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Zusammenfassung

Relaiskonzepte werden in Zunkuft in drahtlosen Netzwerken eine zentrale Rolle spielen.
In dieser Dissertation wird ein Netzwerk mit drei Stationen betrachtet, in welchem zwei
Stationen mittels einer Relaisstation miteinander kommunizieren. Wir untersuchen ein
Zweiphasenprotokoll ohne Riickkopplung, in dem die Relaisstation die Nachrichten fiir
beide Richtungen gleichzeitig dekodiert und weiterleitet. Damit kann der spektrale Ver-
lust, verursacht durch halbduplexe Stationen in unidirektionalen Protokollen, kompensiert
werden.

Im ersten Abschnitt geht es um schichtiibergreifende Konzepte fiir die bidirektionale Re-
laiskommunikation basierend auf dem Prinzip der Superpositionskodierung. Die Betrach-
tungen werden fiir die festgelegte und optimale Zeitaufteilung der Phasen durchgefiihrt. Eine
ausfiihrliche Untersuchung der Kombinatorik der erreichbaren Ratenregion fiir Stationen mit
einer Antenne erlaubt es uns die Ratenpaare, bei denen die Summe der gewichteten Raten
maximiert wird, explizit zu bestimmen. Diese Untersuchungen werden am Beispiel der pa-
ritdtischen und der optimalen Zeitaufteilung ausgefiihrt.

Die optimalen Ratenpaare werden im Weiteren fiir den Entwurf einer durchsatzoptimalen
Ressourcenallokationsstrategie und fiir ein Relaisauswahlkriterium in einem Netzwerk mit
N Relaisstationen verwendet. Dabei ist es vorteilhaft, die abwechselnde Nutzung ver-
schiedener Relaisstationen zu erlauben. AuBerdem stellen wir fest, dass die Summe eines
jeden Ratenpaares auf dem Rand der ergodischen Ratenregion fiir unabhéngige und identisch
rayleighverteilte Schwundkanile asymptotisch mit log(log(/N')) wichst.

Als néchstes betrachten wir den Fall, dass die Relaisstation eine Nachricht zusitzlich zur
bidirektionalen Relaiskommunikation an beide Stationen iibetrdgt. Es zeigt sich, dass es
immer optimal ist die Relaisnachricht zuerst zu dekodieren. Die gemeinsame Ressourcenal-
lokation verbessert die Gesamteffizienz und ermoglicht einen neuen Ratenabtausch. Dariiber
hinaus charakterisieren und diskutieren wir das gemeinsame Summenratenmaximum beider
Routingaufgaben.

AnschlieBend untersuchen wir die erreichbaren Ratenregionen der bidirektionalen Re-
laiskommunikation zwischen Stationen mit mehreren Antennen. Wir spezifizieren die op-
timale Sendestrategie und zeigen, dass die Summe eines jeden Ratenpaares auf dem Rand
der erreichbaren Ratenregion linear gemif der riumlichen Dimension des Vektorkanals und
der Zeitaufteilung der Phasen ansteigt.
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Zusammentassung

Im zweiten Abschnitt beweisen wir eine optimale Kanalkodierungsstrategie fiir den bidirek-
tionalen Broadcastkanal mit einem endlichen Alphabet. Dabei werden erreichbare Raten
beziiglich der maximalen Fehlerwahrscheinlichkeit betrachtet. Beim Kodierungssatz folgen
wir der Philosophie der Netzwerkkodierung, die besagt, dass sich Informationsfliisse nicht
wie Fliissigkeiten verhalten.

Im abschlieBenden Resiimee geben wir einen Ausblick auf zukiinftige Forschungsarbeiten
und présentieren Beispiele wie bidirektionale Relaiskommunikation in drahtlose Netzwerke
integriert werden kann.



Abstract

Relaying concepts will play a central role in future wireless networks. In this thesis we
consider a three-node network where two nodes communicate with each other by the support
of a relay node. We study a two-phase decode-and-forward bidirectional relaying protocol
without feedback. Bidirectional relaying has the ability to compensate the spectral loss due
to the half-duplex constraint of nodes in wireless communications.

In the first part we study cross-layer design aspects of bidirectional relaying using super-
position encoding at the relay node. For the two phases we consider the fixed and optimal
time division case. For single-antenna nodes an intensive study of the combinatorial struc-
ture of the achievable rate region allows us to characterize the rate pairs which maximize the
weighted rate sum for the equal and fixed time division case in closed form. These are used
for the design of a throughput optimal resource allocation policy based on the backpressure
strategy and to derive a relay selection criterion for routing in network with N relay nodes.
It shows that it is beneficial to allow time-sharing between the usage of relay nodes. We see
that the sum of any rate pair on the boundary of the ergodic rate region for independent and
identical distributed Rayleigh fading channels grows asymptotically with log(log(V)).

Then we add a relay multicast to the bidirectional relay communication. The joint resource
allocation of two routing tasks improves the overall efficiency and enables new rate trade-
offs. It shows that it is always optimal to decode the relay message first. Furthermore,
we characterize and discuss the total sum-rate maximum of both routing tasks. After that
we study the achievable rate region of bidirectional relaying between nodes equipped with
multiple antennas. Therefore, we specify the optimal transmit strategy and show that the
achievable rate region scales linearly with respect to the spatial degrees of the vector channels
and time division.

In the second part we find an optimal channel coding strategy for the bidirectional broadcast
channel considering finite size alphabets. Thereby, we consider achievable rates with respect
to the maximal probability of error. For the coding theorem we follow the philosophy of
network coding and regard information flows not as “fluids”.

In the final conclusion we give an outlook on future research work and show how the bidi-
rectional relaying protocol can be integrated in wireless networks.

vi



Contents

1

Introduction 1
1.1 Trends and Motivations — Related Literature . . . . . .. ... .. ... ..
1.2 Contribution and Outline of the Thesis . . . . . . ... .. ... ... ... 10
Bidirectional Relay Communication using Superposition Encoding 15
2.1 Introduction . . . . . . ... e 15
2.2 Achievable Rate Region . . ... ... ... ... ... .......... 18
2.2.1 GaussianChannel . . . . . . ... ... ... ... ... ..., 18
2.2.2  Multiple AccessPhase . . . ... ... ... ... ... ...... 21
2.2.3 BroadcastPhase . . .. ... ... ... .. .. ... ... 23
2.2.4 Bidirectional Achievable Rate Region . . . . .. ... ... .. .. 26
2.2.5 Achievable Rate Regions with Power Scaling . . . . ... ... .. 42
2.3 Throughput Optimal Resource Allocation . . . . .. ... ... ...... 51
2.3.1 StabilityRegion . . . .. ... ... ... ... ... ... 53
2.3.2  Numerical Simulation . . . .. ... ... ... ... ... ... 58
24 Relay Selection . . . . ... ... ... 61
24.1 Relay Selection Criterion . . . . . . . ... ... ... ....... 63
2.4.2  Scaling Law of the Ergodic Rate Region . . . . . . ... ... ... 67
2.5 Piggyback a Common Relay Message . . . . ... ... .......... 75
2.5.1 Broadcast Phase with Relay Multicast . . . . . ... ... ... .. 78
2.5.2  Total Sum-Rate Maximum . . . . .. ... ... ... ....... 80
2.5.3 Combinatorial Discussion and Working Examples . . . . . .. .. 85
2.6 Extension to Multi-Antenna Bidirectional Relaying . . . . . .. ... ... 103
2.6.1 MIMO Multiple Access Phase . . . . ... ... ... ....... 107
2.6.2 MIMO BroadcastPhase . . .. ... ... ... ......... 112
2.6.3 MIMO Bidirectional Achievable Rate Region . . . . . ... .. .. 117
277 DISCUSSION . . . .« v it e e e e e 120
2.8 Appendix: Proofs . . . . ... 125

vii



Contents

3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

3.1

3.2

33
34
3.5

Introduction . . . .. ... ..

3.1.1 Two-Phase Bidirectional Relay Channel . . . . . .. ... ... ..
3.1.2  Capacity Region of the Multiple Access Phase . . . . ... .. ..

Capacity Region of the BroadcastPhase . . . . . .. ... ... ......

3.2.1 Proof of Achievability
3.2.2  Proof of weak converse
3.2.3 Cardinality of setYd .

Achievable Bidirectional Rate Region . . . . . .. ... ... .. .....

Example with Binary Channels

Discussion and Further Results

4 Conclusion and Future Work

References

viii

181

181
182
184

184
186
192
194

195
196
198

201

207



List of Figures

2.1
2.2
23
24
25
2.6
2.7
2.8
29
2.10
2.11
2.12
2.13
2.14
2.15
2.16
2.17
2.18
2.19
2.20
221
222
2.23

3.1
32

4.1
4.2
4.3

Bidirectional relaying between single-antennanodes . . . . . ... .. .. 15
Bidirectional achievable rate regions . . . . . . . . ... ... ... .... 28
Contour plot of sum-rate maximum . . . . . ... ... ... ... .. .. 35
Equivalent characterization of RBRopt « - « « « « « « « v v o v e 39
Weighted rate sum optimal rate pairs . . . . . . . . .. ... ... ... .. 41
Achievable rate region 7~€BR0pt (with scaled powers) . . . ... ...... 50
Queueingmodel . . . . . .. Lo 52
Rate and stability regions of different policies . . . . . . . ... ... ... 59
Queue length evolutions of different policies . . . . . . . .. .. ... ... 60
Achievable rate region of relay selection with time-sharing . . . . . .. .. 66
Growth of the ergodic rate region with relay selection . . . . . .. ... .. 72
Upper and lower bounds on scalinglaw . . . . . .. ... ... ... ... 73
Cases where Rj(7r) intersects the boundary of the MAC capacity region 86
Rate trade-offs for constant total sum-rate . . . . ... .. ... ... ... 90
Characteristic angles of aCyiac and (1 — )R+« v v v v oo v o oo o 95
Total sum-rate optimal rate pairs with respect to the time division . . . . . . 98
Total sum-rate maximum with respect to the time division . . . . . . . . .. 101
Piggyback achievable rate region for equal time division . . . . . ... .. 102
Piggyback achievable rate region for optimal time division . . . . . . . .. 102
Bidirectional relaying between multiple antennanodes . . . . . . . .. .. 103
MIMO achievable rateregion . . . . . . . . . .. ... ... ... ... 118
Combinatorial discussion for the proof of Theorem?2.5 . . . . ... .. .. 127
Combinatorial discussion for the proof of Lemma2.46 . ... .. ... .. 170

Two-phase decode-and-forward bidirectional relay channel without feedback 183

Achievable rate regions for binary symmetric channels . . . ... ... .. 198
Cellular coverage extension using bidirectional relaying . . . . . . ... .. 202
Multi-hop communication using bidirectional relaying . . . . . . . .. .. 202
Coding principle of bidirectional relaying can improve cellular downlink . . 204

1X



Abbreviations, Notation, and Symbols

Abbreviations

AWGN
iid

pdf

cdf

eq

opt
MAC
BC

BR
SISO
MIMO
TDMA
FDMA
CDMA
RS
RSTS

Notation

Ry
C

[a, 0]
(a,b)

additional white Gaussian noise
independent and identical distributed
probability density function
cumulative distribution function
equal time division

optimal time division

multiple access channel

broadcast channel

bidirectional relaying

single-input single-output
multiple-input multiple-output

time division multiple access
frequency-division multiple access
code-division multiple access

relay selection

relay selection with time-sharing between usage of relay nodes

set of all natural numbers {1,2,3,...}

set of real numbers

set of non-negative real numbers

set of complex numbers

closed interval of real numbers where endpoints a to b are included
open interval of real numbers where endpoints a to b are not included

[a,b), (a,b] half-closed intervals of real number where either a or b is included

lhs := rhs
lhs =: rhs
aR

the value of the right hand side (rhs) is assigned to the left hand side (lhs)
the value of the left hand side (lhs) is assigned to the right hand side (rhs)
scaledseta R := {aR : R€ R} witha € R andset R C R"



Abbreviations, Notation, and Symbols
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X ~CN(m,0?)
E{X}
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Symbols

function f from domain D to codomain C

mapping of x to f(z)

convex hull of set A

closure of set A

interior of set A

cardinality of set A

there exists an element z in set A

empty set

characteristic function which is 1 if event E is true and 0 else
abbreviation for max(0, x)

logarithm to the base two

natural logarithm

exponential function

logical conjunction (AND), logical disjunction (OR)
numerated logical conjunctions and disjunctions
L1-norm of vector ©

hermitian resp. transpose of the matrix or vector H
rank of the matrix H

trace and determinant of the matrix H

identity matrix where the dimension follows from the context
diagonal matrix with diagonal elements a1, as, ..., an,

_ \zfm\g

X is complex Gaussian distributed with pdf fx(z) = # e o7
expectation of the random variable X
probability of event E

time-average of random process X

f(n) is big-theta of g(n) if 0 < ligggf% < 1i£11_}8£p% < 0.
f(z) is small-o of g(x) if lim 92) — 0,

x e

— 00

In Chapter 2 we use boldface letters to denote vectors and matrices and calligraphic letters
denote sets. In Chapter 3 we use the information theoretic typical notation where X' denotes

the sequence X1, X9, ..

., X1n. We often choose a generic notation for the symbols which

gets at some point quite extensive. The index k enumerates the nodes 1,2, and R respectively,
while the index n enumerates the relay nodes in Section 2.4. The superscripts * and % are
used for optimal values. The subscripts eq or opt specify the corresponding rate, rate pair,
or rate region for the equal or optimal time division case. The following tables list the most

important symbols.

X1



Abbreviations, Notation, and Symbols

Xii

mean power constraint at node k& € {1,2, R}

variance of Gaussian noise

signal-to-noise ratio Py /o>

flat fading SISO channel coefficient between node 1 and the relay node

flat fading SISO channel coefficient between node 1 and the n'" relay node
flat fading SISO channel coefficient between node 2 and the relay node

flat fading SISO channel coefficient between node 2 and the n'" relay node
flat fading MIMO channel matrix between node 1 and the relay node

flat fading MIMO channel matrix between node 2 and the relay node
fraction of time in the MAC phase, i.e. fraction 1 — « of the time in BC phase
optimal « to support a certain rate pair in MAC phase

set of feasible power distribution vectors [31, (2]

proportion of PR spend for forwarding message m; to node 2

proportion of PR spend for forwarding message ms to node 1

relay power distribution with 5y = fand So =1 —

optimal (3 to support a certain rate pair in MAC phase

optimal relay power distribution, cf. Proposition 2.2

minimal necessary R to support a certain rate pair in Cyjac in the BC phase
minimal necessary g to support any rate pair in Cypjac in the BC phase
minimal necessary yg to support a rate pair [R1, Ra] € RMAC in the BC phase
characteristic signal-to-noise ratio for the broadcast phase, cf. Corollary 2.8
minimal necessary g to support the vertex vy € Cypac in the BC phase
minimal necessary g to support the vertex vsy, € Cyiac in the BC phase
characteristic signal-to-noise ratio g, cf. Lemma 2.46

vertex between R and R%AC of multiple access rate region, cf. (2.5a)
vertex between Rz and R%AC of multiple access rate region, cf. (2.5b)
achievable rate form node 1 via relay node to node 2

achievable rate from node 2 via relay node to node 1

bidirectional sum-rate R; + R2 = Ry

additional relay multicast rate

maximal achievable additional relay rate R

characteristic rate, cf. Lemma 2.46

total sum-rate Ry, = R1 + Ro + Ry

total sum-rate maximum of piggyback rate region Rpiggy

individual rate constraint from node 1 to the relay node in MAC phase

R for the n'™ relay node

individual rate constraint from node 1 to the relay node in MAC phase
Rz for the n'™ relay node

sum-rate constraint of node 1 and 2 to the relay node in the MAC phase
RMAC for the n' relay node



Abbreviations, Notation, and Symbols

maximal achievable rate R; at vertex voy, cf. (2.5b)

maximal achievable rate Ry at vertex vy, cf. (2.5a)

individual rate constraint from the relay node to node 2 in BC phase
Ry for the n™ relay node

individual rate constraint from the relay node to node 2 in BC phase

Ry for the n™ relay node

maximal unidirectional rate R achievable in Cl\l\//&l\éo, cf. (2.6.1)

maximal unidirectional rate 2o achievable in Cll\\/[/lﬂ\éo

sum-rate optimal rate R; in BC phase, cf. Proposition 2.2
sum-rate optimal rate Ry in BC phase, cf. Proposition 2.2

total sum-rate optimal rate 1, cf. Theorem (2.48)

total sum-rate optimal rate R, cf. Theorem (2.48)

proportion of rate R; interchanged for relay rate Ry, cf. Corollary 2.49

proportion of rate I?o interchanged for relay rate I?r, cf. Corollary 2.49

BC sum-rate optimal rate R, cf. Proposition 2.47

BC sum-rate optimal rate Ry, cf. Proposition 2.47

sum-rate maximum of broadcast phase, cf. Proposition 2.2

bidirectional sum-rate optimal rate pair, cf. Corollary 2.8

rate pair of parametrized boundary of Rpc

rate pair of parametrized boundary of RgRropt, cf. Corollary 2.15

BC sum-rate optimal rate pair, cf. Proposition 2.47

weighted rate sum optimal rate pair of CML%O, cf. (2.75)

weighted rate sum optimal rate pair of R%%MO, cf. (2.79)

weighted rate sum optimal rate pair for a = 1/2, cf. Theorem 2.10

R, for the n™ relay node

weighted rate sum optimal rate pair of Rgropt, cf. Theorem 2.16

R}, for the n'™ relay node

maximal unidirectional rate 121 achievable in RgReq, cf. (2.22a)
1eq for the n™ relay node

maximal unidirectional rate Ry achievable in RpRropt, cf. (2.22b)

Rj,, for the n'™ relay node

maximal unidirectional rate Ry, k = 1,2, achievable in RpRreq
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maximal unidirectional rate Ry, k = 1,2, achievable in Rpropt
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maximal unidirectional rate Ry, k = 1,2, achievable in RrsTseq
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maximal unidirectional ergodic rate Ry, k = 1,2 achievable in RRSTSeq

maximal unidirectional ergodic rate Ry, k = 1,2 achievable in Rrsrsopt
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1 Introduction

1.1 Trends and Motivations — Related Literature

Most of these days phenomenal technological advances base beside others on the continuous
progress in integrated circuit design which is described by the popular Moore’s law. In
1965 Moore [Moo65] observed that with continuous decreasing packages size the relative
manufacturing cost per component exponentially decreases while additionally the number of
components per integrated circuit exponentially increases. This trend has been observed until
now which has made the development of portable computation and communication devices
with an affordable price possible. With this we have an ever-growing number of wireless
applications and users — the technological vision of the WWRF! expects “7 trillion wireless
devices serving 7 billion people by 2017”.

The broad consumer wireless telecommunications started with generations of cellular voice
networks with a rapidly increasing number of subscribers at the turn of the millennium.
With a growing demand for new high data services such as mobile Internet with video appli-
cations or interactive gaming the development of latest generations show a shift to cellular
data networks which also support the voice application. However, the network bandwidth
in favorable frequency bands is finite since the nowadays technically usable low frequencies
are limited. Future systems will operate at higher frequencies, but there the wireless com-
munication is more susceptible to radio propagation conditions. This will even worsen the
coverage problem service providers already have. Obviously, the providers are interested
to offer satisfactory services anywhere at any time, which is an engineering challenge es-
pecially where the direct link does not have the desired quality, e.g. due to shadowing or
distance. In a single point-to-point connection one could simply increase the transmit power,
which results in a higher interference level in the network and a higher energy consumption.
Both is unattractive, because a lower interference level often allows to accommodate more
users in the network and a reduced energy consumption results either in a longer battery
life or a smaller battery size, which is a crucial point for miniaturization. As a consequence
in traditional cellular network architectures the provider can only install more base-stations
to cover the whole area, but a higher density of base-stations leads to a notable increase in

"WWRF-Wireless World Research Forum - http://www.wireless-world-initiative.org



1 Introduction

infrastructure costs. Katz discusses in [Kat94] many fundamental design issues of wireless
networks at that time which are still important these days.

On the other hand, wireless networks without any wired infrastructure are called ad hoc net-
works. Such networks utilize the broadcast nature of the wireless channel so that in principle
any node can communicate to any other. But due to the attenuation of a wireless channel a
reliable transmission is typically only possible to some neighboring nodes. Therefore, for
a successful transmission to a node that is not in its vicinity the nodes need to cooperate to
forward each others information, which is called a multi-hop communication. Ad hoc net-
works have some appealing properties because of this relay communication technique. First,
we see that any additional node added to the network increases the overall connectivity. Fur-
ther, if a node disappears due to bad channel conditions or power supply insufficiency other
nodes in its vicinity have the possibility to take over its routing responsibilities. This node
redundancy and its adaptability makes ad hoc networks highly robust. And since we do not
require a wired backbone, it is said that an ad hoc network is easily deployed. It follows
that there are many applications where an ad hoc topology is more appropriate than cellular
topology, e.g. sensor networks, home environments, or networks of automobiles.

Accordingly, the integration of multi-hop capability in traditional cellular systems has the
potential to improve the connectivity by closing internal gaps of a cell without installing
more base-stations. It could be also used as a “last mile” technology to extend the periphery
of a wireless cell. Thereby, the relay nodes may be mobile or fixed, but they do not have
access to the wired backbone network of the base-stations or access points. Theoretical and
measurement based radio propagation models indicate that the average received signal power
typically falls off with the n-th power of the distance between transmitter and receiver with
a path-loss coefficient n between 2 (free space) and 6 (obstructed in building) [Rap96, Table
4.2]. Since multi-hop transmission splits a long distance into several shorter distances, it
follows that the cumulative path loss is lower than the path loss of the direct transmission.
This leads to an additional reduction in power and therefore energy consumption and/or a
lower power level throughout the network.

That multi-hop or relay strategies are promising technological advancements of future wire-
less networks indicate for instance that for all network sizes there are IEEE 802 LAN/MAN
standardization working groups” which are focused on the developing of mesh-enabled stan-
dards:

* For wireless personal area networks (WPAN) by the Task Group 5 of IEEE 802.15
standard.

* For wireless local area networks (WLAN) in the extension IEEE 802.11s.

>The IEEE 802 LAN/MAN Standards Committee develops Local Area Network standards and Metropolitan
Area Network standards. http://grouper.ieee.org/groups/802/



1.1 Trends and Motivations — Related Literature

 For wireless metropolitan area networks (WMAN) in the amendment IEEE 802.16j —
mobile multi-hop relay. Thereby, one allows every subscriber station to function as a
backhaul, forwarding traffic until it finally arrives at the intended destination.

* Such meshed network principles will be indispensable for a future wireless network,
which should realize broadband wireless access across the country (Mobile Broadband
Wireless Access) and should be someday specified in a IEEE 802.20 standard.

These standardizations are guided by industrial player forums like WiMAX for WMAN,
Wi-Fi for WLAN, ZigBee for low data rate WPAN which try to promote conformance and
interoperability of the devices. In addition to this, many companies are developing various
proprietary mesh network solutions. It is expected that relaying strategies should close the
gap between WLAN-type and cellular systems. For more details we refer to [LZKS06].

For the design and development of communication networks engineers successfully used
the concept of layered architecture to split the enormous complexity of modern communica-
tion networks communication. This allows the separate design of a protocol for each layer.
Among them the ISO-OSI? reference model is still the most prominent. The IEEE 802 stan-
dards for wireless networks specify the two lower layers. However, an efficient design of a
multi-hop communication represents such a significant technical challenge that a cross-layer
design is imperative. This can be seen by a brief inspection of the three (media) layers at the
bottom of the stack. The Physical Layer is concerned with signal transmission aspects. The
Data Link Layer is concerned with the transfers of data between nodes. In IEEE 802.16, the
Data Link Layer is divided in a Logical Link Control Sublayer and Media Access Control
Sublayer. The Logical Link Control is concerned with the flow control, which means that
it multiplexes the service provided to the higher layer and is responsible for acknowledg-
ment and error recovery. The Media Access Control provides addressing and channel access
control mechanisms which means that it is responsible for the spectral resource allocation.
The Network Layer is responsible for the end-to-end transmission, which means that it is
responsible for routing the data from the source to the destination. Obviously, for an effi-
cient resource allocation for a multi-hop communication we have to route our messages via
nodes which have sufficient good channels. Otherwise, if higher layers fix the route, on the
Physical Layer the nodes may be coerced to use higher transmit powers to offer the desired
service to the Data Link Layer. This causes a higher energy consumption and a higher inter-
ference for other nodes which will make the medium access inefficient as well. Therefore,
for an efficient future wireless system a cross-layer design with an adaptive power control
and resource allocation will be necessary. A more detailed discussion about these motivat-
ing thoughts about adaptive power control, energy efficient cross-layer design aspects, and

*Open System Interconnection (OSI) protocol stack, which was developed as a reference model by the Inter-
national Standards Organizations (ISO)[Zim80]. From top to bottom the ISO-OSI reference model defines
seven layers in a stack: Application Layer, Presentation Layer, Session Layer, Transport Layer, Network
Layer, Data Link Layer, and Physical Layer.
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efficient methods of allocating network resources can be found in [Bam98], [GW02], and
[SRKO3].

Wireless Communication: Cooperative Diversity

Wireless communications deals with the problem of reliable transmission of information
despite of impairments introduced by the wireless transmission. Propagation impairments
are usually collected in a time-varying fading channel model that collects phenomena like
multi-path, Doppler-shift, path-loss, and shadowing. Additionally, noise and interference
limit the communication. Diversity techniques reduce the probability that a transmission fails
due to a channel which is in a deep fade. We distinguish between time, frequency, and spatial
diversity according to the dimension where the robustness against fading is realized.

In a cellular network other users may receive the signal from the communication between
a user and a base-station due to the broadcast nature of the wireless channel. Then we will
gain spatial diversity if such a user additionally forwards the signal over an independent path
to the destination. In [SEA98] and [SEA03a, SEA03b] Sendonaris, Erkip, and Aazhang
introduced this concept where two users benefit by relaying their signals for each other and
called it user cooperative diversity. Basically, the diversity gain is achieved by implementing
an additional multi-hop communication.

The contribution [LTWO01, LTWO04] of Laneman, Tse, and Wornell is the next influential
work in the context of cooperative diversity in wireless networks. They studied the out-
age behavior of several cooperative diversity protocols named according to the cooperative
processing strategy: decode-and-forward, amplify-and-forward, selection, and incremental
relaying. It shows that except for the decode-and-forward strategy all strategies achieve the
full diversity order in the high SNR regime. Thereby, the reduced diversity order for the
decode-and-forward protocol is caused by the definition of the outage event. In a subsequent
work [LWO03] Laneman and Wornell proposed distributed space-time codes, which also can
achieve the full spatial diversity given by the number of cooperating terminals.

Those works have sparked a growing interest in the design and analysis of cooperative and
therefore relay transmission protocols. Most of them focused on incorporation of vari-
ous types of channel codes, so called coded cooperation, e.g. [HZF04], [HNO6], [SE04],
[LSS03], and [MMYZ06] to mention only a few. [NHHO04] and [SHMXO06] provide more
elaborate introductions.

Nearly all cooperative protocols assume half-duplex nodes, which means that a node cannot
transmit and receive at the same time using the same frequency. This is due to the fact that in
wireless communications it is technically difficult and often impossible to isolate sufficiently
the received signal from the transmit signal where the transmitter and receiver of the node use
the same bandwidth at the same time. For that reason the protocols require a medium access
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strategy in time or frequency domain which allocates exclusive resources for the reception
of the cooperative user signal and the transmission of its own and cooperative users signals,
which can be seen as time or frequency division duplex at the relay node. Accordingly,
Laneman et al. point out that for the benefits from user cooperative diversity we have a loss
in spectral efficiency due to half-duplex operation, which makes a diversity-vs-multiplexing
trade-off discussion necessary [LTWO04, AGS05, YE06]. This concept was introduced by
Zheng and Tse in [ZT03] for wireless communication of nodes with multiple antennas and
can be applied if one considers the cooperative users as a distributed multi-antenna system.

The basic idea behind cooperative/multi-hop communication is that a cooperative node relays
the signal or message. Accordingly, to find the optimal respectively a good cooperative
strategy we should look at the results of information theory on the relay channel.

Information Theory: Relay Channel

Shannon stated the channel capacity theorem in 1948 in his seminal work “A Mathematical
Theory of Communication” [Sha48], which is usually seen as the birth of information the-
ory. In 1961 Shannon introduced in [Sha61] the two-way channel where two nodes want to
communicate as effectively as possible with each other. Therein, he obtained the capacity
region for the average error for the restricted two-way channel, this means that a feedback
between the encoders of the two nodes is not allowed. Nowadays this work is regarded as the
first work on multi-user information theory. Compared to the knowledge of the single-user
case we are still in the beginning of understanding multi-user information theory.

Recently, the relay channel is experiencing a revival because multi-hop communication for
meshed network architectures has the potential for a substantial coverage extension. The
relay channel problem was introduced by van der Meulen in [vdM71] in the early seventies.
A few years later, Cover and El Gamal established in [CG79] the capacities when the channel
is degraded, reversely degraded and when feedback is added from both receivers to the sender
and relay node. For the general relay channel they derived an upper bound to the capacity
and an achievable rate. Later, in [GA82] the capacity of the semideterminitic relay channel,
where the output of the relay is a deterministic function of the input of both senders, is found.
However, the capacity of the general relay channel is still unknown.

Since then one tried to get closer by the study of channel models with a simplifying assump-
tion. Zhang derived in [Zha88] a converse for a relay channel where he assumed a noiseless
channel with a certain rate between the relay and the destination. Cover and Kim showed in
[CKO6] that this upper bound is actually achievable using alternatively a novel “hash-and-
forward” or “compress-and-forward” strategy. In [GHO5] El Gamal and Hassanpour study
another simplified relay channel where the transmitted relay symbols are allowed to depend
additionally on the non-causally present received symbol. It shows that with “instantaneous
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relaying” in a Gaussian channel an amplify-and-forward strategy achieves the cut-set bound
under certain conditions.

Nonetheless, for the lower bound Cover and El Gamal established in [CG79] a coding strat-
egy which gives us an achievable rate. An equivalent but more regular coding scheme was
found by Williams in [Wil82]. Then in [SG00, GK03, XK04] the authors extend these results
to the multiple relay channel. Thereby, in [ XK04] an even more practical coding strategy is
presented. In [KGGO5] Kramer, Gastpar, and Gupta extend many cooperative strategies to
relay networks with many terminals, antennas, and sources and compare the performances
of the strategies under wireless communication aspects.

All works on the relay channel we considered so far assume full-duplex nodes. El Gamal
noted* that nobody had wireless relay networks in mind when they started working on the
relay channel. Accordingly, in the last years some work on the relay channel is done which
considers wireless communication aspects. Firstly, in [KSA03] Khojastepour, Sabharwal,
and Aazhang transfered some results in a straightforward manner to the relay channel with
half-duplex nodes, which they called cheap relay nodes. They separate the transmission and
reception at the relay node in the time domain. Then El Gamal and Zahedi establish in
[GZ05] the capacity of the relay channels with orthogonal channels in the frequency domain
from the sender to the relay and from the sender and relay to the destination. In [LLGO6]
Lai, Liu, and El Gamal consider cooperation strategies for a three-node wireless network. In
particular they propose a cooperation strategy for the relay channel with a noisy feedback
combining the decode-and-forward and compress-and-forward strategy.

In [DKO4] Dawy and Kamoun determine relay regions where it is beneficial to use a relay
node. Therefore, they compare the power allocation for a multi-hop transmission with and
without cooperation as well as a single-hop transmission where the channel model includes
the path loss between nodes. Liang and Veeravalli derive in [LVOS5] the optimal distribu-
tion of the orthogonal resources in frequency domain in a Gaussian relay channel. Finally,
in [HMZ05] Host-Madsen and Zhang study the ergodic capacity of the relay channel in a
Rayleigh distributed fading environment. All authors recognized that in the case of half-
duplex nodes we need to allocate additional resources in time or frequency. This means that
the relay communication is only spectrally more efficient than the direct communication if
the spectral gain using the relay node compensates the “costs” of the additional resource
allocation.

“El Gamal noted this at his talk on the MSRI Workshop: Mathematics of Relaying and Cooperation in Com-
munication Networks, University of California, Berkeley, April 2006.
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Bidirectional Relaying and Network Coding

Cooperative protocols establish a separate route to realize diversity. Therefore, the cooper-
ating users have to split their resources which results in a loss in spectral efficiency. From
the half-duplex relay channel we know that this is only spectrally more efficient if the re-
lay route results in a sufficient large spectral gain. For instance in [SEO5] we can find an
example in the context of cooperative space-time codes where a user with a sufficient weak
channel can even worsen the performance of the other user. Thereby, they even did not take
into account the extra allocated spectral resource for the cooperative protocol. Accordingly,
for a user with a good direct link it is inefficient to cooperate with a user which has a weak
direct link. On the other hand the user with the weak direct channel benefits a lot from co-
operation. It follows that in coverage problems only one user will benefit from a cooperative
protocol, which means that for the coverage problem a simple relay or multi-hop communi-
cation protocol is more suitable. Rankov and Wittneben must have had similar thoughts and
motivations when they had the ingenious idea to propose the bidirectional relaying’ concept
in [RW05a, RWO05b, RWO7].

In more detail, in [RW05a] two spectrally efficient amplify-and-forward protocols for uni-
directional and bidirectional relaying are studied. The unidirectional protocol bases on a
strategy where two relay nodes alternately forward messages from the source to the destina-
tion which we similarly proposed in [OS04]. They show that for a sufficiently bad inter-relay
channel the strategy achieves roughly the performance of a full-duplex amplify-and-forward
protocol. For the bidirectional amplify-and-forward protocol two nodes, namely node 1 and
node 2, want to communicate through the support of a common half-duplex relay node. In
the first time slot nodes 1 and 2 transmit their signal to the relay. The relay node scales
the received signal according to its transmit power constraint and retransmits the signal to
nodes 1 and 2 in the following time slot. Since nodes 1 and 2 know their own transmitted
signals they can subtract their contribution before decoding. Thereby, each unidirectional
link still suffers from the additional resource allocation due to the half-duplex node, but the
sum-rate is significantly increased since the relay transmission supports two communication
links at the same time. Note that for the bidirectional protocol between nodes 1 and 2 is
no direct link because both nodes simultaneously transmit in the first phase and receive in
the second phase. A similar strategy for a satellite communication is proposed in the patent
[DMMOI7].

In [RWO05b] Rankov and Wittneben extend the previous spectrally efficient protocols to the
case where the relay nodes support the communication by a decode-and-forward strategy.
The unidirectional protocol with multiple relay nodes leads to an interference channel prob-
lem [CT91] so that this protocol works well for a weak and strong inter-relay channel. The
bidirectional decode-and-forward results in a multiple access channel when nodes 1 and 2

>The bidirectional relaying protocol is also known as the two-way relay channel.
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transmit their information for each other to the relay node. After the relay node successfully
decoded the messages it re-encodes them using superposition encoding and forwards the new
codeword to nodes 1 and 2. Again, both nodes use the knowledge about their own message
to improve their decoding capabilities. Thereby, it is important to notice that they do not
allow cooperation between the encoders of nodes 1 and 2 by feedback, which may improve
the performance. Nonetheless, their final sum-rate performance comparison of all proposed
half-duplex spectrally efficient protocols shows that the bidirectional decode-and-forward
protocol is the most efficient.

We see that if bidirectional communication between the nodes 1 and 2 is desired and the
direct link is sufficiently bad, the bidirectional protocol “trades” the direct links in two half-
duplex relay channels (same routing problem) for increased spectral efficiency. For that
reason, we think that this is conceptually a wise approach for coverage problems where we
have the problem of a weak direct link. In Chapter 2 we study cross-layer design aspects of
this bidirectional decode-and-forward protocol for half-duplex nodes.

In [RWO06] Rankov and Wittneben study the achievable rate region for the restricted full-
duplex case. In all works they follow an analogy which Shannon phrased at his Kyoto lec-
ture® in 1985 as follows “A basic idea in information theory is that information can be
treated very much like a physical quantity, such as mass or energy”. However, in the work
“Network information flow” from Ahlswede, Cai, Li, and Yeung [ACLYO0O] it is shown that
“it is in general not optimal to regard the information to be multicast as a “fluid” which can
simply be routed or replicated. Rather, by employing coding at the nodes, which [they] refer
to as network coding, bandwidth can in general be saved”. This seminal work establishes a
new direction in multiterminal source coding and is closely related to graph theory. The main
result is a Max-flow Min-cut Theorem for the information flow in a multi-terminal source
coding problem with one information source and error-free links. It says that the maximum
rate that a sender can multicast to a set of receivers is given by the minimum cut between
source and receivers. They also present a simple example from Yeung [ Yeu95] which shows
that a multi-source problem is not a trivial extension. Finally they conclude that “coding
by superposition is not optimal in general.” These works have caused a paradigm shift and
have stimulated a new flourishing research area in information theory. The textbook [Yeu02,
Chap. 11 and 15] and the tutorial [ YeuOS5] are good introductions into this rapidly growing
research field and provide more extensive reference lists than we can give.

Ahlswede et al. do not restrict in their work the encoding functions at the terminals. Li,
Yeung, and Cai prove in [LYCO3] that linear coding over a certain base field suffices for
a multicast problem. In [KMO3], Koetter and Medard present an algebraic framework for
the design of linear network codes in a finite field. Today, linear encoding functions based
on the addition in finite fields, especially XOR-Operation in Iy, have found formidable
prominence in the design of network codes. This may go back to the famous “butterfly

® Ahlswede cited this in his Shannon Lecture 2006 [Ahl06].
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network” [YeuO5, Ex. 1.1], [ACLYO00, Fig.7] which shows with a striking simplicity the
potential of network coding. With a specific grouping of the terminals the “butterfly network”
describes a bidirectional communication network [Yeu0S5, Ex. 1.3] which suggests the relay
node to perform an XOR-operation. Then it is interesting to see that the relay node together
with the error-free channels to nodes 1 and 2 describes exactly the XOR-channel of Shannons
example for the two-way channel [Sha61, Fig. 4]. Without considering channel coding
aspects we find this XOR encoding example for bidirectional relaying in [ YeuOS, Ex. 1.4], in
a multi-hop context with a simple acknowledgment protocol in [WCKO5], and with a cyclic
redundancy check at the relay node in [LJSO5]. Popovski and Yomo propose in [PY06] a
Denoise—and—Forward protocol, where the relay tries to eliminate the noise in the received
sum signal by estimation.

The proposed strategies based on network coding principles also show that bidirectional
communication can increase the achievable sum-rate. The channel coding strategy of Rankov
and Wittneben treats information as a physical entity, which is in a multi-terminal source cod-
ing problem in general not optimal. For that reason, in Chapter 3 we study bidirectional re-
laying with classical channel coding arguments following the philosophy of network coding.
We see that the bidirectional relaying with decode-and-forward is a channel where super-
position encoding is indeed not optimal. Unfortunately, we obtained these results after our
cross-layer design studies presented in Chapter 2, where we assume separated information
flows using superposition encoding.

There is lots of work ongoing to transfer the network coding idea to wireless network prob-
lems. The easiest way would be to separate channel-coding and network-coding, but this is in
general not optimal. In [EMH™03] it is shown that separation holds for some networks, but
they also provide networks where separation fails. Likewise in [RK06] it is shown for a relay
network with deterministic channels that channels separation does not hold in general. For
that reason, the design of joint network-channel codes is indispensable. In [HSOBO05] Hausl,
Schreckenbach, Oikonomidis, and Bauch introduce a joint network-channel code based on a
distributed Low-Density Parity-Check code for the two-way relay channel, where encoders
and decoders are designed such that all the network coded parity bits send by the relay node
are useful for the decoding at both users. Then in [HHO06] Hausl and Hagenauer extend the
concept to a turbo network code for the two-way relay channel. Finally in [HD06] we can
see for the multiple access relay channel that the joint network-channel coding approach
performs better than the separate network-channel coding or a distributed turbo code ap-
proach.
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1.2 Contribution and Outline of the Thesis

In Chapter 2 we study bidirectional relaying based on superposition encoding as proposed
in [RWO5b], which means that we consider separated information flows. We study differ-
ent cross-layer design aspects to improve the efficiency and realize synergetic benefits. As
performance metric we consider the achievable rates assuming discrete-time memoryless
Gaussian channels. For that reason, we briefly review some information theoretic arguments
in between to introduce the achievable rates as performance metric.

* In Section 2.2 we intensively examine the achievable bidirectional rate region of a

fixed and optimal time division approach where the nodes are equipped with a single-
antenna element. For a complete understanding of the combinatorial properties we
discuss for different desired rate-pairs the minimal necessary signal-to-noise ratios
in the broadcast phase. Furthermore, we specify the sum-rate optimal rate pairs for
different rate regions. This allows us to characterize in closed form the achievable
rate pairs for the equal and optimal time division case where the weighted rate sum is
maximized, so called Pareto optimal rate pairs’. In the last subsection we characterize
the bidirectional achievable rate region for the optimal time division with scaled mean
power constraints, which corresponds to a different interpretation of the constraint for
a code word concerning its code word length. Parts of the results are published in
[OB0O6b, OB07a], and should be published in [OB06e] and [OBO7b].

In Section 2.3 we introduce and study a queueing model and consider a throughput
optimal resource allocation policy based on the maximum differential backlog algo-
rithm developed by Tassiulas and Ephrimedes [TE92]. We prove the stability region
of bidirectional relaying using standard arguments for the proof as done in [NMRO3],
which base on a well-developed Lyapunov drift analysis of [MT93]. Additionally,
we present some numerical simulation results. Parts of the results are published in
[OB06d, OB07a], and should be published in [OB06e].

In Section 2.4 we consider the routing problem of finding the best relay node in a
network where /N nodes are willing to support the bidirectional communication be-
tween the nodes 1 and 2. We propose to do relay selection based on the achievable
rate region using the Pareto optimal rate pairs. Finally, we prove that for independent
and identical Rayleigh distributed fading channels the sum of the ergodic achievable
rate pairs on the boundary of the equal and optimal time division cases asymptotically
scale with ©(log(log(N))). Parts of the results are published in [OB07a, OB07¢], and
should be published in [OB06a].

" A feasible point of a vector optimization problem is Pareto optimal if and only if there is no feasible point
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which is better in all entries of the vector-valued objective [BV04, Sect. 4.7.3.]. Accordingly, in our context
it means that rate pairs on the boundary in the first quadrant are Pareto optimal since we cannot increase one
rate without decreasing the other.
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* In Section 2.5 we add a multicast of the relay node to the bidirectional relaying pro-
tocol. We examine the joint resource allocation for both routing tasks. Furthermore,
we characterize the optimal decoding order and the total sum-rate optimum for any
fixed time division. Thereby, we identify a rate trade-off property which characterizes
the interchange of bidirectional rate with relay multicast rate while the total sum-rate
remains constant. After that we provide an extensive combinatorial discussion regard-
ing the trade-off, a desired relay rate, and the total sum-rate maximum with respect to
the time division. Parts of the results are published in [OB07a, OB07d], and should be
published in [OBO06c].

* In Section 2.6 we consider bidirectional relaying between nodes equipped with mul-
tiple antennas. Therefore, we briefly review the information theoretic concepts for
vector-valued processing and examine the optimal resource allocation assuming per-
fect channel knowledge at the transmitters as well. The look at the high power behavior
shows a linear growth of the sum of any rate pair on the boundary of the achievable
rate region with respect to the spatial degree of the vector channels and time division.
Parts of the results are published in [OB07c].

* In Section 2.7 we sum up the main results of this chapter and discuss some connections
between them.

In Chapter 3 we derive an optimal coding strategy for the two-phase bidirectional decode-
and-forward relaying protocol without feedback. This means that we consider the two-phase
protocol where we require that the relay node has to decode the messages in the first phase
and forwards the re-encoded messages in the succeeding broadcast phase. Thereby, we do
not allow cooperation between the encoders of nodes 1 and 2. We derive the capacity region
with respect to the maximal error probability by proving a coding theorem and a weak con-
verse. For the illustration of the results we present an example based on the binary erasure
multiple access channel and the binary symmetric broadcast channel. After that we give a
brief discussion and refer to further results regarding a strong converse and practical coding
aspects. Parts of the results are published in [OSBB07, BOSB07, SOS07] and should be
published in [OBSBO7].

Finally, we conclude the thesis in chapter 4 where we give an outlook on future research
directions and present examples how the bidirectional relaying protocol can be integrated in
wireless networks. A complete publication and reference list finalizes the thesis.

Further results which are not part of the Thesis

During my work at the Technical University of Berlin we obtained further interesting results
which are not part of this Thesis.

11
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* In [OB03a] and [OB03b] we characterize the optimal power allocation for an amplify-

and-forward cooperative system with and without a direct link between source and
destination respectively. The single-antenna transmit nodes form a distributed antenna
array, which results in a vector channel to the multi-antenna destination node. We
assume a sum-power constraint between all transmitters. In [OB03a] we show that
the asymptotic power distribution differs to the equal power distribution of a classical
MIMO channel. Furthermore, we see that the capacity saturates in the high power
regime due to the noise amplification. On the other hand, in [OB03b] we find a new
behavior for a scenario where a cooperative station has a larger channel gain than of
the direct link. If both channels are highly correlated it shows that it is optimal to use
the cooperative node only in the low power regime. This means that with increasing
sum-power it is optimal to turn off the cooperative relay node, which is again due to
the additional noise of the relay node.

In [OS04, OB05, OSB06] we propose a cooperative transmission scheme which cir-
cumvents the spectral loss due to the pre-log factor from the half-duplex restriction.
Therefore, we need at least two cooperating nodes which alternatively either transmit
or receive so that at any time the signal from the source is retransmitted after a linear
processing by at least one relay node. It follows that we prevent the pre-log factor
by allocating additional resource in space. But the retransmission scheme could also
cause an unstable system. Accordingly, we find the condition for the linear processing
which ensures system stability. Moreover, we present a necessary and sufficient con-
dition so that the relay network has a finite impulse response, which limits the impact
of the noise added by the relay nodes. We end up with a system equation which is
equivalent to a transmission over a frequency-selective channel with additive colored
noise. For the evaluation of the relay network we study the frame error performance
of a proposed suboptimal Viterbi-decoder, a maximum likelihood sphere-decoder, the
performance of a detector based on the semidefinite relaxation method and the di-
versity order®. Furthermore, we derived the capacity with equal power distribution
between the nodes, which can be solved using Jensens formula [Rud66] and charac-
terize channel conditions where the relay network will always have a better pair-wise
error probability.

In coauthored works with Aydin Sezgin we obtain results on the field of Space-Time
Block Codes. In [SO04a] we propose a transmit strategy which bases on regular block
Markov encoding. In [SO04b, SO04d, SO04c] we find and utilize spectral properties
of quasi-orthogonal Space-Time Block Codes.

8These discussions were made in the context of the supervised diploma theses: “Analysis of Sphere Decoding
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in linear cooperative wireless Relay Networks" of Benjamin Schubert and “Diversity order analysis of com-
plexity efficient decoding techniques in linear cooperative wireless relay networks" of Rafael Wyrembelski.
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¢ In the coauthored work with Eduard Jorswieck [JOBOS5], we study the impact of chan-
nel correlation on diversity combiners in a flat fading single-input multiple-output sys-
tem using majorization theory [MO79].
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2 Bidirectional Relay Communication
using Superposition Encoding

2.1 Introduction

We consider a three-node network where two nodes communicate with each other using the
support of a half-duplex relay node. The inherent spectral loss of unidirectional protocols can
be significantly reduced through bidirectional relaying. In this chapter we study some cross-
layer design aspects of the bidirectional relaying decode-and-forward protocol which was
proposed by Rankov and Wittneben in [RWO05b, RW07]. Therefore, we assume discrete-
time memoryless Gaussian channels between the nodes. At the relay node we apply the
superposition encoding technique so that we consider separated information flows.

System Model

The bidirectional two-hop communication is established in two phases, namely the multi-
ple access (MAC) phase and the broadcast (BC) phase, c.f. Figure 2.1. The protocol starts
with the multiple access phase where node 1 transmits a message with rate [?; and node 2
transmits a message with rate Rs to the relay node simultaneously. The relay node decodes
both messages. In the succeeding BC phase the relay broadcasts the re-encoded messages
where it uses superposition encoding technique. Since for each receiving node in the BC
phase one message originates from itself, each receiving node performs interference cancel-
lation before decoding the unknown message. This results in two separated interference-free
transmissions essentially.

6 b O & d

(a) MAC phase (b) BC phase

Figure 2.1: A three-node network, where each node is equipped with one antenna element.
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In this thesis we do not allow cooperation between the two phases. This means that we
do not allow any feedback which could be used for cooperation between the encoders. For
Shannon’s two-way channel [Sha61] this is known as the restricted two-way channel. Fur-
thermore, we assume that the noise and information sources at nodes 1 and 2 are independent
and all nodes are perfectly synchronized.

Throughout the chapter we consider a baseband discrete-time system. We assume a multi-
plicative channel model which includes the physical channel, the shaping pulse at the trans-
mitter, and the whitening matched filter at the receiver. Unless otherwise stated, the channel
is considered to be a single-input single-output (SISO) linear time-invariant system, which
can be seen as a snapshot of a time-varying flat fading channel.

Let h; € C denote the channel gain between node 1 and the relay node and hs € C denotes
the channel gain between node 2 and the relay node. For notational simplicity we assume
reciprocal channels. Then after symbol-rate sampling the system equation for time instants
m in the MAC phase is given by

yr[m] = hiz1[m] + hoxa[m] + ngr[m],

where yr[m| denotes the received signal at the relay node, x1[m] and x2[m| denote the
transmit signals of nodes 1 and 2, and ng[m| denotes the additive noise. Similarly, after
symbol-rate sampling the system equation for time instants m in the BC phase is given by

yr[m] = hixr[m] + ng[m], k=1,2,

where yy.[m] denotes the received signal at node k = 1, 2, xg[m| denotes the transmit signal
of the relay node, and ny[m] denotes the additive noise at node k£ = 1,2. We assume that
the noise at each antenna is independent additive white Gaussian noise with zero mean and
power o2. Due to the central limit theorem, the Gaussian noise assumption is reasonable for
a wide class of practical channel models, e.g. thermal noise is modeled by a Gaussian distri-
bution. For each node we have a mean transmit power constraint Py, k € {1,2, R}, so that
we can define the signal-to-noise ratios v, := Py/c?, k € {1,2,R}. Throughout the thesis
we consider normalized powers. Without further notification, we assume that |h1|, |ho|, and
Py, k € {1,2, R} are strictly positive because otherwise bidirectional communication would
not be possible.

In this thesis we consider an orthogonal resource allocation for the two phases in the time
domain. Conceptually the results can be easily transfered to an orthogonal resource allo-
cation in the frequency domain, but then we have to consider the capacity of bandlimited
channels. We assume that all links are reciprocal. In practical systems this condition is ful-
filled if the round-trip time of both phases is shorter than the coherence time of the channel.
Similarly, if we allocate orthogonal resources in frequency domain the condition is fulfilled
if the frequency separation is smaller than the coherence bandwidth. However, in this thesis
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we look at the rates which are achievable for a given channel realization. Therefore, channel
reciprocity and equal noise powers are not necessary assumptions since with an appropriate
substitution of the individual transmit power constraints we can include the general case.!
Finally, we want to remark that in most sections we assume a time-invariant channel model.
For the cases where we consider a time-variant channel model we are interested in the time
averages of the achievable rates. Therefore, we assume that the channel remains constant
long enough so that we can achieve the information theoretic rate. An optimization of the
resource allocation over the time-variance of the channels is out of the scope of the thesis.

Outline of this Chapter

In Section 2.2 we examine the achievable bidirectional rate region for a fixed and optimized
time division between the two phases. For a complete understanding of the combinatorial
properties we first study minimal necessary signal-noise ratios yg to support a certain rate
pair in the MAC phase and characterize the sum-rate optimal rate pairs of the rate region
of each phase and of the bidirectional protocol. After that, we characterize for any weight
vector the corresponding rate pair on the boundary of the rate region that maximizes the
weighted rate sum. Rate pairs on the boundary are Pareto optimal since they can be seen
as solutions of a multi-objective optimization problem where we want to maximize each
rate individually. We use these Pareto optimal rate pairs in the following two sections. In
Section 2.3 we discuss a throughput optimal resource allocation policy based on a back-
pressure strategy. In Section 2.4 we consider the problem of relay selection in a network
based on the achievable rate region. Furthermore, we look at the asymptotic growth of the
ergodic rate region assuming independent and identical Rayleigh distributed channels.

In Section 2.5 we examine the joint resource allocation for the bidirectional relaying and
an additional multicast of the relay node. We characterize the optimal decoding order and
the total sum-rate maximum. Furthermore, we characterize a rate trade-off property where
the total sum-rate remains constant. After that we present a combinatorial discussion of the
results. In Section 2.6 we consider the achievable rate region of bidirectional relaying be-
tween nodes equipped with multiple antennas. Therefore, we briefly review the information
theoretic concepts for vector-valued processing and present the optimal resource allocation
assuming perfect channel knowledge at the transmitters. Finally, we identify the linear scal-
ing law of the achievable rates in the high power regime.

For a clear presentation we illustrate many results by examples or numerical simulations. In

"Let hyy and o7 with k,1 € {1,2, R} denote the channel coefficient of the channel from node k to node / and

the noise power at node k. Then with the substitution ‘hR’Cl ‘hkl ,and P, = P 'hkR“;’g ,fork =1,2,

we can transfer our results to individual channel coefﬁments and noise powers.
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Section 2.7 we give a comprehensive discussion about the cross-layer design aspects consid-
ered in this chapter.

2.2 Achievable Rate Region of Bidirectional Relaying

Rankov and Wittneben only looked at the sum-rate performance assuming an equal time
division between the MAC and the BC phase. Since bidirectional communication is charac-
terized by a two-dimensional rate vector, for cross-layer design aspects we need to know the
whole achievable rate region in detail. Moreover, we notice that we can obviously enlarge
the achievable rate region if we optimize the time division between the phases.

In this chapter we regard information as a “fluid”, which means that multiple messages are
encoded by using the superposition encoding technique. Then the decoding of multiple mes-
sages is done successively. This means that when we decode the codeword of a message
we regard the codewords of the succeeding unknown messages as additional noise. After
the successful decoding of the message the interference of the corresponding codeword is
canceled, which reduces the noise level for the succeeding messages and therefore improves
the decoding capability. This decoding technique is known as successive interference can-
cellation. For the encoding of multiple messages it follows that we can apply the encoding
principles of the single-user point-to-point communication where the encoding has to factor
in the position in decoding sequence. For that reason we first briefly look at the results for
the simple single-input single-output (SISO) Gaussian channel. These can be found in most
textbooks on information theory or good books on wireless communications, e.g. [Gal68§],
[CT91], or [TVO5]%. Then we will briefly discuss the results regarding the capacity region
of the Gaussian multiple access channel for completeness. For the achievable rate region of
the broadcast phase we use the results of the Gaussian channel. In the rest of the section we
study the resulting achievable rate region of the bidirectional relaying protocol.

2.2.1 Gaussian Channel

We start with a simple single-input single-output discrete-time memoryless AWGN channel.
We assume complex signaling, which is motivated by the baseband processing. Furthermore,
we include a time-invariant multiplicative channel coefficient in this discussion. This results
in a linear channel model with a multiplicative and additive distortion of the transmit signal

*We have argued as for an additive channel model like the AWGN channel since this is the most interesting
channel for wireless communication. But the basic arguments also apply for more general settings, where we
translate noise or interference with uncertainty so that interference cancellation corresponds to a reduction in
uncertainty.
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2.2 Achievable Rate Region

with a channel coefficient h, which is perfectly known at the receiver, and a complex Gaus-
sian noise random variable N ~ CA/ (0, o2) respectively. We consider a continuous-valued
input and output where the complex random variables X and Y with support sets Sy and Sx
represent single letters of our transmit and receive signals. For the transmit signal we require
a transmit power constraint so that the second moment of the random variable is bounded
by some constant P, i.e. E{|X|?} < P. We assume that the noise is independent of the
transmit signal. Then the single letter input-output relation can be expressed as follows

Y=hX+N.

A single letter description will be sufficient since we consider a memoryless channel.

In the seminal work [Sha48] Shannon studied the problem of how best to encode the in-
formation a sender wants to transmit. For that goal he introduced the concept of mutual
information which measures the amount of information one random variable reveals about
another. Twenty years before, Hartley introduced in communications the concept of entropy
as a measure of uncertainty about a random variable from thermodynamics. Then the mutual
information characterizes the reduction in uncertainty. It therefore measures the quantity of
transmitted information.

Since we consider a channel with continuous alphabets, we get the mutual information in
terms of differential entropies3 [CTI1, Chapter 9],

I(X;Y) = h(Y) — h(Y]X) = h(Y) — h(N).

The differential entropy h(Y") of a continuous random variables X defined on the support set
Sy with the density fy (y) is defined as

h(X) = — 8 fy (y)log fy (y)dy.

