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Abstract In 1977, Trotter and Moore proved that a poset has dimension at most 3 whenever
its cover graph is a forest, or equivalently, has treewidth at most 1. On the other hand, a well-
known construction of Kelly shows that there are posets of arbitrarily large dimension whose
cover graphs have treewidth 3. In this paper we focus on the boundary case of treewidth
2. It was recently shown that the dimension is bounded if the cover graph is outerplanar
(Felsner, Trotter, and Wiechert) or if it has pathwidth 2 (Bir6, Keller, and Young). This
can be interpreted as evidence that the dimension should be bounded more generally when
the cover graph has treewidth 2. We show that it is indeed the case: Every such poset has
dimension at most 1276.
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1 Introduction
The purpose of this paper is to show the following:

Theorem 1 Every poset whose cover graph has treewidth at most 2 has dimension at most
1276.

Let us provide some context for our theorem. Already in 1977, Trotter and Moore [11]
showed that if the cover graph of a poset P is a forest then dim(P) < 3 and this is best
possible, where dim(P) denotes the dimension of P. Recalling that forests are exactly the
graphs of treewidth at most 1, it is natural to ask how big can the dimension be for larger
treewidths. Motivated by this question, we proceed with a brief survey of relevant results
about the dimension of posets and properties of their cover graphs.

One such result, due to Felsner, Trotter and Wiechert [3], states that if the cover graph
of a poset P is outerplanar then dim(P) < 4. Again, the bound is best possible. Note that
outerplanar graphs have treewidth at most 2. Note also that one cannot hope for a similar
bound on the dimension of posets with a planar cover graph. Indeed, already in 1981 Kelly
[6] presented a family of posets {Q,},>2 with planar cover graphs and dim(Q,) = n (see
Fig. 1). One interesting feature of Kelly’s construction for our purposes is that the cover
graphs also have treewidth at most 3 (with equality for n > 5), as is easily verified. In fact,
they even have pathwidth at most 3 (with equality for n > 4).

(11

Fig. 1 Kelly’s construction of a poset Q, with a planar cover graph containing the standard example S, as
a subposet, for n = 6. (Let us recall that the standard example S, is the poset on 2n elements consisting of n
minimal elements a, . .., a, and n maximal elements by, ..., b, whichis such thata; < b; in S, if and only
if i # j.) The subposet induced by the g;’s and b;’s form Sg, which has dimension 6. The general definition
of Q, for any n > 2 is easily inferred from the figure. Since the standard example S, has dimension n, this
shows that posets with planar cover graphs have unbounded dimension
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Very recently, Bird, Keller and Young [1] showed that if the cover graph of a poset P
has pathwidth at most 2, then its dimension is bounded: it is at most 17. Furthermore, they
proved that the treewidth of the cover graph of any poset containing the standard example
S, with n > 5 is at least 3, thus showing in particular that Kelly’s construction cannot be
modified to have treewidth 2.

To summarize, while the dimension of posets with cover graphs of treewidth 3 is
unbounded, no such property is known to hold for the case of treewidth 2, and we cannot
hope to obtain it by constructing posets containing large standard examples. Moreover, as
mentioned above, the dimension is bounded for two important classes of graphs of treewidth
at most 2, outerplanar graphs and graphs of pathwidth at most 2. All this can be interpreted
as strong evidence that the dimension should be bounded more generally when the cover
graph has treewidth at most 2, which is exactly what we prove in this paper.

We note that the bound on the dimension we obtain is large (1276), and is most likely far
from the truth. Furthermore, while we strove to make our arguments as simple as possible—
and as a result did not try to optimize the bound—the proofs are lengthy and technical. We
believe that there is still room for improvements, and it could very well be that a different
approach would give a better bound and/or more insight into these problems.

We conclude this introduction by briefly mentioning a related line of research. Recently,
new bounds for the dimension were found for certain posets of bounded height. Streib and
Trotter [8] proved that for every positive integer /, there is a constant ¢ such that if a poset
P has height at most / and its cover graph is planar, then dim(P) < c. Joret, Micek, Milans,
Trotter, Walczak, and Wang [4] showed that for every positive integers & and ¢, there is a
constant ¢ so that if P has height at most z and the treewidth of its cover graph is at most 7,
then dim(P) < c.

These two results are closely related. In particular, one can deduce the result for planar
cover graphs from the result for bounded treewidth cover graphs using a ‘trick’ introduced
in [8] that reduces the problem to the special case where there is a special minimal element
ap in the poset that is smaller than all the maximal elements. This implies that the diameter
of the cover graph is bounded from above by a function of the height of the poset, and it
is well-known that planar graphs with bounded diameter have bounded treewidth (see for
instance [2]). This trick of having a special minimal element ag below all maximal elements
turned out to be very useful in the context of this paper as well (though for different reasons),
see Observation 6 in Section 2.

Finally, we mention that several new results on bounding the dimension of certain posets
in terms of their height have recently been obtained [5, 7, 12], the interested reader is
referred to [5] for a detailed overview of that area.

The paper is organized as follows. In Section 2 we give the necessary definitions and
present a number of reductions, culminating in a more technical version of our theorem,
Theorem 7. Then, in Section 3, we prove the result.

2 Definitions and Preliminaries

Let P = (X, <) be a finite poset. The cover graph of P, denoted cover(P), is the graph on
the elements of P where two distinct elements x, y are adjacent if and only if they are in a
cover relation in P; that is, either x < y or x > y in P, and this relation cannot be deduced
from transitivity. Informally, the cover graph of P can be thought of as its order diagram
seen as an undirected graph. The dimension of P, denoted dim(P), is the least positive
integer d for which there are d linear extensions L1, ..., Ly of P sothat x < y in P if and
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onlyifx < yin L; foreachi € {1, ..., d}. We mention that an introduction to the theory of
posets and their dimension can be found in the monograph [9] and in the survey article [10].

When x and y are distinct elements in P, we write x || y to denote that x and y are
incomparable. Also, we let Inc(P) = {(x,y) | x,y € X andx | y inP} denote the set of
ordered pairs of incomparable elements in P. We denote by min(P) the set of minimal
elements in P and by max(P) the set of maximal elements in P. The downset of aset S C X
of elements is defined as D(S) = {x € X | Is € § such thatx < s inP}, and similarly we
define the upset of S tobe U(S) = {x € X | Is € S such thats < x inP}.

Aset I C Inc(P) of incomparable pairs is reversible if there is a linear extension L of P
withx > yin L for every (x, y) € I.Itis easily seen that if P is not a chain, then dim(P) is
the least positive integer d for which there exists a partition of Inc(P) into d reversible sets.

A subset {(x;, y,-)}f.‘:1 of Inc(P) with k > 2 is said to be an alternating cycle if x; < yi41
in P foreachi € {1,2,...,k}, where indices are taken cyclically (thus xz < y; in P
is required). For example, in the poset Q¢ of Fig. 1 the pairs (a;, b;), (a;, b;) form an
alternating cycle of length 2 for all i, j € {1, ..., 6} such thati # j. An alternating cycle
{(xi, y,-)}f?:1 is strict if, for each i, j € {1,2,...,k}, we have x; < y; in P if and only if
Jj = i+1 (cyclically). Note that in that case x1, x2, . .., X are all distinct, and yq, y2, ..., Yk
are all distinct. Notice also that every non-strict alternating cycle can be made strict by
discarding some of its incomparable pairs.

Observe that if 1 = {(x;, y,-)}f.‘:1 is an alternating cycle in Inc(P) then I cannot be
reversed by a linear extension L of P. Indeed, otherwise we would have y; < x; < yiyg
in L for eachi € {1, 2, ..., k}, which cannot hold cyclically. Hence, alternating cycles are
not reversible. It is easily checked—and this was originally observed by Trotter and Moore
[11]—that every non-reversible subset / C Inc(P) contains an alternating cycle, and thus a
strict alternating cycle:

Observation 2 A set I of incomparable pairs of a poset P is reversible if and only if 1
contains no strict alternating cycle.

An incomparable pair (x, y) of a poset P is said to be a min-max pair if x is minimal
in P and y is maximal in P. The set of all min-max pairs in P is denoted by MM(P).
Define dim*(P) as the least positive integer ¢ such that MM(P) can be partitioned into ¢
reversible subsets if MM(P) # @, and as being equal to 1 otherwise. For our purposes,
when bounding the dimension we will be able to focus on reversing only those incompa-
rable pairs that are min-max pairs. This is the content of Observation 3 below. In order to
state this observation formally we first need to recall some standard definitions from graph
theory.

By ‘graph’ we will always mean an undirected finite simple graph in this paper. The
treewidth of a graph G = (V, E) is the least positive integer ¢ such that there exist a tree T
and non-empty subtrees Ty of T for each x € V such that

(i) V(Ty)NV(Ty) # ¥ for each edge xy € E, and
(i) Hx eV |ueV(Ty)} <t+1foreachnode u of the tree T.

The pathwidth of G is defined as treewidth, except that the tree T is required to be a
path. A graph H is a minor of a graph G if H can be obtained from a subgraph of G by con-
tracting edges. (We note that since we only consider simple graphs, loops and parallel edges
resulting from edge contractions are deleted). Recall that the class of graphs of treewidth at
most k (k > 0) is closed under taking minors, thus tw(H) < tw(G) for every graph G and
minor H of G.
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Given a class F of graphs, we let F denote the class of graphs that can be obtained from
a graph G € F by adding independently for each vertex v of G zero, one, or two new
pendant vertices adjacent to v. We will use the easy observation that 7 = JF when F is
the class of graphs of treewidth at most k (provided k > 1). We note that 7 = F holds for
other classes F of interest, such as planar graphs.

The next elementary observation is due to Streib and Trotter [8], who were interested in
the case of planar cover graphs. We provide a proof for the sake of completeness.

Observation 3 Let F be a class of graphs. If P is a poset with cover(P) € F then there
exists a poset Q such that

(i) cover(Q) € ./7-:, and
(i) dim(P) < dim*(Q).

Proof If P is a chain then we set Q = P and the statement can be easily verified.

Otherwise, let Q be the poset constructed from P as follows: For each non-minimal
element x of P, add a new element x’ below x (and its upset) such that x’ < x is the only
cover relation involving x’ in Q. Also, for each non-maximal element y of P, add a new
element y” above y (and its downset) such that y < y” is the only cover relation involving
y” in Q. Now, the cover graph of Q is the same as the cover graph of P except that we
attached up to two new pendant vertices to each vertex.

For convenience, we also define an element x’ for each minimal element x of P, simply
by setting x’ = x. Similarly, we let y” = y, for each maximal element y of P.

Observe that if a set £ of linear extensions of Q reverses all min-max pairs of Q then it
must reverse all incomparable pairs of P. Indeed, for each pair (x, y) € Inc(P) consider the
min-max pair (x’, y”) in Q. There is some linear extension L € L reversing (x’, y”). Given
that x’ < x and y < y” in Q, it follows that y < y” < x’ < x in L. Hence, restricting
the linear orders in L to the elements of P we deduce that L reverses all pairs in Inc(P) so
dim(P) < |L£]| (as P is not a chain). Therefore, dim(P) < dim*(Q). O

As a corollary, for treewidth we obtain:

Observation 4 For every poset P there exists a poset Q such that

(i) tw(cover(P)) = tw(cover(Q)), and
(i) dim(P) < dim*(Q).

Proof This follows from Observation 3 if tw(cover(P)) > 1. If, on the other hand,
tw(cover(P)) = 0, then P is an antichain and we can simply take O = P. O

In the next observation we consider posets with disconnected cover graphs. As expected,
we define the components of a poset P as the subposets of P induced by the components of
its cover graph.

Observation 5 If P is a poset with k > 2 components Cy, ..., Ci then either

(1) P is a disjoint union of chains and we have dim(P) = dim*(P) = 2, or
(i) dim(P) = max{dim(C;) |i =1,...,k}and
dim*(P) = max{dim*(C;) | i =1, ..., k}.
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Proof If for each i € {1, ..., k} the subposet C; of P is a chain then it is easy to see that
dim(P) = dim*(P) = 2. Thus we may assume that this is not the case, that is, dim(C;) > 2
forsomei € {1, ..., k}.

Foreachi € {1, ..., k} let R; be a family of dim(C;) linear extensions of C; witnessing
the dimension of C;. We construct a family R of linear extensions of P in the following
way. First, let R := . Then, as long as there is a set /®; which is not empty,

(i) choose a linear extension L; € R; foreachi € {1, ..., k} such that R; is not empty;
(ii) choose any linear extension L; of C; foreachi € {1, ..., k} such that R; is empty;
(iii) add to R the linear extension L of P definedby L :=L; < Ly < ... < Lg, and
(iv) remove L; from R; foreachi € {1, ..., k}.
Clearly, |R| = max{dim(C;) | i € {1, ..., k}}. Now consider one arbitrarily chosen linear

extension L € R;say wehad L = L| < ... < L when it was defined above, and replace
Lby L' :=L; < ... < LjinR.Itis easy to verify that the resulting family R reverses
all incomparable pairs in P. In particular, all incomparable pairs of P with elements from
distinct components are reversed by L’ and any other linear extension in R (note there is at
least one more as dim(C;) > 2 for some 7). This shows that dim(P) = max{dim(C;) | i €
{1,...,k}}.

The proof for dim*(P) goes along the same lines and is thus omitted. O

To prove the next observation we partition the minimal and maximal elements of a poset
by ‘unfolding’ the poset from an arbitrary minimal element, and contract some part of the
poset into a single element. This proof idea is due to Streib and Trotter [8], and is very
useful for our purposes. In [8] it was used in the context of planar cover graphs but it works
equally well for any minor-closed class of graphs.

Observation 6 For every poset P there exists a poset Q such that

(i) cover(Q) is a minor of cover(P) (and thus in particular tw(cover(Q)) <
tw(cover(P)));
(ii) there is an element gy € min(Q) with qo < q in Q for all ¢ € max(Q), and
(iii) dim*(P) < 2dim*(Q).

Proof First of all, we note that it is enough to prove the statement in the case where
cover(P) is connected. Indeed, if cover(P) is disconnected then by Observation 5 either P
is a disjoint union of chains and dim(P) = dim*(P) = 2, in which case the observation
is trivial, or dim*(P) = max{dim*(C) | C component of P} and we can simply consider a
component C of P with dim*(P) = dim*(C).

From now on we suppose that cover(P) is connected. We are going to build a small set of
linear extensions of P reversing all min-max pairs of P. Partition the minimal and maximal
elements of P as follows. Choose an arbitrary element ap € min(P), let Ag = {ap}, and for
i=1,2,3,... let

B; = {b € max(P) — U Bj | there exists a € A;_| with a < bin P},
1<j<i

A; = {a € min(P) — U A | there exists b € B; with a < bin P}.
0L j<i

Let k be the least index such that Ay is empty. See Fig. 2 for an illustration. The fact that
each minimal and maximal element of P is included in one of the sets defined above follows

@ Springer



Order (2017) 34:185-234 191

ag

Fig. 2 Schematic drawing of P and the sets Ao, A1, ..., Ax—j and By, ..., Bk

from the connectivity of cover(P). If k = 1 then ag is below all maximal elements of P and
hence P itself satisfies conditions (i)-(iii). So we may assume k > 2 from now on.

Let Q;H be the poset on the set of elements Xl’.+l = A; UBi;1 U (U(A) N D(Bi11))
with order relation inherited from P. Figure 3 illustrates this definition. Let

t = max{dim*(Q"™) | i =0,...,k —1}.

Foreachi € {0, ...,k — 1} consider ¢ linear extensions Li, ..., Li of Qf“ that reverse

all pairs from the set MM(Qi:H). Combining these we define ¢ linear extensions of P. For
Jj €{l,...,t}let L; be alinear extension of P that contains the linear order

k—1 1 0
Lj < <Lj<Lj.

Then, Ly, ..., L, reverse all pairs (a,b) € MM(P) witha € A; and b € B; where
j =i+ 1. Inasimilar way we are able to reverse the pairs where j < i.

Let Qﬁ: be the poset on the set of elements Xl’: = A;UB; U (U(Ai) ﬂD(Bi)) being ordered
asin P. We sett' = max{dim*(Qf) |ie{l,...,k—1}} and foreachi € {1,...,k— 1}
we fix ¢’ linear extensions L’i, R Li, of Q; reversing all pairs from MM(Q;). Again,
we combine these to obtain linear extensions of P. For j € {1,...,¢'} let L} be a linear
extension of P that contains the linear order

1 2 k—1
Lj<Lj<~«<Lj .

Clearly, L} ..., L, reverse all pairs (a,b) € MM(P) witha € A; and b € B; where

Jj <i.Itfollows that Ly, ..., Ly, L) ..., L}, reverse the set MM(P) and hence dim*(P) <
t+t.
Now suppose first ¢ > ¢/, so in particular ¢ > 1. Then let £ € {0, ..., k — 1} such that

t = dim*(Qﬁ“). Note that we must have £ > 1 since dim*(Q(l)) = 1 < t. We define
O to be the poset that is obtained from Qﬁ“ by adding an extra element ¢ which is such

that ¢ > x for all x € Xf“ N D(Byg), and incomparable to all other elements of Qﬁ“

(here we need ¢ > 1 so that By exists). In particular, ¢ > a for all a € A,. Observe that

i+1
Qi

Biy

Fig. 3 Definition of Q;:H and construction of Q with its cover graph
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the cover graph of Q is an induced subgraph of cover(P) with an extra vertex g linked
to some of the other vertices. Here, ¢ can be seen as the result of the contraction of the
connected set ;< j<¢ D(B;) — Xf“ plus the deletion of some of the edges incident to
the contracted vertex (see Fig. 3 with i = ¢, dashed edges indicate deletions). The deletion
step is necessary, as after the contraction it might be that some edges incident to ¢ do not
correspond to cover relations anymore. It follows that cover(Q) is a minor of cover(P).
Furthermore, it holds that

dim*(P) < 2t = 2dim*(Q5™) < 2dim*(Q).

