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Abstract To access the full capabilities of multi frequency signals from the mod-
ernized GPS, GLONASS and newly deployed BDS, Galileo, the undi↵erenced and
uncombined observable model in which the individual signal of each frequency is
treated as independent observable has drawn increasing interest in GNSS commu-
nity. The ionosphere delay is the major issue in the undi↵erenced and uncombined
observable model. Though several ionosphere delay parameterization approaches
have been promoted, we argue that the functional model with only deterministic
characteristic may not follow the irregular spatial and temporal variations. On the
contrary, when the ionosphere delay is estimated as random walk or even white
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noise with only stochastic characteristic, the ionosphere terms turn out to be non-
estimable or not sensitive to their absolute value. In the authors’ previous study,
we have developed the deterministic plus stochastic ionosphere model, denoted as
DESIGN, in which the deterministic part expressed with second-order polynomial
is estimated as piece-wise constant over 5 minutes and the stochastic part is esti-
mated as random walk with constrains derived based on statistics of 4 weeks data
in 2010. In this contribution, we further model the deterministic part with Fourier
series and update the variogram of the stochastic part accordingly based on two
year data collected by about 150 stations. From the statistic studies, it is con-
cluded that the main frequency components are identical for di↵erent coe�cients,
di↵erent stations, as well as di↵erent ionosphere activity status, but with varying
amplitude. Thus, in the Fourier series expression of the deterministic part, we fix
the frequency and estimate the amplitude as daily constant unknowns. Concerning
the stochastic component, the variation of variogram is both, geomagnetic latitude
and ionosphere activity status dependent. Thus, we use the Gaussian function and
Epstein function to model the variation of geomagnetic latitude and ionosphere ac-
tivity status, respectively. Based on the undi↵erenced and uncombined observable
model with ionosphere constrained with DESIGN, both dual frequency and single
frequency PPP are carried out to demonstrate its e�ciency with three months?
data collected in 2010, 2014, and 2017 with di↵erent ionosphere activity status.
The experimental results suggest, that compared with Ionosphere-Free model and
our previous method, the averaged 3D improvement of our new method is 17.8%
and 7.6% for dual frequency PPP, respectively. While for single frequency PPP,
the averaged 3D improvement is 37.0% and 14%, respectively.

Keywords Undi↵erenced and uncombined observable, Ionosphere delay, DE-
SIGN, Precise Point Positioning

1 Introduction

The ionosphere is a layer of plasma that surrounds the earth in the altitude range
from about 50 km to 1500 km. It exerts a refraction e↵ect on electromagnetic
signals, e.g., GNSS when traveling through. This e↵ect will cause range errors
that may reach up to about 100 meters for low elevation angles [Schaer (1999)].
For high precision GNSS navigation and positioning applications, the ionosphere
e↵ect needs to be carefully eliminated in the data processing [YiChung (1997),
Shi et al. (2012)].

Typically, by analyzing the dispersive characteristic of the ionosphere e↵ects,
the so called Ionosphere Free (IF) combination forms the basic observable under
the dual-frequency environment [Zumberge et al. (1997),Kouba and Héroux (2001),
Shi et al. (2012B)]. However, with signals transmitted on more than two frequen-
cies from the modernized GPS and GLONASS, as well as the newly deployed
satellite systems, i.e., BDS and Galileo, the undi↵erenced and uncombined data
processing strategy to avoid any combination has begun to receive increasing in-
terests within the GNSS community [Schönemann et al. (2011),Gu et al. (2013)].
The fundamentally new aspect of such a processing strategy is that all undi↵er-
enced and uncombined available signals from variety of frequencies of multi-GNSS
are incorporated in a single parameter estimation system directly, regardless the
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type of the receiver [Gu et al. (2013)]. Among other di�culties, the ionosphere
delay should be estimated as unknown simultaneously with the other parameters
in this model. Obviously, the performance of the novel algorithm mainly depends
on the capability of the particular ionospheric parameterization method involved.

The first systematic study of GNSS ionosphere parameterization can be found
in the International GNSS Service (IGS) context. Since 1998, IGS has established
the Ionosphere Working Group (Iono-WG) with the intention to continually mon-
itor the ionosphere [Schaer (1999),Hernández-Pajares et al. (2009)]. Since then,
individual Global Ionosphere Maps (GIM) in IONEX format were independently
generated on a regular basis by di↵erent Ionospheric Associate Analysis Centers
(IAACs), including Center for Orbit Determination in Europe (CODE; University
of Berne, Switzerland), Jet Propulsion Laboratory (JPL; Pasadena, CA, USA),
European Space Operations Center of European Space Agency (ESOC; Darm-
stadt, Germany), and Technical University of Catalonia/gAGE (UPC; Barcelona,
Spain) [Li et al. (2012)]. More recently, three institutes, i.e., Natural Resources of
Canada (NRCan; Canada), Institute of Geodesy and Geophysics (IGG; Chinese
Academy of Sciences) and Wuhan University (WHU; China) are accepted as new
IAACs according to IGS 2016 Workshop. Under the umbrella of the IGS Iono-WG,
the final IGS ionosphere product is derived by combining Total Electron Content
(TEC) maps of di↵erent AC by using weights computed by the Validation Cen-
ter UWM (University of Warmia and Mazury; Poland), in order to get a more
accurate product.

Attributed to the e↵orts of IGS Iono-WG, various models are available nowa-
days to approximate the temporal-spatial behavior of ionosphere delay over the
coverage area. Specifically, the sphere harmonic function (SHF) is employed by
CODE by noticing the deterministic property of ionosphere delay across spatial
domain [Schaer (1999)]. While, taking its stochastic property into consideration,
[Blanch J (2003)] developed an ionospheric estimation algorithm based on Kriging.
However, since these methods are originally formulated for wide area ionosphere
modeling only, it can hardly adapt itself to the undi↵erenced and uncombined
observable processing model.

