Technische Universität Berlin

Institut für Mathematik

On instantaneous control for a nonlinear parabolic boundary control problem

Daniel Wachsmuth

Preprint 46-2003

Preprint-Reihe des Instituts für Mathematik Technische Universität Berlin

Report 46-2003 December 2003

ON INSTANTANEOUS CONTROL FOR A NONLINEAR PARABOLIC BOUNDARY CONTROL PROBLEM

daniel wachsmuth^1

A method of instantaneous control type is considered for a nonlinear parabolic boundary control problem with box constraints on the control. It is shown that the method exhibits fixed points. In numerical examples, convergence towards a fixed point occurs, which is not the best possible one. Consequently, a new hybrid method is suggested, which behaves essentially better as the standard method.

Key words. Optimal boundary control, parabolic equation, control constraints, instantaneous control, receding horizon

AMS subject classifications. 49M30, 49K20

1 Introduction

In this paper we study instantaneous control of the following parabolic boundary control problem:

min J(u, y) = 1 2 ∫ Ω (y(x, T ) − y_d(x))^2dx + γ 2 ∫ Σ u(x, t)^2dtdS_x (P )

subject to the control constraint u ∈ U_{ad} and the state equation y_t − Δy + y = 0 in Q, ∂_ny = b(y) + u on Σ, y(0) = y_0.

(1.1)

The set of admissible controls describes box constraints:

U_{ad} = {u ∈ L^∞(Σ) : u_a(x) ≤ u(x, t) ≤ u_b(x) for almost all (x, t) ∈ Σ}. (1.2)

Here, u_a and u_b are given functions of L^∞(Γ) satisfying

u_a(x) ≤ 0 ≤ u_b(x) (1.3)

almost everywhere on Ω. Here, Ω is an open domain of R^n with C^{2,1}-boundary Γ. The set Q and Σ are products of Ω resp. Γ with the time axis (0, T ). The required properties of the nonlinearity b will be specified later.

The control problem (P ) is well-understood. Necessary conditions were derived for instance in [6, 22, 24], also sufficient conditions were established [10, 21]. In consequence, a large variety of numerical methods are known, for instance methods of SQP-type to cope with the nonlinearity and primal-dual active-set strategies to solve the constrained programming problem, see [3, 11, 12, 15].

Suboptimal methods of instantaneous control type were first introduced in the control of the stochastic Burgers equation, [8]. However, such methods are known in the literature under different names as for example model-predictive control or receding horizon control. They require less computational resources than the solution of the optimal control problem. So these methods are very attractive for the control of — maybe turbulent — fluid flows, where the numerical solution of the optimal control problem with adequate accuracy can take days

1Technische Universität Berlin, Fakultät II – Mathematik und Naturwissenschaften, Str. des 17. Juni 136, D-10623 Berlin, Germany. This work was supported by DFG Sonderforschungsbereich 557 ‘Beeinflussung komplexer turbulenter Scherströmungen’

or weeks. See for instance [4, 7]. In the control theory of finite-dimensional dynamical systems many articles are concerned with stabilizing properties of suboptimal controlled systems, see [20] and the references in [2, 19].

However, for infinite-dimensional system i.e. systems governed by partial differential equations at present only a few papers are dealing with the stability analysis of the instantaneous control method, cf. [13, 14]. There the control is brought in the system as distributed control, which is an essential pre-requisite of the underlying analysis. In [26], instantaneous control for the one-dimensional heat equation was investigated. Due to the simplicity of the problem, box-constrained boundary control could be studied. It was reported, that this method yields to suboptimal controls with a weak performance of the cost functional of the control problem (P ). Hence, a improved hybrid method was suggested. One concern of the present paper is to generalize this hybrid method to higher dimensional and nonlinear parabolic systems.

1.1 The method of instantaneous control

We explain briefly, how the instantaneous control method works. At first, the time interval [0, T ] is divided in N subintervals of length τ = T/N, I_j = [jτ, (j + 1)τ], j = 1 . . . N. The aim of minimizing (P ) is to approximate y_d in the L^2-norm at the final time T . Therefore, it seems to be natural to choose the control on the first time interval [0, t_1] such that |y(t_1) − y_d|_2 is minimized. Starting from y(t_1), the control on the next time interval [t_1, t_2] is selected such that |y(t_2) − y_d|_2 is minimal. These steps are repeated until the suboptimal control on the whole interval [0, T ] is computed. To be more formal, the instantaneous method minimizes for j = 1 . . . N

min J_τ (u_j , y_{j−1}) = 1 2 ∫ Ω (y_j (x) − y_d(x))^2dx + γ 2 ∫ Σ_τ

u_j (x, t)^2dtdS_x (P_τ )

subject to the control constraint

u_j ∈ U_{ad,τ} = {u ∈ L^∞(Σ_τ ) : u_a(x) ≤ u(x, t) ≤ u_b(x) for almost all (x, t) ∈ Σ_τ },

and y_j = y(x, τ), where y solves

y_t − Δy + y = 0 in Q_τ , ∂_ny = b(y) + u_j on Σ_τ , y(0) = y_{j−1}.

(1.4)

Here, we used the notation Q_τ = Ω × [0, τ] and Σ_τ = Γ × [0, τ]. The numerical results show, that this method converges to a fixed point. We give an explanation, why this could happen at all. Behind each step there is the following mapping Φ: to each initial value y_{j−1} is associated the optimal control of (P_τ ), denoted by u_j := ū(y_{j−1}), which gives in turn a new state y_j , i.e. y_j = Φ(y_{j−1}). By simple induction it follows y_j = Φ(y_{j−1}) = · · · = Φ^j (y_0), so that this method realizes a fixed point iteration. In the linear case Φ was shown to be contractive, [26]. Thus, the instantaneous control method converges to a fixed point. However, in the nonlinear case Φ is not even well-defined. Since the optimization problem (P_τ ) is not uniquely solvable in general, the control u_j might not be uniquely determined and so the new state y_j . Therefore, we will define a fixed point y_f of Φ in the following sense:

Definition 1.1. A function y_f is called a generalized fixed point of Φ if the following conditions are satisfied:

(i) There exists an admissible control u_f ∈ U_{ad,τ} , which satisfies the necessary optimality conditions of (P_τ ) with initial condition y(0) = y_f .

(ii) It holds y_f = y(τ), where y solves (1.4) with initial condition y(0) = y_f and control u = u_f .

This definition is made from a practical point of view. In real computations, the optimal control of the nonlinear control problem is determined by methods solving the optimality system. The so-obtained control satisfies the first-order necessary optimality conditions. Therefore, it is natural to require the fixed point control u_f to fulfill only these necessary conditions. In the following, we will not make use of any second-order necessary or sufficient optimality conditions to ensure local optimality.

The main result of this paper is that under suitable conditions a generalized fixed point of Φ exists. The rest of this section is devoted to a formal investigation of the properties of such a fixed point. For the detailed analysis we refer to the Sections 2 and 3.

Let us assume that a generalized fixed point of Φ exists and denote it by y_f with associated control u_f . Then it holds y_f = ȳ(0) = ȳ(τ), where ȳ solves

y_t − Δy + y = 0 in Q_τ , ∂_ny = b(y) + u_f on Σ_τ , y(0) = y(τ),

(1.5)

which is a problem with time-periodicity condition. The solvability of (1.5) follows from the solvability of the original initial value problem since y(0) = y_f is given. The necessary condition for u_f to be locally optimal of (P_τ ) is

(ȳ(τ) − y_d, V (u − u_f )(τ)) + γ(u_f , u − u_f ) ≥ 0 ∀u ∈ U_{ad,τ} ,

where V is defined as V u = y, and y solves the linearized equation

y_t − Δy + y = 0 in Q_τ , ∂_ny = b^′(ȳ)y + u on Σ_τ , y(0) = 0.

(1.6)

In order to prove the existence of a fixed point, we will regard linearized systems. The state ȳ is also a solution of system (1.5) with changed boundary condition

∂_ny = b(ȳ) + b^′(ȳ)(y − ȳ) + u_f on Σ_τ .

Therefore, we will consider systems with the linear boundary condition

∂_ny + αy = f + u on Σ_τ ,

for general α, f. Here, we have in mind to set α := −b^′(ȳ) and f := b(ȳ) − b^′(ȳ)ȳ, where the state ȳ is given. We will show that the instantaneous control method for systems with linear boundary condition will converge to a fixed point (u^∗, y^∗).

We prove that a generalized fixed point of Φ is associated with a fixed point of the mapping Ψ defined in the following. Let be given a state ȳ. Set the coefficients of the linear boundary condition α, f as explained above. Then we consider instantaneous control of the linear parabolic system: Minimize (P_τ ) subject to u ∈ U_{ad,τ} and

y_t − Δy + y = 0 in Q_τ , ∂_ny + αy = f + u on Σ_τ , y(0) = y_0.

The instantaneous method applied to this linear system will converge to a uniquely determined fixed point consisting of a state y^∗ and a control u^∗. The state y^∗ fulfills the conditions of Definition 1.1 adapted to the linear case. Hence, it holds y^∗ = ỹ(0) = ỹ(τ), where ỹ solves the time-periodic system y_t − Δy + y = 0 in Q_τ , ∂_ny + αy = f + u^∗ on Σ_τ , y(0) = y(τ),

Putting this together, we get the following chain of mappings defining Ψ:

ȳ → ( − b^′(ȳ), b(ȳ) − b^′(ȳ)ȳ ) =: (α, f) → (y^∗, u^∗) → ỹ =: Ψ(ȳ).

