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Abstract

In this paper we improve the bounds for the Carathéodory number, especially on
algebraic varieties and with small gaps (not all monomials are present). We provide
explicit lower and upper bounds on algebraic varieties, R”, and [0, 1]". We also treat
moment problems with small gaps. We find that for every ¢ > 0 and d € IN there is
an € IN such that we can construct a moment functional L : R[xy, - -+, x,]<¢ = R
which needs at least (1 — ¢g) - (”jl‘d ) atoms /,;. Consequences and results for the
Hankel matrix and flat extension are gained. We find that there are moment functionals
L : R[xy, -+, xn]l<2¢ — R which need to be extended to the worst case degree 4d,
L: Rl[x1, -, Xxpl<4a — R, in order to have a flat extension.
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1 Introduction

The theory of (truncated) moment sequences is a field of diverse applications and
connections to numerous other mathematical fields, see e.g. [1,22,29-31,33,34,36,38,
48,50,52], and references therein. For more on recent advances in the reconstruction
of measures from moments see e.g. [6,10,11,14,20,21,23,26,35,40,41], and references
therein.

A crucial fact in the theory of truncated moment sequences is the Richter (Richter—
Rogosinski—Rosenbloom) Theorem [43—45] which states that every truncated moment
sequence is a convex combination of finitely many Dirac measures, see also Theo-
rem 2.2. The Carathéodory number is the minimal number N such that every truncated
moment sequence (with fixed truncation) is a sum of N atoms, i.e., Dirac measures.
It has been studied in several contexts but in most cases the precise value of the
Carathéodory number is not known [15,16,32,39,42,43,46,53].

In this work we proceed the study of Carathéodory numbers. We treat moment
sequences with small gaps (see Sect. 3), moment sequences of measures supported
on algebraic varieties (Sect. 4), and the multidimensional polynomial case on R" and
[0, 1]" (Sect. 5). For moment functionals with small gaps we find explicit lower and
upper bounds for dimension n = 1 based on Descartes’ rule of signs, see Theorem 3.7.
For moment functionals L : R[X]<24 — IR on polynomial functions on an algebraic
set X C R" and for sufficiently large d, Theorem 4.5 yields an upper bound of
P(2d) — 1 and a lower bound of

PQ2d)—k-Pd)+ <];>

where P is the Hilbert polynomial and & the dimension of X'. In the case X = R" and
L :R[xy, ..., x,]l<2a = R, this gives the lower bound

SYRICINE

(Theorem 5.2). We obtain similar bounds for odd degrees and the case X = [0, 1]" in
Sect. 5. In Sect. 6 we discuss implications of these bounds, whenn — ocoandd — oo.
We show that there are moment functionals L : R[xy, ..., x,]<24 — R that behave
as bad as possible under flat extensions, see Theorem 6.2 for the precise statement. For
literature on flat extensions in this context see [8,9,36,48] and the references therein.
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Carathéodory numbers from Hilbert functions 269

2 Preliminaries
2.1 Truncated moment problem
Let A be a (finite dimensional) real vector space of measurable functions on a mea-

surable space (X, 2(). Denote by L : A — R a continuous linear functional. If there
is a (positive) measure p on (X, 2) such that

L(a) = / a(x) du(x), foralla € A, (1
X

then L is called a moment functional. If A is finite dimensional, it is a truncated
moment functional. By A = {ay, ..., a,,} we denote a basis of the m-dimensional real
vector space .4 and by

Si = L(a,-)

the a;-th (or simply i-th) moment of L (or u for a u as in (1)). Given a sequence

s = (51,...,8,) € R™ we define the Riesz functional Lg by setting Lg(a;) = s;
foralli = 1, ..., m and extending it linearly to 4, i.e., the Riesz functional induces
a bijection between moment sequences s = (s, ..., S,) and moment functionals

L = L;. By 90tp we denote the set of all measures on (X, () such that all « € A are
integrable and by 974 (s) or 9ta (L) we denote all representing measures of the moment
sequence s resp. moment functional L. Even though moment sequences and moment
functionals are the same, when we apply techniques from algebraic geometry it is

easier to work with moment functionals L : 4 — Rone.g. A = R[xy,...,x,]<24
or R[X]<2s while when we work with Hankel matrices it is easier to work with
moment sequences s in a fixed basis A of \A. Since the polynomials R[x1, ..., x,]<24

are of special importance, we denote by

Avg =& aelNy A || =ar1 +---+ay, <d}
the monomial basis, where we have x® = x| - x;," with o = (ay, ..., a,) € N}.
On ]Ng we work with the partial order « = (x1,...,0,) < B = (B1,...,Bn) if

o < Biforalli =1,...,n.

Definition 2.1 Let A = {ay, ..., a,} be a basis of the finite dimensional vector space
A of measurable functions on the measurable space (X, 2). We define sp by

ar(x)
spa: X > R™, x> sa(x) =

A (X)

Of course, sa(x) is the moment sequence of the Dirac §; measure and the cor-
responding moment functional is the point evaluation I, with /;(a) := a(x). By a
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270 P. J. di Dio, M. Kummer

measure we always mean a positive measure unless it is explicitly denoted as a signed
measure.
The fundamental theorem in the theory of truncated moments is the following.

Theorem 2.2 (Richter Theorem [43, Satz 11]) Let A = {ay, ...,an}, m € N, be
finitely many measurable functions on a measurable space (X, ). Then every moment
sequence s € Sp has a k-atomic representing measure

k
s= ¢ salx)
i=1

withk <m,cy,...,cx >0,and x1,...,x € X.

The theorem can also be called Richter—Rogosinski—Rosenbloom Theorem [43—
45], see the discussion after Example 20 in [15] for more details. That every truncated
moment sequence has a k-atomic representing measure ensures that the Carathéodory
number Cp is well-defined.

Definition 2.3 Let A = {ay, ..., a;;} be linearly independent measurable functions on
a measurable space (X, ). For s € Sp we define the Carathéodory number Ca(s) of
s by

Ca(s) := min{k € INg | I € Ma(s) k-atomic}.
We define the Carathéodory number Ca of Sa by

Cp = C .
A ?e%): A(s)

The same definition holds for moment functionals L : A — RR.

The following theorem turns out to be a convenient tool for proving lower bounds
on the Carathéodory number Cp.

Theorem 2.4 ([16, Thm. 18]) Let A = {ay, ..., an} be measurable functions on a
measurable space (X,21), s € Sp, anda € Awitha > 0on X, Z(a) = {x1, ..., X}
and Lg(a) = 0. Then

Ca > Ca(s) = dimlin{sa(xp)|i=1,...,kb.

