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MATRICES*

MICHAEL KAROW'! AND DANIEL KRESSNER!

Abstract. Given a nonsymmetric matrix A, we investigate the effect of perturbations on an
invariant subspace of A. The result derived in this paper differs from Stewart’s classical result and
sometimes yields tighter bounds. Moreover, we provide norm estimates for the remainder terms in
well-known perturbation expansions for invariant subspaces, eigenvectors, and eigenvalues.
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1. Introduction. A subspace X C C" of a matrix A € C"*" is called invariant
if it satisfies

(1.1) AX C X.

In this paper, we reconsider the classical question of estimating the impact of pertur-
bations in A on X.

Suppose that the columns X € C"** form an orthonormal basis of X. Then (1.1)
implies the existence of A;; € CF*F such that AX = X A;;. The eigenvalues of A;; are
independent of the choice of basis and constitute the spectrum of the restriction of A to
X. Extending X to a unitary matrix [X, X ] leads to the block Schur decomposition

A A
1.2 AlX, X, ] =[X, X .
12 o] = o] [ 4]
Note that this implies A(A) = A(A11) U A(Asz), where A() denotes the spectrum of
a matrix. Throughout this paper, we will assume

(13) A(All) N A(Agg) = 0.

This is a necessary and sufficient condition for the Lipschitz continuity of X with
respect to perturbations in A [9, Thm. 15.5.1]. (Note that continuity requires a sub-
stantially weaker condition [9, Thm. 15.2.1].) Hence, if (1.3) holds, adding a small
perturbation A — A + FE implies a change in the invariant subspace that is asymp-
totically proportional to || E||.

Various bounds on the change of invariant subspaces under perturbations of A
have been derived, notably by Davis and Kahan [6], Stewart [18, 19], Demmel [§],
and Sun [24]. In the general nonsymmetric case, these bounds are valid only as long
as || F|| remains sufficiently small. A minimal requirement is that the separation con-
dition (1.3) remains valid under perturbations. In the language of pseudospectra,
this means that || E|| should stay below the critical perturbation level e for which
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the components of the e-pseudospectrum containing A(A11) and A(Agz) first meet
each other [1]. It turns out that some existing perturbation results are unnecessarily
restrictive and require || E|| to stay significantly below this critical level. The main con-
tribution of this paper consists of a novel perturbation bound for invariant subspaces;
see Theorem 3.1 below. To derive this bound, we employ pseudospectral techniques
in the analysis of a quadratic matrix equation.

The rest of this paper is organized as follows. In section 2, we introduce the basic
tools for the perturbation analysis of invariant subspaces and recall some existing
results. Section 3 contains the statement and proof of our main result, a new pertur-
bation bound for invariant subspaces. In section 3.2, it is shown that this bound is
sharp for a 2 x 2 example. Section 3.3 discusses a variation of the main result based
on the block diagonalization of A, while section 3.5 provides a comparison to existing
perturbation bounds. In section 4, the former is used to quantify existence conditions
and remainder terms for well-known eigenvalue and eigenvector expansions.

2. Preliminaries and existing results. The goal of this section is to summa-
rize some existing perturbation results for invariant subspaces and introduce notation,
needed in the rest of the paper, on the way. Let us first recall some basic tools used
in the perturbation analysis.

2.1. Separation between matrices. The condition (1.3) can be quantified
by the separation between A;; and Ass. Based on Varah’s original definition [27],
Demmel [8] has proposed

(2.1)
sep)\(An, AQQ) = Sup{a >0 | A(A11 =+ Ell) n A(AQQ =+ E22) = @
A Ell,Egg with max{||E11H2, ||E22H2} S E}.

This definition has an important interpretation in terms of e-pseudospectra, defined as
Ae(M)={z€C|z€AM+ E) for some E € C"" with ||E|j; < e}

for a matrix M € C™*™ [26]. The separation (2.1) is the minimum value of & such
that Ac(A11) N Ac(A22) is nonempty. This interpretation yields the expression

SepA(All,AQQ) = irelfcmax{amin(All — )\I),O’min(AQQ — /\I)},

where opin(+) denotes the smallest singular value of a matrix. Based on this expres-
sion, an algorithm for computing sep, has been developed by Gu and Overton [11].

Although sep, is not an appropriate measure to quantify the perturbation of
invariant subspaces, it will still play a role in our derivations. Stewart [19] has intro-
duced a different notion of separation based on the observation that (1.3) is satisfied
if and only if the Sylvester operator

T: Cn—F)xk _, cn=k)xk T:Z v ZAj — AgnZ

is nonsingular. The separation of A1; and Asy with respect to an arbitrary norm || - ||
is defined as

2.2 A, A = 1 T(Z)|| = i Z A1 — A Z]||.
(2.2) sep(Ai1, Aaz) ||1211H1£1H 2l ”I;HH:llH 11— A2 Z||

Then sep(A11, Agz) # 0 if and only if (1.3) holds. Examples in [8, 27] show that the
quantity sep(Aj1, A22) can be magnitudes smaller than sepy (A1, As22).
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In the following, sepp(A11, A2z) = min|z|.—1 | ZA11 — A22Z||r denotes the sep-
aration with respect to the Frobenius norm. An efficient algorithm for estimating
sepp(A11, Agz) can be derived from the inverse power method [4]. Various lower and
upper bounds for sep(A11, A22) can be found in [22, 23, 28]. Lower bounds for other
norms are discussed in [29].

Proposition 2.1 below relates sep with sep, and the distance between the spectra
of A11 and Ass. Most of its statements are well known; we have included the proof for
the convenience of the reader. Recall that a norm || - || is said to be unitarily invariant
it |UZV| = || Z| for all unitary matrices U,V of compatible size. A norm is unitarily
invariant if and only if

(2:3) [XZY | <[ X1 Z] Y]]

for all matrices of compatible size.

PROPOSITION 2.1. Let Ay1, E11 € CF¥F| Aoy, Fay € C=R)X(n=k) 4nd X\ € C.
Let § = min{ |A—pu| |A € A(A11), 1 € A(Aa2) } denote the distance between the spectra
A(All) and A(A22)

(a) For any norm, sep(Ai1, A2s) <.

(b) For any unitarily invariant norm,

(1) sep()\ I, Agg) = Umin()\l — Agg),
(i) sep(A11 + E11, Ao + Eaz) > sep(Ai1, Aga) — [[Eri1l|2 — [[Eazl2,
(111) Sep(All,AQQ) S 2- Sepy (All,AQQ) S 0.
(¢) If A1 and Aos are normal matrices, then sepp(Air,A) =
2 -sepy (A1, Asz) = 0.

