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SUPRACONVERGENCE OF A FINITE DIFFERENCE
SCHEME FOR ELLIPTIC BOUNDARY VALUE PROBLEMS
OF THE THIRD KIND IN FRACTIONAL ORDER SOBOLEV
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E.EMMRICH! and R.D. GRIGORIEFF!

Abstract — In this paper, we study the convergence of the finite difference discretiza-
tion of a second order elliptic equation with variable coefficients subject to general
boundary conditions. We prove that the scheme exhibits the phenomenon of supra-
convergence on nonuniform grids, i.e., although the truncation error is in general of
the first order alone, one has second order convergence. More precisely, for s € (1/2,2]
the optimal order O(h?®)-convergence of the finite difference solution and its gradient
appears if the exact solution is in the Sobolev — Slobodetskij space H***(£2). All error
estimates are strictly local.

Another result of the paper is a close relationship between finite difference scheme
and linear finite element methods combined with a special kind of quadrature. As
a consequence, the results of the paper can be viewed as the introduction of a fully
discrete finite element method for which the gradient is superclose, i.e., the error of
the approximate gradient with respect to the linear interpolation of the solution u is
of the second order if u € H3(Q2). A numerical example is given.
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1. Introduction
We consider the discretization of the differential equation

Au = —(auy), — (buy), +cu=f in QCR? (1.1)
subject to the boundary conditions of the third kind

Bu = au,n, + buyn, +au=1 on I':=0Q (1.2)

by finite differences defined on a generally nonuniform rectangular grid Qp on the domain
Q, which is assumed to be a union of rectangles. Here 7, and 7, denote the components of
the outer normal on I'.

The main aim of the paper is to study the behaviour of the finite difference solution for
a sequence of variable grids Qy, H € A, with the maximal mesh size Hpax converging to
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Supraconvergence of a finite difference scheme 155

zero. The grids are assumed to be quasi-uniform except for the cases of s = 1 and s = 2,
where no restriction is placed on the nonuniformity. Under these circumstances the scheme
is, in general, only first order consistent. Our aim is to show that nevertheless the finite
difference solution and its gradient are one order more accurate. This property of the FDM
is usually called supraconvergence (see [24]). More precisely, we prove optimal convergence
rates O(h®), s € (1/2,2], of the scheme for weak solutions u belonging to the fractional order
Sobolev — Slobodetskij space H'™#(Q). It is shown that the gradient is also approximated
with the same order. The error estimates are strictly local as is desirable when working with
nonuniform grids.

Supraconvergence results for two-dimensional elliptic problems were obtained by several
authors. Some basic studies can be found in [29]. In [33] the Laplacian in a square domain
subject to Neumann boundary conditions and in [5] a general second order elliptic equation
in a polygonal domain subject to Dirichlet boundary conditions were considered. In both
papers the solution was assumed to be smooth, i.e., that u belongs to C*(Q).

It is known from the finite elements that the second order convergence in the Lo-norm has
already been obtained for solutions v € H3(2), which is optimal with respect to the smooth-
ness assumed. The aim of many papers was to establish also for finite difference schemes
the convergence rates that are optimal with respect to the smoothness of the solution, even
in the case of a less smooth solution u € H* () with ¢ < 3. Major steps in this direction
can be found in [20], [23] and [38], where finite difference schemes on uniform meshes for
different types of (positive definite) elliptic equations in a rectangular domain subject to
Dirichlet boundary conditions are considered. Third kind boundary conditions are analyzed
in [21], where apart from the logarithmic factor the second order convergence was proved for
u € H3(Q2). A weaker typical smoothness assumption is u € H**(Q) with s > 0 ensuring
that the pointwise restriction of u on the mesh makes sense, but even s > —1/2 was con-
sidered in [28]. The convergence is usually studied in discrete analogues of Sobolev spaces.
Relying on another method of analysis, domains with a curved boundary are admitted in
[11]. Other authors, see [16] and [22], concentrate on handling equations with nonsmooth co-
efficients or on obtaining convergence in discrete L,-norms (see [38]). An excellent overview
has recently been given in [16] and also in [17], where the analysis can be found in detail. In
[7] the supraconvergence was analyzed based on the maximum principle.

Finite differences on nonuniform meshes for the Laplacian in a square with solutions
u € H$(Q) are considered in [40] for s = 2 and in [3] and [19] for s € [1,2]. The idea in
these papers is to add a correction to the standard finite difference scheme on uniform grids
that makes the scheme second order accurate also on nonuniform meshes. This disagrees with
the result of the present paper that no correction is needed to prove the same convergence
order as on uniform meshes, i.e., supraconvergence takes place. Our kind of analysis works
fine in the case of Dirichlet boundary conditions (see the forthcoming paper [6]). We consider
here the more complicated boundary conditions of the third kind, which were studied in [3]
for s = 2 on nonuniform meshes in rectangular domains. Also mixed derivative terms could
be included in the differential operator A. For ease of presentation we restrict ourselves to
the present simpler case. Problems with mixed derivatives were studied with the aid of the
maximum principle for smooth solutions u in [34].

A one-dimensional version of the results obtained in this paper was published in [1]. In
the one-dimensional case, several authors studied the supraconvergence (see [8-10,15,24,32,
37]). Also for hyperbolic and parabolic equations the supraconvergence was considered (see
[2,18,29,39,42]).
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156  E. Emmrich and R. D. Grigorieff

In the proofs we prefer to work with the usual norms in the Sobolev — Slobodetskij
spaces thus avoiding the uncomfortable discrete versions of these norms. Also, we find it
helpful in the analysis to establish equivalence with the linear finite element method on the
standard triangulation T associated with the rectangular grid Q5 combined with a special
kind of quadrature. In fact, this relation opens up the possibility of expressing the discretized
boundary conditions, always a problem for finite difference methods if conditions of the third
kind are involved, in a reasonable form. As a consequence, the second order convergence of
the gradient in the finite difference scheme is nothing but the supercloseness ([36], [41, p. 80])
of the gradient of the fully discrete FEM approximation, i.e., it is second order accurate to
the linear interpolation @ yu on Ty of the exact solution u. Several recovery techniques for
the gradient are based on the supercloseness property (see [12-14,25,26,30,43,44] and the
references in [27]). In the supercloseness results involved in these papers the meshes are
either completely uniform or a smooth transformation of a uniform mesh when working on
nonuniform meshes. We want to point out the significant difference in the behaviour of the
scheme on uniform and nonuniforms grids, which can be well seen from the finite difference
presentation: while on the former grids the truncation error is of the second order and
smoothly varying from grid point to grid point, it is of the first order and strongly oscillating
on the latter. In most cases the Dirichlet conditions were considered, but in [13] and [36] also
boundary conditions of the third kind are admitted. The order of the supercloseness in the
latter case is then reduced to O(h*?). In [30], the finite element scheme is fully discrete. It is
obtained with the aid of a second order accurate quadrature formula, while our quadrature
formulas are only of the first order. Recently, the supercloseness has been studied in [31] for
nonconforming finite elements.