Remark 2.5 Note that in Theorem 2.4 it is crucial that the zero set of « is finite: Take
a = 0and X = R” for a simple example where the statement fails when the zero set
is not finite.

It is well-known that in general not every sequence s € R™ or linear functional
L : A — IR has a positive representing measure. But of course it always has a signed
k-atomic representing measure with k < m.
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Carathéodory numbers from Hilbert functions 271

Lemma 2.6 ([15, Prop. 12]) Let A = {ay, ..., an} be a basis of the finite dimensional
space A of measurable functions on a measurable space (X, 21). There exist points
X1, ..., %Xm € X such that every vector s € R™ has a signed k-atomic representing
measure |4 with k < m and all atoms are from {x1, ..., xy}, i.e., every functional
L : A — R is the linear combination L = c{ly, + - -+ + cply,,, ¢i € R.

It is well-known that in dimension n = 1 the atom positions x; of a moment
sequence can be calculated from the generalized eigenvalue problem, see e.g. [24]. To
formulate this and other results we introduce the following shift.

Definition 2.7 Let n,d € N and s = (Sa)aelN:|a|<a- For € ING with |B] < d we
define Mgs := (MpSa)aeNt:ja+pl<d by Mgsy := sq1p,1.e., (MgL)(p) = L(xP - p).

For a space A of measurable functions with basis A = {ay, ay . . . } the Hankel matrix
H4(L) of alinear functional L : A> — R is given by Hy(L) = (L(aiaj))ﬁjzl. The
atom positions of a truncated moment sequence s (resp. moment functional L) are

then determined by the following result from a generalized eigenvalue problem.

Lemma2.8 Letn,d € N, X = C, and s = (50, 51, . . ., $24+1) € R*T2 with

k
s = Zci “ A1 2041 (Zi)
i=1

for some z; € C, ¢; € C, and k < d. Then the z; are unique and are the eigenvalues
of the generalized eigenvalue problem

HaMis)vi = ziHa(s)v;. (2)

Proof That the z; are the eigenvalues of (2) and therefore uniqueness follows from

Ha(s) = (a4 (20, -+ 58,4 (20)) - diag (c1, ..., i) - (5a, 4 (21, - - A, (@)
and
Ha(Mys)
= (SALa(Z1)s s Ao (2) - diag (€121« - ckzk) - (Ao (21D, -+ s 5A )T
O

We gave here only the 1-dimensional formulation, but a similar result holds also for
n > 1.Butas seen from the Carathéodory number and the flat extension in Sects. 5 and
6, the size of the Hankel matrix of the flat extension can be very large. For numerical
reasons it is therefore advisable to reduce n-dimensional problems to 1-dimensional
problems.
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272 P. J. di Dio, M. Kummer

2.2 Algebraic geometry

Consider the polynomial ring R[xp, ..., x,] with the natural grading and let I C
Rl[xo, ..., x,] be a homogeneous ideal. Let

R =Rlxo,...,x,]/1

be the quotient ring which is a graded ring itself. Recall that the Hilbert function of R
is given by H Fgr(d) = dim R; where R is the degree d part of R. For d large enough
one has H Fgr(d) = H Pg(d) for some polynomial H Pg of degree k which is called
the Hilbert polynomial of R.

In this article, we will always denote by IP" = P, the complex projective space.
A real projective variety is the zero set V. C P”" of some homogeneous ideal I C
Rlxo, ..., x,]. In particular, a real projective variety can contain nonreal points but
it is defined by real polynomial equations. We will denote by V (IR) the set of real
points of V. The Zariski closure of any subset W C P”, that consists only of real
points, is an example for a real projective variety V with the additional property that
V(R) is Zariski in V. If V C P" is a real projective variety and / is its homogeneous
vanishing ideal, then the Hilbert function/polynomial H Fy resp. H Py of V is the
Hilbert function/polynomial of R[xo, ..., x,]/I. In this case, the leading coefficient
of H Py is {7 where e is the degree of V.

Now we consider the dehomogenization map

R[x07-"9x11]_)]R[-xla"-»xn]v f'_) f|x0:1-
Let I C Rl[xq,...,x,] be an ideal and " c Rlxo, ..., x,] the homogenization

of I, i.e., the ideal generated by the homogenizations f of all f € I. Then the
dehomogenization map induces an isomorphism of vector spaces

Rlxo. .. xal/INa = Rlxis...oxa]/D<a
foralld > 0.Here (R[x1, ..., x,]/I)<qisthesubspace of R[x1, ..., x,]/I consisting
of the residue classes of polynomials of degree at most d. The main application of this
observation will be the case when [ is the vanishing ideal of finitely many points I" in
R". In this case the dimension

dimlin {sp, ,(x) | x € '}

of the span of the point evaluations sa, ,(x) in R[xy, ..., xn]’;d at the points from I'
needed Theorem 2.4 is

dim(R[x1,...,x,1/D<qa = dim(R[xo,...,xn]/Ih)d = HF;().

The Hilbert function H F; of an ideal / can be easily calculated if it is generated by a
regular sequence.
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Carathéodory numbers from Hilbert functions 273

Definition 2.9 Let A be a commutative ring. A sequence fi, ..., f, € A is a regu-
lar sequence if for alli = 1, ..., r the residue class of f; is not a zero divisor in
A/(ft, ..o fimD).

The following is a consequence of Krull’s Principal Ideal Theorem. We include a
proof since we are not aware of a good reference.

Lemma 2.10 Let I C Rlxo, ..., x,] be a homogeneous radical ideal and V C P" its
zero set. If each irreducible component of V has the same dimension d > 1, then for
any homogeneous f € Rlxo, ..., x,] the following are equivalent:

(1) f is not a zero divisor in Rlxo, ..., x,1/1.

(ii) f is not in a minimal prime ideal of Rlxo, ..., x,]1/1.

(iii) f is not identically zero on an irreducible component of V.

(iv) Each irreducible component of V. N V(f) has dimension at most d — 1.
(v) Each irreducible component of VN V(f) has dimension d — 1.

Furthermore, if f is not constant and V nonempty, then VN V(f) is nonempty.

Proof The minimal prime ideals of the homogeneous coordinate ring
A = Rlxog,...,x,]/1

of V are exactly the vanishing ideals of irreducible components of V. Thus we have
(ii) & (iii).If f isazerodivisorin A, then thereis anonzero g € A suchthat fg = 0.
Let V; be an irreducible component of V on which g does not vanish identically. Then
Vi CV(f)UV(g) implies V; C V(f) because V; is irreducible. Thus (iii) implies
(i). By [3, p. 44, Ex. 9] every minimal prime ideal contains only zero divisors. This
shows (i) = (ii). If f vanishes entirely on an irreducible component V; of V, then
V; is an irreducible component of V N V(f). By assumption we have dim(V;) = d,
so we cannot have (iv). Thus (iv) = (iii).

