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Abstract

We are currently witnessing a transition from the age of mass production to a world of
personalized manufacturing. The transition is enabled by the wide-spread availability
of manufacturing devices that facilitate rapid customization and fabrication, revolution-
izing the way we design, develop, fabricate, and consume products. Although there has
been significant progress in the development of manufacturing devices recently, software
that allows end users to intuitively create digital content is largely underdeveloped.

This thesis develops software for digital fabrication that explores the continuum be-
tween accurate and abstract reproductions of shapes. We propose consumer-level rapid
prototyping applications, including computational models for next generation personal-
ized toys and 3D puzzles, which are becoming increasingly popular. The work introduces
three approaches that demonstrate improvements for manufacturing methods and dis-
cusses shape representations and fabrication-constraint processing.

Our first application proposes an optimization scheme that addresses accuracy issues
in layered manufacturing. We show that fabrication can be more accurate when a shape
is decomposed into parts. The approach provides significant benefits if the shape is
larger than the available production volume of the manufacturing device or the process
resolution is low.

Our second application proposes a computationally efficient method to partition a
digital input shape into parts. The approach is designed to overcome limitations of
existing 3-axis machining such as 3D printing and 3-axis CNC milling. We demonstrate
that our technique reduces the amount of support material required for 3D printing.
Also, we present that it supports the creation of 3D design prototypes using a 3-axis
CNC milling machine with acceptable fabrication errors.

A third application provides an algorithm for the automatic generation of cardboard
models from a given 3D input shape. Laser cutters or CNC milling machines are used
to fabricate the parts of the cardboard model which is assembled manually.
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Zusammenfassung

Im MomentbefindenwirunsimÜbergangvomZeitalterder Massenproduktionineine
WeltderindividuellenFertigung.DieserÜbergangwirddurchdieVerbreitungvon3D
Druckernermöglicht,welchedieArtund WeisewiewirProdukteentwerfen,entwickeln,
fertigenundkonsumieren,revolutionierenwerden.ObwohlindenletztenJahrengroÿe
FortschritteinderEntwicklungdieserFabrikationsgerätegemacht wurden,bliebdie
EntwicklungdazugehörigerSoftware,diefürEndnutzerintuitivgenugist,umpersona-
lisierteInhaltezuerzeugenstarkzurück.

Dievorliegende Arbeitisteingebettetinden Kontextdiesersogenannten’Digita-
lenFabrikation’.EswerdensoftwareseitigesowiealgorithmischeLösungenpräsentiert,
dieausdigitalen,physische Objekteerzeugen. DiesewerdeninunterschiedlichenAuf-
lösungsstufenpräsentiert,derenVarianzvoneiner möglichstexaktenReproduktionder
Eingabemodellebishinzueiner AbstraktiondererzeugtenFormenreicht.Eswerden
SoftwarelösungenfürdieautomatischeErzeugungvonKinderspielzeugund3DPuzzles
gezeigt,dieindenletztenJahrenimmerpopulärergewordensind. Diese Arbeitlegt
auÿerdemVerbesserungenfürFabrikationsmethodendarunddiskutiertFormrepräsen-
tationen.

IneinererstenAnwendungwirdeineOptimierungsmethodefüradditiveFertigungs-
verfahrengezeigt.FürdieseOptimierungwerdendiedreidimensionalenEingabemodelle
inTeilezerlegt,wobeijedesfürsich,mitgröÿtmöglicherGenauigkeitproduziertwerden
kann.Dadurchwirddeutlich,dassdieserAnsatzpräziserist,alsdie Modelleineinem
Stückzufertigen. Das Verfahrenzeigtzudemklare Vorteile,wenndas Objektgröÿer
ist,alsdasProduktionsvolumendes3D Druckersoder wenndieFertigungsauflösung
produktionsbedingtnursehrgeringist.

IneinerweiterenAnwendungwirdeineeffiziente MethodezurZerteilungeinesEin-
gabemodellesinzwei Teilevorgeschlagen. DurchdieFertigungderbeidenEinzelteile
könnenzweiunterschiedlicheFabrikationsmethodenprofitieren.Zumeinenwirddemons-
triert,dassdurchdieZerteilungderVerbrauchvonStützmaterialbeim3DDruckprozeÿ
verringertwerdenkann.Zumanderenkann mitHilfedesgleichenAnsatzesdieErzeu-
gungvondreidimensionalenDesignprototypen,unterderBenutzungeiner3-Achs-Fräse,
unterstütztwerden.

IneinerdrittenApplikationwirdeinAlgorithmuszurautomatischenErzeugungvon
dreidimensionalenSteckmodellenerarbeitet,welche mitHilfevonLaserschneidgeräten
produziertunddannvonHandzusammengestecktwerdenkönnen.
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Chapter 1

Introduction

The end of the 20th century was about information
becoming digital. The 21st century is going to be about
bringing the virtual world into closer alignment with the
physical one.

— Lipson and Kurman [2012]

People have created physical objects since prehistoric times and have tried to repro-
duce shapes from the real world. In the beginning, they sculpted stones using simple
tools. Over the centuries, the tools became more advanced and eventually objects were
manufactured with increasing precision by machines. This development required a spe-
cialization of objects, design and production processes, moving the creation of everyday
goods mostly into the hand of specialists. Nowadays, the creation and production of
man-made shapes is typically completely digitalized and many hardware and software
processes are needed to create a physical object that meets necessary real world stan-
dards such as accuracy, stability and haptics. However, people that are not directly
involved in that process typically do not have any influence on the result.

The creation of objects has always been a very creative process resulting in many
levels of representations ranging from very exact and detailed productions and repro-
ductions to abstract representations. Involving people into the creation of objects more
directly again will introduces new ways on how to design, develop and fabricate digital
objects.

We believe that recent developments in rapid manufacturing technologies, e.g. 3D
printers, will make such an involvement of the end user in the creation process (again)
possible. To make this practical, two main requirements need to be fulfilled. First, one
needs to provide a consumer centered fabrication that allows the user to be involved
in the design process [Gross 2007]. Second, manufacturing devices need to provide the
possibility to produce "anything", i.e. the user should have the freedom to control shape,
appearance and behavior of objects as much as possible [Lipson and Kurman 2012]. We
also believe that these requirements could potentially have a very large impact and
galvanize a new industrial revolution that leads from from the current "age of mass
production" to an "age of custom fabrication" [Anonymous 2012]. Figure 1.1 shows a
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1. Introduction

8000 B.C. 17th century 1970s 1980s3000 B.C.

Figure 1.1: Compact summary of tools, techniques and their resulting shapes over the
centuries on the example of a vase. Although the same techniques are still used today
the complexity of shapes that can be fabricated increased with new tools and devices.
From left to right: coil-built pottery, Vases created by a potter’s wheel, Murano glas
vase, CNC milled vase, and Snotty Vases, a 3d-printed vases based on scans of airborne
snot molecules.

very selective view on this development going from ancient forms and the tools that
have been used to new manufacturing technologies and the produced shapes.

This transformation from mass to customized production creates challenges for many
areas of scientific research, such as material science, engineering, but also, and perhaps
foremost, computer sciences. While there has been significant progress in the devel-
opment of manufacturing devices, software and computational models that allow end
users to intuitively create digital content that can be physically produced is largely
underdeveloped.

Additional, with a change in these requirements there is a clear need for compu-
tational models that support production-centered thinking and allow intuitive design,
efficient representation, fast simulation and visualization of physically realizable ob-
jects [Bickel and Alexa 2013].

This dissertation is embedded in the context of New advances in, what we refer to
as, digital fabrication and computer graphics research. The computational approaches
for realizing digital objects in physical real-world representations explored in this thesis
examine different levels of shape abstraction. We propose consumer-level rapid prototyp-
ing applications, including computational models for the next generation personalized
toys and 3D puzzle which are becoming increasingly popular. The work also demon-
strates improvements for manufacturing methods and discusses shape representations
and fabrication-constraint processing.

1.1 The Age of Digital Manufacturing

Digital manufacturing technologies are not new. The first 3D printers were developed in
the 1980s and many other production processes, such as laser cutting or computerized
numerical controlled (CNC) milling exist for many decades. Next to the widely used
manufacturing devices, there also exist a variety of applications such as CAD and solid
modeling, numerically controlled machine tools and simulation tools for injection mold-
ing to just name a few examples. The term Digital Manufacturing or Computer Aided

2



1.2. Computer Graphics and Manufacturing

Manufacturing is commonly used in mechanical engineering to refer to the computer
controlled process of production. This technology exists for more than fifty years and is
still in active development. There are millions of parts in the automotive and aerospace
industries produced by numerically controlled manufacturing. In other words, there is
and has been a world of highly sophisticated technologies for the computer-controlled
and computer-assisted production of complex engineering parts. However, in these ap-
plications the consumer is completely left out of the production process and the creation
and manufacturing process is performed by experts using expert systems.

When we speak of the digital age in manufacturing we speak of the world of consumer
products that are created by the consumers herself and are fabricated by output devices
directly available to the consumers. The development is driven by improved hardware
and new materials that are entering the mass market and enable users to design, develop,
distribute, fabricate and consume products like never before.

Two major influences have been catalyzing the development of consumer-driven man-
ufacturing. First, the influence of a large open-source community that helped the de-
velopment of affordable 3D printers after the expiration of the patents on 3D printing
technology. Second, Internet and mobile technologies and an increasing number of
SAAS (software-as-a-service) platforms give people the opportunity to create, modify
and order things online, using intuitive interfaces for creating or personalizing everyday
things [Autodesk 2012] [Makerbot 2012]. Also businesses benefit significantly from the
improved manufacturing hardware and software interfaces through the opportunity of
enabling people to customize their products online, from shoes to cars, from glasses to
cloth. The impact of this development could be tremendous, nothing less than a change
of the production cycle through a second industrial revolution [Anonymous 2012]. The
entire process of design, engineering and manufacturing becomes increasingly iterative,
non-linear, localized and consumer-centric. The role of the passive consumer is trans-
formed to that of an active participant in the product development cycle [Vilbrandt
et al. 2008]. In other words, we might be in the process going from mass production to
personalized manufacturing and customization [Malone and Lipson 2007] [Gross 2007].

1.2 Computer Graphics and Manufacturing

The influence of computer graphics research on the manufacturing processes has been
large from the beginning. For example, Computer-Aided Design (CAD) and solid model-
ing revolutionized 2D and 3D drafting. Nevertheless, over the last 15 years the computer
graphics pipeline was optimized for keeping data digital, outputting the content typically
on displays for games and motion pictures.

There have been advances for digital 2D printing, e.g. PostScript simplifies and
optimizes content creation. In contrast, 3D output devices, e.g. 3D printers, laser cutters
or CNC milling machines, are hardly supported in software tools. This makes it difficult
to take full advantage of their capabilities. For example, it is often not possible to
simulate or preview the output of the devices, hampering the control of appearance
and geometrical or mechanical properties. Moreover, no universal framework exists
that ensures data transformation across different manufacturing output devices. Only
recently, first steps for defining a general concept of a fabrication-oriented or process-
based graphics pipeline for 3D printing have been made [Vidimče et al. 2013], [Chen
et al. 2013], [Winkelmann 2014]. A look at the simplified computer graphics pipeline
in Figure 1.2 shows that we are able to convert the real world into mathematical models
in a computer but little standardized infrastructure exists converting them back to

3



1. Introduction

Representations/
Computational Models/
Abstractions/Simulations

Rasterization Display
2D Printer

Slicing
Voxelization
Path Generation

3D Printer
Lasercutter
CNC Machine

Data 
Transformation

Output DeviceInput Data

Modeling

Acquisition
Input Devices

Real-World

Figure 1.2: Simplified graphics pipeline with a focus on digital fabrication. By improving
input devices and capabilities of output devices the loop between digital and real world
can be closed. Top parts in green show the 2D rendering/printing pipeline, bottom
parts the fabrication pipeline, algorithms and technologies. The areas of contributions
described in this thesis are marked in red.

reality with adjusted personalized properties. One of the broader research goals of
digital fabrication is to close this loop. Figure 1.2 marks in red the areas of contribution
which are presented in this thesis.

Frequently used terms and and concepts:

Layered Manufacturing Layered manufacturing is the process of creating a
three-dimensional object by successively depositing layers of material in different
shapes. 3D printing is an layered manufacturing process and driven by machines
with a controlled movement along three axes.

Additive Manufacturing Additive manufacturing is often used as a synonym
for Layered Manufacturing but more correctly the generic term for 3D printing.
It relaxes the constraint of depositing layers by the use of multi-axis controls for
3D printing technologies.

Support Material Support material is necessary in many 3D printing technolo-
gies. When material is deposited or fused to form a real world model of the
digital input shape overhangs are strut by using so called support material. The
material is usually different to the object material and can be washed away or
taken off after the print-out is finished.

Subtractive Manufacturing Subtractive manufacturing summarizes many
techniques, such as milling, cutting and drilling, that cut a final shape out of
a raw material stock by a computer controlled removal process.

Production Volume The production or fabrication volume is the physical space
inside the manufacturing device where the object is produced.

Fabrication Direction The fabrication direction is defined as the direction or
machine axis along which the object is manufactured. Throughout this thesis we
show that the rotation of the digital shape, and therefore the placement of the
produced object inside the production volume, has influence on many aspects of
the result.

4



1.3. Outline

1.3 Outline

In this thesis, we focus on the digital fabrication of shape at different levels of abstrac-
tion. We present three applications that vary from optimized reproduction to abstract
representation of shapes using different manufacturing devices. The thesis is organized
as follows:

Chapter 2 provides an overview of the manufacturing processes relevant for this thesis
and presents a comprehensive introduction and computer graphics-centric classification
of recent research in graphics and digital fabrication. Additionally, we organize the
recent literature in a spectrum from exact reproduction to abstract descriptions and
position our research in this taxonomy.

Chapter 3 and Chapter 4 briefly summarize a common set of algorithms, data struc-
tures and optimization methods that have been used throughout our applications.

Chapter 5 presents an optimization method for additive manufacturing. We provide a
solution for three challenges that are solved in this work. First, we evaluate the choice
of the object’s rotation inside the production volume which has a large influence on
the accuracy of the process. Second, an eligible data representation is presented to
evaluate production errors. Third, derived from the data representation a meaningful
object decomposition is proposed to segment a shape into parts that are fabricated most
accurately. In simulation we show that this approach is superior to producing the whole
shape in one direction only. It also has clear benefits if the shape is larger than the
production volume.

Chapter 6 presents a case study for partitioning an input mesh into two parts and
fabricate each part individually. This binary space partition approach is specifically
useful to overcome limitations for 3-axis machining such as 3D printing and 3-axis CNC
milling. In the case of 3D printing, we show that one can significantly decrease the
usage of support material. In the case of 3-axis CNC milling, we demonstrate how to
create physical 3D shapes with an acceptable fabrication error.

Chapter 7 provides an algorithm for the automatic generation of cardboard models
from an input shape to a construction plan. Laser cutters or CNC milling machines are
used to fabricate the parts of the cardboard model which is assembled manually in the
final step. This work proposes solutions to the three main challenges. First, the choice of
planes which are used to represent the abstracted input shape. Second, depending on the
number of planes and the order of construction, we initialize a data structure necessary
to spatially organize and guide the construction process algorithmically. Third, with
a growing number of planes the choice of ordering gets complex. We use a discrete
optimization method to maximize the compactness of the shape representation.

Chapter 8 draws conclusions, discusses limitations and provides directions for future
research.

5



1. Introduction

1.4 Publications

Most of the results presented in this thesis have been published in the following confer-
ence and journal papers.

• The presented approach on 3D models composed of interlocking planar pieces [Hilde-
brand et al. 2012], of Chapter 7 has been published at Eurographics in Cagliari,
Italy in 2012. It has been developed in collaboration with Bernd Bickel and Marc
Alexa from TU Berlin.

• The improvements on additive manufacturing [Hildebrand et al. 2013], of Chap-
ter 5 was published at the Shape Modeling International Conference in Bournemouth,
UK in 2013. The project was also a collaboration with Bernd Bickel and Marc
Alexa from TU Berlin.

• Section 2.5 in Chapter 2 briefly presents a novel sketch-based application work-
flow for personalized manufacturing [Hildebrand and Alexa 2013] which has been
published at the Design and Modeling Symposium 2013, Berlin, Germany. The
work was joined effort with Marc Alexa from TU Berlin.
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Chapter2

Related Work

Noone'sgoingtoprintaworkingAK-47withthis,
Sammysaid.

— CoryDoctorow, Makers

Thefocusofthisthesisisonthefabricationofshapeatdifferentlevelsofabstrac-
tion.Inthischapterwegiveacomprehensiveintroductiontotheunderlyingtechnologies
andprovideataxonomyofrecent manufacturingpublicationsinthecomputergraph-
icsliterature. Additionally, wesummarize workonintuitiveinterfacesthatsupport
usersintheircreativity. Recently,therehasbeenatremendousdevelopmentindigital
fabricationhardwareandsoftwaretoenableenduserspossibletocreatehigh-quality
personalizedorconfigurableproductsthatembodyeffectsinshape,appearanceand
behavior. Broadlyspeakingwecategorize:

Computational modelsforthefabricationofshapesthatproposegeometricpro-
cessingalgorithmsto modeland modifydigitalshapestoachievedesiredgeometric
propertiesoractwithintheconstraintsofmanufacturingtechnologiesorintroducecon-
structionplanstofabricateobjects.

Computation modelsforcontrollingthevariationsofappearance andthein-
terplayoflightand materialwhichacentralaspectofgraphicsresearch.3Dprinting
andreal-world materialsofferinterestingpossibilitiestoproduceorreproducedesired
perceptionaleffects.

Computational modelsforreproductionsofdigitalanimation,deformation
orkinematicsthat mimicreal-worlddeformablebehavior, moving mechanicalparts
andshowperspectivesforotherresearchareassuchasrobotics.

Weorganizetherecentliteratureusingtheseobjectivesandarrangethemwithineach
classfromexactrepresentationtoabstractionoftheoriginalinput model. Thisdif-
ferentiationnaturallycorrespondstoourapplicationsandalsoprovidesaninsightful
classificationforotherresearchprojects. However,webeginbyprovidinganoverview
of manufacturingtechnologies.
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(a) (b) (c) (d)

Figure 2.1: (a) Fused Deposition Modeling 3D Printer c©MakerBot Industries. (b)
Polyjet 3D Printer Object Connex 1000 c©Stratasys Ltd.. (c) CO2 Laser Cutter c©Epilog
Laser. (d) 3-axis CNC milling machine c©VK Technik GmbH.

2.1 Manufacturing Technologies

Manufacturing processes that create a desired real world object out of raw material can
be distinguished by controlled material removal, known as subtractive manufacturing,
and controlled material addition, referred to as additive manufacturing or 3D printing.
We provide a very compact overview of the machining processes. The properties that
we are mainly interested in in the context of this thesis are: accuracy of the machining
processes, geometric complexity, and size of the producible objects.

Additive Manufacturing and 3D Printing Technologies

The central operation in Additive or Layered Manufacturing techniques is the discretiza-
tion of a digital object into a set of layers with distinct height along the fabrication di-
rection. The physical shape is then generated by bounding or depositing layer after layer
of raw material to form a solid three-dimensional object. This allows rapid development
of prototypes to be produced by engineers and designers. As 3D printers are becoming
more capable and able to work with a broader range of materials, including production-
grade plastics and metals, the machines are increasingly being used to fabricate final
products [Anonymous 2011]. Additive manufacturing processes enable to fabricate any
non-degenerated manifolds optimized in shape and weight.

Additive manufacturing methods are well evaluated and analyzed. A number of
methods address the task of finding an optimal orientation of a single part [Alexander
et al. 1998], considering surface finish, evaluate the surface roughness and part deposition
time [Ahn et al. 2009], [Thrimurthulu et al. 2004], [Canellidis et al. 2006]. Danjou and
Köhler [2009] suggest an optimization procedure based on a genetic algorithm to improve
the printing orientation. [Masood et al. 2000] propose methodologies for computing
the correct orientations based on the minimum volumetric error of basic primitives.
However, none of these approaches considers segmenting the model into sub-parts with
different orientations as proposed in Chapter 5.

In the following we will distinguish between two techniques, selective deposition
printers and selective binding printers [Lipson and Kurman 2012].

Selective Deposition Printers These printers deposit raw material of the printing
head into thin layers. The probably best known example is the Fused Deposition Mod-
eling (FDM) (see Figure 2.1(a)) that deposits thin strings of fused plastic out of a hot
end of a 3D printer head and fuses it layer by layer. Another method is called Polyjet
printing that sprays liquid photopolymer in very thin layers (up to 16 microns) and
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firms it up using ultraviolet light (see Figure 2.1(b)). Selective Deposition Printers can
work with several printing heads and different materials for a single 3D print, e.g. to
vary optical or rigidity properties. An alternative technology is the Laser engineered net
shaping (LENS) technique that blows metal powder in the focal point of a laser. Parti-
cles that hit the focal point instantly melt onto the existing part surface. The advantage
of this method is the ability of mixing metal powders to increase rigidity [Lipson and
Kurman 2012]. Layered Object Manufacturing (LOM) laminates sheets of material into
a 3D shape. Thin paper, plastic or metal is stacked, cut by a machine knife or laser
cutter and glued together.