Therefore, the dual of Q satisfies conditions (i)-(iii).
The case ¢’ > t goes along similar lines as in the first case (with the slight difference that
we do not need to exclude the subcase ¢ = 1). We leave the details to the reader. O

Applying these observations we move from Theorem 1 to a more technical statement.

Theorem 7 Let P be a poset with

(1) a cover graph of treewidth at most 2, and
(i) a minimal element ay € min(P) such that ay < b for all b € max(P).

Then the set MM(P) can be partitioned into 638 reversible sets.

In order to deduce Theorem 1 from Theorem 7 consider any poset P with cover graph of
treewidth at most 2. By Observation 4 there is a poset Q with tw(cover(Q)) < 2 and dim
(P) < dim*(Q). Now by Observation 6 and applying Theorem 7 there is a poset R with tw
(cover(R)) < 2, a minimal element ag € min(R) such that ag < b for all b € max(R), and

dim(P) < dim*(Q) < 2dim*(R) < 2 - 638 = 1276,

as desired.

From now on we focus on the proof of Theorem 7. Let P = (X, <) be a poset fulfilling
the conditions of Theorem 7. Consider a tree decomposition of width at most 2 of cover(P),
consisting of a tree T and subtrees T, for each x € X. We may assume that the width of the
decomposition is exactly 2, since otherwise dim(P) < 3 by the result of Trotter and Moore
[11], and the theorem follows trivially.

For each node u of T let B(u) denote its bag, namely, the set {x € X | u € V(T)}. Since
the tree decomposition has width 2, every bag has size at most 3, and at least one bag has
size exactly 3. Modifying the tree decomposition if necessary, we may suppose that every
bag has size 3. Indeed, say uv is an edge of T with |B(u)| = 3 and | B(v)| < 2. Then choose
arbitrarily 3 — |B(v)| elements from B(x) \ B(v) and add them to B(v). Repeating this
process as many times as necessary, we eventually ensure that every bag has size 3. Note
that the subtrees Ty (x € X) of the tree decomposition are uniquely determined by the bags,
and vice versa; thus, it is enough to specify how T and the bags are modified. The above
modification repeatedly adds leaves to some of the subtrees 7 (x € X), which clearly keeps
the fact that 7 and the subtrees T, (x € X) form a tree decomposition of cover(P).

Recall that, by the assumptions of Theorem 7, the poset P has a minimal element ag
with ag < b for all b € max(P). This implies that the cover graph of P is connected. Using
this, we may suppose without loss of generality that |B(u) N B(v)| > 1 for each edge uv of
T . For if this does not hold, then the bags of one of the two components of T — uv are all
empty (as is easily checked), and thus the nodes of that component can be removed from T
without affecting the tree decomposition.
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In fact, we may even assume that |B(x) N B(v)| = 2 holds for every edge uv of T. To see
this, consider the following iterative modification of the tree decomposition: Suppose that
uv is an edge of T such that ¢ := |B(u) N B(v)| # 2. If t = 3 then simply identify u and v,
and contract the edge uv in T. If = 1 then subdivide the edge uv in T with a new node w,
and let the bag B(w) of w be the set (B(x) N B(v)) U {x, y}, where x and y are arbitrarily
chosen elements in B(u) \ B(v) and B(v) \ B(u), respectively. These modifications are
valid, in the sense that the bags still define a tree decomposition of cover(P) of width 2, and
in order to ensure the desired property it suffices to apply them iteratively until there is no
problematic edge left.

To summarize, in the tree decomposition we have |B(u)| = 3 for every node u of T,
and |B(u) N B(v)| = 2 for every edge uv of T. We will need to further refine our tree
decomposition so as to ensure a few extra properties. These changes will be explained one
by one below. Let us mention that we will keep the fact that |B(u) N B(v)| = 2 for every
edge uv of T, and that |B(u)| = 3 for every internal node u of T. However, we will add
new leaves to T having bags of size 2 only.

Choose an arbitrary node r' € V(T) with ag € B(r’). Add a new node r to T and make
it adjacent to r’. The bag B(r) of r is defined as the union of ag and one arbitrarily chosen
element from B(r’) — {ap}. (Observe that the size of B(r) is only 2; on the other hand, we
do have |B(r) N B(r")| = 2.) We call r the root of T, and thus see T as being rooted at r.
(For a technical reason we need the root to be a leaf of 7', which explains why we set it up
this way.) Every non-root node u in T has a parent p(u) in T, namely, the neighbor of u on
the path from u to r in 7. Now we have an order relation on the nodes of 7, namely u < v
in T if u is on the path from r to v in T. The following observation will be useful later.

Observation 8 If vy, ..., v, is a sequence of nodes of T such that consecutive nodes are
comparable in T (that is v; < viy1 orviy1 < Vv in T foreachi € {1,...,n — 1}), then
there is an index j € {1, ...,n} suchthat v; < v; inT foreachi € {1,...,n}.

Proof We prove this by induction on n. For n = 1 it is immediate. So suppose that n > 1.
Then we can apply the induction hypothesis on the sequence vy, ..., v,—1 and get j €
{L,...,n—1}suchthatv; < v; foreachi € {1, ...,n—1}. Asv,_| and v, are comparable
in T, we have v, < v, or v, < v,—1 in T. In the first case we conclude v; < v,—1 < vy
in T and we are done. In the second case we have {v;, v,} < v,—1 in T, which makes
v; and v, comparable in T. But clearly, from this it follows that v; < v; in T for each
ief{l,...,n}orv, <v;inT foreachi € {1, ...,n}. O

Fix a planar drawing of the tree T with the root r at the bottom. Suppose that v and v’
are two nodes of T that are incomparable in 7'. Take the maximum node u (with respect to
the order in T') such that u < v and u < v’ in T. We denote this node by v A v'. Observe
that # has degree at least 2 in 7', and hence is distinct from the root r. (Ensuring this is the
reason why we made sure that the root r is a leaf.) Consider the edge p from u to p(u), the
edge e from u towards v and the edge ¢’ from u towards v’. All these edges are distinct. If
the clockwise order around u in the drawing is p, e, ¢’ for these three edges, then we say
that v is fo the left of v" in T, otherwise the clockwise order around u is p, €/, ¢ and we say
that v is 7o the right of v’ in T. Observe that the relations “is left of in 7" and “is right of in
T both induce a linear order on any set of nodes which are pairwise incomparable in 7.

Observation 9 Ler v and v’ be incomparable nodes in T with v left of v/ in T, and let

u = v AV. If wand w' are the neighbors of u on the paths towards v and v' in T,
respectively, then for each node c in T we have that
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Fig. 4 We have the following properties in this example: (¢, b)) € MM(P) with a” left of b7 in T, and
u=a’ AbT (and hence u < a” and u < b” in T). We also have B(u) = {ag, a, b} here

(i) visleftofcinT ifw’ < cinT, and
(ii) cisleftofv'inTifw <cinT.

Proof If w’ < cin T, then we also have u = v A ¢, and the first edge on the path from u to
¢ in T is the same as that of the path from u to v' in T. Since v is left of v’ in T, it follows
that v is left of ¢ as well. The proof for the second item is analogous. O

Next we modify once more the tree decomposition. For each element a € min(X) such
that (a, b)) € MM(P) for some b € max(X), choose arbitrarily a node w, of T such that
a € B(w,). Similarly, for each element b € max(X) such that (a, b)) € MM(P) for some
a € min(X), choose arbitrarily a node wy, of T such that b € B(wp). (Note that the same
node of T could possibly be chosen more than once.) Now that all these choices are made,
for each minimal element a of P considered above, add a new leaf a’ to T adjacent to
w, with bag B(a”) := {a, x}, where x is an arbitrarily chosen element from B(w,) \ {a}.
Similarly, for each maximal element b of P considered above, add a new leaf Pl toT
adjacent to wp, with bag B(bT) := {b, x}, where x is an arbitrarily chosen element from
B(wp) \ {b}.

This concludes our modifications of the tree decomposition. Notice that we made sure
that |B(u)| = 3 for every internal node u of T, and that |B(u) N B(v)| = 2 for every
edge uv of T. Observe also that for every pair (a, b) € MM(P), the two nodes aT and bT
are incomparable in 7, and thus one is to the left of the other in 7. Figure 4 provides an
illustration. (We also note that while the tree 7" has been modified since stating Observations
8 and 9, they obviously still apply to the new tree T).

Let G be the intersection graph of the subtrees 7 (x € X) of T. Thus two distinct
elements x, y € X are adjacent in G if and only if V(T) N V(Ty) # @. The graph G is
chordal and the maximum clique size in G is 3. Hence the vertices of G can be (properly)
colored with three colors. We fix a 3-coloring ¢ of X which is such that x, y € X receive
distinct colors whenever V(Ty) N V(Ty) # @. In particular, if x and y are two distinct
elements of P such that x, y € B(u) for some u € V(T) then x and y receive different
colors.
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We end this section with a fundamental observation which is going to be used repeatedly
in a number of forthcoming arguments. We say that a relation x < y in P hitsaset Z C X
if there exists z € Z withx <z < yin P.

Observation 10 Let x < y in P and letu,v € V(T) be such that x € B(u), y € B(v).

(1) Ifw € V(T) lies on the path fromu to v in T then x < y hits B(w).
(i) Ife =wiwy € E(T) lies on the path fromu tovin T then x < y hits B(w1) N B(w>).

(iii) Ifwi,...,w; € V(T) aret nodes on the path fromu to v in T appearing in this order,
then there exist z; € B(w;) foreachi € {1,...,t}suchthatx < z1 < -+ <z: <y
in P.

Proof Suppose that w lies on a path from u to v in T. Since x < y in P there is a path
X = 20,21,---,2k = y in G such that z; < z;41 is a cover relation in P for each i €
{0, 1, ...,k — 1}. This means that Uogigk T, is a (connected) subtree of T containing u
and v. Thus, Uog i<k T, contains w and therefore there exists i with z; € B(w). The proof
of (ii) is analogous.

We prove (iii) by induction on ¢. For ¢t = 1 this corresponds to (i), so let us assume
t > 1 and consider the inductive case. By induction there exist z; € B(w;) for each i €
{1,...,t—1}suchthatx <z; <--- <z, < yin P. Applying (i) with relation z,_; < y
and the w;_1—v path, we obtain that z,_1; < z; < y in P for some z; € B(w;). Combining,
we obtain x < 71 < -+ < 7y < yin P, as desired. O

3 The Proof

We aim to partition MM (P) into a constant number of sets, each of which is reversible. This
will be realized with the help of a signature tree, which is depicted on Fig. 5. This plane
tree W, rooted at node vy, assigns to each pair (a, b)) € MM(P) a corresponding leaf of W
according to properties of the pair (a, b).

The nodes vy, ..., vis of ¥ are enumerated by depth-first and left-to-right search. Each
node v; which is distinct from the root and not a leaf has a corresponding function of the
form «; : MM(P, v;) — %;, where MM(P, v;) € MM(P) and %; is a finite set, whose
size does not depend on P. We put MM(P, v;) = MM(P) and the other domains will be
defined one by one in this section. To give an example, let us look forward to upcoming
subsections where we define «; and «y as follows.

e «i(a,b) € I = {left, right} encodes whether a” is to the left or to the right of 57 in T’;
® y(a,b) € ¥y = {yes,no} is the answer to the question “Is there an element g €
B(aT AbT) witha < ¢ in P?".

Furthermore, for each internal node v; with children v;,,...,v; in W, the edges
Vivi, ..., ViV, of W are respectively labeled by subsets X (v;, v;), ..., Z(v;, v;) of %;
such that X; = X (v;, v;)U- - -UX(v;, v;,), that is, so that the sets X (v;, vij) form a partition
of X;. For example,

¥ (v1, v2) = {left, right} = X;

X (v2, v3) = {no};

X(v2, v4) = {yes}.
Observe that each internal node v; of W has either one or two children; in particular, if v;
has only one child then the corresponding edge is labeled with the full set %;.
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V15

Vi4

V13

Vi2

Vi1

141

Fig. 5 The signature tree W. Each of the three branching nodes va, v4, and ve corresponds to a yes/no
question, and the edges towards their children are labeled according to the possible answers. Edges starting
from a non-branching node v; to a node v; are labeled with the size of X (v;, v;)

The reader may wonder why we do not refine the tree W and have an edge out of v; for
every possible value in X;. This is because sometimes several values in %; will correspond
to analogous cases in our proofs which can be treated all at once. To give a concrete example,
consider X (vy, v2) = {left, right}: When proving that a set S of min-max pairs is reversible,
the case that a is left of b7 for every (a,b) € S is analogous to the case that a’ is
right of b7 for every (a,b) € S, as one is obtained from the other by exchanging the
notion of left and right in T (that is, by replacing the plane tree T by its mirror image).
Hence it will be enough to only consider, say, the case where a’ is to the left of b7 for
every (a,b) € S.

Now for an internal node v; of W distinct from the root (i # 1),letvy =v;, ..., vy, = v;
be the path from the root v; to v; in W. Define the signature of v; as the set

X)) =2, vip) X oo X By, Vi) (D
and let

MM(P,v;) = {(a,b) € MM(P) | (o, (a,b), ..., a; ,(a,b)) € Z(v)};
MM(P,v;, Z) = {(a,b) e MM(P) | (a;,(a, b), ... o (a, b)) =X} for ¥ € X(v;).

Observe that by this definition, for each internal node v; of W with children v;,, ..., v;
we get the partition

MM(P, vi) = (] MM(P, v;)).
1</
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Therefore, by construction the sets MM(P, v;) with v; a leaf of W (so for v3, v7, V10, V15)
form a partition of MM(P). With a further refinement it follows that

MmP) = | U MM, v, %)

v; leaf of ¥ X eX(v;)

and the proof below boils down to showing that MM(P, v;, ¥) is reversible for each leaf v;
of W and each ¥ € X (v;).

Once this is established we get an upper bound on dim*(P) just by counting the number
of sets in our partition of MM(P), namely

dim*(P) < Z 2| = 12| + 2]+ [Zi0)| + [Z(v15)]
v; leaf of &
=242-642-6-2-242-6-6-4-2=0638.

Note that the calculation for the particular summands follows from (1) and the edge
labelings in Fig. 5. Our proof will follow a depth-first, left-to-right search of the signature
tree W, defining the functions «; one by one in that order, and showing that for each ¥ €
¥ (v;) the set MM(P, v;, X) is reversible when encountering a leaf v;. Hence, the tree W
also serves as a road map of the proof. Moreover, for the reader’s convenience we included
a table collecting all functions «; and their meanings, see Table 1. It is not necessary to read
this table now, but it might be helpful while going through the main proof.

Now that the necessary definitions are introduced and the preliminary observations are
made, we are about to consider the nodes of the signature tree one by one, stating and
proving many technical statements along the way. At this point the reader might legitimately
wonder why it all works, that is, what are the basic ideas underlying our approach. While
we are unable to offer a general intuition—indeed, this is why we believe that better insights
into these posets remain to be obtained—we can at least explain a couple of the strategies
we repeatedly apply in our proofs.

A first strategy builds on the fact that when choosing three times an element in a 2-
element set, some element is bound to be chosen at least twice: As a toy example, suppose
that {(a;, bi)}f.‘=1 is a strict alternating cycle with k& > 3 in some subset I € MM(P)
which we are trying to prove is reversible. Suppose further that we somehow previously
established that the aiT —biTJr1 path in 7 includes a specific edge uv of T for at least three
distinct indices i € {1, ..., k}; which indices is not important, so let us say this happens
for indices 1,2,3. Then by Observation 10 the relation a; < b;41 hits B(u) N B(v) for each
i =1, 2,3. Given that | B(«) N B(v)| = 2, this implies that some element x € B(u) N B(v)
is hit by two of these relations, that is, we have @; < x < bjy1 and a; < x < bjq
in P for some i, j € {1,2,3} withi < j. However, this implies ¢; < x < bjy in P,
contradicting the fact that the alternating cycle is strict. (Here we use that k > 3.) Therefore,
the alternating cycle {(a;, b,-)}f.‘ | could not have existed in the first place. More generally,
when analyzing certain situations we claim cannot occur, we will typically easily find two
relations c; < dj and ¢3 < d> in P both hitting B(u) N B(v) for some edge uv of T, and
which are incompatible, in the sense that they cannot hit the same element. The work then
goes into pinning down a third relation ¢3 < dz in P which is incompatible with the first
two, and yet hits B(u) N B(v). (The fact that ap < b in P for every b € max(P) will often
be helpful here.)

