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;67O46B b Jadd (θ = 0.5) L�=ce Jslp (θ = 0.5) � bK7O74) 7 ;6rg3Iegb � �c7OHJ3#467\L%bt{w7O8p8�L%b ;6rg7<h ? bKrg7O4? =IHJ3#46B�LM; ? 3%= J (θ = 0.5) L�H};K7O4T;6rg7�467 C A L�4kL�B 7 ;67O4 ? xuLM; ? 3%= ~�EG=1qO3#=�;K4kL#b|; ;K3 ;Krg7
b ? BRag8 LMC; ? 3%=Vb�{�rg794K7�3%=g8 � ;Krg7�L-, 794K79=�;ob � =VL A b|7ubT{\794K7�L%eR6 aVb|;K79e 	�;KrV7
4K7OC A L�4kL�B 7 ;67O4 ? xuLM; ? 3#=R3�H
;6rg7`4K7uq ag46467O=Vq � qkrVL�=g5%79e�;Krg7 ;6ag= ? =g5 HJag=Vq ; ? 3#=Vb
bK31;KrVL�;
=g3M{�;6rg7 Jadd (θ = 0.5) L#4K7L
�c3M2%7 ;Krg7 ? = ? ; ? L�8 J (θ = 0.5) �J;Kr ? q N eVL#bKrg79e 2Ib9~\;6r ? =�b|3%8 ? e 8 ? =g7 � ~�s<rg7 J (θ = 0.5)HJ3%4
;KrV7R467 C A L�4kL�B 7 ;67O4 ? x979e =g7 ; {w3#4 N L#4K7DL�� 3M2#7 ;KrV7 Jslp (θ = 0.5) �J;Kr ? q N eI3�;K;K7ue 2IbO~;6r ? q N b|3%8 ? e 8 ? =g7 � 	�� 79qOL#aVbK7`=g3M{ � 3�;6r ;6rg7 eI7uq 4679L#bK79e 4K7ub A 3#=cb|7 B�L�5%= ? ;6aVeI7ub�L�=Ve ;KrV7
qkrVL#=g5#7ub�3�H�;Krg7\b|8p3 A 79b qO3#=�;K4 ? �gaI;K7ue@;K3 ? =Vq 4679L%b ? =g5w;Krg7o7O=VqO3 e ? =g5
L%qOqOag46L%q � HJ3%4 θ = 0.5 ~
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h ? 5#ag467��c~ � D >�? ,�7O467O=�; ? L�8wqkrVL�=g5%79b 3#Hw;6ag= ? =g5 HJag=cq ; ? 3#=cbRLMH};67O4 rcL 2 ? =g5"L%eR6 aVb|;K79e�;6rg7
4679qOag464K79=%;�b � =VL A bK79b�;63 ? =VqO4K7uL#bK7w;Krg7
h ? b|rg794 ? =gHJ3#46B L�; ? 3#= b A 79q ?%" qOL�8p8 � HJ3#4 θ = 0.5 ~ . �+ 8:8T;6ag= ? =g5fHJag=Vq ; ? 3#=Vb 	 =g3%4KB�L�8 ? xO79e ;K3 ;Krg7 ? 4 A 79L N 2 L#8:aV71L#=Ve�L#8 ? 5#=V79e"bK3 ;6rVLM; ;6rg7 ? 4
�4! b�q 3 ? =Vq ? eI7�	�{w7O467 A 3 3#8p79eRL#=Ve1L�467wbKrg3M{�= � 7 HJ3%4K7 �};6r ? =18 ? =g7 � L�=ceDL�H};K7O4��J;Kr ? q N 8 ? =g7 �
;6rg7@L%eR6 aVb|;KB 7O=�;w3�H�;Krg7�4K7uq ag464K79=�;ob � =VL A b|7ubO~ ��� � rVL�=V5#7�3�H�;6rg7 A 79L N 4679b A 3%=VbK7
LMH};K794
;6rg7�L#eR6 acb ;6B179=�;9~��T3�b ? ; ? 2#7D2 L#8:aV79b q 3%4K4679b A 3%=Ve ;63fL#= ? =Vq 4679L%b|7D3�H�;6rg7 4K7ub A 3#=VbK7#~ ���
� rcL�=g5%79b 3�H\;Krg7�� ��3#Ho;6rg7�7��gq ? ;6L�;K3%4 � =g79ag463#=Vb9~��T3�b ? ; ? 2#712ML�8pag79b`qO3#464K7ub A 3#=Ve";K3 L
bKr ? H}; L {wL � HJ463#B 0.5 ~ � � � ;K467O=g5#;Kr�3#H�;KrV714679qOag464K79=%; 7��gq ? ;6L�; ? 3#=�3�H�; {w3 7��Iq ? ;kLM;63#4 �=V7Oag463#=Vb � 7 HJ3%4K7 �J;Kr ? =�8 ? =g7ub � L#=Ve
LMH};K794 �};6r ? q N 8 ? =g7ub �D;6rg7"L#e76 aVb ;6B 7O=�;9~$s<rV7 " 46b|;
=V7Oag463#= � bK3#8 ? e 8 ? =g7ub �RrVL#e�;KrV7fB�L-� ? B�L�8<b|r ? H};�3#H ? ;kb � � ;K3M{<L�4kegb 0.5 	�;Krg7 bK79q 3%=Ve=V7Oag463#= ��egL#bKrg7ue 8 ? =g79b ��rcL#e ;6rg7�B�L7� ? B�L�8cbKr ? H};\3#H ? ;kb�� � L {wL � HJ4K3%B 0.5 ~ z�3�;K7�;KrVL�;L�H};K794�;Krg7
L%eR6 aVb|;KB 7O=�;kbT;K3 ;6rg7�4K7uq ag46467O=Vq � ;Krg7�� � L#8pbK3 qkrVL�=g5%79e�~�$
794K7�{w7<4K7OHJ7O4�{ ? ;Kr
� ��;631;Krg7 3 A ; ? B L#8�b ; ? BDag8:acb�L�=Ve =g3�;w;K31;6rg7 ? = ? ; ? L�8p8 � �|L-, 794K79=�; 
/� � � bK7O7r) 7O;Krg3Iegb �
acb|7ue ;63�eI7 ;67O46B ? =g7 ;6rg7 L7,�7O467O=�; ? = A aI;9~
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�� � 	�{�r ? qkr!q 3%ag8pe � 7�4K7uL�8 ? x979e�46L Ag? eg8 � � � 	t7#~ 5V~ 	tL#eR6 acb ; ? =g5 ;63 A CGeI3M{�=�HJ7O7ue �VL#q N
? = A aI;kbO~ � ? B ? 8 L�4 ;K3 ;6rg7 qOL%b|7�3#H<qkrcL�=g5 ? =g5 ;6rg7 b|;K467O=g5#;Kr 3�H
L-, 794K79=%; ? = A ag;6b`;63 ;KrV7
7��Iq ? ;kLM;63#4 � =V7Oag463#=Vb 	�;Krg7 5%L ? =cb\{w7O467 ? =VqO4K7uL#bK79e�B�L ? =g8 � HJ3#4<=g79ag4K3%=Vbw{ ? ;6r � � e ? , 794|C
? =g5"L AVA 4K3R��~ ±0.16 HJ463#B θ = 0.5 ~fs<rg7�7O=cq 3Ie ? =g5"L#q9q ag4kL#q � ? b`79=grVL#=Vq 7ue]L#4K3%ag=Ve
θ = 0.5 ~ s<rg7fqkrcL�=g5%79b ∆aE

i
=g79qO79b6bKL#4 � ;K3 ? =cq 4679L#bK7�;6rg7f=g7 ; {w3#4 N�& bDh ? bKrg7O4 ? =gHJ3#4KC

