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Abstract

Differential equations are an important building block for modeling processes in physics,
biology, and social sciences. Usually, their exact solution is not known explicitly though.
Therefore, numerical schemes to approximate the solution are of great importance. In
this thesis, we consider the temporal approximation of nonlinear, nonautonomous evolution
equations on a finite time horizon. We present two independent approaches that can be
used to find a temporal approximation of the solution.

As the solution of a nonlinear equation typically lacks global higher-order regularity, it
cannot be expected to obtain higher-order convergence rates. Thus, we only concentrate on
schemes that are formally of first order.

In the first part of the thesis, we consider the question of how nonsmooth temporal data
can be handled. A common method for the approximation of the integral of an irregular
function is a Monte Carlo type quadrature rule. We take on this idea and use a similar
approach to approximate the solution to a nonautonomous evolution equation. If the data
is evaluated at the points of a randomly shifted grid, we can prove the convergence of the
backward Euler scheme. Moreover, we prove explicit error estimates. Here, we introduce a
second set of randomized points, where the data is evaluated, and make additional assump-
tions on the data and the solution.

Secondly, we approximate the solution via an operator splitting based scheme. We work
with both an implicit-explicit splitting and a product type splitting. First, we decompose
the operator into a monotone and a bounded part. The implicit-explicit splitting is used to
obtain one implicit equation that contains the monotone part. The bounded part is solved
in an explicit fashion. This way, we only solve as many implicit equations as necessary.
Further, we use a product type splitting on the monotone part. Even though this leads to
more problems, they are potentially easier to solve individually. For this splitting scheme,
we follow a similar approach as in the first part of the thesis. After proving the convergence
of the scheme, we provide error bounds under additional assumptions on both the data and
the solution.

In order to provide an interesting field of application, we show that the schemes can be
applied for the temporal approximation of certain nonlinear, parabolic problems.
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Zusammenfassung

Differentialgleichungen bilden einen wichtigen Bestandteil fiir die Modellierung von Pro-
zessen in der Physik, Biologie und Sozialwissenschaft. Allerdings lasst sich ihre Losung nur in
seltenen Féllen analytisch bestimmen. Aus diesem Grund ist eine numerische N&herung der
Losung von groflier Wichtigkeit. In dieser Arbeit betrachten wir die Zeitdiskretisierung von
nichtlinearen, nichtautonomen Evolutionsgleichungen auf einem endlichen Zeitintervall. Wir
prasentieren zwei unabhéngig voneinander anwendbare Losungsverfahren fiir die zeitliche
Approximation der Losung.

Da die Losung einer nichtlinearen Gleichung haufig irregular ist, konnen keine beson-
ders hohen Konvergenzraten erwartet werden. Aus diesem Grund konzentrieren wir uns
ausschliefllich auf Verfahren, die formal eine Konvergenzordnung von eins aufweisen.

Im ersten Teil der Arbeit beschéftigen wir uns mit der Frage, wie zeitlich irregulére
Daten behandelt werden konnen. Fiir die Approximation des Integrals einer nichtglatten
Funktion ist ein Monte-Carlo-Algorithmus haufig eine gute Wahl. Wir verfolgen hier einen
dhnlichen Ansatz, um die Losung einer nichtautonomen Evolutionsgleichung zu approx-
imieren. Wir zeigen die Konvergenz des impliziten Euler Verfahrens unter der Verwendung
eines zufillig verschobenes Zeitgitters. Weiterhin konnen unter zusétzlichen Voraussetzun-
gen an die Daten und die Losung explizite Fehlerschranken angegeben werden. Um diese zu
zeigen, wenden wir eine weitere Randomisierung an.

Der zweite Teil der Arbeit enthilt ein Approximationsverfahren, das ein Operatorsplit-
ting nutzt. Wir verwenden sowohl ein implizit-explizites Splitting als auch ein Produktsplit-
ting. Hierbei zerlegen wir den Operator zunéchst in einen monotonen und einen beschrank-
ten Anteil. Das implizit-explizit Splitting wird genutzt, um eine implizite Gleichung zu
erhalten, die den monotonen Anteil enthélt. Der beschrankte Anteil kann in einer expliziten
Gleichung gelost werden. Auf diese Weise entstehen nur so viele implizite Gleichungen, wie
tatsédchlich notwendig sind. Weiterhin verwenden wir das Produktsplitting, um die implizite
Gleichung weiter aufzuteilen. Hierbei erhalten wir zwar mehr Gleichungen, diese sind aber
moglicherweise leichter zu 16sen. Fiir das Splittingverfahren gehen wir &hnlich vor wie im
ersten Teil der Arbeit. Nachdem die Konvergenz des Verfahrens gezeigt ist, wenden wir uns
auch hier expliziten Fehlerabschiatzungen zu, die unter zuséatzlichen Voraussetzungen an die
Daten und die Losung moglich sind.

Schluflendlich présentieren wir fiir beide Verfahren ein Anwendungsbeispiel aus dem
Bereich der nichtlinearen, parabolischen Differentialgleichungen.
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Introduction

This work intends to present results on the approximation of nonlinear, nonautonomous
evolution equations on a finite time horizon. This type of equation appears when modeling
complex processes in physics, biology, and social sciences. Yet the solution can rarely be
written down explicitly. Therefore, it is important to find ways to approximate a solution
efficiently. In this thesis, we will present two independent approaches that can be helpful for
the temporal approximation of such equations. For the presented schemes, our aim is always
twofold: We begin to prove the convergence of a proposed scheme, while we do not make any
additional regularity assumptions on the solution. This verifies that our approaches work in
general settings. For practical uses, a certain classification of the size of the error becomes
important to rule out an arbitrarily slow convergence of the method. Thus, our second aim
is to show certain error bounds if the exact solution u is more regular. This quantifies the
error at least under additional assumptions.

We only concentrate on methods with a convergence order of at most one. Higher-order
schemes usually only lead to a better convergence rate if the solution is sufficiently smooth.
For general nonlinear problems, the solution usually lacks global higher-order spatial and
temporal regularity. Thus, we only concentrate on simpler schemes.

In the first part of this work, we consider a randomized scheme for the approximation of
the solution to an evolution equation. Precisely, let T € (0, 00) as well as a Banach space V'

and a Hilbert space H be given such that V i) H=>=H* i> V*. We consider the problem

u' () + A(t)u(t) = f(t) in V*,  for almost all ¢ € (0,7),
u(0) = ug in H.
Here, {A(t)}+cjo,r) is a family of operators such that A(t): V' — V* for every ¢t € [0,7].
Further, A(t), t € [0,T], is a monotone, coercive, radially continuous operator, of at most
polynomial growth. The function f: [0,7] — V* is integrable and uy € H. Our starting
point for the approximation is rather simple: We approximate the solution of the evolution
equation with the well-known backward Euler scheme. To this end, for N € N, let the
equidistant temporal grid 0 = g < t; < --- < ty = T be given with ¢, = nk,n € {0,..., N},
and the step size k = % In order to find an approximation U" = u(¢,), a recursion of the

type

u” — Un—l

- +AUM =f", ne{l,... N}, (1)

with U% = wuq can be solved. Here, (A")neqr,....ny and (£7),eq1,... vy are approximations
for the operator and the right-hand side.

The question we want to address is what kind of approximations (A")ne{l,..., ~} and
(f")neqa,....ny should be used. While standard point evaluations for merely integrable data

ix
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are not well-defined, a suitable choice is

1 tn 1 tn
A= [ Awdn = [ fwdn ne {1, N,

tn71 tn— 1

In order to obtain such values in practice, quadrature rules are applied. As these rules
mostly depend on point evaluations, irregular data remains problematic. For functions with
very low regularity, a useful approach to approximate their integral is given by Monte Carlo
integration techniques. Instead of using this approach to obtain such integrals, we include it
directly to our scheme. This can be done via randomized point evaluations and measuring
only the expectation of the error.

Here, we propose two different ways to randomize the evaluation points. First, we
consider a temporal grid, which is randomly shifted. We evaluate the data at these points.
Under general assumptions on the data and no additional regularity condition imposed on the
solution u, we can show that piecewise polynomial prolongations of the values (U™ ),eq1,... N}
converge to the solution in a certain probabilistic sense.

Secondly, we always choose a randomized point between two randomly shifted grid points.
When the data is evaluated at these points, we can provide certain error bounds if the
solution is more regular and the data fulfills some additional assumptions. More precisely,
we assume that the solution u is an element of a fractional Sobolev space and we suppose
that the operator A(t), t € [0, 7], fulfills a stronger monotonicity condition and is Lipschitz
continuous on bounded sets. Then we can provide error estimates, where we prove that the
expectation of the error is sufficiently small.

A second, independent method to improve the computation of a solution, is to decompose
the operator and consider an operator splitting. Here, we allow a monotone part A(t): V —
V*, t € [0,T], as before and a Lipschitz continuous part B(t): H — H, t € [0,T]. Then we
consider

uw'(t) + At)u(t) + B@t)u(t) = f(¢) in V*, for almost all ¢ € (0,7,
u(0) = ug in H.

We again have the same starting point and want to solve the recursion

u” — Unfl

: + AU +B"U" =f", ne{l,... N}, (2)

with U% = uf. This time our aim is different and we assume that suitable approximations
uf, (A")neqr,. Ny B")neq,...nyp and (£"),eq1,... ny are known. We concentrate on finding
modifications for one single backward Euler step

(I +EkA™ +kB"U" = kf" + U™, ne{l,...,N},

that make this step potentially easier to solve. When approximating the solution to an
operator equation that is governed by a monotone operator, it is convenient to use a back-
ward Euler scheme. Compared to the forward Euler scheme, this has much better stability
properties. The downside of the backward Euler method is that it becomes necessary to
solve an implicit equation in each step. In our setting, we assume that the operator B(t),
t € [0,7], is bounded on the pivot space H. Here, the better stability properties of the
implicit scheme are not present. Thus, we exchange B"U" in (2) by B"U""!. We then
work with the implicit-explicit structure given by

(I +kA™U" = kf" + Ul with Up = (I — kB")U"!
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for n € {1,...,N}. This has the advantage that not more implicit equations appear than
really necessary. As the implicit equation containing A™ can be complex to solve, we further
introduce M € N values A" and £, m € {1,..., M}, such that A" = Zf\f:l A? and

ms

f” = ZM f. Then the backward Euler step containing A" is equivalent to

m=1"m"
M M
(1+kZA;;)U”=ka;g+Ug.
m=1 m=1

An application of the well-known product splitting leads to the system of equations given
by

(I+KkA™)UT, = kE" 4+ U me{l,...,M}.

m—1»
Finally, we obtain a system of the type
6= —-kBMHU"!
and

(I+kA)UY =kf” +U _, me{l,...,M},
with U = U%, for n € {1,...,N} and U° = uf. This method is not intended to lead
to an increased convergence rate. But we will see that the additional error caused by the
splitting scheme does not affect the magnitude of the error. Compared to the standard
backward Euler scheme, this approach leads to more subproblems. These can potentially
be easier to solve such that the total computational time may decrease. A suitable choice
of the decomposition for A(t) and f(¢), t € [0,T], can even lead to a problem that is easier
to parallelize. In modern hardware structures, parallelization can be a powerful tool to
accelerate the algorithm.

We follow a similar intention as for the randomized scheme and prove the convergence
of piecewise polynomial prolongations of the values (U"),¢q1,... v} Under the additional
regularity condition that u is Holder continuous and that the operator A(t), ¢ € [0, T}, fulfills
a stronger monotonicity condition and a bounded Lipschitz condition, we can prove explicit
error bounds.

This thesis consists of extensions of the following works, which were developed over the
last years.

(i) M. Eisenmann and E. Hansen. [34]

Convergence analysis of domain decomposition based time integrators for degenerate
parabolic equations. Numer. Math., 140(4):913-938, 2018.

(ii) M. Eisenmann and E. Hansen. [35]

A variational approach to splitting schemes, with applications to domain decomposi-
tion integrators. ArXiv Preprint, arXiv:1902.10023, 2019.

(iii) M. Eisenmann, M. Kovécs, R. Kruse, and S. Larsson. [37]

On a randomized backward Euler method for nonlinear evolution equations with time-
irregular coefficients. Found. Comput. Math., Jan 2019 (Online First).

(iv) M. Eisenmann and R. Kruse. [38]

Two quadrature rules for stochastic It6-integrals with fractional Sobolev regularity.
Commun. Math. Sci., 16(8):2125-2146, 2018.
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In the separate chapters, we explain in more detail how the content of this thesis is related
to the works mentioned above. Furthermore, two additional papers appeared within the last
years. Their content is not included directly in this thesis.

(v) M.Eisenmann, E. Emmrich, and V. Mehrmann. [33]

Convergence of the backward Euler scheme for the operator-valued Riccati differential
equation with semi-definite data. Fwvol. Equ. Control Theory, 8(2):315-342, 2019.

(vi) M. Eisenmann, M. Kovdcs, R. Kruse, and S. Larsson. [36]

Error estimates of the backward Euler-Maruyama method for multi-valued stochastic
differential equations. ArXiv Preprint, arXiv:1906.11538, 2019.

This monograph mainly consists of variations for the well-known Rothe method, which is
used in [99]. We prove convergence results of a semidiscrete scheme in a variational setting.
Similar approaches can be found in [35, 37, 40, 41, 42, 44].

When it comes to discretizing evolution equations, different strategies can be used. It
is possible to use a semi-discretization either via a temporal discretization or a spatial
discretization. In order to obtain a full discretization, these two strategies can be combined.
This leads, in particular, to an implementable method. A more basic introduction to the
numerical approximation of linear evolution equations can be found in [80, 111]. There, the
solutions of linear parabolic equations are approximated using a fully discretized scheme
involving a Galerkin approximation.

We only concentrate on a temporal discretization in this work and use the concept of
variational solutions. A full discretization can be obtained in a somewhat natural way. One
of the main aspects of the concept of variational solutions is to look at the problem in a
certain tested way. A Galerkin scheme can easily be integrated through a finite-dimensional
space of test functions. This also includes the finite element method.

Two important classes of methods to approximate the solution of a differential equation
are Runge-Kutta and multistep methods. For a more basic introduction, we refer the
reader to [105]. Applications of Runge-Kutta methods to evolution equations can be found
in [44, 53, 60, 87, 95] and multistep methods in [40, 41, 58, 81]. The backward Euler method
is one of the most simple prototypes of these classes of algorithms. Randomized point
evaluations for both the backward and the forward Euler scheme have been considered in
[25, 37, 71, 75] for different types of problem classes.

An introduction to operator splittings can be found in [70]. There exist many different
schemes that are based on operator splittings. Similar ones to the product splitting can
be found in [34, 35, 106]. Approaches with an implicit-explicit splitting are discussed in
[2, 5, 17, 24, 64]. The main difference of an operator splitting based scheme compared to
Runge-Kutta or multistep methods is that instead of evaluating the data at different points,
we decompose the data in several parts but evaluate them at the same point. Various types
of useful decompositions can be used. For many differential equations, there exists an
intuitive choice for a splitting given by different structures within one equation. Often,
these different structures can be handled easier by themselves. For example, a linear main
part and nonlinear perturbation can be split, see [65, 107, 108]. It is also possible to split
different partial derivatives or to decompose the domain, see [34, 35, 61, 62].

In our work, we only assume that the solution of the problem fulfills an additional
regularity condition that involves a fractional derivative when proving error bounds. Similar
error bounds for linear problems can be found in [15, 69]. The analysis becomes more
involved as soon as a nonlinearity is part of the equation. A first generalization is to consider
a linear main part and allow for some nonlinear perturbation. A numerical analysis for such
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semilinear problems can be found in [3, 63, 79, 88, 92]. When the equation is only linear
with respect to the highest appearing derivative it is called quasilinear. Such problems have
been considered in [4, 53, 87]. The numerical treatment of a fully nonlinear equation has
been studied in [52, 95]. Evolution equations containing a maximal monotone main part are
treated in [58, 59, 60, 64, 66, 101].

This monograph is build up as follows. At the end of the introduction, a collection of
the used notation can be found. In Chapter 1, we begin with a short recollection of both the
solvability of evolution equations and appropriate regularity results. We give some examples
of equations, where the solution is more regular. These examples contain settings that fit
the conditions imposed for our explicit error bounds. The two approaches discussed above
are explained in detail in Chapter 2 and Chapter 3. In Chapter 2, we consider randomized
schemes to approximate the solution of an evolution equation. Here, we begin to prove
the convergence of the scheme when the temporal grid is randomly shifted. In order to
obtain more information about the magnitude of the error, we prove error bounds for the
scheme. The chapter ends with an example of a parabolic problem of p-Laplacian type. The
following Chapter 3 is build up similarly. We begin to prove the convergence of a method
that is based on an operator splitting scheme. We also prove that under some additional
assumptions, certain error bounds can be provided. Again, we show that the abstract
theory has applications for nonlinear parabolic problems. At the end of the monograph, we
collect some auxiliary results in the appendix. Here, useful inequalities can be found. This
is followed by a brief introduction to spaces of Bochner integrable functions on a general
measure space and some results from stochastic analysis that are needed for the randomized
schemes.

Notation

Let D ¢ R?, d > 1, be a bounded domain. We denote the boundary of D by 0D and its
closure by D. The space of uniformly continuous functions v: D — R is denoted by C(D),
while the space of continuously differentiable functions on D is denoted by C'(D). On D
we also consider the space

CcY(D) = {U € C(D) : dv exists and ;v € C(D),i € {1,.. .,d}},

where 0;v := %}i fori € {1,...,d}. The space C2°(D) contains all functions v: D — R that
are infinitely many times differentiable and have a compact support in D. Furthermore, for
a function v € CY(D), we write Vv = (8111, cee 8dv)T for its gradient while the divergence
of a function v = (vy,...,v4)T € CY(D)? is denoted by V - v = Z?:l 0v;. For T € (0, 00)
and a function v: (0,7) x D — R, we write 9;v for the partial derivative with respect to the
temporal parameter.

For p € [1,00] and ¢ € N, we write LP(D)* for the space of Lebesgue measurable functions

v: D — R such that
1
([1las)"s peoo),
D

||U||LP(D)@ =
ess sup |v], p =00
D

is finite. If £ = 1, we just write LP(D). Here, ess supp, is the essential supremum over D.
For more details and properties, see [1, Chapter 2]. The Sobolev space W?(D) consists of
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all functions v € LP(D) such that every weak partial derivative djv, i € {1,...,d}, exists
and is an element of LP(D). This space is equipped with the norm

1
[vllwie (D) = {(HUIIEI’(D) + ||VU||1£p(p)d) 7y p € [1,00),

for v € WhP(D). If all the mixed partial derivatives up to order j € N exist and are
elements of LP(D), we denote the space of such functions by W7?(D). Additionally, for
p € [1,00) we consider the space W, (D), which is the closure of C2°(D) with respect to
the norm of W?(D). Due to Poincaré’s inequality (cf. [19, Corollary 9.19]) the seminorm
Hv||W01,p(D) = IV| Lr(pye, v € WyP(D), is a full norm on this space. In the case p = 2, we
also write H/(D) = W72(D), j € N, and H}(D) = W,*(D). More details and properties
for Sobolev spaces can be found in [1, 19, 82]. For fractional differentiability exponents, we
use the same notation and refer the reader to [26, Chapter 4] for the precise definition.

In the following, let (X, | - |lx) be a real Banach space. We write X* for its dual space
that is equipped with the induced norm given by

Ifllx-= sup (f,x)x-xx, fe€X*,
reX,
| x <1

where (f,z)x+-xx = f(z) stands for the duality pairing. For a finite value T' € (0, c0), the
space of uniformly continuous functions v: [0,7] — X is denoted by C([0,7T]; X). A norm
on this space is given by

X)) = t
Ivlleor = max [v(®)lx

for v € C([0,T]; X). We denote the Holder seminorm to the exponent « € (0, 1] of a function
v: [0,T] = X by

v(s) —v(t)||x
|U|C°"1([07T];X) = sup M
stefo,r], |1l
s#t

We then call the space
C([0,T); X) = {v € C([0,T]; X) : [v]co.e o) < 00}
the Holder space with exponent « and use the norm

vl co.eo,11:x) = [Ivlleqo,mm:x) + [vlcoa (o, 11:x)

for v € C%([0,T]; X). For a = 1 this is the space of Lipschitz continuous functions with
values in X. For more details on continuous X-valued functions, see [39, Abschnitt 7.1] and
for Hélder continuous functions, see [6, Section 3.7].

For p € [1,00] the space of Bochner integrable functions on [0,7] with values in X is
denoted by LP(0,T; X). This space is equipped with the norm

(/OT lo(®)% dt)%, p € [L,00),

ess sup ||v(t)|| x, p =00
t€[0,T]

HUHLP(O,T;X) =
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for v € LP(0,7;X). For more details, see [39, Abschnitt 7.1] or [96, Section 4.2]. In
Appendix A.2 there is a short explanation and collection of results for Bochner integrable
functions that are defined on a general measure space.

For p € [1,00), the space W1P(0,T; X) contains the functions in LP(0,T; X) that possess
a weak derivative in LP(0,7T; X). A norm for this space is given by

1
||'UHW11P(O,T;X) = (HUH L?(0,T;X) + ||'U HLP(OTx)) 5

compare [99, Section 7.1]. For a € (0,1), p € [1,00), and v: [0,T] — X we consider the
Sobolev—Slobodeckil seminorm

T ||’U HXd dt %
|’U|W” 2(0,T;X) — ‘S—t|ap+1

Then the Sobolev—Slobodeckii space is given by
WeP(0,T; X) = {v € LP(0,T; X) : |[v|weanr,r;x) < 0},
which is endowed with the norm

1
|vl[wrer(0,7;) (HUHLP 0,T:X) + [vliya, P(OTX))p

for v € W*P(0,T; X). A full introduction and properties can be found in [26, Chapter 4] or
[27]. In [102], there is a wide range of embedding theorems for such function spaces.

The spaces V', H, and V* are called a Gelfand triple if (V, || -||v) is a separable, reflexive
Banach space that is continuously and densely embedded into the separable Hilbert space
(H, (-y)a, || - |g). The space H is identified with its dual and we consider

v He gy

For f € V* and v € V we write (f,v)y=xy = f(v), which is the continuous extension of the
inner product of H. On such spaces, we introduce

WP(0,T) = {v e LP(0,T;V) : v exists and v’ € LI(0,T;V™*)},
where p € (1,00), ¢ = p—, and v’ denotes the weak derivative of v. In the case p = 2, we
write W(0,T) = W?(0,T). The space WP(0,T) is equipped with the norm
[vllwe 0,1y = IVl e 0,73v) + V' | Laco,7v+)

for v € WP(0,T) and is continuously embedded into C([0,T]; H). For more details, see [39,
Abschnitt 8.1 and 8.4], [99, Section 7.2], and [96, Section 4.2].
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Chapter 1

Solvability and Properties of the
Solutions to Evolution Equations

Before we come to the numerical analysis of evolution equations, we state a general setting
with known existence results, where the solution is also unique. This is in mind, we explain
some settings where the solution fulfills additional regularity conditions.

1.1 Existence and Uniqueness

In this thesis, we work with variational solutions of evolution equations. We only give a
brief introduction to this concept. For more details, we refer the reader to the following
monographs [39, 46, 49, 99, 117, 118]. Another widely spread solution concept is the theory
of mild solutions. Sometimes, we refer to results in the literature, where this notion of
solution is used. For more details, see [16, 89, 118].

In the following, let (H, (-,-)m, ||-||&) be a real, separable Hilbert space and let (V| -|v)
be a real, separable, reflexive Banach space, which is continuously and densely embedded
into H. Identifying H with its dual, we obtain the Gelfand triple

v He gy

For a finite end time 7" € (0,00), we consider a family {A(t)}.c[0,r) of operators such that
A(t): V — V* for every t € [0,7]. We assume that the mapping Av: [0,7] — V* given by
t — A(t)v is Bochner measurable for every v € V. Further, we suppose that A(t) is radially
continuous for every t € [0,T], i.e., the mapping s — (A(t)(v + sw), w)y«xy is continuous
on [0, 1] for every v,w € V. For k € [0,00), we assume that A(t) + xI is monotone, i.e., the
inequality

(A(t)v — A(t)yw, v — w)y=xy + Kllv —w||% >0

is fulfilled for all v,w € V. For a fixed p € (1,00), we assume that the operator A(¢) fulfills
a growth condition and A(t) 4+ I fulfills a semi-coercivity condition such that there exist
B, €[0,00) and p € (0,00) with

lA@vllv- < B+ 0T, (A v)vexy +KlolE + A= plolf,

for every t € [0,7] and v € V. Here, |- |y is a seminorm on V such that there exists
cv € (0,00) with || - |y < ey (|l - ||lg + |- |v). Note that since V is continuously embedded

1
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into H, it is always possible to choose |- |y = || - ||y In this case, the operator A(t) 4+ &I,
t € [0,T1], is coercive. As pointed out in [41], it is possible to rewrite the semi-coercivity
condition as a coercivity condition of the type

(AW®) + (5 + 0D, ) vy > (ol + [03) = A > (ol + o]l — 1) — A
> 2 Pp(joly + o)’ — 5= A = 2P Pllolf — - A

(1.1)

for v € V with p = min{2,p}. In Chapter 3, we will use the semi-coercivity condition as
this slightly improves some convergence results compared to using (1.1).

For a source term f € L4(0,T;V*)+ LY(0,T; H), q = p’%l, and ug € H, we consider the
initial value problem

u 4+ Au=f in L9(0,T; V*)+ L'(0,T; H),
u(0) = ug in H.

We are looking for a solution u that is an element of the space
WP(0,T) = {v € LP(0,T;V) : v exists and v’ € L4(0,T;V*) + L*(0,T; H)},

where v’ denotes the weak derivative of v. This space is continuously embedded into
C([0,T); H), compare [109, Chapter III, Section 1.5]. Thus, the initial condition is well-
defined.

The existence of a solution to the initial value problem has been proved in [99, Theo-
rem 8.9], [39, Satz 8.4.2], and [85, Section 2.7] if V is compactly embedded into H. A further
existence results for kK = 0 can be found in [118, Chapter 30]. In Chapter 2, we also only
consider this particular case. It is not a real restriction for p € [2,00) as it is possible to use
a transformation trick, compare [117, Remark 23.25] or [49, Folgerung on page 211]. For
t € [0,T], we transform A(t) and f(t) to A(t) = e " A(t)e" + xI and f(t) = e " f(t) and
find a solution to the problem

{a'+j1a:f in L9(0, T;V*) + L*(0, T; H), (1.2)

’IE(O) = U in H.

The family {/Nl(t)}te[o,T] of operators A(t): V — V*, t € [0,T], fulfills all the condition
imposed above for x = 0. The solution of the original problem is given by u(t) = e"*a(t) in
H for t € [0,T]. Usually, it is a requirement to assume that V' is compactly embedded into
H when allowing for x € (0,00). With this transformation, we do not have to make this
assumption.

Furthermore, the solutions of both the original and the transformed problem are unique,
compare [99, Theorem 8.31]. Thus, from an analytical point of view, it makes sense to use
the transformed problem. In applications, it might be preferable to work with the original
problem without any transformation. In Chapter 3, we allow for arbitrary £ € [0,00) in
terms of an additionally appearing family {B(t)}+c[o,7] of operators such that B(t): H — H.
This kind of operator cannot easily be included in Chapter 2 due to a missing compactness
result, which we will point out later.

1.2 Regularity of the Solution

For the results in Sections 2.2 and 3.2, we need some additional regularity of the solution.
Precisely, we need that the solution is in a certain Sobolev—Slobodeckii space or in a Holder
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space with values in V' depending on the exact statement. These particular conditions are
not available under general assumptions on the data. We will focus briefly on some settings
where we can obtain this higher-order regularity. For a general overview, we refer the reader
to [89] and [7, Chapter III]. Some further results for a fractional derivative can be found in
[78, Chapter IV, Section 5] and [84, Chapter 4, Section 5.

For general nonlinear problems, it is difficult to state suitable regularity results that fit
our assumptions. Here, it becomes necessary to look at the specific problem more closely
to obtain any appropriate results if possible. In the following, we concentrate on known
regularity results for linear problems. For certain semilinear problems, bootstrap arguments
can be applied to recover the regularity of the linear problem, compare [110, Section 3| or
Example 1.2.4 below. Some further regularity results for more specific nonlinear problems
can be found in [28, 51].

In the following, we assume that V' is a real, separable Hilbert space, which is continuously
and densely embedded into the real, separable Hilbert space H such that we again obtain a

Gelfand triple V/ i) H >~ O* i) V*. We assume that the family {A(t)};e0,7) of operators
A(t): V — V* t € [0,T], fulfills the conditions stated in the previous section for p = 2 and
that A(t): V — V* is linear for every t € [0,T]. For f € L*(0,T;V*), we consider the linear
equation

u(0) = ug in H. (1.3)

{u’—I—Au: ! in L2(0,T; V*),
For such a linear problem, compatibility conditions lead to a more regular solution, see [39,
Abschnitt 8.5], [46, Chapter 7, Theorem 6], [48, Chapter 10, Section 6-7], and [114, §27].
To this end, we assume that the temporal derivative of f exists and it fulfills f/ €
L*(0,T;V*). We also need an additional assumption for the family of operators {A(t) }+e(0,1)-
Here, we assume that the classical derivative of ¢t — (A(t)v,w)y«xy exists on [0,T], is
measurable, and there exists 3/ € [0,00) such that |-$(A({t)v, w)v-xv| < Bv|v|w|v
for every v,w € V and ¢t € [0,7]. This derivative can be used to define the operator
At): V = V* t € (0,7, by (A(t)v,whyvxy = L{A{t)v,wyy«xy for v,w € V. The
operator A’(t), t € [0,T], is linear and bounded independently of ¢. Further, if the initial
conditions u(0) = wp in V and uj := f(0) — A(0)up in H are fulfilled, it follows that
u,u’ € L?(0,T;V) and v € L?(0,T;V*). This shows, in particular, that u € W12(0,T;V)
and v’ € W12(0,T;V*). Using embedding theorems, we obtain that

ue WH(0,T;V) < W2(0,T; V) < C*~5([0,T]; V),

, (1.4)
u' € WH2(0,T;V*) = W*(0,T; V*) — C**72([0,T]; V™),

for every a € (0,1), cf. [102, Corollary 26]. This includes the regularity conditions stated
in Theorem 2.2.7 and 3.2.3 in the case p = 2. For a nonlinear, yet autonomous, operator, a
similar idea has been considered in [99, Theorem 8.18].

A further approach to prove higher-order regularity of the solution to the linear problem
(1.3) is the concept of maximal LP-regularity. The initial value problem (1.3) is said to have
maximal LP-regularity in H for some p € [2,00) if for every f € LP(0,T; H) the unique
solution u € W(0,T) fulfills that v’ € LP(0,T; H) and Au € LP(0,T; H). Suitable regularity
results can be obtained by embedding theorems as we will see in one of the examples below.
A survey about this concept can be found in [93]. Sufficient conditions to obtain maximal
LP-regularity are stated in [9, 10, 11, 32, 47, 55].

Another approach is to only look for local regularity. Due to the parabolic smoothing
property, it is possible to prove certain regularity results away from the initial data. If
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we assume that f € L2(0,T;V*) fulfills t — tf'(t) € L?>(0,T;V*) and A'(t): V — V*,
t € [0,T), is linear and bounded independently of ¢, then the solution of (1.3) fulfills that
t— tu'(t) € W(0,T). See [39, Satz 8.5.3] and [111, Chapter 3] for more details. For a fully
nonlinear problem, a regularity result of this type can be found in [95, Lemma 3]. These local
results are not enough for our analysis and are more useful in a non-smooth data analysis
as has been done in [79, 88, 111]. Still, they indicate that after a certain time the methods
should work well if the error from the beginning has not become too large. Moreover, under
the assumption that the solution is bounded, it is possible to prove local Holder regularity
for nonlinear problems, compare [28, Chapter III].

In the following, we present a few different examples and discuss the regularity of the
solution.