A second strategy is to see certain strict alternating cycles as inducing a graph on
MM(P), and then study and exploit properties of said graph. This is natural for strict alter-
nating cycles of length 2: Any such cycle (aj, b1), (az, b2) can be seen as inducing an edge
between vertex (ap, b1) and vertex (az, by). If we somehow can show that the resulting
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Table 1 Table of functions and their meanings

Function Section Meaning

¢ 2 Proper 3-coloring of the intersection
graph of the subtrees Ty (x € X) of
T. That is, ¢(x) # ¢(y) whenever
V(T) NV (Ty) # 9.

o] 3.1 Assigns ‘left’ or ‘right’ to pairs
(a, b) depending on whether a” lies
to the left or to the right of b7 in T.

an 3.1 Records the answer to the question:
“Is there an element ¢ € B(ugp)
such thata < ¢ in P?”

oy 33 Records the answer to the question:
“Is there an element ¢ € B(uqp) N
B(pap) suchthata < g in P?”

s 33 as(a, b) =
(@ (xab), @ Yab), #(zap)), ~ Where
B(uap) = {xab» Yab, Zap} and
Xab» Yab» Zab Satisfy:
ea < xqp Lbin P
® B(uap) N B(pap) = {yab, 2ab};
e a L yap < binP;
® ap < YapinP;
e a K zq4p inP, and
® Yab € B(uap) N B(wap)-

a6 34 Records the answer to the question
“Is B(utap) NB(Wap) = (Xab» Yab}? -

og 3.6 Given (a,b) € MM(P,vg), let
Y € Xg be such that (a,b) €
MM(P, vg, ). Then ag(a,b) =
Vs.x(a,b), where Ygyx is a 2-
coloring of the graph Sy of special
2-cycles.

a9 3.7 Given (a,b) € MM(P, vg, X) for
some X € X(vg), function ag
records the color 9 5 (a, b), where
VY9, is a coloring of K'x.

o 3.9 ayi(a, b) =
(P (xab), ¢ (Yab), ¢ (zap)),  Where
B(uap) = {Xab» Yab, zap} and
Xabs Yab, Zab SatiSfy:
® B(uap) N B(pyp) = {Xab, Yab};
e a < xgp L Yap in P, and
ea X yap < binP.

o2 3.10 Given (a,b) € MM(P,vy),
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Table 1  (continued)

Function Section Meaning

o3 3.11 Given (a,b) € MM(P, 3, 2),
function «13 records the color of the
pair (a, b) in the 4-coloring V13,5
of the graph Jx. The purpose of
a3 is to get rid of 2-cycles in
MM(P, vi3, X).

o4 3.12 Given (a,b) € MM(P, vy, X),
function «14 records the color of the
pair (a, b) in the 2-coloring 14,5
of the graph Ks. The purpose of
a4 is to get rid of strict alternat-

ing cycles of length at least 3 in
MM(P, vi4, X).

graph has bounded chromatic number, then we can consider a corresponding coloring of
the pairs, and we will know that within a color class there are no strict alternating cycles
of length 2 left. Thus, by doing so we ‘killed’ all such cycles by partitioning the pairs in a
constant number of sets. Such a strategy is used twice in the proof, when considering nodes
vg and v13 of the signature tree W. We also use a variant of it tailored to handle certain
strict alternating cycles of length at least 3 and involving a directed graph on MM(P), when
considering nodes vg and vi4 of W.

We now turn to the proof. From now on we will use the following notations for a given
pair (a, b) € MM(P): We let u,p := al AbT, Pab ‘= p(uap), and denote by v, and wyp
the neighbors of ugp, in T towards a” and b7, respectively. Figure 6 illustrates the newly
defined nodes.

bT

r

Fig. 6 Pair (a, b)) € MM(P) with «j (a, b) = left and the corresponding nodes pup, Uap, Vap, and wyp in T
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3.1 Nodes vy and v, and their respective functions «; and «

We start with the definition of «1, which belongs to the node v; of the signature tree W.

For each (a,b) € MM(P,v1) = MM(P), ai(a,b) € £1 = {left, right} encodes whether a” is to
the left or to the right of b in T

Let us proceed with node v, and its function «5.

For each (a,b) € MM(P,v2) = MM(P), we let as(a,b) € 3 = {yes,no} be the answer to the
question
“Is there an element g € B(uqp) with a < ¢ in P?”.

Note that it might be the case that all elements of B(u,;) are incomparable with a (so
the answer is “no”), while there is always an element ¢ € B(uyp) such that ¢ < b in P
as the comparability ag < b hits the bag B(u,p). In the next section we treat all the pairs
(a, b) € MM(P) with az(a, b) = no and it turns out that they can easily be reversed.

3.2 First leaf of ¥: the node v3

Incomparable pairs of MM(P, v3) received one of the two possible signatures in X (v3) =
{(left, no), (right, no)}. We start by showing that pairs with these signatures are reversible.

Claim 11 MM(P, v3, X) is reversible for each ¥ € X (v3).

Proof Let ¥ € X(v3) = {(left, no), (right, no)}. We will assume that ¥ = (left, no), thus
ap(a, b) = left for pairs (a, b) € MM(P, v3, ). In the other case it suffices to exchange
the notion of left and right in the following argument. (We note that we will start with that
assumption in all subsequent proofs, for the same reason.)

Arguing by contradiction, suppose that there is a strict alternating cycle {(q;, b,-)}f‘z1 in
MM(P, v3, ¥). Thus a; < b;j41 in P for alli (cyclically). Let bJT be leftmostin 7 among all
theb!’s(i € {1, ... k}). ThenodeajT istothe 1eftobeT (as (aj, bj) € MM(P, v3, ), 50 &
(aj, bj) =left), and thus to the left of all the bl.T ’s. Hence, the path from ajT to bJT 1 in T goes th-
rough the node Ua;b;- By Observation 10, the relation a; < b1 in P hits B(uq;p;), contra-
dictingaz(aj, bj) = no(recallthat (a;, b;) € MM(P, v3, X), andthus oy (a;, bj) = no). [

As a consequence of Claim 11, all the pairs (a, b)) € MM(P) being considered in the
following satisfy ap(a, b) = yes (see how this fact can be read from the signature tree ¥).

3.3 Nodes v4 and vs and their respective functions o4 and a5
For all pairs (a, b) in MM(P, vy4) it holds that there is ¢ € B(ugp) such thata < ¢ in P,

but it is not clear whether there is such an element being also contained in B(p,p). It is the
purpose of function a4 to distinguish the two possible cases at this point.

Given (a,b) € MM(P, vy), let ay(a,b) € {yes,no} be the answer to the following question
about (a, b):

“Is there an element ¢ € B(uga) N B(papy) with a < ¢ in P77,
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Before defining the function s we first show some useful properties of pairs in
MM(P, vs, ¥) for ¥ € X(vs). Note that these pairs (a, b) satisfy aa(a, b) = yes and
a4(a, b) =no.

Claim 12 Let ¥ € X(vs) and suppose that {(ai,b,-)}f.‘:1 is an alternating cycle in
MM(P, vs, X). Let u; denote uq,p,, for eachi € {1,2, ..., k}. Then

(i) wu; and ujy1 are comparable in T foreachi € {1,2,...,k}, and
(ii) thereisanindex j € {1,2,... kY suchthatuj < u; inT foreachi € {1,2,...,k}.

Proof Let £ € X(vs) = {(left, yes, no), (right, yes, no)}. Again we may assume X =

(left, yes, no) as the other case is symmetrical. Thus o (a;, b;) = left for each i €
{1,...,k}.
We denote uy,p; , Wa;b; > Pa;b; Y Ui, Wi, p; respectively, foreachi € {1,2,...,k}.

To prove the first item observe that since a4 (a;, b;) = no for all pairs (a;, b;), and since
a; < bjy1 in P, we have u; < biT—H in T. Indeed, otherwise the path from al.T to biT+1 inT
would go through u; and p;, and hence a; < b;41 would hit B(u;) N B(p;), contradicting
a4(ai, b;j) = no.Clearly u; 11 < biT+1 in T. Therefore, {u;, ujy+1} < biT+1 in 7', which makes
u; and u; 41 comparable in 7.

The second item follows immediately from the first item and Observation 8. O

Thanks to Claim 12 we know that for every ¥ € X(vs), each alternating cycle in
MM(P, vs, X) can be written as {(a;, b,-)}f?:1 in such a way that uq,, < ugp, in T for
i € {l,...,k}. We may further assume that the pair (aj, b1) is chosen in such a way
that

(i) ifaq(ar, by) = left then blT is to the right of bl.T inT foreachi € {2, ..., k} satisfying
Uayby = Uajb; -
(i) ifaq(ar, by) = right then blT is to the left of biT inT foreachi € {2, ..., k} satisfying
Uagiby = Ua;b; -
Note that the pair (aj, b1) is uniquely defined; we call it the root of the alternating cycle.
Now for each ¥ € X (vs) and (a, b) € MM(P, vs, ) we take a closer look at elements
in B(ugp). The bag B(u,p) consists of three distinct elements; let us denote them x4p, Yap,
Zap- Given that as (a, b) = yes and a4 (a, b) = no, we may assume without loss of generality

a<xgp L£binP; 2)
B(uap) N B(pab) = {yab’ Zab)- 3)
Recall that the u,pw,p edge lies on the path from r to b7 in T. This implies that the relation

ao < b hits B(ugp) N B(wgp). Clearly, it cannot hit x,p, and thus ag < b hits at least one of
Yab, Zab- Let us suppose without loss of generality that this is the case for y,p. It follows that

a &L Yap < bin P; €y
ap < Yap In P; (%)
a % Zqp in P; (6)
Yab € B(ugp) N B(wap). N

With these notations, we define o5 in the following way:
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For each X € X(v5) and pair (a,b) € MM(P, vs, X)), we let
(071 (CL, b) = (¢(‘rab)a ¢(yab)7 ¢(Zab))'

(Recall that ¢ (w) is the color of the element w € X in the 3-coloring ¢ of the intersection
graph defined by the subtrees T, (x € X), and that x5, Yab, Zap» have distinct colors.) Hence
there are 6 possible answers for as(a, b). In the following when considering nodes v; of W
that are descendants of vs, all we will need is that min-max pairs (a, b)) € MM(P, v;, X)
have the same value a5(a, b) but the value itself will not be important. This is why W does
not branch at vs.

3.4 Node vg and its function og

Before defining the next function asg, let us show some useful properties of strict alternating

cycles in MM(P, vg, X) for ¥ € X(vg). These properties will be used not only when

considering the second leaf v; of W but also later on when considering the third leaf vyg.
Now, recall that pairs (a, b) € MM(P, vg) satisfy

® os(a,b) = yes, and hence there is ¢ € B(ugp) witha < g in P,
® wy(a,b) = no, and hence there is no ¢ € B(u,p) N B(pap) such thata < g in P,
e the elements of B(u,p) can be labeled with x4p, Yab, Zap such that (2)-(7) hold.

We need these properties and the mentioned labeling for the following claim.

Claim 13 Let ¥ € X (vg) and suppose that {(a;, bi)}f.‘zl is a strict alternating cycle in
MM(P, vg, £) with root (a1, by). Let u;, w; denote ugp,; , Wq,;p, respectively, for each i €
{1,2,....k}. Thenuy < wy <ug <bl inT.

Proof We denote pgp;, Xa;b; > Yaib;» Za;b; DY Pi» Xi, yi, 2i respectively, for each i €
{1,2, ..., k}. We assume that oy (a, b) = left for each (a, b)) € MM(P, vg, ). In particular,
oy(ai, bj) = left foreachi € {1,2, ..., k}.

The path from akT to blT in T cannot go through the edge uy px, since otherwise by
Observation 10 the relation a; < b1 would hit B(ug) N B(px) which contradicts the fact
that a4 (ak, bx) = no. This implies u; < b7 in T.

Next we prove that | # ui. Suppose to the contrary that u; = u. Then uy lies on the
paths from akT to r and from blT to r in T, implying that akT A blT >urinT.

If akT A blT = uy then the path from akT to blT in T goes through uy. Thus, the relation
ay < by hits B(uy) = {xk, Yk, zk} and hence ay < xx < by in P (as ar £ yx and ar ¥ 2k
in P). Since B(ux) = B(u1) and as5(ay, b1) = as(ax, by) implying ¢ (xx) = ¢ (x1), we get
xx = x1. Now a1 < x; = xx < by in P gives a contradiction.

If akT /\blT > uy in T then it follows that vy < b]T in T. By Observation 9(ii) we conclude
that b]T is left of b,{ in T. Since uy = u1, this contradicts the fact that (a, by) is the root of

{(ai, b)Y,
Therefore, u; # uy as claimed, and u; < uy < blT in 7. Given the definition of w; and
the fact that u; < blT inT,wededuce u; < wy <up < blT inT. O

Claim 14 Let ¥ € X (vg) and suppose that {(a;, bi)}if:1 is a strict alternating cycle in
MM(P, vg, £) with root (a1, by). Let u;, w; denote ugp,; , Wq;p, respectively, for each i €
{1,2,...,k}. Thenuy < wy <u;inT foreachi € {2,...,k}.
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Proof We denote vy, p; , Pa;b; s Xajb; » Ya;b; » Za;b; BY Vi, Pis Xi, Yi, Zi respectively, for each i €
{1,2, ..., k}. We assume that oy (a, b) = left for each (a, b)) € MM(P, vg, X). In particular,
op(ai, bj) = left foreachi € {1, 2, ..., k}.

By Claim 13 we have w; < ug in T. Arguing by contradiction, suppose that w; ¥ u; for
some i € {2,...,k — 1}, and let i be the largest such index. Thus, w; < u;41 in 7. Note
also that in this case we must have k > 3.

Since u; and u; 1 are comparable in 7 (by Claim 12) and % is minimal in 7 among all
the u;’s, we obtain u; = u; < w; < ujy1inT.

Observe that u; < aiTAbiTJrl inT,asu; < {al.T, biT—H} inT.Ifu; = aiT /\biTJrl then the path
froma/ tob], | in T goes through u; . Thus, the relation a; < b; 41 hits B(u;) = {xi, yi. zi},
and it follows that @; < x; < biy1 in P (as a; & y; and a; £ z;). Since B(u;) = B(u1)
and ¢ (x;) = ¢(x1) (because as(ay, b1) = as(a;, b;)), we deduce that x; = x;. But then
a; < x1 = x; < bj41 in P, which is a contradiction. (Recall thati > 2.)

Ifu, =u; < aiT A biT+1 in 7' then we must have w; < aiT A bl.T+1 in T, since aiT A biT+1
has to be an internal node of the path from u; to bl.T 41 in T and since w is the neighbor of
T

u; on that path (as u; < wy < uj41 < biTJrl in T). In particular, this implies u; < w; < g;
in 7', and it follows that v; = wj. As al.T is left of bl.T in T, and since v; = w; < b1T inT,
by Observation 9(ii) we obtain that b]T is left of biT , which contradicts the fact that (a, by)

is the root of {(a;, bi)}f.‘: 1- This completes the proof. O

Now let us define the function .

We set ag(a,b) to be the answer to the following question:
“Is B(uab) N B(wab) = {mab, yab}?”-

Note that y,; always belongs to the intersection, and hence o tells us whether x5 or
Zap 1 the other element in B(ugp) N B(wgp). If the answer to this question is “no”, then our
signature tree leads us to the second leaf of W, leaf v;.

3.5 Second leaf of ¥: the node v7

In this section we show that incomparable pairs in MM(P, v7, X) are reversible for each
¥ € ¥(v7). Recall that MM(P, v7) is a subset of MM(P, vg), allowing us to use the obser-
vations and claims from the previous section. Moreover, for every pair (a, b)) € MM(P, v7)
we have that ag(a, b) = no, implying that B(ugp) N B(Wap) = {Yab, Zab}-

Claim 15 MM(P, vy, X) is reversible for each & € ¥ (v7).

Proof Let ¥ € X (v7). We assume that a1 (a, b) = left for each (a, b)) € MM(P, v7, ). In
particular, oy (a;, b;) = left foreachi € {1,2, ..., k}.

Arguing by contradiction, suppose that there is a strict alternating cycle {(a;, bi)}f?zl
in MM(P, vy, ¥) with root (ay, b1). We have u; < w; < up in T by Claim 14, and in
particular alT A sz = u1. Thus, the path from alT to sz in T includes the edge u{w;. Hence,
the relation a; < b; hits B(u1) N B(wy) € {x1, y1, z1}. Since a1 < xy and ag ||{y1,z1}in P
we obtain x; € B(u1) N B(w;). Recalling that we also have y; € B(u1) N B(wy), it follows
that B(u1) N B(wy) = {x1, y1}, contradicting «g(ay, b1) = no. O

@ Springer



204 Order (2017) 34:185-234

Fig.7 A possible situation in the proof of Claim 16

3.6 Node vg and its function og

Before we study strict alternating cycles in MM(P, vg), let us recall some useful properties
of incomparable pairs in MM(P, vg). Each pair (a, b) € MM(P, vg) satisfies

® wy(a,b) = no, and hence there is no ¢ € B(ugp) N B(pap) such thata < g in P,
e the elements of B(u,p) can be labeled with x,p, yap, Zap such that (2)—(7) hold,
® ag(a, b) = yes, and hence B(ugp) N B(wap) = {Xab, Yab}-

We proceed with an observation about MM(P, vg, ¥) for fixed ¥ € X (vg).

Claim 16 Let ¥ € X (vg) and suppose that {(a;, b,-)}f.‘:1 is a strict alternating cycle in
MM(P, vg, ) with root (a1, b1). Let u; denote uq,yp,; for eachi € {1,2,...,k}. Thenu; <
wi <u2<blrinT.

Proof We denote We,p;, Pa;b; » Xajb;» Yaib;» Za;b; OY Wi, Pis Xi, ¥i, Zi respectively, for each
i € {1,2,...,k}. We assume that «j(a, b) = left for each (a,b) € MM(P, vg, X). In
particular, o1 (a;, b;) = left foreachi € {1, 2, ..., k}.

If k = 2 then the claim follows from Claim 13. So we assume k& > 3 from now on. By
Claim 14 we already know u1 < wy < u3 in T, and thus it remains to show uy < blT inT.

Arguing by contradiction suppose that uy # blT inT.Leti € {3,...,k} be smallest
such that u; ;é uy in T. There is such an index since u; < blT in T by Claim 13, and thus
up # up in T. See Fig. 7 for an illustration of this and upcoming arguments.

By our choice of i, we have u; < uy < u;—1 in T. Note that ¢;_; < b; in P, which
combined with a4(a;—1, bi—1) = noyields u;_| < bl.T in7T.Henceupy <u;j_j < b[T inT.

Since up; < bl.T and u; < biT in T, the two nodes u; and u; are comparable in T, and
thus u; < u, since u; ;ﬁ up in T. Combining this with uy < biT in T we further deduce
that w; < up in 7. On the other hand, w; < u; in T by Claim 14. To summarize, we have
U < wi <u,~<w,~<u2<biTinT.

Now consider the path from alT to sz in T. Since w; < uy < sz and w ;( alT inT,
this path goes through u1, and thus includes the edge u; w;. Hence the relation a; < by hits
the set B(u;) N B(w;), the latter being equal to {x;, y;} since ag(a;, b;) = yes. Therefore,
a; < x; <K bhpora; <y < byin P. But this implies ¢; < x; < bpora; < y; < b;
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in P, a contradiction in both cases to the properties of a strict alternating cycle (recall that
ie{3,...,k}. O

Given ¥ € X(vg), we say that pairs (a, b), (a’, ') € MM(P, vg, ) form a special
2-cycle if, exchanging (a, b) and (a’, b’) if necessary, we have

(1) a<b andd’ <bin P, and
() wap < wap S gy < wgyy < bl inT.