Alternatively, a simple and straight-forward way to model ionosphere delay in
GNSS data processing is to estimate one parameter for each station-satellite pair.
In the case of sing-frequency observable this approach is exactly equivalent to the
IF combination solution, providing that the ionosphere are estimated as white
noise epoch wise. Note that the conclusion is not hold for dual-frequency since
the ionospheric delays on the code and carrier-phase observable are individually
eliminated during the code and carrier-phase IF combination. [Bock et al. (2009)]
has tried to use random walk for representation of each ionospheric delay param-
eter in the time domain. Since no spatial constrains are imposed across di↵erent
LOS (Line of Sight) ionosphere delays, the ionosphere parameter in the study of
[Bock et al. (2009)] is actually inseparable from the satellite Di↵erential Code Bias
(DCB). To overcome this problem, polynomial and trigonometric series are com-
monly accepted as spatial functions for local ionosphere [Chen and Gao (2005)].
Unfortunately, these models do not capture small scale and high frequency iono-
spheric disturbances well. Consequently, [Yuan and Ou (2004)] proposed the Gen-
eralized Trigonometric Serial Functions (GTSF) by adaptive parameter set with
some preliminary results. In recent years, [Li et al. (2012)] and [Shi et al. (2016)]
adapted this GTSF method to model the local ionospheric vertical TEC of each
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individual station in the BDS DCB estimation. It should be noted, that the GTSF
model is actually only applied in the second step for the separation of ionosphere
delay and satellite DCB, but not satisfy the uncombined PPP data processing
with an accuracy of center-meter level. [Shi et al. (2012)] argued, that one of the
crucial factors in high precision ionosphere parameterization is that both deter-
ministic and random properties of the ionosphere delay should be taken into con-
sideration, and proposed an elaborated ionospheric parameterization methods for
undi↵erenced and uncombined observable data processing. Though the proposed
formula of [Shi et al. (2012)] has been demonstrated as an e�cient way to de-
scribe ionospheric variations for PPP with both single- and dual-frequency re-
ceivers [Lou et al. (2015)], its functional part expressed by a second-order polyno-
mial is casually treated as piece-wise constant over 5 minute.

From the above discussion, it is concluded that there are only few studies that
investigate the high precision ionosphere delay parameterization method to im-
prove the performance of solutions with undi↵erenced and uncombined GNSS data.
Actually, this contribution is a subsequent research of the authors’ previous studies,
thus, the readers are highly recommended to have a review of [Shi et al. (2012)],
[Gu et al. (2013)] and [Lou et al. (2015)]. In this contribution, based on the un-
di↵erenced and uncombined observable model, the shortage of traditional func-
tional or stochastic only ionosphere parameterization approaches are discussed. In
addition, our previous studies are also analyzed. Then the ionosphere model of
[Shi et al. (2012)] are refined based on Fourier and stochastic analysis. To verify
the e�ciency of the new ionosphere formula, we adopt it in the undi↵erenced and
uncombined data processing model and finally carried out the numerical demon-
stration with over three months observable under di↵erent ionosphere activity
status in terms of dual frequency and single frequency multi-GNSS PPP.

2 Notation

In this paper, we adopt the following conventions: the satellite system identi-
fiers (G R C E ) as suggested in RINEX 3.02 format are used to denote GPS,
GLONASS, BDS and Galileo, respectively. Matrices and vectors are denoted in
bold form, while scalars are denoted in regular form. And the term in its bold

form stands for the corresponding vector, e.g., Pr =
� eP 1

r eP 2
r · · · eP j

r

�T
and t =

�
t1 t2 · · · tj

�T
are the pseudo-range observation minus calculated (OMC) vector

for receiver r and satellite clock vector for all the j satellites. For more details
concerning these vectors, we refer to subsection 3.1. In addition, a few notations
are defined for future reference:

zs =
�
0 0 · · · 0

�T
(1)

us =
�
1 1 · · · 1

�T
(2)

Zs =

0

B@
0 · · · 0

0
. . . 0

0 · · · 0

1

CA (3)
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Us =

0

B@
1 · · · 0

0
. . . 0

0 · · · 1

1

CA (4)

as defined, zs is a s⇥ 1 vector with zero entries and us is a s⇥ 1 vector with one
entries, while Zs is a s⇥s matrix with zero entries and Us is a s⇥s identity matrix.
And the dimensions and lengths of such vectors will generally be obvious from
context. E(·) denotes the expectation operator, while D(·) denotes the covariance
function.

3 Methods

3.1 Basic observable

The undi↵erenced and uncombined observable of the GNSS pseudo-range and
carrier-phase are generally expressed as

P s
r,f = ⇢sr + tr � ts + ↵s

r · Tz + bsr,f
+�f · Isr + "P

�s
r,f = ⇢sr + tr � ts + ↵s

r · Tz + bsr,f �Ns
r,f

��f · Isr + "�

9
>>=

>>;
(5)

in which, P s
r,f , �

s
r,f are pseudo-range and carrier-phase from receiver r to satel-

lite s(s = 1, · · · , j) on frequency f(f = 1, · · · , k) in length units, respectively; ⇢
is the geometric distance, while antenna phase center corrections as well as the
phase windup should be applied to P , � before ⇢ becomes unassociated with the
frequency; t(sr) is the receiver and satellite clock error in length units respectively;
Tz is the zenith tropospheric delay that can be converted to slant with the map-
ping function ↵; I denotes the LOS TEC with the frequency dependent factor
�f = 40.3/f2; bsr = br � bs is the frequency dependent signal delay; N is the float
ambiguity in length units.