Since (v) clearly implies (iv), it remains to show (v) under the assumption of
(@) — (@ii). If fisaunitin A, then VNV (f) = @ and (v) is trivially true as there are
no irreducible components. Thus we can assume that f is neither a zero divisor nor a
unitin A. Thus by Krull’s Principal Ideal Theorem [3, Cor. 11.17] every minimal prime
ideal over (f) C A has height one. This implies that every irreducible component W
of V N V(f) has codimension one. Since V is of pure dimension d, this means that
the dimension of W is d — 1. The additional statement follows for example by [49,
Cor. 1.7] because we have dim(V) > 0. O

Corollary 2.11 Let Iy C Rxo,...,x,] be a homogeneous prime ideal such that
dimV(ly) > k. Let fi1,..., fx € Rlxo, ..., x,] homogeneous elements of positive
degree such that for alli = 1, ..., k we have:

@ L =1+ (f1,..., fi)is radical.
(i) dmV(;) =dim V(l;—1) — 1.

Then fi, ..., fr is a regular sequence modulo .
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274 P. J. di Dio, M. Kummer

Proof Fori = 0,...,klet V; = V(I;) C P" and let d = dim(Vp). First we show
that each irreducible component of V; has dimension d — i by induction on i. The
claim is clear for i = 0 because I is a prime ideal. Assume the claim is true for
0 <i < k. Then we can apply Lemma 2.10 to the ideal /;. By assumption we have
dim V(lj+1) = dim V(l;) — 1 =d — i — 1 so we have (iv). Thus we also have (v)
which says that each irreducible component of V; | has dimension d —i — 1. Then by
the same lemma we also have that f; is not a zero divisor modulo /; which shows
that fi, ..., fi is a regular sequence modulo .

Lemma 2.12 LetI C Rlxo, ..., x,] be ahomogeneousidealand R = Rxo, ..., x,]1/1
with Hilbert function H Fg. Let f1, ..., fr € R be aregular sequence of homogeneous
elements of degree d. The Hilbert function H Fryy,....f) of R/(f1, ..., fy) s

HFr/(fy,.f)(J) = Z(—l)’V(Z)'HFR(j—id).
i=0

Proof We prove the statement by induction on r. The case r = 0 is trivial. In order to
prove the induction step, let R* = R/(f1,..., fi)fori =0,...,r.Forall j € Z we
have the exact sequence

0—>R;:(11—>R;_1 — R;—>0
where the first map is given by multiplication with f,.. Therefore
HFR"(‘]) = HFerl(j) — HFRr—l(j _d)
By induction hypothesis this implies that

r—1 ) 1
HFge(j) =Y (=) (’ l. )HFR(J' —i-d)

i=0

r—1
(r—1
>y (r l. )HFRU — (i + 1)d)
i=0
" (r—1 r—1 .
= Z(—l)’(( . ) + ( ))HFR(] —i-d)
= i i—1
r e
=3 (i>HFR(j—i d).
i=0

O
At various places we will make use of the following version of Bertini’s Theorem.

Theorem 2.13 Let X C P" be a real projective variety of dimension k. Then the fol-
lowing statements hold for generic homogeneous forms f1, ..., fr € Rlxo, ..., xx],

@ Springer



Carathéodory numbers from Hilbert functions 275

r <k, of degree d > 0 in the sense that the set of exceptions is contained in a lower
dimensional algebraic subset of Rxo, ..., x,1).

i) The homogeneous vanishing ideal of X NV (f1, ..., fr) is generated by the homo-
geneous vanishing ideal of X and f1, ..., fr.
ii) If X is irreducible and r < k, then X N V(f1, ..., fr) is irreducible as well.
iti) We have dim(X NV (f1,..., fr)) =k —r.
iv) If the singular locus of X has dimension at mostr — 1, then X N\ V(f1, ..., fr) is
smooth.

Proof Bertini’s Theorem in its usual formulation says that the above listed statements
hold for generic homogeneous forms fi, ..., f, € Clxo, ..., x,], r < k, of degree
d > 0. As a reference for this see for example [28, Thm. 6.10, Cor. 6.11]. This
means that the set U of exceptions is contained in a lower dimensional algebraic
subset W C Clxo, ..., Xuly- The set U’ of tuples (fi1, ..., fr) € Rlxo, covs Xply of
real polynomials for which one of our statements does not hold is thus contained in
the algebraic subset W' = W N Rxo, ..., x,]; of R[xo, ..., x,]}. Since the set of

real points R[xo, ..., x,]; is Zariski dense in the vector space C[xo, ..., x,]}, we
see that W does not contain R[xy, ..., xn]fi. Thus W' is a strict algebraic subset of
R[xo, ..., x,]}. This shows the claim. O

For more on Hilbert functions and polynomials see e.g. [51], or standard text books
on commutative algebra like [18,19], or [5].

3 Carathéodory numbers for moment sequences with small gaps

We want to start our investigation of the Carathéodory number in the 1-dimensional
case with gaps, i.e., not all monomials are present.

Let d;,...,d, € IN be some natural numbers whose greatest common divisor is
one. We consider the subring R = R[4, ..., %] of R[z]. By R<4 we denote the
vector space of polynomials in R of degree at most d. By the assumption on the greatest
common divisor there is a constant ¢ such that t € R for all d > ¢. We choose ¢
minimal with this property and denote it by ¢. We observe that one has

dimR<y=d+1—-g for d>¢

where ¢ + 1 — g is the number of monomials in R of degree at most ¢. In other words,
g is the number of monomials that are not in R (i.e., the number of gaps).

Definition 3.1 The k-th Descartes number Dy, of R is the maximal number of different
real zeros that a polynomial f € R<; can have.

Recall that Descartes’ rule of signs says that the number of positive real zeros
(counted with multiplicities) of a polynomial f =} _, cxt¥ is bounded from above

by the number Var(c, .. ., ¢,) of sign changes in the sequence cy, . . . , ¢, after erasing
all zeros. The number of negative zeros (again counted with multiplicities) of f is then
bounded by Var(cg, —c1, ..., (—1)"¢,). Conversely, Grabiner [25] constructed for all
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276 P. J. di Dio, M. Kummer

sequences of signs (oy, ..., 0y,), 0; € {0, £1}, a polynomial f = ZZ:O cktk with
only simple positive and negative zeros and sgn(c;) = oj, that realizes both bounds.
Thus Descartes’ rule of signs gives a purely combinatorial way to determine an upper
bound on the k-th Descartes number from the numbers dj, ..., d,. This also shows
that Dy, is the maximal number of different real zeros that a polynomial f € R<; with
f(0) # 0 can have since adding a small constant of appropriate sign does not decrease
the number of real zeros of a polynomial whose only possibly multiple real root is O.

