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Abstract

The incompressible Navier-Stokes problem is discretised in time by means of the
two-step backward differentiation formula with constant step sizes. Existence and
stability of a time discrete solution is proved as well as the convergence of a piecewise
polynomial prolongation towards a weak solution. The results presented cover both
the two- and three-dimensional case. Furthermore, a linearisation that is based
upon a modification of the convective term using a second-order extrapolation is
considered.
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1 Introduction

Whereas the spatial approximation of the incompressible Navier-Stokes problem
seems to be rather well-understood, only a comparably small number of articles focus
on a strict mathematical analysis of time discretisation methods. For an overview
and the state-of-the-art, we refer to Rannacher [13] and Marion/Temam [10].

Especially, the question of “realistic” higher-order error estimates has become
topical since Heywood/Rannacher [7] have proven optimal second-order estimates
for the Crank-Nicolson scheme. Higher regularity of the exact solution is equiv-
alent to compatibility conditions on the problem’s data, which lead —due to the
divergence-free constraint— to a virtually uncheckable and often violated over-deter-
mined Neumann problem for the initial pressure (cf. Heywood [6], Temam [15]).
So higher-order estimates should rely upon parabolic smoothing properties. The
method under consideration, therefore, needs to be A- or G-stable.

The backward differentiation formulae (BDF), even with variable time steps,
have been used by many authors for the time integration of (nonlinear) ordinary
and partial differential equations. The two-step BDF with constant time steps is
known to be formally of second order and zero- as well as A- and G-stable (cf.
Hairer/Wanner [5]).



In the context of the incompressible Navier-Stokes problem, the two-step BDF
has been firstly studied by Girault/Raviart [4]. They have considered a linearised
variant and replaced the convective term (u™ - V)u™, where u” is the approximate
velocity at time t,, by ((2u"~! — u"=2) . V)qun, Unfortunately, the optimal er-
ror estimate given there relies upon inappropriate higher regularity assumptions.
In Baker/Dougalis/Karakashian [1], the three-step BDF has been analysed, and a
second-order error estimate has been postulated for the linearised variant of the
two-step BDF under higher regularity assumptions as well as restrictions on the
time step size in dependence of the mesh size of an underlying spatial discretisation.
Recently, Hill/Siili [8] have proven sub-optimal error estimates of order 1 /4 under
more realistic regularity assumptions. Their result applies to the two-dimensional
case with autonomous right-hand side. Yet, the original nonlinear approximation
has not been considered in the literature so far. Moreover, stability of the discrete
problem and convergence of a time continuous approximate solution obtained by
piecewise polynomial prolongation has not been dealt with. Convergence of time
continuous approximate solutions is, beside error estimates, of interest in its own
since it does not follow directly from and might be proven under weaker assump-
tions than error estimates. Furthermore, it answers the question of how to compute
approximate values between the discrete time points.

Other methods with constant time steps have been considered e. g. in Temam [14],
Heywood/Rannacher (7], Miiller-Urbaniak [11], and Prohl [12]. Although efficient
time integration requires adaptive methods, there is, to the best knowledge of the
author, no analysis of time discretisations of the Navier-Stokes equations on non-
uniform grids available. Only in Prohl [12], discretisations on structured time grids
have been considered in order to overcome the incompatibility of flows.

In this paper, we consider the two-step BDF with constant time steps for the
two- and three-dimensional Navier-Stokes problem in its pressure-free variational
formulation. Beside the original nonlinear approximation, we also consider the
above-mentioned linearised variant. We firstly study solvability. Afterwards, we
prove [%°(L?)- and 2(H})-stability for the discrete solution as well as estimates for
the discrete time derivative. We then construct piecewise polynomial time continu-
ous solutions from the discrete values. Finally, we show under suitable assumptions
on the problem’s data that these approximate solutions converge towards a weak
solution whenever the time steps tend to zero. The convergence is strong in L9(L?)
for g € [2,00), weak in L*(Hj), and weak* in L>®(L?).