Proof. Consider vectors x and y* such that ||z]l2 = ||yl = 1, y* 411 = Ay*, and
AQQJ? = pux for A € A(All), n e A(AQQ) Let Z = ij* . Then ZAll—A22Z = ()\—,LL)Z
This implies (a). To show the statements of (b), let E1; = %(u — A)yy* and Eay =
(A= p)az*. Then y* (A1 + E11) = (A +p)y* and (Ass + Eog)z = 4 (A+p)z. Thus,
A(A11 + E11) N A(Agx + Eaz) # 0 for perturbations satisfying || E11]l2 = ||Eazll2 =
|A—p|/2. This yields the second inequality in (b)(iii). The statement of (b)(ii) follows
from the inequality

|Z(An + E11) — (Ag2 + E)Z|| > [|[ZA11 — A2 Z|| — (|| Evtll2 + [ E22l|2) | Z]]-

In particular, if max{||E11||2, | E22||} < sep(Ai1, A22)/2, then sep(Ai; + Fi1, Aas +
EQQ) > 0. Thus, A(A11 + Ell) n A(AQQ + EQQ) = (). This yields the first inequality of
(b)(ii).

Next, we show (¢). Suppose that A1 and Asg are normal, and let U, V be unitary
matrices such that 417 = Udiag(A1,..., A\)U*, Aog = Vdiag(ua, ..., tin—k)V™, where
Aj and p; are the eigenvalues of Ajy and Ao, respectively. Let W = V*ZU = [w;;].
Then

|ZA1 — AnZ||} = V¥ (ZA1 — A Z)U |3
= |[Wdiag(A1, ..., Ax) — diag(p, - - -, ptn—i) W)
= [ [ = pa)wig]) 17 =D 1A = P
> 2w |7 = 6% 2)|%

Thus, sepp (A1, A22) > §. Combined with (b)(iii), this yields (c).
It remains to prove (b)(i). Let (u,v) be a pair of normalized singular vectors be-
longing to the smallest singular value oy, of A I — Agg such that (A1 — A22)v = omint,
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and |lu|l2 = ||v]|2. Then ||vu*|| = ||Juw*||, since vu* and uu* have the same singular val-
ues 1,0,...,0. Setting Z = vu*/||uu*|| we obtain || Z|| = 1 and [[(A ] — A22) Z|| = Omin-
Thus sep(A I, A22) < pin. On the other hand,

IOT=Aw)Z) W]
121 W20 OV — Azo) 177

> min Wi = Omin-
w0 [N — Agg) 7Y W] T

sep(A 1, Agg) = gl;érol

O

2.2. Invariant subspaces and a quadratic matrix equation. Let us con-
sider a general matrix A € C™"*™ and partition

A Ay A ’ Ay € Chxk, Agy € Cn=k)x(n—k).
A1 Ago

For given Z € C("=*)*F consider the similarity transformation

(2.4) I 0 A I 0 _ A+ AxZ Aio
’ -7 1 Z 1 Aoy + Ao Z — ZA11 — ZA12Z A9y — Z Ao

which becomes block upper triangular if and only if the quadratic matrix equation
(25) 0= f(A, Z) = A21 + A22Z - ZAll — ZAng

is satisfied. This implies Lemma 2.2 below. Note that a subspace ) of row vectors is
called a left invariant subspace if YA C ).

LEMMA 2.2. Using the notation introduced above, the following statements are
equivalent:

(i) The columns of [I ZT]T span a right invariant subspace of A such that

A [é} _ [é] (A1 + A122).

(ii) The rows of [-Z I] span a left invariant subspace of A such that
7 1A= (Ap— ZAw)[-Z 1].

(iii) The quadratic matriz equation (2.5) is satisfied.

2.3. An asymptotic result. Perturbation bounds that are asymptotically valid
as ||F|| — 0 can be obtained in a relatively straightforward way from truncating per-
turbation expansions. For invariant subspaces, such expansions have been discussed
in [5, 14, 25]. In the following, we will illustrate this approach.

LEMMA 2.3. Given A € C"*", suppose that there exists Z € C— )Xk sych that
f(A, Z) = 0, with f defined as in (25) If A(All + Ang) n A(Agg — ZAlg) = (Z),
then there exist an open neighborhood £ C C™ ™ of 0 and an open neighborhood
Z C C=RIXE of 7 such that for each E € & the equation f(A+ E,Zg) =0 has a
unique solution Zg € Z. Moreover, Zg depends holomorphically on E and admits
the first-order expansion

Zg =Z+T," (Ean) + O(|E|?)

with the Sylvester operator Ty : AZ — AZ(A11 + A12Z) — (Asa — ZA12)AZ.
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Proof. Clearly, f is a holomorphic function in the entries of A and Z. The
derivative of f with respect to the variable Z equals the Sylvester operator —T.
Since Ass — Z A5 and Aq1 4+ A12Z have disjoint spectra, the operator Ty is invertible.
Thus, the lemma follows from the implicit function theorem [15]. O

The way Lemma 2.3 is stated will be convenient for later purposes. However, for
the sake of an asymptotic result, we may assume without loss of generality that the
unperturbed matrix A is already in block triangular form,

(26) A= All A12 , All c (Cka’ A22 c (C(n—k)x(n—k).
0 A
By Lemma 2.2, this is equivalent to requiring that X = [%*] spans an invariant

subspace of A. Combining the statement of Lemma 2.3 with Lemma 2.2 then yields
the following result.

COROLLARY 2.4. Let A be in block triangular form (2.6) and assume A(A11) N
A(As) = 0. Then, for every E with | E| sufficiently small, there exists an invariant
subspace Xg = span| /.| of A+ E such that Zg admits the first-order expansion

(2.7) Zp =T " (E2a) + O(|E|?), T:Zw ZAy — AsnZ.

Recently, Stewart [20] derived bounds on || E|| for which Zg, as a function of E,
is Fréchet differentiable.

