Technische Universitat Berlin
Institut fur Mathematik

Analysis of the SQP-method for optimal
control problems governed by the
instationary Navier-Stokes equations
based on LP-theory

Daniel Wachsmuth

Preprint 13-2004

Preprint-Reihe des Instituts fiir Mathematik
Technische Universitat Berlin

Report 13-2004 December 2004






Analysis of the SQP-method for optimal control problems
governed by the instationary Navier-Stokes equations based
on LP-theory !
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Abstract. The aim of this article is to present a convergence theory of the SQP-method applied
to optimal control problems for the instationary Navier-Stokes equations. We will employ a second-
order sufficient optimality condition, which requires that the second derivative of the Lagrangian is
positive definit on a subspace of inactive constraints. Therefore, we have to use LP-theory of optimal
controls of the instationary Navier-Stokes equations rather than Hilbert space methods. We prove
local convergence of the SQP-method. This behaviour is confirmed by numerical tests.
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1. Introduction. We are considering optimal control of the instationary Navier-
Stokes equations. The minimization of the following quadratic objective functional
serves as model problem:
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minJ0) = 5 [ )~ yr@)Pde+ 5 [ 1e,0) ~vale et
QR 2 2l 2
—|——/ |curly(z, t)| da:dt—kf/ |u(z, t)[*dzdt (1.1)
2 Jo 2 /o

subject to the instationary Navier-Stokes equations

Yy —vAy+(y-V)y+Vp = u in Q,
divy = 0 in Q, (1.2)
y(0) = o in Q,

and the control constraints u € U,q with set of admissible controls defined by
Und = {u € L*(Q)* ¢ wgi(z,t) < wiz,t) < upi(x,t) ae on Q, i =1.2}.

Here, €2 is an open bounded subset of R? with C3-boundary I' such that € is locally
on one side of T, and @ is defined by Q = Q x (0, 7). Further, functions yr € L*(2)?,
yo € L*(Q)?, and yo € H C L*(Q)? are given. The parameters v and v are positive
real numbers. The bounds u,, u, are required to be in L?*(Q)? with wu,;(z,t) <
up,i(z,t) a.e.on Q, i =1,2.

The aim of this article is the presentation of a convergence theory of the SQP-method
to solve the optimization problem (1.1). This method is widely applied to solve finite
dimensional as well as function space optimization problems. The first convergence
result in the context of optimal control was given in [24]. We will prove quadratic
convergence of the SQP-method in a neighborhood of a reference control, which has to
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fulfill a second-order sufficient optimality condition. We require positive definiteness
of the second derivative of the Lagrangian on a subspace of inactive constraints.

The control of instationary Navier-Stokes flow has been studied very intensively since
the pioneering work [1]. Necessary as well as sufficient optimality conditions were
established, cf. [7, 8, 13, 14, 25]. The optimality system can be used to derive regularity
properties of optimal controls. In [27], it was proven under certain assumptions that a
locally optimal control of the problem (1.1) is a continuous function in space and time.
Once a sufficient optimality condition holds true, one can prove stability of optimal
controls under perturbations of the reference configuration. Here, one is interested in
getting maximal stability of the controls, say stability with respect to the strongest
possible norm. Using Hilbert space methods, one obtain stability of optimal controls
in L9 with ¢ < co. Since under some regularity assumptions an locally optimal control
is continuous, one wants to get stability in the associated L°°-norm. To this aim, a
solution theory of the Navier-Stokes equations in LP rather than Hilbert spaces is
needed. If a stability result is available, one can prove local convergence of the SQP-
method using the concept of generalized equations, [12, 18, 24]. In contrast to the
approaches in the literature, we require that the second derivative of the Lagrangian
is positive definite only on a subspace associated with strongly active constraints.

The outline of the paper is as follows. In Section 2, we will introduce some notation
and state common results concerning solvability of the instationary Navier-Stokes
system (1.2). Section 3 contains a brief overview of known facts about optimality
conditions including first-order necessary and second-order sufficient conditions. In
Section 4, the SQP-method is considered and its local convergence is proven. Nu-
merical results confirming the convergence theory are presented in Section 5. Some
regularity results for the linearized Navier-Stokes equation and the adjoint equation
are summarized in Section 6. Throughout the article, we investigate the theory of
optimal controls of the instationary Navier-Stokes equations in the LP-space context.

2. Notations and preliminary results. Here, we will restrict ourselves to the
two-dimensional case, n = 2. First, we introduce some notations and provide some
results that we need later on.

To begin with, we define the solenoidal spaces
H,:={ve LP(Q)?*: dive = 0}, V, = {v e WyP(Q)?: dive = 0}.

Here, p denotes an arbitrary exponent p > 2. These spaces are Banach spaces with
their norms denoted by | - |, respectively |- |1,,. For p = 2, we get the frequently
used solenoidal spaces H := Hs and V := V5, which are Hilbert spaces with scalar
products (-, ) g respectively (-,-)y. The dual of V' with respect to the scalar product
of H we denote by V’ with the duality pairing (-, -}y v.

We shall work in the standard space of abstract functions from [0, T] to a real Banach
space X, L?(0,T; X), endowed with its natural norm,

1/p

T
lyllex) = lYllLrorx) = (/ Z/(t)|§(dt> 1 <p<oo,
0

oo = i t .
Yl Lo (x) Vfg;orga}XIy()lx

In the sequel, we will identify the spaces LP(0,T; LP(£2)?) and LP(Q)? for 1 < p < oo,
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and denote their norm by ||ull, := |u|rr(g)2. The usual L?(Q)*-scalar product we
denote by (-,-)¢o to avoid ambiguity.

In all what follows, || - || stands for norms of abstract functions, while | - | denotes
norms of "stationary” spaces like H and V.

To deal with the time derivative in (1.2), we introduce the common spaces of functions
y whose time derivatives y; exist as abstract functions,

W0, T;V) :={y € L*(0,T;V) : y; € L*(0,T;V")}, W(0,T):=W?0,T;V),
where 1 < o < 2. Endowed with the norm

||y||Wa = ”y”W”(O,T;V) = ||Z/||L2(v) + ”ytHL“‘(V’)a

these spaces are Banach spaces, respectively Hilbert spaces in the case of W(0,T).
Every function of W(0,T) is, up to changes on sets of zero measure, equivalent to a
function of C([0,T], H), and the imbedding W(0,T) — C([0,T], H) is continuous, cf.
[2, 17].

Furthermore, we introduce the following space of abstract functions in the LP-context:
W2 = {y € LP(0, TsW2P(Q)2 (V) ¢y € LP(0,T5 L))},

which is continuously imbedded in C([0, T7, WOZ_Z/p’p(Q)z), [16]. Here, W§_2/p’p(9)2
denotes the space of solenoidal W?2~2/P:P-functions where zero boundary values are

prescribed if p > 4/3. We abbreviate H>! = W22’1 for p = 2. Note, that in this case

we have V[/02_2/2’2(Q)2 = V. In this article, we will use exponents p > 2.

We define the trilinear form : V x V x V — R by

2
_ _ %
b(u,v,w) = ((u-V)v,w)s = /Q Z Uis " W dx.

ij=1 !

