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Introduction

Focal point of this work are so called semi-monic (operator) functions of the form

g(A) =A"e —a(A) = \"e — Z Ma;
JEZ

for some m € N defined on a suitable annulus and where the coefficients a; are elements
in a Banach algebra with unit e. Typically there will be some restrictions imposed on
the coefficients a;.

Semi-monic functions appear throughout the literature, mostly for the special case when
m = 1 and the function a(-) is a polynomial. This is true in e.g. probability theory when
studying Markov chains where the coefficients a; are entrywise nonnegative matrices (see
[BNS13, BLM02, GHT96, GHT98, Neu89)).

Comparison theorems for ordinary differential equations give rise to semi-monic matrix
polynomials of degree 2. One is then interested in finding nonnegative solutions (see
[BJWS85]).

Semi-monic polynomials also appear in physics where the coefficients are then often
self-adjoint or positive semi-definite operators in Hilbert spaces, for example in hydrody-
namics when studying small motions of fluids in a container (see [AHKMO03, KKO01]).

In [Mar88] A. Markus implicitly treats semi-monic functions in Banach spaces when
establishing conditions for when operator polynomials admit so called canonical factor-
izations.

Spectral properties of semi-monic functions were systematically investigated in [Har11].

Part of the thesis will be concerned with the block numerical range of semi-monic operator
functions and operator polynomials. The block numerical range first appeared as the
quadratic numerical range for operators in Hilbert spaces in [LMMTO01]. For Hilbert
spaces it was introduced in its full generality in [TWO03, Tre08, Wag07|, including its
extension to operator functions. In the unpublished Bachelor’s thesis [Kalll] the block
numerical range was extended to bounded operators defined on a product space X =
X1 x -+ x X, of n Banach spaces (combined via some p-norm) in the following way: A
bounded operator A on X admits a block matrix representation

A11 Aln

A ... App

The block numerical range of A with respect to the particular product space, denoted
O(A; X1,...,X,), is then defined as the set

filAnw) ... fi(Aipuy)

U =

(fu)E€Sare (X1, Xn) fn(Anlul) fn(Annun)



where () denotes the eigenvalues of the scalar matrix and

...><XT“
...><‘X'7/717
1)

For n = 1 this is precisely the spatial numerical range of an operator on a Banach space
(see |BDT71]). A noteworthy property of the block numerical range is that its closure
contains the spectrum of A and it itself is contained in the numerical range of A.
Recently the block numerical range has been applied to positive operators in Hilbert
lattices (see [Rad13]) and Banach lattices (see [Rad15b, Rad15a).

Applications of the block numerical range are diverse: It can for example be used to
determine if an operator is block diagonalizable (see [KMMO7]). Block operator ma-
trices, which naturally appear with the block numerical range, play an important role
in several fields, like the discretisation of PDEs (see [SAD100]) and evolution problems
(see [EN0O0]) with applications in quantum mechanics (see [Tha92]), hydrodynamics (see
[Cha61]) and magnetohydrodynamics (see [Lif89]). In these applications properties of the
spectrum and numerical range of these block operator matrices are often of particular
interest, which shows the usefulness of the block numerical range.

Satt<X17 ey Xn) = {(f, u) = (ui)i:L_._W c X1
f=(fi)i=1,..n € X1
filui) = I fill = [Juall

The main body of the thesis is structured as follows.

Chapter 1 is mainly concerned with proving a Perron-Frobenius type result for the block
numerical range of irreducible semi-monic matrix polynomials with entrywise nonnegative
coefficients, that is polynomials of the form

l
Q) = AT — AX) = A"T = N A,
=0

for m,l € N, where the A; are entrywise nonnegative square matrices and their sum A(1)
is irreducible. We start by introducing the functions

spr4 : p — sup spectral radius(A(N)),
[Al=p

nury : p — sup numerical radius(A(\)),
[Al=p

bnrg : p — sup block numerical radius(A(\))
IAl=p

(the subscript refers to the function A(-)). The functions spr, and nury were used in
[FHO8, FN05a, FNO5b, FN15, Harl1l| and [FK15]| respectively to derive results on the
spectrum and numerical range of semi-monic functions. The function bnrs was intro-
duced in [Kalll] and it is studied and used in Sections 1.1 and 1.2 to determine areas
which are disjoint to the block numerical range of semi-monic operator functions.



In Section 1.3 we consider the infinite graph G,,(A4;,...,Ag) for m € N and entrywise
nonnegative matrices A; and recall some of its properties. A similar concept first ap-
peared in [GHT96] in the context of Markov chains, though a graph structure was not
established. The graph was used in [Harll| and [FK15| to prove Perron-Frobenius type
results for the spectrum and the numerical range of semi-monic matrix functions.

We generalize these results in our main theorem in Section 1.4 to the block numerical
range: It says that on circles Ty centred at 0 with radii 8 > 0 satisfying

bnra(B) = 5™

the points in the block numerical range of the semi-monic matrix polynomial Q(-) have
a cyclic distribution, where the number of distinct values on Ty can be derived from the
infinite graph G,,(4;, ..., Ag). Known Perron-Frobenius type results for the spectrum
and the numerical range of single matrices (see e.g. [Min88| and [Iss66]) or monic matrix
polynomials (see e.g. [PT04]) then appear as special cases of our theorem.

In Section 1.5 we look at monic matrix polynomials with entrywise nonnegative coeffi-

cients
m—1

Q) =A"T =) M4,

J=0

For such polynomials one can consider the companion matrix

A1 ... A A
I 0

C =
-7 0

which can be used to prove Perron-Frobenius type results in the monic case. We study
how the graph G¢ associated with C and the infinite graph G, (Ap—1, - . ., Ag)are related
and conclude that the infinite graph can be seen as a generalization of G¢.

We close the chapter by considering semi-monic operator functions with positive semi-
definite or normal operator coefficients. Extending results of [SW10, Wim11| we show
that eigenvalues on certain circles around the origin are normal and semisimple.

Chapter 2 deals with factorizations of elements in (strongly) decomposing (Banach) al-
gebras. An algebra A with unit e is said to be decomposing if it can be written as the
direct sum of two subalgebras A_ and A4. It is said to be strongly decomposing if it can
be written as the direct sum of three subalgebras

A=A_+ Ao+ Ay

where the subalgebras satisfy some additional conditions (e.g. elements in A4_ and A4
are required to be quasi-nilpotent). As an example one might think of strictly lower
triangular, diagonal and strictly upper triangular matrices. Also note that each strongly
decomposing algebra is also a decomposing algebra.



Then it is known that an element a € A, which is in some sense close to the unit element,
factorizes as
e—a=(e—a_)(e—ay)

in decomposing Banach algebras and as
e—a=(e—a_)ape —ay)

in strongly decomposing Banach algebras, where the elements a,, o = —,0,+, lie in
the respective subalgebras A, and fulfil some additional invertibility conditions (see
|[GGK93, GKS03, Mar88]).

We introduce a third type of algebra, called semi-strongly decomposing algebra, which
fits in between the two definitions above. In contrast to strongly decomposing algebras,
it includes the important special case of the Wiener algebra.

In Section 2.1 we extend the concept to ordered algebras A with a cone C and define
((semi-)strongly) ordered decomposing algebras from which we require that the natural
projections onto their subalgebras leave the cone C invariant. A general way to construct
strong decompositions of bounded operators on Banach spaces is given by the concept
of chains of projections (see |[GGK93|), and we extend it to the Banach algebra case in
Section 2.1.1.

Section 2.2 contains our two main factorization results for positive elements with spec-
tral radius smaller than 1 in either a decomposing or semi-strongly decomposing Banach
algebra. The factorizations we obtain give elements a+ and ay ! which are again nonneg-
ative. Our theorems extend a result previously given [FNO5b.

We continue by showing how the factorization results can be applied for M-matrices,
Hilbert-Schmidt operators with nonnegative kernel function and positive operators in
the Banach algebra of regular operators.

Finally we return to semi-monic functions in the form of semi-monic polynomials g(\) =
AT — Zé‘:o Ma; with coefficients in C to restate a result given in [FNO5b] which follows
more easily in our case: By first proving a factorization result in the Wiener algebra we
are able to show that ¢(-) factorizes into

q(A) = b(M)goc(A)

if and only if there exists a p > 0 such that
sprg(p) < p™.

Here b(-) is monic of degree m and ¢(-) is semi-monic. Furthermore the spectrum of ¢(-)
is divided between b(-) and c(-), with b(-) accounting for the spectrum inside the disc
with radius p and ¢(-) for the spectrum outside of it.
As a corollary we obtain a version of Pellet’s theorem for semi-monic polynomials with
nonnegative coefficients.

The topic of Chapter 3 are degree-reductions of operator polynomials with the coeffi-
cients acting on Banach spaces. Linearisations of operator polynomials (for example via



the companion matrix displayed above) are a useful tool for studying properties of the
original polynomial without having to deal with its higher degree (see [Rod89]). Degree-
reductions generalize this concept by reducing the polynomial to an arbitrary degree.
They were recently considered in [TDM14, TDD15, TDD] for matrix polynomials.

The aim of this chapter is mainly the study of a particular degree-reduction which we
call canonical degree-reduction. For an operator polynomial

AN) = MA 4+ - + Ay,

with coefficients acting between some Banach spaces X and Y, the canonical reduction
to degree | < [ is the operator polynomial (in block matrix form)

'A[l}()\) Az—i—1 Az—i—z Ay Ao ]
—IX AIX OX ce PN OX
R Ox ~Ix My
A(N) = ,
Ox
| Ox Ox —Ix Mx]

where Am(-) is the I-th Horner shift of A(.), i.e.
ATO) = NA + -+ XA, + A,

Note that for A € C the operator fl()\) goes from X'™! to Y x X!7!=1. These types of
degree-reductions were introduced in [Nag07] and used in [Harl1].

In Section 3.1 we look at divisions with remainder and show how the factors of a division
with remainder of A(-) can be recovered from a division with remainder of A(-) (and vice
versa). In the case of a monic A(:) we show how a given division with remainder easily
allows one to recover a spectral triple for A(-).

Consecutive degree-reductions of A(-) first to degree l; and then to degree lo < l1 never
coincide with the degree-reduction that goes straight to . They are however closely
related, and we examine their connection in Section 3.3 following a procedure outlined
in [MX13| for matrix polynomials.

Lastly, we return once again to our semi-monic operator polynomials Q(-). Specifically,
the canonical reduction Q() to degree [ — m + 1 is again semi-monic, but now the
monic part has degree 1. Additionally the operator coefficients inherit properties such as
nonnegativeness. We outline how a fixpoint iteration for the operator equation

Q(C) = C - A(C) =0

can be used to recover the factors of a division without remainder of Q(-).

The chapters are written to be mostly self-contained, with the exception of Sections 2.4
and 3.5.
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Notation

(n) the set of integers 1,...,n and (n)p = (n) U {0},

T, = {A € C: |A\] = p} the circle in the complex plane C centred at the origin with
radius p > 0,

Ay p, ={X € C:p1 <|A| < p2} the open annulus in the complex plane C centred at
the origin with radii 0 < p; < po,

C™™ the set of complex n x n matrices and ]Ri’n the set of entrywise nonnegative n x n
matrices,

for A = (a,s) € R we also write A > 0 (iff a5 > 0 for all r, s € (n)),
for x € R} we write > 0 iff all entries of x are strictly positive,

for normed spaces X and Y denote by £(X) the set of bounded linear operators on X,
and L£(X,Y) the set of bounded operators from X to Y

¥ (B) the spectrum and spr(B) the spectral radius of B where either B € £L(X) or B
an element in a Banach algebra,

Y,(B) the point spectrum or eigenvalues of B € L(X),

©(b; A) the numerical range and nur(b;.A) the numerical radius of an element b in a
Banach algebra A,

©(B; X) the spatial numerical range and nur(b; X') the spatial numerical radius of a
bounded operator B on a Banach space X.

11



1. Semi-monic operator functions

The objects of main interest in this work will be so called semi-monic operator functions
which we will now introduce. For that purpose let A be a Banach-algebra with unit e
and m € N. Then we call

q(-) s Ay pp = A XA = NMe — Z Maj = \™e — a(\) (1.1)
jE€L
a semi-monic function with monic part of degree m, where the a; € A, j € Z and the
domain A,, ,, is the maximal annulus on which the Laurent series function a(-) in (1.1)
converges.

Remark 1.1. The term ’semi-monic’ is derived from monic polynomials, i.e. polynomials
of the form

l
q(A) = A"e — Z Maj
=0

where m,l € N, m > [ (typically [ = m — 1). Since we do not require for m > [ (and
in fact allow a(-) to be a Laurent series function), we call operator functions of the form
(1.1) semi-monic.

We will now introduce several real valued functions that are helpful in studying properties
of semi-monic operator functions. First recall that the spectrum of an element b € A is

defined as

X(b) :={A € C: Xe — b is not invertible}

and the spectral radius as

spr(b) := max{|\| : A € £(b)}.

The numerical range of b € A as a Banach algebra element is defined as

O, A) :=={f(): fe A, fle)=Ifll =1},
with A’ the dual of A. The numerical radius is then defined as

nur(b; A) := max{|\| : A € ©(b; A)}.
Moreover, there holds spr(b) < nur(b;.A) < ||b]| (see e.g. |BD71, Theorem 2.6]). We can
define the aforementioned functions for a(-) as in (1.1):

spro(+) « (p1.p2) > Ryt pr Sup spr(a(A)), (1.2)
=p
nurg(+) : (p1,p2) = Ry i p=> ‘i?p nur(a(A); A), (1.3)
=p
normg(-) : (p1,p2) > Ry 1 p— ZP]H%H (1.4)
JEZ

12



It follows immediately that spr,(p) < nur,(p) < normg(p) for all p € (p1,p2). The
function spr,(-) was introduced and used in [FNO5a| and [FNO5b| and later [Harll| to
derive spectral properties of semi-monic functions, nur,(-) was introduced in [FK15| and
used to derive properties of the numerical range of semi-monic functions, while norm,(-)
implicitly appeared in [Mar88, p.122] to formulate a sufficient condition for factorizations
of semi-monic polynomials.

1.1. The block numerical range for semi-monic operator functions

We want to recall the block numerical range for operator functions with coefficients on
a Banach space and introduce an analogue to the functions in (1.2) - (1.4) for the block
numerical range. In order to do that we need to move our setting from Banach algebras
to Banach spaces.

Knowledge of the block numerical range of operators on a Banach space will be required
for the sequel. For the convenience of the reader we provide a self-contained introduc-
tion to the topic along with a collection of properties and their proofs in Appendix A.
Nonetheless we will start this section with a very brief overview of the block numerical
range of operators on Banach spaces which should enable the reader to follow the text.

Let (X1, |[-|l1),---, (Xn, || |ln) be n Banach spaces and X = X; x...x X,, be the product
space where the component norms are combined via some p-norm, 1 < p < oco.

A bounded operator A on X = X; x --- x X,, can then be identified with the block
matrix operator

A ... A,

Ay .. A
where A,s € L(X,, X;). We also need the set
Satt (X1, ..., Xn) = {(f,wi=1,.n : (fiswi) € X x X5, fi(us) = || fill = |Jwil| = 1}

The block numerical range of A with respect to the particular product space is then
defined as the set
filAnu) oo fi(Arwug)
O(A; X1,..., X,) = U b : : (1.5)

(Fu)€Saee (X Xa) | fr(Aprur) o fo(Apntn)

where ¥(-) denotes the eigenvalues of the scalar matrix. The block numerical radius of
A is defined as

bur(A; X1,...,X,) :=sup{|\|: A€ O(4; X1,..., X,)}.
A pair (f,u) € Sat(X1,...,Xy) can be identified with a pair of operators F' and U via

F:X1 X...XXn—>(Cn:(.Tl,...,l'n)i—)(f1($1),...,fn($n))
U:(Cn—>X1><...XXni(Al,...,)\n)i—)()\lul,...,)\nun).

13



The matrix in (1.5) can then be written as FAU which is sometimes more convenient.
The set of of all of these operator pairs will be denoted Syh (X1, ..., X,). Note that there
is a 1 to 1 correspondence between Syt (X1, ..., X,) and Sob (X1, ..., X5).

If we do not decompose X into a product space we end up with

O(A; X) = {f(Au) : (f,u) € X' x X, f(u) = || f]| = |lull =1}
which is precisely the spatial numerical range of A as in |[BD71]. The spatial numerical
radius is denoted nur(A; X).

Remark 1.2. Note that we can also treat an operator A € £(X) as an element of the
Banach algebra £(X) and consider the numerical range in algebra sense

O(A; L(X)) = {f(A) : f € LX), f(Ix) = I fI = 1}

as in the previous section. These two definitions do not coincide. In general there only
holds

O(A; X) C O(4; L(X)).
However, it can be shown that ©(A;L£(X)) is the closed convex hull of ©(A; X) (see
[BD71, Theorem 9.4]). Therefore the (spatial) numerical radius of A is equal with respect
to either definition and we will simply write nur(A).

We close this overview by collecting some important properties of the block numerical
range of an operator A (proofs of which can be found in Appendix A):

- 5,(4) CO(A; Xy, X,) € O(4; X),

S(4) C O(4; X1, .., Xp),
- spr(A) < bnr(4; Xq,...,X,) <nur(4) < ||4],
- O(A; X1,...,Xy) consists of at most n connected components.
In the Banach space setting the semi-monic functions in (1.1) now read as
Q() i Apypy = LX) : X XTI =D N A; = AT — A()) (1.6)
JEZ
with the Aj € L(X).

Similarly to how the spectrum and spectral radius of an operator are extended to operator
functions we define:

Definition 1.3. For an operator function 7°(+) : Q@ — £(X) define the block numerical
range

OT(); X1,..., Xn):={A€eQ:0€O0(T(\); X1,...,Xn)},
and block numerical radius
bar(T(-); X1, ., X) i= sup{|A| : A € O(T(); X1, X))

where bnr(7'(+); X1,...,X,) := oo should the supremum not exist.

14



Example 1.4. For an operator A € £(X) and the operator polynomial P4(:) : C —
L(X):A— XA— A we have O(Pa(-); X1,...,Xpn) =0(4; X1,..., Xpn).

Some numerically achieved illustrations of block numerical ranges of semi-monic matrix
polynomials can be found in [Wag07, p.29, p.31].

Remark 1.5. For an operator function T': Q — L£(X) and (F,U) € Sob (X1, ..., Xy)
we can construct a complex valued function det(F7T'(-)U) : 2 — C. The block numerical
range of T" can then be characterized through

ANeEO(T; Xq,...,X,) < I(FU)e SE(X1,...,Xyn): Nis a zero of det(FT(-)U).

Finally we can define for an analytic operator function as in (1.6)
bnrg(;; Xq,...,X5) : (p1,02) > Ryt p— ‘Sl|1p bnr(A(N); X1, ..., Xn). (1.7)
Al=p

The functions in (1.2) - (1.4) are still well defined in the Banach space case of this
section, we just need to use the Banach space definitions of the spectrum and the spatial
numerical range.

Lemma 1.6. For A(-) as in (1.6) there holds
sprya(p) < bnra(p; Xi,...,Xp,) <nury(p) < normy(p)

for all p € (p1, p2).

Proof. The first inequality follows from Theorem A.13, the second inequality follows from
Theorem A.16 and the third inequality is clear because nur(B) < ||B|| for a bounded
operator B. L]

Of particular interest will be inequalities (or equalities) of the form

bnra(p; X1,...,X,) < (=)p™ (1.8)

where the m € N comes from the semi-monic operator function.

We will now extend results for semi-monic operator functions to the block numerical
range that were previously shown for the spectrum in [Harll] and the numerical range
in [FK15]. There is one more preliminary result that we need that appeared in [Harl1].

Lemma 1.7. For an analytic operator function A(-) : Ay, p, — L(X) the function

spra(e) : (p1,p2) = R:0— lS}lp spr(A(M)),
A=0o

is geometrically convex, that is for all 01,09 € (p1,p2) and 0 € [0,1] the functional

iequality
spra(ofoy %) < (spra(on))’ (spra(oz))’!

holds.

15



Proof. See [Harll, p.14]. O
This result naturally extends to the case of the block numerical range.

Lemma 1.8. For an analytic operator function A : A, ,, — L(X) the function

bura(-; X1,...,X5) : (p1,p2) = R0+ sup bor(A(N), X1,...,X,)
[A|l=0

is geometrically convez, i.e. for 01,09 € (p1,p2) and 6 € [0, 1] there holds
bnrA(a(fU%_e;Xl, coy Xp) < (bnry(op; Xi,.. ., Xn))e(bnrA(az; Xi,... ,Xn))lfg.

Proof. First note that ©(B; X1,...,X,) = U(F,U)esf’ft Y(FBU) for an operator B €
L(X) implies
bur(B; X1,...,X,) = sup spr(FBU).
(FU)ES

Therefore it follows that for 01,02 € (p1, p2) and 0 € [0, 1]

an‘A(O'?O'%_G;Xl,...,Xn) = sup {nur(A(\);X1,...,Xn)}
|/\|:a?a%_9
= sup sup  spr(FA\)U)
|,\|:g§g;*9 (FU)eSE,

= sup { sup Spr(FA()\)U)}

(FU)eS \IN=0f0y~"
_ 0 _1-6
= sup SerA(A)U(UIU2 )
(F.U)EST,
0 1-6
< sup  (sprpacyu(01))”(spreacyu(oz))
(FU)eSH,
0 1-6
< sup  sprpacyr(o1) sup  Sprpacyr(o2)
(F,U)GSZZ (F7U)ES;€t

= (bnrg(oy; X1, . .. ,Xn))e(bnrA(ag; Xq,... ,Xn))l_a

that is, bnr4(+) is geometrically convex. Here the second to last inequality follows from
Lemma 1.7. O

The following proposition characterizes the behaviour of bnr4(:) on intervals.

Proposition 1.9. Let A(-) : A,, ,, — L(X) be an analytic operator function and o1, 09 €
(p1,p2) with o1 < o2 and bura(oj) = of* for j = 1,2 and some m € N. Then ezactly
one of the following assertions is true.

(i) bura(o; X1,...,X,) =™ for all o € (01,09).

(11) bura(o; X1,...,X,) < o™ for all o € (01,02).

16



Proof. Note that the geometric convexity of bnr 4(+) implies that ¢ — log bnr 4(e?),t € R
is convex. Since t + log(e!)™
about convex functions. O

= mt is linear the result follows from well known facts

Remark 1.10. Proposition 1.9 also implies that the equality
bHI'A(B;Xl, cee Xn) = Bm

can be satisfied for none, one , two or for all 5 € (01,02). All of these cases can occur.
For a thorough analysis of the function spr,(-) see [FNO5a, Theorem 4.10].

The next two results provide conditions under which the block numerical range of semi-
monic operator functions is disjoint to some annulus around the origin. See Figure 1 for
an illustration.

Proposition 1.11. Let A(:) : A, ,, = L(X) be an analytic operator function and Q(-)
its corresponding semi-monic operator function for some m € N. Let 01,09 € (p1,p2),
01 < 09, such that bury(o; Xq,..., X)) < o™ for all o € (01,02). Then

@(Q()7 X1, ,Xn) N AO’LO’Q = 0.
Proof. Assume there exists Ao € ©(Q(-); X1,...,Xn) N Ag, 5, This means that
0 O(QM) X1, .., X,

= OE@()\BH—A()\());Xl,...,Xn)
= A?E@(A()\O),Xl,,Xn)

Additionally we have |\g| € (01,02). It follows that

[Ao|™ < bnr(A(Xo); X1, ..., X5)

< sup bnr(A\); X1,...,Xp)
IAI=[ ol

= bnra(|Ao|; X1,..., Xn)
< [Ao|™

which is a contradiction. O

Theorem 1.12. Let A(-) : A, p, — L(X) be an analytic operator function and Q(-)
its corresponding semi-monic operator function. Let 01,09 € (p1,p2), 01 < 02, with
bnry(oj; Xq,...,X,) = of* for j = 1,2. If there exists a o € (01,02) such that
bnry(o; Xq,...,X,) < o™ then

@(Q(), Xi,... ,Xd) N AO’1,O’2 = (.

