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Abstract

In this paper, we study a nonlinear Dirichlet problem driven by the (p, g)-Laplacian
and with a reaction that has the combined effects of a negative concave term and of an
asymmetric perturbation which is superlinear on the positive semiaxis and resonant in
the negative one. We prove a multiplicity theorem for such problems obtaining three
nontrivial solutions, all with sign information. Furthermore, under a local symmetry
condition, we prove the existence of a whole sequence of sign-changing solutions
converging to zero in C} ().
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1 Introduction

Let @ € RY be a bounded domain with a C2-boundary 9. In this paper, we study
the following nonlinear Dirichlet problem

—Apu — Aju =0 |ul"2u+ f(x,u) ingQ, (L)

u‘m:O, l<1t<gq<np,
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where A, denotes the r-Laplacian for r € (1, co) given by
Au = div (|Vul""2Vu) foru € Wy" ().

Problem (1.1) is driven by the sum of two such operators with different exponents
called the (p, g)-Laplacian which is a nonhomogeneous operator. For such problems,
we refer to the survey paper of Marano and Mosconi [13] and the references therein.
In the right-hand side of (1.1), we have the combined effects of two distinct nonlinear
terms. One term is the power function s — P (x)|s|*2s with 1 < 7 < ¢ and
0 > —co > () € L°°(R2) which is a concave contribution (so (¢ — 1)-sublinear)
to the reaction. The perturbation f: Q x R — R is a Carathéodory function, that is,
x — f(x,s) is measurable for all s € R and s — f(x, s) is continuous for a.a.x €
2, which exhibits asymmetric growth as s — Z£oo. To be more precise, f(x, -) is
(p — 1)-linear in the negative semiaxis (as s — —o0) and can be resonant with respect
to the principal eigenvalue of (—A,, Wé P(Q)). In the positive semiaxis (as s —
+00), f(x,-)is (p— 1)-superlinear but without satisfying the Ambrosetti—Rabinowitz
condition (AR-condition for short). Hence, problem (1.1) is partly resonant and partly
a concave—convex problem. In addition to this lack of symmetric behavior, another
feature which distinguishes our work here from earlier ones on nonlinear elliptic
equations with concave terms, is the fact that the coefficient ¥ : 2 — R of the concave
term is x-dependent and negative. In the past, problems with a negative concave term
were studied by Perera [22], de Paiva and Massa [3], Papageorgiou et al. [20] for
semilinear equations and by Papageorgiou and Winkert [15] for nonlinear equations
driven by the (p, 2)-Laplacian. From these works only the paper of Papageorgiou
et al. [20] considers perturbations with asymmetric behavior as s — =o00. In the
literature, papers dealing with equations with concave terms assume that the coefficient
is a positive constant. This is the case in the classical concave—convex problems, see
Ambrosetti et al. [2] for equations driven by the Laplacian and by Garcia Azorero et
al. [5] for equations driven by the p-Laplacian. The difficulty that we encounter when
we deal with equations that have negative concave terms is that the nonlinear strong
maximum principle is not applicable, see Pucci and Serrin [23].

2 Preliminaries

In this section, we will recall the basic facts about the function spaces, the properties
of the operator and some results of Morse theory.

To this end, let 2 € R" be a bounded domain with a C?-boundary 3<2. For any
r € [1,00], we denote by L’ (Q) = L"(Q;R) and L"(2; R") the usual Lebesgue
spaces with the norm || - ||.. Moreover, the Sobolev space Wé’r(Q) is equipped with
the equivalentnorm || - || = ||V - || for 1 <r < oo.

The Banach space

Ch@ = {ue '@ : uf,, =0}
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is an ordered Banach space with positive cone
L@, = {u e CL@) : u(x) > 0forallx e Q}

This cone has a nonempty interior given by
int (co(sz)+) {u € CH@ 4 1 u(x)>0forall xeQ, —(x) <0 forall x easz}

where n(-) stands for the outward unit normal on 9$2.
For r € (1, 00), we denote by A (r), the first eigenvalue of (—A,, Wol’r(Q)). We
know that il (r) > 0 and

2 _ . Vel
)= nf Q.1
uew)r@njoy Nl

Furthermore, )Aq (r) is isolated, simple, and the infimum in (2.1) is achieved on
the corresponding one-dimensional eigenspace, see L& [10]. The elements of this
eigenspace have fixed sign. By i1 (r), we denote the positive, L”-normalized (that is,
Ity (r)|l, = 1) eigenfunction related to )11 (r). The nonlinear regularity theory and the
nonlinear Hopf maximum principle imply that i (r) € int (C é (§)+).

We also use the weighted eigenvalue problem

—Apu =rE@)uP?u inQ, 22)
u=~0 on 0€2,
with eigenvalue 2>0 and § € L°°(Q)+ \ {0}. We know that if £;(x) < & (x) a.e.in
Q and & # &, then )q(p &) < )q(p &1), see Motreanu et al. [14, Proposition
9.47(d)].
Let A, Wy () — W=I(Q) = Wy ()* with 1 + L = 1 be the nonlinear
operator defined by

(Ar(u), h)y = / |Vu|"2Vu - Vhdx forallu,h e W(}’r(Q),
Q
where (-, -) is the duality pairing between WOI’F(Q) and its dual space Wol’r(Q)*. This
operator is bounded, continuous, strictly monotone, and of type (S, ), that is,

Up—u in Wé’r(Q) and limsup (A, (un), up, —u) <0

n—o0
imply u,, — u in Wol’r(Q), see Motreanu et al. [14, p.40].
Let X be a Banach space, ¢ € C'(X) and ¢ € R. We introduce the following two
sets