To specify the problem setting, we introduce a linear operator A : L2(0,T;V)
L*(0,T;V') by

T T
| . v = [ oo
0 0
and a nonlinear operator B by

| B, o)y dti= [ bl v(0). o)t
0 0

B is continuous for instance as operator from W(0,7T) to L?(0,T;V’). For conve-
nience, we will use the notation

bo(y.vw) = [ bly(t). o). w(B)ar.
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2.1. The state equation. We begin with the notation of weak solutions for the
instationary Navier-Stokes equations (1.2) in the Hilbert space setting.

DEFINITION 2.1 (Weak solution). Let f € L?(0,T;V') and yo € H be given. A
function y € L?(0,T; V) with y; € L*(0,T;V") is called weak solution of (1.2) if

ye +vAy+ Bly) = f,

40 = o, @1)

Results concerning the solvability of (2.1) are standard, cf. [22] for proofs and further
details.

THEOREM 2.2 (Existence and uniqueness of solutions). For every f € L?(0,T; V")
and yo € H, the equation (2.1) has a unique solution y € W(0,T). Moreover, the
mapping (yo,u) — y is locally Lipschitz continuous from H x L*(0,T; V') to W(0,T).

For more regular data, one expects more regular solutions. The next theorem states

some well-known facts, see for instance [22] for the details and further regularity
results.

THEOREM 2.3 (Regularity). For the higher regularity of the weak solutions of (2.1)
the following holds. Let yo € V and f € L?(Q)? be given. Then the weak solution
of (2.1) fulfills y € H*'. The solution mapping (f,yo) — vy is locally Lipschitz
continuous between L?(Q)? x V and H*!.

For the proof we refer again to Temam [22].

Now, we want to specify the notation of a solution of (2.1) in the LP-context.

DEFINITION 2.4 (Strong solution in LP). Let f € LP(Q)? and yo € I/Vg*Q/p’p(Q)2 be
given. A function y € Wg’l is called strong solution to the exponent p > 2 of (1.2) if
there holds

T T T T
- /0 (v, ')t + v /0 (Vy, V)dt + /0 by, 9, 9) = /0 (. 0)dt + (40, 6(0))  (2.2)

for all test functions ¢ € L(0,T;V,) with ¢, € L9(0,T; LI(Q)?) and ¢(T) = 0, where
q 1s the dual exponent top, 1/q+1/p = 1.

Here the space W2~ >/PP(Q)? is the natural trace space. Every abstract function of
LP(0,T; W2P(Q)?) with time derivative in LP(0,T; LP(2)?) is - after changes on a
zero measure set - continuous with values in this space, [16]. Obviously, every strong
LP-solution is a weak solution. For existence of LP-solutions we have the following
theorem.

THEOREM 2.5 (LP-solutions). Let f € LP(Q)? and yo € W 2/P'P(Q)2 be given with
p > 2. Then the weak solution y of (2.1) in the sense of Definition 2.1 is a strong
solution and satisfies y € Wg’l There exists a constant ¢ > 0 such that

[Yllwzr < e{lyolwa-2/m.0 + 1 lp}

Moreover, the mapping (f,yo) — y is locally Lipschitz continuous, hence the strong
solution y is unique.

If p = 2 this result reduces to Theorem 2.3. For the non-Hilbert space case p > 2, it
is proven in [28].
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2.2. Differentiablity of the solution mapping. So far, we provided results
concerning the properties of the state equation. We denote by G(u) = y the solution
operator (f,yo) — y of the instationary Navier-Stokes equations (2.1).

LEMMA 2.6. The solution operator G : LP(Q)2 x W2~ 2/PP(Q)? W2 is Fréchet-
differentiable. The derivative G’ is given by G'(f,yo)(hs,ho) = z, where z is the
solution of

z+vAz+ B'(§)z = hy,

with § = G(f, ), (hy, ho) € LP(Q)* x Wy */PP(Q)2.
Proof. Denote by y the state associated with (f,y9) and by y; the one associated
with (f + fn, 90 + ho), i.e. § = G(f,y0) and yn = G(f + fn,y0 + ho). Since

B(y) — B(yn) = B'(9)(§ — yn) — B(y — yn),

the difference d := y — y, solves

di +vAd+ B'(g)d = hy+ B(G—yn),
d(0) = ho.

Next we split this difference into functions z and r, d = z + r, that solve the two
linear equations

2+ vAz+ B'(y)z = hy, re +vAr+B'(g)r = B(Y—yn),

2(0) = hy, r(0) = 0. (24)

Existence and uniqueness of z and r follow from Lemma 6.5. Let us denote the

solution operator of these linear equations by G(7), then z = G(g)(hy, ho). Clearly,
this operator is linear. Its boundedness is a consequence of Lemma 6.5. We arrive at

g—yn—2=G(f,y0) = G(f + fn,y0 + ho) — G(y)(hs, ho) = .

To prove Fréchet-differentiability of G, we have to estimate the norm of . We begin
with the estimation of the right-hand side of the system determining r, (2.4). Since
9, Yn are in Wg’l we obtain

1B@ —yu)llp = 1T —yn) - V(G = y)llp < 1Y — Ynlloc |7 — ynllzewro(a)2)
<cly- yh||3vgy1~

By subsequent application of Lemma 6.5, the previous estimate of the Navier-Stokes
nonlinearity B, and the Lipschitz continuity of the solution mapping G we obtain

||7a||V[/2’1 <c ||B(g - yh)”P <c ||:lj - yh||2v[/2v1 <c (||hf||12) + |h’0‘2]/]/272/p,p)'
P P
Then it follows

T 2,1
7y i

”thp + |h0‘W2*2/P=P

as ||hfllp + [holw2-2/».» — 0. In this way, the Fréchet-differentiability of G is proven,
and we can identify G'(f,v0) := G(7) = G(G(f, vo))- O
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3. Optimality conditions. Now we return to our optimal control problem. In
this section, we discuss both necessary and sufficient optimality conditions connected
with the optimal control problem (1.1).

3.1. First order necessary optimality conditions. We briefly recall the
necessary conditions for local optimality. For the proofs and further discussion see
[1, 5, 8, 13, 25] and the references cited therein.

DEFINITION 3.1 (Locally optimal control). A control 4 € U,q is said to be locally
optimal in L*(Q)?, if there exists a constant p > 0 such that

J(gv ’U,) S J(ypv uP)

holds for all u, € Uyq with |G —u,l|l2 < p. Here, § and y, denote the states associated
with u and u,, respectively.

In the following, we denote by B’(§)* the formal adjoint of B’(g), given by
5@ Ao = [ 8(5.0.3) + b0, 5. ).
Q

THEOREM 3.2 (Necessary condition). Let @ be a locally optimal control with asso-
ciated state §j = y(@). Then there exists a unique solution X € W*3(0,T;V) of the
adjoint equation

X + VAN + B ()" A = ag(§ — yo) + agcurl curl g

” (3.1)
MT) = ar(y(T) — yr).
Moreover, the variational inequality
(va + 5\7 U — Q)L2(Q)2 >0 Yu €Uy (3.2)

is satisfied.
Proofs can be found in [8, 9, 25]. The regularity of \ is proven in [14].

The variational inequality (3.2) can be reformulated equivalently in different forms.
At first, a pointwise discussion yields the projection representation of the optimal
control

1-
ui (2, 1) = Projiy, . (z.t)up.i (.0)] <’y)\i(x,t)) ae.on @, =12 (3.3)

With this formula, we can see that the optimal control inherits some regularity from
the adjoint state. This form is also used in connection with Lipschitz stability of
optimal controls, cf. [27].

