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Zusammenfassung

In dieser Arbeit studieren wir das Abtasten und die Rekonstruktion von Signalen, die
eine diinnbesetzte Struktur besitzen. Wir werden dabei verschiedene Modelle betrachten.
Zuerst studieren wir das Abtast- und Rekonstruktionsproblem mittels Generalized Sam-
pling. Generalized Sampling ist eine lineare Rekonstruktionsmethode, die es erlaubt zwei
beliebige Frames zu benutzen, einen fiir das Abtasten und den anderen fiir die Rekon-
struktion. Ein wesentlicher Fokus wird in dieser Arbeit auf Shearlets liegen, welches ein
Représentationssystem ist, das die sogenannte Optimal Sparse Approximation Rate fuer
cartoon-dhnliche Funktionen erfillt. Fir das Abtastystem werden wir hiufig die Fourier-
basis betrachten, da diese auch in der Magnetresonanztomografie (MRT) verwendet wird.
Unabhéngig von dem Abtast- und Rekonstruktionsproblem mit Hilfe von Shearlets werden
wir die fundamentale Eigenschaft der linearen Unabhéngigkeit von Shearlets untersuchen
und eine neue Konstruktion fiir Shearlets auf beschriankten Gebieten geben.

Des Weiteren studieren wir die Rekonstrution von diinn besetzten Signalen durch
¢'-Minimierung was fundamental ist im Gebiet des Compressed Sensings — eine The-
orie, die die Akquisition und Rekonstruktion von diinnbesetzten Signalen durch lésen
eines Optimierungsproblems anhand von einer unvollstindigen Menge an Messungen
studiert. Dabei werden wir zwei verschiedene Situationen studieren: Zuné&chst unter-
suchen wir das unendlich dimensionale Problem mit Hilfe von multiskalen Abtaststrate-
gien und lokalisierten Rekonstruktionssystemen, welche wiederum mit einer natiirlichen
Multiskalenstruktur versehen sind, wie zum Beispiel die Shearletsysteme. Insbesondere
werden wir eine Verallgemeinerung der Shearlets betrachten, ndmlich das der a-Molekiile.
Wir zeigen, dass eine stabile Rekonstruktion von Fouriermessungen fiir solche Systeme
moglich ist, dabei werden wir insbesondere die Balancing Property untersuchen, die im
Wesentlichen das Abtastschema unter Beriicksichtigung der Struktur des Rekonstruktion-
ssystems bestimmt und zeigen, wie man diese fiir Systeme wie a-Shearlets nachweisen
kann.

Anschliefend studieren wir nicht-konvexes Compresses Sensing in dem wir iiber ¢P-
quasinormen fiir p € (0,1) minimieren. Wir zeigen die Stabilitdt der Losungen die man
durch eine derartige Minimierung iiber Primal Frame Coefficients oder iiber Dual Frame
Coefficients erhélt. Fiir Letzteres fiihren wir ein neues Konzept ein, das der sogenannten
Frames mit identifizierbaren dualen Frames. Die Resultate hierzu werden in groferer
Allgemeinheit bewiesen und sind anwendbar auf alle Abtastmatrizen, die die sogenannte
Restricted Isometry Property erfiillen. In einigen zusédtzlichen numerischen Experimenten
vergleichen wir dann Rekonstruktionen, die durch ¢P-quasinormen erhalten wurden, mit
Rekonstruktionen die durch klassisches Compressed Sensing, erhalten worden sind, d.h.



durch Minimierung iiber die /!-Norm. Diese Experimente sind dann fiir Shearletrekon-
struktionen anhand von Fouriermessungen durchgefiihrt worden.

Wir werden aufserdem einen neuen Algorithmus vorstellen der auf der Multiskalen-
struktur der sparsifizierenden Transformen beruht, wie zum Beispiel die Shearlet- oder
Wavelettransformation. Insbesondere wird diese Stuktur mit reweighted £ -minimization
kombiniert. Wir testen den Algorithmus an diversen Bildern, in dem von einigen Fouri-
ermessungen der jeweiligen Bilder, Shearletrekonstruktionen berechnen werden.

Dariiberhinaus werden wir in dieser Arbeit Shearlets auf reale Daten anwenden. Als
erstes rekonstruieren wir medizinische Daten anhand von Fouriermessungen, die von
einem MRT-Gerédt aufgenommen worden sind. Insbesondere rekonstruieren wir ein 3D
Volumen anhand eines radial abgetasteten k-Raums. Anschliefend betrachten wir ein
Inpainting Problem aus der Elektronenmikroskopie.



Abstract

The main topic of this thesis is to study the sampling and reconstruction problem of
signals that have a sparse structure. We thereby consider different models. First, we
study the sampling and reconstruction problem using generalized sampling which is a
linear reconstruction method that allows to use two arbitrary frames one as a sampling
system and another one as a reconstruction system. The particular focus is then on using
shearlets as a reconstruction system, since they provide the optimal sparse approximation
rate for cartoon-like functions, which are compactly supported functions that are smooth
up to a piecewise smooth discontinuity curve. As for the sampling process we often focus
on the Fourier system, as these have a direct application to magnetic resonance imaging.
In the context of shearlets, we also study the fundamental property of linear independence
and present a novel construction of shearlets on bounded domains in this thesis.

Further, we study the recovery of sparse signals by using ¢'-minimization which is at
the heart of compressed sensing — a theory that studies the acquisition and recovery of
sparse signals via an optimization problem from an incomplete amount of acquired data.
This will be done in two ways: First, we investigate the infinite dimensional problem
using multilevel sampling schemes as well as localized systems that carry an intrinsic
multiscale structure such as shearlets. In fact, we will consider the more general case
of a-molecules and show how recovery guarantees can be obtained for such systems in
combination with Fourier samples. One focus will be on the balancing property which
essentially determines the samples that must be acquired for successful recovery. It relates
the sampling procedure to the sparsity structure of the system and we will show how it
can be verified for certain type of systems such as a-shearlets.

Next, we consider non-convex priors such as the ¢P-quasi norms for p € (0,1). We show
theoretical stability of solutions that are obtained from #P-minimization when minimizing
over dual coefficients as well as over primal coefficients. For the latter case we introduce
a new concept called identifiability of duals which guarantees the sparsity equivalence
between the primal and the dual system. The theoretical results are presented in full
generality and apply to all sampling matrices that fulfill the restricted isometry property
RIP. In some numerical experiments we will then compare the different solutions that
are obtained by ¢'-minimization and ¢P-minimization, respectively, for the case of Fourier
samples and shearlet reconstructions.

We then also introduce a novel algorithm that is based on the multilevel structure
of sparsifying transforms such as shearlets or wavelets. In particular, this structure is
combined with the idea of reweighted £*-minimization. This algorithm is intensively tested
and compared to other methods. Again the focus will be on Fourier measurements in these



experiments.

Finally, we apply shearlet based recovery to real data. First, we recover medical images
from Fourier measurements as they appear in the applications. In fact, we will recover
a 3D volume from radially subsampled k-space data. Furthermore, we also consider an
inpainting problem appearing in electron microscopy.
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Theory



Introduction

In this thesis we present several new results for different models that are prominently
used in applied mathematics for sampling and reconstruction problems. By a sampling
and reconstruction problem we understand the recovery of a certain object of interest from
an incomplete amount of samples. Such sampling and reconstruction problems appear in
many different practical areas such as signal transmission, medical imaging, and image
mpainting.

The latter two are of particular interest and serve as leading motivations of our the-
oretical results when it comes to applications. Indeed, the theoretical foundations and
results that are presented in this thesis will be supplemented with applications to special
image reconstruction tasks considered in magnetic resonance imaging (MRI) and electron
microscopy (EM). In particular, we will use real experimental MR data in Chapter 6 to
recover a spatial volume from its k-space measurements. Further, in Chapter 7 we will re-
cover certain objects from its pixel data acquired in scan transmission electron microscopy
to verify some of the theoretical concepts of this thesis.

Representation systems

We model the sampling and reconstruction problem in a (separable) Hilbert space (H, (-, -))
with a particular focus on L? — the space of square integrable functions. Modelling the
problem in a Hilbert space has the advantage that we can rely on many powerful results
from functional analysis and especially harmonic analysis in the scenario where H is L?.
Also this assumption is general enough so that the results that we obtain can be applied to
many problems such as the medical data reconstruction in MRI where essentially Fourier
coefficients of the signal are acquired.

Furthermore, the model assumption of working in a Hilbert space has the advantage
that every signal f € ‘H that we wish to recover has a representation of the form

F=Y (a0 (0.1)

A€A

for some orthonormal basis (¢x)xen of H. However, one should not expect that (0.1) is
the only possible representation formula of f and indeed, this is not case. Let us generally
call any (¥))rea C H a representation system for H if for any f € H there exists at least
one sequence of scalars (cy)aea € £2(A) such that

F=Y et (0.2)

AEA
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Clearly, any orthonormal basis (1)) cp of H is a representation system.

Another different type of representation system in a Hilbert space is given by the
concept of frames. ) We call a sequence of elements (¥a)aen of H a frame for H if there
exist two constants 0 < A < B < oo such that for all f € H

AIFIP < D K8 < BIFIP (0.3)

AEA

holds. Equation (0.3) guarantees that the so-called frame operator

S:H—H,
Fe > (),

AEA

which is indeed a linear bounded operator as per definition, possesses a linear bounded
inverse operator S~!. Note that

(SE ) =D 1 onl

A€A

Therefore a frame is indeed a representation system since

F=85"1 = (ST )0

A€A

Now, given an orthonormal basis it is easy to construct a frame that itself is not an
orthonormal basis, in particular every Hilbert space contains infinitely many frames.
Thus, in general, one might pursuit to find a frame that suits the problem at hand better
than others.

For example, if H is the Hilbert space L? and we were interested in the approximation
of functions that have certain characteristic properties, such as smoothness properties,
then one might be better off with a representation system that itself consists of smooth
functions and share similar properties as the function that one tries to approximate. This
idea leads to the following general philosophy: First one specifies the class of functions that
one is interested in. Then the second step is to develop a notion of optimal approrimation
for this class functions. The next crucial step is then to construct an actual representation
system that achieves the optimal approximation rate.

One particular instance that fits perfectly into this philosophy are shearlet frames
that have been introduced in |[GKL06, LLKWO05| as an optimal approximating system
for so-called cartoon-like functions which are a simplified mathematical model for natural
images.

Shearlet frames will play a great role in the upcoming content of this thesis, thus, in
Chapter 1 we will give a compact introduction into shearlets as well as present a novel
construction of shearlets systems on bounded domains such as [0,1]2.

®In Appendix A.1 - we provide some basic definitions and properties of frame theory.



Sampling and reconstruction model

In the previous section we mentioned the flexibility of choosing a representation system
in order to represent the initial object of interest efficiently. Now we want to specify how
this can be used for certain types of sampling and reconstruction models but first, we fix
the model for the sampling procedure.

Suppose we are given some linear functionals my : H — C, k € N that are ought to
measure an object of interest f € H. More precisely, given the set of measurements

(mu(f) : k=1,2,..., (0.4)

how can we retrieve f? Note that the model assumption (0.4) covers the case where
Fourier measurements are acquired. Moreover, how can the information be used that f
can be nicely approximated by a specific representation system? In other words, given
the measurements (0.4) and an a priori chosen representation system (1)) ca, we want
to find coefficients (¢))aea € £2(A) such that

> aa~f.

AEA

At this point it becomes very evident why it could be of great advantage to choose the
representation system accordingly. In fact, if we know something about the coefficients in
the expansion above — such as sparsity, i.e. only very few coeflicients in the representation
are non-zero — then possibly less (non-zeros) coefficients need to be computed so that the
error in the approximation is small. Indeed, if the first exact coefficients of a representation
can be computed, then the error of the approximation would decay as the tail of this
coefficient sequence. (1)

Sampling and reconstruction problems of this kind can mathematically be formalised
by the concept of generalized sampling which was developed by Adcock et al. in [AH12a,
AH12b, AHP13]. Generalized sampling is a reconstruction method that allows one to
study the existence and error behaviour of reconstructions given a fixed number of mea-
surements of the above form (0.4) and an arbitrary reconstruction system of choice. In
particular, generalized sampling provides certain characteristic quantities that, if properly
understood, can tell us precisely how many measurements are needed to be acquired - in
an asymptotic sense - in order to recover a fixed number of coefficients that one wants to
recover. For that purpose it is again a great advantage to have some a priori knowledge
about the representation system or in particular the coefficients that are needed in the
representation (0.2) of it.

We will introduce the method of generalized sampling and its main characteristics
in Chapter 2 in more detail and study its capabilities of recovering functions from their
Fourier measurements, i.e. in (0.4) we have my(f) = (Ff)(&x) for appropriately chosen
frequencies &, € R%, k = 1,2,.... We thereby focus of reconstructions using a shearlet
frame. In this context, we will also draw a comparison with a similar analysis that have
been done for wavelet systems. (i)

(i Provided the synthesis operator T : 2(A) — H, (ca)ren — erA cAy is bounded.
(i) Some basic definition and properties of wavelets will be presented in Appendix B.
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Sparse recovery via optimization

In the above reconstruction scheme we already mentioned sparsity as a possible desired
ingredient in the model. Note that the sparsity of an element depends on the represen-
tation system and is measured by its number of non-zero coefficients in that particular
representation system, cf. (0.2).

The additional information of having a sparse signal that one wants to reconstruct
allows one to reconstruct the (sparse) object from significantly less number of measure-
ments than one might first expect. For instance, in the event of Fourier measurements,
i.e. mp(f) = (Ff)(k), k € Z, it is known that every L'-function f on the torus T ) can
be represented in terms of complex exponentials by

f= Z mk(f)e_zm(')g, almost everywhere
keZ

provided the sequence of measurements (mg(f))xcz is in £1(Z). This means that the
measurements can immediately be used for the reconstruction. However, if we were to
subsample the data in that way as well as reconstruct it by this reconstruction procedure,
then one might observe that the truncated Fourier series

N

Z my(f)e” 08

k=—N

converges considerably slow and thus results in a far from optimal reconstruction. Note
that it is in particular this example for which a novel method called compressed sensing has
led to astonishing new recovery results. However, the recovery guarantees in compressed
sensing usually come at the cost of a reconstruction formula. In particular, in compressed
sensing the reconstruction is not obtained by a closed form solution, such as the truncated
Fourier series in the previous example, but rather via solving a convex optimization
problem of the form

min Y [{g,x)]  subject to  my(g) = m(f), (05)
AEA

where (1)) ea denotes the sparsifying system, for example a shearlet system. Note that
minimizing the sum of absolute values in (0.5) tends to impose a sparsity constraint of
the reconstruction are sought. In Chapter 3 we will give a more detailed introduction into
compressed sensing and analyse it for the scenario where again Fourier measurements are
acquired and shearlet reconstructions.

In Chapter 4 we then consider a different type of minimization problem namely we
will study solutions that are obtained from the non-convex optimization problem

min 3" [{g, ¥ subject to mi(g) = mi(f), 0<p<1 (0.6)
g
AEA

and arbitrary sparsifying systems (¢))xea. Further, in a sequence of numerical examples
we will explain what can potentially be gained by considering the minimization (0.6) for
any p smaller than one.

() That is the unit sphere with opposite sites identified.



Basics and notations

In this thesis we will assume the reader to have some basic knowledge in Fourier analysis,
frame theory and wavelet analysis. At the end of the thesis we have also included some
basic definitions and results that are helpful.

Furthermore, the following notations are used in this thesis unless it is stated other-
wise:

#: Cardinality of a set.

|- Absolute value of scalars of C.

I 1I: Norm of the Hilbert space H.

a<b: a is less than equal to b up to a constant with a and b being positive scalars.

CN(RY):  Space of N-times differentiable functions on R¢ with d € N.

F.J: Fourier transform of a function f € L'(R%) N L2(R%), i.e.

ENO =7 = [ 1@ da.
The Fourier transform can be extended to L?-functions and we will use the
same notation for this case.

(+,): Standard inner product of either L%, ¢, or CV.

7 Scaling number which is always assumed to be an integer in N U {0} In
particular, we will often write j > 0 which always means j € NU {0},

A: Countable index set which will often be left out as it is clear in most cases.
For example we shall write (cy)y instead of (c))rea everywhere where it
cannot cause any confusion. We will do the same with sums, i.e. we write
>, instead of >y 4.

P(A): Sequence space equipped with norm

1/p
[(ex)renlly = (Z |CA|p> , 1<p<oo
AEA

We will write P on many occasions.

LP(Q): Lebesgue space with norm

1/p
HfHPZ(/QIf(x)I”dx)  l<p<oo

If @ = R%, then we will simply write LP whenever it cannot cause any

confusion.
No: Extended set of positive integers, i.e. No = NU {0}.
supp : Support of a vector in C? or an everywhere defined function.

All other variables and notations are introduced in the respective sections.



Chapter 1

Shearlets

We already mentioned shearlets in the introduction as a powerful representation system
that is in fact optimal for a certain class of images. In this chapter we present an overview
of shearlet systems and their approximation properties to make this statement more
precise. We start with a recap of the most common constructions of shearlet systems,
namely band-limited shearlet systems and compactly supported shearlet systems. Then
we discuss the class of cartoon-like functions for which shearlets yield an optimal sparse
approximation rate. We will then also discuss how such systems can be implemented and
the last section of this chapter is devoted to a novel construction of shearlet systems on
bounded domains.

1.1 Classical shearlet frames

Shearlets were first introduced by K. Guo, G. Kutyniok, D. Labate, W.-Q Lim and G.
Weiss in [GKL06, LLKWO05| and are representation systems for L?(R?) that are based
on anisotropic scaling, shearing, and translations. Anisotropic scaling and in particular
shearing are concepts that only make sense in dimension two or greater. We will restrict
our presentation to the case d = 2. However, constructions for higher dimensions are
known in the literature [KLL12].

The anisotropic scaling that is used for a shearlet system is obtained by using parabolic

scaling matrices
270 ~ 21120
Ay = <0 23‘/2)7 Ay = ( 0 91 )

with scaling parameter j € Ng. The shear action can also be achieved by a matrix; we

denote by
1 k
=0 1)

the shearing matrices with shearing parameter k € Z.

Using the anisotropic scaling matrix, the shearing matrix and the standard integer
shifting operation of functions in L?(R?) one can define the cone adapted discrete shearlet
system as follows.
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Definition 1.1 ([KKL12|). Let ¢, v, € L%(R?) be the generating functions and ¢ =
(c1,c2) € RT x RT. Then the (cone adapted discrete) shearlet system is defined as

SH($,, 1, ¢) = B(¢, 1) UL (v, ) U (D, ¢),
where
O(p,c1) = {p(- — cam) = m € Z%},
U(,c) = {%’,k,m = 289/4) ((SpAgs) - —cm) = j >0,k <272 m e Zz} ;
B(,0) = {Djhm = 29110 (ST Ap) - —am) = j > 0, k] < 29/%,m e 22},
and the multiplication of ¢ and ¢ = (ca,c1) with the translation parameter m should be
understood entry wise.

The first question we want to address is under which assumptions does this shearlet
system form a frame for L?(R?). The possibility of reaching this property certainly
depends on the choice of generators. In general, the type of generators are divided into
two different types namely band-limited ones and those that are compactly supported.
The first known shearlet system that achieves the frame property is build on band-limited
generators. Moreover, for these types of shearlet systems one can even obtain a Parseval
frame for L?(R?).

Band-limited shearlets

The following example of a band-limited shearlet Parseval frame can be found in [GL09,
GKLO06| and is called classical shearlet.
Let 91 be in L?(R) satisfying the following so-called Calderdén condition

Z |1Zl(2*j§1)| =1 for every & € R,

JEZ
with ¢ € C*>*(R) and supp Uy C [—1/2,—1/16] U [1/16,1/2]. Furthermore, let 5 be in
L?(R) such that
1 ~
> (b +1) =1 for every & € [-1,1]
I=—1
with 122 € C*(R) and supp 122 C [-1,1]. The classical shearlet is then defined as
b(Er, &) = P1(E1)Pa(E261).
The system
{Vjkm © Jrk € Z,m € Z%}

then forms a Parseval frame for L?(IR?). As outline in [GKL06] a modified cone-adapted
shearlet system that forms a Parseval frame for L?(IR?) can be constructed by projecting
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and tilting the shearlet elements that live inside one a priori fixed cone as well as choosing
an appropriate generator for ¢.

This second type of shearlet generators are constructed to be compactly support. With
the implied perfect localization in time, cone-adapted shearlet systems can be constructed.
In this thesis we will only focus on compactly supported shearlet frames.

Compactly supported shearlets

Compactly supported shearlets have perfect spatial localization which is useful for ex-
ample in edge classification [KP15|, image separation [KL12b]|, construction of optimal
boundary adapted systems [GKMP15], etc. For the latter see also Section 1.4.

The first explicit construction of a compactly supported shearlets system was pre-
sented by Kittipoom et al. in [KKLI12|. Beyond the explicit construction the authors
have proved the following general result.

Theorem 1.2 ([KKL12]). Let ¢, € L?(R?) such that
[6(€1,&)] < Crmin{1, €27} min{1, €|~}
and
(&1, &)| < Comin{l, 6|} min{1, [€2 7"} min{1, [&| 7"},

for some constants C1,Co > 0 and o« > r > 3. Further let J($1,$2) = Y(x9,21) and
assume there exists a positive constant A > 0 such that

P+ > IOPHY Y P >

520 k< 2]/21 i20 \kmwm

holds almost everywhere. Then there exists ¢ = (c1,c2) € RT x RY such that the cone-
adapted shearlet system SH(¢, 1,1, c) forms a frame for L?(R?).

Remark 1.3. The frame bounds of the shearlet system depend on the degree of frequency
decay as well as the sampling parameter c.

We next turn to the approximation properties of shearlets which are really at the
heart of shearlet theory. More precisely, we discuss the sparse approximation rate for
cartoon-like functions.

1.2 Approximation properties

The great benefit of shearlets over more conventional multiscale representation systems
such as wavelets are the optimal sparse approximation rate of cartoon-like functions.
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Cartoon-like functions

The idea of a model for natural images that is based on C? functions up to some C? edge
stems from the early works by Donoho [Don99, Don01], see also [CD02] and the references
therein. This class functions was then later coined class of cartoon-like functions and its
definition in one of the latest forms is as follows.

Definition 1.4. Let v > 0 and f : R? — C a function of the form

f=g+hxs,

where B C [0,1)? is a set whose boundary is a closed C* curve with curvature bounded by v
and g, h € C?(R?) are compactly supported in [0, 1] with ||g||c2, |h|lc2 < 1. Then we call
f a cartoon-like function. The set of cartoon-like functions is called class of cartoon-like
functions and is denoted by E2(v).

Figure 1.1: Cartoon-like function

Donoho considered this class of functions in [Don01] in order to study the intrinsic
sparsity of images as well as the optimality of dictionies for this model. We briefly discuss
the optimality of dictionaries for such functions since shearlets are indeed one of such
dictionaries.

Optimal sparse approximation rate

Following the discussion in [Don01] one needs additional assumptions in order to exclude
pathological examples of optimal dictionaries. Donoho has chosen to use a polynomial
constraint on the search depth which has the following meaning. In order to find the
first N terms of the approximation of a function f by a countable dictionary (1))xen
one is only allowed to search in the first 7(/N) elements of the dictionary, where 7 is an
a-priori chosen polynomial independent of f. As explained in [Don01] this assumption
can be translated into the decay of tail coefficients. More precisely, suppose (1))aen is a
tight frame and one looks for a good N-term approximation, then seeing the first m (V)
coefficients ((f,%¥x))aen is sufficient provided 3 ..y [(f,¥x)| has sufficient algebraic
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decay. Therefore, in the context of frames the design of optimal dictionaries for certain
classes of functions is often based on an analysis of the frame coefficients ({f,¥x))en-

In the same paper [Don01] Donoho proved that there is no depth-search limited dic-
tionary whose best N-term approximation fy of a cartoon-like function f can have a
error || f — fn||? that decays faster than N~2. More precisely, an example of a dictionary
reaching this rate was also presented, hence, we have

If = fwll =< N2

Thus the following definition of an optimally sparse approximating frame for cartoon-like
functions have been established.

Definition 1.5. Let ())xen be a frame for L*(R?), where d = 2,3. Then (x)en pTo-
vides optimally sparse approximation of cartoon-like images f € £2(R?), if the associated
N-term approximation fy satisfies

If = fullFe S N7HETD T as N oo,

and

| < p~@FD/Cd=1 s 5 o0,

where log-factors will be ignored.

One very prominent system that reaches this optimal rate is the curvelet system in-
troduced by Candés and Donoho in [CDO02|. This system is a band-limited directional
multiscale system that is based on rotation instead of shearing.

The following theorem whose proof can be found in [KL11]| provides a sufficient condi-
tion for compactly supported shearlet frames to fulfill the optimally sparse approximation
rate of cartoon-like functions.

Theorem 1.6 ([KL11]). Let SH(¢, 1,4, ¢) be a compactly supported shearlet frame with
i) 1$(&)] < Cminf1, |& |} min{1, |&] "} min{1, |&] "},

i) | & 0©)| < henl (14 2)

where a > 5,7 > 4,h € LY(R),C > 0 is some constant. Further assume J fulfills i) and
i1) with switched roles of &1 and &. Then for any fived v > 0 and f € E2(v) we have

|f— fnl3 < C'(log N)>N72,  as N — oo,

where fn is the best N-term approrimation obtained using the N largest shearlets co-
efficients of f in magnitude allowing polynomial depth search and C’ is some constant
independent of N.

Remark 1.7. It is known that standard wavelet orthonormal bases only obtain a rate of
order N™1, see [KL12a]. Moreover, both rates for shearlets and wavelets are sharp.

Speaking of wavelet orthonormal bases one might wonder about the existence of shear-
let orthonormal bases. However, as for today there is no construction of an orthonormal
shearlet basis known. Surely, an orthonormal basis has a lot more structure than a gen-
eral frame, such as linear independence. We will next discuss this property for compactly
supported shearlet systems.
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1.3 Linear independence

As we already mentioned in the beginning of the introduction of this thesis, every Hilbert
space possesses an orthonormal basis. Moreover, every orthonormal basis is linearly
independent. Another representation system that is more general than an orthonormal
basis, yet still linearly independent is a Riesz basis.

Definition 1.8. A complete sequence (\)aen C H is called a Riesz basis if there exists
constants 0 < A, B < 0o such that for all (cx)aea it holds

2
AZ\QPS ZCM/JA SBZ\C,\\Q-

AEA AEA AEA

Remark 1.9. The Riesz basis property has been studied for shearlets in [FM15].

A frame can be linearly independent but does not necessarily have to be. As there
are different types of linear independence in the infinite dimensional setting we first give
a definition to clarify the terminology.

Definition 1.10. Let (1))xea be a sequence of elements in a Banach space X .

i) If D yenrxor = 0 implies cx = 0 for every X € A, then we call (¢Y\)ren w-
independent.

i) If for any finite set Ag C A we have Y 5 p, cxthn = 0 if and only if cx = 0 for all
A € Ay, then we call (1)) ren linearly independent.

We wil now turn to study the linear independence of compactly supported shear-
lets. This has been studied by the author of this thesis and his collaborator in [MP15].
Furthermore, parts of this section follows [MP15| closely.

The linear independence of compactly supported shearlets is examined for the case
when the generators are separable, i.e.

d(x1,22) 1= ¢ (21)9" (2), Y(z1,22) := ' (21)0" (2), Y(21,22) = (w2, 1) (1.1)

where ¢! is assumed to be a continuous compactly supported scaling function and !
is a corresponding (compactly supported) wavelet, cf. Appendix B.1 or [Dau92, HW96,
Mal09] for definitions of such functions.

Clearly one can not expect that all type of shearlet systems as in Definition 1.1 are
linearly independent. Furthermore, a shearlet system contains a part of an oversampled
wavelet system whose linear independence has been studied on its own over decades
[CL02, BS10, BS06]. However, one can prove the linear independence for the following
set of admissible, compactly supported, separable shearlet systems.

Definition 1.11. Let ¢,% be as in (1.1) and let ¢ = (c1,c2) € QT x QF with ¢; = a;/b;,
where a;,b; € N and b; is odd for i = 1,2. Further, let the wavelet system

{61 = eom).w!(27 - —cim) : j 2 0,m € Z}

be linearly independent for i = 1,2. Then the system SH(p, @ZJ,J, ¢) is called admissible,
compactly supported, separable shearlet system.
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These type of shearlet systems are a special case of the shearlet systems defined in
Definition 1.1. In fact, in Definition 1.11 the choice of generators and sampling constants
are specified.

The following theorem holds true.

Theorem 1.12 ([MP15]). Every admissible compactly supported separable shearlet system
1s linearly independent.

One approach that can be used to examine the linear independence of systems evolved
in harmonic analysis, such wavelets and shearlets, is to study the localization properties
[Gro03, BS06]. The proof of Theorem 1.12 is vastly different in that its arguments are
almost solely based on the support properties such as the shape of the supports. The
proof of Theorem 1.12 is consists of several steps that we shall outline below. The proofs
of the partial results are moved to Appendix C.6 and can also be found in [MP15].

Idea behind the proof of Theorem 1.12

The idea behind the proof of Theorem 1.12 is the following. On the one hand one wants
to chunk the full shearlet system into several smaller systems that have distinct properties
such as the shape of their supports so that across these buckets the functions are linearly
independent. On the other hand each of the subsets itself must be linearly independent
as well. We will now explain how this can be achieved.

The shearlet system contains an oversampled wavelet system, so we first study and
characterise the linear independence of these functions. The following lemma essentially
follows from the multiresoluton analysis of the scaling function.

Lemma 1.13 ([MP15]). Let ¢ be a continuous compactly supported scaling function
with supp ¢! = [0, s] for some s > 0, (V;);jez an associated multiresolution analysis (cf.
Definition B.1), and let 1" be a corresponding wavelet. Moreover, let (Wj)jez denote the
wavelet spaces and let jo, J € NU{0} with jo < J. If f € L*(R) has compact support and

0£fe P W
Jo<j<J
then f is continuous and
min (supp f) € 2~z
In particular
min (supp f(- —w)) € 27YVZ +w,  for all w € R.
Proof. See Appendix C.1 or [MP15]. O

Furthermore, it is clear that functions with staggered supports are linear independent,
which is the statement of the next lemma.

Lemma 1.14 ([MP15]). Let N € N and f1,..., fv € L*(R) be continuous compactly
supported functions and a; = min (supp f;) € R fori=1,...,N. If a; # a; for all 1 <
i,§ < N with i # j, then the functions f1,..., fn are linearly independent. Furthermore,
if o = (a;)Y, € C\ {0}, then min (supp > ifi) € {a; : i=1...N}.
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Proof. See Appendix C.2 or [MP15]. O]

Lemma 1.13 allows the characterization of the left corner of functions that can be cov-
ered by finitely many wavelet functions. This characterization together with the auxiliary
result Lemma 1.14 one can prove that certain oversampled wavelets are indeed linearly
independent.

Proposition 1.15 ([MP15]). Let (Vj)jez be an MRA with continuous compactly sup-
ported scaling function and let ' be a corresponding continuous compactly supported
wavelet. Moreover, leti=1,...,n, J € Ny, (t;); € (0,1) such that t; —t; ¢ 27771Z, for
all i # j. Furthermore for j =0, ..., J let L;'» C Z be of finite cardinality. Then the union
of

. . J
Q= {{¥ @ (—t) + 1}, ), 1<i<n
37 j=0
18 linearly independent.

Proof. See Appendix C.3 or [MP15]. O

Note that the statement of Proposition 1.15 is a result concerning 1D functions. How-
ever, due to the separability assumption of the generators (1.1) the result becomes of
great use as the linear independence of the 2D shearlets can be traced back to their 1D
wavelet parts. In particular, every shearlet is an oversampled wavelet multiplied with an
oversampled scaling function by the separability assumption of the generators. Thus, all
shearlets in one fixed cone can be grouped into a set of functions such that the linear
independence is determined by the linear independence of the 1D scaling functions. This
yields the next theorem.

Theorem 1.16 ([MP15]). Let SH(¢, 1,0, ¢) = ®(¢,c1) U (h,¢) UT (), ¢) be an admis-
sible compactly supported separable shearlet system. Then the two cones U (1, c) as well
as ¥(v,c) are linearly independent.

Proof. See Appendix C.4 or [MP15]. O

The next step is to decompose the shearlet system into parts with and without shear-
ing. To this end, let

Ty = {jpm, With k£ 0}, Tg:= {tjgm, with k#0 }
and
T3 = {4 jm, With k=0 } U {tbjm, with & =0} UP(4,c1). (1.2)

The linear independence of the two function systems I'y and I's follow from Theorem
1.16. The linear independence of I's is shown separately.

Lemma 1.17 ([MP15]). Let SH(¢, %, 0, ¢) = ®(¢, c1) U (3, ) U (1), ¢) be an admissible
compactly supported separable shearlet system. Then, I's is linearly independent.
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Proof. See Appendix C.5 or [MP15]. O

Summarizing, Theorem 1.16 and Lemma 1.17 show that any finite subset of functions
from I'1, 'y, and I's is linearly independent. Theorem 1.12 then follows by showing that
spanT’y NspanT's = {0}, spanT’; NspanT's = {0}, and span(I’;y UT'3) Nspan T’y = {0} by
examining the distinct different support structures of functions that are build from linear
combinations of functions from I'1, 'y, and I's, see Figure 1.2.