Example 1.2.1. For a finite end time T € (0, 00) and a bounded Lipschitz domain D C RY,
d € N, we look at the problem

Ou(t,x) — V- (a(t,x)Vu(t,:z:)) +b(t,z,u(t,x)) = f(t,z), (t,z)€ (0,T)x D,
u(t,z) =0, (t,z) € (0,T) x 9D,
u(0, z) = ug(z), z €D.

We assume that a = (a;;); jeq1,....ay: [0,7] X D — R% is an element of L*°((0,T) x D; R*4)
and there exists p € (0, 00) with

d
a(t,x)z -z = Z a;;(t,v)ziz; > plz|? (1.5)

ij=1

for all t € [0, 7], almost all z € D, and all z € R%. We assume that b: [0,7] x D x R — R
fulfills b(-,-, z) € L*((0,T) x D) for every z € R and there exist x, p € [0, 00) such that

|b(t,z,z) —b(t,z,2)| < klz — 2|, |b(t,z,0)|<p (1.6)
for all t € [0,T], almost all z € D, and all z,Z € R.

We choose the Hilbert spaces V = H}(D) and H = L*(D) equipped with the norms given

in the introduction. We obtain the Gelfand triple V' <i> H>=H* i) V*, where we identify H
with its dual space. We introduce the operators A(t): V — V* and B(t): H — H,t € [0,T1,
which are given by

(A(t)v, wyy«xy = /Da(t, Vv -Vwdz, v,weV, (1.7)
(B(t)v,w)g = /Db(t,~,v)wdx, v,w € H. (1.8)

We assume that for f:[0,7] x D — R the abstract function [f(t)](z) = f(¢, ), (t,z) €
(0,T) x D, is an element of L?(0,T;V*). For ug € H, we obtain the variational formulation
of the problem

u(0) = o in H. (1.9)

{u'—i—Au—i—Buzf in L2(0,T;V*),
In the following, we verify that this equation fits into the setting introduced in the previous
section. The proof for this is quite basic. As all the examples mentioned in this section have
the same underlying structure, we add it for the sake of completeness.
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First, we prove that ¢ — B(t)v is measurable for every v € H. The measurability of
t — A(t)v for v € V can be argued analogously. By assumption, ¢ — b(t, z, z) is measurable
for almost every x € D and every z € R. Thus, there exists a sequence (b;);en of functions
b;: [0,7] x D x R — R, i € N, that are simple with respect to the first argument such
that b;(t,z,2) — b(t,z,2) as i — oo and |b;(t,z,2)| < |b(t,z,2)|, i € N, for almost
every (t,z) € (0,T) x D and every z € R For t € [0,T], we defined the simple operator
B;i(t): H — H given by

(B;(t)v,w) g :/ b;(t,-,v)wdz, v,we€ H.
D

Applying the conditions from (1.6), it follows that
|(b(t7 - v) — by(t, -, v))w| < 2|b(t,-,v)||w|
< 2[b(t,-,v) = b(t,-, 0)[|w[ + 2[b(Z, -, 0)||w|
< 2k|v||w| + 2p|w| (1.10)
for every v,w € H, for almost every ¢ € (0,T), and almost everywhere in D. As (1.10) is

an integrable function on D, we can apply Lebesgue’s dominated convergence theorem to
obtain that

lim (B(t)v — B;(t)v,w)g = / lim (b(t,-,v) — b;(t,-,v))wdz =0
1— 00 D 11— 00
for every v,w € H and almost every ¢ € (0,7). This implies that ¢ — B(t)v, v € H, is

weakly measurable. As H is also separable, the mapping is Bochner measurable.
It is easy to see that v — A(t)v is linear and inserting the definition of A(t) implies

(A(t)o, w)y-xv = /Da(t,-)Vv-dew < llallze o, ryxpiaay v llvlwllv (1.11)

for every v,w € V and t € [0,T]. Hence, this shows that v — A(t)v is continuous because
A 2v,v+) < llallLe (0, 1)xDsra.ay holds true for every t € [0,T], where || - || z(v,y+) denotes
the induced operator norm. Further, the Lipschitz continuity of b in the third argument
shows

(B(t)vr = B(t)vz, w)g = /D (b(t,,v1) = b(t, v2))wdz < &lvr — va|lmllw]z

for every vy,vy,w € H and ¢ € [0,T]. Therefore, we see that B(t): H — H is Lipschitz
continuous, as [|B(t)vy — B(t)ve||lg < kl|lvy — vel|g is fulfilled for every vy,v3 € H and
t € [0,7]. This shows that v — A(t)v + B(t)v is continuous and A(t) + B(t) radially
continuous for every ¢ € [0, T].

Next, we prove that A(t)+ B(t)+ kI, t € [0,T], is monotone. To this end, we first notice
that

(A, D)y~ v = /

D
is fulfilled for every v € V and t € [0, T] due to (1.5). Thus, we see that

(A(t)vy — A(t)vg + B(t)vy — B(t)va, v — v2)yexv + Kljvr — va]|%

= / a(t,-)(Vor — Vug) - (Vor — Vug) da
D

a(t,")Vv - Vodz > u/ Vol dz = pllvf5
D

+ / (b(t,-,01) — b(t, - v2)) (01 — va) dz + Kllor — vall%
D

> pllor — va3
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holds for every v1,v2 € V and ¢ € [0, 7.
Using (1.6), it follows that

(B(£)0, w)y = / b(t, -, 0)wdz < p|D|* [w]n (1.12)
D
and together with the Lipschitz continuity of B(t)

IB(t)ollu < [1B(t)o = B)Ol|s + | B@)Ol|s < wllvllw + plD|2 (1.13)

for every v,w € H and t € [0,T], where |D| denotes the Lebesgue measure of D. Thus, we
see that A(t) + B(t) + (k + 1)I is coercive since

(At)o + B(t)o,v)v-xv + (k+ DllF = plolli = 1 BOvlla ol + (5 + ol
1
> pllolly — llvllE = DI vl + (5 + 1) [[o]%

2 P2
> ol - 217

is fulfilled for every v € V and t € [0,T], where we applied the weighted Young inequality.
Combining (1.11) and (1.13), the operator A(t)+ B(t), t € [0,T], is bounded in the sense
that

1
IA®t)v + B(t)vllv- < llalle=(o,r)xprea [vllv + er (kllv]la + pIDI?),

holds. Here, ¢; € (0,00) denotes the embedding constant of H into V*.
In [39, Satz 8.3.5], it is shown that there exists a unique v € W(0,T) that solves (1.9).

Example 1.2.2. We consider the same setting as in Example 1.2.1 with b = 0. Additionally,
we assume that for every i,j € {1,...,d} the function t — a;;(t, ) is absolutely continuous
for almost every z € D, a;;(0,-) € Wh>(D), and dia;; € L>((0,T) x D). The operator
Al(t): V — V* fulfills

(A (v, wyvexy = /D@ta(tw)Vv - Vwdz < [|0al| oo ((0,7) xDire-a) [Vl v [wllv

for every v,w € V and t € [0,T]. This implies that A'(t): V — V* t € [0,T], is linear and
bounded independently of t. Moreover, we choose f € W12(0,T;V*) with f(0) € H and
ug € H*(D)NV. Then it follows that u{, := f(0) 4+ V- (a(0,-)Vug) € H. We can apply [39,
Satz 8.5.1], where regularity is obtained through compatibility conditions of the data. Then
we obtain that v € WH2(0,T;V) and v/ € W12(0,T;V*). Using the embedding theorem
from [102, Corollary 26], it follows that

uwe Wh2(0,T;V) = W*2(0,T; V) — €% 2(0,T]; V),
W€ WHA(0,T; V*) s W*2(0,T; V*) < €%~ 3 ([0, T):; V*).

for every a € (0,1).

Example 1.2.3. We consider the same setting as in Example 1.2.1 with b = 0. We apply
[29, Corollary 7.1] for a € (0, %), f € L*(0,T; H**~ (D)), ug € H3*(D). Further, we assume

that for £ € (0,1) the coefficients a;;, i,j € {1,...,d}, are in Wetes (0,T; L>°(D)) and
therefore continuous. Then it follows that u € W*2(0,T; V)N W12(0,T; H**~1(D)).
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Additionally, we can find a corresponding result for the derivative u’. To this end, we
use that in [29, Theorem 6.2, Corollary 7.1] it is noted that A € Wotea (0, T; L(V,V*)).
Together with a suitable result for the Nemytskil operator of A from [29, Lemma 5.3] and an
extension result from [27, Theorem 5.4], it follows that Au € W2(0,T;V*). For a function
f € W*2(0,T;V*), this also shows that ' € W*2(0,T;V*).

Example 1.2.4. Again, we consider the same setting as in Example 1.2.1. At first, we
set b = 0 but show later that we can recover the regularity for more general b. In the
following, we denote the Friedrichs extension of an operator A(t) by Ap(t): dom(Ap(t)) —
H, Ap(t)u = A(t)u, where dom(Ag(t)) = H?(D) N HE(D) for every t € [0,T]. We assume
that there exists p € (2, 00) such that a fulfills the additional condition

|ai; (t, 7) —ai;(s, )| < w(|t —s|)

for every i,j € {1,...,d}, s,t € [0,T], as well as almost every x € D. Here, w: [0,T] —
[0,00) is a non-decreasing function that fulfills

Tw T rwt)\e
/0 ®) dt < oo and /0 (%) dt < cc.

3
2

Then we can apply [55, Theorem 2] and find that (1.9) has maximal LP-regularity for all
up within the interpolation space (H,dom(Ap (O)))l_%m. As a proper explanation of the
concept of interpolation spaces is out of place in this section, we only refer the reader to [90,
Chapter 1] and [112, Chapter 1] for further details.
This means that for every f € LP(0,T; H) the solution u is an element of W1P(0,T; H)
and Au € LP(0,T; H). Analogously to [37, Theorem 7.2], it follows that u € C%([0,T]; V)
1

for every a € [0,% -5 ) and an arbitrary € € (O,% — %) Note that using the first

embedding result from [8, Theorem 5.2] in the proof of [37, Theorem 7.2] instead, it also
follows that u € WO‘""%’Q(O7 T; V). Regularity results for u’ can be obtained analogously as
in the previous example after possibly asking for some additional regularity for the data.

Using a similar idea as in [37, Theorem 7.8] and [92, Theorem 2.10], we can allow for a
nontrivial function b and can still recover the same regularity for the solution. To this end,
let w € C([0,T]; H) be the unique solution of (1.9). The function g = f — Bu fulfills

Nglle 0,76y < 1 fllzeco,1:8r) + 1Bu — BO|| e o,7:m) + B0 Lo 0,111

T
<N fllze o,y + EllwllLe 0,00 + (/ ||B(t)0||11){dt)
0

1
P

1 1
<N fllze om0y + EllwllLeo, i) + T7 p| D)2,

where we use the Lipschitz continuity of B(t), t € [0,T], and (1.12). Thus, we have g €
LP(0,T; H) and it follows that the solution v of

, . . 2 L
{U +Av=g  in L*0,T;V*), (1.14)

v(0) = ug in H

is an element of C%([0,7]; V) and Wets? (0,T;V) as we have seen above.

Now, we can use a bootstrap argument to show that the solution w of (1.9) has the same
regularity. Both (1.9) and (1.14) have a unique solution. Inserting w in (1.14), we see that
u also solves this problem. Thus, u and v coincide and fulfill the same regularity condition.
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Chapter 2

Randomized Schemes for Nonlinear,
Nonautonomous Evolution Equations

In this chapter, we introduce randomized schemes that can be used to approximate the so-
lution of a nonlinear, nonautonomous evolution equation on a finite time interval. Precisely,
for T € (0,00), we consider

(2.1)

u'(t) + A@t)u(t) = f(t) in V*, for almost all ¢ € (0,7,
u(0) = ug in H

for a Gelfand triple V LH > g Ve oas well as a family {A(t)}iep0,r of monotone
operators A(t): V — V*, ¢t € [0,T], a source term f: [0,7] — V*, and an initial value ug €
H. The approach presented here mainly offers advantages for a temporal approximation.
Hence, we only consider a discretization in time. This leads to a semidiscrete problem. We
begin to follow a standard approach given by the backward Euler scheme. For N € N,
we consider an equidistant partition 0 = ¢y < --- < ty = T with k = % and t, = nk,
n € {0,..., N}, of the interval [0,T] to find an approximation U™ of u(t,), n € {1,...,N}.
To this end, we solve the recursion

U — Unfl

. +A"U"=f" mV* ne{l,...,N}

for U° = ug, where (A™)neqr,...ny and (f7),ecq1,... Ny are approximations of the data. A
common choice of such values is of the form

1 tn 1 tn
A" = f/ At dt, £ = 7/ f0)dt, nef{l,... N}
k tn—1 k tn—1
These values prove themselves to be very suitable if they are known. In practice though,
they are not necessarily available and additional approximation techniques are needed. An
easy to get, yet not always well-defined, alternative of merely integrable data would be

A" = A(t,), "= f(t,), ne{l,...,N}

Due to the low regularity, point evaluations will in general not offer a suitable approximation.
As a pre-designed grid and even the amount of points in a sequence of such grids is only
a null set, it is possible to find functions that ”fool” the scheme. This can be done by

9
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redefining the data on the grid points. In order to bypass this problem, we will work with
two different types of randomization. The first is ideal for proving convergence in a setting
without any further regularity assumptions on the solution. For a complete probability space
(9, F% Py) and a uniformly distributed random variable 0: Q, — [0, 1], we consider the
randomly shifted grid

0=td<t!<- - <t =T—-k(1-6) witht =t, 1 +k0, ne{l,...,N}.

Note that we write 6 as an index to the probability space. This is not supposed to show
any dependence on 6 but only means that this is the probability space that 6 is defined
on. Later, we also introduce a further family of random variables on a different probability
space. This second probability space is also indexed so there will be no mix up between the
two spaces. For

A" =AY, = ft), ne{l,...,N},

we prove in Section 2.1 that the piecewise polynomial prolongations of (U"),eq1,... v} con-
verge to u pointwise strongly in L?(Qy; H). Furthermore, depending on the monotonicity
condition imposed on A(t), t € [0,T], we obtain weak or strong convergence in the space
LP(0,T; LP(Qp;V)), where the value p depends on A(¢), t € [0,T]. Measuring the expecta-
tion of the error on a randomly shifted grid, offers a way to handle data that is non-smooth
with respect to the temporal input. This convergence result can be obtained with fairly
general assumptions on the data and no additional regularity requirements on the solution.
If higher regularity of the solution might be available though, we prove in Section 2.2 that a
simple modification of the scheme leads to explicit error bounds with an order that depends
on the Sobolev—Slobodeckii regularity of the solution. Here, a second randomization can
be used to exploit the additional regularity. To this end, for a second complete probabil-
ity space (Q, F7,P.), let (Tn)neq1,..,n} be a family of independent, uniformly distributed
random variables with 7,,: ., — [0, 1]. For

b=t + () —t°_ )7, ne{l,...,N}, (2.2)
we use
An:A(fn), fn:f(é-n)v ne {17"'7N}7

to prove that there exists C' € (0, 00), which depends on w and «', such that

N
0 2 0 0 0 a=Ls
et Bllu(e) — U] + 3Bl — - lu(sh) ~UMIR] < OKFE (23

is fulfilled for every N € N. Here, p depends on A(t), ¢t € [0,7], and « € (0, 1) denotes the
differentiability exponent of the Sobolev—Slobodeckil spaces that contain u and u'. We write
E for the expectation on the product probability space (29 x Q,, F? @ F7,Py @ P,). Even
though, we have to make additional regularity assumptions on the solution, we will see that
they are rather low. In order to demonstrate the relevance of these theoretical convergence
results and error bounds, we show how they can be applied to a nonlinear parabolic problem.
This includes, in particular, the well-known parabolic p-Laplacian equation. Note that the
porous media equation in a very weak formulation as considered in [34, 45] also fits in the
abstract framework.

The approach of using randomized schemes has already been studied for certain classes
of problems in the literature. Within the context of Monte Carlo algorithms, these methods
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are well-known for the approximation of integrals. See [94] for an introduction. The concept
of stratified sampling was first introduced in [56, 57]. There, a subdivision of the domain of
integration is made and one random value within each subset is chosen. This approach is
useful to make sure that the random variables are distributed more evenly compared to a
standard Monte Carlo algorithm. In [103, 104], a randomization was used to approximate
the solution of an ordinary differential equation for the first time. There are many works
thereafter that continue this approach. The use of explicit randomized schemes was further
studied in [25, 71, 75]. When compared to deterministic schemes, randomized schemes can
often handle low regularity assumptions on the data better while their complexity does not
increase. In the theory of information-based complexity, upper and lower bounds of classes
of randomized schemes are studied, see [68, 72]. Similar to ours, yet explicit, schemes for
stochastic ordinary differential equations have been considered in [77, 97, 98] or for stochastic
partial differential equations in [76]. In [18], a randomized grid was used for this type of
problem. Note that a randomization of the grid is only helpful if the regularity is measured
in an appropriate way. As pointed out in [50], there are problem classes where an additional
randomization does not yield any advantages compared to a deterministic time grid. Data
from a Sobolev—Slobodeckii space seems to be well suited for this kind of scheme.

The central idea of the work in the following chapter is based on both [37] and [38]. In [3§],
a randomized grid was used to prove the convergence of a quadrature rule to approximate a
stochastic Ito-integral. It was shown that the rate of convergence depends on the Sobolev—
Slobodeckil regularity of the integrand instead of the Holder regularity. In [67], it is even
pointed out that the obtained rate is optimal. Therefore, better error estimates can be
proved if the differentiability exponent of the Sobolev—Slobodeckii space is higher than of
the Holder space. In [37], a randomization of the type &, = t,—1 + k7, n € {1,..., N},
with t,_1 and 7, as introduced above, was used to approximate the solution of a problem
like (2.1) with a Lipschitz continuous operator A(t), ¢ € [0,7]. There, the solution is
assumed to be Hoélder continuous to prove a result like (2.3) with an error bound whose
order depends on the Holder regularity of the solution. The results of this chapter are a
combination of these works. More precisely, in Theorem 2.1.11 and Theorem 2.1.12, we prove
the convergence of the piecewise polynomial prolongations of the solution to the semidiscrete
problem to the exact solution of the evolution equation (2.1). Here, the data is evaluated
on a randomly shifted grid. This expands the theory from [37] to a more general problem
class and shows that even without any additional regularity assumptions made on the exact
solution a randomized scheme leads to a useful numerical approximation. In Theorem 2.2.6
and 2.2.7, we evaluate the data at the points (&,)neq1,.., v} explained in (2.2) and obtain
error bounds that depend on the Sobolev-Slobodeckii regularity of the exact solution. This
lowers the regularity assumptions from [37] and allows for operators A(t), ¢ € [0,T], which
fulfill a bounded Lipschitz condition instead of a global Lipschitz condition.

This chapter is organized as follows. In Section 2.1, we begin to state the precise assump-
tions made. Then we prove the convergence of the scheme with evaluations on a randomly
shifted grid. This is followed by a setting where explicit error estimates are proved in Sec-
tion 2.2. For these bounds, we need to make additional assumptions on the solution and the
data. The chapter is concluded with an example of a p-Laplacian type problem. Here, we
show that the abstract theory can be applied to such a problem.

2.1 Convergence on a Randomly Shifted Grid

In this section, it is our overall goal to prove the convergence of the backward Euler scheme on
a randomly shifted grid. We allow for a fairly general setting without any further regularity
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assumption on the solution. First, we introduce a nonlinear, nonautonomous operator A(t),
t € 10,7, and a source term f.

Assumption 2.1.1. Let T € (0,00), p € [2,00) be given. Let (H, (-, )u,| - |lm) be a real,
separable Hilbert space and (V.| - ||v) be a real, separable, reflexive Banach space, which
is continuously and densely embedded into H. Let {A(t)}icjo,r) be a family of operators
A(t): V — V* such that the following conditions are fulfilled:

(1) The mapping Av: [0,T] — V* given by t — A(t)v is measurable for every v € V.

(2) The operator A(t): V. — V*, t € [0,T], is radially continuous, i.e., the mapping
s (At) (v + sw),w)y«xv is continuous on [0,1] for every v,w € V.

(3) The operator A(t): V. — V*, t € [0,T], is monotone, i.e.,
(A(t)v — A()w,v —w)y+xv 20
is fulfilled for every v,w € V.

(4) The operator A(t): V. — V*, t € [0,T], is uniformly bounded such that there exists
B € 1]0,00), which does not depend on t, with

IA(E)v[lv- < B(1+ [loll5)
for everyv € V.

(5) The operator A(t): V. — V*, t € [0,T], fulfills a coercivity condition in the sense that
there exist pn € (0,00) and A\ € [0,00), which do not depend on t, such that

(Ao, v)vexv 2 plollf, — A
for everyv € V.

In the following, we always identify H with its dual space and consider the Gelfand triple
v mem Sy

In applications, it can be of advantage to generalize the conditions (3) and (5) of the previous
assumption in such a way that there exists x € [0, 00) such that A(t) + I, t € [0, T, fulfills
these conditions. Here, I: V' — V* denotes the identity mapping. Then it is necessary
to suppose that V is compactly embedded into H. Due to the randomization, we cannot
use this compact embedding in a straight forward way. If the underlying problem contains
strictly positive k, we can still use the transformation from (1.2) to obtain data that fulfills
our requirements.

Furthermore, it is also possible to consider the case p € (1,2) in Assumption 2.1.1,
compare also [40, 41, 42]. Here, it will become necessary to work with slightly different
function spaces. In the second section of this chapter, we impose a stronger monotonicity
condition on the operator A(t), t € [0,T]. It is possible to show, that there exists no operator
that fulfills this condition for p € (1,2). Thus, we concentrate on p € [2,00) for simplicity
and to be more consistent throughout this chapter.

We consider a source term f € L9(0,7;V*) with ¢ = p’%l, where p is the same as
in Assumption 2.1.1. Note that it is not trivial to allow for a more general source term
f € LU0, T;V*) + LY(0,T; H). We will explain this in more detail at a later point. In
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Section 1.1, we have seen that the evolution equation (2.1) is uniquely solvable under the
imposed conditions on A(t), t € [0,T], and f for an initial value uy € H.

It will also be important to consider the operator A(t), t € [0,T], as a mapping on the
space of Bochner integrable functions LP(0,T; V) into its dual space. To this end, we collect
some properties of the Nemytskii operator in the following lemma. We omit the proof as it
can be found in [39, Lemma 8.4.4] or [118, Section 30].

Lemma 2.1.2. Let Assumption 2.1.1 be fulfilled. Then v — Av with (Av)(t) = A(t)v(t)
maps LP(0,T;V) into L1(0,T;V*), where ¢ = 1%. Then the operator is radially continuous,
i.e., the mapping s — (A(v+sw),w) ra(o,1;v+)x Lr(0,1;v) 5 continuous on [0, 1] for all v,w €
L?(0,T;V). Further, A fulfills a monotonicity, a boundedness, and a coercivity condition
such that

(Av — Aw,v — w) Lao,1;v*)x Lr(0,13v) > 0,
1 —1
1Av]| a0, vy < BT + 0I5 0. 70)

(Av,v) Lao, ;v =) Lr(0,13v) + AT > MHUHIEP(O,T;V)
hold true for all v,w € LP(0,T;V).

For the temporal discretization of (2.1), we introduce a randomly shifted grid to bypass
classical point evaluations at the points of a predetermined temporal grid.

Assumption 2.1.3. Let T € (0,00) and N € N be given. Consider the equidistant partition
0=ty < - <ty=T withk = % andt, =nk,n € {0,...,N}. Further, let (Qg, F%, Py) be
a complete probability space such that L*(Qg) is separable. Let 0: Qg — [0,1] be a uniformly
distributed random variable. The randomly shifted grid is denoted by 0 = tg <t <... <
th =T —k(1—0) witht =t,_1+k0 forne{l,...,N}.

The expectation on the probability space (25, F?, Py) is denoted by Eg. It is necessary
to assume that L(£y) is a separable space to argue that some of the Bochner spaces, which
will appear further below, are separable. For applications, this assumption is unproblematic.
We only need one uniformly distributed random variable 6: Qy — [0,1] in this section.
Thus, we could simply take Qg = [0, 1] equipped with the Lebesgue o-algebra F? and the
Lebesgue-measure Py and choose §(w) = w for w € [0, 1].

Under Assumptions 2.1.1 and 2.1.3 as well as f € L9(0,T; V*), we can now consider the
recursion

{U” +kA#)U™ = kf(t9) + Un~! almost surely in V*, ne {1,...,N}, (2.4)

UOZUQ inH,

which is the classical backward Euler scheme, but on a randomly shifted grid. In the follow-
ing, we will prove that (2.4) admits a unique solution (U"),cf1,.. n}. Forn € {1,...,N}
the mapping U”: Qy — V is F%-measurable and its expectation fulfills an a priori bound.
We begin by proving a general auxiliary result to show the F?-measurability of a solution to
such an implicit equation. A similar result can be found in [54, Lemma 3.8]. The structure
of the proof is comparable to [31, Proposition 1] and [37, Lemma 4.3]. We adapt it to fit
our setting in an infinite-dimensional space.

Lemma 2.1.4. Let (Q, F,P) be a complete probability space and let (V.|| - [lv) be a real,
separable Banach space. Further, let h: QxV — V* fulfill the following conditions for some
N C Q with P(N) = 0:
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(1) The mapping u s (h(w,u),v)v=xy is continuous for every v € V and w € Q\ N.
(2) The mapping w — h(w,u) is F-measurable for every u € V.
(3) For everyw € Q\N, there exists a unique element U(w) € V such that h(w, U(w)) = 0.

Consider the mapping U: Q =V, w— Uw), where U(w) is the unique element in V
described in (3) for w € Q\ N and U(w) =0 for w € N. Then U is F-measurable.

Proof. For ¢ > 0 and an arbitrary v € V, we introduce the multivalued function U?: Q —
P(V) by

Ul(w) = {u eV : (h(w,u),v)v-xv € I},

where P(V) denotes the power set of V and I. = (—¢,e). Note that when considering
measurability conditions for set-valued mappings, it is usually necessary to work with an
image that is a closed set, compare [14, Section 8.1]. Since we do not use any specific results
imposed on such mappings, it is unproblematic to define it like this.

Let C be an open set within the Borel o-algebra B(V) of V. It is our first intention to
prove that for C' the set

(UY)"H0O) = {w € Q : there exists u € C such that u € U’ (w)}
= {w € Q : there exists u € C such that (h(w,u),v)yv-xy € I}

is an element of F. Note that if C' only consists of a single element, it follows that
v\ — raY v —1
(U™ ({u}) = {w € Q:u e U(w)} = ((h(,u),v)vexv) (L)

is an element of F since w + (h(w,u),v)y+xy is measurable. If C contains more than one
element, we can still write

(U HC) = | (- w), vhvexr) " (L)

uelC

For a countable set C, it is easy to see that (UY)~!(C) € F as it is a countable union of
sets in F. By assumption, the space V is separable. Thus, there exists a countable, dense
subset @@ of V such that

W) HCnQ) = |J {hCw),v)vexy) (L)

ueCNQ

is an element of F. Using the continuity of u +— (h(w,u),v)yvxy for every w € Q\ N, we
will justify that (U?)~1(CNQ) = (UY)"HC). As CNQ C C holds true, (UY)"1(CNQ) C
(U2)~1(C) follows directly. Thus, it only remains to prove (UY)~}(C) C (UY)~YC N Q).
Here, we consider two cases. In the first case, we assume that (UY)~!(C) C A. Then the
completeness of the probability space yields (U?)~1(C) € F. Else, for w € (UY)"}(C) \ N,
there exists u; € C such that u; € UY(w). As u — (h(w,u),v)y-xy is continuous,

D =U(w) = ({(h(w, ), v)ywv) (L)

is an open set in V and u; € C'N D. Since both C and D are open, their intersection is
open and, as we have just seen, it is nonempty. Thus, there exists us € C N D N Q such



2.1. CONVERGENCE ON A RANDOMLY SHIFTED GRID 15

that (h(w,u2),v)v«xy € I.. Altogether, this implies w € (UY)"1(C'N Q) and therefore, in
particular, (U?)~1(C) = (UY)~"YH{C N Q).

For every w € Q\ N there exists a unique element U(w) € V such that h(w, U(w)) =0
in V*. Hence, there exists at least one element u € V' such that u € UY(w) for every v € Q
with ||v|ly < 1. For such an element wu, it follows that

[h(w,w)|lv- = sup [(h(w,u),v)v-xv|= sup [(h(w,u),v)v-xv|<e,
VeV, vEQ,
lollv<1 llvllv<1

as every element of V* is continuous. This in mind, we obtain that the following intersection
fulfills

ﬂ Ul(w) = m {ueV:(h(wu),v)vxy €.} ={u€V:h(wu) € Bey-(0)},
veq, veQ,
llvllv <1 llvllv<1

where Be v« (0) denotes the open ball in V* with radius € and center 0 € V*. Therefore, we
can write for the unique element U(w) € V such that h(w, U(w)) =0 in V* that

Uw) e () () Ul S ){ueV:hlwu)€ By (0)} = {Uw)}.
iEN veQ, i€EN
llvllv<1

For an arbitrary open set C' € B(V'), we then obtain

U Y(C) ={w € Q: there exists u € C such that h(w,u) = 0}
= ﬂ ﬂ {w € Q: there exists u € C such that (h(w,u),v)v-xv € I;1}

€N veQ,
[lvllv <1
=N N W™= ) ) CnQ) eF,
€N veQ, ieEN veQ,
[lvllv<1 lvllv<1

since we have a countable intersection of measurable sets. This proves the measurability of
wr— Uw). O

Lemma 2.1.5. Let Assumptions 2.1.1 and 2.1.3 be fulfilled and for q = ﬁ, let f €

L3(0,T;V*) be given. Then there exists a unique solution (U"),c(1,... Ny to the recursion
(2.4). The mapping U™: Qy — V, w s U™ (w) is F?-measurable for everyn € {1,...,N}.
Proof. The set

N = {w € Qp : there exists n € {1,..., N} such that || f(t? (w))|

v+ =00} (2.5)

is a null set in Qp due to the integrability of f. In the following, let n € {1,..., N} and
w € Qy \ NV be arbitrary but fixed. Assuming that U"~!(w) exists, we apply the Browder—
Minty Theorem, see [99, Theorem 2.14]. To this end, we consider the equation

(I+ kA (w))U =kf(t8(w) + U (w) in V™. (2.6)

The operator I + kA(t% (w)) is radially continuous, as both I and A(t?(w)) are radially
continuous (cf. Assumption 2.1.1 (2)). Moreover, I is strictly monotone and A(t(w)) is
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monotone (cf. Assumption 2.1.1 (3)), so the operator I+kA(t% (w)) is also strictly monotone.
For arbitrary v € V', we obtain

(L + RAG @) o, o)y 2 ollf + klloll, = 3) = 00 as flolly = o0,

due to Assumption 2.1.1 (5). Thus, I + kA(tY (w)) is radially continuous, strictly monotone
and coercive. So there exists a unique element U = U™(w) € V such that (2.6) is fulfilled.

It remains to prove the F?-measurability of the mapping w — U”(w). This can be done
by applying Lemma 2.1.4 to the function

bt QX V = V' haw,U) = (14 kA (@)U = kf(#(w) - U (@)

forn € {1,..., N}. By Assumption 2.1.1 (2) and (3), the operator A(t), ¢t € [0, T, is radially
continuous and monotone. Thus, it is also hemicontinuous (cf. [49, Kapitel ITI, Lemma 1.3]),
ie, U (hy(w,U),v)y=xy is continuous for every w € Qy \ N and v € V. Moreover, the
mapping w + h,(w,v) is FP-measurable for every v € V due to Assumption 2.1.1 (1) and
the measurability of f and t¢. By the argumentation above, there exists a unique element
U"(w) € V that is the root of h,(w,-). Thus, it follows that U™: Qp — V, w — U™(w) is
F?-measurable. O

Now that the existence of a unique F?-measurable family (U")neqi,...,n} is proven, we
need a priori bounds for the solution. First, we state a result that shows that the appearing
terms containing f are bounded.