Ky={ueX:¢'u=0} and ¢°={ueX:ou <c}.
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If (Y1, Y») is a topological pair such that Y» € Y] C X and k € Ny, then we denote
by Hi (Y1, Y>) the k-th singular homology group for the pair (Y1, Y») with integer
coefficients. If u € K, is isolated, the k-th critical group of ¢ at u is defined by

Ci(p,u) = Hi (9N U, 9" NU\{u}), k€N,

with ¢ = ¢(u) and U being an open neighborhood of u such that ¢ N K, NU = {u}.
The excision property of singular homology implies that the definition of Cy (¢, u) is
independent of the choice of the isolating neighborhood U, see Motreanu et al. [14].
The usage of critical groups allows us to distinguish between critical points of the
energy functional.

We say that ¢ € C (X) satisfies the Cerami condition (C-condition for short)
if every sequence {u,},en < X such that {@(un)}sey € R is bounded and
(1 + llunllx)¢ (uy) — 0 in X* has a strongly convergent subsequence. This is a
compactness-type condition on the functional ¢ which compensates the fact that the
ambient space X need not be locally compact.

Fors € R, we set s* = max{ts, 0}. If u: 2 — R is a measurable function, we
define u*(x) = u(x)* forall x € Q. If u € Wy”(Q), then u* ¢ W,”() and
u=ut—u"aswellas |u| =ut+u".Ifu, v: Q — R are two measurable functions
such that u(x) < v(x) for all x € €2, then we define

[u,v] = {h € Wé’p(Q) tulx) < h(x) <vx)fora.a.x € Q} .

Moreover, we denote by intc g [u, v] the interior of [u, v] N Cl(Q) in CL().
Finally, the critical Sobolev exponent of p € (1, 00), denoted by p*, is given by

ot = NN—fp if p <N,
400 if N < p.

3 Multiple Solutions

In this section, we produce three nontrivial solutions of problem (1.1) where two of
them have constant sign and one has changing sign.
Now we introduce the hypotheses on the data of problem (1.1).

Hp: 9 € L*®°(Q) and ¥ (x) < —cg < Ofora.a.x € Q.

Remark 3.1 It is an interesting open question if the results in this paper remain valid
under the weaker condition ¢ (x) < O for a.a.x € Q.

Hi: f: Q x R — Ris a Carathéodory function such that f(x,0) =0 fora.a.x € Q
and it satisfies the following assumptions:
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(i) there existr € (p, p*) and 0 < a(-) € L*°(£2) such that

£ = a0 (1415177

fora.a.x € Qand forall s € R;
(i) if F(x,s) = [ f(x,1)dz, then

. F(x,s)
lim =400
s—>+00 sP

uniformly for a.a.x € €2 and there exists

N
uwE ((r—p)max{—,l},p*)
p

such that

f(x,s)s — pF(x,s)

0< < lim inf
/30 T s>+ sH

uniformly for a.a.x € Q;
(iii) there exist 81 € L°°(£2) and B> > 0 such that

A(p) < Bi(x) fora.a.x € Q
with B1 # A1(p) and

By < Timinf 2% Jim sup
s——00 |s|P=2s s>—oc0 |S|P72s

uniformly for a.a.x € Q.
(iv) there exists B € (1, T) such that

f&.5)

1m =
s—0 |S|ﬂ_2S

uniformly for a.a.x € €,

. fxs)
lim inf
s—0 |s|T2s

=1 > [Pl

o) _

B2

uniformly for a.a.x € Q and for every A > 0 there exists (1) € (1, B) such

that L(A) — 2 € (1, B) as A — 0T and
fox)s <& (MsP® 4 1s1) = lsl?

fora.a.x € Q, forall s € Rwith¢, ¢ > 0.
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Remark 3.2 Hypotheses H; (ii) and Hj(iii) imply the asymmetric behavior of the
perturbation f (x, -). Indeed, hypothesis Hj (ii) says that f (x, -) is (p — 1)-superlinear
as s — 400 but need not satisfy the AR-condition, see, for example, Ghoussoub [6,
p-59]. Our condition is less restrictive and allows also nonlinearities with “slower”
growth as s — oo which fail to satisfy the AR-condition. Here, we refer to a
unilateral version of the condition since it concerns only the positive semiaxis [0, 00).
Hypothesis Hy (iii) says that f(x, -) is (p — 1)-linear as s — —oo and can be resonant
with respect to the principal eigenvalue of (—A, Wé 'P(Q)). Note that in hypothesis
H; (i), we want @ € L°°(2) in order to be able to apply the regularity theory of
Lieberman [12].

Example 3.3 The following function satisfies hypotheses H; but fails to satisfy the
AR-condition:

y () (IsIP=2s — [s1972s) ifs < —1,
Fles) = 1nx) (IsI"2s — Is[*~%s) if —1<s<1,

csP~n(s) if 1 <s,

withy € L¥(Q), y(x) = hi(q), ¥ # hi(g) and 5 € L®(Q), essinfon > [ ]lco,
c>0andp>pu>r.

Let ¢: W(}’p (2) — R be the energy functional corresponding to problem (1.1)
defined by

1 P 1 q 1 T
o) = —|IVullp + =IVullg — = | #x)[ul"dx — | F(x,u)dx
p q TJo Q

forall u € Wol’p(Q). It is clear that ¢ € Cl(Wol’p(Q)). Moreover, we introduce the

positive and negative truncations of ¢, namely, the C'-functionals ¢ : WO1 Q) - R
given by

1 1 1
or(u) = —|IVulh) + ~IVull ——f 9 (x) (u*)" dx—/ F (x, 2u™) dx
P q TJo Q

forallu e Wg’p(Q).
Our idea is to work with the truncated functionals ¢ : Wé Q) = R.