B�LM; ? 3%="HJ3%4 L#8:8�b|; ? BRag8 ? {\794K71L�5%L ? = aV= ? HJ3%4KB ��b|7971h ? 5V~ �c~ 7 L�	�eI3�;K;K79e�8 ? =g7�	 L�=Ve�h ? 5V~
�c~ 7 � � ~
EG=�q 3%=�;K4kL#b|;1;63 ;Krg7 A 4K792 ? 3%aVb1; {\3!B 7uqkrVL�= ? bKB b 	\;Krg7"aV= ? HJ3%4KB ? =cq 4679L#bK7 3�H ;KrV7

5�L ? =Vb`HJ3%4 ;KrV7 3��s6 79q ; ? 2#7�HJag=cq ; ? 3#= ∫ J (θ) dθ 4K7ub|ag8:;K7ue ? =�L�b|;K4 ? q ;K8 � BDag8:; ?pA 8 ? qOL�; ? 2#7B 3IeIag8 LM; ? 3%=�3�H�;6rg7 A 3 A ag8pL�; ? 3#=�4679b A 3#=VbK7�;K31LRb|; ? BRag8paVb�� θ = 0.5 	�bK7O7 h ? 5V~ �c~ 7 q
L�=Ve? =VbK7 ; � ~�EFH J (θ = 0.5)
? bt3 A ; ? B ? x979e ;6rg7 ? =Ve ? 2 ? egaVL�8%;Kag= ? =g5�HJag=Vq ; ? 3#=VbTL�=ce A 3 A ag8 LM; ? 3#=

4679b A 3%=VbK79b L#4K7�b ? B ? 8pL#4 	 �gaI;1=g3�; ? eI79=�; ? qOL�8 	�;K3 ;6rg7 qkrVL#=g5#7ub ? =VeIaVqO79e {�rg79= L#eR6 aVb|;|C
? =g5 ;6rg7 b|;K467O=g5#;Kr!3#H�;Krg7fL7,�7O467O=�;Db � =cL A bK79b9~ s<rg7 4679b A 3%=VbK79b HJ3%4 ;KrV7 =g79ag4K3%=!{ ? ;6r
� � � 0.25 � h ? 5V~ �V~ 7 e 	 egL%b|rg7ue 8 ? =g7ub � ? =VqO4K7uL#bK79e1HJ3%4\L�8p8cb|; ? BRaV8 ? 	��gaI;o;6rg7
;6ag= ? =g5 HJaV=Vq C; ? 3%=�HJ3%4@;6rg7�=g79ag4K3%=�{ ? ;Kr � � � 0.5 {wL%b ag=VL7,�79q ;K7ue ��b|3%8 ? e�8 ? =g79b � ~ s<rg7 A 3 A ag8 LM; ? 3%=4679b A 3%=VbK79bT;63 L b ; ? BDag8paVb�{ ? ;Kr θ = 0.5 {w7O467
L�8 bK3 � ? B 3IegL#8 	 L�=Ve1;6rg7 A 79L N L%q ; ? 2MLM; ? 3%=3#H ;6rg7R4679b A 3#=VbK79b<;63 L�b|; ? BRag8paVb�{ ? ;6r θ = 0.25 {<L#b ? =VqO4K7uL#bK79e L�=ce b|8 ? 5%r�;K8 � bKr ? H};K79e;63M{wL#46egb θ = 0.5 � bK7O7fh ? 5V~ �c~ 7 7 � ~ h ? 5V~ �V~ 7 H L�8 b|3 A L�4kL�8p8:798pb ;Krg7 ; {w3�C�HJ3#8 e!7�,�79q ;6b
3#H�;Krg7 qkrVL�=V5#79ef;6ag= ? =g5 HJag=Vq ; ? 3%=Vb 3#= ;6rg717O=VqO3 e ? =g5fL#q9q ag4kL#q � � q H ~`h ? 5V~��V~ CMH � ~`hg3%4
=g79ag463#=Vb�{ ? ;Kr�L#=�L�8p4K7uL#e � r ? 5%r�q 3%=%;64 ? �gaI; ? 3%=1;K3`;6rg7 A 3 A ag8 LM; ? 3%=�h ? bKrg7O4 ? =IHJ3%4KB�L�; ? 3#=
;6rg7 2ML#8:ag7ub13�H Jadd (θ = 0.5) L#4K7 �c798:3M{ ;6rg7 2ML�8pag79b13�H J (θ = 0.5) HJ3%41;Krg7 ? = ? ; ? L#8A L#46L#B 7 ;K794 ? x9L�; ? 3#= {�rg794K7uL#bo;Krg7 2ML�8pag79b\3�H Jslp (θ = 0.5) L�467�r ? 5#rV7O4\;KrVL#=�;KrV7 ? = ? ; ? L�82ML�8pag7ub�3�H J (θ = 0.5) ~�s<r aVb 	%;KrV7 ? =Vq 4679L%b|7ue1bK8p3 A 79boL�; θ = 0.5 qO3#B A 79=Vb6LM;K7ue1;Krg7@4K7OCeIacq 79e�h ? b|rV7O4 ? =IHJ3%4KB�LM; ? 3%=�eIag7�;K3`;6rg7 ? =Vq 4679L%b|7 ? =�L#q ; ? 2 ? ; � 	�L#=Ve 7O=VqO3Ie ? =V5RL#q9q ag4kL#q �
{<L#bw7O=VrVL�=VqO79e HJ3#4 θ = 0.5 ~
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h ? 5#ag467 �V~ 7 D + eR6 aVb|; ? =g51;KrV7`5%L ? = 3#Ht;6rg7`7��gq ? ;6L�;K3%4 � =g79ag4K3%=Vb9~ .�� ��4K7ue ? q ;K7ue qkrcL�=g5%79b
3#H ;KrV7�5%L ? =cb�3�H�;6rg7 7��gq ? ;6L�;K3#4 � =V7Oag463#=Vb�HJ3#4w3 A ; ? B ? x ? =g5 J (θ = 0.5) ��b|3%8 ? e 8 ? =g7 �oL#=Ve
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�g8:7ubO~ms<rg467O7 2#3%8i;kL�5%7 eg7 A 7O=VeI79=�;qOag464K79=%;kbDL#4K7 ? =VqO8:aceI79e D L H L#b|;�z�L + qOag464K79=%; L�=Ve�L�eI798pL � 79e CF4K7uq ; ?%" 794�� + qOag4K467O=�;
HJ3%4�;KrV7`5#7O=V7O4kLM; ? 3#= 3�HTL#q ; ? 3%= A 3#;K7O=�; ? L#8pb 	gL�=Ve L bK8:3M{ =g3#=IC ? =VL#q ; ? 2 L�; ? =g5 � + qOag4K467O=�;
4679b A 3#=Vb ? �V8:7 HJ3#4
b Ag?pN 7 HJ467 1 ag7O=cq � L%egL A ;kLM; ? 3%= ~

� � � � �A� ��� � � � �{
������
hV3#4<;6rg7 z�L + qOag4K467O=�;�{w7 acb|7ue

INa = ḡNam3h (V −ENa)

U �
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{ ? ;Kr

dm

dt
= αm (V ) (1−m)− βm (V ) m

dh

dt
= αh (V ) (1− h)− βh (V ) h

αm (V ) :=
−0.32 (V − VT − 13)

exp (− (V − VT − 13) /4)− 1

βm (V ) :=
0.28 (V − VT − 40)

exp ((V − VT − 40) /5)− 1

αh (V ) := 0.128 exp(− (V − VT − VS − 17) /18)