The paper is organized as follows. In Section 2 we describe the finite difference method for
problem (1.1), (1.2). In the next section an equivalent linear FEM with quadrature for which
stability is easy to obtain is introduced. In Section 4 the crucial estimate for the truncation
error is proved for the low regularity case s € (1/2, 1], from which, together with the stability,
the first convergence result in Theorem 4.1 follows: the H!-norm of the discretization error
Qu(u—ug) is of order O(HE ) provided u is in the Sobolev — Slobodetskij space H'**(2).
Our supraconvergence result, i.e., that the same convergence result holds also for s € (1, 2],
is stated in Theorem 5.1 and proved in Section 5. In this section it is also shown that in
general supraconvergence does not take place in the case of the right-hand side f € H'(Q)
in (1.1) if pointwise restriction on the grid Qy is used in place of the integral average (2.3)
below. But the pointwise restriction can be taken if f € H*(2),s > 1 (see Remark 5.4). In
Section 6 we give some numerical results. Some notations are given in an appendix.

2. The finite difference scheme

In this section, we set up the discretization of (1.1) and (1.2). We first introduce a generally
nonequidistant rectangular grid Q. Let h = {h;};ez and k = {k¢}sez be two sequences of
mesh sizes, i.e., of positive numbers. We define the grid

ﬁ:{l‘jERi $j+1:$j+hj,j€Z}

with ¢ € R given and the corresponding grid Ry with the mesh size vector k in place of h
and g, in place of xy. Points in the middle between two adjacent grid points are denoted
by xj11/2 == x; + h;/2 and xj_1/9 = x; — hj_1/2(= x(j_1)41/2) and, respectively, in the

Bereitgestellt von | Technische Universitat Berlin
Angemeldet
Heruntergeladen am | 15.10.18 15:35



Supraconvergence of a finite difference scheme 157

y-direction. Let Ry be the two-dimensional rectangular grid
Ry = Ry x R} C R?

and define QH = Q HRH, FH =T HRH, QH = QQRH (: QH U FH) The gI’ld QH is
assumed to satisfy the condition that the vertices of € are in I'y.

For the formulation of the finite difference approximation we use the centered finite
difference quotients

1/2 . J+1/2,¢ Jj—1/2,¢ 1/2 . J+1,0 yR4
(5:(t/ )U)j’g = and ((5£/ )U)j_,_l/g’g =
Lj+1/2 — Tj-1/2 Tj+1 — Ty

Here v, = v(x;,y) and vji120 = v(zj41/2,y¢) for the functions v defined on Q. The
operators also apply for the grid functions vy € Wy, the space of functions defined on Qp,
if the final result makes sense. The definition of 51(,1/ 2 ete. is analogous. If it is convenient
we also use the notation vp := vy (P) for P € Qp. Then we approximate the differential
operator (1.1) by

Aug = =802 (@60 uyg) = 50D (460 Du) + un = fu in Q. (2.1)
We assume that the coefficients of A belong at least to C'(Q) to ensure that Agug is well-
defined. We also assume that at least o,1) € C(I') and f € Ly(2). Further assumptions will
be imposed later. The right-hand side fz in (2.1) is obtained by averaging f in the following
way: for a point P = (x;,y,) € Qg let xp == x;,yp := y, and

Op = (Tj—12, Tj41/2) X (Ye—1/2, Yes1/2) N, wp = [ap|, (2.2)
where [op| denotes the measure of op. Then

1

fpi= o fz,y)dV. (2.3)

Op

In Section 5 we will also consider the possibility of taking fy to be the pointwise restriction
of f on the grid Qy. The pointwise restriction of the function v on the grid Qg will be
denoted by Rpyv. If it is clear from the context, we often write only v in place of Ryv.

The right-hand side ¢ of the boundary condition is simply approximated by its restriction
to the points in I'y. In the case s € (1/2, 1], we can also take (see Remark 4.2)

’QDP = é/lﬂ(l’,y) dO', P e FH; (24)
I'p

where
op = |Ip| with I'p := (xj_1/2, %j11/2) X (Ye—1/2, Yes1/2) N OQ for P = (x;,y,) € T'y. (2.5)

We come to the discretization of the boundary conditions, where we distinguish three
different types of boundary points: inner points on straight segments, convex and re-entrant
corners of I'y. The following discretizations can be systematically derived from the varia-
tional formulation (3.6) in Section 3.
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158  E. Emmrich and R. D. Grigorieff

We start with the point (z;,y¢) € I'y on the interior of the vertical segment with € lying
locally to the right. The discretization is then

h hy h;
— (@0l P un)jipe = 5 (5;1/2>(b5;1/2>uH))ﬂ + o (cun)je + (aum)se = e+ = fre (26)

Next we consider the convex corner (z;,y,) with €2 lying locally to the right and above.
The discretization is in this case given by

ky h; hiky
ke samy o gsa,, _ hike o
hj+k;g<a w ) j /20 hj+k:g( g um)jery2 + 2(hj+k€)<CUH)j,4+(O‘UH)J,Z
hyke
; — f. . 2.
w]aé+ 2<h] +kZ) f]:Z ( 7)

Finally, let (z;,y¢) be a re-entrant corner with (2 lying locally to the left and below, which
leads to

ke koo1(h; + hj_1) h
M (as1/2) 2 T 51/2) (5(1/2) 7 55(1/2 o o—
h] + k’g (CL uH)J 1/26 2(]7,] + k’g) < x (CL T UH)) + h + k’g< U’H)]yg 1/2
hj_l(k’g + ]{74_1) ( h'_ll{?g_l + h-kg_l + h'_lk‘g
50/2) (p5(1/2) ) J j J . -
2(hj + k’é) 4 ( Y UH) Ji.t + 2(’1] + k’Z) <CUH)L€ * <OZUH)J’Z
hyj ks + hikey + i1k
; 0 2.8

The discretization in the remaining points has a corresponding form, we refrain from writing
them down for all possible geometric situations. We refer to them altogether as “discrete
boundary conditions”. These discretizations can be rewritten in a more familiar form by
introducing auxiliary gridpoints. For example, in the case of (2.6) let u;_;, be an auxiliary
variable in an auxiliary gridpoint (x; — h;,y,). If @ = 1, then (2.6) is equivalent to the
equations

Uu ; — U i
(AHUH)j,Z _ fj,Z and ( H)J+l,€2h‘< H)j 1,4 + (O(UH)j’é _ 1/ij[-
J

Here, according to the introduction of the auxiliary gridpoint, the coordinate x;_;,5 has to
be replaced by x; — h;/2 in Ap .

3. Equivalent fully discrete Galerkin method

Our analysis of the finite difference method is based on the observation that equations (2.1)
and together with the discrete boundary conditions (see (2.6)—(2.8)) can be equivalently
written as a linear finite element method with quadrature which is also of interest in its own.

