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Chapter 1

Introduction

The purpose of this diploma thesis is to transfer the concepts and results presented in [8] into
the discrete-time case. In [8] continuous-time differential-algebraic equations of the form

F(t,z,) =0, (1.1)
with FF: I x D, x D; — C™,
where I C R and D,,D; C C*

are examined. Given such an equation one is looking for a differentiable function x : T — C"
which solves (1.1) in the sense that F(t,z(t),%(t)) = 0 for all ¢ € I, where & denotes the
derivative of x. The analogous general form of a discrete-time descriptor system is

F(k, 2%, 2%+1) = 0, (1.2)
with F': K X Dx X Dyrrr — C™,
where K:={k € Z: k, <k <k}, ky € ZU{—00}, ky € ZU {oo} and
Dk, Dyrir C C™.

Such systems could also be called discrete-time systems of differential-algebraic equations,
since systems of the form (1.2) naturally arise by discretizing systems of the form (1.1)
through a difference quotient, e.g., Z(t;) =~ w
discrete-time singular systems (e.g., [16]), discrete-time semi-state systems and discrete-time
generalized state-space systems. One is looking for a sequence {y*} which solves (1.2) in the
sense that F'(k,y*, y**t1) = 0 for all k € K. Such a sequence is called a solution of (1.2).
Although not all concepts in [8] are reasonable in the discrete-time case (e.g., generalized
solutions) there are still many concepts which can be carried over into the discrete-time
case. To study all these concepts is a major task. For this reason, we only consider some
of the concepts in [8] for linear discrete-time systems, despite the importance of non-linear
discrete-time descriptor systems of the form (1.2).

We distinguish two types of linear discrete-time descriptor systems, namely systems with
constant and systems with variable coefficients. To introduce these two types we first define
the discrete interval

K:={keZ: k<k<k} k € ZU{—o0}, k; € ZU {0} (1.3)

Other more common names are
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With this definition we call

Exft = Ak + f* k e K, (1.4)

where E, A € C™", f* ¢ C™,
a linear discrete-time descriptor system with constant coefficients. Such systems represent a

special case of the second type

Bt = At + f* ke K, (1.5)

where Ej, A, € C™", f* € C™,
which is called a linear discrete-time descriptor system with variable coefficients. Together
with one of the systems (1.4) or (1.5) we also often require a solution to satisfy an initial

condition
2% = 2, where ky € K. (1.6)

Other notation is listed in the following table.

diag (Aq, ..., Ax) Denotes the block diagonal matrix with A;,... Ay on
the block diagonal.

N {1,2,3,...}

No Nu{0}=1{0,1,2,3,...}

R+ R N]0; 00] =105 o0

Z is a basis of the vector | When talking of a matrix Z being a basis of some vector

space ‘U space U C R! then this means that the columns of Z

form a basis of .

zh For 2% € C", ¥ means the i-th component of z*.

{Ak}l,zf:kb A sequence of Ay € C™" for k = ky,..., ks where
ks, k‘f €.

{Ak sk, A sequence of A, € C™" for k > ky € Z.

{ Akt r<r, A sequence of A, € C™" for k < k; € Z.

{ Ak kex For a subset K C 7Z, this expression means the sequence

of the A, € C™" for k € K.

Table 1.1: Notation used in this text

1.1 Applications

In this section we will discuss some applications where linear discrete-time descriptor systems
are used.



1.1.1 Discretization of linear differential algebraic equations

Consider the general linear continuous-time differential algebraic equation

E(t)z(t) = At)z(t) + f(¢), t € [to, ty]. (1.7)
We define a grid ty < t; < ... < ty = t; and introduce z* := z(t;), f* = f(t;), E; :=
ti+11—tiE(ti) and A; := —ti+11—tiE(ti) + A(t;). Approximating
i+l _ i
P(t) o
tiy1 — 1
in (1.7) yields
Lt i
i+1 — b

This system is equivalent to
Ex™t = At + f' for alli € {0,..., N — 1},
which is a linear discrete-time descriptor system with variable coefficients.

1.1.2 Singular Leontief Systems

Leontief systems [3, 14] have the form

¥ = Adb+ B (2" —a2M) + " (1.8)
:=F ;:—fk

where
A, BeR"™ g% d* ¢ R",n eN.

Such systems describe the production of an economy with n distinct sectors. A widely used
example is n = 3 with the sectors agriculture, manufacturing, and service, i.e., the primary,
secondary, and tertiary sector of industry. Here z¥ is the (monetary) output of the sector
i in the time period k, whereas d* is the (monetary) customer demand for products of the
sector ¢ in the time period k and is prescribed.

The term Az* is there to consider inter-sector relations in the economy, i.e., it takes into
account that any sector may need output from all the other sectors to produce its output.
For example, it seems reasonable that any produced good of the secondary sector requires



some service (like telecommunications) from the tertiary sector. In this case the entry as s
of the matrix A would have to be positive. In this way the (also often considered) equation

a* = Agb 4+ d*

arises, which describes the output of the sectors in dependence of the customer demand.
This is a linear equation and the matrix A is called consumption matriz.

Finally, the term B(z**! — 2*) may describe investments. When the output level in sector
1 increases from period k to k 4+ 1 there may be investments necessary to accomplish this
increase. For example, a growth in the primary sector demands for an increase of the
agricultural machinery. So when the primary sector grows from time period k to k + 1, it
is necessary to produce this machinery a priori in period k. In this case the entry by; of
the matrix B would have to be positive. In this way equation (1.8) arises. This is a linear
discrete-time descriptor system. The matrix B is called the capital coefficients matriz.

The matrix B (and thus £) may be singular, as stated in [3, 14], since some rows of B may
only contain zero elements. For example, a growth in any of the three sectors of industry
does not really demand for an increase in the production of the primary sector (i.e., of food).
At least the increase is (monetarily) inferior which means that the first row of B is zero.

1.1.3 Backward Leslie Model

A Leslie Model [2] has the form
2= Tk

where
T e R™, z* ¢ R", n e N.

The model describes the age distribution of a given population in time. The population is
divided into n distinct age classes. Here z¥ is the number of individuals in age class i in time
period k. Considering the individual birth and death rates of the age classes, the matrix 7" is
constructed. As shown in [2] this matrix may be singular. If one wants to determine an age
distribution in the past, given a present age distribution, one has to solve the Leslie Model
backwards, i.e., one has to solve a system of the form

T.Tl+1 — l’l.

Obviously the same situation occurs every time one wants to determine a state in the past
given a present state if the behavior of the system is given by a difference equation with
singular 7.

1.1.4 A self-excogitated example: The Bullwhip Effect

Consider a chain of four warehouses where each warehouse may send and receive goods to
and from the preceding warehouse. The last warehouse accepts its orders from a customer.
The first warehouse issues orders to a manufacturer and may also send goods back to the
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Figure 1.1: Sketch of the supply chain

manufacturer. Let z¥, i € {1,2,3,4} be the stock in warehouse i in time period k. Further,
let y¥, i € {0,1,2,3} be the amount of goods moved from warehouse i to warehouse i + 1
(where warehouse 0 is the manufacturer) after the time period k£ (and thus before time period
k+1). A negative value of y¥ means that goods were actually sent back from warehouse i + 1
to warehouse i. Finally, let 3% be the demand of the customer which is satisfied after time
period k (and thus before time period k + 1). Assume that this demand is given externally
by a (non-negative) sequence f¥ € R. From this setup one obviously gets the five equations
eh = b gk —yF fori € {1,2,3,4},

v = I~

Since there are nine variables to be described there are four equations missing. Therefore
suppose that the manager of every warehouse ¢ in every time period k tries to have a stock
in his warehouse that is equal to the amount of goods moved from warehouse ¢ to warehouse
i+ 1 (=yF) after the time period k (and thus before time period k + 1) plus a safety stock,
which he chooses proportional to y¥. This assumption then leads to the four additional
equations

x¥ = ayf fori € {1,2,3,4},

with a > 1. ,
Using the state vector z* = [yg A T R VA yﬂ and the matrices

0 0 -1 a 0 0 0 0 0 0
1 11 -1 0 0 0 0 0 0
0 00 0 -1 a 0 0 0 0
1 00 1 1 -1 0 0 0 0
E:= 0 A=10 0 0 0 0 -1 a 0 0],
1 00 0 0 1 1 -1 0 0
0 00 0 0 0 0 0 -1 a
1 o0 0 0 0 0 1 1 -1
I 0] 00 0 0 0 0 0 0 -1

one can write the system as
Ex*' = A"+ (00000000 f5]".

Since the matrix A is regular (which can be seen by exchanging adjacent rows), the pencil
(E, A) is regular and one can compute the unique solution, given a sequence of f*. In Figure
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1.2 the sequence f* and the corresponding % for i € {1,2,3,4} of such a solution are plotted.
One sees that the further the warehouses are away from the customer the bigger the stock
fluctuations are. This is called the ” Bullwhip Effect” by economists.

Note that this example makes the assumption of complete information. (It has a high index
(I calculated an index of 5) and only infinite eigenvalues. Also it is possible for stocks to
become negative. All this shows that the example is of no practical use.)
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Chapter 2

Linear discrete-time descriptor
systems with constant coefficients

It would be ideal to develop a theory for the most general type of discrete-time descriptor
systems (1.2). Nevertheless, such a theory is unlikely to exist. Thus, restrictions have to be
imposed on (1.2) in order to get a nice theory. Obviously, the theory gets nicer the more
restrictions one imposes on the problem.

It seems reasonable to start by imposing very strong restrictions on (1.2) and then loosen
the restrictions as one proceeds. The advantage in doing so is that one may first derive some
basic results, which than can be generalized.

Here we start with the very simple case of linear discrete-time descriptor systems with
constant coefficients (i.e., systems of the type (1.4) ), analogous to [8].

2.1 Solution with the Kronecker canonical form

We begin by recapitulating some basic results of linear algebra, that are needed afterwards.
First let us review the Kronecker canonical form.

Theorem 2.1. [§] Let E,A € C™". Then there exist nonsingular matrices P € C™™ and
Q € C™™ such that for all A € C

P(AE —A)Q =diag (£c,, ..., Le,, Moo, My Tprs 3 390 Moy, Ny ) (2.1)

where the diagonal blocks have the following forms:

1. Every L., block is of size ¢; x (¢; + 1), €¢; € Ny and has the form

0 1 1 0
So=A| . - . (2.2)
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2. Every M, block is of size (n; + 1) x n;,n; € Ng and has the form

3. Every J,, block is of size py X pi, pr € N and has the form

1 A 1

Joo = A K - R . (2.4)

S

1 AL

4. Every N,, block is of size op X 01,00 € N and has the form
0 1 1
N, = A R - h . (2.5)
o
0 1

The Kronecker canonical form is unique up to permutation of the blocks, i.e., the kind, size
and number of the blocks are invariant for the matriz pair (E, A).

Definition 2.2. Let £, A € C™". Then the matrix pair (E, A) is called regular if and only
if det A\’ — A does not vanish identically.

Theorem 2.3. [8] Let E,A € C™™ and (E,A) be reqular. Then there exist nonsingular
matrices P, Q) € C™" such that for all A € C we have

P()\E—A)Q:)\[é ]?]]—{g ﬂ (2.6)

where J is a matriz in Jordan canonical form and N is a nilpotent matriz also in Jordan
canonical form. Moreover, it is allowed that one or the other block is not present.

Thus, the Kronecker canonical form of a reqular matriz pencil only has blocks of type (2.4)
and (2.5).

Definition 2.4. [8] Let E; A € C™", let the matrix pair (£, A) be regular and let the
Kronecker canonical form of (E,A) be given by (2.6). Then the quantity v defined by
NY =0, N*=! £ 0, i.e., by the index of nilpotency of N in (2.6), if the nilpotent block in
(2.6) is present and by v = 0 if it is absent, is called the indezx of the matrix pair (E, A),
denoted by v = ind(E, A).



Definition 2.5. Let E € C™". Further, let v be the index of the matrix pair (£, I). Then
v is also called the inder of E and denoted by ind(£) = v.

Consider an arbitrary matrix pencil AE — A with the Kronecker canonical from (2.1). When
we are interested in the solution of the associated discrete-time descriptor system consisting
of (1.4) and (1.6) with ky, = ko € Z we can study the problem in the coordinates of the
Kronecker canonical form, i.e., we can look at the equivalent problem
PEQi*! = PAQi* + Pf*, for k € K,
it =Q7'3,
with 7% = Q7 'a*. Since the pencil (PEQ, PAQ) is block diagonal one can compute the

solution for each block separately. This is done in the following.

1. Consider a block of type (2.2), i.e., let

0 1 10
)\EE—AQZA — E(CE’H_I.
0 1 10

Then the system (1.4) corresponding to this pencil, together with (1.6), i.e.,

E k—l—l:A k k k‘>k’
{ k):if ) e+ 5k > ko (2.7)
T =z,

is equivalent to
{%ﬁﬁﬁ+ﬁ,i=me, 2.4
"0 = .

If we have ¢ = 0 we have no equations but one variable. Thus, in this case every
sequence satisfying the initial condition is a solution. Therefore let us assume in the
following that € > 0. In this case recursion of (2.8) yields
k—1 k—1
vf =+ i
k—2 k—2 k—1
=25 + [ils + 15
min(i—1,k—ko)
_ k—j k—min(i—1,k—ko)
R Z fi—jj + xi—min(i—Lk—kOO)
j=1

(S AEy) +aht itk =i 1,

(Zf;fo fzk—_]j> + ji—k-‘rko ) it k — kO S 1 — 17

for k = ko, ..., ky. Thus, once the initial condition &, values for xlf”l, $lf0+2, ... and the
right hand sides f*o, ffo+1  are given one can uniquely determine the solution. For
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a given initial condition and right hand side, there are still ky — ko degrees of freedom,
i.e., the solution space has dimension k; — ko.

Written with matrices the following result is obtained. Multiplying (2.7) with F% from
the left results in

EfEea*™ = ELAga® + EL f¥ (2.9)
where
0 0] 1
T . . .
EsEg = [ 0 I } , sa projector and
T 0o o0} 1. . : . .
EiAg = Lol e B nilpotent with nilpotency index € + 1.
Rl
Partitioning the vector z* = [ x}zﬂ } in (2.9) results in
2

0
{ £+ ] = ETAgxk + EL f*

l”erl
0
& bt = ET Ak + ETfF + _
0
Recursion of this equation leads to
—J
- k—ko—1 ) ‘ IIO
= (BgAe) it Y (BiAe) | Eoff |
Jj=0 )
0
. Consider a block of type (2.3), i.e., let
1 0
AEogw — Agn = A 0 — b e ¢,
| o0
0 1

In the case 7 = 0 this means that we are looking at sequences in which each iterate
is a vector of length 0. Such sequences are of no interest. Therefore let us assume in
the following that n > 0. In this case the system (1.4) corresponding to this pencil,
together with (1.6), i.e.,

o (2.10)

{Egmx’f“ = Agna® + 5, k > ko
A

11



is equivalent to

k+1 _ rk

$1 _fla

k+1_ k k S

Z; - zl+fi7 2_27"'7777
O—x —i—fH,

xko zi.

Recursion of the second equation and the first equation yields
af =+
k—2 k—2 k—1
=v 5+ i+
min(i—1,k—ko)
_ k—j k—min(i—1,k—ko)
== Z fivimj | + xi—min(i—l,k—k(?)
j=1
(S L) +ah™ itk =k > i1,
\,_/

b—i
=fi g

k—k k . .
Of+1 ]> O ik =k <i—1,

(2
231 +1] Jifk—ko>i—1,
(25

k—k A]g . .
Of+1 ]) Zok+k0 71fkl_k0§1_1.

Because of the additional equation I’; 0 +1 the previous equation implies that
k—j .
Ty forieg Jifk—ko>n—1,
k _ .k
1 = Iy =

(Zk bo phoy ]>—|—xn pore itk =k <m—1.

This provides the consistency condition for the inhomogeneity
77 .
0=> foi, forallk>ko+n—1,

and the consistency condition for the initial condition

k—ko
A?];O k+k0 anJrl —j fOI' all k0§k§k0+n_1

Replacing : = n — k + kg in the last equation yields the nicer form

0= =) It forall 1 <i <.

12



Again one can get the same result in terms of matrices. Multiplying (2.10) with EL,
from the left leads to

EqpBon "™ = EfyAqa® + Eqp f*
=1

= " = EqAma® + Eqpf*
= (EqnAom)*a" ™" + (BopAo) Eqnf* ™" + Egpf*

k—ko
= ... = (EpAm) e + > " (EquAm) Equf* . (2.11)
=0
One should notice, that
0 0
1 0
T 1 -. 1 -
(Ehdm) = | . - o=t Jeom
1 0 . 0 .. ..
1 1 0

is nilpotent with nilpotency index 1. Thus, (2.11) can also be written as

min(k—ko,n—1)
= (EpAm) T+ Y (EpAm) Eg .

=0
. Consider a block of type (2.4), i.e., let
1 e 1
AEy — Ay =\ ‘ — , e Crr.
| 1 | Ak
Then the system (1.4) corresponding to this pencil, together with (1.6) is

(2.12)

xk—l—l — A3$k + fk, k > kO
ko

= 1.
Simple recursion yields

Jl'k — Ajmkfl_i_fkfl
— A%xk_2+A3fk_2+fk_1
k—ko

= o= ARa g YA
1=1
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4. Consider a block of type (2.5), i.e., let

0 1 1
By — Ap=A| - o eCo”.
| 0 | 1
Then the system (1.4) corresponding to this pencil, together with (1.6) is

(2.13)

It follows that

[L’k _ mek-‘rl _ fk
Egtxkﬁ _ Ef)’tfk+1 _ fk:
o—1
et
= .= Epf,
=0

because the matrix Fe is nilpotent with index o. Thus, in this case we see that the
solution only depends on present and future right hand sides.

2.2 Explicit representation of the solution

In order to determine an explicit solution of (1.4) one can employ the Drazin inverse.

Definition 2.6. Let £ € C™" have the index v. A matrix X € C™" satisfying

EX = XE, (2.14)
XEX = X, (2.15)
XE' = B, (2.16)

is called a Drazin inverse of E and denoted by EP.
From this definition some basic results can be derived.

Lemma 2.7. Consider matrices E, A € C™" with EA = AE. Then

EAP = APE,
EPA = AEP, (2.17)
EPAP = APEP

where EP denotes the Drazin inverse of E.

14



Proof. [8], Theorem (2.21), p. 25. O

Also, recall the following Theorem.

Theorem 2.8. Let £ € C™" with v = ind(E). There is one and only one decomposition

E=C+N (2.18)
with the properties

CN=NC=0, N’'=0, N"'#£0, ind(C)<]1. (2.19)

For this decomposition the following statements hold:
CPN =NCP =0, (2.20a)
EP =(CP, (2.20b)
coPc =0, (2.20¢)
CPC = EPE, (2.20d)
C =EE"E, N=FE(I-E"E). (2.20e)
Proof. [8], Theorem (2.22), p. 25. O

With these preliminaries one can start like in [8] to find solutions in the special case that
the matrices £ and A commute.

Lemma 2.9. Let E, A € C*" with EA = AE and E = C + N be the decomposition (2.18).
Then the following propositions hold.

1. Let {xk}l,?:ki be a solution of (1.4). Set
2t == EPEx*, 2k = (I — EPE)a*, (2.21)
fi=EPEf*, f§:= (- EPE)f*
Then, we have

Cab+t = Azb 4+ fF, (2.22)
Nazktl = Ak + fk, (2.23)

for k= ko,.... k.
2. Let {x’f}l,?:ki and {xlg}zgi be solutions of

C:’xlf“ = Ax¥ + EPEf*, (2.24)
Nzt = Azk + (I — EPE)f*,

for k=ko, ... ks, respectively. Then {xk}zgi given by
a* .= EPEx} + (I — EPE)a}
is a solution of (1.4).
15



3. Let {x’f}k have the form
= EPE2”, (2.25)

for some {xk}kf+ and let { ¥}, ka have the form
fF=EPEf* (2.26)
for some {fk}l,zf,;i Then {x’f}i’;ﬁ; is a solution of
Cahtt = Agh + fF (2.27)
if and only if {x’f}szi is a solution of
= EP Ak 4+ EP fF. (2.28)

Proof. 1. From (2.20) and (2.17) it follows that

(2. 20d

CPeA PR prpa BV ARPE = AGPC (2.29)

and
Nat = NEP Eeh P2 NED k2%, (2.30)
Crah <C CCDC) K209, (2.31)

NfE = EDEfk220d)NCDka220a

Cfh = (c CCDO) 2 (2.32)
for all k = ky, ..., ks + 1. Further, from (1.4) we obtain
(é + 1\7) (a5 b ) = A (2f + 2§) + fF+ b (2.33)
B (CPOC +CP CN) (5! +2+1) = ACPC (ak + o) + CPC (f¥ + f5)
(219
(2.21

(2.31), 232)CDC’C k+1 :)AéDéx’f+ff: AEPEzk 4 fk (2:21) Az + fF,

for all k = ko, ..., ks, which shows (2.22), since

(2.14) (2:200)

crac P2 aepe P29 ¢
Subtracting (2.22) from (2.33) yields
é’xé“ + lefH —i—Nx';H = Axé“ + f2k,
(231), (2.30)

for all k = ko, ..., ks, which shows (2.23).
16



2. Applying the Definition of z¥*! leads to
Ex" =  EEPES + BE(I - EPE)25™

(2200 C’xlfﬂ + ]\7:5’5“

G20 Ak 4 b))+ EPES + (I — EPE) f*
= Azt 4 fF
3. Multiplying (2.27) with ¢P 2% BD from the left leads to
CPC = EP Azh 4 EP fF. (2.34)

From (2.25) one can also obtain
(I —CPC)a =0, (2.35)

Adding (2.34) and (2.35) then immediately shows (2.28). Conversely, multiplying
(2.28) by C from the left gives

Gkt =GP AL+ OCP
= AEPEZy + EPEff
(2.25),(2.26) A:B’f N ff,
since
e (2:20¢),(2.20b) EEPEED (217) EPEEPE (2.15) EPE

[J

Lemma 2.10. Let E, A € C"" with EA = AE, kg € Z and v € C". Then the following
statements hold.

1. Let b = EPEv. Then
= (EPA " p, bk =koko+1,... (2.36)
solves the homogeneous linear discrete-time descriptor system
Exrtt = Axk,  k=ko,ko+1,... (2.37)
2. Let v = AP Av. Then
o= (APEY™ 0, k=ko, ko —1,... (2.38)
solves the homogeneous linear discrete-time descriptor system
Exrt = Axk, k=ko—1,k —2,... (2.39)

17



3. Let 0 € range (AP A) Nrange (EPE). Then

k . (EDA)k_kO@; k= k‘(), ko — 1, Ce

= 2.40
v {(ADE)ko—k@, k=ko— 1,k —2,... (2.40)

solves the homogeneous linear discrete-time descriptor system

Ea" = Azt keZ. (2.41)

Proof. 1. We have

Ez*' =  E(EPA)(EPAMEPEy
= AEPArEPEEP By
=  A(EPA)REPEy
= Astforall k=ko ko +1,... .