I //\
’\//’ ,\ Unsheared part I's:

These structures are
invariants of

the linear combinations
within the respective cones.

First cone I'}:

Second cone I'?:

Figure 1.2: [MP15]: Display of the supports of two shearlet elements from I'y, I'y and I's.

1.4 Shearlets on bounded domains

In many cases the signal of interest is supported on a finite domain. For example images
usually admit a finite region that is interesting for the user. Depending on the specific
application this causes more or less problems. For example, if one were to reconstruct a
brain image in magnetic resonance imaging, then the surrounding of the brain is usually
constant as there are (almost) no corresponding frequencies measured. However, in other
cases, for example bone scanning in computed tomography, the object is very frequently
supported at the boundaries which then causes artifacts.

One way to get around this issue could be to scan a region that is wide enough so that
artifacts of the boundary do not disturb the region of interest. However, if a boundary
adapted system is already available, then such an additional waste of resources is not
necessary.

In order to satisfy such needs, different attempts to construct a systems on bounded
domains has been made, e.g. [KL11], [CDDO00|, [GKMP15|. In this section we therefore
present the boundary shearlet system introduced by the author and his collaborators
in [GKMP15|. Furthermore, parts of this section follow the presentation in [GKMP15]
closely.
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Construction

Since compactly supported shearlet systems on R? are already known one can adapt each
of these shearlet system onto a bounded domain Q which we will assume to be [0, 1]?
in the following. Now for a shearlet system on the bounded domain € we will keep
all shearlets whose support are completely contained in €2. Further, in order to handle
the boundary appropriately we will include boundary elements from a boundary wavelet
system. More precisely, let SH(p, 1,1, c) be a compactly supported shearlet system and
let ¢ be such that supp v 1 0,supp Jjﬁ’o C B%Q,j/g(O) for all j > 0, k| < 29/2 where

B.(0) := {x € R? : |11|, |z2| < r}. Then we define
Iyi={xeQ:dz,0) <q27"},

which is an inner tubular region that characterizes the used boundary wavelets. Before
we give the precise definition of the boundary shearlet system we fix the notation that we
will use for the boundary wavelets.

2D Wavelets on [0,1]?

2D boundary adapted wavelets can be constructed in a straight forward manner by tensor
products of 1D boundary adapted wavelets introduced in [CDV93], see also Section B.2
for some basic constructions and properties. For this, let ¢! be a 1D compactly supported
Daubechies scaling function. Further, let ¢! be the corresponding wavelet to ¢! with p
vanishing moments, and let ( ;“fn) jm and ( ;“ntl) j,m be the scaling functions and wavelets
as described in Section B.2 of the appendix, respectively.

If J € N denotes the smallest number such that 27 > 2p, then the 2D scaling functions

can be obtained by
W mam) 0 7= BFomy © Py 0 <my,my <27 — 1.
The corresponding 2D wavelet functions are defined by the tensor products given by

int ® int jZJ,U:]-,

j7m1 j7m2’
. R int int . _
w]?(mlme)aU T 7,m1 ® J,ma? J Z J7 v = 27
int int ; —
j)ml ® ¢j7m27 '7 Z J7 v = 3’

for 0 < my,mg <2/ — 1 with j > J. Then we define the 2D boundary wavelet system as
follows.

Definition 1.18. Let ¢! be a 1D compactly supported Daubechies scaling function, and let
W' be the corresponding wavelet to ¢*. Further, assume the interior wavelets w' = Yl @¢!,
w2 =Pt @Y, and w3 = ¢t @ P! satisfy

min{1, £}

o <
\w (f)’ ~ maX{L |§1‘ﬁ}max{17 |§2"B}

(1.3)

for some B> a+1>1. Then

W(¢1) = {wj,m,e : (Jv m, U) € A}
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is called boundary wavelet system associated with ¢!, with indexing set given by

A ::{(‘]’ (mlme),O) : 0 S mi,ma S 2J_ 1}
U{(J’m,v) j Z J’O§m17m2 S 2j_17U€ {17273}}

Then boundary shearlet system can now be defined as follows.

Definition 1.19 ([GKMP15|). Let SH(,,1,¢) be a shearlet frame and T > 0 as well
as t > 0. Further, let W(¢') be a boundary wavelet system and set

Wi (6') 2 = {wjmp € W(9') : (J,m,v) € Ar},
where
Air i ={(j,m,v) € A:supp wjmo NTrj_y) # 0}
Further, let

A= {(]a k? m, 5) HEONS {07 1}7 T;Z)j,k,m,a € SH(¢, wa J) C)}
be the index set of all shearlets and

Yikm fe=1,
Vjkme =4 Pm ife=0,
Yikm ife=-—1,

Then with
Ao = {(j,k,m.€) € A supp Yjme C Q2

denoting the index set of all shearlets whose support is fully contained in  we define the
boundary shearlet system with offsets ¢ and 7 as

BS’Ht,T((bl; (ba ¢7 1;: C) = {wj,k,m,e : (Ja k,m, E) € AO} U Wt77(¢1)-
Further, we write A§ := A\ Ag and A, := A\ Ay 7.

This definition of a boundary shearlet system mimics precisely the program we just
intuitively described before. The reader should also notice that as j — oo, the size of the
tubular region shrinks accordingly. This is in particular needed in order to keep a strong
cross localization of the Gramian of the system which will also secure the frame property,
see Theorem 1.20.

The crucial question that first arises for this novel construction of a shearlet system
is whether they still share the same characterizing properties of the compactly supported
shearlet system on R2, that is the frame property and the optimal sparse approximation
of cartoon-like functions. In the next two section we will address these two issues.
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Frame property

The frame property follows from a careful analysis of the decay of the cross Gramian
between the the wavelet system and the shearlet system. The following theorem holds.

Theorem 1.20 ([GKMP15|). Let W(¢') boundary wavelet system and and o, 3 be as
in (1.3). Further, let SH(p, 1,1, c) be a compactly supported shearlet frame with frame
bounds A and B and suppose assume the generator v satisfies
~ 1
<C ; e
VL) S O e Fmax L el

for some ' > 1+ «. Additionally, let 7 > 0 and p > 0 such that (1 — p)/7 —2)a > %
Then there exists a constant C (dependent on ¢, ¢, 4, v, ¢, 7, 1) such that for all t > 0:

Z Z ‘(ijamwav7 ¢j57k7ms,5>L2(Q) |2 S C : 272(17!1‘)&25'

(G ostmis ) EAG (uoymu) EAS ,

for a.e. (£1,&2) € R2,

Furthermore, if t > 0 such that

A— 02—2(1—M)at+1

A
2B

>0, (1.4)

then the boundary shearlet system BSH¢ (¢l qb,w,zz, c) yields a frame for L*(Q). Fur-

thermore, a lower and an upper frame bound are given by A’ and B + 1, respectively.
For the proof of Theorem 1.20 we will use the following auxiliary lemma.

Lemma 1.21 ([GKMP15]). Let ¢ € L*(R?) be such that there exists C > 0 with

R min{1, |£1|*}
(&1, &)| < Cmax{l, €117} max{1, &)}

where /2 > «a > 1. Then, fore = —1,1,

for a.e. (&1,&) € R?,

1 1
max{1,]277&1|6/2} max{1, |2-7&|8/2}’

ST (W) (€1, &) < 274

IK|<20/2
for a.e. (€1,&) € R? and a constant C'.

Proof. We only present the proof for the case ¢ = —1. The other case can be shown

analogously. We divide the proof in two cases.
Case I: Assume [£1| > |€2|/2. Then

max{1, €%} max{1, 6|} > max{1, &2 } max{1, &7}

> 275 max{1, |61 } max{1, & .

Using this estimate, as well as the fact that

sup

min{1, [277¢&|*} min{1, |£|*} ,
Z —j —j/2¢. |8 S By < ,
max{1, |k2-9& + 2-7/2&,|P} (61,62)€R2 Fo, max{1, |k& + &|°}

k| <2972
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for some constant C’ we obtain

S Wy hme) €1, )]
|k|<2i/2
! min{1,[277¢ |}

sup 4 .
max{l ’2 J§1|B} (&1,62)ER? maX{lv |k'27j£1 + 27J/2€2|B}

1
max{1,|277¢& |8}

< C2-3/4i
|k|<24/2

< C//2—3/4j

1
max{1, [277&1|/2} max{1,|2-7&|P/2}

S C//273/4j

On the other hand, if Case II: 0 < |£;| < [€2]/2, then
max{1, [k277¢ + 279267} > max(1, (127926 - [k27961))")
> max{L, (|279/26| — 2777 )"}
> max{1, (|277/%¢,/2])"}
> 27 max{1, (|1277/%¢))"},

and hence

Z (¥ kme)" (€1, &)

k| <2/

3745 1 2776
< 02734 : : :
- max{1, |2*J£1|5} Z P max{1, |k2-7& + 279/2£, |8}

2776
max{1, |2 aly Z max{l 279726/}

S 0/273/4]

1 \2 2|
max{1,]277&|8} max{1, [279/2&|P}

1 279/265|
max{1,|277&|} max{1, |2-9/2&,|P}

) 1 1
< O34 . 4 '
> max{l,‘ijgﬂﬁ} maX{17|2—j/2§2|ﬁ—a}

< C'93/4d

< C//2—3/4j

The lemma is proven. O
We continue with a proof of Theorem 1.20.

Proof of Theorem 1.20. First, observe that for a fixed scale j; and fixed shearing param-
eter k the number of shearlet translates (1, kme)m that have a nontrivial intersection
with the support of one fixed wavelet wj, m,, » is bounded by a constant independent of
Jws M, Js and k.

Second, we observe that the support of an arbitrary wavelet wj,, m., o € W(¢!') has
at least a distance of size ¢27(!=9») to the boundary. Further, the support of a shearlet
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Vi, kme,e With index (js, k,ms,e) € Af is not fully contained in £ and has at most a
support length of size ¢277+/2. Hence, for all (Js, k,mg,e) € A§ and jyy < 1/(27)js + ¢,
each wjy, my,.v € W(9) \ Wy (¢1) satisfies

SUPP Wiy im0 (1 SUPD V), kms e = 0.

Hence, we assume in the sequel j,, > 1/(27)js + t. Furthermore, assume without loss of
generality that v = 1. For v = 2,3, the following computations can be made in a similar
manner with & and & interchanged. Also note that, by the same argument as above, for
v = 0 we have

(W.go,m 05 Viyme) L2 (m2) = 0.

Since the total number of wavelet translates for a fixed level j,, is of order 2%/ a use of
the previous observations as well as Parseval’s identity shows that there exists a constant
C > 0 independent of 7 and ¢ such that

> > Nt Yikme) 2l

(4" m')eAS ; (J,km,e)EAG

[e'e) 27— ]w_t)

<C) Z 3 2231””13%|<w]wm1,¢jsykm8?s>m 2 (15)

Jw=0 = js=0 |k|<2Is/2

Using the frequency decay of the corresponding shearlet and wavelet atoms as well as
applying Lemma 1.21 yields by the simples substitution & — 27s¢ that

27)(Juw—1)

Z Z 2 .]w 77?1;1)2}731{9 |<ijymw71’ /lzz)jst? ms,€ >L2(Q)|

Js=0  |k|<27s/2

< Zi 0—3/2s / min{1, [2770& |}
. g2 max{1, |277w&;|#} max{1, |277w & [P}
) 2
. . ; - ~ d§
max{1, [277s&; %'} max{1,[277:& |7}
(27)(Jw—1)

Y 25/23'5/ min{l, (277006 [}
~ r2 max{l, |27s—dw&|F} max{1, |20s—Iwés|B}

js:0

1 2
' max (L &7 ) max{1, &7 ) df) |
e’ . : . 2
< N 95/2is min{1, |27+, |7} >
S22 </ max (L 617} max{1,1G7} %

J7s=0

e o 2
< 5/2js+2a(js —juw) &1
<2 (/R o e a1 %)

j.s:O
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By assumption we have 3/ — « > 1, thus the integral above is finite and we can conclude

(27)(jw—1) ' . (27)(jw—1) ' o
S Y @S Y. PR,
jS:0 |k|§2j5/2 wyMs js=0
(1.6)
By rewriting the the right hand side of (1.6) into
(27)(Juw—1)
2_204Mjw Z 25/2j5 +2a(js_(1_ﬂ)jw) X (17)
Js=0
and using j,, > 1/(27)js + t, we get the following bound
o0 o0
Z 95/2js+2a(js—(1-p)jw) < 9—2a(1-p)t Z 95/2js+2a(js—(1—p)(1/(27)js)
szO js
By assumption the latter sum is finite. Finally, note that
o
Z 95/2js+20(js—(1—p)jw) < 9—2a(l—p)t (1.8)
Jjs=0
Combining the estimates (1.5)-(1.8) implies the first claim of the theorem
0 .
> Yo M Vi kme) 2P S Y 2720w 0mml S gm2allmpt,

(4s,k,me)EAG (juw ,m’)GA_cnt Jw=0
We next turn to prove the frame property. First, observe that
L*(Q) = span(W(¢") \ Wi (¢")) @ span(Wy - (¢")) =: W1 & Wo.

Define fi := Pw, f and f2 := Py, f, where Py, denotes the orthogonal projection onto
the spaces =;, 1 =1, 2.

By the frame property of the full shearlet system restricted to L%(2) we have for any
fer*Q)

1

1£1720) < 1 (f W kme) 1200
(j,k,m,e)EA

where A is the lower frame bound of the shearlet frame. Splitting the right hand side
appropriately, yields

1
||f”%2(g) < A( Z (s kme) 2o)|* + 2 Z (1, ) emee) 2

(j,k,m,e)€No (4,k,m,e)EAG

+2 > |<f2,¢j,k,m,E>L2(Q)2> =T +Tp+T5. (1.9)
(4,k,m,e)EAG
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By construction of the boundary shearlet system we only need to further consider 75 and
T5. We continue by estimating 75 first. Using Parseval’s identity and the Cauchy Schwarz
inequality we get

Z [(f1s Wjaemee) 2|

(4:k;m.e)€AG

= Z Z <f17wj’,m’,v>L2(Q) <wj’,m’,va'¢}j,k,m,a>L2(Q)

(j,k,m,E)EAS (]/ 7ml7U)EAtC,T

< Z Z |<flawj’,m’,v>L2(Q)’2 Z ‘<wj’,m’,v¢j,k,m,€>L2(Q)|2
(j:k7m7€)€A6 (j,’m,av)ech—,z (j,)mlzv)GAfr,t
< Hle%Q(Q) Z Z |<wj’,m’,vawj,k,m,e>L2(Q)’2'

(j,k,m,e)GAS (j’,m’,U)GAf_ﬁt

Hence, from the first claim of the theorem we can conclude

S [ ikme) @)’ < CllAlG g2 @0 (1.10)
(5,k,m,e)EN

for some constant C' > 0. For T3 we can apply the frame inequality of the shearlet frame
directly so that

Yo e ikme @l < Bllfalizg)

(J:k;m,e)€AG

Further, since fo € W5 we have

120iee = D, fowmoez@lP= D [(fwimodzel™ (1.11)

(j:m/U)EAT’t (jvmvv)EAT:t

Applying (1.10) and (1.11) to (1.9) yields that A’ is a lower frame bound for the boundary
shearlet system. Note that ¢ was chosen such that A" > 0. The existence of an upper
frame bound for the boundary shearlet system follows by extending both subsystems to
the full systems and apply the frame inequality for the shearlet frame and Plancherel
for the wavelet ONB. Hence, an upper frame bound for the boundary shearlet system
BSH:.-(¢Y; ¢,1,1, ¢) is given by B + 1. O

Having established the frame property we next discuss the sparse approximation rate
of cartoon-like functions.

Cartoon-like functions on bounded domains

As we mentioned several times one of the characteristic properties of shearlet systems
on R? is their optimal sparse approximation ability of cartoon-like function. To obtain
a similar result for the boundary shearlet system we first want to specify the model of
cartoon-like functions on bounded domains. This is done in the following definition.
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Definition 1.22 (|[GKMP15|). Let v > 0, D C R?, and f = fi + xpfo with f; €
C%(R?) and supp fi C [—Csupps Csuppl® for some csupp > 0 and i = 1,2 such that f(2¢supp -
—(1/2,1/2)) € £2. Further, let #(0D NOQ) < M for some M € N and let D and 09
only intersect transversely. Then we call Pof a cartoon-like function on €2, and denote
the set of cartoon-like functions on Q by £2(v, Q).

Note that in Definition 1.22 it is now allowed to have a discontinuity curve of the
cartoon that intersect the boundary, cf. Figure 1.1 and Figure 1.3.

Figure 1.3: Cartoon-like functions on a bounded domain.

Optimal sparse approximation rate

Let BSHt77—(¢1;¢,Z/J,IZ, ¢) =: (¢n)n be a boundary shearlet frame for L?(2). Further,
let f € £2(v,9Q), and let (6,,(f))nen be the non-increasing rearrangement of the analysis
coefficients (| (¢n, f) L2(9) |2)en. Then, by the frame inequality, we have

If = fxll3 < ) 0a(f) forall N eN.
n>N

The following theorem can be seen as an analogue of Theorem 1.6 for shearlets on bounded
domains and the new class of boundary adapted cartoon-likefunctions. Indeed the theo-
rem below shows that the optimal sparse approximation rate as presented in Definition
1.5 for the non-boundary adapted scenario is still valid in this case. However, what does
not seem to be clear at first glance is whether the rate is still optimal. But this can be
seen by the following argument: If the optimal rate was faster than N2, then any system
on [0,1]? that reaches this faster rate can be extended to a system on R? that would have
a faster rate for the classical cartoon-like functions as in Definition 1.5.

Theorem 1.23 ([GKMP15]). Let o, 0,0 fulfill the assumptions of Theorem 1.6, and
let W(¢') be a boundary wavelet system as in Definition 1.18. Further let t > 0, 7 >
1/3, and let BSH:- (¢ ¢,9,%,¢) =t (pn)nen be a boundary shearlet frame for L?(2).

Then BSH:-(¢*; 0,1, 1, ¢) yields almost optimally sparse approzimation for cartoon-like
functions on Q, i.e., for all f € £2(v,Q),

1f - fN”%2(Q) < N2%log(N)*  for N — oo,
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where fn = 1 (f, g0n>L2(Q) @& with I, containing the N largest coefficients (f, cpn>L2(Q)
in modulus and (¢%),en is the canonical dual frame of (¢n)nen.

Proof. See Appendix C.7 or [GKMP15]. O

We end this section with two comments. First, the construction shown in this thesis
which can also be found in [GKMP15| is a first construction of shearlet systems on
bounded domains that has been further developed in [Pet16] to other domains of €2 than
[0,1]?, as well as more general boundary systems. Indeed in [Pet16] the author has
extended the work of [GKMP15| to biorthogonal Riesz bases. Second, beyond the frame
property as well as the optimal sparse approximation it was also shown in [GKMP15]
that this novel boundary shearlet system can also characterise the Sobolev spaces H*({2).
We refer to the paper [GKMP15| and the thesis [Pet16] for more interest on this matter.



Chapter 2

(Generalized sampling

In the previous chapter we have discussed shearlet frames and their optimal sparse ap-
proximation rate of cartoon-like functions. Since the class of cartoon-like functions model
natural images, in a simplified realm, shearlet systems are of great interest as a recon-
struction system. In this chapter we will make this idea more precise and discuss in more
detail the shearlet reconstructions from Fourier measurements.

The reconstruction method that we discuss in this chapter is generalized sampling (GS)
which was first introduced by Adcock et al. in a series of papers [AH12a, AH12b, AHP13].
This reconstruction method is build upon consistent reconstructions which was introduced
in [UA94, E1d03, EW05| and allows one to study the reconstruction of objects in a general
Hilbert space where the system that is used to model the samples and the system that
is used for the reconstruction can be arbitrary frames. However, the theory of consistent
reconstructions requires the number of measurements and the number of elements used for
the reconstruction to be the same. This requirement is relaxed in GS and leads to superior
results [AHP13]. More precisely, it is key in GS to let the number of measurements and the
number of reconstruction elements to vary independently of each other. This idea can also
be expressed in terms of discretizations. Indeed, the reconstruction problem is an infinite
dimensional problem that involves the need of working with bi-infinite matrices U =
(ui ;)i jen. One way to discretize the problem is to apply an (even) finite section method
and consider UMV = (wij)ij=1,.,n. However, as it was argued in [AH12a] this can lead
to several difficulties concerning the stability and convergence of the discretized problem.
Generalized sampling proposes to use an uneven finite section method by considering

UIMN] — (Wi j)i=1,. .M j=1,. N-

2.1 Reconstruction method

We first fix some notation that we use throughout this section. For a sampling system
{s1,82,...} C H - whose elements we call sampling vectors - we define the corresponding
sampling space & C H as the closure of its span, i.e.

S =span{sy : k € N}.
The finite dimensional analogue of the sampling space § is denoted by

Sy = span{sy, ..., Sn},

24
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where M € N indicates the number of sampling vectors and hence the number of mea-
surement. We now assume that the measurements (my(k))ren of an object f € H with
respect to a fixed sampling system {s1, s, ...} can be modeled as linear measurements of
the form

myg(k) = (f,sk), keN. (2.1)

Analogously for a reconstruction system {ri,re,...} C H we define the reconstruction
space R C H as the closed span of the reconstruction elements, that is

R =span{r; : k € N}
and, likewise, its finite dimensional version is denoted as
Ry =span{ry,...,rn}, N eN.
Using the above notation a reconstruction method shall be the following.

Definition 2.1. For a sampling system {s; : k € N} and a reconstruction space Ry a
mapping

FN7M2,H—>RN

is called reconstruction method, if, for every f € H, the signal Fn v (f) depends only on
m(f)1,....m(f)m, where the samples m(f); are defined in (2.1).

Remark 2.2. Note that a reconstruction method does not need to be linear.

In order to avoid pathological examples, we will require the following subspace condi-
tion

RNST ={0} and R+ S is closed. (2.2)

Such an assumption is clearly plausible, otherwise there would be reconstructions, i.e.
elements f € R\ {0} whose measurements are all zero, since f is also an element of S*.
Moreover, the subspace condition guarantees a well posedness of the finite dimensional
reconstruction problem, cf. Theorem 2.3.

Since in practice we are not able to process an infinite amount of information we are
mainly interested in the finite-dimensional reconstruction problem that reads as follows:

Given a finite number of measurements (f, s1), ..., (f, sy) of some unknown
f € H, we wish to determine a reconstruction fy € Ry such that || f — fn]|
is small and fy — f as N — oo fast.

The existence of a reconstruction to the above problem is guaranteed by the following
theorem.

Theorem 2.3 ([AHP13|). Let Syr and Ry be as above and Ps,, be the following finite
rank operator:

PS]V[:H%SMa
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M

F o> (s sk)ske

k=1
If (2.2) holds, then there exists an M € N such that the system of equations
<P3MfN,M7rj> :<P$Mfarj>7 ]:lvaN (23)

has a unique solution fn v € Rn. Moreover, the smallest M € N such that the system
18 uniquely solvable is the least number M € N so that

= inf ||P. > 0. 2.4
CN,M f€1I71€N, H SMf” ( )
I fll=1
Furthermore,
1
1f = Pry fll < f = fvull < ——|If = Pry £l (2.5)
CN,M

)

where Pr, : H — Ry denotes the orthogonal projection onto Ry .
We close this section with two definitions.

Definition 2.4 ([AHP13|). The solution fy nr in Theorem 2.3 is called generalized sam-
pling reconstruction.

Theorem 2.3 shows that it is sufficient to study the quantity cy as in (2.4) in order to
guarantee the existence of generalized sampling reconstructions. This quantity has already
been studied in the literature, in particular, in context with sampling and reconstruction
in arbitrary systems by Unser and Aldroubi in [UA94].

Definition 2.5 ([UA94, Tan00|). The quantity cn v in (2.4) is called the infimum cosine
angle between the subspaces Ry and Syy.

Remark 2.6. The infimum consine angle between two spaces is not symmetric.

In order to quantify the quality of the reconstruction and compare it to other recon-
struction methods, we will next recall two quality measures that have been proposed in
[AHP13].

Quality measures

We consider two quality measures for general reconstruction methods. The first one is
the quasi-optimality constant.

Definition 2.7 ([AHP13|). For any fized reconstruction method Fya : H — Ry, cf.
Definition 2.1, let p = p(Fy ) > 0 be the least number such that

If = Fnou (DI < pllf = Pry (NIl for all f € H.

Then we call jv the quasi-optimality constant of Fn ar. If no such constant exists, then
we write pp = oo. If p is small, we say Fn nr is quasi-optimal.
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The second measure quantifies the robustness against perturbations.

Definition 2.8 (|AHP13|). Let Fxy : H — Ry be a reconstruction method, cf. Defi-
nition 2.1. The (absolute) condition number k = k(Fy ar) > 0 is defined as

<||FN,M(f +9) — FN,M(f)H)
[m(g)]|¢ ’

Kk = sup lim sup
fEH N0 gEH,
0<|lm(g)ll2<e

where m(g) = (m(g)1,...,m(9)nm,0,...). If & is small, then we say Fn a is well condi-
tioned, otherwise Fy ar is called ill-conditioned.

Using the quasi-optimality constant and the absolute condition number we associate
to any reconstruction method a reconstruction constant which is defined as the maximum
of both quantities and, hence, can be seen as a worst estimate.

Definition 2.9 (|JAHP13, AHP14|). Let Fn v : H — Ry be a reconstruction method.
The reconstruction constant of Fy ar is defined as

C(Fn) = max{u(Fy ), 6(Fy )}

where p(Fy ar) is the quasi-optimality constant and k(Fn ) is the (absolute) condition
number.

In the event that the sampling system is an orthonormal basis for its span - which is
the situation we are mainly interested in - the infimum cosine angle can be expressed via
the reconstruction constant, in fact, by [AHP13|

1

CN,M

= u(Gnm) = k(Gnm) = C(Gr,m),

where Gy s refers to the generalized sampling reconstruction method described by The-
orem 2.3.

Now, in order to study the quality of the reconstruction in terms of the convergence
| f — fn,a]] it is crucial to have good control on the infimum cosine angle ¢y ps. Moreover,
it seems intuitively clear, that the number of measurements M must grow if one wants
to increase N. We make this more precise in the next section.

2.2 Stable sampling rate

As we already pointed out it is of great importance to have an estimate for the asymptotic
behaviour of ¢y y with regard to increasing /N. In particular, we want to study how M
scales with increasing IV and a fixed upper value for ¢y s since this would tell us how many
measurements M we need for recovering the signal in an N dimensional reconstruction
space. The following quantity carries this information.

Definition 2.10. For any fited N € N and 6 > 1 the stable sampling rate ©(N,0) is
defined as

1
O(N,0) :min{MEN D eNM > 9}.
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Linear stable sampling rate

One particular focus is on a linear behaviour of the stable sampling rate. We explain
why this is the case. Suppose the stable sampling rate is linear in N, ie., O(N,0) =
O(N) as N — oco. Furthermore, we assume that the reconstruction space provides some
approximation behavior of the function of interest. More precisely, let f € H be the
object of interest and suppose there exist C'r, D¢,vs > 0 depending on f such that

CfN™V <||f — PryfI| < DyN, forall N € N. (2.6)
Then the following result holds.

Theorem 2.11 ([AHP13]). Suppose that the stable sampling rate ©(N, 8) is linear in N,
i.e. O(N,0) =O(N) as N — oo. Let f € H be fized and let

Eye: (m(f)y, - om(f)a) = Fu(f) € Ry

be a reconstruction method, where 1y : N — N with ¢y(M) < AM for some A > 0.
Assume that (2.6) holds. Then, for any 0 > 1, there exist constants d(6) € (0,1) and
c(8,C¢,Dy) > 0 such that

1f = Ga@ymraa ()l < €0, Cp, Dp)lf = Faa(Fll, - for all M € N,

where G,y denotes the generalized sampling reconstruction method.

Theorem 2.11 shows that generalized sampling cannot be outperformed in the event
of a linear stable sampling rate.

Stable sampling rate for wavelets

The stable sampling rate for 1D wavelets was first considered in [AHP14|. The results were
then extended to 2D by the author and his collaborators in [AHKM15|. For convenience
we recall the related result here in a shortened form.

A straight forward generalization of dyadic 1D MRA wavelets can be obtained by
considering the dyadic scaling matrix of the form

2 0
A= <0 2) .
In this section we will restrict to this case only, however, the stable sampling rate can

also be computed for more general scaling matrices and we refer the interested reader to
the work [AHKM15]| for such generalizations.

Reconstruction Space

Assume the function f € H = L?(R?) that we want to reconstruct is compactly supported
in, say, [0, a)? for some positive integer a. Note that with a view to applications such as
image reconstructions this is a reasonable assumption, since images typically have a finite
field of view. Similarly, we assume that the scaling function and the wavelets that are used
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as generators for the wavelet reconstruction system to be compactly supported in [0, a]2
as well. As wavelet bases arise from translated and scaled versions of the generators, see
Appendix B, we can now restrict to the following set of functions

O = {dom : m=¢ Z*,supp ®0,m N [0,a]? # 0}

and
Oy = {¢§,m . j € NU{0}, m € Z?, supp ¢§mm[0,a]2¢®,p:1,2,3}.

These functions will clearly be sufficient since the other scaling functions and wavelets
that do not intersect the region of interest will have inner product with the object of
interest equal to zero.

The reconstruction space R is now defined as the closed linear span of the functions
in Ql and QQ, ie.

R =span{p : ¢ € Q1 UQa}.

In order to define the finite dimensional reconstruction space we will first order the ele-
ments in 21 UQs. There are many different possibilities to order this set of functions and
the results also may depend on this ordering. The ordering that we propose arise quite
naturally from the wavelet structure. Indeed, we first group all elements corresponding
to their scale together. This results in J buckets each of them consisting of functions that
differ by their translation parameter. The translation parameter is in Z? and can thus
be ordered in a lexicographical manner. Finally we order all buckets along their scales.
Using this ordering we define the finite dimensional reconstruction space Ry as follows:

Ry =span{y; : i=1,...,N}, N eN.

In order to take full advantage of the multiresolution structure of wavelets and their
approximation properties, it is very convenient to consider a finite dimensional recon-
struction spaces that contains all elements up to a certain scale. In this case, one could
follow the approach in [AHP14, AHKM15| and construct the reconstruction space via the
space

Vo(a) := span{pom : m € Z,supp ¢o.m N[0,a]* # 0}

and the truncated wavelet spaces

Wj(a) i=span{t;,, 1 mé€ 72, supp Y0 [0,a]> # 0,p=1,2,3}.

Indeed, the reconstruction space that contains all wavelet elements up to a certain scale
J is then given by

Ry, =View e .. awl.

22J

For the finite dimensional reconstruction space Ry, we have many elements (asymp-

totically in J).
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Sampling space

To define the sampling space consisting of elements of the Fourier basis, we first choose
T1,T5 > 0 sufficiently large such that

R C L2([—T1, TQ]Q).

The values T7 and 15 can be computed depending on the length of the support of the
wavelets. Indeed, choosing T7 > a—1 and T> > 2a—1 is sufficient. To allow an arbitrarily
dense sampling, for each ¢ < ﬁ, we define the sampling vectors

sl(e) — ge2mie(ly) | Y [ e 72 (2.7)

[,L L]%
e(T1+T2)’e(T1+T2)

Based on these sampling vectors, we now define the sampling space S () by
S = W{SZ(S) (e Zz} )
The finite-dimensional subspaces S (E), M = (M, Ms) € N x N, are then given by
SJ(\Z) = span{sl(e) cl=(l1,ly) € 2%, —M; < 1; < My, i = 1,2} )

Note that the total number of reconstruction elements is then of order M; - Ms.

Theorem 2.12 (JAHKM15]). For the Fourier sampling space and the wavelet reconstruc-
tion space above the stable sampling rate is linear, i.e. O(N;,0) = O(Ny) as J — oo,
where Ny denotes the number of generating reconstruction elements in Ry, at scale
J—-1eN.

Proof. This is Corollary 3.4 in [AHKM15]. O

Remark 2.13. The stable sampling rate for general expanding matrices has also been
determined in [AHKM15]. Furthermore, in this work the stable sampling rate has also
been investigated for boundary wavelets with the result showing a linear stable sampling
rate again.

The importance and benefit of a linear stable sampling rate was already discussed
previously. Therefore, wavelets are very well suited for the reconstruction from Fourier
measurements in the context of generalized sampling. However, since other systems such
as the shearlet system provide a better sparse approximation rate of cartoon-like functions,
and thus provide a better algebraic decay in (2.6) it is natural to study the stable sampling
rate for shearlets. This is what we will study in the next section.

2.3 Generalized sampling using shearlets

The main objective in this section is the study of the stable sampling rate for compactly
supported shearlets assuming to have access to finitely many Fourier measurements of
the signal of interest. In particular, we will assume the same measurements as in the
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previous wavelets case and only alter the reconstruction space by choosing shearlets in-
stead of wavelets. This will be important as we want to make a comparison between both
reconstructions.

Similar as in the previous section we first start with making the reconstruction space
as well as the sampling space more precise. After having these spaces we will prove a
stable sampling rate for this configuration. In Section 2.4 we will then compare the result
to the stable sampling rate for wavelets. The results of this section are mainly based on
the work [Malba] and follows the presentation of the results therein.

