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7 Cruelty to animals is one of the most significant vices of a low and ignoble people.
Wherever one motices them, they constitute a sure sign of ignorance and brutality
which cannot be painted over even by all the evidence of wealth and luzury. Cruelty
to animals cannot exist together with true education and true learning.”

— Alexander von Humboldt

”I am not interested to know whether vivisection produces results that are profitable
to the human race. The pain which it inflicts upon unconsenting animals is the basis
of my enmity toward it, and it is to me sufficient justification of the enmity without
looking further”.

— Mark Twain

”Imagine living your life in a small, filthy cage constantly in pain, unable to stand
or lie down comfortably. After months of agony, your torture finally ends, but not
at the slaughterhouse. Instead, two gentle hands reach down to lift you out of the
darkness, and bring you to a safe, loving place. For the first time in your life you
can stretch your wings and legs and feel soft straw and cool grass beneath your feet.”

— Dr. Karen Davis
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Introduction

Let m € N;m > 1 and G C C be a domain and let 2 be a complex Banach algebra.
We consider functions F' : G — 2 of the type

F(\) =A™ — A(\), (1)

where I denotes the identity in 2 and A(X) = > ., MAj, Aj € 2, is a Laurent
series. We will call functions of this type m—monic functions. In applications various
special cases of functions of this type appear.

For instance, in modeling of queueing problems, where Markov chains play a major
role, matrix functions of the type

F\) =M - > Nt

j=—1

with entrywise nonnegative n x n matrix coefficients A; arise. They are associated
with the transition matrix of the Markov chain the entries of which are the transition
probabilities from one to each other state of the stochastic process. The coefficients
satisfy the condition (Z:;i71 Aj)1, = 1,, where 1,, denotes the vector in R™ the
entries of which are all equal to 1. Very crucial for the analysis of these Markov

chains is the minimal entrywise nonnegative solution of the matrix equation

o0
X =) Ax/t.
j=—1
It is strongly connected to certain factorizations of the function F' and key to find

so-called stationary vectors, which represent equilibrium probability distributions
of the Markov chain. See e.g. [BLMO05], [GHT96], [LR99], [Mei06], [Neu94], [Neu89].

Another field of application is in hydrodynamics. For instance, the study of small
motions and normal oscillations of a viscous incompressible fluid in an open con-
tainer leads to a spectral problem for functions of the type

L) =I1-)XA-)\"'B,

where A is a positive definite and B a nonnegative definite operator. See e.g.
[AKL68], [AHKMO03], [KL68]. Multiplying with A on both sides leads to the 1-
monic function

F(\) = AL(\) = A — (\*A + B).

Another example can be found in [AKS97], [Suk97], where the investigation of
small convective motions of a fluid in a container results in spectral problem for the
operator function

L) = A - XNeQ—I)+C =M — (= A+ \eQ - C),

where A, Q, C are compact self adjoint operators in a Hilbert space, A is positive
definite, C' is nonnegative definite and € is a positive parameter.

Another instance where m-monic functions arise implicitly is in [Mar88], where
factorizations of functions with arbitrary operator coefficients are investigated.



However, m—monic functions have not been studied explicitly, yet. Clearly, for any
arbitrarily chosen m € N, any function in Laurent representation can be rewritten
as an m-monic function. Nevertheless, the m—monic form loses this arbitrariness
when the coefficients of A are supposed to have special properties like entrywise
nonnegativity, nonnegative definiteness.

The intention of this thesis is to study spectral properties of m—monic functions
where the coefficients A; are elements of a complex Banach algebra 2. A major
focus lies on the two cases where the coefficients are linear bounded self adjoint
operators in a Hilbert space or entrywise nonnegative n X n-matrices. Furthermore,
we study very closely the case when F' is a polynomial.

The behavior of the spectral radius of A(A) as A varies through G has a considerable
impact on the structure and distribution of the spectral points of F. We exploit
this connection by investigating the real valued function

da: GN0,00) = RY ga(r) = ‘rilaX spr A()),

=T

where spr A(\) denotes the spectral radius of A(X).

This strategy has already been used for special cases in [FN05a] to study spectral
properties of quadratic 1- monic matrix polynomials where the coefficients of A are
entrywise nonnegative matrices and the sum of the coefficients is irreducible. Fac-
torizations of m-monic polynomials are studied in [FNO5b], where the coefficients
are elements of a cone in an ordered Banach algebra.

A similar approach has been used by H. K. Wimmer and J. Swoboda. The pe-
ripheral eigenvalues of monic matrix polynomials (monic polynomials of degree m
are m—monic) with Hermitian coefficients are investigated in [Wim08] under a con-
dition which is closely related to the spectral radius of |A|(\), where |A|()\) =
Yjez by (A?)l/ 2, [SW10] studies the spectrum of monic operator polynomials with
bounded nonnegative definite coefficients under the same condition.

A special role in the study of spectral properties of m—monic functions is played by
1-monic functions. For certain problems, it is much easier to handle the 1-monic
case using fixpoint iterations. Therefore, the subject of suitable transformations
from m~—monic polynomials to 1-monic ones is studied as well.

We will proceed as follows. In Section 1.1 we will consider arbitrary m-monic
functions with coefficients in a Banach algebra, which are analytic on an annulus.
We will present a general framework to study m—monic functions with coefficients
that are either nonnegative definite linear bounded operators acting on a Hilbert
space or entrywise nonnegative square matrices. The function ¢4 is introduced in
this section. It will be used to describe spectral properties of F', for instance to
exclude certain regions from the spectrum of F, to give the distribution of spectral
points with respect to certain circles, or to give a criterion for the existence of so-
called spectral factorizations of F'.

In Section 1.2 we will make some technical preparations for the investigation of
matrix valued m-monic functions. We specify circles containing certain numbers
of eigenvalues of F' and give representations for the derivatives of the mapping
det FF : 7 — det F(r) at the points where the function ¢, intersects with the
mapping 7 — 7. These results will be useful to study the eigenvalues of F' on



circles with radii determined by these intersection points in later sections.
Section 1.3 is dedicated to the special case when F' is a matrix polynomial. We give
a short overview of eigenvalues and Jordan chains of matrix polynomials.

In Sections 2.1 and 2.2 we extend results of H. K. Wimmer and J. Swoboda, given
in [Wim08] and [SW10]. Tt is shown there that monic polynomials P(\) = \™] —
Z;n:_ol N A; with self adjoint matrix coefficients or with bounded nonnegative defi-
nite operator coefficients which in both cases satisfy the condition Z;r:ol |4, < I,
where |4;| = (A;Aj)l/ 2= (A?)l/ 2 have eigenvalues on the unit circle that are rota-
tion invariant with respect to angles corresponding to certain roots of unity.
We extend these results to m—monic operator functions that are analytic on an
annulus with self adjoint coefficients. We impose a slightly different condition on
the coefficients, more precisely, we suppose that there exists a positive real p such
that

S 1A < o (0-1)

JEZ
For p = 1, this is the condition of H. K. Wimmer and J. Swoboda. We first prove
that if A € C is an eigenvalue of F' such that || satisfies the condition (0-1), then
|Al is an eigenvalue of the function F|4, defined via Fia/(A\) = A1 =3 .7 N A;).
If an additional condition concerning the connection of the coefficients A; and |A,|
is satisfied, then the reverse implication is also true. Further results deal with the
rotation invariance of the eigenvalues of F' the modulus of which satisfy condition
(0-1). The corresponding angle of invariance is the greatest common divisor of all
m — j such that A,,_;v # 0, where v is a corresponding eigenvector of F'.

In the treatment of nonlinear eigenvalue problems, degree reduction and, in partic-
ular, linearizations are a well proven tool to give access to their analysis. Since we
also focus on matrix and operator polynomials, it might not be surprising that we
bring into play degree reductions as well. Chapter 3 presents a special reduction of
degree which greatly helps to deal with m—monic polynomials.

In Section 3.1 we consider general 2-valued polynomials @, where 2f denotes an
algebra, and give a degree reduction Q of () which is suited to reduce m—monic poly-
nomials to 1-monic ones. We will use this reduction in Chapter 4, when we deal
with matrix polynomials with nonnegative entrywise coefficients. The considered
reduction is a generalization of the well known companion form used for lineariza-
tions of matrix polynomials, see e.g. [GLR82], [Mar88], [Rod89] and its coefficients
are elements in the algebra A™™ for some m € N. Similar to linearizations via
the companion form and other linearizations (see e.g. [AV04], [MMMMOG6]), the
reduction given in Section 3.1 is obtained via an equivalence transformation

Q) ® L1 = ENQNF(N),

where £ and F are unimodular 2™ ™-valued polynomials, i.e. they are invertible
for all A € C. Reducing the degree of @) in the given way leaves its spectrum un-
changed.

In Section 3.3 we will study the effect of the degree reduction on the Jordan struc-
ture of @ if the coefficients are square matrices. We will give formulas to cal-
culate the Jordan chains of the reduction from the original polynomial and vice
versa. Furthermore, we will see that while linearizing a polynomial via a unimod-
ular transformation does not change the number of eigenvalues (finite and infinite,
with multiplicities) of the original polynomial, this number will in general increase
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for degree reductions via unimodular transformations to a degree greater than one.
The objective in Section 3.2 is to establish a connection between factorizations

k=1 Ik
QN = [ D NB; | (N1 ->"NC; |, B;,Cien
=0 i=0
of the polynomial @) and factorizations
Q(\) =BMN(A\L,, —C), B(\),Ceam™m™ (0-2)

of the reduction Q. Here, | and k denote the degree of Q and Q, respectively.
We will see that if Q has a factorization of the type (0-2), then C has to be the
companion matrix of the right factor. Furthermore, each of these factorizations can
be calculated from the other one.

In Chapter 4 we will concentrate on matrix polynomials with entrywise nonnegative
coefficients.

It is well known from Perron-Frobenius theory (see e.g. [HJ85],[Min88], [BP94])
that the peripheral spectrum of an entrywise nonnegative irreducible matrix A is
rotation invariant with respect to certain angles. These angles correspond to the
dth roots of unity, where d is the so-called index of imprimitivity of A.

In [FNO5al], K. H. Forster and B. Nagy investigated quadratic n X n—matrix polyno-
mials P(A\) = M — (A\245 + AA; + Ap) with entrywise nonnegative coefficients such
that the sum of the coefficients is irreducible. They proved that eigenvalues which
can be seen as ”peripheral” in the sense that they are located on the boundary cir-
cles of a certain spectrum-free annulus, are rotation invariant. The corresponding
angles of invariance are characterized via graph theoretical concepts and are asso-
ciated with a generalization of the index of imprimitivity of a nonnegative matrix.
We will extend this result to m—monic matrix polynomials of degree [ € N, [ > m.
Analogously to [FNObal, this is done via convenient spectral factorizations

l—m m—1
P\ = |I,= Y NBj | By | \"L, = > NC; (0-3)
j=1 j=0

of P, such that the coefficients B;, C; are also entrywise nonnegative and By is a
nonsingular M-matrix. We will call the right factor of this factorization a Perron-
Frobenius factor of P.

For these factorizations it is crucial to study the case of 1-monic matrix polynomials,
which we will do in Section 4.1. We will see that the existence of a Perron-Frobenius
factor in the case m = 1 is strongly connected to the convergence of a fixpoint iter-
ation.

In Section 4.2, the results from Chapter 3 and Section 4.1 are put together to prove
that there exists a factorization of the type (0-3) of an m—monic matrix polynomial
with entrywise nonnegative coefficients if and only if there exists a p > 0 such that
spr A(p) < p™. This result was already proved by K. H. Forster and B. Nagy in
[FNO5b] in the more general setting where the coefficients are elements of a closed
normal algebra cone in an ordered Banach algebra. The proof relies on an abstract
factorization result in ordered decomposing Banach algebras [GKS03]. We give a
proof for the matrix case which completely relies on matrix theoretical concepts.
In Section 4.3 we associate with P an infinite graph and an integer d, the index of
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phase imprimitivity, which determines the angles of invariance of the ”peripheral”
eigenvalues. Furthermore, we will see that with respect to the existence of factor-
izations of P of the type (0-3) and separation of eigenvalues of P, exactly one of
eight possible cases holds, which we will also characterize in this section.

Chapter 5 presents a numerical method to calculate the factorization (0-3) of P,
assumed it exists. It is mainly based on the method of cyclic reduction for certain
Markov chains, as given by D. A. Bini, G. Latouche and B. Meini in [BLMO05]. It
is possible to apply this method to our setting if we transform the m—monic matrix
polynomial P to a generating function of a convenient Markov chain. We will do this
in Section 5.1. In Section 5.2, we will give the complete algorithm which calculates
the coefficients of the desired factorization from the nonnegative coefficients of the
given m—monic matrix polynomial.

In what follows we give frequently used notations for reference. Let T' be an ele-
ment of a Banach algebra 2 and let E be a linear operator in a Hilbert space H.
Furthermore, let A = (aij)ij e C»", B = (bij)z’j e Cmn, D = (dij)ij e Ccm™n,
C= (Cij)ij e Cms.

B(H) the space of bounded linear operators in H
D  the open unit disc {z € C: |z| < 1}
D, the open disc {z € C: |z| < r}
A, r the open annulus {z € C: r < |z| < R}
T the unit circle {z € C: |z| =1}
T, thecircle {z€C: |z| =7}
Er the set {z € C: 2% = 1} of the kth roots of unity
E*  the adjoint of F w.r.t. to the inner product in H
(E) the kernel of F
(E) therange of F
p(T)  the resolvent set of T
(T') the spectrum of T
sprT  the spectral radius of T
|A|  the matrix (|a;j])i;, where A = (a;j)i;
|E|  the operator (EE*)"/>
(ny theset {1,...,n}
(n), theset {0} U (n)
B<D bj<dforallie(m), j
B<D bj<djforallie(m), j
B@®C the block diagonal matrix {‘3 g}

B®C the Kronecker product (b;;C);; € C™""*
(for properties see e.g. [Bar83], [HJ91].)
1, thevector [I --- 1]T € R
1,, the matrix 1, ® 1L € R™"

12



1 Spectral properties of algebra valued functions
that are analytic in an annulus

1.1 Introduction and general results

In this first section, we give a short introduction to the fundamental notions and
concepts of spectral theory in Banach algebras which we use throughout the whole
thesis. Apart from that we assume the notation and basic properties of Banach
algebras as given in [Con85].

2 denotes a complex Banach algebra with unit I, zero element 0 and the norm || - ||.

W.lo.g. we may assume that ||I|| = 1, since by [Zel73, Corollary 2.5], there exists
a norm || - || equivalent to the original norm || - || with ||TS||; < ||T||;]|S||r and
IM[r = 1.

For an element T of 2, the spectrum of T is is defined as the set
o(T) ={\ € C: A\I — T is not invertible in 2A}.

The spectrum o(T") of T' € 2 is a compact set and, since we only consider complex
Banach algebras, the spectrum of an element T of 2 is never empty (see e.g. [Con85],
[Aup91]). Furthermore, define the spectral radius spr(7T') of T' as

spr(T) = max{|\|: A € o(T)}.
Remember that spr(T) = limy_,o ||T%]|/* (see e.g. [Con85], [Aup91]).
For 0 < n < oo denote by I, the open disc
D, = {A € C: A <},
where we set Dy, = C. For 0 <11 <12 < 00 let
Ap oy ={AeC:0<m <A <2}

be the annulus with the inner radius n; and the outer radius 7.
Consider a function F' : G — 2 which is analytic in G, where G denotes either
Ay 4., Dy or C. F has a Laurent series representation in G, i.e.
F(A) =) NAj; A€G, (1-4)
JEL
with coefficients A; € 2 for j € Z. As usual, we refer to 3372 A™7A_; as the
principal part of F' and to Z;io M A; as the regular part of F.

Note that if G = C, then we have A; = 0 for j < 0, i.e., F has a trivial principal
part.

Define the spectrum o(F') of F as the set
o(F)={X e C: F()) is not invertible in 2}.

Note that if F((A) = Al — A with some A € 2, then o(F) = 0(A). Analogously to
the spectral radius of elements of 2 defined above, denote by

spr(F) = sup{|A\|: A € o(F)}

13



the spectral radius of F.

If, F' is a function mapping from G into the space B(#) of bounded linear operators
in a Hilbert space H, then a complex number A € o(F) is called an eigenvalue
of F if there is a nonzero element v € H such that F(A)v = 0. Then v is called a
corresponding eigenvector.

We call a real valued function f defined on any topological space D upper semi-
continuous on D if the set {x € D: f(x) < a} is open for all « € RU {£o0}. Let
G C C be aregion. A function f: G — RU {co} is said to be subharmonic on G
if it is upper semi-continuous on G and if it satisfies

2m

FO0) < 5= [ 00+ re)d
T Jo

for all \g € G and for all 7 > 0 such that the closed disk Dy, , = {A € C: |A—Xg| <
r} is contained in G.

By a result of E. Vesentini (see [Aup91, Theorem 3.4.7]) the function A — In [ spr(A(A))]
is subharmonic on A, ,,. From the theory of subharmonic functions (see [HK76,
Theorem 2.13]) it then follows that the function

T — lil‘lf) (In [spr A(\)]) =1In [|§\1|1P sprA(N)], 7€[0,00)NG

is convex in In7 on (71,72). In other words, the function ¢ — In [If\r‘laxf spr A(e')],
—et

e! € [0,00) NG is convex in t.

If we introduce the real valued function

ba:GN[0,00) = RY 7+ sup sprA(N),
[Al=7

then it follows that for 71,7 € (n1,m2) and v € [0, 1] the functional inequality

Pa(m"2" ") < (Pa(m1))” (dalr2)) ™

holds. Such functions are called geometrically convex, see e.g. [Kuc85]. The
geometric convexity of ¢4 and the functional inequality are rather crucial for us.