Proof. Proposition 1.9 implies that bnr4(o; X1,...,X,) < o™ for all o € (01,02). The
assertion then follows from Proposition 1.11. O
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Figure 1: The open annulus characterized be the inequality bnr(A(o); X1,..., X,) < o™
contains no block numerical range.

1.2. Semi-monic operator functions with nonnegative coefficients

We will now provide conditions under which the representation of the function bnr4(-)
can be simplified. We first consider the case where the coefficients of the operator function
A(-) are positive operators on a Banach lattice.

Let X; be Banach lattices for £ = 1...,n. Then the product space X = X7 x ... x X,
is also a Banach lattice where the order is defined component wise. Moreover by [Sch74,
Proposition I1.5.5] the dual spaces X]’- are again Banach lattices. Thus we can state the
following lemma.

Lemma 1.13. Let X; be Banach lattices for k =1,...,n and (f,u) € Squ(X1,...,Xn).
Then also (|f],|u]) = [(|f1]s |w1l)s- - -, (Ifuls lun])] € Sat(X1, ..., Xyn) and the correspond-
ing operator pair (|F|,|U|) is a pair of positive operators w.r.t. the standard order on
R™.

Moreover for a positive operator A € L(X) the operator |F| A|U| is again positive and

[FAU[ < [[[F]A[U]]]

Lemma 1.14. Let A(-) : A,, ,, = L(X) be an analytic operator function whose Laurent
coefficients are positive operators in the Banach lattice X = X1 X ... x X,. Then for
(F,U) € SE(X1,...,X,) there exists a v > 0 such that

HETA) UL < A FTAAD U]

for every A € A, p,.
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Proof. This follows directly from the preceding lemma together with [Harll, Lemma
1.13]. O

Proposition 1.15. Let A(-) : A, p, — L(X) be an analytic operator function whose
Laurent coefficients are positive operators in the Banach lattice X = X1 X ... X X,.
Then for all p € (p1,p2) we have the equality

bnra(p, X1,...,X,) = bor(A(p), X1,..., X,).

Proof. Clearly bnr4(p; X1,...,X,,) > bnr(A(p); X1,...,X,). The other direction follows
from Lemma 1.13 and Lemma 1.14 via

bnr4(p; X1,...,X,) = sup bnr(A(\); Xq,...,Xy)
[Al=p
=sup sup spr(FA\)U)
[M=p (F,U)eSE,
=sup sup lim [[(FA\)DU)F|Y*
\=p (F,U)eser, ko0
< sup sup lim [[((FAN) U]V
[Al= p(FU)GSattk *°

< sup sup hmvl/ku<|F\A<|A|>|U|> |1/
IN=p (FU)eSZ, k70

—)l

= sup sup spr(|F|A(p)|U])
M=p (F,U)ESE,
= sup spr(FA(p)U)
(FU)eSS (FU)=(IF,|U1)
< sup spr(FA(p)U)
(FU)eSE,
:bnr(A(p)7X17aXn) O

The equation
bnra(8; X1,...,X,) ="

has a special significance for strictly monic matrix polynomials with entrywise nonnega-
tive coefficients, i.e. polynomials

Q) = N1 — A(\) = X' T — Z N A;, (1.9)

where m € N and the A; € Rz’n. Since we are working with matrices the block numerical
range will be formed with respect to the product space C* = C™ x --- x C™ (for
an exposition on block numerical ranges of matrices see Section A.5). Since Q(-) is
monic its numerical range is compact (see [PT04, p.12]) and thus its numerical radius
nur(Q(-)) = sup{|A| : A € ©(Q(-))} is finite. Then by Theorem A.16 (which trivially
extends to functions) its block numerical radius bnr(Q(-); C™ x ... x C™) is also finite.
We can then state the following result:
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Lemma 1.16. Let Q(-) be as in (1.9) and define Bpn, = bur(Q(-); C™ ..., C"). Then
bur A (Bpnr; C*, ..., C™) = bor(A(Byny); C™, ..., CP) = 57 .

Proof. Since ©(Q(-);C™,...,C") is compact we can find a A e O(Q();Cm,...,Cmw)

with |A| = Bpnr. Then by definition A" € ©(A(A);C™,...,C") and thus

bnr g (Bpnr; C*, ..., C™) = sup bnr(A(M);C™, ..., C")
|>“:anr
> bar(A(N); C™,...,C™) > |\™| = ...
To see the other inequality assume that bnr4(Bp,,; C™,...,C"™) > " . Since Q(-) is
monic it is easy to see that for large 8 > 0 there holds bnrs(3;C™, ..., C") < ™ and
thus there needs to exist a 8 > By, satisfying

bnr(A(B);C™,...,C™) = bnra(3;C™,...,C™") = g™,

Since A(f) is entrywise nonnegative it follows from Proposition A.30.(i) that its block
numerical radius is contained in its block numerical range, 5™ € O(A(B);C™ ... ,C").
But then 5 € ©(Q(-); C™,...,C™) contradicting § > bnr(Q(-); C",... C"). O

1.3. The infinite graph G,,(4;, ..., A)
A useful tool for studying semi-monic matrix polynomials is the infinite graph
Gm(Al, ceey Ao) = (V, E)
for matrices Ay, ..., 4; € R"" and m € N. We define the set of vertices of Gy, (A, ..., Ag)
via
V=A{(rp):ren)pecl}
and the set of its edges via
E = {[(Tvp)v (S7q)] : Am—p-ﬁ-‘}(rv 3) > 0}7

where Ay, 4p—q(r, s) denotes the entry with coordinates (r, s) in the matrix A,,4,—q. For
(r,p) € V we call r the phase and p the level of the vertex. A sequence of edges

[(r0,p0), (r1,01)], (71, p1), (12, 02)], - - -, [(Tw—15 Pw=1); (T, Pw)]

is called a path of length w connecting (rp,po) with (ry, pw) and we might also write

(r()vp()) - (rlapl) — (Tw’pw)'

For the above path the number p,, — pg is called its level displacement. Furthermore we
call a path (rg,po) — -+ = (7w, Pw) & phase cycle if rog = 1.

Then the index of phase imprimitivity of the graph G,,(A;,...,Ag) is defined as the
greatest common divisor (g.c.d.) of the level displacements of all of its phase cycles. In
the case where every phase cycle has level displacement 0 (which can happen, see [FN05a,
Example 4.3]) the index of phase imprimitivity is defined as 0. Moreover, the index of
phase imprimitivity is defined to be nonnegative.
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Example 1.17. Consider the matrices

01000 00 00O 00 00O
0 00 0O 00001 0 00O0O
Ay=10 0 0 0 0|, A3=1]1 0 0 O O, Ap=1/0 0 O 0 O
0 00 0O 00 00O 001 0O
000 1O 00 00O 0 00 0O

and let m = 3. Let us construct a path in the graph Gs(A4, As, Ap): Starting in the
vertex (r,p) = (1,0) we see that only the matrix A4 has a nonzero entry in its first row.
Setting ¢ = 1 we get Ap,—piq(r,2) = A4(1,2) > 0 and therefore [(1,0), (2,1)] is an edge
in G3(Aa, A3, Ap) (it is the only edge starting in (1,0)). Continuing like that we get a
path

(1,0) = (2,1) = (5,1) = (4,2) = (3,-1) = (1,-1).

This path can be illustrated in a two-dimensional diagram as follows:

©(4,2)
°(2.1) ©(5,1)
level /
0(170) [ J [ [} [ J
0(1771) 0(3771)
1
phase g

The path we constructed is in fact a phase cycle with level displacement —1. It is
also essentially the only phase cycle in G3(A4, A3, Ag), as it can be easily seen that
changing the starting level only ’shifts’ the path up or down. As such the index of phase
imprimitivity of Gs(Aq4, A3, Ag) is 1.

A concept similar to the infinite graph above was considered in [GHT96, p.132]. Note that
the graph associated with a single matrix Ay € R’ can be expressed by G1(Ag). Then
the index of phase imprimitivity of G1(Ap) coincides with the usual index of imprimitivity
of Ap used in the Perron-Frobenius theory. Thus the graph G,,(4;, ..., Ap) can be seen
as an extension of the usual graph associated with an entrywise nonnegative matrix.

In [Harll| the infinite graph was used to derive results for the spectrum of semi-monic
Perron-Frobenius polynomials similar to our main result for the block numerical range
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in the following section. We collect some properties of these infinite graphs which will
be needed in the proof of our main result. The proofs are straight forward and can be
found in [Harll, pp. 66-67].

Lemma 1.18. For the graph Gy, (A, ..., Ag) we have that [(r,p), (s,q)] € E implies that
[(r,p+u),(s,q+u)] € E forallueZ.

Moreover for any u € Z the paths (ro,po) — (r1,p1) = -+ = (ru, pw) and (ro,po+u) —
(ri,p1 +u) = -+ = (ry, pw + u) have the same level displacement.

Lemma 1.19. Let Ag,...,A; € RY™ and m € N. Then for r,s € (n) the following
assertions are equivalent:

(i) There exists a path from r to s in the directed graph associated with the matriz
Ao—l—---—i-AlER:l_’n.

(11) For all p € Z there exists a q € Z such that there is a path from (r,p) to (s,q) in
Gm (A, ..., Ao).

(i1i) For all q € Z there exists a p € Z such that there is a path from (r,p) to (s,q) in
Gm (A, ..., Ao).

For the next Lemma recall that a matrix B € R}™ is irreducible if and only if its
associated directed graph is strongly connected, i.e. there exists a path between any two
vertices.

Lemma 1.20. Let Ag,...,A; € R}"™ and m € N. Then the following assertions are
equivalent:

(i) Ao+ -+ Ay € R is irreducible.

(i1) For allr,s € (n) and p € Z there exists a q € Z such that there is a path from (r,p)
to (s,q) in Gp(A, ..., Ag).

(i11) For allr,s € (n) and q € Z there exists a p € Z such that there is a path from (r,p)
to (s,q) in Gp(A4y, ..., Ao).

We will need one more lemma which is usually attributed to I. Schur. A proof can be
found in [BR91, Lemma 3.4.2].

Lemma 1.21. Let M be a nonempty set of integers which is closed under addition and
let d € N be the greatest common divisor of M. Then we have kd € M for all but finitely
many k € N.

1.4. A Perron-Frobenius type result for the block numerical range

In this section we will prove a Perron-Frobenius type result for the block numerical range
of semi-monic matrix polynomials. Perron-Frobenius type results for a single matrix are
known for the spectrum (see e.g. [HJ85] and [Min88, Chapter 1.4]) and the numerical
range (see. e.g. [Iss66, MPTO02, PT04]). More recently they were proven for the block
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numerical range of a matrix (see [FHO8|) and of an operator in a Hilbert lattice (see
[Rad14]).

These results were extended to monic matrix polynomials in (see e.g. [PT04]) for the
spectrum and in [MPTO02| for the numerical range. They were further extended to the
semi-monic case in [Harll] and [FK15] respectiviely. Recently an analogue was proved
in [FN15| for the spectrum of semi-monic operator polynomials with coefficients in a
Banach lattice.

Results for the block numerical range of monic polynomials can be found in [FHO8| for
matrix coefficients, and in [Rad14, RTW14] for operator coefficients in a Hilbert lattice.

The setting for this section is that of semi-monic matrix polynomials

l
Q) = A"T— AX) = A"T =Y N A, (1.10)
§=0

where we assume the coefficients to be entrywise nonnegative, i.e. A; € RY™. We will

call A(-) irreducible if Zé:o A; is irreducible or if, equivalently, the real positive matrix
A(pB) is irreducible for one (and then for all) 8 > 0.

The block numerical range will be formed with respect to the product space C" =
C™ x .- x C"™. For an exposition on block numerical ranges of matrices we point the
reader to Section A.5. In particular recall the index sets Zj, and the integer function ¢(-)
from Definition A.28.

The main result, which is illustrated in Figure 2, is as follows.

Theorem 1.22. Let C" = C™ x --- x C" and A(\) = Zé':o N A;j an irreducible matriz
polynomial with entrywise nonnegative coefficients and Q(N\) = X1 — A(\) its corre-

sponding semi-monic polynomial. Let further d be the index of phase imprimitivity of the
graph G, (A, ..., Ag). Then for all B > 0 with

B™ = bur(A(); C™, ...,C"™) (1.11)
the following statements hold:
(i) If d = 0 then T5 C O(Q(B);C™,...,C).
(i) If d > 1 then ©(Q(B);C™,...,C") NTy = {Be2™a : k=1,...,d}.

Proof. We first prove (ii).
7C” Take an element of ©(Q(-);C™,...,C") N Ty, i.e. an fw with w € T;. Then
there exists some X € Sgb (C™, ..., C") (with corresponding z € Sa(C™,...,C"))
and some u € C? such that

(Bw)"u = X*A(Pw) X u. (1.12)

We further have that

spr(X*A(Bw)X) < bur(A(Bw)) < bur(A(8)) = A™.
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Figure 2: The dots represent values of O((Q(-); C™,...,C") on the circles with radii
satisfying 5 = bnr(A(5); C™,...,C").

Noting that | X| € Sgf, (with corresponding |z| € Satt) we then have

B = spr(X*A(Bw) X) < spr(| X" A(fw) X|) < spr(]X["A(B)|X]) < ™.

This implies bnr(A(5)) = spr(|X|*A(8)|X]|) and since A(f) is irreducible and |X| > 0
it follows from Proposition A.30.(iii) that |z| > 0. Then by Proposition A.30.(ii) the
matrix | X[*A(B)|X| is irreducible. We also know that

spr(| X[*A(B)| X )[ul = 8™ |u] = | X" A(Bw) Xu| < [X["A(B)|X] |ul

which implies together with the irreducibility of | X|*A(S)|X| that the vector |u| is an
eigenvector of | X|[*A(8)|X]| to the eigenvalue ™ and is thus strictly positive.
Setting Y := | X| and v := |u] this reads as

M =Y A(B)Yv.
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Taking a coordinate h € (p) we can write

P
BMop =Y (Y*A(B)Y )itk
k=1
L p

DY BYTAY kv

=1
l

B Aj(r, 8)ysv

yr ys k-

1rely s€Zy,

J=1

.
e
Il
—

NE

>
Il

Now dividing by the left-hand side we arrive at

I p
=02 D A S)yssz (1.13)

j=1 k=1reT), s€I; h

where the summands on the right-hand side are all nonnegative. Now doing the same
for (1.12) we get

L= Y35 S e
L )
= ZZ [B] rAj(r,s)ys vk] [m’“ Zo Tk Th j‘m] : (1.14)

Yr Ys Vg Up

Moreover

Ty || Ts
Yr || Ys
Due to (1.13) we now see that (1.14) is a convex combination of numbers with absolute
value 1 whose sum is equal to 1. This is only possible if for all r, s where A;(r,s) > 0 we
have that

Uk | | Un

|| = 1. (1.15)
un

Ty Tg Uk Vp 5
T Ly Uk U g m\ -
Yr Ys U Up

1= Tr®sUkVh jom
Yr Ys Vg Up

Note that in the above equation h = ¢(r) and k = «(s). We can therefore write it as

Ys Vus) _ TrUuls) j-m

(1.16)
Ls Uy(r) Yru o(r)

Now take any phase cycle (ro,po) = ... = (rw,Pw) in Gm(Ai, ..., Ag) of some length
w € N (which is possible by Lemma 1.20) and denote its level displacement by d. Then
ro = Ty and Apm—p, 4p, (re—1,7¢) > 0 for t € (w). Setting j; = m — ps—1 + p¢ we can then
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write d = Y21, j; —m and with (1.16) it follows that

w —
wcz_ L(TO H jt—m Uu(ry) Try_y Yri_y
Up(ry) 3 Uy (ry— 1) Yre_s =1 Try_y

Uy (rg) - U (ry) % yn,1

Un(r) oy Vulreo1) Tre oy Treoy

w —
Uy(rg) Vi(rw) Yry Yri—a
UL(Tw) UL(TO) t=1 Ly ‘/Z'Tt—l
—_—
=1 =11

Since rg = r,, we immediately see that I = 1. For part I calculate

w

)

w — w _

I = H%y’“t—l _ H%% —
11 Tre Try_y T Ty Ty

where we again used that 7o = ry,.

Thus w® = 1. In order to see that then also w® = 1 consider the set

M= the set of all level displacements of phase cycles
N in G (A4, ..., Ap) and their sums

which is closed under addition. Obviously for an element d € M there still holds w® = 1.
Moreover the index of phase imprimitivity d is the greatest common divisor of M. Now
by Lemma 1.21 there exists a k € N such that kd and (k + 1)d are both in M, i.e.
whd = ,(E+Dd — 1 Thus the increment d must also fulfil w? = 1. It follows that

ﬁwe{ezmg:kzo,...,d—l}.

2" For this inclusion choose an w € Ty with w? = 1. Since A(-) is irreducible by Propo-

sition A.30 we can find a strictly positive y € Sut(C™,...,C"™) (with corresponding

Y € SE(C™ ... C™)) and v € CP satisfying 3™v = Y*A(B)Y v.

Our goal is to construct an z € S, (C™,...,C™) and u € CP satisfying (fw)™u =
*A(Pw)Xu. Set w =wv and z1 = y;. For s € (2,n) take a path (ro,po) = ... = (Tw, Pw)

in Gy, (4, ..., Ag) such that 7o = 1 and r, = s (which is possible by Lemma 1.20). Fur-

ther by Lemma 1.18 we can assume w.l.o.g. that p,, = 0. Thus the path will have level

displacement —py.

Now define x4 recursively via

= Yr, 3_/” LyPt=17Pt t € (w).
Tt—1

Claim: The above construction is well defined, i.e. it is independent of the specific path.

To see the claim first note that |z,,| = |y, |, t € (w)o and we can thus write
y Tryy [Yra T
— Tt—1, \Pt—1—Pt _ Te1 1971l pe1—pt _ Tt—1 Pt—1—Pt
Ty, = Ypy——W W =Y, w .
Lry_q Yria |m7't—1| Yrey
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Then

xr“’*l wpwflfpw

yTw—l

_ o Yrwo1 Treo wPw—2"Pw—1,Pw-1—Puw

Ls =Ys
y"'w—l yrw—?

— ySwPO*pw — yswpo

Now take another path (7, pg) — ... — (7w, Pw) satisfying 7o = 1 and 73 = s and again
w.l.o.g. py = 0 (so that this path has level displacement —pg). This path gives rise to a
Zs and by the same calculation as above we get

5 po
Ts = yswho.

In the last step consider a third path from (s,0) to (1,d) with level displacement d (any
such path will do). Attaching this path to either of the previous two paths gives phase
cycles with level displacements d— po and d— po respectively. We can now divide x4 by
ZTs to get

Ls — Po—Po — ,—(d—po) ,d— —ho =1,

Ts
where the last equality holds because both exponents are level displacements of phase
cycles and thus divisible by d. The claim is proved.
The vector & was constructed in a way that whenever A;(r,s) > 0 relation (1.16) is
satisfied. We can thus write for h € (p)

l
(X*A(Bw) Xu), = Z(ﬁw) (X*A;j Xu)p
= Z(ﬁw)j(X*AjX)hkuk
k=

(r, s)xsug

Il
TM@
(]
]

Tr Tg Ug Vp, | Up,

(T S)ysvk] wl—m -
Yr Ys Vg Up | Up

I
Mﬁ
N
]

which shows fw € ©(Q(-);C™,...,C"™)NTg.
(i) Note that d = 0 implies that in the proof of the reverse inclusion above we can choose
any w € Ty. It then follows that Tg C O(Q(-); C™,...,C"). O
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Remark 1.23. Theorem 1.22 is a generalisation of both [Harll, Theorem 4.23] for the
spectral case and [FK15, Theorem 5.2| for the numerical range case. In fact if we form
the block numerical range with respect to the trivial product space C™ or the maximal
product space C" = C x --- x C, then those two results are exactly Theorem 1.22.
Lemma 1.16 implies that Theorem 1.22 is also a generalisation of analogous results for
monic matrix polynomials. In particular it is a generalisation of [PT04, Theorem 3.3| for
the spectral case and of [PT04, Corollary 5.6] for the numerical range case.

Remark 1.24. Equation (1.11) can be satisfied for several 5 > 0. However, the number
of elements on the circles of radius 3 are the same for all 5 > 0 satisfying (1.11), since the
number of elements depends only on the index of phase imprimitivity of G,,(4;, ..., Ao).
Equation (1.11) can further be satisfied with respect to different decompositions of the
product space C" (which might happen for different 4 > 0). In particular we can
compare the cyclic distribution of block numerical ranges to the cyclic distribution of
the spectrum and the numerical range. But as above the actual number of elements on
circles Tg remains the same in all cases.

Finally, even changing the coefficient matrices A; will not result in a different number
of cyclic elements as long as the nonzero structure of the A;’s is preserved (though this
will most likely result in changed radii 8 > 0).

Example 1.25. Let

Qm(N) =A™ — A(\) = X" — M A, — Ag

with
00 2 0 0 0 0 0
000 2 0 0 0 0
A=100 000" =0 05 0 0
00 0 0 05 0 0 0

and m € N. Note that the matrix A(1) is irreducible. Let us first consider the infinite
graph Gy, (A4, Ap). Since A(1) contains exactly one nonzero element in every row and
column there is effectively only on phase cycle in Gy, (A4, Ag). Starting in the vertex
(1,0). The cycle then is

(1,0) =» (3,4—m) — (2,4 —2m) — (4,8 —3m) — (1,8 — 4m).

The level displacement of this cycle is 8 — 4m. The index of phase imprimitivity is
therefore d = |8 — 4m)|.

For the block numerical range we choose the decomposition C* = C? x C2. Let us
first compute bnr(A(B); C% C?) for 8 > 0: Take a nonnegative & € Sa(C2,C2) with
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corresponding X € SoF (C?,C?). Then

IR | N A 1
4
SpI‘(X*A(B)X) = spr - * e ] 2/6 T4
) fos ) °
_ 0 264 (z123 + o)
= SPT 10.5(z2x3 + x471) 0 ]

= ,32 \/($1$3 + $21‘4)($3$2 + 1‘41‘1)

= B°Vz122 + 7374
The term under the root is maximal for 1 = 29 = 23 = 24 = +/0.5 and then

bnr(A(B); C%,C?) = B2. Therefore
bur(A(8); C2,C%) = 8™
= B2 =pm
= 1=p

(where we left out the solution 5 = 0 since we require § > 0).
A similar calculation to the above shows that the peripheral block numerical range of
A(p) for any 8 > 0 is

O(A(B);C*,C*) NTy2 = {B° exp(2m§) :k=0,...,3}

(alternatively one could get this result by applying [FHO8, Theorem 4.6]).
We claim that for any w € C with |w| =1 there holds

O(A(fw); C*,C?) = w?O(A(B); C*, C?).

To see this take any vector & € Syt (C2,C2?) and write
i e * 2B4w4 T3
0 4,4
T9 28%w T4
T3 ¥ 0.5 1 0
e 0.5 9

[ 0 2B4w4(i1x3 + f2I4)
_0.5({?3:(}2 + i‘4:(}1) 0 )

S(X*A(Bw)X) = ¥

=X

The claim now follows because

0 254(,04(3_711‘3 + 52564)
0.5(@3%2 + :f4561) 0

s 0 2ﬁ4(f1$3 + i2x4) ‘
0.5(531‘2 + :f4l‘1) 0
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It follows that
k
O(A(Bw); C?,C*) N Tpe = {f*w? exp(2mZ) :k=0,...,3}

Now let 8 = 1 such that bnr(A(B); C2,C2?) = ™. We are interested in the distribution
of

(-)(Qm()v C27 (C2) N ’]rl-
Our above calculations show that an element w € C, |w| = 1 satisfies w € O(Q,(+); C2,C?)N
T, if and only if

k
m e {w?exp(2mi~) : k=0,...,3
w {w* exp( m4) } (1.17)
— w2 € {£1, +i}.
This already implies a cyclic distribution. Let us now look at some specific values for m:
- m = 2: Condition (1.17) is satisfied for any w with absolute value 1. Therefore

0(Q2(-);C%C*)NTy =Ty.