In a forthcoming paper, optimal second-order smoothing error estimates under
suitable regularity assumptions that avoid global compatibility conditions will be
considered. Preliminary results can be found in Emmrich [3].

2 Continuous and time discrete problem

We consider the Navier-Stokes equations describing the non-stationary flow of an
incompressible, homogeneous, viscous fluid at constant temperature,

ug—vAu+ (u-VJu+Vp=f, V.-u=0 inQx(0,7T),
u=0 ondQx(0,T), u(,0)=uy inQ,



where Q C R¢, d = dimQ € {2,3}, is a bounded domain with locally Lipschitz
continuous boundary 02, (0, T) is the time interval under consideration, v = 1/Re >
0 denotes the inverse of the Reynolds number, v = u(z,t) is the d-dimensional
velocity vector with prescribed initial velocity ug = ug(z), p = p(z, ) is the pressure,
and f = f(z,t) is an outer force per unit mass.

We introduce the solenoidal function spaces

Vi={ve Hy(2)?:V-v=0}, H:={vel*Q)?:V.-v=0, yv =0},

where 7, denotes the trace operator in normal direction, cf. Temam [14] for more
details. As usual, the subspace of H!({2)-functions vanishing at the boundary is
denoted by H{ (). Here, by LP? and W™P (W™2 = H™), we denote the usual
Lebesgue and Sobolev spaces with the natural norms ||-|jop and ||-||;mp, respectively.
We will not distinguish between the scalar and vector case. With

dui(z) Ovi(z) , 1/2
U, V)) 1= ——dz, ||lu] = (u,u , u,vEV,
(u,v) 3_21 o Bz, o, lull = (u, w) 4

d
(u,v) := Z/ ui(z)vi(z)dz, |u|:= (u,u)?, wwveH,
i=1 70

the spaces V and H are Hilbert spaces. The space V is dense and continuously
embedded in H. Note that V, H, and the dual V* form a Gelfand triple. The dual
pairing between V' and V* is denoted by (-,-), the dual norm by || - ||., which is
different from the H~!(2)%norm.

We then consider the weak formulation of the Navier-Stokes problem:

Problem (P) For given uwg € H and f € L?(0,T;V*), find u € L?(0,T;V) such
that for allv € V and almost everywhere in (0,T)

% (u(2),v) + v (u(t), v) + b(u(t), u(t),v) = (f(t),v) (2.1)
holds with u(0) = uy.

Here,
b(u,v,w) == ((u- V)v,w)

incorporates the nonlinearity. By LP(0,7; X) with some Banach space X, we de-
note the usual spaces of Bochner integrable abstract functions u : [0,7] — X.
The discrete counterparts for functions defined on a time grid are denoted by
IP(0,T; X). Spaces of m-times continuously differentiable functions will be denoted
by C™([0,T); X), where X is omitted if X = R. The natural norm of a function
space Y will be sometimes denoted by || - ||y.

It is known that Problem (P) has at least one solution, which is unique in the two-
dimensional case, cf. Temam [14]. For more regular data (uo € V, f € L™(0,T; H),
9N € C?), a so-called strong solution, i. e. a unique solution u € C ([0,T); V), exists
in the two-dimensional case for arbitrary T', but in the three-dimensional case only
locally up to a (possibly rather small) time T, cf. Temam [16].

The trilinear form 6(:, -, -) satisfies the following properties, cf. Temam [16], that
will be needed in the sequel.



Lemma 2.1 Let u,v,w € V be arbitrary. Then b(u,v,w) = —b(u,w,v) and for
some >0

lwllo,4 llv]lo,4 Jw]l,
(w2 [|ul|*2 o] |lw],
llual| o] /2 [|w]| /2 |||,

(ol ol

|b(u, v, w)| < B ¢

Moreover, in the two-dimensional case, there holds for some g>0
[b(u, v, w)| < B lul/? '/ o] fw]*/? w2

We now come to the time discrete problem. Let the time interval [0,T] for
given N € N be equidistantly partitioned with the time step At and t, = nAt

(n=0,...,N). For a grid function {u"},cN, we denote by D; and D, the backward
divided diﬂ'erences:

n _ ,n—1 1 1 1
Diu" := U——A—Z— Dyu™ = <3u" R T iu"*Q) = ngu" — EDlun'1

For Bochner integrable functions f, we also consider the natural restrictions

1 [in

ne., = = _ n—1
1 F = X tn—lf(t)dt, of: R f R1 f.