The first requirement is simply that (a, b), (a’, b’) is a (strict) alternating cycle. (Note that
every alternating cycle of length 2 is strict.) As a consequence of this and Claim 16, we
know that the first three inequalities of the second requirement are satisfied. So the question
here is whether also wyy < bT holds in T. An implication of the second requirement is
that the paths from a” to 57 and from a’” to b7 in T both go through the edge uyp wap
of T'. Note also that the pair (a, b) is the root this special 2-cycle.

Let Sy be the graph with vertex set MM(P, vg, ) where distinct pairs (a, b), (a’, V') €
MM(P, vg, X) are adjacent if and only if they form a special 2-cycle.

Claim 17 The graph Sy is bipartite for each ¥ € X (vg).

Proof Arguing by contradiction, suppose that there is an odd cycle C = {(a;, bi)}f: | in
Sy, for some ¥ € X (vg). We may assume that C is induced. Let u; := uq,p,, Wi := Wgp;,
Xi 1= Xg;p; and y; := yqp, foreachi e {1, ..., k}.

First we consider the case k = 3. Since uy, ua, u3 are pairwise comparable in 7, we
may assume that u; < u3 < up in T (recall that consecutive u;’s are distinct by property
(ii) of special 2-cycles). By the definition of special 2- cycles we then obtain uz < wy <
(T, bQT, bT} in T. Thus the paths from a] to b2T, from a2 to bT, and from a3 to blT in
T all go through the edge uyw». This implies that two relations must hit the same element
and therefore there is i € {1, 2,3} and ¢ € B(uz) N B(wy) such that a; < g < bj41 and
ai+1 < q < bi4» in P (indices are taken cyclically). However, this gives a; 1 < bjy1 in P,
a contradiction.

Next consider the case k > 5. We will show that C has a chord, contradicting the fact
that C is induced. (We remark that the parity of £ will not be used here, only that k > 5.)

We may suppose that u, is maximal in 7 among all the u;’s. We may also assume without
loss of generality u; < u3 < up in 7. (Recall that by property (ii) of special 2-cycles u;
and u;4 are comparable in 7 and distinct for each i € {1, ..., k}.) Let i, j be such that
{i,j} =1{3,4}and u; < u; in T. (Note that u; # u; since (a;, b;), (a;, b;) form a special
2-cycle.) We claim that

w; < w; < wzandwy < w; (8)
inT.

The inequality w; < w; follows from the fact that (a;, b;) and (a;, b;) form a special
2-cycle, and thus in particular u; < w; < u; < w; in T. For the inequality w; < w»
we do a case distinction. If i = 3 then (az, by) and (a;, b;) form a special 2-cycle with
u; < w; <up < wyinT.Ifi = 4 then (ay, by), (a3, b3) as well as (a3, b3), (a;, b;) form
special 2-cycles. In particular, {w;, w;} < b3T in 7. This makes w; and w; comparable in T
and by the choice of uy we have w; < w», as desired. Besides this, we also have w; < w;
in T (as (ay, b1), (a2, bp) form a special 2-cycle), which makes w; and w; comparable in
T. Since we have 1 < u; by our choice of i and by the assumption that u; < u3 in 7T, it
follows that w; < w; in T and (8) is proven.
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Now, we are going to argue that the alT —sz path, the ao—blT path, the ajT—bl.T path, and
the aiT —bJT path all go through the edge u;w; in T.

For the alT—sz pathnote thatu; < w; < w; < wy < sz in T'. This implies that this path
has to go first from alT down to u; and then pursue with the u 1—b2T path, which includes
w; by the previous inequalities, and thus also its parent u; (since u; < w; in T). Hence, it
includes the edge u; w; of T.

For the ao—blT path it suffices to observe that r < u; < w; < wy < blT in 7. Similarly,
for the a/.T—biT path, notice that u; < w; < u; < w; < b! in T. Finally, for the aiT—b/T
path, observe that u; < w; < bJT inT.

Using Observation 10, it follows that the relations a; < bz, ap < by,a; < b; anda; < b;
in P all hit B(u;) N B(w;) = {x;, yi}. Clearly,

aj <y <b; and a; <x; <bj

in P.

Now, in P we either have a9 < x; < by anda; < y; < by, orayp < y; < by and
ay < x; < by. This implies a; < by and a; < bj,ora; < by and ay < b;.

In the first case, (ai, b1), (a;, b;) is an alternating cycle of length 2 (and thus is strict).
Recall that wy < blT in T, which together with (8) yields w; < w; < blT in T. Further-
more, applying Claim 14 on (ay, by), (a;, b;) we obtain u; # u;, implying w; # w;, and
hence w; < w; in T. It follows that u; < wy < u; < w; < blT in T, which shows that
(a1, b1), (a;, b;) is a special 2-cycle. This gives us a chord of the cycle C, a contradiction.

In the second case, (a1, b1), (aj, bj) is a (strict) alternating cycle. Moreover, w; < w;
and w; < w; in T (see (8)), which makes w; and w; comparable in 7. Again by Claim 14
we get wy # w;. If w; < w; then it also holds that u; < wy < u; < w; < blT in T (as
w; < wy < bIT). If w; < w; then it follows that u; < w; < u; < wy < bJT in T (as
w; < w; < bT). Thus in both cases (a1, b1), (aj, bj) is a special 2-cycle and a chord in C,
a contradiction. This completes the proof. O

Using Claim 17, for each ¥ € X(vg) let ¥g »: MM(P, vg, ) — {1, 2} be a (proper)
2-coloring of Sx. The function «g then simply records the color of a pair in this coloring:

For each ¥ € X(vg) and each pair (a,b) € MM(P, g, %), we let
asg(a,b) := g »(a,b).

3.7 Node vg and its function o9

By the definition of «g there is no special 2-cycle in MM(P, vg, X), for every ¥ € X (vg).
This will be used in the definition of the function «yg.

In order to define g we first need to introduce an auxiliary directed graph. For each
Y € ¥(9), let Ky be the directed graph with vertex set MM(P, vg, X) where for any two
distinct pairs (ag, b1), (a2, b2) € MM(P, vy, X) there is an arc from (ay, b1) to (az, by) in
Ks if there exists a strict alternating cycle {(a;, b; )}f.‘:1 in MM(P, vg, X) with root (aj, b})
such that (a}, b)) = (a1, b1) and (a5, b)) = (az, b2). In that case we say that the arc f
is induced by the strict alternating cycle { (alf, bl’.)}f 1- (Note that there could possibly be

different strict alternating cycles inducing the same arc f.)
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Claim 18 Let ¥ € X (v9). Then for each arc ((ay, b1), (a2, b)) in Ky we have

(1) x1 <y, and
(i) y1 <z2<b;

in P, where xj := Xg;p;, Yi = Ya;b;» and zj = Zg;p; fori =1, 2.

Proof Letu; := ua;p;» Pi = Pa;b;» and w; := wy,p,; fori = 1, 2. By the definition of an arc
in Ky and by Claim 16 it holds that u; < w; < up < blT in T. Thus, the path from alT to
sz in T goes through u1, w1, u7 and w;. Hence, the relation a; < by (which exists by the
definition of an arc in Ky) hits B(u1) N B(wy) = {x1, y1} and B(uz) N B(wy) = {x2, y2}.
It cannot hit y; (otherwise a; < y; < by in P) nor xp (otherwise a» < x2 < by in P). It
follows that a; < x1 < y2 < by in P by Observation 10, and 18 is proven.

For (ii) observe that the relation ag < by hits {x1, yi} = B(u1) N B(wy) and {y2, z2} =
B(p2)NB(u2). It cannot hit x| nor y, since otherwise a; < by in P aswehavea; < x; < y
in P. Hence we obtain ap < y1 < z2 < b in P by Observation 10. O

Let us remark that it is possible to strengthen the statement of Claim 18. In fact, strict
inequalities x; < y» and y; < z» hold in (i) and (ii), respectively. Indeed, since ¢ is
a proper coloring and as(ag, by) = as(az, by), we have ¢(x1) = ¢(x2) # ¢(y2) and
d(y1) = ¢ () # ¢ (z2), implying that x; # y; and y; # z. For our purposes the non-
strict inequalities of Claim 18 (and also in forthcoming claims) suffice. As we do not want
give more arguments than needed, we will not always prove the strongest possible statement
in the following.

Claim 19 Let ¥ € X (v9). Suppose that (ay, by), (a2, by), (a3, b3) € MM(P, vg, X) are
three distinct pairs such that ((ay, b1), (az, by)) is an arc in Ky and u; < uz < w3 < up
in T, where u; = uq,p, and w; 1= wq,p,; for eachi € {1,2,3}. Then

(i) x1 <z3 <y, and
(i) y1<y<z2<b

in P, where x; := Xa;p;, Yi = Ya;b;» and z; := Zg;p; for each i € {1, 2, 3}.

Proof Let p; := pgp, foreachi € {1,2,3}. We have x; < y2 and y; < 22 < by in P
by Claim 18. Since #; < u3 < w3 < up in T, the relations x; < y2 and y; < z» hit
B(u3) N B(w3) = {x3, y3}. They cannot hit the same element since otherwise a; < x1 <
» < byin P.

If x; < y3 < ypin P then y; < x3 < 22, and we conclude a; < x1 < y3 < b3 and
a3 < x3 < 23 < by in P. Thus, (a1, b1) and (a3, b3) form an alternating cycle of length
2. Applying Claim 16 on the pairs (a1, b1), (a2, bo) we obtain in particular uy < blT inT.
Together with our assumptions it follows that both ©3 and w3 lie on the path from u; to blT
inT.Hence, u; < w; < uz < w3 < b1T in T, and therefore (a1, b1), (a3, b3) is a special
2-cycle, contradicting the fact that ¥g 5 (a1, b1) = ag(ay, by) = ag(az, bz) = ¥, s (az, bz).

We conclude that x; < x3 < y; and y; < y3 < z2 in P. It remains to show that
x1 < z3 < y2 in P. For this, note that x; < x3 hits B(p3) N B(u3) = {y3, z3}. It cannot hit
y3 as otherwise a; < x1 < y3 < z2 < by in P. This implies x; < z3 < x3 < y2 in P, as
desired. O

We are now ready to prove our main claim about Ky (X € X(v9)), namely that Ky, is
bipartite. (We consider a directed graph to be bipartite if its underlying undirected graph is.)
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Claim 20 The graph Ky is bipartite for each ¥ € X (vy).

Proof Arguing by contradiction, suppose that there is an odd undirected cycle C =
{(a;, bi)}f?zl in Ky, for some X € X(v9). Let u; = ugp,, Wi = Wab;» Xi = Xa;b;»
Vi = Ya;b;» and z; := z4p, for eachi € {1, ..., k}. We may assume that o1 (a;, b;) = left
foreachi € {1,...,k}.

Consider the cyclic sequence of nodes (u1, ua, ..., ug). It might be the case that some
of the nodes coincide. In order to avoid this, we modify the sequence as follows: If
u; = uj for some i, j € {1,...,k} withi < j, then consider the two cyclic sequences
(Wi, uiy1,...,uj—1) and (uj, ujiq,...,u;—1) (thus the second one contains uy, and also
up if i > 1). Since k is odd, exactly one of the two cyclic sequences has odd length. We
replace the original sequence by that one, and repeat this process as long as some node
appears at least twice in the current cyclic sequence.

We claim that at every stage of the above modification process the cyclic sequence
S = (uj,, Ui, ..., u;,) under consideration satisfies the following property: For every
s €f{l,..., ¢} thereis anindex j € {1, ..., k} such that u;, = u; and u; | = w1 (tak-
ing indices cyclically in each case, as expected). This property obviously holds at the start,
so let us show that it remains true during the rest of the procedure. Thus suppose that the

current cyclic sequence S = (u;,, u,, ..., u;,) satisfies the property, and that we modify it
because of two indices p, g € {1, ..., ¢} with p < g such that u;, = u;,. Without loss of
generality we may assume that the resulting odd sequence is §" = (u; po oo Uig_y). Weonly
need to show that there is an index j € {1, ..., k} such that Ui, | = Uj and Ui, = Ujtl,
since u iy and u;,, are the only two consecutive nodes in S’ that were not consecutive in S.
Then it suffices to take j € {1, ..., k} such that Ui, | =Uj and Ui, = Ujils which exists

since § satisfies our property, and observe that u;, = u;, = u j+1. Therefore, the property
holds at every step, as claimed.

Recalling that any two consecutive nodes in the original cyclic sequence (u1, Uz, .. ., Ux)
are distinct and comparable in 7 (by Claim 16), it follows from the property considered
above that this holds at every step of the modification procedure, and thus in particular for
the final sequence S = (u;,, ui,, . .., u;,) resulting from the procedure. In particular, £ > 3,
because the cycle has odd length.

Since £ is odd, there exists m € {1, ..., £} such that u;,, | < wu;, < wj, ., oru;, , >
u;, > uj,  in T. Reversing the ordering of C and the cyclic sequence S if necessary, we
may assume without loss of generality u;, , < u;, < u;, ., in T. Similarly, shifting the
sequence S cyclically if necessary, we may assume m = 1. Thusu;, < u;; <u;, inT.

Let w be the neighbor of u;, on the u; —u;, path in T. Thus w < u;, in 7. Now let
n € {3, ..., £} be minimal such that w ;{ uj, in T. Since u;, < w in T, this index exists. As
u;,_, and u;, are comparable in 7T, it follows that u;, < w < u;, _, in T. (This follows from
the definition of n if n > 3, and from the fact that w < u;, in T if n = 3.) Furthermore we
have u;, # u;,, because n # 1 and all nodes in S are distinct. We conclude that

up, <uj <w<u 9

in T. Now, by the property that is maintained during the modification process of S, there
exist indices r, s, ¢ € {1, ..., k} such that

Uj, = Uy and Uiy = Ui, (10)
uj, = U and Uiy = Us41, (1)
Wi, | = Uy and Wi, = Up41- (12)
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It follows that K5, contains the following arcs: ((a,, b;), (ar+1, br+1)), ((as, bs), (as+1,
bs+1)), and ((a;+1, br+1), (as, by)). Applying Claim 16 on these arcs we obtain:

ur < wy <uppr < b}, (13)
Us < Wy < Usq] < bST, (14)
Urgl < w1 <up < bl (15)

in T'. See Fig. 8 for a possible configuration in 7" and for upcoming arguments. Since u;, =
us and u;, = us41 we have w = wg. Hence with (9) we get u;41 < uy < wy < usin 7T,
and by Claim 19 it follows that

X1 <2 <y and  y < vy <z < bigg
in P. Now applying Claim 18 on the arc ((a,, b;), (ar+1, br+1)) we get
X < Yr+1 and  y, < zp41 < by

in P. Since a5(ay+1, bry1) = as(as, by) and B(u,4+1) = B(uyg) (because u,1 = ug), we
conclude that y,+1 = ys and z,41 = z5. Using this and the derived inequalities we see that

1 <K X411 <25 =241 < by and  ar < xp < yrg1 = Y5 < by

in P. Thus, (a,, by) and (a;+1, by+1) form an alternating cycle of length 2. In particular, this
shows r # t + 1 (otherwise we would have a, < b;41 = b, in P), and consequently (by
Claim 16)

U # . (16)
Observe that u, < u,41 = u;, (by (13) and (10)) and u;41 = u;, < u;,; (by (12) and (9)) in
T, which makes u, and u,; comparable in 7. Furthermore,

(10) (13) ) 12) (15
uj, = Ury1 < brT and wu;, < uj,_, = u; < thH
in T, so all together we have

T

T
{”rs M[+1} <uj < {br 5bt+1

in T. But from this and (16) it follows that either u, < w, < u;41 < Wi < Uy < b,T
Or Uyl < W S Up < Wp S Uy < bT  holds in T. Both cases imply that (a,, b,) and

t+1
(ar+1, br4+1) form a special 2-cycle, which is our final contradiction. O

Using Claim 20 we let Y9 5, MM(P, v9, ¥) — {1, 2} be a 2-coloring of K, for each
¥ € ¥(v9). The function ag then records the color of a pair in this coloring:

For each ¥ € ¥(vy) and each pair (a,b) € MM(P, vy, X)), we let
ag(a,b) := 19 n(a,b).

3.8 Third leaf of ¥: vy

Now suppose that there was a strict alternating cycle {(«;, b,-)}f.‘=1 with root (aj, by) in
MM(P, vyg, £), for some ¥ € X (vip). Then, by the definition of Ky, there is an arc from
(a1, by) to (az, by) in Ky, and hence ag(ayi, b1) # a9, a contradiction. Therefore, there is

no such cycle in MM(P, vyp, X), and we have established the following claim:

Claim 21 The set MM(P, vyg, X) is reversible for each ¥ € ¥ (v1g).
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Fig. 8 Possible situation in proof of Claim 20. Note that we could also have u, < u;yyin T

This concludes our study of the third leaf of W.
3.9 Node vq; and its functions o

In this section we consider pairs (a,b) € MM(P, vi1). Recall that in this case (a, b)
satisfies ap(a,b) = yes and even stronger a4(a,b) = yes, and hence there is g €
B(uap) N B(pap) such thata < g in P.

For every such pair (a, b), denote the three elements in B(u4p) as Xqp, Yab, Zab in such a
way that

B(uap) N B(pap) = {Xab> Yab} a7

and
a < xgp LD, (18)
a & yap <b (19)

in P. (Here we use that a4 (a, b) = yes and that ag < b hits B(ugp) N B(pap)-)
The function o/ is defined similarly as o5 in Section 3.5:

For each ¥ € X(v11) and pair (a,b) € MM(P,111,%), we let
a11(a,b) = (¢(zab); ¢(Yab), H(zab))-

(Recall that ¢ is the 3-coloring of X defined earlier on which is such that x,y € X
receive distinct colors whenever V(T,) N V(Ty) # {; in particular, the three colors

¢ (Xap), ¢ (Yab), ¢ (zap) are distinct.)