Once we have obtained Zg, there are different ways of comparing the two invariant
subspaces

1 I
X = span [0] , Xg = span |:ZE:|

of the matrices A and A + E, respectively. If o1 > 09 > .-+ > o0} denote the
singular values of Zg, then the ith canonical angle between X and X’r is given by
0;(X,Xg) = arctano;. Defining O(X, Xg) := diag(fy,...,0), it is well known [21,
sect. I1.4] that || sin(©(X, Xg))|| generates a metric on the k-dimensional subspaces
of C™ for any unitarily invariant matrix norm || - ||. However, it is sometimes more
convenient to simply use

(2.8) 126 = [Itan(6(X, X))

for measuring the distance, which remains close to || sin(©(X, Xg))|| as long as || Zg||
is small. The first-order result

([ B2 |

(2.9) [ tan(O(X, X))l = 126l = P a5

+O(|E]?)

is now readily obtained from Corollary 2.4. This also confirms that sep(A;;, Ags)~*
is the condition number of X [2].

2.4. Nonasymptotic results. The derivation of nonasymptotic results requires
a more careful study of the quadratic matrix equation f(A + E,Zg) = 0 with [ as
in (2.5) and

An+En A+ Ep

2.10 A+ FE = .
(2.10) + Eo Ass + Eoo
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In particular, A is assumed to be block upper triangular. Then Stewart’s result [18,
Thm. 4.1] see also [21, Thm. 2.7]) reads as follows.

THEOREM 2.5. Let || - || denote a consistent family of norms (i.e. || XY <
I XYl whenever the matriz product XY is defined). Let A+ E € C**™ be parti-
tioned as in (2.10) and set

sp = sep(A11, Az2) — || E11|| — || E22]|-
If sp > 0 and
(2.11) [ Ea1 || ([ Ar2l + | Erall) < sE/4,

then there exists a unique solution Zg of f(A+ E,Zg) = 0 satisfying

2| B || - NN

(2.12) 1 ZE| <
sp+ /5% — 4| Exl|([Awll + [ E2]) 5B

Interestingly, Theorem 2.5 can be derived directly from the Newton-Kantorovich
theorem; see Appendix A.

Remark 2.6. For a unitarily invariant family of norms || - ||, the result of Theo-
rem 2.5 still holds if SE is replaced with §E = sep(An, A22) — ||E11 ||2 — ||E22H2, HE12||
is replaced with || E12]|2, and [| A1z is replaced with ||Ajz||2. See Appendix A.

A (different analysis for the case of the Frobenius norm has been given by
Demmel [8]; see also [16].

THEOREM 2.7 (see [16, Thm. 1.15]). Using the notation of Theorem 2.5, assume
that

sepp(Ai1, A2o)

(2.13) [F2FRS :
4 P2

where P denotes the spectral projector of A belonging to A(A11). Then there exists a
unique solution Zg of f(A+ E,Zg) =0 satisfying

AlEll

A < .
12ellr < o A A) — APl ETlF

A comparison of Theorems 2.5 and 2.7 with our results is given in section 3.5.

3. Main result. Our main result admits the use of different norms for measuring
the perturbation E and the solution Z. More specifically, we consider two norms
| -] : C=*)*k 5 R and |-|: C**™ — R that satisfy the inequalities

(N1 [zl < 2], (N2) (luzV] < [Ul2 (121 V]2,
(N3)  [1E]l2 < |E], (N4) [ XEY || < [ X2 |E][[Y]2

for all E € C™", Z € Cln=hxk X e Ck*ny e C"*F, U € C=R*(=h) and
V € C***. Condition (N2) is equivalent to requiring that || - || is unitarily invariant.
In particular, there is a symmetric gauge function ® such that

HZ” = q)(al (Z)a -+« Omin{k,n—k} (Z))a

where 01(Z) > -+ > Omin{r,n—k}(Z) are the singular values of Z in nonincreas-
ing order; see [3, Thm. IV.2.1]. Condition (N1) is equivalent to requiring that
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®(1,0,...,0) > 1. If we now define |E| for E € C"*™ by the same formula as
| Z|l, that is

|E| = ®(01(E),. .., Omin{k,n—k} (E)),

then conditions (N1)—(N4) are all satisfied. It is important to note that only min{k, n—
k} of the n singular values of F are involved in the definition of | F].

We remark that | - | need not be unitarily invariant. For instance, the conditions
(N1)—~(N4) are also valid if || - || = || - || is the Frobenius norm and |E| =37, . [e;;|.
THEOREM 3.1. Consider the block triangular matrix
4 A A Ayy € Chxk Agy € C—R)x(n—k)
0 A22 Y Y Y

and assume that A(Ay1) N A(As) = 0. Let || - || and | -| be norms on C*=F)*F gnd
C*™ | respectively, that satisfy conditions (N1)—(N4). Let

s :=sep(Ai1, Asz) = |ZA11 — A2 Z|.

in
1 z]|=1

For e > 0 define g(e) = \/e(e + [|A12]|2) and let p > 0 be such that g(p) = 3, i.e.,

p =32+ A12]l3 — | Ar2ll2). Finally, let B, := { E € C**"| |E| < p}. Then the
following statements hold:

(a) For all e > 0, AE(A) - Ag(a) (All) U Ag(g) (A22).

(b) Ife < p, then Ag(s) (A11)N Ag(s) (Ag) = 0.

(¢) There exists a unique holomorphic function

B,> E— Zp e Cn=R)xk

with the following properties:

(i) The columns of [I ZL]T span a right invariant subspace Xg of A+ E.

(ii) The rows of [—Zg I] span a left invariant subspace Yg of A+ E.

(iii) The spectrum of the restriction of A+ E to Xg is contained in the
pseudospectrum Ny g),)(A11). The spectrum of the restriction of A+ E
to Vg is contained in the pseudospectrum Ag(||E||2)(A22).

(iv) The matriz Zg satisfies

2|E| 2

(3.1) 1 ZEell < < -|E|
s+ /52 —4|E|(|E] + [Aw2ll2) ~ ¢
as well as
B 6
(3.2) 12 =T~ (B || < | Ell2 | E,

where T : Z +— ZA11 — A22Z.
Remark 3.2. Inequality (3.2) gives a bound for the remainder O(||E||?) in the
first-order expansion (2.7).
Remark 3.3. The first bound in (3.1) looks quite complicated. A slightly weaker
but more appealing estimate for || Zg|| is

(3.3) 125 < 2! (1 + @) ,

s p

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/14/17 to 130.149.176.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

606 MICHAEL KAROW AND DANIEL KRESSNER

which can be derived as follows. Setting 1(€) = 2/(s+ \/s2 — 4e(e + [|A12]])) the first
bound in (3.1) can be written as | Zg|| < ¥(|E|)|E|. A direct computation yields
1" (e) > 0. Thus, ¢ is a convex function. It follows that (e) < ¥(0) + (¢/p) (¥ (p) —
$(0)) = s71(1 + (¢/p)). This shows (3.3).