We will develop sufficient conditions for the existence of a fixed point of Ψ. This will be done by showing that Ψ is a compact mapping of a set Y on itself. Thus, Schauder’s fixed point theorem will apply.

The plan of the paper is as follows: Its first part, contained in Section 2, deals with the linearized parabolic equation, where dependence of solutions on the data (α, f) is studied. Time-periodic linear systems are investigated in Section 2.4. Secondly, the instantaneous control method for linear parabolic systems is analyzed in Section 3. The existence theorem for fixed points of the mapping Ψ is given in Section 3.2. Section 4 is devoted to a brief discussion of improved suboptimal mehtods based on the standard instantaneous control method. Finally, numerical results confirming the theory are given in Section 5.

Remark 1.1. The instantaneous control method we are considering here is a bit different to common approaches in the literature. Frequently in the literature, only one gradient step in direction −∇J_τ (u^0_j , y_{j−1}) is applied to obtain the control instead of solving the optimization problem, confer [4, 7, 13].

2 The linearized equation

In the following, we will investigate linear parabolic systems. At first, we define function spaces which we will need in the analysis of the problem. Then, the properties of solutions and the associated solution operators are studied. Here, we utilize the theory of semigroups. Further, we deal with time-periodic linear systems.

2.1 Notations and Preliminary results

Once and for all, we fix 1 < p < ∞ and

n/p < 2σ < 2σ^′ < 1 + 1/p. (A1)

The left-hand side of (A1) implies that W^{2σ}_p (Ω) is continuously imbedded in C(Ω̄). Here W^{2σ}_p (Ω) denotes the standard Sobolev-Slobodeskii space. To begin with, let us define a linear operator A in L_p(Ω) by

D(A) = {w ∈ W^2_p (Ω) : ∂_nw = 0 on Γ},

where ∂_nw is regarded as an element of W^{1−1/p}_p (Γ), and

Aw = −Δw + w, w ∈ D(A).

−A is the infinitesimal generator of an analytic semigroup S(t), t ≥ 0, of linear continuous operators in L_p(Ω), [9, 17, 18]. Furthermore, we introduce the linear continuous ”Neumann operator” N : L_p(Γ) → W^s_p (Ω), s < 1 + 1/p, by Nf = w, where w is the solution of

−Δw + w = 0, ∂_nw = f, f ∈ L_p(Γ).

Let us define an abstract Nemytski operator B : W^{2σ}_p (Ω) → L_p(Γ) by

(B(w))(x) = b(w(x)) x ∈ Γ.

If the functions b, u, and w_0 in (1.1) are sufficiently smooth, then the classical solution w of (1.1) satisfies the following integral equation,

w(·, t) = S(t)w_0 +

∫_t 0 AS(t − s)N(B(w) + u)ds. (2.1)

This is the well-known Variation of constants formula, confer [1, 17]. In [1], the following useful estimate to work with the integral in (2.1) was proven:

|AS(t)N|_Lp_{(Γ)→W} 2σ_{p (Ω)} ≤ c t^{−(1−(σ′−σ))}, 2σ < 2σ^′ < 1 + 1/p. (2.2)

Moreover, it holds that S(t) restricts to a strongly continuous semigroup on W^{2s}_p (Ω), 2s < 1 + 1/p. Therefore, the function w(t) = S(t)w_0 belongs to C ( [0, T ], W^{2σ}_p ) provided that w_0 ∈ W^{2σ}_p (Ω).

To make clear in what sense (2.1) has to be solved, we generalize (2.1) in an obvious way. Definition 2.1 (Mild solution). A function w ∈ C ( [0, T ], W^{2σ}_p ) is called a mild solution of (1.1) if it satisfies the nonlinear integral equation (2.1) in W^{2σ}_p (Ω).

2.2 Existence and uniqueness of solutions

Here we study solvability of the linear system

y_t − Δy + y = 0 in Q,

∂_ny + αy = g on Σ, y(0) = y_0,

(2.3)

where we suppose y_0 ∈ W^{2σ}_p (Ω),

α ∈ L^∞(Σ), α(x, t) ≥ α_1 > 0 a.e. on Σ, (A2)

and g ∈ L^ν (0, T ; L^p(Γ)) with ν chosen such that

(σ^′ − σ)^{−1} < ν ≤ ∞. (A3)

Henceforth, we will assume that the assumptions (A1), (A2), (A3) are satisfied. This is necessary to prove existence and uniqueness of solutions of (2.3). According to Definition 2.1, we say that w ∈ C ( [0, T ], W^{2σ}_p ) is a mild solution of (2.3) if it satisfies

w(·, t) = S(t)w_0 +

∫_t 0 AS(t − s)N(g(s) − αw(s))ds. (2.4)

It is known, that (2.3) admits a unique mild solution.

Theorem 2.1. Let be α ∈ L^∞(Σ) and g ∈ L^ν (0, T ; L^p(Γ)) given. Then (2.3) has a unique mild solution y ∈ C ( [0, T ], W^{2σ}_p ) . A proof is given for instance [25]. For further regularity results confer also [21, 22]. For convenience, we introduce the following integral operators S_α(t) and V_α. We define S_α(t)y_0 = w(t) to be the solution of

w(t) = S(t)y_0 −

∫_t 0 AS(t − s)Nα(s)w(s)ds,

and (V_αg)(t) = v(t) to solve

v(t) =

∫_t 0 AS(t − s)N ( g(s) − α(s)v(s) ) ds. Then the mild solution w of (2.3) can be splitted in the following way:

w(t) = S_α(t)y_0 + (V_αg)(t) (2.5)

The mapping properties of these operators are investigated in the next lemma.

Lemma 2.2. Let α ∈ L^∞(Σ) be given. Then it holds

|V_α|_{Lν (0,T ;Lp(Γ))→C}(_{[0,T ],W 2σp} ) ≤ c ϕ ( |α|_L∞_{(Σ)} ) , |S_α|_{W 2σp (Ω)→C}(_{[0,T ],W 2σp} ) ≤ c ϕ ( |α|_L∞_{(Σ)} ) , with a positive and monotone increasing function ϕ and constants c > 0 independent of α. Moreover, V_α is a compact mapping from L^ν (0, T ; L^p(Γ)) to C ( [0, T ], W^{2σ}_p ) . Before proving this lemma, we will cite a result from [25].

Proposition 2.3. The integral operator L given as

(Lf)(t) =

∫_t 0 AS(t − s)Nf(s)ds

is a compact operator from L^ν (0, T ; L^p(Γ)) to C ( [0, T ], W^{2σ}_p ) , provided ν, p, σ satisfy (A1) and (A3).

Proof of Lemma 2.2. For given b ∈ C ( [0, T ], W^{2σ}_p ) define the operator T_α as w = T_αb, where w solves the integral equation

w(t) = b(t) −

∫_t 0 AS(t − s)Nα(s)w(s)ds.

The unique solvability of this equation follows from the solvability of the nonlinear integral equation (2.1) proven in [25]. We then estimate,

|w(t)|_W 2σ_p ≤ |b(t)|_W 2σ_p + | | | | ∫_t 0 AS(t − s)Nα(s)w(s)ds | | | |_{W 2σp} .

The second addend we treat using (2.2) as follows | | | | ∫_t 0 AS(t − s)Nα(s)w(s)ds | | | |_{W 2σp} ≤ c

∫_t 0 (t − s)^{−β} |α(s)w(s)|_Lp_{(Γ)}ds

≤ c|α|_L∞_{(Σ)}

∫_t 0 (t − s)^{−β} |w(s)|_W 2σ_p ds

where β = 1 − (σ^′ − σ). The exponent β is smaller than 1, thus the kernel (t − s)^{−β} is at least integrable. Lemma 2.4, which can be found below, yields

|(T_αb)(t)|_W 2σ_p ≤ |w(t)|_W 2σ_p ≤ ϕ ( |α|_L∞_{(Σ)} ) |b|_{C([0,T ],W} 2σ_{p )}, (2.6)

where ϕ is a positive and monotone function. Hence we proved

|T_α|_C(_{[0,T ],W 2σp} )_{→C}(_{[0,T ],W 2σp} ) ≤ ϕ ( |α|_L∞_{(Σ)} ) . The operators S_α and V_α we can rewrite using T_α as

S_α(t)y_0 = (T_αS(·)y_0)(t) (V_αg)(t) = (T_αLg)(t)

(2.7)

The norm estimate of S_α follows immediately from the fact that S(t) is a strongly continuous semigroup on W^{2σ}_p (Ω), cf. [1]. The claims concerning V_α are a consequence of Proposition 2.3 and the linearity and boundedness of T_α.

Here, we will provide an estimate on the solution of the integral inequality

z(t) ≤ a(t) + ω

∫_t 0 (t − s)^{−β}z(s)ds, (2.8)

with β = 1 − (σ^′ − σ) < 1. In the sequel we make frequently use of the following well-known, [23, 25], result.