Example 3.2 (a) LetR = R[#*, %, t7]. Then the Descartes number D7 is the maximal
number of real roots that a polynomial of the form a + bt* + ¢t + dt” can have.
By trying out all possible signs on the coefficients, we find by Descartes’ rule of
signs that such a polynomial can have at most five real zeros and by [25] there
actually is such a polynomial. Thus D7 = 5.

(b) The Descartes number does not only depend on the number of involved monomials
but also on their parities. For example if R = R[7, 1, t°], then Dy = 3.

Proposition 3.3 For all k > 0 we have D¢y, = D. + k.

Proof We prove the claim by induction on k. The case k = O is trivial. Let k& >
1 and assume that the claim is true for k — 1. Then there is a sequence of signs
(005 ..+, 0c+k—1), 0; € {0, £1}, o9 # 0, of coefficients of a polynomial in R with
D. + k — 1 different real zeros. In particular,

Var(oq, . .., Ocyk—1) + Var(oo, ..., (—D ¥ o) = De +k — 1.
Letting oc+k = —0c4k—1 We get that
Var(og, - . -, Octk—1, Octk) + Var(og, ..., (=D oo (=D o) = D +k

and another choice of o4 would not result in a larger sum, so D¢y = D, +k. O

Proposition 3.4 Let k > c¢. The maximal number of real zeros that a nonnegative
% . Here the

lower bound is realized by a polynomial that is the square of an element of R.

polynomial f € R<oy can have is between k — (¢ — D) and k —

Proof For the lower bound just take the square of a polynomial of degree k with
Dy = D¢ + k — creal zeros. On the other hand, if f € R is a nonnegative polynomial
with N real zeros, then ¢ f’ € R has at least 2N — 1 zeros. Therefore, 2N — 1 < Dy

implies
_ Doy + 1 _ Dc+2k—c+1 — c—D.—1
- 2 B 2 - 2 ‘
O
Lemma3.5 The point evaluations lp,, ... ,l,, : R<, — R are linearly independent
for any pairwise distinct points py, ..., p, € Rande > ¢+n — 1.
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Carathéodory numbers from Hilbert functions 277

Proof We consider the map ¢ : R<, — R”", g — (g(pi))1<i<n- The polynomial
t¢ H?:],i £t = i) is mapped to a nonzero multiple of the j-th unit vector except
for the case when p; = 0. Thus we have at least all unit vectors but one in the image
and the constant polynomial 1 is mapped to the vector (1, ..., 1). Thus ¥ is surjective
which implies the claim. O

The following lemma generalizes [12, Thm. 3.68] and [16, Thm. 45].

Lemma3.6 Let A C R[x] be the vector space of polynomials on R generated by the
monomials A = {xdl,xdz, . ..,xdm}, m,d; € N, suchthatdy =0 <dp < --- < dpy
and d, is even. If all non-negative polynomials in A have at most C zeros, then

Ch<C+1.

Proof Lets € Sp be a moment sequence.

Step i): If s is in the boundary of the moment cone, there exists a p € A with
p > 0and Li(p) =0, i.e., all point evaluations are located at the zeros of p. Hence,
s requires at most C point evaluations.

Step ii): Assume now s is in the interior of the moment cone.

Homogenize A, ie., B = {ydm,xdzydm’dz, ...,xdm}. Since s is a moment
sequence, we have s = 2521 ci - sa(x;) = Zi:l c;i - sg((x;, 1)). Since x| ydn ¢ B,
we have x9m + ydm > 0 on P! and the moment cone Sp is closed. Hence, by
[16, Prop. 8] there exists an ¢ > 0 such that

cg(x,y) :=sup{r =0|q —r-sg(x,y) € Sg} ()

is attained and continuous for all g € B (s), (x,y) € P!, we have B.(s) C intS,
and

I':= sup ¢,(0,1)) < oo.
4eB(s) (%)

Let

T := U B:(s — ¢ - s3(0, 1))

ce[0,I'+1]

be the e-tube around the line s — [0, " + 1] - s5((0, 1)). Write T = T} U T, U T3 with
Ty :=TNintSg, Tr ;=T NdSg, and T3 := T \ (T1 U T»). Le., T; is the part of the
e-tube inside the moment cone, 7> is the intersection of the e-tube with the boundary
of the moment cone, and 73 is the part of the e-tube outside the moment cone.

Since the moment cone is closed (and convex), also 75 is closed and every path
starting in 77 and ending in 73 contains at least one point in 7. We define

t'i=1—¢q((0, 1) - s((0, 1))
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278 P. J. di Dio, M. Kummer

forall € B.(s).By (x) and (%) we have forallz € B, (s) that¢’ is a moment sequence
without an atom at (0, 1) (by maximality of ¢, ((0, 1))), i.e., ¢’ is a moment sequence
on R and in the boundary of Sa. By step (i) ¢’ requires at most k point evaluations.
Since sg((x, y)) is continuous in (x, y), there exists a § = §(&) > 0 such that

s =5 —es((8, 1) - 58((8, 1) € T,

i.e., also s’ is a moment sequence on IR with at most k point evaluations. Hence,
s =35+ cg((8, 1)) - sg((8, 1)) is a moment sequence on R with Ca(s) < C + 1.
Finally, since s € Sa was arbitrary we have Cp < C + 1. O

Theorem 3.7 Let R = ]R[td‘, R td’] and k > c¢. Every moment functional L :
Ro>r — R is a conic combination of at most k + 1 — ’7%-‘ point evaluations.

There are moment functionals L : R<ar — R that are not a conic combination of less
than k — (¢ — D.) point evaluations.

Proof For the upper bound we combine Proposition 3.4 and Lemma 3.6. We have
1 € R<o; and since k > ¢ we have by the minimality of ¢ (see second paragraph at the
beginning of this section) that x2k e R<2k. So the monomial basis A of R<y fulfills
the conditions in Lemma 3.6 and by Proposition 3.4 every non-negative polynomial

in R<y; hasatmost C = k — {%;l—l zeros. Lemma 3.6 implies that every moment

sequence/functional is represented by at most C + 1 = k + 1 — (%] point

evaluations.
The lower bound follows from Proposition 3.4, Lemma 3.5, and Theorem 2.4. O

Example3.8 a) Let R = R[¢%, r*’*!] with r > 0. In this case we have ¢ = D, =
2r 4 1. Thus for k > 2r 4 1 every moment functional L : R<y; — IR is a conic
combination of at most k + 1 point evaluations and there are moment functionals
which are not a conic combination of less than k point evaluations.

b) Let R = R[¢", ¢!, #"+2,...]. Then ¢ = r and D = 1 if r is odd and D, = 2
if  is even, so the difference between upper and lower bound in Theorem 3.7
grows linearly in r. This situation is in sharp contrast to the results from Sect. 4
on smooth curves.