Lemma 2.1.6. Let Assumption 2.1.3 be fulfilled and let (X,| - ||x) be a real Banach space.
For f € L9(0,T;X), q € [1,00),

£ B[ EDIL] = 11200,

n=1
is fulfilled.

Proof. For n € {1,..., N}, we use a substitution as in (A.2) and can write

1) /Hf et + k) ds 7/ 17(5)]1% ds.

tpn—

Thus, it follows that

T
sze (A Z/ s = [ 176 ds.

O

The following lemma is a central part of our argumentation. These bounds in mind,
we can prove the boundedness of sequences of prolongations of the values obtained in
our semidiscrete scheme (2.4). The structure of the proof to these bounds consists of
standard techniques. However, in our setting, it is not trivial to include a source term
f € L0, T;V*) + LY(0,T; H), as in [109, Chapter III, Section 1.5], or a semi-coercivity
condition as in [99, Theorem 8.9]. The main difficulty consists of the additional expectation
we have to include to the bounds. Whereas it is easy to see that |w||% < oo for w € H im-
plies that [|w||}; < oo for every p € [2,00), it is not possible to conclude that Eq[|[W|%] < oo
also implies Eq [[|W||%;] < oo for a random variable W: Qy — H. The techniques proposed
in [21, Lemma 3.1] could offer a possibility to allow for these more general assumptions.
This remains a question for future work.
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Lemma 2.1.7. Let Assumptions 2.1.1 and 2.1.3 be fulfilled. Further, let f € L1(0,T;V™*),
q = p%l, and ug € H be given. Then there exists K € (0,00) such that for all k = %,
N € N, the unique solution (U")neq1,.. Ny of (2.4) fulfills

N N
Lomax Bo[[UM 3]+ B [JUn - U]+ kB [IUTR] < K (27)

reees n=1 n=1

and
N N . .
) ) Uz _ szl q
1—q i 1—1119 _

k ;EQ[HU U] k;Ee [Hik VJ <K. (2.8)

Proof. In the following, let i € {1,..., N} be fixed. Furthermore, for the set N defined in
(2.5), we consider the following calculations for w € Qg \ A without explicitly stating w in
each step. For a single Euler step (2.4), it holds true that

U - U kAU = kf (1Y) in V™.
Testing this equation with U?, we obtain
(U = UL U g + k(AU Uy xv = K(f(8]), U ) vy (2.9)

Recalling the identity from Lemma A.1.4 and applying it to (2.9), it follows

1 i i i i i Y7

5(I0 7 — 0 3 + U7 = U ) + k(AU Uy sy
= k(f(t]), U )vexv.

The weighted Young inequality applied to the right-hand side of (2.10) shows

(2.10)

kD), Ul hvesv < ker|| F(£])]

Hyiyi
b+ RSO,

where ¢; = (’; gz:g Inserting this bound and the coercivity condition from Assump-
tion 2.1.1 (5) in (2.10), it follows that

1 i i i i Hopi

(v 17 — U + U = U5 + ESIUY < kA + kel f(ED) -

Multiplying both sides with the factor two and summing up this inequality from i = 1 to
ne{l,...,N}, yields

U™ 1%+ YU = U g+ kY [U°)F,
i=1 i=1

. (2.11)
< UOIG + 2t X+ 2ker Y [IF(E)]

i=1

q
Ve
Taking the expectation, it follows that

Eo[[|U"5] + D Eo[|U = U3 ] + k> Be[|U'[1}]
=1 =1
N
< Juol} +2TA+ 2ker > Bo [ F(0)1%.] = lluollFr + 27X+ 2¢1 || F1|% 0 o v+,
=1
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due to Lemma 2.1.6. It remains to prove the second a priori bound (2.8). To this end, let
v € V be arbitrary but fixed. Then we test (2.4) with v to obtain

v||V7

(U” ~urt o

k

n € {1,...,N}. Together with the boundedness condition from Assumption 2.1.1 (4) this
implies

) = () = AW)U v)vexv < [1£(E) - AU

H U — Unfl

|, S IFEIv- + AT v+ < IFEIv- +B(L+ [T ).

Taking the g-th power and the expectation as well as summing up the inequality from n = 1
to N shows that

ZEQ[HM

We then multiply by k£ and take the %—th power again in order to use the triangle inequality
and obtain the desired bound

L))

V*

(v e[|
< (QNjEe[nf(tg) ) (kZBQ)% +B(/€iEe[IIU"HZ&]>;

1
= £l zaco,rave + T4+ 5k S, o)
n=1

N

12 Sl + 50 0]

This is bounded independently of the step size k£ due to Lemma 2.1.6 and the first a priori
bound (2.7). O

For the time discrete solution (U"),cq1,...n} to (2.4) corresponding to the shifted grid
stated in Assumption 2.1.3, we construct piecewise polynomial prolongations defined on the
entire interval [0,7]. To this end, we introduce the piecewise constant prolongations for
t€ (tn1,tn],ne{l,...,N},

Uty =0, ARt = A(t),  fH(1) = f(t7) (2.12)
as well as the piecewise affine-linear function

t— tn—l
k

on Qp\N, where N\ is defined in (2.5). For t = 0, we set U*(0) = U*(0) = U, 4*(0) = A(t9),
and f*(0) = f(t{). Then we have

{<Uk>’(t>+Ak<t)Uk<t>=fk(t> in L(S; V), £ € (0,1), (2.14)

UF(t)y =Uu""" + (ur —-un (2.13)

Uk(O):UO in Ha

where (U*)’ denotes the weak derivative of U*. Here, the weak derivative coincides with
the classical derivative, where the latter exists. Note that due to the a priori bounds of
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Lemma 2.1.7, the boundedness condition for A(t), ¢ € [0,T], from Assumption 2.1.1 (4),
and the fact that f € L1(0,T; V*) the equation is indeed fulfilled in LI(Q; V*).

In the following, we always consider step sizes k = N%, where (Ny)een is a sequence of
natural numbers such that N, — co as £ — co. We abbreviate the corresponding sequence
(UN%)geN by (U*)ro and analogously for the other functions introduced above.

This in mind, we can prove the convergence of U* and U* to the exact solution pointwise
strongly in L2(2p; H). Further, we can prove that U¥ converges to u in LP(0, T; LP(Q; V)).
The Bochner spaces L%(Qp; H) and LP(S; V) appear because of the additional dependence
of the solution (U™),¢q1,...,n} to values of the space y. More information on a Bochner
space defined on a general measure space can be found in Appendix A.2. There, a collection
of the properties and important results can be found. This information available, a space
LP(0,T; LP(29; V)) or alike has a similar structure. Since (0,T") equipped with the Lebesgue
o-algebra and the Lebesgue measure is a finite measure space, the properties of LP({g; V)
can be transferred to L?(0,T; L?(Q; V)).

Lemma 2.1.8. Let Assumptions 2.1.1 and 2.1.3 be fulfilled and let f € L1(0,T;V*), ¢ =

%, and ug € H be given. Further, let (Ny)een be a sequence of natural numbers with
Ny — 00 as { — oo, let k = - be the corresponding step sizes, and let the sequences of

Ny
piecewise constant and piecewise linear prolongations be given as in (2.12) and (2.13). Then
there exists a subsequence of step sizes, again denoted by k, such that

N in LP(0,T; LP(Qg; V),
Uk 2 U, U* 2 U in L®(0,T; L*(Qg; H)),
Uk ~ U’ in L9(0,T; LY(Qg; V™))

as k — 0. The function U is an element of LP(0,T; LP(Q; V)) N L>°(0,T; L?(Qy; H)) and
U’ is the weak temporal derivative of U, which is an element of L1(0,T; LI(Qp; V*)).

In particular, this shows that U is an element of the space

Wh,(0,T) = {W € LP(0,T; LP(Qg; V) -

!/ . / * (215)
W' exists and W' € LI(0,T; LY (9; V™)) },

which is continuously embedded into C([0,T]; L*(Qy; H)).

Proof of Lemma 2.1.8. For simplicity, we do not denote every subsequence differently within
this proof and we drop the index £. Due to the a priori bound (2.7) from Lemma 2.1.7, the
sequence (U*);.-¢ of piecewise constant prolongations is bounded in both LP(0,T; LP(Qg; V'))
and L>(0,T; L?(Q; H)). Further, the sequence (U¥);~¢ of piecewise linear prolongations
is bounded in the space L>(0,T; L?(Q; H)). Using the second a priori bound (2.8) from
Lemma 2.1.7, it follows that the sequence ((U*))r>o is bounded in L7(0,T; L9(Qy; V*)).
As LP(0,T; LP(2p;V)) is a reflexive Banach space, there exists a subsequence of (U*)y~
and an element U € LP(0,T; LP(; V) such that U* — U in LP(0,T; LP(Qy; V)) as k — 0.
An analogous argumentation yields that there exists a subsequence of ((U*)’) o and We
L9(0,T; L9(Qg; V*)) such that (U*) — W in LI(0,T; LI(Qg; V*)) as k — 0.

As stated in Assumption 2.1.1, the space L!(Qy) is separable. Applying the fact that H
is separable as well as [96, Proposition 2.3.24, Proposition 4.2.22], it follows that L?(2y; H)
is separable. Thus, the space L>(0,T; L?(Qg; H)) is the dual space of the separable Banach
space L(0,T; L?(Q4g; H)), compare Appendix A.2. Thus, we can extract weakly* converging
subsequences of (U¥)y~o and (U¥)pso. Due to the uniqueness of the limit of weak and
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weak# convergent sequences, it follows that U* = U in L>(0,T; L*(Q; H)) as k — 0
and therefore U € LP(0,T; LP(Q9; V) N L>=(0, T; L?(Q; H)). Furthermore, there exists an
element U € L>(0,T; L?(Qp; H)) such that U* = U in L°(0,T; L*(Q; H)) as k — 0.

In order to prove that the two limits U and U coincide, we consider

O H} at

n—1

[ malio o - v ae = ﬁ_fj JA e e U

1 N tn
== Z Ey[|U" - U™ 13] / (t, —t)*dt
1

n=1 tn—

w|

N
S Ep[Ur—UH] =0 ask—0,
n=1

where we also used the a priori bound (2.7) from Lemma 2.1.7. This shows that U = U
in L2(0,T; L?(Q; H)). The spaces L>(0,T; L?(2; H)) and LP(0,T; LP(Q; V)) are contin-
uously embedded into L?(0,T; L?(Q; H)) and U is an element of LP(0,7;LP(2;V)) N
L>®(0,T; L?(Q; H)) and U of L*®(0,T;L?*(Q; H)). This shows that U = U in both
LP(0,T; LP(Qe; V) and L>°(0,T; L?(Qy; H)) as the embedding is always injective.

It remains to prove that W is the weak derivative of U with respect to the temporal
input. For arbitrary v € LP(Qp; V') and ¢ € C2°(0,T), it follows that

E9|:/OT ((U*) (1), v) ,e(t) dt} — Ea[/OT(Uk(t)w)Htp’(t) dt}

since (U*) is the weak derivative of U almost surely. Thus, an application of Fubini’s
theorem then yields

T

| Bl ooty de = fim [ B [(0 (0).0) ] 0)

T

=~ Jim | By [(U4(). 0)n] ¢ (1)

T
_ / Eo [(U (1), v)r] /(1) dt.
0
Applying [49, Kapitel IV, Lemma 1.7], it follows that W = U’ in L%(0,T; L?(Qp; V*)) and,
in particular, that U € W§ (0,T). O

Lemma 2.1.9. Let Assumption 2.1.3 be fulfilled, let (X, || - ||x) be a real Banach space, q €
[1,00), and v € L4(0,T; X). Then the piecewise constant function v¥: [0,T] — L(Qg; X)
given by v*(0) = v(t) and v*(t) = v(t%) in LI(Q; X) fort € (tn_1,tn], n € {1,...,N},
fulfills

vP s v in L9(0,T; L9(Qe; X))
as k — 0.

Proof. As the space C([0,77;X) is dense in L%(0,T; X), for every e > 0, there exists a
function v, € C([0,7]; X) such that

€
llve — 'U”LLZ(O,T;X) < 1
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In particular, the function v, is uniformly continuous and there exists kg > 0 such that

9
[[0=(s) = ve(B)llx < o

q

is fulfilled for all s,¢ € [0, T] with |s —¢| < k and k < kq. In order to prove the assertion, we
notice that

N o ptn
lv* — Ul La0,1:00(00:x)) = Z/ Es [[lo(tn) —v(®)ll%] d.
n=1"7tn-1

Then for n € {1,..., N} and almost every ¢t € (t,—1,t,], a substitution as in (A.2) yields

Bo[lo(t) = v(OI] = [ lottaos +ks) = o ds = & [ ute) = o) ds,

tn—1

such that for k < kg

(22 / / " ofe) - el deds)
ii/ 7 o - v aras)
6o I I TRy

1

§2(/0 fo(s) — ve(s)]% ds) * + Z/ / ﬁdzfds 5<5_

Altogether, we have proved that

Q=

Q=

0% — V|| La(o,7;09(00: %)) < &5
which verifies the statement of the lemma as ¢ > 0 can be chosen arbitrarily. O

The next lemma contains a comparable result for the operator A¥. Note that in con-
trast to deterministic methods that use values Li”_l A(t)dt instead of A(t%) for n €
{1,...,N}, we prove that A*v* — Av in L9(0,T;L9(Qg; V*)) rather than A*v — Av in
L9(0,T; LI(Q; V*)) as k — 0 for v € LP(0,T; V), where v* is a piecewise constant function
similar to the one introduced in the previous lemma. In the proof, A*v* leads to a function
t > A(t)v(t) whereas A¥v leads to a function (s,t) + A(s)v(t), which is harder to compare
to the claimed limit.

Lemma 2.1.10. Let Assumptions 2.1.1 and 2.1.3 be fulfilled and let an arbitrary v €
Lr(0, T V) be given. Then for A¥ defined in (2.12) and the piecewise constant func-
tion v¥: [0,T] — LP(Qg; V) given by v¥(0) = v(t]) and v*(t) = v(t?) in LP(Qp; V) for
te (tn_l,t |, ne{l,...,N}, it follows that

ARk 5 Av in L9(0,T5 L9(Qe; V)

as k — 0.
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Proof. In order to estimate A*v* — Av in the norm of L9(0,T; LY(Qg; V*)), we use a substi-
tution as in (A.2) to obtain

k, k
| A%0" — A”Hqu(o T;La(Qp;V*))

fz / By [[| A(t5)v(t5) — A(t)o (1)

. de
N n
= Z/ /0 |A(tn—1 + ks)v(tn—1 + ks) — A(t)v(t)||{. dsdt

N
llcz_:/ / 1A(s)v(s) — A(E)o()]|%,. ds dt.

Using the function h(s) := A(s)v(s), we can follow an analogous argumentation as in the
proof of Lemma 2.1.9. O

The previous lemmas show that the single summands in (2.14) are converging as k — 0.
The remaining question is how these limits relate to equation (2.1). And indeed, combining
the results, shows that the limit U from Lemma 2.1.8 is the solution of the initial value
problem (2.1).

Theorem 2.1.11. Let Assumptions 2.1.1 and 2.1.3 be fulfilled and let f € L1(0,T;V*),
q = 25, as well as ug € H be given. Further, let (Ny)een be a sequence of natural numbers

with Ng — 00 as f — 0o and let k = N% be the corresponding step sizes. Then the sequences
of piecewise constant and piecewise linear prolongations as given in (2.12) and (2.13) fulfill

0 —u in LP(0,T; LP(Q; V),
UF 2w, UF Buin L(0,T; L2 (Q; H)),
(U*Y =/ in L9(0,T; LY (Q9; V™)),
ARTE s Aw in L9(0,T; LY(Qg; V™))

as k — 0, where u is the solution to (2.1) and u' its weak derivative. Furthermore, it holds
true that U*(t) — u(t) and UF(t) — u(t) in L?(Qe; H) as k — 0 for all t € [0,T].

Note that it is also possible to prove that U* — u in L?(0, T} L”(Qg7 V)) as k — 0 if we
choose U¥(0) = u¥ in V, where u§ — ug in H as k — 0 and (kp ||uo||vv)]c>0 is a bounded
sequence. Such a sequence always exists because V is densely embedded into H. A short
construction of such a sequence can also be found in Chapter 3. If in this case a scheme
without randomization is used, the sequence of piecewise linear prolongations is bounded
in the space WP(0,T). Due to the Lions—Aubin lemma, this space is compactly embedded
into L2(0,T; H) if V is compactly embedded into H. Such a compact embedding is useful
when H-valued perturbations are considered. In our setting, it is not possible to apply the
Lions—Aubin lemma because of the additional Qg dependence. We could still obtain that
the sequence (U*);0 is bounded in the space

WE,(0,T) = {W € LP(0,T; LP(; V) : W' exists and W' € L(0,T; LY(Q9; V™*))}

if the initial value is approximated with values in V. But now LP(y; V) does not have to
be compactly embedded into L?(Qg; H) even if V is compactly embedded into H. Thus, if
we want to consider equations with an H-valued perturbations, a transformation as in (1.2)
has to be used. Even without the compact embedding from the Lions—Aubin lemma, we
will see in Theorem 2.1.12 below that certain strong convergence results can be obtained.



2.1. CONVERGENCE ON A RANDOMLY SHIFTED GRID 23

Proof of Theorem 2.1.11. For simplicity, we again do not denote the subsequences differently
within this proof and we drop the index ¢. In the following, let U € WSB (0,T) be the
limit of the sequences of piecewise constant and piecewise linear prolongations obtained
in Lemma 2.1.8. An application of the a priori bound (2.7) from Lemma 2.1.7 and the
boundedness condition from Assumption 2.1.1 (4) yields

N 1
|40 oo z:aanvey = (kD Boll AU ]5.])"
n=1

1

N =
< (K- Bo[Br (14 [UMIT)T)" < BT + BK.
n=1
As L9(0,T; L1(Qp; V*)) is a reflexive Banach space, we can extract a weakly converging
subsequence such that
AR = b in LY0,T; LY(Q; V™)) ask — 0

for b € L9(0,T; L9(Qy; V*)). Next, we identify f — b with the weak derivative of U. To this
end, for arbitrary v € LP(Qy; V) and ¢ € C°(0,T) we see that

T T
/O Ee[<U’(t),v>v»«xv]s0(t)dt=,},i_rg) ; Eq [(U*) (1), v)v+xv]e(t) dt
= lim i Eo[(f"(t) — A*@)U"(t),v)v-xv]e(t) dt

T
_ / Eo[(£(t) — b(t), v)v-xv]o(t) dt,

where we also used f* — f and (U*)" — U’ in L9(0,T; LY(Q;V*)) as k — 0, compare
Lemma 2.1.8 and Lemma 2.1.9. Thus, b= f — U’ in L9(0,T; LY(Qg; V*)) is fulfilled.

Due to the a priori bound (2.7) from Lemma 2.1.7, for ¢ € [0,7] we can again extract a
weakly converging subsequence of (U¥(t)),~o such that

UF@t) = U(t) in L*(Qp; H) ask —0
with U(t) € L?(Qg; H). Assuming that t € [0, 7], ¢ € C([0,T]), and v € LP(Qy; V), we can
see

By [(U(6),0)n]0(t) — Eo[(U(0), 0) 1] 0(0) - / By [(U(s), )] () ds

:/0 Eo[(U'(s), v)v=xv]e(s)ds

= lim Eo [(U*)(s), v)v+xv]ep(s) ds
0

= Jim (B0 [(U*(0). 00 )(0) = Bo [T*0). 00 )o(0) = [ Bo[(0F(5) 1)) ()

k—0
= Eo[(U(t),v)u]o(t) — Eo[(uo,v) ] 2(0) —/0 Eo[(U(s),v)u]¢/(s) ds.

In the single steps, we use (U*) — U’ in LI(0,T; L(Qp;V*)) as well as UF = U in
L>(0,T; L?(Q; H)), compare Lemma 2.1.8. As for every k > 0 the equality U*(0) = U° =
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ug in H holds true, this implies U(t) = U(t) in L?(Q; H). For the piecewise constant
prolongation U*, we see that

v

V*

Eo [|0%(t) — U(t) Lt

!‘I/*] :Eg |:HUn7Un71 o (UniUnfl)

— (=) B0 - U]

<) E[|[U-UTYE.] <kTTK

-

=1

for all t € (tn—1,ts], n € {1,...,N}, where we applied the a priori bound (2.8) from
Lemma 2.1.7. Thus, it follows that Eg [||U*(t) —U*(t)[|{,.] — 0 as k — 0 for every ¢ € [0,T].
This implies that the limits of (U*(¢))x>o and (U*(#))x>0 coincide in L7(Qg; V*). Since the
sequence (U¥(t))r~o, t € [0,T], is bounded in L?(Qy; H) due to the a priori bound (2.7)
from Lemma 2.1.7, we can extract a weakly converging subsequence. The L?(Q; H)-valued
limit of (U*(#))x>0 then coincides with the weak limit U (t) of (U*(t))r=0 in L4(Qy; V*) for
every t € [0,T]. Since L?(Qy; H) is continuously embedded into L9(;V*), it follows that
(U*(t)) x>0 converges weakly to U(t) in L?(Qg; H) for every t € [0, T].

It remains to verify that b = AU in L1(0,T; LY(Qp; V*)). Testing the differential equa-~
tion in (2.14) with U* € LP(0,T;LP(Q;V)) and integrating from 0 to t € (t,_1,tn],
n € {l,...,N}, we can write that

/ot By [{A"(s)0*(s), U*(s))v-xv] ds
B / Bo[(/*(5) — (U%)'(s), T%(s)v-v] ds
- / T B [(£5(s) — (UM (), UM(s))vexv] ds

) / CB[(f4(s) — (UF) (). U4 () vev] ds.

Next, we insert the structure of the prolongations as well as the identity from Lemma A.1.4
to obtain that

/0 "By [((U) (), T () wv] ds

tq
/ Eo[(U' = U, Uy ds
1 Jti—1

| =
INgE

I
(=

EG [(Uz o Uifl’ UZ)H]
1
n

~.

| —

(Eo [IIU°1%] — Eo [ITU""[I3] + Eo [I[U* — UHI5])

(]
<
Il

=1

. 1 1 _ 1
> B [I0" 3] — SIU°N = 5B [IT* @3] - 5 luoll:

DO =

Recall that f¥ — fin L9(0,T; LY(Qg; V*)) and U* — Uin LP(0,T; LP(Q;V)) as k — 0. As
for every t € (t,_1,tn], n € {1,..., N}, we have that U*(t,) = U*(t) — U(t) in L*(Q; H)
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as k — 0, the lower semi-continuity of the norm then implies that

fm sup /O B [(A*(s)T*(s), T* () v-xv] ds

— lim sup (/0 “Bo[(£5(s) — (UFY(5), T*(5))v-xv] ds

k—0
= [ B4 = O (9. UM sv] )
-/ B [((5).U(s) -] ds — limint / " B [((UF) (), UF (5))v-xv] ds
< /O Eo[(f(5),U(s))v=xv] ds —1iznjgf%(E0[\\Uk(t)||%{] = Iluoll)
< [ Balt6). Uvnv] ds = 5 (Ba[IU )] = luol)

Here, we also used that ({f* — (U*)",U*)y«xv)x>0 is bounded uniformly with respect to k
in L'((0,T) x Q). As U is an element of the space W§, (0,T), which is defined in (2.15), it
follows that

2 2 ‘ d 2 ! /
(10O = loll) = 5 [ BV ds = [ Bo[W/(9). U] ds.

N | =

for every ¢ € [0,T]. This implies that

lim sup / Ey [(A*(5)T%(5), T*(5))v- ] ds
k—0 0 (2.16)

< [ Bol(s(5) = U (6. U )vesv] ds = [ Bo[(h(s) U] ds.

In order to prove that AU = b in L9(0,T; L9(Qg; V*)), it is problematic to apply the Minty
monotonicity trick directly. Without further information, the limit U is a random variable
that might have a dependence on 2y. This makes it difficult to apply Lemma 2.1.10 as the
function v in the statement has to be independent of €2y. But we can use the fact that we
already know that the initial value problem (2.1) has a unique solution v € WP(0,T'), which
is constant with respect to Q. We then define the piecewise constant function u*: [0,T] —
LP(Qg; V) given by u*(0) = u(tf) and uF(t) = u(t?) in LP(Qp; V) for t € (tn_1,tn], n €
{1,...,N}. Because of the monotonicity condition from Assumption 2.1.1 (3), we see that

t
/ Eo[(A"(5)U"(s) — A"(s)u"(s), U (s) — u*(s))v-xv] ds > 0.
0
Rearranging the terms yields the inequality
t — —
[ BaltAt )0 (6, 0 (v v] s
0

2/0 Eo[(A"(5)T"(5),u" (5)) v xv ] ds+/0 Eq [(A%(s)u"(s), U"(s) — u"(s))v-xv] ds.
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Using the definition of b as well as (2.16), Lemma 2.1.9 and Lemma 2.1.10, we obtain that
t
[ B0, U] s
0

sz/mme®ﬂ@mM@
k—0 0

> lim [ B [(45(5)T*(5), u* () v v] ds
- 0

+ Jim [ B (A (90 (5). U4 (6) = 8)) v cv] s

= [ Bl ue )]s+ [ Bo[(AGu(5) Ue) ~ u(e)y-xv] ds
0 0

This implies

/O Eog [(b(s) — A(s)u(s), U(s) = u(s))v=xv] ds > 0. (2.17)

This in mind and employing that U and u are elements of W{, (0,T), we see that

%%”U(‘g) — ()| 22 (0psmy = Bo [{U(5) —v/(5), U(s) — u(s))v-xv]

=Eo[(f(s) = b(s) — f(5) + A(s)u(s),U(s) — u(s))v+xv]
= —Ey [(b(s) — A(s)u(s), U(s) — u(s))v+xv]

for almost every s € (0,T). Integrating this equality from 0 to ¢ € [0, 7] and applying (2.17),
shows that

ST~ w3y — 1T0) — w20
= —/0 Eg[(b(s) — A(s)u(s), U(s) — u(s))v+xv] ds < 0.

Since we have already seen that U(0) and u(0) coincide in L?(Qg; H), it follows that U (t) =
u(t) in L?(Qg; H) for all t € [0,7]. This shows, in particular, that U is constant in Q.

The last step is to prove that Au = b in L(0,T; L9(Qp; V*)). This also proves that b is
constant on y. As we have seen that U = w in L*°(0,T; H) and both U’ and v’ exist it
follows that U’ = v in L9(0,T; L9(§2g; V*)) and because v’ is constant on €y the same is true
for U’. Also we have seen that b = U’ — f in LY(0,T; LY(Qp; V*)). Since U'— f = v — f = Au
in L2(0,T;V*), it follows that b = Aw in L2(0,T;V*).

So far, we have only proved that every converging subsequence of (U¥)y~o converges
to uw weakly in LP(0,T; LP(29;V)). An application of the subsequence principle, see [116,
Proposition 10.13] or [49, Kapitel I, Lemma 5.4], yields that the original sequence converges
weakly to u in LP(0,T;LP(Q;V)). Analogously, it is possible to prove that the other
assertions of this theorem hold true for the original sequence. O

The previous theorem verifies that the sequences of prolongations converge to the solution
of (2.1) in the weak sense. We can strengthen the result from this theorem and show that
we obtain a strong pointwise convergence in L?(Qg; H). If A(t), t € [0, T, fulfills a stronger
monotonicity assumption, we can even show a strong convergence result for the piecewise
constant prolongation in LP(0,T; LP(Qg; V).
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Theorem 2.1.12. Let Assumptions 2.1.1 and 2.1.3 be fulfilled and let f € L1(0,T;V*),
q= p%l, as well as ug € H be given. Further, let (Ng)ien be a sequence of natural numbers

with Ny — 00 as £ — oo and let k = N% be the corresponding step sizes. Then the sequences

of piecewise constant and piecewise linear prolongations given in (2.12) and (2.13) fulfill
that

UF(t) = u(t), U*@Et) — u(t) in L?(Qe;H) ask — 0
for every t € [0,T), where u is the solution to the initial value problem (2.1). Furthermore,

under the additional assumption that A(t), t € [0,T], fulfills a p-monotonicity condition such
that there exists n € (0,00), which does not depend on t € [0,T], with

(At = A(t)w,v = w)vexv Z v —wl, (2.18)

for every v,w € V, the sequence (U*)y>o satisfies that
U* - u in LP(0,T;LP(Q:V)) ask — 0.

Proof. For simplicity, we drop the index ¢ within this proof. The main idea of this proof is to
use the weak convergence results proved in Theorem 2.1.11 to deduce the strong convergence
in the same space. We combine the monotonicity conditions from Assumption 2.1.1 (3)
and from (2.18). We notice that the case n = 0 in (2.18) is exactly the monotonicity
condition from Assumption 3.1.2 (3). Thus, we include n = 0 to (2.18). We point out
the additional result for n € (0,00) later in the proof. We consider the piecewise constant
function u*: [0, 7] — LP(Qg; V) given by u*(0) = u(t{) and u*(t) = u(t?) in LP(Qp; V) for
t € (tn—1,tn], n € {1,...,N}. Using the p-monotonicity condition from (2.18), yields

Ey [t (t) - T*()1%] + 20 / By [[[u*(s) — 0% (s)|[1] ds
< Bo[llub () - TF0)13] + 2/0 Eo [(A*(s)a(s) — A% ()T (s), 1 (5) — TF(5)) -] ds

= B[t ()] +2 / B [(A*(s)u" (5), u* () xv] ds
- 2E9[(uk(t), U’“(t))H] - 2/0 Eg[(Ak(s)uk(s),Uk(s»v*Xv] ds
~2 [ By (AT 5) v d
0

+Eo[|T*®)|13] +2/0 Eg [(A*(s)U"(s), U"(s))v-xv] ds

= TE(t) + T3(t) + T5(0),
for every ¢ € [0,T], where

Th(t) = Eo[|u*®)||7] +2/0 Eo [(AF(s)u"(s), u"(s))v-xv] ds,
T () = —2Eq [(u* (), U*(t)) ] — z/ot Eg [(A* (s)uk (s), U" (s))v-xv] ds
9 / Eo [(A5(5)U*(s), u*(s))v ] ds,
0

TE(t) = E9[||Uk(t)||§1] + 2/01E9[<Ak(8)(7k(8),U’f(s)>v*><v} ds.
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As u is an element of LP(0,7;V), we can apply Lemma 2.1.10 to obtain that A*u* — Au
in L9(0,T;LY(Qg;V*)) as k — 0. We can apply Lemma 2.1.9 to obtain that u* — wu
in LP(0,T; LP(Qp;V)) as k — 0. The solution u to (2.1) is, in particular, an element of
C([0,T); H). For t € [0,T], we always choose n € {1,...,N} such t € (tp_1,t,] or n =1 if
t = 0. Then it follows that

Jut) — Ol 2oty = (t) — u(t) 3y =0 & = 0.
This means that u*(t) — u(t) in L?(Qg; H) as k — 0 for every t € [0,T]. Thus, it follows
that
¢
lim T3 (t) = [[u())l72 (04, + QA (A(s)u(s), u(s))v=xv ds

— ()|l +2 / (A(s)u(s), u(s))v- v ds.

Recall that in Theorem 2.1.11 it was proved that U¥(t) — u(t) in L?*(Qg; H) for every
t€[0,T], UF — win LP(0,T; LP(Qp; V)) and A*U* — Aw in LI(0,T; LI(Qp; V*)) as k — 0.
Together with the convergence results mentioned for I'}, this yields

k—0

fim T5(6) = ~20u(t) (0 — 2 | (A(s)us) u(s)vsw ds =2 [ (Als)u(s)u(s)vv ds

= —2ut)]3 — 4 / (A(s)u(s), u(s))v-xv ds.

Handling I'§ needs a little more attention. For every t € (t,,_1,t,], n € {1,..., N}, we can
write

T5(t) = Bo [|U™ (1) 7] +2/0 Eo [(A*(s)U" (), U*(s))v=xv] ds

+2/1E9 Rfk(s),Uk(S»v*Xv] ds

0
=2 [ BT - ). UM @) v ] s

Inserting equation (2.14), it follows that

/o B [(AF ()0 (5) — f4(5), UF(5))vev] ds = / B [(U)(9), 0 (5)) v xv] ds.