3.10 Node v12 and its functions «12

We start by defining function «3:
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For each ¥ € X(v12) and pair (a,b) € MM(P, v12,3), we let aqa(a,b) record the three yes/no
answers to three independent questions about the pair (a,b), namely

“Is a < zqp in P77, (Q1)
“Is zgp < b in P77 (Q2)
“Is ag < Tqp in P77 (Q3)

(Recall that ag < b in P for all b € max(P)). Formally speaking, «12(a, b) is defined as
the vector (s, 52, 53) € {yes, no}? where s; is the answer to the i-th question above, for
i = 1,2, 3. Note that we cannot have a < z,, and z,, < b at the same time in P, and thus
there are only 6 possible vectors of answers. (This is why the corresponding edge in the
signature tree W is labeled 6 instead of 8.)

3.11 Node v;3 and its functions «;3: Dealing with strict alternating cycles
of length 2

Let us first summarize the properties of pairs in MM(P, vi3). For each ¥ € X (v3) and
each (a, b) € MM(P, v13, ) we have that

elements of B(u,p) can be labeled with x5, Yapb, Zap» such that (17)—(19) hold,
& (xap), @ Yab), ¢ (zqp) are pairwise distinct,
¢ (xap) = @)y $Yap) = ¢(Yar) and ¢(zap) = ¢(zay) for every (@', ') €
MM(P, V13, E),
e all pairs of MM(P, vi3, ) produce the same answers to Q1-Q?2.

For each ¥ € X(vy3) let Jx be the graph with vertex set MM(P, vi3, ¥) where two
distinct pairs (a, b), (a’, b') € MM(P, vi3, ) are adjacent if and only if (a, b), (a’, b') is
an alternating cycle. Our goal in this section is to show that Jy; is 4-colorable:

Lemma 22 For each ¥ € X (v13) there is a proper coloring of Jx, with 4 colors.
To this aim, we show a number of properties of 2-cycles in MM(P, v;3, X).

Claim 23 Let ¥ € X(vi3) and suppose that (ai, by), (a2, br) is a 2-cycle in
MM(P, vi3, ). Let u; := uqp, fori =1,2. Then uy # uo.

Proof Let x; 1= Xq,b;, Yi = Ya;b;>and z; 1= zg;p; fori =1, 2. We may assume o (a;, b;) =
left for i = 1, 2. Arguing by contradiction suppose that #; = u,. Exchanging (ay, b1) and
(az, by) if necessary we may assume that blT is left of sz inT.

Since in T the node alT is left of b7, which itself is left of sz , the path connecting a]T to
sz in T goes through u ;. Thus, the relation a; < by hits B(uy) = {x1, y1, 21} = B(uz) =
{x2, y2, z2}, and hence a; < ¢ < by in P for some element ¢ € B(u1). Recall that ¢; < x;
and a; £ y; in P fori = 1,2. Thus ¢ € {xi, z1}. Moreover, (¢ (x1), p(y1), $(z1)) =
(@ (x2), #(y2), #(z2)) since ay1(ay, b1) = ay1(az, bz), which implies x; = x2, y1 = 2,
and z; = 22.

If c = xy thenay < x = x1 < by in P, a contradiction. If ¢ = z; then, using that
apy < zo in P (since a1a(ag, b1) = aq2(az, br)), we obtain ay < z2 = 71 < by in P, again a
contradiction. O
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By Claim 23 if (ay, by), (a2, by) is a 2-cycle in MM(P, v3, ) for some ¥ € X(v3)
then ugp, # Uayp,. Let us say that the 2-cycle is of type I if the latter two nodes are
comparable in T (that is, ug,p, < Uayb, OF Ug b, > Uayb, In T), and of type 2 otherwise. By
extension, each edge of the graph Jy is either of type 1 or of type 2. Let Jx ; denote the
spanning subgraph of Jx defined by the edges of type i, fori = 1, 2. Thus Jx 1 and Jx 2
are edge disjoint, and Jx = Jx 1 U Jx 2. In what follows we will first show that Jyx 1 is
bipartite, and then considering a 2-coloring of Jx 1, we will prove that the two subgraphs
of Jx 2 induced by the two color classes are bipartite. This clearly implies our main lemma,
Lemma 22, that Jx, is 4-colorable.

Claim 24 Let ¥ € X(vi3) and suppose that (ai, by), (a2, by) is a 2-cycle in
MM(P, vi3, ) of type 1. Let u; := uq;p, and w; = wq,p,; for i = 1,2, and suppose further
thatuy <uyinT.Thenuy < wy <urinT.

Proof Arguing by contradiction, suppose that wy £ uz in T. Let v; := vg;p;, pi = plui),
Xi 1= Xgby» Vi = Ya;b;» and z; 1= zq;p, fori =1,2.

First suppose that v; < ug in T. Then the path from aZT to blT in T goes through us, p2, v1
and u . Thus the relation ay < by hits B(uz) N B(pz) = {x2, y2} and B(v;) N B(u;). Note
that the two edges us py and viu| may coincide (if u» = v1). Since ay < by cannot hit y,
because y» < b7 in P, it hits x;, and by Observation 10 we then have

a) <xp<c< b (20)

in P for some ¢ € B(v1) N B(uy). Let d be the element in (B(vy) N B(uy)) \ {c}.

The alT —u1 path and the r—bZT path in 7 both go through the edge vu . Thus, the relations
a; < x1 and ap < by both hit {c, d}. Neither can hit ¢ since otherwise a; < ¢ < by
ora; < ¢ < byin P. Hence,a; < d < xyand ag < d < by in P, which implies
ap < x1. We then have ag < x; in P as well, since by a12(a1, b1) = a12(az, by) both pairs
(a1, b1), (az, by) give the same answer to question Q3.

Clearly, ag < x3 hits {c, d}. This relation cannot hit d since otherwise a; < d < x»
and x» < bp (by (20)) would imply a; < by in P. Thus ap < ¢ < x2 in P. Given that
x3 < cin P by (20), we conclude x = c¢. Using that x; = ¢ € B(u1) = {x1, y1, 21}
and (¢ (x1), ¢ (y1), 9 (z1)) = (@ (x2), d(y2), #(z2)) (since a11(a1, b1) = an(az, b2)), we
further deduce that x; # y» (because ¢(x1) = ¢(x2) # ¢(32)) and x; # zo (because
¢ (x1) = ¢(x2) # ¢(z2)) and therefore x; = ¢ = x|. However, this implies a; < x; =
xp < by in P, a contradiction.

Next assume that v ;é ur in T. Let 1/1 be the neighbor of u; on the u;—u;, path in
T. Thus v # wi and v{ # v;. The path from aZT to blT in T goes through u3, ps, v}
and u;. Thus, the relation a; < by hits B(p2) N B(uz) = {x2, y2} and B(v/l) N B(up).
It cannot hit y, since otherwise a; < y» < by in P. By Observation 10, we then
have

ay <xp < < by 21
for some ¢’ € B(v)) N B(uy). Let d’ be the element in (B(v}) N B(u1)) \ {c}.

The paths from r to bg and from alT to bg in T both go through u; and v}. Thus the
two relations ap < by and a; < b hit the set {¢’, d’}. They cannot hit ¢’ since otherwise
we would get ¢ < by, implying a; < ¢’ < by in P by (21). Hence, ayp < d' < by and
a; <d <byin P.

Observe that {¢’,d'} € {x1, y1,z1} = B(u;), and that we have ¢/ # x; (otherwise
a; < x; = < by in P with (21)) and d’ # y; (otherwise a; < d' = y; < by in P).
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We claim that ay < x1 in P. If d’ = x; this is obvious, so suppose that d’ = z;, which
implies ¢’ = y;. The relation ap < d’ clearly hits B(p;) N B(u;) = {x1, y1}. If it hits
X1, then ag < x1 in P. If, on the other hand, it hits yj, then together with (21) we obtain
ar < ¢ = y; <d < byin P, acontradiction. Hence ap < xj in P, as claimed. We then
have ag < x3 in P as well, since by a12(ay, b1) = a12(az, by) both pairs (ay, by), (az, b)
give the same answer to question Q3.

The relation ag < x also hits {¢’, d’}. It cannot hit d’, since otherwise a; < d’ < xp < by
in P by (21). Thus we have ap < ¢’ < x; in P. Note that this yields ¢’ = x;, since we had
x2 < ¢ in P. Using that ¢ € B(u1) and (¢(x1), #(y1), #(21)) = (9 (x2), ¢ (32), ¢(22))
(since aq)(ay, b1) = aji(az, b)), we deduce that x, = ¢’ = x;. However, this implies
a; < x; = xp < by in P, a contradiction. O

Claim 25 Let ¥ € X(vi3) and suppose that (ai,by), (a2, by) is a 2-cycle in
MM(P, vi3, ) of type 1. Let u; = ugp;, Xi ‘= Xa;b;, and yi = Ya;p; fori = 1,2, and
suppose further that u1 < uy in T. Then

(i) a; <y, and
(i) x2 < by

in P.

Proof Let p; = p(u;), vi := vqp, and w; := wg,p, for i = 1, 2. The path from a! to b
in T has to go through u since u; = p(w1), w; #£ alT and w; < up < sz in T (by Claim
24). As a consequence, this path goes through p, and u;. Hence the relation a; < b hits
B(p2) N B(uz) = {x3, y2}. It cannot hit x3, since otherwise a> < x < by in P. Therefore,
it hits y,, showing (i).

To show (ii), observe that in 7 at least one of the r—b]T path and the a2T —blT path goes
through p; and u;. Thus, at least one of the two relations ap < by and ay < by hits {x2, y2}.
Neither can hit y, since otherwise a; < y» < b; in P. Therefore, x5 < by in P. O

Claim 26 The graph Jx i is triangle-free for each ¥ € X (v13).

Proof Let ¥ € X(v13). Arguing by contradiction, suppose that there is a triangle
(a1, b1), (a2, b2), (a3, b3) in Jg 1.

Let u; = ugp;, pi = pl;), wi = Wyp;, Xi = Xgp;» and y; = yup, for each
i € {1,2,3}. Since the nodes uy, uy, uz are pairwise comparable in 7 and are all distinct
(by Claim 23), we may assume without loss of generality u; < up < uzinT.

First we show that ag < x; holds in P for some i € {1, 2, 3}. Suppose this is not the case.
Consider the path from r to b3T in T. This path goes through the nodes p1, u1, p2, u2, p3
and u3. Hence, the relation ag < b3 hits {x1, y1}, {x2, y2} and {x3, y3}. By our assumption
it hits y; for each i € {1, 2, 3}, and we have ap < y; < y» < y3 in P by Observation 10.

If u, < blT in T then ag < by hits {x3, y»}, and thus hits y, by our assumption. Hence
y2 < bp in P, which using Claim 25(i) implies a; < y2 < b; in P, a contradiction.
Therefore, us || blT inT.

The fact that u; < up < us in T further implies

Ul < wyp KUy <wy < u3

by Claim 24. Observe that the alT—sz path, the aZT —b3T path, and the a3T —blT path in T all
include the edge uw;. This is clear for the first two paths, and follows from u || blT in T for
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the third one. Thus the three relations a; < by, a» < b3, az < by all hit B(un) N B(wy) =:
{c, d}. Without loss of generality we have a; < ¢ < by in P. This implies ap < d < b3
in P, which in turn implies a3 < ¢ < b;. However, it follows that a; < ¢ < by in P, a
contradiction.

This shows that ag < x; holds in P for some i € {1, 2,3}, as claimed. Now, since
ap2(ay, by) = arp(az, by) = agz(as, by), it follows that ag < x; in P for eachi € {1, 2, 3}.

Consider the relation agp < x3 in P. The path from r to u3 in T goes through p, and
uy. Thus, ag < x3 hits {xp, y»}. It cannot hit x, because otherwise a» < x> < x3 in P,
which together with x3 < b, (by Claim 25(i)) implies ay < x3 < by in P. Hence ag < x3
hits y,, and we have y, < x3 in P. On the other hand, by Claim 25 we have a; < y; and
x3 < by in P. It follows that a; < y2 < x3 < by in P, a contradiction. This concludes the
proof. O

Claim 27 Let ¥ € X(v13). Suppose that (a1, by), (a2, ba), (a3, b3) € MM(P, vi3, X) are
three distinct pairs such that (a1, by), (az2, by) form a 2-cycle of type 1 and (ay, by), (az, b3)
do not form a 2-cycle (so neither of type I nor of type 2).

Let u; := ugp;, Xi = Xaq;b;, and y; := Yq;b; for each i € {1, 2, 3}. Assume further that
uy <uz <urinT. Then

(i) a1 < x3,and
(i) y1 <y <h

in P.

Proof Let p; :=p(u;) and w; := wg,p, foreachi € {1,2,3}. Since u1 < uz < upin T and
also u; < wy < up in T by Claim 24, it follows that

up < wyp S uz < up

inT.

First suppose that u3 < blT in T'. Then the relation y; < by hits B(p3)NB(u3) = {x3, y3}.
By Claim 25(i) we have a; < y; in P. Furthermore, a; < y; also hits {x3, y3}. Clearly, y; <
by and a; < yp cannot hit the same element of {x3, y3}. If y; < x3 < by thena; < y3 < »
in P, which implies a3 < x3 < by and a1 < y3 < b3, that is, that (ay, b1), (a3, b3) is a
2-cycle, a contradiction. Hence we have y; < y3 < by and a; < x3 < y2 in P, as claimed.

Next assume that u3 £ blT in T. Then the path from azT to blT in T includes the
edge uzpsz, and hence a» < b; hits B(p3) N B(uz) = {x3,y3}. The relation a; <
by also hits {x3, y3}. Clearly, ap < b; and a; < by cannot hit the same element
of {x3, y3}.

If ap < x3 < by in P then a; < y3 < by. However, it then follows a3 < x3 < by and
a; < y3 < bz in P, implying that (a1, by), (az, b3) is a 2-cycle, a contradiction.

Therefore, a; < y3 < by and a; < x3 < by in P. In order to conclude the proof, it only
remains to show that y; < y3 in P. For this, observe that the path from r to u3 in T includes
the edge piu. Hence, the relation ag < y3 hits {x1, y1}. It cannot hit x| since otherwise
a; < x1 < y3 < by. Thus, ap < y1 < y3in P, as desired. O

An illustration for the next two claims is given on Fig. 9.
Claim 28 Let ¥ € X(vi3). Suppose that (ai,by), (a2, b2), (a3, b3), (as,by) €

MM(P, vi3, ) are four distinct pairs such that uy < us < upy and uz < u4 in
T, where u; := uqyp, for each i € {1,2,3,4}. Assume further that (a1, b1), (a2, b2)
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U U U2

Uy Ug Uy

Uy uy Uy

Uus us usz

Uy

Fig. 9 Possible situations in Claim 28 and 29. An edge indicates that its endpoints correspond to the meeting
points of a 2-cycle

and (az, b3), (as, by) are 2-cycles (which are thus of type 1). Then at least one of
(a1, b1), (a3, b3) and (a1, b1), (a4, bs) is a 2-cycle of type 1.

Proof Let x; := Xxgp, and y; := yqp for each i € {1,2,3,4}. Suppose that
(a1, b1), (a4, bs) is not a 2-cycle, since otherwise we are done. Applying Claim 27 on the
three pairs (ay, b1), (az, b2), (a4, bs) we obtain that a; < x4 and y; < y4 < by in P.
Using Claim 25 on the 2-cycle (a3, b3), (a4, bs) we also obtain a3 < ys4 and x4 < b3 in
P. 1t follows that a3 < y4 < by and a; < x4 < b3 in P. Hence (a1, by), (a3, b3) is a 2-
cycle. Furthermore, it is of type 1 because #| < u4 and u3 < u4 in T, implying that # and
u3 are comparable in T'. O

Claim 29 Let ¥ € X(v13). Suppose that (ay, by), (a2, ba), (a3, b3), (a4, bs), (as, bs) €
MM(P, vi3, X) are five distinct pairs such that u; < us < ug and uy < us < us
in T, where u; = uqup, for each i € {1, ...,5}). Assume further that (ai, b1), (a2, b2)
and (az, by), (a3, b3) and (ay, by), (a4, by) are 2-cycles of type 1. Then at least one of
(a1, b1), (as, bs) and (az, b2), (as, bs) is a 2-cycle of type 1.

Proof Assume to the contrary that neither (ai, b1), (as, bs) nor (az, b2), (as, bs) is a 2-
cycle. (Note that if one is a 2-cycle, then it is automatically of type 1 since u; < us and
uy < us in T.) We either have u; < wup or up < uj in T. Exploiting symmetry we may
assume u| < up in T. (Indeed, if not then it suffices to exchange (a1, by) and (a4, bs) with
respectively (a2, b2) and (a3, b3).)

Applying Claim 27 on the three pairs (ay, b1), (a4, bs), (as, bs) and on the three pairs
(az, by), (a3, b3), (as, bs), we obtain ys < by and yp < ys in P. Since (ay, by), (az, by) isa
2-cycle and u; < up in T, we have a; < yp in P by Claim 25. But all together this implies
a; < y2 < y5 < by in P, a contradiction. O

Claim 30 The graph Jx i is bipartite for every ¥ € X (v13).
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Uu,
3@ T
U2@
@ = (ai, b;) us @
U1 @ Ug
& = {{12,23}, /
us
(54,43},
{71, 12}} Ur @
[ ]
r
Fig. 10 Example for Claim 30: Cycle C on the pairs (ag, b1), ..., (a7, b7) and the positions of uy, ..., u7

in T. Given this, it follows that u{12 23y = u7 is maximal in 7 among u{12 23}, i{54,43), U{71,12}- Following
the proof for Claim 30 we would get that one of the dotted edges in the figure must be a real edge in Jx 1,
implying that C cannot be induced

Proof Let £ € X(v13). Arguing by contradiction, suppose that Jy  is not bipartite. Let C
be a shortest odd cycle in Jx ;. Thus C is induced, that is, C has no chord. By Claim 26 we
know that C has length at least 5.