Selective Binding Printers This technology binds raw materials typically in powder
form using a laser beam. The laser beam is located in the print head and moved over the
printing volume. Thereby, a thin layer of powder is distributed over the printing surface
and a laser beam focused on the slice of powder melts the raw material. Stereolithography
(SL) uses liquid polymer in the production volume instead of powder. Ultra violet (UV)
light is then used to sweep over the polymer to bond the fluid. This process is repeated
layer by layer. Within a post-process the 3D printed object has to cured in an UV oven.
Laser sintering (LS) is similar to Stereolithography but uses powder and also metal.
In a post-process the solid object is infiltrated with epoxy resin. Three-dimensional
printing (3DP) uses a print head that squeezes glue onto raw powder combining the
different slices.

Materials Raw materials for 3D printing significantly depend on the process. Fused
deposition modeling usually uses thermoplastics, such as polyactide (PLA), Acrylonitrile
butadiene styrene (ABS) and Polyvinyl alcohol (PVA). However, every material which
can be melted and formed by the extruder can be used to create the shape, e.g. sugar,
chocolate and pastry. Other 3D printer techniques use polymers and resin that are
sensitive to specific light wavelengths to bond. Selective binding printers offer different
powders from plastic to metal. Currently, most of the objects generated with these
materials are not rigid and persistent enough to replace production grade shapes.

Printing resolution and production volume size The printing resolution is de-
pendent on the hardware, the material properties and software parameters. Overall 3D
printers have a resolution, i.e. layer height, in the fabrication direction (which is the
lowest process resolution) between 0.01mm and 0.5mm. Most of the 3D printers do
not exceed a production volume size of 300× 300× 300mm. There are many advances
on mechanical engineering and architecture to build large scale 3D printers with lower
resolutions [Monolite Ltd. 2012], [Bytes 2012] but large production volume.

Subtractive Manufacturing

Classic manufacturing methods, e.g. milling, drilling, sawing or cutting work by remov-
ing raw material to form a desired shape. In this thesis we use subtractive manufacturing
methods such as CO2 laser cutter (see Figure 2.1(c)) or a Computerized Numerical Con-
trolled (CNC) 3-axis machine (see Figure 2.1(d)) to create the presented shapes.

CNC Milling encompasses a range of processes, one of them is milling. In milling,
a tool mounted onto a movable arm removes raw material from a stock. Thereby,
Computer-aided manufacturing (CAM) software is used to generate routes along an
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inputgeometrythataretravelledbythetooltoremovematerial.Theprocessisexecuted
severaltimeswithanincreasingresolutionoftools.Thisiterativelyapproximatesthe
originalsurfacefromaroughingtoa nishingprocess. Theprocesscanworkonany
rigidmaterialandishighlyaccurate(upto0.001mm).
However,thenumberofaxistheCNCoperatesondeterminesthecomplexityofthe

geometrythatcanbeproduced. Forinstance,a3-axisCNCmachinemovesthetool
onthehorizontal2DX-Yplaneandalongtheverticaldirectioninthethirdaxis.The
geometrythatcanbegeneratedistheprojectionalhullofthesurfacealongthevertical
axis.Tocreatecurvedholesoneneedsatleast4-axes. Modernindustrialmachineshave
upto11-axes.InChapter6weusetheserestrictionobservations.

Lasercutting isapreciseCNCprocessthatcanbeusedtocut,engraveormarka
varietyofsheetmaterials,includingplastic,wood,cardboard,glassandothers.Itworks
byfocusingthermalenergytomeltorvaporizematerial. Thelaserbeamsareguided
throughaseriesofmirrorstoanozzlethatmovewiththeX-Yplanetravelingroutes
givenfroma2Dcontour.Thecreatedcutistypically0.1mmwide.Allfabricatedshape
abstractionspresentedinChapter7werecreatedusingalasercutter.

Summarizedcomparisonofboth manufacturingtechniques:

Additive Subtractive

Geometric
Complexity

any non-degeneratedtwo
manifolds

restricted by number of
axis,noholesandinclusions

Materials veryspecifictotheprocess;
neitherveryrigidnolong-
living;thermoplastic,resin,
differentmaterialpowders

anyrigidmaterial

Accuracy low (large-scale or
consumer-printer);
medium-high (industrial
3Dprinters)

veryhigh

Production
VolumeSize

small-medium small-large
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Degree of AbstractionExact Abstract

Fabrication of Shape

[Ai et al. 2010] 
  [Hiller & Lipson 2009a]
     [Hiller & Lipson 2009b]
       [Rothemund 2006]
          [Lin et al. 2006]
            [Willis et al. 2013]
              [Prevost et al. 2013]
                 [Hildebrand et al. 2013]

[Schwartzburg et al. 2013]
  [Eigensatz  et al. 2010]
    [Hildebrand et al. 2012]
      [Igarashi et al. 2012]
        [Demaine et al. 2008]
          [Skouras et al. 2012]
            [Zimmer et al. 2012]
      [Singh et al. 2010]
        [Mori et al. 2007]
          [Li et al. 2007]
            [Li et al. 2010]
              [Cutler 2007]

[Lau2011]
  [Massarwi2006]
    [Mitani2004]
      [Xin2011]
        [Shatz2006]
          [Rivers2012]
            [Luo2012]
              [Song2012]

Figure 2.2: Illustration of recent research focusing on the fabrication of shape organized
from an exact representation to an abstraction of the form.

2.2 Fabrication of Shape

The main goal of digital manufacturing is to bring the digital 3D shape content from
a digital representation to a physical one. Various research initiatives have targeted
this in various ways: different scales, degree of abstraction or manufacturing constraint
assembly and production as shown in Figure 2.2. We will now look at these different
works in more detail.

From Nano to Macro

In recent years, much effort has been devoted to creating algorithms for the control of
amino acid sequencing to form a specified shape, also called DNA Origami [Rothemund
2006], [Lin et al. 2006]. On the other end of the scale, the construction of free-form
surfaces became of practical importance for designing modern architecture. Cutler and
Whiting [2007] and Eigensatz et al. [2010] propose methods to approximate free-form
surfaces by developable surfaces that can be manufactured. Other works by Fu et al.
[2010], Singh and Schaefer [2010] and Zimmer et al. [2012] focus on the problem of min-
imizing the number of individual construction tiles when building complex structures.
The demands on producible complex large scale geometry led to a development of ad-
ditive manufacturing technology such as D-shape [Monolite Ltd. 2012]. It follows the
idea of increasing the possible 3D printing volume to be able to construct buildings.

Segmentation and Assembly

The decomposition of complex shapes into parts is central to many design and manu-
facturing processes. Several reasons exist for this, e.g. each part has to be fabricated
with a different material or manufacturing device, objects do not fit as a whole in the
production volume or efficient transportation requires smaller parts.
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(a) (b) (c) (d)

(e) (f)

Figure 2.3: Shape Projects. Computational abstraction and physical reproduction of
shapes for creating (a) papercraft models from meshes [Shatz et al. 2006], (b) rubber
balloons [Skouras et al. 2012], (c) multilayer models [Holroyd et al. 2011], (d) paneled
freeform surfaces [Eigensatz et al. 2010], (e) cardboard models [Hildebrand et al. 2012],
and (g) interactive beadwork design [Igarashi et al. 2012] .

First advances in partitioning 3D shapes into pieces that fit in a 3D printing volume
were presented by Luo et al. [2012] and are discussed as part of this thesis in Chapter 5.

Obviously, parts have to be connected and the object has to be constructible. Seg-
menting arbitrary digital objects into single manufacturable parts and designing con-
nectors for the construction plan was proposed by Lau et al. [2011] for furnitures. No-
tably, Xin et al. [2011] and Song et al. [2012] propose systems to decompose a 3D shape
into several interlocking parts, allowing to automatically generate burr puzzles. Here
connectors are not necessary.

Shape Abstraction

The abstraction of shape plays an essential role in representing objects for various objec-
tives [DeCarlo and Stone 2010], [Mi et al. 2009]. It is usually perceived as aesthetically
pleasing and widely used as an artistic and scientific tool for illustration, stylization,
and highlighting surface features. Our visual memory creates the impression of com-
plete shape appearance yet giving space for shape interpretations and creativity. In
computer graphics, numerous processes have been studied to compute efficient shape
representations and simplifications [Luebke et al. 2002]. These representations provide
inspiration for many fabrication approaches. An example of an abstraction is the idea
of an exoskeleton as an abstraction of shapes [De Goes et al. 2011]. The exoskeleton as
the external shell is a combination of geometry and a set of disk-like patches. In this
spirit, Mehra et al. [2009] extract only the characteristic curves of 3D man-made shapes
to provide a compact and representative version of the models. Pushing the level of
abstraction even further, Décoret et al. [2003] suggest billboard clouds as an extreme
simplified representation for 3D objects.

Recently, McCrae et al. [2011] and McCrae et al. [2013] proposed a powerful approach
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forgeneratingshape-proxiesconsistingofplanarsectionsbasedonprinciplesinferred
fromuserstudies. Also,planesareusedasbasicprimitives,butaretreatedasan
unstructuredsetandbenefitfromimage-basedimpostors. Weintroducethisapproach
inthecontextofdigitalfabrication[Hildebrandetal.2012]. Wepresentthecreationof
cardboard modelsaspotentialapplication.Chapter7goesintodetailthatapplication.
Similarly, SchwartzburgandPauly[2013]addadditionalconstructionpossibilities.

Recently,Demaineetal.[2008]proposedanalgorithmforballoontwistingtocreate
objects.Skourasetal.[2012]fabricatedballoonsinadesiredshape. Givenatarget
shape,theycomputeanoptimalballoonthat,wheninflated,approximatesthetargetas
closelyaspossible.Igarashietal.[2012]developedaframeworktodesignandconstruct
customized3Dbeadworks. Igarashiand Demaineuseeverydaygoodsanddonot
needaspecificoutputdevicetocreate3Dshapeabstractions.Incontrast,Skourasand
colleaguesdependonacompletepipelineofoutputdevicesforthedigitalmanufacturing
process.

Computational modelsforconstructinganddesigningphysical modelsoutofpaper
gainedinterestinthecomputergraphicscommunity.Existingmethodscanbeclassified
bythetypeofbasicelementsusedforfabrication. WhileLietal.[2007]haveshownthat
modelscanbeaugmentedwithpaper-cutpatternstosupporttheperceptionoftexture,
thereexistseveralapproachesthataddressforming3Dshapes. Paper-craftinginart
hasalonghistoryanddatesbacknearly2000yearstotheinventionofpaper. Origami,
theartofpaperfolding,createsintricatestructuresfromaflatpiecewithoutcuttingor
gluing. Anoverviewandintroductiontomathematicalfoldingalgorithmscanbefound
in[DemaineandO’Rourke2007].

Thereareseveral methodsthatapproximatea3Dobjectwithasetofpaperstrips
thatcanbefoldedandglued.MitaniandSuzuki [2004]andTakahashietal. [2011]
segmenttheinput meshandrepresentit withasetofstripsthatcanbecraftedby
bendingthepaperwhichalsoallowstorepresentsmoothfeatures.Massarwietal. [2007]
useasetofdevelopablesurfaces,eachonebeingageneralizedcylinderrepresentedasa
stripoftriangles.[Shatzetal.2006]followasimilarapproachbutrestricttheirelements
toconesandplanes.

Shapee ectsandprecision

Oncetheuserhasfullcontroloftheshapeproperties manydesiredeffectscanbeem-
bodied.Forinstance,Prévostetal.[2013]proposetoassistusersinproducingproperly
balanceddesignsbyinteractivelydeforminganexisting modeland manipulatingthe
centerof mass. Theyformulatebalanceoptimizationasanenergy minimization,im-
provingstabilityby modifyingthevolumeoftheobject, whilepreservingitssurface
details.Umetanietal.[2012]alsoexperimentwithbalancedobjectsbutinthephysical
validscopeoffurnituredesign. Willisand Wilson [2013]embodyinformationintoa3D
printedshape. Theydefine material-basedpassivetagsthatembed machine-readable
informationintheinteriorofphysicalobjects.Byvaryingmaterialgeometrywithinan
object,hiddeninformationcanbeusedinapplicationsrangingfrominventorycontrol,
overreal-timegameinteraction,toothersystemslinkingphysicalobjectstothedigital
world.

Optimizingthe3Dprintingprocessintermsofprecisionhasalonghistoryinmachine
engineering[HillerandLipson2009],[Masoodetal.2000],[Canellidisetal.2006]. None
oftheseapproaches workforgeneral meshes.Chapter5 elaboratesourapproachof
optimizingthequalityofanadditive manufacturingprocess[Hildebrandetal.2013].

13



2. Related Work

Degree of AbstractionExact Abstract

Fabrication of Appearance

  
     [Hašan et al. 2010]     
      [Matusik et al. 2009] 
          [Wu et al. 2011] 
             [Lan et al. 2013]
               [Dong et al. 2010]                         
                 [Schmaltz et al. 2010]                                                      
                   [Papas et al. 2013] 
                      [Levin et al. 2013]
                        [Weyrich et al. 2009]

[Pedersen et al. 2006]   
   [Alexa et al. 2011] 
     [Baran et al. 2012] 
       [Mitra et al. 2009]
          [Yue et al. 2012]

[Alexa et al. 2010]
  [Belhumeur et al. 1999]
     [Bermano et al. 2012]
        [Weyrich et al. 2007]
          [Holroyd et al. 2011
            [Xue et al. 2010]

Figure 2.4: We summarize computational models for the reproduction of shape appear-
ance. These are the classes we consider from exact to abstract models.

2.3 Fabrication of Appearance

Appearance is the result of the interplay of light, material and geometry. The scattering
of light depends on its micro (on the order of a micron) and meso (on the order of
0.1 to 1 mm) scale structure. Appearance reproduction can be achieved by separately
considering the design of the shape of an object and the design of the material it is
made of. Appearance abstraction can be designed by considering shape and material
together, along with the effect of light scattering from the object into the environment,
see Figure 2.4.

Appearance Reproduction

Recently, several researchers have considered the control of small scale geometry to
control the appearance of an object. Three different research directions can be identi-
fied. The reproduction of the bidirectional reflection distribution function (BRDF), the
simulation and manufacturing of subsurface scattering behavior and goal-based caus-
tics. Weyrich et al. [2009], Levin et al. [2013] and Lan et al. [2013] propose a system for
manufacturing physical surfaces that show a desired surface reflectance. In two dimen-
sions Matusik and colleagues use a 2D printer and a specialized set of ink to reproduce
physically correct BRDFs [Matusik et al. 2009] metallic or glossy reflection properties.

Hašan et al. [2010] and Dong et al. [2010] suggest a reproduction pipeline for measur-
ing and fabricating object materials with a specific subsurface scattering behavior. Papas
et al. [2013] use a mixture of colored pigments to influence the scattering properties in
liquid silicone to successfully mimic a variety of materials. Wu et al. [Wu et al. 2011]
have recently developed a system that allows a user to interactively view the simulated
macro-appearance of a material as the user edits the mesoscopic scale structure of a
material. This facilitates, for the first time, the design of physically realizable mate-
rials, rather than simply physically plausible materials. Moreover, using the optical
phenomenon of light refraction for designing and manufacturing surfaces that produce
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(a) (b)

(c) (d)

Figure 2.5: Shape appearance reproduction. Physical reproduction of materials with
(a) subsurface scattering [Hašan et al. 2010], (b) micro-geometry for custom surface
reflectance [Weyrich et al. 2009], (c) reliefs as images [Alexa and Matusik 2010] and (d)
Pigment mixtures for fabricating translucent materials.

desired caustic images when illuminated by a light source was presented by Papas et al.
[2011] and Yue et al. [2012].

Appearance Abstraction

By considering the effect of light, material and geometry together, one can create the
illusion of a particular shape. Considering the human perception of shape and shape
appearance during the design, modeling and machining of objects proposes a new con-
cept for the creation of shape. While Rusinkiewicz et al. [2006] or Ritschel et al. [2008]
show that exaggeration of shape features improve its perceived appearance in virtual
environments, Xue et al. [2010] demonstrate that already the printing of patterns en-
hance shape perception. Working with the interplay of shape and its appearance leads
to a major challenge: the optimization and manufacturing of real shapes based on likely
viewing positions to convey important features. This is common approach in traditional
sculpting.

One example is the creation of reliefs. The goal is to keep the notion of a 3D shape
but compressing the height greatly yet still inducing the perception of depth. Belhumeur
et al. [1999], Song et al. [2007] and Weyrich et al. [2007] developed optimized algorithms
to create versions of a 3D shape with compressed height. Alexa and Matusik [2010] also
construct a relief surface but do not create the notion of depth. Instead they optimize the
relief to form two different images for different light directions. This method considers
only the effect of diffuse shading and assumes no self-shadowing or shading effects. In
contrast, shading due to self-shadowing is not a local effect: a surface point can cast a
shadow on another point that is potentially far away. This non-locality makes it more
challenging to control self-shadowing, but in return, it allows to encode more images
into one surface and obtain sharper results. This was recently proposed by Bermano
et al. [2012]. Similarly, the problem of computing a surface that depicts a given image
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based on the occlusion of small embedded holes was proposed by Alexa and Matusik
[2011]. The surface was fabricated using CNC milling machines.

The interaction of light and surfaces is one of the central topics in computer graphics.
Computing a surface that creates a set of given images by taking light sources and its
physical effects into account has gathered much interest in the community. Creating
objects with a specific micro-surface geometry that uses light sources to create a certain
image was presented by Baran et al. [2012]. They compute optimized attenuation masks
which are then printed on transparent materials and stacked to form a single multi-
layer attenuator similar to Holroyd et al. [2011] and Wetzstein et al. [2011] but with a
completely different motivation. Computing shape from shadows (darkness) is a classic
problem studied by computer vision researchers. Mitra and Pauly [2009] show the inverse
process. They generate a volumetric structure that casts three different user-specified
binary shadows onto planar surfaces that best approximate the input stencils.
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Degree of AbstractionExact Abstract

[Bickel et al. 2010]
   [Bickel et al. 2012]
      [Stava et al. 2012] 
         [Zhou et al. 2013] 

   [Bächer et al. 2012]
       [Cali et al. 2012]

[Glassner 2002] 
   [Li et al. 2011]
     [Skouras et al. 2013] 
        [Coros et al. 2013]
          [Zhu et al. 2012]

Fabrication of Deformation and Motion Behaviour

[Umetani al. 2013]
[Ceylan 2013]

Figure 2.6: Fabrication of Deformation and Motion. In each class we consider a spectrum
from exact reproduction to abstraction.

2.4 Fabrication of Dynamic Objects

Elastic deformations and rigid body motion are present in many objects in our everyday
life. When we design representations of dynamic objects, either for animations in the
computer or real world movements, we are faced with determining material properties
and motion parameters such that the objects behave in a desired way. Figure 2.6
classifies recent research developments for fabricating dynamic objects from exact to
abstract reproductions.

Reproducing Deformable Objects

A first approach by Bickel et al. [2010] demonstrates a goal-based design of deformable
models with anisotropic and non-linear behavior. It enables the physical fabrication of
these materials with the help of multi-material 3D printers such as the OBJET Connex
series. The approach starts with measuring deformation properties of 3D printer base
materials by acquiring a set of example deformations. The material is represented as
a non-linear stress-strain relationship in a finite-element model. The material measure-
ment process is validated by comparing simulations of arbitrary stacks of base materials
with measured deformations of fabricated material stacks. After material measurements,
an example deformation is given and an optimization is introduced to mimic that ex-
ample by designing stacked layers of the base materials.

Next to the reproduction and deformation of solid objects another line of research
is the design and computation of deformable shells. This approach has a large number
of applications, e.g. for medical purposes [Glozman et al. 2010], soft robotics [Shepherd
et al. 2011], or entertainment [Skouras et al. 2012].

Physical Objects and Approximate Motion

Creating a 3D hardcopy of an animated computer graphics game character is currently
still well beyond the reach of consumers. Even for professionals it remains a difficult
task to approximate the character’s appearance and deformation behavior. Recently,
researchers took a first step into automating this process [Bächer et al. 2012], [Calì et al.
2012] and [Skouras et al. 2013] by using multi-material 3D printers.
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(a) (b) (c) (d)

(e) (f)

Figure 2.7: (a) Physical face cloning [Bickel et al. 2012], (b) Design of articulated
characters [Bächer et al. 2012], (c) Fabrication of objects with designed deformation
behavior [Bickel et al. 2010], (d) Improving structural strength of printable objects [Stava
et al. 2012], (e) Actuated deformable characters [Skouras et al. 2013], (f) Design of
mechanical characters [Coros et al. 2013]

A mechanical process using gear-wheels to drive motion is approached by Coros et al.
[2013] and shown in Figure 2.7(f). They present the computational design of mechanical
objects that given an articulated character and sketched motion curves as input creates
an animated mechanical character as output. A similar goal but with motion capturing
input data is pursued by Ceylan et al. [2013].

Driving this further to the creation of real articulated rigid structures brings us to
the field of animatronics. The aim here is to develop physical robot characters that move
and look like real humans. [Bickel et al. 2012] recently presented an animatronic figure
that closely resembles either a given virtual character or even a human subject. The
latter one is achieved by attaching a fabricated synthetic silicone skins to an articulated
robot head.