2. In this case we obtain

AP E)YRo=F AP Ay

At = A(APE)
A(APE) (AP EYko=+=1 AD Ay
(A7E)

(

s

AP E)yko=k=1 AD A AD Ay
= AP EYko=k=1 AD Ay
= B forallk=4ko— 1,k —2,... .

|
oy

3. This follows from 1. and 2., since the definitions of 2% from 1. and 2. coincide.
O

Since
(EPA)MEP By = EPE(EP A) oo,

it is clear, that the solution z* stays in the subspace range (EDE) for all £ > ky. An
analogous conclusion is possible for the case 2. in Lemma 2.10. In case 3. of Lemma 2.10
the solution even stays in range (A”A) Nrange (EPE) all the time.

Theorem 2.11. Let £, A € C™" with FA = AE and suppose that

kernel (£) N kernel (A) = {0}. (2.42)
Then,

(I — EPEYAPA = (I — EPE). (2.43)
Proof. [8], Theorem (2.28), p. 30. O
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Theorem 2.12. Let E, A € C™" with EA = AE satisfy (2.42). Also, let kg € Z. Then the

following statements hold.

1. Let {x*}>k, be any solution of (2.37). Then {x*}i>k, has the form (2.36) for some

€ range (EPE).

2. Let {x*}r<p, be any solution of (2.39). Then {x*}r<p, has the form (2.38) for some

b € range (AP A).

3. Let {2*}rez be any solution of (2.41). Then {x*}rcz has the form (2.40) for some

€ range (AP A) Nrange (EVE).
Proof. Using the decomposition (2.18) we get the following results.
1. We have

~ (2.20e

AN *29 Ap(1 - EPE) 27

E(I - EPE)A

Furthermore for any z € C" one has

ANz =0 = APANz=0
= (I-EPE)APANz =0

A (1 - EPE)Nz =0
(2£6) Nz = 0.

(2.20¢)

NA.

(2.44)

(2.45)

Let {#*}1ez be any solution of (2.37). From Lemma 2.9 part 1. we get {a} >,
{5 isk, With 2% = 28424 which solve (2.22) and (2.23), respectively. With v = ind(F)

one then obtains

(2.19) 2.44)

0

D) Nr-tzk =0, k> k.

Discarding the identity for k = ko then yields
N7k =0, k>ko+ 1

Shift NVightb =0, k4+1>ky+1
:> NV_1$§+1 = O’ k 2 kO
=...=Nak=0, k>k

B2 aak =0, k> k

= 2k 2V (7 pP ek O (1 - EPE)AP Ak =,
-

(2.46)
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= =af k> k
L 2.9 3.
TRET 2k solves af Tt = (EPA)ak, k> ky

R i —
= (PP k2 R

= 2k = gk = (EP AYkkogho C2D (D pyk—ko pD poko, (2.47)
2. Let {z¥}r<x, be any solution of (2.39). Set
lo = —koand ¢! =27, 1>,
By replacing k = — in (2.39) one obtains
Ex ' =Ag™!, —l=—ly—1,—lh—2,...

= FEx D = Azt I=1+1,1+2,...
= 9! 1>y is a solution of Ey'™' = Ay', 1>1,+1
= 4!, 1 >, is a solution of Ay = Ey!, 1> 1,
Dy = (APE) AP Ay, 1> .
Undoing the replacements then yields
z7h = (APE)~ AP Ax=0 1>,
ot = (APE)Fho AP Agho k> —ky,
2 = (APE)YF AP Agho | < k. (2.48)
3. Let {2*}ez be any solution of (2.41). Then from (2.47) we have
o* = (EPAMEPExR k> k
FELo ko = EPEgko = gho € range (EDE) .
Also we know from (2.48) that
¥ = (APE)Y=F AP Azko |k <k
k=k

=0 gho = AP Agho = gk ¢ range (ADA) .

Thus, the claim of the Theorem follows with © = x*. O

Remark 2.13. One may think that it is not meaningful to look at case 3. of the previous
Theorem, since in most cases one starts at some time point and then calculates into the
future. But as shown by the following Lemma, also those solutions (where one starts at kg €
Z and calculates a solution for k > k) are almost completely in the subspace range (AD A) N
range (E Pp ) .
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Lemma 2.14. Let E;A € C"" with EA = AE satisfy (2.42). Also, let ko € Z and let
ve = ind(E), vg = ind(A). Then the following statements hold.

1. Let {x*}1>k, be any solution of (2.57). Then for all k > ko + va it holds that 2% €
range (ADA) N range (EDE).
2. Let {a*}r<p, be any solution of (2.39). Then for all k < ko — vg it holds that z* €
range (EPE) Nrange (AP A).
Proof. 1. Since k > k¢ + v4 it follows that k = k + ko + v4 with k > 0. From Theorem
2.12 we then know that for some v € C" we have

(2.36)

AD Ak B2 4D 4 (EDA)k—ko EP Ev
:(ED)kfkoAktfktO

= APA(EP)FHo A AR EP By
(B19 4D g(EP)k—ko AD Ava+l gk pD
= (BP)th 4D AAD At AR ED

—_—

(215) 4 p
_ (ED)k—kOADAuAHAl%EDEU
(2.16)

(EP A)k=M EP By
= l’k.
Also, we naturally get
EPEzr 2 gPE(EP AR ED By
= (EPAR EPEEP By (2.49)
—_—
(2.15)
= xk’

and thus the assertion follows.

2. Asin (2.49) one gets that AP Az% = 2%, Let k = —k+ ko — vp with k& > 0. Then again
for some v € C" it follows that

EPEzr 2 pPp (APEyw—k AD 4y
—(AD)ko—k gko—Fk
= EPE(AP)k—kEve BF AP Ay
(2.16)

EP B(AP)ko~kpP pre+1 gk AD Ay
_ (AD)ko—k EPEED pretl gk AD Ay
S ——

(2.15)

ED
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— (AD)ko—k:EDEVE—&-lEI%ADAU

(2;6) (ADE)ko—k:ADAU
= .Z‘k.
[l

Remark 2.15. From Lemma 2.14 one might presume that it is meaningful to require that
the initial condition satisfies

z* € range (A" A) Nrange (E”E), (2.50)

since only in this case it is possible to calculate the solution into the future (i.e., calculate
a¥ for k > k) and into the past (i.e., calculate 2% for k < k).

Also, only in case that (2.50) holds, we get something like an invertibility of the operator
that calculates 2**! from z*. To understand this, imagine that a fixed z*° is given. From
this we calculate a finite number of steps x into the future. Thus, we have z*0**. From this
state we then calculate x steps back into the past to obtain *. We then have x*0 = ko if
condition (2.50) holds. Otherwise we cannot be sure that x* = 7% holds, as shown in the
following example.

Example 2.16. Consider the homogeneous linear discrete-time descriptor system defined
by

100 000 1
01 0olz*'=10 1 0|z* k>0, 2= [1]. (2.51)
000 001 0

=F =A

Clearly, we have EA = AE, EP = E, AP = A and condition (2.42) holds. Thus, the pencil
(E, A), corresponding to system (2.51), satisfies all assumptions from Lemma 2.14 which
means that the iterate 2! has to be in range (AD A). Indeed,

Az = € range (4" A4) . (2.52)

o~ o
8
L
|
o~ o

Now let us calculate back one step from (2.52), i.e., let us consider the reversed system

0
At =B 1 <0, =1
0
We see that
0 0
Ez l=|1 =3'= |1},
0 0
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and thus

0
2= 1| #a®.
0

Theorem 2.17. Let E, A € C"" with EA = AFE satisfy (2.42). Also, let vp = ind(E),
va = ind(A), {f*}rez with f* € C" and ko € Z. Then the following statements hold.

1. The linear discrete-time descriptor system
ExMt = Ak + % k> k

has the particular solution {x*}p>p, with

k-1 vg—1
o= Y (BPAFIEP I (1 — EPE) Y (APEYAP T fork > ko, (2.53)
J=ko N i=0 .
=y . 2

For the construction of the iterate z* only the fi with k > ko have to be employed.

2. The linear discrete-time descriptor system
Ex"tt = A + fF, k<ky—1 (2.54)

has the particular solution {x*}p<p, with

va—1 k()
Ik — (] o ADA) Z (EDA)iEka—i—l _ Z (ADE)j—k—lAij—l fOT k < kO-
i=0 j=k+1

(2.55)
For the construction of the iterate x* only the fi, with k < ky — 1 have to be employed.

Proof. 1. Let E = C + N be the decomposition (2.18). Then

k—1
EPExl "2 S (BP AR EPEED f = o,
J=ko =ED
l/E—l
(I - EPE)af = —(1 - EPE)(I — EPE) Y (APE) AP f*+ = of.
=0

One can also conclude, that for all k& > kg it follows that

k
C«xl{:-&-l _ C Z(EDA)k—i-l—l—jEij
J=ko
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k—1
- ¢ (Z(EDAY“—J'EDW T EDf’“)

Jj=ko
k—1
- ¢ ((EDA) S (EP A B Eka>
Jj=ko

(2.20€),(2.15)
= AEPExY 4+ EPE f*

= Azh + EPEf*,

and with
(I — EDE)E”E _ (I — EDE)EDE”E_1 =0 ,ifvg>1, (2.56)
(I—EDE):(I—]):O ,if vg =0,
we obtain
Nzktt 29 pr — EPE)gk+
vp—1
_ —(I _ EDE) Z (ADE)H-lfk—i-i-i-l
i=0
(2.56) el
O —(I _ EDE) Z (ADE)H-lfk-H-I-l
i=0
vp—1
(2.43)

4 _(I_EDE)ADAZ(ADE)ifk—H
ngli:1
= —A(I-E"E)) (APEyAPf* 4 (1 - EPE)f*
i=0
=  Azb 4+ (I - EPE)f*
With these results and Lemma 2.9 part 2 one immediately gets that
a* = EPExf + (I — EPE)ab = ob + o}
is a solution and thus the assertion follows.
. By replacing [ := —k and [y := —kq in (2.54) one gets the system
Ex ™ =A™+ 71, —1<—lp—1
= FEx =D = Ax~t 4 71 1>+ 1.
1

By further replacing 3’ :== 27!, ¢' := —f~'=! for [ > [ one gets
g

By™' = Ay +f7l 1>l +1

= FEy = Ayl 4+ 141> 00+1
- Ayl—H _ Eyl _f—l—17 1> 1,
= Ayt = Eyt+4t, 1> .
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We then get a solution of this last system as

-1 va—1
=y = Y (APE)TITIAPG — (1 - APA) Y (EPA) EP g
j=lo i=0
-1 va—1
= a7l = =) (APE) AP T 4 (I - APA) Y (BPAYEP 0
j=lo i=0
va—1 —k—1

- & = (I — ADA) Z (EDA>iEka—i—1 _ Z (ADE)—k—j—lADf_j—l

i=0 j=—ko
va—1 ’ ’ ko ' '

_ (I _ ADA) Z (EDA)zEka—z—l . Z (ADE)]_k_lADf]_l.
i=0 j=kt1

[J

Finding a particular solution for the general case (i.e., (1.4) with K = Z) is more complicated.

Similar to Lemma 2.9 we obtain the following result.

Lemma 2.18. Let E, A € C"" with EA = AFE satisfy (2.42). Further, let E = C + N and
analogously A = D + M be decompositions as in (2.18). Let {x5}rez, {25} ez, {25} rez be

solutions of

Czb+t = Mak 4+ (1 — AP A)f*,

Cab*l = Dak + APAEPEf*,

Nabt' = Dak + (I — EPE)f*,
respectively. Then {x%}rez with

a¥ = (I — AP A)ab + APAEP B2 + (I — EPE)af,
s a solution of
Bttt = AF ¢ fF
Proof. First of all, we see that
(I — APA)+ (I — EPE) + APAEPE
=1 - APA+T—(1-APAEPE

-

(I-AD A)
= - APA+T—-(I-APA) =1

(2.43)

Furthermore, we have
D(I — APA) = AAPA(I — APA) =0,
M(APAEPE) = A(I — APA)(APAEPE) =0,

M(I — EPE) = A(I - APA)(I - EPE) = A((I - EPE) - (I - EPE)AP A) = 0.
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With these identities we get

Bzttt = B (I—APA) M4 EAPA  EPE Y4+ E (I1-EPE) 2fH!
—— v —
(2;13)([7ADA)EDE (225>EDEEDE =(I-EPE)(I-EPE)

= (I —APA)C2H 4 APAEPEC2EY + (I — EPE)Nakt!
= (I —APA)MzE + (1 — APA)f* +
APAEPEDzk + APAEPEf* +
(I — EPE)Dab + (I — EPE) f*
¥4 (I — APAYMz* + APAEPED2% + (I — EPE)Dak
= fF4

M(I — AP A)a} + D(I — AP A)a}

J/

-~

261,

MAP AEP B +DAP AEP Ex}

(2.62),

M(I — EPE)x% +D(I — EPE)af

N

-~

(2.68)
= fF4 Az
Here we have used, that D = AAP A and thus D commutes with the matrices E and A. O

Using Lemma 2.18 we can construct a particular solution for the general case (i.e., (1.4) with
K=127).

Lemma 2.19. Let E, A € C"™ with EA = AE satisfying (2.42). Also, let vy = ind(FE),
va =ind(A), {f*}rez C C" and ko € Z. Then a solution {x*}1cz of

Ea ! = Agh 4 f*

18 given by
va—1
l’k = ([ o ADA) (EDA)iEka—i—l
=0
ok ’
APAY ST (EPA)Ri-1ED fi for k> ko
—EPEY S (APEYR1AP fi=l - for | < kg (2.64)
vp—1
—(I—E"E) Y (APEyAPf*" for k € Z.
1=0

N J/

5:333
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Proof. Considering the decompositions E = C' + N and A = D + M as in (2.18) we have

va—1
Mzy = A(I-APA)Y (EPAYEP
=0
va—1
) (I o ADA) Z (EDA)H-lfk—i—l
=0
vaA—2
< (I _ ADA) Z (EDA)H-lfk—i—l
=0
va—1
_ (I_ADA)Z(EDA)ka—z

i=1

va—1
= (I-A"A) (Z (EPA) f* — f’“)
1=0
va—1
—(I = APA)f* 4 (1 — APA)EPE Y (EP A fh
=0
va—1
—(I—APA)f*+ E(I - APA) Y (EPA)EP f*

=0

(2.43)

(2.17)

= (I —-APA)fF + B2t
=  —(I—APA)fF+(C+ Nzttt
—(I — APA) f* + Cabt,

where the last identity holds, since ¥ has the form x%¥ = (I — AP A)y¥ for some y¥ and
Nzt = E(I - EPE)(I - APA)yf = E | [ - APA— EPE(I — APA) [4f =0.  (2.65)

-

(I—AD A)

(2.43)

As in Theorem 2.17, part 1. one obtains

Nahtl = Ak + (I — EPE)f* = (D + M)ak + (I — EPE)f*.

Again as in (2.65) it follows that

and thus ) .
Nab™ = Dak + (I — EPE) f*.
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Finally, for £ > ky one has

k
Caf™ = CAPAY (EPAFIEPf

J=ko
k—1
_ A D 4D D A\k—j rj k
- C EAA(Z(EA) Jff+f>
=EEPE J=ko

k—1
— EPEAPA <Z(EDA)’“‘jfj + f’“)

Jj=ko

k—1
— EPEAPA <EDA Z(EDA)k—j—lfj +fk>

J=ko
k—1
= AAPAY (EPA)}ITEP I+ APAEPEf*
J=ko
k—1
= AAPAAPAY (EPAFIT'EPf + APAEPEf*
J=ko
~ k—1
= DAPAY (EPA)}'EP {1+ APAEPEf*
Jj=ko

= Dak+ APAEPEf*,

and for k < ky analogously,

7.k
Dxg

ko
—DEDE Z (ADE)jfkflAijfl
j=k+1
ko
—AAPAEPEAP N~ (APEy 1 i
j=k+1

ko
_AAPEPE Z (ADE)j—k—lfj—l
j=k+1
ko
—AADEDE ( Z (ADE)jfkflfjfl + fk)
j=k+2
ko
—AAPEPEf* — APAAPEEPE ) (APE) T2
J=k+2
ko
—AAPEPEf" — APEEPEEPE Y (APE) T2
j=k+2
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ko
— —AAPEPEf* + EEPE (—EDE > (APEy 24P fj1>
j=k+2
= —AAPEPEfF 4+ Caktt,
Lemma 2.18 then implies the assertion.

We finally combine Lemmas 2.10, 2.14, 2.19 and Theorem 2.17.

Theorem 2.20. Let E;A € C"" with EA = AFE satisfy (2.42). Also, let vg = ind(E),

va =ind(A), {f*}trez with f* € C" and ko € Z. Then the following statements hold.
1. Every solution {z*}y>x, of
Ea"™ = Aah + 5 k> ko

satisfies

k-1
ot = (BPA) T EPBu+ Y (BPA) T B
Jj=ko
vp—1 )
_ (I _ EDE) Z (ADE)ZAka—H'

=0
for k > ko and for some v € C".

2. Bvery solution {x*}.<y, of

Bt = Aacb + f* kE<ky—1
satisfies
va—1
o = (APE)" " AP Av + (1 — APA) S (EPAY EP fr-i-!
i=0
ko
. Z (ADE)j—k—lAij—l
j=k+1

for k < ko and for some v € C™.
3. Every solution {x*} ez of

Exttl = Azb + % kez
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satisfies

va—1
.Z'k :(I o ADA) (EDA)iEkafifl
=0
AP A <(EDA)’“*’“0EDEU + kL (EP A1 EP fj> for k> ko
EPE (AP AP Av = Y40 (APEY 1AL [ for k < ko
l/E—l
_ (]_ EDE) Z(ADE)ZAkaJrz
=0

(2.71)

for k € Z and for some v € C™.

Proof. Since the problem is linear any solution may be written as a particular solution of
the inhomogeneous problem plus a solution of the homogeneous problem. ]

Corollary 2.21. Let the assumptions of Theorem 2.20 hold. Then the following statements
hold.

1. The initial value problem consisting of (2.66) and (1.6) possesses a solution if and only
if there exists a v € C™ with

vp—1 ]
& =EPEv— (I—EPE) Y (APE)" AP frot, (2.72)

i=0
If this is the case, then the solution is unique.

2. The initial value problem consisting of (2.68) and (1.6) possesses a solution if and only
if there exists a v € C™ with

va—1
#=APAv+ (I —APA) Y (EPAYEP fro=, (2.73)

i=0
If this is the case, then the solution is unique.

3. The problem consisting of (2.70) and (1.6) possesses a solution if and only if there
exists a v € C" with
va—1
i=0
+ APAEP Ev (2.74)
I/E—l
— (I - EPE) Y (APE)'AP fkoti,
i=0
If this is the case, then the solution is unique.
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Remark 2.22. Analogously to Remark 2.15 one might presume that it is meaningful to
require that the initial condition satisfies (2.74), even when only calculating into the future.

Following the approach in [8] we now consider the case that (F, A) is regular but £ and A
do not commute. In this case we need the following Lemma.

Lemma 2.23. [1] Let £, A € C"" with (E,A) regular. Let X € C be chosen such that
AE — A is nonsingular. Then the matrices

. - -1 N - -1

E= (AE—A) E A= (AE—A) A
commute.

Proof. We have

and thus

Therefore we finally obtain

[J

- ~1
Remark 2.24. [8] Since the factor <)\E — A) represents a simple scaling of the descrip-

tor system, results similar to Theorem 2.20 and Corollary 2.21 hold for the general case
provided that the coefficient matrices form a regular matrix pair. We only need to perform
the replacements

E— (XE—A)_IE, A (S\E—A>_1A, fe <:\E—A>_1f,

in Theorem 2.20 and Corollary 2.21.

Also note that condition (2.42) is equivalent to the regularity of a matrix pair (E, A), which
satisfies FA = AE. Thus, the assumptions of Theorem 2.20 and Corollary 2.21 can essen-
tially be reduced to the regularity of the original matrix pair (E, A).

31



2.3 Conclusion

In this chapter we have first examined the behavior of a general linear discrete-time descriptor
system with constant coefficients, i.e., of a system of the form (1.4), with the help of the
Kronecker canonical form. Here we have only considered the case where one has an initial
condition at some point kg € Z and wants to get a solution for all £ > k.

Then we concentrated on regular systems, i.e., on systems of the form (1.4) where the matrix
pair (E, A) is regular. For such systems we wrote down the explicit solution with the help
of the Drazin inverse. In contrast to the continuous-time case one can distinguish between
three different cases for such systems. The first case is where one has an initial condition
given at point ky € Z and only wants to get a solution for indices & > ky. The second case is
where one has an initial condition given at point kg € Z and only wants to get a solution for
indices k < kg. These first two cases are closely related, since the first case can be transferred
into the second one by a variable substitution. The third case is really different from the first
two cases. Here also an initial condition is given at some point kg € Z but one is looking for
a solution for indices k > kg as well as for indices k& < ky. This puts stronger restrictions on
the initial condition, i.e., the set of consistent initial conditions in the third case is smaller
than in the first or second case.
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Chapter 3

Linear discrete-time descriptor
systems with variable coefficients

In this chapter we consider the more general case, where the matrices £ and A are allowed
to change with time, i.e., system (1.5) is considered. Thus, we give up one restriction and
expect the theory to become more complicated. This analysis is done analogously as in [8].
Note that there are other approaches to systems of the form (1.5), for example [12].

3.1 Canonical forms

As in the continuous case (see [8]) the unique solvability of (1.5) and the regularity of all
(Ey, Ag) for k € K are completely independent in the discrete case. This can be seen by the
following three examples.

Example 3.1. Let K = N and let the matrix sequences { Ex }rex, {Ax frex C C*? be given

by
s = (09
oy = (L) s

Then (1.5) is equivalent to
1.1 = _f17
= fl for ¢ > 2.
Thus, there is no equation for 22 and it can be chosen arbitrarily.

Example 3.2. From [6] pp.24-25. Let K = Z and let the matrix sequences {Ej}rex,
{ Ak rex C C?? be given by

(B, A) = ({_01 2}{‘01 kalb for k € K.
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Since

1 1-k
det(Bx— Ay) = | -, "~y ' — M= (A1 — k) = A,
the matrix pair (E}, Ay) is regular for all k € K. By defining a sequence {x*},cx through
ab =k [k;l])

where the scalar sequence {c*} may be chosen arbitrarily, one gets

0 Of|(k+1)—1
k+1 k+1
E.x = {_1 /{:} [ 1 ] c =0,

e |1 E=1|k—-1| ,
Apz"™ = [O 0 1 c’ = 0.