In addition, with the intention of discussion on ionosphere and satellite DCB
parameters, it is assumed that the terms ⇢, ts and Tz are exactly known and have
been applied to eP , e�, and only dual-frequency, i.e., k = 2 is involved. The assump-
tion is promoted for the following discussion only since ts and Tz are frequency
independent, thus can be separated from ionosphere and satellite DCB parameters.
Under the assumption, the observation equations based on Eq. (5) reads

eP s
1 = t+ bs1 +�1 · Is + "P
eP s
2 = t+ bs2 +�2 · Is + "P
e�s
1 = t+ bs1 �Ns

1 ��1 · Is + "�
e�s
2 = t+ bs2 �Ns

2 ��2 · Is + "�

9
>>=

>>;
(6)

in which the receiver subscript r is omitted for simplification. And eP s
r and e�s

r are
the OMC for pseudo-range and carrier phase, respectively, i.e., eP s

r = P s
r � ⇢sr and

e�s
r = �s

r � ⇢sr.
In the case that the receiver r tracked j satellites simultaneously, we have

undi↵erenced and uncombined observable model in the matrix-vector form based
on Eq. (6) for a single epoch as follow:

�
P1 P2 �1 �2

�T
= Ae ·

�
t b1 b2 N1 N2 I

�T (7)
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in which

Ae =

0

BB@u4j

✓
U2j

U2j

◆ ✓
Z2j

U2j

◆
0

BB@

�1 ·Uj

�2 ·Uj

��1 ·Uj

��2 ·Uj

1

CCA

1

CCA (8)

Since tsr,f and bsr,f are linear dependent, it is assumed that

0 = br,1
0 = bs1

�
(9)

to make it uniquely solvable. The r + s constrains are introduced to separate
clocks from code biases for receiver and satellite, respectively. And it was proven
that, in this case, bsr,2 and bsr,3 are actually known as DCB in IGS community
[Gu et al. (2013),?]. Furthermore, to separate the satellite DCB from the receiver
DCB in bsr, the zero-mean condition for all satellites is commonly adopted as
suggested by [Feltens and Schaer(1998)]. In this case, the parameter vector b1 is
eliminated from Eq. (7) and Eq. (8) is expressed as

Ae =

0

BBBBB@

u4j|{z}
A1,e

0

BB@

Zj

Uj

Zj

Uj

1

CCA

✓
Z2j

U2j

◆

| {z }
A2,e

0

BB@

�1 ·Uj

�2 ·Uj

��1 ·Uj

��2 ·Uj

1

CCA

| {z }
A3,e

1

CCCCCA
(10)

Regarding the solution of Eq. (10), the necessary and su�cient condition
for a system to be invertible lies in the fact that Ae has the full column rank
[Welsch (1979)]. However, a detailed analysis reveals the linear dependence be-
tween the columns as evidenced by

0 =
�
A1,e A2,e A3,e

�
· !T

! =

 
��1|{z}
!1

(�1 � �2) · uT
j 2�1 · uT

j 2�2 · uT
j| {z }

!2

uT
j|{z}

!3

!
(11)

the notation ·|{z}
·

in Eq. (10) and Eq. (11) refers to the alias of the corresponding

sub-matrix.
Suppose that there are totally k epochs data collected, then the accumulated

design matrix A based on Ae is written as

A =
�
A1 A2 A3

�

=

0

B@
A1,e A2,e A3,e

. . .
...

. . .
A1,e A2,e A3,e

1

CA

=
�
Uk ⌦A1,e uk ⌦A2,e Uk ⌦A3,e

�

(12)

in which, the ionosphere delays are treated as white noise, and the DCB and
ambiguity terms are estimated as constant. Obviously, since the coe�cients keep
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unchanged over the experiment period, the relation still holds true by extending
Eq. (11)

0 =
�
Uk ⌦A1,e uk ⌦A2,e Uk ⌦A3,e

�
·

0

BBBBBBBBBBB@

!T
1

. . .

!T
1

!T
2

!T
3

. . .

!T
3

1

CCCCCCCCCCCA

(13)

or
0 =

�
A1 A2 A3

�
·
�
uT
k ⌦ !1 !2 uT

k ⌦ !3

�T
(14)

which indicates that without external constrains, the ionospheric term I is a non-
estimable parameter even with accumulated measurements. Numerically speaking,
a singular problem can be solved by either generalized inverse [Rao and Mitra (1971)]
or regularization of the system with a set of constrains [Blaha (1982)]. These two
techniques are equivalent since each choice of generalized inverse corresponds to a
choice of regularization constrains, and both lead to identical result. In fact, such
an algorithm leads to a solution class, among which, one solution can be converted
to another theoretically through S-transformation [Baarda (1981)]. However, as far
as ionospheric parameters estimation are concerned, this problem is more compli-
cated since only when the constrains attached ideally describe the ionosphere spa-
tial and temporal variations, we can regard these solutions as unbiased estimations
of the “absolute” ionospheric delays. Otherwise, the estimations are biased due to
mismodeling or only “relative” values are obtained due to the datum deficiency
[Gu et al. (2013)].

