Dissipativity of linear quadratic
systems

vorgelegt von Diplom-Wirtschaftsmathematiker
Tobias Briill
geboren in Koln

Von der Fakultéat II - Mathematik und Naturwissenschaften
der Technischen Universitat Berlin
zur Erlangung des akademischen Grades
Doktor der Naturwissenschaften
Dr. rer. nat.

genehmigte Dissertation

Promotionsausschuss:

Vorsitzender: Prof. Dr. Alexander I. Bobenko
Gutachter: Prof. Dr. Volker L. Mehrmann
Gutachter: Prof. Dr. Tatjana Stykel
Gutachter: Prof. Dr. Jan C. Willems

Tag der wissenschaftlichen Aussprache: 18. Februar 2011

Berlin 2011

D 83






Contents

1 Introduction 4
2 Preliminaries 10
2.1 Rational and polynomial matrices . . . . . . . . ... ... 10
2.1.1 Linearization and the Kronecker canonical form . . . . ... ... .. 14

2.2 Linear systems . . . . . . ... 15
2.3 Para-Hermitian matrices and the shift operator . . . . . ... .. ... ... 19

3 Dissipativity 22
3.1 Popov functions . . . . . . ... 23
3.2 Linear quadratic optimal control . . . . . . . . .. ... ... L. 27
3.3 Available storage and required supply . . . . . ... ... 32
3.4 Linear matrix inequalities . . . . . . . . . ..o 38
3.4.1 Spectral factorization of Popov functions . . . . . . .. ... ... .. 42

4 Applications 44
4.1 Application to descriptor systems . . . . . . .. ... 44
4.2 Checking dissipativity . . . . . . ... oo 50
4.3 Enforcing dissipativity . . . . . . ..o 52

5 Conclusion and Outlook 63
Bibliography 66
A Involved proofs 70
A.1 A property of the available storage and the required supply . . . . . . . . .. 70
A.2 Characterizations of cyclo-dissipativity . . . . . . . . .. ... ... ... .. 76
A.3 Differential equations with exponentially decaying inhomogeneity . . . . . . 85
A.4 Quadraticity of the available storage and the required supply . . . . . . . .. 88
A.5 Proofs associated with linear matrix inequalities . . . . . . . . . ... .. .. 98

B MATLAB codes 105



Chapter 1

Introduction

The starting point of this dissertation was the following problem, which emerged from a
cooperation with CST AG, Darmstadt (http://www.cst.com). Assume that a standard
state-space system of the form

),
) (1.1)

with A € C»", B € C»™, C € C'", and D € C"™ is given, that describes the electromagnetic
behavior of a passive electronic device, e.g., a network cable connector or an antenna which
does not generate energy. Assume further that in spite of the underlying physical problem
our model (1.1) is one that generates energy (in some sense which, of course, has to be closer
specified, see Definition 3.1). Then, it is natural to ask if one can determine a nearby system

#(t) = Ax(t)+ Bu(t), (12)
y(t) = Cx(t)+ Du(t),

with A € C*", B € C»™, C € Ct", and D € C-™ which is passive. With “nearby” we mean
that the difference of the block matrices

A Bl [A B
C D C D
is small.

This problem is well-known in the literature. Solutions have been obtained via semi-definite
programming methods in [11, 15, 16, 17] and via the perturbation of Hamiltonian matrices
in [21, 22, 31, 32, 33]. Unfortunately, the semi-definite programming methods are very
expensive computationally and the methods that employ the perturbation of a Hamiltonian
matrix sometimes fail. Furthermore, none of these methods extends to descriptor systems

F

Ei(t) = Ax(t) + Bu(t),
y(t) = Cua(t) + Du(t),



with £ € C*", Ae CP", Bec C»™, C € C'", and D € C"™ or behavioral systems
Fz(t)+ Gz(t) =0,

with F,G € CP41. However, such systems are the appropriate model class in most electrical
applications. In this dissertation we will propose such a passivation algorithm for descriptor
systems, see Algorithm 4.9, which is a generalization of the methods which employ the
perturbation of a Hamiltonian matrix. Although a generalization of the results to behavioral
systems is also possible it will not be conducted here, since all our test examples (provided
by CST AG, Darmstadt) take the form of standard state-space systems (1.1).

For the theoretical considerations in Chapter 2 and Chapter 3, however, we use behavioral
systems without exception. This is mainly done for two reasons. First, the results become
more general, although this increased generality may not play a prominent role in practice
and, second, the results become simpler. This increased simplicity makes the theorem state-
ments and proofs shorter and more readable, since a lower number of letters is needed (e.g.,
F,G, z instead of E, A, B,C, D, u,x,y). Thus, it fosters understanding, since the mind can
concentrate on the things that are of real importance and not get impeded by excessive
elementary matrix manipulations.

However, one must not forget that in the end one wants to apply the results to systems
which are most likely descriptor systems. This is the reason why we will try to avoid
statements which involve image representations, as far as possible. We mainly think of an
image representations as a parameterization of the controllable part of a system.
Behavioral systems have thoroughly been studied [27, 43, 44] via the Smith canonical form.
While the Smith canonical form (see Theorem 2.3) will also be used in this thesis, we will
further make use of the Kronecker canonical form (see Theorem 2.14). Since the Kronecker
canonical form refers to first-order matrix polynomials, the corresponding results cannot
directly (only via linearization) be applied to higher-order system, as it is possible with the
Smith canonical form. In return, the Kronecker canonical form grants deeper insight into
the first-order system.

The research and results which are summarized in this thesis and that lead to the propo-
sition of the algorithms in Chapter 4 started from the following observations. First, it was
necessary to understand why the problem of passivation is so intimately linked with a certain
Hamiltonian eigenvalue problem (Why can we perturb a Hamiltonian matrix to passivate a
system?). A good reference to understand this relationship is [5]. There it is shown that
the singular values of the transfer function can be determined via the computation of the
purely imaginary eigenvalues of a Hamiltonian matrix. However, the zero singular values
of the transfer function can also be interpreted as the zeros of a so-called Popov function,
compare Definition 3.4. Another important observation for the progression of this thesis
was that Hamiltonian eigenvalue problems are closely related to generalized para-Hermitian
eigenvalues problems (see Definition 2.22; sometimes also called even eigenvalue problems) as
described in [8]. Indeed, every Hamiltonian eigenvalue problem can be formulated as a gen-
eralized para-Hermitian eigenvalue problem and the other way round [4]. Combining these
observations led to the first main result of this thesis, namely Theorem 3.7, which states



that the zeros of any Popov function are essentially given by the zeros of a para-Hermitian
matrix N, which can easily be obtained from the original system data.

When looking at this matrix N in the special case of descriptor systems (which is done in
Section 4.1), one immediately notices that its coefficients are the same that occur in the
boundary value problem which stands behind the standard linear quadratic optimal control
problem, compare [24]. That the linear system given by N is also intimately connected
to a linear quadratic control problem in a more general behavioral setting is then shown
in Section 3.2. Furthermore, the similarity of the optimal control problem to the so-called
available storage and required supply (see Definition 3.14) is notable. We follow mainly the
ideas of [41, 42], to introduce storage functions in general (see Definition 3.1) and especially
the available storage and required supply. In Section 3.3 we show that for dissipative systems
the available storage and the required supply are the extremal storage functions. Although
this result is well-known (e.g., [35, Theorem 5.7] and [41, Theorem 2]), we present a simple
and self-contained exposition here.

When thinking of linear quadratic optimal control, the algebraic Riccati equation is one of
the things that comes to mind almost immediately [40]. It is well-known that one method to
solve the algebraic Riccati equation is via the solution of a Hamiltonian eigenvalue problem,
also for descriptor systems [24]. For descriptor systems, the algebraic Riccati equation can
also be generalized and is then called Lur’e equation, compare [30]. The Lur’e equation can
also be interpreted as a linear matrix inequality with a rank minimizing condition. The role
of such linear matrix inequalities (without rank minimizing condition) in systems theory is
well understood [6]. For behavioral systems, linear matrix inequalities have also been studied
[36]. Here we will introduce another type of linear matrix inequality which allows to make
weaker assumptions than in [36]. Also from our results it is possible to derive linear matrix
inequalities which have recently been proposed for descriptor systems [9] and which had a
major influence on the new formulation given in this thesis.

This thesis is structured in such a way that the material, which grants the deepest insight
into the system theoretic principles is gathered in the main part, i.e., Chapters 2 and 3.
The technical part is deferred into Appendix A. The Notation used is quite standard and
summed up in Table 1.1 and Table 1.2. Some Definitions which are introduced later are
summed up in Table 1.3.



Table 1.1: Notation - 1/2

C* | denotes {z € C: Re(z) > 0}

C~ | denotes {z € C: Re(z) < 0}

C%, | {z: R — CY|z is infinitely often differentiable}

C{ | the set of all functions z € CZ for which z and all its derivatives
are exponentially decaying for ¢ — oo, i.e., all z € CL such that
for every i € Ny there exist a;, b; > 0 with Hz(i) (t)H2 < q;e bt for
allt >0

C? | the set of all functions z € CZ for which z and all its derivatives
are exponentially decaying for ¢ — —oo, i.e., all z € CL such
that for every i € Ny there exist a;, b; > 0 with ||z(i) (t) HZ < q;ebt
forallt <0

C¢ | {z € C%|z has compact support}

Cwo | short for CL

Cy | short for C}

C_ | short for C*

C. | short for C}

C[A] | the ring of polynomials with coefficients in C
C[N i | the set of polynomials with coefficients in C and degree less than
or equal to K € N
C()) | the field of rational functions with coefficients in C
C[AJP4 | a p-by-q matrix with polynomial entries
C[A%* | a p-by-q matrix with polynomial entries of degree less than or
equal to K € N
C(A)P? | a p-by-q matrix with rational entries

ranke(y (R)

where R € C(A\)??; denotes the rank of R over the field C(\);
also called generic rank

kernelc(y (R)

where R € C(\)?; denotes the kernel of R over the field C(\)
which is a subset of C(\)?

imagecy) (R)

where R € C(A\)P4; denotes the range of R over the field C(\)
which is a subset of C(\)P

rank (P(\)) | where P € C[\J”? and A € C; denotes the rank of P(\) € CP9 in
the usual way
kernel (P())) | where P € C[AJ"? and A € C; denotes the kernel of P(\) € CP4
in the usual way
image (P(\)) | where P € C[A\J”? and A € C; denotes the range of P(\) € CP?
in the usual way
diag (A,...,A,) | where Ay,..., A, are matrices; denotes the block diagonal matrix

which has the (not necessarily square) matrices Ay, ..., A, on the

block diagonal and zeros everywhere else

NO)

the i-th derivative of the function z




Table 1.2: Notation - 2/2

P (4)z | where P € C[A]"? has the form P()\) = SSENP and 2z € CY;
denotes the function S5 Pz
y*P (4) 2 | where P € C[A]?Y, y € CZ, and z € C4, means the function given
by the inner product y* (P (%) z), i.e., the differential operator
P (%) is always assumed to obtain its input from the right side
A% | where K, g € N; denotes the polynomial given by
Iy
Al
AL(N):=| " | e
)\K—l[q
Agz | where K € N and z € CL; denotes the function
z
AKZ = S CgoK,
Z(Kfl)
and thus we have Agz = A}, (%) z
(f,9)+ | where f,g € C%}; denotes the L, inner product on the positive
half axis given by
(o= | g Of@a
0
(f,g9)— | where f,g € C"; denotes the Ly inner product on the negative
half axis given by
0
(ha)-= [ g
| fll+ | where f € C%; denotes the L, measure on the positive half axis
given by
[f1l+ ==V )+
| fll- | where f € C"; denotes the Ly measure on the negative half axis

given by
If1l= =V -




Table 1.3: Some Definitions

where R € C(A\)P? is a rational matrix; denotes the set of zeros,

D (R) | poles, and domain of definition of R, compare Definition 2.5
P® | where P € C[\%7; denotes the k-times shifted polynomial P% &
C[AJ%2 ., compare Definition 2.25
R~ | where R € C(\)P?; denotes the para-Hermitian of R, i.e., the
matrix R~ € C(A)?? with R~()\) := R*(—\), see Definition 2.22
B(P), B, (P), | the behavior, the positive decaying behavior, the negative decaying
B_(P), and B.(P) | behavior, and the compact behavior of P; see Definition 2.15
R(P), R.(P), | the reachable set, the positive decaying reachable set, the negative

R_(P), and R.(P)

decaying reachable set, and the compact reachable set of P; see
Definition 2.16

U and V' | kernel and co-kernel matrix; see Definition 2.8
IT | Popov function; see Definition 3.4.
Z | the variable in the linear matrix inequality (3.14); or an actual
solution of it; see Definition 3.23
© | a storage function; see Definition 3.1
O, and O_ | the available storage and required supply; compare Definition 3.14
n(A) | the signsum function, i.e., the number of non-negative eigenvalues
minus the number of negative eigenvalues of the Hermitian matrix
A = A*, compare Definition 3.9
dissipativity | a property of the complete system B(P); see Definition 3.1

cyclo-dissipativity

a property of the controllable part of a system %B.(P); see Defini-
tion 3.2

signsum plot

see Figure 4.3 and surrounding text

completely
controllable

type of controllability only defined for descriptor systems; see Def-
inition 4.4




Chapter 2

Preliminaries

In this chapter we will repeat some well known facts concerning polynomial and rational
matrices, systems theory from a behavioral point of view (as described in [27, 44, 43]), and
the Kronecker canonical form.

The notation used here differs from the standard notation of behavioral systems theory in
that we will not formally introduce the term image representation. Instead, we use what is
called kernel matriz in this thesis (see Definition 2.8). A polynomial kernel matrix without
zeros can be thought of as an image representation of the controllable part, see Lemma 2.18.
In contrast to an image representation, a kernel matrix U € C(A)?™ is allowed to be rational.
This approach resembles the one used in [39] and the increased generality is necessary to
derive some of the results in Section 4.1, where explicit representations of kernel matrices
are given, see (4.4) and (4.6), which are rational matrices

2.1 Rational and polynomial matrices

In this section we introduce the Smith and McMillan canonical form, so that we can specify
what zeros and poles of rational matrices are. Also the kernel matrix is defined and we state
some of its properties.

Definition 2.1. A square polynomial matrix @ € C[A]P? is called unimodular if it has a
polynomial inverse, i.e., if there exists a @) € C[A]PP such that QQ = QQ = I.

Lemma 2.2. A polynomial matriz QQ € C[A\[P? is unimodular if and only if its determinant
18 @ non-zero constant.

Proof. [27, Exercise 2.6] Since 1 = detI = det(QQ™') = det(Q)det(Q™'), we see that
det(Q) = det(Q~1)~!. If @ is unimodular this implies that both det(Q) and det(Q~') are
polynomials and thus non-zero constants. If, on the other hand, det(()) is a non-zero constant
we obtain that the inverse of () is polynomial by using Laplace expansion. O

10



Theorem 2.3 (Smith canonical form). Let P € C[A|?. Then there exist r € N and uni-
modular matrices S € CIAJPP and T € C[\|?? such that

diag (dy,...,d,) O

P=5 0 0

T, (2.1)

where dy, ...,d, € C[\] with d; # 0 fori=1,...,r and d;1 divides d; fori=1,...,r — 1.
The rank of P is given by r = rankc(y (P).

Proof. A completely self contained proof can be found in [20, Chapter S1.1] and another in
[18, p.141, Theorem 3]. O

The problem with the Smith canonical form is that the degree of the d;’s cannot be bounded
by the degree of P. For example, P can have degree 1 while the associated d; has arbitrary
high degree. For first order systems, this problem can be avoided by using the Kronecker
canonical form (see Theorem 2.14).

Theorem 2.4 (McMillan canonical form). Let R € C(A\)P9. Then there exist r € N and
unimodular matrices S € CIAPP and T € C[\|9? such that

R=S dlag<ﬁ""’ﬁ_f> Ol 7 (2.2)

where aq,..., 0., B1,..., 0. € C[A with o, 3; # 0 for i = 1,...,7r, a;r1 divides oy for
1t =1,....,7r — 1, and B; divides Biy1 for i = 1,...,r — 1. The rank of R is given by
r = rankc(y) (R).

Proof. [47, Lemma 3.26] Write R = 1P with d € C[A], P € C[A]”? and use the Smith

canonical form. ]

Definition 2.5. Let R € C(A\)?? and its McMillan form be given by (2.2). Then we call
3(R):={AeClar(N) - ...  a,(A) =0},

the zeros of R and
P(R) = {AeC|HN) ... B,(\) =0},

the poles of R. Also, we call ® (R) := C\ B (R) the domain of definition of R and assume
w.l.o.g. that for every A\g € © (R) the matrix R(\g) € CP? is well defined.

We see that for polynomial matrices P € C[A]?? we have P (P) = () and thus © (P) = C.

Lemma 2.6. Let R € C(\)P9. Then we have rankcy) (R) = maxyep(r) rank (R(A)). Defin-
ing A := {\ € D (R) |rank (R(\)) < ranke(y) (R)} we have A C 3 (R) C AUB (R).

Proof. [47, Lemma 3.29] Using the McMillan form of R we obtain the results. O

11



Lemma 2.6 especially shows that for polynomial matrices P € C[\|”? we have
3 (P) = {\ € C|rank (P(X)) < rankc(y (P)},

i.e., that the zeros correspond to those points in the complex plane, where the rank drops
below the generic rank. Note, that a unimodular matrix can have no zeros, since at such a
zero the determinant would vanish which contradicts Lemma 2.2.

Theorem 2.7. Let P € C{AP? and set v := rankc(y (P). Then there exist polynomial
matrices U € C[A|297" and V' € C[A|*" with the properties

1. PU =0,
2. rankc(y (PV) =7 and 3 (P) = 3 (PV),
3. [U V] 18 unimodular.

Proof. Let a Smith form of P be given by (2.1). Partition the inverse of T according to the
block structure of the diagonal matrix in the Smith form as 7! =: [V U], i.e., such that
V has r columns and U has ¢ — r columns. Then clearly also [U VH is unimodular, since
it can be obtained from 7'~! through a block column permutation and 3. is proved. We see
that 1. holds, since

PU— S {dlag(dlé...,dr) 8] TU — 3 [dlag(dlé...,dT) 8] 771 [ 0 ] _o.

Property 2. holds, since a Smith form of PV can be obtained via

o |diag(dy,...,d.) O L o |diag(da, ..., d;)
PV—S{ 0 O}TT 0 =9 0 ;

and all d; #0 forv=1,...,r. O

Theorem 2.7 motivates the following definition.

Definition 2.8. Let P € C[A]?? and r := rankc) (P) be its rank. Then U € C(\)%97"
and V € C(\)?" are called kernel matriz and co-kernel matriz of P, resp., if they fulfill the
following properties

1. PU =0,
2. rankc(y) (PV) =,
3. [U V] is invertible over C()).

Theorem 2.7 shows that for every matrix polynomial there exist polynomial kernel and co-
kernel matrices which have no zeros (since [U V] is unimodular). We allow the kernel
matrix to be a rational function, because for regular first order state-space systems we will
later present kernel matrices in explicit form, see (4.4) and (4.6), which happen to be rational
matrices.

12



Lemma 2.9. Let P € C[A]?9 and set r := rankey (P). Let U € C(A\)27" and V € C(\)%"
be a kernel and co-kernel matriz of P. Let a Smith form of P be given by (2.1), and partition
the inverse of T as T~ ! = [Tl T2:| with Ty having r columns and Ty having ¢ — r columns,
partitioned analogously to the Smith form.

Then, there exists an invertible Uy € C(X) 797" with P (U) = P (Us) and 3 (U) = 3 (Ua),
an invertible matriz Vi € C(A\)™", and Vo € C(X)?~"" such that

U= TQUQ, and V = T1V1 -+ Tg‘/Q
If U and V' are polynomial, then also Uy, Vi, and Vs are polynomial.

Proof. Set U :=TU and V := TV and partition these matrices via

T =: [Ul] " and V= {Vl} " ,

q—r

i.e., such that V; and U, are square. Taking the Smith form into consideration, we find that
0— S1pU — {dlag (dy,...,d,) O} [ — [dlag (dy,...,d,) Ul}

Y

0 0 0

and, thus, that U; = 0, since diag (dy,...,d,) is invertible. Since U has full column rank
(property 3. of Definition 2.8), so does U, which implies that U, is invertible. From the

relation TU = [0 Ul }T we find that U and U, have in principle the same McMillan form
and thus the same zeros and poles. For V, on the other hand, we find that

r =ranke(y (PV) = ranken) (S7'PV) = rankey ([dlag (d1, 0 o dy) ‘/1}) ’

and, thus, that V; is invertible, since, again, diag (d, ..., d,) is invertible. ]

Remark 2.10. Consider a polynomial kernel matrix without zeros, e.g., the one from
Theorem 2.7. Then we conclude with Lemma 2.9 that in this case U, is an invertible
polynomial matrix without zeros. Using the Smith form of U, this implies that in this case
U, is unimodular.

Lemma 2.11. Let R € C(A\)P" be a rational matric with full column rank, i.e., with
rankc(yy (R) = 7. Then there exists a left inverse X € C(A\)™ of R (i.e., a rational ma-
triv X such that XR = I,.) such that P (X) = 3(R) and P (R) = 3(X). Furthermore, if R
has no zeros then X s a polynomial.

Proof. [46, p. 173] Let the McMillan form of R be given by (2.2) and define

X =7 [diag (% &) o} S-1.

’ an

For this X one can obtain a McMillan form by permuting the first » rows and columns and
thus the claim is shown. O

13



2.1.1 Linearization and the Kronecker canonical form

It is common practice in systems theory to transform higher order systems into systems of
first order, for example to run algorithms on them which only work for first order systems.
This process is called linearization or first-order reduction. For behavioral systems such a
linearization is also possible.

Definition 2.12. For P € C[\%? in the form P(\) = S_5 AP, with P, € CP we call
1, 0 -1,
ANE+G=2| + e CpHaE-Dak (o 3)
I, 0 -1,
Py Py ... Px o Px,
the canonical linearization of P.

Lemma 2.13. Let AF + G € CAPH 9% pe the canonical linearization of P € C[\ES
Then we have rankc(ny (AF + G) = q(K — 1) + rankcpy (P) and 3 (P) = 3 (AF 4+ G).

Proof. Through pre- and post-multiplication with unimodular matrices we obtain that

A -1, AN -,
)\F + G o . . . . ~ . . t.
Vi -1, )V -1,
Py ... Pxo AP+ Pg Py ... NPg+APx_1+Pgs 0
(A -1, 0 -1,
- 0 - T 0 —I,|
_Po coe NPr+ APk 1+ Py 0 PA) ... 0 0
and thus with Lemma 2.6 the assertion. ]

In this thesis we need the canonical linearization of a matrix polynomial P € C[A]»? so that
we can apply the following theorem.

