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Chapter 1

Introduction and Literature
Survey

Hybrid systems arise from nontrivial interaction between discrete-event sub-
systems (usually modelled by finite automata) and continuous subsystems
(described by differential or difference equations). Therefore, neither meth-
ods from discrete-event systems theory nor methods from continuous sys-
tems theory alone can be used to adequately analyse and control systems
of this kind. An additional difficulty is that the restrictions imposed on the
system often refer to different aspects of the system dynamics and, hence,
cannot be addressed in a uniform way. There are two widely used approaches
aimed at overcoming this problem. The first one, called continuation, is
based on the conversion of a hybrid system into a purely continuous dy-
namical system (see, e.g., [14, 13]). This approach has several drawbacks,
among which is increased complexity of the resulting system dynamics (see
[12] for a detailed analysis). The second approach is to approximate contin-
uous dynamics by a discrete event system (see, e.g., [27, 58, 21, 65]). In this
way, the hybrid control problem is transformed into a purely discrete one.
In particular, in [78], Moor and Raisch proposed an approximation-based
approach set within Willems’ behavioural system theory framework. This
approach allows to approximate a hybrid system by a nondeterministic finite
automaton which can be effectively treated by the Ramadge-Wonham su-
pervisory control theory. As many other approximation-based approaches,
it also suffers from the “curse of complexity”. The state set of the ap-
proximating automata can grow enormously even for comparatively simple
systems. Hence, complexity becomes a key problem in control design for
hybrid systems.

A hierarchical control approach could be a way out of this problem.
Obviously, a decomposition of the controller into several levels can signif-



icantly facilitate the design procedure. Moreover, it allows an engineer to
introduce some intuition into the control systems design. A theoretical basis
for the hierarchical control synthesis was developed within the behavioural
systems theory framework (see [97] and references therein). Unfortunately,
there are still only few practical applications of this approach. Moreover,
the conditions proposed in [97] are not always easy to check in practice.

The dissertation is intended to close this gap between theory and prac-
tice. Its main contribution consists in the following:

e A unified framework which allows for a constructive description and
analysis of all levels of a hierarchical control structure is proposed.
This framework is based on realising control systems by state ma-
chines. We show that most practically relevant classes of control sys-
tems can be described as input/output state machines and give a clas-
sification of such state machines.

e Developing the results obtained in [97], we formulate a set of construc-
tively verifiable conditions which guarantee a non-conflicting interac-
tion of all control levels.

e Two particularly useful classes of intermediate control layers are de-
scribed and analysed with respect to the non-conflictingness property.

e We consider two cases where the developed approach is applied to
practically relevant control problems. In the first case, we consider an
optimisation problem for a hybrid system under safety and liveness
conditions. It is shown that this problem can be efficiently solved in
a hierarchic way: the low-level controller enforces safety and liveness
constraints while the high-level controller performs optimisation. In
the second case, the low-level controller is designed to render the plant
monotone.

The thesis is arranged as follows: in this chapter, we give a review of dif-
ferent approaches to hierarchical control systems design and introduce some
concepts which will be extensively used in the sequel. Chapter 2 provides
all necessary information from behavioural systems theory as well as the no-
tion of supervisory control. In Chapter 2, we also consider the class of I/S/-
machines and analyse their properties. Furthermore, for the case of feed-
back interconnection of two dynamical systems we formulate two theorems
which will serve as the foundation for the subsequent results. In Chapter 3,
we consider both two-level and multi-level hierarchical control architectures.
Moreover, we define non-conflictingness conditions and analyse two particu-
larly important types of intermediate control layer. Chapter 4 is devoted to



optimal control of a discrete-time hybrid automaton under safety and live-
ness constraints. Finally, in Chapter 5 we show how a hierarchical approach
can be used to simplify the system dynamics. It contains new results on
how to efficiently check and enforce monotonicity.

1.1 Hierarchical systems theory

The use of hierarchical concepts for the synthesis of control systems can be
traced back to the mid 50’s, when first results on cascade control systems
were published [35]. Cascade control can be seen as a precursor of hierarchi-
cal control. Indeed, while designing the outer feedback loops in a control cas-
cade, one assumes that the behaviour of the inner closed-loop subsystem can
be described by a fairly simple model. These ideas were further developed
in [32], where the basic principles of the hierarchical control architecture
were formulated (albeit not referring to the hierarchy as such). Later on,
during the 60’s, a vast body of theoretical research on the foundations of hi-
erarchical systems theory was done, which culminated in the seminal book
“Theory of Hierarchical, Multilevel Systems” [77], by Mesarovi¢, Macko,
and Takahara, where the basic principles of multilevel hierarchical control
have been formulated. Simultaneously, the theory of multilayer hierarchical
control was developed. The difference between these two theories can be ex-
pressed in the following keywords: “decomposition” and “coordination” for
multilevel systems theory, and “aggregation” and “multiple time-scales” for
its multilayer counterpart. In this work, we develop an approach which is
based on the ideas from both multilevel and multilayer hierarchical control
theories. Below, we give a short description of these theories.

1.1.1 Multilevel hierarchical control

In multilevel control theory, the control system is assumed to be decompos-
able in a set of coupled subsystems. The decomposition can be done based
on the physical or logical system structure. Each subsystem is connected to
a local controller which solves a particular local control problem. In order
to achieve the overall control goal and to ensure consistent functioning of
all subsystems, a higher level controller is designed to coordinate the local
controllers by modifying their individual goals. In a two-level hierarchical
control system, shown in Fig. 1.1, the high-level controller (coordinator)
modifies the local goals by setting parameters ~y;, which are referred to as
coordination parameters. The high-level feedback variables w; contain in-
formation about the performance of the local controllers Cj.

In [77], the basic notions of coordinability and consistency were defined.
A system is said to be coordinable if there exists a supremal coordination
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Figure 1.1: A multilevel hierarchical control system

control (i.e., values of coordination parameters) such that a solution of all
local control problems exists. The consistency postulate says that whenever
the high-level and local controllers can solve their respective problems, an
overall solution exists. Furthermore, the notions of feasible and unfeasible
problem decompositions were introduced. The latter case refers to the fact
that while the coordinating parameters are determined using an iterative
optimisation procedure, only the final solution respects constraints imposed
on the system. For more details about these notions see [73] and references
therein.

The theoretical concepts developed by Mesarovié¢ and his coworkers were
put into a concrete dynamical systems framework by Singh [108], Findeisen
et al. [34], and Stoilov and Stoilova [112]. It is worth noting that multilevel
control ideas are mainly applied to the solution of complex optimisation
problems, both static and dynamic, where the overall optimisation problem
can be decomposed in a set of coupled subproblems which can be treated
(relatively) independently. The coordinator optimises an overall cost func-
tion while respecting restrictions imposed on the whole system.



1.1.2 Multilayer hierarchical control

In contrast to multilevel structures, multilayer hierarchical control theory
is primarily concerned with different representations (models) of a complex
plant. In a multilayer structure the specification of control is split into algo-
rithms which operate on different time scales and take their decisions based
on models of different granularity. Note also that the high-“level” models
must take into account the low-“level” control algorithms, i.e., represent the
plant under low-“level” control. A symbolic representation of a multilayer
structure is shown in Fig. 1.2.
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Figure 1.2: A multilayer hierarchical control system

Below, we briefly characterise the typical features of a multilayer hierar-
chical structure [34, 66, 109, 115]:

1. Functional hierarchies. A specific feature of a multilayer control
architecture is that different layers have a different functionality. Al-
though the allocation of tasks between different layers strongly de-
pends on the particular problem, we can formulate some general prin-
ciples. The controllers at the bottom of the hierarchy are designed
to keep the system at a prescribed operating point (regime). These
local controllers are designed to cope with disturbances, thereby allow-
ing higher layers to use a simplified system description when defining
their control objectives. The tasks of the intermediate layers may



include, e.g., optimisation and setting the operation points for the ser-
vocontrollers. The top layer, in turn, is responsible for the long term
functioning of the system. It modifies the system structure to adapt
to changing external conditions. In manufacturing applications, the
highest layer is often in charge of the long term scheduling.

2. Time-scale decomposition. Different problems solved at the re-
spective layers require different time scales. The local controllers work
either in continuous time or in discrete time with rather high sampling
rates. They have to react immediately while having information over
a small time interval. The time window of intermediate controllers is
usually much larger. The highest layer, in turn, evolves in logical time
formed by a sequence of events produced by the lower layers.

3. Hierarchy of models. Each of the layers has a different model of the
controlled system; the model used at the top layer is least detailed. At
the same time, the models used by the higher layers must incorporate
the lower layers. The procedure of building appropriate models of the
process is called model approximation or model abstraction. These
issues are described in detail in Sec. 1.1.3.

The multilayer hierarchical control architecture has been used in a wide
variety of applications: intelligent control for unmanned aerial vehicles [11],
process control [28], robotic control [16], and water management [93], just
to mention a few. In [39], a hierarchical structure of the Intelligent Vehicle
Highway System (IVHS) was described. The proposed hierarchical control
architecture consists of the following layers: the network layer (at the top),
the link layer, the coordination layer, the regulation layer, and the physical
layer (plant).

In [62], Larsson and Skogestad consider a typical process control system
as a hierarchical structure with several layers. The layers are distinguished
according to their time-scales: scheduling (weeks), site-wide optimisation
(days), local optimisation (hours), supervisory/predictive control (minutes)
and regulatory control (seconds). It can be easily seen that these layers do
also differ with respect to the amount (and character) of information they
need for the fulfilment of their tasks.

1.1.3 Model approximation and abstraction

In this section, we discuss different approaches to a simplified description of
complex systems. This is a central problem in hierarchical control design
since each particular control layer requires a specific plant model. These
models can be more or less specialised depending on the control problem



solved by the layer. Below, we consider several concepts related to this
problem.

Approximation refers to a procedure which replaces a complex system
> with its simplified model ¥,,,, while retaining the main features of the
original system.

One particular case of approximation is called model reduction. In this
case we say that the system X is replaced by its reduced model ¥,.. There
are a number of features which (completely or partially) may characterise
the reduced model X,:

e The dynamics of ¥, is sufficiently close to the dynamics of the original
problem. To estimate the closeness of both dynamics an approxima-
tion error is calculated. The global error bound gives a quantitative
estimation for the precision of the approximation.

e Stability, controllability and further qualitative characteristics are pre-
served.

e The reduced model can be treated analytically in an easier way than
the original system.

There is a vast body of research devoted to the approximation/model
reduction of complex systems (see, e.g., [87, 3, 9]). Various methods exist
which allow to find a reduced model with respect to certain system charac-
teristics with a prescribed accuracy. The dynamics of the model ¥, can be
kept rather close to the dynamics of the initial system. However, in many
safety-critical applications the designer wants to ensure that the approxima-
tion does indeed contain the whole set of trajectories of the initial system.
On the other hand, in many cases the approximation may not contain any
signals which are not compatible with the original system. To capture these
requirements the notions of over-approximation and under-approximation
have been introduced. In general, ¥, is said to be an over-approximation of
Y if any trajectory o compatible with X is also compatible with »,. An over-
approximation is often referred to as a conservative approximation. On the
other hand, the system 3., is said to be an under-approximation of ¥ if any
trajectory o compatible with 3, is also compatible with ». Fig. 1.3 gives a
schematic illustration of approximation, over- and under-approximation.

One particularly interesting approach is based on selecting some specific
properties of the system dynamics and analysing the system behaviour with
respect to these properties while neglecting remaining aspects. This proce-
dure is called aggregation. The idea of aggregation is intimately connected
with the notion of equivalence relation [10]. An equivalence relation is a
binary relation a ~ b defined for any two elements of some set X. An equiv-
alence relation is reflexive, symmetric and transitive. The equivalence class



Figure 1.3: Reduced model, over- and under-approximation

of a under ~, denoted [a], is defined as
[a] = {b € X|a ~ b}.

The set of all equivalence classes of X, denoted X/ ~, is referred to as the
quotient set of X by ~.

Let ¥ : X — Y be a surjective mapping from X onto Y. This mapping
also introduces an equivalence relation. We say that 2’ and 2” from X are
equivalent, i.e., 2’ ~ x”, if U(2’) = W(2”). Thus, one can define the quotient
set of X by ¥, denoted X/W¥. We say that the mapping ¥ aggregates the
set X by grouping the elements from one equivalence class.

Aggregation can also be applied to dynamical systems. Fig. 1.4 shows
a dynamical system ¥ with input signal v € U and output signal y(t) =
U(x(t)), where x(t) is the state at time instant ¢. A dynamical system Y44
is said to be an aggregated model of X if it possesses the same 1/O dynamics
as 2.

Figure 1.4: Model aggregation

We illustrate the notion of model aggregation for the case of a linear
time-invariant dynamical system [4, 60]

(1) = Az(t) + Bu(t), (1.1)



where z(t) € X, u(t) € U and X and U are vector spaces. Let S be a
linear subspace of X. It introduces an equivalence relation in the following
way: 2,2 € X are said to be equivalent if 2”7 — 2’ € S. The quotient
set X/S can be defined in a usual way. Moreover, we can define a vector
addition and scalar multiplication on X/S which turns X/S into a vector
space. Thus, the aggregation mapping ¥ reduces to a linear transformation
C:X—X/S:

y(t) = Cx(t). (1.2)

We want to represent the aggregated model of (1.1),(1.2) as a linear system
y(t) = Fy(t) + Gu(t). (1.3)

The relationship between (1.1) and (1.3) can be described by the following
diagram:

X i X
B
v e e (1.4)
; .
~ F

X/S - X/8

We say that aggregation is perfect if the diagram (1.4) commutes, i.e., if
G = CB and FFC = CA. Moreover, the initial states have to be consis-
tent: y(0) = Cz(0). Later, Kwong and Zheng [61] extended this approach
to nonlinear systems, but the obtained conditions for the existence of an
aggregated model turned out to be rather restrictive.

Recently, the concept of abstraction has drawn particular attention of
(hybrid) control theorists [90, 1, 114]. The abstraction of the system is de-
fined to be another system which preserves certain properties of the original
system while ignoring details. As a rule, the abstracted system has a state
space of less cardinality than that of the original system or is structurally
simpler (see Fig. 1.5 for illustration). The main advantage of using such
simplified models is that one can use well developed formal methods for
analysis and design of control mechanisms for complex systems [1, 46].

The abstraction procedure is so closely related to approximation and ag-
gregation that these terms are often used synonymously. At the same time,
there are some characteristic features for abstractions. Typically, the input
and output sets of an abstracted system have less cardinality than those of
the original one. This distinguishes abstraction from aggregation, since an
aggregated system normally has the same control inputs. Thus, one has to
establish the correspondence between the trajectories of the abstracted and
original system. This is done by an interface layer ¥, whose functioning
is described in detail in Sec. 3.4. Furthermore, since the abstracted system
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Figure 1.5: A (feedback-based) abstraction

has a simpler structure/dynamics than the underlying complex system, its
I/O behaviour does not coincide with the I/O behaviour of the composite
system 3;,,;[X]. An exact correspondence can be achieved only for discrete-
event systems or for systems with strongly restricted continuous dynamics
[118, 113]. This is referred to as bisimulation. For more complex dynam-
ical systems, one requires the I/O behaviour of the abstracted system to
over-approximate that of ¥;,,[X]. It is said that the abstraction has to be
conservative.

There exist different abstraction techniques which can be classified ac-
cording to the class of the original/abstracted system. For instance, Asarin
et al. [6] propose to abstract complex dynamical systems by hybrid au-
tomata with simpler continuous dynamics. In [94, 30], abstractions of hy-
brid automata by timed automata were studied. One of the most widely
used abstraction technique is the abstraction of complex (hybrid) systems
by discrete-event systems, in particular by finite automata. The choice of
finite automata is due to the fact that the theory of discrete-event systems
provides a wide range of well-developed and computationally efficient meth-
ods for analysis, verification, and supervisory control design [20, 124].

During the last decade, there have been a number of results in this direc-
tion. In [27], continuous hybrid systems are over-approximated by a special
class of finite automata, namely Muller automata. The approximation pro-
cedure is based on the subsequent computation of forward and backward
reachable sets. In [22], Chutinan and Krogh proposed a method to compute
discrete abstraction for polyhedral invariant hybrid automata. State tran-
sitions of the abstracted system are determined by computing polyhedral
approximations to the reachable sets. Lunze and Schroder [69, 103] used
stochastic automata to approximate hybrid and continuous systems.

10



As mentioned above, discrete abstractions have to provide an over-appro-
ximation of system’s behaviour. Therefore, it may happen that a solution
of a control problem cannot be found since this over-approximation may be
too coarse. To overcome this difficulty, the notion of /-complete abstractions
has been proposed [98, 96]. This approach allows for computing a set of
abstractions ordered in the sense of approximation accuracy. Later, this idea
was extended by an iterative procedure alternating abstraction refinement
with trial controller synthesis [83].

One particularly fruitful approach, which has proved to be very useful
for different classes of systems is a feedback-based abstraction. In this ap-
proach, the system ¥ with input and output signals (u, y), is abstracted by a
(simplified) model X,, whose input and output (v, z) are not identical to the
I/0O signals of the original system. Furthermore, an implementation layer
Yimp, enforcing the system to match the abstraction X, is introduced. This
is illustrated in Fig. 1.5. The function of ¥;,,, is twofold. First, it performs
the aggregation of the low-level signal: z = ¥(y) (in some cases ¥ may be
chosen to be the identity). Second, it chooses the low-level control signal u
in such a way that the composite system Y;,,,[X] is externally equivalent to
the abstraction 3,. The control signal « is chosen as a function of both the
high-level input signal v and the low-level output y.

Below, we consider a couple of feedback-based abstraction techniques.

In [125], Zhong and Wonham proposed a hierarchical structure for the
supervisory control of discrete-event systems. The concept of hierarchical
consistency is proposed, which means that “the model of control available
at any given level of hierarchy can be utilised with assurance that the next
level down will respond as required or expected” [125]. Later, an abstraction
procedure, based on the state space aggregation, was proposed by Caines and
Wei [18] for finite automata and further extended to the case of continuous
systems [19]. This approach is based on the decomposition of the state space
of the system in a set of disjoined subsets (partition blocks): m = { X };—1 |-
A pair (X;, X;) of partition elements’ is said to dynamically consistent if for
any 2’ € X; there exists a low-level (feedback) control u, which steers the
state into X; without visiting other blocks. Then, the initial system X can
be abstracted by a partition machine ¥,,,, where the high-level transitions
are defined for all dynamically consistent pairs (X;, X;). This structure is
illustrated in Fig. 1.6.

Further results on hybrid partition machines can be found in [64, 65]. It
should be noted, however, that the determination of a dynamically consistent
partition is a rather involved problem which can be solved successfully only
for particular classes of control problems.

!where the indices may be equal, i = j.

11



- |y

Figure 1.6: A partition machine

Using methods from differential geometry, Pappas et al. developed the
theory of continuous abstractions of dynamical and control systems [90, 92,
91] (see also [76] for further details and examples). They introduced the
notion of ®-related control systems (compare, e.g., with the notion of F-
related vector fields in [63, Ch. 4]) to establish a relation between the original
control system X and its continuous abstraction X.,. A distinctive feature of
this approach is that it establishes a relation between the vector fields of both
systems. Therefore, the system Y., cannot serve as an abstraction in the
proper sense since there is no rule which would establish a direct connection
between the trajectories of Y., and . There can even be problems related
to well-posedness issues as was mentioned in [41]. However, this sort of
abstractions can be used for the reasoning about qualitative properties of
the underlying complex system such as, e.g., controllability [92].

Recently, Girard and Pappas [38] have proposed to use an interface which
forms the low-level control u in such a way that the original system > traces
Yeq Within some computable bounds. This puts the continuous approxima-
tions approach in the context of feedback-based approximation.

An example of feedback-based abstraction methods can be found in [42],
where the intermediate level was designed to make the underlying system
monotone. Then, the abstraction of the system behaviour can be easily
calculated while guaranteeing the conservativeness property. This will be
investigated in more detail in Ch. 5. Similar ideas were also used in [44, 37].
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1.2 Hybrid systems

Since the late 80’s, hybrid dynamic systems have become a very ”fashion-
able” topic of research within the control engineering community. The main
reason for this lies in the particular flexibility and expressiveness of hybrid
systems. Actually, there is rather a family of hybrid modelling concepts than
a unique one. However, there is one specific feature which is common for all
hybrid systems. They are characterised by a non-trivial interaction between
continuous and discrete dynamics. Because of this, hybrid dynamic systems
are very useful for modelling of complex technical systems which combine
both continuously operated plants and logic/discrete controllers. Moreover,
hybrid modelling formalism proved to be very useful for modelling these
systems at different levels of abstraction.

Here, we do not intend to give an extensive overview of the topic. A
good introduction to hybrid systems can be found in the lecture notes [104].
For a detailed description of the semantics and dynamics of hybrid systems
the reader is referred to a number of proceedings volumes, e.g., [15, 33, 74]
and to recent papers [40, 8, 51, 52, 70]. Very recently, a handbook of hybrid
systems control has been published [68].

There are many special classes of hybrid systems which differ in the type
of governing dynamical equations, in the structure of discrete transitions and
so on. These are piece-wise affine systems (PWA), switched systems, hybrid
automata (HA), and impulsive hybrid systems — just to mention a few.
Moreover, a hybrid system may communicate with its environment in two
different ways: synchronously and asynchronously. This important problem
is studied in details in Chapter 3, in particular in Sec. 3.4. Later on, we will
give a detailed description of particular classes of hybrid systems directly in
those sections where we will use them.
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Chapter 2

Ingredients from Behavioural
Systems Theory

Behavioural systems theory has been pioneered by Jan Willems in a series
of papers, e.g., [121, 122]. The main idea was to describe the behaviour of
a dynamical system as a set of all signals which the system can potentially
produce (or, in other words, which are compatible with the system). Be-
havioural systems theory allows one to study dynamical systems of different
nature (e.g., discrete-event, continuous- or discrete-time) in a uniform way
and, hence, can be used for the investigation of generic properties of these
Systems.

In Section 2.1, we recall some basic concepts, which will be intensively
used in the sequel. Further, in Section 2.2, we give a definition of a special
class of dynamical systems, namely I/- systems (firstly introduced in [78]).
These systems can be seen as a generalisation of conventional input/output
systems. Section 2.3 is devoted to dynamical systems with a state space
structure. These systems can be constructively described as state machines.
In the following, we will widely use both behavioural and state space descrip-
tions of dynamical systems. In Section 2.4, we consider the interconnection
of two dynamical systems and study its properties. Finally, in Section 2.5,
we formulate a supervisory control problem within the behavioural frame-
work.

2.1 Dynamical systems, behaviours and their pro-
perties

In this section, we recall the notion of a dynamical system and its behaviour.
Further, we define and discuss some properties of behaviours which will be
used in the sequel. Most definitions are adopted from the papers [121, 122].

14



Definition 2.1.1 ([121]) A dynamical system ¥ is defined as a triple
¥ =(T,w,B),

where T is the time axis, W is an abstract set, called the signal alphabet,
and B C W7 is the behaviour.