As mentioned before, papercraft is a very popular low-tech fabrication method. Pa-
per "pop-ups" can be designed with volvelles, flaps, pull-tabs, pop-outs or pull-downs to
recreate animations and simple abstract movement to enrich non-rigid objects. Compu-
tational paper models that can be popped-up in a rigid and stable manner were recently
presented by Li et al. [2010]. In this work, a three-dimensional building shape is approx-
imated as a set of parallel planes. Another interesting class are v-style pop-ups, which
can be opened and closed, i.e. moved into a flat state, without changing the rigidity of
the structure or extra force except at two patches. Such pop-ups can be automatically
generated [Li et al. 2011] and are used for books or cards [Glassner 2002]. While pop-
ups are inherently intriguing and mathematically interesting, usually fabrication might
require gluing.

In contrast to pop-up books where the structural strength is naturally given, in three
dimensions there is no guarantee that a 3D printed model is structurally sound. The
printed product often does not overcome cleaning, transportation, or handling, or it may
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even collapse under its own weight. Stava et al. [2012], Wang et al. [2013] and Zhou et al.
[2013] improve structural strength of 3D printable objects by automatically detecting
and correcting structurally weak regions. The structural problems arise in areas of
high structural stress. In an optimization step the model is corrected by combining
three approaches: hollowing, thickening, and strut insertion [Stava et al. 2012]. Zhou
et al. [2013] propose a stress optimization by deformation to solve the latter mentioned
problem. Umetani and Schmidt [2013] analyze the fused deposition modeling process
and determine a fabrication direction that increases the stability of the printout.
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Figure 2.8: A sketch-based pipeline to facilitate personalized manufacturing is shown.
The process starts by sketch-based retrieval of a similar 3D model from a user sketch in
a large 3D model database. Sketch-based modeling is then used to customize the model
from the database. Customized 3D shapes are manufactured using a 3D printer.

2.5 Personalized Manufacturing and Intuitive Interfaces

The transition from handcrafted personalized manufacturing to intuitive and easily ac-
cessible mass customization is one of the central challenges for the digital manufacturing
age. A successful implementation of this process depends on the development of high
quality interfaces for end users. [Autodesk 2012] offers one of the first manufacturing
pipelines that is designed for the needs of everyday users. We present an alternative
approach that employs sketching and sketches to make the manufacturing pipeline ac-
cessible to non-expert users. Because of its ability to act as a common means of visual
communication, sketches provide an exceptionally well suited input for searching large
image and 3D shape databases [Eitz et al. 2012], for modeling 3D surfaces [Zimmermann
et al. 2007] and for the fabrication of functional mechanical devices [Mueller et al. 2012].
Works by Saul et al. [2011] and Lin et al. [2010] investigate the aspects of intuitive
sketching and design for furniture design. We combine the above mentioned insights
and propose a sketch-based manufacturing pipeline.

Sketch-Based Pipeline for Mass Customization

We present a novel application workflow to physically produce personalized objects [Hilde-
brand and Alexa 2013]. With our prototype we show for the first time an end-to-end
workflow from a user drawn 2D sketch to a 3D printed, personalized object that takes
manufacturing limitations into account. This is achieved by sketch-based retrieval [Eitz
et al. 2012] and modeling [Zimmermann et al. 2007], and it enables the user to con-
trol the process with an intuitive and consistent sketch-based input metaphor. The
components of our approach include:

1. A simple 2D view of a 3D shape is sketched by the user and used as a query image
for a large 3D model database. The retrieval system returns a set of matching 3D
models.

2. The user selects one model of the retrieval set, and modifies it using simple strokes
along the shape’s silhouette.

3. The final modified object is printed using an off-the-shelf 3D printer.
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Shape Retrieval The presented retrieval method is based on a preprocess over the
3D models in the database. Important features of the models are extracted to match
the sketched input images with the 3D shapes. To this end, non-photorealistic rendering
algorithms are employed to render the object with selected feature lines from several
virtual viewpoints. This results in the creation of a set of line renderings for each model.
An image descriptor based on Gabor filters, which is specifically designed to match the
sketch-based user input and rendered images is then used to generate a bag-of-features
representation [Eitz et al. 2012]. This enables to search the shape database quickly and
accurately even if the database contains millions of 3D models and the sketch is drawn
by a non-expert user.

Shape Modeling and Fabrication The sketch-based modeling process enables the
user to modify the model by sketching new silhouettes of the mesh. For each stroke
drawn by the user, a corresponding feature-preserving deformation is computed. This
deformation, however, might introduce changes that cannot be manufactured with a 3D
printer, such as,

• thin and fragile structures, which produce unstable results,

• self-intersections,

• meshes that exceed the boundaries of the available printing volume.

To avoid these production difficulties, a simulation of the additive manufacturing
process is performed after each modeling step. For the simulation, a set of intersections
contours with the deformed shape is generated. The contours are used as 3D printing
proxy shapes to be tested against the above fabrication constraints. The deformation is
reduced stepwise using linear interpolation until the constraints are satisfied. For details
we refer to Hildebrand and Alexa [2013].
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Chapter 3

Discretization and Abstraction

An abstraction is one thing that represents several real
things equally well.

— Edsger W. Dijkstra

In this thesis, we introduce computational models for different digital fabrication
applications. Each of these applications map a given input geometry onto one of the
hardware devices discussed in Chapter 2. Although each of the output mappings has
different properties and purposes, we can derive a set of common principles that provides
an effective working model for various of the algorithms and applications proposed in
subsequent chapters. Figure 3.1 shows the spectrum of fabrication techniques, resolu-
tions and scales that are examined throughout the following chapters.

A significant aspect of the digital fabrication process is mapping the digital model
to the output device. This requires to convert from the shape representation used in
the computer to a shape approximation that can be fabricated. The precision of the

(a) (b) (c) (d) (e)(a) (b) (e)(c) (d)

Figure 3.1: The Stanford Bunny model fabricated with different output mappings de-
veloped in this thesis. (a) A consumer level 3D printer is used to print the object. (b-c)
Accuracy decreases with increasing layer thickness. Chapter 5 shows a decomposition
scheme to increase accuracy even for layers with substantial thickness.(d) A shape as-
sembled out of two parts created by a 3-axis CNC milling. The manufactured shape
introduces fabrication errors that are minimized by the choice of a partitioning plane as
presented in Chapter 6 (e) The shape is represented by a sparse set of layers that are
fabricated as presented in Chapter 7.
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3. Discretization and Abstraction

output mapping depends on many aspects, e.g. on axes precision limits, the height of
each layer that can be deposited (3D printing), the radius of the milling tool (CNC
milling) or the accuracy pre-defined by user-settings. In each case, the limited precision
of the output device leads to a discretization of the shape. It is achieved by sampling the
input surface along a specific constant direction, e.g. an axis of the devices, a process
known as slicing (layer-based discretization). The sampling rate is thereby typically pre-
defined by the output capabilities and each sample can be reconstructed by a piecewise
constant function as shown in Figure 3.3. Furthermore, depending on the fabrication
process and the hardware device, direction bias may be introduced through varying
fabrication precisions along the different manufacturing axes.

3.1 From Exact to Abstract Representations

The main objective of fabrication techniques is to reproduce a digital model as faith-
fully as possible. However, the complexity of the input data almost always exceeds the
available capabilities of output devices. Therefore, an output mapping of the input to
the capabilities of the device or user specification is necessary. The mapping usually
involves an unavoidable loss in accuracy although there are also cases where this is de-
sired. Many existing applications in computer vision, digital fabrication and computer
graphics work with shape abstractions. For instance, non-photorealistic rendering cre-
ates abstract 2D image content by various approaches [Kyprianidis et al. 2013]. Also,
in 3D computer graphics techniques for the abstraction of shape have been proposed.
Some of the related works have been cited in Chapter 2. For instance, the approaches
of McCrae et al. [2011], McCrae et al. [2013] and Mehra et al. [2009] provide interesting
ideas to find simpler geometry to represent shapes for various applications, for exam-
ple, computational shape recognition, modern art and the creation of toys, interior and
architectural design.

To achieve a high degree of shape abstraction one often defines so-called proxy-
geometry, i.e. simple primitives such as planar elements that represent the shape. The
main challenge of this approach is to identify parts of the original shape that can be
represented by the proxy-shape.

Figure 3.1 shows the scope of representations throughout this thesis. Figure 3.1(a)
shows a consumer level 3D print with some geometric artifacts; (b-c) illustrate that
accuracy decreases with increasing layer thickness. By subdividing the shape into parts
one can approximate the geometry in different directions more accurately. We will
discuss the approach in detail in Chapter 5. This is useful in particular for low resolution
3D printers or when the object exceeds the size of the production volume. Figure 3.1(d)
presents a shape assembled out of two parts created by a 3-axis CNC milling. The
manufactured shape introduces fabrication errors that are minimized by the choice of the
partitioning as presented in Chapter 6. Figure 3.1(e) shows an entirely different approach
that results in a shape abstraction. We show in Chapter 7 how to find directions
and represent the original geometry by sparse and irregular sampling. The result is a
cardboard abstraction.

In the following, we introduce notation and definitions that are used throughout this
thesis. We also discuss the main output mapping methods that are used to approximate
a given input shape.
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3.2. Preliminaries and Notation

3.2 Preliminaries and Notation

We define a triangle mesh M in R3 as a collection of triangles that defines a piecewise
linear surface. From a topological point of, the triangle mesh is a graph structure with
a set of vertices

V = { v0, · · · , vV } (3.1)

that are connected by a set of triangular faces

F = { f0, · · · , fF } . (3.2)

Each face can be represented by a set of edges

E = { e0, · · · , eE } (3.3)

connecting the vertices. From a geometric point of view, each vertex has a position in
R3 so that each face f ∈F is specified by its three vertex positions [Botsch et al. 2010].

Important throughout this thesis will be the intersection of a plane H with the mesh
M . We define the plane H as

Ax+By + Cz +D = 0 (3.4)

where n = 〈A,B,C〉is the normal vector of the plane and D the signed distance from
the origin to the plane center h0. We call the intersection of H with M a planar section
or slice p. It is formed by the intersection vertices vi0, ..., vin on the faces F of mesh
M (see Figure 3.2). The vertices are connected by a number of planar contour polygons
ci on H that define the slice

p = M ∩H = { c0, c1, ...cn } . (3.5)

A common principle for the applications in the remainder of the thesis is to find a set
of planes H = { H0, ...,Hn } such that the cross sections P = { p0, ..., pn } approximate
M . The planes can be placed equidistantly along one direction or distributed sparsely
with varying orientations depending on the application. We define a layer Lp as a solid
object that results from the extrusion of p along its normal n by height h (as illustrated
in Figure 3.2). We often refer to n also as the fabrication direction d.

(a) (b) (c)

ci h0

h

Figure 3.2: (a) A plane H with center point h0 and normal n that intersects mesh M .
(b) The intersection results in a slice p. Each slice consists of a set of contours ci. (c)
A layer Lp is defined by the extrusion of p in the direction of the plane normal n by
height h.
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3. Discretization and Abstraction

(b)

(c) (d)

(a)

Figure 3.3: The effect of different sampling directions (columns) for two different surfaces
(rows). In red we mark regions of the shape where high approximation errors occur.
These regions depend on the sampling direction and the slope of the shape as seen in
(a-b) and (c-d). Sampling artifact can also occur for very filigree parts of the input
mesh as shown in (d).

3.3 Layer-based Discretization

As discussed earlier, the output mapping leads to a discretization of the input mesh.
Layered manufacturing techniques add layer to layer to fabricate a shape. Each layer is
created by slicing, that is intersecting a plane at a specific height along the fabrication
direction d. After slicing, the actual 3D printing hardware dependent mapping to the
output devices takes place. One can decide between two approaches:

The 2D image-based approach rasterizes the contour elements into 2D bitmaps.
Each pixel describes material properties at its position, e.g. the density or intensity.
The bitmap is used to deposit a layer of fluid material (see Polyjet in Section 2.1).
Note, that the 2D bitmaps can also be generated from a voxelization of the object.

Machine dependent contour paths are created from the contour polygon segments.
These contour paths are translated to machine specific code, e.g. G-code. The code
contains machine instructions for the printing head (see Section 2.1). The instructions
control where to move to, how fast to move, and along what path and when to deposit
or switch on the laser.

The physical fabrication direction is for todays 3D printing devices the up-direction
inside the manufacturing volume. When we refer to a fabrication direction d it can
potentially point in any direction. However, for the final fabrication step each part will
be rotated to match the physical fabrication direction.

As discussed in the previous section, the plane intersection with the mesh faces results
in a set of line segments. The orientation of each segment is thereby determined by the
face normal of the face that was intersected and segments are connected to form contour
polygons ci which contain outer polygons and holes (see Figure 3.2). The layer height
h is generally defined by the resolution of the additive manufacturing device (shown as
the step function in Figure 3.3 that approximates the surface).
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3.4. 3D Grid-based Discretization

(a) (b) (c)

Figure 3.4: The distance to an in-
put shape (a) is sampled at grid
positions (b). Grid cells that are
enclosed by the surface form a
voxelized representation (c).

3.4 3D Grid-based Discretization

Most manufacturing processes work layer-based and hence define a natural layer height.
A discretization into finer, discrete cells is however often helpful or even necessary to
evaluate certain object properties. A 3D grid-based discretization rasterizes the volume
enclosed by the surface in simple cubic elements, i.e. voxels, as shown in Figure 3.4.
Therefore, one models the cubic cells with dimension h × h × h, where h is the lowest
resolution of the process is h (e.g. layer height). The accuracy in the tangent directions
is often better than h. To this end, we propose to sub-sample each voxel by a factor N
and end up with a resolution of h × h

N ×
h
N . In order to voxelize the object consistently

it has to be determined whether a voxel is inside or outside the object’s boundaries. For
this process one can consider different approaches:

The rules of 26-separating voxelization by Cohen-Or and Kaufman [1995] which
results in a binary voxelization. In that case a voxel does not contain any further
geometric information except its position.

An implicit geometric representation stores the signed distances to the input mesh
in each voxel [Baerentzen and Aanaes 2005]. This additional information can be use-
ful for manufacturing optimizations. The set of voxels that contains zero distance is
called the zero level set and it describes the surface of the object. Moreover, additional
geometry information can be inferred as needed, i.e. as gradient information.

Note that, the cubic elements naturally introduce three possible fabrication direc-
tions. Hence, we can evaluate errors and energy terms for the three orthogonal directions
to decide which one best meets the application requirements. The voxel representa-
tion can also be used for 3D printing directly as proposed by Hiller and Lipson [2009]
and Vidimče et al. [2013]. We demonstrate that grid-based discretization will help to
improve the accuracy of the process in Chapter 5.

3.5 Approximation Errors

A significant advantage of additive compared to subtractive manufacturing is the possi-
bility to manufacture general geometries. However, given the resolution of the manufac-
turing device and the physical size of the input object, approximation errors arise. To
be more specific, the fixed resolution of the manufacturing device defines a layer thick-
ness and thereby introduces staircase errors on any face that is not orthogonal to the
fabrication direction d, see Figure 3.3. Another problem is the user-specified physical
size of the output object that, especially in very filigree areas, might introduce sampling
artifacts or produce a mapping so that parts cannot be fabricated correctly. There are
two possibilities to reduce these approximation errors.
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3. Discretization and Abstraction

1. We find a fabrication direction d that finds an improved alignment with the mesh
to reduce the staircase effects as illustrated in Figure 3.3.

2. In regions where the fabrication process cannot correctly reproduce the shape we
adjust the input geometry. This idea has not been exploited in this thesis, see
however [Winkelmann 2014] for Fused Deposition Modeling.

As illustrated in Figure 3.3, the fabrication direction influences the accuracy of the
output object. Figure 3.3 (a) and (b) show a square shape for different d, while (c) and
(d) illustrate a surface including thin surface features. Figure 3.3 (a) shows a perfect
orientation for the square shape along d. By rotating the square (or the fabrication
direction) around 45 degrees the approximation error is maximized in (b). Also, the
thin surface features in (d) cannot be represented very accurately or vanish completely.
Sampling these regions along the orthogonal direction as shown in Figure 3.3(c) improves
the accuracy. We go into more detail on how to improve the accuracy of the process
in Chapter 5.
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Chapter4

DataStructures, Decompositionand
Optimization

Divideeachdi cultyintoas manypartsasisfeasible
andnecessarytoresolveit.

— RenéDescartes

Wehaveseeninthelastchapterthatsampling,discretizationandshapeabstraction
playimportantrolesfordigitalfabrication. Anotherimportantaspectisthedecompo-
sitionofanobjectintoseveralparts. Thisisparticularly motivatedbytwoobjectives.
First,becauseofthelimitedproductionvolumesofoutputdevices,thesizeofobjects
thatcanbe manufacturedinonepieceislimited. Therefore,largeobjectscanonlybe
fabricatedwhenthesearesubdividedintosmaller,producibleparts. Second,aparti-
tioningorsegmentationcanbeusefultooptimizethemanufacturedobjectwithrespect
tofactorssuchasrigidity,overall materialusageandaccuracy. Thecentralquestionis
hencehowdowefindasuitabledecompositionofanobjectintoparts?Inthefollow-
ingchapterswewillproposeapplicationsrelyingonsuchadecompositionoftheinput
shape.

Inthefollowing,wewillintroducebroadlythree maintechniquesthatcanbeem-
ployedforthedecompositionofanobject with moredetailsprovidedinthespecific
applicationchapters.First,weintroduceprincipalcomponentanalysiswhichisastan-
dard mathematicaltoolthatcanbeusedforthecomputationoffabricationdirections,
thatisimportanttofindsuitablepartitions. Second, wediscussbinaryspaceparti-
tioningtrees,adatastructurethathelpstoorganizethepartitionsinthe meshdata.
Third,webrieflytalkaboutdiscreteoptimization methodsthatcomeintoplaytofind
anoptimalornearoptimalpartitionsforaninputobject.

4.1 Principal Component Analysis

Onestandard mathematicaltoolthatisusedthroughoutthisthesisisthePrincipal
ComponentAnalysis(PCA). Wearespecificallyinterestedinusingittoanalyzegeo-
metricpropertiessuchasthedistributionofvertexorfacenormalsorvertexpositions.
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4. DataStructures,DecompositionandOptimization

ThegoalofaPCAistofindanorthogonaltransformationofapointcloudinto
anewcoordinatesystem. Thetransformationisdefinedsuchthatthefirstprincipal
component(firstcoordinateaxis)minimizestheerrorthatarisesundertheprojectionof
alldatapointsontothataxis. Thesecondprincipalcomponentischosenasthevector
orthogonaltothefirstcomponentthatminimizestheprojectionerror,andsoforth.The
numberofprincipalcomponentsisequaltothedimensionofthespaceoverwhichthe
pointcloudisdefined,inourcasetypicallyR3. Note,thatthefirstprincipalcomponent
isalsothedirectionofgreatestvariance.

ToperformPCA,weutilizethecovariance matrixQ=XTX ofthedata matrixX

X =

0

B
B
B
@

x1

x2

...
xn

1

C
C
C
A

: (4.1)

whereeachrowcontainsadatapoint xicenteredatthe meanofthedataset. The
principalcomponentswicannowbefoundbyaneigen-decomposition

Q=WΛWT (4.2)

whereΛisthediagonal matrixofeigenvaluesλiofQ=XTX andW istheorthogonal
matrixwhosecolumnsaretheeigenvectors wiofXTX. Forourapplicationsthefirst
principalcomponentcorrespondsoftentothedirectionof minimumprojectionerror
ofallvertexpositionornormalsontothataxis,i.e.thefabricationdirectiond. To
givesomeintuition,findingthisdirectioncorrespondsalsotosolvingthe maximization
problem

argmax
kdk=1

kXdk2: (4.3)

4.2 Decompositionand BinarySpacePartitioning

Mostlayeredoradditive manufacturingprocesses workbyviewingthedigitalinput
modelasbeing monolithic. However,decomposingthe modelintoasmallnumberof
piecesishelpfulin manyusecases. Forthis,the modelisintersectedwithasuitable
chosenplaneseparatingtheinputobjectintotwopiecethatarethen manufactured
separatelyandgluedtogether. Repeatingthatintersectionprocessrecursivelyforeach
partcallsforanorganizingdatastructure,suchastheBinarySpacePartitioningTree
(BSP) whichisalready wellknownincomputergraphics[Fuchsetal.1980]. Many
algorithmsrelyonittostoreandorganizegeometricinformation,e.g.imagesynthesis,
collisiondetectionorphysicalsimulation methods.

Inthisthesis weemploy BSPtreerepresentationsoverpolygonal meshdatafor
variouspurposes.Forusfastdataaccessorstorageefficiencyarenotofprimaryconcern.
Instead,ourinterestliesina meaningfulorganizationandpartitioningoftheobject
withrespecttofabricationconstraints. Anapproachsimilartoourshasrecentlybeen
proposedby[Luoetal.2012]whodefinedalinearcombinationofenergyterms,e.g.
basedonaesthetics,structuralsoundness,symmetryandconnectorfeasibility,tocontrol
thepartitioningofanobjectwithabinaryspacepartitioning.