We orient the edges of Jyx ; in the following natural way: For each edge {(a, b), (a’, b')}
in Jx 1, we orient the edge towards (a’, b’) if uqp < uyp in T, and towards (a, b) otherwise
(thatis, if ugp > ugpy in T). We encourage the reader to take a look at Fig. 10 for upcoming
new notations and arguments.

Let £ be the set of all pairs of consecutive edges in C such that the source of one coincides
with the target of the other. Since C has an odd length, we have |E| > 1. For every {e, ¢’} €
& consider the pair (a, b)) € MM(P, vi3, ) which is the common endpoint of ¢ and ¢’ in
Jx,1, and let ue o) i= ugp.

Choose {e, ¢’} € & such that u(,  is maximal in T, that is, ug »y # ugs 1y in
T for all {f, f'} € &. Exchanging e and ¢’ if necessary we may assume that the tar-
get of e coincides with the source of ¢/. Enumerate the vertices of the odd cycle C
as (a1, by), (az, b2), ..., (ar, by) in such a way that e = {(ay, by), (a2, b2)} and ¢ =
{(a2, by), (a3, b3)}. Let u; = ugup;, Xi ‘= Xaqb;> Vi = Yajb;» and z; = zq4p, for each
i€fl,2,...,k}.Thusuy <uz <u3zinT and up = ug o).

Let i be the largest index in {3, ..., k} such that up < u; forall j € {3,...,i}in T.
If there is an index j € {3,...,i}suchthatu; | <u; <wujijoruj_| >u; > ujrin
T (taking indices cyclically), then u{, .,y = u2 < u; in T, which contradicts our choice of
{e, €'} in & (since {{aj-1,bj-1),(aj,bj)}, {(aj, b)), (@j+1,bj+1)}} was a better choice).
Thus no such index j exists. Given that uy < u3 in T, it follows that

{uj—r ujp1} <uj

in T for each odd index j € {3,...,i}, and that i is odd (because u;+1 < u; in T by the
choice of 7).

Since uy < u; and u;41 < u; in T, the two nodes u; and u; 4 are comparable in 7. By
our choice of i we have u» # wu;11 in T. (This is clear if i < k, and if i = k this follows
from the fact that ux11 = u; < up in T.) It follows that u; | < u in T. We claim that

Ui+l < U2
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in T. So suppose u;+1 = ujp. Observe that i # k (as otherwise u;11 = u; < ujp in
T)and i # k — 1 (since i and k are odd) in this case. Thus, 3 < i < k — 2 and
since the odd cycle C is induced, it follows that the two pairs (ay, b1), (@i+1, bi+1) do
not form a 2-cycle. (For if they did, it would be a 2-cycle of type 1 since u; < ur =
ui+1 in T, which would give a chord of C in Jy 1.) Applying Claim 27 on the pairs
(a1, by), (az, by) and (aj+1, biy+1) we obtain a; < x;41 in P. Using Claim 25 on (ay, b1)
and (ay, by) gives us xp < by in P. However, since up = u;+1 and (¢ (x2), ¢ (32), ¢ (22)) =
(@ (xi11), ¢ it1), #(zixr1)) (given that ayy(az, b2) = ay1(ait1, biy1)), we deduce xo =
Xi+1, which implies a; < x;+1 = x < by in P, a contradiction. Therefore, u; | < uyin T,
as claimed.

In order to finish the proof, we consider separately the casei < k and i = k. First suppose
thati < k, and thus i < k — 2. Since u; 4| < up < u; and u; < up in T, using Claim 28 on
the four pairs (a;11, bi11), (ai, bi), (a1, b1), (a2, by) we obtain that {(a; 11, bi+1), (a1, b1)}
or {(ai+1. bi+1), (az, by)} is an edge in Jyx 1, showing that C has a chord, a contradiction.

Next assume that i = k. Recall that {u;_1,u;11} < wu; in T for each odd index
J € {3,...,k}. It follows that u; | and u ;| are comparable in T for each such index
Jj. Using Observation 8 and k > 5 we deduce in particular that there exists an even index
£e{4,..., k— 1} suchthat uy < uy forevery evenindex £ € {4, ...,k —1}.

By the choice of £ we have uy < u3 in T (since uy < ug < uz) and uy < up in T
(since ug < ug—1 < ug). Note also that u; < up < ug in T, since i = k. Applying Claim
29 on the five pairs (ay, b1), (az, b2), (as, b3), (ar, by) and (a¢, by), we then obtain that
{(a1, b1), (ag, be)} or {(az, b2), (ag, be)} is an edge in Jx 1, showing that C has a chord, a
contradiction. O

Now that the bipartiteness of Jx, i is established for each ¥ € X (v;3), to finish our proof
of Lemma 22 (asserting that Jx is 4-colorable), it remains to show that the two subgraphs
of Js 2 induced by the two color classes in a 2-coloring of Jx | are bipartite. Clearly, it
is enough to show that every subgraph of Jx > induced by an independent set of Jx | is
bipartite, which is exactly what we will do. (Recall that an independent set, also known as
stable set, is a set of pairwise non-adjacent vertices.)

To this aim we introduce a new definition: Given a pair (a, b) € MM(P) and a set {c, d}
of two elements of P, we say that (a, b) is connected to {c,d} if a < candd < b, or
a < dandc < bin P. Note that if (a, b) is connected to {c, d}, then it is in exactly one of
two possible ways (that is, eithera < cand d < b,ora < d and ¢ < b in P). Thus two
pairs (a, b), (a’, b') € MM(P) connected to {c, d} are either connected the same way, or in
opposite ways. More generally, we can consider how a collection of pairs are connected to
a certain set {c, d}, which we will need to do in what follows.

Observation 31 Let ¥ € X(v13). Let I be an independent set in Jx 1 and let c, d be two
distinct elements of P. Suppose that (a, b), (a’, b") € I are two pairs that are connected to
{c, d} in opposite ways. By definitiona < ¢ < b’ anda’ < d < b, ora <d < b and
a' < ¢ < bin P. Thus in both cases (a, b), (a’, b') is a 2-cycle, which must be of type 2 as
(a,b) and (a’, b') are non-adjacent in Jx 1. In particular, (a, b) and (a’, b’) are adjacent
inJs .

Observation 32 Let ¥ € X(v13). Let I be an independent set in Jx, | and let ¢, d be two
distinct elements of P. Suppose that (a, b), (a’,b") € I are adjacent in Jx » and that the
two relations a < b’ and a’ < b both hit {c, d}. Then (a, b), (a’, b") are connected to {c, d}
in opposite ways.
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Claim 33 Let ¥ € X (v13). Let I be an independent set in Jx, 1 and let c, d be two distinct
elements of P. Suppose that C is an induced odd cycle in the subgraph of Jx. > induced by
1. If four of the pairs composing C are connected to {c, d} then they all are connected to
{c, d} the same way.

Proof Suppose that (aj, by), ..., (aa, bs) are four pairs from C that are connected to {c, d}.
(Note that these pairs are not necessarily consecutive in C.) If three of these pairs are con-
nected to {c, d} the same way and the fourth the other way, then by Observation 31 the
fourth pair is adjacent to the first three in Jyx 2, which is not possible since the odd cycle C
is induced.

It follows thatif (ay, b1), ..., (a4, bs) are not connected to {c, d} the same way, then with-
out loss of generality (ay, b1), (a2, by) are connected to {c, d} one way and (a3, b3), (a4, bs)
the other. We then deduce from Observation 31 that (ay, by), (a3, b3), (az, ba), (as, bs) is
a cycle of length 4 in Jx, », a contradiction to the properties of C. Therefore, all four pairs
must be connected to {c, d} the same way. O

Claim 34 Let ¥ € X(v13) and let I be an independent set in Jx, 1. Then the subgraph of
Js 2 induced by I is bipartite.

Proof Arguing by contradiction, suppose there is an odd cycle in the subgraph of Jx. » induced
by I, and let C be a shortest one. Enumerate the vertices of C as (a1, b1), (a2, b2), .. ., (ak, br)
in order. Let u; = uqp, and s; := u; A u;4q foreachi € {1, ..., k} (cyclically). Recall
that by the definition of Jx, » the pairs (a;, b;) and (a;+1, b;i+1) form a 2-cycle of type 2 for
each i, and thus u; || u;41 in T, implying that s; < {u;, u;+1}inT.

Let us start by pointing out the following consequence of Observation 32: If i €
{1,...,k} and {c, d} are such that the u;—u; | path in T includes an edge ¢ of T for which
the intersection of the two bags of its endpoints is {c, d}, then (a;, b;) and (@41, bi+1) are
connected to {c, d} in opposite ways. This will be used a number of times in the proof.

Let j € {1,..., k} be such that s; is maximal in T among sy, ..., sk, that is, such that
sj £s;inT foreachi € {1, ..., k}. Furthermore, if 5; # u; then we let s be the neighbor
of s; on the sj—u; pathin T, for eachi € {1, ..., k}. (Let us remark that we only make use

of the notion s%. when sj # u;). Thus in particular sj < {sj ”1} in T. See Fig. 11 for an
illustration of this definition.
We claim that

B(s;) N B(s;) # B(s;) N B(s;.)
foranys,t € {1, ..., k} withs < ¢ such thats; < {sS s’ }in T. Suppose to the contrary that
B(s;) N B(s ) = B(s )N B(s ) =:{c,d}. It follows from our choice of index j that both
the us_1—uy path and the ué—uYH path in T include the edge s]s . (otherwise s; < s;in T),
and similarly that the u,—u,, path in T includes the edge s;s" | (otherwise s; < s,inT). As

a consequence we have that edge s;s% is included in the asTfl—bT path (as it passes through

J
us—1 and uS) the a; —bT | path, the al -bT <41 Path and the as+1 —b!" path, and similarly
that edge s ; is included in the a[ th 41 path and the a; +1—th path. Therefore, the pairs
(as—1,bs—1), (as, by), (as+1, bs+1), (ar, by), and (a;41, byy1) are all connected to {c, d}.
Furthermore, (a;—1, bs—1) and (as, by) are connected in opposite ways, and the same holds
for (ay, by) and (as41, bg+1), as well as for (a;, by) and (a;+1, by+1). There cannot be four
distinct pairs among these five, because otherwise this would contradict Claim 33. Hence
the only possibility is that k = 3 and s = ¢ — 1, and thus s — 1 and 7 4 1 are the same indices
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cyclically. But then recall that the u|—u> path, the us—u3 path and the uz—u; path all have
to use edge s;s3 or sj-st. in T. As a consequence, the three relations a3 < by, a; < by and
ap < bz all hit {c, d}. Hence two of them hit the same element, which implies a; < b; for
some i € {1, 2, 3}. With this contradiction, we have proved B(s;) N B(sj) # B(sj)N B(s;).

Since B(sj) N B(sj.) is a 2-element subset of B(s;) for each i such that s; # u;, it
directly follows that there are at most three indices i such that s; < v; in T (recall that this
inequality holds fori = jandi = j + 1).

This allows us to quickly dispense with the k > 5 case now: If u; | > s; in T (and
hence s 7! > s;in T), thenlet (s, ¢) := (j — 1, j + 1). Else,if uj1» > s in T, then let
(s, 1) := (j, j + 2). If neither of the two cases is true, we let (s, t) := (j, j + 1). We claim
that in all three cases we obtain that

* i< {sji,s;} inT,

e the two indices s — 1 and ¢ + 1 are not the same (cyclically), and

. s;_l :sj.Jrl = p(sj).

The first two items are obvious, and the third one follows from our last observation and
because s; # us—1 and s; # u,4 (recall that ug_y || ug and u; || u; 1 in T).

Then, the u;_j—u; path and the u,—u,1| path in T both include the edge p(s;)s;. It
follows that (a;_1, bs—1) and (ay, by) are connected to B(s;) N B(p(s;)) in opposite ways,
and that the same holds for (a;, b;) and (a;+1, b;+1). Since these four pairs are distinct, this
contradicts Claim 33 and concludes the case k > 5.

It remains to consider the k = 3 case. Reordering the pairs of C if necessary we may
assume j = L and B(s;) = {c, d, e} with B(s))NB(s}) = {c,d} and B(s))NB(s}) = {d, e}.
The two relations a; < by and a» < bj both hit {c, d} and {d, e}, and clearly they cannot
hit the same element. Thus, one of the relations hits d, and the other ¢ and e. Exploiting
symmetry again, we may assume without loss of generality that ay < by hits d. (Indeed, if
not then this can be achieved by reversing the ordering of the pairs of C.) Thus we have

ar <d < by

in P, which then implies

Fig. 11 Illustration for Claim 34 with j =2
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in P by Observation 10. Now, the two relations a; < b3 and a3 < bp both hit B(s;) =
{c,d, e}. (Here we use that s; £ {s2, s3} in T.) Neither hit c or e since this would contradict
a; < ¢ < e < by in P. Hence both relations hit d, which implies a3 < d < b3 in P, a
contradiction. O

This concludes the proof of Lemma 22, asserting that Jy, is 4-colorable for each ¥ €
¥ (v13). Now, for each £ € X(v;3) let ¢35 be such a coloring. Then we define 13 as
follows:

For each ¥ € ¥(v13) and pair (a,b) € MM(P, 113,3), we let
0513((1, b) = 1#13;;((1, b)

3.12 Node vy4 and its function a14: Dealing with strict alternating cycles
of length at least 3

Recall that compared to MM(P, v4, X), pairs in MM(P, vi4, ¥) have the additional prop-

erty that they do not form a 2-cycle with another pair of MM(P, v14, X), thanks to function

a13. Therefore, strict alternating cycles in MM(P, vi4, ) (¥ € X (v14)) have length at least

3. We will now list (and prove) a number of properties satisfied by these alternating cycles.
First we prove a claim that bears some similarity with Claim 12.

Claim 35 Let ¥ € X(vi4) and suppose that {(a;, bl-)}f?:1 is a strict alternating cycle in
MM(P, vi4, ). Let u; denote uqyp, for each i € {1,2,...,k}). Then there is an index
Je{L,2,...,k}suchthatuj <u;inT foreachi € {1,2, ..., k}.

Proof We denote Wg;p;, Pa;b; » Xajb; > Yaibi» Za;b; BY Wi, Pi, Xi, Yi, zi respectively, for each
iefl,2,...,k}. We may assume o (a;, b;) = left.

Consider the nodes u1, ..., ux and let j € {1,2, ..., k} be such that u; is minimal in T
among these. We will show that u; < u; in T foreachi € {1,2, ..., k}. This can equiva-
lently be rephrased as follows: Every element u#; which is minimal in 7 among uq, ..., ui
satisfies u; = u; (note that we could possibly have u; = u; for i # j). Arguing by con-
tradiction, let us assume that there is an element minimal in 7 among uq, ..., u; which is
distinct from u ;.

We start by showing that under this assumption u1, .. ., u; are all pairwise incomparable
in T (and thus are in particular all distinct). Once this is established, we will then be able to
derive the desired contradiction.

Of course, to prove that uy, .. ., u; are pairwise incomparable in 7 it is enough to show
thatu; |u; in T foreachi € {1,2, ..., k} withi # j, since u; was chosen as an arbitrary
minimal element in 7 among uy, ..., ug. Assume not, that is, that there is an index i €
{L,2,...,k} with i # j such that u; < u; in T. We may choose i in such a way that
we additionally have u; 1 || u; or u;11 ||u; in T. As the arguments for the two cases are
analogous we consider only the case u; 1 ||u; in T

We have aiT_1 # uj since u;_1 ||uj in T, and we also have u; < u; < bl.T in T. It

follows that the path from ainl to biT in T goes through the edge p;u ;. Thus, the relation
a;—1 < b; hits B(pj) n B(uj) = {xj,yj}. But then ;1 < Xj < bj orai_; < yj €
b; in P, which implies a; < x; < b;j ora;—1 < y; < bj. Since we have i # j + 1
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(as uj—1 |luj in T) and j # i, this contradicts the assumption that our alternating cycle
(a1, br), (a2, b2), ..., (ag, by) is strict.

We conclude that uq, .. ., uy are all pairwise incomparable in 7', as claimed.

Lets; := u; Aujyy foreachi € {1,2,...,k} (indices are taken cyclically, as always).
Note that the path from al.T to bl.TJrl in T has to go through s;. Choose i € {1, ..., k} such
that s; is maximal among s1, ..., ¢ in 7. The nodes s;_; and s; are comparable in 7', since
si—1 <u;jand s; < u;in T. Thus we have s;_1 < s; in T. Similarly, s;41 <s;inT.

Let us first look at the case s;_; = s;. This implies s; < {u;_1, u;, uj4+1}in T. Now the
al.T_]—bl.T path, the al.T—biT+1 path, and the aiT+]—bl.T+2 path in T all go through s; in 7. This
means that the relations a;_1 < b;, a; < bjy1 and a;+1 < bj4» all hit B(s;). Clearly, no two
of them can hit the same element (recall that k > 3 and that our alternating cycle is strict),
and hence each element of B(s;) is hit by exactly one of these three relations. On the other
hand, the three paths from r to bl.T_] , biT and bl.TJrl in T all go through p(s;) and s;, implying
that the relations ag < b;j—1, ap < b;, and ag < b;41 all hit B(p(s;)) N B(s;). In particular,
some element in B(s;) is hit by at least two of these three relations. But with the observations
made before, it follows that some element in {a;_1, a;, a;+1} is below two elements of
{bi_1, b;i, bi41}in P, which is not possible in a strict alternating cycle. Therefore, s;_1 # ;.

Thus we have s;_; < s; in T, and with a similar argument one also deduces that s; 1 < s;
inT.