We will follow a constructive approach and assume that system’s be-
haviour consists of all signals that satisfy a certain set of laws. These laws
can be described by difference, differential or algebraic equations (or inequal-
ities) and their combinations. These equations may also contain Boolean
expressions. We call these equations behavioural equations. Furthermore,
from now on we will use the terms “dynamical system” and “behaviour” in-
terchangeably. Obviously, a signal is compatible with the dynamical system
if it belongs to the system behaviour and vice versa. The statement that a
system possesses some property implies that its behaviour has this property
too.

To specify the class of problems we are dealing with we make several
assumptions:

A1l. The time axis T is a linearly ordered additive semi-group (i.e.,
{t1,t2 € T} = {t1 + t2 € T}) with a minimal element (i.e., 37 € T s.t. 7 <
t vVt € T). The order relation < is introduced in a natural way.

A2. The behavioural (dynamical) equations of the processes under inves-
tigation are time-invariant, i.e., they do not change under the transformation
t'=t+At, AteT.

Thus, there exists an initial time instant. This is a very natural assump-
tion. Moreover, due to the second assumption, the initial time instant can
be identified with zero. In the following, without loss of generality, we will
consider only two cases: T = R>p and T = Ny. A more general case can be
easily addressed at the cost of increased notational complexity.

Let us now consider a simple example of electrical systems and their
associated behaviours.

Example 2.1.2 In Fig. 2.1a) a linear electrical circuit is shown. Let’s
assume that we are interested in voltage v(t) and current i(t), t € R>o. The
behavioural equations are

vr = Rig Ohm'’s equation)

Kirchhoff’s current law)

(

v, = L%i;,  (Inductance equation)
ir=in=1i (
(

vy +vr =v  (Kirchhoff’s voltage law)
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a) b)

Figure 2.1: Electrical circuits

After elimination of wvariables, we obtain a behavioural equation with
respect to the current v and the voltage v:

d

Hence, the system behaviour is described as

Bu={(i.0) € (T x V)T | Ri+ Li = v},

where I =V =R.
In the case of a nonlinear circuit (see Fig. 2.1b)) the behaviour is specified
by a combination of linear and Boolean equations:

By = {(i,0) € (I x V)T | (i = kyv)[v > 0] V (i = ka)[v < 0]}.

In the following, we consider several general properties of behaviours. As
in the case of conventional dynamical systems, we begin with the property
of time-invariance. This property can be easily defined in the framework of
behavioural systems. Note that time-invariance of a behaviour is in general
not equivalent to time-invariance of the system equations. We will address
the question of the interrelation of these two properties later, in Sec. 2.3.

Definition 2.1.3 (Time invariance, [121]) The dynamical system ¥ =
(T, W, B) is said to be time-invariant if c'B C B for all t € T, where o
denotes the backward or left shift: (o' f)(t') = f(t+t'), o'B = {c'w|w € B}
(see Fig. 2.2).

One important question is the relation of the behaviour and its con-
stituent signals. It turns out that in many cases it suffices to analyse only fi-
nite fragments of a signal to decide whether it belongs to a certain behaviour
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Figure 2.2: Backward shift

or not. Such behaviours are called complete. In practice, this means that
the equations determining the system behaviour do not involve integration
or summation over infinite intervals.

Definition 2.1.4 (Completeness, [121]) The dynamical system ¥ =
(T, W, B) is said to be complete if

(’U} € B) ~ (w|[t1,t2} € B|[t1,t2} A tl,tQ S T, tl S tg) s
where wl, 4,1 is the restriction of signal w on the interval [t1,ta].

The next definition says that for some systems it is sufficient to consider
only fragments of fixed length ¢. These systems are called ¢-complete.

Definition 2.1.5 (/-completeness, [121]) The dynamical system ¥ =
(T, W, B) is said to be £-complete if there exists £ € T such that

(w € B) <~ (w‘[ut_;'_g} S B’[t,t-‘rf] Vie T) .

If the system is 0-complete, it is called instantly specified (or memory-
less).

The obvious conclusion is that any f-complete system is complete. In
certain cases the property of completeness can be proved formally. The
following lemma gives necessary and sufficient conditions for a linear discrete
time system to be complete.

Lemma 2.1.6 ([120], Prop. 4) Consider ¥ = (T,R%,B) with T = Np.
The system ¥ is linear and complete iff B is a linear subspace of (R?)T
which is closed in the topology of pointwise convergence.

Moreover, the behaviour of a complete time-invariant linear dynamical
system can always be described by a set of finite-dimensional linear equa-
tions.
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Theorem 2.1.7 ([120]) Let us consider the system ¥ = (T,R%,B) with
T = Ng. Then there exists a polynomial matrixz R with real coefficients such
that

B={w:T— RIR(c)w =0}

iff X is linear, time-invariant, and complete, i.e. iff its behaviour B is lin-
ear, shift invariant (i.e., oBB = B), and closed in the topology of pointwise
convergence in RY.

Moreover, this theorem implies that any dynamical system described by
time-invariant linear difference equations is complete. Nonlinear dynamical
systems, in turn, do not have any uniform description, but we still can use
some ideas developed for linear systems. In particular, following the same
chain of thought as in the proof of Lemma 2.1.6 (see [120, Prop. 4]) one can
prove the following general result:

Lemma 2.1.8 Consider ¥ = (T,RY,B). The system % is complete if B is
closed in the topology of pointwise convergence.

Proof. Let w: T — R be such that w|y, 1,) € Bl 1) for all t1,t2 € T,
t1 < ty. We have to show that w € B. Let us consider two sequences: {7;}
such that m; € T,i € N which monotonically tends to the minimal element of
T as i — oo, and {0} such that 0 € T,k € N and leIEOQk =00. Lett; =

01 € T. By assumption there exists wy, € B such that wli, 9,1 = Wal, 6,
The sequences wy, converge pointwise to w as n — co. Since B is closed this
implies w € B, as desired.

Note that this result applies to nonlinear systems evolving not only in
discrete, but also in continuous time. Furthermore, the result of Lemma
2.1.8 can be easily extended to the case of a final signal alphabet: W =
{wy,...}. This set can be equipped with the metric

0, z=y
p(:v,y)Z{ 1 x4y

This metric induces a topology on the set W which is called discrete topology
[85]. Using these constructions one can easily define the notion of pointwise
convergence for signals defined on a finite set.

It should be noted, however, that Lemma 2.1.8 gives only a sufficient
condition for a nonlinear system to be complete. The following example
illustrates this.

Example 2.1.9 Let us consider ¥ = (T,R%,B) such that for some fixed
T7eT
B={w:T— RYw(t) € S,w(t) =0,t# 7},
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where S in an open set in RY. The behaviour B is not closed in the topology
of pointwise convergence though it is obviously 0-complete or memoryless.

Incompleteness is a rather rare phenomenon which appears only in par-
ticular cases. For instance, a system may be incomplete if its behavioural
equations involve operations over the whole time axis as illustrated in the
following example.

Example 2.1.10 Let us consider two behaviours: By = {w € l3(Ng,R") :
lw|l2 < 1)} and By = {w € l2(Nog,R™) : ||w|]2 < 1)}. Both are defined on
the Hilbert space of infinite sequences lo equipped with the norm || - ||2 =

o0 2
(Z \w(z)|2) , where | - | is the standard Euclidean norm. The behaviour
1=0

By is complete whereas By is not. The latter follows from the fact that it is
always possible to find a sequence w ¢ Bi,||w||2 = 1 which coincides with
sequence wy, € By, ||wg]le <1, k=1,... on the finite interval [0, k].

Another example will be considered in Sec. 2.3 in connection with the
full and external behaviour of a dynamical system.
Finally, we give a definition of a trim dynamical system.

Definition 2.1.11 (Trim system, [121]) The dynamical system ¥ =
(T, W, B) is said to be trim if for all w € W there exists w € B and t € T
such that w(t) = w.

In a trim system any symbol w may occur. In most cases the system can
be rendered trim by a simple redefinition of the set W.

In the following, we will often need to perform operations on behaviours.
The standard set operations, such as union and intersection are defined
for behaviours in a usual way, since behaviours are sets. In addition, we
introduce two new operations:

e Concatenation. Let wy,wy € B and t € T. We define concatenation
of wy and wy at t as

o) ={ 0 7S]

The generalisation to concatenation of behaviours is straightforward:

Bi At By = {w € W wlg ) € Biljg 1y, i) € Balfr oo}
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e Projection. Let B C (W; x W)™, Projection Py, B of B on the set
Wy is defined as follows:

Pw, B = {w1 S WF’HU}Q S W;T, (w1, we) € B}.

Let B’ C WIT . The right inverse! of the projection operator is defined
as
7)1;/16/ = {(wy,wq) € (W7 x WQ)T|1U1 S B/}.

Often it is advantageous to consider signals as elements of a certain
functional space, especially if the signal space W = R". From now on, if
not stated otherwise, we assume that all discrete time signals w € W0 are
defined in the space £>°(Np, W) and all continuous signals w € W&>0 belong
to the set of locally integrable functions £1°¢(Rxq, W). More details on the
development of behavioural concepts applied to specific classes of dynamical
systems can be found in [95].

2.2 Systems with inputs and outputs

Up to now, we assumed that there aren’t any distinctions among the single
components of the signal. However, in many dynamical systems there are
variables that can be freely assigned whereas the remaining ones cannot.
Hence, we need to define a specific class of variables, namely locally free
variables.

Definition 2.2.1 (Locally free variables, [121]) Let¥ = (T, W1 xWs, B)
be a dynamical system. We say that the variable wy is locally free if Pw,B
1s trim and memoryless.

The following example illustrates the difference between these two types
of variables.

Example 2.2.2 Let us consider the discrete time dynamical system ¥ =
(No, W1 x Wa, B), Wi = Wy = R whose behaviour is defined in the following
way:

B = {(wl,wg) S (R X R)N°|w2(k + 1) = wQ(k‘) . sin(wl(k’)), k€ No}.

Obviously, the signal wy is locally free, i.e., Pw,B = WINO, whereas the signal
wo belongs to the set

Wa = {wy € WA : |wa(i +1)| < |wa(i)],i € No} = Py, B € Wae.

'Note that 73W'P;V1 = Id, whereas, in general, P;VIPW # 1d.
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The locally free variables can be considered now as natural candidates
for inputs. But it is still not sufficient for a system to have an input/output
structure. It has to be examined whether the outputs do not anticipate the
inputs.

Definition 2.2.3 (Non-anticipation, [121]) Consider X=(T, W1 xWy, B).
We say that we does not anticipate wy if

(PW11I}‘[O,T] = 7)W1UA)|[O,‘I']) =

= (Jw € B) [Pw2w|[077] = Pw,W|[0,7] and Pw,w = PWlw]

for allw,w € B, 7 € T. Moreover, we say that we does strictly not anticipate
wy if the premise in the above implication can be weakened to {Pwlw\[o’ﬂ =

PW1 ’LZJ| [0,7) } .

In the following, we will consider dynamical systems satisfying both re-
quirements. They have free variables (which we call inputs) that are not
anticipated by the remaining variables (which, in turn, we call outputs).
The definition of such systems is given below.

Definition 2.2.4 (I/- system, [78]) The system ¥ = (T, Wy x Wa, B) is
said to be I/- w.r.t. (Wy, Wa) if:

1. wq s locally free;

2. wa does not anticipate wy.

Moreover, the system ¥ is said to be strictly 1/- w.r.t. (Wi, Wa) if the
following conditions hold:

1. wy is locally free;
2. ws does strictly not anticipate wy.

We will call Wy and Wy input and output sets and the signals wi and wo
nput and output, respectively.

Obviously, a strict I/- system is an I/- system.

From now on we will use the symbols U and u to denote the input set
and the input signal and the symbols Y and y to denote the output set and
the output signal. Sometimes, however, this may lead to some confusion,
especially in the case of interconnected systems where the output of one
system can be considered as the input of the other. In these cases, if it is
not clear from the context, we will explicitly say that the system is (strictly)
I/- with respect to (-,-), where the first component refers to the input and
the second one to the output.
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One might notice that the definition of an I/- system is a slightly weak-
ened version of the definition of Willems’ I/O system. The difference is
that the former one does not require the output to process the input. This
requirement implies that there exists an operator F' which maps the input
signal u to the output signal y (see [121, Th. 3.1]).

2.3 State systems

2.3.1 Dynamical systems in state space form

In the previous sections we implicitly assumed that the behaviour of a dy-
namical system consists of only those signals which can be immediately
observed, i.e. of external signals. However, it is often convenient to include
internal variables in behavioural description as well. The following example
illustrates this.

Example 2.3.1 Let us consider an electro-magnetic circuit consisting of a
coil with an iron core shown in Fig. 2.3a). The behavioural equation is
%@ + Ri = v,

where the magnetic flur ® depends on the magnetisation of the iron core, i.e.,
on the position of the working point on the hysteresis curve (see Fig. 2.3b).
Thus, in order to describe the behaviour of this electromagnetic system one
has to take into consideration the value of the internal variable ®.

Aq)

—f

a) b)
Figure 2.3: Electro-magnetic circuit

We have seen that sometimes we have to consider not only those variables
through which the system “communicates” with its environment, but also
some internal variables (like the magnetic flux in the case of the electro-
magnetic circuit). These variables are called latent variables.
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Definition 2.3.2 (Latent variables, [121]) A dynamical system with la-
tent variables is a quadruple

Ell = (Ta W7 A: BCL)7

where T is the time axis, W is the signal alphabet, A is the space of latent
variables and B, C (W x A)T is the (extended) behaviour.

Moreover, there is one serious drawback which is typical for the in-
put/output behavioural description of dynamical systems: one has to ana-
lyse finite (but sometimes rather lengthy) fragments of the input/output
signals, which often appears to be very inefficient. Hence, one might ask
whether it is possible to find some quantities which would instantaneously
characterise the system. It is, indeed, possible to use latent variables for
this purpose if they satisfy the aziom of state.

Definition 2.3.3 (Dynamical system in state space form, [121]) Let
Y = (T, W, X, Bs) be a dynamical system with latent variables x € X*. We
will call X a dynamical system in state space form and X state space if the
following implication holds:

{(wy,x1), (we, z2) € Bs,x1(7) = w2(7), 7 € T} = {(w1, x1)A\r (w2, x2) € Bs}.

This implication is called the axiom of state. The state of the system
at time 7 together with the future external signals completely characterises
the future evolution of the system and can be seen as a representative of the
entire interval (w, z)|jo -t

Any state system can be efficiently represented by a state machine. There
are different definitions of a state machine for discrete and continuous time,
but the difference is mainly in notation (cf. discrete and continuous time
evolution laws in [121, Sec. 1.5]):

Definition 2.3.4 (Discrete time state machine) A discrete time state
machine is a tuple Py = (X, W, 9, Xo), where W, X and Xy C X denote
the external signal space, the state space, and the set of initial conditions,
0 C X x W x X is the transition (next state) relation.

Definition 2.3.5 (Continuous time state machine) A continuous time
state machine is a tuple Py = (X, W, 6, Xo), where W is the external signal
space, X and Xo C X are the state space (differential manifold) and the set
of initial conditions, § C T'X x W is the transition (vector field) relation.

TX = ] T:X denotes the tangent bundle of X, where [[ T,X is the
zeX zeX
disjoint union of tangent spaces T, X to X at points x € X.
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In the following, we will consider only the discrete time case to keep
our notation simple. However, most results that will be presented in the
sequel can be extended for the continuous time case at the cost of some
additional notations. One serious argument for this choice is the fact that the
continuous time case admits many particular cases whose consideration can
be rather tedious, whereas we want to keep the exposition as straightforward
as possible. Finally, notice that the discrete time is natural for all real
life (read ”digitally controlled”) applications and hence, does not lead to a
serious narrowing of the scope.

State machines can be classified with respect to their state space.

Definition 2.3.6 (Finite and hybrid state machines) A state machine
P = (W, X,0,Xy) is called finite if | X| < co. The state space of a hybrid
state machine is a product X = D x R™, where 1 < |D| < c0.

Finally, we have to establish an interrelation between behavioural and
state machine representations of a dynamical system. Given a state machine
P =(W,X,0,Xp), the behaviour

Bs = {(w,z) € (W x X)N|(z(k),w(k),z(k+ 1)) € § Vk € Ny, x(0) € Xo)}

is referred to as the induced full behaviour, and s = (Nog, W x X, B;) as the
induced state space system. The projection B = Py B; is called the external
behaviour of the system ;. A state machine P’ with external behaviour B’
is said to be a realisation of the dynamical system ¥’ = (No, W, B’). This is
denoted by P’ ~ 3 [81].

The external behaviour can be found as a result of the state elimina-
tion procedure, which has been formalised for different classes of dynam-
ical systems, e.g., linear time-invariant differential systems [75, 123] and
differential-algebraic systems [31, 116]. For nonlinear systems, there is the
notion of external differential representation which seeks for a representation
of the nonlinear system as a set of high-order differential equations in the
inputs and outputs [86, Sec. 4.2].

In the converse case, the external behaviour B is given and one has to
find a state space representation X5 = (No, W x X, B;) (or its realisation P ~
Ys) such that Py Bs = B. This problem is called the realisation problem.
The realisation problem has been extensively studied for over 50 years, first
for finite automata (Myhill-Nerode theorem [56]) then for linear [100] and
nonlinear differential systems (generating series, in particular Fliess’ series
[117, 119]). Later, these results were generalised for hybrid systems [45].
For the classification of state maps within the behavioural systems theory
see the recent paper by Julius and van der Schaft [53].
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It is worth noting that the external behaviour does not always possess the
properties of the full behaviour. One important example is the completeness

property.

Example 2.3.7 Let us consider the discrete time state machine P whose
transition relation & is described by the following equations

z(k+1) = ax(k)

w - {3

X():X:RZ(), k € Ny, 046(0,1).

The induced full behaviour of P is Bs = {(z,y) € (X x Y)No|(2.1) holds}.
The external behaviour B = PyBs is - as follows from (2.1) - a set of
sequences of the form (1,...,1,0,...), where the number of 1-elements is
finite (possibly zero). However, it can easily be seen that the sequence
(1,...,1,...) consisting only of I1-elements cannot be distinguished from
those belonging to B through the analysis of strings of finite length. For
any k € Ny there exists v € Xo such that the resulting sequence of output
symbols contains exactly k 1-elements. Hence, the external behaviour B is
not complete!

At the same time one can check that there does not exist any signal
(z,y) € (X x Y)No which matches the induced full behaviour By on all fized
length intervals but does not belong to Bs.

2.3.2 1I/S/- machines

By analogy with the previous section, we can define a state dynamical system
equipped with an input/output structure. As in the previous section, we
consider a slightly weakened version of Willems’ I/S/O system, namely an
1/S/- system:

Definition 2.3.8 (I/S/- system, [78]) An I/S/- system is a tuple
EI/S/— = (NOaU7 Y, X, BI/S/—)a

where U 1is the input alphabet, Y 1is the output alphabet, X is the state set,
and Brjs/— € (U XY x X)No s the system’s behaviour which satisfies the
following conditions:

i. Brss/— satisfies the aziom of state, i.e.,

{(u1,y1,21), (w2, y2, 22) € Bryg/—, x1(7) = 22(7), 7 € No} =
= {(u1,y1,71) Ar (u2,y2,72) € Br/g/—};
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1. u s locally free;
ii. in Brjs/—, w s strictly not anticipated by x and not anticipated by y.

As in the case of I/- systems, we do not require the state z and the
output y to process the input signal wu.

An I/S/- dynamical system can be represented by a (slightly modified)
state machine. The main difference is that, as in the case of I1/S/- be-
havioural systems, we distinguish between inputs and outputs.

Definition 2.3.9 (I/S/- machine) The tuple
Prys)— = (U,Y, X, 0, Xo)
where
o U)Y, X are the input, output, and state sets;
o X9 C X is the set of initial states;
e 0: X XU XY x X is the transition relation,

is said to be an I/S/- machine if for each reachable state & € X and for each
n € U there exist £ € X and v €Y such that (§,n,v,&') € 0.

The state é € X is said to be reachable if there exists an initial state
& € Xo, a constant x € Ny, and sequences {n;}i—o.x—1, {Vi}i=0,x—1, and
{&}i=1,x such that

(§j7njavj7£j+1) €0 Vj = 07’% -1
and &, = €.

It should be noted that a state machine is, in principle, an untimed
model. Hence, we need to determine some rules which would allow us to
assign the input/output symbols to the respective points in time. We asso-
ciate the predecessor and the successor states with the time instants ¢t = k
and t' = k + 1, where k € Ny. When assigning the input/output symbols
one has to take into account the requirements of Def. 2.3.8. Therefore, we
associate both 1 and v symbols in the transition relation ¢ with the time
t = k. Now we can define the induced full behaviour of the state machine

Pr/s)— as

Bp = {(u,y,r) € (UxY x X)No |
((x(k),u(k),y(k),z(k+1)) € 6 Yk € Ny, 2(0) € Xo}.

It can be easily proved that the behaviour Bp of the state machine Pr/g/_
does indeed satisfy the axioms of Def. 2.3.8. The future evolution of a state
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machine depends only on the current state and the current + future values
of the input signal; the input is locally free and, finally, the input w is strictly
not anticipated by x and not anticipated by y.

The transition relation § is not well suited for analysis. One often needs
a more convenient description. Therefore, we define a transition function
v X xU — 2V*X as

(& n) ={(v,§) €Y x X|(&n,v,&) € d}.

Moreover, we assume that the successor state ¢’ and the output signal v are
independent:

A3. The transition function (&, n) can be represented as

Wherevy:XxU—>2Yandfyx:XxU—>2X.

This assumption can be interpreted in two ways. On the one hand, we
require that the current output of the system does not depend on the future
evolution of the state, i.e., that y does not anticipate x. This is absolutely
natural. On the other hand, we assume that the state evolution does not
depend on the output y. This, again, turns out to be very natural, since the
evolution of the state is a composition of its internal and forced dynamics.
Neither of them is subjected to the influence of the system output, which
merely reflects them.

Finally, we are ready to write down the behavioural equations corre-
sponding to an 1/S/- state machine:

z(k+1) € vo(z(k), u(k)),
y(k) € yy(x(k),u(k)), keNy (2.3)
LL‘(O) € Xp.

Note that the functions v, (z(k), u(k)) and ~,(z(k), u(k)) are defined for all
n € U and for all reachable states £ € X. Furthermore, in virtue of Def.
2.3.9 for all n € U and for all reachable states £ € X the sets ,(&,n) and
vy (&, m) are not empty.

We say that the behavioural equations are time-invariant if their right-
hand sides are invariant w.r.t. the transformation k' = k + Ak, Ak € Ny.
This holds as time k does not appear as an argument in function . Fur-
thermore, the full induced behaviour of an I/S/- machine is time-invariant
if its behavioural equations are time invariant and Xg = X. It can be easily
shown that this is also true for the external behaviour.
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In an I/S/- machine the output y does not anticipate the input u. Let
us now consider one special case. Let the function -, depend only on the
first argument:

Yy (&) =Ty () Vn € U, (2.4)

where 7,(£) : X — 2Y. In this case the output y strictly does not antici-
pate the input u. In the sequel we will call an I/S/- machine strictly non
anticipating if (2.4) holds.

The following observation is straightforward:

Lemma 2.3.10 The external behaviour B = Pyy\Bp of a (strictly) non-
anticipating 1/S/- machine P is a (strict) 1/- behaviour.

