigenvec-
tors corresponding to the minimum eigenvalues. We point out that in the paper
[97] the assumption that E[(z — Ez)(z — Ez)'|z € U, ;] has rank m < n would
be not right when the manifold is of poor regularity or having large curvature.
Covariance matrix in general could have full rank when its curvature is not iden-
tically zero. In fact, assume without loss of generality that B; j form the last m
coordinates and points in U have the expression & = (hy(z'), -+ , hp_m(z'),z'),
where 2’ is m-tuple (Tn—m=+1, "+ ,%y). If at U the curvature is large, then
U C P and for any 7 < n and j > m, since x; = 0 there is

Cij = Il / —Ez;)(x; —Ez;)dz =0

hence the rank of E[(z — Ez)(z — Ex)f|z € U] is at most m. However, when
the curvature at U is not zero, say h; > 0 for all i < n, then ¢; > 0 and
det E[(z — Ex)(z — Ez)T|z € U] does not have to vanish. In other words co-
variance matrix can have full rank n regardless of the fact that M is a m-dim
manifold. Nevertheless if we know in advance that the surface consists of points
distributed around a hyperplane or its sectional curvatures are small every-
where, namely h; < diam(U), then the low rank assumption holds as a first
order approximation.

Let 11, := B;, kB e the third step is to compare the difference between
the affine projection z;, = II; x(z — ¢j ) + ¢;r to the plane centered at c;
and the projection IL; |,/ (z — ¢, /) +¢;41 v to the next level plane, where
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z €UjrNU; 4 - Without confusion we omit the index k and k'. Then

Ajr =14 (x = ¢) — (2 —¢j)

= (I =) (z — ¢jp1) = [(z — ¢j) = M1 (2 — ¢jt1)]
= (I = )1 (z — cjp1) — [(z — ¢j) = Mypa (2 — 4]
J
+ Y ([ — 1) — (e — ) (2.86)
s=j+1 i
= w; — [z —¢;) =Tz —cpp) + 15 Y A
s=j+1

for any J > j + 1, where w; € W,y := (I —1II;)V;41. Thus we have the
decomposition of IT;+1(z — ¢;+1) € V41 into two orthogonal parts, namely the
detail part w; in W; and the coarse part that belongs to V;. An obvious fact in
this method is that the centers change at different levels and eigenvectors must
be recalculated, as a result there is no simple operations like translation and
dilation directly applicable.

In my humble opinion one of the main obstacles in local projection approach
is how to smartly build an adaptive mesh on an arbitrary surface so that the
transition functions have good regularity properties. Even for the special case
of the unit sphere, it is not a trivial question. Best performance in regularity
aspect is achieved interestingly, however, by the earliest works in Germany. In
[74] the authors divide the whole domain into quad mesh and utilize tensor
product of exponential splines and B-wavelets to form the wavelets on a square
and join smoothly the pull-back of those wavelets which are able to obtain
C! regularity at the pole and C* elsewhere. In [79] arbitrary smoothness of
the wavelets is realized on the whole sphere in theory, although it had the
drawback in implementation according to Prof. Dahmen and Prof. Schneider.
An optimized and implementable version is given by Kunoth and Sahner[48].
A similar strategy using local plane approximation for arbitrary manifold is
adopted recently in [94]. The representation system formed in this way in general
could be highly redundant and it is not always clear whether frame properties
hold globally.

In our projection means for constructing spherical a-wavelets/shearlets, how-
ever, as | have mentioned in Remark 2.17, hollow pole functions preserve reg-
ularity globally under dilation and as you shall see in the next chapter, they
generate a frame system under suitable assumptions, so that they recover a
function completely and stably even though there might exist overlaps.

Those methods mentioned above as well as ours have potentially many col-
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laborators in different scientific fields from astrophysics to medical imaging. For
instance, as a strong support for the big bang theory, the cosmic microwave back-
ground was originally assumed to be perfectly uniform or isotropic[32]. However,
detection of small fluctuation of its temperature leads physicists to search for
the anisotropic structure behind it. Thus precise measurement of small param-
eters of the cosmological model is crucial according to physicists, and the scale
property of wavelets naturally perfectly fits into this needs. In this aspect I
would like to refer the readers to [24][58] for physics background, [42] for real
observation data based on wavelet tools and [23] for a recent survey. In [90]
spherical wavelets are used for analyzing the lithosphere structure of terrestrial
planets including the Earth, Venus, Mars and Moon, where the admittance and
correlation functions of given wavelet degree possess negative values for lowland
basins and positive values for highlands. Besides, spherical wavelets are also
used in image segmentation[84], and other applications.
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Chapter 3

Extension to Miscellaneous
Results

3.1 Kernel approximation

A real continuous kernel K : M x M — R for some subset Ml C R" is said to be
positive definite if for any integer N the quadratic form

N

Z K(in,l‘j)CiCj 2 0 (31)
1,7=0

holds for arbitrary set of points {x;}X, in the set M and coefficient vector c =
(c1,¢o,...,cn) € RV, When K is symmetric, according to Theorem 4.7, integral
operator [, K(x,y)f(y)dy has eigenfunctions {¢y, }en forming an orthonormal
basis of L%/H(M), hence K(z,y) = > cn(2)p(y) for some vector of functions c

n
depending on z. Replacing this into the equation

/ K(z,y)pn(y)dy = Anpn ()
M

and using the linear independence of {p, }nen, we see that c,(z) = Appn(x)
and hence obtain the representation

n=0
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Conversely if K has such an expression with respect to an orthonormal basis,
then each basis element ¢, is an eigenfunction corresponding to A,. Especially
when M is equipped with a norm and K (z,y) = K (|| —y||) for some continuous
function K and norm || - ||, it is called a radial kernel.

On a compact domain, Mercers’ Theorem says that a continuous symmetric
kernel K is a positive definite if and only if

K(z, y)w(z)w(y)dzdy = 0 (3.3)
MxM

for all w € L'(M).

We remark here that both the kernel and the coefficient vector ¢ € R™ can
be complex, and the definition can obviously be rewritten in the matrix form
cfKc > 0. Nevertheless the definition (3.1) shall serve our current purpose.

Let us list some important examples of positive definite kernels:

(2)(Stationary kernel and its multivariate version)

The name "stationary" comes from the translation-invariant property. Let
xz,y € R™, a stationary kernel is of the form K(z,y) = k(z — y) for some
continuous function k : R” — R. Bochner showed that

- k(z — y)w(@)w(y)dzdy > 0

for all w € L*(R) is equivalent to the existence of a positive, finite Borel measure
w such that k= n

In the multi-dimension situation tensor product of one dimension kernels
ki : R — R with i = 1,---,n leads to the multivariate kernel K(z,y) =

noo_
IT %i(z; —y;). This kind of kernels, since it involves different dimensions, could
i=1

certainly embrace anisotropic traits, and is mostly used in statistics as a spe-
cial nonparametric regression method. In that context, given d-variate random
vectors x; (¢ = 1,--- ,n) with a common density function p, one needs to wisely
choose symmetric and positive definite d x d smoothing matrix H, such that the
kernel density estimate

with Kp(x) = |H|~Y?K(H~'/?x) minimizing the mean integrated squared
error MISE(pyr) = [ E [(pr(x) — p(x))?] dx. The latter can be decomposed
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3.1. KERNEL APPROXIMATION

and written as
/ [Var(os (x)) + (Bpi () — p(x0))?] dx

= / [i (KIQJ *x p(x) — E2(pH(X))) + (K * p(x) — P(X)>2 dx

where we used the fact that
Bpu(x) = [ Ku(x—y)ply)dy

_ / Ki(y)lp(x) — B2y -V p(ax) + 3 (H"/2y) Hess. p(x) H'/%y

+o((H'2y)T (H'?y))]dy.

and
N 2
1
Var(pn (x)) = 5 E Y Ku(x—xi)| | = Epu(x)Epu(x)
i=1
1
= L 1K+ 00— (Bpn ()]
An example is that H chosen to be diag(h?,--- , h3), Ky to be the Gaussian
\H|’1/2W exp(—3xTH 1x), and

1 e x1 — X} zg— X¢
:f”h.1§K :
PH (X> n : g p ( hy ’ ’ ha )
Under the moments assumption that

/K(x)dx =1, /xK(x)dx =0 and /K(x)xdex =pul

where p = [ 2? K (x)dx independent of i, and the restriction that entries of H
and n~'|H|~'/2 both go to zero as n goes to infinity, as well as that each term
of Hess.p is piecewise continuous and square integrable, the above expressions
become

Epp(x) = p(x) + gtr(H.Hess.p) +o(|H))

L P
Varpy (x) = —|H|~'/? / K(y)*dyp(x) + o(|H| 71/ ~)
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thus
1
MISE(pg) = AMISE(pgr) + o(—|H|7Y/? + tr? H)
n

where the leading term
1 2
AMISE(pg) = H|H|—1/2/[(Q(X)dx+ %/trQ(HHess.p)dx

is called asymptotic mean integrated squared estimate. Certainly one can adopt
an adaptive strategy and locate different smoothing matrices at different points,
but in general a linear transformation enables one to consider random data of
zero mean and unit covariant matrix. To maintain the structure of this chap-
ter I do not intend to stretch out to full details, but rather refer the interested
readers to monographs [15][72] among many excellent literatures. However, I do
want to mention that the spirit of this method is very close to that of wavelets
approximation, and it has the advantage that data distribution can be expressed
graphically and perceived by human cognition very well, similar to the isotherm
on a temperature distribution map.

(ii) (Power series kernel and zonal kernel)
For z,y € (—1,1)", the kernel

Yyt Ca
K(z,y) = Z Ca i al with Z a))? < 00 (3.4)
aeNY aeNg

is firstly introduced in [1] as a generalization of the infinite product kernel
o0

> cn(x - y)™ given in [45], where the coefficients ¢, are often assumed to be
n=0
positive to guarantee the positive definiteness of the kernel, and the nonlinearly

d oo
factorizable kernel of the form [ Y ¢,(z; - y;)". Among the simplest and
j=1n=0

18

most popular examples there are the exponential kernel exp(z - y) = =

n=0

d
> ﬁxay"‘ and [] m with ¢ € (0,1). It has the expansion (3.2) with
Q€Zn j=1
the eigenfunctions being some modification of the Hermite polynomials H;(see
Example 4.13).

Zonal kernel adapts the stationary kernel in Euclidean spaces to spheres, in
the sense that it uses the geodesic distance between = and y on S~ ! instead of
the Euclidean distance. Note that when the kernel function is analytic, it re-
duces to an infinite product kernel. A special example is the spherical Gaussian
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exp(—2¢(1 — x - y)). We shall discuss properties of this kind of kernels further
in this chapter.

(7i1) (Multiscale kernel)

Sometimes the function spaces arising from PDEs or analysis have multi-
scale structure, hence a class of kernels combined with multiscale property is of
particular interest. As was introduced in [34][35], the multiscale kernel on the
plane has the form

Z/\ Z (292 — k)p(2'y — k) with z,y € R? (3.5)

j=20  kezd

It is clearly a special example of (3.2) and being particularly interesting in the
sense that it is endowed with wavelet-like properties, where ¢ is either compactly

supported or of decay rate O(1+||z|| 5 ). However, in the light of radial basis
construction of spherical wavelets in section 2.1, T would like to propose a new
type of kernels of the form

Ko (z,y) ZZ ‘b z - &) Py - o) (3.6)

1>0 ]>0

which can be viewed as spherical version of the multiscale kernel. As we shall
see soon this kernel is a reproducing kernel for a certain Hilbert space.