3.2 Existing Ionospheric Parameterization Approaches

3.2.1 GTSF

It is well known that the temporal-spatial behavior of ionosphere delay can be
approximated by a set of functions, i.e., polynomial functions (POLY) or trigono-
metric series functions (TSF). Furthermore, these functions have been generalized
by [Yuan and Ou (2004)] with an adaptive parameter set over a single-day period,
denoted as GTSF

Is = M · Isz (',�)

Isz (',�) =
nmaxP
n=0

mmaxP
m=0

�
En·m · ('� '0)

n · �m
 

+
kmaxP
k=0

{Ck · cos (k · �) + Sk · sin (k · �)}

� = 2⇡·(t�14)
24

9
>>>>>>=

>>>>>>;

(15)

where Isz is the zenith ionosphere delay that can be convented to LOS with the
mapping function M ; ' and '0 are the geomagnetic latitude of ionospheric pierce
point (IPP) and the receiver, respectively; � is the solar longitude of IPP, that
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refers to the local mean maximum of ionization of about 14:00; t is the local
time at IPP; nmax,mmax are the maximum degree of the polynomial coe�cient;
kmax is the maximum degree of the Fourier series; Enm, Ck and Sk are the GTSF
coe�cients.

Denoting

AGTSF,e =

(M1 · · · Mj ) ·

0

B@

A1
E A1

C A1
S

. . .

Aj
E Aj

C Aj
S

1

CA
(16)

with As
E , As

C and As
C the coe�cient vectors for En·m, Ck and Sk, respectively,

i.e., 0

@
As

E
As

C
As

C

1

A =

0

@
1 ('� '0) � · · · ('� '0)

nmax · �mmax

1 cos(�) cos(2 · �) · · · cos(kmax · �)
0 sin(�) sin(2 · �) · · · sin(kmax · �)

1

A
(17)

where the subscript s for di↵erent satellite accompany with ' and � is omitted for
simplification. Then we have the constrains

0 = Acst ·
�
I En·m Ck Sk

�
(18)

with

Acst =

0

B@
�Uj AGTSF,1

. . .
...

�Uj AGTSF,k

1

CA

=
�
�Uj·k AGTSF

�
(19)

in which it is noted that, the matrix AGTSF,e is varied with the geometry of di↵er-

ent epoch e. By extending the unknown vector as
�
t b1 b2 N1 N2 I En·m Ck Sk

�T
,

and applying the constrains (18) into Eq. (12), it comes

A =

✓
A1 A2 A3 0

Acst

◆
(20)

By comparing Eq. (13) and Eq. (20), it is stated that to have the columns of
A in Eq. (20) linear dependent, there should exist a vector b satisfying

0 =
�
�Uj·k AGTSF

�
·
✓
uk ⌦ !T

3
b

◆
(21)

i.e.,
uk ⌦ !T

3 = AGTSF · b (22)

Suppose that there are more rows than columns forAGTSF , i.e., (j·k) > (nmax·
mmax+2·kmax), and attributed to the di↵erent geographical coordinates associated
with the entries in AGTSF,e, which implies that the rows are independent, then
Eq. (21) is overdetermined. Thus, the vector b does not exist, or in another word,
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the datum deficiency of Eq. (20) has been regularized by applying the constrains
(12) with enough measurements.

By adjusting and selecting di↵erent types of model parameters, [Yuan and Ou (2004)]
argued, that the di↵erent local ionospheric properties can be comparatively well
described based on Eq. (12). However, the algorithm of parameter selection is still
left unsolved so far. Moreover, though GTSF has been demonstrated as an e�-
cient way in satellite DCB estimation [Li et al. (2012),Shi et al. (2016)], it failed
to describe the ionospheric delay behavior with an accuracy of centimeter level.

3.2.2 SIP

Another popular ionosphere parameterization method is the so called Stochas-
tic Ionosphere Parameter (SIP) [Schaer (1999),Bock et al. (2009)], in which the
slant ionosphere delay I is treated as random walk, i.e., Ii+1 = Ii + ! with
! ⇠ N( 0 D! ), thus we have

0 = R! · Ii+1 �R! · Ii (23)

by writing the observation error D�1
! = P! = RT

! · R!. Applying the constrains
(23) into Eq. (12)

A =

✓
A1 A2 A3

0 0 Acst

◆

Acst =

0

BBB@

�R! R!

�R! R!

. . .
�R! R!

1

CCCA

9
>>>>>>>=

>>>>>>>;

(24)

By substituting Eq. (24) into Eq. (14), it can be found that the ionosphere
delay is still a non-estimable parameter as

0 =

✓
A1 A2 A3

0 0 Acst

◆
·
�
uT
k ⌦ !1 !2 uT

k ⌦ !3

�T
(25)

Similarly, we can treat the zenith ionosphere delay Iz as random walk. Then,

for each epoch e, denoting 1
Mi =

�
1

M1 · · · 1
Mj

�T
the mapping function to convert

I to Iz, Eq. (23) can be rewritten as

0 = R! · 1
M i+1

· Ii+1 �R! · 1
M i · Ii (26)

thus we have the correponding design matrix

Acst =

0

BBB@

�R! R!

�R! R!

. . .
�R! R!

1

CCCA
·

0

B@

1
M1

...
1

Mk

1

CA (27)

Attribute to the di↵erent mapping functions M , when Acst is defined as Eq.
(27), Eq. (25) does not longer hold and the zenith ionosphere delay Iz is estimable.
However, it should be emphasized that the zenith ionospheric delays over a single
station can be hardly considered as belonging to a second-order stationary process
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because it is subject to diurnal variation. More importantly, it usually takes a long
time for the mapping function to be apparently di↵erent, in which case, the zenith
ionosphere delay between the adjacent epochs is less correlated. Thus, only very
relax constrains can be applied, which implies that the zenith ionosphere delay
estimate may still not be sensitive to its absolute value.