Furthermore, we use the formally second-order extrapolation
Eu™ := 2"t — "2,

Note that Rgu' = Dgu(tn) = v'(tn) + O((At)9) (¢ € {1,2}) and Bu(tn) = u(tn) +
O((At)?) for smooth functions u.

The time discretisation of Problem (P) by the two-step BDF for computing u™
approximating u(t,) reads as

Problem (Pa;) For given u°, u! € H and f € L%(0,T; V*), findu™ € V (n =
2,3, ..., N) such that for allv eV

(Dau™,v) + v (", v)) + b(u", u™,v) = (REf,v). (2.2)

We also consider the linearised variant:

Problem (LPa;) For given u®, u! € V and f € L?(0,T;V*), find u® € V (n =
2,3,..., N) such that for allv eV

(Dau™, v) + v((u",v)) + b(Eu", u",v) = (REf,v). (2.3)

In opposite to the original method, the convective term b(u™,u™,v) has been
replaced by the formally second-order modification b(Eu™, u",v).
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In both problems, the starting values can be obtained by taking u® := uy and
computing u! from u° using the implicit Euler method. The use of R f instead of
an arbitrary approximation f™ is only for simplicity and avoids to consider an extra
error f® — R f. By standard arguments, it can be shown that

n . tn
AtS (RIS < 4 / £ (12 d. (2.4)
=2 ¢

Theorem 2.1 There is at least one solution to Problem (Pat) and there is a unique
solution to Problem (LPp:).

Proof We start with Problem (Pa;) and wish to apply Brézis’ main theorem on
pseudomonotone operators, cf. Zeidler [17, Thm. 27.A]. If 4™ 2, u"~! are known,
the problem of determining v™ € V' can be written in operator form,

L1
An(un) — gn i gf N Ait <2un-—l . _2_ Un—?) & V*,

where

3
— AW () 1 W (y) 1= ——y +
Ap(v) := A}/ (v) + B(v), A7 (v): oAz Y vAv.

Here, A : V — V™, defined by (Au,v) := ((u,v)), is the energetic extension of
the classical Stokes operator. Furthermore, B : V — V*, defined by (B(v),w) :=
b(v,v,w), describes the nonlinearity. Obviously, A,g) : V' — V* is linear, bounded,
and strongly monotone since V — H.

It follows from Holder’s inequality and embedding arguments that B : V — V*
is bounded. Furthermore, B is strongly continuous: Let {vy} C V be weakly
convergent with limit v. Since V' is compactly embedded in L*(Q)?, {v;} is strongly
convergent and bounded in L4(Q2)¢. We have for arbitrary w € V with Holder’s
inequality (see Lemma 2.1)

(B(vg) — B(v),w) = b(vg, — v,v,w) + b(vg, vk — v, w)

< cllve = vlloa (lolloa + lvelloa) llwl,

and thus B(vg) converges strongly to B(v) in V*.

Hence, A, is pseudomonotone since the sum of a linear monotone and a strongly
continuous operator is pseudomonotone. Because of (B(v),v) = b(v,v,v) = 0, it
also follows that A, is coercive. Finally, the boundedness of A, is clear. Since V
is a separable, reflexive Banach space, Brézis’ theorem ensures the existence of a
solution to Problem (Pay).

For Problem (LPa;), the assertion follows from the Lax-Milgram lemma. #

Remark 2.1 A solution to Problem (Pay) is unique for small data:

R & \
W0+ P+ a0y + A8 max / IfF@I2dt < Cv?At.  (2.5)
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Uniqueness can also be obtained for more regular solutions. Furthermore, in the
two-dimensional case, uniqueness can be ensured by a small data condition more

refined than (2.5) and independent on At that relies upon higher reqularity of the
discrete solution.

