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ABSTRACT

The method of multi-particle collision dynamics (MPCD) and its different implementations are commonly used in the field of soft matter
physics to simulate fluid flow at the micron scale. Typically, the coarse-grained fluid particles are described by the equation of state of an ideal
gas, and the fluid is rather compressible. This is in contrast to conventional fluids, which are incompressible for velocities much below the
speed of sound, and can cause inhomogeneities in density. We propose an algorithm for MPCD with a modified collision rule that results
in a non-ideal equation of state and a significantly decreased compressibility. It allows simulations at less computational costs compared to
conventional MPCD algorithms. We derive analytic expressions for the equation of state and the corresponding compressibility as well as
shear viscosity. They show overall very good agreement with simulations, where we determine the pressure by simulating a quiet bulk fluid
and the shear viscosity by simulating a linear shear flow and a Poiseuille flow.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0037934

I. INTRODUCTION

Since their introduction in 1999, algorithms belonging to the
method of multi-particle collision dynamics (MPCD) have become
a standard tool to simulate fluid flows in the field of soft matter
physics.”™ In particular, MPCD algorithms have commonly been
used to model solvent dynamics in the context of microswim-
mers,” '* where we can only cite a few examples. Further stud-
ies address colloidal suspensions,”” > polymers,” *° blood cells,”
the African trypanosome as the causative agent of the sleeping
sickness,”® and even fish schools.”” Also, extensions to binary and
ternary fluid mixtures,”’ ** liquid crystals,” * and chemically react-
ing systems’* exist. MPCD methods are particularly suited to sim-
ulate solvent flow on the microscopic scale because they solve the
Navier-Stokes equations but also incorporate the omnipresent ther-
mal fluctuations.””” The particle-based strategy of MPCD makes the
implementation of no-slip boundary conditions in complex geome-
tries very straightforward.” Furthermore, the collision rules for the
coarse-grained fluid particles are well suited for the implementation
on parallel computer hardware™”*’ so that extensive simulations can
also be performed on desktop computers with graphic cards.

Although MPCD methods are often used to simulate the
dynamics of incompressible solvents, one has to be aware that the

coarse-grained fluid particles follow the equation of state of an ideal
gas.““" "' Therefore, the fluid is rather compressible and has a low
speed of sound ¢,.”' This is tolerable for typical flow velocities well
below ¢;. In contrast, in the presence of large pressure gradients, pro-
nounced inhomogeneities in the fluid density can occur due to the
high compressibility. For example, such a situation has recently been
observed in strongly clustered microswimmers,'* where the overlap-
ping flow fields of many microswimmers are responsible for strong
pressure gradients. While variations in fluid density are, in principal,
necessary to generate pressure gradients, these variations need to be
small to stay close to the limit of an incompressible fluid. Thus, the
compressibility needs to be sufficiently small. For the MPCD fluid
with its ideal-gas equation of state, this can be achieved by increas-
ing the number ny of fluid particles per collision cell and thereby
density.'” However, such an approach causes an immense increase
in the simulation time proportional to the square of the fluid den-
sity ng if the system size should be kept constant at an equal Péclet
number.

In this paper, we follow a different strategy to decrease com-
pressibility. All the MPCD algorithms consist of a sequence of col-
lision and streaming steps. Here, we propose a new collision rule
that results in a non-ideal equation of state for the MPCD fluid.
Note that such non-ideal equations of state are required and have
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already been introduced in the context of simulating fluid mix-
tures within MPCD.>"*> Thus, compressibility is reduced for the
constant particle number 7, and the computational efficiency is
enhanced compared to conventional MPCD algorithms, which need
to employ a larger particle density. Our approach extends ideas of
Tiizel, Ihle, and collaborators, who included geometric properties
of hard-core particles in two dimensions into the collision rule to
control momentum transport in the fluid."**’ This approach has
also been extended to the simulation of fluid mixtures.”’ In contrast
to conventional MPCD algorithms, where collisions take place at a
fixed rate 1/At, collisions instead occur stochastically with a proba-
bility that depends on the local density and velocities. In the present
work, we extent the approach of Refs. 42 and 43 to three dimensions
and strongly modify the geometric rules of the collision so that they
can be implemented in an existing MPCD code more easily. Further-
more, our new collision rule allows us to keep the typical canonical
thermostat and also to take care of angular momentum conservation
during collisions, which is particularly important for the simulation
of colloids and active particles.**

This article is structured as follows: In Sec. II, we introduce
the extended MPCD method with its new collision rule including
three possible collision probabilities. Then, we derive approximate
analytic expressions for the equation of state and the associated com-
pressibility in Sec. III as well as the shear viscosity in Sec. IV. For
the shear viscosity, we consider both contributions that arise from
the streaming and collision step of the extended MPCD method.
In Sec. V, we compare these analytic expressions with the results
from simulations and obtain very good agreement for the equation
of state. In particular, we demonstrate the reduction of the com-
pressibility for reasonable particle densities. We measure the shear
viscosity by determining the collisional and streaming viscosities in
alinear shear flow geometry. The total viscosity agrees very well with
values determined from simulating a Poiseuille flow and also with
the analytic expression above a density of ~ng = 20. We close with
conclusions and an outlook in Sec. V1.

Il. ALGORITHM OF THE EXTENDED MPCD METHOD

Our method shares the common features typical for the group
of MPCD algorithms.""* Like all MPCD algorithms, it consid-
ers point-like particles that represent the fluid at a mesoscopic
level of description. They perform a sequence of streaming and
collision steps. Since the latter conserves linear momentum, the
resulting hydrodynamic flow fields fulfill the Navier-Stokes equa-
tions." While we perform the steaming step as in other MPCD
algorithms, we alter the collision step as already mentioned in the
Introduction. We now explain the extended MPCD method in more
detail.

During the streaming step (i), the point particles with masses
my, positions x;(t), and velocities vi(t) move ballistically during
time Af,

xi(t+ At) = x;(t) +vi(t)At. (1)

They collide with confining walls or moving objects such as model
microswimmers called squirmers**”'*"'* and thereby transfer both
linear and angular momentum to these moving objects. By apply-
ing the so-called bounce-back rule,"* the collisions either enforce
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the no-slip boundary condition at confining walls and passive
colloids or the slip-velocity field, which are present at squirmer
surfaces.

For the collision step (ii), we suggest an alternative algorithm
compared to the original SRD method' or the collision operator
based on the Andersen thermostat.” As in all MPCD algorithms, the
simulation volume is divided by a cubic lattice and the fluid parti-
cles are grouped into the cubic unit cells of linear size ap centered
around & and with volume ¥;. Each cell then contains ng particles
with the mean velocity v; and center-of-mass position x;. Addition-
ally, each cell is divided into two halves A and B by a plane Py 4
through the center-of-mass position x¢** and with an orientation
defined by the unit normal vector fi [see Fig. 1(a)]. For each cell,
i is randomly drawn from a discrete set of 13 possible orientations
at each collision step. By definition, fi always points to region A. The
number of particles on each side of the plane is denoted by n4 and
np, respectively. Their mean velocities ¥4 and ¥, respectively, along
the normal vector i are given relative to v;.