We start with the common variational formulation of (1.1), (1.2). By (-,-)o and (-, -)o we
denote the standard inner product on Lo(£2) and Lo(I'), respectively. We also use || - ||s and
| - |s, or more explicitly || - ||so and |- |5, for the usual norm and seminorm, respectively, in
the Sobolev — Slobodetskij space H*(2) for s > 0. Let us recall that for o € (0, 1)

0o ¢ (// ||” z,Y) e ng)ll)lj dVdV) v (3.1)
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Supraconvergence of a finite difference scheme 159

and for positive s = [s] + o with o € (0,1)

1/2
(0] = ( 3 |D%|i,ﬂ) Tl o= (ol + ol2o)>. (3.2)

|ar|=[s]

We will need the Sobolev — Slobodetskij spaces H*(I"), too. In this case, some care has to
be taken if s > 1 since I is only Lipschitz. In our situation we circumvent this difficulty by
defining the norm simply as the (Euclidean) sum of its well-defined H*-norms extended over
the (disjoint) straight sections of I'. By W/(2) with ¢ € Ny and ¢ > 1 we denote the usual
L, Sobolev space with the seminorm and norm

g ¢ 1/q
o= (3 [10eteirar ) ol = (1)
k=0

\a|=tQ

respectively, understanding the case ¢ = oo in the usual way.
The variational formulation of our problem is:

find u € H'(Q) such that A(u,v) = (f,v)o + (¥,v) for ve H(Q), (3.3)
where A(-,-) is the sesquilinear form defined by
Av,w) = (avg, wy)o + (bvy, wy)o + (cv,w) + {av,w)y for v,we H'(Q). (3.4)

We make the general assumption that the operator A in (1.1) is uniformly elliptic in 2 and,
for simplicity, that ¢ > 0 in , @ > 0 on I' and, additionally, that not both ¢ and a vanish
identically. Recall that the coefficients a, b, c and a are assumed to be at least continuous.
Then the homogeneous problem (3.3), i.e., with f = 0 and ¢ = 0, has only the solution
u = 0.

Next we introduce discrete analogues of the inner products (-, ) and (-, ) by

(’UH,’LUH)H = Z wp (’UH)p (@H)p for Vg, WH € Wy (35)
PEﬁH

and

(r, xm)n = Z op (eu)p(Xu)p
Pel'y
for the grid functions ¢, xg on I'y with wp from (2.2) and op from (2.5). The fully discrete
variational problem has the form

find uy € Wy such that AH(UH,UH) = (fH,UH)H + <1/JH,UH>H, vy € Wh. (36)

Here Ay(-,-) is a sesquilinear form which we are now going to define. Let Ty be a triangu-
lation of  using the set Qp as vertices. The specific choice of T does not matter for the
subsequent results to hold. By QQgvg we denote the continuous piecewise linear interpolation
of vy with respect to Ty. Then Ag(-,-) is given as the sum

of sesquilinear forms corresponding to the different terms in the continuous variational prob-
lem (3.4). They are all constructed in a similar way on the basis of linear triangular finite
elements combined with an individual quadrature for each term.
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160  E. Emmrich and R. D. Grigorieff

Let A € Ty. We define aa, to be the value of the coefficient a at the midpoint of the
edge of A parallel to the x-axis. Then let

ag (g, wy) = Z an /(QHUH)Q;(QHWH)Q; dV  for wvyg,wyg € Wy. (3.8)
AeTy A

Similarly, let ba , denote the value of the coefficient b at the midpoint of the side of A parallel
to the y-axis and

bH<UH,wH) = Z bAy /(QH’UH)y(QHwH)y dV  for Vg, WH € Wy (39)
AeTy A
Finally,
CH(’UH,QUH) = (C’UH,’LUH)H for Vg, WH € Wy (310)

The boundary term in (3.4) is simply discretized by
yu (v, wy) == (avy, wy)y for vy, wyg € Wy. (3.11)

The finite difference equations belonging to (3.6) are obtained by choosing grid functions

vy that vanish at all but one grid point in Q. In this way the following proposition is seen
to hold.

Proposition 3.1. Let the sesquilinear form Ag(-,-) and the operator Ay be defined by
(3.7) and (2.1), respectively. Then

Ap(vg,wy) = (Agvy, wy)

for all vy, wy € Wy with wyg = 0 on T'y. Moreover, the finite difference equations (2.1)
together with the discrete boundary conditions (see (2.6) —(2.8)) are equivalent to the discrete
variational problem (3.6).

We now turn to the stability of (3.6) and consider an infinite sequence of grids Ry such
that the maximal mesh size Hpay := max{h;, ks : j,{ € Z} tends to zero. By A we denote
the sequence of mesh size vectors. The sequence of grids Qy, H € A, is called quasi-uniform
if all possible quotients of mesh sizes in Q are bounded uniformly for H € A.

From the ellipticity of the variational problem (3.3), also taking into account the conti-

nuity and the sign assumptions of the coefficients, the following proposition is easily seen to
hold.

Proposition 3.2. The following inequality holds for all vy € Wy and Hyax small
enough:

A
|Quunlh <€ sup 1Al wm)]
otwpewn || Quwr||1

(3.12)
Here and in the following C' denotes a generic constant independent of significant quan-
tities.
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Supraconvergence of a finite difference scheme 161

4. Convergence: case s € (1/2,1]

Our error estimates are based on the inverse stability inequality (3.12) in Proposition 3.2
applied to the global discretization error Rgu —ugy in place of vy, where Rgu € Wy denotes
the pointwise restriction of u to the grid ;. Hence, since uy solves (3.6), we have to estimate
the truncation error

TH ‘= AH(RH%UH) - (fH, UH)H - (@DH, UH)H (4-1)

in terms of ||Qgvgl|;. This will be done in this section for the case of a solution u of low
regularity.

To simplify the presentation, we introduce for P € Q7 5 := {(2j41/2, y¢) € Q} the coordi-
nates rp := T2, Yp = Ye, the step size hp := h;, and the line segments, rectangles and
differences

Sp = {xjp172} X (Ye—1/2, Yes1/2) N, Op = (x5, 2541) X (Ye—1/2, Yes1/2) N,

(AQ;UH)p = UVj410 — Uje. (42)

For the point set Q] , := {(2},yer1/2) € Q} the corresponding quantities are defined. Note
that the above symbols will be differently defined in the sequel depending on where the point
P is situated.

Our starting point is the quantity (fy,vg)g in (4.1). According to the definition of fg
n (2.3), we have

Gomn = 3 / (Au)(z, ) AV (T . (4.3)
PGQH Op
We transform the quantities in (4.3) containing derivatives.
Lemma 4.1. The following identity holds:

> /(aum) dV (Ty)p=— Y _ /aumdy (ATu)p+ Y /aumnzda oy)p. (4.4)

PEQrnp PeQy,, &, Pely v,
Proof. Integrating by parts, we obtain

Z /(aux)de (Tu)p = Z /auwxda (Tw)p.

