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Abstract

The aim of this thesis is the study and characterization of a number of self-organized patterns
with potential relevance to biological systems and beyond. To this end we utilize the well-
established oscillating Belousov-Zhabotinsky (BZ) reaction in chemical experiments as well

as numerical simulations of the underlying model equations on graphics cards.

The first part of this thesis features experiments on spiral-shaped excitation waves in a three-
dimensional oscillatory medium. Their spatiotemporal evolution is governed by a circular
line singularity around which the waves rotate. In the absence of medium boundaries, the
singularity would contract and eventually vanish. Due to the interaction with the boundary, the
singularity may stabilize, such that it acts far beyond its theoretical life time as an autonomous
pacemaker. The influence can be taken into account in a semi-analytical kinematic model,
which is in good agreement with experiments and simulations. Related patterns of electrical
activity play a critical role in ventricular tachycardia, a life-threatening heart arrhythmia.

A small network of discrete BZ oscillators can support periodically spreading excitation
waves. For a small distribution of natural oscillation frequencies, the waves propagate
along the permutation symmetries. It is known, that comparable electric waves in neuronal

networks control rhythmic muscle contraction.

In the final part of the thesis, we verify the spiral wave chimera state, that was predicted
by Yoshiki Kuramoto in 2002. This particular state exhibits a coherent spiral wave rotating
around a core that consists of incoherent oscillators. Such patterns might play a role in
nonlocally coupled cardiac and cortical tissue as well as in the photoelectrodissociation
on doped silicon wafers and arrays of superconducting quantum interference devices and
opto-mechanical oscillators. The experimental setup, that we developed for this purpose,
furthermore allows for reproducible experiments under laboratory conditions on networks
with N > 2000 oscillators. It facilitates the free choice of network topology, coupling function

as well as its strength, range and time delay, which can even be chosen as time-dependent.






Zusammenfassung

Die Zielsetzung dieser Arbeit ist die Untersuchung selbstorganisierter Muster, die potentielle
Relevanz fiir biologische Systeme und dariiber hinaus aufweisen.

Zu diesem Zweck werden chemische Experimente auf Basis der oszillierenden Belousov-
Zhabotinsky (BZ) Reaktion und numerische Simulation der zugrundeliegenden Modell-
gleichungen auf Grafikkarten durchgefiihrt.

Im ersten Teil der Arbeit werden spiralformige Erregungswellen in einem dreidimensionalen
oszillatorischen Medium untersucht, die periodisch um eine kreisformige Singularitit rotieren
und dabei Wellenziige aussenden. Ohne Wechselwirkung mit der Berandung des aktiven
Mediums, wiirde die Singularitidt kontrahieren und nach endlicher Zeit verschwinden. Unter
Einfluss der Randwechselwirkung lésst sich die Singularitét stabilisieren, so dass sie weit
tiber ihre theoretische Lebenszeit hinaus als autonomer Schrittmacher fungiert. Der Effekt des
Randes ldsst sich in einem semi-analytischen kinematischen Modell beriicksichtigen, welches
gut mit den Ergebnissen der Experimente und Simulationen iibereinstimmt. Verwandte
Muster elektrischer Aktivitét spielen insbesondere auf dem Herzmuskel eine kritische Rolle

bei der ventrikuldren Tachykardie, einer lebensbedrohlichen Herzrhythmusstorung.

Auf einem kleinen Netzwerk aus diskreten BZ Oszillatoren konnen sich periodisch Erre-
gungswellen ausbreiten. Bei enger Verteilung der natiirlichen Oszillationsfrequenzen breiten
sich die Wellen entlang der Permutationssymmetrien aus. Es ist bekannt, dass vergleichbare

elektrische Wellen in neuronalen Netzwerken rhythmische Muskelkontraktion steuern.

Im letzten Teil der Arbeit weisen wir den von Yoshiki Kuramoto in 2002 vorhergesagten
Spiralwellen-Chiméren Zustand nach. Dabei rotiert eine kohédrente Spiralwelle um einen
Kern aus inkohédrenten Oszillatoren. Dieses Muster konnte eine Rolle in nichtlokal gekop-
peltem Herz- und Nervengewebe spielen, in der Photoelektrodissoziation auf dotierten
Silizumscheiben, sowie auf Gittern aus supraleitenden Quanteninterferenzeinheiten und opto-
mechanischen Oszillatoren. Der zu diesem Zweck entwickelte experimentelle Aufbau erlaubt
es dariiber hinaus, Muster auf Netzwerken mit N > 2000 Oszillatoren unter reproduzierbaren
Laborbedingungen zu untersuchen. Dabei lassen sich nach Bedarf Netzwerktopologie, Art
der Kopplungsfunktion sowie ihre Stirke, Reichweite und Zeitverzogerung einstellen, die

dariiber hinaus auch zeitabhéngig sein konnen.
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Chapter 1

Introduction

“... on the shoulders of giants”
— Bernard of Chartres

The second law of thermodynamics' states, that during an irreversible process the total
entropy S in an isolated system always grows:
d;S

— >0. 1.1
dt> (I.D

As time passes, matter will decay from an ordered, but improbable state to a disordered
and more probable state. Yet structures of high order, namely life forms, exist and very
successfully so: From the microscopic bacterium Pelagibacter ubique” that measures just
about 5 um but makes up for the largest cumulated species biomass worldwide to the orders
of magnitude larger blue whale (Balaenoptera musculus) reaching about 30 m in size>. Life
prevails despite inhospitable environments that are devoid of oxygen*, below freezing at
—20°C? or close to boiling temperatures®, to just give a few examples.

This paradox was addressed from the perspective of statistical physics by Erwin Schrodinger,
one of the pioneers of quantum mechanics, in his book "What Is Life?"’. He not only
argues for the existence of a biomolecular "asymmetric crystal" as a carrier of hereditary
information, which inspired Crick and Watts to search for the DNA double helix molecule®,
but also he makes the case that living matter attains an ordered state and remains in it, due to
consuming "negative entropy" from its environment,

diS d,S

0 ) 1.2
ar T ar (1.2)
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Put differently, a living being is an open system, which maintains a non-equilibrium state by
entropy exchange d,S with its surroundings via nutrients and waste products. This notion

was formalized mathematically by Ilya Prigogine "

as a "dissipative structure", that exists
far from equilibrium and bifurcates off the equilibrium state.

Meanwhile, the dynamics of self-organized structures were elucidated from a macroscopic
viewpoint by Alan Turing and Arthur Winfree who had laid out in their respective seminal
papers the basis for spatial pattern formation'' and temporal synchronization of oscillators '%.
Self-organized structures are not only restricted to life. Shortly after the first working laser '
was built, Hermann Haken successfully proposed a theory for its operation based on non-
equilibrium dynamics'#. He and Werner Ebeling went on to found and popularize the new

field of "synergetics" !¢

in divided Germany and throughout the scientific world.

The common thread in all these endeavors is self-organization. Its defining feature is a
structure of high, life-like order that is attained due to its own internal, nonlinear dynamics.
No detailed, external control on the structure is required.

Its continuing success was underscored with two Nobel prizes. One in chemistry was
received by Gerhard Ertl in 2007 for developing the methods of surface chemistry in general
and for observing pattern formation on catalytic platinum surfaces during CO oxidation in
particular 7. The other was awarded as recently as 2017, when the Nobel Prize in Physiology
or Medicine was shared by Jeffrey Hall, Michael Rosbash and Michael Young for revealing
the basic biomolecular machinery of chronobiology in virtually all living things, from
bacteria, fungi to plants and animals %%

It was recently proposed”’?!, that far away from equilibrium the second law needs to be

adapted

dt

d Pa—b diS
—1 —>0 1.3
a—b * dt 1 (pb_m + dt (1-3)

to account for transition probabilities in and out of a given non-equilibrium state. This
means that the more irreversible a process is, p,—p» > pp—sq, the larger its associated internal
entropy production will be. Furthermore this allows for an engineered dissipative adaptation,
by placing suitable driving forces on the system, that will enable it to reach desired non-
equilibrium states, but not escape from them 2.

Future developments in the field of self-organization can be expected to give insight into
life-like non-equlibrium phenomena as well as lead to new applications in smart materials >

2526 and biomimetic materials®’, ultimately

and new forms of medical therapies>*-!.

and soft robotics>* founded on neuromorphic

opening the door to artificial life forms 52"



Figure 1.1 | Excitation wave patterns in different topologies. (a) Scroll ring in a 3d continuous
domain (b) target wave on a network with symmetry clusters (c) spiral wave chimera on a discrete 2d
grid.

An accessible test bed for predictions in the field of self-organization is the prototypical

chemical oscillator, the Belousov-Zhabotinsky reaction’”. Its popularity is due to it giving

rise to concentration traces that are strikingly similiar to the biochemical activity of neurons >,

In spatially continuous systems it supports chemical patterns similar to electrical activity

patterns on the heart muscle that usurp its mechanical contraction before sudden cardiac

failure 3430,

In this thesis the overarching theme is elucidating the peculiar behavior of excitation waves

as stable temporally periodic patterns on different topologies. Unlike waves in a fluid or

37 excitation waves require an active medium, that shows excitability38

and is kept far from equilibrium due to energy influx like the gain medium in a laser'>.

conservative solitons

The excitable character manifests itself in the all-or-nothing response to an external per-
turbation: Small perturbations below a threshold have a negligible consequence, whereas
large superthreshold perturbations lead to an extensive and unique response. This definition

is inspired by biological neurons>**

, that remain quiescent in response to small current
fluctuations, but emit a voltage spike once sufficiently perturbed. Before another perturbation
can successfully trigger an excursion, the system must pass through its refractory stage
and return to its rest state. Such elements, connected in a chain, support the sequential
propagation of a spike from one end to the other: an excitation wave.

Chapter 2 is focused on the formation of a metastable pacemaker, a structure that acts as a
periodic wave source in three dimensions. For parameters where stable pacemakers were
previously thought impossible, it is shown that they can exist due to interaction with inherent
spatial boundaries that occur in any real system like the myocardium.

In chapter 3, the focus shifts to excitation waves on networks. It is found that underlying

network symmetries are intertwined with the way an excitation wave propagates over the
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network. During propagation, the nodes in each symmetry cluster synchronize, such that
they fire concurrently.

Finally in chapter 4, a large grid of discrete oscillators that are nonlocally coupled to each
other gives rise to a structure that was predicted 15 years ago by Yoshiki Kuramoto theo-
retically*!, but never verified experimentally: the spiral wave chimera. The distinguishing
feature is that a coherent excitation wave rotates around a central region that consists of
seemingly incoherent oscillators even though all oscillators are coupled identically. This is
the first experimental example for the co-existence of ordered and disordered phases in a

robust and reproducible real setting without sensitive dependence on initial conditions.



Chapter 2

Confined Scroll Rings
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Figure 2.1 | Model for spiral wave formation. A forest consisting of trees that can catch fire, burn
and regrow (unnaturally) fast is a minimal model for an excitable medium. (a) An excitation wave in
the form of a planar flame front travels from left to right. In the back of the flame front, new trees are
already growing. A rain cloud located in the center of the medium prevents flames from spreading in
the top half, which breaks the front and creates an open end. (b) While the flame front propagates in
the bottom half, the rain cloud vanishes. The broken flame front continues onward to the right and
now also spreads in the upward direction. This is the genesis of the spiral wave. (c) After a sufficient
number of rotations, the full-fledged spiral wave pattern is observable. This cellular automaton-like
simulation was realized with the Star Craft Il map editor*?.

Among the different spatio-temporal patterns of propagating excitation waves, rotating spiral-
shaped waves are very common. This suggests, that their emergence must depend on general
rules, that transcend microscopic details. As depicted in Figure 2.1, an initially planar wave
front can break up due to interaction with inhomogeneities in an active medium. The resulting
wave features an open end far from any boundaries. Still, the excitation (fire) will spread from
the current excited region to any surroundings that are not in their refractory, unexcitable
(burnt) state. This means that the main front will continue forward, but at the wave tip
the excitation can spread upwards in addition. While the tip continues on its pirouette-like
motion, it becomes the source of the excitation waves, that are periodically emitted into
the medium. In this sense, the tip is the localized organizing center*’ of the delocalized
spiral wave, that has a wavelength A and rotation period 7. Note that the oscillations at each
location outside the spiral core are entrained to the rotation period of the spiral wave. Here,
the non-equilibrium character manifests itself in the influx of external energy, that is required
to return oscillators to their rest state (unburnt) so a neighboring excitation can restart the
oscillation cycle.

Apart from this simple example, spiral waves have been observed in an astonishing variety of

biological, chemical and physical systems  : myocardium %>~ 67,68,

69-71

, cardiac cell monolayers

72

optogenetically engineered cell layers , giant honey bee colonies’?, mammalian cortex ',

4 Some vortex patterns in nature have spiral shape, but there is no underlying excitable medium. Some
examples range from Bose Einstein condensates**, spin spirals**, spiral crystal growth**~*%, drop-induced
airflows *°, fluid mixing>’, Bernard convection in gas mixture'~?, Faraday experiments with vertically vibrated
viscous fluid and sand’3->*, Kdrmén vortex street>, hurricanes°, extraterrestrial storms, such as the Great Red
Spot>7 and polar vortices® on Jupiter, galaxy formation>” and the recent binary black hole as well as neutron
star mergers, which emitted double spiral gravitation waves ®-°!,
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calcium waves in frog eggs’#, chicken retina’?, single cells and conglomerates of the social

76,77

amoeba Dictyostelium discoideum , geographical tongue inflammation’®, migratory

erythematous lesions’?, human crowds®’, synthetic somatic cell sheets®!, uterus during

8283 yeast glycolysis®*, Min proteins®> and actin-proteins in electro-fused cell mem-

76,86 1ichen growth87, cilia arrays 88 Belousov-Zhabotinsky (BZ) reaction medium%?,

labor
branes

BZ-surfactant mixtures”’, BZ-infused Langmuir monolayers®', precipitation reactions”?, CO

oxidation on Pt-110 surface??, electrodeposition of a binary alloy 94 corrosion”?, lasers 098

00,101 "plasma '9?, dielectric barrier gas-discharge '**, trapped

06

combustion””, liquid crystals !

ultracold ion arrays '**, optomechanical oscillator arrays '’ coupled map lattices '’°, and

Josephson junction arrays ',

Among the most striking examples are spiral waves on the heart muscle, where they are
also called rotors or reentry. During the healthy operation of the heart, the sinoatrial node
entrains the beating rhythms of all cells in the myocardium by emitting a propagating electric
excitation wave. Upon arrival at a heart cell, it expands and shortly after contracts again. This
synchronized, collective mechanical deformation underlies the vital heart beat that pumps

109 10 obstacles,

blood through the body '’®. Due to e.g. unexcitable'”” or highly excitable
spiral waves may nucleate. Since they are periodic wave sources, they directly compete with
the sinoatrial node for the entrainment of the myocardium. If multiple spiral waves form,
the ensuing wave chaos compromises the synchronized, collective deformation and leads to
life-threatening fibrillation %0,

Due to the three-dimensional nature of the heart, the rotating patterns are actually scroll
waves, which are made up of spiral waves stacked up on each other. Accordingly, the center
of the spiral core is extended to a line first identified by Winfree as organizing center of the
scroll wave and named filament®7-!11-114,

One of the first reported experimental observations of a filament in the cardiac muscle, had
a ring-shaped form''>. Indeed, connecting both ends of the filament and bending it into
a ring, leads to a simple structure called the scroll ring®”-''¢ (see figure 2.2a). Curiously,
the periodic wave pattern of scroll rings was exploited in oil-immersed BZ drops to drive
autonomous periodic motion via changes in the surface tension'!”.

The dynamics of this structure in the presence of boundaries are the focus of this chapter.

2.1 Theoretical Background

The equations of motion for filaments were first derived in a mathematically rigorous way
by James Keener in 1988 employing techniques from singular perturbation analysis''®. His

approach is reviewed briefly in appendix A.2 together with recent developments.
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2 4 6 8
time t (T)

Figure 2.2 | Unperturbed dynamics of an axisymmetric, untwisted scroll ring. (a) A scroll ring
is a toroid formed from a spiral wave. The tip of each spiral wave is attached to a ring with radius R,
called the filament (red). For clarity, here only a single isosurface of the continuous concentration
pattern is shown. (b) Without perturbations the scroll ring will either decay for filament tension o > 0
(blue) or grow for a < 0 (yellow), see (2.1). Time and space are scaled relative to the rotation period
T and wavelength A of the waves emitted from the ring.

In the case of a closed filament loop, a scroll ring, the equations of motion simplify to

dR
= _ _ 2.1
o oK, 2.1)
dz

< _ ) 2.2
7 Bx (2.2)

While the ring drifts along its symmetry axis in z-direction, the radius R of the ring changes
depending on the ring curvature k = 1/R " . Tt will either contract and vanish or expand
depending on the sign of the filament tension «, see Fig. 2.2b. In its later stages a growing
ring will undergo the negative line-tension instability '>°. This means it will break apart and
develop into a highly disorganized pattern known as Winfree turbulence '>!. The analytical

solution to the radius dynamics (2.1) is given by
R*(t) =R} —201. (2.3)

Thus unlike its two-dimensional counterpart, the spiral wave, a scroll ring is not a stationary
pattern. Intuitively the non-stationarity is clear: In two dimensions, a spiral wave will drift
under an external perturbation. This can be realized in the form of a time-periodic external
parameter field '>?, a parameter gradient'>?, an applied electric field '>*, feedback control !>

b Note that this is a special case of an arbitrary closed curve  moving under mean curvature flow:
r; = —okIN, where NN is the normal vector at each point of the curve r''°.



2.1 Theoretical Background 9

or a Neumann boundary '?%!?’. These perturbations lead to a periodic modulation of the
excitability in the core region. However, in three dimensions no external field is necessary,
since the periodic perturbation is due to the pattern itself. During one rotation period, the
filament loop will cycle between a large and a small radius, which have a small and large

curvature, respectively. In the same way the eikonal equation,
¢, = co— DK, 2.4)

dictates how non-planar excitation waves in two dimensions straighten out '>=139| the rotation
speed of the filament increases when it goes from a large circumference to a small one and
decreases on its way back'®!. This periodic curvature-induced self-modulation forbids
stationary scroll ring patterns.

However, the dynamics of the unperturbed scroll ring can be complemented by considering
external perturbations, specifically the effect of Neumann boundaries that naturally limit the
spatial extent in a realistic setting.

To this end it is important to first understand how two-dimensional spiral waves interact
with Neumann boundaries. One approach is based on the convolution of perturbations with
spiral wave response functions '*>~'3* (appendix A.2). While it is highly successful for weak
perturbations, such as spatiotemporal parametric inhomogeneities, it is not applicable to the
interaction with Neumann boundaries. Boundaries break the symmetries of the Euclidean
plane strongly and thus the Goldstone modes, whose adjoints are the response functions, do
not exist.

An alternative data-driven approach is described in the next section.



10 Chapter 2

2.2 Chemical Experiments

Camera

Bandpass filter

Petri dish
with liquid o )
and hydrogel <8
-.3 06
504
Light source ®02
SN 00200 500 600 700
N wavelength A (nm)

Figure 2.3 | Experimental setup for boundary stabilized scroll rings. (a) Pattern formation in the
active medium is monitored spectrophotometrically. Excitation waves of oxidized catalyst absorb less
light than the domains with reduced catalyst and thus the concentric waves of a scroll ring appear
in bright blue on an orange background, see photograph in (b). The white bar corresponds to 1cm.
(c) Absorption spectra of the reduced form of the catalyst (Fe3+) in orange and the oxidized form (Fe4+)
in blue.

While the Belousov-Zhabotinsky reaction has been utilized to study chemical oscillations in
time, it is also readily employed to study propagating patterns in a continuous medium in time

as well as space (see appendix C.1.3). The applicability of this approach is well-established

by a large body of experiments on scroll rings in BZ media, testing their existence ',

formation %, dynamics for positive and negative filament tension 36137

139,140

, behavior influenced

as well as defect sites !4!=143,

by each other '*®, temperature and electrical gradients
However, their interaction with medium boundaries is less well explored.

Here, chemical waves in the active medium are observed with a simple spectrophotometric
setup'* (see Fig. 2.3a). Excitation waves manifest themselves as narrow, propagating
domains of oxidized catalyst surrounded by large regions of reduced catalyst. Since the
absorption spectrum of the ferroin catalyst, Fe(o—phen);, depends on the oxidation state of

the Fe-ion (Fe**/Fe*"), it is possible to optically record the concentration waves with a CCD
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h2| a b
h1| \__/
c d
Figure 2.4 | Scroll ring nucleation. Reproducible initialization of scroll rings consists of four stages;
(a) A silver wire is introduced at the liquid-gel interface of the active medium to (b) initiate a spherical

wave. (c) By shaking the medium strongly enough to erase any structures in the upper liquid layer, (d)
the spherical wave is converted into a scroll ring.

camera. Waves appear as bright blue on an orange background (Fig. 2.3b), because the re-
duced catalyst strongly absorbs blue and green parts of the VIS spectrum (A = 380 — 560nm),
whereas the oxidized form is nearly transparent to all wavelengths, except for a weak ab-
sorption of red wavelengths with A = 580 —620nm (Fig. 2.3c). The optical contrast is
further enhanced with a bandpass filter that only transmits light into the camera with a
wavelength of A =400 —500nm. Further details on the experiment instrumentation are
given in appendix B.1.1.

The chemical medium consists of two layers to allow for a reproducible nucleation protocol
of scroll rings 4! (Fig. 2.4). On the solid BZ reagent-infused hydrogel layer rests another
layer of liquid BZ solution. The agarose hydrogel is solid enough to prevent convective
instabilities and also sufficiently porous, such that the diffusion of chemical species in both
layers is approximately identical. The first step of the initiation procedure is placing the
clean end of a pure silver wire (99 % Ag) at the gel-liquid interface for about 15s. Adding
silver to the BZ solution allows for the formation of small amounts of AgBr'#>. This locally
perturbs the chemical balance due to the removal of the inhibitor Br™. Thus shortly after the
silver wire is removed, a spherical wave starts to expand from the former location of the wire
end. Similar to the initiation of a spiral wave (Fig. 2.1), a spherical wave is cut by strongly
shaking the Petri dish, which holds the chemical medium. This removes any pattern in the
upper liquid layer. The structure in the bottom solid part remains intact. After the liquid
returns to rest, the wave resumes its propagation into the upper layer and forms the scroll
ring.

The behavior of scroll rings is analyzed via space-time plots also known as kymographs.
They are generated by plotting the intensity values of pixels taken along a line through the
ring center from each image of the camera image sequence collected during the experiment.

The space-time plots are processed further with a gradient filter to extract a parametrization
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T ————

LT
-+\+¥ + +\ -ﬁj‘ﬂl ’ ###/D## q] l{]

0 1 2 3t 0.0 10 time t (h) 20 3.0

Figure 2.5 | Experiments on boundary-influenced scroll ring dynamics. Space-time plots ex-
tracted from a horizontal line through the center of each ring show excitation waves (grayscale) and
filament dynamics (red) of representative cases: (a) collision of the scroll ring with the bottom bound-
ary, (b) contracting free scroll ring outside the interaction range of the boundaries, (c) contracting,
boundary-influenced scroll ring with reduced contraction rate, (d) quasi-stationary scroll ring, (e)
expanding scroll ring. The vertical space axis corresponds to 2.3 cm in all cases. The horizontal time
axis spans (a) 50 min, (b) 3 h, (c)—(e) 4 h. The heights of the solid layer /#; and of the liquid layer &,
were (a) 3 mm and 4 mm, (b) 4 mm and 4 mm, (c¢) 4 mm and 3 mm, (d) 4 mm and 2.5 mm, (e) 4 mm
and 1.25 mm. (f) - (g) Two camera images show the expansion of the circular filament from (e) over
the course of 3 h. The length of the white bar corresponds to S mm. (h) Radius dynamics extracted
from space-time plots (a)-(e). Open circles: (a), full circles: (b), triangles: (c), full squares: (d) and
open squares: (e). Error bars result from the measurement error of the spatial filament location.

for all wave trains. The intersection points of consecutive inward and outward traveling
waves allow for the calculation of the filament radius over time R(¢). While a manual variant

of this procedure was used in the past '

, it has been automatized for this thesis to analyze a
large body of experiments in a short time.

The experiments reveal that the bottom Neumann boundary has a profound impact on the
dynamics. Before summarizing the results of the experiments, note that in all presented
examples, special caution has been given as to detect any occasions of filaments pinning to
CO, bubbles. Experimental runs where this occurred were discarded, as pinning is known to

lead to an increase in lifetime as well as stabilize filaments '*!-'47. Successful experiments
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without defect interactions can be subdivided into five qualitatively different categories based
on their dynamics.
In the extreme case of initiating a scroll ring close to a boundary, the ring vanishes after few
periods (Fig. 2.5a). Instead of contracting, the ring collides with the boundary. The collision
does not happen concurrently along the filament: First a small fraction of the line singularity
disappears and one rotation later the rest follows. Note that the filament grows slightly before
colliding (Fig. 2.5h).
Sufficiently far away from any boundaries, d = 0.7 A, rings with positive filament tension ¢
simply contract following equation (2.1), see figure 2.5b. In this case the squared radius
decreases approximately linear with time in agreement with equation (2.3), as can be seen
in Figure 2.5h. The measurement of the filament tension yields & = 0.026 A>T !, which is
in good agreement with previous experiments '*®. As can be expected its measured lifespan
(2.6 hours) is in good agreement with its predicted lifetime

Rj

1, = 0 ~ 2.5 hours. (2.5)

At a distance of d = 0.5 A, the boundary influence already impedes the natural contraction
(Fig. 2.5c). This leads to a larger lifespan (2.8 hours) in comparison to what would have
been expected (2.0 hours) based on the initial radius Ry of the ring. Even though its initial
radius is smaller, it lives significantly longer than the unperturbed ring (see yellow and blue
markers in Fig. 2.5h).

In a small interval of boundary distances d, the contraction rate of rings effectively vanishes
(Fig. 2.5d). The radius R barely changed for 55 periods, lasting over 5 hours. Longer
measurements were inconclusive due to widespread nucleation of CO, bubbles throughout
the active medium. However, given that the ring was expected to disappear after 2.9 hours due
to contraction in the absence of boundaries, its persistence distinguishes it as a self-organized
pacemaker.

Unexpectedly, scroll rings with positive filament tension, o« > 0, may also expand under the
influence of a Neumann boundary (Fig. 2.5e-g). This behavior was previously assigned to
negative filament tension, o < 0, exclusively '*°. Expected to vanish after 1.8 hours, the ring
radius is at 7.2 mm after 3.0 hours and continues to expand with 0.5 mmh~!. During this
time the ring radius expanded by 40 %. Also, the ring does not show angular deformations
during the expansion (Fig. 2.5f-g). Regular and deformed black circles correspond to CO,
bubbles that nucleated in the liquid and gel part, respectively. However, no pinning interaction
between bubbles and filament was observed.
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The last two cases strikingly illustrate that a Neumann boundary does not lead to a small

alteration of the contraction, but dramatically changes the expected behavior.

2.3 Numerical simulations and a kinematical model

a b

Figure 2.6 | Perturbations to confined small scroll rings. (a) One half of a cross section through a
scroll ring is a spiral wave. (b) For a small scroll ring radius R, the spiral wave on the opposite site of
the ring induces a perturbation that is equivalent to one from a Neumann boundary at the symmetry
axis of the ring. Likewise when the scroll ring is close to a real bottom Neumann boundary, the
constituting spiral waves are perturbed by it. In both situations the boundary causes spiral wave drift.

How exactly the observed surprising dynamics (Fig. 2.5) emerge is investigated further in
numerical simulations. Especially the apparent contradiction of an expanding ring despite
positive filament tension is resolved by constructing a detailed, kinematical model that
accounts for Neumann boundaries.

From numerical simulations of three-dimensional excitable media, it is expected that bound-
aries may stabilize vortex patterns in systems with negative line tension o < 0'°%!>!_ This
was also recently confirmed experimentally with setup I1'>? (see appendix B.1.2). Intuitively
this behavior is clear. An inspection of the spatial setting of the bounded scroll ring reveals,
that it is equivalent to a two-dimensional spiral wave drifting at a Neumann boundary, since
one half of a cross section through the ring is a spiral wave (see Fig. 2.6). Furthermore, it is
well-established theoretically and experimentally that Neumann boundaries in two dimen-
sions cause a stable spiral wave drift at a fixed distance in parallel to the boundary with a
constant velocity ¢ due to resonant perturbations 126,132,153 ~ A simple dynamical system
for the behavior of a scroll ring in boundary proximity takes this drift attractor into account.
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Figure 2.7 | Numerically determined drift-velocity field components. (a) Trajectories of spiral
waves in the Neumann boundary-induced drift velocity field. The trajectories of the core centers (red)
are extracted from averaging over the spiral tip trajectories (blue). The size of the gray arrows is
scaled monotonically to visualize the direction and modulus of the vector field across different orders
of magnitude. (b) Both velocity components are plotted over distance. The normal component has
two fixed points. The velocity at the stable fixed point far from the boundary, z,;; ~ 0.824605 A, is too
small to cancel ring contraction. The unstable fixed point at z,., ~ 0.2834785 4, is close enough to
the boundary to exert a potential influence on ring dynamics. The solid lines through the measurement
points are high-order spline interpolating functions.

Augmenting equation (2.1) leads to

E:—OC/R-FCH . (2.6)

The fixed point exists if the intrinsic radius dynamics and drift motion cancel each other. For
the case of negative line tension & < O this fixed point is stable. However, linear stability
analysis for positive line tension reveals an unstable fixed point, so the stationary dynamics
observed in the experiment (Fig. 2.3d) was not thought to be possible for o¢ > 0.

To resolve this conundrum, a more detailed measurement of the boundary-induced drift
velocity field ¢(z) outside of the stable drift attractor is required. Numerical simulations
can be employed to easily exclude any unwarranted perturbations on the spiral wave but the
boundary. The chemical kinetics of the ferroin-catalyzed BZ reaction are well-described by
the Rovinsky model °* (see appendix C.2):

Ju 1 % u—u )
v v

+ D,V (2.8)

= u—a

EL 1—v
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Table 2.1 | Vortex properties. Comparison of characteristic properties of experimentally and numer-
ically observed vortex patterns.

property experiment  simulation
wavelength A 5.8mm 5.6mm
rotation period T 390s 372s

filament tension o« 0.026 A2T~!  0.024 127!

The parameters of this reaction diffusion system are derived from concentrations used in
the chemical experiments (see table C.4). Resulting pattern characteristics from numerical
simulations, such as wavelength, rotation period and filament tension, are in excellent
agreement with the experiments. A comparison of the characteristic properties is given in
table 2.1.