GivenatriangularinputmeshM,oneconstructsabinaryspacepartitioningtreeto
organizeitstriangles. Duringtheconstructionprocessanewtreenodekiscreatedby
definingaplaneHthatintersectsandtherebypartitionsM intotwoconvexhalf-spaces,
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4.2. Decomposition and Binary Space Partitioning

i.e. a front- and backspace as shown in Figure 4.1. Each half-space and its triangles can
then be accessed as child nodes of k in the tree, i.e. each node corresponds to a region of
space. Triangles that lie on the plane H are also stored in the node k. The construction
of the BSP Tree is usually done recursively until every subspace holds only one triangle.

To insert a new triangle into the BSP Tree one compares it against the plane at
each node, propagates it to the right side and splits it if necessary. When the triangle
reaches an empty cell, one creates a node with the triangles supporting plane. To
access the triangles in the BSP Tree one needs to specify a query point and perform
a tree traversal which is application specific. Basically, it begins at the root node and
classifies the query point with respect to its partition plane and subtree. This procedure
is repeated recursively for each subtree.

Important for our decomposition concepts is that the triangles contained in one half-
space form a part of our object. An example for the choice of H in our applications is
the previously discussed PCA over the face normals of M .

The usage of partitioning planes in the binary space partitioning results in a planar
cut through the mesh data. In our digital fabrication context this has three advantages.
First, the planar cuts fit naturally in the fabrication concept, because parts can squared
up in the production volume. Second, the assembly of different parts is easy as the
contact surface is planar. Third, the computation of a suitable partitioning plane can
be done very efficiently.

The choice of the partition plane is highly application specific. One objective is to
obtain a balanced tree, which is necessary to ensure performance of spatial classification
tasks where it is necessary to store an equal number of primitives in each half-space.
The construction of an optimally balanced tree is an NP-complete problem. For most
common computer graphics applications the trade-off is between finding the tree bal-
ancing and splitting minimization. However, each partition plane may introduce new
primitives because of splitting intersected polygons. These new primitives have also to
be inserted and stored. Hence, minimizing the number of splits of primitives is also
desirable for some application.

In general, one can distinguish three different strategies to choose splitting planes as
shown in Figure 4.1.

1. For most graphics purposes it is appropriate to choose the partition plane from
the input set of polygons (called an auto-partition). During the construction a
triangle is selected. Its plane defines the splitting plane for the next subspace.
The primitive is then stored in the node.

2. Some applications require an axis-aligned splitting of the underlying data as seen
in Figure 4.1 (2).

3. The partition planes are defined by evaluating some energy function over the data
shown in Figure 4.1 (3). The orientation of the planes is then typically arbitrary.

Our fabrication applications make use of different splitting strategies. We specifically
use orthogonal splitting planes based on the evaluation of splitting errors (Chapter 5).
We employ the distribution of vertex normals and vertex positions over the mesh as an
important criteria for choosing a splitting plane (Chapter 6, although we do not con-
struct a full BSP here). Additionally, we propose modified BSP tree construction rules
to detect and avoid collisions during the simulated construction of cardboard models
(Chapter 7).

31



4. Data Structures, Decomposition and Optimization

E

D

B

A
C

DE

F

G

A

B C

DE

G F

B C

A

B C

A

A

B C

D

E

G
F

E

DB CA(1)

(2)

(3)

F

G

A

Figure 4.1: The binary space partitioning algorithm illustrated for a simple 2D scene.
(1) auto partitioning; (2) partitioning planes are defined orthogonally to each other; (3)
splitting planes are defined arbitrary according to some pre-defined energy function.

4.3 Discrete Optimization

Discrete optimization methods have a large number of applications. We are specifically
interested in finding an optimal configuration out of a large set of possibilities. These
possibilities arise either from decision or labeling problems. Our class of problems are
known to be NP-hard optimization problems. That means, finding an optimal solution
to the problem can take exponential time. We hence employ standard optimization
strategies to solve this class of problems. Chapter 5 compares different labeling ap-
proaches using multi-label graph cut [Boykov et al. 2001] and branch-and-bound opti-
mization [Land and Doig 1960]. Chapter 7 again uses branch-and-bound optimization to
find an optimal or near optimal solution to an insertion ordering problem. Since these
two algorithms are standard methods in computer science we only briefly summarize
them conceptually with a simple example. We go into detail when we use the algorithm
in the later chapters.

Branch and bound

In the following, we introduce the branch-and-bound method with the help of the well
known Knapsack problem. The objective of the Knapsack problem is to find an optimal
set of valuable items that fit into a bag with limited space capacity C. Each item has
a value vi and occupies some space si in the bag. The set of items in the bag with
value vi defines our objective function F , subject to a capacity constraint. We are hence
interested in the following optimization problem:

F (x) = arg max
∑
i∈I

vixi (4.4)
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Figure 4.2: Illustration of the Knapsack problem decision tree. We show the optimal
solution in blue and pruned subtrees and nodes in red. The capacity of C = 10.

subject to the constraints

∑
i∈I

sixi ≤ C, xi ∈ { 0, 1} (4.5)

where xi determines if the i-th item is in the Knapsack or not. Since the Knapsack
problem is NP-hard it becomes intractable for already a small number of items i because
the set of possible combinations grows exponentially (2 | i| ). Therefore, one tries to find
a high quality solution instead. This can be illustrated with the binary decision tree
shown in Figure 4.2. For each node in the tree one can ask the question: ’Do I take an
item? Or do I not take an item?’. Each decision results in a new node in the tree and
less space and more value inside the bag. The figure shows for each node the value of
the bag, the room capacity left and the best solution that is still possible.

The basic goal of branch-and-bound is to avoid computations of as many suboptimal
configurations as possible. That means, we prune away parts of the decision tree that
will not contain an optimal solution. Therefore one iterates two step:

1. A branching step splits the problem into a number of subproblems and tries to
explore the whole sub-tree of possibilities. So implicitly it will explore the whole
tree. But there is the next step.

2. Bounding is about finding an optimistic estimate of the best solution of the sub-
problem. It evaluates nodes in the decision tree and prunes away entire subtrees
that will never contain an optimal solution. In case of an maximization prob-
lem we call this estimate an upper bound, in case of a minimization problem a
lower bound. All nodes in subtrees that are below that upper bound (lower bound
respectively) do not need to be evaluated in the branching step.

The example shown in Figure 4.2 starts to evaluate the tree by taking the first item
x0 = 1 (left branch). We can ignore parts of the tree that exceed the capacity and
eventually find a solution. Evaluating the right subtree leads to suboptimal subtrees
where the best possible solution cannot get better than the solution we already found.
We do not have to evaluate that subtree and hence prune it away. Figure 4.2 show the
optimal solution in blue and invalid or suboptimal subtrees in red.
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Figure4.3:Aninputimageisinterpretedasadirectedcapacitygraphwiththeterminals
sandt. Eachpixelhasanedgetoitsneighborsweightedbythesmoothnesscostwpq.
Eachpixelalsoconnectstoallterminalsweightedbythedatacostw(pq;st). Theenergy
inEquation4.6issolvedusinggraphcut.

Dependingontheapplicationandoptimizationconstraintsdifferentdecisiontree
traversalstrategiescanbeused,e.g. depth-first,breadthfirstork-besttraversals,
wherekmeansthenumberofthe mostvaluablesubsolutionsthatwillbetakeninto
account.

Multi-labelgraphcut

Another wayofdecomposinganobjectintoasmallnumberofpiecesisbyfinding
asegmentationofthegivenobject. Suchsegmentationproblemsareoften modeled
aslabelingproblems[KolmogorovandZabih2004]. Onethenwantstofindasetof
possiblylargesegments whereallelementscontainedinonesegmentsharethesame
label.Segmentationproblemsarestandardproblemsincomputervision.Inthiscase
basictheelementsarethepixelsofanimage. Hereweusethisexampletointroduce
segmentation,seeFigure4.3.

TheinputisasetofpixelsPencodingdifferentintensitiesasgrayscaleimagevalues
andasetoftwopossiblelabelsL = l0;l1. Thegoalforourexampleistoidentify
segmentsthatsharesimilarpixelintensityvalues.Labelingproblemsareformulatedin
termsofenergy minimization. Wehence minimizethefollowingenergyfunction:

E(x)=
X

p2P

Φp(xp)+
X

(p;q)2N

Θ(p;q)(xp;xq): (4.6)

Thedataterm Φp(xp)isafunctionofthepixelintensitiesthat measurethecostof
assigningalabelxptopixelp. ThesmoothnesstermΘ(p;q)(xp;xq)describesthecostof
assigningthelabelsxpandxqtotheneighboringpixelspandqinthepixelneighborhood
N. AsthenamesuggestsΘ(p;q)(xp;xq)controlsthesmoothnessofthelabeling,i.e.the
samelabelisassignedtoelementswhichvarysmoothlyanddifferentlabelstoelements
atsharpdiscontinuitiesintheimage. That meanshighgradientsbetweenimagepixel
intensitiesshouldleadtodifferentlabelsbetweentheseneighboringpixels.Inother
words,neighboringelementstendtotakethesamelabelandhaveageometricorlocation
consistency[KolmogorovandZabih2004].

EnergyfunctionslikeE(x)canbe minimizedefficientlyusinggraphcut. Forthis,
therelationshipbetweenelementsisinterpretedasaweightedgraph. Thegraphalso
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4.3. DiscreteOptimization

containstwoadditionalnodesthatareconnectedtoeverynode,i.e.asourcesandsink
trepresentingthetwodifferentlabels,seeFigure4.3. Thedatatermdefinestheedge
weightsfromaterminaltoanodeandthesmoothnesstermdefinesedgesweightsof
neighboringpixels.

Oncethegraphisconstructed,asegmentationisachievedbyobtainingtheminimum
cutthroughtheedgesofthegraphdefiningtheboundariesbetweensegments.Inother
words,wefindapartitionoftheverticesinthegraphintothedisjointsetsSandT
withs2Sandt2TasshowninthebottomrightofFigure4.3.Findingthe mincut
throughagraphisthedualproblemtocomputingthemaximumflowinthatgraph[Ford
andFulkerson1956]. The maximumflowcanbecomputedinpolynomialtime with
smallconstantusingalgorithmsshownbyGoldbergandTarjan [1988].Boykovetal.
[2001]andBoykovand Kolmogorov[2004]proposeanextensiontofindapproximate
solutionsfor multi-labelgraphcutproblemsrunninginnearlylineartimeinpractice.
Theresultinggraphcutfindsabinarylabeling(i.e.,twolabels,sotwosegments)shown
inFigure4.3.Extensionsto morethentwolabelsarediscussedbyBoykovetal.[2001]
whoshowa methodto minimizeanenergyfunctionfor manylabelsbyrepeatedly
minimizinganenergyfunctionfortwolabels.
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Chapter 5

Orthogonal Slicing for Additive
Manufacturing

Fast is fine, but accuracy is everything.
— Xenophon

In this chapter we introduce an optimization method for additive manufacturing that
aims at an accurate shape reproduction. Our optimization is particularly interesting
for low-resolution and large scale 3D printing methods. All additive manufacturing
technologies work by layering, i.e. discretizing the shape into layers and manufacturing
each layer independently. As discussed in Chapter 3, this introduces an anisotropy
into the production process that typically exhibits itself as different precisions in the
tangential and normal directions. Especially at low resolutions this results in sampling
artifacts and staircase effects.

We try to minimize these staircase effects by decomposing a shape into a small
number of pieces so that each piece can be consistently sliced with small geometric
error and that by assembling the pieces one gets a replica with overall small error (see

(a) (b) (c)

Figure 5.1: Left: We present a framework that improves additive manufacturing meth-
ods across different scales: 3D printing resolutions (left) medium to large scales that
might exceed the machine manufacturing volume (right). Right: (a) T-shaped object.
(b) sliced in one direction (c) decomposed into two partitions after optimization and
sliced in two directions.
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5. Orthogonal Slicing for Additive Manufacturing

Figure 5.2: (a) Staircase effects
created by an additive manufac-
turing process [Danjou and Köh-
ler 2009] (b) Large scale cement
3D printing. (c) Architecture
landscape models. (d) Fabri-
cation of laser-cut stacked lay-
ered models c©Autodesk. (e) art
sculpture "Subdivided Columns"
consisting of several thousand
slices by Michael Hansmeyer
c©Michael Hansmeyer.

(b)

(c) (d) (e)

(a)

layer model

3d CAD model

Figure 5.1). We formulate this objective as an optimization problem. The corresponding
optimization thereby needs to avoid both extremes: only one direction is not flexible
enough, creates a large error; while decomposition into many pieces can clearly make
the error small, but the assembly or production becomes tedious or virtually impossible.

To describe the different precisions of the production process along different axes nu-
merically we model it using anisotropic cubic elements. Our approach then determines
a compromise between using an optimal manufacturing direction for each individual
cubic element and one direction for the whole shape as shown in Figure 5.1(Right). We
begin by computing an orthonormal basis and consider only the three basis vectors as
slice normals (i.e. fabrication directions). Then we optimize a decomposition of the
shape with respect to the basis so that each part can be consistently sliced along one of
the basis vectors. While our approach can be generalized to all layered manufacturing
methods from 2D slabs laser cutting over Layered Object Manufacturing to high resolu-
tion 3D prints, we wish to stress that the improvements one can obtain from slicing an
object into different directions may depend on the resolution of the process, the size of
the object, and the desired application. The potential benefits of our method for various
applications are:

1. Staircase effects for 3D printing are reduced on average over the complete shape.
This also has been focus of Danjou and Köhler [2009] and Nezhad et al. [2009],
but does not work for general meshes (see Figure 5.2(a)).

2. Large scale 3D printing with low resolutions that become increasingly interest-
ing for mechanical and civil engineering benefit with increasing precision ( Fig-
ure 5.2(b)), see [Monolite Ltd. 2012] and [Khoshnevis et al. 2006].

3. Our method generates a partitioning of large objects that cannot be fabricated as
a whole because they do not fit the production volume. Additionally, each part is
fabricated to highest precision.

4. Multi-material objects often cannot be printed in one run because of printer lim-
itations. Also partitioning is necessary in that case. Also here, parts can be
fabricated to highest precision.

5. There is an increasing popularity for personalized 3D toys, puzzles and designs.
We show an alternative approach to applications first introduced by Autodesk
[2012] shown in Figure 5.2(c,d,e).
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(a) (b) (c) (d)

Figure5.3: Compositionofpartsshouldbeorthogonaltoprovideseamlessassembly
evenforlowresolutions. (a)showsanoriginal2Dshape,(b)and(c)illustratetwo
possibleorthogonalcuts(detailsinSection5.4).(d)showsthatnon-orthogonalcuts
canleadtonon-planarboundaries.Especiallyforlowresolutionsthisleadstoassembly
issuesbetweentheseparts.

Preliminaries

Allowingonlythreeorthogonaldirectionsasfabricationdirectionsistheresultfrom
earlyexperiments. Wefoundthatwithincreasinglayerthickness(e.g.>0:5mm)an
objectprintedofpartsusingnon-orthogonalprintingdirectionswouldresultina’jaggy
surface’alongtheiraliaseddirectionasshowninFigure5.3. Theassemblywouldthen
bedifficult,oftenresultinginconnectionsthatcannotbegluedtogetherproperly. While
orthogonalitycouldbeachievedlocallyforsomecutswesuggesttosolvethisproblem
globallybyallowingonlyorthogonalprintingdirectionsFigure5.3.

Consequently,ourfirst modelingdecisionforthis workisto restricttheslicing
directionsas wellasthenormalsofthecuttingplanestoanorthogonalbasisB =
[b0b1b2];BTB =I. Thisapproachallowstoselectanoptimalslicingdirectionbifor
eachpartindividuallywhileguaranteeingplanarconnectionareaswithoutsamplingar-
tifactsbetweenparts(seeSection5.2).Inotherwords,becauseallcutsareorthogonal
the modelcanbeeasilyassembled.

Weuseaninternalvoxelrepresentation withdimension h× h
N × h

N asdescribed
inChapter3,to modeltheanisotropyinaccuracy,i.e.thethicknessofalayerish,
whiletheaccuracyinthetangentdirectionsisN timesbetterthanthethicknessofa
layer.Themostnaturalchoiceforasmallestelementforslicingdirectiondisavoxelcell
ofsizeh3. Ourideaistopre-processtheshapeandfindforeachvoxelitsoptimalslicing
directionandacorrespondingcontour(seeSection5.3). Onlyforvoxelscontainingparts
oftheshape’sboundarytheerrorwilldependonthefabricationdirection.Therefore,we
willconsiderinthefollowingonlythosevoxels. Ourobjectiveistooptimizeapartition
ofthevoxelsetalongthevoxelsides.Thegoalistogeneratelargesetsofvoxelsthatare
processedalongthesamedirection. Tobeabletoimprovethesurfaceaccuracyandto
measureerrorsthatresultfromslicingthevoxelwecomputethreediscretevolumetric
differences(seeEquation5.14)betweentheinputshapeandtheapproximationsfora
certaindirection:

Wecallthesumofsmallesterrorspervoxel emin(Ω):

emin(Ω)=
X

v2Ω

min
bi

ebi
(v) (5.1)

withthethreedifferentslicingdirectionsbioverthecompletesetofvoxelsΩ.Itmodels
theleastpossibleerroroverthewhole meshwhenwealloweachvoxeltohaveaslicing
directionindependentofitsneighbors. Wecouldachievethisresultbyfabricatingeach
voxelindividuallyalongthedirectionwithsmallesterror.
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5. Orthogonal Slicing for Additive Manufacturing

Input Mesh Voxelgrid Optimization Optimized Stacked LayersError Computation         Fabrication Direction

Figure 5.4: Overview of our method. We start with the input mesh and compute a set
of orthogonal manufacturing directions. Afterwards we use these directions to perform
a voxelization process where we divide our data into volumetric elements with the size
h. For each voxel we compute slicing errors for each of the three directions. We then
employ an optimization process to partition the voxel grid. We search for large segments
with minimal slicing error while balancing the number of partitions. Our computed
segmentation can be cut with a laser cutter or printed with a 3D printer.

We call eslc(Ω) the minimal error resulting from choosing a consistent slicing direc-
tion out of the frame B. We compute eslc(Ω) by adding the errors of each voxel ebi

(v)
for the three directions and then taking the minimum over the three possible directions:

eslc(Ω) = min
bi

∑
v∈Ω

ebi
(v) (5.2)

Note, emin(Ω) and eslc(Ω) define useful bounds for our optimization process. emin(Ω)
defines a lower bound, i.e. for the frame B we cannot get a partitioning with less error.
eslc(Ω) is a pessimistic upper bound for B, i.e. any reasonable partitioning should result
in a lower error. Consequently, eopt(Ω) minimizes the surface error by decomposing the
object into smaller parts and allowing each part to have its individual slicing direction
(see Section 5.4). We improve accuracy with an increasing number of parts. So, the two
central questions we need to solve are thus.

1. Does the orthogonal basis B matter for the accuracy and how do we find an
optimal one?

2. What is a meaningful partitioning the mesh that provides a balance between the
number of parts and accuracy?

We address these questions in a computational pipeline that leads from an input mesh
to an object that can be manufactured.

5.1 Overview

Let us summarize our pipeline to generate partitions that are sliced along directions
that improve the overall accuracy of the input shape. We illustrate that in Figure 5.4.

1. Given a triangle meshM , we compute a set of orthogonal directions B = [b0b1b2]
that are likely suited for a decomposition of the shape into small parts, each
of which can be sliced along one of the three directions with small error (see
Section 5.2). By rotation of the model with BT we can now consider the canonical
directions, i.e. x, y, z.
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5.2. Selection of Manufacturing Directions
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Figure 5.5: (a) We show the resulting manufacturing directions of the normal clustering
(blue) (b) compared to a PCA over the set of normals (green). (c) We show different
examples. Note, our method finds an optimal solution for the cylindrical T-shape and
that the results of the clustering methods often correspond to the natural upright direc-
tion. (d) We evaluated the overall best approximation error over a set of test shapes.
We show the mean minimal error and the standard deviation.

2. The shape is decomposed into voxels of size h3, where h is the desired layer thick-
ness (or, worst accuracy). Each voxel is then decomposed into N3 sub-voxels,
where N is the factor between the thickness of the slice and the accuracy in the
tangent directions. We also use the sub-voxels to optimize the boundary of a voxel.

3. For each voxel, the errors for each of the three slicing directions are computed
(see Equation 5.1 and Equation 5.2). We use the discrete volumetric difference
between the input shape and each of three approximations for a certain direction,
computed on the sub-voxel grid. This requires computing approximations that are
constant in the direction normal to a slice, yet may vary in tangent direction with
the sub-voxel resolution. We explain how to do this consistently for all voxels, yet
using only the local information available in each voxel, in Section 5.3.

4. Based on the per-voxel errors, we compute a decomposition of the voxel grid so
that each part can be sliced consistently with small error, yet the total number of
pieces remains small. We also consider other factors in this process, such as the
maximum size of each part. This process is explained in Section Section 5.4.

The result is a decomposition of the shape into a few pieces, as well as a slicing direction
for each piece.