Lemma 2.4. Let ω ≥ 0 and a ∈ C[0, T ] be given. If the solution z of the inequality (2.8) is in C[0, T ], then we have ‖z‖_{C[0,T ]} ≤ ϕ(ω) ‖a‖_{C[0,T ]}, with a positive and monotone increasing function ϕ. Proof. It is convenient to introduce a new norm ‖ · ‖_λ by ‖g‖_λ := ‖h‖_{C[0,T ]} with g(t) = e^{−λt}h(t), where λ is a nonnegative real number to be specified later. This norm is equivalent to ‖·‖_{C[0,T ]}. Multiplying (2.8) by e^{−λt}, we proceed

e^{−λt}z(t) ≤ e^{−λt}a(t) + ω

∫_t 0 (t − s)^{−β} e^{−λt}z(s)ds

≤ e^{−λt}a(t) + ω

∫_t 0 (t − s)^{−β} e^{−λ(t−s)}e^{−λs}z(s)ds

≤ ‖a‖_λ + ω‖z‖_λ

∫_t 0 (t − s)^{−β} e^{−λ(t−s)}ds. (2.9)

By assumption (A3), the kernel (t − s)^{−β} is in L^q(0, t) with 1/q + 1/ν = 1. We can apply Hölders inequality with q and ν, ∫_t 0 (t − s)^{−β} e^{−λ(t−s)}ds ≤ (∫_t 0 (t − s)^{−βq} ds

)_{1/q} (∫_t 0 e^{−λν(t−s)}ds

)_{1/ν}

≤ ( 1 1 − βq t^{1−βq}

)_{1/q} ( 1 λν ( 1 − e^{−λνt} ) )_{1/ν}

≤ ( 1 1 − βq

T^{1−βq}

)_{1/q} ( 1 λν )_{1/ν} . The latter estimate is independent of t, so we can take the maximum over t ∈ [0, T ] of the left-hand side in (2.9). Hence, we arrive at the inequality ‖z‖_λ ≤ ‖a‖_λ + c ω‖z‖_λλ^{−1/ν} , with a constant c independent of λ. Choosing λ = (2cω)^ν we find

‖z‖_{C[0,T ]} ≤ 2 exp(λT )‖a‖_{C[0,T ]} ≤ 2 exp((2cω)^ν T )‖a‖_{C[0,T ]} ≤ ϕ(ω)‖a‖_{C[0,T ]}, with ϕ(ω) = 2 exp((2cω)^ν T ), and the claim is proven.

Remark 2.1. Let g ∈ L^∞(Σ) be given. The associated solution y of (2.3) obeys the maximum principle. Thus, the maximum of y(x, t) is attained on the set Γ_T = Σ ∪ (Ω × {0}). By assumption (A2) we conclude that ϑ_1 ≤ y(x, t) ≤ ϑ_2 holds for all (x, t) ∈ Q, where

ϑ_1 = min ( ess inf x∈Ω y_0(x), ess inf

(x,t)∈Σ

g(x, t) α(x, t) ) , ϑ_2 = max ( ess sup x∈Ω y_0(x), ess sup

(x,t)∈Σ

g(x, t) α(x, t) ) .

2.3 Continuous dependency on the data

In the following, we want to prove continuity of the mappings α → S_α and α → V_α. To do so, we have to show that the mapping α → T_α is continuous. Then, continuity follows from (2.7), since L and S are independent of α.

Proposition 2.5. The mapping α → T_α is continuous from L^∞(Σ) to L ( C ( [0, T ], W^{2σ}_p )) . Proof. Let a sequence {α_n} ⊂ L^∞(Σ) satisfying (A2) be given, which converges in L^∞(Σ) to α. Let b ∈ C([0, T ], W^{2σ}_p (Ω). We have to show that w_n := T_{αn} b converges to w := T_αb. We substract the corresponding integral equations defining w and w_n to obtain

(w − w_n)(t) =

∫_t 0 AS(t − s)N { (α(s) − α_n(s))w(s) + α_n(s)(w(s) − w_n(s)) } ds. Using the uniform bound of w given by (2.6), we get analogously as above

|(w − w_n)(t)|_W 2σ_p ≤ c ( |α − α_n|_L∞_{(Σ)} +

∫_t 0 (t − s)^{−β} |w(s) − w_n(s)|_W 2σ_p ds ) . By Lemma 2.4, we estimate

|(w − w_n)(t)|_W 2σ_p ≤ c|α − α_n|_L∞_{(Σ)}.

Hence we proved, w_n → w in C ( [0, T ], W^{2σ}_p ) as α_n → α in L^∞(Σ), which gives the convergence of T_{αn} to T_α in L ( C ( [0, T ], W^{2σ}_p )) . Using the representation (2.7), we can establish the following lemma.

Lemma 2.6. The mappings α → S_α and α → V_α are continuous from L^∞(Σ) to L ( W^{2σ}_p (Ω), C ( [0, T ], W^{2σ}_p )) and L ( L^ν (0, T ; L^p(Γ)), C ( [0, T ], W^{2σ}_p )) , respectively.

The next step is to prove some compactness results needed later on for the existence of fixed points.

Lemma 2.7. The mapping (α, g) → V_αg is compact in the following sense: the image of every bounded subset of L^∞(Σ) × L^ν (0, T ; L^p(Γ)) is precompact in C ( [0, T ], W^{2σ}_p ) . Proof. Let A ⊂ L^∞(Σ) and G ⊂ L^ν (0, T ; L^p(Γ)) be bounded sets. Without loss of generality, we assume that A and M are not empty. We choose an arbitrary but fixed element ᾱ ∈ A. Denote by M_A and M_G the bounds of A and G, respectively,

|α|_L∞_{(Σ)} ≤ M_A ∀α ∈ A, |q|_Lν_{(0,T ;L}p_{(Γ))} ≤ M_G ∀g ∈ G.

Take α ∈ A and g ∈ G, and set y := V_αg. Then y solves

y(t) =

∫_t 0 AS(t − s)N ( g(s) − α(s)y(s) ) ds =

∫_t 0 AS(t − s)N ( ḡ(s) − ᾱ(s)y(s) ) , where we set ḡ = g −(α−ᾱ)y. Therefore, it holds y = V_αg = V_ᾱḡ. Since y ∈ C ( [0, T ], W^{2σ}_p ) → C(Q̄), ḡ is an element of L^ν (0, T ; L^p(Γ)), which norm we can estimate, confer Lemma 2.2, as

|ḡ|_Lν_{(0,T ;L}p_{(Γ))} ≤ |g|_Lν_{(0,T ;L}p_{(Γ))} + c(|α|_L∞_{(Σ)} + |ᾱ|_L∞_{(Σ)})ϕ ( |α|_L∞_{(Σ)} ) ≤ G + c A ϕ(A). (2.10)

We define the set Ḡ of all those functions ḡ as Ḡ = {ḡ ∈ L^ν (0, T ; L^p(Γ)) | ∃α ∈ A, g ∈ G : y = V_αg, ḡ = g − (α − ᾱ)y} .

By construction, we know that the following sets are equal:

I_1 = { y ∈ C ( [0, T ], W^{2σ}_p ) | ∃α ∈ A, g ∈ G : y = V_αg } , I_2 = { y ∈ C ( [0, T ], W^{2σ}_p ) | ∃ḡ ∈ Ḡ : y = V_ᾱḡ } . The set Ḡ is bounded by (2.10), so I_2 = V_ᾱḠ is precompact in C ( [0, T ], W^{2σ}_p ) by Lemma 2.2.

Thus, the set I_1 is precompact, too.

Lemma 2.8. Let Y_0 ⊂ W^{2σ}_p (Ω) be a precompact set and A ⊂ L^∞(Σ) be bounded. Then the following set is precompact in C ( [0, T ], W^{2σ}_p ) , too:

Y = {y : y(t) = S_α(t)y_0, α ∈ A, y ∈ Y_0}

Proof. Analogous to the proof of the previous Lemma 2.7.

2.4 The time-periodic equation

Here, we consider the following time-periodic problem:

y_t − Δy + y = 0 in Q, ∂_ny + αy = g on Σ,

y(0) = y(T ).

(2.11)

We want to show, that (2.11) admits a unique solution y ∈ C ( [0, T ], W^{2σ}_p ) , provided that α, g satisfy the conditions given in Section 2.2. According to the previous sections, we call y a mild solution of (2.11) if it satisfies the system of equations

y(t) = S(t)y(0) +

∫_t 0 AS(t − s)N(g(s) − α(s)y(s))ds, y(0) = y(T ).

or equivalently using (2.5), y(t) = S_α(t)y(0) + (V_αg)(t), y(0) = y(T ).

Defining z = y(0), we get one equation with unknown z,

z = S_α(T )z + (V_αg)(T ). (2.12)

This equation would be uniquely solvable if I − S_α(T ) has a continuous inverse. The next lemma ensures that property.

Lemma 2.9. For 1 < p < ∞ the operator family {S_α(t)} is an analytic semigroup in L^p(Ω). {S_α(t)} is a semigroup of compact operators in L^2(Ω). Moreover, there is a constant λ > 0, independent of α, so that |S_α(t)|_{L(L}2_{(Ω))} ≤ e^{−λt}. (2.13)

Proof. We define the differential operator A_α by A_αy = −Δy + y for y ∈ D(A_α) and

D(A_α) = {w ∈ W^2_p (Ω) : ∂_nw + αw = 0 on Γ}.

Then −A_α is the generator of an analytic semigroup U_α(t) in L^p(Ω), cf. [18]. Since U_α and S_α are solution operators of the same uniquely solvable evolution equation they are in fact equal, thus A_α is the infinitesimal generator of S_α. Compactness of S_α(t) follows from [18, Theorem 2.3.3] and the fact that the resolvent (λI − A_α)^{−1} is compact in L^2(Ω) for all λ belonging to the resolvent set ρ(A_α). The estimate of the L^2-norm of S_α(t) follows by standard techniques using Gronwall’s Lemma to obtain the exponential decay.

So, we are able to prove solvability of (2.11).