The main idea of the new collision step is that the particles in
region A and B only collide when they move toward each other.
Then, they stochastically exchange a momentum m,dv; along fi both
with particles in the same half A, B and also on the other side of the
plane. The latter mechanism generates momentum flux across the
randomly oriented plane and thereby contributes to pressure, which
belongs to the isotropic part of the stress tensor.

The collision step can be summarized by

vi = vi+y(Aw){a[ - (ve - vi) + 0vi]
—Xg'mo Y [Xje x A0V — V)] X Xic), )
xj€ %

where x;. denotes the position vector of particle i relative to
the center-of-mass position x;. As we explain below, the collision
between the particles in region A and B occurs with a certain prob-
ability. To initiate a collision, the stochastic variable y(Au) is set to
one; otherwise, it is zero. The term following y(Au) in the square
brackets sets the normal velocity components of all particles i to
the normal component of the center-of-mass velocity, i - v¢. Then,
new values for the relative velocity component v; are assigned as
explained below. They all add up to zero in order to preserve the total
momentum. The second term in the curly brackets is added to con-
serve the angular momentum. Thus, the value L = mq ¥y ey Xi % Vi

(a)

A na,vg . 7 Py a
T as >
° o ',\/ .. : ;>
+ P —]
° o/,x5 . o B );
’, L] L] °
. .. nB,/UB B N\

.

FIG. 1. (a) Side view of a collision cell with the dividing plane Py, 4 through the
center-of-mass position x; and unit normal vector f. (b) 13 possible collision or
normal vectors fi that point to the corners as well as centers of surfaces and edges
of the collision cell.
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before the collision is preserved. Here, I; is the moment-of-inertia
tensor of all particles in the cell relative to the center of mass.

We have already introduced the mean values of the normal
velocity components 94 and ¥p on either side of the collision plane.
Then, collisions between the particles of region A and B occur, when,
on average, they move toward each other, meaning that the relative
velocity

Au=vg—va 3)

is positive. Furthermore, collisions between the particle clouds in A
and B occur with the rate cAunanp, where ¢ quantifies the scatter-
ing cross section. A similar term has been used for the collision rate
of two clouds of hard-core particles or in chemical reactions of the
second order”’ and can be motivated by the collision term in the
Boltzmann equation.”” Thus, the probability that a collision occurs
or that the stochastic variable y(Au) is set to one becomes

py(Au) = O(Au) cAung ng 4)
~ O(Au)[1 - exp(-cAuna np)]. (5)

Here, ®(Au) is the Heaviside step function so that collisions only
occur for Au > 0. In the second line, assuming a sufficiently small
¢, we have introduced the exponential that guarantees p,(Au) < 1.
Another possibility to fulfill this constraint using Eq. (4) is”’

O(Au) cAungng  for py(Au) <1
1 else.

py(Au) = { (6)

We will explore also this form in Sec. V B when we calculate the
pressure in the MPCD simulations.

Finally, we introduce the changes §v; in the velocity component
along the normal f. It consists of two contributions: 8v; = v} + &v;.
The first term transfers momentum from region B of the cell to
particles i in the region A and vice versa,

n
ovi= A gy @)
na/B

Here, the first indices apply to particles i in region A that take over
the momentum mo¥p from region B and the second indices apply
to particles i in region B. The ratios ng/n4 and na/np guarantee the
overall momentum conservation, meaning the total momenta from
regions A and B are just swapped. The second contribution,

81/',? = (SU,MB - AVA/B, (8)

assigns each particle a random velocity duM™® drawn from a
Maxwell-Boltzmann distribution at temperature T, which serves as
a thermostat for the fluid. We subtract the mean random velocity
1 MB
Avyp = — dv; 9)
v {xi€¥y5}

to preserve total momentum in both regions A and B, separately.

In particular, the introduction of the momentum transfer in
Eq. (7) and the transfer rate Eq. (5) defines the equation of state. As
shown in Sec. I1J, it contains a term proportional to n§ resembling a
virial expansion and thus extends the ideal gas term.

ARTICLE scitation.org/journalljcp

As in other MPCD algorithms, immersed boundaries are repre-
sented by the so-called “ghost” particles during the collision step.”
These are added to the collision cells to interact with the other
fluid particles. In simulations with squirmers, the ghost particles are
assigned the local velocity of the translating and rotating squirm-
ers plus a random thermal velocity drawn from a Boltzmann dis-
tribution. Then, the changes in linear and angular momentum of
the ghost particles following from step (ii) are assigned to the rele-
vant squirmer, which ensures that linear and angular momentum are
conserved. Finally, before performing each collision step, the lattice
is randomly shifted to ensure Galilean invariance."’

Ill. EQUATION OF STATE

To calculate the equation of state, we use the definition of pres-
sure as the normal component of the momentum flux through an
arbitrarily oriented plane.”’ In the extended MPCD method, both
streaming (i) and collision step (ii) contribute to the pressure,

P = Py + Pstr. (10)

During the streaming step (i), particles do not interact and sim-
ply transport momentum across a plane. This results in the ideal
gas contribution Py, = nksT/ag, which we already know from the
conventional MPCD methods.””

To evaluate the contribution P.y from the collision step (ii),
we consider the momentum flux across a plane with area af that lies
in a single collision cell. Without loss of generality, we choose the
plane Py, perpendicular to the ¥ axis at position yo and then aver-
age over all yo (see Fig. 2). During the collision step, momentum is
transported from the region y < yo across the plane Py, into y > yo
during time At. Thus, for the pressure as momentum transfer per
area and time, we obtain

mo |,
Py = TAOt ooy (v -w)). (11)
% {ily>y}

Here, i is restricted to all particles above Py, and mo¥ - (vi" —v;) is
the change in the normal momentum component of particle i during

4

// Pxﬁaﬁ B

FIG. 2. To derive the equation of state, we consider the momentum transferred to
the region above the plane Py, with unit normal vector § and at position y = yo.
Note that to evaluate sign(x - i1 ) in Eq. (15), one has to distinguish particles that
are located in the green region as part of region A relative to the collision plane
with normal fi and particles in the blue region as part of B.
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collision and given in Eq. (2). The average goes over all possible col-
lisions, particle configurations, orientations i of the collision planes,
and positions yo. The term added to Eq. (2) in the second line to
preserve angular momentum does not contribute to Py since it van-
ishes when averaging over all possible collisions. Furthermore, since
particle i is either in region A and B and we average over all particle
velocities relative to v; with identical velocity distributions, we can
ultimately replace fi- (v —v;) in Eq. (2) by the mean velocities — 45
in region A or B of the collision cell. Note that ¥4/5 are given rela-
tive to i - v¢. The choice of index A or B depends on the location of
particle i. Thus, we can simplify Eq. (11) to

mo
2
agAt

Peon =

x(Au)y-h Y Ovi—vap). (12)
{ilyi>yo}

The stochastic contribution 8v; of v; given in Eq. (8) obeys a Gaus-
sian distribution with zero mean and therefore vanishes on average.
The remaining part 8v; given in Eq. (7) becomes vp/, using nass
~ ng/2. Thus, with the definition of the collision velocity Au in
Eq. (3), we can finally replace 8v; — ¥4/5 by V54 — Va5 = Ausign
(xi - ). The factor sign(x; - i) comes in since the first index in
VB/a — Va/p applies if particle i is in region A, while the second index
refers to a particle i in B (see Fig. 2). Noting also that Au and x;
are independent stochastic variables, we can factorize the average in
Eq. (12) and rewrite it as

Pei = - (x(bw)dw)( -0 Y sign(xi-h)),  (13)
aOAt {ilyi>yo}

where

(¢(Au)Au) = f Aupy(Au) p(Au) dAw. (14)

Here, p(Au) is the probability distribution for Au and p,(Au) is the
probability for a collision to take place, as introduced in Sec. II.