This is consistent with Theorem 1.22 since the index of phase imprimitivity is d =
|8 —2m| = 0.

- m = 3: Condition (1.17) implies that
0(Q3(-);C%,CH Ny = {+1, +i}.

This is again consistent with Theorem 1.22 since the index of phase imprimitivity is
d=4.

- m = 4: Now condition (1.17) implies that
k
0(Q4();C:HCHNT, = {exp(2m§) :k=0,...,7}

As expected the index of phase imprimitivity is d = 8.

- m = 5: We are now in the monic case. Here we have

O(Qs(-): C2,C2) N'Ty = {exp(Zwi%) k=0,...11}

and d = 12.

By slightly altering the proof of Theorem 1.22 we can obtain a result about the rotation
invariance of the whole block numerical range of semi-monic matrix polynomials. It is
not necessary for equation (1.11) to be satisfied, but in turn we obtain a slightly weaker
statement.
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Theorem 1.26. Let A(\) = Z;':o N A;j be an irreducible matriz polynomial with en-
trywise nonnegative coefficients and Q(A) = A\™ — A(X) its corresponding semi-monic
polynomial for some m € N. Let further d be the index of phase imprimitivity of the
associated graph Gpm(Ay, ..., Ap) and assume d > 1. Then ©(Q(-);C™,...,C™) is in-

variant under rotation with the angle 0 = %“, i.e.

O(Q(-);C™,...,C™) = T O(Q(-);C™,...,C").

Moreover if there exists a f > 0 such that nur(A(B)) = ™ then 0 is the smallest such
angle.

Proof. The proof is conceptually very similar to the second inclusion in part (ii) of the
proof of Theorem 1.22. Let A € ©(Q(:);C™,...,C™) and w € Ty with w? = 1. Then
there exist y € Sat(C™,...,C") (with corresponding Y € S (C™,... C")) and
v € CP satisfying v = Y*A(B)Yv. Our goal is to construct an z € Sut (C™, ..., C")
and u € CP satisfying (Aw)™u = X*A(fw)Xu. Set u =v and x; = y;. For s € (2,n)
take a path (rg,po) — ... = (Tw,Pw) In G (A, ..., Ap) such that ro =1 and r,, = s
(which is possible by Lemma 1.20). Further by Lemma 1.18 we can assume w.l.o.g. that
Pw = 0. Thus the path will have level displacement —pg.

Now define x, recursively via

Tror o o
Yoz, wl TPz, #0
Ty, = t—1
t

t e (w).
yrtwpo—ptfl’ jrt—l =0

Claim: The above construction is well defined, i.e. it is independent of the specific path.

To see the claim first note that |z,,| = |yr,|, t € (w)o and we can thus write
— Yreos Dt—1—Pt _ Lria ‘yTFlP Dt—1—Pt _ Lrio1, pi1—pe
Lry = Yry - w — It I =YW
Lry_y Yrooy |Tr_y] Yria

if z,, , #0. Then

m‘rwfl
—1—
B wpw Pw
yTw71
_, Yrea Treo wPw—2"Pw—1,Pw—1—Puw

- S
yrw—l y""w—Q

Ts =1

= ysw P = yowh®

Note that the above recursive expansion of x5 might stop early if the vector y has a zero
entry, but the result will remain the same. Now take another path (7o,pp) — ... —
(Fw, Pw) satisfying 7o = 1 and 73 = s and again w.l.o.g. py = 0 (so that this path has
level displacement —pg). This path gives rise to a s and by the same calculation as
above we get

Ty = yswP.
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In the last step consider a third path from (s,0) to (1,d) with level displacement d (any
such path will do). Attaching this path to either of the previous two paths gives phase
cycles with level displacements d — pg and d — pg respectively. We can now divide x5 by
Ts to get

? — Po—Po — w—(d—po)wd—ﬁo =1,
S

where the last equality holds because both exponents are level displacements of phase
cycles and thus divisible by d. The claim is proved.
The vector « was constructed in a way that whenever A;(r,s) > 0 the following relation
(which is the analogue to relation (1.16), taking into account that we chose u = v) is
satisfied:

WMy = GryYs- (1.18)

In the following equation we will use 3_’ to denote that we leave out all elements of the
sum that are equal to zero. We can thus write for h € (p)

(X*A(Aw)Xu)p, (Aw)? (X*A; Xu)p,

I
'M“

<
~ |
=)

~

Il
M= IM= I

~

()\w)j (XA X ) prug

.
o

~ 1

Z/ Z,()\w)mirAj (r,s)xsug

reZly s€Ly

[e=]
—_

<
~ |l
~

/ N Ty Tg UL V| Up
Z (N grAj(r, s)ysvg] |w!MEEEE S 2
Yr Ys Vg Unp | Un

M

7=0 k=1 reI; s€Iy
= (Y*AN)Y0)) Ly
Uh
= )\mvh%wm = (Aw)™up,
Uh

which shows Aw € ©(Q(-); C™, ..., C").

The second assertion follows immediately from Theorem 1.22 since a smaller angle would
imply that we would get additional elements of the block numerical range on the circle
Tgs. O
1.5. The special case of monic matrix polynomials

In this section we consider the case where Q(-) is a monic matrix polynomial, that is

Q) = AT = X" Ay — o — Ag = AT — A(N) (1.19)
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where m € N and the A; € R?". For a matrix polynomial of this form we can define the
(negative of the) companion matrix

Am—1 ... A1 A

I
Co = — Comp[—Ap_1,...,—Ag) = , e Rmmmn (1.20)

I

where I, is the identity operator in R™". It is well known that Cg is a linearisation of
Q(-) (for more on degree-reductions and linearisations of operator polynomials such as
the companion matrix see Section 3). Since Cg is again entrywise nonnegative we can
associate it with a directed graph

Go ={V,E}

with vertices V' = {1,...,nm} and edges given by the nonzero entries of Cg.

In the Perron-Frobenius theory for matrix polynomials it is well known (see e.g. [PT04])
that, given Cg is irreducible, the index of imprimitivity (or cyclic index = ged of the
lengths of all cycles in G)) of the graph G¢ is equal to the number of distinct eigenval-
ues of Q(-) with maximal modulus.

Given that A(-) is irreducible (which follows from Cg being irreducible) we can apply
Theorem 1.22 with the one dimensional decomposition C" = C x --- x C to see that the
number of eigenvalues with maximal modulus of @Q(-) also coincides with the index of
phase imprimitivity of the infinite graph G, (Anm—1,. .., 4o)-

Motivated by this we study how G,,(Am—1,...,A40) and the graph associated with
Cq are related. We will see that the equality of the index of phase imprimitivity of
Gm(Am—1,...,Ap) and the index of imprimitivity of G¢ holds even without any irre-
ducibility assumptions.

Lemma 1.27. Let [(ro,p0), (11, p1)] be an edge in Gpy(Am—1,...,Ao). Then there exists
a path so — ... = Spy—p, of length po — p1 in G such that ro = so and 11 = Sp;—p, -

Proof. Since [(r0,po), (r1,p1)] is an edge in Gy (Am—1, ..., Ap) it follows that
A (po—p1)(T0;71) >0
(note that necessarily pg — p1 € (m)). This implies that
Co(ro,m1+ (po—p1 —1)n) >0

and thus [ro,r1 + (po —p1 — 1)n] is an edge in Gg. If pg — p1 = 1 this already completes
the proof.

Otherwise, due to the identities on the lower minor diagonal of the matrix Cg, we see
that

11+ (po —p1 — Dn,r1 + (po — p1 — 2)n]
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is an edge in Gg. Repeating this procedure we construct edges

[r1+ (po — p1 — 2)n,m1 + (po — p1 — 3)n]

[r1 4 2n,71 + n]

[r1 + n,r].

By setting s = ro and sq =11 + (pg — p1 — g)n for g € (2, po — p1) we have constructed
a path
80 — 81— ... = Spg—p1

in Gg of length pg — p1. O

Lemma 1.28. Let so — ... = s4 be a cycle in Gg. Then there exists a g € (q)o such
that sq € (n).

Proof. Assume that for all i € (g) there holds s; ¢ (n), that is s; € (n + 1, mn). Then
Co(si,8) =0 Vs>s;

since the identities on the lower minor diagonal of Cg are the only nonzero elements in
these rows. That implies
S0 <81 < ... < 8y

which contradicts sg — ... — s, being a cycle. O
Theorem 1.29. The following assertions hold:

(i) Let (ro,po) — ... = (rw,pw) be a phase cycle in Gy (Am-1,...,A0) of length w
and level displacement 7, —ro. Then there exists a cycle so — ... = Spy—p,, N GQ
of length py — pw such that ro = 50 = Spy—p,, -

(it) Let so — ... = sq be a cycle in Gg of length q. Then there exists a phase cycle
(ro,po) = -+« = (Twy Pw) N Gu(Am—1, ..., Ag) with level displacement p,, — po =
—q.

Additionally if so € (n) then the phase cycle can be chose such that so = sq =19 =
Tow-

Proof. (i) This follows immediately by consecutively applying Lemma 1.27 w times.

(ii) Due to Lemma 1.28 we can assume w.l.o.g. that so = s, € (n). We can thus define
(ro,po) = (80,0). Now there exist 51 € (n) and k; € (m) such that sy = §; + (k1 — 1)m
and A,,_r(so,81) > 0.

Now similar to the proof of Lemma 1.29 it follows that s;, = §1. Setting p1 = po — k1 it
follows that m — k = m — (po — p1) and thus

Am—(po—m) (ro, sk, ) > 0.
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We can now set (r1,p1) = (Sg;,p0 — k1) and see that [(ro,po), (r1,p1)] is an edge in
Gm(Am—1,...,Ap) with level displacement p; — py = —k;.
Continuing iteratively we find k;’s and set

(ri, pi) = <$z;:1kj’pi—1 - kz) '

Denote by w the number of steps until we arrive at s,. We have now defined a phase
cycle
(r0:p0) = (r1,p1) = -« = (Tw, Pw)

in Gy (Am—1,...,Ap) with level displacement

w w
Pw —Po = sz‘ —Pi-1= Z—/ﬁ =—q.
i=1 i=1
The last assertion follows directly from our construction. O

Corollary 1.30. The index of phase imprimitivity of G (Am—1, ..., Ap) coincides with
the index of imprimitivity of Gg.

Proof. By Theorem 1.29 it follows that the sets
M = {|q| : there exists a phase cycle with level displacement ¢ in Gy, (Apm—1,...,40)}

and
M = {q : there exists a path of length ¢ in Gg}

coincide. Since the index of phase imprimitivity of Gy, (Am—1,...,Ap) and the index of
imprimitivity of G are the greatest common divisors of the sets M7 and M, respectively
the assertion follows. O

1.6. Positive semi-definite and normal coefficients

In this section we will look at eigenvalues of semi-monic operator polynomials

l
Q) =MN"T— A\ =A"T = N A, (1.21)
j=0

Aj € L(H), H a Hilbert space, where the coefficients are either positive semi-definite
or normal. In [Wim08| and [Wimll]| the author showed that eigenvalues of maximal
modulus of monic matrix polynomials are normal and semisimple for these coefficient
classes (in [SW10] the result was extended to monic operator polynomials with positive
semi-definite coefficients on a Hilbert space). We will do the same for semi-monic operator
polynomials on circles with radii § > 0 satisfying

nur4(8) = ™. (1.22)

We first prove a result about scalar semi-monic polynomials.
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Theorem 1.31. Consider the scalar semi-monic polynomial
l .
g(A) = A" —a(\) = \" =Y Naj,
j=0

with a; > 0 and m,l € N and assume that q(po) > 0 for some pg > 0. Let > 0 be a
positive root of q(-). Then all roots of q(-) on the circle Tg are simple.

Proof. Because the a; are nonnegative it follows that the function

l

(0,00) = (0,00) : pr= alp) = S play

=0

is geometrically convex (see e.g [Nic00, Proposition 2.4|). Since g(pg) > 0 for some
positive p we have a(p) < p™. It then follows that ¢(p) has at most two positive roots
and that for such a root 8 > 0 there holds ¢’(8) # 0. To see this note that the real
function

b(-) :R = R: 7+ log(a(e))

is differentiable and convex and the function
I(-):R—=>R:7+—log(e")™ =mr

is linear. The functions b(-) and I(-) are monotone transformations of p — a(p) and
p — p™. Therefore b(log(po)) < (log(po)). The convexity of b(-) now implies that it has
at most two intersections with I(-) and that for such a root log(/3) there holds

V' (log(B)) # I (log()).

These conclusions relate 1 to 1 to the original setting and imply a'(8) # mg™~ 1.
We can now apply [Harll, Proposition 4.27| for the scalar case to conclude that all roots
of g(-) on the circle Ty are simple. O

We will also need some characterisation of eigenvalues which lie in the boundary of the
block numerical range.

Theorem 1.32. Let A € ¥,(Q(-)) N0O(Q(-); H) be an eigenvalue. Then X is a normal
etgenvalue, 1.e.

Ker(Q(N\)) = Ker(Q(N)™). (1.23)

Proof. This follows from [SW10, Theorem 3.5.(ii)]. While [SW10, Theorem 3.5.(ii)| for-
mally assumes that Q(-) is self-adjoint, the proof still works if we assume that A\g is an
eigenvalue. ]

Recall that an eigenvalue A € £,(Q(-)) is semisimple if there exists no Jordan chain of
length two, that is no two vectors v,w € H such that v is an eigenvector of A and

Q'Nv+QN)w = 0. (1.24)
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Remark 1.33. If ) is a normal eigenvector, i.e. Ker(Q(\)) = Ker(Q(N\)*), we can
multiply v* from the left in the above equation and then semisimplicity of A is equivalent
to

v Q' (N\)v # 0 (1.25)

for all eigenvectors v.

1.6.1. Positive semi-definite coefficients

Let us now deal with positive semi-definite coefficients.

Proposition 1.34. Let A(-) be as in (1.21) with positive semi-definite coefficients A;,
j=0,...,01. For 8> 0 there holds

spr4(B) = spr(A(B)) = nur(A(S8)) = nur4(B). (1.26)

Proof. The first equality follows from [Harll, Proposition 1.10]. The second equality
holds because A(f3) is positive semi-definite (see e.g. [GR97, p.15]). For the last equality
let A € Tg and v € H, v*v = 1 and write

l l l
[ AN| = | DNt Aju] <D APt Ae] =D Fut Aju < nur(A(B)).
j=1 Jj=1

=1 =
The assumption now follows by taking the supremum over all A and v. O

The next result is a generalization of [Wim08, Theorem 2.2] to semi-monic operator
polynomials.

Theorem 1.35. Let Q(-) be as in (1.21) with positive semi-definite coefficients A;, j =
0,...,0. Let B > 0 such that spr(A(B8)) = nur(A(B)) = ™. Further assume that there
exists an € > 0 such that either

nur(A(p)) < p™ forallpe (B —¢,B) (1.27)

or
nur(A(p)) < p™ for all p € (8,8 +¢). (1.28)

Then every eigenvalue Ao € Xp,(Q(-)) NT, is normal and semisimple.

Proof. Without loss of generality assume that assumption (1.27) is satisfied. Let Ay €
2p(Q(-)) NTg be an eigenvalue. From assumption (1.27) and Proposition 1.12 it follows
that Ao lies in the boundary of ©(Q(:); H) and thus by Theorem 1.32 it follows that Ag
is a normal eigenvalue.

For the semisimplicity let v be an eigenvector of Ay such that v*v = 1. Define the function

l
g(A) = A" — Z No*Ajv. (1.29)
=0
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Since the A; are positive semi-definite the coefficients of ¢(-) are real positives. By
construction there holds ¢(Ag) = 0. The next line shows that also ¢(8) = 0.

l l l
BT =N =) Mt Ap| <> vt A =Y gt A < BT (1.30)
=0 =0 7=0

where the last inequality holds because nur(A(8)) = ™.
Now let p € (8 — ¢, 3). By assumption (1.27) it follows that

l
ijU*AU < nur(4(p)) < p™
§=0

and thus ¢(p) > 0. The function ¢(-) now fulfils the conditions of Theorem 1.31 and thus
Ao is a simple root of ¢(-). This implies that v*Q’(Ag)v # 0 and by Remark 1.33 this is
equivalent to A\g being semisimple. O

Remark 1.36. Roughly speaking assumptions (1.27) and (1.28) guarantee that the
function nur(A(+)) ’cuts through’ the function p — p™ (as opposed to only touching it).
This is crucial for Theorem 1.35 to hold. For a counter example where eigenvalues fail
to be semisimple see [Harl1, Example 2.15].

1.6.2. Normal coefficients

Let now

!
Q) = A" — A(X) = A" =) "N A; (1.31)
=0
where A; € L(H) are normal. Further define

l
Q) =A™ — AN = A" = > N4 (1.32)
j=0

with |A;| the unique square root of A7A; = A;AZ. Note that the coefficients of A(-) are
positive semi-definite.

Lemma 1.37. Let B € L(H) be normal and v € H. Then
|v* Bu| < v*|Blv. (1.33)
Proof. This is [Harll, Lemma 2.2]. O

Proposition 1.38. There holds for g > 0

spr(B) < nury(B8) < nur(A(B)) = spr(A(B)). (1.34)
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Proof. The first inequality is clear. The last equality follows because A(f3) is positive
semi-definite. For the second inequality let A € T; and v € H, v*v = 1. Then

l l
[ ANl <D Aot Agu <) B[ Ayl < nur(A(B))
j=0 Jj=0

where we used Lemma 1.37. The assertion now follows by taking the supremum over all
A and v. ]

Theorem 1.39. Let Q(-) and Q(-) as in (1.31) and (1.32). Let 8 > 0 with ™ =

spr4(B) = spr(A(B)) and assume there exists € > 0 such that either

nur(A(p)) < p™ forall pe (B —¢,p) (1.35)

or

nur(A(p)) < p™ for all p € (8,8 +¢). (1.36)
Then

(1) spra(B) = nura(B8) = p™,
(i) if Ao € Ep(Q) NTg then g is a normal eigenvalue.

Proof. (i) follows directly from Proposition 1.38. For (ii) assume without loss of generality
that assumption (1.35) is satisfied. Then again by Proposition 1.38

nura(p) < nur(A4(p)) < p™ for all p € (8 —¢,B).

It then follows from (i) and Proposition 1.12 that Ag lies in the boundary of ©(Q(-); H)
and thus by Theorem 1.32 it follows that Ag is a normal eigenvalue. O
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2. Factorization in ordered Banach algebras

Multiplicative factorizations of elements in an algebra with respect to some additive
decomposition of the algebra are well known and appear for example in [GGK93, GKS03,
Mar88]. Additionally factorizations of polynomials have been studied in [Mar88|.

We begin this chapter by stating some definitions and known results before we introduce
an order structure in the next section.

Definition 2.1. (i) We call an algebra A a decomposing algebra if it contains two
subalgebras A, and A_ such that A is the direct sum of these subalgebras, i.e.
A=AL + A_.

We denote the natural projection onto A4 along A_ by P and Q = Id4 — P.

(i) We call A with unit e a semi-strongly decomposing algebra if it contains three
subalgebras A+ and Ag such that A = A, + Ay + A_ (with natural projections
Py, Py and P_) and

a) e € Ap, if ag € Ap N Ajpy then aal e Ay,
b) if ap € Ag and ay € Ay then apgay € AL and arap € Ax.

(iii)) We call A with unit e a strongly decomposing algebra if it is a semi-strongly decom-
posing algebra and

c) if ax € Ax then e —ax € Ajpy and (e —ax) ' —e € Ay
If A is additionally a Banach algebra we call A a ((semi-)strongly) decomposing Banach
algebra if it is a ((semi-)strongly) decomposing algebra and the corresponding natural
projections are continuous.

Part (i) appeared in [CG81, p. 34| and [GGK93, p. 806] and part (iii) in [GGK93,
p. 545]. Note that we have the implications (iii) = (ii) = (i), where in the second
implication one needs to add Ay to one of the other two subalgebras. The reverse is in
general not true as the following example illustrates.

Example 2.2. (i) Consider the Banach algebra C™ with component-wise multiplication
as the algebra operation and unit e = (1---1)7. We can define the two closed subalgebras

Chaa :==1{(Xj); € C" : \; =0 for j even},
C? = {()\j)j eC": )\j =0 for j Odd}.

even *

It is easy to see that C" = CV,, + CZ,,, is indeed a decomposing Banach algebra.
Note that the unit element is split up between the two subalgebras, therefore there is no
straightforward way to further decompose C” into a semi-strongly decomposing Banach

algebra.

(ii) Let A be a Banach algebra with unit e. Then the Wiener algebra on the unit circle
T with coefficients in A is defined as
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o0
W(A) = {a() :a(A) = Y Map, A €T, (ar) € G4(A)}
k=—00
where (1 (A) = (ap)rez C A : Yoo |lax]| < 0o} and the algebra operations are the
usual addition and pointwise multiplication of continuous functions. In other words
W(A) is the algebra of all continuous functions on T mapping into A whose series of
Fourier coefficients is absolutely convergent. If we endow W (.A) with the norm

laO)llw = > llaxll

k=—o00

then W (A) becomes a Banach algebra (since A is a Banach algebra) with unit ey (-) = e
(see e.g. |[Kat04, 1.6.1 and VIIL.2.9]).
The Wiener algebra is the direct sum of the subsets

W_(A) ={a(-) e W(A) : a, =0 for k > 0},
Wi(A) ={a(-) e W(A) : ar =0 for k <0},
Wo(A) ={a(-) e W(A) : a(:) = ap,a0 € A}.

Since the Fourier coeflicients of the product of two functions are obtained via convo-
lution, it follows that the three subsets W, (A), @ = —,0,+ are subalgebras of W (.A).
They are also closed which follows from the ¢3-norm. Definition 2.1.(ii).a) and Defini-
tion 2.1.(ii).b) are also clearly satisfied so that with the above decomposition the Wiener
algebra becomes a semi-strongly decomposing Banach algebra.

However the Wiener algebra is not a strongly decomposing Banach algebra. The function
a(\) = e belongs to W (A) but clearly ey (-) — a(+) is not invertible in W (.A) since it
has a root at A = 1.

(iii) Consider the Banach algebra C™" of complex n x n- matrices with the usual matrix
multiplication and unit element the identity matrix I. Then C™™ can be written as the
direct sum of strictly lower triangular, diagonal and strictly upper triangular matrices.
It is easy to check that C™" becomes a semi-strongly decomposing Banach algebra in
this way. Indeed it even becomes a strongly decomposing Banach algebra since a strictly
lower (respectively upper) triangular matrix A is nilpotent and thus (I —A)~! —T is again
a strictly lower (respectively upper) triangular matrix by Neumann’s series. Therefore
Definition 2.1.(iii).c) is also satisfied.

The next proposition collects some known factorization results.

Proposition 2.3. (i) Let A= A_ + A, be a decomposing Banach algebra with unit
e and natural projections P and Q. If a € A and ||a| < min{||P||7L, ||Q| 7'}, then
e — a admits a factorization

e—a=(e—a_)(e—ay) (2.1)
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with ax € A+ and e — ax invertible with (e —a+)™! — e € Ax. Moreover such a
factorization is unique.

(ii) Let A= A_ + Ay + Ay be a strongly decomposing algebra with natural projections
P_, Py and Py. An element a € A admits a factorization

e—a=(e—a_)ag(e —ay) (2.2)

with ax € Ay and a9 € Ao if and only if there exist elements x4 € Ao + A+
satisfying

T4 — Q+(azy) = Q+(a),
v~ Q_(2-0) = Q_(a),
where Q+ = Py + Py. Moreover such a factorization is unique.