In conclusion, we consider two classes of finite automata with inputs and
outputs.

Example 2.3.11 (Moore and Mealy automata) A finite 1/S/- state
machine with behavioural equations (2.3) is called a (non-deterministic)
Mealy automaton. If, additionally, condition (2.4) is satisfied, the state
machine is said to be a (non-deterministic) Moore automaton. The corre-
sponding automata are called deterministic if the functions v, and v, are
single-valued, and the set Xq is a singleton.

In Fig. 2.4 an example of Moore and Mealy automata with U = {a, b, c},
Y ={a,0}, X ={0,1,2}, and Xo = {0} is shown. The formal definition
and further details can be found in [20, Sec. 2.2.5].

a. 18 b. |
bla

ala

c/p

a alp
0/a 3/a 0 3

Figure 2.4: Moore (a.) and Mealy (b.) automata

2.4 Interconnection of dynamical systems

This section is devoted to the analysis of the interconnection of two dynam-
ical systems. We define the closed-loop behaviour of interconnected systems
and investigate its properties.

There are two ways to consider the interconnection of two dynamical
systems: a behavioural description and a constructive representation based

28



on state models. In the following, we employ both of them since they form a
well established framework where the reasoning is based on the behavioural
description, and computations are carried out with the help of state models.

2.4.1 Behavioural description

Let us first consider the composition (interconnection) of two dynamical
systems with respect to their external behaviours as shown in Fig. 2.5. The
resulting system admits only those signals that satisfy the behavioural equa-
tions of both systems.

B, € Who

B, € Whho

Figure 2.5: Interconnection of two dynamical systems

Definition 2.4.1 Let ¥1=(No, W, B; € WYo) and So=(Ng, W, By C Who)
be two dynamical systems. The composition of 31 and Yo is defined as

Y1 X Y9 = (No,VV,Bl 082).

The interconnection of two dynamical systems corresponds to the inter-
section of their external behaviours. Furthermore, if these systems possess
an I/0 structure, we need to specify a way in which the input and output of
one system are connected to the input and output of the other one. Thus,
we define a special case of composition operation: feedback interconnection.

Definition 2.4.2 Let Y = (No, Ui, Y1, 81) and Yy = (NQ, Us, Yo, BQ) be two
I/- dynamical systems. Let Uy = Ya and Uy = Y1. The composition of ¥
and Yo presented in Fig. 2.6 is called feedback interconnection and denoted
by 21 X 22.
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B, C(U; x Yl)NO

U, Y|

U, Y,

B, C (U, x YZ)NO

Figure 2.6: Feedback interconnection

Here and throughout, we consider the feedback interconnection of dy-
namical systems, i.e., the case where the output of one system is connected
to the input of the other one and vice versa.

In the following, we introduce a property which will play a crucial role in
the analysis of interconnected systems, namely, the notion of non-conflicting
behaviours.

Definition 2.4.3 ([78]) Two behaviours By, Bs C (U x Y)No are said to be
non-conflicting if

Bl|[07k] ﬂ 82‘[0,]@’] = (Bl N 82)|[0,k] f07" all k € NO. (25)

In words, if a signal agrees with both B; and B2 on the finite time interval
[0, k], it can be extended to the whole time axis such that the resulting
signal belongs to By N Bs. The opposite situation, where the signal “gets
stuck” at some time instant is called blocking. This happens if the equality
relation in the latter expression is replaced by the “proper subset” relation:
Buljo,i1 N Baljg i 2 (B1 N B2)ljg y for some k € No.

Non-conflictingness is the fundamental property which ensures the con-
sistency of the interconnection of two dynamical systems. We illustrate this
by a simple example.

Example 2.4.4 Let us consider the feedback interconnection of two dynam-
1cal systems X1 and Yo represented by two Mealy automata P; and Py with
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Xi12={0,1}, Uy =Yy = {a, b}, and Y1 = Uz = {c, B}. The structure of P,
and Py is shown in Fig. 2.7. The respective external behaviours are:

B = (®/8) a/a (a/B) b/a), By = ((B/b) a/a(afa) B/b),

where (a/a) is a (possibly infinite) concatenation of symbols a and o. We
assume that all elements of B;, i = 1,2 are infinite sequences. The inter-
sections of two behaviours By and Bs is

()
By () Pyoxt,Ba = ( Q ) ;

(8)

where the signals us and yo in the second behaviour By had been permuted
to ensure correctness of the intersection operation, i.e.,

Pyy v, B2 = {(y2, u2) € (Yo x U2)™|(ug, y2) € Ba}.

Now let us check the non-conflictingness condition (2.5) for k =0:

<B1 ﬂPszUQBQM[O,O] N ( ; ) ,

b a
Bilgor [ PrixcsBelog = << 8 ) ’ ( o )) |

Hence, we can observe that

B ﬂPY2xUQB2‘ # Bl [ ) Pyaxu,Bal[o )

[0,0]

and, therefore, the feedback interconnection of the two dynamical systems X1
and Yo is conflicting.

Py P, :
b/ al B/b ala
ala aja
~_ bla e /b
0 1 0 1

Figure 2.7: Two Mealy automata

There is also one specific situation which sometimes occurs in practice.
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Definition 2.4.5 Two behaviours By, By C (U x Y)Y are said to be incom-
patible of By N By = 0 and compatible otherwise.

Note that two incompatible behaviours are non-conflicting. The follow-
ing example illustrates this phenomenon.

Example 2.4.6 Two memoryless dynamical systems, whose dynamics are
described by equations:

are incompatible if the fized point problem y = f o g(y) does not have any
solution.

Let us consider two simple systems: $1 : y(k) = 2u(k)+1, Sy : u(k) =
2y(k). Obviously, there does not exist any y which satisfies the equation
y=1y-+1. Hence, ¥1 and ¥y are incompatible.

Otherwise, if there is at least one solution of the fixed point problem, the
systems are compatible and non-conflicting. Notice that since both systems
are memoryless and time-invariant, one has to check the non-conflictingness
property only for k = 0.

We want to stress here that non-conflictingness as well as incompatibility
is always defined in terms of external behaviours. Even if we consider 1/S/-
dynamical systems, only external signals matter. In the following, we will
say that two dynamical systems 3 and Yy are non-conflicting (incompati-
ble) if their external behaviours By, By are non-conflicting (incompatible).

2.4.2 Interconnection of state space dynamical systems

The interconnection of two I/S/- dynamical systems can be characterised in
a similar way as in Def. 2.4.1:

Definition 2.4.7 Let Elz(No, Ul, 1/1, Xl, Bl) and ZQZ(NO, UQ, YQ, XQ, Bg)
be two 1/S/- dynamical systems with Uy = Yy and Y1 = Uy. The composition
of X1 and Yo is defined as

E1 X E2 = (N(]’Uv}/vaB)v

where U =Uy =Yy, Y =Uy =Y;, X C X1 x Xo, and BC (U x Y x X)No
such that
Puxy B = Pu,xv. B1 N Py, x,Bo.

Note that X1 x Xg is not necessarily 1/- w.r.t. (U,Y).
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Assume that both dynamical systems are represented by 1/S/- machines,
i.e., 21 >~ P1:(U1, Yl, Xl, 51, XO,I)a 22 >~ PQZ(UQ, Y'Q, XQ, 52, X()’Q). Then,
the behaviour of the composite system can be described as

B ={(u,y,z1,29) € (U xY x X)N| (2.6) holds }

(z1(k), u(k),y(k),z1(k + 1)) € &1
(w2(k), y(k), u(k), z2(k 4 1)) € d2 (2.6)
xl(O) c X071, xQ(O) c X072 ,

where U and Y are defined as in Def. 2.4.7.
Now we are ready to describe requirements on dynamical systems to be
non-conflicting.

Theorem 2.4.8 Let 31 and 3o be two I/S/- dynamical systems with exter-
nal behaviours By and Bz which are represented by 1/S/- machines Py and
P,. Moreover, assume that Py and Py satisfy the requirement (2.2) of as-
sumption A3. Then, 31 and %o are non-conflicting if either of the following
fized point inclusions is satisfied for all reachable (£1,&2) € (X1 x Xo):

v1 € Yy,1(&1, Vy,2(E2,01))

(2.7)
V2 € Yy,2(&2, Vg1 (&1, 02)).

Proof. To prove non-conflictingness we have to show that for any string
I € (U X Y)k'H, k € Ng such that 9 € Bl‘[o,k] N PUxYBQ‘[O’k] there
exists a sequence (u,y) € (U x Y)Y such that 9 = (u,y)ljo and (u,y) €
(61 N PU><Y62>.

Let such a 9y be given. Then, there exist two sequences (1 € (U XY x
X and & € (U x Y x Xo)** such that ¢ = (u,y,x1) € Bs(Pr)ljo 4]
and G2 = (u,y,72) € Puxyxx,Bs(P2)ljox), where Bs(F;) is the full induced
behaviour of Pj, i =1,2. Moreover, Pyxy)C1 = Pwxy)Ce = Ug.

It should be shown that (1 and (o can be extended to C~1 € BS(P1)7C~2 €
Puxy xx,Bs(P2) such that Prxy)C1 = Puxy)Ge-

The evolution of the interconnected system of the two state machines Py
and Ps is described by the following set of inclusions:

,

ri(k+1) € ypa(z1(k),u(k)),
y(k) € yyalzi(k), u(k)),
zo(k+1) € a,(za(k),y(k)), (2.8)
u(k) € ye(z2(k),y(k)), keNg
| (#1(0),22(0)) € Xoa x Xop



Let &1 € X1 be a reachable state of Pi and &5 € Xo be a reachable state
of Py. The sets v, 1(&1,m) and vz, (&2, v) are not empty for alln € U and
v €Y by virtue of Def. 2.3.9.

The values of input and output signals at time k 4+ 1 have to satisfy the
following set of inclusions:

{ yk+1) € yalzi(k+1),u(k+1)),
u(k+1) € vyolzz(k+1),y(k+1)),

which are reciprocally related - the value of one function is the argument
for the other, and vice versa. Hence, we can rewrite them as fived point
inclusions (2.7), which are in fact equivalent. If any of them is solvable for
all reachable states & € X1 and & € Xo, there always exists a one-step
prolongation. Then, the obtained values for x1(k + 1), xo(k + 1), u(k + 1),
and y(k + 1) can be used to calculate the next step and so forth. O

The conditions of Theorem 2.4.8 can be checked for certain classes of
systems, for instance, for systems described by linear equations. To illustrate
this we consider a simple example which is devoted to a classical problem.

Example 2.4.9 Let us consider the case of feedback interconnection of two
linear discrete-time systems Y1 and Yo whose dynamics is described by the
following time-invariant behavioural equations:

where x1(k), 22(k) € R, u(k) € R™ y(k) € Rk € Ny, (21(0),22(0)) €
Xo C (R™ x R™), and A;, B;,Ci, D;, i = 1,2 are matrices of appropriate
dimensions. The systems X1 and Yo are non-conflicting if matrix (I(lxl) —
D1 Dy) is non-singular, i.e., if

rank(l — D1 D9) = .

Otherwise, the corresponding behaviours are conflicting.

Note that the systems X1 and Yo become non-conflicting if at least one
of the two matrices D1 and Dy is set equal to zero. The system f]i, modified
in this way, is strictly non-anticipating whereas the initial system 3; is just
non-anticipating.
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In practice, in most cases it is impossible to check whether the inclu-
sions (2.7) are solvable for all states. Therefore, we need a possibly more
restrictive but practically more useful condition. In the previous example,
we have seen that the property of a system to be non-anticipating or strictly
non-anticipating may play a crucial role. The following theorem justifies
this observation and gives a general, structural condition for two dynamical
systems to be non-conflicting.

Theorem 2.4.10 Let X and 39 be two trim 1/S/- dynamical systems which
can be represented by 1/S/- machines Py and Py. Moreover, assume that P
and Py satisfy the requirement (2.2) of assumption A3. Then, 31 and o
are non-conflicting if at least one of the two state machines Py and Ps is
strictly non-anticipating (i.e., if condition (2.4) holds).

Proof. In this case the fized point inclusions are transformed to trivial in-
clusions which are satisfied per definition. E.g., if the first system is strictly
non-anticipating, the second inclusion in (2.8) takes the form

y(k) € Ay (z1(K))

and the corresponding fixed point inclusion looks as follows:

Y2 € Yy2(w2, Yy.1(21)).

Note that the order in which we consider the behaviours is not important.

2.5 Supervisory control problem

Classical control theory considers the following question: “how to influence
a dynamical system (plant) to achieve the desired behaviour?” A solution of
this problem is usually represented in the form of another dynamical system
(the controller) which, when connected to the plant, ensures the fulfilment
of the requirements imposed on the closed-loop system. The supervisory
control approach, in turn, deals with a more general problem: “how to
restrict the behaviour of a dynamical system to the least extent in order
to satisfy a given set of constraints?” Note that this does not imply the
existence of a unique controller. The supervisory control system restricts
the plant behaviour by excluding solely those signals which violate the given
specification. Hence, in supervisory control we must operate with sets of
signals rather than with single ones.

Let us assume that there is a set of safety constraints given by the be-
haviour By, € (U x Y)No which contains all allowable signals, i.e., those
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signals that do not violate the constraints. The behaviour B, is called
specification. The supervisory control problem can be formulated as follows:

Definition 2.5.1 Let the plant be given as an 1/- system ¥, = (No, U, Y, By)
with external behaviour By, and the specification be defined as By, C (U x

Y)No. The I/- system Ysup = (No, Y, U, Bgyp) is said to be a solution of the
supervisory control problem (Bp, Bsp)ep if for the feedback interconnection
Ypi X gup = (No, U X Y, By N Bsup) the following holds:

0. Bpl N Bsup C Bsp7
it. Xy and Mgy are non-conflicting.
A solution of (Bpi, Bsp)ep is called a supervisor.

In the following, we will often identify the supervisory control problem
(Bpi, Bsp)ep and the set of all solutions to this problem. Hence, the expression
(Bpi, Bsp)ep = {0} means that there are no solutions to (B, Bsp)ep €xcept
the trivial one, i.e., Bgyp = 0.

The set of all solutions of the supervisory control problem is often infinite
and includes the trivial case X, 9 = (No,Y,U,0). The following lemma
establishes the existence of the maximal element of this set which is called
a “maximally permissive” supervisor.

Lemma 2.5.2 ([78]) Let A be an index set and ¥, = (No,Y,U,B,) be a

solution of (Bpi, Bsp)ep for all a € A. Then, X507 = (No, Y,U, U Ba) is
acA
also a solution of (Bpi, Bsp)ep-

Supervisor design is a highly nontrivial problem. Here, we just give an
outline of the design procedure. The first step consists in the definition
of the specification. In many cases we are given a set of safety constraints
like, e.g., “the temperature must belong to some interval”, “the output valve
must not be open while the tank is being filled”, or “the rate of change of the
input voltage must not exceed a certain value”. These constraints impose
restrictions on the system outputs, inputs, or both. Let us assume that
By € (U x Y)No consists of all signals which violate at least one constraint.
Then, the specification can be found as By, = (U x Y)No\By. In many
practically relevant cases, when the cardinality of both U and Y is finite
one can describe the specification as a finite automaton (for details see [20,
Sec. 3.3.1]).

The next step is the design of the maximally permissive supervisor that
solves the supervisory control problem (B, Bsp)ep [99].
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Chapter 3

Hierarchical Control

Now we are ready to introduce the key concept of the thesis, namely the
idea of hierarchical control architecture. Everybody who has ever had to
control a complex technical system knows that it is practically impossible to
solve the whole problem at once. There are two main challenges: the struc-
tural complexity of the plant and the intricate character of the specification.
But if we study the problem intently we may see that there is often some
inhomogeneity. The system dynamics can be decomposed into slow and fast
modes, the specification includes long and short term tasks as well as local
and global restrictions. Hence, it is advantageous to decompose the overall
problem into several sub-problems and solve them separately. In this way
there appears some natural hierarchy of the problems - at the higher level we
solve global, long term problems using abstract (e.g., discrete-event) models
whereas at lower levels we are mainly concerned with short term problems,
which have to be solved in order to fulfil the needs of the high-level controller.

Hierarchical decomposition is a hardly formalisable problem which re-
quires a very good qualitative knowledge of the system dynamics along with
a good piece of engineering intuition. But despite, or rather because of
this complexity it makes sense to develop some general framework for the
hierarchical systems design. Our main intention is to provide an engineer
with a set of instruments and concepts which can (potentially) be used for
the solution of complex technical problems. Note that hierarchical struc-
tures considered below are closely related to both multilevel and multilayer
hierarchies described in Sec. 1.1.2.

This chapter is structured as follows: in Sec. 3.1 we consider a two-level
hierarchical control problem and give the definition of a two-level hierarchical
solution to the supervisory control problem. Sec. 3.2 describes a bottom-
up approach to the design of hierarchical control schemes. Admissibility
conditions are discussed in Sec. 3.3. In Sec. 3.4 and 3.5, we analyse two
basic structures of the intermediate level. Finally, in Sec. 3.6, we generalise
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obtained results to the case of a multi-level control hierarchy.

This chapter develops the ideas proposed by J. Raisch and T. Moor (see
[82, 97] and references therein). The contribution of this chapter consists in
developing a constructive framework within which it is possible to describe
and analyse different hierarchical control structures in an efficient and uni-
form way. Moreover, we give a detailed description of several possible control
structures and analyse their properties with the methods developed in this
chapter.

Henceforth, if not otherwise stated, all dynamical systems are assumed
to evolve in discrete time, i.e., T = Nj.

3.1 Two-level hierarchical control architecture

We start our investigation with the analysis of a two-level hierarchical control
problem. Despite its apparent simplicity, this problem is well suited to
illustrate all substantial features of the hierarchical control concept. First we
introduce basic notations and give the definition of a hierarchical supervisory
control problem.

Let us consider the two-level control architecture as shown in Fig. 3.1.
The plant X,; with external behaviour Bzfl C (Ur, x Y)Y is assumed to be
an I/S/- system w.r.t. (Ur,Yr). The intermediate layer ¥;,, with external
behaviour By, € (Wr x W)Yo, Wi = Up x Yz, Wy = Uy x Yy “medi-
ates” between the plant and the high-level controller (supervisor) X, with
external behaviour Bfip C (Yg x Ug)No, Ysup, i turn, is assumed to be
1/S/- w.r.t. (Yi,Upg). The indices L and H are introduced to show that the
respective behaviour is defined over the set of low-level (Wp,) or high-level
(Wpr) signals. The specification BSLP - VVLNO is defined in the same way as
in Sec. 2.5.

The intermediate layer can implement many different tasks: it can per-
form spatial as well as temporal discretisation, switch between different
(low-level) local controllers in order to meet the requests of the high-level
supervisor or manipulate the plant dynamics in a certain way.

Up to now, we did not make any assumptions about the structure of the
intermediate level ¥;,,,. However, it is obvious that it must possess certain
internal structure to be compatible with both the plant and the high-level
supervisor. Hence, before we start to analyse the intermediate level in more
details we define the general framework, i.e., the generic class of systems
which can be considered as candidates for X;,,. To denote this class we will
borrow a term from electrical engineering, namely we will call these systems
quadripoles.
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BL B ]

sup

Figure 3.1: Hierarchical control architecture

Definition 3.1.1 (Quadripole) A quadripole is a tuple
Equad - (N07 UH: YH7 UL; YL7 X7 Bquad)v

where Wi = (Ug X Yg) is the high-level signal space, Wi, = (Ur, x Y1)
is the low-level signal space, X s the (hybrid) state space, and Bguea C
(Ug x Yg x U x Yp X X)NO 1s the system behaviour which satisfies the
following conditions:

i. Byuaa satisfies the axiom of state, i.e.,

{(wbxl)a (’LUQ,ZCQ) S Bquad> I’l(T) = .%'Q(T), T E NO} =
{(U}l,l‘1) Ar (U)Q, .’ﬁg) € Bquad}a

where w = (wy,wr) € (Wy x Wr)No;
1. ug 1s locally free;
1. uy 1S strictly not anticipated by x and not anticipated by yg and ur;
w. yr, 18 locally free;

v. yr, 18 strictly not anticipated by x and not anticipated by yg and ur,.
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Henceforth, we will assume that the intermediate layer 3, is a quadripole.
In the following, we will often consider the restriction of the behaviour
B, to a single high-level (low-level) signal. Thus, for wy € W we define
BE [wy) as
Bh lwy] = {w, € W,°|(wy,wr) € Bim}-

The restriction B [wy] is defined accordingly.

The above definition can be extended to include the restriction of B;,,
to the sets B;fl and BE . denoted by B%[B{;l] and BL [BI ], respectively.
From the perspective of the plant the intermediate layer and the high-level
supervisor form a composite (low-level) supervisor over Wy with external

behaviour (see Fig. 3.1)
BB ] = {wy, € W°|(Fwy € B [(wi, wr) € Bim]}-

If, in turn, we look “downwards” we find a similar picture. From the per-
spective of the high-level supervisor both the intermediate layer and the
plant form a composite (high-level) plant over Wy with external behaviour

Bl BL] = {wy € Wi |(Gwy € BY)[(wi,wi) € Bim]}-

It may happen that either (or both) of the restrictions BL, [BX, ] and
ng[Bﬁl] do not exist. To prevent this situation, we have to extend Def.
2.4.3, describing the conditions for non-conflicting feedback interconnection
of two dynamical systems, to the feedback interconnection of a dynamical

system and a quadripole.

Definition 3.1.2 (Non-conflictingness) Let X be a dynamical system with
external behaviour BL C W}J\TO (B C WSO) and Xy, be a quadripole with
external behaviour By, C (Wg X WL)NO. The systems % and ¥;, are said
to be non-conflicting if for any upg € UIN{0 there ezists gy € Py, Bim (for
any yr, € YFO there exists iy, € Py, Bim) such that the behaviours BE and
Bh [(am, gu)] (BE and BE (g1, ar)]) are non-conflicting.

Now we can give a formal definition of a two-level hierarchical solution to
the supervisory control problem. This definition can be seen as an extension
to the standard supervisory control solution from Def. 2.5.1.

Definition 3.1.3 (cf. [82]) Let Bﬁl be I/- w.r.t. (Up,YL), Bgm be I/-
w.r.t. (Yg,Upg) and B;,, be the external behaviour of a quadripole with input
(Up x Y1) and output (Y x Ur). We say that the pair (Bim, B2 )y is a

sup
two-level hierarchical solution to the supervisory control problem (B Bst)cp

pl>
if

. L ~RL [RH
i Byn B By

] € BL,
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. Bim and B, are non-conflicting,

114. Bim and ng are non-conflicting,

iv. BL [BE ) is I/- w.r.t. (Yr,Ur) and Bk, [BE

supl and Bzfl are non-conflic-

ting, and

v. Bﬁl[BIfl] is I/- w.r.t. (Ug,Yy) and Bfn[BIfl] and BE,, are non-conflic-
ting.

Here, the first condition guarantees that the hierarchical system does sat-
isfy the low-level specification BSLp. The remaining four conditions guarantee
non-conflicting (non-blocking) functioning of all levels. Note that Definition
3.1.3 contains two more conditions than that in [82]. This is because of the
fact that in our work the non-conflicting property is a structural condition
formulated in terms of state machines. Hence, we have to ensure that the
composite systems B, [BY | and B, [B]’;Jl] can be described as non-blocking
state machines which is guaranteed by the requirements di.-i7. Later, in
Sec. 3.3, we will see that some of the conditions ii.—v. are redundant.