We now calculate the two averages of Eq. (13). In the second
average, we replace the conditional sum by a volume integral intro-
ducing the factor ng/ag ©(y — yo) and average over yo. We write the
second average as nzap, where we identify the purely geometrical
factor

iyﬁ ap/2 . .
ap = 7[ / sign(x-1)O(y - yo) dyodV (15)
ay Je J-an/2

i

It is the difference between the green and blue volume in Fig. 2 aver-
aged over all fi and yo and weighted by the projection of ii on §. The
integrals can be calculated for each of the 13 normal vectors fi so that
we obtain in total

111 1 13

ap = 26[2 +4(ﬁ + M)] ~ 0.08. (16)

For the second average, we need the probability distribution for
Au = v — v4. Since the components of the single-particle velocities
are Gaussian distributed with variance kgT/my, also Au is Gaus-
sian distributed with variance 4kp T/(mon¢), as shown in Appendix A
using na = np ~ ng/2. Taking the collision probability from Eq. (4),
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we then have
(x(Au)Au) = cnang(®(Au) Au’) = cng ;CBWT. (17)
0

Thus, in total, we obtain from Eq. (13) for the pressure contri-
bution of the collision step,

cap

P, =
coll 2(1% At

ks Tng’, (18)

which is quadratic in the particle density n;. Hence, up to second
order in density, the full equation of state reads

Pag = (Pstr + Pcoll) ag = nngT(l + C;OAO;P ng). (19)

This gives a compressibility
10n;  a 1
ng oP

B = (20)

- ngkgT 1+ czxpaong/At’
where the ideal gas contribution from the streaming step, fiq
= ay/(ngksT), is diminished by the second-order contribution
from the collision step. This means that the MPCD fluid is less
compressible.

We add two comments. First, if we take for the collision proba-
bility p, (Au) the expression from Eq. (5), which we use as one option
in the simulations, one can still evaluate (y(Au)Au) and then obtain
the pressure contribution from the collision step,

apcC kB Tnf2

CkeT 5 kg T cn;3
> exp ng |erfe|l ) — ——
2a5 At 8my 2mgy 2
cap 2 kBT"£3 5
= ks T 1- + 0 . 21
2a2ar [ V™2 (ne’) 1)

We will use this form when comparing the pressure in the simula-
tions to the analytic result. Second, in deriving P., we have always
set na = np ~ ng/2, thus neglecting fluctuations in the particle num-
bers in regions A and B. For sufficiently large particle numbers, these
fluctuations are small. When we compare our analytic results to sim-
ulations, we obtain good agreement and the approximation seems to
be reasonable.

coll =

IV. SHEAR VISCOSITY

To derive an expression for the dynamic shear viscosity #, we
consider the linear shear flow

v(y) = jyx (22)

with constant shear rate y (see Fig. 3). We also note that the non-
vanishing component of the viscous stress tensor, oxy, = 70yvx = 1y,
describes the negative flux of the x component of momentum along
the y direction. Similar to the derivation of the equation of state in
Sec. I11, the viscosity consists of two contributions from the collision
and streaming step, respectively,

0 = Heoll + Hstr- (23)

While the derivation of the collisional viscosity #c requires simi-
lar steps used in calculating the collisional contribution of pressure,
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FIG. 3. To derive the shear viscosity, we
apply the shear flow v(y) = jyXx and
consider the momentum transferred to
the region above the plane Py, with unit
normal vector y and at position y = .
Examples for collision planes with y4 = 0
(@) and y4 # 0 (b) are shown.

+“—
Pyayo

the streaming viscosity #si- needs special attention. We start with the
derivation of #¢.

A. Collisional viscosity

Similar to our derivation of the pressure starting from Eq. (11),
we consider the momentum transported during the collision step
from the region y < yo across the plane Py, into y > yo during
time At (see Fig. 3). However, for oy, we need the transfer of the
x component of momentum per area and time, and thus,

mo |,
ny:—zAt<X' V?ew—Vi>~ (24)
5 ilyi>yo

When evaluating the term in the angular bracket using Eq. (2), we
concentrate on the first line of Eq. (2) and then at the end following
Ref. 45 to include angular momentum conservation, which is the ori-
gin of the second line. Replacing dv; in Eq. (2) by ¥5/4 as before in
Sec. 111, we obtain

Gy = ——go (X(A“)i' B [vpya+ 0 (ve *"i)])'

-
aOAt ilyi>yo

On average, the relative velocity Au = ¥p — ¥4 is equally distributed
on the mean velocities of regions A and B so that we can use Au/2
~ ¥4 = —vp. Furthermore, on average, v¢ can be replaced by Vi/ng,31
and we arrive at

Mo . a . L\ Au 1
o =~y (A k- A Y ch) — —hevi|1-— ).
Oxy uéAt(X( u)x nilyl>y051gn(x i) > i v( ng)>
(25)

As explained in Sec. III, sign(x; - fi) is necessary to distinguish
between particle i being in either region A or B.

Now, we need to introduce the shear rate y from the applied
linear shear profile of Eq. (22). It comes in by setting v; equal to
its deterministic part yy;% and through the Gaussian distribution of
Au. In Appendix B, we show that the conditional distribution for
Au, given the collision vector fi and fixed position x; of particle i, is
Gaussian with the mean value

— 1 1 it N f
i = (Auia = =2 7% ﬁ)/A(ng ) + sign(x; - A)y . 26)
ng

The first factor originates from the orientation of the collision plane
with collision vector i relative to the shearing direction % and the
second factor from keeping particle i at fixed height y;. The quantity
ya is the y coordinate of the center of mass of region A defined by
the collision plane. For the different collision vectors i, we give them
in Table I. We need this conditional mean value y;5 = (Au);4 when
averaging over Au since in Eq. (25), we also average over the posi-
tion of particle i. Now, to evaluate the shear viscosity, it is sufficient
to only consider the terms of oy, linear in the shear rate y. As we
demonstrate in the following, they result from either thermal fluc-
tuations of Au or the deterministic part of v; equal to jy;%. Thermal
fluctuations of v; can be neglected since they produce higher-order
terms in j.