Proposition 3.4 Let hypotheses Hy and H, be satisfied. Then there exists 0 > 0 such
that

o) >m >0 forallu € W(}‘p(Q) with ||u|| = o.
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Proof From hypotheses H; (iv), we see that for given ¢ > 0, we can find ¢; = ¢ (g) >
0 such that

e—¢C
F(x,s) <

Is1f + ¢ (x|s|f‘<“ + |s|') fora.a. x € Qand forall s € R,
3.1)

Using (3.1) and hypotheses Hp, we get for u € Wé’p(Q)

1 PN _
ot (u) > (; — acallul| PP TP — eqlul)” 1’) llul?

for some ¢», ¢3 > 0.
Let

E.(1) = heat ™7 431" 7P fort > 0.
Since (1) < B < p < r, we see that
E(t) > 400 ast — 0% and as r — +o0.
Therefore, we find a number 7y € (0, oo) such that
£ (10) = inf £,(1).

Thus, & (fg) = 0, and this implies

. [m(p - mm]r—im
Tl ar-p '

Since &; (fo) — 0as A — 07, there exists 1o > 0 such that
1
&.(th) < — forall A € (0, 1p).
P
Fix A € (0, 1g), then, for ||u|| = tp, we have

@+ (u) > 0.

Next, we show that ¢ : Wol’p (2) — R satisfies the C-condition.

Proposition 3.5 Ler hypotheses Hy and Hi be satisfied. Then the functional
Ot W&’p(Q) — R satisfies the C-condition.
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Proof Let {u,},eny C Wol’p(Q) be a sequence such that

|4 (uy)| < c3 forsomecz > 0andforalln € N, (3.2)

A+ llunl) @ () = 0 in W=7 (). (3-3)

From (3.3), we get

(Ap<un),h)+<Aq<un),h>—f 9 (x) (u:)’”hdx—[ f (e u) hdx
Q

< okl e WP Q) with e, — 0F ) oy
T 1A fluall 0 " '
Choosing h = —u,, € WOL‘"(Q) in (3.4) gives ||u, ||” < e, foralln € N and so
u, =0 in W, (). (3.5)

Combining (3.2) and (3.5) yields
[V ||§ + BHVM,THZ — 3/ 9 (x) ()" dx —/ pF(x,uf) dx <cs (3.6
q TJQ Q

for some ¢4 > 0 and for all n € N. Next, we take h = u:[ € Wol’p(Q) in (3.4). We
obtain

_ ||Vu:{||§ — ||Vu,f ||Z + /Q U (x) (u;)f dx + /Q f (x, u:{) utdx <e, (3.7

for all n € N. Adding (3.6) and (3.7) and using hypotheses Hp as wellas T < ¢ < p,
we get

/ (f (x, uZ) u,‘f — pF (x, u;)) dx <cs (3.8)
Q

for some ¢s > 0 and for all n € N.
Hypotheses H; (i) and H; (ii) imply that we can find By € (0, Bo) and cg > 0 such
that

N

Bost —ce < f(x,s5)s — pF(x,s) 3.9)

fora.a.x € Q and for all s > 0. Using (3.9) in (3.8) leads to

”’4: ||Z < c¢7 forsome ¢y > 0 and forall n € N.
Hence
{u:}neN C L*() is bounded. (3.10)
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First, assume that p # N. From hypothesis Hj (ii) it is clear that we may assume
that © < r < p*. Then we can find ¢ € (0, 1) such that

11—t ¢
—=—+—. (3.11)
r wopr

Using the interpolation inequality (see Papageorgiou and Winkert [18, p.116]), we
have

i ], < ””;,F”:;t ||M,J,r||lp* foralln € N.
This combined with (3.10) results in

|u |- < es|uf|” forallneN (3.12)

with some cg > 0. Testing (3.4) with h = u;l € Wol’p(Q) we obtain
[Vt < e +/ f (o) ub dx foralln € N
Q

due to hypotheses Hp. Using Hj (i), this implies

lu 1P < co(1+ |uf])) forallneN

with some cg > 0. Combining this with (3.12) yields
it 17 < eto (14 Juf|7) foralin e (3.13)

for some c19 > 0.
Recall that p # N.If p > N, then by definition we have p* = oo and so

11—t
roow

’

see (3.11), which implies, because of H; (ii), that tr = r — u < p. Then we conclude
from (3.13) that

[} o € Wy'P () is bounded. (3.14)

n

If p < N, then we have by definition p* = NN—fp. So from (3.11) and H; (ii), it
follows

_pfr—p)  Np(r—up) Np(r — )
tr = <

= = p.
Pr—n Np —Np+pp Np—N,u~|-(r—p)%p

Hence, (3.14) holds again in this case.