(iv)(Reproducing kernel)

Suppose  is a function space which is Hilbert under certain norm, for
instance a subspace of L?(M,R) or C(M,R). It is well known that # has a
reproducing kernel K if and only if the evaluation operator is bounded, namely
there exists C' > 0 such that |v(z)| < C|v||s for all x and any v € 2.
Reproducing kernel is positive definite due to the observation that

N N
Z CiCjK(.Ti,.Tj) = Z ||cleL 2
=1

4,5=1

>0 (3.7)

where we adopt the notation K, = K(z,:). In particular, under the further
assumption that

Zciv(xi) = 0 for every v and {z;}Nimplies ¢; = 0 (3.8)
i=1
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K is strictly positive definite. Conversely, if K is symmetric positive definite
on a set M, there exists a unique Hilbert space in which K is the reproducing
kernel. In fact, 52 can be defined as the completion of {K,},cm with respect
to inner product (Z aZKL,Zb iKe;) = Z Zalb K(z;,z;) and uniqueness of

A follows from a mutual 1nc1us10n argument

Many questions can be solved or approximated once they are restricted to a
finite dimensional subspace which has a reproducing kernel. In applied mathe-
matics, a useful example is that the minimization problem

min{||Ag — fII3 +aM(g)} (3.9)
geX
in some Hilbert space X provided that M is a differentiable functional, can be

N
solved explicitly by taking derivative if the solution is of the form Y ¢;K,,.
i=1
This kind of minimization is widely applicable in inverse problems[37]. In
complex analysis, an important example is the Bermann kernel Kp(z, @) =
o0 —
> )%kcpk(z)gok(w) with {¢k}k>0 an orthonormal basis such that

/@k(z)spk/(z)dzz‘skk/ and /‘Pk( )‘Pk( )dz = A0y
¢ Q

which is the reproducing kernel for Bergmann space which consists of ana-
lytic functions on a bounded domain €2 C C? with finite L? norm; while the
Hua-Poisson kernel H(z, w) = ZEDPWE) qofined by Hua[57] with P(z,w) =

P(z,z)
Z on(2)Pn

w),
Z crpr(2)/P(z,z) on the characteristic manifold € C 99 of Q, namely
k>0

is the reproducing kernel for the class of functions v(z) =

= / H(z,w)v(w)dw (3.10)
In particular, for Laplacian Ag, =43 1= |Z|2 (05, —Zj2k) azaaz on the complex
J.k
ball Bc C C" with € = S&,
u(z) = ) H(z,w)f(w)dw (3.11)
S

solves the Cauchy-Dirichlet problem

{ Apu(z) =0 z € Be

ulgi (2) = f(z) zeSE (3.12)
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with Pp.(z,w) = %
those examples.

In spherical context, note that H; are RKHS themselves with kernel Z; in
(1.29). Suppose K is a reproducing kernel of a subspace A of the square
integrable functions on the sphere and every Z; is an element of jf/, then K

meets the condition (3.8), hence is strictly positive definite. Indeed, if we assume

Nevertheless, we shall not extend further into

N , N
that > ¢;v(z;) = 0 for every v € S, in particular Y ¢;Pi(z; - ) = 0, then
i=1 i=1
there is N v
—~2l+1 ,
ciQr(x; -x) = T c;iP(x;-x)=0
; Qr(xi - ) ; o ; 1 - x)

where Q,.(t) is the Poisson kernel. Let
i) :{ B i rem <1 -h

0 else (3.13)

with h < nr;éln x; - ;. Since §; is continuous and 60;(x;) = 0;;, by Lemma 1.2 it
i#j

follows that

N N
Ci = chefri(xj) = ch lim <Qr(xj . $)70$i($)>L2 =0
Jj=1 j=1

r—1-

A function v : [0, 7] — R is called conditionally strictly positive definite of
order m on S"~1 if ¢(z; - x;) is positive definite with respect to

N
{(c1,...,en): ZCiY(%‘) =0 foralY € H;_1}

=1

a concept facilitates the discussion of positiveness on subspaces like @ H, .
Uer'
Clearly a radial function ¢ that is conditionally strictly positive definite on R is
conditionally strictly positive definite on S"~'. Furthermore, > a; Py (z;-y;)
l'eL’
being strictly positive definite for a; > 0 is obviously equivalent to that of
> Py(z; - y;), which holds if and only if L' contains infinitely many odd
el
terms and even terms, which was proved in [6].
Before we proceed, I would like to give the following lemma which bridges two
different reproducing kernel spaces. Let 57 and 5% be two reproducing kernel
Hilbert spaces of real(or complex)-valued functions on M and M respectively,
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and K; be the reproducing kernel of 7. The lemma says that under certain
isometries K is uniquely determined by Kj.

Lemma 3.1. If K, is the reproducing kernel of 74 and F : 361 — 5 is an
isometry such that FZ,h = T, Fh for any integrable function h : My x M; — R
where I, (-) := (v, -) is the evaluation operator at v € S, then FF,K(x) is the
reproducing kernel of 765.

Proof. For fixed point y in the domain M of the functions in 7%, (F,K1)(z) :=
F(K1(-,2))(y) is a function in s with respect to x € M;.

(Fu, F(FyKy)) = (v, FyKy)

=T7,(F,K
= (FI,K1)(y)
= Fu(y)
By uniqueness of the reproducing kernel we arrive at our conclusion. O

Remark 3.2. Whenever there is a linear isometry F between L2(S?) into
L?(M), we are able to use the the above lemma to obtain the reproducing
kernel of L?(M). In fact, the linearity of F' implies that F' commutes with Z,,
the integral operator.

For sampling points x1,--- ,zx in M, it is a classical result that v* from a
N

RKHS 7 achieves sup Y v%(z;) when

lol2<E =1

N
v (z) = ZgM(xi)Ka:i (3.15)

with £y the eigenfunction corresponding to the maximum eigenvalue As of the
matrix (K(z;,2;))i j=1,.. n. In fact,

N N
21)2($i) = v(mi)<U’Kﬂﬁi>
i=1

=1

N
< vll Z v(wi)v(z;) K (24, 7;) (3.16)

1,j=1

N
< B[y Z E3r (i)
i=1
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N N
with equality holds if and only if v = ¢ > v(z;)K,, and ) v(z;)K(x;,x;) =
i=1 j=1
Anv(x;), namely v = v*.
Another question that is often asked is whether there exist v € S of mini-
mum norm that solves the equations

v(x;) = a4 (3.17)

where a; € R are given. The answer is affirmative at the presence of a reproduc-
ing kernel that satisfies (3.8). Indeed, if (3.17) holds for v, then its projection
into the space Hy = span{K,,, -, K,,}, written as vy, solves the set of
equations as well, since (v — vy, K,,) =0 for any i € {1,--- , N}. Furthermore,
lon |l < |lv||, thus the minimum norm solution, if exists at all, lives in Hy. Un-
der assumption (3.8), the matrix A = (K(z;,;)) is invertible and the unique
minimum solution is given by

(alv"' vaN)A_T(KIN"' aKIN)T (318)

Our next theorem gives the kernel condition under which kernel integral
expression can be used to approximate an arbitrary L' integrable function. I
also refer to the coming work [20] for a generalization of this result to higher
dimension situation.

Theorem 3.3. Given K € L'([-1,1]) and a dense subset T = {o;}; of the
rotation group, the span of functions {R(0:)K (§o-y)} is dense in LY(S?) if and
only if K; #0 for all ] € N.

Proof. Firstly observe that for any g € L°(S?) there is

Frar = [ [, [ KR 2atdsdgy s

K / Pi(y - 2)Y" (2)g(y)dzdy (3.19)
§2 J§?

K"

hence it is easy to see that K; # 0 for all I € N, if and only if the equation
Kxg(z)=0 ae. (3.20)

does not have any bounded solution other than the zero function.
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Let V = {all finite linear combinations Y ¢; K (z; - y)} and denote by V its

K3
closure. For every S € V and € > 0, suppose ||S — Sy|[1 < 7 with Sy (y) =

> eiK(z; - y), we see immediately from the fact that
i

165 = 55wl < ol -

the equation (3.20) holds if and only if

. SW)g(y)dy =0 (3.21)
for any S € V, which is further equivalent to the condition that V = L(S?). In-
deed, Hahn-Banach Theorem implies that if V' # L!(S?), we can find a nonzero
continuous linear functional v in L'(S?) which is vanishing on V. Since S? is of
finite measure, by Riesz-representation Theorem there exists a bounded nonzero
function g such that v(S) = fS2 S(y)g(y)dy = 0 for any S € V, a contradiction.
Thus we have proved that the span of all rotated functions {R(o;)K (& - y)}
being dense in L'(S?) is equivalent to the condition K; # 0 for VI € N.

Finally, by the density of continuous functions in L' space, for any f € L'
there exist K¢ € C([—1,1]) and some set {o¥}; such that ||Sy — S§ |21 < +
and ||Sy — f|| < &, where S§ = > ¢;R(6Y)K (no - y). Now by the density

7
assumption of I' in SO(3), for arbitrary e > 0, we can find some {0} C I such
that [|f — > ¢y R(oy)K(no - y)|lrr < e, hence the claimed result follows.

O
Similarly, for a family of kernels {K7};c; we have the following extension

Corollary 3.4. The equations

K (z-y)g(y)dy=0Vx €S* jeJ
S?

have a nonzero bounded solution g when and only when for somel € N, IA(? =0
forall j € J.

Proof. If f{f =0 for all j € J, then fSQ Ki(z - y)Y™(y)dy = 0 for all  and j.
Conversely, if [i, K7(z - y)g(y)dy = 0 has a nonzero bounded solution g for all

j, then 0 = Z; x (K7 g) = K?Plg. Since g is not identically zero, there exists
some P;g = 0, hence f(fzofor all j € J. O
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3.1. KERNEL APPROXIMATION

Remark 3.5. In the proof we already use the fact that g € L>(S?) C L?(S?),
otherwise (3.19) does not make sense. In fact, the theorem is still valid even if
we set g € L?(S?), and the corresponding proof is not much changed.

Let v be an arbitrary linear continuous functional on L'([—1,1]). Due to
the fact that v(K) = filK(t)gV(t)dt for some g, € L*([—1,1]) and that

vl = sup f_ll K(t)g,(t)dt, as an immediate consequence of theorem 3.3 is
guHoczl

following expansion result for linear continuous functionals on L!(S?) in terms

of translations of v.

Corollary 3.6. Given a dense subset I' = {o;}; of the rotation group and
v € (L*(S?)* such that kerv = {0}, there is

(L'(8%)* = span{vi}
where
alh) = [ R vy
for any f € L1(S?).

Proof. We only need to prove (L'(S?))* C span{r;}. For any pu € (L'(S?))*
and f € L'(S?), there exists h € L°°(S?), such that pu(f) = [ f(y)h(y)dy.
Due to our assumption that kerv = {0}, (3.20) implies that ¢, = 0 for any
I. Consequently, given any e > 0 there exist some ¢; and {o;}; C T such that
[h(y) = 32 ciR(oi)gu (1m0 - y)llL2(s2) < €, hence we have

<ellfllo

u(f) — ch(f)

for any f € L°°(S?) such that ||f||;: = 1, since L™ is dense in L' on compact
set. The claim follows from the arbitrariness of e. O

Let Qq % g := [ K(x-ya)g(y)dy, the observation that
0 gltm) = [ [ K yu)¥ @)glu)dyda

A (3.22)
- /K(l)Ylm(ya)g(y)dy

leads to )
QIE& Q. xg(l,m) = \/TK(Z)ém’o /82 g(z)dz

7
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

or
. V2U+1 -
lim Qg xg(y) :zl: KW /S _9(x)dzPi(cos 0,) (3.23)
and

lim O, * g(I,m) = K(1)g,,
a—1

or equivalently

o /S 1Qaxg(y) = gW)Pdy = > 1KW) — 11|31, (3.24)

a—1
I |m|<i

Proposition 3.7. {Q,} is an approzvimate identity at a = 1 in L? iff k(l) =1
for any I € N.

Let I be the parameter set of frames {¢; };c7 and {qﬁj}ie[. Consider kernels

of the form
E'(zy) =Y X(t)oi(x)o] (y) (3.25)
i€l

with \; € £°° such that K®(z,y) exist for all ¢, z,y.

Definition 3.8. Let us call the kernel in (3.25) a frame kernel. Set Iy C I
with [|Iy]lo = N and I = I'\ Iy. Denote by K} (z,y) = 3 Xi(t)¢i(z)9] (y).

i€ln
If (f, K'(z,-)) = f(x), then fr, (z) = (f(-), K1y (z,")) is called a N-term kernel
approximation of f. When

1O K Gl < IO K o)
for any Jy C I with ||Jn]|, = N we call f1, a best N-term kernel approzimation
of f.

Remark 3.9. In contrast to the standard text in approximation theory where
N-term approximation is usually reserved for nonlinear spaces, here I do not
distinguish between linear and nonlinear spaces.