Applying the specific structure of the piecewise constant and piecewise linear prolongation
from (2.12) and (2.13), the integral containing the weak derivative of U* can be estimated
by

_9 /Otn E, [<(Uk)/(8)7 Uk(s)>V*><V] ds = —2iE9 [(Ui _ Ui—17Ui)H]
<= (Bo[llU"IH] — Eo[UH%]
i=1
= —Eo[|U"|I%] + Eq[|U°]1%]-
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Here, we used the telescopic structure of the sum as well as the identity from Lemma A.1.4.
A combination of the previous arguments then gives us the bound

TE(t) < luol +2 / By [(£(5), () v xv] ds
0 (2.19)

2 / "B [(AK(5)TH(s) — F5(5), TF(5))ywv] ds

for every ¢t € (tn_1,ty], n € {1,...,N}. In Lemma 2.1.9, we proved that f* — f in
L9(0,T; L(Q; V*)) as k — 0. Further, in Theorem 2.1.11, we showed that U* — wu in
LP(0,T; LP(Q;V)) as k — 0. Thus, it follows that the first integral on the right-hand side

of (2.19) converges to fg(f(s), u(s))v=xv ds. For the second integral, we notice that
(AR ()T (s) = f*(s), U™ (8))v-xv
< | A* ST )lv-I1T* )y + 1= 1T ()l

<BUT*) v + 1T (s)I1F) + éllf’“(S)l Vet %IIU’“(S)H@ =:9(s)

for almost all s € (0,7). The function g is bounded by a function in L*((0,T) x Qy), compare
Lemma 2.1.6 and the a priori bound (2.7) from Lemma 2.1.7. Thus, the second integral in
(2.19) tends to zero as |t, — ¢t| — 0. Thus, it follows that

t
timsup 5 (6) < ol +2 [ (7(6),u(s))v-xv ds.
k—0 0
Now, it remains to combine all these results to find that
t
lim sup (Ea [lu*(t) = T*®)17] + 277/ Eg[[lu®(s) — U*(s)|1%] ds)
k—0 0
t
< (o)l +2 [ (A, uls)v-v ds
0
t
= 2u@)lfr ~4 [ (Ao, uls))v-xv-ds
0
t
ol +2 [ {7(s)uls)v-cr-ds
0
t
= JluollF; — llu@®)lIE + 2/0 (f(s) = A(s)u(s), u(s))v-xv ds
t
= JluollFr — Ilu(®)[1F + 2/0 (u'(s), u(s))v-xv ds.
Since u € WP(0,T), we can apply a partial integration rule to obtain
2 2 ¢ 2 2 ¢ d 2
I
luollzr — @)z + 2/0 (W' (s),u(s))vexv ds = [luollzr — [lu(t)|z +/O )z ds =

As uF(t) — u(t) in L?(Qp; H) as k — 0 for every t € [0, T], an application of the triangular
inequality yields that U*(t) — u(t) in L?(Qg; H) as k — 0 for every ¢ € [0,7]. In the case
of n € (0,00), a similar argumentation yields that U¥ — w in LP(0,T; LP(Q;V)) as k — 0
as the same thing is true for (u*);~o.
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It remains to prove that U*(t) — u(t) in L?(Qg; H) as k — 0 for every t € [0,T]. This
is mainly due to the fact that the limit of both the sequence of the piecewise constant and
piecewise linear prolongations coincide in a suitable sense, see also [43] for some further re-
sults. Recall the definition of U* and U* from (2.12) and (2.13), respectively. An application
of the triangle inequality then yields that

JU* () — u(t)] L2000

tn — 1 7k t=tnt ¥ ‘
[t o = tn—1 _
- ’ k (Ut = k) u(t))‘ L2(Qg;H) H k (OF() —u(t) L2(Qe;H)
<O~ k) = ult) ey + 10 8) — ) 22
< N[T5(t = k) — u(t = k)| g + lult = k) = w() |22 (@gsrm + 1T5() = a2 (000

for every t € (tn—1,tn], n € {1,...,N}. Using that u € WP(0,T) < C([0,T]; H) and
Uk(t) — u(t) in L?(Qp; H) as k — 0 for every t € [0, 7], it also follows that U*(t) — u(t) in
L?(Qg; H) as k — 0. O

2.2 Explicit Error Estimates

Having proved convergence under no additional regularity assumptions, we now consider
a second type of randomization. This is appropriate to prove explicit error estimates of
the scheme. Here, the size of the error depends on the regularity of the exact solution.
In the previous section, we used a randomized grid. Now, we still use a randomized grid
but evaluate the data at a randomized point in between the randomly shifted grid points.
Precisely, the random points are given in the following assumption.

Assumption 2.2.1. Let T € (0,00) and N € N be given. Consider the equidistant partition
O=ty < - <ty=T withk = % and t, =nk, n € {0,...,N}. For a complete probability
space (Qg, F9,Py) and a uniformly distributed random variable 0: Qg — [0, 1], the randomly
shifted grid is denoted by 0 = t§ < t§ < .-+ < t8 =T — k(1 — 0) with t% = t,,_1 + kO for
n € {1,...,N}. The step size is denoted by k, =t% —%_, forn € {1,...,N}.

Let (2, F7,P;) be a second complete probability space and let (Tn)nequ,...,. Ny be a family
of independent, uniformly distributed random variables such that 1,: Q; — [0,1]. On the
product probability space (Q, F,P) = (Qo x O, FO @ FT, Py @ P,), let £,: Q — [0,1] be
given by &, =t% | + k.7, forne{1,...,N}.

The expectations on the probability spaces (2., F7,P,) and (2, F,P) are denoted by
E, and E, respectively. Note that the grid is not equidistant since k1 = 0k but k,, = k for
n € {2,...,N}. We still have k,, < k for every n € {1,..., N}. This specific structure of
randomization will be used to show our desired error bounds. We evaluate the data at the
randomized points &,, n € {1,..., N}, and compare (U™),c1, . ny With u(t9)neq, . n}-

This randomization is a mixture of the one considered in [37] for the approximation of
nonautonomous evolution equations and the one in [38] for the quadrature of stochastic
It6-integrals. Similar to [38], we can now weaken the regularity assumption on the solution.
Instead of asking for a Hélder continuous solution as has been done in [37], we now assume
that it is an element of a Sobolev—Slobodeckii space. Since the exponent for the fractional
derivative in a Sobolev—Slobodeckii space can be larger than the exponent in a Holder space,
our setting can fill a gap between rates of convergence that are seen in numerical examples
and rates that are theoretically derived.

In order to prove error estimates of schemes for nonlinear problems, it is possible to
use a linear approximation of the operator given by its derivative. In [86] or [95], the fully
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nonlinear equation u'(¢t) = F(t,u(t)) for ¢ € (0,7) with an initial condition is linearized
along the exact solution u. If the partial derivative A(t) = 0, F(t,u) exists, we can work
with it instead of the fully nonlinear problem. In the following, we want to work with an
approach that does not rely on such an approximation via a partial derivative. But we follow
an approach that uses the fact that A(t), t € [0, 77, is Lipschitz continuous on a bounded set.
Our starting point is to generalize the approach from [37], where error estimates are proved
for a globally Lipschitz continuous operator. This is extended to a generalized Lipschitz
condition, see (2.23) below. Now, we can also consider operators A(t), t € [0,T], that do
not have to be of linear growth. An example, which fits in our framework, is the classical
p-Laplacian in a variational formulation. Note that for p = 2, the framework is nearly the
same as in [37]. In [41, 42, 44] error estimates are provided without the additional bounded
Lipschitz condition for the operator A(t), t € [0,7]. One advantage of our approach is
that we do not have to impose any temporal regularity on f and A. This could be of
advantage if v’ = f — Auw fulfills a stronger regularity condition than the functions f and Au
separately. The case where a function u’ is more regular than f and Au separately probably
does not contain many relevant problems. Thus, it would also be interesting to consider the
techniques from [41, 42, 44] in the context of randomized schemes.
With the random point (§,)neq1,...,n} from Assumption 2.2.1, we consider the scheme

{U” +knA(E)U™ =k, f(€,) + UL almost surely in V*, ne {1,...,N}, (2.20)

UO = Ug in H,
for an initial value uyp € H and a source term f € L9(0,T; V™).
In Assumption 2.2.1, we introduced N + 1 independent random variables. In this section,

it becomes necessary to consider two filtrations (}Z)ne{o Ny C F7 and (]:n)ne{o _____ Ny C
F = F%® F7. The first is given by

Fi=c(NeF :P,(N)=0)

.....

2.21
.7:;::U(J(Ti:ie{l,...,n})u}'g), ne{l,...,N}, (221)

where o denotes the generated o-algebra, compare (A.4). Further, we consider
Fo=F'@F, nec{0,...,N}. (2.22)

In particular, it is clear that ] C F7 and F, C F,, for n < m. Note that, for every
n € {1,..., N}, the mapping &,:  — [0, 1] is F,-measurable as a composition of measur-
able functions. Also, &,(we,-): Qr — [t%_(wp),t? (wp)] is a uniformly distributed random
variable, which is F-measurable for every n € {1,..., N} and wy € Qy. We begin by prov-
ing that (2.20) is uniquely solvable and its solution is adapted to the filtrations introduced
above.

Lemma 2.2.2. Let Assumptions 2.1.1 and 2.2.1 be fulfilled and let f € L9(0,T;V*) as well
as ug € H be given. For a step size k = %, there exists a unique solution (U")ne{l ,,,,, N}
to the recursion (2.20). For every n € {1,...,N}, the mapping U™: Q = V, w — U™ (w)
is Fp-measurable, while U™ (wy,): Qr =V, wr = U™ (wp,w,) is F, -measurable for almost
every wy € .

Proof. The existence of (U"),eq1...,n3 can be proved analogously as in Lemma 2.1.5.
In order to prove the measurability conditions, we again use Lemma 2.1.4. For n €
{1,..., N}, we consider the mappings

bt QX V =V hy(w,U) = (I 4 kn(w) A6 (w))) U = kn(w) f(én(w)) = U (w)
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as well as

h;: Q‘r xV — V*; hn(wTaU) = (I + kn(WO)A(gn(W%WT)))U
— kn(wo) f(§n(wo, wr)) — Un_l(WGaWT)

for almost every wy € Q. Note that for h,,, we consider k,,: Q — [0, 1] given by k, (wp, w;) =
kn(wp). This mapping is also measurable with respect to F,,. As in the proof of Lemma 2.1.5,
we obtain that w +— U"(w) is F,,-measurable and w, — U"(wp,w,) is F, -measurable for
almost every wy € y. O

Now that the existence of a solution to (2.20) is covered, let it be mentioned that the a
priori bound from Lemma 2.1.7 holds true for this scheme if Ey is replaced by the expectation
E on the probability space (£, F,P). It remains to make sure that we have a bound for
the terms containing f. To this end, we also mention a counterpart to Lemma 2.1.6 for the
second randomization.

Lemma 2.2.3. Let Assumption 2.2.1 be fulfilled and let (X,| - ||x) be a real Banach space.
Then for f € L1(0,T;X), q € [1,00), the bound

N

SB[k €D < 20 1075

n=1
is fulfilled.

Proof. For the first summand, we use a substitution as in (A.2) and k; = t{ = k@ to obtain
that

By [k,E, [ F(€)]1%]] = / ks / 1 (kst) % de ds

1 t1 1
=5 s [ sl aras
1 t1 s 31
=5 | [ isokaas< [ a

For n € {2,..., N}, we can argue similarly but notice that the step size k,, is equal to the
maximal step size k. Then we see that

1 1
BolkB 1K) =k [ [ 15(tna s+ k) dtds

tn—1 1
:/t /O 1/ (s + kt)[|% dt ds
1" tn—1  pstk .
=i [ eiaass [T o
e tn_2

S

Thus, altogether this proves the bound

N t1 N tn T
S Blkl el < / EOEEDY [ i<z [l

tn_2 0
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In order to use the higher-order regularity of a function in the error estimates, we consider
the following two lemmas.

Lemma 2.2.4. Let Assumption 2.2.1 be fulfilled and let (X, - ||x) be a real Banach space.
For a € (0,1) and q € [1,00), let v € W*9(0,T; X) be given. Then the bound

N
Y Elkallo(€) = v(t)I%] < K 0lfyaorox
n=1

is fulfilled.

Proof. Since we do not work on an equidistant grid, there are two cases that need to be
considered separately. The distance between 0 and ¢ is given by the random value k; = 0k.
After a substitution as in (A.2), we see for the first summand using & = tg + k11 = kO

1 1
Eo [l E, [Jo(&1) —v(t)1%]] = / ks / lo(kst) — v(ks)[% dt ds

1 t1 1
_ 7/ s/ lo(st) — v(s)|% dt ds
k 0 0
1 t1 S
_! / / lot) - v(s)[1% dt ds
B u(t) )19
qo 7\ "\2JIX
<k / / t75|‘10‘+1 dtds.

For n € {2,..., N}, we use that the distance between ¢/ and t?_, is always given by k.
Thus, all further terms can be estimated by

Eo [k B [|[u(6) — 0(t%)[|%]]

*k//H tn2 + ks + kt) — v(tn—1 + ks)||% dtds

/ /Hvs—i—k:t k) — v(s)|% dt ds

/tn / [v(t) — v(s)||% dtds

tn v(t) = v(s)5
qo N7\ P\2JIX
<k / / . 8|‘1°‘+1 dt ds.

Combining these estimates, yields

N
ZE [knllv(€n) = v(t)II%]

o) = v(s)|l HU v(s)|15
qo =N P\JX qo ) — Y\2JllX
<k / / t75|qo¢+1 dtds + k& /t1 / |qa+1 dtds

< Lo T ”'U HX dtd kqa| |
|t— s|qa+1 § = P lwea(o,1;x)-
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Lemma 2.2.5. Let Assumption 2.2.1 be fulfilled and let (X,| - ||x) be a real Banach space.
For a € (0,1) and q € [1,00), let v € W*4(0,T; X) be given. Then the bound

9

S E| [ 100 = o€l ] < 24 oo

n=1 n—1
is fulfilled.

Proof. The proof is very similar to the proof of Lemma 2.2.4 but an additional integral
appears in the estimates. Again, we consider the first summand separately. A substitution
as in (A.2) and using the equality &; = t§ + k171 = k67 yields

Bi[e.| ® 1oto) - el o] - [ et - etk avaras
- ,1/ // Jo(t) — v(sr)l% dtdrds
- ,1/ L[ e ool aearas

/ sqa/ / ””t_r'an'X dt dr ds

< L h " ||U ”X dt dr.
= r|qa+1

Similarly, for n € {2,..., N}, we see that

t) tn-1+ks
EQ[E[/ lo(t) — (&) % ] ///t 10(t) — 0(tn_s + ks + kr)|% dt drds

tnfl n—2+ks

1 n—1
= 7/ / / lo(t) —v(s+ kr)||% dtdrds
k tn—2 0 Js
1 tn—1 pstk pstk
= ﬁ/t y /S / lo(t) —v(r)||% dtdrds
1 s+k ps+k
a-1 [ llv(@) —v()[%
< ke / ) / / e drdrds

e(®) — vl
< k1@
o [ e

A combination of the estimates then shows

ZE[/ lo(t) — v(En)l% o]

—1

o [T ||v [[v(®) = v(r)ll% a et Hv lv(®) = v(r)ll%
k;q// Iqo‘“ dtdr + k¢ Z/ / |qa+1 dtdr

’ HU )1
a 2\ "\VJIX a9
=2 / / It—r|qa+1 dtdr =2k |olyye.q0.x)
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The previous lemma can also be proved with the help of Lemma 2.2.4. Using the trian-
gular inequality yields

N t? 7
(SB[ o - v al)’
n=1 ¢

n—1

N t? 1 N 1
< (Z E[/ lo(t) — v(t?)|1% dtD g (Z E [k [v(t]) - v(&)\lic]) '
n th_1 n=1

1
E[knlo(t) = v(€nlI%]) " < 2K lolweaco,rix)-

M= L

:2(

For large q, this leads to a worse constant though.

n=1

Now, we are well prepared to prove the two main statements of this section. Both show
error bounds for the expectation of the distance between the exact solution at a shifted
grid point and the numerical approximation. The magnitude of the error depends on the
regularity of the exact solution u. Here, we measure the temporal regularity of w and o’
within a space of Sobolev—Slobodeckii functions. In the first theorem, we assume that the
temporal derivative of the exact solution is H valued. In the second theorem, we show that
this can be weakened to values in V*. To obtain the same error bound, we require more
temporal regularity for the V*-valued result though.

Further, we state two different bounded Lipschitz conditions in each theorem. In the
first one, the operator is Lipschitz continuous on bounded sets in H. Alternatively, it is also
possible to ask for a Lipschitz condition on a bounded set in V. As every bounded set in V' is
also bounded in H, but not necessarily the other way around, the second condition is more
general. For the second Lipschitz condition, we additionally need that the solution u is an
element of L>°(0,T; V). Note that this assumption is fulfilled directly if the differentiability
exponent of the Sobolev—Slobodeckii space is large enough (cf. [102, Corollary 32]). In
this section, we only make the assumption that the specific regularity is fulfilled without
any further explanation. Some information for additional regularity and more concrete
examples that fit this setting can be found in Section 1.2.

Theorem 2.2.6. Let Assumptions 2.1.1 and 2.2.1 be fulfilled and let f € Li(0,T;V™*),
q = ﬁ, as well as the initial value ug € H be given. Let the operator A(t), t € [0,T],

fulfill a bounded Lipschitz condition in the sense that for every R € (0,00) there exists
L(R) € [0,00) such that

[A{#)v = A(D)wllv- < L(R)[Jv —w]v (2.23)

is fulfilled for all t € [0,T) and v,w € V with ||v||g, |lw||g < R. If the exact solution u is
an element of L*>(0,T;V), then it is sufficient that (2.23) is fulfilled for all v,w € V with
lvllv, lwllv < R. Furthermore, let A(t), t € [0,T], satisfy a p-monotonicity condition such
that there exists n € (0,00) with

(A(t)o = At)w,v — w)vexy = nllv — w|f, (2.24)

for allv,w eV and t € [0,T].
Let the exact solution u be an element of W*1(0,T;V) for o € (0,1). Further, let the
temporal derivative u' of the exact solution be an element of WY2(0,T; H) for v € (0, %)

Then there exists C € (0,00) such that for every mazimal step size k = %, N € N, the error
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estimate
N
E[|u(’) — U2 E[kn|lu(t!) —U"|%] < C(K2H! 4 koo
e max  B[Ju(ty) ||H]+; [Fallu(®) = U™ ly] < CETT + k%)

is fulfilled for the solution (U™ ),cq1,... Ny to (2.20).

Due to the boundedness condition from Assumption 2.1.1 (4), for the relevant exam-
ples that fulfill (2.23), we get L(R) = Lo(max {||v[|m, [[w]z}) (1 + [v]|%% + lw]2?) with
Lo: R — [0,00). It is also possible to include the case v = 0 to the assumptions of the
theorem in the sense that we assume v’ € L?(0,T; H). The proof remains similar. Instead
of applying Lemma 2.2.5 to the terms containing the derivative u’, it then becomes necessary
to apply Lemma 2.2.3.

Proof of Theorem 2.2.6. In the following, let ¢ € {1,..., N} be fixed. As the exact solution
is an element of WP (0, T) its derivative is in L4(0,T;V*). Further, u(t?) — U’ is an element
of LP(2; V) and we can write

B[(u(t!) — u(t?_,), u(t!) — U')] = B / W) = Uy dt]. (229)

i—1
Here, we technically do not have any point evaluation of u as we consider the expectation
of the equality. The scheme (2.20) tested with u(t?) — U? yields the equality

E[(U' - U u®!) - U)y] =E[k(f(&) — A&) U, u(t!) — Ul yexv]. (2.26)
Using the identity from Lemma A.1.4, the difference of the left-hand sides of (2.25) and
(2.26) can be written as

E[(u(t)) ~ U —u(t! ;) + U u(t!) — U]

= %(E[I\U(tﬁ)) = U] = Efllut?) = U7 E] + Eflut) - U —u(t]_y) + UTHE]).

The difference of the right-hand sides of (2.25) and (2.26) can be rewritten by adding and
subtracting terms containing A(;). This allows us to use the structure of the operator A(¢;)
more efficiently. We then obtain

i

E[/: (W (t), u(t?) — Ui>v*xvdt}

:E[ ’ <u’(t),u(tf)—Ui)v*Xth}

((f(&) — Al&)u(&),u(t)) = U')yeny]
&) — A&)u(t?),u(t!) — Uy v ]
t2) — A(&)U  u(t!) — Ulyyerv]

(' (t) — (&), u(t]) — Uy dt}

~
[

1

— E[ki(A(&)u(&) — AG)u(t)), u(t]) — U)y-xv]
—Bki(A&)ut)) — A&) U u(t]) — Uy v
=:T'1 + T + T3,
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where
r, = E[/e (W (8) = (&), u(t?) — Ubyey dt},
o o e (2.27)
F2 - —E[k‘l<A(€z)u(fl) - A(fi)u(ti),u(ti) — UZ>V*XV],
T3 = —E [k (A(&)ult]) — A&)U" u(t]) — Ulhy-xv].

Thus, we obtain that

Efl[u(t?) = U'lI%] = Efllut!_) = U 5] + Efllu(tf) - U —u(t]_;) + UE]

(2.28)
=2I'y + 2T'5 + 2T's.

Since we added and subtracted the terms containing A(&;)u(&;) and A(&)u(t!) above, we
can now estimate I'7, I'y, and I's more easily. For I';, we use the regularity of «’. In order
to estimate I's, we use the bounded Lipschitz condition and the regularity of u, while for I's
we use the monotonicity of A(&;). Precisely, for 'y, we obtain that

r, = E[/tt? (' (t) =/ (&), u(t]) = U)yexv dt}

i—1

= E[/t () — (&), u(t?) = U = u(t_ ) + U Yy dt} (2.29)

i—1

+ E[/tt? W' () — (&), u(t?_)) — U™y dt] . (2.30)

6
i—1

Using the Cauchy—Schwarz inequality as well as the weighted Young inequality, we find the
estimate for (2.29)

E[/tt? (W (t) =/ (&), u(t]) = U" —u(t]_;) + Ui_l)V*Xth}

i—1

- E[(/j 106~ o€ ) () — U = alely) + U 3)1

1—1

([ / o/ (&)~ €l at])* (B Ju(e?) — U~ () + U 3])

<
ti_q
1 g 1 i i—
< 3Bk [ 0~ @l ] + SBlu) - U~ uel )+ U]
ti_4

This structure is useful, as we can absorb the second summand in the last row using one of
the terms on the left-hand side of (2.28). Further, we can write for (2.30)

B[/ (W (1) = /(). ult]y) = U )y ey ]

i—1

~E[E, {/: (W (1), u(t! 1) = U™y ]

1—1

— Eg[E, [(W/ (&), u(t!_) — U Hyarv]].
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In the following, we denote the conditional expectation with respect to F7_; by E, [ |.7:[_1] ,
compare Appendix A.3. We notice that Q, 3 w, — u(t!_;(wg))—U*"!(wg, w, ) is measurable
with respect to the o-algebra F]_; for almost every wy € €2y, compare Lemma 2.2.2. Thus,
we use the tower property for the conditional expectation to obtain

E. [<U/(fz‘),u(t?—1) - Ui71>V*><V] =E; [Er [<“/(§i)a U(t?—l) - Ui71>V*xV|fz‘T—1H
=E; [<ET [Ul(fz‘”]:ﬁl]a“(t?fl) - Ui71>V*xV}

almost surely in €. As the generated o-algebra o(7;) is independent of F7_, it follows that
E. [v/(&)F7_1] = E-[v/(&)] almost surely in Q. Then we find that

(B, [u/ (&) F 1], ut!_) = U Yyery = (B [W/(&)] ult_) = U yeyr
t?
= L[ @ u(? ) — Uy dt
k; s

1

almost surely in € and therefore, in particular,

E[/tt W () — ' (&), u(t?_,) —Ui*1>v*xvdt] = 0.

Altogether, this proves a bound for I'; that is given by

1 t 1 . .
Lr< 5Bk [0 - (@l ] + SBllu) - U~ uel )+ U

ti

In order to estimate I's, we apply the bounded Lipschitz condition of the operator A(t),
t €10,7], from (2.23). Thus, we see that

Iy = —E[k(A(&)u(&) — AG)ut)),ut)) — Uv-xv]
< L(R)E [Killu(&) — u(t)) v [lu(t!) — U*|lv]
< aBlkillu(&) —u)}] + gE[’%HU(t?) - Uy ],

for ¢; = (’m);%. Here, we can choose the parameter R for (2.23) as R = ||ul| o (0, 1;5)-
Recall that a weak solution u of (2.1) is an element of W?(0,T) — C([0,T]; H). Thus, this
particular R is finite. If the solution fulfills u € L°°(0,7"; V'), we can choose R = ||u| Lo (0,7;v)
and it is sufficient that (2.23) is fulfilled for v,w € V with ||v||v, |w|lv < R. Last, observe
that

T3 = ~E [k (A(&)u(ty) — AE)U" u(t]) = Uv-xv] < —nE[killu(t]) — U'|}]

is fulfilled due to the monotonicity condition from (2.24). After an insertion of these bounds
into (2.28), we see that

E[|lu(t)) = U'%] = Ellut!_) = U %] + Elu(t]) = U —u(t!_,) + U]
=20 + 20 + 2Ty

6

<E[k [ 0 - w1} at] + EfJutt)) - U~ (el ) + U]

ti—l

+ 21 E [killu(&) — U(tf)H%/] - WE[kiHU(t?) -Uly].
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This implies, in particular,

E|lu(t]) = U'l5] - Elllu(t) = U] + B [killu(t]) - U]

<Bk [ 10— (€l de] + 2Bk ) — w1 ).

i—1

Summing up the inequality from i = 1 ton € {1,..., N}, we can make use of the telescopic
sum structure, the fact that u(0) — U° = u(0) — ug = 0, as well as Lemma 2.2.4 and
Lemma 2.2.5 and obtain

E[||u(ty) = U"[%] + WZE[kiHU(tf) - Uy ]

N
< kZE[ / o (6) = o/ (€)% ] +2e0 S Blkilute) — u(t) 4]

i—1 =1

< 2k27+1\u 20,130 + 2619 [l a0 0 1) (2.31)
O

The next theorem contains a comparable result, where the temporal regularity condition
of u’ changes while the spatial regularity condition can be relaxed to V*.

Theorem 2.2.7. Let Assumptions 2.1.1 and 2.2.1 be fulfilled and let f € Li(0,T;V™*),
q= p’%l, as well as the initial value ug € H be given. Furthermore, let the operator A(t),

€ [0,T), fulfill the bounded Lipschitz condition (2.23) and the p-monotonicity condition
(2.24) as in Theorem 2.2.6.

Let the exact solution u be an element of W*4(0,T;V) for a € (0,1). Further, let the
temporal derivative u' of the exact solution be an element of W4(0,T;V*) for v € (0,1).
Then there exists C € (0,00) such that for every mazimal step size k = %, N € N, the error
estimate

N
Efllut®) — U121 + Y E[k,|lut?) —U"|P] < C(k? + k9
e max Blut;) - U ] g [nllu(ty) = U] < O )

is fulfilled for the solution (U"),cq1,... Ny to (2.20).
Proof. Analogously to the proof of Theorem 2.2.6, we can write
E|lu(t)) - U'%] - Efllu(t! ) - U]

+E[[lu(tf) = U —u(t!_1) + U %] (2.32)
=2I"y + 2Ty + 2I'3,

where T'y, T'y, and I's are given in (2.27). Again, we consider I'y, 'z, and I's separately,
where we can use analogous bounds as in the proof of Theorem 2.2.6. First, we obtain

T = ~E[k(A()u(€) — AGu(t), u(t!) - Uv-xv]
< B [kilu(&) = u(t)l1$] + B[k - U],

= (}’77);17(15;3 Again, we choose the parameter R for (2.23) as R = ||ul| g (0, 1;m)-

If the solution fulfills u € L>°(0,T;V), we choose R = ||ul[ (0, 7;v) and only require that

for ¢;
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(2.23) is fulfilled for v,w € V with ||v|v, ||w|ly < R. For I's, we apply the monotonicity
condition (2.24) and find

Iy < —nE[kllu(t!) — U|I}].

When estimating I';, we now have to use the different regularity assumption on u’. Here,
we apply the weighted Young inequality to see that

I, = E[/tt? (0 (6) (). ult]) — U}y v di]

<E| / ot (8) = (€)llv- u(t?) = Uy ]

< B[ [ 0 = (I ] + TB[ku(e)) - U,

ti—l

with the constant co = (Z’fllq;q. Inserting the bounds in (2.32), shows that

E[[lu(t!) = U'|%] = E[[lu(t!_1) = U]
< 2T + 2T + 2T';

6

<26B[ [ () = (€I ae] + 2 B[l Jut) — uDIY ] ~ wE [k Jule?) ~ U

i—1

The remainder of the proof can be done analogously to the end of the proof of Theorem 2.2.6.
O

Note that in the proof of Theorem 2.2.7 we do not use the independence of {7, }neq1,..., N} -
Thus, here it would also be possible to choose the same random variable 7,, = 7 for every
n € {1,..., N}, which is uniformly distributed in [0, 1].

When we compare the two results from the previous theorems, different error rates
can be seen. If u' is an element of W72(0,T; H) then the error can be smaller than for
u' € Wr1(0,T; V*) if u is smooth enough. Still, the first result is not necessarily stronger.
In [90, Proposition 6.6], it is demonstrated how the temporal regularity decreases when
the spatial regularity becomes higher. Thus, in practice, the two results should lead to
comparable error estimates.

2.3 Example: A Problem of p-Laplacian Type
For a finite end time T" € (0, 00) and a bounded Lipschitz domain D C R%, d € N, we regard

Owu(t, ) — V- a(t,z, Vu(t,z)) = f(t, z), (t,z) € (0,T) x D,
u(t,z) =0, (t,x) € (0,T) x 9D, (2.33)
u(0,x) = up(x), zeD.

Here, the mapping a: [0, 7] xDxR? — R fulfills the assumption below and f: [0, T]xD — R

as well as ug: D — R will be specified later.

Assumption 2.3.1. Let p € [2,00) be given and q¢ = p%' Let a: [0,T] x D x RY — R4
fulfill the following conditions:
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(1) The map (t,z) — a(t,z,z) is measurable for every z € R, while z + a(t,z,z) is
continuous for every t € [0,T] and almost every x € D.

(2) The map a fulfills a monotonicity condition in the sense that the inequality (a(t,x, z) —
a(t,z,2)) - (z— 2) > 0 is satisfied for every t € [0,T], almost every x € D, and every
2,2 € RY.

(8) The map a fulfills a growth condition in the sense that there exist di € [0,00) and a

nonnegative function do € L1(D) such that for every t € [0,T], almost every x € D,
and every z € RY the inequality |a(t,z,z)| < dq|z|P~! + do(x) is satisfied.

(4) The map a fulfills a coercivity condition in the sense that there exist ds € (0,00) and
a nonnegative dy € LY(D) such that for every t € [0,T), almost every x € D, as well
as every z € R the condition a(t,z,z) - z > d3|z|P — da(z) is satisfied.

Assumption 2.3.2. Let Assumption 2.3.1 be fulfilled. Additionally, there exists ds € (0, 00)
such that

(a(t,z,2) —a(t,z,2)) - (z — 2) > dslz — Z|F
is satisfied for every t € [0,T)], almost every x € D, and every z,% € RY.

Assumption 2.3.3. Let Assumption 2.3.1 be fulfilled. Additionally, there exists dg € [0, 00)
such that

at,z, ) — alt,a, 2)| < do(1+max{ [z, |57-2}) | — 4 (2.34)
is satisfied for every t € [0,T)], almost every x € D, and every z,7 € RY.