Thus, the solution is not unique, even if one defines an initial condition like 2° = 0.

Example 3.3. From [8] pp.56-57. Let K = 7Z and let the matrix sequences {Ej}rex,
{Ai}rex C C?2 be given by

(B, A) = q(l) _Ok][_ol ]SD for k € K.

Let f¥ = [fF, f¥]T be partitioned conformably with E, and A and let ¥ and 5 be defined
according to Table 1.1. Then (1.5) implies

0 = —af 4 kab + fF,
ATk =,
which implies that
N R
Ny .

b = g

S B

= oy = kS kAT

Thus, the solution is uniquely determined by the sequence { f*}rck although all (Ej,, Ay) are
singular.

Considering an arbitrary discrete-time descriptor system with variable coefficients and an
initial condition we see that

Byttt = A + f* ke Z, =7
& P EyQi1 Q2" = PALQE Q' +PufF k € Z, Qp'x" = Qo
Tk
& PE Qi = PuALQwE" + Puf*, k € Z, i = Qot,

as long as all P, and @)y are invertible. This leads to the following definition.
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Definition 3.4. Two sequences of matrix pairs {(Ek, Ay)}rex and {(E), Ap)Yoex with
Ex, A, Ex, A € C™" are called globally equivalent (on K) if there exist two pointwise
nonsingular matrix sequences

{Pk}keK with Pk € Cm’m,
{Qk}rexuir;+1y  with Q. € C™7,

such that ) )
PiEyQri1 = By, and P ALQy = Ag, (3.1)

for all k € K. We denote this by {(Er, A) Yrex ~ {(Er, A) Yock-
Lemma 3.5. The relation introduced in Definition 3.4 is an equivalence relation.

PTOOf. Reﬂexwity: We have {(EkaAk)}keK ~ {(EkaAk)}keK with Pk = ]m and Qk = In for
all k € K and Q41 = .
Symmetry: From {(Ej, Ax)} ~ {(Ey, Ag)}, it follows that

PiEQri1 = B, and  PuAQr = Ay,
with nonsingular Py, Q). Hence,
E,=P'EQ;l, and A, =P 'A4Q:"
Transitivity: From {(Ey, Ap)} ~ {(Ex, Ay)} and {(Ey, Ap)} ~ {(Ey, Ap)} it follows that

PoEyQri1 = By and  PoALQy = Ay,
PiEpQii1 = By and P AQy = Ay,

for all k € K, where all Qy, Qx, P, Py, are nonsingular. From this one immediately sees
that {(Fx, Ax)} ~ {(Ek, Ax)} using the matrix sequences Py, P, and Q;Q. O

Definition 3.6. Two pairs of matrices (E, A), (E, A) € C™" are called locally equivalent
if there exist matrices P € C™™ and @), R € C™" that are all nonsingular, such that

E=PEQ and A= PAR. (3.2)
Again, we denote this by (E, A) ~ (E, A).
Lemma 3.7. The relation introduced in Definition 3.6 is an equivalence relation.

Proof. By using Lemma 3.5 in the special case K = {1} we immediately obtain the assump-
tion. [

For the proof of Theorem 3.9 we recall the notion of the echelon form used here.
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Lemma 3.8. Let A € C™" be a matriz with rank (A) = r. Then there exist invertible
matrices P € C™™ and Q) € C™" such that

PAQ = l{) 8] (3.3)

1s in echelon form.

For convenience, we say in the following that a matrix is a basis of a vector space if this is
valid for its columns. For matrix pairs of block matrices we also use the convention that
corresponding blocks (i.e., blocks in the same block row and block column) have the same
number of rows and columns.

Theorem 3.9. Let E,; A € C™" and introduce the following matrices:

Z  basis of corange (E) = kernel (E")
Y basis of corange (A) = kernel (A") .

Then, the quantities

ry= rank (£) , (rank of E; corresponds to forward direction) (3.6a)
Ty = rank (A), (rank of A; corresponds to backward direction)  (3.6b)
hy= rtank (ZHA),  (rank of Z" A; forward direction) (3.6¢)

hy, = rank (YH E)
= rp+hp—rny, (rank of Y® E; backward direction) (3.6d)
c= o — hy, (common part) (3.6e)
a= min(hy,n—rys), (algebraic part) (3.6f)
s = hy —a, (strangeness) (3.6g)
d= rf—c—s, (differential part) (3.6h)
u=  n-—ry—a, (undetermined variables) (3.61)
v=m—ry;—hy, (vanishing equations) (3.6)

are invariant under (3.2), and (E, A) is locally equivalent to the canonical form

(E,A) = (3.7)

oo o oM
cococoofo
co oo o
coo0oo0o oo
coo0oo0o oo
e R oo e i e B en)
cCoo o0 oo
coofHNo o
cofooo
cooo oo

We have that either s = 0, u = 0 or s = u = 0. The quantities (3.6) are called local
characteristics or local invariants of the matriz pair (E, A).
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Proof. Let (E;, A;), i = 1,2, be locally equivalent, i.e., let P, ), R be invertible matrices of
appropriate size such that

E2 = PElQ and A2 = PAlR (38)
Since

rank (Fy) =rank (PE;Q) = rank(E)),
rank (Ay) =rank (PAR) = rank(A,),

it follows that 7y and r, are invariant under local equivalence. First note that hy is indepen-
dent of the choice of the basis of Z. To see this let Z and Z be two bases of corange (E).
Then there exists a regular matrix M, with

7 =7ZM,.

Then, from

rank (ZHA> = rank (MZHZHA) = rank (ZHA)

the statement follows.
Let Z, be a basis of corange (E»), i.e kernel (EQH) = range (Z,). Then Z; := P77, is a basis
of corange (E}), since Z; has full column rank and

kernel (E,") = range (Z;) .
To prove this, note that

r € Kkernel (EIH )
=0 = Efr=Q  E Py

=0 = B"P
= P "z € kernel (Ex") = range (Z,)
= there exists a z such that P~H2 = Z,2
=z = PYZ»= 272 €range(Z)).

Conversely, we have

x € range(Z;)
= there exists a z such that z = Z;2 = PP Z,2
= P "y = Z,» € range(Z,) = kernel (E2H)
=0 = EAPHy=QUE PP~y =Q"E "z
=0 = Ex
= 1x € kernel (ElH) )
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This implies
rank (Z," A,) = rank (Z," PA;Q) = rank (2, 4,Q) = rank (2" 4,),

which shows that also hy is invariant under local equivalence. By exchanging the roles of A
and E as well as the roles of Z and Y in the previous argument we also see that h; (defined
as rank (YH E)) is invariant under local equivalence. Since all other quantities are functions
of those first three invariant quantities all quantities are invariant under local equivalence.

Let Z' be a matrix, such that the composed matrix [Z’ Z} is invertible. Also let X,Y be
matrices, such that Y ((Z")?E) X = [I,, 0] is in echelon form (3.3). Note that ((Z')?E)
has full row rank, since Z’ spans the vector space range (E). Thus, the following equivalence
transformations in the sense of Definition 3.6 can be applied to the matrix pair (£, A) (where

all corresponding blocks of both matrices have the same size).

= (5] [50])

< ("))
ZH A
I, 0 00 * ok ok %k
0 Igee 00 * ok % %
~ O o0 0 0|,/0 0 I, O (3.9)
0O 0 00 I, 0 0 O
0O 0 00 0 0 0 0

Looking at matrix pair (3.9) one can (because of the equivalence relation (3.2)) permute the
columns of the second matrix without permuting the columns of the first matrix. This shows
that the size of the I, block can be increased by decreasing the size of the I, block (as long
as the last block column does not vanish) and, conversely, that the size of the I, block can
be increased at the expense of the size of the I, block (as long as the second block column
does not vanish). To get a canonical form we choose the I, block to be of maximum size.
Hence, it is clear that either the last block column vanishes, i.e., v = 0, or that there is no
I, ie., s =0 (or even s = u = 0), as stated in the assertion. These cases are considered
separately in the following.

If w =0, then (3.9) reads as

I, 0 0 x k%

0 Ige O x ok ok

(E,A) ~ 0O 0 0],]0 0 I,
0O 0 0 I, 0 0
|00 0] [0 O O]
(I, 0 0] [0 % O]

0 Iz O 0 « 0

~ 0O 0 0],]0 0 I,

0O 0 O I, 0 0
|0 0 0] [0 0 O]

w
oo



I, 0 0 0] o 0 0 O]
0 I, 0 0] |0 00 0
0 0 I o] |0 0 I 0
~ 0 0 0o0/’|l0 0 0 I,
00 00| |I, o0 0
0 0 00/ 000 0]

In this case we have hy = s+ a > a = n — ry, which is consistent with (3.6f).
If s =0, then (3.9) reads as

-]d—i—c
(E,A) ~ 0
0

o O ¥
o O %

]d—l—c

OO O O oo
)

o *
of o of %
o o *

o O O
o O O

oc oo

co oo
ofHvo o

0 0

In this case we have hy = a =n —r; —u < n —ry which is also consistent with (3.6f).
Finally, the identity (3.6d) can be derived from the canonical form (3.7). Therefore, let Z
and Y be bases of corange (E) and corange ([1), where E and A are the matrices in the

canonical form (3.7), respectively. Then we have

(I, 0 0
0 I; O
~ 0 0 O
Y= 0 0 O
0 0 O
0 0 I,]
From this we see, that
(I, 0 0 0 O]
o I, 0 00 0 O 8 I(;l ? 8 8
rank <YHE>:rank 0 I, 000 0 ¢
0 0 0001 00000
“10 0 0 0 O
(0 0 0 0 0f
:s+d(3§h)s+rf—c—s
ZT’f—C(3£C)Tf—T’b+hf,
which shows (3.6d). O
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Note that the form (3.7) can also be obtained by first reducing (£, A) to Kronecker canoni-
cal form and then applying further local equivalence transformations. Doing so shows that
if s > 0, then there has to be at least one real Kronecker block of the form (2.3), i.e., a
Kronecker block with dimension greater or equal to 2 x 1. Anyway, s may be zero even when
there is any number of Kronecker blocks of the form (2.3), i.e., the presence of Kronecker
blocks of the form (2.3) is necessary for s > 0 but not sufficient.

Comparing this result to the analogous result from [8] (Theorem 3.7) one notices the addi-
tional "common” part. This part cannot be eliminated, since with the equivalence relation
(3.2) the matrix A may not be changed by means of the matrix F.

3.2 Forward global canonical form

Like in the constant rank case we first study the case where one starts at some time point
(here this time point is always k& = 0) and calculates into the future, i.e., one tries to
get a solution for £ > 0. In order to derive a global canonical form, some constant rank
assumptions are introduced. Milder assumptions are necessary in this case, than in the case
where one wants to get a solution for all k£ € Z. Despite the issue that we only want to get
a solution for £ > 0 we may also consider linear descriptor systems with equations for all
k € Z (i.e., systems of the form {(Ek, Ax) }rez), since this simplifies moving to the case where
we want to get a solution for all £ € Z. This is no restriction, since every linear descriptor
system of the form {(E, Ax)}ren, can be extended to one of the form {(Ey, Ax)}rez by
choosing E, = Ey and A, = Ag for all k£ < 0.

Note that we use here the term canonical form in a way that differs from the terminology of
abstract algebra.

Lemma 3.10. Consider system (1.5) and introduce the matriz sequence { Zy }rex where

Zx s a basis of corange (Ey) = kernel (E}') for all k € K. (3.10)
Let
ri = rank(E;) , k€K, (3.11a)
r¥ = rank(A;) , k€K, (3.11b)
hl} = rank (Z,74;) , k€K, (3.11c)

be the local characteristics of each matriz pencil (Ey, Ax) with k € K. Then, these charac-
teristic sequences are invariant under global equivalence (3.1).
Assume further that the two local characteristic sequences

ry= 7"’}? and hy = h’; (3.12)

are constant for all k € K. Then the sequence of matriz pairs {(Eg, Ax) }rex s globally
equivalent to the sequence

g EPT 1AV o
O 0 9 0 Ihf P (313)
0 0 0 0

keK
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where all matrices [E,gl) E,(f)] have full row rank, i.e., they all are of rank ry.
Proof. The invariance of the local characteristics follows directly from Theorem 3.9. Let
Z;. be a basis of range (E}) for all k € K.

Then [Z}, Zj] is invertible for all k € K and Z ,’CHEk has full row rank r;. Transforming with
the transpose of this sequence from the left yields

{(Br, Ax) brex ~ {([ZkgEk] ’ E:ZQZD}%K

[ (1) @7 1740 4@
L By AT Ay
~ 0 0 |.]0 I
o o] Lo o -
[ (1) @7 140
~ 0 0 |.]0 1,
0o o] Lo o0 -
[
Writing down the equations from (1.5) connected with the form (3.13) one obtains
Bath B = At
0 = z53+f3,
0 = fr
Assuming that K = Ny, this system is equivalent to
B = ety f
0 = @+,
0 = fx
(where fF = fF 4 E]gz) »71) which is connected with the sequence of matrix pairs
e o] [4Y o
0 0|, 0 I . (3.14)
0 0 0 0

Since this step is reversible the set of solution sequences is not altered. One also may notice
that the new right hand side f ¥ can depend on the right hand side of the former next right
hand side f**'. Thus, one can view this step as an index reduction.

Analogous to [8] Theorem 3.14, in the following Theorem it is shown, that the so obtained
reduced sequences of matrix pairs are still globally equivalent, if the original sequences have
been.
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Theorem 3.11. Assume that the sequences of matriz pairs

(£ EP] [AY 0]
{(Ek, Ag) }rez = 0 0 .| 0 Iy
o o] Lo ol)).,
and
. E B [AD 0
{(Ek, Ag) }rez = 0 0|, 0 I
o o) Lo o])).

are globally equivalent on Z and in the form (3.13). In particular, suppose that (3.12) holds
and that all [EIEI)E]?)} and all [E]gl)f?](f)} have full row rank r¢. Then the sequences of matrix

pairs {(E,gl), A,(:))} and {(E,gl), AS))} are also globally equivalent on Z.
Proof. By assumption, there exist two pointwise nonsingular matrix sequences

{Pi}rez C C™",
{Qk }rez C C™™,

such that

PEy = EpQuia, (3.15a)
PLAL = ArQ, (3.15Db)

for all k € Z. By partitioning the transforming matrices appropriately we get

~ _fl,(gl) 0 (1,1) (1,2)
A@r = 0 Iyl | Sen e
0 0 k k
_AI(CI)QI(CLD AS)QS’Q)
= (2,1) (2,2) =
k k
.0 0
-Pél,n Pk(1,2) P}gl,?)) A,(:) 0
PAy = PV PEY PPV 0 I, (3.16)
L
P,EI’I)A,E}) Pk(1,2)
_ P(?,l)Al(cl) P}g2,2) ’
Pég’l)A;(:) Pkgsz)
and
~ _E,gl) Eff) Q(1,1) Q(1,2)
EeQry1 = 0 0 (CRIE)
0 0 Quir @iy




1 11 21 ad 2 2
BPOLY + EPQE) BV + EP QR

_ 0 0 -
P,gl’l) Pk(l,z) P}gl,s) E](:) E,(f)

PE, - Pég,l) Pk(zz) P]gz,s) 0 0 (3.17)
R e o] Lo o

-PIELI)EI(;) Pk( )E( )
_ PIEQ’I)E,(:) P(2 1)E( )
_P]E:”vl)E’(;) Pk( )E( )

From (3.16) we obtain that
PP =0 forall k € Z.

Let p € C'f be any row of the matrices Pk(g’l), Pé?”l). Then from (3.17) we get

But since all matrices [E,gl) E,(f) | have full row rank as stated in Theorem 3.10, it follows
that also p = 0. Thus, we get that

PPV =0, PPV =0 for all k € Z,
which means that the left transforming matrices take the form

P}il,l) P(l 2) Pk(LS)
Po=1 0 P(2 2 pd
0 o p&Y

Hence, the diagonal matrices P,El’l), P,f’”, Pk(?”?’) have to be nonsingular. Since we also get
from (3.16) that

21) _ p(1) 40) _
@1 — ph g — o

it follows that all matrices Q(l b ,(3’2) are invertible. With this, from (3.17) and (3.16) we
finally get that

1,1) (1 Ba =(2) (2,1
PI& )Eli : = )Qkﬂ + Eli : Ql(c+1)
——
=0
Jois
= )Qk+1
and
Pk(Ll)A](:) _ A/le(cl)czl(gl,l)7

which proves the claim by employing {P,gl’l)}kez and {Q,(:’l)}kez as transforming matrix
sequences. ]
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Corollary 3.12. Under the assumptions of Theorem 3.11 the sequences of matriz pairs

B o] [AY o

0 0|, 0 I

0 0o L0 0
and

EP o] [AY o

0 0|, 0 I

0 0o Lo 0

are globally equivalent on 7.

Proof. Using the matrices from the proof of Theorem 3.11 one immediately sees that global
equivalence is achieved by employing the sequences of transforming matrices

Pk(Ll) 00 Q(l,l) 0
0 I 0 and { { 0 ]1 } )
0 0 I

O]

Remark 3.13. The preceding results allow for an inductive procedure closely related to
the corresponding procedure for continuous-time systems [8]. For an original sequence of
matrix pairs {(Fg, Ax) trez =: {(Ek.0, Ako) }rez we define a sequence (of sequences of matrix
pairs) {{(Ex, Akvi)}kGZ}ieNo by the following procedure. First we reduce {(Ej;, Ax.i) }kez by
Lemma 3.10 to the from (3.13) assuming that the local invariants r; =: r;,; and hy =: hy;
are constant for all matrix pairs on the whole interval Z. Then we reduce the so obtained
sequence of matrix pairs to the form (3.14) which yields the next sequence of matrix pairs

{(Brjizt1, Arit1) rez-

This whole iterative process (although derived from [8]) is very similar to Luenberger’s
shuffle algorithm, which is described in [13] for discrete-time discrete descriptor systems
with constant coefficients.

Observe that we have to have the constant rank assumptions of the form (3.12) for every
step of the procedure. The so obtained sequence of local invariants (which are also global
invariants) {(r;, hy;)}ien, 1S characteristic for a given equivalence class of sequences of
matrix pairs, due to Corollary 3.12. Several properties of this sequence are summed up in
the following Lemma.

Lemma 3.14. Let the sequences {(ry, hyi)tien, and {{(Exi, Ari) treztiey, be defined as

in Remark 3.13. In particular, let the constant rank assumptions (3.12) hold. Defining the
quantities

hf_1:=0, (3.184a)

a; = hf’l — hfﬂ',l Vi € No, (318b)
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d; == Tt + hﬂi Vi € No, (3180)
Si = Tfi —Tfitl Vi € No, (318d)
wo:=m—1rgo— hyo, (3.18e)
W; = 8;_1 — a; Vi € No, (318f)
Vi =M —Tfi — hf’l Vi € No, (318g)

there exist &, 1 € Ny so that:

Tri > Titl Vi € Ny, (3.19a)

d; > disy Vi € No, (3.19b)
s;=0 Vi >, (3.19¢)

hps < hpist Vi € Ny, (3.19d)

a; > a1 Vi € N, (3.19¢)

d; > hy, Vi € N, (3.19¢)

a; =0 ES3 (3.19g)

v =vg+w+...+w; VieNg, (3.19h)
s < ay Vi € Ny, (3.19i)

air1 < 8 Vi € Ny, (3.19j)

8i > $is1 Vi € N, (3.19K)

a; —wip < a1 —w; VieN, (3.191)
a;, d;, s;,wi,v; >0 Vi € Ny. (3.19m)

For any p € Ng with the property (3.19¢) we also have
a;+1 = O, T =Tfi, dM = dz Vi 2 M. (320)

Proof. Let 1 € Ny be any non-negative integer. Then we know from Lemma 3.10 that

(E.) Bl [0
{(Bri, Agi) brez ~ 0 0 [, 0 In,
0o o] Lo 0 s
Remark 3.13 -E'ill) 0] _Akl’g 0
=" {(Brit1, Ariv1) frez ~ 0 O, 0 In,
Lo o] Lo o s

= rf; = rank ([E;SZ Eﬁ?}]) > rank ([E,SZ. 0]) =7 = (3.19a).
- 1) =(2) |
Since [E, ; E; ;] has full row rank ry;, we get

dim (range (E,g?)) + dim (corange <E,gl)>> =T

45



and independent of this
dim (range (Eﬁ)) =Tfit1-

For k € Z let Z;. be a basis of corange (E,g?) Then we know that

hyiy1 = hy; + rank <Z,§{A§€12> < hy; + dim (corange <E,gl)>> ) (3.21)
Combining these equations yields

rii+hp; = dim (range (E,EB)) + dim (corange (E,i?)) + hys
@21)
> hyit1

> Tpipr+ Ry = (3.19b).

Since the sequence {r;;} is non-increasing and bounded by zero, it becomes stationary at
some point g, which implies (3.19¢). From (3.21) one can also see (3.19d). (3.19f) follows
from (3.18c).

Now we show via induction that for all : € Ny we have

EBY EY o] [AY) 0o o0
0 0 0 0 I, O
Epos A ~ , a; , 3.22
{(Bhi> Aki) Yz 0 0 0 0 0 I, (3.22)
o o of Lo o 0 s
where all [E,glz) E,ng)] have full row rank.
Induction basis: i =0
Here hy_; = 0 and because of Lemma 3.10 we get
1 2 1
By E] AL o
{(Eros Arp) trez = {(Ek, Ak) b ez ~ 0 0 |, 0 I :
0 0 0 0

keZ
since ag = hy .
Induction step: © — i+ 1 with the help of (3.22).

