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Abstract. We derive formulas for the backward error of an approximate eigenvalue of a *-
palindromic matrix polynomial with respect to #-palindromic perturbations. Such formulas are also
obtained for complex T-palindromic pencils and quadratic polynomials. When the T-palindromic
polynomial is real, then we derive the backward error of a real number considered as an approximate
eigenvalue of the matrix polynomial with respect to real T-palindromic perturbations. In all cases
the corresponding minimal structure preserving perturbations are obtained as well. The results are
illustrated by numerical experiments. These show that there is a significant difference between the
backward errors with respect to structure preserving and arbitrary perturbations in many cases.
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1. Introduction. Given n x n matrices Ag, ..., A,,, the corresponding matrix
polynomial P(z) := Ay + zA; + -+ + 2™A,, is said to have an eigenvalue A € C
with corresponding eigenvector v € C™ \ {0} if P(A\)v = 0. We consider such eigen-
value problems for the special case that the coefficient matrices of P(z) satisfy certain
symmetries. This is indicated by stating that the ordered tuple (Ao,...,A,,) be-
longs to S, where S C (C"*")™*+1 In particular, given A\ € C, we are interested
in perturbations (Ag,...,A,,) € S to (Ag,...,A;) € S that are minimal with re-
spect to a specified norm such that X is an eigenvalue of the perturbed polynomial
P(z) = (Ao —Ao) +2(A1 — Ay) + -+ -+ 2™(A,, — Ayy). The norm of such a minimal
structure preserving perturbation is called the structured backward error of A as an
approximate eigenvalue of P(z). We refer to this also as the structured eigenvalue
backward error of A\ with respect to P(z) and S. In contrast, we refer to the norm
of a minimal but not necessarily structure preserving perturbation to P(z) such that
A € Cis an eigenvalue of the perturbed polynomial simply as the eigenvalue backward
error of A with respect to P(z).

Matrix polynomials with symmetries in their coefficients are referred to as struc-
tured matrix polynomials. For example, the coefficients of Hermitian matrix poly-
nomials are all Hermitian matrices, i.e., they satisfy, A;f = A, for j =0,1,...,m,
where A* denotes the complex conjugate transpose of a matrix A. Other structured
matrix polynomials closely related to the Hermitian matrix polynomials are the skew-
Hermitian matrix polynomials where the coefficients are all skew-Hermitian matrices
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and x-even and *-odd matrix polynomials where the coefficient matrices alternate be-
tween Hermitian and skew-Hermitian structure, due to which they are also referred to
as #-alternating polynomials [22]. Yet another interesting class of structured matrix
polynomials is the x-palindromic polynomials where the coefficient matrices satisfy
A} = Ap—j for j = 0,...,m. The *-palindromic polynomials P(z) have the prop-
erty that rev P*(z) = P(z), where P*(2) := X722/ A%, and rev P(z) := 2" P(1/2)
represents the reversal of P(z) obtained by reversing the order of the coefficient ma-
trices in P(z). Replacing the complex conjugate transpose * by the transpose T in
the above definition of *-palindromic matrix polynomials results in the T-palindromic
matrix polynomials which satisfy rev PT(z) = P(z). Each of the above mentioned
structured matrix polynomials displays a symmetry in its eigenvalue distribution as
an immediate consequence of the symmetry in the coefficient matrices. For example,
the eigenvalues of Hermitian and skew-Hermitian matrix polynomials occur in pairs
(A, \). Eigenvalues of *-even and *-odd matrix polynomials occur in pairs (), —\)
when the polynomial is complex and in quadruples (A, =\, A, —\) when the polyno-
mial is real. On the other hand, for complex *-palindromic and 7T-palindromic matrix
polynomials, these pairings are (\,1/)\) and (), 1/)), respectively. If these matrix
polynomials are real, then the eigenvalues occur in quadruples (A, 1/, A, 1/\).

This paper is a follow-up to [6], which considered the similar problem of finding
structured backward errors of approximate eigenvalues and associated minimal struc-
ture preserving perturbations for the particular case of Hermitian matrix polynomials
and related structures like skew-Hermitian and x-alternating matrix polynomials. In
the same work, it was stated that when the problem concerns *-palindromic and T-
palindromic structures, the solutions require a different treatment from that of the
Hermitian and related structures, and the aim of this work is to focus on such struc-
tures.

As mentioned in [6], structured matrix polynomials occur widely in various
applications. For example, Hermitian matrix polynomials occur in structural me-
chanics, fluid flows, and signal processing, to name a few (for details, see [28] and
references therein), while x-even matrix polynomials arise in linear quadratic opti-
mal control problems [21, 25] and in gyroscopic systems [20]. On the other hand,
x-palindromic matrix polynomials occur in discrete time optimal control theory [22]
and T-palindromic matrix polynomials arise in the mathematical modeling and nu-
merical simulation of surface acoustic wave filters [29] and in the vibration analysis of
railway tracks excited by high-speed trains [12, 13]. It is well established [28] that it
is important to use algorithms that preserve the structure of the matrix polynomials
when computing their eigenvalues so that the eigenvalue pairing associated with the
structure remains intact under round-off errors and any analysis or application based
on them is physically meaningful and useful. Therefore, structure preserving per-
turbation and backward error analysis of eigenvalues and eigenvectors of structured
matrix polynomials play a crucial role in all applications involving such polynomials.
Significant contributions toward structured backward error and perturbation analysis
have been made in [2, 3, 4, 10, 16, 18, 27].

The problem of finding minimal structure preserving perturbations to a given
structured polynomial P(z) such that the perturbed polynomial has a prescribed
eigenvalue A and a corresponding eigenvector v gives the structured backward error
for the approximate eigenpair (A, v) of P(z). This problem has been solved for several
classes of structured matrix pencils and polynomials in [2, 3]. However, except for the
work done in [6], the problem of computing structured eigenvalue backward errors
has not been undertaken so far.
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The structured eigenvalue backward errors are important for the stability analysis
of structure preserving algorithms like those in [19, 23] that compute only eigenvalues.
They are also important for finding solutions to distance problems involving structured
matrices as in the case of the distance to bounded realness for Hamiltonian matri-
ces [5] and in the passivation of linear time invariant control systems. The backward
error for an approximate eigenvalue A of P(z) may be obtained by minimizing the
corresponding expression for the backward error of the approximate eigenpair (A, v)
over all nonzero vectors v. But, the expressions for the structured backward errors for
approximate eigenpairs in [2, 3] indicate that this approach may not be feasible for
structured eigenvalue backward errors. There are certain special situations when the
backward errors of approximate eigenvalues are equal with respect to structured and
arbitrary perturbations. For instance, this is the case for approximate real eigenvalues
of Hermitian and skew-Hermitian matrix polynomials, purely imaginary approximate
eigenvalues of x-alternating matrix polynomials, and approximate eigenvalues on the
unit circle of *-palindromic matrix polynomials [1, 2, 3]. Apart from these cases, in
all other situations, the computation of the structured eigenvalue backward error is a
challenging and important problem.

This paper is organized as follows. In section 2, we formulate our problems, pro-
vide definitions, and give the preliminary results necessary for the computation of
the structured eigenvalue backward errors. In section 3, we reformulate the origi-
nal problem of computing the structured eigenvalue backward error as an equivalent
problem of maximizing the Rayleigh quotient of a Hermitian matrix with respect to
certain constraints. We derive formulas for the structured eigenvalue backward error
of A € C for x-palindromic polynomials in section 4 and the T-palindromic pencils and
quadratic polynomials in section 5. We also find formulas for the structured backward
error of A € R for real T-palindromic polynomials of any degree with respect to real
T-palindromic perturbations.