Since the logarithm is to the base two, we measure the entropy in bits. The conditional
differential entropy h(Y'|X) of the random variables (Y, X') defined on the support set Sy x
Sx with the joint and conditional densities fy x (y, ) and fy|x (y|r) is defined as

h(Y|X) = —/S s fyix(y,x)log fy|x (ylz)d(y,z) = M(X,Y) = h(Y).  (2.1)

3In the classical Gaussian channel there is no channel coefficient h. Therefore, for our channel model some
authors write I (X; Y, h) to indicate the channel knowledge at the receiver. Since we assume perfect channel
knowledge at the receivers throughout the thesis, we skip this entry to keep the notation simple. Furthermore,
often real-valued signaling is considered. Conceptually there is no difference between complex and real
processing since we can consider each use of a complex AWGN channel as two uses of a real AWGN
channel.
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2 Bidirectional Relay Communication using Superposition Encoding

Then the differential entropy of a complex Gaussian random variable Z with density ¢(z) =

p—— exp(—'zt_’#) is given by
¢(2) Lo le—pl?
hZ)=— 1 dz=— 1 - d
#) =~ [ otontoeniz = [ T2 ()~ E )
1
=1 b —— =1 %). 2.2
og(mo®) + n(2) og(emo?) (2.2)
Therewith, we get the differential entropy of the noise as h(NN) = log(e 7o?).
The next important quantity is the relative entropy D(f|lg) = [ flogf/g (with

0log(0/0) := 0) between two densities f and g which are finite only if the support set
of f is contained in the support set of g. From Jensen’s Inequality* we know that the relative
entropy between two densities f and g is always non-negative, D(f||g) > 0 [CT91, Theo-
rem 9.6.1]. It follows that for any complex random variable Z defined on the support set Sz
with density f(z) and E{|z|?} = 02 we have h(Z) < log(enc?). This can be easily seen
by the following: Let ¢(z) be the density of a complex Gaussian random variable according
to CN(0, 0%), then

0< D(f]6) = /S flog(f/) = /S Floa(f)— [ fio8o)
|2

=—h(Z) - /SZ 1{1((22)) (ln (%) - |§2)dz = —h(Z) +log(ena?).

It follows that the complex normal distribution CA/(0, o) maximizes the entropy over all
complex distributions with the same second moment.

Since the noise NV is independent of the input X, for the second moment of the output we
have

E{|Y]} = E{|[h X + N’} = [hPE{| X[} + E{|N]*} < [h*P + 0.

Then it follows from the previous that the differential entropy of the output is maximized
with h(Y) = log(en(|h|? P+0?)) if the input X is distributed according to complex normal
distribution CN (0, P). This means that Gaussian distributed codebooks are optimal.

The information capacity C' of the Gaussian channel is defined as the maximum mutual in-
formation between the input and output over all input distributions that satisfy the power

*Jensen’s Inequality can be formulated in different notations. In the notation of probability theory let X be a
random variable with support Sx C R and letf : Sx — R be a convex function, then we have E{ f(X)} >

FELXD).
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2.2 Achievable Rate Region

constraint [CT91, Chapter 10]. With the previous considerations we can express the infor-
mation capacity as follows

C:= max I(X;Y) = max h(Y) — log(e mo?)
fx (@) B{|X|?}<P fx (@) B{|X|?}<P
=log (em(|h[*P + 0?)) — log(emo?) = log (1 + 2 ).

Then the result of Shannon’s work says that one can construct a sequence of block codes
that satisfies the power constraint, has a rate smaller but arbitrary close to the information
capacity, and has a maximum probability of error which tends to zero with increasing block
code length. Therefore, the information capacity is also the supremum of the achievable
rates of the channel which means that the operational and information capacity are equal.
For more details we refer to any information theory text book that covers the channel coding
theorem for the Gaussian channel, e.g. [CT91].

2.2.2 Multiple Access Phase

In the multiple access phase of the bidirectional relaying protocol nodes 1 and 2 simultane-
ously transmit independent messages m; and meo with rates R; and Rs to the relay node.
Thereby, the message m; from node 1 is intended for node 2 and vice versa for message
my. For the MAC phase we apply the capacity achieving coding strategy. The capacity
region for the discrete memoryless multiple access channel was independently derived by
Ahlswede [Ahl71a] and Liao [Lia72] using finite set alphabets and is now part of any in-
formation theory textbook that contains multiuser information theory, [Wol78], [CK81], and
[CT91]°. The result of the capacity region can be modified to apply to continuous input and
output alphabets with an additional mean input power constraints, which was independently
done by Wyner in [Wyn74] and Cover in [Cov75]. From wireless communication point of
view the multiple access channel with Gaussian channels is most important.

Since the channel is memoryless, it is sufficient to consider single-letters only. Then the
input-output relation of the discrete-time memoryless Gaussian multiple access channel is
given by

YR = h1 X1 + ho X2 + Ng.

The continuous random variable Yr denotes the output at the relay node and the continuous
random variables X and X5 denote the inputs from the nodes 1 and 2, which are all complex
since we consider baseband signaling. The complex coefficients i1 and ho model the time-
invariant channel gains between the nodes. The received signal at the relay node is distorted

SWe reproduce the theorem in Section 3.1.2 where we present a coding theorem for the BC phase of the
bidirectional relay channel using finite set alphabets. Here, we only present the result for the Gaussian
channel which we consider in this chapter.
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2 Bidirectional Relay Communication using Superposition Encoding

by complex additive white Gaussian noise Ng ~ CA(0,0?). Then the multiple access
capacity region Crac is given by the convex hull of the set of rate pairs satisfying

R < I(X1;YR\X2),
Ry < I(XQ;YR‘XI),
Ri+ Ry < I(Xy1,X2; YR),

for some input distribution fx, (z) which satisfies the input power constraints TE{| X |*} <
Py, k = 1,2. With the same arguments as in Section 2.2.1 it can easily be shown that com-
plex Gaussian input distributions with X ~ CN(0, Py), k = 1, 2, maximize I (X1; Yr|X2),
I(X2;Yr|X1), and I(X1, Xo; YR). Since in the scalar case all mutual informations are si-
multaneously maximized, it follows that the rate constraints are tight so that the capacity
region of the MAC phase is given by

Cuinc = {[B1, Ra] € RE ¢ Ry < Ry, Ry < Ry, Ry + By < RYAC)

with the individual and sum-rate constraints

Rz :=log (1+m[m|?), (2.4a)
Rz :=log (1 + 72|hal?) (2.4b)
RYAC :=log (14 yi|h1[* + y2lha|?) (2.4¢)
and signal-to-noise ratios y; = % and yo = %.

Similarly to the Gaussian channel it is possible to construct a sequence of block codes that
satisfies the power constraints and achieves a rate pair [R;, Ra] € Cyac arbitrary close
while the maximum probability of error tends to zero with increasing block length [CT91].
For that reason we assume error-free decoding in the MAC phase if [R1, R2] € Cu Ac? for
the following cross-layer design.

Since Cypac 1S a pentagon, it can be completely described by five vertices. Thereby, the
vertices where the individual rate constraints intersect with the sum-rate constraint,

. 1 Y1 HMAC _ Yo|hal|?

vs1 = [Re, RY'] with RY' := RYAC — R = log (1 T %|h1|2), (2.5a)
P2y 2% . HMAC _ Yi|ha|?

vor i= [R¥, Ryz]  with R := RMAC — R, — log (1 R 72|h2|2), (2.5b)

are most interesting for the combinatoric as seen in [TH98]. To achieve the vertices, we have
to apply successive interference cancellation. This means that in the first decoding step the

®If we can make the error of the MAC and of the BC phase arbitrary small, it follows from the union bound
that we can make the error of the bidirectional relay channel arbitrary small.
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2.2 Achievable Rate Region

codeword of the second message to decode is regarded as additional noise. After decoding
the first message the interference of the corresponding codeword is canceled so that we can
decode the second message without interference. Then each vertex corresponds to a specific
decoding order. To achieve vy;; we have to decode the message mso before m; and vice versa
for vox.

In the following we often consider the boundary of the rate region and therefore define the
interesting sections of the boundary as follows

R i= {[Rﬁ»,Rg] ER2: 0< Ry < R§1}, (2.6a)
Rys i= {[Rl,Rﬁ] ER2: 0< R < R%E}, (2.6b)
RMAC . {[Rl, RMAC_RleR2: RE <R < Rﬁ}. (2.6¢)

The set R%IAC specifies the dominant face of the pentagon and characterizes the sum-rate
optimal rate pairs in the MAC phase. We can achieve the rates on the dominant face by
time-sharing between vy; and vy, or by a rate splitting technique according to [RU95].

2.2.3 Broadcast Phase

In the succeeding BC phase the relay forwards the previously received message m; to node
2 and message mo to node 1. In this chapter we follow the superposition encoding strategy
as proposed in [RWO05b]. Therefore, the messages m; and my are separately encoded as for
the point-to-point Gaussian channel. Since we consider a memoryless channel, it is again
sufficient to consider single-letters only. Then the input random variable of the relay node
using superposition encoding is given by

Xr =W+ W,

where the random variables W; and Ws correspond to the codewords of the messages m
for node 2 and my for node 1. Since the messages m; and my are independent, the random
variables W1 and Wy are independent as well. From this we get the output at nodes 1 and 2
as follows

Y, = hiy Xg + N1 = hy W1 + hi Wo + Ng, k=1,2.

Since the messages m and me originate from nodes 1 and 2 respectively, at each receiving
node one message and therefore one codeword is known. This a priori knowledge allows the
receiving nodes to subtract the interference caused by the codeword of its own message. With
this interference cancellation technique we essentially have an interference-free reception at
each receiving node, which results in two equivalent single-user AWGN channels. It follows
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2 Bidirectional Relay Communication using Superposition Encoding

that the achievable rates in the BC phase using superposition encoding, i.e. X = W1 + Wa,
have to fulfill the constraints

Ry < I(Xgr; Y1|W1) = I(Wa; hiWa + Ny),
Ry < I(XR; Ya|Wa) = I(W1; ha W1 + Na),

for some input distribution fy, (wy), k = 1,2, satisfying the power constraint E{| Xg|*} =
E{[W1[*} + E{[Wa[*} < P

Obviously, the mutual informations are only coupled by the relay input power constraint,
which means that we have to distribute the power Pg on both codewords. Let 31 and (3o
denote the proportion of relay transmit power Pr spend for the codewords W and Ws
respectively. Then the simplex

B = {[ﬁl,ﬂQ] S [0, 1] X [0, 1] : ﬁ1 +62 < 1}

characterizes the set of feasible relay power distributions that satisfy the relay transmit
power constraint. For a given feasible relay power distribution [31,32] € B we know
from Section 2.2.1 that complex Gaussian distributed inputs W7 ~ CN(0, 31 Pr) and
Wy ~ CN(0, 32 Pr) maximize the mutual informations. It follows that with the super-
position encoding in the BC phase we can achieve any rate pair within the rate region

RBC Z:{[Rl,R2] €ERZ: R < Res(B1), R < Rz (B2), with [B1, Ba] € B}
with rate constraints

R :[0,1] = Ry, B1— log (1+9rpilhol?), (2.7a)
Rg;:[0,1] = Ry, B2+ log (1+ B2 |?), (2.7b)

and signal-to-noise ratio yg = %.
In next proposition we show that in the BC phase we do not need the convex hull operation
as in the MAC phase since Rpc is already convex, which means that in the BC phase time-

sharing is not necessary.
Proposition 2.1. Rpc is convex.
Proof. The proof can be found in Appendix 2.8.1. O

Similarly to the Gaussian channel it is possible to construct a sequence of block codes that
satisfies the power constraint and achieves a rate pair [R1, Ra] € Rpc arbitrary close while
the maximum probability of error tends to zero with increasing block length. For that reason
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2.2 Achievable Rate Region

we assume error-free decoding in the BC phase if [R;, R2] € Rpc for the following cross-
layer design.

For any rate pair on the boundary of the BC region we obviously have 3; + #2 = 1. Accord-
ingly, the boundary of Rpc can be parametrized by the rate pair function

Rpc : [07 1} - ]R?‘,-a ﬁ = Rﬁ(ﬁ)aRﬁ’(l _ﬁ) > (2.8)

where we have 31 = 3 and 32 = 1 — 3. This allows us to characterize the sum-rate optimal
rate pair in the BC phase.

Proposition 2.2. The maximum sum-rate REC = max Ry + Ry of the broadcast
[R1,R2]€ERBC

rate region Rpc is given by

log(1 + yr|h1/?), ifo* <0, (2.92)
2 2
REC = ¢ log ($(1 4wl [* + f2B)(1+mlhal® + 122)), 0 < B* < 1,2.9b)
log(1 + vr|h2|?), i >1,  (2.9¢)
with 3 .= % + Q%R(‘hhg — ‘h;g) and is attained at the rate pair

[0, Rz (1)), if B* <0, (2.10a)

(R, RE] = { [Rs(8Y), Rg(1 = 69)), f0<p" <1, (2.10b)

[Re(1), 0], if 3* > 1, (2.10c)

2 2
with Ry (%) = log (5(1+ lha|? + [j212) and R (8*) = log (3(1+ ymlm]? + ).

N[

Proof. The proof can be found in Appendix 2.8.2. O

Furthermore, for any fixed relay power distribution 3 € [0, 1] with f; = Sand fo =1 — (3
in the BC phase we can achieve any rate pair in the rate region

Rpc(B) = {[Rl,Rz] : R < Ry (B), B2 < Rz (1 — ﬁ)} (2.11)

so that obviously Rpc = U 5e[0,1] Rpc(f) holds. Finally, we want to remark that Rpc is
larger than the rate region of the degraded broadcast channel, where for the encoding and
decoding for one receiving node the own message is regarded as interference.
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2 Bidirectional Relay Communication using Superposition Encoding

2.2.4 Bidirectional Achievable Rate Region

For the bidirectional relaying protocol we are in the MAC and BC phases for fraction of
time only so that we have to scale the achievable rate pairs according to the time division.
This means that for a time division parameter o € [0, 1] we can achieve rate pairs R within
the rate regions aCyac in the MAC phase and (1 — a)Rpc(f) in the BC phase with a
relay power distribution 5 € [0, 1]. For a successful bidirectional relay transmission of the
message m; with rate R; from node 1 to node 2 and message msy with rate Ry from node 2
to node 1 the rate pair R = [R;, Rs] has to be within the scaled MAC rate region aCyac
as well as within the scaled BC rate region (1 — a)Rpc (/). This means that for any given
time division parameter « € [0, 1] and relay power distribution 3 € [0, 1] the achievable rate
region of the bidirectional relaying Rgr (c, 3) is given by the intersection

RBR(Q, ﬂ) = aCpac N (1 — Oz)'RBc(,B).
In the following we will call R; and R» unidirectional rates.

Since this applies to any relay power distribution 3 € [0, 1], the achievable rate region of
the bidirectional relaying with the optimal relay power distribution for a fixed time division
parameter v € [0, 1] is given by the union over all possible relay power distributions

Rpr(a) == U Rer(e.f) =alymacnN(1—a) U Rpc(f)
Belo1] Befo,1] 2.12)

= aCyac N (1 — @)Rpce.

The set Rpr () is convex since the intersection of convex sets, aCyiac and (1 — a)Rpc, is
itself convex.

We are now interested which relay power Pg respectively signal-to-noise ratio g is neces-
sary to support a rate pair [R} | R}] € Cyiac for a given time division parameter o € [0, 1].
From (2.7a) and (2.7b) we can conclude

M 2 ora il

aR” = (1—-a)log(l1+ fiwrlhe|®) = fi=——m—
|ha|* R

M 2 ora s’ g

aRy’ = (1—a)log(l+ Boyr|hil®) = fo=—m—
|h1[* R

It can be easily seen by contradiction that for the minimum relay power we have 1 = (31 +
(2. From this we get the minimum -~ which is necessary to support a MAC rate pair
[R{w , Ré\/l | € Cumac for a time division parameter « as follows

. TR | grmRY
R, Ry ) =
R ( 1 2 Oé) ’h2|2 + |hl‘2

(2.13)
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2.2 Achievable Rate Region

This allows us to characterize the minimum relay power Py respectively signal-to-noise
ratio yg which is necessary to support any rate pair in MAC rate region Cyrac in the next
proposition.

Proposition 2.3. Given a MAC rate region Cxiac and a time division parameter o where
i a) = ’ygin(Rﬁ», R¥L a) and 43 (o) = R0 (R3™, Rz, o) denote the minimum ~yr
necessary to support the vertices vy, and vox.. Then the minimum g which is necessary to
support any rate pair [RM | R} € Cyac is given by

'yg[Ac(a) = max {’ygl(a), 712{2(04)} )

In the case of equal time division, « = 1/2, we have

2 2
S0y - 11 Y2|ha|
) = e T T e
Yalh2|? Y1|ha|?
225(1/) =

|hi?2 (1 4+ 2lha|?)|hel?

Proof. Since Rpc is a convex set which increases with increasing g, any rate pair
[RY, R} € Cymac can be supported if 4R is that large that both vertices of aCyac are
in (1 —a)Rpc.

For the equal time division case we get for the vertex vy = [Ri3;, RMAC Rz] = [log(1+

y1)h1)?), log(1 + %)] the minimum relay power v (1/2) and for the vertex voy =
hil? ..
[RMAC Rz, Rz] = [log(1 + %),log(l + Ya|ha|?)] the minimum relay power
72> (1/2) using (2.13). O
MAC

Using yr = i~ allows to support all possible rate pairs from the MAC phase, but in
general it is the minimal necessary yr for one vertex only. This leads to the idea that the
relay node can use the remaining power to sent an own message additionally. In Section 2.5
we study a scenario where the relay node adds a multicast communication to the bidirectional
relay communication.

Remark 2.4. For the equal time division case, « = 1/2, we have ﬁ = 1 so that we can
explicitly calculate v (1/2) and V&= (1/2) in terms of |h1|?, |h2|?, 71, and 2. For the same
reason some following closed-form results can be obtained for o = 1/2 only. For other
time division parameter such an explicit solution is not possible, but the behavior is similar.

Therefore, we often consider the equal time division case exemplarily.
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(a) Bidirectional achievable rate region with
equal time division Rer(1/2) (solid line), the
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(b) Bidirectional achievable rate region with
optimal time division Rpropt (solid line)
and Rpr(0.4,3) = 0.4Cwmac (solid line),
Rer(0.436,3) (dashed line), Rer(l/2,3)
(dotted line), Rsr(0.56,3) (dashed-dotted
line), and Rer (0.6, 3) = 0.4 Rpc (solid line).

Figure 2.2: Bidirectional achievable rate region of an example scenario

The next natural extension is to look at the achievable rate region where we additionally
allow to optimize the time division between the MAC and the BC phase. This rate region is
obviously given by the union over all possible time division parameters « as follows

U Rer(a)=

a€(0,1]

U (OéCMAC N (1 — Oé)'RBC).
ael0,1]

RBRopt := (2.14)

As a union of convex sets the rate region RpRrept need not be convex. Convexity can be
achieved if we allow time-sharing between bidirectional rate pairs with different time divi-
sion parameters, but from the following Corollary 2.13 we will see that Rpropt is already
convex. This means that for any rate pair in Rpropt there exists a time division parameters
« for which this rate pair is achievable.

In Figure 2.2 we depicted the achievable rate regions of an example. In the left figure
we see the bidirectional achievable rate region Rpgr(1/2) for the equal time division case,
which is given by the intersection of the scaled achievable rate regions of the MAC and
BC phases. In the right figure we show the achievable rate region Rgropt of the optimal
time division case. Additionally, the rate regions Rpr(«) for some fixed time division pa-
rameters « are depicted. The bullets (*) mark the rate pairs where rate pairs of Rpr(«)
achieve the boundary of Rpgrept. We see that we have Rpr(a) = aCvac C RBRopt OF
Rpr(®) = (1—a)Rpc C RBRopt if the time division parameter is too small or too large re-
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2.2 Achievable Rate Region

spectively. Furthermore, we see that for the time division parameter o« = 0.436 two rate pairs
achieve the boundary. Note that the marked rate pairs on the boundary RRropt correspond
to intersection points of the boundaries of the scaled MAC and BC regions. Lemma 2.11 ex-
plains this observation and leads to an equivalent characterization of the bidirectional achiev-
able rate region RpRropt in Theorem 2.12. The simple description of the boundary allows us
to identify for any given weight vector the rate pair which maximize the weighted rate sum
in Theorem 2.16.

In the following we study the properties of the bidirectional achievable rate region for the
fixed and optimal time division. For the fixed time division we focus on the equal time
division case’. For other fixed time division cases the behavior is similar, but often it cannot
be calculated explicitly. After that, we identify the optimal time division and relay power
distribution for an optimal rate allocation. From this we can deduce an equivalent description
of RBropt- The previous studies allow us to characterize in details the boundaries of the
bidirectional achievable rate regions. In particular we are able to specify in closed form the
rate pairs which maximize the weighted rate sum for any weight vector.

For notationally simplicity we will use the abbreviations

RBReq := RBRr(Y/2) and  Rpreq(B) := Rpr(Y/2,8).

Equal time division

With the first theorem and its corollaries we explore the combinatorial structure of the achiev-
able rate region RpReq. In Theorem 2.5 we derive the maximal bidirectional sum-rate Ry.((3)
for any relay power distribution 5 € [0, 1]. As a direct consequence of the theorem we can
characterize the achievable rate region Rgr (/) in Corollary 2.6. But we can also use the
result of Theorem 2.5 to characterize the minimal relay power which is necessary to support
in the BC phase a rate pair [R}?, R}] € Cypac which achieves the maximal sum-rate in the
MAC phase, i.e. R{V[ + Réw = RI%IAC. Finally in Corollary 2.8 we identify the sum-rate
optimal rate pair of RpRreq. For the equal time division case the whole discussion leads to
explicit expressions, but the combinatoric of Rpg(«) is the same for any o € [0, 1], cf.
Remark 2.4.

In Theorem 2.19 we use the explicit knowledge about the combinatoric to characterize in
closed form the rate pairs on the boundary of Rpreq Which maximize the weighted rate
sum, so called Paretto optimal rate pairs. The Pareto optimal rate pairs play a crucial role for
the throughput optimal resource allocation policy in Section 2.3 and for the relay selection
problem in Section 2.4.

"In the following the subscript eq or opt specify the corresponding rate, rate pair, or rate region for the equal
time division or the optimal time division case.
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2 Bidirectional Relay Communication using Superposition Encoding

Theorem 2.5. For bidirectional relaying with equal time division the maximal sum-rate
Rs(B) :=  max 5 R1 + Ry of the bidirectional rate region Rureq () for a given relay

ERBReq(
power distribution parameter 3 € [0, 1] is given by

Ry () = $ min { RY*°, R + R (1 — 8), Ry (8) + Ry, Ry (B) + Rz (1 — )}

R + Rz (1= 5), if 3 € T, (2.15a)
_ 1) Bgg(B) + Rag, if B € I, (2.15b)
"~ 2| Rg(B)+ Rg;(1—0),  if B € Tnc (2.15¢)
RyAC, if B € Iy, (2.15d)

with sets
Ty := [Bx1, 1] N [Be1, fiB],
Iy := [0, Bax] N [Br2, f2m],
(Bx, BsB), if B > AB,

0, else,

Iy := (fox, fx1) N {
IBC = [0, 1] \ (Il UZy UIE),

and characteristic values®

Yolha|? Y1lh |?
/821 =1- ) /BBl = P
Rl [2(1 + 71| ]?) Yr|ho|?
1 Y1]ha]?
Bip =1+ ; Box = ,
Yr|h1]? Yr|h2|2(1 + v2|ha|?)
1 V2| hal?
fp2 = ———3, fop :=1— ,
277 mlhof? ? |2

Bpy = " — /6% — AB, By = "+ /6% — AB,

1 1 1 1 1 Y2 ’YR_’71>
*— 4 — , and Ap:=— — .
=5 %RQWQ\MJ p ﬁ(mw a2

Proof. The proof can be found in Appendix 2.8.3. O

The sets 71,72, Iy, and Zpc characterize the active restriction for a given power distribution
B. If B € 1, then the unidirectional rate R; is limited by 1/2Rﬁ and Ry is limited by
/2R (1 — ). Accordingly, if 3 € T, then the unidirectional rate Ry is limited by 1/2R—

8The indices of the points of intersections of f1, fs, fy;, and fgc, which are used in the proof, indicate the
minimal function for smaller 3 by the first index and for larger 8 by the second index.
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2.2 Achievable Rate Region

and Ry is limited by /2R (3). For 8 € Iy, the MAC sum-rate restriction limits the sum-
rate R1 + Ry < 1/2R1\E/[AC. If § € Ipc, the unidirectional rates R; and Rs are limited by
/2R () and 1/2R= (1 — j3), i.e. the broadcast is the limiting phase. Finally, Rpreq is not
restricted by a certain constraint if the corresponding set is empty, e.g. if Zgc = () the whole
MAC region can be supported in the BC phase, i.e. Rpreq = L/2CyAc-

Thus, as a direct consequence of the theorem, the following corollary characterizes the
achievable rate region for a given relay power distribution parameter 3 € [0, 1].

Corollary 2.6. For bidirectional relaying with equal time division the achievable bidirec-
tional rate region Rpreq(3) for a given relay power distribution parameter 3 € [0,1] is
given by

{RGRE_: RISRﬁa R2§Rﬁ(1_ﬁ)}a ifﬁGIl,
1 {REIR%,_ RléRﬁ(ﬁ)a RQSRﬁ 5 lfﬁez%
Rereq(B) = 5 {ReRY: R < R(B), Rz < Rz (1 - B)}, if 6 € Inc,
Ry < Rg3(B), Re < Rz (1 - 1), .
RcR?2: R2 R1 , ifpels.
{ ’ Ry + Ry < RMAC et

For 3 € Z1 UZy U Ipc the rate region RpRreq(/3) is a rectangular, which is characterized by
two individual rate constraints. For those relay power distributions the upper right vertex of
the rate region characterizes a boundary rate pair of Rpreq. If 3 € Iy, the MAC sum-rate
constraint has additionally to be satisfied. For those relay power distributions the sum-rate
constraint of the MAC phase restricts the achievable rate region RpRreq-

In the next corollary we characterize the minimal relay power respectively signal-to-noise
ratio which is necessary to support a rate pair [R}/, R}!] € Cypiac that achieves the maximal
MAC sum-rate, i.e. R} + R = RMAC,

Corollary 2.7. For bidirectional relaying with equal time division the minimal signal-to-
noise ratio to support in the BC phase a rate pair [R{w , Ré\/[ | € Cmac that achieves the
maximal possible sum-rate RI\E/[AC is given by

VENAC = max (o, min{AF, AR/} minfaR R (L)} @16)
with 7%{2(1/2) and 7%1(1/2) according to Proposition 2.3. and
. 2\/1 ol 4ol 1 1
|h1[?[ha|? [hi? |hef?
5EL .= 22| ha|? 4L 1 ’
(L+mlpa®)haf? [l [hef?
s 271 [ |? 1 1

R W yalhaP)hal " hal? P
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2 Bidirectional Relay Communication using Superposition Encoding

Proof. The proof can be found in Appendix 2.8.4. O

The case where 7M€ is equal to min{4%", 7' (1/2)} or min{42>, 72>(1/2)} corresponds
to the case when the vertex vy or vay is the rate pair where the sum-rate R%IAC is achieved
with the minimal . This is only the case when either the sum-rate optimal rate pair of the
broadcast phase | ;72,, R%l.] coincides with the vertex itself or it cannot be supported in the

a1 * *
MAC phase, i.e. 1/2] ot Rﬁ] ¢ RBReq-

If yg > ’ngAC, the maximal achievable bidirectional sum-rate is limited by the MAC
sum-rate constraint. Accordingly, the maximal achievable bidirectional sum-rate is equal
to 1/ 2R1§/IAC. The set of sum-rate optimal bidirectional rate pairs is given by

Rieq ZZ{[Rl,RQ] € IRYAC: 3B € Iy so that Ry < JR=(B), Ry < %Rﬂ(ﬁ)}

—{[R1, sR¥AC — Ry JRes(Bim) < Ry < Rgs(05) | (2.17)

with ﬁénu‘?n = mingez;, B and (g = maxgery, 3. In the next corollary we charzacterize
MAC

the rate pairs where the maximal achievable sum-rate is attained if we have yr < Vg

Corollary 2.8. For bidirectional relaying with equal time division and g < WPE{MAC the rate
pair which achieves the bidirectional sum-rate maximum is given by

( Rpo(0),  ifyr < min{y),73%), (2.18a)
Rpc(faB), if 7R >0 Ar > 0L (2.18b)
Ry := argmax R;+ Ry = { Rpc(6Y), if\*yg{] < yr < min{yg!, 7%} (2.18¢)
[R1,R2]€RBRe ,
. Rpc(Bp1), ifm >R Am =%, (2.18d)
(Rpe(),  ifm < min{—f 05"} (2180
with characteristic parameters
2 2
P S B . _ nlhl o . 72|h2]
R N T C N LI T
2’)/2|h2|2 1 1 2’)/1|h1|2 1 1
*1 2%
= - , and = - .
BT P T P hoP? T TP R T [P
Proof. The proof can be found in Appendix 2.8.5. 0

In the following remark we just restate the interesting observation where it is sum-rate opti-
mal not to apply the bidirectional protocol.
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2.2 Achievable Rate Region

Remark 2.9. Ifwe have yg < min{—’yl];, 'ygl}, it is sum-rate optimal to communicate only
from node 1 to node 2. Therefore, for —71]% > 0 it is necessary that we have |hs|?> > |h1|%.

Similarly, if we have vg < min{’yﬁ, ’yﬁB , it is sum-rate optimal to communicate only from
node 2 to node 1. For this case it is necessary that we have |h1|? > |ha|?.

The knowledge about the combinatoric allows us to characterize the boundary of the achiev-
able rate region RpRreq directly. Let R, (q) denote the rate pair where the weighted rate
sum with weight vector ¢ = [q1, ¢2] € R% \ {0} is maximized,

R}, (q) = argmax q1 Ry + g2 Ro. (2.19)
RERBRCq

The rate pair R:q(q) plays a crucial role for the throughput optimal resource allocation
policy in Section 2.3 and for the relay selection problem in Section 2.4. For a convex set like
RBReq the rate pair R;‘q(q) characterizes the rate pair on the boundary of Rgreq Where the
tangential hyperplane with normal vector g intersects the boundary of Rpreg, 1.¢. the rate
pairs with the maximal weighted rate sum characterize the boundary of Rgreq. This gives
us an equivalent description of the achievable rate region using the convex hull operator

RBReq = CO<{RZq(Q) g =[qn,¢] € R\ {0}} U {0})

In the next theorem we give a closed form solution of the optimization problem given in
equation (2.19).

Theorem 2.10. For bidirectional relaying with equal time division the weighted rate sum
maximum R (q) for a weight vector q = [q1, qa] € R? \ {0} is given by

Rgpc(1), i1 >1 A g < qi(l), (2.20a)
Rpc(0), if BB <0 A g2 > q19(0), (2.20b)
Usi, ifBs1 = BB1 N @2 < qu, (2.20c)
Vo, if Box < BoB N q2 > qu, (2.20d)

1 Rpc(OB1), ifBs1 < 1 <1 A g2 < q19(Bp1), (2.20e)
R, (q) = 5\ Rec(B2m), if0 < fop < fPox A g2 > 19(P2B), (2.201)
if 37 > AB A fas < PBps < P

Boc(fez) AN @9 (Bes) < @2 < qi, (2:208)
if32 > A3 N fox < BB < fx1

Rpc(BsB), A a9(Bsm) > B > ar, (2.20h)

\ Rec(fBC),  else, (2.201)
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2 Bidirectional Relay Communication using Superposition Encoding

with
lhe*(1 4 (1 = B)wlh]?)
9. 0,1] — R, — , and 2.21a
. 7 TP+ ByalhaP) (221
@lhal* (1 +Ar[Ma[?) — golhal®
. R2\ {0} — R, . (2.21b)
Pec = RiA{0) |hal? b1 PR (91 + ¢2)
Proof. The proof can be found in Appendix 2.8.6. O

The function ¥(3) denotes the arctan of the angle of the normal vector of the rate pair on the
boundary Rpc(/3) for the relay power distribution 5 € [0, 1|. Further, Spc(q) is the relay
power distribution where the angle of the normal vector of the rate pair on the boundary of
Rpc has the same angle as the weight vector q. Since the optimization problem depends on
the direction of the normal vector only, the weighted rate sum maximum is attained at the
same rate pair for any weight vector with the same ratio q;/g2. This means that only the
angle of the weight vector is important. The cases (2.20a) to (2.20h) denote the rate pairs
where on the boundary two restrictions apply simultaneously. Such rate pairs correspond
to intersection points which have multiple tangents so that they are optimal for a range of
weight vector angles. In contrast, the rate pair of the case (2.20i) is optimal for one weight
vector angle only.

In more detail, the cases (2.20a) and (2.20b) characterize the intersection of the boundary of
%RBC with the R;-axis and Ry-axis respectively. The individual MAC rate constraint Rﬁ
limits the achievable rate region RgReq in the cases (2.20e) and (2.20c), while for the latter
we additionally have vy; € Rpc. Similarly, Rz_}i limits RBRreq in the cases (2.20f) and
(2.20d), while for the latter we additionally have vox, € Rpc. We have the cases (2.20g)
and (2.20h) if the MAC sum-rate constraint R%AC limits RBRreq and the boundary of Rpc
intersects the section between the vertices vy and voy,.

The theorem also covers some special cases. If we choose g; = g2 = 1, we have the
sum-rate maximum Max ReRpg,, F11 + R2 case, which we also studied in Corollary 2.8 for

R < VEMAC. From this the question arises if the sum-rate maximum is Schur-convex or
Schur-concave with respect to the receive signal-to-noise ratios [y1|h1|?, y2|hz2|?]. But from
the examples of Figure 2.3 we see that there is no such behavior. If the sum-rate maximum
is determined by the individual rate constraints of the MAC phase, Ry or Rz, i.e. at Opi
or (9B, the sum-rate increases with more balanced receive signal-to-noise ratios, which is a
Schur-concave behavior. But if the maximum sum-rate is restricted by the broadcast phase
or MAC sum-rate constraint, i.e. at ¢ or Osum, and the receive signal-to-noise ratios are
relatively balanced, we see an oppositional behavior. Nevertheless, this shows that more or

less balanced receive signal-to-noise ratios result in large sum-rates.
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2.2 Achievable Rate Region

055 .
0 .
0 05 1 1.5 .
I, P, In, P,
(a) Symmetric MAC power (b) Asymmetric MAC power

Figure 2.3: Contour plot of sum-rate maximum with optimal relay power distribution regions
(Bsum denotes the case where the MAC sum-rate constraint limits the maximal
sum-rate). The cases of the sum-rate optimal relay power distribution are due to
the combinatoric of the boundary of RpRreq-

On the other hand, if we choose either g1 > 0,g2 = 0 or g1 = 0, g2 > 0, we get the maximal
unidirectional rates Rj., and Rj,, i.e. we maximize Ry or Ry only. This is obviously
achieved if we choose 31 = 1 or 3o = 1 respectively:

Ri.,:= max Ry = 1llog (14 min{vy|hi|? yr|ha|*}), 2.22a
leq Ry, Ra) R sreq 1 5 g( {’71| 1| ’YR| 2’ }) ( )
R5eq = max Ry = 3log (1 +min{ya|ho|®, yr|h|*}). (2.22b)

[Rl 7R2} eRBReq

If we maximize R;, the rate Ry need not be zero. In more detail, if Rﬁi < Rﬁ(l), all
rate pairs in Ri,, = {[Ri; 2] : 0 < Ry < %Rﬁ»(l — (1B)} achieve the maximal
unidirectional rate Rfeq. Similarly, if we maximize Ro, the rate R; need not be zero. If
R2—1>{.< Rﬁ(l) al.l rate pairs in R, = {[R1, R5.,] : 0 < Ry < %Rﬁ(ﬂm)} achieve the
maximal unidirectional rate 5.

Optimal time division

We now study bidirectional relaying with optimal time division between the phases. There-
fore, we identify the optimal time division and relay power distribution for an optimal rate
allocation, which allows us to characterize the boundary of the bidirectional achievable rate
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2 Bidirectional Relay Communication using Superposition Encoding

region RBRropt- For that goal, we first specify the optimal time division and relay power
distribution for a fixed operating rate pair in the MAC phase. After that we use this to derive
an equivalent description of the set Rgropt-

In the next lemma, we characterize for any operating rate pair [R{W , Réw | € Cymac in the
MAC phase the corresponding optimal rate pair in the BC phase and the optimal time division
a*. It shows that the optimal rate pair is on the boundary of (1 — a*)Rpc. Since for any rate
pair on the boundary of Rpc we have 31 + B2 = 1, we have to find the optimal relay power
distribution 8* € [0, 1] with 51 = f* and B2 = 1 — B*.

Lemma 2.11. For an arbitrary but fixed rate pair [R{V[, Ré\/l] € Cumac the feasible set of
time division parameters, where operating at the rate pair [RM , R)] in the MAC phase is
possible, is given by

A= {a €[0,1] : there exists a relay power distribution 31, 32| € B with
aRl" < (1—a)Rz(f1), aRy' < (1—a)Re(B2)}
with simplex B = {1, 82] € [0,1] x [0,1] : (1 + B2 < 1}. For a time division parameter

a € A we achieve the bidirectional rate pair [Ry, Re] = o[R}M, R)]. Then the optimal
time division parameter o := max « is uniquely characterized by the equations

acA
a*RY" = (1 —a*)R=3(5"), (2.23a)
a*Ry' = (1—a")Rz (1 - 5%), (2.23b)

which also characterizes the optimal relay power distribution |35, 53] € B with f; = [(*
and 35 =1 — [*.

Proof. The proof can be found in Appendix 2.8.7. O

The equations (2.23a) and (2.23b) characterize the optimal time division and relay power
distribution for any rate pair [R}!, R}] € Cyiac. Obviously, 3% = 1 is optimal if R) is
equal to zero. For any positive rate Réw the ratio

RY _ Rg(6)
RY Rg;(1-p%)

(2.24)

implicitly defines the optimal relay power distribution 8* € [0,1) with 8] = * and 55 =
1 — 3" so that [3], B3] € B. With the optimal relay power distribution we can calculate the
optimal time division coefficient

o Em) _ Bm(-89
RM + R3(8*) Ry + Rz (1 - 5%)

36



2.2 Achievable Rate Region

If we do not have R = 0 and RY = 0 at the same time, the system of equations (2.23a)
and (2.23b) has only one solution. It follows that the optimal parameters are unique.

Equation (2.24) shows that for any [R}?, R)] € Cyac with the same ratio we have the
same optimal relay power distribution. Furthermore, the resulting bidirectional rate pair
[R1, R2] € RpRopt has the same ratio as the rate pair [R}, R}!] € Cyiac. This means that
all lie on the same radial line. Then it is clear that for the optimal time division the bound-
aries of the scaled MAC and BC regions intersect, which we can observe in Figure 2.2 (b).
Furthermore, it follows that the largest bidirectional rates with a certain ratio are achieved by
the rate pairs on the boundaries of the MAC and of the BC region with the same ratio. This
holds for any ratio and therefore for any rate pair on the boundary. With this we can find an
equivalent characterization of Rprept by transforming the rate pairs of sum and individual
rate constraints of the MAC region using Lemma 2.11.

Theorem 2.12. The bidirectional achievable rate region with optimal time division RBRropt
is given by

RBROpt =RiNRyNRx (2.25)

with rate regions

Ri:={ReR:: R < Ru(pB), Ry < Riz(B), B €[0,1]},
Ro:={R € R%: Ry < Ru(B), R2 < Raa(B), B €[0,1]},
Ry :={Re R : R < Ry1(f3), Ry < Rxa(B), B €[0,1]},

rate constraints Ry1, R12, Ro1, Ro2, Rx1, Ry ¢ [0,1] — Ry with

Ri: § e (1- ai(8)) Reg(8) = m (260

Riz: - (1 - at(8) R (1 - 5) = J;ff;; 2 (2.26)

Rov: e (1 3(8)) B (6) = R;ffgff L (2260

Roz: B (1 - a3(8)Re(1— B) = Rf;ﬁf%tl—_ﬂ)m, (2.26d)
MAC

Rsy: B (1—a%(B) R (8) = RAIAC j% (1R_‘°‘26(f )+ ) (2.26¢)

Rya: B (1 a5(B) Ry (1 - B) B (1= ) (2.26f)

T R R (1 - 5) + Ry (8)
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2 Bidirectional Relay Communication using Superposition Encoding

and optimal time division parameters

R—
af: [0,1] =Ry, B ]%f}g(ﬂ), (2.27a)
R—(1—
oy [0,1] =Ry, B o flzéﬁ(f)_ 58 (2.27b)
R—(1-08)+ R=(3
g [0,1] =Ry, [ R%ACT(RQ(B— ,3)112(}21;(@' (2.27¢)
Proof. The proof can be found in Appendix 2.8.8. 0

From the inspection of the equivalent characterization of the rate region we find that the
information flows show a similar behavior as Kirchhoff’s first law (the principle of con-
servation of electric charge). Here, the conservation of the information flows is due to the
superposition encoding approach. In Figure 2.4 (a) we illustrate the regions Ry, 1/2Rpc,
and 1/2Ryac. We see that the intersection point of 1/2 Ry, and 1/2R ¢ represents the bound-
ary rate pair on Ry, for the equal time division case. It is easy to conceive that for other time
division parameters « the intersection point moves on the boundary according to the scaled
rate region (1 — a)Rpc and sum-rate constraint aRy, of aRyac. Similar arguments apply
to Rq and Ro. Then in Figure 2.4 (b) we illustrate the construction of Rpropt using the
intersection of the sets R1, R2, and Ry, according to Theorem 2.12.

For the throughput optimal resource allocation policy in Section 2.3 and for the relay selec-
tion problem in Section 2.4 we need to identify the angle of the normal vector of any Pareto
optimal rate pair on the boundary of Rropt. In the next corollary we characterize the bound-
aries of R1, Ra, and Ry. Since the boundaries on the axis are obvious, we parametrized the
boundaries in the first quadrant only. This also characterizes for each boundary rate pair on
RBRopt the optimal relay power distribution with 37 = 3 and 35 = 1 — 3. The parametriza-
tion of the boundary allows us to identify properties of the normal vectors on the boundaries
from which we can conclude that Ry, Ro, and Ry, are convex. Then it follows that Rgropt
is convex as well. Hence, the next corollary is essential for the discussion of the weighted
rate sum maximization problem considered in Theorem 2.16.

Corollary 2.13. We can parametrize the boundaries of R1, Ro, Ry, by the rate pair func-
tions

R, :[0,1] = R, B+ [Riu(B),Ri2(B)],
Ry :[0,1] - R, B+ [Ra(B),R2(B),
Ry :[0,1] = R, B+ [Rui(B), Ru2(B)],
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(a) Achievable rate regions Ry (solid line), (b) Achievable rate region ReRropt (solid line)
1/2Rec (dotted line), 1/2Cvac (dashed line), after intersection of Ri (dashed line), Ry
and MAC sum-rate constraint 1/2R1%[AC (dashed-dotted line), and R2 (dotted line).
(dashed-dotted line).

Figure 2.4: Equivalent characterization of the bidirectional achievable rate region RRropt

for the optimal time division case using R1, Ro, and Ry,

respectively. Therewith, the angles of the normal vectors for any boundary rate pair of R1,
Ra, and Ry, are given by the strictly decreasing functions

o1 :[0,1] — [0,7/2], B~ arctan ( - jﬁi;i?;ﬁg),
2:[0,1 — [0,7/2], B arctan ( - jﬁigg;ﬁg)
ox 0,1 = [0,7/2], 5+ arctan (- jgi:gg;?jg),
respectively. I follows that Rispaps is convex.
Proof.. The proof can be found in Appendix 2.8.9. 0

Since 1, @2, and @y, are continuous and strictly decreasing for each function, there exists
an inverse function ¢! : [@1(1),01(0)] — [0,1], w3 : [p2(1),02(0)] — [0,1], and
5!t [ps(1), ¢5(0)] — [0,1] respectively. Unfortunately, @7, ¢, 2, and 5" have no
explicit representation.
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2 Bidirectional Relay Communication using Superposition Encoding

For a complete characterization of the boundary of Rgrept We need to understand the com-
binatoric of the intersection (2.25). In the next proposition we see that also the combinatoric
of the MAC region carries over to RBRropt-

Proposition 2.14. In the first quadrant there is exactly one intersection between the bound-
aries of R1 and Ro, R1 and Ry, and Ro and Ryx. In particular, for each intersection
there exists exactly one relay power distributions (12, b1y, Ps2 € [0,1] where we have
R(f12) = Ra(f12) ¢ RBropt: Ri(fix) = Rx(fin) € RBRopt» and Ra(fBs2) =
Rs(Ox2) € RBRopt, Where the last two rate pairs are the transformed vertices vy, and
vy respectively. Furthermore, we have

Ri1(1) < Rsi(1) < Rau(1), (2.28a)
Ri2(0) < Ryp(0) < Raa(0). (2.28b)
Proof. The proof can be found in Appendix 2.8.10. O

With the equivalent description of the rate region and the knowledge about the combinatoric
it is finally easy to characterize the boundary of Rgropt-

Corollary 2.15. The section-wise defined rate pair function Ropy : [0,1] — R2 with
R2(ﬁ)a fOl" ﬁEQ > ﬁ > 07

Ropt : B  Rx(3), for fis > 3> Bx2, (2.29)
R((3), forl>p32> Bis.

characterizes the boundary of the bidirectional achievable rate region RpRropt, for the opti-
mal time division case.

Proof. The proof can be found in Appendix 2.8.11. 0

We are now ready to characterize in closed form the rate pair where the weighted rate sum
is maximized. For that goal we make use of all previously introduced functions and char-
acteristic parameters for the rate region Rpropt, in the next theorem. Remember that for an
optimal relay power distribution we have 87 =1 — 35 = 3*.

Theorem 2.16. Let ¢ = [q1,q2] € R2 \ {0} denote a weight vector with nonnegative

elements and angle 04 := arccos ( \/%), then the rate pair where the weighted rate sum
411493

is maximized is given as

Répt(q) = argmax q1 R + q2R2 = Ropt(ﬁ*(q» (2.30)
ReRBRopt
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(a) Equal time division: RpBreq (solid line), (b) Optimal time division: Reropt (solid line),
1/2Cyac and 1/2Rpc (dotted lines) Ri1, R2, and Ry (dotted lines)

Figure 2.5: Bidirectional achievable rate regions with Pareto optimal rate pairs.

with the optimal power distribution parameter 3*(q) defined by

L, if g < e1(1),

01'(0q), ifei(l) <0g < o1(Bix),

fis, ife1(fiz) < 9q < px(fiz),
/6* : ]Ri - [07 1]7 qr— ‘pil(eq)v if@E(ﬂlZ) (PZ(BEZ)

B2, if px(Bx2) < 9 < p2(Bs2),

0y (0q), i pa(Ba) < 0q < pa(0),

0, if p2(0) < 0q.

Then the corresponding optimal time division parameter o*(q) is given by

a1(B*(q)), ifl>p3*(q) > fix,
ot RY = [0,1], g+ as(6q)), ifbis > B*(q) > B,
as(8*(q)), if B2 > B*(q) > 0

Proof. The proof can be found in Appendix 2.8.12. O

In Figure 2.5 we depicted the bidirectional rate regions with equal (a) and optimal (b) time
division. The marked boundary rate pairs (bullets) denote the weighted rate sum optimal rate
pairs for the corresponding vector (arrows). We see that the intersection points are optimal
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2 Bidirectional Relay Communication using Superposition Encoding

for a range of weight vectors, while the rate pairs between intersection points correspond to
exactly one orthonormal vector.

As for the equal time division the theorem covers some special cases. If we choose ¢ = g2 =
1, we get the sum-rate optimal rate pair. On the other hand, we maximize the unidirectional
rate [?; if we choose g1 > 0 and g2 = 0 so that we have §; = 0. Obviously, §* =
1 is the optimal power distribution with the corresponding optimal rate pair Ropi(1) =
Ry (1) = [R11(1), R12(1)]. This means that the maximal unidirectional rate for the optimal
time division case is given by

R—~R—(1)
Font 1= max Ry = Ry(1) = B R2 2.31a
fopt [R1,R2]ERBRopt ! 11( ) Rﬁi + R@(l) ( )

Similarly, if we choose ¢; = 0 and g > 0, we have 6 = 7/2 so that §* = 0 is optimal.
From the corresponding optimal rate pair Rop(0) = R2(0) = [R21(0), R22(0)] we get the
other maximal unidirectional rate as follows

R—=R—(1)
Ry, . = max Ry = Rgy(0) = ——2R BRI~ 2.31b
20pt [R1,R2]€ERBRopt ? 22( ) RQ‘P){ + Rﬁ(l) ( )

Since we have Rj2(1) = Ra2(0) = 0, for the optimal time division the maximal unidirec-
tional rate pairs are always on the R;-axis and IRp-axis.

In the next section we will derive the achievable rate region with an optimal time-division but
with a different interpretation of the block length of a code word which result in a different
individual power constraint which depends on the time-division parameter.

2.2.5 Achievable Rate Regions with Power Scaling

In this section we briefly want to discuss a different interpretation of the mean power con-
straint assumed in the remaining sections. A more detailed discussion on the fundamentals
of the following discussion can be found in [Gal68], but it is also addressed in other text-
books like [Ash65] or [CT91]. In this chapter we consider Gaussian channels, which are
continuous-alphabet channels. In order to have useful results it is necessary to consider an
input constraint, which is usually characterized by a real-valued function f(z) on the input
letters.

The most common and physically meaningful constraint is an energy constraint per transmit-
ted symbol, i.e. f(x) = |z|?. Itis common to consider an equivalent power constraint, where
one has normalized the energy constraint by the time duration of a symbol. This means that
we are usually faced with a mean power constraint P.
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2.2 Achievable Rate Region

But we still have to interpret the constraint per input symbol from a coding point of view.
Let x,, = [xml, Tm,2, - - ,a:m7N] denote a code word of length N, then it is common and
reasonable to insist that each code word x,,, satisfies the condition

N N
> f@mm) = |Tmnl> < NP. (2.32)
n=1

n=1

Using the random coding arguments we consider the input as a random variable X. Accord-
ingly, it is usual to bound the expected value of f(X) so that (2.32) results in the commonly
used mean power constraint

E{|X]} < P.

The difference between the results obtained in this section and the remaining ones of this
chapter is the interpretation of the definition of a code word. Since the relay node cannot
transmit and receive at the same time using the same frequency we require orthogonal chan-
nels for the transmission and reception. As a consequence the communication is performed
in two phases. In this work we consider orthogonal channels in the time domain, but the
concepts and the results of this section also hold for orthogonal channels in the frequency
domain where we split the total bandwidth into two channels. The time division between the
two phases mean that in the first Nyrac time slots we are in the MAC phase. In the following
Npc time slots we are in the BC phase.

In the remaining of this chapter we have defined input power constraints per transmitted
symbol for each phase individually, which means that the code word in the MAC phase
has the length Nyrac and the codeword in the BC phase has the length Ngc. However, in
this section we will assume that the code words in the MAC and BC phase have the length
Npc + Nuvac. To be conform to the time division between the phases we have to assume
that in the MAC phase the last Npc letters of the code words are equal to zero and in the
BC phase the first Nyiac letters of the code words are equal to zero. Accordingly, for a code
word in the MAC phase we have

Nmac+NBc Nmac
Z |33'm,n|2 = Z |33m,n|2 < (NMAC + NBC)P-
n=1 n=1
which results in the scaled power constraint [5{| X |?} < WP. Similarly, for a

codeword in the BC phase we have

Nuvac+Nse Nyvac+Nse
Z ’xm,n‘z - Z ‘xm,n‘Z < (NMAC + NBC)P-
n=1 n=Npac+1

which results in the scaled power constraint [E{| X |?} < ]\[Mf}vcig(fva. We see that we scale
the power constraints with respect to the time division. Let « denote the ratio of Nyac
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2 Bidirectional Relay Communication using Superposition Encoding

to Nyviac + Npec = N as N gets large. Then we end up with the individual mean power

constraints
- P ~ P. - P
P = —1, Py = —2, and PR := R
« o 11—«

(2.33)

of the nodes 1 and 2 in the MAC phase and the relay node in the BC phase. For that reason
we consider this as bidirectional relaying with scaled powers. From (2.33) we see that this
model has the property that for each phase the mean transmit power constraint gets arbitrary
large if the time period of the phase is correspondingly short. However, the provided energy
for each node is independent of the duration of the phases, i.e. the energy remains constant
for different time division parameters.

This interpretation of the code word length is often assumed for the multiple access chan-
nel with orthogonal access (TDMA or FDMA) [CT91] and for Gaussian orthogonal relay
channels in [LVO5]. In the following we derive the achievable rate region of bidirectional re-
laying with optimal time division and scaled powers. Fortunately, we can principally follow
the same ideas as before, although the proofs get more involved because of the non-linear
dependence of the time division parameter on the achievable rate constraints. This also ham-
pers closed form solutions. Accordingly, in the next sections we specify the achievable rate
region of the MAC phase, the BC phase, and the achievable rate region obtained with optimal
time division between the two phases.

Since all concepts of the previous section can be transfered, the symbols will have the same
meaning but in a different context. For that reason we only added a tilde to the previously
defined symbols to distinguish the variables and results of this section from the results of the
remaining chapter. To avoid distracting case studies we exclude for notational convenience
the degenerate case where one channel or power is equal to zero. However, there is no
mathematical difficulty to extend the discussion for these cases.

Multiple Access Phase

In the multiple access phase node 1 and node 2 transmit their messages to the relay node.
We assume that for the fraction o € (0, 1] we are in the MAC phase, which specifies the
effective block length of the code words. Then we assume that the relay node can decode
the message of node 1 with rate R; and the message of node 2 with rate Ry if the rate pair is
within the capacity region

Cunc(@) = {[B1, Ro) € RZ : Ry < Rig(a), By < Ry(a), B+ Ry < BYAC(a) }
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2.2 Achievable Rate Region

with the individual and sum-rate constraints

- hi|
R :(0,1] = Ry, aw alog ( 71' 1 ) , (2.34a)
R :(0,1] = R 1 |h2|2 2.34b
2‘19{ . ( ) ] - + @ — alog y ( . )
~ hi|? hal?
R%/[AC :(0,1] — Ry, oz»—>ozlog< Fyl’ ! +72‘ 2| ) , (2.34¢)
and the continuously continuations }?ITR(O) = 0, k = 1,2, and R¥AC(0) := 0. The

difference to the rate constraints (2.4a), (2.4b), and (2.4c) of the previous model is that here
the powers, respectively signal-to-noise ratios ~; and ~s, are divided by the time division
factor a. For a@ = 0 the protocol degenerates and there is no multiple access phase so that
we have Cy Ac(0) = (. It follows that for & = 0 no bidirectional communication will be
possible. Therefore, we exclude the case o = 0 to avoid distracting case studies caused by
divisions by .

For any fixed time division parameter o € (0, 1] the capacity region Cyac(c) describes a
pentagon, which is obviously convex. In the next lemma we prove monotony and concavity
properties of the rate constraints, which we will extensively use in the proofs for the results
on the bidirectional achievable rate region.

Lemma 2.17. The individual and sum-rate constraint functions Rﬁ»(a), R (a), and

RMAC(q) are strictly increasing and concave for o € (0, 1].

Proof. The proof can be found in Appendix 2.8.13. 0

Broadcast Phase

In the broadcast phase the relay node re-encodes the decoded messages from the MAC phase.
Then the relay node scales the code word of the message of node 1 with rate R; and the code
word of the message of node 2 with rate Ro according to the relay power constraint. Again
the parameter 3 € [0, 1] denotes the fraction of the relay power spent for the message of node
1. Then the relay node transmits a superposition of the scaled codewords. Node 1 and node
2 subtract the interference caused by the code word of its own message before decoding
the unknown message. Therefore, we can assume that node 2 and node 1 can decode the
messages if the rate pair [R;, Rs] is within the achievable rate region

Rpc(a) = {[Rl, Ry] € R? : there exists 3 € [0, 1] such that

Rl S Rﬁ(a7ﬂ)7 R2 S Rﬁ(a,ﬁ)}
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2 Bidirectional Relay Communication using Superposition Encoding

with rate constraints

~ h 2

Ry :[0,1) x [0,1] > Ry, [0, > (1— ) log (1 + Wf_';') , (2.352)
~ _ 2

Res000,1) x [0,1] = Ry, [a, 8] = (1 —a)log (1 + W) ,  (2.35b)

and with the continuously continuation Rﬁ(l, B) :=0,k =1,2 forall § € [0,1]. The
difference to rate constraints (2.7a) and (2.7b) of the previous model is that here the power,
respectively signal-to-noise ratio g, is divided by the time division factor (1—«). Foraw = 1
the protocol degenerates and there is no broadcast phase so that we have 7@3(}(1) =0 It
follows that for &« = 1 no bidirectional communication will be possible so that we exclude
the case a = 1 to avoid distracting case studies caused by divisions by 1 — a.