The drift velocity field induced by a planar Neumann boundary ¢ = (c” ,c1 ) is measured
in simulations of a spiral wave in a two-dimensional domain, see Fig. 2.7. The spiral
tip trajectory is evaluated in such a way, that the tip rotation is averaged out and only the
trajectory of the core center remains. After a transient these trajectories are analyzed to
reconstruct the drift velocity field in dependence of the distance to the boundary. As can
be seen in figure 2.7a, the stable drift attractor is so far away from the Neumann boundary,
Zarr =~ 0.82 A, that the spiral wave motion is barely affected. All shown trajectories are
integrated over the same time duration of 300 unperturbed rotation periods. There is also
another attractor at z,,, ~ 0.28 A, but it is unstable. Any spirals that start very close to it, will
either be repelled away from the boundary or pushed into it. Due to the translation symmetry
of the drift field, ¢(x,z) = ¢(z), its components can be plotted over the distance z from the
boundary (Fig. 2.7b).

Now that the complete boundary-induced drift field is known, we can construct a detailed
kinematic model. To this end we will take into account the real bottom Neumann boundary
as well as the symmetry axis. Unless the ring is very large, each spiral wave feels its opposite
counterpart. Since the configuration is mirror symmetric about the z-axis, the concentration
gradient across the axis vanishes: Vu = Vv = 0. The same condition holds true at a Neumann
boundary (see Fig. 2.6b). Incorporating both boundaries into the kinematical model of a
free ring, (2.1) and (2.2), results in a semi-analytic model that accounts for the boundary
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6A

Figure 2.8 | Visualization of a simulated scroll ring. All parts of the concentration field u(x,y,z)
are colorized in blue whose values are larger than 0.35. The red ring highlights the position of the
filament, which is the organizing center of the entire ring. A fraction of the ring is transparent to
visualize the inner parts.

influences:
Z—I: = —a/R + ¢|(z) + ciL(R), 29
dz
o= B/R + ci(d) — ¢B) (2.10)

Variables R and z still describe the radius of the ring and its position along the symmetry axis.
The influences of a horizontal Neumann boundary at z = 0 and a virtual vertical Neumann
boundary at R = 0 (see Fig. 2.6) are introduced as additive perturbations. The perturbations
are the previously measured boundary-induced drift velocity fields in two dimensions ¢(z).
The minus sign in front of ¢ (R) accounts for the z-axis being oriented in the opposite
direction in comparison to the setting it was measured in (Fig. 2.7a). The distance to the
boundary is not affected by the flip, so ¢ (R) is included with a positive sign.

The validity of the modified kinematical model is checked by comparing solutions of the
two-component ODE (2.9) with the filament dynamics extracted from the time evolution of a
full three dimensional partial differential equations, (2.7) and (2.8), that faithfully reproduces
the chemical dynamics in the Petri dish (see section 2.2). ©

“Note that the azimuthal symmetry of the scroll ring could be exploited for fast simulations in a two-
dimensional domain of reduced cylindrical coordinates'>. However, this approach would also suppress
potential instabilities along the azimuthal direction. For example, it is known, that an inclined orientation of the
filament plane relative to the Neumann boundary induces twist waves along the filament 2137
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The reaction diffusion equations are solved on a three-dimensional Cartesian grid employing
a finite-difference explicit Euler scheme '°® for speed reasons with a time step of At = 0.05s.
The diffusion operator is evaluated over a 7-point Laplacian stencil with Ax = 0.001 cm. The
instantaneous filament location is determined as the set of points, which form the intersection
of two level sets of the activator variable u(x,y,z) = 0.2 from subsequent time steps. The
simulation domain is a large cuboid with length and width of 6 4 and height of 1.5A. The
bulk volume is bounded by Neumann boundaries. The spiral wave length A is measured in
advance to compute the required lengths. The scroll rings in the simulations are initiated in
a similar manner to the experiments: They nucleate from an initial cylindrical wave whose
upper fraction is removed at the start of the simulation. The size of the deleted upper fraction
determines the initial distance z(# = 0) to the interacting, bottom Neumann boundary. The
top and lateral boundaries are placed sufficiently far away to neglect their influence on the
ring. A fully developed scroll ring is shown in figure 2.8. The three-dimensional numerical
simulations are parallelized for fast computation and are performed on a graphical processing
unit (Nvidia GTX 970), more implementation details and a speed comparison are in the
appendix B.2.

As can be seen in figure 2.9a, the observed filament dynamics of the PDE, (2.7) and (2.8), in
three spatial dimensions are in excellent agreement with the solutions of the semi-analytical
kinematical ODE model (2.9). Thus the influence of the boundaries is correctly incorporated
in the reduced ODE model (2.9). To facilitate the comparison with the experimental results,
distinctive numerical trajectories are labeled (A-E) corresponding to the subfigure labels (a-e)
in figure 2.5. All cases observed in the chemical experiments were reproduced in numerical
simulations of the underlying reaction diffusion equations and accounted for in the modified
kinematical model (2.9).

As in two dimensions (Fig. 2.7a), rings starting at a distance of z > 0.5 A are barely affected
by the bottom Neumann boundary (case B) and contract according to the unperturbed
dynamics (2.1). Only towards the end of their lifetime 77, when they reach a radius of
R < 0.5 they are slightly pushed downwards, which is due to the mirror symmetry of the
ring.

The repelling line in the drift velocity field at z ~ 0.28 A still plays an important role. It
separates rings that vanish by collision with the Neumann boundary at z = 0A (A) from those
that contract R — O A (C). The contraction rate of repelled rings is impeded initially by the
antagonistic influence of the boundary-induced drift ¢ (z). However, due to the repulsion,
the impeding influence of the boundary lessens with increased distance from it (Fig. 2.7b).
Within the framework of the kinematic model (2.9) it is also possible to explain the unex-

pected observation of persistent and expanding scroll rings in the experiment (Fig. 2.5d,e).
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Figure 2.9 | Agreement between full three-dimensional simulations and kinematical model.
(a) Radius R and boundary distance z of the three-dimensional filament evolution (blue) are ex-
tracted to compare with the solutions (red) of the kinematical model (2.9). Trajectories highlighted
with capital letters (A-E) correspond to the five distinct cases observed in the experiment, which are
summarized in figure 2.5 (a-e). At the intersection of the R- and z-nullclines (dashed and solid) is an
unstable fixed point, which is marked by an unfilled circle. (b) A space time plot of the quasi-stationary
solution (D) shows the long-time stable behavior of the transient. Parameters for the reaction diffusion
system are as before and in the kinematic model oz = 0.0245A%T~! and 8 = —0.0004 A.

Expanding scroll rings (E) are a special case of rings that annihilate at the boundary (A).
However, they start closer to the repelling line and thus grow for a longer time before ulti-
mately colliding with the boundary as well. Note that the dashed R-nullcline in Figure 2.9a
reveals that expanding rings require a minimum initial radius Ry.

Surprisingly, the fixed point in the modified kinematic model (2.9) is unstable, even though
experimental observation (Fig. 2.5d) suggests otherwise. This contradiction is resolved
by analyzing the behaviors of scroll rings that originate in a small region enclosed by the
R-nullcline from above and the z-nullcline from below at large radii (D). Before entering
the contraction phase, these rings undergo a long-lasting transient during which their radius
barely changes. An exemplary evolution of such a ring during its first 40 periods is depicted

in the space-time plot shown in figure 2.9b.
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Figure 2.10 | Scroll ring lifetimes. For different initial values of radius Ry and boundary distance zg
the lifetime of the contracting scroll ring is determined via the modified kinematical model (2.9). The
peak in the lifetime plane corresponds to the quasi-stationary solution. The saturation of the lifetime
for large zg corresponds to the lifetime of a free ring. The flat plateau for small z¢ corresponds to rings
that collide with the boundary.

Having validated the modified kinematical model (2.9), it is now possible to run a large
number of simulations in a very short amount of time to determine the lifetime #;, of scroll
rings starting at different initial conditions (Rp,zp). For a fixed initial distance from the
boundary z, larger rings outlast smaller rings. Rings that start at a sufficient distance of
z0 > 0.5 A are not affected by the boundary. Their lifetime shows the expected quadratic
dependence (2.5) on the initial ring radius Ry. Initial distances zq closer to the repelling line
at Z,¢p lead to rings with diminished ring contraction rates that live slightly longer. Expanding
and quasi-stationary rings contribute to the peak in figure 2.10. There, lifetimes are more
than tripled. If rings start too close to the boundary, their lifetimes are an order of magnitude
smaller in comparison to their unperturbed counterparts. This is in agreement with previous

explicit simulations 1>

of the reaction diffusion system.

The use of the modified kinematical model (2.9) is not limited to an accelerated exploration
of parameter space. It can also be used for a bifurcation analysis depending on the filament
tension o and drift coefficient 8. Note that the right hand-sides of the dynamical system (2.9),
fr(R,z) and f.(R, z) are not known explicitly. Instead they are defined by spline interpolation
applied to the numerical measurements of the spiral wave drift velocity field ¢(z) (Fig. 2.7b).
The fixed points are found numerically as the roots of (2.9) using Newton’s method '°%. To

accelerate their detection, the initial estimate for each parameter set is based on the roots



2.3 Numerical simulations and a kinematical model 21

q 003 y086 p 003 —0.63
0.02 0.02
L : T :
& 001 S & 00 <
@ o «Q =
0.00 \ 0.00 I
-0.01 L -0.01
2002 000 002 004 00 202 2002 000 002 004 00 2%
a (A°T™ a (A°T™

Figure 2.11 | Bifurcation analysis of the semi-analytical model. The fixed points of (2.9) and
their linear stability are evaluated numerically, since analytic expressions are not available. The
approximated right hand sides fr(R,z) and f;(R,z) of (2.9) are constructed from the interpolated
functions shown in figure 2.7b. The bifurcation dividing unstable from stable rings is revealed to be a
Hopf bifurcation, due to the non-vanishing imaginary part (b), while the real part (a) of the largest
eigenvalue changes its sign.

found previously. In figure 2.11 only fixed points with Ry € [0.1,2.0] A and z9 € [0.1,1.0] 4
are taken into account. Values smaller than 0.1 A are unrealistic, since the spiral core, the
area around which the spiral tip rotates, has a radius of about 0.1 A. At larger distances than
70 = 1.0 A, the boundary interaction vanishes. Also it is not feasible to initiate scroll rings
with radii larger than 2.0 A using the setup described in section 2.2.

In the next step, the linear stability of the detected fixed points is analyzed via their eigenval-
ues. The required Jacobian D:f is evaluated numerically using central differences:

2AR 2Az (2.11)
So(Ro+ARz0)— fz(Ro—ARz0)  fz(Ro,20+A7)—f2(Ro,20—A2)

2AR 2Az

(fR(RO‘l'AR»ZO)_fR(RO—ARaZO) fR(R07ZO+AZ)_fR(R07ZO_AZ)>
Df =

The analysis shows that the majority of parameter combinations (o, ) yield unstable fixed
points (Fig. 2.11). However, there is a small region, which features stable fixed points
for very small values of positive filament tension ¢ and drift coefficient . Previously this
behavior was purely associated with negative line tension. Both domains are connected via a
Hopf bifurcation, since the imaginary part of the largest eigenvalue does not vanish during
the transition.

The attracting fixed point in the R-z phase space is due to a cusp in the R-nullcline (Fig. 2.12a).
In the back of the cusp the R-nullcline has a negative slope and the z-nullcline has a positive
slope allowing for a stable fixed point. The time series (Fig. 2.12b) shows that the transient
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Figure 2.12 | Time evolution of stable scroll ring. (a) Filament dynamics of a stable ring in the R-z
phase space. Shown in red is the solution of (2.9) for & = 0.002 4 and = OA. The trajectory starts
at (Ro,z0) = (1.2,0.35) A (red dot) and ends in the stable fixed point (black dot) located behind a cusp
in the dashed R-nullcline. (b) The radius R (blue) and boundary distance z (red) as a function of time ¢
show the long transient period before reaching the stable fixed point at (R,z) =~ (0.49,0.48) 1.

is very long: It takes 800 rotation periods before reaching the fixed point. For the purpose of
an experimental confirmation it would be advantageous to start closer to the fixed point.
This transition also plays a role in the dynamics of scroll rings, simulated with the Oregonator
model (C.2). Close to the bifurcation, breathing filaments exist, whose radius is a periodic
function of time 92,
The interaction across the symmetry axis alone can also lead to stabilization of the scroll ring
(Fig. 2.13). After a transient of about 50 periods, the self-stabilized ring exhibits a constant
radius at R = 0.38 A and drifts with constant speed of v, = 0.13 AT~ along its symmetry axis.
While there are previous studies of this object 134.159-161 "6 far none confirmed its existence
in full three-dimensional simulations over a long period of time. Here, the simulation was
performed with the three-component Oregonator model (C.2) in a cuboid with periodic
boundary conditions on all sides. Lateral boundaries are placed at sufficient distance to
exclude their influence. New initial conditions are required, as the cut cylinder used before
would give rise to a scroll ring pair due to the periodic boundary conditions. For this purpose,
we start from a planar excitation wave traveling in the z-direction. Then a circular hole of the
desired initial radius Ry is cut out of the planar wave. Along the open edge waves start to

curl in and give rise to the scroll ring.
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Figure 2.13 | Self-stabilized scroll ring. (a) The ring periodically traverses the simulation box with
constant velocity due to the periodic boundaries. (b) After a transient, the ring reaches its stable radius
of R =0.38 A. The blue and red curves are the result of averaging over the fast filament oscillations
during each rotation period. (c) A snapshot of the planar filament (red) in the three-dimensional
simulation volume. The current position of the filament is highlighted by black projections on the
box faces. The model parameters of the simulation are: & = 1/8,& = 1/720,q = 0.002, f = 1.16,
¢ =0.0117 with Ax = Ay = Az = 0.3 and Ar = 0.001. The filament was detected as the intersection
of the isoconcentration level sets u(x,y,z) = 0.3 and v(x,y,z) = 0.2.

2.4 Chapter summary

Neumann boundaries transform transient scroll rings into autonomous pacemakers in a
homogeneous medium. As such they act as a self-organized source of periodic excitation
waves. Unexpectedly, this is possible even for rings with positive filament tension, that would
contract and vanish far from any boundaries. Beyond stabilizing - if only for a long transient -
Neumann boundaries can invert the radial contraction, such that rings expand. This case was
previously associated with negative filament tension exclusively.

All these distinct scenarios of scroll ring evolution observed in the experiment (Fig. 2.5)
could be successfully reproduced with numerical simulations of the underlying reaction
diffusion equations (Fig. 2.9a) that are in excellent agreement with a kinematical model (2.9)
which is augmented to correctly account for boundary effects 2.

With the semi-analytical, data-driven model (2.9) very fast explorations of parameter space
are possible (Fig. 2.10). In addition bifurcation analysis can be performed, even though
the explicit formulas for boundary influenced scroll ring evolution are unknown (Fig. 2.11).
This reveals the possibility of stable boundary-stabilized rings with positive filament tension
(Fig. 2.12). Last but not least, the existence of self-stabilized rings in the absence of
boundaries is also confirmed (Fig. 2.13).

Given that three-dimensional unperturbed scroll rings disappear on their own, the number of

different scenarios under which persistent rings may appear is remarkable.
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2.5 Future directions

Alternative strategies for the stabilization of scroll rings were previously investigated numer-

ically, but never verified experimentally. This includes parametric spatiotemporal fluctua-

163 or periodic forcing '%!:164195 Feedback methods based on the readout of localized

166,

tions
detectors '9%197 have not been used so far to stabilize rings. Due to the inherent difficulties of
applying a spatiotemporal parametric field in three dimensions, a more elegant method might
be to select the shape of boundaries in such a way that they stabilize rings at a predetermined
radius.

Measuring the boundary-induced drift velocity field in an experiment is difficult. The
first problem is a reliable detection of the spiral wave tip. Instead of detecting it by the
intersection of grayvalue-isolines from consecutive images, another more accurate option
is to train image recognition software on the shape of the spiral tip. The other problem is
measuring the velocity reliably. Even in simulations it is difficult to extract valid data points
close to the boundary, since the spiral wave will collide with it. To circumvent this problem,
one could apply an electric field. Spiral wave are known to drift in a voltage gradient '** with

E E

constant velocity c& = (ct ,c7 ). Together with the boundary induced drift field, the equation

of motion for the spiral core are:

dx E
dz
o= ¢ (z)+ck (2.13)

After measuring the constant drift due to the electric field £, it can be aligned to counteract
the component of the boundary-induced drift velocity field ¢, (z) that pushes spiral waves
away or into the boundary, such that:

%ZCL(Z)—}-CEZO (2.14)
dt

While the spiral wave drifts slowly in parallel to the attractor, its drift speed ¢| (z) +cE can be
measured reliably. This measurement can be repeated for different amplitudes or orientations
of the electric field, in order to counteract different strengths of the perpendicular compo-
nent ¢, (z). After subtracting the contribution from the electric field, one can reconstruct the
boundary-induced drift velocity field for both components ¢ (z) and ¢ (z) with precision.
To further improve upon the modified kinematical model (2.9), it is necessary to take into
account drift velocity functions ¢(z;p) that depend on system parameters p, as does the
filament tension ¢ (p) and the drift coefficient B (p).
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The strategy of stancing shapes out of a planar wave to nucleate a filament, can be developed
further. The approach is not limited to circular filaments. It is also possible to create initially
elliptic, square or heart-shaped filaments. The evolution of the latter case is interesting since
its curvature varies from K — —oo to K — 40 while traversing from one cusp to the other.
Another interesting case are yin-yang patterns, that keep their shape while rotating under
curvature flow !'*'%8 The simulations can be validated in auto-completion experiments
with a photosensitive BZ reaction '°°, where the top layer of an active medium is uniformly
irradiated with light except at the edges of the desired shape.






Chapter 3

Target Wave Synchronization on a
Network
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Human brain activity is an enigma. There is no chance in the near future to unravel the
network of billions of neurons and trillions of connections between them ', To make matters
worse, this is only a static snapshot of a single instant in time. Discovered more than a century
ago by one of the pioneers of neurobiology, Santiago Ramén y Cajal, the brain connectome is

173-175 176,177

not static, but dynamic'”">'7?. This plasticity allows for learning , memorization

and encompasses regeneration'’%17%,

One of the currently unsolved puzzles of inner brain mechanisms regards synchronization %"

1181,182

Experiments showed its relevance in perception processing and motor contro , while

pathological enhanced synchronization underlies symptoms in Parkinson’s disease '**, Tinni-

tus #4185 and epilepsy '%%!®7. In a very simplified description, each neuron can be regarded

as an oscillator. Since the pioneering work of Norbert Wiener %

electroencephalographic
measurements revealed the occurrence of synchronization among nerve cells in the brain.
Further observations reveal that neurons tend to synchronize without a time-lag or in-phase
A¢ = 0'%?, even though they are far apart and communication speed is finite Y. One ap-

191,192

proach is, that in-phase synchronization can be relayed via an intermediate , other

options are lag synchronization'“? and remote synchronization '**.
This chapter features experimental results on lag synchronization with neuromorphic chem-
ical micro-oscillators. The notion of a target wave in a continuous medium is extended to

networks via an analysis of the underlying symmetries.

3.1 Theoretical Background

The last decade saw an increased theoretical interest in generalizing continuous pattern
formation terminology to discrete networks. The groups of Mikhailov and Scholl for example

195,196 and Benjamin-Feir "7 instabilities as well as the eikonal equation

generalized Turing
and propagation failure of excitation waves '°%!°? to networks. Likewise lag-synchronization
on a network is deeply connected to propagating excitation waves in an active medium. Once
the excitation threshold is crossed due to coupling to the surrounding medium or neighboring
oscillators, an oscillator emits a spike*®. The spatial profile of these waves is determined by
initial conditions. In two dimensions the basic examples encompass planar, spiral and circular
waves, the last of which are known as target patterns>®. In the same sequence, the wave
propagation of these patterns accumulates translation, rotation and reflection symmetries.
The target wave is special, because it conforms to all symmetries in the system, which
together form the Euclidean symmetry group E(2). Also note that in a suitable co-moving

reference frame, the concentration waves are stationary in time, ¢(r,t) = ¢(r — vt).
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Figure 3.1 | Symmetries in continuous media and discrete networks. (a) A target pattern in a
continuous BZ medium propagates, while preserving rotation (red), reflection (yellow) and translation
(blue) symmetry. (b) The symmetries on a network are permutation automorphisms highlighted by
identical edge colors. Under application of any of the corresponding permutation operators the pattern
stays invariant throughout its evolution. On a network, a target wave is harder to naively detect, since
the position of the drawn nodes does not necessarily reflect their distance form a pacemaker site. In
both subfigures symmetry operations are depicted as arrows.

On a network of discrete nodes 2"’

the generalization of the target wave is not straightforward,
because the Euclidean symmetry group is not applicable. Instead, a network of identical
nodes features discrete permutation symmetries*’'. Permutation operations, defined by the
permutation matrix P, exchange up to N nodes of a network. The connections between the

nodes are given by the adjacency matrix A, whose elements follow:

1, node i is connected to node j
Ajj= - . 3.1)
0 , node i is not connected to node j.

A given permutation operation is a symmetry or automorphism of the network, if it obeys '**:
AP —PA=[P,A]=0. (3.2)

This means, that the adjacency matrix A is invariant under the given permutation operation.
Furthermore, every network can be completely partitioned into symmetry clusters, which
are defined as sets of nodes, whose exchange leaves the network connectivity unaltered. A
symmetry cluster that contains only a single node is called a trivial symmetry cluster. The
only applicable permutation operation in this case is the identity operation: It can only be

exchanged with itself without changing the connectivity.
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? were able to generalize their Master Stability Func-

Recently Lou Pecora and coworkers *"
tion (MSF) formalism?**?%* exploiting network symmetries. Their formalism applies to a

network, whose N nodes are oscillators, that communicate along the edges of the network:

dC,’ N
E = f(ci) +K Z%Ain(Ci,Cj) (33)
Jj=

The n. dynamical variables of each oscillator i evolve according to the local dynamics
f i R"* — R". The coupling to the network consists of two parts: The adjacency matrix
A € RV*N encodes what the neighbors of node i are and the coupling function H : R — R

determines how node i is coupled to its neighbors, for example diffusively or pulse-coupled >%°.
The accumulated signals of the neighbors are scaled with the coupling strength K.

In this setting, the MSF allows for calculating the linear stability of the fully in-phase syn-
chronized state, where ¢;(¢) = Cgync(t) for all N oscillators in the network. This is achieved
by calculating the Lyapunov exponents of transversal perturbations to the synchronization
manifold. The longitudinal perturbation as the Goldstone mode has neutral stability >%°.
However, this analysis was only applicable to the complete network, but not subnetworks.
Furthermore the connectivity of all nodes is required to be identical, otherwise the synchro-
nization manifold is not stable: Once all nodes reach the synchronized state cqy,(t), they
need to receive the same input from their neighbors to remain synchronized.

Incorporating symmetries allows for decoupling the nodes, such that the synchronization
manifolds of the decoupled symmetry clusters can be investigated independently. Intuitively,
this approach works, because nodes in the same symmetry cluster can be exchanged without
alteration of the network. This implies that the nodes in a symmetry cluster are all coupled
identically to the rest of the network and vice versa. As an example, the evolution equations

for the two orange nodes in figure 3.1b, here in keeping with later notation labeled as i = 2,3,

are
d(32
W = .f(CZ) +K <2Cmagenta + Cgreen + Ceyan — 402) ) (3.4)
dC3
dr = f(C3) +K (zcmagenta =+ Cgreen + Ccyan — 403) . (3.5)

In the above example, the coupling function was taken as the concentration difference
between two coupled oscillators, H (¢;,c;) = ¢; — ¢;. The coupling term for both oscillators
consists of identical contributions from the other symmetry clusters. Given that the other
nodes are synchronized in their respective symmetry clusters, all orange nodes receive

the same input from the rest of the network and thus can be treated as an independent
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subnetwork. While previously, the applicability of the MSF was limited to the stability of
global synchronization of identically coupled nodes, the symmetry decomposition allows for
evaluating the stability of symmetric subnetworks, such as those found in power grids>’>.

Even introducing small parameter mismatches in the oscillators still allows for the successful
application of the MSF?"’. However, at sufficiently large parameter mismatches in-phase
synchronization ceases to exist. Instead one node will have the highest frequency in the
network. This node acts as the pacemaker and over time entrains the rest of the network.
Thus wave-like synchronization emerges, where all oscillators have the same frequency but

varying phases ¢, following:

¢(i,r) = ¢ (d(i,io) —A¢ 1) (3.6)

where d(i,ip) is the discrete network distance between nodes i and iy as given by the
commonly employed shortest distance algorithm by Dijkstra’’®. Node i is the fastest
node in the network and thus the source of the wave. Phases ¢ (¢) can be calculated from
concentration time series ¢(z) as described in appendix A.l1. A¢ is the constant phase
difference between neighboring oscillators with unequal distance to the source node ij.
Furthermore the phase difference is identical to the slope of the wave m = A¢ /Ad, since the
distance measure is discrete, Ad = 1.

This discrete wave is well-established in biological settings. There it emanates from a central
pattern generator (CPG) in neural networks, which controls locomotion?"’. One neuron
after another in a chain fires and periodically initiates muscle movement. This leads to
swimming in case of eels or walking gaits in hexapods. The CPG architecture has also been

successfully applied to construct robots that mimic the motion of animals, such as snakes”'"

or roaches?!!,

3.2 Experimental Results

In the experiment (Fig. 3.2), the network is realized with chemical micro-oscillators”'? that
measure about 300 um. Each oscillator consists of a porous cation-exchange bead that is
loaded with ruthenium-tris-bipyridine (Ru(bipy);), the catalyst in the oscillating Belousov-
Zhabotinsky (BZ) reaction. A review of the chemical mechanism of the BZ reaction is given
in Appendix C. To enable chemical oscillations, the particles are immersed in a catalyst-free
BZ solution. Since the concentration oscillations require the presence of the catalyst, they are

confined in space to the locations of the beads (Fig. 3.2b). Thus in contrast to the experiment
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Figure 3.2 | Setup for network experiments with chemical micro-oscillators. (a) The chemical
oscillators are monitored with a camera. Based on the measured state of the oscillators they are
illuminated individually with light from a spatial light modulator. For completeness, the experimental
setup is shown here, but is given in more detail in appendix B.1.3. (b) The oscillation cycle is
conveniently tracked optically, because the absorption spectrum of the catalyst depends on its oxidation
state. In this snapshot the beads appear red (Ru>*) and green (Ru>") due to contrast enhancement with
the bandpass filter (440 —460 nm) and a software filter. The length of the white bar corresponds to
1 cm. (c) The network (blue arrows) is established via light perturbations that depend on the state of
the selected neighbors.

in a spatially extended medium (chapter 2), the beads allow for discrete reaction sites that
serve as the oscillatory nodes in network experiments.

The oscillators are spaced at least 400 um apart. This distance suffices to exclude diffusive
coupling. Instead the coupling between oscillators is mediated via light (Fig. 3.2c). For this
purpose, the catalyst in the reaction has two additional roles: Its visible color changes allow
for optically tracking the chemical oscillation cycle. Secondly, the catalyst is photosensitive.
Increased light application accelerates the oscillation, while a decrease slows the oscillation
cycle down. Thus, the catalyst can be employed to realize an autonomous network experiment
(Fig. 3.2a). The critical components are a camera that measures the oscillation state in the
form of grayvalues v; and a spatial light modulator that applies variable illumination levels /;
on individual beads. Here grayvalue v; is short for the spatially averaged grayvalues across
an entire bead i. One complication is that the oscillators are not fixated spatially, so they can
move freely through the Petri dish. To measure at the right position and target the correct
location with light, each oscillator is tracked continuously throughout the experiment.
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The experiment proceeds in four stages. During the initial and last stage, the oscillators are
uncoupled. All individual illumination intensities are identical to the background illumination

level Iy,
I =Iy. (3.7

This allows for the measurement of their free oscillation period 7y before and after the
experiment. In the second stage, the experiment is initialized to start from a state of in-phase
synchronization. This initial condition is enforced by exploiting the Kuramoto transition>'?,
where globally coupled oscillators synchronize in phase for a large enough coupling strength.

The corresponding illumination protocol is:
N
Z ) —vilt (3.8)

Here every component in the adjacency matrix A equals 1 (compare (3.3)). After about 5
periods, the phases of all oscillators obey the initial condition. Directly after successfully

enforcing the initial condition, the coupling stage starts. The network coupling is given by:
1) =l+ ZAUW ) —vi(t)). (3.9)

Each node i receives a feedback I;, that is based on the grayvalue differences between
neighboring nodes j and node i itself. The accumulated differences are weighted with the
coupling strength K that is normalized by the node degree k;. Real-world constraints motivate
the introduction of the illumination offset /y and node degree k;. The intensity output range
of the spatial light modulator is bounded. Feedback values outside the bounds are clipped
to the minimum and maximum intensities. Clearly the minimum intensity is zero. This is
problematic in the case node i fires before its neighbors, because the sum in (3.9) yields a
negative value that would be clipped to zero. However, with an offset Iy, this case still leads
to a non-vanishing feedback. Since it is smaller than the default value, it will decelerate
the oscillation. In the case of an oscillator with a high degree k; and not too small coupling
strength K, it may be constantly exposed to a large feedback value that is clipped to the
maximum intensity. Instead of being coupled to its neighboring oscillators via time-varying
perturbations, this oscillator just receives an increased, time-independent intensity offset.
Thus it is effectively decoupled from the rest of the network. The elevated offset might
even change the dynamic behavior of the node from oscillatory to excitable. Introducing

normalization by node degree k; prevents this scenario.
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occurrence

Figure 3.3 | Wave synchronization via symmetry clusters. (a) Nodes of the network are colored
by their symmetry cluster affiliation. The numbering follows the path of the wave through the
network, starting from the pacemaker at node i = 1. (b) In a co-rotating phase plot with ¢ — w;?,
the wave structure becomes apparent, as the wave travels from one shell, consisting of complete
symmetry clusters, to the next. Close to the end of the experiment, at ¢t = 1423.0s, the histogram of
the accumulated relative phases reveals stable phase-locking.

After the network is coupled together and for sufficient coupling strengths K, it takes a few
periods for the fastest oscillator in the network to entrain®® the other oscillators. Once the
entrained nodes also oscillate with the frequency of the fastest oscillator, they in turn also
entrain their neighbors until the whole network is frequency-synchronized to the frequency
of the fastest oscillator (Fig. 3.3 and Fig. 3.4).