A prototype example for the function a is given by a(t,z,2) = a(z) = |2|P~2z. Then
(2.33) is the p-Laplace equation. It is easy to see that a fulfills Assumption 2.3.1. In [28,
Chapter I, Lemma 4.4] it is proved that this a fulfills Assumption 2.3.2. In order to see that
the function fulfills Assumption 2.3.3, we notice that for z € R? with z # 0

d p—4
_9 24
Oia(z) = %(Zz?) T 222+ |2P 2 = (p— 2)|2P Y2z + |2]P e
j=1
is fulfilled for i € {1,...,d} and the i-th unit vector e; in R%. Moreover, we have d;a(0) = 0
for every i € {1,...,d}. Then the Jacobian matrix fulfills

IVa(z)| = |(p = 2)[2[P 722" + [o[P721] < (p— 1)]72

for € RZ. An application of the mean value theorem then shows that (2.34) is fulfilled.
In order to formulate the problem (2.33) in a weak formulation, we consider the spaces
V = WyP(D) and H = L?(D), where p € [2,00) is chosen as in Assumption 2.3.1. We equip
the spaces with the norms introduced in the notation section in the introduction. Then we
assume that for f: [0, 7] xD — R the abstract function [f(t)](z) = f(t,z), (t,z) € (0,T)xD,
is an element of L4(0,7;V*) and ug € H. Further, the operator A(t): V' — V* is given by

(A(t)v,w) = /Da(t, -, Vo) - Vwdx

for t € [0,7] and v,w € V. Then we consider the variational formulation of (2.33) given by

v+ Au=f in L2(0,T;V*),
u(0) = ug in H.
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Theorem 2.3.4. Let Assumption 2.5.1 be fulfilled. Let f € L1(0,T;V*) and ug € H be
given. Further, let (Ng)een be a sequence of natural numbers with Ny — oo as £ — 0o,
k= N%, t, = nk, n € {0,..., Ny}, and consider the corresponding randomly shifted grid
introduced in Assumption 2.1.83. Then the backward Fuler scheme

%(U’ﬂ 7Un71) +A(th)Un :f(tZ) in Lq(Qg;V*), ne {L"'vNZ}a

U° = wyg mn H
admits a unique solution (U")ncq1,.. N,y i LP(Q9; V). All the convergence results from
Theorem 2.1.11 and Theorem 2.1.12 hold true. In particular, the sequences of piecewise
constant and piecewise linear prolongations of (U™),cq1,...N,} converge to the weak solution
u of (2.33) pointwise strongly in L?(Qg; H) as k — 0.

If Assumption 2.5.2 is satisfied additionally, then the sequence of piecewise constant
prolongations converges to u strongly in LP(0,T; LP(Qg;V)) as k — 0.

Proof. In order to apply Theorem 2.1.11 and Theorem 2.1.12 from Section 2.1, it only
remains to verify that A(t), t € [0, T}, fulfills Assumption 2.1.1. To this end, let v,w € V be
given. Then we see that

<A(t)vaw>v*><vZ/Da(t,',VU)-dex

g/ (2| Vol + do) | Veo| da
D
< max {dy, ||da|| pacpy } (1 + 015 [w]lv, (2.35)

which proves both that A(t), t € [0,T7], is well-defined and that the boundedness condition
from Assumption 2.1.1 (4) is fulfilled.

Since t + a(t,,z) is measurable for almost every x € D and every z € R? there
exists a sequence (a;);ey of functions a;: [0,7] x D x R — R?, i € N, that are simple
with respect to the first argument such that a;(t,z,2) — a(t,z,2) in R? as i — oo and
la;(t,z,2)| < |a(t,z, 2)|, i €N, for almost every (t,z) € (0,T) x D and every z € R?. Then
Ai(t): V — V* given by

<Ai(t)v7w>V*xV = / ai(ta ',VU) : VUJdJL‘, v, w € 14
D

is a simple function with respect to ¢ € (0,T"). Using a similar bound as in (2.35), it follows
that (a(t7 - Vo) — a;(t, -, Vv)) - Vw is bounded by a function that is integrable on D. We
can apply Lebesgue’s dominated convergence theorem to obtain that

lim (A(t)v — A;(t)v,w)yxxy = /D lim (a(t, -, Vo) —a,(t, -, Vv)) -Vwdr =0

1—00 i—00

for every v,w € V and almost every ¢ € (0,7). This implies that ¢ — A(t)v is weakly mea-
surable since V* is reflexive. As V* is also separable, the mapping is Bochner measurable.

In order to prove that A(t): V — V* t € [0,T], is radially continuous, let (s;);cn be a
convergent sequence in [0, 1] with the limit s € [0,1]. Using the fact that (2.35) is finite,
it follows that a(t,-, Vv + s;Vw) - Vw is bounded by an integrable function on D for every
v,w € V. Then we can apply Lebesgue’s dominated convergence theorem and it follows
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that

lim (A(t)(v + s;w),w)v=xy = lim [ a(t,-, Vv + s;Vw) - Vwdz

i—00 1—oo Jp

= / lim a(t,-, Vv + s;Vw) - Vwdz
D

1—+00
= / a(t,-, Vv + sVw) - Vwdz
D

for every v,w € V and t € [0,T] due to Assumption 2.3.1 (1).
The monotonicity condition for A(t), ¢ € [0,T], is a direct consequence of Assump-
tion 2.3.1 (2). This can be seen as

(A(t)o — A(t)w, v — w)yery = /D(a(t, V) — alt, - V) - (Vo — V) dz > 0

is fulfilled for every v,w € V and t € [0,7]. Analogously, the condition from Assump-
tion 2.3.2 implies that

(At)v — A()w,v — w)y=xy > d5/ Vv — Vw|P dz = ds||v — wl|},
D

for every v,w € V and t € [0,T]. So we see that (2.18) is fulfilled.
It remains to verify the coercivity condition from Assumption 2.1.1 (5). Here, we apply
Assumption 2.3.1 (4) to see that

A, e)vxv = [ (@l Vo = di) do = dalloll, - [l o)
D

for every v € V and t € [0,T]. Therefore, as the operator A(t), t € [0,T], fulfills all
the necessary conditions, we can apply Theorem 2.1.11 and Theorem 2.1.12 to finish the
proof. O

To prove explicit error bounds, we make an additional regularity assumption on the
solution of (2.33). We do not discuss this condition here. In Section 1.2, more details and
suitable examples can be found.

Theorem 2.3.5. Let Assumptions 2.8.1, 2.5.2, and 2.3.3 be fulfilled and let f € L9(0,T; V™)
and uwy € H be given. For a € (0,1) and v € (0,1), assume that the exact solution u is
an element of W*2(0,T; V) for p =2 and of L>=(0,T;V) N W*4(0,T;V) for p € (2,00)
while its temporal derivative u' belongs to W¥2(0,T; H). For every N €N, k = %, and the
corresponding random values (§n)neq1,...,Ny introduced in Assumption 2.2.1, the scheme

é(U” — U”fl) + A(&,)U™ = f(&n) in LY(Q;V*), ne{l,...,N},
U° = wy m H

admits a unique solution (U"),cq1,.. Ny in LP(Q; V). Then there exists C € (0,00) such
that

N
E[|lu(t?) — U"|? E[k,||u(t?) — U"|F] < C(kTT! 4 kI
semax  Bllu(t) IIH]+;1 [Fnllu(ty) = U"5 ] < OO 4 R4)

is fulfilled.
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Proof. The proof can be carried out by applying Theorem 2.2.6. To this end, it only remains
to verify that A(t), t € [0,7], fulfills (2.23). The proof of the other conditions for A(t),

€ [0,7T], has already been done for Theorem 2.3.4. To this end, we use the bounded
Lipschitz condition from Assumption 2.3.3. For p = 2, (2.34) is a global Lipschitz condition.
We obtain that

(A(t)or — A(t)vs, W)y~ v = /D (a(t, Vor) — a(t, -, Vo)) - Ve da

< sz/D |Vuy — V|| Vw| dz
< 2ds||Vvr — V|| p2(pyal| Vwl| L2 (pye = 2ds|lvr — v2|lv||w]lv
for every v1,ve,w € V and t € [0,T]. This proves the global Lipschitz condition
[A()vr — A(t)vz[lv- < 2de[lvr — v2llv

for every v1,vo € V and ¢ € [0,T]. In the case p € (2,00), we can argue in a similar fashion
but have to handle the Lipschitz constant that depends on the input vi,ve € V. Here, we
use Lemma A.1.3 to obtain that

(A(t)vr — A(t)ve, w)v=xv
:/ (a(t,-, Vi) —a(t,-, Vug)) - Vwdz
D
< de/ Vv, — V| |[Vw|dx + dg/ max{|VU1|p72, |V1}2|p72}|V1}1 — Vus||Vw| dz
D

< dg||1]] p—z(D)HVUl — Vol Lepya [ V0| o Dy

p—2
+d6(/ max{|Vv1\p,|va|p}dx) " IVor = Vol Loy | V| Loy
D

for every vi, v, w € V and ¢ € [0,T]. Since pp%Z € (0,1) for p € (2,00) we get that

p—2

(/max{|Vv1|p |VU2|p}dm B /\Vvl|pdx—|—/ |Vv2|pdx
D

< (/ \wlv’dx) ’ (/D|Vv2|pdm) 7

-2
= |[Vur |82 (pya T IIVo2ll7, ()
< 2max{\|Vv1||Lp (D)d> HVUQHLP(D }

Thus, for R € (0,00) and all vy, vy € V with |Jvi||v, [[v2]lv < R, we obtain the bound

Ao = A@vallv- < ds (1Ll 2, o, +2max (a7 eal ) lon = vally
=: L(R)[Jv1 — v2[lv,
which proves the weaker form of (2.23) that is needed if u € L*(0,T;V). O

Theorem 2.3.6. Let Assumptions 2.5.1, 2.3.2, and 2.3.3 be fulfilled and let f € L9(0,T; V™)
and uy € H be given. For a € (0,1) and v € (0,1), assume that the exact solution u is
an element of W*2(0,T; V) for p = 2 and of L°°(0,T;V) N W*4(0,T;V) for p € (2,00)
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while its temporal derivative u' belongs to W1(0,T;V*). For every N € N, k = %, and

the corresponding random values (§n)neq1,... Ny introduced in Assumption 2.2.1, the scheme
(UM U + AU = f(&)  in LUQ V), ne{l,...,N},
UO = Ug m H

admits a unique solution (U"),cq1,.. Ny in LP(Q; V). Then there exists C € (0,00) such
that

N
max  E[Ju(t]) ~ U"[}] + 3 Blkau(t)) ~ U] < C(ho + ko)

ne{l,....N} o

1s fulfilled.

Proof. The proof can be done analogously to the proof of Theorem 2.3.6, where we now use
Theorem 2.2.7. O
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Chapter 3

An Operator Splitting Based Scheme
for Nonlinear, Nonautonomous
Evolution Equations

An operator splitting offers the opportunity to obtain easier solvable subproblems, which in
some settings can even be solved in parallel. Due to modern hardware structures, methods
that are based on parallelization become more and more useful for a faster computation.
To this end, we will present a numerical scheme based on an operator splitting in order to
discretize a nonlinear, nonautonomous evolution equation on a finite time horizon. Precisely,
for T € (0, 00), we consider

u(0) = ug in H (3:1)

{u’(t) + A(Mu(t) + B(tu(t) = f(t)  in V*, for almost all ¢ € (0,7,
for a Gelfand triple V i> H=~=H* <i> V* as well as families {A(t) }+ejo,7) and {B(t) }+efo,1]
of operators A(t): V — V* and B(t): H — H. Here, A(t), t € [0,T], is an operator
of monotone type and B(t), t € [0,T], is Lipschitz continuous. Further, we allow for an
integrable source term f: [0,7] — V* and an initial value up € H. Standard examples for
our problem class contain p-Laplacian type and porous media type problems with lower order
perturbations. As the solutions of such nonlinear equations usually lack global higher-order
temporal and spatial regularity, we concentrate on a lower-order scheme.

As in the previous chapter, our starting point is to look at the well-known backward
Euler scheme. For N € N, we consider an equidistant grid 0 = tg < t; < --- <ty =T
for points t, = nk, n € {0,..., N}, as well as a step size k = % Then the solution to the
recursion

u” — Unfl

p + AU+ B"U"=f" inV*, ne{l,...,N},

with U% = u§ in H can be used to obtain an approximation U" ~ u(t,), n € {1,...,N}.
Here, uf, (" )neq1,...nys (A")nequ,... .ny, as well as (B")peq1,... vy are approximations of
the data that we assume to be known. This scheme is formally of first order and we want
to present modifications that preserve the order but lead to several subproblems, which
can potentially be solved more efficiently. For the first modification, we notice that from
a numerical point of view, on first sight, it could seem like a good option to exchange
A"U" and B"U” by A"U""! and B"U" !, respectively. This leads to a similar scheme

47
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as the forward Euler method. In terms of an implementable full discretization, it has the
advantage that no nonlinear, implicit equation has to be solved. But note that if an operator
A":V — V* is interpreted as an H valued operator in terms of the restriction A’ glven
by A%:dom(A%) € H — H, A%tv = A" with dom(A%) = {v € V : A%v € H}, it
can be unbounded. Thus, in a fully discretized scheme, it can become necessary to choose
a temporal discretization parameter that depends on the spatial discretization parameter.
This coupling is highly undesirable in applications. Due to the monotonicity of the operator
A(t), t € [0,T7], the backward Euler method has better stability properties as the underlying
physical system is dissipative. Here, no coupling of the discretization parameters appears.
Therefore, we do not exchange A"U™ by A"U""!. As the operator B” is bounded in H,
these problems do not appear. Hence, we use B"U”"! and propose the implicit-explicit
scheme

u” — Unfl

p + AU +B"U ! =f" inV*, ne{l,...,N},

with U% = % in H. Altogether, this yields the equations
(I +kA™MU" =kf"+ Uy in V* with Uy =(I—-kB")U"! in H

forn € {1,...,N} and U° = v} in H. Next, we decompose the operator A(t), t € [0,T], and
the source term f. To this end, we assume that there exist M € N families {Am(t)}te[o,T]
of operators A ( ) V — V¥ and functions f,,: [0,T] — V% for m € {1,..., M}, where
Vi C H and ﬂ = V. These operators and functions have to fulfill the sum property

M M
S Ao = AW, S fult) = f(&) iV

m=1

for every v € V and almost every ¢t € (0,7). For m € {1,..., M} and approximations
(£ )neq1,..nys (Al )neq1,..., Ny, which also fulfill a corresponding sum property, we use a
product splitting scheme to approximate a backward Euler step containing A™ and f™. The

idea of such a scheme is that for real numbers a,,, m € {1,..., M}, some basic calculations
show that
M 1 M
(1—|—k2am) —II (t +kam)™
m=1 m=1
M ., M M )
:k2(1+k2am) ( Z ajam> H (1+ kam)
m=1 7,m=1, m=1
j<m

is fulfilled. This suggests that the splitting error, i.e., the difference of one Euler step
(I+kAm) ™" = (1 FEYM Ag) and the product [[Y_, (I + kAm) ™", is sufficiently
small. Altogether, this gives rise to consider the following system of equations

= -kB"HU" ! inH
and

(I+kA;)UN =k +U, _; inV;

m>

me{l,...,M},
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forn € {1,..., N} with
U"=U% inH, ne{l,...,N}, and U°=uaf in H.

This structure has some similarities to a Runge-Kutta method. In such a scheme, for one
temporal step, the data can be evaluated at different points to receive several explicit or
implicit equations. A linear combination of the solutions of them is used to obtain U". In
contrast to this, we decompose the data into different parts. The decomposed data is used
to receive several equations that are used to obtain U”.

Under no additional regularity assumptions on the solution, we can prove that se-
quences of piecewise polynomial prolongations of the values (U"),¢(1,... N} converge point-
wise strongly to the solution in H. Depending on the monotonicity condition, we can also
show that the sequence of piecewise constant prolongations converges weakly or even strongly
to the solution in LP(0,T’; Vas), where p depends on the operator A(¢), t € [0,T].

Under the assumption that the exact solution is more regular and the operators A, (t),
t € [0,7] fulfill a bounded Lipschitz condition and a stronger monotonicity condition for
m € {1,..., M}, we even obtain explicit error estimates. Precisely, there exists C' € (0, 00),
which depends on u, such that

N
tn) — UM% + k tn) —UME, < Ckri®
B [|u(tn) I ;HU( ) 1V <

forall N € Nand k = %, where « € (0, 1] is the exponent of the Holder space that contains
the solution u and p depends on A(t), ¢ € [0,7]. In particular, we see that the order of
the error bounds can be the same as the convergence rate of the classical backward Euler
scheme for suitable data.

Splitting schemes offer a useful tool in decreasing the computational costs of algorithms.
A general introduction can be found in [70]. A well-known field of applications to operator
splittings is given by evolution equations with different structures. In order to name a few
examples, reaction-diffusion equations have been studied in terms of an operator splitting
in [12, 64, 74], the Riccati differential equation in [65, 108], and the Navier—Stokes problem
in [107]. Another useful way of splitting operators is a dimension splitting, where each
A (t), t € [0,T] and m € {1,..., M}, contains different partial derivatives, see [62, 106].
A modern alternative to dimension splitting is given by domain decomposition schemes, see
[13, 34, 61, 91, 113]. This approach is even more suitable for a parallel implementation as
the communication between subproblems is smaller. Moreover, in contrast to a dimension
splitting, non-Cartesian spatial domain can be considered in a domain decomposition based
scheme.

The analysis of splitting schemes for evolution equations has mostly been done in a
semigroup framework. General results as presented in [20, 23] can be used to prove the con-
vergence of several schemes. In [34, 61, 64, 66], a convergence analysis with these techniques
for the product splitting, sum splitting, Douglas—Rachford scheme, Peaceman—Rachford
scheme, Crank—Nicolson scheme, and implicit-explicit splitting can be found. Thus, this ap-
proach can be used for many examples. When it comes to a setting, where we want to allow
for a temporal dependence of the operator or a time-dependent source term, the results from
[20, 23] cannot be applied directly anymore. In the spirit of the work of [35, 106], we want
to prove the convergence of a splitting scheme in a variational framework. This enables us
to also look at a nonautonomous problem.

The structure of this work is comparable to [35], where a sum splitting scheme was
analyzed. The product splitting scheme in a variational approach has been considered in
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[106]. Both the sum and the product splitting in a mild framework have been analyzed [34].
The main advantage of this work is the additional, possibly non-monotone, operator B(t), t €
[0, T], which is handled in terms of a forward Euler step. Similar implicit-explicit splittings
can be found in [2, 5, 17, 24, 64]. In a similar fashion to [35], we prove in Theorem 3.1.18
and Theorem 3.1.19 that sequences of piecewise polynomial prolongations of (U"),c(1,... N}
converge to the solution of the evolution equation (3.1).

In Theorem 3.2.3, we provide error estimates for the method. While there are known
results for this in the semigroup setting, see [61, 64], this is still new within a variational
approach to splitting schemes.

These results are well applicable to dimension splitting and domain decomposition meth-
ods if B = 0. For a nontrivial operator B(t), t € [0,T], a compact embedding result remains
to be proved within this context. In the last section of this chapter, we provide an example
where the necessary compact embedding can easily be obtained.

In the first section of this chapter, we begin by introducing the exact assumptions needed
on the data and prove the convergence of the piecewise polynomial prolongations without
any further regularity assumptions made on the solution. In the second section, we show that
under an additional bounded Lipschitz condition and a stronger monotonicity assumption on
the operators A,,(t), t € [0,T] and m € {1,..., M}, we can even prove explicit error bounds.
The size of the error depends on an additional regularity assumption on the solution. At
the end of the chapter, we show that the theoretical results from the first two sections can
be applied to a nonlinear parabolic problem.

3.1 Convergence of the Splitting Scheme

In this first section, we focus on proving the convergence of the implicit-explicit product
splitting in a general framework. To this end, we begin to state the exact assumptions that
have to be made on the data. This in mind, we can introduce our scheme and prove that it
is has a unique solution. The solution also fulfills a priori bounds. Using these bounds, we
can argue that the piecewise constant and piecewise linear prolongations of the solution to
the semidiscrete problem are bounded in suitable spaces. Therefore, we can extract weakly
or weaklyx converging subsequences. It remains to identify the limit with the equation,
where among other things the Minty monotonicity trick will be used. The following setting
is similar to both [35] and [106]. Let us begin by introducing the structure of the spaces
which will be used in the following.

Assumption 3.1.1. Let (H, (-, )m, ||-||lz) be a real, separable Hilbert space and (V,|-||v) be
a real, separable, reflexive Banach space, which is continuously and densely embedded into H .
Further, there exist a seminorm ||y on'V and cy € (0,00) such that ||-|v < cv (||-|la+]-|v)
is fulfilled.

For M e Nandm € {1,...,M}, let (Vin, || - |lv,,,) be real reflexive Banach spaces, which
are continuously embedded into H, such that (,,_ Vin =V and Zf\le Il 1lv,, is equivalent
to ||-|lv. For everym € {1,..., M}, there exist a seminorm |- |y, on Vi, and cy,, € (0,00)
such that || - ||v,, <cv,, (I g +1-1v,.) and Z%:I | - |v,, is equivalent to | - |v.

Note that asking for the existence of the seminorms in the previous assumption is no
additional restriction on the spaces. As V and V,,, m € {1,..., M}, are continuously
embedded into H it is possible to use the full norm as the seminorm. If we consider, for
example, H = L?(D) and V = WP(D) for p € [1, ) on a bounded domain D C R¢, d € N,

1
it is possible to use the seminorm |v|y = ( [, |Vo[Pdz)”. In this case, the seminorm is
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not a full norm. This setting is closely related to [99, Chapter 8] and allows for a different
coercivity condition for the operators defined below.

These spaces in mind, we can identify H with its dual space H* and obtain the Gelfand
triples

v a2 S v and V, SH=H SV me(l,..., M)

Note that for every m € {1,..., M}, V,, is densely embedded into H because V;,, 2 V and
V is densely embedded into H. The operator A(t), t € [0,7T], acts on the spaces defined
above and fulfills the next assumption.

Assumption 3.1.2. Let the spaces H and V' be given as stated in Assumption 3.1.1. Fur-
thermore, for T € (0,00) as well as p € [2,00), let {A(t)}ieo,m) be a family of operators
A(t): V. — V* that satisfy the following conditions:

(1) The mapping Av: [0,T] — V* given by t — A(t)v is continuous almost everywhere in
(0,T) for allv e V.

(2) The operator A(t): V. — V* ¢t € [0,T], is radially continuous, i.e., the mapping
s = (A(t) (v + sw),w)y=xv is continuous on [0,1] for all v,w € V.

(3) The operator A(t): V. — V* t €[0,T], is monotone, i.e.,
(A(t)v — A()w, v — w)yxy >0
is fulfilled for all v,w € V.

(4) The operator A(t): V — V*, t € [0,T], is uniformly bounded such that there exists
B € [0,00), which does not depend on t, with

LA)ollv- < B(1+ [lol5)

forallveV.

(5) The operator A(t): V. — V*, t € [0,T], fulfills a uniform semi-coercivity condition
such that there exist p € (0,00) and X € [0,00), which do not depend on t, with

(A, 0) vy + A > ploll,
forallveV.

The assumption p € [2,00) can be weakened to p € (1,00) for this section, compare
[40, 41, 42] for more details. It will then be necessary to choose some of the appearing
function spaces differently to ensure that the spaces are embedded into each other. In
Section 3.2, we cannot directly consider the case p € (1,2). Here, we make a stronger
monotonicity condition, compare (3.48) below. There exists no operator that fulfills this
condition for p € (1,2). Altogether, for simplicity and to keep the assumptions consistent,
we concentrate on the case p € [2,00) throughout the entire chapter.

For the existence of a solution, Assumption 3.1.2 (1) can be generalized to assuming that
the mapping Av: [0,T] — V* given by ¢ — A(¢)v is Bochner measurable for every v € V,
compare [118, Chapter 30]. We use a stronger condition to keep the proof of Lemma 3.1.15
below more simple. Furthermore, we use a semi-coercivity condition instead of a standard
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coercivity assumption, which contains the full norm. A similar condition was imposed in
[99, Chapter 8]. As pointed out in [41] such a condition implies, in particular, that

(Ao, v)vexy +ololF + A > Aol

is fulfilled. This implies that A(t), t € [0,7T], fulfills an ordinary coercivity condition but
with different exponents. See (1.1) for the exact definition of the coefficients. We will use
the semi-coercivity condition as this enables us to prove certain bounds in L?(0,T; V') while
the coercivity condition above only allows for bounds in L2(0,7T;V).

In the following, we want to decompose the operator A(t), t € [0,T], in M operators
that all have the same structure and act on the spaces V,,,, m € {1,..., M}, from Assump-
tion 3.1.1.

Assumption 3.1.3. For M € N, let H, V and V,,,, m € {1,...,M}, be as stated in
Assumption 3.1.1. For T € (0,00), let {A(t)}iejo,r) be a family of operators A(t): V — V*
as gwen in Assumption 3.1.2. For m € {1,..., M}, let Ay (t): Vi = Vi, ¢t € [0,T], also
fulfill Assumption 3.1.2, with V' replaced by Vi, such that the sum property

M
Z An(t)v=At)v inV*

is satisfied for allt € [0,T] and v € V.

Remark 3.1.4. Note that the optimal coefficients 3, A, p for the operators A(t) and A,,(t),
t€10,T] and m € {1,..., M}, do not necessarily have to coincide. For the sake of simplicity,
we assume that the set of coefficients is the same for all appearing operators.

A comparable setting can be found in [83, Chapitre 2, Section 1.7]. Here, the operators
Ap(t),t €]0,T] and m € {1,..., M}, fulfill a similar assumption as Assumption 3.1.2. But
p can be a different value p,, for each operator. This could be an interesting generalization
for our proposed operator splitting.

Additionally, we introduce a Lipschitz continuous operator B(t), ¢t € [0, T], stated below.

Assumption 3.1.5. Let H be given as stated in Assumption 3.1.1. Furthermore, for T €
(0,00), let {B(t)}epo,r) be a family of operators B(t): H — H that satisfy the following
conditions:

(1) The mapping Bv: [0,T] = H given by t — B(t)v is continuous almost everywhere in
(0,T) for everyv € H.

(2) The operator B(t): H — H, t € [0,T], fulfills a uniform Lipschitz condition such that
there exists k € [0,00), which does not depend on t, with

|B(t)v = B(t)w|a < kllv—wlla
for allv,w e H.

(8) The operator B(t): H — H, t € [0,T], is uniformly bounded in 0 € H such that there
exists p € [0,00) with ||B(t)0|lg < p for allt € [0,T].

Moreover, if k is strictly larger than zero, then let the space Vas from Assumption 3.1.1 be
compactly embedded into H.
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Remark 3.1.6. Observe that every operator B(t), t € [0, T], which fulfills Assumption 3.1.5,
also fulfills

IBt)olla < k(1 + |lvlla),  [(B)v,v)a| < w1+ lvlF)
for all v € H and t € [0,T] after possibly enlarging x.

We also want to consider the operators of Assumptions 3.1.2, 3.1.3, and 3.1.5 as operators
acting on Bochner spaces. To this end, we consider their Nemytskii operators and state some
useful properties in the lemma below. A proof can be found in [39, Lemma 8.4.4] or [118,
Section 30].

Lemma 3.1.7. Let the spaces V and H be given as in Assumption 3.1.1. ForT € (0,00) and
D € [2,00), let A(t): V — V* be an operator as stated in Assumption 3.1.2 and B(t): H — H
as in Assumption 3.1.5 for t € [0,T]. Then for ¢ = ;£5 the operators (Av)(t) = A(t)v(t)
and (Bv)(t) = B(t)v(t) map LP(0,T;V) into L1(0,T;V*) and L?(0,T; H) into L*(0,T; H),
respectively.

The operator A: LP(0,T;V) — L9(0,T;V*) is radially continuous, i.e., the mapping
s = (A(v + sw),w)pao,1;v+)x Lr(0,1;v) 5 continuous on [0,1] for all v,w € LP(0,T;V).
Furthermore, A fulfills a monotonicity, a boundedness, and a coercivity condition such that
it holds true that

(Av — Aw,v — w) pao,1;v*)x Lr(0,13v) > 0,
14| oo.mv) < BT + 10010l vy )
(Av, V) Lago,r3v ) x Lr(0,13v) T quH]zp(QT;H) + AT > 21*puc‘_,p||v|\’£p(0,T;V)
for all v,w € LP(0,T; V). The operator B: L*(0,T; H) — L*(0,T; H) is Lipschitz continu-
ous and bounded at 0 € L?(0,T; H) such that
|Bv — Bw||2(0,1;m) < Kllv — wllz2(0,7;m)
1BO| 2oy < T7p
is fulfilled for all v,w € L?(0,T; H).

Note that for every m € {1,..., M}, the Nemytskil operator of A,,(t), t € [0, 7], intro-
duced in Assumption 3.1.3 maps LP(0,T;V,,) into L2(0,T; V,%) and fulfills the same bounds
stated in the previous lemma with V replaced by V,,. It remains to state the assumptions
on the source term f and its decomposition.

Assumption 3.1.8. Let V and V;,, m € {1,..., M}, be given as in Assumption 3.1.1 and
q= p’%l, where p € [2,00) is the same as in Assumption 3.1.2. Let f € L1(0,T;V*) be
given and assume that there exist functions f,, € L1(0,T; V), m € {1,..., M}, such that

ve <N f@)|lv+, for almost all t € (0,T).

M
D ) = F@&) in V| fn(®)lv,
m=1

It is also possible to allow for a more general source term f € LI(0,T;V*)+ L*(0,T; H),
compare [106] and [109, Chapter III, Section 1.5]. For simplicity, we only concentrate on
functions from L?(0,T;V*). As discussed in Section 1.1, the evolution equation (3.1) is
uniquely solvable if Assumptions 3.1.2 and 3.1.5 are fulfilled, f is an element of L4(0,T;V*),
and ug € H.
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In order to discretize the equation, we consider an equidistant grid on [0, 7], where
NeN k=L andt, =nk,nec{0,...,N}. Forme {l,...,M}and n € {1,...,N}, we

N
introduce
1 tn 1 tn
Al v = f/ Ap(t)vdt inVy, B'w= 7/ B(t)wdt in H (3.2)
k tn—1 k tn—1
for v € V,,, and w € H as well as
1 [
g1 / fu(t)dt i V. (3.3)
kJi .

We use these values to construct an approximation U" =& wu(t,) of the solution u of the
evolution equation (3.1) at the grid points. To this end, we examine the semidiscrete problem

US*TUTH +B"U" ' =0 in H, (3.4)
and
WJrA;U;:f; in V7, me{l,... M}, (3.5)
forn € {1,...,N} with
U"=U% inH nec{l,...,N}, and U°=w} in H. (3.6)

Depending on the statement, uf has to be in Vi; or H. In order to prove that the approxi-
mation converges to the solution, we require that ulg — ug in H as k — 0. For some results,

we further need that (k% |k ||y, Ji>0 is uniformly bounded with respect to k. In order to
see that such a sequence exists, let (uf));cn be a sequence in Vi such that uf) — v in H as
i — oo. This sequence exists because Vj; is densely embedded into H. For the construction

of a sequence that fulfills this boundedness condition, we use a sequence (k;) ey such that
1

kj — 0 as j — oco. Then we set ulgl =u} in Vas. As k:j_; — 00 as j — oo there exists j; € N

1
-1 . . . Ky, - k; .
such that [[ug|lv,, < k;”. This in mind, we write upt = - = ug " and ug’t = u3 in V.
1
. . -1 .k kjo
Analogously, there exists j» € N such that [[uj|lv,, <k;,” and we write uy”" = -+ = uy""
and u,’® = u} in Vj;. Repeating this argument, we obtain an appropriate sequence to

approximate the initial value.