Theorem 2.14 (Kronecker canonical form). Let \F' + G € C|\|}"®. Then there exist non-
singular matrices S € CPP and T € C¥? and €, p,o,n, s, u,v,w € Ny such that

where £ € CIN7, J € C[A]Y*, N € C[\]77, and M € C[\ ]"+w” can be further partitioned
mnto

L =:diag (L,,..., L), J =diag (Tpy,- - Tpu)

N =:diag (N,,,..., N,), M =: diag (M,,,...,. M, ),

withe =€+ ...4+€,p=p1+...+pu, 0 =01+ ...+0,, andn=mn, + ...+ 1y, and the
blocks Le;, Ty, Ny,, and M, have the following form.:

14



1. Every entry L, has the size €; x (¢; + 1), ¢; € Ny and the form

Lo =X = | (2.5)

1 A1
T, =x| - | (2.6)
| 1 | Aj
where \; € C is a zero of \F' 4+ G.
3. Every entry Ny, has the size 0; x 0;, 0; € N and the form
0 1 1
Ny()=a| R ' . (2.7)
| 0 | 1

4. Bvery entry M, has the size (n; +1) X n;, n; € Ng and the form
My (A) == A ' + ' . (2.8)

Proof. A proof can be found in [19, p. 37]. O

2.2 Linear systems

With the preliminaries from Section 2.1 we are ready to introduce some well known results
concerning systems theory from a behavioral viewpoint. A more throughout discussion can
be found in [27, 44, 43]. Note that the notations used in this thesis differs slightly from the
standard notation, for example, we will introduce the so-called reachable sets (Definition
2.16) which were not introduced in [27, 44, 43]. Also, we then introduce controllability,
stabilizability, and autonomous systems via these reachable sets.

15



Definition 2.15. Let P € C[A]”? be a polynomial matrix. Then we call
B(P) = {z € CL|P (§) z = 0} = kernele. (P (%))
the behavior of P,
By (P) = {z € CL|P (§) 2 = 0} = kernel, (P (7))
the positive decaying behavior of P,

B(P) = {z € CL|P (§) 2 = 0} = kernele_ (P (§))

the negative decaying behavior of P, and

B.(P) = {z € Cg‘P (%) z= 0} = kernele, (P (i))

dt

the compact behavior of P. The elements of B(P), B, (P), B_(P), and B.(P) are called

trajectories of P.

We have B.(P) C B.L(P) C B(P). For obvious reasons, P is also called a kernel represen-
tation. In the following we will also call P a system or a plant.

Definition 2.16. Let P € C[A\]%?. Then we call
R(P) := {2 € C¥|3z € B(P) such that 2z = Axz(0)}

the reachable set of P,

R,(P):={z € C™|3z € B,(P) such that 2 = Agz(0)}
the positive decaying reachable set of P,

R_(P):= {2 € C™|3z € B_(P) such that 2 = Ay2(0)}
the negative decaying reachable set of P, and

R.(P) := {2 € C"™|3z € B.(P) such that 2 = Agz(0)}
the compact reachable set of P.

We have R.(P) C Ry(P) C R(P). To understand the difference between R.(P) and R(P)
let 2 € R.(P) and let z € B.(P) be some trajectory with compact support such that
Z = Akz(0). This means that there exists an 7" > 0 such that z vanishes outside of [T, 7.
Thus, there exists a trajectory which takes the state Z at time 0 to the state 0 at time 7". In
other words, Z can be controlled to 0. This is the reason why one can think of B.(P) as the
controllable part of the system B(P). In a similar fashion, we see that %, (P) represents
the stabilizable part and B_(P) represents the anti-stabilizable part of B(P).

16



Definition 2.17. We call P € C[\|»? controllable if R.(P) = R(P). We call P stabilizable
if Ry (P) = R(P) and we call P anti-stabilizable if R_(P) = R(P). We say that P is
autonomous if R.(P) = {0}.

Note that our definitions of controllability, stabilizability, and autonomous system differ
from the standard definitions given in [27, 44, 43]. However, in Lemma 2.21 alternative
characterizations of controllability, stabilizability, and autonomous system will be given,
which show that our definitions are equivalent to the ones used in [27, 44, 43].

Lemma 2.18. Let P € C[A|P? with r := rankc(y) (P) and let U € C[A|*9"" be a polynomial
kernel matriz of P without zeros. Then

B.(P) = image, (U (4)).
Proof. [27, Theorem 6.6.1] The inclusion ”D” follows directly by equating coefficients in
PU = 0. For the inclusion "C” let z € B.(P) be arbitrary and let a Smith form of P be
given by (2.1). Partition the inverse of T as T~! = [Tl TQ} with 77 having r columns and
T, having ¢ — r columns. Using Lemma 2.9 and Remark 2.10, we obtain the existence of

a unimodular U, such that U = TyU,. Since z € B.(P) = B.(S7'P) and by defining the
functions z; € C, z, € CI™", and z € C¢, through

we also see that

0=57 (3 P(g)e = |elh@) @)

Further defining the functions z; € C. for ¢ = 1,...,r by partitioning
T .
[z - =] =4,

we obtain that 0 = d; (%) ziforallt e Rand alli=1,...,r. If d; is a non-zero constant we
immediately see that this implies that z; = 0. If, however, d; is another non-zero polynomial
this means that the scalar-valued function z; satisfies a scalar homogeneous linear ordinary
differential equation. The fact that z; has compact support gives us the initial condition
z2(R) = 0 (where R € R is small enough or large enough). From the theory of linear
ordinary differential equations (reducing the system to first order and writing down the
explicit solution formula) we again see that z; = 0. Thus, it follows that z; = 0 and we
deduce that

Since U = TyU,, with U, being a unimodular polynomial, also U, ' is a unimodular polyno-
mial and we have UU, ' = Tj. Setting a := Uy * (4) %, € C&7" and we finally get

2= (5) 2 =U(E) U (§) 2=U (%) e
which finishes the proof. m
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Lemma 2.18 is the reason why we say that a polynomial kernel matrix without zeros is an
image representation of the controllable part of a system.

The following lemma describes the reachable and compact reachable set of a first order
system with the help of the Kronecker canonical form.

Lemma 2.19. Let P(\) = AF + G € C[A\]}'? be a first order matriz polynomial and let the
Kronecker canonical form of A\F' + G be given by (2.4). Then the reachable set of P is given

by
- {r] )

and the compact reachable set of P is given by

]

where for n € N the vector 0,, € C" is the vector consisting of only zeros.

sl

secw).

Proof. We first show that the behavior of P is given by

. _ _
Ael+121

B(P):= T | A 12| |710eeer2 €Cand €CP 3. (2.9)
eJ(O)ti.

\ B 0‘7"'77 | Y,

To show this representations it is sufficient to examine the behavior of each of the blocks in
the Kronecker canonical from. We start with the blocks of type (2.5). Thus, for j € {1,...,s}

let 7 € CST" be a solution of the system

1 0 1.71 0 1 T
1 0 jfsj_,_l 0 1 $€j+1
This is equivalent to the system of scalar equations ; = ;41 for i = 1,...,¢;. This shows
that x; = a:(f_l) for i =1,...,¢; +1 and thus one can write x in the form A, ,z; by setting

zj i= 21 € Cx. For blocks of the type (2.6) we obtain that B(J,,) = {ejpj(o)tﬂi € (ij}

from the standard theory of ordinary differential equations. For the blocks of type (2.7) and
(2.8) we see that B(N;,) = B(M,,) = {0}. Using Hermite interpolation and the fact that
e’ = I we deduce the statement about the reachable set R(P) from (2.9). The proof for the
compact reachable set works analogously. O]

Remark 2.20. By splitting up the blocks of type (2.6) into blocks with Re (A;) < 0, blocks
with Re (A\;) > 0, and blocks with Re (A\;) = 0 one can also give an explicit representation
(as in Lemma 2.19) of R, (P) and R_(P) which we will not do here for the sake of simplicity.
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Lemma 2.21. Let P € C[A\]P?. Then we have the following:
1. P is controllable if and only if 3 (P) = 0.
2. P is stabilizable if and only if 3 (P) C C~.
3. P is anti-stabilizable if and only if 3 (P) C C*.
4. P is autonomous if ¢ = rankey (P).

Proof. [27, Theorem 5.2.10 and Theorem 5.2.30] Let AF' 4+ G be the canonical linearization
of P from (2.3). Then we see that R(P) = R(A\F + G), R.(P) = R (A\F +G), R_(P) =
R_(AF+ @), and R.(P) = R.(\F +G). Using Lemma 2.13 we derive point 4. and conclude
that it is sufficient to show points 1. to 3. for first order polynomials. Thus, the assertions
follow with Lemma 2.19 and the subsequent Remark 2.20. ]

2.3 Para-Hermitian matrices and the shift operator

In this section we define the para-Hermitian of a rational matrix and the shift operator for
polynomial matrices. We then show (in Lemma 2.26) how both are connected with respect
to systems theory.

Definition 2.22. [46, Def. 2] For R € C(\)P? we define R~ € C(\)?? through
R™()\) == R*(—)\),

the para-Hermitian of R. Further, R is called para-Hermitian if R = R™.

Some properties of the para-Hermitian are summed up in the following lemma.

Lemma 2.23. We have
1. (AN = (A7 for a square rational matriz A which is invertible over C(\).
2. (BC)™ = C~B™ for arbitrary rational matrices B and C' of proper dimension.
3. (B™)” = B for every rational matriz B.

4. If D is a para-Hermitian rational matrixz so is U~ DU for every rational matriz U of
appropriate dimension.

Proof. [46, p.173] The proof can be conducted in the same way as the proof for the Hermitian
of matrices with complex entries. O]

Lemma 2.23 especially justifies the notation A=~ := (A~)~" to denote the para-Hermitian
of the inverse of a square invertible rational matrix. Also, we note that the para-Hermitian
of a unimodular matrix is again unimodular.
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Lemma 2.24. For every R € C(A\)?? we have 3 (R~) = =3 (R) and P (R~) = =P (R).
Proof. [46] Let the McMillan form of R be given by (2.2). Then, we have that

~

diag (..., %) 0] -

~

diag(%—%,...,%) 0
0

R~ =T ST

0 0

Since every «; and (3; can be factored into a product of linear polynomials, it is sufficient

to show that for p(\) := A —a with a € C we have 3(p~) = —3(p). However, since
(A—a)” = (=X —a)* = =\ — @, this is clearly the case. O

Lemma 2.24 especially shows that for para-Hermitian matrices the zeros and poles are sym-
metric with respect to the imaginary axis.

Definition 2.25. Let P € C[A\[%’ be a matrix polynomial of the form P(\) = 3.5 NP,
and let k € N. Then we define the k-times shifted polynomial P*) € C[\J%?, through

K K—k
PH(N) = Z)\i*kpi - Z NPy,
k =0

1=

Lemma 2.26. Let P € C[A\JP4, let y € CE, and z € CL. Then for all ty,t, € R with ty < t;
we have that

/ 1 2P (L) y(t)dt

= [P @) =) v+ 0 (P () =) o

where the infinite series is indeed only a finite sum, since for k big enough P* vanishes.

Proof. [29, Proof of Proposition 6.1] Assume that P has the form P(\) = S5 AP, Using
repeated partial integration we see that for + = 0,..., K we have

t1

51
- [ #wpn

to to

t1
/ () Py @ (t)dt = 27 () Byt (t)

to

t1

= (D ORYE e AU T

to to to
i1 . % . . t1 ! . %
= = ) (EVO) By +(—1)Z/ (29(1))" Pry(t)dt.
to t
Jj=0 0
Using the formula
K
P (\) =) (=1)'PN
=0



this implies

t1 ) t1 )
| 0P @ e =0 [ 2 wryOna
to i=0 to
K 1 . 31 t .
= Y (-1 " Pyl +(—1)’/ (z0(t))" Pry(t)dt
i=0 j:O fo to
K i—1 t1
= Y @) ] [P () ) e
i=0 j=0 to to
Finally, using reindexing as in
//N
&
3 &
|2
J
1 o
0 o0
K

we see that for all f: N? — C we have Zfio Z;;B fli,5) =30 Zfigk f(k+1,1) and thus

K il L . % . . t1
>SS (E00) Pyt
i=0 j=0 to
K K-k . "
_ Z (_1)k—|—l+l (z(l) (t)) P;:Hy(kH_I_Z) (t) t
k=1 1=0 0
K K-k "
= > > DR EPW) Py
k=1 1=0 fo
K K—k * 4
= > (-1 <Z Pryiz ) y* ()
k=1 1=0 fo
- k(plk) (d * k=1) |
= D CDHPR (@) ) w00
k=1 fo
which proves the assertion. O
Lemma 2.26 implies that P ( t) P~ (%) are adjoint operators when considered with re-
spect to the scalar product (f f t)dt over the smooth functions with compact

support.
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Chapter 3
Dissipativity

In this chapter we present the main results, which all revolve around the notion of dissi-
pativity and cyclo-dissipativity. First, we introduce dissipativity and cyclo-dissipativity in
a formal way. Then, in the following sections characterizations of dissipativity and cyclo-
dissipativity are presented.

Definition 3.1. Let P(\) € C]A\|%:? and H = H* € C¥9K_ Then we call (P, H) dissipative
if there exists a so-called storage function © : C** — R, i.e., a continuous function © with
©(0) = 0 such that the dissipation inequality

O(Ax2(t1)) — O(Agz(ty)) < / C(Aa(t)) H (Agx(t) dt (3.1)

to
is fulfilled for all o < ¢; and all z € B(P).

The term on the right hand side of the dissipation inequality (3.1) can be viewed as a measure
of the amount of energy which is supplied to the system given by P along the trajectory z
in the time frame to to t;. The function (Axz(t))" H (Axz(t)) thus measures the amount of
energy supplied to the system given by P along the trajectory z at the time point ¢. The left
hand side of the dissipation inequality (3.1) can be viewed as a measure of the gain in energy
which is stored in the system internally, along the trajectory z, and the function ©(Akz(t))
measures the internal energy at the time point ¢. In other words, the dissipation inequality
(3.1) states that the system P cannot generate energy (with energy supply measured by
means of H), i.e., it only dissipates energy. The existence of a storage function guarantees
that one can measure the internally stored energy in such a way that never more energy is
stored than the amount of energy supplied to the system. The matrix H encapsulates the
notion of energy which we want to impose onto the system and we will also call H the supply.

Definition 3.2. Let P € C[AJ}? and H = H* € C¥9%._ Then we call (P,H) cyclo-
dissipative if

0< / T (Ara(0) H (Aga(t)) dt, (3.2)

[e.e]

is fulfilled for all z € B.(P).
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Cyclo-dissipativity thus only demands that every trajectory of the system which starts at
zero and comes back to zero at some time later does not generate energy. We will later see
that dissipativity implies cyclo-dissipativity, see Theorem 3.20. However, cyclo-dissipativity
is only a property of the controllable part 98.(P) whereas dissipativity is a property involving
the complete system B(P). We will later see that for controllable systems dissipativity and
cyclo-dissipativity are equivalent, see Corollary 3.21. The following example shows that
cyclo-dissipativity in general does not imply dissipativity.

Example 3.3. Consider the system

PN\ :=1[0 A+1],

el ]

Since for this combination of system and supply we have

together with the supply

/OO 2*(t)H z(t)dt = 0,

o0

for all z € B.(P), we conclude that (P, H) is cyclo-dissipative. To show that (P, H) is
not dissipative assume to the contrary that there exists a storage function © : C?* — R.
Let b : R — R be an infinitely often differentiable function which fulfills b(t) = 0 for all
t € (—00,0]U|l,00) and b(t) > 0 for all t € (0,1). For a € R define the family of functions
Z € C3 through

¢ = 0 qeOlD s (M) — O(2a(1)) — ©(2(0))

1 1
< / 20 (t)H zo () dt = 204/ b(t)e tdt = 2ad
0 0

———
=:ud

where ¢ € R is a constant which does not depend on o and d # 0. This is a contradiction,
an thus (P, H) cannot be dissipative.

3.1 Popov functions

In this section we present a frequency domain characterization of cyclo-dissipativity via
a certain para-Hermitian matrix polynomial (3.3) which can directly be formed from the
system P and the supply H.
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Definition 3.4. Let P € C[A|}Y and H = H* € C"9K. Let r := rankc(y (P) and let
U € C(A\)?77" be a kernel matrix of P. Then we call the para-Hermitian matrix II = [I~ €
C(N\)7 27" defined through

= U~AL~HALU
a Popov function of (P, H) or the Popov function of (P, H) associated with U.

Theorem 2.7 implies that for every matrix polynomial P and Hermitian matrix H there exists
a Popov function which is polynomial. Lemma 2.9 implies that for any two Popov functions
I1;, II, there exists an invertible matrix U; such that II; = U3 TI,Us. In the following well-
known Theorem 3.5 cyclo-dissipativity is characterized via a frequency-domain condition.

Theorem 3.5. Let P € C]\%? and H = H* € CH*9K | Let 1 be a Popov function of (P, H).
Then (P, H) is cyclo-dissipative if and only if I1 is positive semi-definite along the imaginary
axis, i.e., we have

[I(iw) >0

for all w € R such that iw € © (II).
Proof. [45, Proposition 5.2] A self contained proof can be found in Appendix A.2. O

Theorem 3.5 can be summarized in the following words. A system is cyclo-dissipative if and
only if one of its Popov functions is positive semi-definite along the imaginary axis. In this
case every Popov function is positive semi-definite along the imaginary axis.

Lemma 3.6. Let P € CIA\}! and H = H* € C¥49K . Let r := ranke( (P) and let U €
C(N)?7" and V€ C(N\)?" be kernel and co-kernel matrices of P. Let Il := U~AL."HALU
be the Popov function associated with U. Then there exists an invertible W € C(\)PTor+a
such that

0 0 PV
0 P

WN[N . q}Wz o I 0|,
P~ ALTHAL VP 00

with 3 (W) 3 U)U3 (V) and BW) CPO)UPV)UP V™) U3 (PV)7).

Proof. Using the abbreviation H := A%~ HA% € C[A]*¢ and defining the block transforma-
tion matrix

S = [Ip 0 }] c C()\)qurwﬂrtz7

0o [U VvV
we have
0 P(NJ PY 0 0 P‘~/
SYNS = |U~P~ U~HU U~HV| = 0 I1 U~HV

vepPY VYHU VEHV v~pP~ VYHU VSVHV

To eliminate the blocks below PV and to the right of (PV)~, let X € C(A)"? be a left
inverse of PV as in Lemma 2.11. Then, set

Y= X"V HU € CANP*" and Z:=-1X"V HV € C(\)P*
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and with this define the block transformation matrix

I, Y Z
T:=|0 I, 0| eCMprorta
0 0 I,
Since we have that
VPYY +V~HU = —(XPV)"V~HU +V~HU =0,
Z~PV+V~P~*Z+V~HV = —-V~AV - WAV +V~HV =0,
we find that
[0 0 PV
T~S”NST = 0 Il Y~PV +U~HV
VP~ VYPYY +VYHU ZYPV +V~P~Z+V~HV
[0 0 PV
= 0 o o
VP 00

We define W := ST. Using B (X~) = 3 ((PV)~) we conclude that 3 (W) C 3(S)U3(T) C
3U)U3 (V) and B (W) CP(S)UP(T) cPU)UP(V)UP (V) UP(X™) =P (U)U
BV)UP(V™)U3Z((PV)™) and thus we obtain the assertion. O

The following is a generalization of [5, Theorem 1].

Theorem 3.7. Let P € CI\%? and H = H* € CH¥495 | Let r := ranke(y) (P) and let U €
C(N)297" and V € C(N)?" be kernel and co-kernel matrices of P. Let Il := U~AL"HALU
be the Popov function associated with U. Define the exceptional set as
£ = 3(U)u3(V)u3Um)ui3(vr)u
FO)UPV)UBUHUBVT)UI(PV)T)US(PV).

Then we have

3(|pe argac|)\E=3NE

P~ ALTHAY N '

Proof. Using Lemma 3.6 and Lemma 2.6 we verify the assertion. O

Remark 3.8. Looking back at Theorem 2.7 we see that we can choose the kernel and
co-kernel matrix such that the exceptional set in the previous Theorem 3.7 becomes £ =
3(P)U3(P~). With Lemma 2.21 this shows that for controllable systems we can assume
w.l.o.g. that the & = 0.

Definition 3.9. We define the sign-sum function n which maps from the Hermitian ma-
trices to Z in the following way. Assume that the Hermitian matrix A = A* € C"™"™ has 7
positive eigenvalues, v negative eigenvalues, and p zero eigenvalues, i.e., let the inertia index
of A be given by (7, v, ). Then we set

n(A) :=m+pu—r.
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We conclude that a Hermitian matrix A = A* € C"™"™ is positive semi-definite if and only if
1n(A) =m.

Lemma 3.10. Let A= A* € C™™ and B € CP". Then we have

0 B

A0 =n(A)+p+r—2-rank(B)
0 0

Proof. [10, Section 4] Since under congruence transformations the inertia does not change,
also the sign-sum function does not change under congruence transformations. Denoting the
rank of B by v := rank (B) we verify the congruence transformations

0, O 0 I, O
0 0 B 0 0y O O 0 é 8 IO 8
0 A 0 ~ 0 0 A 0 0 ~lo T 07 0
B* 0 0 L, 0 0 0, O 0 S 0 0
0 0 0 0 0, P
1 0 0 01 TA 0 o0 0 I 0 0 0
1 1 1 1
0 751'7 7517 0 0 I, 0 0 0 —7517 7517 0
0 0 0 I1 10 0 0 Opray] [0 0 0 I
(A 0 0 0
- 0 I, O 0
o 0 0 —I, 0 ’
_0 0 0 0p+r—2v
and thus the assertion. OJ

Theorem 3.11. Let P € CIA\J}Y and H = H* € C¥95. Let r := rankc) (P). Define the
para-Hermitian matriz polynomial N through

0 P
v=|2 P | echprert 3.3
lp A% HAgJ A (3:3)

Then (P, H) is cyclo-dissipative if and only if we have
n(N(iw)) =p+q—2r, (3.4)
for all w € R such that iw & 3 (P).

Proof. Let U € C[A|?9" and V' € C[A]?" be the polynomial kernel and co-kernel matrices
from Theorem 2.7. Define the Popov function II := U~AL"HALU € C[A\9 ™" and
observe that with Theorem 3.5 cyclo-dissipativity of (P, H) is equivalent to the condition
that n (Il(iw)) = ¢—r all w € R. Since II is polynomial and as such also continuous, we may
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conclude that dissipativity is also equivalent to the condition that 7 (II(iw)) = g — r for all
w € R such that iw ¢ 3 (P). Finally, we find that with the described choice of V' we have
that for all iw & 3 (P) the rank of (PV)(iw) is  and thus using Lemma 3.6 and Lemma 3.10
we conclude that

0 0  (PV)(iw)
0 (N(iw)) =n 0 M (iw) 0 = 1 (TL(iw)) + p + 7 — 2r,
(PV)*(iw) 0 0
which proves the claim. 0

As shown in Algorithm 4.7 one can use Theorem 3.11 to design a simple check for cyclo-
dissipativity.

3.2 Linear quadratic optimal control

In the previous section we saw that the para-Hermitian matrix polynomial N as defined in
(3.3) plays a prominent role in linear quadratic systems theory. It is thus natural to ask if
the behavior of N has some meaning. The following two theorems show that this is indeed
the case.

Theorem 3.12. Let P € C[\}! and H = H* € CH9 and define the para-Hermitian

matriz polynomial N through

o P
N:=|__ ~ € C[\ptorte, 3.5
[P A% HA‘}J A (3:5)

Let (P, H) be cyclo-dissipative. Then the following statements hold:
1. If (py,z1) € BL(N) then for all tg € R we have

/tOO(AKz+(t))*H(AKz+(t))dt: it /OO(AKz(t))*H(AKz(t))dt. (3.6)
0 o(B)=2+ (8), t<to

2. If (-, z—) € B_(N) then for all ty € R we have

/ (Apr () H (A (1)) dt = inf (Arx(0) H (A=) dt. (3.7)
z(t)=z_(t), t>to

—00

Proof. To prove the first assertion let ¢, € R be arbitrary and let v € B, (P) be arbitrary
such that v(t) = z,(t) for t < t5. Then we see that for every s € R the function defined as
zs = 5z1 + (1 — s)v € B (P) is a trajectory of the system. Also we have that z(t) = z, (%)
for all ¢ <ty and all s € R. Define the function @, : R — R through

v = [ T (Agn(®) H (Agalt)

to
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_ /Oo SArez () + (1 — ) Agv(t)” H (sAxcz (8) + (1 — 8)Agv(t)) di

- /m (Axze(8)" H (Axze (8)) +25(1 — s)Re (Axv(t)” H (Axcz (1))
(1 — ) (Axo()) H (Ago(t)) dt.