To perform the average over Au in Eq. (25), we first evaluate the
required averages using the conditional distribution p(Au—p;4) (see
Appendix C). Since the shear-induced shift y; 4 is small compared to
the width of the distribution, mo‘uiﬁ [ksT <« 1, we can always lin-
earize in y;3 o< §. First, for the mean conditional collision rate using
Eq. (4) for py(Au), we obtain

(W(aw) = [ p(8u = pia) py(Au) ddu

kB Tl’l§3 _
S T Oia) =T(nesc) + Ouia)- (27)

Only the contribution of the zeroth order in y;; is required, since
the last term in Eq. (25) already contributes the required term linear
in y by setting v; = yy;X. For the second necessary mean value, we
obtain

TABLE 1. Values of |y and |a, 4| for all collision vectors fi. Both quantities ya
and a, 4 have the same sign equal to —sign(f - §) and only appear as product in
Eq. (30). Furthermore, note that only collision vectors with i - X # 0 are relevant for

the evaluation of Eq. (30).

f [yal | al
%2, (k+2)/\V2 0 0
% 1/4 1/2

k=9)/V2, (§+2)/\/2 1/6 1/3
(k+y+2)/V3 13/96 13/48
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(x(Au)Au) = / Aup(Au — pin) py(Au) dAu

kB Ti’lf kB Tﬂf
2myg 2

,ﬁ) + O(fin)
= E(ng,¢) + Q(ng, c)uia + O(uia) (28)

up to the linear order in y;3 o< . One can show that the zeroth-
order term E(ng, c) does not contribute to oy, as it should be. The
contribution vanishes for collision planes with y4 = 0 or in combi-
nation with two collision vectors. Using Eqgs. (27) and (28) in the
expression (25) and only collecting all terms linear in j, we arrive at

Oxy = ZAtn (( n) y;nytﬂ + (7’15— 1)

x [y,-l"+sign(xi~ﬁ)yAQ]). (29)

Here, the remaining average (---) goes over x;, the offset yo of the
plane Py, , and the collision vector f.

As in the derivation of the equation of state, we replace the aver-
age over all particles and the conditional sum by a volume integral
over ng/ay ©(y - yo) and also average over y. With only the average
over the collision vector fi remaining, we obtain

”Z"[t«x ) {0/12+ (n = D[T/12+ (aya0) ©}), (30)
where

1 ay/2
. ign(x-2)O(y — yo) dyodV. (31
oy, agf%[%/zmgn(x 1)®(y - y0) dyo (1)

In Table I, we give the values ®yi and y, for all collision vectors i
Averaging over all of them, we obtain for the collisional viscosity
without taking into account angular momentum conservation in the
collision rule of Eq. (2),

_A mo 13 361 }
= —[T(ng-1)+ Q]+ —Q(ng-1) 1. 32
1k = gyl ¢ e =1 +0]+ Z2ae -1} (2

For our choice of ¢ = 1/100 and n¢ = 20, we obtain O ~ 5/14 and
I'= Q/2. If instead of Eq. (4), we use Eq. (5) to have a bounded colli-
sion probability p, (Au), we still can evaluate the averages of Egs. (27)
and (28) and expand into j. The resulting expressions for Q and T
are given in Appendix C. For ¢ = 1/100 and n¢ = 20, we then obtain
Q~1/4and T ~ 9/65.

So far, we did not consider the term due to angular momen-
tum conservation in our collision rule (2) when evaluating o,. We
follow here Ref. 45 to take into account two additional terms. The
essential contribution is the rotational motion of the particles in the
collision cell induced by the vorticity of the shear flow, which gener-
ates the rotational velocity @ = V x v/2 = —j/22. The velocity @ x
x;,c of particle i due to this rotational flow is removed during the ran-
dom collision, and we have to add it to v — v; considered so far to
preserve angular momentum. More precisely, our collision rule (2)
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only considers the component normal to the collision plane, and
when we average over all collision vectors, we realize that only the
x component of w x X; ¢ is needed. Hence, in total, we need to add to
the last term in Eq. (25) the normal velocity component (fi-X)jyic/2.
When averaging over all particle positions j # i, we can set y; . = y;
— ye = yi(1 — 1/ng) following a similar reasoning as in footnote 1.
Thus, a careful inspection of Eq. (25) and the following steps show
that we have to subtract half of the last term in Eq. (25). Ultimately,
this replaces I in Eq. (32) by I'/2.

A minor contribution comes from the random velocity changes
0v; during collision. We mention it here since it gives a near perfect
agreement with the simulation results we will present in Fig. 5(a).
The random changes 6v; add the angular momentum ¥, x;c x fi 6v;
to the cell, for which we have to subtract a term in the second
line of Eq. (2) in order to restore angular momentum conserva-
tion. This velocity also has to be considered in % - (v;*" - v;)
when starting with Eq. (24) for oy, and then, the relevant steps
carefully have to be repeated. As before, we only need the z com-
ponent of the angular momentum. Dividing by the moment of
inertia for the relevant z direction, IE,ZZ/mo = X+ y}?, and

%
taking the average over Au, we obtain the mean angular velocity

&v; PN i yjcAu/2 sign(x;-h)
(@) p = X'n<X(A”)W

age and introducing the mean moment of inertia (I¢)../mo = aj
(ng—1)/6 gives (w ) au = —12(%-0) %47 Q/al, where we neglected
correlations in the product yjAu and used (y(Au)Au) ~ —2Q%-fiyaj.
Finally, from the angular velocity, one calculates the mean x compo-

). Then, evaluating this aver-

nent of the velocity correction, ({2 ) a,yic). Performing the remain-
ing averages, one ultimately realizes that this changes the prefactor of
Qin Eq. (32) from 361/567 to 0.5034 ~ 1/2. Together with the correc-
tion from the previous paragraph, we then obtain the final formula
for the shear viscosity,

A mo 13[ ] Q }
= +Q|+— -1);. 33
vl b ECRRRT B G )

B. Streaming viscosity

To determine the streaming viscosity based on the linear shear
flow of Eq. (22), we follow the work of Kikuchi et al”’ They deter-
mined the shear stress component o, from the momentum along
the x direction transported through the plane y = 0 during the
streaming time At. They showed that this results in the expression

mong [ YAt
Ory = TSE(YT(VQ-(VM)), (34)

where vy and v, are velocity components of the fluid particles. The
average is performed at the beginning of the streaming step. In the
steady state, we can immediately use (v}) = ksT/mo. However, as
we explain now, the velocity correlation (vxvy) changes when we
cycle once through the streaming and collision step. However, in the
steady state, it should be back to the value at the start of the cycle.
Using this self-consistency condition, one can ultimately determine
(vxvy) and therefore oy,.

First of all, if p(vy, v)) is the velocity distribution of the par-
ticles at the beginning of the streaming step, it will evolve toward
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the distribution p(vx + yv,At,v,) at the end of the streaming step
since particles in the shear flow acquire additional speed along the
x axis when moving along the y direction. Based on this altered dis-
tribution, the velocity correlation at the end of the streaming step
becomes™’

(vevy)as’ = (vevy) — PAK(Y,). (35)
In other words, the value of (v,v,) decreases by a constant value dur-
ing the streaming step. Both Egs. (34) and (35) are common to all
MPCD algorithms."