3.3 DESIGN

As the GTSF approach represents the ionosphere delay with only determinis-
tic characteristic, the problem is, that those function constrains may not fol-
low the irregular spatial and temporal variations. On the contrary, the SIP ap-
proach represents the method with only stochastic characteristic and the iono-
sphere terms turn out to be non-estimable or not sensitive to its absolute value.
Therefore, [Shi et al. (2012)] proposed the DESIGN (Deterministic plus Stochastic
Ionosphere model for GNSS) approach

Iz = a0 + a1dL+ a2dL
2 + a3dB + a4dB

2 + rsr (28)

while a0 is the average value of ionosphere delay over the station; a1, a2 and a3,
a4 are the coe�cients of the two second-order polynomials along east-west and
south-north direction, respectively; rsr is the SIP for each satellite; dL(sr), dB(sr)
are the longitude and latitude di↵erences between the IPP and the approximate
location of station, respectively. Obviously, the mismodeling e↵ect of the two-
order polynomial function would be removed by the SIP, while, by detrending the
ionospheric delay with the polynomial function, the SIP can be safely regarded as
belonging to a second-order stationary process with more tight constraint applied.

Though the temporal constraint of the SIP rsr has already been elaborately
established by [Shi et al. (2012)], the deterministic part expressed by a second-
order polynomial is casually treated as piece-wise constant over 5 minutes. And
recalling the discussion in section 3.2, it is argued that since ai is only correlated
within 5 minutes, the absolute ionospheric delay can hardly be estimated stably
as only slow change is experienced for these coe�cients. Thus in this section,
the DESIGN model is further improved by a systematical study on the temporal
behavior of ai based on the methodology of Fourier transform, and update the
stochastic model of rsr accordingly.

In the analysis of the following section, two years data collected at about
200 IGS stations in 2010 (low solar activity) and 2014 (high solar activity) with
an interval of 30 second are utilized in the analysis of the DESIGN model. The
distribution of the corresponding network is presented in Fig. 1.

3.3.1 Deterministic part of ionosphere delay

Theoretically, a periodic signal f(t) can be expressed as the Fourier series

f(t) = ↵0 +
nX

j=1

(�j · sin (2⇡tfj) + �j · cos (2⇡tfj)) (29)
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Fig. 1 Distribution of over 150 global tracking stations for the statistic study of ionosphere
parameters in DESIGN

in which, n is the number of the frequencies for this signal, fj is the jth frequency,
↵0, �j and �j , the amplitudes for each frequency, denoting the power of di↵er-
ent components. Based on the Fourier analysis, the value of those terms can be
determined with a set of uniform sampling.

Concerning the frequency components of ai in Eq. (28), samples are obtained
with an interval of 5 minutes for 2010 and 2014 based on PPP [Shi et al. (2012)].
By applying Fourier analysis, the power spectrum of di↵erent frequency compo-
nents for ai is shown in Fig. 2. As the DESIGN model is focused on the daily
solution, the periodic items larger the 24 hours are removed in the plot. It is
demonstrated by Fig. 2 that for both ionosphere quite and active years, though
the amplitude varies, the frequency components are roughly identical for di↵er-
ent coe�cients ai, i 2

�
0 1 2 3 4

�
and di↵erent stations. While the main common

frequency components fi are listed in Tab. 1 according to their amplitude. These
period properties are most likely due to the joint e↵ect of the ionosphere behavior
and the satellite orbit design. Though a throughout study on the physical expla-
nation of these frequencies is expected to further improve GNSS data processing,
the subject itself is full of challenge and beyond the scope of our study.

Table 1 Main frequency components for a0, a1, a2 , a3 and a4 arranged according to de-
scending amplitude

Component Frequency [1/hour]

f1 1/24
f2 1/12
f3 1/8
f4 1/6
f5 1/4.8
f6 1/4
f7 1/3.4
f8 1/3
f9 1/2.7
f10 1/2.4

As suggested by Fig. 2, it is apparent that there are actually more components,
especially during the ionosphere active period. It is expected that more compo-
nents involved in the modeling implies an exhaustive description, while at the cost
of extra computation load and the potential of numerical problems during the
initialization of GNSS data processing. In our opinion, the model to be accepted
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Fig. 2 Power spectrum of di↵erent frequency components for ai based on the Fast Fourier
Transform with over 150 stations denoted in di↵erent colors for 2010 (left) and 2014 (right)

in the practical solution should not only ideally describe the ionosphere delay, but
should also keep reasonably simple. Thus, in this contribution, we fix the frequency
components f1 = 1/24, f2 = 1/12 and f3 = 1/8, and estimate the amplitude as
daily constant that updated every 24 hours. Thus, an time-related decomposition
of the deterministic part of DESIGN is available as Eq. (30).

ai (t) = ↵0 +
3X

j=1

(�j · sin (2⇡tfj) + �j · cos (2⇡tfj)) (30)

and the total number of coe�cients, i.e., ↵0, �j and �j to describe the deterministic
part is 5 · (1 + 2n) = 35.