In the following we are going to show that ®, has a minimum in s = 1. Since v is assumed
to be arbitrary, this then implies the optimality of z,. To show that ®, has a minimum in
s = 1 we consider its first and second derivative. Differentiation of ®, yields

L) = / 28 (A ()" H (Dgze (D) +2(1 — 2)Re (Ago(t)) H (Agz (1))

—2(1 — ) (Agv(t))" H (Agu(t)) dt,

and evaluation at the point s = 1 implies
—®(1) = / 2(Axze (1)) H (Axzi (1) — 2Re (Agv(t)" H (A2 (1)) di
to

= 2/00 Re ((Akzi (1)) H (Agzi(t) — (Axv(t)” H (A2 (1)) dt

to
= 2Re (/ (Agzy(t) — AKU(t))*H(AKz+(t))dt) .
to
Defining y := z, — v we see that y € B, (P) with
y(t) = 0 (3.8)

for all t <ty and we have that

s = e ([T @uo) # @ 0) ).

to

Using Lemma 2.26 we find that

/ T (Ary(t) H (A, (1)) de

to



since ¥y (o) = 0 and lim;_o y¥(t) = 0 for j = 0,1,... due to (3.8). Using Lemma 2.26
again we find

d%cbvu) = 2Re ( / AL () HAY (2) Z+<t>dt>

to

— 9Re (— / TP () ,u+(t)dt)

to

= 2Re —/too P(L)yyt) | pe(t)dt

—2Re (fj(—l)k (P™ (4) y(6)" p (@) °°) =0,

i
k=1 0

where for the last identity we again used (3.8). The second derivative of ®, is given by

(2)" Du(s) = 2/OO(AKZ+(75))*H(AKZ+(¢))—2Re((AKU(t))*H(AKZ+(t)>)

to

+ (Agv(t)" H (Agv(t)) dt
= 2/ (A2 (t) — Agv(t)" H (Agzy(t) — Ago(t)) dt

to

~ / " (Axy(0)" H (Agy(t) dt

to

— 2 [ Byl H Byl di 20,

e}

where the last inequality follows from the dissipativity of the system together with Lemma
A.6 and the last identity follows from (3.8). O

The following theorem is the converse of the previous theorem.

Theorem 3.13. Let P € CI\}! and H = H* € C¥49% and define the para-Hermitian
matriz polynomial N through (3.5). Let z € B (P) solve (3.6) (or let z— € B_(P) solve

(3.7)). Then, (P,H) is cyclo-dissipative and there exists a co-state function py € CY (or
p— € C”) such that we have (jiy,z4) € B (N) (or (u—,z_) € B_(N)).

Proof. Let r := rankc(y) (P) and let U € C[A]?7"" and V' € C[A]*" be polynomial kernel and
co-kernel matrices without zeros, according to Theorem 2.7. Let o € R and let 2y € B, (P)
be an arbitrary function with zo(t) = 0 for all ¢ < ¢y. Set z. := 2z, + €2, for € € R. Then we
have

/ T (A (D) H (Dgea(t)) dt

to

— / h (Agzy(t) + eAg2o(t) H (Agzy (t) + eAgz(t)) dt

to
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[e.e]

- /OO(AKZ+(t))*H(AKZ+(t))dt+26/ Re ((Agz20(t))" H (Agzy(t)))dt

to to
+ [T (@uaal®) H (Araalt) dt.
and thus, since z, is an optimal trajectory in the sense of the assumption, we find that
0 < [ (@walt) Hra®)d— [ (B (0 H (A0 d (3.9)
= 2 /too Re ((Agzo(t)" H (Agzy(t))) dt + € /too (Ag20(t))" H (Agzo(t)) dt,
for all e € R. This implies that
0< /too (Agzo(t))" H (Agzo(t)) dt = /_Z (Agzo(t))" H (Axzo(t)) dt,

since zy(t) = 0 for all ¢ < ¢y. Because B.(P) is shift invariant and a subset of the functions
which are in %6, (P) and fulfill the additional property that they vanish for t < ty, this
implies cyclo-dissipativity of (P, H), since z is allowed to be arbitrary. Also we see that
(3.9) implies
0= / Re ((Axzo(t))" H (Agzy(t)))dt.

to
If zp € B (P) is a trajectory of P with zo(t) = 0 for t < g, so is izy with ¢ being the
imaginary unit. Thus we obtain

o0

0 = / T Re ((Ascizo(t))" H (g (1)) dt — / Re (i (Agzo(t))" H (Agzs (1)) dt

to to

= _/00 Im ((Agz0(t))" H (Agzy (1)) dt.

to

Using Lemma 2.26 this implies

0 = / T (Arao) H (Agez, (1)) dt

to

= [ @5 @) ) H (8 () 24(0) d

to

— / (AL (L) HAL () 2, (t)dt
to

for all zg € B, (P) with 2o(t) = 0 for ¢t < ¢y3. Using Lemma 2.18 we see that for every

a € EF, with a(t) = 0 for all ¢t < to, we have that the specific z := U (%) @ € B (P) is

a trajectory of the system. In this case also zy(t) = U (%) a(t) =0 for all ¢t < ty. Thus, by

setting [ := A%~ HA% and using Lemma 2.26 we have

o~ | T U (L) alt)” (£ = (1)t

to
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_ / Tt OU (L) B (L) 24 (1),

to

for all « € &, with a(t) = 0 for t < t;. Since ty € R is arbitrary, we deduce that
0 (£) 71 (4) 200~ 0,
for all £ € R. Let py € & be a solution of the problem
(PV)™ () () = =V~ () H (5) 2+ (1),

which exists due to Lemma A.15 and since we know from Theorem 2.7 that PV has full
column rank. Using that U is a kernel matrix we find

P@ne = 00 VENTE VETP @
- v v [
- W@ VET vy )
- W@ v |
— U@ V@) | ] @) s = ()
which finishes the proof. _ O

Another way to discuss the importance of cyclo-dissipativity for the linear quadratic optimal
control problem is by considering a system which is not cyclo-dissipative, i.e., assume that
there would exist a trajectory Z € B.(P) with compact support such that

0> / T (ARE)) H (A1) dt.

Then one can concatenate the non-trivial part of Z over and over again to obtain a trajectory
of arbitrary low cost which still has compact support. Thus, in this case non of the optimal
control problems (3.6) or (3.7) is solvable.

Theorems 3.12 and 3.13 can be summarized in the following words. Cyclo-dissipativity is
equivalent to the solvability of one of the optimal control problems (3.6) and (3.7). Looking
back at the definition of cyclo-dissipativity (Definition 3.2) this shows that cyclo-dissipativity
is some kind of positive semi-definiteness of the cost functional H on the linear subspace given
by B.(P). Also, if the optimal control problem is solvable (or the system is cyclo-dissipative)
then its solutions can be obtained from the behavior of N as defined in (3.5).

When looking at the optimal control problems (3.6) and (3.7) we notice that those are not
the optimal control problems which are usually considered. In the literature boundary value
problems associated with systems of the form (3.5) are frequently connected to optimal
control problems where not the whole past is fixed (i.e., z(t) = z,(t) for all ¢ < ty), but only
one point is fixed (i.e., something like z(tg) = 2), compare [24]. In the following section we
will see that both problems are equivalent, compare Theorem 3.15.
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3.3 Available storage and required supply

In this section we introduce the available storage and the required supply and then show
how they are connected to cyclo-dissipativity. Especially, we will see that for controllable
systems cyclo-dissipativity and dissipativity are equivalent, by showing that for controllable
systems the available storage and required supply are storage functions.

Definition 3.14. Let P € C]\J%? and H = H* € C¥%4X_ Then we call the function
O, : C¥* — R U {+oo} defined through

0.(3) = sup — / (A=) H (Ag=(t)) dt (3.10)
zEB P
AKZ(+O():)73 ’
~ / (Age=(0)" H (Age(t) dt,
o

the available storage of (P, H) and the function ©_ : C¢* — R U {+o00} defined through

0. ()= inf_ /_ (Ag=(t)) H (Ax=(t)) dt, (3.11)
Agz(0)=2"

the required supply of (P, H).

Obviously, the available storage looks much like (3.6) and the required supply looks much
like (3.7). The following Theorem 3.15 shows that both are indeed the same.

Theorem 3.15. Let P € CI\} and H = H* € C1549% | Let 2, € B (P) and z_ € B_(P).
Then we have

-0, (Agz:(0)) = Ze;nf(P) /OO (Agz(t)" H (Agz(t))dt
z(t):z_:r(t),tSO
and
O_(Agz_(0)) = Ze;rif(m (Agz(t)" H (Agz(t))dt.

z(t)=z_(t),t>0

If K =1 we also have that

0, (A2 (0) = i | @t H (duto)ae,
p<k>(%)z(0):}<k>(%)Z+(o), k>1 ’
and
0
O (Agz_(0) = , inf / (Axz(t)" H (Agz(1)) dt.

PR (£)2(0)=P*) (£)z-(0), k>1
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Proof. See Appendix A.1. m

We conjecture that the assumption K = 1 in Theorem 3.15 can be dropped because of the
following reason. In [29] it has been shown that a so-called state-map for a system of the
form P € C[A]%? is given by

Further, in [35] it was shown that every storage function is a function of the state. However,
in Theorem 3.20 we will see that for cyclo-dissipative systems, both the available storage
and the required supply are storage functions.

Remark 3.16. In the following we will frequently state inequalities in which one or both
sides are allowed to be 0o or —oo. Therefore we introduce the convention that the inequalities
oo < 00, —00 < —o00, and —oo < oo are considered to be true but not the inequalities
00 < 00, —00 < —00, and co < —oo. Of course, the inequality —oco < a < oo is considered
to be true for all @ € R. Also, a- 00 = oo and a - (—o0) = (—o0) for all a € C\ {0}.
The expressions 0 - 0o and 0 - (—oo) will not be used in this thesis and are considered to be
undefined. Similar, a + oo = 0o and @ — oo = —oo for all @ € C and the expression co — oo
will not be used.

Remark 3.17. If z, € B, (P) then the integral

/0 (A ()" H (Agcze (1) dt

exists. This implies O, (Agz;(0)) € R U {oo}, since then in (3.10) the supremum of a
non-empty set is taken. We conclude that ©(2) € RU {oo} for all 2 € R, (P).
If z_ € B_(P) then the integral

/ Az (1) H(Axz (1) dt

—00

exists. This implies ©_(Agz_(0)) € RU {—o0}, since then in (3.11) the infimum of a
non-empty set is taken. We conclude that ©_(2) € RU {—oo} for all Z € R_(P).

We can characterize cyclo-dissipativity via the available storage and required supply in the
following way.

Lemma 3.18. Let P € C]\%? and H = H* € CH¥9K_ Then (P, H) is cyclo-dissipative if
and only if we have

0.(2) <O0_(2), (3.12)
for all z € R.(P).
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Proof. First, assume that condition (3.12) is fulfilled and let Z € B.(P) be arbitrary. Then
due to Remark 3.17 we see that both the available storage ©, (AxZ(0)) € R and the required
supply ©_(AxZz(0)) € R are real numbers. Thus we obtain

0 < O_-(Agz(0)) — O4(Ak2(0))

0
Y / (A=) H (Ag=(t)) dt +
z€B _(P) 0
A 2(0)=A g 3(0)

zE‘B+(P)
Agz(0)=AxZ(0)

/ (ArZ(t)" H (Ag(t)) dt + /0 T (AREW) H (Ar()) dt

—00

inf /0 (At H (Agz(t)) dt

IA

= /oo (Agz(t)" H (AgZz(t)) dt,

—00

and with this cyclo-dissipativity of (P, H).

For the converse assume that (P, H) is cyclo-dissipative. Assume to the contrary that there
would be a z € R.(P) such that ©,(2) > ©_(2). This shows that there exist z, € B (P)
and z_ € B_(P) such that Agz,(0) = 2 = Agz_(0) and

- /0 T (A () H (Arcz, (1) di > / (Arez ()" H (A (8)) dt.
Define 1 through
. /_ Az (1) H (Agz (1) di + /0 T (Arer () H (Ages (1)) di < 0.

Then —g > 0 and thus there exists an € > 0 such that

n
3ENH + 2| Hl| Azl < =5

With this €, construct a function Z € B, (P)UB_(P) from z, and z_ such that we have
1AK(Z = 20|+ + |Ax(Z — z)||- <e. Such a 2 exists due to Lemma A.5. Since then

<HAK('Z+ - 5), AK(ZJr - 5)>+
= <HAKZ+, AKZ+>+ — 2Re (<HAKZ+, AK§>+) + <HAK,§, AK2>+,
we also obtain that

|<HAKZ+, AKZ+>+ — <HAK§, AK,§>+}
= [(HAg(z+ — %), Ax(z4 — 2)), + 2Re ((HAkz1, AgZ), )
—2(HAKZ, AgZ).|
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(HAg(z4 — 2), Ag (24 — 2)), | + 2 [(HAg2, ARZ), — (HARZ AkZ), |
IH 1 AK (2 = D5 + 2l HIN[AK (24 = D)+ Ak ]|+

E|H|| + 2¢[[ H[| Ax (2 — 24) + Agezy ||+

(| H | + 2¢[| H| (|| Ak (2 — Z+)H+n+ [Akz]+)

BENH + 2 Hl| Azl < =5

IN A CIN A

A

Analogously we deduce that

}<HAKZ,,AKZ,>7 — <HAK:7:,AK§>7‘ < —g

Finally, using the assumption of cyclo-dissipativity together with Lemma A.6 we conclude
that

o
IA

/ (AE(0) H (A(t)) dt

= (HAgZ,Ag2), + (HARZ AgZ)

< [(HARZ AgZ), — (HAgze, Agzy), | +
(HARZ ARZ)_ — (HAgz_,Agz_)_|+1

non
< —= == =0
2 2_'_77 Y

which is a contradiction. O
The following proof is an adaption of the proof of [41, Theorem 1].

Lemma 3.19. Let P € C]\P4, H = H* € C¥%9K >, € B, (P), z_ € B_(P), and to,t; € R
with to < t1. Then we have

O-(Aislts) — [ (Axa(t) H(Buzslt) dt < 04(Axz (1)

to

O (Mg (1) < / Az () H(Akz (£)dt + O (Axz_(t)).

to
Proof. Using Theorem 3.15 we find
O (Akz(to))
i / (Age=(t)" H (Aga(t)) dt
0

zE%+(P)
Ak z(0)=Agz4(to)

_ inf / T (Agx()) H (Agz(t)) dt

2eB 4 (P) to
AKZ(t()):AKZJr(tU)

> inf / (Ag=(t)) H (Dgea(t)) dt
2€B . (P)

2() =24 (t),t<ty
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(e 9]

_ inf /1(AK2+(t))*H(AKz+(t))dt+/ (Agz(t)" H (Agz(t))dt

z€%+(P) to t

2(t)=z4(1) 1<ty
t1 9]

B / (e () H (A () de— inf / (Apz(0)) H (Ar=(t)) dt
to S t1

2(t)=z+(),t<t1

_/1(AKZ+(t))*H(AKZ+(t))dt+9+(AKZ+(t1))

to

and also
O_(Akz-(t1))
0
_ in / (Age=(t)" H (Aga(t)) dt
zeB _ (P
AKZ(O):A(K;_(tl) e
t1
_ in / (Ar=(t) H (Agx(t)) dt
z€B _ (P
AKZ(tl):A(K)Zf(tl) -
t1
< / (Age=(t) H (A=(t)) dt
z€B_ (P
z(t):z_(t(),t)zto B
to t1
= inf (Agz(t)" H (Agz(t))dt +/ (Agz_(t)" H (Agz_(t))dt
z€B _ (P
z(t):z,(t(),tho > fo
t1 to
= / (Agz_ (1) H (Agz_(t))dt + inf / (Agz(t))" H (Agz(t))dt
zeB_ (P
fo z(t):z_(t(),ZZto -
t1
_ / (A= () H(Axz (£) dt + O _(Axz(to)).
to
which is the assertion. O

The following proof is an adaption of the proof of [41, Theorem 2].

Theorem 3.20. Let P € CIA\R? and H = H* € C¥™495_ Then the following statements

hold:

1. If (P, H) is dissipative then (P, H) is cyclo-dissipative.

2. For every storage function © of (P,H), 2y € Ry(P), and 2_ € R_(P) we have

0, (2,) <O(2,) and O(2_) < O_(5.).

3. If P is stabilizable and (P, H) is dissipative then the available storage © is a storage
function.
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4. If P is anti-stabilizable and (P, H) is dissipative then the required supply © _ is a storage
function.

Proof. First assume that © is a storage function and let Z € B.(P) be arbitrary. Choose
R € R* such that 2(t) = 0 for all || > R. Then we have

0 = ©(0)-6(0) =6(Axz(R)) - ©(Aki(—R))

< / (ARHO) H (A (0) di = / (Arz(t)" H (Ag2(t)) dt,

which means cyclo-dissipativity and 1. is shown. To show 2. let z, € B (P) be fixed. Then
for every z € B, (P) with Agz;(0) = Agz(0) we have from the definition of the storage
function that

—O(Akz:(0)) = O(lim Agz(s)) — O(Agz(0)) = lim O(Agz(s)) — O(Axz(0))

§—00 §—00
S

< lim [ (Agz(t) H (Agz(t))dt = /OOO(AKz(t))*H(AKz(t))dt.

§—0Q 0

Since z € B (P) was allowed to be arbitrary, this implies

~O(Ak(0) < _nf / (A=) H (Agc2(t)) dt = -0 (A2, (1),
Arz(0)=brz ()"

Analogously, we obtain that for all z_ € B_(P) we have O(Agz_(t)) < O_(Agz_(t)) and
2. is shown.

For 3. assume that © is a storage function of (P, H). Then using the previously shown point
2. together with Remark 3.17 we see that we have ©,(2,) € R for all 2, € R, (P). Using
the assumption that P is stabilizable we conclude that © (%) € R for all 2 € R(P). Thus
the inequalities from Lemma 3.19 can be transformed to match the dissipation inequality
from Definition 3.1. The proof of 4. works analogously. O]

The following corollary is similar to [45, Theorem 5.7].

Corollary 3.21. Let P € C]A\%? be and H = H* € C¥%9K_ Then the following statements
hold:

1. For controllable P we have that (P, H) is dissipative if and only if (P, H) is cyclo-
dissipative.

2. For every storage function © we have
0.(2) < 0(2) < 0_(2),

for all Z € R.(P), i.e., the available storage and the required supply constitute the
extremal storage functions on the controllable part.
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Proof. From Theorem 3.20 we conclude that dissipativity implies cyclo-dissipativity and
also part 2. This only leaves to show that for controllable P cyclo-dissipativity implies
dissipativity. Thus assume that P is controllable and (P, H) is cyclo-dissipative. Using
Theorem 3.18 we deduce that ©,(2) < ©_(2) for all 2 € R.(P) = R(P). Together with
Remark 3.17 this implies that both ©,(2) and ©_(2) are real numbers for all 2 € R(P)
which is why we deduce from Lemma 3.19 that both the available storage and the required
supply constitute a storage function. O]

3.4 Linear matrix inequalities

In this section we will show that (under some additional assumptions) for first-order systems
P(\) = AF+G € C[A]7? the solution of a certain linear matrix inequality (3.14) is equivalent
to dissipativity. Using the canonical linearization (2.3) one can in principle generalize the
results to higher order systems.

Theorem 3.22. Consider P(\) = A\F' + G € C[A\]}? together with H = H* € C%9. Let
AF + G be stabilizable (or anti-stabilizable). Then (P, H) is dissipative if and only if there
exists a Z € CP1 such that Z*F = F*Z and

0< 2 [H+ 272G+ G 7] 2, (3.13)
for all Z2 € R(P).

Proof. To show that (3.13) implies dissipativity, define the function ©(2) := 2*F*ZZ. Let
z € B(P). The assumption gives

LoGw) = #OF 2:() + = ()2 Fx(t)

dt
= ') [-G"Z - Z*G| 2(t) < 2" (t)H=(t)
for all ¢ € R, from which we conclude that

t1 31
O(z(t1)) — O(z(to)) :/ %@(z(t))dt §/ 2" (t)H z(t)dt,

to to
and, thus, that © is really a storage function. To show that dissipativity implies the existence
of a Z € CP4 such that (3.13) holds, assume that the system is stabilizable. Observe that
from point 3. of Theorem 3.20 we obtain that the available storage is a storage function.
Using Theorem A.24 we deduce the existence of a Z € CP? such that Z*F = F*Z and such
that the available storage fulfills ©,(2) := 2F*ZZ for all Z € R, (P) = R(P). Dividing the
dissipation inequality for ©, by t; — t¢, letting t; — t;, and using the mean value theorem
we find

() [-G*Z — Z*G] 2(t) = %@Jr(z(t)) < z*(t)Hz(t)

for all z € B(P) and, thus, the assertion holds. For anti-stabilizable systems one uses the
required supply instead of the available storage. O
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In this subsection we show that under certain conditions the inequality (3.13) is equivalent
to a linear matrix inequality which not only holds on the subspace R(P).

Definition 3.23. Consider P(\) = AF + G € C[\]}? together with H = H* € C%9. Then
we call the system of equations

g = 7F
0 < H+2'G+GZ (3.14)

the linear matrixz inequality derived from (P, H) (where Z € CP4 is the unknown).

For a notion of linear matrix inequalities, which is more general than Definition 3.23, see [6].
From Theorem 3.22 it is clear that if the linear matrix inequality (3.14) has a solution the
system is dissipative. The reverse is not always true as one can see from the following
example.

Example 3.24. With z(¢ [zl (t) } consider the system
0 1 10
[O 0] )+ [O {EURD
F 7G

Define P(\) := AF' + G. Clearly, B(P) = B.(P) = {0} and thus the system is dissipative
with respect to any H = H* € C%? by definition. However, we cannot find Z € C?? such
that F*Z = Z*F and 0 < G*Z + Z*G + H for any given H = H* € C*? as we will see in
the following.

Using the notation Z = [z;;] we find that the identity F*Z = Z*F is equivalent to

0 0] [0 =
211 212 0 Ziz|

Z:[O 7‘}’
221 R22

where 7 € R and 291, 200 € C are allowed to be arbitrary. Using the notation H = [h;;] we
can rewrite the inequality 0 < G*Z + Z*G + H through

<], 0, ]

Thus, Z has to take the form

T+ 291 Zoo + 222 hor ho|’
which will never be possible if hi; < 0.

The problem with Example 3.24 is that the pencil AF' + G corresponds to a block of type
(2.7) and size 0; = 2 in the Kronecker canonical form. Thus it seems acceptable to only
consider pencils for which the Kronecker canonical form only has blocks of type (2.7) with
size 0; < 2. Also, we will assume that all blocks of type (2.8) have size n; < 2.
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Theorem 3.25. Let the system P(\) = AF+G € C[A\|)"? be stabilizable (or anti-stabilizable).
Let the Kronecker canonical form of A\F + G be given by (2.4) and assume that all blocks of
type (2.7) have sizes 0; < 2 and all blocks of type (2.8) have sizesn; < 2. Let H = H* € C?1
and let (P,H) be dissipative. Then there exists a solution Z € CP? of the linear matrix
inequality (3.14) associated with (P, H).