PGQH DP PGQH 8DP

Note that 7, takes the values 1, —1, and 0 on dop. Separating the integrals extended over
sections of I' from the sum and then summing by parts leads to (4.4). O

Lemma 4.2. Let s € (1/2,1), u € H'™(Q), a € VV21 15 () and assume that {Qn} rea
18 quast-uniform. Then the following estimate holds for all P e 91/2

[ ey 1p1@0 )| < CLSE (sl +l o) < Clcinmor e (49

Proof. Denoting the left-hand side of (4.5) by |Fp|, we obtain

|Fp| < ’ap/ (((5;1/2)u)P — ux) dy’ + ’ /(apux — aux) dy’. (4.6)
SP Sp
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162 E. Emmrich and R. D. Grigorieff

For the given range of s the imbeddings H*()) < Ly(Sp), H'**(Q) — C(Q) and ng/(1—s)(Q)

— ('(Q2) are continuous (see [35, Th. 3.37 with Th. 3.30 and Th. 3.26 with Th. 3.16 and
Th. A.4]). Hence

R i=ap [ (0 0)p ) dy (4.7

is a bounded linear functional on H'*#(£2). Tt vanishes for the functions 1, x,y. We transform
Op to the unit square, apply the generalized Bramble — Hilbert Lemma for the fractional
order spaces (see [4, Th.6.1]), and obtain after transforming back
@ ; 1+s 1+s
IRy < Csup la(e, ) P2 max{[Spl, hp} e max{|Sp[™*, B Hulrrs.0p-
Q0 hp hp|Sp|

Since the grids are quasi-uniform, F(u) can be estimated by the right-hand side of (4.5).

We will now estimate the second member of the right-hand side of (4.6). Fix u, € H*(Q)
and let

Fy(a) := /(apux —aug)dy = / (ap - a(xp,y))ux(a:p,y) dy.
Sp Sp

For brevity we set 7 := 2/(1 — s). The linear form Fy(a) is bounded for a € W!(Q) and
vanishes for a = 1. With the aid of the Bramble — Hilbert Lemma we can derive in a similar
way as before the bound

1 1/r
IBy(a)| < CIS] ((h; . mm—) @ X
hplSe]

L 1 2+2 2+2 2
+ max{hp % |9 s ) Uplls.om-
(hP|SP| (hp|Sp|)? U L I
Thus also F5 can be estimated as desired and the proof is complete. 0

Remark 4.1. The assertion of Lemma 4.2 holds true if the norm of u, over the rectangle
Op is replaced by the norm over the part of op lying to the left or the right of the segment
Sp, respectively. This is immediate from the proof. In the proof of Theorem 4.1 we will
make use of this observation. A corresponding remark applies to the following Lemmas 4.3
and 4.4.

Lemma 4.3. Let u € H*(Q) and a € WL(Q). Then the following estimate holds for
P E QT/Q"

SN
‘/auz dy — |Sp|(ad/Pu)p| < C’diamup<|h—j:|) uzll1.ap- (4.8)
Sp

Proof. Our starting point is again (4.6) and we use F; and Fy as defined in the proof of
Lemma 4.2. For almost all y € Sp, P = (2412, y¢), we obtain by virtue of the Bramble —
Hilbert Lemma

Tj+1

ar (6072 0)p — )| < Cowp ol )] [ fus(ny)] do

Ty
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Supraconvergence of a finite difference scheme 163

and integration with respect to y together with the Schwarz inequality leads to the bound
in (4.8) for |Fy|. Similarly, since for each fixed u, € H'(Q) the linear form F} is bounded for
a € WL(Q), the Bramble — Hilbert Lemma furnishes

Bl < C[Sp(ISp| + hp) max{ ||zl ro o) 1oyl }(ISIRE) 20l 55

which can be estimated as desired. i

Lemma 4.4. Let s € (1/2,1], u € H'™**(Q) and a € Wy, ,(Q). For s € (1/2,1)
assume additionally that the sequence of grids {Qu}men is quasi-uniform. Then for all
vy € Wy

1/2
<c( Z(diamup>28\|uu%+s,mp) |Quonll <

PeQs

C Hyoxllulli4s | Qava |- (4.9)

Proof. A short calculation shows that the sesquilinear form ap from (3.8) permits the
representation

Z /aux dy (A;Tw)p — ap(Ryu, vy )

PR 6,

an(Ruu,vn) = Y |9p|(adl P u) p(AsTh) p. (4.10)
Ple/2

Since, with Fp from the proof of Lemma 4.2,

h
< > —;lel2 > hplSpl|(88Pvy) pl?

|S
Peq?, PeQs

2

Z Fp(AUm)p

PeQy

the first inequality follows from Lemma 4.2 if s € (1/2,1) and from Lemma 4.3 if s = 1. The
second one is a consequence of diamop < v2Hy., and ZPGQI/ ull}yeop < lullfi, O
1/2 ’

Lemma 4.5. Let s € (1/2,1], w € H'™(Q) and ¢ € Wy, (). Fors € (1/2,1)
assume additionally that the sequence of grids {Qp}uen s quasi-uniform. Then for all
vy € Wy

> / (cu)(z,y) dV (Tg)p — (cu,vp) g

PGEHDP

1/2
<C ( 3 <diamup>2ﬂ\ur\%+s,up) 1Quvillo <

PeQy
C Hyaxllulli+s Quvmllo- (4.11)

Proof. The main ingredient of the proof is the estimate

< C(diamop)*w ?||ull11s.0, (4.12)

7| = \ [y av - rtens

for P € Qp from which the assertion follows using the Schwarz inequality and the relation
S wrl(omel <€ [ |(@uvw)(z. ) av.
PeQy Q

We consider only the case s € (1/2,1), the case s = 1 being similar. Let

Fi = / (c(x,y) — cP)u(x,y) dv, F,:= cP/ (u(x,y) — uP) av,

Op Op

Bereitgestellt von | Technische Universitat Berlin
Angemeldet
Heruntergeladen am | 15.10.18 15:35



164  E. Emmrich and R. D. Grigorieff

such that |F| < |Fy|+|Fy|. For brevity let r := 2/(1—s). The imbeddings H'**(Q) — C(Q)
and W(Q) — C(Q) are continuous. Fix u € H'™(Q). Then F, is a linear form that is
bounded for ¢ € W!(op) and vanishes for ¢ = 1. Hence, the Bramble — Hilbert Lemma
furnishes after a suitable scaling

1/2

—_ . r\ 1/7 _ . _ . s
|Fi| < Cwp(wp' (diamop)”) / lclwiop [wp' (14 (diamop)*+wp (diamop) ) | |ull14s,0,

leading to the desired bound. Next we are going to estimate the linear functional Fy, which is
for each fixed ¢ € W'(ap) bounded for u € H'**(Q) and vanishes for u = 1. The generalized
Bramble — Hilbert Lemma shows in this situation that F5 is already bounded with respect

to the semi-norm (|ul? + [uf +S)1/2. With the usual scaling procedure it follows that

)4+25 ]1/2.

|Fol < Csup e, y)lwp |wp ' (diamop)*luli o, +wp(diamop) ™ fuli,, o,

p
With the same type of arguments one can prove the following lemma.