Comparing Def. 2.5.1 and Def. 3.1.3 we can formulate the following
statement, which demonstrates an inherent interrelation of hierarchical and
monolithic (single-level) supervisory control schemes.

Corollary 3.1.4 Let (B, B )y be a two-level hierarchical solution to the

sup

supervisory control problem (Bzfl, BL)ep. Then, BL,[BE, ] is a solution to the

supervisory control problem (BL

pl’Bst)Cp' Moreover, if we define

(Bims B8, ) = {BLIBE,] € W} |(BE,, B, )u € (BE, BL)oy }

sup
the following inclusion holds:

(Bima ng)ﬁ - (Bﬁb Bst)Cp'

Thus, hierarchical solution, as regarded, is a special solution to the su-
pervisory control problem. We will see that the hierarchical approach can
drastically simplify the control design procedure. This will be demonstrated
in the subsequent sections of this thesis.

3.2 Bottom-up design strategy

A two-level supervisory control problem consists of two sub-problems: the
intermediate level design and the high-level supervisor design. In this sec-
tion we will discuss different approaches to these problems and propose an
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abstraction based design strategy which substantially simplifies the overall
problem.

Suppose we have designed the intermediate layer ¥;, with external be-
haviour B;,;,,. Then, we can reformulate the low-level specification BSLP in
terms of high-level signals as

B = {wu|(Vwr, € BY)[(wh,wi) € Bim = wi, € BL]}.

The high-level supervisor could be obtained as a solution to (B [Bgl] B ey
This approach, however, has one serious drawback. Since the calculation of
both BH [Bé’l] and Bg involves operations with realisations for both plant
and specification, it becomes extremely computationally expensive. More-
over, a realisation for Bgn [B;l], i.e., for the plant under low-level control, is
in all likelihood even more complex than a realisation of the plant alone.

Fortunately, high-level supervisor design can be performed on the basis of
abstractions, hence it is possible to eliminate from the procedure of high-level
supervisor design any operations that directly involve the plant behaviour.
For this purpose, we define the behaviour Bg,L, which describes the intended
relationship between high-level and low-level signals. This specification can
be considered from different viewpoints.

On the one hand, the behaviour BQIDL specifies which information about
the low-level process is transmitted to the higher level. This information is
the output signal yg of the composite system plant plus intermediate layer.
Note that the system response may be non-deterministic. This means that
the system may produce a set of output signals yg as a reaction to one
specific high-level signal uz. This may be caused by different reasons: non-
determinism of the plant, restricted resources of local controllers, imprecise
information about plant dynamics and so on.

On the other hand, it describes the “allowable” (or “desirable”) reaction
of the plant to high-level command signals. This means that, given a high-
level input signal ug, the plant behaviour has to be restricted to be within
the set of allowable low-level signals associated to ug.

This is ensured by the intermediate layer B;,, which is designed to im-
plement Bg)L. It satisfies the following requirement:

Bim NPyt By € BEE. (3.1)

Here we face a typical trade-off. The goal of a designer is to balance
the freedom of the low-level and the high-level. Obviously, if we reduce the
freedom at the low-level too strongly, it may become impossible to realise
a suitable intermediate controller. On the other hand, if it is not restricted
sufficiently, we may be unable to find a solution to the high-level supervisory
control problem.
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Note that, if the design of B;,, has been successful, Bg)L can be seen as
an outer approximation of Bj,, when the latter is connected to the plant
Bé’l. Thus, we can use Bg,L to “model” the plant plus intermediate layer.
The projection l’;’ﬁ = PWHBg,L can now be used as an abstraction of the
high-level plant B, [Blfl]. Moreover, we define the high-level specification as

BH = {wy|(Ywr)[(wy,wr) € BAE = wy, € BL]}. (3.2)

Finally, the following lemma states that the high-level supervisor ob-

tained as the solution to the supervisory control problem (B l’;’g))cp satisfies

pl>
requirement (7) in Definition 3.1.3.

Lemma 3.2.1 (cf. [80]) Let By, satisfy (3.1). Then, for any high-level
nontrivial supervisor ng that solves (Bf, Bg,)cp, the inclusion BglﬂBiLm [ng] -
BSLp 18 satisfied.

sup

ng with (wg,wr) € Bim. By Eq.(3.1), we have (wg,wr) € Bg)L and,

therefore, wg € Bg By virtue of Definition 2.5.1, wy € Bg, Finally,
Eq.(3.2) implies wy € BL. O

Proof. Pick any wy, € Bzfl NBE BH 1. By definition, there exists a wy €

In Algorithm 1, the hierarchical control design procedure is formulated
in the form of pseudocode algorithms. Here, the specification Bg,L plays the
central role. We first describe how the composite system plant-intermediate
level should behave and then try to design an intermediate level controller
which will enforce BgDL .

Algorithm 1 Bottom-up hierarchical control design

i . L L
Given: By, Bg,

Required: Solve (Bﬁ,Bﬁp)tl
Design the specification Bg,L

Compute Z”;’,ﬁ and Bg,

Solve (Z’S’g, Bg,)cp

1

2

3

a: if (B, BH)., # {0}

5: goto 10

6: else

7 repeat

8 Reformulate the specification Bg)L

9 until (Bg,gg,)cp # {0}

10: Design the intermediate level controller B;, such that

Bim N Pyt By € BLF
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holds
11: if there exists a By, # 0

12: Problem solved
13: else goto 7

14: end if

15: end if

Note that the intermediate controller has to satisfy the non-conflictingness
conditions of Def. 3.1.3.

In the following sections, we discuss several specific problems that may
appear when designing the specification Bg,L.

3.2.1 Modelling issues

First we want to stress the different nature of the intermediate layer B;;,
and the specification BgL. The specification Bgf describes the “expected”
behaviour of the system intermediate layer plus plant. In some sense it de-
fines a frame within which this composite structure may evolve. Moreover,
since BgL is used for the high-level supervisor design, it must be well struc-
tured, i.e., it must allow to pose and solve the high-level control problem
(Bﬁ , Bg,)cp with some standard procedures.

In Chapter 4 we show how the specification Bg)L can be represented by
an 1/S/- machine. In [82], it was proposed to model BILF by a linear hybrid
automaton. Obviously, proposed models cannot describe all possible hybrid
evolutions. So, one might need to use more complex models like, e.g., hybrid
I/O automata [71, 72] or behavioural automata [54] which, however, have
to be equipped with inputs and outputs.

At the same time, there is no general representation for the intermediate
layer. This reflects, in fact, the core idea of the proposed approach. When
designing the high-level supervisor, we are dealing with a standard although
rather coarse model while at the low-level we use a control system that is
designed and adjusted for the specific plant in such a way that the closed-
loop behaviour conforms with the desired model. Later, we will show some
particular control structures which can be used at the intermediate layer.
Note, however, that there are infinitely many possible control structures.

3.2.2 Qualitative behaviour shaping

In this section we consider one special approach to the design of specification
Bg,L which has been shown to be particularly helpful in many applications.
Let us assume that the signal set of the plant Uy can be represented as a
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Cartesian product Uy, = U i X U]%. Now, we define the specification BfgL as

(um,ym) € Bﬁi

uy, € Uy, ’PUiuL =ug,
yL € Y,

yr(t) = ¢(yr(t)),t € No

BsgL =< (um,ym,ur,yr) € Wh X WL)NO

(3.3)

where

o Wy =Ug x Yy and Wy = Up x Y, are the high-level and low-level
signal sets, Uy = Ui,

° [;’g) is an I/- behaviour w.r.t. (Ug, Yr),

o U C Ufo is the set of admissible low-level signals such that PUE Ur, =
U)o,

e ¢ : Yy — Yy is an output function, which may be chosen to be the
identity.

An intermediate layer By, designed to satisfy the requirement (3.1),
functions in the following way: for any high-level signal uy it implements
low-level signals uj, which, being applied to the plant Bﬁl? result in that the

respective high-level output signals conform to Bg) Moreover, the fixing
of a particular high-level signal ug partially determines the choice of low-
level signals: wuy € Ur(up), where Ur(upg) = {ur € UL|PU£UL = ug}.
In other words, we design low-level controller(s) which, given a high-level
signal uy = wuy, uses available low-level signals us to ensure that the high-
level response of the composite system B [BIEZ] belongs to Bg,

Hence, the abstraction of the high-level plant lg’g is equal to Bg and the
high-level specification is defined as

Bl = {(un,yn) € Wi |BE [(urr, ym)] € B}

In certain cases, the structure of the low-level specification can be ex-
ploited to simplify the design procedure of the low-level controller. In par-
ticular, the set of allowable low-level signals U can be chosen to satisfy
the specification Bst or to facilitate the analysis of the closed-loop system
B [BII;Z].

In general, we may notice that the approach described above closely re-
sembles the feedback-based abstraction technique presented in Sec. 1.1.3.
Actually, our approach can be seen as a feedback-based abstraction in be-
havioural form. To complete our presentation we show how the behaviour
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Bg can be used to specify certain qualitative properties of the closed-loop
system B [Bél]. There are different properties that can be described in
this way, e.g., stability, boundedness, controllability, and so forth. Let us
consider the case of real-valued high-level signals: Uy € R™, Yy C RF.
For this case, we give definitions of ¢, input-output stable behaviours and
asymptotically stable behaviours.

Definition 3.2.2 (¢, input-output stability, cf. [55, Def. 5.1]) The be-
haviour B C (U x Y)No s Ly, stable if there exist a monotonically increasing
function « : [0,00) — [0,00) and a non-negative constant 3 such that for
any pair (u,y) € B

Ylle, < a(l[ullg,) + 8

holds.
1t is finite-gain stable if there exist non-negative constants v and 3 such
that for any pair (u,y) € B

ylle, < llulle, + 6

holds.
The parameter p denotes a specific norm and can be chosen within
{1,...,00}. However, the most common cases are ly and ls.

Definition 3.2.3 (Asymptotic stability) The behaviour B C (U x Y)No
is stable if for any pair (u,y) € B there exists a function ¢ of class' K such
that

(3T € No s.t. u(t) =0, t = T) = (y(t) < o(ly(D)]), t = T)
holds. The behaviour B C (U x Y)Y is asymptotically stable if, additionally,
T eNg s.t. u(t)=0,t>T = tlirgloy(t) =0.
holds.

Later, in Chapters 4 and 5, two applications will be presented. We will
show that the qualitative behaviour shaping technique can be efficiently
applied to both continuous and hybrid systems. Moreover, in Ch. 5 we will
demonstrate a novel approach based on the monotonisation of the system
behaviour.

! A real-valued function ¢(z) belongs to class K if it is defined, continuous, and strictly
increasing on x € [0, 00|, and if it vanishes at « = 0, i.e., $(0) = 0 (see [47]).

46



3.3 Non-conflictingness conditions

In the previous section we presented the bottom-up design procedure which
allows us to design the hierarchical control system in a uniform way. We
have shown (see Lemma 3.2.1) that the designed hierarchical control scheme
respects the low-level specification and, hence, fulfils the first condition of
Def. 3.1.3. In this section, we consider different classes of low-level systems
and formulate conditions on the intermediate layer and the high-level super-
visor to meet the remaining conditions. Moreover, we will show that some
of conditions éi.—v. are superfluous. Hereby, we will set up the framework
for the design of hierarchical control systems.

The system Y;,,, can be realised by an I/S/- state machine. We say that
the tuple

Py, = ((Ug x Y1), Yg x UL), Xim, 0im, Xo)

where

e Uy and Yy are high-level signal spaces, Uy, and Y}, are low-level signal
spaces, and X, the state space;

o Xm0 C Xy, is the set of initial states;
® Oim : Xim X Ug x Yy x U, x Yy, X Xy, is the transition relation,

is a realisation of Y, if for each reachable state &, € X, and for each
pair (ng,vy) € Ug X Yy, there exist & € X;,,, and a pair (vy,nz) € Yy x Uy

such that (57 NH,VH, ML, VL, 5/) € 5Z’m
In analogy with Def. 2.3.9, one can define the transition function 7 :
Xim % U x Yy, — 2YEXULxXim a9

’Yim(é.vnH>UL) = {(UanLaé./) € YHXULXXim|(£7nHvaanLaULygl) S 5'Lm}

Furthermore, we assume that the function 7™ (&, ny,vr) satisfies As-
sumption A3:

Vim(ganHa’UL) - ngm(&nHa’UL) X PYZm(‘SanvaL) X V;m(ganHavL)a

where 7™ Xjp x Ug x Y — 2Y1, 4 ¢ X0, x Uy x Yy — 2V% and
A Xy x U x Y — 2Xim  Now we can write down the behavioural
equations defining the evolution of Pj,:

yu (k) € 7" (@im (k), um (k), yo(k)), (3.4)
ur (k) € %" (@im(k), un (k),yr(k)), k€ No .

xzm(O) S X,;m’g.
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Again, it can be seen that the behaviour defined by (3.4) does indeed satisfy
the conditions of Def. 3.1.1.

In the system X;,, realised by Pj,,, yg does strictly not anticipate ug
(yr) if condition (3.5) (condition (3.6)) holds for all reachable £ € X;,,, and
for all ny € Uy, v, € Yr.:

V;m(fJ]H,UL) = ?;m(E,UL), (3.5)
V(& ma, ) = A" (€ ). (3.6)

Similarly, uz, does strictly not anticipate ug (yr) if condition (3.7) (con-
dition (3.8)) holds for all reachable £ € X, and for all ny € Uy, vy, € Y1

V& mm,vL) = A4 (€ vL), (3.7)
Yo (& mm,vr) = " (€0 (3.8)

Finally, yg (ur) does strictly not anticipate both uy and yp, if the
corresponding output function depends only on & € X;,.

Now, we can formulate two lemmata that will play a central role in
the subsequent analysis of the non-conflictingness property of hierarchical
structures. They are formulated for the interconnection of ¥,; and ¥;,,, but
due to the symmetric structure of the intermediate level ¥, they can easily
be reformulated, mutatis mutandis, for the interconnection of ¥, and X;,,.

Lemma 3.3.1 Let X, be an 1/S/- dynamical system with external behaviour
Bgl C W} and let Py be an 1/S/- machine realising Bf»l' Furthermore, let
Yim be a quadripole with external behaviour By, realised by a trim state ma-
chine Py, satisfying assumption A3. The feedback interconnection of Xy
and X, 18 non-conflicting if for the machine Py, the following condition

holds:
i. uy, does strictly not anticipate yr,, i.e., (3.8) holds.

Then, the behaviour B%[Bgl] can be realised by an I/S/- machine. If,
additionally, the following conditions hold for P, the behaviour Bgn[Ble]
can be realised by a strictly non-anticipating state machine:

ii. ypg does strictly not anticipate ug, i.e., (3.5) holds,

iita. yg does strictly not anticipate yr,, i.e., (3.6) holds,

or
itib. uy, does strictly not anticipate ug, i.e., (3.7) holds.
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Proof. The proof is similar to those of Theorems 2.4.8 and 2.4.10. We
can write down the behavioural equations of the composite system and show
that they are well-defined for all values of the high-level input ug. Let us
first consider the composite system Y [Xp] when the first condition holds:

(apa(k+1) € 32 (k) A" (@i (k) un (£)))
Zim (k4 1) € 3" (o (k). st (), 4 (), 52 (i (), it (K)))

i1 (k) € 33" (i (k). wrr (k)34 (ap (k). 32" i () u () ) & € No
L Jipl(()) S Xpl,O, l‘lm(O) € Xim,O-

(3.9)
The expressions in the right-hand sides of (3.9) are defined for all ug (k) €
Un and for all reachable states xp (k) € Xp and xim(k) € Xip. Moreover,
the state (iL'pl, Tim) does strictly non anticipate ug and yg does not anticipate
ugr. Therefore, the behavioural equations (3.9) describe an 1/S/- machine.
Herewith we have proved the first part.
Furthermore, from the analysis of the equation for yg we can directly
check the non-anticipation property of the composite system. Let us consider
two cases:

Case i+ii+iiia: ‘ A
Condition iiia, together with i, boils down to v,™ (v, um,yr) = 7, (x).
wpu(k+ 1) € A (2 (k), 7 (wom (k), un (k)
Tim (k + 1) € 727 (im (), s (1), @ (), 7 i (), s (R)))
yu (k) € ¥, (xim(k)), k€ No
2pi(0) € Xpi0, Zim(0) € Xim 0.
Case i+ui+iitb: ‘ ‘
Condition b, together with i, boils down to v (x,um,yr) = Y (x).
(ke +1) €32 (a2 (), 32" (@im (k) |
T ( + 1) € 3 (i (k) urr (k) 7 (@pu (), 73" (im (K)))
yir (k) € 35 (wim (k) 28 (20 (), 37 (@am (R))) ),k € No
zpi(0) € Xp1.0s Zim(0) € Xim,o-

Hence, both cases correspond to strictly non-anticipating 1/S/- machines. O

Lemma 3.3.2 Let X, be an 1/S/- dynamical system with external behaviour
Bﬁl C WZT which can be represented by a strictly non-anticipating state ma-
chine Py . Furthermore, let Yy, be a quadripole with external behaviour
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Bim realised by a trim state machine Py, satisfying assumption A3. The
feedback interconnection of ¥, and X, is non-conflicting.

The behaviour B [B,)] can be realised by a state machine. If, addi-
tionally, for Py, yg does strictly not anticipate up, i.e., (3.5) holds, the
behaviour Bﬁn [Bp] can be realised by a strictly non-anticipating state ma-
chine.

Proof. The fact that the behaviour B [B,] can be realised by an 1/S/-
machine follows from Lemma 3.3.1 as a strictly non-anticipating state ma-
chine Py is a special case of an 1/S/- machine. The second part can be
proved in analogy with the proof of Lemma 3.3.1. The behavioural equations
of the composite system are

wpl(k + 1) € Vgl (xpl(k)7 VfLm(wzm(k)? UH(k)v :Yg/)l(xpl(k))) )
Zi(k+1) € 5" (i (k) g (), 75 (@ (K)))

yir (k) € 37 (wim (), 35 (@pa(k))) & € No
$pl(0) € Xpl,Oa wzm(o) € Xim,O-

The following theorem states that some of the non-conflictingness con-
ditions are superfluous.

Theorem 3.3.3 To check the non-conflictingness conditions for a two-level
hierarchical structure (conditions ii.—v. of Def. 3.1.8) it suffices to check two
conditions:

c 1. Biy, and Bﬁl are non-conflicting, and
1:
2. B{};[Bzfl] and BL,, are non-conflicting.

This is equivalent to checking the following two conditions:

1. By, and ng are non-conflicting, and

C2:

2. BiLm[Bng] and B]fl are non-conflicting.

Proof. A pair of conditions is satisfied if the systems Xp,, Xim and Leyup
possess certain structural properties which follow from Theorem 2.4.10 and
Lemmata 3.3.1 and 3.53.2. Below, we list all possible combinations for both
cases:
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Bpl Bz Bsup
n.a. (3.8) $.1.q.
Cl: | n.a. | (3.8), (3.5), (3.6) | n.a.
n.a. | (3.8), (3.5), (3.7) | n.a.

s.n.a. | (3.5) n.a
Bsup Bz Bpl
n.a. (3.5) 5.1.q.

C2: | n.a. (3.5), (3.8), (5.6) | n.a.
n.a. (3.5), (3.8), (3.7) | n.a.
s.n.a. | (3.8) n.a

where ‘n.a.’ and ’s.n.a’ denote non-anticipating and strictly non-anticipa-
ting, respectively. These two sets of structural conditions are equivalent.
Therefore, the fulfilment of conditions C1 implies the fulfilment of conditions
C2 and vice versa. U

Given the plant B;flv the intermediate layer B;,, the high-level super-
visor ng, and the state machines representing these behaviours, the non-
conflictingness conditions of Th. 3.3.3 can be checked using results of The-
orem 2.4.10 as well as the results of Lemmata 3.3.1 and 3.3.2.

Since the structure of the plant is given it is natural to check the non-
conflictingness conditions bottom-up, i.e., to check conditions C1. Note that
this is consistent with the bottom-up design strategy proposed above. Thus,
given the plant Bgl and the respective state machine, both the intermediate
layer B;,, and the high-level supervisor ng
that By, and By, are non-conflicting, the composite system B [Bﬁl] is I/-
w.r.t. (Upg,Yy) and that Bgl[BZfl] and the high-level supervisor Bl are

non-conflicting.

must be chosen in such a way

Below, we consider two rather general schemes which can be used for the
design of the intermediate layer and analyse their properties with regard to
the non-conflictingness requirement.

3.4 Interface layer

As was said in Sec. 1.1.2, a typical feature of the hierarchical control archi-
tecture is that the plant and the high-level supervisor (or the higher level
controller) ”live in different worlds”. Therefore, we need a layer which would
establish a communication between lower and higher layers. Following [59],
we will call this layer the interface layer, or simply the interface?>. The
functions of an interface are threefold:

ZNote that in [97] it was referred to as type II intermediate layer.
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1. synchronisation of the high-level and the low-level signals;

2. aggregation of the low-level information and translation of this infor-
mation in a form suitable for the high-level system;

3. implementation of the high-level signals as the low-level control ac-
tions.

Below, we consider these three functions in details and discuss the well-
posedness issue. In Sec. 3.4.2, the behavioural description of interface layer
is given. Finally, in Sec. 3.4.3 we describe the state machine representations
of an interface layer and discuss issues regarding the non-conflictingness
conditions.

3.4.1 Interface layer: functioning

The structure of a typical interface layer is shown in Fig. 3.2. In many
cases, high-level and low-level signals are defined on different time scales.
Typically, low-level signals are defined in continuous time or on a discrete
time axis provided by fast equidistant sampling. High-level signals, in turn,
are defined on a discrete time axis which may depend on the low-level signal.
There are two types of synchronisation between the high-level and the low-
level system: time-driven and event-driven (see [89, 57, 101, 102] for details).

iuﬂ Tyy

synchronisation
Zero—order hold =

Event generation/
aggregation

L .

Figure 3.2: An event generator

In the first case, the high-level time scale is equidistant with the sampling
time defined as a multiple of the low-level sampling time: 757 = K77, where
7y and 77, are the high-level and low-level sampling times, and £ € N is
the multiplier. This is the case of time-driven high-level dynamics and the
corresponding interface layer is said to work as a sampling unit.

In the second case, the high-level time axis is generated by low-level sig-
nals. This is referred to as event-driven high-level dynamics. The interface
is said to work as an event generator. Event-driven systems produce output
signals in response to the occurrence of asynchronous discrete events. These
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events are triggered if certain conditions are satisfied. This can be stated
formally:

Definition 3.4.1 We say that the event 0 € ¥ occurs at time 0;, i > 1 if
0; = min{0; of
i = min{f; o}

where
0; o = min{t | Co(yr(0i-1,t),0i—1,t) = true},

0o =0, Cy : YL x Ng x Ng — {true, false} is a logical predicate, and

Vi = {yr(:) € 02°([t1,t2], Y1), 0 < t1 < ta < o0} is a set of the segments
of the output signals on intervals [t1,t2] C No. Fach particular segment is
denoted by yy,(t1,t2).