βh (V ) :=
4

1 + exp (− (V − VT − VS − 40) /5)

{ ? ;Kr A L�4kL�B 7O;K7O4 2ML�8pag79b VT = −58 B@l 	 VS = −10 B�l 	 L#=Ve ḡNa = 17.87 µ � L�=Ve
E z@L = 50 B�l ~
hg3%4<;Krg7��KeI798pL � 79e CF4K7uq ; ?%" 794 
g� + q ag46467O=�;�{\7 aVbK79e

IKd = ḡKdn
4 (V −EK)

{ ? ;Kr

dn

dt
= αn (V ) (1− n)− βn (V ) n

αn (V ) :=
−0.032 (V − VT − 15)

exp (− (V − VT − 15) /5)− 1

βn (V ) := 0.5 exp (− (V − VT − 10) /40)

{ ? ;Kr A L#46L#B17O;K794w2ML#8:ag7ub EK = −90 B@l 	 ḡKd = 3.46 µ �c~hg3%4<;Krg7`=V3#=IC ? =cL#q ; ? 2ML�; ? =g5�� + q aV4K467O=�;�{\7 aVbK79e

IM = ḡMn (V −EK)

{ ? ;Kr

dn

dt
= αn (V ) (1− n)− βn (V ) n

αn (V ) :=
0.0001 (V + 30)

1− exp (− (V + 30) /9)

βn (V ) :=
−0.0001 (V + 30)

1− exp ((V + 30) /9)

{ ? ;Kr ḡM = 0.28 µ � HJ3%4�7��gq ? ;6L�;K3%4 � L#=Ve ḡM = 0.028 µ ��HJ3#4 ? =gr ? � ? ;K3#4 � =g79ag463#=Vb9~

� � � � ������
 �����?
��

s<rg7�B 3IeI798#=g79ag4K3%=Vb�L#eVe ? ; ? 3%=VL�8p8 � 4679q 7 ? 2%7 �VL�8 L�=VqO79e@7��gq ? ;6L�;K3%4 � L#=Ve ? =gr ? � ? ;63#4 � b � =VL A C
; ? q �VL#q N 5#463#aV=Ve ? = A aI;6b9~ s<rg7]q 3%4K4679b A 3%=Ve ? =g5 q 3%=VeIaVq ;6L#=Vq 7ub L�467�eI7ubKqO4 ? � 79e � � L
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b|;K3IqkrVL%b ; ? q A 4K3Iq 7ubKb�b ? B ? 8 L�4�;63 L�=8!@46=Vb|;K7 ? =ICGv
rV8:79= � 79q N A 4K3IqO79b6b�{ ? ;6r ;KrV7`HJ3#8p8:3M{ ? =g5
a A egL�;K7`46ag8p7�� > 79b|;K7��Irg7`7O;
L�8�~ 	 �



 � �>D

gbg (t + ∆t) = g0
bg +

[
gbg (t)− g0

bg

]
exp (−∆t/τ) + A ·N (0, 1) 	

{�rV7O467 g0
bg

? b ;6rg7�L 2#7946L#5#71q 3#=ceIaVq ;kL�=VqO7
	 τ
? b`L b � =VL A ; ? qD; ? B 7�q 3#=cb ;kL�=�; 	 A

? b ;KrV7
L#B A 8 ? ;KaceI7�q 3 7
	�q ? 79=�; 	<L�=Ve N (0, 1)

? b�L]=g3#46B�L�8p8 � e ? b|;K4 ? �gag;K79e
4kL�=Veg3#B = agB �c794
{ ? ;KrfxO794K31B 79L#= L�=ce�ag= ? ;
b ;kL�=VeVL�4ke�eI7O2 ? LM; ? 3%= ~�s<rg7`L�B A 8 ? ;6aVeI7 q 3 7 	�q ? 7O=�;�rVL%b�;6rg7
HJ3%8:8p3M{ ? =g5�L�=VL#8 � ; ? q 7�� A 4679b6b ? 3#=

A =

√

Dτ

2

[

1− exp

(

−2
∆t

τ

)]

	

{�rV7O467 D = 2σ2τ−1 ? b@;Krg7�e ? ,�aVb ? 3#= q 3 7
	�q ? 79=�;9~Rz�agB 7O4 ? q9L�8T2ML�8pag79b@HJ3#4 ;6rg7 �VL#q N C
5%4K3%ag=VeDq 3#=ceIaVq ;kL�=VqO79b L�467 σ = 3 = � L�=ce σ = 6.6 = �`HJ3#4 ;KrV7\2ML�4 ? L�=VqO79b�3�Hg;6rg7<7��gq ? ;6L�C;63#4 � L�=Ve ? =gr ? � ? ;63#4 � q 3%=VeIaVq ;6L�=cq 7
	 τ = 2.7 B�b\HJ3#4w;6rg7 7��gq ? ;6L�;K3#4 � L�=Ve τ = 10.5 B�bHJ3%4w;Krg7 ? =Vr ? � ? ;63#4 � ; ? B17`qO3#=Vb|;6L#=%; 	IL�=Ve g0

bg = 12.1 = �DHJ3#4w;Krg7 B 79L#= 7��gq ? ;kLM;K3%4 � L#=Ve
g0

bg = 57.3 = � HJ3#4T;6rg7�B 79L#= ? =gr ? � ? ;K3#4 � qO3#=VeIacq ;6L#=Vq 7%~ s<rV7w467O2%7O4kbKL#8 A 3#;K7O=�; ? L#8pbT{w7O467
0 B�l L�=ce −75 B@lmHJ3#4<;KrV7`7��gq ? ;6L�;K3#4 � L�=ce ? =gr ? � ? ;K3%4 � qO3#=VegaVq ;kL�=VqO79b9~

� � � � ��� ���?� � �r��
 	 � �?���������?�

9]7�b ? BDag8 LM;K7ue ;6rg7"b Ag?:N 7 4K7ub A 3#=VbK79b 3#H�;6r ? b�B13IeI798
=g79ag4K3%=�;63 q ag46467O=�; ? =76 7uq ; ? 3%=Vb
HJ3%4De ? ,�7O467O=�;R2ML�8pag79b 3�H<;Krg7 8:7uL N qO3#=VegaVq ;kL�=VqO7 ? =!;6rg7 A 4679bK7O=cq 7�3�H<;6rg7 �VaVq ;KaVL�; ? =g5
�cL#q N 5#463#ag=ce�qO3#=VeIacq ;6L#=Vq 7%~ 9]7 q 3%=Vb ? eI794K7ue]3#=g8 � ;6rg7 L�8p4679L#e � L#egL A ;K7ue]4K7ub A 3#=VbK79b 	
{�r ? qkr�{w7O467
;6rg7O= �c7ub ; " ;|;679e { ? ;6r�;Krg4679bKrg3%8peI7ue A 3#8 � =V3#B ? L#8pb9~Ts<rg79bK7 " ;kbo{w7O467�eI3%=g7
� � B ? = ? B ? x ? =g5 ;6rg7�B 79L#=1b 1 aVL�4679eD7O464K3%4 � 7 ; {w7O79=1;Krg7
b ? BDag8 LM;K7ue " 4 ? =g5 46L�;K7�L�=ce ;6rg7
3%=g7 A 4679e ? q ;679e � � ;Krg7 ;6rg4679bKrg3#8 eI79e A 3#8 � =V3#B ? L#8pb9~{9�7`3��I;6L ? =V79e