Since (3.22) is a special form of (3.13), one can immediately perform the reduction to (3.14)
by

00 [0 o
0O 00 0 I, 0
Eriv1, Ary ~ ’ )
{(Erit1, Agiv1) brez 0 0 0 0 0 Iy,,
| 0 0 0] 0 0 0 keZ
_Elgi) 0 Akl) 0
~ 0 0], 0 Ial+hf,i71
L0 o] Lo 0
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1 1)
K lg,z‘)+1 0 /}kéiﬂ 0
- 0 0| A7, o0
0 0| 0 I, ’
0 0 0 0

kEZ

where all E,S} 1 have full row rank r;,;. Adapting the indexing we can proceed with

. 2 - 2
Eli,i)Jrl Eli,i)Jrl 0 Al(m?+1 Al(c,z?Jrl 0
0 0 0 0 L, 0
{(Eki+1, Ak,iv1) toez ~ 0 0 0f, 0 0 0
0 0 o |0 0 I,
L\ o0 o o | o 0 0 .
(/T 2 1 140
Eli i)+1 Eli,i)—‘rl 0 Agm?—&-l 0 0
5 0 0 o | 0 L., 0
0o 0 o'l 0o 0 I, ’
L\ o0 o o Lo o 0 .

which completes the induction. From the form (3.22) we obtain 7;; — ry,41 < a; for all

1 € Ny. From the induction step we can further see that a;,; = rank (A,(fgﬂ) <rpi = Tritl

for all i € Ny, since 121,(32“ only has 7¢; — 77,41 rows. This shows (3.19e).
Let p be as in (3.19¢). Then (3.22) implies that

EC) B O] (AL 0 0

0 0 O 0 1 0
E A ~ ap
{( koo k,u)}kEZ 0 0 0 ) 0 0 Ihf -
0 0 O 0 0 0 ez
Further reduction steps show that for all j > 1 we have
1 1
Bl o] [AY) o
{( Byt Aregurs) e ~ 0 0|, 0 I, , (3.23)

0 0 0 0

kEZ

since 7f,,,4; = ¢, which means that all ESZL have full row rank. Thus, applying a reduction
step to (3.23) does not change anything. This shows that Ay, ; = hy, which is equivalent
to a,4; = 0. From this (3.20) follows.

Note that there exists a positive integer ¢ for which the sequence hy; gets stationary, i.e.,
hy; = hy € Ny for all i > &, which follows from the boundedness of the sequence (hy; < m)
and because of (3.19d). This implies (3.19g).

(3.19h) follows since on the one hand we have

Vi —Vog =M —Ty§; — hf,i - (m —Tfo— hf,O)
= (ryo+hpo) = (ri+ hya),
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and on the other hand we have

(3.18f)
wy+...+w;, = "S+...+S8_1—aq—...—a

.18d
(318)Tfyo_rf,i_(al—l—...ﬁ-ai)

(3.18b)
rr0—7ri— (hri—hyo).

(3.191) can again be seen from the form (3.22). For this, note that we have

(3.18d)
S = Tfi — Tfi+1
= rank <[E,gli) E,g?]) — rank <E,(€12>
S a;,

where the last inequality holds, since the E,(fl) matrices only have a; columns as one can see
from the block structure of (3.22). (3.191) can be obtained in the following way. Let i € N
be arbitrarily. Then we have that

3.19)
(3.18f) (
wita; ="81 < a1 < a1+ win

=a; — Wip1 < a1 — Wy,

where we have used that all w; are non-negative, which is shown below.

To prove the non-negativity of all constants defined in (3.18) without using (3.191), first
observe that a; > 0, since the sequence {hy;};>_; is non-decreasing. All d; are non-negative,
since all 7y, and all hy,; are non-negative. All s; are non-negative because the sequence {7y}
is non-increasing.

We then see that v; = m — d; and thus {v;} is a non-decreasing sequence. Since vy =
m—rys0—hgo =m—rank (Ey) —rank (Z Ay) > 0 (where Zj, is a basis of corange (E})) all
v; have to be non-negative.

Also note, that for all # > 1 we have

Vi — vy =m—rpi—hpi—(m—rpiq—hgi)
=Tfi—1—Tfi— (hﬁi - hf,i—l) (324)
= Si—1 — G = Wy,

which shows the non-negativity of all w;, since {v;} is non-decreasing,.
To finally show (3.19j) and (3.19k) note that for all i € Ny we have

(3.19i) (3.19m) (3.18f)
Sit1 S Qi1 S Gy F Wi =S

The previous Lemma 3.14 leads to the following Definition.
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Definition 3.15. Let {(Ex, Ax)}rez be a sequence of matrix pairs. Let the sequence
{(rfi,hsi)bien, (as described in Remark 3.13) be well defined. In particular, let (3.12) hold
for every entry {(Ej;, Ak.i)}rez of the sequence (of sequences of matrix pairs) in Remark
3.13. Then, with the definitions (3.18) we call

w=min{i € Ny | s;, = 0} (3.25)

the strangeness index of the sequence of matrix pairs {(Ej, Ax)}rez and of the associated
descriptor system (1.5). In the case that u = 0 we call {(Ej, Ax) }rez and (1.5) strangeness-
free.

In the proof of Lemma 3.14 we were able to see that (under some constant rank assumptions)
every sequence of matrix pairs {(Ejy.;, Ak:) brez is equivalent to a sequence of the form (3.22).
With ¢ = 1 we have s, = 0 and thus, from (3.23) we see that
B 0] AL 0
{(Ek,,LH-lu Ak,u—i—l)}kEZ ~ 0 0 5 0 [hf,u )
0 0 0 0

kEZ

with all E,(glli having full row rank r¢,. Finally, one can further reduce all the matrices E,il;
to echelon form (3.3) [, , 0] by global equivalence achieving (with adapted indexing)

(1) (2)

L, 00 A, 00 A7

{(Ek ps1s A1) ez ~ 0 00|, 0 I, O , (3.26)

0 00 0 0 0 kEZ

which can be regarded as a canonical from. One notices that in general not only p but
1+ 1 reduction steps are necessary to get to the canonical form, although after p reduction
steps a strangeness-free sequence has already been reached. This situation can be avoided
by introducing a further constant rank assumption in every step of the reduction process,
which was described in Remark 3.13 (see [6]).

Further reductions of (3.26) are possible under additional assumptions.

Theorem 3.16. Let {(Eyx, Ag) }rez C C™" be a strangeness-free sequence of matriz pairs in
the form (3.26), i.e., let

1 2
L, 0 0] [A" o 4a?
{(Ek, Ar) trez = 0 00,0 I, O : (3.27)
000 0 0 0 kezZ

Then the following statements hold.
1. Let ko, k; € Z with kg < kp. Set K := [ko, k] N Z and for k € K let all A" be

invertible. Then we have

1(1 1(2
L, 0 0] [AY o AP

{(Ek>A/€)}kEZN 0 0 0f, 0 Ihf 0 s
000 [0 0 o0

kEZ

where 121,(:) = I, fork € K.
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2. Let all AS) have the same constant rank, i.e., let rank <AS)> =p forall k € Z. Then

we have
L, o0 0 0] [4Y AP o AY
0 I,, 00 |0 o o AW
E ’A ~ f—P , k ’
{(Bk, Ag) trez 0 0 00 0 0 In O
0 0 00 o 0 0 o0

kez
where all [fl,(:) , /1,(3)] have full row rank p for all k € Z.

3. For all k € Z let rank (A,(f)> =ry. Then we have

L, 0 0] fo o AP
{(Ek, A) }rez ~ 0 00,0 I, 0
0 0 0 0 0 0

keZ

Proof. In all cases the global equivalence transformations are only applied to the first block
row and the first and third block column. Thus, it is sufficient to look at the sequence of

matrix pairs
{([1, 0], ]a0 a?)) }kez . (3.28)

1. Since the identity matrix /,, in (3.28) has to be kept, the allowed global equivalence
transformations are limited. Effectively, the transformations on AS) that are allowed
are given by

AV~ p AV P (3.29)
In the following we show by induction that a finite sequence of invertible matrices can

be transformed to identity matrices by the equivalence relation (3.29), i.e., we show
that for k; < ky there exist invertible matrices P, € C™", for kg — 1 < k < k; with

PAVPY =1, for all ky < k < k;. (3.30)
Induction basis: k; = ko
Choose Py, the inverse of A,%) and Py, = I,

Induction step: k; — k; +1 < ky
Because of (3.30) there exist invertible matrices Pg,_1, ..., Py, with

0 Tfo

P AVPY =1
P AVPY =1

Tfe
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By setting Py, 11 = P, (Agzrl)_l we obtain the equation

P AV P =1

Ty
Thus, by induction the assertion follows.

. First reduce all AS) to echelon form (3.3) PkAl(:)Qk. Then we have

(0
PAY = [AS }

with AS) having full row rank p, since all )y were invertible. From this we get with
global equivalence

(i,

0}7[ AW A}(f)])w([ﬂg 0],[PkA§j) PkAEf)D

~ (ARt 0], [PAPR L PA?))

A](Cl) Agf) A](CS)
o o AW

[, 0 o0
“\lo 1, o

with /Allgl)P,;_ll = [/Lgl) , flgf)] having full row rank p for all k € Z.

)

. Without loss of generality we may assume that for all £ € Z we have A,(f) = [A,(f) : fl,(f’) ]
with flf) being invertible (otherwise permute columns, which is a global equivalence

transformation). Hence it follows that
r T 7AW 12 103)7
Ly 00 0 1A 0 A 2
(Ek, Ar) = 0 000 0 In, 0 0
0o 000 o 0 o o]
- S - - ~(3)- I 0 0
(1) () (3) Tf
TN A 1 I O
~ F A2)y—1 7(1)
0 0 0 0 0 6f 0 0 _(Ak ) 1Ak 0 Irf 0
B - B - 0 0 0 Infrffaf'r’f
r 2
I, 00 0 AY
=0 o o|.|o n, o
0 00 0 0

and thus the assertion is proved.

[J

Note that in the proof of part 1 of Theorem 3.16, Py, may be changed, while all other
elements of the matrix sequence {P,} are not altered. Thus, part 1 of Theorem 3.16 can be

extended to the case where either ky = —oo or ky = oo.
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Example 3.17. Consider the constant sequence of matrix pairs consisting of a regular
matrix pencil in Kronecker canonical form

010 1 00
{(Ek, Ar) rez = 00 1,10 10 (3.31)
0 00 0 01

keZ

This pencil only has one Kronecker block of size 3 corresponding to the infinite eigenvalue
with nilpotency index 3. Using Definition 2.4 pencil (3.31) has Kronecker index 3. To
determine the strangeness index we follow the procedure leading to Definition 3.15. Using

the sign " to denote reducing a sequence of matrix pairs from (3.13) to (3.14) we have that

—~

01 0] [1 0 0] 01 0] [t 00
00 1|,]0 10 i 00 0[,[0 10
000 [001])]),, 000l [0o01 s
00 0] [1 0 0]

5 00 0|l,]0 10
000 [001])]),,

The sequence of characteristic values (along with some of those defined in (3.18)) is thereby
given as

(rt0, hfo, a0, 50) = (2,1,1,1),
(rea,hpasar, s1) = (1,2,1,1),
(ry2,hp2,a2,s2) = (0,3,1,0),
(rs3, hes,as, s3) = (0,3,0,0),
(rfa,hpa,aq,54) = (0,3,0,0),

which shows that the strangeness index of this sequence of matrix pairs is 2. Thus, this
strangeness index shows the same behavior as the one defined in [8] for constant coefficient
matrix pairs.

One also can guess that increasing the order of the nilpotent block will increase the strange-
ness index accordingly.

Example 3.18. To determine the strangeness index of Example 3.2 we observe that
L DA L))
-1 k|| 0 0 rez 0 0|"|—-1 k-1 rez
~ ool B o))~ B D
0 0’1 0 hez 0 0”0 1 rez
# {0 ol 1)
0 0|0 1 rez
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The sequence of characteristic values is thereby given as

(Tf07hf07a0750) (1 1 1 1)
(ra,hyasa1,81) = (0,1,0,0),
(Tf,Zahf,27a2782) = (07 17070)a

showing that the strangeness index of this sequence of matrix pairs is 1.

Example 3.19. To determine the strangeness index of Example 3.3 we observe that

(o) he ~ A o] 15 D))
Ao 5 )y
Al DI
“ Al ol b))

The sequence of characteristic values is thereby given as

(rf.0, her0, a0, $0) = (1,1, 1,0),
(val’hf,hal?sl) = (17 17070)a
(Tf,27hf,27a2782) - (]-7 1707()),

showing that the strangeness index of this sequence of matrix pairs is 0 although the matrix

pairs in this example are all singular while the solution is uniquely determined by the right
hand side.

Analogously to [8] one can derive a canonical form for sequences of matrix pairs with well
defined strangeness index without the use of shifts. For convenience, we denote unspecified
blocks in a matrix by .

Theorem 3.20. Let the strangeness index p of the sequence of matriz pairs {(Ex, Ag) }rez
as in (3.25) be well defined. Then, with the definitions from (3.18), {(Ex, Ax) }rez is globally
equivalent to a sequence of the form

L,, 0 Wy] [* = 0
0 0 F.|,|00 o0 , (3.32)
0 0 Gi] [0 0 I, s



with

0 FM x 0 GW x
Fk _ '., '-, ) Gk _ ". ". ; (3‘33)
FO ey
0 0
where all F,gi) and G,(f) have sizes w; X a;—1 and a; X a;—y, respectively, and all Wi, = [* -+ x|

are partitioned accordingly. In particular, all F,gi) and Gg) together have full row rank, i.e.,
W (3.19i)
rank I%Z) = a; + W; = Si—1 S a;—1 Vk S 7. (334)
Gy

Proof. With an inductive argument we show that
{(Ek, Ag) brez ~

(([ESY ESP o« 0 7 (A 0 0 - 0]))
0 0 Fi * 0 0 : 0
~ ~ : : o By : : :
{(Ek:,iaAk,i)}keZ — 0 0 0 , 0 o --- ... 0 ,
0 0 G * o I, 0 --- 0
: 0
G I 0
L\[ O 0 O] LO 0 0 Iy

Vs
(3.35)
where:

1. All [E,(:i’l) : E,Sf)] are of full row rank rs,; and rank (E,(gjli’l)> =Tfit1-

2. With Zj; being bases of corange (E,Si’l)>, we have that rank (Z,f]lA,(jl)) = a;41 for all
ke Z.
3. rank ({g”]) is full for all j € {1,...,4} and for all k¥ € Z.
k7j

Induction basis: 1 =0
From Lemma 3.10 we know that

By Eg'] [An 0
{(Ex, Ax)} ~ 0 0 , 1 0 Ihm
| 0 0 ] LO 0
Iy
~ 0 0 ; 0 0 )
| 0 0 | [0 I
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with [EIS(SI , E,g’l(’]z)] = 1y from which the first part of 1. immediately follows. If we perform
the step from (3.13) to (3.14), then we find that

rp1 = rank (E,S{)l))

holds and thus 1. is shown. To see 2. let Z; be bases of corange (E,S(’)I)) for all k € Z.
Then

Ziy 00 g 0
0 [I,, 0] isa basis of corange 0 0 ;
0 0 I 0 0

whereas the latter matrix is the one in (3.14). Thus,

zi, 0 0] [Al o

k
hf,l = rank 0 Iwo 0 0 0 = rank (Z};IOAIS())> + ap.
0 I,

0
This gives
rank <Z,€{0A,(€17)> =hs1—ao=hg1 — hyo = ai.

Induction step: i — i + 1 with the help of (3.35)
Applying Lemma 3.10 to the sequence of matrix pairs {(E,Si’l),A,gg)}kez (in (3.35)) one
obtains that
By Bodh| [Adka 0
(B AN ez~ 0 0 || 0 0]y, (3.36)
0 0 0 I

Ai+1

where [E,Si’}r)l, Eﬁi’i)l] is of full row rank 7¢;.1 due to part 1. and 2. of the inductive

assumption. Applying the transformation corresponding to (3.36) to the original sequence
of matrix pairs (3.35) yields that (Ej, Ax) is globally equivalent to

( -Elg,lz"-lf—)l Elglzi)l E;(ﬁ,l{i)l x| T Al(gll?ﬂ 0 O 0 --- 0] )
0 0o EZY x 0 0 0 0 0
0 0 EZY o« x 0 Iy, 0 0 0
0 0 0 Fp « 0 0 0 - 0
: : : Fk’1 ) : : : :
0 0 0 e e 0 0 0 0O --- --- 0
0 0 0 Gk,i * 0 0 [ai 0 ce 0
) . . . . : 0 0 ) :
: : : Gra L
L\ © 0 0 o0 L 0 0 0 -+ 0 Iy
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kitl Privr Prin * i+l
0 0 Fripn * 0 0 0 0 0
0 0 0 Fi * 0 0 o - 0
Fia :
~ 0 0 0 e , 0 0 0o ... 0 ,
0 0 Grip * « 0 I, 0 0 0
0 0 0 G * 0 0 I, O 0
0 0 :
L\ o 0 0 o] Lo o 0 - 0 I,

" (3.37)

by defining Fy ;41 = E,gzli)l and Gy 41 = E,g . +)1 Due to the nature of global equivalence it
follows that

rs; = rank ([E,(Cli’l) ESZ;?)])

1,1 1,2 1,3
El(c,iJr)l El(c,iJr)l Elg,iJr)l

vk (| 00 0 B
0 0 E 1231—31—)1

With regard to the fact that all [Ek g +)1 , E,ilﬁrl] also have full rank 7,1, one observes that

Bt Ll (3.18d)
rank katll | = rank (l k”“]) =Tri—Tri =" s
( [Eig?fi)l Ghrit1 J; fritl

which means that part 3 of the inductive assumption is shown. Further, we notice that
Gl,i41 is in the same block row as I,,,, and in the same block column as I,, which means

(2 3)
that all G} ;11 are of size a;41 X a;. Since (3 3 has (ry; — rfi41) rows, it follows that all
k,i+1
. (3.18f)
Fiiv1 are of size (rf; — rpic1 — @iy1) X @ = Wipy X hyy.

Performing ¢ + 1 reductions from (3.13) to (3.14) for the sequence (3.37) gives

Tfi+1 = rank ([Elglzi)l E,(ﬂlii)lb .

Analogously performing i + 2 reductions from (3.13) to (3.14) on the sequence of matrix
pairs (3.37) one finds that

Tfi+2 = rank ([Eg{iﬂ) .
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kyi+1
i + 2 reductions from (3.13) to (3.14) on the sequence (3.37) and denoting the so obtained
sequence by {(FEk, Ax)}kez, we have that

This shows part 1. To prove part 2. let Z; ;41 be bases of corange (E(l.’l) ) Performing again

[ Zhis1 [ I T
0 Iwi+1 .
Z), = Loy,
Ia¢+1
: . .0
L0 0 I,

are bases of corange <Ek) Since all flk then only contain the A,(:Z) .1 and I,; block entries,
it is clear that

hy;+o = rank <Z,€HA,€> = rank <Zk z+1Ak Z+1> +ap+ ...+ aj (3.38)
=rank (Zk Z+1Ak Z+1> = hfﬂ'_;,_g — Qjt1 — ... — Qo (339)
(3 150) rank (Zk Z+1Ak Z+1> = Qj42- (340)
This proves (3.35). Selecting ¢ = p in (3.35) yields
¢ /(11 1,2 1 r.a 20 N
BNV BN s A0 0 0
0 0 Fy, * 00 0 -+ - 0
: : o Fra : : :
{(Ex, Ag)} ~ 0 0 01,1 0 o --- --- 0
0 0 Gy * 0 I, 0 0
0
Gra : : 0
L\[ O 0 0] LO 0 0 I/ )

By Wil [+ 0
= 0 F.|.,|0 O
0 Gk O -[hf“u

By induction we obtain that all [E(ll’j) E ] have full row rank r¢, and that all E (1 1)

have rank rf 1. Further, from (3.20) we know that r¢, = r¢,41. Thus, all E( have to

have full row rank ry, and one may reduce each of these matrices to echelon form (3.3) to
obtain the form (3.32). O
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Further reduction of the Fj and G}, blocks in (3.32) are possible.

Corollary 3.21. Let the strangeness index u of the sequence of matriz pairs {(Ex, Ax) }rez
as in (3.25) be well defined. Then, with the definitions from (3.18), {(Ekx, Ax) }rez is globally

equivalent to a sequence of the form

L,, 0 W] [+ = o0
0 0 Cil,|0 0 0 , (3.41)
0 0 Dy| |00 I, e
with
(0 0 I, 0 ]
Ly, , O
Cp = , (3.42)
I,, 0
L. O 0_
(00 0 DY 0 = 0 x|
00 0 E” 0 = 0 =
0 0 0 DY 0 =
0 0 0 E" v 0 =
Dy = U I (3.43)
0 D’
0 E’
0 0
- 0 O -

where all DS) and E,gi) have sizes wiy1 X (a;—1 —w;) and (a; —w;y1) X (a1 —w;), respectively,
and all Wy = [* -+ x] are partitioned accordingly. In particular, all D,(:) and E,Ef) together
have full row rank, i.e.,

(i)

rank ([g’@)]) = w1+ (a; — wiy1) = a; Vk € 7. (3.44)
k

The diagonal blocks in Dy, all are square matrices.

Proof. The only differences between the forms (3.32) and (3.41) are in the (2,3) and (3, 3)
blocks. We can transform these blocks without affecting the other structure (the W} block
is affected, but this does not matter, since its structure is not used). Thus, it is sufficient
to only consider the sequence of matrix pairs which is built of the blocks mentioned before.
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From Theorem 3.20 we know that

( /T Fé“) « 1 To -« .. 071\
- R : :
F, 0 _ 0 0 -+ --- 0
Gk,‘ ’ Ihf,u 0 G](C'u) * ’ Iau ’
Gy :
L\ | 0| L Ioo| ) |

where all Fk(i) have full row rank w;, due to (3.34). Fixing any ¢ € {1,...,u} we see that
all ,51) can be reduced to echelon form by transforming with invertible matrices in block

row p+ 1 — ¢ and in block column g + 2 — 7. This indeed affects the matrices G,(f) and the
identity matrices I,, , (by a multiplication with an invertible matrix from the right) but

the G,(f) matrices still have full row rank, together with the new F, ,Ei) matrices (which now

are in echelon form), i.e., (3.34) still holds. Also the identity matrices I,, , can be restored

by transforming with invertible matrices from the left. This alters the G,(f) once more but,
again, condition (3.34) is not affected. From this we see that

e o))}

0 Iwu 0 * * %
Iy, 0
* *
Ly, 0
0 0
~ 0 G,(C“’l) G;“’z) * * * "Un;,
—1,1 —1,2 :
G(M ) GECH )
* *
G](Cl 1) G](CI,Q)
- O -
0 I, O 0 x 0 ]
Ly, , 0
0 *
Ly, 0
0 0
“Yllo o @ o . 0« ||,
( 71!2) :
0 Gk“
0 *
0o G\
. O -
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0 I, 0 0 0 0 0 ]
Iw“,l 0
0 0
L, 0
0 0
“Y[lo o & o . 0 x| |In, + B |

0 GECH_LQ) :
0 *

0o G

L 0 -

where all the matrices By are upper triangular and nilpotent. Thus, these B matrices can
again be eliminated by adding multiples of a row k to a row [, where always k£ > [ (i.e.,
by transforming from the left). By splitting the block rows in the lower part (i.e., the part
corresponding to the Gy, block) and using

G2 —

I,, O
rank 0 D,(:) = S;_
0 BY

The converse of Theorem 3.20 clearly is easier to understand than Theorem 3.20 itself.