This means that starting at time 6y = 0 the system evolves until some
predicate C, takes on the value “true” at time 7. At this time instant the
event o occurs. Then, we define #; = 7 and repeat the procedure. The
sequence 7 = {0y, 01, ...} defines the high-level time axis.

In most cases, the definition of the set of events is based on the aggre-
gation of the signal space of the low-level system. Let Y7 be the low-level
output set and ) be a set with cardinality less than that of Y7. A set-valued
map ¢ : Yz, — 2Y such that for every y € ) there exists at least one yr, € Y7,
satisfying y € ¢(yr) is said to be an A/D map [29]. The map ¢ defines a
cover of Y7, i.e., a set of subsets A; C Yz such that Vi € Y, Yy, D A; = ¢~ 1(4).
The sets A; are called the cells of the cover.

If ¢ is a single-valued surjective function, it induces an equivalence re-
lation ~, and defines the corresponding quotient set Y7,/ ~4 (for details,
see Sec. 1.1.3). The set of equivalence classes [j] C Y1/ ~g, j € Y form
a partition of the set Y, (see Fig. 3.3 for the illustration of the difference
between a cover and a partition).

In the case of the output space partition, the event condition can be
defined as, e.g.,

Cik(i) = [o(yr(t)) # d(yr(0i-1))IN@(yL(0i-1)) = jING(yL(t)) = k], j, k€Y.

The situation when the set of events is based on a cover of Y7, is more
involved since there are different ways to define event conditions, that is
to decide when a particular cell becomes active. This additional degree of
freedom can be exploited to achieve better robustness characteristics of the
system as was discussed in [50]. Further discussion on A/D maps can be
found in [29], where the relation between dynamic specifications and A /D
maps is studied and the notion of refining an A/D map is introduced.
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Y,

a) y b)

Figure 3.3: A partition a) and a cover b) of the set Y,

There is also a number of approaches exploiting additional information
on the system structure. In particular, a special approach is described in
[111, 59|, where the partition of the state space is designed based on the
natural invariants of the plant.

The high-level signal yy is produced by an aggregation device which
sends a symbol yg (k) € Y each time an event occurs. The set of high-level
output symbols may be equal to the set of events: Yy = X. An A/D map
can also be used to aggregate the low-level information, i.e., Yy = ). In this
case, the interface layer sends to the higher level the symbol corresponding
to the active cell.

High-level control signals w7, in turn, have to be mapped to low-level
control signals ur,. In most cases this is done by implementing a zero-order
hold device triggered at the time instants ;.

3.4.2 Behavioural description

In this section, we give a formal definition of an interface layer in terms of
behaviours.

As we have said above, an interface layer generates the high-level time
axis. Obviously, this time axis has to be well defined. Therefore, we intro-
duce a definition of a time scale. To do this, we need to extend the notion
of causal maps:

Definition 3.4.2 (see, e.g., [55], Ch. 5.1) An operator H : UNo — yNo,
i.e. an operator mapping signals u to signals vy, is called causal if

[ﬂ\[o,k] = @’[o,k}] = [H(ﬂ)\[o,k] = H(a) [O,k]]
holds for all k € Ny, @,0 € UNo. The operator is said to be strictly causal if

[l = o] = [H@op = H(@)

[o,kﬂ
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for all k € Ny, @, 0 € UNo,

Definition 3.4.3 ([97]) Let T : YLNO — NISIO. The operator T is said to be
a dynamic time scale if T is causal and if the time transformation T(yr,) :
Ny — Ny s surjective and monotonically increasing for all y;, € YLNO.

For a fixed low-level signal yy,, the time transformation 7'(yz) maps low-
level time j € Ny to high-level time k£ € Ny. By requiring that 7" is a causal
operator, we ensure that at any instant of time the transformation T'(yr,)
only depends on the past and current values of yr. Later, we will also use
the pseudo-inverse of the time transformation 7'(yy) defined as follows:

(T'(yr))" :No — No s.t. (T'(yr))" (k) = min 4, ke Np.
T(yL)(j)=k

This is a monotonically increasing but not surjective mapping. One can eas-
ily see that Im((T'(yr))*) is equal to the sequence of event times {6y, 61, ...}
corresponding to the low-level signal yr,.

Often, an additional condition on the dynamic time scale can be imposed.
In particular, we may require that the interval between two events cannot
exceed some fixed value.

Definition 3.4.4 Let § € Ny be a constant. A dynamic time scale is called
reqular modulo § if A6 > 0 such that

(T(y)) (i +1) = (T(yr))" (i) <0
holds for all i € Ny and for all yr, € YFO.

The regularity requirement can be easily ensured if we define an event
¢ with the logical predicate Cs(i) = {t — 0;—1 > ¢}. Obviously, the event &
will occur if no event has occurred during the time 4.

Now let us consider two particular structures of an intermediate layer
described in Sec. 3.4.1. In a sampling unit, the time scale is fixed and
independent of the low-level output signal yr, i.e., Ts,(yr) = Tsu. Tsu can
be defined as follows:

k
Teu : Ng — Ny s.t. Tsu(k) = \‘J ,
-
where 7 € N is a sampling interval, k € Ny. This is a surjective and mono-
tonic mapping and hence Ty, is a dynamic time scale.
In the case of an event generator, the operator 1" depends on y;. Let
YL € YLNO be a low-level signal and {6;};en, be a corresponding sequence of
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event times as described in Def. 3.4.1, the time scale T¢4(yr) : No — Np is
defined by

Teg(yr)(k) =i, k € [0;,0i41),
which is obviously surjective and monotonic.
From Def. 3.4.1 we see that the causality requirement holds, i.e., for any
Jr, 9 € Y,

[Gtlos = 9elow| = [ Teo@0)lo g = Ten@)lg 9] -

Thus, an event generator defines a dynamic time scale.
Furthermore, we require the measurement aggregation operator F' :
YLNO — Ygo to be causal with respect to a dynamic time scale:

Definition 3.4.5 The operator F : YLNO — Ygo s said to be causal w.r.t.
T if T is a dynamic time scale and if

el ;) = ULl = F@L)lox = F@L)lox
for k =T(§r)(j) and all j € Ny, §r,91, € Y °.

In both cases mentioned above this requirement is fulfilled by construc-
tion.

We still have to link high-level control signals uy to low-level control
signals uy. This is done via a zero-order hold device that is triggered by
the time transformation T'(yy ), i.e. successive high-level control actions are
passed on to the lower level whenever an event is generated and fixed until
the next event occurs. Formally, this is expressed by uy = ug o T'(yr).

In summary, an interface layer B;,; mediating between low-level and
high-level time is completely defined by a dynamic time scale T" and a mea-
surement aggregation operator F' that is causal w.r.t. 1"

Bint = {(un,yu,ur,yr)|lye = F(yr) and ur, = ug o T(yr)}. (3.10)

3.4.3 Non-conflictingness conditions
An interface layer is represented by an 1/S/- machine
Pint = (U x Y1), (Y X UL), Xint, Yint Tint,0)

where Uy and Y7, are the input sets, Yy and Uy, are the output sets, and
Xint = Up is the state set. The initial state 24,10 € X can be chosen
arbitrarily since, according to Def. 3.4.1, 0 € 7 and hence, the right-hand
sides of (3.11) and (3.13) do not depend on x;,:(0). The transition function

v (@ (k) wr (k), yr (k) = %" (@ine (k), ur (k), yo (k) x
XYy (int (), wr (k) yr (k) X " (@i (k), ur (k) yo (k)
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is defined as follows

Tint(k + 1) = 72" (2ie (k) up (k) =

{ ug(k), keT 3.11)

Zint(k), otherwise.

A T
) = 7;m<yL(k)) B { f(yL(k))’ ﬁtierwise (8.12)

uH(k;), keT

s (k) = 3 i (), s () = { o othermise (313)

where ¢ : Y7, — Yy is an A/D map as described in Sec. 3.4.1.

Here, we use the shorthand notation & € 7 to denote the fact that an
event is triggered at time k. We do not distinguish between the time-driven
and event-driven dynamics since this does not influence the properties of
the state machine. Recall that both triggering algorithms define a dynamic
time scale. At time k, the state of the interface layer as well as the values of
signals uz, and yg change. At all remaining time instants both the state and
the low-level signal u; do not change. The value of the high-level output
signal yg is equal to €, where € is used to denote the “empty” symbol, i.e.,
the absence of an output symbol. Note that the use of the symbol € allows
us to project the high-level signal on the low-level time axis. In this way,
the non-conflictingness condition can be checked without performing the
transformation betwen two time axes.

Non-conflictingness of the hierarchical control system consisting of Bﬁl,
Bint, and Bip can be checked using methods described in Sec. 3.3. How-
ever, there is a specific feature. The plant B),; and the interface layer B;,; are
synchronised w.r.t. the fast time scale Ty = Np. At the same time, the inter-
face layer B, (and, hence, the composite system B, [B]fl]) is synchronised
with the high-level supervisor Bgm w.r.t. the different, “slow” time scale?
Ty = Np which is defined by T'(yr). Therefore, while analysing structural
properties of the interface layer we need to check the non-anticipation prop-
erty wr.t. (yr,ur) for all k € Ty, whereas the non-anticipation property
w.rt. (yr,ym), (um,ur), and (ug,ym) have to be checked only at k € 7.

Thus, we can see that the state machine P;,; possesses the following
properties: ypg does strictly not anticipate uy and does not anticipate yp;
uy, does strictly not anticipate y; and does not anticipate ug.

3we use different notations to stress the fact that these time scales do not coincide.
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3.5 Reconfigurable controller

Usually, the designer has a big set of “control instruments” that can be
applied to the particular plant and the intermediate layer can be seen as a
realisation of this “tool kit”.

We consider two possible setups for a reconfigurable controller. Most
reconfigurable controllers can be obtained as modifications of these two
schemes.

3.5.1 Multi-controller

A general structure is shown in Fig. 3.4. We assume that the intermediate
layer consists of the “bank” of local controllers and a switching mechanism
controlled by the high-level input signal. The state evolution of these con-
trollers is not continuous, they are even not required to be of the same
dimension. The only condition that must be fulfilled is that the dimensions
of input/output signal spaces must be equal for all controllers.

M}_I I/l%{ A Y
)
P— A
— Controller 1
-
Y
/ <7
— Controller 2
-
— Controller N, ™
————
ur v YL

Figure 3.4: Reconfigurable controller with jumps in the state

Let the intermediate layer consist of IV, local controllers with dimensions
of state space equal to n;, i = 1,..., Np,. Then the dynamics of the system
can be described in the following way:
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wi(k+1) = fi(zi(k),yr(k),uf;(k)), i =1, Np,
up(k) = hyt g (z(k)),
where z;(k) € X; C R™ is the state vector of the i-th controller, x =
[z, .. ,w%m]T is the state of the whole system, z(k) € X ¢ RV, N =
Zi]\i”i ng; fi o X5 X Y X UI2{ — X, is the vector function determining the
evolution of the corresponding controller, and h; : X; — Up is the output
function of the i-th controller. All N, controllers work simultaneously.
However, at each time instant k& only one of them is connected to the plant
input uy. The active controller is determined by the high-level discrete
control uk (k) € UL = {1,..., Ny, }. Finally, ¥ : Y, — Yy is an aggregation
function.
This kind of intermediate layer can be described by an I/S/- machine

Ppe = ((UH X YL)» (YH X UL)7Xm07'Ymc>ch,0)a

where Uy = (U}I X U}%I) and Y7, are the input sets, Yy and Uy, are the output
sets, and X,,. C RY is the state set. Xmeo C Xone is the set of initial states
and the transition function

(@), w7 (K), Y (k) = V2 e (k) (k). g () x
XA (e (k) (), Y (k) X A2 @), s (k) i (K))
is defined as follows
Tme(k+1) = Ya(@me(k),un(k),yr(k)) = f(@me(k), yr(k),uf; (K)),
yu(k) = v(yo(k)) = J(yr(k)),
ur(k) = Yu(@me(k), un (k) = hyt (k) (@me(K)).-

Hence, we may observe that the state machine representing a multi-
controller has the following properties: yg does strictly not anticipate ug
and does not anticipate yr; ur, does strictly not anticipate y; and does not
anticipate ug.

An advantage of the multi-controller scheme is that it allows to combine
rather different local control laws. For instance, we may implement an
optimal control law for large transitions and a stabilisation law for the small
neighbourhood of the equilibrium point. At the same time, this structure
may have a number of drawbacks such as the saturation of the off-the-loop
state and control signals as well as discontinuities in the control signal [84].

It has also been shown [84] that in many cases the bank of controllers
can be realised by a single higher-order controller with a set of parameters.
Each particular controller is chosen by assigning certain values to these
parameters. This structure is called a reconfigurable controller with state
sharing.
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3.5.2 Reconfigurable controller with state sharing

The structure of a reconfigurable controller with continuous state evolution
is presented in Fig. 3.5. The dynamics of the controller can be described by
the following equations:

a(k+1) = fu (k) yo(k), uf (k)

ur(k) = h(z(k)),

where z(k) € X C R", ul; (k) € UL, = {1,..., Ny} is the discrete control
determining the current mode of operation for the continuous controller,
fi: X xYp x UIQ{ —- X, 1eU 11{ are the corresponding right-hand sides of the
controller equations, IV, is the number of modes, and ¥ is an aggregation
function. In this setup we assume that the output function A does not
depend on the mode of controller. This is natural, since we do not change
the structure of the controller, but only its dynamics.

u, u Ayy

A

Reconfigurable controller

i ur /28

Figure 3.5: Reconfigurable controller with continuous state evolution

A

A reconfigurable controller with continuous state evolution can be de-
scribed by an I/S/- machine

PTC = ((UH X YL)u (YH X UL)a chy’YTach,O)’

where Uy = (U}{ X U?_I) and Y7 are the input sets, Yy and Uy are the
output sets, and X, is the state set. X, ¢ is the set of initial states and the
transition function

V(e (k) un (k), yr (k) = 2 (2(k), un (k), y (k) x
XYy (@ (k) up (k) yr(k)) x v, (w(k), ur (), yr(k))
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is defined as follows

a(k+1) = v(zk),un(k),yr(k)) = fu o (@k),yr(k),uf (k)),
yu(k) = y(yL(k)) = 9
ur(k) = yu(z(k)) = h

It is easy to see that the state machine P,. representing a reconfigurable
controller has slightly different properties compared to P,.: yg does strictly
not anticipate uy and does not anticipate yy; us, does strictly not anticipate
yr, and does strictly not anticipate ug.

3.6 Multi-level hierarchy: non-conflictingness

In most cases one has to combine at least two intermediate control layers
to implement the specification Bg,L. Often it is advantageous to use several
intermediate layers since it can simplify the design procedure. One layer
can be responsible for the low-level control of the plant, whereas the second
one can establish a communication between the low-level controller(s) and
the high-level supervisor. On the other hand, as was shown in Sec. 3.2.2,
an intermediate layer can be used to shape the behaviour of the plant and
hence to simplify the implementation of the specification Bg,L. Therefore,
we need to extend our results to the case of multi-level hierarchical control
structure.

In this section, we give a definition of a multi-level hierarchical control
structure. Further, we formulate non-conflictingness conditions for the case
of several intermediate layers and show how they can be proved in the most
efficient way.

Let W; = U; x Y; denote the signal space for the signals between the
(i—1)-th and the i-th levels, i = 1, Ny. Zgl is the plant with external be-

haviour Bgl C Wi, 3@ i = 1,Ny—1 are the intermediate layers with
external behaviours B, C (W; x Wi 1)No, and Eé\qffp is the high-level super-
visor with external behaviour Bévqu - WE{?. Bgl and Bévu@p are assumed to be

I/- wrt. (Up,Y1) and (Y, Uy, ), respectively. The intermediate systems
Eém are assumed to have the structure of a quadripole.

The composite low-level plants obtained through the recursive compo-
Pl
1, Ny—1. The index 7 means that the plant 3, has been composed with in-
termediate controllers up to the i-th level inclusive. The external behaviour

;l C W, of the system E;l is defined as follows:

sition of the plant Egl with intermediate layers are denoted by X! ., ¢ =

B]il = {wis1 € Wiy, |Fw; € B;;l s (i, wit1) € By}, i =1, Np—1.
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Figure 3.6: Multi-level hierarchy

In the same way, we can define the composite supervisors Efmp, i=1,Ny—1
with external behaviours B, C Wik

Bi = {wi S ‘/VZTEWZ'—H € Bi—’_l : (wi,wiﬂ) S B;m}, 1= 1,Ng—1.

sup sup

Definition 3.6.1 The tuple (B}, .. .,B%il,B%p)ml is said to be an Ny-
level hierarchical solution to the control problem (Bgl, ng)cp if
i. BY N By, C BY

sup = ~spy

i. B!

bl and BZ;? are non-conflicting for all i = 0, Ny—2,

110 B;’up and B;;l are non-conflicting for all i = 2, Ny,

iv. B;l is I/- wrt. (U1, Y1), Bly, is I/- wort. (Y3, U;) and B;l and
B are non-conflicting for all i = 0, Ny — 1.

sup

62



Requirements ii.—iv. of Def. 3.6.1 guarantee that all composition opera-
tions are well defined and there is no blocking at any level of the hierarchy.
To ensure this one has to check (3N, — 2) conditions, which is very elabo-
rate. The following theorem show that the non-conflictingness property of
the multi-level hierarchical control system can be proved in N, steps.

Theorem 3.6.2 To check non-conflictingness of the Ny-level hierarchical
solution to the control problem (Bgl, ng)ml, it suffices to check the following
Ny conditions:
i. B;l is 1/~ w.r.t. (Uis1,Yig1) and B;l and BT are non-conflicting for
all i =0, Ny—2,
. Bﬁl]ﬁl is I/-w.r.t. (Un,,Yn,) and Bﬁ‘fl and BLY, are non-conflicting.

Equivalently, one can check an alternative set of Ny conditions:

i. Bl is 1/- wrt. (Y;,U;) and BY,, and Bi~1 are non-conflicting for
all i = 2, Ny,
it. B,y is I/- wrt. (Y1,Ur) and Bgl and BY,, are non-conflicting.

Proof. We prove the first statement. The second one can be proved in the
same way. To shorten notation we will write By <1 By to denote the fact that
Bi and By are non-conflicting and that both By and Bs are I/- with respect
to corresponding input/output signals.

Hence, we need to prove that the following implication holds:

{ Lo By =0, Np—2

Ny—1
Bp/Z > Bﬁfp ' A
:{ B s Blip, j=0,...,Ny—2

B > BMEL k=1 ,N,—1

im sup

1. Consider the case j = Ny — 2, k = Ny — 1 and the two-level hierar-
chy (B;\{Z_Q,fof;_l,BN‘f ). We have the following relations: Bé\lf“_Q DI

sup

Bgffl and B;\l[‘_l > Bé\[fp. Hence, we can apply Theorem 3.3.3 whence
N, Np—1

Ba, =< B, (%)
Ny—1 N¢—2

Bag ~ B, (%)

2. From Theorem 3.8.3 it follows that BY:=1 exists and is 1/-. Hence,

sup
we can consider the two-level hierarchy (BI]J\{Z_?’,B%Q,B%;I). By
definition, we have B}J)\lf"_g > B%{;_z, () gives the second condition.
Therefore, we can apply Theorem 3.3.3 again to obtain the next pair

of relations.

63



3. This procedure can be iteratively repeated until we reach the lowest
level.

Herewith we have proved the above implications.

Note that the first set of conditions is more natural since the conditions
are checked bottom-up which coincides with design procedure. Moreover,
if there is an interface layer in the hierarchical control structure, the time
aggregation introduces a natural ordering of the control layers, namely from
those with the ”fine” time scale to those with the ”coarse” time scale.
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Chapter 4

Optimal Control of Hybrid
Automata under Safety and
Liveness Constraints

When designing control for complex systems one often needs to fulfil re-
quirements of a different nature. One typical problem statement for such
systems — especially in safety related applications — is to minimise a cost
function while respecting safety and liveness constraints. There are a num-
ber of abstraction-based control synthesis approaches that address safety
and liveness issues while largely ignoring performance optimisation aspects
[27, 103, 98, 78]. On the other hand, many interesting papers on the optimal
control of hybrid systems have been presented [23, 48, 36, 107, 105, 7], but
the proposed approaches are not able to handle “hard” safety constraints.

In this chapter we propose a hierarchical control structure for a low-
level plant ¥, modeled by a discrete-time hybrid automaton (DTHA) A.
This structure consists of two levels as shown in Fig. 4.1. The first level,
Y. ps, contains an approximation based discrete supervisor which guarantees
the fulfilment of safety and liveness constraints. We show that the action
of this supervisor can be interpreted as restricting invariants of the hybrid
automaton plant model. After the transformation, the composite system
f]pl = Y ps[Ep] can be represented as a discrete-time hybrid automaton A,,
with a modified set of invariants. This approach is based on the qualitative
behaviour shaping technique described in Sec. 3.2.2.

The second level, Yo, uses the remaining degrees of freedom to realise a
state feedback control strategy which minimises a given cost function. This
optimisation technique is based on the results on optimal control and stabil-
isation of switched systems [26] and hybrid automata [23, 24]. In these pub-
lications a method was presented to solve an infinite time horizon optimal
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2oc: optimal control

2ps: discrete supervisor
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¥,;: plant+supervisor (modified HA)

Figure 4.1: A hierarchical control architecture

control problem for a hybrid automaton with affine continuous dynamics,
when a quadratic performance index is considered. These results have been
generalised in order to cope with the particular structure of the plant:

(a) the existence of forbidden regions has been taken into account, assum-
ing that the invariant sets inv; may be proper subsets of the state
space X, i.e., inv; C X;

(b) an infinite number of switches is allowed.

The resulting state feedback solution is defined on the basis of an appro-
priate state space partitioning. We show that this partition, which we call
a switching table, can be efficiently computed off-line.

All results presented in this chapter were obtained in cooperation with
the Automatic Control Group at the Department of Electrical and Elec-
tronic Engineering of the University of Cagliari, Italy. The fruitful collabo-
ration with Daniele Corona, Carla Seatzu, and Alessandro Giua is gratefully
acknowledged. The results have been published in conference proceedings
[25, 43] and as a journal paper [106]. The presentation in this chapter is
essentially based on [106].

The chapter is structured as follows. In Sec. 4.1, we recall some ba-
sic facts on hybrid automata, introduce the plant model and formalise the
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specifications. In Sec. 4.2, the safety and liveness requirements are addressed
using ¢-complete abstraction of the continuous plant dynamics. In Sec. 4.3,
the remaining degrees of freedom are used to minimise a quadratic cost
function. A numerical example is provided in Sec. 4.4.

4.1 Plant Model and Specifications

In this section we first define the class of Hybrid Automata (HA) on which
we focus in the following. Then we formally describe the safety specifications
and the optimal control problem.