4 Carathéodory numbers for measures supported on algebraic
varieties

Now for any subset X C R" we are interested in the ring R[X’] of polynomial
functions X — RR. The finite dimensional vector space of all functions X — R
that can be represented by a polynomial of degree at most d is denoted by R[X]<4.
If I C R[xy,...,x,] is the ideal of all polynomials vanishing on X, then R[X] =
R[W] = R[x1, ..., x,1/I where Vo C R” is the Zariski closure of X. Let V C IP"
be the Zariski closure of Vj in the complex projective space. Then one has

HFy(d) = dimR[X]<,. 3)
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From Richter’s Theorem we thus immediately get the following.

Proposition 4.1 Every moment functional L : R[X]<2¢ — R is a conic combina-
tion of at most H Fy (2d) point evaluations l, with x; € X. If X consists of less
than H Fy (2d) path-connected components, then H Fy (2d) — 1 point evaluations are
sufficient. In particular, for large d this upper bound grows like a polynomial whose
degree is the dimension of the Zariski closure of X.

Proof In (3) we already established that dim R[X]<24 = H Fy (2d). Since X is amea-
surable space and monomials are measurable functions, Richter’s Theorem 2.2 implies
that L can be represented by at most dim R[X]<24 = H Fy (2d) point evaluations.
Since X is a topological space which consists of at most H Fy (2d) — 1 path-
connected components, 1 € R[X], and R[X] consists of continuous functions we
have that sa(X’) consists of at most H Fy (2d) — 1 path-connected components. All
conditions of [13, Thm. 12] are fulfilled which implies the upper bound. O

In order to provide lower bounds as well, we will need the following lemma.

Lemma 4.2 Assume that V is irreducible with homogeneous vanishing ideal I and
that its singular locus has codimension at least 2. If k = dim(V), then, for all d large
enough, there are k real homogeneous polynomials f1, ..., fr of degree d whose
common zero set Z on V consists of d* - deg(V) different points that are all real and
contained in V. Furthermore, one can choose the f1, ..., fi to be a regular sequence
with the property that they generate the homogeneous vanishing ideal of Z modulo 1.

Proof By Bertini’s theorem, for a generic choice of k — 1 real linear forms /1, . .., [y
the set VNV, -+ ,Ix_1) C P" is a real smooth irreducible curve X. Since the real
points of V are Zariski dense in V we can furthermore assume that X (R) is nonempty.
Now by [47, Cor. 2.10, Rem. 2.14], for large enough d, there is a homogeneous
polynomial f of degree d all of whose zeros on X are real, simple and do not lie at
the hyperplane at infinity. Since deg X = deg V =: e, these are de many points. The
same is true for the zeros of f on X’ where X’ is the intersection of V with linear
forms l{, e, l,’c_l that are sufficiently small perturbations of /1, . .., [x_1. Therefore,
for sufficiently small € > 0, the common zero set on V of f with the polynomials
fi = ]_[‘ji-:l(li + je-x0),i =1,...,k— 1, consists of exactly d*e real, simple points
that do not lie in the hyperplane at infinity. Thus these d*e points lie in Vj.

In order to obtain the additional properties, we can perturb f1, ..., fi alittle bit so
thateach I; = I 4 (fi, ..., f;) is aradical ideal by Bertini’s Theorem. Finally, since
the dimension of V(I;) is exactly k —i, the f1, ..., fx have to form a regular sequence
modulo / by Corollary 2.11. O

Remark 4.3 In the proof of the preceding lemma lies the reason why, in this section,
we get lower bounds only for sufficiently large d. Namely, Scheiderer’s result in [47],
which states that for every smooth algebraic curve X there are polynomials of degree
d that have only real zeros on X, is only true for sufficiently large d. To find an explicit
lower bound on d, that ensures the existence of such polynomials, is an open problem,
except for the case of M-curves where a good lower bound has been provided by
Huisman [27].
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Example 4.4 The assumption on the singular locus in Lemma4.2 is necessary. Consider
for example the singular plane curve Vo = V(x* — y¥) ¢ R2. It is the image of the
map R — R?, 1 — (3, *). Now the zeros of a polynomial f € R[x, y] of degree d
on Vj correspond to the roots of the univariate polynomial f(z3, t*). But by Descartes’
rule of signs this can not have 4d different real zeros. We dealt with curves of this kind
in Sect. 3.

From this we get our main theorem on the Carathéodory numbers for measures
supported on an algebraic set.

Theorem 4.5 Let X = V) C R" be Zariski closed of dimension k > 0 such that its
projective closure V. C P" is irreducible and its singular locus has codimension at
least 2. Let P € Q[t] be the Hilbert polynomial of V. For large enough d > 0, every
moment functional L : R[X]<2q — R is a conic combination of at most P(2d) — 1
point evaluations ly, with x; € X. On the other hand, there are moment functionals
L : R[X]<2q — R that are not a conic combination of fewer than

PQ2d)—k-P@)+ (g)

point evaluations ly,.

Proof For large enough d we have P(2d) = H Fy (2d). Therefore, by Proposition 4.1,
in order to prove the upper bound, it suffices to show that P (2d) exceeds the number
m of path-connected components of X for large enough d. Since m is finite by [4,
Thm. 2.4.5, Prop. 2.5.13], this is clear because P has positive degree k. For the lower
bound we consider the polynomials fi, ..., fx of degree d from Lemma 4.2 whose
common zero set Z on X consists of d¥ - deg V simple points. The polynomial

A x1, e x) 4 fie(L Xy, x)?

is non-negative and has the same zero set Z on X. By Theorem 2.4 a lower bound
is then given by the dimension of the span of the point evaluations of polynomials
of degree at most 2d in Z. This is the same as the dimension of the vector space
(R[xo0, ..., xn]/J)2q where J is the homogeneous vanishing ideal of Z considered as
a subset of P”. This is by definition H Fz(2d). Since J is given by I + (f1, ..., fx)
where [ is the homogeneous vanishing ideal of V, and since the f; form a regular
sequence, we have
k
-k .
HF7Q2d) = HFp(f,.... 1y 2d) = Y (=1) (:) HF/(d-(2—i))
i=0
by Lemma 2.12. It follows immediately from the definition of the Hilbert function that

HFy(m) =0form < 0and HFj(0) = 1. Therefore, only the first three terms of the
above sum are nonzero and we obtain:

HF;(2d) = HF;(2d) — kHF;(d) + (I;)
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For large d the Hilbert function coincides with the Hilbert polynomial which shows
the claim. o

Example 4.6 This example is to demonstrate that both upper and lower bound from
Theorem 4.5 are false when d is not large enough. Consider the plane curve X C R?
defined as the zero set of the polynomial x® + y8 — 1. It is path-connected and its
Zariski closure C C P2 is smooth with Hilbert polynomial P(d) = 8d — 20. Thus
for d = 1 we have

PR2d)—1=P2)—1=-5<0

which cannot be an upper bound. However, by Proposition 4.1 an upper bound in the
case d = 1 is given by

HFcQd)—1=HFc(2) —1=5.