The following two lemmas show that the discrete values (A}, )neq1,... vy, m € {1,..., M},
and (B")eq1,...,ny fulfill the same properties as their underlying operators A,,(t), m €
{1,..., M}, and B(t) do for every t € [0, T].

Lemma 3.1.9. Let Assumptions 3.1.1, 3.1.2, and 3.1.3 be fulfilled. For n € {1,...,N}
and m € {1,..., M}, the operator Al : V,, — V. defined in (3.2) is radially continuous,
i.e., the mapping s — (A} (v + sw),w)v=xv,, s continuous on [0,1] for all v,w € V.
Furthermore, it fulfills a monotonicity, a boundedness, and a coercivity condition such that

(AL v — Afw, v — w)vxv,, >0, (3.7)
A7 ollvs < B(1+vIF0), (3.8)
(AL 0, V)V xv,,, + A > plv]y, (3.9)

are fulfilled for all v,w € V.
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Proof. Let (s;);en be a sequence in [0, 1] that converges to s € [0,1]. Then we see that

(A () (v + siw), w)ve xv,, < [Am () (v + siw)|v; [lwllv,,
< B+ o+ sw]f, ) [[wllv,

< B(L+ 22720l + 202 lw|f ) fw]l,,-

for v, w € V,,, due to the boundedness condition of A(t), ¢ € [0, T, from Assumption 3.1.2 (4).
We can then apply the radial continuity of A(¢), t € [0,T], from Assumption 3.1.2 (2) and
Lebesgue’s dominated convergence theorem to obtain

1 [

lim (A7, (v + s;w), w)v: xv,, = lim — (A (1) (v + sjw), w)vx x v, di
i—00 i—oo k —

1 [t
== / lim (A, (t)(v + s;w), w)v= xv,, dt
t

k 1—>00
n—1

I
- / (A ()0 + sw), W)y s v, dt
th—1

= (A}, (v +sw),w)vsxv,,

m

for v,w € V,;,. Therefore, A7, is radially continuous. In order to prove (3.7)—(3.9), we apply
Assumption 3.1.2 (3)—(5) and obtain the monotonicity condition

I
(A0~ Alw, v = w)vs v, = / (A ()0 — Ay (80,0 — whys v, dt > 0,
t

n—1

the boundedness condition

AT v

I B
Vi S g/ [ Am ()0llv; dt < B(1+ [[ollf),

tn—1
and the coercivity condition

1 tn 1 tn
At =+ [ (Ao de> 1 [ (alolf, = A) de = o

p
k Vin A
th—1 tn—1

for all v,w € V,,. O

Lemma 3.1.10. Let Assumptions 3.1.1 and 3.1.5 be fulfilled. The operator B": H — H
defined in (3.2) fulfills

IB"v —B"w|x < &llv —wla, [[B 0|z <p, (3.10)
as well as
B ol < R(1+ o) (B 0, 0)a] < w(1+ ol3) (3.11)
for allv,w € H andn € {1,...,N}.

We omit the proof of this lemma. It can be done analogously to the proof of Lemma 3.1.9,
where we also use the bounds proposed in Remark 3.1.6. Now, we are well prepared to prove
that the operator splitting scheme (3.4)—(3.6) is uniquely solvable and its solution fulfills a
priori bounds.
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Lemma 3.1.11. Let Assumptions 8.1.1, 3.1.2, 3.1.3, 3.1.5, and 3.1.8 be fulfilled. For a
step size k = %, N €N, and uk € H, the semidiscrete problem (3.4)—(3.6) is uniquely

solvable.

Proof. Let n € {1,...,N} and m € {1,..., M} be fixed in the following. Assuming that
U™~ ! € H exists, then Uy € H is given by the explicit equation

Uj = (I-kB")U" ' inH.
If now U}, _; € H exists, we want to show that there exists a unique element U}, € V,, that
solves

(I+kA2)U =k + U in V7. (3.12)

m—1

As proven in Lemma 3.1.9 the operator A}, is radially continuous. This implies that I+kA7,
is radially continuous. Applying the monotonicity condition (3.7) from Lemma 3.1.9, it can
be seen that I 4+ kA7, is strictly monotone. Using the inequality [|v||v,, < cv,, ([[v]la +
[v|v,,) for the V,,-norm stated in Assumption 3.1.1 and the coercivity condition (3.9) from
Lemma 3.1.9, we obtain

(I + kA7)v, 0)vexv,, S [vllf +ploly, A
[v]lv;., ~ ey, (vl +vlv,,)  lvllvi,
in{1 v % + v} A
> min{1, u} . [vll7r + |v] o — oo as oflv, — oo
v, [vllz +vlv,, v,

Hence, there exists a unique element U7, € V,,, that solves (3.12) due to the Browder-Minty
theorem, see [99, Theorem 2.14]. O

Lemma 3.1.12. Let Assumptions 3.1.1, 3.1.2, 3.1.3, 3.1.5, and 3.1.8 be fulfilled and let
uf € H be given. Then there exists K € (0,00) such that for every step size k = %, N e N,
the unique solution of (3.4)—(3.6) fulfills the a priori estimates

N M
2 2
ey 107+ 30 3 105, = Uy < K (3.13)
N
ur 2 Un_Un—l 2 < K, 3.14
ne?ll,%.}.(,N} 0617 + ngl 0% 17 < ( )
N
Un 7 +k Un v <K7 € 17"'an 3].5

as well as

q
<K. (3.16)

N N
u” — Unfl
klfq Un—Un71 q* =k Hi‘
n; I [ ; - o

In order to prove the a priori bounds, we follow a similar structure as in [99, 106].
Since we only assumed that A,,(t), t € [0,T], fulfills a semi-coercivity condition for every
m € {1,...,M} a Gronwall-like-argument becomes necessary. In [99, Lemma 8.6], the
classical Gronwall lemma leads to a step size restriction, which is f depended. For some
appearing terms, we avoid the classical Gronwall argument and use Lemma A.1.2 instead.
The main advantage of this argumentation is that we do not have a restriction for the step
size k.
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Proof of Lemma 3.1.12. Let i € {1,...,N} and m € {1,..., M} be fixed in the following.
We test (3.4) with U € H and use the identity from Lemma A.1.4 to obtain that

1 i i i i ippi—1 i
5 (I06lI% = 10" + [0 = U H) = —k(B'U', Up)u. (3.17)

An application of the conditions in (3.11) yields
(BUL, Uiy = —(BIUL, UL, — (BIUSL, UL — Ui Yy
< R+ U + KIBIUT, + L [0G - U
< (14 U ) + ke (14 [0 1)+ 05— Uy
< (L U + 510G - U
for ¢; = k + 2k2T. We insert this bound into (3.17) to obtain
IOl — 0I5 + %HUB = U < 2ker (14U ). (3.18)

Similarly, we test (3.5) with U?, € V,,, and again use the identity from Lemma A.1.4 to find
that

(||U 7 = 10117 + UL, = Ul llr) + K(AL UL, UL vz x v,
= k<fZ UZ >V*><Vm < ij m”V ||U7n||vm'

(3.19)

We then multiply the inequality by two, insert the coercivity condition (3.9) stated in
Lemma 3.1.9, and the inequality ||[v|v,, < cv,, (|[v]la + |v|v,.) for the Vi,-norm from As-
sumption 3.1.1 as well as Young’s inequality to obtain that

Vin

UL % — 11U, 1 ll% + 105, — Ul 15 + 2k UL,
§2kcvm\|f$;1\V*(\U I+ U}, Iv ) + 2kA
< 2key, |15 lv+ (UL |1 1 + keal|fL, 17« + kp|UL [0+ 2k,

with ¢y = Cevy ) ()77
follows that

. After absorbing the summand containing the V,,-seminorm, it

1O 3 — UL 1 + 0%, — Ul [+ kUL,
< Dhey, 1€ v U e + kc2||f:,,||‘a; +2kA.

*
V"’YL

We sum up the inequality from m =1 to M, add (3.18), and insert U}V = U in H to see
that

M M
; - i i Lri i i
IO = O3+ Y 105, = Ul + 5106 = U3+ ke Y UL,
m=1 m=1

ﬁj: (2ev,.IIE,

VULl + callEilY,. ) + 2KAM + 2ker (1 -+ U I3,
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Summing up the previous inequality from ¢ =1 to n € {1,..., N}, shows that
n n n M
n i i 1 i i i
o™ )3 = IU°1% + ) Z 0% = Ul + 5 UG = Ui + kY (UL,
i=1 m=1 i=1 i=1 m=1
n—1
< kz Z (2cv V€ v UL [ + cQ|\f:n||qv7:) +2TAM + 2ker Y (1+ [U*|%).
i=1 m=1 =0

(3.20)

The sums containing f!, can be bounded using Assumption 3.1.8 as well as Hélder’s inequal-
ity. Then we see that

kZ Z [f%8 HV* = kz Z Hk/ Fm(t dtHv*

i=1 m=1 (321)

<ZZ/ @)% dt < MIFIL 0 1

i=1 m=1
t;
<[ uso)
nL ti—1

Inserting these inequalities and UY = uf in H to (3.20), we obtain that

and

k|| ”V*<kH/ Fnlt dt‘ Ve dt. (3.22)

n

M n n M
U 5+ > U, = Ul + % Z UG = U G + k) > UL,

i=1 m=1 =1 i=1 m=1
n n—1
< IIuo\|H+kZZ (26vaf1 v Ul + callfs, IV*) +20AM + 2ker Y (14 |[UY%)
=1 m=1 =0
n t; M )
< (14 2Tex) [|uglzr + 2¢s Z/ 1F@llvedt > [Tl + c2 M Fll a0 o)
i=17ti-1 m=1
n—1 .
+20(AM + c1) + 2ker Y |U*|1%
=1

< (142Tcr) |lugllz + 2¢s)|fllzro,mive o phax Z 1G5l + M fll 0.0+

n—1

+20(AM + ¢1) + 2ker Y U3,

i=1
where c3 = max,,e(1,..,m} ¢v,,. This can now be estimated using Lemma A.1.1 such that
we arrive at

n M n n M
U™+ > 105, = U1 + %Z UG = U5 + k) Y [ULIY,

i=1 m=1 i= i=1 m=1

.....

+2T(AM + cl)> exp(2Tcy).
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As the right-hand side is independent of n, the inequality is also fulfilled if we take the
maximum over all n € {1,..., N} on the left-hand side. A telescopic sum argument and
U’ = Uj, in H imply that

M M

. ) 2 ) . .
1005 = U= > (U -u )|, <M(IU s+ Y 10 - U %)
e Jmmd (3.23)
M(IU7 % + 3 103 - Ul 1% )
j=1
and therefore
M M 1
i 3 % % % 2
>0 < ME(IUE + D05 - Uh 1)
m=1 j=1

We then abbreviate the terms

. ; L i v
2= max @UHH+§:§:WJ Y[ AR | G S
ne{l,...N} i=1 m=1 2i:1
Y Y I, )
=1 m=1

a=c3M2 | f|lLiomve) exp(2Ter),
v = ((1+2T¢) 2+ C2M||quLq(0,T;V*) + 2T (AM + c1)) exp(2Tcy)

to obtain 22 < 2azx + b%. An application of Lemma A.1.2 then yields the bound z < 2a + b.
This means that there exists K7 € (0, 00), which does not depend on the step size, such that

n M 1 n n M
O™ 5+ D2 > 100 = Unallfy + 5 D0 = U i + k) Y (UL, < K
i=1 m=1 i=1 i=1 m=1
(3.24)
for every n € {1,..., N}. Using (3.18) and (3.23), it follows that
1UG 1175 < 2Tcy + (14 2Tci) Ky, U |17 < MK, (3.25)
for every m € {1,..., M}.
In order to prove a bound for (U}, )neq,..,n} in Vi, for every m € {1,..., M}, we use
the previous estimate as well as the inequality [|v||v,, < cv,, (|[v]l# +|v|v,,) for the V;,-norm

from Assumption 3.1.1. Then we obtain that

(kZZHU )" < (kZZ f (ULl + UL ,)")

=

i=1m=1 i=1 m=1
1 N M i
<c3( ZZHU Hp)”+(:3(kZZ|an\@m)” (3.26)
1=1 m=1 i=1 m=1
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In order to prove the a priori bound (3.16), we rewrite the difference U™ — U™~ using (3.5)
as well as (3.4) and insert U%, = U™ in H to obtain

M M
Ur-urt=> (Up-Up_ )+ Uy U =k > (fr - ApUL) - kBMUM!
m=1 m=1

in V* for n € {1,..., N}. Testing the equation with v € V, shows that
(Un _ U”_l, U)H

—k Z (£ — A% UL )y v, — k(B U™ v) g

M

< keallvlly > (1]

m=1
M

< keallolly Y (I llv;, + B+ [URIE D)) + kearlolly (1 + 11U ),

m=1

vy + 1AL UL v, ) + keallollv [B"U" |

where ¢4 € (0,00) is the maximal embedding constant from the embeddings of V' into V%,
m € {l,..., M}, and H into V*. This implies

==

p V*SC“;(” v + B+ UG +ean(1+ U |5).

Taking the ¢g-power, summing up from n = 1 to N, multiplying by the step size k£ and again
taking the %—power, it follows that
1

N n_ Tin—1 1

(2 ==—1..)
- M

AN O+

Q=

Vi B0 TURIED) +ean(1+ [0 1)) ")

m

N M 1 N M 1 N M 1
<a(kY S ) e (kX3 A1) (kYD BUULIL, )
n=1m=1 n=1m=1 n=1m=1
—i—&;(k‘iiﬁq) +C4(k’zzfiq”Un 1||q)
n=1m=1 n=1m=1

< C4M £l Lao,m5v+) +C4(5+“)(TM) +C46K2 +C4“K1 (TM)

where we used (3.21), (3.24), and (3.26). A combination of (3.24), (3.25), (3.26), and the
previous inequality shows the desired bounds. O

For the time discrete solutions (U").cq1,... .~y and (Un)neqr,..Ny, m € {1,..., M},
o (3.4)~(3.6) corresponding to the grid 0 = to < t; < --- < ty = T with k = L and
t, = nk, n € {0,..., N}, we construct piecewise polynomial prolongations defined on the

entire interval [0,7]. To this end, we introduce the piecewise constant prolongations for
te€ (th—1,tnl,ne{l,...,N},

AL = AL, BYt)=B", fL(t) =1, (3.27)
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with A% (0) = AL, B¥(0) = B!, and f* (0) = £}, for m € {1,..., M} and

Uk@)y=ur, U*t)=u" U*@t)=Uu""1? (3.28)
for m € {0,..., M} as well as the piecewise affine-linear function
UR(@) = U 4 %(Un _unY), (3.20)
with
Uk (0) = U*0) =U*0) =U*0) =t in H, me{0,...,M}. (3.30)

In the following, we always consider step sizes k = N%, where (Ny)sen is a sequence of natural

numbers with N, — oo as £ — oo. For simplicity, a sequence (U Nl@)geN is abbreviated by
(U*)1>0 and analogously for the other functions introduced above.

The function U* is weakly differentiable. Note that its weak derivative coincides with
the classical derivative at the points where the latter exists. Using (3.4) and (3.5) as well as
U™ = U}, in H, its weak derivative can be rewritten as

M
(Un -ur 1) = % Z (Um - m—l) + E(UO -U 1)
1

| =

UH)'(t) =

Mm:
=> (- ApUL)-B"U™! inV*

m=1

for t € (tn_1,tn), n € {1,..., N}. Therefore, we see that

{(Uk)/ M AR TR+ BRUR =N fE i L9(0, T V), (3.31)

U*(0) = uf in H.
For every m € {1,..., M}, the operator A¥ maps L?(0,T;V,,) into L9(0,T;V,), compare
Lemma 3.1.7. Together with the a priori bounds from Lemma 3.1.12 this shows that (3.31)

is well-defined. For the following calculations, it will be helpful to have an integrated version
of (3.31).

Lemma 3.1.13. Let Assumptions 8.1.1, 8.1.2, 8.1.8, 3.1.5, and 3.1.8 be fulfilled. For

N e N, k = %, and grid points t, = nk, n € {0,...,N}, as well as uf € H, let the

piecewise constant and piecewise linear prolongations be given as in (3.27)—(3.29). Then

tn

M
| 1 - _ _
OO RS S ARG AU LA O
m=1

tn M tn B
+A(WﬁW%%éwm&SE;A<ﬁ®l%®mmm&

is fulfilled for everyn € {1,...,N}.

Proof. In order to prove the inequality, we test (3.4) with U} € H to get

1 . ) ) L )
-(Ug — U~ Uy + (BUT, Uy =0, (3.32)
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and (3.5) with U?, € V,, to obtain
1 )
7(U Uin 17U:n)
k

forie{l,...,N}and me {1,...,

(3.32), yields

El

Z U, U, 1. U )n +
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+ (AL UL, UL v v, = (£, UL ) ve v, (3.33)

M}, Summing up (3.33) from m = 1 to M and adding

1. , i
S(UG = UL Uy

M M
+Z (ALUL UL Yye gy, + (BUTL Uy Z Vi X Vi
=1 m=1
for i € {1,...,N}. Another summation of this equality from i =1ton € {1,...,N} and a
multiplication with k£ shows that
n M n
Y (U e Ul + 3 (UG = U U (3.34)
i=1 m=1 i=1
n M
+EY Y (ALUL, UL v v, +kZBUZ LUy (3.35)
i=1 m=1 i=1
=k Z W x Vi (3.36)
i=1 m=1
We can write for (3.34)
> (U, ~U, 1 Up)m + ) (U~ U Uy
i=1 m=1 i=1
- i 1 ¢ i i
= Z 105l = 105 lE) + 5 > (061 — 10 I%)
i=1 m=1 i=1
i RS i i
5 Z 1037 = I0l1%) + 5 > 0615 = U %)
i=1
= *(IIU"II% —U°) = *(HU'“(tn)qu — | T*0)11%).
2 2
due to the identity from Lemma A.1.4, the telescopic structure, and U%, = U’ in H.

Inserting the definition of the piecewise constant prolongations from (3.27) and (3.28) in

(3.35) and (3.36), yields

M t

1 - 1, _ _

ST = G100+ 32 [ (AL OTAO. T ) v,
m=1

tn k k
+ /0 (B*(B)U* (1),

M tn
HOPEED S IRVAOR AT
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It remains to look closer at the behavior of the prolongations from (3.27), (3.28), and
(3.29) as the step size k tends to zero. The following lemma shows that the sequences of
such prolongations converge in a suitable sense.

Lemma 3.1.14. Let Assumptions 8.1.1, 8.1.2, 3.1.5, 3.1.5, and 3.1.8 be fulfilled. Further,
let (N¢)een be a sequence of natural numbers with Ny — 0o as  — oo, let the step sizes be
given by k = le and let (uf)x>o be a bounded sequence in H. Then for the sequences of
piecewise constant and piecewise linear prolongations as given in (3.28) and (3.29), there

ezists a subsequence of step sizes, again denoted by k, such that

Uk —~U in LP(0,T; V), me{l,...,M},
vk v, U AU, UM AU in L®(0,T;H), me{0,...,M},
(Ury = v’ in L0, T; V*)

as k — 0. The limit U is an element of LP(0,T;V) N L>(0,T; H) and its weak derivative
fulfills U" € L0, T; V*). This implies, in particular, that U is an element of WP(0,T).

Furthermore, let Vi be compactly embedded into H, let ulg be in Vas for every k > 0,
and let (k‘% |uk|lvy, Jk>0 be uniformly bounded. Then it additionally follows that

vk ~U in LP(0,T; Vi),
vk —~u, UF-U UF-U in L2(0,T; H)

as k — 0.

Note that the compact embedding of V), into H is only necessary to prove that the
sequences of piecewise constant and piecewise linear prolongations converge strongly in
L?(0,T; H). If Assumption 3.1.2 is generalized to p € (1,00), it is still possible to prove
U¥ — U in L?*(0,T; H). We can use the compact embedding argument from the Lions—
Aubin lemma (cf. Lemma A.2.5) to obtain strong convergence in LP(0,T; H). Together
with the a priori bound (3.13) from Lemma 3.1.12 and Lemma A.2.3, it follows that the
sequence converges strongly in L2(0,T; H).

Proof of Lemma 3.1.14. For simplicity, we do not denote the subsequences differently within
this proof and we drop the index £. Using the a priori bound (3.15) from Lemma 3.1.12,
it follows that the sequence (UF)y~o of piecewise constant prolongations is bounded in
L?(0,T;Vy,) and L*°(0,T; H) for every m € {1,...,M}. Since L?(0,T;V;,) is a reflexive
Banach space and L°°(0,T; H) is the dual of the separable Banach space L(0,T; H), there
exists an element U,,, € LP(0,T;V,,,) N L*°(0,T; H) such that

Uk —~U,, inLF(0,T;Vy), UE>U, inL>(0,T;H)

m

as k — 0 for every m € {1,..., M}. Analogously, there exists Uy € L>°(0,T’; H) such that
U 5 Uy in L®(0,T;H) ask—0,

where we use the a priori bound (3.14) from Lemma 3.1.12. In the following, we will prove

that Uy = Uy = ... = Uy =: U in LP(0,T;V) and L*>(0,T; H) is fulfilled. To this end,

it is sufficient to show that Uy and U; coincide in LP(0,T; V) and L*°(0,T; H). The other
equalities follow analogously. For the difference of the two functions, we see that

Uf(t) — Uy (t) = UT — Ug = k(f]' — A7UY) = / " (fals) — AN()T(s)) ds

tn—1
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in V*fort € (tn-1,ts], n € {1,..., N}, due to the definition of the scheme (3.5). Therefore,
we obtain

1T () - Ug (¢

lve = H/ (fals) — AF()TH(s)) ds

v

< / 1F2(5) — AS(8)TE(5)llv ds

n—

<k ([ 1) - AT as)

tn—1

where we can bound the integral by

([ 156) - k0t

n—1

1 tn 1
q a 1 nyin
toas) < ([ IAGIE 45)" + kAT

tn—1
1 np—1
<\ fillLao,rivey +kaB(L+ UL ).

This is bounded independently of the step size k and n € {1,..., N} due the a priori bound
(3.15) from Lemma 3.1.12. Thus, we have proved that ||Uf(t) — U (t)|lv — 0 as k — 0 for
every t € [0, T]. Further, this also shows that (||Uf(t) — U(’f(t)||vl*)k>0 is uniformly bounded
independently of t € [0,T]. Thus, we can apply Lebesgue’s dominated convergence theorem
to see

10t — UéQHLq(o,T;V;) —0 ask—0.

Hence, Uy and U; coincide in L9(0,T;V;*). Both spaces LP(0,T;V;) and L*°(0,T; H) are
embedded into L(0,T;V;*). This implies that Uy = Uy is fulfilled in all three spaces as the
embedding is always injective and Uy € L*°(0,T; H) and Uy € LP(0,T; V1) N L*>(0,T; H).

The fact that U := Uy = Uy = --- = Uy in ﬂ% L LP(0, T Vi ) and L>(0,T; H) can be
proved analogously. Due to Assumptlon 3.1.1, we know that ﬂ =V and the norm
Zf\f 1 II-llv,.. is equivalent to ||-||y. This shows, in particular, that U € ﬂm 1 LP(0, T3 Vy) =

L?(0,T;V). Note that the functions U¥, and U* coincide by definition. Therefore, it follows
that U* = U in L>®(0,T; H) as k — 0.

Another application of the a priori bound (3.13) from Lemma 3.1.12 shows that (U*);~0
is bounded in L>(0,T; H). Again, we find a subsequence and U € L>(0,T; H) such that

UF 20U in L®(0,T;H) ask— 0.

Furthermore, the difference of U* and U* converges to zero in L%(0,T;V*) since

T tn
/W() UE ()] dt = Z/ |or v -
0

tn—1

1 n n—
=@ZIIU ~un

q+12||U”

where we used the a priori bound (3.16) from Lemma 3.1.12. Therefore, the limits of
(U¥)1>0 and (U*)j~o coincide in L(0,T;V*). The limits U and U are elements of the

— q
#(U" _Un—l)’ d+

k V=

tn
qv*/ (t, —t)?dt

tn—1

7K%0 as k — 0,
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space L>°(0,T; H). This space is continuously embedded into L?(0,T;V*). It then follows
that U = U in L>(0,T; H) because the embedding is injective.

The sequence ((U*)")rso is bounded in L%(0,T;V*) due to the a priori bound (3.16)
from Lemma 3.1.12. As this space is a reflexive Banach space, we can extract a subsequence
and find W € L9(0,T; V*) such that

(UK =W in LY0,T;V*) ask— 0.

In order to prove that the sequence (U*) converges to the weak derivative of U weakly in
L(0,T;V*), we use that U* = U in L>°(0,T; H) as k — 0 and see

T T
= [ .0y svolt de =~ tim [ (O @0t d
0 —YJo
T T
= Jim [ @m0t = [ U@0ne 0

forv eV and ¢ € C°(0,T). Applying [49, Kapitel IV, Lemma 1.7], it follows that W = U’
in L9(0,T;V*) and therefore, in particular, U € WP(0,T)).

In the following, we require that Vj; is compactly embedded into H. We use the a priori
bound (3.15) from Lemma 3.1.12 and U™ = UY}, in H for every n € {1,..., N} to see

1U* |20 (0,7:vr)

_ nl _nl n n—1 p %
- Z/ U o[ o)
oty Eo bl )P
/ b =ly =ty VMdt)

tn

(t—tn_1)? dt) z

tn 1
”1||VM/ (tn =07 )+ (kpZnU"n .
Vg = b

K 1
+1)'

3= ”

s v + 2(

k
: (*)
p+1
This is bounded as (k:% ||u'(§||vM),C>O is uniformly bounded with respect to k. As the weak
limit of a sequence is unique, this implies that U* — U in L?(0,T;Vy) as k — 0, where

we again choose a suitable subsequence if necessary. Since (U¥)" — U’ in L(0,T;V*) as
k — 0, it follows that U* — U in the space

WE(0,T) ={v € LP(0,T; Vi) : v’ exists and v € L1(0,T;V*)}

as k — 0. By assumption, the space V), is separable, reflexive, and compactly embedded
into H. Furthermore, H* is embedded into the reflexive space V* and we see that

Vi <5 H~ g 4y

is fulfilled. Thus, we can apply Lemma A.2.5 and obtain that W?%,(0,T) is compactly
embedded into L2(0,7;H). As the embedding is compact, it follows that U* — U in
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L?(0,T;H) as k — 0. This in mind, we can also prove that UF 5 U and U*¥ - U in
L?(0,T; H) as k — 0. We use the a priori bounds (3.13) and (3.14) from Lemma 3.1.12 and
U" = U}, in H to see that

N 1
(;1 Ju - U ) =

1
2

WE
M=

2
| -uy+up-u )

1

Il
—

n m

[SIE

IN

2
10U = Us ol + U5 = U ))

/Djz
M=

(3.37)

1

3
I
-

M=
M= =

IN

(
(
(

103, — Ui + 105 - U )

.wh-‘ 3
Il

n 1

IN
5)—‘

2

Considering the difference of U* and U” in the L?(0,T; H)-norm squared, it follows that
N o rtn
S 3
n=1"7tn-1

1 & tn
—a LU= [ (e

tn—1

E 2%
=32 U -U Ty < TE =0 asko.
n=1

t— tnfl

u” — Unfl o
k

2
waﬂua
( |

n=1

Therefore, we have shown that
10" = Ullzao.rmny < 0% = UFll2msrmy + 1U" = Ullzao.rimny = 0 as k=0,

Similarly, we consider the difference of U* and U* in L2 (0,T; H) to find

N tn
10— UM 20y = / jun -T2 a
n=1""'-1

N
=kY U =U"} <2kK -0 ask—0,

n=1

where we again use the bound from (3.37). The last desired convergence result then is
fulfilled as we have shown

IU* = Ull2 o,y < NIU* = UFll 20,250 + 110F = Ull 2o,y = 0 as b — 0.
L

Lemma 3.1.15. Let Assumptions 3.1.1, 3.1.2, and 3.1.3 be fulfilled. Then for every m €
{1,..., M} the operator A¥, defined in (3.27) fulfills that

AF v — Apv o in LY0,T; V)

as k — 0 for every v € LP(0,T;V,,).
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Proof. Let m € {1,..., M} be arbitrary but fixed in the following. We want to estimate
Ak v — A, v within the LI(0,T; V% )-norm. To this end, we notice that

T
”Afnv - Amv”%q(o,T;V;l) = -/0 ”Afn(t)v(t) - Am(t)v(t)‘

N tn
n=1 /tnl

For t € [0,7] such that s — A,,(s)w is continuous for all w € V,,, we always choose
n € {1,...,N} such that t € (¢,-1,tn]. Then it follows that

q
v, dt

q

dt.

[ At = An o) as

Vo*

m

H% /t:: (Am(s)v(t) — Am(t)o(t)) ds‘ L. S ]lﬂ/ttn [Am (8)v(t) — A (B)v(t)]|vs ds — 0

m n—1

as k — 0. Furthermore, an application of the boundedness condition for A,,(t), t € [0,T],
from Assumption 3.1.2 (4), shows that

H% /tt (A (s)v(t) — Am(t)v(t)) ds

Vi
1 [t
<5 ] 1An(e® - An(Oulo)lv; ds
tn—1
1 [t 1 [
<5 ] MA@ ds 4L [ 1An@®uOly; ds
k tn—1 k tn—1
<28(1+ vOIF,") = o(t)
for almost all ¢t € (t,—1,tn), n € {1,...,N}. Since ||v(t)”§§:1)q = @)}, and v €

LP(0,T;V,,), it follows that g € L7(0,T"). Now, we can apply Lebesgue’s dominated conver-
gence theorem and see

T
tim [[45,0 — Aol 7y = /0 T || A%, (£)0(t) = Ap ()0 (1) ¢, dt = 0.

O

Lemma 3.1.16. Let Assumptions 3.1.1 and 3.1.5 be fulfilled. Then the operator B* defined
in (3.27) fulfills that

B*v — Bv in L*(0,T; H)
as k — 0 for every v € L*(0,T; H).
We omit the proof, as it can be done analogously to the proof of Lemma 3.1.15.

Lemma 3.1.17. Let Assumptions 3.1.1 and 3.1.8 be fulfilled. For every m € {1,..., M},
it follows that f¥ defined in (3.27) fulfills f& — f,, in L0, T; V%) as k — 0.

Again, we omit the proof as it is essentially the same as the proof of Lemma 2.1.9.
The previous lemmas in mind, we are well prepared to prove that the limit U € WP(0,T)
from Lemma 3.1.14 is the solution to the initial value problem (3.1). At first, we show in
Theorem 3.1.18 that the sequences of piecewise constant and piecewise linear prolongations
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of the solution from (3.4)—(3.6) converge to the solution w of the evolution equation (3.1)
in a weak sense. Also, a strong convergence result can be proved. If V; is compactly
embedded into H, we can argue directly that certain strong convergence results are fulfilled.
This compact embedding is only necessary if the Lipschitz continuous, H-valued operator
B(t), t € [0,T], is not constantly zero. If this operator is constantly zero and the embedding
from Vj; into H is not compact, we can still show a pointwise strong convergence result in
Theorem 3.1.19 below.

Theorem 3.1.18. Let Assumptions 3.1.1, 8.1.2, 8.1.3, 3.1.5, and 3.1.8 be fulfilled and let
ug € H be given. For a sequence (Ny)een of natural numbers with Ny — 0o as £ — 0o, step
sizes k = N%, and a bounded sequence (uf)k~o in H such that uf — ug in H as k — 0,

let the sequences of piecewise constant and piecewise linear prolongations from (3.28) and
(3.29) be given. If k in Assumption 3.1.5 (2) is zero, then

Uk —~u in LP(0,T; V), me{l,...,.M},
UF Sy, UFSu, UM S inL®0,T;H), mec{0,...,M},
(U*Y — in L0, T;V*),

M

S ALUE — Au in LI(0, T; V*),

m=1
B*U" - Bu in L?(0,T; H)

as k — 0. Here, u is the solution of (3.1) and v’ its weak derivative. Also, it holds true that
both Uk (t) — u(t) and U*(t) — u(t) in H as k — 0 for every t € [0,T).