Secondly, we introduce the normal cone Ny, (1) of the set of admissible controls given
by

L?(Q)?: — )y < “ if @ w
Ny, (@) = {2 € L2(Q)*: (z,u— )2 <OVu € Upg} i uE(.]d (3.4)
1] otherwise.

Then the variational inequality (3.2) can be written equivalently as the inclusion

v+ A+ Ny, , (@) 0. (3.5)



SQP-METHOD FOR NAVIER-STOKES OPTIMAL CONTROL 7

This representation fits in the context of generalized equations, see for instance [12,
27].

The adjoint state A is the solution of a linearized adjoint equation backward in time.
So it is natural, to look for its dependence of the given data. For convenience, we
denote by f the right-hand side of (3.1), and by Ar the initial value ar(5(T) — yr).

THEOREM 3.3 (Regularity of the adjoint state).

(i) Let \r € H, f € L*>(0,T;V"), and § € L*(0,T;V) N L>(0,T; H) be given.
Then there exists a unique weak solution X of (3.1) satisfying A € W4/3(0,T).

(ii) Let \p € V, f € L?(Q)?, and y € L?(0,T; H*(Q)?) N L>(0,T;V) be given.
Then the unique weak solution \ of (3.1) is of class H*!.

The mapping (f, A7) — X is continuous in the mentioned spaces.
It can be proven following the lines of Temam [22], see also [14].

If the state y is a weak solution of (1.2) associated to a control u € L?(Q)?, then
Theorem 2.3 yields y € H?!, and the pre-requisites are met, thus we get A € H>!.

The existence of LP-solutions of the adjoint equation is topic of the next Theorem.

THEOREM 3.4. Let f € LP(Q)? and A\ € W02_2/p’p(f2)2 be given with p > 2. If
y € LP(0,T;W2P(Q)2 NV,), then the weak solution X of (3.1) is a strong solution
and satisfies A € WpQ’l. Moreover, the mapping (f, Ar) — X is continuous, hence the
weak solution X\ is unique.

The result in the case p = 2 is equivalent to Theorem 3.3(ii). The proof for the case
p > 2 is sketched in Section 6.3.

Let us introduce the Lagrange function £ : W(0,T) x L?(Q)? x W*/3(0,T) + R for
the optimal control problem as follows:

’C(yvuv )‘) = J(U,y) - {<yta )‘>L2(V’),L2(V) + V(yv )‘)LZ(V) + bQ(yvyv )‘) - ('LL, )‘)Q} .

This function is twice Fréchet-differentiable with respect to (y,u) € W(0,T) x L?(Q)?,
cf. [25]. The reader can readily verify that the necessary conditions can be expressed
equivalently by

L,(y,4,\)h=0 Yhe W(0,T) with h(0) =0,
LG, 0, \)(u—1) >0 Vu€ Uyg.

Here, £,, £, denote the partial Fréchet-derivative of £ with respect to y and w.

In the sequel we denote the pair of state and control (y,u) by v for convenience. The
second derivative of the Lagrangian £ at y € W(0,T) with associated adjoint state A
in the directions v; = (wy, h1), v2 = (wa, ha) € W(0,T) x L?(Q)? is given by

Evv (yv u, )‘) [vla ’1)2] = Eyy(ya u, )\) [wl, w2] + Euu(y, Uu, >‘) [hb hQ] (36)
with
Lyy(y, u, A)[wr, we] = ap(wi(T), we(T)) g + ag(wr,ws)g + ar(curlw, curlws)g
— bg (w1, w2, A) — bo (w2, wi, A)
and

‘Cuu(y7 u, )‘)[hla h2] = V(hh h2)2'
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It satisfies the estimate

Ly (y, 1, Nw, wel] < e (1+ 1A L2 v)) lwillw o,y llwzllwo,m) (3.7)
for all wy,wy € W(0,T), confer [25].

To shorten notations, we abbreviate [v,v] by [v]?, i.e.

Loy (77, X)[(w7 h)}g 1= Loy(D, X)[(w, h), (w, h)]

3.2. Regularity of extremal controls. In the sequel, we will denote controls
which satisfy the first-order necessary conditions as extremal controls. We will show
that under the following assumptions every extremal control is a continuous function
in space and time. More precisely, we assume for a p, 2 < p < oo, that the following
pre-requisite holds

Uq, Up € C(Q)27

Yo € W02*2/p,p(9>2;

Either ap = 0 or yp € W2 2/PP(Q)2,
Either ag =0 or yg € LP(Q)?.

(REG)

THEOREM 3.5. Let (REG) be satisfied. Every control w which fulfills the first-order
necessary conditions is continuous, i.e. u € C(Q)?.

Proof. For a detailed discussion, we refer to [27]. We only sketch the proof. For
every control u € L?(2)?, we get that the associated state y as well as the adjoint
state A\ belong to H*!. The space H>! is imbedded in every LP(Q)? for p < oo,

so the projection formula (3.3) gives u € LP(Q)?. Now, we can apply the strong

solvability result to conclude y, A € W2, for p > 2. With imbedding arguments we
find A € C(Q)%. A second application of (3.3) finally yields u € C(Q)2. O

3.3. Second-order sufficient optimality condition. Let v := (g,u) be an
admissible reference pair satisfying the first-order necessary optimality conditions.

DEFINITION 3.6 (Strongly active sets). Lete > 0 and i € {1,2} be given. Define sets
Qi CQ=0x[0,T] by

Qe = {(z,t) € Q : |yU(x,t) + Ni(z,t)] > €}

We assume further that the reference pair v = (y,u) satisfies the following coercivity
assumption on L£”(7, A), in the sequel called second-order sufficient condition:

There ezist € > 0 and § > 0 such that
Lon (@, M) [(w, W] = 6 |13
holds for all pairs (w,h) € W(0,T) x L*(Q)? with
(8SC) h=u—1u, u€ U, h; =0 on Q.; fori=1,2,
and w € W(0,T) being the weak solution of the linearized equation

wy+Az+ B'(glw = h
w(0) = 0.
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THEOREM 3.7. Let © = (y,u) be admissible for the optimal control problem and
suppose that v fulfills the first-order necessary optimality condition with associated
adjoint state . Assume further that (SSC) is satisfied at ©. Then there exist o > 0
and p > 0 such that

J(v) > J(0) + o llu— a3

holds for all admissible pairs v = (y,u) with [|[u — Uljcc < p.

For a proof we refer to [25]. There, Theorem 3.7 was proven in a slightly general form:
Sufficiency was achieved in a L®-neighborhood of the reference control, whereas the
quadratic growth takes place in the L%-norm with 4/3 < ¢ <2 < s < 00, s = ¢/(2—9).

We will show that any pair satisfying (SSC) is stable under perturbations of the
system equations.

4. SQP-method. in this section, we consider the SQP-method to compute a
local optimum of the control problem (1.2). It is a well-known method, applied very
often to optimal control problems of partial differential equations. For the analysis of

other local methods in connection with instationary Navier-Stokes equations we refer
to [14, 26].