3.3.2 Stochastic part of ionosphere delay

The crucial parameter of a random process Z(s) (s is the spatial and/or time
variables) is its variogram 2�(si, sj) which can be obtained based on a finite sample
with a robust method as suggested by [Cressie and Hawkins (1980)]:

2�̂(h) ⌘

0

@ 1
|N(h)|

X

N(h)

��r(si)� r(sj)
��1/2

1

A
4�✓

0.457 +
0.494
|N(h)|

◆
(31)

where 2�̂(h) is the estimate of variogram; r(s) is defined in model (28) for epoch
s; the sum is over N(h) ⌘ {(i, j) : si � sj = h} and |N(h)| is the number of distinct
elements of N(h). From definition, the variogram 2�(h) relates to the covariance
by the following equations

2�(si, sj) = 2(C(0)� C(si � sj)) (32)
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Fig. 3 Variogram of the ionospheric delay residuals r for over 150 stations averaged over
2010 (upper) and 2014 (bottom). The horizontal axis represents the time interval between two
samples, i.e., h = si � sj in Eq. (31)

with C(·) the covariogram which is defined by covariance directly

C(si � sj) = cov(r(si), r(sj)) (33)

Thus, the quantity variogram describes the temporal behavior of r exactly. Since a
rigorous mathematical background concerning variogram has been given previously
by [Shi et al. (2012)], we present the statistic results directly in this section.

From the discussion in section 3.3.1, the deterministic part can be estimated
and removed from Eq. (28) based on Eq. (30), then the behavior of the stochastic
part, i.e., rsr is studied based on the same sample of two years GNSS data according
to Eq. (31).

Fig. 3 gives the variograms of the ionospheric delay residuals for all the stations.
In general, the variogram increases with distance. With the distance increases from
0, the variogram increases from 0 and becomes a constant as the distance is up
to 9000s. Moreover, consistent with the previous study in [Shi et al. (2012)], the
variogram increases faster against the distance for lower latitude stations, which
indicates that zenith ionospheric delay residuals become less correlated for these
stations.

Regarding the plot in Fig. 3, the spherical model is selected for the parametric
semivariogram

� (h) =

⇢
cs((3/2) (h/as)� (1/2) (h/as)

3) , 0  h < as
cs , h � as

(34)

in which as is the maximum correlation distance, which is about 9000s as sug-
gested by Fig. 3, while cs corresponds to the constant when the residuals become
uncorrelated.

The experiment value of cs for di↵erent stations is given by Fig. 4 as gray circle.
As presented, cs is related to geomagnetic latitude and the ionosphere activity
status. To best fit these experiment values, the Gaussian function is utilized to
describe the geomagnetic latitude B variation, and the peak of this Gaussian
function is around 15� which is due to the ionosphere equator anomaly.

cs = cs,min + cs,max · e�||B|�15|2/128 (35)
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Fig. 4 Varying of cs against the geomagnetic latitude for 2010 (upper) and 2014 (bottom).
The experiment value for di↵erent stations is denoted in gray circle, while the model value is
denoted in black line, the red dashed line denotes the peak of the Gaussian function

while the variation of ionosphere activity is modeled by cs,min and cs,max with
Epstein function as

⇢
cs,min = 0.6 + (7.5� 0.6) ·(1/(1 + ex))
cs,max = 6.0 + (75.0� 6.0) ·(1/(1 + ex))

(36)

with x dependent on the Sunspot number sn

x(sn) = (sn � 100)/20 (37)

The Epstein function has also been widely used for the electron density profile
modeling in International Reference Ionosphere (IRI) by [Bilitza (1992)].

Based on Eqs. (35), (36) and (37), the model value of cs is then presented in
Fig. 4 as black line with the Sunspot number set as sn = 0 and sn = 100 for 2010
and 2014, respectively.

Furthermore, for the readers to get an intuitive graphic of the Sunspot number
and cs,min, cs,max based on Eqs. 36 and 37, Figs. 5 and 6 give the international
Sunspot number of the last 13 years, and the serial of cs,min and cs,max with sn
ranging from 0 to 200.

3.3.3 discussion

Based on the observables collected by over 150 stations for two years, the temporal
behavior of the deterministic part ai and stochastic part r of DESIGN has been
studied. The constrains on ai are expressed as Fourier series based on Eq. (30) with
frequency fixed and amplitude estimated, while r is estimated as the random walk
with the covariance between epochs summarized by Eq. (34) to (37). Furthermore,
since the prediction value of Sunspot number is available as indicated by Fig. 5,
the proposed method DESIGN can be easily adapt itself to real-time applications.
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Fig. 5 International Sunspot number sn for the last 13 years and forecasts given by Sunspot
Index and Long-term Solar Observations (SILSO, http://www.sidc.be/silso/home)

Fig. 6 Serial of cs,min (upper) and cs,max with respect to sn ranging from 0 to 200

Compared with the former work concerning DESIGN approach presented in
our previous study, i.e., [Shi et al. (2012)], we go one step further by modeling the
daily variation of the deterministic part with Fourier series in this contribution.
Moreover, the annual variation of variogram for r is derived based on the statistical
analysis with both ionosphere active and quiet observable. Finally, the geomagnetic
coordinate is selected in the modeling instead of the geodetic coordinate.

4 Experimental validation

4.1 Data and strategy

To cope with the upcoming or available new and modernized GNSS signals, espe-
cially, the multi-frequency data processing, real-time applications, as well as the
GNSS/INS integrated navigation, we launched the FUSING (FUSing IN Gnss)
project. At present, the FUSING software is capable for the precise orbit deter-
mination (POD) of GNSS, high-frequency satellite clock estimation, ionosphere
and troposphere modeling as well as multi-frequency precise positioning. In order
to confirm the above analysis with numerical experiment, we have adopted the
novel ionosphere parameterization model, i.e., DESIGN, into the FUSING soft-
ware package.