F E
i (I) = max

(
0, aE

i (I −∆I (gL))
)

F I
i (I) = max

(

0, aI (I −∆I (gL)) + bI (I −∆I (gL))2
)

{ ? ;Kr aE
i = aE = 71.9 	 Ic

E = 0.13 = + 	�L#=Ve V c
E = 15.2 HJ3#4`7��Iq ? ;kLM;63#4 � L�=Ve aI =

133 	 bI = −28 	 Ic
I = −0.02 = + 	 V c

I = 14.6 B�l HJ3%4 ? =gr ? � ? ;K3#4 � =g7OaV4K3%=VbO~"s<rV79bK7" 4 ? =g5�4kLM;67"HJag=cq ; ? 3#=cb L#4K7�;Krg79=�aVbK79e ? =�;6rg7�B 7uL�=IC " 7O8 e�=g7O; {\3%4 N B 3IeI7O8 b ? =�;6rg7
� rcL A ;67O4kb ��	�C�	 L#=Ve � � bK7O7 + AgA 79=Ve ? ��d ~ � � ~1s<rg7 A L�4kL�B 7 ;67O4kb V c

I
L�=Ve Ic

E
L�467 ;6rg7

A L�4kL�B 7 ;67O4kb@3#H\;6rg7�8 ? =g7uL�4 HJag=cq ; ? 3#= ∆I 	t{�r ? qkr!eI7 ;67O46B ? =g7ub ;Krg7�bKr ? H};R3�H\;Krg7 " 4 ? =g54kLM;67�HJag=Vq ; ? 3#= eI7 A 79=Ve ? =g5�L%b L HJag=Vq ; ? 3#=!3#Hw;6rg7�8p79L N q 3%=VeIaVq ;6L#=Vq 7 ��b|797 + AgA 7O=ce ? �
d ~ �RHJ3#4�L eI7 " = ? ; ? 3#= 3�H ∆I � ~

� ��� � � � �
� ��
 ������
��

+ b � =VL A ; ? q<qOag4K467O=�; Isyn (t) eIaV7\;63 L%q ; ? 2 ? ; � 3�H + )Z� + C�L#=VeDy + d + + CFb � =VL A bK79b�{<L#bqO3#B A aI;679e L#b

Isyn (t) =
∑

j

ḡjgj (t) (V (t)−Ej)
	

{�rV7O467 gj
L#=Ve Ej

L#4K7 ;6rg7`; ? B 7 CGeI7 A 7O=ceI7O=�;�q 3%=VeIaVq ;6L#=Vq 7 HJ3%4<;Krg7 j C�;Kr b � =cL A bK7`L�=Ve;6rg7RqO3#464K7ub A 3#=Ve ? =g5D4K792#7946b6L�8 A 3�;K79=�; ? L�8 	VL�=Ve ḡj
bKq9L�8p79bw;KrV7 b ;64K79=g5�;6r 3#H�;6rg7 b � =VL A ; ? q
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qO3#=g=g7uq ; ? 3%= ~�9]7�L�8p{wL � b@aVb|7ue Ej = EE = 0 B�l HJ3%4@;6rg7 7��gq ? ;6L�;K3%4 � + )Z� + C�L�=ce
Ej = EI = −80 B�l HJ3%4�;KrV7 ? =Vr ? � ? ;63#4 � y + d + + CGb � =cL A bK79b9~os<rg7 e � =VL#B ? q9b�3�HT;KrV7qO3#=VeIacq ;6L#=Vq 7 2ML�4 ? L��g8p7 gj

? b<5 ? 2#7O= � �

d

dt
gj (t) = −gj (t)

τj

+
∑

k

δ
(
t− tkj

) 	

{�rg794K7 τj

? b ;Krg7 ; ? B 7OCFqO3#=Vb|;6L#=%; 3#Ho;6rg7 j C�;6r!b � =VL A b|7�	tL�=ce tkj
eI79=g3�;679b ;6rg7 ; ? B 7�3�H

;6rg7 k C�;Kr�b Ag?pN 7�3�H�=g79ag463#= j ~Tz
3#;K7�;6rVLM;\3#=g8 �D? = � 7uq ; ? 3#= �g~ C {w7
7�� A 8 ? q ? ;K8 � b ? BDag8 LM;K7ue? =Ve ? 2 ? eIacL�8gb � =cL A bK79b9~�$�3M{\792#7O4 	u;Kr ? b�b � =VL A bK7wB13IeI798 ? b�L#8pbK3@;Krg7��VL%b ? b HJ3#4 ;6rg7�B 79L�=gC
" 798pef=g7O; {\3%4 N B 3IeI798 {\7 aVbK79e ? = ;6rg7 � rVL A ;K7946b���	vC�	gL�=ce �c~
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� � � � ��
 � � ��
���� �r�����A� ��
���
��3��� 
 �]� �������?
 ��� � � ���

s<rV7R3#4 ? 7O=�;6L�; ? 3#="bK7O8p79q ; ? 2 ? ; � ? =VeI7�� ��! � E ��HJ3#4@L b|7O;�3�H N 2 L#8:aV79b {xi}Ni=1
{ ? ;Kr�q 3#4KC

4679b A 3#=Ve ? =g5 3#4 ? 7O=�;6L�; ? 3#=Vb θi

? b
5 ? 2#7O= � � D

OSI
(

{xi}Ni=1

)

=

√

(
∑

i xi cos (2θi))
2

+ (
∑

i xi sin (2θi))
2

∑

i xi

� d ~ � �

EG= � rVL A ;67O4 � {w7�aVbK7�;Kr ? b ? =ceI7�� ;K3 1 acL�=�; ? H � ;Krg7feI7O5%4K797�3�H<;KaV= ? =V5"HJ3#4R;Krg7 q 3%=IC
egaVq ;kL�=VqO79b 	�;KrV7fB 79B �g4kL�=g7 A 3#;K79=%; ? L#8 	wL�=Ve ;Krg7 b Ag?pN 7 4679b A 3#=VbK79b9~x$ ? 5#r
2ML�8pag79b13�H
;6rg7 ! � E�q 3#464679b A 3%=Vef;K3�{w7O8p8�;Kag=g7ue 4679b A 3%=Vb|7ub 	 {�rg794K7uL#b�8p3M{ 2 L#8:aV79b q 3#464679b A 3%=Ve ;K3
{w79L N 8 � ;6ag=g7ue 4679b A 3#=VbK79b9~
9]7RL#8pbK3�aVbK7 ;Krg7 ! �IE<L%b
L 5#4kL#eg79efB 79L#bKag467 HJ3#4
;6rg7 8p3IqOLM; ? 3%= ? ="L#=f3%4 ? 7O=�;kLM; ? 3#=

B�L A ~ � 3#=Vb ? eg7O4 ? =g5 L Ag? � 798 ? = L#=D3%4 ? 7O=�;kLM; ? 3#=DB�L A 	#;Krg7 A 467 HJ794K4679eR3#4 ? 79=�;6LM; ? 3%=Vb 3�H�L�8p8
AV? �I7O8 b ? = L1q ? 46qOag8pL#4\467O5 ? 3%= L�463#aV=Ve ;Kr ? b Ag? �I7O8 qOL#= � 7 acb|7ue�;K3 q 3%B Ag? 8p7`L r ? b|;K3#5%46L#B
3#H A 467 HJ794K4679e 3#4 ? 79=%;kLM; ? 3%=VbO~�s<rg7�! �IE�3�HV;6r ? b�r ? b|;K3%5#4kL�B 1 aVL�=�; ?#" 7ub ;6rg7\B�L A 8p3 q9LM; ? 3%= ~
�IB L#8:8�2ML#8:ag7ub@qO3#464K7ub A 3#=ce ;K3f8:3Iq9LM; ? 3#=cb@qO8:3�b|7D;K3 L Ag? = {�rg7O798 	t{�rg7O4679L%b
8 L�465#7R2ML#8:ag7ub
qO3#464K7ub A 3#=ce�;K3�3%4 ? 7O=�;kLM; ? 3#=feI3#B�L ? =Vb9~