Furthermore, let (uf)r=o be in Var, let (k%||u’5||vM)k>o be uniformly bounded with re-
spect to k, and let the space Vi; be compactly embedded into H. Then it follows for an
arbitrary value k € [0,00) from Assumption 3.1.5 (2) that the results above are fulfilled and
additionally it follows that

Uk~ in LP(0,T; Vay),
Uk u, U —u, UF—u in L*(0,T; H)

as k — 0.

It would also be possible to prove UF(t) — u(t) and UE (t) — u(t), m € {0,. ., M}, in
H as k — 0 for every ¢ € [0, T]. For simplicity, we concentrate on the sequences (U (t))s>0
and (Uk(t))k>0.

Proof of Theorem 8.1.18. For simplicity, we do not denote the subsequences differently in
this proof and we drop the index ¢. In the cases that k from Assumption 3.1.5 (2) is zero, it
is easy to see that B*U* = B*¥U — BU in L*(0,T; H) as k — 0 due to Lemma 3.1.16. If x is
strictly larger than zero and Vj; is compactly embedded into H, we can apply Lemma 3.1.14
to obtain that U* — U in L2(0,T; H) as k — 0. Since the inequality

|BU — B*U* || 12070y < ||BU — B*U | 20,710y + ||B*U — B*U* || 2 0mry - (3.38)

is fulfilled for every k& > 0, we can consider the two summands separately. For the first
summand, we can apply Lemma 3.1.16 to obtain

HBU — BkUHLZ(O’T;H) —0 ask—0.
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For the square of the second summand on the right-hand side of (3.38), we use the Lipschitz
continuity of the operator B", n € {1,..., N}, compare (3.10) of Lemma 3.1.10, and the
fact that U¥ — U in L2(0,T; H) as k — 0. Then we see that

n—1

N tn
IB*U — BRU* |20y = / IB"U(t) — BU™ 2, at
n=1

N tn
<> [t - v
n=1 tn—1
= &2||U _Qkui%o,T;H) —0
as k — 0. Altogether, this proves that
B*U* — BU in L*(0,T; H) ask — 0. (3.39)

Due to the a priori bound (3.15) from Lemma 3.1.12 and the boundedness condition (3.8)
from Lemma 3.1.9, we find that

1
q q
Vi

N 1
< (s IURIR)) < A a)

N
1A% T a0,y = (kY 1AL UL

n=1

As L(0,T; V) is a reflexive Banach space, we can extract a weakly converging subsequence
such that

AR TR —~ b, in LY0,T;V}) ask—0
for b, € L9(0,T;V,). Next, we identify the derivative of U with the equation. Using
Lemma 3.1.14, Lemma 3.1.17, (3.39), and b := Z%Zl by, in L1(0,T;V*), we obtain the
following equality

M
U’ = w-lim(U*) = w-lim ( (fE — Ak k) — Bkgk) —f-b-BU

k—0 k—0 m
m=1

in L4(0,T; V*). By w-lim we denote the limiting process with respect to the weak topology in
L0, T;V*). Since U € WP(0,T) and WP(0,T) is continuously embedded into C([0,T]; H),
we can work with the continuous representative of U in the following.

Another application of the a priori bound (3.13) from Lemma 3.1.12 shows that the
sequence (U*(t))r>0, t € [0,7], is bounded in H. As H is reflexive, for every ¢ € [0, 7] there
exist a subsequence and an element U(t) € H with

URt) = U(t) in H (3.40)

as k — 0. This in mind, we prove U(t) = U(t) and U(0) = g for every ¢t € [0,T]. First,
we recall that (UF) — U’ in LI(0,T;V*) and U* > U in L>(0,T; H) as k — 0, compare
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Lemma 3.1.14. For arbitrary but fixed € V and ¢ € C*([0,77]), we then find that

U ), z)me(t) — (U(0),2)mp(0) — /0 (U(s),x)ue'(s) ds

:/ (U'(s), 2)v-xvep(s) ds = lim (U*)(s),x) mrep(s) ds
0 0

lim (UF(2), 2)mp() — (u, ) 110(0) - / (U* (), )10 (5) ds)

= (U@),2)rp(t) = (uo, 2) e (0) */0 (U(s),x)u'(s) ds

for ¢ € [0,7]. This implies U(t) = U(t) and U(0) = ug in H. For the piecewise constant

prolongation U*, we see that

t— tn—l
k

q

10%(t) - UF @) = ur - Ut - (U - U

V*

N
tn —1\¢ n n— i i— —
< (F—=) U = U < YU - U < KUK
i=1

for every t € (tn—1,tn], n € {1,..., N}. For the last inequality, we use the a priori bound
(3.16) from Lemma 3.1.12. Thus, it follows that |[U*(t) — U*(t)|[y~ — 0 as k — 0 for
every t € [0,T]. This means that the limits of (U*(t))r>o and (U*(t))r>o coincide in V*.
Due to the a priori bound (3.13) from Lemma 3.1.12, (U*(t))s~0 is bounded in H for every
t € [0,7]. Thus, we can extract a subsequence that converges weakly to an element of H.
As H is continuously embedded into V*, the limit has to coincide with U(t) in H as the
embedding is injective. This implies that U*(t) — U(t) in H as k — 0 for every t € [0, 7).

It remains to prove that b = AU in L(0,T; V™). Recall that for every m € {1,..., M},
the sequence (UF )¢ converges weakly to U in LP(0,T; V;,), (UF)kso converges weakly* to
Uin L*>(0,T; H), and U is an element of WP(0,T'), compare Lemma 3.1.14. Using (3.39),
the statements of Lemma 3.1.13 and Lemma 3.1.17 as well as the lower semi-continuity of
the norm, it follows that

M T
imsup (32 [ (A5 (OUL0. U5 0)v; i, )

k—0

M T B T B
<timsup (30 [ UAOLO8 Ohvsv de = [ (B OUH0. 00

k—0 m—=1

1 7k 2 1 7k 2
+ 3105 O) 3 — SIT*T) %)
M T

< U d TBUU dt + SO - U2
<3 [ O U@t = [ (BOVO.U@) -+ S IUON - 10T

T T T
- / F(8) = BOUW®), U vy dt — / (U (8), U(0))y-xy dt = / (), U () ve v dt,
0 0 0

which implies

limsup 3 / (AL (T (8), UE () v xv,, dt < / B, UMYy dt.  (3.41)
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Due to the monotonicity condition for A,,(t), t € [0,T] and m € {1,..., M}, from Assump-
tion 3.1.2 (3) we can write

M T
3 / (A5 (0T (1) — A%, (£)0(t), T (1) — v(6)) v vy, At > 0

for every v € LP(0,T;V). Therefore, an application of Lemma 3.1.14 and Lemma 3.1.15
shows

M T
3 / (S (OTE (8), T8 (6) v v,
m=1"0

M T
>3 / (A5 BT (), 0 v v, + (AL (0(t), T (1) — o)) v sy, )
m=1

k—0

M T
— Z/O (b (1), v () vz x Vi + (A (B)0(8), U () = v(t)) vz xv;, ) dt
m=1

= [ @0Dve s + (40000 o0 cv)

which implies

M .7
it 3= [ LR, TS0, o
> [ (000 + AU o))

Applying (3.41), this yields

T T
/0 (b(), U(t) = v(t))vexv dt 2/ (A()o(t), U(t) = v(t))vxv dt.

0

We then choose v = U — sw for s € (0,1) and w € LP(0,T;V) and apply the Minty
monotonicity trick, see [99, Lemma 2.13|, to prove that AU = b in L9(0,T;V*). To this
end, we notice that

T T
|0 su)vav itz [ A UE - su0), sw®)v-n it
0 0
implies
/<b(t)vw(t)>V*det2/ (AU (L), w(t)) vy dt.
0 0

In the previous step, we divided by s > 0, considered s — 0, and used the radial continuity
of A(t), t € [0,T], from Assumption 3.1.2 (2). Together with the same argumentation for
s € (—1,0), this proves that

/O<b(t)aw(t)>vwvdt=/0 (AU 1), w(t))y v dt
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for every w € LP(0,T;V). This shows that AU = b in L%(0,T;V*). Therefore, U = u is the
unique solution of the evolution problem (3.1).

Since every converging subsequence of (UF )x~o converges to the unique solution u of
(3.1), we can apply the subsequence principle, see [116, Proposition 10.13] or [49, Kapi-
tel I, Lemma 5.4], to prove that the original sequence (UF )i~ converges to the solution u
of (3.1). Analogously, we see that every other convergence result claimed in the theorem is
fulfilled for the original sequence. O

Theorem 3.1.19. Let Assumptions 3.1.1, 8.1.2, 3.1.8, 3.1.5, and 3.1.8 be fulfilled and let
ug € H be given. For a sequence (Ny)een of natural numbers with Ny — 0o as £ — oo, step
sizes k = N%, and a bounded sequence (uf)k~o in H such that uf — ug in H as k — 0,

let the sequences of piecewise constant and piecewise linear prolongations from (3.28) and
(3.29) be given. If k from Assumption 3.1.5 (2) is zero, then it follows that

UF(t) = u(t), UR(t) —u(t) inH ask—0,

for every t € [0,T), where u is the solution of (3.1). Under the additional assumption that
form e {1,..., M} there exists ) € (0,00), which does not depend on t, with

(Ap(t)v — A (H)w, v — w)v= xv,, > v —wly, (3.42)

for all v,w € Vi, the sequence (UF)r~o converges strongly to the solution u of (3.1) in
LP(0,T; V).

Furthermore, let uf be in Vi, for every k > 0, let (k‘% HU’ISHVNI)]@>0 be uniformly bounded
with respect to k, and let the space Vs be compactly embedded into H. Then the statement
above is fulfilled for an arbitrary operator B(t), t € [0,T), that fulfills Assumption 3.1.5.

Proof. For simplicity, we drop the index ¢ within this proof. In order to estimate the
error, we split it up in separate parts, which can be handled more easily. We combine
the monotonicity conditions from Assumption 3.1.2 (3) and from (3.42). This can be done
by including n = 0 to (3.42). The case n = 0 is exactly the monotonicity condition from
Assumption 3.1.2 (3). We point out the additional result for € (0,00) at the end of the
proof. Using the condition (3.42), we then obtain that

Ju(t) = T +20 S / lu(s) — OE ()[7, ds

m=1 0
< Jlu(t) - T*B))% +2 S / (A (s)u(s) — A%, ()5 (), u(s) — T (5)hvs v, ds
m=1

= Ju@®)lF +2 /0 (A5 (s)u(s), u(s)) vz xv,, ds

—2u(t), T () —2 Y /0 (AE (s)u(s), T (5)) v xvs, ds
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with

M t
D) = fu()l +2 Y [ (A (uls) us v, ds,
m=1"0
T5(0) = ~20u(). 00 =2 3 [ (A (6)u(s). U8 () v s, d
m=1
M t
_2mzl/0 (AF ()UE (s), u(s)) v xv,, ds,

M t
TE() = T (0% +2 S / (A ()T (5), T% () s v, s

for every t € [0, T]. Recall that in Theorem 3.1.18, we proved that U¥ — w in LP(0,T;V;,)
and fo:l AF Uk~ Ay in L9(0,T;V*) as k — 0. Applying the result from Lemma 3.1.15,
it follows that

i TE(O) = (Ol +2 [ (AGs)us). u( ) ds.

Jin T5(0) = ~2u(t)y — 4 [ (As)u(s)u(s)vv ds

for every t € [0,T]. In order to estimate I'5, we need a few additional arguments. Here, we
assume that ¢ € (t,_1,t,], n € {1,..., N}, and obtain

M o,
D) = ITF@OIF +2 ) /O (A}, ()TN, (5), Uy, (s))vs xv,,, ds
m=l (3.43)

M tn B _
2} / (AR ()T (5), T% (5))vis v, s,
m=1

For the first appearing sum of integrals, we can apply Lemma 3.1.13 to see that

M tn B B
2" / (A ()T (5), T (5))vs xvs, ds
m=1

gzzl/o”<f,’;<s>,z7,’;<s>>vwvm ds—z/"(Bk(t)gk(s), Tk () ds

0
= (IT* )13 = 1T*(0)113),

which we can reinsert in (3.43). Together with the fact that U*(0) = u& and U*(¢,,) = U*(¢)
in H, we obtain a bound for I'¥(¢) given by

M t
Tk () < ez +2 3 / (5 (5), T (8)) v v ds
m=1

2 / (B (s)U* (5), TE (5)) 1 ds — 2 / (BHU (), T8 (s ds  (3.44)
0 t

M tn
2} / (FE () — A%, ()T (), U ()) v v, ds



74 CHAPTER 3. OPERATOR SPLITTING

for every t € (tn_1,tn], n € {1,...,N}. As proven in Lemma 3.1.17, the sequence (f*)r~o
converges strongly to fp, in LY(0,T;V;%) as k — 0. Thus, together with Theorem 3.1.18 it
follows that

M Mo
k(o) 7k
mz_:l/o (Fm(8), U ($))vz x v ds—>mz_:1/0 (fm(s), u(s))v= xv,, ds

:/0 (f(s),u(s))y=xvds ask—0.

Similarly, we see that

/(Bk(s)Qk(s), é“(s))Hds—>/ (B(s)u(s), u(s)u ds ask — 0,
0 0

since B*U* — Bu in L?(0,T; H) and U} = w in L>=(0,T; H) as k — oo, compare Theo-
rem 3.1.18. For the remaining integrals in (3.44), we notice that the functions g¥ : [0, 7] —
R, m € {0,..., M}, given by

(B¥(s)UM(s), U5 () < c(L+IU*) ) U5 ()l =: g6 (s)
and
(Fh(s) = Ap ()TN (5), Ul (5))vis xvin
<N RO 1U5 (9 lv,,, + 1A%, (UL (5)]

1 1, - . -
< gllfffL(S)\ Vs EIIUQ(S)H% + 8105 (8)lv,, + 1T ()IR,,) =2 g (5)

Uy (5)

143 v Vin

for almost every s € (0,T) are bounded by an L*(0, T')-function uniformly in k due to the a
priori bounds (3.13), (3.14), and (3.15) from Lemma 3.1.12. Thus, the remaining integrals
in (3.44) tend to zero as 0 < t, —t < k — 0 and it follows that

t

limsup 5 (t) < ||uo||%[+2/ <f(s),u(s)>V*xvds—2/ (B(s)u(s), u(s))u ds.
k—0 0 0

The previous arguments have shown
lirl? sup (T} (t) + T5(t) + T5(2))
< lult)lf +2 [ (AG)u(s),u)hvsv ds
0
— 2u®)]l% — 4 / (A(s)u(s), u(s))y sy ds
0
ol +2 / (F() — Blsyu(s), u(s))v-x ds
0
= ) + lluoll3 +2 / (f(5) — A(s)u(s) — B(s)u(s), u(s))v-xv ds
= )3+ uollf +2 / (/(5), () ey ds

t
d
= —[u®)17 + lluollF +/0 P OIPTERY
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for every t € [0, T]. We also use the fact that u € WP(0,T) and therefore a partial integration

rule can be applied. Altogether, this implies the strong convergence of (U*(t))x>o in H for
every t € [0,7T] as we have proved

M t
lim (lu(t) = T* @)% +20 /0 [u(s) = Uk (5)If,, ds) =0. (3.45)

k—0

Recall the definition of U* and U from (3.28) and (3.29), respectively. Then we obtain that

1040~ w@lln < |25 (@ = B) = ()|, + || 00 - o)

ln

k k
<NNU*(t k) = u)lla + 10(#) = w®)]m
<NU*(t k) = ult = B)llz + [lu(t = k) = u(®)llz + |T*) = ut)l|la

H

for every ¢t € [0,7]. Using that u € WP(0,T) — C([0,T]; H) and U*(t) — wu(t) in H as
k — 0 for every t € [0, 7], it also follows that U*(t) — u(t) in H as k — 0.

Now, we consider the case 7 € (0,00) for m € {1,...,M} and prove U¥ — wu in
LP(0,T;V,,) as k — 0. The difference of the piecewise constant prolongations UF and
U* converges to zero in L%(0,T; H). This is true as

N N M
NT" = Ub 120,z =k D IIU™ = Ul kM YD U7 US| — 0 ask—0,
n=1 n=1 j=1

where we used the a priori bound (3.13) from Lemma 3.1.12. Since (U¥);s is bounded
in L?(0,T; H) and converges to u pointwise strongly in H, this shows that U - uin
L?(0,T;H) as k — 0. We see, in particular, that U* — w in L2(0,T;H) as k — 0 due

to the previous estimate. The a priori bound (3.15) from Lemma 3.1.12 even shows that

the sequence (UF)x>o is bounded in L>(0,T; H). Therefore, it converges to u also in
the space LP(0,T; H) as k — 0, compare Lemma A.2.3. Using (3.45) and the inequality

[v]lv;. < ev,. (I[vlla + [v]v;,) for the Vi,-norm stated in Assumption 3.1.1, it follows that

T 1
Ju=Oblsoirav = ([ ) - OE@IE,, at)"
’ T 1
<ov, ([ (lutt) = Tl + ) - Th )1, )" at)’
’ T 1
< evlu= b loran + ov ([ 1u(®) = U8 0F,, at)" 0
as k — 0. This proves that UX — w in LP(0,T;V,,) as k — 0 if (3.42) is fulfilled for n that

is strictly larger than zero for A,,(t), t € [0,T].
O

3.2 An Explicit Error Estimate

After a convergence analysis of the implicit-explicit product splitting scheme under no ad-
ditional regularity assumptions on the solution, we now regard the question whether a more
regular solution u of the evolution equation (3.1) will lead to explicit error bounds. In the
following, we assume that for o € (0, 1] the function w is an element of the space of Holder
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continuous functions C%([0,T]; V). Here, we will not go into detail to explain when this
condition is fulfilled. More information about additional regularity of the solution and some
examples that fit this setting can be found in Section 1.2. In the following, we will need a
similar condition for a counterpart to the approximations U% , m € {0,..., M}. To this end,
we introduce the functions below.

Assumption 3.2.1. Let Assumptions 3.1.1, 8.1.2, 8.1.3, 3.1.5, and 3.1.8 be fulfilled and
let ug € V be given. For a € (0,1], let the solution u of the evolution equation (3.1) be an
element of C®*([0,T); V). For N € N, consider t,, = kn forn € {0,...,N}, where k = %.
Moreover, for every m € {0,..., M}, let the function Uy, : [0,T] = V* be given by

U (t) = u(tn—1) + Z/t (fi(s) — Aj(s)u(s)) ds — / B(s)u(s)ds in V*,

tn—1

for every t € (tp—1,tn], n € {1,..., N} with U,,(0) = up. Suppose that for m € {1,..., M},
the function fulfills

U (t) = u(tn-1)llv,, < Lamlt —tn-1] (3.46)
for every t € (tn—1,ts], n€{1,...,N}.

Note that we use the convention 22:1 = 0. It does not make sense to assume that
a function U,,, m € {1,..., M}, fulfills a Holder condition like u. The functions U, do
not even have to be continuous for m € {1..., M — 1} as limy\4, U (t) does not have to
coincide with U, (t,). Thus, we only ask for a corresponding condition on subintervals. This
assumption is not necessary for Up.

When it comes to verifying such a condition in applications, first note that Uy, = u in
C%([0,7]; V). Thus, the condition (3.46) does not impose any additional regularity on the
function Ups. For m € {1,..., M — 1}, the condition means that

I35 - Ao as [ Bo)as], < Ll —taar

has to be fulfilled. In our example from Section 3.3, this follows with the help of an em-
bedding argument. Also, a suitable order of appearance of A,, and f,, can be helpful when
proving (3.46). These regularity conditions in mind, we can get the following bounds.

Lemma 3.2.2. Let Assumptions 3.1.1, 8.1.2, 8.1.8, 3.1.5, 3.1.8, and 3.2.1 be fulfilled. Then
for every r € [1,00) there exists a constant C' € (0,00) such that

T
| 1) = Un (ol at < caer
0

and

N tn
3 / 1V () — Un(ta) [ dt < CRO
n=1"tn-1

are fulfilled.
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Proof. For the first estimate, we use the Holder continuity of v and the regularity condition
(3.46) from Assumption 3.2.1 to obtain that

[u(t) = Un(®)llv,, < l[u(t) = w(tn-1)llv,, + [u(tn-1) = Un(®)llvs,
< elu(®) = u(tn-1)llv + [u(tn-1) = Un(t)lv,,
S ClLa|t - tnfl‘a + La,m‘t - tn71|a

for every ¢ € (t,—1,t,]). The constant ¢; € (0,00) is the embedding constant from V into
Vin and L, € [0,00) is the Holder seminorm of w. Thus, it follows

T N tn
/ u(t) = Un @)}, dt < Z/ k" (e1La + Lam) dt = k" T(e1La + Lam) -
0 i=1

tn—1

For the second estimate, we again use (3.46) to see that
N tn
(X[ 10ntt) —Unl0)
n=1"7tn-1
N e
< (X[ 1t =l )
n=1""'n-1

N tn
2(;/ k Laymdt)

tn—l

1
r

7, d)

1 1
T ™

N tn
+ (Z/ u(tn—1) = Un(®)|7,, dt)

tn—1

1
r

< 2k Lo T7.

IA

O

This auxiliary statement in mind, we can now turn to the main statement of this section.
We prove explicit error bounds for the approximation of a nonlinear evolution equation.
In [86] or [95], a fully nonlinear problem u/(t) = F(¢,u(t)) for t € (0,7) with an initial
condition is linearized along the exact solution u in order to find an approximation of wu.
Then it is possible to use the partial derivative A(t) = 0, F(t,u) if F is smooth enough. In
the following, we do not rely on a linear approximation of our nonlinear equation but use
a similar approach as in Section 2.2. Again, we use the analysis from [37] for a globally
Lipschitz continuous operator A(t), ¢ € [0,T], as a starting point. We suppose that u
and U, m € {1,..., M}, fulfill the additional regularity condition from Assumption 3.2.1.
Further, we assume that for every m € {1,..., M} the operator A,,(t), ¢t € [0,T], fulfills a
bounded Lipschitz condition and a p-monotonicity condition. Then we can obtain an explicit
error bound. The size of the error depends both on ¢ = p%l and the Holder exponent « of
the exact solution u. The assumption that an operator A(t), t € [0,7], fulfills a bounded
Lipschitz condition is fulfilled in standard examples as the p-Laplacian. Note that in contrast
to Section 2.2, we do not ask for any regularity conditions for «/. This is technically not
necessary since we assume that the integrals from (3.2) and (3.3) are known. To obtain such
values in practice, usually requires a certain temporal regularity condition on the data. We
exchanged this by a regularity condition for v’ in Section 2.2.

Note that for p = 2 and o = 1, we have an error bound of order one. This is also the
formal rate of convergence of the standard backward Euler scheme. Thus, the additional
splitting error of our proposed scheme only affects the error in terms of constants, which do
not depend on the step size.

Theorem 3.2.3. Let Assumptions 8.1.1, 8.1.2, 3.1.8, 3.1.5, 3.1.8, and 3.2.1 be fulfilled and
let the initial value uy € V' be given.
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For every m € {1,..., M}, let the operator A, (t), t € [0,T], fulfill a bounded Lipschitz
condition in the sense that for every R € (0,00) there exists L(R) € [0,00) such that

[Am (t)o = A (Owllv,; < L(R)|lv = wllv,, (3.47)

is fulfilled for allt € [0,T] and v,w € Vy, with ||v|v,,, |wl|v,, < R. Furthermore, let every
Ap(t), t € [0,T], satisfy a p-monotonicity condition such that there exists n € (0,00) with

(Am(t)v = A (H)w, v — w)vs xv,, > nllv — prm (3.48)

for all v,w € Vi, and t € [0,T]. Then there exists C € (0,00) such that for every step size
k=1L, N €N, with 2kk € [0,1) and uf =uo in'V the solution of (3.4)~(3.6) fulfills that

N M
(1) = U3+ 530 3 ulta) ~ URIE, <O (3.49)

It
n€{1 ----- N} n=1m=1

for a = 25, by =k, n € {0,..., N}.

The bounded Lipschitz condition we require is more general than a Lipschitz condition
on bounded sets in H. Since V,,, is continuously embedded into H, there exists a constant
c1 € (0,00) such that ||v]|g < c1||v]]v,, for every v € V,,,. Thus, if (3.47) is fulfilled for every
vy,w € Vi, with ||v]| m, |w|lz < 1R, it is also fulfilled for v, w € V;,, with [|v]|v,,, |w|lv,, < R
since ||v||lg < ci||v|lv,, < ca1R.

Proof of Theorem 3.2.3. In the following, let ¢ € {1,..., N} be fixed. Recalling the defini-
tion of the function U, from Assumption 3.2.1, we first notice that U,, € L*°(0,T;V,,) for
every m € {1,..., M} since

|Unm || o 0,75v,,,) = €ss sup [[Un () |lv;,,

€[0,7]

< max (esssup [|Un(t) — ulta )y, + i1l
ne{l,...,N} tE€(tn—1,tn)

< k%Lam + |ull e 0,135v,,) < 00

due to (3.46) and the fact that u is also bounded in V;,. Further, we can write that
ti
Un () — Unn1 () :/ (Fn(®) — A (Ou(®)) i in V2
ti—1

forme {1,...,M} and
ti

Uo(tz) - u(ti,l) = — B(t)u(t) d¢t in H.

ti—1

These equations can now be tested with the corresponding element U,,(t;) — U%, € Vi,
m € {1,..., M}, and Uy(t;) — U} € H, respectively. Then we obtain

(Um(tz) - Um—l(ti)7 Um(ti) - U:n)H

- / " (o) — A (u(t), Uni(ts) — U by v, dt

ti—1

(3.50)
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for m e {1,..., M} and
t; .
(Uo(tl) — U(ti_l), Uo(ti) — U%)H = 7/ (B(t)u(t), Uo(tl) — UE))H dt. (351)
ti—1

We now sum up (3.50) from m =1 to M and add (3.51). This yields

M
(Un(ti) = Um—1(t:), Un(t:) — U ) i + (Uo(ti) — u(ti—1), Uo(t:) — Up)u
m:l]\/[ ,
=3 [ )~ An@u(0). Un(t) ~ Ui v, (3.52)

- /tti (B(t)u(t), Uo(t;) — Up) g dt.
i1
We show a corresponding equality for the numerical scheme. Here, we test the equation
(3.5) with U,,(¢t;) — U:, € V,,, to obtain
(Up = Upo1, Un(ts) = Uy = Ky, — AL UL, Un () = Uy vz xvi, (3.53)
for m € {1,..., M}. Further, we test (3.4) with Up(t;) — U} € H and get
(U — U1 Up(t;) — Uy = —k(BU1, Us(t;) — U . (3.54)

Then we sum up (3.53) from m =1 to M and add (3.54) to see

M
> (UL, U, Un(t:) = Ul + (Uy = U1 g (t:) — Uf)
m=1

m

M
=k (£, - ALUL Un(t:) = UL)vs v, — k(BUTLUg(t:) — Up)u
m=1

(3.55)
M 123 . .
=3 [ )~ AU Uin() = Uy,
m=1 t1*1
t; . .
_/ (B(t)UL, Up(t:) — Ub) g dt.
ti—1

In the last step, we inserted the definition of A? , £/ m € {1,..., M}, and B? from (3.2).

In order to estimate the error, we consider the difference of (3.52) and (3.55). We can write
for the difference of the left-hand sides

M

Z (U (ts) = Upn—1(ts), Up(t;) — UL ) g + (Uo(t;) — u(ti—1), Uo(t;) — Ud)mr
m=1
M . . . . . .
=Y (UL, = Ul 1, Un(t:) = Ul u + (U = U1 Uo(t:) — Up)u
m=1
M

= Z ((Um(tz) — U;n) - (Um—l(ti) - in—l)v Um(ti) - U'Zm)H
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After inserting the identity from Lemma A.1.4, we see that this is equal to

M

1 7 1
5 2 (Um(t:) = ULl = 1Um—1(t) = UpallF)
m=1
1Y . ,
+3 > U (t) = Ul = Upoa (t3) + Uy
m=1
1 7 71— 7 71—
+ §(||Uo = U3 = lluti=) = U3 + |Uo(ts) — U — ultizy) + U E)
1 7 71—
= §(||U(ti) = U5 = llu(tiz) = U F)
1Y . :
+ 5 2 1Un(ts) = ULy = Una(8) + U3, a1 (3.56)
m=1
1 7 1—112
+ §||U0(ti) = Uy —u(ti-1) + U3,

where we insert Ups(t;) = u(t;) and U, = U’ in H. Next, we rewrite the right-hand side
of the difference of (3.52) and (3.55). Then we see that

M

S [ () = An@u(0). Un(t) = Ui ey,
m=1"ti-1
M 2 . .
=30 [ nl®) — A OV Ut = U,
m=1"ti-1
- /t (B(t)u(t) — B)U, Up(t;) — Uiy dt
ti—1
__ Z " — AU U (t) = UL Yys v, dt
ti—1

/tl (B(t)u(t) = Bt)U™*, Up(t;) — Ug)r dt

ti—1

=:T'1 +T2+ T3+ T4y,
where

M ti
r=-% / (A ((t) — Ay (YU (1), U () — U Y v,

m=1"ti—1

M ti .
Iy =— Z / <Am(t)Um(t) - Am(t)Um(ti)) Um(ti) - U:n>VJL><Vm dt,
t.

m

M t;
F3 = Z/ <Am(t)Um(ti) _Am(t)U:’n?U ( ) Ul >V XVm dt

Ty =— / (B(tu(t) — BOU™,Uy(t) — Up)y dt.

ti—1

We added and subtracted the terms containing A, (¢t)U,,(t) and A, (¢)U,,(t;) in order to
estimate 'y, 'y, I's, and I'y more easily. For I'y and I's, we can use the bounded Lipschitz



3.2. AN EXPLICIT ERROR ESTIMATE 81

condition and the results from Lemma 3.2.2. In order to estimate I's, we use the monotonicity
of A, (t), t € [0,T], while for T'y we use the Lipschitz continuity of B(t), t € [0,T].
Precisely, for 'y, we obtain that

M ti ]
<y / A (B(t) — A (Tl [ U (t5) — T [y,
m=1 i—1

M t; )
SLaB)Y. [ lult) = Un(®)ls, [Un(t) = Uil e

ti—1

M ., M
n i
<e Y, / [u(t) = U (B)|E, At + k= Y [[Un(t:) = ULIE,
m=1"7ti—1 4m=1

where ¢; = L4 (R)? (Z’f)_lq;q and we choose R for the condition (3.47) to be

R = max {|[ull L 0,7:v1)> - - -» 1l o= 0.75va0)5 U | oo 0,732 - - -5 UM | oo 0,730y - (3:57)

For I's, we can argue similarly to obtain that

Un(ti) = U |y, dt

Vo

m

M t;
<y / A (U (8) — A (U ()]

ti—1

M t; )
< La(R) Y /t [Um (t) = U (t0) v, |Um (t:i) — Up,lv,, dt
m=1" "

i—1

M t; M
n i
éczzj/ U () = Un(t)IIY, dt + k- D 10U (t:) = UL,
m=1

ti—1 m=1

where cp = LA(R)q(Z?Zlq: and R can again be chosen as in (3.57). For I's, we use the

monotonicity condition from (3.48) to see that

M
Dy < —kn 3 [Unn(t) = UL, -

m=1

Furthermore, the Lipschitz continuity of B(t), ¢t € [0, 7], shows that

i< / lu(t) — U= [To(ts) — Ut
ti—1

k" =12 K in2

<5 ey~ U dr+ KU (1) — UG

ti—1

ti .
< ﬂ/ [u(t) = u(ti)|l7 At + krllu(ti-r) = U
ti—1

+ kx| Uo(ti) — Ul — u(ti—1) + U3 + krllu(tiy) — U3

ti .
< H/ lu(t) = u(ti-0) | dt + 2kkfu(ti-) — U

ti—1

1 7 71—
+ §||U0(ti) — U —u(tio) + UG
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for 2k € [0,1). We can now combine the calculations for both the left-hand side and the
right-hand side of the difference of (3.52) and (3.55). The difference of left-hand sides can
be found in (3.56), while the difference of the right-hand sides is given by I'y +T's +T's + T'4.