In the following demonstration, both single- and dual-frequency PPP based on
the undi↵erenced and uncombined observable model constrained with DESIGN is
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Table 2 Details of the data

Item 2010 2014 2017

DOY 001 - 030 335 - 365 001 - 030
Station number 85 53 72

GNSS G G R C E G R C E
Sn 0 100 30

Table 3 Details of the PPP processing strategy

Item
PPP-IF PPP-RAW

IF DESIGN-5 DESIGN-35

Period DOY 001-030, 2010; DOY 335-365, 2014; DOY 001-030, 2017
Observable Ionospere free combination Undi↵erenced and uncombined observable

Frequency used GPS: L1/L2; GLONASS: G1/G2; BDS: B1/B2; Galileo: E1/E5a
Solution Daily dynamic solution in simulated real-time with square root information filter

Satellite orbit Fixed with IGS final orbit products
Satellite clock Fixed with IGS final clock products
PCO/PCV Corrected

Tides Corrected
Phase windup Corrected

Receiver clocks / ISBs One clock for each system as white noise parameter, and no ISBs are involved
Satellite DCB Absorbed into satellite clock Fixed with IGS DCB products
Receiver DCB Absorbed into receiver clock Estimated as constant
Troposphere Prior model with remaining estimated as a random walk process
Ionosphere Eliminate the first order e↵ect Constrained as [Shi et al. (2012)] Constrained as section 3.3
Ambiguity Constant for each continuous arc

Elevation angle cuto↵ 7�

Weighting 3 dm for pseudo-range and 3 mm for phase, low elevation observables and outliers are down-weighted

Reference Daily static solution with PANDA
Statistic Based on the whole daily session, i.e., positioning of both before and after convergence are included

Table 4 Total ionosphere parameter number of 24 hours with an interval of 30 sec

Parameter IF DESIGN-5 DESIGN-35

Deterministric 0 5 · 288a 35
Stochastic 0 nb · 2880 n · 2880

Total Number 0 1440 + n · 2880 35 + n · 2880
a The ionosphere deterministric parameters are updated
every 5 minutes in DESIGN-5
b The average number of available satellites for each epoch

carried out and assessed in terms of accuracy and convergence. Taking the depen-
dence of DESIGN on the ionosphere activity status into consideration, observable
of 2010, 2014 and 2017 are collected for the experiment with one month data for
each year as presented in Tab. 2. It is noted that the Sunspot number for these
years are 0, 100 and 30, respectively. The summary of strategy is stated in Tab. 3.
As we can see, the traditional method with IF combination as well as the undif-
ferenced and uncombined observable model constrained with the former DESIGN
as introduced in our previous study [Shi et al. (2012)] are also performed for com-
parison purpose. For the convenience of description, these approaches are denoted
as IF, DESIGN-5 and DESIGN-35, respectively in the following discussion, and
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the main di↵erence of these approaches are the processing strategy of DCB and
ionosphere parameters. Meanwhile, the total ionosphere parameter number of 24
hours for di↵erent methods is presented in Tab. 4.

4.2 PPP

The position accuracy is measured by the di↵erences between the estimated coor-
dinates and the reference coordinates from the daily static solution with PANDA.
Daily positioning RMS ,together with the mean bias between the estimated coor-
dinates and the reference coordinates in horizontal and vertical are derived for all
the stations. Then the daily RMS and the absolute bias with respected to the refer-
ence coordinate for each epoch are obtained. Presented in Tab. 5 is the mean RMS
and bias that averaged over all the samples for each year. Overall, the performance
with undi↵erenced and uncombined PPP based on DESIGN performs better than
that of traditional IF PPP. And the result of the comparison between IF and
DESIGN-5 is consistent with that of [Shi et al. (2012)] and [Lou et al. (2015)], in
which, only slight improvement is achieved for dual frequency PPP, while the im-
provement for single frequency PPP is rather significant. Moreover, as evidenced by
the result of DESIGN-5 and DESIGN-35, the precision can be further improved
by refining the parameterization strategy of DESIGN as introduced in section 3.3.
Concerning the RMS results in dual frequency PPP, the averaged 3D improvement
of DESIGN-35 is 17.8% and 7.6% compared with IF and DESIGN-5, respec-
tively. While, for single frequency PPP, the averaged 3D improvement of RMS is
37.0% and 14.5% compared with IF and DESIGN-5, respectively.

Table 5 Experimental statistics for single- and dual-frequency PPP

Dual Frequency [cm] Single Frequency [cm]
Vertical Horizontal Vertical Horizontal

RMS Bias RMS Bias RMS Bias RMS Bias

2010
IF 15.5 1.4 10.2 6.7 48.7 17.5 33.3 10.5

DESIGN-5 9.3 0.7 7.3 2.7 28.7 5.4 20.1 8.1
DESIGN-35 9.5 0.9 7.3 2.7 30.2 5.3 19.9 6.9

2014
IF 15.6 2.0 10.9 3.7 53.9 11.3 41.4 9.2

DESIGN-5 15.0 2.3 11.9 3.1 38.8 11.3 29.7 9.0
DESIGN-35 14.2 2.0 10.3 3.3 34.2 10.0 23.8 8.3

2017
IF 8.7 1.2 5.1 1.4 35.9 7.9 23.8 8.6

DESIGN-5 9.5 1.3 6.4 1.5 34.9 7.0 22.1 7.7
DESIGN-35 8.4 1.2 5.0 1.2 24.3 7.2 16.2 4.1

From the comparison among di↵erent years, it is noted that PPP withDESIGN-

35 gives the best performance in all the years, except that DESIGN-5 has a
slightly better performance in 2010. This is reasonable since the ionosphere pa-
rameter constrains in DESIGN-5 are derived based on the samples exactly in
2010, while for DESIGN-35 presented in the contribution, we try to best fit the
statistic result for di↵erent years under di↵erent ionosphere activity status. For
the same reason, the horizontal accuracy of PPP based on DESIGN-5 in 2014
and 2017 is almost poorer than that of IF PPP, which implies the ionosphere in
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Fig. 7 Dual frequency PPP convergence serial in 68% confidence level for DOY 001-030, 2010
over the first 6 hours of horizontal (upper panel) and vertical (bottom panel), respectively

Fig. 8 Dual frequency PPP convergence serial in 68% confidence level for DOY 335-365, 2014
over the first 6 hours of horizontal (upper panel) and vertical (bottom panel), respectively

2014 and 2017 may over constrained by DESIGN-5. In addition, regardless the
PPP approach involved, benefitting from the increasing number of multi-GNSS
satellites as well as the improved precise ephemeris, the PPP result in 2017 is
apparently better than that of 2010 and 2014.