Nodes with the same network distance to the pacemaker node, also called shells 198 (Fig. 3.4a),
are in-phase synchronized. This is similar to a target wave on a two-dimensional plane,
where all points with the same distance to the target center are in-phase synchronized as well
(Fig. 3.1a). Regarding the symmetry properties of the network, it turns out, that the wave
starts from one symmetry cluster and propagates further into the others. Each shell consists
of one or more complete symmetry clusters. The nodes of one symmetry cluster are not
distributed over different shells (Fig. 3.3 and Fig. 3.4).

The experimental results in figure 3.3 depict this ordered sequence. The pacemaker is labeled
as node 1. Node 1 occupies an entire symmetry cluster, colored in green (Fig. 3.3a). The
wave propagates from node 1 to its next neighbors which are nodes 2 and 3 as well as nodes
4 and 5, which constitute the orange and violet symmetry clusters, respectively. Then the
wave is relayed to the third and last shell, which consists of the complete magenta and cyan
symmetry clusters. This behavior repeats itself with the period of the pacemaker oscillator
71 =32.0s.
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Figure 3.4 | Target wave on a network. (a) The shells of the target wave on the network are
highlighted in red, blue and green. (b) In a frame co-rotating with ®; the constant phase relationship
between the constituents of the shells over the course of the experiment becomes apparent. The
occurrence of each phase is proportional to its opacity. (c) Once the network coupling is activated
at t = 200s, the shells (red, blue, green) quickly approach in-phase synchronization while the total
network (black) does not, as quantified by the Kuramoto order parameter (3.12). (d) The color in the
node-time plot shows the measured grayscale values over time for each node. After a transient all
nodes oscillate with the same frequency but a phase difference depending on their shell (separated
by red lines). The colorbars on the left reveal the alignment between shells and symmetry clusters.
Coupling strength: K = 2.0.

The phase ¢ is calculated from linear interpolation between consecutive peaks at times ¢; in
the grayvalue time series (Fig. 3.4d):

t—t

0(t) =2m (3.10)

tiy1 =1t
Since the calculation of the phase ¢ during the interval ¢ € [t;,1;1 1] requires the time points
of the most recent peak at #; and the upcoming one at #;, 1, the phase is evaluated after the
completion of the experiment. The phase difference between consecutive shells, A¢ = 0.67,
is constant (Fig. 3.3b and Fig. 3.4b).

Figure 3.4 shows the node dynamics with a focus on the shells. The nodes are colored by
their distance to the pacemaker and are numbered identically as in figure 3.3. A stationary
phase relationship between the shells is revealed (Fig. 3.4b) by plotting all phases of the
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constituent nodes during the experiment in a co-rotating frame:
¢ =md+ ¢o. (3.11)

Here d € N is the distance to the pacemaker node as well as the shell index. Thus the slope
m = A¢ /Ad simplifies to the locked phase difference A¢ = 0.677, since Ad = 1 between
consecutive shells. The parameter ¢ is an arbitrary phase offset in the co-rotating frame.
This observed linear dependence of the phase on the distance is a strong indicator for one
dominating excitation wave spreading on the network.

Another way to reliably detect target wave induced synchronization employs the Kuramoto
order parameter213. Once the target wave is established, for each shell, consisting of a set of
nodes S indexed by a variable s, the Kuramoto order parameter,

1

Re=
ST

Y el

seS

, (3.12)

should approach unity to verify shell-wide in-phase synchronization. At the same time,
the global Kuramoto order parameter R for all nodes must not reach one. Otherwise the
whole network is in-phase synchronized with A¢ = 0 between shells and does not show wave
synchronization with A¢ # 0. Both conditions are fulfilled in the experiment (Fig. 3.4c).
The space time plot analogue for a network (Fig. 3.4d) shows that the wave pattern quickly
develops after a short transient of five periods lasting At = 150 s and remains phase-locked
afterwards. The colorbars on the left indicate for each node the affiliated symmetry cluster
and shell. The nodes in each shell are in-phase synchronized and adjacent shells have constant
phase differences. Also each shell consists exclusively of complete symmetry clusters.

The emergence of a target wave on a network is conditional on the successful entrainment
between any two connected nodes in the network. However, complete entrainment is only
possible for a sufficiently high coupling strength K2'3. For coupling strengths K below a
critical coupling strength K., wave propagation breaks down. Indeed, experiments with a too
small coupling strength K < K. confirm that the pacemaker node can not entrain the whole
network (Fig. 3.5). In this case nodes affiliated with the same symmetry cluster lose in-phase
synchronization and thus the network-wide target wave disappears.

While lowering the coupling strength K below K, frequency synchronization gradually fails.
Entrainment first breaks down between those pairs of connected nodes, whose frequency
difference Aw;; is large. Furthermore the difference is amplified by the larger degree of both
nodes, max(k;,k;)Aw;;, due to the node degree dependence in the coupling scheme (3.9).

This is similar to the pairwise synchronization transition of two coupled phase oscillators”'>.
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Figure 3.5 | Entrainment failure. (a) This experiment has a coupling strength of K = 0.6, which is
slightly below the critical coupling strength guaranteeing global entrainment. Nodes 1 and 9 coexist
as pacemakers in the network. Even though node 9 has the larger frequency, it can not entrain the
network, because the neighboring node 5 does not follow it. The rest of the network is entrained
by the node with the second highest frequency. (b) The oscillator frequencies are divided into two
groups with frequencies w9 = 19mHz or @; = 17mHz. (c) At small coupling strength, K = 0.05,
no lasting entrainment occurs and aligned phases are only temporary. (d) The oscillators exhibit no
lasting frequency synchronization, but a collective parameter drift to higher frequencies.

After the first of these entrainment failures occurs, the network is divided into separate
hemispheres. Each domain is under the influence of its own respective pacemaker, nodes 1
and 9 (Fig. 3.5a). Interestingly, two pacemakers coexist, even though their frequencies are
different, w9 > w; (Fig. 3.5b). In continuous media as well as on networks, this is due to
oscillators at the boundaries of the influence sphere of each pacemaker being less excitable
and spending more time in their refractory states. Thus, they neither respond to nor relay the
wave that originates at the pacemaker.

At very low coupling strengths K, no pairs of connected oscillators are entrained to each
other. The space time plot of an experiment regarding this case shows how the initially
in-phase synchronized oscillators slowly lose their phase alignment over time (Fig. 3.5¢).
They do not oscillate with their natural periods, as they are still weakly coupled to each
other. Interestingly, the frequency of an oscillator is not constant over time. Whenever its
phase aligns with a neighbor it slows down until the phase alignment breaks up again. So
there is temporary frequency-locking between oscillators, but it is only transient. Overall the
frequencies are desynchronized and over time increase slightly (Fig. 3.5d) due to leakage of
the catalyst in the chemical experiment.

To determine the robustness of the wave pattern, a large number of numerical simulations
are performed with the ZBKE model of the photosensitive BZ reaction (C.5). The evolution
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Figure 3.6 | Arnold tongue for target wave synchronization. (a) Numerical simulations with (C.5)
for a range of coupling strengths K and node heterogeneities as quantified by the standard deviation o7,
of the natural period distribution relative to its mean 7. They reveal the existence region for
synchronization by a target pattern. The standard deviation of the periods o7 during the coupled stage,
shows frequency-locking (purple domain) for sufficient coupling strength regardless of heterogeneities.
The transition line is highlighted in black as a guide for the eye. Each simulation started from a
slightly perturbed in-phase initial condition and lasted for 200 periods. (b) The time-averaged wave
order parameter (3.14) reveals that only a subset of the frequency-locked states is due to a target wave
(orange), once the heterogeneity is large enough. (c) Histograms and (d) phase distributions marked
in subplots a,b show representative cases. Node coloring and indices are the same as in figure 3.4.

equation for the network is:

dC,' Ku
" = ;) +
Fle+(

K
dt v ki

N
ZlA,-J- (vj—vi) (3.13)
j=

The two-component nonlinear node dynamics f(c;) supply the oscillations. Since the light
intensity /; is an additive parameter in both components, the light-mediated coupling term
can be separated from the nonlinear kinetics f. Note that the dynamical equations (3.13)
apart from the nonlinear dynamics f are in a similar form to the consensus protocol, which
is a well-established model of distributed computing in computer science’'*. The dynam-
ical variables ¢ = (u,v) are related to the bromous acid HBrO, and the oxidized catalyst
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Ru(bipy)33+ concentrations. In the coupling term, only variable v plays a role, since only the
catalyst is observable in the experiment (Fig. 3.2). The coupling term feeds back into both
components « and v via the vector of species-dependent susceptibilities (K, K)).

The parameter space of the simulations is spanned by coupling strength K and oscillator
heterogeneity. A quantitative measure of the heterogeneity is given by the standard devia-
tion o7, of the natural period distribution relative to the distribution mean 7y. The period
distribution in the simulation fits to the distribution in the experiment by drawing random
samples from a suitable interval of values for parameter g € [0.5,0.9].

The results of the numerical survey are shown in figure 3.6. The standard deviation of
oscillator periods during coupling o7 is a good measure for evaluating frequency synchro-
nization. A vanishing or requires the periods of all oscillators 7; to be identical, which is
the case during frequency synchronization. As can be clearly seen in subfigure 3.6a, there
exists a transition point from a desynchronized state to a synchronized state, whose critical
coupling strength grows approximately linear with oscillator heterogeneity. As such this is
the generalization of an Arnold tongue '® for a network of coupled oscillators. While this
structure is usually observed in the parameter space of oscillators, which are entrained to an
external periodic forcing, here we have the case of a fast oscillator which entrains the rest of
the network as a pacemaker.

Frequency-locking does not offer information about the phase alignment between the oscilla-
tors. As such a vanishing or does not differentiate between global in-phase synchronization,
phase clusters '®” or target waves (Fig. 3.4). To solve this problem, a modified Kuramoto

order parameter is introduced, that detects wave synchronization in a network of N oscillators:
R : i 0 (3.14)
= — e m . .
wave N =

As in figure 3.4b, the slope of the wave m = A¢ must be determined from a linear regression
of the stationary phase pattern beforehand. Intuitively, this order parameter multiplies the
phase of each oscillator in such a way, that all phases converge to the same point if they
are synchronized in a wave with slope m. This is possible due to the 27-periodicity of the
complex phase argument. However, the wave order parameter is not very robust against noise
and gives ambivalent results for too large noise levels. With the additional constraint, that the
shells of the wave align with the symmetry clusters (Fig. 3.4d), this order parameter can be
utilized to detect target waves on networks.

The simulations are all prepared in such a way, that the pacemaker occupies a complete
symmetry cluster (node 1 in figure 3.4a). This guarantees, that a wave propagating across the

entire network must be a target wave for sufficiently high coupling strengths K. Evaluating
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the wave order parameter (3.14) reveals, that target waves are the prevalent synchronization
mode in the network of heterogeneous ZBKE oscillators (Fig. 3.6b). A snapshot of its period
distribution and phase alignment is shown in the subplots of figure 3.6c,d) marked with a star:
The frequencies are identical and there are three shells, which are aligned with the symmetry
clusters (compare Fig. 3.1).

At the edges of the frequency-synchronized region, wave synchronization fails. For very
small heterogeneity, at the transition to in-phase synchronization at o7, = 0 (marked with an
upside-down triangle), the wave pattern breaks apart. As can be seen in the subplot marked
with a diamond in figure 3.6d, there are still three separate shells as in the fully-developed
target wave. The difference to that case is, that fast oscillators join a shell that is ahead of the
one they should be in, based on the network distance (nodes 4 and 9). The opposite scenario
occurs for large heterogeneity (square marker). Here oscillators fire in a later shell. The
reason for this is that the wave does not follow the shortest path through the network, since
some links have too large a frequency heterogeneity Aw;;. Oscillators firing in the wrong
shell lead in both cases to an incorrect slope determination. This in turn results in a very
small order parameter Ryave, Which correctly indicates the absence of wave synchronization
through shells.

As observed in the experiment (Fig. 3.5), the desynchronized domain is reproduced for low
coupling strengths K. Before complete desynchronization (circular marker) there is partial
synchronization (upright triangle). Here nodes 2 and 7 oscillate with a slower period than the
period of the pacemaker, node 1.

The findings on target waves in networks are not limited to the network examined so
far. Figure 3.7 shows target waves for additional network topologies: random densely-

215,216 " random sparsely-connected’!” and tree networks?'®. The

connected 22, scale-free
scale-free network shown in figure 3.7c,d) features a large number of trivial symmetry
clusters, which consist of just a single node. Thus target wave propagation on such networks,
given a random pacemaker location is highly probable.

Note that, if the wave does not originate from a complete symmetry cluster, the shells and
symmetry clusters will not align. This is the case when the pacemaker node is not a trivial
symmetry cluster or the pacemaker site consists of equally fast nodes that only form a subset
of a symmetry cluster. However, in the presence of a bottleneck node, whose removal would
separate the network into two disjoint networks, wave propagation through symmetry clusters
can recover. The necessary condition for this recovery is, that the bottleneck node is a
trivial symmetry cluster. In this way, once the wave is relayed via the bottleneck node it
acts as a pacemaker node for the remaining part of the network. This scenario is depicted

in figure 3.7e,f). Node 1 is only a subset of the magenta symmetry cluster. So, wave
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Figure 3.7 | Prevalence of target wave synchronization. Target wave synchronization was observed
on (a,b) random densely-connected network with N = 10, (c,d) scale-free network with N = 25, (e,f)
random sparsely-connected network with N = 20 nodes. (g,h) tree network with N = 40 nodes. The
left column shows the network and its symmetry clusters. The pacemaker node is highlighted with a
black dot. On the right are space-time plots of v;(¢) for the last 10 periods.

propagation on the left part of the network is not a target wave. However, once it passes the
brown bottleneck node in the center it is relayed symmetrically, so it regains its target wave
character: The subsequent shells of the wave coincide with the symmetry clusters.

In experiments and simulations, it is striking that wave propagation follows the symmetry
clusters (Fig. 3.4 and Fig. 3.6). The reason for that is that all nodes of a symmetry cluster
have the same distance to all nodes of any other symmetry cluster. This is illustrated in
figure 3.8.

A wave on a network spreads from its source to the neighboring nodes and in the next step
continues on to their neighbors. At each step the wave front increases its distance >’® to the
source node by Ad = 1, since the network is discrete.



42 Chapter 3
a b § ’\}( c ?
d I i}‘ e Y

Figure 3.8 | Relationship between symmetry clusters and shells. (a) Any network is given by a
set of nodes connected by a set of links. All nodes are assumed to be identical. (b) Every network can
be completely decomposed into symmetry clusters. (c) The quotient network is obtained by replacing
all nodes of a symmetry cluster with a single one. (d) Shells are defined by the shortest distance to
a reference node (red). Nodes with distance d = 1 are blue, with d = 2 are green. (e) Coloring the
nodes of the quotient network by distance to the reference node (red), reveals the same arrangement
of shells as in ¢).

The path of the wave coincides with the symmetry clusters, if the wave originates from all
nodes of a complete symmetry cluster. This can either be a single node of a trivial symmetry
cluster or more (e.g. the green node or the orange nodes in figure 3.8b). In continuing
forward the wave spreads to all neighboring nodes of that initial symmetry cluster. All of
these neighbors must also be complete symmetry clusters, because all nodes of the original
symmetry cluster are connected identically to the rest of the network. Otherwise the original
nodes would not constitute a complete symmetry cluster. Note that identical connectivity is
not implied to mean that all nodes have exactly the same neighbors. Instead they have the
same number of neighbors from the same symmetry clusters.

The above point is further clarified by eliminating the redundancy due to the symmetry
clusters. To this end, all nodes of a symmetry cluster are replaced by a single node with the
same connectivity resulting in a quotient network > (Fig. 3.8c). Coloring the nodes in the
quotient graph by their distance to the green node (Fig. 3.8e), which is also the reference
node in figure 3.8d, reveals the same shell affiliations of nodes as in the full network. Thus all

nodes of any symmetry clusters will fire in unison in the case of target wave synchronization.
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3.3 Short summary

This chapter generalizes the notion of target waves from continuous media to discrete
networks utilizing symmetries. Target waves on the two-dimensional Euclidean plane
spread while adhering to all members of the Euclidean symmetry group E(2): translation,
rotation and reflection. Likewise target waves on networks obey all permutation symmetries
underlying the network topology. The source of the target wave is the pacemaker, a location
or node, which features the largest frequency in the entire system. After a sufficiently long
time, each element is entrained to the frequency ®; of the pacemaker.

Target waves on networks are studied in an experiment with discrete photochemical oscillators
(Fig. 3.4) and reproduced in numerical simulations (Fig. 3.6)>!”. For this purpose, a wave
order parameter was developed (3.12) to reliably detect and distinguish target waves from
other synchronization modes. Experimentally and numerically the transition from networks,
which are frequency-locked by the target wave, to desynchronization is verified to occur by
entrainment failure along connected nodes i, j whose frequency difference Awj; is too large.
An analysis of the network symmetries further reveals their intrinsic connection to the network
distance. This allows for the prediction of wave propagation using symmetry clusters.

The existence of travelling cortical excitation waves was recently observed in the motor
cortex of monkeys (Macaca mulatta)>?". Here, the findings with neuromorphic chemical
oscillators reveal that target wave-induced synchronization may be responsible for robust in-
phase synchronization of distant nodes in a cortical network without a delayed transmission

node '39,

3.4 Future directions

With the experimental setup presented in this chapter it was only possible to study the
transition from desynchronization to target waves at large heterogeneity. To study the
transition from in-phase to wave synchronization (Fig. 3.6) experimentally, it is necessary
to have precise control over the period distribution. For this purpose it is required to have
large reservoir of N > 2000 oscillators, which are available in the setup described in the next
chapter. Before the experiment runs, it is possible to select N = 10 oscillators with a desired
period distribution. Furthermore, the large reservoir allows for more than 200 experiments to
run in parallel. Thus a survey of the synchronization modes in the K-oy, parameter space
can be completed quickly.

It would be interesting to employ weakly coupled oscillators as a first approximation of the

critical coupling strength K.(o7,) at which a network transitions from the desynchronized to
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the synchronized state (Fig. 3.6). In the case of two mutually coupled oscillators, the critical

coupling strength K, at which they frequency-lock is given by~'?

A

The critical coupling strength depends on the frequency difference Aw = ®; — w, between
both oscillators and the maximum of the interaction function IF(A¢ ), which is defined as the
odd part of the phase response curve of an oscillator (see appendix A.1).

The case of a pacemaker sequentially entraining one oscillator after another, can be simplified
to two oscillators. One is entrained by the pacemaker and oscillates with its frequency @ .
The other is not entrained yet and has a frequency w;. Thus, accounting for the degree
normalization in (3.9), the critical coupling strength K. at which every oscillator in the
network is entrained follows

o A®max .
“ max (IF(A9))’ with 510
A®max = max (k; (01 — @)) . (3.17)

Even though, this approximation neglects the influence of neighboring oscillators j, which
would alter @y, it might still yield reasonable results. However, its applicability to ZBKE
oscillators might be limited, since their phase response curve depends nonlinearly on the
coupling strength (see appendix C.2).
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Spiral Wave Chimera
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A spiral wave chimera is the union of spiral waves®’ and chimeras states >*!

22

- two paradigms
in spatial pattern formation and temporal synchronization? Spiral waves have been
researched extensively in simulations as well as experiments during the last 70 years®” in
excitable media due to their spontaneous formation in a plethora of natural systems (see
the introduction of chapter 2 for examples). A spiral wave nucleates from the open end of
an excitation wave. The open end curls in and becomes the center of the spiral wave from
which waves are periodically emitted. The chimera state was numerically found by Yoshiki
Kuramoto about 15 years ago * , when he extended his model for synchronization in networks
from globally to nonlocally coupled oscillators. While dissipative oscillators with identical
frequencies in a globally coupled system trivially synchronize, this is not the case for nonlocal
coupling. Two groups emerge: One coherent group, which is frequency-synchronized and
another incoherent one, which is desynchronized.

Chimera states are theorized to play a role in cardiac tissue, where mechanical contraction
leads to an effective nonlocal coupling””’, opinion formation in social groups”?°, beam

shaping in laser arrays>”’, computers based on arrays of optomechanical resonators >>5=239,

blackouts in power grids?*!, SQUID metamaterials?*>~2%*

235,236

and arrays of spin-torque oscilla-

tors for miniaturized antennae
237

, quantum systems of ultracold atoms in a Bose-Einstein

238,239 and

condensate“”’, cortical networks, where they might play a role in bump states

240-242 " a5 well as hydrodynamically coupled cilia carpets®®. The latter

243

epileptic seizures
control for example the flow of nutrients in the brain to sustain neuronal activity
Recently chimera states have been found in a variety of chemical, physical and biological

experiments with: coupled photochemical>**?*> and electrochemical **® oscillators, photo-

247-249

electrodissolution of a doped silicon layer , mercury-beating heart”?, electro-optical

251252 " mechanical pendulazS3‘255 , time-delayed lasers %257 field-

259,260 26

coupled map lattices

programmable gate arrays>>°, electronic circuits and cilia chains?®'. Even before
there was an experimental focus on finding chimera states, there were already experiments
which exhibited coexistence of coherent and incoherent behavior, e.g. in a globally coupled
photosensitive Belousov-Zhabotinsky (BZ) medium”% and in ferrofluidics>**. However, the
spiral wave chimera remained elusive so far.

In this chapter, I will present the experimental verification of a spiral wave chimera in
a network of photocoupled chemical oscillators. Beyond the observation, a number of

unanticipated behaviors are discovered as well.

2 In 2001 Kuramoto presented his findings on nonlocally coupled systems, that already encompassed one-
and two-dimensional problems, at a meeting named "Nonlinear Dynamics and Chaos: Where do we go from
here?" in Bristol, United Kingdom. Subsequently his work, on what later became known as chimera state””?,

was published as a chapter®! in the accompanying conference monograph>**.
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4.1 Theoretical Background

Inspired by bacterial biofilms%* as well as living cells in a body®’, that instead of communi-
cating directly, do so via exchange of biochemical species with their surroundings, Kuramoto

analyzed the following model*':

d

d_btt:fl(uaV)JrK(W_”)v @)
d

= = Ay, (*.2)
dw 1

= (u—w+D,Aw). 4.3)

The first two equations form a subsystem that exhibits a stable limit cycle. The third
variable w is the only species that may diffuse with diffusion coefficient D,, and couples
linearly into u (4.2). Adiabatically eliminating (¢ — 0) the dynamics of the diffusing
variable (4.3) leads to an inhomogeneous ordinary differential equation in space for w,

Dy,Aw—w=u 4.4)

that may be solved with the Green’s function method”®>. The solution is a nonlocal integral

operator,
—+oo
w(r,1) = /dZ'F G (|r — 7)) u(#.1), 4.5)

whose exact form depends on the topology of the system*!>°. For a one-dimensional ring,
the kernel G is a decaying exponential*!,
1

G(r) =5 _e"'", (4.6)

while for an infinite two-dimensional plane with Neumann boundaries, it is the zeroth

modified Bessel function of the second kind Ky 2¢7,

1

G(r) = 35— Ko (r/x), (4.7)

whose behavior resembles an exponential decay similar to (4.6). The characteristic coupling
length Kk depends on the diffusion coefficient, Kk = 1/D,,. Inserting the nonlocal operator (4.5)
with the Green’s function (4.7) into the original reaction-diffusion equation (4.1-4.2), leads
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to an equation for oscillators with nonlocal coupling 2°%>¢7:

du o1 |r — 7| .

= Sfi(u,v) +K/ d*7 27“(21(0 ( . ) (u(r) —u(’r’)), (4.8)
d

== Ay (+3)

Depending on the interaction length k, equation 4.8 can describe systems ranging from local
to global coupling. This point becomes clear’°® by considering the nonlocal coupling in a
one-dimensional system:

‘Z fi(u,v +—/dx exp<|x;j|> (u(f)—“(x)>- (+.10)

To see how local coupling arises in the case of k — 0, we expand u(X) in the neighborhood
of x as a Taylor series,

. > 1 0"u
u(x) = u(x) +n:1 e N

(£—x)", (4.11)

and plug it into (4.10). While the zeroth order cancels, the remaining terms lead to an integral
of the form

1 s ly| 7 even
—~ /dyy"exp (—l) . 4.12)
nJ K 0 n odd.

Since K is small, it is possible to truncate the series after the second order. This approximation
reveals local diffusive coupling:

== fi(uy) +KKE (4.13)

Conversely the kernel function assumes identity as the coupling range grows, G Lty
Since each element is weighted identically, the coupling (4.10) is global:

du
o= = f1(u,v +,}1£3°—K/dx ) —u(x )) (4.14)
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In this case, k acts as a normalization constant for the diverging integral, such that the
coupling term results in a finite value.

Remarkably, nonlocal coupling with finite coupling range k < oo (4.10) is well approximated
by local diffusion (4.13). The approximation is valid for small x or equivalently for systems,
which exhibit patterns that vary on a length scale A, being much larger than the coupling

range*!
Ap > K. (4.15)

Put differently, the pattern is spatially smooth. The length scale A, of a smooth pattern
described by diffusive coupling (4.13) is related to the effective diffusion coefficient:

Ap ~ VKK, (4.16)

Combining the preceeding arguments (4.15) and (4.16) leads to a consistency condition for
the local-coupling approximation:

VKK K. (4.17)

Thus, for large coupling strength K the approximation is valid. Both equations, (4.10)
and (4.13), describe smooth patterns. However, for sufficiently small K the peculiar effects
of nonlocal coupling dominate as non-smooth patterns emerge. These patterns break the
diffeomorphism?%” between physical and phase space. Intuitively this means that two
infinitesimally close points in physical space exhibit states, which are not close in phase
space*!.

An intuitive explanation of the underlying mechanism generating non-smooth, discontinuous
patterns is revealed during the analysis of nonlocally coupled oscillators. The limit cycle
dynamics of equations (4.1) and (4.2) can be simplified by introducing a scalar phase

variable ¢ via a phase reduction technique’'” (see appendix A.1):

CZ) +—/dx exp<| — |)sm<<p(X)—<p(x)—oc> (4.18)

Due to the phase reduction, the magnitude of the nonlocal coupling (4.18) does not depend
anymore on the difference of variables (4.10), but on the model-dependent 27-periodic

interaction function. For weakly coupled prototypical Stuart Landau’®® and FitzHugh-

267

Nagumo "’ oscillators the interaction function closely resembles a simple harmonic. Taking
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one further step, Kuramoto’s mean field approach’'? for studying the synchronization of
globally coupled networks of oscillators (A.32) can be extended to the nonlocal case. As a
result, the corresponding single-oscillator equation, which describes the interaction between
a single oscillator and the mean field via its modulus R and phase ¥, becomes spatially

dependent 26207

do(x,t)

22— 0+ KR(x)sin (‘P(x,t) —o(r,1) — a). (4.19)

This shows that in the nonlocal case, coupling strength K is modulated by the local coherence.
The level of coherence is quantified by the spatially varying modulus R(x) of the order
parameter. This modulus is equivalent to a localized Kuramoto order parameter, which can

be approximated by

) (4.20)

/ di &9
Q(x)

9

1
RO = Tam)

measuring the level of in-phase synchronization'® in a nonlocal neighborhood of position x

Qx) ={x,XeR | |x— % < lg}. (4.21)

The parameter /g € R is chosen as to cover a sufficiently small neighborhood, such that the
localized order parameter is not smoothed out. If all oscillators move in unison, the effective
coupling strength KR(7) will be large. In turn this will recruit further neighboring oscillators
for near zero-lag synchronization. However, in an area with greatly varying phases, the
coupling KR(r) vanishes, leading to even lower synchronization levels (Fig. 4.1).

This also explains the robust structure of the spiral wave chimera. In the wave that rotates
around the core, there is only a small and smooth phase gradient. This leads to a large
order parameter and re-enforces the high synchronization level. In the core region, all
phases ranging from 0 to 27 occur simultaneously due to the phase singularity ® . The
order parameter nearly vanishes here and the resulting coupling is so weak, that frequency-
entrainment fails. Thus, a spiral-shaped phase pattern naturally gives rise to incoherent region
under nonlocal coupling. Consequently, there is no sensitive dependence on initial conditions,

as is the case for the chimera state on a network with two subpopulations”’" 27

or a ring
In one dimension the mechanism is qualitatively different: Attractive difference coupling (4.18)

always leads to in-phase synchronization as it removes phase differences (appendix A.1). A

b Since the pattern is discontinuous, the phase singularity is not localized at a single point, as for regular
spiral waves with a continuous concentration field. Instead the singularity is spread out over the entire core
region.
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Figure 4.1 | Order in the phase field of a spiral wave. (a) A snapshot of the phase field for a rotating
spiral wave. In the center is the phase singularity, where all phases ¢ ranging from O to 27 meet. The
dashed square with sidelength 2¢g + 1 and ¢g = 2 is the nonlocal neighborhood of an oscillator close
to the phase singularity over which the localized Kuramoto order parameter (4.20) is evaluated. (b)
The resultant localized Kuramoto order parameter shows low order (R < 0.2) inside the core and high
order (R > 0.6) outside.

phase singularity, which might counteract this tendency, requires two spatial dimensions, so
it does not occur on a one-dimensional ring. In order to oppose eventual in-phase synchro-
nization the phase-frustration parameter & in the coupling function is utilized. Exploiting
trigonometric identities, the interaction function decomposes into two antagonistic parts, that
promote (sin(A¢)) and oppose (cos(A@)) in-phase synchronization:

sin(A@ — o) = cos(a) sin(A@) — sin(a) cos(A@) (4.22)
~ gsin(A@) — cos(A@). (4.23)

Approximating both parts (4.22) for o = /2 — €, with € small, leads to (4.23). In this
range chimera patterns are likely to be observed*'. Comparing the coefficients of (4.23),
reveals that in-phase synchronization (A¢ = 0) is heavily penalized (1) and only weakly
encouraged (€). In summary the desynchronized domains of the one-dimensional chimera
are re-enforced not due to a topological cause, as in two dimensions, but via suppression of
in-phase synchronization in the coupling.

Due to large theoretical interest over the last years in states of partial synchronization in

general and chimera states in particular, there is now a large body of research. Chimera

271-2 271,277-281
7 76’ tW060’ 71,277-28

states were observed numerically in one and three *®2~%%* dimensions

285-289

as well as different network topologies . They occur in a variety of discrete and

290 41,291 292

continuous dynamical systems exhibiting bistability “”, oscillations , excitability
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and chaos””*??*. In addition they also persist under detrimental influences such as time

295-297 298-300

delay , noise and time-varying network topologies>"!. Beyond that the position

and lifetime of chimera states are amenable to control**>—%>_ Consequently, the growing

306

variety of chimera states prompted the development of a classification scheme”"". A more

d??!. The experimental

detailed summary of endeavors in this direction also recently appeare
verification of these findings is often limited by the large number of oscillators required.
In regards to spiral wave chimeras, their existence and stability properties in a continuous

307, 309 allows for

system were analyzed by Carlo Laing>""*%%. Utilizing the Ott-Antonsen ansatz
calculating the evolution equation of the order parameter R(x) in the continuum limit, where
it was found that spiral wave chimeras persisted. Thus, they are not artifacts of numerical
discretization schemes.