Example 3.10. Clearly frame property (1.2) can be reformulated in the kernel
means

AIFIP < (f(2), (K" (), f(v))) < BIIfII? (3.26)

in the special case that \; =1 for all ¢ € I and ¢; = gi);r.
If {qﬁz}ie[ is the dual frame of {¢;};,cr and A\; = 1, then

IFI1* = (f (), (K" (z,), F(y)) (3.27)
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3.1. KERNEL APPROXIMATION

namely K is a reproducing kernel.
If \;(t) = e %! with ¢; the eigenvalues of Laplace-Beltrami operator on a

manifold, we call
oo

hi(z,y) =D e ()l (y) (3.28)

=0

a generalized heat kernel.

Another good example of frame kernel is the multiscale kernel we have de-
fined in (3.6), its reproducing property is given in Theorem 3.13. In addition,
if we denote by AT and BT the lower and upper bound of frame {qbgr}iel respec-
tively, from the definition it is obvious that

IFC) K ol = sup [((FC) K r ()b g(w)

llgll=1
= s 1S 00 biery e {0 hierg e (329
P

< VBB max |Ail|| f]
and by assuming without loss of generality that \; # 0, there is
FC) Ky Gl = VAATmin [\ f] (3.30)

The error of the best I-term Legendre kernel approximation of image with
smooth boundary decays as [~'/2 when | — oo, which is shown in the next
proposition by choosing the characteristic function of the spherical cap C(&, ©)
centered at . The following asymptotic result about Legendre polynomials
can be derived from our Lemma 2.14 and can also be found in [18] and [71].

Lemma 3.11. Let ¢ be a fized positive constant, | — oo. Then

O~m=z0(I™"2) ifc/l <0< m/2

o(i2m) if0<6<c/ (3.31)

Pl(m) (cosf) = {

In fact, the first term of the asymptotic expansion of P™(cos0) is

2
mlsin 6

)% cos[(l + %)0 + (m; D)

P (cos) = (—1)™( +0(17)  (3.32)

where P (cos ) = (—1)! sin™ GPI(m)(COSQ), e<l<m—e,e>0,l>m,1>1
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

Proposition 3.12. nIlin|| > Pixceolls = O(L™Y?), namely the error of
L gl

best N-term kernel approzimation with respect to {P};>0 decays at least as
O(N71/2)’.

Proof. Let f = xc(¢,0), then
(f; Pi(w-)) = (1, ©) Py(w - £) (3.33)

where b(l,0) = 27 foe Py(cos 6) sin 0d6.
By integrating (4.44) we obtain

)
/O Py(cosf)sinfdd = (1 + 1)~ (P—1(cos O)) — cos OP,(cos O)) (3.34)

=0@17??)

By (3.31),if £ -w # 1, P(w-&) = O as | — oo; If £ -w = 1,
Pi(w- &) = O(1). Therefore

Ivsen ZDlE=(f

due to the observation that surface area of the region {w : |w- & — 1] < 7} is of

size O(I71).

SR = Ixeo) Ziw))3 = O(L™) (3.35)
L L
Thus the error of best L-term kernel approximation is
If = felle = O(L™?) (3.36)
O

As I promised, now let us turn our attention back to the kernel K¢ » defined

T
in (3.6). Endow the space V; with norms || f * ®; * tI>j||2j =y ‘f(l)
7

, We can

claim the following result.
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3.1. KERNEL APPROXIMATION

Theorem 3.13. Given ~ satisfying the conditions in (2.5) and a positive se-

quence A = {X;;},1 such that Z)\ 1 < oo and p; =y(2771)* /X independent
j.d
of I, then Ko x(x,y) forms a reproducing kernel of the Hilbert space

a={gel’:g=> g e JV; and > plg;ll}, <o} (3.37)
J J J

with norm
lglan = 00> pwillgslls, c 9= g5} (3.38)
J J
Proof. Recall that ®;(1) = (2‘jl) and let us define
Alo,),m0(€) = D @ - &) (3.39)
1,j>0

or abbreviated as A* without confusion, where
celr={{asby Y milel’ < oo} (3.40)
l,j

Denote by Na- = {c € £% : A*(c) = 0} the null space of A*. With the inner
product

<ch,j(i)j(l - o), ZCU §O)> :<PN;*(C)aPN;*(C/)>£2
L,j A .

(3.41)
the range of A* becomes a Hilbert space, where PN; is the projection onto the

sequence subspace N,f;. Indeed, it is obviously bilinear and symmetric. It is
well-defined, for A*(c) = A*(d) implying that Pyy (c) = Pyy (e—d+d) =
Pyo (d). Furthermore, it is clear that (A*(c),A*(c)) > 0, and equality holds
when and only when Py (¢) = 0. The completeness of RanA* follows from

that of £3, due to the fact that A* is an isometric isomorphism.
Fix 2 on the sphere. {;-v(27/1)*Pi(z - &)};, forms a sequence in £} under
J
our assumption, hence K¢ x(z,-) € RanA*. Notice that

<A* (C)7 K‘I’7/\(m’ )>A*

<ch,J PPy-&), Y 3<T>§<Z>Pl<m-so)Pz<y~5o>>
l J A

,j20 1,720

_ZCU z - &)
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

Thus K¢ » is a reproducing kernel for the Hilbert space (RanA*, (-, -)a~). Fur-
thermore, since for any ¢ € 2, such that A*(c) = A*(PN:_* (c)) there is

P (% = 1P (€)1 < e[y it follows that

IA* ()3 = 1Pns ()17
=min{) _ pyle;1* e €£2,A%(c) = A*(c)}
l!j
= [|A* ()3
hence the claim of the theorem holds. O

3.2 Construction of spherical frames

The goal of this section is to establish frame properties for two types of represen-
tation systems on the sphere that we have met in Chapter 2. Recall that the first
type considers dilation in the frequency domain. For this type, starting with a
general basis, for instance the spherical harmonics, our next theorem allows us
to transform them into a new frame suited to the multiresolution structure and
at the same time equips them with good properties such as local support and
fast decay. Interestingly, as far as I know when I am writing this part, it has
never been discussed by any before. For that purpose, we firstly need a lemma,
whose proof can be found in [81] for instance, hence omitted here.

Lemma 3.14. If {¢r}r>0 is a frame for Hilbert space 5€ with bounds A and
B, and T is an bounded operator on 7 with closed range, then {TqS;i}k)o s
a frame for the range of T with bounds A|T| =2 and B|T||?>, where T is the
pseudo-inverse of T.

Let Z C N and Hz = @,.= H; be a subspace of L*(S?) and denote by
Vi=®;«P;«Hz and W; = ¥, * \ifj x H= the spaces of multiresolution for the
subspace Hz=.

Theorem 3.15. Let vy be piecewise differentiable and admissible in the sense of

(2.5) with l1n£ v()] > 0. Given a frame {by} for Hz, then {¢y; = (\/%ﬁfbj *
€= c)d

O, xby} is a frame for V;. If additionally for some constant 7 > 0, to > 0 there

1S
’ t
— (1) > %() for all t > to (3.42)

then {yy ; = ﬁ\l/j % W; % by} is a frame for W; N Hzito,5), where Elto, j] is
any subset of {I:1 > ty27T1}.
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3.2. CONSTRUCTION OF SPHERICAL FRAMES

Proof. Suppose {b;} is a frame with lower bounds A and upper bounds B.
Define a new function class

Goo = {f € LA(S™ 1) : |Pif|| < c||Py f| for any I > 21/} (3.43)

where ¢ > 0. Notice that {¢x o} forms a frame for V5. For any f € Hz and
g=PxDx f e there is

ZI 6.0 BHZV OPf]? < sum()llgllzB

and similarly 3 |(g, 6x.0)|° > ing *(1)g]124 > 0.
k =

Introduce the operator

Z'y (2791)%P,f (3.44)
T ez
on VO N gg,c.
It is clearly a map onto V; . = ®; * ®; * H=z N Ga ., which consists solely of
functions like ®; x ®; * f. Besides, by separating the sum into even terms and
odd terms, under our assumption that f € G, . we can get an estimation

ID; 41907 = (2¢ SIS A@TITDIRAR + Y AR
Odd even
B IRACE l+ )HH”meII
>0
)Y AR Pa S
1>0
< [Djgll?
for 7 > 0, hence _
(V2e) 7T < D; <1 (3.45)

and B _

I<D;=D_; <(V2c)I (3.46)

Meanwhile D; — \/§cDj+1 is an operator onto Wj ., and there is the estima-
tion

(D5 = v2eD,11) o], = (2% ; (et e F s (3.47)

< 2¢%||Djsgl3
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

and for g € W; . N Hzpy, 4

H (Dj - \/§CDj+l)g _

2

=[(2s - VEeDssa) o

2791 ,
/ — (t)dt
2-j—1

2771
/ Zat
9-i-17 ¢

2
= (2¢%)7
I>t20+1

(V@D + 7277 0) Puf ) (3.48)

2
> (@27 Y e Ay 2P

I[>tg2i+1

= 472 10% 2| Dy

due to (3.42).

Those together with Lemma 3.14 imply that {¢;,};>0 form a frame for
‘/j,c: while {(DJ — Dj+1> d)l,O}lZO form a frame for the Space Wj}c N HE[to,j] =
Q% @ x Hz N Ga e N Hepy,j1-

Taking any h € L2(S?!) and ¢ > 1, suppose [; is the smallest degree such
that P; h # 0. Let hy (z) = 0 and

min{l; —1,0} A
- - L . 4
ulo (ﬂ?) g ¢ (2l + 1) Zl(il? 50) (3 9)

Define inductively, for the smallest degree I ; > I; such that Pikﬂh # 0, the
functions

Y. Ml S s e (3.50)
bt Tl VL CZ’“‘H*Z’c ||Pik+1h|| '
and
ik 7 4
— =+l
Ui = Z ¢ (20+1) Zilw gO)HthJrl = hg, =, | (3.51)
I=lp+1
Then h € span{h,, — (b, +ug):k>0} C Ga.c, namely G . is dense in

L?(S%1). Consequently V. is dense in V; and W, is dense in W;, hence
{ér;} and {4p;} are frames of V; and W; N Hzy, ; with the same bounds
respectively.

O
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Corollary 3.16. Under the same assumptions of theorem 3.15 with (3.42) being
replaced by
Y(27H) — () = Ty(t) for all t >ty (3.52)

{Yr,;} form a frame for W; 0 Hzp, ;-1

Proof. This claim follows from the same line proof of the above theorem except
that here we have for g € W; N Hzyy, ;1) that

(0= VD)

=237 ST @) @) (270 + (27 ) B

I>t029 (3.53)
> (2)777 Y AR PR TD|BS
1>t027
= 47%|| Dyg|®
O
Example 3.17. The Shannon type wavelets is a good example for our theory
here. Let )
~ 1 1<27-1
;1) = { 0 1> (3.54)

with corresponding wavelets

() =¥y 0 else (3.55)

1 2912t -1
J(Z)_{

It is clear that W; L V; and V; @ W, = V;14 in this situation. Thus W; L W;
for any i # j. By choosing to = 1, Hzpy j_yy ={l:1 > 271}, we see that for

s ={ o S

inequality ~(5) — y(t) > ~(t) holds for any ¢ > 1, hence by Corollary 3.16
J

U {%x,; : k > 0} form a wavelet frame for @}]:o W;NHep j1) = @}]:0 W;.

§=0

The second type spherical wavelets we have encountered is constructed through
stereographic projection. In proposition 2.18 it has been proved that a plane
wavelet under certain conditions gives an admissible wavelet on the sphere.
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Since stereographic projection 7 is conformal, hence preserves angle, a plane
wavelet frame {t; };c; of unit norm with lower and upper frame bounds A,B
respectively immediately implies that for any f € L?(S?) there is

AC|lIFae2) < D_{m mfm bi)sas) < BOISIlfaee) (3.56)
iel
where C' = ||7rf||%2(R2)/Hf||2L2(S2), namely {7 11;};cs is automatically a frame

on the sphere. It seems that nothing needs to be done further, due to all kinds of
plane wavelets with good frame properties having been well studied. However,
a closer look tells a different story. Since the natural lattice on the plane does
not generate a good grid on the sphere through projection, it is necessary to
establish principles or conditions, under which we can obtain spherical frames
directly on the sphere. This is the next theorems in this section about.