Recall that for a compact set K C C, the polynomially convex hull K is defined
to be set
K={z€eC: |p(z)| < max |p(w)| for all polynomials p}.
ue

K is the union of K with the bounded components of C\ K or in other words K is
obtained by filling any “holes” in K, see e.g. [Aup91], [Con85, Proposition 5.3]. K
is said to be polynomially convex if K = K. For more simple notations, in some
occasions it is more convenient to write K instead of K ,e.g. o(A), which we will
do when appropriate.

Let T be an element of a Banach algebra 2. The spectrum o(7T) of T is contained
in the closed disc ESPI(T). By definition of the polynomially convex hull and by
considering the polynomial p : z + 2, z € C, it follows that o(T) does not contain
any points outside of @spr(T). This justifies the following remark.

Remark 1.1. Let T € A. Then sprT = sup{|\|: A € o(T) }.

14



Recall Liouville’s Spectral Theorem, see for instance [Aup91, Theorem 3.4.14].

Theorem 1.2 (Liouville’s Spectral Theorem). Let A be an analytic function from
C into a Banach algebra 2. Suppose there exists a bounded set M C C such that
o(A(N)) C M for all X € C. Then o(A())) is constant, i. e. it does not depend on
A

The following proposition follows from Theorem 1.2.

Proposition 1.3. Let G = C and consider A as in (1-4). Then the following are
equivalent.

(a) ¢a is bounded.
(b) ¢a is constant.

(c) o(A(N) is independent of A, i.e. a(A(N)) = o(Ap).

Proof. Suppose that (a) holds. Hence, there exists a ¢ > 0 such that ¢4(7) < ¢ for
all 7 > 0. Due to spr A(A) < ¢a(|]A]) < cfor all A € C, we have o(A(\)) C M for
some bounded set M C C. Theorem 1.2 then implies (c).

The implication (¢) = (b) follows from Remark 1.1 and (b) = (a) is trivial. O
One important property of geometrically convex functions is the following.

Proposition 1.4. Let A be as in (1-4) and suppose that there exist p1,p2 € RNG,
0 < p1 < p2 such that pa(p;) = pi* for j =1,2. Then exactly one of the following
assertions holds.

(i) Galp) = p™ for all p € [p1, pa).

(i1) dalp) < p™ for all p € (p1,p2).

Proof. Since ¢ 4 is geometrically convex, the function 6 : R — R with
(r) = (Inodaoexp)(r) =Inga(e”)
is convex. Setting 7; = Inp;, j = 1,2 the assumption da(p;) = pj' reads 6(7;) =

m7j. Due to the monotonicity of the exponential function, p = €7 € (p1, p2) if and
only if 7 € (11, 72). Hence, due to the convexity of 6, either

(1) () =mr forall 7 € [m, 2], ie ¢a(p)=p™ forallpep1,ps]
or

(1) O(1) <mr forall T € (r,m2), ie ¢alp) <p™ forallpe (p1,p2).

O

The following examples show that in Proposition 1.4 the assumption p; > 0 cannot
be omitted. They can be found in [FNO5a).
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Example 1.5. Let 2A = C22, p > 0 and

=[5 4]

For 7 > 0 we have sprA(r) = 7% + /7p. Setting 7 = &* for £ > 0 we see that
spr A(T) = 7 is equivalent to £ — &3 = v/P- The function [0,00) = R, { £ — €3 has
its global maximum at &y = % Hence, the equation ¢4 (1) =7 or £ — &3 = /P has
exactly two positive solutions if and only if \/p < & — Eorp< %. In addition,
7 = 0 is always a solution, hence, for p < %, the equation spr A(7) = 7 has exactly
three nonnegative solutions.

Example 1.6. Let n € N, A = C™", and k; € (1), :={0,1,...,1} for j € (n). For
A € C consider the n x n matrix

0 MNroo0 0
AN) = 0

0 0 U LA

_)\kn 0O .- ... 0 |

A is an n X n matrix polynomial with entrywise nonnegative coefficients. For
A # 0 the set of eigenvalues of the matrix A(\) is o(A()\)) = {z € C: 2" = \}},
where k£ = Z;lzl k;. Since the eigenvalues are all pairwise distinct, their alge-
braic and geometric multiplicities are 1. The corresponding eigenspaces of A(\)
T

are span([l ARy NTRimhe 2 Lo Neemhonolly

We have ¢4(p) = sprA(p) = ps. Hence, for k < n, ¢4 is concave and ¢4(p1 =
0) = p1, Palp2 =1) = pa.

We come now to the objects which are subject of our main interest. Fix m € Z,
and define the 2A-valued function F' : G — 2 by

F)=XA"T—A\) =\"T-Y NA;j, (1-5)
JEZL

which is also analytic in G. Functions of this form play a major role in this thesis.
We call such an F' an m—monic function with coefficients A;.

By means of the function ¢4 we can easily exclude a certain region from the set of
possible spectral points of the 2A-valued function F. This is the statement of the
next Proposition.

Proposition 1.7. Let F be as in (1-5) and let p1,p2 € [0,00) NG, p1 < p2, such
that (1) < 7™ for all 7 € (p1,p1). Then

o(F)NA =0.

P1,P2

16



{ga(), 7

Figure 1: spectrum-free annulus A, ,,

Proof. Suppose that there exists a € o(F)NA,, ,,. This means that |u| € (p1, p2)
and p™ € o (A(p)), since F(A) = A™I — A()). Hence

lu|™ < sprA(p) < \AS|UI\) ‘Spr AN) = gallul) < |pl™,
=|u

which is a contradiction. O

In the following we will establish conditions on the coefficients A; under which ¢4
satisfies

oa(T) =sprA(r) € o(A(T))

for all 7 > 0. This property is very important for our further analysis. For this
purpose we will introduce cones in general Banach algebras and normal cones in
ordered Banach algebras.

Denote by &(2() = {T € 2: ||T|| = 1} the unit sphere in the Banach algebra 2l and
for X € G(A) define

Sx(A) ={f e f(X)=|fl =1},

where 21" denotes the dual space of .

Note that due to the Hahn-Banach theorem, which states that each bounded linear
functional defined on a subspace of a Banach space can be extended to the whole
space leaving the norm unchanged (see e.g. [Con85], [Kat76]), G x (') is nonempty
for each X € &(21). For T € A define the numerical range V(T of T by

V(T) = {f(TX): X € 6@), f € Gx(2A)}.

By [BD71, Lemma 2, Section 2], we have conv V(T') = {f(T): f € &;(A')}, where
conv V(T') denotes the closure of the convex hull of V(T), i.e. the closure of the
intersection of all convex sets containing V(7'). We define the numerical radius
nr(7T) of T by

nr(T) = sup{|\|: A € V(T)} = sup{|f(T)]: f € &;(A)}.
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Note that, since by [BD71, Theorem 1, Section 10] we have o(T") C V(T), this im-
plies that spr(7") < nr(7T'). According to [BDT71], [BD73], we call T € 2 Hermitian
it V(T') € R. Furthermore, introduce the set

P={TeA:V(T) R}

We call T € B nonnegative definite. By definition, for 7' € 3 and f € &;(A)
we have that f(T) > 0. It is clear that a nonnegative definite element of 2 is
Hermitian.

A subset € C 2 is called a cone if it satisfies

(1) €+€CC and (5) A&C € forallA>0 (ii1) Ied.

If € satisfies —€ N € = {0}, then € is called a proper cone. Obviously, P is a
cone in 2A. Furthermore, if we suppose that T' € — NP, then this implies that
nr(7) = 0. By Proposition (1.9) then it follows that T' = 0 and hence, 3 is a proper
cone.

Example 1.8. Let H be a complex Hilbert space with inner product (-,-). Then
2A = B(H) equipped with the composition as multiplication and normed with the
operator norm is a complex Banach algebra. The operators that are self adjoint
with respect to the inner product constitute the set of Hermitian elements of the
algebra B(#). The elements of the set

B={T€eBH): Tz,z) >0 for all z € H}

of nonnegative operators is a cone of nonnegative definite elements of 2, see [BD71,
Theorem 8, Section 9].

The following result is rather important for this thesis. It is well known, at least for
the bounded operator case as in Example 1.8. The first statement of this Proposition
was proved in [Sin71]. The fact that o(T) C V(T') C R* is a compact set implies
the second one.

Proposition 1.9. Let T € 2A be an element of the Banach algebra 2A. Then the
following statements hold.

(i) If T is Hermitian, then spr(T) = nr(T) = ||T|;
() If T € B, then spr(T) € o(T).

We are now able to give a more simple representation of ¢4 under the assumption
that the Laurent coefficients of A are nonnegative definite.

Proposition 1.10. Suppose that A is an A-valued function which is analytic in its
domain G and suppose that the coefficients A; € U of its Laurent representation are
in the cone P C A of nonnegative definite elements of A. Then for all p € [0,00)NG
we have that

da(p) = spr A(p).

Proof. Clearly, spr A(p) < ¢a(p). Hence, only sup spr A(A) < spr A(p) must be
[A=p
verified.
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We have that A(|A]) € P for all A € A, ,,, and

spr(A(A)) < nr(A(X)) = sup{|f(AN))|: f € &(A)}
<ow { SIVIFA)): 1 < &ra)
JEL
= sup { Z |)\j|f(Aj)3 f S Gl(m/)}
JEL
= sup {f(A(|/\|) fe 61(91,)}
= nr(A(|]A]) = spr(A(|A)),

where the last equality holds due to Proposition 1.9. O

¢a has the same simple representation if the Laurent coefficients A; of A are ele-
ments of any so-called normal algebra cone of 2, which we will define now.

We will call a subset € C 21 an algebra cone if it satisfies the following conditions

(i) ¢+ece, (i) A C € forall A>0,
(i) 1Ie¢, (iv) €¢.¢ce.

It is well-known that for the cone 3 of nonnegative definite elements, Property (iv)
does not hold, see e.g. [Con85].

If 2 has an algebra cone €, we call the pair (2, €) an ordered Banach algebra,
which is due to the fact that € induces an ordering “<” on 2 by

T<S ifandonlyif S—-Te€¢.

An algebra cone € of 2 is called normal if there exists a constant a > 0 such that
IT|| < a||S] for all S, T € A with 0 < T < S.

Suppose that € is a normal algebra cone in 2 and take T'€ —€NC€ i.e. 0 < T 0.
So |IT|| < «||0]| = 0, which implies that a normal algebra cone is automatically
proper.

Example 1.11. Let 2 = C™"™ be the set of all complex n x n matrices with the
normal matrix multiplication and equipped with any matrix norm || - || such that
1| = 1. Recall that a matrix norm is a function from C™" to R, that satisfies
() [| Al = 0 and [|A]| =0 < A =0, (i2) [|pAl = |p/| Al Vi € C, (ii7) [[A+ Bl <
[IA]l + || B|| and (iv) ||AB] < ||All||B]| for all A, B € C™™.

Then (C™™, || -||) is a complex ordered Banach algebra and the subset
€= {A=(a;);j=1: aij = 0foralli,je (n)} cCC™",
where (n) := {1,...,n}, is closed and it is a normal algebra cone, see also e.g.

[KLS89].

For A,B € C"", A = (a;5)}'j=1, B =
Note that A < B is equivalent to a;; <
A< Bif aij < bl] for all 4,5 € <TL>

(bij)}j=1, we write A < B, if B— A € C.
b;j for all i, j € (n). Furthermore, we write

The next Proposition can be found e.g. in [RR96].
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Proposition 1.12. If 2 is a complex ordered Banach algebra with closed normal
algebra cone €, then for all T € € we have spr(T) € o(T).

In order to prove that ¢4 has the same representation as in Proposition 1.10, if the
coefficients of A are in a normal algebra cone, we state one more lemma. The proof
is a modification of the proof of [Bon55, Lemma 3] and [FN05b, Lemma 3.1].

Lemma 1.13. Let € C A be a normal algebra cone inA. Then there exists a positive
constant 7y such that for an analytic function F': G — 2 with F(A\) = >_., N A;
as in (1-4) with coefficients Aj € € (j € Z) we have

IEMI < AIEIAD]

for all X € G.

Proof. Since € is a normal cone, there exists a positive constant a such that By, By €
¢ and By < By imply that ||B;]| < «|Bs||. We first prove that if C' € € and B € 2
with —C' < B < C then ||B| < 2¢||C||. Indeed, from C — B >0 and C+ B >0 it
follows that

2a||C)| = «||C + B+ (C — B)||
> max{||C' + B, |C — B||}

1
> 5 (IC+ Bl + € - Bl)) (1-6)

1
=5 (IC+ Bl + B -Cl)
> ||B]|

Set A = re®® for some r > 0 and some ¢ € [0, 27) and fix any 9 € [0,27). Then

(M)

=[P = (|7 Y NA;+e7 Y NTA
=0 j=1

— erei(19+j<p)Aj + Z r_jeiw—j“’)A,j

j=0 j=1

er cos(V+ jp)A; + Zr‘j cos(¥ — jp)A_;

Jj=0 Jj=1

N

+ er sin(¥ + jp)A; + Z 7 sin(¥ — jp)A_;
j=0 j=1

<2 sup er cos(wi + jp)A; + Zr‘j cos(wa — jp)A_;

w1 ,w2 €[0,27] =0 j=1

Since for 7 > 0
—rjAj < 17 cos(wy +jp)A; < rjAj,

and for j > 1,
—r_jA_j <7 cos(wa — Jp)A_; < r_jA_j,
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by adding these inequalities, it follows that

—erA ir cos(wi + jp)A; +Zr I cos(wa — jp)A; <ZTJA €.

JEZ 7=0 j=1 JEZL

Therefore, using (1-6), we get

IFQI < 4| Yo r7 45| = 4al PO

JEZ

O

Note that due to Lemma 1.13 we also have |[F(\)¥|| < «||F(|A|)*|| with the same
constant v, since F(-)* is still a function analytic in G with coefficients in 2.

Proposition 1.14. Suppose that A is an A-valued function which is analytic in its
domain G and suppose that the coefficients A; € U of its Laurent representation are
in a closed normal algebra cone € C A of A. Then for all p € [0,00) NG we have
that

da(p) = spr A(p).

Proof. Clearly, spr A(p) < ¢a(p). Hence, only II}\llaX spr A(A\) < spr A(p) must be
=p
verified. By Lemma 1.13 we have that

palp) = sw spr A(A) = sup |l lim AN < < sup li lim (y[ A )" = spr A(p),
=p pk pk

since v/* — 1 when k — oo. O

1.2 Matrix valued functions

In this section we study some spectral properties of an m—monic function F for the
special case where 2l = C™", i.e., the coefficients A; of the function (1-5)

F(A\) =A"I-> NA;, A€G, (1-7)

JEL
are complex n x n-matrices for all j € Z. The spectrum o(F') of F' consists only of
eigenvalues. If A € C is an eigenvalue of F', then obviously A is a root of the analytic

function A — det F'(A), A € G. Hence, clearly, F' can have all A\ € C as eigenvalues.
We call the order of A as a root of det F' the multiplicity of the eigenvalue .

The first proposition of this section gives necessary conditions in terms of the func-
tion ¢ 4 for disks around zero to contain a certain number of eigenvalues of F'. These
conditions will be useful later.

Proposition 1.15. Let F be as in (1-7).

(1) Let p € (0,00) NG be such that ¢pa(p) < p™. Then F has exactly mn eigen-
values (counting multiplicities) in D,,.

(7) Let p € (0,00) NG and § > 0 such that pa(T) < 7™ when T € (p,p+ ) CG.
Then F has exactly mn eigenvalues (counting multiplicities) in the closed disc

D,
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(#i1) Let p € (0,00) NG and p > § > 0 such that ¢pA(T) < 7™ when 7 € (p — 0, p).
Then F has exactly mn eigenvalues (counting multiplicities) in D,.

Proof. (i) Let € € [0, 1] and consider the function F, with F.(A) = AL, —eA()).
For any € € [0, 1] the matrix F,()) is invertible for all A € T,; indeed

SprEAN) < sprAQY) < sup spr ) = da(p) < " = AI™
=p

Therefore, since the eigenvalues of F, continuously depend on €, the number
of eigenvalues of F, in D, is the same for every € € [0,1]. Fy(\) = A™1, has
mn eigenvalues in the disc D, and so has Fi(X) = F(A).

(i) By (i), F has mn eigenvalues in D, for p < 7 < p+4 ,i.e,in (| D, =D,.

TE(p,p+5)
(#i7) Analogously, by (i), F' has mn eigenvalues in (U5 )]D)T =D,.
TE(p—8,p

O

We now briefly look at the restrictions on the principal part of A, which follow if
the function ¢4, which is closely associated with the spectral radii of the matrices
A(7) (7 =2 0), is bounded.

Proposition 1.16. Let G = C and A as in (1-4) with A; € C™™ for all j € N.
Suppose that ¢ 4 is bounded. Then for j € N, j £ 0 the following statements hold.

(i) If A; is entrywise nonnegative, then Aj; is nilpotent.
(it) If A; is nonnegative definite, then A; = 0.

Proof. ¢4 is bounded, so let M € RT be such that spr A(p) = ¢a(p) < M for all
p € [0,00).

(i) If A; >0, then we have p/ A; < A(p), i.e. A; < p~7A(p) for all p > 0. Hence,
sprA; <pisprA(p) <p M ~20.
Therefore, spr A; = 0, i.e., A; is nilpotent.

(#4) For v,w € C™ denote by (v, w) = w*v the standard inner product in C".
If A; is positive semidefinite, then, due to Proposition 1.9(¢), for all j € N\ {0}
and for all v € C" with |jv]| = 1 we have that
P’ (Ajv,v) Zp (Ajv,v) = (A(p)v,v) < nrA(p) =sprA(p) < M,

JEZ

i.e.,

(Aj0,0) < p~IM

for all p > 0. Analogously to (¢) it follows that (4,;v,v) = 0 for all v € C”
with ||v]| = 1, hence, due to Proposition 1.9, ||4;]| =0, i.e., 4; =0.
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Remark 1.17. Note that Proposition 1.16(ii) also holds if the coefficients A; are
bounded operators in a Hilbert space. The proof works in exactly the same way.

The next example shows that the reverse direction of Proposition 1.16() does not
hold in general.