We will now introduce some notation which is needed for the following studies. First, we
define the following vector valued function

Rpc: [0,1) x [0,1] = R%, [, ]+ Rﬁ(a,ﬁ),f?ﬁ(a,ﬁ)

which parametrizes the boundary of Rpc () for any time division parameter « € [0, 1) by
the power distribution 5 € [0, 1]. Obviously, we can express any rate pair Rgc(a, 3) # 0
in its polar coordinates. Accordingly, the angle is given by

@B [0,1) x [0,1] = [0, %], [o, 8] — Rz (a0)’

and the radius can be calculated by

Rpc:[0,1) x [0,1] = Ry, [0, 0] — ||Rec(a, B)|],

with || Rgc(a, B)]|, = \/(}?ﬁ(a,ﬁ))Q - (Rﬁ(a,ﬂ))Q so that we can write

RBC(a,ﬂ) = RBC(a,ﬂ) [cos (@Bc(a,ﬂ)),sin (@Bc(a,ﬂ))} .

In the proofs for the results on the bidirectional achievable rate region we often use the polar
representation of a rate pair. Additionally, we extensively use the monotony and concavity
properties of the rate constraints, which we will prove in the next lemma.

Lemma 2.18. The rate functions R@(a, B) and Rﬁ (o, B) are concave for [a, §] € [0, 1) x
[0, 1] and strictly decreasing for o € [0, 1).

Proof. The proof can be found in Appendix 2.8.14. O
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2.2 Achievable Rate Region

The concavity of the rate constraints allows us to derive convexity of the rate region in the
next proposition.

Proposition 2.19. For any o € [0, 1) the set of rate pairs Rpc(a) is convex.

Proof. The proof can be found in Appendix 2.8.15. O

Proposition 2.20. For any arbitrary but fixed time division parameter o € [0, 1) the function
of the angle opc (v, ) is continuously and strictly decreasing for 3 € [0, 1]. It follows that
there exists an inverse mapping fBgc : [0,1) x [0, 5] — [0, 1] which is implicitly defined by

@Bc(av /BBC(aﬂ 90)) =@

Proof. For any non-degenerate fixed time factor « it is obvious that the rates Rﬁ(a, B)
and R@(a, B) are con:dnuous and strictly decreasing and strictly increasing for 5 € [0, 1].
R (,8)
R (a,8)
function arctan is continuous and strictly increasing the angle ppc(a, 3) is continuous and
strictly decreasing for 3 € [0,1]. Then it follows that for fixed a € [0,1) there exists an

inverse mapping ¢pc (v, Opc(a, ). =

Accordingly the ratio is continuous and strictly decreasing. Since the trigonometric

With this we can specify the radius RBc(a, () with respect to the angle ¢ by a new defined
function as follows

Rpc:[0,1) x [0,%] — Ry, [a,¢] — Rpcla, Bec(a, ). (2.36)

Similarly, since @Bc(a) is convex for any o € [0, 1) we get an unique parametrization of
the boundary of Rpc/(c) in the first quadrant with respect to the angle ¢ € [0, 5] according
to

Rpc:[0,1) x [0,2] = R,  [a,¢] = [Rﬁé(a,ﬁBc(a,@)),Rﬁ»(a,ﬁBc(a,cp)) .

with the equality RBC(a, ) = RBC (o, oBC (s @)).

Bidirectional Achievable Rate Region

In this section we study the bidirectional achievable rate region using superposition encoding
and scaled powers. As in the case of non-scaled powers we first prove an equivalent charac-
terization of the achievable rate region which then allows us to prove its convexity. Besides
we can show that the combinatoric of the MAC rate region transfers for the scaled powers as
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2 Bidirectional Relay Communication using Superposition Encoding

well. This shows the conceptual parallelism of both interpretations of the power constraints.
However, the proofs here are more involved due to the non-linear dependence of the time
division parameter. This is also the reason that no closed-form solution of the weighted rate
sum maximum can be obtained. But with the equivalent characterization of the boundary,
including its combinatoric, and the knowledge of the convexity this can be easily obtained
algorithmically.

For a successful bidirectional transmission the rate pair [R;, R2| has to be achievable in the
MAC and BC phase simultaneously. It follows that the bidirectional achievable rate region
for a fixed time division parameter o € [0, 1] is given by the intersection of the rate regions
of the MAC and BC phase, i.e.

Rer(a) = Cuac(a) N Rpc(a). (2.37)

Since Cyiac (o) and Rpc(a) are convex, it follows that the intersection Rpg () is convex
as well. Notice, that for & = 0 or « = 1 we have Rpc(«) = 0.

The next natural extension is to look at the achievable rate region where we additionally
allow to optimize the time division between the MAC and the BC phase. This rate region is
obviously given by the union over all possible time division parameters « as follows

kBRopt = U ﬁBR(Oé): U ﬁBR(a): U éMAC(a)ﬂﬁBC(OZ) (2.38)
a€l0,1] a€e(0,1) a€e(0,1)

where we used the fact that ﬁBc(a) = () for « = 0 or & = 1. As a union of convex sets the
rate region 7~€BRopt need not be convex. Convexity can be achieved if we allow time-sharing
between bidirectional rate pairs with different time division parameters, but in Theorem 2.26
we show that ﬁBRopt is already convex. To this end we first prove in the next theorem an
equivalent representation of the achievable rate region 7~€BR0pt.

Theorem 2.21. The bidirectional achievable rate region with optimal time division ﬁBRopt
is given by

ﬁBRopt = 7%1 N 7?,2 N 7?,2 (2.39)
with rate regions

Ri:={ReR3 : Jp € [0,%]suchthat Ry < Ri(p)cos(p), Rs < Ry
Ro = {Re R : Jp €0, 5] such that Ry < Ro(p)cos(p), Ry < R
Ry = {ReRY: Jp € [0,%] suchthat Ry < Rs;(p) cos(p), Ra < Ry (i) sin(p)},
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2.2 Achievable Rate Region

5 T )5 Rz (o)
Ri:[0,5] =Ry, ¢~ arél[%?i min {RBc(a, ©), CCI)SR(@) } , (2.40a)
5 T )5 R (o)
Ry:[0,3] =Ry, ¢+~ arg%?i] min {RBC(a, ©), Sfr‘f(w) } , (2.40b)
~ . . - RMAC(q
RZ : [0, 5] — R+, @ = arél[%ﬁ} min {RB ( (,0), W} . (2400)

Before we refer on the proof of the theorem we will state two simple but important observa-
tions in the following remark and lemma.

Remark 2.22. The rate regions 7~€1, 7@2, and 7~€g are chNaracterz;zed by tNhe boundaries in
the first quadrant in polar coordinates. This means that Ri(p), Ra(p), Rx(p) specify the
radius of the rate vectors on the boundaries of the rate regions for each ¢ € [0, T].

Lemma 2.23. For any ¢ € [0, 5] the maximizing time division parameter o for the radii
given by (2.40a), (2.40b), and (2.40c) are uniquely characterized by an o where the first and
second arguments of the minima are equal. This allows us to define the optimal time division
parameters for any o € [0, 5] as follows

& :[0,%] —[0,1], ¢+ argmaxmin {RBC ), Cg } (2.41a)
a€(0,1]

@y :[0,5] = [0,1], ¢+ argmaxmin {RB a, ), }:m( } (2.41b)
ac[0,1] #)

~ % T : » RMAC(O‘)

as 1 [0,5] — [0,1], ¢+ argmaxmin {RBC(a, ®), oSOy T n(s@)} (2.41¢)

a€(0,1]

Proof. The proof of the Lemma 2.23 and the Theorem 2.21 can be found in Appendices
2.8.16 and 2.8.17 respectively. OJ

In Figure 2.6 (a) we depicted the intersection of the achievable rate regions ﬁl, Rg, and
Ry, of an example. We see that for this example the rate regions are convex and that the
combinatoric of the MAC rate region transfers as well. In the following we will prove that
this holds in general. In addition, in Figure 2.6 (b) we depicted the achievable rate regions
RBRopt and ﬁBRopt with the same power constraint values. However, we want to emphasize
that it is hardly possible to draw consequences from the comparison since different power
constraint models are assumed.

Theorem 2.24. In the first quadrant there is exactly one intersection between the bound-
aries R1, Ro, and Ry. The rate pairs of the intersections are transformed vertices of a
corresponding MAC rate region. Let Q12, px1, and @y, denote the angles of the intersection
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Figure 2.6: Achievable rate region ﬁBRopt (with scaled powers).

between the boundaries of 7~21 and 7~Zg, 7@2 and 7~€1, and 7~22 and 7@2 respectively. Then we
have

Rs(P12) < Ri(p12) = Ra(fi2),
Ry(px1) > Rs(@s1) = Ri(@m),
Ri(pox) > Ro(Pox) = Ru(fax)
Furthermore, we have
R1(0) < Rx(0) < Ry(0) (2.42a)
Ri(3) > Rxu(3) > Ro(3) (2.42b)
Proof. The proof can be found in Appendix 2.8.18. O

With the equivalent description of the rate region in Theorem 2.21 and the knowledge about
the combinatoric we can finally characterize the boundary of RRropt.

Corollary 2.25. The section-wise defined rate pair function Ry : [0, 7] — R with

. }?1(90)7 if o € [¢x1,0]

Rt = o = [cos(ip), sin(p)] 1?2(90)7 if o € (P2x, Px1)
RQ(SO)’ ifoe [%» @22]
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2.3 Throughput Optimal Resource Allocation

characterizes the boundary of the bidirectional achievable rate region ﬁBROpt for the opti-
mal time division and power scaling.

Proof. The proof can be found in Appendix 2.8.19. O

The next theorem proves that ﬁBRopt is convex, which is an important property to solve
optimization problems.

Theorem 2.26. The rate regions R1, Ro, and 7@2 are convex. It follows that ﬁBRopt is
convex as well.

Proof. The proof can be found in Appendix 2.8.20. O

Since the rate constraints depend non-linearly on the time division parameter « closed-form
solutions are in general not possible. This includes the weighted rate sum maximum problem
as discussed in the previous sections. But since we know that ﬁBRopt is convex, we know
that for a given weight vector [q1,q2] € IR,%r the weighted rate sum maximum is on the
boundary of ﬁBRopt. Then with the characterization of the boundary given in Corollary 2.25
we can easily implement an iterative algorithm which finds the optimum. For that reason for
the remaining sections of this chapter we will always consider the previous model without
scaled power constraints. However, there is no difficulty in transferring the following results
to the case of bidirectional relaying with optimal time division and power scaling.

2.3 Throughput Optimal Resource Allocation

In this section we are interested in a cross-layer design of the Data Link Layer and the Phys-
ical Layer, which includes the Medium Access Sublayer. We are interested in an efficient
power control and channel allocation strategy with respect to the higher layer traffic. Ac-
cordingly, we are concerned with an adaptive resource allocation policy which takes the
exogenous stochastic arrivals at nodes 1 and 2 from the higher layer into account. To this
end we look at time slotted queueing processes with ergodic arrival processes where the
information theoretic bidirectional achievable rates of the previous section serve as service
rates’.

°In other sections of the thesis we consider achievable rates measured in bits per channel use, which describe
the spectral efficiencies in [bits/s/Hz] for a given wireless system. In this section we consider service rates
which are measured in [bits/s]. For notational and conceptual simplicity and without loss of generality we use
the previous derived rates, which means that the system we consider has normalized band-limited channels
with 1 Hz bandwidth.
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Figure 2.7: Service rate allocation by a centralized controller according to a rate allocation
policy based on the current queue and channel state for bidirectional relaying
with ergodic arrival processes and queues with infinite buffer size at nodes 1 and
2.

In Figure 2.7 we schematically depicted the considered queueing model. At random time
instants packets arrive at nodes 1 and 2 for the other node, which are stored in queueing
buffers with infinite buffer size until they are served. It is important to notice that the relay
node has no internal queue, which means that we do not allow that any message will be stored
at the relay node. Accordingly, any message received in the MAC phase has immediately to
be forwarded in the BC phase.

We assume independent time-variant flat fading channels, where the channels stay constant
for the duration of a time slot. Thereby, the duration of the time slot is long enough so that
the assumption of a reliable transmission per time slot is reasonable. From time slot to time
slot the channel coefficients change independently. The evolution of each channel coefficient
is modeled by an ergodic and stationary random process.

At the beginning of each time slot the centralized controller adjusts the resource allocation
and therefore the service rates with respect to the bidirectional rate region according to the
rate allocation policy. Therefore, we assume that the centralized controller has access to the
current queue and channel state. For the rate allocation the controller decides for the coding
rates, which implies the power distribution factor 3 at the relay node and, if it is allowed, the
time division parameter cv. The maximum throughput policy for the bidirectional relaying
protocol is an adaptation of the maximum differential backlog algorithm developed by Tas-
siulas and Ephrimedes in the landmark paper [TE92]. Thereby, we do not need the dynamic
routing capability of the differential backlog strategy since we have fixed routes.

As we saw in Section 2.2 the bidirectional achievable rate region depends on the time division
between the two phases. For the following maximum throughput policy we need to know the
weighted rate sum pair of the achievable rate region. Conceptually, it makes no difference if
we consider the fixed or optimal time division. Therefore, let Rgr denotes the bidirectional
achievable rate region which stands for the bidirectional rate region Rpr(a) or RRropt
respectively. From the following discussion of the maximum throughput policy we see the
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2.3 Throughput Optimal Resource Allocation

importance of the complete knowledge of the achievable rate region and the Pareto optimal
rate pairs.

The design goal for a throughput optimal strategy in our queueing system is stability. The
stability is proved by the well-developed theory of drift analysis using a quadratic Lyapunov
function on the buffer levels [MT93, KM95, MLMNO0O, MMAW99, LMNMO1]. It shows
that the policy establishes stability for all arrival rate vectors within the maximal stability
region, which is equal to the ergodic rate region. Our stability analysis is adapted from
the cross-layer design for a satellite broadcast scenario from Neely, Modiano, and Rhors in
[NMRO3]. In [NMROS5] they extend their policy to joint routing and power allocation for
wireless networks, which means that their cross-layer design approach includes the routing
problem of the Network Layer. These interesting techniques and results are also presented
more a more comprehensive fashion in [Nee03] and in a more tutorial fashion in [GNTO06].

The work [TG95] from Telatar and Gallager is one of first works which combines an informa-
tion theoretic model with a queueing model. After that, several cross-layer design problems
have been studied. In [BJHO3, BW06, BW07] Boche et al. study channel aware scheduling
for the MIMO multiple access channel and present an optimization-theoretic analysis of the
cross-layer design as well as an iterative optimization method. Recently, in [YBOS5] the sta-
bility analysis for the parallel Gaussian relay channel is presented. For more references of
related works we refer to reference lists of the previous mentioned works.

2.3.1 Stability Region

For this cross-layer design approach we first introduce the assumptions of the considered
queueing model. Then we present the ergodic achievable rate region, which is equal to the
maximal stability region; and finally, we discuss a maximum throughput policy. We consider
the scenario depicted in Figure 2.7, where at nodes 1 and 2 packets for the other node arrive at
random time instants. The packets are stored in queueing buffers with infinite size until they
are served. For simplicity we assume that we can continuously split the data. The service
of transmission to the other node is provided by bidirectional relaying protocol. Without
loss of generality, we consider a normalized system with band-limited channels with 1 Hz
bandwidth. Accordingly, the possible service rates are given by the bidirectional achievable
rate region with rates in [bits/s] and are chosen by a centralized controller according to the
rate allocation policy. Thereby, we assume that the controller does not optimize the resource
allocation over time.

For the rest of this section we assume a block-fading channel model, where the flat-fading
channel gains are assumed to be constant during a time period 7. This allows us to consider
frames in a time slotted system model where the n-th slot denotes the time period [(n —
1)T,nT]. We assume that the frame duration 7 is long enough that we can transmit a
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codeword with a sufficient block length, which means that assuming information theoretic
rates as service rates is a reasonable simplification. We model the evolution of the channel
from nodes 1 and 2 to the relay node by an independent stationary and ergodic process
hin] = [h1[n], ha[n]] with finite state space H = H; x Hy and steady-state distribution
Thp = T, Thy. Accordingly, let Rpr (h[n]) denote the bidirectional achievable rate region
for the channel state h[n]. The network controller adjusts the rates and therefore the resource
allocation at the beginning of each frame.

Further, we assume independent ergodic arrival processes A[n] = [A;[n], A2[n]]] at nodes
1 and 2 with bounded first and second moment. This includes homogeneous Poisson arrival
processes with negative exponential distributed inter-arrival times. Let A = [A1, A2 denote
the average arrival rates at nodes 1 and 2. Then [E{ A} = AT specifies the mean number of
packet arrivals per time slot. Furthermore, we assume independent random packet lengths
Zi, i = 1,2, with bounded first and second moments at each node. Thus, let B;[n], i = 1, 2,
denote the processes of number of bits arriving in time slot n at nodes 1 and 2. Then the
bit arrival rate at node i is given by p; = NE{Z;}, i = 1,2, in [bits/s]. Note that we have
E{B?} < o0, i = 1,2, due to the previous assumptions.

In general, the bits of the data packets cannot be sent immediately after their arrival. There-
fore, at each node the arriving bits are stored in an internal queue with infinite buffer storage
space until they are transmitted. The controller observes the queue lengths at the end of
each time slot. Therefore, let Q[n] = [Q1[n], Q2[n]] represent the processes of number of
remaining bits in the queues after the n-th time slot, which is obviously the same as in the
beginning of the n + 1-th time slot..

Finally, we assume a centralized controller which decides at the beginning of each time slot
for the service rates [R[n + 1], Ry[n + 1]] € Rgr(h[n + 1]) according to a rate allocation
policy based on the current queue state Q[n] and channel state h[n + 1] of the new time slot.
Thereto, the controller adjusts the time division and relay power distribution parameters.
Hence, the slot-to-slot dynamics of the queue lengths are given by the equation

Qi[n] = max{Q;[n — 1] — R;[n|T,0} + B;[n|, i=1,2. (2.43)

Since the arrival processes are memoryless and the service rates R[n] depend on the queue
state Q(n — 1) and the memoryless channel process h[n| only, the process Q[n] has Markov
property. Therefore, Q[n] describes a discrete-time Markov chain with state space R,..

In the following we are interested in a maximum throughput policy. The throughput is de-
fined as the mean number of bits transmitted from node 1 to 2 or vice versa in a unit of time.
From queueing theory we know that for stability the utilization of a queueing system cannot
be larger than one. This can be easily seen from the following. The utilization of a queueing
system specifies the fraction of time in which a server is busy and is defined by the ratio of
the mean bit arrival rate to the mean service rate. If the average number of bits that arrive
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is larger than the mean service rate, the queueing system is obviously unstable. Therefore,
the maximum throughput is obviously upper bounded by the mean service rates. Since the
information theoretic rates model the service rates, the upper bound is given by the ergodic
bidirectional rate region, which we consider next.

Ergodic Bidirectional Rate Region

Let the overbar in R = [Ry, Rs] and Rpgr denote an ergodic rate pair and the ergodic
bidirectional rate region respectively. Since Rpg (k) is convex for any channel state h € H,
the ergodic rate region Rppr is convex as well. It follows that the ergodic rate region can
be characterized by the ergodic rate pairs on its boundary. Due to linearity the ergodic
boundary rate pair for the normal vector g € IR,2+ \ {0} is given by the mean of rate pairs
which maximize the weighted rate sum with weight vector g, i.e.

R*(q) = argmax q1 R1 + 2Ry
ReRpr

= Ep{ argmax q; R + ¢2R2}
ReRpr(h)

= > wa(h) argmax q1 Ry + ga Ry,
heH ReRgr(h)

which can be calculated using Theorem 2.16. Let R} (q) and R%(q) denote the components
of the rate pair R*(q). With this we get a characterization of the bidirectional ergodic rate
region as follows

Ror = co<{R eR2 :3g e R2 \ {0} with R, < Ri(q), Ry < R§(q)}>. (2.44)

Next, we study a resource allocation and scheduling policy for which queue stability is guar-
anteed for all arrival rate vectors p = [p1, p2] within the ergodic rate region Rpg.

Maximum Throughput Policy

First we present a rate allocation policy derived from the maximum differential backlog
algorithm presented in [TE93]. The policy achieves the maximum throughput which we will
prove using the well-developed theory of drift analysis using a quadratic Lyapunov function
as done in [MT93, KM95, LMNMO1, NMRO03], et al.

Let f;(M) := li?lsogp % fg 19, (r)>Mm)dT, @ = 1,2, denote the overflow functions as a mea-

sure of the fraction of time that the queue length Q;, ¢ = 1,2, is above a certain value M.
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This allows us to define the meaning of system stability from the notion of weak stability for
discrete-time Markov chains'? as follows.

Definition 2.27 ([NMRO3]). For a given rate allocation policy a queueing system is stable
if forall i = 1,2 we have f;(M) — 0 as M — oc.

With this, we can define the stability region of a policy as the set of bit arrival rate vectors
p such that for any vector in the interior of the stability region system stability is achieved
[TE93]. Accordingly, a policy dominates another policy if the stability region of the one
contains the other. Further, the stability region of a system is the set of bit arrival rate vectors
p such that for any vector in the interior at least one resource allocation policy exists which
achieves system stability. Conversely, no stabilizing policy exists whenever p is outside. If p
lies on the boundary, the system may or may not be stable. A policy that dominates any other
policy is an optimal policy. Since the stability region of any policy is a subset of the maxi-
mum throughput region, a policy whose stability region is equal to the maximum throughput
region is optimal and is called a maximum throughput policy. The above definitions are
adopted from [TE93]'!.

From the maximum differential backlog algorithm [TE93] we can deduce the following max-
imum throughput policy which determines the rate and resource allocation and basically tries
to equalize the queue length at nodes 1 and 2. It is noteworthy that the policy does not require
any knowledge about the arrival rates or channel statistics.

Maximum Throughput Policy 2.28. At the beginning of the n + 1-th time slot the cen-
tralized network controller observes the current queue states [q1, 2] := Q[n] and the new
channel states h := h[n + 1], and adjusts the relay power distribution and, if allowed,
the time division parameter on the physical layer so that we achieve the rate pair which
maximizes the weighted rate sum for the weight vector q in Rpr(h),

Rn+1]= argmax ¢ R+ q@Rs.
[R1,R2]€RBR(R)

This policy is a maximum throughput policy if the stability region of the proposed policy is
equal to the ergodic bidirectional rate region. To show this we consider a positive quadratic
Lyapunov function on the buffer levels and show that for any arrival rate vector within the er-
godic rate region, the Lyapunov function has a negative drift whenever the mean queue length

YA Markov chain Q[n], n € N, is weakly stable if for every ¢ > 0 there exists B € R such
that lim IP{||Q[n]|| > B} < ¢ holds almost surely and strongly stable if it is weakly stable and
n—oo

lim supIE{||Q[n]||} < oo holds almost surely. If the Markov chain is positive recurrent, then it is weakly

— 00

stable.
"'Some authors call the maximum throughput policy a stability optimal policy to emphasis that this strategy
stabilizes any arrival rate vector in the stability region of the system.
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is large. This allows us to deduce that the discrete-time Markov chain Q[n] is aperiodic,
irreducible, and positive recurrent, which means that there exists a unique steady-state distri-
bution (equilibrium) and the Markov chain is ergodic [MT93, KM95, LMNMO1, NMRO3].
Note that if the Markov chain Q[n] has a steady-state distribution it is positive recurrent and
therefore stable.

Theorem 2.29 (INMRO3]). Let be given the Lyapunov function L(q) = 2?21 q2. If there
exists a compact region A C R? and € > 0 such that

1. E{L(Q[n+1])|Q[n] = q} < ¢, Vg € R?,
2. E{L(Q[n+1]) — L(Q[n])|Q[n] = q} < —eVq ¢ A,

3. whenever Q[n] = q € A, there exists m € IN,m < oo, such that the probability
P(Q[n+m]=0) >0,

]
]

then there exists a steady-state distribution for the queue state Q and hence the system is
stable.

The first two conditions ensure that the mean recurrence time to the A region is finite. The
third condition ensures that the zero state is reached infinitely often with finite mean recur-
rence times and therefore the Markov chain reduces to a single ergodic class. It is a necessary
modification for queueing systems with uncountably infinite state space.

But an even stronger drift can be achieved which proves the stability-in-the-mean of the
queues and is called the strong stability of the Markov chain and implies weak stability.
In [NMRO3], a corresponding stronger drift condition is presented. Thereto, the authors
generalize results from [LMNMO1, KM96] to a Markov chain with uncountably infinite state
space. The fundamental idea is that the drift gets larger in magnitude as the queue lengths
increase, then the mean queue length is bounded.

Corollary 2.30 ((NMRO3]). If condition three of the Theorem 2.29 holds and positive values
v and ( exist such that

2
E{L(Q[n+1]) — L(Q[n])|Q[n] = ¢} < v — czqi,

then there exists a steady-state distribution with bounded first moments IE{Q;} < oo such

that ¢ Y2 B{Q;} < .

Note that if the corollary holds then for any ¢ > 0, the negative drift condition of Theorem
2.29 is satisfied whenever we have 37, ¢; > (v + €)/¢, i.e. the sum of the queue lengths
is sufficiently large. This means that we would have the compact region A = {q € ]Ri :

Yiia < UT%}
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The policy here proposed is equivalent to the dynamic power allocation policy in [NMRO3].
It is therefore possible to adapt the proof in [NMRO03] with the following constant

2
vi=T? ma R?>+ R2) + E{B?.
hE’H,RE’I)Q(BR(h)( T+ R) ; B

Since the arrival rate vector p is assumed to be strictly in the interior of the ergodic rate
region, there exists a ¢ > 0 so that ¢ [11] + p € intRpR also holds. Then the proof works
analog with ¢ = 27°C. In Appendix 2.8.21 we reproduce the proof for completeness. [

The assumption of finite channel states and the power constraints ensure that the second mo-
ment of the service rates is bounded. The following remark extracts the necessary condition
which is necessary for the previous proof.

Remark 2.31. The finite channel state condition is used to bound in (2.107) the term
E{ 22:1 R3[n]|Q[n] = q}. We can weaken this condition if © < oo exists so that

2
IE{ max R2} <.
ReRun(h) 1; k

2
Then the proof works with v := 0T? + % E{B?} since E{ S R2[n]|Q[n] = q} <
i=1

2
]E{Re%gﬁ(h) i1 Ri} forany g € RA.

Finally, let IE{ D;} denote the average bit delay at node 7. With Little’s Theorem!? we have
E{Q;} = p;E{D;}. Therefore, we have v/¢ > Y7 | B{Q;} = Y2 B{D;}p; using the
boundedness of the first moment according to Corollary 2.30. This means that the bound
grows asymptotically like 1/¢ as the arrival rate vector p is pushed towards the boundary of
the ergodic rate region. A similar discussion is given in [NMRO3].

2.3.2 Numerical Simulation

To clarify the previous results, we illustrate and discuss numerical simulation results of a
simple example in this section. For the simulations we assumed independent homogeneous
Poisson arrival processes. In order to indicate the performance gain, we present a comparison
between the proposed bidirectional relaying using the optimal relay power distribution (OpR)
with optimal time division (OpT) and equal time division (EqT), as well as Round-Robin

121 ittle’s Theorem states that for a queueing system with almost sure finite inter-renewal interval the expected
number of customers in a queueing system is equal to the expected time each customer waits in the system
times the rate of arrival [Gal96, Sect. 3.6].
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Figure 2.8: The solid, dashed, dotted, and dashed-dotted line denote OpR OpT, OpR EqT,
RR OpT, and RR EqT respectively with optimal/equal time division OpT/EqT
and bidirectional relaying with the optimal relay power distribution OpR and
round-robin RR for a normalized system with 1 H z bandwidth.

(RR) scheduling with optimal and equal time division (OpT/EqT). For the Round-Robin
strategy we only change the scheduling strategy so that for any communication between two
nodes the time slot is subdivided into two exclusive time intervals. Thereby, we still do
not allow any node to cooperate across the time intervals. For each protocol we apply the
throughput optimal resource allocation policy.

In Figure 2.8 (a) the achievable rate regions for a certain channel state are depicted. The
dotted line depicts 0.5Ryac and 0.5Rpc so that its intersection denotes the correspond-
ing achievable rate region with equal time division Rpig (0.5). Furthermore, we present the
achievable rate regions for the corresponding round robin strategies. On the boundary of
RBRopt some orthogonal vectors which characterize the optimal rate pair for a weight vector
with the same angle are depicted, cf. Theorem 2.16. We see that several orthonormal vectors
with different angles belong to a rate pair of an intersection point, while a rate pair between
the intersection points corresponds to exactly one orthonormal vector. Similar arguments
apply for the other rate regions. For the round robin strategies it is optimal to select the in-
tersection points for any non-negative weight vector. In particular for the equal time division
case the upper right vertex is always optimal, which means that the bidirectional relaying
separates in two independent unidirectional relaying protocols.

Figure 2.8 (b) depicts the corresponding ergodic rate region assuming identically uniformly
distributed channel processes. Since it is hardly possible to observe, we want to note that the
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Figure 2.9: Comparison of the queue length evolutions of different resource allocation poli-
cies where OpT and EqT specify the optimal and equal time division case and
OpR and RR denote a bidirectional relaying with an optimal relay power distri-
bution and a round-robin strategy respectively.

ergodic rate region of the RR-OpT strategy is slightly bulged. For the throughput optimal
resource allocation policy the stability region is given by the ergodic rate region. For that
reason we also plotted the arrival rate vectors p of the simulated queue results in this figure.
We simulated arrival rates along the dotted radial line with an angle £ = 1.0081.

Figure 2.9 (a) shows the average queue length evolutions along the radial line after 10° time
slots with 7" = 1s. The vertical dotted lines denote the crossing of the stability region
boundaries, which correspond to the bullets on the radial line in Figure 2.8 (b). It can be
clearly seen that the average queue length strongly grows if p approaches the boundary of
the stability region.

In Figure 2.9 (b) we present the temporal queue length evolutions for the different protocols
with an arrival rate p = [0.16, 0.35] bit/s, which is marked in Figure 3 (b) by the cross (x).
Since the vertical axes are scaled in 10° bits, the random fluctuation of the queue lengths
are indistinguishable. As expected, it shows that the Round-Robin strategies cannot support
the bit-load. Thereby it is interesting to observe that for the equal time division case (RR-
EqT) the queue at node 1 remains stable while queue at node 2 overflows. The separated
queue evolutions can be explained with the separation of the bidirectional protocol in two
independent unidirectional protocols. At any time slot the rate allocation policy selects for
any channel and queue state the upper right vertex of the rectangular, as mentioned for Figure
2.8 (a). This results in the ergodic rate pair [0.178, 0.205] bit/s, which is the upper right vertex
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of the corresponding ergodic rate region in Figure 2.8 (b) so that that queue evolution at node
1 will be stable and queue at node 2 will be unstable.

2.4 Relay Selection

In this section we consider the problem of relay selection in a network where N relay nodes
are willing to assist the bidirectional relay communication between the nodes 1 and 2. Ac-
cordingly, we look for the “best route” which is a problem of the Network Layer. Since
we propose to select a relay node based on the achievable rate region, which includes the
optimal resource allocation and channel state information, this is again a cross-layer design
approach.

The problem of relay selection is closely related to the question if the support of a relay
node is beneficial. Already in [LTWO04] Laneman, Tse, and Wornell propose a selective user
strategy where the cooperative user decides based on the channel state if it either supports
the other user or retransmits its own data. In [OS04, OSB06] we derive a sufficient condi-
tion based on the pairwise error probability when it is advantageous to cooperate using an
amplify-and-forward strategy in a linear relay network. Dawy and Kamoun show in [DK04]
that the power consumption in multi-hop communication depends on the route selection and
derive a relay region where using the relay is better than the direct transmission. Generally,
we first have to decide if the support of a certain relay node is beneficial, which obviously
depends on the performance metric, the applied protocol, and the available information to
the controller. Then the controller decides for the “best relay node”.

In a network with N relays and independent time-variant fading channels there is the po-
tential for a high spatial diversity order. To exploit this Laneman and Wornell extend in
[LWO3] the cooperation idea to larger networks where they introduced the distributed space-
time coding concept so that all relay nodes can participate for cooperation. They show that
distributed space-time coding achieves full spatial diversity in terms of the outage probabil-
ity. Other works follow this concept on distributed space-time coding or beamforming, e.g.
[NBK04, SO04a, LBCT05, DSG103]. Thereby it is important to notice that the performance
improvement of multiple relay node diversity protocols is often boosted by an increasing sum
power, which means that each participating relay node adds it transmit power to the commu-
nication. Unfortunately, this often obscures the solely gain of the proposed diversity concept.
In [LBC™035] the authors compare different decode-and-forward schemes where one or mul-
tiple relay nodes are employed. They point out that the “effective coding gain” needs to be
considered and propose a distributed power allocation between the relay nodes. The same
conclusion is drawn in [ZALO6] for amplify-and-forward relay networks where the optimal
distributed power allocation is obtained by an extended water-filling solution. Furthermore,
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they show that a selection scheme where only one relay node is chosen achieves full diversity
order.

There are obvious analogies to classical receiver combining techniques as equal gain, max-
imum ratio, and selection combining [HMO05]. Distributed beamforming and space-time
coding concepts are comparable to equal and maximum ratio combining concepts with an
equal and optimal power distribution among the relay nodes. Those strategies rely on coher-
ent addition at the receiver so that the relay nodes need to be phase synchronized. Therefore,
they are very sensitive to the channel state information which results for a practical system
in a non-negligible technical challenge. This problem is not so serious for relay selection
strategies. Relay selection is comparable to the selection combining concept. Moreover, if
all nodes participate and we do not optimize the power allocation, relay selection strategies
are more power efficient.

Recently, some advanced studies on relay selection for unidirectional cooperative protocols
are done. They study the relay selection problem with respect to the complexity, channel
state information, and energy consumption. Furthermore, distributed solutions are proposed.
In more detail, Lin, Erkip, and Stefanov consider in [LES06] coded user cooperation with
the pairwise error probability as performance metric. They introduce the concept of a user
cooperation decision parameter based on the user cooperation gain, which is used to define
user cooperative regions. Hunter and Nosratinia propose in [HNO04] various distributed part-
ner allocation protocols where a certain number of cooperating users is selected according to
a random strategy, a strategy based on the receive SNR, and a strategy with a fixed priority
list of nodes in its neighborhood. Relay selection with respect to the energy consumption,
where the cost of acquiring the CSI is factored in, is considered in [MMMZ06]. Moreover,
in [BKRLO6] opportunistic relay selection is presented, which is a distributed method based
on channel measurements at the relay nodes.

However, to the best of our knowledge, relay selection for bidirectional relaying has not
been considered yet. In this thesis we assume a centralized decision for a relay node based
on the achievable rate regions of all relay nodes. Since bidirectional communication is char-
acterized by two rates, the decision for a “best relay node” is a vector optimization problem.
Therefore, it is possible that we have several Pareto optima which may correspond to differ-
ent relay nodes. We will see in the next section that we can further improve the performance
if we allow time-sharing between the usage of different relay nodes. The decision for one
Pareto optimum and its corresponding relay node may depend on other design aspects like
the throughput optimal resource allocation policy of the previous section.

If we consider time-variant block-fading channels with sufficient block-length so that we can
apply relay selection based on the achievable rate region for each channel state, the average
achievable rate region grows with the number of relay nodes N. For that goal we con-
sider independent stationary and ergodic block-fading channel processes so that the average
achievable rates are given by the ergodic rate region. Thereby, we do not optimize the power
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allocation over the fading states. In Section 2.4.2 we show that in the iid Rayleigh fading
case the growth of both maximal unidirectional achievable rates for bidirectional relaying
with relay selection and equal time division is asymptotically equal to 1“&1&2@”. We will see
that the scaling law can be used to asymptotically upper and lower bound the sum of any rate
pair on the ergodic achievable rate regions for the equal and optimal time division case since
we can upper and lower bound the sum-rate using the maximal unidirectional ergodic rates

of the equal time division case.

2.4.1 Relay Selection Criterion

Here, we improve the performance by choosing the “best relay node” in a network where /N
relay nodes with possibly different relay power constraints offer support for the bidirectional
relay communication between the nodes 1 and 2. We will see that the “best relay node” need
not be optimal for all boundary rate pairs. Accordingly, the relay selection criterion has to be
subtle enough to identify the optimal relay node for each boundary rate pair. For this purpose
we generically extend for the n-th relay node the notation of the already introduced variables
by an additional subscript index, e.g. hi 5, denotes the channel between node 1 and the n-th
relay node, etc.

We first argue the reasoning of the relay selection criterion by means of the equal time di-
vision case. After that we briefly discuss the corresponding formulas for the optimal time
division case, where exactly the same arguments apply. It shows that these concepts can be
easily generalized or applied to relay selection problems in other networks.

Equal Time Division

With the first proposition we want to raise awareness of a relay selection criterion based on
the two-dimensional rate pair R = [R;, Ra].

Proposition 2.32. We consider a network with two relay nodes, N = 2, and signal-to-noise
ratios 1 = 72 and YR = YR,2. Iff we have |hi 1| < |hi2| and |ho1| < |haygl|, then
RBReq,1 € RBReq,2 With equality iff we have |hy 1| = |h1 2| and |ha 1| = |ha 2.

Proof. Since Ry | < Riz,, Rog | < Rag o, Rya < Ry, Reg (B1) < Bz, (601),
and R | (82) < Rgs,(B2) forany By, B2 € [0, 1] it follows that Cmac € Cumac,2 and
Ric,1 € Ric,2 and therefore RBreq,1 © RBReq,2- Equality follows immediately. Ol

From the proposition we see that we have a “good channel state” if the corresponding rate
region contains the other; but if one channel gain is larger and the other one is smaller, none
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of both regions contains the other. Some rate pairs can be achieved with certain channel states
respectively relay nodes only. This implies that there need not be one relay node which is the
best for the whole two-dimensional achievable rate region. We conclude that for a reasonable
relay selection criterion we need to look at each achievable rate pair individually.

First it is easy to see that in a network of NV relay nodes with arbitrary channels and indi-
vidual transmit power constraints we can achieve the union of all individual achievable rate
regions,

N
RRSeq = U 7zBReq,n (2.45)
n=1

by selecting the corresponding relay node that achieves a certain rate pair. Since the union
of convex regions need not be convex, the rate region using relay selection Rrseq need not
be convex. This is obtained if we additionally allow time-sharing between the usage of the
relay nodes. This means that one has to switch between two relay nodes. The time-sharing
method is exactly described by the convex hull operator so that the rate region using relay
selection with time-sharing is given by

RRSTSeq = €0(RRSeq)- (2.46)

Since a convex set can be characterized by the convex hull of the rate pairs which maximize
the weighted rate sum, the set RrsTseq can be expressed as

_ T . 2
RRSTSeq = CO({egegngsa: Rq' : qe R\ {0}} U {0}).

Let RZ, ,,(q) denote the rate pair of the n-th relay node which maximizes the weighted rate
sum for the weight vector g according to Theorem 2.10. Obviously, for any weight vector

g € R? \ {0} we have

T * T
max Rq" = max R q)q .
RERRSeq ne{1,2,..,N} ean(9)

From the previous considerations we can conclude on the following relay selection criterion
for bidirectional relaying with equal time division.

Relay Selection Criterion 2.33. For any weight vector ¢ € R2 \ {0} we have to select
the relay node whose boundary rate pair R ,,(q) maximizes the weighted rate sum, which
means that we have to do relay selection for each boundary rate pair individually. If there
are multiple relay nodes which all achieve the weighted rate sum maximum, we have to
apply time-sharing between the usage of the relay nodes with the corresponding rate pairs

to achieve all rate pairs on the boundary of RRSTSeq-
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Accordingly, let

L . * T * T
Neq(q) == {n €{1,2,....,N} : Ry .(@)a" = ne{rlr};}?f’N}Req,n(q)q } (247)

denote the set of optimal relay nodes for a weight vector g € IRi \ {0} with respect to the
achievable rate region RRrsTSeq. If Neq(q) is a singleton, then there is only one optimal relay
node. Otherwise we have to apply time-sharing between the usage of the relay nodes with the
corresponding rate pairs to achieve all rate pairs on the boundary of RrsTseq. Accordingly,
the set

RisTseq(@) = co({Req (@) = n € Neg(a)}) (2.48)

denotes the set of all optimal rate pairs for the weight vector g. Note that if AV.q(g) is not a
singleton, than time-sharing between two relay nodes will be sufficient. This is because the
elements of Rrsrseq are two-dimensional rate pairs so that time-sharing between the relay
node which has the largest R; and the relay node which has the largest R2 can achieve any
rate pair in RRSTSeq-

For weight vectors g which characterize the sum-rate maximum (q; = ¢32), the maximal
unidirectional rate Ry (¢1 > 0 and ¢ = 0), and the maximal unidirectional rate Ry (¢ = 0
and g2 > 0) it could be possible that multiple rate pairs on the boundary of RgRreq,n With

n € Neq(q) achieve the weighted rate sum maximum, cf. R3y, . Ricqn» @nd R, . If
this is the case we have take for R, ,(q) in (2.48) any rate pair in Ry, s Rieqns OF Rieq

respectively.

Figure 2.10 (a) illustrates the rate region using relay selection in a network with N = 3 relay
nodes and equal time division. Note that some rate pairs can be achieved by time-sharing
between two rate pairs of different relay nodes only. This means that one has to switch
between two relay nodes.

Optimal Time Division

For the optimal time division case the same arguments apply as for the equal time division
case. Some rate pairs can be achieved by certain relay nodes only. Therefore, the achiev-
able rate region using relay selection is given by the union of all individual bidirectional
achievable rate regions
N
RRSopt = U RBRopt,n'

n=1
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(a) Achievable rate regions for equal time di-
vision: RRsTseq (solid line) and RBRreq,n for
n = 1,2, 3 (dashed line).

(b) Achievable rate regions for optimal time di-
vision: Rrsrsopt (solid line) and Reropt,» for
n = 1,2, 3 (dashed line).

Figure 2.10: Achievable rate regions of relay selection with time-sharing for N = 3 relay
nodes. Note that some rate pairs can be only achieved by time-sharing between
two rate pairs of different relay nodes.

If we additionally allow time-sharing between the usage of the relay nodes, then the achiev-
able rate region is convex and can be expressed as

RRsTSopt :=C0(RRSopt ) (2.49)

:co({Iazuégnlélsaxt Rq": g€ R2\ {0}} U {0})
op

Let R;; ,,(q) denote the rate pair of the n-th relay node which maximizes the weighted rate
sum for the weight vector ¢ = [q1, g2] according to Theorem 2.16. Then for any weight
vector ¢ € R% \ {0} we have

T

max Rzpt,n(q)q .

max Rq! =
ne{l,2,...,N}

RERRSopt
Again, we propose to do relay selection for each boundary rate pair individually.

Relay Selection Criterion 2.34. For any weight vector ¢ € R% \ {0} we have to select
the relay node whose boundary rate pair R(’;pt’n(q) maximizes the weighted rate sum. If
there are multiple relay nodes which all achieve the weighted rate sum maximum, we have to
apply time-sharing between the usage of the relay nodes with the corresponding rate pairs

to achieve all rate pairs on the boundary of RRSTSopt-
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2.4 Relay Selection

Similarly, we can define for any weight vector ¢ € RZ \ {0} the set

. . * T _ * T
NOPt(q) T {n € {1’ 2’ Tt N} . Ropt,n(Q)q - nE{III,IQE?J.)f,N} opt,n(q)q }7 (250)

which characterizes the optimal relay nodes with respect to the achievable rate region
RRsTSopt- As before, there is only one optimal relay node if Nypi(q) is a singleton. Oth-
erwise we have to apply time-sharing between the usage of the relay nodes with the corre-
sponding rate pairs to achieve all rate pairs on the boundary of RrsTsopt. Accordingly, the
set

Ristsopt (@) 1= co({Riyi (@) = 1 € Nope(q)})

denotes the set of all optimal rate pairs for the weight vector g. Since the elements of
RrsTsopt are two-dimensional, there exist two relay nodes so that time-sharing between
those two relay nodes will be sufficient to achieve any rate pair in R*RSTSOpt (q).

Figure 2.10 (b) illustrates the rate region using relay selection with time-sharing for a sce-
nario with N = 3 relay nodes and optimal time division. Thereby note that some rate pairs
can be achieved by time-sharing between two rate pairs of different relay nodes only.

In the next section, we study the scaling of the diversity gain in a time-variant fading con-
text.

2.4.2 Scaling Law of the Ergodic Rate Region

We now consider a network with NV relay nodes in the presence of time-variant fading.
Therefore, we assume independent stationary and ergodic block-fading channel processes
{hgn[m|}m, K = 1,2, n = 1,2,..., N. The channel remains constant over blocks con-
sisting of M symbol periods and changes independently from block to block. Thereby, we
assume a block length M so that the error-free coding assumption is reasonable. We do not
optimize the power allocation over time-varying channel states, which we regard as future
work. Accordingly, we are interested in the time average of the achievable rates obtained at
each fading instant, which is given by the ergodic achievable rate region. We first study the
ergodic rate region for the equal time division case. After that we will extend the results for
the ergodic rate region with the optimal time division between the phases.

Equal Time Division

Let RrsTseq(h) denote the achievable rate region using relay selection with time-sharing for
the channel state h according to (2.46). Then let RESTSeq(q, h) denote the set of optimal
achievable rates for a weight vector g and channel state h. We characterize the ergodic rate
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2 Bidirectional Relay Communication using Superposition Encoding

region RRsTseq by its boundary. To this end, we choose for any weight vector g and channel
state h a rate pair in Rigpg,, (g, h). However, if Rigrg.,(g, ) is not a singleton we have
to consider any possible rate allocation for this weight vector and channel state. We sum
this up with a definition of a rate allocation policy. For a weight vector g let Zc,(g) denote
a rate allocation policy {R(h)} ,, that decides for any channel realization h for a rate pair
R(h‘) € ,R’I*DLSTSeq(qv h’) Then

REsTSeq (@) = {R € R : there exists a policy Zeq(q) with R = E{R(h)}}

denotes the set of ergodic rates we can achieve for a weight vector ¢ € R2 \ {0}. Therewith
we can express the ergodic rate region as follows

RESTSeq = co({[Rl, Ry) € B2 : there exists g € R \ {0} with

Ry < i, By < T, (R0, Ta) € Risrseq (@) })-

In the following let R*RSTSeq(q) € RRsTseq denote a rate pair on the boundary that achieves
the weighted rate sum maximum with weight vector g € IR,%r \ {0}, this means we have
R*RSTSeq(q)qT = MaXpem oo Rq". Due to the time-sharing operation (convex hull)
the rate pair need not be unique.

We now study how the ergodic rate region using relay selection increases with an increasing
number of relay nodes. To this end we look at the maximal unidirectional ergodic rates,
which allows us to upper and lower bound the sum of any ergodic rate pair on the boundary
of RRrsTseq- Then for iid Rayleigh fading channels we can conclude from a scaling law for
the maximal unidirectional ergodic rates how the rates of rate pairs on the boundary of the
ergodic rate region increase with increasing number of relay nodes.

According to (2.22a) and (2.22b) let R

1/2 min{R2—P>{ n? Rﬁ .

Therewith, we get the maximal unidirectional rates using relay selection as follows

= 1/2 min{Rﬁin,R}a’n(l)} and 15, , =
(1)} denote the maximal unidirectional rate of the n-th relay node.

£
leq,n

RiRseq '=  max kE=1,2.

R*
nefl2,.. N} rean

We first state a technical lemma where we do some algebra for random variables. After that,
we will use the lemma to characterize the statistics of the maximal unidirectional rates using
relay selection. The lemma is stated for arbitrary real channel distributions but most of the
succeeding results are obtained for the Rayleigh distributed fading channels.

68



2.4 Relay Selection

Lemma 2.35. Let X,, and Y,, n = 1,2,..., N, be pairwise independent non-negative real
random variables with probability density functions (pdf) fx, (xn) and fy, (yn). Further,
let Fx, (zy,) and Fy, (yn) denote the corresponding cumulative distribution functions (cdf).
Then the random variable Z,, := min{a, X, b, Yy} with positive weights a,, and b, has the

pdf
F2,(zn) = o fan (G2) (L = Fy, (52)) + 5o fya G2 (1 = Fi, (32))
and the cdf
Fz,(zn) =1 = (1= Fp, (32))(1 = Fy,(52))-

The maximum Z := max{Zi, Za, ..., ZN} has the pdf

N N
f2(2) = S 00 (2) T Fale).
n=1 Jj=1j#n

And finally,
fr(R) = 2In(2)2%1 f5(2*F — 1)

specifies the pdf of the random variable R = %log[l + Z] as a function of the random
variable 7.

Proof. The proof can be found in Appendix 2.8.22. 0

Remark 2.36. It is interesting to observe that Z = min{aX, bY } in the case of exponential
distributions Fy(z) = 1 — e~%/% and Fy(y)=1- e Y/7% is again exponential distributed
with F.(z) =1 — e */* and A = ﬁ + bg%.

T y

Before deriving the asymptote of the growth of the sum of the ergodic rates on the boundary
of the ergodic rate region using relay selection, we first look at the probability that the relay
selection can be drawn by Proposition 2.32. In other words, we are interested in the proba-
bility that there exists a relay node 1 whose rate region RBRreq,; contains the regions of all
others, i.e. IP(37 : RRSeq = RBReq,n)- Such a relay node exists iff we have Ney(q) = {n}
for all g. The intuition says that with an increasing number of relay nodes it will be less
probable.

Proposition 2.37. For bidirectional relaying with relay selection and equal time division let
fitgon| ([hEn]) and Fyp, | ((|hy,n|) denote the pdf and cdf of the absolute value of the channel
hgn defined on the support set S hin|- NG network with independent channels where each
relay node has the same power constraint g, the probability that there exists a relay node
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2 Bidirectional Relay Communication using Superposition Encoding

n € {1,2,..., N} whose rate region contains the rate regions of all others is given by
N N
]P(E'?? : 7?'RSeq = RBR,n) = Z IP(,RfBReq,n ) U 7—\)IBReq,n)
n=1

N N
“STL) TT Fneta i Gl i

n=1k=1"Slhg nl n=1, n#n
In the case of iid Rayleigh fading hy, , ~ CN (0, O']%) we have

1

]P(El n: RRSeq = RBReq,n) - N

Proof. The proof can be found in Appendix 2.8.23. 0

In the case of iid Rayleigh fading the intuition is proved. We see that with an increasing
number of relay nodes the Proposition 2.32 is more often not applicable. In the next theo-
rem we characterize the distributions of the maximal unidirectional rates in a network with
independent Rayleigh distributed fading channels.

Theorem 2.38. For bidirectional relaying with relay selection and equal time division, we
assume independently distributed channel coefficients hy, ,, ~ CN (0, al%,n) forallk = 1,2
andn = 1,2,...,N. Then the probability density function of the maximal unidirectional
rate using relay selection RZRSeq’ k =1,2, is given by

N * *
f(R;;RSeq) =2 1H(2) Z )\k'JL exXp ((1 - 22RkRseq))‘k,n)22RkRseq
n=1

N

II (1 — exp ((1 - QQRZRSQQ))\kij

m=1,m#n

: _ 1 _ 1 1
with >\1,n = m + ’YRUg’n and )\Q’H = 72‘73,n + 'YRU%,n.
Proof. The proof can be found in Appendix 2.8.24. O

The theorem allows us to calculate the ergodic maximal unidirectional rates.
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2.4 Relay Selection

Corollary 2.39. The ergodic maximal unidirectional rate RZRS cq = E{R,’;Rseq}, k=12,
for bidirectional relaying with relay selection and equal time division in the case of indepen-
dent Rayleigh distributed fading is given by

N
—_— Mo [€XP(Aen)E1( Ak n)
Firseq = 7;2 In(2) [ N

=

N- exp(Nen + 30 M) E1(Min + 3 Ay) - (25D
lel lel
—1)™
DG DS e~

m=1 ['gjnv‘ﬁ‘:m lel

. tt dt. In the last sum we have to sum over all
subsets L of the index set J,, = {1,2,..., N} \ {n} with cardinality |L| = m. If we have
Aen = A foralln = 1,2,... N, then (2.51) results in

S Nl exp((n+ 1)Ap)E1((n+ 1))
RkRSeq = anjo ( n ) (=) (n+1)21n(2) ' (2:32)

with the exponential integral Eq(z) = [7° ¢~

Proof. The proof can be found in Appendix 2.8.25. O

In Figure 2.11 (a) we illustrate the enlargement of the ergodic rate region due to relay selec-
tion for the equal time division case. Thereby, we assume equal relay transmit powers and
iid Rayleigh fading. We see that the gain decreases with increasing number of relays. In the
following we are interested in the scaling law of this growth. For its derivation, we need the
analytical expression for the maximal unidirectional ergodic rate of the previous corollary.

Since RRrsTSeq 18 convex, we can upper and lower bound the sum-rate of any boundary rate
pair Rigrgeq(q) of the ergodic rate region as follows

- - 2
Min{ Rigseqs fMorgeq) < || Rrsrseq (@], < kleZRSeq' (2.53)

The first inequality holds because RrsTseq is convex and the sum of any rate pair from the

time-sharing between the rate pairs [}, 0] and [0, R3rq. | already fulfills the condition.

The second inequality follows from the fact that R’{Rseq and RgRSeq are both the maximal

unidirectional ergodic rates so that the sum of any rate pair on the boundary of RrsTseq has
to be smaller.

We now derive a scaling law for the growth of the sum-rate of any rate pair on the boundary
of the ergodic rate region RrsTseq With increasing number of relay nodes in an iid Rayleigh
fading scenario. To this end, we present in the next theorem an upper and lower bound on
the maximal unidirectional ergodic rate R} o, @ k = 1,2, which are asymptotically tight.
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Figure 2.11: Growth of the ergodic rate region with increasing number of relay nodes N =

1,2,...,12 for the equal and optimal time division case. In the left plot we
depicted the maximal unidirectional ergodic rates according to Corollary 2.39
for N = 12.

Theorem 2.40. For bidirectional relaying with relay selection and equal time division we
assume independently identical distributed channel coefficients hy , ~ CN(0, a?), equal
signal-to-noise ratios YR, = YR, and coefficients \j, = ;é“jﬁfor allk = 1,2 andn =
1,2,...,N. Then we can upper and lower bound the maximal unidirectional ergodic rate
RZRSeq’ k=1,2, as follows

1—e@

Y

1 N
Rihseq tog (1+ -1 ().

IN

—b
- e’ +b 1 N b 1
R log (1+ - In(5)) + 5 log (14—~ )
thseg = Tyl (L G+ gl U T
with arbitrary a,b € (0, N). The asymptotic upper and lower bound meet if we choose
a — ocoand b — 0 when N — oo. Therefore, the growth of the maximal unidirectional
ergodic rate is asymptotically equal 5 log(In(N)).

Proof. The proof can be found in Appendix 2.8.26. O

Note that the asymptote on the growth of the maximal ergodic unidirectional rate is indepen-
dent of )\;, and therefore independent of the the channel gain variance o and signal-to-noise
ratios yr and 7.
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Figure 2.12: Growth of the maximal unidirectional ergodic rate Rixq, q using relay selection
with an increasing number of relay nodes with upper and lower bounds with
optimized (in gray) and fixed coefficients (in black) with a = b = 1/2, g =
1.3,7 =1,and 0% = 1.

Remark 2.41. Since the derivation applies to any AWGN achievable rate calculation of
a system where a selection combining technique between N independently exponentially
distributed SNRs is utilized, the scaling law of the growth of the ergodic rate of such a
system has always a log(In(N)) asymptote.

Since we get the coefficients a and b from the analysis in the proof, they have no physical
meaning. Therefore, we can optimize the bounds for any fixed number of relay nodes N by
optimizing the coefficients a and b. In Figure 2.12 we plotted the growth of the maximal
unidirectional ergodic rate R’{Rseq using relay selection with the number of relay nodes NV
(Monte Carlo Simulation) and the upper and lower bounds with optimized and fixed coeffi-
cients. The bounds are loose but they have the same growth rates. Furthermore, we see that
the bounds with the optimized coefficients (“slowly’’) converge.

Finally, as a direct consequence of the previous theorem and the inequalities in (2.53) we can
conclude on the asymptotic growth of the ergodic rate region RRsTSeq-

Corollary 2.42. For bidirectional relaying using relay selection with time-sharing and equal
time division in an iid Rayleigh fading scenario with YR, = 7R the sum of any ergodic
rate pair on the boundary of the ergodic rate region Rrsrseq grows with ©(log(log(N))).
In more detail, for any q € R \ {0} we can asymptotically lower and upper bound the
asymptotic growth of the sum-rate of any boundary rate pair RESTSeq(q) as follows

o R @l

I e (In(V)) L

lim sup } ’RRSTSeq(q) ‘ }1 <

1
>
=2 WP egn(N) S
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2 Bidirectional Relay Communication using Superposition Encoding

The difference between the asymptotic lower and upper bound is exactly the difference be-
tween a unidirectional protocol and the bidirectional protocol with an improved spectral effi-
ciency. As we see in Figure 2.10, the increase in spectral efficiency depends on the rate ratio
which vanishes in the case of maximal unidirectional ergodic rates. Finally, we want to re-
mark that the maximal unidirectional ergodic rates evolve according to the same asymptotic
scaling law as found in [DSG'03] using distributed beamforming approach with a two-phase
separation constraint.