Notation. We use the notation Herm(n) and Sym(n) to denote the sets of
Hermitian and symmetric matrices of size n x n, respectively. The notations Ayax(H)
and A\o(H) denote the largest and second largest eigenvalues of a Hermitian matrix
H, respectively. Also, 02(S) denotes the second largest singular value of a matrix S.
The symbol ® denotes the Kronecker product of matrices (or vectors) and ||.|| refers
to the spectral norm.

2. Preliminaries. We introduce a norm on (C™*")™*+! associated with a weight

vector w € R™*! to be able to measure perturbations of matrix polynomials in a
flexible way.
DEFINITION 2.1. Let w = (wo, ..., wy,) € R™L where wo, . .., wy, > 0.
(1) w is called a weight vector and its entries w; are called weights.
(2) The reciprocal weight vector of w is defined as w="' = (wy ', ..., w,).
(3) A weight vector w = (wo, ..., wy) is said to be a palindromic weight vector
if Wy = Wp—j for j =0,...,m.
(4) For a tuple of matrices Ao, ..., Ay, € C"™™, we define

10, Al = | Aol2 + - + w2, | A2

DEFINITION 2.2. Let P(z) = 2™ Ay +- - -+2A1+Ag be a matriz polynomial, where
Ag,..., Ay € C™" and let X € C. Furthermore, let w = (wo, ..., wy,) € R be a
weight vector and let S C (C™*™)™*L. Then we call

i (P, )\)::inf{ Aoy, Al ‘ det (i)\j(Aj - Aj)) =0, (Ag,...,Ap) € S}
j=0
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the backward error of X\ with respect to P(z), S, and w.

Thus, 15 (P, \) is the norm of the smallest perturbation from S so that A becomes
an eigenvalue of the perturbed matrix polynomial P(z) = Yoo #(Aj = Aj). Clearly,
we have 75 (P, \) = 0 if the matrix P(\) € C"*" is singular, i.e., if A is already an
eigenvalue of P(z) (including the case that the matrix polynomial P(z) is singular).
Throughout this paper we assume that P(z) is regular and that P()) is nonsingular.
Also it is important to note that if (Ag,..., A4,,) € S, then

(P, A) < [[(Ao, -, Am) [l < 00,

because the perturbation with the tuple (Ao, ..., A;,) results in the zero polynomial.
The case S = C"*™ in the definition of 7 (P, \) corresponds to the backward error
with respect to arbitrary perturbations and we denote this by 7,,(P,A). Tt is well
known (see, for example, [4, Proposition 4.6] or [26, Theorem 1]) that

Omin (P()\))

'UJPa - )
(P> A) TN A [

where opmin(A) stands for the smallest singular value of a matrix A.

For brevity, whenever we make statements that are valid for both *-palindromic
and T-palindromic structures, we use the term *-palindromic, where x = * or x = T.
Thus, denoting the x-palindromic structure by pal,, we have

{(Agy ..., Apm) € (Cm)mHL s Ax = A, b if % = =,
pal, = {{(AO, Ay € (CmymE AT Z A, Y k=T,
The flexibility to perturb a polynomial with coefficients in pal, in a structure pre-
serving way is restricted by the fact that equal weights must be given to coefficients
in position 7 and position m — j. Therefore unless otherwise stated, we assume that
the weight vector w is a palindromic weight vector as defined in Definition 2.1. Our
aim will be to solve the following problem.

PROBLEM 2.3. Let P(z) = Y 1" 27 A; be x-palindromic and X € C\{0}. Suppose
that P(\) is nonsingular. Find the smallest structured perturbation from pal, that
makes A\ an eigenvalue of the perturbed *-palindromic polynomial. More precisely,
calculate

(P, ) =i {120, Am) | det(i N(4; = A7) =0, (Do, Ap) € pal.}
j=0

and construct the corresponding perturbation AP(z) = ZTZO NA; that attains the
mfimum.
Note that the assumption A € C\ {0} is justified because

P (P,0) = vV2woomin(Ao),

where oyin(Ap) is the minimum singular value of Ay. Also note that by restricting
all the entries of the weight vector to be positive in Definition 2.1, we are allowing
only those perturbations to P(z) that affect all its coefficient matrices. We consider
perturbations that leave certain coefficient matrices of P(z) unchanged to be elements
of some subset of (C™"*™)P, where p < m is a positive integer determined by the number
of coefficient matrices of P(z) that are perturbed. The backward error 72« (P, \) can
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be computed with respect to such perturbations along the lines of [6, section 6], where
this is done for Hermitian matrix polynomials. Brief discussions on the corresponding
strategies for the x-palindromic and 7T-palindromic matrix polynomials are provided
in Remarks 4.4 and 5.5, respectively.

We follow the strategy used in [6] to reformulate the problem of computing
75 (P, \) in terms of a structured mapping problem. A key result in this respect
is [6, Lemma 2.4]. Tt states that if any A € C is not an eigenvalue of an n X n ma-
trix polynomial P(z) = Z;n:() 27 A;, then X is an eigenvalue of a perturbed polynomial
P(z) := E;.”:O 27 (A; —A;) if and only if there exist vectors vo, ..., v, € C" satisfying
doito Muj # 0 such that

vj:AjM(/\mvm+-~-+/\v1+vo) for j =0,...,m,

where M = (P()\)) ~' This result yields the following alternative characterization of
7P+ (P, \) in terms of mapping problems.
LEMMA 2.4. Let P(z) = 37" 27 A; be x-palindromic and A € C\ {0}. Also

let k = LmT*lJ and vy = Z;n:o )\jvj, where vo, ...,y € C". Assume that P(\) is

nonsingular and let M = (P()\))_l. If m is odd,

W () = it (B0 A [Bet o € €7, 0 0, (B0, Ay) € pal.
AjMuoy = vj, AjMuvy =vm—j, j=0,.. .,k},

and if m is even,
nt (P,A) = inf{ (Ao, Am)llu |30, om € T, vx £0, (B0, Ap) € pal,,
AmMuy =vm, AjMoy =vj, ATMoy =vy—j, j=0,..., k}
Necessary and sufficient conditions for the mapping problems
AjMuvy = vy, A;M’U)\ = Up—j

in Lemma 2.4 to be solvable as well as minimal norm solutions to such problems have
been obtained in [14, Theorem 2|. We restate the result with an alternative proof and
include a formula for the desired minimal norm solution.

THEOREM 2.5. Let x,y,z € C™ with x # 0. Then there exists a matric A € C"*"
such that Ax = y and A*x = z if and only if x*y = z*x. If the latter condition is
satisfied, then

(2.1) min {||A|\ ‘ A€ C™ ™ Ag =y, A'z = z} - max{ lyll U= } .

el i

Furthermore, let £ = x when x = % and £ = T when x =T, and let y; and z; denote
the orthogonal projections of y and z, respectively, onto the orthogonal complement
of &. If ||z1]] < llwall, then the minimum in (2.1) is attained for

A=l vl [Ty = ] [ )
x Y1 ¥ Z1 ® 1
] ol =Y T
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if 21 £ 0 and for A = —_ya* if 21 = 0. If |ly1]| < ||z1], then these formulas can be

— =P
used to construct A*.
Proof. Clearly, the identities Az = y and A*x = z imply z*y = z*z and

Al > max{M u}

z
]| |l

Suppose now that #*y = z*z holds true. Denote ¢ = &/||z|. Then
o * * . 2 *x 12 2

= (20y)wo +y1, 251 = 0, [lylI” = [zgyl” + Iy,

2= (w52)wo + 21, 252 = 0, [12])* = [agel” + [l |*.
I?