Shearlet reconstruction space

We will use the same notations for the shearlet system as we have already introduced
in Chapter 1, in particular, ¢,%,1 denote the generators and j refers to the scaling
parameter, k the shearing parameter, and m denotes the translation parameter of a
shearlet atom v, 1, ,. The sampling constant will from now on assumed to be ¢ = (¢1,¢2) =
(1,1). This is just to ease some notation and does not have any serious impact on any
argument made. Mostly the constants will change for different values of ¢; and cs.

The generators ¢, v, and ¥ that we want to use to build a proper reconstruction space
will be assumed to be compactly supported in [0,a]? for some positive integer a. The
reconstruction space is then build upon the translated, scaled and sheared elements that
intersect a fixed region of interest which is also assumed to be [0, a)? for simplicity.

For the scaling functions we define the index set €2 to consist of all translates for which
the elements intersect the region of interested, i.e. let

Q={meZ:supp ¢y N[0,a]* # 0} = {(m1,m2) € Z* : —a < my,my < a}.

We now proceed by the same procedure for shearlets as we did for wavelets. This means
we consider all shearlets whose support intersect the region of interest [0, a]?. Depending
on the scale J — 1 € Ny we denote the index set Ay to be the set

AJ:{(j,k,m)EZxeZZ : ogjgj—uk\g2ﬂ'/2,meszj,k},

where Q; ), = {m € Z* : supp ¥, xm N[0,a]* # 0} is, due to the compact support of each
(¢} k,m)m, of finite cardinality. For ) we similarly define

KJ:{(},E,m)erZxZQ L0<F<J 1,k <2072 meQ~~}

with Q~~ = {m € Z* : supp w~k _N[0,a]? # 0} being of finite cardinality.

N ote that the scale essentlally determines the total number of shearlet elements that
intersect the region of interest. In particular for any fixed scale j and any fixed shearing
k with |k| < 29/2, the number of shearlet elements (¥ k,m)m that intersect the region of
interest if of order 23/27. The total number of shearlet elements (%j.k,m)k,m that intersect
the region of interest is of order 227. The reconstruction space R is then defined as the
closed span of all feasible shearlets, where the feasibility of a shearlet 1) is determined
by its belonging to A ;. This yields the following finite dimensional reconstruction space:

RN, = span{ {om - meQU{Wjrm : (J,k,m) e Ay} U {{p}%m : (j,k,m) € KJ} }
(2.8)
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This definition yields that for a fixed scale J — 1 we, asymptotically, have N; = 22/ many
reconstruction elements in Ry, as J — oo. Since we only have finitely many elements
in the reconstruction space per scale, we can perform an ordering. This ordering can be
performed quite naturally. In fact, first, the full system is chunked into its different scales
j=0,1,...,J — 1 similar to the wavelet case. Then each subsystem can be chunked
into the corresponding shearing parameters k = —27/2, ... 27/2_ The translation are then
ordered in a lexicographical manner. Finally, the system will be ordered along scales and
shears.

The attentive reader might have noticed that the ordering we just described does not
result in a uniquely determined sequence of reconstruction elements, meaning there are
several different orderings that obey the above construction. In particular, we have not
mentioned how the selection should be performed across different cones. However, in our
analysis and also in the numerical experiments, we will only use full shearlet systems
determined by the scale meaning all shearlets across all cones up to a fixed scale, hence
the reconstruction space is uniquely determined for such cases.

Assumptions on the generator

We like to stress that we assume the certain smoothness properties of the shearlet system
that are needed in order to have a frame in the first place. These assumptions are fairly
standard in shearlet theory. More precisely, we will assume the generators ¢ and 1) to
have sufficient vanishing moments and decay in frequency, i.e. we assume there exist some
constants C1,Cy > 0 such that

6(€1,62)| < C1 - I+ &))" (1+ &)

(2.9)

and
1 1
(L4 [&D)m (1 + &)

where the regularity parameters a > 0 and r > 0 are large enough so that the shearlet
system forms a frame for L?(R?). The generator v(x1,22) := (29, 1) for the second
cone inherits the smoothness properties from .

We next turn to the definition of the Fourier sampling space.

[(&1,62)] < Co - minfL, &} - (2.10)

Fourier sampling space

The Fourier sampling space is defined in the same way as for the wavelet case and we
merely recall here for notational purposes. Let T} and 15 be such that

R C L*([-T1, To)%).
Now, let ¢ < ﬁ < 1 control the sampling density. The sampling vectors are then
defined as standard complex exponentials restricted on the area [T7,75])? with density €
and samples on the grid Z?2, i.e.

s\ = gezmw,».x[ ., n te7? (2.11)

1 f2
e(Ty1+T2) e(T1+T2)
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These sampling vectors are then used to define the sampling space
S©) .= span {séa) 1l e ZQ} .

Of course a finite dimensional version of this space can be defined directly. However,
similar as for the reconstruction, we are only interested in specific cases. Recall that for
the reconstruction space we considered all shearlet elements up to a certain scale. For
the sampling space we will consider all sampling vectors whose sampling point lies in a
squared lattice of fixed size. In particular, for M = (M, M3) € N x N we define the finite
dimensional sampling space by

S](\j,) := span {SEE) s 0= (01, 0y) € 22, —M; < 0; < M;,i = 1,2} .

The number of acquired measurements are then determined by the width of the sampling
lattice, indeed, asymptotically we have M; - Ms many samples taken.

In order to analyse the stable sampling rate we have to put the number of samples
M = My - M in relation with the number of reconstruction elements N in accordance
with Definition 2.10. This would yield the existence of stable and convergent shearlet
reconstructions which lies in the primal focus of this chapter.

Stable sampling rate for shearlets

The following theorem describes the stable sampling rate for the Fourier sampling space
using a shearlet reconstruction space.

Theorem 2.14 ([Malba]). Let SH(¢,, @Z) be a compactly supported shearlet frame with
generators ¢,v, and v and let N < Nj = O(22/). Then for all § > 1 there exists Sp > 0
such that
1
= inf [P f|l > =,
CN,M ﬂ,g',flzN H SJ(VI)fH - 9
fll=1

where M = (M, M) € NxN with M; = [S@A;\,l/(zr*l) 27049 /2] 6 > 2 andr > 0 is

2r—1
the regularity parameter from (2.9) and (2.10). Therefore O(N,0) = (’)(NH‘SA;VU(%*U).

Further, the constant Sy does not depend on N but on 0, «, and r.

Before we give a proof of Theorem 2.14 we first discuss some important issues. First,
this theorem only gives a sufficient condition but not a necessary one. Second, in contrary
to the wavelet case Theorem 2.14 shows a dependence on the lower frame bound on the
side of the number of measurements. Such a dependence naturally does not occur in the
wavelet case, since there the system was assumed to be an orthonormal basis whereas for
the shearlet case, the reconstruction systems forms a truly redundant system. However, if
one interprets the lower frame bound as a measure for redundancy, then such a dependence
seems very plausible. Theorem 2.14 would roughly speaking mean: The more redundant
the system, i.e. the smaller the lower frame bound, the more measurements need to be
taken in order to guarantee stable and convergent solutions. Third and finally, Theorem
2.14 shows a slightly worse than linear rate as it was obtained in Theorem 2.12 for wavelets.

We will now first justify why Theorem 2.14 is still a useful result.
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2.4 Comparison to wavelets

In Theorem 2.12 it is shown that the stable sampling rate for wavelets is linear, i.e. we have
©(N,0) = O(N). For shearlets the results appears to be worse since we have to consider
an additional oversampling by a factor N?, where § is controlled by the regularity of the
shearlet atoms. Note that 6 can be made arbitrarily small if the regularity parameters
increase arbitrarily.

As we will explain now this additional oversampling factor N° is not so harmful.
Our discussion is based on the following principle. We first fix the number of samples,
say M, that are allowed to be used for both reconstructions methods. Now based on this
number of measurements M and the computed stable sampling rates of Theorem 2.12 and
Theorem 2.14, we are allowed to use more wavelets than shearlets to build the wavelet
reconstruction space and the shearlet reconstruction space, respectively.

More precisely, let 0 : N — N be the following oversampling function

o(N)=|N""——|, NeN (2.12)

Then the following result can be used to show that shearlet reconstructions are still
more appealing than the wavelet reconstructions in this context, at least for the class of
cartoon-like functions.

Proposition 2.15 (|[Malba|). Let S’H(cb,@b,i) be a compactly supported shearlet frame
with generators ¢, 1, and {bv with sufficiently large regularity r and 6 > 2/(2r—1). Further,
let f be a cartoon-like function f. For N € N denote by f3; the best N -term approzimation
of f using shearlets and f;”(N) the best o(N)-approximation using wavelets, cf. Definition

1.5 and the preluding discussion before that. Further, let Nj =227 J € N be the smallest
number such that N,o(N) < Ny. If Ry, denotes the shearlet reconstruction space so that
fx € Ry and R;”(N) denotes the wavelet reconstruction space so that f;”(N) € R;”(N), then

If = Gy (F)I S N7 (log N)*/2,
and
I1f = Gy e (D S o (N)712,

where M and M' are of order o(Ny) and G3 \(f) as well as Gy (f) are the GS
solutions with respect to the spaces Ry and RZ}"( N)’ respectively.

We first finish the discussion and then give a proof of Proposition 2.15 in the next
section after the proof of Theorem 2.14.

Remark 2.16. We have N~ (log N)*/2 < o(N)~1/2 if
N-0=9/2(10g N)3/2 < A1, (2.13)
and therefore, if |f — f3 1= IS = Giyar (£ and [If = F21 < |1 = G2y ag (F)], then
1f = Gy (DI S = Gy ae (DI

where "<" means equality up to some constant.
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In Proposition 2.15 we required a certain behavior on the oversampling function o (V)
which again depends on the lower frame bound Ay, see (2.12). The asymptotic behavior
of the lower frame bound of a finite shearlets system is in general unknown. It is reasonable
to expect, that there is no general results that can guarantee a stable behaviour of these
bounds as this is also the case for wavelet frames |[CL|. However, we will numerically
demonstrate that for compactly supported shearlets used in applications the lower frame
bound decreases in a controlable manner, more precisely, in Figure 2.1 we numerically
confirm Inequality (2.13).

02 1 1 1 1 1 1
4 5 1 2 3 4 5 B 7 B
Scale Scale

(a) r =3 and 6 =0.4,0.5,0.6 (b) r=4 and § =0.3,0.4,0.5

1 2 2 4 5 [ 7 B 1 2 3 4 5 5 7 B
Scale Scale

(¢) r=>5and § =0.25,0.35,0.45 (d) r=6 and § =0.2,0.3,04

Figure 2.1: Plot of the behavior of lower frame bound and the critical function
N~-(1=0)/2(1og N)3/2 for different values of r and §

The statement made in Proposition 2.15 delivers a positive result for shearlet recon-
struction for cartoon-like functions in terms of generalized sampling, only if N~ (log N )3/ 2
grows slower than o (N )_1/ 2. Above we show some numerical examples that compare these
two quantities. Note that aiming to verify (2.13) is equivalent to checking the behavior
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of the lower frame bound. More precisely, it is sufficient to check
N—(l—é)/Q(log N)3/2 < A}\{(Q""_l)

for the lower frame bound Ay. For this we compute the lower frame bound for the
scales J = 1,...,8. N is chosen to be exactly 22/. In Figure 2.1 we plot the functions
N_(l_d)/Q(log N)3/2, A}\{(Qr_l) in terms of N for different values of r and §. These plots
suggest that (2.13) may hold asymptotically.

We now continue with a proof of Theorem 2.14 which is followed by a proof of Propo-
sition 2.15.

Proof of Theorem 2.14

The main goal of this section is to present a proof of Theorem 2.14. This will be done by
first presenting some preliminary considerations and auxiliary results.

Effective frequency support

The main idea of the proof of Theorem 2.14 is to connect the Fourier sampling with
the behavior of the shearlets in the frequency domain. Although compactly supported
shearlets are everywhere supported in the frequency domain, the shearlets are strongly
localized in the frequency plane. This is due to the decay assumption of the scaling
function (2.9) and the decay assumptions on the shearlets (2.10), respectively. Such
decay properties remain unchanged if the function is scaled or translated, however, it is
not hard to imagine that shearing does affect the localization property.

The next result gives a more quantitative statement about the controllability of the
essential supports of the shearlet atoms (¢)), in the frequency domain, see also Figure
2.2.

Figure 2.2: Effective frequency support of shearlets and tiling of the frequency plane, light
regions correspond to large values, therefore regions with large energy and dark regions
to small values, i.e. regions with small energy. Images are computed using the ShearLab
package downloaded from http://www.shearlab.org/
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Proposition 2.17 ([Malb5a|). Let J € N and (yx)x<n, be all shearlets up to scale J —1
according to the selection procedure explained in the previous sections. Then, for w > 0
there exists a constant S := S(w,r,€) such that for In; == {({1,03) € Z> : —M; < 4; <
M;,i = 1,2} with M; = §27049) 1 =1,2 and § > 527 we have

D) 1wNE)) < w.

Le(Ipr)e ASNy
For the proof of Proposition 2.15 we will use the following auxiliary lemma.

Lemma 2.18 (|Gra08|). Fory € R,r > 1, and a,b > 0 we have

/°° 1 1 de < 1 1
x ~Y
o (I+alz)" (1+0blx—yl)r max(a, b) (1 + min(a, b)|y[)"

Proof of Proposition 2.17. Let w > 0. Then we have to show the existence of an M =
(M7, Ms) € N x N, so that

DD DD DEED DS DD D I SR (VA CH] e} (2.14)
llo|>Mz |l1]>M1  |lo|<Mz |l1|>M1  |la|>Ms |l1|<M1/ A<N;

where M, M, scales like $27149) with a constant S independent of .J. By direct compu-
tations we obtain

> 1) ()

AN
_ R 2
= 3 Jeertrtmgep| 4 3 |t T (e (5,4,,) 7T 4
m/eN (j.k,m)EA
€ —27ri€<(SE;4vQ;>_ L) > ~ \—T I 2
+ Z 233/46 ¥ < % 2]) )
(G.kom)eR s
J—1 2i/2 J—1 93/2 N2
<C’€¢€l‘ 300 |9 (S )‘ DYDY << i) z) |
J=0 k=—27/2 520 Fe—2i/2
(2.15)

since the cardinality of €2;; and Q~E is of order 23/2/. Further, we have used the fact
that the cardinality of €2 is mdependent of J and solely depends on the size of the region
of interest and the support size of the scaling function ¢.

For the rest of the proof we denote by I, 11, III the following terms

)

=Y Ty Yy Y )|

[l2|>Ma |l1|>M1 |l2|<Ma |i1|>M1 [l2|>Ma |l1|< My
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M= > >+ > >+ > )J(E(SkAQj)*Tz)Q

‘l2|>M2 |ll|>M1 |l2‘<M2 ‘l1|>M1 |l2‘>M2 ‘l1|<M1 j:0 f=—237/2

M= D D+ > > 4> > 2.

ll2|>Ma |li|>M1 |lo|<Mz [l1|>My |l2|>Ma2 [l1|[<M1 ) =0 k=—2i/2

2J(l+5)

In order to obtain (2.14) for sufficiently large S independent on J with M; = S, i
1,2 we will now estimate each of these sums by using the decay conditions (2 9) and
(2.10), respectively. By assumption (2.9) we have

)A(lf 022 ! L 2.16)
eple < e .
oleD)] = (L+ |eli)" (1 + |ela])T (
and thus
1
> Y sy Soe
1 L) (1 l
l2|>Ma |l1|< My [l2|>Ma |l1|< M + |€ ) (e 2|)
1
SC% Z 2r
LIS (1+ |elr))
1
< C? (2.17)

(1 + SJ(1+5))27’—1’

where the constant C changed in each step. Along the same lines one obtains

~ 2 1
Z Z ‘(b(d)’ S6'12(1_|_52J(1+6))2r—1 (2.18)

|lz|<M2 |l1 ‘>M1

and

2 1
Z Z ’¢(€l)‘ < 012(1 + S2J(1+5))2r—1 ’ (219)

|l2‘>M2 ‘l1|>M1

Hence, combinging (2.17), (2.18) and (2.19) gives

1< (C? 1

= L1+ 527 (48))2r-1 (2.20)

Concerning the second sum II we obtain by a use of assumption (2.10) the estimate

J—1 29/2 R 9
S 5[5 )
J=0 k=—27/2
J—1 23/
< Z & (2.21)

= (14 €279 )27 (1 + | — ek27i1y + e279/21y|)2”

<.
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and, likewise for III,

J—1 2i/2

> 2

=0 k=—21/2

2

(e () ")
J—1 2i/2

C3
<Z Z — — — . (2.22)

j=0 k=—27/2 (1 + [e27912[)?" (1 + [e279/21y — ek273lo])%r

We continue with (2.21) and leave out the computations for (2.22) since the arguments
will apply in the same manner.

In order to further bound (2.21) we distinguish between two cases. The first case
concerns shearlets, that are wavelet-like, these are those shearlets part of the full shearlet
system, that are not sheared. These are can be seen as parabolically scaled wavelets.

Case I: Let 0 < j < J — 1,k = 0. By direct computations similar to (2.17) we have

1
S Y Ya e e

|l2|>Ma2 |l1\<M1 j=0

— 1 1
< § :02 Y : >
= 2 (1 + |€279/21y])2r (1 + |e27711])2r

7=0 |l2‘>M2 |l1‘<M1

2 1
Ci— :
2. Z (14 [£279/215))2r

|l2‘>M2

<
—

IN

T
»—Ao

0223/23 1
2 22 (1+52J’(1+6)7j/2)2r71

IN

i
o

223/2J 1
2 2 (1+52J(1/2+6))2r—1'

IA
o

(2.23)

where C5 changed over time. By similar computations we obtain

1 23/2J 1
> Y Yo i <3 ,
+|€2 )2 (1+ [e279/205])2r e2 (14 5279)2r-1

[l2|<M2 |l1]>M; j=0

(2.24)
and
1
UE:MI 12%%42;% 1+|52 T[> (1+ [e279/20))>r
<Cj 2 ! - (2.25)

€2 ((1 4 5279)(1 + §27(1/2+9)))

We now turn to the second case of sheared elements.



CHAPTER 2. GENERALIZED SAMPLING 40

Case 2: Let 0 < j < J—1,k # 0. By a use of Lemma 2.18 we have

J—1 2i/2

1
Z Z Z Z 1+|€2 jl1|)2r (1+’*8k2 Il 4+ e2— ]/2l2‘)

[la|>Mz |l1|< M7 j=0 f=_2i/2

k#£0
J—1 29/2
1 1
< pe: : __
= —J —3|]24/2 2r
s, ek (1 22l R])
k;«éO
_ /2
<“’ N 1P 1
> 2 1.0 SoJ(1+48)—j/2 2r—1
S S ekl e (L B2V R
k#£0
_ j/2
_Zl S 2 .
- 272 S _j _
= c <1+‘22J(1+6) j/z/k’)QT 1
k#£0
222J 1

<C5— . 2.26
=2 22 (1_‘_’§2J5‘)27"71 ( )

Since

1 1 27/2
Z : : < / : : doe < =—
o (14| — ek279ly +279/215|)2" ™~ Jg (1 + | — ek2791y +€279/2z)2r — ~ ¢
2 2

we have

J—1 29/2

1
Z Z Z Z 1+|52 L) (14| — ek2791y + e279/205])2r

[la|<M2 |l1|>My j=0 g=—24/2

k#£0

J-1 21/ ;

23/21 1

<> ) G 5 -
iy 6 — —

= c (1+|g2‘](1+) ]‘)21” 1

k0
222J 1

< 05— . 2.27
=273 (1+|§2J6|)2r71 (2.27)

Lastly, the final sum in II can be bounded as in (2.26). In fact, invoking Lemma 2.18
yields

J—1 2i/2

1
Z Z Z Z 1+|62 ]l1|)27" (1—}—’—8/62 ”14‘62 J/2l2‘)

[l2|>Mz |l1|>My j=0 g=—24/2

k#£0
J—1 2i/2
23/2 1
< 2
2. 2 e

k40
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222J 1
< C5— . 2.28
=2 22 (1+|§2J6|)2r71 ( )
Therefore, combining (2.23), (2.24), (2.25), (2.26) (2.27), (2.28) yields
227 1
<03~ : 2.29
=2 22 (1+’§2J§D2r—1 (2:29)

As already mentioned above, we can bound III by performing the same computations as
we did for II, therefore we conclude

(2.30)

SoJé -1
ENERERE

The estimates (2.20), (2.29), and (2.30) yields

827"—3

(5’2](6—2/(27“—1))27"71 ’

I+II4+1IIL<C

with a constant that does not depend on J. Therefore, if § > % the result follows for
S greater than C~1(&_— S )1/ @r=1) which is independent of .J. O

Proof of Theorem 2.14

The proof of Theorem 2.14 is a consequence of Proposition 2.17.
Proof of Theorem 2.14. Let 6 > 1. Then we want to show
int [Py fll > 7 (231)
in . - :
ﬁE\'\RN SI<M) - 9
fl=1

for an appropriate M stated in the theorem. For this, let f € Ry with || f|| = 1. Instead
of showing (2.31) we equivalently show

2 2 — 1

for the claimed M. Since (sﬁs)) ¢ is an orthonormal system, we have

1Pso fI2= 32 ()2,

lE(I]\/[)C

where (Ip7)¢ denotes the set complement of Iy, in Z2, in particular

Z ‘fasls)
le IM)C
Z Z fvS[E) |2 Z Z fvsl Z Z fvsl

|l2|>M2 |l1|>M [la|<M2 |l1|>M [l2|>M2 |l1|<M
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Since the frame operator

SN RN — Ry, fr Y (F0a) ¢

AN
is an bijection we have for any f € Ry
f = Z <f7 S;flw)\ﬂb)\ = Z Q! Py + Z Bj,k,mwj,k,m + Z ’737%7%%7277%
ANy m'eQ (d:km)EA G k,m)en
with

oy = (Gmrs81), Bikam = Wikm: 1), Vikam = (V55 70 51)-

Furthermore,
2 1
2 _
Solowlt 3 Bkl X maal = 2 USR0Sl
m’eQ (j,k;m)EN 5 (},E,ﬁl)EKJ AN

Therefore by Cauchy-Schwarz

S lifs)P

le(Inr)e
2
= > (X awbwt D Bikmikmt Y. Gralirm )
le(In)e | m'eQ (. k,m)EN ; (G k.)€
— 2
= D |2 awbwlED+ Y BikmCikmED+ Y HratirmE)
le(Ip)e " m'eq (J,k;m)EN (G.km)ER
<Y [ Zlowlt T Bl X bal
le(fy)e | \men (G.km)EA (G.k.m)EN
Yo em P+ D 1kmEDP DY gD
m/eN (4,k;m)EA; (G.km)eR

<X [Z e+ X [+ X }ea,}(d)f].

ZE(IA{)C m/eQ (j,k,m)EAJ (j,%,ﬁl)EAJ

Now by Proposition 2.17 there exists a constant S(6,r,¢) independent of J such that for
1
M; = {S(Q,r, 5)2J(1+5)A]2\}“‘1—‘ €N, i=1,2

we can conclude

0% —1
Z [(f,si)? < 02

le(Ipr)©

which shows (2.32) and thus finishes the proof. O
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Proof of Proposition 2.15

For the proof of Proposition 2.15 we recall some characteristic approximation properties
of shearlets and wavelets. Indeed, by Theorem 1.6 the best N-term approximation f3; of
shearlets for cartoon-like functions obeys

If = 3 S N~ (log N)¥2,
and for wavelets the best N-term approximation fy obeys
If = XIS N7,

see [KL12a]. Furthermore, these bounds are sharp, i.e. there exist cartoon-like functions
such that the above inequalities hold with equality up to some constant.

Proof of Proposition 2.15. Let N € N, f¥;, f¥ (N’ Ry R;”(N) be as in the proposition. For
a fixed § > 1 there exist by Theorem 2.14 an M = (M1, M>) such that
it [Py fl 2 5
c = in : =
N JTERY s =g
Il fll=1

and similarly, by Theorem2.12 there exists an M’ = (M7, M}) in N x N so that

[

c = inf [P >
o(N),M’ fE”RZ(N) || S](\?fH =

=1

>

More precisely, we can choose M - M and M7 - M to be of order (N ;) due to the stable
sampling rate for shearlets and wavelets, respectively.

By Theorem 2.3 and the approximation rate for cartoon-like functions we can bound
the error of the generalized sampling reconstruction by

1f = Gy ar (DI S I = Pre (DS I = fiian I S o(V) 712,

Analogously, for shearlets we obtain

1f = G (AIP S = Pre, (DIP S |F = Do (L uhwn| S D0 F D

)\EIN >\¢IN

where (1), is the dual shearlet system of (1)), and Iy denotes the index set of the N
largest coefficients ((f,x)x) with respect to the best N-term approximation f3;.

Furthermore, if the regularity is sufficiently large, it was shown in [Grol3| that we can
relate the analysis coefficients of the primal frame with those of the dual frame by the
relation

(foa))a = G, ¥,
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where G is the Gramian operator associated to the shearlet system (¢)). Therefore the
claimed rate follows from the decay rate of the shearlet coefficients. Hence,

If = GNP S D [(F 9P S N2 (log N)?

AN
which yields the result. O

So far we have considered the reconstruction of Fourier measurements using compactly
supported shearlets within the framework of GS. Further, our main result showed that
an almost linear stable sampling rate provides successful reconstructions. However, in
practice it would not be efficient to sample with such a rate. In fact, using the concept
of compressed sensing one can reduce the number of measurements dramatically. We will
discuss this in the next section.



Chapter 3

Structured compressed sensing

In this chapter we study the reconstruction problem under the presence of sparsity.
Loosely speaking, a signal is sparse in a system (1)) if it can be represented in the
span of (1)), using only very few non-zero coefficients. We shall give a precise definition
further below. The concept of sparsity leads us to a situation that falls into the field of
compressed sensing. In particular, compressed sensing is a theory that was developed by
Donoho in [Don06| and Candés, Romberg and Tao in [CRT06] that allows one to recover
a sparse signal from far less measurements than classical sampling theorems such as the
Nyquist sampling theorem suggests.

In this chapter we will be in particular interested in applying compressed sensing to
multiscale dictionaries such as shearlets. In particular, we will present our results for
a-shearlets which are a special instance of a-molecules [GKKS]. These systems are again
a generalization of so-called parabolic molecules [GK14] which is a concept that unifies the
concepts of wavelets, curvelets and shearlets. We will give some details about the concept
and the notations later in this chapter. First, we proceed with a brief introduction into
compressed sensing.

Compressed sensing

The reconstruction problem considered in compressed sensing can be considered as solving
a linear system of equations

Az =y, (3.1)

where z takes the role of the signal in R™, y € R™ represents the acquired measurements
and A is the m x n sampling matrix which is usually fixed and given by the application.
As the matrix A represents the acquisition device it would be of great desire to keep
m, the number of measurements, small. Ideally, one wants m to be much smaller than
n, however, in this event the system (3.1) does not admit a unique solution anymore.
In particular, without any further assumptions we cannot hope to recover the signal x
exactly.

The fundamental property that changes the non-unique solvability of the linear system
of equations is the concept of sparsity.

45
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Definition 3.1. Let x € R™ or C"*. Then x is called s-sparse if the number of non-zero
entries does not exceed s € N. In other words, the ||.||o-map

[zllo :==#{i <n : x #0}
of x is bounded by s.

In order to find the sparsest solution fulfilling the constraint (3.1) one could consider
the constraint minimization problem

min |[z]|p  subject to Az =y. (3.2)
xX

However, this minimization problem (3.2) is unfortunately in general NP-hard [FR13]| to
solve wherefore the following convex relaxation has been commonly used in compressed

sensing [CT06, Can08, CT05, CRT05, CRTO06]:
min ||z]|;  subject to Az =wy. (3.3)

Furthermore, in order to allow noisy measurements one usually considers the following
minimization problem

min [[z||;  subject to ||y — Azl|j2 <e¢,
x

where we call € the fidelity parameter.

Assuming certain properties such as the null space property for the measurement
matrix A the /!-minimization problem (3.3) is capable of recovering the exact solution,
see, for instance, [FR13|.

Now, both minimization problems (3.2) and (3.3) require sparsity of the signal x
directly. This is, however, not always the case. In particular it is not the case for the
type of images that one is interested in applications such as MRI. In fact, it is much more
frequent that the signal is sparse in some specific domain, meaning it is sparse after an
application of some transform W.

For example, natural images are rarely sparse in a pixel basis, but the shearlet trans-
form of the image admits a sparse signal. For instance, in Figure 3.1 we depicted the
distribution of the 5%-largest shearlets coefficients of all available shearlet coefficients up
to a fixed maximum number of scales. It can be observed that most of the largest coef-
ficients are located at the low frequencies and then with increasing scales, the number of
non-zero coefficients decrease very fast.
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Scale

Figure 3.1: Left: A natural image of size 2048 x 2048. Right: Distribution of the
shearlet coefficients of the best N-term approximation using 5% of the largest coefficients
in modulus.

The reconstruction problem from Fourier measurements using compactly supported
shearlets studied in the previous Chapter 2 does perfectly fit into the regime of compressed
sensing. In fact, for this specific problem the sensing matrix A is simply the subsampled
Fourier transform and W is the analysis operator of the shearlet frame. This then leads to
a reconstruction that is sparse in the shearlet frame or more precisely, its dual. However,
note that the above introduction considered the finite dimensional scenario whereas the
problem studied in Chapter 2 is an infinite dimensional one. However, the theory of
compressed sensing was generalized by Adcock and Hansen to the infinite dimensional
setting in [AH| which was then later further developed in [AHPR15, Pool5| by, among
other things, taking into account the multilevel structure of sparsifying transforms such
as wavelets and shearlets. The infinite dimensional reconstruction problem reads as

inf  ||Uf[L subject to |[PoAf —y| <e, (3.4)
feH, U felt

where Pq is the projection onto the span of the unit vector e; € /% with j € Q and
determines the subsampling pattern and ¥ denotes the analysis operator associated to the
canonical dual frame. Canonically we will denote by T* the synthesis operator associated
to the canonical dual frame of ().

Our main contribution in this chapter is to provide a more detailed analysis on how
the sampling pattern can be designed if structured systems such as shearlets are used.
Before we can present our main results, we first have to generalize the main quantities
and concepts that were introduced in [Pool5]. More precisely, in [Pool5| the author has
investigated the above infinite dimensional minimization problem for ¥ corresponding to a
tight frame. Unfortunately, the compactly supported shearlets that we have investigated
in the previous chapter do not form a tight frame and thus these generalizations are
needed. We therefore first extend the recovery results of [Pool5| to arbitrary frames and
then we discuss the application of the stability result to systems which have a localized
Gramian such as shearlet frames.
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3.1 Structured sampling and structured sparsity

Several main concepts introduced in [AHPR15] and further developed in [Pool5| are
multilevel sampling schemes, structured sparsity, and local incoherence. We now recall
these definitions.

Multilevel sampling scheme

The multilevel sampling scheme is perfectly suited for the reconstruction problem that
deals with sampling Fourier coefficients of a signal and recovering it in a sparse domain
such as those generated by wavelets or shearlets. The general definition is as follows.

Definition 3.2 ([AHPR15, Pool5]). Let r € NyM = (My,...,M,) € N" with 0 = My <
M <...< M, m=(miy,...,my) € N withmy < My, — Mp_1,k =1,...,7. Further,
suppose

Qe C {Mk—l + 17"'7Mk}7

with Q| = my, for k =1,...,7 are chosen uniformly at random. The set Q@ = Qpm =
QU...UQ, is called (M, m)-sampling scheme.

Sparsity in levels

As we already showed in Figure 3.1 natural images are sparse in wavelet domains. How-
ever, this type of sparsity can be characterized more precisely and can generally be ob-
served for other systems such as shearlets and curvelets. We proceed with the definition
of signals that are sparse in levels which is a structure that is inherited in natural signals.

Definition 3.3 ([Pool5|). Let x be in CN or 2(N). Forr € Nlet N = (Ny,...,N,) € N
with 0 = Ng < Ny < ... < N, and s = (s1,...,8,) € N" with s < Ny, — Nx_1 and
k=1,...,r. We say that = is (s,N)-sparse if for each k = 1,...,r the level support
Ay = supp (z) N{Nk_1+1,..., Ni}, satisfies |Ag| < si. The set of (s,N)-sparse signals
is denoted by Mg N.

The next definition concerns the minimal error approximation of an arbitrary signal
by (s, N)-sparse signals.

Definition 3.4 ([Pool5]). Let x be in CN or (*(N). The (s,N)-term approximation is
defined as

oun(@) = min o= 2.
s,

If one is given a frame (¥y)x € H together with its canonical dual ({/;)\) A and ¥
denotes the synthesis operator with respect to the primal frame and ¥ denote the analysis
operator of the dual frame, then by definition we have for any f € H

U f = f.
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However, in general VAV AR €2~is not the identity operator. But since we are
minimizing over the dual coefficients ¥ f for f € H, it is a natural question how WW¥*
distorts the sparsity of a signal ¥*z for € ¥sn. This will be measured by the next
definition which is a straightforward generalization of the analogue given in [Pool5].