Lemma 2.10. For every g ∈ L^ν (0, T ; L^p(Γ)) the equation (2.12) has a unique solution z ∈ W^{2σ}_p (Ω). Moreover, the operator (I − S_α(T ))^{−1} is linear continuous from W^{2σ}_p (Ω) to W^{2σ}_p (Ω).

Proof. First observe, that by Lemma 2.9 the equation

z = S_α(T )z + (V_αg)(T ) (2.14)

has a unique solution z ∈ L^2(Ω), since (V_αg)(T ) ∈ W^{2σ}_p (Ω) → L^2(Ω). It satisfies the estimate

|z|_L2_{(Ω)} ≤ ( 1 − e^{−λT}

)_{−1} |(V_αg)(T )|_L2_{(Ω)} ≤ c|(V_αg)(T )|_W 2σ_p ≤ c|g|_Lν_{(0,T ;L}p_{(Γ))}.

Now, we improve the regularity result for z. Since S_α is an analytic semigroup, it holds S_α(t)z ∈ D(A_α) → W^{2σ}_p (Ω), confer [18]. The right-hand side of (2.14) is an element of W^{2σ}_p (Ω), thus z ∈ W^{2σ}_p (Ω). By a bootstrapping argument we estimate the W^{2σ}_p -norm of z as follows

|z|_W 2σ_p ≤ |S_α(T )z|_W 2σ_p + |(V_αg)(T )|_W 2σ_p ≤ |S_α(T )|_L2_{(Ω)→W} 2σ_p |z|_L2_{(Ω)} + |(V_αg)(T )|_W 2σ_p

≤ c|(V_αg)(T )|_W 2σ_p ≤ c|g|_Lν_{(0,T ;L}p_{(Γ))}.

(2.15)

Here we used a result from [1, 18], that S(t) is for t > 0 a linear continuous operator from L^2(Ω) to W^{2σ}_p . Therefore, the second claim is proven.

Corollary 2.11. For every g ∈ L^ν (0, T ; L^p(Γ)) the time-periodic system (2.11) admits a unique solution y ∈ C ( [0, T ], W^{2σ}_p ) . Proof. By the previous Lemma 2.10, the equation (2.12) admits a unique solution z ∈ W^{2σ}_p (Ω). If we replace in the system (2.11) the time-periodicity condition by the initial condition y(0) = z, it has a unique solution y by Theorem 2.1. This solution satisfies

y(T ) = S_α(T )y_0 + (V_αg)(T ) = S_α(T )z + (V_αg)(T ) = z = y(0),

i.e. y fulfills the time-periodicity condition, and is in fact the unique solution of (2.11).

Next, continuous dependence of (I − S_α(T ))^{−1} on α is investigated.

Lemma 2.12. The mapping α → (I − S_α(T ))^{−1} is continuous and bounded from L^∞(Σ) to L(W^{2σ}_p (Ω)).

Proof. Let w ∈ W^{2σ}_p (Ω) and {α_n} ⊂ L^∞(Σ) be given, with α_n → α in L^∞(Σ). We denote z_n := (I − S_{αn} (T ))^{−1}w and z := (I − S_α(T ))^{−1}w, respectively. Then by Lemma 2.10 z_n, z ∈ W^{2σ}_p (Ω) holds. We have by definition

z − z_n = S_α(T )z − S_{αn} (T )z_n = S_α(T )(z − z_n) + (S_α(T ) − S_{αn} (T ))z_n.

Thus, the difference z − z_n can be written as

z − z_n = (I − S_α(T ))^{−1}(S_α(T ) − S_{αn} (T ))z_n.

The set {z_n} is uniformly bounded in W^{2σ}_p (Ω), confer Lemma 2.10. By Lemma 2.6 we conclude that the right-hand side tends to zero as α_n → α. Therefore, it follows z → z_n in W^{2σ}_p (Ω) and (I−S_{αn} (T ))^{−1}w → (I−S_α(T ))^{−1}w for all w ∈ W^{2σ}_p (Ω), and continuity is proven. Boundedness follows by Lemma 2.2 and the estimate (2.15).

Lemma 2.13. The mapping (α, g) → (I − S_α(T ))^{−1}V_αg is compact in the following sense: the image of every bounded subset of L^∞(Σ) × L^ν (0, T ; L^p(Γ)) is precompact in C ( [0, T ], W^{2σ}_p ) . Proof. The proof can be done using the same ideas used already in the proof of Lemma 2.7.

Remark 2.2. In the case of the time-periodic equation, one can establish a maximum principle. Let y be the solution of (2.11) for the inhomogeneity g ∈ L^∞(Σ). It can be shown that the maximum of y(x, t) is attained on the set Γ_T = Σ. Therefore, it follows with assumption (A2) that ϑ_1 ≤ y(x, t) ≤ ϑ_2

holds for all (x, t) ∈ Q, where

ϑ_1 = ess inf

(x,t)∈Σ

f(x, t) α(x, t)

, ϑ_2 = ess sup

(x,t)∈Σ

f(x, t) α(x, t) , cf. also Remark 2.1.

Remark 2.3. In this section we have treated linear time-periodic equations. The solvability of the nonlinear time-periodic equation (1.5) is a auxiliary product of the theory we will present below. It can be proven using the same compactness arguments as in Section 3.2. Uniqueness of solutions can be shown requiring −b^′(y) ≥ α_1, confer Assumption 3.7(i), see Section 3.2 below.

3 Instantaneous control

3.1 Suboptimal control of the linearized equation

Now, we can start with the investigation of the instantaneous control method for the linearized problem (2.3). We want to minimize the functional (P ). As already explained above, the instantaneous method minimizes the objective over small time interval of length τ, i.e. it solves

min J_τ (u, y) = 1 2 ∫ Ω (y(x, τ) − y_d(x))^2dx + γ 2 ∫ Σ_τ

u(x, t)^2dtdS_x (P_{τ,α,f} )

subject to u ∈ U_{ad,τ} and the differential equation

y_t − Δy + y = 0 in Q_τ , ∂_ny + αy = f + u on Σ_τ , y(0) = y_0.

(3.1)

Here, U_{ad,τ} denotes the adaption of U_{ad} to the time interval [0, τ]. The investigation of linear systems is advantageous for two reasons: first, we have an explicite formula for the solution of (3.1). And second, the objective functional J_τ is strong convex with respect to the control. Hence, the problem (P_{τ,α,f} ) has a unique global minimizer ū(y_0), and the first-order necessary optimality conditions are also sufficient for global optimality.

The method realizes a mapping Φ_{α,f} : y(0) → y(τ) in the following sense: The initial value y_0 uniquely determines an optimal control u_0 of (P_{τ,α,f} ). The control u_0 together with y_0 yields the state at time τ, y(τ) =: y_1. So, Φ_{α,f} is defined as Φ_{α,f} (y_0) := y_1. This mapping is a contraction, as the next Proposition shows.

Proposition 3.1. Φ_{α,f} is a contraction in L^2(Ω).

Proof. The objective functional can be rewritten as,

J_τ (u) = 1 2 |(V_αu)(τ) − (y_d − S_α(τ)y_0 − (V_αf)(τ))|^2 + γ 2 |u|^2.

The necessary condition for ū ∈ U_{ad,τ} to be optimal for (P_{τ,α,f} ) is therefore

((V_αu)(τ) − (y_d − S_α(τ)y_0 − (V_αf)(τ)) , (V_α(ū − u))(τ)) +γ(ū, u−ū) ≥ 0 ∀u ∈ U_{ad,τ} . (3.2)

Now, let y_{01} and y_{02} be two initial states in L^2(Ω). Define y_i := Φ_{α,f} (y_{0i}). Denote the associated optimal control of (P_{τ,α,f} ) by u_i, i = 1, 2. Then the controls u_i fulfill the variational inequality (3.2). We test the corresponding inequalities u_i by u_j , j ≠ i, add them to get − ((V_α(u_1 − u_2), S_α(τ)(y_{01} − y_{02})) − |(V_α(u_1 − u_2))(τ)|^2 − γ|u_1 − u_2|^2 ≥ 0.

Hence it holds ((V_α(u_1 − u_2), S_α(τ)(y_{01} − y_{02})) ≤ −|(V_α(u_1 − u_2))(τ)|^2 . (3.3) Using (3.3), a final estimation yields contractivity of Φ_{α,f} :

|Φ_{α,f} (y_{01}) − Φ_{α,f} (y_{02})|^2 = |y_1 − y_2|^2 = |S_α(τ)(y_{01} − y_{02}) + (V_α(u_1 − u_2))(τ)|^2 = |S_α(τ)(y_{01} − y_{02})|^2 + 2(S_α(τ)(y_{01} − y_{02}), V_α(u_1 − u_2))(τ)) + |V_α(u_1 − u_2))(τ)|^2 ≤ |S_α(τ)(y_{01} − y_{02})|^2 − |V_α(u_1 − u_2))(τ)|^2 ≤ |S_α(τ)|^2 |(y_{01} − y_{02})|^2.

We conclude that Φ_{α,f} is contractive, since S_α(T ) is a contraction in L^2(Ω).

Therefore, Φ_{α,f} has a uniquely determined fixed point y^∗ ∈ L^2(Ω). With the same arguments as used in the proof of Lemma 2.10, one shows y^∗ ∈ W^{2σ}_p (Ω). Since Φ_{α,f} is contractive, state and control in the instantaneous control method will converge to the fixed point (y^∗, u^∗), confer [26]. The fixed point control u^∗ and state y^∗ are connected in two ways: First, y^∗ satisfies y^∗ = y(τ), where y is the solution of the following boundary value problem with time-periodic condition y_t − Δy + y = 0 in Q_τ ,

∂_ny + αy = f + u^∗ on Σ_τ , y(0) = y(τ).