5.2 Selection of Manufacturing Directions

As discussed earlier, to improve the accuracy of the additive fabrication process we need
to consider the rotation of the object inside the production volume. The fabrication
direction d, i.e. major direction in which the layers are placed, usually has the lowest
resolution. We base our computations on a simple observation: a planar surface with
normal direction n should be sliced in a direction orthogonal to n because the accuracy
tangential to a slice is assumed to be significantly higher than normal to a slice. This
leads to less approximation errors as seen in Figure 3.3. As explained with Figure 5.3
we require three orthogonal directions so that we can guarantee a seamless assembly
of parts. In the following we will discuss three possible solutions to find an optimal
orthogonal basis B.
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5. OrthogonalSlicingforAdditiveManufacturing

ExhaustiveSearch

ToevaluatethequalityofthreemanufacturingdirectionsBwevoxelizetherotated
objectandcomputetheerroremin.Thevoxelizationprocessiscomputationallyexpen-
sive.Anexhaustivesearchofthecompleteparameterspaceisthereforeingeneralnot
feasible.However,tojudgeotheroptimizationsolutionsweproposeagroundtruthB
bysearchingover10000frames.Forthis,wesample1000uniformdirectionsoverthe
half-sphereandrotatearoundeachdirection10times.Table5.1showstheerrorsinthe
leftmostcolumn.Atthesametimeweevaluatetheworst-caserotation(seeright-most
column)toshowthespectrumofpossiblesurfaceerrors.

MainNormalDensityBasis

AsimpleapproachtofindthemainnormaldensitybasisistousePCAovertheface
normals.Specifically,wedefine

C=
X

f2M

ainini
T (5.3)

bethecovariance matrixofthefacesofthe meshM. The matrixisasymmetric
3×3matrixandsohasrealeigenvaluesandorthogonaleigenvectors. Wecompute
theeigenvectorsandcorrespondingeigenvaluesbytheeigen-decompositionasdiscussed
inChapter4

C=WΛWT (5.4)

whereΛisthediagonalmatrixofeigenvaluesofCandW isanorthonormalbasisBwith
themajoreigenvectorpointinginthedirectionthemaximizesthescalarproductover
allareaweightedfacenormalsnofthemesh,i.e.itisthedirectionofthehighestnormal
variance.Theminoreigenvectorpointsintheorthogonaldirectionofthelowestnormal
variance.Thelatterdefinesadirectiondthatintroducestheleastapproximationerrors
aswewanttosliceorthogonalton.UmetaniandSchmidt[2013]useasimilarapproach
forcomputinga3Dprintingdirectionbutfocusonthestabilityofanobject.

NormalClusteringBasis

Weproposeanothersimilarmethodforcomputingasetoforthogonaldirections.Each
triangleinthemeshcorrespondstoaplanarpiecewithareaaiandnormalni.Ourgoal
istofindthreeorthogonaldirectionsb0,b1,b2.Thesecanberepresentedconveniently
as

B=[b0b1b2]; B
TB=I (5.5)

suchthatthetangentspaceTni=(0;0)
T canbewellapproximatedbytwoofthe

bc. Assumetheseareb0andb1. Then,becauseBisorthogonal,thenormalniis
wellapproximatedbyb2.Thismeans,itsufficestofindanorthogonalBsuchthatall
normalsarewellapproximatedbyoneofthebc.
Note,itisnotsufficienttoperformaPCAoverthesetofthenormalsasdoneinthe

previoussubsection. Whilethisgivesusonegooddirectiontoapproximateallnormals,
italsogivesustwomoreorthogonaldirectionsthatarenotparticularwellsuitedfor
approximationofnormalsinthemesh.Inotherwords,thesolutionisnotwellbalanced
andstronglybiasedintheaveragenormaldirection.
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5.2. SelectionofManufacturingDirections

Figure5.6: Left: Atrun-
catedprismshowsthatnei-
therPCAdirections(green)
norclusterednormaldirec-
tions (blue) areintuitive
Right: Directionsoverthe
sphere.

Ourapproachisbasedonclusteringofthenormals,withtheadditionalrequirement
oftheclustercentersbeingorthogonal. WestartwithB =Iandtheniteratively
improvethecurrentsolutionBasfollows:

1.Foreachnormalnfindtheclosestdirectionbcbymaximizingjbcnij.Thisassigns
eachnormaltooneofthethreedirectionsand,thus,formsthreesetsofnormal
vectors.

2.Foreachcluster,weperform,similarlytothepreviousapproach,PCAoverthe
normalvectorsinthisclustertofindthedirectionalcenterofthecluster.Specif-
ically,let

Nc=
X

jbcnij>jbcnij;c6=c

ainini
T (5.6)

bethecovariancematrixoftheclustercandaibeingtheareaoffacewithnormal
n.Thematrixissymmetricandsohasrealeigenvaluesandorthogonaleigenvec-
tors. Wealsocomputetheeigen-decomposition

ETcNcEc=Λc (5.7)

andusetheeigenvectorcorrespondingtothelargesteigenvalueasthenewcluster
representative~bc.

3.Thethreevectors~B=(~b0;~b1;~b2)aregenerallynotorthogonal. WeusetheSVD
tocomputetheclosestorthogonalmatrixBfrom~B:

B=UVT; where~B=UΣVT (5.8)

4. WestartoverwiththeupdatedmatrixBandrepeatuntilconvergence.

Figure5.5showssomeresultsofourmethod.Ontheleftweillustrateanexampleofthe
chairmodelandtheresultingorthogonalbasis(a)andthePCAoverthesetofnormals
(b). Notethattheresultsoftheclusteringmethodsoftencorrespondtothenatural
uprightdirectionwherethePCAaveragesthenormalsgloballyresultingininefficient
fabricationdirections.Figure5.6showsthatmodelsthatdonothaveadistinguished
directionthatwouldresultinnoorsmallfabricationerrorarestillmeaningfulinthe
senseofminimizingtheoverallslicingerror.
Sincethedifferencesbetweenthethreeapproachestodeterminethedirectionsare

hardtojudgeingeneral,weillustratetheangledifferencesofthebasisontoacircleand
plotthescalarproductwithrespecttotheoptimalBdeterminedbyexhaustivesearch
inFigure5.7.
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Figure5.7:Evaluationoftheoptimalframesb0;b1;b2determinedwiththreedifferent
methodsforasetofexampleshapes.Shownarethescalarproductsperaxistothe
optimalsolutionandanillustrationthatshowsthedifferencesoftheaxesoftheframes
laidoutonacircle.Thisisdoneforfourreferencemodels.Onecanclearlyseethatthe
normalclusteringbasisliesverycloselytothemeasuredoptimum.ThePCAmethod
variessignificantly.

WealsoevaluatederrorsforallmodelsaspresentedinTable5.1.Theresultsdemon-
stratethattheoverallaccuracycanbeimprovedandthatthechoiceofthebasisisa
keyforimprovement. Weevaluatethethreedirectionmethodsandgiveaworst-case
analysis. Weshowthecorrespondingemin andeslcinpercentagetothevolumeover
thevoxelscontainingpartoftheboundary,i.e.theapproximationerrorsnormalizedby
thevolumeofallvoxelsofthezerolevelset. Whilethemeasuredoptimumshowsthe
minimumerroremin forsomeofthecase,ourproposednormalclusteringisoftenbetter
orveryclosetotheoptimalsolution. Note,duetounder-samplingofdirectionsthe
optimalcasemightnotalwaysbethetrueoptimum.Itcanbeinbetweennon-optimal
samplingpointsoverthehalf-sphere. Asexpected,asinglemostaccuratefabrication
directioneslccanalsobefoundbeusingPCAoverthefacenormals.

5.3 BoundaryVoxelOptimization

Additionallytotheselectionofasuitablebasisweconsideroptimizingtheaccuracyof
theprocessbyoptimizingtheboundaryofthevoxel,i.e.contourinsideasinglevoxel.
Inthefollowing,weexplainthecaseofslicesinthex−zplane,andtheydirectionis
normaltotheslice.Theothertwodirectionscanbecomputedsimilarly.

Asafirststep,wesubdividethevoxelintoN3sub-voxels. Thisfollowsfromthe
resolutionbeingNtimeshigherinthetangentdirections,whicharea-prioriunknown.
Foreachsub-voxelwecomputethesigneddistancetotheoriginalsurface.Letthecenter
ofasub-voxelbesijkandthecorrespondingclosestpointonthesurfacebex(sijk)with
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5.3. BoundaryVoxelOptimization

Table5.1: Weevaluatethefabricationdirectionerrorsforseveral3Dmodelanddirection
methods. Wecomparetheemin andeslcfortheoptimalorthonormalbasis,thenormal
clustering,thePCAbasedmethodandtheworstcasebasisandsingledirection.Each
modelhasasizeof100mmandisslicedusingalayerheightof2mm. Wemarkthe
minimalerrorinbold.

Exhaustive% nClustering% nPCA% WorstCase%
emin eslc emin eslc emin eslc emin eslc

StanfordBunny 2.61 6.2 2.59 6.16 2.9 6.13 3.7 8.2
Chair 0.99 5.0 1.0 5.1 2.27 4.97 4.85 8.16

CADmodel 1.79 6.8 1.92 6.6 2.5 6.38 4.7 8.36
Hippo 2.28 4.66 2.24 4.51 2.28 4.55 3.96 10.1
Kitten 2.85 6.62 2.89 6.6 2.94 6.62 3.42 7.84
Horse 2.55 6.1 2.65 6.04 3.02 5.91 3.56 8.67

ThreeHoles 1.79 5.55 1.79 5.55 1.79 5.55 4.0 8.13
Lion 2.94 5.8 2.9 5.55 2.96 5.6 3.88 8.88
Torus 2.8 6.0 2.77 5.94 2.86 6.1 3.66 10.6
Knot 2.67 6.94 2.76 7.0 3.22 7.1 3.4 8.25

ThreeCylinders 1.33 6.5 2.8 6.67 2.6 6.5 3.8 8.8
TwoCylinders 0.15 4.6 0.15 4.6 0.15 4.6 3.9 10.2

Stanford Bunny Chair CAD Model Hippo Kitten Horse

Three Holes Lion Torus Knot Three Cylinders Two Cylinders

Figure5.8: Thesearethereference3Dmodelsweareusingintheabovetableand
throughoutthisthesis.

surfacenormaln(sijk).Thesigneddistanceisgivenby

dijk=sgn(n(sijk)(x(sijk)−sijk)))ksijk−x(sijk)k: (5.9)

Ourobjectiveisnowtocomputeanewdistancefunctionforthex−zplaneap-
proximatingalldistancevaluesinthesub-voxels. Notethatthisprocesscomputes
newvaluesforeachsub-voxel,soalsoforthecorners,edges,andfacesofthevoxels.
Theseelementsaresharedwithneighboringvoxels.Thesignofthevaluehasimportant
topologicalconsequences,namelyifapointinspaceisinsideoroutsidetheshape.For
topologicalconsistencyoftheresultitisnecessarythatthesignsareidenticalforshared
elements.Theonlylocalwaytoensurethisistousethesamevaluesasinputforeach
resultingvalue. Thismeans,whenwecomputeacertainvalueonthex−zplanewe
canonlyusethevaryingyvaluesinthiscolumn andnoothersub-voxelinthecurrent
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Figure 5.9: Left: Partitioning the model down to voxel-level would result in the minimal
possible error for the manufacturing resolution. Middle: A single slice and two approx-
imations that are constant along the normal to the slice. The first approach intersects
the geometry at the center plane of the voxel. We suggest to rather compute average
distance values in normal direction of the slice and then extracting the contour as the
zero-set of the distance field. Right: the volumetric difference to the original shape as a
function of voxel size.

voxel. We hence compute a new distance function

d̃ik = f(di1k, ..., diNk) (5.10)

where we still have freedom in our choice of f . Figure 5.11(Left) and Figure 5.10 illus-
trates how f is evaluated over the distance samples along the y-axis. This defines a new
distance field in the x-z plane that is used to extract the final contour over the cell as
the zero-set of the field.

The simplest choice would be to pick out a certain value from the column, i.e.

f(γ1, ..., γN ) = γN/2 (5.11)

This is equivalent to intersecting the original geometry with a plane at the height the
center of the voxel as illustrated in Figure 5.10(a) and Figure 5.9(Middle: constant
slicing). We suggest to rather compute a least squares solution for each column, which
amounts to taking the average distance value (see Figure 5.10) and Figure 5.9(Middle:
average slicing):

f(γ1, ..., γN ) = N−1
∑
j

γj (5.12)

One important issue can arise for low resolutions or very thin input object structures.
As illustrated in Figure 5.10(a,b) layers might be disconnected leading to topological
and structural problems in the fabrication process. We propose to use the max function
() for all y values. This guarantees topological correct output but significantly reduces
the accuracy (see Figure 5.10(c)):

f(γ1, ..., γN ) = max
N

γj (5.13)

As we show in Figure 5.9 optimizing the voxel boundary leads to significantly smaller
volume differences even in high resolutions. The new distance field over the x− z slice
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5.4. Shape Decomposition

(a) (b) (c)

Figure 5.10: We show a sectional view of a thin structure in the background and the
slices in the foreground. Different integration strategies are shown and their resulting
layer sizes. (a) The layer is generated by y values at the midpoint of intersection Equa-
tion 5.11. (b) The layer is created by the average distance values Equation 5.12. (c)
Always the maximum value is used Equation 5.13.

is extruded along the sub-voxels in y. We define the difference volume ebi
(v) between

the extruded 3D distance field and its original distances per direction bi and voxel v as:

ebi
(v) =

∑
ijk

dijk − d̃ijk (5.14)

For our optimization we store the difference volumes for each of the three directions
for the remainder of the optimization process. For the fabrication step we extract the
contour of a slice using the marching squares algorithm.

5.4 Shape Decomposition

It would be possible to fabricate each voxel individually along the direction with smallest
error emin. Figure 5.9(Left) shows a rendering of this solution for the Stanford Bunny
model. However, assembling such a model would be very tedious. On the other hand,
simply choosing one direction and slicing all voxels in the same direction is usually
far from optimal. Our approach is to rather find a balance between the number of
pieces that are sliced consistently and the volumetric error. We present two approaches
to compute an optimal partitioning. First, a top-down approach that is conceptually
based on a decomposition of half-spaces and a branch-and-bound optimization. Second,
interpreting the problem of decomposition as a labeling problem we can employ a multi-
label graph cut optimization over all voxels to find an optimal segmentation. We will
explain these approaches now in detail.

Top-Down Decomposition with Axis-Aligned Parts

For finding clusters of consistently sliced voxels we choose a decomposition of the model
into half-spaces. This results a binary space partitioning (see Chapter 4). We divide
the shape by iterating over all possible locations for the split plane. This set is discrete
because we consider splitting only on the faces between voxel cells. Our optimization
will result in a number of cells. We define a cell ω (i.e. a box, ω ⊂ Ω) consisting of
voxels and compute the error for a potential split along each of the planes. Each is
consistently sliced along its optimal direction. We compute eslc(ω) over each cell and
define the error function Eh(Ω) for the cell, with h defining one half-space, as
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5. Orthogonal Slicing for Additive Manufacturing

Figure 5.11: Left: We show a sin-
gle voxel. f is evaluated along the
y direction and influences the il-
lustrated contour along the sur-
face as shown in green and black.
Right: We show that partitioning
the shape significantly minimizes
the volumetric error using just a
small set (3-6) of partitions com-
pared to standard one directional
slicing. 012345
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Figure 5.12: The splitting pro-
cess divides partitions recursively
in two half-spaces. We compute
an error over each half-space and
weight the errors using a p-norm.
We show different p values result-
ing in different splits. p = 0.8 p = 1.0 p = 2.0
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Eh(ω) = eslc(ω) + T(r) (5.15)

where T ensures that the cell fits into the production volume of size W (bi):

T(rb) =

{
errormax if rbi

≥ (W (bi))

0 if rbi
< (W (bi))

(5.16)

with rbi
being the size of the bounding box.

The error for a particular split plane can be computed from the errors Ehl
(ω) and

Ehr
(ω) for the two half-spaces. We combine the errors using a particular p-norm,

E(ω) = (Ep
hl

(ω) + Ep
hr

(ω))1/p. (5.17)

We find an approximately optimal solution over all possible split cells using a branch-
and-bound approach. Thereby, we minimize the following objective function,

eopt = arg min
E

∑
| ω |

E(ω). (5.18)

We solve the global optimization problem in a breadth first manner. The error in
each cell is bounded by slicing the whole cell in one direction and then choosing the
direction with smallest error which is eslc (see Equation 5.2). We start with the voxel
set of the overall bounding box of the input shape and take the k best options for
the choice of the split plane and analyze the next level of splits. In other words, we
iterate over all potential splits in ω computing the errors and keep the best k options
in a priority queue. The maximum error of the k intermediate results define our upper
bound. Per iteration we add one split to the set of existing cells in its branch. In the
next level we analyze the set of cells again finding the best options to advance the next
split thereby pruning suboptimal solutions. We define our relaxed lower bound as
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5.4. Shape Decomposition

Figure 5.13: We show that the partitioning process is stable under a refinement of
resolution (5mm, 2mm, 1mm) during optimization. Marked are the regions where the
first splits occur independent of the voxel resolution.

ELB = emin(1 + P/τ) (5.19)

where P is the number of partitions and τ is a user defined parameter that balances
the number of parts with the allowed error. Recall, that emin (in Equation 5.1) is the
natural lower bound resulting from taking the smallest error in each voxel.

We found τ ∈ [2.0, 10.0] results in good approximations in a reasonable optimization
time and in a desirable number of parts (between 4-11 parts) as shown in Figure 5.17.
The optimization error eopt is the sum over all partition errors.

p-norm Evaluation Figure 5.12 shows that the choice of the p value significantly
influences the position of the splits and the convergence of the optimization. Values
p ≤ 1.0 tend to advance the splitting incrementally, whereas values p ≥ 1.0 balance the
partitioning and lead to fewer parts.

Stable partitioning We can show that the above decomposition process is stable
to resolution changes. Figure 5.13 shows that with increasing resolution the first split-
ting regions stay stable during the optimization process over 1mm-5mm layer resolution
(marked in green). Depending on the manufacturing goal we propose that optimizing
and decomposing at lower resolutions improves the overall accuracy even if the ma-
chine resolution is higher. Additionally, this decreases the processing time and memory
footprint of the complete process.

Shape Decomposition using Multi-label Graph Cut

The previously presented top-down approach has the advantage of simple fabrication
and assembly. We take a bounding box of voxels, create layers along the computed fab-
rication direction and connect the solid parts. A disadvantage of the proposed method
is that the planar boundaries between parts tend to be visually disturbing (see Fig-
ure 5.16).

To improve the visual quality, we propose a segmentation that creates parts with
smooth, non-planar boundaries. At the time, we have to ensure that this still results in
a producible shape decomposition. The previous decomposition method assumed planar
boundaries at the partitioning cuts so that the inside of the part was well defined. With
a segmentation that yields non-planar boundaries the assignment of an interior voxel
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5. Orthogonal Slicing for Additive Manufacturing

Figure 5.14: (a) Initial labeling af-
ter multi-label graph-cut. The circles
mark the small segments that cannot
be fabricated easily. We propose to
filter these segments.(b) The final la-
beling after filtering. (a) (b)

to a specific part might result in non-constructability, e.g. interlocking configurations
between parts. To avoid this, we propose to use an object shell given by a volumetric
boundary representation. For this, we extend our surface voxelization towards the center
of the shape by creating voxels also on the inside (for about ∼1/10 of the size of the
object). Since for these voxels no preferred fabrication direction exists their fabrication
errors are set to zero.

With the shell representation, the segmentation process over the voxel grid can be
modeled as a labeling problem, see Chapter 4 for an introduction to the idea. The
voxels are our input elements and the three possible fabrication directions are labels,
i.e. directions b0,b1,b2. Our objective is to identify segments that have similar voxel
fabrication errors. This leads to an energy minimization problem which we solve us-
ing the graph cut based expansion move algorithm [Boykov et al. 2001], [Boykov and
Kolmogorov 2004], [Kolmogorov and Zabih 2004]. We define our energy function very
similar to Equation 4.6 as

E(x) =
∑
v∈V

Φv(xv) +
∑

(vi,vj)∈N

Θ(vi,vj)(xvi , xvj ). (5.20)

The data term Φv(xv) describes the cost of assigning a label xv to a voxel v based on
the three voxel fabrication errors

Φv(xv) =
∑
v∈V

ebi
(v). (5.21)

The smoothness term Θ(vi,vj)(xvi , xvj ) defines the relationship between neighboring vox-
els and measures the cost of assigning the labels xvi , xvj

to the neighboring voxels vi
and vj . The term hence penalizes different labels for adjacent voxels

Θ(vi,vj)(xvi , xvj ) =
∑

(vi,vj)∈N

{
0 if xvi == xvj
1 otherwise (5.22)

The energy minimization results in a labeling for each voxel with one fabrication direc-
tion bi.