Notice that 23y = z*z¢ and hence ||y||*> — [|z]|> = ||y1]> — ||z1]|*>. For every a € C the

matrix
Aq = |lzl| 7 ((zgy)moxd + yaah + w0zt + ayiz])

satisfies Ay =y and A%z = z. Hence,

(2.2) 1Al > max{M M}.

] ]

We show that equality holds in (2.2) for appropriate a. Without loss of generality we
may assume ||z|| < ||y||, or, equivalently, ||z1|| < |ly1]||. Otherwise, we may interchange
the roles of 2z and y and A and A*, respectively. We consider two cases.

Case 1: 21 # 0. Let a = —ajy/|v1||*>. Then A, = A and [|AL]| = |Jyll/[|z]]. In
order to see that let yo = y1/[|y1]| and zo = z1/||21||. Then

A, = [z~ [z T4y |21l L I
I2l™ [0 o] {nyln allya ] 2| [P0 7]
[yl 1 {xéy IIyllHl 0 ] x
=7 T T % X Z .
||a:|\[° vo) Il Ulwll =23y [0 llzall/llwll (70 20]
=:C =:D

Since [a:g ygr [xo yo] = [xo zg}* [xo zo] = I we have

{20 o] | =1[x0 20" |l =1.

The matrix C' is easily seen to be unitary. Moreover, || D| = max{1, ||z1]|/[|y1]} = 1.
Consequently, |Ay|l < |lyll/||z]|. This inequality is actually an equality because of
(2.2).

Case 2: z; = 0. Then for any a, A, = |||~ tyz§, whence [|A.| = ||y||/||z]. O

3. Reformulation of the problem. We first reformulate the original
Problem 2.3 of finding the backward error for the x-palindromic polynomial into
an equivalent problem of maximizing the Rayleigh quotient of a Hermitian matrix
with respect to some constraints. These constraints involve Hermitian matrices when
* = % and symmetric matrices when x = 7. Let A € C\ {0}, let P(z) = 37" 2T A;
be a x-palindromic matrix polynomial such that M = P(\)~! exists and define

vy = YT Muj, where g, ..., v, € C™. Also let k = | 252 ].
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By Theorem 2.5 for any vyg,...,v, € C" that satisfy vy # 0, there exists a
A = (Ayg,...,A) € pal, such that

(3.1) AjMvy =vj and ATMoy = vpm—j, j =0,... .k,
if and only if (Mwy)*v; = vy, _;(Mwy). For any A; € C"*" satisfying (3.1) which is
minimal with respect to the 2-norm, we have ||A;|| = max{ HJH\ZJEII’ ‘I‘IUIVImv;I‘I‘}

If m is even, the matrix Am of the tuple A = (Ao, ..., A,,) is Hermitian when

* = x and symmetric when x = T'. In the case x = x, the Hermitian matrix Az may
be chosen to satisfy Am Mvy = vz if and only if (MUA) vz € R (for details, see [17]).
On the other hand, when x =T the symmetric matrix Av; may be chosen to satisfy
Am Moy = vz without any restrictions on Mwvy and vz, and in either case, any

mlnlmal 2-norm solution of this mapping problem Satlsﬁes [Am]| = H;%f” (see [24]).

Therefore, if all the constraints are fulfilled, the minimal norm of A is given by

”AHi; = f(U(Jv s 7Um)7

where

2w§ max {

IR

llv; ||vm—j||2} . .
if m is odd
[Mux[[?? | Mox]? ’

<
Il
o

f(’Uo, cee

“G
3
I

2

2
ol oms P L e oml®
T Toonl” [ T W Tary i m is even.

-

2w§ max {

<
I
o

Thus, Lemma 2.4 yields
(3.2) P (P, \)? = inf {f(vo, o ,vm)‘(vo, e um) € /c},
where K C (C")™+1 is given by

(3.3) K= {(vo, ey Um)

vy # 0, (Muy)*vj = vy, _;Muy, j = 0...,k}
if x =T or if m is odd and * = % and by

(3.4)
K= {(vo, ey Um) ‘w\ #0, (Mvy)*vm € R, (Mvy)*v; = v,;,_;Muy, j=0,.. .,k}

otherwise (i.e., when * = % and m is even). Observe that (Mwvy)*v; = v}, _(Muvy) for

j=0,...,k if and only if

m—j

0= (M(vo NI )\mvm))*vj — U (M(vo NI )\mvm)) = U*@v,

where v := [vd,...,vL]T and
(3.5) Cj = (Ahei1) @ M* — (em—jr1Am) @ M,

with Ay, := [1,A,..., A™] € CY*0" D Similarly (Mvy)*vz € R if and only if

0=—-2Im ((M’U)\)*’U%) = l(U% (Mwy) — (M’U)\)*’U%) = ’U*é%’u,
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where
(3.6) C%::'OA;5%+Q@MW*—(m;HAm)®A4)
Note that 5’% is a Hermitian matrix but the matrices @-,j = 0,...,k, are not

Hermitian. Thus, from (3.3) if x =T, or if m is odd and » = x,

(3.7) K:ﬁmww%@

s £ 0, v*Civ = 0, j:O,...,k},
and from (3.4)
(3.8) K= {(vg,...,vm)‘m #0, v*égv =0, v*éjv =0, j= O,...,k}

otherwise.

As stated in the beginning of this section, our aim is to reformulate the com-
putation of the structured eigenvalue backward error as an equivalent problem of
maximizing the Rayleigh quotient of a Hermitian matrix subject to some constraints.
The same strategy was applied in [6] to find the structured eigenvalue backward error
75 (P, \) for Hermitian and related structures. But the reformulation was aided by
the fact that 75 (P, \) satisfied

1
Muy||? N :
(3.9) ni(P, A) = <sup {Z:WU—;HUJHQ vy # 0,07 Muy € R})

j=0 Wj

for those structures, because the quotient in the right-hand side of (3.9) could easily be
seen to be a Rayleigh quotient of a particular Hermitian matrix. (For details, we refer
to the proof of [6, Theorem 4.4].) However, as (3.2) suggests, this is not the case for
the structured eigenvalue backward error 722!+ (P, \) for the x-palindromic structures,
because the function f in the right-hand side of (3.2) involves taking a maximum. The
following lemma is a key step toward establishing a relationship similar to (3.9) for
nPals (P, \), because it shows that minimizers of the function f in (3.2) also minimize
a related function g that can in the following be interpreted as a Rayleigh quotient of
a certain Hermitian matrix.

LEMMA 3.1. Let P(z) = Z;n:o 27 A; be x-palindromic and X € C\ {0}. Assume

further that M = (P(/\))_1 exists and k = |2 |. Then

nfjjal*(P, )\)2 = inf {g(vo, cosUm) | (Woy ey um) € IC},

where
ij 2w2(Jlo; I2+A™ = v, 1I?) if m is odd
PR N ) I ’
VOye.nsy = N ) 5
9(v0;-- s m) k2w (v P+ oy )1?) | Wl L
P v o - if m is even
2 AT M [Mox | ’

and K is as defined in (3.7) and (3.8), respectively.
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Proof. Set v := inf {g(vo,...,vm)| (vo,...,vm) € K}. It is easily verified that
g(vo, ..., vm) < f(vo,...,vy) forall (vo,...,v,) € (C*)™T! with vy # 0. This to-
gether with (3.2) implies v < nP*+(P,\)2. The opposite inequality is an immediate
consequence of the following facts:

(a) The infimum of g in the definition of v is attained for some (0, ..., 0m) € K.