(3.4)

With the notation of Section 2, we can write y^∗ = (I − S_α(τ))^{−1} (V_α(f + u^∗)) (τ). (3.5) Second, the control u^∗ is the unique optimal control of (P_{τ,α,f} ) subject to the initial condition y_0 := y^∗. Hence, it satisfies necessarily the variational inequality (y(τ) − y_d, V_α(u − u^∗)(τ)) + γ(u^∗, u − u^∗) ≥ 0 ∀u ∈ U_{ad,τ} , or equivalently, confer (3.5), ( (I − S_α(τ))^{−1}V_α(f + u^∗)(τ) − y_d, V_α(u − u^∗)(τ) ) + γ(u^∗, u − u^∗) ≥ 0 ∀u ∈ U_{ad,τ} . (3.6) Here, we introduce a bilinear form H_α and a functional q_{α,f} for u, v ∈ U_{ad,τ} as H_α(u, v) := ( (I − S_α(τ))^{−1}(V_αu)(τ), (V_αv)(τ) ) + γ(u, v) and q_{α,f} (v) := ( (I − S_α(τ))^{−1}(V_αf)(τ) − y_d, (V_αv)(τ) ) . Then the variational inequality (3.6) reads H_α(u^∗, u − u^∗) + q_{α,f} (u − u^∗) ≥ 0 ∀u ∈ U_{ad,τ} . (3.7) Since H_α is coercive, this variational inequality determines uniquely the fixed point control u^∗. Next, we want to show continuous dependence of (u^∗, y^∗) on α. To begin with, we construct a space L^{s̃}(0, T ; L^s(Γ)) such that L^ν (0, T ; L^p(Γ)) is an intermediate space between L^2(Σ) and L^{s̃}(0, T ; L^s(Γ)). The exponents s̃, s are given by Lemma A.2, provided 2 ≤ ν < 2p (A4) holds, which we assume to be fulfilled in the sequel. Then the set of admissible controls U_{ad} is bounded in L^{s̃}(0, T ; L^s(Γ)):

|u|_Ls̃_{(0,T ;L}s_{(Γ))} ≤ M ∀u ∈ U_{ad}. (3.8)

Lemma 3.2. Let u^∗ denote the solution of the variational inequality (3.6) for given α, f. Then it holds: the mapping (α, f) → u^∗ is continuous and bounded from L^∞(Σ_τ ) × L^ν (0, τ; L^p(Γ)) to L^ν (0, τ; L^p(Γ)).

Proof. First, observe that the variational inequality (3.6) admits a unique solution for every given α, f. This follows from the above consideration. Namely, the instantaneous method converges to a unique fixed point (y^∗, u^∗), where u^∗ satisfies the variational inequality

H_α(u^∗, v − u^∗) + q_{α,f} (v − u^∗) ≥ 0 ∀v ∈ U_{ad,τ} ,

cf. (3.7). Since 0 ∈ U_{ad,τ} by (1.3), we can test the variational inequality by v = u^∗/2. Thus, we obtain − 1 2 q_{α,f} (u^∗) ≥ 1 2 H_α(u^∗, u^∗) ≥ γ 2 |u^∗|^2_L2_{(Στ )}. (3.9)

Abbreviating A := ϕ ( |α|_L∞_{(Στ )} ) , we estimate the left-hand side as follows,

|q_{α,f} (u^∗)| ≤ c_1 ( A|f|_Lν_{(0,τ ;L}p_{(Γ))} + 1 ) A|u^∗|_Lν_{(0,τ ;L}p_{(Γ))}, (3.10)

where we used heavily the estimates given by Lemma 2.2 and Lemma 2.10. By c_1 a constant independent of α, f is denoted. The bound in L^ν (0, τ; L^p(Γ)) we get with the aid of Lemma A.2,

|u^∗|_L2_{(Στ )} ≥ M^{−(p−1)}|u^∗|^{p−1}_{Ls̃(0,τ ;Ls(Γ))}|u^∗|_L2_{(Στ )} ≥ M^{−(p−1)}|u^∗|^p_{Lν (0,τ ;Lp(Γ))}, (3.11)

where we used the boundedness of the set of admissible controls in L^{s̃}(0, τ; L^s(Γ)), cf. (3.8). Putting the estimates (3.9)-(3.11) together yields

c_1 ( A|f|_Lν_{(0,τ ;L}p_{(Γ))} + 1 ) A|u^∗|_Lν_{(0,τ ;L}p_{(Γ))} ≥ γ|u^∗|^2_L2_{(Στ )} ≥ c_2|u^∗|^{2p}_{Lν (0,τ ;Lp(Γ))},

which gives in turn the desired bound

|u^∗|^{2p−1}_{Lν (0,τ ;Lp(Γ))} ≤ c A ( A|f|_Lν_{(0,τ ;L}p_{(Γ))} + 1 ) . Let be given two sequences {α_n} ⊂ L^∞(Σ_τ ) and {f_n} ⊂ L^ν (0, τ; L^p(Γ)) converging to α and f in L^∞(Σ_τ ) and L^ν (0, τ; L^p(Γ)) as n → ∞, respectively. Then for u, v ∈ U_{ad,τ} it holds

|H_α(u, v) − H_{αn} (u, v)| → 0, |q_{α,f} (v) − q_{αn,fn} (v)| → 0 (3.12)

as n tends to infinity, since H and q are composed of operators which depends continuously on α. Denote by u_n and u the solutions of (3.6) associated with (α_n, f_n) and (α, f). Then we test the corresponding variational inequalities with u and u_n, add them, and obtain

−H_α(u, u − u_n) + H_{αn} (u_n, u − u_n) + (q_{α,f} − q_{αn,fn} )(u − u_n) ≥ 0.

This is equivalent to

−H_α(u_n, u − u_n) + H_{αn} (u_n, u − u_n) − H_α(u − u_n, u − u_n) + (q_{α,f} − q_{αn,fn} )(u − u_n) ≥ 0.

Using the coercivity of H_α we arrive at

− (H_{αn} − H_α) (u_n, u − u_n) + (q_{α,f} − q_{αn,fn} )(u − u_n) ≥ γ|u − u_n|^2_L2_{(Στ )},

which gives convergence of u_n → u as n → ∞ in L^2(Σ_τ ), since the left-hand side tends to zero. Convergence in L^ν (0, τ; L^p(Γ)) we get analogous to (3.11).

Lemma 3.3. The mapping (α, f) → y^∗, where y^∗ denotes the fixed point state given by (3.4), is compact from L^∞(Σ_τ ) × L^ν (0, τ; L^p(Γ)) to W^{2σ}_p (Ω).

Proof. By the previous Lemma 3.2 we conclude the mapping (α, f) → f + u^∗ transforms bounded sets in bounded sets. Lemma 2.13 yields compactness of the mapping (α, f + u^∗) → (I − S_α(τ))^{−1} (V_α(f + u^∗)) (τ) = y^∗, which is the claim.

3.2 Existence of fixed points

In Section 1.1 we introduced a mapping Ψ as

ȳ → ( − b^′(ȳ), b(ȳ) − b^′(ȳ)ȳ ) =: (α, f) → (y^∗, u^∗) → y =: Ψ(ȳ),

where (y^∗, u^∗) ∈ W^{2σ}_p (Ω) × L^{s̃}(0, τ; L^s(Γ)) denotes the fixed point of the instantaneous control method for the linear problem investigated in Section 3.1, and y ∈ C ( [0, τ], W^{2σ}_p ) is the solution of the associated time-periodic system. Here, we will show that a fixed point of Ψ is connected with a generalized fixed point of Φ. To do so, let ỹ be a fixed point of Ψ with associated (y^∗, u^∗). Hence, y = ỹ solves,

y_t − Δy + y = 0 in Q_τ , ∂_ny = b(ỹ) + b^′(ỹ)(y − ỹ) + u^∗ on Σ_τ , y(0) = y(τ),

(3.13)

where the boundary condition is equivalent to

∂_ny = b(y) + u^∗ on Σ_τ .

Therefore, the fixed point satisfies y^∗ = y, where y solves the nonlinear time-periodic equation

y_t − Δy + y = 0 in Q_τ , ∂_ny = b(y) + u^∗ on Σ_τ , y(0) = y(τ),

(3.14)

compare with (1.5). Further, the control u^∗ fulfills the variational inequality (3.7), where we set α := −b^′(ỹ), f := b(ỹ) − b^′(ỹ)ỹ, which is in fact the necessary condition of (P_τ ) in Section 1.1. Thus, we proved Lemma 3.4. Let ỹ be a fixed point of Ψ with associated state y^∗ and control u^∗. Then y^∗ is a generalized fixd point of Φ.

The rest of this section is devoted to the question of existence of fixed points of Ψ. We have to impose some restrictions on the nonlinearity b.

Assumption 3.5. Let b a function of class C^1(R). The first derivative is bounded from above,

−b^′(x) ≥ α_1 ∀x ∈ R,

to meet the requirement (A2).

This allows us to prove Lemma 3.6. The mapping Ψ is compact from C(Q̄_τ ) to C(Q̄_τ ).