Lemma 4.6. Let s € (1/2,1], ¢ € H*(I') and o € W}, (T'). Then the following
estimate holds for P € I'y:

| /w do — op(aw)p| < CopM2 [or, (4.13)
I'p
Lemma 4.7. Let s € (1/2,1] and ¢ € H*(I"). Then for all vy € Wy

1/2
SC(E:ﬁNWE§>HQmmm<0H;AwkﬂQmmh

Pel'y

Z /¢ do (Vu)p — (¥, vm)E

Pel'y FP

Proof. With the aid of Lemma 4.6, choosing = 1, and the Schwarz inequality we can
estimate the square of the left-hand side of the asserted inequality by C' Y- e o7 |9[|2 1, X

ZPEFH 0p|<UH)p|2. Since

> opl(vn)pl” < C{Quvr, Quun)o < CllQuvn|i g

Pely

the first inequality in the assertion is proved. The second one follows from the same argument
as in the proof of Lemma 4.5. o

Remark 4.2. In the case that ¢ is discretized by (2.4), the corresponding left-hand side
of the estimate in Lemma 4.7 vanishes identically.

With the aid of Lemma 4.6 we also obtain the next estimate.

Lemma 4.8. Let s € (1/2,1], u € H'**(Q) and o € W}, ,_(T"). Then for allvy € Wy

Z /au do(Um)p — (au, vg)

Pel'y

1/2
<C(§:0%Wﬁn>HQmmméCH;AwkﬂQmWM-

Pel'y

We are now in the position to prove the low regularity error estimate.
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Supraconvergence of a finite difference scheme 165

Theorem 4.1. Let s € (1/2,1]. Assume u € H'™(Q), a,b,c € Wy, ,(Q), a €
VVI/(1 o) and v € H¥L). For s € (1/2,1) assume additionally that the sequence of

grids {QH}HEA 15 quasi-uniform. Then for Hy.e small enough there exists a unique solution
uy of the finite difference equations satisfying

1/2
HQH(RHU - UH)H1 <C < Z (dlamDP)QSHUHHs op T Z HUHSFP + |¢|3FP)> <

PeQy Pel'y

OHrilax(Huul-i‘S + Hst,I‘)

Proof. From Proposition 3.2 follows, for H,,.x small enough, the uniqueness of problem
(3.6) and hence the unique existence of ugy. The asserted bound will be obtained from the
same proposition by estimating 7y from (4.1). Note that 75 can be written in the form

TTH = CLH<U, UH) + bH(u, UH) + (CU, UH)H + <O€U, UH>H — (fH; UH)H — <1/J, UH>H-

Substitute (fg,vy)y from (4.3). Use now (4.4) and the corresponding relation for the y-
derivative term (buy), (let us remark that relation (4.4) can be used although u may not have
second order derivatives because it is only an intermediate step in transforming the integral
of f into well-defined quantities). Since (1.2) holds in H*~'/2(T"), we have the relation

/ (auate + buyn,) do = / (¢ — o) do. (4.14)

Fp FP

The asserted bound is then obtained by collecting the estimates from Lemmas 4.4, 4.5, 4.7,
and 4.8. i

5. Convergence: case s € (1, 2]

We are now gomg to prove the supraconvergence. We begin with estimating the error in
replacing ( a5 u)p in (4.10) by (au,)p.

Lemma 5.1. Let s € (1,2], u € H'**(Q) and a € C(Q). For s € (1,2) assume addi-
tionally that the sequence of grids {Qu}uea 1s quasi-uniform. Then for all vy € Wy

1/2
> |5P||(<a5§1/2>u)13—(aum)P)<AﬁH)P|<c< > (diamop)? |uz|sup) 1Quon)r <

peqs Peqy ),

CH} o] s|Qrvalr-

Proof. The proof follows similar lines as in the proofs before. We consider only the
case s € (1,2), the case s = 2 is similar albeit somewhat easier. Note that the imbedding
H*(Q) — C(€2) is continuous. Let P = (z;11/2,ye) € € . We consider

Zj+1

hij uz(x, yp) do — (ux)p>

Zj

(aé‘il/Q)U)P — (aug)p = ap(
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166  E. Emmrich and R. D. Grigorieff

as a linear functional in u, € H*(Q2). It vanishes for polynomials of degree 1. By virtue of
the generalized Bramble — Hilbert Lemma we obtain

|(adl?u)p — (aus)p)| < Csup |a(z, y)| (hp + [Sp|) max{hp, |Sp|"}Huzlsap,

1
hp|Sp]

from which the result is easily derived as before. m

Remark 5.1. The claim of Lemma 5.1 holds also true if the rectangle op is replaced
by the upper or lower half of op. This is immediate from the proof. We have avoided to
state this fact in the wording of the lemma to keep the presentation easier. But in the proof
of Theorem 5.1 we will make use of this observation. A corresponding remark applies to
Lemmas 5.3 and 5.4.

The next lemma provides an essential step in obtaining supraconvergence. We need for
points P € Qf;’Q = {(zj31/2, Ye+1/2) € Q} the line segments, points and rectangles

Sp =Ty X (We, Yer1),  Sp- = {x012 X Yo, Yer1/2),  Spr = {xi512F X (Yer1/2, Yer1),

P~ = (xjp1y2,40), PT = (Tjs1y2.Yes1), Op = (25, 2j41) X (Yo, Yot1). (5.1)
For points P = (zj,Yet1/2) € o We define the following vertices and half vertical line
segments of the rectangle 0p (= (2j-1/2, Zj+1/2) X (Yo, Yes1)): I P € QF p\I" then

1 2
51(3) = {90j+1/2} X (yz+1/27ye+1), 51(:) = {%’—1/2} X (yz+1/27ye+1)7

: 4
51(33) =@ 12} X (Yo, Yerr/2), S](:’) = A{Ti2) X (Yo, Yerr/2),
P = ($j+1/2,yz+1)7 P .= (Ij—1/2,yz+1)a P® = (xj—1/27yé)7 PW .= (Ij+1/2,yz)a
hp :=Zji12 — Tj—1/2, kp:= Y1 — Yo

For P € TY P Qo 2 N I', the set of midpoints of the vertical boundary sections, the
definitions are corresponding, only with x;, 1/, or z;_;/s, respectively, replaced adequately
by z;. For I'¥ /o We need also the half sections I'p, ['5 of the boundary sections below and

above P and
Lp:=T,UT}H, 0op:=yri1— yr (5.2)

Fig. 1 may help to identify the sets introduced here.

| | [+1
| |
2 1
se |, S
| /AN |
i N i
3 4
s s
| | I
-1
7 —1 J 7j+1

Fig. 1. Notation in the proof of Lemma 5.2 for P € Q%/Q
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Supraconvergence of a finite difference scheme 167

Lemma 5.2. The following identity

> (/aux dy — |SP|<aUx)P> (AOy)p = Fy + Fy + F3 (5.3)

PR, N,

holds, where

Fim S ([ onedy = (@ + () ) ) BTl Bl

' 2
P69172 Sp
4
' k AT
Fim 3 S0 [ ety = e )5
Peqt , i=1 oo
A j—
Fs = Z (nz)P(/auz do — %(aum)m - /auz do + %D(auz)P_> M%)P'
Pel“@l’/2 e :

Proof. We divide the integral extended over Sp into two integrals over the halfsections
below and above P and note that |Sp| is equal to the sum of the lengths of these halfsections.
A straightforward calculation yields that the left-hand side of (5.3) can be written as Fj plus
the quantity