@ Springer
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Finally, let p = N. Then by the Sobolev embedding theorem, we know that
WO1 P(Q) — L*() is continuous for all 1 < s < oo. Then, in the argument above,
we need to replace p* by s > r > u. We choose ¢ € (0, 1) such that

1 . 11—t t
which gives r w +;’
— M (3.15)
s — 1

Note that % —r—pass — +ooandr — u < p, see Hy (ii). We choose s > r
large enough such that

s(r—p)
s—

Then, using (3.15), we have tr < p and so {u:[}neN - Wol’p(Q) is bounded. Com-

bining this with (3.5), we obtain that {u, },en < Wé’p(ﬂ) is bounded.
Then there exists a subsequence, not relabeled, such that

up—u in WyP(Q) and w, — u in L' (). (3.16)

Ifweuseh = u, —u € Wol’p(Q) in (3.4), pass to the limit as n — oo and use
(3.16), we obtain

im ((Ap (), wn — u) + {Aq(un), un — u)) = 0.
By the monotonicity of A,, we have
(AgQu), un —u) < (Aq(un), un — u).
Using this in the limit above, we obtain

lim sup ((Ap(un), Uy — u) + (Aq(u), Uy — M)) <0.

n—oo

Hence, from the convergence properties in (3.16), we conclude that

lim sup (A, (un), up — u) < 0.
n—00

The (S4)-property of A, implies thatu,, — uin WO1 "7 (Q). This shows that ¢, satisfies
the C-condition.

Proposition 3.5 leads to the following existence result for problem (1.1).
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Proposition 3.6 Let hypotheses Hy and Hy. Then problem (1.1) has at least one positive
solution ug € Cé ()4 \ {0}.

Proof From Proposition 3.4, we know that
0+ (0)=0<m < @4 (u) forallu e WOI”’(Q) with |lu|| = 0. (3.17)
Also, from Proposition 3.5, we know that
04t WOl P(Q) — R satisfies the C-condition. (3.18)
Moreover, hypothesis Hj (ii) implies that if u € int (C}(Q)+), then
¢4 (tu) > —00 ast — +o0. (3.19)

Then, (3.17), (3.18), and (3.19) permit the usage of the mountain pass theorem.
Therefore, we can find ug € WO1 "7 (Q) such that

ug € Ky, and ¢ (0) =0 <m < ¢ (ug).

Hence, ug # 0. From Ho et al. [7, Theorem 3.1], we know that uo € LiO(Q). Then
the nonlinear regularity theory of Lieberman [12] implies that ug € Cé ()4 \ {0}.

Remark 3.7 Eventually, we will show that ug € int (Cé (§)+), see Corollary 3.12.
However, at this point, due to the negative concave term, we cannot use the non-
linear Hopf maximum principle, see Pucci and Serrin [23, p.120], and infer that
up € int (C(Q)4).

Next, we are looking for a negative solution of problem (1.1). So, we work with
the functional ¢_ : WO1 "7(Q) — R. For the functional ¢_ : WO1 P(Q) > R, we have
the following proposition.

Proposition 3.8 Let hypotheses Hy and Hi be satisfied. Then the functional
o Wol’p(Q) — R satisfies the C-condition.

Proof Let {u,},en C Wé’p(Q) be a sequence such that {¢_ (u,,)},en € R is bounded
and

(1 + lunl) @' (un) — 0 in WP (Q). (3.20)

From (3.20), we have

(A,,(un),h)+(Aq(un),h)+f ¥ (x) (u;)’*‘hdx—/ f(x,—u, ) hdx
Q

Q
enllhll

1,p . +
<——— forallh € W,"" () withe, — 0.
1+ [lun 0 "

(3.21)
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5 Page120f26 A. Crespo-Blanco et al.

If we choose h = u)f € Wol’p(Q) in (3.21), we obtain |lu,||P < &, foralln € N
which implies

wh =0 in W, (Q). (3.22)

Suppose that |u, || — oo and let y, =

‘,” | = 1foralln € N.
Therefore, we may suppose, for a subsequence if necessary, that

Ya—y inWyP(Q) and y, -y inLP(Q) (3.23)

for some y € Wol’p(Q) with y > 0. From (3.21) and (3.22), we obtain

1 (X)L
Ap(=yn), h -1-_—1‘\(—Y),h—/_—yr hdx
‘< pn)- ||un||ﬁ—q< o(=n)- ) a lluy IP=7"" (3.24)
G )hd < ¢ ||h|| forall h € WP (Q) withe! — 0F .
QW gyllhll forall h € Wy"(€2) with g, — 0.
n

Choosingh =y, —y € W(}’p(Q) in (3.24), passing to the limit as n — oo and using
the convergence properties in (3.23) gives

nli)n;o (Ap()’n), Yn — y) =0.

From the (S.)-property of A, : W&’P(Q) — W LP(Q) = W(;’p(Q)*, we conclude
that

Yo — y in W(}’P(Q) with ||y|| = 1 and y > 0. (3.25)
Note that from hypothesis H; (iii), we have

JC —un()7)
_

gy |71 —B)y?"" in LP(Q) (3.26)

With,é € L°(R) and B (x) < ,é(x) < B for a.a.x € Q, see Aizicovici et al. [1,
proof of Proposition 16] and Motreanu et al. [14, Proof of Theorem 11.15, p.317].

So, if we pass to the limit in (3.24) as n — oo and use (3.25) as well as (3.26), we
obtain

(Ap(=y), h) = /ﬁ(x)y” 'hdx forall h € WyP(R).

This means that

—Apy =By’ inQ, y|,,=0.
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From (3.25), we know that y # 0 and

M(p, B) < h(p,ai(p) =1, (3.27)

see (2.2). From (3.26) and (3.27), it follows that y must be sign-changing which is
a contradiction to (3.25), see also Motreanu et al. [14, Proposition 9.47(b)]. Thus,

{u;} € Wy'P (%) is bounded; hence, {u,} € W, " () is bounded, see (3.22). From

this as in the proof of Proposition 3.5, we conclude that ¢_ : WO1 7(Q) — R satisfies
the C-condition.