Proof. Using Theorem 3.22 and setting z := T2 we see that the assumptions imply the
existence of a Z € CPY such that F*Z = Z*F and

0 < #(H+GZ+2G):
SBTT(H 4+ G'S™S* Z 4+ 2SS~ Q)T ™' T2
FH+ G Z+ 72°G)z,

for all 2 € R(P), where we introduced the symbols H := T—*HT~' Z = S*ZT!, and
G := S 'GT!. Also we introduce F = S~'FT~! and observe that the Kronecker canonical
from (2.4) implies that F' = diag (F, 1,0, Fy) and G = diag (G2, Gz, I, G ), where AF, +
G contains all blocks of type (2.5), AFy + G contains all blocks of type (2.8), and
Al + G 7 contains all blocks of type (2.6). Partition 7 = (Zijlij=1,..4s H=[H; i j=1
Z = [Zi]iz1,.a with Z; € C* 2, € CP, Z3 € C7, and Z; € C" according to the block diagonal
structure of STHAF + G)T~! = diag (£, J, N, M). Then we deduce that

.....

FiZy FiZi FiZy FiZu ZiFe Z3 0 ZhFu
Lo L2 a3 Zoa | pws  mem o | Ziale Z3y 0 ZiFum
0 0 0 o |TFZ2 = 2= 2m 2 0 2Py

FiZn FiZi FiZs FiZu ZiFe 73 0 ZiFu

and that
21" ([Hy Hy Hs Hy
Zo HYy Hy Hys Hoy
0< |~ " N +
| %3 Hi; Hj; Hss Hsy
Zy Hy, Hj3 Hji Huy
GZZH GZZ12 GZZB GZZM 241G 253Gy Z3 Z5HGum Z1

71 Zso Zss Zs4 Z5,Gr Z3Gr Zh 7G| | 15
GuZn GyZp GyuZis Gy 75,Gr 73,Gr 75 ZLGum| ) A

for all Z = T2 with 2 € R(P). Due to Lemma 2.19 we know that
%
R(P)={T"| %

Ot

7 €C z e Cr

and thus we conclude that
0o < # (ﬁ+é*Z+Z*é>2
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A1 [Hu+GiZy + Z5Gr Hiyy+GaZig + 753G 5
Zo| |Hiy+ G520 + Z5,Gr Hoyp + G Zy + Z5,G 7

Z1
Z
for arbitrary Z;, Z;. This means that there exist 71, Z12, Z21, and Zsy such that

[FEZH FZZIQ} _ |:Zik1FL Z;‘l]

Za1 Z99 ZFr 73,
and
0< Hy+GrZnw+ 212Gy Hips+GrZio+ 2Z5,Gyg '
- Hikz + G}Zm + ZTQGL H22 + G}ZQQ + ZSQGJ
We set Z33 = —%Hgg, Z43 = O, 234 = —H34, Zgg = O, Z32 = —H;3, Zlg = 0, and
Zs3 = —H{;. We use Lemma A.27 to construct a matrix Zy4 such that Z,Fa = Fi(Za

and 0 = Hyy + Z},Gpm + G Zaa. We use Lemma A.28 to construct matrices Zy4 and Zy
such that F;Z14 = Z}, Fpand 0 = Hyy+ Gy Z1a+ Z5,G . We use Lemma A .29 to construct
matrices Zog and Zyp such that Zyy, = Zj,Fa and 0 = Hyy + G 2oy + Z3,G pq. Thus, all in
all we constructed a matrix Z such that Z*F = F*Z and

H+GZ+7*G
Hy Hy Hyz Hy G:2n  Gpziy Grzis GrZi
_ HYy Hyy Hiz Hyy i G 2o GYZa GYZoz G 2oy
HYy H3y Hsz Hsy Z31 3 Z33 34
Hy, H;, Hi Hy GuZn Gyl Gyl GiyZu
Zileﬁ Z§1GJ Z§1 ZLGM
Zszﬁ Z§2GJ Z§2 ZAEGM

+ * * * *
Z13G£ ZszJ 233 Z43GM
_ZT4GE Z§4GJ Z§4 ZLLGM
-Hll + GZZH -+ ZileLj His + GZZlg + Z;lGj 0 0
_ Hoy + G% 2oy + 275G Hyo + G5 2o + Z5,G7 0 0 >0
0 0 0 of =7
i 0 0 0 0
which is why we set Z := S™*ZT and the claim is shown. [

Corollary 3.26 (Kalman-Yakubovich-Popov Lemma). Let P(A\) = AF + G € C[A\]}? be
stabilizable (or anti-stabilizable) and let H = H* € C%¥9. Let the Kronecker canonical form
of A\F + G be given by (2.4) and assume that all blocks of type (2.7) have sizes 0; < 2 and
all blocks of type (2.8) have sizes n; < 2.

Then (P, H) is dissipative if and only if there exists a solution of the linear matrixz inequality
(8.14) associated with (P, H).

Proof. That dissipativity implies solvability of the linear matrix inequality is the statement
of Theorem 3.25. For the other direction assume that Z solves (3.14). Then also condition
(3.13) is fulfilled and dissipativity follows from Theorem 3.22. ]
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3.4.1 Spectral factorization of Popov functions

In this subsection we use the results obtained in the previous section to explicitly give spectral
factorizations of Popov functions of dissipative systems.

Definition 3.27. Let II = II™ € C(A\)™" be a para-Hermitian matrix. If there exists a
m € N and a K € C(A\)™" such that

M=K"K,

we say that K is a spectral factor of II. Also we refer to the product K~K as a spectral
factorization of I1.

The following theorem and corollary are restatements of [36, Theorem 5.3] in our notation.

Theorem 3.28. Let P(\) = A\F + G € C[A\[}? and H = H* € C%%. Set r := rankc(y) (P)
and let U € C(N\)?7" be a kernel matriz of P. Consider the associated Popov function
IT:=U~HU. Then we have the following:

1. If there exists a solution Z € CP9 of the linear matriz inequality (3.14) associated with
(P, H) and the matriz L is a Cholesky factor of

0<GZ+2°G+H=L"L,
then K(X) := LU(X) is a spectral factor of II(\).

2. If on the other hand P is stabilizable (or anti-stabilizable), in the Kronecker canonical
form (2.4) all blocks of type (2.7) have sizes o; < 2 and all blocks of type (2.8) have
sizes 1; < 2, and there exists a spectral factor of 11 then the linear matriz inequality
(3.14) associated with (P, H) has a solution Z € CP1,

Proof. [36, Theorem 5.3] For 1. note that we have

YK = U N L'LUN) = U~(\) [G*Z + Z°G + H| U(\)
U*(— )\)G*ZU(/\) +U~(N)Z*GU(N)

(GU ) ZUN) + U~(N)Z* (GU(N))

()\FU ) ZUN) + U™(N)Z* (=AFU(N))
AU~ (N EF*ZU(N) — \U™(\)Z*FUN) = TI(\),

K
= 1I
= 1
= II(\
=)
since (AF + G)U()\) = 0 implies GU(\) = —AFU()A) and also GU(—=)) = AFU(-)\). For
part 2. note that for all w € R with iw € © (K)ND (U) we have
H(iw) = K™ (iw)K (iw) = K*(—iw) K (iw) = K*(iw) K (iw) > 0.

Using the continuity of IT this implies that also IT(iw) > 0 for all w € R such that iw € D (U).
Using Theorem 3.5 this proves that (P, H) is cyclo-dissipative. Using Corollary 3.21 we find
that (P, H) is dissipative. Using Theorem 3.25 and the additional assumptions we deduce
the existence of a solution of the linear matrix inequality. m
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Corollary 3.29. Let the system P(\) = A\F+G € C[A]}"? be stabilizable (or anti-stabilizable).
Let the Kronecker canonical form of A\F + G be given by (2.4) and assume that all blocks of
type (2.7) have sizes 0; < 2 and all blocks of type (2.8) have sizesn; < 2. Let H = H* € C%9.
Set v :=rankcy) (P) and let U € C(X\)®97" be a kernel matriz of P.

Then there exists a solution of the linear matriz inequality (3.14) associated with (P, H) if
and only if there exists a spectral factor of the Popov function 11 := U~HU.

Proof. [36, Theorem 5.3] The claim follows directly by combining points 1. and 2. of the
previous Theorem 3.28. O

Corollary 3.29 is related to the Youla factorization. One can show that for every para-
Hermitian rational function which is positive semi-definite along the imaginary axis there
exists a spectral factorization [46, Theorem 2]. Also, for every para-Hermitian polynomial
function there exists a polynomial spectral factor [46, Corollary 2].
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Chapter 4

Applications

We use the results from the previous chapter for several applications. We start by applying
the results to state-space systems in Section 4.1 to obtain some well known results. After
that an algorithm to check cyclo-dissipativity (in Section 4.2) and an algorithm to enforce
cyclo-dissipativity of systems which are close to cyclo-dissipative (in Section 4.3) will be
proposed. Since the enforcement algorithm is only a heuristic method, we will apply it to
several systems to see how it performs.

4.1 Application to descriptor systems

In this section we interpret the results from Chapter 3 in terms of state-space descriptor
systems with an output equation to obtain a number of well known results. State-space
descriptor systems with an output equation take the form

Ei(t) = Az(t)+ Bu(t),

y(t) = Cux(t) 4+ Du(t), (4.1)

where £, A € CP", B € C»™, C € C\", D € Ct™, x € C% is called the state, u € C™ is
called the input, and y € C!_ is called the output. In the literature, see e.g. [3, Section 5.9],
for such systems the supply is frequently measured in the form

HAEIEE 0

where Q = Q* € C, S € Cv™, and R = R* € C™™. Using the equation for y in (4.1) we
can rewrite the supply (4.2) to depend on the state variables (instead of the output variables)

CURI-UEEAET
- m [chccacsc D*QDC;QD?; +C;*SD+R] m - m {? ﬂ m
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where Q = Q* € C*, § € C"™, R = R* € C™™. Introducing the notation ¢; := n + m,
p1r:=p

) S
F1 = [E 0} s G1 = [—A —B} s Pl(/\) = )\Fl —f-Gl, H1 = [g( R:| s (43)
and z = [xT uT}T we see that Fy,G; € CPv0) Py € CINPv2, Hy = Hf € C% ) and
z € C% and we can rewrite the first equation of (4.1) as the behavioral system P (%) z2=0
and the supply as z*H; z.

Assuming that the pencil A\F— A is invertible over C(\), we can give an explicit representation
of a kernel and a co-kernel matrix.

Lemma 4.1. Let P, be defined through (4.3) and assume that the pencil \E — A is invertible
over C(X\). Then we have ranke(y (Py) = n and the matrices Uy € C(A\)*™ and V; € C[A]9"™
given by

Uy(\) = {(AE _Lf)_lB} and Vi(\) = m | (4.4)

constitute a kernel and a co-kernel matriz of Py with ® (Uy) C C\ 3 (AE — A).

Proof. Invertibility of A\E'— A implies that p = n. Since P;(\) = AF1 +G; = [)\E — A —B}
and A/ — A is assumed to be invertible, we have rankey) (P;) = n and thus U; and V] are
matrices of proper dimension according to Definition 2.8. We still have to show the three
properties from Definition 2.8. To see property 1. observe that

(\E — A)'B

PU=[\E—-A —B] { /

]:B—Bzo.

For 2. notice that

ranke(y (P1V) = rankey ([)\E — A —B} {%]) = ranke(y) (AL — A)

= n =ranke@) (P1).

Finally, since we have

= 41,

AE—A)~'B I,
det [Ul Vl} = det {( Im) 01

we conclude that [Ul Vl} is invertible. O

Another way to write system (4.1) with supply (4.2) in behavioral form is by introducing
the notation ¢ :=1+n+m, ps:=p+1

L Q 0 S
R |0 B0 |0 A Bl AR+ G H=|0 0 0f,
00 0 [ —-C -D ¢ 0 R

(4.5)
45



and z == [y o7 UT}T to see that Fy, Gy € CP>»©2 Py € C[\[P>%2, Hy = Hy € C®2%_ and
z € C2. We again find that we can rewrite (4.1) as the behavioral system P, (%) z2 =0
and the supply as z*Hyz. For this kind of system (with invertible A\l — A) a kernel and a
co-kernel matrix are given by

CO\E—A)"'B+D L 0
Us(N) := (A\E—A)"'B and Vo(\) := |0 I,|, (4.6)
I, 0 0

as one can show with almost the same proof which was used in Lemma 4.1.
With these particular kernel matrices (4.4) or (4.6) we can also give the more well known
explicit representation of a particular Popov function as

(\) = UYHU, = Uy HyU,
 [(=xE-=A4)"'B]"[Q S][\E—-A)'B
- I S* R I
C(-XAE—-A)"'B+D]" [Q S|[COAE—A)"'B+D
In S* R I
= BY(=AE* — A)'\Q\E — A)'B + B (=\E* — A")7'S
+S*(A\E—A)'B+ R

(4.7)

depending on which representation one prefers. The following corollary sums up the results
of Section 3.1 when considered with respect to regular state-space systems.

Corollary 4.2. Consider the system (4.1) together with the supply (4.2). Let \E — A be
invertible. Introduce the notation from (4.3) and (4.5). Then the following are equivalent:

1. (P, Hy) is cyclo-dissipative.

2. (P2, Hy) is cyclo-dissipative.

3. The Popov function (4.7) fulfills I1(iw) > 0 for all w € R such that iw & 3 (\E — A).
4. For allw € R such that iw & 3 (Py) the sign-sum function fulfills

0 E 0 0 -A -B
nliw|—E* 0 O +|-A4 @ S = m.
0 0 0 -B* S* R

5. For all w € R such that iw & 3 (Py) the sign-sum function fulfills

0 00 FE O 0 0 0 —-A -B
0 00 0 O 0 0 I -C -D
nliw| 0 00 0 0]+ O I Q@ 0 S =m.
—E* 0 0 0 O -A* =C* 0 0 0
0O 00 00 -B* -D* S* 0 R
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Proof. Equivalence of 1. and 2. follows form elementary considerations. From Theorem 3.5
we deduce the equivalence of 1. and 3. Finally, using

p1+q —2-rankepy (P) =n+ (n+m) —2n=m,
we deduce the equivalence of 1. and 4. and using
P2+ g2 —2-rankey) (P2) = (n+ 1)+ (I +n+m)—2n+1)=m,
we deduce the equivalence of 2. and 5. from Theorem 3.11. O

In Corollary 4.2 we used two different kinds of para-Hermitian matrix pencils, namely the
one from point 4. and the one from point 5. The advantage of the pencil from 5. is that
it can be constructed from the original system (4.1) and supply (4.2) without any matrix
multiplications or matrix additions. However, to construct the pencil from point 4. multiple
matrix multiplications and matrix additions have to be performed in general. On the other
hand, an advantage of the pencil from point 4. is that it is smaller in size than the pencil
from point 5., although this difference in the dimension in most cases will not be significant,
since the number of output equations p is usually small.

The following corollary sums up the results from Section 3.2 when considered with respect
to state-space systems. We only state the results for the positive time-axis problem although
a similar statement can be written down for the negative time-axis problem.

Corollary 4.3. Consider the system (4.1) together with the supply (4.2). Introduce the
notation from (4.3) and from (4.5). Let z = (&,0) € B (P1) and define § := Cz + D so
that (9,2) € B (Py). Then the following are equivalent:

1. (P, Hy) is cyclo-dissipative and there exists a [i € C} such that

0 E 0] [At) 0 A B [al)
—E* 0 0f |i(t)| = |4 -Q =S| |&()
0 0 0] [a) B* —S* —R| |u(t)

0 00 E 0] |A(@) 0 0 0 A BT [k
0 00 0 0] |v@® 0 0 —I C D] |t
0 0000 |g®)|=]0 - -Q 0 =S| |9
~E* 0 0 0 0f |4 A= C* 0 0 0] |z(0)
0 00 0 0] 4@ B* D* —S* 0 —R| |u(t)

3. Z solves the optimal control problem on the positive time-azis, i.e.,

P R ey e N [ A

Ex(to)=FE(to)

for all ty € R.
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Proof. The equivalence of 1. and 2. and equivalence of 1. and 3. can be obtained from
Theorems 3.12, 3.13, and 3.15.
O

To sum up the results of Section 3.4 for state-space systems we introduce a new type of
controllability.

Definition 4.4. [9, Definition 2| Let F, A € R™" AE — A be invertible, and B € R™™.
Then the triplet (E, A, B) is called completely controllable if

rank ([aE — BA B])=n for all (a,3) € C*\ {0,0}.

Lemma 4.5. Let E, A € C"", A\E — A be invertible, B € C™™, and let the triplet (E, A, B)
be completely controllable. Introduce the notation from (4.3). Then Py is controllable and in
the Kronecker canonical form (2.4) of the pencil \Fy + G4 all blocks of type (2.7) have sizes
0; < 2 and all blocks of type (2.8) have sizes n; < 0.

Proof. By Lemma 2.21 we know that controllability of P, is equivalent to P, having no zeros.
To see that P, has no zeros note that we have n = rankc(y) (P1), since AE — A is invertible.
On the other hand we have for all \j € C that

rank (Pi(Ao)) = rank ([AOE—A —B] [I B [D
— rank ((ME-A B]) =n,

as one can see by setting @ = A\g and # = 1 in Definition 4.4. This shows that rank (P (X)) =
n = ranke(y) (Py) for all A\g € C which by Lemma 2.6 proves that P has no zeros.

To show the assertion about the blocks in the Kronecker canonical form assume to the
contrary that the Kronecker canonical form (2.4) of AF} + G has a block of type (2.7) with
size o; > 2 or a block of type (2.8) with size 7; > 0. In any case we have

AN +Gy = M[E 0]+[-4 -B]

- S(A {Kl RJ%KQ RODT’

where the pencil AK; + K| is either a block of type (2.7) with size o; > 2 or a block of type
(2.8) with size n; > 0. In both cases we can define the row vectors

vy:=1[0 ... 0 1 andwp:=[0 ... 0 1 0]

to obtain that v1K; = 0 and v9K; = v1Ky. Define the row vectors w; := [vl O] S~ and
Wo 1= [vz O] S~ to obtain that

w[E 0 = [ 0S[E 0] =[o 0}[



and also

w[E 0] = [0 0]S[E 0] = [0 0] [Kl RJT

= [UQKl 0} T = [UlKO O} T= [Ul O] {KO RO} g
= [n 0]S'[-A -B]=w[-A -B].

All in all we obtained wy,ws # 0 with w1 F =0, we ' = —w; A, and wy B = 0. This implies
that w; [E B} = 0, from which we deduce that rank ([E B]) < n, since wy # 0. This,
however, is a contradiction to the assumption of complete controllability as one can see by
choosing o = 1 and 3 = 0 in Definition 4.4. ]

Corollary 4.6. Consider the system (4.1) with \E — A invertible and supply (4.2). As-
sume that (E, A, B) is completely controllable. Introduce the notation from (4.3). Then the
following statements are equivalent:

1. (P, Hy) is dissipative.
2. There exists a spectral factorization of the Popov function (4.7).

3. There exist X € R™" and Y € R™™ such that
AX+X*A-Q AY+X*B-S 0
B*X+Y*A-S5* B*Y+Y*B—R ’
E*X =X*F E*Y = 0.

(4.8)

Proof. Using Lemma 4.5 we find that under the assumptions made in this corollary also the
assumptions of Corollary 3.29 are fulfilled. Thus, to show the equivalence of 2. and 3. we
only have to show that the linear matrix inequality (3.14) associated with (P, Hy) with the
notation from (4.3) is the same as (4.8). Therefore, we partition Z € C*™™™™ from (3.14)
into
Z =: [X Y] ,

with X € C™™ and Y € C™™, analogously to the partitioning of F; and G, given by (4.3).
Then, we see that the linear matrix inequality (3.14) reads

{E*X E*Y} _ [E] X Y]=Fz—zF- [X} 0 = {X*E 0}

0 0 0 Y Y*E 0
and
0 < G'Z+2'G+H-= [:gi] X Y]+ Kf] A —B]+ [g }ﬂ
B [—A*X ~X*A+Q —AY-X'B+ S]
—B*X —-Y*A+S* —-B*Y —-Y*B+R|’
which proves the claim. O

We remark the strong similarity of (4.8) to the linear matrix inequality in [9, Theorem 13].
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4.2 Checking dissipativity

In Theorem 3.11 we saw that cyclo-dissipativity can be checked via the sign-sum function
of a certain para-Hermitian matrix along the imaginary axis. In this section we will first
develop a graphical representation of polynomial para-Hermitian matrices which we then use
to check the condition in Theorem 3.11. This graphical representation also yields further
insight into the problem and will also turn out to be helpful in developing the dissipativity
enforcement algorithm.

Consider an arbitrary para-Hermitian matrix polynomial N = N~ € C[AJ"”. Since such a
polynomial is Hermitian along the imaginary axis, i.e., N(iw) = N*(—iw) = N*(iw) for all
w € R, we can compute the p-many eigenvalues of N(iw) for each w € R. Ordering these
eigenvalues by their value we see that for every para-Hermitian matrix polynomial N there
exists a unique continuous function fy : R — R? such that fx(w) contains all the eigenvalues
of N(iw) in ordered sequence.

Figure 4.1: fy, with Ny = N € C[]A\J**

Figure 4.1 depicts the function fx, for a para-Hermitian matrix polynomial Nj of size 4-
by-4. We do not suggest that this order is the most natural for all possible para-Hermitian
matrices. From Figure 4.1 we see that there exist (innumerable many) points w € R such
that N (iw) has 4 non-zero eigenvalues which implies that rankcy) (V1) = 4. However, at the
two points w; and wy which are marked by a circle in Figure 4.1 the rank of N; drops, i.e.,
we have rank (IV;(iwy)) = 3, since at these points we only have three non-zero eigenvalues
and one zero eigenvalue. Using Lemma 2.6 we conclude that iw; and iwy are zeros of Nj.
Via the above construction we see that the purely imaginary zeros of a para-Hermitian matrix
polynomial segment the imaginary axis into intervals where the sign-sum function 7 (N (iw))
is constant. In the above example from Figure 4.1, e.g., the purely imaginary zeros of N,
are given by iw; and 2w, and we observe that

0,  we (—o0,w]Uw,00)

-2, w € (wy,ws)

n (N1 (iw)) = {
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With respect to dissipativity we can build the para-Hermitian polynomial N as in (3.3) and
draw the corresponding figure as in Figure 4.1. From this picture we can then theoretically
check condition (3.4). However, for systems of larger dimension this becomes quite unhandy.
For example, Figure 4.2 corresponds to a system P € C[\]?>?° of moderate size and is already
completely unreadable.

60

Figure 4.2: fy, with Ny = N;* € C[\]1910

Fortunately, we do not need all the information depicted in Figure 4.2! Since we are only
interested in the value of the signsum function, we can cancel non-negative curves against
negative ones and only depict the curves which are left in the middle. Assuming that
condition (3.4) for the example in Figure 4.2 reads 1 (Ny(iw)) = 2 we can strip the 19 largest
and the 19 smallest lines from Figure 4.2 to end up with Figure 4.3.

2 T T T T T

0 S ——)
- e —
2k .

Figure 4.3: Sign-sum plot of a system

Consider a system P € C[A\J%:? with a supply H = H* € C*K and build the para-Hermitian
polynomial N as in (3.3). Then we will refer to the figure which corresponds to Figure 4.3 as
the sign-sum plot of (P, H) in the following. From Theorem 3.11 we conclude that a system
is cyclo-dissipative if and only if every line in the sign-sum plot is greater or equal to zero.
Clearly, the system depicted in Figure 4.3 is not dissipative.