The SQP-method solves in every step a linear-quadratic optimal control problem.
Given starting values ¥y, tn, Ay, it computes the next iterates v, 11, Unt1, Ant1 as the
solution of

o 1 n
min J (y,u):VJ(yn,un)(y—yn,u—un)—l-iﬁw(yn,un,)\n)[(y—yn,u—un)]Q (P")

subject to the linearized state equation

Y + vAy + B (yn)(y —yn) = u— Blyn),
y(o) = Yo,

and the control constraint u € U,y. The functional to be minimized we write for
convenience

n « (0%
@ Q
+ OZ?R/ | curl y(x, t)|*dadt + %/ lu(z,t)|2dzdt — bo (Y — Yn, Y — Yns An)-
Q Q

In the sequel, we investigate local convergence of this method. Here, the sufficient
condition (SSC) plays an essential role. As one expects, we get quadratic convergence
as soon as the iterates lies in neighborhood of a local solution.

4.1. Generalized Newtons method. We want to show, that the SQP-method
can be interpreted as a Newton-method for a generalized equation of the form

0€ F(x)+ N(x), (4.1)

where F is a C™!'-mapping between to Banach spaces X and Z, while N : X + 27 is
a set-valued mapping with closed graph.
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One can write down the Newton-method formally as follows: given iterate ™, compute
the next iterate 2”1 by solving

0€ F(z,) + F'(zn) (@ — x,) + N(z).

Before we state an abstract result concerning the convergence of the generalized
Newton-method, we will introduce the notation of strong regularity in the sense of
Robinson [18].

Let T be a solution of (4.1). The generalized equation is said to be strongly regular
at the point Z, if there are open balls Bx(Z,p,) and Bz(0,p,) such that for all
z € Bz(0, p.) the linearized and perturbed equation

2z € F(z)+ F'(z)(x — %) + N(z)
admits a unique solution = z(z) in Bx(Z, p;), and the mapping z — « is Lipschitz
continuous Bz(0, p,) from to Bx(Z, ps).

Then the following theorem holds, which generalizes results from the finite-dimensionalll
case.

THEOREM 4.1. Let T be a solution of (4.1) and assume that (4.1) is strongly reqular
at T. Then there exist an open ball Bx (T, p,) such that for every starting element
x1 € Bx(Z, pl,) the generalized Newton method generates a unique sequence {x,}5° ;.
The iterates x,, remain in Bx (T, p’,), and it holds

lnss —Fllx < en llan —2l% VR EN, (4.2)

where ¢y is independent of n.
For the proof, we refer to [3, 6].
In order to prove local convergence of the SQP-method,we have to verify the conditions

of the previous theorem.

4.2. Strong regularity - L>-Stability of optimal controls. Let (7,1, \)
satisfy the first-order necessary optimality conditions, see Theorem 3.2, together with
the second-order sufficient optimality conditions (SSC). The optimality system con-
sisting of state equation (1.2), adjoint equation (3.1) and the inclusion (3.5), can be
written in the condensed form

F(g,u,)) + (0,0,0,0, Ny, (@) 30, (4.3)
where the function F,
L1721 00 2 2,1
F W < L=(Q)° x Wy~ —
LP(Q)? x WZPP(Q)2 x LP(Q)? x WE2/PP(Q)? x L®(Q)?, (4.4)

is given by
Yyt +vAy + B(y) u
y(0) Yo
F(y,u, )\) = — A\ +1/A/\+B'(y)*)\ — aQ(y —yQ) +o¢RClﬁ'lcurly . (45)
AT) ar(y(T) — yr)

Yu + A 0
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Further, we have to re-define the normal cone Ny, to be a subset of L>°(Q)?,

N — {zeL>(@Q)?: (z,u—1) <O0Vu € U} ift€Usq
Yed =) otherwise.

We will apply Theorem 4.1 to the generalized equation (4.3). To do so, we have to
show strong regularity of this equation at the reference tripel (7,a, ). At first, we
investigate the mapping F.

COROLLARY 4.2. The function F defined by (4.5) is continuously differentiable in
the setting (4.4).

The proof can be found in [27].
The next and largest step is the investigation of the linearized and perturbed equation
2 e P\ + F' (3,5, (y — §,u—a,A — X) + (0,0,0,0, Ny, (@) . (4.6)

Here, the perturbation vector z = (zy, 20, 20, 2T, 2u) is restricted to be in the space Z
given by

7 = LP(Q)? x Wy 2/PP(Q)2 x LP(Q)? x Wy /PP(Q)2 x L¥(Q)% (47)
We equip Z with the natural norm
1211z = (24, 20, 2q; 215 2u)l 2 = l|2y llp +20lwr2-2/n. 0 + 2@ lp + |27 W22/ 5 + [ 2ullco-

To prove strong regularity of (4.3), we have to consider the linearized and perturbed
generalized equation (4.6). It represents a system, which can be written in a more
convenient way. The first and second component form the state equations

ye +vAy + B'(g)y = u+ By) + 2
y(0) = yo + 2o,
the third and fourth component are equivalent to the adjoint equations

M + VAN B(5) A = —B'(y — §)*A + ag(y — yg) + agcurlcurly + 2o (4.8)
ANT) = ar(y(T) — yr) + 21,
whereas the last component contains the inclusion
yu+ A+ Ny, (u) 3 z,.
It builds up the optimality system of the following perturbed linear-quadratic opti-

mization problem:

. ar o QR y
min 7 (y,u) = SEy(T) — yally + "2y — vl + Tl eurlyl3 + 1 ul3
+ (ZQay)Q + (ZTay(T))Q - (ZU,U)Q - bQ(y -9y —Y, 5‘) (PZ)
subject to the linearized state equation

vy + vAy + B (9)y = u+ B(7) + 2, (4.9)
y(0) = yo + 20
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and the control constraint
u € Ugq.-

The existence of a unique optimal control of the problem (P,) can not guaranteed by
the coercivity assumption (SSC). There, positivity of £,, was assumed only for the
subspace of directions where the control @ is not strong active. Hence this optimization
problem can be non-convex in general.

We will circumvent this difficulty in the following way: At first, we show the existence
of a unique solution if we substitute the control constraint by

U E Upg ={v € Ung : vi(x,t) = t; (1) iff (z,t) € Qes}. (P.)

In the sequel, we will denote by (/P:) the linear-quadratic optimization problem (P,)
with changed set of admissible controls [rJ:d. This problem admits a unique solution,
which we will denote by (y.,u.,A,). Moreover, the mapping z +— (y,,u,,\,) is
Lipschitz from Z to [L>°(Q)?]?. Thus, for sufficient small perturbations the control
u, is strong active on ). ; as well as @. This allows us to prove that it might fulfill
a second-order sufficient optimality condition. Consequently, u, is a locally optimal
solution of (4.3). At this point, we refer to [24], where similar arguments were used.

For the solvability of (P,), we have the following

THEOREM 4.3. Let (SSC) be satisfied for the reference solution v = (y,u) with

adjoint state X. Moreover, assume that yo,yr € W02_2/p’p(9)2, yo € LP(Q)? for
some p satisfying 2 < p < 00, and ug,up € L>(Q)2.

Then problem (P,) admits a unique solution (y.,u., A.). Moreover, the solution map-
ping z — (Y., uz, A;) is Lipschitz continuous from Z to Wp2’1 x L>=(Q)? x sz’l.

Proof. The claim was proven in [27] for a modified problem. There the second-order
sufficient condition was used in a stronger form. Coercivity of L,, was required for
the space of all directions - not only for the inactive ones.