On account of hypothesis H; (iii), we see that
o_(tuy(p)) —> —oo ast — —oo. (3.28)

Then (3.28), Proposition 3.8, and the mountain pass theorem lead to the following
result.

Proposition 3.9 Let hypotheses Ho and Hi be satisfied. Then problem (1.1) has a
negative solution vy € —Cé () \ {0}.

In what follows S (resp.S—) denote the set of positive (resp. negative) solutions
to (1.1). From Propositions 3.6 and 3.9, we have

0 # S S CH@+\(0) and 0 #S- < (~CH@1+)\ (0}

Next, we are going to prove that S; has a minimal element and S_ a maximal
one. So we have extremal constant sign solutions, that is, there is a smallest positive
solution u, and a largest negative solution v,. These solutions will be useful in proving
the existence of a sign-changing solution. Indeed, any nontrivial solution of problem
(1.1) in the order interval [vy, u,] distinct from v, and u., is necessarily sign-changing.

On account of hypotheses H; (i) and H; (iv), for a given ¢ > 0, we can find
¢1 = ¢1(¢) > 0 such that

fx,9)s = [n—ells|” —cilsl”
fora.a.x €  and for all s € R. This implies
FOIs|™ + fCx,8)s = [0 — & — [P llool Is|” = Culs]”

for a.a.x € Q and for all s € R. By hypothesis H; (iv), we have n > ||¥| . So,
choosing ¢ € (0, n — ||¥]|0), Wwe have

D (x)|s|® + fx,8)s = éals|t —Crls|” (3.29)
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for some ¢; > 0, for a.a.x € Q and for all s € R. Then, (3.29) suggests that we
consider the following Dirichlet (p, g)-equation

—Apu — Agu = Eolul"2u — é1|ul " u in Q
b 4 (3.30)

u|im:0,l<r<q<p<r<p*,

Similarly to Proposition 4.1 of Papageorgiou and Winkert [17], we have the following
existence and uniqueness result.

Proposition 3.10 Problem (3.30) has a unique positive solution u € int (Cé (§)+)
and since problem (3.30) is odd, v = —u € —int (Cé (5)_,_) is the unique negative
solution of (3.30).

Proof First, we show the existence of a positive solution of problem (3.30). To this
end, let Y : W&’p (Q) — R be the C'-functional defined by

1 1 ¢ &
Vo) = IVullp + IVl + a7 = a7

forall u e Wé’p(Q). Since T < g < p < r, itis clear that yr, : Wé’p(Q) — Ris
coercive. Also, it is sequentially weakly lower semicontinuous. Therefore, there exists
it € Wy'” () such that

Wy (@) = inf [w+(u) Cue Wol”’(sz)]. (3.31)

Note that if u € int (Cé (§)+) and ¢ € (0, 1) small enough, then ¥4 (fu) < 0O since
T <q < p <randsowehave Y4 (u) <0 = ¢ (0). Thus, u # 0.
From (3.31), we have ¥/ (1) = 0, that is,

(A, i), h)+ (A, (ﬁ),h):ézf (ﬁ+)"1hdx—61/ @*) " hdx
Q Q

for all h € W, " (). Choosing h = —~ € W, () in the equality above shows
that u > 0 with u # 0. Moreover, the nonlinear regularity theory of Lieberman [12]
and the nonlinear strong maximum principle, see Pucci and Serrin [23, pp. 111 and
120], imply that @ € int (C}(Q)+).

Next, we show the uniqueness of this positive solution. For this purpose, we intro-
duce the functional j: L'(€2) — R U {oo} defined by

1 1 . 1 1,p
L]vur ifu=>0, ure W ",

P 1014
+ = HVM T

p 1 q

+00 otherwise.

Jjw) =

Letdom j = {u € L'(Q) : j(u) < 0o} be the effective domain of j: L'(Q) — RQ

{oo}. Using the ideas of Diaz and Sad [4] along with the fact that the function s +— st
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for T < 7 is increasing and convex, we know that j is convex. Let w € WOl P(Q) be
another positive solution of (3.30). As done before, we get w € int (Cé (§)+). From
I’Hospital’s rule, we have

e L¥(Q) and — e L®(Q). (3.32)

gl =
SIES

Leth =u" —w' € Cé (). From (3.32), we know that g—: < ¢ with ¢ > 0 and so
—w" > —cu’. Then, for |¢| small enough, we have

UW+th=04+0u" —tw" > (1 +¢t)—tc)u > 0.

Clearly, (u® + th)% € Wol’p(Q). Hence, u® + th € dom j. Similarly, we can show
that w* + th € dom j.

Then the convexity of j implies that the directional derivative of j at u* and at w”,
respectively, in the direction & exists. Moreover, using the nonlinear Green’s identity,
see Papageorgiou et al. [21, p.35], we have

J @) (h) = 1/ ) LT LT 1/ [é — eyt "] hdx,
TJQ u TJQ

j/ (wr) (h) = l/ M}l dx = l/ [52 _ Elw’*t]hdx.
Q Q

wr—l T
The convexity of j implies the monotonicity of j'. So, we have

0= [ [T —w ] @ — ) ax <0,
Q

Thus, u = w. o
Since equation (3.30) is odd, v = —u € —int (Cé (Q)+) is the unique negative
solution of (3.30).

Proposition 3.11 Let hypotheses Hy and Hy be satisfied. Then it holds u < u for all
ueSyandv <vforallv e S_, whereu,v are the unique nontrivial constant sign
solutions of (3.30) given in Proposition 3.10.