Definition 3.5. Let r € N and N = (Ny,...,N,) € NT with0 = Ny < Ny < ... < N,
and s = (s1,...,8,) € N'. Let Aj = {Nj—1+1,...,N;} forj =1,...,r —1 and
Ar={N,_1+1,N,_1+2,...}. Further, let p =27 for some J € NU{0} and k > 0
the smallest number such that

W12 sup {||Tglls - g = W, | Fglly = Lo € Ten}, g€ {200}

where we set p/oo = 0. Then k(N,s,p) = K is said to be the localized sparsity with
respect to N,s and p. For each j =1,...,r let k; > 0 be the smallest number such that

mjl-_p/q > sup {HPA].\T/gHg :g=V'z, ||PAj\T/qu =1,z € ES7N} ,  q€{2,00}.

Then kj(N,s,p) = K; is said to be the 7' localized level sparsity with respect to N, s,
and p.

While Definition 3.5 essentially concerns the localization properties of the cross Gramian
between the primal frame and its canonical dual, the next definition involves the sampling
operator. It is again a straightforward generalization of the definition given in [Pool5] to
the scenario where the frame is not necessarily tight.

Definition 3.6. Let A,V : H — H' be linear bounded operators where H is a Hilbert
space and H' is either CV or (2. Further, let k = (k1,...,k:),N = (N1,...,N,),M =
(My,...,M,) e N with0 =Ny < Ny <...< N, and 0= My < M; <...< M,. For
1 <k <, the k*™ relative sparsity is given by

//%k = k\k(Na M7 ’%) = max HPFkAgH2,
geO®

where Ty = {My_1 +1,..., My} and © is the set
O={geH : gecran¥”, HPAZ\TIQH% <kpl=1,...,r}
where Ay = {Nx_1+1,..., Ni}.

Local incoherence

The final ingredient that we use in order to analyze the recovery problem for level sparse
signals and multilevel sampling schemes is the definition of local incoherence.

Definition 3.7 ([Pool5|). Let A, ¥ : H — H' where H is a Hilbert space and H’
is either CN or /2. Forr € N let M = (My,...,M,) € N" with 0 = My < M; <

. < M, and N = (Ny,...,N;) € N with 0 = Ny < N; < ... < N,. Furthermore,
let T = {Mk—l + 1,...,Mk},k <7 and A, = {Nk—l + 1,...,Nk},k‘ < r—1 and let
A, ={n e N :n> N,}. The (k,l)-local incoherence between A and ¥ with respect to
N and M s given by

(k1) = \/M(PpkA\I/*PAl)M(PpkA\I/*),k,l — 1.

We now turn to the stability theorem and its assumptions.
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3.2 Stability guarantee for general frames

The stability result for solutions of the problem (3.4) relies on the balancing property that
was first introduced by Adcock and Hansen in [AH]| which was then customized for the
analysis case in [Pool5|. We shall introduce the balancing property similar as in [Pool5|
for the general frame case, i.e. not necessarily tight-frame case.

Balancing property

The balancing property is a helpful tool that allows one to exploit more structure of the
reconstruction system and essentially predicts in which measurements should be acquired.

Definition 3.8. Let A, ¥ : H — (? be linear bounded operators. Then M € N and
K > 1 satisfy the balancing property with respect to A, ¥, N,s € N and k2 > K1 > 0 if for
all R = span{{V¥*e; : i € AYU{¥¥; : j € A}} where A C [N] is such that |A| = s,
v/ K1/K -1
|0 PR APy APR T 252 < ;/2 <1og§/ 2(4,@1{]\4))
and
| PR A P APR U™ [lg 00 < 1/(8y/R2)
holds.

Now, let r € Nand N = (Ny,...,N;), M = (My,...,M,), s = (s1,...,8) € N with
0=No <Ny <...<N,. Forpe (0,1] let kK = (k1,...,kr) be k; = K;j(N,s,p) and
kj = ®;(N,M, k). Further, let

M = [T [|ooso0
min € N max [ Pag A6 < 0/(8 o) | Py W) < V534
and
B(s,N) = sup{B(A) : A is (s, N)-sparse},

where A C N and

:
B(A) = max { [P ¥ [lsos00, 4 | IWPRY* o000 max > [P, UPRE* Py, [loc-so0
B t=1

geeey

Then the stability result is formulated as follows.

Theorem 3.9. Let H be a Hilbert space, A : H — €% a linear, bounded operator and
U the analysis operator of a frame. Let f € H and suppose 2 = Qnpm 15 a multilevel
sampling scheme. Further, let (s,N) be such that the following holds:

i) The parameters M = M,,q~' = maxg_1__{(My—Mg_1)/my} satisfy the balancing
property with respect to A, U, N := N;, Kpin, = rmin{x;} and Kpqee = r max{x;}.
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i) Forye (0,e ' andk=1,...,r

—~ My, — M1 <
Vrlog(7) log(q ™ M y/Rmaz) B(s, N) ———F=1 (Z MQN,M(/%Z)%1> S,

m
k =1

and rimgB(s,N)?log(y~1) log(q_lfj\zwmmm) < my where my, is such that

T
M;, — M, R
g (W-l)uNyM(k,l)/@kgl, l=1,...,r
k=1 Mk

Suppose that f is a minimizer of (3.4) with y = PoV f +n and ||nll2 < e. Then with
probability exceeding 1 — v we have

If — fll < Cre+ Caosn(Tf)

for some constants C and Cy that depend on q,7, Kmaz and the frame bounds of the frame
corresponding to V. If my = My — My_1 for k=1,...,r then this holds with probability
1.

Proof. See Appendix C.8 O

The proof of Theorem 3.9 is build on the next result which is Proposition 6.1 in
[Pool5| adapted to the non-tight frame case. We include it here for completeness as its
proof also visualizes why we had to enlarge the reconstruction space

R = span{{U¥e; : i € A} U {(Ivf*ej cj €A}
by the dual elements in the balancing property.

Proposition 3.10. Let f € H, A C N and R = span{{¥*e; : i € A}U{\f'*ej 1 j €A}
Further, letr € N and ¢ = (q1,...,qr) € (0,1]" and let Q@ = Q1 U...UQ, where Qy,...,Q,
are disjoint subsets of N. Suppose

i) |PrRA* (B}, ¢; ' Po,) APr — Pr|| < 1/4,
i) supjen || PAEPEA* (@1, 4 Pa,) APFUP,| < 5/4,
iii) there ezists p = A*Pow and L > 0 such that
o) |[¥"Pasen(Pa¥ 1) — Prol < vass,
b) ||Px¥ Pzl <1/4,
¢) lwlly < Lv/&.

Let y € €2 be a feasible vector, i.e. |PoAf —y|| <e. Then any minimizer fE H of (3.4)
satisfies

If = Fll < Cie + Co||PATf]1,

for some constants C1,Cy that depend on B and q. The constant Cy further depends on
L and k.
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Proof. Let Pr denote the orthogonal projection onto R. Then by construction of the
reconstruction space R we have

Pig= PaU*Pilg+ PRU*PAVg = PEU* P g
for all g € H. Therefore
lgll < [|1Prgll + [|[Pr¥* PA Wg|| < ||Prgll + BY/*||PA gl (3.5)

for all g € H. Now, let fbe a minimizer of (3.4) and set h = f f. Further, we denote
Aqq = PrA* (@: 14 1PQ ) APg. Then, by i) and Neumann series we have

> [[Aqq = Idpy ) | < 1/4,
> Aqq is invertible on Pg(H) with ”Aﬁ,lq” <4/3,
> || (@ e po) are] < Vo7
By feasibility we have ||PoAh|2 < 2¢, hence

[PrA| = [ A5, An PRI
.%m<@ﬁfmJAmf%m
=1
(EB 9 UQPm) APgh
=1

-1
< [lAg,ll

g4ﬂ[v5%<q”%e+

|

Using i) we obtain

<€B ¢ * P, ) APLT*PLOh

— sup (@ q;1/2P9i> APL U, HPAL\TIhH
1EAC i1
< \/5/4 HPAinhHl. (3.7)
Using (3.7) in (3.6) yields
|Prh|| < 4v/5/3¢7"/%¢ + 5/3|| P Wh]|;. (3.8)

We proceed by bounding HPAJ-\T/hHl. By direct estimation we obtain

1f]lx = | PRO(f + D)l + [ PAT(Sf + Bl
> |PAUA| — |PAUf|ly + [|PaTf|1 + Re(PaTh,sgn(PaTf))
= |PA U]y = 2| PAUF|1 + [V f]l1 + Re(PaUh,sgn(PaV f))
> [|PA WAy — 2|[PAC £y + | f]l1 + Re(PaWh, sgn(PaT f))
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where we have used that ]?is a minimizer in the last estimate. By rearranging the terms
above we have

|PAWh|y < 2|/ PATf|l1 + [(PaTh, sgn(PAYf))]. (3.9)
By iii) we have

|(PaWh, sgn(PAY f))| = [(h, U Pa sgn(Pa¥ f))]
< [(h, U* Pasgn(PaV f) — Prp)| + |(h, p)| + (R, Pz p)]
< Va@/8|Ih]| + | PaAb|2]lwl2 + [(U* PA Wh, Pg p)|
< V5/6¢ + 5./q/24|PAVh|1 + /q/8||PEh| + 2eLy/k+
+1/4| P TR,
< V5/6¢ + 2eL/k + (5:/q/3 + /B + 2) /8| PAWA||;.

Hence, (3.9) can further be estimated as
IPAWA|1 < V5/62 +2eLy/k + (5/4/3 + /GBY* +2)/8||PAWA|1 + 2| PA T f[|x
which is equivalent to

V5/6e + 2 Ly/k + 2| PR £y

PAUA|,; < 3.10
By using (3.10) and (3.8) we can conclude
IRll < |PrA| + | PrAll < Cie + Cal|PA W £y
with
4V5/3¢712 + (5/3 + BY4)(V/5/6 + 2L\/k) 2(5/3 + BY%)
C, = , Cy= .
3/4—/q(5/3 + B1/4)/8 3/4—/q(5/3 + B1/4)/8
Ul

Remark 3.11. Note that the noise free case is also covered in the proof of Proposition
3.10 as € can simply be set to zero.

In order to prove Theorem 3.9 one has to check that the assumptions of Proposition
3.10 can be fulfilled with high probability. A contruction of a dual certificate such that
this is the case can be done in the same way as it has been done in [Pool5| for tight frames
with corresponding adaptions of the arguments to the non-tight case. We therefore present
this construction in Appendix C.8, see also [Pool5|.

In order to make Theorem 3.9 more applicable we discuss its assumption in the next
section in more detail.
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3.3 Sufficient condition for the balancing property

In this section we want to discuss the assumptions of Theorem 3.9 in more detail. More
precisely, we discuss the assumption of the balancing property and present an approach
how to verify it for for systems that are (cross-)localized, i.e. whose Gramians W¥*
and UU* have a strong off diagonal decay and have good incoherence properties, i.e.
essentially WA* has strong off-diagonal decay. Note that the second assumption i) of
Theorem 3.9 solely depends on the incoherence properties and the relative sparsities of
the underlying system.
Recall that the balancing property requires to bound the following two terms, first

| PR A* Py APR T[22 < V“m;/”‘“ (1og§/2(4mKM))_l (3.11)
and second
| W Pg A* P APR ™ ||200 < 1/(8+/Fmax)- (3.12)
Also recall that
R = span{{U”e; : i € A} U {\T/*ej tj €A

which is twice as large as in the case when the frame is tight.
We now give separate bounds for (3.11) and (3.12) starting with (3.11).

Lemma 3.12. There exists a constant C > 0, such that for any A’ C N we have
|W PR A" Py APR " |25 < || PAr® W PAWA* Py |[55 + || Par U PRU* PAV A" Py 15
+C (P& W PAl3 o + | PAUT PR, ) -
Proof. Note that
|9 PrA* Py APRY ||252 = [WPRA* Prypll5,
= HPA’\IJPRA*P[JM]||%~>2 + ”PAL/‘I’PRA*P@HB%? (3.13)
Let T be the following linear bounded
T:2x 0 —H
(e (da)a) = D> extoa+ Y davdy
A A
and Paxa : 02 x 2 — (2 x £2 be the orthogonal projection onto the index set A x A C
¢? x £?. Then we have
> T Paxa is a linear and bounded operator,
> R = ran(YTPaxa), and
> Pr = TPaxa (TPaxa)'.
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Therefore, we have
||PA’\I’PRA*P[§\_4} ||2a2
= || PA¥(Id — Pg " PA W) A* P22
= || PAr¥(W* PAW + U*PAW — PgW* PAW)A* Pyl
< ||Par WU PAWA* Py ll22 + || Par W PRV* PAWA* Py pll2so
< ||[PaWW* PAWA* Ppllasa + [PAY Pasa (YPaxa) A" Ppllase  (3.14)
Furthermore,
IPA WY Pasa (Y Paxa)" A" Pipllaso
< (I1P& W Pall + | PAOT PA) | (TPsxa) A" Piyllan e (315)
Using (3.14) and (3.15) in (3.13) gives the result. O
The next result is trivial to prove and we therefore omit it.
Lemma 3.13. We have
|0 Px A* Pag APRT™ [ls00 = || O PR U* PR WA* P APR T [|o .

Using Lemma 3.12 and Lemma 3.13 we can obtain bounds for (3.11) and (3.12) by
designing A’ C N such that

|PAUU*Pallayy  and  ||PRUU*Pallao (3.16)

can be nicely controlled if the system is intrinsically localized. Furthermore, it should also
be designed in such a way, so that

|Par @ PAWA* Ppllas2 (3.17)
can be controlled by using either intrinsic localization arguments for
| PAr T PR 1252
or incoherence arguments for
1PAYA* Py ll22-

Note that this has to be done in a balanced way, since A’ N A° might not be empty
and hence produces some energy in the norm of PA/\I/\T/*PAJ-. More precisely, on the one
hand one wants to choose A’ far away from A in order to gain most from the intrinsic
localization which will keep (3.16) small. On the other hand it must not be too far away
from A otherwise there is too much overlap of the index sets A’ and A¢ which would
mean that M has to be larger than maybe necessary in order to apply some incoherence
argument.
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Further, by Lemma 3.13
W P A* Pp APR U™ [|200
can be controlled by incoherence arguments. In fact it is sufficient to bound
| PA W A* Pagyl22

by incoherence arguments.

In the next sections we will present the precise arguments for the intrinsic localization
that is used in this intuitive discussion and explain how such A’ can be designed. We will
thereby focus on «a-shearlets although the arguments can be carried over to more general
a-molecules.

3.4 Balancing property for a-shearlets

For the sake of completeness and notation, we first give a short introduction into the
basics of a-molecules. We thereby only focus on the basic definitions and properties that
we will use for a-molecules. For a more detailed presentation of these systems we refer

to [GKKS].

Basics of a-molecules

The systems of a-molecules were introduced by Grohs et al. in [GKKS]| as a generalization
of parabolic molecules to arbitray degrees of anisotropy. Indeed for a = 1/2 both systems
agree. We now define a parametrization which will be used to define a system of a-
molecules.

Definition 3.14 (|[GKKS|). A parametrization consists of a pair (A, ®y) where A is an
dex set and ®p is a mapping

d:A— R xTxR?
A (8, 0h, )

which associates with each A\ € A a scale sy € RT, a direction ) € T and a location
xx € R? where T denotes the one dimensional torus with opposite sites identified.

A family of a-molecules is defined using an anisotropic scaling matrix and a rotation
matrix. Indeed, for s > 0, @ € [0,1] and 0 € [0, 27) we let

a5 0 o (G ),

be the scaling matriz and rotation matriz, respectively. Then a system of a-molecules is
defined as follows.
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Definition 3.15. Let (A, ®,) be a parametrization and R, M,Ni, Ny > 0. A family
(¥x)aea C L%(R?) is called a family of a-molecules with respect to the parametrization
(A, @p) of order (R, M, N1, Na) if it can be written as

Un = s\ A R, (- = )
such that for all |5] < R,

min(1, 3;1 + &1 + S;(l_a)|§2|)M

B <
IO T e a g

(3.18)

for all € = (&1,&2) € R2, where the constant in (3.18) is uniform over A € A,

The shearlet systems that we have considered in Chapter 2 are a special instance of
a-molecules, indeed, they can be classified as so-called a-shearlet molecules.

Definition 3.16 (|GKKS]). Let a € [0,1],¢ > 0 and g > 1 be fized parameters. Further,
let (n;)jen, and (Lj)jen, be sequences of positive real numbers with n; < g1~ n_q1 =0

and Lj S g1=i Let

A% = {(0,-1,0,k) : ke Z*
U{(e, 4,1, k) : € €{0,1},j € No,l € Z with || < L;, k € Z*}

and

°:AN°* — P, (e,5,l,k)— (gj,EW/Q + arctan(—In;), (anj)*lAz,jk>

0 _ [ 1 _ g 0
Ag]'_<0 gaj>7 Ag]'_<0 g]

and Slonj = Su; Sllnj = S%j. Then we call the pair (A*, ®*) an a-shearlet parametrization.

where

Furthermore, a system (¥x)aeas defined by

Do jany =gt k(A Sy, - —Tk)  for some  ff,; € L*(R?)

is a system of a-shearlet molecules of order (L, M, N1, Na) if for every |B| < L

min(lagij + |£1+€| + gi(lia)j|§2—€|)M

9% M) < ’
OIS T O e g™

with an implicit constant independent of (g, j,1, k) € A®.

It was shown in [GKKS]| that an a-shearlet molecule as it is defined above is indeed
a system of a-molecules. In particular, an a-shearlet system with compactly supported
generators is a system of a-molecules. More precisely, the following result summarizes
the properties that we require in the next section.
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Proposition 3.17. Let h = (¢, «r, L, M, Ny, No) where ¢ > 0, a € (0,1), M, N1, Ny € N
and L € {0,...,M}. Further, let ¢ € C’(])VlJrN2 (R2), 41 € C’évl,wg € CéVQ and assume that
Y1 has M wvanishing moments. Define

Y(x1,2) = 1(21)Y@2)  and D@1, 22) = (@2, 21).
Then
S(h) = {o( — em) = m € 72}
U { gt/ (A%, 80, - —em) 5 j € No,Ji| < mjm € 22}
U {g(1+a)j/2¢“ ((Agl,jszlnj . _cm> : j € No,|l| <njyme 22} (3.19)

is a system of a-molecules of order (L, M—L, N1, No) with respect to the shearlet parametriza-
tion (A%, ®%), where g = 20‘_1/2,77]~ =g~ (= and L; = [¢g(1=37. Moreover, we have

min(la |£1|)M min(la |£2|)M
(1 + ([N (1 + [€2]2) (L + ([N (1 + & [2) N2

In particular, there exists an h such that X(h) forms a frame for L*(R?).

and |0°9(€)| <

1079 (9)] <

Proof. The first statement of Proposition 3.17 follows from Proposition 2.11 in [GKKS].
The moreover-part is simply a concatenation of Lemma 3.10 in [GK14] and the fact that
the 1D generators are assumed to be in C'(])V L and C’év 2 respectively. The in particular-part
follows from Theorem 1.2. O

Remark 3.18. In Proposition 3.17 it is stated that there exists a configuration h such that
the corresponding system of compactly supported c-shearlets forms a frame for L?*(R?).
This result already follows from Theorem 1.2 as the cone-adapted shearlet system can be
written in the form of (3.19).

In [GV15, Grol3] the authors have shown that if a system (1)) of a-molecules forms
a frame and is N-localized, i.e. for N > 0 it holds

(s )| Swh )Y, (3.20)
where
WONNY = 1 (55 )7 A K — (S5,)7 Ak, (cale/m/2, Iny). — salem/2,Iny)) P+
+ g2 =T /2 4 arctan(l'n;/) —em/2 — arctan(In;)|*+
+ 9200' ||(Sl€,,77j/)_1Azlfj’ k/ - (Slanj)_lAz—ijQ)

and ca(z,y) = cos(z) + arctan(y) and sa(z,y) = sin(x) + arctan(y), then there exists an
N’ such that

(x| S w(h )N (3.21)

In other words, if the Gramian is localized then the cross-Gramian between the system
and its canonical dual is localized as well.
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Remark 3.19. The localization the Gramian is one of the key tools in the recent devel-
opments of a-molecules or its predecessor parabolic molecules. Using the localization of
the Gramian and the cross Gramian between different systems the authors of [GK14] were
able to show the sparsity equivalence of two different systems sets of parabolic molecules
at hand which in turn implies the same sparse approximation rate. That again is one of
the characteristics of parabolic molecules themselves such as curvelets and shearlets.

Balancing property for a-shearlets

We now return to the balancing property, i.e. we first ought to bound
|PA (8" + B*) Pal22

for some appropriately chosen A’ D A. Hence, for such A’ it would be sufficient to bound

> Z (3.22)

Ngarea @

provided that the a-molecule used for the reconstruction forms a frame and is N-localized.
Clearly, one can make A’ sufficiently large, i.e. the indices belonging to d and those not
belonging to A’ sufficiently wide separated, so that (3.22) becomes sufficiently small.
However, for the balancing property we also have to bound

|Par @ U PAWA* Pplla+2

which means if A’ is too large, then its intersection with A¢ will be large which makes it
unlikely that this second term is small. So we must construct A’ so that

(B1) > yvear 2onen W is small: This directly bounds (3.16).

(B2) A’'N A€ is small enough so that HPA/\I/\TI*PAL\I/A*P[JM] |l2—2 can partly be controlled

by intrinsic localization arguments from (3.21) and the rest -that is close to A - by
standard incoherence arguments.

We will now construct such A’. To this end, let A denote the index set of all a-shearlets
up to some fixed scale J whose support intersect a fixed region so that the number of
translates at a scale j < J is of the order g% . By assumption there exist positive number
K{_x¢’,K}_. = g% such that these give upper bounds for the number of translations
contained in our parameter set, i.e.

Ag{(s,j,l,k)eNxeZ2 e e{0,1},5 < || < Ly, k1| < K7 |k2|§K§7a}.

l.e’

As it is typical for a-molecules we identified A with (e, 7,1, (k1, k2)). In order to determine
A’ D A such that

2 2 Lo R

¢n’ )\GA
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is small we choose to find T > 0 such that

PONDIEDSEED DEED DD DD DID DR (CHASLINCYAR

e €{01}5">I+T V|<Lys |§K{'€/ {01} I WSLy |y <K,

) <Ki
|ky | <K k2| <Kz, c

S8y

is small. Then we could set
A= {(e .l k) s e € {0,115 S T+ T < Ly, il < K1, kel < K}

The separation parameter 1 should ideally be independent of .J yielding a linear be-
haviour of the intrinsic localization of the frame (¢))x which in turn implies a linear
intrinsic localization rate between the primal frame and its canoncial dual. The linearity
is important so that we can really use incoherence arguments for the remaining terms in
(3.17).

The next theorem secures that (B1) can be accomplished with an arbitrary small
bound.

Theorem 3.20. Let o € (0,1) and (¢¥x)x be a compactly supported a-shearlet frame that
satisfies

[(Wxs )| S w(Ap) ™Y

with N > (14 «a)/(1 — «). Then for any 6 > 0 there exists a T > 0 that further depends
on the regularity of the a-shearlet system, such that

Z w((s,j’,l/,( /lvké))v (57j7l> (k17k2)))_N < 67

(e,5" (k7 K5))EA!
(Evjvlv(klka))eA

where
A= {(€,j,l,k) PE€ {Oa 1},] < J"'T’ |l| < Lja |k1| < K{,Ev |k2| < Kg,g} (323)

Proof. Clearly, we have
Z 1
(e.4" 1! (K, kb)) g A w((e, gk, (e, 4,1, k))N
(e,5,L,(k1,k2))eA

< Z (gj/_j (1+ g0 /2 + arctan(l'n;/) — em /2 — arctan(lIn;)|*+

(e",3" V(K ,ky) ) ¢ A
(57j7lv(k17k2))eA

-N
IS, ) AT~ (57,) 7 AGHE) )

We will now proceed the proof by assuming
Case I ¢ = ¢ and 'n; # In;.
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Let

_ i 1 + L A/fr]A/ 2 Y Y]
Ay =g (W) Bk ju = kg™l = Unjiky — Ik, Gy = g7 k.
VA

Then by direct computations we obtain

1
(s,j’,l’,(%gé))gA/ w (e, 3,1, k), (e, 5,1, k)N
(Ehjvl’(kl »k2))€A
,7Ij’7él”7j

< J'=j 20 i ’ ’ —j 2
- 2 J L+ Ayt (klg —Unjrky = Injks — g kl) +
(e.37,V (K kb)) g A
(&:3,,(k1,k2))EA

"y #ln;
, N2 -N
)
. N
< Z 9 Ay,
~ . . 2 . 2
(3" 1 (K ) A" (1 +gPa AL ((Bj’,l’,k’,j,l —97k)" + (Cyw — g% ka) ))
(€7j7l1(k:17k2))6A
"nj1#n;
Kj,e (]_]/) . N
< 3 ’ 2 /45) dkadk:
~ Kl (B, =9 k1) +(Cpr =g~ k2’ N
(.41 (K, kb)) g A/ 2,c <1+92aj ittt =9I Oty g™ Pl
j<J\l|<LJ,77]/;él17] 3’3
- Z ]K{,E_Bj’,l’,k’,j,l gio‘jK%’E—Cj/,k/ g(a+1)]g (-3 )A] i;l Jd
< - ~ dkadky
(et nga IR By 1 I K (14 i AL (K4 K3))
GSINISL
< Z (-3 A~ ’jga+ )J/ / v dkadky
(e,j',z',<k1,k'2>>¢A' 00 (14 g2 Azl (k4 43))
G<INSLy,
PIED DD DD DD DD D i ke i
IIETWISLy g |<k7 Ikg|<k, IS IS TS
Yo D Lyk] K] LN gUmei Al (3.24)

JI>J+tj<J
where we have used
|arctan(l'ny) — arctan(ln,)| > [y — Inj| /(1 + L)

in the first estimate. By assumption L; < gj(l_o‘),K{(E = ¢/ and Kga = ¢g%. Further-
more, note that

-1 2(a—1)j
Api=9 :
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Therefore (3.24) can further be bounded to obtain

Y TR S ey

(e gy @ (€T 1R, (8,5 T

(Evjvlv(k17k2))€A
Z Z g D(N=2)+N)j o (2=N)j"

J'>J+t j<J

< Zg(Q(a—1)(N—2)—2)Jg(2—N)j/
Jj'>t

= Z 9(2(a—1)(N—2)—2)Jg—(N—2)j’_
J'>t

Using the same arguments as above one can verify the claim for
Case II: ¢’ # € and U'n; # n;.
We next turn to
Case III: ¢’ # ¢ and I'n; = n;.
In this case the computations are again the same as in Case I, indeed one can choose
Ajrj to be 212 Then the computations go through.
The claim follows from the following estimate for this case

Z ((S’jlvllv( ll’kl2))’(5ajalv(kl’k2)))_N

(8,571 (R k) ) g A
(Evjvlv(klka))eA

1
5 i NN
g gar (9779 (1+ g2i=eld)
(€’j7lv(k1ak2))€A
1+a 1+a ].
SO —
]>J+t]<J ( I=i(1+g J)
Z Zg”a 1+aJ(J 3N 2(a 1)Nj
§I>J4t§<J
3N gl ()N =20 aN);
j’>J+tj<J
§'>t
— Zg ((I+a)— 2(1+a)—2(1-a)N)J
§>t

As long as « is not equal to 1 this sum becomes small for increasing N. The final case
that needs to be addressed is

Case IV: ¢/ = ¢ and ' = n;.
First, note that

D((A5m,) 7€) =4 (((goj _lgﬁjaj>)T§>
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g min{1, |g 7€ |}
(1+ 11(AsStg,)~TEIB) ™ (1 + [Injg=eT€1 + g=29Eaf2)™
g min{1, |g~7& |}

(L4 1A€013) ™ (14 linjg—od&r + g=i&a2)™

Therefore, we have

)OS D DR (RN

‘k/|<KJ |l |S77] |k1‘§Kjﬂs

J
kyl <KD, kel <K e

SEDIEDIEDD

\k’|<KJ V] <n;/ |k1\<K
|k2\§K§,

R D2G ((Age S, ) TTE) & ((AjSlm)*Tf)‘ d<

’ 3
kpl<K3

<Y Y Y/ g+ 42 min(1, g [}
~ _ N:

\k/|<Kj’ W1<njs |k | <K 2 (14 [|A-y€l3) . (1+[Injg=9"& + g7 &)%)
lko| <KJ

\k’|<K o
| min{1, |g~7¢ [}
(1+ 141D (1 + |imjg—edey + goigaf2)™
<Y Y e min{LIg’j/&l}]‘jvflmin{l,lg’j&\gMd
R (14 A_pel3)™ (14 1A5¢013)™
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\k’|<K] k<K,

‘k/|<KJ o |k2‘SK§,8
_ / g(Fa) G +0)/2 g=2(M=1)("+3) | ¢ |2(M~1) ”
R2 (1+ g7 &1)% + \g_o‘j/sz)Nl (14 |g=7& |2+ lg_aj§2!2)Nl
/ g +)/2 g =2(M=1)('+7)
R (|62 4 (g |gmig /6 )M
1 de
(1 + |g=9&1 |2 + |g=0d & 2)NMH (1 4 g2 + |g=od' &]2)™
(I+a)(§'+5)/2—2(M—-1)5’
N / ; 'g Ni—Mi+1 i ; Ny d€
R2 (14 |g77&1]2 + |g= & 12)M M (1 4 |97 612 + |g=o9 &]2) ™

g +5)/2-2(M=1)5+(14+0)j

<
R (1+ |62+ &)V MF (14 g7 €2 + 9o [2) ™
Since the integral is finite with a bound independent of j and j’ we can conclude

Z w((€7j/7l,u( i?ké))7(€7j7l7(khk?)))_N

(e.3" U, (K ky) ) g A
(e:3:1,(k1,k2))EA

de.

Z Zg (14a)/2-2(M—1))j'+3(14a)j /2 < Z 2((1+a)—(M-1))5"

J'>J+t j<J J'>J+t



CHAPTER 3. STRUCTURED COMPRESSED SENSING 64

Hence, for any § > 0 there exists T' > 0 and Ny, No, M > 0 such that

Z w((gvjlal/7( ,17ké>)7(€7j7l7 (k17k2>))_N <.

(e 11K ) A
(67jvlu(k11k2))€A

O
Using Theorem 3.20 we can obtain a small bound for (3.11).
Corollary 3.21. For any 6 > 0 there exists A" of the form (3.23) such that
|PAW( + 5 Palbn <5
Proof. Clearly,
PO + T)Palas < 3 S i P+ 30 3 [ )2
NeA AeA NeA AeA
For N” := min{N, N’} /2, where N’ is as in (3.21) we conclude
| PAr R (U + T Pallase € D D w(X, A7
ANeA AeA
By Theorem 3.20 we find for fixed § > 0 some A’ of the form (3.23) such that
| PR (T* + U*)Pala—2 < 0.
O

Corollary 3.21 shows that the intrinsic localization of a-shearlets is sufficient for the
balancing property to hold. A similar conclusion can be drawn for other a-molecules that
satisfy a similar intrinsic localization property.

As for (B2) we must comment on the notation first. The number M refers to the
number measurements that must be drawn. Since we are now in the 2D Fourier domain,
we again consider the same setup as in Chapter 2, in particular Section 2.3. So M specifies
the width of a grid where we draw the samples from. Then the following holds.

Theorem 3.22. Retaining the notations from Theorem 3.20 we have: For any § > 0
there exists an M < ¢g7(+P) such that

HPA/\IJEI*PALWA*P[]LM]HQHQ <9
where p > 2/(2min N7, Ny — 1).
Proof. For T' > 0 we define
To={(e,4,,k) e A°NA" : j<J+T} and A" =(AT)NA°
Then

|Par @ PAWA* Pplla2
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< || PArWW* Ppenag WA Piypllasa + || PAr@W* Pacoam @A Py ll2sa.

By Theorem 3.20 for every o > 0 we can choose T sufficiently large, but independent of
J such that

> w((e, 5,1, (K, k), (e,4,1, (k1 k)™ <o
(e,g" U, (k7 kE))eA”
(2., (k1 k2)) A

with N’ from (3.21). In particular, for any 6 > 0 we can obtain
|Pa W PAWA* Py lla2 < 8/2 4 || Par@ 8" Pacnam W A* Pyyll2a.
Now since
|Par @ Pacam W A* Prpllasa < [|Par®U* |2 Pacnam W A* Prp 22

< Pa T ase Y [0

AeA/
Le(Inm)®

the rest of the proof follows the same argumentation as in Proposition (2.17) which
following from the effective frequency behaviour of compactly supported shearlets with
sufficient regularity. The degree of anisotropy which is regulated by a does not effect the
argumentation but only the estimates. However, following the estimates of the proof of
Proposition (2.17) line by line gives the result. O

Remark 3.23. In the proof of Theorem 3.22 we mentioned that the same argumentation
as in the proof of Proposition (2.17) can be applied, in particular, we have assumed that A
contains all shearlets up to a certain scale. This again corresponds to the worst possible
sparsity case if A was that large. However, if this is not the case and A was much
smaller, then the estimates for the incoherence can be significantly improved as we only
need to employ the frequency decay of those elements that are indexed by A. Note that
the arguments for the intrinsic localization would not change.