In a second step, (vx¥y)q; is altered during the subsequent
collision step. This depends on the detailed collision rule. As
we demonstrate below and in Appendix D, the velocity correla-
tions change by a constant factor during collision. Thus, (v.v,)ean
= (1 -b){vxvy)ar - Inserting Eq. (35) and using the self-consistency
condition (vxvy)ia = (VvxVy) as explained above, we can solve

(vevy) = (1 - %)ymwj). (36)

We insert this result into the expression (34) for oy, and use (vﬁ)
= kg T/my to finally arrive at

(37)

B )'mngTAt(l 1)
b 2/

Oy = R——
3
aQ

Thus, after determining the factor 1 — b for our collision rule, we will
have an expression for the streaming viscosity.

In order to write (v<vy)oq) in a compact way, we abbreviate
in the collision rule of Eq. (2) the term added to restore angu-
lar momentum conservation by A and use for the other term
B; = ii[i- (v —v;) + 0v;]. Furthermore, right before the collision, the
velocity correlation is (v.vy)s; so that we have

(vavydeall = (vavy)itr
+ (X(Au) [Vi,xBi,y + Bi,xv,;y + V,‘,xAy + Axv,;y
+ AxAy + B,‘,XBI‘,/V + AxB,‘,y + AyB,‘,x] ) (38)

Since the value of y(Au) is either 0 or 1, we have set )((Au)2 = x(Au).
Note that in §v; = 8v] + 8v, we can drop &V} since it is zero, on
average, and also set §v; = Vp/4 using ny = np ~ ng/2 in Eq. (7).
Hence, we will always use v; = ¥ /4 in the following. For the first
term in Eq. (38), we demonstrate here how it is evaluated and refer
to Appendix D for the evaluation of all the other terms. We obtain
with 6Vi = {/B/A

(x(Au)vixBiy) = (x(Au)viany [0 + - (v = Vi) ]).

Here, we recognize that ¥4 + fi - vi = 2/ng ¥jey, ) B2 - vj after
using the respective definitions of #3/4 and v;. Since the construction
particles i and j lie on different sides of the collision plane and are
therefore different, this term vanishes under the typical molecular
chaos assumption (v;xvj,) = 0. For the remaining term, we realize
that it involves the projector i ® fi, which when averaging over all i
gives the unit matrix 1/3. Hence, we ultimately have
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(x(Au)vixBiy) = =(x(Au)vixviy) /3.
~ = (Au) ) (viaviy) /3. (39)

In the last line, we used again the molecular chaos assumption and
neglected higher correlations for particle i.

For the derivation of the remaining terms in Eq. (38), we refer
to Appendix D. Finally, putting all terms in Eqgs. (39), (D3), (D1),
(D4), and (D8) into Eq. (38), we obtain

~ 13ng + 8ng”

new _ new| , 14
(o = o1 - (e ] )

from which we read off the factor b as the second term in the brack-
ets. Using it in Eq. (37) together with (y(Au)) ~ I'(ng, ¢) from Eq. (27)
and dividing by the shear rate, we obtain the streaming viscosity

ngkg TAt 18n;” 1
Hstr = & B3 & 3 - = (41)
a; (14 - 13ng + 8ng2)T(ng,c) 2

The sum of this equation and the collisional viscosity from
Eq. (33) gives the complete shear viscosity in this new version of
MPCD,

1= Tste + 1l (42)

V. COMPARISON WITH SIMULATIONS

In this section, we compare the derived analytic expressions
(21) for the pressure and (33) and (41) for the collision and stream-
ing viscosities with values obtained from simulations. To calculate
the collisional contribution to the pressure, we use with Eq. (11) the
same formula with which we started the analytic calculations. Like-
wise, for the collisional and streaming viscosities, we set up the linear
shear-flow profile v(y) = yy% and then explore Egs. (24) and (34),
respectively, to evaluate the viscosities from # = 0xy/7. Finally, to
test our method in a realistic situation, we also simulate a Poiseuille
flow profile and measure the total viscosity from the maximum flow
velocity. We start with some computational details.

A. Computational details

To calculate the collisional contribution to the pressure equa-
tion of state, we perform MPCD simulations in a box with edge
length L using periodic boundary conditions and the parameters
introduced further below. The setups of the shear flow profile and
the Poiseuille flow need more comments. All the simulations are
performed with the bounded collision probability of Eq. (5). For the
pressure, we will also show results for the alternative form of Eq. (6).

1. Linear shear flow profile

To generate a steady shear flow profile with constant shear rate
Oyvx = ¥ in a cubic simulation box with edge length L, we use the
so-called Lees—Edwards boundary conditions. We introduce them
shortly.””” In the directions along the % and % axes, perpendicular to
the shear gradient, regular periodic boundary conditions are applied.
However, along the direction of the shear gradient, the boundary
conditions are modified such that the periodic images of the sys-
tem move with velocity +Lj. This means that a particle receives a
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shift in position and velocity when crossing the boundaries along
the y direction. If the particle crosses the lower boundary at time ¢
and position (x, y = —L/2, z), it re-enters the system at the upper
boundary at position ((x + Lyt)medr,y = +L/2,z) with velocity
(vx + Ly, vy, v2). If it crosses the corresponding upper boundary at
time t and position (x, y = + L/2, z), it re-enters the system at the
lower boundary at position ((x—Ljt)mod 1,y = —L/2, z) with velocity
(v = Ly, vy, v2).

2. Poiseuille flow profile

To generate a Poiseuille flow profile, we do not introduce
bounding walls but simulate a driven system with periodic bound-
aries in all three dimensions and two profiles with opposing flow
directions along the % axis.”” For this, we introduce a pressure dif-
ference Ap by acting with a constant body force on all the particles.
Particles with positions y; < 0 experience the force —mogx, and for
particles with positions y; > 0, the force points in the opposite direc-
tion, mogX. This setup with the box dimensions L x 2L x L pro-
duces two opposing Poiseuille flow profiles and thereby avoids the
implementation of any solid boundaries. With the resulting pres-
sure gradient Ap/L = monog/ay, the viscosity then follows from the

54

maximum flow velocity Vmax = ﬁ.

3. Parameters
For all simulations, we use the edge length L = 644y, the colli-
sion parameter ¢ = 1/100, and, in MPCD units, set kgT = 1 and mass

mo = 1. For the Lees-Edwards simulations, the shear rate is cho-
sen as j = Jyvx = 0.006 25 in units of the inverse MPCD time scale

to = do\/ I’no/kBT.

Each system is initialized by randomly distributing N = noL’
particles in the volume L’ and by choosing their velocities from
the Maxwell-Boltzmann distribution. For the Lees-Edwards simu-
lations, a local offset for the mean velocity component along the x
direction is chosen, (vx) = yy. To equilibrate the system at the begin-
ning, we simulate it for 10° time steps At. Then, we sample Eqs. (11),
(24), and (34) during a simulation time of 5 x 10°At. When simu-
lating the Poiseuille flow, we average the flow profile over the same
amount of time but use an increased equilibration time of 5 x 10° At
to assure that the flow has reached its maximum velocity.

Our goal is to perform the MPCD simulations with defined
values of the parameters, which we keep constant throughout the
simulations. The collision parameter ¢ introduced in Eq. (4) has to
be sufficiently small so that we can explore the dependence on Au,
na, and np. It turns out that ¢ = 1/100 and an average number of
ng = 20 particles per cell is a suitable choice, which yields a collision
rate of (y(Au)) ~ 0.14.