Here and in the following, C denotes a generic constant that may depend on
the domain © and its dimension, on embedding constants, the constant 8 or 8 from
Lemma 2.1, etc., but not on the Reynolds number, the exact solution, or the initial
data or right-hand side. However, let ¢ be a generic constant that does not depend
on problem parameters at all.

3 Stability

In the following, let

012 12, L [t i
o= (W02 [ ipigar)

We may also use the abbreviation D? for the second divided difference:

un+1 — "+ un—l

2, n .__
Dy = aD)?

Note that D?u(t,) = u"(t,) + O((At)?).

Theorem 3.1 Any solution to Problem (Pa;) or (LPa;) is stable in [°°(0,T; H)
and 12(0,T; V) with

n—1 n
W + (AT Y DI +vAtY |2 < eMP, n=2,3,...,N.
J=i =2

Proof Set v =" in (2.2) or (2.3). Since b(u",u™,u") = b(Eu™,u™,u™) = 0 and
4(Dou™,u") = Dy ([u”® + [Eu™™|2) + (A2)}|D2u™ 1|2, (3.1)
the assertion follows with
2(R3f,u™) S 2URGFll« I < IRBFIF + [|u™|f?
and (2.4) after summation. #

We shall remark that higher regularity (i. e. stability in 12(0, T; H2(2)2NV) and
1°°(0,T;V)) can be proved in the two-dimensional case. This relies upon a discrete
Gronwall-type lemma for resolving a difference inequality with a quadratic term.
However, in the three-dimensional case, a cubic term would arise that cannot be
handled similarly. This situation is in accordance with the time continuous case
regarding the global existence of strong solutions (cf. Temam [16]).

We now provide some estimates for the discrete time derivative Dou™. These
results will again reflect the same situation as it appears in the continuous case: Let
u be a weak solution to Problem (P). Then v’ € L2(0,T; V*) in the two-dimensional
case, but only u' € L43(0,T;V*) in the three-dimensional case.



Theorem 3.2 Let {u"} be a solution to Problem (Pay) or (LPa;). Then for n =
2,3,....N

2
AtZ]]D W2 < vae (+M2) if dmQ=2,
4/3 C’M4/3 4/3
AtZHD (@v®) 7 + ) if dimQ = 3.

Proof We commence with Problem (Pa;). From (2.2), it immediately follows that
[Daw™[ls < IRZflls + v lu” || + | B(u™)]l - (3-2)
Due to Lemma 2.1, we have
B |u™| |lum|| for dimQ =2,
1B (™)l < (3.3)
B [u™|1/2 ||un||3/2 for dimQ =3.

If dim 2 = 2, we thus find from (3.2) with Theorem 3.1 and (2.4)

n
At Do |2 < c / Hf()llzaltv”/?AtZIIUJIIQ+/32 max IUJIQAtZHuJH2
j=2 0 =2 =2
52 7 rd
Sc(uMIQ—}-ﬁ Ml) ,
v

which is the assertion.
Because of

2/3
AtZ|a |43 < YT (Ath]F) :

=
we find in the three—dlmensmnal case that
2/3 . 2/3

AthD2wn4/3 VT AtZuan? + VT [ Ay ||
J=2

1/3 n '
+ /B ( max [u3|2) AtZ ||u7|{2> ,
i=2
and the assertion follows again with Theorem 3.1 and (2.4).
For Problem (LPa¢), we may use, instead of (3.3), the estimates

[ B 1B [V2 [[Eun|[Y2 [un /2 |2 ul|  for dim®2 =2,
|b(Bu", u™, )| <
I,B IBu™|| |u™22 fu™|| /2 ||| for dimQ =3



that follow from Lemma 2.1. Remembering Eu" = 2¢y"1 — u™ 2, the rest of the
proof is the same as for Problem (Pa;). T

The following result will be needed in order to justify assumptions that are
necessary for our convergence result below.