Furthermore, Steven Strogatz and coworkers were able to calculate the size of the incoherent
core as well as the rotation frequency of the rotating wave in the case of Kuramoto phase

oscillators. They combined the known spiral phase field description'?

and simplified the
nonlocal kernel operator to a Gaussian, which allowed for the analytic treatment of the

coupling integral*'!. They concluded their article by posing the following challenge:

The possibility of observing spiral wave chimeras in physical systems natu-
rally arises. [...] We leave the experimental observation of chimera states as a
challenge to others.
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4.2 Experimental Setup

Neutral chemical oscillators
filter

@\ Bandpass
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normalized counts

L

0
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Figure 4.2 | Experimental Setup. (a) A reservoir of chemical micro-oscillators is fixated on an
acrylic glass plate in a thermostatted reactor '°°. During their oscillation cycles they emit fluorescence
photons, which are recorded with a CMOS camera as grayvalues v; of each oscillator i. The values are
sent to a computer to determine the projected light intensity /; according to (4.25). This feedback is
applied to the oscillators with a projector. (b) A camera snapshot of the reservoir of 2816 oscillators.
Each white dot corresponds to a single chemical oscillator. The black bar represents 1 cm and the
image is to scale at 1:2.2 (c) Spectral observation: The projector emits a spatiotemporal pattern
at a wavelength of 440 nm (filled blue curve); the light is absorbed (blue curve) and excites the
photosensitive catalyst, which leads to the emission of fluorescence light above 550 nm (red filled
curve). The light from the projector is filtered by a bandpass filter with a cut-off wavelength at 500 nm
(yellow line). Further details on the experimental setup can be found in appendix B.1.5.

The difficulties associated with the experimental verification of the spiral wave chimera and
how they are resolved is the content of this section. The main challenge is to overcome the

oscillator number limit. In addition it is required, that each oscillator can be controlled and
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Figure 4.3 | Fixation of chemical micro-oscillator. (a) A top-view photograph of an early prototype
of the acrylic glas plate with drilled wells. Each cylindrical well holds a spherical bead, that is loaded
with catalyst. The white bar corresponds to 200 um. (b) A schematic side view of chemical beads
during the experiment. The BZ reagents required for the oscillatory reaction are exchanged through
the hydrogel layer (indicated by black arrows).

monitored individually. Setups used for previous experiments on synchronization focused

on small populations 217,228,244,253,258,312-316

. Scaling up the size of the network beyond
N > 1000 oscillators, is often unfeasible. However, numerical simulations indicate (see next
section 4.3), that an array of oscillators spanning N = 32 x 32 = 1024 nodes is required to
resolve the incoherent core and coherent rotating arm.

In principle, the catalyst-loaded cation-exchange beads previously utilized for studying
synchronization on small networks (chapter 3) are a good candidate. The problem with
the naive approach of simply increasing their number from N = 10 to N > 1000 in a Petri
dish (see Fig. 3.2) is that each bead is mobile. Tracking each oscillator location is not a
remedy anymore, since over time all beads will stick to each other after colliding and form a
continuous medium?>'".

The solution is to place each bead within the confines of a small cavity (Figs. 4.2 and 4.3).
For this purpose we utilize an acrylic glas plate that has 64 x 44 cylindrical wells drilled into
it (Fig. 4.2b). All wells have a depth of 150 um, a diameter of 200 um and are separated from
their respective next neighbors by 400 um. Each well holds a cation-exchange bead that is
loaded with the photosensitive catalyst of the BZ-reaction (appendix C.1.3). Furthermore, the
wells are sealed off with a 200 um high layer of silica hydrogel (Fig. 4.3b). Since the hydrogel
is microporous?'®, it allows for the passage of BZ reagents, such as hydrogen ions H",

bromate BrO5™ and malonic acid MA. They are required for the oscillatory reaction to occur
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at the bead sites. In addition, we employ a variant of the photosensitive catalyst, Ru(dmbipy);,
with additional dimethylene ligands '°. This sterically fixates the catalyst molecules inside
the bead polymer matrix, such that they can not escape. As a consequence, chemical aging
effects are greatly reduced, which extends the potential runtime of experiments to beyond 24
hours.

Another challenge is measuring the current state of the oscillation cycle. The traditional
method of absorption spectrophotometry !4, where the optical contrast originates from the
difference in absorption spectra at varying oxidation states of the catalyst (chapter 2.2), is not
applicable here. There is only a vanishingly small contrast, because the amount of catalyst
on each oscillator is too miniscule. While the lacking contrast could be improved using
specialized image software, there is a better alternative. Instead of relying on absorption,
a highly enhanced optical contrast is obtained exploiting the fluorescence of the catalyst
(Fig. 4.2¢). In the reduced form, Ru(dmbipy)32+, the catalyst emits fluorescence photons
with a wavelength of A > 550 nm whereas in the oxidized form, Ru(dmbipy)33+, it does not.
During the oscillation cycle, the catalyst will periodically switch between both oxidation
states. This allows for the direct observation of chemical oscillations with a grayscale camera
that records the fluorescence photons with spatial resolution.

Due to its photosensitivity, the catalyst can not only be exploited for observation of the oscil-
lation cycle, but also for its perturbation. Additional light intensity accelerates the oscillation,
while less decelerates it. These are the prerequisites for experiments on synchronization.
While the simplest cases of frequency-locking in periodic forcing and mutual coupling can
be successfully reproduced, the experimental possibilities are far from exhausted. The light

interaction opens the possibility for a very general coupling scheme involving N oscillators:

Ii(t) =1+ i (‘/Vl](l) Hij <V,’(l‘,T>,Vj(l‘,T),l‘)> +Dl’(l‘)§,’. 4.24)
=1

There is a background intensity Iy, which enables cumulated perturbations from the network
that reduce the applied light intensity. The topology of the system is defined by the weighted
adjacency matrix W . In addition to encoding the connectivity of the network, it also holds
information on the strength of each link. For identical coupling strength K across all links,
W simplifies to W = KA, where A is the adjacency matrix. Possible topologies include
one-, two- and three-dimensional grid networks as well as prototypical and real-world
networks, such as scale-free2'¢, small-world>'?, sparsely and densely random networks with

symmetries ”>>!7 as well as power grids**" and the complete connectome of the nematode C.
Elegans*?!-*?2. The coupling function H; ;j may be different for each edge i — j, but always

depends on the measured grayvalues v; at a current v;(¢) or past time v;(¢ — 7). Furthermore
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the coupling strength and type are not stationary, but can be time-dependent and thus allow
for the implementation of control schemes. Last but not least it is also possible to include
additive noise, where each node has an individual noise intensity D; and white or colored
noise spectrum>>>>* determining &; .

The general coupling (4.24) includes as a special case the nonlocal coupling (4.8) required
for the verification of spiral wave chimeras. In a concise notation, the nonlocal coupling on a

two-dimensional grid network is given by

L) =Ih+K ¥ e_r(i’j)/'(<vj(t—’c)—v,-(t)), (4.25)
JEQ;

with a characteristic coupling range x, a vector-valued node index,
t = (ix,ly), (4.26)

that accounts for two dimensions and a corresponding Euclidean distance function

r(0.5) = i —3lla = 1/ = )2+ iy — )2 (4.27)

The square area €2; on which the discrete coupling integral is evaluated stems from the

maximum norm
Q; — {” c 72 ‘ G =l < g} = iy —lyix+ ) X [iy — €,iy+ 1), (4.28)

where 2/ + 1 is the side length of the square as in (4.21). Furthermore a variety of initial
conditions are accessible, because each oscillator can be manipulated individually. Employing
periodic forcing close to the unperturbed oscillation period Tiorcing = 10,4, it is possible to

entrain a node i, such that it oscillates according to

do;
dt

= O forcing + Do,; (4.29)

with an oscillator-dependent phase offset ¢ ;. This allows for global in-phase synchroniza-
tion, phase gradients, chimera states and more as initial conditions using light.

Still, the photosensitivity brings to the forefront yet another predicament: The heterogeneity
of the oscillators. Preliminary experiments with coupled oscillators revealed, that the distri-
bution of unperturbed periods 7 ; was too broad, as to allow for frequency synchronization.
Without it, chimera states are unobservable, because they coexist with the globally in-phase

synchronized state’’’. A measurement of the bead diameters reveals that the bead sizes
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Figure 4.4 | Oscillator heterogeneity. (a) Comparison of oscillator bead diameters before (gray) and
after sieving procedure (green). (b) Comparison of catalyst loading for manual mixing (gray) and by a
vortex mixer (green). In both cases the occurrence is normalized to the initial size of the distribution.

are not monodisperse (Fig. 4.4a). The bead diameters approximately follow a Gaussian
distribution ranging from 75 —150 um centered at 110 um. Previously the size distribution
of beads was identified as a source of period heterogeneity>>>. The reason is that larger
beads feature a larger surface area allowing for a greater reactant flux. This influences the
resulting periods. In addition each bead — even of identical size — may hold different amounts
of catalyst (Fig. 4.4b).

With the root causes of the period heterogeneity identified, it is possible to rectify them.
To homogenize the size distribution, we built our own sieving machine. It consists of a
frequency generator, a car amplifier stage, a subwoofer speaker, different fine sieves and
tape. A detailed description of the sieve machine is in the appendix B.1.5. The mesh sizes
of the three stacked sieves are: 106 um, 112 pym and 125 pm. The bead throughput is greatly
enhanced when adding tiny glas spheres with a diameter of 1 mm to each sieve, because their
kinetic energy pushes the beads through the holes. After the sieving procedure is finished,
the remaining beads are collected between sieves with meshes 106 um and 112 ym.
Homogeneous catalyst loading of these beads is achieved by slowly adding the catalyst to a
vial of beads in water solution. It is critical that this is done while the vial is continuously
shaken by a vortex mixer.

The final result of this procedure is quantified under a light microscope. Utilizing image
recognition software to detect the beads as circles on a camera snapshot, it is possible to
subsequently extract their diameters d and average color saturation ¢ (Fig. 4.4). In this way
their quality is automatically and quickly assessed. This reveals, that the beads have a very
narrow size distribution (100—-120 um) and are loaded nearly identically with catalyst, such

that they are suitable for experiments on spiral wave chimeras.
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Taken together each immobile bead is a node in the reservoir of chemical oscillators. Depend-
ing on properties such as their natural period 7j and their phase response curve, all beads are
filtered. Suitable candidates are utilized as nodes in a network experiment that is connected
to its neighbors via light. Exploiting the fluorescence properties of the catalyst allows for a

simple yet compact experimental setup (Fig. 4.2).

4.3 Numerical Simulations

In order to guide the search for the spiral wave chimera in the experiments, a large number
of numerical simulations were performed to explore the space of coupling parameters.

The dynamics of the catalyst loaded beads can be reproduced qualitatively with the ZBKE
model*?°. Tt was originally devised by Zhabotinsky and Epstein in 1993 and later en-
hanced?**29%-327 to account for the excitatory effect of light illumination*® (see appendix C.1.3
for a brief review of the derivation). Here, the model is adapted to describe the local dynamics

of an oscillator ¢ = (iy,iy) in a network:

du; 1 av;
d—; ~ (Ii W tu <ﬁ i ) +?’82W§s,i + (1= vs)wygs —ug — ”i) :

g+1—v
dv; av;
dt z"’( Vz)Wss,z e+ 1 _Vz”

1
Wy i (Ui, Vi) = 4}/—82 (\/16}%582 +v% —2v;+14v;— 1) )
(4.30)

In this model the variables u;, v; and wy, ; represent the dimensionless concentrations of
bromous acid [HBrO,], oxidized catalyst [Ru(dmbipy)33+] and bromous acid radical in
equilibrium [HBrO5'],, respectively. Chemical model parameters and their values are listed
in table 4.1 together with parameters of the coupling.

Two parameters stand out due to their special role: The period heterogeneity is introduced
heuristically’** by drawing the stoichiometric parameter ¢; of each bead from a uniform
distribution ¢; € [0.5,1.0], which leads to a distribution of natural periods Tp(g;) between
30.2 and 45.9. In relation to the reference period 7y = 34.4 at g = 0.7, the limits are 0.88 Ty
and 1.33 7p. Note that, since the model is dimensionless, absolute time durations are given
without units. The resulting spread of periods in the simulations agrees well with the
experiments. Parameter /; represents the light intensity applied on oscillator ¢. This is the

most important parameter, because it plays the central role of introducing nonlocal coupling.
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In the simulations the oscillators on a two-dimensional grid of n, X ny, nodes are coupled

according to

L) =h+K Y e_r(i’j)/'(<vj(t—‘c) —v,-(t)>. (4.31)
JEQ;

This is the same coupling formula as used earlier for the experiments (4.25), since the light
interaction introduced via /; is additive in the local dynamics (4.30). The time-delayed differ-
ences in grayvalues between the oscillator ¢ and its nonlocal neighbor 5 are weighted with
an exponential kernel, that decreases with the Euclidean distance r (4.27). The parameter K
is the characteristic coupling length. For small x the coupling is very localized, while for
large k it encompasses distant nonlocal neighbors. The neighbors are taken from a square

region Q; with side length 2/ + 1 centered on oscillator 2 (4.28).

Table 4.1 | ZBKE model. For a derivation of the values based on the reagent concentrations in the
experiment, see appendix C.2. Note that the stiff dynamics of the ZBKE model require the use of the
double precision datatype. Simulations with single precision floating point values develop numerical
artifacts, that lead to strong deviations from the original limit cycle.

variable / parameter value description

u; (1) dimensionless [HBrO,] on node 2

v (1) dimensionless [Ru(dmbipy);*] on node 4
Wis,i(Us, Vi) dimensionless steady state [HBrO,"] on node 2
1 = (ix, ly) two-dimensional index

I; light intensity projected on node ¢

T time delay

K 5.25x107% coupling strength

K 2.5 coupling range parameter

l 4 maximum coupling distance

At 1.0x 1074 integration time step

Iy 5.25x 1074 background light intensity

qi 0.5-1.0 stoichiometric parameter of node 2

€ 0.11

& 1.7x107 time scale parameters

& 1.6 x 1073

o 0.1

=5
5 i; x 10 kinetic parameters
u

2.4%x1074
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t2’7 or Gaussian>!! did not show

Different types of nonlocal kernels, such as a constan
qualitatively different results. For simplicity the employed kernel is not normalized as in
previous work>%’. Here, a possible normalization factor just rescales the coupling strength K.
Since the grid is finite, it is important to account for boundary effects. Generalizing the
nonlocal coupling in (4.31) by replacing the time-delayed grayvalue difference with a

coupling function H(v;,v;) leads to

N
=hh+K ) e IR (v, v5). (4.32)
JEQ;

At the boundary, the general coupling function H is modified as,

vilt—7)—v;(t) 1< <nmAN1<j,<n
Hivivy) =4 3070700 P == (4.33)
0 , else

in order to omit non-existent nodes beyond the grid. This procedure is similar to Neumann

boundary conditions '°®. Whereas for periodic boundary conditions the modifications are:
H(Vi, Vj) = Vi, (l‘ - T) —V; (l‘) (4.34)
with the components of ji,. obeying the grid periodicity,

Jxbe = ((jx—1) mod ny) +1, (4.35)
Jype = ((jy — 1) mod ny) + 1. (4.36)

Additive shifts are included in the cyclic modulo function to account for the row and column
indices starting at a node index of 1 instead of 0. Preliminary simulations with either
boundary conditions, (4.33) or (4.34), show the same patterns in the bulk area. This excludes
the possibility of spiral wave chimeras being a boundary induced artifact.

Note that instead of a phase frustration parameter o, as in the Kuramoto phase oscillator
model”!?, we employ time delay>*>?>?° Tt can be shown, that small time delay 7 plays a
similar role as ¢ in coupled phase oscillators>>!. While & offsets the phase difference in the

sinusoidal interaction function,

sin (9300 - 0:0)~ ). @37)
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Figure 4.5 | Initial condition for spiral wave chimeras. (a) The initial phase distribution contains
a topological defect in the form of a phase singularity®’ at its center. At this point, all phases

coincide. (b) From the periodic behavior in the time series of concentrations v (yellow) it is possible
to (c) calculate a phase variable @, that increases linearly from 0 to 27 between consecutive peaks.

the time delayed phase @; (¢ — 7) can be linearized around vanishing delay 7 ~ 0, such that is

also leads to a phase offset:

sin ((pj (t—1)— (pz-(t)) , (4.38)

. de;(1)
=sin (q)j (t) — @;(t) — r# : (4.39)
Comparing (4.37) and (4.39) reveals ot = T@;(¢). Thus, in the time-delayed case the offset
depends on the rotation frequency ®;(¢). In both cases the offset makes it more difficult to
attain stable in-phase synchronization, because the interaction does not vanish in this state.
Even though it has been demonstrated that it is also possible to encode phase frustration

U, using time delay 7 is a more intuitive option, as it

in the coupling coefficient matrix >
naturally arises due to finite propagation speeds. Besides changing the chemical reaction
kinetics, the coupling coefficients C,_,, = 2 and C,_,, = 1/¢&, which are the prefactors of the

light intensity 7; in (4.30), are not independently accessible.

Chimera states are known to depend very sensitively on initial conditions”’>. However, it
turns out that the spiral wave variant can be initiated very reliably. Inspired by the traditional
way of initializing spiral waves, an earlier approach’* required a meticulous protocol
that started with breaking a planar wave in a reaction-diffusion system. Subsequently the

interaction type was morphed incrementally from local diffusion to nonlocal coupling by
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slowly increasing the maximum coupling range / and time delay 7. Since this procedure
depends crucially on the occurrence of a planar wave and furthermore on the right duration

of each incremental stage, its success rate is not very high. Another approach”®”

requires no
specialized external interference: Spiral wave chimeras develop by chance from a random
initial condition. Testing this procedure in simulations with the ZBKE model (4.30) revealed,
that the probability for a successful spiral initiation was not high enough, in order to be applied
in the chemical experiment. The final and most reliable procedure applies a non-vanishing
topological charge Q # 0 that is a feature of spiral waves>®. Instead of concentrations u;

and v;, the initial condition is encoded in phases31 L

Pic(ix,iy) = arctan (M) : (4.40)
Ly — 1x,0
and contains a phase singularity at its center (i, iy0) (Fig. 4.5a). The function arctan is the
four-quadrant inverse of the tangent function tan. It produces a smooth gradient from O to 27
while traversing a unit circle along the azimuthal direction. For its successful application
in the numerical simulation, the mapping ¢ — (u,v) is required, such that (4.40) can be
utilized for limit cycle oscillators. Because there is no analytic parametrization of the limit
cycle in the ZBKE model (4.30), the alternative is to measure the concentrations during a
full oscillation cycle and assign a phase variable to them, that increases linearly with time
(Fig. 4.5b,c). In the chemical experiment the initial phases can be set by utilizing individual
periodic forcing as described before (4.29). Even with modest amounts of heterogeneity
or noise, a spiral wave chimera always develops from initial condition (4.40) for suitable

parameter combinations.

The simulations reveal the existence of spiral wave chimeras over a large range of coupling
parameters K and 7 (Fig. 4.6). A spiral wave chimera is reliably detectable by evaluating the
global topological charge Q = Y*; Q;, where the local charge Q; is calculated via a discretized

line integral *3!:

Q; = Y mod(A¢y,2). (4.41)
k

The indexed phase differences A¢; are evaluated along a discretized loop enclosing oscil-
lator 2. Measured far from the core region, a spiral wave as well as a spiral wave chimera
exhibits a topological charge of Q = %1 depending on the direction of rotation.

The detection of a spiral wave chimera is indicated in figure 4.6 with colored squares. If the

standard deviation of the topological charge fluctuates (o > 0.01), no stable spiral wave
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Figure 4.6 | Numerical phase diagram in the K-7 plane. Spiral wave chimeras are detected if
the topological charge (4.41) follows |Q| = 1 and its standard deviation is 6y < 0.01. Parameter
combinations which lead to spiral wave chimeras are colored from red to blue depending on the time-
averaged difference between the mean periods of oscillators inside, T¢ore, and outside the core, Tpiral.
Gray squares indicate the absence of a spiral wave chimera. Fixed parameter values as in table 4.1.

pattern exists and the square is colored gray. Otherwise, the square is colored according to the
difference of the averaged periods inside the core, Teore, and outside of it, Tpiry. This serves
to highlight the period difference of oscillators in the coherent and incoherent parts, which
is characteristic for chimera states>?”. It turns out that in contrast to phase oscillators'!,
spiral wave chimeras in the ZBKE model (4.30) feature a core region with slower as well
as faster oscillators than its surroundings. In agreement with previous findings for phase
oscillators?!! the overall existence region for spiral wave chimeras extends from zero to
small values 7 < 0.257j of time delay 7. Furthermore, the interval of delay values in which
chimeras are observable shrinks for larger coupling strength K.

As a consequence, further exploration of parameter space is focused on a small value of
coupling strength K. Keeping K fixed at K = 5.25 x 10™4, the impact of time delay 7 is
explored for values spanning the natural rotation period from 7 =0 to T = Ty (Fig. 4.7).
As the time delay 7 is increased, a sequence of spiral wave chimeras, antiphase clusters,
global in-phase synchronization and eventually spiral wave chimeras again is observed on
the nonlocally coupled array of ZBKE oscillators (4.30). Representative samples from this
numerical phase diagram will later be plotted and compared to their experimental counterparts
shown in the next section (Figs. 4.10 and 4.11).
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Figure 4.7 | Numerical phase diagram for time delay 7. The sequence of patterns on the delay-
coupled nonlocal grid comprises: Spiral wave chimera with slow core (bright green), ordinary spiral
waves with no core (medium green), spiral wave chimera with fast core (dark green), core splitting and
fleeting coherence as discussed in the next section (orange), antiphase clusters (red), coexistence of
in-phase and antiphase clusters (orange), in-phase synchronization (yellow), spiral wave chimera (dark
green), core synchronization, as described in the next section (orange) and in-phase synchronization
again (yellow). The periods outside Tpira1 and inside the core Teqre are given as solid black lines and
solid gray lines, respectively. In cluster regions only one of both periods is shown, because the other is
irrelevant. The dashed gray line represents the number of oscillators far from zero-lag synchronization.
Time delay 7 and periods Tipirar, Tcore are normalized by the reference period T and the size Acore 18
normalized by the total number of oscillators in the array N. Time delay range is resolved in 350
steps. Fixed parameter values as in table 4.1.

At each value of time delay 7 the stability of the spiral and cluster patterns is evaluated by
starting from three suitable initial conditions. For spiral wave chimeras the initial condition
is given by a phase distribution with a phase singularity (4.40), whereas the d-clusters with
d = 1,2 are started from d-clusters overlayed with a small amount of noise. The case
d =1 corresponds to in-phase and d = 2 to antiphase synchronization. After 60 periods
the perseverance of an initial state is evaluated by checking if the topological charge fulfills

Q = =1 for spiral wave chimeras or whether the generalized Kuramoto order parameter>>>,

: (4.42)

1Y
R, = — ido;
=5 ke

satisfies R; > 0.7 for d-clusters. The total number of oscillators in the grid is given by
N = ny x ny. This analysis reveals (Fig. 4.7), that the global in-phase synchronized state is
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stable for the entire range of time delay values (yellow, green, orange shading), except for a
small window 7 € [0.21,0.35] 7). In this interval only antiphase-synchronized states prevail
(red shading). Finally, in green regions the in-phase synchronized state coexists with the
different variants of the spiral wave chimera, as is typical for chimera states”’>.

Further details of the chimera states are revealed by evaluating the mean period inside 7¢ore
and outside the core Typirar as well as its size Acore. Depending on a discretized local Kuramoto

order parameter,

1

T e, (4.43)
)2

JEQR;

oscillators are declared as elements of the core R; < 0.4 or of the spiral R; > 0.6. The set of
oscillators Qg ; are defined similar to the square domain in equation 4.28,

Qpi = {i,jezz( Hj—iHmaxgeR}, (4.44)

with /g = 2. Comparing both periods Tcore and Tipirar shows (Fig. 4.6), that spiral wave
chimeras existing for small time delay 7 can be divided into three qualitatively distinct
subclasses, where the core oscillators have a slower Teore > Tipiral, approximately equal
Teore ~ Tspira OF faster period Teore < Tipiral. Similar to previous results for phase oscilla-
tors>'!, the core size of fast core spirals grows with increasing time delay for 7 € [0.05,0.18] Tp.
The growth continues throughout the orange transition domain until the core fills the entire
grid (red domain). Here, T € [0.21,0.35] Tp, the oscillators are not incoherent, but instead
cover the grid with a random arrangement of oscillators in antiphase. For larger time delay,
7 € [0.39,0.72] Ty, antiphase clusters are superseded by global in-phase synchronization,
where all oscillators share the same phase (yellow domain). Remarkably, for large time delay,
T € [0.72,0.935] Tp, there is a resurgence of spiral wave chimeras with a fast core (green
domain). Note that the dynamical behavior does not repeat itself at a delay value of the full
natural period T = Tp, because spiral wave chimeras transition into in-phase synchronization
(yellow domain) around 7 ~ 0.94.

The preceeding numerical evidence (Figs. 4.6 and 4.7) strongly suggests the possibility of
finding spiral wave chimera states in the chemical experiment with initial condition (4.40)
for suitable coupling parameters. Furthermore it will be shown in the next section how the
numerical findings on cluster states can be rationalized with the peculiar shape that the phase

response curve assumes for strong coupling.
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4.4 Results
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Figure 4.8 | Experimental observation of a spiral wave chimera state. (a) Spiral wave chimera
in an array of N = 1600 photochemically coupled BZ oscillators. The gray value pattern v; is
from fluorescent light emitted by the reduced catalyst Ru(dmbpy)+*. The spiral rotates with a
period Typirat = 33 s around the incoherent core consisting of approximately 40 phase-randomized
oscillators. Image taken at + = 700s after initiation. (b) Oscillator phases obtained from the gray
values measured in (a). (c) Periods of the oscillators in (a) illustrating that oscillators in the spiral wave
are approximately frequency synchronized in the rotating spiral wave, while the asynchronous core
oscillators exhibit shorter periods. (d) Space-time plot of the spiral wave chimera from measurements
along a cross section xcere (#), that follows the core center during 14 rotational periods of the spiral.
The coloration combines information from grayvalues v; (a), which select the brightness, and the local
order parameter R; (4.43), which determines the color. Coupling parameters in (4.25) are: K = 0.08,
k=31, 7=2s, Ip=006mWcm2, ¢/ =4. Initial reactant concentrations: [H,SO4], = 0.77M,
[NaBrOs]p = 0.51 M, [NaBr], = 0.08 M, [malonic acid]o = 0.16 M.
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With the experimental setup described in section 4.2 and an informed choice of coupling
parameters (section 4.3), we successfully confirmed the existence of spiral wave chimeras
experimentally *** (Fig. 4.8). The chemical oscillators for the experiment are selected from a
reservoir of 2816 beads, whose period distribution has a mean of (78.3 +23.6)s. Selecting
suitable beads based on their periods from the interval T € [70,98]s, results in a narrow
period distribution with a mean of (T') = (85.7+7.1)s and a width of 67 = 8.3 % relative
to the mean period. Taken together the oscillators constitute a two-dimensional grid network
consisting of N =40 x 40 = 1600 nodes.
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The initial condition (4.40) is enforced with individual periodic forcing (4.29) for a duration
of 200s. On the two-dimensional grid this results in the feedback taking the shape of a
rotating, triangular-shaped wave with one corner centered at (xg,yo) = (20,20). To guarantee
entrainment, the forcing signal has a rectangular waveform and a period Tforcing = 48 s that is
smaller than the lower bound of the selected period interval.

Directly afterwards, nonlocal photocoupling (4.25) between oscillators is initiated. During
the first two periods the spiral wave formed while the core turned incoherent. Over the
experiment, the size of the core fluctuated between 20 and 40 oscillators. A snapshot at
t = 700s of the fluorescence intensity emitted by the chemical beads and measured as
grayvalues v; by the camera is shown in figure 4.8a. To quantify synchronization with the
local Kuramoto order parameter (4.43), oscillator phases ¢; (Fig. 4.8b) are calculated by
linear interpolation between two consecutive peaks in the grayvalue time series (Fig. 4.5b,c)
via equation (3.10). Grayvalues and phases clearly exhibit the distinctive incoherence in
the core and the coherence of the spiral wave surrounding it. Both regions exhibit different
mean periods, Typiral 7 Tcore, (Fig. 4.8c), which is another characteristic feature of chimera
states 2.

While the snapshots depict the spatiotemporal pattern at a fixed instant in time, the temporal
evolution is visualized with a kymograph or space-time plot (Fig. 4.8d). Here, we employ an
enhanced kymograph, that simultaneously offers information on the spatial structure of the
pattern as well as the local level of order (4.43). The grayvalues v;, which encode the spatial
details of the pattern, contribute to the brightness and the local Kuramoto order parameter R;
determines the color. This has the advantage, that the incoherent firing events in the core
and the coherent rotating wave are resolved and colorized simultaneously. In addition, the
kymograph is not based on a fixed cross section xqre, but tracks the current core center. This
ensures that the object of interest, in this case the core, is not outside the cross section. This
reveals that the spiral wave chimera shares the characteristic feature of spiral waves: The
core region alternatingly emits waves in opposite directions. Eventually the motion of the
spiral wave chimera leads to its termination. In the experiment the core collided with the
boundary of the grid after lasting for 38 rotation periods.