Together with a time step of At = £,/200, our set of param-
eters is particularly interesting because it yields a total viscosity
n= ﬂstr+11:(ﬁl ~ 16a9+/ ks T /mo, which is commonly used for simulat-
ing microswimmers with MPCD.*”'*! Hence, in the following, we
focus on densities between 1y = 7 and ny = 35 and investigate how
pressure and viscosities behave in this range of densities centered
around ng = 20.

B. Equation of state

Figure 4 shows the simulated total pressure P, normalized by
the ideal gas pressure P,q = noks T/ay, as a function of density o for
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At [ty
—e— 1/100
- = 1/200
—e— 1/400
---- Eq. (21)
........ Eq. (19)
( -=- Eq. (6)

compressibility 8/8iq < pressure P/Py 2

density ng

FIG. 4. (a) Total pressure P relative to the ideal gas pressure Py = nokg T/ a3 plot-
ted vs density ng for three different values of the time step At. Circle symbols show
data points obtained from simulations using Eq. (11) together with the bounded
collision probability of Eq. (5), and dashed lines show the corresponding theory
curves from Eq. (21). The dotted lines show the theory curves from Eq. (19), and
the squares show data points obtained from simulations using the bounded colli-
sion probability of Eq. (6) for At = £,/200. (b) The corresponding compressibility
relative to the ideal gas value fig = aS /(ngkgT) plotted vs no.

different time steps At. The colored circle symbols are the numerical
results using the bounded collision probability from Eq. (5). They are
in very good agreement with the analytic result of Eq. (21) plotted as
dashed lines. In particular, the simulations confirm the relation Py
o< 1/At according to which a smaller At results in a larger pressure.
This makes sense since the collision probability is independent of
the time step At. Hence, there are more collisions in the same time
interval when At decreases. As dotted lines, we also show the pres-
sure of Eq. (19) calculated with the unbounded collision probability
of Eq. (4). They are in very good agreement with the simulated pres-
sure only until ~np = 10. With the idea to enhance the pressure in
the simulations further, we also used the alternative bounded col-
lision probability of Eq. (6). Indeed, for the example of At = #,/200,
we obtain a larger pressure (square symbols) since we keep the linear
dependence in Aunanp until the probability becomes one. It starts to
deviate from the dotted line not until ng = 20.

In Fig. 4(b), we plot the corresponding compressibility as a
function of ng relative to its ideal-gas value fig = 1/Pjq. Using
P = Pi4[1 + f(no)], the compressibility

1(0P\! 1
=) =pa——ur 43
ﬁ Ho(ai’lo) ﬁd]+f+% ( )

can be directly related to the deviation of pressure from Pi. The
dashed and dotted lines in Fig. 4(b) represent the analytic results cal-
culated from the formulas for pressure, while the derivative 9f/0ny
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for the numerical results was determined with the standard Python
toolchain. Relative to the ideal-gas value, compressibility is further
reduced and, in particular, f also decreases with the decrease in At.
For example, at At = #7/200 and with 7 = 20 as a reasonable den-
sity, compressibility is reduced to 0.48;q. Now, applying the bounded
collision probability of Eq. (6), the compressibility is down to 0.3fi4.
To obtain such a reduction with conventional MPCD methods and
the ideal-gas pressure, one would need to increase the particle num-
ber per cell by a factor of three. Thus, the new collision rule with its
non-ideal equation of state reduces the computational efforts.

C. Shear viscosity

We first discuss the collisional viscosity. Figure 5(a) shows the
simulated collisional viscosity 11;0/}1 in MPCD units mo/(aopty) as a
function of the density #g for three values of At. The circle symbols
show data points from simulations using the bounded collision rule
Eq. (5). Over a wide range of densities, the values are in very good
agreement with the analytical result of Eq. (33) shown as dashed
lines. Hence, there is a quantitative agreement between simulations
and theory. Similar to the pressure, the simulations confirm the scal-
ing ’1231 o< 1/At. For the two larger time steps At = t/100At = £0/200,
we see a deviation at densities nyo < 10. We attribute this to the fol-
lowing reasons: first, our collision rule is not constructed for small
numbers of particles, and second, to derive Eq. (33), we neglected

(&) 102_
1014
<=
8 At/t
1004 —*— 1/100
""" Eq. (33) —*— 1/200
P Eq. (41) — 1/400

<
z
&
A
=
10 20 30
density ng

FIG. 5. (a) Collisional viscosity 777, in MPCD units mo/(aoto) plotted vs density ng
for three values of the time step At. Circle symbols show data points obtained from
simulations using Eq. (24), and the dashed lines show the corresponding analytical
values as given by Eq. (33). (b) Streaming viscosity #s in MPCD units mo/(aoto)
plotted vs density n, for the same values of At. Here, the circle symbols show data
points obtained from the same simulations using Eq. (34), and the dotted lines
refer to the analytic expression of Eq. (41).
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fluctuations of the center of mass position, which also requires a
higher number of particles.

We now continue with the streaming viscosity #s that we
extract from the same simulations. Figure 5(b) shows #s in MPCD
units mo/(aoto) as a function of the density ny and for different val-
ues of At. Again, the circle symbols show data points for the bounded
collision rule from Eq. (5), while dotted lines refer to the analytic
values given by Eq. (41). Although we observe an approximate quan-
titative agreement of the simulated values for 7 with Eq. (41) for
larger densities np, there are clear differences. First, Eq. (41) predicts
an increase in the streaming viscosity toward smaller no, which then
falls sharply to zero at ny = 0 (not shown). The simulated stream-
ing viscosities only show a slight increase for At = £,/100; other-
wise, they are roughly independent of ny. Second, while we do not
reproduce the predicted scaling 7 ocAt, we observe a clear increase
in the streaming viscosity with At, and thus, the expected trend is
reproduced qualitatively. As a main reason for the disagreement of
the simulated viscosities with Eq. (41), we consider the approxima-
tion (y(Au)vixviy) ~ (x(Au)){vixvi,y) made during the derivation
of Eq. (41). Nevertheless, factoring out the collision rate (y(Au)) in
the previous expression provides a rough quantitative estimate of the
streaming viscosity #s as demonstrated.

30 S
~
S 20 2
3
10
—11 : :
—1 0 1
y/L
(b)
=
=
Z 10
E —&— Poiseulle flow
—*— linear shear
---= Eq. (42)
10 20 30
density ng

FIG. 6. (a) Poiseuille flow profiles vy vs lateral channel position y determined
in simulations for different densities ny. The velocity unit is the thermal velocity
vr = \/ksT[my. (b) Total viscosity in MPCD units my/aoty. Blue circle symbols
show data points for the viscosity determined from the flow profiles in (a). The red
triangle symbols refer to data points resulting from the sum of viscosities, ﬂstr“ﬁﬁ’
determined in Sec. \/ C. The black dashed line shows the analytical expression of
Eq. (42).
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D. Poiseuille flow

To simulate the Poiseuille flow profiles, we used the time step
At = £5/200. After averaging the velocity field over the time 5 x 10*At,
the final flow profiles are generated by also averaging along the x and
z directions. The resulting profiles vx as a function of the y position
are shown in Fig. 6(a) for different densities n9. The two oppos-
ing profiles are clearly visible, and in both regions y < 0 and y > 0,
we observe excellent agreement with the expected parabolic shape.
The decrease in the flow velocity toward higher densities n already
indicates an increase in the total viscosity # with no. This increase
is even more pronounced since also the pressure difference Ap
increases with ny because we always use the same body force per fluid
particle.