Lemma 3.22. Let ;1 € Ny and let {a;}ien, be a non-increasing sequence with a,.1 = 0
and a, # 0. Further let {w;}ien, be a non-negative sequence with w; + a; < a;—;. Set
fo = Qo+ ...+ a, and let 7y € Ny be an integer. Assume that Ey, Ay, € C™" are matrices
such that the sequence {(Ek, Ax) }rez is globally equivalent to

I;, 0 W, x x 0
0 0 F|,[00 0 , (3.45)
0 0 Gi| [0 0 I .
with
0 £ x 0 GW x
= - o= , 3.46
A O k L gw (3.46)
0 0
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where all F,Ei) and G,(:) have sizes w; X a;—1 and a; X a;_1, respectively, and all Wy, = [* -+ x|
are partitioned accordingly. Also assume that all F,gl) and G,(;) together have full row rank,

1.€.,

F(i)

vk | |yl =dta VkeZ (3.47)
k

Then {(Ex, Ag) }rez has a well defined strangeness index j1 as defined in (3.25). The sequence
of characteristic values is thereby given as

I I
Tfi = ff + Z 121]' + Z &j; (348)

Jj=i+1 J=i+1
7=0

Proof. Performing i reductions from (3.13) to (3.14) on the sequence of pencils (3.46) shows
that for the resulting sequence we have

{ (B Ari) brez ~

( (1., 0 %« % .- * 0 [« «x 0 -0 .. ... 0
0 00 FY « 0| oo : :
L _ 0 ‘
FO g
o 00 -- 0 0 00 0 0
0 00 G» « 0|70 0 I, ,
. 0 ,
. . . . G](Ci+1) O : : ..
o 00 - .- 0 0 0 0 I,
|0 00 - .- 0 0] 0 0 .
N L fri—1_] )

where izf,i_l ‘= Gp + ...+ a;—1. Thus, one can see, that the rank of all Ej; is constant in k
and given by (3.48). Once Z, are bases of corange (Ej;) one also notices, that the rank of

ZH A is also constantly equal to d; + h f.i—1, which shows (3.49). O
We derive another Lemma from Theorem 3.20 which will be needed in the next section.

Lemma 3.23. With the assumptions and notation of Theorem 3.20 we have

n
rank (F;Giy1...G)) = Z w; and (3.50)
j=l—it1
I
rank (G;Giq1...G)) = Z a; (3.51)
j=l—it1
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for alll > 1. Also, we know that all non-zero rows of F;Gy1 ... Gy and all non-zeros rows of
GiGiy1...Gy are linear independent.

Proof. Since all matrices Fj, and Gy, are strictly block-upper-triangular with g+ 1 block-rows
and block-columns it is clear that all matrices Fj and G}, are nilpotent with nilpotency index
1+ 1. Also we have that

Flekz‘-'Gk =0 and

1
G, Gry - Grypy =0
for any integer sequences ki, ...,k 1. For [ =1 the claim is that all F; have rank 25:1 w

and that all G; have rank > " a;, which follows directly from condition (3.34). Thus, it is
sufficient to show the statement of the Lemma for ¢ <1 < pu + 7.
For v <l < p+ ¢ we have

o0 B,
(1—%)
Gi+1 . Gl = Hi—f—l,l ,
0
0 cee 0 |
where we have used the definition HY) := GY...GY™™)  Since | —i < pu, the ma-

trix Gi;1 ... G may have two block-rows and two block-columns that are non zero. Pre-
multiplying with F; or G; yields

- _1 -

0 0 EPHYD '

(I—=i+1) r7(1—1)
EGi+1 .. Gl = F‘l Hi+1,l and
0
_O e 0 |
[0 0 HY x ]
(I—i+1)
GiGi+1 ce Gl = H’i,l
0
_O ’ O -
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In the following we show that rank (Hf?) = a; and rank <Fi(j )Hl(iill)> = w; and also that
H i(j) and Fi(j 'H Z(iﬂ) are both of full row rank. This then immediately proves the claim.
We first observe, that H({) is a product of a a; x a;—; matrix and a a;j_; X aj_o matrix

2y

and so on. Since {a;};en, is a non-increasing sequence, due to (3.19e), this means that H, .(jé)

is a product of full row rank matrices (th)), where the column dimension increases with
every further post-multiplication. Thus, H (j) has to have full row rank a;. With the very

]

same argument we see that E(j )Hi(iﬁ) is of full row rank w;, since from (3.34) we know that

W S Qj—1. L]
In [6] index concepts for discrete-time descriptor systems are examined. There an approach

similar to the following is taken.

Theorem 3.24. Let {(Ey, Ax) trez be a sequence of matrix pairs and introduce the following
matrices:

Zy. basis of corange (E)) = kernel (EkH) ,

Z;. basis of range (Ey) ,

Ty basis of kernel (Ey) ,

T}, basis of cokernel (Ey) = range (E;")

Vi basis of corange (Z,fAka,l) ,

V[ basis of range (Z AyTi—1) ,

for all k € Z. With this, define the following quantities:

Trk = rank (Ek) 5
~ H
ar = rank (Zk Aka_l) ;
§k := rank (VkHZ;fIAkT]i71> )

for all k € Z. Under the assumption that

5, kez, (3.52)

rr=rfE, a=0ag, S

the sequence {(Ey, Ag) }rez is globally equivalent to

I 0 0 0] [o A" o Al

0 I; 00 0 A»? o AP

00 00[,]0 0 I, 0 : (3.53)
0 0 0 O I; 0 0 0

0 0 0O 0 0 0 0

where the abbreviation d = rr — 5 has been used.
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Proof. We have

(Bo AV} zMET Z2"ET) (27 ATL 2 AT
B R ITkeE 2" BT 2B 2 AT, 2T AT ) S,
_ { ([Z’HEkT’ o] [Z,;HAkT,;_I Z,;HAkalb}
0" Z" ATy, Ze" ATia] ) S o
r 7] r 1(1,1 1(1,2 T
I, 0 ALY A2
~ 0 o, |\v"z a1, VI"ZHAT,
L0 0] W ZMAT, VT2 AT ),
r ] r 1(1,1 1(1,2 T
I, 0 ALY A2
= 0 o, |\v"zH a1, V"z AT,
L O 0_ _‘/ICHZkHAkT]ifl 0 . keZ
r 10T ~(1,1 (1,2 (1,3
I, 00 ALY A2 A09)
~ 0 0 0|, |V"zH AT, I 0
L0 0 0] WAz AT, O 0 rez
r ] B 1(1,1 7(1,3)7
I, 00 A 0 AM?
~ 0 0 0], 0 I 0
H H
L0 00 wAzAAT, 0 0 ])),,
4 a1l (1,2 = (1,4)7
I 0 0 0] [AM A o AM
~ 0 0 00(,] 0 0 I O
0000/ | 0 0 0
L\[0O O 0 0f | o 0 0 0 | rez
(([L; 0 0 0] o A" o A"
0 IJ 00 0 A§€2,2) 0 A](CQA)
~ 00 00,0 0 I 0
0000/ [ 0 0 o0
(\[0O O 0 0f |o 0 0 0 hez
O
By further reducing (3.53) to the form
00 00] [o 4" o Al
0 I; 0 0f o A o A®Y
00 0O0[,{0 0 I, 0 , (3.54)
0000 |z 0 0 0
0 0 00 0 0 0 0
[6] then defines a sequence of characteristic values which we denote by
{0r,a, 59 }ien, (3.55)
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and a sequence of sequences of matrix pairs similar to Remark 3.13. In the following we
compare the approach from [6] (as in Theorem 3.24) to our approach.

Lemma 3.25. With the assumptions and symbols from the preceding Theorem 3.24 and hy
defined as in (3.11c) we have that

hfyk:&k‘ng:&‘i‘g:i hf.

In particular, under the assumptions of Theorem 3.24, assumption (3.12) is satisfied (and
thus all assumptions of Lemma 3.10).

Proof. Using the notation of Theorem 3.24, we see that Vj is a basis of kernel (T, A Z,,),
from which it is clear that TH | A7 Z,V;, = 0. Transposing the very last identity yields

VEZIAT._, = 0. (3.56)

Also we know that
V" ZH ATy has full row rank ay, (3.57)

since V}/ is a basis of range (Z;' AyTy—1). Hence, we finally obtain
hﬁk = rank (Z]fAk)
— rank ([v,;HZ,f ATy VP ZH AkT,;_lb
VHZEAT, . VHEZEAT, |
CEDI VI ZE AT, VT ZP AT,
0 VHZEAT, |

(3.57) Vk,HZ]fAka_l 0

— rank (v,;HZ,ff Aka_1> +rank (V21 A,T] )
= ay + Si.
The result then follows, since 74, ax, and S are constant for all k£ € Z. O

Remark 3.26. Note that (3.53) can be transformed to a sequence of matrix pairs of the
form (3.13) by simple block column permutations. From this we see that reducing (3.13)
to (3.14) is quite the same as reducing (3.53) to (3.54). Hence, Lemma 3.25 suggests that
our approach is more general than the one in [6], since it only requires hy ) = ax + 55 to be
constant in every step of the reduction procedure.

Remark 3.27. Suppose that a sequence of matrix pairs { (Fy, Ax) }rez satisfies the assump-
tions of Theorem 3.24. Further suppose, that the associated reduced sequence (3.54) also
satisfies the constant rank assumptions of Theorem (3.24). Then we know that the first two
elements of the sequence {(rs;)}ien, (as defined in Remark 3.13) are given by rjo =d+§
and r; = d. Thus, from (3.18d) it follows that sy = 779 — 771 = § = 5%, where 3 is as
in (3.55). We conjecture that it is possible to show that for the sequence of characteristic
values (3.55) we have 3 = s; for all i € Ny, where s; is as defined in (3.18d).
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3.2.1 Local and global invariants

Analogously to [8] in this subsection the connections between the global invariants of a given
sequence of matrix pairs and the local invariants of corresponding inflated descriptor systems
are investigated. The inflated descriptor system of a sequence of matrix pairs {(Ey, Ax) }rez
of stage | € N is given by

MO (z0)F = NP (zO0)F 4 (g0, (3.58)
where
- b
“Apy E
l +1 k+1
M = . | ,
i —Arrt By
(4, 0 0
0 0 --- 0
l
N = : :
(00 - 0
.
D=1 |,
xk+l
:fk?:
(k=1 :
karl

This corresponds to combining [ steps of the original descriptor system in one step. For
every [ € N and every k € Z, we can determine the local characteristic values (3.6) of the

matrix pair (M,gl), N ,El)). The next Theorem shows that those local characteristic values are
invariant under global equivalence transformations of the original sequence of matrix pairs.

Theorem 3.28. Let {(Ej, Ax)Yeez and {(Ey, Ap)}rez be two globally equivalent sequences
of matriz pairs, i.e., suppose there exist pointwise invertible matriz sequences { Py }rez and

{Qr}rez with

B = PuEQpy,
Ay = PrAQk.

Then for any k € Z and for any | € N the matriz pairs (M,gl), Nk(;l)) and (M,gl), N,ﬁ”) (corre-
sponding to (3.58)) are locally equivalent as in Definition (5.6).
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Proof. Let k € Z and | € N be fixed. Define the matrices

B,
IT:= ,
i Py
[ Qi1
0= ,
i Qkt1+1
[Qr
Y=
_ Quei

Then we have

P.E,
N — P A P, E
HMlil)GZ k+14k+1 k—&-.l k+1

PeEy Qi i
—Pe1As1Qrr1 Prr1 Brp1Qro

Ey
B —App1 Ern
i A Ery
For the other matrix we also get

P.AQr 0

() 0 0

1IN,V = .
0 0

from which the local equivalence follows.

—PriAvr Pepi B

— P AkiQrt1 Per1 Er1Qrti41

= MY,

[J

To make a statement about the relation between the global characteristics of the original
sequence of matrix pairs and the local characteristics of its inflated descriptor systems as in

[8] we need the following Lemma.
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Lemma 3.29. With the assumptions and notation of Theorem 3.20 we have

G ... Gk+l
FrGrgr ... Gry u 1 g
rank : = Z aj+Zij,
Frr1-1Grp =i+l =1 =i
i Frv

forall k € Z and all | € Ny.

Proof. We use induction to prove the claim.
Induction basis: | =0
Here (3.59) reads

G, p 1
rank ({EJ) = X;aj +;w]~,
Jj= j=

which follows directly from Theorem 3.20.
Induction step: | — [ + 1 with the help of (3.59).

. G . .
Since all non-zero rows of { FkHH are linear independent we know, that
k141
G...G i
G- Giyin FkG]:: 1 kéic 7
Fr.Grg1. .. Gryiga + o + ol 1@
rank : = rank . {Fk+l+1}
; Frvi—1Gry k+i+1
Frot1Gryit Froo,
Frti41 0+ 7
I Gk e Gk+l
Fka+1 A Gk+l
= rank Grtit1 | +rank (Frii41) -
Frt1-1Grta
Fi
To determine the rank of
Gk . Gk—H
FyGryr ... Gry
: Griirt
Fk+l—1Gk+l =:Hp
i Fopi
—

(3.59)

(3.60)

we first notice the special structure of the block entries of the matrices H; and H,, which
was presented in the proof of Lemma 3.23. Lemma 3.23 also shows, that all non-zero rows
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of H; are linear independent, since due to the inductive assumption we have

rank (H;) =rank (G ... Gry) +
rank (F,Gry1 ... Gry) + ...+
rank (Fiy—1Gr) +
rank (F) .

By multiplying H; with Hs from the right more rows that only contain zeros are generated.
However, the non-zero rows of HyH, are still linear independent. To see this, note that

range (Gka-H e Gk+le+l+1) C range (Gka-H ce Gk—i—l) ,

range (F;Giy1 ... GryiGryg1) C range (F;Giyq ... Gryy), foralli =k, ... [,

and remember the special structure presented in the proof of Lemma 3.23. This proves that

rank (HyHsy) =rank (Gg ... Gy Grre1) +
rank (F,Gri1 ... GeoGrogr) + ...+
rank (Fy1i-1GriGriit1) +
rank (Fj4Grare1)

2 2 w 2
= it > wit Y wit Y w
j=112 J=l+2 =3 =2
Thus, we have
Gk e Gk+l+1
FrGryr. .. Gryip
rank : (3.60) rank (Hy Hs) + rank (F141)
FrtiGryit
Frii

(3.61) K [ B H H
= Zaj—l—ij—i—...—i—ij—i—ij—i—ij,
J=3 Jj=2 Jj=1

j=1+2 =142

which proves the claim.

Lemma 3.29 now will be used to show the following Theorem.

(3.61)

[J

Theorem 3.30. With Ey, A, € C™" let the strangeness index ji of {(Ek,Ak)}:kez as in
(3.25) be well defined with global characteristic values (ry;,hs;),1 € No. Fiz any k € Z and

for any | € Ny, let (Mlél), Niil)) be the inflated descriptor system corresponding to (3.58) with

local characteristic values (77, hy;) as in (3.6). Then,
!

l l -1
ff,l = (l—l— 1)m— Zai — Zvi wég)zrf’i—'—th’i,
=0 =0

=0 1=0

l
~ (3.18b)
hio=) a;"="hg,

=0

with v; defined in (3.18g).
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Proof. By Theorem 3.28, we may assume that the sequence {(Ex, Ax)}rez is already in
canonical form (3.32). With this and by using k£ = k, from (3.58) we get that

(M(l), N(l)) — (Mfil) N(l))

"k
[ E, A, 0 - 0
| AR Ern 0 0 -+ 0
i —Apr Erg 0o 0 -+ 0
(1, 0 W, ]
0 I
0 G
* o« 0 L, 0 Wiy

0 0 0 0 Fu

_ 0—In,, 0 0 Gin N0
* ok 0 I, 0 Wiy
0 0 0 0 0 Fry
0 0 —1In,| 0 0 Gry
L,,0 0
0 0 F;
0 0 Gg
00 0 |L,, 0 O
0 0 0 0 0 Frn
N 0 0—Ip, 0 0 Grna N0

0 |7

0 0 n 00
00 0 0 0Fy
0 0 —In, 0 0Gry

where we have to start eliminating the % and W} blocks from the bottom of the matrix.
Again starting from the bottom, we eliminate the Fy.; 1,..., Fy and Gjy;_1, ..., G} blocks
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with help of the —1I5, = blocks, which are below these blocks. By doing so we obtain that
(MO, NDY is locally equivalent to

L,;, 0 0
00 Fy
0 0 Gy
00 0 [L,,0 0
00 0 | 0 0 Fppy
0 0-Ip,,| 0 0 Gy
00 0
00 0 N
0 0-1Ip,,
L,,0 0
0 0 Fryp
0 0 Giti—1 :
00 0 |L,,0 0
00 0 | 0 0iFy
0 0 I, 0 0:Grp
L,,0 0 :
00 F
0 0 Gy
00 0 [L,,0 0
00 0 |0 0 Fyp
0 0-Ip,,| 0 0 Gy
00 0
N 00 0 N
0 0-Ip,,
L,,0 0 0
00 0  Frs1-1Grp
00 0  Gor1—1Gr
00 0 |I,,00 0
00 0 | 0 0 Fy
0 01, 0 0. 0
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L,,0 0 0 ]
00 0 FRM
00 0 GoR(
00 0 |I,,0 0 0
00 0 |00 0 - g RV
0 0—Iy, 0 0 0 .0
00 0
~ 00 0 NG
0 0 —1ny,
L,, 0 0 0
00 0 R
0.0 0 0
00 0 [I,,00 0
00 0 | 0 0 Fiy
i 0 0-Iy, 0 0 0
(3.64)

by using the definition R,(f’j ) =
M® as the sum of the ranks of the block columns. Thus, we have

Rl(g(],l)
~ FRUY
Trl :(l—f— 1)rf7,l+lhf7u—|—rank .
FkHR](gHLl)
L 3.29 a a a
TRV Dyt lhp Y ai+ Y wit o+ Y w;
RS j=1

{:i G- By Lemma 3.29 we can determine the rank of

(3.65)

With (3.65) we show (3.62) by induction. For [ = 0 the inductive argument follows directly
from (3.18g), since (E}, A;) = (M, Ny and ay = hyo because of (3.18b). Assume that

Pk
(3.62) holds for any | < . Then we obtain

o
(3.65)

Triyr =

j=1+2 J=1+2 j=1

2 2 Iz
= 4+ Drputlhp+ Y g+ > wi+ > wit..+

j=l+1
it Ry — @

j=l+2 j=l+1
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(3.65)
=" Tr Tt hpe = a + Z w

j=l+2
o +1
= Tt ria ey — g+ E w; — E w;
=1 =1

= fﬁl + Tfp + h’f,u — Q41 + <UM - UO) - (Ul+1 — Uo)
= Tpi— Q1 — Vg1 Tt byt Uy s

Vv
(3.18g)
=""m

which, with help of the inductive assumption, yields (3.62).

Let Z be a basis of corange (M ) We want to determine rank (Z HN (l)) in order to prove
the statement about h 1. Since only the first (three) block rows of N contain non-zero
entries, we only need to consider the first (three) block columns of Z | i.e.; the first (three)

Zy
block rows of Z. Let us denote the first (three) block rows by the matrix | Z;|. Then due
Z3
to the structure of (3.64) we have Z; = 0. Further, we have that
rank (Z,) =v, — Z wj,
J=l+1
o
rank (Zs) =hg, — > aj,
=141
because of Lemma 3.23. Therefore, we know that
3 * x 0
hpy=rank (Z'N®) = rank | [0 ZI ZHE]|0 0 0
0 0 I,
= rank ( =hy, — Z a;
J=l+1
(3.18b)
= g = (= Pyppa) == (A = hyy)
!
= th = Z Q.
=0
This proves the claim. [

Obviously, the formulas (3.62) and (3.63) correspond to the formulas in [8] when one adds
up the algebraic part and the strangeness to one quantity. Also, as in [8], we get the converse

73



of the result, i.e., the knowledge of the sequence {(7;;,hs;)} allows for the determination of
the sequence {(rf;, hs;)} of the global characteristic values of the sequence of matrix pairs

{(Br; Ar) ek

Corollary 3.31. Let the strangeness index jv of {(Ex, Ax)}rez as in (3.25) be well defined
and let (7, iLfvl), [ =0,...,u be the local characteristic values of (Miil), Niil)) for some k € Z
(as in Theorem 3.30). Then the sequence {(rf;, hsi)}ien, of the global characteristic values
of the sequence of matriz pairs {(Ey, Ax) }rez can be obtained from

hys = hp, (3.664)
rro= o= Frion — hii, (3.66Db)
where we have used Bﬁ,l =0 andry_; = 0.

Proof. Using the formulas from Theorem 3.30 we immediately get (3.66a). Also, from The-
orem 3.30 we see that

! -1 -1 -2
Tpg—Tri-1 = er,i + Z hyi — er,i — Z hyi=mrs+hyi1,
i=0 =0 =0 i=0
which proves (3.66b). O

3.2.2 Existence and uniqueness of solutions

Concerning existence and uniqueness of sequences of matrix pairs with well defined strange-
ness index we get similar results as in [8].

Theorem 3.32. Let the strangeness index p of the sequence {(Ex, Ag)trez as in (3.25) be
well defined. Then the discrete descriptor system (1.5) is equivalent (in the sense that there
is a one-to-one correspondence between the solution/sequence spaces) to a discrete descriptor
system of the form

25 = AD gk | A® gk ok y (3.67a)
0= Ig + f2k, hﬁu (3‘67b)
0= f?’f} vy, (3.670)

where with u, :=n —ry, — hy, we have z& € C* and each of the inhomogeneities ff, f¥,
fX is determined by the original right hand sides f*,.... f***Y asin (1.5) for all k € Z.
For the associated forward problem

Byt = Apa® + fF, for all k € Ny, (3.68)

we also have the following results:
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1. (3.68) is solvable if and only if the v, consistency conditions conditions
fi=0
are fulfilled for all k € Ng.

0

2. An initial condition x° = & together with (3.68) is consistent if and only if in addition

the hy, conditions

Ty =By = —fy

are satisfied.
3. The corresponding initial value problem is uniquely solvable if and only if in addition
u, =0
holds.

Proof. Under the assumptions of the Theorem the original sequence {(Ej, Ag)}rez can be
transformed to the form (3.26) by p + 1 reduction steps and proper global equivalence
transformations. Both of these operations generate a one-to-one correspondence of solutions.

]

3.3 Backward global canonical form

Looking back at Theorem 2.20 we recall that one can look at three different cases of descriptor
systems. The first case is where one starts at a point in time kg, and calculates into the
future, i.e., one calculates a solution {z*},>,. This case has been considered in the previous
section.