The above considerations lead to the following Algorithm 4.7 to check cyclo-dissipativity.
From Corollary 3.21 part 1. we see that for controllable systems the algorithm is also a
dissipativity check. For uncontrollable systems the algorithm only checks a property of the
controllable part. For autonomous systems the algorithm will always return true.
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Algorithm 4.7. (Cyclo-dissipativity check)
Input: A system P € C[]\%? and a supply H = H* € CH#aK,

Output: Whether (P, H) is cyclo-dissipative.

Step 1: Determine the normal rank of P and save as 7 := ranke(y (P).

Step 2: Form the para-Hermitian matrix polynomial

0 P }
N:=|_. ~ € C[\Prarte,
[P AL"HAY
Step 3: Compute the M-many distinct purely imaginary zeros of N as iwy,...,iwy with
wp < ... <wy. Set wy = —o0 and w41 = 00.

Step 4: For k=0,..., M fix points icy € iR such that a4 is in the interior of (wy,wgi1)-

Step 5: If for k =0,..., M we have n (N (iay)) = p+ ¢ — 2r return true, otherwise, return
false.

Some implementational remarks follow. In step 1 it is the best to know r beforehand, e.g.,
from theoretic considerations. If one does not, we suggest using linearization and the GUPTRI
algorithm (see [12]) to compute 7.

Step 3 is the crux of Algorithm 4.7. If P is of order bigger than one, we suggest to linearize
the system to first order. For first order systems we suggest the para-Hermitian STCSSP
method in [8, 7] or the unstructured GUPTRI algorithm (see [12]) to discover the regular
part. On the regular part (or if N is regular in the first place) we suggest to use LAPACK’s
QZ-algorithm ZGGES to compute the purely imaginary zeros. For large and sparse matrices
we suggest to employ a shift-and-invert’ed Arnoldi method with shifts along the imaginary
axis, compare [25].

For step 5 we suggest to use LAPACK’s Hermitian eigenvalue solver ZHEEV to compute the
eigenvalues of N (i) and then count the number of negative and non-negative eigenvalues.
For higher speed one could also use LAPACK’s LDL" factorization ZHETRF. The LDLT
factorization approach also works for large sparse matrices.

4.3 Enforcing dissipativity

In this section we propose a heuristic method to enforce dissipativity of systems of the form
(4.1) with respect to the supply (4.2). Consider the following example, which has been
provided by CST AG, Darmstadt. It is a state-space system describing the electromagnetic
behavior of a coaxial cable and takes the form

& = Ax+ Bu,
y = Cx+ Du,

o2
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where A € R*", B € R*™ C € R, and D € RV are all real matrices with n = 35, [ = 2,
and m = 2 and the supply is measured by

m* [_()Il [?n] m = [Jull3 = llyll5. (4.10)

Since the system matrices are real, we only show the sign-sum plot for w > 0. The negative
part is the mirror image of the positive part.

x 10

4 I I I I I I —0.1
0

Figure 4.4: Sign-sum plot for the coaxial cable (4.9) from CST AG at different scales

(Clearly, the coaxial cable is not dissipative. However, everybody will agree that it is close to
dissipative, since the lines in the sign-sum plot do not go below —4.0 - 10~* which is not too
much when considering that for w = 30 the lines have a magnitude of approximately 0.5.
We therefore ask the following question. What is the minimum perturbation of A, B,C, D
that makes the system (4.9) dissipative with respect to the given supply (4.10)¢ To be more
specific, we ask if we can compute AA, AB, AC, and AD such that

VIAAIR + IAB]E + [ACI + |ADI. (4.11)
is minimal among all matrices that satisfy the constraint that the perturbed system

i = (A+AAz+ (B+AB)uy,
y = (C+AC)z+ (D+AD)uy,

is dissipative with respect to (4.10)7 Since the answer to this question will most likely be
quite involved, we refrain to the following simpler question. What is a reasonably small
perturbation of A, B,C, D that makes the system (4.9) dissipative with respect to (4.10)? In
our example we may suggest from Figure 4.4 that a reasonably small perturbation is on the
order of 10~*. We will use the following idea, which is taken from [1], to try to obtain such a
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perturbation. In [1] Hamiltonian matrices are considered. It is well-known that Hamiltonian
matrices have a spectrum which is symmetric with respect to the imaginary axis, just like
the zeros of para-Hermitian matrices. Indeed, the problem of finding the zeros of a para-
Hermitian matrix of first order can be transformed into a Hamiltonian eigenvalue problem,
cf. [4]. Especially, in [1] formulas are developed to move purely imaginary eigenvalues away
from the imaginary axis via minimal Hamiltonian perturbations. To adopt this idea to our
case, our first goal is to move all the imaginary zeros in Figure 4.4 away from the imaginary
axis so that both lines never assume values below or equal to zero.

Lemma 4.8. Let N = N~ € C[A]PP be a para-Hermitian matriz and let @ € R be such that
iw & 3(N). Then the smallest constant (para-)Hermitian perturbation AN = AN* € CPP

which satisfies
rank (N (iw) + AN)) < rankey (),

15 given by
AN = —pov®, (4.12)

where (p,v) € R x CP is an eigenpair of the Hermitian matriz N (i) with the additional
property that p is a non-zero eigenvalue with minimum absolute value.

Proof. [M. Karow; personal communication] Set 7 := rankcy) (V). Since i@ is not a zero of
N, we know that rank (N (iw)) = r and thus we can compute its eigenvalue decomposition
as

D, 0 0] vy
N(@w)=[Vi v Vo] | 0 p Of |v*| = [ViD\Vf + o],
0 0 ol v

where V; € CP" 1, v € CP, V, € CP7", D; € R"Y""1 and p € R such that D; and p are
invertible, the composed matrix [Vl v VQ] is unitary, and p is smaller than any value on
the diagonal of D; by absolute value. Thus, the smallest perturbation to make the rank of
N (iw) drop below 7 is given by (4.12). O

The zeros of a matrix polynomial are given by the points in the complex plane where
the rank drops below the normal rank, see Lemma 2.6. Thus, if we have rankco (N) =
rankc(yy (N + AN), we see that by the perturbation (4.12), we have created the purely
imaginary zero iw.

Remember that for @ € R the (in absolute value) small eigenvalues of N (iw) are given by
the lines in the sign-sum plot. Thus, what we will do is to select one point on a line of
the sign-sum plot to fix an @ and a p as in Lemma 4.8. Then we compute the associated
eigenvector v and perturb the constant coefficient in N by the perturbation given in (4.12).
For the coaxial cable discussed in this section we obtain results which are depicted in Figure
4.5.

We see that the dashed lines (corresponding to the perturbed matrix) overlap with the solid
lines (corresponding to the unperturbed matrix) largely. Only in the area where we selected
the eigenvalue a noticeable change in the sign-sum plot occurred. We note that somehow
only the line moves that has been selected, creating a zero as predicted by Lemma 4.8.
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x 10

Figure 4.5: Sign-sum plot of (4.9) for different choices of @ and p. The dashed lines corre-

spond to the perturbed N.

95



Furthermore, the assumption from Lemma 4.8 that p has to have minimum absolute value
seems not to be essential. Also we note that whenever we select the local extremum of one
of the lines of the sign-sum plot the resulting perturbed sign-sum plot only touches zero.
Theoretical proof that this is always the case is given in [1] for the Hamiltonian case.
However, having computed a perturbation of N does not yet mean that we have computed a
perturbation of the original system matrices A, B, C, D from (4.9). To do so, we remember
that in Section 4.1 we saw that we can build a para-Hermitian matrix pencil from (4.9) and
(4.10) for the coaxial cable by

0 00 10 0O 0 0 —-A -B
0 0000 o 0 I —-C -D
NAN=Ax|0 0000[+|0 I —-I 0 0]. (4.13)
~I* 00 0 0 —A* —C* 0 0 0
0 0000 -B* -D* 0 0 I

Computing a perturbation via Lemma 4.8, we immediately see that from AN we can obtain
a perturbations AA, AB, AC,AD by simply setting the entries which we do not want to
perturb to zero. This changes the sign-sum plot again as depicted in the upper part of
Figure 4.6.

In the upper part of Figure 4.6 we see that the perturbation which only works on A, B, C, D
is (figuratively speaking) not strong enough to move the line above 0. To compensate for
this we apply the perturbations with a factor a € [1,00), i.e., we perform the updates

A— A+ alA, B — B+ aAB, C — C+aAl, D — D+ aAD.

Thus, in the top right plot of Figure 4.6 we see the effect of a = 1. In the lower plots of
Figure 4.6 the effect for higher o’s is depicted.

Applying this process multiple times we finally end up with a dissipative system, compare
Figure 4.7 (Right) for which the norm (4.11) had size 0.0016 while

\/||A||§ + Bl + €I+ I DIl = 46.42.

Since drawing the sign-sum plot is computationally expensive (for every tic on the abscissa
one has to compute the eigenvalues of a Hermitian matrix) and since the manual selection
of w and p to compute a perturbation is cumbersome, we would like to automate this
process. To do so, we make the observation that for para-Hermitian matrices of first order
N(X) = ANy + Ny € C[A\}?, the slope of a line at a point iwy, where it hits the zero axis,
can be computed via
—iU*va,

where v is the generalized eigenvector associated with the generalized eigenvalue iwgy, compare
[34]. We conclude that in the automated algorithm all & should be chosen between a purely
imaginary zero with negative slope and a purely imaginary zero with positive slope. We give

the following pseudo-code which is only meant exemplarily to demonstrate how the discussed
ideas can be integrated.
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Figure 4.6: Upper Left: sign-sum plot of perturbed para-Hermitian matrix; Upper Right:
sign-sum plot of para-Hermitian matrix with perturbations only in A, B, C, D. Lower Left:
with a = 2; Lower Right: with a = 4.
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Figure 4.7: Left: after 3 perturbations; Right: after 8 perturbations. Each with o = 4.

Algorithm 4.9. (Cyclo-dissipativity enforcement)

Input: The system matrices F, A, B,C, D from (4.1) describing the system, the matrices
Q, S, R from (4.2) describing the supply, and an « € [1,c0).

Output: Matrices A, B, C, D such that the system

is dissipative with respect to (4.2) and

Vlla-4

is not too big or an error message.

2 ~ 112 ~ 112 ~ 112
w5 =5, + e =¢f,+ -2
F F F F

Step 1: Set 1:= p+n+m — 2 rankec ([)\E—A B])

Step 2: Form the para-Hermitian matrix pencil

0 00 E O 0 0 0O —-A -B

0 00 0 O 0 0 I —-C —-D

NA):=AN;+No:=A| 0 00 0 0|+ O I @ 0 S

—E* 00 0 0 A" =C* 0 0 0

0O 00 00 -B* -D* S* 0 R
Step 3: Compute the M-many distinct purely imaginary generalized eigenvalues of N
as iwr,...,lwy with w; < ... < wy and the associated generalized eigenvectors

Viy...,Up-
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Step 4: Compute the slopes as y,...,0) as 0; :=Im (v;levj).

Step 5:
onstack «— 0

processed «— 0
AN «—0

for k=1,...,M do
if 0; <0 then
onstack < onstack + 1
else if o; > 0 then
onstack «— onstack — 1

end if
if onstack = 0 then
W ZfzprocessedJrl wj - (k - p?"OCﬁSSGd)

Compute the eigenvalues and eigenvectors of N(iw) and cancel non-negative
against negative eigenvalues to end up with 7 eigenvalues. Of these discard all
non-negative eigenvalues and keep R-many negative eigenvalues (31, ..., g with
their associated eigenvectors wy, ..., wg
AN «— AN — ﬁlwle — ... 6Rwa}k{
processed «— k
else if onstack < 0 then
Error! Dissipativation impossible!
end if
end for
if onstack > 0 then
Error! Dissipativation impossible!
end if

Step 6: If |[AN| =0set A— A B« B,C « C,D « D and return.

Step 7: From AN obtain AA, AB, AC, AD by setting the other entries to zero according
to the structure of (4.13).

Step 8: Update A — A+ aAA, B «— B+ aAB,C «— C+aAC,D «— D+ aAD, and goto
Step 2.

Remark 4.10. A problem with the pseudocode given in Algorithm 4.9 becomes obvious
when one has multiple purely imaginary eigenvalues. In this case Step 4 does not give the
right slopes. Instead, for every multiple eigenvalue w; = ... = wj; one has to build the
matrix of all associated eigenvectors V' = [v;,...,vi], form the product V*N;V, compute
the (purely imaginary) eigenvalues of this matrix, and take the imaginary parts of these
eigenvalues [M. Karow; personal communication|. Then, of course, the problem arises in
which order the slopes are injected into the for-loop of step 5. This problem has been
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addressed in the MATLAB code in Appendix B. Also, Algorithm 4.9 can become an infinite
loop which is why in the code in Appendix B a parameter which specifies the maximum
number of iterations has been introduced. Another point in which the MATLAB code in
Appendix B and Algorithm 4.9 differ is that the error messages are simply ignored. This is
done, because in the implementation used we cannot safely distinguish between eigenvalues
which are purely imaginary and those which are not. In practice this aborted the algorithm
although one could simply continue and obtain reasonable results. Note, that this problem
can be avoided by exploiting the para-Hermitian structure of the problem, compare [8, 28].

In the following we will use Algorithm 4.9 on various inputs and see how it behaves. All
systems that will be tested are supplied by CST AG, Darmstadt. All tests were performed
using a Intel(R) Core(TM)2 Duo CPU E6850 at 3.00GHz with 4GB memory and a Linux
operating system.

We start by varying the parameter « for the now familiar coaxial cable (4.9). The results are
shown in Figure 4.8. Note that for values of o greater then 5 nothing spectacular happens,
i.e., the CPU time and the number of iterations remain constant and the relative residual
continues it’s smooth increase.

CPU time in seconds Number of iterations Rel. Residual
100 : . ,

107
80

60 10—4.5
40

10—4.6
20
0

1 2 3 4 5 1 2 3 4 5

Figure 4.8: Algorithm 4.9 on the coaxial cable with « varying from 1 to 5 in equidistant
steps of 0.1.

The following example (called Branch 4) also is an electromagnetic model of the form (4.9)
with supply (4.10) but in this case n = 100, [ = 4, and m = 4. The corresponding sign-sum
plot can be found in Figure 4.9. Again, we measured several performance indices for varying
a in Figure 4.10. Note that in Figure 4.10 for several choices of o the maximum number of
iterations has been reached. This means that the algorithm failed to do the dissipativation
(in 150 iterations). This probably comes from the problem that we failed to separate purely
imaginary zeros from zeros with very small real part. We see that the choice a = 5 seems
to be a good one. Computing the perturbation with o« = 5 and drawing the sign-sum plot
for the perturbed system has been done in Figure 4.11.
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0.7

Figure 4.9: Sign-sum plot of the Branch 4 example from CST AG at different scales

CPU time in seconds Number of iterations Rel. Residual

1022
350
23
300 10
250
107*

200

150 107°

Figure 4.10: Algorithm 4.9 on Branch 4 with « varying from 1 to 10 in equidistant steps of
0.1 with maximum number of iterations restricted to 150.

The following example (called RJ 45) describes the electromagnetic behavior of an RJ 45
network connector and also has the form (4.9) with supply (4.10) with n = 160, [ = 8, and
m = 8. In this example the matrix A and B are sparse matrices. Especially the matrix A
is almost diagonal. It thus would make sense to adopt this sparsity pattern of A and B in
Algorithm 4.9, which we will not do here.

The dissipativation Algorithm 4.9 did not work on the RJ 45 connector at all. To understand
why consider Figure 4.12. In the top left we see that three w’s have been selected (the blue
crosses, one invisible at approximately —1.5). Applying the computed perturbation shows
that in the resulting sign-sum plot (bottom left) the lowest line is always below zero, which
is why only one w = 0 is selected in the second iteration. Thus the second perturbation only
works in the vicinity of @ = 0 and thus the application of the new perturbation (bottom
right) has not changed the sign-sum plot in a noticeable way. This behavior thus continues
over and over again and the algorithm stagnates. Thus, for this problem another logic of
choosing the w’s would be appropriate which then might not work with other problems, e.g.,
the coaxial cable. Different choices of o also were not able to better the situation.
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Figure 4.11: Sign-sum plot of the dissipativated Branch 4 example with @ = 5 at different
scales

0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3

Figure 4.12: Sign-sum plot of the RJ 45 from CST AG: unperturbed at two scales (top),
after one iteration (bottom left), after two iterations (bottom right) with o = 5. Blue crosses
mark the selected @ as in Algorithm 4.9.
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Chapter 5

Conclusion and Outlook

In this thesis three new theoretical results have been obtained. From these three results two
algorithms have been derived.

The first important result Lemma 3.6 showed that any Popov function of a system with a
supply (P, H) € C[\} x C14K is hidden in the matrix

0 P
N:=|__ ~ .
FvE

This result was obtained by elementary matrix computations. The advantage of N against
Popov functions is that Popov functions are not easily computed from P, whereas it is trivial
to form the para-Hermitian matrix N from P. We then showed in Theorem 3.11 that one
can check cyclo-dissipativity (which for controllable systems is equivalent to dissipativity)
of (P, H) via the inertia information of N along the imaginary axis. To prove this we used
the well-known result, that cyclo-dissipativity can be checked via the inertia information of
a Popov function along the imaginary axis.

The next result was formulated in Section 3.2. There we met the para-Hermitian matrix N
again and we stated that the solution of the infinite horizon linear quadratic control problem
(which stands behind the available storage and required supply) is contained in B (N), once
the system is cyclo-dissipative. Since it is known that the algebraic Riccati equation plays
an important role in linear quadratic optimal control [40] and the extremal solutions of the
algebraic Riccati equation can be obtained from the eigenvalues in the left or right open half
plane of a para-Hermitian eigenvalue problem [24, 14|, we are especially interested in the
autonomous part of B(N). Furthermore, the results in Section 3.2 showed that solvability
of the linear quadratic control problem is equivalent to cyclo-dissipativity, which was known
before [37, 38, 26]. The proofs for the results basically consist of calculus of variation with
some adaptions to behavioral systems.

The final theoretical result is given by the equivalence of dissipativity and solvability of the
linear matrix inequality (3.14) under some controllability assumptions. This result is also
called Kalman-Yakubovich-Popov lemma. In contrast to [36] we made use of the Kronecker
canonical form to study this problem and thus were able to make weaker assumptions. Also,
we used a different kind of linear matrix inequality than the one used in [36].

63



Having obtained the theoretical results for behavioral systems in Chapter 3 we then applied
them to descriptor systems in Section 4.1. It is evident that the statements in Section 4.1 are
much more complicated than the statements in Chapter 3 and one does not want to think
what the proofs would look like, if one were to conduct the proofs directly for descriptor
systems. Also, in Section 4.1 we saw that there are two ways to formulate a descriptor system
with an output equation of the form (4.1) as a behavioral system, namely (4.3) and (4.5).
The theory from Chapter 3 can then be applied to both formulations to obtain different
results. However, the obtained results only differ slightly.

From the theoretical results we proposed two algorithms, one the check cyclo-dissipativity
and one to enforce cyclo-dissipativity. While we can be sure from the theoretical consider-
ations that the dissipativity check works properly, the dissipativity enforcement algorithm
is a heuristic method that can fail. We saw such an example for which the dissipativity
enforcement algorithm failed (see Figure 4.12). In the Introduction (Chapter 1) we already
noted that it is known that eigenvalue perturbation methods for system passivation some-
times fail and Algorithm 4.9 is not an exception to this. We also proposed that it might be
possible to modify the algorithm (by choosing the w’s as in Algorithm 4.9 in another way)
so that it works properly with the example from Figure 4.12, although the modified version
might then no longer be working for the previous examples where the original enforcement
Algorithm 4.9 has worked. In any case, there will be no selection of the w’s which is optimal
for every problem and it is doubtful that the approach used in Algorithm 4.9 is appropriate.
A promising alternative is to construct an algorithm which computes perturbations of the
para-Hermitian pencil (4.13) through the solution of a least squares problem, similar to [33].
This approach could also be much more efficient computationally since one would not have
to compute the eigenvalues of N (iw) for every selected @ as in Step 5 of Algorithm 4.9. Also,
Step 7 of Algorithm 4.9 could readily be integrated into the solution of the least squares
problem. Furthermore, it would be helpful to develop a deeper understanding of eigenvalue
perturbation theory for para-Hermitian matrix pencils, similar to [1].

An interesting open problem is the computation of an Riccati-like optimal feedback controller
for behavioral systems via eigenvalue methods. To understand what that means consider
the first-order system P()) := AF' + G € C[A]}" together with some supply H = H* € C%1.
Assume that Z € CP9 is the solution of the linear matrix inequality (3.14) which belongs
to the available storage. This means that G*Z + Z*G + H is positive semi-definite. Thus,
there exists a low-rank Cholesky factor L € C™? such that G*Z + Z*G + H = L*L. In this

e e

which shows that the optimal behavior can be extracted from the para-Hermitian matrix
pencil N by imposing further (purely algebraic) equations on the original system AF + G,
which are specified by L. The matrix L is called a behavioral controller. Following the ideas
in [30] it should be possible to compute such a controller efficiently.
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Finally, another intriguing question is the following. Consider the pencil from (4.13) which
arose by forming the para-Hermitian matrix N with the notations from (4.5) and @ = —1,
R =1, and S = 0. We see that this pencil is equivalent to

0 00110 0 0 0 —-A -B

0 0000 0 I 0 -C -D
A0 000 O +] O 0 -1 0 0
—I* 00 00 —-A* —=C* 0 0 0
0 0000 -B* =D* 0 0 1

When we consider the behavior of this system we see that the block in the middle will always
be zero. Thus, omitting the block in the middle we obtain the para-Hermitian matrix pencil

0 0110 0O 0 A B
\ o 000 |0 - C D
—I* 0 0 0 A C* 0 0
0 00O B* D* 0 -1
Setting
- AM—-—A —-B - 0 0
P(\) = [ _C —D] , and H = {O —]} (5.1)
we can rewrite this pencil as o
H P
N N 5.2
2 o

It is well known that algebraic properties of P as defined in (5.1) are very important in
H-control and it would be interesting to see if the results from Section 3.2 about linear
quadratic optimal control can be generalized to make assertions about the pencil in (5.2).
In other words, does the behavior of (5.2) describe something meaningful?
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Appendix A

Involved proofs

A.1 A property of the available storage and the re-
quired supply

In this section we show that the available storage and the required supply are equivalent to

the optimal control problems which are studied in Section 3.2. For first-order systems we

will also see another equivalent formulation of the available storage and the required supply

which resembles the observations from [29] (where state-maps for linear systems were given)
and [35] (where it was shown that every storage function is a function of the state).

Lemma A.1. Let e € Ny and a € Coy be such that A.a(0) = 0. Let b: R — R be a smooth
transition from 1 to 0, i.e., an infinitely often differentiable function with

~ 1 t<0
b(t) = =
0 t>1

Then, there exists a constant C' € R such that we have

|G [pesa0] |, < -
d k.e i \/_
foralli=0,....;e and all k =1,2,....

Proof. Define the constant B € RT through

B := max max

(1),

and the constant A € RT through
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Figure A.1: Left: e = O;_ Right: e=1

Using Taylor expansion we find that for € > ¢ > j > 0 and for ¢t € [0, 1] there exists a
¢ €10, 1] such that we have

(i) T NS
") = Z moz (0) +ma (€)

k=i—j
t€7i+j t67i+j
N P S O < -
== «
(e—i+7)! <§)‘_(e—i+j)!