3.1. Proof of Theorem 3.1. Statement (a) of Theorem 3.1 has been shown
by Grammont and Largillier [10, Proposition 3.1]; see also [13]. Statement (b) is a
consequence of Proposition 2.1(b)(iii). It remains to prove statement (c), in particular
the upper bound (3.1). For this purpose, we will first derive an auxiliary result showing
that this upper bound and a certain lower bound are mutually exclusive. The main
part of the proof then consists of ruling out the lower bound by a continuity argument.
In the following, we will write Z instead of Zg for notational convenience.

LEMMA 3.4. With the notation and assumptions stated in Theorem 3.1, define

r1(e) = 2¢/(s + /52 —de(e + [|A12]2)), 7-(e) =2¢/(s — /52 — de(e + || Ar2]|2)).-

IF1E| < p and f(A+ B, 2) =0, then | Z]| < r+(E) or |1Z]) = r_(|E).

Proof. By direct computation, it can be verified that r_(g) and r4(g) are the
zeros of the quadratic polynomial p.(r) := (¢ + || A12]||2)7? — s7 + €. Since its leading
coeflicient is positive, we have

(3.4) p(r) <0 & ry(e)<r<r_(e).

The assumption A(A11) N A(Az2) = 0 of Theorem 3.1 implies that the Sylvester
operator T : Z +— Z A1 — AgaZ is nonsingular, and hence s = |[T~!||~!. The equation
f(A+ E,Z) =0 can be written as

—ZAZ

or, equivalently,

Z=T" ([—Z ne |, —ZA122>.

Using (2.3) and the fact that [|[-Z I]la = |[I Z"]" |2 =1+ [Z]3 </1+]7Z]32,
we conclude that [|Z] < (|E|(1+ [|Z]]?) + ||A12||2 [Z||?)/s, which is equivalent to
0 < pjg (1Z]]). Thus, the claim follows from (3.4). ONote that the upper bound
1Z|| <7y (|E]) in Lemma 3.4 is equivalent to the first inequality in (3.1).

LEMMA 3.5. For E € B, let I denote the set of t € [0,1] such that there exists
a matriz Z with the following properties:

() fIA+tE, Z)=0;

(ﬁ) Al(t) g AO(HEHz)(AH)? where Al(t) A(A11 + t(Ell + E12Z))

(’y) Az(t) g Aq(HEHz)(AQQ), where Ag(t) A(A22 + t(EQQ — ZE21))

) 121 < r+ (1B
Then 1 € 1g.

Proof. The proof of the statement proceeds via analytic continuation in three
steps.

Step 1. Since the conditions (a)—(d) hold for ¢ = 0 and Z = 0, it follows that
0elg.

Step 2. We now claim that there exists ¢ > 0 such that [f,7 +¢) C I for any
t e lp with £ < 1.
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Let Z be such that f(A + #E,Z) = 0. The pseudospectra Ag(E)2)(A11) and
Ay(B|l») (A22) are disjoint by Theorem 3.1(b). Thus A (£) and Ay (f) are disjoint, too.
Hence, Lemma 2.3 applied to A+ ¢E implies that there exist € > 0 and a holomorphic
function

[t,t4¢)>t— Z; € C™

such that f(A+tE,Z;) =0 and Z; = Z. We may assume that £ + ¢ < 1. The set
A1 (t) is the spectrum of A + tE restricted to the right invariant subspace [I Z,"]".
Thus,

Al(t) C A(A + tE) C Ag(|E|)(A11) @] Ag(|E|)(A22)

‘/Eg(AlEl)(All) and the continuity of eigenvalues that A1(t) C Ay g (A11) forA 3}11 t e
[t,t +¢). Analogously, we conclude that Ax(t) € Ayqpgp)(A22) for all t € [t,t + ).
It remains to verify property (0). By Lemma 3.4, we have for every ¢ that || Z;] <
ry({El) < re(|E|) or || Z¢]| = r—(t|E|) > r—(|E]). Since the former inequality holds
for t = ¢ and r (|E|) < r_(|F|), the continuity of ¢ — Z; implies that || Z;|| < r, (| E|)
for all t € [t, + ). This establishes the claim.

Step 3. We now claim that the set Iy is closed.

Let (t;) be a sequence in I with limit ¢,. Then there exists a sequence (Z;)
such that the pairs (¢;,Z;) satisfy («)-(0). In particular ||Z;| < ri(|E|) for all j.
By compactness the sequence (Z;) has a convergent subsequence. Let Z, denote its
limit. Then (t., Z.) satisfies (a)—(d). In particular, the properties (8) and (v) for
(t«, Z.) are consequences of the continuity of eigenvalues and the closedness of the
pseudospectra Ay g|j,) (A11), Ay g,) (A22). This establishes the claim.

From Step 3, together with Steps 1 and 2, it follows that 1 = suplg € [g. O

Proof of Theorem 3.1(c). By applying Lemma 2.2 to A+ E, each of the conditions
(¢)(i) and (c)(ii) of Theorem 3.1 is equivalent to property («) of Lemma 3.5 for ¢ = 1.
Again by Lemma 2.2, condition (c)(iii) is equivalent to the properties (5) and () for
t = 1. Thus, Lemma 3.5 establishes the existence of Z satistying (c¢)(i)—(c)(iii) as well
as the first inequality in (3.1).

Next we prove uniqueness of any such matrix Z. For this purpose, suppose that
f(A+E,Z)=f(A+ E,Z)=0. Then

However, since the latter pseudospectra are disjoint closed sets it follows from A (f) -

0=f(A+E,Z)~ f(A+E,2)
= Eo1 + (A22 + FE22)Z — Z(A1n1 + En1) — Z(A12 + F12)Z
—[Bo1 + (Aso + F22)Z — Z(A11 + En1) — Z(A12 + E12)Z]
= (Aos + By — Z(A12 + E12))(Z — Z) — (Z — Z) (A11 + E11 + (A12 + E12)Z) .

=:A5o =:Aq

Since both Z and Z satisfy properties (8) and (7) for ¢t = 1, the spectra A(Asy) and
A(Ay;) are disjoint. Thus, Z — Z = 0.