The second case is where one starts at a point in time kg, and calculates into the past, i.e.,
one calculates a solution {z"*}<y,. This case is closely related to the first case. To see this
suppose that a descriptor system of the form

Bttt = At + fF ke z, (3.69)
=7,
is given and we are looking for a solution for all k < k. Then, by defining 3* := z=**! and

g* = 7%, (3.69) is equivalent to

E_pa ™ =A_ a7k 4 7k keZ
& E_yyb = Ayt — g, keZ
& Ayttt = FE_of + ¢, ke

By calculating the solution of the very last system into the future with the initial condition
y~ kot = 7 ie., by calculating {y*}r>_x,+1, We see through resubstitution, that we got a so-
lution {y* > ko1 = {27 hisopgrr = {2 i = {2 hiane—r = {2 1<k =
{x*}1<hy, i-€., a solution corresponding to the second case of Theorem 2.20. Thus, we do not
have to consider the second case separately. We make the following definition.
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Definition 3.33. Let {(E}, Ax)}rez be a sequence of matrix pairs. Then

{(Ak, E_k) ez (3.70)

is called the reversed sequence of matriz pairs. Analogously, the descriptor system corre-
sponding to (3.70) is called the reversed descriptor system. Also, the strangeness index of
(3.70) is call reversed strangeness index and is denoted by py, (for backwards). In contrast to
this, the strangeness index of the original sequence is also called ordinary strangeness index
or forward strangeness index and denoted by fiy.

Clearly the reversed system is very similar to the original system and obviously the following
Lemma may be derived.

Lemma 3.34. Let {(Ej, Ax)Yeez, and {(Ey, Ay)}rez be two globally equivalent sequences of
matriz pairs. Then the reversed sequences are also globally equivalent.

Proof. By assumption we know that there exist invertible matrices Py, (Jr such that

B = PoEQps,
Ay = P ALQk,

for all k € Z. Substituting & by —k then yields

E =P iE 1 Q 1,
Ay =P A, Q_k,

for all k € Z. Setting Rj, := P_; and Sy := ()_j1, this condition then is finally equivalent
to

A =Ry Ay S,
E_y =R, E_} S,

for all k € Z, which proves the claim with the transformation matrix sequences { Ry} and

{Sk}- O
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Chapter 4

Two-way global canonical form for
linear descriptor systems

In the previous chapter we generalized the first and second case of Theorem 2.20 to linear
discrete-time descriptor systems with variable coefficients. This leaves the third case of
Theorem 2.20, i.e., the case where one wants to get a solution on the whole Z. This case is
really different from the first two cases and it will therefore be studied in this chapter. To see
that the third case of Theorem 2.20 really is different from the first two cases consider the
form (3.26). The problem is that in this (strangeness-free) form (3.26) the AS) are allowed
to be arbitrary. Consider a descriptor system which only consists of the (1,1) block in (3.26).
For such a system one can easily compute the unique value of 2*0*! once the value of x*0
is given. In contrast, if the value for 2% is given there may be many choices of appropriate
2%~1 values (e.g., 2% = Qxho=t gho~? ko=2  yhko=2 k=3 ) or even no possible
choice of an appropriate z*~! value (e.g., 20 = gkt ko=l = 0z*0=2 given that % # 0),

=z =z
depending on the sequence of the AS) matrices. Also, the solvability may vary from iterate
to iterate. This shows that additional rank assumptions are necessary to generalize the third
case of Theorem 2.20 to linear discrete-time descriptor systems with variable coefficients.
One approach that suggests itself is to not only demand the system itself to have well defined
strangeness index but to also demand the reversed system to have well defined strangeness
index.

Lemma 4.1. For k € Z let Ey, Ay € C™" be such matrices, that the strangeness index (s
and the reversed strangeness index py, of {(Ex, Ar)}rez are both well defined. Perform one
step of index reduction from (3.13) to (3.14) on the reversed sequence {(A_j, E_¢)}rez and
denote the so obtained sequence by {(A_y, E_x)}wez. Then, not only the reversed strange-
ness index fiy, (i.e., the strangeness index of {(A_y, E_)}rez) but also the strangeness index
fiy of {(Ex, Ax)}rez is well defined. We have iy < puy and i, < jip.

Proof. Since the strangeness index of {(Ej, Ag)}rez is well defined and all A have the
same constant rank (since the strangeness index of {(A_x, E_x) }rez is also well defined) we
know from Corollary 3.21 and from Theorem 3.16 part 2. that with p € {1,... 770}, the
definitions from (3.18) and with b; := a; — w;;1 for i € Ny the sequence {(Ey, Ax)}rez 18
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globally equivalent to a sequence of matrix pairs of the form

p -
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I, 0 0
0 Iyyp O *
0 . 0 0 0 Iy, 0
L,y 0
(k)
T N R 0 *
(y)
0 0, 0 B 0 ¥
(ky—1)
Ou,, O 0 D,
(kfp—1)
0 0, 0 B
\[ 0 - 0
Al AP AP
0 0 0
0o .. 0
0 0 0
0 0 lu,, s
Iy,
L,
Iy,
Ly,
L,
0 - 0

o o o O

7 keZ



where all [ 4 4@®] have full row rank. Then, with I, all x blocks in the same row

can be eliminated. This may yield % blocks in the first row of the left matrices (next to
[0 4@ a®]), but these * blocks can again be eliminated by the identity matrices below.
Thus, the system is also equivalent to

']p 0 0 * * ]
0 Irf,o—p 0 0 0
O -~ 0 0 0 Iy, 0

: Ly, ., 0O
; Lo, 0
0 0 0
(ky)
0 - 0 Oy, O 0 D’ 0 * (.
0 0, 0 E7 o0 « 0« |, @1
Ou, 0 o DY 0«
f
(pp—1)
0 Op,,, 0 E.’ 0 %
(1)
0 D,
(1)
0 E,
0w, O
| 0 0 0 Op |

A 4D 4B 0]
0 0 0
0 0
0 0 0 0
0 0 Iwuf+1

L,
w“f
L,
Iu}u,f—l
L,
: Lo,
| 0 0 Iy, kezZ
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Performing one reduction step on the reversed of system (4.1) and reversing the reduced
system back shows that {(FEx, Ax)}rez is globally equivalent to

0 Iep O 0 0
0o -~ 0 0 0 Iy, 0
L, 0
: I,, O
0 0 0
(g)
0+ 0 Ouy,.y O 0 D’ 0 * 0
(kg)
0 0, 0 B 0 * e 0 x|,
Ou,, 0 0o D" 0 x
(py—1)
0 O, , 0o £ 0
0o D’
0 E,’
Owl O
0 0 0 Op |
fAY 0 AP o 0 ]
0 0 0
0 0
0 0 0 0
0 0 jwﬂf+1
L,
Ow“f
Ly,
Ou,., s
Ib“f’2
: Ou,
i 0 0 Ibo_ vz
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Reordering of rows shows that {(Ej, Ag)}rez is globally equivalent to

0 Ijo—p O 0 0
0o -~ 0 0 0 Ly, 0
L, , 0
I, O
0
(hp—1)
Ou,, 0 0 D, 0 =
0 D’
0w, O
O, 0 0 D0 x 0
(kg)
0 0Oy, 0 B 0 * 0
0 Obuf—l 0 E}i“ffl) 0 *
0o B’
0 - 0 0 Oy |
AY 0 AP o 0 ]\]
0 0 0
o .- 0
0 0 0 0
0 0 Ouw
-
Ouwy
Iwﬂerl
I,,
Iy,
0 0 Ly 1) ) ey
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Reordering of columns shows that {(Ej, Ag)}rez is globally equivalent to

[ I, 0 * . * 0 *
0 Iyyp O 0 .
w“f
Iy,
0 0
D;:f—l)
Ou,,., 0 D «
0 0, & «
(pp—=1)
Obuf—l Ek !
A o 0 AP
Iwuf+1
Iy,
Iy,
L,, ,
N i1 (3)
0 0 E 0 0 I e
by setting hy =b,, + ...+ bo, Ty =170+ wy, +... +w; and
(1)
0 D, 0
Dk = e
Dy,
0
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since wy, 41 = 0 (which can be seen from (3.24), (3.18g), (3.18¢c) and (3.20)).
By setting a; := b; and w; := w41 for i € Ny we finally see, that the sequence {a;}ien, is
non-increasing due to (3.191). Also it is clear that

(3.34)
Wi +a; = wip1 + by =wipy +a; —wipn =a; < a1 —wp = by = a1

It may happen that some a,, = ... = dz,4+1 = 0 in which case the strangeness index fiy of

{(E, A) }rez has been decreased. Anyway, with (3.44), all assumptions of Lemma 3.22 are
fulfilled, which shows that the strangeness index fi; really is well defined.

That the reversed strangeness index fi, is still well defined follows from the fact that we
have performed the reduction step on the reversed system. To understand this, recall that
Definition 3.15 demands the constant rank assumptions (3.12) to hold for every step of the
reduction procedure. Actually performing one reduction step uses only the constant rank
assumptions (3.12) of the first step and the so obtained system will still satisfy the constant
rank assumptions (3.12) in every further reduction step. ]

The index reduction performed in the previous Lemma 3.22 will be used frequently in the
following, which is why we introduce the following Definition.

Definition 4.2. Let {(Ex, Ax)}rez be a sequence of matrix pairs. Then performing one
step of index reduction from form (3.13) to (3.14) on the reversed sequence {(A_g, F_i) }rez
and re-reversing the so obtained sequence is called one step of reversed index reduction. In
contrast to this, the index reduction from form (3.13) to (3.14) on the original sequence
{(Ek, Ax) }rez is also called ordinary indez reduction or forward index reduction.

Lemma 4.1 shows that under the assumption that both the strangeness index and the reversed
strangeness index are well-defined one can perform ordinary and reversed index reduction
steps at will. One may conjecture, that the order in which one performs the index reduction
steps is of no meaning, as long as one performs the same number of reduction steps, but this
is false as the following example shows.

Example 4.3. Consider the constant sequence of matrix pairs

t-BDY. »

First performing one ordinary step of index reduction on (4.2) yields the sequence

{(aRE- -
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Performing one step of reversed index reduction on this sequence does not alter the sequence
any more. First performing one reversed step of index reduction on (4.2), however, yields

the sequence
S(HRE)I- »

which again is not altered anymore by one further step of ordinary index reduction. Com-
paring (4.3) with (4.4) clearly shows that these two sequences are not globally equivalent,
since (corresponding to Lemma 3.10) those matrix pairs do not have the same characteristic
values.

Remark 4.4. Example 4.3 also shows that a step of reversed index reduction may really
change the ordinary index. Therefore note that (4.2) has an ordinary strangeness index of
1. Nonetheless, performing one step of reversed index reduction on (4.2) yields (4.4), which
surely has an ordinary strangeness index of 0.

Let us derive the canonical form under the assumption that both the strangeness index and
the reversed strangeness index are well defined.

Theorem 4.5. For k € Z let Ey, A, € C™" be matrices, such that the strangeness index and
the reversed strangeness index of {(Ey, Ag) trez are both well defined. Define the matrices

Zy as a basis of corange (Ey) fork € Z,
Y: as a basis of corange (Ay) for k € Z.

Then, there exist hy, hy, g € Ny such that for all k € Z we have

hy =rank (Z}'Ay) (forward direction)
hy =rank (Y, Ey) , (backward direction)
— YkHEk
q—hf—i-hb—rank([zgrlAkH}) ) (4.5)

These quantities in (4.5) are invariant under global equivalence and we have

—

2) 7 )

r 1 2)7 r 1
((TEY 0o o EPT [AD AP o 0
0 Iy O O O 0 0 0
0 0 I, 0 0O 0 0 0
B, A ~ q 4.6
(B> Ae) brez 0 0o 0 of’'lo 0 I, 0 ’ (4.6)
0 0 0 0 0 0 0 I,
L\ 0 o o o] o o o o0 ]|/]

where for all k € 7Z the matrices [ES) E,f)] and [AS) A,(f)] have full row rank.
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Proof. That rank (Z}7A),) and rank (Y, E}) are invariant under global equivalence follows
from Lemma 3.9. That they are constant for all £ € Z follows from the fact that the
strangeness index and the reversed strangeness index are both well defined.

To show that ¢ is independent of the choice of the bases, let Y}, and Y}, be bases of corange (Ay,)
and let Z, and Z; be bases of corange (Ey) for all k € Z. Then for all k € Z there exists
invertible matrices My, and My, such that Y}, = YkMyk and 7, = ZkM 7, This shows that

i) o ([ s [0 ]) = (02 ])
rank k = rank Yi k = rank k ,

and thus, that ¢ is independent of the choice of the bases. To show the invariance under
global equivalence, let {(E}, Ag) trez be globally equivalent to {(Ek, Ax) }rez, i-e., let Qy and
P, be invertible matrices, such that for all k¥ € Z we have

By, = PEQp1,
A = P AQk.
Since
~ H ~
~ H ~
0= Z'Ex = Z{' PiEvQrin = (P Z1)" ExQpn,
it is clear that f/k = PkHYk is a basis of corange <%~lk) and that Zk = P,f{Zk is a basis of
corange <Ek> With this we see that

. . o
rank ({ Y Ex 1) =rank ( HYk PiE ])
Zk+1Ak+1 _Zk+1pk+1Ak+1

[ YA PE Qi D
=rank k ROkt
( _Zﬁ1Pk+1Ak+1Qk+1

[ YHE,
=rank k ,
' ( _Z,ﬁlAkJ )

which means that ¢ does only depend on the equivalence class.
Since the strangeness index of {(Ej, A) }rez is well defined, it is clear that the sequence can
be transformed to the form (3.13). Since the reversed strangeness index is also well defined,

we also know that all A, have constant rank. Thus, in (3.13) all AS) matrices also have to
have constant rank. Thus, by transforming the first block row of (3.13) from the left we have
that {(Ekx, Ax) }rez is equivalent to

E’gl,l) E£1,2) ASJ) 0

2,1 2,2
A I , (4.7
0 0 0 I

0 0 0 0

keZ
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with all A,il’l) having full (constant) row rank. Performing one (ordinary) reduction step
from (3.13) to (3.14) on (4.7) yields the sequence

Y 0] A o
(2.1

B> ol | 00 (48)
0 0 0 In,
0 0 0 0

kEZ

Then it follows from Lemma 4.1 that

~—~

4.8) still has well-defined reversed strangeness index.

A,(:’l) 0 00
> 0 0 > I o . (1,1)
Let Y}, be bases of corange 0 I . Then clearly Y, = 0 ol since all A, have
hy
0 0 0 1
full row rank. Thus, since the reversed strangeness index of (4.8) is well defined, we know

that for every k € Z the matrix

BV 0
2,1
i [ o [
0 0
0 0

has to have constant rank, which means that all E,EQ’U have to have constant rank. Let us

say all E,(f’l) matrices have constant rank g. By reducing all E,f’” in (4.7) to echelon form
and adapting the indexing we then see that {(Fy, Ax)}rez is globally equivalent to

(([BC BS ERDT 1 a0 o))
o I, E* 0 0 0
0 o ESY|.| 0 0 0
0 0 0 0 0 I
L\ [ 0 0 0 | 0 0 01/)..
(([ES 0 BN 1Al A2 97
0 I, B> 0 0 0
~ 0 0 EIE:373) y 0 0 O
0o 0 0 0 0 Iy
(\[ 0 0 o | LD 0 01/).
4 _E,gl’l) 0 E}ng)- -Ag,l) A,(:’Q) *- \
0 I, 0 0 0 0
~ 0 0 E]i?”?’) s 0 0 0
0o 0 0 0 0 I,
(AL 0 0 01 L0 0 01/ kEZ
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EMD o B0 ALD 02 g
0 I, 0 0 0 0
~ 0 0 E]i&?’) ;| 0 0 0 ;
0 0 0 0 0 I
0 0 0 0 0 0

- keZ

E(lrl) 0 EN’(L?’)
- k k
where all A,(:’l) A,(:’Q) have full row rank. Also,all | 0 I; 0 | have full row rank,
‘ 0 o0 E>
pD E’g1,2)

k . )
2.1 52| @s in (4.7), which have
BV B2

full row rank. So all E,gg’g) also have full row rank. Reducing all EE"
finally shows that {(FEk, Ax)}rez is globally equivalent to

since those matrices are equivalent to the matrices

%) to echelon form then

( ’Elgl,l) 0 EI(€1,3) E]gl,4)' _AS’I) A](CLQ) 0 0 7] )

0 I, 0 0 0 0 0 0

0 0 I 0 0 0 0 0

0o 0 0o o |'l0 0 L 0

0 0 0 0 0 0 0 Ly,
(\Lo o o o) Llo o o ol]/),,
(/e 0 o BN TAMY AP 0 0 1Y)

0 I 0 0 0 0 0 0

N 0 0 I 0 0 0 0 o0

o 0 0o o |['fo 0 I 0 ’

0 0 0 0 0 0 0 Ly
(\Lo 0o o o] Lo o o o]/},

where hy, := g+ ¢ has been used. Finally, we have ¢ = ¢, since (as shown above) the quantity
defined in (4.5) is invariant under global equivalence and ¢ can directly be calculated from
the last sequence of matrix pairs. ]

From the form (4.6) one may conjecture that it is also possible to show Theorem 4.5 by
defining

Y E,
— hy + hy — vank [ |k , 4.9
R ({fo’AkD (49)

instead of (4.5). This is not the case. If one would do so, ¢ would not be invariant under
global equivalence any more as shown by the following example.

Example 4.6. Define the (constant) sequence of matrix pairs

eane={([s 5 oo 1 0])},.

87



which has hy = 1, hy, = 1 and with both (4.9) or (4.5) ¢ = 1. Transforming this sequence
from the right by the sequence {Qy}rez defined through

oS = O
O = O

1 0 10
Qo = |0 0| and Qo1 = 0 0| forall k€ Z,
0 1 0 1

will yield a sequence {(Ek, flk)}kez = {(ExQrs1, AxQr) } ez which satisfies

- 100 000
(Ez’“’A%)_QO 0 o]’{o 1 OD and

- . 010 o0 0

(Eokt1, Agky1) = ({0 0 0]7[1 0 O}) for all k € Z.

This sequence would have ¢ = 0 if one would apply definition (4.9).
The same result as in Theorem 4.5 can be obtained under a weaker assumption.

Corollary 4.7. Let {(Ey, Ax) }rez be a sequence and define the matrices

Zy  as a basis of corange (Ey) for k € Z,
Yy as a basis of corange (Ay) for k € Z.

Assume that the quantities

Tr="Trk =rank (Ek) , (410&)
hy = hy), =rank (Zi' Ay) | (4.10b)
hb = hb,k =rank (YkHEk> , (410(3)
= Vi B
q=qr = hf,k‘ + hqu - rank <[Z]£F1Ak+1:|) 5 (410d)

(which are invariant under global equivalence as shown in Theorem 4.5) are constant for all

k € Z. Then we also have the relation (4.6), where for all k € Z the matrices [Elgl) E}gz)]

and [AS) Af)] have full row rank.

Proof. First we note that under the given assumptions the sequence {(Ey, A ) }rez is globally
equivalent to a sequence of the form

E’gl,l) E’gl,2) A(Ll) 0

k
EZY g oo |
0 0 0 I
0 0 0 0

keZ
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(1,1) (1,2)
with all ?&71) ?&72) and all A,(Cl’l) having full row rank. Since ¢ is invariant under global

k k
equivalence, it is clear that

(2,1) (2,2) (2,1)
0 I 0 I,

has to be constant for all £ € Z. Thus, also all E,(f’l) have to have constant rank. The
remainder of the proof can then be carried out analogously to the proof of Theorem 4.5. [

Applying one step of ordinary and one step of reversed index reduction to the form (4.6)
yields the form

((TEXY 0 0 o] TAM 0 0 0o T\)
0 In, 00 0 00 0
0 0 00 0 00 0
411
< 0 0o oo0l'l 0 01 o0 (4.11)
0 0 00 0 0 0 Inq
(\L 0 o0 oo [0 00 0]/

kEZ

It is clear that first applying one step of reversed and then one step of ordinary index
reduction will yield another form (i.e., the I, block then stays in the left matrices and is
therefore missing in the right matrices), as in Example 4.3.

Remark 4.8. The preceding results allow for an inductive procedure similar to Remark
3.13. For an original sequence of matrix pairs {(Ej, Ax) }kez =: {(Ek.0, Aro) trez we define a
sequence (of matrix pair sequences) {{(Ek,, Ar;i)}rez};cy by the following procedure. First
we reduce {(Ej, Aki) }rez by Corollary 4.7 to the from (4.6) assuming that the local invari-
ants ry =: 14, hy =: hy;, hy =: hy; and g =: ¢; are constant for all matrix pairs on the whole
interval Z. Then we reduce the so obtained sequence of matrix pairs by one step of ordinary
and one step of reversed index reduction to the form (4.11), which yields the next sequence of
matrix pairs {(Ej i1, Aki+1) }kez. The so obtained sequence of values { (7, hri, hois Gi) bien,
is characteristic for a given equivalence class of sequences of matrix pairs, due to Corollary
3.12, Corollary 4.7 and Lemma 3.34.

Remark 4.9. Under the assumption that the strangeness index and the reversed strange-
ness index of the sequence {(Ej, Ag) }rez are both well defined, all constant rank assumptions
which are required in Remark 4.8 are satisfied, because of Lemma 4.1 and Theorem 4.5.

To define a strangeness index under the assumptions of Remark 4.8 we need a Lemma similar
to Lemma 3.14.

Lemma 4.10. Let the sequences {(rsi, hyi, hoi, @) bien, and {{(Ex,, Akvi)}kEZ}ieNo be defined
as in Remark 4.8. In particular, let the constant rank assumptions (4.10) hold for every step
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of the reduction process in Remark 4.8. Defining the quantities

Tpi = Tf; — Ny + Iy Vi € Ny, (4.12a)
SEi = Tfi — Tfit1 Vi € Ny, (4.12b)
SAji = Tbsi — Thit1 Vi € N, (4.12c¢)

S; ‘= SpitSa; Vi € Ny, (4.12d)

there ezists a p € Ny so that

r; =rank (Ag;) Vie Ny, k€ Z, (4.13a)
Thitl ST Vi € Ny, (4.13b)
Thit1 < Thyi Vi € Ny, (4.13¢)

Spi=Sai=5=0 Vi>p. (4.13d)

Proof. (4.13a) follows directly from (3.6d). Let i € Ny be any non-negative integer. Then
we know from Corollary 4.7 that

(

[
~

By 00 BI]TA A 0 0 )
0 Ihb,z‘*%’ 0 0 0 0 0 0
0 0 I, 0 0 0 0 0
By Ar ~ 4 1 ’
{(Eris Aki) brez 0 0O 0 0 0 0 I, 0
0 0 0 0 0 0 0 ]hf,z‘_(b',
L\ 0 0 0 0] LO 0 0 0 7 kez
(([ED o o00] [AY 0 0 0 ]
0 Ihb,i_‘h 0 0 0 0 0 0
0 0 00 0 0 0 0
= E i 7A T ~ ’
{( kyi+1 k,+1)}k€Z 0 0 0 0 0 0 I, 0
0 0 0 0 0 0 0 Ihf,i*qi
L\ [ 0 0 00 LO 0 O 0 1/ ) ez

This clearly shows that rank (Ej ;1) < rank (Ej;) and rank (Ay ;1) < rank(A;), which
implies (4.13b) and (4.13c). Since we know that both of the sequences {7, }ien, and {7, }ien,

are non-increasing and bounded by zero, they have to become stationary a some point u,
which shows (4.13d). O

The previous Lemma 4.10 leads to the following Definition.