Proof. Let Y be a bounded subset of C(Q̄_τ ). From the form of the assumptions on b it follows that the sets of all possible α and f,

A = {−b^′(ȳ) : ȳ ∈ Y }, F = {b(ȳ) − b^′(ȳ)ȳ : ȳ ∈ Y },

are bounded in L^∞(Σ_τ ) and L^{s̃}(0, τ; L^s(Γ)), respectively. Let ȳ ∈ Y with associated α and f. The mapping from (α, f) ∈ A × F to (u^∗, y^∗) ∈ L^{s̃}(0, τ; L^s(Γ)) × W^{2σ}_p (Ω) is continuous and bounded by Lemma 3.2 and 3.3. The latter one gives additionally compactness of the mapping (α, f) → y^∗. Therefore, for all ȳ ∈ Y the fixed point states y^∗ belongs to a precompact set. The state y = Ψ(ȳ) is the solution of an evolution problem depending on α, u^∗, y^∗, y = S_αy^∗ +V_αu^∗. From Lemma 2.7 and 2.8 we conclude that y belongs to a precompact set in C ( [0, τ], W^{2σ}_p ) . That means, Ψ(Y ) is precompact in C ( [0, τ], W^{2σ}_p ) . Since W^{2σ}_p (Ω) → C(Ω̄), the imbedding C ( [0, τ], W^{2σ}_p ) → C ( [0, τ], C(Ω̄) ) = C(Q̄_τ ) is continuous. Therefore, Ψ(Y ) is precompact in C(Q̄_τ ), too.

At last, we are looking for a bounded set Y ⊂ C(Q̄_τ ) which is mapped by Ψ on itself. To this aim, the maximum principle comes into play. Let ȳ ∈ C(Q̄_τ ) be given, with associated y^∗ ∈ W^{2σ}_p (Ω) and u^∗ ∈ U_{ad,τ} . Then y = Ψ(ȳ) is the solution of the time-periodic system

y_t − Δy + y = 0 in Q_τ , ∂_ny − b^′(ȳ)y = b(ȳ) − b^′(ȳ)ȳ + u^∗ on Σ_τ , y(0) = y(τ),

(3.15)

The maximum principle, cf. Remark 2.2, yields then

ϑ_1 ≤ y(x, t) ≤ ϑ_2 ∀(x, t) ∈ Q̄_τ , (3.16)

where ϑ_2 is given by

ϑ_2 = ess sup

(x,t)∈Σ_τ ( ȳ(x, t) − b(ȳ(x, t)) b^′(ȳ(x, t)) − u^∗(x, t) b^′(ȳ(x, t)) ) , and ϑ_1 by an analogous formula. We use the following ansatz for the set Y . We set

Y = {y ∈ C(Q̄_τ ) : y_1 ≤ y(x, t) ≤ y_2 ∀(x, t) ∈ Q̄_τ }, (3.17)

where y_1, y_2 are constants satisfying y_1 ≤ 0 ≤ y_2. Clearly, Y is non-empty, convex, bounded, and closed in C(Q̄_τ ). It remains to develop conditions on the nonlinearity b and the bounds of Y and U_{ad,τ} to ensure that Ψ maps Y onto itself. For convenience, we define

u_1 := ess inf_{x∈Γ} u_a(x), u_2 := ess sup_{x∈Γ} u_b(x).

Henceforth, we suppose, that the following conditions are fulfilled.

Assumption 3.7. The nonlinearity b satisfies together with the bounds y_1, y_2 and u_1, u_2:

(i) −α_2 ≤ b^′(x) ≤ −α_1 < 0 for all x ∈ [y_1, y_2] ⊂ R,

(ii) b^′(x)x − b(x) ≤ 0 ∀x > 0, b(0) = 0, respectively b^′(x)x − b(x) ≥ 0 ∀x < 0.

(iii) y_1 ≤ 0 ≤ y_2,

(iv)^{α21}_{α2} y_1 ≤ u_1 ≤ 0 ≤ u_2 ≤^{α21}_{α2} y_2.

Assuming this allows us to prove Proposition 3.8. Let y ∈ [y_1, y_2] ⊂ R be given. Then ỹ, defined by

ỹ = y − b(y) b^′(y) − u b^′(y) , satisfies ỹ ∈ [y_1, y_2] for all u ∈ [u_1, u_2].

Proof. At the beginning, notice that b is monotone decreasing, thus b(y_1), −b(y_2), and −b^′(y) are positive by (i), (ii), (iii). We regard first the case y_2 ≥ y ≥ 0. Then it follows

ỹ = y − b(y) b^′(y) − u b^′(y)

(ii) ≥ − u b^′(y) = u −b^′(y) ≥ u_1 −b^′(y) (i) ≥ u_1 α_1

(iv)

≥ y_1.

By integrating, (i) yields b(y) ≤ −yα_1 for all y > 0. The other direction is estimated using (i), (ii), (iv) as

ỹ = y − b(y) b^′(y) − u b^′(y)

≤ y + yα_1 b^′(y) + u_2 −b^′(y) ≤ y ( 1 − α_1 α_2 ) + u_2 α_1

≤ y_2 ( 1 − α_1 α_2 ) + u_2 α_1

≤ y_2.

The proof of the claim for y_1 ≤ y ≤ 0 can be done similarly.

With the help of the previous lemma, we can conclude that the set Y is mapped by Ψ on itself.

Lemma 3.9. Let Y ⊂ C(Q̄_τ ) be given by (3.17). Suppose, that Assumption 3.7 is satisfied. Then for all ȳ ∈ Y and u ∈ U_{ad,τ} the solution y of the time-periodic system (3.15) belongs to Y ∩ C ( [0, τ], W^{2σ}_p ) . Proof. Since α = −b^′(ȳ) satisfy (A2), the existence of a unique solution y ∈ C ( [0, τ], W^{2σ}_p ) of (3.15) follows from Corollary 2.11. This solution belongs to C(Q̄_τ ), because C ( [0, τ], W^{2σ}_p ) → C(Q̄_τ ). The maximum principle (3.16) together with Proposition 3.8 yields

y(x, t) ≤ ess sup

(x,t)∈Σ_τ ( ȳ(x, t) − b(ȳ(x, t)) b^′(ȳ(x, t)) − u(x, t) b^′(ȳ(x, t)) ) ≤ y_2 ∀(x, t) ∈ Q̄_τ .

In the same way, y(x, t) ≥ y_1 can be shown. Thus, it holds y ∈ Y .

Finally, we can conclude the existence of at least one fixed point of Ψ.

Theorem 3.10. Let Y be as in (3.17). Further suppose, Assumption 3.7 holds. Then the mapping Ψ has a fixed point ỹ ∈ Y ∩ C ( [0, τ], W^{2σ}_p ) . Proof. By Lemma 3.6, the mapping Ψ is compact from C(Q̄_τ ) to C(Q̄_τ ). The set Y is bounded, closed, and convex in C(Q̄_τ ). Thus, Ψ(Y ) is precompact in C(Q̄_τ ). Lemma 3.9 yields Ψ(Y ) ⊂ Y . Hence, Schauder’s fixed point theorem ensures the existence of at least one fixed point ỹ of Ψ. Since ỹ is the solution of a time-periodic system, it holds y ∈ C ( [0, τ], W^{2σ}_p ) by Corollary 2.11.

This results together with Lemma 3.4 gives the existence of generalized fixed points of the instantaneous mapping Φ.

Theorem 3.11. The mapping Φ, introduced in Section 1.1, has at least one generalized fixed point y_f .

This theorem claims only existence of generalized fixed points and says nothing about convergence of the instantaneous method. One can establish some analysis to show local convergence of the method to such a generalized fixed point under further assumptions. However, the numerical results show that control and state in the instantaneous method will converge even if it was started far away from the fixed point.

4 Improved suboptimal methods

4.1 Optimal fixed point approach

In this section, we want to deal with some improvements of the instantaneous control method. We will describe why this is necessary. Let y_f be a generalized fixed point of Φ with associated fixed point control u_f . Then y_f = y(x, τ), where y solves the time-periodic equation (3.14). But this state is not the best possible among the class of functions satisfying the system (3.14) for given control u ∈ U_{ad,τ} . To show this, consider the optimal control problem

min J_τ (u, y) = 1 2 ∫ Ω (y(x, τ) − y_d(x))^2dx + γ 2 ∫ Σ_τ

u(x, t)^2dtdS_x (P_{tp})

subject to u ∈ U_{ad,τ} and the time-periodic nonlinear system

y_t − Δy + y = 0 in Q_τ , ∂_ny = b(y) + u on Σ_τ , y(0) = y(τ).

(4.1)

By Remark 2.3, this equation admits for every admissible control u a unique solution y ∈ C ( [0, T ], W^{2σ}_p ) , so that the optimal control problem (P_{tp}) is well-defined. One can show that the solution mapping u → y is even Lipschitz.

Let û be the optimal control of (P_{tp}) with associated optimal state ŷ. Set α := −b^′(ŷ) and f := b(ŷ) − b^′(ŷ)ŷ. Then it holds, confer (3.5),

ŷ(τ) = (I − S_α(τ))^{−1} (V_α(f + û)) (τ).

Moreover, û satisfies necessarily the variational inequality ( (I − S_α(τ))^{−1}V_α(f + û)(τ) − y_d, (I − S_α(τ))^{−1}V_α(u − û)(τ) ) + γ(û, u − û) ≥ 0,

for all u ∈ U_{ad,τ} . The fixed point control u_f solves a variational inequality of different type, compare (3.6). Thus u_f and û, respectively y_f and ŷ can barely be the same functions. That means, if the instantaneous method converges to a generalized fixed point, then the fixed point state is not the best approximation of y_d in the class of all possible solutions of the nonlinear time-periodic equation (3.14). As a consequence, one can expect poor results of the standard instantaneous control method. This is what the numerical experiments indicate.