(b) For every minimizer (o, ..., 0m) € K of g we have

Proof of (a). Because K is closed under scalar multiplication and since for all
t € R\ {0} and all (vo,...,v,) € K we have g(vo,...,vm) = g(tvo,...,tvm), we
obtain that g(K) = g(KX NS), where S is defined as

k
S g2 = 1}.
=0

S= {(Uo, oy Up) € (CT)m T

Let (v(()é), . ,v,(f;)), £ € N, be a sequence in KNS for which

Eli}rgog(v((f), . ,vnf)) =

Since § is compact we may assume without loss of generality that the sequence
@, o)) has a limit (dg,...,0m) € S. Suppose that (o, ...,0n) ¢ K. Then
we have g + Avg + -+ + A" 0, = 0, as (0o, - - -, Um) belongs to the closure of K. This

implies

-1
lim HM (’U((JZ) + )\Uge) + e+ /\mv,(f;)) H =00

£— o0
and hence
lim g(v((f), 00 =00 #£ b,
{— 00
which is a contradiction. Thus, (9o, ...,0,) € K and g(0o, ..., 0m) = V.
Proof of (b). Let (0o, ..., 0m) € K be such that g(o,...,0n) = v. Observe that,
to show that g(0o, ..., 0m) = f(0o, ..., 0m), it is sufficient to show that ||9;|| = ||0m—;]|

forall j =0,...,k. Let

M (0x)/[IM (D) 3f > =,

M(ox)/[|M (0[] if + =T,

Tog =
and y;, Yym—; be the projections of v; and v,,—;, respectively, onto the orthogonal
complement of xg, for 0 < j < k. Then

f}j =Y; + ¢jxo and f}m_j = Ym—j + Cm—;T0

for some ¢;, ¢;n—j € C. Since (0o, ...,0m) € IC we have ¢ = ¢,,—j when x = x and
¢j = Cm—; when « = T. Hence

2 2 2 N 2 2 2
(3.10) 10517 = llys 1" + les | and (|17 = llym—jlI” + les |
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Let y = A2 y; + [A|™ "% y,,_;. Observe that

(Do 0 A2y By — Y, D) €K
for all ¢ € R. Thus as (0o, ..., ) is a minimizer of g over K, we have

d .. . 9 . .
0= Eg(vg,...,vj—kt/\m ij,...,vm_j—ty,...,vm)

t=0
_d (2w?<||ﬁj N1 e DY e [ S ty||2>>
dt (1 + [Am=27) | M|
_ 2wiR(e () IAlmf%Q@rn_jy) (since ity
(1 + [Am=27) [ My| dt
2wIR (Y (N2 y) — Ny )
(1 + A=) | Moy
202 A" RN [y |12 + A% Yy — Ay s — AV y]]?)
(1 + A=) | Mo
2w A2 (|| 1> — [|ym—;1°)
(1 + |Am=2) | Moy

t=0

= 2R(v"y))

t=0

3

which implies ||y;]| = ||ym—;||. This together with (3.10) yields ||0;|| = ||Om—;||. Hence
[|0j]] = ||om—;|| for all j, and the latter implies g(0o,...,0m) = f(?o,...,0m). This
completes the proof. |

. _ 2| \|m—23
Recalling that k = [Z-1], define v;1 = wj /W, V2 = w; 1/%,

7=0,...,k, and

_ diag(Yo1, - -« Yty V2 - - -5 Y02) @ Iy if m is odd,
T | diag(Yor, - - Ye1, W Ve2, -5 Y02) © L i mis even.

Also recall that A, = [1,,...,A"] € C*(™+1) Then we have
(3.11)
v*T 20

g(vo, ..., vm) = 5y’ where G := Ay Ap) @ (M*M), v= [vg ,...,UT]T,
v*Go

and v*Gv = | Mw,||> # 0, or, equivalently, vy # 0. It follows that

P2l (P)) = (inf{f(vo,...,vm) ‘ (o, ..., Um) € K})l/z

= (inf { g(vo, ..., Vm) } (vo,...,vm) € K})1/2 (by Lemma 3.1)

—1/2
= (sup{g(vo, ey Um) T ‘ (Vo, ..., Um) € IC})
Set u :=T'v and
(3.12) G:=T7'GI!, Cj:=T"'C;I7!, Cp=T"10T"",

where G, 5j, and 5'% are as defined in (3.11), (3.5), and (3.6), respectively.
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By Lemma 3.1 and (3.11), for k = | -1 |, we have

(P )~ = s { 50

{u*Gu
= sup
u*ru

if x =T, or if m is odd and x = *, and

v et {0}, v*Civ =0, j =0,. .., k}

‘u e Crm D\ {0}, w*Ciu =0, =0, .. k}

2 g€
( palo(p, /\)) = sup{uu*uu ‘u e cnm+\ {0}, u Cnu=0, u"Cju=0,j=0,.. .,k}

otherwise. Note that the condition vy # 0 from the definition of K in (3.7) or (3.8),
respectively, or, equivalently, the conditions v*Gv # 0 and ©*Gu # 0 can be dropped
in the two expressions for (nh= (P, \)) 72, because G and G are semidefinite. This

implies “u—Gu“ > 0 and hence the supremum of this Rayleigh quotient over all nonzero
vectors u satisfying some constraints will be the same with or without the additional
condition u*Gu # 0.

In order to state the main result of this section, for each j = 0,...,k we define
(313) Hj = OJ—FO H,, —j = Z(O C*) Hm = C%
(3.14) S;=C;+CJ,

where Cj, for j =0,...,k, and Cm, are as in (3.12).
Observe that for j =0,...,k,

v*Cjv =0 <= u*Hju=0and u*H,, ju=0,
vTéjv =0 <= u'Sju=0,
v*égv =0 < u"Hnu=0.
Therefore we have proved the following theorem, which gives the desired refor-
mulation.

THEOREM 3.2. Let P(2) = 37" 27 A; be x-palindromic and X € C\{0}. Suppose

that P(X) is nonsingular and M = (P(X))~'. Furthermore, let k := =L |, G be as
n (3.12), Hj, for j = 0,...,m, be defined by (3.13), and S;, for j = 0,...,k, be
defined by (3.14). Then

(3.15)

=

*Gu
PalT P, U
(P,X) = (sup{ o

‘ u e Cn(7n+1)\{0}3 UTSJU = 07 .] = 07 e 7k})

and

=

pal* u*Gu
(PN = <sup{ o

‘ u € C”(m+1)\{0}, wHju=0,j= 0,...,m}).

4. Backward errors for approximate eigenvalues of *-palindromic ma-
trix polynomials. In this section, we obtain structured eigenvalue backward errors
nPal (), P) for matrix polynomials P(z) with *-palindromic structure. As mentioned
in section 1, if A € C\ {0} is such that |A| = 1, then there is no difference between
the eigenvalue backward errors with respect to structure preserving and arbitrary
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perturbations. This fact was shown in [1] for the weight vector w = (1,...,1) and
easily generalizes to arbitrary choices of palindromic weight vectors. The situation is
completely different if |A| # 1. In this case, we obtain the structured backward error
via minimization of the maximal eigenvalue of a parameter-dependent Hermitian ma-
trix. The following theorem, which is a combination of Theorem 3.2 and Theorem 3.5
of [6], is crucial to this process. Note that in this theorem “indefinite” means “strictly
not semidefinite” as opposed to “not necessarily definite” as used in [7].

THEOREM 4.1. Let G,Hy,...,H, € C"*" be Hermitian. Assume that any
nonzero linear combination cgHo + -+ + apHy,, (ap,...,qp) € RPTIN\ {0}, is in-
definite. Then the following statements hold:

(1) The function L : RPTL — R, (to,...,tp) = Amax(G + toHo + - -+ + t, Hp) is

convex and has a global minimum

A =, min RL(tO,...,tp).

max
05 5tp€

(2) If either p = 1, or the minimum X%, of L is attained at (fo,...,t,) € RPF!

and is a simple eigenvalue of He == G + toHy + - - - + prp, then there exists
an eigenvector u € C™\ {0} of He associated with Ay, satisfying

(4.1) wHju=0 forj=0,...,p.