Theorem 3.3 Let {u"} be a solution to Problem (Pa;) or (LPa;) with the addi-
tional assumption that u’,u! €V and f € LY(0,T; H). Then

n n—1
Up = (A1)* Y [Dou? [ + vAt | lu|? + (At)* > ID%d)?

y n=23,...,N,

can be estimated by

M3 s
Un<C (At (v + M) (a1 + 11 1%) + 11310 2y + 71> if dimQ =2,

(At tu, < (At (A 4+ 2172) ()2 + i)

5/2

M e qs
+(At)1/4”f“%1(0,T;H) + 1/3—1/2 (Vl/2 +M1)) if dimQ=3.

Proof With v = Dyu™ in (2.2) and the Cauchy-Schwarz as well as Young’s inequal-
ity, it follows

1 1 1 1
31D+ (Do, ") < SIREFP + o b (un,zu"—l - §u"—2,u") .

If dim £ = 2, we thus find with an identity analogous to (3.1) after summing up

n n
. S 1 . .
12 2|12 2 J 2 =1 _ -2
Un < vAL ([lu'])® + |Eu?||?) + 2(At) §' IRLf12 + 4At § jb(uf,w 5 U ,u]) :
Jj=2 7j=2
With standard arguments, it can be shown that

2
n

(A2 IRYFP < | AtDREFI | <4lFI2: 0rim) -
7j=2

=2

Furthermore, we have with Lemma 2.1 and Theorem 3.1

4Ath (uj,Zuj_l - %uj_2,uj) < 4[§Atz [u? | |||

. 1 .
T A Y b’
(% 2 u

n 1 2
<93 i i1 4 |logi—1 — L i-2
_Zﬂjzrnz’ng|u|AtZ(||u I1“ + ||2u 5 U

J=2
< CBM3

L B (10 + )



and the assertion follows.
For dim {2 = 3, we firstly observe analogously to the foregoing case that

(A)Y1 U, < (A8 (Jlul |2 + 1Eu?|?) + 8(A) 1 £ 130,17
n
+4(At)5/4 Z b (uj, 2ui! — %uj_2,uj> .
Jj=2
With Lemma 2.1, Young’s inequality, and Theorem 3.1, we find

n
ot 30 (w20 - L)

=2

< AB(AOY Y |2 | |2

20/t — 4 w2
j=2 2

n

j11/2 3/2,.113
S2ﬂjmaXN|Uj|/ Z((At) Pl |® + At

20/t — ! ul 2
=250 05 2

)

j=2
M2 3/2 M2
ScﬂMf”((lTl) + L) oM A () + o)) |

and the assertion follows.
With obvious modifications, the proof for Problem (LP,¢) is the same. #

4 Convergence

From the discrete values u" (n = 0,1,...,N), computed by solving Problem (Pa;)
or (LPa¢), we now construct a piecewise constant function Ua; and a piecewise linear
function Va; defined on [0, T):

Uns(t) = ulif t€[0,%],
ST\ i telteonte] (R=2,3,...,N);

(u! +Eu?) + Dyu! (¢t — 1)) if telo,t],
(u” -+ Eu““) +Dou™ (t~t,) if t€[tp-1,tn] (n=2,3,...,N).

DI DI

Vae(t) = {

There are other possible prolongations we will not consider here (but see the remark
at the end of this section). The construction of Va; reflects the choice of the method:
The value u! is thought to be computed by the implicit Euler method. The slope
of Va¢ in (tp-1,%5] is Dou™ for n = 2,3,..., N, and the function is continuous.
However, Va; does not interpolate.

In the following, we shall assume

W ul eV, W0+ [ul)? +vAt lut|? + At ||D1u1||:f/3 < const, (4.1)

which is true if, for instance, u° € V and u! is computed by the implicit Euler
method. (The proof follows similar arguments as used in the foregoing section.)
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Proposition 4.1 Let {(At)x} be some sequence of time steps. If (4.1) holds true
then {Uay, } and {V{ay), } are bounded in L°(0,T; H) and L%*(0,T;V). Moreover,
the sequence of derivatives {V(’At)k} is bounded in L*/3(0,T;V*).