Optimal Time Division

Let RrsTsopt (P) denote the bidirectional achievable rate region using relay selection with
time-sharing and optimal time division between the phases for the channel state h according
to (2.49). Then let Rigrg,pt (4, ) denote the set of optimal achievable rates for a weight
vector g and channel state h. As for the equal time division case, we characterize the ergodic
rate region by the rate pairs on its boundary. Therefore, we choose for any channel state h a
rate pair in Rigpgop: (@, ). However, if Rigrg,,1 (g, I) is not a singleton, we have to take
any possible rate allocation into account. Again, we sum this up with the definition of a rate
allocation policy. For a weight vector g let Zqp (q) denote a rate allocation policy { R(h)} h
that decides for any channel realization h for a rate pair R(h) € REsTsopt (g, h). Then

RSTS0pt (@) = {R € R? : there exists a policy Zopt(q) with R = E{R(h)}}

denotes the set of ergodic rates we can achieve for a weight vector g € ]Ri \ {0}. Therewith,
we can express the ergodic rate region as follows

RRSTSopt 1= co({[Rl, Ry) € B2 : there exists g € R \ {0} with

Ri < Ry, Ry < R, [R1, Ry € RT{STSOpt(‘I)})'

In the following let R’P‘{STsopt(q) € RRrsTsopt denote a rate pair on the boundary that
achieves the weighted rate sum maximum with weight vector g € Ri \ {0}, this means
we have RI*{STSOpt(q)qT Y 1= — Rq". Due to the time-sharing operation (con-
vex hull) the rate pair need not be unique.

Clearly, the ergodic rate region Rrsrsopt Of relay selection with time-sharing and optimal
time division grows as well with the number of relay nodes. In Figure 2.10 (b) we illustrate
the enlargement for iid Rayleigh fading channels and equal relay powers. We see a similar
behavior as for the equal time division case. For the derivation of the growth we can make
use of the asymptotic result of the maximal unidirectional ergodic rates for the equal time
division case. To this end, we upper and lower bound in the next proposition the sum of any
rate pair on the boundary of Rrsrsopt in terms of the ergodic maximal unidirectional rates
for the equal time division case.
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2.5 Piggyback a Common Relay Message

Proposition 2.43. For bidirectional relaying using relay selection with time-sharing and
optimal time division we can upper and lower bound the sum-rate of any boundary rate pair
RRsrsopt (@) of the ergodic rate region Rrstsopt as follows

o o 2
min {RTRseq’RSRSeq} = HRESTSopt(Q)‘M = 2k¥1RZRSeq‘ (2.54)

Proof. The proof can be found in Appendix 2.43. O

With the upper and lower bound we can directly apply the asymptotic result for the ergodic
maximal unidirectional rates RZRSeq of Theorem 2.40 as we did for Corollary 2.42.

For bidirectional relaying using relay selection with time-sharing and equal time division
in an iid Rayleigh fading scenario with yg ,, = yr the sum of any ergodic rate pair on the
boundary of the ergodic rate region Rrsrseq grows with ©(log(log(/N))). In more detail, in
the next corollary we can lower and upper bound the asymptotic growth of the sum-rate of
any boundary rate pair Rigrge,(q) for any g € R\ {0}.

Corollary 2.44. For bidirectional relaying using relay selection with time-sharing and equal
time division in an iid Rayleigh fading scenario with R ,, = YR the sum of any ergodic rate
pair on the boundary of the ergodic rate region Rrstsopt grows with ©(log(log(N))). In
more detail, for any q € Ri \ {0} we can asymptotically lower and upper bound the growth
of the sum-rate of any boundary rate pair RESTsopt(q) as follows

lim inf } |R>{Z{STSopt (Q) ’ ‘1 > lim sup } |RESTSopt (q) ’ ‘1

1
N—oo  log(In(N)) 2’ Nooo  log(In(N)) =

It is interesting to see that although the ergodic rate region of the optimal time division case
is always larger than for the equal time division case, the sum of any ergodic rate pair has
the same asymptotic scaling law.

2.5 Piggyback a Common Relay Message

Nowadays, there is a trend to offer multiple wireless services at a single device, which is
known as the convergence of wireless services. Up to now this is realized by the coexistence
of multiple wireless transceiver chains each equipped with an own antenna. This requires a
careful radio segmentation with adequate transmit spectrum masks that allow a sufficient iso-
lation of the receivers to the transmitters with respect to the receivers sensitivity levels. With
a convergence on the Data Link Layer and Physical Layer we can overcome such practical
problems. The joint design on the Data Link Layer and Physical Layer allows the reduction
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of the number of transceiver chains in the device. Moreover, the reduction of RF front-ends
is interesting for further miniaturization of the devices. In addition it allows a more efficient
joint resource allocation, which results in a reduction of the energy consumption.

Accordingly, in this section we add a relay multicast communication to the bidirectional
relaying protocol. This means that we assume that the Network Layer assigns two routing
tasks to Data Link Layer. Accordingly, we are interested in an efficient joint resource allo-
cation design for both routing tasks across the Physical and Data Link Layer. We consider
again superposition encoding, which means that the relay node encodes its own message and
superimposes the codeword of the relay multicast message on the bidirectional broadcast
transmit signal. In accordance to this we say that the relay messages is piggybacked on the
bidirectional relaying.

In the seminal work [GKO0O] Gupta and Kumar introduce the concept of transport capacity,
which is a measure that factors in the distance between the source and destination pairs in
a wireless network. The mean feat is to use this measure to derive upper and lower bounds
of scaling laws which characterize the amount of information a network can transport in the
limit of large number of nodes. A weak point of the work is that they considered concurrent
transmissions as interference so that in [GKO03, XK04] Gupta, Xie, and Kumar consider
interference as information and therewith improve the scaling laws by studying large relay
networks. In this context they raised the fundamental question “How should nodes cooperate
in maximizing information transfer in a wireless network?” In [OLT07] Ozgiir, Lévéque, and
Tse achieve a linear scaling law with a hierarchical cooperation scheme using distributed
MIMO communication. Recently, in [XKO07] Xie and Kumar extend their coding scheme to
multi-source, multi-destination, multi-relay networks where they group nodes along multi-
relay routes. Thereby, they merge routes if they intersect at any relay node so that they can
apply a joint backward decoding scheme. They point out that the coding scheme depends on
the topology and note that such a coding scheme excludes two-way multi-relay networks.

The afore mentioned works study information theoretic coding strategies for large relay net-
works. Since it is a hard problem to find the optimal coding strategy for an arbitrary net-
work, for most networks the optimal communication strategy is not known. However, the
promising benefits of already proposed relaying concepts for wireless networks encourage
researcher to study routing, media access, and power control for such problems. Accord-
ingly, there is recently a vast growing literature on power control problems for wireless cel-
lular and multi-hop networks which considers the joint optimization of routing, scheduling,
and power control problems, which allows the development of efficient centralized and dis-
tributed resource allocation algorithms. In [Bam98] Bambos points out that general power
control design goals for wireless networks are to prolong battery life, mitigate interference,
and maintain link quality. For the design of resource allocation policies usually a network
flow model based on flow conservation is assumed. This means that separated information
flows are considered. Then the optimization is done using utility functions per user, which
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are often assumed to be continuous, differentiable, concave, and increasing, e.g. the capacity
function of a Gaussian channel. Then the main goal is to maximize the sum of the user util-
ity functions, which is called the network utility maximization problem. In [XJB04], Xiao,
Johansson, and Boyd introduce a generic formulation of an optimization problem for the si-
multaneous routing and power allocation problem for wireless networks, which allows them
to derive efficient solution methods based on convex optimization theory. Algorithms which
compute distributed or centralized power control solution with respect to routing and/or link
scheduling for multi-hop networks can be found for instance, in [TE02, CS03, Chi04]. While
in [NMRO5] Neely, Modiano, and Rohrs study a dynamic routing and power allocation pol-
icy for wireless networks with time-varying channels based on the maximum differential
backlog strategy of Tassiulas and Ephremides [TE93]. For an introduction in the theory and
algorithms of resource allocation in wireless networks with a more comprehensive literature
survey on this topic we refer on the textbook [SWBO06].

However, our goal in this section is not to find another algorithm which solves efficiently a
power or rate allocation problem. We are interested in finding some properties of the achiev-
able rate region, which then could be used for improving the efficiency of a resource alloca-
tion policy according to some higher layer strategies. Moreover, we can identify the optimal
decoding order at nodes 1 and 2 in the BC phase. Since we consider two simple routing
tasks and single-antenna nodes, some of the following results can be astonishingly obtained
in closed form. But we see from the derivations that this is already a tedious combinato-
rial problem so that we suppose that for joint optimization of more or more complicated'?
routing tasks the resource allocation problems can only be solved algorithmically.

In the following section we extend the bidirectional broadcast by an additional relay message.
We characterize the optimal decoding order and the total sum-rate maximum which can
be achieved with both routing tasks. Moreover, we identify bidirectional rate pairs which
result in the same total sum-rate so that we know how to interchange additional relay rate
with bidirectional rate. The explicit characterization leads to combinatorial problems which
we discuss for the equal time division and for |h1| > |ha|. This allows us to characterize
for a desired relay rate the bidirectional rate pair which results in the largest bidirectional
sum-rate. Throughout this section we illustrate the main results and the combinatoric with
representative examples for a clear presentation of the arguments.

Most closed form results are obtained for the equal time division case, cf. Remark 2.4.
However, the behavior will be similar for other fixed time division cases. According to this
we study in the latter part of the section the maximal sum-rates with respect to the time
division parameter. In the end we present for two examples the achievable rate regions for

13 Already for the routing task where the relay node adds individual messages for nodes 1 and 2 to the bidi-
rectional relaying protocol we have 3! = 6 possible decoding orders at nodes 1 and 2, which results in 36
different cases to consider. For comparison, for the here considered common relay message we have 2! = 2
decoding orders each node, which results in 4 different cases where one is always optimal, c.f. Theorem 2.45.
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the equal and optimal time division case. For comparison we also depicted the achievable
rate region with a simple energy-equivalent TDMA approach which realizes the same routing
tasks. This illustrates the efficiency and the new established rate trade-off possibilities gained
from the joint resource allocation approach.

2.5.1 Broadcast Phase with Relay Multicast

In this section, we extend the bidirectional relaying protocol by an additional relay multicast
communication. This means that the relay node wants to transmit an independent common
message to nodes 1 and 2. The additional relay multicast and the bidirectional broadcast are
simultaneously performed in the BC phase of the bidirectional relay protocol. For the study
of the problem it is enough to consider a network with one relay node only and time-invariant
channels. In this subsection we assume an arbitrary but fixed time division parameter o €
[0, 1].

As described in Section 2.2.3, in the BC phase the relay node forwards the previously re-
ceived message m; to node 2 and message mo to node 1. In addition to this, the relay node
additionally encodes a relay message mp for nodes 1 and 2 with rate Ry. For the trans-
mission, we again follow the superposition encoding strategy. Since we have a memoryless
Gaussian channel, it is sufficient to consider single-letters only. Accordingly, the random
input variable of the relay node can be expressed as

Xr=Wi+ Wy +Wg

where the random variables W7, W5, and Wg correspond to the codewords of messages m,
ma, and mpy respectively. Since the messages are assumed to be independent, we consider
independent random variables. From this we get the output at node &, k = 1, 2, as follows

Yy = hy Xgr + N1 = hyy Wi + hy Wo + hy, WR + Ng, k=1,2,

where Nj denotes the independent additive complex Gaussian distributed noise at node k,
k = 1,2. Both nodes receive the signal of their own bidirectional message as interfer-
ence. Therefore, before decoding the unknown messages each node subtracts the interfer-
ence caused by its own message. This means that node 1 subtracts ~; X and node 2 sub-
tracts ho X9 so that for each node it remains to decode the bidirectional message from the
other node and the common relay message. Accordingly, the non-negative achievable rates
for the unknown messages have to fulfill the constraints

R+ Rg < (1 — a)I(XR; Y1’W1) = (1 — a)I(WQ; hiWs + hiWgr + N1), (2.55a)
Ri+ Rr < (1 = a)I(Xg; Y2|Wa) = (1 — a)I (W15 haWi + haWR + Na), (2.55b)
Rr < min {(1 — a)I(Xg;Y1|W1) — Ra, (1 — &)l (Xg; Ya|Ws2) — R1}, (2.55¢)

Vo Vo
=:RRra1 =:RRra2
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2.5 Piggyback a Common Relay Message

for some input distributions fiy, (wi), k € {1,2,R}, satisfying the power constraint
E{|Xr|?} = E{|W1|?} + E{|W>|?} + E{|Wr|?} < Pgr. Thereby, the rates Rra; and
RRrao denote the achievable relay rates at nodes 1 and 2.

Again, the mutual informations are coupled by the relay power distribution. This time we
have to distribute the relay transmit power PR among three messages. Therefore, as before let
(1 and (3 denote the proportion of relay transmit power Pr spend for the codewords W; and
W5 and additionally let Og denote the proportion of relay transmit power P spend for the
codeword Wg. Now, the relay transmit power constraint requires that 51+ 0G24 3r < 1 holds.
For a feasible relay power distribution we know from Section 2.2.1 that complex Gaussian
distributed inputs Wy ~ CN(O,,@lpR), Wy ~ CN(O,IBQPR), and Wr ~ CN(O,ﬁRPR)
maximize the mutual informations so that we have

I(Xg; Y1 |Wh) = log (1 4+ yr|h1* (B2 + Br)),
I(XR; Y2|Wa) = log (1 + r|ha|*(B1 + Br)).

In the following we look at the achievable rates R;, Rs, and Ry more explicitly. Therefore,
in the next theorem we identify an always optimal decoding order at nodes 1 and 2. On
that score, we first look at the case where each node decodes the additional relay message
first. After a successful decoding of the relay message and before decoding of the unknown
bidirectional message each node subtracts the interference caused by the additional relay
message. Effectively, this means that the bidirectional relay communication is essentially
interference-free. For that reason, for the bidirectional communication the rate constraints
(2.7a) and (2.7b) apply so that for a desired bidirectional rate pair [R;, Ry] € Rpr(a) C
(1 — a)Rpc we need at least

N By
2T-a — 1 2T — 1

— and = —
A |h2|? VR & |h1 2R

(2.56)
With this the power fraction g = 1 — 51 — (2 remains at most for the multicast communi-
cation. Accordingly, for a feasible bidirectional rate pair [R;, Ro] € Rpr(a) the maximal
achievable rate of the additional relay multicast at nodes 1 and 2 is given by

Br|hi]*vr
Riai(Ry. Ry) = (1 — a)log (14 —ZRIMITR Y 2.57
ra1(R1, R2) = (1 — ) Og< 1+ﬂ2\h1l2’m) (2.57a)
Rraa(R1, Rs) = (1 — a)log (1 + W‘) (2.57b)
L+ Bilhz2|? R

Since for a multicast both nodes should be able to decode the relay message, the maximal
achievable relay rate is given by the minimum of (2.57a) and (2.57b). In the next theorem we
show that this is the optimal decoding order and power distribution if we desire to achieve a
certain feasible bidirectional rate pair.
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2 Bidirectional Relay Communication using Superposition Encoding

Theorem 2.45. For a given rate pair [R1, Ra] € Rpr(«) the maximal achievable additional
relay rate Ry is achieved if nodes 1 and 2 decode the additional relay message first. Then
the maximal achievable additional relay rate is given by

Rgr(R1, Ry) = min { Rga1(R1, R2), Rraz(R1, Ra) } . (2.58)
Proof. The proof can be found in Appendix 2.8.28. O

Since it is optimal for any desired bidirectional rate pair that at each node the relay message
is decoded first, then its interference is canceled, and finally the unknown bidirectional mes-
sage is decoded without any interference of the relay message we say that the common relay
message is piggybacked on the bidirectional relay communication. Moreover, this implies
that potentially existing resources at the relay node are used to add a multicast communica-
tion on top of the bidirectional relaying.

The achievable rate region of the bidirectional relaying protocol with an additional relay
multicast for a fixed time division parameter o € [0, 1] can be expressed as

Rpiggy(a) = {[Rl,RQ,RR] S ]R:i : [Rl,RQ] (S RBR(Q), RR S RR<R1,R2)}.

Since this applies for any time division parameter, for the optimal time division case we can
achieve
opt . )
Piggy *~ U Rpiggy(a).
a€0,1]

We depicted the achievable rate region Rpigy(1/2) and R;ﬁ’ggy for two examples in Fig-
ure 2.18 and Figure 2.19 in the end of this section. But first we want to identify more
properties of the achievable rate region Rpigey (). In particular in the next subsection we

characterize the sum-rate optimal rate tuple which achieves the total sum-rate maximum.

2.5.2 Total Sum-Rate Maximum

Let Ry, = Ry + R denote the bidirectional sum-rate and let Riot = R1 + Ro + RR specify
the total sum-rate, which includes the additional relay rate. The optimization problem for
the total sum-rate maximum for a time division parameter « is given by

R = max Ri + Ry + RR
[R1,R2,RR]ERPiggy ()
max R1 + Ry + RR(Rl, RQ). (2.59)

- [R1 ,RQ]GRBR(Q)

For the characterization of the total sum-rate maximum Rj_; in Theorem 2.48 we need the
following lemma and proposition. In Lemma 2.46 we first characterize the bidirectional
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2.5 Piggyback a Common Relay Message

rate pair [R1, R2] with a fixed bidirectional sum-rate Ry, = R; + R2 which maximizes
the additional relay rate Ry (R, R2). Then with Proposition 2.47 we explicitly identify the
optimal rate pair. In the next subsection we present an explicit discussion and some helpful
illustrations of the following results for the equal time division case.

Lemma 2.46. Given a feasible bidirectional sum-rate Ry, which means that at least one
feasible rate pair [R1, Ra] € Rpr(c) with Ry + Ry = Ry, exists, then there are R and RY
so that for all Ry with R} < Ry < R{ we have [R1, Ry, — R1] € Rpr(«). Furthermore, the
maximal achievable additional relay rate for the desired bidirectional sum-rate Ry is given
by

RIX(Ryy) = Rr(R1, R
R ( E) [RlvRQ}Hg;%{BR(O‘)v R( ! 2)
R1+R2=Ryxy,
R
1 - a)log (|hihaly — 270 ) — LRy, if RZ < RY < RS, (2.60a)
2 1 1
Ry —RY
—{ (1-a)log (yhg\% — e )) .y if Rf < R%, (2.60b)
. R .
(1—a)log (|h1|2(7 . ‘hipzl—a)) ~Re+RY, ifRf> RS (2.60¢)

with R := 1Ry, — 120 Rt R .= log ML 4nd 4 = vp + Ly + —Lo. The additional
. 2 > 5 y . g |h2‘2’ an ’Y . f}/R ‘h/1|2 |h2|2' e a liona

relay rate maximum Ry (Ry) is attained at the bidirectional rate pair

[R7, Ry — R3], if Ry < R} < R,
[R1(Rx), R2(Rx)| = < [Ry, R — R3], if R} < RY, (2.61)
[R{, Ry — R{], ifR}> R}

Proof. The proof can be found in Appendix 2.8.29. O

The lemma characterizes for any bidirectional sum-rate Ry, the maximal achievable addi-
tional relay rate R}**(Ry;) and the corresponding rate pair [R;(Ry;), R2(Rx)] € Rpr(«)
with R1(Ry) + R2(Ry) = Ryx. This allows us to rewrite the total sum-rate maximum
problem (2.59) as follows

chkot = Rggl}%)-(i-Rg Rﬁlax(Rz) + Ry. (2.62)

[R1,R2]€RBR()

This means that for the total sum-rate optimum R{,; we have to find the optimal bidirectional
sum-rate 5, which maximizes the function R (Ryx) := RE*™(Rx) + Ry, for feasible bidi-
rectional sum-rates. For the discussion of Ry (Rx) we need to know how R} of Lemma 2.46
is related to the bidirectional rate region Rpg ().
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2 Bidirectional Relay Communication using Superposition Encoding

Let Rpc(yr) denote the achievable broadcast rate region for a given signal-to-noise ra-
tio yg. Then let REC(yR), R*R_i(fyR), and R;_i(’yR) denote the maximum sum-rate and
the corresponding optimal rates of Rpc(yr) according to Proposition 2.2. The function
R%C(VR) is obviously bijective on the domain of non-negative yr and the range of non-
negative bidirectional sum-rates. Thus, there exists a unique inverse function WEC(RE) with
REC(4BC(Ryx))) = Ry for all feasible bidirectional sum-rates. Accordingly, we can define
R* (VR) and R* (’YR) in terms of Ry as follows

RZ(Ry) == R (7R (Rx)) and  RZ(Ry) := R=(7(Ry))

with R*R_Q,(R 5) + R* (Rg) Ry, as well as the corresponding broadcast rate region
Rpc(Rs) = Rec(r- (Rs))-

For a bidirectional rate pair [R1, R2] € Rpr(a) = aCyvac N (1 — «)Rpc with sum-rate
R1 4+ Ry = Ry, we have | B Ry | € Rpc so that the relay signal-to-noise ratio g has to

l-a’ 11—«

be larger or equal to 7 ( B = ). The next proposition shows that R} of Lemma 2.46 for a

feasible bidirectional sum-rate Ry specifies the first sum-rate optimal rate (1 — ) R, (IR%)
R3\1-a

of a corresponding scaled BC rate region (1 — a)RBC( B ) according to (2.10b) if Ry

-«
(respectively ) is large enough, which means that we have §* € [0, 1].

Proposition 2.47. The sum-rate optimal rate pair with sum-rate Ry, of the broadcast rate
region (1 — a)RBC( =) is given by the vector-valued function

[Ri(Rx), R5(Rs)],  if Rz > (1 —a)|R'|, (2.63a)
Ric:Ri —R2, Ry~ { [Ry,0], if Ry < —(1 — a)R', (2.63b)
0, Rx], if Ry < (1 —a)RT, (2.63c)

with RY(Ry) = %Rz _ 1—TaRT, R3(Ry) == %Rz + PT“RT, and Rt = log IZ;E

Proof. The proof can be found in Appendix 2.8.30. O

The function Rpc(Ry) of Proposition 2.47 defines for any bidirectional sum-rate Ry, the
unique sum-rate optimal rate pair of the rate region (1 — a)RBc( =) of the BC phase. This
allows us to identify for a desired bidirectional sum-rate Ry, the rate pair where the maximal
additional relay rate Ry**(Ry) is attained, cf. (2.61) of Lemma 2.46, explicity. With this we
can characterize the total sum-rate maximum for a desired bidirectional sum-rate, R0t (Ry).
Let us assume that the sum-rate Ry, is feasible, which means that there exists at least one
bidirectional rate pair with the desired sum-rate so that the intersection of Rpg () with the
graph ngZ of the function fr, : [0, Ry] — [0, Rx] with Ry — Ry, — R; is non-empty.
Then, we have to distinguish between the following cases:
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2.5 Piggyback a Common Relay Message

1. The maximal additional relay rate R{**(Ry) is attained at [R}(Ry), R3(Rx)]
if the intersection point between fp, (R;) and Rp-(Rx) is achievable, i.e.
[R}(Rx), R3(Ryx)] € Rer(«). Then with (2.60a) the total sum-rate can be expressed
as

Ry

R
Rioi(Rs) = RE™(Rs) + Ry = (1-a) log (2705 (|hihaly — 27097 ) ). (2.642)

2. Otherwise, if we have [R}(Ry), R5(Rx)] ¢ Rpr(«) for a feasible bidirectional sum-
rate Ry;, we have to characterize R} and R{ from the intersection of Rpg () with the

graph ngE.

a) If Ry < min{(1 — )R, aRz}, we have R} = 0 and Rj(Ryx) < RY. There-
fore, the maximal additional relay rate Rjy**(Ry) is attained at R (Ry) =
[0, Ry] € Rpr(«). Then with (2.60b) the total sum-rate can be expressed as

2 By i
Rio(Rz) = (1 - ) log (2275 (3] [? - 2775) ). (2.64b)

b) If Ry > min{aRyg,2aR5 — (1 — )R} & Ry > alz A Ri(Ry) <

Ry, — aRgg, the line fgy, (R;) intersects the individual MAC rate constraint

aRz= so that we have R] = Ry — aRg: and Ri(Ry) < Rj. Accordingly,
the maximal additional relay rate R}**(Ryx) is attained at [R}, Ry — R}] =

[Rs; — aRg:, aRs] € Rpr(a). Then with (2.60b) the total sum-rate can be

expressed as

2 p /. o p_.

Rio(Rs) = (1 - ) log (f2h2m s (3|m P — 2775 ) ). (2.640)

¢) If Ry < min{—(1 — @)R, Rz}, we have R{ = Ry and Rj(Rx) >
RY. Therefore, the maximum additional relay rate R3**(Rx) is attained at
R (Ry) = [Rx,0] € Rpr(e). Then with (2.60c) the total sum-rate can
be expressed as

2 Ry id>
Riot(Ry) = (1 — ) log (IZ;}221—Q (7]h2‘2 _ 21—a)>_ (2.64d)

d) If Ry > min{aRg,2aR5 + (1 — a)RY} & Ry > aRg A R5(Ry) <

Ry, —aR3, the line fr, (11 ) intersects the individual MAC rate constraint a R
so that we have RY = Ry —aRg and R{(Ryx) > RY. Accordingly, the maximal
additional relay rate R™*(Ry) is attained at [R}, Ry, — RY] = [aRy;, Ry —
ozRﬁ] € Rpr(a). Then with (2.60c) the total sum-rate can be expressed as

2 o p o, o p_
Riot(Rs) = (1 — ) log (}Z;I221—aR1R(7|h2|2 —21-all )). (2.64¢)
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2 Bidirectional Relay Communication using Superposition Encoding

Note that if we have RT < 0 < |h1|? < |he|?, the case 2. a) is not possible. If the other
cases occur depend on the scenario specific parameters. Similarly, we can a priori exclude
the case 2.c) if we have RT > 0 < |hy|? < |ha|.

We have now specified the total sum-rate for any feasible bidirectional sum-rate. There-
with, we can define section-wise a function Ry (Ry;) on the range [0, R¥%:**], where R{%™*
denotes the maximal feasible bidirectional sum-rate. This allows us to characterize in the
next theorem the bidirectional rate pair [R;"", R9""] where the total sum-rate maximum R;,

according to (2.62) is achieved.

Theorem 2.48. For a given time division parameter o € |0, 1] the total sum-rate maximum
R}, of the rate region Rpiggy () is attained at the bidirectional rate pair [RY®*, R3*"] where

the function Ry (Ry,) intersects the boundary of the bidirectional rate region Rpr(«).
Proof. The proof can be found in Appendix 2.8.31. O

From the proof of the theorem and from the (2.64c) and (2.64e) we see that for the cases
2. b) and 2. d) the total sum-rate remains constant for a range of large bidirectional sum-
rates, R™" + RS?' < Ry < R¥®X. This means that we can interchange additional relay
rate for bidirectional sum-rate without losing total sum-rate optimality. The next corollary
records this observation and states that such an interchange between additional relay rate and

bidirectional rate exists not only for the total sum-rate maximum.

Corollary 2.49. For any sum-rate Ry, < R(l)pt + Rgpt with the rate pair [R}, R] =
[R{(Rx), R5(Ryx)] = 3Ry, — 552R', LRy + 152 R] the rate tuples

[R1, Rz, Rr] = [R] + Ra, R3, Rr(R] + Ra, R3)]
with Rp > 0 and [R} + Ro, R3] € Rpr(«a) and
[Rla R27 RR] = [ )fa RE + R®7 RR( )fv R; + R@)]

with Ry > 0 and [R}, 5 + Re| € Rpr(«) achieve the same total sum-rate.
Proof. The proof can be found in Appendix 2.8.32. O

The corollary characterizes the bidirectional rate pairs where the total sum-rate remains con-
stant. For a bidirectional sum-rate Ry, < R{®" + RS"" there exists the rate pair [R}, R}]
which determines the rate pairs where the total sum-rate remains constant. Then the corollary
states that we can either increase 21 or Ro. For a constant total sum-rate this means that if
we increase one bidirectional rate, we equally decrease the relay multicast rate. Thereby, the
interchange range follows from the condition that the bidirectional rate pairs [R} + Rg, R3]
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2.5 Piggyback a Common Relay Message

or [R}, R5 + Rg) have to be within Rpgr(«) with appropriate Rgp, Re > 0. However, if
we increase both bidirectional rates we know from Theorem 2.48 that we increase the total
sum-rate. At the total sum-rate optimum R} ; there may no interchange or interchange with
only one bidirectional rate possible. For a better understanding we briefly discuss the low
and high bidirectional sum-rate cases next.

For low sum-rates Ry, where we have R}(Ryx)+R5(Rx) < |R| we have a negative R%(Ry.)
iff |h1])? < |ho|? and a negative R3(Ry) iff |ho|> < |h1]?. If Rf(Rx) < 0 we can only
interchange relay rate in the direction R; since for any rate R > 0 the rate pair [R}, R5 +
Rz] ¢ Rpr(a). Furthermore, for a rate pair within the bidirectional rate region we need
Rs > Rj. Similarly, we can interchange relay rate in the direction Ry only if R3(Ry) is
negative.

If we have [R}(R%*), R5(R%\™)] € Rpr(«), the rate pair achieves the bidirectional sum-
rate maximum R} (R{*) 4+ R5(RYE™) = Ry**, which means that the rate pair is also bidi-
rectional sum-rate optimal. We see that this is the case iff the intersection point of the func-
tion Rpc(Ry) with the boundary of Rpr(«) coincides with the intersection of Rpc(Ry)
with the boundary of (1 — «)Rpc or the sum-rate constraint of the MAC region a/Ryac.-
Since the rate pair characterizes a sum-rate optimum of a BC rate region it follows that in
this case no interchange without loosing total sum-rate optimality is possible. In the next
subsection we elaborate the combinatorial discussion on the previous results.

2.5.3 Combinatorial Discussion and Working Examples

In this section we present some combinatorial discussions of the achievable rate region using
the previous results. We start with an explicit study of the equal time division case. After
that we fix the additional relay rate and look for achievable bidirectional rate pairs. Then we
discuss the total sum-rate maximum with respect to the time division parameter «. Finally,
we compare the achievable rate regions with the achievable rate region of a simple TDMA
approach which realizes the same routing tasks.

Equal Time Division

For the equal time division case we can explicitly express the total sum-rate optimal rate pairs
and describe the possible rate trade-offs. The explicit characterization of the combinatorial
results leads to simple arithmetical problems. Because of the symmetry we do the discussion
for case |h1|? > |ha|?. We first specify the combinatorial cases for which we characterize the
total sum-rate optimality ranges. If we interchange the indices 1 and 2 an analog discussion
gives the results for the case |h1|? < |hal?.
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Figure 2.13: For |h1|?> > |h2|?> we can distinguish between four possible cases where
R3¢ (yr) (solid line) intersects the boundary of 1/2Cyiac (dashed line). Ad-
ditionally, we depicted broadcast rate regions of selected relay powers (dashed-
dotted line). The cases are specified by the intersection points >, o, ¢, and o,
where the function Rj(yr) intersects the two individual rate constraints and
the sum-rate constraint of the MAC region. For the intersection of the first in-
dividual rate constraint we additionally have to differentiate whether in the BC
phase the unidirectional communication is sum-rate optimal. This is the case
if the rate pair < is not achievable in the MAC phase, i.e. < ¢ 1/2Cyiac. Fi-
nally, the rate pairs V and A denote the vertices of the MAC region 1/2Cyiac
respectively.
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2.5 Piggyback a Common Relay Message

For |h1|> > |hy|?> we have RT > 0 so that there are four cases where and how the function
R} (Ry) intersects the boundary of the MAC rate region %CM Ac. The four cases depend
on the channel realizations and power constraints of nodes 1 and 2. In Figure 2.13 we depict
the cases for four representative examples with some characteristic rate pairs. In accordance
to that we can characterize the four cases as follow:

UL (upper left): The function R (Ry) intersects the individual rate constraint %Ri{ for

h 2
the case (2.63¢) < %RQ—P: < %RT S o > Ih;}Q(ml‘Q — |h1\2)'

UR (upper right): The function Rj(Ry) intersects the individual rate constraint %RQ_P{
for the case (2.63a) < § R > $RT A § Ry — $RT < RY = J(RYAY — R).

LL (lower left): The function Rf-(Ry) intersects the individual rate constraint %Rﬁ» for
the case (2.63a) & Rz > SR A J R + 3 RT < SRy = J(RYAC — R).

LR (lower right): The function Ry (Ry) intersects the sum-rate constraint 1 RYAC for
the case (2.63a) < § R > $RT A RYAC < min{2R— — RY,2R— + R'}.

For the identification of the rate pair where the total sum-rate optimum Ry is achieved ac-
cording Theorem 2.48 we need to know the intersection point between Ry (Ry) and the
boundary of Rpreq- If the intersection point with the boundary of the MAC rate region
%CM AC 1s within %RBC it coincides with the intersection point with the boundary of RpRreq-
Otherwise, we find the intersection point on the boundary of the rate region %RBC, which is
given by [% *R_é’ %R*R_f] according to Proposition 2.2. As a consequence, we have to charac-
terize for each of the previous cases the condition that the intersection point is within the BC
rate region. This is the case iff

|2
[Ra2 722

UL: 1R—(1) >

R1 R

Y

R < R

D=

L1 " 1 9R i 2R _ y1lhal? |h2|?
UR: g R (1= 5%) 2 5 Rag & yr 2 9k With 7)™ = (oo mae + 72

.1 > lp IR ith ~1R _ _ 72lhal? |7 |
LL: 3Rg5(0%) 2 3R & 9r 2 9k With R = e + sl

. 1 pBC <~ 1 pMAC DI Y _ IHyilha?Fr2lh2? 1 1
LR: QRE ZQRE @VRZVR WltthR—z\/ \h1|2|h2\2 |h1\2 |h2‘2’

where we solved the conditions for vg. To sum up the discussion on the intersection point
for the equal time division case with |h1|?> > |ha|? we now explicitly characterize the total
sum-rate optimal rate pair according to Theorem 2.48 using the previous case definitions as
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follows
. 2
[0, 1R= (1), UL with g < {12272, (2.652)
X 2
0, 1R, UL with g > {12272, (2.65b)
[RP", RSP — [3Rs — 3R, $Rsz], UR with vg > 42, (2.650)
[3Rm 3Rz + 3R, LL with yg > +2!,  (2.65d)
[ARYAC —IRTIRMAC L IRY LRwithyr > 9%,  (2.65)
[3Rz(6%), s Rz (8], else. (2.65f)

Then the total sum-rate optimal relay rate Ry results from (2.58) accordingly. Since UL is
the case where [R}(Ry,), R5(Rx)] ¢ 3Cumac for any Ry, for the cases (2.65a) and (2.65b)
we have a total sum-rate optimal bidirectional rate pair with R; = 0. This means that for the
case UL there exists a unidirectional rate allocation which is total sum-rate optimal.

According to Corollary 2.49 in some cases we can increase one bidirectional rate by de-
creasing the relay rate. Therefore, we need that [R}P ' + Ro, Rgpt] for any Rgp > 0 or
[RY™", RSP + Rg) for any Rg > 0 is within RpReq. This is impossible if the intersection
point is on the boundary of the BC rate region, which corresponds to the cases (2.65a) and
(2.651), or the intersection is specified by the sum-rate constraint 1/21?1%“*C of the MAC rate
region 1/2Cyac, which corresponds to the case (2.65¢). In all these cases we cannot further
increase the bidirectional sum-rate, which obviously implies that we cannot increase one
bidirectional rate. As a consequence it follows that in the cases (2.65a), (2.65¢), and (2.65f)
the total sum-rate rate pair is unique so that we can say that no interchange is possible without
loosing total sum-rate optimality.

Moreover, for the cases (2.65a) and (2.65f) the intersection point is on the boundary of the
BC rate region so that we have 31 + 32 = 1 and it follows that the additional relay rate Ry is
equal to zero. This means that if yr is small enough the intersection point with the boundary
of RBReq coincides with the intersection of the boundary of the BC rate region %RBC. For
that reason we can say that at low signal-to-noise ratios g it is total sum-rate optimal not to
have an additional relay multicast communication. Furthermore, if the signal-to-noise ratio
<R is that small that the case (2.65a) applies, we can only achieve the total sum-rate with
rates R; = 0 and Rg = 0. This means in this case it is also necessary for total sum-rate
optimality to have a relay communication in one direction only.

In the case (2.65b) the unidirectional relay communication is total sum-rate optimal as well,
however we have a positive additional relay rate g. From Corollary 2.49 we know that for
any interchange rate Ry > 0 with [Rg, %Rz_ﬁ] € RBReq We can interchange relay rate Ry =
Rr(Ra, %Rﬁ) with bidirectional rate R} = Ry without loosing total sum-rate optimality,
which means that we have Rq + %Rﬁ + Rr(Rao, %Rﬁ) = R}, = const. Obviously, we
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2.5 Piggyback a Common Relay Message

need that Ry (Ra, %Rﬁ) > 0 is satisfied. The maximum relay rate for the total sum-rate
optimum is attained at the bidirectional rate pair of the intersection point [0, %Rz_fi]' Since we
have Rr(Rw, 3 R-=) = Rr(0, 3R==) — Rg it follows that we can increase Rg at most up

21%9R ' 27 9R
to the maximum relay rate Ry (0, %Rﬁ). Furthermore, since [Rq, %RZ—R] has to be feasible,

we can increase R; at most up to maximum rate %R?E, if voy, € Rpc. To sum this up,
for the case (2.65b) the total sum-rate optimality range with an interchange rate R can be
expressed as

[R1, Ra,Rr] = [Ro, 5 Ry, Br(Ra, 5 Rsg))
(2.66)

. 1
Rg € [0, min{Rg (0, $ Rz3), 5R%E}].

In the case (2.65c) with Ry > 0 we can interchange relay rate Ry = RR(%RQ—ﬁ — %RT +

Ry, %Rﬁ) with bidirectional rate Ry = %RQ—ﬁ — %RT + Ra as well. As before we need a

non-negative relay rate RR(%R2—R> — %RT + Ra, %Rﬁ) > 0and Ry < %R%E. Then with
similar arguments it follows that for the case (2.65c) the total sum-rate optimality range with
an interchange rate Rg can be expressed as

[R1, Ry, Rg] = [3 Ry — 3R' + Ro, 3Rz, Rr(3R5z — 3R + Ro, 3 R:)]
(2.67)

Ro € [0,min{Rg (3R 3R

1
1 1 2% 1 1

o — o 3 BaR), S RE — 3R + 3 RTY].
Finally, in the case (2.65d) with Rz > 0 we can interchange relay rate Rgr =
RR(%Rﬁ, %Rﬁ + %RT + Rp) with bidirectional rate Ry = %Rﬁ + %RT + Re. For
this case we need again RR(%RE{H %Rﬁ + $R'+ Re) > 0and Ry < $RY!. Similarly as
before, it follows that for the case (2.65d) the total sum-rate optimality range with arbitrary
interchange rate g can be expressed as

[R1, Ry, Ry] = [§ Ry, 3 Rig + 3R + Ra, Rr(3 Rz, 3 R + R + Re)]

Ra € [0,min{Rr (R, Ry + AR1), ARS' — LR — LRT}].

In Figure 2.14 we illustrate the total sum-rate Ryq (R, Ro) with respect to the bidirectional
rate pairs [Ry, Rg] € RBReq for the four different cases. The result of Corollary 2.49 is
shown by some contour lines. It shows that the total sum-rate optimum is attained at the
intersection of R (Ry;) with the boundary of RgRreq. Furthermore, we see that if the inter-
section point lies on one individual rate constraint of the MAC region, there is an optimality
range where we can interchange relay rate with bidirectional rate in one direction without
loosing total sum-rate optimality.

89



2 Bidirectional Relay Communication using Superposition Encoding

Figure 2.14: For |h1|?> > |ha|? and equal time division, a = 1/2, we see the total sum-rate
Riot(R1, R2) for [Ry, Ra] € RBReq for the four possible cases where R (7R )
intersects the boundary of %CM Ac. The total sum-rate contour lines illustrate
the interchange property between the additional relay rate and one bidirectional
rate. Moreover, we see that the total sum-rate optimum is unique in the lower
right figure only. In the upper figures we can interchange Ry with R; and in the
lower left figure we can interchange Ry with Ry without loosing total sum-rate
optimality.
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2.5 Piggyback a Common Relay Message

Desired Relay Rate

The explicit knowledge about the optimal rate pairs and the optimality ranges allows us to
change the point of view and characterize for a desired relay rate Ry the bidirectional rate
pair [R;(RR), R2(RRr)| € Rer(«) which maximizes the bidirectional sum-rate,

RE(RR) = max Ry + Rs.
[R1,R2]ERBR ()
Ry (R1,R2)=Rgr

This means we have Rx(Rr) = Ri(Rr) + R2(Rr). Again we present the results for
the case |h1|?> > |ha|?. For the case |ha|?> > |hy|? the optimal bidirectional rate pair in a
permuted order, i.e. [R2(RR), R1(RR)], follows immediately by interchanging the indices 1
and 2. However, this time we do the combinatorial discussion for an arbitrary but fixed time
division parameter v € [0, 1].

With increasing bidirectional rates the parameter Og decreases. It follows that the relay
rate R decreases with increasing bidirectional rates so that the desired relay rate is obvi-
ously bounded by the maximal possible relay rate Ry** := Rg(0,0). At high relay rates,
where we have Ry > RR(R?pt, Rgpt), the optimal bidirectional rate pairs are specified
by the function R (Ry). For lower desired relay rates in some cases we can addition-
ally apply Corollary 2.49 to increase the bidirectional rate sum-rate of the intersection point
[RP", R9P'] while the total sum-rate remains constant. In the following we discuss the cases
in more detail.

First we look at the case (2.63c) where the BC sum-rate optimal rate pair is on the Rp-axis.
This means that we consider relay rates larger than Ry (0, min{(1 — o) R, aRs}). Since
we have Ri(Rr) = 0 for such relay rates, it follows that Ry, = Ro(Rr) < min{(1 —
a)RT, oz}, We get Ro(Rg) if we solve (2.60b) with R = 0 for Ry,. This gives us

By (). Ba(Be)] = [0, (1~ a)lo (1l 2(5 — 2552)) .

Next we consider relay rates for the case (2.63a) where the optimal bidirectional rate pair
[R}(Ryx), R5(Rx)] is achievable, i.e. [R}(Rx), R5(Rx)] € Rpr(«). This means we con-
sider relay rates Rg € [Rp (R, RS™"), Rr(0, (1 — ) R")). This interval may be empty if
the BC sum-rate optimal rate pair is on the Rs-axis, i.e. R(fpt = 0. If the interval in non-
empty it follows from (2.63a) that [R1(Rg), R2(Rr)] = [3Rs — 352RT, 3Ry + 152 RT]

where we get the sum-rate Ry, if we solve (2.60a) for Ry;. This gives us

By (Br). Ba(Br)] = [(1— ) log (—42) (1 — ) log (1),

22(1—-a) +1 22(1-a) +1
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2 Bidirectional Relay Communication using Superposition Encoding

For a large signal-to-noise ratio yg we have (1 — «)| *R_é,R;_l,] ¢ Rpr(a) so that

[RP*, RSP'] is on the boundary of aCyac. In some cases we can apply Corollary 2.49
to increase the bidirectional sum-rate for a certain range of relay rate until the MAC sum-
rate constraint restricts the interchange of relay rate with bidirectional rate. According to
Corollary 2.49 an interchange is possible with one bidirectional rate only. For the following
case study we again distinguish between the cases where R (Ryx;) intersects the boundary
of aCM AC-

For the case (2.63c), where R;(Ry) intersects the boundary of Rpg(«) at the rate pair
[R™, R3™'] = [0, R3], we have Ry < (1—a)R!. By the way if this holds, the previous
considered case does not occur, i.e. [R}(Rx), R5(Ryx)] ¢ Rer(«) for all Ry. In this case
we are looking for relay rates which are achievable with bidirectional rate pairs [Ry, aRQ?{] €
Rpr(a) where the total sum-rate remains constant according to the interchange property of
Corollary 2.49. The largest relay rate is achieved at R; = 0 and the smallest relay rate is
either O or it is attained at the vertex avoyx;. This means that we consider relay rates Rg €
[max{0, Rr (0, aRsg) — aR¥}, Rg(0, aRz=)). Then the corresponding bidirectional rate
pair with the largest bidirectional sum-rate for those relay rates Ry is given by

[R1(RR), R2(Rr)| = [Rr(0, aRsz) — Rr, aRgg).

If we have Rg(0, aRQ—Pi) > aR¥>, the interchange of relay rate and bidirectional rate is
limited by the sum-rate constraint of the MAC phase. Therefore, for smaller relay rates
Rr < Rg(0, aRﬁ) —aR? at most a maximal bidirectional sum-rate o RYA is achievable,
e.g. by the vertex avsy.

Next we consider the case aRz > (1 — a)R' so that the function R (Ry) given by
(2.63a) intersects the boundary of Rpr(a) at the rate pair [R{™", RS™"] = [aRg — (1 -
a)RT, aR2—P>{]. In this case we look for non-negative relay rates which are achievable with
bidirectional rate pairs given by [R™", R3P"] and the vertex avoy, where the total sum-rate
remains constant according to the interchange property of Corollary 2.49. This means that we
consider relay rates Rg € [max{0, Rg(R™", RS*") — (aR? — R™)}, Rr(R™, ROPY)).
Then the corresponding bidirectional rate pair with the largest bidirectional sum-rate for
those relay rates 7R is given by

[RI(RR)7 RQ(RR)] - [R(l)pt + (RR(R(I)ptv Rgpt) - RR)? R(Q)pt]'

If we have RR(Rcfpt, Rgpt) > aR?* — RYP *, the interchange of relay rate and bidirectional
rate is again limited by the sum-rate constraint of the MAC phase. It similarly follows that for
smaller relay rates Rp < RR(R({pt, Rgpt) — (aR3* — R(l)pt) at most a maximal bidirectional
sum-rate aRl\E/IAC is achievable, e.g. by the vertex avoy.

Similar arguments apply for the case where the function R5(Ry) given by (2.63a) inter-

sects the boundary of Rpg () at a rate pair [R{*", R3P'| = [aRm, ol + (1 - «@)R']. In
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2.5 Piggyback a Common Relay Message

this case we look for non-negative relay rates which are achievable with bidirectional rate
pairs [RP', RSP'] and the vertex awy; where the total sum-rate remains constant accord-
ing to the interchange property of Corollary 2.49. This means that we consider relay rates
RR € [max{0, Rg (R, RS™") — (aR3' — RP")}, Rr(R", RY™)). Then the correspond-
ing bidirectional rate pair with the largest bidirectional sum-rate for those relay rates RR is
given by

[Ry(Rr), Ro(Rr)] = [RY™, B3 + (Re(RY™, RS™) — Rp)).

If we have Rp (RS, RY®") > aRy' — RS™, the interchange of relay rate and bidirectional
rate is again limited by the sum-rate constraint of the MAC phase. It similarly follows that for
smaller relay rates Rg < Rr(RP", RS™") — (aRy" — R9P") at most a maximal bidirectional
sum-rate aRMAC is achievable, e.g. by the vertex avy;.

Finally, if R;(Ryx) intersects the boundary of Rpr(«) defined by the MAC sum-rate con-
straint, i.e. we have [R™", R9P'| = [R%(RMAC), R5(RMAC)), there is no interchange of re-
lay rate and bidirectional rate possible. It follows that for relay rates Rg < Rr(RJ™, RS™")

bidirectional rate pairs with a sum-rate at most aRMAC are achievable, e.g. by the rate pair
[RI(REAC), RE(RYAC)].

Total Sum-Rate Maximum Discussion

Theorem 2.48 characterizes for any time division parameter o € [0, 1] the rate-pair where
the total sum-rate maximum is attained. We are now interested how the total sum-rate max-
imum depends on the time division parameter . For that goal, in this subsection we need
to extend the notation of some symbols by an additional argument to specify the time divi-
sion. Accordingly, let the function R3¢ (Ry, «) denote the sum-rate optimal rate pair of a
broadcast region (1 — a)RBC( =) with sum-rate equal Ry according to Proposition 2.47.

Similarly, let R}, () and [ROpt( ), R ()] denote the total sum-rate maximum and the
corresponding rate pair where the maximum is attained for a time division parameter « ac-
cording to Theorem 2.48. Since the discussion of the total sum-rate with respect to the time
division parameter « leads again to a case study, we restrict our discussion without loss of
generality to the case where we have |h1|? > |hal?.

First we distinguish between the cases §* < 0 and $* > 0 according to Proposition

22. If f* < 0 we always have | *R_,Q,R;_{] = [0, Rg;(1)] from which it follows that
the function Rj-(Rx, ) always intersects the boundary of Rpgr(c) on the Rp-axis, i.e.
(R (a), ROpt( )] = [0, mln{aRZR,( — @)Rez(1)}]. This means that it is always sum-
rate optimal to have a relay communication only in one direction. If we have a time di-
R—(1) .
%, we have aRz > (1 — a)Rg;(1) which

means that the total sum-rate maximum achieving rate pair is on the boundary of the BC

vision parameter a« > qg =
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2 Bidirectional Relay Communication using Superposition Encoding

rate region (1 — a)Rpc. This is equivalent to the fact that the broadcast sum-rate op-
timal rate pair (1 — «)[ %,R;ﬁ)} is within aCyiac. Accordingly, if @ < «ap we have
(1 — a)f *R_ﬁ’R;{_f] ¢ aCyac so that the total sum-rate optimal rate pair is given by
[y (@), B5™ ()] = [0, aRggg]

On the other hand, if 5* > 0 holds, we have [ ;{_Q”R;{_i] = [Rg3(B8%), Rz (1 — B%)] so
that it is sum-rate optimal to communicate in both directions. With an increasing time di-
vision parameter o € [0, 1] we enlarge the MAC rate region aCyac and reduce the BC
rate region (1 — a)Rpc. Accordingly, for some « the broadcast sum-rate optimal rate
pair (1 — a)[Rg3(6%), Bz (1 — %) is within aCyac. As before, we denote the cor-
responding time division parameter by «g. For the explicit characterization we need to
distinguish between the boundary sections of aCyiac wWhere we find a rate pair which is
equal to the sum-rate optimal rate pair of (1 — a)Rpc. For a € [0,1] the rate pairs
(1 - 0{) [Re(8%), R (1 — 3%)] specify a line from the origin in the first quadrant with
an angle

R—=(1-p* log(24|h|?
¢Bc = arctan M = arctan %‘IL). (2.69a)
Rg3(8%) log(57/hal?)
Accordingly, for a € [0,1] the vertices avsy = [aR, a(RMAC — Rz)] and avoy =

[ RMAC — Re5:), ol ] specify lines from the origin in the first quadrant with angles

MAC
R )
R
MAC

¢x1 : = arctan (2.69b)

=l &l

¢y, : = arctan (2.69¢)

respectively. The growing MAC rate regions aCyac and shrinking BC rate regions (1 —
a)Rpc with increasing « and the corresponding lines of the vertices and broadcast sum-rate
optimal rate pairs are illustrated in Figure 2.15. Since the angles ¢y, @2y, and ¢pc do not
depend on the time division parameter, we can use the angles to identify the section of the
MAC boundary where we find the broadcast sum-rate optimal rate pair for «y.

Thus, if we have ppc > @9y there exists a time division parameter g where the sum-rate
optimal rate pair (1 — ap)| 1*:1'2” R*R_{] of the BC rate region (1 — )R is on the section
of the boundary of cvgCyiac Which is characterized by the individual rate constraint RQT{’ ie.
(1 — ) %,R;ﬁ] € {ao[R, Ryl € R2 : 0 < Ry < RMAC — R} Accordingly, if

R:,
B . . . _ o
we solve (1 ao)Rﬁ = ag Ry for g we get the time division parameter g = s
for the case ¢ppc > ¢ox.

Similarly, if we have ¢pc < ¢y there exists a time division parameter cvg where the sum-
rate optimal rate pair (1—ayp)] *R_z” R;{_i] is on the section of the boundary of aCyiac which is
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Figure 2.15: The left and right figures show the increasing MAC rate regions aCyac and
decreasing BC rate regions (1 — a)Rpc for increasing «.. Furthermore, we de-
picted the lines characterized by the vertices and the broadcast sum-rate optimal
rate pairs. In the right figure the function R5(Ry, «) for = 0,0.2,0.4, 0.6,
and 0.8 (dashed lines) are additionally depicted.

characterized by the individual rate constraint R3z. Accordingly, if we solve (1— ao)Ré =

*
—

aoRﬁ for avg we get g = W% for the case ¢pc < ¢Px1.
R2 2

Finally, if we have ¢oy; > ¢pc > ¢x1 there exists a time division parameter g where
the sum-rate optimal rate pair of (1 — a)Rpc is also sum-rate optimal with respect to the
MAC rate region agCpac, i-e. the rate pair is on the section of the boundary of ayCriac

which is characterized by the sum-rate constraint R%IAC. Accordingly, if we solve (1 —
BC
@0)( g_i + R*R_f) = (1 — ag) REC = ag Ry A€ for ag we get ag = for the case

P2y > PBC > Ox1.

RE
RBC L RMAC
RZ +RE

In the next proposition we summarize the previous considerations and characterize the total
sum-rate optimal rate pair according to Theorem 2.48. Since ¢pc is greater than 7 for
6* < 0, we can merge the case §* < 0 with the case §* > 0 and ¢pc > ¢9x according to
the definition of | *R_i’ R*R_1>] in Proposition 2.2.

Proposition 2.50. The sum-rate optimal rate pair (1 — /)] *R_ﬁ’ R*R_1>] of the broadcast region
(1 — a)Rpc is within the scaled MAC rate region aCyiac and therefore within Rpgr(«) if
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we have a time division parameter o € Apc := [, 1] with
Rx.
WP‘}gﬁ> if gBC = P23,
R1
REC .
Qo := { pEC puAcs I d2x > ¢BC > d31, (2.70)
Yok =
ar—, ifos1 = ¢BC.
R2 1R

Then the BC sum-rate optimal pair is also sum-rate optimal with respect to the total sum-rate
R i (a). This means for o > «q that we have

(RS (@), R (0)] = (1 - )[R, R @)

with total sum-rate R}, (a) = (1 — a)REC = (1 — a)( ;‘1' + R;Tﬁ)'

The total sum-rate R{ ,(c) follows from the fact that for &« > «y the total sum-rate optimal
rate pair is equal to the sum-rate optimal rate pair of (1 — a)Rpc so that Sg and therefore
the additional relay rate Ry are equal to zero.

The set Apc = [, 1] denotes the set of time division parameters o where the sum-rate
optimal rate pair of the BC phase (1 — )] *R_é, R;Ti] is achievable in the MAC phase. Ac-
cordingly, for & € Ay := [0, o) the rate pair (1 — «)[ ;ﬁ’ R;{_é] is not achievable in the
MAC phase. Then it follows from Theorem 2.48 that the total sum-rate optimal rate pair
is attained at the rate pair where R (Ry, «) intersects the boundary of Rpr(a). As in
Section 2.5.3 we can distinguish between four possible intersections for |h1|?> > |ho|?. For
the following characterization of the cases we first ignore the feasibility of the time division
parameters. In the proposition after it we take the feasibility into account.

1. For small time division parameters o < v := the function R (Ry, o)

_ R
RT+R24F>{
intersects the boundary of aCyiac on the Rp-axis, this means at the rate pair [0, aRﬁ].
Accordingly, a; characterizes the time division parameter where we have ay Ry =

(1 —ay)R.

RT
2Rz —RYACHRT
Rp(Ry, «) intersects the boundary of aCyiac characterized by the individual rate
constraint 'R, this means at a rate pairin aRoz = {a[R1, Rz] 1 0 < By < R¥Y.
Thereby, ap characterizes the time division parameter where Ry (Rx, o) intersects
the boundary of aCpac in its vertex avsy. Accordingly, we get ao if we solve
1_
Ry RYAC) = G RYAC — 1522 RY — g (RYAC — R for a.

2. For time division parameters a; < a < 2 the function

96



2.5 Piggyback a Common Relay Message

Rt
RYAC 2R +RT

R (Ry, «) intersects the boundary of aCyac characterized by the sum-rate con-
straint « RMAC, this means at a rate pair in aRYAC = {a[Ry, RNAC — Ry]
R22 < R1 < R—>} Thereby, az characterizes the time division parameter where
RBC(RE, «) intersects the boundary of aCyac in its vertex avyy. Accordingly, we
get a3 if we solve R{(agRl\E/IAC) = %R%IAC 1= = Rf = agR for as.

3. For time division parameters ay < «a < ag = the function

4. Finally, for large time division parameters o > «3 the function R ( Ry, «) intersects
the boundary of aCnac characterized by the individual rate constraint aRlR, this
means at a rate pair in aRz = {a[R5, R2] 1 0 < Ry < RS

Since for |h1|? > |ha|? we have RT > 0. Then the parameters as or a3 are negative if we
have Ry + R < R?* or R} < Rz - RT respectively. Such time division parameters are
obviously not feasible. The feasible time division parameters are given by the set .Ag. Then
in the following proposition we show that the feasible cases are again specified by the angles

®BC, $x1, and Pax.