I would like to mention that main differences between our second type frame
construction and those kernel based frames in [63] that apply to more general
Lie groups, include but not limited to: the latter is solely designed for isotropic
case while ours includes anisotropic case; and the latter starts from contin-
uous wavelets without a result like Theorem 3.19 but rather directly utilizes
the Calder6n reproducing formula with respect to the scaling parameter, hence
immediately having reproducing property, while in the system we introduced
above, Calderén’s formula does not apply. However, in this work we are able
to achieve tight frames for continuous and discrete a-wavelets/shearlets on the
sphere in a different way.

To meet our purpose let us firstly extend the traditional spherical harmonics,
as a natural generalization of the solutions of (4.41).

Definition 3.18. Let the spherical harmonics of fractional degree \ and order
B to be .
Y20, 0) = ex e PP (cos ) (3.57)

where A\, 8 € R, ¢y 3 = €™ % and Pf are associated Legendre

functions which solve the differential equation

(1—22)0" — 220 + {/\()\ +1)— 1_’;} u=0 (3.58)

U pBo 2y 2008+
and such that [~ [P} (t)|*dt = TMDTOET-
For |z — 1| < 2 in the complex domain, there is the following expression(see
for instance [11])

1—=z2 B
2

F{(z) = drp 2P 1A+ B+ 1A+ B, 8+ s ——) (2> — 1) (3.59)
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where o Fy(a, b, ¢; z) is a solution of the hypergeometric equation

d?u du
z(lfz)@+[Cf(a+b+1)z]%fabu:0 (3.60)
and
dp= o TOABED gy arpon)cn) @6

T2T(B+1) T(A+1)

when A > 0, —A+ 3 and —\— 3 are negative integers; by identity I'(z)I'(1—x) =

—7— for non-integer values x, there is
sin(mz)

(-1 T+ B+ 1I(=A+B)
C28T(B+1) A+ 1)I(=N)
)
)

d)\,ﬁ

(-1 T\+p+1 (3.62)

T+ )TA—B+1

when 8 € Z, —A+ § and —A are not integers.

Theorem 3.19. Let h € BN C>®(S?) be admissible such that there exists v €
(0, %) such that h(6 ,¢ ) = 0 for |p | < v and for |¢ — | < v. Assume that,
on subset A # 0 of integer pairs (Ao, mg) such that ‘(e‘imw By Y3000 | = bag,me

for some by, m, > 0. Then for any f € @ M, and o = 3

5, there exists

m<M
0 < A < B < oo such that
2 * da 2 2
AllfIIF < — |(f,Yo,0)"do < B| f]| (3.63)
o a° Jso®)
where
WO, o) = h( ')w/e—l(uﬁ)cos?a—/ (3.64)
)= PN sing 2 )

In particular we can take

mg 2
Mo In(Ag +1/2)
N 3.65
1 2 : YXo,mo (SI:Il )\o+s+1> In(Ao +1/2 — €xy.m0) ( )

()\U,mo)EA

b2 (Ao-‘rmo—l)!

with €x,,m, solely depending on by, m, and yx, m, = BT 0% (ho—moF D)1
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Proof. Suppose that ‘(e*imw/h, Y;Z") = b for some integer A\g € A and b > 0.

Take any large | € N there exists ag such that A\g+1 = \/ag(I+3). Let A(a)+1 =
Va(l+ %), then there exists § € (0,ag/2) such that for a € (ag — 8§, ao + ) there
is |A — Ao| < € for some fixed € € (0,1/4) and

b

(e n, vy > 2

2¢(Ao+1/2)—€>
(1+1/2)2

—1/2 1 1
a /()\+§)_§+k:a71/2 )\+1/2 +O(1)
A+ k A+ k

for any 1 < k£ < 2m — 1 and that
@20+ D) + 1) (@O D) @0+ D) o - )

For instance we can choose § = . Notice that

P (cost) = (a—l/Q()\—i— %))mo

T ((a=Y2(\+ 1)+ 1 AN N ,
((a A+3)+1) 9/51?0 .9 R (/\—|—1)0
(a=12(A+ 1) —mg)! \ 0 sind sin 0 2

+ O(amo/2+l)
N 2
in 6 /
= q(a) (SH;,> P (cosf ) + O(a™o/?+1)
(3.66)
mo—1 mg—
where g(a) = a=™0/? Sl;[o i‘:slﬁ +0(a="5 1).

—

From the previous analyzing we know that for +) admissible (1,),, van-
ishes, hence we can without loss of generality assume that m is positive. Since
(O ,¢)=0for |¢| <vand for | — 7| < v, along with a = 1, there is

I 1 /‘X’ 2 da
bmo T 91+

@
G [ o) iy yom
> Ty [ el e )

—

(¥a)1,m

2
¢*(a)a=3?da

0—9

2
b2(1 — mg)! [0+ et A+ 1/2 :
> mO)/ [exmo| ™ AT ot g
é

47 (1 4+ mog)! A+s+1

ao— s=0

a0—6

2
LB =mo)t  (hofmo—1)! /%*‘5 A +1/2 JRE.
(l+m0)! (2/\0—|—1)()\0—m0—|—1)! =0 A+s+1
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Using the estimations

_ _ (I —myp)!
21 4+ 1)72m0 L (912)"mo ¢ O/ 3.67
( ) (2% {4+ mo)! (307
and
Z . ! 1 72777,0
m < l72mg g 2™m0 (l + 2> for [ 2 mg (368)
0 .
it follows that
m 2
P b? (Ao +mo —1)! (17 Ao na0+5
lymo Z (200 + 2)2m0+2 (\g —myg + 1)! et A+s+1 ag —9

Furthermore, by the choice of §, we have

In (Zzi—f)*) > 2[In(Ag +1/2) —In(Mg + 1/2 — €)]

independent of I. Thus we have arrived at (3.65) when we consider all those
integer pairs (Ag, mo).

For an arbitrary pair (Mg, mg) € A, due to our analyzing in Theorem 2.15,
the estimation (3.68) and the observation

4’/T(>\0 + mo + 1)'

mol 7% < 3.69
[examo ™ S B3 T 1/2) 00 —mo = 1)1 (369
we have for [ > m? that
1 W0 — 2 da
Il,m0 [0,0LO] = m o (¢a)l7m0 E
8 C m 2 o — —im. ! m 2 —
< Tz [ sl 2 [t n vy || (a2
1 (Ao +mo + 1)! moct g\
< 22m0+2(l + 7)—2m0—1 01 0 . H %
2 (2)\04’5)()\07771071)! 220 s+1
ao ) ’ 2
/ (A+1/2)2m0 |(emimos’p, yymoy|” g=mo=3/24q
0
(3.70)
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

Let A+ 1 =\, d\ = 2 da, hence
a0 ]. ) ’ 2 .
/ U+*Y%W4Q+1QVW)@ﬂmvmyyw a—m0—3/2 4,
1

Xo+3 mo (12 2mo —2mo ;7
<5 lInllt | [YX™NS AT A 7 dA

1 m 1
IRIE sup YR o+ 5)
AE[0,A0+13]

Thus we claim that I; [0, @] is bounded. Furthermore, the assumption that
¢ € CY(S?) immediately leads to |[Px,vall?> = O(N\g'), hence the integral
on the domain (ag,1) is bounded by some constant. Finally the fact that
IPiep|| < ||9] suffices to conclude the boundedness on (1,00). In sum, the
integral %ﬁ I |Px,%a]” a=3da is bounded by some B < oo independent of
Ao and it finishes the proof. O

Combining the above result with Proposition 2.11 we arrive at a reproducing
formula:

Corollary 3.20. Given v that satisfies the conditions in Theorem 3.19, there

18
[8 L i)

for any f € L*(S?), where Pyt := P/, /Cfp for each l.

In practice we cannot do integration on the whole domain, but rather re-
course to a discretized summation to approximate the smooth case.

Theorem 3.21. Under the same assumption of Theorem 3.19, let Y5 . be the
set of sequences {a;};>0 such that a; — 0, |a; — aj41] < 0, a3°‘71/a3+1 <C
and 1 < ae with § and € sufficiently small. Then for each {a;}, E Tse,

{\/55%a, }jen forms a semi-frame system for L?(S?), where s; = 021“ - ;
J J

Proof. Firstly notice that 2% = O(a?*~1) and that

o Tl+m+1)
m—2 vt pmm
0 IO 1) i " (cosB)
'l +m+2) prtml
2mHIT (] + 1) bmet
:O(aa(m—Q))

pm Q) — _ .
Toosg! (cos ) m cos 6 sin

+ sin™ 6 (cos®)
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3.2. CONSTRUCTION OF SPHERICAL FRAMES

hence L P/ (cos0) = O(a®™~1). Since 1(6,¢) = 0 for ¢ < v, there is

’

d . , itan o 4+ ql~®
d—e‘”’“‘J = —me—l(m+1)<ﬂ< ¢ an;p j'_a — ) =0(a™ )
a ++/tan* ¢ + a=—2«

Besides, a direct calculation gives 4L (14 J?) = O(a?*~!). From (2.66) there is
(@)lm = O(al®=1/2+em) ‘hence combined with our previous result we arrive
N2
(wa)zm

at = 0(a®®m+1)), Thus

1 2
QZHW\@)z/Ma\
1< |m|<1 j=0 i+ |ml<l
1 l da
cam X [ @ oSl s S %
2l+11<|m|<l =0 aji1 Im a 2l+11<‘ <1
= (4 —aj11) a7
< J
\Z az +e€
j=0 j+1

where € is arbitrarily small for sufﬁmently large ap. Furthermore, under our
< C, the last line of the above
inequality is bounded by Cd + ¢, thus the concluswn holds.

assumption that |a; — a1 < & and >

O

The next result from [62] provides us one candidate sampling method on the
rotation group. I include its simple proof here for completeness.

Lemma 3.22. If the quadrature formulae

27
/Ym ,0)sin 0dfde = > w;(S*)Y;" (94, 0;) (3.71)
i€l

with | < N and ,

1 ) )
> e"dg =Y w;(S')ems (3.72)
T Jo JEI2

with |n| < N, then all polynomials f € 1< nH; can be expressed by

/S LD 9D DTN RS (3.73)

i€l gl
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

where (P, 0,5,) represents the Euler angles.

Proof. For n # 0, by (3.71) and (3.72) we have

2m 271'
- / [ D 8.5)sin gy o,
2m B o 1 27 s
/ e~"meidl (0)sin 0dOdp, — / e~ "P2qp,
27T 0

:E w; (S e_”"‘“ldfn’n i) E wj(Sl)e_m%J‘

i€ly j€EI2

For n = 0, note that D!, (@y,0, ;) = (—1)™ zﬁle "™ (1, 0) and Y w;(St) =
J

1, hence

27 27
- / | Dol 0. sindd vz,

2l+1
= Z Z w;(§*)w;(§") D}, (@11, 0, $5)
g
Now (3.73) is an immediate result of the expression that

Zdlzz £+ Di ) 503) Din.n (3.74)

O

= Z wi(S2)(—1)m iyfm(@h‘a 0;)

This lemma enables us to have a fully discretized frame, as a consequence
of Theorem 3.19. Let

1

L 2

Cyx = N1 E 8k||Pitpay | (3.75)
ar€Ys,e

Corollary 3.23. Under the assumptions of Theorem 3.19 and Theorem 3.21,

{Wijn =\ wi(S?)w;(SY)spR(04,j)Vay, 11 € I, j € Ia, {ar x>0 € Ts.e}

is a fully discrete frame for L*(S?), where o; ; = (¢i,0;,¢;). In particular, let

le§7j7k =P ji/+/ Cfl,,'r (3.76)
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3.2. CONSTRUCTION OF SPHERICAL FRAMES

then {¢§,j,k}i,j,k is super tight, and there is the reproducing formula:

f= Z wy (SQ) Z Z Z f(%-/,9;)Tﬁf,j,k(%u@i')wf,j’k (3.77)
i'el i€l jEI2 ar€Y
for any f € L*(S?).
Proof. Similar to Proposition 2.11, we can prove that

DTN (htiieee e =Y. Y Choxli V™ (3.78)

i€l jelr ar €Y . I |m|<i

Since Theorem 3.21 implies that C}, v > 0, there is

F=3"5" S (hwk vk (3.79)

i€ly jels areY

Using (3.71) again leads to the claimed result (3.77).
O

I do not intend to give redundancy analysis of spherical frames in this dis-
sertation, and their numerical simulations are also left to my future work. How-
ever, at this point it is appropriate to mention briefly their connection to solving
PDEs. Consider an operator equation

Su=g (3.80)

where S can be a differential operator or integral operator from L?(S?) into
itself. -
Suppose that we have a multi-resolution structure such that L?(S?) = @@ W;
§=0
in which each W; has a finite frame. I have given such a structure for Shannon
type spherical wavelets in Example 3.17, though temporarily it has not been
done for spherical a-wavelets/shearlets. In this situation we can propose a
Galerkin scheme

(Su,v) = (g,v) for v e Vj (3.81)
or

(Su, ) = (g,v) for v € W; (3.82)
for j = 0,---,.J, and denote by u” the solution of this finite element formulation.