Proof Let u € S; and consider the Carathéodory function /1 : 2 x R — R defined
by

¢ (s'*')r_l — ¢ (s"')r_l if s <u(x),

Gu)™ V= &u) "t ifux) <s. (3:33)

Iy (x,s) =
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Weset Li(x,s) = f(; I (x, 1) dr and consider the C'-functional o : Wol’p(Q) — R
defined by

1 p 1 q
o) = —[Vulp + ~Vullg = [ Ly(x,u)dx
p q Q

forall u € Wy'” ().

From the truncation in (3.33), it is clear that o : WO1 (@) — R is coercive.
Moreover, it is also sequentially weakly lower semicontinuous. So, we can find €
W,'” () such that

o4 (i) = inf [o+(u) Cue Wg”’(sz)]. (3.34)

Since t < g < p < r,we see that oy () < 0 = 04(0). Hence, z # 0.
From (3.34), we have o, (it) = 0. This gives

(Ap @), h)+(Ay (@), h)= /Ql+ (x, i) hdx (3.35)

forall h € W, (). n (3.35) we first choose i = —ii~ € W,'” () and obtain it > 0

and iz # 0. Then we choose h = (i —u)™ € Wé’p(Q). This yields by applying (3.33)
along with (3.29) and the fact thatu € St

(Ap @), 1 —uw)T)+(Ag @), (@ —uw)T)
= / [Ezuf_l — Elur_l] (1t —u)" dx
Q
< / [z?‘(x)ut_1 + f(x, u)] (@ —u)" dx
Q
=(Ap ), (@ —w)*)+(Ag ), @ —wt).
Hence, i < u. So we have proved that
uel0,u]l, u#0. (3.36)
From (3.36), (3.33), and (3.35), it follows that # is a positive solution of (3.30). Then

u=u €int (Cé(§)+) andsou <uforallu € S;.
Similarly, we show that v < vforallv € S_.

We have the following corollary.

Corollary 3.12 Let hypotheses Hy and H; be satisfied. Then

g+ 8, Cint (c5(§)+) and ¥ #S_ C —int (cg(§)+) .
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Now we are ready to produce extremal constant sign solutions.

Proposition 3.13 Let hypotheses Hy and Hy be satisfied. Then there exist solutions
uy € Sy and v, € S_ such that

uy <u forallue Sy and v <v, forallveS_.
Proof From Papageorgiou et al. [19, Proposition 7], we know that Sy is downward
directed. So, using Lemma 3.10 of Hu and Papageorgiou [8], we can find a decreasing
sequence {u, }neN such that
inf u, =inf S;.
peN " T OF
Since u, € S4, we have

(Ap (un) , h)+(Aq (u,,),h)zfgﬁ(x)u;—‘hdwr/gf(x,un)hdx (3.37)

for all h € W(;’p(SZ). Evidently, the sequence {u,},en < W(;’p(SZ) is bounded. So,
we may assume that

up—u, in WyP(Q) and u, — u, in L' (). (3.38)

Choosing h = u, — u in (3.37), passing to the limit as n — oo, and using the
convergence properties in (3.38), we obtain

lim sup (A (un), un — u) < 0.
n—>oo

Then, by the (S, )-property of A, we get
Uy — uy in Wy (Q). (3.39)

Passing to the limit in (3.37) and using (3.39), we have
(Ap (uy), h) + (Aq (uy), h) = / ﬂ(x)ui_lh dx + / f(x,ue)hdx
Q Q

forall h € W(}’p(Q). From Proposition 3.11, we know that # < u,. Hence, u, € S+
and u, <uforallu € S;.

Similarly, we produce v, € S_ such that v < v, for all v € S_. Note that S_ is
upward directed.

Using the extremal constant sign solutions obtained in Proposition 3.13, we are
going to prove the existence of a sign-changing solution. As explained earlier, we
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focus on the order interval [v,, u,] and look for solutions in [vy, u] \ {0, us, vs}.
Such a solution turns out to be sign-changing.

Implementing the approach just described, letu, € St and v, € S_ be the extremal
constant sign solutions from Proposition 3.13 and consider the truncation functions
ki, ky: 2 x R — R defined by

B (0|0 ()T 205 (x) if s < v, (x),
ki(x, s) = 1 9 (0)ls|2s if 0, (0) <5 < s (), (3.40)

D ()1 (x) 7! ifu,(x) <s,
and

S, ve(x)) if's < vi(x),
ka(x,s) =1 f(x,s) ifve(x) <s <ue(x), (341
flx,ue(x)) ifug(x) <s.

It is clear that both are Carathéodory functions. We set
k(x,s) =ki(x,s) + ky(x,s). (3.42)

Furthermore, we introduce the positive and negative truncations of k(x, -), namely the
Carathéodory functions

ki (x,s) = ki (x, £5%) + ko (x, £5%). (3.43)
We set
N S
Kl(x,s):/ ki(x,t)drt, Kg(x,s):/ ky(x,t)dt,
0 0
N
K(x,s) = Ki(x,s) + Ka(x, ), Ki(x,S)=/ k+(x,t)dt
0

and consider the C!-functionals g,y Wol’p (2) — R defined by

1 1
cw) = —|Vullh + = Vull2 —/ K(x,u)dx forallu e W(}”’(sz) (3.44)
p q Q
1 p 1 q Lp
) = —[Vullh + =IVulld — | Ki(x,u)dx forallu e W, " (Q),
p q Q
Applying (3.40), (3.41), (3.42), and (3.43), we check easily that

K Slve, ] N CHE), Koy 10,010 CE and Ke C[v,,010 (~CH@).
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Due to the extremality of u,. and v,, we conclude that
K¢ C [y, usl N Cé(ﬁ), K. ={0,u,} and K, ={0,vy}. (3.45)

Proposition 3.14 Let hypotheses Hy and H| be satisfied. Then u, € S; and vy, € S—
are local minimizers of ¢ : W(;’p(SZ) — R.