Proposition 2.51. With Ay = [0,ap) let A1 = [0,a1) N Ay, A2 = [a1,a2) N A,
As = [ag,a3) N Ay, and Ay = Ap \ (./41 U Ay U Ag) denote the sets of feasible time
division parameters of the previous cases. Then we have

A1 #0, Az, A3, Ay =10, ifdpc > 7,

AL, Ay #0, A3, Ay =0, if T > ¢pc > dox,

A, Ao, A3 #0, Ay =0, if gos > ¢BC > ¢x1,
A1, Az, A3, Ay # 0, if 1 > PBC.

For a time division parameter o € Ay the total sum-rate optimal rate pair
[RP (), RSP ()] on the boundary of the scaled MAC region aCyiac is given by

[O’ OZRQ_R>] lfOé € A17
[Rcl)pt( ) Rgpt( )} _ [OéR—> — (1 — Oé)RT,OéRZ—I{], ifOé S .AQ,
[§RYAC — 52 R S RYAC + I5ORT], ifa e As,
[aRg, aRs + (1 — )R], ifoae Ay,
so that we have the total sum-rate maximum
(1—a)1og(}g2} 21 (ﬂhw—zﬁ%)), ifa € AL U Ay,
Ro,(a) =4 (1—a)log (270w " (|h1h2|@—272(1(1a>R§4Ac)>, ifa € As,
2 L — .
(1— ) log (122755 (| hyf? — 27577 )), ifa € As
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rate R2 [bit/channel use]

Figure 2.16:
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The figures show parametrized curves of the total sum-rate optimal rate pairs
[R"(a), RP' ()] for o € [0,1] according to the four different cases for
|hi|* > |he|®. For the upper left figure we have ¢pc > 7, for the up-
per right figure we have § > ¢pc > ¢2yx, for the lower left figure we have
P2y, > ¢Bc > ¢x1, and for the lower right figure we have ¢y; > ¢pc. Fur-
thermore, we depicted in parts aCyac, aRpc, and Ry (Ry, «) for o = 0.2
(solid), @« = 0.4 (dashed-dotted), &« = 0.6 (dashed), and @ = 0.8 (dotted)
with gray lines. Additionally, we marked some characteristic optimal rate pairs
specified by (> : o =0.2),(<: a =0.4), (A: a =0.6),(V: a = 0.8), (o:
a=aqap), (0 a=0oa1),(Q: a=ay),and (5¢: o = «3).



2.5 Piggyback a Common Relay Message

Proof. The proof can be found in Appendix 2.8.33. O

The parametrized curves in Figure 2.16 illustrate the optimal rate pairs [R{™" (), RS (av)]
for time division parameters o € [0, 1] for the four possible cases for |hy|* > |ha|?. For
comparison between the cases the optimal rate pairs and in parts the broadcast and multiple
access rate regions for time division parameters a = 0.2, 0.4, 0.6, and 0.8 are depicted.
Furthermore, the optimal rate pairs of the characteristic time division parameters «y, o1, aa,
and o3 are marked. In more detail, in the upper left we have the case where RT > Rz_P{ SO
that we have Agc U .A; = [0, 1]. It follows that we have only two sections. For a > g we
have [R**(a), RS™* ()] = [0, (1 —a)Rg;(1)] € Rpr(a) according to Proposition 2.50 and
for a < ap we have [R™"(a), R ()] = [0, aRz:] € Rpr() according to Proposition
2.51. In the upper right, we have As # () so that we additionally have the case oy < o <
where the optimal rate pair is given by [R{P"(a), RS™ ()] = [aRz — (1 — a)RT, aRx]
according to Proposition 2.51. Similarly in the lower left and lower right we first additionally
have A3 # () and then A4 # () as well.

The Propositions 2.50 and 2.51 characterize for each time division parameter the correspond-
ing total sum-rate R}, (c). Since the parametrized curves [R* (o), R3P (a)] are continuous
for each case, the section-wise defined function R}, () is continuous as well. For « € Apc
we know from Proposition 2.50 that with increasing « the total sum-rate Ryt () decreases
linearly. This means that for this section the total sum-rate is always maximized at ap. But
for time division parameters o € Ay a closed form discussion of the total sum-rate is no
longer possible, c.f. Remark 2.4. Moreover, from numerical examples there is unfortunately
no clear behavior observable. In Figure 2.17 we depicted some representative numerical ex-
amples which should give some idea how the total sum-rate behaves with respect to the time
division parameter . In the upper left we see that the total sum-rate maximum is attained
at og. In the upper right the total sum-rate is attained at some « within the interval (0, ay)
and in the lower left and right it is optimal with respect to the total sum-rate to have a relay
multicast only.

From Theorem 2.48 we know that for a given time division parameter « the total sum-rate is
maximized at the bidirectional rate pair R~ (Rx, o) € Rpr () of the largest possible bidi-
rectional sum-rate Ry;. This means that we first allocate relay power to support an efficient
bidirectional rate pair then the remaining transmit power can be used for the additional relay
communication. But since we a priori fixed the time division parameter we do not factor in
the costs of transmitting the messages to the relay node in the previous MAC phase. In the
lower left and right figure, we see that the resource costs (large fraction of time) of the MAC
phase are higher than the spectral efficiency of the bidirectional broadcast phase so that it
is total sum-rate optimal to have no bidirectional communication. However, since it was
the aim to have two routing tasks, it is questionable if such a solution is desired. Neverthe-
less, it shows that for a spectrally efficient bidirectional relaying we need enough resources
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(transmit power at nodes 1 and 2) in the MAC phase as well.

Comparison with a TDMA protocol

To demonstrate the efficiency of the proposed protocol we compare the achievable rate re-
gions of the piggyback on bidirectional relaying protocol with equal time division with a
straightforward Round Robin TDMA approach. Thereby, we assume a TDMA protocol with
five time slots of equal duration. For a fair comparison, we adapt the power constraints in the
TDMA protocol so that both protocols consume the same amount of energy. Accordingly,
in the first time slot node 1 transmits its message to the relay node with transmit power %Pl.
Similarly, in the second time slot node 2 transmits its message to the relay node with transmit
power %Pg. In the third and fourth time slot the relay node separately forwards the messages
with power %PR. With the same power the relay message is transmitted to nodes 1 and 2 in
the last time slot. This give us the achievable rates for a comparable TDMA protocol

RlTDMA _ %log (1 + min{%fmhl]?, %’yR‘h2|2})7
RYPMA = Llog (1 4 min{5yslhol?, 2yr|h1|?}).
RgPMA = Llog (1 + Zyr min{|ha [, |hol*}).

Figure 2.18 illustrates for two scenarios the dominance of the bidirectional relaying protocol
with an additional relay multicast for the equal time division case. For both cases we see that
the achievable rate region Rpiggy (1/2) is significantly larger in any direction than the achiev-
able rate region of the TDMA protocol (cuboid), which means that the entire achievable rate
region of the TDMA protocol (cuboid) is within the piggyback rate region. Accordingly,
the piggyback approach achieves higher weighted total sum-rates, which is important for
service adapted network operations. Moreover, it illustrates that the joint resource allocation
allows new advantageous rate trade-offs so that we conclude that the synergy from the joint
resource allocation of two routing tasks, multicast and bidirectional relaying, improves the
performance significantly.

Finally, for completeness we present the achievable rate regions of bidirectional relaying
with an additional relay multicast and optimal time division R%‘f;gy of two representative
examples in Figure 2.19. Since the optimal decoding order holds for any fixed time division
parameter, it is also optimal to decode the relay message first for the optimal time division.
Unfortunately, a closed form discussion as for the fixed time division case is not possible, cf.
Remark 2.4, but we can use the equivalent characterization of the bidirectional achievable

rate region RRropt according to Theorem 2.12 to illustrate the rate region R%‘f; oy
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Figure 2.17: The figures show the total sum-rate maximum Rj, («) with respect to the time
division parameter o € [0, 1] for the four cases for |h1|> > |ha|?. For the
upper left figure we have ¢ppc > 7, for the upper right figure we have 5 >
oBc > ¢oy, for the lower left figure we have ¢oy > ¢dpc > ¢x1, and for
the lower right figure we have ¢y1 > ¢pc. (%) specifies the maximum for
each case. Additionally, we marked the total sum-rates of some characteristic
time division parameters (0: o = «p), (0: a = ay), (¢ : o = «3), and (5~:
a = a3).
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Figure 2.18: Comparison of achievable rate region R piggy (1/2) of piggyback a common relay

message on bidirectional relaying with equal time division and a TDMA proto-
col realizing the same routing task (cuboid) with the same energy consumption.
In the left figure we have at the bullet (e) a unique total sum-rate optimum; in
the right figure we can interchange rate R; with Ry along the bold line between
the the bullets without loosing total sum-rate optimality. On the contour lines
for equal additional relay rates the bidirectional sum-rate optimum is marked
by a cross ().
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Figure 2.19: Achievable rate region R‘;}i’;gy of piggyback a common message on bidirec-
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tional relaying with optimal time division with the same system parameters
as in Figure 2.18. The contour lines denote achievable rate pairs for fixed
Or = 1—15, %, ..., 1. The contrasting colors characterize the three sections ac-
cording to Therorem 2.12.



2.6 Extension to Multi-Antenna Bidirectional Relaying

2.6 Extension to Multi-Antenna Bidirectional Relaying

In this section we extend the bidirectional relaying protocol with superposition encoding
to nodes equipped with multiple antennas. The leads to a multiple-input multiple-output
(MIMO) wireless system as depicted in Figure 2.20. The Gaussian vector channel was stud-
ied first by Tsybakov in [Tsy65] in 1965. The work of Teletar, Foschini and Gans have shown
in [Tel99] and [FG98] that multiple-antenna systems have the ability to reach higher trans-
mission rates than single-antenna systems. The basic idea is to exploit the spatial dimension
offered by the MIMO channel. With an appropriate processing at the transmitter and receiver
we obtain multiple subchannels, also called the channel eigenmodes, which allow data mul-
tiplexing on several substreams and lead therefore to a linear increase in capacity. On the
other hand the spatial degrees of freedom can be utilized to transmit the data signal over
multiple fading paths to increase the robustness of the transmission through diversity. Both
works have sparked an active and flourishing research area. For a comprehensive discussion
on recent results on MIMO wireless communications with large reference lists we refer to
the book [BCC*07] and the overview paper [GJJV03].

In [WZHMOS] Wang, Zhang, and Host-Madsen can calculate upper and lower bounds for
the Gaussian MIMO relay channel with a full-duplex relay node by simplifying the opti-
mization over the joint distribution of the source and relay node input. Then they present
sufficient conditions when the upper and lower bound on the ergodic capacity meet in the
case of Rayleigh fading. But the spatial MIMO gains can be also obtained using multiple
relay nodes. Wittneben and Rankov propose in [WRO03] the relay assisted MIMO link where
amplify-and-forward relays ensure the rich scattering requirement of MIMO systems. In
[BNOPOG6] Bolcskei, Nabar, Oyman, and Paulraj derive scaling laws of the network capacity
with different processing strategies at the relay nodes depending on its channel state infor-
mation. The source and destination are equipped with M antennas so that the capacity scales
linearly with M /2 in the limit of the number of half-duplex relay nodes. Moreover, there
are some other interesting works which address other important MIMO relaying aspects like
coverage extension in cellular networks [HKWO06], linear processing for a multiuser MIMO
system [TCHCO06], etc.

. H2 . H1 . ..

(a) MAC phase (b) BC phase

Figure 2.20: A three-node network, where the relay node, node 1, and node 2 are equipped
with Ny, N1, and N, antennas respectively.
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2 Bidirectional Relay Communication using Superposition Encoding

As before, we consider a two-phase bidirectional decode-and-forward relaying protocol
without feedback. In the multiple access phase the nodes 1 and 2 transmit their messages
with rate R; and Rj to the relay node. We assume that the relay node decodes both messages
successfully if the rates are within the capacity region of the MAC phase. In the succeeding
broadcast phase the relay separately re-encodes the messages and transmits the superposi-
tion of the codewords. In [OB07c] we have studied the achievable rate region of such a
multi-antenna bidirectional relaying protocol. Recently, in [HKE™07] Hammerstrom et. al.
compare the sum-rate performance of superposition encoding and XOR precoding at the re-
lay node based on the concept of [WCKO05] and [LJSO5]. Since the XOR coding approach
is more power efficient, it leads to a better performance. We expect another improvement if
one uses the coding idea of Chapter 3 for the Gaussian MIMO bidirectional relay channel.

The MIMO system model is similar to the SISO case considered in Section 2.1. However,
in this section we require perfect channel knowledge available at each node. As before,
we assume a perfectly synchronized three-node network as depicted in Figure 2.20. The
relay node, nodes 1 and 2 are equipped with Ny, N1, and Na antennas respectively. Let
H, ¢ C"»*Ni and H, € ©Nr*N2 characterize the discrete-time time-invariant multi-
plicative MIMO channels between the relay node and nodes 1 and 2 respectively. For sim-
plicity we assume reciprocal channels. The rank 71 = rank(H;) < min{N;, Ng} and
ro = rank(H,) < min{/Ng, N2} denote the number of spatial degree of the channels,
i.e. each non-zero eigenmode of the channel can support a data stream. The mean transmit
powers of each node are restricted by power constraints Py, k € {1,2, R}, respectively.
Furthermore, the reception at each antenna of every node is distorted by independent addi-
tive white Gaussian noise 11, 12, and nyr with equal covariance matrices ol = p‘lI A
generalization to individual and more general noise covariance matrices is straightforward.
Then after symbol-rate sampling the system equation in the MAC phase for time instants m
is given by
yr[m] = Hyz1[m] + Hyws[m] + ng[m],

where yp[m] € CM® denotes the received signal vector at the relay node, =1 [m] € €
and xa[m| € CN2 denote the transmit signal vector of nodes 1 and 2, and ng[m] € CVr

denotes the additive noise vector. Similarly, after symbol-rate sampling the system equation
in the BC phase for time instants m is given by

yk[m} = HIZwR[m] + nk[m]v k= 1727

where y,[m] € CV* denotes the received signal vector at node k, k = 1,2, xr[m] € C'r
denotes the transmit signal vector of the relay node, and ny[m] € C™V* denotes the additive
noise vector at node k, k = 1, 2.

In the following we first briefly review the optimal transmit strategies of the Gaussian MIMO
channel with CSI at the transmitter and receiver. In the next sections we summarize the
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2.6 Extension to Multi-Antenna Bidirectional Relaying

known capacity results on the Gaussian MIMO multiple access channel and present the opti-
mal transmit strategy for the Gaussian MIMO channels in the BC phase using superposition
encoding. Due to the complicated structure of the rate regions in the MIMO case the com-
binatoric cannot be given in closed form. Nevertheless, with the results presented here it
is possible to characterize the optimal transmit strategies for any rate pair using standard
methods of convex optimization. Furthermore, we will see that the achievable rate in the
high power regime scales linearly with the minimum of the fraction of time weighted spatial
degree of both MIMO channels.

MIMO Gaussian Channel

We first look at a N; x N, multiple-input multiple-output (MIMO) wireless point-to-point
connection where we consider a linear time-invariant multiplicative channel with additive
white Gaussian noise. We assume that the transmitter and receiver have perfect channel
knowledge for encoding and decoding. In the following, we briefly reproduce the deriva-
tion of the information capacity of the MIMO Gaussian channel as done in [Tel99, TVO05].
Therefore, the vector-valued linear input-output relation can be expressed as follows

Y=HX+N

where H € CN-*Ni denotes the channel matrix and the random vectors X € CNtx1,
Y € CN*! and N ~ CN(0,0%I,) denote the input, the output, and the complex Gaus-
sian noise of the channel respectively. As in the scalar case we assume that the noise is
independent of the input. Furthermore, we require that the input has to fulfill a mean trans-
mit power constraint E{ X X} < P.

Similar to the scalar case we can define the mutual information for the vector-valued channel
as follows
I(X;Y)=hY)—-h(Y|X)=h(Y)—h(N)

where A(Y') and h(Y | X)) denote the differential entropy and conditional differential en-
tropy. The differential entropy for a continuous random vector Y defined on the support Sy-
with density fy (y) is defined as

h(Y) = — 8 fy (y)log fy(y)dy.

The conditional differential entropy for continuous random vectors (Y, X') defined on Sy x
Sx with joint and conditional densities fy x (y, ) and fy|x (z|y) is defined as

WY |X) = - /S  vxwo)log frixlule)d(y. o).
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2 Bidirectional Relay Communication using Superposition Encoding

Then Lemma 2 in [Tel99] shows that a circularly symmetric complex Gaussian'* distribu-
tion X ~ CN(0,Q) maximizes the differential entropy with h(X) = logdet(me Q) of
complex random vectors with zero mean and covariance matrix Q. Since the noise vector
N is independent of the the input vector X we have

E{YY"} = HE{XXT H" + E{NN"} = HQH" + +*Iy,,

where Q := E{X X #}. It follows that a circularly symmetric complex Gaussian distributed
input vector X ~ CN (0, Q) maximizes the entropy h(Y") as well.

The information capacity C'is again defined as the maximal mutual information over all input
distributions. With a circularly symmetric complex Gaussian input vector X ~ CAN (0, Q)
we have

C= max I(X;Y) = max h(Y) — logdet(me Iy, o%)
Ix (m):tr(Q)<P [x (m):tr(Q)<P
= log det (re(HQH + Iy,0?)) — logdet(me Iy, o?
tr{g:;ugcp ogdet (me(HQ + In,0°)) —logdet(me Iy, o”)
= logdet(Iy, + 5 HQH"™).
i log det(In, + 5 HQH™)

Therefore, it remains to find the optimal covariance matrix Q* which satisfies the power
constraint tr(Q*) < P.

This convex optimization problem of finding the optimal covariance matrix can be explicitly
solved using the Lagrangian method [Tel99, BV04]. This leads to the so called water-filling
solution. In the following we briefly describe the procedure to calculate the optimal transmit
covariance matrix Q* according to the water-filling solution. Let

HIH =vzVH with = := diag(A1, Ao, ..., An,)

and unitary matrix V' be the eigenvalue decomposition of H' H with eigenvalues sorted in
decreasing order, i.e. A\; > --- > Ay, > 0. Then

Q" = Vdiag(¢1, 6o, ..., En,)VH

with eigenvalues
£ = max{l/—g,()}, if A, #0,
" o, if A, = 0,

4The probability density function of a complex valued circularly symmetric (or spherically invariant) Gaussian
random vector X ~ CN (u, Q) of dimension N with mean p and covariance matrix @ is given by

1 HpAy—1
_ —(2—p)" Q" (z—p)
fX (ll:) = N det(Q) (S 5 (272)

where additionally E{(X — p)(X — )T} = 0 € CV*N holds. This circularity condition ensures that
uncorrelated jointly Gaussian random variables are also independent[KSHOO, App 3.C],[Doo53, Sec. 11.3].
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2.6 Extension to Multi-Antenna Bidirectional Relaying

where the so called water-level v follows from the transmit power constraint

Nt
P = Zlfn = tr(Q"),

which is obviously fulfilled with equality for the optimal transmit covariance matrix. For the
water-filling procedure we introduce the short notation Q(H HE, P) so that for the MIMO
Gaussian channel the optimal transmit covariance is given by

Q*=QH"H,P).

With the optimal transmit covariance matrix Q* the information capacity for the MIMO
channel is given as follows

Nr.
C =logdet(Iy, + %HQ*HH) = Zlog (1 + )\Zgn) )
n=1
It depends on the rank of the channel matrix H and the transmit power constraint how many
eigenmodes of the channel are used. In the so called low-power regime beamforming is
optimal. This means that only the strongest eigenmode of the channel is used. Furthermore,
the case where all eigenmodes of the channel are used is called the high-power regime.

2.6.1 MIMO Multiple Access Phase

In the first phase, nodes 1 and 2 transmit their information for each other to the relay node.
The encoding and the decoding are performed as in the classical discrete-time Gaussian
MIMO MAC channel. In principle the Gaussian MIMO MAC follows from the classical
result from Ahlswede [Ahl71a] and Liao [Lia72], but many researchers have explicitly stud-
ied various interesting aspects [CV93, YRBCO1, BJ02, VJG03, BW06] to mention only a
few. Since we consider memoryless channels, it is sufficient to consider single letters only.
Therefore, the vector-valued linear input-output relation can be expressed as follows

Yr=H:X:+ HyXs+ Ng

where the continuous random vector Yr € C™® denotes the output at the relay node,
the continuous random vector X € CMr denotes the input from node k, £k = 1,2, and
Ngr € CM® denotes the complex additive white Gaussian noise distributed according to
CN(0, I0?) at the relay node.
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2 Bidirectional Relay Communication using Superposition Encoding

. . . . MIMO
Again, we assume uncorrelated sources. Then the multiple access capacity region Cyjac is

given by the convex hull of the set of rate pairs which satisfy the following individual and
sum-rate constraints

Ry <I(X1;YR|X2) = h(YRr| X2
R2 S I(XQ;YR‘Xl) = h(YR’Xl
Ri+ Ry <I(X1,X2:YR)=h(Yr

— h(YR|X1,X2) =h(H X, + Ng) — h(NR),
h(YR‘Xl,XQ) h(H2X2+NR) h<NR)=
— MY R|X1, X2) = h(YR) — h(NR)

for some vector input distributions fx, (1) and fx, (x2) which satisfy the power constraint

E{XIX;} <P, k=12
Since we assume that the inputs X1, X9 and noise Ny are pairwise independent, the co-
variance matrix of the output Y r can be expressed as
E{YRY{} = HiE{X: XY H + HyE{ X, X{}HY + E{NgN{}
—— — ——
=Q =Q :U2INR
with tr(Q,) < P, k = 1,2, to fulfill the power constraints. Since a circularly symmet-
ric complex Gaussian vector distributed according to CA(0, H1Q, HY + H,Q,HL +
oI Ny ) maximizes the differential entropy of a random vector Y with covariance matrix
H,Q,H + H,Q,HY + 0?1 ,, we have
h(H X1+ Ng) <logdet (me(H1Q,H{ + 0°Iny)),
h(H>X5+ Ng) < logdet (me(H2Q,HY + 0°Iyy)) ,
hY) <logdet (re(H1Q,H{ + HoQ,HY + o°1y,))
with equalities if we have circularly symmetric complex Gaussian inputs X, ~ CA (0, Q;.),
k = 1,2. It follows that the optimal input for given covariance matrix is distributed ac-
cording to zero mean circularly symmetric complex Gaussian distribution. With A(INR) =

log det (7 eo?I ;) and the optimal input distributions X, ~ CN(0,Qy), k = 1,2, the
individual and sum-rate constraints can be expressed as

R=(Q,) :=logdet (In, + 2 H,QHY'), (2.73a)
R3z(Q,) = logdet (I, + iHQQQHH) (2.73b)
RMAC(Q17 QQ) IOg det (INR + H QlHH + o2 HQQQHH) (273C)

Accordingly, for covariance matrices ; and @5 we can achieve rate pairs within the re-
gion

ARC(@1, Q) = {[R1, Ra) € Y : Ry + Ry < RYAC(Q), Qy),

R < Rp(Qy),Re < R"(Q2)}
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2.6 Extension to Multi-Antenna Bidirectional Relaying

For each pair of covariance matrices the achievable region is described by a pentagon. As
in the scalar case, the encoding methods to achieve the vertices can be deduced from the
single-user MIMO Gaussian channel. For the decoding the relay node applies successive
interference cancellation so that each vertex corresponds to a certain decoding order. In
more detail, we can achieve the vertex v5,1(Q1, Qs) = [R5 (Q1), R31(Qq, Q,)] with

R3N(Q1,Q,) :=Ry*°(Q,,Q,) — Rz(Qy)
det (02 n, + H,Q, HY)

~log : (2.74)

if node 1 encodes as in single-user Gaussian MIMO channel to achieve the rate Rﬁ(Ql).
It therefore uses a code with codewords distributed according to a circularly symmetric
complex Gaussian distribution CA/(0, Q). Node 2 encodes as in the single-user Gaussian
MIMO channel to achieve the rate R221 (@1, Q5). The relay node first decodes the message
of node 2 with high probability while it considers the interference of node 1 as additional
Gaussian noise with covariance HQ, H{ . After the message of node 2 is determined, the
relay can cancel the interference H 9 X9 from the receive vector Y so that it can decode
the message of node 1 with high probability.

Similarly, we can achieve the vertex vox(Q1, Q5) := [R¥(Q1, Q>), Rz—P:(QQ)] with

RP(Q1,Q,) :=Ry¥"*°(Q1,Q,) — Rz(Q,)
det (c*In, + H,Q,HY + H,Q,HY)
det (021N, + H,Q,HY)

=log

by interchanging the decoding order and the corresponding encoding at nodes 1 and 2. In
accordance, let 7y, k = 1, 2, denote the decoding order where node k is decoded last.

However, in contrast to the scalar case there are in general no input distributions so that
the sum-rate and individual rate constraints are tight simultaneously. This means that the
pair of covariance matrices which maximize the individual rate constraints in general do not
maximize the sum-rate constraint as well. Therefore, the capacity region of the Gaussian
MIMO-MAC is given by the convex hull of the union over all circularly symmetric complex
Gaussian inputs that satisfy the power constraints, tr(Q;) < P,

MIMO ,_ MIMO
CMAC = co U Cumac (Q1,Q2)
tr(Qy) < Pi k=12

This means that the capacity region CME@O is the convex hull of the union over all pentagons

corresponding to a pair of covariance matrices. In general we will have two curved sections
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2 Bidirectional Relay Communication using Superposition Encoding

on the boundary, each corresponds to a certain decoding order. Thereby, each rate pair on
the curved section is achieved by an individual set of covariance matrices. The sum-rate
optimal section between the curved parts can only be achieved with time-sharing. Finally,
we will have sections where we achieve the single-user capacities. It can be easily seen by
contradiction that for any rate pair on the boundary the power constraints are satisfied with
equality. In [WBO04] the discussion of the boundary is presented for an arbitrary number
of users, we briefly look at the sections of the boundary for our two user multiple access
channel.

Since the boundary of a convex set can be characterized by rate pairs that maximize the
weighted rate sum we consider the optimization problem

RMMO(q) = argmax qiRy + @Ry (2.75)

[R1,Ro] €CNIXE”

for a weight vector ¢ € R% \ {0}. There are multiple solutions if we have ¢1 = go,
q1 =0,q2 > 0,0r q; > 0,q2 = 0, which gets clearer from the following.

First, we consider weight vectors g with ¢; > 0 and g2 = 0. This means, we want to
maximize the unidirectional rate 7 which then corresponds to the single-user capacity.
Therefore, we have to maximize (2.73a) according to the water-filling procedure given in
the previous section which gives us

RE, = R = R— = R— (Qt
T X fa= max 1:(Q1) = Rz (Q7)

using the water-filling solution Q% := Q(H{ H 1, P}). To achieve this we have to apply the
decoding order 71 which allows node 2 to transmit with rates R3*(Q3, Q). Then with the
Cholesky-decomposition C1C¥ := (I y,, + %H LQ1H)~! we can define an equivalent
channel H 5 := C'1H3 so that we can rewrite (2.74) as follows

. ~ ~ H
R5H(Q1,Qy) = logdet (Iny + 5 H2Q,Hy ).

. . ~ H -~ .
Then the water-filling solution Q(H 4 H, P;) maximizes the rate R3'(Q%, Q,). Both to-
gether gives us the first characteristic rate pair and section where node 1 achieves its single-
user capacity

E, = {3%7 RQEI(QT7Q(IEI51EI2,P2))] :

* * T
&= {[Rigp, o 10 < Ry < RS (Q1, QUH) Ha ) |

The same procedure applies to weight vectors ¢ with g1 = 0 and g2 > 0 so that we get
the corresponding characteristic rate pair and section where node 2 achieves its single-user
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2.6 Extension to Multi-Antenna Bidirectional Relaying

capacity

Ey = [R5 (@3, QUH Hy, P)) , Ry |
& = {[R1, Rig] 0 < B < R¥(QUH, H1, P1), Q) }

with the maximal unidirectional rate R;_Pi = Rp (@3) achieved with the water-filling so-
lutions Q3 := Q(HL H,, P») and Q(I:Ii{Ile, Py) with the equivalent channel H, :=
C2H using the Cholesky-decomposition CoCL = (I, + $H2Q§H§)_1.

For q; > g» it is shown in [BWO06] that the decoding order 7 is optimal. For that reason we
can rewrite (2.75) as follows

RYA®P(q) = argmax  qRz(Q)) + RyN(Q),Qy)

[R1,Ra]eCIMO

= argmax (1 — @) Rp(Q1) + 2Ry C(Q1, Q).

[R1,R2]eCIEC

With ¢; > ¢ the objective is a sum of concave functions and therefore the optimization
problem is convex [BWO06]. Similarly, it is shown that the decoding order 75 is optimal for
weight vectors with g2 > ¢q;.

In the following we look at the Lagrangian function of the optimization problem for the case
Q2 q2,

L(Q1, Qe 1, Wy, i1, p12) = —(q1 — 2) R (Q1) — 2RY A9 (Q1, Q)
2 2
= 2 e (Pr = tr(Qp)) — X tr(QpPy).
k=1 k=1

Similarly to [WBO04] the optimal transmit strategies @, and @, for a rate pair RM}%O(q)

are uniquely characterized by the Karush-Kuhn-Tucker (KKT) conditions

Iy, + ¥ =H{ (g2 — q1) [0* Iy + H1Q1H{{]71

— [0 In, + H,Q HY + H,Q,HY| " )H,,  (2.76a)
paln, + Wy = — HY (0% Iy, + H\Q HY + H,Q,HY) 'H,, (2.76b)
tr(Qp¥r) =0,  u(Pr—tr(Qyp) =0, k=12, (2.76¢)

W, = Oy, x>0, k=12, (2.76d)
Q.= Oy, Po>t(Q), k=12, (2.76¢)

with complementary slackness, dual, and primal conditions (2.76¢), (2.76d), and (2.76¢)
respectively. Since the optimization problem is convex, efficient algorithms, like the interior-
point method, exist to calculate the optimal covariance matrices [BV04]. This allows us
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2 Bidirectional Relay Communication using Superposition Encoding

to specify the curved section on the boundary corresponding to the decoding order 7 as
follows
D1 := {R\iac () 1 ¢ € R}, q1 > g2 > 0}.

Furthermore, we denote by D the sum-rate maximum RMT O ([1,1]) € D;.

Similarly, in the case q; < ¢o the decoding order 7o is optimal. Then the Lagrange function
and KKT conditions follow by interchanging the indices 1 and 2 so that the set

Dy := {R\iat (@) 1 g € RY, q1 < @2 > 0}

denotes the curved section on the boundary corresponding to the decoding order my. Accord-
ingly, let Dy = RO ([1,1]) € D, denote its sum-rate maximum.

The last section on the boundary is given by the connecting line between the sum-rate max-
ima D; and D»,

T:={R:R=7D1+(1-71)Ds,7€[0,1]}

and can be reached by time-sharing between the corresponding strategies of D1 and Do
only. If one is interested in sum-rate optimal rate pairs only, one can also use an iterative
water-filling algorithm presented in [YRBCO1].

In Figure 2.21 we depicted the characteristic sections and rate pairs of the capacity region
CM}%O for an example where each node is equipped with two antennas.

2.6.2 MIMO Broadcast Phase

As in the scalar case in the BC phase the relay forwards the messages m; and ms which it has
received in the previous MIMO MAC phase. Since we consider in this chapter superposition
encoding, the messages are separately encoded and afterwards the superposition of both
is transmitted. Again, since we assume a memoryless channel, it is sufficient to consider
vector-valued single-letters only. To this end, let W € CV® denote a single-letters of the
codeword for message m; for node 2 and W, € CNR g single-letter of the codeword ms
for node 1 so that the input of the relay node in the broadcast channel is given by the sum

Xr =W+ Ws.

We assume that the messages m; and mo are independent so that the random vectors W
and W are independent as well. From this we get the vector-valued output at node k,
k = 1,2, as follows

Y,=HIXg+N,=HIW,+ HIW, + N, k=1,2.
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2.6 Extension to Multi-Antenna Bidirectional Relaying

As in the scalar case, the receiving nodes perform interference cancellation so that we essen-
tially have two interference-free MIMO Gaussian channels between the relay node and the
nodes 1 and 2. It follows that the achievable rates for transmitting the unknown messages
have to fulfill the constraints

Ry < I(Xp; Y1|Wh) = [(Wa; H Wy + Ny),

Rl < I(XR; YQ‘WQ) == I(Wl; H§W1 + N2)
for some input distributions fyy, (w1) and fw, (w2) which satisfy the power constraint

E{XHIXRr} =EB{WiIW,} + E{WIW,} < Px.

Obviously, the mutual informations are only coupled by the relay power distribution. As in
the scalar case, we denote by 3; and (35 the proportion of relay transmit power Pg spend for
the codewords W and W5 respectively. Then the simplex

B = {[f1,8] € [0,1] x [0,1] : By + B2 <1}

characterizes the set of feasible relay power distributions that satisfy the relay transmit power
constraint.

For any feasible relay power distribution [31, 32] € B we have two separated MIMO Gaus-
sian channels so that circularly symmetric complex Gaussian distributed inputs

W1~ CN(0,Qr1(81)) with Qp,(51) := Q(HHY 51 Pr),
Wy~ CN(0,Qgo(B2) with Qgo(32) = Q(H 1 HY, 32PR)

maximize the mutual informations. Thereby, the optimal covariance matrices Qg ; (1) and
Qr (2) are given by the water-filling solution as described for the Gaussian MIMO chan-
nel in Section 2.6. Therefore, in the MIMO BC phase we can achieve rate pairs within the
rate region

RYMO = { (R, Ro) € B2+ Ry < Reg(81), Re < Reg(B2), 81, 2] € B}
with rate constraints
R=(61) :=logdet (I, + % H5Y Qg1 (51)H,), (2.77)
R=(f2) :=logdet (I, + 2z H{ Qg »(82)H,) (2.78)

for the MIMO broadcast channel. It can be easily seen by contradiction that for any rate pair
on the boundary of the achievable rate region we have 3; + 32 = 1.

From the water-filling solution we see that with increasing power it is optimal to increase the
number of the used eigenmodes if the power exceeds certain thresholds. In the low-power
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2 Bidirectional Relay Communication using Superposition Encoding

regime we use the strongest eigenmode of the channel only, which is known as beamform-
ing. In the high-power regime it is optimal to use all eigenmodes. The maximal number of
eigenmodes is given by the rank of the channel matrix. In the next proposition we specify
the threshold values which also characterize the so-called beamforming optimality range and
high-power regime. To this end, let

H HI! =V, Z,. VI with 2y := diag(Ae.1, M2y - - MeNg)

with unitary matrix V;, € CV2*R be the eigenvalue decomposition of H , H kH € CNrxR,
k = 1,2 with eigenvalues sorted in decreasing order, i.e. A1 > --- > A v > 0. Further-
more, we define the coefficients

form =1,2,...,rofork =1and m = 1,2,...,7 for k = 2 respectively and Lo := 0
for k=1, 2.

Proposition 2.52. For k = 1 with ro = rank(H3) maximal possible eigenmodes it is
optimal to use

ro eigenmodes, if 1 Pr > o ( — Ly Tg,l),

ro—1
2,r2

1 eigenmode, if 1 Pr <o ( — L), or

m eigenmodes, if o (W Lgm 1) < G1PRr < 02(/\2:“ — L27m).
Similarly, for k = 2 with r1 = rank(H 1) maximal possible eigenmodes it is optimal to use

r1 eigenmodes, if [2Pr > o (;1 Tll L),

1 eigenmode, if B2Pr <o ()\12 L171),07“

m eigenmodes, if o (A— — Lim— 1) < [BoPr < UQ(MZH — Ll,m).

Proof. The proof can be found in Appendix 2.8.34. O

Next, we are interested in the weighted rate sum maximum

RYMO(q):= argmax qRi+ qRo. (2.79)
[R1,Ra] eRYEMO

Since RMIMO is convex, the strategy is similar to the previous derivations where we look for
the rate pair on the boundary whose normal vector has the same angle than the weight vector
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2.6 Extension to Multi-Antenna Bidirectional Relaying

RMIMO

q. Therefore, we have to identify for each rate pair on the boundary the number of

used eigenmodes of the channels Hy, k = 1, 2.

Proposition 2.52 characterizes the number of eigenmodes with respect to the power 31 Pr
and 32 Pr. We will look at a parametrization of the boundary in terms of § = 31 = 1 — (3.
Therefore, we solve the power threshold values for 3; and 35 so that we can express the
threshold values in terms of the power fraction as follows

1 m

ﬁl,m ::7( _L2,m)> m=1,2,...,r2—1,
TR A2m41
1 m

ﬁg’m::f _Ll,m)7 m:1,2,...,r1—1.
TR ALl

Additionally, we define the value (o := 0, k = 1,2, as the value where no eigenmode is
used. In order to identify the number of eigenmodes used for a given relay power fraction [3;
or 35 we define the intervals

B m :(ﬂl,m—laﬂl,mL m:1,2,...,r2—1,
Bam = (B2.m—1, B2.ml m=12,...,r1—1

with By, := (B1,r—1,00), Bayr, = (B1,r,-1,00), and By o := {0}, k = 1, 2. Therewith,
we can define the following indicator functions

my :[0,1] —{0,1,2,...,r2}, (1 — m where we have 31 € By 1,

mo :[0,1] —{0,1,2,...,r1}, (2 — m where we have 35 € Ba ,

which specify the numbers of used eigenmodes for a power fraction [3; or 2. Obviously, for
(1 = 0 we have R@(ﬁl) = 0 and for 35 = 0 we have R—»(ﬂg) = 0. For 31,32 > 0 the
characterization of the used eigenmodes allows us to state in the next proposition a closed
form solution of the rates Rz (1) and Re(f2), which we use for the derivation of the
weighted rate sum optimal rate pair.

Proposition 2.53. The rates R (61) or R—>(ﬁg) are zero if 31 or B2 are equal to zero. For
061, B2 > 0 we have

ma(B1)

Z log ( )(/817R+L2 ml(ﬁ1))>
mo ( )
Z log ( “—(Boyr + Ly mQ(,@z)))
n=1 )
Proof. The proof can be found in Appendix 2.8.35. O
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2 Bidirectional Relay Communication using Superposition Encoding

Then
My == |[{Bim : Bim <1form=0,1,2,...,r, — 1}| and
My == [{Bom : Bom < 1form=0,1,2,...,r —1}|
denote the~ nu~rnberS ~of maximal used eigenmodes. Next we define M = M; + Mo.
Then let 31, B2, - . . G| denote the sorted vector of [310, 811, -, B1,m-1,1 — Ba0,1 —
B2,1,- -, P2,m,—1] in increasing order, i.e. wehave 0 = 31 < B < --- < By = 1.

We are now prepared to characterize in closed form the rate pair which maximizes the
weighted rate sum according to (2.79).

Theorem 2.54. Let g = [q1,¢2] € R? \ {0} denote a weight vector with nonnegative ele-

il > then the rate pair R%%Mo(q) where the weighted

Vaé+a )

rate sum is maximized is given by

ments and angle 04 := arccos

[07 RQ,BC([Oa 1])]7 lfeq > ©1,
RI\B/[(IJMO(q) = [Rl,BC<q>7 RQ,BC(Q)L lf‘Pl > Hq > OM,
[Rl,BC([la 0])70]7 lfQOM > ‘9qa

with characteristic angles where the number of allocated eigenmodes changes

Yr+L1, My . _
arctanm, ifn=1,

11 (Bn) (1=Bn) 1R+ Ly 1) )

Pn = § arctan — , fl<n< M,
m2(1*ﬁn)(ﬂn’YR+L2,ml(5n>)
MoLqy . o
arctanm, lfn—M,
which are given for a weight vector q by
07 lfeq > ©1,
m(q) = S m1(Bny1), i on > 0q > Ony1,
Mla lfSOM > Qq,
Ma, ifq > 1,
772(Q) = m2(/8n)a lf@n > Hq > POn+1,
07 lfSOM > 9(17
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2.6 Extension to Multi-Antenna Bidirectional Relaying

so that the rates are given by

R+ Linsg) + Lo
R lo ( : '>7
1.80(q Z ani(q) + q2m2(q) e
n2( Q)
W+ Liny(g) + Loy
R2,BC lo ( : . QAL‘) .
Z a1 (q) + ¢2m2(q) ’
Proof. The proof can be found in Appendix 2.8.36. O

With this theorem we can identify for any non-negative weight vector g € IR%r \ {0} the
Pareto optimal rate pair on the boundary of the BC phase. In Figure 2.21 we depicted the
characteristic sections and rate pairs of the achievable rate region R%%MO for an example
where each node is equipped with two antennas.

2.6.3 MIMO Bidirectional Achievable Rate Region

As in the scalar case we use the MAC and BC phases for a fraction of time only. Let the
time division parameter o € [0, 1] denote the fraction of time in the MAC phase so that
1 — « characterizes the fraction of time in the BC phase. Therefore, we have to scale the
rate regions according to the time fraction. This means for a successful bidirectional relay
transmission of a message m; with rate R from node 1 to node 2 and message mso with rate
Ry from node 2 to node 1 the rate pair R = [R;, R2| has to be within aCll\\ﬂ\éo as well as
within (1 — o) RN¥IMO. This means that for any given time division parameter « € [0, 1] the
bidirectional achievable rate pairs are given by the intersection of the scaled rate regions

)

MIMO MIMO MIMO
Rpr () :==aCyac” N (1 — @)Rpe

which is convex since the intersection of convex sets is itself convex. Accordingly, the
boundary is characterized by the rate pairs which maximize the weighted rate sum for weight

2

vectors g € R7 \ {0},

RER'O(a,q):=  argmax  q R+ qRs.

[Rl 7R2]ERI\/HMO(Q)

Because of the difficult MIMO MAC capacity region the optimization problem cannot be
solved in closed form as in the SISO case. However, for the solution we can distinguish
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2 Bidirectional Relay Communication using Superposition Encoding

B
>
2 1.2 Y, =1
5] i 7, =1
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Figure 2.21: MIMO achievable rate regions RNEVO(1/2) with Nj = Ny = Ny = 2.

between the following cases. First we consider the cases where the optimal rate pair is also
the optimal rate pair of the MAC or BC phase. Accordingly, we can conclude as follows

aRMIMO (Q) € R%/II:I{MO (a)

MIMO MIMO
MAC Rpg ™ ( (9),

= @,q) = aRyAC

(1 _ a)RMIMO( ) c RMIMO(a) = RMIMO( 7q) _ ( )RMIMO( )

If both cases do not apply the boundaries have to intersect at least once. From the previous
we know that a rate pair where the boundaries intersect is optimal for a range of weight
MIMO MIMO MIMO :
vector angles. In the case where aRy1a¢ (q), (1 —a)Rzc "~ (q) € Ry («) the optimal
rate pair RMIMO (a, q) is given by a rate pair where the boundarles 1ntersect. Since multiple
intersections may possible it remains to determine the intersection point which is optimal for
the weight vector gq. Unfortunately the characterization of the intersection points is much
more involved than in the SISO case and cannot be solved in closed form.

As in the scalar case we can define the rate region and the weighted rate sum optimal rate
pair for the optimal time division case as follows

MIMO
Riskopt = 0 | U (aGyiRe” N (1 - )REEC) |,

a€l0,1]
MIMO
Rpgopt (@) '= argmax ¢l + 2o,
[R1,Ro] ERI]%%%IPCS

which we use to study the high-power behavior in the following.
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2.6 Extension to Multi-Antenna Bidirectional Relaying

High Power Behavior

We can deduce the high power behavior from the asymptotic behavior of the maximal unidi-
rectional rates for a fixed time division parameter «,

RIMIMO () .~ min {aR%}L, (1-— a)R@(l)} ;
R;MIMO(OZ) ‘— min {OzR;—l%, (1 — Oé)R}T{(l)} 5

and for the optimal time division,

RTMItMO = —Rﬁ{R@( ) and RSMItMO = —RQ_PiRFT{( )
() * bl f0) . 9
’ & T A1) v =+ R (1)

where R%{ and R*. denote the maximal unidirectional rates in the MAC phase as defined

in Section 2.6.1 and R (1) and R (1) denote the maximal unidirectional rates in the BC
phase as defined in Section 2.6.2.

In the high power regime it is asymptotically optimal to allocate equal proportions of power
for each non-zero eigenmode. This means at high powers P;, P», and PR we can approxi-
mate RZ_E,{ and R (1), k = 1,2, by

Tk Tk
. P Mg P Mg
RﬁNZbg(HEGQ) Zl (Tk 02),
Tk

)= St (1 ) = St (1),

For conceptual clarity we set Py = P» = Pr = P. Then in the high power regime the rates
scale linearly with the number of eigenmodes of the corresponding MIMO channel

R ~ i log(P) + c, and  RL.(1) ~ rilog(P) + dy,
with constants ¢ and d, for k = 1, 2.
Therewith, we get the asymptotic of the maximal unidirectional rates as follows'>
RMMO — min{ar, (1 — a)ry} log(P) + o( log(P)),
R;MMO — min{ary, (1 — a)ri}log(P) + o( log(P)),

. 172
Riope' =~ —log(P) +o(log(P)) fork =1,2.

5The little-o notation collects asymptotically insignificant terms of an expression. This means, if g(z) €
o(f(z)) it follows that we have lim %% = 0.

f(z)
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2 Bidirectional Relay Communication using Superposition Encoding

This means that the maximal unidirectional rates for the fixed time division case scale with
the minimum of the fraction of time weighted number of eigenmodes and for the optimal

time division case scale with -~1"2-,
r1+7r2

Since the rate regions RYEVC(a), a € [0,1], and REEHT are convex, for the sum of any
rate pair on the boundaries we have

min{ RMIMO | RrMIMOY < HRI}E%MO(Q’(I)Hl < (R{MIMO . pesMIMOY
min( RO, FNO) < (R @I, < (RO + RINO).

It follows that the asymptotics of the maximal unidirectional rates give us a lower and upper
bound on the asymptotics of the sum-rate of the rate pairs on the boundary which we sum up
in the following proposition.

Proposition 2.55. Let 1y = rank(H;) and ro = rank(Hg) denote the spatial degree
offered by the channel between the relay node and the nodes 1 and 2 respectively. Then
the asymptotic scaling of the sum of any rate pair on the boundary of the achievable rate
regions R%/[PI{MO(a) and R%%lzgg with increasing power P can be upper and lower bounded

as follows

|| BER" (e )],

IN

(s1 + s2)log(P) + o(log(P)),

min{s1, s2} log(P) + o(log(P)),

Y

|| B (e )]

™7
|| RERei (@), < 2.~ 12742 log(P) + o(log(P)),
|RMRQ(q)||, > —2—log(P) + o(log(P)).

r1+ T2
with s1 := min{ary, (1 — a)ra} and s2 := min{ary, (1 — a)r; }.
We see that as for the point-to-point MIMO channel the spatial degree results in a pre-log

factor in the high power regime, which depends on the spatial degree of both MIMO channels
as well as on the time division between the phases.

2.7 Discussion

We considered various cross-layer design aspects for a two-phase bidirectional decode-and-
forward relaying protocol using superposition encoding in the broadcast phase which was
proposed first by Rankov and Wittneben in [RW05b, RWO07]. In their work they propose
half-duplex relaying protocols with increased spectral efficiency and show by comparing
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the maximal achievable ergodic sum-rates of the proposed bidirectional protocols and the
achievable ergodic rates of the proposed unidirectional protocols that the bidirectional ap-
proaches can “recover a large portion of the half-duplex loss.” After that they did not carry
on research to explore further properties of their bidirectional protocols.

On that score in Section 2.2 we have extensively studied the bidirectional decode-and-
forward protocol for a three-node network assuming single-antenna nodes. First, it is im-
portant to realize that a bidirectional relaying protocol is characterized by two achievable
rates. This means that we have to examine a two-dimensional achievable rate region. Then
it easily follows that the achievable rate region is given by the intersection of the scaled rate
regions of the multiple access and broadcast phases. In this chapter, the relay node applies
superposition encoding technique to forward the messages in the broadcast phase as pro-
posed by Rankov and Wittneben. The characterization of the intersection of achievable rate
regions usually results in a combinatorial problem. Theorem 2.5 and its corollaries reveal the
combinatorial structure of the bidirectional achievable rate region for the equal time division
case. In particular it allows us to characterize the sum-rate maximum in Corollary 2.8, which
Rankov and Wittneben characterize with some simplifying assumptions only. Since the in-
tersection of convex sets is itself convex, we know from convex theory that the boundary of
the achievable rate region is characterized by the rate pairs which maximize the weighted
rate sum. Theorem 2.10 characterizes in closed form the optimal rate pairs for any positive
weight vector using the knowledge of the combinatorics.

Another simple extension is to relax their equal time division assumption from which it
is natural to ask for the optimal time division. The achievable rate region of the optimal
time division case is given by the union over all time division parameters and therefore
need not be convex. However, in Corollary 2.13 we have concluded that the region is indeed
convex using the equivalent description of the achievable rate region proved in Theorem 2.12.
From Proposition 2.14 we see that the combinatoric of the MAC capacity region transfers
to the bidirectional rate region. Again, in Theorem 2.16 we characterize the boundary of
the achievable rate region with the optimal time division by the rate pairs that maximize the
weighted rate sum. Since the boundary rate pairs of a convex set are Pareto optimal in the
sense that we cannot increase one rate without decreasing the other, its characterization is
crucial for the succeeding cross-layer designs.

For the two phase protocol there are two possibilities to interpret the mean power input con-
straint of a Gaussian continuous-alphabet channel with respect to a code word. We can either
consider each phase separately, which means that we average over all actually transmitted
symbols of each phase, or we average over both phases so that we scale the mean power
constraints according to the inverse of the time division parameter. While for the equal time
division case the results for both models can be obtained by an appropriate substitution, for
the optimal time division case the non-linear dependence on the time division case makes
a reconsideration for the second model necessary. Accordingly, in Theorem 2.39 we find
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2 Bidirectional Relay Communication using Superposition Encoding

an equivalent characterization of the achievable rate region. Furthermore, in Theorem 2.24
we show that the combinatoric of the MAC capacity region transfers to bidirectional achiev-
able rate region as well. And finally, in Theorem 2.26 we establish the convexity of the rate
region. The non-linear dependence of the rate constraints on the time division hinders the
derivation of closed-form results. However, the obtained results makes efficient algorithmic
optimization solutions feasible.

In Section 2.3 we use the results for a cross-layer design across the Data Link Layer and
Physical Layer, where we are interested in an efficient resource allocation with respect to
the traffic generated at higher layers. Therefore, we assume stationary and ergodic time-
variant block-fading channel processes. At nodes 1 and 2 we consider queues with infinite
buffer length and a centralized controller which slot-wise adapts the service rates according
to the maximum weighted rate sum with weights equal to the buffer length. Since this pol-
icy is based on the maximum differential backlog algorithm of Tassiulas and Ephrimedes
[TE93], we can use “standard” Lyapunov drift techniques to characterize the arrival rates
under which the policy guarantees queue stability. In Corollary 2.30 we adapt the proof from
[NMRO3] to show that the stability region is equal to the bidirectional ergodic rate region by
proving a negative drift of a quadratic Lyapunov function on the buffer levels whenever the
mean number of unfinished work is large. Moreover, it follows that the mean delay behaves
asymptotically to the inverse of the distance of the bit arrival rate vector to the boundary of
the stability region. The following numerical simulations confirm the stability results and
illustrate the efficiency of the bidirectional relay protocol for the equal and optimal time
division case compared to classical Round-Robin strategies.

In a network where N relay nodes are willing to support the bidirectional communication
it is a fundamental problem to identify the best relay node. But again, since bidirectional
communication is characterized by two rates, this problem is a vector optimization problem
so that relay selection for a bidirectional protocol is more involved than for unidirectional
relaying protocols. In Section 2.4 we derive a relay selection criterion based on the achiev-
able rate region of each relay node. From the Propositions 2.32 and 2.37 we can conclude
that the probability that the achievable rate region of one relay node contains the rate region
of all others decreases with an increasing number of relay nodes /N, which means that there
is more often no over-all best relay node. For that reason we propose to select the optimal
relay node individually for any Pareto optimal rate pair on the boundary of the achievable
rate region. Moreover, from Figure 2.10 we see that if two relay nodes achieve the same
weighted rate sum for a certain weight vector, we can enlarge the achievable rate region if
we allow time-sharing between the usage of the corresponding relay nodes.

For iid Rayleigh fading channels and for the equal time division case in Theorem 2.40 we
show that the growth of the maximal unidirectional ergodic rates is asymptotically equal to
1/21og(In(V)), which is the same scaling law achieved with the separation based relaying
approach in [DSG™03]. Since the sum-rate of any ergodic rate pair on the boundary of the

122



2.7 Discussion

ergodic rate region for the equal and optimal time division cases can be upper and lower
bounded by the maximal unidirectional rates of the equal time division case, in the Corol-
laries 2.42 and 2.44 we conclude that the ergodic sum-rate of any boundary rate pair scales
with ©(log(log(N))) as well.

Relay selection is obviously a routing problem, which belongs to the Network Layer. Then
for relay selection in a wireless system it remains to decide for a weight vector. We can
again look at this problem from a cross-layer design perspective. This means that if we
use the buffer levels as the weight vector we tie together relay selection with the maximum
throughput policy of Section 2.3. It follows that we end up with a load adaptive routing
protocol where the routing policy takes the resource allocation, the channel states as well as
the queue states into account.

In Section 2.5 we consider the next cross-layer design approach where we study the joint
resource allocation of two routing tasks. For this purpose, we add in the broadcast phase
a multicast communication from the relay node to the nodes 1 and 2 to the bidirectional
relaying protocol. The goal is to realize synergistic efficiency and enable rate trade-offs by
converging two routing schemes. Moreover, if the relay does not fully exploit its transmit
power constraint for the bidirectional communication, the relay can add the relay multicast
communication without worsening the bidirectional communication. For that reason and in
dependence to piggyback communication on higher layer protocols, we call this approach
piggyback on bidirectional communication. We see this as the first step in integrating bidi-
rectional relay communication in a wireless network.

In Theorem 2.45 we show that for the receiving decode-and-forward nodes 1 and 2 it is
always optimal to decode the relay message first. This fixed decoding order simplifies fol-
lowing case studies, but the explicit characterization is still exhaustive. Then Theorem 2.48
specifies the total sum-rate maximum of the bidirectional rates and the additional relay mul-
ticast rate. We see that the total sum-rate behavior is dominated by the function which char-
acterizes the rate pairs where the sum-rate maximum of a broadcast rate region is attained
for a certain relay power. In Corollary 2.49 we identify a rate trade-off between additional
relay rate and one bidirectional rate where the total sum-rate remains constant. In the follow-
ing combinatorial discussion we look at some examples and work out some further aspects,
which are interesting for the design and operation of service adapted network protocols. In
particular we change the point of view and optimize the bidirectional communication while
we desire a certain relay rate for a multicast application or we discuss the total sum-rate
maximum with respect to the time division parameter. Most of the closed form results can
be obtained for the equal time division case only, but the behavior for any fixed time division
will be similar.

In Section 2.6 we extend the bidirectional decode-and-forward relaying protocol using super-
position encoding to vector-valued processing. For this purpose, we assume that each node is
equipped with multiple antennas and that each transmitter has perfect channel knowledge as
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2 Bidirectional Relay Communication using Superposition Encoding

well. Accordingly, we present the optimal transmit strategies at each node for both phases.
In the BC phase the optimal transmit strategy is given by two point-to-point water-filling so-
Iutions which are only coupled by the relay power distribution. This allows us to characterize
the rate pair which maximizes the weighted rate sum in Theorem 2.54. A combinatorial dis-
cussion of the achievable rate region as in the SISO case is not possible in the MIMO case
because of the complicated structure of the MIMO-MAC capacity region. However, from
the maximal unidirectional rates in the high power regime we find a scaling law for the max-
imal unidirectional rates, which depends on spatial degrees of the MIMO channels as well
as on the time division between the phases. In Proposition 2.55 we use the scaling law for
the maximal unidirectional rates to upper and lower bound the sum-rate of any rate pair on
the boundary of the achievable rate regions for the fixed and optimal time division case.