In summary, we have shown the existence and uniqueness of a function £ — Zg
satisfying conditions (i)—(iii) in Theorem 3.1. Lemma 2.3 implies that this function is
holomorphic. It remains to prove the inequality (3.2). The relation f(A+ E,Zg) =0
is equivalent to
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Zp =T "By + ExnZp — ZgEy — ZpF2Zg).
Furthermore, by (3.1) we have || Zg|| < 2|E|/s < 2p/s < 1. Thus,
|Zg — T (Ba1)|| = |T" (B22Zp — ZpEn — ZpE12Zg)|
< S @IEl 1Z6l + 12l 1Z51)

3 6
< g||E||2 | ZE| < S—2||E||2 |E].

This concludes the proof of Theorem 3.1. d

3.2. The 2 X 2 case. In this section we show for a 2 x 2 example that the bounds
in Theorem 3.1 are sharp. Let

_[=s/2 ¢ 10 ¢
A—{ 0 8/2]’ E—{_é_ 0:|7 s>0, ce>0.

Then s is the separation of the diagonal elements of A and || E||2 = ¢. Furthermore,

let p = (Vs> +c® —c). Then p(p+ c) = s?/4. The e-pseudospectrum of A can be
calculated as

A(A)={2€C| omin(zI —A) <e}
—freciz (Vs sl - y(e— sl - +3)* ) <ef

see also [13]. By Theorem 3.1(a),

(3.5) A (A) C D\/m(—S/Q) U D\/m(sﬂ),

where D,.(z) C C denotes the closed disk of radius r > 0 around z € C. If ¢ < p,
then y/e(e + ¢) < s/2 and the disks in (3.5) are disjoint. Hence, the pseudospectrum
A.(A) has two connected components. For ¢ = p the disks in (3.5) touch each other
at 0 € C. From (3.5) it follows that also 0 € o0,(A). Hence, o.(A) has only one
connected component for € > p. The eigenvalues of A+ E are

Ar(e) = :I:%\/s2 —de(e+ o).

These eigenvalues lie close to the boundary of A.(A). The situation is illustrated in
Figure 1, where the shaded regions represent pseudospectra, the circles represent the
boundaries of the disks D\/m(:tsﬂ), and the dots mark the eigenvalues Ay (e).

A right eigenvector to the eigenvalue A_ () is given by [1 2|7, where z. = 2¢/(s +
s2 —4e(e+¢)). If € < p, then the eigenvalues are real and distinct. If e = p, then
A+ E is similar to a Jordan block. More specifically, in this case we have

avr=Lh T W ]

If € > p, then the eigenvalues Ay (e) are purely imaginary. Note that the function
€ — z. is not differentiable at ¢ = p.
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2 212

Case & < 0.5*((s“+c%) 2, 2\1/2_

o) Case & = 0.5%((s%+c?) 210?12

C) Case ¢ > 0.5*((s“+c")

s/2 ‘
, 112 2
’ ¢ ’ ’ 0 ’ .‘0

-s/2 -s/2 -s/2

<)

s/2 s/2
1/2

-s/2 0 s/2 -s/2 0 s/2 -s/2 0 s/2

Fic. 1. e-pseudospectra of a 2 x 2 matrix for three values of .

3.3. A bound in terms of the spectral decomposition. The purpose of this
section is to derive a bound based on the block diagonalization of A. We assume the
setting of Theorem 3.1. In particular, A is block triangular and A(A;1) NA(Ag) = 0.
Then there exists a unique R € C**("=%) such that RAss — A;1 R = A1o. We have

Af]- [

Hence, the columns of [RT I]T span a right invariant subspace X of A which is
complementary to X' = range([I 0]"). The projector onto X along X is the spectral

projector P = [é _OR . Let

I R/p
_ 2 — - 2 =
(36)  p=y\1+I[RI3 r=p+|Rl2=p+vp*-1, G [0 I/p:| :
Then p = || P||2, & = ||G]|2]|G||2 is the condition number of G [8] and

| ) . [ -R
A = Gdiag(Ay, Agn) G, G = [0 pf]'

Furthermore, we have

|Rll2 = (tang) ™", p=(sine)™", x=(tan£)™",
where ¢ is the smallest angle between the subspaces X and X¢; see [7].

With these preparations we are in a position to state and prove the following
theorem.

THEOREM 3.6. Let A and s be defined as in Theorem 3.1, and let || - || and | - |
be unitarily invariant norms on C=k)*E gnd C"*"  respectively, satisfying the con-
ditions (N1)—(N4). Let R and k be defined as above. If |E| < s/(2k), then there
exists a unique Wg € C=F)>k " depending holomorphically on E with the following
properties:

(i) The columns of [} #1[w, ] span a right invariant subspace Xg of A+ E.

(i) The rows of [-we 1][] ] span a left invariant subspace Vg of A+ E.

(iii) The spectrum of the restriction of A+ E to Xg is contained in the pseu-

dospectrum A, g|,(A11). The spectrum of the restriction of A+ E to Vg is
contained in the pseudospectrum A, g, (Az22).
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(iv) The matrix Wg satisfies

2K
3.7 Well < —|FE
(3.7) IWel <2 |E]
and
1 6 2
(3-8) [Wg =T (Ea1)| < p?IIElhlEla

where T : Z +— ZAll — A22Z.
(v) Let Zgp = Wg(I + RWg)™! = (I + WgR)"'Wg. Then the columns of
[I ZL)T span Xg, the rows of [~Zg I| span the subspace Vg, and

(3.9) 1Z&| < i
s— Z[| R[]
Proof. Let A= diag(A11, Aaz) and F =G 'EG. Then A+ E = G(A + EA’)G“.
Furthermore, the equivalences

(A+ E)YU=UL & (A+E)(GU)=(GU)L,

(3.10) A
VA+BE) =MV & (VG Y)A+E)=MVG)

hold for any U € C"*k [ € Ck*k vV e Cln—F)xn A1 e Cn—k)x(n=k)  Thus, the
columns of GU span a right invariant subspace of A+ F if and only if the columns of
U span a right invariant subspace A+ E. Furthermore, the rows of VG~! span a left
invariant subspace of A+ E if and only if the rows of V span a left invariant subspace
A+ E. Suppose |E| < s/(2r). Then, since | - | is unitarily invariant,

(3.11) |E| < k|E| < s/2.