� ��� � ��� ���?��� �r��
 ������
��*��	 �F� � ����
�� ��
 � �{�A���

s<rV7 =V7 ; {w3#4 N B13IeI798pb<{w7 aVb|7 ? =f;Krg7 � rVL A ;K7946b�� 	vC 	gL�=Ve ��L�467 �VL%b|7ue�3%= ;6rg7`b ? =g5#8p7
qO7O8p8oB 3IeI7O8weI79b6q 4 ? �c7ue ? = + AVA 79=Ve ? � + ~fs<rg7 � L#4K7�b ? B A 8 ?#" 79e 4kLM;67�B13IeI798pb`HJ3#4`;6rg7
e � =cL�B ? q9b�3�H`=g79ag4kL�8 A 3 A aV8pL�; ? 3#=Vb 	<{�r ? qkr�q9L�= �c7�eI7O4 ? 2%79e HJ463#B/L B 3%4K7"eI7O;6L ? 8p79e
� ? 3 A r � b ? qOL�8�B 3IeI798 	VL%b<eI79b6q 4 ? � 79ef798pbK7O{�rg794K7 � �Irg4 ?pN ? 7 ;�L#8�~ 	 ��
�
DC � ~
$�3M{\792#794 	�8p7 ;�acb �g4 ? 7 � � bKagB B L#4 ? xO7f;6rg7 B�L ? = ? eI7uL#b�eI792#7O8p3 A 79e � � � rg4 ?pN�? 7 ;

L#8�~ � ��
�
DC �>D � 3%=Vb ? eI794 L 8pL#4K5%7 =g7O; {\3%4 N 3�Hwb � =VL A ; ? qOL#8:8 � q 3%a A 8p79e"=V7Oag463#=Vb@{�r ? qkr ? b
? = L�= L%b � =VqkrV4K3%=g3#aVb b|;6L�;K7
	�;KrcLM; ? b 	�;KrV7O467 ? bDL 8:3M{ A 463
�VL
� ? 8 ? ; � ;KrcLM; =g79ag4K3%=Vb " 467
b � =Vqkrg463#=g3%aVbK8 � ~ � 7O; ri = Fi (Ii)

eI79=g3�;67 ;Krg7 " 4 ? =g5#C�4kLM;67D4679b A 3%=VbK7�3�H<=g7Oag463#= i ;K3L�;K3#;6L�8 ? = A aI; q ag464K79=�; Ii
	 {�rV7O467 ri

? b L b|;6L�;K7OC�2ML�4 ? L��g8p7 eI7O=V3�; ? =g5�;6rg7 " 4 ? =g5 4kLM;67 3�H
=V7Oag463#= i 	IL#=Ve Fi

? b\;6rg7 qOag464K79=%;KC�HJ467 1 ag79=Vq � HJag=cq ; ? 3#=f3�H�=g7Oag463#= i ~�EF;�qOL#= � 7`b|rg3M{�=;6rVLM;TL#b � =Vqkrg463#=g3%aVb�b � =VL A ; ? q ? = A aI;kbt5%7O=g7946L�;K7�L
b|;6L�; ? 3#=VL#4 � L#ege ? ; ? 2#7\q 3#=�;64 ? �gaI; ? 3%= ;K3
L AgA 8 ? 7ue qOag464K79=%;kb 	 L�=ce ? =Vq 4679L%b|7�;Krg7 A L#b6b ? 2%7�8p79L N qO3#=VeIacq ;6L#=Vq 7 3�Ht;Krg7 A 3�b ;kb � =VL A ; ? q
qO7O8p8�~@EG="B�L�= � q 3%4|; ? q9L�8tqO7O8p8pb 	 ? =VqO4K7uL#b ? =V5 ;Krg7D8:7uL N q 3#=ceIaVq ;kL�=VqO7DeI3 7ub
=g3#; L�8:;K794
;6rg7

U��
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qOag4K467O=�;KC�HJ467 1 ag79=Vq � HJaV=Vq ; ? 3%= 	
4kLM;KrV7O4 ? ; ? =Vq 4679L%b|7ub1;Krg7�;Krg4679bKrg3%8peXq aV4K467O=�;9~ v�=VeI7O4
;6rg79bK7@qO3#=Ve ? ; ? 3#=cb 	�;KrV7 b|;K7uL#e � CGb ;kLM;K7 " 4 ? =g5D46L�;K7
;kL N 79bo;Krg7@HJ3#46B � � rg4 ?pN�? 7 ;�L�8�~ 	 �



<C �

ri = Fi



Iaff
i + Ibg

i +
∑

j

Wijrj −∆Ii

(
gL

i

)





HJ3%4TL#8:8 i {�rg794K7 Wij = Gij

(
Ej −EL

i − V c
i

) ? b�;Krg7 
 b � =VL A ; ? q�{w7 ? 5#r�; 
o3�HV;6rg7<q 3#=V=g79q C
; ? 3%= � 7 ; {w7O79= A 3%b|;6b � =VL A ; ? qR=g79ag463#= i L�=Ve A 4679b � =VL A ; ? q1=g79ag463#= j { ? ;6r!L#b6b|3Iq ? LM;679eb � =VL A ; ? q q 3#=ceIaVq ;kL�=VqO7 Gij

~ EG= L#ege ? ; ? 3#= 	 Iaff
i

? bDL�= L7,�7O467O=�; ? = A aI; q ag46467O=�; 	 Ibg
i? b�L#= L%ege ? ; ? 3#=VL#8tL#eVe ? ; ? 2%7 �VL%q N 5%4K3%ag=Ve ? = A aI; 	 Ej

? b<;Krg7R4K792#7O4kb6L�8 A 3�;K79=�; ? L�8 HJ3%4�;KrV7
b � =VL A ; ? q1q 3%=g=g7uq ; ? 3#=cb@3#Ho=g79ag4K3%= j ��b|797 + AgA 7O=Ve ? � + ~ � � 	tL#=Ve gL