To conclude the proof, consider the aiT_ 1—biT path, the aiT+1—biT+2 path, and the r—biTJrl
path in 7. They all go through the edge p(s;)s; of T, and hence the corresponding relations
in P all hit B(p(s;)) N B(s;). Therefore, two of these relations hit the same element in that

set, which again contradicts the fact that our alternating cycle is strict. O

By Claim 35 we are in a situation similar to that first encountered in Section 3.5,
namely for each ¥ € X(vy4) each alternating cycle in MM(P, vi4, £) can be written as
{(a;, bi)}f?:1 in such a way that u4,p, < ugp, in T foreachi € {1, ..., k}. We may further
assume that the pair (ag, by) is such that blT is to the right of biT in T if alT is to the left of
blT in T, and to the left of biT otherwise, for each i € {2, ..., k} such that ug,p, = ugp,;. As
before the pair (a1, by) is uniquely defined, and we call it the root of the alternating cycle.

Our next claim mirrors Claim 14 from Section 3.5.

Claim 36 Let ¥ € X(vi4) and suppose that {(a;, b,-)}f?:1 is a strict alternating cycle in
MM(P, vi4, L) with root (ay, b1). Let u;, w; denote uqp,, Wq, b, respectively, for each i €
{1,2,...,k}. Thenuy < w; <u;inT foreachi € {2,...,k}.

Proof We denote pgp,, Xa;b;» Yaib;» Za;b; DY Pi,Xi, Yi, 2i respectively, for each i €
{1,2,..., k}. We may assume o (a;, b;) = left foreachi € {1,2,...,k}.

First we will show that u; < w; < wuy in 7. To do so suppose first that u; = uy.
Then wy ¥ akT in T, as otherwise we would have ka to the right of blT in T (Observa-
tion 9), which contradicts the choice of (aj, b1) as the root of the strict alternating cycle.
In particular, the path from akT to b]T in T goes through u;. Hence the relation a;y < b
hits B(u1) = {x1,y1,z21}; let ¢ € B(ujp) be such that ¢ < g < by in P. Clearly,
q € {y1,z1}. Given that u; = wuy and (¢(x1), ¢ (¥1), #(z1)) = (P (xk), p(¥), ¢ (zk))
(since aq1(ar, b1) = a1(ax, br)), we obviously have x; = xx, y1 = y, and z; = zz. If
q = y1 = yi then we directly obtain ¢ < b in P. If ¢ = z; = 7z then we also deduce
q < by in P, because o12(ay, b1) = aq2(ak, br), and thus in particular z; < by in P since

1 < b1. Hence in both cases g < by in P. This implies a; < g < by in P, a contradiction.
Therefore, u; # ug, and u; < ux in T
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Let w’ be the neighbor of u; on the uj—uy path in T. In order to show u; < wy < uy in
T, it remains to prove w’ = wj. Suppose to the contrary that w’ # wj. Then the akT —blT path
and the r—ka path in T both go through u; and w’. Hence the relations a; < by and ag < by
both hit B(u1)NB(w’) & {x1, y1, z1}. Clearly, they cannot hit the same element. None of the
two relations hit x1, as otherwise a; < x1 < by oraj < x1 < b in P (which is not possible
since k > 3 and the alternating cycle is strict). We conclude that B(u1) N B(w’) = {y1, z1}.
Since the relation ag < by also hits B(u1) N B(p1) = {x1, y1}, and thus hits yq, it follows
thatag < y; < branday < z1 < byin P.Now leti € {1,...,k — 1} be maximal such
that w’ € u; in T. Note that there is such an index since w’ € u; in T. If w’ < aiT inT,
then the path from aiT to u; in T goes through the edge u;w’. If, on the other hand, w’ || al.T
in T, then the path from aiT to biT 41 In T goes through the edge ujw’. Thus at least one of
a; < x; and @; < bjyq hits B(uy) N B(w') = {y1,z1}. Hence a; < yj ora; < z; in P.
However, since {y1, z1} < by in P, this implies ¢; < b in both cases. Given that i < k, this
contradicts the fact that the alternating cycle is strict. Therefore, we must have w’ = wy,
and u; < wy < ug in T, as claimed.

So far we know that w; < u; in T for i = k, and it remains to show it for each
i € {2,...,k — 1}. Arguing by contradiction, assume that this does not hold, and let
i €{2,...,k—1}be maximal such that w; ¥ u; in T. By our choice it holds that wy < u;4

inT,eveninthe casei =k — 1.

First suppose that u; = u;. Then w; ¥ aiT in T, because otherwise biT would be to the
right of blT in T (Observation 9), contradicting the fact that (ay, by) is the root of the strict
alternating cycle. But then, the path from aiT to biT 41 goes through the edge ujw, (since
w1 < ujy1 in T). Thus the relation a; < b;4 hits in particular B(u1); let ¢ € B(up) be
such that a; < g < b;41 in P. Given that u; = u; we deduce x; = x;, y; = y;,and z; = z;
(using ar11 (a1, b1) = a11(a;, b)), and hence a; < ¢ in P (using a12(a1, b1) = a12(a;, b)),
exactly as in the beginning of the proof. This implies a; < g < b;j41in P,andasi +1 >3
this contradicts once again the fact that the alternating cycle is strict. Therefore, u1 # u;,
andu; <u;inT.

Let w’ be the neighbor of u; on the u;—u; path in T. Note that w’ # w;. The aiT—biT+1
path and the r—biT path both go through the edge ujw’. Thus the relations a; < b;4; and
ap < b; both hit B(u;) N B(w') & {x1, y1, z1}. Clearly, they cannot hit the same element.
Since a; < x1 < bj41 in P would imply a; < b;41 (which is not possible since i + 1 > 3)
while a@; < y; < bj+1 would imply a; < b (which cannot be since i < k), we deduce

a; <21 < by

in P, and
ap < g < b;

in P, where g is the element in {x, y;} such that B(u1) N B(w') = {q, z1}.

We distinguish two cases, depending whether ¢ = x; or ¢ = y;. First suppose that
q = x1.Since ag < g = x1 < b; in P, this implies a; < x; < b; in P, and hence
i = 2 (otherwise, the alternating cycle would not be strict). Furthermore, given that ap < x|
in P and aj2(ar, b1) = a2(az, by), we have ap < x in P as well. The r—u; path in T
includes the edge ujw’ since w’ < wup in T. Using that x, € B(uz), we deduce that the
relation ag < xp in P hits B(u1) N B(w’) = {x1, z1}. In particular, at least one of x; < x;
and z; < x7 holds in P. Before considering each of these two possibilities, let us observe
that the azT —u path in 7T includes the edge uy p>. It follows that the relation ay < zp hits
B(uz) N B(p2) = {x2, y2}. Clearly, it cannot hit y, (otherwise a» < y» < b»), and hence
xp < zypin P.
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Now, if 71 < x7 in P then x; = z;. However, we also know that ¢ (x3) = ¢ (x1) # ¢(z1),
since a11(ay, b1) = ay1(ay, by), which is a contradiction.

On the other hand, if x; < x2 in P then a; < x1 < x2 < 21 < bj+1 = b3 in P, which
contradicts the fact the alternating cycle is strict. This concludes the case where ¢ = x;.

Next, assume ¢ = y;. Let j € {1,...,i — 1} be maximal such that w’ £ ujinT. (Note

that there is such an index j since w’ € uy in T.) If w’' < ajT in T then the path from ajT

to u; in T goes through the edge ujw’. If, on the other hand, w’ || ajT in T, then the path
from ajr to bJT+1 in T goes through the edge ujw’ since w’ < uj41 < bJTH in T. Hence at
least one of the two relations a; < x; and a; < bjy hits {g, z1} = {y1, z1}. It follows that
aj < yporaj < zj in P. The first inequality implies a; < y; < by in P, a contradiction
since j # k. The second inequality implies a; < z1 < b;y1 in P, which is not possible
since j 7 i. This concludes the proof. O

Claim 37 Let ¥ € X (vy4) and suppose that {(a;, bi)}f.‘:l is a strict alternating cycle in
MM(P, vi4, ) with root (a1, b1). Let u; denote uy,p,; for each i € {1,2,...,k}. Then the
u1—b1T path in T avoids u>.

Proof We denote Wg,p;, Pa;b; > Xa;b;» Ya;b; DY Wi, Pi, Xi, yi respectively, for each i €
{1,2,..., k}. We may assume o (a;, b;) = left.

Arguing by contradiction, suppose that u; < uy < blT in 7. By Claim 36 we know
up < wy; <up < sz in 7. The alT—sz path in 7 goes through the edge pou;. Hence the
relation a; < by hits B(p2) N B(uz) = {x2, y2}. Clearly, it cannot hit x, because otherwise
ay < x3 < by in P. Therefore, a; < y» < by in P.

Now consider the path connecting r to blT in T. This path also includes the edge pous.
Thus the relation ag < by hits {xp, y»}. If it hits x;, then we obtain a; < x; < by in P,
which contradicts the fact that the alternating cycle is strict (recall that k > 3). If it hits y,,
then we deduce a; < y» < by in P, again a contradiction. O

Let ¥ € X(vi4) and suppose that {(a,-,bl-)}ff=1 is a strict alternating cycle in
MM(P, vi4, ) with root (ap, b1). In what follows we will need to consider the nodes
qgi ‘=u; A bIT of T wherei € {1, 2, ..., k}. Observe that

up <wp < g U
in T foreachi € {2, 3, ..., k} by Claim 36, and
g2 < u
in T by Claim 37.
Claim 38 Let ¥ € X(vi4) and suppose that {(a;, bi)}fle is a strict alternating cycle in

MM(P, vi4, L) with root (ai, by). Let u; denote uy,p, and let g; = u; A blT, for each
ie{l,2,...,k}. Then

(1) ui £q2inT foreachi € {3,4,...,k}, and
() ur<g<q3<blinT.

Proof We denote Wg;p;, Pa;b;> Xa;b;» Yaib; DY Wi, Pi, Xi, yi respectively, for each i €
{1,2,..., k}. We may assume «(a;, b;) = left.
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To prove (i) we argue by contradiction: Suppose u; < g2 in T forsomei € {3,4, ..., k}.
Since ¢ < b]T inT,and u; < w; < u; by Claim 36, it follows that ] < w; < u; <
g> < bl in T. In particular, the path connecting a! to b1 in T goes through the edge p;u;.
Hence the relation a; < by hits B(p;) N B(u;) = {x;, y;}. If it hits x; then a; < x; < by
in P, while if it hits y; then a; < y; < b; in P. In both cases it contradicts the fact that the
alternating cycle is strict.

Let us now prove (ii). Using Claim 36 we already deduce that u; < {g2, g3} < b]T inT.
Thus, it remains to show g < ¢3 in T. Arguing by contradiction, suppose g3 < g2 in T
(note that ¢» and g3 are comparable in 7). Let i be the largest index in {3, 4, ..., k} such
thatg; < g2 inT.Ifi <kthenqg; < g2 < gi+1 < Uj41 < biT+1 in T.If i = k then clearly
qi < q2 < blT in 7. Thus in both cases

qi <q2 < biT+1 (22)

in T (taking indices cyclically).
Observe also that

@ Lal (23)
T

in T. Indeed, if g2 < a; in T then o < biT as well, since otherwise u; < ¢» in T,
contradicting (i). However, this implies g2 < u; in T, and hence g2 < g; since g2 < b7, a
contradiction.

Now consider the edge p(¢2)g2 in T and let B(p(g2)) N B(q2) = {c, d}. In the following,
we aim to show that the relevant part of 7' essentially looks like in Fig. 12, and consequently
that the relations a; < b; 41 and a; < b3 have to hit {c, d}. From this observation we will
obtain our final contradiction.

Using (23) and that ¢» < biT+1 in T (see (22)), we deduce that the path from aiT to biTJrl in
T goes through this edge. Thus the relation a; < b;4 hits {c, d}. Without loss of generality

a; <c < by (24)
in P. To see that ap < b3 also hits {c, d} we first show that
a2 £ bY
in T. For this suppose g2 < b3T in T. Then g, and u3 are comparable in 7', and thus g2 < u3
in T by (i). Since g < blT in T, it follows that g < uz A blT = ¢3 in T, contradicting our
assumption that g3 < ¢g» in T.

So we have gy £ b3T, and since g3 < ¢» < Uy < a2T in T, we deduce that the path
connecting aZT to b3T in T also includes the edge p(g2)g>. Thus the relation ay < b3 indeed

T T ,T 1T T
a, by a3 by af by

Fig. 12 Left: Situation in Claim 38 with i = 3 (under the assumption that g3 < g7 in T'). Right: Possible
situation in Claim 39 with i = 3 (under the assumptions that ¢ = g3 and w # w’)
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hits {c, d}. It cannot hit ¢ because otherwise a; < ¢ < b;41 (by (24)), which is not possible
since i # 2. Hence we have
ar <d < b3 (25)

in P. Now, the relation ag < b; clearly hits {c, d} as well, but this is not possible as this
implies a@; < ¢ < by (using (24)) or a; < d < by in P (using (25)), a contradiction in both
cases. This concludes the proof of (ii). O

The following claim is a strengthening of Claim 38(ii).

Claim 39 Let ¥ € X(vi4) and suppose that {(a;, b,-)}f.‘:1 is a strict alternating cycle in
MM(P, vi4, L) with root (a1, by). Let u; denote uy,p, and let q; = u; N blT, for each
ie{l,2,...,k}. Then

7 <q2<q3<blTinT.

Proof Using Claim 38(ii) we only need to show that g # ¢3. Suppose to the contrary that
we have g» = ¢3. Recall that g» < u, in T, by Claim 37. By Claim 38(ii)we cannot have
u3 = g3 since g = 3. Hence we also have g3 < u3z in T.

Now, let w be the neighbor of ¢ on the path from ¢, to uy in T, and let w’ be the
neighbor of g3 on the path from g3 = g2 touz in T. Using that g2 < up and g3 < u3in T
we deduce that

¢ <w<u, and g3 <w <ujz (26)
in T. Let us first suppose that w = w’. Let i be the largest index in {3, 4, ..., k} such that
w < u; in T. We claim that

w £ biT+l
in T (taking indices cyclically, as always). If i < k this is because w < biT+1 would imply
w L al.T_H (since w € u;41in T), and thus u; | < ¢» in T, contradicting (i) of Claim 38. If
i = k this is because w < blT together with w < uy (by (26)) would imply w < uz A b]T =
g> in T, a contradiction.

Now, since w ¥ bl.T 41 In T we deduce that the path from al.T to biT 1 includes the edge
q2w. Let B(w) N B(q2) = {c, d}. Then the relations a; < b;+1 and a; < b, both hit {c, d},
but not the same element (as otherwise a; < b in P, which cannot be since i # 1). Say we
have

ai <c<biy1 and a1 <d<bh
in P. Observe that the path from r to biT in T goes through the edge gow as well, and hence
ag < b; also hits {c, d}. Thus ¢ < b; ord < b; in P. In the first case we obtain a; < b; and
in the second a; < b;, a contradiction in each case. This closes the case w = w’.

Finally, assume w # w’. Let B(q2) = {c, d, e}. Let i be the largest index in {3, 4, ..., k}
such that ¢; = ¢g5. By Claim 38(ii) we know that g¢; # u; (in particular u; # blT in T'), and
thus g2 = ¢; < u; in T. Let w” be the neighbor of g, on the path from g; to u; in 7. Note
that we must have

@ <w' <w; and w”|b" 27
in T. Next we show that
w” £ biT+1

in T. Suppose that this is not true, and let us consider the case i < k first. Then w” < T

i+1
would imply w” < aiTJrl as otherwise u;1; < ¢z in T, contradicting (i) of Claim 38.

Moreover, this yields w” < u;41 in T. However, combined with the fact that g, < b]T and
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w” & blT in T (by (27)) this implies g;+1 = ¢, contradicting the choice of i. If i = k then
w” < blT together with w” < u; (see (27)) would imply w” < g¢;, again a contradiction.
So we indeed have w” & b’ | in T (for an example illustrating this situation with i = 3

i+1
see Fig. 12 on the right), and from this it follows that the aiT —biT_H

node g;. Observe that so does the alT—sz path (because u; < w; < g2 < bZT in T by Claim
36) and the aZT —b3T path (because w # w’). Hence the three relations a; < by, a; < b3 and
a; < bjy all hit B(gz) = {c, d, e}. Clearly, no element in B(g7) is hit by two of these. In
other words, each element of B(g3) is greater or equal to ay, ap, or ¢; in P.

Furthermore, the paths from r to b7, b2T and b3T in T all include the edge p(g2)g2. Hence
two of the three relations ap < b1, ap < b2, ap < b3 hit the same element in B(p(g2)) N
B(q2) & {c,d, e}. It follows that one element of the set {aj, a2, a;} is below two different
elements of {b1, by, b3} in P, which contradicts the assumption that the alternating cycle is
strict. This concludes the proof. O

path in T includes the

Let ¥ € X(vi4) and suppose that {(a;, bi)}f?zl is a strict alternating cycle in
MM(P, vi4, X) with root (ay, b1). Let u; denote ug,p, for eachi € {1,2,...,k}, and let
q2 = uy A blT. In the following claims we will need to consider three specific neighbors
of the node ¢> in T, namely, the neighbors of ¢» on the ¢o—u path, the go—u> path, and
the qz—blT path in 7. Let us denote these nodes by p(g2), m(g2) and n(g2), respectively. By
Claims 36 and 37, p(q2), m(g2) and n(g2) are well defined and distinct.

The following claim is illustrated in Fig. 13.