Example 1.18. Let 2 = C?>? and

A = LO 3} ,

then A; and A are entrywise nonnegative and nilpotent. But, since o(A(\)) =
{£\Y?}, it follows that ¢4(p) = p*/2, which is not bounded.

Proposition 1.19. Let A be as in (1-4) with entrywise nonnegative coefficients
A; € C™". Suppose that there are p1,p2 € RNG, 0 < p1 < pa such that ¢pa(p;) =
pi* for j =1,2. Then we have that

(1) dalp) = p™ for all p € [p1,p2] if and only if o(F) = G;
(i1) pa(p) < p™ for all p € (p1,p2) if and only if o(F)NA,, ,, = 2.
Proof. (i) If pa(p) = p™ for all p € [p1, p2], then by Proposition 1.14, spr A(p) =
p™. A(p) is a nonnegative matrix. By the well known Perron-Frobenius the-
orem, see e.g. [BP94], [HI85], [Min88], the spectral radius of A(p) is an

eigenvalue of A(p). Hence, det(p™I, — A(p)) = 0 for all p € [p1,p2]. Ais an
analytic matrix function in G, hence, det(A\"I,, — A(X)) =0 for all A € G.

If o(F) = G holds, then for every p € [p1,p2], p™ is an eigenvalue of A(p),
hence, ¢a(p) = spr A(p) = p™ for all p € [p1, p2] and therefore case (ii) from
Proposition 1.4 cannot occur, thus, ¢4(p) = p™ for all p € [p1, pa].

(¢¢) The ’only if’ part is precisely Proposition 1.7. For the ’if’ part suppose that
o(F)NA,, ,, =@. The assertion then follows from (i) and Proposition 1.4.

O

The following lemma can be found in [HJ91, p.491, formula (6.5.9)]. Here we adopt
it to our setting.

Lemma 1.20. Let F': R — C™"™ be a differentiable matrix function. Then

(det F)'(7) = 3" (det Fyj))(r), (1-8)

j=1

where F(;)(T) is the matriz that coincides with F/(T) except that the j-th column is
differentiated with respect to T.

Proposition 1.21. Let F(\) = AL, — A(A) be as in (1-5) and suppose that for
all 7 > 0 we have ¢pa(T) € 0(A(T)). Then the following statements hold.

(i) Let ¢4 be differentiable in p € GNR, p > 0. Then ¢ps(p) = p™ implies that

(det F)' (p) = (mp™ ™" = ¢4 (p)) tr [adj(F (p)] -
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(ii) Let ¢4 be twice differentiable in p € GNR, p > 0. Then ¢a(p) = p™ and
P'a(p) = mp™ =" imply that

(det F)"(p) = (m(m — 1)p™ 2 = ¢/4(p)) tr [adj(F(p)] .

Proof. Define the function G : Rt — C™", 7+ ¢a(1)I, — A(T).

In order to simplify the notation, in this proof we introduce the following abbrevi-
ations. We write F' and G column wise as

F(p) = [Fi(p), - Falp)] and G(p) = [G1(p), -, Gulp)] .

with F;(p),G;(p) € C*, j € (n) and denote by e; € C™ the j-th unit vector.
For v,w € C™", 7 > 0 and j # k set

D (v Zdet [FL)s o Fioa(7),0, By () F(7)

and
det [Fl(T), o Fy_a (1), v, P (1),

Fi1(7), w, Fjsr (1), .- .,Fn(r)}, j<k
Di (v,w) =
det [Fl(T), e Fo1 (1), w, Fysr (1), ..,

Fir(7),0, Fja(7), .. .,Fn(T)}, j>k

(i) Since ¢pa(7) € o(A(7)) for all T > 0, the function det G : RT — R is constantly
zero, hence, differentiable with (det G)’ = 0.

By assumption we have F(p) = G(p). Furthermore, if we denote by (A’(p));
the derivative of the jth column of A(p) with respect to p, Fj(p) = mp™ 'e;—
(A’(p)); and G’ (p) = ¢4(p)e; — Al (p) implies

Fi(p) = Gj(p) + (mp™ =" = ¢4 (p))e; (€ (n)). (1-9)

Then due to Lemma 1.20

(det G)' Z det [G1(p).. .-, Gj-1(0), G(p). Gy41(p). .-, Gn(p)]
AT
j=1
and therefore
(det F)’ Z D(p) Z D§»p) (G5(p)) + DJ(P) ((mp™ ' = ¢'4(p))e;)
j=1



(44) Note that by assumption (1-9) implies Fj(p) = G’;(p) for j € (n). Further-
more,

F(p) = G (p) + (m(m — 1)p" % = ¢4 (p))e;-

Differentiating (det F')’ and considering the derivative at p we obtain

|
(]
&
§l =
S

2
—~
3
—~
\‘
S—"
SN—

(det )" (p)

T=p

(Fio) o) + 3 D1 (10)

<.
Il
—

I
(7=

]
S~
=3

j,k=1
=
= 3 DD (G 0). Ghlp) + 3. DY (G (p)
j7‘];é=k;1 =

where the last equality follows from F'(p) = G(p). Since already (det G)' =0,
as was shown in (i), and thus (det G)” = 0, we have

(det F)"(p) =(m(m — 1)p™ "2 — ¢/4(p)) Y_ DY (¢;)

:(m(m —1)p" % - Zl(ﬂ)) Z [ad] F(p)]jj

—(m(m — 1)p"™2 = ¢/4(p)) tr[adj F(p)]

Note that in the case that the matrix coefficients A; of the function F in (1-5) are
nonnegative definite matrices and also in the case that the A; are entrywise non-
negative, the conditions of Proposition 1.21 are met. This follows from Proposition
1.9 and Proposition 1.12, respectively.

1.3 Matrix polynomials
In Chapter 4 and 5 we will study special matrix functions, namely polynomials,
i.e., functions P with values in 2 = C™" that can be written as

l

P(\) =Y NA,, (1-10)

=0

where A; € C™™ for all j € (1),. Notice that P is analytic on the whole complex
plane, so G can be chosen as C.

In the following we will recall some notation and definitions concerning the spectrum
of matrix polynomials in general.
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A matrix polynomial P is called regular if the scalar polynomial det P(\) is not
identically zero. It is called singular if it is not regular. P is called unimodular
if det P(\) is constant nonzero for all A € C.

Two matrix polynomials P, and P, are called equivalent if there are unimodular
matrix polynomials £ and F' such that

Py(A) = EQ)PL(N)F(X)

for all A € C. We write P, ~ P.

Let P be a matrix polynomial with P(\) = Z;:O MA;j. The scalar polynomial
det P()\) is called the characteristic polynomial of P. The set of its roots coin-
cides with the (finite) spectrum o(P) of P, which consists only of eigenvalues. The
algebraic multiplicity a(P, \¢) of an eigenvalue )y of P is the multiplicity of Ag
as a root of det P(\). The geometric multiplicity g(P, \) is the dimension of the
kernel N(P()\g)) of P(Xo). If P is regular, the degree degdet P is not greater than
In, hence, the number of eigenvalues of P counting algebraic multiplicities does not
exceed In.

Next we introduce the notion of Jordan chains and Jordan pairs for a finite eigen-
value as it is done in [GLR82]. For k € N denote by P*)()\) the k-th derivative

PE(N) = Eé:k (ji%!k)l)\j_kAj of P with respect to .

Let A\p € C be an eigenvalue of a matrix polynomial P and let zy,z1,...,2, be a
sequence of n-dimensional vectors with xq # 0, for which the identities

v

1 .
ij(j)()\o)x,,,j :0, 1/207...7%
=07’

hold. Then zg,x1,...,z, is called a Jordan chain of length x 4+ 1 for P corre-
sponding to the eigenvalue \g. Setting v = 0 shows that z( is an eigenvector of P
corresponding to Ag.

Let P be a matrix polynomial as in (1-10) and suppose it is regular. Let A\g € C be
an eigenvalue of P and let
CL‘((f),... 2@ i=1,...,7% = g(P, M)

' PR —1

be a set of Jordan chains for P corresponding to Ag. Then this set is called a
canonical set of Jordan chains for P if the eigenvectors x(()l), ceey :v((fy") are linearly
independent and "%, k; = a(P, Ag). We call the lengths of the Jordan chains of a

canonical set of Jordan chains the partial multiplicities of P at \g.

Note that arbitrary sets of Jordan chains of matrix polynomials are in general
neither canonical nor can they be prolonged to become canonical. Consider for

instance
-1 0 1 1 A2 =)
PO\ =M — | X2 A = )

We have det P(\) = A%, 50 0 is the only eigenvalue and, since P(0) = 0, each nonzero
vector from C? is an eigenvector of P corresponding to 0. Now P’(0) = [8 _01] and
P"(0) = [29], so zo,z1 = [§],[$] and yo = [{] form a set of Jordan chains

corresponding to the eigenvalue 0. Suppose that xg, 21, 2 with 2 € C? is a Jordan
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chain corresponding to 0. This implies that P”(0)[§] + P'(0)[4] = 0, or [2] = 0.
If we suppose that yo,y1 with y; € C? is a Jordan chain, then P’'(0)[¢] = 0 or
[_01] = 0. Hence, the Jordan chains cannot be prolonged and we have k1 + ko =
2+1<a(P0).

The next important theorem and its proof can be found in [GLR82, Chapter S1]
for the general case of m x n matrix polynomials. We formulate it for the case of
n X n matrix polynomials.

Theorem 1.22. Let P be any matrix polynomial with coefficients in C™™. Then
there exist unimodular n x n matrixz polynomials E and F such that

P(A) = BA)DNF(),

where ~ _
di(A)
dr (A
D(\) = r(
0
L O_
and d;, © = 1,...,7, are monic scalar polynomials such that d; is divisible by d;_1
fori=2,...,r.

Note that Theorem 1.22 also holds for singular matrix polynomials. The diagonal
of D(\) contains zeros if and only if P is singular.

The matrix polynomial D in Theorem 1.22 is called the Smith form of P and the
polynomials d; are called the invariant polynomials of the matrix polynomial P.
The invariant polynomials d; are of the form

4i(0) = (A= Ao (A= A )05,

where A1,..., A\, are mutually different and o1, ..., a4, are positive integers. The
factors (A — A;)%, j € (K;) i € (r) are called elementary divisors of P.

One can easily read off the number and lengths of Jordan chains in a canonical
set of Jordan chains for each eigenvalue of P from the Smith form. The number
of elementary divisors corresponding to an eigenvalue \g appearing in the Smith
form coincides with the number of Jordan chains corresponding to Ay and therewith
also gives the dimension of the eigenspace N(P(\g)). Furthermore, the degree of
each elementary divisor gives the length of the corresponding Jordan chain, see e.g.
[GLR82|. For illustration we give a simple example.

Consider the regular matrix polynomial

A2 1 2a%—2x—-2 0 2232224 )
A—1 0 —5A245X  AS4AP—2a% AS_A5_3x%43)2
PN = 0 0 AZ-)x 0 PREY

AP a2a%—2xa2—2x At —2a%  2at—aA% A2
—A+1 0 B5AZ—5X  —AS—_xS42xt 5X3 572

of degree | = 6. Its Smith form turns out to be

! A—1
_ A(A—1)
D) AZ(A=1)(A+2)
AZ(A=1)3(A+2)
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Therefore, the finite spectrum of P consists of {A\y = —2, 2 = 0,3 = 1} with
a(P,—2) = g(P,—2) = 2, a(P,0) = 5, g(P,0) = 3 and a(P,1) = 6, g(P,1) = 4.
There are two Jordan chains corresponding to A1, each of length one. Correspond-
ing to Ao, there are three Jordan chains, two of them with length two and one
with length one. Finally, there are four Jordan chains corresponding to the third
eigenvalue, A3. One has length three and the remaining three have lengths one,

respectively.

We introduce the following notation. If for k& > 1, (Xj);?;& is any sequence of
Xo

1 X v-matrices, we denote by col(Xj)?;é the k x 1 block matrix [ € Chmv,
Xk—1

Let (X,J) be a pair of matrices, where X is an n X p matrix and J is a g X u
Jordan matrix with only eigenvalue A\g € C. We call (X, J) a Jordan pair of P
corresponding to the eigenvalue )\ if the following conditions hold.

1. Ao is a zero of det P(\) with multiplicity ,

2. rank col(XJ7)\Z{ = p, with col(XJ7)\Zf € C™™#, < ln,

3. AXT 4+ A XT 4+ 44X =0.

Notice that in [GLR82] the notion of a Jordan pair is defined in a different way.
Theorem 7.1 in the same book states that the three conditions which we used to
define a Jordan pair are necessary and sufficient for (X, J) to be a Jordan pair for
Ao. Suppose the Jordan matrix J is of the form

J1
Ja

Ja

with d < p and J; is a k; x r; Jordan block corresponding to Ag for j =1,...,d.
d
Then, we have > %_, kj = p.
Again, let P be a matrix polynomial as in (1-10). The matrix polynomial rev P
with
rev P(\) = N Ag + -+ + MAy_1 + 4 = NP(1/))

is called the reverse matrix polynomial of P. We say that P has an eigenvalue
at infinity if 0 is an eigenvalue of rev P. The notions of algebraic and geometric
multiplicities, Jordan chains, canonical sets of Jordan chains, invariant polynomials,
elementary divisors and Jordan pairs for infinite eigenvalues can be introduced in a
completely analogous and obvious way.

Consider a regular matrix polynomial P of degree [. Then the scalar polynomial
det(P())) has at most degree nl. Let us suppose that the degree of det(P())) is d,
i.e., it has precisely d roots, counting multiplicities. Now consider

det(rev P()\)) = det(A P(1/x)) = A" det(P(1/2)).

Therefore, the determinant of the reverse polynomial rev P has zero as a root exactly
with multiplicity nl — d. Hence, we can state the following remark.
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Remark 1.23. If P is a reqular n X n-matriz polynomial of degree l, it always
has exactly nl eigenvalues, counting finite and infinite eigenvalues each with their
multiplicities.

A major part of this thesis is dedicated to m—monic matrix polynomials
l
P(A) = A"T, = Y NA; = \"I, — A(\),
j=0
where n,m,l € N, m <1, A(\) = Y5 MA; and A; € C™" for j € (1),

Clearly, it is possible to write every matrix polynomial in m-monic form. This
form becomes interesting when the coefficients A; are supposed to have special
properties. In Chapter 4 and 5 we study m—monic matrix polynomials such that
the coefficients A; are entrywise nonnegative or even irreducible nonnegative.

In some occasions we have to deal with monic matrix polynomials such that all
but the highest order coefficient are entrywise nonpositive. The following simple
consequence of [FN91] will turn out useful, so we present it here.

Recall that for entrywise nonnegative matrices A, B > 0 with A < B it follows that
spr(A) < spr(B), see e.g. [BP94], [HI85], [Min88].

Proposition 1.24. Let P be a monic matriz polynomial with
PA) =M1, — A\ = N1, = Y N A, (1-11)

where the coefficients A; are entrywise nonnegative matrices for j € (I —1),. Let
0 <7 =sprP < oo be the spectral radius of P. Then

rl = spr(A(r)).

Furthermore, for p > 0, we have that spr A(p) < p' if and only if r < p.
Proof. Due to the main theorem in [FN91] we have
= AL = A 1A 1 A 1 A
r = spr(rev A(1/r)) = spr 171+; l72+'”+r17*2 1+rlj 0]-

Multiplying this equation with /=1 proves the first assertion.

Let ai,...,—1 be such that A; < a;1,,, for j € (I —1),, where 1,, ,, denotes the
matrix w1th all entries equal to 1. Note that spr(1, ,) = n. Then we have for 7 > 0

spr A(T) = spr ZTJA ZTJQJ spr(1l, ,) Zna]ﬂ

Therefore, for the function ¢4 : 0 < 7 + spr A(7) we have that ¢(7) = O(7!71),

i.e. limsup,_, ‘t’?f?‘ < oo. Furthermore, there exists at most one 7 > 0 such
that spr(A(r)) = 7!, see [FN91]. Hence, the last assertion follows. O

For the next result, recall that a nonsingular M-matrix is an invertible Z-matrix
(i.e. a matrix the off-diagonal entries of which are nonpositive), such that its inverse
is entrywise nonnegative. The next well known lemma can be found in e.g. [BP94].
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Lemma 1.25. A Z-matriz is a nonsingular M-matriz if and only if it can be
written as TI — B, where T > 0 and B is an entrywise nonnegative matrix such that
spr(B) < 7.

Proposition 1.26. Let P be a monic matriz polynomial with
-1
PA) =M1, — A\) = NI, = Y N A,
j=0

where the coefficients A; are nonnegative matrices for j € (I —1) and let spr(P) =
0. Then for all T > 0 the matriz P(7) is a nonsingular M -matriz.

Proof. Suppose there exists a 7 > 0 such that spr A(7) = ¢(7) > 7!. Then, since
da(T) = O(r!=1), there exists a p > 7 such that ¢a(p) = p!, which implies that p

is an eigenvalue of P. This is a contradiction to spr(P) = 0. O

Monic polynomials as in (1-11) have been thoroughly studied for instance in [PT04],
[Rau92].
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2 m-—monic operator functions which are analytic
on an annulus with self adjoint coefficients

In [Wim08] it was shown that if monic matrix polynomials of the form A1 —
Z;n:_ol N A;, where Ay, ..., Ay,—1 are self adjoint matrices, have eigenvalues on the
unit circle, then they are rotation invariant with respect to the angles of certain
roots of unity, if the condition Z;-'Zol |A;| < I is satisfied. In [SW10], this result
was extended to monic operator polynomials with bounded nonnegative definite
operator coefficients.

In this chapter we extend the results of J. Swoboda and H. K. Wimmer to functions
F' with values in the Banach algebra B(?) of bounded operators on a Hilbert space
H which are analytic on an annulus and can be written as F(A\) = A" —=3_,; N A;j,
where the coefficients A; are self adjoint. We will show that some eigenvalues of F
are distributed like certain roots of unity on circles corresponding to their modulus.