Chapter 4

Non-convex compressed sensing

As we have seen in the previous chapter one of the promising methods to retrieve sparse
signals from highly undersampled data is to solve an ¢!-minimization problem. However,
this /'-minimization program has been considered as a substitution of the £°-minimization
problem. In this chaper we want to study the scenario of /P-minimization with p € (0, 1).
The results presented in this chapter are based on [Mal5b| and we follow the presentation
of these results closely as in [Mal5b].

fP-minimization

Using the ¢P-quasi norm as a sparsity prior in (3.3) is a prominent approach that has
been widely studied in the literature [Cha07, SCY08, FL09, ACP12, LLSZ13] in order to
strengthen the emphasize of sparse solutions. In fact, the fP-quasi norms are closer to the
(O-function || - [|o than || - || is, see Figure 4.1.

1 1 1 1

0.5 0.5 05 05 L
0 o o o

D5 -05 05 -5 T
Bl -1 -1 -1

A 0.5 [} 0.5 1 - 0.5 o 0.5 1 A [} 1 - o 1

Figure 4.1: From ¢! to ¢°: Unit balls with respect to the ¢P-quasi norm for decreasing p.

Therefore in this chapter we consider the /P-minimization in analysis formulation, that
is

min ||Wz|[) subject to |y — Az[]2 <¢ (4.1)
x

for arbitrary redundant transforms that arise from a general frame. More precisely, we
will focus on the stability of the minimization problem (4.1) for arbitrary redundant
frames and sensing matrices that fulfill a restricted isometry property that is adapted to
the analysis minimization problem. The obtained result can be seen as a generalization
of the work by Candes et al. in [CENR11]. We will make the relation more precise in the
following.
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For the convenience of the reader we continue with an overview of known stability
results for the synthesis formulation as well as the analysis formulation. This will then
make the contribution more clear.

Overview of related work

The following minimization problems are well studied in the literature and the stability
results that are obtained for these problems are the ones that we also want to prove for
(4.1). We will now only discuss the case where the model covers noisy measurements,
i.e. in the equality constrained minimization problem (3.3) the constrained y = Ax is
replaced by a relaxation ||y — Azl < e.

Synthesis approach for ¢

The following minimization problem is generally called the synthesis formulation for the
¢'-minimization problem

min ||z]|;  subject to ||y — Azx|2 <e. (01-P§)
x

It also known as basis pursuit and has been studied a lot since the early days of compressed
sensing. Furthermore, stability results are known under the presence of the so-called
restricted isometry property (|[CRT05, Foul0, FR13]).

Definition 4.1. An m x n matriz A satisfies the restricted isometry property (RIP) of
order s with RIP constant ds, if there exists s > 0 such that

2 2 2
(1= 6s)[lzllz < [|Azlly < (1 + 6s)][l3,
for all s-sparse vectors x € R™.
A stability estimate is guaranteed by the following theorem.

Theorem 4.2 (|[CRT05|). For any vector x € R™ and noisy measurement vector y =
Az + e with A € R™*™ and |le|| < e we have if A satisfies the RIP with 035 + 3d4s < 2,
there exists constants Cy and Cy such that the solution z* of ((1-P§) satisfies

|z — @]lx
NE

where x5 1s the vector that consists only of the s largest entries of x in magnitude.

|z — 2|2 < Cie+ Cy

Synthesis approach for ¢

As we already mentioned in the introduction of this chapter, the -quasi norm approxi-
mates the O-map better than the ¢! norm. Hence, the ¢!-minimization problem above has
been generalized in the works [SCY08, Cha07, FL09| and the resulting ¢P-minimization
problem reads as follows:

min [|z|5 subject to |ly — Az[]2 <¢ (eP-Pg)
€T
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Similar as for the standard ¢!-minimization problem a stability result is of major interest.
The following theorem delivers such a result

Theorem 4.3 ([SCY08|). For arbitrary signals x € R™ and noisy measurements y =
Az + e with A € R™™ and |le|| < & we can guarantee stability provided that for s € N
there exists k > 1 such that ks € N and

Sps = k2/P716 gy 1ys < K/P71 - 1L (4.2)
More precisely, if (4.2) holds, then there exists constants Cy(s, k,p) > 0 and Ca(s, k,p) >
0 such that

lz — sy

lz — z*||5 < Ci(s, k,p)eP + Ca(s, k, p) S1-p/2

holds, where x* denotes the solution of ({P-Pg).

The constants Ci(s, k,p), Ca(s, k,p) in Theorem 4.3 are given explicitly in [SCY0S|.
Moreover, these constants agree with the constants C; and Cy in Theorem 4.2 if p = 1.

Analysis approach for ¢!

For the case that the signal is sparse after some transformation W it is more convenient
to consider the following analysis formulation:

min || Uz|; subject to |y — Az|2 <e, (01-PS)
x

where VU is the sparsifying transform, e.g. the analysis operator associated to a frame
that is used as the reconstruction system. A stability result for the case that ¥ is the
analysis operator associated to a tight frame can be proven based on the so-called V-RIP,
see Definition 4.4 below.

Definition 4.4 ([CENR11, KNW15]). Let ¥ € RN¥X" be a matriz whose rows span R™
and A € R™*™. [f there exists 05 > 0 such that

(1= 0) [z} < [|AP™2]3 < (1 + 65|93, (4.3)

for all s-sparse vectors x, then we say A satisfies the W-RIP of order s with W-RIP
constant d.

The W-RIP can therefore be interpreted as an isometry property of the measurement
matrix A for all vectors that are sparse in the row space of W. The stability result for
this case reads as follows.

Theorem 4.5 ([CENR11, KNW15]). If ¥ € RNX" js a Parseval frame and A € R™*"
satisfies the W-RIP with do5 < 0.08. Then the solution x* of the minimization problem
(01-PS,) satisfies the stability estimate

[P — (Wa)s|)y

|z* — z||2 < Cre + Cs s

(4.4)

for some constants Cy and Cs.
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A generalization of Theorem 4.5 to the fP-quasi norm has been studied by Aldroubi
et al. in [ACP12] if the frame is a Parseval frame. For general frames a stability result
can be obtained based on the so-called W-null space property as it was introduced in
[ACP12|. We will prove stability of the minimization problem for general frames that are
not assumed to be a Parseval frame and thus close this gap. Furthermore, if the frame
is not assumed to be Parseval, then, as we will outline, the restricted isometry property
does not completely fit to the minimization problem (4.1).

Our stability result will also be based on the W-RIP. Therefore we first discuss this
property in more detail first.

4.1 Restricted isometry property

As we have shown in the overview the restricted isometry property can be used to secure
the stability of solutions obtained by ¢'-minimization, let it be the synthesis or the analysis
problem. Therefore, one is very much interested in RIP guarantees. In [KNW15] Krahmer
et al. presented a result for matrices to satisfy the W-RIP provided the frame W is a
Parseval frame. The proof of their result can be generalized to arbitrary frames in a
straightforward manner. Indeed, the analogous result reads as follows

Theorem 4.6 ([Mal5b, KNW15|). Fiz a probability measure v on {1,..., N}, sparsity
level s < N, and constant 0 < 6 < 1. Let ¥ = (¢Yx)x<n be a frame for R™ with frame
bounds c¢1 and co and let A be an n x n matriz whose rows (r;)i<pn satisfy

Z 1 (3)7 (1) vi = 0 .

Furthermore, let K be a number such that ||y\|| < K for all A < N and

jwel=1 V3
leflo<s

[fﬁ is an m X n submatriz whose rows are subsampled from A according to v, then there
exists C > 0 independent of all relevant parameters such that for

m > Cs (?ny max {log3 <s <[;L)2> log(N), log(l/w)} .

the normalized submatriz 1/%%? satisfies the W-RIP of order s with W-RIP constant §
with probability 1 — .

Remark 4.7. Note that the factor L that appears in Theorem 4.6 is again a localization
factor similar to (3.5) which determines the number of measurements in the case where
analysis minimization s considered.

The proof of this theorem follows very closely the arguments of Theorem 3.1 in
[KNW15]| and will be presented in Appendix C.9.
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Remark 4.8. In Theorem 4.6 the localization factor L and the reciprocal of the lower
frame bound c1 determine the number of measurements that are needed. In fact, similar as
in Chapter 3 the use of localized frames can overcome both issues. Indeed, by Greshgorin’s
Circle Theorem there exists a A € {1,..., N} such that

2 < 3 ()]

HFEA

and therefore

<) (W)
u<N

Therefore good localization properties help to control the lower frame bound and therefore
also the number of measurements.

4.2 Stability of analysis-based /’-minimization solutions

We will show a similar stability result to Theorem 4.5 for the minimization problem (4.1)
while assuming the W-RIP. Recall that this means that we are assuming the measurement
matrix A to behave like an isometry for all signals that are sparse in the primal frame
(1x)x. However, at the same time we are also minimizing over the primal frame coefficients
((f,¥))r. This causes a sparsity mismatch since the primal frame coefficients, however,
do not lead to a representation of a signal f in general. More precisely, we do not have

TR ITATNIDS
A

unless (1)) happens to be a Parseval frame. In fact minimizing over the primal coeffi-
cients assumes sparsity with respect to some dual system. Due to this mismatch in the
sparsity we propose two different approaches to proceed.

(A1) We introduce a novel concept — the one of identifiable duals, cf. Definition 4.9 —
that can be used to overcome this sparsity mismatch. For frames that have an
identifiable dual, we will be able to prove a desired stability estimate that extends
Theorem 4.5.

e study the minimization problem wi e ’correct’ transform, namely the anal-
A2) We study the minimizati bl ith the ’ t t f ly th 1
ysis operator with respect to some dual system of the primal frame.

While the second approach seems more natural in the context of compressed sensing,
the first approach also has a merit in its own. In fact, the concept of identifiable duals
extends the class of scalable frames ([KOPT13]) which has arisen in the literature from
a completely different perspective. We give a short introduction into this concept in
Appendix A.2.
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Identifiable duals

As we already explained, we propose the following definition to circumvent the sparsity
mismatch of the the primal frame and the primal frame coefficients.

Definition 4.9 ([Malbb|). We say a frame U = (\)aer for H has an identifiable dual
if there exists a_dual frame U such that for all f € H and any A € I the coefficient
in modulus |(f,1¥x)| can be bounded from above and below by |(f,¥y)|, i.e. there exist
constants di,do > 0 such that

di|(f, )] < [(Fo )| < dal(f, )] (4.6)
forall f € H and all X € 1.

If ¥ is a frame that has an identifiable dual, then this assures that there exists a dual
such that the sparsity of the primal frame coefficients leads to a sparse representation in
this dual system. We now make a couple of comments about the class of frames that have
an identifiable dual.

Remark 4.10.
(A) Clearly, every tight frame has an identifiable dual.

(B) From the identifiability condition (4.6) we can deduce that
(span ) = (spanvhy)t VA< N.

which implies that there exists ¢y € C such that 1) = c,\%, In particular, all
scalable frames®™¥) have an identifiable dual, cf. Proposition A.10. Therefore, the
class frame that have an identifiable duals is a generalization of the class of scalable
frames.

(C) The set of vectors

{06 B

is frame for R? that has an identifiable dual, e.g.

{0 G

with dy = do = 1 but is neither a tight nor a scalable frame.

(D) More generally, the identifiability condition could be studied by considering localiza-
tion properties of the Gramian G := WVVU* for the system V. Indeed, for all f € H
we have

(2, 0a))acn = ¥z = GU(T*U) "o = G((x,¥x)a.

Hence, if G is close to a diagonal matriz, then using the pseudo inverse is also close
to a diagonal matriz [Grol3] and the identifiability can be analyzed.

WA frame (a)x C H is called scalable if there exists ¢y € R U {0} such that (cathy), is a Parseval
frame for H, cf. Appendix A.2.
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(E) With a view to compressed sensing it seems plausible to restrict the set identifiability
condition (4.6) in Definition 4.9 onto a certain set of elements that we expect to be
sparse in the primal frame as one is only interested in these case. This would make
the definition more general.

The second assumption is of technical nature. It will only be used to make the
constants in the proof feasible. In fact, as we are not dealing with tight frames, the frame
bound ratio ¢1/cy might be uncontrollable. Hence, we define g-controllable frame bounds.

Stable frame bounds

In order to have stronger control on the frame bound ratio and to exclude pathological
constants we make the following definition.

Definition 4.11 ([Mal5b]). We say a frame ¥ has g-controllable frame bounds if there
exists a ¢ € {1,..., N} such that

6117/(2*27)
/(2—p)

>
%

q
i< (4.7)

where ¢1 denotes the lower frame bound and co the upper frame bound of U, respectively.

Note that both, the identifiability condition as well as the controllability of the frame
bound ratio is not needed for tight frames.

As we already mentioned, the g-controllability will be of great use to bound several
parameters that yield feasible constants. Beyond that, it is also important to have ¢
not too small for numerical reasons since a very small frame bound ratio yields a bad
conditioning of the frame. Note that the optimal frame bounds equal the boundaries of
the spectrum of the frame operator.

Stability for analysis formulation

Using the concept of identifiable duals and the controllability of frame bounds we can

guarantee the stability of solutions that are obtained from the minimization problem
(4.1).

Theorem 4.12 ([Malbb]). Let ¥ be a frame for R™ that has q-controllable frame bounds
and has an identifiable dual. Moreover, let A be an m X n measurement matriz sat-

. —p\1/(p—2) .p/(P—2) jp/(P—2)
isfying the W-RIP with 6, < 0.5, where v = P 4y

ST and s <
1

W and dg > 0 is the upper constant in the identifiability conditions. Then

the solution x* of (4.1) satisfies

Wz — (Pa)s|lp

Iz = [ < Calp)e? + Calp) =

for some positive constants C1(p) and Co(p) that depend on p, the frame bounds ci, ca,
the W-constant 6, the sparsity s, the controllability parameter q, and the constants from
the identifiability condition.
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Before we continue with a proof of Theorem 4.12 we mention that for p = 1 Theo-
rem 4.12 generalizes the findings of [CENRI11]| to the case of non-Parseval frames. Thus
our result can be seen as a generalization of the stability result for the analysis formula-
tion of (l-minimization (¢!-P§). Moreover, if ¥ is a Parseval frame, then the constants
Ci(p), Ca(p) agree for p = 1 with those obtained in [CENR11]. Furthermore, Theorem
4.20 generalizes Theorem 4.3 to the analysis formulation.

In particular we have the following corollary.

Corollary 4.13 (|[Mal5bl). Let ¥ be a Parseval frame for R™ and let A be an m X n
measurement matriz satisfying the V-RIP with 675 < 0.6 and s < 5 Then

(1+2—Z)1/(p*2) :
the solution x* of (4.1) satisfies

Wz — (Pa)s|lp

Iz~ " < Cap)er + Calp) ==

for some positive constants C1(p) and Ca(p) that depend on p. Moreover, the constants
can be chosen to be monotonically decreasing for decreasing p with mazximal constants
agreeing with those obtained in [CENR11] for p = 1.

We now present a proof Theorem 4.12 and after that a proof of Corollary 4.13. More-
over, the proof shows that it is sufficient to have the identifiability condition to be valid
for signals x that we want to recover, which are usually assumed to be sparse.

Proof of Theorem 4.12

The proof of Theorem 4.12 uses a nowadays standard strategy in compressed sensing that
is mainly communicated by the works of Candés et al. in [CENR11] as well Saab et al.
in [SCY08| for adaptations to ¢P-quasi norms, see also [CRT05] where this strategy was
first developed.

Let z,2* be as in Theorem 4.12 and define z = x — x*. Further, set T as the set
consisting of the s largest coefficients of Wz in p-th modulus. For any set T', ¥ should
denote the matrix restricted to its columns indexed by 7'. Then we divide Tfj into sets
T1,Ts, ... of size M in order of decreasing magnitude of Ureh. The explicit value of M
will be determined later. We will now invoke a sequence of results.

The first one, Lemma 4.14 below, is a trivial modification of the cone constraint which
is Lemma 2.1 in [CENR11]. For completeness we provide a proof.

Lemma 4.14 ([Mal5b, CENRI11]|). The vector Wz obeys the following cone constraint
[Wrez||D < 2||Wrex|] + || Vg, 2[5
Proof. Since z and z* are both feasible and z* is the minizer of (4.1) we have
Wrz|p + [Wrexlly = [V
> [[wz[}
= ||Vx — WhA|P

> 1rzlp — Vrgelly — 19z Al + Yzl
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The following lemma generalizes Lemma 2.2 in [CENR11]| to the case p € (0,1). For
p = 1 the two results coincide.

Lemma 4.15 ([Mal5bl). For p=s/M andn = 2H\IIT5:L‘||§/81_1’/2, we have

> Iw2lls < o2 Uzl + ).
7>2

Proof. By construction we have that every entry in [(¥r,_, 2)[P which will be denoted by
(W1, 2)[ is bounded by

197, 2|5
|(\IlTj+1z)’Z()k) < #
Therefore
1@, 2[5 = ZI < M)W 2|2
and thus
Z |w ’p < Z H“I’T ZHg H‘I’Tg'zng
T; % Ml-»/2 — pl-p/2-

§>2 §>1
Applying Lemma 4.14 and the generalized mean inequality gives
S lenal < (57) " (1enelg+ W) -
j>2
O
The next lemma is trivial to prove and we will use it without further modifications.

Lemma 4.16 (|CENR11|, Lemma 2.3). The vector Az satisfies
|Az|l2 < 2e.

Lemma 4.17 (|[Malbb|). Let co be the upper frame bound for the frame V. Then we have
(1 - 6S+M)p/2H(\IITOJ*\I}TmzHg - (02(1 + 5M))p/2p1_p/2 (Cg/ngqug + 77) = (25)1)

where Toy := To U T7.

Proof. Without loss of generality we assume the identifiable dual is the canonical dual
and define Z := (U*¥)~!z. Note that U*V is invertible as it is the frame operator. Then
by using Lemma 4.16 we have

(2¢)7 > [|Az]l5 = AV WZ]S > | A(Ur,) U, 215 — D 1A, ) Ur,2ll5,  (4.8)
i>2
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and by the W-RIP we have

(1= Gsrar)? [V, ) Wy 2[5 < | A(U 7, )* W 2[5 (4.9)
and
D A Uzl < (1+ 6207 (W) T 2] 5. (4.10)
j>2 Jj=2

Recall that by the identifiability there exist di, ds be such that

di[(z, 00| < [{2,9\)] < dal(z,90)] VA< N. (4.11)

Using the frame property, the identifiability and Lemma 4.15 yields

Sl ezl < S b d| v 2l (4.12)
j=2 j=2
< &P dp" PR (| Wy 2L + ) (4.13)
< B 2B 2| + ). (4.14)
Combing (4.8), (4.9), (4.10) and (4.14) yields the claim. O

Lemma 4.18 ([Malbbl|). The following inequality is true:

9 1 1 X ~ - 2
!\ZHszde2p WIIZH’SH(\I’TM) Uy, 2[5 + 2 (B2 ]2015 +m)? )
11 1

Proof. With Ty; := Ty U T1 we have by using the frame property and the identifiability
of a dual

1 2
IA)3P < 5|1 T2]|5
2 =7 2

1 112 2
< — 5 (103, 2137 + 197,217
2 01 2 2
Czl)dlp 01
1 ~ * 2
= 5 (2 (W) U 20 + | 21
171
1 oot * ~ 2
< (FIEN V) ¥ 315 + 195,21

1 1 -~ _
< de2p (CP/QHZH]23||(\IJT01)*\IIT01Z”IQ) +P2 p(H\DTOzHIQJ +77)2> ’
1%1 1

where the last inequality follows from Lemma 4.15. O

The proof of the main result can now be derived from the previous lemmas.
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Proof of Theorem 4.12. By Lemma 4.18, we have

2 1 1 Y1||% 2p \I/T *\I/T g 2p _ 2
”Z” p< H H + H( 01) 01 H _|_p2 p(cg/ dgHZHg-i-??)z

2 = Tp 2
2P Czl>/2 2 271
_ 1 ( 1 <71\|Z|’2p+ H(‘I’T01)*‘I’T013!2p)+
- 2
2P Cz{/? 2 27

- 2 2 2
+ 07 (21137 + 28 d§||2|!§n+n2)>

! (1 <m|z|12p+H(qum)*\Imezr”)+

2 2")/1
2
— 2 2 2 2 n
+ Pz P <C§d2p”ZIQP + <ng2p’Y2”Z’2p + ’y2> + 772> )

! (1 <'mlz|!2p+H(\Ime)*\Ime’z”!”)+
2
EdeP Cz{/? 2 27

_ 1
L (c§d§p<1 )l + (7 ; 1) 772> )

Therefore

1 ¥ _
(1 S o (2 AL +w>)) I
11 1

< 1 ||(\I/T01)*\IIT01gH2p + 2—p i +1 2
147 271011O "

and in particular

1/2
(ﬁdf” - (2;1/2 + pP PRy (1 + 72))) 1215

1
e 1/2
< (W1, )" P, 217 4 plop/2 <1 + 1) 7.

B /271 Czl>/ 2 Y2

Hence, by using Lemma 4.17 we obtain

Ty (p)llz]l} — Ta(p)n < (2¢)°

with

Ti(p) = |29} (1 = Sernr)? (c’fd%p - (2;3/2 + PPy (1 +'vz>)>—

1

— /(2B (1 + Gar))pp?
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and

Ta(p) = \/ 29162 (1 = Sypar)Pp?>? (1 + 1) — (B30 + ).

72

It is left to choose 71,72, and p so that I'; (p) and I'y(p) are non-negative. W.l.o.g. we can

. . 2
assume c; > 1; otherwise a rescaling can be performed. We now choose v; = ci’p / d%p and
M= S2_(1+27p)1/(p72)cg/(p*2)dgp/(z7*2)

C11'/(11*2)

small I'y(p) is also larger than zero. This completes the proof.

. Then I'1(p) is larger than zero and for 7, sufficiently

O

Proof of Corollary 4.13

Large parts of corollary 4.13 follow immediately from Theorem 4.12 and we only have
to verify that the statements that appear naturally in the proof are not increasing with
respect to p.

Proof. For ¢; = co = 1 the computations in the proof of Theorem 4.12 yield
Li(p)llzll; = Ta(p)n < (2)”

with the constants

Ti(p) = ¢2%<1 —denp (1= (5 +/2 71 +%2)) ) = VA 0o 7,

Ly (p) = \/2%(1 — 05+ M)PP?P (712 + 1> — V(1 + 6ar))Pp2>.

One possibility to guarantee I'i(p) and I'2(p) to be positive is to choose v = 1 and
M = 6s. Then I'1(p) is positive and for o sufficiently small I'y(p) is positive. Moreover,
note that

I (p) <0 and Th(p) >0

for ~2 small enough. O

We end this section with a comment on the identifiability condition.

On the identifiability condition

The identifiability condition was introduced in order to compensate the mismatch between
the sparsity that is required by the RIP and the sparsity of the dual system due to the
minimization of the primal frame coefficients. However, condition (4.6) does not have to
be assumed for the complete Hilbert space H. In fact, as we already stated, assuming
the identifiability condition (4.6) to hold for all signals f € H is equivalent to have a dual
frame whose elements are multiples of the corresponding elements in the primal frame.
For some frames used in practice, this seems to be a strong assumption. However, in
the proof of Theorem 4.12 we also saw that we only apply the identifiability condition to
the vector x — x* so the identifiability condition need not to hold for all signals but can
actually be reduced.
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Remark 4.19. Generally speaking, in practice one can very often observe the identifia-
bility condition for wavelet and also shearlet systems for images that are sparse in either
of these dictionaries. One of the reasons is because, the dual system can be implemented
in the Fourier domain and the explicit dual functions are obtained by a stable Fourier
multiplier of the primal frame elements, i.e. if (\)x is a frame then a dual system can
often be constructed to be of the form

by = 0/a. (4.15)

where @ is a function that is uniformly bounded from above and below which means, it
essentially does not change the Fourier behaviour and thus not the sparsity structure in
frequency. In fact, having a dual that is of the form (4.15) yields

’<f71;/\>’ 5 |<‘J/l\.|7 |¢/\’>|7

which preserves the multiscale sparsity, see also Figure 4.2. The digital shearlet system
is for instance a system for which duals of the form (4.15) can be constructed, [Lim13].

[N N

Figure 4.2: Simplified presentation (in 1D) of the identifiability condition for functions
f that are well behaved. Stable Fourier multipliers do not change the global sparsity
pattern.

We now return to the discussion that we started with at the beginning of Section 4.2.
Theorem 4.12 and Corollary 4.13 are the desired resulting statements that we aimed to
achieve when formulating the approach (A1). In the next section we discuss approach (A2)
which was to change the minimization problem (4.1) by minimizing over dual coefficients
instead of primal coefficients.

4.3 Stability for the dual analysis formulation

Since the concept of identifiable duals was used to cope with the mismatch in the sparsity
scheme, it is very much expected that when minimizing over dual coefficients, such a
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property is not necessary. Indeed, for the minimization problem
min H\f'ng subject to  |ly — Azl < e (KI—P%)
x

one can show the following theorem.

Theorem 4.20 (|[Mal5bl|). For an m x n measurement matric A that satisfies the V-
1/(2—p) o\ 1/(2-P)
RIP with 6, < 0.5 where v = s <c§‘p> and s < N <C§> the solution x* of
1
(El—P%) satisfies

Wz — (Pa)s|lp

Iz = [ < Calp)e? + Calp) =

for some positive constants C1(p) and Cy(p) that depend on p, the frame bounds ci,ca,
the W-RIP constant 6, and the sparsity s.

The assumptions in Theorem 4.20 are less restrictive than those of Theorem 4.12
which is to be expected as the sparsity setup appears in the correct form. This means we
assume sparsity in the primal frame, hence, we minimize over the dual frame coefficients.
However, this in particular means, we need to know how to compute Yz for any x € R
which sometimes can be a numerical difficulty.

The proof of Theorem 4.20 is very similar to the proof of the previous Theorem
4.12. We therefore shorten it a little bit by summarizing the key steps in the following
proposition.

Proposition 4.21 ([Malbb|). Retaining the notations and definition of Theorem 4.12
and its proof, the following estimates hold

i) [[Wrezllp < 2 ¥rex|lp + [ V1, 2[[p-
ii) 355 10,215 < p7P2(||Try2]lf + ).
1) (1= Buad P2 (W U, 216 — (el 6a0) 24 (77 215 41) < (22

. 2 = * T ~ _ =
i) 1213 < & (12081 (), 215 + 02 (1T 215 + 1))

Proof. Ttem i), i), and iv) are trivial adaptions of the proof of Theorem 4.12 and will be
skipped. As for item i), note that

(26)" = || A=]5

> | A7) Uy, 25 — Y [1A(Y7,) W, 25
Jj=2

> (1 - 58+M)p/2||(‘IIT01)*\IITME”ZQ) - (1 + 5M)p/2 Z H(\I/TJ)>‘<\IITJEHI27

Jj=2
By i) we have
~ 2 ~
DIl EE < Y v 2

j=2 j=2
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e -
D N7
j>2

< &2 p (|, 2lf + ).
Thus the claim follows. O

Proof of Theorem 4.20. By Proposition 4.21 iv) we have

2p (Iv’ )*\i P - -
2 nlzlly? | N(Pr) Yy, 2 _ 2
”Z”kch o 2R ) (B, 2|2+ 2] By 2l + 7

2 2m
2p {f} *\AI//

. 6127 'YIHZHQ n ||( To1) To1z||5 +
2 20

2
_ =~ 2 = 2 n
L (u%zuf I (wu%zuzu 7))]

20 ||(Ug, ) Uy e
7llzll3 (P75, To12]|5 2— 1 2 1 2
< Pl (1 P14 — :
<d [( 5+ o +p CQP( +72) 2[5 + +72 n

1

Therefore

Cp’n p2—p(1 +’72) 2 &~ ~ 9 B 1
(1 - N HZHZP < T,jlu(\IJTm)*\IITolZHQp + P2 P <1 + 72) ?72

2p
2 c;
which in turn implies

2 dn PP - 1\ A
’“[(1— N 7”)uznz—pl p/2(1+) n| <11, ) T, 211

2 LS R ”

Using Proposition 4.21 4ii) we conclude

Ty (p)llz]l} — Ta(p)n < (2¢)°

where
271 n  pPP(1+ ) c2\”
T =, 01— — 1—4, P—J(1+dy)P | = 2-p
1(p) Z ( 5 2 ( +M) (14 0n) o
9_ 1 2’}/1 9 C2 p
To(p) = \[(L = sxn)Pp? P {14+ — | = —[p> P — | (1+0m)P).
V2 sz C1
1/(2—p)

Thus choosing, for example, v < ¢;” and M = s 02%, yields the result. Note

1
that it is possible to choose to choose the constants such that they obey

I (p) <0 and T%(p) > 0.
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Optimizing over duals

Of course, when considering the minimization problem (¢!-P%) the following question
arises immediately: Which dual should one choose for the optimization? This question is
very delicate, since a dual frame is not always unique, unless ¥ is a basis. One canonical
choice is the canonical dual. However, since the frame coefficients with respect to the
canonical dual minimizes all possible coefficients that are used for representing the signal
in the primal frame, it is fair to believe that these coeflicients are not very sparse. In fact,
the dual coefficient vector has very likely the structure of lots of small coefficients with
its energy spread over all entries, as it is the element with the minimal #?>-norm.

The problem of choosing a good dual — meaning so that the frame coefficients in that
dual are sparse with respect to the fP-quasi norm — is clearly a same problem in the
infinite dimensional scenario, cf. (4.17), since then a dual is not computed by inverting a
finite matrix, but an operator acting on infinite dimensional spaces.

Remark 4.22. The compactly supported shearlet frame from Section 1.1 also suffers from
the fact that there are no duals known for this system.

If one were to know a set of duals, then one could minimize over this set as well. This
has been done in [LML12|. Consider

min ||\fl$||£ subject to  [ly — Az|2 <e, (eP-Pg.a1)

U x

where the minimization is to be considered over all ¥ such that U*W¥ = Id and = € C"*.
From a theoretical point of view the minimization problem (¢’-Pg ) is equivalent to the
standard synthesis formulation (¢P-Pg)

min [|2[|] subject to [y — AVU*z[]z <e. (4.16)
z
This has already been noticed in [LML12] for p = 1 but the proof can be generalized to
p € (0,1), see Theorem 4.24 below.

Remark 4.23. Although the two problems (P-P§..;) and ({P-Pg) are equivalent, practical
results often differ strongly.

Theorem 4.24 (|[Mal5b, Lill|). The minimization problems (¢P-Pg...) and (4.16) are
equivalent.

Proof. As shown in [Lill] all duals can be characterized by the formula
U = (U)W (I - (TT) ), (4.17)

where W is an arbitrary d x n? matrix. Hence, the minimization problem (eP-P 1) s
equivalent to

min || Wz + P2|[b subject to |ly — Az, <e. (4.18)
z,x’

The fact that

C?% = ran ¥ @ ker U*
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implies that any z € C¢ can be expressed as
2=V (U*0) 'y + Py
for some z € C"*, 2/ € C?. Further, z = ¥*z. Thus (0P-Pg,,,1) reads as
min 2[5 subject to |ly — AV 2|2 <e.

Clearly, the above argumentation holds in reversed order which shows that (4.16) can be
written in the form (¢P-Pg,.,). O

Theorem 4.24 in particular implies that if the reconstruction system happens to form
a basis, then the synthesis minimization problem (4.16) is equivalent to

min H\II(III*\I/)_lzL'Hg subject to ||y — Azl <e.
x

For linearly independent tight frames this reduces to (¢!-P%,)

min [|Ux||f  subject to [ly — Az[[zs <e.
X

Remark 4.25. Note that the proof of Theorem (4.24) can also be done in infinite dimen-
stons since the analysis operator has closed range, hence, the argumentation works equally
well by applying the closed range theorem.

Remark on analysis vs. synthesis based methods

In practice both sparse recovery methods — analysis based and synthesis based — are
widely used. From a practical point of view, there is no clear indication which method
works better, in fact, the method of choice should depend on the application and the
signal class. More precisely, it is sometimes easier to design a transform W such that
({f,%¥x))x has fast decay than finding a dictionary ¥ such that f has a compressible rep-
resentation in. In particular, both approaches are fundamentally different. The analysis
based method assumes a sparsifying transform and based on this transform there is only
one analysis representation. On the other hand for the synthesis approach one assumes
a sparsifying dictionary and for that dictionary there are possibly infinitely many sparse
representations.

4.4 Algorithm for the analysis-based (’-minimization prob-
lem

Many different algorithms have been proposed to solve or rather approximate the non-
convex fP-minimization problem and a comparison of some methods can be found, for
instance, in [LLSZ13]. Most of these methods are based on reweighted ¢*-minimization
which originally stems from [CWBO08| and has been used to strengthen the effect of spar-
sity. Reweighted ¢'-minimization will also be of great interest in the next chapter where
we will also properly motivate the ideas behind reweighted ¢'-minimization. However,
we now present one particular instance of typical methods that are used to heuristically
solve (4.1).
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Approximating the /-problem by reweighting

The algorithm that we use has also been proposed in [FL09| to solve the ¢P-minimization
problem in the synthesis formulation. We give a short motivation for how this algorithm
works and then proceed with some theoretical and numerical results of this algorithm.