As explained in Chapter 4, we model the energy minimization as a graph cut problem.
The graph is in our case given by the voxels v ∈V describing nodes and its neighboring
voxels form the connected edges of the graph. Additionally, each label x ∈ { 0, 1, 2} is
interpreted as a terminal node that connects to all nodes in V .
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5.5. Evaluation and Results

emin = 4290     eslc = 8869       eopt = 6433      parts: 3 emin = 2490     eslc = 5288        eopt = 4404      parts: 3

emin = 3065     eslc = 5981       eopt = 4463      parts: 3 emin = 2234     eslc = 5130       eopt = 3752      parts: 3

Figure 5.15: Results of the multi-label graph cut segmentation for various input meshes.
We show the handcrafted results or renditions. In contrast to the top-down approach
from Figure 5.17 segmentation boundaries are not planar but more natural. We also
show the best approximation error and the error after optimization. Additionally, the
number of resulting subparts is given. Note, overall error differences compared to top-
down optimization are due to model size differences.

To set up neighborhood relations we use the 26-voxel neighborhood and compute
three directional errors for each element, as discussed in the previous sections. In the
graph this leads to a set of connected components where each component or segment
matches their assigned labels. Figure 5.14(a) shows the results of a segmentation. We
see that the resulting partitioning of the surface leads to large segments that change
smoothly depending on the underlying error distribution. However, we also notice a set
of very small segments, sometimes consisting only of a few voxels (marked with red cir-
cles). These parts would be tedious to fabricate, if possible at all. Therefore, we propose
to filter the resulting segmentation. In particular, we compute the average voxel count
over the segments and reassign all segments that are smaller than the average segment
size to the neighboring segments. This is accomplished by assigning each voxel of these
segments to the majority labeling of its neighbors. In ambiguous cases, we assign the
voxel such that it minimizes the voxel error. Figure 5.14(b) shows the filtered result. Fig-
ure 5.15 presents the proposed segmentation method with more natural segmentation
boundaries. One disadvantage of the segmentation is that global optimization con-
straints such as maximum part size cannot be easily incorporated (see Equation 5.16).

5.5 Evaluation and Results

To show that our framework significantly improves additive manufacturing processes we
evaluated our results on the set of 3D objects shown in Figure 5.17, Figure 5.18 and Fig-
ure 5.15. All models were generated and analyzed for a size of approximately 150mm
(chair is over 300mm in height) and resolutions from 5mm-0.5mm. The subsampling was
computed with about 100dpi consistently over all resolutions. On a standard desktop
computer the processing took from several seconds up to about an hour depending on
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5. Orthogonal Slicing for Additive Manufacturing

eopt = 4369.78

20 parts

eopt = 4634.28

8 parts

eopt = 5416.05 eopt = 5055.67

2 parts 5 parts

Figure 5.16: We show an increasing number of parts and the resulting optimization
error eopt. The best approximation error for this example is emin = 3178.04. Slicing the
object along its direction with the minimal error would result in eslc = 7462.34. This
example is generated for a material thickness of 3mm for a model size of 150mm.

the resolution. Printed objects were automatically rotated in its optimal position facing
with the larger footprint towards the printing platform.

Optimal Slicing Direction Figure 5.7 and Table 5.1 show that the normal clustering
method outperforms the PCA approach resulting in a lower best approximation error
over all voxels. Figure 5.5 we also report mean and standard deviation over all models.
the results demonstrate that we consistently achieve lower error rates by about 10%
over the whole resolution scale. Interestingly, the results of our clustering method often
correspond to the natural upright direction. This suggests that the approach can be
used more generally for 3D printing.

Optimized Contour While standard additive manufacturing methods intersect the
geometry at the center of a slice we propose an optimization by extracting the contour
out of the distance field. We demonstrate that our method minimizes the volumetric
difference error significantly in Figure 5.9. We plot the mean and standard deviation
over increasing voxel resolutions showing that even for high resolutions up to 0.25mm
the minimum voxel error improves between 20%-35%. To compute the volume differ-
ence over decreasing resolutions we need to account for the loss in sampling resolution.
Therefore we use more subsamples for lower resolutions.

Branch and Bound Optimization Evaluation Our proposed top-down optimiza-
tion process does not necessarily lead to a globally optimal partitioning. However, as
shown in Figure 5.16 with the first five to eight parts the decomposition process lowers
the volumetric difference error about 50% percent compared to slicing only in one direc-
tion on all our reference models. The error decreases only slowly when the number of
parts is increased further. Figure 5.11 (right) also validates that we significantly improve
accuracy compared to a standard one-directional slicing.

Figure 5.17 and Figure 5.18 shows additional a variety of results, including objects
sliced in their best direction and their optimized decompositions. We provide the min-
imal volumetric error along the boundary of the shape emin (Equation 5.1), the error
that would result from one directional slicing along the best slicing direction eslc (Equa-
tion 5.2) over the complete model and the error after optimization eopt (Equation 5.18).
We also show the user defined value τ used for the results. It can be seen that τ
correspond to the number of parts generated.
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Insomecasesourtop-downsplittingalgorithmwouldprefertocutthroughverythin
connectionsthatwouldbetedioustoassemble,e.g.a’toothbrush’shapecuttedverti-
callyalongthe’brushes’insteadofcuttingthroughthetoothbrush’head’horizontally.
Wesuggesttopreventthisproblembyaddinganadditionalenergyterm C toEqua-
tion5.15. WedefineCastheweightedconnectioncostofcuttingareaAovercutting
perimeterPweightedbyauserdefinedvalueκ

C=κ A=P: (5.23)

Graph Cut Optimization Evaluation Figure5.15showsavarietyofsegmented
3Dshapesusingourproposedsegmentationmethod. Additionally,weprovidethemin-
imalvolumetricerroralongtheboundaryoftheshapeemin (Equation5.1),theerror
thatwouldresultfromonedirectionalslicingalongthebestslicingdirectioneslc(Equa-
tion5.2)overthecompletemodelandtheerrorafteroptimizationeopt(Equation5.18).
Similartothetop-downdecompositionapproach,weimprovethesurfaceerrorbyabout
50%.

Visualartifactsalongthesplits Ourmethodsgenerateresultsoptimizedforaccu-
racybutalsointroducesadditionalvisualartifactsalongthesegmentationcuts. While
theplanarpartitioningboundariesfortheproposedbranch-and-boundoptimization
(Figure5.17)arevisuallyveryprominent,theyaremorenaturallyalongthesurfacefor
thegraphcutoptimization(Figure5.15).

Withincreasinglayerthicknesswehavefoundthatthinstructuresmightalsosuffer
visuallyfromslicinginthewrongdirection. Forexample,thehorse modelinthetop
rowofFigure5.17isbestslicedalongthedirectionofitstorso. Thisresultsinthelegs
beingrepresentedbadly.

5.6 Discussionand Outlook

Inthischapter weproposeddifferentstrategiestoreducedirectionfabricationbias.
Weevaluatedtheproposedtechniquesexperimentallyanddemonstratedasignificant
reductioninerrorrate. However,forhigherresolution3Dprintsitisoftennotnec-
essarytoimproveontheaccuracy. Thereareotherfactorsthat makethedistinction
ofthedirectionsworthwhile:differenttensilestrengthorstrain[BagsikandSchöppner
2011],[UmetaniandSchmidt2013](i.e.onecanincreasethestabilityofthe modelby
choosingtherightorientationineachpart),differentbuildtime[Danjouand Köhler
2009](onecansaveproductiontimebyorientingthepartsdifferently),differentdimen-
sionsofthebuildvolume[Luoetal.2012],orchangingamountsofsupport material
(i.e. onecansaveandtimebyrotatingthe mesh)aswewilldiscussinthefollowing
chapter.
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5. Orthogonal Slicing for Additive Manufacturing

emin = 4514.43 eslc  = 9948.8 eopt = 6695.83

emin = 3879.94 eslc = 7762.91 eopt = 5475.07

parts: 4

emin = 2150.98 eslc = 8046.22 eopt = 5899.87 parts: 5

emin = 11318.6 eslc = 54013.1 eopt = 17515.9 parts: 11

parts: 5

     τ = 10.0

        τ = 6.0

emin = 3129.49 eslc = 5941.92 eopt = 4977.51 parts: 7         τ = 5.0

       τ = 10.0

         τ = 4.0

Figure 5.17: We show the input 3D shapes (left), a result that is sliced in its best di-
rection (middle) and the handcrafted or 3D printed results or rendered images (right).
We also show the best approximation error, the error that would result from one direc-
tional slicing and the error after optimization. Additionally parameter settings and the
number of resulting subparts are annotated.

54



5.6. Discussion and Outlook

emin = 3185.0 eslc = 7402.78 eopt = 5255.12 parts: 5

        τ = 5.0

        τ = 6.0

emin = 5729.02 eslc = 12820.0 eopt = 8765.24 parts: 7

emin = 9027.88 eslc = 19411.5 eopt = 15708.7 parts: 5          τ = 3.0

emin = 4057.28 eslc = 4057.28 eopt = 7181.39 parts: 5         τ = 6.0

          τ = 5.0emin = 1150.9 eslc = 1799.7 eopt = 1641.18 parts: 6

Figure 5.18: We show the input 3D shapes (left), a result that is sliced in its best di-
rection (middle) and the handcrafted or 3D printed results or rendered images (right).
We also show the best approximation error, the error that would result from one direc-
tional slicing and the error after optimization. Additionally parameter settings and the
number of resulting subparts are annotated.
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Chapter6

BinarySpacePartitionFor3DShape
Manufacturing

Nothing'sbeautifulfromeverypointofview.

— QuintusHoratiusFlaccus

Inthepreviouschapterweintroduced methodstoimprovetheaccuracyoflayered
manufacturing.Inthischapterwepresentanovelapproachfor3-axis manufacturing
thatisbasedontheobservationthatthemovementofthemachineheadof3Dprinters
and3-axisCNC milling machineshaslimitedoperatingrange.Sincebothtechnologies
havethreedegreesoffreedom,theheadcan movehorizontallyinthex-yplaneand
verticallyinthez-directionasshowninFigure6.1.

Consequently,for3Dprinting,overhangingpartsoftheshapeneedsupportmaterial
forfabrication. Theamountofsupport materialdependstherebyonthevolumeof
projectiononthegroundplaneorsubjacentpartsoftheinputmesh.Figure6.1(Middle)
showsanexampleofthesupport materialneededforFusedDeposition Modeling.

Figure6.1: Left: 3-axis milling machine withlimiteddegreesoffreedomintroduces
limitationsforadditiveandsubtractivemanufacturing. Middle: Most3Dprintingtech-
niquesneedsupport materialtostrutoverhangingstructures. Right: Thegeometric
complexityof3-axisCNC millingislimited.
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6. Binary Space Partition For 3D Shape Manufacturing

In the case of a 3-axis CNC milling machine, the geometric complexity that can be
manufactured is limited to the volume of the projective hull of the input geometry onto
the ground plane because of the limited operating range of the tool head. This results in
a relief-like structure where no undercut is possible, as shown in Figure 6.1(Right). To
produce 3D shapes that cannot be fabricated from a single direction currently several
complex semi-manual steps are necessary so that each part of the mesh surface can be
milled separately.

Our objective is to ease both limitations by dividing the input shape into two parts
using a splitting plane as shown in Figure 6.2. In the case of 3D printing, we show
that this leads to a significant reduction in support material. In the case of 3-axis CNC
milling, we demonstrate how to create physical 3D shapes with an acceptable fabrication
error by splitting the shape in two parts. The main challenge for both uses cases is to
find a suitable partitioning plane to divide the input shape so that both goals can be
achieved. Note, we present here a first detailed explanation and solution of the problem
but this is not a conductive investigation and fully explored idea.

6.1 Introduction

The design and engineering process of real-world objects often takes many iterations
from a simple design prototype to the final product. Especially in the beginning of the
development process many design prototypes are needed [Koberg and Bagnall 1976] and
these should be obtained as easy and cost efficient as possible. Figure 6.2 shows two pos-
sible applications of our partitioning approach to support production development. As
already mentioned, we distinguish between two use cases: 3D printing support material
reduction (material cost and time optimization) and 3D shape manufacturing for 3-axis
CNC milling with an acceptable fabrication error (time and material optimization).

Figure 6.2: Left: Two parts of the input shape are printed separately using stereolithog-
raphy. The needed support material for an FDM print is decreased compared to an a
single part along an up-right direction. Right: A 3D shape out of wood fabricated in
two pieces using a CNC milling machine. The fabrication error is minimized by the
choice of the partitioning plane.
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6.1. Introduction

3D Printing Support Material Optimization

Depending on the 3D printing technology saving material is not only a cost but also
a time factor and even minor optimizations might have a large impact on the process
efficiency. In general one can say that the projected volume of the overhanging geometry
onto the building platform or subjacent geometry are an upper bound for the amount
of material used. Recently, 3D printing software and research projects [Wang et al.
2013] provide first approaches to reduce the amount of material by computing optimal
structures inside the projected volume. This can be done as an additional step to our
proposed approach.

As already explained, support structure is needed when the object geometry has over-
hangs with respect to the fabrication direction. In convex regions no support material
is needed to strut the printed structure. Hence, splitting an object smartly into overall
convex subparts reduces the required support material. Finding an effective partition-
ing can be computationally expensive. Therefore, we propose a novel and very effective
approach that splits the input shape into two parts with reduced overhangs. To the
best of our knowledge, the only prior work related to this approach has been developed
by Ilinkin et al. [2002]. Their goal is also to seek a decomposition into two polyhedra for
which the total support requirement is minimized but, different to our approach, with
respect to an already given partition plane normal,i.e. fabrication direction.

3D Shape Manufacturing for 3-Axis CNC Milling

There are many materials, such as wood, that cannot be used in a 3D printing process.
CNC milling machines offer an alternative and are a common part of today’s mass pro-
duction manufacturing pipelines. The geometric complexity that can be manufactured
depends on its the degrees of freedom, i.e. the number of axes a CNC machine has.
Creating 3D shapes is a surprisingly complex and expensive process and there are only
a few options to generate a three-dimensional sculpture:

1. The used CNCmilling machine has enough axes, i.e. degrees of freedom, so that the
tool head can be positioned at any point in the production volume and tangentially
about the surface. These multi-axes machines are in general very expensive and
hence not available to our target audience.

2. The machine has not enough degrees of freedom. The 3D object cannot be cre-
ated in a single job and hence has to be manufactured iteratively. One has to
manually interrupt the process, reposition the incomplete shape and register the
intermediate state. The registration process is necessary to avoid collisions of the
tool head with the already manufactured shape. This is a very complex and time
consuming process.

3. The machine has not enough degrees of freedom but generates a shape consisting of
parts simultaneously in a single job. The pieces fit together and can be assembled
to form the final shape. The approach has the advantage that neither an expensive
machine nor an expert-driven time-consuming manufacturing process is needed.

Our objective is to use the third approach and to do the decomposition computationally.
We suggest to split the object once and mill both parts in a single milling job. As we
try to find a split that reduces the projected volume, i.e. the volume that cannot be
removed by the tool, we create an object that has a certain fabrication error but is still
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6. Binary Space Partition For 3D Shape Manufacturing

Figure 6.3: Our goal is to find a
partitioning plane H with center
C and normal d such that the
mesh vertices vi and vertex nor-
mals ni correlate. This is the case
in convex regions of the mesh sur-
face as shown here for a sphere.

C

meaningful for many applications such as the rapid prototype design. To the best of
our knowledge, this approach has not been considered before.

6.2 Selection of the Partition Plane

Given a triangle input mesh M , our goal and the main contribution of this chapter is
the effective computation of a partitioning plane H that is specified through its normal
n and offset o to the coordinate origin. H should minimize the volume of the projective
hull of the input geometry onto plane and subjacent parts of the colliding mesh along
the inverse fabrication direction −n. We call the projective volume the fabrication error
EV which is defined in Section 6.3. The motivation behind our computation is to find
correlations between vertex positions and its normals. For this, we require the input
mesh to be positioned in the center of the coordinate system and scaled to fit a unit
bounding sphere. This ensures that positions and normals of the shape are within the
same bounds. Our goal is then to find a direction d over all vertex positions vi and
vertex normals ni such that

d · ni ≈ d · vi. (6.1)

The intuition behind this is illustrated in Figure 6.3. The difference of the vertex
positions and their corresponding vertex normals reflects the convexity of the shape. By
computing the sum of differences between normals and positions we find the center C
of their correlation and thereby the center of the partitioning plane which corresponds
to its offset o

C =

N∑
i=0

ni − vi
N

. (6.2)

We normalize the vertex positions around the correlation center by subtracting C from
vi represented as V . N contains the vertex normals

V =


v1 − C
v2 − C

...
vn − C

 , N =


n1

n2

...
nn

 .

Now, the strongest correlation between vertex positions and vertex normals can be
computed by solving the following eigenvalue problem
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6.3. Fabrication Error

v0 v1

w1

v2

w2

vvvvv

w0

vvv111

w M

Figure 6.4: We show face f0 of
input mesh M projected on the
partition plane H and in between
parts of the mesh resulting in an
irregular prism spanned by the
face vertices vi and the projected
points wi.

V TV d = V TNd (6.3)

(V TV )−1V TNd = λd (6.4)

with the correlation matrix X

X = (V TV )−1V TN. (6.5)

We find d as the major eigenvector of the eigendecomposition of X. It points in the
direction of the strongest correlation regions, which correspond to the convexity of the
surface. We use this eigenvector as our plane direction, i.e. fabrication direction, and C
as the plane origin. By using this vector as the normal for the splitting plane we ensure
that the tool head of the manufacturing device can reach a main parts of the surface on
each side of the plane. That results in less projection volume.

6.3 Fabrication Error

To be able to evaluate the effectiveness of our proposed method we define the fabrication
error EV . We compute that error by evaluating the volumetric error Ef for each face
of M . We do this for all triangles that face towards the partition plane normal, where
nf · nH < 0. To determine Ef we projecting each triangle onto either the plane H
or in-between faces of the mesh that point in the direction of the plane normal where
nf · nH > 0. The triangle vertices vf and the points wf that arise from the projection
form an irregular triangular prism shown in Figure 6.4. We follow the derivations
of Prévost et al. [2013] to compute the volume of the prism using the divergence theorem
by integrating over its 2D surface integrals

Ef =
1

18

∑
f∈F

((vj − vi) × (vk − vi)) · (vi + vj + vk). (6.6)

The overall projection volume EV is then computed by summing over the prism volumes
of all mesh faces with nf · nH < 0 on both half-spaces of H.

EV =

M∑
f

Ef. (6.7)

Additionally, we define Ed as the error that arises by not partitioning, i.e. fabricating
the object as a single piece or printing it in only one direction. To compute Ed we
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6. Binary Space Partition For 3D Shape Manufacturing

(a) (b) (c) (d)

Figure 6.5: We illustrate the results of different partitioning planes for three different
models and mark in red the fabrication error or support volume that arises. (a) Shows
our proposed position and normal correlation approach. (b) Uses the basis with the
smallest fabrication error that is proposed in Chapter 5. (c) Illustrates a partitioning
plane that uses the first eigenvector of a vertex-position-based PCA as a normal and
the area-weighted center of mass of the mesh as a center. (d) Shows corresponding to
(c) a partitioning plane that uses the first eigenvector of a normal-based PCA.

first determine the splitting plane normal direction nH but position the plane at the
extremal vertex in the nH and −nH direction. We compute the projection volume and
define Ed as the minimum of both projection volumes.

We illustrate the prism and its approximated volume in Figure 6.4 and show the
fabrication error in red in the result renditions in Figure 6.5 and Figure 6.7.

6.4 Fabrication, Results and Evaluation

We tested and evaluated our approach on a variety of 3D shapes. To create the man-
ufactured results we use the Form1 stereolithography printer by Formlabs and a 3-axis
milling machine by VK-Technik GmbH. All fabrication errors are measured inmm3 over
shapes with 100mm maximum width.

Figure 6.5 shows results of four different partitioning planes and fabrication directions
for three different models. The fabrication error or support material volume EV is shown
in red. Figure 6.5(a) shows the results for our proposed plane selection method. This is
compared to the direction with the smallest fabrication error of the approach presented
in Chapter 5 in Figure 6.5(b) and the major eigenvector of a vertex position-based PCA
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(c) and a area-weighted face normal-based PCA (d). The plane center is computed as
the area-weighted center of mass of the mesh (c-d). It can be seen that the face normal-
based PCA and our correlation method give very similar results. However, for the torus
and the scaled torus in the first two rows our plane selection method is not biased
towards large face regions pointing in possibly non-convex directions with respect to the
fabrication direction. The superior performance of our plane selection method is also
evident in Table 6.1 and Table 6.2 where we compare six-different approaches to compute
the partitioning plane, i.e. the four methods used in Figure 6.5 and in addition a given
upright direction of the original mesh and an exhaustive search over 450 different normal
directions over the half-sphere and 30 different plane offsets along these directions. We
compare the error EV of the two-part partitioning and the error volume that arises by
not partitioning, i.e. fabricating the object as a single piece or printing it in only one
direction Ed. Table 6.1 and Table 6.2 show the errors in percentage compared to the
volume of the original input mesh. Note, the projection volume can be larger than the
volume of the original mesh resulting in numbers larger than 100%.