Proof The first assertion follows directly from the definition of Ua; and Vat, and
from Theorem 3.1. The second assertion follows again from the construction of Va,
its continuity, and from Theorem 3.2 because of

T N
/0 VAN dt = At Dyt 4 4+ At 3 Do 43
i=2

7

At this point, it is worth to mention that {U, At), } Possesses derivatives of frac-
tional order less than 1/4 that are bounded in L?(0,T; H) if

=2

(At)? D% ||, < const. - (4.2)

J

||
I\

To be more precise, {U(a¢), } is bounded in H?(0,T;V, H) for v € (0,1/4), where
HY(0,T;V,H) :={v € L*(0,T;V) : 7 = |7|78(r) € L*(R; H)}

and 9 is the Fourier transform of v. However, due to the nonlinearity, we do not
have any proof of the hypothesis (4.2) at hand.

Corollary 4.1 Let {(At)x} be some sequence of time steps and assume (4.1). Then
there is a subsequence of {Uiay),} that is weakly* convergent in L°(0,T;H) and
weakly convergent in L2(0,T; V). Furthermore, there exists a subsequence of {Viay), }
that is weakly* convergent in L*(0,T; H), weakly convergent in L%(0,T;V), and
strongly convergent in L9(0,T; H) for q € [2,00).

Proof The existence of a weakly* in L*(0,T; H) and weakly in L2(0,T;V) con-
vergent subsequence of {Uay), } and {V{ay),} follows from standard compactness
arguments because of Proposition 4.1, cf. Brézis [2, Thm. II1.26 f]. The strong
convergence of a subsequence of {V{ay), } in L%(0,T; H) follows from a compactness
theorem by Aubin and Lions, cf. Lions [9, Thm. 5.2 in Ch. 1], since {Viap, } is
bounded in L?(0,T;V) and {V(’At)k} is bounded in L*/3(0,T;V*) (see Proposition
4.1). The boundedness in L*°(0,T; H) then implies convergence in any L?(0,T; H)
with g < oo. #

Let us remark that, under the hypothesis (4.2), there is also a strongly in
L2(0,T; H) convergent subsequence of {U(at),} since the compact embedding of
V in H implies that H7(0,T;V, H) is compactly embedded in L?(0,T; H). How-
ever, we do not need to assume (4.2) since {Uay), } and {V(ay), } must have the same
limit in L?(0,T; H) under an assumption that follows directly from Theorem 3.3:

10



Proposition 4.2 Let {(At)x} be a null sequence and assume (4.1) as well as
k .
(A1)} Z |D2uzk)|2 -0 as k— o0 (4.3)

for the solutions {u } to Problem (P(ay),) or (LP(ag),)- If one of the sequences

Ut or {Vian, } converges strongly in L2(0,T; H) then the other one does so
with the same limat.

Proof For brevity, we omit the subscript k. With Dju" = Dou™ — £t D?u""1, we
find

2

-1

)

T
At
/O |Uat — Vag2dt < T lul — 0% +

D27 |?.
1

Il

J
The assertion follows from (4.1), (4.3), and Theorem 3.1. #

Remark 4.1 Assumption (4.3) indeed follows from Theorem 3.8 if u®,u! € V and
f e L0, T;H)NL?>0,T;V*).

Theorem 4.1 Let u® = ug € V and u' be computed by the nonlinear or linearised
implicit Euler method with right-hand side Rif, i. e.

(D1ul,v) + v((u!,v) + bu!,ul,v) = RIf,v) YweV, (4.4)

or b(ul,ul,v) being replaced by b(u®,ul,v), such that (4.1) is fulfilled. Assume
further (4.8) and

1
5 (U(()k) 4 “%k)) —uyg weakly in H as k — o (4.5)

for a null sequence {(At)x}. The common limit U of the convergent subsequences
of {Uaty, } and {Viay), }, which ezists in view of Corollary 4.1 and Proposition 4.2,
then is a weak solution to Problem (P). The whole sequences {Uay), } and {Viag), }
converge if Problem (P) admits a unique solution.