Finally, again for d = 1, we have
k
PQd)—k-P)+ <2> =PR2)—P(1)=38

which exceeds the upper bound and thus cannot be a lower bound.

Example 4.7 Let X C R”, n > 2, be the boundary of the unit ball, i.e., the zero set of
1 — (x? + ...+ x2). Its Zariski closure

V=V0&i— @I +...+x2) CP"
is irreducible and smooth. A direct computation gives its Hilbert polynomial:
n+d-—1 n+d-—2
Pd) =
o=(""7 ) (00)

It agrees with its Hilbert function for d > 0. By Theorem 4.5 there is a dp such that
for all d > dy, every moment functional L : R[X]<24 — R is a conic combination

of at most
n+2d—-1 n+2d—2
+ -1
2d 2d — 1
point evaluations with points in X. Moreover, there are moment functionals L :
R[X]<24 — IR that are not a conic combination of fewer than

n+2d—1 n+2d—2 n+d-—1 n+d-—2
(") () e () (10)
n—1
(")

@ Springer



282 P. J. di Dio, M. Kummer

point evaluations. We claim that in this case we can even choose dy = 1. Indeed, since
X is path-connected, P (2d) exceeds the number of connected components whenever
d > 0. Moreover, letting /; = x; the curve X in the proof of Lemma 4.2 is the Zariski
closure of the unit circle in the plane. Then clearly for any d > 1 there is a polynomial
of degree d all of whose zeros on X are real, simple and do not lie at the hyperplane
at infinity: Consider for example the union of d distinct lines through the origin. Thus
the proof of Theorem 4.5 shows that we can choose dy = 1. In the case n = 3 the
Carathéodory number C is thus bounded by

2d* < C <4dd +1).

Let us examine the ratio of the lower and upper bound from Theorem 4.5 as d goes
to infinity:

— . k k
PR —k-PA+() _ | P@ () aex K @)
P(2d) P(2d)  P(2d) 2t

Thus if the dimension k of X is not too small, our bounds are rather tight — at least
for large d. On the other hand, if k = 1, i.e., X is a smooth algebraic curve, using a
refined argument, we obtain bounds that are even better, namely they differ only by
one.

Theorem 4.8 Let X = Vo C R” be a compact algebraic set of dimension 1 such that
its projective closure V. C P" is a smooth irreducible curve of degree e. For large
enough d > 0, every moment functional L : R[X]<2q — R is a conic combination
of at most d - e + 1 point evaluations Iy, with x; € X. On the other hand, there are
moment functionals L : R[X]<2q — R that are not a conic combination of fewer
than d - e point evaluations l,.

Proof The Hilbert polynomial of V is of the form H Py (¢t) = e -t + a. Thus the lower
bound from Theorem 4.5 is just d - e.

In order to prove the upper bound we use a similar technique as in Lemma 3.6.
At first we show that a non-negative polynomial f on X of degree 2d can have at
most d - e different zeros on X (or vanishes on all of X'). Indeed, the zero set of f on
X is contained in V(f") N V where f" is the homogenization of f. Since V(f") is
a hypersurface of degree 2d and V a curve of degree e, the intersection V(f") NV
consists of 2de points counted with multiplicity. But because f is non-negative on X,
each zero of f on X must have even multiplicity as otherwise there would be a sign
change. This shows that f has at most d - e different zeros on X.

Now we show the upper bound d - e 4 1. Let A be a basis of R[X]<24 and s € Sp
be the moment sequence of L. Since 1 € R[X]<zs and & is compact, Sa is closed
and pointed, i.e.,

cs(x) :=sup{c = 0]s —c-sa(x) € Sa} <0

is attained for every x € X. Hence, s’ = 5 — ¢;(x) - sa(x) € dSa and there exists
an f € R[X]<z4 such that f > 0 on X and Ly (f) = 0 holds. Since f has at most
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d - e zeros, s’ is represented by at most d - e point evaluations. s = s’ + ¢y (x) - sa(x)
requires therefore at most d - e + 1 point evaluations in X. O

Remark 4.9 As we have seen in Sect. 3, the smoothness assumption in Theorem 4.8
is crucial.

In the next section we use the techniques and results from this and the preceding
sections to obtain new lower bounds for the cases X = R" and X = [0, 1]".

5 Lower bounds on the Carathéodory number

Several lower bounds on the Carathéodory number are known, see e.g. [17]. For
bivariate polynomials of odd degree A = R[x1, x2]<24—1 Moller [39] proved

d+1 d
FE)el2] = o

In [16] the first author and K. Schmiidgen gave a very general lower bound improving
Mollers lower bound to

1 (2d +1 1 (2d+2
L] = e [L0)] 5 e

In [46] C. Riener and M. Schweighofer further improved the lower bound to
d—=17 < Cayppyy ()

They used [46, Prop. 8.5], a polynomial version of Theorem 2.4, applied to fl2 + f22
where

i) =& -D&x=2)---(x—d) and (=@ -Dy—=2)---(y—d)

and found dim R[x, y1/(f1, f2) = d?, ie., dimlin {salxi, y) lxi,y;j=1,....d} =
d? and therefore the moment functional L : R[x, Vl<oq = R with L = Zfl j=I L, j
has Carathéodory number d2. In [15] this was extended to higher dimensions by
investigating the linear (in)dependence of sa(x;) on the grid G = {1, ..., d}" (for
X =R"and G ={0,1,...,d}" (for ¥ = [0, d]"). As in the previous section the
main idea is that the dimension of point evaluations

dimlin {sa, ,(x) | x € Z(f)} (6)

can be translated into
dim(R[xo, ..., xx1/Da, )
i.e., the dimension of the homogeneous part of R[x, ..., x,]/I of degree d for some

homogeneous ideal 1.