Proof. (i) is the result given in [GGK93, Theorem XXIX.9.1]. A similar version is given
in [Mar88, Theorem 23.3].
(ii) is [GGK93, Theorem XXIL.8.2]. 0

In [Mar88] A. S. Markus considers factorization results for operator functions and polyno-
mials. In particular he implicitly states a factorization result for semi-monic polynomials
which we restate here.

Proposition 2.4. Let 1 <m <1 and
l .
g(A) = A"e—a(A) = A"e — Z N a;
7=0
with the a; elements in a Banach algebra A and e the unit element. If
l .
norma(p) = 3 play < o (2.3)

J=0

for some p > 0, then A= q(\) admits a canonical factorization with respect to the circle
with radius |\| = p, that is

AT"a(N) = ar (M) (e +a—(N)), Ae T, (2.4)

with continuous functions ax(-) such that ai(-) has a holomorphic extension to the disk
D<, and a_(-) has a holomorphic extension to the outer disc D>, which vanishes at
nfinity.

Proof. This is a slight reformulation of [Mar88, Corollary 23.5| where we emphasized
the semi-monic structure of ¢(-). We further changed the setting from Banach spaces to
Banach algebras since the proofs given also apply in this more general case. O
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Markus then continues by specifying spectral properties of the divisors in (2.4). An order
version of these results is given in Section 2.4.

Markus additionally considered other sufficient conditions for an operator polynomial
A(-), with coefficients in L(H ), H a Hilbert space, to admit a canonical factorization. It

reads

oLy [ (AT 2)] > 0 (2.5)

for some p > 0 and where z € H. Then (2.5) and other conditions imply a factorization
result; for an example see [Mar88, Theorem 26.12].

We want to show that conditions of the form (2.5) are satisfied for semi-monic functions
if the function nur,(-) from (1.3) satisfies an inequality nur,(p) < p™ for p > 0. We show
this in three different settings.

(i) Let A be a Banach algebra with unity e and ¢(A\) = A™e — a()) as in (1.1) with
coefficients in A. Recall that for b € A the numerical range is defined as

Ob; A) = {f(b): f € A fle) = | fll = 1}.
Then nure(p) = sup|yj—, nur(a(A)) < p™ implies

inf{|f(q(\)| - [N = p, f € A, f(e) = | fIl = 1}

— inf{| f(\"e —a(\)| : |\ = p, f € A, f(e) = |If]] = 1}
— inf{|\" — f(aN)| 1 [\ = p, f € A, fe) = IIf]] = 1}
> inf{p" — [ f(a(M)| |A|—p,feA’ Fle) = Ifll = 1}

= A" — sup nur(a(\)) >
[A=p

(ii) Let X be a Banach space and Q(A) = NI — A()\) as in (1.6) with coefficients in
L(X). The spatial numerical range for B € L(X) is

O(B; X) = {f(Bz) : (f,2) € Sas(X)}
={f(Bx):ze X,fe X', f(x) = |fl| = l|l=ll = 1}.
Then similarly to above the inequality nur4(p) < p™ for a p > 0 implies
inf{|f(QN)z)[ : [\l = p, (f, ) € Sae(X)}
= nf{|f(A"z — AN)2)| - [A] = p, (f, 2) € Sar(X)} > 0.
(iii) Lastly we show the Hilbert space case. Let H be a Hilbert space and Q(\) =
AT — A(N) be as above with coefficients in L(H). We have for B € L(H)
O(B;H) ={(Bz,z):z € H, ||z| = 1}.
Then nura(p) < p™ implies
inf{[(Q(N)z, z)| : [A| = p,z € H, ||z]| =1}
— nE{A™ — ANz, 2)] : N = o € H, |zl = 1} > 0.
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2.1. Decomposing ordered Banach algebras

We will now introduce an order structure to the additive decompositions in the previous
decomposition which will allow us to later state factorization results that take the order
of the underlying algebra into account. This concept was previously examined in [FNO5b]
for decomposing Banach algebras, however we will be able to derive stronger factorization
results.

Recall that an algebra A is called an ordered algebra if it contains a cone, that is, a subset
C C A satisfying

1.C+CcCC,
2.0 CC,A>0.
If C additionally satisfies
3.C-ccc,
then it is called an algebra cone. If A contains a unit e then we also require
4. eeC.

For a,b € A an algebra cone induces a partial ordering via
a<b ifandonlyif b—a€C.

Moreover if A is a Banach algebra then the (algebra) cone C is called normal if there
exists v > 0 such that for every a,b € A satisfying 0 < a < b there holds ||a||4 < 7||b]| 4.
The following proposition, which collects some known results, will prove useful through-
out this chapter.

Proposition 2.5. Let A be an ordered Banach algebra with closed normal algebra cone
C. Then

(i) The spectral radius spr(-) is a monotone function on C, i.e. if 0 < a < b then
spr(a) < spr(b).

(11) For all a € C its spectral radius spr(a) belongs to its spectrum 3(a).

(iii) Let a € C and A € C. Then A ¢ X(a) and (Ae —a)~! € C if and only if X > 0 and
spr(a) < A.

Proof. For the first two assertions see [RR89, Theorem 4.1.1 and Proposition 5.1|. The
if” part of the last assertion is an immediate consequence of [KLS89, Theorem 25.1|, and
the ’only if’ part follows by using Neumann’s series. O

We can now introduce the order sensitive version of Definition 2.1

Definition 2.6. Let A be an ordered algebra with cone C.
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(i) We call A a decomposing ordered algebra if it is a decomposing algebra and C is
invariant under the natural projections P and Q) = Id4 — P.

(i1) We call A a semi-strongly decomposing ordered algebra if it is a semi-strongly de-
composing algebra and

a) C is invariant under the natural projections Py, Py and P_.

(iii)) We call A a strongly decomposing ordered algebra if it is a strongly decomposing
algebra and

a) C is invariant under the natural projections Py, Py and P_.

b) ifay € AL NC then (e —ay) ! —ec AL NC.

If A is additionally a Banach algebra we call A a ((semi-)strongly) decomposing ordered
Banach algebra if it is a ((semi-)strongly) decomposing ordered algebra and the corre-
sponding natural projections are continuous.

The Banach algebras from Example 2.2 can all be endowed with an order structure such
that they become ((semi-)strongly) decomposing ordered Banach algebras.

Example 2.7. (i) The Banach algebra C" from Example 2.2.(i) can be endowed with
the closed normal algebra cone R”. It is easy to see that C" = C},, + C{,.,, becomes a
decomposing ordered Banach algebra in this way.

(ii) For the Wiener algebra W (A) from Example 2.2 assume that the coefficient algebra
A contains an algebra cone C. Then the order on A induces an order on W (.A) via the

algebra cone
Cw = {a(-) : ar, € C for all k € Z}.

The cone Cy will be normal and closed if and only if C is normal and closed. Since
Cy is invariant under the natural projections onto the subalgebras, W (.A) becomes a
semi-strongly decomposing ordered Banach algebra.

However, as before, W (.A) is not a strongly decomposing ordered Banach algebra.

(iii) For the Banach algebra C™" from Example 2.2.(iii) consider the closed normal
algebra cone ]Rf”;n. Then it is easy to see that C™"™ becomes a semi-strongly decomposing
ordered Banach algebra.

Furthermore Definition 2.6.(iii).b) is satisfied which makes C™" a strongly decomposing
ordered Banach algebra. Indeed let L be strictly lower triangular matrix with nonnegative
entries. Then via the Neumann series

(I-L)y ' =1=> 1
j=1

which is again entrywise nonnegative.

The next section introduces a general method to define strongly decomposing ordered
Banach algebras.
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2.1.1. Chains of projections
For a vector space X one can introduce a partial order on the set of projections on X by
setting

P <. P iff Im(P;) C Im(P») and Ker(P,) C Ker(P))

or equivalently

P <. P iff PP,=PP =P.
Then we call a set m = {Py, Py,...,P,} a finite chain on A if

OZPOSCPISC"'SCP’VZ:I‘

We call a set P = {P} of projections of X a chain if 0, € P and the elements in P
are linearly ordered with respect to <.. If X is additionally a Banach space then we re-

quire the projections to be continuous (for a thorough expositions on chains see [GGK93,
Chapter XX]).

The concept of chains can also be introduced in an algebra A with unit e by setting

1 <c P2 iff  pip2=pap1 =1 (2.6)

for two elements p1,pa € A. Then (finite) chains are defined in exactly the same way
as above where the identity operator I is replaced by the unit element e € A. For two
chains Py, Py we say that Py is finer than Pq if Py C P.
If A is an ordered algebra with algebra cone C then following [Alel1] we call an element
p order idempotent if

0<p<e and p’=p

where < refers to the order induced by C. The next lemma shows that for order idem-
potents the order on chains as in (2.6) is equivalent to the algebra order induced by C.
Recall that the infimum of two elements a,b € A, denoted a A b, is defined as the lowest
upper bound of the set {a,b} with respect to the order induced by C if it exists.

Lemma 2.8. Let A be an ordered algebra and p1,ps € A be two order idempotents. Then

p1 < p2 iff P11 <cp2.

Proof. By [Alell, Lemma 2.1.(b)] there holds

p1p2 = p2p1 = p1 N\ pa.

Since p; < po if and only if p; = p1 A po the assertion follows. ]
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Consequently we call a set P a chain of order idempotents if P is a chain whose elements
are order idempotents and are linearly ordered with respect to < (analogously for finite
chains).

In the following we will recall constructions and results from |[GGK93| which are stated
for projections and operators on Banach spaces but can also be applied to our more
general setting.

Let A be a Banach algebra, P a chain and a € A. Then for a finite subchain 7 = {0 =
P0sD1s---,Pn = €} C P one can define

n

D(a,7) =Y _(Apj)a(Ap))

j=1

where Ap; = p; —pj—1, 7 =1,...,n. We can then define a diagonal of a with respect to
P as

D(a,P) := lim D(a, w), (2.7)

wCP

assuming the limit exists in the norm of A. Here the limit is to be understood as for
each € > 0 there exists a finite subchain 7. C P such that

|D(a,P) — D(a,n)|| <€

for all finite subchains © C P that are finer than 7.. The set A(IP) is then defined as the
set of all a € A that have a diagonal.

We need to introduce one more definition: A chain P is called wuniform if there exists
v > 0 such that for every a € A(P) and finite subchain = C P there holds

[1D(a, T < ~lal|-

Note that in an ordered Banach algebra with normal algebra cone every chain of order
idempotents is uniform.

Lemma 2.9. IfP is a uniform chain then the set A(P) is closed and it exists a constant
v > 0 such that for all a € A(P) there holds

1D (a, P)[| < ~ylla]l-
Proof. This is [GGK93, Proposition XX.3.1]. O

We can now introduce the three sets.
A_(P) = {a € A(P) : pa = pap for all p € P, D(a,P) = 0},

AL (P) = {a € A(P) : ap = pap for all p € P, D(a,P) = 0}, (2.8)
Ao(P) = {a € A(P) : ap = pa for all p € P}.
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Lemma 2.10. If P is a uniform chain then the sets in (2.8) are closed subalgebras of A.

Proof. We show this exemplary for A_(P). To see that it is a subalgebra let a,b € A_(P)
and p € P. Then

pab = papb = papbp = pabp,
so the first property is satisfied. For any finite subchain ©# C P there holds

n

(Apj)a(Ap;) > (Apr)b(Apr)
k=1

(Apj)a(Ap;)(Apr)b(Ap)
1

(Apj)a(Ap;)*b(Ap;)

M:

D(a,m)D(b,7) =

. .
v

I
WE

.
Il
—

I
NE

(Ap;j)a(Apj)b(Ap;)

<.
Il
—

I
NE

(Apj)ab(Ap;) = D(ab, )

<.
I
-

because (Ap;)(Apy) = 0 for k£ # j. Now let € > 0, then there exists a finite subchain 7.
such that for all 7, C # C P there holds

|D(a,P) — D(a,n)|| < e, |D(b,P) — D(b,7)|| < e.
Then also
: (a,P)D(b,P) — D(a,m)D(b, )|
= || D(a,P)D(b,P) — D(a,m)D(b,P) + D(a,r)D(b,P) — D(a, ) D(b,7)|
< | D(a,P)D(b,P) — D(a, 7)D(b, B)|| + | D(a, 7)D(b, ) — D(a, ) D(b, )]
< |D(a,P) :D(a )| [[D(b, P)|| + || D(a, ) || | D(b,P) — D(b,7)]|

€ 71l llall €

< ey(llall + [[ol])

1D (a, P)D(b,P) — D(ab, 7)|| = || D
D

where v > 0 is the constant from Lemma 2.9. It follows that D(ab,P) exists and
D(ab,P) = D(a,P)D(b,P) =

and thus ab € A_(P).

It remains to see that A_(P) is closed. Multiplication is continuous in Banach algebras
so that we only need concern ourselves with the condition D(a,P) = 0. Let (ax)ren C
A_(P), a € A and a — a. Since A(P) is closed we know that there exists a diagonal
D(a,P) of a. Now let € > 0 and choose a k. € N and a finite subchain 7. C P such that

la —axll <&, [[D(a,P) = D(a,m)|| <&, |[D(ax,7)|| <e
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for all k£ > k. and finite subchains 7. C @ C P. It then follows that

1D(a, P)|| < [|D(a,P) — D(a, )|+ || D(a, w) — D(ag, 7) || + || D(ar, 7)[| < (2+7)e

< =||D(aa.m)|<re <

for all k¥ > k. and finite subchains 7. C @ C P (the 7 comes once again from Lemma
2.9). We conclude that A_(P) is closed. O

Similarly to the diagonal one can define for a € A lower and upper triangular parts
L(a,P) and U(a,P) with respect to P as the limits of

hm Z (Apg)a(Ap;) and hm Z (Apy)a(Apy) (2.9)

0<l<k<n O<l<k<n

respectively if the limits exist.
Note that in general

A-(P) + Ao(P) + AL (P) S A(P) & A

since the limits in (2.7) and (2.9) need not exist.
We can now state the main result about chains.

Proposition 2.11. Let A be a Banach algebra with unit e and P a uniform chain and
assume

A=A_(P)+ Ay(P) + AL (P). (2.10)
Then there holds:

(i) The sum in (2.10) is direct and A is a strongly decomposing Banach algebra. For
every element a € A the limits L(a,P), D(a,P) and U(a,P) exist, a can be written
as

a = L(a,P) + D(a,P) + U(a,P)
and L(a,P) € A_(P), D(a,P) € Ag(P) and U(a,P) € AL(P).

(i1) If additionally A is an ordered Banach algebra with normal closed algebra cone C
and P is a chain of order idempotents then A is a strongly decomposing ordered
Banach algebra.

Proof. Assertion (i) follows from [GGK93, Proposition XX.5.1] and [GGK93, Theorem
XX.7.1]. For (ii) note that Definition 2.6.(ii).a) is satisfied since P is a chain of order
idempotents and Definition 2.6.(iii).b) follows by the Neumann series since by [GGK93,
Proposition XX.5.1] elements in A4 (IP) are quasi-nilpotent. O

Example 2.12. (i) In C" consider the canonical coordinate projections Py =0 and ]5]-7
7 =1,...,n given by

P :C" = C": (24)i=1,.n. = (04jTi)i=1,..,n
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where 6;; is the usual Kronecker delta. Then, for C*" with cone R, the set m :=
{Pi}r=0,.. n with P, = Z?:opj defines a finite chain of order idempotents. We will
call  the canonical chain on C™™. The associated decomposition decomposes C™" into
strictly lower triangular, diagonal and strictly upper triangular matrices.

It is also possible to consider subchains of 7 which will result in a block triangular de-
composition.

(ii) Consider the classical function spaces LP([a,b]), 1 < p < co. Then the projections

Br: LP([a, b)) = LP([a,0]) = f() = Lo ()F (), 7 € ab]

give rise to the uniform chain P := {P, : a < r < b} for the Banach algebra L(L”([a,b])).
If we restrict ourselves to an appropriate set of integral operators on LP([a,b]) then the
set of integral operators with positive kernel function forms an algebra cone. In this

context P then becomes a chain of order idempotents. For precise conditions see Section
2.3.2.

Remark 2.13. We have seen in Example 2.7.(ii) that the Wiener algebra W (A) is only
a semi-strongly decomposing ordered Banach algebra. This implies that there does not
exist a chain in W (A) giving rise to the decomposition W(A) = W_(A)+Wy(A)+ W (A)
as then by Proposition 2.11 it would have to be strongly decomposing.

2.2. Factorization in decomposing ordered Banach algebras

We present now the two main results of this section. The next theorem can be seen
as an extension of [GGK93, Theorem XXIX.9.1| that takes the order structure of the
underlying Banach algebra into account.

Theorem 2.14. Let A= A, 4+ A_ be a decomposing ordered Banach algebra with unit
e and closed normal algebra cone C where e € C. For a (positive) element a € C are
equivalent

(1) spr(a) <1,
(1)) e —a = (e —b_)(e —by) where by € AL NC and spr(bsy) < 1.
The factorization in (i) is unique.
Proof. Denote by P the projection in A onto A, along A_ and Q = Id4 — P.
(i) = (di): For n € Ny
0<(PLg)"e<a"™ and 0<(R,Q)"e<a"

hold; indeed 0 < (PLy)% = e = a”. Assume for some n the inequality 0 < (PLy)"e < a”
holds then 0 < (PL,)""e < PL,(a") = P(a™!) = (Idg — Q)(a™!) < a™! since P, Q
and L, all map the cone C into itself. The right inequalities follow similarly.

Since C is normal, there exists a v > 0 such that
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I(PLa)"e|| <~lla”]]  and  [[(QRa4)"el| < ~lla"(l,  n € No.
Now spr(a) < 1 implies that there exists a § > 0 and p € [0, 1] such that

[(PLa)"l| < Bp" and  [[(RaQ)"e|| < Bp", n € No.

Therefore - ~
vy =Y (PLy)""'e =Y (PL,)"(Pa)

n=0 n=0

and o 0o
r- =) (QR.)""e =) (QR.)"(Qa)

n=0 n=0

exist, belong to C and satisfy
x4 — (PLy)xy = Pa and z_ — (QR,)z— = Qa.
Define
by :=P((e+xy)a) = PRy(e+x4) and b_:=Qale+z_))=QLy(e+ z4).
Then by € AL NC. Now using P + @Q = Id4 we see that the equations
(e—a)(e+zy)=e—b_ and (e+z_)(e—a)=e—by
hold, and the following equation holds:
(e=bi)e+oy) = (e+3_)(e—b).

Then
by +ry —brxy=2_—b_—2x_b_c A_NAL = {0}
and finally
(e=bi)e+as)=e=(et+a)(e—b).

By [GGK93, Lemma XXIX.9.2| (see the proof of part (d) of [GGK93, Theorem XXIX.9.1])
it follows that e + x; and e — b_ are invertible and (e +z,)~! = e — b, therefore

(e—a)=(e~b_)(e+as)"" = (e —b)(e—bs).

Further (e—b4)~! = e+x+ € C which by Proposition 2.5.(iii) is equivalent to spr(b+) < 1
since b4 € C and the cone is normal.

(ii) = (i) We obtain that e — a € A, and (e —a)™! = (e — by )"L(e — by ) ™! € C which
is equivalent to spr(a) < 1 again by Proposition 2.5.(iii) since a € C.

To see the uniqueness of the decomposition in (i) we can apply the same proof as part
(a) of the proof of [GGK93, Theorem XXIX.9.1]. O

Remark 2.15. - In Theorem 2.14 the conditions (i) and (ii) are equivalent to:
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(iii) The equations
2y —(PLg)xy = Pa and z_ — (QR,)z— = Qa

have solutions in C.

Further, for all solutions of these equations which belong to C

Ty > Z(PLQ)”He and x_ > Z(QRa)”+le
n=0 =i

holds (see [FNO5D]).

- The elements by defined in the proof of Theorem 2.14 depend monotone increasing on
the positive element a.

The next factorization result appeared implicitly in [FNO5b, Theorem 4.1]. Our theorem
can be seen as a stronger version.

Theorem 2.16. Let A = A, + Ay + A_ be a semi-strongly decomposing ordered
Banach algebra with unit e and closed normal algebra cone C where e € C. For a (positive)
element a € C are equivalent

(1) spr(a) <1,

(1)) e —a = (e —a_)ap(e — ay) where ax € AL NC, spr(at) <1, ag € Ag is invertible
and ag' € C.

The factorization in (i) is unique.

Proof. We define A, := A4+ Ap and A_:=A_, then A= A, + A_ and this sum is
direct. Now we define P = P, + Py and Q= P_, where Py, Py and P_ are the pro-
jections corresponding to the semi-strong decomposition of A. The cone C is invariant
under these 5 projections.

(i) = (ii) We can apply Theorem 2.14 and obtain by € Ay N C such that spr(bs) < 1
and e —a = (e —b_)(e—by). Then by € Ay = Ay + Ag implies by = b, + by, where

by =Py(by)e A, NC and by = Py(by) € AgNC.

Now 0 < by < by and therefore spr(b, ) < spr(b;) < 1 and similarly spr(bg) < spr(b;) <
1. Therefore e — by and e — by are invertible and their inverses belong to C.
Define

ay = (e — bo)_1b+, ap:=e—by, a_:=b_.

Then
e—a=(e—a_)ap(e —ay)

and
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-a_ € A_NCandspr(a_) =spr(b_) <1,

- ap ! = (e—bg)~! € AgNC and therefore aal € C and by Definition 2.1 ag = (a(}l)*1 €
AOv

- a4 € A, NC by Definition 2.1 and (e—a4)~! = e+(e—by) 'by € C which is equivalent
to spr(ay) < 1.

(7i) = (i) follows as in the corresponding implication in the proof of Theorem 2.14.

For the uniqueness of the factorization in (ii) assume there exist two factorizations
(e—a)=(e—a_)ag(e —as) = (e —b_)by(e — by).

Since spr(a+),spr(bsy) < 1 it follows with Neumann’s series that (e — a4), (e — by ) are
invertible and
(e—a—s)t—e(e—bi)t—ec A..

Then also ag, by € A;ny and we can write
(e—a_)te—b_)=aple —ay)(e—by) byt (2.11)

where all factors on the left-hand side belong to A_ 4.4 and all factors on the right-hand
side belong to Ay + Ap. It follows that the left-hand side belongs to Ag. Moreover

(e—a_)He—-b)—e=(e—a_)t—e—(e—a_)"'b

eA_ cA_

so that (e —a_)"Y(e—b_) —e € A_NAy = {0}. This implies a_ = b_ and analogously
one shows a4 = by. Then also ag = by. O

Remark 2.17. In the case when A is a strongly decomposing ordered Banach algebra
one can replace assertion (ii) in Theorem 2.16 by the relaxed assertion

(i)’ e —a = (e —a_)ag(e — a;) where ayx € AL NC, ag € Ay is invertible and a; ' € C.

The omitted assumption spr(a+) < 1 then follows from Proposition 2.5.(iii) since ax € C
and by Definition 2.6.(iii).b) also (e —a+)™! —e € C.
This is not true if A is only a semi-strongly decomposing ordered Banach algebra. The
implication (i) = (ii)’ obviously still holds but the reverse implication as well as the
uniqueness of the decomposition do no longer hold.
To see this consider the Wiener algebra W(C) from Example 2.7.(ii) with the complex
numbers as coefficient algebra and closed normal algebra cone R.
First look at

ew(A) —a(A) =1—5A
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which is in itself a factorization as in (ii)’. However, since a(A) = 5\, we have spr(a(-)) =
5 so that the reverse implication in Theorem 2.16 does not hold.
For the uniqueness consider

ew(N) —a(A) =1 — (aBA"" +1— B — aBy+ BN)
=(1-arx Hpa-~7"
=1 —y"A (@A —a AT

with coefficients «, 8,7 € R4. Choosing for example
a,v=0.1, 8=0.5

it is easy to see that spr(a(:)) < |la(-)|lw < 1 and that both factorization satisfy (ii)’.
However only the first factorization also satisfies assumption (ii) and is thus the unique
factorization in Theorem 2.16.