Proof Because of (3.40), (3.41), and (3.43), it is clear that ¢, : W(;’p(Q) — Ris
coercive and it is also sequentially weakly lower semicontinuous. Hence, we find

iix € W, (%) such that

£ (@) = inf Lmu) Cue Wé’p(Q)J <0=12,(0), (3.46)
since T < g < p,fort € (0, 1) small enough, we have by using H; (iv) and choosing

e €0.,n—17c)

Vil Vil 1
C+(tu*)§tp” u*||p+tq|| u*||q+tr_(/ [||l9||oo—(77—8)]uidx><0
p q T \Ja

Due to (3.46), we know that i, € K, and 50 it = u,, see (3.45). Let o > 0 and

—l e}
Bt = fu e Y@ ¢ -y = o)

. . =}
Since ¢ |Cé(§)+= Cy |Cé(§)+, we obtain for u € B,

C(u) — ¢(uy) = ¢(u) — &4 (uy)
> () — &y (u)

:/ [K+(x,u) — K(x,u)] dx (3.47)
Q
=/ —K (x, —u_) dx +/ —K> (x, —u_) dx.
Q Q
We write as abbreviation

{—u” < v} i={xeQ: —u (x) <vi(x)},

v = —u"}i={x € Q: vex) < —u" (0}
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Then, for the first integral on the right-hand side in (3.47), we have
f —K (x, —u_) dx
Q
v
=f (— Ol — 90) [0 20 (™ = v*>]> dx
{—u=<vy} T

(3.48)
—9(x
+ / 0 () d
{ve<—u~—} T
-0
2/ @) )7 dx
{va<—u=} T
From H; (iv), for given ¢ > 0, we can find ¢1; = ¢11(¢) > 0 such that
e Fye 20 g1
F,s) = =I5l +éu (MsP® +1s1") (3.49)

for a.a.x € Q and for all s € R. Using (3.49), the second integral on the right-hand
side in (3.47) can be estimated by (see also the proof of Proposition 3.4)

/ —K> (x, —u_) dx
Q
= / —[Fx, v + f(x,v)(—u” —v,)] dx
{—u™<wy}
—/{ _}F(x,—u_) dx (3.50)

> / [P G ) + £ v (i = v.)] dx
{—u—<vy}

[ el
{ve<—u~}

Combining (3.47), (3.48), (3.50) and applying hypotheses Hp, we obtain

¢(u) = &(uy)
2/ —[FOv) + fl, v (—u™ —v,)] dx
{—u~<vy}

vx) -
o (e s )@ e
z/ —[Flx,v) + fx, v)(—u™ —v,)] dx

{—u™<vy}

+/U*< ) % )" =& (o) (u ‘)”) dx.
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J— !
Recall that u, € Cé(Q)Jr \ {O}and u € Bgo. Hence, we have
lu=|, — 0 aso— 0%

Thus, |[{—u~ < vi}ly — 0aso — 0" and |{vy < —u"}|§y > O for o > 0 small
enough and it is also decreasing in ¢. Then, for A small and for ¢ > 0 small enough,
from (3.51), it follows that u, is a local Cé (£2)-minimizer of ¢ and from Papageorgiou

and Radulescu [16], we deduce that u, is a local W(}’p (2)-minimizer of ¢.
Similarly, working with ¢_ instead of ¢, we can show the result for v, € S_.

Now we are ready to generate a sign-changing solution for problem (1.1).

Proposition 3.15 Let hypotheses Ho and Hy be satisfied. Then problem (1.1) has a
sign-changing solution yg € [vy, U] N Cé ().

Proof We assume that K is finite, otherwise on account of (3.45), (3.40), and (3.41),
we would have infinity smooth sign-changing solutions. Moreover, we assume that
¢ (vy) < ¢(uy). The analysis is similar if the opposite inequality holds. From Propo-
sition 3.14, we know that u, is a local minimizer of ¢. Recall that the functional ¢
is coercive. So, it satisfies the C-condition, see, for example, Papageorgiou et al. [21,
p.369]. So, using Theorem 5.7.6 of Papageorgiou et al. [21], we can find p € (0, 1)
small enough such that

§(s) = &(uy) <inf [$(u) : [lu —usll = pl=1m, and [Jvx —usll > p.
Therefore, we can use the mountain pass theorem and find yg € Wg’p (£2) such that
Y0 € K¢ € [vi, ] N Cy(), (3.52)
see (3.45), and

$(vs) = C(us) <mp < &(yo). (3.53)

From (3.53), we see that yg ¢ {v., u.}. Moreover, Theorem 6.5.8 of Papageorgiou
et al. [21] implies that

Ci (g, y0) #0. (3.54)

On the other hand, the presence of the concave term and the C ! -continuity of critical
groups imply that

Cr(£,0) =0 forall k € Ny, (3.55)
see Leonardi and Papageorgiou [11, Proposition 6] and Papageorgiou et al. [21, Propo-

sition 6.3.4]. Comparing (3.54) and (3.55), we infer that yy # 0. Taking (3.52) into
account, we conclude that yg is a smooth sign-changing solution of problem (1.1).
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Summarizing this, we can state the following multiplicity theorem for problem

1.1).