4.1.1 Hybrid Automata

Like a continuous-time hybrid automaton [5, 70], a discrete-time hybrid
automaton A consists of a finite automaton extended with a continuous
state. The latter, denoted by x (k) € R™, evolves in discrete time k € Ny.
Note that there is one difference compared to the “standard” definition of
hybrid automata. Since an additional degree of freedom consists in the
choice of locations, we interpret them as (restricted) discrete inputs. The
hybrid automaton considered here is a structure

A= UL, Y., X1, f,q,inv, E),
where
o Uy ={u},...,ud} is a finite set of discrete inputs (locations);
e Y; C R™ is an output space;
e X; CR"is a continuous state space;

e f;: X; — X is the transition function associated with every input
symbol u’L eUg,ie.

rp(k+1) = fi(zr(k)) (4.1)
if ug (k) = ut;
e ¢:X; — Yy is an output function;

e inv : Uy, — 2%C is a function that associates an invariant inv; C X7,
to each location u} € Up.

o [ C Upx 2% x Uy is a set Of edges. An edge e;; = (uiL,gij,u]L) ek
is an arc between locations u} and w} with associated guard region
gij- The set of edges describes restrictions on the sequence of control
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Figure 4.2: A graph describing an hybrid automaton.

symbols and can be interpreted as the discrete part of the overall
hybrid automaton (see Fig. 4.2). This is a directed graph with vertices
corresponding to the locations. The graph is assumed to be connected.

Starting from initial state z1,(0) = zo € X, with input uz(0) = u’ such
that zg € inv;, the continuous state xj; may evolve according to the cor-
responding discrete-time transition function f;, i.e., xp(k + 1) = fi(xp(k)),
until a switch to another location u]L occurs. The new location uJL has to
satisfy the guard constraint zr(k) € g¢;; and xr(k) € invj. The future
evolution of the continuous state is now determined by the transition func-
tion f;, provided that the condition f;(zr(k)) € inv; holds. A switch is
enforced if the continuous state is about to leave the invariant inv;, i.e.
fi(zp(k)) ¢ inv;, k € Ng. However, the hybrid automaton may also switch
to a “new” location ui before being forced to leave its “old” location uiL, if

)

the corresponding guard constraint and “new” invariant are satisfied. Thus,
the sequence ur (k) of discrete locations can be interpreted as a constrained
control input.

It may also happen that for some reachable state (xp(k)) the system
evolution cannot be extended to the interval [k + 1,00). This situation is
referred to as blocking. The notion of liveness, in turn, corresponds to the
fact that the system evolution can always be extended to infinity. Here,
the liveness property of interest for the considered system is assumed to be
equivalent to nonblocking. A first goal of low-level control is to assure this

property along with safety specifications.
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4.1.2 The Plant Model

We assume that the uncontrolled plant is modeled as a specific discrete-time
hybrid automaton satisfying the following assumptions:

A4. The difference equation (4.1) is linear in zy, and time-invariant, i.e.

rp(k+1)= Az (k) Yub € Uy, k € Ny; (4.2)

A5. inv; = X, VUIL e Ur;
A6. Transitions between any two locations uiL, uJL € Uy, are allowed;
AT. gij =X Yul,u) € Up;

AS8. The state vector x, is assumed to be trivially observable: Y, = Xy,
g = 1d and, hence, yr, (k) = z1(k) Vk € Np.

Note that assumption A6 does not reduce the generality of the approach,
since possible restrictions on discrete input signals can be considered as
specifications — this will be illustrated in Sec. 4.2.2. Under the assumptions
A4 - A7, the uncontrolled plant is a switched linear system with a free input
signal ur, : Ng — Up.

Hence, the induced full behaviour of the discrete-time hybrid automa-
ton A is Bﬁf C (U x Y, x XL)NO. We can see that the system X, =
(NO,UL,YL,XL,BZﬁ’f) is an I/S/- system: input uj € PULB;[;l,f = U?O is
locally free, the continuous state variable xzj satisfies the axiom of state,
and, finally, uy, is strictly not anticipated by z; and not anticipated by yy,.

The discrete-time hybrid automaton A under the assumptions A4-A8
can therefore be represented as an I/S/- machine: ¥, ~ P,. Note that the
assumptions A5—A7 are crucial and cannot be omitted. Moreover, since
the function ¢ does not depend on uy, the state machine P, is strictly
non-anticipating.

4.1.3 Specifications and problem decomposition

The overall control problem can be formulated in the following way: first,
we define a set pr C (Ur x Y)Y of “admissible” I/O signals. We will call
BSLP safety specifications.

To formalise the safety specifications, the continuous plant output space
Y}, is partitioned w.r.t. the function g4 : Y7, — Yy, where Yy is a finite
set of symbols. To express dynamic safety constraints, certain sequences of
input /output symbols are declared illegal or, in other words, the evolution of
the hybrid automaton needs to be restricted such that only legal (Ur, Yy)-

sequences are generated. It is assumed that this set of sequences can be
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realised by a finite state machine Ps,. The procedure of “building” such an
automaton is described in detail in Sec. 4.2.2.

In a second step, subject to plant model and safety constraints, we aim
at minimising the cost function

o0
J = yr(k) Qu wyyr(k), (ur,yr) € By NBL, (4.3)
k=0

where, for each k& € Ny and up (k) € Up, Qy, (1) is a positive semidefinite
real matrix.

This problem will now be approached using a two-level control hierar-
chy. To address the safety issue, we define the specification Bg,L similar
to the one proposed in Sec. 3.2.2. The low-level controller must obey this
specification when connected to the plant. Moreover, the composite system
low-level controller plus plant must be non-blocking (i.e., must satisfy live-
ness requirements). This is described in Section 4.2. The remaining degrees
of freedom are used to minimise the cost function (4.3). This is described
in Sec. 4.3.

4.2 The low-level task

In Sec. 3.2 we argued that operations with realisations for plant and low-level
controller are extremely computationally expensive. However, the compu-
tational burden can be substantially reduced if both plant and specification
can be described (or overapproximated) by finite-dimensional models. We
show that the hybrid plant automaton can be efficiently approximated by
a finite state machine employing the f-complete approximation approach
[98, 78]. Subsequently, Ramadge and Wonham’s supervisory control theory
[99] is used to synthesise a least restrictive supervisor. Note that, in gen-
eral, controller synthesis and approximation refinement are iterated until a
nontrivial supervisor guaranteeing liveness and safety for the approximation
can be computed or computational resources are exhausted. In the former
case, attaching the resulting supervisor to the hybrid plant model amounts
to introducing restricted invariants. The resulting hybrid automaton rep-
resents the plant under low-level control and can be guaranteed to respect
both safety and liveness constraints.

4.2.1 Ordered set of discrete abstractions

To formulate the problem within a discrete framework we need to discre-
tise the continuous output signal y;. For this purpose, we introduce the
discretised output mapping ¢4 : Y7, — Yy

va(k) = qa(yr(k)), (4.4)
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where the set of output symbols, Yy, is assumed to be finite: Y; =
{ycll,...,yg }. Without loss of generality, the discretised output mapping
qq is supposed to be surjective (onto). It partitions the output space into a
set of disjoint subsets YO vy, i=1,...,5 ie.

B )
U y(@) — Y7,
i=1

YONYU =0 Vij.

Hence, low-level control deals with a continuous system (4.2) with dis-
crete external signals. wup : Ny — Up is the discrete control input and
yq : Ng — Yy the discrete measurement signal.

To implement supervisory control theory, the hybrid plant model is ap-
proximated by a purely discrete one. This is done using the method of
¢-complete approximation [98, 78], which is described in the following para-
graphs.

Denote the external behaviour of the hybrid plant model by B]fl, ie.
BI’;JI C (UL x Yg)No is the set of all pairs of (discrete valued) input/output
signals w = (ug,yq) that (4.2) and (4.4) admit. Recall that Bﬁl is time-
invariant. The crucial question here is whether Ble is f-complete. We know
that for ¢-complete systems we can decide whether a signal belongs to the
system behaviour by looking at intervals of length £. An {-complete system
can be represented by a difference equation in its external variables with
lag £. Hence, an f-complete system can be realised by a finite state ma-
chine. However, the hybrid plant model Bgl is, except for trivial cases, not
f-complete. For such systems, the notion of strongest £-complete approxi-
mation has been introduced in [78]: a time-invariant dynamical system with
behaviour By is called strongest ¢-complete approximation for Bﬁl if

(i) B2 B,
(ii) By is f-complete,
(vit) By C B, for any other /-complete B, D Bzf,
i.e. if it is the “smallest” ¢-complete behaviour containing Blf’l. Obviously,

By O Byy1 V¢ € N, hence the proposed approximation procedure may gen-
erate an ordered set of abstractions. Clearly, w € By < w|jg € B;%l|[0,€]~

. - . '
For wljg = (uf,...,uf,ys% .- y;"), where i; € {1,...,a}, and k; €
{1,..., B} this is equivalent to

fio (o i (fio (a2 @E0)) 0 (a2 Wh)) - (a7 ™) ) Nz )

= X(wlp,gq) # 0.
(4.5)
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Note that for a given string w|(g 4, X (w|[o,) represents the set of possible
values for the continuous state variable! z1,(¢) if the system has responded
to the input string ur(0) = uiLO,...,uL(K — 1) = u}"' with the output
ya(0) = yso, o yal) = ysf. Note also that (4.5) does not depend on ur,(¢).
For linear and affine systems evolving in discrete time Np, (4.5) can be
checked ezactly, since all involved sets are polyhedra.

As both input and output signal evolve on finite sets Ur, and Yy, By
can be realised by a (nondeterministic) finite automaton. In [98, 78], a
particularly intuitive realisation is suggested, where the approximation state
variable stores information on past values of uy, and y4. More precisely, the
automaton state set can be defined as

/—1
Xoo=|JXq, £>1,
=0
where X4, = Yy, and Xy, is the set of all strings (u’LO, . ,uiLj*l,yso, e ,ysj)
such that
(uZLO,...,ulLJ,ydO,...,ydj) EB\[OJ].

The temporal evolution of the automaton can be illustrated as follows:
From initial state x4(0) € Xy, it evolves through states

zq(j) € Xg5, 1 <j<tl-1

while
l‘d(j) S Xde—l? j >0 —1.

Hence, until time £ —1, the approximation automaton state is a complete
record of the system’s past and present, while from then onwards, it contains
only information on the “recent” past and present.

As the states xfl € Xy of the approximation realisation are strings of
input and output symbols, we can associate a:fi with a set of continuous
states, X (z%), in the same way as in (4.5).

Note that we can associate y/, as the unique output for each discrete
state zq(r) = (u] 7, ... ,uiLT’l,ysT_j, .. .,ysT) € X4, j < £. Thus, the out-
put is just the last symbol in the symbolic description of the state. It is
then a straightforward exercise to provide a transition function v, : Xg X
Ur — 2% such that the resulting (non-deterministic) Moore-automaton
M, = (Ur,Ya, Xa, Ve vy Xd,) with input set Ur, output set Yy, state set
X4, output function 7, : Xy — Y, and initial state set Xy, is a realisa-
tion of By. Note that the state of My is instantly deducible from observed
variables [96].

1

recall that the state x, is trivially observable and, hence, we can find qil(q(jl(yé)) =

Id(qgl(yé)) C X4 for any y5 € Yy.
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Figure 4.3: Moore-automaton a) and an equivalent automaton without out-

puts b). Note that y} = v,(z) € Yy is the output symbol associated with
the discrete state ;.

a)

To recover the framework of supervisory control theory [99] as closely
as possible, we finally convert M, into an equivalent finite state machine
without input/output structure: Gy, = (3, Xd,%,f(do), where X = U, UYy
represents the state set, Up, represents the set of controllable events and Yy
the set of uncontrollable events.

Technically, this procedure is carried out according to the following
scheme (for an illustration, see Fig.4.3):

e Each state xé € Xy is split into two states: xé and :%Zl. Thus, the new
state set is formed as Xy = X4|J Xy4. Initial states are replaced by
their complements, X4, = Xg,,.

e The new transition function 7, is defined as a union of two transition
functions with nonintersecting domains:

~TY, T e Xyq, 07 =yy(«~ 7)) €Yy,
:}/"E(i‘iba-]) = - 7$(j270j)a '%31 € Xda Jj € UL7
undefined , otherwise,

where «~ denotes an operation of taking the complementary state, i.e.
mﬁ:ﬁl = xfi and vice versa. Note that the first event always belongs
to the set Yy, and the following evolution consists of sequences where
events from Uy, and Yy alternate.

Since the function v, is scalar-valued, the set of feasible events for each
state z € Xy contains only one element. Thus, any two states z and «x
form a fixed pair, where the states X, are in some sense fictitious and play
an auxiliary role.
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4.2.2 Specifications and supervisor design
Specification Bg,L

The specification BgDL is designed to restrict the plant behaviour Bzfl to
those signals which satisfy the safety requirements. However, we do not
restrict the signal spaces. Hence, the respective low-level and high-level
signal spaces are equal: Ur, = Up, Y, = Y. The goal of the intermediate
level (low-level controller) is to restrict the control signals uy in such a way
that the resulting output signals yp satisfy the safety constraints.

The specification Bg,L can be formally defined as follows:

HL _ prL
PULXYLBsp _Bsp

Bg)L = (up,yr,um,ym) € (Up x Y x Uy X YH)NO Uy € UNO,

YH = YL,

where BSLp is the safety specification. It is assumed that the specification Bst
can be realised by a finite automaton as shown below.

Realisations for specifications

In the following, we consider specifications which consist of independent
specifications for the input and the output, respectively. The overall specifi-
cation can be realised by a state machine with inputs and outputs. However,
since we have chosen to design the low-level controller within the framework
of supervisory control theory [99], we will represent the safety specification
as a finite state machine (automaton) without input/output structure.
The specification on outputs expresses both static constraints (through
restricting the set of allowed outputs Y; C Yy) and dynamic constraints.
Dynamic constraints are usually represented as a set of forbidden strings
such as, e.g. strings where “the symbol yé follows immediately upon the

symbol g7, or “the symbol yé appears three times one after another without

any other symbol in between”. The set of all allowed sequences is then
realised as a finite automaton Py = (Yy, Xy, vy, Zyo)-

The specifications for inputs, in turn, reflect structural restrictions on
the allowed sequence of input symbols. They can be realised by a finite
automaton Py = (Ur, Xy, vu, xuo)-

The last stage is the composition of input and output specifications to
obtain the overall specification Ps,. Note that to be compatible with the
approximation automaton Gy, the overall specification has to have a special
transition structure, namely, it must generate only sequences of events that
consist of alternating symbols y; € Yy and uy, € Ur, where the first symbol
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must belong to the set Yy (see Fig. 4.3.b)). Thus, the resulting specification
automaton is obtained as an “ordered” product of Py and Py:

P="PyVvPy=(Py|l Pu)xQ= aUUrL, Xsp, Vsps Tsp0) (4.6)
where the automaton § is given by (Y; U Ur,{0,1},7,,{0}),

1, =0, 0 €Yy,
Yoz, 0) =< 0, =1, oceUg,
undefined , otherwise.

To characterise the resulting specification automata, we need the notion
of current-state observability [cf. 17, 88]:

Definition 4.2.1 A finite state machine A = (X, Q, ¢) is said to be current-
state observable if there exists a nonnegative integer K such that for every
i > K, for any (unknown) initial state q(0), and for any admissible sequence
of events 0(0)...0(i — 1) the state q(i) can be uniquely determined. The
parameter K is referred to as the index of observability.

In the following, we assume that the automata Py and Py are current-
state observable with indices of observability Kp, and Kp, , respectively.

The notion of current-state observability can be extended to the overall
specification automaton. Its index of observability Kp,, is given by

KPSPZ{ QKPY—l, KPY >KPU, (47)

2Kp, Kp, < Kp;.

Furthermore, to stay within the time-invariant framework we have to
restrict ourselves to specifications that can be realised by strongly current-
state observable automata:

Definition 4.2.2 A finite state machine A = (3, Q, @) is said to be strongly
current-state observable if it is current-state observable with observability
indexr K and if for each state q € Q there exists another state ¢ € Q
such that the state q can be reached from q' by a sequence of K events, i.e.
Vg € Q 3¢ € Q,s.t. q = &(¢,s),s € X, |s| = K, where ¥* is the Kleene
closure of ¥ and ¢ the extension of the automaton transition function to
strings in 3*.

Note that each state of such an automaton can be deduced from the
string consisting of the past K events, independently from the initial state.
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Supervisor design

Given an approximating automaton Gy and a deterministic specification
automaton (4.6) with observability index Kp,,, supervisory control theory
checks, whether there exists a nonblocking supervisor and, if the answer is
affirmative, provides a least restrictive supervisor SUP by “trimming” the
product of Gy and F;,. Hence the state set of the supervisor, Xgyp, is a
subset of X x Xop-

The functioning of the resulting supervisor is very simple. At time k it
“receives” a measurement symbol which triggers a state transition. In its
new state azgup, it enables a subset F(:cgup) C Uy, and waits for the next
feedback from the plant. As shown in [78], the supervisor will enforce the
specifications not only for the approximation, but also for the underlying
hybrid plant model.

In the following, we will be interested in the special case of quasi-static
specifications. To explain this notion, let P)?d : Xgup — X4 denote the
projection of Xgyp C Xg x Xp onto its first component. If Py, is injective,
ie. if

Pf(d(xl) = PXd(xQ) = 11 = X9, Vx1,29 € Xgyp (4.8)
then the specification automaton is called quasi-static with respect to the
approximation automaton Gy.

Lemma 4.2.3 P is quasi-static with respect to Gy if
20 —1> Kp. (4.9)

Proof. Let x1 and xo be two states of the supervisor SUP. There are two
cases:

1. Pg (x1),Px (z2) € de, 1< j<{—1. Each element from f(dj stores
a record of the complete past and present of yq and ur,. Since the spec-
ification automaton is assumed to be deterministic, this record unam-

biguously determines the current state of the specification automaton.
Thus, (4.8) holds.

2. Pg,(@1), Px (x2) € X4, ,. In this case an element from X4, | con-
tains information only on “recent” past values of yq and l. Precisely
speaking, it contains information about the last £ output symbols and
the last £ — 1 control symbols. Thus, the complete record has length
of 2 — 1 symbols, which is sufficient to unambiguously determine the
current state of Psp.
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4.2.3 Low-level controller

The low-level controller is built on the basis of the designed supervisor SU P.
We need to extend its structure to include the high-level signals uy and
yg. The low-level controller is represented by the state machine Py, =
(U x Y1), Ya x Ur), Xim, Yim> Xim,0), where Uy and Y, are the input
sets, Yy and Uj, are the output sets, and X, is the state set. The set of
initial states Xm0 = X0 X Zsp,o and the transition function

V(@i (k) up (k), yo (k) = 2" (@i (k), wr (k) yr (k) %
<Yy (@im k), ur (), yr (k) < 7™ (@im (k), ur (k), yo (k).

Here, the transition function 7™ (z;,(k),yr(k)) is equivalent to the transi-
tion function of SUP and X;,, = Xgyp. The output functions %jm and yftm
are defined as follows:

yr (k) =" (yo(k)) = y(k),

up (k), up (k) € U(zim(k)),
['(zim(k)), otherwise.

ur, (k) = " (@im (k), un (k) = {

Hence, the state machine P;,, possesses following properties: ygy does
strictly not anticipate uy and does not anticipate yr; uy does strictly not
anticipate y; and does not anticipate ug. Moreover, according to Lemma
3.3.2 the composite system plant 3,; plus low-level controller ¥ pg, ¥,[Xps],
is non-conflicting and can be realised by a strictly non-anticipating state
machine.

4.2.4 Plant model under low-level control
For the case of quasi-static specifications, each supervisor state xiup corre-
sponds exactly to a state &, = Pz, (:ci,up) of the approximating automaton,
which, in turn, can be associated with a set X (z%) = X(de(xiup)). It
turns out that if the overall specification is strongly current-state observ-
able, the composite system plant plus supervisor can be represented by a
hybrid automaton with modified invariants.

For k > ¢ — 1, attaching the discrete supervisor to the plant model is
therefore equivalent to restricting the invariants for each location v} € Uy,

according to

inv; = U X (P, (@op) | fi X (P, (2%0y))). (4.10)
i, s.t. ujL e (L)
PXd(x:Leup) € Xde—l
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Note that for the initial time segment, i.e. k < £—1, (4.10) is more restrictive
than the discrete supervisor computed in Sec.4.2.2.

Hence the action of supervisory control is to restrict the invariants from
inv; = X to inv; given by (4.10) and, accordingly, to restrict the guards
from g;; = X to g;; = inv;Ninv; where inv; and inv; are computed as given
in (4.10).

The union of all invariants inv;, j = 1,...,«, forms the refined state
set that contains only safe points, i.e. points for which exists at least one
sequence of control symbols such that the resulting behaviour satisfies the
specifications.

The resulting hybrid automaton represents the plant model under low-
level control. As control system synthesis has been based on an ¢-complete
approximation, it is guaranteed that the resulting hybrid automaton satis-
fies safety and liveness requirements. The remaining degrees of freedom in
choosing uy, (k) can be used in a high-level controller addressing performance
issues.

4.3 The high-level task

The high-level task requires the solution of an optimal control problem of
the form (4.3).

The aim of this section is that of showing in detail that a state feedback
solution of (4.3) can be obtained by computing off-line appropriate partitions
of the state space, that we call switching regions, extending to the case at
hand previous results on the optimal control of switched systems [105], based
on dynamic programming arguments. In particular, we present the following
three main results.

e Firstly, we recall how one can extend the results of [105] to the case
of HA with invariants in order to compute an optimal state feedback
control law for the problem (4.3) when a finite number of switches NV
is allowed.

e Then, we show how the proposed approach can be extended to the
case of an infinite number of allowed switches.

e Finally, we show how to deal with the case of hybrid systems whose
dynamics f; are all unstable.

For sake of simplicity we will deal with completely connected automata.
These results can be extended to the case of generic automata using the same
arguments as in [23], where continuous-time HA were taken into account.
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4.3.1 The optimal control problem with a finite number of
switches

Let us now consider an optimal control problem of the form:

Vi (io, yr0) = min {F(Iv K):= Z yH(k)/Qi(k)yH(k)}
' k=0
s.t. z(k+1) = Az(k)x(k:)

yu (k) = z(k)

=i, €Uy, for k, <k <k, r=0,1,....N
uin (k) .
)

a(k

0=k <k <...<kny <kni1 =+

€ vy, for k=0,1,..., 400

(4.11)
where Q; are positive semi-definite matrices, yg(0) = ymo is the high-level
output at time k = 0 which is equal to the initial state zg, ug(0) = i is
the high-level input at £ = 0, and N < 400 is the maximum number of
allowed switches, that is given a priori. Note that since the state is trivially
observable we will consider the system state as output.

In this optimisation problem there are two types of decision variables:

e 7 := {i1,...,in} is a finite sequence of high-level input symbols (lo-
cations);
o [C:={ky,...,kn} is a finite sequence of switching time indices.

Problem (4.11) is well posed provided that the following hypothesis are
verified.

A9. The invariant sets inv;, i € Uy, guarantee the liveness of the HA.

Note that Assumption A9. is generally not easy to verify. Nevertheless,
in the case at hand, its satisfaction is guaranteed a priori by the low-level
task, namely by the procedure used to construct the invariant sets.

Moreover, to ensure a finite optimal cost for any zg € R™ and any ig € Uy
we assume the following;:

A10. There exists at least one location ¢ € U such that A; is strictly
Hurwitz and inv; = R™.