1 i— 1 i i—
(lu(ts) = Ul = lluti-a) = U7HE) + S IUo(t:) = Ug —ulti-1) +U i

N | =

M
1 % %
+3 m; U (t:) = Usyy = U () + Uy [y

=TI+ +T5+1y

M ti M
n i
<ar Y [0 lul) = Un(l, de+ K S [Un(t) ~ UL,
m=1 ¢ m=1

ti—1

M t: M
) n i
b 3 [ U0 = Un(t)lE, dt 4 D [Un(t) - Ul
m=1"ti—1 m=1
M .
—kn Z U (t:) = UL IY,,
m=1

t; .
r / lu(t) — ulti-s) | dt + 2kmlult;_) — U2

ti—1

1 , i
+5l0o(t) = Up —u(ti-1) + U i
This inequality can be rearranged to a suitable bound. Further, we multiply by two to

obtain

M
lu(t) = U N3 = lultiz) = U5 + kY 1Um(t) = UL,

m=1
M t; M t;
<2, 3 / Ju(t) = Un (@)%, dt+2e2 S / NLACE A
m=1""%i-1 m=1""%i—

t7r .
n QK/ () — ults_1)|1% dt + dkrfult_1) — T
ti—1

A summation from i = 1 ton € {1,..., N} and the fat that u(0) = up = U” in V then
implies that

n M
u(tn) = U3 +kn ) > [Un(t:) = UL,

i=1 m=1

M 7 N M
<20, 3 /0 () = Un (@18, dt+26: 53 /t (U () = Un(£)]|%, dt
m=1 i—1

i=1 m=1

N t; n—1 .
+203 [ fult) = i) de+ 4k 3 Ju(e) - O
i=1 i=1

ti—1

As the function u is Holder continuous with values in V, it is also an element of the space
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C%([0,T]; H). Together with the results from Lemma 3.2.2, it then follows that

n n—1
lu(tn) = U5 +knd > [1Un(t) = U1}, < s (™ +5>) +dkn Y |ults) — U
i=1 m=1 1=1

for a constant ¢z € (0,00), which does not depend on the step size k. An application of
Lemma A.1.1 shows that

[ultn) = U3 + k0> Y IUm(t:) = UL}, < es(k°? + £**) exp(4rT). (3.58)

i=1 m=1

Moreover, applying (3.46) from Assumption 3.2.1 and the Holder continuity of w, it follows
that

[u(ti) = Ulallv,, < llu(ts) = utiza)llvi, + [u(tior) = Un(t)llv,, + [Un(ti) = Up v,
< emlulco.n(o,11:v) k" + Lamk® + |[Un(t:) — UL, llv,,
< esk® 4+ [Un(t:) — Uy, v,
where ¢,;, € (0,00) is the embedding constant from V into V,, and

= m o . L .
O el (emlulco.eoryv) + Lam)

Altogether, this implies

n M n M
B Y Mlults) = UL, <k > (esk® + [[Un(t:) — Uplivi,)”

i=1 m=1 i=1m=1
n M n M ;
<2k 303 K S 3 ()~ UL,
i=1 m=1 i=1m=1
exp(4rT)

< 2P e kOPTM + 2P eg (K + k)

Together with (3.58) this finishes the proof as p € [2, 00). O

3.3 Example: A Nonlinear Parabolic Problem

In order to demonstrate that our abstract theory applies to more concrete problems, we
consider a nonlinear parabolic problem and split the equation into the appearing terms.
This enables us to look at different problems that can be solved more efficiently individually.
A similar example was presented in [35]. The abstract theory in the previous two sections
now offers a possibility to allow for a somewhat more general setting. Here, we can also
permit non-monotone lower-order terms due to the additional Lipschitz continuous operator
B(t), t € [0,T], from the theory above. Furthermore, we obtain explicit error bounds under
some additional assumptions.

For a finite end time 7' € (0,00) and a bounded Lipschitz domain D C R?, d € N, we
consider the problem

Owu(t,x) + ar(t,z,u(t,z)) — V - ag(t, z, Vu(t,z)) + b(t, z,u(t, z)) = (t,x),

(t,z) € (0,T) x
u(t,z) =0, (t,z) € (0, )><(“)D (3:59)

u(0, ) = ug(x), xr €D.
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Further, a; : [0, 7] x DxR— Rand ay: [0,7] x D x R? — R? fulfill Assumption 3.3.1 below
and b: [0,7] x D x R — R fulfills Assumption 3.3.4 below. Moreover, f: [0,7] x D — R
and up: D — R are functions we will be specify later.

éssumption 3.3.1. Letp € [2,00) and ¢ € {1,d} be given and ¢ = p%' Let a: [0,T] x
D x R — RY fulfill the following conditions:
(1) The mapping t — a(t,x, z) is continuous almost everywhere in (0,T) for almost every

r €D and every z € RY, z + a(t,x, 2) is measurable for every t € [0,T] and z € RY,
while z — a(t, x, z) is continuous for every t € [0,T] and almost every x € D.

(2) The mapping a fulfills a monotonicity condition such that for every t € [0,T], almost
every x € D, as well as every z, % € RY the inequality (a(t,z,2) —a(t,z,2))- (2 —2) > 0
s satisfied.

(8) The mapping a fulfills a growth condition in the sense that there exist di € [0,00) and
a nonnegative function dy € L1(D) such that for every t € [0,T], almost every x € D,
as well as every z € RY the inequality |a(t,x, z)| < dyi|z|P~1 + dao(x) is satisfied.

(4) The mapping a fulfills a coercivity condition in the sense that there exist dz € (0, 00)
and a nonnegative dy € L'(D) such that for every t € [0,T)], almost every x € D, as
well as every z € R the condition a(t,x, z) - z > ds|z|P — dy(z) is satisfied.

Assumption 3.3.2. Let Assumption 2.3.1 be fulfilled. Additionally, there exists ds € (0, 00)
such that

(a(t,z,2) —a(t,z,2))- (z — 2) > ds|z — z|P
is satisfied for every t € [0,T)], almost every x € D, and every z,% € R,

Assumption 3.3.3. Let Assumption 2.3.1 be fulfilled. Additionally, there exists dg € [0, 00)
such that

la(t,z,z) — a(t,z, 2)| < dg(1 + max{[z[P~2,|2[P7*}) |z — %
is satisfied for every t € [0,T)], almost every x € D, and every z,% € R,

As explained in Section 2.3, a standard example that fulfills all the assumptions above
is a(t,r,2) = a(z) = |2|P722.

Assumption 3.3.4. Let b: [0,T] x D x R — R fulfill the following conditions:

(1) The mapping t — b(t,x, z) is continuous almost everywhere in (0,T) for almost every
x € D and every z € R and x — b(t,x, z) is measurable for every t € [0,T] and z € R.

(2) The mapping b fulfills a Lipschitz condition in the sense that there exists e; € [0, 00)
such that for every t € [0,T], almost every x € D, as well as every z,Z € R the
inequality |b(t,z,z) — b(t,x, 2)| < e1]z — Z| is satisfied.

(8) The mapping b fulfills a growth condition at the point zero in the sense that there
exists a nonnegative function e; € L?(D) such that for every t € [0,T] and almost
every x € D the inequality [b(t,z,0)| < ex(x) is satisfied.
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Next, let H = L3*(D) and V = W,"*(D) be equipped with the norms introduced in
the notation section in the introduction. The value p is the same as in Assumption 3.3.1.
Further, we consider V; = LP(D) equipped with the standard norm and Vo = V with the
same norm as for V. The seminorms are all chosen as the full norm in the corresponding
space.

For ¢ € [0,T1], the operators A, (t): V,, = V5, m € {1,2}, and B(t): H — H are given
by

(A1(t)v, w)vr <y :/ ai(t,,v)wdz, v,w eV, (3.60)
D

(A2(t)v, w)vy xvy = / ag(t,-, Vo) - Vwdz, w,veV; (3.61)
D

(B(t)v,w)g = / b(t,,v)wdzx, v,weH (3.62)
D

and A(t): V — V* is given by A(t) = A;(t) + Az(t). We assume that for f: [0,7] x D — R
the abstract function [f(t)](x) = f(t,x), (t,2) € (0,T) x D, is an element of LI(0,T;V*).
This function is decomposed into f; = 0 and fo = f in L9(0,T; V™). For ug € H, we can
now state (3.59) in a variational formulation given by

u(0) = ug in H. (3.63)

{u’+Au+Bu: f in L4(0,T;V*),
This evolution equation in mind, we obtain convergence results for the product splitting
scheme.

Theorem 3.3.5. Leta;: [0,T] x D xR — R and ay: [0,7] x D x R — R? fulfill Assump-
tion 3.3.1 and let b: [0,T] x D x R — R fulfill Assumption 8.8.4. Let f € L1(0,T;V*) and
ug € H be given.

Furthermore, let (Ng)een be a sequence of natural numbers with Ny — oo as £ — oo,

k= N%, tn =nk, n € {0,..., N}, and (uf)r~o in V such that uf — ug in H as k — 0 and
kv ||uk V)k>0 18 uniformly bounded with respect to k. Then the scheme,
0
ur — Unfl
=0 = 4+ B"WU"'=0 inH,
ur — un
— mol L ARUL =2 in V5, moe {1,2},

Jorn € {1,..., Ny} with U™ = U% and U® = uf admits a unique solution (U™),eq1,. N}
in H. Here, the discretizations of the data are given by

1 tn 1 tn
An=+ An(t)dt, me{l,2}, B"=_ B dt,

tn—1 tn—1

f' =0, and 3 = %ft:q f(t)dt. Then all the convergence results from Theorem 3.1.18 and
3.1.19 hold true. In particular, the sequences of the piecewise constant and piecewise linear
prolongations of (U")neq1,....n,} converge to the solution u of (3.63) pointwise strongly in
H ask — 0.

If ay also fulfills Assumption 3.3.2, then the sequence of piecewise constant prolongations
of the values (U™)peq1,... N,y converges to u strongly in LP(0,T;V) as k — 0.
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In our scheme, the order of the appearing operators A;(¢) and As(t), t € [0,7], is
important. As we need the embedding of V5 into H to be compact, it is not possible to
change their order. Moreover, as the solution (U"),¢q1,...,n,} is in the space V3, it makes
sense to choose the smallest space as the last. Then we obtain the best regularity result
for our numerical approximation. The choice of (f{"),eq1,.. v} and (f3)neq1,... N,y is noOt
unique. Choosing one function as zero, seems like a good choice when it comes to computing
a solution. If only a function f € L9(0,T;Vy*) is given, it is also possible to set f3 = 0 in
Vi and £ = £ [} f(t)dtin Vi forn € {1,...,N;}.

Proof of Theorem 8.3.5. In order to apply Theorem 3.1.18 and Theorem 3.1.19, it only re-
mains to verify that A,,(¢), t € [0,T] and m € {1, 2}, fulfill Assumption 3.1.2 and 3.1.3 and
B(t), t € [0,T], fulfills Assumption 3.1.5. For the decomposition of f, it is easy to see that
Assumption 3.1.8 is fulfilled.

In order to prove that the operator A;(t), t € [0,T], is well-defined, we apply Assump-
tion 3.3.1 (3), which yields that

(Ar1(t)v, w)vr xvy :/ al(t,-,v)wdxg/ (difvP™" + d)|w| dz
D D
< mavx {dr, ol ooy } (L + 0155 olve (361

for every v,w € V; and t € [0,7]. This also proves that A;(¢), t € [0,T], fulfills the
boundedness condition from Assumption 3.1.2 (4).

Next, we prove the continuity of ¢t — A; (t)v almost everywhere in (0,T") for every v € V;.
To this end, let ¢ € [0,7] and (t;);eny with ¢t; — ¢ be such that a;(¢;,z,2) — ai(t,x,2) as
i — oo for almost every x € D and every z € R. An application of Holder’s inequality yields

(Ar(ti)v — A (D)v, w)ve v, :/D(al(ti,~,v)—al(t,~,v))wdx
< ([t = (el ar) ol

for every v,w € V4 and ¢ € [0,T]. Similarly to (3.64), we can obtain |a;(¢;,-,v) — a1 (¢, -, v)|?
is bounded by a function that is integrable on D. Then we can apply Lebesgue’s dominated
convergence theorem and it follows that

1
lim || Ay () — Ay (D)o]lyy = lim (/ au(ti,v) = ar(t, v)|"dz) " =0
1—> 00 1—> 00 D

for every v € V5 and t € [0, 7.

In order to prove that Ay (t): Vi — Vi*, t € [0,T], is radially continuous, let (s;);en be
a convergent sequence in [0,1] with the limit s € [0,1]. As (3.64) is finite, it follows that
a;(t,, v+ s;w)w is bounded by an integrable function on D. Thus, we can apply Lebesgue’s
dominated convergence theorem and it follows that

lim (A (t) (v + s;w), w)vexy, = lim [ ag(t, -, v+ s;w)wde
11— 00 1—> 00 D

:/ lim al(t,~,v+siw)wdx:/ ai(t,, v+ sw)wdz
D D

i—00

for every v,w € V; and t € [0,T] due to Assumption 3.3.1 (1). The monotonicity condition
for Ay(t), t € [0,T], from Assumption 3.1.2 (3) is a consequence of Assumption 3.3.1 (2).
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Here, we see that
(Ar(t)o — A1 (w, v — w)vrxv, = / (ar(t,,v) —ai(t,,w))(v —w)dz >0
D

for v,w € V4 and ¢t € [0,7]. In order to verify the coercivity condition from Assump-
tion 3.1.2 (5), we apply Assumption 3.3.1 (3) to see that

<A1(t)U7U>V1*><V1 Z /D (d3|’l}|p - d4) dz = d3|1) €/1 - ||d4||L1(D)-

The proof that As(t): Vo — V5° is well-defined and fulfills Assumption 3.1.2 (1)—(5) can be
done analogously to A;(t), t € [0,T]. The functions v,w € V; just have to be replaced by
Vv, Vw for v,w € V.

In order to see that B(t), t € [0,T], fulfills Assumption 3.1.5, we notice that the con-
tinuity of ¢ — B(t)v almost everywhere in (0,7) for every v € H is a consequence of
Assumption 3.3.4 (1) and can be proved analogously to the corresponding condition for
t — A1 (t)v, v € V4. The Lipschitz condition from Assumption 3.1.5 (2) is fulfilled as

(B(t)vy — B(t)ve,w)g = /D (b(t, -, v1) — b(t, -,vg))w dz

< [ alo ~ walluldo < eafor = vall il
D

holds true for all v1,v9,w € H and t € [0,T]. Therefore,
|B(t)v1 — B(t)ve|lm < e1ljvr — vallm

is fulfilled for all vi,ve € H and ¢ € [0,7]. In a similar fashion, we can show Assump-
tion 3.1.5 (3) since

(B(#)0, ) = /

b(t, -, 0)wdz < / lea|[w|dz < [lea|| L2 () lw]| &
D D

is fulfilled for every w € H and ¢ € [0,T] because of Assumption 3.3.4 (3). This implies
|B(t)0|| < |le2lr2(py and t € [0,T]. A combination of the two inequalities also shows that
the operator is indeed well-defined. Also the space V5 = WO1 P(Q) is compactly embedded
into H = L?(Q), compare [1, Theorem 6.3].

Therefore, for t € [0,T] the operators A (t), A2(t), A(t) = A1(t) + Aa(t), and B(¢t) fulfill
all the necessary conditions and we can apply Theorem 3.1.18 and Theorem 3.1.19.

Moreover, if the stronger monotonicity condition from Assumption 3.3.2 is fulfilled, we
see that (3.42) is satisfied for As(t), t € [0, 7], since

(A2(t)v — A2(D)w,v — w)vyxv, = /D(ag(t, -, Vo) —aq(t, -, Vw)) - (Vv — Vw) dx

> d5/ Vo — Vw|? dz = ds|lv — wl|7,
D

for v,w € Vo and t € [0,7]. Thus, the sequence of piecewise constant prolongations
(UF)i>0 = (U¥) >0 converges strongly to the exact solution u in LP(0,T;Vz) = LP(0,T;V)
as k — 0 due to Theorem 3.1.19. O



88 CHAPTER 3. OPERATOR SPLITTING

It remains to verify that the results from Section 3.2 are also applicable to the nonlinear
parabolic problem. In order to obtain explicit error bounds, we need to make additional
assumptions on the mappings a,,, m € {1,2}, and on the exact solution u of (3.63). At
this point, we do not explain how the additional regularity of v can be obtained. For more
information about additional regularity and some examples, see Section 1.2.

Theorem 3.3.6. Let all the assumptions from Theorem 3.3.5 be fulfilled and consider the
same scheme. In addition, let p be either an element of [2,00) N [d, c0) or [2, 2;1_—;7) n[2,d),
where d is the dimension of the underlying space R D D. Assume that a; and ay fulfill
Assumptions 3.3.2 and 3.3.83 and let the nonnegative functions do and es from the bounded-
ness condition for a; and b in Assumption 3.5.1 (3) and Assumption 3.3.4 (3) be elements
of LP(D). For a € (0,1], let the solution u of (3.63) be an element of C%%([0,T]; V).

Then the scheme obtains a unique solution (U")ne{l ~} m H and there exists a con-
stant C' € (0,00) such that

,,,,,

N
t,) —U™% + & t,) — U™ < Ck*
el 1) = 2 ) U7l <

is fulfilled for every step size k, which is small enough.

Proof. In order to prove this theorem, we will apply Theorem 3.2.3. In the proof of Theo-
rem 3.3.5 we have already seen that A;(t), A2(t), and B(t) fulfill Assumptions 3.1.2, 3.1.3,
and 3.1.5 for ¢ € [0,7]. The stronger monotonicity condition from (3.48) is fulfilled as an
application of Assumption 3.3.2 yields

(Am(t) = Am(B)w, v = w)ve xv,, = dsllv —wly,

for m € {1,2}.

Next, we use Assumption 3.3.3 to prove the bounded Lipschitz condition for A;(t),
t €10,T], from (3.47). Here, we consider two cases, at first we prove the condition for p = 2
and after that for p € (2,00). In the case p = 2, we have a global Lipschitz condition.
Inserting the definition of A;(t), t € [0, 7], we obtain that

<A1(t>’l}1 - Al(t)vg, w>vl*><vl = /D (al(t, ',’U]) - al(t, ',’UQ))’U) dx

< 24, / lor — vl o] dae < 24|y — va vy Jao]lvs
D

and therefore
[ A1 (t)vr — Ar(t)vzllvy < 2dglvr — vallvy

for every vy, ve,w € V4 and t € [0,T]. For p € (2,00), we obtain a Lipschitz constant, which
depends on the inserted functions. Thus, an additional application of Lemma A.1.3 becomes
necessary to obtain

(A1(t)vr — A1 (t)v2, w)ve xvy

= / (ar(t,,v1) —ay(t,,v2))wdz
D

< de/ (1 + max {|v1 P72, [v2[P2}) o1 — va| lw| dz
D

p—2

< d6(||1||Lp%2(D) + (/Dmax{\Uﬂp’ |v2|P} dl“) ' )||U1 — V2| Lo () Wl Lo ()



3.3. EXAMPLE: A NONLINEAR PARABOLIC PROBLEM 89

for every vy, vy, w € V] and ¢ € [0,T]. Since pp%Z € (0,1) for p € (2,00), it follows that

p—2 p—2

(/ max{|v1\p,\vg|p}dx)T < (/ |v1\pdx+/ |U2|pdm)
D D D

p=2 p=2
/|vl‘de S /|U2|Pdw)

— oul, 2, + loall5 2, < 2max {[or 12, [fozll;

Thus, for R € (0,00) and all vy, vy € Vi with ||v1]lv;, ||v2]lv; < R, we obtain the bound

[A1(t)vr — A1 (t)ve]

ve < s (11l g o)+ 2max {llon 5, leals *}) lor = vl

=: L(R)[lv1 — v2|lvs,
which proves (3.47). An analogous bound for As(t), t € [0,T], can be proved by replacing
v1, V2, w with their gradient Vv, Vv, Vw € LP(D)4.

In order to prove the required regularity conditions from Theorem 3.2.3, recall that
by assumption u is an element of C%%([0,T];V). The function U, defined in Assump-
tion 3.2.1 coincides with u in C%®([0,T]; V). Thus, it follows by the regularity assumption
u € CY([0,T];V)

1U2(t) = ultn-1)llve = llu(t) = w(tn-1)llv < [ulco.eqoryv)lt = tn-1|®

for every t € (tp—1,tn], n € {1,...,N}. The function U; defined in Assumption 3.2.1 is
given by

Ur(t) = u(tn_1) — / (A1(s)u(s) + B(s)u(s)) ds

tn—1

for every t € (tn—1,tn], n € {1,..., N}. We then obtain that

1UL(8) = u(tn-1)Ily, < |t*fn—1|p*1/ [A1(s)u(s) + B(s)u(s)l|7s(p) ds,

tn—1

where the integrand can be bounded by

[Ar(s)u(s) + B(s)u(s)|Lr(p)

< llai(s, - u(s))|lo (o) + (s - u(s)) || Lr (D)

< di|l[u(s)P~ Loy + 2]l ooy + eallu(s)l Loy + lleal o) (3.65)
for every s € [0,T]. In order to prove that the last row is finite, we use the fact that dg,es €
L?(D) and the Sobolev embedding theorem, compare [1, Theorem 4.12]. If p € [d, o0), then

V = Wy?(D) is continuously embedded into L" (D) for every r € [p, 00). Thus, for u(s) € V
it follows that [||u(s)[?~!||Lr(py and [|u(s)| L»(p) are finite. If p € [2,d), then the space V

is continuously embedded into L"(D) for r € [p, £ p] As we assume that p € [2, %j%;’] in
this case, it follows that

o=y ) = ) 1

and therefore the terms containing u(s) in (3.65) are finite. This shows that
1UL(8) = ultn-1)llvi < calt = tnoa] < 2Tt — tna|®

for ¢o € (0,00), which does not depend on the step size k.
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Appendix A

Appendix

A.1 Useful Inequalities

In the following, we collect a few inequalities and identities that appear throughout the
analysis in the chapters above. We begin by a discrete Gronwall lemma.

Lemma A.1.1. Let (up)nen and (bp)nen be two nonnegative sequences that satisfy, for
given a € [0,00) and N € N, that

n—1
Uy, Sa—&—Zbiui, ne{l,...,N}.
i=1
Then it follows that
n—1
Uy < aexp(Zbi>, ne{l,...,N}
i=1

In the case that a sum 2?21 appears, we use the convention that it is zero. A proof
of this lemma can be found in [22]. In some settings, it is possible to use the following
inequality as an alternative.

Lemma A.1.2. Let a,b,x € [0,00) be given such that 2% < 2ax + b* is fulfilled. Then it
also follows that x < 2a + b.

Proof. Since z? < 2ax + b? is fulfilled, it follows that
(ac—a)2 =22 —2ax + a® < a® + b°.
Taking the square root on both sides, this yields
& —al < Va2 + b2 <a+b.

As z —a < |z — a| is fulfilled, we obtain the desired bound after adding a to both sides of
the inequality. 0

The following lemma is a Holder type inequality. We omit the proof, it can be done by
an inductive application of the ordinary Holder inequality.
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Lemma A.1.3. Let D C R, d > 1, and N € N be given. Then for p, € [1,00], n €
{1,..., N}, such that ZnNzl pi =1 it follows that

N N
[ 1 e < IT unllzonio
Dﬂ:l n=1

for u, € LP~(D).
Last, we state an identity, which appears several times throughout the analysis. Again,
we omit the proof. It can be done by rewriting the right-hand side of the equality with the

definition of the norm via the inner product.

Lemma A.1.4. Let (H,(-,")u,| - ||z) be a real Hilbert space. The identity

(lvllzr = llwlizr + llo = wli?;)

N | =

(v—w,v)g =

is fulfilled for every v,w € H.

A.2 Bochner Integral

We shortly recall the main statements for Bochner integrable functions on a general measure
space. For a complete introduction, we refer the reader to [115, Chapter V, Section 4-5],
[30, Chapter I1.2], [96, Section 4.2], and [100, Kapitel 2].

In the following, we assume that (X, ||-||x) is a real Banach space and (€2, F, ut) is a finite
measure space. Then we consider an abstract function v: 2 — X and call it simple if for a
finite number N € N there exist x1,...,xy € X and mutually disjoint sets C1,...,Cy € F
such that v = 21]:[:1 TnXc, , Where xc, is the characteristic function with respect to the
set Cp, n € {1,...N}. We call a function v Bochner measurable if there exists a sequence
(vn)nen of simple functions such that v,(w) — v(w) in X as n — oo for almost every
w € Q. A function v: Q — X is called weakly measurable if w — (f, v(w)) x+xx is Lebesgue
measurable for every f € X*. Under suitable assumptions, these two concepts are equivalent
as we see in the next theorem.

Theorem A.2.1. Let (0, F,pu) be a finite measure space and let (X, - ||x) be a real,
separable Banach space. For a function v: Q — X, the following statements are equivalent:

(a) The function v is Bochner measurable.
(b) The function v fulfills that v=1(C) € F for all open sets C C X.
(¢) The function v is weakly measurable.

This theorem is a consequence of Pettis theorem. A proof can be found in [96, The-
orem 4.2.4]. We are foremost interested in functions that are also Bochner integrable.
A Bochner measurable function v: 2 — X is called Bochner integrable if there exists a
sequence (v, )nen of simple functions such that v,(w) — v(w) in X as n — oo for al-
most every w € ) and for every € > 0 there exists N € N such that for all n,m > N
the inequality [, [[vn — vml|x dp < € is fulfilled. The integral of v is then given by
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vadu = lim, 00 fQ v, . Moreover, for p € [1,00] we introduce the space LP(€); X)
that consists of all Bochner measurable functions v: £ — X such that

/Ilvlp an)’, pell o).

ess sup||vHX, p =00

HU”LP(Q;X) = (A1)

is finite. This function space fulfills the following properties.

Lemma A.2.2. Let (Q, F, ) be a finite measure space and let (X,]| - ||x) be a real Banach
space. Then the following properties are fulfilled:

(a) The space LP(€; X) equipped with the norm given in (A.1) is a Banach space for every
p € [1,00].

(b) The set of simple X -valued functions is dense in LP(Q; X) for p € [1,00).
(c) If both L*(Q2) and X are separable, it follows that LP(Q; X) is separable for p € [1,00).
(d) If X is reflexive, then the space LP(Q); X) is reflexive for every p € (1,00).

(e) If X is continuously embedded into (Y, ||-|ly), then L1(Q; X) is continuously embedded
into LP(;Y) for p,q € [1,00] and p < q.

These statements can be found in [30] and [96, Proposition 2.3.24, Proposition 4.2.22].
Furthermore, if X is continuously and densely embedded into a space Y, then the simple X-
valued functions are also dense in L(;Y) for every ¢ € [1,00). Thus, the space LP(Q; X) is
continuously and densely embedded into L9(€;Y) for ¢ € [1,00) and p € [g, o0]. Moreover, if
X has the Radon-Nikodym property, it follows that (LP(€; X))>k = L1(Q; X*) for p € [1,00)
and ¢ = p%l. Note that the Radon—Nikodym property is fulfilled if, for example, X is

reflexive or separable, compare [96, Theorem 4.2.25 and 4.2.26].

Lemma A.2.3. Let (Q,F,u) be a finite measure space, let (X, | - ||x) be a real Banach
space, and let p,r € [1,00] be such that p < r. For a sequence (vp)nen that is bounded in
L™(Q; X) and v € LP(Q; X) such that vy, — v in LP(2; X) as n — oo, it follows that v, — v
in L1(Q; X) as n — oo for every q € [p,r).

Proof. Since % € (3, %] there exists 6 € [0,1) such that % =04 %. Choosing a = 7. and

a= ﬁ? it follows that i + é =1 and we can apply Hoélder’s inequality to

0 1-0
i / o9 o] =07 dp

1

z 1-0
< ([ hotsean) ([ ol i) = ol ol 0%
for w € L"(92; X). Then we obtain
lvn — vmllLaosx) < [Jvn — vm||9Lr(Q;X)||Un vm||Lp a.x) 0 asm,n — oo,

since the sequence (vy, )nen is bounded in L™ (9; X) and convergent in L?(€); X). This shows
that (vn)nen is a Cauchy sequence in L?(€); X) and therefore convergent to v due to the
uniqueness of the limit. O

A proof of the next theorem can be found in [96, Proposition 4.2.12].
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Theorem A.2.4. Let (0, F, 1) be a finite measure space and let (X, ||| x) be a real Banach
space. Further, let v: Q@ — X be a Bochner measurable function. Then v is Bochner
integrable if and only if |v||x: Q@ — R is integrable.

In the special case that = [0,7T] equipped with the Lebesgue sets and the Lebesgue
measure, we can state the lemma of Lions—Aubin. This gives us a compact embedding
argument for Bochner integrable functions. We refer the reader to [99, Lemma 7.7] for a
proof of this statement.

Lemma A.2.5. Let X_1, Xo, and X1 be real Banach spaces such that X1 — Xg — X_1,
X is separable, reflexive, and compactly embedded into Xo, and X_, is reflexive. For
p € (1,00) and q € [1, 0], the space

W ={veLP0,T;X;): v exists and v' € LY(0,T; X_1)}

is compactly embedded into LP(0,T; Xo).

A.3 Stochastic Background

As we are dealing with a randomized scheme in Chapter 2, we will give a short overview of
the probabilistic results needed. For more details, we refer the reader to [73].

In the following, let (2, F, P) be a probability space. For a real, separable Banach space
(X, |- llx), we call a mapping U: Q@ — X a random variable if it is measurable with respect
to the o-algebra F and the Borel o-algebra B(X) in X. Precisely, this means that for every
C € B(X) the set

U NO)={weQ:Uw)eC}CO

is an element of F. The expectation, i.e., the integral of a random variable U with respect
to the measure P is denoted by

E[U] = /QU(w) AP (w).

In our theory, we often work with random variables £: Q — [a,b], a,b € R, a < b, that are

uniformly distributed. For such a mapping, the density is given by bia and a substitution

yields that

b

Elul¢)] = [ vlw)dPw) = ;= [ vt (A2)
Q —aJ,

where v: [a,b] — X is a Bochner integrable function. Note that the theory from the previous
section applies as every probability space is, in particular, a measurable space.

Within the theory of Monte Carlo algorithms, it will be important to consider indepen-
dent random variables. To this end, let us recall the concept of independence. We call a
family (C,)nen of elements in F independent if for every finite subset I C N

P( N cn) =[P (A.3)
nel nel

is fulfilled. Similarly, we call a family (F,)nen of o-algebras independent if again for every
finite subset of I C N and (C,)ner such that C,, € F,, n € I, it follows that the family
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(Cp)ner is independent in the sense of (A.3). This at hand, we can now transfer the concept
of independence to a family (U, )ner, I C N and finite, of random variables. If the generated
o-algebras

o(U,) ={U C):CeB(X)}, nel, (A.4)

are independent, we also call (Uy,),er independent.

In some settings, it can be important to consider a certain family (F,),en of o-algebras.
It is called a filtration if F,, is a subset of F and F,, for every n,m € N with n < m.

A random variable U: © — X can be measurable with respect to F,, but not with
respect to F, for n < m, n,m € N. It can then be helpful to consider the conditional
expectation E[U|F,]|: @ — X of U with respect to F,,. More precisely, the F,-measurable
mapping E[U|F,] is uniquely determined by the relation

E[Uxc] = E[E[U|F.]xc]

for every C € F,. A useful property of the conditional expectation is the tower property.
This states that for two o-algebras F,, and F,, of the filtration (F,)neny with n < m we
obtain that

E[E[U|F0]|Fm] = E[E[U|Fy]|Fa] = E[U|F,].

If the random variable U is measurable with respect to F,,, then the conditional expectation
is the function itself, i.e., E[U|F,] = U. Furthermore, if o(U) is independent of F,, we
obtain that E[U|F,] = E[U].
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