Theorem 3.16 Let hypotheses Hy and Hy be satisfied. Then problem (1.1) has at least
three nontrivial smooth solutions

1o € int (C3(§)+), vo € — int (c5(§)+)
and

Yo € [vo, upl N Cé Q) being sign-changing.

4 Infinitely Many Nodal Solutions

In this section, under a local symmetry condition on f(x, -), we prove the existence
of a whole sequence of nodal solutions converging to 0 in Cé ().
The new conditions on the perturbation f: 2 x R — R are the following ones:

Hy: f: QxR — RisaCarathéodory function such that f(x, -) isodd fora.a.x € @
in [—y, y] with y > 0 and it satisfies the following assumptions:

(i) there existr € (p, p*) and 0 < a(-) € L*°(R2) such that

Fa 9l <a@ (1+1s17)

fora.a.x € Qand forall s € R;
(i) if F(x,s) = [ f(x,1)dz, then

. F(x,s)
lim =400
s——+00 sP

uniformly for a.a.x € €2 and there exists
N *
uwel(r—pmaxi{—,1:,p
p

_pF
0 < fo < liminf 20035 = PFXx.5)

s—>~400 sH

such that

uniformly for a.a.x € ;
(iii) there exist 81 € L°°(£2) and B> > 0 such that

i](p) < Bi(x) fora.a.x € Q
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with B1 # A1(p) and

B10o) < timinf 52 iy qup L0
S0 |S|p_2s §—>—00 |S|P—2s

<h

uniformly for a.a.x € Q.
(iv) there exists 8 € (1, ) such that

. fxs)
lim ——- =0
ey |s|B—2s
uniformly for a.a.x € Q and
. fxs)
hgri)lgf 5172 >n > [Pl

uniformly for a.a.x € Q and for every A > 0 there exists (1) € (1, B) such
that L(A) — 2 € (1, B) as A — 0T and

fe9s <& (MslP® 4 Js17) = st

fora.a.x € Q, foralls € Rwith¢, ¢ > 0.

Recall that the functional ¢ : WO1 "P(Q) — Ris given by
1 p 1 q 1,p
Cu) = —|IVullp + =IVullg — | K(x,u)dx forallu € Wy" (),
p q Q

see (3.44), where the difference is that, due to the local oddness of f(x,-), we
truncate in (3.40), (3.41) above at int(C}(Q)+) > # < min{y,u,} instead
of u, and below at —int (Cé(§)+) E) (—ﬁ) > max{—y, vy} instead of v,.
LetV C Wol’p (2) N L°°(L2) be a finite-dimensional subspace.

Proposition 4.1 Let hypotheses Hy and H; be satisfied. Then there exists py > 0 such
that

sup[£(u) :u eV, |lull =py] <0.

Proof On account of hypothesis Hj (iv), for a given ¢ > 0, there exists § = §(¢) > 0
such that

1
F(x,8) > —(m—e¢)ls|” 4.1)
T
fora.a.x € Q and for all |s| < 4.
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Since V is finite dimensional, all norms are equivalent. Therefore, we can find
py > 0 such that

u e Vand |u|| < py imply |u(x)| <46 fora.a.x € Q. “4.2)

Applying (4.1) and (4.2), we have for ||u|| < pv
1 b ] g 1 .
) = —IIVull” + =IVull* — = | (n—& = 1D loo) lu|” dx,
p q TJQ

see the truncations in (3.40) and (3.41). Recalling that n > |||, We choose ¢ €
(0, 7 — |9 loo)- Then, using once more the fact that on V all norms are equivalent, we
obtain

1 1 A
g(u) = ;IIVMII‘" + EIIVMII‘I = Crllull®

for some ¢; > 0.
Since T < g < p, choosing py € (0, 1) even smaller if necessary, we have

sup[£(u) :u eV, |lull =py] <0.

Now we are ready for the new multiplicity theorem for problem (1.1) under H».

Theorem 4.2 Let hypotheses Hy and H, be satisfied. Then problem (1 1) has a whole
sequence of distinct nodal solutions {u, }neN such that u, — 0 in Cé ().

Proof Evidently, the functional ¢ : W(} "7 (Q) — Riseven, ¢(0) = 0 and it is bounded
below and satisfies the C-condition being coercive due to (3.40) as well as (3.41). Then
it satisfies the PS-condition as well, see Papageorgiou et al. [21, Proposition 5.1.14].
On account of Proposition 4.1, we can apply Theorem 1 of Kajikiya [9] and obtain a

sequence {uy, }pen < W(}’p(Q) such that

u, € K; foralln e N and u, — 0 in Wy"().
Note that u,, € L°°(2) (see, for example Ho et al. [7, Theorem 3.1]). Then, from the
nonlinear regularity theory due to Lieberman [12, p.320], there exist @ € (0, 1) and
M > 0 such that

u, € Cy°(Q) and luy, <M.

i@
Using the compactness of Cé’a(ﬁ) into C} () gives
u, € CH(Q) foralln e N and u, — 0 in CH(R).

Since intcy g (Vs ] # ¥ (recall that v, € —int (Cg(R)+) . ux € int (Co(R)4)). it
follows that {u,, },>n, € [v«, us] for some ng € N. These are nodal solutions of (1.1).
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Remark 4.3 Tt will be interesting to extend the results of this paper to anisotropic
equations. We believe that this is feasible. However, concerning possible extensions
to double-phase problems with unbalanced growth, we doubt that this is possible due
to the lack of a global regularity theory for such problems.
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