Hence, according to Theorem 3.1 there exists a unique Z; € C(n=k)*k depending
holomorphically on F with the following properties:
(i) The columns of [T Z:EA'—]T span a right invariant subspace X of A + E.

(i) The rows of [-Z; I] span a left invariant subspace Y, of A+ E.

(iii’) The spectrum of the restriction of A 4+ E to X}, is contained in the pseu-
dospectrum A”E”2(A11). The spectrum of the restriction of A + E to Yy is
contained in the pseudospectrum A g, (Az).

(iv') The matrix Z, satisfies

2 - 1, f 6~ -
1Z6] < 1B aswellas 25— T (Ea)l < [l Bl

Let U=[I Z[]",V =[-Z I|, and Wg = Z/p. Then

b T[] e e i ] ever

Hence, the claims (i)—(iv) follow from (i')-(iv’), the equivalences (3.10), the inequality
(3.11), and the fact that Eo; = p Fo.
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Now, redefine Zg as Zg := Wg(I + RWg)™! = (I + RWg) 'Wg. The first
statements of claim (v) follow from the identities

[I R] { I } _ [ I } (I+RWg),  [-Wp ] [I —R] WeR) 25 1],

0 I||Wg ZE 0 I
Since || Zg|| = [|We(I + RBWEg)7Y| < ||WEgl||/(1 = ||R||2]|WEg]|) the inequality (3.9) is a
consequence of (3.7). O

Remark 3.7. If E and the underlying norms fulfill the assumptions of both
Theorem 3.1 and Theorem 3.6, then the solution matrices Zg established in these
theorems are identical. This follows from the uniqueness statement in Theorem 3.1.
Note that the bound (3.1) is tighter than the bound (3.9).

3.4. The case of the Frobenius norm. We now specialize our bounds to the
case that the underlying norm is the Frobenius norm || - || on C(»~%)** To this end,
we define a unitarily invariant norm on C"*™ by

min{k,n—k} 1/2

(3.12) 1Bl 7p = Y 0B :

j=1

where 01(E) > 02(F) > -+ > 0,(F) denote the singular values of E € C"*™ in
nonincreasing order. Note that ||E||p i < || E| r with equality if and only if rank F <
k. Since conditions (N1)—(N4) are satisfied for ||| = || - || and | -| = || - || 7., we have
the following corollary to Theorems 3.1 and 3.6.

COROLLARY 3.8. Let A € C™" be partitioned as in Theorem 3.1. Let R,
k, and p be defined as above, and let s = sepp(Ai1, As2). Furthermore, let p =

3(V/s% + [[A12]13 — [[Ar2]l2).

() If |EllFk < p, then then the matriz Zg in Theorem 3.1 satisfies

s
(3.13) 1Zellr < SI1E] k-
(i) If |E|Fr < 52, then the matriz Zg in Theorem 3.6 satisfies
FIElpx
(3.14) 1Zellr < L : :
s = 22| B2/ | .

S

If E satisfies both conditions, ||E|px < p and ||E||rr < 5=, then the matrices Zg in

(i) and (ii) are identical.

3.5. Comparison with existing results.

Comparison with Theorem 2.7. Since always ||E||rr < |E|F, ||Rll2 < p, and
x < 2p, the bound (3.14) is an improvement of Demmel’s bound in Theorem 2.7.

For the particular case that A is block diagonal (i.e., A;2 = 0) we have that
k=p=1, R=0, and (3.14) as well as (3.13) state

2|| Bl 7
S

1ZellF < if [Ellrk <

5
—_ 27
where s = sepp(A11, Azz). In contrast, Theorem 2.7 yields

AlElF
S

. S
1251l < it |Elr<

On the other hand, if | R||2 is large, then the constants in the bound (3.14) and
in Demmel’s bound are nearly identical since then ||R||2 = p and 2x/p ~ 4.
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Comparison with Theorem 2.5. It is not that easy to compare our bound (3.1)
with Stewart’s bound (2.12) from Theorem 2.5. First, the bound (3.1) holds under
the condition |E|(|E| + || A12]]) < s?/4, while Stewart’s bound requires || Ex1 || (|| E12]| +
| A12]]) < s%/4, where s = sep(A11, Ago) and sp = s — ||E11]| — || Eaz||. Hence, these
bounds have a different range of applicability. The advantage of the bound in Theo-
rem 3.1 over Stewart’s result is that it has the separation s in the denominator instead
of the smaller number sg.

On the other hand, (3.1) works with the norm of the whole matrix E and Stewart’s
bound involves the norms of the blocks E;;, which are smaller than |E|. In particular,
Stewart’s bound properly predicts Zg = 0 when Fs; = 0. Our bound (3.1) does not
reflect this fact.

Following advice by Stewart, we performed several numerical experiments with
random matrices and perturbations. Not surprisingly, in these experiments Stewart’s
bound is observed to be tighter than ours in most cases when |E| is small compared
to s/2. The same observation is made when ||A;2|| is not significantly smaller than s.

It turns out that our new bound becomes advantageous when Ajs = 0, the per-
turbations are measured in the spectral norm, and | E| is not small compared with s/2.
To demonstrate this, let us consider an n x n block diagonal matrix A with k x k and
(n—k) x (n — k) diagonal blocks. With A5 = 0, the perturbation bounds depend on
A only via the separation s and they scale nearly proportionally with 1/s. It therefore
suffices to consider one value for s, say, s = 1. We have then chosen ¢ € (0, s/2] and
generated a large set of random perturbations (10,000 for n = 7 and 1000 for n = 50)
having normally distributed entries and norm e. The plots in Figure 2 show the
percentage of cases our bound is smaller than Stewart’s bound. Note that “strong”
refers to the stronger bounds (i.e., the first inequalities) while “weak” refers to the
weaker but simpler bounds (i.e., the second inequalities) in (2.12) and (3.1). We have
considered the spectral norm as well as the Frobenius norm for measuring pertur-
bations. In the latter case, we have used the tighter bound (A.4) instead of (2.12)

and set |E| :== ||E|rx = \/o'l(E)Q 4. +0127flin{k nik}(E). For the spectral norm,

Figures 2(a) and (c) show that our new bound performs better for |E| close to s/2,
especially when k is larger. For the Frobenius norm, the new bound seems to be
better on average only for k = 1 and when |E]| is close to s/2.

The following example illustrates that Stewart’s bound can become very conser-
vative for |E| = s/2.