Z ( / audy — ]%P(aua:)m - / au,dy + ]%P(aua,)P_> (A0w)p+ ; (AxﬁH)P,'

PcQ”

/2 Sp+ Sp—
Noting that (A,Ug)p+ — (AyUn) p- = (AzA,Ty)p, we perform another summation by parts,
this time with respect to the z-variable, which yields the assertion. i

Lemma 5.3. Let s € (1,2], u € H'™(Q) and a € W3, (). For s € (1,2) assume

additionally that the sequence of grids {Qu}men is quasi-uniform. For all vy € Wy the
quantity Fy in Lemma 5.2 can be estimated by

) < 1/2 s
Bl<o( Y (amop)lul?s, ) Quuals < CHlluall | Quronls

PeQiy,
Proof. We begin with the case s € (1,2). As a preparation, we introduce for P € Qf%
the quantities
Fiy = / (a —ap — (ay)p(y — yr))ue dy,
Sp
k k k
Fip = 7]3 [(CLP - (%)PTP - CLP—> (ua:)P— + (CLP + (ay)PEP - ap+) (um)p+} ,
kp
F13 ‘= ap Uy dy - 7(<um)P+ + (ua:)P*) )
Sp
kp

Fiy = (ay)P (y - yP)U:c dy — Z((UI)P“’ - (ux)P—) ) (5.4)

Sp
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168  E. Emmrich and R. D. Grigorieff

which we are going to estimate. We use in the following that the imbeddings W?2(Q) — C1(Q)
and H*(Q) — C(Q) are continuous, where r := 2/(2 — s).

Starting with (5.4) we note that Fij; is a bounded bilinear form for (a,u,) € W2(2) x
H*(Q2) that vanishes for a = 1, z,y. With a scaling as in the proofs before, recalling also that
the grids are quasi-uniform, we derive with the aid of the generalized Bramble — Hilbert

Lemma the estimate
[P | < C(diamop)® |alwz(op)lltells,op, < C(diamop)®||ug|lsap-

A similar argument yields the same bound for Fj,. In Fi3 we deal with the second order
accurate trapezoidal rule applied to u,(zp, -) and obtain again with the aid of the generalized
Bramble — Hilbert Lemma the bound

|Fis| < Csup a2, y)|(diamop)|[uslls.0, < Cldiamop)|us]sop-

Finally, F14 is a linear bounded functional with respect to u, € H*(Q2) vanishing for u, = 1.
Reasoning as before, it is seen that the same bound as for F}3 applies to Fj4. Since F; can
be written as

Fy = Z (Fi1+ Fia + Fis + F14)h7p [(QuTn)z) - + (QuVH)a) p |

Ple}’2

the assertion is obtained after an application of the Schwarz inequality.

We now turn to the proof in the case s = 2 and start with the observation that we have
the trapezoidal rule applied to au, under the sum defining F} which is exact for the functions
1,z and y. The Bramble — Hilbert Lemma furnishes the bound

kp

1/2
—) (diamop)?|atie|2.q -
hp

’ /aux dy — %P((aux)m + (aux)p)‘ < C‘(
Sp

Note that a € W2 () and so au, € H*(Q2). The proof can be completed as before. O
Lemma 5.4. Let s € (1,2], u € H'™(Q) and a € W3, ,(Q). For s € (1,2) as-

sume additionally that the sequence of grids {Qu }mea s quasi-uniform. The quantity Fy in
Lemma 5.2 satisfies the same estimate as Iy in Lemma 5.3.

Proof. We begin with the case s € (1,2). Let P € Q‘i% We denote by P the center of
the rectangle op and introduce the quantities

4 (@)
z. h
P = 301 [ (= ap = @)™ = (@)oly ) e,
=1 Sg)
4 (@) (4)
k h ’
Fi= (05 (ar + @6 + (@) = e (s}
4 i kp - i hy kp
Fy=ap (—1)'( [us dy—?(uw)P(i) , Fu=) (1) (az)PT Ug dy_7<ua;)p(i) :
=1 51(;') =1 51@
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4

z. kp kY
Fys = (1) (%)P( /(y —yp)uady — o =~ (ta)po |,
i=1 Jo
where hg_? = hp fori=1,4, hg_? = —hp for i = 2,3, and kzg) = kp for 1 =1, 2, kg) = —kp
for ¢+ = 3,4. The quantities F5; and Fb can be estimated in the same way as Fj; and
Fis, respectively, in the proof of Lemma 5.3. Note that Fb3 vanishes for u, = 1, x,y, and,
consequently, can be estimated as Fi3 before. Finally, Fy, and Fjs5, considered as functionals
in u,, vanish for u, = 1 and hence can be estimated as Fi3 and F4 before. Upon noting that

5 . .
E, = ZPeQ?{/Q ijl FijP((QH/UH)y)P/2 the proof is completed in the same way as that of
Lemma 5.3.
Consider now the case s = 2. Let P = (2}, yp41/2) € Q?/z' We start with the identity

= Z(—l)Z( / aug dy — %P(aum)pm) =

=1 Sg)
Tj+1/2 Ye+1/2 Yo+1 i I
P P
oy = [ (un)edy = o) + 5 oo ien) ) o
ZTj—1/2 Ye Yo+1/2

The integrand of the outer integral exists for almost all z € (2j_1/2,2j1+1/2) and is the sum
of errors of one-dimensional rectangle rules applied to (au,), that can be estimated with the
aid of the Bramble — Hilbert Lemma. We obtain

Tj+1/2 Ye41 1/2
3/2 2 1/2,3/2
Fr<c [E( [, d) < on e, < OB+ e,
Tj—1/2 Ye
where we made use of a € W2 (Q) and invoked the Schwarz and Young inequalities in the
second and third step, respectively. The proof can now be completed as before. i

Remark 5.2. The proofs of Lemmas 5.3 and 5.4 simplify considerably if the coefficient
a is constant.

To estimate the error related to the approximation of cu, we need two auxiliary lemmas.
The proof of the first one is straightforward.

Lemma 5.5. The following identity holds for e;,w; € C, 5 =1,...,4:
4 eiwi:ZeiZwi—i-(el—62+63—e4)(w1—w2+w3—w4)+
=1 =1 =1
(61 + €9 —e3 — 64)(11}1 + wo — w3 — UJ4) + (61 — €9 —e3 + 64)(11}1 — Wy — W3 + UJ4).