@ Springer



284 P. J. di Dio, M. Kummer

Lemma5.1 Letn,d € IN and set
pi = (xi —x0) -+ (x; —dxo) and q; = x;(x; — x0) -+ (x; — dxp)

fori =1,...,n. The following holds:

(1) The sequences p1, ..., pnand q1, ..., qn are regular.
(ii) The ideals generated by py, ..., pn resp. qi, - .., qn are radical.
(iii) Let fi1, ..., fu be a regular sequence of homogeneous functions f; of degree d.
The Hilbert function H Fg, of R, := Rlxo, ..., x,1/(f1, ..., fu) is

HFg,(k) =Y (=) - <’:> - HFpn(k —i - d).
i=0

In particular, we have

HFRn(zd_z):<n+2d—z)_n_<n+d—2>’

n n
HFRn(Zd—1)=(n+2nd_1>—n~<n+j_l),

() (7))

HFRn(2d+1)=<n+2’;l+1)_n.(n+z+l>+3.(n—3|—1>.

and

Proof Part (i) follows directly from the fact that each p; resp. g; is a monic polynomials
over R[xp] in the single variable x;. Part (ii) is a direct consequence of [2, Thm. 1.1].
Finally, since H Fpn (k) = ("}*) for k > 0 and H Fipn (k) = 0 otherwise, Lemma 2.12
directly implies (iii). O

From this lemma we derive the following lower bounds for the Carathéodory num-
ber Cp,,, and Ca, ,,., on X = R".

Theorem 5.2 Let n,d € IN and X C R" with non-empty interior. For even degree
A =Rl[xi, ..., xy]1<24 we have

n+2d n—+d n
o = ()= (1))

and for odd degree A = Rlxy, ..., xp]<244+1 we have

n+2d+1 n+d+1 n+1
Chvras = ( n >_”< n >+3'< 3 )
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Proof Since X € RR" has non-empty interior there is a ¢ > 0 and y € R” such that
y+e-{1,...,d}" C X.TheaffinemapT : X’ — X, x — y-+e¢-x shifts the moment
problem on X to X/ = ! (X =y)withR[xy, ..., xp]l<ap = Rlx1, ..., x4]l<poT,
D =2d,2d+1,and {1, ...,d}" C X'.Sow.l.o.g. we can assume that {1, ..., d}" C
X. Then we can proceed as in the proof of Theorem 4.5 by choosing the f; to be the
pi from Lemma 5.1. We have already calculated the concrete resulting values of the
Hilbert function in Lemma 5.1. O

These lower bounds coincide with the numerical results in [15, Tab. 2]. Note that for
n = 1 we get for the even and odd degree cases the bound d. This is the maximal number
of zeros of a non-zero and non-negative univariate polynomial, i.e., the Carathéodory
number of moment sequences on the boundary of the moment cone SAn.2 , Or Sp
respectively. In fact, we proved the following.

Proposition5.3 Letn,d e N, k € {0,1}, X =R", and G = {1, ...,d}". Then

n,2d+12

s = ZsAn’zﬂk(x) resp. L = Z Ly : Rlxy, ..., xpl<2d4+k — R

xeG xeG

supported on the grid G with L(p) =0, p = p]2 4+ 4 p% > 0 from Lemma 5.1,
and the representing measure jL =y _ .. 8 has the Carathéodory number

() =m0+ (3)  frk=0.

n

CAn,2d+k(S) = {(n+2nd+l) —n- (n+g+l) +3. (n-é—l) fork =1.

We get the following lower bounds for the case X = [0, 1]" (or equivalently
X = [0, d]") which serves as an example of a compact set X'.

Theorem 5.4 Letn,d € IN and X = [0, 1]". For even degree A = R[x1, ..., xpl<2q
we have
n+2d n+d-—1
o = () (72
and for odd degree A = Rlxy, ..., xp]<24+1 we have

n+2d+1 n+d
CAn,zd+1 = ( n >_"( n )

Proof The proof follows the same arguments as in Theorem 5.2. Since we work on
[0, 1]" we can choose the f;’s to be the g;’s as in Theorem 4.5. Then Lemma 5.1
provides the explicit values of the Carathéodory numbers. O

Additionally, note the difference between the lower bounds from Theorem 5.2 and
Theorem 5.4. In the one-dimensional case a non-negative polynomial p of degree 2d
has at most d zeros by the fundamental theorem of algebra:

P = (x —x1)? - (x — x0)*.

@ Springer



286 P. J. di Dio, M. Kummer

However, on the interval [0, 1] a non-negative polynomial ¢ of degree 2d can have up
to d + 1 zeros

q(x) = (x —x1) - (x —x2)? - (x —xg-1)% - (xg — x)

when x; = 0 and x; = 1 holds. So interior zeros count twice, zeros on the bound-
ary only once. This concept appeared already in the classical works of Krein and
Nudel’man about 7 -systems, see [31, Ch. 2]. So in higher dimensions for R” all zeros
are interior points but for [0, 1]” we can place zeros on the boundary.

Note that for n = 1 we get for the even and the odd case the lower bound d + 1.
This is the maximal number of zeros of a non-zero and non-negative polynomial on
[0, 1]. For n = 2 we get the following.

Corollary 5.5 Ford € N and X = [0, 11> (n = 2) we have
CAz.zd > (d+ 1)2 and CA2,2,1+1 > (d+ 1)2.

Theorems 5.2 and 5.4 give lower bounds on the Carathéodory number of Sa,,
by constructing one specific boundary moment sequence s and calculating its Cara-
théodory number Cp, , (s). But from the following considerations it will be clear
that Theorems 5.2 and 5.4 already show that in higher dimensions and degrees the
Carathéodory numbers behave very badly, see Theorem 5.6. Previous results in [16]
and [46] show that for n = 2 we have

1 C 3
= < liminf 224 < limsup 224 ay ®)
2 d—oo |Az,q d—oo |A2,4l 4
From Theorems 5.2 and 5.4 we get the following limits.
Theorem 5.6 For X C R" with non-empty interior we have
C
lim inf —2n4 > 11— i foralln € N
d—oo |Apdl 2n
and
C
And foralld € N.
n—o0 |A, 4]
Proof Follows by a direct calculation as in Equation (4). O

In (8), i.e., [16] and [46], we have seen that for n = 2 the upper bound on the
Carathéodory number is considerably smaller than |A2 4|, namely % - |A2.4] is an
upper bound. But Theorems 5.2, 5.4, and 5.6 confirm the apprehensions in [15] on the
Carathéodory numbers and their limits. Note that for X' = [0, 1]” the following was
proved already in [15].
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Theorem 5.7 ([15, Thm. 59]) For R[x1, ..., x,]<2 on X = [0, 11" we have

<n;2)—n < CA,L2 < <n;2)—1.