So we are led to improve the method in the following way: First, compute the optimal control û and state ŷ of (P_{tp}). Then, apply the standard instantaneous control method for the changed desired function ŷ_d := ŷ to obtain the suboptimal control. One can verify easily that ŷ is a generalized fixed point of the instantaneous mapping Φ in the case γ = 0. In our numerical experience, this improved method works as expected, and convergence to ŷ occurs.

4.2 Receding horizon method

A second way to better the standard instantaneous control method is to give it more insight in the future. So far, the suboptimal approaches minimizes in step j a functional over a time horizon [t_{j−1}, t_j ] of length τ to compute the control on the same time interval. The state at time t_j is the starting point for the next step. The idea of the well-known method of receding horizon is to enlarge the optimization horizon by an additional time τ_2 to [t_{j−1}, t_j +τ_2]. Again, the so-obtained control gives the suboptimal control on [t_{j−1}, t_j ], and the state of the system at time t_j is used as the initial state for the next step. This means, the goal functional is minimized over a larger time interval, but the procedure to define the control is the same as in the standard instantaneous control method. In each step j, j = 1 . . . M, the following optimization problem is solved:

min J_{rh}(u, y) = 1 2 ∫ Ω (y(x, δ) − y_d(x))^2dx + γ 2 ∫ Σ_δ

u(x, t)^2dtdS_x (P_{rh})

subject to u ∈ U_{ad,δ} and the nonlinear system

y_t − Δy + y = 0 in Q_δ, ∂_ny = b(y) + u on Σ_δ , y(0) = y_{j−1},

(4.2)

where δ = τ + τ_2 is the total length of the considered time interval. The state y_j is defined as y_j = y(τ), where y is the optimal state of the problem (P_{rh}). Clearly, if in step M the horizon t_M + τ_2 reaches the final time T , the optimal control of (P_{rh}) is taken to define the suboptimal control on the last time interval [t_M , min(t_M + τ_2, T )]. If τ_2 = 0 this method reduces to the standard instantaneous control method.

As in the previous sections, we can find behind each step of the method a mapping Φ_{rh} defined by y_j := Φ_{rh}(y_{j−1}). The numerical results indicate, that this mapping has a fixed point. Due to the same reasons as in Section 1.1, we introduce the notation of a generalized fixed point.

Definition 4.1. A function y_r is said to be a generalized fixed point of Φ_{rh}, if

(i) There exists an admissible control u_r ∈ U_{ad,δ}, which satisfies the necessary optimality conditions of (P_{rh}) for y(0) = y_r.

(ii) It holds y_r = y(τ), where y solves (4.2) with initial condition y(0) = y_r and control u = u_r.

Following the lines of Section 3, one can show under some assumptions on τ, τ_2 that generalized fixed points of Φ_{rh} exists. Let y be the state associated with a generalized fixed point y_r. Then it solves y_t − Δy + y = 0 in Q_δ, ∂_ny = b(y) + u_r on Σ_δ, y(0) = y(τ),

(4.3)

which is time-periodic only on the first part of the time interval [0, τ] ⊂ [0, δ]. We see that the generalized fixed point y_r of Φ_{rh} belongs to the same class of functions like the fixed points of the standard instantaneous control method.

Suppose, the receding horizon method converges to a fixed point y_r with associated control u_r after M − 1 steps. Denote by ȳ(t) the suboptimal state and by ū(t) the suboptimal control at time t ∈ [0, T ]. Then we have ȳ(t_{M−1}) = y_r. Suppose further, the time lengths τ, τ_2 are chosen such that t_{M−1} + τ + τ_2 = t_M + τ_2 = T . Hence, the control u_M computed in the last step is taken to define the suboptimal on the time interval [t_{M−1}, T ]. Since y_r is a generalized fixed point, we can conclude u_M = u_r and ȳ(t_M ) = y_r. The final state ȳ(T ) we are interested in is equal to y(δ), where y solves (4.3). As in the previous section this state is not the best approximation of y_d in the class of all possible solutions of (4.3). This will be the starting point of a improved approach in the next section.

The numerical experiments show a further disadvantage of this method. It tends to produce high control costs. Additionally, the numerical effort increases with τ_2. The larger τ_2 is, the larger optimization problems has to be solved in each step.

4.3 Hybrid approach

Here, we propose a hybrid method which can cope with the drawbacks of the receding horizon method. At first, the new method chooses an optimal fixed point, as was done in Section 4.1 for the standard instantaneous method. In other words, it will look for the optimal control and state of the system (4.3).

Secondly, instead of performing in each step an optimization over the enlarged time horizon, the method will optimize over the small time horizon as the standard instantaneous method to reduce the computational effort. And finally, the cost of the control will be adapted to the method.

To begin with, consider the minimization problem

min J_δ(u, y) = 1 2 ∫ Ω (y(x, δ) − y_d(x))^2dx + 1 2 ∫ Σ_δ

γ̂(t)u(x, t)^2dtdS_x (P_{hy})

subject to u ∈ U_{ad,δ} and the hybrid nonlinear system

y_t − Δy + y = 0 in Q_δ, ∂_ny = b(y) + u on Σ_δ , y(0) = y(τ),

(4.4)

where τ_2, δ are as in the previous section. The function γ̂(t) measures the control cost and will be specified later.

Hybrid means that system (4.4) is the interlinking of a time-periodic part and a ’normal’ parabolic part with interface at time t = τ. Its unique solvability is a consequence of the solvability of the time-periodic part, cf. Section 4.1, and the parabolic part.

This optimization problem is used to establish a further suboptimal method. We want to compute a suboptimal control for the optimization problem (P ). First, choose τ and τ_2, such that with M ∈ N we have T = Mτ + τ_2. τ plays the role of the stepsize in the standard instantaneous control method. Secondly, we solve the problem (P_{hy}) and get the optimal control û and state ŷ. Denote by ŷ_1 the optimal state at time τ, ŷ_1 := ŷ(τ). Then ŷ_1 is the solution of a time-periodic problem and belongs therefore to the same function class as the generalized fixed points of the standard instantaneous method. Hence, we set ŷ_d := ŷ_1 and use the standard instantaneous control method with changed desired function ŷ_d to compute the control on the time interval [0, T − τ_2]. On the remaining interval (T − τ_2, T ], the control is defined by performing one optimization with goal function y_d.

Now, we can define the function γ̂. The hybrid method will perform M instantaneous steps. The control in each step will result approximately the same costs as the fixed point control û on [0, τ]. Thus, the cost parameter on this time interval is multiplied by the number of steps.Therefore, we define

γ̂(t) = { M γ for 0 ≤ t < τ γ for τ ≤ t ≤ δ.

The numerical results shows the priority of this method over all other suboptimal approaches studied in this paper.

5 Numerical results

5.1 Example 1

Here, we present results confirming the theory developed above. We consider the following simple optimal control problem for the one-dimensional heat equation:

min J(u, y) = 1 2 ∫_1 0 (y(x, T ) − y_d(x))^2dx + γ 2 ∫_T 0 u(t)^2dt (P_1)

subject to y_t(x, t) − Δy(x, t) + y(x, t) = 0 for x ∈ (0, 1), ∂_ny(0, t) = 0, ∂_ny(1, t) = b(y(1, t)) + u(t), y(x, 0) = y_0(x),

(5.1)

and −1 ≤ u(t) ≤ 1,

t ∈ [0, T ], Ω = (0, 1). In order to solve this problem numerically, it has to be discretized. We used finite-differences for spatial discretization and the implicit-Euler method for timeintegration. The domain Ω = (0, 1) was divided in N_x subintervals. The time grid is an equidistant mesh of N_t points. The control is defined on a coarser grid of U_t points, were we used piecewise constant controls. All results presented here were calculated with N_x = 100, N_t = 5000, U_t = 1000.

The parameters to set up the optimization problem were chosen as

ν = 0.01, u_a = −1, u_b = +1, y_0(x) = 0, y_d(x) = (1 − x^2)/2.

The final time T we fix as T = 10. The nonlinearity b is given as

b(y) = −|y|y.

Figure 1: Optimal control and final state

At first, we present the optimal control for the problem (4.1). It was computed using the SQPmethod to cope with the nonlinearity of the problem. The linear-quadratic subproblems arising in this method were solved by a primal-dual active set algorithm, cf. [15]. Optimal control and final state are shown in Figure 1. The optimal value of the objective is J(u^∗, y^∗) = 0.00815.

Next, we demonstrate how the instantaneous method fails. We choose the length of the short horizon τ = T/U_t = 0.01. Thus, the control is taken to be constant on the small subintervals, on which the instantaneous method works. So, in each step one-dimensional optimization problems has to be solved. It turns out, that this method could be implemented very efficiently. The results obtained this way are shown in Figure 2. They confirm convergence

Figure 2: Instantaneous control: Suboptimal control and final state

of this method toward a fixed point. The value of the objective is J = 0.05166, which is far away from the optimum.

As mentioned above, the computed fixed point is not the best in the class of all functions satisfying the time-periodic equation (3.14), cf. Section 4.1. There, the first improved method was suggested. Its first step is the computation of the optimal fixed point pair (û, ŷ) as solution of the time-periodic optimal control problem (P_{tp}). Then, the desired state is changed to ŷ_d := ŷ. The suboptimal control is computed using the standard instantaneous method. The result of this approach can be found in Figure 3. The value of the objective is reduced significantly to J = 0.02755 compared with the result of the instantaneous method.