We present examples that show the necessity of some of the assumptions in Theorem
2.14 and Theorem 2.16.

Example 2.18. Set A = C?*? which can be written as A = A_ + Ay + Ay where
A_ (resp. Ay) denote the strictly lower (resp. strictly upper) triangular 2 x 2-matrices
and Ag the diagonal 2 x 2-matrices, and consider the normal algebra cone C in A of
entrywise nonnegative 2 x 2-matrices which makes A a strongly decomposing ordered
Banach algebra. Then for a matrix A € A a factorization

I—A=(—A_)Ay(I - Ay)

as in Theorem 2.16 coincides with an LDU factorization of the matrix I — A where L
(resp. U) is a lower (resp. upper) triangular matrix with all diagonal entries equal to 1
and D is a diagonal matrix. By [HJ85, Corollary 3.5.5] every invertible square matrix
admits such a factorization if and only if its leading principal minors are not equal to
zero. In that case the LDU factorization is unique.

. 2 2
(i) TakeA—[2 5

T A=(I—A)Ao(I—Ay) = <I—[02 8])[_01 g} <I_[8 _OQD

However A_, Ay', Ay ¢ C in contrast to Theorem 2.16. Here spr(A) =4 > 1.

} € C which can be factorized as

(ii) Set A = B _11] and note that A% = 0 and thus spr(A) =0 < 1. Then

0 —i
I_A_{4 2}

is invertible but the first leading principal minor is 0. As such the matrix I — A does not
admit an LDU factorization. Here A ¢ C.
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Remark 2.19. We have written our factorizations such that (e —a_) is the left factor
and (e — a4) is the right factor. We could simply swap the algebras A_ and A4 in the
above proofs to obtain factorizations

e—a=(e—aq)le—a-)

and
e—a=(e—aq)aple —a_).

Note however, that such factorizations will in general result in different elements a+ € A+
(i.e. the factors (e — ay) and (e — a_) do not commute). For example

= vl = (=L o) (- 150 32])
A (=L ) (L o)== 3]

We now present various applications of the preceding two results.

2.3. Applications

2.3.1. M-matrices

Consider matrices

B=pBI—-A (2.12)

with scalar § > 0 and A € R"". A matrix of the form (2.12) is called an M-matriz if
the spectral radius of A satisfies spr(A4) < . An M-matrix is nonsingular if and only if

spr(A) < 5.

Theorem 2.20. Let B € C™" be of the form (2.12) and P be a chain of order idempotents
on C". Then the following assertions are equivalent:

(i) B is a nonsingular M-matriz,
(i1) there exist unique (n x n)-matrices By =1 — Ay, B_ =1 — A_ and Ag such that
B = B_AyB,,

By are nonsingular M-matrices, A+ € A+(P)NRY™, Ag € Ag(P) is invertible and
—1 s
Ayt e RY".
Proof. Since B is of the form (2.12) it can be written as B = 81 — A with A € R}"™. Note
that B being a nonsingular M-matrix is equivalent to spr(%A) < 1. Applying Theorem

2.16 to %B gives a factorization
1 .
BB = B_AyB;.

Now define Ay := BAq to get the assertion. O
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This equivalence is known for the case of the canonical chain on C" from Example 2.12.(i),
i.e. the chain P={P,:k=1,...,n} with Py =0 and

P C" = C": (25)f=1 = (y5)f=1,

where y; =z for j=1,...,kandy; =0for j =k +1,...,n (see e.g. [BP79, Theorem
2.3], [J91, p. 117)).

I. Kuo (see [Kuo77]) proved that for a singular irreducible M-matrix there exists an LU-
factorization with respect to the canonical chain of projections on C™. This result also
holds for arbitrary chains of order idempotents:

Theorem 2.21. Let B = 1 — A € C™" be a singular irreducible M-matriz and P a
chain of order idempotents on C™. Then B admits an LU -factorization

B=B_AyB.
such that By = I — Ay are M-matrices with Ay € AL (P) and Ay € Ap(P).

Proof. Without loss of generality assume that 5 = 1 (for details see the proof of Theorem
2.20). Note that an order idempotent projection in C™ is necessarily the sum of canonical
coordinate projections in C™. Therefore there is a 1-to-1 correspondence between index
sets Z C {1,...,n} and order idempotent projections

Pr:C" = C": (2i)r — (2107(E))k,

5r(k) = {1 kel

0 ,otherwise

with

As such we can identify the matrix PrAPr with the principal minor A[Z,Z] of A. Since
A is irreducible it follows by [BR97, Theorem 1.7.4] that for Z # {1,...,n}

spr(PrAPr) = spr(A[Z,Z]) < spr(A)

and I — Pr APy is invertible.

Let P={0= Py < P, <...< P, =1} be the chain of order idempotents. We can now
apply the same argument as in the reverse implication of the proof of [GGK93, Theorem
XXII.1.1] to obtain the factorization with respect to P

B=(I-A_)Ao(I—-Ay)

with Ay € A4 (P) and invertible Ay € Ay(P). Note that for the argument in [GGK93|
we need I — PjAP; to be invertible only for j =1,...,1 — 1 and not for j = [. O
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2.3.2. LU-factorizations of Hilbert-Schmidt perturbations of the identity

Let H = Ly(f2) be the Hilbert space of square integrable functions on a domain (.
We then consider the space of Hilbert-Schmidt integral operators So(H) on H, that is
operators of the form

(K f)(x) = / ko) )y, xeQ

yeQ

where the measurable kernel function k satisfies

/ Q/ 0 k(z,y)|*dydz < oo. (2.13)
xTE ye

Equation (2.13) gives rise to the Hilbert-Schmidt norm with which together Sa(H) be-
comes a Banach space and with the usual multiplication it becomes a Banach algebra
without unit element. Sa(H) becomes an ordered Banach algebra with the algebra cone
Cy:={K € S3(H) : k > 0 a.s.}. Note that Cy is normal since the Hilbert-Schmidt norm
is monotone.

Let P be an orthogonal chain of order idempotents. Then by [GGK93, Corollary XX.8.2]

SQ(H) = A27—(H7 P) +A270(H, P) +A27+(H, ]P)) (2.14)

gives rise to an additive decomposition as in Section 2.1.1. But since for our purposes
we need Ay o(H,P) to contain a unit element we need to modify Sa(H). Define

APH) = {My+K:AeC K e Sy(H)} (2.15)

with norm

A5+ K| (2) := max{[A[, [ K[|2}. (2.16)

We can now introduce the decomposition
AD(H) = AP H P) + AP (H,P) + AP (H, P) (2.17)

where

—~

AP (H,P) = Ay _(H,P),
AS-)(H’]P)) :AQH-(HvIP)v
AD(H P) = (Mg + K : A€ C, K € Ayo(H,P)}.

N

In the same way we can modify the cone Cy to obtain an algebra cone with unit

C? =My +K:X>0K eC).
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Proposition 2.22. Let A®)(H) with the normal algebra cone C?) be as above and let P
be an orthogonal chain of order idempotents. Then

A H) = AP (H,P) + AP (H,P) + AP (H,P) (2.18)
1s a strongly decomposing ordered Banach algebra.

Proof. This follows from Proposition 2.11. O

We can now apply Theorem 2.16.

2.3.3. Factorization in the Banach algebra of regular operators

When decomposing operators with respect to a chain of projections as in Section 2.1.1
it turns out that not every bounded operator has a diagonal and thus cannot be decom-
posed (see Example 2.24). In this section we will define decompositions with respect to
chains of order idempotents in a weaker sense for regular operators (which are a subset
of bounded operators), so that we can still apply Theorem 2.16.

Let E be a real or the complexification of a real Banach lattice with order continuous
norm (for reference see e.g. [MNO1, Sch74, Wnu99|). The set L"(E) of regular operators
in E (= the linear span of all positive operators in F) is an order complete lattice algebra
which is a Banach algebra with the r-norm [|Al|, = || |A][|z(g) for A € L7(E) (see [MN91,
p.27], [Sch74, Proposition IV.1.3]) and £(F)+ is a closed normal algebra cone in £L"(E).
Let P be a chain of order idempotents on FE, i.e. all P € P satisfy 0 < P < [ in the
order of L(E); which is equivalent to all P € P being band projections on E (see [Sch74,
p.61]).

For a finite subchain 7 = {0 = Py, Py, ..., P, = I} C P (in the remainder of the section a
small 7 will always denote a finite subchain of P) and A € £"(E) we define the diagonal
of A with respect to 7 as

Dy(A, 7)== zn:(APj)A(APj) € L'(E) (2.19)
j=1

where (AP;) = P; — Pj_1 (see [GGK93, p.473]).
For A € L(E)4 the system {D,(A,n) : # C P} is downwards directed with respect to
the refinements of subchains of IP; indeed if 71, w9 C P then

m C Ty = OSDT(A,WQ)SDT(AJQ)SA.

In addition for a positive element z € E. the set {D,(A,m)x : 7 € P} C E; is also
downwards directed. Since the norm on F is order continuous and E is Dedekind complete
the vector inf; D, (A, m)z exists in E and lim,; D, (A, 7)x = inf; D, (A, 7)x where the
limit exists with respect to the norm topology of E.

Each © € E can be written as a linear combination of at most four vectors in E, and
each A € L"(FE) is the linear combination of at most four operators in £(F), therefore:
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For all A € £7(F) and all € E the limit lim, D, (A, 7)z exists. Now by the Banach-
Steinhaus Theorem the operator

D.(A,P): E— E:xw— D.(AP)x

exists in L"(F) as a pointwise limit of the D, (A, ).
It follows that the map L"(E) — L"(E) : A~ D,(A,P) is linear, maps L(E); into itself
and

| Dr (A, P)] < Dr(JA] P) < [A]

for all A € L7(E). We call D,(A,P) the diagonal of A with respect to P.
In analogy to Section 2.1.1 we define the subspaces

A, _(E,P)={AecL'(FE): PA=PAP for all P € P,D,(A,P) = 0},
Avi(E,P)={A e L'(E): AP = PAP for all P € P, D,(A,P) = 0},
Avo(E,P) = {A € L7(E): AP = PA for all P € P}.

Proposition 2.23. Let E ba a Banach lattice with order continuous norm and P be a
chain of order idempotents on E. Then

LT(E) = A, (E,P) + Ao(E,P) + A (E,P) (2.20)

18 a semi-strongly decomposing ordered Banach algebra. The canonical projections are
order idempotents.

Proof. For a finite subchain 7 = {0 = Py, Py,..., P, = I} CP and A € L7(F) we define

Ly(A,m)= Y (AP)AAP) and  U(Am) = Y (AP)A(AR).

0<j<k<n 0<j<k<n

For A € L(E)4 it follows that O < L,(A,7) < A and it is easy to see that the system
{L,(A,7):m € P} is upwards directed. Then for all x € E the set {L.(A,m)z : 7 € P}
is upwards directed in E and lim, L, (A, m)z exists since 0 < L,(A,m)r < Az and the
norm of F is order continuous. As in the case of the diagonal D,(A,P) it follows that
lim, L(A, 7)x exists in the norm topology of E for all A € L"(FE) and for all x € E,
therefore the operator

L.(AP):E—E:z—limL, (A nm)x
belongs to L"(E) and |L,(A,P)| < L.(]A|,P) < |A|. Similarly the operator
U (AP): E— E:z—lmU, (A m)x

is well defined, belongs to L"(F) and |U,(A,P)| < U.(|A],P) < |A].
Now for all A € L"(E) there holds

A=L.(A,P)+ D,(A,P) + U, (A,P)
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since for all m C P
A=L,(A,7)+ D, (A7) + Up(A, ).

We need to show that for all A € L7(E)
L(A,P) € An_(E,P), D.(A,P)€ Ao(E,P) and U,(A,P)€ A, (EP). (221)

Consider the first assertion: Let P € P and 7 = {0 = Py, P1,..., P, = I} C P a finite
subchain, then

PL.(A,7)=PL.(A, )P
if P € 7. Indeed let P = P, for some 0 <[ < n, then

PL.(A,;7)= Y (AP)A(AP) = PL.(A,7)P,.
0<j<k<l

Thus PL,(A,P) = PL,(A,P)P for all P € P. To see that D,(L,(A,P),P) = 0 holds
for all A € L"(F) first note that D,(L,(A,x),7) = 0 for any finite subchain 7 C P.
Therefore for all z € E; and all A € L(E)4

0 < Dy(Ly(A,P),m)x = (Dy(Ly(A,P),7) — Dp(Ly(A, ), 7))
= D, (L,(A,P) — L.(A,7),P)x
= (L (A,P) — L, (A, 7))z

noting that 0 < L, (A, 7) < L,.(A,P) < A since A € L(E). This implies that
D,(L,(A,P),P)z =0

for all z € E; and A € L(E)4, but then this equally holds for all z € F and A € L"(E).
Therefore D, (L,(A,P),P) =0 for all A € L7(FE) and L,(A,P) € A, _(E,P).

The other two assertion in (2.21) follow similarly. In summary: The decomposition (2.20)
holds.

Of course I € A, o(E,P) and for A € A, o(E,P) N L7 (E)iny and P € P the equality
PA = AP implies A='P = PA~! so that Definition 2.1.(ii).a) holds.

To see that Definition 2.1.(ii).b) holds it suffices to show that for A € L"(F) and B €
A, o(E,P) there holds

D"'(ABvIP) = DT(A7P)DT(B7P)7
D,(BA,P) = D,(B,P)D,(A,P).

~—
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Let us consider the first equation. For a finite subchain

Dy(A,m)Dr(B,7) = Y (AP A(AP) Y (AP B(APy)
j=0 k=0
= 3" (AP)A(AP)(AP) BAP)
#h=0 oan)

(AP)) A(AP;)B(AF;)

|
.M:

<
Il
o

(AP;)AB(AP;)(AF;)

|
.M:

<
3 |
o

(AP,))AB(AP;) = D,(AB, 7).
=0

.

Now for all x € E
D, (AB,P)x = lim D, (AB,7)x = lim D, (A, 7)D,(B,7)x = D,(A,P)D,(B,P)x

proving the assertion. O

It is now possible to apply Theorem 2.16 to L"(E) = A, _(E,P) + A.o(E,P) +
Ay (E,P).

One could ask whether the decomposition introduced in this section for regular operators
is really a generalization of the theory in Section 2.1.1 for bounded operators. The next
example shows that this is indeed the case by presenting an operator that has a diagonal
as a regular operator but not as a bounded operator.

First we make an additional observation: By [TL80, Theorem IV.6.3| and [TL80, Problem
IV.6.4] every operator A in the classical sequence spaces ¢p and ¢1 can be represented
as an infinite matrix A = (ars)rsen. Additionally for A € L(cg) the operator norm of A
can be represented by

1A = sup Y lars| = [ Al ]| = | Al

which shows that A is regular. A similar result holds for A € £(¢1), where in the above
equation one takes the supremum over the column sums instead. We conclude that every
bounded operator in ¢y and in ¢; is regular.

This is no longer true in ¢5. Even if a bounded operator admits a matrix representation
(@rs)r,seN, the matrix (|ays|)r sen Will in general not define a bounded operator. For an
explicit example of such an operator see [HS78, Example 10.1].

61



Example 2.24. Let S be the left shift operator in ¢y or £1. For S we have the matrix
representation

10 0 O
01 0 O
00 1 o0

n
I
o oo

Consider the chain P = {0, Py, P»,...,I} where Py is the projection on the first k& coor-
dinates.

We first show that S has a diagonal as a regular operator: Let n € N. It is easy to see
that

AP,SAP, =0
and
0 0 ;
~ 10 ... 0
(1= P)S( - P = 0
0 1
For x = (z)jen € co it follows that
(1=P)SA=P)z=1[0 -+ 0 zp1 @nro -] 2220
Then for any finite subchain m, = {0, Py, ..., P,, I} we have
D(S,ma)z = > AP;SAPz = (1 - B,)S(1 — Py)z "= 0.

J=1

It follows that D, (S,P) = 0.

However |[(1 — P,)S(1 — P,)|| = 1 and then also || D(S,7,)|| = 1. Therefore the limit
lim,, o, D(S;7,) does not exist in the norm topology and S does not have a diagonal as
in Section 2.1.1.

2.3.4. Wiener algebra and Laurent polynomials

Recall the Wiener algebra
W(A) =W_(A)+Wo(A) + Wi (A) (2.22)

with cone Cy from Example 2.7.(ii) where we showed that (2.22) is a semi-strongly
decomposing ordered Banach algebra as long as the coefficient algebra A is an ordered
Banach algebra with closed normal algebra cone C.

The Wiener algebra is a subalgebra of C'(T;,.A) (= the set of continuous functions from
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the unit circle into A) endowed with the supremums norm || - ||o. For a(-) € W(A) there
holds

la(-)llee = maxla(N)ll.a < fla)lw

where subscripts indicate the respective algebra. We may also by superscripts denote
with regards to which algebra we take the spectral radius.

Now let us apply Theorem 2.16 to W (A) to get:

Theorem 2.25. Let A be an ordered Banach algebra with closed normal cone C. Then
for a(-) € W(A)NCw are equivalent:

(i) spr'¥ (a(-)) <1,

)
(%) ew ) a(-) =
M(ax ("))

A factorization result for the Wiener algebra as a decomposing Banach algebra (without
order) was previously established in [CG81, Theorem 6.1].

It is possible to obtain a stronger result if we restrict ourselves to Laurent polynomials,
that is functions a(-) € W(.A) with only finitely many non-zero Fourier coefficients. We
say that a(-) is of degree < m € N if

= zm: MNeap, AeT

k=—m

= (ew (") —a-("))ao(-)(ew () — a4 ()), where ax() € Wx(A) N Cw,
<1, ap(-) € Wy(A) is invertible and ay'(-) € Cwy.

where we do not require a_,, # 0 or a,, # 0. Note that W(A) is a subalgebra of
C(A,T) of continuous functions on the unit circle with supremums norm ||-||o. Moreover
Jo() oo < lla() v for all a(-) € W(A).

We will need two lemmas to state our result.

Lemma 2.26. Let A be a Banach algebra and a(-) € W(A) a Laurent polynomial of
degree m € N. Then

laG)llw < @m+Dla()leo  and  spr'(a()) = spr™(a()).
Proof. This is [FNO5b, Lemma 4.3]. O

Lemma 2.27. Let A be an ordered Banach algebra with closed normal algebra cone.
Then there exists 5 > 0 such that

la()loo < Bla()a  and  spr™(a(-)) = spri(a(1))
for all a(-) € Cyy.

Proof. This is [FNO5b, Lemma 4.4]. O
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Theorem 2.28. Let A be an ordered Banach algebra with closed normal cone. Then for
a Laurent polynomial a(-) € W(A) N Cw of degree < m are equivalent:

(i) spri(a(1)) < 1,

(ii) ew() —a(-) = (ew(:) —a—(-))ao(-)(ew(-) — ay()), where ax(-) € Wi(A) N Cw,
spr (a+ () = spri(a«(1)) < 1, ag(-) € Wo(A) is invertible and ag'(-) € Cyy .

Proof. By Lemma 2.26 and 2.27 we have spr’’ (a(-)) = spr>®(a(-)) = spr(a(1)) < 1 so
that we can apply Theorem 2.16. O
2.4. Factorization of semi-monic polynomials

We now turn our attention back to semi-monic polynomials and apply the results of
this section. Following results from [Mar88| and [FNO5b| we achieve a factorization for
semi-monic polynomials with coefficients in an algebra cone such that the factors have
special spectral properties.

Theorem 2.29. Let A be an ordered Banach algebra with identity e and C a closed
normal algebra cone. Let

l
gA) =A"e—a(\) = A\"e — Z Maj,
=0

withaj €C, j=1,...,n and let p > 0. Then

m

spr(a(p)) < p
if and only if there exists a unique factorization
q(-) = b(-)qoc() (2.23)
where
(i) b(-) is monic with degree m, i.e.

m—1
b(A) = A"e — Y M,

§=0
withb; € C, j=0,...,m—1 and B(b(-)) = X(q(:)) N{A € C: |A| < p},
(ii) qo € A is invertible and qo_1 ecC,

(11i) c(-) is a polynomial of the form

c(\) =e— Nej,

l—m
=1

withc; €C, j=1,...,m—1and 3(c(-)) = X(q(:)) N {A € C: |A| > p}.

64



Proof. We first proof the ’only if’ part: Define the function a(\) := A™™a(\) which by
(2.23) satisfies spr(a(p)) < 1. Now setting a,(\) := a(pA) we obtain a function that
satisfies the conditions of Theorem 2.28. Therefore a,(-) factorizes as

e—apN) = (e—a-(\aole —as(V), AT
where a+(-) € Wx(A) N Cw, spr(a+(-)) < 1 and aq invertible with ay ' € C. Now
4(pN) = PN (e — 3,(N) = P (A" — NMa_(W)ao(e —ay (),  A€ET.

Note that a_(-) has an analytic extension outside of the unit circle T and vanishes at
infinity whereas (e — a4(+)) has an analytic extension inside of T. It then follows as in
the proof of [Mar88, Theorem 22.11] that b()\) := \™ — A™a_(p~ 1)) is as in (i).

Now define ¢()\) := e — a, (p~')) and note that (e — ay(-))~! € W(A)NC implies that
Y(e(-)) € {A € C: |A\] > p}. The assumptions in (iii) then follow immediately. The
uniqueness of the decomposition follows from Theorem 2.16.

For the reverse implication, using the same notation as above, note that we can write

e —ap(A) = (e —a—(N))ao(e — ar-(N)), AeT

where an, o = —,0, + satisfy the conditions in Theorem 2.28.(ii). It then follows that
spr(a,(1)) < 1 which in turn implies that spr(a(p)) < p™. O

The above theorem is the analogue of [FN05b, Theorem 5.1 and Corollary 5.2|. How-
ever, due to the more differentiated formulation in Theorem 2.16 compared to [FNO5b,
Theorem 4.1, it follows directly in our case.

As an immediate consequence we can formulate a version of Pellet’s theorem for semi-
monic entrywise nonnegative matrix polynomials. Our version is a modification of [Mel13,
Theorem 3.3] where we require the matrix coefficients to be nonnegative but in turn
achieve better bounds.

Theorem 2.30 (Pellet). Let
l .
Q) = "I =) N4,
§=0
with the A; e R"™, j =0,...,1. Assume there exist 0 < p1 < pa satisfying
spr(A(pi)) = pi*,  i=1,2 (2.24)

and spr(A(p)) < p™ for at least one p € (p1, p2).
Then Q(-) has exactly nm eigenvalues (counting multiplicities) in the closed disk D<),
and no eigenvalues in the open annulus A, ,,.
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Proof. By Theorem 1.12 (in the spectral case) 2(Q(-)) N A,, », = 0.
By Theorem 2.29 we can factorize Q(-) as

Q) = B()QoC(")
where B(+) is a monic matrix polynomial of degree m and

N(B() =2(Q() N{A e C: A < p} = 2(Q() ND<p,.

Since B(-) is of degree m it has exactly nm eigenvalues (counting multiplicities), which
implies the assertion. O

Remark 2.31. Instead of the condition (2.24) A. Melman required in [Mell3, Theorem
3.3] that
i=1,2

normg(o;) = o},

for some 0 < 01 < 09. But since spry(-) < normga(-) it follows that Theorem 2.30 offers
stronger bounds if the A; € R}Y"™.
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3. Degree-reduction of operator polynomials

Linearisations of matrix or operator polynomials are well studied in the literature (see
[GLR&2] for the matrix case and [Rod89| for the operator case), most famously via the
companion form. They make it possible to acquire results on e.g. the eigenstructure
of polynomials with arbitrary degree by only considering linear polynomials. It is then
natural to generalize the concept of linearisations and reduce an operator polynomial to
other degrees. Such degree reductions were previously considered in [Nag07| and [Harl1]
for operator polynomials.