Besides the RMS presented in Tab. 5, Fig. 7 to Fig. 9 further give the averaged
dual frequency PPP convergence serial during the initialization for di↵erent years.
As we can see, the performances are roughly identical with di↵erent approaches,
except during the first hour of 2017, in which it takes a longer initialization time
for DESIGN-5. This is because that the ionosphere constrain of DESIGN-5 is
based on GPS observable for 2010 only, which is not suitable for multi-GNSS data
processing under di↵erent ionosphere activity status. In addition, it is noted that
there is a 5 minutes periodic term in 2014 as illustrated in Fig. 8, especially for the
horizontal component. It is most likely attributed to the imperfect multi-GNSS
satellite clock products with a resolution of 5 minutes.

Similarly, shown in Fig. 10 to Fig. 12 is the convergence serial corresponding
to single frequency PPP. From which it is concluded, that in all the cases the
green line, i.e., result based on DESIGN-35 performs obviously better than the
traditional IF and previous approaches both, before and after convergence. Fur-
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Fig. 9 Dual frequency PPP convergence serial in 68% confidence level for DOY 001-030, 2017
over the first 6 hours of horizontal (upper panel) and vertical (bottom panel), respectively

Fig. 10 Single frequency PPP convergence serial in 68% confidence level for DOY 001-030,
2010 over the first 6 hours of horizontal (upper panel) and vertical (bottom panel), respectively

Fig. 11 Single frequency PPP convergence serial in 68% confidence level for DOY 335-365,
2014 over the first 6 hours of horizontal (upper panel) and vertical (bottom panel), respectively
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Fig. 12 Single frequency PPP convergence serial in 68% confidence level convergence serial
for DOY 001-030, 2017 over the first 6 hours of horizontal (upper panel) and vertical (bottom
panel), respectively

Fig. 13 Single frequency PPP serial in the Up (U), North (N) and East (E) directions for
station NKLG on DOY 001, 2017.

thermore, Fig. 13 presents the single frequency kinematic PPP time serial in DOY
001, 2017 for station NKLG. As shown in Fig. 13, the noisiest series is derived with
IF PPP, since the single-frequency IF combination is highly dependent on pseudo-
range observable. In addition, though DESIGN-5 PPP gives the smoothest result,
the best PPP precision is obtained by DESIGN-35, which again confirms that
the ionosphere delay may over constrained by DESIGN-5, i.e., the model derived
under the quiet ionosphere activity status.

5 Conclusions

The ionosphere delay is one of the critical issues of the undi↵erenced and uncom-
bined observable GNSS data processing model. Concerning developing of the iono-
sphere delay parameterization method for single station GNSS data processing, the
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involving authors have promoted the embryo model of DESIGN in the previous
study of [Shi et al. (2012)]. In which the ionosphere delay is decomposed into de-
terministic and stochastic component, while the deterministic part expressed with
second-order polynomial is estimated as piece-wise constant over 5 minutes and
the stochastic part is estimated as random walk with constrains derived based on
statistic of 4 weeks data in 2010.

In this contribution, we further model the daily variation of deterministic part
with Fourier series and update the variogram of the stochastic part accordingly
based on two year data collected by about 150 stations. From the statistic studies,
it is concluded that the main frequency components are identical for di↵erent
coe�cients ai, i 2

�
0 1 2 3 4

�
, di↵erent stations, as well as di↵erent ionosphere

activity status, but with varying amplitude. Thus, in the Fourier series expression
of deterministic part, we fixed the frequency and estimated the amplitude as daily
constant unknowns. Concerning the stochastic component, the variation of the
variogram is both, geomagnetic latitude and ionosphere activity status dependent.
Thus, we use the Gaussian function and Epstein function to model the variation
of geomagnetic latitude and ionosphere activity status, respectively.

The updated DESIGN, i.e., DESIGN-35 is then adopted in undi↵erenced and
uncombined observable PPP for both dual frequency and single frequency, and
compared with the traditional IF PPP, i.e., IF and undi↵erenced and uncombined
PPP with formal DESIGN, i.e., DESIGN-5. Three months data collected in 2010,
2014 and 2017 are utilized in the experiment demonstration. The results suggest
that for dual frequency PPP, the averaged 3D improvement of DESIGN-35 is
17.8% and 7.6% compared with IF and DESIGN-5, respectively. While, for single
frequency PPP, the averaged 3D improvement is 37.0% and 14.5% compared with
IF and DESIGN-5, respectively..

To access the full capabilities of the modernized and newly deployed multi-
GNSS signals, the undi↵erenced and uncombined observable processing model
constrained with DESIGN provides a possible solution as demonstrated in the PPP
applications for di↵erent ionosphere activity status. Actually, this algorithm is
served as the most basic model in our GNSS data processing, e.g., PPP, ionosphere
/ troposphere delay estimation. It is also expected to be applied in precise orbit
determination (POD) as well as satellite clock estimation (SCE), and other cases.
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