In particular, under the assumption that {1/)5 }iers is a super tight frame for W,
if S is invertible, then there are explicite expressions for v’ and u, namely

J
u’ =3 (g, (ST ) (3.83)

j=04eli
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

and

u= Z > (g (S7H ]! (3.84)
Jj=04ielJ

although practically it is often not clear what is the inverse operator hence not
recommendable for computation.

Proposition 3.24. Let Py, denote the projection onto W;, we have the esti-
mation for the error e/ = u —u”’ that

0
> IPw, S gll7-
J j=J+1
||L2: 00
> NPw, S gllre
j=J+1

e

If § is a unitary operator, then

= 2

> IPsw,gllz-
j=J+1

o0

> Psw,gllLe
j=J+1

le” |z =

Proof. This is an immediate consequence of the observation that the left-hand
side of (3.24) is equal to

sup‘e ’—Sup ZZ‘S 91/)] >‘

lell=1 lell=1 ;5551 f=7)

= sup Z (Pw,S'9,0)|
llell= 1] J+1

o0
> |Pw,S7gl7e
=+

o0
> |Pw, S gl
j=J+1

Similarly when S is unitary, there is

le||2 = sup Z Z‘g,é‘w] (S, )‘

lell=1 ;=731 4crs

= sup 2: (Psw,9,S0)|,»
llell=1 j=J+1
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3.3. A PRODUCT FORMULA ON SIMPLE SURFACES

which is further equal to the right-hand side of (3.24). O

3.3 A product formula on simple surfaces

To avoid confusion with previous sections, throughout this section the symbol
I' is reserved for polyhedra and T" denotes triangles on surfaces. For topologists,
triangulation of a topological manifold M means a simplicial complex together
with a homeomorphism from its geometric realization to the manifold. It is
a deep result in topology that every smooth surface has a triangulation and
manifolds of dimension less than four has a piecewise linear triangulation. Nev-
ertheless, I have no intention to delve into topological context or any of these
advanced questions, because the purpose in this small section is to establish a
formula for a newly introduced inner product on surfaces.

According to the definition from [70], a set of triangles in R? is a triangulation
if
(i) for i # j, T; N T} is either empty or a common vertex or a common edge
(ii) the number of boundary edges incident on a boundary vertex is two
(iii) JT; is simply connected.

1

Meanwhile a triangulation can be considered as embedding of the graph G
and here we additionally assume that
(iv) every vertex has finite degree or G is locally finite.

A more general concept for a graph embedded into an oriented surface with-
out self-intersection is the so called tessellation, where the faces are not limited
to triangular ones, namely a graph that satisfy
(I) every edge is contained in two faces
(IT) every two faces are either disjoint or intersect in one vertex or one edge
(IIT) every face is homeomorphic to a closed disc

Let A (v) be the set of neighboring vertices of v, and [N (v)| = deg(v) be the
degree of v. An edge vivy is simple if v’ € N(v1) N N(vg), then vy € T.
When every edge is simple, the triangulation is called simple. Obviously for an
interior edge, it is simple if and only if [N (v1) N N (ve)|—2, where | - | means
cardinality.

Square summable maps on the graph form a Hilbert space ¢?()) with inner
product

(f,9)w =Y f(v)g(v)deg(v) (3.85)

veV
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CHAPTER 3. EXTENSION TO MISCELLANEOUS RESULTS

and the weighted combinatoric Laplacian reads

1 / 1 /
Bug(v) = g ENJ() (901 = 90) = =90)+ g vlezmv)gw ) (3.86)

which is obviously a self-adjoint operator on the space {f : A,f € 2(V)}.
While at the same time due to the Green’s formula

(~Buf.g)e = 5 3 S df(fo,v Dig([v. 0, (387)

v

where df ([v,v']) = f(v') = f(v) and d,,, = 1 if v and v" are neighboring, zero
otherwise, it follows that —A,, is positive. Thus its spectrum o(—A,) = {z €
C: zI+A,, has no bounded inverse} lies on the positive part of the real line. In
fact, Theorem 4.18 gives bounds estimation for o(—A,)\{0}, particularly the
lower bound for the first minimal eigenvalue that is larger than zero.

By using radial projection method, once given a polyhedron with triangular
facades T = {T},--- ,Tn}, one get a natural triangulation p(7) on the sphere.
A norm adapted to the triangulation, as the square root of a newly introduced
inner product in L?(A) is defined as

Urghor = 3 ‘—; /T f(2)g(w)da (3.88)

TeT

where we denote by OI" the surface of the polyhedron I, to distinguish this norm
from the L?(M) norm on the Riemannian manifold.

The pull-back of the norm (3.88) by p then gives a norm on the sphere. Fur-
thermore, a continuous function f piecewise-linear on triangle in 7 is uniquely
determined by the values f(V), where V is the set of vertices in the triangula-
tion. Denote by the space of these functions by P!, we generalize a useful result
in [28] and give a different but simpler proof here

Proposition 3.25. Let T be a simple triangulation of an oriented surface with-
out boundary, f and g be two elements in P*(T), and denote by V; = {vi}r=123
the set of vertices of triangle T;. Then

(Fogdor = o [200.0)00+ 3 3 (70 +9@)r@)) | (3:89)

T2
vEV v €N (v)
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3.3. A PRODUCT FORMULA ON SIMPLE SURFACES

Proof. Let ¢ and ¢; be two arbitrary nodal functions at vertices s and ¢ re-
spectively. Firstly observe that, if s and ¢ are contained in the same triangle T;,

then
1
i /T u(a)ou(a)ir
1 pl-Xo ‘ ' ‘
=[]0 00w+ darh + (1= 0 = i,
0

|

where s ~ ¢t means that they are neighboring vertices. Consequently,

L, = 2|T|/ 6s(2)be(x |/ 65(2)be(x
zEN(é)ﬂN(t) L

T €T
[ 112 st
T deg(s)/12 s=t

s~ t
s=t

SN
S

In the situation that s and ¢ are not contained in any triangle, clearly there is
Iy = 0.

Since the nodal functions form a basis for P! and a piecewise linear function
restricted to T; is the linear combination of {¢,},cy,, we arrive at the result

that
2 37 / f=

2ITI/ Y f@)du(@) - Y g(v)u(x)da

T,€T

T; GT Ti yeyi vEV;
5 D deg(0)f @) + 5 3 3 (Fw)g) +9)r0))
veY vEV ' eN(v)

O

Note that || |72y = ZfM f?(x)dx < max; |T;|(f, f)or. Thus when f has

normalized L?(M) norm and the triangulation becomes finer and finer such
that max; |T;| turns smaller and smaller, {(f, f)sr becomes unbounded. In other
words, they are not comparable on the same scale. However, Proposition 3.25
does allow us to compare (f, f)or with (f, f)w-
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Corollary 3.26. Under the assumption that each vertex in the triangulation
has degree no bigger than p for some p > 2, there is

1+z<m<2 (3.90)

P (D
for any f € PL(T) C L?(0T) not identically zero on V.

Proof. In the case that f = g, (3.89) reduces to

- fhor =35 |- Dt 0106, (391)
Thus on the right side
(f, for < 75 G s YD) DECF{CALI
<t G s 3 2 WP + W)
7.1
while the left side of (3.90) is obvious. O

While in differential geometry there are equivalent descriptions of one math-
ematical concept, in the discrete world different definitions motivated by the
various smooth properties do not usually lead to the same thing. For instance
in [8] a discrete Laplace operator is constructed through the discretization of
mean curvature, while another discrete Laplace operator can be formulated
based on a discrete analogue of Green’s theorem(see [4] for instance),

S 19k, I = = 3 9(0) Arg(v)u(v;) (392)

J
where w(v;) is some area weight at vertices v;.

On an oriented surface which has a consistent triangulation, the discrete
gradient of a function g on M can be defined at each triangle T; as the solution
of

T;

(Vgly, v, — ') = g(vi) —g(c') i=1,2,3 (3.93)
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3.3. A PRODUCT FORMULA ON SIMPLE SURFACES

where ¢! = £ 3" (v}) and the inner product is in the Euclidean sense. From this
k=1

definition it is clear that (Vg|;. , v} —v}) = g(v}) —g(v}). Suppose €] = v5 — v},
eb = vl — vl ef =vh — vl and Vylr, = cirel + coel, then

o(o)=(Wamd ) -(p=as ) oo

o= (g @9)

Thus, if we omit the index 7 without bringing confusion
< ¢ > _ b ( (e2,€2)  —(e1,e2) ) ( 9(vs) — g(v2) )
C2 det G —(e1,e2) (e e1) g(v1) — g(vs)

e () = gl (enaer — (rcalea)gton

+ ({e1,e1)ea — (e1, e2)e1) g(v1)

- (<€37€2>61 - (63,€1>€2)9(U3)]
1T T, T T, T T T

where

and

Note that [e1, es] = ered — egel = elel —efel = elel —el'el’ hence
c -1
Voly, = (er,e2) | ' ) = ——5le1.e2] - (g(v1)er + g(v2)ez + g(vs)es)
g C2 4|T;]
(3.95)
since det G = |e1|?|ea|? sin® A5 = 4|T;|2.
There is
| Vgl 7

= (6161 + CQ@Q)T(Clel + 6262)

= (c1 ¢2)Gey )T

_ 1 g(vs) —g(va) \" [ ez ea) —(e,e0) g(vs) — g(v2)
AT < g(v1) — g(vs) ) < —(e1,e2)  (e1,e1) ) < g(v1) — g(vs) )
:i TRio.

A s

(3.96)
where g; = (g(v1),g(v2),g(vs))T and E' is 3 x 3 matrix with elements E;k =

(ej,ex) /[Ty
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Therefore,
]. ’ "
> 1Vl T = 7 30900 Y [leog(0) + (evse, g (0) + lewse,)g(@")] /1T
T:€T veY T;3v

which implies that we shall define the discrete Laplace-Beltrami operator at v
as

1 1 ) o , o "
A = — i12 v l/ v Z// 397
79l = TZ% T [\%I g9(v) + (e, e )g(v) + {ey, emg(v )} (3.97)

where v" and v are the other two vertices in the triangle T;. It is clear that
when ¢ is a constant function the above equality gives Ayg = 0.

As a small step forward and a wonderful ending for this chapter, I give the
eigenvalues estimation for A. Without loss of generality, assume that w(v) = 1
for all vertices. Let us also assume that the restriction

h
- < Cr (3.98)
r
applies to all the triangles uniformly, where A is the mesh size and r is the radius
of the largest interior circle inside a triangle.

Definition 3.27. Let U be the subspace of L?(M) consisting of functions g
T .
1, (Vo) glr, (vin), gy, (vi2))" ¢ ker E°.

such that on any T3, (g

Theorem 3.28. On a triangular mesh satisfying (3.98), there are

=2 9(j)Arg(vy)
Anin(T) = fo ety 2 ()
—2_9(vj)ATg(v))
Anaa(T) = $1p — o < [(C7)

where k(C) = V3C7 — \/3C% — 12, k(C7) = V3CT + \/3C% — 12, p is the

mazimum degree and p is the minimum degree of the vertices.