More recently in [TDM14] the authors investigated degree reductions for matrix polyno-
mials in the form of so called £-ififcations and proved spectral relations between polyno-
mials and their (-ifications. In [TDD15| they proved existence results relating to degree
reductions in a more abstract setting, and in [TDD] they derive an algorithm to construct
certain f-ifications using dual minimal bases.

In this section we will introduce a special type of degree reduction and prove a variety
of related results.

Let X and Y be (real or complex) vector spaces, let [ € N and let A; : X — Y be linear
operators, j = 1,...,l. We consider the operator-valued polynomial

l

AN =Y N4, (3.1)

j=0

of degree [ (where we do not require the leading coefficient to be nonzero). Inspired by
the matrix case we call an operator polynomial F(:) : C — L(X,Y) unimodular if F(X)
is invertible for all A € C.

Definition 3.1. Two operator polynomials A(-) : X; — Y7 and B(:) : X9 — Y5 are
said to be extended unimodular equivalent if for some Banach spaces Z71, Zo there exist
unimodular operator polynomials

E():C— L(Yy x Z3, Y1 x Zy),

F() :C— E(Xl X Z1,X2 X ZQ)

such that
Diag(A(X), Iz,) = E(X) Diag(B(X), Iz,)F()N), A e C.

We can now state the definition of a degree reduction.

Definition 3.2. Let A()) be as in (3.1) with degree [ and B(-) : C — L(X>,Y2) an
operator polynomial of degree [ € N. Then we call B(-) a degree reduction of A(:) to
degree | if A(-) and B(-) are extended unimodular equivalent.

We stated Definition 3.2 in a very general setting. In particular the degree [ of the
'reduced’ polynomial does not actually need to be smaller than the degree of A(-) (and

67



[TDD15] has results pertaining to this case).

We will now introduce a special type of degree reduction which we will use throughout
the remainder of this chapter. For I € {1,...,1—1} we define the canonical reduction of

A(+) to degree [ as the polynomial

A()\) = )\[A[ + )\Zﬁlﬁi_l + -+ )\1211 + Ao, (32)
where the coeflicients are defined as
_AH“ A A A
—IX Ox Ox
Ag=|0x —Ix (3.3)
L Ox Ox —Ix 0)(_
= Comp[Al_Z, Al—[—l’ cee ,Al, Ao], (34)
(A Oyx Oyx Oy x|
Ox Ix Ox O0x
A = (3.5)
Ox
| Ox Ox Ix |
= Diag[Al_lA_H,IX,...,Ix] (3.6)
and for i =2,...,1
(A, Oyx Oyx Oyx|
R Ox Ox Ox Ox
A= (3.7)
| Ox Ox Ox  Ox |
= Diag[Al_[+i,0x,...,Ox], (3.8)

where Ox and Ix denote the zero and the identity operator in X, respectively, and Oy x

denotes the zero operator from X into Y.
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The (I — 1+ 1) x (I = + 1) block matrices A;,i = 0,1,...,1 , are (the block matrix
representiations of) linear operators from the product space X =41 nto the product
space Y X X

For /1()\) we have the following block matrix representation

(AN A A, .. AL A
—IX )\IX OX OX
Ox  —Ix Ay
, (3.9)
Ox
L OX OX —IX /\Ix_

where Am(-) is the I-th Horner shift of A(.), i.e.
A[l]()\) = )\lAl =+ -+ )\Al—[+1 + Al—i'
Furthermore AA; + Ay is the companion polynomial of the operator polynomial

AL G A

and if X =Y then AO is the companion matrix of the monic operator polynomial
Al_i+1IX + /\l_ZAl_[+ et AO-

To simplify the notation we will from now on write 0 and I instead of Ox and Ix, unless
the domain and range spaces should not be clear from the context.
The following lemma shows that the term canonical degree reduction for A(-) is justified.

Lemma 3.3. The operator polynomial A(-) is a degree reduction to degree | of A(-)
as according to Definition 8.2. In particular A(-) and A(-) are extended unimodular
equivalent via )

E(XN)A(N)F(X) = Diag(A(N), 1, ;)

where I, _; is the identity operator on X1 and the unimodular operator polynomials

(1 Al A+ A2y A2 AT
I Y DTS S ) S Ay
—1 M RS Ul ) S Uy |
E(\) = . : :
N BV | -\
.y Y
L o
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and ~ R
NI
)\lflAfll I
F(\) = : )
Vi I
I 0o ... ... 0

where AR)(.) is again the k-th Horner shift of A(-). Their inverses are

1Al 4, A
—I i
E71(\) = .
—I M
. _I_
and
[0 0 I ]
I A=t
I AL
Fi) = ,
I —\2T
i I =
Proof. Straightforward calculation. O

For [ = 1, this is the linearization (or companion form) of A(-), see e.g. [Rod89].
Degree-reductions of this form were discussed in [Nag07] for matrix polynomials and later
in [Har11] for polynomials with coefficients in a Banach algebra.

As an immediate consequence we can state a result about the finite spectrum of degree-
reductions.

Corollary 3.4. For X =Y there holds
S(A() = B(A()).
Proof. Since E(-) and F(-) are invertible for all A € C it follows that
A()) invertible < (A(\) @ I ;) invertible <« A(A) invertible. O

Remark 3.5. In [TDM14] the authors distinguish between the grade and the degree of
matrix polynomials. A matrix or operator polynomial

l

AN =) N4,

J=0
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where the leading coefficients are allowed to be equal to zero, is then said to be of grade
[; whereas the degree of A()\) corresponds to the highest nonzero coefficient as usual.
This distinction has implications for the infinite eigenstructure of matrix polynomials.

3.0.1. Matrix polynomials and strong degree-reductions

For matrix polynomials A()\) = 2210 M A; with coefficients A; € C™" the equality in

Corollary 3.4 implies that the finite elementary divisors of 121() and Diag(A(-),I(l_i)n)

coincide (here 1 (i), is the identity on (C(l_i)"). Since A(-) need not be a monic polyno-
mial it is of interest to also consider its infinite elementary divisors, i.e. the elementary
divisors at zero of the reversed polynomial

l
rev A(A) ==Y N A_; = XNANT). (3.10)
j=0

We state an important relation between degree reductions and reversed polynomials.

Lemma 3.6. Let A() as above and A(-) its canonical degree reduction to degree . Then
the reversed polynomial rev A(-) is unimodular equivalent to Diag(rev A(')’I(l—i)n)' In
particular

E(A\)rev A(\)F(X) = Diag(rev A(-), I;_j,)

where
S D 5 LV M S —(AM1+X240) —MAy
0 ALy A=l=2g e A I
0 N-i-27 \N-i-37
E(\) =
0 AT A I
0 Al 1
—0 I -
and ~ _
1 0 ... ... 0
A 1
F(/\) = :
)\lflAfll I
AT |
are unimodular (block) matriz polynomials.
Proof. Straightforward calculation. O
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The lemma implies that the elementary divisors at 0 of rev 121() are equal to the ele-

mentary divisors at 0 of rev A(-) plus (I — [)n copies of A1 This motivates the next
definition.

Definition 3.7. Let A(:) be a matrix polynomial of degree . Then we call a matrix
polynomial A(-) of degree [ a strong degree reduction (to degree ) if A(-) is extended uni-
modular equivalent to A() and the reversed polynomial rev A(-) is extended unimodular
equivalent to rev A().

This definition is consistent with the classical notion of strong linearisations and strong
(-ifications (see [TDM14]). It follows immediately that a canonical degree reduction to
degree [is strong if and only if [=lorl=1 In [TDM14] the authors consider other
forms of degree reductions which are strong for different values of I. In [TDD15| they
proved that a strong degree reduction exists for any [ (even for [ > [), but no explicit
formulas are given.

3.1. Division with remainder

For this section we assume that A(-) has full degree I. We will show how a division with
remainder of the canonical degree reduction 121() can be recovered from a division with
remainder of the original operator polynomial A(-) (and vice versa). This was previously
investigated in [Harll| for the special case where division is possible without remainder.

Theorem 3.8. Let 1 <[ <1 and

A(\) = LD + R(N), (3.11)
where
L) = N"'L 4+ + ALy + Lo, (3.12)
D) = AL g NID 4 AD, + Dy, (3.13)
RO\ = XN"'R_;+--+ Ry (3.14)

with L : X =-Y,Dj: X - X and Rj : X =Y.
Further let X 3 R B
AN = LY+ Do) + Ro, (3.15)

where 121() is the canonical degree reduction of A(-) to degree I, Dy is the companion
matriz of D(-), Ro is independent of A and
L) = NEy 44 M+ Lo (3.16)

(note that, since the right divisors are monic, the coefficients of the operator polynomials
L(-),L(:),R(-) and the matriz Ry are uniquely determined by the principle of division
with remainder; see [Rod89, Theorem 2.6.2]).

Then
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R ; R_;, ... R1 Ro
Ox Ox ... 0x Ox
Ry = Ox Ox ... Ox Ox 7
| Ox Ox ... O0x Ox|
forj=1,2,...,01—1
Lj,l—i Lj,l—f—l Lj71 Lj,O
Ox Ox ... 0x Ox
ij _ Ox Ox ... Ox Ox
| Ox Ox ... O0x Ox |
and -~ _
Lo,z—i Lo,z—i—l Lo,l—i—2 Lo,
Ox Ix Ox Ox
Lo=| 0x Ox
Ox
| OX OX OX IX ]
where
Lii=L;
and for s =0,1,...,1—1—1

oo
Ljs=- Z Lj+iDs—;

1=—00

where we extend the index set for L; and D; by setting

L
Lj:{of

Proof. First note that

, otherwise

D; =

. D;
I
0

LooDo + Ry = Ao,

LO,st - LO,sfl + Rs = AS7
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0<j<i-I
j=l—1+1.

, otherwise

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



~

forj=1,...,0—1

Lj’()DO + Lj—l,O = 07
L;, iDs = Ljs—1+ Lj1,5=0, 1<s<l—-1-1

LoD j=Lj g +L =4
and
qu,lfi = A,
Ly, =0, 0<s<i—i-1

It is then straight forward to check that

Ag = LoDy + Ry,
Aj:z/jbg-f—f/j_l, ISjSZA—l,
Ap=1Li,
which proves the assertion. O

A question that naturally arises in the context of divisions with remainder is how, given
an operator polynomial A(-) of degree [ and monic operator polynomial D(-) as in (3.13),
one computes the unique operator polynomials L(-) and R(-) as in (3.12) and (3.14) such
that

A(X) = LIA)D(N) + R(N).

In [Rod89, Theorem 2.6.2] L. Rodman answers this question using spectral triples. The-
orem 3.8 gives rise to an alternative approach.
First consider the case when the divisor D(-) is linear, i.e.

-1
L) =) _NL;, DM\ =A+Dy,  R(\)=R,.
=0

Then the coefficients L; are given by

l

Li= Y A(-Do)™77'  j=0,...1-1 (3.22)
i=j+1
and Ry is given by
l
Ry =Y Ai(-Dy)". (3.23)
=0

Theorem 3.8 then tells us that, given A(-) and a monic but not necessarily linear D(),
we can first compute the degree reduction (respectively linearisation) A(-) and Dy. Then
use formulas (3.22) and (3.23) to compute L(-) and Ry. Since division with remainder is
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unique we can now use the representations in (3.17) - (3.19) to obtain the coefficients of
L(-) and R(-) (note that the coefficients of L(-) and R(-) explicitly appear as entries in
the block matrices).

We illustrate the procedure in a diagram:

A

degree reduction ~
A(), D(-) S A, Dy
[Rod89, Theorem 2.6.2]l l(3.22) and (3.23)

L(),R() Theorem 3.8 E()’RO

The reverse direction in Theorem 3.8 is in general not true if we divide A(:) by some
arbitrary linear factor (A + B) (i.e. B is not the companion matrix of a polynomial),
because the coefficients of the quotient polynomial, divisor and rest will be of arbitrary
structure.

This changes however if we consider only divisions without remainder.

Proposition 3.9. Let A(-) and A(-) be as in Theorem 3.8 and assume A(-) has a fac-
torization

~

AN = LIV)M + Do)

for some operator polynomial

and block operator matrix Dg. Then 150 is the companion (operator) matriz of a monic
operator polynomial
11
D) =X+ Y VD,
j=0

and the operator polynomial A(-) admits a factorization

-1
AN = (Y _NL; | D()
=0
where Lj is the upper left entry in I:j.
Proof. This is [Harll, Theorem3.4.(ii)| together with [Harll, Remark 3.5.(ii)]. O

3.2. Spectral triples

In this section we consider only monic operator polynomials A(-), so that

AN = NIx + N7 A+ -+ My + Ay, (3.24)
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with Aj: X — X for j =0,...,1 -1

Recall the definition of right spectral pairs and spectral triples: Let Z be a (real or
complex) vector space. Then a pair (V,T), where V : Z — X and T': Z — Z is called a
right spectral pair for A(-) if the operator

v
VT
L Z =X (3.25)
V=2
VTlfl
is invertible and
AV + A\VT + -+ A VT L+ vTi = 0. (3.26)

A triple (V,T,W) where V : Z - X, T : Z — Z and W : X — Z is called a spectral
triple for A(-) if (V,T) is a right spectral pair for A(-) and

\% 0

\ .
W=1|-]. (3.27)

: 0

V-1 I

The next theorem, which gives a spectral triple with respect to a division of A(-), is
motivated by an abstract representation result in [LS10, Equation (4)].

Theorem 3.10. Let
A(X) = L(A)D(N) + R(N), (3.28)

where D(-) is monic with degree d (then necessarily L(-) is monic with degree | — d and
deg R(-) = d —1). Then the triplet of operators [V} 4, =T 4, Wi 4] is a spectral triple for
A(+), where

Vig=[0 ... 0 1 0 ... 0 (3.29)
with I in the d-th entry,
[ Dg—1 ... D1 Dy 0 oo 00 =17
—I 0 0 0 0
-1 0 0 ... 0 0
T, = 3.30
Ld Ry1 ... Ri Ro|Li_gq-q1 ... L1 Ly ( )
0 ... 0 0 -1 0
. 0 0 0 -1 0 |

and
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Wig=1[0 ... 0 1 0 ... 0 (3.31)

with I in the (d + 1)-th entry. In particular we have

V =V,aS54, S1,a Comp[A;_1, ..., Ao = 11,4514, S1aW =W 4 (3.32)

where V = [0 ... 0 I], W = [I 0 ... O]T and Sy q is the invertible operator
_ 7 ;
1
d
Spa = L) (3.33)
’ I Dy 1 Dy c Dy ) ’ '
I Dg1 Dgo Dy 1—d

L I Dd—l Dd_2 A Do | 7

Proof. By [Rod89, Theorem 2.1.1] and its proof together with [Rod89, Proposition 2.5.1]
it follows that (V,— Comp[A;_1,...,Ao], W) is a spectral triple for A(-) and thus it is
sufficient to show that the equations in (3.32) hold.

The first and last equations are obvious. For the second equation define

L; ,0<j<l—-d-1 D; ,0<j<d-1
Li=<1 ,j=1—-d , Dj=<1 ,j=d
0 ,otherwise 0 , otherwise
R; 0<j<d-1
R; = ]
0 , otherwise
for j € Z, so that we can write
oo
Aj = Z Li 4Dy +Rj, 0<j<l—1. (3.34)

k=—o00
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Keeping the above in mind one calculates that indeed

Si,a Comp[A;—1, ..., Ag] =

—1I 0
—TI
-1 0
Ai1—Dg1v Ay o—Dgo ... Arqg—Do Argqg1 ... A1 Ao
oI —Dy, Dy Do 0
L —1 _Dd—l D1 Do 0
= T1,a5,4- O

3.3. Consecutive degree-reduction

One question that naturally arises in this context is the one of consecutive degree-
reductions and their relation with the corresponding one-step degree-reduction.

To make this clear let A(-) be as in (3.1) and let 0 < ls < [; < [. Then we can reduce
the degree of A(-) to I to obtain A!2)(.). However we can also first reduce the degree
of A(-) down to 1 to obtain A%)(.) and then further decrease the degree to Iy to obtain
(A)(2)(.). We will denote this two-step degree-reduction by A(1-42)(.).

It is clear that, despite having the same degree, there holds AU2)(.) # AUnl2)(.) (since
they do not even have the same block dimension). However we will see that A(1/2)(.)
is equivalent to the direct sum of A(l2)(-) and an operator polynomial with eigenvalues
only at infinity.

The upcoming result is inspired by a procedure outlined in [MX13] for consecutive degree-
reductions of degree 1 of matrix polynomials. We will first be looking at an example
before moving to the general result.

Example 3.11. Consider the operator polynomial of degree [ = 7, i.e.
AN) = NTA7 4+ AA; + A (3.35)

and consecutive degree-reductions to Iy = 5 and ly = 2. Then A(®?)(.) has the block
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matrix representation

A5:2)

[ API(N) Ay As Ay Ay A
I —I
I —I
iy A
I A
—I A
iy A
I A
—I A
iy h
—I A
I —I A

(3.36)

By applying the permutation that moves the block rows and columns with indices
(2,3,5,6,8,9) to the end we arrive at

[ AR\ Ay A3 Ay A Ag
I A
-1 A
—I A
A —I
A —I
.y T
—I I
—I A
—1 A
—1 A
I —I A

(3.37)

Note how the lengths of the diagonal parts correspond to l; and ls. We can now add

block rows 7 and 8 to rows 5 and 6 respectively to obtain
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[ ARI(N) Ay A3 Ay AL Ag 1
-1 A
—I A
-1
-1 A
-1 A
—I I
—I I
—I A
—I A
—I A
—I A

(3.38)



The only thing left to do is removing the elements in the lower left quadrant which can
be accomplished by a succession of elementary column and row additions: The first step

is to add the columns 11 and 12 to the columns 5 and 6 respectively.

Now subtract

A5,2)

I

[ AP\ Ay A3 Ay AL Ag
-1 A
—I A
=
-1 A
=
-1 A
—1I A
A -1
i A -1
rows 4 and 5 from rows 11 and 12 respectively.
[ ARI(N) Ay A3 Ay AL Ag
—1I A
—I A
-1 A
-1 A
-1 A
—1I A
-1 A
1 -1
I -1

(3.39)

(3.40)

At first it seems that not much was gained but we can repeat the procedure to move the
block of identities up and left.

[ ARI(N) Ay A3 Ay AL Ag
-1 A
—I A
-1
-1 A
-1 A
I —I A
I —I A
—I
—I
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Now the block of identities can be eliminated by adding columns 7 and 8. Note that the
size of the block of identities is related to the size of the first degree-reduction, while the
number of times the block has to be moved is related to the size of the second degree
reduction. We finally arrive at

[ AR\ Ay A3 Ay AL Ag
o D
—I A
—I A
—I A
-1

A4(5:2) (3.42)

The upper left block in (3.42) is the block matrix representation of A®)()). The lower
right part is an operator polynomial that has eigenvalues only at infinity.

From the procedure outlined above it is clear that these steps translate to general degree-
reductions to degrees [1 and 5.

Theorem 3.12. Let A(\) = NA; + -4+ A+ Ag and 0 < Iy < Iy < 1. Then the block
matriz representation of the consecutive degree-reduction AW12) () is equivalent to

|:CA(1(2)) (/\) K(())\):| ’ (3.43)

where C 4a,)(+) denotes the block matrixz representation of the one-step degree-reduction
A(l2)() and

-1

KO\ = | 1 Y . (3.44)
' ' (i—l—1)(1—1)

—1I A

3.4. Degree-reduction and the block numerical range

In this section we will examine how the block numerical range of operator polynomials
and their degree-reductions are related, extending results in [TWO03| and [GLWO09]. For
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definitions and basic properties of the block numerical range see Appendix A and for the
block numerical range of functions see Section 1.1.
A helpful tool in studying the invertability of operator matrices is the Schur complement:

Definition 3.13. Let Y1,Y> be Banach spaces and B;; € L(Y;,Y;) for i,j € {1,2}. On
Y1 x Y5 define the operator B through

B.— |:Bll Bis

€ L(Y1 X Y?).
Bo 322] (Y1 12)

For Bss invertible define the Schur complement S of Boo in B as
S := By1 — Bi2(Bag) ' Boi.
Proposition 3.14. Let B as in Definition 3.13 with Bao invertible. Then
(i) B is invertible < S = Byj — B12(Bag) ' Ba is invertible,
(ii) for B invertible the equality

1 S—1 *S_lBlgBil
B = -1 1 p-1 —1 -1 —1
—322 Ba1 S 322 -+ 322 By S B12B22
holds.
Proof. See |GGK93, p. 514]. O

Results that we are about to state for degree reduced polynomials are also true in a more
general context:

Definition 3.15. For Banach spaces Y7,Ys and 0 < [ < I define the operator polynomial

@ Coi A—N

Py :C— L(Y] X Ya): A [C(A) Cho }
where C : C — L(Y7) is an operator polynomial of degree I, Cij € L(Y},Y;) for i,j €

{1,2},i # j and N € L(Y2) nilpotent with Nl = .
Lemma 3.16. For X\ # 0 the operator A — N is invertible. The Schur complement Sy of
A—N in P(i)()‘) is

I—i—1
Sy=A"ED AT O = Y NNy | = APy,
j=0

with an operator polynomial P : C — L(Y7) of degree .
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Proof. First note that the series Z;’;O NI = Zé'_:lo_ i\ converges. For A # 0 it then
follows with the Neumann series that
1-i-1
A=N)"= )" AUTINT € £(1y).
j=0
For Sy we then have
Sy = C(\) — C1a(A = N) 10y
I-i-1
= C()\) — Z /\7(j+1)012Nj021
j=0
R R -1
=X ED Ny = > AL NI ey
§=0
R R -1 R
=X EDNTe) = YT NCRNTTIT ey | O
j=0
Remark 3.17. For an operator polynomial A(-) of degree [ as in (3.1) we can identify
its canonical degree [ reduction A(-) with (i)('> via

[
j;))\JAl_Z_,’_j Al—f—l B 1)
—I A Q[C()\) C12 ] \eC.
-1 ’ Co ‘ A—N |’

Through straightforward multiplication it then follows that P(-) = A(-).

With the exception of the point A = 0 a spectral equivalence as in Corollary 3.4 holds in
this more general setting.

Corollary 3.18. For P(Z)(-),P(‘) as in Lemma 3.16 and X\ # 0 we get

S E(P([)(-)) =  AeX(P()).
Proof. From Lemma 3.16 it immediately follows that for A 0 the operator P([)()\) is
invertible if and only if its Schur complement )\_(Z_Z)P()\) is invertible. t

To state a similar result for the block numerical range we need the Banach space Ys to
be of finite dimension n so that we can decompose it into 1-dimensional spaces. We then
consider a decomposition

YZYlXYQZ(YHX...XYld)X(Yglx...XYQn)

where the Ys; are 1-dimensional for j € (n).
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Theorem 3.19. For P(ZA)(-)7 P(:) as in Lemma 3.16 and A # 0 there holds
/\G@(P(');Yll,...,yld) <~ )\G@(P([);YH,...,}/id,Y21,...,Y2n).

Proof. For this whole proof let A # 0. Now A ¢ @(P([)(-);YH, ooy Y14, Y01, .00, Yo if
and only if for all (F,U) € S;h(Y11,...,Y1q) and (G, V) € S (Ya, . .., Ya,,) the operator

b s 7]

- ﬁ; ?;] [Cc(jl) I)\Ci2N] [[g 3}
_[FCWU  FCwv
[ GCnU  G(\ - N)V]

is invertible. Note that the diagonal entries of the operators

|:F O:|:Y1><Y2—>(Cd><©n,

U 0
0 G

0 V]:(Cdx(C"—>Y1><Y2

are mapping between different spaces. The zero operators are also to be interpreted
between the corresponding spaces. However due to the 1-dimensionality imposed on the
spaces Ya; the operators G and V' are invertible. Therefore G(A — N)V is also invertible
and we can apply the Schur complement.