(3) Under the assumptions of (2) we have

max"*

(4.2) sup { “ *Gu
wru

u;éO,u*Hju:(),j:O,...,p}:/\'

In particular, the supremum of the left-hand side of (4.2) is a mazimum and is at-
tained for the eigenvector u from (4.1).

As seen in [6, Theorem 3.5], the assumption that A? . is simple is not necessary
when p = 1. This is due to the fact that the joint numerical range

WQ(FO,Fl) = {(J‘*F()[I‘,[I‘*le) S R2 ‘ xr e (CE, HZI’” = 1}

of two Hermitian matrices Fyy, Fy € C**¢ is a convex set [11]. But as [6, Example 3.8]
shows, the joint numerical range of three or more complex Hermitian matrices need
not be convex. Hence the assumption of simplicity of A} . is essential when p > 1.
We have the following result, which gives a formula for 722 (P, \) when |\| # 1.
THEOREM 4.2. Let P(z) = Z;n:() 23 A; be x-palindromic and X\ € C\ {0} such
that |\| # 1. Suppose that P()\) is nonsingular and M = (P(\))~t. Then for G as
defined in (3.12) and Hj, for j =0,...,m, as defined in (3.13), we have that

Ao i=  min Apax(G+toHo+ -+t Hp)
t0,ee st ER
is attained for some (to, ..., t,) € R If m =1 or A, is a simple eigenvalue of

G+tyHo+ -+t Hy, then

—1/2
1
nP (P)) = \/A._: (t mtineR/\maX(G+t0Ho+---+thm)> .
max 05--slm

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/14/17 to 130.149.176.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

BACKWARD ERRORS FOR PALINDROMIC MATRIX POLYNOMIALS 405

Proof. Setting k = |2 | let H; = C;+C%, Hp—j = i(C;—C), and Hyp = Ca,
where C; for j = 0,...,k are as defined in (3.5) and (3.6). In view of Theorem 3.2,
we aim to apply Theorem 4.1 in the proof. Thus we check whether each nontrivial
linear combination of Hy, ..., H,, or, equivalently, of Ho,..., H,, is indefinite. Let
H .= Z;n:() a;Hj. Recalling that A, :=[1,,...,A™] € CH*(m+1) " easy calculations
show that

H = (A:HOZ*) X M* + (O[Am) ® Ma

where a 1= [ag — iQn, ..., 0 — iQn—k, —(Qk +i0m—f),...,— (o + z'ozm)]T if m is
odd and
. . . . , T
o= [ao — QU+, Q= QU g, —lOum, —(ag + tam—t), ..., — (o + zam)}

if m is even. To complete the proof, we show that if H is semidefinite, then a = 0
and hence ag = -+ = au, = 0. Let

1 =X 0 0
0 1 - . :
(43) Q — | . . . 0 c (C(erl)X(erl)
Ly
0 0 1
and a = [ag ..., am|’ := Q*a. Since A,,,Q = e} we have

QL) HQ®I,) = (Q"A,a"Q) @ M" + (Q"ahAnQ) © M
=(e1a™) @ M* + (ae]) @ M

aoM + agM™* a M* - @, M*
alM 0 “ee 0
am M 0 o 0
If H is semidefinite, then a; = -+ = a,, = 0 and hence Q*a = a = age;. When

m > 3, observing that

a1 =0= a; —ic,_1 = Mag —ian),

am = 0= ap —ia;, = Moy —ia,—1),

we have ag = ag — i, = Mag — i, 1) = AM(g — icu,) = AMag.
Similarly, when m = 1,

a1 =0= ay+ia; = —Aap — taq) and ag — ian = —A(ag + i)

so that ag = g — ia; = — (g +iar) = M(ag — iay) = Mag.
Finally when m = 2,

a1 =0=101 = —5\(040 - iag),
as = 0= ag —iag = —idag
so that ag = ap — iaz = —iAa; = A\(ag — iag) = Mag.
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In all cases we have ag = A\ag and hence ag = 0 as A\ # 1. Therefore, a =
(Q*)"ta = 0, which implies that ag = --- =, = 0. [

Remark 4.3. Although it cannot be estabhshed that A9, is always simple for the
particular matrices G, Hy, ..., H,, in Theorem 4.2, numerical experiments suggests
that this holds generically.

Remark 4.4. There may be situations when it would be necessary to find the
backward error nPa (P, \) under the restriction that *-palindromic perturbations can
affect only some of the coefficient matrices. This is equivalent to setting some of the
entries in the palindromic weight vector w to zero. Let Z := {jo,Jj1,...,j¢} be a
subset of {0,1,...,|m —1]/2} if m is odd and of {0,1,...,m/2} if m is even and
assume that jo < j; < --- < jg. Suppose that 7 is the set of indices such that only
the coefficients A; and A,,—;, j € Z of P(z) are affected by perturbations. Let @ be
a palindromic weight vector extracted from w by retaining only its nonzero entries.

Then @ belongs to R2+3 if m is even and j, = 5 and to R2+2 otherwise. For any
(Ao,...,Ap) €pal, with Aj =A,,_; =0if j ¢ Z, we then have
(Ao, -, An)l7,
= ”( Jos J1a SRR Am—jUAm—jo)H?ﬁ
5 (W81 + w8 7) + w817 i is even and = %
_ ) It
> (w?|Aj|2 + w,anHAm_jHQ) otherwise.
jET
Then | - || defines a norm on (C"*™)2*3 in the first case and on (C"*")2*2 in the

second case. By using this, and the weight vector w, the strategy of reformulation pro-
posed in section 3 may be used to compute the structured backward error g2 (P, \)
with fewer constraints and smaller Hermitian matrices involved in each constraint.
The details of this process are similar to those in [6, section 6] for Hermitian matrix
polynomials and are therefore omitted.

Remark 4.5. To obtain an optimal *-palindromic perturbation to P(z) with norm
equal to the structured backward error n22 (P, \) such that the perturbed polyno-
mial has an eigenvalue at A, we first compute the eigenvector u corresponding to the
eigenvalue A9 .. of G +toHy + -+ - + &0 Hy, that satisfies the constraints u*Hju = 0.
Setting, v := I'"!u, the coefficient matrices A; of the *-palindromic perturbation may
be obtained from Theorem 2.5 and [6, Theorem 2.6], the second result being necessary
only to construct A= when m is even.

To highlight the fact that the assumption of simplicity of A}, is not required
when m = 1, we state the result for the case of the *-palindromic pencils separately.

THEOREM 4.6. Let A € C"™™ and A € C\ {0} with |\ # 1. Suppose that the
pencil P(\) = A+ \A* is nonsingular and let M := (A+\ A*)~1. Furthermore define

F -V

T[N [Al
MM LM 0 ] o _[wmb 0
)\M*M IA[2M* M TOM =M M| T 0 weyels

G:=T"'GI', Hy=T""(C+C"', and Hy:=il Y (C—C"I "
Then

to,t1€ER

—-1/2
pal (P /\) < min /\maX(G—FtoHO—Ftl Hl)) .
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5. Structured eigenvalue backward errors for T-palindromic matrix
polynomials. In this section, we obtain the structured eigenvalue backward er-
ror nPAT (P )\) for a matrix pencil or quadratic matrix polynomial P(z) with T-
palindromic structure. We also obtain the structured backward error for approximate
real eigenvalues of real T-palindromic polynomials without restrictions on the degree
of such polynomials.