Proof. Suppose the eigenvalues of E? are reordered so that 0 < Ao < A\; < Ao,
based on the fact that E’ is positive semi-definite. Let I = {0, 1,2} be the index
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set and denote by 6; (j € I) the interior angles of the triangle corresponding to
the edge e; respectively. From the observation that

)\j = detEi

2
=0

J
1 [ 2
2
= W H |ej‘2 — H |€j|2 |<ek;el>|k¢l€[\{j} + 2<60761><61,€2><€2760>
Jj=0 Jj=0

|€0|2‘61|2|e2|2 2 2 2
= (1 — cos” Oy — cos” 1 — cos” Oy — 2 cos 6 cos 01 cos 92)

T3]
=0
(3.99)
we see \g = 0.
Besides, it holds that
2 2
2 ‘Zo €51 2
N=TE =""— =) —— .=, 3.100
; ! T3 |2 2:: sin 6; ‘ ( )
and that
1 . . .
AlAg = e (|eg\2|el|2 sin? 0y + |e1|?|ez|? sin? Oy + |e2|?|eq|? sin® 61) =12
(3.101)
Equations (3.100) and (3.101) together give us the eigenvalues
N = Siz 5248
1= —5
4/ 18 (3.102)
Ao = — g
The the assumption (3.98) implies — 19j < Cy for any j, hence
sin 35
2 o _Cr < 2V3Cr ) s 27
sinf; cos% = 3 aje(oag]u[g ,71') (3103)
2 43 T 27
sin 0; < Tf 0j € (g’ ?)
from which we deduce that
A< 2V3 < Ay (3.104)
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s

Meanwhile it is easy to verify that S; achieves minimum if and only if 6; = %
(j € I). Thus it follows that

4V3 < 8; < 2V30r (3.105)
and \ ©)
1 2 K(Cr

{ N < 1(C) (3.106)

hold for any triangle in the triangulation.
Thus for any ¢g € U\{0},

=2 9(vj)Arg(v)) ﬁT§T| Vlr, * T
O D VO W (3107

as a consequence of (3.96). The inequality (3.107) holds because > | Vg, |?-

T:eT

T;

T > Lr(Cr) - 2(v) for each T;. Similarly we see that
1 2 Y
veT;

=2 9(v))Arg(vy)  p > | Valg, |*-|Ti
J ;€T

ORI I DPEI ()

T; veT;

(3.108)

which gives us the estimation (3.28).
O

Remark 3.29. U automatically excludes piecewise constant functions, which
are eigenfunctions of A corresponding to eigenvalue 0. Furthermore, Apin(7)
can be viewed as the minimum eigenvalue besides zero adapted to a suitable
triangulation, it is strictly positive and has lower bound depending on the value
of Cr according to (3.28).

84



Chapter 4

Supporting topics

4.1 Orthogonal polynomials: a differential
equation point of view

Sturm-Liouville theory has a long history dating back to the beginning of 19th
century, with thousands of papers and articles published under this topic. Here
we only give an elegant and short introduction to this profound theory, so as
to exhibit how various kinds of orthogonal polynomials can be derived from
differential equations. For recent development and ongoing research in this area
we refer to monographs [3][96]; for a more detailed introduction we refer to [98].
Consider linear second-order ODE on I(interval, half line, real line etc.)

(Ly) () i= ao(@)y (x) + a1 (2)y () + az(@)y(x) = f(x) (4.1)

where ag > 0 a.e.on I, a%,? a1 € Lioe(I). When necessary we can assume without

loss of generality that ap = 1 and (4.1) is simplified to be

Loy := y” + aly, +ay=f (4.2)

otherwise equation (4.1) is called singular and the zero is called singular point.
Let g, a, b be arbitrary points in /. For any given values ¢; and co, the
general conditions imposed on (4.1) is

{ ary(a) + ony//(a) + asy(b) + a4y/(b) = (43)
Bry(b) + B2y (b) + Bay(a) + Bay (a) = c2 '
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with Z |a;| > 0 and Z |8i| > 0. Especially, when a3z = ay = 83 = 84 = 0 and

=1
a, b are endpoints of I we have the separated boundary conditions

ary(a) + chy/(a) =
{ Bry(b) + By (b) = c2 (4.4)

when a = b = xy, we have the initial conditions

’

y(wo) = c1, y (w0) = c2 (4.5)
and ag > 0 a.e.on I, = a; € Lj,.(I) are in fact the minimal conditions required
to have a unique solutlon the special case

y(a) =y(b), y (a) =y (b) (4.6)

is called periodic boundary condition. Unlike the initial value problems, sepa-
rated boundary value problems (4.4) do not always have solutions.

Assume a9 = 1 on I. If the coefficients a1 (z) and as(z) are both analytic
at some point xg, then we obviously have an (locally) analytic solution of the
equation (4.2) of the form > c¢,(z — zo)".

n=0

The space of solutions of (4.2) in L*(I) N C*(I) is closed under linear com-

bination. Integral by parts shows that L : L?(I) N C?(I) — L2(I) satisfies

(Lf,9) = (f.(@9) — (@g) +aag) +[ao(f T~ £7 ) + (a1 — ao) £,

~ % ’ ’ ’ (4'7)
= (f,L g) +[ao(f g— fg) + (a1 — ag) f7l;
Then L= L" = (@) L, + (2a5 —a1) & + (a5 — a1 +a2)
<:> ’ 11 ’
ag = ag, 2a9 —ai =ai, Gy — a1 +az = a2 (4.8)
@ ’
ag, a1 and ag are real and a; = q (4.9)
In this case, L is called formally self-adjoint and
- d d
L=— — 4.1
< (aow) ) + as(a) (1.10)

The equation Ly = 0 with L formally self-adjoint was firstly studied by Charles
Sturm and Joseph Liouville in the 1830’s, and there all the coefficients and
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4.1. ORTHOGONAL POLYNOMIALS: A DIFFERENTIAL
EQUATION POINT OF VIEW

solutions are of two variables x and r. Under the additional assumption that
1. ag is strictly positive and decreasing in r
2. as is increasing function of r

3. ‘22((;’:)) %(a,r) = h(r) where y solves Ly = 0 and h is a given decreasing

function of r, Sturm claims that
rzel.

By multiplying a positive weight function w to a general L = a (ac)%jz +
a1(z) & + as(z), we can make wL be formally self-adjoint. In fact, by (4.9) wL

az(a,r) 9y
y(a,r) Oz

(a,r) = h(r) is decreasing in r for any

is formally self-adjoint if w'ao + wag = waq, or equivalently

lw(z)| = lao(@)w(a)] eXp(/z a1(t) dt) (4.11)

|ao(2)] ao(t)

Definition 4.1. (Sturm-Liouville Eigenvalue Problem)
Let L be formally self-adjoint operator satisfying (4.10). Solve the eigenvalue
equation
—Ly = \w(z)y (4.12)

on L2 (I) subject to the separated homogeneous boundary conditions

ary(a) + asy (a) = 0
{ Bry(b) + Bay () =0 (4.13)

How about the linear dependence of two solutions of equation (4.12)? If two
solutions y; and y- are linearly dependent, then the Wronskian

W(y1,yz)(x)=‘ w(z)  va(z) ’ (4.14)

is identically zero. Conversely, ao(ylyg — ygy;) + a:) (yly; — ygy/l) = 0 gives us
the identity

W (@) + 9 ) = 0 (4.15)

Thus W (y1,y2)(x) = c-exp(— [ Zggg dt) for any x € I. W(y1,y2)(z) = 0 for
some z = ¢ =0 = W(y1,y2)(xz) = 0. Hence we have arrived at the following

conclusion.

Lemma 4.2. Solutions y1 and yo of (4.12) are linearly independent if and only
if W(y1,92)(z) 20 on I.
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Now according to standard existence theorem of ODE, there exist unique
solutions y; and yo of the homogeneous equation Ly = 0 such that y;(a) = aq,
y1(a) = —ai; y2(b) = Ba, yo(b) = —B1. Thus

Ly, =0
{ ary(a) + azy;(a) = 0 (4.16)

and

Pry2(b) + ﬂQy;(b) =0 (.17)

In order to construct Green’s function we need y; and yo to be linearly
independent(y; and y, are independent iff a1ys(a) + asyy(a) # 0). This is
guaranteed under the assumption that 0 ¢ spec(L), since otherwise vy is a
multiple of vg, and vy solves both (4.16) and (4.17), namely v; solves the SL
eigenvalue problem with A = 0, a contradiction. Furthermore, as we shall see
soon, 0 ¢ spec(L) is a reasonable assumption.

{ Ly2:0

Definition 4.3. Green’s function is defined as

_ 5n(9)y2(t) if a<s<t<d
Glt.s) = { O s (418)
wEW L)) TS ESSS
using the fact that ao(s) # 0 and W (yy,y2)(s) # 0 on I.
Since /
[aoW (y1,y2)] = y1Ly2 — y2Ly1 =0 (4.19)

the denominator of Green’s function agW (y1,y2) turns out to be a nonzero
constant ¢. Thus the following properties of Green’s function are satisfied:
(1)G is symmetric

(2)G is continuous on I x I, and belongs to C? except for the line t = s.

. 0G oG L . / ,
Jm (s +0,8) — (s = 0,5) = dim ™ y1(s)yy(s +0) —ya(s — d)ya(s)]
= ¢ 'W(y1,92)(s)
1
ao(s)
(4.20)
(3)G is in the kernel space of L, namely
LG(-,5) = ¢ yi(s)Lya (or ¢ (Ly1)y2(s)) (4.21)
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Proposition 4.4. The operator T : C(I) — C?(I)

Tf(t):= /IG(t, s)f(s)ds € C*(I)
solves the equation (4.1), i.e. LTf = f.
Proof.
(T1) (6= [ Gilt, ) (5)ds + Gt f()
b
+/ Gy(t,s)f(s)ds — G(t,tT) f(tT)
tt b
= Gt(t,s)f(s)der/t Gi(t,s)f(s)ds

due to the continuity of G.

(T (1) = / Gunlt, 5)F(s)ds + Ga(t t) f(t)

b
+/t Gua(t, s)f(s)ds — Gyo(t, £7)£(¢F)

f(t)
ao(t)

t b
:/ Gtt(t,s)f(s)ds—&—/t Gu(t,s)f(s)ds +

by the same argument as (4.20).
Hence

"

LITA)(E) = ao(t)(TF) (1) + ap(®)(TF) (6) + az ()T (1)
t b

( / + / VLiG(t, 5) f(s)ds + £(1)

1)

due to (4.21).
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If g € C?(I) satisfies (4.13)

10 = ([ + [0 4 aa(s)otonic, s
dg()

= ao(s) G(t,5)]a — ao(s)g(s)Gis(t, 9)la — ao(s)g(s)Gs(t, 5)I¢

//LGts 5)ds

= ao(5)g(5)Gs(t, 8)|1 + ao(s)lg ()G (t,5) — g(5)Gs(t, s)][}
= g(t)
(4.26)
where we have used (4.20) and the fact that both g and G satisfy (4.13).
0

Here I give a lemma and leave its proof as an exercise.

Lemma 4.5. If A is a self-adjoint compact operator on a Hilbert space 2, then
there ezists an eigenvalue \ such that |\ = || A]|.

Remark 4.6. T defined in (4.22) is equicontinuous and uniformly bounded
due to the fact that G(-,s) is uniformly continuous on I, or equivalently T'
is compact as we have shown in Lemma 4.8. Thus Arzela Ascoli Theorem
applies and the Lemma 4.5 holds for T. To prove ||A| = sup |(Az, )|, no

matter we deal with a Hilbert space 2 or C(I), we only have to show that
2Re(Tu,v) < (|Jul|® + ||v]|?) sup |(T'u, )| and then replace v with Tu/||Tul.

The following theorem describes the distribution of eigenvalues of a linear,
self-adjoint compact operator.

Theorem 4.7. (Hilbert-Schmidt) Let A be a linear, self-adjoint, compact op-
erator on a Hilbert space 7€ with dim(7) = co. All eigenvalues of A are real
and can be ordered so that

Most] < Anf,  Lim Ay — 0 (4.27)
n—roo

Furthermore, eigenvectors {p,}nen can be chosen to be an ONB of Ran(A).
In particular, when ker(A) = 0, each element h € S has an expansion h =

> Anlh, 0n)on.
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Proof. By Lemma 4.5, there exists 7 such that ||¢1]] = 1 and Ap; = A1 with

A1l = ||A]|. Let H; = span{gol}l, then A|g, is another self-adjoint compact
operator with operator norm || A|, || < ||A]l. It has an eigenvector s such that
Al p2 = Aawa with Ao = ||Alg, || < A1. Continuing the same argument gives
us a sequence of eigenvalues such that |A;| > [ > -

Assume eigenvalues of A are bounded away from zero, namely |A,| > b > 0.
Then the fact that {by, }nen € A(Bg(0,1)) has no convergent subsequence(yp,
orthonormal) contradicts the compactness of A.