Now A ¢ @(P(i)()’ Yit,..., Y14, Y01, ... ,an) if and only if for all (F, U) S Ssa(}/ilv Ce ,Y1d>
and (G, V) € Sy (Ya1,. .., Ya,) the operator

FC(\U — FC1oV(G(\ — N)V) 'GCo U

= FC(\)U — FCpVV A= N)"la laonU
= FC(\)U — FC12(A — N)~lonU

= F(C(\) — C1a(A — N)1Co))U

= D pO)U

is invertible. And this is the case if and only if A ¢ ©(P(-); Y11,..., Y14). O

Back to our original operator polynomial A(-) as in (3.1) and its canonical degree reduc-
tion A(-) to [ this theorem translates as follows.

Theorem 3.20. Let the operator polynomial A(-) be defined on a finite dimensional
Banach space X with dimension n. Let Xi,...,Xq be an arbitrary (not necessarily 1-
dimensional) decomposition of X and Xy, ... ’X(l—[)n be a 1-dimensional decomposition
of XL Then for X\ #£ 0 there holds

AE@(A(');Xl,...,Xd) <~ )\E@(A('>;X1,...,Xd,)21,.. X(l—i)n)

*
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Proof. This follows immediately from Remark 3.17 and Theorem 3.19. O

Theorem 3.20 is a generalisation of [TW03, Theorem 5.2], which was posed in the Hilbert
space setting and for linearisations (via the companion matrix) instead of degree reduc-
tions.

If we omit the finite dimensionality on X we can at least formulate an inclusion result
extending [TW03, Theorem 5.1| and [Wag07, Proposition 3.15]. To make notation a little
less cluttered we abbreviate the decomposition

X(lilAJrl) = X17-.-7Xd7"‘7‘X17"'7Xd.

-~

(I—I+1)-times

Proposition 3.21. Let A(-) and A(-) be as above. Then

O(A(): X1, ..., Xq) € O(A(); X1,
Proof. Let Ao € O(A(+); X1,...,Xy). Then there exists (F,U) € Sif(X7,...,Xy) such
that 0 € X(FA(Ao)U). We can regard FA(-)U as an operator polynomial

l
FACMU :C— L(CY) : A Y NFA;U.
j=0

Then A € (FA(-)U). Since FA(-)U is an operator polynomial of degree [ it has a

canonical degree [ reduction

(FA(U) : C — £(CU-HD),

o —

Now with Proposition 3.4 we obtain S(FA(-)U) = X((FA(-)U)) and therefore 0 €
S((FAM)D)). A A
Now define the pair (FU—H+1) y(=+1) through
F-iY . po . oF, U .—Ue.. . 0U
—_— ~—————
(I—I+1)-times (I—i+1)-times

resulting in (FU—HD, g+ ¢ S;ft(X(l*ZH)). In the same way as above we then get
the operator polynomial FU—+DA()U(=H1D) . € — £(CU~HD). There now holds the
equality A A

(FA()U) _ F(l—l+1)A(_)U(l—l+1)

and therefore

o —

0€ Z((FAMN)U)) = E(F(l*[+1)]5()\O)U(l*lA+1))
which yields Ao € O(A(-); X(l—iﬂ)). -

Inclusions of this type in the case of linearisations were also considered [GLW09| where
the authors used them to derive bounds of the block numerical range.
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3.5. Degree-reduction of semi-monic operator polynomials

We return to our discussion of semi-monic operator polynomials

l
Q) = A"T— AX) = A"T = N A, (3.45)
j=0

with [ > m and A; € £(X), j = 1,...,l. Consider the degree-reduction of Q(X) to
degree | —m + 1

(AL — All=mH(\) —A, 5 ... —Ag]
A -1 bV
Q) =
i —I M
-A[l—m+1] A\ A, AqT
(\) 2 0 0
I 0
— )\IXm —
L I 0]
_ [—m—+1 o
=t Axm — AN) = Mxm — Y N4
j=0
where
(A1 Apm—a ... Ag]
R I 0
AO - )
- I O -
[Ajym—1 0 0]
0 0
A; = : . ap j=1,...,1—m+1.
| 0 ]

We see that the reduced polynomial Q() is again a semi-monic operator polynomial with
linear monic part. In particular if the coefficients A; are nonnegative then so are the
coefficients A;.

Remark 3.22. Note that in general the operator polynomial fl() is not the degree-
reduction of A(-) to degree [ —m + 1.
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3.5.1. Fix point iteration in semi-monic operator polynomials

For the degree reduced semi-monic operator polynomial Q(-) as in (3.46) we can consider
the operator equation

QC)=C—- Y Al =0. (3.47)

By JMar88, Lemma 22.9] the linear operator polynomial (Al — C) is then a right divisor
of Q(+). Consequently we will call an operator C satisfying (3.47) a root of Q(-).

Remark 3.23. In (3.47) we multiply C' from the right and end up with a right divisor.
One could also multiply from the left and would then end up with a left divisor. While
the results in the remainder of this section could also be stated for left divisors, we will
only focus on right divisors.

In order to find a root of Q() one might consider the fix point iteration given by

l—m+1
Cryr:= Y A;C] (3.48)
j=0

for some starting point Cjy. Given that the iteration scheme converges (in the operator
norm), then the limit point C' will satisfy (3.47). W restate two results from [Harll]
which give conditions under which the iteration scheme converges.

Proposition 3.24. (i) Assume there exists a p > 0 such that

l—-m+1

norm(p) = > A4l <p.

§=0
Then the fix point iteration given by (3.48) for Cy = 0 converges.

(ii) Let Q(-) be a semi-monic matrixz polynomial with entrywise nonnegative matriz
coefficients A;. Then the canonical degree reduction Q(-) as in (3.46) has en entry-
wise nonnegative root if and only if the fix point iteration (3.48) with starting point
0<Cy < /Nlo converges.

Proof. (i) is [Harll, Proposition 4.32]. (ii) follows from [Harll, Proposition 4.4] since
the coeflicients A; are entrywise nonnegative. ]

Now assume that we have found a fix point C' satisfying (3.47). Then C is a root of Q(-)
and we can write

Q) = LA - C)
for some operator polynomial i() By Proposition 3.9 we conclude that —C is the
companion matrix of a monic operator polynomial

m—1
D\ =\"I+ Y XD
=0
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and Q(-) factorizes as
l—m
QW) = 2_NL; | DOV,
7=0

where the coefficients L; are determined by L(-) as in Proposition 3.9.
So in short we were able to find a monic right factor of A(-) by performing a fix point
iteration for its canonical degree reduction.

3.5.2. Degree-reduction of irreducible semi-monic matrix polynomials

Now let Q(-), A(-),Q(-) and A(-) as above but with the coefficients 4; € R". In Sec-
tion 1.4 we have seen that semi-monic matrix polynomials with entrywise nonnegative
coefficients are of particular interest if the sum of the coefficients 3 7" A; is irreducible.
However, it is easy to see that the sum of the coefficients of the reduced polynomial,
Z;;%LH A; = A(1), need no longer be irreducible (take any polynomial where Ay = 0).

We will show that this problem can be remedied via a suitable permutation. The following
algorithm describes how to obtain such a permutation.

For an mn x mn-matrix B we will by Blk, k] denote the leading principal minor of size
kExk 1<k<mn.

The algorithm operates by ‘removing’ zero columns of /Nl(l) by moving them to the right
via permutation (and leaving the order of the other columns unchanged). The same
permutation is then applied to the rows.

Algorithm 3.25. Step 1: If the matrix A(1) has no zero columns the algorithm stops.

Otherwise note that A(1) can only have zero columns in the last n coordinates. Let

3%, . ,S}Ul be the coordinates of these w; zero columns. Then apply the permutation

that moves the columns to the right, leaving their order and the order of the remaining
columns unchanged (i.e. the last w; columns of the permuted matrix are, from left to

right, the previous columns si, ..., sl ).

s Qwq B

Now apply the same permutation to the rows of A(1), resulting in a matrix By. If we
denote by P; the corresponding permutation matrix, then By = P{ A(1)P.

Step 2: If we restrict our view to the submatrix By[mn—wy, mn—wi], it is possible that

the permutation in step 1 has resulted in additional zero columns in By [mn—wi, mn—uw;]

among the coordinates (m —2)n+1,...,(m — 1)n. Note however, that every such zero
column must come from a zero column in step 1. To make this precise let s2, ..., 5%}2 be

(the coordinates of) the zero columns in Bj[mn — wy, mn —wi]. Then for every i € (wq)

there must exist a j € (w;) such that s? = 5]1- —n. This additionally implies that ws < wy.

Now apply the permutation to By that moves the zero columns with coordinates s2, . . . , 33,2
to the coordinates mn — (wy +w2) +1,...,mn —w; (leaving again the ordering intact).

Apply the same permutation to the rows of By. If P» is the corresponding permutation
matrix then define By = P2T B P;.
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Step k: Repeat step 2 for the zero columns s’f e sﬁ,k of the submatrix
Bi_1[mn — (w1 + -+ + wi—1),mn — (w1 + - - + w_1)].

Stop: Terminate if no more zero columns appear. Output the permutation matrix
P=PP--- P, where w is the number of steps the algorithm took.

The algorithm is guaranteed to terminate after at most m—1 steps (so the first n columns
will not be permuted). This follows because the irreducibility of A(1) = 2210 A; implies
that for each i € (n) at least one of the columns with coordinates i,i+n,...,i+(m—1)n
has nonzero entries among its first n entries.

Remark 3.26. We state some helpful observations:

(i) Let s € (m(n —1)). Then the s-th column in A(1) can only be removed by the
algorithm if the column with coordinate s+n was already removed by the algorithm.

(ii) Columns in A(1) that have a nonzero entry among their first n entries will not be
removed by the algorithm.

The next example illustrates the algorithm.

Example 3.27. Let By € ]R?_’G be of the form

b 0
b 0

o O
QU

= Q 2

1

with some arbitrary positive numbers a,b,c,d. Then after the first step of Algorithm
3.25 we arrive at

a b 0 ¢ d|0
a b 0 c d|0
1
By = 1
1
L 1 |
The next step leads to
[a b ¢ d]|0 0]
a b ¢ d|0 0
1
By = 1
1
- 1 -

at which the algorithm concludes. Note that the upper left block is irreducible and the
lower right block is nilpotent.
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Our goal now is to show that the observation made at the end of Example 3.27 holds in
general. Let P be the permutation matrix from Algorithm 3.25 where we assume that
Zé’:o A; is irreducible. Then we can identify

PTA(1)P = [%%] (3.49)

where C' and N are quadratic matrices and C has no zero columns. We claim that C' is
irreducible and that N is nilpotent. We denote by p € N the size of C, i.e. C' € REP.
Note that n < p < mn. Let further «(-) : (mn) — (mn) the permutation function
belonging to P.

Lemma 3.28. Let rg — 11 — --- — 74 be a path in the graph of A(1). If w(rg) € (p)
then 7(r;) € (p) fori=1,...,w. In other words 7w(rg) — w(r1) = -+ — w(ry) is a path
in the graph of C.

Proof. We prove the assertion by induction: m(rg) € (p) by assumption. Now assume
m(r;) € (p). If r; € (n) then the column of A(1) with coordinate ;41 has a nonzero
entry among its first n entries. This implies (see Remark 3.26.(ii)) that 7w(ri41) € (p). If
r; & (n) then the identities on the block minor diagonal of the matrix A(1) imply that
ri+1 = r; — n. It then follows by Remark 3.26.(i) that 7 (r;y1) € (p). O

Lemma 3.29. Let r € (mn) and s € (n) and assume that Zé‘:o A; is irreducible. Then
there exists a path in the graph of A(1) from r to s.

Proof. Without loss of generality assume that r € (n). Otherwise, by moving along the
identities on the block minor diagonal of A(1), we can construct a path

r—=r—mn—r—2n—---—=17

such that 7y € (n).
Since the matrix Zé':o Aj is irreducible, there exists a path in its corresponding graph
from r to s. Denote this path by

TO—>TL > > Ty =T.

Then we can, as in the beginning of the proof, construct a path from ry to r, in the
graph of fl(l) We demonstrate it for the first edge from ro to r1: Since A;(rg,r1) > 0
for some j, it follows that there exists a k € (m — 1)g such that A(1) has a nonzero entry
at coordinates (rg, 1 +kn). Now, once again because of the identities on the block minor
diagonal of fl(l), this implies the existence of the path

ro—=>rit+kn—-rm+kEk-1n—--—=ri+n-—r. O

Proposition 3.30. Assume 22:0 Aj is irreducible and let C € RE? and N € R} PP
be as in (3.49). Then C' is irreducible and N is nilpotent.
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Proof. We first prove the irreducibility of C: Let sp,5 € (p). We need to show there
exists a path from sg to 5 in the graph of C. Define to := 77 1(s0) and # := 771(5). Our
goal is to construct a path from tg to £ in the graph of A(1) and then apply Lemma 3.28.
If ¢ € (n) we can use Lemma 3.29 to get the existence of such a path.

Now assume # ¢ (n). Then there need to exist a £ € (n) and a k € (m — 1)q such that

t—>t+kn—tk—1n— - >t+n—>1t

in the graph of A(1). If such a path did not exist then, following Remark 3.26.(i), this
would contradict 7(t) = 5 € (p). Together with Lemma 3.29 this gives us a path

to—=--—t—=- 1
in the graph of A(1). Now Lemma 3.28 tells us that
so=m(tg) = - —=7at) = =>7{)=35

is a path in the graph of C.

To see that N is nilpotent first note that the rightmost columns of IV need to be zero
columns. All other columns will contain a single 1 entry and be zero otherwise. Let r
be the coordinate of a nonzero column in N. Then the column has coordinate p + r in
the bigger matrix PTA(1)P. In the original matrix A(1) it therefore had the coordinate
s: =71 Y(p+r). In order to be removed by Algorithm 3.25 the column with coordinate
54 n must have been removed first (see Remark 3.26.(i)). The s-th column in A(1) has
its 1 entry at coordinate s + n. So when removing the column with coordinate s + n by
moving it to the right (and at the same time moving row s +n down), the 1 entry in the
column s also gets moved down to coordinate 7(s+n). After that it will not be affected
by any other row operations.

From Algorithm 3.25 it follows that w(s +n) > 7(s) = p+ r (since the algorithm adds
to the zero columns from the left). It follows that the 1 entry of column p + r lies in the
strictly lower triangular part of 21(1) For the matrix N this implies that the 1 entry of
the column 7 also lies in the strictly lower triangular part of N. Therefore IV is a strictly
lower triangular matrix and thus nilpotent. O

The proposition implies that the nonzero spectra of fl(l) and C coincide. The same
holds for the semi-monic functions: Let P be the permutation matrix from Algorithm
3.25. Then we can identify

PTQ\P = AL, — PTANP = [ M Y- } - [ Cg) 1(37 ]

where C(+) is a matrix polynomial of degree | — m + 1 with entrywise nonnegative coef-
ficients and C(1) is irreducible. Now the semi-monic polynomial

Qc(N) =X, — C(N)

has the same nonzero spectrum as Q(-) and thus also Q()). But, in contrast to Q(-), the
irreducibility of C'(1) allows one to apply the results of Section 1.4 to Q¢ (-).
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A. The block numerical range

The content of this appendix is taken from [Kalll] with the exception of Section A.5
which was newly written for this thesis.

Let (X1, - llx,),---» (Xa, | - [|x,) be non trivial normed (Banach) spaces and consider
the product space X = X; x ... x X;. Equipped with one of the equivalent norms || - ||,
defined through

{/ d P 1<p<
H"pIX—}RI(xl,...,xd)TH{ 2= 7l =Pseo
max;—1, .k ||%il|x;, p =00

X becomes a normed (Banach) space itself. Whenever we consider the space C¢ it will
be equipped with the corresponding p-norm.

An operator A € £(X) can then be written as a so called block operator or operator
matriz

where A,s € L(Xs, X,), for r,s € (d). Introducing the natural projections’
Po: X1 x...xXg—= Xp: (z1,...,29)T = xp,
and ’embeddings’
En: X, = X1 x...xXg:xp+(0,...,0,24,0,...,0)7

we can write A, explicitly as A, = P;AE, for k,r, s € (d).

A.1. Definitions and basic properties

Definition A.1. For a normed space Y we will denote the set of functionals which attain
their norm on the unit sphere and corresponding points as

St (V) :={(f,u) : f €Y u e V||| = Ju] = f(u) =1}.

Note that by the Hahn-Banach theorem we find for every normed v € X a normed
functional f € X’ with f(u) = 1 (the converse is in general only true in reflexive Banach
spaces).

In order to work with block operators we extend this to the product space X via

Satt (X1, ..+, Xg) 1= Sare(X1) X ... X Sare(Xa).
Given ((fl,ul), oo (fa ud)) € Satt (X1, ..., Xy) we define the two maps

F: X, ><...><Xd—>(Cd,(951,...,xd)H(fl(xl),...,fd(xd))
U:Cd—>X1 X---XXda(lquv'-'wud)H(Mluly-"mudud)
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Let Sy (X1,...,X,) denote the set of all pairs (F,U) of these operators. Finally we
define the block numerical range of an operator A € L(X] X ... x Xy ) as

O(A; X1,...,Xy) = U S(FAU).
(FvU)eS:ﬁ(le'“de)

If the underlying decomposition of the normed space is clear we will sometimes simply
write St instead of Sor (X1, ..., Xq).

Remark A.2. - For A € £(X) and (F,U) € St (Xy,...,X,) the operator FAU can
be identified with the matrix

fi(Anuwr) ... fi(Aigug)

fd(A;11U1) fd(A;idUd)

- The block numerical range can be characterized with the determinant on C%¢, i.e. for
reC

AEOUX,. .., Xg) = IF,U) € SE(X,...,Xq) : det(FAU —A) =0
& I(F,U) € SP(X1,...,Xq) : det(F(A — \)U) = 0.

The second equivalence follows from FU = I.

- For every operator A € £(X) the block numerical range is bounded by ||A| x since

I1FAU| zcay < 1Fllzex e 1Alx Ul zce,x) = [[Allx

=1 =1

for all (F,U) € Si£(X1,...,Xq). The claim now follows because the spectrum of a
matrix is bounded by its norm.

Let us now consider permutations of the order of the factors in X7 x ... x Xy. For a
permutation 7 of the set (d) define X7 := X ;) X ... X X(g). The operator induced by
mis

u1 Ur(1)

P:X—X":|:|= :

Uq Ur(d)
with the inverse operator P~! induced by the inverse permutation. The operator A™ :=
P~YAP is then the equivalent of A in £L(XT).

Lemma A.3. The block numerical range of an operator A € L(X) is invariant under
permutation of the factors X;. That is for a permutation w of (1,d) there holds

@(Aﬂ-; Xﬂ.(l), e ,Xﬂ.(d)) = @(/L Xi,... ,Xd).
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Proof. Let A € O(A; X1,...,Xy) and (F,U) € Si&(X1,...,Xq) such that det(FAU —
A) = 0. Then

0 = det(FAU — \) = det(FPA™P~'U — \).

Obviously (FP, P_IU) S S;ft(Xw(l)a R ,Xﬁ(d)) and thus A € @(AW; Xﬂ(l), RN Xﬁ(d)).
The assertion now follows because the reverse inclusion is symmetric. O

Example A.4. (1) In case of a Hilbert space H with scalar product (-, -) we can consider

an orthogonal decomposition H = H1 & ...® Hy. If we combine the factors H; with
the 2-norm we get the isometric isomorphism

H=H, x...x H,.

In Hilbert spaces by the Riesz isomorphism theorem there is exactly one normed
fi € H] for every normed u; € H; such that f;(u;) = 1 and it can be identified
through the scalar product with (-, u;). Therefore Sy (Hi, ..., Hg) can be identified
with the factor wise normed sphere S(Hy,...,Hy) :=={u e H :||u;||g, = 1}.

For an operator A € L(H) the block numerical range then is

O(A; Hy,..., Hy) = U S (FAU)
(FU)ES, (Hy,...Hq)
[f1(Anur) ... fi(Arqug)
= U D
() €Sare(H,---, Ha) | fa(Anur) oo fa(Adaua)
[(Ajug,uy) ... (Arqug,uy)
-y S
ueS(H.Ha) |(Aqrur,ua) .. (Adaud, ua)

This is just the block numerical range for operators on Hilbert spaces as introduced
in [Wag07] or [Tre08]. The block numerical range for normed spaces as introduced
here is therefore a generelazition of the known case on Hilbert spaces. Lemma A.3
guarantees that the block numerical range does not depend on the order of the
orthogonal subspaces in the direct sum.

Regarding the Hilbert space C™ a special type of orthogonal decomposition is the so
called component wise decomposition as introduced in [FHO8|. For it consider index
sets J; for i = 1,...,d such that

TV 0Ty = (1,n).
Now define the spaces

X ={(v1,...,v))T €C":v; =0 for j & T}
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Since the N; were disjoint we get the decomposition C" = X1 & ... Pd Xg4.

The advantage of component wise decompositions is that the block operator repre-
sentation of entrywise nonnegative matrices A € C"*™ with regard to these decom-
positions preserves the property of being entrywise nonnegative (this is in general
not true if we consider an arbitrary orthogonal decomposition of C™). For more on
the block numerical range in C" see Section A.5.

(3) Let a =ty < t; <...<ty=>beR. The Banach space X = LP([a,b]) for p € [0, c0]
can then be decomposed into

Lp([a,b]) = Lp([to,tl]) X Lp([tl,tQ]) X ... X Lp([td_l,td]),

where we have to combine the factors with the p-norm.

A.2. Spectral inclusion

We will now prove spectral inclusion results where the later results require the normed
spaces X; to be Banach spaces.

Lemma A.5. There holds ¥£,(A) C O(A; X1,..., Xq).

Proof. Let A € $,(A) then there exists © = (21,...,24)7 € X1 X ... X Xy, such that
Az = Az. Define normed u; € X; satisfying ||x;||u; := z; for i = 1,...,d. By the Hahn-
Banach theorem there exist normed functionals f; € X such that f;(u;) = [Ju| =1
for i = 1,...,d, thus ((fl,ul),...,(fd,ud)) € Satt(X1,...,Xg). For the corresponding
(F,U) € St (Xy,...,Xy) there holds

[E31] 1 1 [ ]|
FAU| @ |=FA|:|=XF|:|=X]| |,
[zl Tq T4 4]l
le. A€ O(A; Xq,...,Xy). O
Lemma A.6. Let X1,...,X4 be Banach spaces and X = X1 X ... X Xy endowed with

the p-norm and X{ x ... x X!, with the conjugated g-norm (i.e. p~* + ¢~ =1 with the
usual convention é =0). Then the map

J: X x..oxXp—= X (fi,o. )= f
with
d
fxy,...,x9)" = Zfi(wz‘)
i=1

18 an isometric tsomorphism.

Lemma A.7. Let A" denote the adjoint operator of A € L(X) and let (Aj;)i; be the
block operator representation of A" with regard to the decomposition X| x ... x X/,. Then
there holds Aij = A;i, i,j = 1,...,d. That is, the block operator of A" is the transpose
of the component-wise adjoint of A.
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Proof. For k =1,...,d let Ej, denote the ’embedding’ from Xj into X; x ... x X, and
let Py be the projection’ from X X ...x X4 onto Xj. Furthermore let E; and P, denote
their dual space counterparts. Using the isometric isomorphism from Lemma A.6 we

obtain

Aij:piOJ_loA/OJOE]‘.
Let fr € X; and (z1,...,24) € X then

xr1 X1

(feoBr) | 1| = felmr) = [(J o Ex)(fx)]

x4 Zq

ie.
fio Py = (J o Ey)(fi)-
Let f=J Y(f1,...,fs) € X" and x}, € X} then

f1
(f o Ex) (k) = frlax) = | Pe | | | (@x) = [(Be o T ()] (k)
fa

ie.
f o Ek == (Pk e} Jﬁl)(f)
For f; € X} we then have

o J Lo Ao Jo Ej)(f;)

s o JT(A(T o E)(£7)])

PioJ N)([(J o Ej)(f7)] o A)
PoJ N (fjoPjoA)

Ayify =

—~
—_
~—

I
— — — —
5

Nz 1z

N
~

as desired.