Solving the minimization problem (4.1), that is
min [|Wz|[f  subject to [ly — Az[]2 <,
x

is equivalent to solving

Uy
mln | |A subject to ||ly — Az|ls < e
Z j y :

where we assume for a moment that dividing by |¥x|, is legitimate. This minimization
problem can then be tackled by using reweighted ¢'-minimization, [CWBO08|, indeed, the
denominator will now be interpreted as a weight that is ideally set in a such way, that the
sparsest solution will be computed. More precisely, if we were to use the exact (sparse)
signal xg, then the minimization problem would read as

Uz .
mmz ’xo\ subject to  [ly — Az|jz <e.

In case (WUzp)y = 0, the weight will be set as co. Clearly, multiplying the denominator
by some constant, say g > 0, does not change the minimizer, hence, we consider

: RPN :
mxlnz (’ subject to  [ly — Azf2 <e.

The role of u is simply to have more numerical flexibility. We expect the optimal choice
for such p to be signal dependent.

However, we have used the sparse signal xg as a weight in the above discussion and of
course, that is the vector that one would like to find in the first place. Hence, we consider
an approximative vector z* that iteratively approached to a good, i.e. sparse, weight.
Indeed, consider

Wz|\ .
mmz M|‘£$k‘ subject to ||y — Azl < e.

Finally, in order to prevent any instabilities we integrate some v > 0 and solve

. | Wy .
mxlnz (02 s + )7 subject to ||y — Az|]2 <e. (4.19)
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The vector z* will then be updated iteratively and leads to the following final program.

Input : y,u,e, M.

Output: =

Initialize &k = 0, W = (wy) = 1.

while £ < M do

Find solution of (4.19), i.e. find z**! such that

2"k = argmin, |WWz||;  subject to |ly — Az|j» <e. (4.20)

Update W by setting

1
([ W]y + )P

Wy =

Increase kK — k + 1.
end

Algorithm 1: Algorithm used to solve the minimization problem (4.1)

Next we show some numerical experiments regarding the recovery of objects that are
sparse in shearlets from their Fourier measurements.

Reconstruction from Fourier measurements using shearlets

As already mentioned in the introduction, one of the applications of the analysis-based
fP-minimization problem is magnetic resonance imaging where the sampling process is
modeled by taking samples of the Fourier transform of the signal. The minimization
problem reads as follows:

min [|[Wz||]  subject to |ly — Fz|2<e (4.21)
xT

where W is the sparsifying transform and F is the undersampled Fourier transform.
In the following experiment we use the well known GLPU phantom introduced in
[GKLPU12| which can be downloaded at

http://bigwww.epfl.ch/algorithms/mriphantom/#soft
For the sampling pattern we have used a radial sampling mask consisting of 30 radial
lines, see Figure 4.3.
For solving (4.20) there are many different ¢!-solvers, however, we have used NESTA
in the upcoming experiments which is available at
http://statweb.stanford.edu/"candes/nesta/

For shearlets we have used the shearlet transform available at

http://www.shearlab.org/
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Figure 4.3: Left: GLPU Phantom from [GKLPU12|. Middle: Radial sampling pattern
used in Fourier domain. Right: Fourier inversion of data.

We now let Algorithm 1 run for a maximum of 10 iterations, i.e. M = 10. Further,
note that p = 1 indeed corresponds to ¢!-minimization and resolving the problem itera-
tively, i.e. (4.20) does not contribute anything as W is one in every for every k. Hence,
the error stays constant over k, see also Figure 4.4.
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Figure 4.4: Relative error.

Figure 4.4 suggests that there is some merit in /P-minimization with p much smaller
than 1 and we should now make some further analysis of the reconstructions and the
algorithm itself.
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Reduced artifacts

In Figure 4.5 we display the reconstruction for p = 0.1 and p = 1. The reconstruction
for p = 1 itself shows the significant benefit of applying ¢!-minimization as opposed to
the Fourier inversion of the data which can be seen in Figure 4.3. This corresponds to
the standard approach of how sparse solutions are obtained in compressed sensing. Now
what the iterative reweighting method does is to return the solution to the algorithm
and uses it to compute a new solution. It can be observed that for p = 0.1 the solution
is significantly better and edges are sharper than for, say, p = 1. Also the amount of
artifacts is reduced which can becomes strongly visible inside the constant regions.

Figure 4.5: Left: Reconstruction for p = 0.1. Right: Reconstruction for p = 1.

Relative error and numerical convergence

Of course one immediate question concerning Algorithm 1 is the matter of convergence.
However, as the algorithm is a special case of reweighted ¢'-minimization for which no
general convergence results exist, it is not to be expected that one can derive a convergence
result for this algorithm. In fact, the convergence properties strongly depend on the initial
vector xg as it was outlined in [FL09]. Nevertheless, some weak convergence results that
are known and have been shown in [FL09| for the synthesis formulation can easily be
extended to the analysis formulation.

Theorem 4.26 ([Mal5b]). Let u > 1,v > 0 and (z*);, a sequence of minimizers generated
from (4.19). Then (2*)r and (9a*);, contain a convergent subsequence.

Proof. The proof follows the lines of [FL09| followed by an application of the frame
inequality. For any v > 0 we obtain by Holder’s inequality

p p|TxF Ly + )P p(1-p)
Z (N“I’wkﬂh + V) - Z ( p(l)—p) (M@xkb\ + V)
AN aon ([ Wak]\ +v)
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p 1-p
(| wa* Ty + ) . p
2 (u|@ak]y + )7 2 (“m ‘**”)
AN A A<N
( |\II k:| ) p 1-p
plYzh i\ +v k p
2 (u|Wak|y +v)' P 2 (“‘% ‘””)
A<nN M A A<N

Therefore

S (ulwat+ + u)p <3 (ulwatl+ u)p. (4.22)

ASN ASN
By (4.22) we can conclude
19" ||oo < W2, < [l (W5 + v)allp < (192’3 + v)allp, =: C.

The boundedness of the sequence (z¥); follows from
Uk ||2 N N
¥ oo < bl < 12202 < Rt < [T

In Figure 4.6 we plot the relative error from different number of iterations. Indeed,
the first 3 x 3 block of plots show the nine sequences

H\I/az:’;+1 — \I/x’;H
[NZAanl

O

> for p=10.1,0.2,...,0.9,
k=1,...,10

Ty
where

xlgﬂ = argmin, |[WUz|; subject to |y — Az|2<e

with
1
(| Wak|y +v)l-p

The second 3 x 3 block shows the same sequence but starting from k& = 2

||\I/a:’1§+1 — ‘I/x’;H
[NZhanl

Wy =

> for p=10.1,0.2,...,0.9,
k=2,...,10

and the last one shows
(qugﬂ — Wk

R Zanl

> for p=10.1,0.2,...,0.9.
k=3,...,10

We plotted the same sequence with & > 2 and k > 3 just for better visual assessment of
the error curves. It can be observed that the relative error decreases very quickly to zero
which suggest fast numerical convergence of the algorithm. However, the method seems
to become less stable for very small p which is visible in the third 3 x 3 block plot for
p=0.1.
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respectively.



Chapter 5

A multilevel based reweighting
algorithm

In this chapter we present an algorithm that was developed by the author of this thesis
and his collaborator in [MM16| which combines several ideas from compressed sensing and
optimization. Moreover, the algorithm is used to compute the numerical experiments
shown in Chapter 6 of this thesis. The upcoming presentation contains large parts of
[MM16].

In the next two section we recall some basics that we need in order to formalize our
algorithm. First, we recall some basics about reweighted £ -minimization and then, about
the split Bregman algorithm.

5.1 Reweighted ¢(!-minimization

Standard /'-minimization

In this thesis we have considered different types of analyses for the compressed sensing
reconstruction problem that is finding x from the equation

Az =y, (5.1)

where y is a vector representing the acquired data, A is a sensing matrix, and x is the
object of interest or some intermediate object that can be processed to the sought object.
For example, x could be a coefficient vector that leads to the sought object of interest
by using a synthesis operation. Recall that the common approach to obtain solutions of
(5.1) is to solve the convex optimization problem

min ||z|; subject to Az =y. (5.2)
zeCn

However, there is also an additional step that one can do on top of (5.2) which is to
solve the problem iteratively again by adding weights, similar as we did in the previous
chapter. Before we present our idea and the resulting algorithm, we first recall the basic
idea behind reweighted £'-minimization in the next section which was first developed by

Candes et al. in [CWBO08|.

89
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Reweighted ¢'-minimization

In order to improve on the recovery model and to strengthen the effect of sparsity in
the minimization problem Candés and his collaborators have introduced reweighted ¢! in
[CWBO0S|.

The idea is as follows. Suppose zg = (20,1,...,%0n) € C" is s-sparse. Further let
y € C™ be the measurements of g where the measurement process is represented by a
matrix A € C"™*" with m < n and consider the optimization problem

argmin, ||z||; subject to Az =wy. (5.3)

When solving the minimization problem (5.3) iteratively, one would ask for the following
effect: large coefficients should be quickly identified, whereas small coefficients should be
neglected since they are most likely to be zero in the true signal. Such a behaviour can
be obtained by introducing a diagonal n x n weighting matrix W defined by

1
) [ 0
Wi = {CEOJ| o7 (5.4)

7 o0, To,; = 07
in the minimization problem (5.3), that is to consider
argmin, ||[Wz||y subject to Az =y. (5.5)

However, since xq is usually unknown such weights are infeasible. Therefore in [CWBO08]
the authors have proposed adaptive weights that change at each iteration depending on the
previously computed solution zF which should serve as an approximation of the weights
corresponding to the true signal xy. This leads to the following iteration of minimization
problems

Tpy1 = argmin,, |[WFz||;  subject to Az =1y, (5.6)

with weighting matrix

ko 1
1,0 |$k,i|+5’

where € > 0 is a stability parameter and the initial weighting matrix WP is set to be
the identity. In a series of numerical experiments it was shown in [CWBO0S§| that such
reweighting methods find sparse solution much faster with significantly reduced errors.

5.2 Split Bregman

Split Bregman (SB) is an algorithm to solve constrained optimization problems by in-
troducing split variables and then solve the resulting decoupled problems with Bregman
Iterations. SB was by Goldstein and Osher in [GO09] and has since then become a pop-
ular algorithm to solve regularized inverse problems [COS10, WT10, PM11, STS10]. We
now present the basic SB algorithm for ¢'-regularized problems and thereby follow the
presentation given in [OBG105, GO09, YOGDOS].
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Consider the minimization problem

min |[WVWz||; subject to ||y — Az|]2 < o, (5.7)
x

for a possibly redundant dictionary ¥ € RN*" a measurement matrix A € R™*" a
fidelity parameter o > 0, and an N x N diagonal weighting matrix W = diag (W (l)) for
I =1,...,N. Then instead of using a continuation method for enforcing the constraint,
i.e. taking 8 — oo in

v = axgmin, Wl + 2 ly — A3

problem (5.7) is transformed into a sequence of unconstrained problems using Bregman
iterations

w1 = argmin, [WWz|1 + 5y — Az + g3, (5.8)
Yk+1 =Yk +y — ATpi1.
We continue by introducing a split variable d = Wz for the ¢!-part of the minimization
problem (5.8) and executing an additional Bregman iteration step to obtain
(Tt dpsr) = argming g [|Wdll1 + 5y — Az + yil3 + 4ld — Yo — bl3,
br+1 =by + Yoy — dita,
Yrt1 =yr+y— Azpi.

To solve the (z,d)-minimization problem one or multiple nonlinear block Gauss-Seidel
iterations are used, which alternate between minimizing with respect to x and d. This
yields the Split Bregman Algorithm

fori=1:N do
Tpy1 = argmin, 5[y — Az + yil|3 + §[|dement — o — by |3
di+1 = argming |[Wd||1 + §[|d — @crent — b [|3,

end for

bps1 = b + Vg — ditt,

Yk+1 = Yk +y — Ack1,

Algorithm 2: Split Bregman algorithm

where %™ denotes the latest available variable. Note that the solution of the d-
subproblem is explicitly given by soft-thresholding

dg11(1) = shrink ((\I/:ccurrem) (1) + br(1), iW(l)) ,

forl=1,...,N and

max(||z||—X,0)
Aol 2 #£ 0,
shrink (5, 0) = 4 TFl 7
0, z=0.
In [GOO09] it was furthermore observed that the minimization with respect to z in (2)
does not need to be solved to full precision and in many applications only few steps of an
iterative method are sufficient.
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Total generalized variation

Total variation based methods were initially proposed by Rudin, Osher, and Fatemi in
1992 for image denoising [ROF92| and are now widely used for image reconstruction and
in compressed sensing, see, for example, [WYYZ08, NW13]. TV is based on the model
assumption that the image of interest is gradient sparse. A TV regularized minimization
results in reconstructions where sharp edges are preserved, however, for realistic images,
which are usually not piecewise constant and are not truly gradient sparse, this can lead
to the so-called oil painting artifacts or staircasing effects leading to unnatural looking
reconstruction. Among others, Total Generalized Variation (TGV), has been proposed
as a generalization of TV to improve on these issues by involving higher order derivatives
[BKP10]. We will now briefly recall the definition and some basics for the second order
TGV regularizer in R?. This is mainly to fix the notation. Its general derivation and
more details can be found in [BH14, BH15a, BKP10, BH15b, BH15¢].
The so-called pre-dual formulation of second order TGV is given by

TGVi(x) = sup{ / xdiviodt:v e CE(Q,SQXQ), 1v]loo < v, || div v]|eo < al}, (5.9)
Q

for o = (ap, 1) € RZ, Q C R? a bounded domain with a smooth boundary curve, S?*2
the space of symmetric 2 x 2 matrices and € L'(2). Thereby the divergences are defined
as

2 9vis
(divw); = a;?, i=1,2,
j=1
and
2
0w;;
div2 o = ij
o= ot:ot;’
i,j=1
together with the norms
) 1/2
2
[V]loo = sup { > Jvi(1)] ;
e \ 55

and
div v||se = sup divv);(l 2 .
I | Sup (;I( )i(D)] )

Under certain conditions, an equivalent and more convenient form of TGV? is given by
the minimum representation as

TGVZ(z) = veB]iDIg),(CQ) a1||Va — |1 + ao||E(v)]|1, (5.10)
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where BD(Q) is the space of symmetric tensor fields of bounded deformation and £ the
symmetrized derivative defined as

5(1)) _ 8,511)1 %(81521)1 + atl'l}g)
$(Op,v1 + Oy v2) Oy v2 '

In this form TGV? can be interpreted as balancing the first and second derivatives of
controlled by the ratio of g and ay. In [BKP10] and [KBPS11] it was observed that the
use of TGV as a regularizer indeed leads to reconstructed images with sharp edges but
without the staircaising effects of TV.

5.3 Multilevel based reweighting algorithm

In this section we explain how we incorporate the ideas of reweighted ¢!-minimization into
the split Bregman algorithm for multilevel sparsifying transforms combined with a joint
TGV regularizer. We mainly integrate the reweighting process into the split Bregman
algorithm by adapting the soft-thresholding procedure accordingly. The additional TGV
regularizer is added, in order to reduce artifacts and improve the reconstruction of piece-
wise constant regions. This idea of combining a multiscale transform such as shearlets
with TGV has already been studied in great detail by Guo et al. in [GQY14|, although
without any reweighting strategy. The algorithm therein is build on an ADMM approach
to solve the optimization problem and is therefore due to the natural connection to the
split Bregman framework also related to the algorithm that we present.

Let A be a measurement operator, y the measurements of our signal of interest z, and
let € > 0 be a fidelity parameter. The recovery problem can then be stated as

o0
minZ)\jHWj\ijﬂl +TGV?%(x) subject to |y — Az, < o,
xr
i=1

where W; corresponds to the j-th level of the multilevel transform with analysis operator
¥, A; are regularization parameters accounting for the multilevel structure of ¥ and
W; are diagonal weights. For the sake of clearness we assume that there is only one
subband per level. Otherwise an additional index has to be attached to ¥; to specify the
current subband. Note that after we have established a basic split Bregman framework
for solving the minimization problem we will aim to update \; and W iteratively. Using
the characterization of TGV(QX, the objective can be rewritten as

o
fg}vnzl AilIW5 szl + [V = vlly 4 aol|E ()]s (5.11)
‘7:

For the discretization let z € R™ be the vectorized finite-dimensional image of interest
which is for simplicity assumed to be of square size. Let A € R™*"* he the finite di-
mensional measurement matrix and y € R™ the observed data. Let V/ and V? denote a
discrete gradient operator with periodic boundary conditions using forward and respec-
tively backward differences. Following [BKP10, BH15c| we approximate the derivatives
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in (5.11) by
f
Vo~Vie= Viz
ng
and
Viu L(Vhv1 + Vivg)
~ by _ 101 3(Vau1 + Vivy
E(v) ~ & <;(vgv1 + Vb Vi, -

A finite dimensional approximation of (5.11) is then given by

J
min > A (WPl + a1V a = vlli + aol[€%0]h, (5.12)
j=1
where J is some fixed a priori chosen maximum scale and W is the discrete transform acting
on the vectors. For wavelets and shearlets this is greatly documented in the literature,
see Chapter 8 in [Wal02] for wavelets and [KLR16] for shearlets. Note that the ¢!-norm
in the second summand is thereby defined as

n2

ol =S~ (o (P + lo2(0)2) 2,

=1

and for the third summand as

2 2
. — |[(e(D1 e
el = 3" le@llr = ( ,
; ; e(l)2 e(D)s/ ||
where || - || is the Frobenius norm of a 2 x 2 matrix.

Split Bregman framework

The proposed constrained optimization problem can be casted into the form given in (5.7)
by introducing the variable x = (z,v)? together with the matrix

T 0
v=|V/ T
0 &b

In order to come up with the explicit form of the resulting split Bregman algorithm as
given in Section 5.2, let us split as follows:

w Uy
dl =|Vie—v
t Eby

The (z,v)-subproblem of Algorithm 2 is then given by

Blly = Aut g3+ L e —wa 2|2
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I %”dcurrent _ (fo —v) — bﬁ”% + %Htcurrent — &by — b};”%

(5.13)
We furthermore obtain the subproblems
ey = awgming AWy + B u? = et g ()
for j=1,...,J, as well as
i = argming aa ds + £21d — (Ve — gty g (5.15)
and
trr1 = argmin, ao|t]|1 + @Ht — Ebyeurrent _ pt12, (5.16)

2

Note that the regularization parameters A;, ag and oy have thereby been subsumed into
a weighting matrix W and that we are allowing some more flexibility by incorporating

different values for p; for ¢ = 1,2,3. Furthermore we obtain the following Bregman
updates:

b, =b) +Vapy — whtl,

by = b+ (Vg —vppn) — diga,s

bz-+1 = bi + gbvk—‘rl - tk-i—l)
as well as

Yk+1 = Yk + Y — Augqr.

Solutions of the subproblems

The solution of the subproblem (5.13) can be obtained by setting the first derivatives
with respect to x, v; and v2 to zero. This results in the following linear system

by b b u Ry
b4 b2 bé V1 = R2 5 (5 17)
b5 bﬁ b3 (%) R3

2

where b; are n? x n? block matrices defined as

by = BA*A + 1 UV 4 pp(V)*V/
by = 13(V3)*VE + 5 (V4) V3 + ol
by = 13(V3)" V5 + B (V) V) 4
by = —/~L2V{7

bs = —2V},

bs = 52 (V1) V5,
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and the components of the right hand side are given by
Ry = BA*(Z/ + yk’) + Mlql*(wcurrent _ b}é}) + M2(Vf)*(dcurrent _ b%),
Ry = pio(b = d5 )+ pg (V) (57507 — 0] )+ (V3)° (157 — b))

R3 _ MQ(bz,y _ d;urrent) + L3 <(Vli)*(t(2:urrent _ b1’5€72) + (vg)*(tgurrent o bz’3)> )

Similar to [GO09|, it was observed in [GQY14], that in many cases the linear system
in (5.17) can be efficiently solved by using the 2D-Fourier transform F € C"**"* | Note
that V/ and V° are circulant since they correspond to periodic boundary conditions.
Therefore

F*V*VF

is a diagonal matrix.
In case of Fourier measurements that are generated using the £ft2 the measurement
matrix can be written as

A=PF,
where P € {0, 1}mxn2 is a binary matrix selecting the measurements. In this case
A*A = FPF

is naturally diagonalized by the 2D Fourier transform.
If all blocks b; for ¢ = 1,...,6 can be diagonalized in this way, the authors of [GQY14]
proposed to multiply with a preconditioner matrix from the left to obtain the system

by by by \ [Fu FRy
by by bs | [Fu|=|FRo|, (5.18)
b by by ) \Fuo FRs

where each bA] = FbjF*isa n? x n? diagonal matrix. A closed form solution can then be
obtained by applying Cramer’s rule. The solutions of the other subproblems are obtained
in closed-form by shrinkage again:

AW (D)

w} (1) = shrink ((qzjxw"ent) (1) + b (1), m) : (5.19)

forl=1,...,N; — Nj_; + 1. For equation (5.15) we obtain

di41(l) = shrinks (vfxcurrent(l) _eurrent 7y 4 bg(l), Zl) ’
2
for I = 1,...,n% and the shrinkage rule
max(||z][2—X),0) 0
shrinky (z, \) = { [EF z, x#0,
07 xr =



97 5.3. MULTILEVEL BASED REWEIGHTING ALGORITHM

Similarly, the solution of (5.16) is given by

tk+1(l) = shrinkp <<gb,UCurrent) (l) + b};(l), Zg) ,

forl=1,...,n% and

max(ely=X.0) ;4 g

shrinkp (z,\) = 21l
0, z =0.

Combining reweighted ¢! with multiscale transforms

Recall that the guiding principle of reweighted-¢' is that small coefficients of an iterative
solution are likely going to be zero in the true signal. However, this principle is not
necessarily valid for multiscale sparse signals, i.e. signals that can be sparsely represented
under a multiscale transform. The magnitudes of multiscale coefficients naturally decrease
with increasing scales, but the high scale nonzero coefficients of an iterative solution are
not necessarily less important or more likely zero in the actual signal, if compared to low
scale coefficients which are intrinsically larger. In the following section we are aiming to
compensate for this misfit by including additional weighting parameters for each level in
the transformation.
Suppose x € R™ is the true signal and

Vo= (Vjz);_g. ;7= {¥j12))j=0,..50=1,..N; (5.20)

are the analysis coefficients divided into J subbands with N; € N many elements per
level. In [AS15] a multi dictionary reweighting algorithm was proposed which iteratively
updates )\f in the objective of

J
2" = argmin, Z /\;?HW]-\I/ijl, subject to ||y — Azll2 < o, (5.21)
=0

by setting

K N;

R N 5.22
T e (5:22)

and W; = I for all iterations of solving (5.21). It was shown therein that the resulting
algorithm can be interpreted as applying a Majorization-Minimization algorithm to the
unconstrained formulation of (5.21) with regularizer

J

> " Njlog (e + [|Tz]1) -
j=0

This update rule was proposed in [AS15| for a composition of multiple different dictionar-
ies instead of just one multiscale dictionary divided into its subbands. In the latter case
it seems to be less likely to expect that log (¢ + ||¥;z||1) promotes the sparsity structure
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Figure 5.1: Upper left: Coefficients of in blue with a multi-level reweighting curve as
in (5.22) in orange. Upper right: Coefficients in blue with multi-level curve in orange
using (5.24) only. Lower left: Coefficients with the proposed reweighting strategy in
orange. Lower right: Zoom of proposed multilevel reweighting strategy.

of z within each of the subbands ¥; sufficiently. Indeed, as it was argued in [CWBO0S],
the log-sum penalty is more sparsity enforcing than the ¢'-norm by putting a larger
penalty on small nonzero coefficients. In the case of the /!-norm of an entire subband
this approach seems to be less effective in promoting the sparsity within each level. It
was furthermore proposed in [AS15| to combine the update rule (5.22) with the classical
elementwise reweighting update

1
W, = diag <> , (5.23)
’ €+ {0, 2%)]
for j = 1,...,J. However, note that this combination is very different to what we are

aiming for, since there is even more emphasize put on penalizing the smaller coefficients
in higher levels which can happen to delete too many highscale coefficients.

This fact is visualized from a different point of view in Figure 5.1, where we have
depicted the shearlet coefficients of a MRI phantom introduced in [GKLPU12| together
with the reweighting rule we have just discussed in the top-left of the figure. The shearlet
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Figure 5.2: Convergence plot: Behavior of the error and structured similarity index for
reweighting with true shearlet coefficients with respect to increasing number of iterations.
Used signal: phantom from |[GKLPUI12|. Reconstructed from 6%(!) of Fourier data
with proposed algorithm without TGV. In IRL1 we are choosing W; as in (5.23) and
Aj constant and for the proposed emthod we additionally define A; as in (5.24). Upper
figure: Relative error of in each iteration. Lower figure: SSIM of each iteration.

coefficients are depicted in blue and the values of 2 for a realistic value w1 are shown
in orange. Note that according to the update rule (5 19) of the split Bregman algorithm
everything below the orange curve would be thresholded.

Proposed method

Considering the previous discussion one of the disadvantages is that the weights corre-
sponding to higher levels might become too large. This can be prevented, for instance,
by choosing the regularization parameters as

Aj =max {|(Y;,x)] : 1 =1,...,N;}, (5.24)

for j = 1,...,J and zero otherwise, i.e. if j = 0. Note that we exclude the subband for
7 = 0 since for real life signals the low frequency part is usually not sparse. This was
also proposed in [SF09|, where it was shown that this idea can be accomplished more
effectively using an analysis prior. For some exotic signals it might happen that the
magnitude of the analysis coefficients are very irregular per level, in particular one could
have strong outliers. For such cases it might be better to take a quantile instead of the
maximum. However, for our test images this will not happen and thus we have used the
maximum. Also note that this is a heuristic rule accounting for the unknown constant in
the theoretical decay of the multilevel coefficients. A schematic representation from the
thresholding perspective of split Bregman can be found in the second image of Figure 5.1.

Our proposed method combines the classical reweighting of (5.23) with the above
choice for A;. The idea behind this is that we are still using the power of pointwise iterative
reweighting, but since our multiscale coefficients naturally come in levels of different orders
of magnitude, we apply it to each level separately weighted with A;. That means that
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within each level we follow the democratic philosophy of reweighting which is that small
coefficients of the current iterate ¥;u""" are likely to be zero in u. By multiplying with
the latter choice of \; we also gain more control and account for the multilevel structure
of Wu. An artificial experiment using the (in reality unknown) true analysis coefficients
demonstrates that this update rule does seem to perform better than standard reweighting
without such a compensation of multilevel weights, see Figure 5.2. For the signal u we are
choosing the phantom of [GKLPU12|. Using the usually unknown shearlet coefficients for
the construction of A\; and W; for j = 1,...,J as explained above we are reconstructing
u from only 6% of its Fourier measurements obtained by radial lines through the k-space
origin by using the proposed algorithm of the last section, but without the additional
TGV regularizer. Note that both reconstructions approximately start with the same
error, which indicates that the set of regularization parameters is chosen equally good.
However, it can be said that tuning the iterative reweighted shrinking method within
the split Bregman framework without the automatic choice of the subband-weights \; is
rather difficult and highly signal dependent. This example further shows the potential of
reweighting as the data is significantly undersampled.

Proposed algorithm

Having explained the idea of our method, we now state the final resulting algorithm that
is a composition of the split Bregman framework for solving the constrained optimiza-
tion problem (5.12) and the previously explained idea of multilevel weighting and itera-
tively reweighting, respectively. In contrast to the traditional reweighted-£1 approaches
we do not iterate between solving the ¢'-problem up to convergence and updating the
weights. We propose to incorporate the multilevel adapted reweighting rule directly into
the split Bregman algorithm. This is done in such a way that only the shrinking of the
w-subproblem is changed to a multilevel adapted, iteratively reweighted shrinking rule.
Note that by choosing the level-weights )\; depending on the magnitude of the signal
coefficients the resulting method appears to stable towards the alternation of signals.

Another advantage is that we observe in our numerical experiments that the computa-
tional complexity stays almost the same. In comparison to the traditional split Bregman
approach we are adding only the updates of W; and ); within each iteration. How-
ever, due to the iteratively selected weights this could potentially lead to a much faster
algorithm.

We like to comment on two things regarding the algorithm above. First, the weighting
matrix W) depends on the initialization of an € > 0. The choice of ¢ is rather empirical
and many cases does not effect the solution. This was already noticed in the beginning
of reweighted-¢* in [CWBO08|. This is also the case for our algorithm. The role of ¢ is
essentially to bound the maximum threshold that the algorithm will perform. It provides
stability by preventing a division by zero, but the magnitude of the coefficient is mostly
determined by the respective analysis coeflicient. It is also common to decrease ¢ iter-
atively as it is assumed that the more iterations one runs, the closer one gets to actual
coefficients of the signal. However, this appears unnecessary for us and is not further
considered.

Furthermore, we have not incorporated an additional stopping criterion besides a
maximum number of iterations. For our algorithm it does not seem to be necessary as
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Input:
Measurement operator A, multilevel transform W,
regularization parameters: «g, o, i1, 42, 43, 3,
iteration numbers N and maxlter.
Data:
Measured data y.
Initialization:
k + 0;
ug < Ay;
Yo, Vo, do, wo, to, bé, bg, bgj +— 0;
while £ < maxIter do
fori=1,...,N do
(Ugt1,Vgs1) < solve linear system (5.18);
for j=1,...,J do
Aj =max {|(Yj 5w l=1,...,N;};

lzl,...,Nj;

Nj;

= di I SR I
WJ - dla’g (E+‘<,¢j’l7ucurrent>’ ’
wl, (1) + shrink ((\I/jucurfem) (1) + b7 (1), Lffj“)) , I=1,...,Nj;
end for
dy+1 (1) + shrinks (vfucurrenta) — yeurrent (1) 4 pd(7), %) ,
tre1 (1) < shrinkp ((5%wrrem) (1) + B, (1), %) Cl=1,...,
end for

bty < b + Vg1 — wiyr;
bl 1 b8 + (Vg — vps1) — diyas
bi iy < bf + EPUpiy — iy
Ykt+1 < Yk Ty — Augya;
k+—k+1;
end while
return Reconstruction umaxiter-

Algorithm 3: Proposed algorithm
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the convergence plots suggest, see Figure 5.2, 5.4 and 5.5.

5.4 Numerics

In this section we will recover several different signals from their Fourier measurements.
This is a typical problem in applied mathematics, which has a wide range of applications.
One of the most known applications is magnetic resonance imaging (MRI) where data
is collected in the so-called k-space which is the Fourier domain, i.e. every point in the
k-space can be interpreted as a Fourier coefficient of the object of interest. This is also
one of the very first areas where compressed sensing has had a great impact, see, for
instance [LDPO7|.

We will now present some extensive numerical testings that verify the performance of
the proposed algorithm for the particular setup where Fourier measurements are taken.
However, we like to mention that our algorithm is implemented for very general sampling
operators. These can, for example, be binary masks as in inpainting or non-uniform
Fourier operator for more sophisticated sampling patterns in MRI.

We have chosen the following three criteria that we wish to analyse our algorithm on:

(N1) Quality,
(N2) Convergence,
(N3) Stability.

For (N1) we compare our algorithm with different existing and established methods that
are known to perform well in the recovery problem from Fourier measurements these
methods are shown in Table 5.1.

For (N2) we use two quality measurements. First, the relative error which is computed
by the formula

eref o wrecHQ
RE="———"=

[ES 1P
where 2™ is the reference image and 2 the reconstructed image. Second, we use the
structural similarity index that as introduced in [ZBSS04|. This value can be directly
computed in MATLAB.

The stability (N3) is verified by the fact that we have chosen the same parameters
for each multiscale transform across all experiments. Although an extensive tuning of
all parameters for different images might yield superior results we have chosen not to do
so. The reason behind is two-fold: First, our algorithm already performance very well
with a fixed choice of parameters for all different images used in this section. Second,
iterative reweighting combined with the proposed multilevel weighting strategy already
suggests the level of thresholds for all coefficients and should therefore be less sensitive
to the choice of additional parameters.
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Numerical setup

The sparsifying transforms that we use in the numerical experiments of this section are
the wavelet transform and the shearlet transform. We first give some more details about
the parameters that are used and then proceed with the results.

As for wavelets we have used the undecimated 2D wavelet transform provided by the
spot package available at

http://www.cs.ubc.ca/labs/scl/spot/

Unless it is stated differently we have used a 4 scale Daubechies-2 wavelet system. The
chosen parameters for the proposed algorithm (WIRL1 + TGV) are

> u: [6e2 lel 2el],
> oo [12],
> f3: led,
> e le-4.

For shearlets we have used the shearlet transform from the ShearLab package available
at

http://www.shearlab.org/
The discrete shearlet system is generated by using 4 scales and [112 2] for the directional

parameters. Further parameters for the proposed algorithm (SIRL1 + TGV) are chosen
as follows:

> w: [5e3d lel 2el],
> a: [1 1],
> f3: 1eb,
> e: le-d.