Finally, if x € span{¢1, @2, - } then ||Az| < )\,LHxH for each n € N, hence
Az = 0. If ker(A) = {0}, then H = span{p1, 2, - }. O

Lemma 4.8. If k € L2(I x I), then integral operator K,, : L2 (I) — L2 (I),
)= [ k(t,s) f(s)w(s)ds is compact.

Proof. Let {¢;} be an ONB of L2 (I) and suppose k(z,y) Z kijdi(z)9i(y).

7,7=1
Then ||k||%120(1“) = Z|kw|2 For any f € L2 (I), denote by f; = (f, ®;)w, we
ij
have

<wa7 w.f w */ Z kl]¢1 f Z ki'j'¢i' (t)fjl w(t)dt

t,j=1 i'5'=1

—ZZZku i

(4.28)
D (Rijf)2 Y (ki £5)?
i,5,5" i,5,5"
= (|11 I%I12,

namely K f belongs to L2 .
n
Given any n € N, K, f := > ki;(f, ¢i)¢; is a bounded operator with
ij=1

o0
finite dimensional range, hence compact. ||K, — K,||> = > |ki|* — 0,
i,j=n+1
namely K,, — K, in operator norm, thus we claim that K is compact. Indeed,

let {fm} be a bounded sequence, Arzeld-Ascoli argument tells us that there
exists a subsequence {f,} such that, for each n € N, K, f,,, is convergent,
hence {K, fm,} a Cauchy sequence. Thus the completeness of L2 (I) gives us a
convergent subsequence { Ky, fpn, }.

O
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Let
Tof = /I G(t, 5)f(s)ds (4.29)

By Proposition 4.4, we see that
1
—LT,f=f (4.30)
w

for positive w. Note that if y; € L2 (I)(i = 1,2), then G € L2 (I x I), hence
T, is linear, self-adjoint and compact. Since the eigenvalues of T, goes to zero,
as a left-inverse operator, the Sturm-Liouville operator has eigenvalues {\,}
which is increase and goes to infinity. When y,, is some eigenfunction of T,
corresponding to eigenvalue A > 0, then Ly, = %wyn. Thus we have proved
the following result that I intend to give in this nsection, which allows us to
study the functions on I in terms of various kinds of orthogonal polynomials
with different properties.

Theorem 4.9. The eigenfunctions of SL-problem (4.12) form a complete ONB
for L2 (I), with w strictly positive.

Before I proceed to exhibit examples of orthogonal polynomials, let us have
a brief look at the zeros of the solution functions, which is a topic that attracted
several generations of mathematicians. The zeros of a non-trivial solution u of
(4.12) in (a,b) are isolated from the simple observation that, u(zo) and u (zo)
cannot be zero at the same time, hence v must increase or drop in a neighbor-
hood of the zero xg.

Assume I' C I is an subinterval on which a solution u; of (4.12) does not
vanish. If uy is another solution that is independent of uy, then uy(aguy) —
ug(aoull) = aoW (u1, u2) is a non-zero constant ¢, hence we have

(

ug 1 ¢ ’
—)\r)=—<, for z € I a.e. 4.31
w T Gma@ -

Integrating on (a’,z) C I yields

(5 ug , 1 r ¢
2= 2 [ 5 (432

Suppose u; and ug are two linearly independent solutions. When z; and
xo are successive zeros of a solution wy, from W(uy,us) # 0, we shall have
wy (1 )ug (1) and u) (z2)us(x2) are either both positive or negative. Since u) (1)
and u; (z2) have opposite sign, us(z1)ua(22) < 0. There must exist exactly one
point z3 € (x1,x2) such that ug(x3) = 0, for otherwise it would contradicts the

assumption that x; and x5 are successive zeros of u;. We conclude that
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Proposition 4.10. The zeroes of two linearly independent solutions of (4.12)
must intertwine with each other.

Now we arrive at some famous polynomials coming as the eigenfunctions of
the Sturm-Liouville eigenvalue problems.

Example 4.11. (Laguerre Polynomials)
Laguerre polynomials

efxr— d"

Lyo(x) = — gt 4.33
alw) = S grte (433)
are non-singular solutions of

o +(1+a—a)u +nu=0, 0<z<oo (4.34)

with @ > —1 and n non-negative integer; especially when o = 0 it is equivalent
to

(ze="u') +ne *u=0 (4.35)
Obviously in this example ag(x) vanishes at @ = 0. Those polynomials are also
eigenfunctions of the Sturm-Liouville operator in (4.35) with respect to eigen-
values A\, = n(n+1), with the orthogonality property that (L, o, Lim.a)e-2ge =
Onym in L2, . (0,00). Tts series expression is

'n+a+1) (—x)k
— T(k+a+1)kl(n—k)!

(4.36)

Besides, they satisfy the recurrence relation
nlpo(x)=C2n+a—1—2)Ly_14(x) — (n+a—1)L,_24(x) (4.37)

Example 4.12. (Legendre Polynomials)
When we solve the Laplace equation in R3

2
020, 1 Ou, 1 i(singog—:):o (4.38)

ar( or * sin%pﬁ * sinf Jp

by assuming that the solution u is independent of 6 and using the method

of separation of variables, we obtain the two ODEs with respect to ¢ and r
respectively, namely

r?v +2rv — =0 (4.39)
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and

—(sin cpw,)l +Aw=0 (4.40)
sin ¢

A change of variable u = cos ¢ gives the Legendre’s equation
(11— =220 +A\u=0, -1 <z <1 (4.41)

which has singular points = 1, where A\, = n(n 4+ 1), n € N and the corre-
sponding eigenfunctions P,, are Legendre polynomials, having the orthogonality

(Po, P) = 5:250m.n in L?(—1,1) if we assume P, (1) = 1.
From (1.19) it can be derived that
d
(1 —2?) 2 Pa) = U(Pra(x) — 2P(a)) (4.42)
and that p
(1—2%)—=Pi(2) = (1 + 1)(@P(@) = P (@) (4.43)

Taking derivative on both sides of the above equations and using (4.41) give

d d

IP(z) = z%PZ(:c) - %Pl—l(x) (4.44)
and p J
(I+1)P(z) = —x%Pl(x) + @Plﬂ(x) (4.45)

Example 4.13. (Hermite Polynomials)

Probably the most well known polynomials in Fourier analysis is the Hermite
polynomials, due to the fact that they constitute eigenfunctions of the Fourier
transform on R, namely H, = (=i)"H,. They solve the Hermite’s equation:

U —2xu +2nu=0, ~1<z<1 (4.46)

or

(eif”zu')l +2ne =0, ~1<z<1 (4.47)
Therefore, they are at the same time eigenfunctions H, = (—1)"e*" %e’ﬁ of
the SL operator in (4.47) with respect to eigenvalues \,, = 2n. By induction,
H,(x) = (22)" + (—1)"p(x) where the polynomial degree of p(z) is less than n.
In fact, it has the series expression

Hy(x) = m(zx)mk (4.48)
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Setting H_; = 0, the recurrence relation reads
H,(z) =2xH,_1(x) — 2nH,_2(x) (4.49)
Hermite polynomials have the orthogonality property in Li—m‘z (R)

o0 dn

(Hoy Hy), o = / L (@)e Az = 207 (4.50)
oo dx™ ’
where we used the fact that %Hm(x) = 0 for polynomial degree m < n.

Besides, it is easy to verify that Hermite polynomials’ generating function is

2ot—t? _ = LH tn
€ = ZO oy n(x) .
n=

Example 4.14. (Bessel Functions)
Bessel’s equation takes the form

22u +zu + (22— =0 (4.51)
where v is a nonnegative parameter. It obviously has singular point at z = 0.
Here the SL eigenvalue problem generates non-polynomial eigenfunctions J,,
called the Bessel functions.

o0
In fact, by assuming u = 2° Y ¢xz* and collecting the coefficients of the
k=0
powers z°, 25t ... we get s = v and ¢ = —ka_g, hence ¢y, =
—1 m

2 —
mx ™ and Com+1 = 0. Let

(oo}
T (=™ T2
(z) = (2 Z)2m 4.52
T = QY 2 o m D 2 (4.52)
then
. 1 v=0

zli%h Ju(x) = { 0 v>0 (4.53)

tells us that J, is well defined for v > 0. For ¢t = —v, we can similarly define

T, -1)m T\ 9m
T@) = (%) ;MW (454)

but it is not necessarily bounded at = 0. In fact, when v =n, J_, = (—=1)"J,;
but for v € RT \ Ny, h]%l+ |J_,| = oo. Thus we have arrived at the following
z—

conclusion.
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Lemma 4.15. Bessel functions J, and J_, are linearly independent iff v €
R\ Ng.

If we take a = 0 and b < oo, the scaled Bessel Functions form an orthogonal
and complete basis in L2(0,b), namely

<Jn( V )‘jx)a Jn( V Akx»r = 04,k (455)
where the eigenvalue \; = (ka)Q and x, is the k-th zero of J,, i.e. 0 < z,1 <
Tpo <+ - < Tpgp < -+, coming as the eigenvalue of the scaled Bessel’s equation

1" ’ V2
u +u + (A — ;)u =0 (4.56)

We are not going to prove those, but rather refer to [13] for a thorough and
exquisite exposition of the properties of Bessel functions.

4.2 Spectrum of discrete Laplacian

Given a finite subgraph H of G, analogues of the length of boundary of a
submanifold H in the continuous setting could be the number of joint edges of
vertex set in H with its complement vertex set

[E(0,H)| = {zy € E(G) : x € V(H),y € V(G)\V(H)} (4.57)

or probably more naturally defined as the number of edges between faces in H
and its complement part, namely

|E(0pH)| = {zy € E(H) N E(F(G)\F(H))}| (4.58)

Similarly, the surface area of H can be measured either by A(H) = >~ deg(v)
veV(H)

or by the number of faces |F(H)|in H. These lead to two different isoperimetric

constants measuring the ratio of length and area, that are closely connected to

the curvature, namely

o(G)= inf  {|E(0,H)|/A(H)) (4.59)
0<|H|L5V(G)]
o'(G)= inf  {|E(O;H)|/|F(H)) (4.59)

0<|HI<3IV(G)]

where «(QG) is called Cheeger constant.
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Let C%(G) be the space of real valued functions of vertices with inner product

(91,92) = Y g1(v)ga(v)

veV(G)

and {R} be the set of real constant functions on G. The set of 1-forms C!(G) is
defined as functions on oriented edges satisfying w([z,y]) = —w([y, z]) endowed
with inner product

(w1, w2) = Y wi(e)wa(e)

In particular, there is dg([z,y]) = V.y9 = g(y) — g(z) for any g € C°(G). Sim-
ilarly, we can define C°(G, H) C C°(G) consisting of those functions vanishing
on subcomplex H. It follows that

(dg1,dg2) = Z (91(y) — 91(2)) (92(y) — g2())

[z,y]
=> > (@) —a(y) g2(2)
o yeN(z)

where [z, y] run over all the possible edges in F(G) with an arbitrarily chosen
direction on each of them. Thus the Laplacian on G can be defined as

Agg(x) = —d*dg(z) = > (9(y) —g(@) = > g(y)—deg(x)-g(z) (4.60)

yeN (z) yeEN (z)

The restricted Laplacian Ag on subcomplex H can be defined correspondingly
as Ag restricted on subspace CY(G, H).

If G is an infinite connected graph, it was proved in [75] under the geometric
assumptions that

a. deg(v) is uniformly bounded above by some constant p

b. there exists positive constant v such that vV (H) < V(0H) (4.61)

for any finite subcomplex H < G, the minimal positive eigenvalue of —A g (and
2
—Ag) has lower bound 7 (respectively).

Theorem 4.16. If H\ OH is connected, then the minimal eigenvalue of —Apg
in o(—Ag)\{0} satisfies

(=Aug.9) L 7* (4.62)

inf =
geCO(HOHNR}  (g,9) 2p

Amin =
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and the infimum can be achieved by a positive, subharmonic and nonconstant
function h. As H asymptotically approach G, if follows that the minimal positive
eigenvalue of —A¢ satisfies (4.62) with a positive, subharmonic and nonconstant
eigenfunction.