In Fig. 6(b), we plot the total viscosity # as a function of the
density no. The blue circle symbols show data points obtained by
extracting vmax from the Poiseuille flow profiles shown in Fig. 6(a)
and using n = ApL/(8Vmax). The red triangle symbols show the total
viscosity 722 + st consisting of the collisional and streaming viscos-
ity, which we determined in Sec. V C from the simulated linear shear
profile. The numerical data are compared to the analytical result of
Eq. (42), which is shown as the dashed line.

First of all, the values for the viscosities, determined in the sim-
ulations by analyzing either momentum transfer in linear shear flow
or the maximum flow speed of the Poiseuille profile, are in excellent
agreement over the whole range of densities. In addition, we also
observe a good agreement with the analytical expression of Eq. (42)
for densities 19 > 10, where the collisional viscosity 774, dominates.
For low densities 7y < 10, the deviations occur due to 7 as discussed
before.

VI. CONCLUSIONS AND OUTLOOK

The new collision rule in our extended MPCD method provides
the fluid with a non-ideal equation of state by introducing stochas-
tic collisions between two particle clouds in the collision cell. In
short, the collision frequency is quadratic in density and collisions
only occur if the particle clouds move toward each other. In con-
trast to prior approaches, the extended MPCD method is designed
for three dimensions, conserves angular momentum, and features
a thermostat. The main goal of our method is to guarantee a low
fluid compressibility for simulations in which significant pressure
gradients occur. Since with the reduced compressibility, we can keep
the particle number per collision cell at reasonably small values, our
method requires significantly less simulation time compared to rais-
ing the fluid density in classical MPCD algorithms.'” We provide an
example in footnote.” At the same time, our method saves computer
memory necessary to store MPCD particles so that we do not need
to reduce the system size. We will explore this more in a planned
second publication.

Based on the new collision rule, we have derived the equa-
tion of state and also demonstrated the impact of different collision
probabilities. Indeed, in the regime where the collision probability
is quadratic in density, we observe the nonlinear quadratic varia-
tion of pressure with density. For larger densities, where the colli-
sion frequency is bounded by the maximum value 1/At, the pres-
sure again becomes linear in density, albeit at a higher value, which
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increases with 1/At. For typical values of At/ty = 1/200 and ng = 20
together with the most effective collision probability, compressibil-
ity is reduced by a factor three compared to the ideal-gas value at
np = 20. Overall, we find very good agreement with values obtained
from simulations in the regime where our analytic expressions
apply.

Moreover, for the shear viscosity, we have derived analytic
expressions for the contributions of the collision and streaming step.
For the collisional viscosity, we find very good agreement with the
values obtained from simulating a linear shear flow and determining
momentum transport, while for the streaming viscosity, the ana-
lytic expression only provides a rough estimate. However, for density
values ng above 10, the collisional viscosity starts to dominate and
we obtain a very good agreement with the simulated values. This
is also demonstrated by simulating a Poiseuille flow and extracting
viscosity from the maximum flow velocity.

In a planned second publication, we will use our extended
MPCD method for selected flow problems to demonstrate its appli-
cability. Furthermore, we intend to apply it to dense systems of
microswimmers, where large pressure fields arise naturally. Prelim-
inary simulations of such systems show that the extended MPCD
method keeps the inhomogeneities in fluid density small. This will
help us to obtain reliable insight into how hydrodynamic flow
fields influence the collective dynamics of clustering and swarming
microswimmers.
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APPENDIX A: GAUSSIAN DISTRIBUTION FOR Au

For the derivation of the pressure, the fluid is considered at
rest. Assuming molecular chaos, the velocities v; of the individ-
ual particles all obey the Maxwell-Boltzmann distribution. For the
scalar product with the collision vector i, this implies the probability
density

p(vj-h) =

mo mo (v ~f1)2
- . Al
ZﬂkBT exp( ZkB T ( )

The probability distribution for Au = 3 — ¥4 then follows from

p(Au)=f6(Au—LZV}V;':— > V;An])

{xe”a}

N
x Hp(vj-ﬁ)d(Vj-ﬁ), (A2)
j=1

where J(--+) stands for the delta function. Eliminating it by integrat-
ing over one normal velocity component and then carefully per-
forming the rest of the N — 1 integration finally gives the Gaussian
distribution
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1 Au?
P = e ex"(‘zmua)' (43

It has zero mean, (Au) = 0, and variance

T T 4kg T
( Au2) _ kg . kg _ ks , (Ad)
namgy  npmo mohg

where we used the approximation n4,p ~ ng/2 in the last step. Thus,
the sum over Gaussian distributed random numbers follows again a
Gaussian distribution.

APPENDIX B: CONDITIONAL DISTRIBUTION OF Au
IN SHEAR FLOW

For deriving the collisional shear viscosity in Sec. [V A, we need
the distribution for Au under the condition that the collision vector
i and the position x; of particle i are given. We again start with the
single-particle velocity distributions. Relative to the applied shear
flow, the velocities still follow the Maxwell-Boltzmann distribution,

%) -hl?
RSN o G 1 R

Following the same reasoning as in Appendix A, this implies that
the conditional distribution for Au is again Gaussian with the same
variance as before: ((Au — (Au))*) = 4kp T/(mong).

However, the conditional mean of Au under the applied shear
flow and for fixed i and x; is non-zero. Starting from the definition of
Au and averaging over all particle velocities and all positions besides
particle i, one obtains

(M) =% 3 i) _ o)

xeta/x) "B (xela/x) A

— sign(x; - f) %}B, (B2)

where the subscripts i, fi indicate the conditions that the particle i
resides at x; and the collision vector takes the value i. When we
introduce the center-of-mass in the respective regions (y;) = ya/s
for x; € ¥p and use ya = —yp and na/p ~ ng/2, we can ultimately
write the conditional mean as

-1 i i)y
(Au),ﬂ)ﬁ = —2y§( ﬁyA(nf ) +n8;gn(x n)y = Uin- (B3)

Based on the conditional distribution p(Au — y;5), we can now cal-
culate the required mean values (x(Au)) and (y(Au)Au) in shear
flow.