The performance of the algorithm certainly depends on the parameter set. However, it is
very stable with respect to different type of images once a proper parameter set is chosen.
In fact, all experiments of this section are computed with the same parameter set given
above. The parameter that is most sensitive is . This is to be expected as this is the
parameter that controls the maximum magnitude of the thresholding value.
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Comparison with other methods

Fourier inverse Fourier inversion of data

RecPF Total variation and wavelet regularization
from [WYYZ08|

FFST+TGV Shearlets with TGV from [GQY14]

Co-IRL1 Composite iterative reweighting from
[AS15]

PANO Patch-based nonlocal operator, [QHL T 14|

TV Total variation with our algorithm

TGV Total generalized variation with our algo-
rithm

WL1 Wavelets without reweighting

WIRL1 Wavelets with proposed reweighting

WIRLI+TGV Wavelets with proposed reweighting and
TGV

SL1 Shearlets without reweighting

SR + TGV Shearlets with standard reweighting and
TGV

SIRL1 Shearlets with proposed reweighting

SIRL14+TGV Shearlets with proposed reweighting and
TGV

Table 5.1: Table for abbreviations

Our first experiment shows the recovery from a 256 x 256 rose image available from the
open source framework

http://aforgenet.com/framework/

We used 30 radial lines through the k-space origin (= 12, 2% of Fourier data) to represent
the subsampling pattern. The data is then obtained by a pointwise multiplication in
MATLAB by multiplying the mask with the Fourier transformed image. This is then used
as the measured subsampled Fourier data.

We then compared our results obtained by the proposed algorithm for wavelets as
a sparsifying transform. Our resulting reconstruction, shown in Figure 5.3 is obtained
by using the proposed iterative multi-level reweighting strategy as well as an additional
generalized total variation regularizer. In the same figure, we compare are results to
RecPF by Yang et al. [WYYZ08|, Co-IRL1 by Ahmad and Schniter [AS15], PANO
by Qu et al. [QHL"14|, and FFST+TGV by Guo et al. |[GQY14]. In order to make
the experiments comparable we have used the same scales and number of directions in
[GQY14]. Furthermore, for Co-IRL1 we have used two redundant Daubechies wavelet
dictionaries with the same number of scales. More precisely, one dictionary consists of
Haar wavelets (Daubechies 2) and the second one of Daubechies 4 wavelets. It can be
observed that the recovery obtained by the proposed method shows the least amount of
artifacts while still recovering all structures.
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Original Fourier inverse: RE = 0.167, SSIM = 0.739

RecPF: RE = 0.105, SSIM = 0.841 Co-IRL1: RE = 0.076, SSIM = 0.898

PANO: RE = 0.086, SSIM = 0.881

TGV: RE = 0.113, SSIM = 0.874 WIRL1+TGV: RE = 0.058, SSIM = 0.936

Figure 5.3: Different reconstructions from 30 radial lines (= 12,2%) through the k-space
origin with relative error and structured similarity index. 50 iterations are used for the
reconstruction. See Table 5.1 for used abbreviations.

Convergence, signal independence, and the effect of reweighting

In this section we analyze (N2) for our algorithm. We do this by considering two images,
one that is well suited for wavelets and the other one where shearlets perform better.
We start with a 256 x 256 phantom that was designed by Guerquin-Kern et al. in
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|[GKLPU12| for MRI studies. As this image is piecewise constant we have chosen a 4
scale wavelet transform generated by Haar wavelets. We reconstructed the image using
our algorithm for TV only, WL1, WIRL1 and WIRL1+TGV. Moreover, as this image
is very compressible in a Haar wavelet basis, the recovery allows a much lower sampling
rate. In fact, we have only used 21 radial lines which corresponds to only 8.73%. It is
interesting to mention that the exact solution is returned after almost 80 iterations when
WIRL1+TGV is used for 21 radial lines. Additionally, for 24 lines (=~ 9.83%) wavelets
with the proposed iterative reweighting step (WIRL1) will eventually also return the exact
Original TV

solution, see Figure 5.4.
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Figure 5.4: Different reconstructions from 24 radial lines through the k-space origin with
relative error and structured similarity index. The lower left graphics corresponds to 21
radial lines (~ 8.73%) and the lower right to 24 radial lines (~ 9.83%). 100 iterations are
used for the reconstruction. See Table 5.1 for used abbreviations.

Our third numerical example concerns the 256 x 256 pepper image, see Figure 5.5.
It has many more structures than the previously considered GLPU phantom. More
importantly, it does not consist of piecewise constant areas. This image is particularly well
suited for shearlets and thus we have chosen the shearlet transform with four scales. We
have compared three different scenarios. First, without any reweighting or exploitation of
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the multilevel structure, in fact, we have used a fixed threshold (SL1). The second image
(SR4+TGV) uses reweighting with TGV, but not with the proposed multilevel adaption
of the weights. The third image shows the proposed method (SIRL+TGV) which, in
particular, exploits the multilevel structure of the transform coefficients. It reduces the
artefacts, caused by the subsampling, significantly and thus suggests a better treatment
of the sparsity structure.
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Figure 5.5: Different reconstruction from 30 radial lines (~ 12,2%) through the k-space
origin with relative error and structured similarity index. See Table 5.1 for used abbre-
viations. 50 iterations are used for the reconstruction. The two graphs at the bottom
show the relative error and the structural similarity index with respect to the number of
iterations.
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Concluding remarks

Our algorithm shows that standard methods — such as the split Bregman algorithm — can
be significantly improved by adding a reweighting strategy for the sparsifying coefficients.
Furthermore, this reweighting strategy should take into account the multilevel structure,
as we have demonstrated in Figure 5.5. Furthermore, due to the reweighting strategy
the parameter set becomes relatively stable to an alternation of the image that is to be
reconstructed.

As a further step, one could consider a non-convex optimization problem by using the
P-quasi norm for p € (0,1) and then work with a reweighting strategy that depends on
p. This has not been tested yet, but could be worth to be considered in more detail in
the future, as we have seen in Chapter 4 that ¢P-minimization can improve the recovery
significantly.

Finally, the algorithm is implemented is a very general manner. In particular, the
sampling operator and the sparsifying transform are part of the input arguments and
can, thus, be directly changed.
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Chapter 6

Magnetic resonance imaging

In this chapter we present some results of the application of shearlets using the algo-
rithm from Chapter 5 to real experimental MR data. This results will be discussed more
intesively in the upcoming work [MMK™16].

It was mentioned multiple times in this thesis that the measurement process in MRI
can be understood as sampling Fourier coefficients of the signal of interest. In the next
section we want to make this a little bit more precise and discuss the inverse problem that
is considered in MRI. However, our presentation is from a medical and physical perspective
rather loose and we refer to [Kol12, BCH* 14, WKMO09| for more details about the medical
and physical backgrounds.

6.1 Reconstruction problem

Magnetic resonance imaging is an imaging technique that relies on the spin angular mo-
mentum of hydrogen atoms. In particular, magnetic gradient fields can be applied in
order to align all hydrogen atoms into one specified direction. After the magnetic gradi-
ent field is switched off the spinning atoms will align back to their initial position thereby
inducing a signal that is measured by receiver coils implemented in the MRI machine.
This signal y then represents frequency information an image - or volume in the 3D case
- x. Indeed, the acquired signal y is called k-space information and can be written as the
Fourier transform of x with respect to specific frequencies.

Mathematically speaking, the discretized problem can be formalized as follows: In
order to obtain the image of interest one has to solve the inverse problem

Az =y, (6.1)

where y represents the acquired k-space information, A is the sampling operator that
is essentially a partial Fourier matrix and hence, not invertible. However, in practice
different modalities can lead to better conditioned sampling matrices A and thus lead
to better image reconstructions. We shall next discuss one particular method which is
parallel magnetic resonance imaging.

108
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Encoding operator A for pMRI

From now on we will call A encoding operator instead of sampling operator in order to
emphasize that the encoding process consists of several operations other than acquiring
partial samples of the Fourier transform as we will explain now. Indeed, in parallel
MRI (pMRI) additional sensitivity coils are involved where each coil has characterizing
sensitivity profiles that are responsible for certain (different) areas of the k-space. This
is additional information of the acquired signal and can be used for an enhanced image
recovery ([PWSB99).

The sampling matrix A in the inverse problem (6.1) is now a concatenation of the
form

A= PFS,

where PF' is a partial Fourier matrix with possibly non-uniform samples and S is a
sensitivity matrix. Depending on the number of sensitivity profiles Ny € N we obtain N,
equations of the form

A, = PFS,,x =y, ns=1,...,Ns. (6.2)

Each solution z,, of these equations can then be combined, for instance, by using the
sum of squares method [PWSB99|. Therefore the decoding operation A* of the encoding
operator A is considered to be the concatenation of the following operations: First, apply
the inverse Fourier transform to each of k-spaces, then a multiplication with the respective
sensitivity maps followed by a combination of the single coil images by, for instance, sum of
squares. The encoding operator A certainly does the opposite by applying the sensitivity
maps first and then the partial Fourier transform.

In particular for the 3D case the encoding operator A, as well as its adjoint operation
A* is even more evolved, since it requires an additional handling of motion artefacts.

6.2 Data

The data that we use in the following experiment is k-space data that was acquired
using a radial 3D sampling scheme according the golden radial phase encoding (GRPE)
as documented in [WSK*07]. The data was acquired and provided by the Physikalisch-
Technische Bundesanstalt Braunschweig und Berlin (PTB). In particular, 9216 lines per
coil were acquired in total. Furthermore, 8 coils were used for the sensitivity resulting in
a k-space of dimension 192 x 9216 x 8 (spatial resolution x number of lines x number of
coils).

The reconstructed signal has a dimension of the size 192 x 192 x 192 and represents
a 3D volume in spatial domain.

6.3 Experiment

We recovered the data in the image domain using the algorithm presented in Chapter 5.
In particular, the sparsifying transform is the 3D shearlet transform available from the
package ShearLab [KLR16] which can be accessed at
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www.shearlab.org/

However, as the experiments in 3D are computationally very demanding we did not ap-
plied the iterative reweighting method, but instead used a fixed threshold in the algorithm
presented in Chapter 5. For the shearlet system we have used 2 scales and 3 directions
per scale.

The code for the encoding operator was provided by Dr. Christoph Kolbitsch from
the PTB. Fruther, the experiments have been conducted in MATLAB on ’cluster16’ of
the math cluster of TU Berlin.

6.4 Results

In Figure 6.1 we present the result of the signal recovery from MR data using compactly
supported shearlets in 3D. In particular, we depicted several different slices along different
directions of the whole 3D volume. In the first column of Figure 6.1 we see a reconstruction
by applying the inverse operation of the encoding operator. In the second column the
reconstruction using shearlets is shown. As the reconstruction is a three dimensional
object, say x € C192X192x192 we show a slice along the first dimension, that is z(n,:,:)
for some n € {1,...,192} in the first row. where we have used the matlab notation :’
to indicate that the full size along the second and third dimension is used. Furthermore,
single dimensions are squeezed, i.e. z(:,:,n) € C2*192_ Similarly, the second row shows
a slice through the second dimension and the third row shows the reconstruction along a
slice in the third dimension, respectively.

Note that the shearlet reconstruction shows almost no streaking artifacts coming from
the sampling pattern opposed also the background noise is reduced significantly. This is
an advantage due to the three dimensional setup, as the background noise as well as the
streaking artifacts have almost no three dimensional volume. Hence, these will not be
picked up in the reconstruction using a 3D shearlet system. The same argument applies
to other systems such as wavelets.
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Figure 6.1: Comparison of reconstruction obtained by the inverse operation of the encod-
ing operator (left) and the shearlet reconstruction (right). First row: Slice 140 along
the first direction. Second row: Slice 65 along the second direction. Third row: Slice
85 along the third direction.
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Figure 6.2: Comparison of reconstruction obtained by the inverse operation of the encod-
ing operator (left) and the shearlet reconstruction (right). First row: Slice 170 along
the first direction. Second row: Slice 140 along the second direction. Third row: Slice
120 along the third direction.



Chapter 7

Electron microscopy

In this chapter we briefly show a different application of shearlets to signal transmis-
sion electron microscopy (STEM) a problem that is located in the larger field electron
microscopy (EM).

The results presented in this paper are obtained in the experimental paper [MBS*16]
and we refer the reader to that work for more interest in the experimental setup, interest
in the particular data sets or the application behind. Further, applications can also be
found in [MHAS™16]. However, we briefly sketch the experiment in form of an inverse
problem and wish to present the application of shearlets to this problem.

7.1 Reconstruction problem

In STEM small objects of nanosize can be visualized by scanning the object. The scanning
is usually done pixelwise, which results in an inpainting problem. More precisely, suppose
x € RV*N is the object of interest and let A € RN*Y be a binary mask where 1 represents
the measured pixel and 0 corresponds to a not having measured the pixel, see Figure 7.1.
However, there is usually also a quite significant amount of noise on the data as we shall
see in the data in Section 7.3.

Figure 7.1: Random masks with different subsampling rates.
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The reconstruction problem is then again to find x (the full image) from the equation
Az =y, (7.1)

where y is the masked data as visualized in Figure 7.2.

..

Figure 7.2: Masked data.

As the problem is ill-posed we regularized the inverse problem (7.1) using different
methods known to work well in inpainting, indeed, in [MBS" 16| we considered

1
min 2 | Az — y|3 + M (@),

where J is a regularizing functional such as the composition of the £! norm with a shearlet
transform., wavelet transform, or cosine transform. Furthermore, a regularization based
on total variation and total generalized variation has been considered as well.

7.2 Algorithm

The algorithm used for the wavelet-, shearlet- and cosine transform is an iterative thresh-
olding algorithm which stems from [SED05, KLR16|. For the sake of completeness we
present the algorithm here.

Let y be the masked data, A be the mask itself, A, u > 0, and maxIter be the maximal
number of iterations. Further, let thresh denote the thresholding operator given by

c(k) |e(k)| = ¢,

0 else.

thresh.(c(k)) = {

Further we use the matlab notation "A. * B’ to denote the entrywise multiplication of the
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matrices A and B.

Input : y, A, A, u, maxlter.
Output: z
Initialize z := 0, := ), § := pl/(maxlter—1) g 7
while k£ < maxIter do
Ti=Ax*(y—x);
x = U* thresh, V(y — z);

€ := dg;
Increase k — k + 1.
end

Algorithm 4: Algorithm used for image inpainting

7.3 Experiment

For the reconstruction we have applied Algorithm 4 to the shearlet transform again from

www.shearlab.org/

as well as the wavelet transform from the spot toolbox available at

www.cs.ubc.ca/labs/scl/spot/

For the cosine transform we have used the one available from MATLAB.

The data from where a reconstruction is to be computed is shown in Figure 7.2. Note
that the image shows a very uniform chessboard pattern except for certain vacancies.
Furthermore the objects are supposed to be round and smooth which suggest that these
three transform should work fairly well. The computed reconstructions are shown in
Figure 7.3.
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Figure 7.3: Reconstruction of oxides, [MBS™16]
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As the original image contains a lot of noise it seems not appropriate to use standard
image quality metrics such as relative error or peak-signal to noise ratio as we have
chosen the parameters so that the noise is also thresholded. Instead we rely on the
visual assessment and present line profiles in Figure 7.4. Indeed the line goes through
the vacancy as shown in Figure 7.4. For a better quality assessment we also depicted the
original fully sampled region in the same figure as well as a median filtered version that
smoothes the data but reduces noise.
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Figure 7.4: Line profiles for the reconstruction shown in Figure 7.3, [MBS™ 16|

7.4 Discussion

The reconstruction from shearlets, wavelets and cosines are much smoother than the re-
construction obtained from TV and TGV which is mainly the case because of the two
different algorithms that have been used. For the TV and TGV reconstruction an interpo-
lation based approach was used, see [MBS*16] and the references therein where Algorithm
4 thresholds transform coefficients and then synthesises the remaining coefficients in the
respect system which in all three cases consists of smooth functions.

However, there are visual differences between these three transforms. For instance,
using shearlets the elements to not appear perfectly round as the anisotropy destroys
as well as the directionality is not capable of reproducing the structure. On the other
hand, the cosine transform which uses smooth and periodic functions reconstruct perfectly
round objects. However, due to the periodicity it also fills vacancies which where it should
not. For wavelets the reconstruction do show a good shape of the atoms, however, as the
transform is less redundant the algorithm suffers from stability issues and thus fails to
reconstruct the object.

Overall it must be stated, that the optimal transform depends on the data.
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Appendix A

Frames

More than 60 years ago Duffin and Schaeffer introduced the concept of frames in [DS52].
Nowadays, they are widely used in applied harmonic analysis and we next give a short
introduction about the basics of frame theory that are needed for the content of this
thesis. For a more detailed presentation of frames we refer the reader to the excellent

book [Chr03].

A.1 Basic definitions and properties

Recall that H denotes a (separable) Hilbert space.

Definition A.1 ([Chr03|). A set of vectors ¥ = {1y : A € N} C H is called a frame for
H, if there exist positive but finite constants c1 and co such that

allfIP <D LU <ol fIIP Vf e (A1)

AeN

The constants ¢; and co are called lower frame bound and upper frame bound, respec-
tively. If ¢1 equals co, then we we call the frame ¥ tight. Moreover, a tight frame with
frame bound equal to one is called a Parseval frame.

The frame bounds ¢; and ¢y in Definition A.1 are certainly not unique. Clearly, a
multiplication of ¢; by a positive constant smaller than one and a multiplication of co by
a positive, but finite constant, larger than one gives rise to another pair of frame bounds.
However, in some cases it is important to have the lower frame bound as large as possible
and the upper frame bound as small as possible, respectively. In this case, if ¢; is the
largest constants such that (A.1) holds, and ¢z is the smallest constant such that (A.1)
holds, then we call these frame bounds optimal.

The frame inequality (A.1) guarantees the boundedness of the following two operators
which we, by a slight abuse of notation, denote by ¥ and ¥*, respectively. In fact, the
following synthesis operator

U:A(N) — H
(ex)r = Y exhy

AeN
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is a linear bounded operator. Its adjoint, called the analysis operator, is given by
T H — 12(N),
f = ((f92))ren-

The composition of the synthesis operator and the analysis operator is called the frame
operator of the frame W.

Theorem A.2 ([Chr03]). Let Y be the frame operator of a frame with frame bounds ¢y
and ca. Then Y is a bounded, self-adjoint, invertible, and positive operator. Moreover, if
c1 and cy are the optimal frame bounds, then

_ 1
I~ = o Tl=c.

The inverse of a frame operator can be used to construct another frame in a very
canonical way.

Theorem A.3 (|Chr03|). Under the assumptions of Theorem A.2, with c¢1 and co not
necessarily being optimal, the set of vectors

U= 1(D) = {T_llf))\ : Ae N} = {1’/5\ DS N}

1

1 a frame with frame bounds 02_1 and c¢; . The frame operator associated to T s YL

The frame U in Theorem A.2 is called canonical dual frame of U. As already suggested
by the name, the canonical dual frame is one among possibly many other dual frames, cf.
Definition A.4.

Definition A.4 ([Chr03]). Let ® = {py : A €} and U = {¢ : X €} be frames. If
U = 1d, ic.

F=Y o0, VIeH
AeN
then ® is called a dual frame of V.

In general a frame possess more than just one dual. Li characterized in [Lill] the set
of all duals. In fact, he proved the following result.

Theorem A.5 ([Lill]). Let ¥ be a frame. Then all left inverses of the analysis operator
U are given by

U =7+ T(Id-0Y o).

Moreover, if (n\)a denotes an orthonormal basis of H, then all dual frames of U are given
by

U= Ty +on— Y (Y 'a,vu)en : AEN 3,
neN

where ® = {@) : A € N} is a Bessel sequence in H, i.e. only the second inequality in
(A.1) is assumed for ® to hold.
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As we outlined in Theorem A.5, a frame might not have a unique dual frame. Among
all duals, the canonical dual has a special property as we have the following theorem.

Theorem A.6 ([Chr03]). Let ¥ be a frame and U its canonical dual frame, cf Theorem
A.3. Let f € H and (cy)x € €2(N) such that f =,y eatha. Then

(S D) aenlz < ll(en)all2:

Theorem (A.6) shows that the dual coefficients have the smallest £2-norm. This could
be understood as the most uniform spread of energy among all coefficients. This is not
always a desired property, for instance in the sparsity regime, hence having the flexibility
of alternative duals can be advantageous.

All results presented so far in this section are fairly standard in frame theory and the
interested reader may consult [Chr03] for further results in frame theory.

We shall proceed with a rather new branch of frame theory that is called scalable
frames. This is interesting for us as the new type of frames that we have introduced in
Chapter [?] can be seen as a generalization of this class of frames.

A.2 Scalable frames

Without an argue, Parseval frames are a very special class of frames. Recall that for a
Parseval frame W it holds by definition

IFIP =D 1f e YieH (A.2)

AeN

which is known as Parseval’s Identity. Equation (A.2) is very reminiscent of an orthonor-
mal bases and, indeed, a normalized Parseval frame is an orthonormal basis.

The question that one might want to ask is whether every frame can be transformed
into a Parseval frame. The authors of [KOPT13| have studied this question and have
introduced the class of scalable frames.

Definition A.7 ([KOPT13|). A frame ¥ = {¢) : A € N} for H is called scalable if
there exists scalars ¢y > 0, A € N such that

{eatn : A e N}

forms a Parseval frame for H. If there exists 6 > 0 such that c; > 9§, then we call ¥
strictly scalable.

The following result proven in [KOPT13| gives an equivalent condition of scalable
frames using the notion of diagonal operators. An operator D is called a diagonal operator
corresponding to (cx)ren C C if it is of the form

D : ¢*(N) D dom D — ¢*(N)
(dx)ren = (exdy)ren,

where dom D = {(d)\))\eN : (C)\d)\))\eN S 62(N)
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Proposition A.8 ([KOPT13|). Let ¥ be a frame for H. Then ¥ is scalable if and
only if there exists a non-negative operator D such that V*DDWV = Id. In particular, if
liminf)y ||| > 0, then U is strictly scalable if and only if there exists a strictly positive
diagonal operator D such that DV is isometric.

Remark A.9. Note that the isometry condition in Proposition A.8 is one of the key steps
used in the proof of Theorem 4.12.

Finally, recall that a frame (¢))x C H is said to have an identifiable dual if there
exists a dual frame (1)) C H and some constants 0 < d; < da < oo such that

dil(f 9] < (00| < dal (0], VS €A, (A-3)
cf. Definition 4.9. Then we have the following
Proposition A.10. Every scalable frame has an identifiable dual.

Proof. Let (1)) C H be scalable. Then there exists ¢y € R U {0} such that

f=> (frexta)eatoa.
X

Therefore, (c315), is an identifiable dual of (1) as (A.3) holds if and only if there exists
scalars a) € C such that

Py = axy.
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Wavelets

We give a short overview of some wavelet results that we used in this thesis. For a more
detailed presentation of wavelets we refer to the classical book by Daubechies [Dau92|,
Mallat [Mal09], and Hernandez and Weiss [HW96].

In this thesis we mainly used wavelets as an orthonormal basis for L?(R?) and so will
this be our main focus. There are plenty of other beautiful mathematical properties of
wavelet theory, but this goes beyond the scope of this thesis.

B.1 Multiresolution analysis of 2D wavelets

For a functions ¢ € L?(R?) we denote its (dyadically) scaled and translated version by

e te( (2 3) ). me

If the function is compactly supported, then one can view these two properties as a
zooming into finer resolution and the relocation of the analysing region of interest. This
allows one to analyse signals and their behavior very locally.

Of course, there are different type of wavelet systems possible and their analytical
properties such as, approximation of a certain type of function, depend strongly on the
type of generators that one considers. Typical assumptions on these generators are, for
instance, frequency decay.

We will next give the definition of a multiresolution analysis which is one of the very
famous and desired properties that wavelet systems can achieve.

. . (2 .
Let A be the scaling matrix < 0 20]>, for the general case we refer to, for instance,

[Maa96.

Definition B.1. A sequence of closed subspaces (V;);ez of L*(R?) is called a multireso-
lution analysis, if the following properties are satisfied.

i) {0} C...CV;C Vi C...C L*(R?),
w) (1 V;={0},

jez

121
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ii) U V; = L*(R?),

JEL
iv) f €V e f(A) € Vi,
v) there exists a function ¢ € L*(R?) (called scaling function), such that

{pom :=¢(-—m) : m € 7%}
constitutes an orthonormal basis for Vj.
The associated wavelet spaces (Wj),cz are then defined by
Viti=V; @ W;.

It is well known that there exist | det A| — 1 corresponding compactly supported wavelets
P, pldet A= guceh that

{ = |det AJ/2¢gP(AT - —m) :m = (my,mg) € Z2,p=1,...,|det A| —1}

forms an orthonormal basis for W; for each j, see, e.g., [Mey87]. We now consider the
decomposition

L*R?) = Vo & P W,

7=0
where
Vo = 8pan{o,m : m = (mq,ma) € Z*}
and
W; ::spﬁ{wﬁm cm=(my,mo) €Z*p=1,...,|det A| -1}, j=0,1,...

As we motivated in Section 1.4 it is often of great interest to restrict the function
system onto a bounded domain. We used wavelets on the interval in order to build
the shearlet system on bounded domains. Therefore, we briefly recap its construction.
However, different approaches are also known, for example by Meyer |[Mey92|, see also

[Mal09].

B.2 1D Wavelets on [0, 1]

We start with the 1D construction of wavelets on the interval as introduced in [CDV93].
For this, let ¢ be a compactly supported Daubechies scaling function associated to a
wavelet with p vanishing moments. It is well known that ¢ must then have a support of
size 2p — 1. By a shifting argument, we can assume that supp (¢) = [-p + 1,p]. Now
let 5 € N such that 2p < 2J. Then there exist 27 — 2p interior scaling functions scaling
functions 3“72 defined by

int Gjn = 2j/2¢(2j -—n), forp<n< 27 D,

jn
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which are fully supported in [0, 1]. Depending on boundary scaling functions {¢!*"},,—o 1
and {¢2ght}n:07,,,7p_1, which we will introduce below, the p left boundary scaling functions

are defined by
Pt = 29/ 2¢left(91.)  for 0 < n < p,

Jm

and the p right boundary scaling functions are

. 19 right . . 4
it — 9l /2T (27(-—1)), for2! —p<n <2
We remark that this leads to 27 scaling functions in total, which is the number of original
scaling functions (¢;,), that intersect [0,1].

We next sketch the idea of the construction of boundary scaling functions {¢fft}n:07_..’p_1
right
n

as well as {¢n"" }n=0,.. p—1 following [CDV93|, to the extent to which we require it in our

proofs. One starts by defining edge functions ¢* on the positive axis [0, c0) by

2p—2

)= (Z)qﬁ(m—i—n—p—i—l), k=0,....,p—1,

n=0

such that these edge functions are orthogonal to the interior scaling functions and such
that they together generate all polynomials up to degree p — 1. After performing a
Gram-Schmidt procedure one obtains the left boundary functions (;S}fft, k=0,....,p— 1.
The right boundary functions are then — after some minor adjustments — obtained by
reflecting the left boundary functions. This construction from [CDV93] allows one to
obtain a multiresolution analysis.

Theorem B.2 (|[CDV93]). If 27 > 2p, then {¢™},_ 21 is an orthonormal basis for

]7n
a space ijt that is nested, i.e.

int int
‘/j - ij‘l’l)

and complete, i.e.

U V'jint — L2[0, 1]
j=logy 2p

Next, we define an orthonormal basis for the wavelet space W;nt, which is as usual
defined as the orthogonal complement of Vji“t in Vjiﬁlrtl. For this, let 9 be the corresponding
wavelet function to ¢ with p vanishing moments and supp ¢» = [—p + 1,p]. Similar to
the construction of the scaling functions, we will obtain interior wavelets and boundary
wavelets, which then constitutes the set of wavelets in the interval. Again based on a
careful choice of boundary wavelets (1), and (wzlght) k, for which we refer to [CDV93|,
we define 27 — 2p interior wavelets by

M hig = 22(20 - —n), forp<n<2 —p,

Jin =
p left boundary wavelets

it — oJ/2yleft(23)  for 0 <n < p,

]7"
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and p right boundary wavelets

it — 93/ 208  (29(-—1)), for2) —p<n <1,

Summarizing, the following result hold for these wavelet functions.

Theorem B.3 ([CDV93|). Let 27 > 2p. Then the following properties hold:
i) {Q,Z)mt Yn=o,..27_1 s an orthonormal basis for Wi

i) L?[0,1] can be decomposed as

LQ[ ] Vlnt Wlnt W‘llril WIT_JQ D . mt @ Wlnt

ii1) {{ o Ym=o0...27 _17{w]n}]>Jn 0,...2i 1} is an orthonormal basis for L*[0,1].

w) If ¢, € CT[0,1], then {{ Y 0,27 1,{wjn}]>Jn 0,29 — 1} is an unconditional
basis for C*[0,1] for all s < r.

We start with the 1D construction of wavelets on the interval as introduced in [CDV93].
For this, let ¢ be a compactly supported Daubechies scaling function associated to a
wavelet with p vanishing moments. It is well known that ¢ must then have a support of
size 2p — 1. By a shifting argument, we can assume that supp (¢) = [—p + 1,p]. Now
let j € N such that 2p < 2/. Then there exist 2/ — 2p interior scaling functions scaling
functions qut defined by

= b = 22¢(2 - —n), forp<n <2 —p,

which are fully supported in [0,1]. Moreover, there exist left and right boundary scaling
functions (#'%),,—0 p—1 and ( rlght),hb:()7,,,7p_1 such that for

mt . 9I/2pleft(21.) for 0 < m < p,

]7m

and

. o right : : :

int =012l (20(.—1)), for 2 —p<m <2,
the sequence ( ‘17{172)”:07”.’2]'_1 forms a multiresolution analysis ([CDV93], [Mal09]), see
also Theorem B.4 below.

Theorem B.4 ([CDV93]). Let V™ := span(¢i™)

n=0,...,2i -1 Then the sequence of spaces

(V™) jen, is nested, i.c.,

th .C V}int C ‘/}iitl C

Moreover, for all j € N such that 27 > 2p, the system (¢ Jm=o0,....0i—1 constitutes an

‘77m
orthonormal basis for ijt and the respective sequence of spaces ijt 18 complete, i.e.

U Vjint — L2([0, 1])

j>logy p
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Let now I/V]i-nt denote the orthogonal complement of Vji“t in Vjiﬁtl. Then an orthonor-

mal basis of wavelets for each space Wji-nt can be constructed as follows. Let ¢! be a
compactly supported scaling function with supp ! = [—p + 1,p|, and let 1! be the
corresponding wavelet possessing p vanishing moments. Similar to the construction of
the boundary scaling functions previously discussed, we can construct wavelets, which
are fully supported in [0,1]. Again, there exist boundary adapted wavelets (¢1),, and
(yrE), [CDV93, Mal09], leading to 29 — 2p interior wavelets

it gl = 22012 ), forp<m <2 —p,

Jim =
p left boundary wavelets

nt . 93/2pleft(27.)  for 0 < m < p,

j?m
and p right boundary wavelets

Ui = 2P (1), for 2 —p<m <2,

This set of wavelets satisfies the following properties.

Theorem B.5 (|[CDV93|). Retaining the notations from this subsection, for J € N with
27 > 9p, the following properties hold:

i) (V) =0, 271 is an orthonormal basis for Wi,

ii) L%([0,1]) can be decomposed as
. . . . . w .
L0, 1) =Vt eWre Wit e Wit,e... =V e WM.
j=J

iii) {( B m=0,...27 15 (zp}?}n)jzj7m:07.._,2j,l} is an orthonormal basis for L*([0,1]).

iv) If ¢1777[)1 € CT([O’ 1])z then {( ijr,lfn)m:(],...,?’fla W}l}s@)jzlm:o ..... 21—1} is an uncondi-
tional basis for C*([0,1]) for all s < r.



Appendix C

Supplementary proofs

C.1 Proof of Lemma 1.13
Exploiting the MRA structure and using the assumptions we can conclude

f eV

Furthermore, as (d)},H ez is an ONB for V1 we obtain

F=Y A 0hs) i (C.1)

leZ

Due to the fact that f # 0 and f and ¢ are compactly supported we obtain from (C.1)
that there exist lg, [y € Z, lp < I such that

<f7 ¢5+1,lo> #0 and <f7 ¢(1]+1,l> =0
forall [ ¢ {lp +1,...,l; —1}. Hence,

lh
F=Y {f 85 ohi

l=lo

Since the scaling function is continuous, f must also be continuous. Therefore, we can
conclude that

min (supp f) = min (Supp ¢‘1]+17l0) — 9~y ¢ 9~z

The in particular part of this lemma is clear.

C.2 Proof of Lemma 1.14

W.lo.g. let a; < ... < apy, otherwise we reorder the indices. Let A1,..., Ay € C such
that

N
Z Aifi = 0.
i—1

126
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Since a1 < ag we obtain by continuity of f1, that f; is non-zero on a non-empty interval
N

I C [a1,a2). Therefore Ay must be zero and hence >  \;f; = 0. Repeating this process
=2

1=

leads to Ay = ... = Ay = 0.

C.3 Proof of Proposition 1.15

W.lo.g. suppose that supp ! = [0,7] for some » € RT. Let f; € span ), be non-zero
functions for i = 1,...,n. Observe, that since the sets Qf have finite cardinality, the
functions fi, ..., f, are compactly supported as a finite linear combination of compactly
supported functions. Also, since the wavelets are continuous the functions fi,..., f, are
continuous as well.

Claim 1: The functions fi,..., f, are linearly independent.