Proof. The idea of the proof is based on estimation of the quantity
> ldig®) ()] =D 9° @) - )]
e [z,y]

where g € C°(H,0H) while [z,y] run over the set of edges. On the one hand,
there is

1/2 1/2
Sl e < | D lg@) + g | [ D la@) — 9w
e [z,y] [z,y]
1/2 (4.63)
V2D (@) +d* W) | - (dg,dg)"?

[x,y]
< V/2p(g,9)"/*(dg, dg)*/*

On the other hand, note that for any g € C°(H,0H) \ {R}

(9(x) —g)* _ (lg@)| =g _ . . (~Aug,g)
@) = (ohld)  C ot (9.9)

hence if g is an eigenfunction corresponding to the smallest positive eigenvalue
Amin, S0 18 |g|. In fact, by the connectness assumption, g = |g|, for otherwise
g has negative value, then there exists x and its neighboring point y such that
(9(z) — g())* > (lg(z)| — |g(y)|)?, which leads to the absurdity that Apmi, >
Amin- There cannot be a point € H \ 0H such that g(x) = 0, for otherwise
—Aming(x) = Agg(xr) = > (9(y) —g(x)) = 0, hence g is identically zero on
yeEN (z
H, a contradiction as well. T(hl)ls we see the positivity of the eigenfunction g.

Now suppose the values set of g on H isordered as 0 = 5y < 1 < --- < -
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We have
> Z > (*(z) — 9°(v))
g(x)=p; k= 1{y€N( ):9(y)=Bi—r}
>y ¥ S (B -8
g(x)=B; k=1 {yeN (2):g(y)=Bi—x } t=i—k+1
= > Z > > (82— 57.1)
g(z)=0; t=1 kZi—t+1 {yeN (z):9(y)=Bi—r }
Z Z 8 - Br- 1 Z {y e N(2) : 9(y) = Bi-r}|
g(x)=p; t=1 kzi—t+1
Thus
N 7
PLRIGIEDS —B) Y. HyeN@):gly) =Bk}l
e i=1 g(z)=F; t:l k>i—t+1

I
Mz

(B7 — B7-1) Z Hy e N(z) : g(y) < Bi—1}

t=1 g(x)=p:

(4.64)
Apg(xz) < 0 indicates that there is at least a neighboring point y such that
9(y) < g(z). By (4.61) there is

2

Sl e)] = S (82— B2y) 104 < g(z) > i}

t=1

N
>3 (3 = 820) s 9(0) > 60}

N—1
=7 |BxHg(@) = Bu + > B (Hg(@) = B} — {g(@) = Bra}])

t=1

=7(9,9)

(4.65)
Combining (4.63) and (4.65) gives the desired result (4.62). Besides, if Apin
is obtained by function g, then —Agg = A\ing > 0, namely g is subharmonic
and nonconstant. ¢ being positive and subharmonic also gives that Harnack
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inequality
1
deg(y)

g(x) < g(y) < deg(y)g(x) (4.66)

which follows immediately from definition.

Choose an arbitrary point in xy in G, and we can form a finite subgraph
H,, including vertices connected to xg by at most n edges from FE(G). The
second part of the assertion comes as the limit of the smallest eigenvalue A,
and associated eigenfunctions of Ay, . In fact, let g, € C°(H,,0H,)\ {R} such
that g,(z¢) = 1, where OH,, consists of points in H, that have at least one
neighboring point not in H,,. Notice that C°(H,,,0H,) C C°(H,41,0H11),

2 2

(=Ang.9) A

hence \,, = min > A1 = ;—p and there exists A > ;—p as

geCO(H, OH,)\{R}  (9:9)
the limit of A,,.
Denote by g, the eigenfunction corresponding to A,. Then by (4.66), if
vertex x € G is of s-edge distance to zg, there is

1 .
< < min{n,s} .

and if n < s, gn(x) = 0. Therefore {g,(z)}n>0 is a bounded sequence. A
diagonal argument gives a subsequence such that klim gn, (z) exists for all
—00

vertices in GG, and we define through pointwise value a function h. Clearly
h(zo) = lim gn(zg) =1, and —Agh = Ah > 0. In fact, for any = in G, (4.67)
n— oo

gives that h(zx) is strictly positive, namely h is positive and nonconstant.
O

Remark 4.17. In the original paper [75], it was somehow miscalculated that
N

> |d(g*)(e)| = X (B2 — B7-1) |0{x : g(x) = B;}|, although the final conclusion

=1

remains correct. In fact, we see in (4.65) that this holds only with an inequality,

and the precise expression for ]d(gQ)(e)| is given in (4.64), which is exactly
€

N
S (B2 — BE1) |E(0yLy)| with Ly := {x : g(x) > 3;}. Probably noticed this im-
i=1
precision, in a later work[76] the same author changed the setting for Laplacian
and used a different assumption (4.59) in replacement of (4.61). Thus the same
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argument as in (4.65) applies and gives the estimation

N
> ld(g*)(e)] = a > A(Ly)
a(B; = Bi_1) Y deg(x)

zEL,
N-1 (4.68)

Meanwhile (4.63) gives Y. |d(g?)(e)| < \/i(g,g)}up(dg,dg)l/? Together it gives
the minimal positive eigenvalue estimation

Oé2

Aoin = —

min 2
for weighted Laplacian A,,. The positivity of « was given in same work under the
assumption that deg(z) > 7 for all vertices € V/, for that there is &(G) > =&.
The other situations are verified as the main result of [61]. In fact, it is proved
there that x(v) < 0 for every v € V(G) implies o*(G) > 0; while x(f) < 0 for

every face in F(G) implies «(G) > 0. Here

|/ 1
=1-= 4.69
)= 1=+ Y g (169

vef
is the Euler-characteristic with |f| the number of vertices contained in f, and
d 1

k() =1— eg;”) + Y i (4.70)

{fef}

is the combinatorical curvature at a vertex v. The discrete Gauss-Bonnet theo-
rem says
Z k(v) = 2 — genus (4.71)
v
where the genus as usual is defined as the maximal numbers of nonintersecting
simple closed curves that can be drawn on a surface without separating it. For
a proof of this fundamental result I refer the readers to [50].
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Theorem 4.18. On a weighted finite graph without loops, there is

a2(G) V(G) -2

<5 < mind2a(G), ——) =
5 Al < min{2a(G) V(G = 1}
and
V(G)| . a*(G)
_ LR DA B PP <2-—
maX{2 2OZ(G), |V(G)| — 1} =X )‘max <2 2

Proof. The lower bound for A} ; has been given in the previous remark. In the
upper bound aspect, given any nonempty W C V(G), by letting

# (z) = 1 Te (4.72)
Iw T AW c .
1((“,6)) zeW

we get
Bty i) oy T AIAOV A
wIWs IW/)w _ _ xE
G g )e AW+ X Alx)AX(W)/A2(We)

reWe (4.73)
_ APW)A(V)

~ AW)AW)
< 2«

Let &, be orthonormal basis on V(G) such that d,(v') = 1 for v = v, and
zero otherwise. The trace of the discrete Laplacian is

. (A0, 0y)
A= —_—
.Z ¢ Z (61)’61))
=0 veV
’ ! 2
> (Mu ) = bu(v )) O/ u’ (4.74)
T2 UEZV 263(1/)14(1/)
= |V]
Therefore
* o\ % m
Ay = A S (4.75)

max = N
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where N + 1 = |V|. Meanwhile, let fy be the eigenfunction of the largest
eigenvalue A}, we have

(Aw|gN|7 |gN|)w (Ang7gN)w

NS <
teow (lgnls 19N )w (9N IN)w
i\ 2 L\ 2
£ [l = lax @)+ (av0) - o)) |
B ’U,’U/EV(G)
2 > gxn(v)A(v)
veV(G)
S (0 () A,
< v,v'EV(G)
h > g ()A(v)
veV(Q)
-2
(4.76)
hence A} <2 — Wl = V=2 while A, <2 - 2.
0

103



CHAPTER 4. SUPPORTING TOPICS

4.3 Other representations on the sphere

Rotation group is closely related to quaternions, which provides us with an
alternative and convenient way to represent points and compute on the sphere.
Let H denote the set of quaternions consisting of elements like

a=qo+ @i+ q2j + gsk = qo + Vec(q) (4.77)

which can be represented as q = ||q||(cos@ + fsind), analogous to complex
numbers, where ||q|] = 1/qq and 7 = (n1,n9,n3) is the unit vector in the
direction of the vector part of the quaternion q, i.e. #|q — ¢l = q — qo.
Therefore a unit quaternion means a rotation about the axis n by the angle 26.
H is a division algebra, and the inverse of a nonzero element p is p~'/|p|.
We denote the set of all unit quaternion by By ;. Whenever two quaternions
P,q are conjugate with each other in the sense that there exists r € H such that
p = rqr— !, they have exactly the same norm and the same real part. In fact,
we have the relation

Re(pa) = pogo — Vec(p) - Vee(q)

4.78
Vec(pq) = poVec(q) + goVec(p) + Vec(p) x Vecq (4.78)

Two quaternions are called orthogonal if pq € LecH. It is obvious that p,q are
orthogonal if and only if there exists a pure quaternion v such that p = vq.
Quaternion multiplication preserves Euclidean norm, namely ||pq|| = ||pl||lql|-
If we identify H with R*, it is easy to check that R x {0} is the center of H.
Therefore its complement is an invariant subspace under conjugation too. In
fact, if we take a unit quaternion q and a pure quaternion v, then

J(cos® 4+ sin@)v := (cosf + nsin@)v(cos  — fsin b)
= (A x v)sin26 + (1 — cos 20)[n (7 - v) — v] + v cos 26
€ YecH

It is clear that J maps By 1 onto SO(3). In particular, when § = 0 or 6§ = 7,
J(cos + nsinf) = 1.

One can identify H with C? if a quaternion is rewritten in the form q =
qo+q1i+ (g2 +¢3i)j = z+wj, and the multiplication rule here is (21 +w1j)(z2 +
waj) = (2122 — w1W2) + (z1w2 + w122)j. It is easy to check that

z

2+ wj € By — Ul = ( ;" ) € SU(2) (4.79)
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is an isomorphism. In other word SU(2) is one-to-one parameterized by unit

quaternions. The exponential map from the Lie algebra su(2) has the explicit
form

o sin 6 . _ ing ng +1ing

exp(A) = cos 01 + 7 A with A=9 ( Cngting  —ing

In conclusion we have the identification SO(3) = SU(2)/ 1. Another way
to look at the identification is through

J:geSUQ2) - [M — gMg'] € SO(3) (4.80)

where M is a complex Hermitian matrix satisfying TrM = 0. Since U(1) = {g €
SU(2) : Ady,g = g} and it is connected, J(g)os gives a map from SU(2) into
S?, where o3 is the Pauli matrix (1) 0 1
between SU(2)/U(1) and S2.

Six definitions of bi-invariant inner-product induced metrics on the rotation
groups are compared in [56] and proved to be functional equivalent in the sense
that there exist positive continuous strictly increasing functions h; such that
h; o ®1 = ®&; with ¢ = 2,--- ,6 while some of them are boundedly equivalent.
These metrics in general can be classified into three types, one measures by
using the quaternion difference, for instance

), hence there is an identification

®1(p,q) = arccos(|p - ql)

another measures the derivation from the identity matrix in the Euclidean space,
for instance

Dy(01,02) = 1 - 0105 ||Ir

with || - | the Frobenius norm; the other measures in the Riemannian way,
namely by the distance in Lie algebra

®3(01,02) = [|log(a103 )|

with || - || being either the Frobenius norm or ||S||%, = $tr(S7S) for S € so(3).
Some characterization of mean rotation with respect to ®; and ®- is given in
[39]. In particular there is

arg min E Py(0,0;)? = argmin®,(— E 03y O
0€50(3) = 7€50(3)
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N
namely the projection of % > o; onto the rotation group is the rotation mean
i=1
with respect to ®5; and for oy,---,0n5 belonging to a same one-parameter
subgroup of SO(3) such that ®3(0;,0;) < V27 for any i,j with respect to
Frobenius norm, there is an explicit expression

N
. 1.2 N—-2 N-1
argmin Y @y(0,0,)% = 01(0 02(0F 03 (- oy s (o _yow) D)E ) KR
geS0(3) ;.
meanwhile
N
Z log(cl'o) =0
i=1
N
is a necessary but not sufficient condition such that > ®3(c;, 0)? achieves local
i=1
minima.
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