We observe that we have b(kt) =1 for t < 0 as well as b(kt) = 0 for ¢t > +. With the above
observations and the Leibniz rule for differentiation we see that for all i = 0,..., ¢ and all
k=1,2,... we have

VAN
o
YR
oL .

dt
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by setting

Z‘ (z)2 BA 1
C := max _ — . - :
=0, \ =g \J (e—i+ )2 —2i+2j+1

which yields the assertion. O

Lemma A.2. Let P(\) = AF + G € C[A]}"? with r := ranke(y) (P). Let 2 € B(P) be such
that F2(0) = 0. Then for any 0 > 0 we have the following:

1. There exists a trajectory z, € B(P) such that z(t) = 2(t) for allt <0, z,.(t) =0 for
allt >0, and ||z4]+ < 0.

2. There exists a trajectory z— € B(P) such that z_(t) = 2(t) for allt >0, z_(t) = 0 for
allt < =0, and ||z—|- < 0.

Proof. Let the Kronecker canonical form of A\F'+G be given by (2.4) and use (2.9) to conclude
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that there exist zq,...,2s € C and 2 € C? such that Z takes the form

Ag1121(1)

’%(t) = T_l Aes+125(?f) )
ej(O)ti.

0oty

for all ¢ € R, where 0,4, denotes the zero vector of size (o 4+ n)-by-1. Further, introduce the
notation L, (\) =: ALL + L2 with £ £2 e C*! to denote the left and right matrices

€;)

in (2.5). Then, from the assumption F2(0) = 0 we obtain
(LA 4121(0))]

0=S""FT7'T2(0) = LA 12:(0) | 5
x

Oty

which means that Z takes the form
A 121
s=7t| |,
Aes—i—lzs
Op+o+77
and we have ﬁijAeszj(O) =0, for j = 1,...,s. By using the definition of 5; from (2.5)

we see that this implies
A6j2j<0) = O, (Al)

for j=1,...,s. Let b:R — R be a smooth transition from 1 to 0, i.e., an infinitely often
differentiable function such that

~ 1 t<0

b(t) = {

0 t>1

Define the sequence of functions z;, € CZ through

Acys1 [b(kt)z1 (1))

an(t) =T~ A [b(:k:t)zs(t)] |

Op+a+n

and observe that (2.9) implies that all z;, € B(P) are trajectories of the system. With this,
(A.1), and Lemma A.1 we deduce that

Izl < TIPS A kD@ = 17120

j=1 j=1 i=0
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€j

: 1 D
2 —

7j=1 =0

by setting
s €5 s
D=|TI*Y_ Y G =TI ) Cile; +1).
j=1 i=0 j=1

Since the construction of the zj implies that for all £ = 1,2, ... we have that 2(¢) = z(¢) for
t <0and 2(t) =0 for t > %, we only have to choose k big enough and the claim is proved.
The proof of point 2. works analogously by choosing a smooth transition from 0 to 1. O

Theorem A.3. Let P € CI\} and H = H* € C*9 . Let 2, € B, (P) and 2_ € B_(P).
Then we have

-0, (Agz:(0)) = einf(P) / (Agz(t) H (Agz(t))dt
z(t):z_:r(t),tgo
and
0
O (A= (0) = inf_ / (A=) H (Ag=(t)) dt.
z(t)z:z:(t),tzo -
If K =1 we also have that
_@+(AKZ+(O)) = . 1(2{.‘ / (AKz(t))*H(AKZ(t))dt,
P<k>(%)z(0)=}<k>(%)z+(o), k>1 ’
and
0
O_(Agz_(0) = inf / (Agz(t)" H (Agz(t))dt.
z€B _(P) — 0

P (L) 2(0)=P*k) (L)2(0), k>1

Proof. We only show the result for the available storage. The proof for the required supply
works analogously. Using the canonical linearization (2.3) we see that it is sufficient to proof
that for first order systems AF + G € C[A\]7? and for H = H* € C?%? we have

e¢] e}
inf ZX(Hz(t)dt = inf / 2" () H z(t)dt
2€B L (AF+G) Jq 2€B L OF+G) J§
2(t)==4 (£),4<0 2(0)=24(0)

— i /Ooz*(t)Hz(t)dt.

2B | (AF+G)
Fz(0)=Fz4(0)

From the basic theory of sets we immediately see that
inf / SOH0d > inf / (6 H=(t)dt
2€B | (AF+G) 2eB L (AF+G) Jg

(1) =24 (£),4<0 2(0)=2+(0)
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> inf /OO 2 (t)Hz(t)dt.

2€B | (\F+G)
Fz(0)=Fz4+(0)

Let z € B, (P) be arbitrary with F'2(0) = Fz,(0). We will show in the following that for
every such trajectory and every 6 > 0, there exists a trajectory zg € %, (P) such that

/OO Z*(t)Hz(t)dt + 6 > /00 25 (t)H zg(t)dt,

while at the same time zy(t) = z4.(¢) for all ¢ < 0. From this one obtains that

inf / T oWHd > i | / T H ()t

2EB L (AF+G) 2€B | (\F+G
F2(0)=Fz4(0) 2(t) =24 (£),4<0

and thus the claim follows. Thus, let z € B, (P) be arbitrary with Fz(0) = Fz,(0) and
let # > 0. Define y := 2z — 2z, € B, (AF + G) and notice that this implies that Fy(0) = 0.
Using Lemma A.2 we find that there exists a trajectory ys € B, (P) such that yy(t) = y(¢)
for t <0 and

0
lyally < /=115 + TH 121l - (A.2)

We define zg := z — yy € B (P), and see that with this for ¢ < 0 we have
2(t) = (1) —wo(t) = 2(1) —y(t) = (1) — (2(t) — 24.(1)) = 24.(¢).
Also, we obtain the inequality
/ t)Hzp(t)dt = (Hzg,29), = (Hz — Hyg, 2 — yp)
0

o
(Hz,z), —2Re ((Hz,y0), ) + (Hys,yo) ,
(Hz,z), —1—2} (Hz,yp) |—i—‘ (Hyo, yo) . |
(Hz,2), + 2| HI[ 2], sl + I oll? - (A.3)

IAINA

From (A.2) we obtain that

0 2
2 2 2
||Z||+ + m > (||y9||+ + ||Z||+) - ||y9||+ +2 ||y9||+ ||Z||+ + ||Z||+ )

and thus
2
0 > | H|| Nlyoll7 + 2 HI| [[vell, |21l -

Together with (A.3) this yields

/ zg(t)Hzo(t)dt < (Hz,z), +0= / 2*(t)Hz(t)dt + 6,
0 0
and thus the assertion follows. ]
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A.2 Characterizations of cyclo-dissipativity

Lemma A.4. Let P € C[A|P? with r = rankc(y) (P) and let U € C[A]%™" be a polynomial
kernel matriz of P without zeros. Then we have the following:

1. If z € B(P) is such that for some fired ty € R we have 2¥)(ty) = 0, for all k € N then
there exists an o € CL" such that z =U (%) a.

2. If z € BL(P)NB_(P) then there exists an o € CL " NCT" such that z = U (L) .
Proof. We show point 1. and 2. simultaneously by allowing ¢, from point 1. to assume
the value +oo. Let the Smith form of P be given by (2.1). Define y := T (%) z. Since
T has the representation T'(\) = >°7_  N'T;, for some 7 € N and T; € C%%, we see that
for all k& € Ny we have y®(tg) = >°7_ T;20%(¢5) = 0, due to the assumption. Denoting
the elements of y by y; and using that S™' (£) P (4) z = 0, we find that d; () y;(t) = 0
forv = 1,...,r. For each i = 1,...,r we distinguish two cases. The first case is when
d;(\) = d; is a constant non-zero polynomial. Then d;y;(t) = 0 implies that y;(t) = 0 for all
t € R. The second case is when d;(A) is a polynomial of degree higher than or equal to 1. In
this case d; (%) y;(t) = 0 constitutes a differential equation. Since we have already derived

the initial/boundary conditions yZ(k) (to) = 0 for all k£ € N, we see from the basic theory of

homogeneous linear differential equations that in this case also y;(t) = 0 for all ¢ € R.
Thus, we have shown that y takes the form y = [0 gT}T, with ¢ € CE’;)’". Partition the
inverse of T as T~! = [TI Tg} with 77 having r columns and 75 having ¢ — r columns.

Using Lemma 2.9 and Remark 2.10 we obtain the existence of a unimodular Uy € C[\|7 97"
such that U = TyU,. Setting a := U{l (%) y we find that

R OO A LAC A O
which proves the claim. =

Lemma A.5. Consider the system P € C[\J%* and let z, € B (P) and z_ € B_(P) be such
that Az, (0) = Agz_(0). Then for every e > 0 there exists a trajectory Z € B (P)NB_(P)
such that ||Ag(Z — z3) ||+ + [[Ax(Z — 22)]|- <e.

Proof. [27, Corollary 2.4.12] Using the canonical linearization (2.3) we see that it is sufficient
to prove the result for first order systems P(\) = AF'+G. For first order systems, observe that
Z:=z, —z_ € B(P) is a trajectory of the system which satisfies 2(0) = z,(0) — z_(0) = 0.
Thus, with Lemma A.2 we can construct a z; € B(P) such that 2,(¢) = 2(¢) for all ¢t > 0,
Z1(t) = 0 for all t < —¢, and [|Z1]|- < €. Set Z := 2, + z_. Then for all £ > 0 we have
Z(t) = 2(t) + z_(t) = z4(¢), for all £ < —e we have Z(t) = z_(t), and we have ||Z — z_|_ =
|21]|= < €. Clearly, we also have ||Z — z, || = 0. This implies the assertion. O

Lemma A.6. Let P € CI\%? and H = H* € CY*9. Then (P, H) is cyclo-dissipative if
and only if

0< /_OO (A=) H (Ax=(t)) dt,

[e.9]

for all z € BL(P) UB_(P).
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Proof. The ”if” part is trivial. For the "only if” part assume to the contrary that there was
a trajectory z € B (P) NB_(P) such that

/oo (Agz(t)" H (Agz(t))dt < 0. (A.4)

—00

Let U € C[A]%?"" be a polynomial kernel matrix of P without zeros, where r = rankey) (P).
According to point 2. of Lemma A.4 this implies the existence of an o« € CL " NCL™
d

such that z = U (%) a. Using Lemma 2.11 we obtain the existence of a polynomial matrix

X € C[N ™4 without zeros such that XU = I, ,. Let U take the form U(\) = "M U,
with M € N and U; € C#4~" and let b be a smooth transition from 1 to 0, i.e., let beCo
fulfill b(t) = 1 for t < 0 and b(t) = 0 for t > 1. Define a family of functions z; € B,.(P)
through

r(t) == U (£) [a(t)é(t —T)b(—t — T)] ,

for T € R. With this we obtain from the assumption of cyclo-dissipativity that

0 < / " (Arzr(t) H (Agcr(t)) d = / (Aws) H (Axe(0) e
+ /_ (AKZT<t>>* H (AKZT(t>> dt -+ /TOO (AKZT(t))* H (AKZT(t)) dt.

Using (A.4) we see that there exists an € > 0 and a T} such that for all T > T, we have

/T (Axz(t)" H (Axz(t)) dt < —e,

e.g., one can choose

em 1 /oo (A1) H (Aga(t)) dt.

[e.9]

We also observe that

/Too (Axar(t)” H (Agar(t) dt’

/OO (Aot + T)) H (Ageap(t +T)) dt'

— |<HAKZT(- +7T), Agzp(-+ T)>+‘
< [H[|Axzr(-+T)

1%
11 [kt (£) [+ 10 |

Edl KZ @)U (@) a6+ 1]

2

+

7



- ||H||I§ <%>’i (&)U o+ D)
< HHHKZlﬁ Joi 67 fotc+ 0]
< 1SSl () [+ o]

= IHIIZ:

IN

K—1 M
< (Z+]) (k)(. T)b(l+j k)( )( 1)1+] k
=0 j=0 =
K—1 M it
< 1Y P Z( ) o = myieso-
=0 7=0
Define
B := max V)| =  max b (t)
teR 2 t€[0,1]
k=0,.., M+ K1 k=0,....M+K—1

and choose C, D > 0 such that

forallte Rand all k =0,...,

Hoz(k)(. + T)i)(”j"f)(.)H2

o0 < ce.
M + K — 1. Then we obtain

+

= BQ/ la® @+ ||2dt<BQ/OOCQe—2D“+T>dt
0 0

[e§)
_ 32026_2DT / e
0

—2Dt gy _ B2(12p—2DT 1 6—2Dt‘

—2D 0

78

- / OOHa<k>(t+T)z§<i+M>(t) i

715 3 10 Z(Z“) o+ e

dt

2

2,12
< BC o—2DT
- 9

2D

(A7)



and analogously

0 0
Ha(k)(_ _T>[;(i+jk)(_.>H2 < Bz/ C2e-2DIt=T| g — Bz/ C2—2D(T—1) gy
+ —00

— B2C2e2DT /0 2Dt gy — BZC2ef2DTL€2Dt
2D

0 o BQOZ —2DT
oo 2D ’

(A.8)
foralli=0,..., K —1,j=0,...,M,and all k =0,...,7+ j. Combining (A.5) and (A.7)
yields

/TOO (Axar(t)" H (Akzr(t)) dt‘

K-1 M N 2
B=C
< WIS Sy () e < e
i=0 j=0 k=0

whereas combining (A.6) and (A.8) yields
-
’ | @) B (dwertt) dt'

K-1 M i+ N D2

B=C

< ML oy () e e ra,
=0 0 k=0

.

if one defines

K-1

147\ B°C
A= ey (1) S 2o
=0 J k=0

% 7=0

Now, choosing T} > T such that 2¢72PTt A < ¢, we finally see that

0 < / T (ke ()" H (Agen (8) de

= / 1 (AKZ(t))* H (AKZ(t)) dt + / (AKZTl (t))* H (AKZT1 (t)) dt

— T1 Tl

o[ ko) e )

)
-7y

/Oo (Agzr, (0)" H (Agzr (1)) dt’ + ‘/ (Agzr, (0)" H (Agzr (t)) dt

Tl — 00

< —€+

< —e4+ 2P A< —e4e= 0,

which is a contradiction and thus the claim is proved. O
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Lemma A.7. Let P € C[AP? with r := ranke(y) (P) and let U € C(A\)?7" be a kernel
matriz of P. Let Z : C — C? be a continuous function such that 0 = P(X\)Z(X), for A € C.
Then, there ezists a function o : C\ 3 (U) — C?" such that

Z(A) = UM (),
forall X € © (U)\ 3(U).

Proof. Let a Smith form of P be given by (2.1) and partition the inverse of T as T~ ! =
[Tl Tg] with 7} having r columns and 7, having ¢ — r columns. Using Lemma 2.9 we
obtain the existence of an invertible Uy € C(\)?"9" such that U = TyUs and 3 (U) = 3 (Us)
and P (U) = P (Usy). Define the continuous functions Z; : C — C", Zy : C — C9", and
Z : C — C through

and observe that this implies

0— S1py— {diag(dl,...,d,«) 0] Ty [diag(dl,...,dT)Zl
0 0

which in turn implies that Z; = 0, since diag (dy, ..., d,) is invertible and continuous. From

this we deduce that
0

Zs

With this notation at hand define o := Uy ' Z5. With Lemma 2.11 we find that D (U; ') =
C\ 3(U). Since Z, is defined on all of C, the function « can be considered to be function
defined on C \ 3 (U). Finally, from the equation U = TyU, we find that UU, ' = T, and
conclude that

Z=T"'Z=[T" T { ] = Ty Z,.

7 =TyZy=UU;"'Zy = U,
which is the assertion. O

Definition A.8. For a function with compact support z € C? we define its two sided
Laplace-transform Z : C — C1? via

The two sided Laplace-transform is also denoted by Z = £ {z}.

Lemma A.9. Let 21,25 € C! be two functions with compact support. Then their two sided
Laplace-transforms Zy, Zy are continuous functions that are well defined for all X € C, i.e.,
Z1(A) and Zs(N) are well defined in the complete complex plane. Furthermore, the Parse-
val/Plancherel identity

/ T Wamd = [ 2t (iw) Z(iw)dw

—00 2m —00
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holds. For the deriwative of a function z; we have the formula
L{a}(A) = AZi(N).

Proof. [23, pp. 8-13] We dismiss the subscript and simply write z when meaning either z;
or z,. Since z is assumed to have compact support, there has to be a R € R™ such that
z(t) = 0 for every |t| > R. Thus, for every A € C the integral

Z(\) = /Oo e Ma(t)dt = /R e Mz (t)dt

[eS) —R

is an integral of a continuous function over a compact interval and thus exists.
Partial integration shows that we have

£{} = /OO e Mi(t)dt = /Ze_’\tz’(t)dt = e_’\tz(t)‘]jR — /Z(—)\)e_)‘tz(t)dt

o0

R 00
= A / e Mz(t)dt = A / e Mz(t)dt = AZ(N).
—R —00
To see that Z is a continuous function let {A;}reny € C be a sequence that converges to a
A € C. Then the functions
2,(t) == e M 2(t) € 4

constitute a sequence of functions which converges uniformly to the function e=*z(t). Thus,
from basic calculus we know that

oo R R
klim Z(\) = klim Mz (t)dt = lim M (t)dt = / lim eM'z(t)dt = Z()\),

oo k—o00 _R _R k—o0

which proves the continuity. The Parseval/Plancherel identity is harder to prove, see [13,
§12]. m

Lemma A.10. Let P € C]A]P? with r = ranke(y) (P) and let U € C[A|%9™" be a polynomial
kernel matriz of P without zeros. Let wy € R and v € C™" be arbitrary but fived. Define

. {w ifwo # 0
Wo

Y1 ifw=0

Then we can construct a sequence of trajectories {zx}ren = {U (%) Uk’}keN C B.(P) with
vg € CI77 such that the following properties are satisfied for all k € N.

dt @wo ? Qo

1. z(t)=U (i) verot = U(wy)ve“ for all t € [_M M}

2. 2o (t) = z <t + 2”’“) for allt € [O, i—ﬂ

@0
3. 2o (t) = 2z (t - %) forallt [_%’0]'

81



4. zk(t) =0 for allt € |—o0, _27r(k+1)] U [zﬂ(kﬂ)’oo['

@o wo

Proof. [45, Proof of Theorem 3.1] Let b : R — R be a smooth transition from 0 to 1, i.e., an
infinitely often differentiable function such that

B(t):{o t<—1‘

1 t>0
Define the sequence of functions b, : R — R through
bi(t) = b (t52 + k) b (—t52 + k),

for £ € N and observe that all b are infinitely often differentiable and have the properties

iy < [0 Tort € [ oo —=ER U [, oo (A.9)
w(t) = . 9
1 forte |—Zk 2rk

wo 7 wo
Next, define the sequence of trajectories z; € B.(P) through
z(t) = U () [vebi(t)] -

The construction implies that for ¢ € [—25—’“, M] we have
0 wo

z(t) = U (&) [ve”'] = U(wo)ve™,

and thus we have shown part 1. Part 4. follows from (A.9). To see part 2. we find that for
all ke Nand t € [0, i—ﬂ we have

2nk

) (2

Zk(t—i—%) = U(

Sl=

= U (L) [0e ™ 5™ (12 4 g k) D (—t2 — o+ 5]
= U (&) [vent 5o b (152) (—ti’—?r)]

L =1

= U (g) [ve™bo(t)] = 2(1).
Part 3. can be shown analogously and thus the proof is finished. O

Theorem A.11. Let P € CIA\J} and H = H* € C¥49%_ Let r := ranke(y (P), let U €
C(N)?97" be a kernel matriz, and let 11 be the Popov function of (P, H) associated with U.
Then (P, H) is cyclo-dissipative if and only if

[I(iw) > 0,
for all w € R such that iw € ® (II) =D (U)ND (U™).
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Proof. [45, Proposition 5.2] First, assume that II(iw) > 0 for all iw € © (II) and let z €
B.(P) be arbitrary. Using Lemma A.9 we find that

/Oo (Agz(t)" H (Agz(t))dt

— [T OR @) =0) 1 (o () s0)

— o [ (1A% () 2} ) H (2{8% (4) ) ()
- = Z (A (1) 2 i0)" H (A (i) Z(i0)) dt

_ % ZZ*(@'w)A%N(iw)HA‘}((iw)Z(iw)dt.

By taking the two sided Laplace-transform of the identity P ( ) z = 0, using the linearity
of the two sided Laplace-transform, and using Lemma A.9 we obtam

0=2{P (%)= ZPS{ZJ)} Z(N).

Thus, Lemma A.7 shows that there exists an a : C\3 (U) — C9" such that Z(\) = U(N)«a(N)
forall A € ©® (U) \ 3 (U). Since we can divide any integral over R into a finite number of
distinct intervals such that the interior of each interval does not contain any zero or pole of
U, we can write (in a slightly symbolic fashion) that

/_ T (Arr(t)) H (Aez(t)) dt — % _OO 2% (i) AL (i) HA (i) Z (i) dt
= % _OO " (iw)U* (iw) AL (iw) HAY (iw) U (iw) a(iw) dt
_ % _OO o (i) T (i) (i) dt > 0,

since II is assumed to be positive semi-definite along the imaginary axis. This means that
(P, H) is cyclo-dissipative.

For the reverse direction assume to the contrary that there exists an wg and a v € C4~" such
that v*II(iwp)v < 0. Let a Smith form of P be given by (2.1). Partition the inverse of T" as
T = [Tl Tg] with 77 having r columns and 7% having ¢ — r columns. Using Lemma 2.9
we obtain the existence of an invertible U, such that U = ToU, with B (Us) = B (U) and
3(Uy) = 3(U). W.lo.g we may assume that iwy is not a pole or zero of both Uy and U
because if it is then one can choose a new wy in the neighborhood of the old wy where I1(iw,
is still not positive semi-definite. Let IT = T5* A%~ HA%T, be the Popov function associated
with T, and set © = Us(iwp)v. Then also

0 (iwg)o = v Uj (iwo) Ty (iwo) AL (iwg) H AL (iwo) To (iwo ) Us (iwp)v
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v*U* (iw) A% (iwo ) H A% (iwg ) U (iwg ) v = v* T (iwp)v < 0.

Using Lemma A.10 we construct a sequence of trajectories {zj }reny C B.(P) such that

; o2k 2nk
2k(t) = Ty(iwg)ve™°t,  for t € —;7 L]
L Wo Wo
2k 2
2o (t) = Zk<t+~—>, fort € |0, —|,
wo I wo
2 (1) = Z<t—w> forte-—Q_W()
0 o ‘:)0 ’ I (;}07 9
| om(k + 1 om(k + 1
0, for t € —Oo,—w}u{ﬂf ),oo{,
i wo wo

where @ is defined as in the statement of Lemma A.10. This implies that for £ € N and

@ezwgt7

2k 2”’“] we have

AKZk(t) = A(II( (%) TQ(iWO)

e[z,
@wo 7 @o
> otwot A%(in)TQ(iWO)
and thus for k € N we see that using the transformation rules ¢x(t) =t + 25—’“ and (1)

ve

we obtain

/_ T (A H (Aga(t)) dt

o _; (Agzi(t)" H (Agzi(t)) dt
2m(k+1)
/ @0 (Agzi(t)" H (Agzi(t)) dt

_ 2k
t— Z

@o
2rk

wo
wo

T 27 (k41
el
ok
(A% (i) Ta (i) De™0t) " H (A, (i) To (iwp)de™0") dt
o
(Axzi(t)” H (Axzi(t)) dt

Y (0)
(Arczn (D) H (Agz(t)) di + /
¢5(0)

+/wk<z—z>

2k
e~ Ot Ty (iwp) (AL (iwo )™ HAYL (iwo) Ty (iwg) De™t dt

o (Bean() H (Axzu(t) dt +

@
o 2k
wo

+ /_ . () (Agcze(i(t)” H (Agczi(r(t))) dt
N /0 " Gult) (A e(0)* H (Agzn(du(t))) de
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2k
I _ [ @
=0 <ZWO)U/27rk: dt

wo
2

wo

0

(Axzo(t)" H (Axzo(t)) dt

Ak _, -
= ~L~*H(iw0)6—|—c,
Wo

by setting

2

wo

ci= /_ L (Axzo(t)" H (Agczolt)) dt + / (Ax2o(t)) H (Agzo(t)) dt.