The tip of a spiral wave in a reaction-diffusion system can be tracked by computing the

37 or the cross product of concentration

intersection point of different iso-concentration lines*
gradients**®. Due to the non-smooth, incoherent core, these approaches are not applicable to
spiral wave chimeras. Instead the local order parameter R; is utilized for reliable tracking. All
oscillators 2 with R; < Rypreshold are collected for Rreshold = 0.4. Then each node is assigned
a weight w; = 1 — R; /Rreshold that increases with declining order. Finally, the potentially

multiple core positions are calculated as the weighted centroids rcore = Y ; w42 of each simply-
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Figure 4.9 | Core trajectory. (a) Unlike a regular spiral wave, whose tip performs rigid rotation or
meandering >, the center of the incoherent core (Fig. 4.8) performs erratic motion as highlighted
by the superimposed white line. The starting and end points are marked with a black-dotted and an
unfilled circle, respectively. (b) In a logarithmic plot the mean-square displacement shows a roughly

linear increase as a function of the measurement time interval A¢. The corresponding scaling exponent
was determined from a linear fit (red) as 1.05, which is characteristic for erratic Brownian motion>°.

connected set of low-order oscillators. This method has proven robust against core size
fluctuations and even works reliably in cases when a single core splits into many cores. The
tracking algorithm is successfully employed (Fig. 4.9) to follow the core position of the
experiment presented in figure 4.8. The starting point of the trajectory (white line in figure
4.9a) at (x0,y0) = (20,20) is marked with a white circle overlaid with a black dot. Instead of

rigid rotation or meandering **”

the core of the chimera spiral wave traverses an irregular path.
This random motion is quantified with the mean square displacement**® (MSD), which is a
measure for the erratic motion of individual particles. It is calculated from a single trajectory

by averaging in time over all squared displacements,
AP (Ar) = Ax*(Ar) 4+ Ay* (Ar), (4.45)
occurring for increasing time intervals At:

1

N Ar}(Ar). (4.46)

M=

MSD(Ar) = (Ar*(At)), =
1

Applied to the experimentally recorded core trajectory, this reveals a linearly increasing

MSD (Fig. 4.9b). The corresponding scaling exponent is 1.05, which is an indicator of

diffusive Brownian motion>3°

340,341

. The random walk of the core is in agreement with previous

245,311

observations in one and two dimensions
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In the case of spiral wave chimeras, the random movement was suspected®'! to be a conse-
quence of the neutral stability of spiral waves with regards to translational perturbations 3"
It is known that random forcing leads to erratic motion of spiral waves>*>. Furthermore a

133 which is where the incoherent core of

spiral wave is most vulnerable in the tip region
a spiral wave chimera is located at. Taken together, the random perturbations due to the
incoherent core are likely to drive the random motion of the spiral wave chimera.

Beyond the experimental verification of spiral wave chimeras, we further investigate what
patterns can emerge on an array of nonlocally delay-coupled oscillators (Figs. 4.10 and 4.11).
Guided by the exploratory numerical simulations (Fig. 4.7), we successfully found represen-
tative examples for every distinct dynamical behavior in the chemical experiment.

At small values of time delay 7, three spiral patterns exist, that can be differentiated by
the behavior of the core oscillators. In the order of increasing delay 7, first spiral wave
chimeras appear whose oscillators are slower in the core than the spiral wave Teore > Tipiral
(Fig. 4.10a,b). The preliminary numerical simulations (Fig. 4.6) suggest, that this behavior is
more pronounced for large coupling strength K, so in the experiment we choose a small time
delay of 7= 1s with a larger K = 0.15 than previously (Fig. 4.8). The period heterogeneity is
To = (54.8 £ 1.4)s. The slow core only consists of a small, but varying number of oscillators,
Acore =2 — 10 with Teore = 49.28 > Typiras = 31.3s. The slow-down is due to the constant
perturbations from the surrounding rotating wave, which effectively increase the illumination
levels I;, such that the periods 7; are prolonged. It drifts slowly on the grid until it eventually
vanishes after collision with a boundary after 61 rotation periods.

In a small interval of time delay 7 spiral waves exist, whose core oscillators are neither
incoherent nor are their periods different from the surrounding spiral wave (Fig. 4.7 and
Fig. 4.10e,f). They exist at the intersection point, where decreasing core periods T¢ore(7) and
rising spiral wave periods Typira1 (7) match as the time delay 7 is increased. In the experiment
they were found for K = 0.1, k =2.5, Tp = (114.8 £7.2) s and 7 = 2s.

The spiral wave chimera with a fast core Teore < Typiral (Fig. 4.8 and Fig. 4.10e,f) is the
most prevalent representative in the experiments as its existence domain is the largest for
small coupling strength K (Fig. 4.7). Besides the example previously discussed (Figs. 4.8
and 4.9), it was also observed for values of delay T = 3s and 7 = 5s. Note that in all cases,
the spiral wave chimera terminates by collision with a boundary. After its disappearance,
global in-phase synchronization emerges. This verifies the characteristic coexistence®*> of

the chimera state and in-phase synchronization.
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Figure 4.10 | Overview of patterns in nonlocally coupled oscillator arrays - Part I. For increasing values of time delay 7 we find the following
sequence of patterns in chemical experiments (top row) and in numerical simulations (bottom row): (a,b) Spiral wave chimeras with a slow core,
(c,d) spiral waves with no core , (e,f) spiral wave chimeras with a fast core and (g,h) core splitting. The series continues (Fig. 4.11) on the next page.
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Figure 4.12 | Core Splitting. (a) t =4 Ty: An initially small incoherent core of a spiral wave chimera
grows, until (b) at r = 197y the core has more than tripled in circumference. (c) t = 26 Tp: The spiral
tip is so slow in completing a lap around the core, that it enables the high-frequency core to emit a
new wave segment. This segment introduces two new spiral tips, which are highlighted with a thick
yellow annulus in contrast to a thin annulus for the pre-existing tip. (d) t = 31 Tp: Afterwards a part of
the incoherent core synchronizes in frequency and phase to the surrounding oscillators, which divides
the core into two parts. (e) t = 317Ty: At the end of the splitting event there are three tips rotating
around two cores, which conserves the total topological charge in the system ™. (f)r = 140Ty: In a
larger grid with periodic boundary conditions (4.34), splitting events continue until merging events
balance the number of cores. The final state resembles a vortex glass>*>.

In the transition region between spiral wave chimeras and antiphase clusters, the core
size Acore €xhibits a pronounced increase (Fig. 4.7). Due to the increased core size, it takes
longer for the spiral tip to complete a cycle around the core (Fig. 4.12a.b). This allows
for the nucleation of a wave segment at the far side of the core relative to the current tip
position (Fig. 4.12¢). Note that the total topological charge Q (4.41) is conserved during the
nucleation, because the open ends of the wave segment are equivalent to two new spiral tips
with opposing chiralities, Qufer = +1 — 141 = 41 = QOpefore- Shortly afterwards, a portion
of the core oscillators frequency-locks to the surrounding spiral wave (Fig. 4.12d), such that
the core fractures into two disjoint entities. In total the number of cores increased by one and
the number of tips by two during the splitting event.

In later stages, further new cores nucleate via splitting while old existing ones can merge

together or collide with boundaries. The number of cores eventually reaches a stationary size,
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when the array is covered with the largest number of cores it can support simultaneously.
The spatial core arrangement (Fig. 4.12f) does not exhibit long-range crystal-like order, but
still retains the characteristic short-range order of an amorphous structure . A similar pattern
observed with spiral waves in a reaction-diffusion system was termed vortex glass>*>.

The observed behavior (Fig. 4.10g,h) is unlike similar spiral wave instabilities such as spiral

breakup 344345

, where the wave speed depends on curvature in such a way that backfiring
in the core region leads to turbulence. Also Kapral et al. observed a similar scenario '’ for
spiral waves on a coupled map lattice. In their case chaotic dynamics, that are localized at
the wave front, induce transversal wave instabilities >*©.

For slightly larger values of delay the core expands too quickly to allow for splitting, but
does not cover the entire array. The resulting pattern is a mixture of fleeting, intertwined
coherent and incoherent domains (Fig. 4.111,j).

At large enough time delay 7 (Fig. 4.7), spiral patterns are superseded by antiphase d = 2
(Fig. 4.11k,]) and in-phase d =1 clusters (Fig. 4.11m,n). The phase difference between
oscillators constituting different clusters is A@; = 27 /d. Their spatial arrangement depends
sensitively on initial conditions. For an initial phase distribution in the shape of a target wave,
the clusters arrange in approximate concentric circles (Fig. 4.11k,l), while for random initial
conditions they are placed irregularly. The periods T of the clusters are linear functions of
the time delay, 7;(7) ~ d - T, whose slopes are given by the number of clusters d. Note that
in-phase synchronization is very robust, since it even emerged in an experiment with very
heterogeneous oscillators, whose mean period was T = (75.3 +21.5)s. This amounts to a
spread of the period distribution that was 28.6 % relative to the mean period.

For large time delay 7, spiral wave chimeras emerge again (Fig. 4.7). Their core oscillators ex-
hibit a faster oscillation cycle than the surrounding spiral wave Tcore < Tipiral. However, they
do not transition to antiphase clusters, but instead to in-phase synchronization. This transition
involves the formation of in-phase synchronized patches inside of the core (Fig. 4.110,p).
These patches grow and push the wave rotating around them into the boundary where it
annihilates. When the value of the time delay coincides with the unperturbed oscillation
period, T = Tp, in-phase synchronization dominates with a period that is half of the time
delay, T(t) ~ 0.57.

The mechanism behind cluster formation and their periods can be understood from the phase-

resetting character®/-347-349

of the particular BZ oscillators, but extends to general strongly
coupled relaxation oscillators. In the absence of external perturbations, the phase ¢ of an
oscillator can be defined in such a way that it increases uniformly (A.4) during an oscillation

period (see appendix A.l). In response to a perturbation, the phase ¢ may be repulsed,
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Figure 4.13 | Comparison of experimental and numerical phase response curves. (a) Simulta-
neous measurements (full circles) of the phase change A¢ on a reservoir of oscillators at varying
phases for different amplitudes 7, of the externally applied light perturbation: 0.09 mW cm~2 (yellow),
0.25mWcm™2 (red) and 0.62 mW cm ™2 (purple). The background intensity is Iy = 0.06 mW cm 2.
Full lines are piecewise fits (4.48) to the experimental data. Shaded areas are bounds for all datapoints
corresponding to a given perturbation amplitude. (b) Perturbations at early phases in the limit cycle
lead to a vanishingly small phase recession A@ < 0. Perturbations at a later stage induce a phase reset,
such that the oscillation cycle restarts. (c) Numerically obtained PRCs for ZBKE oscillators (4.30)
are in excellent agreement with the experimentally measured counterparts in (a). The results for three
different perturbation amplitudes /,, are plotted: 0.2 X 1073 (yellow), 2.5 x 1073 (red) and 5.0 x 1073
(purple). The background illumination intensity is Iy = 5.25 x 10~*. (d) The phase response curve
of a strongly perturbed FitzHugh-Nagumo oscillator (C.7) resembles its counterpart of the ZBKE
oscillator in (c). The perturbation amplitudes /,, are 0.4, 1.5 and 2.0.

A@ < 0, or advanced, Ap > 0. It is possible to quantify the effect of a given perturbation by
directly measuring the resulting period change from the unperturbed period Ty, AT = Ty — T,
due to applied perturbations at various phases ¢ during the oscillation cycle. The period
change AT is translated into a phase change Ag,

2
Ap = ZEAT, (4.47)
Ty

which results in the phase response curve (PRC) Ap(¢). Measurements of the PRC for
a short rectangular intensity perturbation Iy — Iy + I, are shown in figure 4.13. Results
from chemical experiments and simulations with the ZBKE model (4.30) are in excellent
agreement. They show that a perturbation at the beginning of the oscillation cycle very
slightly delays the phase A¢ < 0. At a certain critical transition point ¢*(7,,), which depends
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on the perturbation amplitude /,, a discontinuous jump occurs. Beyond the jump point,
perturbations reset the oscillation cycle by inducing an immediate new spike®’->>". Fitting

the experiments with a piecewise linear function,

, 0 < o*(1

PRC(¢) = P<oldp) (4.48)
2+m-9 029" (1p)

reveals, that the PRC in the second part decays with a slope of m = —1, since the current

phase ¢ changes by the remaining phase difference to 27. For weak perturbations the fit is
biased by varying jump points of heterogeneous chemical oscillators (Fig. 4.13a).

This behavior has also been observed in various biological settings, such as canine Purkinje

352,353

fibers*!, galline and leporine cardiac sinoatrial pacemaker cells , Interneurons respon-

sible for the respiratory cycle in lamprey fish Lampetra fluviatilis>>*

355

, electrosensory pathway

neurons in electric fish Eigenmannia
356

, pyloric pacemaker neurons in lobsters Homarus

357 algae

Americanus~”” under electrical perturbation, circadian rhythm in Homo sapiens
Gonyaulax polyedra®, fruit flies Drosophilia melanogaster>>” under light-stimulus.

Such discontinuous phase response curves were categorized as type zero by Winfree®’
and are characteristic for strongly perturbed oscillators. In contrast to weakly perturbed
oscillators”!?

K,

, the phase response curve does not scale linearly with the perturbation strength

PRC(K, ¢) # K -PRC(), (4.49)

but changes its shape. In the case of BZ oscillators (Fig. 4.13), the jump point ¢* moves to

smaller phases for larger perturbation strengths.

The shape of the PRC and its dependence on the perturbation strength (Fig. 4.13) are direct
consequences of the underlying phase portrait (Fig. 4.14a). While an oscillator traverses
the limit cycle in the ZBKE model (4.30), it moves with high speed during the excitation
and extremely slowly during recovery , when it is on the left half of the attractor. A light
perturbation I — I + Al is equivalent to an additive offset on the current oscillator position.
This offset is predominantly in the horizontal direction, because the light prefactor in the first
equation of the ZBKE model is larger than in the second one, 1/0.11 > 2. If the perturbation
is small, the state returns after a brief excursion through a slow phase space region. Large
perturbations push the oscillator beyond the black u-nullcline ug (Fig. 4.14a), such that
they can not directly return without a large excursion in phase space. This explains why

perturbations early in the limit cycle are of little effect. During the excitation, states very
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Figure 4.14 | Phase space dynamics underlying phase reset behavior. (a) The phase portrait of
the ZBKE model (4.30) exhibits a stable limit cycle (yellow) around an unstable fixed point (unfilled
circle) at the intersection of the gray, dashed v-nullcline vy(u) and black, dashed u-nullcline ug(u).
Yellow arrowheads indicate the fast phase flow on the right part of the limit cycle and the vanishingly
slow one on the left part. A perturbation in u-direction that induces a phase reset is indicated with a
red arrow. (b) The distance Auy c—,, between the limit cycle and the black u-nullcline u at varying
phases ¢ (orange, dashed) directly coincides with the phase jump point ¢* in PRCs for positive
rectangular perturbations in « for different perturbation amplitudes (blue). The red dot corresponds to
the position and size of the red arrow in (a).

quickly return to the right part of the limit cycle. Once the state reaches the slow, right half of
limit cycle, perturbation-induced excursions are possible, but the distance from the limit cycle
to the nullcline Au; ¢, 1s very large for early phases. At later phases the distance Auzc_y,
decreases exponentially. Hence a smaller perturbation can more easily cause an excursion,
which is equivalent to resetting the phase and initiating a new spike. This mechanism is
reasonable, because the distance Auzc_,, () as a function of phase ¢ along the limit cycle
is identical to the phase jump point ¢* in PRCs for perturbations of different amplitudes in
u-direction (Fig. 4.14b). Note that on a logarithmic scale the ZBKE model (4.30) resembles
the FitzZHugh Nagumo (FHN) model (C.7), which is the prototypical model for neuronal
excitability type II°*%. Since the phase response curves of the ZBKE and FHN models agree
very well (Fig. 4.13d), they are expected to give rise to similar patterns on a nonlocally
coupled array of oscillators. Indeed, all behaviors discovered with the ZBKE model (Fig. 4.7)
were successfully reproduced with the FHN model***. Furthermore, core splitting (Fig. 4.12)
seems to be a behavior that is exclusively associated with type zero phase resetting, because

213

it could not be reproduced in simulations with phase or Stuart-Landau“"~ oscillators.



4.4 Results 77

phase change Ag
o

— 7T 1 4
0.0 0.5 t 1.0
X time t (Ty)

Figure 4.15 | Antiphase cluster states. (a) Experimental snapshot of an antiphase pattern with one
group of oscillators at phase 7/2 (blue) and the other A@ = & further at 37/2 (orange). Oscillators
at the grid boundaries behave differently, because they have less nonlocal neighbors. (b) Schematic
mechanism of antiphase patterns, where reciprocal perturbations arrive after a travel time 6 = Atyjse + 7.
(c) The total period of the cluster state is the sum of travel times 0 that is required to pass the jump
point * = ¢* Ty /2m in the PRC.

Antiphase patterns (Fig. 4.15a) and more generally d-cluster patterns are a direct consequence
of strong, nonlocal coupling on an oscillator array. A strongly coupled oscillator responds
to perturbations in one of two ways: It is either unresponsive or it fires. If a perturbation
due to nonlocal coupling (4.25) is too small to cause a phase-reset, it is possible to either
increase the coupling strength K or wait for a time Af until the oscillator phase ¢ increased
past its phase-reset point @*(K) in order to successfully trigger a spike. In the case of an
array of oscillators with random initial phases, one part of the population will fire while the
other stays quiescent. However, given that the coupling strength K is sufficiently large, the
unresponsive population will fire after a time interval of Az = 6 := At + 7. This is the
time duration for the perturbation from the group of the population that fired first to arrive.
The time interval & is composed of Atse = 1's, which is the time required for a peak in the
grayvalue time series to rise and the time delay 7 in the coupling (4.25). Continuing in this
fashion, the first group will fire again a time Ar = § after the second group (Fig. 4.15b).
Ultimately this mechanism determines the periods of the oscillators in the array to be

Tantiphase(f) = 2(Al‘rise + T) =26. (4.50)

The existence of the antiphase clusters depends on the coupling strength K. It is required to
be large enough, such that the accumulated travel times during one period exceed the jump
point t* = ¢*Ty/2m after which a phase-reset is triggered: 26 > t*(K) (Fig. 4.15¢).

It is straightforward to generalize the mechanism behind antiphase clusters to d-clusters
with positive integers d € N*. A d-cluster may emerge, if the time delay 7 and coupling
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Figure 4.16 | d-Cluster states. (a) Theoretical prediction of periods (black line) and existence
intervals (colored background) of d-clusters. At the beginning of each interval, the period drops
sharply and then increases with a slope of d/Ad. The delay time 7 is scaled, such that the jump
point agrees with the value measured in simulations, t* = 30.2. (b) Numerical simulations verify
the sequence of clusters and the qualitative behavior of periods. Simulations are performed on an
array of 64 x 64 oscillators with periodic boundary conditions. Each d-cluster state is identified with
a localized version of (4.42). The coupling strength K = 5.25 x 10~ was chosen small enough to
allow for emergence of d-clusters with d > 3. The theoretical approach fails to predict the dynamics
in the gray regions, which feature chimera spots and stripes, consisting of different d-cluster states. In
addition the first region with wave synchronization up to 7 = 5 was missed. Both shortcomings are
probably due to the negligence of oscillator heterogeneity and the phase-delaying part of the phase
response curve (Fig. 4.13).

strength K give rise to a sequence of d perturbations, that exceed the jump point t*, such
that they obey: d -6 > t*(K). Of all possible clusters satisfying this condition, the d-cluster
with the shortest firing sequence, min(d - §), is established. This selection principle has an
intuitive reason: Oscillators in d-clusters with a longer firing sequence get recruited to the
fastest d-cluster over time.

In addition, it is possible that not all d oscillator clusters fire consecutively, but instead Ad
clusters are skipped at each excitation. In the resulting d-cluster period 7,(7), this can be
accounted for by dividing over the number of omitted clusters:

Td(T) Atige + T)- 4.51)

d
_A_d(
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Figure 4.17 | Segmentation of the pattern in physical space and phase space. (a) Numerical
simulation of a spiral wave chimera, where the phases in the spiral wave bunch together, such that the
profile of the wave breaks into d = 5 clusters. (b) Also in the u-v phase space of concentrations five
distinct groups of oscillators aggregate on the slow left part of the limit cycle. (c) The segmentation
into five separate groups is clearly visible on a circular phase histogram of core (blue) and spiral wave
oscillators (red). The core oscillators are attracted to the same segments, but can switch between them.

Following the same approach, the existence intervals for the clusters (Fig. 4.16a) can be

computed. For Ad = 1, they assume a simple expression:

* *

t
7-1 < T+ Atjige < 7 (4.52)

As shown in the comparison with numerical simulations (Fig. 4.16b), the sequence of
d-cluster states can be correctly predicted as a function of time delay 7. This result is also
in agreement with simulations of nonlocally coupled BZ oscillators on a ring>*". Note that
the above approach assumes global coupling between all oscillators. However, the two-
dimensional nonlocal coupling kernel with a side length of 2/+ 1 = 11 takes into account
121 oscillators, which approximates global coupling.

Clustering also plays a role for the spiral pattern. The smooth wave profile divides into d
consecutive segments. This occurs due to the same reason driving the d-cluster states. In
experiments the segmentation is much less pronounced, since the jump points ¢* are more
heterogeneous, than in the simulation (Fig. 4.13). Furthermore, the cluster mechanism also
explains the core synchronization at large values of the delay (Fig. 4.110,p), where the
oscillators follow a period of period T' = 0.5(7 + Atise ). The delay history of the coupling
(4.31), which encompasses nearly a complete period 7p, contains peaks from the oscillator
itself and others at approximately half a period later. Over time all core oscillators share
the same delay history. As the core grows, eventually all oscillators in the entire array are
entrained and in-phase synchronized.
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4.5 Short summary

We establish that photocoupled catalyst-loaded microparticles in Belousov-Zhabotinsky
solution form a versatile experimental setup for experiments with relaxation oscillators on
large networks exceeding N = 1000 nodes.

As a first example of the experimental capabilities we experimentally investigated and verified
the spiral wave chimera’** (Fig. 4.8), which was predicted by Kuramoto in 2002°?7!. Besides
verifying its existence, we also devised a core-tracking algorithm to characterize the erratic
motion of the core (Fig. 4.9).

Taking the time delay 7 as a bifurcation parameter, we explored the phase diagram of a
two-dimensional array of nonlocally coupled oscillators numerically and experimentally
(Figs. 4.7,4.10 and 4.11). We discovered previously unreported patterns and transitions, such
as spiral wave chimeras with a slow core (Fig. 4.10a,b), core splitting (Figs. 4.10g,h and
4.12) and core synchronization (Fig. 4.100,p). Apart from spiral patterns, we also observed
d-cluster states and described a mechanism that explains their emergence based on time delay
T and the type zero phase response curve (Fig. 4.15), that plays a role in neurobiology for
strongly perturbed nerve cells®’.

Our findings are of significance beyond the chemical BZ oscillator (4.30), since they could be
reproduced in the canonical model for nerve excitation, the FitzHugh Nagumo model (C.7).
Thus we expect our findings might be of relevance to cardiac and cortical dynamics.

The experimental setup opens the door for a large number of future experiments. Some of

which are outlined in the next section.
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4.6 Future Directions
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Figure 4.18 | Spiral Wave Chimera Control. (a) Spiral wave chimera after two laps on a forced
circular trajectory (white). (b) Time-dependent nonlocal kernel with spatial asymmetry for orienta-
tion (4.53).

The experimental setup allows for a plethora of future experiments. Without further modifi-
cations of the experimental soft- or hardware, it would be possible to also do experiments
on further chimera states in one, two and three dimensions, such as spots and scroll waves.
Three dimensional grids would be limited to small systems, such as 10 x 10 x 10 oscillators.
Chimera scroll rings could be studied nonetheless in a reduced two-dimensional array by
exploiting the azimuthal symmetry of the ring with reduced cylindrical coordinates.

302-305 can be

On a one-dimensional ring different theoretically proposed control algorithms
implemented and tested. Furthermore control schemes for spiral wave chimeras could be
devised by generalizing their counterparts in one dimension. For example it is possible to

extend the asymmetric kernel in one dimension used previously>’? to two dimensions

G(r,§) = e~ 4(0-0)r, (4.53)

(0~ ) = a1+ 500 — o)1+ cos(0 ). 4.5

Here the asymmetric kernel is written in polar coordinates with an orientation angle ¢y, which
can be externally manipulated to set the drift direction. The asymmetry of the kernel, o — oy,
determines the speed of the drift. In figure 4.18 the orientation angle increases linearly in
time, leading to two circular laps. Without control, the core location would perform a very

slow Brownian motion around the array center.
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Another possibility is testing those schemes that have proven successful in the control of

ordinary spiral waves 219167 Further studies of spiral wave chimeras might reveal how

and if they pin to spatial or parameter heterogeneities, like their regular counterparts'-362,

Apart from chimera states, it would be interesting to verify that domains of large oscillator

heterogeneity act as natural pacemakers>%>.

One obstacle in the implementation of control algorithms will be the calculation of the

instantaneous phase variable. In the current system, the phase is only known retrospectively,

after the oscillator peaked again. One way around it, is to use a different order parameter>"°,

that is not derived from the instantaneous phase ¢(z).

Beyond regular grids, chimera states can also be investigated in complex networks, such as

d?%* and scale-free’*® networks. In addition connectomes known from biology,

321

small worl

such as the hermaphrodite soil worm Caenorhabditis elegans
365

with 302 neurons, portions

of fruit fly Drosophilia melanogaster connectome
k366

with 380 neurons or coarse-grained

macaque cortical networ can be implemented. In this venue it will be interesting

to see how neuronal time-dependent connectivity as shaped by spike timing dependent

174

plasticity ' '* contributes to the natural rise of chimera states as it reinforces synchronized

and desynchronized domains via potentiation and depression, respectively.

It seems feasible to experimentally verify the explosive synchronization transition3” as

well as symmetry cluster synchronization’” by selecting nodes with an appropriate period
distribution. Regarding the requirements of finding them, it is already possible to run experi-
ments on arbitrary networks with selectable coupling strength and time delay. Furthermore
appropriate oscillators can be drawn from the reservoir, such that the period distribution
exhibits multiple peaks?!*3%8,

Apart from this, learning algorithms for artificial intelligence ranging from generations I-11I
featuring units with binary and smooth sigmoidal transfer functions up to spiking units>%”
can be tested. The implementation of a XOR logic gate would serve as a first proof of
concept. An additional benefit of the experiment in comparison to a simulation is the inherent
heterogeneity, noise and aging in the experiment. Such obstacles would need to be overcome
in a working real-world neural net, too. Especially the role of noise in learning?’" is an

371

interesting venue as it could play a constructive role as in stochastic’’' and coherence

resonance372’373.

Changing the chemical BZ reagents appropriately allows for experiments with excitable
instead of oscillatory units (Fig. C.2). This opens the possibility for an experimental study

239

of bump states”*?, thought to play an important role in short-term memory>’*. Coupling

chemical oscillators together might also allow for chaotic units and possibly bistable elements.
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Spreading excitation waves are also commonly observed in central pattern generators>?” (CPG)
that determine the locomotion of invertebrate and vertebrate species, such as lamprey fish?’>
and urodele amphibians?’®. Furthermore a CPG has been shown to successfully manage
the motion of a robot?!'! and adapt to external stimuli. This allows for the development of
a "chemical brain", consisting of chemical micro-oscillators, that learns and controls the
movement of a robot.

From a more general standpoint, it would be interesting to experimentally verify the curvature-
induced propagation failure together with the accompanying generalized eikonal equation '3
on an network, where the front curvature x is replaced by the node degree k: kK — k — 2.
The experimental setup also opens the possibility for the synchronization and spreading of
waves in networks with time-dependent connectivities, as they are found in social contact?’’
and travel networks>’%. In the latter cases, excitation waves are related to the dissemination
of opinions>’? and the proliferation of infectious pathogens.

Reducing the bead distance on the acrylic glass plate allows for experiments with local
diffusive coupling in addition to light-mediated nonlocal or global coupling. The interplay
between both coupling schemes might lead to the emergence of interesting dynamics, which
might resemble those in neuronal assemblies with nonlocal, biochemical synapses and local,

electrical gap junctions 70380,






Conclusion

In this thesis a number of self-organized patterns, that exhibit spatio-temporally periodic
synchronized activity, are elucidated in numerical simulations and chemical experiments.

Special focus is given to the propagation of excitation waves on different topologies.

In three spatial dimensions an unperturbed scroll ring far from any boundaries ordinarily
either contracts and vanishes or undergoes a negative line tension instability that ends in
Winfree turbulence. In chapter 2 we provide experimental and numerical evidence that a
scroll ring with positive filament tension in spatial confinement does not only contract, but
may also expand, which was previously associated with negative line tension exclusively.
Beyond this unexpected finding, we also observe that boundary interaction can stabilize the
ring radius for a long time, resulting in an effective autonomous pacemaker in a homoge-
neous medium without defects. To describe the experiments, we develop a semi-analytical
kinematical model that explicitly takes the boundary interaction into account. It succeeds in
accurately reproducing all numerical observations and illuminates the underlying mechanism
of boundary-mediated stabilization in the experiment'®’. These findings are relevant to
pathological scroll waves of electrical activity in the myocardium>®, which are naturally
bounded by the spatial extent of the heart.

On a small network of relaxation oscillators, an excitation wave simply spreads from one
node to its neighbors. Surprisingly the wave propagation is also bound by the symmetry
properties of the network as elucidated in chapter 3. Those waves that spread on the network
between symmetry clusters exclusively are found to be the generalization of target waves
known from continuous active media. Both originate from the site of highest frequency in the
system, known as the pacemaker. Their emitted waves spread while satisfying all symmetries
of the underlying system, be it Euclidean symmetries or network automorphisms. Utilizing
discrete chemical oscillators and numerical simulations we find that the domain of target
wave synchronization in the space of coupling strength and oscillator mismatch resembles

an Arnold tongue”!”. Besides the generalization of target waves, these findings might be of
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220

relevance to assemblies of nerve cells, that support traveling cortical excitation waves -~~~ and

neural central pattern generators that control rhythmic muscle movement?"”.