However, we are encountering a similar situation. Let us denote the Lagrangian
associated to (P,) by £(). Then it holds for all y,u, A

LE) (yyu, A) = Lo (7, 8, N). (4.10)
Hence, for u € U,q with associated y we find using (SSC)
L3y, u, Ny = §ou = @)]* = Loo (7,3, N)[(y — §yu — @)]* > 6]|u—alf3.

Thus, the problem (ﬁ;) is convex on the space of admissible controls ﬁ:d, which yields
the existence of a unique optimal control u,. For a more detailed discussion of those
aspects we refer to [19], where the stability analysis is done for constrained optimal
control of the stationary Navier-Stokes system. Following [27], we can prove also the
claimed Lipschitz continuity of the solution mapping z — (y., u., ;). a

Now, we study the behaviour of u, on the active set Q.. To this aim, we have to rely
on the L*°-stability result of the previous theorem. One should remark, that using
Hilbert-space methods it is not possible to derive such a result for the constrained
optimal control problem of instationary Navier-Stokes equations, cf. [27] where this
issue is addressed.
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COROLLARY 4.4. Let the assumptions of Theorem 4.3 be fulfilled. Then there ewist
pz > 0 such that for all z € Z with ||z]|z < p, the optimal control of (Ps), u., is
strongly active a.e. on Qg ;, i.e. it holds

Ptz a @, 0) 4+ Al ) = zualw,0)] > 3,

and the signs of (vi;(z,t) + Xi(2,t)) and (yu,i(x,t) + X,i(z,t) — 2y.i(x, 1)) coincide
a.e. on Qg ; fori=1,2.

Proof. By Theorem 4.3, the mapping z — (y., u., \;) is Lipschitz continuous from Z
to Wg’l x L>(Q)? x sz’l. By imbedding arguments, we find that z — ~yu, + A, — 2,
is Lipschitz as mapping to L>(Q)?.

Let (z,t) € Q. such that vui;(z,t) + A\;(x,t) > . Using this, we derive

e < yiui(w,t) + Ni(w, t)
= ii(x, t) + Ai(@, ) — (Yuzi(@,t) + A i(2,t) — 24(, 1))
+ (vuzi(m,t) + Az iz, t) — 244, 1))
< cllzllz + yuzi(x,t) + Az iz, t) — 2y4(x, t).

Therefore, the choice p, 1= ¢ 1e/2 yields yu, ;(x,t) + X, i(z,t) — 244(z,t) > /2.
Analogously, if for (z,t) € Q. ; we have vii;(x,t) + A\i(x,t) < —¢, then the same value
of p. gives yu, ;(z,t) + A, i(z,t) — 2y i(z, ) < —€/2. d

COROLLARY 4.5. Let the assumptions of Theorem 4.3 be fulfilled. Then the control
u, associated to a perturbation z € Z with ||z||z < pz, p. given by the Corollary 4.4,
fulfills the variational inequality

(Yuz + As — 2y, u—1uy) >0 Yu € Uy, (4.11)

i.e. it satisfies the first-order necessary optimality condition of (P,).

Proof. Let u € Uyq be given. We begin with

/ (Vs + Az — 2uyi) (Ui — Uz ) :/ (Vi + Az — Zuyi) (U — Uz ;)
+ / (Vtzyi + Az — 2ui) (ug — G5),
Q

£,1

since u, € U;; means u, ;(z,t) = 4;(z,t) a.e. on Q. ;. The first integral is part of the
first-order necessary optimality conditions of (I‘Z) Therefore, it is nonnegative.

By Corollary 4.4, (ya;(z,t) + Xi(x,t)) and (yu, ;(z,t) + A,i(2,t) — 24.i(x, 1)) have the
same sign a.e. on Q. ;. Furthermore, ;(,t) is active on this set, so that u;(z,t) —
;(z,t) has always the same sign for all possible choices of w;(z,t). Since yu + A
satisfies st7i(’yﬂi + Xi)(u; — @;) > 0, the same is true for yu, + A, — z,, i.e.

/ (Yuzi + Az — 2u,i)(u; — ;) >0
Q

£,1

is satisfied. So, we proved that both integrals in (4.12) are nonnegative. Adding them,
we derived the claim (4.11). O
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So far, we showed that (y,,u., A,) fulfills the optimality system of the perturbed prob-
lem (P,) or equivalently the linearized and perturbed generalized equation (4.6). We
have to ask whether it might be a local minimizer of (P,). With the previous corol-
lary and the identity (4.10) we have all ingredients at hand to prove that (y.,u., ;)
satisfies a second-order sufficient optimality condition for the problem (P,), i.e. it is
indeed a locally optimal solution.

THEOREM 4.6. Let the assumptions of Theorem 4.3 be fulfilled. Then, there are

Pz, Pu > 0 such that the control u, associated to a perturbation z € Z with ||z]|z < p.
is a locally optimal solution of (P.), and it satisfies

T (y2,uz) < TP (y,u)

for all u € Uyg with |[u — uyllee < pu. Here y, and y are the solutions of (4.9)
associated to the controls u, and u.

Proof. We denote by y, and A, the solutions of the state respectively adjoint equations
(4.9) and (4.8). By Corollary 4.5, the triple (y.,u., A.) satisfies not only the first-order

necessary optimality conditions of (P,) but also the necessary optimality conditions
of (P,) if the norm of the perturbation z is smaller than p,, ||z||z < p.. This amounts
in the fact that the control constraints are strongly active in u, at Q..

As already mentioned above, cf. (4.10), the second derivative of the Lagrangians £(*)
and L associated to (P,) and (1.1) with respect to (y,u) coincide,

LE) (Y, u, ) = Lo (7, 1, V).

Let u € Uyq with u; = @; a.e. on Q. ; be given. Denote by y the associated solution of
(4.9). Set h = u—wu, and w = y—y,. This implies h = 0 a.e. on Q. ;. Therefore, h fits
in the assumptions of (SSC). The triple (7,1, \) satisfies the second-order sufficient
optimality condition (SSC), which means

L5 (o u N(w, 1)) = Lo (§: 1, N)[(w, h)]* = 8]|h13. (4.13)

Both, Corollary 4.4 and the coercivity relation (4.13) build up the second-order suffi-
cient optimality condition connected with (73; ). Following the lines of [25], we conclude
that u, is locally optimal: there exists a constant p, > 0 such J®) (y.,u.) < J&) (y,u)
for all u € Uyq with [|[u — uz]lco < pu- ]
COROLLARY 4.7. Let the assumptions of Theorem 4.3 be fulfilled. Then the general-
ized equation (4.3) is strongly regular at (i, d, \).

Proof. By Corollary 4.2, the function F is a C*'-mapping. Theorem 4.6 states that
the perturbed linearized optimization Problem (P,) has a unique optimal solution
in the ball Bpw (1, p,) for perturbations from Bz(0,p.). By Theorem 4.3, the as-
sociated state y lies in the ball ng,l(g, cypz), whereas the adjoint state A, is in
ng,l(j\, ¢y pz). Here, ¢, and ¢y are the Lipschitz constants given by Theorem 4.3.
This altogether yields the unique solvability of the perturbed linearized generalized
equation (4.6) in Byy2a (G, ¢y pz) X Breo (U, pu) X Byy2a (A, ¢ p.) for perturbations from
Bz(0,p.). As already mentioned, the solution mapping z — (y.,u., A;) is Lipschitz.
Therefore, all requirements for strong regularity are fulfilled. O

4.3. Local convergence of the SQP-type algorithm. With the help of the
previous section, we are in the situation to apply the abstract convergence result
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Theorem 4.1. However, we are not allowed to carry it over one-to-one. The strong
regularity of the generalized equation (4.1) requires that the solution mapping of the
linerized perturbed problem (P,) is Lipschitz continuous for small perturbations z,
where the solutions (y.,u., A,) are searched in a neighborhood of the reference triple
(9,1, A).