Due to [1, Theorem 5.3.1], if A = =£1, then there is no difference between the
eigenvalue backward errors with respect to arbitrary perturbations and with respect to
complex T-palindromic perturbations (when P(z) is complex) and real T-palindromic
perturbations (when P(z) is real). This is proved for the weight vector w = (1,...,1),
but it may be easily generalized to arbitrary choices of palindromic weight vectors.

However, the situation is different if A # +1. Due to Theorem 3.2 the original
Problem 2.3 of finding the structured backward error n22!t (P, \) for T-palindromic
polynomials is equivalent to an optimization problem which requires maximizing the
Rayleigh quotient of a Hermitian matrix subject to a number of constraints involving
symmetric matrices. In these cases, the structured backward error may be obtained
by using a theorem from [15]. To state this theorem and other results that follow from
it, we recall that Ay(B) denotes the second largest eigenvalue of a Hermitian matrix
B and o03(5) denotes the second largest singular value of a matrix S.

THEOREM 5.1 (see [15]). Let H € Herm(n) and S € Sym(n) with rank(S) > 2.
Then

n T H tS’
sup{vHv‘vE(C Sv—0|\v||—1}—or<r%1<nt /\2<[t8 il )

where t1 = %
The following theorem gives a formula for the structured eigenvalue backward
error nP2!T (P, \) when P(z) is a T-palindromic pencil and A € C\ {0,1,—1}.
THEOREM 5.2. Let A € C™ " and suppose that P(\) := A+ MAT is nonsingular

for A\ € C\{0,1,—1}. Let M := (A+XAT)~! and define v ==,/ 1+|>\ J Y2 = A/ T 2"\ ,

G| MM AMEM [ MT 0 1 p._ fwonln O
MMM NPMFM T AMT —-M M| T 0 woveln
G:=T"'Gr" and S:=T"'(C+Cr
Then

- —1/2
alp . G tS
e = (mn (5 G]))
where t1 = 5‘2‘(%“)

Proof. Since P(z) = A+ zAT, (3.15) implies that

‘ w € T2\ {0}, uTSou = 0, }) :

N[

*

ngalT (P’ /\) — (SUp{ uw*Gu
u-u

where Sy = S. The proof then follows by applying Theorem 5.1. |
Similarly, the following theorem gives nP*T (P, \) when P(z) is a T-palindromic
quadratic matrix polynomial and A € C\ {0,1, —1}.
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THEOREM 5.3. Let P(z) = Ag + zA; + 22 A¥ be a T-palindromic quadratic poly-
nomial and X\ € C\ {0,1, —1} Suppose that det(P()\)) # 0, and let M := (P(\))~L.

Furthermore, let v1 := ,/ sz and vy 1= 4/ 1J1T‘J\‘2 , and define

1A a2 MT 0 0
G:=1|Xx I\ M| @MM, C:= AMT 0 0 |,
A2 AN A NMT - M —AM  —\2M

I':= diag(woy1, w1, woye) & I,, G := I 'Gr—! and S= I‘*l(C + CT)I‘*l

Then

X . G 51\ 2
e = (mn (5 G]))
where t1 = 3!(%”)

Proof. Since P(z) = Ag + zA; + 22 A¥ | from (3.15) we have

*

palT (P )\) (sup{ u*Gu
u-u

1
2

\ u e C\ {0}, uT Sou = 0}) :

where Sy = S. The proof then follows by applying Theorem 5.1. d

Remark 5.4. Due to (3.15), computing nP*T (P, \) for polynomials of degree
greater than 2 involves maximizing the Rayleigh quotient ”U G with respect to nonzero
vectors v that satisfy more than one constraint each 1nvolv1ng a symmetric matrix.
Generalizing our approach to compute 72T (P, \) in these cases may involve obtaining
appropriate extensions of Theorem 5.1. This does not seem to be straightforward and
will be the subject of future research.

Remark 5.5. A strategy similar to the one outlined in Remark 4.4 may be used
to compute 72T (P, \) for the case that the T-palindromic perturbations affect only
some of the coefficients of P(z).

It may be noted that if P(z) is a T-palindromic polynomials of even degree and
only the coefficient A= is affected by perturbation, then there are no constraints in

the computation of 727 (P, \) and therefore it is equal to the backward error 1, (P, \)
with respect to arbitrary perturbations. Moreover, 7227 (P, \) may be computed for
any degree if the restrictions are such that the computation of the backward error
involves only one constraint.

Remark 5.6. Note that in Theorem 3.2 if A € R\ {0,1,—1} and P(z) is a real
T-palindromic polynomial, then G and S; are real Hermitian matrices. Therefore,
denoting the real x-palindromic structure by pal, g, that is,

pal*,R = {(Ao, ey Am) S (Rnxn)erl |A; = Am,j,j =0,..., m} s
we have
(5.1) T (PA) = nl (P

in such cases.
The final result of this section gives the structured backward error nfualT‘R(P, A)
when A € R\ {0,1,—1} and P(z) is a real T-palindromic polynomial of any degree.
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It may be noted that despite the equality (5.1), this result is not a corollary of Theo-
rem 4.2. However, the proof is based on similar arguments that make use of the real
version of Theorem 4.1 with C replaced by R as given below.

THEOREM 5.7. Let G, Hy,...,H, € R"*™ be Hermitian matrices. Assume that
any nonzero linear combination agHy + -+ + apHp, (ag,...,ap) € RPN {0} s
indefinite. (Here, “indefinite” is used in the same sense as in Theorem 4.1.) Then
the following statements hold:

(1) The function L : RPYL — R, (to,...,tp) = Amax(G + toHo + - -+ + t, Hp) is

convex and has a global minimum

= i L .
A o in_ (to, ... tp)

(2) If p = 0 or the minimum A}, of L is attained at (to,...,t,) € RP*L and
is a simple eigenvalue of He := G + toHo + - - - +t,H), then there exists an
eigenvector u € R™\ {0} of He associated with A8, ... satisfying

(5.2) uTHjuzo for 7=0,...,p.

(3) Under the assumptions of (2) we have

max*

u' Gu
(5.3) sup { T

u;éo,uTHju:o,jzo,...,p}:x

In particular, the supremum of the left-hand side of (5.3) is a mazimum and attained
for the eigenvector u from (5.2).

Proof. The proofs of (1) and (3) follow from the proofs of the corresponding parts
of [6, Theorem 3.2].

If p = 0, then the proof of part (2) follows by arguing as in the proof of [6,
Theorem 3.5] due to the fact that the set

{eTHox |z € R", 272 = 1}
is convex. If p > 0 and A2, is a simple eigenvalue of H,, then part (2) of Theorem 4.1
implies that there exists a nonzero (possibly complex) eigenvector u corresponding to
A8 . of H, that satisfies (5.2). However, as H, is real and A2, is real and simple,
the eigenvector u can be chosen to be real. This proves part (2) and completes the
proof of the theorem. a

It is important to note that the assumption of simplicity of A2 . made in the
hypothesis of Theorem 5.7 is necessary even when p = 1. This is evident from the
following example, which is a slight modification of [6, Example 3.8].