Overall, our approach outperforms the other approaches for most of the shapes.
As discussed before, the normal-based PCA and our proposed plane selection method
perform almost equally well. For many models our approach results in a slightly better
splitting plane. For models with higher genus, such as the Chair and CAD model our
method does not perform very well. This is mainly because a single splitting plane is not
sufficient enough to minimize the overall projection error for such complex geometry.
We discuss possible solutions in the next section. Comparing all Ed errors results
in similar findings. We can conclude that, for all our tested 3D shapes, the presented
plane selection and partitioning method is suitable for the applications we have in mind.
However, as can be seen from the results of exhaustive search, our method is still far
from optimal.

Figure 6.7 illustrates resulting 3D models. The areas in red show the fabrication
errors. For most models the error seems acceptable for creating physical 3D design
prototypes but certainly not for final products. As shown in the bottom left result of
the CAD model, with increasing geometric complexity of the input mesh a two-part
partitioning is not sufficient to create satisfying results.

For the 3D printing case we performed an additional real world test without par-
titioning the object. In Figure 6.6 we compare a set of 3D models oriented in the
production volume using two different methods. The upper row shows the renditions of
the simulated 3D printing results using our correlation based approach and its gener-
ated support structure. The bottom row uses the auto-orientation function proposed by
Preform, i.e the software package provided by Formlabs. The results show the estimated
total material usage for the 3D print. Note, that the Form1 printer uses only one mate-
rial (for the object and the support material). It can be seen that our approach can save
up to 40% of material for the evaluated case. In general, this emphasizes again that the
choice of the object’s orientation inside the production volume has many consequences
on the resulting object.

The computation of our partitioning plane can be implemented very efficiently and
takes under 10 milliseconds even for meshes with over 130k vertices. The error compu-
tation takes ⊂1sec on a MacPro for meshes with ⊂100k vertices.
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Correlation n-Clust. n-PCA Upright v-PCA Exhaust.
EV EV EV EV EV EV

Armadillo 31.1 42.8 95.8 149.4 153.1 21.1
Bunny 6.1 13.3 6.2 56.2 67.1 3.2
CAD 211.6 158.7 120.2 242.6 368.0 53.6

Camelhead 8.9 12.4 8.1 50.6 40.2 5.0
Chair 147.1 166.0 120.9 193.4 232.2 80.7
Cow 5.0 5.0 5.0 26.5 69.0 5.0

Hippo 4.1 4.1 4.1 16.7 55.4 3.8
Kitten 6.9 20.1 5.1 68.7 98.0 1.2
Lion 27.7 27.6 26.3 47.0 179.0 23.6

Prism 6.3 40.3 56.6 2.5 92.2 0.0
RockerArm 5.9 107.8 8.1 8.9 153.8 5.6

Three Cylinders 9.4 66.5 55.5 83.7 62.0 6.2
Two Cylinders 0.0 59.8 0.0 0.0 53.5 0.0

ThreeHoles 0.0 0.0 25.8 25.8 81.8 0.0

Table 6.1: We evaluate the fabrication errors for several 3D models using our proposed
correlation method, a normal clustering approach, a face normal-based PCA, a given
upright direction, a vertex position-based PCA and a fabrication direction found by
exhaustively searching over 13.5k planes. We compare the error EV of the two-part
partitioning. Errors are in percentage compared to the volume of the original input
mesh. We mark the minimal error in bold.

Correlation n-Clust. n-PCA Upright v-PCA Exhaust.
Ed Ed Ed Ed Ed Ed

Armadillo 78.9 81.1 149.8 247.5 283.4 66.3
Bunny 32.7 44.1 31.1 86.9 111.0 29.7
CAD 300.6 144.2 124.1 380.4 524.3 129.3

Camelhead 35.5 43.0 35.3 76.0 70.1 34.6
Chair 202.2 238.1 207.0 293.4 316.5 128.0
Cow 34.6 34.9 36.8 43.9 108.6 36.8

Hippo 36.6 37.0 37.3 27.5 111.8 31.9
Kitten 30.1 46.2 28.9 73.9 113.9 27.5
Lion 49.7 51.1 51.1 86.3 277.9 56.5

Prism 32.5 65.72 56.6 0.0 54.2 0.0
RockerArm 29.8 180.7 31.1 40.2 236.2 31.6

Three Cylinders 35.8 93.8 110.7 135.4 127.8 76.1
Two Cylinders 14.1 88.4 14.1 14.1 43.0 14.1

ThreeHoles 21.5 21.5 83.5 83.2 144.6 21.7

Table 6.2: We evaluate the fabrication errors for several 3D models using our proposed
correlation method, a normal clustering approach, a face normal-based PCA, a given
upright direction, a vertex position-based PCA and a fabrication direction found by
exhaustively searching over 13.5k planes. We compare the error volume that arises by
not partitioning, i.e. fabricating the object as a single piece or printing it in only one
direction Ed. Errors are in percentage compared to the volume of the original input
mesh. We mark the minimal error in bold.
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60.4 ml 21.5 ml 32.5 ml 16.1 ml

103.0 ml 22.2 ml 35.3 ml 22.8 ml

Figure 6.6: We show a set of simulated 3D prints generated with Preform, the software
package of the Form1 Stereolithography printer by Formlabs. The upper row shows a set
of 3D models oriented in the production volume using our correlation based approach
and its generated support structure. The bottom row uses the auto-orientation function
proposed by Preform. We also show the estimated total material usage for the 3D print.

6.5 Discussion

In this chapter we proposed an optimization method for fabricating design prototypes.
We show that our promising technique can be useful for some 3D printing technologies
such as Polyjet where most of the volume of projection is filled with expensive support
material. We also show a simple approach for creating real-world 3D objects using 3-axis
CNC milling. Nevertheless, the presented technique is a case study with much room left
for improvements. We would like to discuss possibilities and limitations of the approach
in the following.

Splitting of Complex Shapes The more complex and fragile the input geometry is
the less useful is our single splitting plane. This is due to the fact that these models
have higher genus and therefore might generate large errors in these inclusions and hole
regions. The CAD model is a good example for this as shown in Figure 6.7. Note also,
some input shapes that have inclusions can only created without fabrication errors using
a 3D printer. CNC milling will always create fabrication errors.

Extended Partitioning The proposed splitting scheme can be extended to subdivide
more than two parts of the shape. One would then have to find segments over the mesh
surface that could be fabricated more efficiently in another direction than d, similar to
the top-down decomposition presented in Chapter 5.

Of course, we experimented with that machinery and implemented a similar approach
to the mentioned top-down optimization using the splitting plane error EV . Our hope
was that the error falls under the user-defined value.

Unfortunately, that approach failed to generate more advanced results. That is
mainly due to the following reason. An additional constraint for successive splitting
planes is orthogonality which leads to insufficient partitions that do not necessarily
lower the error for other fabrication directions. To overcome that problem one could
use parallel splits and a voxelization to discretize the possible partitions.
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EV = 2704.05 mm3 EV = 8630.15 mm3 EV = 2516.14 mm3

EV = 8284.25 mm3 EV = 15790 mm3 EV = 8524.92 mm3

EV = 39773.5 mm3 EV = 21364.8 mm3 EV = 12310.8 mm3

Figure 6.7: A set of results of our method. The regions in red show the fabrication error
when splitting the input mesh, fabricating both parts using a CNC milling machine and
assembling the two parts to the final approximated shape. Given is also the fabrication
error for a 100mm sized object.

Overall, we found the single splitting approach already a good trade off between
the number of parts where each part introduces visual cluttering and assembly effort.
However, more research effort should be put into the extended partitioning to improve
the results.

3D shape manufacturing using CNC milling We believe that our solution pro-
poses a natural alternative to other approaches to create three-dimensional shapes using
a 3-axis CNC milling machine. Since we offer to mill all parts of the shape in a single
milling job given that all pieces fit the production volume, the process is fast, easy and
cost-effective. Furthermore, all parts can easily be assembled. Depending on the desired
accuracy we generate parts with little approximation error but with the visual appeal of
an acceptable prototype (as shown in Figure 6.7). However, our solution does not nec-
essarily fulfill industry production standards. Note, that we only consider 3-axis milling

66



6.5. Discussion

machines in this chapter. For machines with more degrees of freedom these limitations
typically do not exist.

Limitations Note, our binary partitioning does not ensure a global projection vol-
ume minimum. Additionally, our method does not incorporate machining and material
properties. For example, some regions where the angle between face normal and the
fabrication direction is small a support structure might not be not needed.
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Chapter 7

Shape Fabrication by Sliding Planar
Slices

There is no abstract art. You must always start with
something. Afterwards you can remove all traces of
reality.

— Pablo Picasso

The previous chapters were related to different manufacturing processes, their spe-
cific output mappings and their unavoidable approximation errors up to some degree
of shape abstraction. The work presented in this chapter focuses specifically on the
abstraction of shape. Our motivation is to create the very popular 3D shape abstrac-
tions which are colloquially called cardboard sculptures or cardboard models. The basic
concept is the representation of an object by a sparse set of planar elements that define
cross sections through the input object at different positions and orientations. The self-
intersecting elements have prefabricated slits at their intersections and are assembled by
sliding them together. We present a computational design to fabricate three-dimensional

Figure 7.1: Cardboard models are abstractions of 3D models that consist of planar
elements that can be easily assembled. Given a 3D model as input our algorithm au-
tomatically generates a set of elements (left) that can be fabricated and slid into each
other. The photographs show a model created with our method.

69
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Figure 7.2: (Left to right) Abstraction of 3D models as cardboard cutout c©MOMA, H-
Construction is a ’Slide-Together’ geometric construction by George W. Hart c©George
W. Hart, cardboard model by MUJI c©MUJI, cardboard model by 123D Make
c©Autodesk.

shapes composed of these interlocking planar pieces. An example generated using our
algorithm is shown in Figure 7.1.

Our work is motivated by an increasing demand of real-world prototypes for visual-
ization. While 3D printers can be used to fabricate realistic replicas, they are expensive
and the process is slow; printing a typical 3D model can take several hours. In contrast,
our method allows for fast and easy fabrication of 3D shape approximations, and only
requires equipment that is available in every office. Notably, while we share the goal of
creating papercraft models from meshes, our approach significantly differs from related
work that unfolds the surface [Mitani and Suzuki 2004] or tries to minimize the surface
distance between 3D object and abstraction [Massarwi et al. 2007; Shatz et al. 2006]. In
this sense, we trade realism with abstraction and fabrication complexity. The presented
abstractions show a very popular approach for creating 3D toys and are also of interest
for architecture and interior design as illustrated in Figure 7.2.

7.1 Introduction

A computational process to generate cardboard models faces three main challenges:

1. Given as input a 3D surface mesh, we need to obtain a set of planar sections p
that perceptually approximates the object. They can be manually fabricated by
sliding each of the planes onto one another.

2. Already simple planar abstractions face an elementary construction difficulty.
Some pieces collide with other pieces during insertion and need to get clipped
against them. For some pieces it cannot be ensured that they can be inserted
completely as shown in Figure 7.5. Therefore we need to ensure constructability.
We propose using a data structures to guide the process.

3. With a growing number of planes we face a combinatorial problem. As the ordering
of element insertion during the construction significantly influences the appearance
of the final physical model we need to define an optimization that maximizes the
visual quality. As we show in Figure 7.15, a random order of planes is far from
optimal due to necessity to clip colliding parts.

Automatically find an optimal set of planes covering all important geometric features
is challenging, as geometric cover problems are NP-hard [Hochbaum 1997]. To address
this problem, related work has suggested optimization heuristics [Décoret et al. 2003] and
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Input mesh Preprocessing Plane datastructure Export
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Insertion Constructibility
Plane
Selection
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Figure 7.3: Overview of the construction process. Our pipeline starts with an input
mesh. We then perform a preprocessing step which generates a set of polygons that
are added iteratively to the cardboard model. By inserting the polygon into our data
structure, we split the polygon into individual pieces and efficiently test if those can
be physically slid into the cardboard model. If successful, the process is finalized by
exporting the 2D fabrication plan.

very recently an approach that progressively selects planes to maximize feature coverage
based on principles inferred from a user study [McCrae et al. 2011] and [McCrae et al.
2013].

Based on an analysis of construction rules, we propose an extended binary space
partitioning (BSP) tree (see Chapter 4) that includes the insertion direction of planes
as an efficient representation of such models. This data structure allows to evaluate the
feasibility of newly added planar elements in the insertion process. We demonstrate the
complete process by designing and fabricating cardboard models of various 3D shapes.
The contributions of our research can be summarized as follows:

• We introduce a novel representation for cardboard models based on an extended
binary space partitioning data structure.

• We propose a set of construction rules that respect physical constraints and guar-
antee that every piece can be slid onto the current construction.

• We present a complete automatic pipeline to generate constructible piece-wise
planar shape abstractions and demonstrate its functionality with a variety of 3D
models.

We will now explain each of the steps in our pipeline in more detail.

p
i

pj

m1

r=

 1

id:0

Lpj

 0

id:1

Lp
m0

Figure 7.4: We define pj as the
pivot polygon of pi when pi is slit
onto pj and m as the pivot direc-
tion with the pivot point r. Lq

and Lp define the extracted tiles
in the output fabrication plan.
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a

b
c

Figure 7.5: Insertion for a symmetric cardboard construction. Note, that the consecutive
plane can neither from the top a nor from the bottom b slid into the model completely
because part c is physically not insertable. Due to symmetry this means that this
construction cannot be realized without losing parts of the planes.

7.2 Overview

Given a surface meshM of a connected component in R3, our goal is to create a cardboard
model abstraction that is physically constructible. The output is a set of planar contour
sections p = { p0, ..., pn } including intersection slits. We generate a construction plan for
their assembly and the output layout, which can be printed and cut manually, sent to a
cutting plotter, or laser cutter. The process is illustrated in Figure 7.3.

Our design process starts with sampling a set of candidate planar sections p by
intersecting a plane H against the input object. For each of these polygons, we compute
a quality measure that tries to quantify geometric features of the mesh which are covered
by this plane. We define this set of planes as input for our construction algorithm. The
construction is designed by iteratively adding planar sections. We specify for each
element pi, i = 2, ..., n an already existing polygon pj , j < i to which it is physically
connected to and slid onto (see Figure 7.4).

Physically inserting a planar section pi from a specific direction is only possible if
the insertion path is not blocked. To represent our abstracted object at any time and
allow for efficient tests, we simplify the full insertion analysis to a straight line path for
the plane to be inserted. This allows us to perform all tests based on a modified version
of a BSP tree [Fuchs et al. 1980]. The full analysis of all possible insertion paths would
be significantly more complex algorithmically, and would also not lead to a similarly
elegant data structure. We argue that the number of cases in which a curved insertion
path of elements would add to the aesthetics of a model are very small.

Linking a polygon pi with another polygon pj that is already part of the cardboard
figure defines an intersection segment between pi and pj . Figure 7.4 shows pj as the pivot
polygon for pi. In other words, the pivot polygon is the polygon we slide onto. The
polygon intersection segment defines a pivot point r and a pivot direction m from which
the insertion slit between pi and pj is derived. In addition to the data structure, we derive
and analyze a set of construction rules that go along with the development of a cuttable
layout as shown in Figure 7.4 and described in sections Section 7.4 and Section 7.5. Since
the order of insertion is crucial for the outcome we use a branch-and-bound strategy to
determine the best model. We test our pipeline on a large number of models. A subset
is shown in Figure 7.16 and Figure 7.17.

It should be kept in mind, as cardboard models become more complex, the insertion
ordering cannot be trivially solved. A fully area-preserving solution may not exist even
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Figure7.6: Left, middle: GivenasetofplanesgeneratedbyMcCraeetal. [2011]we
applyourinsertionstrategyinanoptimal(left)andnotoptimal(right)construction
case. Right: Cardboard model[McCraeetal.2011]

forsimpleconstructions(Figure7.5). Whileinthisexampleitisirrelevantwhichpart
isdroppedforsymmetryreasons,inmostreal-worldmodelstheinsertionorderleadsto
significantlydifferentoutcomes,seeFigure7.15.

Westartthedescriptionofouralgorithmwiththeselectionofplanes.

7.3 PlaneSelection

Selectingasetofrepresentativeplanesischallengingbecausethevisualqualityofthe
resultingfigureisdependentonobjectivefactors,suchascoverageofgeometricfeatures
andsubjectivefactors,suchashumanperceptionandvisualaesthetics. Ourgoalisto
createashapeabstractionbyfindingasetofplanesH =fH0;:::;Hngsuchthattheir
correspondingcrosssectionspapproximateM. Intheory,ourconstruction method
worksincombinationwithanyplaneselectionalgorithm. Forourpipeline,weincor-
poratevarioussamplingstrategies,includingaxis-alignedgridsampling,asimpleyet
powerfulprocessthatsupportsvisualregularitypatternsandtheoptionfor manual
planeselection. Wealsogenerateresultsbasedonasamplingstrategylearnedfrom
userdataasrecentlyproposedbyMcCraeetal. [2011]ascanbeseeninFigure7.6. Ad-
ditionally,severaloftheseshapeabstractionstrategieswereevaluatedbyRosenberger
[2012]. Theworkdiscussesvariousquality measuressuchasarea,curvature,saliency
andobjectsilhouettelength.Itclassifiesapproachesbygrid-based,hierarchy-basedand
viewbased methodsbutleadstosimilarresultsasproposedbyMcCraeetal. [2011].
Inthefollowingwediscussthesamplingstrategiesthatareusedtogenerateourfinal
resultsinFigure7.16andFigure7.17.

Optimized Axis-aligned GridSampling

Wesampleanumberofequidistantplanesalongtheaxis-alignedboundingbox. For
eachaxisofthe3Dshape wesweeptheplanesthroughthe modelsearchingforthe
largestoverallcrosssectionarea. Asthismethoddoesnottakeintoaccountanyknowl-
edgeabouttheshapeitself,itusuallyresultsinalargernumberofplanestorepresent
the meshfaithfullycomparedto moresophisticated methods,buttheresulting models
lookaestheticallypleasing,compact,andregularfor manypeople.Rosenberger[2012]
showedinasmalluserstudyof18participantsthatonaveragethisisperceived most
aesthetical. Regular,axis-alignedsampling works wellfor’low-frequency’objectsas
showninFigure7.16,butforreproducingthinfeatures,thenumberofrequiredplanes
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p

backfront

n

Planar section Surface symmetry Distance symmetry Quality map

Figure 7.7: Evaluating the quality of the plane. Evaluation buffers: Distance in front
and back of the plane, i.e. the distance symmetry term D. Gouraud shading with the
light source pointing opposite to the plane normal results in the surface symmetry term
I. We sum over the resulting quality map to compute our quality measure.

makes construction impractical. Furthermore, a grid-based method often fails when
shape features are not axis-aligned.

Plane-Quality-Based Sampling

We propose a simple technique that can be combined with grid-based methods. This
approach selects only the first few planes based on a simple importance sampling using
a quality value µ . The remaining planes are selected by the grid based-sampling. There
are two reasons behind the intuition of our quality value. We would like to favor planes:

1. that are oriented and positioned so that they cover only parts of the shape that
are not already covered by other planes. The cover of the plane is thereby the
total projected area of all mesh faces on the planar section p.

2. with normals oriented in its average surface direction which are additionally placed
as close to a symmetry plane as possible.

We address the first issue by an iterative process that masks out parts of the mesh by
marking faces as visited. Therefore, we evaluate all potential planes in each iteration.
The set of planes is generated by uniformly sampling 4000 normal directions over a
halfsphere and 50 offsets. Each plane has a normal directions n and the offset D ∈ [0, b]
to the origin, where b is the radius of the 3D model bounding sphere.

In the beginning, we take all faces of the mesh into account. This corresponds to a
face visibility value of Vf = 1.0. We begin by selecting a plane and computing its quality
value µ and repeat the process for all planes of our set. We choose the plane with the
highest µ and mark all mesh faces with nonzero projection onto the plane as visited
Vf = 0.0 for the next iteration. We repeat this process until the mesh is completely
covered or a maximum number of planes is reached.

To solve the quality criterion we propose a measure based on two importance factors:

The distance symmetry term D ∈ [0, 1] encodes the difference of distances from two
symmetric points kf and kb on the surface. The points lie in the front- and the backspace
of the plane. The distances df and db from any points kf and kb to the plane with a
normal n pointing in the direction of the front or back space and a plane offset D are
defined by

df,b = (n · kf ,b)−D. (7.1)
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Figure 7.8: The original shape are shown in the top row. The first 2-5 planes are
shown based on the proposed sampling strategy in the bottom row. The algorithm runs
iteratively and stops when all faces have been projected on one of the planes.

The leads to the distance symmetry term

D = 1− (df − db). (7.2)

The surface symmetry term I ∈ [0, 1] is a measure of correspondence between the
mesh surface normals sf and sb at kf and kb respectively and the plane normal n. It
is computed as

I = 1− (n · sf )− (−n · sb) (7.3)

The distance symmetry and surface symmetry terms are evaluated by:

µ =
∑
f∈M

V · I · D (7.4)

This is accomplished by multipass rendering approach where an orthographic camera
is placed in the center of p pointing in n and −n respectively. The plane quality µ is
computed by summing over the mesh faces and evaluating both terms in image space.
This can be efficiently implemented using a graphics API which enables evaluation on
the GPU (see Figure 7.7). The renditions for the distance symmetry term D are the
depth maps in front and back space of the plane. The computation of the surface
symmetry term I is accomplished using simple Gouraud shading with the light source
vector l pointing opposite to the plane normal n ‖l.