Consequently, the SQP-method has to reflect this behaviour. Although the SQP-
subproblems (P™) are uniquely solvable in a neighborhood of the reference solution
1, they need not to be uniquely solvable on the whole set of admissible controls. In
other words, the global solution of (P™) may not coincide with the locally optimal
solution. See also [24], where those aspects are discussed more detailed.

Hence, we have to modify the SQP-method in the following way: Given iterates
Yny Un, A, compute the next iterates yn41, Un+1, Ant1 as the solution of (P™) subject
to the control constraint

we Ul :=Un{ve L=(Q)*: v —illeo < p}- (4.14)

Then Theorem 4.1 yields quadratic convergence in a neighborhood of the solution.

THEOREM 4.8. Let the asssumptions of Theorem 4.3 be satisfied. Then there is a
constant ps > 0, such that for every starting value (yi,u1, 1) with uy € UL5 the
SQP-method with control constraint (4.14) generates a uniquely determined sequence
(Yn Un, An) with u, € UL5, and it holds

|tns1 — 71Hoo < ¢ Hun - a”io

with a constant cs independently of n. Here, y, and A, are the states and adjoints
associated to the control u,,.

The a-priori unknown solution @ appears in the definition of U”,, which is neces-
sary to establish the convergence theory. To overcome this difficulty, one has to use
globalization techniques. For an application of a globalized SQP-method to compute
optimal controls of instationary Navier-Stokes equations, we refer to [11].

5. Numerical results. Here, we provide a computational example which con-
firms the convergence analysis of the SQP-method.

The following control problem is given: We want to reduce the recirculation bubble
after the backward-facing step. We try this by minimization of the objective functional

Jyu) = 2

2/ \y(x,t)ny(:c,t)Fda:dtJrg/ |u(x,t)|2da:dt,

c c

where the time horizon T" and the parameter v will be varied in several examples. The
computational domain {2 is the backward-facing step. Here, observation and control
take place in the same part of the domain Q. = Q. x (0,7'), compare Figure 5.1.

We chose as desired flow yg the Stokes flow, see Figure 5.2, which is the solution of
the stationary Stokes equation with the same boundary conditions as used for the
instationary simulation.

At the inflow boundary I'j, a parabolic velocity profile is prescribed, whereas at the
boundary T'o,+ we use the ‘do-nothing’ boundary condition, cf. [10]:
0
I/—y —pn =0 a.e.on [yy.

on
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Fic. 5.2. Desired profile is the Stokes flow

At the rest of the boundary we use homogeneous Dirichlet conditions. All computa-
tions were done with Reynolds number Re = 400 which yields a viscosity parameter
v = 1/400. The initial velocity profile were chosen as the stationary limit of the
uncontrolled Navier-Stokes equations, cf. Figure 5.3.

Fic. 5.3. Initial flow profile yo

The continuous problem was discretized using Taylor-Hood finite elements on a grid
of 1664 triangles with 3473 velocity and 905 pressure nodes. Further, we use a semi-
implicit Euler scheme for time integration with a equidistant time discretization with
step length 7 = 0.005. The computations are based on a finite element code of Michael
Hinze, Dresden, see [13].

The arising discrete control problem is solved by the SQP-method without any global-
ization. The constraint SQP-subproblems (P™) were solved by a primal-dual method,
see for instance [15], using the CG method for the inner loop.

In all examples, the stopping criteria of the nested methods are balanced in the
following way as proposed in [12]:

The outer SQP-loop was terminated if two successive iterates are close enough,

n

[lu™ — un_luoo + [ly" — y"_llloo < €sQP-

The primal-dual active set method was stopped if either the active sets of two suc-
cessive control iterates coincide or the error in the variational inequality given by

1
u — Projy; | (—)\)
: v

is reduced by a factor of 0.1. The innermost iteration procedure — the CG method
— was stopped if the norm of the residual was reduced by a factor of 0.01.

¢(u) =

2
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Example 1. In this first numerical example, we consider a situation which is
nice from the optimization point of view: The parameter « is set large enough so
that the coercivity assumption (SSC) should be satisfied: v = 0.5. And, we do not
constrain the control, i.e. Uyqg = L>(Q)?. Further, the time horizon was chosen to be
T = 0.25. The starting values of the SQP-method for state and control, 4° and u°,
were set to zero. The computed optimal objective was J (g, @) = 0.02302.

In Table 5.1, we present the results. We observe quadratical convergence of the SQP-
algorithm in the iterations 1-3. In the third column, we give an estimation of the
convergence speed of the SQP-algorithm by

N Vet
=T = =2,

The iteration was stopped after iteration 3, since an adequate accuracy was achieved.

n

Iteration [lu™ —u" ! ¢ lv" — v Yoo

1 1.31-107t 1.63- 102
2 1.91-1072 1.10 1.00-1073
3 6.28-107° 0.17 3.16-10°6

TABLE 5.1. Results of Example 1, unconstrained case

We got similar results, if we require the control to fulfill box constraints
|u;(z,t)] <0.05 ae. on@,i=12.

In Table 5.2, the convergence history is presented. It turns out it that is independent
of the additional constraints, although 16% of the constraints are active at the final
solution.

n

Iteration [lu™ —u" ! ¢ Iy — 4"

1 0.05 1.63- 102
2 1.90- 1072 764 9.64-10~%
3 6.36-107° 0.17 2.87-1076

TABLE 5.2. Results of Example 1, constrained case

Example 2. Here, we extented the time horizon to T' = 1.3. The regularization
parameter v was set to 0.1. Again, the controls has to fulfill box constraints

|ui(z,t)] < 0.3 ae onQ,i=1,2.

We computed an optimal objective of J(7, @) = 0.088234. Some snapshots of the
control can be seen in Figure 5.4. The streamlines of the terminal velocity g(T") field
are depicted in Figure 5.5.

It seems that the behaviour of the SQP-method depends not only on v but also on
the time T'. For this particular setting we encounter the situation that a larger value
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F1G. 5.5. Flow profile §(T)

Iteration [Ju" —u" e ¢" ly™ — " oo
1 2.12-1071 1.92.1071
2 4.24.1071 9.42 6.62-1072
3 1.68-1071 0.93 3.66-102
4 1.98-1072 0.70 2.93-1073
5 2.04-1073 521 3.11-107%
6 4.82-107° 11.5 1.09-1075

TABLE 5.3. Results of Example 2

of T yields a worse convergence of the SQP-method. In Table 5.3, we listed the norm
of the differences of the successive iterates.

We can explain the discrepancy between theory and numerical results in two different
ways. First of all, we do not know whether the sufficient second-order optimality
condition holds for the infinite-dimensional problem.