2.1 Preliminaries

The setting in this chapter is the following.

(a) H is a Hilbert space, with inner product (., .);
(b) For —oo < pg < p2 < 00, pg > 0 set
Apgpy ={A € C i pg < |A] < pa}
and p; = max{0, po};

(¢c) Let m € Z, and let F be a function with values in B(H) which is analytic in
A, p, and can be written as

FA)=A"T—A\) =\"T-> NA; with A; € B(H), j€Z; (2-12)
JEZ

(d) A; = Aj for j € Z.
Note that if pg < 0, then A, ,, =D,,. In this case we have for F' that A_; = 0 for

all j € N\ {0}, i.e. the Laurent representation of F' has only a regular part.

For T,S € B(H), we will write T' > 0 if T is nonnegative definite in the sense of
Example 1.8 and more generally, T > S or S < T if T — S > 0. If T is nonnegative
definite, denote by T2 the unique nonnegative definite operator in B(#) such that
(Tl/z)2 = T. T'? is called the nonnegative square root of T see e.g. [Kat76],
[Wer00].

In this section we always suppose that the following assumption is satisfied.

Assumption 2.1. There exists a p € (p1,p2) such that

4l(p) =D P 1A < o™, (2-13)

JEZ

where |A;| = (A?)l/2 for j €Z.
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Define the function Fj4 : A, ,, — B(H) via

Flag() = AT — [AI) = AT — 37014, (2-14)
jez
The next simple observation will be used frequently in what follows.

Lemma 2.2. ForT € B(H), T* =T and v € H, v # 0 the inequality
| (Tv,v) | < {|Tv, v)
holds and therefore |T| — T is a nonnegative definite operator.
Proof. This follows immediately from the spectral theorem (see any standard text-

book on functional analysis, e.g. [Heu06], [Wer00], [Kre89], [Con85], [Kat76]). De-
note by E) the spectral function of 7. Then

|(Tw,v) | = ]/]mew,m‘ g/R|A|d<Ew,v>:<|T\v,v>.
O

As in Chapter 1, consider the geometrically convex function ¢ 4| : (p1, p2) — [0, 00),

B1a)(1) = li?y spr [A[(A).

The next corollary gives a representation of ¢ 4| and follows directly from Proposi-
tion 1.10.

Corollary 2.3. For all p € (p1,p2) we have ¢|4(p) = spr|A|(p).

We will study the consequences of Assumption 2.1 and the property of ¢ 4| being
geometrically convex on (p1, p2) for the spectrum F in Section 2.2. Let us first take
a brief look on the connection between Assumption 2.1 and the function ¢, 4.

Let Assumption 2.1 hold. Then due to Proposition 1.9 we have

14 (p) = spr|A[(p) = [|Al(p)]| < p™, (2-15)
where the last inequality is due to (2-13).
If conversely ¢|4/(p) < p™ holds, then for all v € H

(1Al(p)o,v) < [AIIV]* = ¢1ai(p)I0]* < p™[[0]]* = (™, v) (2-16)
which means that |A|(p) < p™I.
If even ¢p4)(p) < p™ is satisfied, then similar to (2-16) for v # 0

(1Al(p)v,v) < (p™v,v).

Obviously if [A|(p) = p™I then ¢ 4/(p) = p™. Conversely, if ¢ 4/(p) = p™ then by
(2-16) there must be a v € H, v # 0 such that (|A|(p)v,v) = p™|]v||>. Hence,
(Fiaj(p)v,v) = 0, where due to (2-16), Fi4|(p) = p™I — |A|(p) is a nonnegative
definite operator. Therefore, || (ﬂA|(p))1/2v|| =0, hence, Fj4|(p)v =0 or |A|(p)v =
p".

Summarizing these considerations we obtain the following statement.
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Lemma 2.4. For p € (p1,p2),
d1ai(p) < p™ if and only if |A|(p) < p™1
and if ¢4)(p) < p™, then
(1A](p)v,v) < (p™v,v) forallveH, v#0.

Furthermore, if ¢|4)(p) = p™, then there is a v € H,v # 0 such that |A|(p)v = p™v,
i.e., p is an eigenvalue of F| | with eigenvector v.

Due to Lemma 2.4, the general Assumption 2.1 is equivalent to ¢4(p) < p™ for
some p € (p1,p2). If ¢ja(p) < p™, there is a maximal interval I = (pa,pn) C
(p1,p2) with ¢4 /(1) < 7™ for all 7 € I. Because of Proposition 1.4 we have
G1a)(1) > 7™ for all 7 € (p1,p2) \ [Pa;pu]. So there is precisely one open interval
in (p1,p2) (its boundary points can coincide with p; or pz) on which ¢4(p) =
spr |A|(p) < p™ holds. By Proposition Proposition 1.7, Fj4| has no spectrum in
A

ParPw*

From pg, p, € (p1,p2), it follows that ¢4)(pa) = pi' and ¢j4)(pw) = plJ. Lemma
2.4 then implies that p, and p,, are eigenvalues of Fjy.

2.2 Rotation invariance of eigenvalues

In this section we study the distribution of eigenvalues of F' on circles of radius p
satisfying ¢4(p) = p™. We will see that they have a certain rotation invariance

property.
For v € H, v # 0 and p € (p1, p2) let us introduce two sets of numbers which we
will make frequently use of.

(a) I(v) = {j € Z\{m}: (4;v,v) # 0},
(b) S(p,v) ={A € C: (F(N)v,v) =0, |A| = p}.

Lemma 2.5. Let F be as in (2-12). Let p € (p1, p2) satisfy Assumption 2.1. Let
A € S(p,v) for somev € H, v# 0. Then we have

(@) (2)"7 (A50,0) = (|Ajlo,v)  for all j e Z;
(i) (2)"™™7 = +1 for all j € I(v).
Proof. Let w.lo.g. ||v]| = 1. We then have A™ = Y M (A;v,v). By multiplying

jez
with £5 we obtain

=0 ()" A= X 2 (0) a2

JEZ Jel(v)U{m}
P m—j .
=X/ (5)  Auw| < X A (2-18)
JEI(v) JEI(v)
< D P (Al 0) <D0 (4]0, 0) < p, (2-19)
JEI(v) JEL
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so in (2-18) and (2-19) we have equality.
Recall that if for a; € C (j € Z) the identity >, 5 a; = >,z |a;] holds, then we
have a;; = || for all j € Z.

Due to (2-17)-(2-19) we have that

S (8)" e =3

JEL JEZ

o (0" (g = 0 (A5l

JEZ

which implies ().

Since A € S(p,v), we have that || = 1. Thus from (i) and (4;v,v) € R, (ii) follows
immediately. O

Corollary 2.6. Consider F be as in (2-12). Let S(p,v) # @& for some v € H,
v#£0 and let p € (p1, p2) satisfy Assumption 2.1. Then for all j € Z the following
statements are equivalent.

(1) (Ajv,v) =0; (13) Aju=0;
(id0) (| 4;]0,0) = 0 (i) | A0 = 0.

Proof. The equivalence of (i) and (iii) follows immediately from Lemma 2.5(%).
To prove the remaining equivalences, observe that
(|Ajlv,0) =0 iff |||A;]7*0]| =0 which implies |A;|v = 0.

Now 0 = |Ajlv = (A?)l/zv implies A%v = 0 and thus by the self adjointness of Aj,
Ajv = 0. Clearly, that implies (A;v,v) = 0, which completes the proof. O

Note that, therefore, under the assumptions of Lemma 2.5, the set I(v) takes the
form

I(v) ={j € Z\ {m}: Ajv =0}. (2-20)

The next proposition shows that under a certain condition on the coefficients A;,
A € C is an eigenvalue of F' if and only if [A| is an eigenvalue of F) 4.

Proposition 2.7. Let F' be as in (2-12) and F|a) as in (2-14). Let p € (p1, p2)
satisfy Assumption 2.1. Then for v € H\ {0} and X € C the following statements
are equivalent.

(i) A eS(p,v);

() F(AN)v =0 and |\ = p;

(177) Fla)(p)v =0 and we have Ajv = (%)M_J |Ajlv for all j € Z.

Proof. (it) = (i): This follows immediately from the definition of S(p, v).

(1) = (i4i): By Lemma 2.5, (§)m7j (Ajv,v) = (JAj|v,v) for all j € Z, hence
<<|Aj| - (g)mﬂ Aj> v,v> =0 forall jeZ. (2-21)
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Since |(§)m7j Aj| = |A;|, Lemma 2.2 implies that the operators A; = |A4;] —
(%)mﬂ Aj (j € Z) are nonnegative operators. So (2-21) implies that ||A;-/2v|\ =0,
hence, Ajv = 0 and therefore

|Aj|v = (g)m_j Ajv forall j €Z, (2-22)

which is precisely the second identity in (7).
(2-19) implies that <(pm[ — ez pj|Aj\) v, v> = 0, where due to the assumption
that ¢ 4/(p) < p™, the operator p™I — > .. p?|A;| is nonnegative definite, hence,
[A] JEL J
by the square root argument again,
pv = Z P74, (2-23)
jeL
and (4i1) is proved.
(#91) = (it): This immediately follows from
=X plle=30 (§)" A
JEL jez

Le, NMv =37 N Ajv.

O

Corollary 2.8. Let p € (p1, p2) satisfy Assumption 2.1, and let v € H v # 0. Then
the following assertions hold.

(1)
S(p,v) ={A € C: F(\)v =0, |A] = p},

i. e., S(p,v) consists of all eigenvalues of F with modulus p, for which v is an
etgenvector.

(i) If S(p,v) # @ for some p > 0, then we have that ¢ 4|(p) = p™.
(iii) X € S(p,v) if and only if X € S(p,v).

Proof. (i) This is a direct consequence of Proposition 2.7.

(ii) From (i) and Proposition 1.7, it follows that if ¢ 4/(p) < p™, then p is no
spectral point of Fj4 and due to Proposition 2.7, S(p,v) is empty for all
veH.

(iii) Due to F(A)* = F()\), we have 0 = (F(A)v,v) = (F(X\)v,v), hence, A €
S(p,v).
O

The aim for the remainder of this section is to study the geometry of the set S(p, v).
For k € Z denote by Ei, C T C C the set of the k-th roots of unity, i.e., the set
Ep={z€C:2" =1} = {et2": j € (k)}.

For z € Ej, denote by ord z the order of z, i. e., the smallest divisor s of k such that
z® = 1. Note that E; constitutes a multiplicative group with unit 1 and inverse

iy sy,
element (e'%2™)~1 = "% 27,
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Lemma 2.9. Let p € (p1, p2) satisfy Assumption 2.1. For v € H\ {0} and j € I(v)
the following statements hold.

(Z) S(pa U) C pEQ(M7j)

(i) S(p;v) C pEm—j if p € S(p,v).

Proof. Take A € S(p,v) and j € I(v). By Proposition 2.7, we have Ajv = (%)m_j|Aj\v,

and hence,

(§>m7j (Ajv,v) = (|Aj]v,v) > 0.

By Lemma 2.5, (g)m_j = +1, i.e. (%)2(m_j) = 1, in other words % € Eo(m—j)-
This proves (7). If furthermore p € S(p, v), then due to Proposition 2.7 we have

P A = X" Ay and  p™ T Aju = p™ | Ajv,
thus, (A™™7 — p™=7)|A;lv = 0. From Ajv # 0 and Corollary 2.6 follows that
|Aj|lv # 0. Since j # m, we get (%)m_J =1 and (i¢) follows. O
Lemma 2.10. Let F be as in (2-12) and let p € (p1, p2) satisfy Assumption 2.1.

Forv e H, v#£0, let A\ € S(p,v) with ord% = k. Then the following statements
hold.

(i) If k is odd, then

(a) k|(m —j) for all j € I(v) (i.e., j = m+ vk for some v € Z.).
(b) Ajv=|Ajlv for all j € Z.

(ii) If k is even, i.e., k = 2s, then

(a) s|(m —j) for all j € L(v) (i.e., j =m+vs for some v € Z.)
(b) Ajv=(—1)"|Ajlv for all j € I(v), where v € Z s.t. j =m + vs.

Proof. (i) U k = ord% is odd, then (%)V # —1 for all v € Z. Indeed, suppose
that (%)V = —1. Then k | (2v) and, since k is odd, k | . But this implies
(%)V = 1, which contradicts the assumption. So, since due to Lemma 2.5, for
all j € I(v) we have (%)m_J = 41, it follows that (%)m_J = 1, and therefore
k|m —j for all j € I(v).

Equation (b) clearly holds for j ¢ I(v). Using Proposition 2.7 and (a), we
immediately obtain A;v = |A;|v for j € I(v).
(#4) (a) is clear, this is Lemma 2.9.

Let j € I(v) and j = m — vs for some v € Z. By Proposition 2.7

A m—j ()\>us
Av= |- Ailvo=( - Alv.
= (2) k= (3) 14

Since (%)k = (%)28 = 1 and k is the smallest integer s.t. (%)k =1, we have

(%)5 = —1. Hence, A; = (—=1)"|A,|v.

O
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Corollary 2.11. Let F be as in (2-12) and let p € (p1, p2) satisfy Assumption 2.1
and fix some nonzero v € H. Suppose that S(p,v) # @ and L(v) # &. Then the
following statements are equivalent.

(1) There exists A € S(p,v) such that k = ord% is odd
(i7) Aju=|Ajlv foralljeZ
(#1) p € S(p,v).

Proof. (i) = (i4): This is Lemma 2.10(%).
(#9) = (#i1): Take A € S(p,v). Then by Proposition 2.7

Pl = ij\Ajhj = ijAjv,

JEZ JEZ
ie, peS(p,v).

(i1i) = (1) is clear, since ord £ = 1. O

Lemma 2.12. Let F be as in (2-12) and let p € (p1, p2) satisfy Assumption 2.1.
Suppose that p € S(p,v) for some v € H, v # 0 and let d € Z. Then the following
statements are equivalent.

(1) I(v) C {m+kd: k € Z}.

(ii) F(A\)v = A"(A — pDO(AY) with 6 : C — H such that the function X — O(\?)
is analytic in A, ,,.

(73i) pEq C S(p,v).
(iv) There exists a X € S(p,v) such that ord% =d.

Proof.
(i) = (iii): Take X\ € pEy, i.e. A = p?. Then due to (i)

F\o = [A"T-=> NA;|v= </\mI -3 Am+”dAm+yd> v
JEZ veZ
= A" (1 -3 )\”dAm+yd> v
vEZ
= (i>m (pml - meAUdAm-i-ud) v (2_24)
p vEZ
A\™ m m+vd A\™
= (7) p" I — Zp Apmivd | v = (7) F(p)v=0.
P vEZ P

(#43) = (¢): From Lemma 2.9 it follows that pEq C S(p,v) C pE,,—; for all j € I(v), and
hence, d | (m — j) for each j € I(v), which is equivalent to (7).
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(iii) < (i1): Suppose that (i) holds. Then for each A € C such that A\? = p¢ we have that
F(ANv=0,ie., A€ S(p,v).

Now, suppose that (ii7) holds. Since we already proved that (iii) is equivalent
to (i), we can write F(A\)v = A™F(\Y). Due to (iii), each A € C such that

A = p? is a zero of the analytic function A — F(\)v mapping from A to

P1,P2
C™. Hence, the assertion (i7) follows.

(#4i) = (iv): Obviously, any A\ € pE4 will do.

(iv) = (i): Due to Lemma 2.9 (i) we have that A\ € pE,,_; for all j € I(v). From
d= ord% it follows that d |(m — j) for all j € I(v).

We will now prove the main results of this section.

For a subset M C Z denote by ged(M) the greatest common divisor of M, i.e.,
the greatest integer p € N such that p divides all elements of M and by lem (M)
the least common multiple of M, i.e. the smallest integer v € N such that v is a
multiple of each element of M.

Theorem 2.13. Let F' be as in (2-12) and let p € (p1, p2) satisfy Assumption 2.1,
i.€.

Do PA <o

JEL
Suppose that p € S(p,v) for some v € H, v# 0 and set

d=max{deZ:d|(m—j) foralljel(v)}
=ged{m —j:jel(v)}.

Then S(p,v) = pE;.

Proof. Let jo € I(v). From Lemma 2.9, we know that p=*S(p,v) C Epp_j, .
We show that p=1S(p, v) is closed under multiplication.

Let )‘—pl, % € p~1S(p,v) with ord% = ki, ¢ = 1,2. From Lemma 2.12 it follows
that for ¢ = 1,2 and for all j € I(v) we have that k; [(m — j), i.e., Ajv # 0 only if

m —j € k17Z N koZ = pZ, where p = lem{ky, k2}. Hence, p|(m — j) for all j € I(v)
P

and furthermore (%%) =1, 1ie., )‘T}% € E,. Applying Lemma 2.12 again, it

follows that E, C p~'S(p,v), thus )‘—p“‘—p? € p~1S(p,v).

So p~1S(p, v) is a multiplicative subgroup of E,,_j,, which means that p~!S(p,v) =
E;, where d = max{ord% : A € S(p,v)}. Once more by Lemma 2.12 we have

{ord% AES(p,v)}={de€Z:d|(m—j) forall j €l(v)},

sod=d.

Theorem 2.14. Let p € (p1, p2) satisfy Assumption 2.1, i.e.,

Do PA <
JEL
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Suppose that S(p,v) # & for some v € H, v # 0 and p € S(p,v). Then ord% is
even for all A € S(p,v). Let

1
= 1cm{§ ord% : A €S(p,v)}.

Then d |(m — j) for all j € I(v),
S(p,v) = {A € C: A + pd = 0}
and A A A
Fla)o = 2™ (2 + pho (), (2-25)
with 0 : C — H such that the function X — 0(A\?) is analytic in A,, ,,.

Proof. The statement about ord% follows directly from Lemma 2.11.