Nevertheless, one can directly apply the ideas of the previous sections to the MIMO case,
which means that for an optimal throughput in a system the rates should be allocated accord-
ing to the queue states, the relay selection should be performed with respect to the achievable
rate region, and the resource efficiency can be improved if we consider the joint resource al-
location of multiple routing tasks.
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2.8 Appendix: Proofs

2.8.1 Proof of Proposition 2.2.3

Let [Ry;, Roi] € Rpc, @ = 1,2 denote two arbitrary achievable rate pairs. It follows that
there exist feasible relay power distributions [31;, f2;] € B with Ri; = Rg3(81:) and Ry; =
Rﬁ'(ﬂgi) for 7 = 1,2. From the concavity of the logarithm we can conclude that for any
t € [0, 1] we have

tRi1 + (1 —t)Ri2 = tR5(B11) + (1 — 1) Rz (Br2) < Rz (B1(2)),

tRo1 + (1 = t)Roz = tR3(B21) + (1 — ) R (B22) < Ry (B2(1))

with ﬁk(t) = t0k1 + (1 — t)ﬁkg, k =1, 2. Since [ﬁh’, /82z] € B, we have (31; + (9; < 1 for
i = 1,2 so that for any ¢ € [0, 1] we have

2
Zﬁk(t) =t + (1 —t)ia+tfor+ (1 —t)B2 <t +(1—1t)=1.
k=1

This means that for any ¢ € [0,1] we have [3i(t),02(t)] € B and therefore
[Re3(B1(t)), Ry (B2())] € Rpe. It follows that any convex combination of achievable
rate pairs is achievable, which proves that Rpc is convex. O

2.8.2 Proof of Proposition 2.2

The sum-rate maximum is obviously attained on the boundary of Rgc. The boundary is
parametrized by (2.8). Therefore, we consider the sum-rate

R=(B) + Rz (1 = 8) = log ((1 = Blha|*yr) (1 — (1 = B)|h1[*1r)),
:=fpc(B)

which is maximized for the same (3 as the concave parabola fgc(/3). The concave parabola
f(B) is maximized at its vertex

h hal|?
(8 30(8)] = |3 + 74 (ke — ) £+ amIa? + B2b) (1 + mlnaf? + 2.

This characterizes the maximum sum-rate if 3* is a feasible relay power distribution, i.e.
£* € [0,1]. If we have 8* < 0, the function fgc () is strictly decreasing on [0, 1] so that
the maximum sum-rate is attained at Rpc(0). On the other hand, if we have 5* > 1, the
function fgc (/) is strictly increasing on [0, 1] so that the maximum sum-rate is attained at
Rpc(1). O
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2.8.3 Proof of Theorem 2.5

For a given relay power distribution 3 = 3 = 1 — (32 € [0, 1] the maximal sum-rate has to
satisfy

R = Ri1 4+ Ry < 1/2RMAC
DO = ey Tt e < R

because of the MAC sum-rate constraint (2.4c). Furthermore, the unidirectional rate /21 has
to satisfy the individual rate constraint (2.4a) of the MAC phase and (2.7a) of the BC phase
and similarly the unidirectional rate R» has to satisfy (2.4b) and (2.7b) so that we have

Ry <1omin{R, Re3(8)} and Ry < lemin{Rz, Re>(1— B)}
The combination of all constraints gives us the maximum sum-rate

Ryx;(B) = 1/2min { min{ R, Re3(6)} + min{ Ry, Rz (1 — B) 1, R%AAC}
1/2m1n{R—>+R (1 ﬁ),RfTQ(ﬂ)—I-RQR,R 5(8) + R (1= B),
R + Ry, RYACY
= 1/2min { Rz + R (1 — B), Re3(B) + Ry, Ry (B) + R (1 — 8), RYACY
(2.80)

using R + Ry = log (L+m]h1[2)(1+72]h2|?)) > log(1+v1|h1 |2 +72|he|?) = RYAC
in the last equahty

For the next equality we have to examine the combinatorics of (2.80). This becomes clearer
if we discuss the geometry of the arguments of the logarithms of the rates. Accordingly, we
define the following functions

f(8) = 2% =1 4 y1|ha|? + 72l hof?
f1(8) = 2Rm R 079 = (14 9 ha) (1 + (1 — B)mlhaf?),
£5(8) := 27w TFER ) = (1 + 75| ha?) (1 + Bym|hal?),

fpo(B) = 2"mi DR ) = (14 (1 = B)ym|ha[*) (1 + Byr|hal?),

where we easily see that fx; () is a constant function, f; (/3) is a linearly decreasing function,
fa(3) is a linearly increasing function, and fgc(/3) is a concave parabola, which we already
know from the Proof of Proposition 2.2. To solve (2.80) we will study the function

min{f; (5), f2(6), f=(6), fec(6) } (2.81)

for 5 € [0, 1] in the following. In Figure 2.22 we depicted two representative examples.

The intersection points characterize the combinatorics of the rate region and identify the
active restriction for each feasible power distribution $ € [0, 1]. In the following derivation
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Figure 2.22: Exemplary plots for the discussion of f; (), f2(3), fs (), and fgc(3) for *2 <
Af in the left figure and 5*> > AJ in the right figure.

of the combinatorics we first neglect the feasibility, but later we will take the feasibility into
account. With simple calculations of the intersection points between f1 (), fs;(3), f2(/3), and
fpc () it is easily seen that we have

f1(8) < fx(B) for § € [Bs1,00) and f1(B) > fx(B) for B € (—o0, Bs1], (2.82a)
fa(B) < fs(B) for B € (—00, Box] and f2(8) > f(B) for B € [Bax, 00), (2.82b)
f1(8) < fec(B) for 3 € [Br1, 1] and f1(B) > fc () for B € (—o0, Br1] U [BiB, 00),
(2.82¢)

fo(8) < fec(f) for B € [Bpa, foB] and  f5(83) > fc(B) for B € (—o0, Bp2] U [B2B, 00),
(2.82d)

f2(B8) < f1(B) for B € (—o0, fa1] and fr(3) > f1(B) for 5 € [Ba1,00) (2.82e)

with fOs1, (o, OB1, (1B, OB2, and [sp as given in the theorem and Bo1 =
(I471]h1?) A 4yr ][R [2) =142 |h2|?)

A1 [h1P)yr|PL P+ (A2 h2[P)yR A2 Furthermore, we have

(41 [ha[?) (L 4+72|h2|?) (yr [P [P +R |h2 [* 3 ha [ 2 |?)
() = B(02) = = P O e~ > 0 (283

It follows that we have gy < (21 < (1B since we have fi(815) = f2(8p2) = 0 and the
linear functions f;(3) and fo(/3) are strictly decreasing and increasing.

If we multiply the left and the right hand side of f1(321) = (1+71|h1]?)(14(1—B21)yr|h1|?)
to the left and right hand side of fl(ﬂgl) = fg(ﬁgl) = (1 + ’)/2“1,2‘2)(1 + 521"}/1:{‘}7,2’2) we
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get

(1:080))" = (Lt 2l A+ )+ Bralhal)(1+ (1= Bor)laf?) 2:84)

i=C21 =fpc(B21)

with ca; = (14+72|h2|?) (1+71]h1]?) > (1+71]h1]?+72|ha|?) = fx(B) for all 3. Therewith,
we will prove

f1(B21) = f2(B21) > min{fs:(B21), fec(B21)} (2.85)

next. First, we consider the case fx;((321) < fpc(21) so that we can conclude

fs;(B21)? < fs2(Ba1)en < fpe(Bor)ean = f1(B21)?

using (2.84). Since we know from (2.83) that f;((321) > 0 and fx;(/3) > 0 for all 3, it follows
that we have f;(21) = f2(f21) > fx(521) so that (2.85) is fulfilled for this case. Otherwise,
if f5;(821) > fpc(B21) we have fpc(f21) < co1 since fx;(F21) < c21 holds. Then from (2.84)
it follows that

fpo(Bo1)? < carfpe(B21) = f1(B21)?

so that f;(B21) = f2(B21) > fpc(Ba1) since we have f1(321), fpc(B21) > 0. This proves the
other case so that (2.85) holds.

We are now ready to derive Z;. From (2.82a), (2.82c¢), and (2.82¢) we have

f1(8) < min{fs(8),fsc(B),f2(8)} for 8 € [Bs1,00) N [BB1, BiB] N [B21, 00).

We now claim that [Ox1, 00) N [Bp1, f1B] N [B21,00) = [Bx1, 00) N [BB1, F1B] holds. To see
this we first look at the case that the set on the left hand side is empty, which is equivalent
to the condition that max{fs1, A1, (21} > (1B holds. Since we have (g1, f21 < [iB, it
follows that Bx;; > (313 has to hold so that the set on the right hand side is empty as well.
On the other hand, if we have B5;; < (13 both sets are non-empty. Then both sets are equal
if we have max{0x1, OB1, 021} = max{fx1, 01}, which is equivalent to the condition that
B21 < max{fx1, Op1} holds. We will prove the last condition by contradiction. Therefore,
let us assume that §3; > max{fs1, Ap1} is true. This is equivalent to the condition that
B21 > (s and P21 > (g1 holds simultaneously. Since we have 21 < (31, it follows from
(2.82a) that f1(21) < fs(B21) and from (2.82¢) that f1(321) < fpc(B21). Both together
gives us f1(f21) < min{fs;(f21), fpc(B21)} which is a contradiction to (2.85). Accordingly,
the set Z; = [fBx1, 1] N [OB1, S1B] denotes the set of feasible 5 € [0, 1] where the minimum
of (2.81) is equal to f1(3).

Similarly, from (2.82b), (2.82d), and (2.82¢) we have

f2(3) < min{fs(8), fsc(B),f1(8)} for 5 € (—o0, Box] N [Br2, F2B] N (=00, Fa21].
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We now claim that (—oo, B2x]N[BB2, fo] N (—00, f21] = (—o0, B2z ]N[BB2, f2B] holds. As
before, we first look at the case that the set on the left hand side is empty, which is equivalent
to the condition that min{ sy, fop, B21} < (g2 holds. Since we have fop, f21 > (g2, it
follows that Gy < (g2 has to hold so that the right hand side is empty as well. On the
other hand, if we have (o5, > (3o both sets are non-empty. Then both sets are equal if we
have min{ Sy, 2B, f21} = min{fax, Bop }, which is equivalent to the condition that 331 >
min{ o5, fop } holds. Again, we will prove the last condition by contradiction. Therefore,
let us assume that 32; < min{(x1, Sp1} is true. This is equivalent to the condition that
(21 < Px1 and (21 < (g1 holds simultaneously. Since we have (21 > o, if follows from
(2.82b) that fa(321) < fs(B21) and from (2.82c) that fo(321) < fec(B21). Both together
gives us fa(F21) < min{fs;(B21), fac(P21)} which is a contradiction to (2.85). Accordingly,
the set Zo = [0, fax:] N [OB2, f2] denotes the set of feasible 5 € [0, 1] where the minimum
of (2.81) is equal to fa(3).

The MAC sum-rate constraint is only active if the concave parabola fgc(/3) intersects fx(/3).
This is the case if and only if we have 5*2 > AJ3. Then the corresponding intersection
points are characterized by Sy, and [xp as in the theorem so that we have fx,(3) < fpc(3)
if § € [OBx, Bsp]. Furthermore, from (2.82a) and (2.82b) we know that

fs(8) < min{f;(8), f2(8)} for 8 € (—o0, Bs1) N (f2x, 00)
so that for feasible 3 € Zy, as in the theorem the minimum of (2.81) is equal to f5;(3).

Finally, for all other feasible power distributions 3 € Zpc = [0, 1] \ (Z; UZy U Ix;) we have
fpc(B) < min{fi(8),f2(8), fx()} and therefore the BC phase is more restrictive than any
restriction of the MAC phase. 0

2.8.4 Proof of Corollary 2.7

For the proof of the corollary we use the definitions of the proof of Theorem 2.5. Accord-
ingly, the right plot in Figure 2.22 is a helpful illustration.

A rate pair [RM, R}!] € Cyvac with the sum-rate RMAC can be supported in the BC phase
iff the set Zy; is non-empty. If one solves (5*)? = Af for yr we get Yk as given in the
corollary. It follows that for Zs; # () we have to have (3*)2 > Af so that it is necessary that
TR > Vi

Since Rpc increases with increasing g for the minimal g the set Zx; has to be a singleton,
this means that for fy}-E{MAC we have max{ sy, Opn} = min{fx1, fxp}. This is equivalent
to the conditions

Boxy < Bss A Bee < Bs1 A By < BB A Pox < B, (2.86)
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where we have at least one equality. Since we require yr > 75 the condition Gy, < fOyp is
already fulfilled.

Next, we consider the case gy < (31, which is equivalent to the condition f* — Oy <
V% — AB. Since we already require yg > Vi We have 6*2 —Af > 0 so that the condition
is fulfilled if 3* — Ox1 < 0 holds, which is easily seen the case if we have yr > 'Ay%él. On the
other hand, if 8* > f5;; we have gy, < [ if we have yg > 7}2{1(1/2). Both together gives
us that By, < By is fulfilled if we have yr > min{4g', 7' (1/2)}.

Similarly, the case fox; < [xp is equivalent to the condition Foy; — 5% < 4/ 5> — AS. Since
we have ﬂ*2 — A > 0 the condition is fulfilled if o5, — 3* < 0 holds, which is the case if we
have yg > 42>. On the hand, if 5* > (a5 we have Bax < Byp if we have Y > 737 (1/2).

Both together gives us that Box; < Byp is fulfilled if we have yg > min{§3~, 72> (1/2)}.

Finally, we prove by contradiction that the following holds

Bos: < Bss A Bx < PBs1 A Bes < Bs =  fox < fByi.

Therefore, let us assume that we have Go5; > (x1. Then using the first and second inequality
gives us Oy > [oy > [x1 > [y which is a contradiction to the inequality Opy < [yB.
Accordingly, the minimum necessary relay power has to satisfy the first three conditions of
(2.86) and therefore is given by (2.16). L]

2.8.5 Proof of Corollary 2.8

For the proof of the corollary we use the definitions of the proof of Theorem 2.5. Accord-
ingly, the left plot in Figure 2.22 is a helpful illustration. We prove the corollary by further
investigation of the combinatorial structure of the geometry of {1, fs, and fpc. Therefore, let
us define the function

r(8) := min{f1(8), f2(6), fzc (B) }-

Since we assume YR < VEMAC, we have r(3) < fy(p) for all 5 € [0,1]. Remember
that f1(3) and fy(3) are strictly decreasing and increasing. Furthermore, since fpc () is a
concave parabola which has its vertex at 5, it is strictly increasing for § < [* and strictly
decreasing for 3 > [3*. Therefore, the sum-rate maximum is given by the combinatoric of
the vertex of the parabola at 8* and the intersection points at G and [Fop.

Since we have Zy, = (), 813 > 1, and g1 < 0, the set of feasible power distributions where
fgc(B) <r(B) is given by

Ip = [0, 1] \ (Il UIQ) = [0, 1] N (ﬁQB,IBBl).
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Since fpc () is a concave parabola, we have fpc(5*) = r(5*) > r(8) for all § € [0, 1].
Accordingly, if we have

el & [>0AF<1AP>Po A S <P, (2.87)

then the sum-rate maximum is given by %RBc(ﬁ*). If we solve the conditions in (2.87) for
YR We get

* 1 1 1 1

B =3+ mm(mp —mr) 20
*x 1 1 1

B =5+ om (e —mp) <1

)

I

* _ 1 _ nelhe)? x1 _ 2y2[ha|? 11
8" > g =1 ARIRL TR <IR = Thi]2 + 12 a2
* _ mlhaf? 2% _ 2y1|h1]? 11
F" < BB1 = hp W< = Tr TR~ e

Therefore, we have 3* € Zp with the sum-rate optimum %RBc(ﬂ*) if we have hg{| <R <
min{~', 7&3*}, which proves the case (2.18¢).

If we have 8* < max{fap, 0}, then fgc (/) is decreasing for all 5 € Zp. Since f2(3) and
f(3) are strictly increasing and decreasing, the rate pair £ Rgc(max{3p,0}) is sum-rate
optimal. Then the sum-rate optimal rate pair is on the Rq-axis if we additionally have

2B ho|?
Bp <0 & m <=2l

Then it follows that for %RBC (0) to be sum-rate optimal we require fop < 0 and * < 0,
which is equivalent to yg < min{’y{%, vﬁB}. This proves the case (2.18a). Accordingly, if
we have Bop > 0 and 8* < (3 the rate pair %RBc(ﬂQB) is sum-rate optimal. This is case
if yg > 7%33 and yr > 71?{1, which proves the case (2.18b).

Similarly, if we have $* > min{(p1, 1}, then fpc(f) is increasing for all § € Zp. Again,
since f5(/3) and f; ((3) are strictly increasing and decreasing the rate pair 3 Rpc(min{fg1, 1})
is sum-rate optimal. Then the sum-rate optimal rate pair is on the R;-axis if we additionally
have

_ nlhl?

Brrz1 & W< =T
Then it follows that for %RBC(I) to be sum-rate optimal we require Og; > 1 and * > 1,

which is equivalent to yg < min{—fy;r{, v&1}. This proves the case (2.18e). Accordingly, if
we have g1 < 1 and §* > the rate pair %RBc(ﬂBl) is sum-rate optimal. This is case if
YR > 75! and yg > 2%, which proves the case (2.18d). O
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2.8.6 Proof of Theorem 2.10

We first separate a simple calculation in the following lemma, which also justifies ¥(/3).

Lemma 2.56. The normal angle of the supporting hyperplane of the rate region Rpc

for a relay power distribution 31 = 1 — o = [ is given by ¢(3) = tand¥(f) =
lho|*(14+-(1=B)yr[h1]*)
[hiP(A+Byr[h2]?)

tan

Proof of Lemma 2.56. The normal vector of the parametrized boundary [Re (), Rg; (1 —

o [-R(B).R(B)] . , _ dRz(1-8) —yrlh|?

B)] is given by H[Rﬁ(llf)ﬂﬁ(ffﬁ)}\l with Rﬁ(ﬁ) = 95 T Trn-pmeE and
d Ry (9) hol? o figs (0)

R;ﬁ(ﬂ) — dé = 1J$ﬁlﬁ2\"12|2' Thus the angle ¢(3) is given by tan —1?’%(/3)' O

Proof of Theorem 2.10. The weighted rate sum maximum in Theorem 2.10 is given by the
boundary rate pair of Rgreq Where the angle of the normal vector of the supporting hyper-
plane is equal to the angle of the weight vector, i.e. tan g2/¢;. Furthermore, two restrictions
apply simultaneously at boundary intersection rate pairs. Those rate pairs are also optimal
for weight vectors with an angle inbetween the angles of the normal vectors of the restric-
tions at this rate pair. Since for all weight vectors with non-negative elements, i.e. angles
inbetween [0, /2], the tan is a strictly increasing function. For that reason, we prefer to
characterize the different cases by the argument of the tan. From Theorem 2.5 and its corol-
laries we know the combinatorial structure of the rate region and its boundary. Therefore, in
the following we determine for any weight vector g € lRi \ {0} the corresponding boundary
rate pair.

First we characterize all intersection rate pairs. If Z; = () & (g1 > 1, the MAC single user
bound %Rﬁ» is not achievable in the BC phase, therefore the boundary rate pair %RBC(l) is
optimal for all weight vectors ¥(1) > g2/q1. Similarly, (2.20b) follows from Zy = (). The
MAC single user bound %Rﬁ» is active for some weight vectors q if Z; # () < (g < 1.
Next we have to distinguish if vy is large enough so that the MAC vertex %1/21 can be
reached, i.e. By1 > Pgi1. Then %ugl is optimal for all weight vectors with ¢2 /g1 < 1. If
Bs1 < 01 < 1 the vertex vy cannot be supported but the MAC single user bound %Rﬁ
is active for 3 > (1. Therefore, the intersection rate pair %RBC (BB1) is optimal for weight
vectors q2/q1 < ¥(0Op1). Similarly, if Fox < (op the vertex %1/22 is optimal for g2 /g1 > 1
and the case (2.20f) if not.

Finally, two possible intersection rate pairs of the MAC sum-rate %Rg with Rpc are left.
For both it is necessary that 5*> > AB. If fox < Opx < Fwx1, i.e. the MAC vertex
%I/QZ cannot be supported, the intersection rate pair %RBC (OByx) is optimal for all weight
vectors with ¥(Opx) < ¢2/q1 < 1. On the other hand, the MAC vertex %1/21 cannot be
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supported if fox; < BB < Bx1. Therefore %RBc(,@ZB) is optimal for weight vectors with
I(PsB) = @2/q1 > 1.

For all other weight vectors Rgreq is bounded by the rate region of the BC phase. Therefore,
the optimal rate vector %RBC (OBc) is given by the boundary rate pair with the corresponding
normal vector, where the optimal power distribution Spc follows if one solves ¥(0pc) =
q2/q1 for Bpc. O

2.8.7 Proof of Lemma 2.11

Since for any o € A a power distribution [y, 52] € B with aR{” < (1- a)Rﬁ»(ﬁl) and
aRM < (1 - ) Rz (B2) exists, it is possible for the relay node to broadcast the messages
from nodes 1 and 2 with rates a R and aR}!. Accordingly, for any o € A we achieve
the bidirectional rate pair [R1, Ro] = a[RM, R)] so that the largest o* € .A maximizes the
bidirectional rate pair in each component. Next we prove by contradiction that o* is uniquely
characterized by (2.23a) and (2.23b). Therefore, we need that R (1) and R (52) are
continuous and increasing in (5, and (3.

Let us assume that for the largest element o™ of the set A at least one equality is not fulfilled.
Since a* € A, a relay power distribution [31, 32] € B exists so that either o* RM < (1 —
o) R (B1) or R < (1 - o) R (B2).

Ifa*RM < (1- o) R (B1), we can find a 31 < b1 where still a* RM < (1— a*)R}Té(Bl)
holds. With B3 = 1 — 3; > [, we get a*Ré‘J < (1- Oé*)Rﬁ(Bz). Since in both cases we
have a strict inequality, we can find an @ > «™* while both inequalities are still fulfilled, this
means & € A. This contradicts the assumption that o* is the largest element in A.

Accordingly, ifa*RéVI < (1—04*)RPT1>(ﬂ2), wecanfinda s < Branda By = 1— 3 > 31 s0
that we have a* RM < (1 — a*)Rﬁé(Bl) and o* R} < (1 - o) R ($32). This allows us to

increase o while both inequalities are still fulfilled, what again contradicts the assumption.

Finally, we assume that for the largest element o* of the set A we have 81 + [2 < 1.
Therefore, we can find 3; > 3; and Bg > (35 with [Bl, Bg] € A so that we have a* R} <
(1-— O‘*)Rsz(Bl) and o RY < (1 — Oé*)Rﬁ(BQ). This allows us to increase « while both
inequalities are still fulfilled, which contradicts the assumption 51 + (G2 < 1. 0

2.8.8 Proof of Theorem 2.12

The equivalent description follows from a transformation of rate pairs [R}, R)] on the
boundary of the MAC rate region using Lemma 2.11. We get the sets R1, Ro, and Ry with
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time division pararneters ai(B), az(B), and o, () if we solve (2.23a) and (2.23b) for a*

with RM = R—, RY = R, and RM + R) = RMAC respectively.

1R’ 2R’

For an arbitrary rate pair R € R1NR2NRy we will show in the following that R € RBROpt
holds. Since R has to be within R; there exists B1 € [0,1] so that Ry < Ry (1) =

(1—a1(ﬂl)) R2(ﬁl) and Ry < Ry»(f1) = (1- al(ﬂl)) =1 — 31) hold. This means that
we have R € (1 — al(ﬁl))RBC Similarly, from R € Ro and R € Ry we know that there
exist 2, 3x. € [0,1] so that we have R € (1 - a2(62))RBC and R € (1— az(ﬁg))RBc
respectively. With @ = max{a%(f1), a5(32), a&(fx)} we still have R € (1 — @)Rpc.
Furthermore, we see from

Ry < Ri(B1) = o5 (B1)R =
Ry < Ryy(Ba) = 05(f2) Ry < 54R*>
Ry + Ry < Ry (Bs) + Rsa(fx) = 5 ) RYAC < aRMAC

that we have R € aCnac. It follows that R € RpRropt (@) € RBRopt SO that we conclude
that R1 N R2 N Ry, € RBRopt-

For the reverse inclusion we show that for any rate pair R € RpRropt We also have R € RN
R2NRs. Forany R € RpRopt there exists an & € [0, 1] so that R € &Cyac N (1 —&)Ree

holds. From R € GCpac it follows that Ry < &R—, Ry < &R, and Ry + Ry < aRMAC,

R’ 2R’
S . ~ R—=-R ~ Rs=—R> - RMAC_R, R
which is equivalent to (1 — &) > 11%@ ~(1-a)> 21%?, and (1 —a&) > ETAéQ

respectively. Likewise, from (1 — &)Rpc we know that there exists a 3 e [0, 1] where we

have Ry < (1-8) Ri(3) and Ry < (1-)Rigg (1 3). If we solve (1-4) > " and

Ry < (1 - &)Rey(B) for Ry we get Ry < ~TEBOL _ (1 ox(3))R5(B) = Rus(B).

We can use the previous inequalities to bound Ry as follows

- R——R - 3 - -
Ry < (1) Rg(1-f) = R f) < (1- MY g gy = Rin().
1R 1R

R——R MAC __ _
It follows that R € R;. If we use (1 — &) > % and (1 — &) > % we

can similarly conclude with Ry < (1 — &)Rﬁ(ﬁ) and Ry < (1 — &)Re3(1 — (3) that
Ry < Ro1(B) and Ry < Rgy(B) so that R € Ry and that By < Ry (3) and Ry < Ryx(0)
so that R € Ry respectively. This means that we have R € R N Re N 'Ry from which we

conclude that Rropt € R1 N R2 N Ry holds. Hence, we proved the equality Rpropt =
RiNRyNRs. O
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2.8.9 Proof of Corollary 2.13

For the proof of the results we basically look at the derivatives of some rate functions. For
notational simplicity we omit the arguments; but we note the subtle particularities, which
however do not change the main results.
. . / / /! /!
For a specific but arblt‘rary B € [0,1],let Rlﬁf RF'T2>’ Rl?.l” = B and R@’ denote Eﬁ (B)
and R@(l — [3) and its first and second derivatives with respect to (3. It can be easily seen
that we have R—, R—3, R_. > 0 and R, R”., R, < 0 for all 3 € [0, 1] except for
RI’ "'R2’ “'R3 R1’“R1’ " R2 o

(3 = 0, where we have R@» = 0, and for = 1, where we have RPTI = 0. Later, we will still
achieve strict monotony since we never have equality for both simultaneously.

From this we get the inequalities for the first derivatives

2 /

dru(9) _ il

dg (Rﬁ + Rﬁ)2 -
AR (8) _ T (R (o + Brp) — Brali)

dg (RQ_I% =+ RE{)Q '

MAC MAC

dRei(8) _ B (R (RYAC + Rgy) — Rz RL)) -

g (RYAC + R + Ri3)? '

Therefore, R11((3) is increasing and Ro1 () and Ry (/3) are strictly increasing with (3. Ac-
cordingly, from

dRyy(8) BB (R + Rgg) — Rgg R

B (Rer; + Rey)? <0,
dRa2 () _ R;T{R;?i <0
43 Ry + R=)? ~
dRy(f) _ BYC(BE (REAC + Rey) — Ry Re) 0
ds (RYAC + R + R3)?

we see that Ras(/3) is decreasing and Ri2(3) and Ryx2(f3) are strictly decreasing with 3.
Therefore, the functions R;(3), Ra(f3), and Ry (/) are parameterizations of the boundaries
of R1, Ro, and Ry, in the first quadrant.

The normalized normal vector for the parametrized curve R;(8) is given by [ —

dRéi%(m,dRéilﬁ(ﬁ)]/HRl(ﬁ)H with the angle ¢1(8) = arctan—qi(3) where ¢1(8) =

%15@ / %’Z@. Since both components of the normal vector are nonnegative, the function
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: oDl il ! S
1 has arange [0, 7/2]. Since @Rﬁ PE’R@ > 0 for all 5 € [0, 1] the derivative

dgi(8) _ Fin (Rl — Rl (Rig + Frg)
dg (R/R_f(Rﬁ + Rﬁ) — RﬁR’}?z))z

is positive. Since arctan is strictly increasing, it follows that ¢1(3) is strictly decreasing.
Since R;1(f) is increasing and Ri2(3) and 1 () are strictly decreasing it follows that R;
is convex.

Similarly, we get the angles p2(3) = arctan —go2(f) and ¢x(3) = arctan —gs (/) with
32(B) = %16([3) / %Qﬁ(m and gx(8) = dRﬁbw ) / dRﬁE(ﬂ ) for the normal vectors of rate pairs
on the parametrized curves Ry(/3) and Ry ([3) respectively. Again, ¢2(3) and ¢x(f3) are

strictly decreasing for all 3 since the derivatives

dga(B) R—( LRL—R%RE)(RTF{-\—RQ)

__2R" R2 RI
ds (R, (Rap + Rey) — RgR))?
dgs(8) _R%AC(R’;@R’Q - %R’R_QJ(R%[AC + Rz + R
3 ((R;_Tl)(Rl\EAAC + Ri) — Ry R)?

are positive. Therefore, Ro and Ry, are convex.

Finally, RgRropt 18 convex since the intersection of convex sets is itself convex. O]

2.8.10 Proof of Proposition 2.14

We have an intersection between Ri(3) and Ry (3) if there exist 5,3 € [0,1] with

[R11(3), R12(0)] = [Rs1(8), Rx, (/3)]. First we consider the case that the intersection point
is not on the axes. Then from

Ru(f) Rz Rg®)  Rud)

Rix(3) Rz (1—5) Rz(1—8)  Ri(f)

and the fact that R;(8) and R (1 — f3) are strictly increasing and decreasing in 3 we

conclude that for an intersection point we have B = 3. Since ai(8),a%(8) < 1 holds

for any (3, for an intersection point on the axes we either need Ry (3) = R@»(ﬂv) = 0or
Rﬁ(l—ﬁ) = Rﬁ»(l—ﬁ) = 0 so that we have either 3 = 3 = 0or = (3 = 1. It
follows that for an intersection point between R;((3) and Ry () we always have 8 = [3.
The same arguments apply for an intersection point between Ry (/) and Rx(/3) and R;(0)
and Ra ().
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Accordingly, we have an intersection point between R1((3) and Ry (/) iff there exists a
b1 € [0,1] with Ry1(f1x) = Rix(f1x) and Ro1(f1x) = Reox(fix). This is fulfilled iff

we have

— MAC
RlR RZ

Ry + Rgz(B1s)  RMAC 4 R (1 — Bix) + Ry (Bix)’

R (B1s) . .. .
— R2
= B (1) Since this is exactly equation

L . . R
which is equivalent to the equation —za™
Ry, _Rﬁ’

(2.24) we see that (15, corresponds to the unique optimal relay power distribution of the
MAC rate pair [R!, R}'] = [Rez, RYAC — Rz] = v1x € Cuac, cf. (2.5a).

With similar arguments we see that the unique intersection between R;((3) and Ry (3) at
Bsa2 € [0, 1] corresponds to [R)T, RY] = [RI\E/IAC — Rz, Rﬁ] = vy € Cpac.

Finally, we have an intersection of R;(3) and R2([3) iff there exists a 12 € [0, 1] with
R11(B12) = Ri2(612) and Ry1(Bi2) = Ri2(f12). This is fulfilled iff we have

Ry Ry

R+ R (B12)  Rag + R (1= f12) + Rz (B12)”

. . . . R— R— .
which is equivalent to the equation & = M. Let us assume that the rate pair
Ry Rz (1-p12)

R ($12) € RBRopt- From Lemma 2.11 we know that [Rﬁ, RQ_P’{] is the corresponding rate

pair in the MAC phase. But since Rﬁ + R2_}i > RI\E/IAC, this rate pair is not achievable so
that we have R (512) ¢ RBRopt-

The inequalities (2.28a) and (2.28b) follow after simple calculations using the relations

< S 1 < 1 < < L4
— RMAC Rz (1) = Ry = = Ry

O]

1
m

1 1 1 1
+ and +
RR?(I) Rﬁ(l) Rm RgAC Rm(l)

1
Rﬁ(l)

2.8.11 Proof of Corollary 2.15

Since RBRopt 18 given by the intersection (2.25), the boundary is characterized by the rate
pairs on the boundaries of R, Ro, and Ry, which are most restrictive. For § = 0 we have
R5(0) = 0= R11(0) = R21(0) = Ryx1(0) = 0. From (2.28b) we see that the rate pair
R5(0) is most restrictive for rate pairs on the ordinate [0, R2|. For small 3 > 0 the boundary
Ry () is still most restrictive until Ry (/3) intersects the boundary at Sx5. Until the next
intersection, the boundary Ry ([3) is most restrictive, i.e. for f1x < § < [x2. And finally,
for the last section R;(3) with 5 > ;5 is most restrictive. O
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2.8.12 Proof of Theorem 2.16

For a convex set it is well-known that the weighted rate sum is attained at the boundary rate
pair where the direction of the normal vector is equal to the direction of the weight vector.
This can be easily seen by the following geometrical interpretation. Consider a hyperplane
in IR? with a normal vector g which intersects the feasible set RBRopt- Due to orthogonality,
any rate pair of this intersection leads to the same weighted rate sum. In order to maximize
the weighted rate sum we have to shift the hyperplane in the direction of the normal vector
as far as possible until the hyperplane is finally tangential to the boundary of Rgropt. Such a
tangential hyperplane is called a supporting hyperplane. The rate pair where the supporting
hyperplane with normal vector q intersects the boundary is the rate pair with the largest
weighted rate sum for this weight vector.

Accordingly, the procedure to find the optimum is obvious. First we have to find the opti-
mal relay power distribution §* corresponding to the weight vector q. Therefore, we have
to find the rate pair on the boundary where the angle of the normal vector is equal to the
angle of the weight vector, i.e. 4. Since the boundary is defined section-wise, we have
to distinguish between the following cases: If 84 € [p1(1), ¢1(f1x)], the optimal rate pair
is on the boundary of R;. Therefore, for those angles we can calculate the optimal relay
power distribution using the inverse function ¢ *. Similarly, if 0 € [px (i), ¢x(8s2)] or
0q € [p2(Ps2), ©2(0)] the optimal rate pair is on the boundary of Ry, or R respectively. For
weight vectors with an angle 04 € [0, ¢1(1)), (¢1(f1x), =(Bix)). (¢x(Fs2), 2(Ps2)), or
(p2(0),7/2), the rate pairs Ri(1), Rx(f1x), Rx(fx2), or R2(0) at the intersections of
R;(B), Rx(3), and Ry(f3) with 5* = 1, B1x, fBx2, or 0 respectively are optimal. This char-
acterizes the optimal rate pair on the boundary R;(3"(q)) and the corresponding optimal
time division parameter o*(q) for any weight vector g € R2 \ {0}. O

2.8.13 Proof of Lemma 2.17

From [AS64, 4.1.33] we have 17 < In(1 + z) forz > —1,x # 0. Therewith, we get for a
a/x

constant @ > 0 the inequality In(1 + a/x) > 4 7o

for x > 0. We can use this inequality
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to see that the first derivatives

_ -
TG <n<1+%\h1 > o >>0
[Fa]?
da 1+ " al
dR—> 2 2|ha|?
= In 1+72‘h2| a0
da 1 + 'Y2\h2|
hi|?472|ho|?
dRYA(a (14 Pl ) B
da | 4 Pl
«

are positive so that R (@), R (a), and RMAC(q) are strictly increasing for a € (0, 1).

The second derlvatlves of ]:2—R>( ) R (), and RYAC(q) are given by

5 2
PRg() (il ]?) -0

da? o (1+ “"“'2> n(2)
d2R2—R(Oé) _ (’}/2|h2‘ ) <0

da? o (1+ 2l ) n(2)
~ 2

EPRYC(@) (il + alhef?)
da? o3 (1 n M)2ln(2) B

Since Rﬁ(a), R (a), and RMAC (@) are non-positive for all o € (0, 1) it follows that they
are concave. 0

2.8.14 Proof of Lemma 2.18

From [AS64, 4.1.33] we have {7 < In(1 + z) forz > —1,2 # 0. Therewith, we get

for a constant a > 0 the inequality In(1 + £7) > =%, for z € [0,1). We can use this
11—z
inequality to see that for an arbitrary but fixed 3 the first partial derivatives with respect to

Df(a. nJhaf?3 2
R2( ﬁ) _ 1 ( 1—a In <1+7R|h2| B) <0
1

O In(2) + “/R1|’172\23 1—a
r hi|?(1—
ORgi(e.p) 1 MEER L wmPa=8\Y _,
Do In(2) \ 1+ ’YR|hif(1*5) 11—«
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are negative so that Rﬁ(a, B) is strictly decreasing for o € (0, 1]. The Hessian matrix of
Rﬁﬁ for @ € (0,1] and 3 € [0, 1] can be easily calculated as follows

O"Rgy  O"Rgs 2 2
H(R—>) = 820‘5;2 %ng _ — (7R|h2|2) [(lfﬁa)g (1—50()2]
R2 0°R= 0*R— y ,3|h ‘2 2 5 AR
he 2he| = (I ) [y o

From [[}_, )‘i(Rl?z) = det (H (Rﬁ)) = 0 it follows that at least one eigenvalue
/\i(sz), i = 1,2 is zero. Furthermore, from Zle )‘i(R}Tz) = tr (H(R}Té)) =
~(mlhaf?)*(B2+(1-0)?)
(1 2B2R212) % 1 (9) (1-a)3
Therefore, both eigenvalues \; Rﬁ)
R (o, 8) is concave on [0,1) x [0,1

< 0 it additionally follows that the other eigenvalue is non-positive.

, © = 1,2, are non-positive so that the rate function

Similarly, the Hessian matrix of Rﬁ fora € [0,1) and 8 € [0, 1] is given by

OPReg  0°Rg 2)2 (1-p? _1-8

H(B—) = 8a~8PZ)} aqz?ﬂl _ - (’YR\h1| ) (1=a)? (i=a)?
( Rl) PRz O?Rgy 1 YR(1=0)|h1|? 21 9 1*5) 1

0B0a  OBOB " ( + T—a ) n(2) 1—a)2 (I-a)

Again from []2, A(R—) = det (H(Rﬁ)) = 0and Y2 \(Re) = tr (H(Rﬁ)) -

_ 2V2 (321 (1_ )2 S
(WR“‘Q}J )2 (f 1)) < 0 it follows that both eigenvalues \;(R=), ¢ = 1,2, are non-
(122220 ) T in(2) (1-a)?

R1
positive so that the rate function Rﬁ(a, ) is concave on [0, 1) x [0, 1] as well. O

2.8.15 Proof of Proposition 2.19

For any arbitrary but fixed time-division parameter « € [0,1) and rate pairs R R® ¢
Rpc(a) we have to show that for any ¢ € [0, 1] we have R(t) := tRY + (1 -t)R? ¢
Rpc(a). Then Rpc(«) is convex.

Let R;(t) := thl) +(1- t)RZ@), i = 1,2, denote the components of R(t). For each rate

pair R®), k = 1,2, there exists a 5(*) € [0, 1] such that we have ng) < Rﬁ(a, 5*)) and
Rék) < Rﬁ» (o, ). For t € [0, 1] we define 3(t) := t31) 4 (1 — t)3?). Then we have

Ri(t) = tR" + (1 = )R < tRe(a, BV) + (1 — )R
Ry(t) = tRY + (1 — )RY < tR(a, BV) + (1 — ) Re (v, fP) < R (0, B(2))
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where the last inequalities follow from concavity of R}TQ’(O" () and Rﬁ (o, B) for 5 € [0, 1].
This means that for all ¢ € [0, 1] we have 3(¢) € [0,1] and R;y(t) < R@(a,ﬂ(t)) and

Ri(t) < Rﬁ(a,ﬁ(t)) so that R(t) € Rpc(a) follows. For @ = 0 we have Rpc(0) = 0,
which is convex by definition. 0

2.8.16 Proof of Lemma 2.23

Since Rﬁ(a, () and R@(a, () are continuous, positive, and strictly decreasing for v €
[0,1) and a fixed [ the absolute value of the rate pair RBC(a, () is strictly decreas-
ing as well. Likewise, Rﬁ»{(a), RQ_R(O‘)’ and RMAC(a) are continuous, positive, and
strictly increasing for a € (0, 1]. Furthermore, for the continuous continuation we have
R=(1,8) = R3(1,8) = Rp(0) = Ryz(0) = RMAC(0) = 0 forall 3 € [0,1]. Since
both arguments of the minima are continuous and one is strictly increasing while the other is
strictly decreasing it follows that for the maximizing time-division parameter both arguments
are equal and the maximizing time-division parameter is unique. O

2.8.17 Proof of Theorem 2.21

First, we will prove the inclusion Rl N Rg N Rg - RBROpt To this end we have to show
that for any arbitrary rate pair R € R1 N RQ N Rg it follows that R € RBRopt Let o and
Rpg denote the angle and the radius of the rate pair R, i.e. the rate pair in polar coordinates
is given by R = [Rrcos(¢Rr), Rrsin(pr)]. If R € R1 N'Ry N Ry we have R € Ry,
ReRy,and R € ﬁg so that we have

Rp < min {Rl(wR), Ra(pR), RE(SOR)} :
From Lemma 2.23 we know that for each Ri(¢Rr), Ro(¢Rr). Rx(pr) there exist unique

maximizing time-division parameters &} (¢r), &5(¢r), and a3(¢r) € [0,1] where we
have

~ B (a*

Rpc(ai(¢r), ¢R) = W

i B (at

Rpc(as(¢R), ¢R) = M
RYAC(a3,(¢pR))

RBC(&*Z((pR)v SOR) = COS(SOR) + SIH(SOR)

respectively. Let &* := max{&j(¢Rr), @3(¢¥R), &5 (¢R)} denote the maximum, which cor-
responds to the shortest broadcast phase. With the power distribution * := fpc(a*, vr),
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which is the power distribution of the rate pair on the boundary of Rpc(@*) with angle R,
we have Rp < Rpc(a*, ") so that R € Rpc(a*) follows. Moreover, since Rﬁ(a),

RQ_I’{(O‘)’ and RMAC(«) are increasing for a € [0,1] we have for the individual rate con-
straints

Rﬁ{(dl(WR))
cos(¢Rr)
Rf{(dz(wR))
sin(¢r)

Ri = Rpcos(pr) < Ri(¢r) cos(¢r) = cos(pr) < Ry (a)

Ry = Rrsin(pr) < Ra(pr)sin(¢r) = sin(pr) < Rgp(a”)

and for the sum-rate constraint

Ry + Ry = Rp(cos(pr) +sin(pr)) < Rx(pr)(cos(pr) +sin(¢r))
PMAC & -
= o ) (conpm) + sin(m)) = RY(as(om) < RYC()

so that R € Cppac(a@*). It follows that R € Rpc(@*) U Cyvac(a*) C Uag[o,uﬁBC(a) U
Cuvac() = RBRopt-

F~or the reverse inclusion we show that for any R € ZNQBROpt it follows that R € 7@1 N 7@2 N
Ry. Forany R = [Rrcos(pr), Rrsin(¢r)] € RpRropt there exists an &* € [0, 1] such
that R € Cyac(@*) and R € Rpc(&*). This implies that we have

- Rﬁ(d*)

Ry = Rrcos(¢pr) < R1—>(oc*) = Rp< ———, (2.88a)
cos(¢r)
_ . s (@)

Ry = Rpsin(pRr) R2—>(a) = Rr< , (2.88b)
sin(¢r)

Ry + Ry = Rr(cos(pr) +sin(pr)) < RMA°(a*) = Rg < B (a)
L e = coslpn) +sinen)
(2.88¢)

For a given time-division &* the rate pair with largest radius with the same angle as the rate
pair R has the relay power distribution 3* := 3(&*, ¢ g). This implies ¢ r = @pc(a* ﬁ*)
Then it follows from R € Rpc (&) that

Ry = Rpcos(pr) < Rg3(a*, 37),

Furthermore, we have
Reg(@", 3, R ]:[ &, 86", oR)), g (67,86, or)|
= ( *,or) = Rpc(&*, pr)[cos(¢r), sin(pr)].

142



2.8 Appendix: Proofs

Therefore, we have R < RBc(d*, ¢r). This together with (2.88a), (2.88b), and (2.88c¢)
gives us

o R—(a*)
Rp <min ¢ Rpc(a@*, ¢Rr), —F——

Rp < min {RBC(d*u YR); ——

R
"cos(pr) + sin(¢Rr)

Rgr < min {RBc(d*, ©YR)

R (a) } :

cos(pr) + sin(pr) = is(er)

< max min {RBC(CV7<PR)7
a€l0,1]

This let us conclude that

Ry = Rrcos(¢r) < Ri(pR) cos(or) }
RQ = RRsin(ng) S Rl ((PR) Sin((pR)

Ry = Rrcos(¢r) < Ra(pr) cos(or) }
Ry = Rpsin(¢r) < Rg(ch) sin(¢r)

Ry = Rrcos(¢r)

. ) = R:[Rl,RQ]E'f\S,E.
Ry = Rpsin(¢r)

Rx(or)sin(¢r)

Accordjnglylwe have R € 7@1 N 7~€2 N 7%2 finally. Therewith, we have proved 7~€BR0pt =
RiNRyNRs. O
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2.8.18 Proof of Theorem 2.24

We first prove (2.42a) and (2.42b). For ¢ = 0 and ¢ = g we have }?{Bc(a, 0) = R—

(1)

and Rpc(a, 5) = fiﬁ(a, 0) respectively. Therewith, we have
R1(0) = arél[%,}i] min {Rﬁ(a, 1), Rﬁ(a)}v

0P HMA
Rs(0) = max min { Reg(0,1), B ()},

. _ Rﬁ(a) -
R5(0) = lim max min < Rpc(a, ¢), = max Rg(a, 1) = Re3(0,1).

©—0ac0,1] sin(¢) acl0,1] B2

We kIlONW that RB—2>(1, 1) = 0 and Rﬁ(a, 1) > 0 fora < 1 and Rﬁ(O) = RYAC(0) =
0 and R(a), RMAC(a) > 0 for a € (0,1]. Tt follows that the optimal time-division
parameters & (0), @x(0) are in the open interval (0, 1). Since Rﬁ(a) < RMAC(q) for all
a € (0,1) it follows tha‘E R1(0) <~R2(0). Furthermore, since Rﬁ(a, 1) < R@(O, 1) for
all € (0,1) we have Rx(0) < R2(0) so that (2.42a) follows. Similarly, for p = 5 we
have

Ro(§) = max min {0, B}

Rx(%) = nax, min { R=(a, 0), RYAC (o)},

= . _ - Rﬁ{(a) - -
Ri(3) = lim In[a&)i] min § Rpc(a, ), ——= p = max R=(a,0) = Rz(0,0).
@Hjae )

As before, we can conclude with Rﬁ(a) < RMAC(a) and R=+(a,0) < =(0,0) for all
a € (0, 1) that (2.42b) holds.

Since the boundaries are continuous curves in the first quadrant we see from (2.42a) and
(2.42b) that boundaries of R, R2, and Ry, have to intersect at least once. In the following
we will see that they intersect at one boundary rate pair only.

For an intersection rate pair between the boundaries R1 and 7?:2 there must exist an angle
@12 € (0, 5) where the radii are equal, i.e. we have R1($12) = Ro(@12). From Lemma 2.23
we additionally know that

Ra(@1a) = Frpc(ai (Br), o) = ELE12))
) cos(p12)

Fo(1a) = Frnc(a3(pr), pro) = —C2P12))
sin(p12)
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so that we have Rpc(aj(@12), P12) = Rpc(as(Pi2), ¢12) > 0. Since Rpc(a, ) is
continuous and strictly decreasing for o € [0,1) and a fixed ¢ € [0, ] it follows that
aj(pi2) = a5(Pr2) = dna.

Rez(@12)  Rgg(di2)
cos(¢12) —  sin(@12) °
individual rate constraints of Cyxjac(&q2). For any « the rate region Cyac(ar) has only one
intersection rate pair of the individual rate constraints, which angle we denote by P12(c).
Since both rate constraints strictly increase with «, also the radius of the intersection strictly
increases. Since Rpc (o, ) strictly decreases, we can conclude that there is only one time-
division parameter where the intersection rate pair is on the boundary of Rpc (a, ) as well.
It follows that 15 is unique.

The equality characterizes the radius of the intersection rate pair of the

From the equality of Ry (p12) = Rg((ﬁu) we can conclude
RYAC(Gns) < Rig(Gna) + Ryg(G1a) = Rpo(Gia, Pr2)(sin(@12) + cos(@12)).

Since RYMAC(a) and Rpc(a, ¢) are strictly increasing and decreasing for o and fixed ¢, it
follows that for the optimal time-division parameter we have &3,($12) < @12 so that

Ri(P12) = Ra(@12) = Rpc(aiz, ¢12) > Rec(ad(@12), P12) = Rx ().

Since RQT{(O" ¢) and Rpc(a, @) are strictly increasing and decreasing for o and fixed ¢, it
follows that for the optimal time-division parameter we have &3 (@x1) < @y so that

Ri(ps1) = Re(@s1) = Rpc(asi, §s1) < Ree(@3(@s1), Ps1) = Ra(@).

The discussion for the intersections between the boundaries of ﬁg and ﬁl or 7~22 is similNar,
which we will present here for completeness. For an intersection of the boundaries Ry,
and R; there must exist an angle Px; € (0, 5) where the radii are equal, i.e. we have
1:22(9521) =R (¢x1). From Lemma 2.23 we additionally know that

~ ~ R (61 (¢x1))

Ri(@s1) = Rpc(af(@s), ¢x1) = H———

(Ps1) (a1(¢x1), o:1) cos(Pwr)

3 . AMAC (5 (G
Ry (¢s1) = Rpc(ay(@s1), px1) = Siﬁém)(fc(i?gz)l)

so that we have Rpc(af(Ps1),@s1) = Rpo(ad(@s1), @s1) > 0. Since Rpc(a, ) is
continuous and strictly decreasing for o € [0,1) and a fixed ¢ € [0, 5] it follows that
ag(Ps1) = az(Ps1) =: asi.

Rﬁ’(&ﬁl) _ RgAC(dgl)
cos(Px1) — sin(Pxi1)+cos(Pxa N
pair of the individual rate constraint and the sum-rate constraint of Cyac(ds1). For any

The equality ) characterizes the radius of the intersection rate
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o the rate region Cyrac(c) has only one intersection rate pair, which angle we will denote
by ¢x1(«). Since the individual and sum-rate constraints strictly increase with «, also the
radius of the intersection strictly increases. Since RBc(a, ) strictly decreases, we can con-
clude that there is only one time-division parameter where the intersection rate pair is on the
boundary of Rpc(a, @) as well. It follows that @y;; is unique.

From the equality of Ry (px1) = Rg(@gl) we can conclude

R (Gx1) > RYAC(Gx1) — Ry () = Rpo(@xy, @) sin(@sn).
Since Rz—é(a) and Rpc(av, ) are strictly increasing and decreasing for o and fixed ¢, it
follows that for the optimal time-division parameter we have &3 (@x1) < @x; so that

Ri(ps1) = Re(@s1) = Rpc(ast, §x1) < Rpe(@(@si1), §x1) = Ra(@).

Finally, for an intersection of the boundaries 7?2 and 7@2 tbere must exist an angle pox €
(0, 3) where the radii are equal, i.e. we have Rx(P2x) = Ra(Pox). From Lemma 2.23 we
additionally know that

Rz (@1 (2a3))
Sin(gagg)
. R¥AC (A (ax))

Rx:(ox) = Rpc(ad(Pox), Pox) = Si0(Ga) + 03(Gas)

Ry(pax) = Rpc(a(Pax), Pox) =

so that we have R]gc(af((ﬁgz), (,522) = RBc(a*Z((ﬁgg), (,522) > (. Since RBc(OL, QD) 18

continuous and strictly decreasing for o € [0,1) and a fixed ¢ € [0, ] it follows that

a5(Pax) = a5 (Pax) = Ao

Rz (dax)  RMAC(apy)
sin(@ex) — sin(Pax)+cos(Pos ~
pair of the individual rate constraint and the sum-rate constraint of Cyjac(Gox). For any
« the rate region Camac () has only one intersection rate pair, which angle we will denote
by @ox (). Since the individual and sum-rate constraints strictly increase with «, also the
radius of the intersection strictly increases. Since Rpc (a, ) strictly decreases, we can con-
clude that there is only one time-division parameter where the intersection rate pair is on the
boundary of Rpc(a, ¢) as well. It follows that Goy; is unique.

The equality ) characterizes the radius of the intersection rate

From the equality of ﬁg(@gz) = ﬁg(@gg) we can conclude
R (Gox) > RYA(Gox) — Ry (das) = Rpo(dex, Pox) cos(Pox).

Since Rﬁ(a) and Rpc(a, @) are strictly increasing and decreasing for o and fixed , it
follows that for the optimal time-division parameter we have &; (@2x) < @ayx so that

Ro(pox) = Rx(Pax) = Rpc(das, Pax) < Rpc(@}(@ax), Pox) = Ri(P).
This finishes the proof. O
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2.8.19 Proof of Corollary 2.25

Since RBROpt is given by the intersection (2.39), the boundary is characterized by the rate
pairs on the boundaries of Rl, Rg, and Rz which are most restrictive. For ¢ = 0 we
know from (2.42a) that radius Ry (0) is most restrictive for rate pairs on the abscissa [Rj, 0].
This remains the case until the boundary of Ry, intersects the boundary of Ry, ie. for
¢ < ¢15. Then the radius Rg( ) is most restrictive until the boundary of R2 intersects the
boundary of Ry, i.e. for @ € (P23, Px1). Finally, for ¢ € [§, $ox] the radius Rg(g@) is most
restrictive. O

2.8.20 Proof of Theorem 2.26

We first prove that R is convex. Therefore, we have to show that for any two rate pairs
R® = [R® R € Ry, k = 1,2, we have R(t) = [Ry(t), Rao(t)] := tRY + (1

t)R? € R, forall t € [0, 1]. Therefore, let ¢ g and R gy denote the angle and radius of
the rate vector R®), k = 1,2.

From R*) € R it follows that Rpw < Rl(goR(k)), k = 1,2. According to Lemma 2.23

(k)
.. .. - R—=
there exist time-division parameters agk) = af(pRpm) With Rpge) < % so that we

have

" = Rpw cos(ppw) < Rm@"), k=12 (2.89)

R;
Then from Proposition 2.20 we additionally get the relay distribution factors BYC) =
BBc(dgk), © ) so that we have R gy < RBc(dgk),Bﬁ)), k = 1,2, which is equivalent
to

RY < Reg@”, 51, R < Rl ). (2.90)

Fort € [0, 1] let us define & (t) := t&g ) +(1- t)ag and (3, (t )= tﬁ{l)—k(l—t)@gz). From

Lemma 2.17 and 2.18 we know that R-»( ) RR2( ,3), and Re=(a, B) are concave.

Then let 1 (t) be the angle of [min{Rz;(a1(t), 51(1)), Ry (a1 (1)}, Regg (@ (1), Br (1)),
which is given by

if B1(t) # 0
z if By (t) =

ASY
i
—~
~
S—
—~
jaof!
gl
—
[o}}
=
—
o~
=
R
A
~| <
o~
N
=
josl!
.,
al
[o}}
=
—~
o~
=
=
——

Note that if Res (a1 (t), Bl(t))~§ R:(61(t)) we have ¢1(t) = @po(@i(t), Bi(t)), else
we have @1 (t) > ¢pc(ar(t), £1(t)) because the inverse function of the tangent is strictly
increasing.
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2 Bidirectional Relay Communication using Superposition Encoding

In the following, we show that the boundary rate pair on R1 with angle @1 (t) is component-
wise larger than R(t). To this end for the radius for this boundary rate pair we have

Ry(¢1(t) = max, min {RBC(OC; ¢1(t)), cos(f;(())) }
= Fc(@(0) @) = BTN g
> min {RBc(dl(t), P1 (t)), COS(iOl (( )))) } (2.92)

We will now show that Ry (t) < Ry(d;(t))cos(p1(t)) and Ro(t) < Ry(@1(t))sin(py(t)).
Therefore, we have to distinguish between two cases of the minimization in (2.92).

}:ég‘((al(i)))) which implies that ¢, (t) < 7, we have

cos(P1(t)) R1(41(t)) = Ry (a1 (21(1))) = Ry (@ (1)

R
> tR (@) + (1 - ) R (6”) > tR{Y + (1 - )RYY = Ry (1)

First, if Rpc(@1(t), ¢1(t)) >

where the first equality comes from (2.91) and the inequalities follow from (2.92), from the

concavity of Rﬁ(a), and from the definition of dgk), k = 1,2, respectively. Further, we can
conclude

sin(1 (1)) B (@1(t)) = tan(@1 (1)) Ry (61 (21())) = tan(@1 (8)) Ry (6 (1))
( 8

s M1
R (@n (1), Bi(1) Ry (@ (t) o 7
> R (a(0)) = Rez(aa(t), B1(1))
> tR— (", BY) + (1 - ) Rz (@, 3Y) = tRM + (1 — )RS = Ra(1)

where the first equality and inequality are consequences of (2.91) and (2.92), the next follow

from the definition of ¢ (¢), from the concavity of Rz (c, (), and from the definition of
&™)k = 1,2, respectivel
1 k=12 pectively.

R (@(1)

For the case Rpc(a (t), §1(t)) < @y > Which is equivalent to

= “cos(1(t))

R (61(t) > Rpc(a1(t), ¢1(1)) cos(@1(t) = Rz (@ (1), Bec(Ga(t), ¢1(1))),  (2.93)

we first prove the following claim.
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Claim 2.57. From (2.93) it follows that Re(a1(t), Bc(an(t),#1(t) =
Ry (a@n(t), i (t)).