Lemma 5.6. Let s € (1,2] and g € H*(?). Then for all vy € Wy

. , 1/2
> [ 9dV@me -~ (Rug.owu| < 0( Y amsrlglis, ) |Quvil

PEﬁH Op PGQT}/Q
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170  E. Emmrich and R. D. Grigorieff

Proof. Let P € QY /2 Analogously to the case P € Y /2 considered in Lemma 5.2 we in-

troduce the vertices P® i =1,2,3,4, of op and divide op into four congruent subrectangles
Dg) (with vertices P and P®™). It is then seen that

Z /ng Un)p — (Rug,vi)n = Z (/ng—|Dp|gp>(UH)P:

PEQH Op PEQH Op

Z Z ( / gav — |D§i)|gp<i>> (TH) pei -

PEQIy =1 (1)
Hp

For P € Ql/Q we apply Lemma 5.5 with e; := fD(i)ng — |Dg)|gp(i), w; = (Uy)pw and
P
estimate the resulting quantities. Firstly, discarding a factor 4, there appears the quantity

4

4 \ )
i . - -
S ([ oav=elara) St = ([ oav =B 0 ) S,

. =1
(@) ¢ o
Op P

containing a two-dimensional analogue of the trapezoidal rule which can be estimated with
the aid of the generalized Bramble — Hilbert Lemma by

4 1/2
C(diamop)®|gls,ap (Z op|l(vr)pe 2) < C(diamop)®lgls,op |Quvaloop-

i=1
Thus for this part the desired bound is obtained. The next quantity resulting from the
application of Lemma 5.5 is

4

Z(_l)i</9dv—|ﬂg)|gp<i>> > (1) (n) por- (5.6)

) i=1
(1) ¢
Op

In this situation we have quadrature rules that are exact for constant functions only, but we
can exploit the alternating structure in the last sum. We obtain this time the bound
2 2
wr)pw = (ipe |” | |Wr)pe = (i) pw

1/2
arg < C(diamop)°||glls,ap|Quviliop
hP hp

furnishing the bound we need. The remaining quantities can be estimated similarly and the
proof is complete. i

Lemma 5.7. Let s € (1,2], u € H*(Q) and c € W/ 9 (). Then for all vy € Wy

C(diamop)*(|gls-1.00 + [9zlls-1.00 + 9ylls-1.05) X

> [ cudv@an - (Ruten).ona| < Y (aiamary ||u||smp)1/2u@HvH||1.

PEﬁH Op PGQT}/Q

Proof. The first part of the proof is the same as that of Lemma 5.6 until formula (5.5)
with ¢ = cu. We continue the present proof by estimating (5.5). First the coefficient ¢ is
approximated by its first order Taylor polynomial with the midpoint P of op as a center. In
the step corresponding to (5.6), the factor ¢ of u is approximated by c¢p. The course of the
proof is now similar to that of Lemma 5.4. We do not give the details. m
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Lemma 5.8. Lets € (1,2], ¢ € H*(I') anda € Wf/(Q_s)(F). Then the following estimate
holds for all vg € Wy :

> [ [asde— 2@t +@ore @+ wne)|| <

PEFg/Q T'p

1/2
o 3 K lolEe,)  IQuvals < CHi ol Quval.

Y
pery,

Proof. The main step in the proof is to show the estimate

k s
G = \ / agdo — = ((a0)ps + <a¢>p>\ < CR™ 6l (5.7)
I'p

To this end we introduce the quantities

Gl = / (CY — p — (Oég)p(a — yp))qbda,
k_P P

Gy = 5 KCYP + (Oéa)P]%P - 04P+>¢P+ + (OZP - (Oéa)PI%P - 04P—)¢P—}7

Goimar( [odr—Em +00)). Goim (anle( [0 = ymiodo ~Eors —om)

I'p
that sum up to G. Here, a, denotes the derivative of a along the boundary. With the same
arguments as already used before the estimate (5.7) is obtained. i
We are now in the position to prove the supraconvergence. We denote by o the rectangles
belonging to €27, (see (5.1)) and by S the sections belonging to I'f , and I'{, (see (5.2)).

Theorem 5.1. Let s € (1,2],u € H'™(Q),a,b,c € WQQ/(Q_S)(Q),1/J € H*(I') and a €

Wf/@_s)(f‘). For s € (1,2) assume additionally that the sequence of grids {Qu Y rea is quasi-
uniform. Then for Hy.e small enough there exists a unique solution uy of the finite difference
equations (2.1) together with the discrete boundary conditions (see (2.6) —(2.8)) satisfying

1/2
1Qu(Ruu —up)y < C ( > (diamo)*[luffi o + D ISP (flulls + |1/1|§,s)) S

oco scr

C H o (lull 1450 + [¥]sr)-

Proof. The proof follows the same lines as that of Theorem 4.1. We only have to estimate
the truncation error

TH = CLH(U, UH) + bH(u, UH) —+ (CU, UH)H + (au, UH)H — (fH7 UH)H — <'¢, UH)H

in terms of the claimed bound. We begin with the part containing (au,), in (fu, vg) g, which
is transformed according to Lemma 4.1. For the moment we consider only the quantities
related to subdomains of {2 and leave those related to boundary sections to the second part
of the proof. So we form the difference of ay (u, vy) with the first quantity on the right-hand

side of (4.4). Recall the representation (4.10) in which we can replace st u by au, at the
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172 E. Emmrich and R. D. Grigorieff

expense of an error that is estimated in Lemma 5.1. We then apply Lemma 5.2 and estimate
the quantities F} and F, with the aid of Lemmas 5.3 and 5.4. In these calculations only the
boundary quantity F3 in Lemma 5.2 is left over and needs further consideration (later in this
proof). The error coming from the second order y-derivatives part (bu,), in the differential
operator A is estimated similarly. The last error left over comes along with (cu,vg)y. It
can be estimated with the aid of Lemma 5.7 in the form needed.

We come now to the boundary-related parts of 74 which we collect next. In the proof
given so far we left aside the second member of the right-hand side of (4.4) and F3 from
Lemma 5.2. In both of them we replace au,n, with the aid of (1.2) by ) —au =: ¢. Together
with the corresponding boundary contributions in 74 from vertical boundary sections we end

up with
(AyUn)p
E ¢do(Ty) p— ( ¢da——¢p+— ngda—I— qbp >7 (¢, UH> , (5.8)
PEF%F[ Pery,, F[ / 2

where I'Y, and (-, )}S;) denote the part of I'y and (-, )y, respectively, extended over the
vertical sections of I'. The identity

Z /qbda Ug)p — ¢,UH> = Z </qbda—%(¢P++¢P_))@H)P+;(5H)P+

PGF%FP Pel”i‘/2 I'p
k v — (v _
</¢d0___¢P+_/¢d0_+7P¢P_> (UH)P+ 2 (UH)P
PEF?{/Q F+

shows that only the composite trapezoidal rule is left over in (5.8) which can be estimated
according to Lemma 5.8 by

1/2
o( % zﬁsugbuspp) IQuual < (3 Kl + 101Er,) ) IQuval

pery , pery ,

The horizontal boundary sections give rise to corresponding estimates. Altogether the proof
is complete. i

By interpolating the result of Theorem 4.1 for s = 1 and of Theorem 5.1 for s = 2 we
obtain the following corollary which holds without the assumption of quasi-uniformity of the
grid. Note that the local error estimates in Theorem 5.1 are not obtained using interpolation.
Also the nonclosed range of exponents s € (1/2,2] is not accessible by interpolation.