Example 3.9. For Ai1, Ass € C?*2 with disjoint spectra consider

10‘0 0
_A11 0 _St 0
A‘[o Agg]’ B=5 10

0

where 0 < ¢ < 1 and s = sepy(A11, Agg) is the separation with respect to the spectral
norm. Then || Eyllz = Bl = [Eglle = |Ehll2 = 5t/2, [|Elyll2 = 0, and sp =
s—|| Bt ll2— | ELslle = s(1—t¢). If ||-|| = |-| = ||-||2, then our bound (3.1) and Stewart’s
bound in Theorem 2.5 are both applicable for ¢t < 1. As ¢ tends to 1, Stewart’s bound
tends to infinity, while our bound (3.1) tends to 1. If s = sepy(A11, A22) denotes the
separation with respect to the Frobenius norm and || = ||+ || 2, then our bound (3.1)
and Stewart’s bound in Theorem 2.5 are both applicable for ¢t < 1/y/2. As t tends
to 1/1/2, Stewart’s bound tends to 1/(23/2 — 2) ~ 1.207, while our bound (3.1) tends
to 1.

0|0 o [EL|EL
1[0 0| [BEL[EL
00 1
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norm of random perturbation E

(c) n = 50, spectral norm

100 : 100
—— strong (k=1)
- - - weak (k=1) -/
go|| — strong (k=2) ! |
N - - - weak (k=2) Sy P
2 —— strong (k=3) Al N 2
3 - - - weak (k=3) ) ’ 3
@« 60 Y )
kel ,' kel
c c
=] =]
8 P 2
= 40r . J =
9] . 9]
c P 7 c
2 P , B
4 x
201 7 L4
0 n . .
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
norm of random perturbation E norm of random perturbation E
(a) n =17, spectral norm (b) n =7, Frobenius norm
100 : 100 :
——strong (k=1) q ——strong (k=1)
- = = weak (k=1) At - = =weak (k=1)
gol| —strong (k=2) gol| — strong (k=2)
. - - - weak (k=2 ) . - - -weak (k=2)
2 —— strong (k=20) 2
3 - - - weak (k=20) 3
« 60f «w 60
© e
c c
=] 3
8 8
= 40r = 40
() [0}
c c
* R
201 20
0 : 0
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

norm of random perturbation E

(d) n =50, Frobenius norm

Fia. 2. Performance of new perturbation bound (3.1) compared to Stewart’s bounds (2.12)

(spectral norm) or (A.4) (Frobenius norm) for block diagonal matrices and random perturbations.

4. The case of a simple eigenvalue. The theorem below gives the second-
order expansion of a simple eigenvalue as well as the first-order expansion of the
associated eigenvector. These expansions are well known and can be found, e.g.,
n [17]. Our novel contributions consist of the existence regions and the bounds for
the remainders in the expansion. Below, MT and M?* denote the Moore Penrose
inverse and the Drazin inverse of M € C™*" respectively. Furthermore, 6(x,y) =
arccos(|z*y|/(||z||2 lyll2)) denotes the angle between the one-dimensional subspaces
Cx and Cy.

THEOREM 4.1. Let xg € C" be a normalized right eigenvector of A € C"*™
belonging to a simple eigenvalue Ao € C (i.e., Axg = Moo, ||xoll2 =1). Let yo € C
be a left eigenvector such that y5A = Aoy and yizo = 1. Moreover, let

c = |lz5(Aol = A)l2,

PO = I—xoxf‘),

Po = ||y0H27

ko = lollz+ VIlyoll5 —

S0 = Op— 1(P0(/\0I A

where 0y,—1(-) denotes the second smallest singular value.
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(i) If || Ell2 < 3(\/s2+c® — ), then there exists an eigenvector xg of A+ E
depending holomorphically on E such that xjrp =1 and

zp = (I +[Po(M — A E)zo + &p

for some &g € C™ with
6
I€ellz < S| B3
80

Furthermore,
|z — zol|2 = tan(0(zo, z5)) < 2| Ell2/s0.

(i) If || Ell2 < so/(2k0), then there exists an eigenvector Ty of A+ E depending
holomorphically on E such that yoTr =1 and

Tp = X0+ (/\QI — A)ﬁECEo + gE

for some éE e C™ with

- 6kl
(4.1) I€ell2 < —21IE]3.
50
Furthermore,
(4.2)
2}60
N 2%k _ S £
|25 — zoll2 < —||E||2 and tan(6(zo, Tx)) < - )
50 — 2 /pg — 1| Bl

The corresponding eigenvalue of A+ E satisfies

(4.3) Ag =X +yoEZE
=)Ao+ ySExo )
=X+ y5Exo +ysE(Nol — A)ﬁExo + 05

with {p = y§(Tg — xo) and lp = ySEéE We have

2]?0 Ko

~ 6 po K2
(4.4) 1le| < IEl3  and  |lg| < SZOHEH:S-

Proof. After a unitary similarity transformation we may assume that

1

Ao [)\0 A12:| ’ Agy — Ao I nonsingular, xo = {0

* Ixn
0 A22 :|a yO_[l T]G(C )

where 7 = Aj2(Ag I — Ago)~'. Furthermore,

(Mo I — A)? {0 Al?O‘OI_AZ?)?] _ {0 r(AoI—Agz)l}

o

()\0[—1422)71 0 (AQI_AQQ)il

o

T
0 0 0
[Po(h0 T = Aza)]' [ )\oI—A22] _{0 (AoI—Am)l]'
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The statements of the theorem are obtained by specializing Theorems 3.1 and 3.6 to
the case A11 = Xo, || || =|-| =1 |l2- In this case we have the following identities:

T(Z) = ()\I — AQQ)Z,
T~ (Ba1) = (AN — Ago) ' Foy,
[A1z]l2 = [[z5(Ao I — A)[2 = c,

p=1/1+ 7113 = llyoll2 = po,
k=/1+ 73+ rll2 = llyollz + 1/ llwoll3 — 1 = o,

sepy(Ao 1, A22) = Omin(Ao I — A22) = 01 (Po(Aod — A22)) = so.

Let E € C™" with ||E||z < $(y/s% + ¢ — ¢). According to Theorem 3.1 there exists
a vector zp € C"~1 depending holomorphically on E such that g = [1 zL]" is an
cigenvector of A + E, ||zgl2 < 2[|E2 and |25 — T~ (E21)[|2 < 6] E|3/s5. Clearly,
xirp =1 and ||zg||2 = tan(0(zg, zg)). It is straightforward to verify that

I€Ell2 = |lze — (I + [Po(AI — A E)xollz = ||z — T~ (Ea1)]l2.