Proof. If $1(t) = % then we have BBC(dl(t),g) = 0 = fi(t) so that the claim
holds. For ¢1(t) < 7 the claim will be proved by contradiction. To this end we as-
sume that from (2.93) it follows that R (a1 (t), Bec (@i (t), $1(t))) # Reg(aa(t), Bi(t)).
Then we have to distinguish between two cases.  First, we assume that we have
R@(dl(t),ﬁgc(d}(t), 21(t))) > Rﬁ@l(t),ﬁl(t)). Since Rg3(a, B) is strictly increas-
ing for 3 we have fSpc(ai(t), p1(t)) > Bi(t). This implies

Rﬁ’(&l(t)7BBC(5‘l(t)a ¢1(t))) < Rﬁ(dl(t)wél(t))
since Rﬁ(a, ) is strictly decreasing for 3. Further, with (2.93) we have

Rz:(61(t) > Reg(@n (1), Be(@n(t), ¢1(t))) > Reg(dn(t), fu(t))

so that we get the contradiction for the first case

= tan @1 (t).

tan 41 (t) =

Now we assume sz(dl(t),ﬁl(t)) > Rf—ﬁ(dl(t),ﬁgc(dl(t),@1(t))) so that (i(t) >

(@ (t), ¢1(t)) and Rez (a1 (t), fsc(dn (), ¢1(1))) > Ry (ai(t), Gi(t)) follow imme-
diately. Then we get a contradiction for the second case from the following

on i (f) = Fm(@0, /(1)
min{ Rgz (a1 (t), B1(t)), R (aa (1))}
- Rj(dl(t), 31 (1)) ]
-~ min{Rgz(a1(t), Bec(aa(t), 1(t))), Ry (aa(t))}
_ Rg@0.510) _ Rg(60) focn). 6100
Res(an(t), 81(1))  Rgg(aa(t), Beelaa(t), pi(t

where we used the fact that for @ < b, a, ¢ # 0 we have min%b o < mm%a op (2.93), and the

monotony of Rﬁ(a, () and Rﬁ(a, 3) for 3. O]

(t)). From Claim 2.57 with (2.93)

Note that the claim implies () = ), P1
> Rgs(ai(t), £1(t)) holds so that we have ¢i(t) =

we conclude that Rﬁ»(&l(t))
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2 Bidirectional Relay Communication using Superposition Encoding

@pc(ar(t), Bi(t)). Accordingly, we get
cos(@1(t)) Ry (¢1(t)) = cos(@1 () Reo(d(t), ¢1(t) = Rey(aa(t), fi(t))
)

= ~(1) »(1 ad ~(2) »((2 2
>tRes (@), A1) + (1 - ) Ry (67, B7)) > tRY + (1 - )R = Ru(t)

where we used (2.93), Claim 2.57 and the concavity of Rﬁ (a1(t), B1(t)). For the rate Ry (t)
we have

sin(y (£)) Ry (@1(t)) = sin(@1 (¢)) Rpe(dn(t), @1(t)) = tan(y (t) Rz (aa (1), Bi(1))

Res(6a(t), 51 (1) Reg (@ (t), B (1))

min{ Ry (a1 (1), 1(t)), Ry (G (t)}

B R‘l’(dl(t)wél () N‘ﬁ(&l(t)a Bi(t))

~ min{ R (61 (t), Bec(ar(t), 1(t))), Reg (a1 (1))}

_Rﬁ(dl(t)>Bl(t))éﬁ(&l(t)a 31 (1)) B R'{(dl(t)vBl(t))R'j(dl(t)agl(t))

© Rgg(aa(®), Bec(aa(t), &1(t) Rgs(a1(1), 5 (1))

=Re(éu(t), A1) (@M M) + (1 - R (a8, )

vghere we halve used (2.93) and Claim 2.57~, the definition of ¢1(¢), and the concavity 9f
Res (G (t), B1(t)). It follows that R(t) € Ry for all ¢ € [0, 1] so that we conclude that R4
is convex!

The proof of convexity of R is similar, but differs at some points so that we will present
it here for completeness. Again we have to show that for any two rate pairs RF —
[R™ R € Ry, k = 1,2, we have R(t) = [Ry(t), Ro(t)] := tRW + (1 — )R® € R,
for all ¢ € [0,1]. Therefore, let ¢ p) and R e denote the angle and radius of the rate
vector R®), k = 1,2.

From R € R, it follows that Rpay < RQ(‘,@R(k)), k = 1,2. According to Lemma 2.23
~ (k)
)

there exist time-division parameters &gk) = a5(p gt ) With Rgay < % so that we
R
have
k . 5 (k
Ry = Rpay sin(ppm) < R (@), k=1,2. (2.94)

Then from Proposition 2.20 we additionally get the relay distribution factors Bék) =
BBC(&gk), @ g ) so that we have R gy < RBC(&gk), ~§k)), k = 1,2, which is equivalent
to

k ot ~ (k) 3k k ot ~ (k) Ak
R < Reya® A, R < R (o, ) 295)
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Fort € [0, 1] let us define () := ~(1 +(1- ) and [y (t t) == tﬁ(l) (1—t)ﬁ~§2). From
Lemma 2.17 and 2.18 we know that R—»(a) —>( 3), and R—»( , ) are concave.
);

R2
Then let P2(t) be the angle of [ m(aa2(t), B 3y (1) m1n{R—>(a2( ), Ba (t)),Rﬁ(&g(t))}],

which is given by

min{ Ry (2() Bo(t) Rz (G2()} ..
Bo(t) = PO (G2 (0),2(0)) , 1 Ba(t) # 0

z if Ba(t) =

Note that if Res(da(t), Fa(t ) < Rz (G2(t)) we have $a(t) = @po(da(t), fa(t)), else
we have P2(t) > ¢pc(ar(t), £1(t)) because the inverse function of the tangent is strictly
increasing.

In the following, we show that the boundary rate pair on Ry with angle ¢o(t) is component-
wise larger than R(t). To this end for the radius for this boundary rate pair we have

5 5 5 Rz (a)
Ro(P2(t)) = max min § Rpc(a, Pa(t)),

a€[0.1] sin(@a(t))
 Rc(Ea),5a) = RO
- R—> o
> min {RBc(dQ (t), V2 (t))7 Sln(((p;((t)))) } 2.97)

We will now show that Ry (t) < RQ(@Q (t)) COS(@Q (t)) and Ry (t) < RQ(@Q (t)) Sin(g52 (t))
Therefore, we have to distinguish between two cases of the minimization in (2.97).

First, if Rpc(da(t), ga(t)) > % which implies that ¢o(¢) > 0, we have

) R—(a3(3 R (6
cos(P2(t)) Ra(p2(t)) = i;né;?t;i))) = tjf(;j((;)))
Res(Ga(t), Ba(t)) Rz (G2(t))

>t (@), B0) + (1 - Ry (@, A7) = tRY + (1 - )RP) = Ry (t)

where the first equality and inequality are consequences of (2.96) and (2.97), the next follow
from the definition of P(t), from the concavity of Rz (), and from the definition of
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2 Bidirectional Relay Communication using Superposition Encoding

( ) , k =1, 2, respectively. Further, we can conclude

sin(@2(t)) Ra(@2 (1)) = Ry (5(82(1))) > Ry (Ga(t))
> thy(ad)) + (1 - Ry (a) > tRY + (1 - )R = Ry(t)

where the first equality comes from (2.96) and the inequalities follow from (2.97), from the

(k)

concavity of ]:22—R>(a), and from the definition of &, 7, k = 1, 2, respectively.

For the case RBc(dg (1), Ba(t)) < Rz (a2(1))

S @) which is equivalent to

Rz (a2(t) = Rpo(as(t), ¢2(t)) sin(@2(1)) = Ry (Ga(t), Bpc(@a(t), @2(1))), (2.98)

we first prove the following claim.

Claim 2.58. From (2.98) it follows that Rﬁ(dz(t),ﬁBc(dQ(t),(ﬁz(t))) =
Rﬁ(dz(t)y@(t))-

Proof. If $o(t) = 0 then we have [pc(do(t),0) = 1 = [a(t) so that the claim
holds. For ¢o(t) > 0 the claim will be proved by contradiction. To this end we as-
sume that from (2.98) it follows that R—»(ag( ), Bec(da(t), ga(t))) # R—>(042( ), Ba(t)).
Then we have to distinguish between two cases. First, we assume that we have

Rﬁ(dg(t),BBc(&Q(t),952(t))) > Rﬁ(dz(t),BQ(t)). Since Rﬁ(a,ﬁ) is strictly increas-
ing for 3 we have Bpc(da(t), $2(t)) < [2(t). This implies

since ﬁ@(a, () is strictly increasing for 3. Further, with (2.98) we have

R (a2(t)) > R (da(t), B (da(t), (1)) > Rz (Ga(t), Ba(t))

so that we get the contradiction for the first case

tan po(t) =

Vv
oy
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ey
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diately. Then we get a contradiction for the second case from the following

tan @o(t) =

_ R (a(t), Ba(t)) N R (a(t), Bac(aa(t), @2(t))) — tan Ga(t)
Res(Aa(t), B2(t)) ~ Riz(Ga(t), Bo(@a(t), $2(t)))

where we used the fact that for a < b we have min{b, c} > min{a, c}, (2.98), and the
monotony of Rﬁ»(a, 3) and R@(a, 3) for 3 and fixed «. O]

Note that the claim implies 32(t) = fpc(G2(t), ¢2(t)). From Claim 2.58 with (2.98)
we conclude that Rz (Ga(t)) > Rg;(ae(t),B2(t)) holds so that we have @o(t) =

opc(an(t), Bg(t)) Accordingly, we get
cos(a(t)) Ra(a(t)) = cos(a(t)) Reo(aa(t), Ba(t))
R (s

(

21(Aa(t), Ba(t))  Rgg(@a(t), Bt
tan(pa(t)) min{ R (G (t)

)

min{ R (Ga(1), Brc(da(t), $2(t))), Ryg (G2 (1))}
_Rfﬁ(@(t)a@(t» ~ﬁ§(d2(t)’52(t)) B R’j(%(t% 3 t))Rf{Q’(OQ(t)aBZ(t))
© Rg(@a(t), Bee(aa(t), 42(1) Re (G (t), Ba(t))
=Ry (Ga(t), Ba(t) > tRes (G5, BY) + (1 — 1) Ry (@, 557)

where we have used (2.98) and Claim 2.58, the definition of 2 (t), and the concavity of
Rz (Ga(t), B2(t)). For the rate Ro(t) we have
sin(@a (1)) Ra(@a(t)) = sin(@a(t)) Ruc(@a(t), Ga(t)) = Re: (Ga(t), Ba(t))

>R (64, V) + (1= t) Ry (68, B)) > tRYY + (1~ )R = Ra(t)

where we used (2.98), Claim 2.58 and the concavity of Rﬁ(dg(t), B2 (t)). Tt follows that
R(t) € Ry forall t € [0,1] so that we conclude that Ry is convex!

Finally, we have to prove that Ry, is convex. Therefore, we have to show that for any
two rate pairs R*®) = [ng),R(Qk)] € Ry, k = 1,2, we have R(t) = [Ry(t), Rao(t)] :=
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2 Bidirectional Relay Communication using Superposition Encoding

tRM + (1— t)R(Q) € Ry, forall ¢ € [0 1]. Therefore, let ¢ pv) and R gy denote the angle
and radius of the rate vector R(k), k=1,2.

From R®) € Ry, it follows that Rpw < RE(QDR(k)), k = 1,2. According to Lemma 2.23

AMAC = (k)
. . Aivia ~(k) L % . < R%IAC(CMZ )
there exist time-division parameters dvy,” 1= a5, (@ vy ) With Ry < o (@ () ) FSIN (P 1))

so that we have
R + B = R (cos(ppum) +sin(p ) < RYAC@GE), k=12 (299)

Then from Proposition 2.20 we additionally get the relay distribution factors @(Ek) =
ﬁBc(a(E), © g ) so that we have R gy < RBc(agf), (Z)) k = 1,2, which is equivalent
to

R §R~<d§>, ";’”), RYY < R <a;>,ﬁ;>>- (2.100)

Lemma 2.17 and 2.18 we know that RMAC( ), R =(a, 3), and R—> (o, ﬁ) are concave

We define the rate vector Ry 4 (1) du () = [R@» (ax(t), B (t)), Rﬁ (ax(t), Bx(t))] with
angle ppc(dx(t), Bx(t)) of the polar coordinates. Furthermore, ¢ R(t) specifies the angle of

the rate pair R(t) = [R1(t), Ro(t)]. Then the angle @x (t) of the component-wise dominant
rate pair is given by

s(t)) > RYAC(ax(1)) 2.101)
>

g
j B (1) < R¥AC(as(t)

. _ JPRE) ingqu(t)?
Pelt): {@30(@2@),@@)), if REC (s (1),

with Rpc(dx(t), fe(t) = [Reg(ax(t), fe(t)), Ry (ax(t), Be(1))-

In the following, we show that the boundary rate pair on Ry with angle ¢y (t) is component-
wise larger than R(t). To this end for the radius for this boundary rate pair we have

RIAC(a)
cos(Bs (1)) + sin(Bs ()

RYAC(a%(ex(t)))
cos(Px(t)) + sin(px(t))

>min{RBC(@2(t)>S52(t)) Ry (as(1) } 2.103)

Ry (os(t)) = max min {RBc(aasﬁz(t)),

= Rpc(as(ds(t), gs(t) = (2.102)

" cos(Px(t)) + sin(@s(t))

We will now show that Ri(t) < Ry(px(t)) cos(px(t)) and Rx(t) <
Ry (¢x(t))sin(¢x(t)). Therefore, we have to distinguish between two cases of the
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minimization in (2.103) for the two cases of possible angles $x(t) of (2.101). To this end
we will use the concavity of RMAC (ax(t)), i.e.

RYC(as(t) 2 tRy 0 + (1= RGP 2 (R + RY) + (1 - (R + RY)

> (R + (1 = )RP) + (tRY) + (1 — t)RY) = Ri(t) + Ra(t).
(2.104)

. . - 5 RMAC (G (1))
First we consider the case Rpc(ax(t), pu(t)) > oSBT (s )

distinguish between the two cases of (2.103). Since for RYAC (ax(t)) > REC(ax(t), Ax(t))
we have ox(t) = @Bc(dg(t),ﬁg(t)) which implies that we have RBC(&g(t), ox(t)) =
Rpc(as(t), Bs(t)) it follows that this case is not possible. Furthermore, it follows that we
have RYAC(ax(t)) < REC(ax(t), Os(t)) with gx(t) = ¢ R(t)- Therewith, we get

Then we have to

N Fd iy OSBRI (Bu(1))) | RYAC(as(1)) cos(ps (1)
(Pl Ru(@(0) = =0 (50 ®) Toin@n()  ~ cos(@x() +sin(@xn(D)

_ RYACGas(t)  RYAC(ax(t))

1 +tan(gx(t)) 1+ tan(pRr())
Ri(t) + Ra(t)  Ri(t) + Ro(t)

“1+tan(pre) 1+ Rae(t)/Ru(t)

= Ry (t)

where the first equality and inequality are consequences of (2.102) and (2.103), then we
used (2.104), the fact p5:(t) = @R(), and finally the definition of ¢x;(¢). Similarly, we can
conclude that

et e — PSR @ (1) | R (as (1) sin(s (1)
PO = 7 Gom) Tan(n ) cosEnD) + snpn(d)
_ RCEs0) | Ras)
T 1t ®) 1 1 ten(pmg)
Ri(t) + Ro(t) _ Ra(t) + Ra(t)

= Ro(t)

Tl 1/tan(pre) L+ Ri(t)/Ra(t)
so that it follows that [Ry(t), Ra(t)] € Ry for this case.

We now consider the case RBC(dZ( t),¢s(t) < = ( fz(t))i‘;zn((;; Ok Again we have

to dlstmgulsh between the two cases of (2.103). First, we assume that we have
RBC(ag( ),ﬂg( ) < RMAC( 51(t)) so that we have px(t) = (qu(az( ),Bg( )) which
implies that we have 3x(t) = fpc(dx(t), §x(t)) or equivalently Rpc(dax(t), ¢x(t)) =

155



2 Bidirectional Relay Communication using Superposition Encoding

Rpc(ax(t), Bs(t)). Therewith, we have

>RV + (1-)RP = Ry (¢)

where the first equality and inequality are consequences of (2.102) and (2.103), then we
used the fact Rpc(ax(t), ¢n(t)) = Rec(as(t), fx(t)) and the concavity of Res (v, 3).
Similarly, with the concavity of Rﬁ(a, 3) we get

so that [R; (t), Ro(t)] € Ry for this case as well.

< R

N B ~ = cos(@x(t)+sin(px(?))
REC(ax(t), Bu(t)) > RYAC(ax(t)) which implies that we have @x;(t) = @g). First note
that Rpc(ax(t), ¢ (t)) denotes the radius of the rate pair on the boundary of Rpc(as(t))
with angle ox(t), i.e.

RBC<6‘Z (t), (ﬁg(t)) = max A/ R% + R%

[R1,R2]€Rpc(ax(t))
Ry sin @y (t)=R2 cos $x (1)

and

Finally, we assume that we have Rpc(dx(t),x(t))

=(t))[cos(@x(t)), sin(@x ()] we

To prove the component-wise dominance of Rpc(as(t), ¢
dch(Rpc(ax(t), fx(t))) of the rate

define the downward comprehensive hull'® R(t) =
pair Rpc(ax(t), Ox(t)). Then, let

Rpw@s®) = max R+

[R1,R2]€R(t)
Ry sin g5 (t)=Ra cos px(t)

denote the radius of the rate pair on the boundary of the downward comprehensive hull
of the vector Rpc(ax(l),fx(t)) = [Rgz(ax(t), Bs(l)), Rg; (ax(t), Bs(t))] with angle

1A set A is downward comprehensive in RZ., if for any & = [x1, x2] € A it follows that for any y = [y1, yo] €
IR.?F with z; < y;, 7 = 1,2, we have y € A. Then we define the downward comprehensive hull of the vector
x € R3 by the set dch(x) := {y € RY : y; < 24,0 =1,2}.
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$x(t). Since we have Rpc(as(t), Bs(t)) € Rpc(ax(t)), it follows the inclusion R(t) C
Ruc(@x(t)). Therefrom, we can conclude that Ry (pn(t)) < Rpc(ax(t), p=(t)) holds.

Furthermore, from the concavity of Rﬁ (o, ) and Rﬁ (o, B) we know

Ri(t) < Rg(as(t), Bs(t), Ra(t) < Rgz(as(t), Bs(t)).

N

It follows that R(t) = [Ri(t), R2(t)] € R(t). Since we have ¢x(t) = @Rr), we can
conclude that || R(t)||1 = v/(R1(t))? + (Ra(t))? < Ry ) (@3(t)). Altogether, we have

Ry(@x(1) = Rpo(ak(gs (1)), @x(t) = Rpc(as(t), ¢x(t)

= Rpc(as(t), ¢r() = Ry (Pre) = IR

so that we have

@)
o
BN
RS
™~
S
nofl
™M
—~
Ayl
™M
—~
~
S~—
S~—
VvV

cos(er)|RM)]lL = Ry
sin(@s(0) Bo(@s(t) > sin(o ) ||RE)| = Ra.

This was the last case where we have shown that [R;(t), Ra(t)] € Ry forall t € [0,1] so
that we can conclude that Ry; is convex as well.

Finally, since the intersection of convex sets is convex it follows that ﬁBRopt = 7~€1 ﬂ7~€2 ﬂ'ﬁ,g
is convex as well. OJ

2.8.21 Proof of Corollary 2.30

From the queue evolution equation (2.43) we have

[n] — R[n]T)” + Bi[n] + 2By [n][Qk[n] — Re[n)T]
[n] — Ri[n]T)? + BE[n] + 2By [n]Qxn]

an+1 S(
(Q
Q3 [n) — 27Qx[n) (Ri[n] — Z4L) + (Ry[nT)? + BE[n]

+

IN

IN
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2 Bidirectional Relay Communication using Superposition Encoding

for k = 1, 2. Using this inequality the one-step drift gives us

E{L(Q[n+1]) — L(Q[n])|Q[n] = q} = E{ZanJrl [n]|Qn] = q}

<B{ Y -2TQkln) (Ri[n] — 25) + (Re[n)T)” + BEn]|Q[n] = q}

k=1
2
= > T’E{R[n]|QMn] = q} + E{B{n]} 2.105)
k=1
—2Tqu (E{Ri[n]|Q[n] = q} — E{Z:lMY) (2.106)
k=1 W—/z/\k

<U—2TZQk E{Rk 11Q[n _q} E{Bk })

k=1

where we used for the first term of the sum (2.105) the inequality

T°E R? =gl <T7? R? 4+ R%) =v—E{BZ[n]}. (2.107
{D_RlQ =g} <T% | max (Bi+R)=v—E{B{nl}. 2107
For the second term of the sum (2.106) we have

2

2
ZkaE{Rk[n”Q =q} = max Z%sz > A1+ Ag,
k=1 ReRepr

since we require [\1, A2] to be strictly in the interior of RBR. Accordingly, there exists C >0
so that the vector [\ + C Ao + C] is still in Rpr. Therefore, we get for the second term of
the sum (2.106) the inequality

QTqu (E{Re[n]|Q[n] = g} — i) >2T<qu

k=1

All together we have
2
E{L(Q[n+1]) — L(Q[n])|Q[n] = g} <v—(D i
k=1

with ¢ = 27°C. For any arbitrary ¢ > (0 we can define the compact region A := {q €
2 2
]Ri Sar < ”TJFE} Whenever ¢ ¢ A we have > qp > “T“ and therefore we have a
k=1 k=1
negative one-step Lyapunov drift E{L(Q[n + 1]) — L(Q[n])|Q[n] = ¢} < —¢. O
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2.8.22 Proof of Lemma 2.35

The cdf of Z,, follows from

Fz,(zn) = P{min{anzy, bpyn} < 2.}
=1 —P{min{ann, bpyn} > 2n}
=1- IP{anJ:n > zn}IP{bnyn > Zn}
=1— (1= Fx,(2n/an))(1 = Fy,(20/bn))

and the pdf is given by its derivation. Accordingly, f(z) is the derivation of the cdf
Fz(2) = IP{ mr?x{zn} < z} = H]P{z > zn} = HFZn(zn),
n n

since we assume that the random variables Z,, are pairwise independent. Finally, R =
9(Z) = log(1 + Z)/2 is the function of the random variable Z where g(Z) is strictly in-
creasing and differentiable in Z [PP02, Chap. 5]. For that reason the pdf is given by

f2(9~'(R))
0 =gt iemy) = 2O D)
where ¢'(Z) = m and g~!(R) = 221 — 1 denote the derivative and inverse of g(Z)
respectively. 0

2.8.23 Proof of Proposition 2.37

For independent channel realizations the achievable rate region of the n-th relay node con-
tains the regions of all others iff we have |hy ;| > max,—1 . n{|hx,y|} for k& = 1,2 simul-
taneously. With P{|hy, | > [l |||} = Fpy ([P p]) it follows that

2
IP{7?'BReq,17 2 URBReq,n} = H IP{|hk,n| > n:HllaXN{|hk’n|}}
n k=1
2
= 11 [ 2 {itunl = max (el Il i )
k=1

2 N
_ H/H]P{mw > |hponl
k=1 n=1

n#n

k| § i (o) -
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2 Bidirectional Relay Communication using Superposition Encoding

Then the probability that there exists one relay node n € {1,..., N} which rate region
contains the others is given by the disjoint disjunction

N
IP{HU : RRSeq = RBReq,n} = ]P{ \/ (RBReq,n ) URBReq,n)}

=
—_

s

{RBReq,n ) URBReq,n}-
n=1 n

In the case of iid Rayleigh fading we have

P }
hin?\\N-12|h
(176 <7| k,gl >> | zg,n!exp< |h Mo
O O Uk
1
2 (V) e
Jk n=0
Ni (N—l) (- _
= n n+1
Finally, this gives us

N N 2
IP{ \/ (RBRqu 2 URBReq,n)} = Z HIP{V’“kn‘ > H%ax {|hkn|}} %
n=1 n

n=lk=1 77

)d|hk,n

\
\
0\8 =

’hk,nlz(n + 1) 2
exXp ( — O_]%)C”hkm’

2= T3

O]

2.8.24 Proof of Theorem 2.38

Since |hg,| is Rayleigh distributed, |hg,|? is exponential distributed with pdf
itz (hien]?) = —3—exp (- ‘J’”l ) fork = 1,2and n = 1,...,N. According to
k,n

(2.22a) and (2.22b) the ‘maximal unidirectional relay rates are given by

25 7R|h2,n|2}})a
277R|h1,n’2}})'

RiRSeq = +log (1+ mrzlzx{min{vl

R3Rseq = 5 log (1 + mgx{min{’yg
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2.8 Appendix: Proofs

Therefore, we can apply Lemma 2.35 to derive the pdf of Rjpq... k = 1,2. For a given k
we consider X, := |h1,|? and Y,, := |ho,|*. To be in terms of Lemma 2.35, we define
Zy, = min{y1 X,,, yr Y }. Then according to Remark 2.36 the random variable Z,, is again
exponential distributed with pdf fz, (z,) = Aipexp(—zpApy,). with A\, = —1_

’Ylo-l,n
L and Ny, = —% L respectively. We consider next the random variable
VRUQ,TL ’ 720’2,n PYRUl,n

Z := max,{Z,} for which we can calculate the pdf as follows

N N al a
f2(2)= S fz,(2) 11 Fz(2) =3 Mwe M [ (1—e7em) 2108)
n=1 J=Lj#n n=1 m=1,m#n

according to Lemma 2.35. Finally, we can again apply Lemma 2.35 to calculate the pdf
of the random variable R}pq., = log(1 + Z) as stated in the theorem which finishes the
proof. 0

2.8.25 Proof of Corollary 2.39

In a scenario with independent Rayleigh distributed fading channels and for a given k& we
can define a random variable Z as in the proof of Theorem 2.38 with a pdf according to
(2.108)

N

N
fz(z) e Z )‘k,n e—z)xk,n H (1 _ e—z)\k,m)
n=1

m=1m#n

N N—1
= Z A @ * e (14 Z (=™ Z exp(—z Z Akt))
n=1 m=1

LC T |Cl=m leL
N N-1
- Z )\kyn(exp(—z)\kyn) + Z (=™ Z exp ( — 2( Mg + Z )\k,l)))-
n=1 m=1 LC T |L]=m leL

Then the ergodic unidirectional rate is given by

N
B 1 [°° )‘km exp )‘kﬂl E )‘kﬂ
Rk;RSeq = 2/0 log(1+ 2)f.(2)dz = Z [ ( JE1( )

£=21In(2) Aen
N-1 exp(Aen + 20 M) E1 (M + D2 Aky)
lel lel
Sy x 2
m=1 LCTn,|L]=m kn =t kol
using the identity [ log(1 + ¢) exp(—ta)dt = e(lln%)(;l) fora > 0.
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2 Bidirectional Relay Communication using Superposition Encoding

In the case of iid Rayleigh fading, we have A ;, = A, for all n so that we get the pdf
N-1
fo(z) = NApe M7 (1 —e )N 1= NA > (

n=0

> (=1)"exp(—(n + 1)A\g2)

(2.109)
using the binomial theorem (z + y)" = >, (Z) 2" Fy*_ Then (2.52) follows using again

the identity [ log(1 + t) exp(—ta)dt = eTnE()Ql)(Z) fora > 0. O

n

2.8.26 Proof of Theorem 2.40

In the case of iid Rayleigh fading, we have f,(z) = N, e **(1 — e~ ***)N~1 according
to (2.109). By substitution of 7 = 1 — e % we get

o 1 [®
Rigseq = 2/0 log(1+ 2)f.(2)dz

N [ -
= 2111(2)/0 In(1—1/\In(1—7))rV " dr.

Therewith, we get for any = € (0, 1)

_ N 1
RiRseq = / In (1 —1/AIn(1 —7))7N " dr

21n(2)
N 1
> 21n(2) In (1 — 1/ A In(1 — x)) /x N=tdr
= 21121[(2) In(1—1/M\In(1 —2))(1 —2a™),

where we used in the first inequality that the integrand is positive and in the second that
In (1 —1/X¢In(1 — 7)) is increasing with 7. If we set z = 1 — a/N with a € (0,N) we
have 1
T N
R} RSeq > (@) In (1 —1/XIn(a/N))(1 = (1 —a/N)Y). (2.110)
From [AS64, 4.2.36] we have the inequality ety < (1 + %)y for w,y > 0. Therefrom, we
get with z := waf/y > 0 the following inequality

o (102 = () - ) ()
Y y+w y+w Y

so that we have e ™% > (1 — g)y finally. With this inequality we can finally bound (2.110) so
that we have

Ripseq > 21;(2) In (1 —1/\In(a/N))(1 —e™?),
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2.8 Appendix: Proofs

which is the proposed lower bound.

For the upper bound, accordingly for any = € (0, 1) we have

—_— (1—1/)\1111—1’ N1
RiRseq < (2 N dr +

5T ()/ In (1—-1/A¢In(1—1))dr,

where we used the fact that 7V~ takes it maximum at one. If we set z = 1 — b/N with
b € (0, N) we get for the first integral

v b
N/ TNfldT:xN:(l——)N<e*b
0 N

and for the second integral (integration by parts technique)

N 1b/ In (1-1/As In(1—7)) dr = %m (141/A, In(N/b)) + N e Ey (A +1n(N/b)).
1-b/N

Let \;, + In(N/b) =: &, then
N e Ej( A\ +1In(N/b)) = be* Ey(€) < bIn(1 + 1/(\ + In(N/b)))

using the inequality e¢ E1(£) < In(1 + 1/€) [AS64, 5.1.20]. Combining all terms leads to
the upper bound.

For the asymptotic lower and upper bound we have

Ry log(1 + & In(&)) ="
lim inf & > liminf B i Ak ) =1-¢e%>0,
ML Tlog(In(N)) ~ M- Llog(in(N))
I Nyye=®+b | b
R} 15eq ‘ log(1 + /\—lk In(5)) 50+ 5 log(1 + )\kﬂln( ))
limsup y——————— < limsup T
N—oo 3 IOg(ln( )) N—oo 2 Iog(ln(N))
= e 4b< o0,
RkRSeq

which meet if we choose ¢ — oo and b — 0, i.e. lim = 1. This means that

- N—oc 3 log(In(N))
R Rseq 1s asymptotically equal to 3 log(In(NV)).

Since any ergodic sum-rate on the boundary of the ergodic rate region is larger than
ming { R} zq. Cl} and smaller than the sum Zizl Ringe q the ergodic rate region grows asymp-

totically with © (log(log(IV))) as concluded in Corollary 2.42. O
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2 Bidirectional Relay Communication using Superposition Encoding

2.8.27 Proof of Proposition 2.43

The maximal unidirectional rates of the n-th relay node for the optimal time division case
are given by

Lo PmefRa R Rz o FRi
lopt,n " — ) 2opt,n "
R, + Bz, o o T Byi

according to (2.31a) and (2.31b). Then the maximal unidirectional rate using relay selection
is given by

RZRSOpt = ne{r1n2a.).(. N} RI:opt,n k= 17 2. (21 1 1)

With the maximal unidirectional rates of the equal time division case Rj, , =

1 1 — — * = 1 1 — — - -
/2 mm{RlRm, RRz,n} and R3,,, /2 mm{Rm’n, RRM} for the n-th relay node ac

cording to (2.22a) and (2.22b) we get
theq,n S R;;Opt,n g 2R2eq,n (2112)

using the inequalities '/2min{z, y} < 2% < min{xz,y} for z,y > 0, which can be easily
seen from the following

1

- max{%,%

/2min{z,y} = = min{z, y}.

1 1

11 11

2 maX{E, g z + g
Since (2.112) holds for any n, we get R;;RSeq < R,’;RSOPt < 2R;;RSeq, k=1,2, for (2.111).
Furthermore, since the inequalities hold for any channel realization, we get an upper and

lower bound for the maximal unidirectional ergodic rates as follows

RZRSeq = RZRSopt = 2R}:RSeq’ k=12 (2.113)

Similar to (2.53), since RrsTsopt 1 convex, we can bound the sum of any ergodic rate pair
REsrs0pt (@) on the boundary of the ergodic rate region Rrsrsopt as follows

- 2
min {RTRSopt’ R;RSopt} < ‘ ‘RESTSopt(q){ ‘1 < kleZRSOpt' (2.114)

Then (2.54) obviously follows from (2.113) and (2.114). O
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2.8.28 Proof of Theorem 2.45

Since nodes 1 and 2 cancel the interference caused by their own message before decoding
the unknown messages, for the proof we have to distinguish between four possible decoding
orders at nodes 1 and 2. Therefore, let the superscript *2 and B! denote the decoding order of
the unknown messages where the relay message at nodes 1 and 2 is decoded first and accord-
ingly 2R and '® where the relay messages is decoded last. For decoding the first unknown
message the received signal of the second unknown message is regarded as interference.
After successful decoding the nodes apply interference cancellation so that the nodes are
interference-free in the second decoding step. Since [R1, R2| € Rpr(«a), there exists a fea-
sible power distribution for each decoding order. Since the relay rate strictly increases with
(g for any decoding order, we have S = 1 — (31 + (.

We start with the decoding order R2, R1 where the relay message is decoded first, i.e. the
bidirectional messages are decoded last. Since the second decoding step is interference-
free we achieve the bidirectional rate Ry = (1 — a)Rg5(61) and Ry = (1 — o) R (52).
Accordingly, we need for the bidirectional relay communication the relay power dlstr1but10n

parameters
R2,R1 . R2R1 . _
1 =r1q2 and [, = r2q1

with 7y = 21}% —12>0,7ry:= 2% -1>0,q := ‘h e 0, and g3 : VR‘M'Q >0
to achieve a certain rate pair [R;, Ra] € Rpr(«). In the first decoding step at node 1 the
message ms is unknown. Therefore, node 1 can successfully decode a relay message mp
with a rate at most

R2,R1
A e ):(1
L+ By 2 P

with 5R2 Rl _ | _ gR2R1 _ gR2R1

1—7rig2 — ?“2611)

RR2RL._ (1 _ )10 (1 +
Ral ( )log q1 + 21

a) log (1 +

. Similarly, the message m; is unknown at node 2 so
that node 2 can successfully decode a relay message my with a rate at most

RR2 R1 (1 )1 o (1 + 5§2’R1\h2|271% ) (1 )1 o (1 n 1—riq2 — 7“2ql>
= — &) 10 = — o) lo - = == ).
ez 14 R2RY p, 1240 2 + 142

Since both nodes have to decode the relay message only the minimum of both rates can be
achieved, this means that with the decoding order R2, R1 the maximal achievable additional
relay rate is given by

1 =712 —r2qn
RR2RL .~ (1 a)lo ( ) (2.115)
= )log max{qi(1+r2),q2(1 +71)}

For the decoding order 2R, 1R nodes 1 and 2 decode the relay message last. Since [R1, Rs] €
Rpr(«) there exists a feasible relay power distribution. Since the relay message mgy is
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2 Bidirectional Relay Communication using Superposition Encoding

unknown at nodes 1 and 2 in the first decoding step, the received signal of the relay message
is regarded as interference. Therefore, for the desired bidirectional rate R; at node 2 we
have

/B%R,lR‘hQF’YR ) N (1 B ﬂ%RJR

Ry =(1—a)log (1+ a) log (1+7)
1+ B2 ho|29g @+ paot

R S S ey (2.116)
= 7«1 — l—a — frnd = *

72 + Br g + ﬁﬁR AR
R gy - ) @1

where we used ﬂfR - ﬂQQR’lR - ﬂﬁR’lR

for the bidirectional rate RQ at node 1 we have

in the last equation of (2.116). Accordingly,

2R IR‘hl ‘QFYR ;R,IR
R = (- a)log (1+ ) = (1 - aytog (14— )
1+ ﬁﬁf‘ 1 Pm @+ O
L S =g =B+ )
=19 =2 —a—l_q +B2R1R " +52R1R (2.118)
1—r —r
2R,1IR _ 1492 241
= 2.119
5 147 4+17o ( )

where we used (2.117) in the last equation of (2.118). At both nodes the relay message mp
is decoded in the second decoding step, which is interference-free due to the interference
cancellation. Therefore, node 1 can decode the relay message if the rate is at most

2R,1R 2R,1R
Rygy = (1 —a)log(l+ By r|P1]?).
Similarly, node 2 can decode the relay message if the rate is at most
2R,1R 2R,1R
Rpay = (1—a)log(l+ 0" "k |hal?).

Since both nodes should decode the relay message the largest possible relay rate for the
decoding order 2R, 1R is given by

2R,1R . 2R,1R 2R,1R 2R,1R __ .
RR 5:m1n{RR@1 7RR@2 (1 - a) log(l +5 mln{’YR|h1|2a'7R|h2|2})
2R,1R

=(1 = a)log (1443 M min{g 311) = (0 —alog (14 R )

(2.120)

1 —rig2 —roqn )

=(1—-a)log(1+
(1-a) og( max{qi (1 + 71 +72),q2(1 + 71 +12)}

where we used in the last equation (2.119).
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Next, we study the decoding order 2R, R1 where at node 1 the relay message is decoded last
and at node 2 the relay message is decoded first. Therefore, for the interference-free second
decoding step at node 2 we have

Ri=(1-a)Rg (B = g =g (2.121)

For the decoding of message mg at node 1 we regard the received signal of the relay message
as the interference. Thus we have

2R R1 ‘hl ’2")/1:{ ;R,Rl
Rgz(l—a)log<1+ )z(l—a)log(l—l-i)
1+ 5123 Hh 2w @+ O
- SR’Rl 1_ IB%R,Rl B2R R1 1-rg- ﬂQR R1 i
:>r2—q +ﬁ2R1R " +I82R1R " +ﬁ2R1R (2.122)
1—7r1g2—17
2R,R1 _ 192 241
= e
ﬁ 1+7ry

where we used 87 " =1 — g5 — g2 R and (2.121) in (2.122). At node 1 the relay
message is decoded in the second interference-free decoding step so that the rate

1 —r1g2 — 7”2(]1)
qi(14172)

is achievable. In the first decoding step at node 2 the message m; is unknown, therefore at

node 2 we can achieve the relay rate

BB By 2y ) —(
14 817%™ ho |24k

Since the message mp should be decoded at both nodes, for the decoding order 2R, R1 we
have the maximal relay rate

2R, R1 . . 2R,R1 2R,R1
Ry ‘_mln{RR@l s RRao }

R (1 0) log(1 + A%yl [?) = (1 - ) log 1+

1—rigx —roq )

RARL.— (1 _a)lo <1+
raz = (1=a)log (1 +r1)(1+ 7o)

—a)log (1 +

I —71g2 —raqn (2.123)

@ T s )

=(1—a)log (1 +

Finally, we look at the decoding order R2, 1R, which is similar to the previous one. Form
the bidirectional achievable rates R and 7o we have

Ry = (1— O‘)Rm( R2, 1R) N ﬁR2 AR _ -
R2 1R‘h2|2'yR R2,1R
Rlz(l—a)log(1+ )z(l—a)log(lﬂ—li)
1+ﬂR2 1R’h S q2+ﬂ§2,1R
. ﬂ{{zm - R2 IR R2,1R 1= roqr — R2,1R
1= RZ,RL R2, Rl = R2, Rl
q2 + Bg q2 + Bg 92 + Bg
1—7r —r
R2,1IR _ 142 241
= R
Ok 1+7
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2 Bidirectional Relay Communication using Superposition Encoding

Accordingly, at nodes 1 and 2 we can achieve the relay rates

1+ 5§R’1R\h1!2”m

REZI® = (1~ a)log(1 + A ™ am haf?) = (1 - o) log (1+

Rg?@’iR =(1—a)log (1 +

) :(1—a)log<1+ 1_7"1(]2_7"2(]1)>’

q1(1 + T1)(1 + T2
1—rig2 — 7“2Q1>
@(147r1)

This gives us the maximal achievable relay rate for the decoding order R2, 1R

R2IR ._ . rpR2IR pR2IR
R~ i=min {Rgg, ", Ry

1 —r1g2 —r2q1 ) (2.124)

=(1—a)log <1 * max{qi(1 +r1)(1+r2),q2(1 + 1)}

Since q1, g2, 71, and 7o are non-negative we have

max{q1 (1 +r2),q2(1 +71)} < min { max{qi (1 +r1 +72),q2(1 +r1 +72)},
max{qi (1 +r2),q2(1 +7r1)(1 4+ r2)},
max{q (1 +71)(1 +72),q2(1 +71)}}.

These are the differing denominators from (2.115), (2.120), (2.123), and (2.124) so that it
directly follows that

o R2,R1 2R,IR p2R,R1 pR2,1RY _ p»R2,R1
RR(Rl,Rz) = maX{RR ’RR ’RR 7RR } = RR .

This means that the maximal achievable additional relay rate is always achieved with the
decoding order where the relay message is decoded first. O

2.8.29 Proof of Lemma 2.46

The graph Gy,  of the function fry, : [0, Rx] — [0, Rx] with Ry — Ry — Ry denotes
the set of non-negative rate pairs with a sum-rate equal to Ry. Then the intersection of
g frg N Rpr(«) characterizes the set of rate pairs in Rpg(«) with the desired sum-rate Ry,
and is non-empty since we assume that a rate pair [Ry, R2] € Rpr(a) with the desired
sum-rate Ry, = Ry + Ry exists. Since Rpr () is convex there exist R} and R so that

Gfny NRer(e) = {[B1, fry(R1)] : B] < R1 < Ry}

This means that the interval [R}, Rf] characterizes all bidirectional rate pair in Rggr (cv) with
a sum-rate equal to Ry,.. For any Ry € [RY, RY| we can achieve the relay rate Ry (R, Ry, —
R;) according to Theorem 2.45. From (2.56) we have

91h _ 1 9t 1

l—-a — 11—« —

=2l =
|ha >R |h1 2R
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Ry Ry—Ry
and therefore Bg = 1 — 81 — B = 1 — 2“11;{;7;1 — 2 | ;;‘37;1. This allows us to write
RRr(R1, Ry, — Ry) as follows

Rr(Ry, Ry — Ry)

:min{(l—a)log<1+m‘)j(l_a)logo_km)}

1+ Balh1]?yR L+ B1lha*yr
o _1 9 ta—1 h1|?9R |Ro?
= = . YR [N2]" TR
:1—a10g<1+ 1-— — mln{ 1_ , }
(=) e T e e U
i
[ o (2Te)?
-0 (4 - )
(1 — a)log ( min B (vm + D + \h2|2) e
~ =T ’
=& = =x2/¢
Ry
1 1 1 21-a 1 2
[ (O + o + “meCa) )}
Ll {On ¥ Thap) s~ P G
=
=5 =1/z  =1& =1/z2
2 11
=(1-a«)log (min {f(”ym - %),C(’y; - 5?)}>
=p(a) =q(x)
— (1 - @) log (min {p(x). g(x)}) = Ra(x).
Rl>
where the new def;lned function Ry (x) has the domain [Zmin, Tmax] With Ty, = 91-a
R
and Tpax = 91-a. The rate Rg(x) is non-negative for any z € [Zmin, Tmax|, since

we assume that a feasible bidirectional rate pair with the desired sum-rate exists. Thus
min{p(z),q(x)} > 1forany x € [Tmin, Tmax]-

In Figure 2.23 we illustrate the functions p(x) and ¢(z) to make the following discussion
clear. Since £ and ¢ are non-negative p(z) = £/((4¢ — )z is a concave parabola with roots
0,4¢ and vertex [§¢/2,4%£¢/4]. Similarly, ¢(1/z) = (/£(7¢ — )z is a concave parabola
for the inverse argument with roots 0, 4¢ and vertex [§€/2,4%£(/4]. Therefore, g(x) has a
negative pole at 0, aroot at 1/4¢, and a vertex at [2/7¢, 42£¢ /4]. Furthermore, g () is strictly
increasing on the interval (0, 2/4¢) and strictly decreasing on the interval (2/9&, 00).

Since p(x), q(z) < 42€¢/4 for any x € (0,00) and min{p(z),q(1/x)} > 1 for any x €
[Tmin, Tmax] 7 0, we have 1 < 42£( /4 and therefore 4¢/2 > 2/4€. This means that vertex
of ¢(x) is always to the left of the vertex of p(z). From a simple calculation it follows that
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2 Bidirectional Relay Communication using Superposition Encoding

A p(x), 9(1/x), q(x)

Figure 2.23: Discussion of p(x), ¢(1/z), ¢(z) with vertexes [VZ—C, &2454], [775, ﬁ%c], [
respectively (not explicitly depicted).

the graphs of p(x) and ¢(z) intersect at the following intersection points

[Tap1, P(2gp1)] = [5C/2 = V(5€/2)* — (/& 1],
[Zqp2: P(Tgp2)] = [7C/2 + V/(5¢/2)? = (/€. 1],
[xpfbp(l‘PQ)] = [ma’?\/& - 1]'

Obviously, the first two points coincide if we have (4¢/2)? = (/& which is equivalent to
AC/2 = 2/4€, i.e. the vertexes of p(z) and g(x) coincide as well. From the intersection
points and the vertexes it follows that p(z), ¢(x) > 1 for z € [xgp1, Tgp2] only and therefore
we have [Zmin, Tmax| C [Tgp1, Tqp2] because rates are always non-negative. Finally it follows
that for = € [Zmin, Tmax] We have

min {p(z),q(z)} = {q(x), i < Zpg,

p(x), if x> xp,.

Moreover, min {p(z), q(z)} is increasing for @ € [zgp1,2p,) and decreasing for z €
[%pgs Tapa]-

Therefore, if £ € [Tmin, Tmax] © R; < R} < RY the maximal additional relay rate Ry ()
is attained at ,,;, < at the rate pair [R}, Ry, — Rj| with

Rgr(Ryx) = RR(xpg) =(1—-a)log (p(xpg)) =(1—-a)log (ﬁ’\/& - 1)
=(1—-a)log (|h1h2|’? - 2%> — 1Ry,
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otherwise if 2,y < Tmin < R} < R} the maximal additional relay rate Ry (z) is attained at
Zmin < at the rate pair [Ry, Ry, — Ry] with

Rgr(Ry;) = Rp(#min) = (1 — @) log (¢(#min)) = (1 — @) log (C(@ ! L

=)
Lmin ﬁl‘min

)

. Ry —RY
= (1= a)log (ha(3 = plp2 =) = RS,

or if £pg > Tmax © R > R} the maximal additional relay rate Rg(x) is attained at Zax
< at the rate pair [R}, Ry, — R}] with

2

() = R (rnas) = (1 = 0108 (prmes)) (1 = )og (€3 — 72))

R

N 1
= (1= a)log (| (5 - jp277)) = Rs + B,
This finishes the proof. O

2.8.30 Proof of Proposition 2.47

For a given time division parameter o we have the broadcast rate region (1—a)Rpc (%) =
(1 — a)Rec(RC (2 Re )) with the sum-rate maximum (1 — ) 1R = Ry. It follows that

11—«

for the broadcast region (1 — a)Rpc(yr) with g = 75 (1 12 the sum-rate maximum
is attained at the rate pair (1 — «) [R*RHQ(’yR), R*R_i(fyg)} according to Proposition 2.2 with a
maximum sum-rate Ry. Therefore, we have to distinguish for 5* between three cases with

respect to YR respectively Ry.

If 3* € [0, 1], we have

(1— )R (yr) = (1 — a)Rg (1 - %)
= (1—a)log (3(1 +mlh * + 2)
= (1— a)log (3(}j2 +mlhal + 1)} } )
:(1—a)log(%(lhﬂ2 +rlh2* + 1) + (1 —a) log(I :2)
= (1 - a)R3(8) + (1 — a)R!
=(1-a)R5(yr) + (1 - )R

+
From the definitions of R} (Ry) and R5(Ry) it follows that
Ri(Rs) + R3(Rs) =Ry = (1 — a)R3(8%) + (1 — a) Rz (87)
Ri(Rs) — R3(Rs) = —(1-a)R" = (1 - a)Rg3(5") — (1 — @) Rz (5").
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2 Bidirectional Relay Communication using Superposition Encoding

If we solve the equation system for Ri(Ry) and R3(Ryx) we have Rj(Ry) = (1 —
)R (6%) and R3(Ry) = (1 — a)Rg;(1 — %), which means that [R}(Ryx), R5(Ry)]
characterizes the sum-rate optimal rate pair of (1 — a)Rpc (%)

For the characterization of the case 3* € [0, 1] we consider the now simple equivalences

>0 < R=(8*) >0 & Ry >(1—a)RT,
B*<1 & Rz=(1-49>0 <& Rp>—(1-a)Rh

It follows that the case 5* € [0, 1] is equivalent to Ry, > (1 — «)|Rf|.

Finally, it follows that if Ry, < (1 — o) RT we have 3* < 0 so that the sum-rate optimal rate
pair is on the Rg-axis with [0, Ry] and if Ry < —(1 — o) R we have 3* > 1 so that the
sum-rate optimal rate pair is on the R;-axis with [0, Ry]. O

2.8.31 Proof of Theorem 2.48

We prove the theorem for the case |h1|? > |ha|?. The case |ha|? > |h1|? follows accordingly
by interchanging the indices one and two. To identify the bidirectional rate pair where the
total sum-rate maximum is attained we consider for any feasible bidirectional sum-rate Ry, €
[0, R2#X] the corresponding total sum-rate Riot(Ry). Thereby, let v := 75¢(Ry) < R
denote the necessary relay signal-to-noise ratio for a bidirectional sum-rate Ry, < Ry**.
Effectively, this means that we have a bidirectional relay communication with reduced relay
power and a relay power distribution parameter 3 = %‘ B =1-— Y{—g (B2. Accordingly, we
can define yp := yr —yp > 0 which denotes the relay signal-to-noise ratio of the piggyback
communication. In the following we will discuss the different cases of Ryt (Ry).

At low sum-rates Ry, where we have Ry, < min{aR, (1 — a)RT}, we have Rj(Ryx) < 0
so that the bidirectional sum-rate maximum is attained at [0, Ry] = [0, (1 — a)log(1l +

vg|h1|?)] with v5 = 75 (Ry). For those bidirectional sum-rates the total sum-rate is given

R
by (2.64b). Since the argument of the logarithm is a concave parabola in 2%, which is
maximized at its vertex, the function Ryot(Ry;) is maximized at (1 —«) log (3|h1]?4). From
: _ 1 1 1 1 1 1
Ri(Rx) < 0 it follows that §* = 5 — %(W - W) <0<+ P < TP
Therefore, we have

[

(1 - a)log (3 [*9) = (1 — a)log ("= (v + 7ie + 7ip)

> (1—«)log (VgIQ (v + ﬁ + ﬁ))
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Since the vertex of the parabola is attained at a rate larger than Ry, it follows that Ry (Ry)
is strictly increasing on [0, Ryx,|. This implies that for this section the largest total sum-rate is
attained at the largest possible bidirectional sum-rate Ry,.

At higher sum-rates Ry, where we have Ry, > R, we possibly have [R}(Ryx), R5(Rx)] €
Rpr(a) so that (2. 64a) apphes for Riot(Ry). Now, the argument of the logarithm is a

concave parabola in 22(0-2) = which maximizes at R, := 2(1 — «) log (5 |h1ha|¥). It follows
that the function Ry (Ry) is increasing on the interval [|RT|, R%]. For the vertex at R% we
have

Riot(R%) = RS+ RE™(RS) = (1—a)(log [[hha|y — 5|hihe|3] +log[5|hiha|3]) = RS,

so that we obviously have RF*(R%;) = 0. If we have [R}(RY), R5(R5,)] € Rpr(a) it
follows that the largest total sum-rate is attained at RE, which is also the largest feasible
bidirectional sum-rate at all. Otherwise, if we have [R}(R%), R5(R5)] ¢ Rpr(w), the
largest total sum-rate Ryo(Ry) for this section is attained at the largest bidirectional sum-
rate Ry, where we have [Rj(Ry), R5(Rx)] € Rpr(c). Again it follows that the largest
feasible bidirectional sum-rate for this section maximizes Ry (Ry).

If we further increase the sum-rate Ry; we have R (Rx) ¢ Rpr(a). This means that the
total sum-rate Ry (Ry) is given by (2.64c) if R}(Rx) < R} = Ry, — aR2—P>{ or (2.64d) if
Rj(Rs) > Ry = Ry, — ol In both cases the total sum-rate is independent of Ry; and
therefore constant.

Since the section-wise defined function Ry (Ry) is continuous and increasing for rate pairs
Rpc(Ryx) € Rpr(«) and constant for rate pairs Rpc(Ryx) ¢ Rpr(«) we achieve the max-
imum total sum-rate R{, at the largest sum-rate Ry, where we have R (Ryx) € Rpr(«),
which is given by the intersection point of Rpc(Ryx) with the boundary of Rpr(a). [

2.8.32 Proof of Corollary 2.49

In the following we prove the interchange of Rg with R; only. The interchange with Ro
follows accordingly.

If we can prove the equality Rg (R} + Ra, R5) = RR*(R] + R3) — Re for non-negative
Ra, it would follow from

Riot (R + R3) = RT + R5 + RR™ (R} + R3)

* max * * (2125)
:R1+R®+R2+RR (R1+R®,R2)

that the total sum-rate remains constant. From Lemma 2.46 we know that R}** (R} + R3)

Ry(Rj, R5) with Rf = LRy — 152R1, By = LRy + 15%Rf, and R = log (I12F).

173



2 Bidirectional Relay Communication using Superposition Encoding

Therewith, it follows that

RI+Rg R3
) ]_ 2 I=a —1_21—a—1> 2
it e (R Brllafim (1 2~ Hi) PP
1+ BolhPm R§
e o Gt (22(1_a)32+2m ~1) om
93(1— a)RE+ Rt '2*RT

_ 1 po_lptp_ 1 t
R R R Rl 1 R B i

B YT griaho
Ri+Rg B
. 2 7 I—a 1] 21 a1
= Zﬁﬁ’@ (1 [h2]?7R [h1[2vR >|h2’ R — 2ﬁR®m
T 1+ Bilho|?yr
Lt H e el m
_ 9z Re (2ﬁRR@2(R1+R®,R2) —1), (2.126)

where we used S = 1 — (1 — (32 and (2.56). Similarly, we can follow

Ri+Rg R}
12 1= 1 QT= a_l)h 2
oria Rraa(Ri+Ro.RE) _ 4 | ( |hz\27%+% Tl ) P2l "R
TI—a  _—
1+ 2 helPym
R% R
2T-a—1] 2 2T—a 1 2
_1+<1_W>\h2’ ’VR_Z_lRf@ 1—1—(1—%)\@‘ R
i RTJ',R@ = @ . R*
o T—a —
2 1+ 2\h2|2 T b2l
RY Ry
_2T-a—_1 2T-a_]
e B (-t SR )P
ﬁ_
1+ 2|h2|2ml| ha|* R
1% o v Fraa (R R3). 0107
Then for Re = 0 it follows from (2.126) that

Furthermore, for Rg > 0 we have Rra1 (R} + R, R5) > Rra2(R} + Ra, R3) so that we
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can conclude
RR(RI + Ro, R;) = min{RR@l(R’f + Ro, R;), RR@Q(RI + Rw, R;)}
Rra2(RY + Ra, R3)
Rraz(R7, R3) — Ro
Rr(RY, R3) — Ro.

2.127)

(2.128)

This means that (2.125) holds and therefore the total sum-rate remains constant for Rqg > 0.
Similar arguments apply for Rg > 0. O

2.8.33 Proof of Proposition 2.51

For ¢pc > 5 we have Rgs (ﬁ*) < 0 as well as * < 0. This is equivalent to yg <

IhlP — \h |2 from which it follows that R = Rﬁ(l) = log(1 + yr|h1|?) < log(1 +
1 H ) ) B
(mE — |h1‘2)\h1| ) = R'. Therefore, we have 01 = pJpr > R /R F1 = 00 80 that

we have A; = [0, ) and Ay = A3 = Ay = 0.

For § > ¢pc we have 8 > 0 = g >
we additionally have A4; = [0, a1 ).

P ~ TP = Bri(l) 2 R = a0 = a1 so that

* *
—

R—: x,
Further, for § > ¢pc > ¢2x we have ﬁ < Rg; = R*ipjm where we used
R*R_ﬁ = R (8%) = Rg(B) — R* - RT which is equlvalent to 2R->R*

R~ RMAC < R* . RT. If we add on both s1des R—R' and divide both sides by ( L +
R1 2R Rl R1

*

R
R2—1>{)(2R2—R> — RI%IAC + R") we get o = R%f}%ﬁ <3 R —RNACART — ag so that we have
Ay = [a1, ) and A3 = Ay = 0.

On the other hand, if we have ¢oy, > ¢pc we have ay > g using the same arguments with
the opposite relations. It follows that Ay = [aq, ).