Note that this condition is sufficient but usually not necessary to get a
finite optimal cost.

In [105] it was shown that under the assumption that inv; = R™ for all
i € Up, the optimal control law for the optimisation problem (4.11) takes
the form of a state-feedback, i.e., it is only necessary to look at the current
system state in order to determine if a switch from linear dynamics A;, ,
to Aj;,, should occur.
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For a given location ¢ € Uy when r switches are still available, it is
possible to construct a table C! that partitions the state space R™ into «
regions R;’s, j = 1,--+ ,a = |Ur|. Whenever iny_, = i we use table C! to
determine if a switch should occur: as soon as the continuous state x reaches
a point in the region R; for a certain j € Uy \ {i} we will switch to location
iIN—r+1 = J; no switch will occur if the continuous system’s state = belongs
to R;.

In [105] it was constructively shown how the tables C. can be computed
off-line using a dynamic programming argument: first the tables C! (i € Uy)
for the last switch are determined, then, by induction the tables C. can be
computed once the tables C!_; are known.

In order to provide a graphical representation of C! we associate a differ-
ent colour to each dynamics A;, j € Uy. The region R; of C’. is represented
according to the defined colour mapping.

Note that when inv; = R" for all 7 € Uy, the regions R;’s are homoge-
neous, namely if £ € R; then \{ € R; for all A € R. This implies that they
can be computed by simply discretising the unitary semisphere. Clearly,
this is no more valid when inv; C R™ for some ¢ € Uy, as in our case where
a discretisation of all state space is necessary.

To show how the procedure of [105] can be extended to the case we are
considering here, let £ € R™ be a generic vector, and let D be an appropriate
set of points in the portion of the state space, which define the state space
discretisation grid considered. Moreover, given a discrete state ¢ € Uy and
a continuous state £ € R", we define the set

succ(&) ={j € Uy | £ € inv;}

which denotes the indices associated to the locations whose invariant set
includes &.

The procedure to compute the switching regions is based on dynamic
programming. Let us denote T,.(7,£) the optimal remaining cost when the
current continuous state is &, the current dynamics is A; and r switches are
still available. Thus, when r = 0, i.e., when no more switch may occur,
To(i,y) = £ Z;¢ if A; is Hurwitz and the system trajectory starting in &
and evolving with dynamics A; until the origin is reached, always stays
within inv;. The matrix Z; is the solution of the discrete Lyapunov equation
AlZ; + Z;A; = —Q;. In all the other cases, T(i,§) = +o0.

The optimal remaining cost 7,.(¢,&) for r = 1,..., N, is computed recur-
sively starting from r = 1 towards increasing values of r. More precisely, we
first choose a finite time horizon k. that is large enough to approximate
the infinite time horizon. Then, for any r = 1,..., N, any £ € D and any
i € Uy, we compute the value of the cost to infinity when the initial state is
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(7,€), r switches are still available, the generic dynamics A; is used for the
first k£ times sampling, then the system switches to dynamics A;. This cost,
that we denote T'(i,&,j,k,r), is the sum of the cost due to the evolution
with dynamics A; for k times sampling, plus the optimal remaining cost
from the new state (j, A¥¢) reached after the switch when r — 1 switches are
still available, i.e.,

k

T(i,& g, k,r) = ¢ (Z(M)’QK%)) £+ T (4, AFE). (4.12)

h=0

The previous equation expresses the dynamic programming argument used
to efficiently compute the optimal switching law. When r switches are still
available, we consider a nominal trajectory starting from a discretisation grid
point ¢ and evaluate its cost assuming we remain in the current dynamic
i for a time k; the cost remaining after the after the switch the switch is
evaluated on the basis of the table previously constructed for the r—1 switch.
Note that for a fixed value of i, &, j and r we only need to find the optimal
value of k with a one-dimensional search.

Note that only those evolutions that do not violate the invariant con-
straints should be taken into account. This means that if ( = Af{ is the
generic continuous state reached from ¢ evolving with dynamics A; for k
steps, an evolution with dynamics A;, j € Uy, should be considered if and
only if j € suce(().

Finally, we define the switching tables as mappings C. : D — Uy, and
the generic region R; as

Rj={¢€D | Ci(&) =}

The procedure to compute the switching regions is briefly summarised
in the following algorithm.

Algorithm 2. Tables construction
Input: A; € R Q; € R™" inv; CR"(i € Uy ), N, kmax, D.
Output: Ci,r=0,1,...,N,i€ Uy.
Notation: Qi(k) = Y2j,_o(4})Qi(4}). Zi = lim Qi(k).

Initialisation:

r=20 % remaining switches
for i=1:«
for all £ €D

do: Cost assignment:
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§'Zi€

end for
end for

if A; is Hurwitz and the system trajectory
starting in £ and evolving with dynamics
A; until the origin is reached, always
stays within inwv;

otherwise

Computation of switching regions:

for r=1: N
for i=1:a
for all £ €D

Computation of the remaining cost:
set: k=0, A=

while k < kpax

(= Aj¢
if ¢ ¢ inv;

for all j € succ(()
Ty, j, k,r) = €Qi(k)E+ Tr—1(5, k),
A=AU{{:k)}

end for

k= kmax + 1

else

for all j € succ(() \ {i}
T(i,& 4. k,r) = §Qi(k)E + Tr—1(j, k),
A=AU{(k)}

end for
k=k+1
end if
end while

if i € succ(¢) and A; is Hurwitz
T(Z, &, 1y kmax, T) = Slzlg >
A =AU{(i,kmax)}

end if

do: Cost assignment: 7,(4,&) = min T(i,&,j, k,7)

(j4,k)eA

do: Colour assignment: (j* k*)=arg ‘mimA T(i,&,7,k,7),

end for
end for

(4.k)€

Ci(f):{],'* if k¥ =0

1 otherwise
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end for

Algorithm 2 first computes the optimal remaining cost Ty(7, &) when no
more switches are available. This is done for any i € Uy and any £ € D.
Then, the switching tables are computed backwards, starting from that cor-
responding to one available switch, until that corresponding to IV available
switches (r =1: N). More precisely, for any r, any location ¢ with dynam-
ics A; and any sampling point £ € D, we compute the optimal remaining
cost starting from (7,£) when 7 switches are available. In order to do this
we compare all the costs that can be obtained starting from (i, &), evolving
with A; for k sampling instants, then switching to any location A;, and
up to then evolving with the optimal evolution from (7,(), ¢ = A?{ , when
r — 1 switches are available. Note that k may only take finite values, namely
k=0,1,...,knax. This clearly does not affect the validity of the solution
provided that kmax is taken large enough. If the minimum cost is obtained
for k = k* = 0 and j = j*, this means that when the current state is (7, &)
and r switches are still available, the cost is minimised if we immediately
switch to location A;. Therefore, we assign the colour corresponding to A;
to the point ¢ in the table C:. On the contrary, if k* > 0 it means that if
the state is (i,&) and r switches are available, it is convenient to continue
evolving with dynamics A;. Therefore we assign the colour corresponding
to A; to the point ¢ in the table CL.

The computational cost of the presented algorithm is of the order
O(q"Ns?) where n is the dimension of the state space and ¢ is the number
of samples in each direction (i.e., ¢" is the cardinality of D). Therefore, the
complexity is a quadratic function of the number of possible dynamics and
linear in the number of switches.

Two important cautions should be taken in order to ensure the unique-
ness of the tables and (as it will be discussed in the following) the absence of
the Zeno behaviour when the procedure is extended to the case of N = oco.

The argument (5%, k*) that minimises the cost 7'(i,&, 7, k, ) may be not
unique and this may cause ambiguity in the construction of the tables. To
this aim we introduce the following lexicographic ordering.

Let ' = {(j,k) € A| (j, k) = argminT'(i,§, 7, k) } be the set of solutions
of problem

Tr(zaf) = (]fil)lgA T(Z,g,],k’,?“), (413)
and assume that ' has cardinality greater than one. Let (', k) and (5, k")
be any two couples in I with j° # j”. We say that (j/,k") < (5, k") iff
j' < j”. Finally, if j' = j” we say that (', k") < (5", k") iff K" <K'

Choosing the minimal element in I with respect to <, the optimal solu-
tion of Problem (4.13) is unique.

83



The second precaution that should be taken is the following. Consider
the case in which at a given value of the switching index k, the arguments
that minimise the remaining cost 7'(i,&, j, k) starting from point £ in dy-
namics A; are (j*,k*) with £* = 0. It may be the case that the system, once
entered in dynamics Aj«, requires an immediate switch to another dynam-
ics, say p causing the presence of 2 switches in zero time. This behaviour is
undesirable, because it leads to a potential risk of a Zeno behaviour when
the number of available switches goes to infinite.

To avoid this it is sufficient to take (p, k*) instead of (j*,k*), or more
precisely, to consider (j*, k*) = arg min T'(j*, &, j, k) at the previous switch-
ing index r — 1. When this extra precaution is taken, we can ensure that a
spacing condition k.41 — k. > 0 is always verified during an optimal evolu-
tion.

4.3.2 The optimal control problem with an infinite number
of switches

In [26] it was shown that under the assumption that inv; = R" for all i € Uy,
the above procedure can be extended to the case of N = oo, provided that
(i) for at least one i € Uy, A; is Hurwitz, and (ii) for all i € Uy, Q; > 0.

Analogous results can be proved here under Assumptions A9 and A10,
and under the additional following hypothesis.

A1l1l. For alli e Uy, Q; > 0.

Lemma 4.3.1 For any continuous initial state xo, xo # 0, and ¥V € > 0,
3 N such that for all N > N,

VJT[(Za XO) - VN* (]7 XO)
* (s &,
VN(Zv XO)

foralli,j € Up.
Proof. See [106].

According to the above result, one may use a given fixed relative toler-
ance € to approximate two cost values, i.e.,

Vi (i, x) = Vi (4, X)
Vi (i, x)

This result enables us to prove the following important theorem.

<e = Vy(i,x) = Vy(,x)

Theorem 4.3.2 Given a fired relative tolerance €, if N is chosen as in

Lemma 4.3.1 then for all i,j € Uy it holds that C§\7+1 = CJJ'\7+1'
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Proof. [t trivially follows from the fact that, by Lemma 4.3.1, V]3+1(i, Xo0) =
V]%‘,H(j,x()) for alli,j € Uy, and from the uniqueness of the optimal tables
as discussed above.

This result also allows one to conclude that
VieUy, Co= lim Ck,
N—oo

i.e., all tables converge to the same one.

To construct the table Cs the value of N is needed. We do not provide
so far any analytical way to compute N, therefore our approach consists in
constructing tables until a convergence criterion is met.

Table Cs can be used to compute the optimal feedback control law that
solves an optimal control problem of the form (4.11) with N = co. More
precisely, when an infinite number of switches is available, we only need to
keep track of the table Co,. If the current continuous state is x and the
current location is A;, on the basis of the knowledge of the colour of C, in
X, we decide if it is better to still evolve with the current dynamics A; or
switch to a different dynamics, that is univocally determined by the colour
of the table in y.

Let us finally observe that table C is Zeno-free, i.e., it guarantees that
no Zeno instability may occur when it is used to compute the optimal feed-
back control law. This property is guaranteed by the procedure used for
their construction as discussed in Sec. 4.3.1.

4.3.3 The optimal control of switched systems with unstable
dynamics

In this section we show that the above results still apply when Assump-
tion A10. is relaxed. To this aim, let us first introduce the following
definitions.

Definition 4.3.3 (Forbidden region) A forbidden region for the A is a
S

set Xp C Xt Xp=X\ U inv;, where a is the number of locations.
i=1

Thus X is a region forbidden to all dynamics of the A.

Definition 4.3.4 (Augmented A and OP) An augmented automaton
A= (UH77H3Y7?767W7E) OfA = (UH,YHaXa f,q,im),E) and the cor-
responding optimal control problem OP of OP (4.11), are related as follows:

(i) A includes a new Hurwitz dynamics Aay1 and OP includes a corre-
sponding weight matriz Qa+1 = kQa+1 (with rank(Qa+1) > 0, and
k>0).
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Figure 4.4: Graph of the automaton A (continuous) and A (continuous and
dashed) described in the example.

(i) A new invariant inve+1 = X is associated to the new dynamics.
(iii) The edges €;nt+1 € E and eqt1, € E are defined Vi € Uy

Thus the augmented automaton A is the same as A except for an extra
input symbol (u?fl) completely connected to all the locations in the A. Its
invariant set coincides with inv,+1 = X and its dynamics is A,4+1. The
corresponding OP weights location (a + 1) with matrix Qa1 > 0.

The following important result holds.

Lemma 4.3.5 Assume that there exists an exponentially stabilising switch-
ing law for problem OP(A). Then there also exists a sufficiently large
value of k > 0 in the OP(A), such that the table Cw, solution of OP(A),
i=1,...,a+1, contain the colour of Aqy1 at most in X;.

Lemma 4.3.5 allows one to consider the solution of OP(A) equivalent to
the solution of OP(.A). This follows from the fact that the dynamics A,41
does not influence at all any solution of the augmented problem. Therefore
it can be removed from the augmented automaton.

This result is formally proved in [26], in absence of state space con-
straints. As before this result can be trivially extended if the liveness of the
automaton is guaranteed (see Assumption A9.). In fact, by definition, it
holds that, for any initial state xo € X \ Xy and input symbol ig of the A,
the trajectory x(k) corresponding to the the solution of OP(A), i(k), always
keeps within X \ X;.

Let us finally observe that the convergence to a unique table C is due
to the fact that we are dealing with strongly connected HA. If such were
not the case, then « different tables E;o, 1=1,...,a, would be obtained as
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a solution of OP, and all of them should be used to compute the optimal
feedback control law.

4.3.4 Robustness of the procedure

The high-level procedure we suggest in this chapter provides a switching
table, i.e., a partition of the state space, that the controller consults on-line
in order to establish which is the current location that ensures the minimality
of the cost function. If no disturbance is acting on the system and no
numerical error affects the switching table construction, the optimality of
the solution, as well as the safeness and liveness of the closed-loop system,
are guaranteed.
In practice, two different problems may occur.

e The first one concerns disturbances acting on the continuous system
that may change its nominal trajectory. If the disturbance does not
bring the system inside the forbidden region Xy, this does not affect
the validity of the result: the controller continues taking its decisions
on the basis of the current continuous state, the minimality of the cost
is guaranteed, and the safety and liveness constraints are still satisfied.

On the contrary, the procedure obviously fails if the disturbance is
such that the trajectory enters the forbidden region X;: in this case
the safety and liveness constraints cannot be satisfied any more.

e The second problem is related to the inevitable numerical errors that
affect the construction of the switching tables due to the state space
discretisation required by our approach. For each switch, the table is
computed for all points that belong to the discretisation grid. From
these points the nominal trajectories are studied piecewise using Eq.
(4.12): after the switching the remaining evolution may start from
a point that does not belong to the grid and the actual remaining
trajectory is an approximation of the nominal one.

The actual trajectories during the system evolution will be close to the
nominal ones used to compute the tables if the discretisation step is
sufficiently small. A numerical error in the computation of the tables
is not critical if the forbidden region is empty. In such a case, the
provided solution may be sub-optimal but it is still viable.

However, assume that the forbidden region is not-empty. If the forbid-
den regions constraints the optimal solution, it is likely that an optimal
nominal trajectory needs to pass as close as possible to the forbidden
region without entering it. However, an evolution that differs from a
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nominal one may graze or even hit the forbidden region. In this case,
the safety and liveness constraints cannot be satisfied any more.

A solution we suggest to overcome both problems is the following.

In the low level task we define a ”tolerance region” Xj. around the
forbidden state space set Xy, then we redefine the forbidden state space
set as X = X4 U Xy,.. This clearly implies a reduction of the invariant
sets of each location (inv, ..., inv)), and consequently, a wider forbidden
region X} O Xy in the high level task.

The security region should be large enough to make sure that a trajectory
that differs from a nominal one — either because a disturbance is acting on
the system, or because of the numerical errors in the construction of the
tables — may pass within X } but never reaches X .

In this way we improve the robustness of the procedure. We have to
pay a cost for this: the optimality of the solution with respect to the chosen
performance index is no more guaranteed, and the computed solution will
be suboptimal.

4.4 Numerical example

Let us consider a A with two locations, whose graph is depicted in Figure
4.4 (the part sketched with continuous lines). Moreover, let

A=

[ 0.981 0.585]
) 2 —

0.981 0.065
—0.065 0.981

—0.585 0.981

be the corresponding continuous dynamics, whose eigenvalues have unitary
norm. In particular, in both cases it holds A2 = 0.9808 £ j0.1951. Two
generic trajectories relative to dynamics A; and Ao, respectively, are re-
ported in Figure 4.5.

Assume that

X ={zcR?® | 2% +923 <40 A 927 + 22 < 40},

where 27 + 923 < 40 and 2% + 23 < 40 are the equations of the trajectories
trough the point of coordinates x1 = o = 2 and evolving with dynamics A
and As, respectively.
Finally, assume that the safety constraint is given by the forbidden state
space set,
Xy ={x e R*)H'z < h}

where
0 0 1 -1
H =
1 -1 -1 -1 (4.14)
h = [08 —02 0 0],
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Figure 4.5: Discrete time trajectories of dynamics A; and As, with eigen-
values along the unitary circle.

i.e., Xy is the trapezoid depicted in Fig. 4.6.

The set X \ X4 can be blocking, i.e., there exists some initial point in
X\ X such that, regardless of the switching strategy, any trajectory starting
from these points always hit the set Xj.

In order to guarantee liveness, the previous setup is passed to the proce-
dure described in Section 4.2. In terms of safety specification it means that
we mark all output symbols y4 € Yy, where Yy = {ya € Yy | qgl(yc(;)) NXy#
0}, as forbidden and require that the allowed sequences of output symbols
do not contain such forbidden symbols. Then, the obtained supervisor is
transformed into the appropriate invariant sets invy and inve to be asso-
ciated to the dynamics A; and Asg, respectively. A new forbidden region
Xy =X\ (invy Uinvg) D X4 is defined according to Definition 4.3.3.

The invariant sets of locations 1 and 2 are reported in Fig. 4.6.(a) and
(b), respectively, while the set X is sketched in figure (c).

Within the given constraints we want to solve an optimal control prob-
lem? OP of the form (4.3), where Q1 = Q2 = I. For this purpose we consider
the augmented problem OP(A), with the following data:

(0988 0

Az = 0 0.9838 | Q3 =kQ1, itnuz=X

where k = 103, and A3 is Hurwitz. The graph of the augmented automaton
is depicted in Fig. 4.4 (continuous and dashed part).

Given the symmetry of the two dynamics, it can be easily shown that
the solution of OP(.A) when inv; = X, ¢ = 1,2, is to use dynamics As when
x122 > 0 and dynamics Ay when xyx9 < 0. This result is very intuitive if
we observe the trajectories of the given dynamics (Figure 4.5) and if we use
the identity matrices as weight matrices in problem (4.3).

2Note that neither A; nor As are Hurwitz, hence an infinite number of switches is
necessary.
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h

=2 -1 0 1 2 -1 0 1 2 % -1 0 1

Figure 4.6: Invariants (in white) of locations 1 (a) and 2 (b) and (c) the
forbidden region Xy = X \ (invi |Jinvy) defined in Def. 4.3.3. The interior
of the blue trapezoid is the forbidden region Xj.

Note that the augmented problem OP(A) satisfies the conditions given
in Definition 4.3.4. The switching table procedure, applied to OP(A) for a
recursively increasing number of switches, converges after NV = 15 switches.
Moreover the tables C._, i = 1,2,3 are coincident with a unique table Cy,

because the state graph of HA (Fig. 4.4) is strongly connected.

X

ol
1.5¢
1t
0.5-
ol
-0.5¢
At
-15¢
2+

-2 -15-1-05 0 05 1 15 2 X

Location 1,
Location 1,
Location 13

|
Figure 4.7: Switching table of the problem OP(A) defined in the example.

The table Co is depicted in Figure 4.7 and some relevant considerations
can be immediately done.

(i) The colour of the augmented dynamics exactly covers the region Xy.

(ii) Ininvy\ Xy (inve\ Xy) the col or is that relative to dynamics Ay (Ay).
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-1.5¢
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(b)

-2 -15-1-05 0 05 1 15 2 X1
(a)

Figure 4.8: Trajectories z(k) (a) and i(k) (b) of the optimal solution of
OP(A) obtained by using the table in Figure 4.7 for an initial point (ig =
1,z = [-10)).

(iii) Around the origin the solution of OP(H A) coincides with the solution
described above relative to the case of inv; = X for i =1, 2.

From the above table we deduce that there exists a finite optimal solution
for any initial state o € X'\ Xy of the H A; moreover, if zg € X the optimal
solution of HA uses dynamics Ag for the minimum time required to leave
Xy; from then on the optimal solution of HA is used. This can be viewed
by the simulations depicted in Figure 4.8(a). The optimal cost from the
point 2o = [—1 0] with iy = 1 is J = 196.6. For completeness also the index
trajectory i(k) is reported in Figure 4.8(b).

The total computational time (Matlab 7, on an Intel Pentium 4 with 2
GHz and 256 Mb RAM) for constructing the table in Figure 4.7 is about
40 hours. This time is big, because a very dense space discretisation was
considered (approximately 2 x 10® points). It is important, however, to point
out that this computational effort is spent off-line. The on-line part of the
procedure consists in measuring the state (k) and comparing its value with
the switching table to decide the optimal strategy.
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Chapter 5

Detecting and Enforcing
Monotonicity for Hybrid
Control Systems Synthesis

In the previous section, we presented an approach to hierarchical control
synthesis where a finite state machine was used to “replace” the continuous
plant dynamics. Different approaches to the discrete abstraction (or over-
approximation) of continuous dynamics have been proposed during the last
decade (see, e.g. [27, 58, 21, 65, 78]).

One key issue in designing such abstractions is to make sure that the be-
haviour of the abstraction covers (over-approximates) the behaviour of the
continuous dynamics on a suitable (discrete) external signal space. This, in
turn, boils down to computing guaranteed overapproximations for reacha-
bility sets in the continuous component’s state space. For general nonlinear
systems, this represents a highly nontrivial problem. However, if the system
under consideration is monotone (e.g. [110, 2]) with respect to a partial or-
der in its state space, an abstraction can be computed in a straightforward
way [79].

Unfortunately, in most cases the systems under consideration are not
monotone. Therefore, a question arises — whether it is possible to use low-
level control to enforce monotonicity. In this chapter we formulate this
problem within the framework developed in Sec. 3.2. We show how to check
for the existence of a suitable partial order and how to design the low-level
control to enforce monotonicity of the composite system plant plus low-level
controller.

The results presented in this chapter have been published as a conference
paper [42].

This chapter is organised as follows: in Section 5.1, we briefly review
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the notion of a partial order. Section 5.2 addresses the concept of mono-
tone, i.e., order preserving, dynamical systems, both for the autonomous and
the controlled case. This section contains new results on how to efficiently
check monotonicity (Lemmata 5.2.3 and 5.2.6). In Section 5.3, we briefly
outline how monotonicity can be used in the context of abstraction based
hybrid control synthesis. Finally, in Section 5.4.2, we formulate the problem
within the hierarchical control framework and investigate how appropriate
continuous feedback on a lower level of a hierarchical hybrid control scheme
can enforce monotonicity and hence facilitate the computation of discrete
abstractions for higher level control purposes.