The final chapter 4 details our experimental and numerical endeavors regarding the suc-
cessful verification of spiral wave chimeras in a large array of nonlocally coupled chemical
micro-oscillators. To this end we developed an experimental setup that consists of more than
N = 2500 catalyst-loaded cation-exchange beads in Belousov-Zhabotinsky solution forming
a reservoir of chemical relaxation oscillators. Each oscillator can be monitored via fluores-
cence and independently addressed with light illumination from a spatial light modulator. A
self-built sieve machine facilitates the homogenization of the oscillator population in order to
perform experiments on synchronization. This enabled us to construct a two-dimensional
array of 40 x 40 oscillators to investigate the spiral wave chimera, predicted by Kuramoto in
2002%7!. Furthermore we elucidated the phase diagram of nonlocally delay-coupled oscilla-
tors on a two-dimensional grid. At the transition of spiral wave chimeras to incoherence, we
found that relaxation oscillators exhibit a unique scenario, which involves the splitting of the
incoherent core**. Further splitting events lead to the formation of a vortex glass consisting
of chimera cores. In addition to spiral patterns, we also found d-cluster states. Taking

8

into account the measured phase response curve of type zero®’ we devised a theoretical

mechanism for the emergence of clusters in strongly coupled oscillators that we verified in
numerical simulations. Our findings are of significance beyond chemical oscillators, since
they apply to strongly coupled relaxation oscillators that are found in cardiac and cortical

ensembles>3>3337 " Apart from biological relevance, nonlocally coupled oscillators also

play a role in physical systems, such as the photoelectrodissolution of doped silicon”*?,

230 37

and ultracold atoms 237 as well as metamaterials of

234

arrays of opto-mechanical oscillators

superconducting quantum interference devices



Appendix A

Dimension reduction of oscillators and
oscillatory patterns

Detailed dynamical systems for real-world oscillators may contain such a large number
of components, that they are difficult to analyze, see for example the MBM model of the

381 1382 or cardiac cell models>%3

BZ reaction”®' or detailed neura . While special methods,
like adiabatic elimination and bath approximation (appendix C.2) or principal component
analysis*®* can be applied to remove a number of components, the most elemental reduction
is possible by exploiting the topological structure of the limit cycle: A closed circle embedded
in a high-dimensional phase space®7-213-347,

The treatment of spatially coupled oscillators falls prey to the same problem, but further
amplified. Their description is usually given in the framework of partial differential equations
(PDE), which are infinite-dimensional due to the additional dependence on a continuous
spatial variable. Discretizing a PDE via method of lines'*® yields a finite, but still large
dimensional system. In the case of three spatial dimensions, the resulting dimension is:
d = ny X ny X n; X n., where n. is the number of components of the local dynamics and
the other variables give the number of cells in each spatial directions. For the scroll ring

dynamics (chapter 2), the dimension is on the order of 106.
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A.1 Discrete oscillators

2 b A

Figure A.1 | Phase reduction of a limit cycle. (a) In a planar dynamical system (C.7) a representative
limit cycle I' (black) is located around an unstable fixed point (unfilled circle). The velocity along I'
is not a constant as indicated by the non-equidistant colored isochrones indicate. The extension of the
isochrones beyond I' is calculated with the asymptotic phase. (b) With a suitable transformation, the
non-uniform dynamics on I" can be mapped to uniform motion on a topologically equivalent circle.
Each point on the circle is parametrized by a phase ¢, which follows (A.3)

Coupled discrete oscillators can be described with a system of coupled ordinary differential

equations:

N
%ci:fi(ci)Jerle(ci,cj). (A1)
j=
Here the vectors c¢;, c; € R are vectors of the dynamical variables with n. components for
each of the N coupled oscillators indexed by i, j. The dynamics of the coupled units may
range from harmonic to relaxation oscillations and is given by the local dynamics f; € R,
The oscillators interact with each other described by the scalar coupling strength K € R
multiplied with the interaction function ;; : R" x R" — R". The indices of f; and I;; reflect

the possible heterogeneity of each node. First Winfree > and later Kuramoto”'? exploited
the fact, that an uncoupled dynamical system,
d
Ze= A2
7€ f(e) (A.2)

showing time-periodic behavior ¢(¢) = ¢(t + T') must feature a limit cycle I' embdedded in

a high-dimensional phase space R" that is topologically equivalent to a one-dimensional
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ring embedded in two dimensions. While before the dynamic state was defined by the value
of the dynamic variables {Ci}izl,...,nc’ the state along the one-dimensional manifold is given
by the position on the circle or its phase ¢ (Fig. A.1). Points on the limit cycle are mapped
directly to corresponding phase values, such that the phase grows linearly with constant

angular frequency @ = 27t /Ty € R in time 87,213

d
E‘P =w (A.3)

=  Qlinear(t) = OF. (A4)

Here, the offset ¢y is set to zero. This is also called the temporal phase definition®’.

331

Alternative phase definitions include the geometrical phase mapping~’', which takes into

account the spatial position on the limit cycle:

v(t) —Vvo
Qocometric (1) = arctan (h) . (A.5)
Here (ugp,vo) is a selectable reference point in phase space and arctan is the four-quadrant
inverse tangent. The difficulty in applying this method successfully lies in determining a ref-
erence point, that remains inside the modified limit cycle in the presence of perturbations®>.
Another method employs the Hilbert transform H*%°, to extend a single real-valued input u(z)

into a complex one u(t) +1H (u(t)) and determine its phase:

mmm:%_j%%ﬁ (A.6)
QHilbert () = arctan (%ﬁ;))) ) (A.7)

However, the wave form u(f) needs to be preprocessed, such that its zeroth Fourier mode
vanishes*®’: u(t) — ug. Otherwise if u(t) is entirely positive, not all phase values [0,27]
are accessible. Since any frequency can be mapped from a time-dependent to a constant

frequency by reparametrization

w@:wMM/%:mmu (A8)

and due to its simplicity, we will choose (A.3) as the phase definition in what follows.
The phase corresponding to points ¢ outside the limit cycle R? \ I can be calculated via the

asymptotic phase ¢(c). It is defined via the phase corresponding to the point on the limit
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Figure A.2 | Phase definitions and dynamics. (a) Time series of dynamical variables during an
unperturbed relaxation oscillation with period Ty in a model for the BZ reaction (C.5). Both dy-
namical variables correspond to chemical concentrations. (b) Comparison of different time-phase
mappings: linear (blue), geometric (yellow), Hilbert (green) (c) The impact of perturbations at
phases ¢ in terms of resultant phase change A¢ (A.9) along the limit cycle is quantified as phase
response curves. Here the linear time-phase mapping (A.4) is employed. The perturbations are in the
form of additive inputs ¥ — u + Au (blue) and v — v+ Av (yellow). While perturbations in u advance
the phase by resetting it to zero, perturbations in v delay the phase.

cycle, that the trajectory reaches for t — oo starting from state c. This procedure allows for
finding isochrones, lines of equal asymptotic phase ¢(c) in phase space (Fig. A.1).
Coupled oscillators continuously perturb each others phases by advancing or delaying each
other. The phase shift Ag due to a perturbation is quantified with the phase response
curve (PRC) Q(¢). It can be calculated directly by measuring the perturbed period 7}, in
relation to the unperturbed period 7p:

Ap = 27‘[M. (A9)

To

An example for a PRC is shown in figure A.2c for the ZBKE model (C.5). Negative values
of A@ stand for phase delays and positive values for phase advances. Note that there are
opposing sign conventions in the literature for the PRC %, In addition the pulse-shape P(¢)
defines the perturbation magnitude that an oscillator imposes on its neighbors depending
on its current phase ¢. Combining these two aspects and accounting for heterogeneity of

oscillators, leads to the evolution for a single oscillator coupled to its N neighbors:

J=1

d N
7%= ; + Qi (Z ijj((Pj)a(Pi>- (A.10)
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Analytical progress can be made under the assumption of identical coupling strength K; = K,
homogeneous transfer P; = P and response Q; = Q to perturbations as well as weak interac-
tion, which means that the state never deviates far from the limit cycle, since the attracting
local dynamics dominates over the coupling. This has two important implications: The total
result of all perturbations can be expressed as their linear superposition, Q(K, ¢) = KQ(¢;),
and the effect of the perturbations evolve on such a slow time scale that their effect is negligi-
ble during a single oscillation. Instead the perturbations accumulate over many periods on a
slow timescale. Taken together this simplifies equation A.10 to the Winfree model '*:

d N
10 = 0 +KO(¢)) ). P(9))- (A1)
j=1

The effect of the accumulated perturbations over an oscillation cycle period can be accounted

for by averaging over a period”'*%?!:
d N 1 r2m
—@Q=0+K) — i+ Q)P(@;+¢)do. A.12
=0t ]:21%/0 0(¢i +)P(p;+@)dg (A.12)

Note that ¢ was replaced here with ¢ — ¢, such that it does not represent the instantaneous
phase ¢ anymore, but the accumulated phase change @, that slowly changes over many
periods. Choosing the simplest Fourier series term for the 27-periodic phase response curve
Q(p) = —sin(@) and a delta-peak as pulse-shape P(¢) = 275(¢) to counter the integral,
model (A.12) becomes

d N
E(Pi:wi‘i‘KZSln((Pj—(Pi). (A.13)
j=1
This is the paradigmatic Kuramoto model”!?, which is frequently employed for studying

synchronization in large networks.

Alternatively, the same result can be derived via multiple scale analysis %"

starting from
(A.1) and assuming a limit cycle solution. For this purpose, we exploit the two time scales of
the problem. Introducing an additional slow time scale " = &t with a small scalar parameter
€ € R besides the original fast one ¢’ = ¢. Variations on the slow time scale will only become

relevant after a long time r — " /€.
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Thus, taking into account both time scales, an appropriate perturbation ansatz for the solu-
tion ¢; of (A.1) is:

ZS”C,,, ¢ ")~ Crolt ")+ €Ciy (). (A.14)

The total time derivative of equation A.1 is transformed via the chain rule, such that
d dC;y aC, 0 a Cii
—ci(t) = : . A.15
dt ci(t) o o "¢ o &.15)

To incorporate the assumption of weak coupling, the coupling strength K is supposed to be

of order €: K = €. Plugging in the ansatz (A.14) and applying Taylor expansion, the right
hand side of (A.1) in up to first order of € becomes

f(ci)

~ f(Cio+eCiy) ~ f(Cio) +eDf(Cip)Cin,
(A.16)
N N N
KY I(cic;) = €Y I(Cio+eC;1,Cjp+€Cj1) ~ ) I(Ci0,Cjp), (A7)
j=1 j=1

=

where Df is the Jacobian of the local dynamics f. Overall the resulting equation reads

2C; dC; 2C;
0 e 0 1

N
37 5 TE oy = f(C,-70)+£Q_:f(C,~7O)Ci71+SZII(C,-_‘0,C]~70). (A.18)
J:

Collecting terms by order of &:

oC;

gl az/o = £(Cjo) (A.19)
2C; aC;

813 8t’1 :f ll_ZI 107 0

10) =~ (A.20)

As expected, the zeroth order (A.19) returns the original dynamical system, whose solution
is the unperturbed limit cycle:

Cio(t',1") = circ (' + i (1)) (A.21)

In the solution the position on the limit cycle is given by the fast time ¢’ together with a phase
offset ¢;(¢”"), which evolves on the slow time scale, but not on the fast one
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The expression for the first order in € (A.20) is in the form of an inhomogeneous linear

differential equation for C; | after insertion of (A.21),

d ul / d(Pi
57 ~Rf(cire) | Cin =} I(cire,¢jic) = Cire 7o (A.22)
=

This relation can be formulated as a solvability condition determined by the Fredholm Alter-

392 a 394,395

native . In Dirac notation the theorem can be formulated for a linear differential

operator .2 with vectors |x) and dual vectors (x|, describing the existence of a solution to the
equation

ZLx)=|b). (A.23)
A solution |x) to equation A.23 exists if and only if:
(x|b) =0, (A.24)

where (x| is the left eigenvector to the adjoint eigenvalue problem to the eigenvalue 0, also

called response function:
x| £ =0. (A.25)

Simply stated, (A.23) only has a solution if the inhomogeneity |b) is orthogonal to the kernel
subspace of the adjoint operator 2%, which is populated by the response functions (x|.
Applied to (A.22) the scalar product of (A.24) evaluates to:

1 T / N / / / d(pl
T/() Q(l‘ ) . Z I (Ci,LC (l ) ,CjLC (l — ((Pz — (Pj))) — ci,LCW dt = 07 (A26)
j=1

Note that the phase offset is shifted, ' + @ — ¢/, such that oscillator i has a relative phase of
zero at time ¢ = 0. The response function of (A.22) is denoted Q(r), which is identical to the
phase response curve in case of weak perturbations>*®. Utilizing the normalization condition

@ For finite vector spaces, the Fredholm Alternative is a corollary of the rank-nullity theorem3"3:
dimA = dim(kerA) +dim(im A ). If the kernel space is empty then the operator is injective and surjective.
Otherwise it is neither. The latter case applies for vanishing eigenvalues, since Ax = 0x = 0. Consequently, a

solution x to Ax = b is not guaranteed to exist.
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from Malkin’s theorem>”©

df(ciLc)
1) A dr =1 A27
T/ dt’ ’ ( )

it is possible to derive the evolution equation for the slowly changing phase offset:

d 1 7 X . . s
E(Pisz?/o Q(f)'j_Z,II(CLC (), cLc (F+ (9, —9))) df, (A.28)
—ew,+¢€ ZH — ). (A.29)
J#i

Note that for identical oscillators the interaction function H results in the frequency deviation

from the unperturbed oscillation: H(¢; — ¢;) = ;**®

. Replacing the periodic function
H(@; — ¢;) by its first Fourier mode sin(¢; — ¢;) times a scalar factor K, it is possible to

recover the Kuramoto model?'3:

d S,
0= o;+K ) sin(@;— @) (A.30)
j=1
The scaling factor € was absorbed into the time variable & — ¢, such that the dynamics occur
on a slow time scale in agreement with (A.13).
The synchronization dynamics of the Kuramoto model can be readily analyzed with a mean
field approach”!?. The mean field is given by the centroid of the oscillators in the complex

plane

(A.31)

1 . 1 )
\P:N§€l¢k with R = ‘N;elq’k .

Plugging these expressions back into the Kuramoto model (A.30), leaves us with a mean-field

equation:

do,

= O+ KRsin(¥ — ¢/) (A32)

This equation describes how a single oscillator is coupled to the effective remainder of
the network, which is given by the Kuramoto order parameter R and its phase W. This
shows that a single oscillator is always attracted to the mean phase of the bulk, since the
frequency decreases due to the coupling if the oscillator is ahead and the frequency increases

in the opposite case. In addition, the more oscillators align, the stronger is the pull of the
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bulk on single oscillators. However, since sin(¢) is bounded, oscillators with a frequency
that exceeds the maximum pulling K., = K/A®, can not be synchronized. The frequency
difference Aw = w; — @y is taken between the individual @; and bulk frequency wy. The
latter is given as the arithmetic mean of the frequency distribution,

1 N
~“ Vo, A33
o N,-; (A.33)

because the coupling function is odd. At a sufficiently high coupling strength oscillators
may start firing in unison by undergoing different synchronization scenarios, such as quorum

367,399

sensing®’’, mobbing>“%, discontinuous explosive synchronization or the continuous

Kuramoto phase transition 213313400401

A.2 Continuous oscillator fields

In the previous section, an oscillator was perturbed due to its coupling to other discrete
oscillators. For continuous oscillator fields the interaction is incorporated as a diffusion term
d d2 c
Age=Y] L (A.34)
i=1 94
which gives rise to a partial instead of an ordinary differential equation. In order to reduce
the dimensionality for d = 3 dimensional vortex dynamics in reaction diffusion problems,
d

Tc=f(e)+DAse.  withe=c(x.y.z.1), (A35)

it is advantageous to focus on the dynamics of self-organized structures called filaments*02.

These are lines of phase singularities to which spiral-shaped solutions cq(r,7) = co(r, 0,1)

of the two-dimensional reaction diffusion equation

%c = f(e)+DAse, with ¢ = ¢(x,y,1), (A.36)

are attached. In a co-rotating frame of polar coordinates, 6(¢) = 0 — t, the solutions cy(7)

are stationary and can be determined by solving the equivalent nonlinear eigenvalue problem

<QA2 0 + f(-)) co(r,0 — 1) = 0. (A.37)
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Figure A.3 | Goldstone modes and response functions of spiral waves. (a) The stationary u-
concentration profile of a spiral wave simulated with the FHN model (C.7) on a circular domain
enclosed by Neumann boundaries. (b) Real part of the rotational Goldstone mode |0). (c) Real part of
the corresponding response function (0. It shows the spatial regions that are sensitive to perturbations,
which will excite the Goldstone mode |0). The black contour line is for comparison. Simulation and
mode determination is performed with DXSpiral *%°.

Stability properties can be inferred from the corresponding linearized differential operator 2.
Its eigenvalue problem for general eigenvectors |n) reads:

ZLln) = (QA2+w89+D:f(co)) ny = (u+iw,)|n) (A.38)
(n| 2" = (n (QAz—wag—D:f(co)> = (n|(v—iw,) (A.39)

Here the adjoint eigenvalue problem (A.39) is included as well. Note that the left (n| and
right eigenmodes |m) fulfill the orthogonality relation (n|m) = &.

From (A.37) it is apparent that we have to find the eigenvectors cy(r) to the potentially
degenerate eigenvalue A = 0, which are called the Goldstone modes”’®. Perturbations in the
form of these modes are shape-preserving and lead solely to translation and rotation of the
spiral wave.

Due to the Euclidean symmetries of the infinite plane33%-#03:404 b

, there are three possible
eigenmodes with a vanishing real part of the eigenvalue y: one for rotation ( |0) = dgco ('r))
and two for translations (|+1) = (Jx £idy)co (r) ). Note that in the non-rotating frame, the
translational modes are the derivatives along the Euclidean basis vectors.

To gain further understanding of the role of response functions '3>!133497 et us consider
a small perturbation eh(c,r,t) on the two-dimensional spiral wave field co(7,t), which

is a stable solution of (A.37). Since the perturbation is weak, it can only change the

b Here we limit ourselves to the special Euclidean group SE(2), which only contains rotation and translation

symmetries. Reflection is excluded, since it would flip the chirality of the spiral pattern leading to a violation of

topological charge conservation %49
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rotation frequency @ = wy + €®; and induce translational movement v = €v; of the slightly
perturbed concentration field ¢ = cg + €c;. In a frame that follows these rotations and

translations, (A.36) together with the perturbation becomes

(8t — (a)0+8a)1)89 — &V °V)(C() —|-8C1)

A.40
= f(00)+8D:f(Co)Cl —{—QAQ(CQ—FSCl)—{-é‘h ( )
On different scales we collect
e’ (9, —amydg)co= f(co)+DArcy (A.41)
el 8tc1—w189co—v-Vc0:$c1+h (A.42)

Noting that the stable spiral wave solution ¢y is stationary in the co-rotating frame and thus
dico =0, (A.41) is identical to (A.37) and determines the unperturbed pattern (@, ¢y).

Since projections of response functions (n| on ¢; can be absorbed into ¢y, we can introduce
a gauge condition*"’, (n|e;) = 0, such that (n|d,¢;) = 0 and (n|.Z¢;) = 0. This relationship
simplifies the evaluation of the Fredholm alternative of (A.42), which involves the projection

on response functions:

00 =¢ew; =—¢(0lh) (A.43)
R, = v, = —¢ (+]|h) (A.44)
Ry, =¢€vy = —€(—|h). (A.45)

These are the equations of motion for a spiral wave under weak perturbations, such as a
parameter gradient, advective fields or periodic forcing*’®. For the special case of a parameter
step in an additive excitability threshold h(x,y,7) = e;ApH (x — xp), the theory predicts a
stable spiral wave drifting in parallel to the step, which was confirmed experimentally as

well*?. The projection can be evaluated as '

(n|h) o //Yn('r)-h(r) d*r, (A.46)
R2

where for clarity constant factors stemming from the transformation between fixed and
co-rotating frame have been omitted. This shows that a perturbation h is most effective of

inducing motion of the spatially unbounded spiral wave pattern ¢, when it has a large overlap
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Figure A.4 | Frenet-Serret frame. A curved scroll wave with a twisted filament (red ribbon)
simulated with the FHN model (C.7). Initial twist and torsion were initialized from a random walk in
x and y directions as well as rotation phase ¢. Frenet-Serret coordinate frame is locally attached to
the curved filament to parametrize space (A.47).

integral with any of the response functions Y;,, which are localized in the neighborhood of
the spiral tip %3 ©.

In order to make progress on the three-dimensional problem (A.35), we adopt from the
differential geometry of space curves the curvilinear Frenet-Serret frame*'". The filament
curve can be described by a vector R(s), which is parametrized by its arclength s. To each
point of the filament, a triad of orthonormal vectors, the tangent vector T'(s) = d;R(s), the
normal vector IN (s) = dy; R(s) and the binormal vector B(s) = T'(s) x N (s), are attached lo-
cally. In addition this description naturally introduces the torsion 7(s) = —dsB(s)- N (s) and
curvature k(s) = dyT'(s) - IN (s) of the filament. Globally, positions in space are parametrized

with

r=r(s,p,q) = R(s) + pB(s) +qN (s). (A47)

409

¢ Beyond the response functions, the entire spectrum of adjoint eigenmodes are localized at the spiral tip
They are important in the case of unstable spiral waves as well as stable, confined spiral waves in bounded
domains, where the continuous symmetries of the special Euclidean group SE(2) are broken.
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Making use of the chain rule and the Frenet-Serret equations, the space and time derivatives in
(A.35) can be expressed in the Frenet-Serret coordinates (Fig. A.4) 4. Under the assumption
that filament quantities vary on different spatial scales''®

b

o) T, (A.48)
0(e%) : N,B,co,¢0.6,0,66,C0,p:Co.g; (A.49)
O(e") : 7,0y,9,p, cos, (A.50)
O(€%) : ¢1,¢0.55, Ry N1, By, @y, O, T, K, (A.51)

we can again apply multiple scale analysis in conjunction with the Fredholm alterna-
tive (A.24), but now in space instead of time. Here subscripted variables are shorthand
for partial derivatives. The perturbation ansatz is given in the co-rotating frame and account-
ing for twist:

cxcytey, with ¢ =c(s,p,q,t) = c(r,0 — ¢ (s,1) — @1). (A.52)

After simplifying 1 — px =~ 1, since the curvature is small, and linearizing the local dynam-
ics f, then up to order €2, equation A.35 in the corotating Frenet-Serret frames is:

92201 = <8t —QAZ —D:f(CQ)> Cq

= f(co) +D (05(9s + 7)o+ (95 + T)>dpoco+ KIpco) +DArco (A.53)

— (¢ —w)dgco+ (R, +gN; + pB;) T (¢s+7) dgco
+R;+N dyco+ R;+ B dyco+ N; + B dgcy.

This procedure decouples the spiral waves in each p-g plane , since their interaction in u

is on the scale £*. Introducing the twist®’, w = ¢ + 7, for brevity and collecting terms for

4 Note that the coordinate system is degenerate in the case of a curve without curvature. This problem
was remedied in recent work by Verschelde et al.*?’#!!| who replaced the Frenet-Serret frame with the Fermi-
Walker frame, describing trajectories in curved space-time in general relativity*', to prove a geodesic minimal
principle*!? for filament evolution in anisotropic media.
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different powers of € results in:

e’ 0 = f(co)+DAreo+ 0wy, (A.54)
e?: Pe; =wDdgcy+w?Ddggeo— kD dyco (A.55)
— ¢doco + (R; +qN; +pB;) - T wdgco (A.56)

+R1’N apC0+Rt’B anO+N['B 3960 (A57)

=: |b). (A.58)

In the lowest order (A.54), we recover (A.37), the nonlinear eigenvalue problem that deter-
mines the stationary pulse profile of a spiral wave in the corotating frame. For the equation
in second order we invoke the Fredholm Alternative (A.24) for the rotational (0| and transla-
tional (4| response functions. Due to the orthonormality relation between Goldstone modes
and reponse functions, (n|m) = d,,, a number of terms in the solvability condition vanish.
Furthermore, Biktashev showed, that products pairing rotational with translational modes and

involving the diffusion matrix D, e.g. (+|D0), average to zero over one rotation period '*’.

The remaining terms reveal the equations of motion for the filament ''3:120:

¢ = N;* B+ R;+Tw~+ (0|D0) ws + (0|D dggco) w?, (A.59)

R; = (+|D+)xN +(—|D+) kB. (A.60)

For the simple case of a closed filament loop with no twist and constant curvature, projecting
(A.60) into the loop plane, results in the equations for the evolution of ring radius R and drift
along the symmetry axis e;:

R=—o/R, (A.61)
:=B/R. (A.62)

Here oo = (+|D+) € R is called the filament tension, since the filament ring will compress
for a > 0 and expand for @ < 0 similar to the elastic properties of a stretched or compressed
rubber-based material. The parameter 8 = (—|D+) € R gives the magnitude of the drift
along the symmetry axis. The negative sign in the radius dynamics results from the radius R
moving in opposite direction to the normal vector IN. Note that these equations are only
strictly valid in the limit of small filament curvature x and sufficiently far from system
boundaries. An alternative derivation arises within a kinematic approach*'#, which is based

on the curvature induced motion of fronts.
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In summary, the preceeding machinery allowed us to reduce a large problem on the order of

10% dimensions to a two-dimensional problem amenable to the standard theoretical tools of
planar dynamical systems.






Appendix B

Implementations

B.1 Experimental setups

This section gives a chronological overview of the experimental setups and techniques

developed and employed over the course of this thesis.

B.1.1 Setup I: Three-dimensional active medium

Spiral waves and scroll rings alike can be created by erasing a part of a planar wave .

To realize excitation waves in a spatially extended medium, we employ the Belousov-
Zhabotinsky (BZ) reaction, which is well-established as a chemical oscillator (appendix C).
Instead of exploiting sensitivities to externally applied fields like light (section B.1.2), it is
possible to just shake the medium in order to completely erase excitation waves due to fluid
mixing. Since a part of the original wave needs to remain in order to nucleate a scroll ring,
there is a complementary part of the medium that consists of agarose hydrogel. The hydrogel
matrix prevents hydrodynamic flows from occurring and thus preserves the structure of the
excitation waves. The medium is prepared as follows:

A liquid- or gel layer with a height of 4 mm requires 25 ml of the following reaction solution:
14.5ml of bidistilled H,O (water), 8 ml 0.5M H,SO, (sulfuric acid), 1ml 1M C3H,04
(malonic acid or MA), 1 ml 1 M NaBrO; (sodium bromate), 0.5 ml 25 mM (Fe(o—phen)3)SO,
(ferroin) and in case of the gel layer 0.2 g (C,,H;gO9), (agarose).

The liquid layer is prepared by adding H,O, H,SO,, C3;H,0,4 and NaBrOj; to an empty beaker
with a volume of 50 ml. Before the solution for the gel layer receives the reagents, the agar
must be cooked. To this end, only water with agarose and a magnetic stirrer is filled in
another beaker of 50 ml. This mixture is brought to boil on a heating plate while stirred.

Once the boiling point is reached after about 6 —7 min, the beaker is moved to an unheated



104 Implementations

Camera

Bandpass filter

Petri dish
with liquid
and hydrogel

Light source

_——

Figure B.1 | Setup I: Scroll ring formation and time evolution are monitored spectrophotometrically
in a three-dimensional active medium. White light from a spatially homogeneous light source is
absorbed depending on the oxidation state of the ferroin catalyst. This allows for the optical recording
of chemical waves with a CCD camera.

plate for the solution to cool for 12—-13 min while gently stirred, but it is not to solidify.
After this time, H,SO,, C3H,0,4, NaBrO5 and ferroin are added with a pipette under rapid
stirring. Adding the complete set of BZ reagents initiates the first chemical oscillation, which
is visible as a periodic color change from red to blue. The first oscillation takes about 2 min,
after which the solution in the beaker is transferred to a Petri dish. While the gel solidifies,
ferroin is also added to the solution for the liquid layer while stirring strongly. It takes about
5 -7 min for solidification to finish, at which point the solution for the liquid layer is added
on top of it in the Petri dish. This completes the preparation of the bipartite active medium.
The procedure to generate a scroll ring starts with introducing a silver wire of high purity
(99 % Ag) perpendicular to the gel-liquid interface for 15-50s. Because the silver wire
perturbs the local ion balance via formation of AgBr, it initiates a small spherical excitation
wave at the point of contact with the silver wire tip. About 20 s after its appearance, the
medium is shaken manually to suppress wave formation in the liquid layer. Once the spherical
wave in the gel layer reaches the desired initial radius Ry, shaking is suspended. This allows
the wave to propagate into the now calm liquid layer and curl in, which nucleates the scroll
ring. Note that the initial distance to the boundaries /; and h; (Fig. 2.4) is determined by the
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used solution volumes of the gel and liquid layer. Caution has to be taken as to not shake the
medium for too long, because phase waves will emerge after about 5 min that start from the
radial Petri dish boundary and travel inwards. Their interaction with the spherical wave will
disturb the circular shape of the scroll ring and can even prevent it from forming.

To observe the evolution of the scroll ring, the Petri dish containing the chemical bipartite
medium is placed in a spectrophotometric setup (Fig. B.1). The Petri dish has to be placed
perfectly in parallel to the ground to avoid inclined height gradients in the system. This
is realized by a metal ring that sits on three small screws that can be adjusted in height to
correct for inclinations. Before the observation begins, the active medium is sealed from
outside oxygen, that is known to negatively affect the reaction*”, by very carefully placing a
floating acrylic glass plate on the liquid layer and a plastic lid on the Petri dish. Convective
temperature exchange is minimized by attaching a transparent plastic wrap to the bottom of
the metal holding piece under the Petri dish. Furthermore, the entire setup is encased in a
cardboard box.

With these precautions in place, the optical observation is performed by exploiting the
difference in absorption spectra of the catalyst for different oxidation states. The white light
from a spatially homogeneous light illuminator (Fiber-Lite PL-800) with light bulb (USHIO
EKE/L 21V, 150 W) gets absorbed strongly by the reduced form of the catalyst, but not by
the oxidized form. The largest contrast is obtained for blue wavelengths (Fig. 2.3c), which
is enhanced by a dichroic filter (Edmund Optics) that is light-transmissive for 400 —-500 nm.
The transmitted light-intensity is recorded in a spatially-resolved manner with a CCD camera
(COHU 2122-1000), that relays the data to a framegrabber card (Data Translation 3155) to

be saved as 8-bit grayvalue image files for later analysis (Fig. 2.5).

B.1.2 Setup II: Two- and three-dimensional active medium

It is possible to make the Belousov-Zhabotinsky reaction light sensitive*'® by utilizing
the photosensitive catalyst ruthenium-tris-dimethylene-bipyridine (Ru(dmbipy)£*) . In
addition the absorption spectra of the reduced, Ru(dmbipy)32+, and the oxidized form,
Ru(dmbipy)33+, are sufficiently different to allow for spectrophotometric measurements
(Fig. B.2). The oxidized form is approximately transparent to all visible wavelengths, while
the reduced form absorbs blue wavelengths 400 —500 nm (Fig. B.3a).

To perturb excitation waves in a thick three-dimensional medium that absorbs light, large
light intensities are required. These intensities can be achieved by tuning the projector (Casio
XJ-A140V). As is shown in figure B.3, the projector natively emits blue, green and red light.
In the experiment, we only require blue light. For this reason we remove the lenses and
mirrors that inject the red and green beam into the output beam line. Furthermore, there is
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Figure B.2 | Setup II: Spectrophotometric setup for spiral wave control and scroll ring nucleation
via light. The projector applies spatio-temporally varying light intensity for control (dark blue arrows)
of chemical dynamics. The resulting patterns are observable due the absorption difference in the
oxidation state with light (pale blue arrows) from a flat LED, which was repurposed from a cell phone.
A hollow black cardboard box acts as a homogeneous background for the camera recording, because
it does not reflect stray light.

no dedicated source for green light. Instead, blue light is transformed into green light via
a fluorescent layer on the colorwheel. Unfortunately the colorwheel also functions as the
internal clock of the projector, which stops operating without it. The solution is to remove
the fluorescent coating and replace the lost mass in the form of copper disks to preserve
the angular momentum. Another option is to extract the colorwheel and connect it to the
projector mainboard from the outside.