Due to Lemma 1.14, it is sufficient to prove that
min (supp fi,) # min (supp fi,) Vi1 # ia.

To this end, let T}, : L?(R) — L?(R) be the translation operator that maps f to T, (f) =
f(- +y). Then, for any f* € span ¢, we clearly have Ti/nfi € ®0§j§J W;. By Lemma

n’

1.13 we obtain for 41,72 € {1,...,n} with i; # iy that
min (supp fi,) € 27tV Z +t;, and  min (supp fi,) € 27V TVZ 41,

If

min (supp f;, ) = min (supp fi,),
then there exist k, s € Z such that

2~k 4gy =27 Ut Dg 4t (C.2)
Multiplying (C.2) by 27! yields

27 k=27 4 s
which is equivalent to
27T (b, —ti,) = s — k. (C.3)

By the assumptions on t; we obtain that (C.3) cannot be true. Therefore, (C.2) is false.
This proves Claim 1.
Claim 2: For fixed ¢ € {1,...,n} the set of functions

O = {0'@( ) 1) 1€ L} j=0.....7)
is orthogonal.

Since {y'(27 - 1) : | € Z,j = 0,...,J} are orthogonal by the MRA property and
orthogonality remains under a fixed shift operation, Qf, are orthogonal for fixed 1 < i < n.
This yields Claim 2.
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For the sake of brevity of notation, we now denote the elements of Q¢ by

O = {uf] =@ 1)+ 1) 5 (D) € R}, with B ={0,...,J} x L.

Jil
fori=1,...,n. Note that each set P; is of finite cardinality. It now remains to prove the
following statement:
It
1) (1 j
ST AWl 4 3 AW =0, A} ec (C.4)
JlePy JEP,

then Agil =0, for all (4,1) € P;, i =1,...,n. For this, let us shorten the notation by

f,- = Z )\gfl)wj(?l), for1<i<n.
(Jvl)GPz

Towards a contradiction we assume, that for some m € {1,...,n} there exists (4,1) € P,
such thzjt )\g.;n) = 0. Consequently, by Claim 2, fm # 0. Claim 1 yields linear independence
of the f; and thus

Y i #0,
i=1
which contradicts (C.4). This finishes the proof.

C.4 Proof of Theorem 1.16

We only show the linear independence of (¢, c). The argument for U (1), ¢) is the same
with 1 replaced by 1. Let v1,...,yn € V() c) with

Yi (iL‘l, IL‘Q) = 23ji/4¢1 <2jiSL’1 + 2L%J k;xo + Cltz(-l)> . ¢1 <2 {%J To + Cgt§2)> ,

where (z1,22) € R? and 4 = 1,...,N.A priori for 4,0 € {1,...,N} with i # [, it is

possible that we have (ji, ki, t§1)> = (jl, ki, tl(l)). By defining an equivalence relation ~

such that ¢ ~ [, if (ji,ki,t§1)> = (jl,kl,tl(l)>, we can write for K = {i < N}/ ~ and
Li Z{ZZNZ},

. . Ji Ji
(vo)ie, = {23%/%1 <2],- -+2Mki - +C1t§”) ¢! <2M : +02t§f)> GEK, € Lz} :

To obtain linear independence of (7)Y, we need to show for v = (a;)X, € CV that

0=> v <2ji *ﬂjﬂ ki - +C1tz('1)> DS et <2M ~+CQt§2)> — a=0.

k2
ieK lLieL;
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By definition we now have that for any ¢,l € K, with ¢ # [
<]’L7kl7t§1)) 7& (jl?klatl(l)> . (05)

Towards a contradiction, we assume o € CV \ {0} and define the function

‘ji
o= Y ayé" (2“J .+C2t(f)> , forieK.

l;€L;
We also set
U(e) = | supp gia-
€K
Case 1: Assume U(a) is non-empty.
Our goal is to show, that
i

S o (2ol ra) [ S ae (18 ) ) 200 o

ieK l,eL;

We can construct a finite covering of U(a) subordinate to the supports of g;, in the
following sense. We pick @ € N closed sets Uy,g = 1...,Q, that cover U(a) and obey

int {supp gio NUy} # 0 = supp gia 2 Uj.

lemma:LinIndNoShear This can be done by taking a disjoint generator of the algebra
generated by the sets supp ¢, ¢ € K.

We define corresponding index sets I; = {i € K :supp gi.o N U, # 0}. Now, for all
t € I, we have that supp g, 2 U,. For all i € K we have that g; o, is continuous and
hence, the interior of U(«) is non-empty. Since the interior of U(«) is non-empty, there
exists a set U, with non-empty interior. Hence, we can pick a point Zp € U, \ Q such
that gi@(ijg) 7’5 0. We define Ez = 2’—%21 k‘i:ﬁz + 27ji(61tl' — LcltiJ) and 6&,’ = Gi«a (i‘g) 7'5 0
for 7 € I, and obtain

St (2 i+ lan?)) - | 3 ot (2145 4 ?)

iely LieL;

=Y aw! (2 + ) + Lt (C.7)

i€ly
If we have
(jl'l’ Lcltzllj) 75 (j’ig) LCﬂféJ) or fil — t~1'2 Q 2_J_IZ for all il,iz S Iq,il 75 ig, (08)

then, since & # 0, an application of Proposition 1.15 to equation (C.7) yields equation
(C.6). In order to show that (C.8) can be achieved, we observe that we can restrict
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ourselves to subsets Il’l of I,, such that j = js = j,, for s,r € I(’J. By construction we have

that ¢;, —t;, € 27771 Z is only possible if e1tj, — 1t} | = eity, — [e1t,]. In this case we

have by assumption that k; = k; and hence with (C.5) we have that et} | # [eit], |.
Case 2: U(a) = 0.

In this case we have that g; o = 0 for all i € K. Recall that for i € K

Jia = Z a, ¢! <2V2J -—i—Czt(f)),

l,eL;

and observe that tl(f) #* tl(j) for all I;,k; € L;,l; # k;. Thus the functions

(q51 (2@ : +c2t(f)>)
l,eL;

are linearly independent by Lemma 1.14. This implies oy, = 0 for all [; € L; and all
i € K. Finally this contradicts the fact that o £ 0 and consequently we will never be in
the event of Case 2.

C.5 Proof of Lemma 1.17

The proof uses the linear independence of the one dimensional generator functions. By
assumption we have that for a finite set L € Z and J € N the set

{Gm¥jm = m € L0 <5< J}
is linearly independent. Furthermore by rescaling we obtain that

{S)ym Vi : mE L jo<j<J} (C.9)

jO?m, ]7m

is linearly independent.
Let Iy C {0} and I3, I3 C N be finite and assume that for every j € I; we have finite
sets Ly and L] C 72, i = 2,3, such that with o # 0 for all m € L; and oz;'-’m = 0 for all

jel,melLli=1,2,3we have

Yooabom+ Y. alatimt Y. od i, =0. (C.10)

mels jelr,meL}, jelz,meL]

If we can show that (C.10) implies L; U |J L% u U Lg = (), then we obtain linear
J€l2 J€l3
independence.

Let jmaz = max(l; Ul UI3) and assume that jye, > 0. It will be clear, that the case
Jmaz = 0 follows similarly. Then (C.10) is equivalent to

Z O‘%n¢m + Z a?,md}j,m + Z a?,m&j,m

meLly je€l\{jmaz },meL] j€I3\{jmaz },meL}
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2 3 o
= - Z Oéjmam,m¢jmaz)m - Z ajmaz,mwjmazym' (Cll)

meLjmaz meLjmar

Let us distinguish two cases. The first case is that one of the two terms in (C.11) does
not vanish everywhere. We assume w.l.o.g. that } eLjmas a2 i m # 0. Then,

]maz:

there exists 5 € R2:

~ . ~2 1 .
0 # Z .7ma¢7 Q’b.]malv ( ,1‘2) - Z ajmaw7m¢jmaw7m1 _' f’

meL%max meL%ma:c
~2 — 2 1 5 : :
where &5 =0 | imaz | g (Z2). Note that the second term in (C.11) is a sum

of scaling functions ¢! , when sampled in 2. Furthermore, by the linear indepen-

imaz | m,
dence of the one dimensfonal functions (C.9) it is impossible to represent f with functions
on lower levels j < jmaz. This contradicts (C.11).

The second possibility we need to examine is that both terms of (C.11) vanish every-
where. Then, for at least one of the terms we have that LJ™** # 0, i = 2,3. W.lo.g. we

assume that L%m“” # (). Then we have that

Z a?maxamwjmazvm =0. (012)

jmam
me Ly

Using the linear independence of (C.9), it is straightforward to see that the functions

{$jmazm : m € Ly}

are linearly independent. This implies, that (C.12) cannot hold. Hence we obtain that
L™ =@, i = 2,3 and thus the assumption jye; > 0 cannot hold. Consequently, we
obtain that I; U Io U I3 = (). This gives the result.

C.6 Proof of Theorem 1.12

By Theorem 1.16 and Lemma 1.17 we obtain that finite subsets of I'y, I's, and I's are
linearly independent.
Thus, we first show

spanT'; NspanTy = {0}. (C.13)

Let n = by -by where ¢; = Zi ,1 =1, 2 satisfy the assumptions of the theorem. Furthermore,
let, without loss of generality, supp 1! = [0, s1] and supp ¢' = [0, s5] for some s1, 59 € RY.

We use the following observation that is due to the fact that W; C V; for all j < J.
For any 0 < j < J—1and t € Z there exists an index set R{ C Z? and scalars 0 # A\, € C
with r € RJ, such that

I =) = Y At (27 —r/n). (C.14)

reR]
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We obtain that for every zo € Rk € Z
1@ 2l — ety = 3 ot (27427 [k, /).
TER{

Now, let f € (spanT'y) \ {0}. We assume that the minimal support bound of f in the
second variable is 0, i.e. f(-,2z) = 0 for all z < 0. Otherwise this can be achieved by a
suitable global shift of f. Then we have

[z, 32) = Zazw (23Lm1+22kx2+c1t )¢1 (22x2+02t( ))

with a; € C\ {0}, N € N. By reordering the indices and a use of equation (C.14), we can
expand any f € spanl’; by

Flanz) =Y 3 aie! (2%1 v e, - ri/n) ! (2%@ +cQt§2)) (C.15)
i€l r,€R;
with a;, #0, k; # 0 and R; = Rf;l).

For this, we group the indices ‘into the following sets

R, := U Ri, peZ\{0},|p| <2’ (C.16)

{ie]: 97" %] kip}

afa(xg) = Z ot (2%562 + 02t£2)> , (C.17)
sy

Then with

w‘j’

STE 2 {

(C.15) becomes

Z Z p(22)dpr, @ P! (2‘]3:1 + pxo — rp/n) ,

Ip|<27 TpER,

with &, # 0.

If f # 0 there exists x5 € R such that f(-, 22) # 0. Furthermore since ¢! is continuous
we have that for every T there exists € > 0 such that for all |p| < 27 either oy, # 0 for
all Zo € Be(zg) or o, = 0 for all z3 € Be(z2) \ {z2}. Hence we know that there exists
§#PC{-27+1,...,2/ =1} and € > 0 such that o/,(Z2) # 0 for p € P and 0 < Z3 < €
anda;):Oforngand0<i'2<e.

By (C.15) for fixed 0 < 2 < € we obtain coefficients o, # 0 for r, € R), p € P such
that

f(z1,22) = Z Z o pr, @ (2 (2721 + pF2 —1p/n) . (C.18)

peEPr,€ER,
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We now aim to compute the behavior of the lower support bound of f in z; with the
help of the representation obtained in (C.18). Since &/, , 7 0, we can deduce the lower
support bound of f(-,z2) from (C.18).

First of all, we observe that there is a minimum ryy,;,/n of the numbers r,/n, r € R,
p € P. So the lower support bound of the above sum as a function in z; is given by

min | supp Z & prmin®' (27 +p22 = Tipin/n) | - (C.19)
lpl<2/

Since xg > 0 the lower support bound of (C.19) can be found by looking at the unique
smallest lower support bound of the respective terms. In fact, if we denote the largest
0 < |p| < 27 such that Gprmin 7 0 DY pmaz We observe, that the lower support bound of
f(-,z2) is given by

(2_J (Tm# - pmax$2) 71‘2) for 0 <z <e. (020)

Let & =277 fmin - Assume first, that pje. > 0. Then for some € > 0 the lower support
bound of f(z1,-) is given by

Tms “ R
(.21?1, ( n;zm — 2J.CIZ‘1) /Pmax) for 1 —e<x < 27.

However, if pjqe < 0 then locally max (supp f(z1,)) is given by

<:U1, <7”mm - 2J:U1) /pmax) for 71 < 11 < 1 + €. (C.21)
n

Now we will see that this behavior of the support bounds is not possible whenever f € I's.
By the same arguments presented above, we can write f as

f(z1,-) :Z Z ﬂi,md)l <2J . +2J_ Pﬂklml — r,/n) P! <2L%Jaj1 — clt?)

iel r,€R;

Using the same grouping as in (C.16) and (C.17) we obtain for || < 27 — 1 the index
set Ry and the function ﬁlc- Here p is smaller than 27 because of the assumption on the
parameter set for the second shearlet cone, see Definition 1.1.

Again there exists ) # M C {27 +1,...,27 — 1} such that for some ¢ > 0 have that
BZL(il) #0forall u € M and 7 — e < 71 < &1 and for u & M we have ﬁL(i:l) =0 for all
T1 — € < T1 < Z1 Then we obtain that

f(@1,-) = Z Z ,Blu’m(ﬁl (2J - +pr — ru/n) .

HweEM r €Ry,

with ﬂ/uﬂt # 0
If Pmazx > 0, then by (021)

SN B0t (27 s = /n) £0

pneEM ryeRy



APPENDIX C. SUPPLEMENTARY PROOFS 134

forall 1 —e < x1 < 7. )

Again, there exists 7 . € Uue 57 By and a corresponding fimq; as in the first case.
Furthermore, we obtain from Lemma 1.14 that the minimum support bound in a neigh-
borhood of Z; of f(z,-) is given by

{(Z, 27J(T;rn'n/n - umaarz) A Be(i'l)} .

Since |27 pmaz| < 1 and |27/ ppmaz| > 1, we see that the slope of the lower support bound
is different to the previous case. Which implies, that f cannot be in the first and the
second cone at the same time.

If pmaz < 0 then the same arguments yield for an 7 such that ; < z; < 21 + € that
the lower support bound of f(Z1,) is given by

{(Z, 2_‘](’/“;7.”-”/71 - ;uma:rz)) Lz E Be(jl)} .

If furthermore fimaz > 0 we obtain that the lower support bound of f(-,#3) for &y =
277 (1! i/ — [maz®1) is locally given as

(! i/ — 27 %9) [ tmaz, T2), for & in a neighborhood of Be (i),

which contradicts (C.20)

Lastly, if pmaz < 0 and ez < 0, then 277(r! . /n — tmaez®1) < 0 which cannot
happen since we assumed, that the smallest x5 such that f(-,z2) # 0 is 0.

Hence spanI'; NspanT's = 0. Furthermore, spanI'y NspanI's = 0, since for functions
from I's the lower support bounds along slices remain constant on small intervals in
contrast to functions from I'y or I'y, see Figure 1.2.

Finally, the behavior of lower supports in (C.19) remain unchanged if we assume
f € span (I'y UT'3) with the exception, that ppm, can now be 0. In that case the lower
support bound can also remain constant, which, as we have seen, does not happen for
functions in spanI's.

C.7 Proof of Theorem 1.23

Let f = Po(fi +xpf2) € £2(v,Q) and 6“(f) denote the non-increasing rearrangement of
[ {fsen) 20 |in W, (¢1) Further, let 6% (f) denote the non-increasing rearrangement of

| (fr0n) L2 |5 es, Where So = {¥jkme : (4, k,m,€) € Ag}. Then

1f = f5llF2) < D 0u(F) < D0 02+ D 05(f) = T+1L (C.22)

= 22 ¥
By Theorem 1.6 we can bound II as
I1 < N2log(N)3. (C.23)
As for I we can split the coefficients as follows

0<(f)),  supp ¢n NOD #

w —_ 2 =
0, (f) = | <90m7f>L2(9) "= {QTL«l}(Jf)(S)7 otherwise.
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Then,

L< ) 6(ND+ > 6. (C.24)

n> nZ%

|z

It follows from [Coh00] that the coefficients corresponding to the smooth part can be
bounded as
Y02 SNT? as N = oo, (C.25)
TLZ%
The wavelet coefficients corresponding to the non-smooth part of f can be estimated by
observing that, since the boundary curve of D intersects 0f2 only finitely often, due to the
construction of the wavelet system Ww(gél) for a small enough resolution we obtain that
only ~ 20-7)7 < 2(2/3=1)7 wavelets intersect the boundary of D where 0 < < 7 — 1/3.
Furthermore, due to the boundedness of f, we have | (wjm.v, f ) r2(0)* S 27%. Hence,
we obtain

S0 )E < S 2CmI(272)5 < o,

n jeN
Consequently, (6% (f))),en € (3 which, by the Stechkin Lemma, yields

D (05(£)")) S N7 for N = oo. (C.26)
n>N

Applying (C.23)-(C.26) to (C.22) proves the claim.

C.8 Proof of Theorem 3.9

In order to prove Theorem 3.9 we have to construct a dual certificate and verity the
assumptions of Proposition 3.10 ¢)—iv). This is done precisely as in [Poo15] with canonical
adaptions to the general frame case.

Assumptions and preliminary results

Following the notation in [Pool5|, let A : H — ¢% be a linear bounded operator and
U : H — £? be the analysis operator associated to a frame with upper frame bound
equal to 1 and lower frame bound denoted by ¢;. For r € N, M € N, and N € N, let
N = (Np)k=1,..r» M = (My)g=1,..r, 8 = (Sk)k=1,..r € N" and (my)p=1,. , € N” with

> 0=My< M <...<M, =M andlet T = (My_1, M] NN,

>0 =Ng < Ny <...<N, =N and let Ay, = (Np_1,Ni] "N for £ < r and
AT:(NT_l,OO)ﬂN.

> my < Mk — Mk—l; q; = mj/(Mj — Mj_l), and Qk ~ BET’(qk,Fk).

> s < Np — Ni—q and let A C [N] be such that |A] = s; + ... + s, =: s and
A, = A N A with ‘AHZS]C
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For some p € (0, 1] we write k = (k;)i=1,..r let K, = k;(N,s,p) and K, = k) (N, M, k) for
l=1,...,r. Further, let Kmin = rminj—; __, & and Kpmax = rmax;—1, , k. Finally, define
the linear bounded operator

T:0?2 — 02,

)
T i1 Y '
<<max{1,m} ’ jGAk>k1 oy

We start by a sequence of propositions that are proved analogously to the ones pre-
sented in [Pool5].

Proposition C.1 ([Pool5|). Let g € R and let o > 0 and n € (0,1]. Suppose that

&

provided that

HT\I/(PRA*P[M]APR — P'R)\I/*T_1H2_>2 S Oz/(261).

Then

TV (PRA* (@ ql.lpgl) APgp — PR> g

=1

> OZHT{IV’9|2> <7
2

V7B log <3> Z,u2NM(k,l)m Sa, k=1,...,r
N =1 7

and
rB?log <3> (7 —Dpdmk, DR S a2, 1=1,...,r
/r] bl
k

=1

where

T
B = [UPRY|oo-so0 max Y [|Py, UPRY* Py, [locsoc
T =1

Proof. Without loss of generality we assume |[TWg|l, = 1. Let (0j)j=1,...,m be random
Bernoulli variables such that P(§; = 1) = ¢; where g; = g for j = M1 +1,..., M.
THen

TV <PRA* (@ q;1PQi> APp — PR> g
=1

M
= (q;'0; = 1)TUPrA*(e; ® €;) APrg + TU(PrA* P APr — Pr)g
j=1

By assumption we have

* 1 * *—1d
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Therefore it is sufficient to show that the probability that Z]—]\il(aj_léj —1)TYPrA*(ej ®
€;)APrg is small is large, in particular, we show

M
P Z 1)TYPrA*(ej ® €;)APrg|| >a/2 | <n.

:Y}

2
We first bound max; ||Yj|2. Indeed,
I¥jll2 < @ TP PRA" (e © ) Agll2

= 57;1 H s”up (TUPRrA*(e; ®€j)Ag, )|
x|l2=1

= (Yj_l \| Sl}lp |(Ag,ej)(TYPrA"e;, x)|.
x|l2=1

Furthermore, for each j € I'y,
(Ag, ;)| = [(AT*Tg, e;)| < Zr: (AT Py, Tg, ¢;)| < XT:M(PFkA‘I’*PAZ)!!PAZ‘nglll-
=1 =1
By Corollary 5.4 of [Pool5| we obtain
(Ag, e;)] < \/;zr: p(Pr, AV" Py )k
=1

Furthermore, for ||z||2 = 1 we obtain

(TWPRrA*e;,x)|> < Z | PA, TV Pr A*e;|3

=1

.
= [|P, TUPRU*T A%ey5
=1

< Z*HPAZ‘I’PR‘I’ 32l T A"e;12
II‘PPR‘I’ 30-s21* (Pr, AW).

Therefore

max |Vill2 < | 9pRE" ooV max 3" Rt b D
9 7 l 1

Furthermore, let F C ¢?(N) be a countable subsets and suppose ||f|| < 1 for all f € F.
Then

M
?UEEZ|<f7}G <SUPZ e, Ag)[*|(A¥e;, PRYT )2
c -

7j=1
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< sup S 1)1 Pr, Aglmax [(Ae;, Prw T
k=1
< supz 1)1 Pr, Agl max | 7% PrAe;

By definition of % we obtain ||Pr, Ag||3 < r&y and for each j € T

:
1 .
WP A" = 30— | P W PR A",
t=1

,
1 * % * *
=Y [ Pa, UPRA™ T [ oosa| W A% e o || Pa, U PR A ej 2
— TRt

T
1 Oy * * J;* *
< Z%H\PPR‘P lloc—so0 W A€ oc [ PA, W PR Py, [loo—s oo || Pa, WAT€; | oo

< ZfH\PPRw ||OMOZ 1PA, U PR U Py, [l oo oo pa (K, 1).
=1

Therefore
supEZI (f,Y;
fer o
T 1 "
<T”\I’PR‘II Hoo—woz KkIUJN M(k Z)Z;HPAt\I/PR\P*PAzHoo%OO
=1 k= 1 =1
< rB? — 1) (kDR
r lm:'Mf Z Jun v (ks DR,
with

= || PR U o000 max ZHPAZ\I/PR\I/ P, |l so—soo-
Furthermore, we have

M 2
E(DY;
j=1

2

M
> E|Vil3
J=1

<> r(a=1- 1) Pr Agll3 max IT® PrA* ;|3
k

B
Il
—

<B na Z 1) e (k, D

This yields

M
EINY;| <B k,l
; il = nax Z 1) iy na (DB

2
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Let now

-
C1= ||\I’p7z\11*||oo_>oo\/7:k71ax ;MZN,M(]‘%Z)/‘?I

=1,...,7

and

e

T
= B2 —1_ 1,2 -
2 =1B l{fllaXTZ(qk Dy vk, DEg
k=1
Then, for C':= max{C1,4C5/a} we have by the above estimates:

M

max ||Yjllo < C and supE g ([, Y;)]* < aC/4.
j feF £
7=1

Now suppose that Oy < (a/4)2. Then

M
B> Y| <o/
j=1

Moreover, by Talagrand’s inequality (|Led01]), see also Proposition 8.1 in [Pool5], there
exists K > 0 such that

M M M
PLID Y| =a/2] <P | V| >2a/a+E|)Y;
j=1 j=1 j=1

M

M
<P(|DV|-E|D Y| =a/

j=1

J
a aC/4
<3exp| — log <1+ ))
< AKC SUPfeFEZ;\iﬂUan)PWLO‘C/‘l

)

Thus, for any 7 € (0, 1] we have

M
P({DoY|za/2| <v
j=1

provided
Clog(3/n)§%log(3/2) and O < (a/4)%

In order to let the statement hold it therefore suffices to have

~ 4 ] 4
ViBlog (737) S ik < BBy
=1
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and

~ ¢ log(3/2
rB?log (3> (g — Dpdem (b, DRER < o min{l/lG, og(3/)} , l=1,...,r
n) ' 16K

O]

The next three proposition will be given here without a proof as they use, similar
as the first one, line by line the same arguments with corresponding adaptions to the
non-tight frame case.

Proposition C.2 ([Pool5]). Let g € H be fized, o > 0 and n € (0,1]. If
| W Pg A*Ppg APRY* T |3500 < /2

then

M = min{i €N :max2 /r max k; max q];1|’P[M]A\II*€j||2 < a}
Jj>i J=Ll..r T j=l.r

1s finite and

T
P | (|PAVPRA* | P g; ' Pa
j=1

i | APrg|| > allTPg2 | <n
o0

provided that
T DLgy* 4]/\\] -1 - 2
VT ||P PR 0| so—s 00 log o a5 Z,uN,M(k,l)m Sa, k=1,...,r
=1

and

T pLa*112 4]\7 - -1 2 NS < 2 .

|| W PR V™5 o log e (¢ — Dunm(k, j)Ep S, j=1,...,m
k=1

Proposition C.3 ([Pool5|). Let a« > 0 and n € (0,1]. Suppose that

Then

'
= H—H
provided that
5 AM ) &
aPlog [ — | D umkDm Sae, k=1,...,7.
77 k]

=1
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Proposition C.4 ([Pool5|). Let a > 0 and vy € (0,1]. Then

.. S X )
M := min {z € N : maxj > i Py AVre;|2 + ||Pran(\I/*P[N])‘I/+€j”2 < 4q}

1$ finite and

T
P | sup ||Py UPrA* | @ q; ' Po, | APRTU* Py || > 5/4 | <0
jeN —

J

provided that for each k =1,...,r and each j € N

Fpig _ . 2M
9P e * max (g, — un(k, 5) log (n) <L

Construction of the dual certificate

In this section we want to give a construction of a dual certificate such that the condition
iii) of Proposition 3.10 is satisfied. Properties i) and i) are verified in [Pool5]. Note
that in [Pool5] the assumption ||[¥| =1 is used multiple times so the involved estimates
need to be adapted but they work out similarly. The construction of the dual certificate
follows the construction given in [Pool5|. However, we have to make some adaptions in
the construction. .

Let ¥ = ~/6 and £ = log(4q— k"2 M || W ¥*||s0_s00) Where

7 = min {i € N max {1 AV < 0/ (8682} x| e 9] < /51
Ve Ve
Further, let

VvV = log <8q_1/‘€1/2 M‘|\II\I’*HOO~>OO) )

max
p = 8[3v +log(¥1/2)],
G=d¢=a/t G=¢=..=d, k=1,..r
1
(8 = :77
W/
Bi=py=1/4, Bi=L/4, i=3,... 4

i)l/2, i=3,...,u,

For j =1,..., u define
1 1

ol Qi
@ q

Uj1£2—>€2, Uj =
Let Zy := U* sgn(PaV f) and for i = 1,2 define

7
Zi=12y—PrY;, Y;=> AUjAZ; ;.

j=i
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Let ©1 = {1},02 = {1, 2} and for i > 3, define

01 U{i}, ITU(Zioy — AUAZi1)||2 < o4l|TVZ; 1|2,

0; = | PV PE A U AZi ]| oo < Bill TV Z; 1|2,
©;_1, otherwise.

Y, = ZjE@i A*UjAZj_l, 1€ 0O,
Y. 1, otherwise.

7 _ Zy— PrY;, i€0O;,
! Zi 1, otherwise.

Note that Z; € R for each ¢ = 1,..., u. Using the Proposition C.1-C.4 we can verify the
assumptions of Proposition 3.10 for the dual certificate above. This is examined precisely

as in [Pool5| and will be left out.

C.9 Proof of Theorem 4.6
™
The optimal é5 for which A= o | € R™*"™ satisfies the W-RIP is given by

T'm

S5 = |A*A —1d,, || := sup((A*A — Id,)z, z)
feA

where
A={zecran¥* : x =T, |clo < s,|z] <1} CR"

Since Er;r; = Id,, we have

m

Z(r;‘m —Erir;)

=1

6o = ||A*A—1d, |a =

1 o= 1*
—E — 7 —Idy
m “ maq

=1

A

For a Rademacher sequence ¢ = (g;); independent of (7;); we have by Lemma 6.7 in

[Raul0]
1 " 2 m
Ed; = —E | (riri —Erfri)|| < ZE|Y erfri|
o= A= A
hence,
2 n 92 m
ES, < —E,E = "FE,E A(r, ) 2]
s< B 521612 (;smnx,@ i gigg ;61\(7’1,96)!

Define the pseudo-metric

m 1/2
) = ( (s ) — \<m,y>|2>2) |
=1

)
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Then, as shown in [KNW15| we have for z,y € A

m 1/(2p) / m 1/(2p)
d(z,y) < 2sup (Z \<w>\2p> (Z |(rs, @ — y>r2p) ,
=1

z€EA i—1

where p, ¢ > 1 such that p~! + ¢~ 1 = 1.
Now, for any h € A of the form z = ¥*c with ||c[|o < s and any realization of (r;); we
have

[ris )| = | (0 (U 0) s, W)
< 3 [l SR T )

AN

K
< - *
<Y I,
AN

where K > 0 is so that ||¢,]| < K for all A < N and ¢; denotes the lower frame bound.
Therefore

‘(7’“h>‘ < 7L\/§
C1
with
b lEFOLIL
=t VS
leflo<s

Therefore we obtain

m 1/(2p) m
sup ( \<T172>\2p> = sup (Z |<7“i7z>!2|<7’z,2>|2p2>
zEA i—1 z€EA i—1
(p—1)/(2p) m 1/(2p)
KL\? )
<|s|— su ri, 2)| P .
B ( < C1 ) ) <z€£;< >‘ )

The rest of the proof follows the argumentation given in [KNW15].

For a set ¥, a metric d and a given ¢ > 0 the covering number N'(3,d,t) is defined as
the smallest number of balls of radius ¢t centered at points of ¥ necessary to cover 3 with
respect to d. By Dudley’s inequality we have

(i eririz, x)| < 4\/5/00 Vieg(N (A, d, t) dt. (C.27)
0

=1

1/(2p)

E. sup
TEA

Using the semi-norm

m 1/(2q)
2]l x,q = (Z !<7"i,fv>!2q>



APPENDIX C. SUPPLEMENTARY PROOFS 144

we obtain using covering arguments and (C.27)

Z EiTITiT, X)

1=1

o (S <I;L>2> (r—1)/(2p) (iI(TbeQq) / \/Iog (A, |- |
i=1

Now, following the arguments in [KNW15| we have

E. sup
z€EA

) dt.

/oo \/log(N(A, |- llx.qt)dt < C’\/q(st)ml/q log(n) log?(sL?).
0

Thus in (C.27) we obtain

2\ (P=1)/(2p)
C(s(EL qm'/1s12log(n) log?(sL?) 1/(2p)
c1
- Esup (3102

TEA

2\ (P—1)/(2p)
KL 2
<C’ <S (—Cl ) ) \/qlog )log?(sL?) <1 m >1/(2p)

= ml—1/(2a)—1/(2p) E” erri —1Idy, [|a + [ 1dn [|a

i=1
C <s <I;L>2> e \/qlog )log?(sL?)

= ml/2

Eds <

Eos + 1.

We can assume K /cq to greater than one, hence

o <s (I;L>2)(p—1)/(2p) \/qlog(n) log? (s (1%)2)

ml/2

Eds < Eds + 1.

Choosing p = 1 + (log(s(K L)?c; )™ and ¢ = 1 + log(s(KL)%c;?) yields

(s(KL)201_2)1/24“(7’*1)/(21’) < e,

hence,
Eds < C\/2 log(n) log?(s(K L)2c; ) /m\/Edg + 1.
Finally,
w5 < 0 \/S(KL)%;?log(n) log3(sL?)
m
provided > s(KL)e; log(ngnlog (s(KL)?e; ") < 1. Therefore, Eds < §/2 for some ¢ € (0,1) if

m > Co 2s(KL)?c;?log3(s(KL)%c;?)log N. (C.28)
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Let fry(r) = Re(((r;r; — Id,)z, w)) so that

M
= sup Z fay(ri)-

TYEA i)

mog =

m
Z (riri —Erir)
i=1

A

Note that we have
> Efyy(ri) =0,
> | fay(r)| < s(KL)%e” + 1,
> Elfoy(r)]? = El|(rjri —1d)z|3 < (s(KL)*e;? +1)°.

Now, fix some d € (0, 1) and choose m in accordance with (C.28). Then by Theorem 6.25
of [Raul0| we haven

P(ds > ) < P(d5 > Eds +0/9)

_P(
ool (seuiesn) )

) 2 om
2m (1 + s(KL)2c;2+1) T3 (9(8n2+1

m
Cexp——2T ), C.29
—eXp< Cs(KL)%;?) (C-29)

m

Z(rfri —Erir;)

=1

m

Z(r;‘ri —Erir;)

i=1

>E
A

+5m/9>

A

where the constant C' might changed in the last estimate. Further, if
m > C§ 2s(KL)%c;?log(1/7),
then (C.29) is bounded by . Thus, d; < ¢ with probability 1 — ~ if
m > C6 2s(KL)*c;? max{log®(s(K L)?c; %) log(N), log(1/7)}.

The proof is complete.
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