Thus for higher dimensions n, even with fixed degree d, it is not possible to give
upper bounds Ca, , < ¢ - |A; 4| with ¢ < 1 for all .

Corollary 5.8 Let X C R" with non-empty interior and d € IN. For ¢ > 0 there is
an N € IN such that for every n > N there is a moment sequence s € Sa, , resp. a
moment functional L : R[xy, ..., xp]<q¢ — R with

Cha(s) = (1—e)- (”:d) :

i.e., Lg is the conic combination of at least (1 — ¢) - (”‘,’;d) point evaluations ;.
Proof Choose s resp. L as in Proposition 5.3. This has the desired property. O

So even when we work with the probably most well behaved moment problem,
i.e., polynomials, the Carathéodory number is cursed by high dimensionalities. In the
next section we study the consequences of these new lower bounds and their limits
for Hankel matrices and flat extension.

6 Hankel matrices and flat extension

Recall that for a finite dimensional space A of measurable functions with basis A =
{ai, ..., ay} the Hankel matrix H(L) of a linear functional L : A% = Ris given by
H(L) = (L(aiaj)){';_y. e,

ar(x)ai(x) ... ap(x)am(x)
H(L) = S dux) = /X sa(0)-sa (0T dux) (9)

ary(X)am (x) ... am (xX)am(x)
if w is a (signed) representing measure of L. Hence we have the following.

Lemma 6.1 Let A be a finite dimensional vector space of measurable functions with
basisA={ay,...,am). For L : A> > Rwith L = Z{;l ci - ly; (¢i € R) we have

k
‘H(L) = Zci -sa(x;) - sA(xi)T and rank H(L) <k.
i=1

The following are equivalent:

(i) rank H(L) = k.

@ Springer



288 P. J. di Dio, M. Kummer

(i) sa(x1), ..., sa(xx) are linearly independent.

Proof By replacing x*, xP, and x*+B by a;, aj, and a; ; = a; - aj, respectively, with
(9) the proof is verbatim the same as in [48, Prop. 17.21]. O

Note that the previous result holds for signed representing measures.

It is very hard to check whether a linear functional L is a moment functional. If
X is compact and A% contains an e > 0 on X then one has to check the following
condition:

Ly(p) >0 Vp € Pos(A%, X) :={a € A*|a = 0}.

But the set of non-negative functions Pos(A?, X') on X’ is in general hard to describe.
For example deciding, whether a polynomial p € R[xy, ..., x,]<24 is non-negative,
is an NP-hard problem (for fixed d > 2 as a function of n), see e.g. [7, p.56]. One
approach to overcome this problem is to approximate non-negative polynomials with
sums of squares (SOS): Checking whether a given polynomial is a sum of squares is
equivalent to deciding whether a certain semidefinite program (SDP) is feasible, see
[7, §4.1.4], and (under some mild assumptions) one can solve an SDP up to a fixed
precision in time that is polynomial in the program description size [7, §2.3.1]. The
connection between the truncated moment problem and non-negative polynomials
run deep and can be found in a large number of publications on the truncated moment
problem, see e.g. [1,31,34,36,38,48].

Flat extension is another method to determine whether a linear functional L :
R[xi, ..., xp]l<2¢ — R is a moment functional, see e.g. [8,9,36,37,48]. Let D > d
and Lo : R[x1, ..., x,]<2p — IR be alinear functional that extends L. An extension
Ly : Rlx1,...,xs]l<2p+2 of Lo is called flat with respect to Lo if rank H(L1) =
rank H(Lg). Then by the flat extension theorem, see [8,9] or e.g. [48, Thm. 17.35],
there are linear functionals L; : R[xy, ..., x,]<2p+42; with rank (Lg) = rank (L;)
such that L; extends L;_1 for all i € IN. These determine a linear functional L, :
R[x1,...,x,] = R which is called a flat extension of Lg (to all R[x1, ..., x,]),1.e.,
every restriction Loo|R[y;,..., Xnleanysa is a flat extension of Loo|R[x,,....x,].,, fOr all
D’ > D. Exists such a flat extension Lo, then by the flat extension theorem Loisa
moment functional if Lo(a?) > 0 for all @ € R[xy, ... , Xnl<p. In this case L is of
course a moment functional as well. It was open to which degree 2D the functional L
must be extended in order to have a flat extension. The upper bound of D < 2d follows
immediately from the Carathéodory bound [8,9]. Part one of the following theorem is
due to Curto and Fialkow. Our new lower bounds on the Carathéodory number show
that D = 2d is attained and is stated in part two of the following theorem.

Theorem 6.2 (i) For every moment functional L : R[x1, ..., xy]l<2q — R there is a
D < 2d and an extension to a moment functional Lo : R[xi, ..., x,]l<op = R
that admits a flat extension Lo : R[x1, -+, x,] = R.

(ii) For every d € NN there is an N € N such that for every n > N there is a moment
Sunctional L on Rlx1, - -, xy1<2q4 such that D = 2d in (i) is required.
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Proof (i): By [16, Cor. 14] we have C := Ca,,, (L) < ("124) — 1, i.c.,

C
L:Zci-lxi with ¢; >0
i=1

and the /,; are linearly independent on R[xq, ..., x,]<2q. Then Lo : Rlxy, ..., x,]
— Rdefinedby Lo (f) := Zic=1 ¢i- f (x;j)isaflatextensionof Ly := LIR[xy, ... xp]<aa-
(ii): Let s € SAH’M resp. Ly : R[x1,...,x,]<24 — R as in Proposition 5.3 and

assume D = 2d — ¢, ¢ € IN. From the condition Cp, ,, (s) < ("% that the Hankel
matrix of the flat extension must be at least the size of the Carathéodory number of s
we find that

<n+2d—c> <n+2d—c) (n—l—Zd)
n n n
1 lim ——% = lim .

IA

n— 00 CAn,Zd (s) T s n-+2d CAn.2d (s)
n N———
—1 by Thm. 5.6
_ lim Q2d—c+1)---(2d) _
T oo (n42d—c+1)---(n+2d)
This is a contradiction, i.e., ¢ = 0 must hold. O

Example 6.3 Consider the moment sequences s = (sa)aengm <24 Tesp. functionals
L : Rlx1,...,x,]<24 — R from Proposition 5.3 supported on the grid {1, ..., d}".
The condition Ca, ,,(s) < ("%P ), meaning that the size of the Hankel matrix must be
at least the size of Carathéodory number of s, shows that (n, d) = (9, 2), (7, 3), (6, 4),
(6,5), and (', 6), for all n’ > 6, are small examples where the worst case extension
to degree D = 2d is attained. Even for d = 10'° the worst case extension is already
necessary for n = 51.
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