Definition 4.11. Let {(Ex, Ax)}rez be a sequence of matrix pairs. Let the sequence
{(rsi,hpis iy @) ien, (as described in Remark 4.8) be well defined. In particular, let (4.10)
hold for every entry {(Ey;, Ax.i) }rez of the sequence (of sequences of matrix pairs) in Remark
4.8. Then, with the definitions (4.12) we call

w=min{i € Ny | s; =0} (4.14)
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the two-way strangeness index of the sequence of matrix pairs {(Fg, Ax)}rez and of the
associated descriptor system (1.5). In the case that u = 0 we call {(Ex, Ax) }rez and (1.5)
two-way strangeness-free.

Since one step of the iterative procedure described in Remark 4.8 involves one step of ordinary
and one step of reversed index reduction it may happen that the two-way strangeness index
is smaller than the ordinary strangeness index, as shown in the following Example.

Example 4.12. Consider the sequence of (constant) matrix pairs

o = O
o = O
= O O

1
{(Ex, Ap) }rez = 0
0 keZ

With Definition 3.15 we get the sequences

(rf0shso,a0,5) =(2,1,1,1),
(rea,hpasar, s1) = (1,2,1,1),
(rf2,hp2,a2,s2) = (0,3,1,0),
(rs3, hys,as, s3) = (0,3,0,0),
(rfa, hpa,aq,54) = (0,3,0,0),

and thus an ordinary strangeness index of 2. With Definition 4.11, however, we face the
reduction process

1 0 0 0 0 1 1 0
0o 1|,[1 0 ~ 1 o|,]0 0
0 0] |0 I ez 0 0 01 rez
, [0 0] [0 0]
redlrl\cJtlon 10 : 0 0
10 0] [0 1] rez

and thus the sequences

(Tf,()a hf,()a hb,07 4o, "b,0, SE,0,SA,0, 80) = (27 ]-a ]-7 07 27 ]-a ]-7 2)7
(Tf,lu hf,lu hb,ly q1,7v,1, SE,17 SA,I; 81) = (17 17 17 07 17 Ou 07 0)7
(rf,Qa hf,?a hb,27 q2,7p,2,SE2,5A,2, 82) = (17 17 17 07 17 07 O: 0)7

which shows that the two-way strangeness index is 1.

On the other hand, the ordinary strangeness index and the two-way strangeness index can
also coincide as shown in the following example.
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Example 4.13. Consider the sequence of (constant) matrix pairs

{(Bk, Ak) trez =

o O O

1
0
0

o = O

1
, 10
0

O = O

0
0 . (4.15)
1 keZ

With Definition 3.15 we get the sequences

2,1,1,1

)Y )

/rf71’hf717a17 1 1727171 I

( )= ( )
( s1) = ( )
(Tfﬂvhf,??a?? 2) (0737170)7
( s3) = ( )
( ) ( )

Tf07hf07a0750 )

0,3,0,0),
07370’0’

Tf37hf37a37 3

Tf4>hf4aa4754

and thus an ordinary strangeness index of 2 as shown in Example 3.17. With Definition 4.11
however we face the same reduction process. This is due to the fact that the second matrix
in the matrix pair (4.15) has full row rank, and thus every step of reversed index reduction
has no effect. Thus we get the sequences

( )=(2,1,0,0,3,1,0,1),
(1, her, o @asTo1, SE1, Sa1,51) = (1,2,0,0,3,1,0,1),
(rf2,hpo, Moo, @2, b2, SE2, 54,2, 52) = (0,3,0,0,3,0,0,0),
( ) (0,3,0,0,3,0,0,0),

75,00 .05 Pb05 Q05 76,05 SE,05 54,05 50

7f3: g3, P35 43,763, SE,3, 54,3, 53

which shows that the two-way strangeness index is also 2.

In Example 4.13 we have seen that the ordinary strangeness index can be equal to the two-
way strangeness index. However, in Example 4.12 we have seen that the ordinary strangeness
index can be bigger as the two-way strangeness index. Also, we observe that one step of
two-way index reduction involves one step of ordinary index reduction. Thus, it should be
possible to show the following Conjecture.

Conjecture 4.14. 1. Every sequence of matriz pairs with well defined two-way strange-
ness index has well defined ordinary strangeness index.

2. Let the strangeness index |1y, the reversed strangeness index i, and the two-way strange-
ness index fv all be well defined. Then we have 2y > max(py, puy) > fu.
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4.1 Existence and uniqueness of solutions

With the notation of Remark 4.8 we know that for the two-way strangeness index p we have

TEL 0o B [AD AD 0 0 )
0 In,q O O 0 0 0 0
0 0 I, O 0 0 0 0
(B, Arep) } ~ an ;
e 0 0 0 0 0 0 I, O
0 0 0 0 0 0 0 In,,
L\L O o 0o o] Lo 0o 0 0 ) ien
(([EL, 0 00 [4) 0 0o 0 7))
0 In,q 0O [0 0 0 0
0 0 ool |0 00 0
= Wty Ay )} ~ 0 0 00[’|0 071 0
au
0 0 00 |0 0 0 I,y
L\L O o oo Lo oo 0 |/},

But we also know from the definitions (4.12) that rank (Ej ,) = rank (Ej 1) from which

we see that ¢, = 0 and that E,SZL is a matrix with full row rank for all & € Z. From

rank (Ay,) = rank (A ,41), we analogously see that all A,(Cli already have full row rank.
Thus, every sequence with well defined two-way strangeness index can be transformed by p+1
reduction steps and appropriate global equivalence transformations to a two-way strangeness-
free sequence of the form

Eg 0 0] Al 0 0
o I 0 0 0 0
o . . 4.16
{(Ekpt1, Ak ps1) } 0 0O O’ 0 0 Iy, , ’ ( )
0 0 0 0 0 0

keZ

where all A,(:L and all El(ﬂl;i have full row rank. By transformations of the (1,1)-block in (4.16)

one can also achieve that

E) =[I 0] forall k € N,
and (4.17)
A =1 0] forall k < —1.

From (4.16) with (4.17) one can derive a statement similar to Theorem 3.32 for the case
where one wants to get a solution for all k € Z.

Theorem 4.15. Let the two-way strangeness index p of the sequence {(Ex, Ax)}rez as in
(4.14) be well defined. Then the discrete descriptor system (1.5) is equivalent (in the sense
that there is a one-to-one correspondence between the solution/sequence spaces) to a discrete
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descriptor system of the form

ot = AW gh APk >, T i Do (4.182)
N A (1150)
okt = fh o (4.18c)
0=a%+ f¥, B, (4.18d)
0= ff, m =1, —hyy (4.18¢)

where with w, :=n —rs, — hg, we have z§ € C* and each of the inhomogeneities f¥, f¥,
fX. f¥ is determined by the original right hand sides f*=r=1 ... fF ... fFr+ asin (1.5)
for all k € Z. For the problem

Byttt = Aok + fF ke, (4.19)
we also have the following results:
1. (4.19) is solvable if and only if the v, := m—rys,—hy,, consistency conditions conditions
fi=0
are fulfilled for all k € 7.

2. An initial condition x° = I together with (4.19) is consistent if and only if in addition

the hy, + hy, conditions

1) =dy = f5',

x :£3:_f3?7

are satisfied.
3. The corresponding initial value problem is uniquely solvable if and only if in addition
u, =0
holds.

Proof. The proof can be carried out as the proof of Theorem 3.32 by using (4.16) and
(4.17). O
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Chapter 5

Algorithms for linear discrete-time
descriptor systems

In the following some algorithms are proposed, which may be used to solve linear discrete-
time descriptor systems (as described in the Chapters 2, 3 and 4). Some of the algorithms
are only suited for the constant coefficient case, while others may also be used in the variable
coefficient case.

5.1 A method with the Drazin inverse

Theorem 2.20 can be used to compute the solution of a regular linear discrete-time descriptor
system (F,A) € C™" x C™" with constant coefficients. There are two problems that arise
in this case.

1. Typically F and A will not commute. If they do not commute, one first has to deter-

mine an
invertible matrix P such that PEPA = PAPFE, (5.1)

i.e., that PE and PA commute. One of the following approaches can be chosen to
determine such a matrix P:

(a) Lemma 2.23 can be used to compute such a matrix. The problem with this
approach is to determine a proper A (as in Lemma 2.23), such that AE — A is
good conditioned. It is a good idea to choose a A which is nowhere close to any
eigenvalue of A\E — A, so that A\E — A is well conditioned.

(b) One may also employ the Kronecker product to determine such a matrix. For this
note that (5.1) is equivalent to solving the Sylvester equation

EPA = APE, (5.2)

for an invertible P. (5.2) can be rewritten as a system of linear equations, Gy = 0,
using the Kronecker product (see [11]). By calculating a singular value decompo-
sition of G we can then determine a basis of kernel (G). Each of the basis vectors
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can then be reshaped to a matrix P, which solves (5.2). However, we still have to
check if that matrix is invertible. Note that a SVD of G can be obtained by com-
puting an SVD of E and A separately (see [11]), which makes the computation
considerably faster.

The GUPTRI-Algorithm (see [4]) together with the solution of a generalized
Sylvester equation (to decouple the eigenvalue infinity from the finite eigenval-
ues; compare [19]) could be employed to calculate a matrix P with (5.1). To see
this in the real case, let U and V' be orthogonal matrices such that

S\ Er Eu| 7 Ay A
E—Vlo EOO]U, A—V[O AooU’

is in GUPTRI form, i.e., E; is regular and triangular, A; is quasi-triangular,
E, is strict upper triangular and A, is regular and triangular. Following the
approach in [19] we can solve the generalized Sylvester equation

E;Y — ZEy = —E,,
AY — ZAy = —A,.

This equation can be solved uniquely and we obtain matrices Y and Z such that

with
. VA I =Y r
wev 7). e [0
we get
B AEy — Ay 0
)\E—A—W{ 0 )\EOO_AOJT.

Thus, we can rewrite equation (5.2) as
WAET'TPW W AT = W AT ' TPWW ET,
—
—P
which is equivalent to

o el 2t 2ol 2 e

For example, choosing
- [E;Y 0
= f
: { 0 A;J]’

solves equation (5.3), which means that 7-'PW~! solves (5.2). Anyway, the
solution is not unique as one can see by assuming that Ay = 0 and E, = 0 (this
means that we only have the infinite and the zero eigenvalue) in which case every

P = diag (P, P»)

solves (5.3). Thus, the question arises whether there is a solution which is better
conditioned than T-!PW 1L,
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2. To compute the solution with Theorem 2.20 one needs to compute the products APz
and EPz for arbitrary o and also the index of E and A is needed.
Some effort has been made to numerically compute the Drazin inverse [5, 18,20, 21].
One could also compute the Schur form of F or A, respectively and then solve a
Sylvester equation (to decouple the zero eigenvalues from the other non-zero eigen-
values, similar to the approach in [19]) to calculate the Drazin inverse. To see this,

let
_ Sn Su H
E_U[O SZ]U ,

be the Schur decomposition of a matrix E in such a way that S, only has zero eigen-
values and S,, only has non-zero eigenvalues. Following the approach in [19] we can
solve the Sylvester equation

ZS, — SpZ = —=S,.

This equation can be solved uniquely, since S, and .S,, have no common eigenvalues
and we obtain a matrix Z such that with

1 —Z
weufl 7.

we get

1S 070
E_W[O SJW.

Computing the Jordan form of the blocks S, = V,J,V."! and S, = V,J,V, ! shows
that

W 01 0] i
onli 8)fs ]

N— e ——
Z:V ::J

which proves that J is the Jordan canonical form of E. Thus, we know that

-1
EP =WVJPVIIWTl =WV [‘]8 8} vl
oo VST Ve 0] it e[S 0]
_WV[ ; O}v W _W[O O}W ,

which means that we can compute the Drazin inverse of E without computing the
Jordan canonical form.

Anyway, one should remember, that (like with the ordinary inverse) computing EPx
without explicitly computing E? has better numerical properties.
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Looking at Theorem 2.20 we see that for one element of the solution sequence there are many
calculations of the form FPx necessary, which makes the whole procedure very expensive.
Also this method (in general) involves the transformation with (regular but) non-unitary
matrices and it can only be used for regular matrix pencils.
All this shows that this method will be of no practical use.

5.2 A method employing the GUPTRI-Algorithm

The GUPTRI-Algorithm [4] can also be used directly to compute the solution of a regu-
lar linear discrete-time descriptor system (E, A) € C™" x C™" with constant coefficients.
Once we have computed the GUPTRI form we can determine the solution by backward
substitution. Let us therefore assume that

([ |Ey E, Ay A,

s (3 2] [ 2])
already is in GUPTRI form. Also assume for simplicity that (£, A) has no complex eigen-
values, i.e., E; is regular and triangular, Ay is triangular, F is strict upper triangular and
A is regular and triangular. Let us further denote the entries of E' and A by [e;;]ij=1,..n
and [a; ;)i j=1,.n, respectively, and let r be the dimension of the E; and Ay blocks. Then
we know that e;; = a;; = 0 for all ¢« > j. Additionally, we know that e;; = 0 for all

i =r+1,...,n and that a;; # 0 for all ¢ = r + 1,...,n. The equations of the descriptor
system (1.4) belonging to (5.4) can thus be written as

n n
k1 _ k | sk _
g e Ty = g ai i + fi fori=1,...,r, (5.5)
j=i =i
n n
k+1 k | sk ,
E ey = E a; ;s + f7 fori=r+1,...,n. (5.6)
j=i+1 j=t

To solve the equations (5.6) we start with the last equation (i.e., for ¢ = n). This equation
can be written as 0 = a,, ,#* + ¥ which allows for the determination of all ¥, once all right

hand sides are available. More precisely, we have x* —Ji . We further observe that the

n Qan,n

last but one of the equations (5.6) can be written as

k+1 k k k
6n—l,nmn - an—l,n—lxn_l + an—l,nxn + fn_l
1
koo k+1 k k
= Tp 1= —— (en—l,nxn — Gp—1nTy, — nfl)
p—1,n-1
k k+1
= —— | Qn—-1n— —€En—-1n — Jn—-1] -
anfl,nfl n,n n,n
Proceeding in this way we see that we can obtain all z¥ for i = r +1,...,n, once all right

hand sides are available. Note, that by doing so we need the right hand side f¥*"="=1 to
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compute x* +1- Thus, there may be more right hand sides necessary than demanded by the
index, because the AE,, — A, block does not reveal the index.

Given an initial condition for the regular part (5.5) we can also compute the forward solution,
since Fy is regular. A backward solution may also be computed, if we divide the AEy — Ay
block further into a part belonging to the non-zero eigenvalues and a part belonging to the
zero eigenvalues, which is automatically done by the GUPTRI algorithm. The backward
solution can then be found by performing the very same kind of process described above (for
the equations (5.6)) for the zero eigenvalues of AEy — Ay.

Finally, note that the GUPTRI form can also be computed for singular pencils. One could
examine if this GUPTRI form also allows for an easy determination of the solution of such
descriptor systems.

This method will be considerably faster than the one introduced in section 5.1 since we
only have to compute the GUPTRI form and perform backward substitution. Nevertheless,
this method has the drawback that there may have to be n — r — 1 future right hand sides
available, where n — r — 1 is the number of infinite eigenvalues.

5.3 A reduction method

In this section an algorithm is presented, which can also be applied to discrete-time de-
scriptor systems with variable coefficients, as long as the system has a well defined forward
strangeness index and/or a well defined backward strangeness index. The matlab code of
the algorithm can be found in Appendix A and is called solve_dds. We will use the line
numbers on the left side of the algorithm to refer to specific parts of the code and we will use
true-type fonts to reference to parameters, variables and other interna of the code solve_dds
(e.g., Efun means the first parameter of the matlab function in Appendix A).

The code starts in lines 91-101 by first setting up a few variables and then determining if a
forward computation is necessary (result saved in do_forward) and if a backward computa-
tion is necessary (result saved in do_backward).

If the forward computation is necessary, solve_dds first computes the quantities r_f (i+1)
=7y, andh_f(i+1) = hy; asin Remark 3.13 and mu_f = max(sy, 1), where 1 is the forward
strangeness index (in lines 103-128). If the backward computation is necessary solve_dds
also computes the quantities r_b and h_b as in Remark 3.13 for the reversed descriptor
system and mu_b = max(u, 1), where 1, is the reversed strangeness index (in lines 130-155).
mu_f and mu_b are then later updated by the real strangeness indices in lines 225 and 269.

In lines 158-184 all constraints on the initial condition are determined and the initial condi-
tion xhat is altered so that new initial condition is the consistent initial condition which is
closest to the old initial condition. As shown in Corollary 2.21, there are more constraints
on the initial condition if one is looking for a two-way solution. This is represented by lines
160-169 of the code. Later, in lines 186-272 the actual forward and backward solutions are
determined. Finally, in lines 274-281 some terminal computations are done.

The actual core of the algorithm is the function advance_inflated_system, which is needed
for the index determination as well as the computation of the solution. In the following we
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will shortly illustrate the functioning of advance_inflated_system in the forward case.
Note that in every call to advance_inflated_system the matlab cell arrays Ek, Ak and fk
are inserted into the function and are also returned by the function. These cell arrays are
assumed to have y :=mu (parameter to the function advance_inflated_system) entries on
entry and they have p + 1 entries on exit. These cell arrays are interpreted as the entries of
the matrix

_741 lzl __fl
DW= B L
_A,u—l E,u—l _fM—l
-A, E, —f*

where A; := Ak{i}, E; := Ek{i} and f* := fk{i}. Note that this matrix can be generated
with the help of the function dumparray (in line 415). Clearly, any vector

Il

xu—l—l
1

with DM, = 0 gives a sequence {2 }*F! which solves the equations Ejz*! = Az + f# for

i€ {l,...,p}. In lines 294-297 matrix D) is first extended to the matrix

A B —f1
D® = R e
—A, E, —fH
_Au+1 Eu+1 _fqul

where A, := feval (Afun,kact+mu), E,; := feval (Efun,kact+mu) and f**! := feval
( ffun,kact+mu), since we only consider the forward case here. Then advance_inflated
_system performs a singular value decomposition of E,,;; to discover corange (E,41) (in line
301). This yields a matrix U1 with

o)
U Epgpr = { ‘6“] ;

where Eﬁl has full row rank 7. Setting D®) := diag (I,n,, Uyy1) D@ shows that

D¥i,1 =0 & D¥i,, =0,
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where 7,4, is as in (5.7). D® has the form

[—A1 By ]
. . : :
P Ry N
_A/(12+)1 E/L+1 - {L+1
L _Au+1 0 - 5 A
T
In line 319 we then perform a singular value decomposition of A;(i)rl = Uﬁ?lSﬁlVﬁ)l )

Setting D™ := diag (]m,HTf’O, Uﬁ)1>T D®)diag (IW, Vﬁ)l, ]n+1> shows that the solution sets
of D(3)32u+1 = 0 and D(4)9Zu+1 = 0 differ, but there is a one-to-one correspondence between
the sets through a linear mapping, which can be represented by Vﬁ)l. To keep track of this
linear mapping this transformation is stored in line 335, so that we can compute the original

solution later. D™ has the form

(A, B —f]
DY = A E%3)> E%4)> ) A
3 4 1 +11
_{lég)rl _AM+1 EM+1 - ju_H
_SM+1 0 0 - ;
] 0 0 0 —f]

where Sﬁzl has full row and full column rank hyo and EHV(i)l = [Ef;’) Eff)} . Thus, we can

“w
eliminate the entries above —S 22421 which yields the matrix

(A1 By —' ]
Do) _ A0 B
ru+1
0(2) _AI(H)-l El(l-gl — I i
X ru+1
-S0 0 - ;*1
I 0 0 0 —f"]

This is done in lines 337-345. One can see that we have computed the form (3.13) for the
single matrix pair (E, 11, A,11). This process, which leads from D® to D® | is then repeated

[
upper left matrix pair is reached. This final matrix pair is then handled in the lines 347 -
396. Call this final matrix D).

We see that due to the structure of the main program all matrix pairs in D) already have
been reduced at least once. The process leading from DM to D© reduces all matrix pairs
once again. Thus, the upper left matrix pair in D has been reduced p + 1 times. As

for the next matrix pair ([0 E(ﬂ ,A,). This is done over and over again until the final
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we know from (3.26) p + 1 reductions suffice to obtain a strangeness-free from, once p is
the forward strangeness index. Thus, the upper left matrix pair in D©® can be used to
compute one iterate of the solution, which is done in lines 237 - 252. In these lines the
consistency conditions on the inhomogeneity are ignored and the undetermined components
of the solution are set to zero.

5.3.1 Numerical results

To present numerical results, we consider a linear differential-algebraic equation from [8],
namely

[(1) —Ot] = [_01 é] o) + [t Tlcr;g()t)] ,for t € [=7:17]. (5.8)
As shown in [8] on page 57,

t2 + t cos(t) — t2 cos(t) 1 (5.9)

x(t) = lt + cos(t) — sin(t) — ¢ cos(t)

is the only solution of (5.8). This means that there is also only one consistent initial condition.
Note that (5.8) is a special case of (1.7). Thus, we know that by discretizing (5.8) with the
explicit Euler method and the equidistant grid

o< —2h<—-h<0<h<2h<..., (5.10)
for some step size h € R yields the discrete-time descriptor system
0 O] 4,1 |1 kh| 4 khsin(kh)
L/h —k] = L/h k| T kb + cos(kh) | K EE (5.11)

Solving this discrete-time descriptor system with the algorithm from Appendix A for a given
h on the discrete interval Z N [57; 1] yields an approximation to the actual solution (5.9).
Figures 5.1 and 5.2 show the exact solution (5.9) and the approximation for several step sizes
h. One can clearly see how the approximation gets better as the step sizes gets smaller.
In any case only one solution was found and although an inconsistent initial condition was
given to the algorithm from Appendix A (parameter xhat) the algorithm found the only
consistent initial condition.