Ezample 5.8. Let G = diag(«, «, 8), where o > 8 > 0. Also let

1 0 0 01 0
Hy=|10 -1 0| andH;=|1 0 0
0 0 O 0 0 0

Then any nonzero real linear combination of Hy and H; is indefinite and for g, t; € R,
the matrix
o+t tq 0
H(to,tl)ZG—FtoHo—l—tlHl: tq a—tyg 0
0 0 B
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has eigenvalues a + /t3 + t7 and (. Clearly the function L : R? — R defined by
L(to,t1) = Amax(H (to,t1)) = a + /t3 + t3 has its minimum A\, at (to,t1) = (0,0),
i.e.,, when H(0,0) = G. But the maximal eigenvalue o of G is a double eigenvalue
with corresponding eigenvectors e; and e, which are the first two basis vectors of R3.
Therefore, the matrix whose columns form an orthonormal basis of the eigenspace of
G corresponding to ais U = [ €1 es | € R3*2. There exists a real nonzero vector
in the eigenspace of G corresponding to « satisfying «* Hyx = * Hyx = 0 if and only
if the real joint numerical range of the matrices

10

Uy :=U"HoyU = [ 0 1

] and Uy := UTH\U = [

= O
O =
| I

defined by
{(zTUz, 2T Uy) ‘ e R? [|lzfo =1}

contains 0. Clearly this is not true in this case as this set represents the unit circle.

Note that this example does not contradict Theorem 4.1 as the eigenvector of G
with respect to a that satisfies u* Hyu = u* Hyu = 0 is the complex vector u = [1  i]7.

The following theorem gives formulae for the structured eigenvalue backward error
nPalT (P, \) when P(z) is a real T-palindromic polynomial and A € R\ {0, +1}.

THEOREM 5.9. Let P(z) = Z;n:() zJ A; be a real T-palindromic polynomial and
A€ R\ {0,+1}. Suppose that det(P(X)) # 0 so that M = (P()\))~! exists and set
k= 2] Then

Ao i= min Apax(G 4+t So + -+ - + 1 Sk)
K ER

is attained for some (to,...,t;) € R¥1 where G is defined by (3.12) and S;,j =
0,...,k, are defined by (3.14), respectively. If m =1 orm = 2, or if A%, is a simple
eigenvalue of G + oSy + - - - + 1Sk, then

~1/2
a 1 )
e 1T‘]R(P,)\) = = min_ Apax(G +to So + -+ -+t Sk) )
\//\I'nax to,...,t €R

Proof. Consider the Hermitian matrices S; := C; + C~’jT, j=0,...,k, where C;
are as defined in (3.5). Observe that & = 0 whenever m = 1 or m = 2. Therefore,
the proof follows from Theorem 5.7 if it is established that each nontrivial linear
combination of Sy, ..., Sk given by (3.14) or, equivalently, of Sp, ..., Sy is indefinite.

Suppose there exists [ag, . .. ,ak]T € R+ such that S := Z?:o O[jgj is semidefinite.
Then recalling that A,, = [1,,...,A™] € C**("+1D e have

k
S = Zaj <(A£(e;“r+1 - €ZL+1—J‘)) ®M" + ((€j+1 - em+1—j)Am) ® M)
=0

J
= (ALaTy® MT + (ahy,) ® M,

where the vector a is given by « := [ag, ..., ar, —ag,...,—ag]” when m is odd and
T .
by a :=[ag, ..., a0, —ag, ..., —ap] when m is even.
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Setting @ as in (4.3) and a = [ag, - . ., am]|T = QT a, since A,,,Q = e¥', we have

Q®L)'SQ®I,) = (QTAL"Q) @ M" +(QTah,Qm) ® M
= (era”) @ M7 + (aeT) @ M

ao(M + My ayMT - a,MT

ar M 0 0

amM 0 0
If S is semidefinite, then a; = --- = a,, = 0, which implies that QTa = a = age;.
Therefore, ag = ap and
(54) —AOéj_l—FOéj:O,j:l,...,k.
Also,
(5.5) (A + 1Dag = 0 when m is odd and

Aoy = 0 when m is even.
The identities (5.4) imply that
(5.7) ar = M\ag.

When m is odd, we have oy, = 0 from (5.5) since A # —1. Similarly when m is even,
(5.6) gives o, = 0 as A # 0. In either case, (5.7) implies that ag = ap =0 as A # 0
and completes the proof. d

Remark 5.10. A strategy identical to the one suggested in Remark 4.5 gives an
optimal T-palindromic perturbation to P(z) corresponding to nP#7* (P, \) in Theo-
rems 5.2 and 5.3 and an optimal real T-palindromic perturbation to P(z) correspond-
ing to 5" (P, \) in Theorem 5.9.

6. Numerical experiments. In this section we present some numerical exam-
ples to illustrate the proposed method for computing the structured backward error
7S (P,\) of some A € C\ {0} for the structures S = pal, and for w = (1,1,...,1).
In all cases we have used the software package CVX [8, 9] in MATLAB to solve the
associated optimization problems.

Ezample 6.1. L(z) = A+ zA* is a *-palindromic pencil of size 4 with eigenval-
ues 0.4624 — 0.8867i, —0.5697 + 1.7298¢, —0.1718 4 0.5215¢, —0.9765 + 0.2155¢2. For
A = 0.4853 — 0.5955¢ the backward error with respect to arbitrary perturbations is
Nw(L, \) = 0.0912, while the structured backward error satisfies nP** (L, \) = 0.3320.
The plot on the left of Figure 1 illustrates the movement of the eigenvalues of the
pencil L(z) under the homotopic perturbations L(z) 4+ tAL(z) as t varies from 0 to 1
and AL(z) is an optimal *-palindromic perturbation corresponding to 2= (L, \) that
induces eigenvalues at (), 1/)). The eigenvalue curves starting from 0.4624 — 0.8867i
and —0.9765 + 0.2155¢ (each marked by a star surrounded by a circle) come together
on the unit circle and split out to form the pair of eigenvalues (\,1/)\) (where X is
marked by a star surrounded by a diamond) of the pencil L(z) + AL(z).

On the other hand, the plot on the right-hand side of Figure 1 gives the movement
of the eigenvalues under the homotopic perturbations L(z) + tAL(z) when ¢ moves

from 0 to 1 and Ki(z) is an optimal perturbation corresponding to n,(L, ) that
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Fic. 1. Pigenvalue perturbation curves for the x-palindromic pencil L(z) of Example 6.1 with
respect x-palindromic perturbations (left) and arbitrary perturbations (right).

induces an eigenvalue at A without preserving x-palindromic structure. In this case
the perturbations move the nearest eigenvalue of the pencil to .

Example 6.2. Q(z) = A+ zB* + 22A* is a »palindromic polynomial of size 3
with eigenvalues —3.2746 — 0.4165¢, —0.3597 + 1.822214,0.9896 — 0.1437¢, —0.0961 —
0.9954%, —0.3005 — 0.03827, —0.1043 4 0.5282:. For A = 0.88 4 0.154, the eigenvalue
backward error with respect to arbitrary perturbations is 0.609, while with respect to
x-palindromic perturbations this is 1.7059. The plot on the left of Figure 2 illustrates
the effect of perturbations Q(z) +tAQ(z) on the eigenvalues of Q(z) as t varies from
0 to 1, AQ(z) being an optimal #-palindromic perturbation to Q(z) corresponding to
7Pl (@, \) that induces eigenvalues at (A, 1/)). It shows eigenvalue curves starting
from the eigenvalues —0.1043 + 0.528; and —0.3597 + 1.822217 (each marked by a
star surrounded by circle) of Q(z) coalescing on the unit circle and moving along the
circle till they next coalesce with the eigenvalue curve starting from the eigenvalue
0.9896 —0.14374 on the unit circle. After the second coalescence, the eigenvalue curves
split out of the unit circle to form the pair of eigenvalues (A, 1/\) (where A is marked
by a star surrounded by a diamond) of Q(z) + AQ(z).

The plot on the right of Figure 2 shows the movement of the eigenvalues of Q(z)
under perturbations Q(z) +t&6/2(z), where Z@(z) is an optimal perturbation to Q(z)
corresponding to 7,,(Q, A) that induces an eigenvalue at A and is not *-palindromic. In
this case the nearest eigenvalue of Q(z) on the unit circle moves to form the eigenvalue
Aof Q(z) + AQ(2).