Let S(p,v) = {A\1,..., A} with ord%“ =k, and k, = 2s,, p=1,...,7. Since by
Lemma 2.9 k, |(2(m —j)), clearly s,,|(m —j) for all j € [(v) and forall p =1,...,r
Hence, d|(m — j). This means, that from Ajv # 0 it follows that j = m + vd for
some v € Z holds true. Therefore, analogously to (2-24), for all z € C we get

z m m m VA
F(z)v = (7) (p I- Zp z dAm+ud> v. (2-26)
P VEZ
Clearly (%) € {-1,1} for all A € S(p,v). Suppose that for some A € S(p,v)
d

have (%) =1, 1ie, P p‘i Then,

0= F ( mr_ anb)‘VdAm_H/d)
vEZ
( mr_ me+udAm+ud> v
VEZ

_ (; ,
which would imply that p € S(p, v), and contradict the assumption.
So (%")d = —1forpe(r)ie,S(pv)C{reC: A+ pl=0}.

Suppose now that A € {A € C: Ad 4 pdA = 0}. This means that A = —Pé = /\i for
€ (r). Then

0=F\Jo=\"T—> A = AT <1 -y ada g> v.
VEZ vEZL

Multiplying this equation with (%)m and using A — )\i, we obtain

0=\ =S XA o= F(A.
VEL

Hence, A € S(p,v) and therefore S(p,v) = {A € C: Yo pd = 0}.
(2-25) follows as in the proof of Lemma 2.12. O
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2.3 m-—monic operator polynomials with Hermitian coeffi-
cients

Consider now the case that F' is an m—monic operator polynomial F(\) = A™I —
A()) such that A is of degree | < m, i.e., F is monic. If p € (p1,p2) satisfies
Assumption 2.1 with S(p,v) # @ for some nonzero v € H, then the eigenvalues of
F on T, are always simple. For the matrix case this has been proved in [Wim08].
For the operator case this is also true. Indeed, suppose that u € S(p,v) for some
nonzero v € H and that there exists a w € H such that v, w is part of a Jordan
chain of F corresponding to y, i.e. we have F'(u)v 4+ F(u)w = 0. Multiplying both
sides of this identity with v, we obtain with Corollary 2.8

0= (F'(u)v,v) + (F(pw,v) = (F'(p)v,v) + (w, F(p)v) = (F'(n)v,v).

This can be written as
l
> (A, v) = m o,
j=1

or due to Proposition 2.7(i7i) and m > j for all j € (1),,

l .
J -
ol =2 ™" (Ajo,0) =
1

j=

MN

> Ly (l4sl0.0)

J

Il
~ =

P A o, 0) < P T (1A, 0),

7=0 §=0
hence, (JA|(p)v,v) > (p™v,v), which contradicts Assumption 2.1.

In the case I > m, when p € (p1, p2) satisfies Assumption 2.1 and S(p,v) # & for
some nonzero v € H, there can exist eigenvalues on T, with corresponding Jordan
chains of length more than one. This is shown in the following example.

Example 2.15. Let

A =

5
0 iz

2 1
2)3 41 0]

and F(/\) :)\QIQ—A(/\) — {*%)\33)\27% )\2Ei]

Then we have that [A] = A and ¢|4|(7) = spr A(7) = {12’ . Since

NI N

Palp=1)=1=p*

p = 1 satisfies Assumption 2.1, see Lemma 2.4. Since F'(1) = [8 % } , we obtain that
p is an eigenvalue of F' and that the corresponding eigenspace is one dimensional.
A corresponding eigenvector is given by v = [§]. We have F'(1) = [J9]. Hence, the
equation F(1)w + F’(1)v = 0 has a solution w = [}], so v,w constitute a Jordan

chain of length 2 for F' to the eigenvalue p = 1.
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3 Degree reduction of m—monic matrix polynomi-
als and preservation of spectral properties

The aim of this chapter is to develop degree reductions of a given m—monic matrix
polynomial P to a 1-monic matrix polynomial P.

We start with a general polynomial () with coefficients that are elements of a com-
plex algebra and introduce a reduction to degree 1 < k < [. For k = 1 this will be
e.g. the classical linearization via the companion form. In the second section of this
chapter the correspondence between factorizations of the original polynomial () and
its reduction Q is developed. In both sections, the reduction for the m—monic case,
which is a reduction by m — 1, is formulated separately.

In the last section we focus on polynomials with matrix coefficients and investigate
the recovery of Jordan chains of the original polynomial from the reduction.

3.1 Degree reduction of polynomials with coefficients that
are elements of a complex Banach algebra

Consider a complex algebra 21 with identity I. Let v € N and denote by A"
the set of v X v matrices with entries which are elements of 2 equipped with the
normal matrix multiplication induced by the multiplication in 2. Clearly, """ is
an algebra. We will also call A € 24" a block algebra matrix of order v.

Let @ be a polynomial with
1

QW) =) N
j=0
of degree | € N where Q; € 2 for all j € (I),. For simplicity we will call such a
polynomial an algebra polynomial. Furthermore, let Q be the algebra polynomial

with
k

ol =3 Vg,
3=0
of degree k € N, k < with Q; € A™™ for some m € N.

In view of unimodular matrix polynomials (i.e. matrix polynomials with constant
nonzero determinant) we call an algebra polynomial @ unimodular if Q()) is
invertible for all A € C. Note that if A = C™", this notion coincides with the notion
of unimodular matrix polynomials. Indeed, since if the matrix Q(X) is invertible
for all A € C, the scalar polynomial det Q(\) has no zeros and thus it has to be a
nonzero constant.

For v € N define

T, = e AV,

1
We will call Q a reduction of Q to degree k with 1 < k < [ if there are unimodular
algebra polynomials £ and F such that




In analogy to the equivalence of matrix polynomials we say that Q and @ & Z,,_1
are equivalent.

The next proposition was established through private communication with B.Nagy
[Nag07].
Lo
Proposition 3.1. Let Q be an algebra polynomial with Q(A) = > N Q; and Q; €
j=0
2 for all j € (1),. For k € N, 1 <k <1 define the (I —k+1) x (I =k + 1) block
algebra matrices

Qi—x -+ - Qo Qi—k+1
-1 I
QO = . 5 Ql = .. ’

Q; = ) forj=2...k

and define the algebra polynomial Q with
ko
DNQiky; Qir—1 - Qo
k j=0
o) = Z)\J'Qj — -1 by
§=0 - '
-1 X

Then Q is a reduction of Q to degree k. Furthermore, we have

EMNQNFN) =Q\) @ I, (3-27)
where £ and F are algebra polynomials defined as follows:
1 QN QN - Q)
—1I A e Ly |
5()\) = I
-1 A
- 7]- -
where Q; are matriz polynomials recursively defined by
1 )
Qo(N) = Q) and Qj(N) = 1 (Qj_1(N) = Qj-1), j (I =Fk).
[ AR T ]
)\lfkfll' 0
F(A) =
A T
- I O_
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Proof. We verify (3-27) by direct calculation. First we have

k:
Q(N) ZO)\lekarj Qi—r—1 - Q1
=
-1 Vi

A

QM) QN Qik—1 -+ Q1]
1

i

QM)
0
Qui-k—1+2Q;_, (N =Qi_r_1 (V)

Hence, the first row of E(A)Q(N)F(N) is Otk 2t AQ V-]

Q1+2Q2(M)—-Q1(N)

Bt
where for By, ..., B € 2 we define [ : ] =[B1 - By].
By,
Note that for p € (I —k — 1), by definition of the polynomials @,
Ql—k—p + AQE—k—p-{-l(A) - Q;—k—p()\)
= Qlfkrfp + Cngkfp()‘) - Ql*k*p - QE*’C*P()\) =0,

hence

O

Remark 3.2. Since E(N\) and F(X) are invertible for all A € C, it is immediately
clear that Q(\) is invertible if and only if Q(N) is invertible.

We will call the reduction Q as depicted in Proposition 3.1 the canonical reduc-
tion of the algebra polynomial @) to degree k& and will consequently denote this
reduction and its coefficients with calligraphic letters. Note that the canonical re-
duction to degree k = [ leaves the original polynomial unchanged and for & = 1 the
canonical reduction coincides with the linearization via a companion form.

If we consider an m—monic algebra polynomial P(\) = A™I — 22:0 M A; we can
apply Proposition 3.1 with Q; = 6,;1 — A; and k = [ — m + 1 and immediately
obtain the canonical reduction P of P. We formulate this in the following corollary.
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Corollary 3.3. Let P be an m—-monic algebra polynomial, with
P\) = AT — AN = AT — (WA + -+ ML + Ay), (3-28)
and A; € A for all j € (1). Define the m x m algebra polynomial

PA) =M — AN) = AL — N A + -+ ML+ A), (3-29)

where
Ay 1 - - A
I :
Ag = ' (3-30)
I 0
and
Aj—i—m—l
0
A; = ] forj=1,....,01—m+1. (3-31)
0

Then P is equivalent to P(\) @ L,,—1 via the unimodular transformation

P(A
ENPOFN) = PO o T =TV,
m—1
where E(X) and F(N) are defined as follows.
(I P () Pro(h) - PN ]
I Y Y
E(N) = ;
-1 -l
- _I -

and Pj(\) are algebra polynomials recursively defined by

1 )
Fi(A):=P() and Pj;(\) = (PN + 4)), j € (m—2).
The right transformation is given by

[Am—1r T
A2

A
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3.2 Reduction and factorizations

In this section we will point out the connection between certain factorizations of
the original polynomial ) and factorizations of its canonical reduction Q to degree
k < 1 in the sense of Proposition 3.1. Clearly, nothing has to be investigated if
k =1. We will see that if Q has a factorization of the type

Q(\) = B(N)(ATi—k41 — C),

then C has to be a certain block algebra companion matrix (for simplicity, in the
following, we will simply talk of companion matrices). This is due to the special
structure of the canonical reduction introduced in Section 3.1.

L
Theorem 3.4. Consider the algebra polynomial Q(A) = Y M Q; and its reduction
§=0

ko

Q(A) = >° N Q; to degree k < 1 according to Proposition 3.1. Then the following
3=0

assertions hold.

(1) If Q has a factorization

k—1 l—k
QN =BWCW) = | Y VB, | [N T N |, (3-32)
§=0 §=0
then Q has a factorization
Q(A) = BA)(ALi—k+1 —C) (3-33)
Cl]—k """ Co
where C = ) € W —F+LI=k+1 45 the companion matriz of C.
"I o0

(i7) If Q has the factorization (3-33), then the block algebra matriz C in the right

*

~ %

factor is of the form C = [ ] , and Q) has the factorization (3-32), such

‘Io0
that C is precisely the companion matriz of C.

Proof. Set m = 1 — k + 1. Suppose that (3-32) holds. This is equivalent to the
system of equations

Qj = Bj—’m - Z Bj—m-i—icm—i (] S <l>0)7 (3_34)
i=1

where we set B, = 0 if v € (I —m ). Recursively define the block algebra matrices
BO) s 7Blfm by

Bl—m = Ql—m+l> (3‘35)
Bj=Qjt1+BjxC (j=l-m—-1,...,0). (3-36)
I—m
Then Q has the factorization Q(\) = (Z )\ij> (AMj—+1 — C) if only if the re-
§=0

maining equation

Qo = —BoC, (3-37)

45



holds, which is arising from comparing coefficients on both sides of the factorization.
In what follows, it is helpful to simplify the notation.

For v = [v1 =+ vm ]T € C™, a complex algebra 2 and T € 2, we write

UlT
v ® T =
Vm I

If B = C»" v ®T is precisely the Kronecker product of v with T. It is easily
checked that basic algebraic operations of the standard Kronecker product (see e.g.
[HJ91]) transfer to our more general case.

In what follows, the identities

Bl—m—u =e1® |: Bl—m—l/ Z Bl—m—l/-‘ri—lcm—i Z Bl—m—u-‘ri—QCm—i

i=2 i=3
0
m I
> Biomevtio(m-2)Cm—i | Biem—-v41Co } +0ui-m . )
i=m—1 . I
(3-38)
for v =0,...,1 —m will be helpful, where e; € C™ denotes the first unit vector, d;;

the Kronecker symbol and again B; = 0if j & (I —m),. The identities (3-38) are
easily, even though not without some technical effort, verified by induction. First,
due to (3-35) and (3-34) we have

Q
0
Bi—m = Ql7m+1 = . =e1®|B_p, 0 -+ 0f.
0
Suppose now that (3-38) holds for some v € (I —m —2),. Then by (3-36)
Bl—m—(u+1) = Qlfmfu + Bl7m71/c7 (3'39)

where

m
Blfmfu+iflcm7i
1=2

m
_Z Blfmfu+i72cm7i

Bl—nL—yC =e1® <|: Bi_m—v
1=3

Z Blfmfquif(mfZ)Cm—i Bl—m—V—i-lCO :|> C
i=m—1
=1 ® Blfmfucmfl + Z BlfmfquiflCmfi Blfmfuom72
L =2
m
+ Z Bl7m7u+i72Cmfi : Blfmfucl + BlfmfqulCO BlfmfyCO :|
=3
=1 ® Z Bl—m—u+i—10m—i Z Bl—m—u+i—20m—i
L =1 =2
Z Bl—m—u-ﬁ-i—(m—l)cm—i Bl—m—vCO :| .
i=m—1
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Qi—v—1
) 0
Since Qy_,p—_p = ) , we have
"o
m

Blfmf(u%»l) =e1® |: Bl—m—u—l Z Bl—m—(l/-{-l)-{-i—lcm—i
=2

m
Z Bl—m—(u+1)+i—(m—2)Cm7i

1=m—1

Bl—m—(u+1)+1CO :| s

thus (3-38) holds for all v € (I —m —1),. The induction step from v =1 —m — 1
to v = | — m works quite similar. In this step, equation (3-39) takes the form

By = Q1 + B1C.
0

Therefore, the summand 6, ;—, ! . appears in (3-38), since Q1 has a struc-
I
o I
ture different from Qs, ..., Q;_,u+1, more precisely Q1 =
.
Thus (3-38) holds for all v € (I —m), .
We are now able to check the remaining identity (3-37). Indeed by (3-38) we have

By Y Bi-1Cpm—i > Bi2Cpi --- Y. Bicm-2Cm—i BiCy
i—2 i=3 i=me1
I
By = I
I
I
(3-10)

and therefore

Bl =€e1® [ —ByCre1 — Y Bi1Cp—i | —BoCr—a — > Bi—2Cp;

=2 =
0
\_Bocl—Blco\_Boco]f |
I' 0
= ® [ _zi B 1Ch—; _12”; B 5C,0 s
0
. _i:i::qBi_(m_l)Om—i —BoCo } -

mel meZ e QO
-1 e
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This proves part (7) of the theorem.

Suppose now that C € Al ~F+LI=k+1 is guch that

l—m

Q) = [ Y_NB; | A\Ti41 —C) (3-41)
§=0
with some m x m block algebra matrices By,...,B;_m,. Therefore, the equations

(3-35), (3-36) and (3-37) are valid:

Bl—m == Ql—’rn—i—l7
Bj = Qj+1+8j+1c (j:l—m—l,...,O), (3—42)
Qo = —ByC.

They imply that for j =1 —m —1,...,1 the matrices B; are of the form

x ok ok k ook ok ok
0 1
Bj = . and Bo = Ql + Blc = . . (3-43)
0 1
Qm,[—l """ Qo
Finally from . = Qp = —ByC, it follows that C has the form
10

i.e., C is a companion matrix. In order to finish the proof of (i), for j € (m — 1),
one has to define C; = Cy(,—j), where C,,, denotes the element in the pu-th block
row and v-th block column of C (If the block algebra matrix already has a subscript,
e.g. Cj, we also write (Cj),,). Furthermore, for j € (I —m ), define B; to be the
element in the upper left algebra block of B;.

It remains to show that (3-34) holds. At first suppose that j € (m —1),. Then

Qj = (Q0)1(m—j) = —(BoC)1(m—j) = —BoCj — (Bo)1(m—j+1)-
Using (3-42) we can calculate (Bo)1(m—j+1) by
(Bo)1(m—j+1) = (Q1 + BiC)im—j+1) = BiC)im—j+1) = B1Cj—1 + (B1)1(m—j+2)-
Again by (3-42)

(B1)1(m—j+2) = (Q2 + BaC)1(m—j+2) = (B2C)1(m—j+2) = B2Cj—2 + (B2)1(m—j+3)-

This procedure can be repeated until

(Bj—2)1m-1) = (Qj-1 + Bj—1C)1(m—1) = (Bj—1C)1(m-1) = Bj—1C1 + (Bj—1)1m,
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where
(Bj—l)lm = (Qj)lm + (Bjc)lm = (Bjc)lm = BjCO-

Again, we set B, = 0 when v ¢ (I —m),. Now, putting things together we obtain

J m—1 m
Qj = _ZBj—iCi =- Z B;_,C; =— ZBj—m-i-iCm—i for je(m—1),.
i=0 i=0 i=1

This is precisely (3-34) for j € (m —1),.
Suppose now that j € {m,...,l}. Then

Qj = (Qj—mﬂ)u = (ijm)ll - (ijm+1c)11

= Bj—m - Bj—m+1cm—1 - (Bj_m+1)12.
Because of (Q;)1, = 0 for v # 1, we have
(Bj—m+1)12 = (Bj—m+2012 = Bj-m+2Cm—2 + (Bj-m+2)13,

(Bj—m+2)13 = (Bj—m+3C)13 = Bj—m+3Cm—3 + (Bj—m+3)14-

Repeating this until
(Bj—2)im-1) = (Bj—1C)1(m-1) = Bj—1C1 + (Bj-1)1m>

(Bj~1)1m = B;Cy,

we get
Qj = ijm _ZijeriCmfi for j :m7...7l.
i=1
Hence, (3-34) holds for all j € (1), and part (iz) of the theorem is proved. O

From the proof of Theorem 3.4 it also follows how to obtain the coefficients of the
left factors of one factorization from the other one. For clarity, we will repeat these
identities in the following remark.