5.1 Partial order relations

A partial order relation < on a Banach (or, more precisely, ordered metric)
space B is defined as an operation satisfying the following three properties:

1. z<z Vo € X,
2. (x=2y) N (y=2z2)=x=22z Vr,y,z€X,
3. (x=y) N (y=2z)=z=y Vr,ye X.

We write x < y if # < y and = # y. This relation is no longer reflexive
and is referred to as a strict order relation. Usually, to introduce an order
relation one uses an auxiliary set K C B, such that

1. ake K Vke K, a € Ry,
2. kitkoe K Vki, ko € K,
3. ke KN—-ke K=k=0.

Thus, K is a convex pointed cone. Given K, we define the relation z <y
if and only if y — z € K.! If K has nonempty interior intK then we define
x=<<yiff y—x € intK. It is stronger than < or < as x << y implies z < y
and therefore x < y. In Euclidean space R™, orthants can play the role
of cones. Each orthant R C R" is characterised by its signature, i.e. the
n-tuple § = {d1,...,0,} whose elements take values from the two-element
set {0,1}. R? is defined as R} = {z € R"|(—1)%z; > 0}. Hence, the zero
signature corresponds to the positive orthant. We use notation =< (resp.,
<s and <<g) to show that the corresponding relation is defined with respect
to the orthant RY. Relation symbols without index refer to relations w.r.t.
the positive orthant.

'z <y iff y — x € K\{0}
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5.2 Monotone dynamical systems

A monotone dynamical system is a dynamical system on an ordered met-
ric space which has the property that ordered states remain ordered when
time progresses. In other words, monotone systems are order preserving
dynamical systems. In this section we give some conditions for an arbitrary
autonomous dynamical system to be monotone. Furthermore, these results
are extended to dynamical systems with inputs.

5.2.1 Autonomous systems

Consider the dynamical system:

@(t) = fz(1)), (5.1)

where z(t) € X C R", f: X — R" is a continuously differentiable vector
field. The solution of (5.1) that starts at the point zp at t = 0 is defined
as ¢¢(xp) and referred to as the flow of (5.1). To make an assertion about
qualitative properties of the above dynamical system we have to introduce
some classification.

Definition 5.2.1 A vector field f : X — R" is said to be of type Ks on an
open subset D C X if for each i€ {1,...,n}, (—=1)% fi(a) < (—1)% fi(b) for
any two points a and b in D satisfying a <5 b and a; = b;.

The following lemma ([110], Chapt. 3, Prop. 5.1) asserts that the type K;
condition is necessary and sufficient for the order preserving property to
hold.

Lemma 5.2.2 Let f be of type K5 on D and xg,y9 € D. If o <s5yo (resp.,
To<sYo or xo<<syo), t > 0, and if ¢i(xo) and ¢i(yo) are defined and in
D, then ¢(xo) =5 dt(yo) (resp., ¢r(wo) <5 dt(yo) or ¢r(zo) <=5 t(v0))-

The most natural way to decide whether a vector field f is of type Kj is to
analyse the sign structure of the Jacobian matrix of f. More specifically, it
can be shown ([110]) that the vector field f(z) is of type Ks on the convex
subset D if and only if

6#@-%(%) >0, i#j, x€D. (5-2)
Ox;

(=1)

Condition (5.2) can be checked in two steps:
Step 1: Check whether the off-diagonal elements of the Jacobian matrix
are sign-stable, i.e.

{8f¢(:v) ZOVzGD}A{ag(x) <0v:ceD} (5.3)

8.7}j $j
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and sign-symmetric, i.e.

Afi(x) 0Of;(x)
D a]a;i >0VxeD (5.4)

for all 4,j € {1,...,n} such that i # j.
Step 2: If the tests in Step 1 are satisfied, we need to check whether
the (Boolean) equalities

0; D (5]' = Sij, 1< (5.5)
hold, where & represents “exclusive OR” and the n(n — 1)/2 variables s;;,
1<7j, j=2,...,n are defined as follows:
0 if Lg’@ >0V (82’;"@ —0A 8?(:}") >0>
T Iy x;
- i 0fi(x) Ofi(x) _ o 5 91i(2)
arbitrary in{0,1} if 0z, — Or; — 0, VxeD.

(5.6)

Often, one wants to check whether a given vector field is of type Ky for

some (yet unknown) sign structure 0. Step 1 obviously remains the same,

but in Step 2 we need to decide whether (5.5) is solvable for the unknown

9 ={d1,...,0n}. The following proposition presents an easy way to do this.

Moreover, it shows that if the answer is positive, the orthant signature can
be easily extracted from the sign structure of the Jacobian matrix.

Lemma 5.2.3 The system of Boolean equations (5.5) is solvable w.r.t. &;
if and only if the following condition is satisfied:

Sij D Sik = Sjk, 1<7, 1<k, 1,75, k<n. (57)
Proof. (necessity) . Let us rewrite expression s;j ® s, using (5.5):

Sij D Sik, = 0; ® 05 D 0; D O

By definition, a b =b®a, a®a =0 and a®0 = a. Thus, s;; © s; =
8, ®0® O = 0 DOy = sjk, and we have shown that (5.7) follows from (5.5).
(sufficiency). We now show that (5.7) implies that

0= {0, 5125+ -+, Sln} (58)

is a solution of (5.5). 61@0; = 0B s1j = s1; holds trivially for j = {2,...,n},
and 0;P0; = s1;Ps1j = Sij, 1,7 € {2,n},j > i, where the last equality follows
from (5.7).0
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Similarly, it can be shown that
82{1,812691,...,81”@1} (59)

is also a solution of (5.5) if (5.7) holds. Furthermore, (5.8) and (5.9) repre-
sent the only solutions. This can be shown by considering a vector ¢’ with
6; # 0; (i.e. 6; = 6; ® 1) for some i € {1,...,n} and §; = J; for some j # i.
Hence,

5;@5;:51'69169@:8@']'@17&8@,

which shows that ¢’ is not a solution of (5.5).

Note that (5.8) and (5.9) signify orthants that are symmetric w.r.t. the
origin.

For linear systems

#(t) = Ax(t),

the Jacobian matrix is the A matrix, i.e. J(z,u) = A. Thus, the sign struc-
ture of the Jacobian is completely determined by the signs of the elements
a;j. Obviously, they are sign-stable, so we need to check only conditions
(5.4) and (5.5). Condition (5.4) (sign-symmetry) holds if a;jaj; > 0, © # j.
The second step is to check the corresponding Boolean equation (5.5) using
the method described in Lemma 5.2.3.

Example 5.2.4 Let us consider the Jacobian matriz with the following sign
structure

o 4+ *x +
o ¥ + ©
x O O

Here we use asterisks to stress the fact that diagonal elements do not affect
the monotonicity property. According to (5.6), we have {si2,s14,S23} =
{0,1,0} while s13, So4, and ss4 are arbitrary. From Lemma 5.2.3 we can
deduce that (5.5) is solvable iff {s13, s24, s34} ={0,1,1}. The corresponding
signature is 6 = {0,0,0,1}.

5.2.2 Controlled systems

Some of the previous results can be extended to dynamical systems driven
by an exogenous input signal. A system

#(t) = f(2(t), u(t)), (5.10)

where z(t) € X CR", u(t) e U CR™, f: X x U — R", generates a flow
o1(xo,ur), ur = u(r), 0 < 7 < ¢, which represents a solution of (5.10) with
initial condition z(0) = z¢ and external input signal w.
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Definition 5.2.5 A controlled dynamical system (5.10) is monotone w.r.t.
the orthants RY and R7' if the following implication holds for allt > 0:

r1 =5 2, u1(7) 2y uz(1), 0< 7 <t =
or(z1,uir) 25 P2, ur).

In [2], a condition for the controlled system (5.10) to be monotone w.r.t. the
orthants R§ and RT* has been proposed.

Proof. ([2]) The system (5.10) is monotone w.r.t. the orthants RY and
RT"if and only if the following properties hold for all x € D and all u € U:

(—1>5i+5ﬂ'§£<x,u> >0, i#j hj<n
J

oFf:
(—1)5i+7ji(x,u) >0, i<n,j<m.
6Uj

The above conditions are, in fact, the extended variant of condition (5.2)
from the previous section. Hence, in addition to conditions (5.3), (5.4) and
(5.5), which are used to check (5.2), the following tests need to be performed:
First, the partial derivatives w.r.t. the control variables need to be sign

stable, i.e.
Ofi(x,u) Ofi(z,u)

———=>0or ——= <0

A4 D,V U 5.11
8Uj - 8Uj -7 TzEL,Vue ( )

for all 2 < n, j < m. Moreover, the set of Boolean equations

0 & =dqij, 1<mn,j<m, (5.12)
where
0 if %éx) >0,
J
P i i) (5.13)

j
arbitrary in {0,1} if 851715:5) =0,

needs to be solvable with respect to the vector v = {v1,...,vm}-
The following lemma gives a necessary and sufficient condition for equa-
tions (5.5) and (5.12) to be solvable.
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Lemma 5.2.6 The systems of Boolean equations (5.5) and (5.12) are solv-
able if and only if the following conditions are satisfied:

Sij D Sik = Sjk, 1< 7, i<k, 74, k<n, (5.14)

Qij D arj = sik, 1 Fk, i,k <n, j <m. (5.15)

Moreover,
0= {07 S125 -+ 51n}7
Y= {Q117---aQIm}

18 a solution.

Proof. Proof. The proof can be carried out according to the same scheme
as in Lemma 5.2.3.01

It can be shown that the solution is also defined up to inversion, i.e.
g: {1,512@1,...,51n@1},
Y={qu®l,...,q1m &1}

is the only other solution of (5.5), (5.12).
Condition (5.15) can be represented as

Q1 Dan = sk, k<, k1 <n,

col1(Q) = col;(Q) Vi, j <m,

where @ = ¢;5,i € {1,...,n}, j € {1,...,m}, and £ denotes an equality up
to the inversion w.r.t. &.

5.2.3 Special cases

In the following we point out two special cases of a controlled system (5.10)
where the simpler Lemma 5.2.3 suffices to check monotonicity.

a) If u(t) is entirely defined by the present state x(t), i.e. u(t) = u(z(t)),
the Jacobian of the closed loop system is

m
Jij(z) = ‘9fz(;;:1j(x)) +3 3fz(z;:;(w)) nggf)_ (5.16)
=1

and the procedure described in Lemma 5.2.3 can be applied to (5.16).

b) In a hybrid control context, the control vector often consists of two
components, i.e. u'(t) = [u}(t), ub(t)], where ui(t) € R¥, k < m is de-
termined by continuous state feedback, i.e. ui(t) = ui(z(t)), and ug is a
piecewise constant signal with finite range &/ C R™* [U/| = N € N. In this
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case, the system can be treated separately on intervals, where us is constant,
ie. wua(t) =wu, €Ut E [te,trt1), and Lemma 5.2.3 can be applied again.
The value u, is interpreted as a parameter, and the Jacobian is given by

Vk € N.

ofi(z,u , U ofi(z,u ,Uy) Ouyy(z
J;}(:II,UH): fz( 1 Ii +Z fz 1 /-c) 1l( )

8U1[ (‘)xj
Note that in our hybrid systems context, monotonicity is only needed to
compute safe abstraction. Hence, having monotonicity w.r.t. different or-
thants for different values of x will not pose any problems.

5.3 The role of monotonicity in abstraction based
control synthesis

To demonstrate the usefulness of the monotonicity property in control syn-
thesis, we will now briefly describe a specific hybrid system. Consider a
continuous system

() = Gus(t) (€ (1)) (5.17)

where, as indicated before, us is a piecewise constant signal with finite range
U, |u’ =
z(t) = h(z(t)) (5.18)

is a discrete-valued output signal with finite range, i.e. h : R" — Z,
|Z| = M < oo. Let us further assume that the system (5.17), (5.18) is
sampled, either on a regular sampling grid (“time-driven sampling”) or on
the sampling grid defined by the output signal z (“event-driven sampling”).
In the latter case, the input may only be switched at the time instances where
the output changes. In both cases, Equations (5.17), (5.18) and the con-
sidered sampling device form a continuous system (with state set X C R™)
evolving in discrete time Ny on a discrete external signal space U x Z. Let
B C (U x Z)No denote its behaviour. For abstraction based control synthe-
sis, we need a discrete approximation, evolving on the same external signal
space and exhibiting behaviour B,p, 2 B. In Sec. 4.2.1, strongest ¢-complete
approximation was advocated as a particularly suitable abstraction.

From a computational point of view, determining the strongest /-complete
approximation boils down to deciding whether a given string of input and
output symbols (uéo, e uge, ZFo ..., 2ZF) is an element in B’[O,K}' To obtain
a precise answer, we would need to compute the evolution of the quanti-
sation cell A~1(z*0) under the flow ¢u§0 associated with 9yio» intersect the

result with h='(z¥1), track the evolution of the result under the flow ¢, in
2

associated with g, ete. To obtain safe approximation, or abstraction, it is
2
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sufficient to compute outer approximations of the mappings of quantisation
cells and their intersections. Clearly, if g,, is monotone w.r.t. the partial
order <, and quantisation cells are “boxes” w.r.t. =<, then (bug(h_l(zk)) is
“trapped” within the the evolution of “external points”, i.e. a < h=(z*) < b
implies

i (@) = g (hH(25)) X g (D)

It is then a straightforward exercise to compute the required outer ap-
proximations and hence the desired safe abstraction [79]. On the basis of
such an abstraction, one can compute a discrete non-blocking supervisor
enforcing a language-type specification. In Sec. 4.2 (see also [78]) it has
been shown that the resulting supervisor will also be non-blocking and en-
force the specification when connected to the underlying continuous model
(5.17), (5.18).

5.4 Monotonisation through feedback

5.4.1 Behavioural description

Let ¥, = (No, Uz, Y7, X, B}fl) be a dynamical system with state X C R™ and
continuous input and output sets, Uy, C R™, Y, C R™. Moreover, assume
that the system state X is trivially observable: Y7, = X, Py, w = Pxw for
all w € B

Let us assume thatthe input space U can be represented as a direct
product: Uy, = U} xU3. Inputs ut € (U i)NO will be used for monotonisation
of the plant. Furthermore, let us define a high-level input set as a finite
subset of U?: Uy C UZ, |[Uy| < oo. Now we can formulate the specification
Bg)L using the scheme proposed in Sec. 3.2.2:

Y € Vm C Ygo

uy, € UNO, PUEUL = ugy,
yL € Y,

yu(t) = yr(t),t € No

ngL = (ug,ymg,ur,yr) € (Wg x WL)NO

(5.19)
where Wy = Uy x Yy and Wy, = Uy, X Yy, are the high-level and low-level
signal spaces, YV, is the set of high-level output signals such that for any
two signals v, v}y € Vm

(y}l‘tzo = v t:O) = (y}f|t:7 = Yu =g VT € No)

holds. If there exists a low-level controller such that the composite system

plant plus controller satisfies the specification BIZF

sp s & conservative discrete
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approximation of this composite system can easily be computed. The next
subsection presents a procedure for the design of a monotonising low-level
controller.

5.4.2 Low-level controller design

We consider linear control systems
&(t) = Az(t) + Bu(t),
y(t) = Cx(t)

where z(t) € R", u(t) € R™, y(t) € R, B has full column rank and C
has full row rank. If the monotonicity test fails, we may still be able to

(5.20)

enforce monotonicity by appropriate feedback. For this purpose, we divide
the vector of control inputs, v’ = [u}, )], where " means “transpose” and
ui(t) € R¥ k < m, is the part of the control input devoted to enforce
monotonicity.

The system (5.20) then takes the form

i(t) = Az(z) + Blui(t) + Bua(t). (5.21)

Defining the control input wu;(¢) as a linear function of the current output,
u1(t) = Ky(t) = KCxz(t), we change the Jacobian to J = A+ B'KC and,
therefore, alter its sign structure accordingly. But we still do not have a clear
algorithm to solve this problem in general because of the large number of
degrees of freedom (recall that the number of orthants for an n-dimensional
system is equal to 2"~ 1).

The proposed semiformal algorithm uses an approach based on the suc-
cessive reduction of the number of available degrees of freedom.

1. If either i-th row of B! or the j-th column of C is identical to zero,
the elements a;j of the Jacobian remain unchanged.We can now check
these elements for consistency by investigating whether Conditions
(5.4) and (5.5) are satisfied. Clearly, if this is not the case, the mono-
tonicity condition cannot be enforced by feedback from y(t) to wy(t).

2. If the result in Step 1 is positive, we can deduce the signs of some other
elements of the Jacobian from (5.7). Note the following “extreme”
case: suppose, as above, that the i-th row of B! (resp., the j-th column
of C) are zero and that all the elements in the corresponding row
(resp., column) of A are nonzero (apart possibly from the entry on
the diagonal). Then, the corresponding s, k # i (resp., sgj, k # j)
completely determine the required sign structure of J, as (see (5.7))

Sklkg = Sikl @ Sik)QJ (522)
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resp.,
8]{:1]432 - Sklj D Skgj- (523)

If, on the other hand, elements in the corresponding row (resp., col-
umn) of A are zero, there may be several admittable orthants.

3. In the next step, we isolate the entries of the Jacobian exhibiting
inappropriate signs. We now need to determine a feedback matrix
K to adjust these elements without changing the signs of the other
entries. For this, the elements of the real [k x []-matrix K have to
satisfy

k l
(=1)%(agp + Z Z b;z‘kijcjp) = 0,9 #p.

i=1 j=1

The extension of the proposed algorithm to the class of nonlinear con-
trol systems is not straightforward. Usually, an arbitrary nonlinear control
system admits monotonisation only in some subset of the state space, if it
does at all. Let’s denote by X5 C X a subset of the state space X where
the system can be rendered monotone w.r.t. the orthant with signature 9.
It is quite common that some subspaces have nonempty intersection, i.e.
Xs, N X5, # 0. Then, one must choose between several orthants. In this
case, a decision can be made on the basis of heuristic considerations and can
hardly be formalised. However, in some special cases (e.g. positive systems)
the procedure can be successfully applied as is illustrated in the following
example.

5.4.3 Example

To illustrate the applicability of the developed approach we consider a
model of the biological processes in an activated sludge process, the so-
called IAWQ’s? Activated Sludge Model No.1 (see [49, 67]). This model
describes the three following biological processes: removal of organic mat-
ter, nitrification, and denitrification. The considered process is an ideally
mixed bioreactor with three components, which can be described by the
following differential equations:

2International Association for Water Quality.
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de _ % N Qout

. in X, ) Xp — bX
7 v b v b+ 1(Ss) Xp — Xy

dSs an Qout 1

_ . S (S)X 5.24
= S — LS, — (S, (5.21)
dSo _ Qm ) Qout 1-Y
dt = % So,zn - % So - % M(Ss)Xb - bXb

where X3, Ss and S, represent the concentrations of biomass, soluble sub-
strate and dissolved oxygen in the reactor. Xj;,, Ssin and S, are the
influent concentrations of biomass, soluble substrate and dissolved oxygen.
1(Ss) is the specific growth rate of the biomass. It is described by Monod’s
equation, S
HoOs
p(Ss) = ma

where [ is the maximum specific growth rate and K is the half-velocity
constant. The tank volume is denoted V', and the incoming and outgoing
flows are Q;, and Qoyut, respectively. The growth yield is Y and b is the
decay rate. It is worth noting that all concentrations, input and output
variables as well as parameters, are positive. Moreover, the growth yield Y
is always less than one.

Using the conventional notation u := [Xp in, Ss.in, So.in, Qin) and x :=
[Xb, Ss,So)" one can rewrite (5.24) as

U1 Ugq . Qout

T = v v o + p(z2)1 — by
ou 1
e (5.25)

Uz U4 . Qoutx . 1-Y
v v BTy
The Jacobian matrix has the following form

(x2)x1 — bxy.

T3 =

_ . 1K o _
(K5—|-5112)2
Df -
= _ _ 1 pxe . 5.26
Dx Y Ki+xo * 0 ( )
_1-Y pws o, 1Y K
L Y  Ks+xo Y (K5+I2)2

We see that the partial derivatives g—g{;

symmetry condition. Now one has to determine, which one has the “right”
sign. The remaining elements of the Jacobian matrix satisfy conditions (5.3)
and (5.4). The corresponding variables are s13 = 1, so3 = 1. Then, from
(5.23) s12 = 0. This means that both % and g—ﬁ must be nonnegative.

The easiest way to change the sign of % is to use the control us, because

and g% do not satisfy the sign-
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it does not enter the remaining equations. Considering the control us as

a function of the state variables, us = us(x), we can rewrite the Jacobian

(5.26) as:

Df

Dx

pK sy T
* sl 0
(Ks+$2)2
ug Oua(x) 1 firy . uy Oua(x)
V 0x Y Ks+axo V' Oxs
_1-Y jxo —b _1-Y pKsry *
Y K.+ Y (K,+29)? i

Hence, the control us(z) has to be chosen to satisfy the following condi-

tions:

Ouo Vo puxe

— > _— .
ox1 (.1‘ T ugY K+ xo ’ <5 27)
Ous

— < .
) <0, (5.29

Vo € R;O, ug # 0.

Conditions (5.27), (5.28) define a family of control laws. In particular, a

control law can be chosen as

ug(x) = crxy,

where ¢; = %—éﬂ, uy = minwuy. Thus, the system can be rendered monotone
4

by a simple linear feedback.
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Chapter 6

Conclusion

This work proposes a systematic approach to design and implementation
of hierarchical control for complex control systems. We described a unified
framework which allows for a constructive description and analysis of all
levels of a hierarchical control structure. It was shown that most practically
relevant classes of control systems can be described as input/output state
machines. A classification of such state machines was given.

One particularly important question that arises in the hierarchical con-
trol context is to ensure that all elements of the hierarchy do not conflict.
Developing the results obtained in [97], we formulated a set of construc-
tively verifiable conditions which guarantee a non-conflicting interaction of
all control levels.

To put the obtained results in a practical context, we described two
particularly useful classes of intermediate control layers and analysed them
with respect to the non-conflictingness property.

In the last two chapters, we considered two cases where the developed
approach is applied to practically relevant control problems. In the first case,
we considered an optimisation problem for a hybrid system under safety and
liveness conditions. It was shown that this problem can be efficiently solved
in a hierarchic way: the low-level controller enforces safety and liveness
constraints while the high-level controller performs optimisation. We also
showed that the action of the low-level controller can be implemented by
restricting the invariants of the initial hybrid automaton. The high level
uses the degree of freedom left by the low level task to find the evolution
that minimises a given performance index.

In the second case, the low-level controller was designed to render the
plant monotone. We discussed the question how the concept of monotonicity
can be used in the context of hierarchical control. A simple and efficient
algorithm to check whether an arbitrary continuous system is monotone with
respect to some (a priori unknown) partial order relation was provided. This
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algorithm was extended to the case of control systems. It was also shown
how to enforce monotonicity with the help of feedback. The developed
approach was illustrated by an example: we considered a nonlinear model
of an ideally mixed bioreactor and showed that this system can be rendered
monotone by a very simple linear feedback.
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