Ezample 6.3. L(z) = A + zA”T is a real T-palindromic pencil of size 3 with
eigenvalues —1 and —0.5954 £ 0.8034: all on the unit circle. For A = —1.6656, the
eigenvalue backward error is 0.6563 with respect to real T-palindromic perturbations
and 0.5614 with respect to complex T-palindromic perturbations. With respect to
arbitrary perturbations, the eigenvalue backward error is 0.3177. Figure 3 illustrates
the effect of real T-palindromic, complex T-palindromic, and arbitrary perturbations
on the eigenvalues of L(z) so that they move to form an eigenvalue at A for the
respective perturbed pencils.

The plot on the left of Figure 3 shows the effect of perturbations L(z) + tAL(2)
on the eigenvalues of L(z) (in thick curves) as ¢t moves from 0 to 1, AL(z) being
the minimal real T-palindromic perturbation to L(z) corresponding to nb*""*(L, )
that induces eigenvalues at (A, 1/A). In this case eigenvalue curves starting from the
eigenvalues —0.5954 4 0.8034i (each marked by a star surrounded by a circle) on the
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Fic. 2. Eigenvalue perturbation curves for the *-palindromic polynomial Q(z) of Exzample 6.2
with respect to x-palindromic perturbations (left) and arbitrary perturbations (right).
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Fic. 3. Figenvalue perturbation curves for the real T-palindromic pencil L(z) of Ezample 6.3
with respect to real and complex T-palindromic perturbations (left) and arbitrary perturbations

(right).

unit circle coalesce on the unit circle and split out with one of the branches moving
over oo to form the eigenvalue A\ (marked by a star surrounded by a diamond) and
the other moving out to form the eigenvalue 1/ (inside the unit circle) as t moves
from 0 to 1.

The movement of the perturbed eigenvalues under the given real T-palindromic
perturbations may partly be attributed to two facts. The first is that —1 is always an
eigenvalue of a T-palindromic polynomial of odd degree and odd size (since P(—1) is
then a skew symmetric matrix of odd size and thus singular) of which the given pencil
L(z) is a particular case. The second fact is that eigenvalues of real T-palindromic
polynomials occur in quadruples (u, fi,1/u,1/f). This symmetry breaks down only
on the unit circle and on the real line where it reduces to the pairing (u, 1/4). Since
the only eigenvalues of L(z) other than —1 are also on the unit circle, in order to
maintain the eigenvalue symmetry, they have to pass through the intersection of the
unit circle and the real line to form the eigenvalues at A and 1/A\.

The plot on the left of Figure 3 also shows the effect of perturbations L(z)+tﬁ(2)
on the eigenvalues of L(z) (in thin curves) as ¢ moves from 0 to 1, ﬁ(z) being the
minimal complex T-palindromic perturbation to L(z) corresponding to nPaT (L, \)
that induces eigenvalues at (A, 1/A). Also in this case —1 cannot be moved to A under
T-palindromic perturbations. Instead, an eigenvalue curve starting from —0.5954 +
0.8034¢ moves to A while another starting from —0.5954 —0.8034¢ moves to 1/ (inside
the unit circle) as ¢t moves from 0 to 1.
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TABLE 1
Values of nw(L, ) and nﬁ,al* (L, \) for the x-palindromic pencil L(z) in Example 6.1, where
A — 0.4624 — 0.88671.

A (L, N) | 0B (L, )
0.600 - 1.200i 0.0710 0.2755
0.550 - 1.100i 0.0510 0.2772
0.520 - 1.000i 0.0300 0.2824
0.500 - 0.980i 0.0240 0.2807
0.480 - 0.950i 0.0159 0.2799
0.475 - 0.930i 0.0111 0.2811
0.470 - 0.900i 0.0038 0.2835
0.465 - 0.895i 0.0022 0.2830
TABLE 2

Values of nw(L,\) and 775,31* (L, \) for the x-palindromic pencil L(z) in Ezample 6.1, where
A — —0.5697 4 1.7298i (left) and for arbitrary \ (right).

) 1w (L, A) [ 0™ (L, A) ) 1w (L, A) | 0™ (L, A)
—2.50 4 0.507 0.1134 0.1605 1.1890 + 0.03767 0.4726 0.5937
—2.00 4 1.007¢ 0.1006 0.1344 0.2940 — 1.3362¢ 0.0850 0.2190
—1.50 + 1.407 0.0882 0.1012 1.1910 — 1.2025: 0.1571 0.3415
—0.90 4 1.507¢ 0.0569 0.0593 0.9410 — 0.9921% 0.1173 0.3494
—0.60 + 1.627 0.0196 0.0203 0.4850 — 0.59551 0.0912 0.3320
—0.58 4+ 1.70¢ 0.0053 0.0055 0.6680 — 0.0783% 0.3688 0.5149

TABLE 3

Values of mw(L, \), nEJalT(L A) and nEJalT'R(L,)\) for the T-palindromic pencil L(z) in
Example 6.3 as A\ — —1.

NI S S
—1.6656 0.1692 0.3177 0.5614
—1.5500 0.1501 0.3076 0.5623
—1.4500 0.1308 0.2992 0.5631
—1.3500 0.1086 0.2912 0.5638
—1.2500 0.0827 0.2842 0.5644
—1.1500 0.0528 0.2788 0.5649

Finally, the plot on the right of Figure 3 shows the effect of perturbations L(z)+
tﬂ(z) on the eigenvalues of L(z) as ¢ moves from 0 to 1, E(z) being an optimal
perturbation corresponding to 7, (L, \) that induces an eigenvalue at A and is not
T-palindromic. In this case, the nearest eigenvalue —1 of L(z) moves to form the
cigenvalue A of L(z) + AL(2).

We also compare 1, (P, \) with nPa«(P,\) for the cases that the values of A
converge to an eigenvalue of P(z) as well as for arbitrary values of A.

Table 1 illustrates these comparisons for the x-palindromic pencil L(z) of Exam-
ple 6.1 as A\ values converge to the eigenvalue 0.4624 — 0.8867¢ on the unit circle.
Observe that while 7,,(L, \) decreases to 0, this is not the case for n22 (L, \), leading
to large differences in the values of the two backward errors.

Table 2 does the same comparison for values of A\ that converge to the eigenvalue
—0.5697 +1.7298i not on the unit circle as well as for arbitrary values of A. In the first
case, both 7,,(L, \) and 722! (L, \) decrease to 0. However, in the second case, there
is a significant difference between the two backward errors even when the values of A
are away from the unit circle.

Table 3 compares the backward errors n,, (L, \), ng,alT'R(L, A) and nR¥T (L, \) for
the T-palindromic pencil L(z) in Example 6.3 as A converges to —1 along the real line.
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Observe that while both 7, (L, \) and 7T (L, \) decrease, nﬂalT’R(L, A) increases as

palt r

A approaches —1. This leads to large differences between 1, (L, A) and the other
backward errors at values of A\ close to —1.

Conclusions. We have obtained formulas for the backward error of approxi-
mate eigenvalues of *-palindromic matrix polynomials and 7-palindromic pencils and
quadratic polynomials with respect to structure preserving perturbations. When the
T-palindromic polynomial is real, we have also obtained the backward error of a real
number considered as an approximate eigenvalue of the matrix polynomial with re-
spect to real T-palindromic perturbations. For each case, a procedure for constructing
an optimal perturbation that corresponds to the structured backward error is pro-
vided. Numerical experiments suggest that there is a significant difference between
the backward errors with respect to structure preserving and arbitrary perturbations
in many cases.
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