Claim 40 Let ¥ € X (vy4) and suppose that {(a;, bi)}{?zl is a strict alternating cycle in

MM(P, vi4, L) with root (a1, b1). Let u; denote uqyp, and let q; = u; N blT, for each
i €{l,2,...,k}. Then the elements of B(q2) can be written as B(q2) = {c, d, e} in such a
way that

() B(g2) N B(p(q2)) = {c.d};
(i) B(g2) N B(m(q2)) = {c, e};
@iil)  B(g2) N B(n(q2)) = {d, e};

uz2

m(qz)
Ci/de n(qz)

cd 92

., p(qz)

Fig. 13 Illustration of Claim 40
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and so that in P we have

a1 < c < by c&d; )
W w<d<on W ega oh e
azyid.

az < e < b3; clle;

Proof By Claims 36-39 we know that u; < w1 < ¢2 < up < {azT,sz} and g7 < q3 <
{blT, a3T, bg} in 7. Thus the alT—sz path in T goes through the nodes p(q2), g2, and m(g2);
the r—blT path goes through p(g2), ¢2, and n(g2), and the azT —b3T path goes through m(g»),
q2, and n(g>). It follows that the corresponding three relations a; < b2, a0 < by and ap < b3
in P hit respectively the two sets B(g2) N B(p(g2)) and B(g2) N B(m(q2)); the two sets
B(q2) N B(p(g2)) and B(g2) N B(n(g2)), and the two sets B(g2) N B(m(g2)) and B(g2) N
B(n(g2)). Clearly, no element of B(g>) is hit by two of these three relations. It follows that
the elements of B(g2) can be written as B(g2) = {c, d, e} in such a way that properties
(1)-(vi) hold. The remaining two properties (v) and (vi) are immediate consequences of
these. O

For each ¥ € X(vi4) we define a corresponding directed graph Ky on the set
MM(P, vi4, ¥) similarly as in Section 3.8: Given two distinct pairs (ai, by), (az, b2) €
MM(P, vi4, X), there is an arc from (ay, by) to (ap, by) in I%z if and only if there is a
strict alternating cycle {(al, l)}f‘ 1 in MM(P, vy4, ) with root (al, b 1) which is such that
(al, b’) = (a1, b1) and (az, 2) = (ay, by). In the latter case, we say that the arc f is
induced by the strict alternating cycle {(a/, l)}

Note that there could possibly be different stnct alternatmg cycles inducing the same arc
in K 5. Observe also that if {(a;, b; )} i—) 1s a strict alternating cycle inducing an arc in K >
then (ay, b1) is always the root of the cycle (by the definition of ‘inducing’).

For each arc f = ((ai, b1), (a2, b2)) of K », define the corresponding three nodes of T':

u (f) = Uaybys

ub(f) = ttayhy;

q(f) = ttayp, A D] .
Observe that

ui(,f) < wa|b| < Cl(f) < M+(f)
in T by Claims 36 and 37. This will be used repeatedly in what follows.

Claim 41 For each ¥ € ¥ (vy4), any two arcs f, g in Ky sharing the same source satisfy

q(f) =q(g).

Proof Assume to the contrary that g (f) # ¢q(g). Let (a1, b1) € MM(P, vi4, X) denote the
source of the two arcs f and g. By definition ¢(f) < b! and q(g) < bT in T. Thus in
particular ¢ (f) and g(g) are comparable in T, say without loss of generality ¢ (f) < ¢(g).
Hence we have uq,p, < wa,p, < q(f) <q(g) < blT inT.

Let (a2, by), (az, b’z) € MM(P, v14, X) denote the targets of arcs f and g, respectively.
Let (as, b3), ..., (ak, by) € MM(P, v14, X) be such that {(a;, b; )} _ is a strict alternating
cycle inducing f Write the elements of B(g(f)) as B(q(f)) = {c,d, e} as in Claim 40
when applied to the latter cycle. Then the paths from alT to b’zT and from r to blT inT
both include the three nodes p(g(f)), ¢(f), and n(g(f)). Hence, the two relations a; < b’2
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and ap < bp in P both hit the two sets B(g(f)) N B(p(g(f))) = {c,d} and B(g(f)) N
B(n(g(f))) = {d, e}. On the other hand, each of c, d, e is clearly hit by at most one of these
two relations. It follows that one relation hits d and the other hits both ¢ and e, implying
¢ < ein P by Observation 10. However, this contradicts ¢ || e in P (cf. property (v) of Claim
40). O

The following claim is similar to the previous one.

Claim 42 For each ¥ € X(v14), any two arcs f, g in Ky sharing the same target satisfy

q(f) =q(g).

Proof Assume to the contrary that g(f) # q(g). Let (a2, by) € MM(P, v14, ) denote the
common target of the two arcs f and g. We have q(f) < ua,p, and q(g) < ugyp, in T.
Thus ¢ (f) and ¢g(g) are comparable in T, say ¢(f) < q(g)inT.

Applying Claim 40 on a strict alternating cycle inducing f, we see that there exists an
element e € B(q(f)) such that ap < e in P. Since q(f) < q(g) < Uap, < a2T in T,
the path from ¢ (f) to azT in T goes through p(g(g)) and g(g). Thus the relation ay < e
hits B(g(g)) N B(p(g(g))), and hence a; < s in P for some s € B(q(g)) N B(p(q(g)))-
However, applying Claim 40 on a strict alternating cycle inducing g this time, we deduce
that ap ;{ t in P for each t € B(q(g)) N B(p(g(g))) (cf. property (vi)), and therefore in
particular a; ;{ s in P, a contradiction. O

Claim 43 For each ¥ € ¥ (v14) and any two arcs f, g in 122, we neither have
q(f) < q(@) <u™(f) <uT(g)

nor
q(f) < q@) <ut(e) <u™(f)

inT.

Proof Let (az, b) and (a5, b)) denote the targets of f and g, respectively. Arguing by

contradiction, assume that at least one of the two inequalities holds. Then we have

9(f) <P@(®) < q(8) < M(G(R) < {ttahy. gy} (28)
inT.

Now consider a strict alternating cycle inducing g and write the elements of B(g(g))
as B(q(g)) = {c,d, e} as in Claim 40 when applied to the latter cycle. See Fig. 14 for an
illustration.

By this claim we have

c<b, and ay<e and egd (29)

in P. Applying Claim 40 on a strict alternating cycle inducing f, we also deduce that there
exists s € B(q(f)) suchthatay < sin P.

Given that by (28) the path from aZT to g(f) goes first through u,,5, and then through
the three nodes m(q(g)), g(g) and p(g(g)) in T, it follows that the relation a, < s hits both
B(q(g)) N B(m(q(g))) = {c, e} and B(q(g)) N B(p(q(8))) = {c, d}. If it did not hit c, then
it would hit both d and e, and we would have e < d in P by Observation 10, which is not
possible by (29). Thus a; < s hits ¢, thatis, a» < ¢ < s in P. Together with (29) this implies

a <c< b

in P, and we also deduce (a2, bp) # (a5, D).
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q(f)

Fig. 14 Illustration of the proof of Claim 43

Now, the path from r to sz in T goes through ¢(g) and m(g(g)), and thus ap < b hits
{c, e}. It cannot hit ¢, as otherwise ay < ¢ < by in P. Hence ag < b, hits e, and we have
ap < e < by in P, which by (29) implies

aégeébz.

It follows that (ay, b)), (aé, b’z) is an alternating cycle of length 2, which is a contradiction
since there is no such cycle in MM(P, v4, X). O

For the next claim let us recall that given a pair (a, b)) € MM(P, vi4, X), the elements
of B(ugp) are labeled with x4p, Yap, Zab, and it holds that B(ugp) N B(p(Uap)) = {Xabs Yab}»

a<xgp &b, and a Ly <b
in P.

Claim 44 For each ¥ € X(v14), no two arcs f, g in Ky satisfy

u”(f) < q(g) <ut(g) < q(f).
inT.

Proof Assume to the contrary that the inequality holds. Let {(a;, bi)}{?zl be a strict alter-

nating cycle inducing f and let {(alf, b;)}f:1 be one inducing g. Let u; = ugp;, qi =
Ugib; N blT, Xi = Xab;s Vi ‘= Yab;» and z; = zq4p, for each i € {I,...,k}, and let
up = ualgbl{,q; = ”a,fb;/\b/lT’xi/ = xalgb;,y; = ya;bl{,andzl( i= zgp foreachi € {1,.... £}.
Thus u=(f) = u1, q(f) = q2, u™(g) = ub, q(g) = ¢}, and

uy < gh <uhy < qa < {bl, b1} (30)

in T by our assumption. See Fig. 15 for an illustration of the situation.
The a —b} path and the r~b! path both go through p(u5) and u), in T. Thus the two
relations a; < by and ag < by both hit B(p(u})) N B(u) = {x), ¥}, and clearly neither
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of x}, y} is hit by both relations. We cannot have a; < y; < by and ap < x5 < by in
P, because otherwise we would have a; < y, < bj and @) < x} < by in P, implying
that (a1, by), (aé, b’z) is an alternating cycle of length 2 in MM(P, v14, X), a contradiction.
Hence we have

ay <xy<by and ay <y, <b (31)

in P.

Let us denote the elements in B(qé) as B(qé) = {c, d, e} as in Claim 40 when applied to
the strict alternating cycle {(a;, b; )}f: - Then we have ag < d < b} in P, as well as a, <
e < by and aj < ¢ < b),. Given that the relation a} < e hits B(p(u5)) N B(u)) = {x5, y}},
and that it clearly cannot hit y} because y; < b} in P, we have a) < x} < ein P. Similarly,
¢ < b hits {x}, y/} as well and cannot hit x} because a5 < x} in P, hence ¢ < y) < b} in
P. Summarizing, we have

ah < xp < e < b, (32)
aj < c < yy < by, (33)
ap < d < b (34)

in P.

Recall that u; < g5 in T by (30). We split the rest of the argument into two cases and
start with the case that u; < g in T. Then the path from a! to u), goes through p(¢}) and
g5 It follows that the relation a; < x} hits B(p(g5)) N B(g}) = {c,d}. If it hits ¢ then
¢ < xj in P, which implies a] < ¢ < x} < e < b} by (33) and (32), a contradiction
to the assumption that we deal with a strict alternating cycle of length at least 3. Hence,
we have a; < d < xé. However, using (34) we obtain a; < d < b’1 in P, and since
a; < ¢ <y, < by in P (by combining (33) and (31)) this implies that (ay, by) # (a}, b))
and therefore that (ap, b1), (a/l, b/l) is an alternating cycle of length 2 in MM(P, vi4, ¥), a
contradiction.

U2
« 2 T

q2

Fig. 15 Illustration of the proof of Claim 44
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It remains to consider the case that u; = ¢} in T'. Then the path from alT to u in T goes
through ¢} and m(g5). Thus a; < x} hits B(g5) N B(m(q})) = {c, e}. The relation a; < x},
cannot hit ¢, for the same reason as in the previous paragraph. Hence a; < e < xé in P,
implying that x, = e by (32).

Now, observe that e € B(u1) since u; = gj. Given thate ¢ B(g5) N B(p(g})) = {c,d} =
B(ui) N B(p(u1)) = {x1, y1}, we conclude xé = e = z1. However, in the coloring ¢ we
have ¢ (x}) = ¢ (x1) # ¢(z21) since aq1(ay, b1) = ay1(a), b)), contradicting x) = z;. This
concludes the proof. O

Claim 45 Let ¥ € ¥ (v14) and suppose that fi, f2, g1, g2 are arcs of Ks satisfying

o ut(f))=u"(fr)
e ut(g)=u(g)
e q(f2) =q(g).

Then it also holds that q(f1) = q(g1).

Proof Recall that u=(f) < q(f) < u™(f) for every arc f of 122 (by Claims 36 and 37).
It follows from the assumptions that

q(g1) <ut(g1) =u"(g2) < q(g) (35)

and
q(f) <ut(f))y=u"(f) <q(f) (36)

in T. Thus q(g1) and g(f1) are comparable in 7. Arguing by contradiction, suppose that
q(f1) # q(g1). Using symmetry, we may assume without loss of generality ¢ (f1) < g(g1)
inT.

Since g(g1) < q(g2) = q(f2) by 35) and ut(f1) = u™ (f2) < q(f2) in T by (36), the
two nodes g(g1) and u™(f}) are also comparable in T.

First suppose that g(g1) < ut(f1) in T. Then observe that the two nodes u™*(g;) and
u(f1) are comparable in T since u™ (g1) = u™(g2) < q(g2) = q(f2) andu™ (f1) < q(f2)
in T (by (35) and (36)). Hence we have g(f1) < q(g1) < ut(f1) < ut(g)) orq(f1) <
q(g1) <ut(g1) <ut(f1)in T, neither of which is possible by Claim 43, a contradiction.

Next, assume that g(g;) > uV(f1) in T. We immediately obtain u~ (f3) = ut(f1) <
q(g1) <ut(g1) < q(fp)in T, which is forbidden by Claim 44, again a contradiction. [

Claim 46 The graph Ks is bipartite for each ¥ € ¥ (v14).

Proof Suppose that there is an odd cycle C = {(a;, b,-)}f: | in the undirected graph under-
lying Ks. (Thus C is not necessarily a directed cycle.) For eachi € {1, ..., k}, let f; be an
arc between (a;, b;) and (a;+1, bi+1) in K », where indices are taken cyclically as always. If
fi = ((ai, by), (ai+1, bi+1)), thatis, (a;, b;) is the source of f;, we say that f; goes forward,
while if fi = ((@i+1, bi+1), (ai, b;)) we say that f; goes backward.

We define a cyclically ordered sequence S of arcs in {fi, fa, ..., fi} as follows. We
start with S = (f1,..., fr). It will be convenient to say that we go along S in clock-
wise order whenver we use the forward direction in S (to not mix it up with forward and
backward edges). Now, we repeat the following modification until it is no longer possible:
If S has size at least 5 and there are two (cyclically) consecutive arcs f, f’ in clockwise
order in S with f going forward and f’ going backward then remove both f and f’
from S.
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By construction, the resulting sequence S has the following property: Either S con-
tains at least five arcs and all arcs go in the same direction, or S contains exactly three
arcs.

We claim that during the above iterative process the cyclic sequence S fulfills the fol-
lowing invariants at all times: For any two consecutive arcs f and f’ in clockwise order in
S,

(1) if f and f’ both go forward then ¢q(f) < ¢(f’) in T, while if f and f’ both go
backward then ¢ (f) > g(f') in T} A
(ii) if f and f’ go in the same direction then there exist arcs g, g’ in Ky such that

* q(®) =q(f);
* q(g)=4q(f), and
o ut(g)=u(g")if f and f’ go forward, u~(g) = u™(g’) otherwise, and

(iii) if f and f’ go in opposite directions then ¢ (f) = g (f”).

Note that (ii) implies (i). Indeed, suppose f and f’ go forward (for the backward
direction the argument is analogous). Then take arcs g and g’ witnessing (ii). We have
q(f) =q(@) <ut(e) =u(g) < qg) = q(f). (Recall that u=(g) < q(g) < u™(g)
for every arc g of Ky, by Claims 36 and 37.)

First, we prove that the invariants hold at the beginning of the process, so for the sequence
(f1,---, fx)- In order to prove (ii), for each i € {1,...,k} take g := f; and g’ := fi4.
Then clearly (ii)holds, and property (iii) follows from Claims 41 and 42.

Next we show that the invariants hold after each modification step. Consider thus the
sequence S just before a modification step, and suppose that S satisfied the required prop-
erties. Let [0, f1, 2, f3 be the four consecutive arcs in S in clockwise order which are
such that f! goes forward and f? goes backward. After removing f! and f2, the arcs f°
and f3 will become consecutive in S (in clockwise order). We only need to establish the
invariants for the consecutive pair f°, f3, since all other consecutive pairs already satisfy
them by assumption.

Let us start with the case that £ and f3 both go forward. Since f!, f2 and f alternate
in directions, we get g(f!) = q(fz) = q(f3 by (iii). By (ii) and the fact that fo and
f1 go forward, there are arcs g% gl in Kz such that ¢(g%) = ¢(f9), q(g ) = ¢g(f!) and
ut (g% = u=(gh). Now, since ¢(g") = q(f1) = q(f3), the arcs g°, g! also fulfill the
conditions of (ii) for f© and f3.

The case that both f° and f3 go backward is symmetric to the previous one and is thus
omitted.

Next, suppose that fO goes forward and f3 goes backward. Here we have to show that
(iii) holds for f%and f3. Since f°and f! both go forward and f2 and f3 both go backward,
by (ii) there are arcs g%, g! and g2, g% in Ky such that q(g’) = q(f7) for each j €
{0,1,2,3}, ut (g% = u=(g"), and u~(g%) = uT(g>). Using (iii) we deduce that g(g!) =
g(fYH = q(f» = q(g%). Applying Claim 45 on the arcs g°, g', g3, g% (in this order), we
conclude q(fo) = q(go) = q(g3) = q(f3), as desired.

Finally, assume that f© goes backward and f3 goes forward. Again we have show that
(iii) holds for f°, £3. But in this case the four directions of fO, 1, f2, f3 alternate. It
follows that ¢ (f°) = ¢(f') = ¢(f?) = ¢(f?) by (iii).

Now that the above invariants of S have been established, let us go back to the final
sequence S resulting from the modification process. We claim that there are always two
consecutive arcs going in opposite directions in S. Indeed, if not then they either all go
forward or all go backward. In the first case g(f) < ¢(f’) in T for any two consecutive
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arcs f, f’ in clockwise order in S by (i), while in the second case g(f) > g(f’) in T for
any two such arcs f, f’. However, neither of these two situations can occur in a circular
sequence.

This shows in particular that the modification process results in a sequence S of size 3,
say S = (f1, f2, £3). We may suppose without loss of generality that f! and £2 go in the
same direction and f in the other (since the sequence S can always be shifted cyclically
to ensure this property). This implies ¢ (f!) # g(f?) by (i), ¢(f3) = q(f3) by (i), and
g(f3) = q(f") by (iii). This is a contradiction, which concludes the proof. O

Using Claim 46 we let Y145 : MM(P, vi4, £) — {1, 2} be a 2-coloring of I%g, for each
¥ € ¥ (v14). The function a4 then records the color of a pair in this coloring:

For each ¥ € X(v14) and each pair (a,b) € MM(P, v14, %), we let
ai4(a,b) == P1ax(a,b).

3.13 Fourth leaf of ¥: Node v15

It remains to verify that for each ¥ € X (v;5) the set MM(P, vys5, %) is reversible. Recall
that «13 ensures that there are no 2-cycles in MM(P, vis, ¥) and that oj4 ensures that
there are no strict alternating cycles of length at least 3 in MM(P, vys, ). It follows that
MM(P, vis, X) is reversible.

This concludes the proof of Theorem 7.
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