Figure 7.7 shows the resulting image buffers for the D and I term and the quality
value of p. Figure 7.8 shows a set of example results generated with the proposed
sampling. The algorithm results in just a few planar sections that are often visually
not complex enough for a cardboard model or a 3D puzzle. But it can be used in
combination with the grid-based sampling as shown in Figure 7.17.

Manual Plane Selection

What constitutes aesthetically pleasing planar elements for our abstraction can be very
subjective. An automatic process often does not meet the visual standards of a user
selection, especially when the 3D model is filigree and has very distinct geometric fea-
tures that cannot be easily represented in a plane, or when it requires a higher-level
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Figure 7.9: The BSP tree for the cardboard model on the right. The nodes ni store
their part of the polygon geometry and divide the scene in half-spaces. Left: A newly
inserted part creates two parallel intersections.

understanding of construction. Therefore, we offer a very simple polygon insertion in-
terface that allows to edit the cardboard model in a few minutes and can be used in
combination with our automatic approach.

7.4 Constructability

With the set of selected planes H we now begin the construction process by simulating
a physical cardboard model construction, i.e. we iteratively choose a plane and slide it
into the current model. Consider a current construction state as shown in Figure 7.4.
When we try to insert an additional slice p to a cardboard sculpture, there are three
possible outcomes:

• The slice pi can be directly put on the pivot polygon pj and any other polygon
with an intersection segment parallel to the insertion direction m. There exists
no polygon blocking the insertion path, so p can be inserted completely.

• We insert p and there is at least one already existing polygon that blocks the
insertion path of p except the polygon pj or any other polygon with an intersection
segment parallel to m. We then split p in parts and insert the parts separately
from the directions m and −m. Our data structure guides the splitting process
(see Figure 7.9).

• Planar section p is split, but at least one of the resulting planar elements cannot
be slit into the cardboard model due to its shape as shown in Figure 7.11 or the
resulting intersection slits that would endanger the stability of the sculpture, as
described in Section 7.4.

In the following subsections we describe each of these cases and our construction algo-
rithm in more detail.

Cardboard Model Data Structure

Before we insert the polygon p into our data structure, we decide on the pivot polygon pj
with which we want to link to p. Recall, the pivot polygon is the polygon we slide onto.
With the choice of pj we compute the intersection segment between both polygons and
identify its endpoints which define our pivot direction m and the pivot point r.

To maintain the cardboard model geometry we utilize a data structure. It is based
on a Binary Space Partitioning, which we extend by modifying the insertion algorithm
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Figure 7.10: Insertion order makes a difference due to already existing polygons. In red
we highlight the last inserted plane, in yellow we show its pivot polygon.

with a set of additional rules. We want to restrict the BSP insertion to geometry that
can be slid in safely until an existing plane is blocking the insertion path. Note that this
is different from a standard BSP tree (see Chapter 4): in our version planes or geometry
are not necessarily inserted on both sides of each existing plane, but the behavior rather
depends on the type of node. We also consider intersecting several existing polygons.
This is possible if the intersection segment with other planes is parallel to the pivot
insertion direction m of p.

Figure 7.9 illustrates the insertion process with the help of a simple example. The
insertion of geometry into a BSP is done by recursively traversing the existing nodes n.
We follow the traversal path and add new tree nodes:

• in both half-spaces: if node ni contains the pivot polygon or if m is parallel to e,
where e is the of intersection segment with the polygon in ni. Since we want to
attach on it we can leave the polygon geometry as is.

• in both half-spaces: if the new polygon is not intersecting with the polygon in
node ni.

• only in the half-space that contains r. So, only the geometry in the half-space of
the pivot point can be inserted.

We store r and m for each node n in the BSP. Furthermore n holds the part of the
polygon representing the plane (see Figure 7.9).

The choice of the pivot polygon, the insertion order and insertion direction change the
resulting cardboard model significantly because existing planes block parts in the shape
for consecutive planes which potentially leads to discarding parts of these planes during
insertion (see Figure 7.5). Finding an optimal solution is very complex. Therefore we
apply the insertion order optimization described in Section 7.6. Figure 7.10 illustrates
with a simple example the influence of the insertion order and the choice of the pivot
polygon.

We now have a correctly clipped planar element p. In order to ensure that p is a valid
element for our cardboard sculpture we need to check if it is castable. In manufacturing,
casting is generally mentioned in the context of molding. In computational geometry
the castability is usually referred to the removal test of a solidified object from a cav-
ity [de Berg et al. 2000]. We borrow that term for an insertion test which we describe
next.
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Figure7.11:Left: Thispoly-
gonpiisiscastablewithre-
specttoinsertion direction
m. Right: Theyellowpart
ofpolygonpiindicatesthat
itisnotcastablewithrespect
totheinsertiondirectionm
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Castabilityof Planes

InsertingapolygonpintotheBSPresultsinaclippingagainstotherplanesthatblock
theinsertionpath. Thisclippingprocessgeneratesasetofclippingpointsck.Slicep
canonlybephysically movedindirectionm whenthesigneddistanceofallpointsck

totheinsertiondirectionis monotonealongtheclippingpath(seeFigure7.11). We
notethatwhilethevaluesofthedistancesmaydependontheoriginofthecomputation
(e.g.theslit),their monotonicityjustdependsonthedirection. Consequently,wecan
computetheprojectionvectorck−(m ck)m ofck ontom andthentakethecross
productwithm togetasigneddistancevalue:

αk=m ×(ck−(m ck)m)=m ×ck (7.5)

Wecheckthatthesevaluesare monotonewithrespectto k.
Figure7.11showsavalidandinvalidclippingconfiguration. Theyellowtriangleon

therightfigureindicatesapartthatviolatestheconditionbecausethedistancetom1

doesnotdecreasefortheclippingpointsv2 andthesubsequentv3. Weliketostress
thatcastingis,unfortunately,aglobalcondition,inthefollowingsense:ifapolygonp
cannotbeinsertedbymovingitindirectionm itcouldpotentiallycutanyotherpolygon
inthe modelduringthe movementaswell. This meanswecannotfixtheproblemjust
bylocal modifications,suchascuttingtheinterferingpolygonqintheclippingpathas
showninFigure7.11.

GatheringShapeFeatures

Sofar,wedefinedthebaseelementsofourcardboardsculpturesasplanarandwithinthe
volumeoftheinputobject.Therefore,abstractionsofcurvedthinshellsresultinalarge
numberofelements. Tocompensateforapossiblelossofstructuralunityweproposea
moreefficientrepresentationforsuchshapes. Weassignan -neighborhoodandconsider
allsurfacepointswithin distancefromtheplanetobepartofitsintersectioncontour
withtheinput mesh.Intuitively,onecanthinkofitastheprojectionofthesepoints
ontotheplane.Figure7.12showsafabricatedexamplewheresurfacepointsaregathered
forthe manuallyselectedelephantearstocompleteitsgeometry.

7.5 FabricationPlan

Inordertophysicallyconstructthecardboard model,weneedanadditionalinsertion
test. Acutlineistheintersectionslitbetweentwopolygons.Itisdividedintotwoparts,
resultinginahalfway-cutforeachintersectingpolygon.Inorderto makesurethatwe
canfabricatethepolygonswithslitstruetoscaletothethicknessofthe materialitis
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Figure7.12:Left: Planarslicepthroughthecurvedearoftheelephant modelviewed
fromabove. Middle: Resultingplanarslice withpointgathering,a,and without,b.
Right:Fabricatedresultincludingthecompleteelephantear.

importanttoobeyasetofsimpleconditionsthatarealsotestedduringtheinsertionof
anelement:

•Theintersectionslitisnotintersectingmorethanoncewiththecontourofpolygon
p. Otherwisethetilecouldbedisconnected.

•Theslitsneedtohavea minimumconnectionlengthwiththepivotpolygonto
supportphysicalstabilityofthetileandtheresulting model.

Ouralgorithmexportsaprintable2Dfabricationplanincludingcutlineannotations,as
showninFigure7.4. Weaddadditionalannotationstoprovidestep-by-stepinstructions
forassemblyofthecardboardsculpture. Whenphysicallyconstructingthecardboard
modelbyhandonesimplyhastofollowthelinkageorder. Recently, Schwartzburg
andPauly[2013]suggestedcuttingpatternsdependentontheangleoftheintersecting
planes. Thatproposesaninterestingextensiontoconstructionprocess.

7.6 Optimized ConstructabilityandEvaluation

Oncethebasicconstructionconstraintsareinplace,weneedtodecideontheorderof
theconstruction.Foragivensetofnplanesthereexistsalargenumberofcombinations
toassemblethecardboard model.Specifically,therearen!permutationsfortheorder
oftheplanesandtheinsertiondirectionsgivenaspecificplaneorder. Additionally,
fromanaestheticpointofviewitisoftendesirabletoconstructthecardboard model
undertheconstraintofpreservingas muchoftheavailablesliceareaaspossible.Some
insertiondirectionsallowonlyafractionoftheoriginalpolygonareatobeinsertedas
alreadydiscussed.Someoftheplaneorderpermutationsleadtothesameoutcomewith
respecttotheremainingareaeventhoughtheircardboard modeltilesandtheorderof
insertionsaredifferent.

Inordertofindanoptimalconstruction,weproposeabranch-and-boundapproach
(seeChapter4)thatutilizesaconstructiontreeasshowninFigure7.13withdepth
n. Fromtheverylargecombinatorialspacewewanttochoosetheconfigurationsthat
maximizethenumberofslicespn2f0;1gandtheoverallscoresn2[0;1]. Ourobjective
functioncanhencebeformulatedas

S=s0p0+s1p1+s2p2 snpn (7.6)

whichwetryto maximizeas
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7. Shape Fabrication by Sliding Planar Slices

Figure 7.13: Given a new planar element we evaluate all possible insertions and sort the
result by its projected area. We use branch-and-bound and proceed our evaluation with
the best leaf models. This reduces the number of construction possibilities drastically.

S = arg max
pn,Ap

∑
pnsn(Ap) (7.7)

where s(Ap) will be explained shortly.
We are trying to find the best possible insertion for each element but with an increas-

ing number of elements finding the true optimum becomes intractable. The branch-and-
bound optimization we employ helps us to avoid evaluating all possible configurations.
For this, we iteratively add planes, considering all possible insertions at already exist-
ing polygons in the branch-and-bound tree. This leads to a number of intermediate
cardboard models as nodes in the construction tree. Depth-first search quickly provides
useful bounds and allows pruning of suboptimal solutions. We define our upper bound
as the theoretically impossible score, i.e. we can insert all planes without the need to
cut away parts. During the automatic construction the optimistic estimate is adapted
to the best possible configuration found so far. We discard less significant intermedi-
ate construction results, working only with a set of k nodes for further insertion. This
reduces our combination space drastically. We found that k ∈ [2, 4] already gives good
results even though it is not guaranteed that we will obtain the optimal solution.

We experimented with different score functions for each plane depending on its area
s(A). Note again, the area can change depending on the pivot plane. We also made the
score dependent on the distance of the plane to the center of the model. For example,
constructing the model starting with planes close to the surface of M can be formulated
as

s(A) = αA(p) + (1− α)d2 (7.8)

with d defining the normalized distance from the center of the model and A(p) the
normalized area that varies with the insertion direction and the choice of the pivot
polygon. The normalization of A(p) is done by dividing by the maximum area of all
original polygons before insertion. The distance d is normalized by the radius of the
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random outcome
61.5%

92.6%

87.2%

100%

Figure 7.14: Given a set of planes
a number possible outcomes and
its insertion area in percentage for
a specific insertion order is shown.
The random outcome represents
the median of 100 random inser-
tion orders. Dashed lines indicate
parts that could not be added be-
cause of a non-optimal insertion
order.

bounding sphere of M . The linear interpolation coefficient α is user-defined. For that
case, α is set to α ≤ 0.1. The values mentioned here were used throughout all the results
and determined experimentally. The oppositely weighted construction from inside to
outside, can be achieved by

s(A) = αA(p) + (1− α)(1− d2) (7.9)

using the same weighting term α ≤ 0.1. Maximizing the overall area by sorting the
planes weighted strongly by their original plane area is defined as

s(A) = αA(p) + (1− α)d2 (7.10)

with α ≥ 0.1. We can also define a random construction by setting

s(A) = rand() (7.11)

Results of the various sorting weights are shown in Figure 7.15 for an axis-aligned plane
sampling and different input models. Obviously, we can also just randomly insert planes
without optimization. Figure 7.14 shows the outcome of 100 random insertion orders.

A set of possible outcomes of the different score functions is shown in Figure 7.15. In
practice, we found that a score function, that rates planes close to or far from the center
higher, results in overall more aesthetic constructions for conveying the silhouette. This
holds even though the overall area might not be maximized using this approach.

7.7 Results and Discussion

We tested our approach on numerous 3D objects and fabricated several cardboard mod-
els. The fabricated objects contain between 7 (Armadillo in Figure 7.17) and 48 (Stan-
ford Bunny in Figure 7.16) elements made out of standard paper, cardboard, plywood
or plastic. They were manufactured using an Epilog Zing Lasercutter within 5 minutes
and were assembled within 5 to 20 minutes. Side-by-side comparisons of the input model
and the real fabricated cardboard models are shown in Figure 7.17 and Figure 7.16. We
observed that even with a few polygons the shape of 3D models can be approximated
quite well. Our models are thereby extremely low-cost, only require printing and cutting
a layout which does not require a laser cutter, and could even be created by children.
3D Printing these objects would probably take ours for a reasonably sized object and
cost about two-orders of magnitude more. Our algorithm is not restricted to a small
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7. Shape Fabrication by Sliding Planar Slices

Figure 7.15: Axis-aligned plane sampling in an 8×8×8 (first row) or 6×6×6 (last three
rows) grid. The order of insertion is determined by the decreasing score of the plane.
The score is a weighting of area and the polygons distance from the surface. Thereby
we control the construction order from inside to outside. If the score is equal for all
polygons the insertion is random. It can be noticed that a construction starting with
the larger inner planes reconstructs the silhouette much better with nearly the same
overall area.
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7.7. Results and Discussion

number of polygons as presented here, although physical assembly becomes impractical
at some point.

For all automatically generated results shown in this paper we either used a grid
layout of up to 8 × 8 × 8 planes (see Figure 7.16) or the plane quality sampling or a
combination of both (see Figure 7.17). For the plane quality evaluation we sampled the
plane space with approximately 4000 normal directions and 50 distance offsets. Evalu-
ating the quality of candidate polygons requires the majority of the computation time.
For an input model complexity of about 100k triangles, our single-threaded algorithm
evaluates about 130 candidates per second, resulting in a total processing time of about
one hour on a MacPro using a GeForce GT 120 graphics card. Using the axis-aligned
grid sampling we generate a cardboard model within seconds.

As shown in Figure 7.17, our approach for estimating the plane quality is robust and
effective. However, it does not take into account higher level design goals or knowledge
about the object itself. We therefore also provide a simple interface, allowing the user
to indicate preferred samplings as done for the elephant ears in the teaser.

Limitations Currently, our plane quality estimation algorithm does not incorporate
high level information about the input object such as salient features, symmetry, or
texture. Although finding a general quality estimation that respects the aesthetics of the
input and output object might be hard, for future work one might consider combining our
representation and approach with work in symmetry detection and enhancement [Pauly
et al. 2008] or shape perception.
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7. Shape Fabrication by Sliding Planar Slices

Figure 7.16: We show the input meshes and the handcrafted cardboard models using
axis-aligned grid sampling to find a set of planes. The process for all models is automatic
except for the gorilla where we added an additional plane manually.

Figure 7.17: Resulting cardboard sculptures created from a completely automatic two-
step process. The first step finds to best planar section based on the plane quality
evaluation presented in Section 7.3. In the second step we additional sample axis-
aligned planes. The Armadillo is created only of planar sections from the plane quality
based sampling.
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Chapter 8

Conclusions

This thesis presented novel computational approaches for realising digital objects in the
real-world. Our work is embedded in the very active research field of digital fabrication
and contributes to the advances in computer graphics. We introduced representations,
data structures and application-specific optimizations to manufacture 3D shapes. We
demonstrated the benefits of these findings using three consumer-level rapid prototyping
applications with improvements for additive and subtractive manufacturing methods.
Our work utilized different fabrication methods and tools from 3D printer technolo-
gies, over CNC milling machines to laser cutters. We presented methods that could
be appealing to a large audience, and might have impact in areas such as architecture
and design. Our proposed solutions are a step towards low-cost but widely applicable
physical shape abstraction and optimized shape fabrication. We hope that our represen-
tations, optimizations and construction algorithms will inspire future work in the area
of digital shape fabrication.

8.1 Summary

Intuitive Interfaces for Digital Shape Fabrication

Section 2.5 introduced our approach for an intuitive interface for digital shape fabri-
cation. Such intuitive user interfaces have long been envisioned, [Gross 2007], [Malone
and Lipson 2007] and Lipson and Kurman [2012] but our work is the first end-to-end
prototype from a user drawn 2D sketch to a 3D printed, personalized object. The focus
and main research contribution of this work is an integrated sketch-based pipeline for
mass customization.

Optimized Fabrication of Shapes

Nonetheless the large body of research approaches in the rapid manufacturing engineer-
ing field [Danjou and Köhler 2009], [Raju et al. 2010], [Hiller and Lipson 2009], [Kulkarni
and Dutta 1996], examining layered manufacturing technologies at all scales of resolu-
tion and size reveals that there is still room for improvements. In Chapter 5 we focused
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8. Conclusions

on computational improvements for layered manufacturing and their precision by find-
ing suitable fabrication directions. Given an input mesh, we computed an orthogonal
basis and considered only the three basis vectors as slice normals (i.e. fabrication di-
rections). Using a variation of branch and bound we optimized a decomposition of the
shape along this basis so that each part can be consistently sliced along one of the basis
vectors. Because all cuts are orthogonal the model can be easily assembled. In addi-
tion, we proposed a graph-cut based segmentation that allows non-planar boundaries
to improve the visual quality of the decomposition. In simulation, we showed that this
approach is superior to slicing the whole shape in one direction only. The approach also
has clear benefits if the shape is larger than the build volume of the available equipment.
We demonstrated the practicality of our technique on several models by cutting slices
out of acrylic glass or wooden panels with a laser cutter and fused deposition modeling
3d printing.

Binary Space Partition For 3D Shape Manufacturing

Chapter 6 presented a case study for partitioning an input geometry into two parts using
a splitting plane and then fabricating each part individually. To our knowledge, this is
the first approach that is designed to overcome existing limitations of 3-axis machining
such as 3D printing and 3-axis CNC milling.

3D printed geometries that have overhanging parts need support material to strut
these overhangs. The amount of support material depends on the projected surface area
on the ground plane or subjacent parts of the shape. We showed that it is possible to
reduce the usage of support material by up to ⊂ 40% over a set of tested 3D objects
by dividing the input shape into two parts compared to 3D printing the object in one
piece. We also showed that even without splitting our approach can save expensive 3D
printing material.

We employed the same computational machinery to improve the creation of 3D
objects using 3-axis CNC milling machines. By using the same splitting plane we manu-
factured 3D shapes very easily and fast. However, this approach introduces fabrication
errors. For rapid design prototypes this is typically acceptable.

Fabrication of Abstract Shapes

In Chapter 7 we presented a novel algorithm and representation for designing and fab-
ricating cardboard sculptures from 3D models. The core component and main research
contribution of our pipeline is the efficient construction and representation of such mod-
els that guarantees that they can be physically assembled. In combination with an
optimization and sampling strategy for new elements, planar shape abstraction models
are designed in an iterative process. Fabricating such models is extremely low-cost and
simple.

8.2 Impact and Outlook

Digital fabrication is a young research area in computer graphics but there is currently
a lot of research effort. Many research approaches might have larger impact then can be
foreseen now. Our proposed applications focus specifically on the physical 3D output
and their corresponding publications have already been cited many times within the last
year.
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The main impact of our applications that might also have industrial use is the possi-
bility to create rapid design prototypes at different levels of shape precision using differ-
ent manufacturing devices. Autodesk [2012] already introduced online services to create
cardboard models, similar to the ones presented in Chapter 7, and objects composed
of layered cardboard and plywood as introduced in Chapter 5, but of lower complexity
then in our applications. Our approach can be seen as an improvement and extension
for their use cases.

The choice of fabrication directions play an important role in all presented approaches
and applications. As discussed, this is due to the limited degrees of freedom of the man-
ufacturing devices and the inherent directional bias in their different axes. Therefore,
depending on what should be achieved we show that the object’s orientation in the
production volume can increase the precision or save support material in a 3D printing
process. The key here is to efficiently find a good orientation with small computa-
tional effort compared to exhaustive search. Our proposed contributions could be an
interesting alternative and extension to various 3D printing software packages.

As also discussed by Luo et al. [2012], we believe that automatically decomposing
complex or large geometry into parts that are fabricated individually will move into
focus of research and industry applications. Again, our proposed methods show first
advances to that problem and could be an interesting addition to digital fabrication
software packages.

We hope that this thesis contributes to making digital manufacturing available to
the masses.
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