Another challenge is the spatial light gradient over the area of a projected image. Initial
experiments showed, that the native heterogeneous light negatively impacts the formation
and lifetime of planar scroll rings.

The spatial light distribution of the projector is homogenized by first measuring the nor-
malized sensitivity at every pixel of the camera chip Scpip(x,y) by taking a snapshot of a
cloud-free blue sky or the output of an Ulbricht sphere. This information allows us to correct
for heterogeneities of the camera chip. Next we assign an image of constant brightness I as
the projector output. With the calibrated camera, we take a snapshot of the emitted projector
light intensity Ihetero(X,y) on a fluorescent screen. This allows us to compute a pixel-wise
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Figure B.3 | Control and observation by blue light. (a) Absorption spectra of the reduced (orange)
and oxidized (green) form of the Ru(dmbipy)s** catalyst. Note that control and observation light
can not be spectrally separated as both rely on the absorption peak at A = 450nm. Thus the light
distribution for spatio-temporal control is also visible on the camera image of the chemical pattern.
(b) The projector (Casio XJ-A140V) is modified to emit a peak amount of blue, instead of red or green
light. This is achieved by removing the optical elements, such as lenses, mirrors and the colorwheel
(yellow dashed shapes) required for the red and green light to be passed into the main beamline.

multiplicative correction filter Fopection fOr later use in experiments:

I
Fcorrection(xay) = 0 )Schip(xay) (Bl)

Ihetero (x Y

Leorrected (x 'y ) = Ihetero (x 'y ) * Feorrection (x 'y ) . (B.2)
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Figure B.4 | Light-mediated scroll ring initiation. (a) With the modified spatial light modulator,
it is possible to emit a spatiotemporal light intensity /(x,y,#) that allows for the formation of scroll
rings. It consists of a bright boundary layer, that prevents waves from the outside to interact with the
scroll ring, and a variable light intensity on the inside. (b) Inside the shielded area a scroll ring was
nucleated, that periodically emits circular wavefronts. The white scale bar corresponds to 1 cm.

Scroll rings are initiated with a spatial light distribution I(x,y) consisting of three concentric
elliptic light regions stacked on top of each other (Fig. B.4a). The largest circle is very
bright and prevents outside excitation waves, especially those coming from the hydrogel
boundary, to interfere with the patterns on the inside. The next ellipse is less bright to support
the propagation of excitation waves. The innermost circle is the darkest. In this region
oscillations may occur spontaneously. Once this oscillation spreads into the excitable domain
as an excitation wave, the innermost dark region is removed to prevent oscillations from
interfering with the scroll ring. The upper part of the cylindrical excitation wave in the
excitable domain is removed with a short burst of high light intensity. Here, the duration
of the illumination is crucial. If it is too short the cylindrical wave is not perturbed, but if
it is too long all waves are erased. The right duration of illumination finally leads to the
successful nucleation of the scroll ring (Fig. B.4b).

In contrast to version I (section B.1.1), this versatile setup allows for creating scroll rings
of large initial radii Ry, because interference from the boundaries is suppressed with light.
In addition rings of both chiralities are possible by switching the brightness of the two

inner elliptic regions. Furthermore any autocompletion patterns, like spirals %’

or multiple,
interacting scroll waves or closed filaments with varying curvature, like ellipses, squares
or heart-shaped loops can be realized by starting from a suitable initial condition and then

removing the upper half of the wave structures with an intense short burst of light intensity.
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B.1.3 Setup III: Discrete oscillators
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Figure B.5 | Setup III: Chemical oscillators in a Petri dish exhibit color changes depending on the
phase in their oscillation cycle. The color information is recorded in grayscale by a CCD camera
mounted under a slight angle to avoid reflections from the liquid surface. Note that the grayscale
value is proportional to the scattered light intensity at bead surface. The grayscale information is fed
back to a computer. The computer calculates the coupling signal (3.9), which is projected on each
bead with a spatial light modulator (Toshiba TLP X20). The neutral filter allows for reducing the
intensity of the projector without restraining the dynamic illumination range of the projector. The
bandpass filter increases the contrast by blocking irrelevant wavelengths outside of 440 —460 nm.

This experimental setup (Fig. B.5) supports experiments on discrete chemical micro-oscillators
that are connected by mutual light perturbations instead of diffusive coupling via mass ex-
change >*+24>-#17=419 Djscrete chemical oscillators are realized by placing cation-exchange
beads (DOWEX SOW X4-200) soaked with the catalyst ruthenium-tris(bipyridine) (Ru(bipy)s)
in a Petri dish filled with BZ solution. Employed reagent concentrations are given in table C.1.
Since the catalyst is confined to the bead locations, the BZ reaction can only occur at the
bead sites. Each bead is a microporous sphere with a size of about 200 um. When loaded
with catalyst and soaked in water the diameter increases to about 300 um. Resembling a

1318

solidified hydroge a bead features a tight polymer matrix with cavities and tunnels for

exchange of molecules. The polymer matrix consists of long polystyrene chains that are
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crosslinked with divinylbenzene **". It is important to note, that Ru(bipy); is actually able to
slowly leak from the beads, but at a very slow rate. After an hour, there is non-negligible loss
of the catalyst to the surroundings. Hence, the duration of an experiment is limited to about
half an hour, during which oscillation periods change about 10%. This issue is resolved
in version V (section B.1.5) with the introduction of additional dimethylene ligands in the
complex catalyst.

As in previous experimental setups (sections B.1.1 and B.1.2) the chemical oscillation cycle
can be monitored optically due to changes in the absorption spectra that follow the oxidation
state of the catalyst. The absorption spectra of the Ru(bipy); catalyst very closely resemble
those of Ru(dmbipy)32+ (Fig. B.3a). In contrast to the other setups, the grayvalues that
are recorded by the CCD camera (Lumenera Infinity 2) are not related to changes in the
transmitted light intensity, but are due to light scattered at the bead surfaces. The reason for
this is that the camera views the beads under a small tilted angle to avoid bright reflections of
the projector intensity from the water surface. In this reduced state of the catalyst incident
light is absorbed, while in the oxidized state light can pass through the bead and scatter
back from it. This light intensity is measured by the CCD camera as 8-bit grayvalues. To
enhance the contrast, the measured grayvalues v; o are normalized by the minimum v; y,;, and
maximum V; max from a running window over the last 100 s of the individual timeseries:

l(t) — Vl,O(t) - Vi,rnin )

(B.3)
Vi,max — Vi min

The resulting normalized grayvalues of each bead are used in an autonomously running
MATLAB program to calculate the appropriate light perturbations to each oscillator based
on the current state of all of its neighbors in the network (3.9). The feedback is applied with
a projector (Toshiba TLP X20) with a dynamic range of 256 distinct light intensity values.
Thus the feedback needs to be appropriately rescaled to fit in this range.

Note that the control and measurement light are not spectrally separated as in section B.1.2.
To avoid artifacts in the recorded grayvalues, measurement and feedback are performed
alternatingly in a duty cycle. The measurement duration is essentially given by the exposure
time of the camera, which is about 1s. After computing the new feedback values, which
only takes a negligible amount of time, the feedback is applied for 2 s. Since the chemical
oscillation period takes 4080 s, a duty cycle length of 3 s is too small to induce stroboscopic
artifacts. This was also verified by varying the length of the duty cycle, which did not affect
the experimental outcome.

One complication is that the beads are not spatially fixated in the Petri dish. This allows them
to move around. The movement is caused by convective flows in the liquid layer due to the
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produced reaction heat as well as the product CO, accumulating under the beads until there
is enough to rise up and simultaneously push the bead to a different location. Experiments
showed, that the convective flow can be suppressed by reducing the height of the liquid layer
to 2.0 mm. However, this also worsens aging effects due to oxygen inflow through the open
boundary with air.

The solution was to develop a tracking algorithm, that continuously updated the location
of each bead for the projected image. For each bead, the position of its center of mass is
detected with an image recognition program. The same procedure is repeated for the next
camera snapshot. Then the algorithm compares the new positions to the old ones and pairs
up those with the least distance. For not too large movement this algorithm works flawlessly.
In the case of a collision between two beads the algorithm will fail. However, once two beads

collide, they will also couple diffusively and thus corrupt the experiment either way.

B.1.4 Setup IV: Discrete oscillators
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Figure B.6 | Setup IV: The projector (Acer P1120) provides optical feedback, that is focused by
lenses at a microfluidic chamber holding BZ droplets on a microscope slide. A camera (QImaging
Retiga 2000R), attached to a microscope (Zeiss Stemi 2000-C) mounted over the droplets, records the
chemical oscillation states of the droplets as grayvalues due to changes in absorption spectra of the
catalyst. Based on their arithmetic mean, the intensity of the global light feedback is adjusted.

421,422

In this variant, BZ droplets , instead of beads are used as discrete chemical micro-

oscillators in spectrophotometric measurements (Fig. B.6). Droplets are micrometer-sized
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Figure B.7 | BZ Droplets. (a) The molecular arrangement in the membrane of a lipid monolayer
micelle as positioned with packmol *** and visualized with VMD***. Non-polar heads of the surfactant
(red) are turned to the outside, while polar heads (white) are turned to the inside, where the BZ reaction
(blue) occurs. (b) A hexagonal carpet of droplets as modeled with (C.6) exhibits a Turing pattern
composed of droplets with high and low catalyst concentration.

objects with a diameter between 50 —300 um. They contain a small volume of BZ solution,
which is encased in a monolayer (Fig. B.7) of surfactants (Pico-Surf). These lipid vesicles
resemble living cells, whose membrane is a lipid bilayer.

Once the BZ droplets are pumped into a rectangular region on a microfluidic chip, they form
a close-packed hexagonal lattice that is immersed in oil (Fluorinert FC-40). The droplets can
interact with each other, because non-polar chemical compounds can pass through the droplet
membrane and diffuse through the oil phase. The most significant non-polar intermediate in
the BZ reaction is bromine (Br,). That explains why coupling through the oil-phase slows
down chemical oscillations in the BZ reaction, because bromine can spontaneously decay to
bromide (Br~), which acts as the inhibitor in the BZ mechanism (see appendix C.1.3).

The BZ solution in the droplets contains a dual catalyst, consisting of ferroin as well as
photosensitive Ru(bipy)s. This allows for the spectral separation of control and observation
light. While the oscillation cycle can be manipulated with light of 400 —-500 nm (Fig. B.3a),
it can simultaneously be observed at 500 —-600 nm (Fig. 2.3c). However, an additional
interference filter is also required to exclude fluorescence (Fig. 4.2¢) of the Ru(bipy); catalyst
at large wavelength A > 550nm.

In contrast to version III (section B.1.3), care has to be taken in order to not evaporate the
droplets with illumination from the 200 W mercury lamp in the projector. For this purpose
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an additional infrared filter, that consists of a water chamber, is included in the beam line
that removes heat radiation with A > 1100nm.

Note, that droplets can disappear over time. This is due to a sudden failure of structural
integrity of the surfactant membrane, which results in the dissolution of the droplet. These
spontaneously appearing defect sites in the regular hexagonal lattice lead to a drifting motion
of all remaining droplets until the lattice finds a new state of minimum energy. Furthermore,
the BZ reagents inside the droplets are consumed after about 100 oscillation periods. Since
the membrane is impermeable for polar molecules, it is not possible to replenish them.

The oil phase is only permeable for inhibiting but not for activating species. As a conse-
quence, Turing patterns prevalently emerge on hexagonal carpets of BZ droplets (Fig. B.7b).
Depending on initial conditions they can take the shape of patches, stripes and spots. Intro-
ducing yet another source of inhibitory coupling via global illumination based on the mean
grayvalue, leads to oscillating antiphase patterns, where direct neighbors never fire together.
In addition, there are also mixed oscillatory and Turing patterns, where one set of oscillators
ceases their activity, while the other oscillators continue to oscillate. Increasing the global

feedback strength enlarges the domain of the mixed patterns.

B.1.5 Setup V: Discrete oscillators

Neutral Reactor with
chemical beads

Fluorescence
filter

Computer

Figure B.8 | Setup V: A large reservoir of chemical micro-oscillators is fixated on an acrylic glass
plate in an open thermostatted reactor '>°. During their oscillation cycles they emit fluorescence
photons (red arrows), which are recorded as grayvalues with a hardware-triggered (NI-USB 6000)
CMOS camera (Imaging Source DMK 23UX174) and a 50 mm objective. The values are sent to
a computer to determine the projected light intensity /; on oscillator ¢ according to (4.24). This
feedback (blue arrows) is applied to the oscillators with a spatial light modulator (Casio XJ-A140V).
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Version V is specifically developed to support a large number of addressable oscillators and
simultaneously allow for independent and individual control of every oscillator***. The
setup only features a single optical axis due to the fact, that the ruthenium-tris(dimethylene-
bipyridine) catalyst (Ru(dmbipy){*) absorbs light around A = 450nm and emits fluorescence
photons for A > 600nm. This allows for the spectral separation of control and observation
light. An additional improvement over version III (section B.1.3), is the use of three additional
dimethylene groups as ligands in the ruthenium based catalyst Ru(dmbipy)32+ 126 They keep
the catalyst sterically fixated in the bead polymer matrix, such that it can not leak. This
greatly reduces aging effects. The spatial drifting problem is resolved as well by confining
the location of all beads. Every bead is trapped within a well on the acrylic glass plate and
sealed off under a silica hydrogel layer. The setup also relies on modifying the projector for
high blue light intensities (Fig. B.3b). Since the cross section of each bead is very small
(Fig. 4.4a), they require a bright light intensity for successful manipulation. Note that the
setup also allows for experiments on continuous systems, as the bead plate can readily be
exchanged with a plate holding a gel layer. In this case the observed grayscale images will be
inverted in comparison to images from version II (section B.1.2). This is because the reduced
form of the catalyst emits fluorescence photons, whereas in version II the oxidized form of

the catalyst is transmissive for visible light.

Micro-oscillator preparation

It is known, that the size of the beads has an impact on the oscillation period325, because
reagent exchange with the surrounding solution scales with the bead surface area. Here, we
employ a sieving procedure for bead size homogenization with a custom-built sieve machine
(Fig. B.9a). Its components are a default laptop that hosts a frequency generator program.
The output is fed to an amplifier (Phase Evolution RS4) and powered by a DC generator with
13 V (Statron, Model 3233). The amplifier is connected to a subwoofer speaker (SXCTRON,
S8P12W, 12 inch membrane diameter, 200 W). Once turned on, the low-frequency vibration
of the membrane (18 Hz) is transferred to the sieve tower that is fixated on the membrane
by two-sided tape and crossed rubber bands. To reduce movement, the speaker is fitted to a
wooden base and weighted with a heavy lead block. The sieve tower consists of a collection
basin, three sieves of 10 cm diameter (Retsch) with mesh sizes, 106 pm, 112 pm and 125 pm,
as well as a glass top. We employ three stages to reduce the load on the sieve in the middle,
because if there are too many particles, they clog the sieve mesh. To increase the throughput
of the sieving process, we also add glass beads of 1 mm diameter (Retsch) to each sieve. Their
kinetic energy pushes the resin through the holes. After two hours of sieving, the beads are

separated well by their diameters and are collected from the sieves. The quality of the sieving
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Figure B.9 | Size homogenization of micro-oscillators. (a) Photograph of the custom-built sieve
machine. (b) The distribution shows the narrow period selection used for the experiment shown in
figure 4.8. The tails of the distribution are due to oscillator beads with abnormal concentrations of
catalyst and the second peak is due to double occupancy of some wells.

process is controlled by measuring the beads under a basic light field microscope (Motic
SMZ-143 Series) with a mounted camera (ImagingSource DFK 21AUCO03). The particles and
their sizes are detected automatically employing OpenCV algorithms in Python. Sieved resin
beads, mpeaqs = 1.0g in Viy,0 = 5Sml H,0O, are mixed by a vortex mixer (Velp Scientifica) in
a test tube with V5 = 15ml of ¢cye = 1.66 mM Ru(dmbpy)32+ solution. The latter is slowly
added with a pipette over a span of 10 minutes. Mixing continues autonomously for two
days to achieve a homogeneous catalyst loading of 2.5 x 107> mol Ru(dmbpy)32+/g resin on
all beads. To achieve a desired catalyst load ny4,q, the required catalyst concentration ¢, can
be calculated according to:

Mpeads [g]
VH20 + Veat [ml]

Ceat[MM] = 716510~ molg ] (B.4)
The outcome of this process is verified by color saturation measurements (Fig. 4.4b). Note
that an overloading of beads with Ru(dmbipy){* leads to the decay of the catalyst. This
can be inferred from exposure to ultraviolet light, to which the intact catalyst responds
with fluorescence. Also the color of beads turns to pitch black, if there was too much
catalyst loaded on them. The catalyst-loaded beads are placed on an acrylic glass plate
with 64 x 44 = 2816 wells. The wells have a depth of 150 um, a diameter of 200 um, and
a separation of 400 um, covering an area of 3.8 x 2.6cm?. To allow for distribution of the

beads, the plate is coated with methanol or a water-surfactant (Titan X 0.05 %) mixture to



116 Implementations

lower the surface tension. A fine brush is used to place a single bead in each well. For
convenient placement, a CCD camera is mounted to a microscope so the placement progress
can be viewed via a computer screen.

After three hours, the beads are sealed in their wells by applying liquid silica hydrogel with
20 shots from a spray bottle. Surfactant is added to the mixture, to reduce surface tension,
which otherwise induces droplet formation from the sprayed mist. Note that spilling the
liquid hydrogel over the plate would pull the beads out of the holes, that they were carefully
placed in. Afterwards the hydrogel is allowed to solidify and dry for 30 minutes and the plate
1s stored in a mildly acidic solution.

On the next day, the plate, prepared with oscillator beads, is installed in the reactor. Catalyst-
free BZ solution is pumped into the reactor to allow for the BZ reaction to occur, but only
at the bead locations. From the array of chemical oscillators, we select oscillators based on
their natural oscillation periods, as shown in Fig. B.9(b).

B.1.6 LabVIEW Control Program
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Figure B.10 | Camera display correlation. This routine projects 5 X 5 crosses subsequently at
equally spaced positions on the reactor plane, that are recorded with the camera. If a cross is not
found, it performs a random walk until it is sharp enough to be detected at a different location.

The program to control setups II and V is written in LabVIEW as it provides an intuitive user
interface to the experimentalist. Its architecture follows an object-oriented approach to allow

for the simple integration of future experiment routines.
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Figure B.11 | Bead detection and selection. The image shows the bead array on the acrylic glas plate
overlaid with red and blue lines based on spatial information that was entered by the experimentalist.
Only beads that are located inside blue boxes are accepted as valid oscillators. The scatter plot shows
the periods of the currently selected oscillators.

Before any experiments can be performed, the setup needs to be initialized. It requires a
mapping between coordinates on the virtual projector image and coordinates in the real-
world that are observed with the camera. The mapping is used to correctly spatially address
different locations on a continuous gel or individual nodes in a network. The spatial mapping
is based on a homographic transformation*”, which corrects for perspective distortions. To
find it, a number of white crosses are applied by the projector at different locations on the
reactor plane (Fig. B.10). With an image recognition routine, these crosses are detected in
the camera images. After all crosses were found, the matrix elements in the homographic
transformation are computed employing a linear regression.

In the case of experiments with networks, the available beads must be located and character-
ized (Fig. B.11). Since each bead is located in a well on a rectangular grid, the dimensions
of this grid in the camera image are required by the program to assign each oscillating pixel
in the grid to a bead. Pixels without oscillations of sufficient amplitude are discarded. Beads
are further filtered based on their size. Even after the mixing procedure there might be few
very small or very large outliers that are left over. Also a single well may be occupied by
two beads, which appears as a single large one. Furthermore the oscillation is tested for its
relaxation character exhibiting a steep rise and a slow decay. False oscillations can occur that
are due to pinned CO, bubbles periodically growing and bursting. Once all true oscillators in
the reservoir have been identified, they can be further filtered based on the natural oscillation
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Figure B.12 | Experiment supervision. This frontpanel allows for selecting from a number of
different types of network experiments and initial conditions. While the experiment runs, the live
dynamics of a subset of all nodes as well as feedback applied to them is visualized.

periods for example to achieve a narrow or multi-peaked period distribution. Another option
is to filter the beads by their responsiveness to light perturbations.

Once all suitable oscillators have been selected, they can be coupled into a desired network
with a chosen coupling function (Fig. B.12). After an initial condition stage during which
individual oscillator phases are entrained by local periodic feedback to show a desired
starting condition, the coupling function takes over and continues autonomously until the
preprogrammed experiment duration expires. Then all data is saved to binary files for later
analysis and visualization. As a means of quickly exploring parameter space, it is also
possible for the experimentalist to change coupling parameters like coupling strength K and
time delay 7 during the experiment. The effect of these changes can be followed in a live
visualization of the oscillators.

Variations of this program were developed in LabVIEW and MATLAB to suit the require-
ments for experiments in the workgroups of Kenneth Showalter in Morgantown and Vladimir

Vanag in Kaliningrad.
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B.2 Numerical Implementations

Simulations of three-dimensional spatial domains of nonlinear PDEs (chapter 2) or nonlocally
coupled equations in two dimensions (chapter 4) are computationally very expensive and
take a long time.

158,426 :

For this reason a simple, but fast forward Euler integrator is implemented. In order to

discretize an autonomous continuous dynamical system,

—c(t) = f(c()) (B.5)

with local dynamics f and a dynamical variable vector ¢(t), the time evolution is discretized
into steps ¢t — t; = iAt and the time derivative is replaced with a difference quotient. The

shorthand notation ¢/*! = ¢(#;, ) is introduced here for clarity,

d Ac dtl—¢ ,
—Cc(t) > —= —— = < r)). B.6
e = e = = F() e flel) B.6)
Solving now for ¢/*! the forward Euler scheme is:
dtl=c +Arf(d). (B.7)

Note that the choice of the time index in the local dynamics gives rise to either the explicit
Euler scheme for ¢ or the unconditionally stable, implicit Euler scheme for ¢/ ™! 198,

Introducing spatial coupling leads to a reaction diffusion equation:

2

0 elwn) = Flelen) +D o

> c(x,1). (B.8)

This PDE is translated into a set of coupled ODEs via the method of lines '°®. Discretizing

space x — x; = iAx and replacing spatial derivatives with difference quotients yields:

0 . . C; (t)—20,~(t)+c,-_ (l‘)
5,€i(0) = Flei(t) + D=

. (B.9)

In the final step this system of ODEs can be discretized in the same way as (B.5), yielding:

_ZC§+C§1>

(B.10)
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Figure B.13 | Runtime reduction due to GPU algorithm. (a) Comparison of runtimes on GPU vs
CPU for the three-dimensional diffusion problem. Note that the tiling algorithm does not lead to an
improvement, as the stencil size is too small. (b) Runtime comparison for nonlocally coupled systems.
Here, the FHN model is used to portray the speedup for single and double precision. For the tiling
algorithm to be effective in the case of double precision numbers, the hardware settings of the GPU,
such as block size of concurrent threads must be tuned finely. For small problems the CPU version
outperforms the GPU version, since it avoids the overhead of transferring data to the GPU. Used
hardware in the test: (CPU) Intel i5-2500 4 cores @ 3.30 GHz, 8 GB RAM,; (GPU) Nvidia GTX 970,
CUDA 8.0, block size = 242 threads, 4 GB RAM

More accurate higher order methods as well as multi-step methods of the Runge-Kutta type,
or predictor-corrector algorithms like Adams-Bashforth '°%, take a longer computation time?,
but do not lead to qualitative differences with the Euler scheme once the time step Af is small
enough. This is due to the dissipative character of the local dynamics, which always attracts
the trajectory back to the limit cycle or fixed points. Note that time-adaptive methods '°® can
lead to a speed-up for a single oscillator. However, for a grid of coupled units, a speed-up
is only achieved when all oscillators move in unison. In other cases, there is one oscillator,
which will move in fast region of phase space and limit the time step to its smallest possible
value. This results effectively in a non-adaptive method.

Even with the simple and fast Euler integrator, long simulations or parameter searches are
prohibitively long. However, the numerical problem is very amenable to parallelization. The
local dynamics and the coupling of each oscillator can be solved consecutively in such a way,
that the calculations for each oscillator occur mostly independently. For a large number of
oscillators, the large number of processors on a GPU*?® is perfect. CPU parallelization of 4
cores is already advantageous but ultimately can not compete with over a 1000 parallel cores
of a GPU. For demanding computations presented in this thesis an Nvidia GTX 970 with 4
GB RAM was used. In the case of three-dimensional scroll rings a speed-up of factor 25 was

20ne exception is the exponential time-differencing algorithm ETDRK4*’, which is also very fast for
PDE:s in three spatial dimensions. However, it is less effective for nonlocally coupled systems.
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achieved and two-dimensional nonlocally coupled systems ran 2-4 times faster on the GPU
in comparison to the CPU (Fig. B.13).

The code for computing spiral wave chimeras is available on public Git repository:
https://github.com/bzjan/Spiral_Wave_Chimera_Solver.git

B.2.1 CUDA Solver

For nonlocal coupling a speed up can be achieved by exploiting the shared memory of
the GPU for faster access speeds. Whereas for the diffusion problem only a few nearest
neighbors are used for the computation, in the case of nonlocal coupling, a large number of
neighbors will be required. Thus many values will be reused multiple times. This fact can
be exploited by preloading all values into the shared memory section of the GPU, which is

known as tiling algorithm **°.


https://github.com/bzjan/Spiral_Wave_Chimera_Solver.git
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Algorithm B.1 | CUDA pseudocode for solving a reaction-diffusion equation. CUDA-specific syntax
is highlighted in green. An introduction to the CUDA programming language can be found in the
literature ***~*3° Here only a part of loading data from the host to the device memory (lines 1-5) is
shown as well as the parallelized evaluation of local dynamics (lines 8-18) and coupling (lines 21-42)
together with the function call (lines 45-54).

// transfer array to GPU

array_size = nx*nyxsizeof ( ) 8
(& (d=>c) ,array_size);
(& (d->cnew) ,array_size);
(d=>c,h.c,array_size, ) 8

// local dynamics (FHN model)

void reaction ( % @p * cnew, int len, double dt) {
double ooeps=1.0/0.05;
double a=0.9;

int i = + * 8

if (i<len) {
cnew[i] =c[i] + dtx ( oocepsx* (c[il] -1.0/3.0xc[1i] *c[1] *Cc[1i] -c[i] ) ) // u
cnew[i] .v=c[i] + dtx( c[i] + a); // v

// spatial coupling

void diffusion ( * C, * cnew, int nx, int ny, const diffs) {
int x = + * 8
int y = + * 8

if (x<nx && y<ny) {
int idx = x + y*nx;

int left=idx-1;

int right=idx+1;

int top = idx + nx;
int bottom = idx - nx;

// Neumann BC
if (x==0) left++;
if (x==nx-1) right--;

if(y == ny-1) top —-= nx;
if(y == 0) bottom += nx;
cnew[idx] += diffsx( c[left] + cl[right] + c[top] + c[bottom] - 4.0xc[idx] );

// solve reaction diffusion equation

int warpsize=32;
nBlocks ( (ncomponents*n-1) /warpsize+l);
nThreads (warpsize);

for (int t=0; t<nsteps; t++) {
reaction (d->c, d->cnew, nx*ny,dt) ;
coupling (d->c,d->cnew, nx,ny,diffcoeffs);
swapGPU (d->c, d->cnew) ;

}
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Algorithm B.2 | CUDA pseudocode for long-range coupling via tiled*** convolution. The algorithm

consists of three steps. First, all threads in the block preload data that will later be needed for the
coupling into shared memory for faster access (lines 15-22). The two-dimensional thread indices
in the block are aligned with the positions in the input tile. However, the output tile is smaller
than the input tile, since edge positions are filled with tile boundary values. Thus the convolution
operation (lines 25-36) only uses a subset of the threads available. In the last part, the result is scaled
appropriately and added on the output array (lines 39-41).

template <int maskRadius>

void nonlocal_delay_homo_tiled_zbke2k_2d( * input, * output, \
* input_delay, int width, int height, int o_tile_width, \
const double=x M, const coupleCoeff) {
extern double input_shared[];
int tx = ;
int ty = ;
int col_o = *o_tile_width+tx;
int row_o = *o_tile_width+ty;
int col_i = col_o-maskRadius;
int row_i = row_o-maskRadius;
int idx = col_i+row_ixwidth;

double output_temp{};
if ((row_i>=0) && (row_i<height) && (col_i>=0) && (col_i<width)) {
input_shared[tx+ty~* ] = input_delay[idx] 8
}else(
input_shared[tx+ty~* ]

0.0;

if (ty<o_tile_width && tx < o_tile_width) {
double ksum{};
int maskWidth=2+maskRadius+1;
double inputO=input [row_oxwidth+col_o] .v;
for (int i=0; i<maskWidth; i++) {
for (int j=0; j<maskWidth; Jj++) {
output_temp += M[JjxmaskWidth+i] * !!input_shared[i+tx+ * (Jj+ty) ] * \
(input_shared[i+tx+ *(Jj+ty)] - inputO);
I
}

}

if (row_o<height && col_o<width && tx<o_tile_width && ty<o_tile_width) {
output [row_oxwidth+col_o] += couplecoeffsmax (output_temp,-5.25e-4);

}

}

int maskWidth=2+maskRadius+1;

int o_TileWidth=blockWidth-maskWidth+1;
nBlocks ((nx—-1)/o_TileWidth+1, (ny-1)/o_TileWidth+1);
nThreads (blockWidth,blockWidth) ;

int mem_size=blockWidth+blockWidth*sizeof (double) ;

nonlocal_delay_tiled_2d<maskRadius> (d=>c, \
d->cnew, d->cdelay,nx,ny,o_TileWidth,d->mask, d->coupling_coeffs2);

}







Appendix C

Chemistry

C.1 Belousov-Zhabotinsky reaction

The Belousov-Zhabotinsky (BZ) reaction is the protoypical chemical oscillator*3!=*3*: Over
the course of the reaction it exhibits periodic changes in the concentrations of intermittently
produced and consumed chemical species.