Remark 3.5. (i) Suppose that Q has a factorization (3-32). Then the coeffi-
cients of the left factor of the factorization (3-33) of Q can be obtained by
identity (3-38):

3

m
Bl—m—u+i—20’rn—i
=3

m
Bl—m—y =1 ® |: Bl—T}'L—V Bl—m—u+i—10’rrL—i
=2

0
Blfmfl/+1CO :| +5u,l—m

K2

Z Bl—m—l/+i—(m—2)cmfi
=m-—1

forv=0,...,l—m.

(i7) Suppose that Q has the factorization (3-33). Then the coefficients B; of the
left factor of the factorization (3-32) can be obtained by

Bj = (Bj)u fO?” jE <l—m>o,

where (B;)11 denotes the upper left algebra block of B;.
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We reformulate Theorem 3.4 for the m—monic case in the following corollary.

Corollary 3.6. Let m <l and consider the m-monic algebra polynomial P with
U
P(A\) = A"I—-3" NA; and its canonical reduction P. Then the following assertions
j=0
hold.

(i) If P has a factorization

l—m m—1
P(A)=BWNCW) = | > _NB; | [x"T-> Ny, (3-44)
j=0 j=0
then P has a right divisor \Z,, — C, where
Coey -+ -+ Cp
I
C =

I 0

1s the companion matriz of C.

* ok

)

? *
(i) If NI, — C is any right divisor of P, then C is of the form C = [ .

‘10

and P has the factorization (3-44) such that C is the companion matrixz of C.
We state one more consequence for the case that the algebra 2l is the space of n xn
matrices. It follows from the Perron-Frobenius theorem and the fact that C is the
companion matrix of the right factor C(\) in (3-44), which means that C and C
have the same eigenvalues.

Corollary 3.7. Suppose that > = C™", i.e., P is an m—-monic n X n matrix
polynomial and the right factor C(\) in the factorization (3-44) has coefficients C;
that are entrywise nonnegative matrices for all j € (m —1),. Then the spectral
radius spr(C) of C is an eigenvalue of C' and there is an entrywise nonnegative
eigenvector corresponding to spr(C).

3.3 Recovery of Jordan chains

We now concentrate on the case when the coefficients of the polynomial @) are in the
complex Banach algebra C™™ of complex n x n-matrices. The connection between
the eigenvalues, eigenvectors and Jordan chains of () and Q are investigated in this
section.

From Remark 3.2 it follows that a canonical reduction Q of a matrix polynomial @
has the same finite eigenvalues as Q). Furthermore, due to the equivalence of @ and
Q, they have the same Smith form and therewith the lengths of the Jordan chains
of @ and Q associated with finite eigenvalues coincide. See e.g. [Rod89], [GLRS&2].

Define the operator valued function

)\lfk

A:C— L, CUHFI™  ANu=| © | ®u, forueC” (3-45)
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In the following we will identify A(\) € L(C"®, C¢—F+Dn) with its associated matrix
T
[)\l’k S A 1} ® I,, with respect to the standard basis.

Denote by QA : C — L(C™, CU!—*+1n) the operator valued function mapping A € C
to Q(A)A(N).

The following lemma makes some technical preparations for the main result of this
section.

Lemma 3.8. Let Q and Q be as in Proposition 3.1 and A as in (3-45). Let
e; € C'=F*1 denote the first vector of the standard basis. Then
(1) (QA)(N) =e1 ® Q(A) for all X € C;

(i) Let (,)"Z4 € C™ be a sequence of vectors and let Ao € C. Define the sequence
(&)Ezs € (C(l k11 yig

14

1 %

i=0
Then the identity

v

Z] QW (No)ér—j —61®Z Q(J) (Ao)zy—;

j=0 j= 0
holds for allv € (k —1),.
Proof. (i) This follows immediately from computing Q(A)A(X).
(i4) We verify this assertion by direct calculation.

1 "1 i1
Z EQ(J)()\O)&HJ, = Z ﬁQ(J)()\O) (Z .A(Z)()\O)xuji>

j=0"" §=0 0

J
_Z Qj) )\0 <Z (v—j— 1)! v ji)()‘o)%)
0

v

N
<.

1 QW (N)AY=I=D) (Ng);

M v—j—i)

~
N
o
T -
ol
s O

L1 : »
———— QWA (Ng)a;

i)
v 1 v—1 i . o

= : Z( ' >Q(])()\O)A(Vlj)()\0) z;
P (v—i)! =0 J

[
B

—
AN

(@M o)y = 3 (@) (o)

Nx
N
[en]

(61 & Q(J)) ()\0).13,, —j=e® Z 7 Q j) )‘O)xu —j-

7=0

.
Il
o
S|

O
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Proposition 3.9. Let Q and Q be as in Proposition 3.1 and let
A(N) € L(C™,CU=*+Dn) be defined as in (3-45). Then for k € N\ {0} the following
assertions hold.

(i) (x,)5Z5 is a Jordan chain for Q to the eigenvalue X € C if and only if (£,)"Z4

v

with & = > %A(i)()\)zy_i is a Jordan chain for Q to the eigenvalue .

=0

(i1) If Q is reqular and &€ € CU=F+D" 4s an eigenvector of Q to the eigenvalue ),
then & = A(\)z, where x € C™ is an eigenvector of Q to the eigenvalue .

Proof. (i) From Lemma 3.8(i¢) it immediately follows that %Q(j)()\o)f,,_j =0
§=0
if and only if ‘Zo 1QW (Xo)zy—; = 0.
§=

(i7) The proof works in the same way as the proof of [MMMMO06, Theorem 3.8].
O

The next corollary is a consequence of Remark 1.23.

Corollary 3.10. A regular matriz polynomial Q has In (finite and infinite) eigen-
values counting multiplicities. Since @ and its canonical reduction Q are equivalent
via the unimodular matrixz polynomials € and F from Lemma 3.3, it follows that
Q is regular as well. It has k(I — k + 1)n (finite and infinite) eigenvalues counting
multiplicities. Hence, the difference of these two numbers is

EQ—k+1Dn—In=(1—-k)(k—1)n>0,

i. e., in general, Q has more eigenvalues than Q. Again, from the equivalence of @
and Q it follows that the finite eigenvalues and partial multiplicities of Q and Q are
identical. So the (I—k)(k—1)n additional eigenvalues of Q are infinite eigenvalues.

Note that we do not state anything about the partial multiplicities of the eigenvalue
infinity. We only state that the algebraic multiplicity of infinity as an eigenvalue
of @ does increase if we perform a canonical reduction. In general, partial multi-
plicities of the eigenvalue infinity are not faithfully recovered by degree reductions.
For instance, suppose that infinity has the algebraic multiplicity a(Q, c0) as an
eigenvalue of Q). Then for any combination of partial multiplicities compatible with
a(Q,00), one can find a linearization of @ (i.e. a linear matrix polynomial £ and
unimodular matrix polynomials £ and F such that E(A)L(A)F(X) = [Q()‘) Luiym })
which realizes this structure, see [LP05]. To adjust this, special linearizations were
introduced in [GKL88] and were called strong linearizations later in [LP05]. How-
ever, the problem of the conservation and change of the Jordan structure of @ at
infinity after applying a canonical reduction, as we introduced in Section 3.1, is not
studied in this thesis.
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4 m—monic matrix polynomials with entrywise non-
negative coefficients

In this chapter we will deal with m—monic matrix polynomials
P(\) =", — A(N),

where A is a matrix polynomial of degree [ > m with entrywise nonnegative coef-
ficients. In [PT04], matrix polynomials of the form L(\) = A™I, — A\™71A,, | —
-++ — Ay — Ag with entrywise nonnegative coefficients Ay, ..., A,,—1 are called
Perron polynomials. Following these authors, we will call P an m—monic Perron-
Frobenius polynomial (PFP).

If there exists a monic right divisor C' of P of degree m of the form

m—1
CA) =A"I, = > NCj, C;eC™ (je(m—1)), (4-46)
j=0

then there exists a unique n X n-matrix polynomial B (see e.g. [Mar88]) with

B(A\) =) MB; and P(\) = BM\)C). (4-47)

Jj=0

We will call C' in (4-46) and (4-47) a (right) Perron-Frobenius factor (PFF) of
degree m of P if the coefficients C; are entrywise nonnegative for all j € (m — 1),

Since in this thesis we will only consider right PFF’s, the word right will mostly be
omitted.

If C is a PFF of P, then the spectral radius p = spr C of C' is an eigenvalue of the
polynomial C, since the companion matrix of C' is a nonnegative matrix and has
the same eigenvalues as C.

We are especially interested in factors for which the sets of eigenvalues are separated
by a circle in the complex plane around zero. Following the notations in [Mar88],
for p > 0 a right factor C of P is called a spectral (right) factor with respect
to T, = {z € C: |z| = p} if all eigenvalues of C lie inside the open disc D, = {z €
C: |z| < p} and the eigenvalues of B lie outside of D,,, i.e.

#(C)=a(P)ND,, and o(B)=c(P)n(C\D,).

Recall that a matrix polynomial Q(\) = Z;ZO N Q); is called comonic if Qg = I,,.

If C is a spectral right factor with respect to T,, 0 is not an eigenvalue of the left
factor B and hence, the coefficient By is nonsingular. Therefore, there exists a
comonic matrix polynomial B with o(B) = o(B), such that

l—m
B(\)=1I,— Y NB; and P()\) =B(\)B,C(N).

Clearly, in this case, if Ag is an eigenvalue of P, it is either an eigenvalue of B or
an eigenvalue of C. Hence, P has no eigenvalues on T,. This also implies that if P
has a spectral right factor, then P is a regular matrix polynomial.
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A more general version of the following theorem is proved in [FNO5b], namely for
coefficients which are in a normal cone of an ordered Banach algebra. The proof
relies on an abstract factorization theorem in decomposing Banach algebras, see
[GKS03, Theorem 2.5]. In section 4.2 we will give a proof in the matrix case using
only matrix theoretical concepts.

Theorem 4.1. (i) Let P be an m—monic PFP. Suppose that for some p > 0 the
inequality
palp) <p™
holds.
Then P has a spectral right PFF C with respect to the circle T,, i.e., P(A\) =

B(\)BoC(N) with

m—1 l—m
C(A) =A"I, — Z NC;  and B(\) =1, — Z /\jéj7
j=1

j=0
where C;, éj are entrywise nonnegative for i € (m — 1), and j € (I —m) and
By € C™™ is a nonsingular M -matriz.

The sets of eigenvalues of C' and B are

o(C) = a(P)ND, and o(B) = a(P) N (C\D,).

(ii) Conversely, if the m—monic PFP has a spectral right PE'F with respect to the
circle T, for some p > 0, then ¢pa(p) < p™.

4.1 Factorizations of 1-monic matrix polynomials

In this section we study the existence of a spectral PFF for a 1-monic PFP. In
Section 4.2 we will combine this result with the results of Chapter 3 to prove this
theorem for any m-monic matrix polynomial with 1 < m < [.

Consider a 1-monic PFP P of degree [,
l .
P(\) =M, — A(\) = AL, = Y _ M A;. (4-48)
j=0

We will give a sufficient condition for a PFP to have a spectral right PFF with
respect to T, for some p > 0, i.e.,

~ l_l .o~

P(\) = B(\)BoC(A) = | I, = > N B; | Bo(M,, — Co), (4-49)
j=1

with Cp, B; > 0 for j € (I —1), o(C) = o(P)ND,, o(B) = o(P) N (C\D,) for
some p > 0 and a nonsingular M-matrix Bjy.

In the following we will study the nonnegative solutions of the matrix equation

l
P(X)=X-> A;X7 =0, XeC™ (4-50)
j=0
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By [Mar88, Lemma 22.9], the matrix Cy is a solution of (4-50) if and only if the
linear pencil A\I,, — Cj is a right factor of P, i.e.

P(A) = B(A)(My = Co), (4-51)
where B is a matrix polynomial with B(\) = Zj_:lo N Bj.
We call a solution Cy € R™" of (4-50) a right root of P or of the matrix equation
P(X)=0.
Cy is called a spectral right root of P with respect to T, if AI,, — Cj is a spectral
right factor of P with respect to T,.

Given a right root of P, the next lemma formulates an explicit formula for the
coefficients of the left factor B of P, which we will need later.

Lemma 4.2. Suppose that Cy € C™™ is a right root of P(\) = I, — Eé‘:o N A;
and let

-1
P(/\) = Z /\ij (/\In - 00) (4_52)
=0

be the according factorization of P. Then the coefficients By, k € (I —1), satisfy
the equations

l—k—1
B =0kl — Y AppjCh forke (1—1),. (4-53)
j=0

Proof. First write P(\) = Y2!_ M A,

=0 j» Where /Nlj = 011, — A; and consider the
factorization (4-52).

k=1 _ 4
By induction we will show that B;_, = > Aj_x4;+1C} for k € (1). Since this is

7=0
equivalent to
l—k—1 ~ ) l—k—1 l—k—1 )
Bi= Y ArijiCi= Y Suapoln— D ArrjniCy
j=0 j=0 j=0
l—k—1 )
=orln = > Apyj1C) forke (1—1),
7=0

which proves the assertion.

N k=1 _ .

By (4-52) it directly follows that B;_y = A;. Suppose that Bj_y = >~ Aj_j1j+1C}
§=0

for some k € (I —1). By formally dividing P(\) = E;‘:O MA; by C(\) = A, — C,

performing a polynomial division, one can see that B;_j_1 is obtained by

k—1
B g 1=A 1B _x(-C)=A_ + AlpmCl ) C (4-54)
=0
i k=1 _ k-1 _
= A+ ) A O = Y Ay O
Jj=0 j=—1

k ~ .
=3 Ay
j=0
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From identity (4-53) one can easily observe that the coefficients By of B have a
certain structure if P has an entrywise nonnegative right root. The next corollary
formulates this simple observation.

Corollary 4.3. Suppose that C € C™" is an entrywise nonnegative right root of
the PFP (4-48). Then the coefficients By, are nonpositive for k € (I —1) and By
s a Z-matriz.

We will now try to find a solution of (4-50) via a fixpoint iteration.

We will say that a sequence of n x n matrices (Xx)ren converges to an n X n
matrix X if the n? sequences of components of X}, converge to the corresponding
components of X. We will write limg_, o Xz = X.

Recall the order relation induced by the closed algebra cone of entrywise nonnegative
n X n-matrices from Example 1.11.

Before we proof the next proposition, note that for entrywise nonnegative matrices

A = (aij), B = (bij) € R™" and C = (¢;5), D = (di;) € R™™ we have

AC<BD if A<BandC<D. (4-55)

Indeed, (AC)i; = Y°)_; awcyj < 25— biydy; = (BD);; holds for all i € (n) and
j € {m). In particular, this implies that for all j € N we have that

A< B if ALB. (4-56)

Proposition 4.4. Let P be a 1-monic PFP of degree l. Then P has a nonnegative
right root if and only if the fixrpoint iteration

Xpp1 = 4X 4+ A1 Xy, + Ag with 0 < Xo < Ag (4-57)

CONVETgES.

Furthermore, the limit is the entrywise smallest (or minimal) nonnegative root of
P and does not depend on the choice of the initial matriz Xg.

Proof. Obviously X > 0 for all £ > 0. By induction it follows that the sequence
(Xk)ren of iterates is entrywise nondecreasing. Indeed, since the coefficients A; are
nonnegative, clearly Xo < Ag < X;. If we suppose that Xy > X;_1 for some k > 1,
then, due to (4-56),

Xiy1 — X = Ai(Xf — Xpy) + -+ An( X — Xp—1) + Ao

Hence, if (Xg)gen converges, the limit is entrywise nonnegative and the if part
follows.

If we suppose that X € R™" is any nonnegative right root of P, i.e., X = 4, X! +
<o+ 4+ A1 X + Ap, then again, by induction it follows that X; < X for all £ € N,
indeed 0 < Xy < 4p < X and if X < X for some k > 0, then, due to (4-56),

l l
_ v YT —
Xpy1 = E A; X < E A X =X,
=0 =0
Hence, X is a bound for the entrywise monotonically increasing iteration sequence
(Xk)ken. Hence, since the convergence is and boundedness is componentwise,
(X )ren converges.
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Let X be any right root of P and Xy, be the limit of (4-57) for any entrywise
nonnegative initial matrix Xo < Ag. From X < X for all £ € N it follows that

X — Xpin = X — lim X}, >0,
k—o0

hence, X, is the entrywise smallest nonnegative root of P. This also implies the
last assertion on the independence of the initial matrix Xj.

O

Proposition 4.5. Let P be a 1-monic PFP of degree | as in (4-48). Suppose that
A(p)v < pv for some p > 0 and some vector v = (v;)j_; € R", v >0, i.e. v; >0
for all j € (n). Then

(i) P has a nonnegative right root.

(i) the minimal nonnegative right root Cpin of P satisfies
C‘minv < pv and Spr(cmin) < P

Proof. (i) We show that the fixpoint iteration (4-57) converges. By induction one
can see that 0 < Xxv < pv for all k¥ € N. Indeed, since v > 0, Xgv < Agv <
A(p)v < pv and if Xv < pv for some k > 0, then due to (4-55)

l

l
X1 = ZAjX,zv < ZAjpjv = A(p)v < pv.
=0 =0

Denote by (X);; the element in the ith row and in the jth column of the
matrix X;. Then Z?:1(Xk)ijvj < pv; and hence, (Xg)i; < pt for all 4,5 €
(n). Hence, the iteration sequence (X )ren is bounded by the matrix (pfj—)
J
In the proof of Proposition 4.4 we already saw that by definition and by

the nonnegativity of the Xy, (Xg)ren is entrywise nondecreasing. Hence, it
converges and P has a nonnegative root.

(#7) Cminv < pv directly follows from Xxv < pv (see the proof of (7)) for all
k € N, since Cypin = limg_ 00 X [BP94, chapter 2, Theorem 1.11] then
implies spr(Cpmin) < p.

O

The following example given in [FN05a] shows that that the assumption in Propo-
sition 4.5 is not necessary for the existence of a nonnegative root of a PFP.