— R:,
Then, for ¢ox; > ¢pc > ¢y we have % < RE“ from which we get 2( ;Ti +
1R
Ro)Rip; > 2R RMAC (R + R RT)RMAC@(R* + RE )(R%AC — 2R3 +
RT) < RT(R* +R* +RMAC) Ifwe d1v1de both side with ( R1+R*R 2+R§4AC)(R§4AC—

*

R
Rf _ _
2RﬁgL + RT) we get ag = o +R_’ < RIS 2R R azg so that we have Az = [, ap)
and Ay = 0.
Finally, if we have ¢pc > ¢ox we have g > as so that A3 = [ag,a3) and Ay =
[043, Oéo).
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Then the total sum-rate optimal rate pairs follow immediately. If o € A, we have to solve
R(Rs) = 3Ry + 52RT = oz for Ry and plug in the solution Ry, = 2ol — (1 —
a)R" in R%(Ry), which gives us R1 = alz — (1 - )R, Similarly, if @ € Ay we
have to solve R{(Ry) = aRy for Ry, and plug in the solution in R3(Rx), which gives us
Ry = aRmg + (1 - a)RT. Finally, for o € Az we require R} (Ryx) + R5(Rx) = aRYAC
so that we get Ry = aRMAC. Then R*BC(aRI%IAC, «) specifies the optimal rate pair.

With the optimal bidirectional rate pairs [RS""(cr), RoP" (/)] we get the maximal total sum-
rate Ri,(a) = R™(a) + R () + RE(R™ (a) + RSP () using Lemma 2.46. In
more detail, for time division parameters a.A; we have R = Ri3(8%) < RY = 0 so that
the maximum relay rate is given by (2.60b). Accordingly, we get the total sum-rate

Rtot(Oé) = OéRz—li + (

=(1- a)log<

If a € Ay U A3 U Ay we have RY = R{™'(a). Since [RY™ (), R3™ (a)] € Rpr(a) we
have R} < Ry < Rj so that the case (2.60a) applies. This gives us in the case o € Ay with
Ry, =2aRg — (1 - a)RT

o 1
Rel) = g — 5521 + (1 - ) log (Jhahols — 251
= (1-a)log (2ﬁRﬁ%‘%RT (|hahaly — zﬁRﬁ—%RTD

|2

=(1—a)log (}Z?PQﬁRﬁ(ﬂhl‘Q —92Ta aRﬁ)),

where we used the equality 9-3R" = % For v € A3 we have to plug in Ry,

(2.60a) which gives us

—aR%IAC in
RMAC
Riot(a) = 5RE + (1~ )bg(lhlhzw 2707 )

MAC
= (1 — a) log (22(1*Q)RE (|h1h2|fy _ 22(17Q)R2 ))

Similarly, for o« € A4 we have to plug in Ry, = 20R3: + (1 —a)R' in (2.60a) which finally
gives us

—a . 1lpt
Riot(@) = aRg + LSRN+ (1—a)log (]h1h2|7 _oiaflmtaR )
|2

=(1-a)log (|Z;|22ﬁRﬁ (3]hal? — Qﬁpﬁ)).

This finishes the proof. O
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2.8.34 Proof of Proposition 2.52

For k = 1 we use all eigenmodes if for all Ay, # 0 we have &; , # 0. Therefore, we need

2 . . o
a water-level vy > )\;’ . The condition follows if we look at the power constraint in the
)

high-power regime constraint

T2 2 2
o o°r ro — 1
2 2 2 272
G1Pr = E (1/1 — —) =1rov1 — 0 Lo, > — 0Ly, =0 ( — Lgm_l).
n—1 )\Q,n )\2,r2 A2,7‘2

Similarly, beamforming is optimal if we have £ o = 0. Therefore, we need a water-level

v1 < - Again the condition follows from the power constraint
2 2
o o
BiPr=v1—— < — —0’La.
A2l T A2z

Finally, it is optimal to use m eigenmodes if we have & ,,, # 0 and £ ;41 = 0. Therefore,

L. 2 2 .
we need a water-level within % < < /\2" " From the power constraint we get

2 m 2 2

mo 9 o mo 9
)\27m 0 Lam Bl R nzjl (Vl )\Q,n) > )\27m+1 0 Lam
The case k& = 2 follows accordingly. O

2.8.35 Proof of Proposition 2.53

From (2.77) we have

T2

)\2 n§2 n
Re(B1) = logdet (In, + pHY Qg 1 H,) = log H )

m1(B1) mq ( ﬁ1 )\ y
2n 1
(1/1 — 7)\271 Z 1
mi 51)

+ Loy,
- Z log AznﬂWR 2 1(51))7
my(B1)

B1Pr+0%Lo,m, (5y)

where we used in the last equality the water-level 11 = i (By) which follows from
the power constraint 31 Pr = > /2 {o.n = an:lgﬁl) (1/1—)\‘;2") =m1(B1)v1—07 Lo, (5,)-
The rate R (32) follows accordingly. O
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2.8.36 Proof of Theorem 2.54

For a rate pair on the boundary of RMIMO we have 31 + 2 = 1. Therefore, the rate pair
[Re3(8), Rz (1= B)], B € [0, 1] characterizes a parametrization of the boundary. Using the
representation of R (B) for 5 > 0 given in Proposition 2.53 we can calculate the derivation
as follows

dR(5) mi(:@ 1L m@Bhm 1
S dp ﬁVRJrLzml(m n(2)  Byr + Lo, () In(2)

Since Ra(ﬁl) is continuous in 3; = 0 we get the right hand side derivation

dRz3(8) _ m1(68) 7R I w1
7‘ = lim = )
ds =0  Bl0 BYR + L27m1(g) In(2) Loy In(2)

Similarly, for R (1 — p) for < 1 we can easily calculate the derivation as follows

% (Z L —mll=fm 1
— B)TR + L1 ma(1-8) I0(2) (1= B) R+ Limya-p) In(2)

as well as the left hand side derivation at 3 = 1

dRﬁ(l —ﬂ)‘ — lim ma(1 — B)r 1 _ R 1 ‘
ds p=1  B11 (L= B)WR + Lim,a-py In(2)  L1,1In(2)

With this we get the angle of the normal vector ppc(/3) of the parametrized boundary
[Rﬁ(ﬁ), Rﬁ(l —A)], B € [0,1], from

YrR+L1, .
dRz3(83)/dp Molor if =0,
tan R2 _ ) @ (=B mtLimap)
eBc(B) = —dR—>(1— /a5 a5 G 2 ifo<p <1,
Ml if3=1.
YR+L2, v

Obviously, 64 denotes the angle of the weight vector g. Then we know from previous dis-
cussion, e.g. in the proof of Theorem 2.10 in Appendix 2.8.6, that the boundary rate pair
[Re3(83), R (1 — B8)] with a normal angle ¢pc() is the weighted rate sum optimal rate
pair for weight vectors g where we have 64 = ppc(f). Since RMIMO is convex it follows
that opc(0) decreases with increasing /3.
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For weight vectors g with an angle 6, > ppc(0) = wpc(f1) = ¢ the intersection of the
boundary [Rz(83), Ri; (1 — )] with the Ryp-axis is optimal, this means we have 8 = 0.
Thus, for 04 > 1 the weighted rate sum is attained at the rate pair

[Ri3(0), Reg (1] = |0, Zlog( (i + Liany))]

according to Proposition 2.53 with ma(1) = Ma.

Similarly, for weight vectors g with an angle 04 < ¢pc(0) = eBc(Bar) = @ the intersec-
tion of the boundary [Rz3 (), Rg; (1 — ()] with the R;-axis is optimal. Thus, for 6g < ¢
the weighted rate sum is attained at the rate pair

[Re3(1), R (0)] = [Zlog( (o + Laan,)),0)

according to Proposition 2.53 with my (1) = M;.

For the characterization of the rate pair for a weight vector g with ¢; < 04 < 1 we need
to know the number of used eigenmodes for this weight vector. The functions m1(/31) and
ma(/2) characterize the number of eigenmodes for a given relay power fraction. Further-
more, we know that the number of used eigenmodes change at relay power fractions Brs
n = 1,2,..., M so that for all 3 € (ﬂn,ﬁnH] we have m1(3) = ml(BnH) and simi-
larly for all ﬁ IS [ﬁn, Bri1) we have mo () = ma(3,). Since ppc(f) is decreasing for 3
we can characterize this property also in term of the angles. Therefore, let ¢, = ¢pBC (Bn)
denote the angle of the characteristic power fraction Bpom = 1,2,..., M. Accordingly,
for weight vectors g with angle 84 € 11, n) We use m1(Bni1) = 171(g) eigenmodes
of the channel H, and similarly for weight vectors g with angle g € (41, pn] We use
mg(ﬁn) = n2(q) eigenmodes of the channel H;. And of course, for ¢ > ¢; we use
n(q) = 0 and n2(q) = M> as well as for ¢ < ¢ we have 11(q) = M; and 72(q) = 0
eigenmodes of H; and H 5 respectively.

We are now able to characterize for a weight vector g with py; < 64 < ¢1 the rate pair on
the boundary RMIMO explicitly. Therefore, we solve tan ppc() = tanfg = ql for S with
0<p<l1 Wthh gives us the corresponding optimal power fraction 3(q) as follows

am (@) (R + Li,pa(q)) — ©2712(@) Loy (g

B(q) = Yr(@n2(q) + aini(q))

Then a simple calculation shows that R3(g) and Rg;(q) are given by Rz(3(g)) and
Rz~ (1 — B(q)) using the representation of the rates given by Proposition 2.53. Finally,
we finish the proof with the observation that the identities Ry pc([1,0]) = Rg3(1) and
Ry c([0,1]) = Rg;(1) hold because we defined Ly o = 0, k = 1, 2. O
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3 Optimal Coding Strategy for the
Bidirectional Broadcast Channel

3.1 Introduction

We still consider a three-node network where two nodes want to communicate with each
other using the support of the third node as a relay, which we call the bidirectional relay
channel. Between the nodes we assume discrete memoryless channels with finite size input
and output alphabets. In this chapter we present an information theoretic optimal chan-
nel coding approach for the broadcast phase based on the philosophy of network coding
[ACLYO00] which suggests that information should not be treated as a fluid.

In classical information theory often full-duplex nodes are assumed. However, in wireless
communication this assumption is hard to fulfill. Therefore, we assume half-duplex nodes
which means that a node contributes either an input or an output to the channel. A natu-
ral consequence of this assumption is that the relay communication is performed in phases.
Often the relay communication should be integrated in existing infrastructures and most pro-
tocol proposals base usually on orthogonal components which require exclusive resources
for each link. As a consequence they suffer from an inherent loss in spectral efficiency. As
we know from the previous, this loss can be significantly reduced if bidirectional relay com-
munication is desired, since bidirectional communication can be efficiently performed in two
phases. First, we have the multiple access phase where nodes 1 and 2 transmit their infor-
mation to the relay node. In the succeeding broadcast phase, the relay node simultaneously
forwards the information to its destinations.

Network coding is originally a distributed source coding problem. The bidirectional relaying
protocols proposed in [WCKO035, LIS05, FBW06, PY06, HKET07] apply an XOR operation
on the decoded data at the relay node so that they assume a source (network) and channel
coding separation. The separation of network and channel coding is in general suboptimal
[EMH™03, RKO06]. In this thesis we consider a decode-and-forward protocol and find the
optimal channel coding strategy for the bidirectional broadcast channel which factors in
the distributed knowledge of the sources. But the decode-and-forward approach causes an
operational separation between the phases, which means that we require that the relay node
successfully decodes the messages of nodes 1 and 2 in the first phase. Furthermore, we do
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not allow any feedback between the phases so that the encoders of nodes 1 and 2 cannot
cooperate. In the first phase we have, due to the operational separation, the classical multiple
access channel where the optimal coding strategy and capacity region are known. It remains
to find the optimal coding strategy for the succeeding broadcast phase, which we call the
bidirectional broadcast channel. It is important to notice that the proposed coding strategy
is only optimal for the bidirectional relay channel under the restriction of the operational
separation.

While for single-user channels it is of no importance whether we use vanishing average or
maximal probabilities of error in the definition of the achievable rate, in a multi-terminal
system the average and maximal error capacity region can be different, even in the case of
asymptotically vanishing errors as shown by Dueck in [Due78]. For this reason, in this chap-
ter we will pay attention to the consideration of the maximal and average error probabilities
and the relation between them.

In the following two subsections we more precisely introduce the considered two-phase bidi-
rectional relaying model and after that we briefly restate for completeness the multiple access
channel capacity region. In Section 3.2 we prove for the bidirectional broadcast channel an
optimal coding theorem and a weak converse for the maximum error probability. The proof
shows that the capacity region is independent of whether we use asymptotically vanishing
average or maximum probabilities of error. After we found the capacity region of the bidi-
rectional broadcast channel we got aware of the work of Tuncel [Tun06] where a joint source
and channel coding approach for a broadcast channel problem is studied. It seems that one
can deduce the achievable rate region with respect to the average error from this work, how-
ever for the bidirectional broadcast channel we do not need the Slepian-Wolf source coding
part since the relay node knows which side information is known at the nodes 1 and 2. For
that reason we can prove the achievable rate region for the average error probability with
classical channel coding arguments only. Moreover, this allows us to derive the capacity
region with respect to the maximum probability of error.

After we obtained the capacity region for each phase we optimize the time division be-
tween the MAC and the BC phases. This gives us the largest achievable rate region for the
discrete memoryless bidirectional relay channel using finite set alphabets with the simplifi-
cations of the operational separation of the two phases. Finally, we illustrate the bidirectional
achievable rate region by means of a binary channel example and finish this chapter with a
discussion as well as an outlook on further results.

3.1.1 Two-Phase Bidirectional Relay Channel

We consider a three-node network with two independent information sources W, and Ws at
nodes 1 and 2. The random variables Wy, k = 1, 2, are uniformly distributed on the message
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Source 1 Source 2 Source 1 Source 2

Wil MAC W] (Wi BC W

X)) O

Node 1 Relay Node 2 Node 1 Relay Node 2

Figure 3.1: Multiple access (MAC) and broadcast (BC) phase of a two-phase decode-and-
forward bidirectional relay channel without feedback.

set Wi, == {1,2,..., Mén)}, k = 1, 2. For the bidirectional channel we want the messages
wy; € Wi and wa € W to be known at node 2 and node 1, respectively. For this goal,
the nodes 1 and 2 use the support of the relay node. Note, that we have no direct channel
between the nodes 1 and 2 due to the half-duplex assumption and the two-phase protocol.

We simplify the problem by assuming an a priori operational separation of the communi-
cation into two phases. In this thesis we consider the decode-and-forward approach, which
means that we require the relay node to decode the messages from nodes 1 and 2. Further-
more, we do not allow cooperation between the encoders at nodes 1 and 2. Otherwise, a
transmitted symbol could depend on previously received symbols. For a two-way channel
this is known as a restricted two-way channel. With this simplification we end up with a
multiple access phase, where the nodes 1 and 2 transmit their messages w; and ws to the
relay node, and a broadcast phase, where the relay node forwards the messages to the nodes
2 and 1, respectively. Then the operational separation allows us to look at the two phases
separately. After that we will briefly consider the optimal time division between the two
phases.

In the multiple access phase (MAC) we have a classical multiple access channel, where the
optimal coding strategy and capacity region Cyiac is known [Ahl71a, Lia72]. We will restate
the capacity region in the next subsection. As before, let Ri: and Rz denote the achievable
rates between the nodes 1 and 2 and the relay node in the MAC phase.

For the broadcast phase (BC) we assume that the relay node has successfully decoded the
messages w; and wy in the multiple access phase. From the union bound! we know that the
error probability of the two-phase protocol is at most the sum of the error probabilities of
each phase. Therefore, an error-free MAC phase is reasonable if we assume rates within the
MAC capacity region and a sufficient coding length. From this we end up with a broadcast
channel where the message w; is known at node 1 and the relay node and the message wo

'Let P{F } and P{ E> } denote the probabilities of event £ and E2, then the union bound upper bounds the
probability that at least one of the events happens as follows P{E1 U Ex} < P{E1} + P{E,}.
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

is known at node 2 and the relay node as depicted in Figure 3.1. Thereby, let x1, x2, and x
denote the input and y1, y2, and y the output symbols of node 1, node 2, and the relay node,
respectively. Furthermore, let R~ and Rz denote the achievable rates between the relay
node and the nodes 1 and 2 in the BC phase.

The mission of the relay node is to broadcast a message to the nodes 1 and 2 which allows
them to recover the unknown messages. This means that node 1 wants to recover message wo
and node 2 wants to recover message wi. In Section 3.2 we present an information theoretic
optimal coding strategy, which gives us the capacity region of the bidirectional broadcast
channel.

3.1.2 Capacity Region of the Multiple Access Phase

In this subsection, we restate the capacity region of the multiple access channel, which was
independently found by Ahlswede [Ahl71a] and Liao [Lia72] and is nowadays part of any
textbook on multiuser information theory [Wol78, CK81, CT91].

Definition 3.1. A discrete memoryless multiple access channel is the family {p(”) AT X
X3 — Y™} nen with finite input alphabets Xy, k = 1,2, and a finite output alphabet )) where
the probability transition functions are given by p\™ (y™|z7, 2%) := [T p(yilzir, zi2) for
a given probability transition function {p(y|x1, x2) }z,cx| zocXo,ycy-

Theorem 3.2. The capacity region Cyiac with respect to a vanishing average and maximum
probability of error of the memoryless multiple access channel is the set of all rate pairs

(R, Rag] satisfying
Rey < I(X1;Y[X2,U),
R < I(X2;Y|Xy,U), and
R+ Ropy < I(X4, X2;Y|U)

for random variables U, X1, X2, Y| with values in U x X X Xy x Y and the joint distribution

{g(w)q1 (z1|w)g2(z2|w)p(y|x1, ©2) buctt,z1 X1 woc ko, ycy- Furthermore, the range U of the
auxiliary random variable U has a cardinality bounded by |U| < 2.

3.2 Capacity Region of the Broadcast Phase

In this section we present the capacity region of the bidirectional broadcast channel where
the receiving nodes have perfect knowledge about the message which should be transmitted
to the other node. This means that the independent uniformly distributed information sources

184



3.2 Capacity Region of the Broadcast Phase

Wy and W3 at the relay node are also known at node 2 and node 1 respectively. We prove the
capacity region by classical channel coding principles. To this end we first introduce some
standard notation.

Definition 3.3. Let X and Vi, k = 1,2, be finite sets, which denote the input alphabet of
the relay node and the output alphabet of nodes 1 and 2. A discrete memoryless broadcast
channel is defined by a family {p(”) : X" — Y x V3 Ynen of probability transition functions
given by p(™ (y?, y5|2™) = 11, p(yi, via|zi) for a probability transition function p
X — Vi x Yo, ie. {p(y1,y2|%) }oex yievy yocys IS a stochastic matrix.

In what follows we will suppress the super-index 7 in the definition of the n-th extension of
the channel p, i.e. we will write simply p instead of p(”). This should cause no confusion
since it will always be clear from the context which block length is under consideration. In
addition, we will use the abbreviation V := W; X W», where W, and W, denote the message
sets.

Definition 3.4. A (M 1(n), MQ(H), n)-code for the bidirectional broadcast channel consists of
one encoder at the relay node
" V= X"

and decoders at nodes 1 and 2

q1: y{LXW1—>W2U{0},
gz : ygle2—>W1U{0}.

The element 0 in the definition of the decoders is included for convenience only and plays
the role of an erasure symbol.

From the definition we see that we allow the decoders at nodes 1 and 2 to utilize the knowl-
edge about its own message. When the relay node sends the message v = [wy, ws], the
receiver of node 1 is in error if g; (Y{*,w1) # wa. The probability of this event is denoted
by

A (v) := P{g1(Y{", w1) # wa | 2" (v) has been sent }.

Accordingly, we denote the probability that the receiver of node 2 is in error by
A2 (v) := P{ga(Yy", wa) # w1 | 2™ (v) has been sent }.

Hereby, Y{* and Y3" denote the random outputs at nodes 1 and 2 given that the sequence
2"(v) has been sent down the channel. This allows us to introduce the notation for the
maximum and average probabilities of error for the k-th node

N = ma ), and = g S )

185



3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

Definition 3.5. A rate pair [Rﬁ, R—>] is said to be achievable for the bidirectional broad-

cast channel if for any § > 0 there is an n((5) € N and a sequence of( n), MQ(n) n)-codes
such that for all n > n(J) we have % > Res — 6 and logM > R — 6 while the
(n) )\gn)

maximum probabilities of error )\1 — 0 whenn — ooc. The set of all achievable rate
pairs is the capacity region of the bidirectional broadcast channel and is denoted by Cgc.

Remark 3.6. Achievable rate pairs and a capacity region can be similarly defined for aver-

(n) (1)

age probability of error puy ”, piy,* — 0 when n — oc.

We are now ready to present the main result of this chapter.

Theorem 3.7. The capacity region Cgc of the bidirectional memoryless broadcast channel
is the set of all rate pairs [Rgs, Re=] satisfying

Res < I(X; Y2|U), a.1)
R < I(X;11|U) ‘

for random variables (U, X, Y1, Ya] with values in U x X x Y1 X Vo and the joint probability

distribution {q1 (w)qa(x|w)p(y1, Y2|7) fuctt.ae X y1 €1 yacyo- The cardinality of the range of
U can be bounded by |U| < 2.

The theorem is proved in the following three subsections. In the first subsection we prove the
achievability, i.e. a coding theorem. We prove a weak converse with respect to the maximum
probability of error in the second subsection. Then the theorem is proved with the third
subsection where we show that a cardinality of two is enough for the range of the auxiliary
random variable.

3.2.1 Proof of Achievability

Here, we adapt the random coding proof for the degraded broadcast channel of [Ber73] to

our context. First, we prove the achievability of all rate pairs [Rz3, Rg| satisfying

Ry <I(X:Yz), and  Rgy <I(X;V1), (3.2)

for some probability function p(x)p(y1,y2|x). Then, we extend this to prove that all points
in the closure of the convex hull of (3.2) are achievable, which we will see is exactly the
region stated in Theorem 3.7.
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3.2 Capacity Region of the Broadcast Phase

Random codebook generation

For any § > 0 we define for any Rgz, k = 1,2, the rate of the code Rﬁ =
max{< [n(Rgz — %)j ,0}.2 Then we generate Ml(n)MQ(") independent codewords X" (v),
v = [wi,ws], of length n with Ml(n) = 2"%m and MQ(n) .= 2"Ri according to

[ p(=i).

Encoding

To send the pair v = [wy, we| with wy € Wy, k = 1,2, the relay sends the corresponding
codeword z"(v).

Decoding

The receiving nodes use typical set decoding. First, we characterize the decoding sets. For
the decoder at node k£ = 1,2 let

I(x™;yp) = %Ing W

with average mutual information /(X Yy) := Egn yn {I(z™;y})}. This gives the decoding
set

SR = {am € a1y > M
and indicator function
1, ifa™ ¢ S(yp),

d(z", yy) ==

(", ) {0, otherwise.

When z"(v) with v = [w;, w2] has been sent, and y}" and y% have been received we say
that the decoder at node k& makes an error if either 2™ (v) is not in S(y;) (occurring with

(1)

probability Pelk (v)) or if at node 1 2™ (wy,w9) with We # wo is in S(y}') or at node 2

(2)

" (w1, we) with Wy # wy is in S(y4) (occurring with Per (v)). If there is no or more than
one codeword z"(wy,-) € S(y}) or 2™ (-,w2) € S(y%), the decoders map on the erasure
symbol 0.

*We need not consider the trivial cases Rﬁ = 0 for any k because then the error probability is zero by
definition.
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

Analysis of the probability of error
From the union bound we have A\ (v) < Pe(g (v) + Pe(Qk) (v) with

PO w) = ¥ pyla"(v) d(z"(v),55) fork =12

YR EVE
and
@) gy 2 .
Pl ()= ¥ pytla™(w) > (1 —d"(wi,w2),y7)),
y'f‘Eyi"‘ wo=1
W Fw2
@) iy A . n
P5(w) = 3 plysla™(v) > (1 —d(a" (w1, wa), y3)).-
ygeyg ?}1#:1
w1 Fwq

For wuniformly distributed messages W; and W, we define Pe(?) =

1 2
m D oW X Wy P(;:)(’U) for m = 1,2 so that ,u,(cn) < P(k) +p?

e e, ek

Next, we average over all codebooks and show that IE;» { #,(c”)} < Egn {Pe(lk) + Pe(2k)} — 0
ES n — oo if R < I(X,Y;), k = 1,2. Recall that R— < Re= — § holds so that we
ave

1

1)
Eqn{P)} =
{ ek } |W1| |W2|

> En{PYw)}

vEWL XWso
Y Een{plypla™(v)) d(="(v), y) }

Y €Vi

= > Y pE™plypla")d(z", yp)

YR EY) e

for any

fixed v

2

SIP{I(JJ”;Z/Z) < I(X;Yg) — 6} — 0

4| n—oo
exponentially fast by the law of large numbers. For the calculation of E {Pe@k)} we have

to distinguish between the receiving nodes. We present the analysis for k& = 1, the case
k = 2 follows accordingly. Thereby, we use the fact that for v = [w1, wa] # [wy, W2] the
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3.2 Capacity Region of the Broadcast Phase

random variables p(y]| X" (v)) and d(X"™(wy,w2),y]) are independent for each choice of
yr € Vi

@y_ 1 1p®
]Ezn{Pe,l } - ‘le |W2| Z ]E$ {Pe,l (U)}

VEW1L X Wo
f Wa|
or an A
ﬁxiiz Z:[Exn{ y1|x ))21 (1—d($n(w1,w2)7y?))}
s
Wa|
= D D Eu{p(yifa" (v)) e 1 = d(a" (w1, b2), y1') }
yleyl wWa=1
WaFwa
Wa|
= Z Z (Y Ezn {1 — d(a™ (w1, 12),y7) }
y1€y1 wa=1
WaFwa
Wa|
= >0 D0 D) D el (- da" )
yreYy wa=1 m”eXﬂ
WaFwa
SR
YreVr areS(yt)

Whenever 2" € S(y}), we have I(z";y}) = Llog, % %(Rﬁ + I(X;Y1)) or

(R—>+I(X Y1))

p(yt) < plytlz™)2 2 . Consequently,

B {PY} <ol S 3 pla™p(ylam)2 i Frit (X))
yrEVT 2"eS(y})
nRii9—5 (R +1(X;11))

where the last inequality holds if we have Re; < I(X,Y1). Hence, if Ry < I(X,Yj),
k = 1,2, the average probability of error, averaged over codebooks and codewords, gets
arbitrary small for sufficiently large block length n.
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

Code construction with arbitrary small maximum probability of error
IfRfTi < I(X;Y7) and R@ < I(X;Y3) for any § > 0 and its code rate Rﬁ,, k=1,2, we
can choose ¢ > 0 and n € N so that we have Egn { ,ugn) + ugn)} < &. Since the average

probabilities of error over the codebooks is small, there exists at least one codebook C* with

a small average probabilities of error ugn) + ugn) < ¢. This implies that we have ,ugn) <€

and ugn) < e. We define sets

Q:={veV:A(v) <8 and A\s(v) < 8},
Ry :={v eV : \(v) > 8}, fork =1,2.

Since € > \Tl)| Y vey Ak(v) > %85, we can bound the cardinality |Ry| < % fork =1,2.

Then from V = Q U R U Ry it follows

19| > [V] — [R1| — |Ra| > 2|V

Now, let 7 be the set of w; having the property that for each w; there are at least %Mén)
choices of ws so that [wq, we] € Q. Therefore, for w; € 7 there are at most MQ(") choices

wy € Wy and for wy ¢ 7 there are less than %MQ(") choices wy € W such that [wy, ws] €
Q. Accordingly, we have

MY + W TI30L" > (9] > " My

so that it follows that |7 > %Ml(n) using (W1 \ 7| = Ml(n) — |7'|. This means that there
exists an index set Q7 C W, with %Ml(") indices wq, to each of which we can find an

index set Q5(w1) C Wy with %Mén) indices wy so that we have for each w; € Q7 and
wy € Q%(w1) a maximum error A\, (wi, wa) < 8, k =1, 2.

It follows that there exist one-to-one mappings ® : V* — O*, & : Wy — 9, &3 :
Wi — Q3(wq) for each wy € QF with ®(wy,wa) = [®1(wy), Py* (we)] with sets V* :=
Wi x Wi, Wi = {1,2.., 3} for k = 1,2, @ := {[w1,ws] €V : wy € Qf,wy €
Q5(w1)} C Q. Accordingly, there exist mappings Wy, : Q* — Wi, k = 1,2, withv =
[U1(2(v)), Ua(@(v))].

This allows us finally to define a (%Ml(n), %MQ(”) ,n)-code with an encoder " : V* — A"
with "(v) := 2"(®(v)) and decoders gy : YI' x Wi — W3 and ga : Y3 x W5 — Wy with
91 (y1's w1) := Wa(w1, g1(y7, w1)) and o vy, wa) := V1(g2(y5, wa), w2) where we use the

mappings ¥, : V — W/ given by

\I/k(?)> =

- Up(v), ifve O,
0, ifv ¢ O,
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3.2 Capacity Region of the Broadcast Phase

for k = 1, 2. The idea is that the encoder uses only codewords x"(v) of the code C* with an
index v € Q*, which have a maximum error A\ (v) < 8¢, k = 1,2. Since the decoders use
the typical set decoder of the code C*, they could erroneously find an " (v) withv € V'\ Q*.
In this case, the mapping ¥}, decides on the erasure symbol 0. It was already a wrong
decision by the decoder gy, since the encoder chooses only codewords x™(v) with v € Q*.
Therefore, this does not add any error to the decoding. The code has a rate pair

D D _ ) 0
B = B = ] = [kl = D)) = 5 F (R = DI =

which is element-wise larger than [R; — 6, Ry — 6] asn > 2 using 2] > x — 1. This
proves the achievability of any rate pair satisfying the equation (3.2).

Closure of convex hull

Let R(p(x)) denote the set of rates which we can achieve with the input distribution p(z).
For k = 1, 2, we can rewrite the right hand side of (3.1) as follows

| U]
IXYiJU) = X p() (X VAU = ) = 3 pl(u) (X Y5)

p(z(u)’
where in I(X; Yk)‘p(mm) we choose a specific input distribution p(z|u) according to the
auxiliary random variable U. For the input distribution p(x|u) we know from the first part
of the proof that any rate pair R, € R(p(x|u)) C R? is achievable. Therefore, for any
convex combination > " ; a, R, we can regard the weights as a probability mass function
with p(u) := oy, and u € U := {1,2,...,m} and choose for any u an input distribution
p(z|u) that achieves the rate pair R,,. For that reason, the conditional mutual informations
given by the right hand sides of (3.1) are also achievable rates.

Finally, the set of achievable rate pairs is closed by definition of achievability since for any
sequence of achievable rate pairs with [Ry, Ra| = lim, 0 [RY"), R(Qm)] the limit point itself
is achievable. O

In general in multi-terminal systems the average and maximal error capacity region can
be different. Ahlswede has shown for the two-way channel in [Ahl71b] that “one cannot
reduce a code with average errors to a code with maximal errors without an essential loss
in code length or error probability, whereas for one-way channels it is unessential whether
one uses average or maximal errors.” The problem in the two-way channel is to find a
maximal error sub-code with a Cartesian product structure. This problem is equivalent to
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

a combinatorial problem by Zarankiewicz® [Ahl71b] and arises since the transmitter and
receiver have disjoint partial knowledge only. Here, the relay node has full knowledge so
that for the code construction with arbitrarily small maximum probability of error we need
not require a sub-code with Cartesian product structure.

In the next subsection we prove the weak converse for the maximal error. Since Fano’s
inequalities apply for the average error as well, the weak converse for the average error
follows analogously.

3.2.2 Proof of weak converse

We have to show that any given sequence of (M\™, M{™ n)-codes with A" A" —

0 must satisfy 2log M{™ < I(X;Y2|U) + o(n®) and Llog M{" < I(X;Vi|U) +
o(n®) for a joint probability distribution q;(u)ga(x|u) p(y1,ye|z). For a fixed block
length n we define the joint probability distribution p(w1,wa, 2™, y7,y5) = ﬁﬁ
q2(x™|wi, w2) [Tiy p(y1is Y2ilzs) on Wi x Wh x X™ x VI x V3 where the conditional
distribution g2 (2" |w1,we) = 1 if 2™ is the codeword corresponding to w1, wo or is equal to
0 else. In what follows we consider for £ = 1, 2 uniformly distributed random variables W},
with values in Wj,.

Lemma 3.8. For our context we have the Fano’s inequality

H(WalY7", Wh) < A log [Wa| + 1 = nel” (33)

(n)

+%—>0f0rn—>ooas/\1 — 0.

with Egn) = 71°g|72/\;2|)\§n)

Proof. From Y[* and Wj; node 1 estimates the index Wy from the sent codeword
X™(W1, Ws). We define the event of an error at node 1 as

o [ 0T ) £,
0, if g1 (Y, Wh) = Wa,

so that we have for the mean probability of error 1" = P{E; =1} < A From the

chain rule for entropies we have

H(El, WQ’}/]_TL, Wl) = H(WQ‘Y]_”, Wl) + H(El‘yln, Wi, WQ)
= H(E1|Y)",W1) + H(W2|E,Y{", Wh).

3For an n x n matrix which contains zeros and ones only Zarankiewicz [Zar51] posed the combinatorial problem
to find the smallest natural number of ones, k;(n), which ensures that a n X n matrix contains a j X j minor
which consists entirely of ones. In [Ahl71b] Ahlswede generalizes the problem to find the smallest number
of ones, k;,;(m, n), which ensures that a m x n matrix contains a ¢ X j submatrix entirely of ones.
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Since F is a function of Wy, Wy, and Y7, we have H(E;|Y]", Wy, Wa) = 0. Further, since
FE} is a binary-valued random variable, we get H (E1|Y{", W) < H(E;) < 1. So that finally

with the next inequality
H(Wo|Y]", W1, Ey) = IP{E1 = 0}H(WQ’Y1”, Wi, E1 =0)
+P{E, = 1} H(W,|Y]", Wi, E; = 1)

< (1= pi™)0 + i og(IWa| — 1) < A log W

we get Fano’s inequality for our context.

Therewith, we can bound the entropy H (W5) as follows

H(Wsy) = H(W2|Wh)
= [(Wa; Y1"|W1) + H(W2|Y{", W)

< I(Wa; Y7 |W1) + nel™

< I(Wy, Wy; Y7) + nel™

< I(X™Y7) + nel™

< H(Y") = HY{|X"™) + nel”,
where the equations and inequalities follow from the independence of W and W5, the defi-
nition of mutual information, Lemma 1, the chain rule for mutual information, the positivity
of mutual information, and the data processing inequality. If we divide the inequality by n

we get the rate

LH(W,) = L(H(Y) = HYT'|X™) + &)
< IS (HMlY Y = HYvi LX) + el

@
Il
—

| IA
S| 3=
1= 1=

~

I(Yig X;) + &™)

@
Il
—

using the chain rule of mutual information, the memoryless property of the channel, and the
definition of mutual information. A similar derivation for the source rate %H (W1) gives us

n
the bound %H(Wl) < %E%I(Ygi; Xl) + {-:gn) with 5&”) - log\nWﬂ )\gn) + % — O forn — oo
1=

as A\ — 0.

This means that the entropies H (W) and H (W3) are bounded by averages of the mutual
informations calculated at the empirical distribution in column ¢ of the codebook. Therefore,
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we can rewrite these inequalities with an auxiliary random variable U, where U =1 € U =
{1,2,...,n} with probability % We finish the proof of the converse with the following
inequalities

LH(W,) < L3 1(Vi; Xi) + et
=1

_ ;IP{U — i (Yi; Xi|U = i) + &

= I(YlU;XU’U) + Egn)
= I(Yy; X|U) + &\

and LH(Wy) < I(Yo; X|U) + eg") accordingly where 5,(6") — 0,k = 1,2, when n — oc.
Thereby, Y. := Yy and X := X are new random variables whose distributions depend on
U in the same way as the distributions of Y}; and X; depend on i. 0

Up to now the auxiliary random variable U is defined on a set ¢/ with arbitrary cardinality.
Next, we will show that [I/| = 2 is enough.

3.2.3 Cardinality of set &/

With Fenchel-Bunt’s extension of Carathéodory’s theorem it follows that any rate pair in the
convex hull co( Up@) R(p(x))) = Uyeyy R(p(z|u)) is achievable by time-sharing between
two rate pairs from (J,,,,) R(p(x)), i.e. [U| = 2 is enough.

Theorem 3.9 ([HULO1, Theorem 1.3.7]). If S C R™ has no more than n connected com-
ponents (in particular, if S is connected), then any x € co(S) can be expressed as a convex
combination of n elements of S.

Since for any « € X we have [0, 0] € R(p(z)), the set |, ,) R(p(x)) is connected. There-

fore, any rate pair in Cgc = cof Up(a) R(p(z))) can be expressed as a convex combination
of n = 2 rate pairs of {J,,,) R(p(x)). O

This finishes the proof of the capacity region of the bidirectional broadcast channel.

Remark 3.10. Since the coding theorem includes the achievability of rate pairs in terms of
the average probability of error and the proof of the weak converse for the average error
works analogously, Cpc is also the capacity region in terms of the average probability of
error.

194



3.3 Achievable Bidirectional Rate Region

Remark 3.11. The characterization of the bidirectional broadcast capacity region for Gaus-
sian channels is analogous. We would have to deal with discrete channels with Gaussian
channel transfer distributions and would have to add an input power constraints but the
arguments are similar to the arguments considered here.

The coding principles of the bidirectional broadcast are similar to the network coding
approach with a bitwise XOR operation on the decoded messages at the relay node
[WCKO5, LIS05, FBW06, PY06, HKE*07]. But since network coding is originally a multi-
terminal source coding problem, the achievable rates with network and channel code separa-
tion in the broadcast phase using the XOR coding approach are limited by the worst receiver.
This means that with a network coding approach using the XOR operation on the decoded
data we can achieve in our network the rates
R, Rz < min{I(X;Y1),I(X;Y2)}

for some common input distribution p(z). The achievable rates depend on the common input
distribution and both channel transfer distributions. For our coding scheme each achievable
rate depends on the common input distribution and its own channel transfer distribution
only. For each channel we can separately find the optimal input distribution which achieves
the maximal achievable rate for this link (equal to the single link capacity), but the optimal
input distribution for one channel need not be optimal for the other channel.

Accordingly, we see that the network coding approach using XOR on the decoded
messages at the relay node is in general inferior, but it achieves the capacity of the
bidirectional broadcast if and only if for the maximizing input distribution p*(z) =
arg max,,) max{l(X;Y1),I(X;Y2)} we have I(X;Y1) = I(X;Y2). In the following
we will look at the bidirectional achievable rate region.

3.3 Achievable Bidirectional Rate Region

We will now look at the achievable bidirectional rate region where we use in each phase
an optimal coding strategy. Thereby, we optimize the time division between the MAC phase
with memoryless multiple access channel p(y|x1, x2) and BC phase with memoryless broad-
cast channel p(y1, y2|x). Of course, due to the a priori separation into two phases, this strat-
egy need not be the optimal strategy for the bidirectional relay channel.

Let R; and Rs denote the achievable rates for transmitting a message wi from node 1 to node
2 and a message ws from node 2 to node 1 with the support of the relay node. In more detail,
node 1 wants to transmit message w; with rate nR; in n channel uses of the bidirectional
relay channel to node 2. Simultaneously, node 2 wants to transmit message wy with rate
nRs in n channel uses to node 1. Then let nyrac and ngc = n — nyac denote the number
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

of channel uses in the MAC phase and BC phase with the property "MA% — o € [0,1] and
"% — 1 — a when n — oo, respectively. As before, we call « the time division parameter
the between multiple access and broadcast phase. With a sufficient block length n (respec-
tively nyac and npc) we can achieve a bidirectional transmission of messages w; and wo
with arbitrary small decoding error if rate pairs [R5, Ror| € Cvac and [Res, Res] € Cae
exist so that we have

nky < mln{nMAcR ngcR

1R’ R2}

nky < mln{nMACR ngoR

2R’ Rl}

Thus, the achievable rate region of the bidirectional relay channel using the time division
is given by the set of all rate pairs [R;, R2] which are achievable with any time division
parameter o € [0,1] as n — oo. We collect the previous consideration in the following
proposition.

Proposition 3.12. The achievable rate region Rprc of the two-phase bidirectional relay
channel is given by

Rprc = {[Rl,RQ] eR?: R, < mln{aRlR,( O‘)RPTQ’ ,
Ry <min{aRg;, (1 — a)Rg;} with o € (0,1),

(R, Ryz] € Cuiac, and [Rey, R € CBC}.

The region Cpc is in general larger than the broadcast region using superposition encoding
where we additionally require separated information flows and XOR on the decoded data
at the relay node. It follows that the achievable bidirectional rate region Rprc is larger as
well.

3.4 Example with Binary Channels

Finally, we will briefly look at an example with binary channels. Therefore, we assume
to have a binary erasure multiple access channel [GW75],[CT91, Example 14.3.3] in the
MAC phase and two independent binary symmetric channels [Ash65, Section 3.3] in the BC
phase.

Binary Erasure Multiple Access Channel

We briefly reproduce the definitions and the resulting capacity region of the binary erasure
multiple access channel from [GW75] and [CT91, Example 14.3.3]. Therefore, we have

196



3.4 Example with Binary Channels

binary input alphabets X} = X5 = {0, 1}, an output alphabet Vg = {0, 1, E'}, and transition
probabilities

Pyiix.x,(000,0) =1, Pyyix, x,(11,1) =1,

Py, x,,x,(E|0,1) =1, Py, x,,x,(E]1,0) =1
so that we have a deterministic channel. We see that if the output of the channel is the erasure
symbol E the relay node cannot uniquely determine the input. With the input distribution
given by

PX1(0) = P1, and PXQ(O) = D2,

it can be easily seen that the mutual informations I(X1; Yr|X2) = H(X1), I(X2; Yr|X1) =
H(X53) and (X1, Xo; Yg) = H(YR) are simultaneously maximized when p; = py = 1/2.
Then the capacity region is given by

Cuac = {[R1,Ro) € RZ : Ry <1, Ry <1,Ry + Ry < 1.5} (3.4)
which is shown in Figure 3.2.

Remark 3.13. Gaarder and Wolf introduced this binary erasure multiple access channel in
[GW75] to show that a noiseless feedback for the binary erasure multiple access channel
can enlarge the capacity region. Accordingly, we can use this channel with a lossless broad-
cast channel to construct an example which shows that allowing cooperation between the
encoders enlarges the bidirectional achievable rate region.

Binary Symmetric Broadcast Channel

The binary symmetric broadcast channel consists of two independent binary symmetric chan-
nels [Ash65, Section 3.3]. For the binary symmetric broadcast channel we have binary input
and output alphabets X = )} = ), = {0, 1} and transition probabilities

Py, 1x(0[0) = Py, x (1[1) = qu, and Py, x(0]0) = Py, x(1]1) = g2,
so that we have a symmetric channel, i.e. H(Y}|X) does not depend on the input distribution.
Accordingly, the problem of maximizing I(Y;|X) = H(Yy) — H(Y%|X), k = 1,2, reduces
to the problem of maximizing H(Y)), & = 1,2. Then it is easy to see that if all input
symbols of a symmetric channel are equally likely, the output symbols are also equally likely.
Therefore, the uniform input distribution maximizes both channels simultaneously so that the
broadcast capacity region for the binary symmetric channel is given by

Cpc =1[0,1— H(p2)] x [0,1 — H(p1)] 3.5)

with H(pr) = —pilog(pr) — (1 — pi)log(l — px), k = 1,2. The capacity region Cpc
is shown in Figure 3.2. Obviously, it includes the region [0, 1 — max{H (p1), H(p2)}]
[0,1 — max{H (p1), H(p2)}] which is achievable using XOR on the decoded data at the
relay node.
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

14 12 R,

Figure 3.2: The left figure shows the capacity regions Cyjac (dotted line) and Cpc (dashed
line), the right figure shows the corresponding achievable rate region Rprc
(solid line). The dashed-dotted line exemplarily shows for one angle ¢ the
achievable rate pair (o) on the boundary of Rpgrc with the optimal time divi-
sion between the two rate pairs (x) on the boundary of Cyiac and Cpc.

Achievable Bidirectional Rate Region

In Figure 3.2 we depicted the capacity regions Cyac and Cpe and the achievable rate region
Rprc with a symmetric binary erasure multiple access channel, c.f. (3.4), and a binary
symmetric broadcast channel, cf. (3.5). The boundary of the achievable rate region can be
obtained geometrically if one takes for any angle ¢ € [0, 7/2] half of the arithmetical mean
between the boundary rate pairs of the capacity regions where we have tan ¢ = R / R =
R / Rgs.

3.5 Discussion

The proposed coding scheme follows the network coding idea and treats information flows in
a network not as physical fluids. But since network coding assumes error-free links between
the nodes it does not consider channel coding aspects. Due to the half-duplex assumption
we will have a natural separation of the protocol into two phases. In this thesis we assume
that the encoders of nodes 1 and 2 cannot cooperate and that the relay node has to decode the
messages. Then the optimal coding strategy for the MAC phase is well-known. We prove an
optimal coding strategy for the remaining BC phase, which gives us the capacity region for a
network with the assumed simplifications. It follows that this strategy is superior to the prior
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3.5 Discussion and Further Results

coding strategies based on superposition encoding or XOR operation on the decoded data at
the relay node.

For a given broadcast input distribution we achieve on each link the corresponding discrete
memoryless channel rate. But it is important to notice that the achievable rates are coupled by
the common input distribution, which means that we cannot optimize the rates on each link
separately. Then it is curious to see that if we transfer the result to scalar Gaussian channels
with a mean power constraint, obviously the Gaussian input distribution will maximize both
links simultaneously. However, for the vector valued Gaussian channel this is no longer
the case. For the optimal input distribution we can apply the same arguments as for the
MIMO MAC in Section 2.6.1. For each MIMO channel there is an optimal input distribution.
This leads to two boundary rate pairs where at each rate pair one rate is maximal. Then
the boundary inbetween the two rate pairs will be curved and can be calculated by convex
optimization methods.

Further Results

Finally, we want briefly mention two further results which we derived in this context. The
the main contribution to the the strong converse result is due to Igor Bjelakovic and to the
practical coding aspects is due to Clemens Schnurr.

Strong Converse

In [BOSBO07, OBSBO07] we prove the strong converse for the maximum error probability and
show that this implies that [}, e2]-capacity region in terms of average probability of error is
constant for small values of error parameters €1 and es.

Let Cc,max(€1,€2) denote the set of all achievable rate pairs with maximum errors less
than ¢ and €2 as n — oo. Then we can prove the strong converse for the memoryless
bidirectional broadcast channel which means that we have Cgc = Cpc,max (€1, €2) for all
e1,e2 € (0,1). The proof is based on the blowing-up technique of Ahlswede, Gécs, Korner
[AGK76]. Therefore, we "blow-up" the decoding sets and use the Blowing-up Lemma to
bound the error event in a variant of Fano’s inequality. Then we follow the line of the weak
converse.

Similarly, we define Cpc av(€1,€2) as the capacity region for the average errors. For suffi-
ciently small €1, €2 we can construct a sub-code with bounded maximum error probability
from which it follows from the strong converse for the maximum error that the corresponding
rate pair has to be within Cgc. As a corollary we have that for the memoryless bidirectional
broadcast channel it holds that Cgc = Cpc av(€1,€2) for all [e1,e2] € (0, %) x (0, i) or
[61,62] S (O, i) X (0, %)
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3 Optimal Coding Strategy for the Bidirectional Broadcast Channel

Practical Coding Aspects

The coding theorem offers a hint how to design a good practical channel code. Accordingly,
in [SOS07] an interesting coset coding strategy for symmetric channels is discussed.

The coding theorem suggests to design for each receiving node and for each side information
one triplet a code, an encoder, and a decoder. Let {E} 4, (w2) }w,ew, denote the code for
node 1 with side information w; € W, and similarly let { E ,,,, (w1) }, ew, denote the code
for node 2 with side information we € W,. Then the coding theorem requires that the two
code families are interwoven so that we have Ey ,,, (w2) = E2 4, (w1 ) for each message pair
[w1, wa] € Wi x W, the relay wants to transmit.

Then we make the observation that for symmetric channels ("channel distortion" is input
independent) the cosets of the code perform as good as the original code. This suggests that
we can construct the code families for each user as coset codes by simply shifting the base
codes. If the two single codes base on an Ablelian additive group this leads to a simple
superposition of the codewords in the group, i.e. ¥ (w1, ws) = Eq1(w2) + Ea(wi). Then
each code will perform as good as the base code. We also present a simple counter example
which shows that this construction rule does not extend to non-symmetric channels.
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4 Conclusion

Historically, information theory has played a crucial role in the development of one-way
point-to-point communication. With the development of the wireless networks and the Inter-
net the research focus has recently shifted to multi-terminal problems. A one-hop transmis-
sion over a long distance or of a shadowed node needs high transmit power which causes a
large interference for a wide range and results in a high energy consumption. Relaying pro-
tocols have the potential to enhance the coverage and the throughput in wireless networks by
utilizing the broadcast nature of the wireless medium. For that reason, it is common sense
that relaying concepts will play a central role in future wireless communication systems.

In this thesis we study bidirectional decode-and-forward relaying which has the ability to
reduce the spectral loss due to the half-duplex constraint of wireless nodes. From the half-
duplex constraint the relay communication is naturally separated into two phases where the
relay node either transmits or receives. The two-phase separation of the protocol has the
appealing property that the bidirectional relaying protocol can be easily integrated in a con-
ventional cellular network or extended to multi-hop communication as depicted in Figure 4.1
and Figure 4.2. Accordingly, we think that the study of the two-phase bidirectional decode-
and-forward protocol is of great interest. We consider the optimal and fixed time division
case. The optimal case is interesting on its own, while the fixed may be interesting if the
bidirectional protocol should be integrated in an existing wireless network.

The scarce of radio resources and the limited energy supply of mobile nodes in wireless
networks make efficient resource and power allocation strategies absolutely necessary. It is
widely known that a spectrally efficient wireless network cannot be designed with a layered
architecture where we optimize each layer separately. Furthermore, the performance can be
substantially enhanced if we allow interaction between layers, which leads to the cross-layer
design concept. In Chapter 2 we studied different cross-layer design aspects for bidirectional
relaying based on the achievable rates using the superposition encoding strategy at the relay
node.

From Section 2.3 we see that for the maximal throughput over a bidirectional relaying link,
the optimal resource allocation not just aims for the maximal sum-rate with respect to the
channel states. An optimal resource allocation policy depends on the achievable rate re-
gion and factors in the traffic of the higher layers. This means that a throughput optimal
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Figure 4.1:

Figure 4.2:
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The integration of the bidirectional broadcast channel (Bi-BC) can be used for
coverage extension in a cellular network, where BS denotes the basestation and
M;, ¢ = 1,2, 3,4 denote the mobile terminals. Mobile Ms works as the relay
node. In the cellular downlink the bidirectional relay channel works in its MAC
phase, while M; may cause interference at other nodes. In the cellular uplink the
bidirectional relay channel works is in its broadcast phase (Bi-BC).
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Bidirectional relaying can be easily extended to multi-hop communication. In
the upper figure, node My, Ms, and My transmit and Mo and My receive. The
signal of node M; and M5 cause interference at nodes My and My respectively.
In the lower figure, node My and M, transmit and M, Ms, and Mj5 receive. The
signal of node M5 and M, cause interference at nodes M5 and M respectively.
(Chain topology as proposed in [KRHT06])



resource allocation policy depends, of course, on the channel states but also on the load at
each node.

This insight has a direct consequence for the routing problem in a wireless network consid-
ered in Section 2.4. While for unidirectional relay protocols we select the relay node which
results in the largest achievable rate, for bidirectional protocols we have to select the relay
node with respect to the achievable rate pair at which we want to operate. It is therefore a
vector optimization problem. Moreover, this means that if we apply the throughput optimal
policy from Section 2.3 the route we choose depends again on the channel state as well as
on the load, which therefore leads to a load adaptive routing strategy. Furthermore, we see
that the performance can be improved if we allow time-sharing between the usage of relay
nodes.

However, the scaling law of the ergodic rate region for relay nodes with iid Rayleigh fad-
ing channels shows that the spatial diversity gain decreases with increasing number of relay
nodes. Since in real wireless networks the channels of the relay nodes are usually not iden-
tically distributed we conclude that for a practical implementation it will be sufficient to
decide between a small number of preselected relay nodes.

In Section 2.5 we see from the joint resource allocation for the bidirectional relaying and
an additional relay multicast communication that it is always optimal to decode the relay
message first. Although we specified the total sum-rate maximum for this simple problem,
we see that the closed form discussion is tedious and it is probably impossible for more or
more difficult routing problems. This lets us conclude that joint optimization of multiple
routing tasks always improves the overall performance and makes new trade-offs possible,
but it also increases the complexity of the problem.

The previous insights were obtained from the discussion of single-antenna nodes, but all
principles transfer to the multiple antenna case which we studied in Section 2.6. The diffi-
cult optimal transmit strategy for the vector valued processing in the MIMO-MAC prevents
a closed form discussion as in the scalar case. Nevertheless, multiple antennas improve
the achievable rate for each link in the usual manner so that it follows that the achievable
rates linearly scale in the high power regime according to the spatial degrees of the MIMO
channels and the time division between the phases.

In Chapter 3 we find the optimal channel coding strategy with respect to asymptotically
vanishing maximal probability of error for the bidirectional broadcast channel of the bidi-
rectional decode-and-forward protocol without feedback. The important improvement to the
superposition coding approach in Chapter 2 is that we do not treat information as a fluid,
which is in accordance with the philosophy of network coding [ACLYO00]. Although we
obtained the results for discrete memoryless channels with finite-size alphabets, the coding
strategy can be easily transfered using standard arguments to continuous Gaussian channels
with an input mean power constraint.
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Figure 4.3: If two nodes within one cell (here M; and M5) want to communicate with each
other, the integration of the coding idea of the bidirectional broadcast channel
(Bi-BC) can improve the downlink performance. Thereby, the base-station works
as the relay node.

For multi-terminal channel coding problems it generally makes a difference if one considers
achievable rates with respect to the average or maximal probability of error. We follow the
classical strategy and extract a sub-code of essentially the same size with vanishing maxi-
mal error probability from the code which suffices the average error probability condition.
Thereby, we surprisingly do not rely on a Cartesian mapping of the message indexes at the
relay node. This is because of the special distribution of the knowledge about the messages
for the bidirectional broadcast channel. But this will cause a difference for the achievable
rates if one considers channel coding for other network problems, e.g. [Ahl71b].

A more explicit discussion of the obtained results is given in Sections 2.7 and 3.5.

Future Work

Unfortunately, we obtained the optimal coding result in Chapter 3 after we have studied the
cross-layer design aspects presented in Chapter 2. However, all insights, techniques, and
conclusions can be transfered to the optimal coding approach. In particular, all results based
on the maximal unidirectional rates will be the same. It will be future work to characterize
the results explicitly.

In Figure 4.3 we present an idea how bidirectional relaying can be used to improve the
performance in a cellular wireless network. If two nodes in one cell want to communicate
with each other we can use the broadcast coding techniques to improve the broadcast in the
downlink. In the future we will work out this example and similar networks as depicted in
Figure 4.1 and Figure 4.2.
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It follows that bidirectional relaying can be applied to cellular, ad-hoc, or hybrid networks in
order to enhance the coverage or increase the overall throughput and we are sure that there
are more situations where the bidirectional relaying protocol can be integrated in a meshed
wireless network architecture. Moreover, we see that this will again open up new possibilities
for further improvement. For example in Figure 4.1 the transmission of M interferes with
the broadcast of the basestation so that node M7 causes additional interference at other nodes
in the cell. If those regard the interference as additional information, it should be possible to
improve the overall performance again. This example illustrates the potential improvement
of the performance in a meshed architecture, which makes a careful study necessary. But we
also see that these concepts will increase the system‘s complexity. For that reason it will be
necessary to specify conditions where additional cooperation is still beneficial in a wireless
system.

A more closely related extension to our results is to find the optimal coding strategy if we
drop the assumptions we made in Chapter 3. In particular this means that we do not require
that the relay node has to decode the messages and we allow the encoders at nodes 1 and 2
to cooperate via a feedback.

In some situations in this thesis we considered the averages of the achievable rates with
a short-term (over a frame) average power constraint. Therefore, it would be interesting
to consider adaptive resource allocation policies which take advantage of a time-varying
channel as done in [KH95, GV97, TH98, BPS98]. Next, it would be interesting if we allow
queueing at the relay node. Additional queueing and adaptive resource allocation policies
are closely related to problems concerning the delay.

For an implementation we have to re-evaluate the performance where we take into account
the costs for providing the system state information at a centralized controller and/or other
nodes. In accordance, for adaptive resource allocation policies it would be interesting to find
decentralized decision strategies based on the local information or to develop new strategies
which base on partial knowledge only.

Of course, one has to answer many further questions before considering a practical imple-
mentation. However, we are absolutely convinced that further studies on bidirectional relay-
ing will pay off, because we think that bidirectional relaying is conceptually a wise approach.
It avoids the spectral loss of two separated unidirectional relaying protocols due to the half-
duplex constraint, and in addition to this it can fully exploit the network coding idea. All this
lets us finally conclude that bidirectional relaying is spectrally efficient and has the potential
to enhance the throughput and coverage in wireless networks.
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