(A.1)

(A.2)

O

The following important theorem basically says that the norm attaining functionals lie

dense in the dual space.

Theorem A.8 (Bishop-Phelps-Bollobas). Let X be a Banach space and 0 < & < 1. Let

f e X' |\fll =1 and choose v € X, ||v|| < 1 such that |1 — f(v)] < %.

Then there

exists u € X, ||ul| =1 and g € X', ||g|| = 1 such that g(u) = 1 and ||u —v| < € and

lg = fll <e.
Proof. See |[BD73, §16 Theorem 1].
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Lemma A.9. Let X be decomposed as before then
@(A;Xla s 7Xd) g G(A/aX:/lv s 7X£l) g @(Aa le s 7Xd)

holds.

Proof. Fori=1,...,dlet J; denote the canonical embedding of X; into its double dual.
For the first inclusion let A € ©(A; X1,..., Xy) i.e. there exist ((fl,ul), e (fd,ud)) €
Satt (X1, - .., Xg) and corresponding (F,U) € Sif (X1, ..., Xg) such that det(FAU —\) =
0. We define @; := f; and f; := Ji(u;). Then ((fl,al), cel (fd,ﬂd)) € Sart(X1,..., X))
holds. Let (F,U) € S%(X!,... , X!) denote the corresponding pair of operators. Using
the last lemma we obtain

Since L(FAU)T = S(FAU) we have A € ©(4"; X1, ..., X}).
For the latter inclusion let A € ©(A’; X/, ..., X/), i.e. there exist (f, 1) € Sate(X], ... X})
and corresponding (F,U) € S% (X1, ..., X}) such that det(FA'U — \) = 0. Since the
canonical embedding of the unit sphere of a Banach space into the unit sphere of its
double dual is weak-* dense, there exist for all i,5 € (1,d) and 0 < € < 1 elements
v; € X; with ||v;]] <1 such that

2

[Fii) — (Ja(w) ()] <

‘JEZ( L) — (Ji(vi) ( ;Zﬂ])’ <e.

Therefore 5

11— s(on)| = [Filem) = (i) ()| < -

By the Bishops-Phelps-Bollobés theorem there exist (fi, u;) € Satt(X;) with || fi— @i < e
and |lu; —v;|| < e for all i € (1,d), providing (f,u) € Satt (X1, ..., Xq) and corresponding
(F,U) € 8P (X1,...,X4). Now define for (v1,...,v4)" as usual the operator

251 H1v1
V:C! > X S
Hd HdVd
Note that since ||v;|| <1 for all i € (1,d) there holds ||V < 1. Now
|FA'U — FAU| < |FA'U —=UA'V| + |UAV — UAU|| + |[UAU — FAU||
< (FilAGiag) — (Jiwi)) (Afap) ]| + |V = Ul + U - FJ,

<ce <e <e
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where ¢ is a constant only depending on the norm on C¢. Since £ was arbitrary we
conclude that A € ©(4; X1, ..., Xy). d

Corollary A.10. If X1,..., X are reflexive, then
O(A; Xy,...,Xy) =04 X1,..., X))

holds.
Lemma A.11. Let X be a product of Banach spaces and A € L(X). Then

(1) E(A) € Ep(A)

(1) Ye(A) € Bapp(A)
hold. The approxzimate point spectrum Xqp, of A is defined by

AESup(4) & Iz CX, |zl =1: Az — Azp 2225 0.

Lemma A.12. Let M € C¥? be a matriz. If M is invertible then

1

MY < )
M < e

For x € C* with ||z|| = 1 we have

dist(0, £(M)) < /1M || M.
Proof. See [Tre08, Lemma 1.11.5]. O

Theorem A.13. Let X and A be as in Lemma A.11. Then

(i1) 3(A) € O(4; X1, ..., Xa)
hold.

Proof. Point (i) is Lemma A.5. For point (ii) let A € ¥(A). If X € ¥,(A) the claim
follows from point (i). If A € 3,(A4) then by Lemma A.11, point (i) and Lemma A.9

Ne X, (A) SO X],..., X)) COA; X,..., Xa).

Lastly if A € ¥.(A) then again by Lemma A.11 A € ¥,,,(A). Thus there is a sequence

(™), = ((xg’“), . ,xff)))k c X, [lz®] = 1

such that (A — \)z(®) £220, 0. Choose ugk) € X, HuEk)H =1 such that 2" = HmEk)HuEk)

i

and fi(k) e X/, ||fz(k)|| = 1 such that fi(k)(ugk)) =1fori=1,...,dand all k € N. Now we
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can construct the corresponding pair of operators (F(k), U(k)) € St (X1,...,Xq). Define
vk = (ngk)H, ey ][xfik)\|), then there holds

( R Ay k) _ A) o) — < FR) AU ®) _ pk)grk) A) O
( FO) (4 - 2) U(k)) o)
F®) ((A ~A) x(k)) ke,

Define ¢, := [|[(F® AU® — \)o®)||. Using Lemma A.12 we obtain

dist (A, Z(F(k)AU(k))) = dist (0, S(FPAUM — )

Q

| F® AU ® — A

< %(HF AU +|A|>

<{(IF ALl + W)
\/(IIAII A e Ao
Therefore
e |o(FEWAU®) C | S(FAU) =6 (4 X1,..., Xg). O
keN (FU)eSZE

A.3. Refinement of the decomposition

Definition A.14. Let d,d € N and X1 x ... x Xg = X1 x ... x X; = X be two
decompositions of X. We call Xl, e ?Xd a refinement of Xq,..., Xgifd < d holds and
if there exist indices 0 = ip < ... < ig = d such that

Xp=Xi 1 X x Xip, k=1,....d.

ik

Remark A.15. Let X be the the product space of d one dimensional spaces X1, ..., Xg.
Then for every linear map A € £(X)

O(A;Xy,...,Xq) =X (4) =%,(4)
holds.

Theorem A.16. Let Xq,...,Xy4 be a refinement of )A(l,...,XA

g both product spaces
endowed with the p-norm for 1 < p < oo and A € L(X). Then

G(A7X17 . 7)262) g G(AaXla : 7Xd)

holds.
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Proof. Without loss of generality let d = d+ 1 and refine the first factor of X. The
general case then follows from Lemma A.3 and by induction.

We only consider the case for 1 < p < oo. The proof for p = oo is similar. Define
Xy = Xo X Xl and X = Xk for k =2,...,d. Let A € @(A Xg,Xl,XQ,.. . ,Xd), then
there exists [(fo,uo) (fd,ud)]T S Satt(Xo,Xl,Xg,.. ., X4) and the corresponding
pair of operators (F, U) € 8% (Xo, X1, Xo, ..., Xq) such that X is an eigenvalue of FAU.
Let v = (vg,v1,...,vq)" € C4! be an assomated eigenvector with the property

[wol? + [P =1 (A.3)

which can be achieved by scaling as long as |vg| + |v1| # 0 (otherwise take an arbitrary
eigenvector). We define two linear maps

p:cHt -t (W07-~~awd)T > (awo +Bw1,w2,...,wd)T,
E: Cd — (Cd+1 (wl, .. ,wd)T —> (l/()wl,ljlwl,wg, Ce ,wd)T
where
_ |l _ |l
o= o 8= o

If gy =0set a =0, if 1 =0 set 8 =0. We now show that the operators F' := PF and
U:=UEFE are in Sy}, (X1,...,Xq):

regarding U: Let w := (wy,... ,wd)T € C%, then

7 T
- Vol . .
Uw:UEw:(w1< 070 >,w2u2,...,WdUd> .
viug
—_——

=uq

So we calculate

Vouo A)
sl = (2% )H ol Taoll” + bl ol

If vp = v1 = 0 choose an arbitrary u; € X, ||ui]] = 1. Defining uy := 4y we have
|lugl]] =1 for k =2,...,d.

regarding F: Let x := (xo, ... ,a:d)T €Xox X1 X XoX...% X4, then

T
Fx = PFx = ((afo,ﬁfl) ( 2(1) ) ,fz(zz),...,fd(md)> .
=1
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Now

Ilf1ll

= sup

H(Oéfo,ﬁfﬂH
l(o.a1)]l,=1 <af0’5f1) ( i(1) )‘
(wo,21)€X1

= s oo (wo) + 5 (o)

l[zollP+llz1[P=1

wol? | 2 P 2
< sup  —— |l foll [lwoll + ——I[f1ll l|z1]]
leoll?+lz1[P=1 %0l 121
= sup o P~ lzol| + [ [P~ [l |
laollP+ o1 [P=1
A3
< wol? + [P 2 1.

If vy = v1 = 0 construct f1 € X] such that fi(uy) = ||f1|| = 1. Otherwise

ol [P (A3

1.
|vol 21

Ji(uy) = (Oéfo»ﬁﬁ) < VOI:L(I) > = awg fo(tio) +Br1 f1(in) =

mu

Defining fi := fr we have ||fe] = |/xll = 1 and fi (ur) = fr (4x) = 1 for k =
2.....d.

Hence (F,U) € S (X1, ..., X,). Finally

1 1 140 IZ0)
2 A~ A 1) A A 141 141
FAU . = PFAUFE ) = PFAU ) =P
Vg Vq Vq Vd
[vol” + | ]” 1
V4 Vq

holds (if vy = v1 = 0 set the first entry of the vector to be zero instead of 1). That is
ANeO (A Xy,..., Xq). O

A.4. Continuity properties and connected components

In [BD71, §11 Theorem 4] it was shown that S, (Y") is connected for every Banach space
Y in the product topology on Y x Y’ given by the norm topology on Y and the weak-*
topology on Y. Using the corresponding product topology on (X1 x X{) x...x (Xgx X))
this naturally extends to the following result.
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Lemma A.17. In the above mentioned topology Sau(Xi,...,Xq) is connected.

In order to be able to state some continuity results on Syty and the block numerical range
we will use the following metrics.

- On the complex plane we will use the Hausdorff metric defined on compact subsets
Wy, ¥y of C through

dp (U, V) := max{ sup dist(\, ¥1), sup dist(A, \Ifg)} .
YD Acv,

- Let (X, |- ]|) be a Banach space. Denote by N(X) the set of norms on X equivalent to
||-]]. In [BD73] F. F. Bonsall and J. Duncan introduced the following metric on N (X):
Let p,q € N(X). Since p and ¢ are equivalent there exists ¢ > 0 such that

SMS(S Vo e X \ {0}.

q(x)

| =

We then define

dn(p, q) :zloginf{éZl: g@gé VxEX\{O}}.

It is not hard to see that dx forms a metric on N(X).
- On Satt(X1,...,Xgq) we use the norm
d
1 )80 = D M fillx + luill,,  (fru) € Saw( X1, .-, ).
i=1

Note that this norm is always defined in terms of the original norms on the factors,
even if we change to equivalent norms.

The following statements about continuity are to be read in regard to these metrics.
Proposition A.18. Let X = X; X -+ x X4 be Banach spaces and A € L(X).

(i) Sau(X1,...,Xq) depends continuously on equivalent norms on the factors X;.

(1)) O(A; Xq,...,Xq) depends continuously on equivalent norms on the factors X;.

(i1i) O(A; X1,...,Xq) depends continuously on the operator A.

Proof. (i) The proof for the case of a trivially decomposed space X was already done
in [BD73, §18 Theorem 3|. This immediately extends to Satt (X1, ..., Xq).
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(ii) Let A € £L(X). First we show that the block numerical range depends continuously
on Sy For a decomposition X7,..., Xy denote by Xl, . ,Xd the same spaces
endowed with equivalent norms such that given 6 > 0 we find for every (f,u) €
Satt(X1,...,Xq) a (g,v) € Sart (X1, ..., Xq) such that ||(f —g,u—v)||s,,, <9I (and
vice versa). Now

|FAU — GAV|| < |[FAU — GAU|| + ||GAU — GAV ||
< [[F = GIIANMU+ IGIIAU =V
= (IF =G+ U -V])4]
< 0|l A]l.

It follows that the eigenvalues of FAU and GAV differ by at most J||A|| and there-
fore

Ay (O(A X1, Xa),0(4; X1, Xa)) < 0]|A].
The assertion now follows from point (i).

(iii) For fixed (F,U) € Syt (Xi,...,X4) the mapping A — FAU is continuous for
A € L(X) because

|FAU| zcay < 1l zex,cnl Al cco Ul 2ce,x) = 1Al x)-

Since the spectrum depends continuously on the operator on finite dimensional
spaces it follows that the mapping A — X(F AU) is continuous as well. This yields
the assertion. ]

Remark A.19. The definition of Satt (X1, ..., Xy) only depends on the norms || - || x;,
on the factors X;. Therefore Sut(X1,...,Xq) as well as the block numerical range is
invariant under choice of a different p-norm on the product space X.

It is a well known result that the numerical range of an operator on a Banach space is
connected. This is not true in the case of block numerical ranges, however there holds a
similar result. For that we first need to state a fact about matrix sets.

Lemma A.20. If M C C%™ s connected, then S(M) = Upjep Z(M) consists of
at most d connected components. Moreover for every connected component T' C X (M)
there exists np € N such that every M € M has exactly np eigenvalues in T’ (counting
multiplicities).

Proof. This is [Wag07, Proposition 1.10.(3)]. O

Theorem A.21. Let X = X x ... x X4 be Banach spaces and A € L(X). Then the
block numerical range ©(A; X1, ..., Xy) consists of at most d connected components.
Furthermore if ©; denote the connected components of ©(A; X1,...,Xg) forj=1,...,m
with m < d, there exist integers n; such that for each (F,U) € Sot(X1,...,Xq) ezactly
n; eigenvalues (counting multiplicities) of the matriz F AU are contained in ©;.
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Proof. The natural map St (X1, ..., Xq) = Ser(X1,...,Xy4) is continuous. Addition-
ally we have

|Fo AUy — FAU|| = ||FoAUy — FyAU + FyAU — FAU|| < |A(Up — U)|| + ||(Fo — F)A|

for all (Fy,Up), (F,U) € S (X1, ...,Xg). Therefore the map (F,U) + FAU € C¥ is
continuous. Since St (X1, ..., Xy) is connected by Lemma A.17 the set {FAU € C¥*9 .
(F,U) € SP(X1,...,Xq4)} is a connected subset of C?*?¢. Both assertions now follow
from Lemma A.20. O

Although the above theorem is true for all equivalent norms on X, the actual number of
connected components of the block numerical range may differ under different norms as
the following example shows:

Example A.22. Let R be the right shift operator on the sequence space ¢*° endowed
with the supremums norm ||(z;);||., = sup;eny ;. The spectrum of R is the unit disc
and |f(Ru)| < [|R||,, =1 for (f,u) € Satt(£>°) thus

{A: Al <1} CO(R; £) C{A: [N <1}

Therefore the closure of the block numerical range of the block operator

R—25 0 o e
A,< . R)eqfxé)

consists of two disjoint discs, i.e.
O(A; 0°,0°) = {X: [N —2.5] < 1JU{X: |A] < 1}

The norm ||(z1, 22, 23, T4, - . .)|[oq = | (31, 22, S5, 24, .. . H is equivalent to ||| . De-
note (> endowed with this norm by £5. Define u := (2 1,0,0,...) and f : (5 —

C, (zi); — w2. Then [lullo, = [[flleq = f(u) = 1 that is (f,u) € Saw(€3;). We have
|f(Ru)| = [£(0,2,1,0,0,...)] = 2. Hence 2 € O(R;(g) thus —0.5 € O(R — 2.5;£5).

Since —0.5 € X(R) C O(R;¢>) the intersection of the closed numerical ranges of R
on £ and R — 2.5 on £g; are not empty. Therefore ©(A; £33, (>°) consists of only one
component.

While we considered the infinite dimensional space £°°, note that the example works just
as well in finite dimensions (where one then considers a cyclic right shift).

For an operator A € £(X) such that its block operator representation (A;;);; is upper
or lower triangular it is easily seen that

d
O(4; X1,..., X, U (Akks Xk),

so in particular O(Axk; Xx) C O(A;x1,...,Xy) for £ € (1,d). This is however not
true in general (consider for example the matrix (¢§) € £(C x C)). Under a certain
dimensionality condition however the following holds.
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Proposition A.23. Let X = X1 x...x X4 such that dim X; > d for alli € (1,d). Then
G(Akk; Xk) C @(A;Xl, R ,Xd) vk € <1, d>
In particular ©(Agk; Xi) is contained in a connected component of ©(A; X1,...,Xy).

Proof. Due to Lemma A.3 we can without loss of generality assume that £k = 1. Now
let A € ©(Aj1; X1), so there exists (f1,u1) € Satt(X7) such that f1(Aj1ur) = . We will
now recursively find pairs (f;, u;) € Sat(X;) for ¢ = 2,...,d in the following way:
Define the space V; := span{A;ju; : j = 1,...,i — 1} C X;. Because of the dimension
condition we find a vector x; € X; such that x; ¢ V;. Now consider the space U; :=
span(V;U{z;}). Since U; is finite dimensional we now find a normed u; € U; with u; ¢ V;
such that there exists a normed f; € U] such that fi(Vi) = {0} and f;(u;) = 1. By the
Hahn-Banach theorem we can extend f; to a norm preserving f; € X/ which yields the
desired pair (f;, u;) € Satt(X5).

Setting f = (f1,..., f4)T and u = (uy,...,uq)" we obtain (f,u) € Satt(X1,...,Xq). The
corresponding (F,U) € Sif (X1,...,X,) now has the property that FAU is an upper
triangular matrix. Therefore

Z(FAU) = {f,(A“u,) RS <1,d>}
and thus \ = fl(Anul) S @(A;Xl, .. .,Xd).

The last assertion follows since ©(Agy; Xj) is connected. O

The aquired knowledge on connected components allows us to estimate the resolvent of
an operator A € £(X) in analogy to [Tre08|. However we first need the following lemma
which corresponds to [Tre08, Lemma 1.11.16].

Lemma A.24. Let X = X1 x --- x Xy be Banach spaces and A € L(X). If there ezists
a & > 0 such that for every (F,U) € Sob(X1,...,Xq)

|FAU|| > 8o Vo eCn,

then
|Az|| > 0||x]| Vo e X.

Furthermore if A is invertible then ||A71| < 1.

Proof. Let x = (x1,...,24)7 € X. Define v = (v1,...,v49)T € C" through v; := |||
and u = (u1,...,uq)? € X such that ||u;|| = 1 and ||x;||u; := x;. Pick an f € X’ such
that (f,u) € Sat(X1,...,Xy) and let (F,U) € Sir(X1,...,Xq) be the corresponding
operators. Now obviously Az = AUv and ||z||x = ||v||cr. We get

[Az| = ||F|| [[Az|| > [|FAz|| = [[FAUv|| = 6]|v|| = 6]|]].
~—~
=1
Let now A be invertible. Then for all z € X by the above

dlA™ ]| < |AAT ]| = [|]).

Supremum over all normed x € X yields the assertion. O
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Theorem A.25. Let X = Xy x---x Xy be Banach spaces and A € L(X). Let O1,...0,,
be the connected components of O(A; X1,...X4). There exist integersn; for j=1,...,m
as in Theorem A.21 with 377" nj = d such that for every X ¢ ©(A; X1,...Xq) the

iequality

1A = Al

A- N1 < .
It =27 < [T, dist(), ©;)

holds.

Proof. We first note that A — X\ as well as FAU — X for (F,U) € Sgb(Xq,...,Xq4) are
invertible for A ¢ (A; X1,...X4). We choose the integers n; as in Theorem A.21 so that
for each (F,U) € S (Xy,...,X ) the matrix FAU has exactly n; eigenvalues in 0.
For fixed (F,U) € S¥(X1,...,Xq) let py,. .., uq be the eigenvalues of FAU. Then

d m
|det(FAU — M)| = [] Imi — Al > ] dist(X, ©;)" > 0.
i=1 j=1

Together with Lemma A.12 this yields

IFAU - AJ*71 A=A
det(FAU — N)| = T, dist(A, ©;)™

I(FAU = X7 < |

for all (F,U) € Sek (X1, ..., X4). The assertion now follows from Lemma A.24. O
At the end of this section we give two consequences of Theorem A.25.

Corollary A.26. Let X = X; x -+ x X4 be Banach spaces and A € L(X). for every
A O(A; Xq,...Xq) the inequality

—1” < HA_AHdil
= dist(, O(4; Xy, ..., Xg))e

(A =2X)

holds.

Corollary A.27. Let X be a trivially decomposed Banach space and A € L(X). For

every A ¢ O(A; X) the inequality

I(A=A)

< !
~ dist(\, ©(4; X))
holds.

A.5. The block numerical range of positive matrices

When viewing the block numerical range of a matrix A € C™" the question arises how
to decompose the space C". It seems natural to take some ny,...,n, € N such that
> n; =n. Then

C=C"x-.-xC".
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When dealing with an element x € C = C™ x --- x C™ it is useful to be able to keep
track of the product spaces a coordinate of the vector x lies in. The next definition makes
this possible.

Definition A.28. Let C = C™ x ... x C™. Then define the integer sets

k—1 k—1 k k
Ty = an—{—l,an—l—Q,...,an—1,an , k=1,...,p, (A.4)
J=0 Jj=0 j=0 j=0
where we set ng = 0 and the functions
t:{ny = (p)i—k iff €. (A.5)

A vector z € C" and A matrix A € C™" can then be written in block form as

rT, AIl,Il AL,I,,
e=|:], A=| : :

T, AIp7I1 AIanp

where z7, = (x;)iez, and Az, 7, € Cwlk bk € (p).

As in the Hilbert space case the set Sy (C™, ..., C") has a simplified form because by
Riesz’s lemma for any tuple (f,z) € Sat(C™,...,C") there holds (f,z) = (z,x). In the
matrix case we will therefore simply write € S, (C™,...,C") and for its associated
operator X € Sof (C™, ..., C"). It is instructive to write the definition down explicitly:

Satt((C"l, ... ,(Cnp) (ZE@) e C": T, € Satt((cnk),k' =1,... ,p}
X

=1
= {( z) e C": H-TZk”an =1,k= 1,...,p}.

For & € Su(C™,...,C™) the associated operator X : C" — CP then has the matrix
representation
xT,

w12
X = ) c C"P,

:nzp

For a matrix A = (a,s) and a vector u € CP we then have

Ak *
e, A nvn - 27, An e [w
X"AXu = : : :
* *
_xIp AIp,lezl ce xIp AIpuzp Ty Up

= Z Z Z T A(r, s)xsug

_kZO rely s€ly

h=1,....p
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Remark A.29. This type of decomposition of C™ is restrictive in the sense that the
coordinates are grouped strictly sequentially. One might want to group them in any
order as in Example A.4.(ii), i.e. for some disjoint integer sets Ji, k = 1,...,p such that
U Jx = (n) and calculate the block numerical range of a matrix A in the Hilbert space
sense (this is the modus operandi in [FHOS]).

However, one can simply take a permutation 7(-) on C™ such that the coordinates of the
permuted index sets

Jr={n(i): i€ T}

are then grouped sequentially. The block numerical range is then calculated for the
permuted matrix PT AP (where P is the permutation matrix associated with 7(-)).

We will now turn to entrywise nonnegative matrices. Note that for z € Sy (C™, ..., C")
the condition = > 0 (i.e. z is entrywise strictly nonnegative) does not imply that the
associated matrix X € Sof, (C™, ... ,C™) is also entrywise strictly nonnegative (though
X > 0 still holds). It is therefore useful to use both representations.

Proposition A.30. Let A € Ri’n be an entrywise nonnegative matriz. Then
(i) bur(A;C™ ... ,C") € O(A;C™,... ,C").

If A is additionally irreducible and x € Sgu(C™, ..., C™), x > 0 with corresponding
X e SE(C™m, ... ,C"™), then

211 /” bIlI 11 g ey T — SpI ;(‘ 11;( nx >> .

Proof. (i) is [FHO8, Proposition 3.1.2|, (ii) and (iii) are [FHO8, Proposition 4.1]. O
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