Secondly, the theory requires that the SQP-subproblems has to be solved to arbitray
accuracy. However, in numerical computations this is limited by the discretization
of the problem. So one can think of the situation that the discrete problem was
solved to the possible accuracy before the SQP-method enters the region of quadratic
convergence. This effect is reported by many authors who are dealing with optimal
control of semilinear partial differential equations.

6. Proofs. In this very last section, we give an overview concerning the LP-
solution theory of the instationary Navier-Stokes equations together with its linearized
and adjoint counterparts. At first, we state the fixed point theorem due to Schaefer. It
is often used to prove existence of solutions of nonlinear partial differential equations.

THEOREM 6.1 (Schaefer [20]). Let X be a normed space, H a continuous mapping of
X into X which is compact on each bounded subset of X. Then either

(i) the equation x = AHx has a solution for A =1, or
(i1) the set of all such solutions x for 0 < X\ <1 is unbounded.
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Secondly, consider the linear instationary Stokes system

y—vAy+Vp = f in Q,
divy = 0 in @Q, (6.1)
y(0) = yo in Q.

Concerning LP-solutions, the following result is due to Solonnikov [21] for the two-
and three-dimensional case, in [28] it was generalized to arbitrary spatial dimensions.
We rely in our analysis heavily on this fact.

THEOREM 6.2. Letp > 1, p # 3/2, yo € Wg_z/p’p(Q)Q, f € LP(Q)?. Then there
exists a unique weak solution y of (6.1) satisfying y € Wg’l. Furthermore, there exists
a constant ¢ > 0 such that the estimate

1Yellp + Nyl e w2ey < c{lIfllp + |yolwz—2/p.0}
1s satisfied. Before proving the main result, we give some auxiliary lemmata which
we will use in the sequel.

LEMMA 6.3. Let forp =2, yo € VVO2_2/p’p(Q)2 =V and f € LP(Q)? = L?(Q)? be
given. Consider the system

ye —vAy+(y-Viy+Vp = of in Q,
divy = 0 in Q, (6.2)
y(0) = oyo in Q.

with o € [0,1]. Denote y, be the associated L*-solution of (6.2). Then it holds

1901 = Yo Lo z2) < clon = oo {[I fll2 + lvolv'}  Vou,00 € [0,1].

Proof. The claim follows directly from the Lipschitz continuity of the solution mapping
of the instationary Navier-Stokes equations, cf. Theorems 2.2 and 2.3. ]

We need the following LP-estimate of the nonlinearity.

LEMMA 6.4. Letp > 1, u€ WP, Then (u-V)u € LP and
1/2
(G- Dyl < e [l + 1 1Vul/2 1 } < clulwes {lulf + uly?}

For a proof, we refer to v.Wahl [28].

6.1. Proof of Theorem 2.5. We will give the proof in three steps. Although
the method of proof is the same as in [28], we present it in a slightly modified form.

6.1.1. Mapping 7. For given o € [0, 1], we define a mapping 7 =7 : W}%l —
Wg’l as 7w =y, where y is the strong solution of

Yy —vAy+(w-Vw+Vp = of in Q,
divy = 0 in Q, (6.3)
y(0) = oy in Q.
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The imbedding W' — C([0,T], C(2))? is compact for p > 2, cf. [4]. Following [28],
we find that w — (w-V)w is compact from W2! to L?(Q)2. Now, Theorem 6.2 yields
the compactness of 7.

Obviously, every fixed point of 7 for o = 1 is a strong solution of (1.2). To apply
Schaefers fixed point theorem, we have to show that the fixed points of 77 for 0 <
7 < 1 remain bounded in W2!.

6.1.2. Boundedness of fixed points. Define the set 3 as the set of all o € [0, 1]
for which a fixed point of 7 exists. Since 7 is a mapping on Wg’l, the associated
state y, is a member of that space, y, € WpQ’l.

Define further a set X* as the set of all o € [0, 1] such that
[0,0] C %,

and there exists a constant Cy, so that the set {ys}se[o,o] is uniformly bounded in the
following sense

Hys,t”p + Hys”LP(W?’P) + H |y8‘3 ”p + ” |v?/8|3/2 ||p <, {”f”p + |y0|W2*2/P»P} (6.4)

for all s € [0,0]. Therefore, the set £* contains all those o whose associated fixed
points of 7 exists and are bounded in W2!. Clearly 0 € X*.

We will show that for every o1 € 3* there exists § > 0 independently of o1 such that
the whole interval [o1, 071 + d] belongs also to 3*.

To this aim, let 01 € ¥*, 02 € ¥ with associated states y,,. Their difference y,, — Yo,
is the solution of an instationary Stokes equation with suitable right-hand side. By
Theorem 6.2 we have

||y0'17t - yaz,t”p —+ ||y[;2 — Yo, ||LP(W2=P) < Cl{|01 - 02‘ : ||pr + o1 — U2| : |y0‘W2*2/PvP

1o+ Vo = (W D llp - (6.5)

Furthermore, Lemma 6.3 gives
1Yor = YoullLoo(r2) < clor — o2 {||fl|2 + [volv } -
The nonlinear term is treated as in Lemma 6.4
||(y0'2 ' v)y02 - (yﬂl : v)yo'l H;D < ||(y0'2 ! v)ytffz”p + ”(yo'l ' v)ytﬁHP
< {1 oal? o + 119505 I + 1 500+ 1150, 1
< e {los = 9on Pl + 119 (0w = 5o I+ 1 96y + 111V, /2 1
2 1/2
< Cs (I1ox = Yo I3+ 12 = 90u 15 1o = il o w2
+ Ca {1y + 1193, 72 11 }

For |01 — 02| < ¢ the term Co (||y,;2 — Yo 13 + |Yon — Yo, ||é/2) is less than 1/(2C1).
Note, Cy, Cs, and ¢ are independent of o1 and o5. We thus found combining (6.5)
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and (6.6),

1Yoyt = Youtllp + 1Yor — Yoo llr(w2.r)
< 20161 flly + loolwer } +205Ca {119 Iy + 11V, 211, }
< 2C1(6 + C3Co,) {1 fllp + lyolw2-2/p.5 }-
Additionally, we derive

||y02,t||P + ||y02 HLP(WZJ’)
< NYoutllp + 1Yo Lo w2p) + Yor .t = Yootllp + [1Yon = You | Le w20y
< (Co, +2C1(6 4 C3Co ) {IIfllp + lvolw2-2/5.5 }-

Estimate (6.6) implies

sl + 11903 72
1/2
< C3 (1902 = o I3+ 12 = 90, 15 ) 19 = il v

+ C {1y + 11V, 72 1 }

1 . )
< g o2 = vl + Cs {11 iy + 11950721}

= (5 + 203001){”pr + |y0|W2*2/P,p}~

Setting Cy, 45 = max {Cy, + 2C1(d + C3Cy,), 6 + 2C5C,, }, we find that for all s €
[0'17 o1 + 5] nx

N

1ysellp + 1ysll Lo w1 1ys o+ 1Yy 2 Il < Cors {Ifllp + [yolw2-2/0.0} (6.7)

is satisfied. Hence, if for o € [o1,01 + ] a fixed point of 77, 0 < 7 < 1, exists then it
is necessarily bounded. Thus, Schaefers fixed point Theorem 6.1 yields the ezistence
of an fixed point of 7 for every o € [01, 01+ ¢], which means actually [o7,01 + 0] C 2.
And, [0, o1 + 8] C X* is proven.