Proof For brevity, we omit the subscript k' indicating the subsequence. Because
of (2.2) and (4.4) (for the starting phase), we have for t € (0,7] and allv € V

d

= (Var(®),0) + v (Uas(®),0) + BUAE), Une(0),0) = {faalt),0),

where fai(t) = REf for t € (th—1,tn] (n = 2,3,...,N) and fas(t) = Rif for
t € [0, At]. Testing with a function ¢ = ¢(t) € C1([0,T]), #(T) = 0, and integration
by parts give, because of Va:(0) = (u® + u!)/2,

T T
- / (Var(®),v) ¢ (8)dt + v / (Uac(t), v) d(t)dt +
0 0

A . _ T u0+u1
| o Uaete) Usit, 0 #0at = [ (gt o) srar+ (510 ) 0000
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With (4.5), we have forallve H DOV

ud + ¢!
5V — (ug,v) .

Since Uat, Vay — U weakly in L?(0,T;V) and ¢ — v/ (t) € C([0,T); V) as well as
t— Av $(t) € C([0,T]; V*), it follows

T T
|| a0 #0i - [ w0 e
0 0
and, because of (-, 4-) = ((,-)),
T T
/ (Uac(?), v)) (t)dt — / (U(t),v)) p(t)dt.
Jo 0
Furthermore, we find with Lemma 2.1 and since ¢ € C([0, T7)

T
/0 (6 (Uat(t), Uat(t),v) —b(U(t),U(t),v)) ¢(t)dt

T
<c ; 16 (Uat(t) = U(t),Unae(t),v) + b(U(t), Uns(t) — U(t),v)| dt
T

<2Bc /0 Uat(t) = U@ [Uae() — U@V (1Uas)] + 1T @) |Iv]] dt
< 2Bc||Uat — U”};/zQ(O,T;H) IUas — U“i/‘zz(O’T;V) (Uatllz2 0,10y + U2 0,751) oMl 5

and in view of U € L%(0,T;V), the boundedness of {Ua:} in L?(0,T;V), and the
strong convergence Ua; — U in L?(0,T; H), we end up with

T T
/0 B(Une(t), Uac(t), v)(t)dt — /0 B(U(t), U (1), ) (t)de .

It remains to show

T T
/ (Faul®)00(t)dt — [ (7(0), 0001,
0 0
for which
far— f in L?(0,T;V*) (4.6)

is sufficient. The mapping f — fa; is obviously linear and bounded in L2(0,T; V™)
since

T N
| Iaete)Zde = A IRYF2at + A4S RS 1Rde < ey
j=2
Furthermore, (4.6) holds true for all functions of the dense subset C2([0,T]; V*) C
L?(0,T;V*), and so it is true for all f € L2(0,T; V™).

12



The limit U, finally, satisfies for all ¢ € C1([0,T]) with ¢(T") = 0

T T
- / (U (), ) @ (t)dt + v / (U (), v) $(2)dt +
0 0
T T
/0 b(U (), U2), v) $(t)dt = /0 (F(8),0) $B)dt + (uo,v) $(0),

which shows that U is a weak solution to Problem (P).
The proof for the linearised variant follows the same arguments. The second
assertion, regarding the unique solvability, is shown by standard arguments. #

Remark 4.2 If u® = uy and u! is computed by the implicit Euler method then,
under suitable regularity assumptions, (4.5) can be proved. The proof relies upon
the pointwise convergence |u((At)g) — u%k)l — 0 that follows from a (possibly sub-
optimal) error estimate and upon the demicontinuity in H of the ezact solution u
(i. e. t = (u(t),v) € C([0,T]) for allv € H and thus u((At)g) — uo weakly in H).

Finally, we remark that there are other possible prolongations leading to se-
quences of approximate solutions that converge towards a weak solution: We may,
for instance, consider the interpolating linear spline or the discontinuous interpolat-
ing piecewise linear function whose slope in (tn-1,%,] (n = 2,3,...,N) is Dyu”, or
a continuous piecewise quadratic interpolation.
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