i
L�=ce EL

i
L#4K7D;KrV7

8p79L N qO3#=VegaVq ;kL�=VqO71L#=Ve"467O2%7O4kbKL#8 A 3#;K79=%; ? L#8T3�Ho=g79ag463#= i 	�4679b A 7uq ; ? 2#798 � ~ s<rg7 b|r ? H}; 3�H;6rg7 " 4 ? =g5�4kLM;67�HJag=cq ; ? 3#= ? b15 ? 2%7O= � � ∆Ii (gL) = Ic
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vS→X = 4000 B1B ��b�HJ3%4 ;Krg7 q 3#=ceIaVq ; ? 3%= 2#7O8p3Iq ? ; � 3�Hw;KrV7 ? =�;K794|CGL�4679L#8�q 3#=V=g79q ; ? 3#=Vb
� 7 ; {w7O79= l � L#=Ve?)�s ? = ;6rg7 B L%qOL 1 aV7
	IL�=Ve ∆xS→X = 7 B B HJ3#4w;6rg7 e ? b ;kL�=VqO7 � 7 C; {w7O79=D;6rg7�L#4K7uL#bTl � L�=Ve�)"s �N$
a A 7
7 ;wL�8�~ 	 � U U�a � ~�hV3#4�;6rg7 ? =%;646L�CFL#4K7uL�8Iq 3%=g=g7uq ; ? 3#=cb
? =1;Krg7
b|;K4 ? L�;K7�q 3%4|;67�� {w7�aVbK79e vS→X = 200 B B �Mb ·MF−1 = 86.9 eI7O5 /s � dw4 ? =g5%a ? 7O47O; L#8�~ 	 � U U�U � 	c{�rV7O467 MF = 2.3 B B / eI795 ? b@;Krg7 q 3%4|; ? q9L�8 B L#5#= ?#" q9LM; ? 3#="H L#q ;63#4@HJ3#4;6rg7�b ;64 ? LM;67wqO3#4K;K7�� L�; 5 eg7O5 79qOqO7O=�;K4 ? q ? ; � ~�s<rV79bK7\2ML�8pag7ub�8p79L%e 	M7#~ 5V~ 	 ;K3 ; ? B 7 CGeI798pL � b�3�H
∆t = 5◦/ (86.9◦/s) = 57.5 B�b�HJ3#4<b ? 5#=VL#8pb�;K4kL 2#798 ? =g5 LRe ? b|;6L#=Vq 7@3�H 5 eg7O5 { ? ;Kr ? =�;6rg7B 3IeI7O8�l � qO3#B A L�4679e1;631LDeI7O8 L � 3�Ht3%=g8 � ∆t = (2 · 7 B B ) / (4000 B B /s) = 3.5 B�b ~
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$�7O467�{\7�eg79b6q 4 ? � 7 ? =!eI7O;6L ? 8�;6rg7�=g7O; {\3%4 N B 3IeI7O8o{\7�aVbK79e ? = � rVL A ;67O4 �c~ s<rg7�L�4KC
qkr ? ;679q ;6ag467 3�H�;6rg7f4K7uq ag464K79=�;R=g7 ; {w3#4 N B 3IeI798 ? b1b|rg3M{�= ? =�h ? 5V~ �V~ � � ~�n��gq ? ;6LM;63#4 �
L#=Ve ? =gr ? � ? ;63#4 � =V7Oag463#=Vb�4K7uq 7 ? 2#7
L#8:4679L%e � ;6ag=g79e L7,�7O467O=�; ? = A aI;6boHJ463#B L 8:3M{w7O4�2 ? b|aVL#8
L#4K7uL�L#b@{w7O8p8 L%b@L%ege ? ; ? 2#7DL#=Ve �VL%q N 5#463#ag=Ve �JHJ7O7ue �VL#q N � ? = A aI;6b9~`s<rg7R8 LM;K;K7O4 L�467R=V3�;
eg79b6q 4 ? � 79e!7�� A 8 ? q ? ;K8 � 	 �VaI;D;6rg7 ? 413M2#7O4kL�8p8�7�, 7uq ;6b1L�467 bKagB B�L�4 ? x979e � � L �VaVq ;KaVL�; ? =g5
�cL#q N 5#463#ag=ce qO3#=VeIacq ;6L#=Vq 7DL�=Ve L#="L#ege ? ; ? 2#7 ? = A ag; q aV4K467O=�; ��� HJ7O7ue �VL#q N � � ~F�TL#46L#B 7 C
;67O4 ? xuLM; ? 3%=Vbo{w7O467@qkrV3%bK7O=�bKaVqkr�;6rVLM;w;Krg7 B 3IeI7O8 4K7 A 463 egaVq 7ue ;Krg7�� L 2%7O4kL�5%7w4679b A 3#=VbK7��
3#H L�l�� q 7O8p8 ? = ;KrV7<qO3#=�;K463#8#;K4 ? L#8 3�HcL A 7946qO7 A ;6aVL�8 8p79L#4K= ? =g5@7�� A 794 ? B 7O=�;���@oL�=V5 	
��
�
 � � ~
$�7O467
	%{\7�L�8 bK3@aVbK79eR;KrV7 " 4 ? =g5 4kLM;K7\HJag=Vq ; ? 3#=Vb�HJ4K3%B + AgA 7O=ce ? � + ~ �V~Ts<rg7 A L#46L#B17O;K7946b
HJ3%4�;Kr ? b<B 3IeI7O8�L�467 bKagB B�L�4 ? x979e ? = s L�� ~
9]7obK7 A L#46L�;K7 ;KrV7�3M2#7946L#8:8 ? = A aI; q ag464K79=�; Ii = Iaff

i +Irec
i +Iadd

i

? =�;K3@L�=`L7,�7O467O=�; 	 L
4679qOag464K79=%; 	#L�=ceDL#=1L%ege ? ; ? 2#7 �VL#q N 5%4K3%ag=Ve qO3#B A 3%=g7O=�;u~ + 8 L�465#7\HJ46L%q ; ? 3%=D3#HV;KrV7�8pL�;|;K794
? b L#b6b|aVB17ue ;K3 � 71L 4K7ub|ag8:; 3�Hoe ? 4K7uq ; HJ7O7ue �VL#q N 4679qO7 ? 2#79efHJ463#B.L eI3M{�=Vb|;K4679L#B L#4K7uLg~
hV3#4
7��gq ? ;6LM;63#4 � L�=Ve ? =gr ? � ? ;63#4 � =g79ag463#=Vb 	I{\7 ? = ? ; ? L�8p8 � b|7O; Iadd

i
;K3 
g~ 7 L�=Ve 
g~ 7 �1= + 	

4679b A 79q ; ? 2%7O8 � ~�s<r ? b@5 ? 2#7ub
4 ? bK7`;K3fL �VL%q N 5%4K3%ag=Ve L#q ; ? 2 ? ; � 3�H3CV~ 7 b Ag?pN 7ub ��b � b A ��b �wHJ3%4
;6rg7�7��gq ? ;kLM;K3%4 � L#=Ve ? =gr ? � ? ;K3#4 � =g79ag463#=Vb9~A9�rg79=]Lfb ; ? BDag8paVb θ

? b A 4679bK7O=�;K7ue ;63 ;6rg7
=V7 ; {w3#4 N 	 ? ; 8p79L#eVb ;K3 L�= L7,�7O467O=�; ? = A aI;`;K3 =g79ag4K3%= i 	 {�r ? qkr ? b`q9L�8 q ag8 LM;679e�aVb ? =g5 L
� 7O8p8:CFbKrVL A 79e ? = A aI; ;KaV= ? =V5�HJag=cq ; ? 3#=
{ ? ;KrXL A 79L N L�; θpr

i
	�{�r ? qkr ? bD;Krg7 A 467 HJ794K4679e

b|; ? BRaV8:aVb
3�HT=g7Oag463#= i D
Iaff
i (θ) = W aff

i M exp (|cos (2πdi (θ))− 1|) { ? ;6r

W aff
i = Gaff

i

(
EE −EL

i − V c
i

) 	