In table 5.1 the runtime and the approximation errors of the algorithm form Appendix A
are shown for different step sizes h. The runtime in seconds relates to a 64bit processor
from Intel with 2.13GHz. The @ solution difference value is the average error between the
iterates of the solution computed from (5.11) with the help of the algorithm from Appendix
A and the exact solution of (5.8), i.e., (5.9). The maz. solution difference value is the
maximum error between the iterates of the solution computed from (5.11) with the help of
the algorithm from Appendix A and the exact solution of (5.8), i.e., (5.9).

One clearly sees how the errors are proportional to the step size h. Also the runtimes seem
to be inverse proportional to the step size h. Thus, the explicit Euler method is convergent
of order one, when applied to the differential-algebraic equation (5.8).
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Figure 5.1: Discretization with h =1 and h = 0.5
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Figure 5.2: Discretization with h = 0.1 and h = 0.01
h runtime in | @ solution difference | max. solution difference
seconds
1 0.01305 6.7431 31.945
0.5 0.02230 2.9053 13.926
0.1 0.09910 0.51967 2.3753
0.05 0.1944 0.2565 1.1601
0.01 0.9677 0.050795 0.22757
0.001 10.96 0.0050684 0.022657
0.0001 | 362.75 0.00050673 0.002265

Table 5.1: Runtime and approximation errors for different step sizes h
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Chapter 6

Summary

In this diploma thesis some concepts from the book [8] are transferred to the discrete-
time case. In chapter 2 we discuss linear discrete-time descriptor systems with constant
coefficients. This is done in terms of the Kronecker canonical form and afterwards in explicit
form in analogy to [8]. In chapter 2 we already note that one may distinguish three cases
of (linear) discrete time descriptor systems. The first case is the forward case, i.e., the case
where one has an initial condition given at point ky € Z and only wants to get a solution for
indices k > k. The second case is the backward case, i.e., the case where one has an initial
condition given at point ky € Z and only wants to get a solution for indices k& < ky. These
first two cases are closely related, since the first case can be transferred into the second one
by a variable substitution. The third case is the two-way case, i.e., the case where an initial
condition is given at some point kg € Z but one is looking for a solution for indices k > k as
well as for indices k < ky. This case puts stronger restrictions on the initial condition, i.e.,
the set of consistent initial conditions in the third case is smaller than in the first or second
case.

In chapter 3 we then move on to descriptor systems with variable coefficients. We first
identify the local characteristics of such systems. Then, with the help of some constant rank
assumptions, we derive a canonical form, which allows for statements about the existence
and uniqueness of solutions for variable coefficient descriptor systems in the forward case. To
achieve this canonical form one has to employ global equivalence transformations and shifts
of equations. The shift is the discrete-time analogon to the differentiation in the continuous-
time case. A strangeness index is defined, which counts the number of shifts necessary to
obtain the canonical form. In section 3.2.1 the inflated descriptor system is introduced and it
is shown (analogous to [8]) that, under some constant rank assumptions, one can determine
the characteristics of the original systems once one knows the local invariants of the inflated
systems. Section 3.3 discusses how to carry over the results from the forward case to the
backward case.

Chapter 4 is devoted to the combination of the forward and backward base. Here even
stronger constant rank assumptions are introduced, which make it possible to obtain a two-
way canonical form. With this two-way canonical form one can make statements about
the existence and uniqueness of solutions in the two-way case. A new strangeness index is
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defined for systems, which satisfy this stronger constant rank assumptions.

Finally, in chapter 5 two algorithms for descriptor systems with constant coefficients and
one algorithm for descriptor systems with variable coefficients are introduced. The first
algorithms will never be used. The second one may be fast enough but it does not respect
the actual index of the descriptor system. The third algorithm seems to be the appropriate
one.

6.1 Outlook

We have only considered the general linear discrete-time descriptor system, but other special
cases might also be interesting, for example the periodic time-variant case, which is consid-
ered in [17]. Another interesting topic would be polynomial descriptor systems, i.e., systems
of the form

Ag)xk*l +...+ fl,i”:);"”rl + A,(Co)xk =0 for k € Z,

although the theory might get very complicated for such systems. For such systems one
could also investigate the associated control problem, which has already been done for non-
polynomial descriptor systems (e.g., [10, 15, 22]).

The constant rank assumptions (3.12) make it possible to obtain the canonical form (3.26).
One can relax these assumptions, similar to Hypothesis 3.48 in [8]. Then, it should be possible
to create an algorithm that computes the solution of a linear discrete-time descriptor system
under these relaxed assumptions.

It would be interesting to investigate the discretization of linear continuous-time descriptor
systems (i.e., differential-algebraic equations) and connections between properties of the
original continuous-time descriptor system and the discretized descriptor system. Another
thing one could do is the derivation of a canonical form similar to the one in Theorem 3.20
for the two-way reduction process. Having obtained such a canonical form one could try to
prove Conjecture 4.14.

Other topics, which are commonly examined for linear systems of the form z*+! = A,zF 4 f*,
also make sense for discrete-time descriptor systems. Such topics include Stability and
Stochastic Systems (see [7,9]).

Finally, of course, non-linear descriptor systems also have to be considered.
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Appendix A

Matlab Code

Note that although the following matlab code works, there are major improvements neces-
sary. For example, it is not always necessary to compute the singular value decompositions of
the whole matrix in the function advance_inflated_system. Also, there may occur an division
by zero error in line 243 and line 199 for underdetermined systems, which can be avoided.
The file can be downloaded from http://www.math.tu-berlin.de/ bruell/matlab/.

/% solve_dds Compute a solution of a discrete-time descriptor system.

NN R NN I T NI I I N I I NN I I I I N N NN

solve_dds (Efun,Afun, ffun,kb,k0,kf,zhat,tol) tries to compute the
tterates z_kb , ... , z_kf of a solution of one of the discrete-time
descriptor systems

(1) E_k z_{k+1} = A_k z_{k} + f_k for kb <= k <= infty

(2) E_k z_{k+1} = A_k z_{k} + f_k for -infty <= k <= kf

(3) E_k z_{k+1} = A_k z_{k} + f_k for -infty <= k <= 4nfty
along with zhat = z_{kO0O},

where the matrices E_k and A_k and the wvector f_k are obtained by
evaluation the function Efun, Afun and ffun, respectively, i.e.
E_k = feval( Efun, k ), A_k = feval( Afun, k ),
f_k = feval( ffun, k ).
If no such solution exists, the right hand side f_k is changed so
that a solution exists. If there are multiple solutions, one
solution ts selected. If the initial wvalue ’zhat’ s <nconsistent,
the consistent initial value <s chosen which ts closest to
’ghat ’ (in the 2-norm).
If the constant rank assumptions form [1] are not satisfied an
error message ts t1ssued and the algorithm is aborted, although
there might still exztist a solutzon.

If kb == kO and kO < kf equation (1) %s considered.
If kb < kO and kO == kf equation (2) %s considered.
If kb < kO and kO < kf equation (3) %s considered.
If kb == kO and kO == kf no equation %s considered and no real

computations are performed.

Input parameters:
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31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
o1
92
53
54
95
56
o7
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82

I NI I N N I I NI I I NI I N I I N R I I I I I N I I I NI I N I I I NI I I N I N NN NN

Efun

Afun

ffun

kb
kO

kf
zhat

tol

A function handle or name
one input parameter k and

A function handle or name
one input parameter k and

A function handle or name
one input parameter k and

of a function that
returns the matric

of a function that
returns the matric

of a function that
returns the wvector

The index of the first tterate to compute.

The index, where to apply

takes
E_k.

takes
A_k.

takes

fok.

the initial condition.
kO has to satisfy kb <= k0O <= kf.
The index of the last tterate to compute.

The desired wvalue of the solution at <iterate

Tolerance, below which a singular wvalue %s considered

zero.

Output parameters

Tsunique

r_f

mu_b

Reference:

The solution iterates xz_kb

; +.. , T_kf stide

z_kO.

by side

in a matriz. Thus, z(:,k-kb+l1) represents the z_k
iterate of the solution. z(:,1) represents the z_kb
iterate and z(kf-kb+1) represents the z_kf titerate.

This 1is set to 1 2f there is only one unique
solution and to O otherwise.

The sequence of the r_f as

in [1]. Note that

corresponds to r_{f,i-1} in the forward-only
reduction process as descrtbed in [1].

The sequence of the h_f as

in [1]. Note that

corresponds to h_{f,i-1} 4n the forward-only
reduction process as described in [1].

r_f (i)

h_f (i)

The forward strangeness index of the system as

defined <n [1].

The sequence of the r_b as in [1]. Note that r_b (%)

corresponds to r_{b,i-1} in the backward-only

reduction process as descrtbed in [1].

The sequence of the h_b as in [1]. Note that h_b (%)

corresponds to h_{b,i-1} in the backward-only

reduction process as described in [1].

The backward strangeness index of the system as

defined <n [1].
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83 /4 [1] Bruell, T.

84 7 Linear discrete-time descriptor systems;
8 7 Diploma-Thesis (2007);

86 7% http://www.math.tu-berlin.de/ " bruell

87 %

88 function [x,isunique,r_f,h_f,mu_f,r_b,h_b,mu_bl=...

&9 solve_dds (Efun,Afun,ffun,kb,k0,kf,xhat,tol)
90

91 r_f=[1; h_£f=[1;
92 mu_f = 0;
93 r_b=[1; h_b=[];
94 mu_b = 0;

95

96 dimmat = feval( Efun, kO );

97 [m,n] = size(dimmat);

98 clear dimmat;

99

100 do_forward = ( k0 < kf );

101 do_backward = ( kO > kb );

102

103 if ( do_forward )

104 Ek_f = {};

105 Ak_f = {};

106 Qk_f = {};

107 fk_f = {};

108

109 kact = kO;

110

111 % determine the forward indez
112 haveindex = 0;

113 while( “haveindex )

114 [Exk_f ,Ak_f ,Qk_f ,fk_f,r_f,h_fl=advance_inflated_system...
115 (Efun,Afun,ffun,m,n,Ek_f ,Ak_f ,Qk_f ,fk_f,kact ,mu_f,r_f,h_f,tol,0);
116

117 if( ( mu_f >= 1 && r_f(mu_f+1) == r_f(mu_f) ) )
118 haveindex = 1;

119 else

120 mu_f = mu_f + 1;

121 end

122 end

123

124 r_mu_f = r_f(mu_£f+1);

125 h_mu_f = h_f(mu_f+1);

126 else

127 rmu_f = -1; h_mu_f = -1;

128 end

129

130 if ( do_backward )

131 Ek_b = {};

132 Ak_b = {};

133 Qk_b = {};

134 fk_b = {};
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135

136 kact = k0-1;

137

138 J determine the backward index

139 haveindex = 0;

140 while( “haveindex )

141 [Ek_b,Ak_b,Qk_b,fk_b,r_b,h_bl=advance_inflated_system...
142 (Afun ,Efun,ffun,m,n,Ek_b,Ak_b,Qk_b,fk_b,kact,mu_b,r_b,h_b,tol,1);
143

144 if( ( mu_b >= 1 && r_b(mu_b+1) == r_b(mu_b) ) )
145 haveindex = 1;

146 else

147 mu_b = mu_b + 1;

148 end

149 end

150

151 r_mu_b = r_b(mu_b+1);

152 h_mu_b = h_b(mu_b+1);

153 else

154 r_mu_b = -1; h_mu_b = -1;

155 end

156

157 7 find all constraints that the initial condition has to fulfill
158 constraintA = zeros(0,n);

159 constraintf = zeros(0,1);

160 if ( do_forward )

161 constraintA = [constraintA;-Ak_f{1}(r_mu_f+1:r_mu_f+h_mu_f,:)...
162 *Qk_f{1}°71;
163 constraintf = [constraintf; fk_f{1}(r_mu_f+1:r_mu_f+h_mu_£f)];
164 end

165 if ( do_backward )

166 constraintA = [constraintA; Ak_b{1}(r_mu_b+l:r_mu_b+h_mu_b,:)...
167 *Qk_b{1}°]1;
168 constraintf = [constraintf; fk_b{1}(r_mu_b+l:r_mu_b+h_mu_b)];
169 end

170

171 7 find the consistent initial condition that is closest to the given
172 7 one
173 [U,S,V] = svd(constraintlA);

174 cnum = rank(S); % compute the number of constraints
175 cnum

176

177 ytilde = zeros(n,1);

178 xtilde = V’ * xhat;

179 ftilde = U’ * constraintf;

180

181 ytilde (1:cnum) = S(l:cnum,1:cnum) \ ftilde (1:cnum);
182 ytilde(cnum+1:n) = xtilde(cnum+1l:n);

183

184 xhat = V * ytilde;

185

186 if( do_forward )
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187 kact = kO;

188

189 xtt_old = (Qk_f{1})’ * xhat;

190

191 4 start forward solver

192 for i=1:(kf-k0)

193 xtt = zeros(n,1);

194

195 xtt(1:h_mu_f) = -Ak_f{2}(r_mu_f+1:r_mu_f+h_mu_f,1:h_mu_f)\...
196 fk_f{2}( r_mu_f+1 : (r_mu_f+h_mu_f) );
197

198 xtt(h_mu_f+1:h_mu_f+r_mu_£f) =

199 Ek_f{1}(1:r_mu_f ,h_mu_f+1:h_mu_f+r_mu_f)\(...
200 Ak_f{1}(1:r_mu_£f,:) * xtt_old

201 + fx_f{1}(1:r_mu_£f) ...

202 - Ek_f{1}Y(1l:r_mu_f,:) * xtt );

203

204 /4 choose a solution

205 xtt(h_mu_f+r_mu_f+1:n) = zeros(n-r_mu_f-h_mu_£f,1);
206

207 x(1:n, kO-kb+i+1) = (Qk_f{2}) * =xtt;

208 xtt_old = xtt;

209

210 % proceed one step

211 kact = kact+1;

212 for i=1:prod(size(Ek_f))-1

213 Ek_f{i}=Ek_f{i+1};

214 Ak _f{i}=Ak_£f{i+1};

215 fk_f{i}=fk_f{i+1};

216 Qk_f{i}=Qk_f{i+1};

217 end

218 [Ek_f ,Ak_f ,Qk_f,fk_f,r_f,h_fl=advance_inflated_system..
219 (Efun,Afun,ffun,m,n,Ek_f ,Ak_f ,Qk_f ,fk_f,kact,mu_f,r_f, h f,to0l,0);
220 end

221

222 4 compute the _real_ forward strangeness index (i.e. as in [1])
223 for i=length(r_f)-1:-1:1

224 if ( r_f(i) == r_f(i+1) )

225 mu_f = i-1;

226 end

227 end

228 end

229

230 if( do_backward )

231 kact = k0-1;

232

233 xtt_old = (Qk_b{1})’ * xhat;

234

235 s start backward solwver

236 for i=0:(k0-kb-1)

237 xtt = zeros(n,1);

238
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239 xtt(1:h_mu_b) = Ak_b{2}(r_mu_b+1l:r_mu_b+h_mu_b,1:h_mu_b)\...

240 fk_b{2}( r_mu_b+1 : (r_mu_b+h_mu_b) );
241

242 xtt(h_mu_b+1:h_mu_b+r_mu_b) =

243 Ek_b{1}(1:r_mu_b,h_mu_b+1:h_mu_b+r_mu_b)\(
244 Ak _b{1}(1:r_mu_b,:) * xtt_old

245 - fk_b{1}(1l:r_mu_b) ...

246 - Ek_b{1}Y(1l:r_mu_b,:) * xtt );

247

248 / choose a solution

249 xtt(h_mu_b+r_mu_b+1:n) = zeros(n-r_mu_b-h_mu_b,1);
250

251 x(1:n, k0-kb-i) = (Qk_b{2}) * =xtt;

252 xtt_old = xtt;

253

254 /4 proceed one step

255 kact = kact-1;

256 for i=1:prod(size(Ek_b))-1

257 Ek_b{i}=Ek_b{i+1};

258 Ak_b{i}=Ak_b{i+1};

259 fk_b{i}=fk_b{i+1};

260 Qk_b{i}=Qk_b{i+1};

261 end

262 [Ek_b,Ak_b,Qk_b,fk_b,r_b,h_bl=advance_inflated_system...
263 (Afun ,Efun,ffun,m,n,Ek_b,Ak_b,Qk_b,fk_b,kact ,mu_b,r_b,h_b,tol,1);
264 end

265

266 4 compute the _real_ backward strangeness index (i.e. as in [1])
267 for i=length(r_b)-1:-1:1

268 if( r_b(i) == r_b(i+1) )

269 mu_b = i-1;

270 end

271 end

272 end

273

274 if( ( “do_forward || r_mu_f + h_mu_f == n ) &&

275 ( "do_backward || r_mu_b + h_mu_b == n ) )

276 isunique = 1;

277 else

278 isunique = 0;

279 end

280

281 x(:,k0-kb+1) = xhat;

282

283

284

285 function [Ek,Ak,Qk,fk,r,h]=advance_inflated_system...
286 (Efun,Afun,ffun,m,n,Ek,Ak,Qk,fk,kact ,mu,r,h,tol,backward)
287

288 if ( backward )

289 signed_mu = -mu;

290 else
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291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342

signed_mu = mu;
end

Ek{mu+1} = feval( Efun, kact+signed_mu );
Ak{mu+1} = feval( Afun, kact+signed_mu );
Qk{mu+1} = eye(n);

fk{mu+1} = feval( ffun, kact+signed_mu );

for j=mu:-1:1
% calculate a svd of E
[U,S,V] = svd(Ek{1+j}); 7% Ek == U * S * V’

% determine the rank (only for sure)
loc_r = sum( getdiag(S) > tol );
if( loc_r "= r(mu-j+1) )
error ([’rynotinvariant!,,(k=’,num2str (kact),’,loc_r=’,...
num2str (loc_r),’ ,r(’,num2str (mu-j+1),’)=",...
num2str (r(mu-j+1)),’)’1);
end

4 apply transformation

SC (loc_r+1):m, : ) = zeros(m-loc_r,n);
Ek{1+j} = S % V’; ) = U’* Ekact

Ak{1+j} U’x Ak{1+j};

fk{1+j} U’ fk{1+j};

% calculate a svd of A
A2 = Ak{1+j}( loc_r+1l:m, : );
[U,S,V] = svd(A2); J Ak == U * S % V~’

% determine the rank (only for sure)
loc_h = sum( getdiag(S) > tol );
if( loc_h "= h(mu-j+1) )
error ([’hynot invariant!,,(k=’,num2str (kact),’,loc_h=’,...
num2str (loc_h),’,h(’ ,num2str (mu-j+1),’)=",...
num2str (h(mu-j+1)),’)’1);
end

4 apply transformation

S( loc_h+1:m-loc_r, : ) = zeros(m-loc_r-loc_h,n);
Ek{j} = Ek{jI*V;

Ak{1+j}( loc_r+1:m, : ) = S;

Ak{1+j}( 1:1loc_r, : ) = Ak{1+j}(C 1:loc_r, : ) * V;
fk{1+j}( loc_r+1:m, : ) = U’x fk{1+j}( loc_r+1l:m, : );
Qk{1+j} = Qk{1+j}*V;

/ do block elimination (in A)

fk{1+j}(1:1oc_r) = fk{1+j}(1:1loc_r) - Ak{1+j}(1l:loc_r,1:1loc_h)*...

(S(1:loc_h,1:1loc_h)\fk{1+j}((loc_r+1):(loc_r+loc_h)));
Ak{1+j}(1:1loc_r,1:1loc_h) = zeros(loc_r,loc_h);

/ do block elimination (in E)
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343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394

fk{j}t(1:1loc_r) = fk{j}(1:loc_r) + Ek{j}(1l:loc_r,1:1loc_h)*...
(S(1:loc_h,1:1loc_h)\fk{1+j}((loc_r+1):(loc_r+loc_h)));
Ek{j}(1:1loc_r,1:1loc_h) = zeros(loc_r,loc_h);

end
[U,S,V] = svd(Ek{1}); / Ek == U * S * VUV’

/4 determine the rank
loc_r = sum( getdiag(S) > tol );
if ( length(r) >= mu+l )
if( loc_r "= r(mu+1) )
error ([’rynot invariant !, (k=’,num2str (kact),’,loc_r=’,...
num2str (loc_r),’ ,r(’ ,num2str (mu+1),’)=",...
num2str (r (mu+1)),’)’1);
end
else
r(mu+1l) = loc_r;
end

% apply transformation

S( r(mu+1)+1:m, : ) = zeros(m-r(mu+l),n);
Ek{1} = S % V’; ) = U’* Ekact
Ak{1} = U’x Ak{1};

fk{1} = U’* fk{1};

A2 = Ak{1}( r(mu+1)+1:m, : );
[U,8,V] = svd(A2); J Ak == U * S * V~’

J determine the rank
loc_h = sum( getdiag(S) > tol );
if( length(h) >= mu+l )
if( loc_h “= h(mu+1) )
error ([’hynotyinvariant !, (k=’,num2str (kact),’,loc_h=’,...
num2str (loc_h),’ ,h(’,num2str (mu+1),’)=",...
num2str (h(mu+1)),’)’1);
end
else
h(mu+1) = loc_h;
end

% apply transformation

SC h(mu+1)+1:m-r(mu+1), : ) = zeros(m-r(mu+1)-h(mu+1) ,n);
Ex{1} = Ek{1};

Ak{1}( r(mu+1)+1:m, :
Ak{1}( 1:r(mu+1), : )
fk{1}( r(mu+1)+1:m,
Qk{1} = Qk{1} * V;

= S;
Ak{1}( 1:r(mu+1), : ) * V;
= U’*x fk{1}( r(mu+1)+1:m, : );

~ || ~

/4 eliminate in A

fk{1}(1:r(mu+1)) = fk{1}(1:r(mu+1)) - Ak{1}((1:r(mu+1),1:h(mu+1))*...

(S(1:h(mu+1),1:h(mu+1))\fk{1}((r(mu+1)+1) : (r(mu+1)+h(mu+1))));
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395 Ak{1}(1:r(mu+1),1:h(mu+1)) = zeros(r(mu+l),h(mu+1));
396

397

398

399 J Returns the diagonal elements of a matriz in a vector.
400 function x=getdiag(A)

401

402 if( size(A,1) > 1 && size(A,2) > 1)

403 x = diag(A);

404 else

405 if ( prod(size(A)) > 0 )

406 x = A(1,1);

407 else

408 x = []1;

409 end

410 end

411

412

413 % Dumps the inflated descriptor system represented by the arrays
414 7% Ek, Ak and fk.

415 function dumparray (Ek,Ak,fk,m,n)

416 outsys = zeros(0,n);

417 outf = [1;

418 for i=1:prod(size (Ek))

419 outsys = [ outsys , zeros((i-1)*m,n); .

420 zeros(m,(i-1)*n) , -Ak{i}, Ek{i} 1;
421 outf = [outf;-fk{il}];

422 end

423 [outsys, outf]
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