= 0
@o

Clearly, ¢ is a constant which does not depend on k. Thus, we have shown that there exists
a sequence of trajectories of the system with compact support z; € B.(P) and a ¢ € R such
that

/_OO (AKZk(t))* H (Agzp(t)) dt = ler_kﬁ*ﬁ(iwo)@ re,

[e%S) Wo
which yields a contradiction to the assumption of cyclo-dissipativity by choosing k large
enough. O]

A.3 Differential equations with exponentially decaying
inhomogeneity

In this section we show that differential equations with an exponentially decaying inhomo-
geneity have at least one solution which itself is exponentially decaying. Only the final
Lemma A.15 is needed in the main text.

Lemma A.12. Let f € Cy (or f € C_) and a € C be arbitrary. Then there exists a y € C,.
(ory € C_, resp.) such that for all t € R we have

§(t) = ay(t) + (2). (A.10)

Proof. For the case that f € C, we know that for ¢ € N there exist constants d;, 9; > 0 such
that 4
‘f(l) (t)‘ < dieiéit7

for all ¢ > 0. We distinguish two cases. First assume that Re (a) > 0. Define

Yo 1= — /000 e f(s)ds.
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Note that y is well defined, since in this case ¢e™** is bounded for all s > 0 by 1 and f is
exponentially decaying and infinitely often differentiable. With the variation-of-constants
formula and y, as an initial condition we obtain that

¢
y(t) = e“tyoJreat/ e “f(s)ds
0

= e (— /000 e f(s)ds + /Ot e_“sf(s)ds>
_ e /t e f(s)ds

is a solution of (A.10). We have

()] = |e”]

/t e f(s)ds

S eRe(a)t /OO {e—as]c(s)’ ds
t

< eRe(a)t / efRe(a)sdoeféost
t

_ doeRe(a)t/ 6—(Re(a)+6o)sd8
t

1
— d Re(a)t [ —(Re(a)+d0)s
0 Re ((l) + 50 c

_ D Re(y,-

)
(Re(a)+60)t

do
_ e*lsot

Re (a) + o

=: coe 1t

by setting ¢ :=
that

m and v := dp. Since y solves the differential equation (A.10), we see

i—1
yO(t) = a'y(t) + > a fUI(8).
§=0
Since C, is a vector space, this shows that all derivatives of y are also exponentially decaying,

which implies y € C,..
If Re (a) < 0 then multiple solutions exist. We choose gy, := 0 and observe that in this case

y(t) = / &) f(s)ds,

is a solution of (A.10). W.lLo.g. we assume that §y < —Re (a) (otherwise chose §y smaller,
which is still appropriate). Then dy + Re (a) < 0 and we have

y(t)| < / =) £(5)| ds
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t
< / 6Re(a)(t—s) d0€_605d8
0

t
— dOeRe(a)t / efs(Re(a)#»éo)dS
0

_ cRe(@)t ( —s(Re(a)+50)|'

Re (a) + 6o 0
Qo Re(t (,—t(Re(a)+50)

- e(a e(a —1
Re (a) + 0o (e )

- dU ( —dot __ eRe(a)t)
Re (a) + o

= ¢ (e—VOt . 6Re(a)t)

S Cﬂei’yoa

for all ¢ > 0, which shows that y is exponentially decaying. As above we deduce that then
all derivatives of y are also exponentially decaying, since y solves the differential equation
(A.10), and thus y € Cy. The proof for f € C_ is analogously. O

Theorem A.13. Let f € C} (of f € C") and A € C™" be arbitrary. Then there exists
y€Ct (oryeC”, resp.) such that for all t € R we have

y(t) = Ay(t) + f(1).

Proof. Using the Jordan canonical form of A the problem decomposes into a finite number
of subproblems of which each has the form

1 a 1 1 fi

U2 Y2 fo

| = N I o I
: S| : :

yni a ym fm

with n; € N. Starting from the last variable and last equation one can use Lemma A.12 to
show that there exists a y,, € C, such that the last equation is fulfilled. Using the fact that
C. is a vector space we see that v, + f,,—1 € C+. Thus, using Lemma A.12 again, we find
that there exists a y,,_1 € C4 such that also the second last equation is fulfilled. Proceeding
this way we obtain the claim for the subproblem and thus also for an arbitrary matrix A.
The proof for f € C" is analogously. m

Lemma A.14. Let d € C[A]\ {0} be a non-zero polynomial and let b € C (or b € C_).
Then there ezists x € C4 (v € C_, resp.) such that

d(4)z=0.

Proof. We distinguish two cases. For the first case assume that d = ¢ € C\ {0} is a non-zero
constant. In this case we set = := %b and obtain the assertion immediately. For the second
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case let d(\) = o8 d;\ with K € N\ {0} and dx # 0. This means that we are looking
for a solution z € C, of the differential equation 3.7 d;z® () = b(t). Reducing this higher
order, scalar differential equation to a first order, matrix differential equation with the help
of the companion form of d, and applying Theorem A.13 we immediately obtain the result.
The proof for b € C_ is analogously. m

Lemma A.15. Let P € C[A]?? be a polynomial matriz with full row rank rankey (P) = p.
Let b € C% (or b€ C”) be arbitrary. Then there exists x € CL (or x € CL, resp.) such that

P(&)x =0

Proof. Let a Smith-form (2.1) of P be given by P = SDT where S € C[A]P? and T € C[\]|%¢
are unimodular and D € C[A]"9 is diagonal of the form
d, 0 --- 0
dy 0 - 0

with di,...,d, € C[A]\ {0}. Set b:= S (L) b. Then we see that b € C% is itself expo-
nentially decaying. For ¢ = 1,...,p denote the elements of b by b; and construct z; € Cy

with the help of Lemma A.14 as exponentially decaying solutions of the scalar equations

d; (%) x; = b;. Define 7 € C{ through

Fi=[z, - @, 0--- 0]"

and notice that this implies D (%) # = b. Thus, setting x = T~1 (%) T € Ci proves the

claim. The proof for b € C” is analogously. m

A.4 Quadraticity of the available storage and the re-
quired supply

Looking at Definition 3.14 we see that the available storage ©, and the required supply
©_ both correspond to the solution of an optimal control problem with a quadratic cost
functional subject to linear constraints. This suggests that ©, and ©_ themselves might be
quadratic functions. In this section we show that this is indeed the case by following the
ideas in [2, Chapter II].

Definition A.16. Let W C C” be a linear subspace. Then the function
B:WxW—=C
is called a sesquilinear form on W if the conditions

B(x,y) = B(y, )
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B(x7y1+y2> - B(Jf,yl)—f—B(I,yg)
B(z,ay) = aB(z,y)

hold for all z,y,y;,y2 € W and all a € C.
A special case of the following lemma was used in [2, Lemma I1.2.2.] without giving proof.

Proposition A.17. Let W C C" be a linear subspace and let B : W x W — C be a
sesquilinear form on W. Then there exists a unique Hermitian matrix X = X* € C™" such
that

y Xz = B(x,y) for all z,y € W, (A.11)
Xz =0 for all x L W. (A.12)

In particular, the function © : W — R defined by ©(x) := B(z, z) is quadratic.

Proof. To see the existence, let vy, ..., v, be an orthonormal basis of W, set V' := [vq, ..., U]
and define the matrix X = [z; ;] € C™™ through z; ; = B(v;,v;). Let 2,y € W be arbitrary.
Then there exist coordinate vectors «, 3 € C™ such that z = Va = >  oyu; and y = V3 =
>, Biv;. This implies that

B(z,y) = Z B(ajv;, Biv;) = Z a;3:B(vj, v;) Z ;B

ij=1 ij=1 i,j=1
m .
. *
- E E Ilj - cey : - ﬁ XO[
=1 7j=1

D i) QT

Set X := VXV* Then, for the arbitrary z,y € W from above, we see that y*Xz =
BVVXV*Va="Xa= B(x,y). Also, we see that for any z L W, i.e., any z € C" with
V*z = 0, we have that Xz = VXV*z = 0.

To see the uniqueness let X; and X, be two matrices satisfying the properties (A.11) and
(A.12). Then, for i = 1,...,n the unit vector ¢; € C"™ can be written as e; = 0; + w;, where
0; € Wand w; L W. Thus, for i,5 € {1,...,n} and k = 1,2 we have

G:Xkej = ﬁ:ka)J + TI):Xk@j + ﬁ:XkﬂJj + @:Xkﬂ)] = ﬁ:ka)J,
due to (A.12). Because of (A.11) this implies et Xe; = v Xv; = B(vj,v;) = v Xov; =
*XQGJ, i.e. X1 XQ. ]
The following Lemma is an extension of [2, Lemma I1.2.2.] to the complex Hermitian case.

Lemma A.18. Let W C C" be a linear subspace and consider a function © : W — R. Then
there exists a unique Hermitian matrix X = X* € C™"™ such that

r*Xx = 0(x) for all x € W,
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Xz=0 forallxz LW,

if and only if for all « € C, p € RT\ {1} and all vectors x1,x5 € W we have

O(az,) = |a*©(x), (A.13)
O(z1 + pxs) — O(x1 — paa) = uO(xy + x9) — pO(T1 — T9). (A.15)

Proof. The "only if” part is trivial. For the "if” part let y1, y2,y3 € W be arbitrary vectors.
Then from (A.14) (with 21 = y; + y2, 2 = y1 + y3) we obtain that

O(y1 +y2) + O(yr +y3) = 3 [O2y1 + 12 + y3) + O(y2 — y3)]

and also from (A.14) (with x1 = y; — y3, T2 = y1 — y2) we obtain that

O(y1 —y3) +O(y1 — 42) = 5 [O2y1 — v2 — y3) + O(y2 — y3)] -

Subtracting these two equations yields

O(y1 +v2) —O(y1 —y3) +O(y1 +y3) — O(y1 — 12)
= % O2y1 +y2 +y3) — O2y1 — y2 — y3)] ,

which by (A.13) (with a = —1) and (A.15) (with g = 2, 1 = y2 + y3, T2 = y1) is equivalent
to the equation

O(y1 +y2) —O(y1 — y3) + Oy1 + y3) — O(y1 — y2)
+O(y1 — 2 —y3) —O(y1 + 12 + u3)
= 5102y +y2+ys) — Oy —y2 — ys
—20(y1 + y2 + Y3) + 20(y1 — y2 — Y3
= 1Oy +ys+2y1) — Oys + y3 — 2y
—20(y2 +ys +y1) +20(y2 + Y3 — 1

~

]

~

| =0.
Thus, we have shown that

O(yr +12) —O(y1 —y3) +O(y1 +y3) —O(y1 —y2) =
Oy1 +y2 +y3) — O(y1 — y2 — 3),

for all y1,ys,y3 € W. Define the function B : W x W — C by

(A.16)

B(z,y) :==0(z +y) — Oz —y) +i[O(z + iy) — Oz — iy)].
Then, using (A.16) we see that for all z,y,y1,y2 € W and all a € C we have

B(z,y1+y2) = O(x+y+12) —O(x —y1 — 1)
+i [O(x + iy1 + 1y2) — O(x — 11 — 1Y)
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= O@+y)—O@—1y2) +O(z +y2) — Oz — 1)
+i [O(z +iy1) — O(x — iy2) + Oz + iys) — O(x — iy )]
- B(xvyl) + B(I’,yg).

B(z,y) = O(z+y)—O(x—y)+i[O(x+iy) — O(z —iy)]
— Oy+a)— -1 Oy —=z)+i[li|* Oy —iz) — |—i|* O(y + ix)]
= Oy+x)—06(y—=x)—i[O(y +ir) — Oy — iz)]
= By, ).
Obviously, (A.15) also holds for ;1 = 0 and p = 1. To see that (A.15) together with (A.13)

even implies that (A.15) holds for all 1 € R note that for any real A < 0 we have p:= -\ >0
and thus we obtain

~—r
|

O(z1 + Azg) — O(z1 — Axo)

— [O(21 + pz2) — O(21 — pa2)]
= —[uO(z1 + 22) — pO(71 — T9)]
= )\@(l’l + .’132) — )\@(5131 — .’13'2).

Thus, using (A.16) again, we see that condition (A.15) for all 1 € R leads to

O(z1 + axs) — Oz — axg)
= O(x1 + Re(a) zg + iIm () 2)
—O(x; — Re () 9 — ilm (a) x5)

= O(z;+ Re(a)zs) — O(zy —ilm (a) )
+0(z1 +ilm (a) 22) — O(21 — Re () 72)

= O(z1 +Re(a)zy) — O(z1 — Im (a) 1Ty
+0O(z1 + Im () iz9) — O(z1 — Re (o) x9)

= O(z;+ Re(a)z2) — O(x1 — Re (o) x2)
+O(z1 + Im (o) izg) — (xl —Im (@) ixo)

= Re(a)O(z1 + z2) — Re(a) O(x; — x9)
+Im () O(x1 + i2g) — Im () O(z1 — i22)
= Re(a) (O(z1 + z2) — O(z1 — 23))
+Im (a) (O(x1 +ixe) — O(21 — ixa),

for all « € C and all x1, 2o € W. Thus, we see that

B(z, ay)
= O+ ay) —O(z—ay) +1[0(z +iay) — Oz — iay)]
= Re(a) (O(z +y) - O(z —y)) +1Im(a) (O(z +iy) — Oz —iy))
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+

iRe () (O(z +iy) — O(x — iy)) + ilm («) (O(x + iiy) — O(x — tiy))
Re () (©(z +y) — O(z —y)) —ilm (o) (O(z +y) — O(z — y))

+ iRe(a) (O(x +iy) — O(x —iy)) + Im (a) (O(x + iy) — O(x — iy))
= aO(x+y) —6(x—y)) +ia(O(z+iy) — O(z —iy))

= aB(x,y),

which shows that B is a sesquilinear form. With Proposition A.17 this proves the existence
of a unique X = X* € C™" such that B(z,y) = y* Xz for all z,y € W and Xz = 0 for all
x L W. Thus for all z € W we have

v (1X)a

= 1B(z,z) =1 (0(2z) — 0(0) —i[0O(zx + iz) — Oz — ix)))
= 140(z) — 0 —i [O(z +iz) — |i[*O(z — iz)]
= O(x) —i[O(z +ir) — O(i(x — ix))]
= O(z) —1[O(z +ix) — Oiz + x))]
= O(),
where we used (A.13) extensively. This proves the claim. O

Lemma A.19. Let P € C[\} and H = H* € C¥9K_ Then the available storage and the
required supply fulfill the following properties:

1. For all z, € Ri.(P) and a € C\ {0} we have

O (az) = a0 (24).
2. Forall 2 € R_(P) and o € C\ {0} we have

O _(az ) = |a]?6_(2).

3. If (P, H) is cyclo-dissipative then we have ©,(0) =0 = 6_(0).

The case a = 0 in points 1. and 2. has to be excluded, since 0 - 0o is not well defined, c.f.
Remark 3.16.

Proof. First note that with o # 0 we also have that az, € %, (P) and thus

Oslas) = — it [ (w0 Has®)@
AKZ(O)ZAKQZ+(t)
i / (Axay()" H (Agay(®)) dt
ay€%+(P)

0
aAgy(0)=al g 24 (t)
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= jof  if /meky(t))*H(AKy(t))dt:|a|2@+<2+<t>>

yEB | (P)
Axy(0)=Ag 2 (1)
and analogously we find that ©_(az_(t)) = |a]?0O_(2_(1)).
To see the part 3. we first note that ©,(0) > 0, since the trivial trajectory 0 € B, (P)
is exponentially decaying on the positive time axis. Also we see that ©_(0) < 0, since
0 € B_(P) is exponentially decaying on the negative time axis. Using Lemma 3.18 and the
cyclo-dissipativity this leads to

0<04(0) <©-(0) <0,
and thus the claim follows. O
The following Lemma A.20 is a modification of [2, Theorem II.2.1.].
Lemma A.20. Let P € C]\R? and H = H* € C*95 . Assume that (P, H) is dissipative.

Then, there evists a matriz X, = X* € CH9K such that

S

+2)
forall 2 € R.(P) and X, %2 =0 for all 2 L R,(P) (and a matriz X_ = X* € CP9K gsych
that ©_(2) = 2*X_2% for all 2 € R_(P) and X_% =0 for all 2 L R_(P)).

Proof. Using Remark 3.17 and point 2. of Lemma 3.20 we see that the available storage
is finite on W := R, (P). Thus, we want to show the three conditions from Lemma A.18.
Condition (A.13) is fulfilled due to Lemma A.19. To see condition (A.15) let 21, 2, € W and
p € RY with p > 0 be arbitrary. Then, we see that for all z1, 2z, € B, (P) we have

21 + pzally + pllzr — 22} = (21 + p2e, 21 4+ pza) |+ (21— 22,21 — 22),
= (L+p) (z121), + (07 4 p) (22, 22)  + 2Re (22, 21) ) — p2Re ((p22, 21) )
= A+ =l + @+ =)

since p is assumed to be real. Analogously we obtain that

fllzn + Z2H2+ + |z — /Mzﬂi = pi(z1 + 22, 21 + 22)  + (21 — piza, 21 — pzg) |
= (p+ Dzl + (e + p®) 2%
This shows that we have
|21 + pallt + pllz — 222 = pllzn + 2|2 + |20 — pzel (A.17)

for all zy,20 € B, (P). Let ¢ > 0 be arbitrary and choose z3,z4 € B,(P) such that

AKZ3(O) = ,’/3’1 + 22, AKZ4(0) = 21 — ,u?:“g, and

—04 (21 + 2) + ¢

-0, (% — pza) + e
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Set Z, := ﬁ(uzg + 24) and 2y := ﬁ(z;), — 24). Then we have

1

21+ 2y = —— (s +2) + 23 — 24) = 23,
1 2 1“‘#(“3 4) 1+M(3 4) 3
z z ! (25 + 20) — ——( )
21— U2y = —(uz 24) — 23 — 24) = 24,
1 — HZ2 1+MM3 4 1+ 3 4 4
and also
Axi(0) = A ( Lz + ))(()) A ez (0) 4+ —— A ez (0)
z = —(uz Z = — Z T Z
K<1 K 1+#M3 4 1+N K~Z3 1+,u K24
1% “ “ “ “
= 21+ 22) + 21— ) =2
= (21 + 22) n (21— p2) = 21
AKZQ(O) = ...= Zo.

This shows that using (A.18) and (A.17) we can obtain

—O4 (21 + p2e) — pOL (21 — 2) < ||E A+ pdl +pllE - )|

wl|zZ + 52”3_ + |21 — M§2Hi

2 2
= pllzsll + llzally
M(_@+(21 + 22) + 6) - @Jr(?:’l - ,LLéz) +€
—1O1 (21 + Z2) — O4 (21 — pZ2) + (1 + pe.

IN

For € — 0 this gives
=04 (21 + p2) — pOL (21 — 22) < —pOL (21 + 22) — O4 (21 — pla). (A.19)

Let € > 0 again be arbitrary and choose z5,25 € B, (P) such that Agz5(0) = 21 + pzs,
AKZ(;(O) = 21 — 22, and

2 R R
z < —O, (21 + pza) + e,
| 5“; > +(A1 M 2) (A.20)
lz]|2 < —O4(2 — %) +e
Reset Z; := ﬁ(% + pzg) and Zy 1= ﬁ(% — 26). Then we have
21+ p? ! (25 + p26) + ( )
z Zy = z z 25 — 26) = 25,
1T 29 1+ 5 T 26 1+ 5 6 5
25— 2 ! (25 + pzs) ! ( )
2 — 2y = z 2g) — Z5 — 26) = Zg.
1 2 1+ 4 5 T MUZ6 1+ 4 5 6 6
and also
Axi(0) = A ( Lt ))(()) L Ak (0) 4 —F Agez(0)
z = 2 2 = ——Agz — Agz
K<1 K1+M5 HZ6 1+MK5 1+MK6
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L (a4 ps) +
= y4 Z
1+ 1T M2 1+ p

Agi(0) = ... =%,

(51— %) = &

This shows that using (A.20) and (A.17) we can obtain

—O4 (81— pda) — pOL (21 + ) < B — pd| + 4+ )
iz — 2|2+ 04 (2 + u)

2 2
pllzslly + Nzl
M(_@+(21 — 732) + 6) — @+(21 + ,uég) +e€
—1O4 (21 — 22) — O, (21 + pé2) + (1 + pe.

IA

For € — 0 this gives

=01 (31 — pE2) — O, (51 + 22) < —pO4 (51 — ) — O4 (21 + pka). (A.21)
Combining (A.19) and (A.21) proves that we have

—O, (21 — p2p) — pO4 (21 + 22) = —pO,4 (21 — 22) — O (21 + pia),

and thus condition (A.15) is fulfilled. To see condition (A.14) let 21,25 € W be arbitrary.
Then we see that

HZl + ZzHi + Hz1 — ZQHi = <2’1 -+ 29, 21 + 22>+ + <21 — 29,21 — ZQ)+
= 2(z1,21), +2(22,22) . + 2Re ({21, 22), ) — 2Re ((21, 22) | )
= 2|z} + 2]zl (A.22)

for all 21,29 € B (P). With this let € > 0 be arbitrary and let z3, z4 € B, (P) be such that
AK2’3(O) = ZA’1 + 22, AKZ4(0) = 21 — 22, and

A

|25]2 < —O4 (21 + %)+,

o (A.23)
24} < =01 (31— 22) + e
Set Z; := #E24 and Z, := #5%. Then we have
21 -+ 52 = Z3,
21— Zy = 2,
as well as
Arzi(0) = 3Axz(0) + 3Ax2(0) = 321 + 522 + 321 — 32 = 41,
AKEQ(O) = %AK,Zg(O) — %AK&;(O) = %21 + %22 — %7:’1 + %22 = 22.

This shows that using (A.23) and (A.22) we see that
—20,(21) =204 (%) < 2|ali +22[5
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|21 + 22”3_ + |21 — 22”3_

2 2
- ||Z3||+ + ||z4||+

S _@Jr(él + 22) +€— @Jr(é’l - 22) +¢€
- —@4_(21 + 7:'2) — @4_(21 - 22) + 2€.
For € — 0 this gives
—20, (%) — 204 (%) < O, (51 + 52) — O4 (21 — 5»). (A.24)

Let € > 0 again be arbitrary and let zs5, z be such that Agz5(0) = 21, Agz6(0) = 25, and

2 .
< -0 + ¢,
Il < s+ o
lzly < —04(%) +e
Using (A.25) and (A.17) we see that this gives us
—0, (514 2) -0 (51— %) < llzs+ 2l + llzs — 2zl
= 2|z|5 + 21|13
< =204 (21) +2¢ — 20, (22) + 2¢
< =204 (51) —204(%) + 4e.
For € — 0 this gives
—O (214 22) — O, (21 — %) < =20, (21) — 20,(22). (A.26)

Combining (A.24) and (A.26) proves that we have
=0, (21 + 2) — 04 (21 — 22) = —20,.(21) — 20, (%),

and thus condition (A.14) is fulfilled. The proof for the required supply can be conducted
in the same way. [

The above results show that the available storage and the required supply are quadratic
functions. In the rest of the section we will show that the quadratic matrix X has a special
form.