C.1.1 History & Applications

Discovered serendipitously in 195143, it has been employed as an experimental proving

ground for a variety of counter-intuitive mathematically predicted phenomena, such as

435,436 1437 438 collective syn-

189,125,439,440

deterministic chaos , chaos contro , mixed-mode oscillations

chronization*’, spiral wave and scroll wave dynamics and contro

441442 " coherence resonance *4>*** Turing mechanism*!244>-446

, stochas-

tic resonance and chimera

states 244,245 .

In addition a number of applications based on the BZ reaction were developed, i.e. chem-

447 448-451 452,453

ical diodes™’, parallelized chemical computation

454 455

, memory devices , image

segmentation ™", quantitative chemical sensors

27,117,456

, neuromorphic spike-timing dependent

, message encryption®’, biomimetic self-

oscillating hydrogels, whose volume changes are entrained to the chemical oscillations”’.

plasticity >, autonomously moving agents

They open the door for pistons in microfluidic devices, active metamaterials, peristaltic mass
transport and models of organs, such as intestine, uterus and the heart, as well as actuators in
soft robotics.
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C.1.2 Apparent violation of the second law of thermodynamics

The reaction was initially dismissed*>*3

as impossible, since it apparently violated the sec-
ond law of thermodynamics: AS > 0; or equivalently from a chemical standpoint: AG < 048,
Acceptance was not until after the work by Field, Korés and Noyes, who — in elucidating
the underlying chemical mechanism — indeed showed that the oscillations did not violate
the second law of thermodynamics*>°~*%3. The resolution of the paradox is that the oscilla-
tions occur not through the thermodynamic equilibrium but far from it. Thus the reaction
enthalpy G decreases monotonically while periodically switching between a fast and a slow
rate. Without external replenishment of reagents, the oscillations will eventually cease and

the system will move towards thermodynamic equilibrium>*3!.

C.1.3 Reaction mechanism

The Belousov-Zhabotinsky reaction is the oxidation of an organic substrate (usually malonic
acid, MA) in an acidic medium in the presence of a redox-catalyst (M,qq / My,)****%". In the
absence of a catalyst the net reaction,

3MA + 2BrO;j + 2H* — 2BrMA + 3CO, + 4H,0, (BZ)

is very slow even though its free enthalpy change is very large**?. Introducing a catalyst
into the system allows for a faster pathway and leads to the aforementioned concentration
oscillations. The most complete reaction scheme to date involves 37 species in 48 elementary
reactions>®!. However, the main mechanism*****% behind the oscillations can be reduced to
a small subset and is depicted in figure C.1. The oscillation cycle can be divided into three
distinct phases: A, B and C. In each phase a different set of chemical reactions takes the
lead over the others. The protagonists are bromous acid (HBrO,), bromide (Br~) and the
oxidized form of the metal catalyst M. Starting with process B, we find that bromous acid

reproduces autocatalytically
HBrO, + BrO5 + 3H" + 2M,, — 2M,4 + 2HBrO, + H,0, (AUTO)

where the presence of HBrO, promotes its own further increase. The resulting exponential
growth is countered with decay via disproportionation:

2HBrO, — HOBr + BrO; + H'. (R7)



127

C.1 Belousov-Zhabotinsky reaction

"UONBIIUIIUOD JSA[BIBD PIZIPIXO SUIABIIP 9Y) WOIJ PAIIdJUI 9q
uBd SE ‘[[oM SB JIoM Je SI ) $$2001d ‘Sajeuruop y $s2001d [IYAN "ON[BA [BONLID B MO[2q S[[B] UONBIUIIUOD IPIWOI] Y} JJe (SUoI3ar papeys Aeid
99S) QW JO JUNOWRE }I0YS B JOJ JI9AO 9B} D) PUB { SSIJ0IJ "SOIBUTIOP Y $S9201d ‘01042 uoneroso oy jo Ayuofewr oy Suung *(1°D) [opow N A
AUl PIm suone[UIS AQ Paurelqo are saroads JUBAJ[RI ) JO saoen awn I oyl uQ "(HOODH=V4) pIoe oruioj pue (C(HOOD)HDId=VINIHD)
proe oswoewowolq ‘(C(HOOD)*HD=VIN) PIot dTUO[eW :10J PUB]S SUOTIORAI Y} UL SWAUOIOE O], "SUONB[[IOSO AU} SUIALIP SN, ‘SON[eA [[BWS IO}
sKeoop pue 1sA[e1e00Ine 9Y) JO sanjeA 931e[ J0J SM0I3 Sa10ads I9[[01U0 Y, *sa10ads IO[[ONUOD B JO San[eA UIeldd I0J AJ[IqeIsiq smoys saroads
o1ATRIEO0INE UY (WSIUBYOIW ) JO OIS B SAI[ SUOHE[IOSO 9} JO IOJUID I} 1Y "UONN[OS UOTOLAI Y} JO saSueyd J0[0d SurAuedwosde o) pue
UONIB[[IOSO Y} JO S5e)S JUAIQJIP SuLnp soroads [BOTUAYD JUBAI[AI Jsowl 9Y) Jo uondwnsuod pue uononpoid 9y} SMoys [0 JouuUl 9y [, *D pue
q ‘v :sassao0id ¢ ojur padnoi3 suonoear juerroduw jsouwr 9y s301dop 9[0I10 JOINO Y3 I Y} U() "UOIIIBAL Z g Y} JO WSIUBYIIA | T°D) InSL]

[ORENH
0L 09 0S 14 0¢ 0Z 0l 0 o -
o J9]|0J1u09 i i
) O'HE + VIEE « .HE + VWE + 018 + 192
(2] (+H+ 18 + VNG < VN + 18 €
(ex) (O°H+"1g = H+IdOH + 18)€
ol (24) JHOHZ < H + Noumz +.1g
e (1) 190H + '048H < ~HZ +-'04d + 19
Y Ssa201d
=
,-0L
By~
e
0L 73
501
*
‘Q
,-01 L.
S
ﬁ/ .0l
| <0} Qo
(OT¥) +HS+70DZ+Vd + 48+ Wy < O'HZ + VI + WP ¢&
(6%) +HO + 7002 + Vd + W9 « O°HZ + VI + W9 1LQ
o (84) OH + VIN1d < +H + VI + 190H v
9- 9 ssaso1d X0 A.\
W + *ora®
.0l
= ] Q
0L g @ O'HT + 1HOH + Wy — HS + 018 + Wy =4
& [ L +H+ 049 + 190H < ‘01T (@]
(oLny)  (0°H + “01gHZ + "Wz < “We + .HE + "01g + “01gH)T Q
-0l (ow) L Cougn + "W < 1 +.5oug + My QL
(sw) (0°'H+.'019z = +H + 018 + '04gH) T Q
g ssadoid 4 rM
20l @




128 Chemistry

Once both processes balance out, HBrO, will reach a quasi-steady concentration. However,
the reaction cycle does not end here, since the reduced form of the catalyst M4 in reac-
tion (R6) gains an electron and thus attains its oxidized form M. Even though M, does
not directly compromise the autocatalytic production, it brings out the seeds for its future
decline by providing the fuel for process C.

In its oxidized form, the catalyst M, is an electron donor, also known as an oxidizing agent.
This allows M, to oxidize not only MA, the original organic substrate, but bromomalonic
acid (BrMA) as well:

6M,, + MA + 2H,0 — 6M,.4 + FA + 2CO, + 6 H", (R9)
4M,, + BIMA + 2H,0 —> 4M,4 + Br + FA + 2CO, + 5H". (R10)

Note that process C is not understood in its entirety **

, since MA and BrMA give rise to a
large number of different radicals and organic acids. That is the reason why instead of giving
a complete set of reactions, figure C.1 only shows the relevant reactions that are agreed upon
in the literature**>#36464 The most important product of these reactions is bromide Br~, the
inhibitor.

Its role becomes clear during process A. In a series of reactions an excess Br~ concentration
leads to the decomposition of different oxybromine species whose remainders ultimately react
with MA to form new BrMA. Among these oxybromine species is the autocatalyst, HBrO,,
as well. Its concentration is kept in a low steady state since it is produced, but consumed as
well. As long as Br is above a low critical concentration [Br]¢;, HBrO, autocatalysis will be
suppressed. Only once enough of Br™ is consumed during the production of BrMA, Process B
can start anew and initiate another cycle. Note that the reactions have been renumbered in
comparison to the original FKN paper*® for clarity.

In summary, process B describes the autocatalytic step or the positive feedback loop. Pro-
cess C switches from high HBrO, to low HBrO, by seeding process A with Br~ which
poisons the autocatalytic step. This completes the delayed negative feedback.

From the standpoint of nonlinear dynamics, the reason for the oscillations is very simple. The
core principle of this mechanism can be identified as a switch between two coexisting, bistable
branches of high and low HBrO, concentration. At high concentrations of the catalyst or the
controlling species, the transition may only occur from high to low HBrO,, while at small
concentrations the transition occurs from low to high concentrations. This mechanism has
been identified to lie at the heart of chemical oscillations*®> and was successfully employed

to design new chemical oscillators *°%467,
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C.1.4 Redox catalysts

As is evident from the oscillation mechanism, a suitable catalyst is required to receive
an electron from one species (oxidation, R6) and later donate it to another (reduction,
R9 and R10). Thereby forming Br™ from BrO5. This kind of catalyst is called a redox-
catalyst*®%. In addition the catalysts for the BZ reaction exhibit different colors depending on
their oxidation state. This allows for simple visual recording of the concentration oscillations.
Originally Belousov utilized the transition metal cerium, whose ions are colorless in the
reduced state Ce(III) and appear yellow in the oxidized state Ce(IV)*’. Another example is
the transition metal complex ferroin, the cation of 1,10-(ortho)-phenanthroline ferrous sulfate
or Fe(phen), which exhibits a strong contrast between red (Fe(phen)3+) and blue (Fe(phen)4+)
colors during different phases of the oscillation cycle*’. While the different oxidation states
of manganese Mn(II) and Mn(IIl) also exhibit color changes between transparent and red,
this catalyst is also employed in setups, where the oscillation state is tracked using magnetic
resonance imaging (MRI)*®. The oscillation cycle can also be tracked potentiometrically

46 470 471

with concentration-specific electrodes*®’, thermometrically*’’, calorimetrically*’! or via

chemiluminescence*’>*73.

Among the BZ catalysts, the ruthenium-tris(2,2’-bipyridine) complex (Ru(bipy)32+)) or
Rubipy stands out***. Besides allowing for spectrometrical measurements, this catalyst
also introduces the possibility for control, since it is photo-sensitive*'®. After absorption of

photons at A = 452nm, it turns from a weak reducing agent into a very strong one*3>474,

Ru(bipy)?* + 7w — “Ru(bipy):™. (R-L1)

The transition to the long-lived excited state*’*47>

allows the redox-catalyst to lend its
electrons even more easily to other reagents and thus catalyze more reactions than in the

ground state. It was shown that the previously unaccessible reaction,

"Ru(bipy)Z* + Ru(bipy)Z* + BrO; + ;HT — HBrO, + 2Ru(bipy);* + H,0, (R-L2)

is the main benefactor of the stronger reducing agent*’®

. Due to light illumination, the
autocatalytic species HBrO, is produced as well as oxidized catalyst Ru(bipy)33+ which leads
to the delayed rise of the inhibitor Br™. In summary light illumination has both, a direct
excitatory and an indirect inhibitory effect on the oscillation cycle.

A later modification of the catalyst adds a dimethylene-group to each bipyridine ligand, which
increases the spectrometric contrast and steric fixation in hydrogel polymer matrices '>® as

well as in cation-exchange resin particles. Furthermore Ru(bipy)32+ and Ru(dmbipy)32+ emit
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strong fluorescence intensity*’’ at > 600nm (Fig. 4.2¢) that allows for robust tracking of
the oscillation cycle (see chapter 4). Note that interfering chemiluminescence is suppressed

at large concentration of [H,SO4]*75.

Due to its desirable photoredox properties, the Rubipy catalyst and its derivatives*’* are

popular in fields beyond the Belousov-Zhabotinsky reaction, such as luminescent sen-

4719480 " environmentally friendly catalysis*®'*%?_ fuel cells*®*, photovoltaics ***, light

485 486 and therapeutic applications*®’.

SOrs

emitting diodes *®” as well as diagnostic

C.1.5 Parameter drift

Over the course of the BZ reaction, the amplitude and the period of oscillations change.
The phenomenon is known as parameter drift or aging ****%%. This introduces a difficulty
absent from idealized numerical simulations. During the chemical reaction, reagents are
converted into products. The rates of change of the concentrations are functions of the
concentrations themselves, so they will change over time. However, even with an open

126 that continuously feeds new reagents (BrO5, MA) into the system and allows for

system
escape of gaseous products, most notably CO,, an aging effect can still be observed. This can
be due to the catalyst slowly leaking from the system, as in version II (appendix B.1.2) and
III (appendix B.1.3). After increasing the size of the ligands with three dimethylene groups,
the catalyst molecule is fixated in the hydrogel or bead polymer matrix, which resolves this
particular issue'>°. However, even with these precautions, there is still a non-vanishing
parameter drift. This might be due to slow oxidative degradation of the photocatalyst*3%-+0

or the escape of gaseous intermediates such as Br,.

C.1.6 Troubleshooting

There are a number of strategies to overcome the shortcomings of the BZ reaction. Different
catalysts can be mixed resulting in what is called dual catalysts***. This way an experiment
can feature the strong optical contrast of the ferroin catalyst with the photosensitivity of
Rubipy catalysts. Another application is to combine absorption spectra of different catalysts
for tunable spectrometric properties.

It was shown that the rate of parameter drift can be drastically reduced by replacing the
hydrogen-donating acid (H,SO, or HNO5) with a protic ionic liquid**14°2.

Gaseous CO, presents itself as a major problem since it leads to the growth of numerous
spherical inclusions that act as defect sites in solidified BZ gel systems. One remedy is to
use cyclohexanedione (CHD) as a replacement for MA as the organic substrate, since it does

not lead to CO, formation #3494,
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Figure C.2 | Concentration Space Overview. Figures show the dynamical state of the FKN model
modified to account for light illumination in dependence of initial chemical reagent concentrations of
H,SO,4, NaBrOs, MA and the metal catalyst M. States are automatically identified by checking for
monotonous convergence to a fixed point and its value as well as for oscillations by evaluating the
difference between the maximum and minimum concentration. The black dot is a reference point
for comparison with initial concentrations of [H,SO4Jp = 1.1M, [NaBrOs]p = 0.5M, [MA]p =0.15M
and [M]p = 25mM.

Mixing the BZ reagent with the correct concentrations does not lead to immediate oscillations.
Usually it takes a few minutes up to an hour, before oscillations start. This time interval is
known as the induction period*®!, during which intermediate species are slowly built up for
the ensuing oscillations. The induction period can be decreased by adding Br~ and BrMA to
the initial reagent mixture>2°.

To ensure reproducibility of experiments it is important to thoroughly remove any trace
amounts of oxybromine species including Br, from reactor chambers that are to be used
again. For one set of experiments, chemicals from only the same batch should be used. In
addition the employed chemical reagents should be of analytical grade as they can contain

495

impurities that perturb the reaction™>. All BZ reagents can be obtained from chemical

vendors. Variations of the standard reagents, e.g. the Ru(dmbipy)32+ catalyst must be

126,496,497 or microwave synthesis*%%.

produced via repeated reflux and recrystallization
Finding the right concentrations for an excitable or oscillatory system can be accelerated
with a quantitative numerical model of the BZ reaction (see FKN model (C.1)). Employing
the rate constants compiled in table C.2, the behavior of the BZ system can be simulated for
a range of initial reagent concentrations.

The effect of the different reagents on the dynamics of the BZ reaction can be seen in
figure C.2. Increasing the sulfuric acid (H,SO,) concentration, and thereby the proton (H*)
concentration, leads to a transition from a stable fixed point through a Hopf bifurcation with

consecutive Canard explosion***% to a large stable limit cycle. Following another Hopf
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bifurcation the fixed point becomes stable again, but this time it is located at large values of
the oxidized catalyst. Perturbations to the fixed point at low oxidized catalyst concentration
lead to a large phase space excursion, while perturbations to the fixed point at high oxidized
catalyst concentrations do not. So only the fixed point at low oxidized catalyst corresponds to
excitability. The result of increasing bromate concentration [BrO5] is the same as increasing
[H,SO,4], while increasing [MA] or the total catalyst concentration has the opposite effect.
Note that [H*] is not linearly dependent on [H,SO,], but is based on the Hammett acidity

501

function, whose values are given in the literature””'. These diagrams can be used to tune

concentrations of an experiment in order to find the desired dynamical behavior.

C.1.7 Chemical recipes

The concentrations for the different experiments described in this thesis are listed in table C.1

for reproducibility.

Table C.1 | Employed initial concentrations for the experiments. Note that the units of the catalyst
depend on the type of the experiment. In experiments with continuous hydrogels, the concentration
is given in mM, whereas with discrete particles, the unit is amount of catalyst in moles per mass of
exchange resin in grams.

concentration scroll ring'®®  scroll ring '>? network>!’ network *3*
experimental setup version | version 11 version 111 version V
[H,SO4]p (M) 0.16 0.39 0.78 0.77
[NaBrOs], (M) 0.04 0.2 0.48 0.51
[NaBr], (M) 0 0.09 0.02 0.08
[MA], (M) 0.04 0.17 0.08 0.16
[Meq + Mokl 0.5mM 4.5mMm 8.3x 107 %mol/g 2.5 x 10~>mol/g

catalyst Fe(phen)?" Ru(dmbipy):* Ru(bipy)* Ru(dmbipy)*
dynamics  oscillatory excitable oscillatory oscillatory
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C.2 Overview of numerical models

The reaction mechanism by Field, Koros and Noyes *“” as detailed above contains 37 chemical
species and 48 reaction steps. It can be translated into a system of first order differential
equations, which are amenable to numerical simulation. The conversion involves standard

techniques from reaction kinetics*>®

: mass action law, adiabatic elimination, also known as
quasi steady state approximation, and bath approximation, which assumes reactant species to
be so abundantly available, that their concentration is constant. The resulting FKN model

460,464

consists of seven coupled ordinary differential equations , which capture the dynamics

of the BZ reaction semi-quantitatively:

U=—kyUW + kW —2k;U? — ksU + k_sR? + keSR,

V = —koV —kioV + keSR,
W = —koUW —IkqW — kWP 4+ k_30 4+ ksO + k1oV,

O = kWP —k_30 — k40, (C.1)
P =2k UW + kW +kyU? — kWP +k_30 — kgP,

R = 2ksU — 2k_sR* — k¢SR,

S = koV +koV — keSR.

The variables U, V, W, O, P, R, S stand for the concentrations of bromous acid (HBrO,),
oxidized catalyst (M,,), bromide (Br"), hypobromous acid (HOBr), bromine (Br,), hypobro-
mous acid radical (BrO,) and reduced catalyst (M,.q), respectively. All k; are reaction rate
constants and their values are listed in table C.2. Note that the rate constants and variables

have been renamed for consistency throughout this chapter.

Table C.2 | FKN model. Reaction rate constants of the FKN mechanism and their values*>!. Due to
discrepancies in the literature '2%-320:421:433 the following rate constants are selected, since they lead to
agreement with experimental observations in the photosensitive BZ reaction***. The concentrations
of bath reagents are absorbed into the rate constants.

rate constant value rate constant value
ki 2M3s~ [H]#[BrO5 ], k_s 2x108Mm~ 15!
ko 2 x 106M~2s~1[H*], ke 5x100M 157!
ks 5x10°M~2s~1[H*], k7 3x103Mm 157!
k_3 10s~! ks 9.3M~ 1s71[MA],
ky 29m~ IsT1[MA], ko 0.05M~ s~ [MA],

ks 42M~2s~ ' [H*],[BrO5 ], k1o 1M~ s [BrMA],
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An analysis of the involved time scales"” reveals which chemical species may be adiabati-
cally eliminated for further simplification. After taking into account that the total catalyst
concentration is conserved and non-dimensionalization, the resulting qualitative model reads:

U= i(—w(u—u)—u2+u),

vV=u—v, (C.2)

The remaining variables u, v, w stand for the dimensionless concentrations of HBrO,, M,
and Br~. Conversion formulas for the parameters*** are found in table C.3. Since the organic
reaction pathways are not known in detail, the production of Br™ can be estimated with a
stoichiometric factor f. This factor relates the number of produced moles of Br~ from a mole
of consumed M, “***03, Note that this model is called the Modified Complete Oregonator*!”,
since it incorporates the effect of light exposure into the original Oregonator model *®3. Here,

light illumination was thought to exclusively produce the inhibitor Br™ via
“Ru(bipy)?* + BIMA — Ru(bipy);* + Br . (R-L3)

This reaction is accounted for as an additive bromide source term ¢. However, the model

t47()

neglects the excitatory impact of light™’®, as described in reaction R-L2.

Adiabatically eliminating the inhibitor species w, leads to the two-component Oregonator
mode] 463,302,

(C.3)

Table C.3 | Oregonator models. Conversion formulas*** for parameters in (C.2) and (C.3). The
same rate constants*** as in table C.2 are employed. Majuscule and minuscule variables stand for
concentrations with and without dimensions, respectively. Bath species are abbreviated as A = [BrOs |y
and B = [BrMA]y = 0.1[MA]o*** and H = [H*]o (via Hammett acidity function"").

2k7 k7k1oB ko
=_'U = %4 =—W = k0Bt
“Ta VT A VT A TR0
c kioB 2k7k1oB 2k k7
1:_ P— JR—

&H = —— =
kA 27 kA T ks
ki =2M3sT'H?A  kh=2x10M % 'H ks=42Mm s~ 'HA
k7 =3x10M Is7! ko=1Mm"!s"!B
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Table C.4 | Rovinsky model. Rate constants and conversion formulas'>* for parameters in (C.4).
Majuscule and minuscule variables stand for concentrations with and without dimensions, respectively.
Bath species are abbreviated as A = [BrO5 ] and B = [BrMA]o = 0.1 MA]o***, C = [Myeq0 + [Moxlo
and H = [H"] (via Hammett acidity function™").

2k 1 (kiA)’H
“Tral VT T e
k]A k4kgB 2k4k133 2k4k6
kaC (kjAH )2 (kiA)2H kiks
ki =10M %' k=17x10°M 27! ks=10M 257!

k7 =15M 257! kg=2x10"Ms™'  k3=10""s""!

Later Rovinsky and coworkers °#°03% devised another model (C.4) based on a slightly
augmented FKN scheme that leads to semi-quantitative agreement between simulations and
experiments in case of the ferroin-catalyzed BZ-reaction:

, 1( u—u av
U= — u(l—u)——(ﬁ+2q )),
€ u-+u 1—v (C.4)

The variables u and v stand again for the concentrations of HBrO, and M,,, in this case
Fe(phen)**. Conversion formulas for the parameters >* are found in table C.4. Note that
the photosensitivity of the ferroin catalyst*!%>% is neglected. Instead the new parameter f3
accounts for the slow hydrolysis of BrMA into Br—>"*. The other important change is the
replacement of the oxidized catalyst v with the ratio av/1 —v. This ratio results from
adiabatic eliminations of organic species while taking the sum of reduced and oxized catalyst
concentration as constant.

The ZBKE model by Zhabotinsky and Epstein?? and its later refinements by Taylor and
others>**3* build on the Rovinsky model (C.4) but in addition take into account explicitly
the concentration of the intermediate basic radical of bromous acid (HBrO,"). This species

plays a role in process B during the radicalic oxidation of the catalyst:

BrOz' + H+ = HBr02+,
M,oq + HBrO; = M, + HBrO, -
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Table C.5 | ZBKE model. Rate constants”®> and conversion formulas>”® for parameters in (C.5).
Majuscule and minuscule variables stand for concentrations with and without dimensions, respectively.
Bath species are abbreviated as A = [BrO5 ]y and B = [BrMA]y = 0.1]MA]o***, C = [Myeq0 + [Moxlo
and H = [H"] (via Hammett acidity function™").

k4 1 (ksHA)? 2k3ky k_s
“THAS T C 2w - M okeH " ke
ksHA (ksHA)? ks 2kyk7ksB 2k}koB
2ka 2k4keC k_-HC ksk_7H A (k5HA)
ky =2.0x 106M 27! ky=2M 27! ks=3x10°m 17!
ks =33M 2! kos=42x10°M 1s7! kg =4.0x10Mm 157!

k7=92x10""MIs7! kg/k 7=25x10"*M> kg =3.3x10"0s7!

Its adiabatic elimination leads to a two-component model involving the activator u ([HBrO,])
and ox. catalyst v ([Ru(dmbipy);*]):

1
- (/1 2 2y l4v—1
O 176, (\/ 6yue; +v v+1+4+v ),
o1 u—u v
Mzg—l<¢+u(—1—u)—m(ﬁ+qﬁ)+}’820s2s+(l—v)0ss)7 (C.5)
- oy — —
v=2¢0+ (1 —v)0oy Py g

Parameter formulas3”® are listed in table C.5. Note that the oxidation of the catalyst

434

Ru(bipy)32+ by radicals (reaction R6) is irreversible ™" in contrast to ferroin. This means

1726 vanishes. For modelling cation-exchange particles

the parameter § in the original mode
loaded with BZ catalyst (chapters 3 and 4), the ZBKE model turned out to be superior over
the Oregonator (C.3), because it allowed for a larger spread of periods. In the simulations the
heterogeneity in periods was modeled by the stoichiometric parameter g.

For BZ nano- and microdroplets**!, Vanag developed a number of models>"%>"7

, which are
based on the original FKN mechanism. The model presented here is designed to explicitly
account for non-polar Br, molecules that are exchanged between the droplets through an oil

phase. To this end, the disproportionation of Br; is taken into account as well,
Br, + H,O — Br  + HOBr + H*-

In addition the influence of the photosensitive catalyst Ru(bipy)33+ is incorporated. The

light interaction is assumed>"’ to have an exclusive inhibitory impact via reactions (R-L1)
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3

and (R-L3). Also the decay of the excited state via fluorescent photon emission>>® is taken

into account:
“Ru(bipy)#t — Ru(bipy)* + ho. (R-L4)

Instead of invoking the bath approximation, the periodic time-evolution of [BrMA] is explicity
accounted for. The number of resulting differential equations are reduced by taking the total
catalyst concentration [M,.q] + [M,]=C to be constant and adiabatic eliminations of HBrO’,
HOBr and *Mred. Furthermore terms with the smallest contribution to the rate of change
are eliminated>?’. However, as in all models presented before, the adiabatic elimination of
HBrO® introduces a flaw in model: The autocatalytic production of HBrO, (see R6) is not
limited by the concentration of M,.4 anymore. To resolve this issue, the rate constant ks is

made dependent on M,;°%:

c-V

ks = ks———.
> 5C_V"f’Smin

Here Spin is the smallest concentration of reduced catalyst during the oscillation cycle. For
large V, ki — ks but for small V, k5 — 0, which effectively stops the autocatalysis. The full

model is: oy
U=—kiUW + koW — 2k3U? + kyU ——————
1 T K2 3UT + kg C VIS
' C-Vv c-Vv
V =2k4U —————— —koBV —kigV + ———— 0,
+ C—V +Smin ’ 10 KL/B—FI(P
W = —3UW — 2sW — ksl + kg P+ koBY + ———~ (C.6)
= 1 2 3 7 9 KL/B+1 ,

P =2k UW + koW +k3U? — k7 P,

B = k7P — koBV — k13B.
The variables U, V, W, P, B represent the species [HBrO,], [M], [Br], [Br,] and [BrMA]
as in the FKN model (C.1). Values of rate constant are compiled in table C.6.
From the perspective of nonlinear dynamics, the chemical oscillations in the BZ system
require bistability and a controller species that moves the system between both stable
branches“®°. The bistability can be realized with a species that has a cubic nullcline. Both
properties are found in the FitzHugh-Nagumo model, which is the paradigmatic model of

neural dynamics**%:
1 1
u=— (u——u3—v) + 0,
€ 3 (C.7)
vV=u+a.
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Table C.6 | Vanag model. Rate constants>’” employed in (C.6). Majuscule and minuscule variables

stand for concentrations with and without dimensions, respectively. Bath species are abbreviated as
A = [BrO3]o, M = [MA]y, C = [M,qlo + [MoxJo and H = [H*]y (via Hammett acidity function"").

Smin =V 3krklOC/kred

ki =2x10M~ 's7!H ky=2s"'H?A ky=3x103m 157!
ks =425 'HA ky =29s"'M ko =20M 's7!
kio=0.05s"'M kr =2x108M71s™! kpeg =5 x 109M 157!
K, =0.05

In neural systems, u corresponds to the membrane voltage and v to the fast gating variable **2.

Model (C.7) features a supercritical Hopf bifurcation at @ = 1 with a consecutive Canard.
This captures the essential characteristic dynamics observed in BZ models (Egs. C.1 to C.6).
The time scale separation in the relaxation oscillations can be tuned via €. The parameter ¢
is introduced additively in the activator variable u to mimic the excitatory effect of light
illumination in the BZ reaction (R-L2). The different nature of the models is best illustrated
with a depiction of the phase space (or a projection thereof in the u-v phase plane) and their
respective phase response curves (PRC) in figure C.3.

Quantitative agreement between a model and an experiment is difficult to attain, as not
all values of the rate constants are available with high precision??%*33. In addition small
temperature changes will lead to different rate constants due to the Arrhenius law*°®. Further-
more the purity of the employed reactants is not perfect and may contain impurities, such as
trace amounts of halogens e.g. Br~ and CI™, which strongly influence the sensitive dynamic
behavior of the BZ reaction*?.

For the ferroin-catalyzed BZ reaction, the Rovinsky model (C.4) gave semi-quantitative
agreement with the experiments on spiral waves in continuous media'®”> and the FKN
model (C.1) yielded good results for a photosensitive BZ system with droplets*®*. The
Oregonator models, (C.3) and (C.2), are very useful to qualitatively describe an excitable
BZ system. The latest attempt in elucidating the role of light illumination in the BZ*7¢
showed that the ZBKE model (C.5) incorporates the excitatory and inhibitory influence of
light correctly.

Besides the FKN model*?!, extensive chemical models are available that take into account a
wide range of concurrent reactions, such as the GTF model°"®, which was later simplified via
principal component analysis>"”. The most recent entry is the MBM model*®! with detailed
dynamics for the organic subprocess. The above listing gives insight into finding reduced

models of the BZ reaction and an overview of the models used in this thesis.
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Figure C.3 | Model Overview. All models are compared via their limit cycle, time series and phase
response curve. (a) FKN (C.1), (b) modified complete Oregonator (C.2), (c) Rovinsky (C.4), (d)
ZBKE, (C.5) (e) FHN (C.7). The unfilled and half-filled markers in the limit cycle show the unstable
nodes and saddle points, respectively. Note that all models show a phase-reset character for species
that are identified as activators and a phase-delaying character with large negative contributions for

inhibitory species.
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