APPENDIX C: MEAN VALUES (y(Au)) AND (x(Au)Au)
IN SHEAR FLOW

We start with the unbounded form of the collision rate p,(Au)
in Eq. (4) and find for the mean collision rate
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(W(aw) = [ p(8u=ps.a) p(Bw) diu

cng kg Tng Ui among
= 5 _k 1
2 {V 2mm, eXp( kT c)
V!n Hin Mt mong
1 fl in
8 [ e (# SkBT)]}

kB Tn§3

=c Trm}"’ﬁ(‘ui)ﬁ) = I(ng o) + O(uin), (C2)

where in the last line, we show the relevant zeroth-order term after
expansion in g; ;. For the second mean value, we obtain

(o)) = [ Bup(Au - pyn) pi(Au) du
0
2
S )
2 mo 4 ’ 8kBT
kBTng ‘bliﬁl’nong
BV A — eXp(_ 8ksT (C3)

and, after expanding to first order in y;z,

_ kBTl’lg kBTI’lf
(x(Au)Au) = C( Yo o i | O(4ia)
= E(ng,¢) + Q(ng, c)pin + ﬁ(yi,ﬁ). (C4)

For the bounded form of the collision rate py(Au) in Eq. (5), we
can also calculate the mean values. The mean collision rate becomes

(x(Au)) = fowp(Aufyx[,ﬁ)pX(Au) dAu

- ;{1 + erf(y,,ﬁ el ) (C5)

8kgT

=T(ng,c) + ﬁ(‘uzﬁ), (Co)

where the last line shows the relevant zeroth-order term after expan-
sion in p; 5. The second mean value becomes
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((awdu) = [ Bup(8u—ps.a) py(B) ddu
S e
= z{ym[l +erf(y,,.. SkBT)_

ks T
+ (Cnfmio - ‘H,‘!ﬁ)

0 B
erfel s /[ cper /R8T _ [0
8 ¢ mo Hid kBT ’

and after expanding to first order in y; 4, one has

_ CkBTng ZkBTl’l§3 kBTng
(x(Au)Au) = 2. exp(c 8o erfc| ¢ o~

. k 3 3
2 2mmyg 4myo
ksTng [keTng
X exp(c2 ];n:f )erfc(c Zm?)] +ﬁ(/4?,ﬁ)

= B(ng,¢) + Qng, pin + O(pia)- (C7)

APPENDIX D: VELOCITY CORRELATION DURING
COLLISIONS

To derive of the streaming viscosity in Sec. IV B, we consider
the evolution of the velocity correlation (vixviy)eq during a col-
lision step. In the main text, we have already evaluated the term
(x(Au)vixBi,). Here, we calculate the remaining terms (y(Au)viA,),
(x(Au)A:A,), (x(Au)B; «B;), and (x(Au)AxBi,y).

We begin by applying some transformations on the abbrevia-
tions B; and A that we introduced to write Eq. (38) in a compact
way. First, we note that we may drop the stochastic part 6v; of
8v; = 8v; + 6v] because it averages to zero. Furthermore, we replace
vl = V4 /p using na = ng ~ ng/2. With the definitions of v; and 9,5,
the quantity B; reads

B1'=—IA1-V,‘+2fn Z ﬁ'Vj.
" ieTa)

Furthermore, we can insert the quantity B; into A,

A= —Iglmo Z [Xje x 0 (Ovj —h-vj)] x Xic
XJE'Y/g

= I5'my Y (%  By) % ie
x;€ Vg

and using that, we are free to add the constant velocity v; inside the
round brackets.

With these simplifications, we now begin considering the next
most simple term (x(Au)B;i.Bi,) of the new velocity correlation

(VixViy) ol -
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We first note that the single term and the sum in B; always con-
tain different particles i # j. Hence, the product of these terms van-
ishes under the usual molecular chaos assumption (v; xvj,,) = 0. If we
further use that particles are interchangeable so that (y(Au)vi,xvi,y)
= (x(Au)vj xvj,), we obtain

(((Au)BL.Byy) = (% . 1)(X(Au)nxny(ﬁ 2.

Finally, averaging over i and neglecting higher correlations for
particle i, we arrive at

(o) ~ (2 o1 )@ ). @D

In the next term (x(Au)vixA,), we note that the quantity A
also depends on the positions of the particles so that these must
be included in the average. We may perform this average over the
particle positions separately on A to obtain

(A) = —<Iflmo > [(Xi,c'xj,c)Bj—(Bj'xi,c)xj,c])

xj €7
= —( IEIWO [chBi - (Xic - Bi)xi,c])
_ B;
= —2(I"Ymo(x])Bi = —n—’, (D2)
4

where x;. denotes any of the components of x;,.. In the last line,
we assumed that the contribution of the single particle i is low so
that we can average (Ig) = (¢ — 1)moagl/6 separately. Furthermore,
we used that (x.) = ag/12(1 - 1/ng) for any of the components of
the position and that different components of the position x; . are
uncorrelated.

Putting Eq. (D2) into (x(Au)vixA,) and using Eq. (39), we
obtain

(r(Au)vied,) = _(X(A”i:i,xBi,y) . (X(AMZL(:LMJ)_ (D3)

We proceed with the term (x(Au)B;xA,). Since the term B; » does
not depend on the position of the particle, we can immediately apply
Eq. (D2) and insert Eq. (D1) to arrive at

(r(Au)BixA,) ~ _9%(”3{ + 1)(X(Au))(v,-,xv,-,y>. (D4)

The last term to calculate is
(x(Au)A:Ay)

= (X(Au)[lzlmO >, (Xi,c'xj,c)Bj(Bj'xi,c)xj,c]

X €V

X, €75

X |:I.f_1m0 Z (Xic - Xgc ) By — (Bk'xi,c)xk,c:| ) (D5)
y
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Similarly, we separately average (I%) = (19/360 + (ng — 1)/36) (ng
~1)moagl » (ng — 1)*moagl/36 based on the assumption of molec-
ular chaos and that the contribution of single pairs of particles is
small. Multiplying out yields three terms,

(x(Au)AAy)

= ()mi(x(bu) Y

2
Bj,ka,y Z Xic,aXjc.aXk,c,a
X)Xk, € Vg o

=2 XicaXjcaBjxBigXicpXiey | ) (D6)
ap

of which the last is zero because (x;j,xxx,y) = 0 for all j, k. We con-
tinue with the averages over the positions inside the sums. In the
first summand of Eq. (D6), we recognize that (XjcaXkca) = (X/ca) Ok
and in the second one, we may rewrite (Xica¥icg) = (xiz,c),x)(?aﬁ and
(XjcaXkey) = (sz,c)a)éay(?kj. This follows from the usual molecular
chaos assumption that different particles are uncorrelated and the
assumption that the components of a position are also uncorrelated.
Performing the sums with these replacements, we obtain

(x(Au)AsA,)
= (T ) mo(x(Au)3BBjy [ (ng — 1) {xic)” + (xic)]
~2BixBiy[ (ng — 1){xic)” + (xi)])
= (1) mg (ng = 1)(xi)” + (i) |{x(Au) BisByy). (D7)

For the term (y(Au)B;Bj,), we may refer to Eq. (D1). If we

. 4\, 4 ng—1 o1 .
approximate (x;.) ~ a/80 and an ¥ o Wearrive at

(x(Au)AxAy)

_ -1 1
et DT L BB,
e S s & |ionme

- [ et M]‘X(A“>Bf'*3f’y’

. *(i + 1)<X(Au))(wmy>- (D)

181 \ ng

9

In the last line, we have furthermore neglected the term I CrsyEE
:—1)

which is small compared to ;.
ng
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