Definition A.21. Let FF € C™" and let W C C" be a subspace. Then we say that a
function © : W — R is F-neutral on W if it has the property

O(x +y) = 6O(x), (A.27)
for all x,y € W with y € kernel (F).

Lemma A.22. Let X = X* € C*", F € Cm™n, and let W C C" be a linear subspace.
Consider the quadratic function ©(z) = z*Xx. Assume that © is F-neutral on W and
assume that Xx =0 for all x L W. Then there exists a matrix Z € C™" such that

X = F'Z=7F.
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Proof. Let the columns of V; € C™" form an orthonormal basis of the linear vector space
Vi := image (F"*) N W, let the columns of V5 € C™* form an orthonormal basis of the linear
vector space Vy := kernel (F)NW, and let the columns of V3 € C™ form an orthonormal basis
of the linear vector space V5 := W+, It is easy to see that V;, V,, and Vs are orthogonal to
each other. Also one may verify that V; ®V,®V3; = C". Thus the matrix V' := [Vl |7 V},} €
C™™ is unitary and r + s +t = n. Since O is F-neutral on W, we obtain that

O(Vian + Vaay) = O(Viay ),

for all a; € C" and ay € C*. Since X‘/g = 0, we also have

O(v+Vsa3) = (v+Vias) X (v+ Vsag)
= 0" Xv + v XVias + oV Xv + oV X Vaas
= " Xv=0(v)

for all aig € C! and v € C*. This especially implies that

aq (&5} a1
OV (%)) = 0|V o | + VE),Oég =0 |V (0%)]
(0% 0 0
g
= 06 (Vvl@l + ‘/QCYQ) =0 (‘/10{1) =0(V]0
0
Introducing the notation
~ X1 X2 X3
VXV = | Xo1 X Xoz|,
X31 X3 X33
with partitioning analogous to the partitioning of V', we deduce that
an ' X1 X2 X3 aq -041 ’ X1 00 an
Qg Xo1 Xop X3 Qo | = OéianOél = | Q2 0 00 Q|
Q3 X31 X32 X33 Q3 _Oé3 0 0 0 Q3
which shows that ~ ~
3 X1 00
VXV=1]0 0 0].
0 0 0

Since the vectors of V] span part of image (F™*), there exists a matrix G € C™" such that

Vi = F*G. With this we have

i X1 00 Vi
X =vV/| o 0o0|V=[ViXy 0 0] |Vy
0 00 Vi



= ViXuV =FGXuVf=F""Z,
N——
=:Z
and also F*Z = Z*F, since X = X*. O
Statements which resemble the following can be found in [35, Section 6.

Lemma A.23. Let P(\) = A\F' + G € C]A\}? be a first-order matriz polynomial and let
H = H* € C*. Assume that (P, H) is dissipative. Then the available storage is F-neutral
on R, (P) and the required supply is F-neutral on R_(P).

Proof. Let z2,y € R, (P) with y € kernel (F') and let Z,5 € B, (P) be such that 2(0) = 2
and §(0) = §. We see that PV (4) = F and P* (4) =0 for k > 2. Thus, using Theorem
A.3 twice we find

©.(2+9y) = — inf Z*(t)Hz(t)dt = — inf / 2*(t)Hz(t)dt
Z2EB 4 (P) 0 2EB 4 (P) 0
2(0)=(+9)(0) Fz(0)=F(2+7)(0)
. / S H(t)dt = O, (3),
Z€B | (P)
Fz(0)=Fz(0)
which shows that ©, is F-neutral on R, (P). The proof for ©_ works analogously. O]

A result which is similar to the following theorem, has already been used in [36, Theorem
3.1].

Theorem A.24. Let P(\) = A\F+G € CI\P9 and H = H* € C%9. Let (P, H) be dissipative.
Then there exists a matriz Z, € CP9 such that F*Z, = Z F and

O0.(24) = fiF*ZJrZA’Jm

for all Z, € Ry (P) and there exists a matriz Z_ € CPY such that F*Z_ = Z*F and
O_(z2.) = ZF*Z %z,

for all 2 € R_(P).

Proof. Using Lemma A.20 we conclude that there exist matrices X, X_ € C%% such that

O,(2) =2 X, 2, forall 2, € Ry (P)and ©_(2.) = 2*X 2 42 € R_(P). With this we
obtain the assertion via Lemma A.23 and Lemma A.22. O

A.5 Proofs associated with linear matrix inequalities

Lemma A.25. Let two matrices F,G € C"™17 of the form (2.8)
1 0
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and a Hermitian matriz H = H* € C"" be given. Then there exists a X = X* € Cthint!
such that

0=G"XF + F'XG+H.
Proof. Denote the entries of the Hermitian matrix X in the form

X1,1 . T1n+1
X=| : | =

[Zi] et = [Tailijet
Tp+1,1 - Totlptl

and the Hermitian matrix H in the form

h171 R hl,n

H=1: T [hi7j}i,j:1,...,n - [hjvi}i,jzl,...,n'

hn,l T hnm

Then we see that we are looking for an Hermitian X such that

0 = FFXG+G'XF+H

- 0
1 0 T11 Ce T1n+1
_ : L (F*XGQ) + H
i I Of |zp11 -0 Tppiger - (1)
_.17172 s Tip4l E e m h171 e hl,'r]
= | S I Co+
_x7772 s Tyn+l m c. m h7771 . h'77777

= [xi,jJrlL,j:l,...,n + [Ij’i"‘l]i,j:lwﬂ? * [hi’thL"""
= [$i,j+1 + Tjit1 + hiJL‘,j:l,...,n

= [$17j+1 + Tit1,j + hm’} ig=1,m " (A28)

We construct such an X in the following recursive way. First, choose all z;; = 0 for ¢ =
1,...,n+ 1 and choose z; ;41 := xi11,; = —h;’i e R foralli=1,...,n7. With this choice all
x;; with [i — j| <1 are fixed and all equations in (A.28) with [i — j| < 0 are fulfilled.

As induction hypothesis, assume that for some k € {1,...,n — 1} we have that all x; ; with
li — j| < k are fixed and all equations in (A.28) with |i — j| < k — 1 are fulfilled.

For the inductive step, note that all equations in (A.28) with |i — j| = k are given by

0=2j1nj41 + Tjakt1,y + Njtn

for 7 =0,...,7 — k and their complex conjugate equations, which are not really additional
equations. Since |(j + k) — (j+1)| =k —1 <k, we know that all ;4 ;11 are already fixed
but not the x; k11, since [(j +k+1) — j| =k +1 > k. Thus we define

Tjjrhtl = Tjtktlj = ~Tjekjt1 — Rk,
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for j =0,...,n7 — k and thus have fixed all z; ; with |i — j| < k4 1 while at the same time
all equations in (A.28) with |i — j| < k are fulfilled. Thus the inductive argument is finished
and the claim is proved. O]

Lemma A.26. Let the pencils \Fy + Gy € CINT " and \Fy + Gy € CIAPT" both be of
the form (2.8). Let Hyy € CT2. Then there exists a matriz X5 € CTHLTL sych that

0 - F1*X12G2 + GTXHFQ + ng.

Proof. For the matrix X5 we introduce the notation

T1,1 . T1,mo+1
_ . . _ +1,m2+1
Xig = : : = [ﬂfzg} ety € CTHM2TE
J=1,...,ma+1
Tyi+1,1 oo Tpilme+l
and for the matrix Hy, analogously
h171 e thQ
H12 - - [hz,]} i=1,...,m1 E Cn1,772.
Jj=1,..., 9
hoppa - hm,nz_
Then we see that we are looking for an X, such that
O — F1*X12G2 + GTX:[QFQ + H12
_ [0
1 0 X1,1 “o T1mo+1
0
1 0 _Iﬂ1+171 I T P | 1
- - [1
0 1 x1,1 e T1mo+1 .
. ) ) . 0o .
4 S : : + Hiz
SO
0 ]._ Tni41,1 - 17,71+1’n2+1_ 0
Ti2 .. Tinmy+1 T21 c. L2.m, h171 c. h17772
= | Lo+ b+ :
T2 oo Tyt Ty+1,1 oo Tpdlm hm,l T hmm
= [ ,j+1} ,,,,, T [!171+17J} i=1,..,m T [hw} i=1,...m
Jj= 1 4H,172 J=1,...,m2 J=1,...,m2
= [xz j+1 + Tit1,5 + h; ,]} i=1,...,n1 - (A29)
j=1,..., 72

We construct such an X in the following recursive way. First, choose z;; = 0 for i =
L,...,m + 1, choose x;5 := h;; for i = 1,... 1, and choose x,, ;12 arbitrary. Then all z; ;
with 7 < 2 are fixed and all equations in (A.29) with j < 1 are fulfilled.
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As induction hypothesis, assume that for some k& € {2,...,7,} we have that all z;; with
j < k are fixed and all equations in (A.29) with j < k — 1 are fulfilled.
For the inductive step, note that all equations in (A.29) with 7 = k are given by

Tik+1 + Tiv1 ke + i =0,

with ¢ = 1,...,m. Because of the induction hypothesis all z;, are already fixed but not
the z; y+1. Thus we define
Tijt1 = —Tiv1k — D,

for i = 1,...,m and choose x,, 11 41 arbitrary. Then all z; ; with 7 < k + 1 are fixed and
all equations in (A.29) with j < k are fulfilled. Thus the inductive argument is finished and
the claim is proved. O

Lemma A.27. Let w € N and consider the pencil
AF +G =\ -diag (Fy,..., F,) +diag (Gy,...,Gy),

where the pencils on the block diagonal \F; + G; € C" T4 qre of the form (2.8) for i =
1,...,w. Set n:=n1+...4n, and observe that F,G € C"™*". Let an arbitrary H = H* €
C™ be given. Then there exists a matriz Z € C"™" such that

F*Z = Z*F,
0=G"Z + Z*G+ H.

Proof. We construct an X = X* € C"™7% guch that F*XG + G*XF + H = 0. Then we
obtain the assertion by setting Z := X F. Partition the matrix X according to the partition

of F'and GG as
X o X m+1

X = : : :
le wa 7]2+1
m+1 ne+ 1

and observe that from X = X™ we obtain that X;; = X, for all 7,7 =1,...,w. We see that
we are looking for an X such that

0 = FF'XG+G'XF+H

[ Fy X o X [Gr
= : : + (F*XG)"+ H
Fil | Xt Xuw Gu
[ FrX Gy o FiX,Gy, GiXuFy - GiXwFy Hyy -+ Hy,
= : : + : : +] :
FiXi,Gi o FiXuwGh GL X7 Py o GuXuuF, H;, Hyo
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FiXyGi+ G Xk +Hyy - FYXq,Gow + G XawFy + Hiw
_ : : . (A.30)
Fy X, G+ G Xy B+ HYy o FrXwwGo + Gl XwwEw + Hypw

Using Lemma A.25 we obtain X;; = X7 € C%+t1m+1 such that Ff X;G; + Gi Xy F;+ Hy; = 0
for all ¢ = 1,...,w. Using Lemma A.26 we obtain X;; € C"*t%*! such that F;X;;G; +
GiXy;F; + Hjj = 0 for all 4,7 = 1,...,w with ¢ < j. Since the equations in the strict
block-lower-left part of (A.30) are the conjugate transpose of the equations in the strict
block-upper-right part, they are also fulfilled. m

Lemma A.28. Let \F; + Gz € CIN™ be in the form (2.5) and NFy + Gpq € CT11 be
in the form (2.8) with n < 2. Let Hyy € C*™Y be arbitrary. Then there exist Z14 € C" and
Z4 € Crbetl such that

Fr:7Zy, = ZjFum
0=GrZ1uu + ZjGum+ Hu

Proof. Denote the entries of H by [h;;]. If n» = 1 then the matrices Z14 and Zj; take the
form

21 5 5
. 21,1 - Rletl
Zig= | Iy = |7 v )
14 I 41 L’ZI o 22,e+1}
Ze
With this we obtain
Z1 =
21,1
= FiZwuw=7)Fuy = : ;
Ze _
0 Z1,e+1
which implies
= ... = 0
Zn=|2" e ] .
221 --- R2e 2241
With this notation at hand we can verify that
0 21 Z 0 a
* * . : : 0 21 .
GLZM—FZMGM = — Zig+ |- - 1 =—| .|+ - ,
o0 Ze 22.€ : X
1 0 Zoen1 Ze 29,641
which proves that one can choose Z14 = 0 and 2z, ; := —m fori=1,...,e+ 1.
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If n = 2 then the matrices Z14 and Z,; take the form

211 21,2 211 e Rletl
Ziy=| ¢ Sl iy = |Z1 ... Zoeq1
Zel  Ze? 231 -+ 23+l
With this we obtain
211 21,2 -— —
21,1 221
* *
= FpZu=2yFm=
Zel  Re2 3 N
0 0 le+1 2,e+1
which implies
211 " Rel 0
Z41 - 21’2 e 2672 0
23,1 -+ A3 A3+l

With this notation at hand we can verify that

0 211 1,2 53,1 0 0 21,2 53,1
. . 0 0
1 . 21,1 21,2
= — Zl4 + _ 1 0 - - . . =~
o0 Zel  Re2 Z3.¢ 0 1 Ze,2 23,e
1 0 0 Z3en1 Zel  Zep 0 Z3e41
Thus, ChOOSiIlg Zil = hi—l—l,l for i = 1, R A e _hl,h Zi2 = 0 for i = 2, NP N 23’1 =
—hi2, Z39 :=Z12 — hap, and Z3; := —h; o for i = 3,..., e+ 1 we obtain the assertion. ]

Lemma A.29. Let A\F7+G 7 € C[A]7” be in the form (2.6) with \j =: p and let \Fx+Ga €
C[A]T" is in the form (2.8). Let an arbitrary Hyy € CP7 be given. Then there exist matrices
Zoy € CPM and Zyy € C'™Y° such that

Zoy = ZplFum,
0 - G*jZQ4 + ZZQGM + H24.
Proof. Let the matrices Zo4 and Z45 be given in the form

21,1 e 2177] 21,1 e Zl,p
Zog = | Cols Zyp =
Zpl - Zpy A1l e Zntlp

Since F'7 = I, we see that
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which means that we have to find Z,, and Z4, with
234
Ly =
2n+1,1 s 217+1,p

Consequently, we find that with the notation 2,1, =: 2;,11 we have

_ 0
“n+1,1 1
* * * .
= 0
z
n+1lp
1
HZ11 c. Mz 21,2 .-+ Rlpy Ap+l1d
M2z + 211 . 22 T 21y Zo2 .. R2m Antl2
=— | WEa1t 221 ... PRIt e, | 4 (232 .- 23y 13
| 1Zp0 + Zp-11 - HZpp T Zp1] (%P2 -+ Fpm Fntlp]
—p211 + 212 cee —HZ1p—1 T 21y —HR1, + Z1p+l
—210 — MZ21 t 222 ... —Zip—1 — MZogh-1 Tt 2o —Z1y — MR2n Tt Zept+l
= | —R1—pEatae . TR T HEBgo1t Zy TR — WA T g
|~ 211 — HZp1 T Zp2 o T Zpip-1 — HZpn-1 T Zpn  —Zp—1n — HZpn T Zppel

Using Hoy = [h;j] we can choose 211 := 0 and z;5 := hy ;. Defining 2y j := pzy 1 — hy ;1
for j = 3,...,n+1 recursively we find that all z; ; with ¢ =1,..., 1741 are fixed and that the
first row of Hay+ Z3,G p + G7; Zo4 vanishes. For an inductive argument assume that the first
k rows of Hoy + Zj,G aq + G77 Zo4 vanish and that all z;; with j < k are already fixed. Then
in the k4 1-th row we find the equations hji1; + 2 — p2ks1, + 2eg141 = 0 fori =1,...,n.
Again, set 23111 =0, Zgr12 = —hgy1,1 — 21, and then define zi 4141 = p2py1 — Pet1,i — 2k
recursively for ¢ = 2,...,n. This fixes all z;; with 7 < k£ 4 1 and the first £ 4+ 1 rows
of Hyy + Z3,Gr + G Zyy vanish. This finishes the inductive argument and the claim is
shown. O
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Appendix B

MATLAB codes

This Appendix contains an implementation of Algorithm 4.9 with various adaptions as de-
scribed in Remark 4.10.

h
h
h
h
h
h
h
h
h
hh
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h

PURPOSE

Given the system
Ex’” = A x + Bau
y =Cx + Du
together with the supply
Ly 1°x [ Q S1 [yl
[ ul (SR ] [ul,
compute a slightly perturbed system
E x’ = newA x + newB u
y = newC x + newD u
which is cylo-dissipative with respect to the given supply.

rank_EAB has to be the rank of [ zE-A , -B ] over the field
of the rational functions

alpha The scaling parameter, see Algorithm 4.9.
alpha has to be greater or equal to 1.0.

tol A1l eigenvalues for which the absolute value
of the real part is below tol are considered
to be purely imaginary. Also, purely
imaginary eigenvalues which are less than tol
appart are considered to be double
eigenvalues. tol has to be greater or equal
0.0.
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% maxiter < 0 no maximum number of iterations
b >=0 specifies maximum number of

yA iterations

b

function [newA, newB, newC, newD, iter] = ...
enforce_dissipativity(E, A, B, C, D, Q, S, R,
rank_EAB, alpha, tol, maxiter)

b
% Check parameters

T

if ( alpha<1l )
error (’alpha has to be greater or equal to 1.0!’);
end

if ( tol < 0 )
error (’tol has to be greater or equal to 0.0!’);
end

[rho, n] = size(E);
[1, m] = size(D);

if( rho"=size(A,1)
rho~“=size(B,1) m~=size(B,2)
1"=size(C,1) n~=size(C,2)

|| n"=size(A,2)

| ]

||
1 =size(Q,1) || 1~ =size(Q,2)

| |

| ]

1"=size(S,1) m~=size(S,2)

m~=size(R,1) m~=size(R,2)

error (’Matrix size mismatch!’);
end

e — — — — —

h
% Step 1
h

eta = rhot+n+m-2*xrank_EAB;
iter=0;
while ( true )

yA

% Step 2

b
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newlA =

newC =
newD =

[N_.O, N_1] = system_to_paraHermitian(E, A, B, C, D,...

yA
%» Steps 3, 4, and 5
yA

Q, S, R);

p_N_O0 = perturb_paraHermitian(N_O, N_1, eta, tol);

b

% Step 6

b

if ( norm(p_N_0)==0.0 )
break;

end

iter = iter+1;

if ( maxiter>=0 && iter>=maxiter )
disp(’Maximum number of iterations reached!’);

break;
end

b
% Step 7
h

[newE, newA, newB, newC,

h

% Step 8

b

A = A + alpha*(newA-4);
B = B + alpha*(newB-B);
C = C + alphax*(newC-C);
D = D + alphax*(newD-D);

A
newB = B;
C
D

function [N_O, N_1] =

N_O + p_N_O, N_1, rho,
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system_to_paraHermitian(E, A, B, C, D, Q, S, R)

[rho, n] = size(E);
[1, m] = size(D);

N_O = [zeros(rho, rho+l+1), -A, -B;...
zeros (1, rho+l), eye(l), -C, -D;...
zeros (1, rho), eye(l), Q, zeros(l,n), S;...
-A>, -C’, zeros(n, l+n+m);...
-B’, -D’, S’, zeros(m, n), R];
N_1 = [zeros(rho, rho+1+1l), E, zeros(rho, m);...

zeros (1+1, rho+l+1l+n+m) ;...
-E’, zeros(n, 1l+l+n+m);...
zeros (m, rho+l+l+n+m)];

function [E, A, B, C, D] =
paraHermitian_to_system(N_O, N_1, rho, n, m, 1)

E = N_1(1:rho, rho+2*1 + 1:rho+2*1 + n);

A = -N_O(1l:rho, rho+2%1 + 1:rho+2*x1 + n);

B = -N_O(1l:rho, rho+2%l+n+1l:rho+2*x1+n+m) ;

C = -N_O(rho+1:rho+1l, rho+2*1 + 1:rho+2*1 + n);

D = -N_O(rho+1:rho+1l, rho+2*1l+n+1:rho+2*1l+n+m);
function PA = perturb_paraHermitian(A, E, eta, tol)

b

% Ideally, one should first split of the singular part and then
%» work on the regular part only. However, we assume that the

% pencil is regular in the first place.

YA

% Q1’ * ( lambda E + A ) * Q1 = lambda tE + tA
HLtE,tA,Ql,rb,1l,pl=matlab_stcssp(E,A);

b

tE = E;
tA = A;
Q1 = eye(size(A));

rb=0; l=size(A, 1);

yA

% obtain regular index 1 block
regE = tE(rb+1:rb+1l, rb+l:rb+1l);
regh = tA(rb+1:rb+1l, rb+l:rb+1l);
n = size(regE, 1);
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% compute all eigenpairs
[vecs,eigs] = eig(reghA, regE);
eigs = diag(eigs);

% find "purely" imaginary eigenvalues
ieigs_mask = (abs(real(eigs))<tol);
unsorted_vectors = vecs(:,ieigs_mask );
unsorted_omegas = imag(eigs( ieigs_mask ));

% sort purely imaginary eigenvalues

[omegas ,sort_perm] = sort( unsorted_omegas, 1, ’ascend’ );
vectors = unsorted_vectors(:,sort_perm);

yA

% Compute the slopes in the signsum plot

pA

sigmas = zeros(size(omegas));

j=1;

processed=0;
onstack=0;
while j<=length(omegas)
if( j==length(omegas) || abs(omegas(j)-omegas(j+1))>tol )
act_vecs = vectors(:,processed+1:j);

imag(eig(act_vecs’*regExact_vecs));
sort( local_eigs, 1, ’descend’);

local_eigs
local_eigs

for k=1:j-processed
if ( onstack>0 )

sigmas (processed+k) = local_eigs(1);
local_eigs = local_eigs(2:end);
onstack = onstack-1;
else
sigmas (processed+k) = local_eigs(end);
local_eigs = local_eigs(l:end-1);
onstack = onstack+1;
end
end
processed = j;
end
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o= 3
end

M=length (omegas) ;

b
% Compute the perturbation
yA
onstack = 0O;
processed = 0;
D_out = [];
V_out = zeros(n,0);
for j=1:M
if ( sigmas(j)<0 )
onstack = onstack+1;
else
onstack = onstack-1;

if ( onstack==0 )
ingroup = (j-processed)/2;
middle = sum(omegas (processed+1:j))/(2xingroup);

N = sqrt(-1)*middle*regE + regh;
[V,D] = eig(N);
D=diag(D);

% strip all but the innermost eta eigenvalues
to_strip = (n-eta)/2;
[D,perm]=sort(D,1,’ascend’);

V=V (:,perm);

=V(:,to_strip+l:to_strip+teta);
=D( to_strip+l:to_strip+eta);

V=V (:,D<0);
D=D(D<0) ;

D_out
V_out

[D_out;D];
[V_out,V];
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processed = j;

end
end
end
regPA = real(-V_out * diag(D_out) * V_out’);
regPA = (regPA + regPA’)/2;

tPA = zeros(size(tA));
tPA(rb+1:rb+l,rb+1:rb+1l) = regPA;
PA = Q1 =« tPA * Q17

PA = (PA+PA’)/2;
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