Example 4.6. Let a,b > 0 such that ab > 1 and define

PO = A, — A(\) = <12 )\ [g 0

)0 )

Then for all for p > 0 and v = [y] > 0 we have P(p)v = [(1(;7’";;575}.

Now 1 — pa > 0 implies that a < %, i.e., p < b, hence, p — b < 0. Conversely if
p—0b >0, then pa > ab > 1, hence, 1 — pa < 0. Therefore, there is no p > 0 and no
v > 0 such that A(p)v < pv but P has a nonnegative right root.
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Proposition 4.7. Let P be a 1-monic PFP of degree | as in (4-48). Suppose that
there exists a p > 0 such that ¢pa(p) = sprA(p) < p. Then P has a nonnegative
right root.

In this case, if Cin is the minimal entrywise nonnegative right root of P and
-1

P(A) = BA)(M, = Cuin) = [ DN B; | (AL, — Crnin) (4-58)
J=0

is the according factorization of P, then the following statements hold.

(i) spr(Cmin) < ps

(i) By is a nonsingular M -matriz,

(iii) the spectral radius of rev (BBy') is strictly less then %,
(iv) 0(Cmin) = o(P)ND,, o(B)=a(P)N(C\D,),
i. e., Cin 18 a spectral right root of P.

Proof. Due to Proposition 1.7, by assumption p is not an eigenvalue of P and hence,
P(p) is invertible and spr (%A(p)) < 1. Thus, we can write P(p)~! as a Neumann
series (see e.g. [Kre89], [Wer00], [Heu06])

Pyt =1y (;Au}))j >0,

P=
Take a vector v € R"™ with u > 0 and define v = P(p)~tu, i.e., P(p)v = u > 0,
i.e. A(p)v < pv. The fact that P(p)~! has full rank and is entrywise nonnegative
implies v > 0. From Proposition 4.5 it follows that P has a nonnegative right root

Cmin .

(¢) From Proposition 4.5 it follows that spr(Cpin) < p. Equality cannot hold here,
because this would imply that there exists a vector w > 0, such that Cpjw =
pw, since Chiy is nonnegative. It follows that P(p)w = B(p)(pl, —Cmin)w =0
in contradiction to spr A(p) < p. Hence, spr Cipin < p.

(7i) By Lemma 4.2 we have

-1

By =1, — ZAj+1Ci1in'
=0

For the vector v from (i), by Proposition 4.5 (i7) and by (4-55) we have
C? . v < plvfor j € (l—1) and, therefore

min
-1 _ -1 1 1d
ZAJ-HCfmnv < ZpJAjHU == ZAijv < - Ajpv<uw,
3=0 7=0 Pz Piso

where the last inequality is due to P(p)v > 0, see the proof of (7).
From [BP94, chapter 2, Theorem 1.11] it follows that Spr(zz;t Aj,CY

min

1, hence, due to Lemma 1.25, By is invertible with a nonnegative inverse.

) <
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(i)

Due to spr(Cmin) < p, (4-58) implies that B(p) = P(p)(pl, — Cin) "' is
invertible. Since v > (pI,, — C’min)%v, and, since pl,, — Cpnin has a nonnegative
inverse, by (4-55) we have (pI,, — Cin) " tv > %v and hence

B(p)v = P(p)(pln — Crnin) "'v = = P(p)v > 0. (4-59)

=

Set Ej = -B;By*', (j € (l—1)) and define the matrix polynomial B via

-1

B(\)=1,-Y MNB;.

Jj=1

Note that the coefficients Ej, j € (I —1) are nonnegative, since the B; are
nonpositive for all j € (I — 1) due to Corollary 4.3. In this notation B(X\) =

B(\)By. Consider the monic matrix polynomial
rev B(A) = A1, — BN = A, — (W2By 4 - 4+ ABi_g + Bi_1).
Since By is a nonsingular M-matrix, (4-59) implies that B(p)v > 0. Therefore,

setting A = % we get

- 1 ~ 1~ ~
rev B(Y/p)v = an - (pljBl +-+ ;Bl—z + Bi_1)v

1 _ = o
s [In = (pBi+ -+ 9" *Bia + 9 7' Bioy) v

1 ~
= ——B(p)v > 0.
B

This implies that spr 8(1/p) < p,,l_l. Indeed, let r = spr 8(1/p) and consider a
vector u > 0, u # 0 such that v 3(1/p) = ru”. Then

0< <rev E(l/p)v,u> = plilfl (v,u) — <U,ﬁ(1/p)Tu> = (plll - r) (v,u),

hence, r < p%l.

Now apply Proposition 1.24 to the monic matrix polynomial rev B,rev B \) =
N, — B(N), ie., from spr B(1/p) < = it follows that spr(rev B) < %.

ol

From (¢) it follows that o(Cmin) C D,. B = BBy ! is a comonic matrix

polynomial, thus 0 is not an eigenvalue of B. Since 0 # X € o(B) if and
only if + € o(rev B), from (iii) it follows that o(B) N D, = @. Furthermore,

0(B) = 0(B) and from [Mar88, Section 22] the rest of the assertion follows.

O

Theorem 4.8. Let P be a I-monic PFP of degree | as in (4-48) and let p > 0.
Then P has a spectral right PFF with respect to T, if and only if spr A(p) < p.

Moreover if Cy is a spectral right root of P with respect to T, then it is the entrywise

smallest nonnegative root Cryiyn of P.

Proof. The if part follows from Proposition 4.7.
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Suppose that P has a spectral right PFF, i.e., there is a matrix polynomial B and
matrices Cy and By such that

-1

P(\) = BOVBoC(N) = (L, = "N B; ) Bo(AM,, — Co), (4-60)
j=1
where Cp, El, ey El,l are nonnegative matrices and By is a nonsingular M —matrix

and

o(C)=0c(P)ND,, o(B)=c(P)N(C\D,).

So, in particular, spr(C) < p and spr(rev g) < 2. Together with Proposition 1.24,

this implies that if

1
p

rev BOA) = A1, — B(A) = XL, — (W 2By + ... ABi_y + Bi_1),

1

then sprg(+) < pl%l By multiplication with p'~! we obtain

1
P
spr(B(p)) = spr(pBy + -+ p ' Bi1) < 1.
Hence, B(p) has a nonnegative inverse. Due to spr(C') = spr(Cp) < p, also (pI,—Cj)

is an invertible M-matrix. We have

P(p) = (In - ipjéj)Bo(an — Co),

Jj=1

where By is an invertible M-matrix. Therefore, P(p) = pI,, — A(p) is a nonsingular
M-matrix and [BP94, p. 137, (Nss)] implies that spr A(p) < p.

The last assertion is verified with Proposition 4.7, since it implies that o(Cpin) =
o(P)No(D,) = ¢(C) and from [Mar88, Lemma 22.8] it follows that Cy = Cpin. 0O

4.2 Factorizations of m—monic matrix polynomials

The main aim of this section is to prove Theorem 4.1, which has already been done
in Section 4.1 for the case of a 1-monic PFP. We will combine the results about
1-monic PFFs in Section 4.1 and results from Chapter 3 to prove the theorem.

Lemma 4.9. Suppose that the m—monic PFP P has a right PFF), i.e.,

l—m m—1
PO = [ D NB; | [ A= D> NC;j | with C;>0 (j€(m—1)y).
j=0 7=0

Then By is a Z-matrix.
Proof. For the case m = 1, see Section 4.1.

By Corollary 3.6, the canonical reduction P of P has a nonnegative right root C,

l—m
i.e. P(A) =BA\)(ALnn —C). Let B(A) = Y. MB;, then Corollary 4.3 implies that

7=0
the coefficient By is a Z-matrix. From the form of By, see (3-40) in the proof of
Theorem 3.4 it then follows that also By is a Z-matrix. O
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In the next Proposition we will use the notion of irreducible matrices. Following
[HJ85, Sec. 6.2] we define that a matrix S € C™" is irreducible if there exists no
permutation matrix P € C™™ such that there is some integer r with 1 <r <n—1
such that

B C

0 D
where B e C™»", C e CP*~ " D e Cr 7T,

PTsp =

)

From the Perron-Frobenius theory it follows that if S is an irreducible matrix, then
spr(S) is a simple eigenvalue of S, i.e. the algebraic multiplicity of spr(S) as an
eigenvalue of S is one (and so is the dimension of the corresponding eigenspace),
and there is a strictly positive eigenvector of S corresponding to spr(S) (see e.g.
[HJ91], [Min88] and for a generalization to infinite dimensions see [Sch71]).

Recall the function
)\'mfl
A:C— L(C",C™), ANu= : ®u, forueCm.

from (3-45), where I —k+ 1 =m.

Proposition 4.10. Let m > 2 and let P be an m-monic PFP with P(\) = \™1,, —
AN = "I, — Zé‘:o N A;. Consider the canonical reduction P of P with P()\) =
Mpn — A(N) according to Corollary 8.3. Then for p > 0 we have that

pa(p) <p™ if and only if ¢a(p) <p, (4-61)

balp) > p™ if and only if Pa(p) > p (4-62)
and

dalp) = p™ if and only if ¢a(p) = p. (4-63)

Proof. We first prove both statements for the case that for all positive 7 the matrix
A(7) is irreducible.

Let ¢pa(p) = p™. Since A(p) is irreducible, there exists a positive eigenvector x > 0
of A(p) to the eigenvalue p™ = spr A(p). Hence, P(p)x = 0. By Proposition
3.9 the positive vector A(p)x is an eigenvector for P to the eigenvalue p. Hence,
A(p)A(p)x = pA(p)x. Since A(p) is entrywise nonnegative, we conclude that p =
spr A(p) = ¢pa(p) (see e.g. [HI85, Corollary 8.1.30]).

Conversely, suppose that ¢4(p) = p. Since A(p) > 0, there exists a nonzero vector
v 2= 0 such that A(p)v = pv, which is equivalent to P(p)v = 0. By Proposition 3.9
v is of the form v = A(p)u, where u > 0, u # 0 is an eigenvector of P to the same
eigenvalue p, hence, A(p)u = p™u. Since the matrix A(p) is irreducible, it has only
one nonnegative - hence, a strictly positive - eigenvector (except for scalar multiples)
and this corresponds to the eigenvalue spr A(p). Therefore, ¢p4(p) = spr A(p) = p™.

Now suppose that spr A(p) < p™ and let v > 0 such that A(p)v = spr A(p)v < p"v.
Set © = A(p)v > 0 and consider

A(p)v P
m—1 m—1
P P
Alp)v = . < . = po,
pU pU
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which implies that spr.A(p) < p, see e.g. [HI85, Corollary 8.1.29]. Due to (4-63),
equality cannot hold, so ¢ 4(p) < p. Analogously one can prove that ¢4(p) > p
when ¢4(p) > p™. Then it follows that ¢a(p) = p™ and ¢a(p) < p™ if dpa(p) = p
and ¢4(p) < p, respectively. Analogously, with (4-63) the remainder follows and
(4-61) and (4-62) are proved.

Now suppose that P is any m—monic PFP such that for 7 > 0, A(7) is not necessarily
irreducible. Define A.(\) = A()\) + €1, p, where 1, ,, denotes the n x n matrix each
entry of which is 1.

Let ¢pa(p) < p™. Since the eigenvalues of A, depend continuously on € and A.(\) —
A(N) entrywise as € — 0, there is an € > 0 such that ¢4, (p) < p™.

Consider the canonical reduction Pc(A) = A, — Ac(A) of NI, — A(\) according
to Corollary 3.3. Since A, is irreducible, from the first part of this proof it follows
that ¢4_(p) < p. Since the coefficient Ag . of A, satisfies

Ap1 o0 oo Ao+ fln,n
I, 0
AO,& - . . y (4'64)
I, 0

we have ¢4(p) = 21_1% d4.(p) < p. Due to da(p) < p™, p is not an eigenvalue of
P and, therefore it is not an eigenvalue of P. Therefore, ¢ 4(p) # p, and hence,
dalp) <p.

Now suppose that ¢4(p) < p and let € > 0 be such that ¢4 (p) < p, where
A, coincides with A except for the coefficient Ag, which is replaced by Ag . from
(4-64). P.(A) = M ppn — Ac(N) is the canonical reduction of A™I, — A.(\), where
Ac(7) is irreducible for all 7 > 0. So by the first part of this proof, ¢4, (p) < p™.
Again, lim ¢4 (p) = da(p), s0 dalp) < p™ and due to pa(p) < p™, p is not an
eigenvalue of P, hence, it is not an eigenvalue of P, therefore ¢4(p) < p™, since
A(p) is entrywise nonnegative. The proof of the equivalence with “ >
completely analogous. The last statement then follows immediately. O

” works

We now summarize the previous observations in the theorem from the beginning of
this section, Theorem 4.1, and will give a prove.

Theorem 4.1. (i) Let P be an m—monic PFP with

l
P(A) = \"I, — A(N) = A", — > N A;j.

Jj=0

Suppose that for some p > 0 the inequality

dalp) <p™

holds.
Then P has a spectral right Perron-Frobenius factor C' with respect to the

circle Ty, i. e., P(\) = B(A\)BoC(\) with
m—1 _ I—m N
C(A)=\"I,— Y NC; and B(\)=1I,->» NBj,
=1

J=0
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(i)

where C;, Ej are entrywise nonnegative for i € (m — 1), and j € (I —m) and
By € C™™ is a nonsingular M -matriz.

Furthermore,

7(C) = o(P)ND, and o(B) = o(P) N (C\ D,).

Conversely, if the m—monic PFP has a spectral right Perron-Frobenius factor
with respect to the circle T, for some p > 0, then ¢pa(p) < p™.

Proof. (i) For m = 1, see Section 4.1. By Proposition 4.10 ¢ 4(p) < p. From

Theorem 4.8 it then follows that P has a nonnegative spectral right root C
with respect to T, i.e.,

PA) = BN Bo M —C) = [ Lun = > NB; | Bo(AL i — C),

Jj=1

with o(C) = o(P) N D, and o(B) = o(P) N (C\ D,) and By is a nonsingular
M-matrix. Corollary 3.6 and its proof imply that P has a right divisor C' such
that

l—m m—1
P(A)=BMNCWN) = | Y _NB; | [ A", - > N |,
§=0 §=0
where due to (3-40) for By we have
By * % %
I,
By =
L,
By is nonsingular, since By is nonsingular, and so by setting Ej = —-B;By !
for j € (I —m) we obtain
l—m s m—1 4
PA)=[I,= > NBj | By [ A", = >_NCj |,
j=1 §=0

where By is a nonsingular M-matrix due to the fact that By is a nonsingular
BJI * ok ok
I, . = .
M-matrix and By 1 = ) . Therefore, the coefficients B; (j €

-
(I —m)) are nonnegative.

Since C is the companion matrix of C', we have a splitting of the eigenvalues of

P according to that of P, i.e. 0(C) = o(P)ND, and o(B) = o(P)N(C\D,)

If conversely P has a spectral right PFF with respect to T, its canonical
reduction P has a spectral right root with respect to T, and by Theorem 4.8
we have ¢.4(p) < p, thus ¢4(p) < p™ by Proposition 4.10.

O
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A quick glance on the connection between the right root C of P and the correspond-
ing right PFF of P, see Corollary 3.6(ii), verifies the following proposition.

Proposition 4.11. If there exists a PFF for an m—-monic PFP then it also has a
minimal right Perron-Frobenius factor

C(N) = A", = Y NG
m—1

in the sense that if C(\) = A1, — . NCj is another PFF, then C; < C; for all

7=0
je{m—1).

4.3 Nonnegative irreducible matrix polynomials

In this section we investigate spectral properties of m—monic PFP’s
P(\) = A1, — A(\) = A1, — Z/\ Aj, (4-65)

> 1, where the polynomlal A Satlsﬁes some irreducibility condition. Let p,7 € R,
0 < p < 7. Then ZTJ tA; < Zp7 A, hence
J_

pl 7.l
A(p) < A7) < T AG).

e}
N
|
=
2
N

Therefore, the matrix A(7) is irreducible for one positive 7 if and only if A(7) is
irreducible for all positive 7. We define the matrix polynomial A to be irreducible
if A(7) is irreducible for all 7 > 0.

Due to the simplicity of r. = spr A(7) as an eigenvalue of A(7) we have

N(r I, — A(T))+ R(r-I, — A(T)) = C",

since if we suppose that there exists an 0 # y € N(rTIn - A(T)) N R(T.,-In - A(T))7
then there exists a nonzero x € C" such that (r I, — A(7))x =y, i.e., x € N(r I, —
A(7))?, which cannot be the case, since r, is an algebraically simple eigenvalue.
Take u,,v,; > 0 such that A(7)u, = ryu,, A(7)Tv, = r;v, and ulv, = 1. Then
E(1) = u,vl is the spectral pr0Ject10n of A(7) mapping from C™ onto N(’I“Tln —
A(7)) along R(r I, — A(1)) = N(r;I, — AT(r))*. Obviously, E(7) is strictly
positive, and has rank 1.

The analytic perturbation theory of eigenvalues (see [Bau85, pp. 93,113, 144], [Kat 76,
IT - 1,2]) shows that the maps

¢4 :(0,00) = [0,00) with 7+ sprA(r) and
E:(0,00) > R™" with 7+— E(7)

are real analytic. Furthermore, by Proposition 1.14, ¢ 4(p) = |I§l|ax spr A(A), thus
=p
¢4 is geometrically convex.
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Proposition 4.12. Let P be an m—monic PFP of degree | with irreducible A. Then
either ¢pa(p) = p™ for all nonnegative p or there are at most two positive p with

dalp) =p™

Proof. Suppose there are 0 < p; < p < pz such that ¢a(p1) = p7", dalp) = p™,
¢a(p2) = p5'. Then by Proposition 1.4, ¢p4(7) = 7™ for all T € [p1, p2] and hence,
since the functions ¢4 and 7 +— 7™ are analytic on (0, 00), we have ¢ (1) = 7™ for
all 7 € (0, 00). O

Consider u, v € R™\ {0}, u,v > 0, 7 > 0. Differentiating the identity
(@a(r)E()u, BT (T)v) = (A(T)E(T)u, ET (1))
with respect to 7 yields
$a(7) (B(T)u, B(1)T0) + ¢a (1) (E'(T)u, BT (1)v) + ¢a(7) (E(T)u, E'(1)"v)

= <A’(T)E(T)u, E(T)T’U> + <A(T)E'(T)u, ET(T)U> + <A(T)E(T)u, E’(T)TU> )
(4-66)

Notice that for u > 0 and 7 > 0 the vector E(7)u is a strictly positive eigenvector of
A(T) corresponding to its spectral radius spr A(7), and E7(7)u is a strictly positive
eigenvector of AT (1) to spr A(7). Hence, (4-66) reduces to

$a(T) (E(T)u, B(1)v) = (A'(1)E(T)u, B(r)"v)
and we obtain a representation of ¢/,.