This concludes the proof of (i).
To show (ii), suppose that ||E||2 < ko/(2s0). According to Theorem 3.6 there ex-

ists a vector wg € C"~! depending holomorphically on E such that #p = [é ﬂ [le}
is an eigenvalue of A + FE and
2K0 _ 6k
lwell2 < 1Bl aswellas  [wg — T~ (Ea)ll2 < —5[|1B3.
Do S0 Do Sp

It is easily verified that
~ T d
Ty o = 7 wWE al
gE =Ip— (CEO + ()\0[ — A)uExO) = |:;:| (’LUE — Tﬁl(Egl)).

This yields (4.1) and the first inequality in (4.2), since ||[r" I]7|2 = po. We have
ig=1+rwg)[l (1+ er)_leT . Thus, tan(0(zo, Zg)) = ||(1 +rwe) twgls <
lwell2/(1 = ||7]l2]|well2). This implies the second inequality in (4.2). Equation (4.3)
follows by multiplying the identity (A + E)Zg = Ag Zp with y§. The estimates in
(4.4) are then obvious. O

Let A € C"*™ be a normal matrix. Then we can take yy = z¢ in Theorem
4.1. Moreover, the separation sog = 0,-1(Po(MAoI — A)) = o,-1(Ao I — A) equals
the distance of Ay to the set A(A) \ {\o}, and the identities a = 0, py = ko = 1,
[Po(Mo I —A)t = (Mo I—A)' = (\g I — A)? hold. We thus have the following corollary
to Theorem 4.1.

COROLLARY 4.2. Let A € C™*" be a normal matriz and consider a normalized
eigenvector xo € C™ belonging to a simple eigenvalue Ao of A. Let sy denote the
distance of Ao to the rest of the spectrum of Ag, that is, so = min{|\g —v|: v €
A(A),v # No}. Let E € C"*™ with ||E||2 < so/2. Then there exists an eigenvector
zg of A+ E depending holomorphically on E such that xjzp =1 and

xp = (I+(\ — A E)xy + &g
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for some £ € C™ with ||€g||2 < 6||E||3/s2. Furthermore, ||xg—xol|2 = tan(0(zo, 2g)) <
2||E||2/s0. The associated eigenvalue satisfies

Ap =N+ aErg = Mo+ a5Exo +Le = Mo+ yoExo + xi E(Nol — A)TE.TQ + gE

with |(p| < 2||E|3/s0 and |{g| < 6]|E|3/s2.

5. Conclusions. By establishing a link to the coalescence of pseudospectral
components, we have derived a new perturbation bound for invariant subspaces. As
the bound turns out to be sharp for a 2 x 2 example, no further obvious improvement
of the bound seems to be possible. Moreover, we establish a novel bound for the
remainder term of a well-known perturbation expansion. Even the (modified) special-
ization of this remainder bound to the case of individual eigenvectors and eigenvalues
appears to be new. We believe that such bounds for remainder terms are important;
e.g., they can be used for quantifying the validity for condition numbers frequently
used in practice, e.g., in MATLAB and LAPACK [2].

As a side result, we have shown that Stewart’s classical result on the perturbation
of invariant subspaces is a direct consequence of the Newton—Kantorovich theorem.
We believe that there is some interest in this observation, as it may more easily allow
for extensions of Stewart’s result to different settings.

Appendix A. Stewart’s result via the Newton-Kantorovich theorem. In
this section, we show that Theorem 2.5 is a special case of the Newton—Kantorovich
theorem formulated in [12, p. 536].

THEOREM A.1l. Let £, Z be Banach spaces and let f : Z — £ be twice continu-
ously differentiable in a sufficiently large neighborhood 2 of Z € Z. Suppose that there
exists a linear operator T : Z — £ having a continuous inverse T~™' and satisfying the
following conditions:

(A1) IT=HE@)I <0,
(A.2) [T~Yo F'(Z)—1|| <6,
(A.3) ITYo F"(Z)| <K  YZeQ.

If6 <1 and h := % < &, then there exists a solution Zg of F(Zg) =0 such that

21
(1-0)(1+v1-2h)

We apply Theorem A.1 to the setting of section 2.4:

|Ze — Z|| <ro with 719 :=

0=F(Z):=—f(A+E,Z) = —FE2 +Z(A11 + E11) — (Aoa + Ex)Z + Z(A12+ E12)Z

with £ = 2 = CF*k 7 =0, and T : Z — ZAy; — Ay Z. In the following, || - ||
denotes a consistent family of matrix norms.
Condition (A.1). We have

IT=H(FO)] = IIT~ (Ea)|| < =:1,

where s = sep(A11, Aaa).
Condition (A.2). From

F'(0) : AZ = (Agy + Esn)AZ — AZ(An + Buy) = T(AZ) + AT(AZ)
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with AT(AZ) = E22 WAVASWAVAR Ella it follows that

IT=" 0 F'(0) — 1] = [ T~" o AT|| <

1Bl + | B2l _
S

Condition (A.3). Since the second derivative of f is constant, it immediately
follows that

- A E A E
TV o F"(Z)|| < ol + Buall [l Asall + [ Bvall _
s s
Summary. Setting sp = s — | E11|| — || E22||, we finally obtain
oK B[ ([Ara]l + (| Ea2])

h = =2 5

(1—-10)2 57

2n 2| Ea ||

Tro = =

(1=0)1+V1-2h) sp+/s% —A[Eall([Aw] + [Ewl)

Theorem A.1 now states the existence of a solution Zg to F(Z) = —f(A+FE,Zg) =0
with || Zg|| < 7o if § < 1 and h < }. This coincides precisely with the statement of
Theorem 2.5.

Eaxtension. The statement of Theorem 2.5 can be improved when we assume that
||| is unitarily invariant. In this case, the quantities 0, K in the derivation above can
be replaced by the potentially smaller quantities

E E A E
5= 1Bull +[B2llz — pr o llAr2ll2 + [ Frzflo.
S S
Consequently, the bound of Theorem 2.5 becomes
2||E E
(A4) 1Zell < — ] < oIl
sp + /55 — 4 Ear[ ([ Ar2]l2 + [ Erz2]l2) SE

under the condition ||E21H(HA12H2+ HE12||2) < S2E/4 with Sp = 8— ||E11H2 — ||E22H2.
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