The results of the receding horizon method are shown in Figure 4. The additional time τ_2 was set to τ_2 = 9 τ. So, in each step a 10-dimensional optimization has to be done. In the right-hand figure the control on the time interval [9.85, 10] can be seen, where in the last step of the method all 10 components of the computed control are taken to define the suboptimal control. This results in a good value of the objective of J = 0.02784. But the computational effort is even in the order of the effort to compute the optimal control. So, this method is not practicable to use.

The hybrid method proposed in 4.3 gives the best results among the suboptimal ways

Figure 3: Optimal fixed point approach: Suboptimal control and final state

Figure 4: Receding horizon method: Suboptimal control and final state

presented here. First, the hybrid problem (P_{hy} ) is solved, which gives an optimal fixed point (u_f , y_f ). Then, the goal function is changed to y_f . The control on the first part of the time interval is computed by the standard instantaneous method, i.e. in each step only a one-dimensional problem is solved. We set again τ_2 = 9 τ, so on the last interval, we got a 10-dimensional problem to solve. Its results in the control seen in the right-hand plot of Figure 5. The value of the goal functional was J = 0.02241. This is not a significant reduction in comparison with the result of the receding horizon method. But the computational cost are lesser thanks to the fact that in each step only a one-dimensional optimization problem has to be solved.

Figure 5: Hybrid method: Suboptimal control and final state

At last, we will present a summary of the results of all the suboptimal methods in Table 1. The columns labelled with NCC contain the normed computational costs. They count how often a linear parabolic problem over [0, T ] was solved. As one can see, the hybrid method yields the best results compared with the other suboptimal methods, and its computational effort is much smaller than the effort to solve the optimal control problem.

In this table, also results for an optimal control problem with another nonlinearity,

b(y) = −|y|y^3

are shown, and refered to as Example 2. All other parameters remain unchanged.

Example 1 Example 2 Method J(u) NCC J(u) NCC Optimal 0.00815 344.0 0.00636 616.0 Instantaneous 0.05166 8.0 0.05162 7.9 Optimal fixed point 0.02755 8.9 0.02433 8.8 Receding horizon 0.02784 160.3 0.01795 151.5 Hybrid 0.02241 21.8 0.01687 21.8

Table 1: Comparison of the suboptimal methods

Appendix

The following two Lemmata are consequences of the well-known interpolation inequality of L^p-spaces, confer [5]. The proofs are repeated for the convenience of the reader. Lemma A.1. Let a function u ∈ L^s(Ω) be given. Then it holds for p ≥ 2

|u|_Lp_{(Ω)} ≤ |u|^{1p}_{L2(Ω)}|u| p−1 p L^s(Ω),

where s is defined as 2(p − 1).

Proof. We use Hölders inequality to show

|u|^p = ∫ Ω |u|^pdx = ∫ Ω |u|^{p−1}|u|dx ≤ (∫ Ω |u|^2dx

) 1_2 (∫ Ω |u|^{2(p−1)}dx

) 1_2 = |u|_2|u|^{p−1}_{2(p−1)}.

The claim follows immediately.

Lemma A.2. Let a function u ∈ L^{s̃}(0, T ; L^s(Γ)) be given, where s = 2(p − 1) and s̃ =^{2ν(p−1)}_{2p−ν} . Then it holds for 2p > ν ≥ 2

|u|_Lν_{(0,T ;L}p_{(Γ))} ≤ |u|^{1p}_{L2(Σ)}|u| p−1 p L^{s̃}(0,T ;L^s(Γ))

Proof. For convenience we abbreviate |u|_q := |u|_Lq_{(Γ)} and |u|_{q̃,q} := |u|_Lq̃_{(0,T ;L}q_{(Γ))}. By the previous Lemma A.1 we have

|u|^ν_{,p} =

∫_T 0 |u|^ν_p dt ≤

∫_T 0 |u|^{νp}_2 |u|

ν(p−1) p s dt.

Using Hölder’s inequality with q = 2p/ν > 1 and q^′ = 2p/(2p − ν), so that 1/q + 1/q^′ = 1, we obtain

|u|^ν_{,p} ≤

∫_T 0 |u|^{νp}_2 |u|

ν(p−1) p s dt ≤ (∫_T 0 |u|^2dt

) ν_{2p} (∫_T 0 |u| 2ν(p−1) 2p−ν

s dt

)^{2p−ν}_{2p} = |u|^{νp}_{2,2}|u|

ν(p−1) p s̃,s ,

which is the claim.

With obvious modifications of the proof, this result remains true for 2p = ν and s̃ = ∞. Remark A.1. One should add, that there exists exponents m, ν, p, σ, σ^′ such that the assumptions (A1), (A3), (A4) are satisfied. One can show, that

m ≤ 3, ν = 6, p = 4, σ = 19 48 , σ^′ = 7 12 meet those conditions. The exponents s̃, s defining the control space are in this case s̃ = 18, s = 6.

Acknowledgements

The author wish to thank Fredi Tröltzsch for several helpful hints.

References

[1] H. Amann. Parabolic evolution equations with nonlinear boundary conditions. J. Diff.

Equations, 72:201–269, 1988.

[2] R. Berber, editor. Methods of Model Predictive Control. Kluwer Academic, Dordrecht, 2001.

[3] M. Bergounioux, K. Ito, and K. Kunisch. Primal-dual strategy for constrained optimal control problems. SIAM J. Control and Optimization, 37:1176–1194, 1999.

[4] T. R. Bewley, P. Moin, and R. Temam. DNS-based predictive control of turbulence: an optimal target for feedback algorithms. J. Fluid Mech., 447:179 – 225, 2001.

[5] H. Brezis. Analyse fonctionelle. Masson, Paris, 1983.

[6] E. Casas. Pontryagin’s principle for state-constrained boundary control problems of semilinear parabolic equations. SIAM J. Contr. Opt., 35:1297–1327, 1997.

[7] H. Choi. Suboptimal control of turbulent flow using control theory. In Proceedings of the International Symposium on Mathematical Modelling of Turbulent Flows, 1995.

[8] H. Choi, R. Temam, P. Moin, and J. Kim. Feedback control for unsteady flow and its application to the stochastic burgers equation. J. Fluid Mech., 253:509–543, 1993.

[9] A. Friedman. Partial differential equations. Krieger, R. E., New York, 1976. [10] H. Goldberg and F. Tröltzsch. Second order sufficient optimality conditions for a class of non–linear parabolic boundary control problems. SIAM J. Contr. Opt., 31(4):1007–1025, 1993.

[11] H. Goldberg and F. Tröltzsch. On a Lagrange-Newton method for a nonlinear parabolic boundary control problem. Optimization Methods and Software, 8:225–247, 1998.

[12] M. Heinkenschloss and E. W. Sachs. Numerical solution of a constrained control problem for a phase field model. In Control and Estimation of Distributed Parameter Systems, volume 118 of Int. Ser. Num. Math., pages 171–188. Birkhäuser, 1994.

[13] M. Hinze. Instantaneous closed loop control of the Navier-Stokes system. Preprint MATH- NM-9-2002, TU Dresden, submitted, 2002.

[14] M. Hinze and S. Volkwein. Instantaneous control for the Burgers equation: Convergence analysis and numerical implementation. Nonlinear Analysis T.M.A., 50:1–26, 2002.

[15] K. Kunisch and A. Rösch. Primal-dual active set strategy for a general class of constrained optimal control problems. SIAM J. Opt., 13:321–334, 2002.

[16] O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Uralceva. Linear and quasilinear equations of parabolic type. AMS Publications, Providence, 1968.

[17] A. Lunardi. Analytic semigroups and optimal regularity in parabolic problems, volume 16 of Progress in nonlinear differential equations and their applications. Birkhäuser, Basel, 1995.

[18] A. Pazy. Semigroups of linear operators and applications to partial differential equations.

Springer–Verlag, New York, 1983.

[19] J. B. Rawlings. Tutorial overview of model predictive control. IEEE Control Systems Magazine, 20:38–52, 2000.

[20] J. B. Rawlings and K. R. Muske. Stability of constrained receding horizon control. IEEE Trans. Auto. Contr., 38:1512–1516, 1993.

[21] J.-P. Raymond and F. Tröltzsch. Second order sufficient optimality conditions for nonlinear parabolic control problems with state constraints. Discrete and Continuous Dynamical Systems, 6:431–450, 2000.

[22] J.-P. Raymond and H. Zidani. Hamiltonian Pontryagin’s principles for control problems governed by semilinear parabolic equations. Applied Mathematics and Optimization, 39:143–177, 1999.

[23] A. Rösch. Fréchet differentiability of the solution of the heat equation with respect to a nonlinear boundary condition. ZAMM, 15(3):603–618, 1996.

[24] F. Tröltzsch. Optimality conditions for parabolic control problems and applications, volume 62 of Teubner Texte zur Mathematik. B.G. Teubner Verlagsgesellschaft, Leipzig, 1984.

[25] F. Tröltzsch. On convergence of semidiscrete Ritz–Galerkin schemes applied to the boundary control of parabolic equations with non–linear boundary conditions. ZAMM, 72:291– 301, 1992.

[26] F. Tröltzsch and D. Wachsmuth. On convergence of a receding horizon method for parabolic boundary control. Optimization methods and software. To appear, 2003.