{�rV7O467

di (θ) = min (|θ − θpr
i | , 1− |θ − θpr

i |)
? bo;Krg7 q ? 46qOag8 L�4oe ? b|;6L�=cq 7 � 7 ; {w7O79= b|; ? BRag8paVb θ L�=Ve�;Krg7 �|L-, 794K79=%; 
 A 4K7OHJ7O464K7ue�b ; ? BDag8paVb
θpr

i = i/N 3�H
=g79ag463#= i 	 N
? b ;Krg7 = agB � 7O413�H�7��gq ? ;kLM;K3%4 � 3#4 ? =gr ? � ? ;K3%4 � =g79ag463#=Vb 	

eg7 A 7O=Ve ? =g5"3%=];Krg7 ; � A 7�3�H<=g7OaV4K3%= i 	TL�=Ve M = 2000 b A ��bk~ hg3%4Rq 3%= 2#7O= ? 79=Vq 7�	 {\7qO3#=Vb ? eI7O4`e ? B 7O=Vb ? 3%=g8p79b6b@3%=g7 CGe ? B 7O=Vb ? 3%=VL�8��Oq ? 46qOag8pL#4�� b ; ? BDag8 ? { ? ;Kr 0 ≤ θ ≤ 1 ~Ds�3
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3��I;6L ? =`= agB 7O4 ? qOL�8%2ML�8pag79b HJ3#4�b|; ? BRaV8:aVb eI3%B L ? =cbtbKaVqkr L#b � 3%4 ? 7O=�;6L�; ? 3#= 
�3#4 �|e ? 4679q ; ? 3%= 
 	
θ =g7979egbw;63 �c7`BDag8i; ?:A 8 ? 79e � � � a�
 ◦ L#=Ve?C 7 
 ◦ 	I4679b A 7uq ; ? 2#798 � ~
s<rg7@4K7uq ag464K79=�; ? = A aI; ? b\L {w7 ? 5#r�;K7ue�b|agB 3#H�;Krg7 3#aI; A aI;<L#q ; ? 2 ? ; ? 79b\3�H�;6rg7�=g79ag463#=

L#=Ve ? b�5 ? 2%7O= � � ;Krg7 HJ3%8:8p3M{ ? =V5D7 1 acLM; ? 3#=cb D
Irec
i =

∑

j

W rec
ij rj

W rec
ij = Grec

ij

(
Ej −EL

i − V c
i

)

Grec
ij = Zi exp

(
κi cos

(
2πdi

(
θpr

j

))) 	

{�rg794K7 κi
� κi = κI = 1 HJ3%4 ? =gr ? � ? ;K3%4 � =g7Oag463#=cb@L#=Ve κi = κE = 4 HJ3#4`7��gq ? ;kLM;K3%4 �=g79ag463#=Vb �TL�=Ve Zi

eI7 ;67O46B ? =g7
;Krg7�b A 79q ?#" q ? ; � L�=VeD;6rg7�b|;K467O=g5#;Kr 3�H�;KrV7
4K7uq ag46467O=�;�q 3#=gC
=g7uq ; ? 3%=VbO~ rj

eI79=g3�;679b<;6rg7 " 4 ? =V5�46L�;K7`3�H ;KrV7 A 4679b � =cL A ; ? q =g79ag463#= j ~\s<rg7Rb|;K467O=V5�;Krcb
Zi
L�467DbK7 ; b|3�;KrVL�; ∑

j Grec
ij = 0.135 = � HJ3#4
;6rg717��gq ? ;6L�;K3#4 � L#=Ve 0.2813 = � HJ3#4@;KrV7? =gr ? � ? ;K3#4 � =g79ag463#=Vb j ~

� .=�_.D>@'(��'(� 
 '-$������MK�������� 3 .=<%��'
�d'(�	� �E�_\0./���_"��M��'-�������_'

NS
E = NS

I
z�3V~�3#H 7��Iq#~�L�=Ve ? =gr ~�=g79ag4K3%=Vb ? = b|;K4 ? L�;K7`q 3%4|;67�� 32

I��S'(��'(���,�%�eKg�e�
M �gqOL�8 ? =g5 3�H�L7,�7O467O=�;
eI4 ? 2#7 2000 b A �Mb

Gaff
i = Gaff

E
� ;K467O=g5#;Kr 3�HTL7,�7O467O=�; ? = A aI;
;K3 7��Iq#~�=g7OaV4K3%=Vb 9.3 · 10−4 = �

Gaff
i = Gaff

I
� ;K467O=g5#;Kr 3�HTL7,�7O467O=�; ? = A aI;
;K3 ? =gr ~�=g79ag463#=Vb 5.8 · 10−4 = �

� .=�#\�1E�_�������
����K�����$
Ibg
i = Ibg

E
d<L%q N 5%4K3%ag=Ve ? = A aI;�;K3 7��gq#~�=g7Oag463#=cb 0.6 = +

Ibg
i = Ibg

I
d<L%q N 5%4K3%ag=Ve ? = A aI;�;K3 ? =gr ~�=g79ag463#=Vb 0.64 = +

� '-�����#��'-��� ��������'-�V�#������$
κE

� A 7uq ?#" q ? ; � 3#H 4679qOag4K467O=�;<7��gq�~�qO3#=g=g7uq ; ? 3%=Vb 4
κI

� A 7uq ?#" q ? ; � 3#H 4679qOag4K467O=�; ? =Vr ~�q 3%=g=g79q ; ? 3#=Vb 1
∑

j Grec
ij

�IagB 3#HTL#8:8 A 4679b � =VL A ; ? q@7��gq�~�{w7 ? 5#r�;6b 0.135 = �
∑

j Grec
ij

�IagB 3#HTL#8:8 A 4679b � =VL A ; ? q@7��gq�~�{w7 ? 5#r�;6b 0.2813 = �

s L��g8p7 > ~ � D���L�4kL�B 7O;K7O4<2ML�8pag7ub�b A 79q ?%" q HJ3%4<;Krg7`5%7O=g794 ? q@r � A 7O4kq 3%8:agB =fB 3 eg7O8�~

� � � � ��
 � � ����
 ��� � ��� �*� � �?�

s<rg7�h ? b|rV7O4 ? =IHJ3#46B�LM; ? 3#=]aVbK79e ? = � rVL A ;K794 � ? b`463 3�;679e ? =!b|;6LM; ? b|; ? qOb 	 {�rg794K7 ? ;ReI7 C
;67O46B ? =g7ub 	�2 ? L ;KrV71bK3�CGqOL#8:8p79e � 4kL�B 794|C�;
L�3 � 3#aV=Ve 	 L 8:3M{w7O4 �c3%ag=Ve"3%=";6rg7D2ML#4 ? L�=VqO7
3#H�L�= ��A 3%b6b ? �g8p7@ag=�� ? L#bK79e 79b|; ? B�LM;K3%49~�$�7O467@{w7@5 ? 2%7@bK3#B 7 �VL#q N 5#463#aV=Ve�3#= rg3M{�;6r ? b
1 aVL#=%; ? ; � ? b�eI794 ? 2#7ue�~

� 3#=cb ? eI7O4 ;6rg7 A 463
�g8p7OB/3�H 79b|; ? B�LM; ? =g5!L b ? =g5%8:7"b6qOL#8pL#4 A L�4kL�B 7 ;67O4 θ HJ4K3%B ;KrV7
N =g3M{�8p79eI5%7!3�H bK3#B 7 B 79L%b|aV4K79B179=�;6b y1, y2, ..., yN ≡ y ~ ��z
3#;K7 ;6rVLM;�;Krg7 B 79LMC
bKag467OB 7O=�;6b L#4K7 b6qOL#8pL#4 2 L#8:aV79b9~ s<rg7 � L�467 4K7OHJ7O464K7ue�;63�L#b ;6rg7�qO3#B A 3%=g7O=�;kb 3�H�L
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2%79q ;K3#4 3#=g8 � ;63 b|rg3%4|;67O=
;KrV7"=g3�;kLM; ? 3%= ~ � s<rg7�qO3#464K7ub A 3#=Ve ? =g5 b � b|;K79B 3#H N B 79L�C
bKag467OB 7O=�;kb`3�Hw;Krg7�aV=VeI7O468 ��? =g5 A L#46L#B17O;K794 θ