Corollary 5.1. Let s € [1,2], u € H'™(Q), a,b,c € W2(Q), ¢» € H*(T) and a €
W2 (T). Then for Hyayx small enough there exists a unique solution ug of the finite difference
equations (2.1) with discrete boundary conditions (2.6) —(2.8) satisfying

1Qu(Ruu —ug)|ly < C H (JJullitso + [9sr)-

Remark 5.3. If the right-hand side f of (1.1) is in H*(Q), s € (1, 2], then its approxi-
mation (2.3) can be replaced by the pointwise restriction to the grid Q0 without changing
the convergence rate. This follows from the observation that according to Lemma 5.6 the
corresponding perturbation of the right-hand side of (3.6) can be estimated by

( / F(,y)dv - wpf<xp,yp>)<vH>p

PGQH

<

~

\(fa — Ruf,ve)u| =
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1/2
0( 3 <diamup>25||f|\§,gp) 1Qonls.

PEQT}‘Q

Remark 5.4. If f is not smooth enough, then the use of the pointwise restriction in the
approximation of f in (1.1) may spoil the supraconvergence. We give an example. Consider
the Neumann boundary value problem

0

20 on T, (5.9)

—Au+u=f in €,
on

where Q := (0,1)2. We discretize (5.9) on a sequence of uniform grids Qy, H € A, where
A, indexed by m, is here the sequence of uniform mesh size vectors H with step sizes
hm = km := 1/m;m € N. We will show that the convergence cannot be quadratic for

all f € H'Y(Q). To this end a sequence {f™ € HY(Q)}nmen of the right-hand sides in

(5.9) is constructed such that the corresponding exact and discrete solutions (™ and ugn),

respectively, satisfy

lim h22|u™ — Quull|lo = oo while {[|f“||1}men is bounded.  (5.10)

m

Then, as a consequence of the uniform boundedness principle, the maps
HY(Q) > f o b2 (u— Quun) € Lo(), H € A,

cannot be pointwise bounded. Since u € H3(2) then h,*{Qp(u — ug)}zea is not pointwise
bounded either. To verify (5.10), take

e = o omtema, e =5 (1~ G

From Ry f(™ = 0 it follows that ugn) = 0 and a direct calculation shows (5.10) to hold true.
(Note that {||f"™]|2}men is not bounded.)

6. Numerical experiment
In the following we give the result of some numerical calculations. We consider the problem
Au = —Upy — Uy, +u=f in (0,7) (6.1)

subject to Neumann boundary conditions. The right-hand side f is taken to be the Fourier
series

flz,y) = Z fiweGotR) = (14 5%+ k)7 log(2 + 5% + KP), (6.2)
j,kEL
where r = —0.6 and s € R will be chosen from some range of exponents. The solution

of (6.1) is u(z,y) = Y. pep uike ™Y wyp = (14 52 4+ k%)7BF) 2 log(2 + 52 + k%) We
determined numerically ||u|lo = 5.0. It can be seen that for r < —0.5 the norm

(Cawss k2>1+t|uj,k|2)l/2 (63)

J,kEL
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(which is equivalent to ||ul[14) is finite for ¢ = s, such that v € H'**((0,7)?). But the series
in (6.3) is divergent for ¢ > s and hence u & H'((0,7)?) for ¢ > s.

We discretize the problem with the finite difference scheme in Section 2 on an equidistant
grid with mesh size h taking as the discrete right-hand side fy both the averaged restriction
(2.3) and the pointwise restriction of f. The grid function fy can be written as a finite
Fourier series fx(z,y) := Z?fk:_NH Fj 10289 for (z,y) € (0,7)%, N = 7/h, where the
coeflicients F}, are obtained numerically from the given f;; in (6.2) by summing up the
aliasing terms. The finite difference solution is then

N

Fjk i(jo+ky) 2
up(z,y) = E NSOV T 2 e'UTHRY) - for (z,y) € (0,7)%,
i L sine (jh/2) + sinc*(kh/2)

where sinc(z) := sin(x)/z. The error norm |Q g (u—wug)|; is then easily obtained with the aid
of the Fourier coefficients of the finite Fourier series. Instead of |Qg(u — ug)|o we calculate
the equivalent norm |u—ug|g belonging to the discrete inner product (3.5), which is also eas-

ily obtained from the Fourier coefficients. In fact, if (u —ug)(z,y) = Z?fk:_ N1 Bjpetirthy)

for (z,y) € (0,7)% then we work with the equivalent norm (Z?szo |Ej’k|2)l/2. As can be
seen from Figs 2 and 3, in using the averaged restriction (2.3) of f the convergence order in the

1.6
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Fig. 3. Order of convergence for the pointwise (left) and averaged restrictions of f as a function of s
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Lo-norm exceeds the estimated one in Theorems 4.1 and 5.1 for s < 2, for s < 1 even by
one order, while the order for the pointwise restriction of f behaves in accordance with the
bounds. We think that the higher convergence order observed numerically is due to the
symmetries in the solution u. As can also be seen, the pointwise restriction of f shows a
higher order of convergence than the worst case expectation according to Remark 5.4.

Appendix
This appendix provides a collection of some notations invoked in this paper.

e Meshes: B B
QH I:QQRH,FH ZZFQRH,QH ZZQQRH.

e Basic rectangles and boundary sections in the partition:
For P = (zj,90) € Qu :0p = (j_1/2, Tjr1/2) X (Ye—1/2, Yer1/2) N Q,wp := [Op],
I'p:= (%‘—1/27%41/2) X <y€—1/27y€+1/2) NoQY,op = |['p|.

e Midpoints of horizontal gridline sections:
For P € Qf/z = (w5172, y0) € Q} 1 Sp = {xj4172} X (Ye—1/2, Yes1/2) N,

Op = (l"j,lb"jﬂ) X (yz—1/2, yz+1/2) NnQ, (AxUH)P = Uj41,0 — Vje-
Analogous definitions hold in the vertical direction.

e Centers of subdivision rectangles:
For P e Q7 = {(xj11/2, Yer172) € @} Sp = {xjasot X (Yo, Ye1),
Op = (25, Tj41) X (Yo, Yey1), P~ 1= (xj+1/2ay€)a Pt = (l"j+1/2>yz+1),
Sp- 1= {$j+1/2} X (yg,ng/Q), Sp+ 1= {$j+1/2} X (yz+1/2,yz+1).

o For P = (z;,Ye41/2) € 9211/2\1—‘ :

1 2
S](D) = {$j+1/2} X (yé+1/2,yz+1)751(:) = {%‘-1/2} X (yé+1/2,yz+1)7
3 4 .
SJ(D) : {%’—1/2} X (yz,y£+1/2)751(3) = {l"j+1/2} X (yz>yz+1/2) (see Fig. 1),
PO = (xj+1/2ay£+l)>P(2) = (xj—1/2,yz+1)>P(3) = (%‘—1/2,3/5),13(4) = ($j+1/2>yz),
hp = Tjr1/2 — Tj—1/2, kp == Yes1 — Yo

For P = (2}, Ye41/2) € Fﬁ’/Q = Q?/Q N T with the interior of Q lying to the right of P:
replace z;_1/2 by z; in the definitions before.
Up = {x;} X (e, vesry2), T = {25} X (Wery2,Ye11), Tp = Tp ULh, 0p := Yor1 — -
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