Since § was independent of o1, we obtain after finite many steps ¥ = ¥* = [0, 1],
which proves existence of strong solutions of (1.2).

6.1.3. Conclusion. The fact that the solution mapping (f,yo) — vy is bounded

from LP(Q)? x W()Z_Z/p’p(Q)2 — W2 is a consequence of (6.7). The local Lipschitz
continuity is a further implication of that Lemma, see Remark 6.6 below. 0

6.2. Linearized equation. Let a function § € sz’l be given. Consider the
system

Ay + B'(y =
ye +vAy + B'())y £ (6.8)
y(0) = wo.

We will show, that this system is uniquely solvable.

LEMMA 6.5. Lety € Wg’l, f € LP(Q)? and yy € W§_2/p’p(9)2 be given with
2 <p < 0. Then the system (6.8) has a unique solution y € Wg’l, Moreover, there
is a constant ¢ > 0 independently of f and yo such that the following estimate is true

[9llwzs < e{llFllp + [Yolwa-2/v0} - (6.9)
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Proof. The proof is carried out using bootstrapping arguments.

STEP 1: p = 2. At first, notice that this result for p = 2 was proven for instance in

[14]. Tt yields the regularity y € W;’l = H?! and the existence of a constant ¢ > 0
such that

[yllzz2 < e{l[fll2 + |yolv}
is fulfilled.

We consider equation (6.8) as an instationary Stokes equation,

y+vAy = f—B(y)y,

b0 = o (6.10)

to invoke Solonnikovs Theorem 6.2. To this aim, we have to investigate the p—norm
auf B'(g)y = (y- V)g+ (5 V)y.

STEP 2: 2 < p < 4. We assume g € Wg’l. Then it follows that 7 is a function of class
L0, T; We*P"P(Q)2). Further, let y € W2 be the (weak) L2-solution of (6.10).

At first, observe that W(?*Q/p’p(ﬂ) is continuously imbedded in W4 for ¢ = 2pp,

cf. [2, 23]. By % = % + %, applying Holders inequality and the imbedding V' — LY

for ¢’ < oo, we obtain
1y - V)3l < cllglloewralyll oo pary < €llgllpoe (wa—2/e.0) Yl (v)- (6.11)
Secondly, if y € LP(W1P) holds, we can derive
1@ - V)yllp < cllgllocllyllLewrr)- (6.12)

Using the imbedding W?2~2/P:2 < W and the interpolation identity [W22 W2], =
W?2-2/p.2 with § = 1 — 2/p, we obtain

|y|W1 p C|y|W2—2/p,2 < C|y|W2 2|y|W1 2.

Integrating with respect to the time variable yields
1907wy < eyl e o 9l 2 ) < ellyllfaipee) 912y < clylly 2. (6-13)
provided p < 4. Collecting (6.11)—(6.13),

1B @)llp < cllgllwzllyllwzs < cllgllyz {112 + lvolv}

is found. Now, we can utilize Solonnikovs result to obtain the existence of a strong
solution § of (6.10). Thus, ¢ is also a weak solution. Since the weak solution is unique
it follows § = y, remember y was by definition the weak solution of (6.10). Moreover,
the solution estimate

lyllwz < e{llfllp + [yolwa-2/m o + 1B (D) I}
< c{llflly + 1yolwa-2v.0} + cllgllwzs {[[fll2 + |yolv}
< e+ Nglwz ) {Ifllp + [yolwa-2/e.0}
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is satisfied.

STEP 3: 4 <p < oo. Let g € sz’l. By Step 2, we find the strong solution y in I/I/f;lg7
0 < e < 2. It is - after changes on a zero measure set - continuous with values in
W/ 4=947¢(Q)2. Further, we the space W2 is continuously imbedded L>®(Q)2.

Again, we have to estimate the p-norm of B’(7)y. We begin with

1y - V)ullp < cllylloclVElly < cllyllwz 19l (6.14)
To estimate the second addend of B’(§)y, we observe that for p = g — 2 respectively
€= p% the imbedding

2

—_2 4
117 4—e
0

(@7 =W, T @) — Wi ()
is continuous. Moreover, for this choice of p respectively € we obtain
y € Wit < L0, T; Wy P (Q)).
Hence, we arrive at
1@ V)ylly < cllgllocllylloewrry < cllglwzallyllwz (6.15)
which allows as to conclude by Solonnikovs Theorem

il < e+ [Fhys) {171 + lwolw-2/o)

and the claim is proven for all p in [2, c0). d

REMARK 6.6. The Lipschitz continuity of the solution mapping of the instationary
Navier-Stokes equations can be proven using the previous Lemma. Let data f; €

LP(Q)? and yo,; € V[/O2_2/p’p(§2)2 be given, i = 1,2. Denote the associated strong
solutions by y;, i = 1,2. Then the difference d := y, — yo satisfies
di + vAd+ (y1 - V)d+(d-V)ya = f1— fo,
d0) = Yo1— Yoz

With analogous arguments as above, we arrive at

lyr = y2llwzr < e+ llyallpz + ly2llwz) {If = Fallp + 1300 = vo2lwe-2rm0}
which is the claimed Lipschitz continuity.

6.3. Adjoint equation - Proof of Theorem 3.4. At last, we are going to
prove the existence of a strong solution of the adjoint equation

M\t +VAN+ B ()" A= f

AT) = Ar. (6.16)

Via the transformations w(t) = MT —t), §(t) = g(T —t), g(t) = f(T — 1), wo = Ar,
this system is carried over in the forward-in-time equation
wy + vAw + B'(§)*w =g

w(0) — . (6.17)
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It is obvious that g, g, wg inherited their regularity from g, f, Ar. Hence, the adjoint
state A has the same regularity as w.

LEMMA 6.7. Let j € W', g € LP(Q)* and wy € VV(?Q/’”J(Q)2 be given with
2 <p < 0. Then the system (6.16) has a unique solution w € Wg’l. Moreover, there
is a constant ¢ > 0 independently of g and wqy such that the following estimate is true

[wllyzr < e{llgllp + [wolwz2rm.0} -

Proof. The proof is very similar to the proof of Lemma 6.5. Therefore, we will briefly
repeat its steps. At first, we observe

(B (§)wlv = /0 b(§, v, w) + b(v, §, w)dt = /0 —b(§,w, ) + b, §, w)dt

T
:/O (5 - V)w + (V§)Tw] - vdt,

since ¢ is divergence-free.

STEP 1: p =2. The result for p = 2 was proven for instance in [14]. It yields the
regularity w € W' = H>! and the existence of a constant ¢ > 0 such that

[wl[ g2 < e{llglla + [wolv}

is satisfied.

STEP 2: 2 < p < 4. With the help of (6.11)-(6.13), we conclude

1B @)y = 1= (3-V)w+ (V) wll, < C{||22||oo||IUI|W;%1 + HZJIILw(wz—zmp>|IU|Loo(v>} -

Then Solonnikovs Theorem gives us the existence of a bounded strong solution in
w21,
2

STEP 3: 4 <p < oo. Let w € Wffe be the strong solution of Step 2, 0 < ¢ < 2.

Analogously as in (6.14) and (6.15) we find

1B @)l =1l = (5 - V)w+ (V) wllp < clgllyzallwlyza,

and the claim follows immediately. 0
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