? b eI7ubKqO4 ? � 79e � � ;Krg7�8 ?pN 8 ? rg3 3 e p(y|θ) ~s<rV7 3
�cb|794K2%79e egLM;kL A 3 ? =�;6b L#4K7 bKa��s6 7uq ; ;63�bK3#B 7 �JaV= � N =g3M{�=�L%ege ? ; ? 2#7�=V3 ? b|77D y ≡
(θ + x1, θ + x2, ..., θ + xN ) ~�s<rg7 � %1' � � %>. � '6# A8# � -"5�5 ? 2%79bwLR8p3M{\794 � 3#ag=ce�HJ3%4o;6rg7
7�� A 7uq ;K7ue b 1 aVL#4K7ue 794K463#4<L#b6b|aVB ? =g5�L�=fag=�� ? L#bK79e 79b|; ? B�LM;K3%4ED

E

[(

θ̂ (y)− θ
)2
]

· I (θ) ≥ 1 	

{�rV7O467

I (θ) =

∫ (
∂

∂θ
ln p (y|θ)

)2

p (y|θ) dy

? b1;KrV7fh ? b|rg794 ? =IHJ3%4KB�L�; ? 3#=�{ ? ;Kr
4679b A 7uq ;1;K3 θ ~ s<rg7 � 4kL�B 7O4KC�;�L�3 � 3#ag=ce�qOL#= � 7
eg7O4 ? 2%79efL#bwHJ3#8p8p3M{
b D � ? =Vq 7 L#= aV= � ? L%b|7ue 7ub ; ? B�LM;63#4�L#b6bKagB 79b

E
[

θ̂ (y)− θ
]

=

∫ (

θ̂ (y)− θ
)

p (y|θ) dy = 0 	

;6rg7 5%3%L�8 ? b<;63 HJag8 " 8:8�;Kr ? b
qO3#=Vb|;K4kL ? =�;9~os<r ? b ? b A 7O4KHJ3#46B17ue � � eI7O4 ? 2 ? =g5 { ? ;Kr 4679b A 7uq ;
;63 θ D

0 =
∂

∂θ

∫

(θ̂(y) − θ)p(y|θ)dy

0 =

∫
∂

∂θ
(θ̂(y)p(y|θ) − θp(y|θ))dy

0 =

∫

p(y|θ) ∂

∂θ
θ̂(y)

︸ ︷︷ ︸

0

+θ̂(y)
∂

∂θ
p(y|θ)− p(y|θ) ∂

∂θ
θ

︸︷︷︸

1

−θ
∂

∂θ
p(y|θ)dy

0 =

∫

θ̂(y)
∂

∂θ
p(y|θ) − p(y|θ) − θ

∂

∂θ
p(y|θ)dy

0 =

∫

(θ̂(y)− θ)
∂

∂θ
p(y|θ)dy−

∫

p(y|θ)dy

v@b ? =g5 ;6rg7 ? eg7O=�; ? ; � ∂
∂θ

p = p ∂
∂θ

ln p L#=Ve�;6rg7 H L#q ;�;KrVL�; p(y|θ) ? b<=g3%4KB�L�8 ? xO79e 5 ? 2#7ub
∫ (

θ̂ (y)− θ
)

p (y|θ) ∂

∂θ
ln p (y|θ) dy = 1 ~

hcL#q ;K3#4 ? x ? =g51;Krg7 ? =�;K7O5%46L#=Ve L#=Ve ;Krg79="b 1 aVL#4 ? =g5D;Krg7 7 1 aVL�; ? 3#= � ? 798pegb
∫ [

(θ̂(y)− θ)
√

p(y|θ)
]

︸ ︷︷ ︸

a

[
√

p(y|θ) ∂

∂θ
ln p(y|θ)

]

︸ ︷︷ ︸

b

dy = 1

[∫

(ab)dy

]2

= 1

$�7O467
	 ∫ (ab) dy bKrg3#aV8pe � 714K7uL�8 ? x979e L#b@467 A 4679bK7O=�; ? =g5�;6rg7Db6qOL#8pL#4 A 463IeIaVq ; 〈a, b〉 � 7 C; {w7O79= ; {w3
HJag=cq ; ? 3#=cb ? =DL
HJag=Vq ; ? 3#=Db A L%q 7#~ s<r ? b ? b aVb|7ue {�rg79=DL AgA 8 ��? =g5�;Krg7��Iqkr {wL#4Kx
? =g7 1 acL�8 ? ; �

‖a‖ · ‖b‖ ≥ | 〈a, b〉 | ≡ ‖a‖2 · ‖b‖2 ≥ | 〈a, b〉 |2 ≡ 〈a, a〉 · 〈b, b〉 ≥ | 〈a, b〉 |2 	
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;6315 ? 2%7
∫ [

(θ̂(y) − θ)
√

p(y|θ)
]2

dy ·
∫ [

√

p(y|θ) ∂

∂θ
ln p(y|θ)

]2

dy ≥ 1

∫

(θ̂(y) − θ)2p(y|θ)dy ·
∫ [

∂

∂θ
ln p(y|θ)

]2

p(y|θ)dy ≥ 1

E[(θ̂(y)− θ)2] · I(θ) ≥ 1

{�r ? qkr ? b<;6rg7 � 4kL�B 7O4KC�;�L�3 ? =g7 1 acL�8 ? ; � ~

� ��� � � �A� ��
������ ��	 ���?
�� ��� ��
 � ��� 	7� �����r�����A�

�t7 ; fi (θ; w) � 7 ;KrV7 ;Kag= ? =g5 HJag=cq ; ? 3#= 3#H<Lf=g79ag4K3%= i 	�{�rg7O467 w
? b L A L�4kL�B 7O;K7O4 3#H

;6r ? b�;Kag= ? =g5 HJag=cq ; ? 3#=t~os<rg7O= 	I;Krg7 eg7O4 ? 2MLM; ? 2%7 ∂Ji/∂w 3�H ;Krg7 h ? b|rV7O4 ? =IHJ3#46B�LM; ? 3#= JiHJ3%4
LD5 ? 2%7O=f2ML�8pag7 3�H ;Krg7 b|; ? BRag8paVb θ {`~�4u~T; ~T;Krg7 A L#46L#B17O;K794 w
? b<5 ? 2#79= � �

∂Ji

∂w
= τ

∂fi

∂θ

(

2fi

∂2fi

∂w∂θ
− ∂fi

∂θ

∂fi

∂w

)

/ (fi)
2 ~

EG= 3#4keI794\;63�eI7 ;67O46B ? =g7`rV3M{ bKB L#8:8�qkrVL�=g5%79bw3�H ;KrV7 =g7 ; {w3#4 N�A L#46L#B17O;K7946b �J4679qOag4KC
467O=Vq � L�=ce 5�L ? = 3#H 7��Iq ? ;kLM;63#4 � =g7Oag463#=cb �wqkrVL#=g5#7 ;KrV7`3
�s6 7uq ; ? 2#7 HJag=cq ; ? 3#= 	g3#=g7 =g7979egb
;6rg7\eI794 ? 2MLM; ? 2%79b 3#Hg;KrV7�;KaV= ? =V5�HJag=cq ; ? 3#=cbO~ d\ag; rg3M{];63@q 3%B A aI;K7\;KrV79bK7\eI794 ? 2MLM; ? 2#7ub�HJ3%4
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