, B <A’(7’)E(T)u,ET(T)v> "
() = B, BT (1)) for >0, wu,veR"\{0}, u,v>0. (4-67)

Proposition 4.13. Let P be an m—monic PFP of degree | with irreducible A. Then
the following assertions hold.

(7) Let P(p)u =0 for some p > 0 and a nonzero vector u = 0.
Then p™ = spr A(p),u > 0 and N(P(p)) = span{u}.

(13) Let P(wp)x =0 for some p with spr A(p) = p™ >0, |w| =1 and x # 0.
Then P(p)|z| =0 and |z| > 0.

(791) dim N(P(wp)) <1 for p™ =sprA(p) >0 and |w| = 1.

Proof. (i) P(p)u = 0 means that p™ is an eigenvalue of A(p) and u is a corre-
sponding nonnegative eigenvector. Since A(p) is irreducible, it has exactly
one nonnegative eigenvector except for scalar multiples (see [Min88, Theorem
4.4]). By the Perron Frobenius Theorem this eigenvector corresponds to the
eigenvalue spr A(p), i.e., p™ = spr A(p) and we have u > 0. Furthermore,
spr A(p) is a simple eigenvalue of A(p) which implies the last assertion.

(#) From P(wp)z = 0 it follows that p™|z| = |A(wp)x| < A(p)|z|. A(p) is irre-
ducible and p™ = spr A(p). Hence, by a completely analogous argumentation
as in [Min88, p.12] we conclude that A(p)|z| = p™|x|.
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(171) Let x = [71] and y = [} ] be nonzero vectors in N(P(wp)). From (i7) it follows
that z1,z2,y1,y2 # 0. Then y1& — z1y is a vector in N(P(wp)) with 0 as its
first component. By (i) this implies that y;2 — z1y = 0, hence, = and y are
linearly dependent.

O

We will characterize the number of eigenvalues of P on the circles T, such that
p™ = sprd(p) > 0 in a similar way as it is known for the number of peripheral
eigenvalues of an irreducible matrix. We use some graph theoretical concepts used
in [GHT96, Sec. 4] to study the spectral properties of certain Markov chains.

First, we briefly recall the concept of the directed graph associated with an entrywise
nonnegative matrix, see e.g. [BP94], [HJ85]. Define the associated directed
graph G4 of an n x n matrix A as the graph with n vertices, V = {1,...,n},
such that for 4, j € (n) there is a directed edge from i to j if and only if A;; # 0.
Denote by E = {(4,7): Ai; # 0} the set of edges of G4. We write G4 = (V, E).
We say that a sequence (ji,j2), (j2,J3): - (Je—1,Jk)s (ks Je+1) of edges in E is
a path of length k in G4 connecting j; and jiy1. For simplicity we also write
J1 — J2 — - = Jjk — Jk+41 O (jr)’,fi%, as appropriate. It is well known that an
entrywise nonnegative matrix A is irreducible if and only if its associated directed
graph G 4 is strongly connected, i.e. that for each pair i,5 € V there exists a
path in G4 leading from 7 to j, see e.g. [BP94], [HI85].

We now introduce an infinite graph associated with an m—monic matrix polynomial
P\ =\"1,— Zi:o AV A,. Consider the infinite graph G,,,(A4g, A1,..., 4;) =G =
(V, E) with the set of vertices and edges

V={(Up)|1<j<npeZ} and

E={[(J,p), (k)] | Am+q—p(i; k) > 0}, respectively,

where A, (j, k) denotes the entry in the j-th row and the k-th column of the n x n
matrix A4,.

According to [GHT96] we call j the phase and p the level of (j,p) € V.
Note that any level of the infinite graph Go(Ag) coincides with G 4, .
Analogously to a finite graph, a sequence of subsequent edges is called a path in G.
For a path
(J1,p1) = (J2,p2) = =+ = (Jst+1,Ps+1)

in G the number

S

Ps+1 —P1 = Z(VT - m)v where AVr (jrverrl) >0

r=1
is called the level displacement of the path.

Example 4.14. Consider P(\) = Mg — A(\) = X35 — Z;LO M A;, where for
J € (4),, the coefficients A; € R38 are such that their only nonzero entries are

A(7,8),

A2(4,6),

As(3,1), As(2,4), As(8,5), As3(6,7).
Aq(1,2), Ay(5,3).
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Then the graph G3(Ag, A1, As, A3, A4) of A is shown in the following image:

Phase j

S Y
o

1 2 3 4 5 6 7 8
Figure 2: G3(Ao, A1, Az, A3, Ay)

The path (5,—1) — (3,0) — (1,0) — (2, 1), for instance, has the level displacement
2.

Remark 4.15. Note that for the graph G,,(Ao, A1,..., A;) = (V, E) we have that
[(4,p), (k,q)] € E is equivalent to [(j,p+ u), (k,q+ u)] € E for all u € Z.

This implies that if w € Z and ((Jr,pr))i_q is a path in Gp(Aog, A1, ..., A), then
((Jrypr +u))i_y is a path in G (Ao, A1, ..., A;) and both paths have the same level
displacement.

We study some properties of the infinite graph G.

Lemma 4.16. Let P be an m-monic PFP of degree | with irreducible A. For
j,k € (n) the following assertions are equivalent:

(i) There exists a path from j to k in the associated directed graph G 41y of the
matriz A(1).

(i) For all p € Z there exists a q € Z such that there is a path from (j,p) to (k,q)
m Gm(Ao,Al, “e ,Al).

(#it) For all q € Z there exists a p € Z such that there is a path from (j,p) to (k,q)
in Gm(A07 Alv s 7Al)'

All these paths in (i) to (ii1) can be chosen to have the same number of vertices.

Proof. Suppose that (i) holds and let j = jo — j1 — -+ — jsy1 = k be a path
of length s in G 4¢1y. There exist s € N and ji,...,js41 € (n) such that j; = j,
Js+1 = k and A(1)(Jr,Jry1) > 0 for all r € (s). Due to the nonnegativity of
the coefficients Ao, ..., A;, for each r € (s) there exists some v, € (1), such that
AVr (jT’,j’r’Jrl) > 0.

s+1

To see that (i) follows, fix any p € Z and define a sequence (p,);’;
pr=pand ppy1 =V, +p, —mforr=1,...,s. Then v, = m + p,41 — p, and by

by setting
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definition each inequality A,, (jr,jr+1) > 0 (r € (s)) corresponds to an edge from
(Jrspr) t0 (Jrt1,Pr+1) in the graph G, (Ao, A1, ..., A;), hence, we obtain a path
((jr, pr))3E] of length s. Finally, (ii) follows by defining ¢ = ps1.

To obtain (#ii), analogously as done above, define a sequence (pr)fi% by setting
Ps+1 =q and p, = m 4+ pry1 — vy for r = s,...,1. Then v, = m + pr41 — pr and

similar to the proof of (i7), setting p = p1, a path of length s to (k,q) is obtained
starting from (7, p) with some level p.

Suppose that (ii) or (i) holds. Then there exists a path ((j,,p,))5%]

Gm(Ag, Ax, ..., Ap) with j; = j and js41 = k. Therefore, Apipp .\ —p, (Grs Jrs1) >0,
and thus A(1)(j, jry1) > 0 for r = 1,...,s. Hence, (j,)] is a path of length s
from j to k in the associated directed graph of A(1).

in

The last assertion follows from the constructions of the paths in this proof. O

An immediate consequence of this lemma is the following

Corollary 4.17. Let P be an m—monic PFP of degree l. Then the following state-
ments are equivalent.

(i) A is an irreducible matriz polynomial.

(i) Forallj, k € (n) andp € Z there exist a q € Z and a path in Gy, (Ao, A1, ..., , Al
from (j,p) to (k,q),

(#91) Forallj,k € (n) andq € Z there exist a p € Z and a path in G (Ao, A1, ..., ,A))
from (j,p) to (k,q).

We call a path (ji,p1),.. ., (Js+1,Ps41) I G (Ao, A1y, Ar) with ji = jsi1 a
phase cycle of G, (Ao, A1, ...,,A;) through j; = js11. If (j,p) is a vertex of this
phase cycle then there exists a phase cycle through j with same level displacement

Pst+1 — p1, for example (j2,p2), ..., (Js+2,Pst2) With jsi2 = jo and psio = psy1 +
p2 — p1 is a phase cycle through (jo, p2).

There are examples of graphs G, (Ao, 41, . ..,, A;) such that the level displacements
of all of its phase cycles are 0, see [FNO5a, Example 4.3].

The index of phase imprimitivity of G,,(4o,...,A;) is defined as the g.c.d.
(greatest common divisor) of the level displacements of all phase cycles in G. If

the level displacements of all phase cycles in G, (A, ..., A;) are zero, its index of
phase imprimitivity is 0, by definition. Note that the index of phase imprimitivity
of Gp(Ag, ..., 4;) is a nonnegative integer.

Example 4.18. Consider
3
P(\) = A3 — A(\) = N3 — |:)\2?&->\ o )?2:| :

68



A is irreducible and looking at the graph
Ga(Ap, A1, A, As) of A shows that the index of 0
imprimitivity is 1.

1 2 3

Figure 3: Ga(Ag, A1, Az, A3)

Lemma 4.19. Let P be an m—-monic PFP of degree | with irreducible A and let
d be the index of phase imprimitivity of the graph Gp,(Ao, ..., Ar). If A,(j, k) >0
and A, (j,k) > 0 for some j,k € (n) and some p,v € (1), then d divides v — p.
Ifd=0, then u =v.

Proof. For any p € Z define ¢ := p—m+p and v := v —m+p. Then ((4,p), (k,q))
and ((4,p), (k,u)) are edges in G, = Gp(Ao, ..., A;). Since A is irreducible, by
Corollary 4.17 there exists a path in G, from (k, ¢) to (j, v) for some v € Z. Then we
have a phase cycle through j in G,, with level displacement v — p. Translating that
path from (k, q) to (j,v) in G,, by changing the levels of its vertices by v —u = u—q
we obtain a path from (k,u) to (j,v + v — u) and also a phase cycle trough j with
level displacement v +v — p—p. Now d divides v — p and v+ v — p— p and therefore
it divides v — u. The last assertion follows immediately, since the level displacement
of all phase cycles is 0 if d = 0. O

Lemma 4.20. Let P be an m—monic PFP of degree | with irreducible A and let d
be the index of phase imprimitivity of the graph G.,(Ao, ..., A;). For j € (n) let d;
be the g.c.d. of the level displacements of all phase cycles of Gy, (Ao, ..., A;) through
phase j. Then d; = d and the set of the level displacements of all phase cycles of
G through j is closed under addition.

Proof. Clearly, d < d;. We show that d; is a common divisor of the level displace-
ments of all phase cycles of G. Then the maximality of d implies the first assertion.

Let C be any phase cycle in G = G,,,(Ay, . .., 4;) and fix some vertex (i,p), i € (n),
p € Z on C. Since C is a phase cycle in G, there is some ¢ € Z such that C is a
path in G from (4, p) to (4, ¢q), and hence, its level displacement is ¢ — p.

By Corollary 4.17 there exists some p € Z, a path Cy in G from (j,u) to (4,p), a
v € Z and a path Cy in G from (i,¢) to (j,v). Then the path C' from (j, 1) to (j,v)
obtained by successively following the paths C;, C' and Cs in the given order is a
phase cycle in G through j with level displacement v — p.

Translate the path C; from (4, ) to (i,p) by ¢ — p such that one obtains a path
C5 in G from (j,u+ g — p) to (i,q). Then the path Cy from (j, u + g — p) to (j,v)
obtained by successively passing along C3 and Cs is a phase cycle in G through
j with level displacement v — u — (¢ — p). Since d; divides the level displacement
v — i of C and the level displacement v —  — (¢ — p) of Cy, it also divides the level
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displacement ¢ — p of C. C' was arbitrary, so d; divides the level displacements of
all phase cycles in G, hence, d; = d.

By Remark 4.15 (7), for two cycles in G through j with level displacements k; and
ko there is always a cycle in G through j with level displacement ki + k9. This
implies the second assertion. [

For the next important theorem we make use of the following technical lemma.

Lemma 4.21. Let P be an m—monic PFP of degree | with irreducible A. Suppose
that spr A(p) = p™ for some p > 0 and that v € R™, u > 0 is an associated positive

1
eigenvector of A(p). Suppose, furthermore, that there exist a nonzero x = [ : ] €
Tn

C™ and w € T such that P(pw)x = 0. Then
(i) for ke (1), and p, 7 € (n) we have that Ay(u,7) # 0 implies

Lu _ emm U (4-68)
Tr Ur

(4i) for the level displacement d of any phase cycle in G (Ao, ..., A;) we have
d=1.

Proof. (i) From Proposition 4.13 it follows that || = au for some a > 0. There-
fore, all components z,, (1 € (n)) of x are nonzero. From (pw)™z = A(pw)x
it follows that

oSS (e ) (o).
v=1 j=0 Up Uy
Now p™u = A(p)u implies that for p=1,...,n

!

§j M A v) L
’LL

7=0

12

||
[ M:

. i Ty . . .
Therefore, since p? =™ A;(u,v)a= > 0, “£ is a convex combination of the
x ’ s
) — v
complex numbers w/™"— v = 1,. , lie on the
v
circle T, due to
T T x
W = | =a =2 for v=1,...,n.
Uy Uy uy

Hence, 7 is an extremal point of the convex hull of {wJ mEeiye(n )}
m
This implies that for j # k, v # 7 the coefficients p/ =™ A; (,u7 )—Z” are zero
w

and pF~" Ay (1, )x’ = 1. Hence, Z—Z wk— ™%z which implies the assertion.

(i7) Let C' = ((vk,pr))iL} be a phase cycle in the graph G,,(Ao, ..., A;). Hence,
there exist some ji, ... Jjg, such that Aj, (Vg, vg+1) > 0 and the level displace-

ment of this phase cycle is d = E (jk = m). Then, from (7) it follows that

k=1
_ S S
Wl = Ly ijkfmir’/k+l _ Tu H Ui a _ Ty U -1
b
Tvsr1 4 Lyy, Tvoyr o7 U Lygpr vy
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where the last equality holds due to the fact that 1 = vs41, since C' is a phase
cycle.

O

Due to [Min88], the following Lemma is a result of I. Schur. I thank Gabriele
Penn-Karras for the main idea of the proof.

Lemma 4.22. Let M be a nonempty set of integers which is closed under addition
and let v € N be the greatest common divisor gcd(M) of M. Then we have kv € M
for all but finitely many k € N.

Proof. If v € M, then we have M = N - v, since M is closed under addition.

So let v ¢ M. First note that there are finitely many integers ny,...,n, € M
such that v = ged(nq,...,n,). Indeed, if M is finite, this is clear. So suppose that
M = {n1,ns, ...} and define the sequence (g;);jen via

g1 =mni and gj+1 = ng(gjan‘f‘l)

Then (g;);en is monotonically decreasing and, since it is bounded from below, there
is an 7 € N such that g; remains constant for all j > r. This constant equals v and
therefore, gcd(M) = ged(ny, ..., ny).

The set M, = {nq,...,n,} can be written as
M, ={kiv,... kv},

where ki, ..., k. € N are certain integers. Consider the equation

T T
E ajnj = E Oéjk‘jV =V
j=1 j=1

which is equivalent to
> ajk;=1. (4-69)
j=1

By the theory of Diophantine equations (i.e. polynomial equations, investigated
for integer or rational solutions; see e.g. [Mor69], [Ste05]), this equation has in-
teger solutions ag,...,a, € Z if and only if the right hand side of this equa-
tion is a multiple of ged(ky,..., k). Since v = ged(ny,...,n,), it follows that
ged(ky, ..., k) = 1. Otherwise, there would exist an integer which is larger than
v and divides all ny,...,n,.. Hence, there exist aq,...q, € Z such that (4-69) is
satisfied. In other words, the g.c.d. v of the set M is a linear combination of finitely
many elements of M with integer coefficients.

Suppose w.l.o.g. that for p < r the coefficients a1, ..., oy, are positive, for s <r—p
the coefficients a1, ..., apys are negative and the remaining r — p — s coefficients
Qptsti,-- -, are zero. Then, setting &; = —a,4; > 0 for j € (s), we obtain

p s
v= E ang — E QjNptj = p — Ms-
=1 =1
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Since v > 0, it follows that p > 0 and, since a1,...,q, € Z and since M is closed
under addition, we have that p, € M. But then v ¢ M implies that s > 0, hence,
also ps € M. Furthermore, v > 0 implies that 1, > u,. Therefore,

ged(pp, ps) = ged(pp, tp — ps) = ged(pp, v) = v.

Define ko = #26=. We now show that for all x > k¢ we have that kv € M.

For x € R define [z] = I%lin> n. Let K > Ko and define the integers
nesL,nz2x
we P {ﬂ and bt [ﬂ .
vty v

Obviously, b > 0. Furthermore, by definition of kg, we have
KV — KVfts = KV (fp — [1s) = R > Hpfhs-

This implies that % 1> %, hence, &£ > [M—‘ ,i.e,a>0.
s P

T s Hop
Since M is closed under addition, it follows that 0 < kv = ap, + bus € M.

O

Theorem 4.23. Let P be an m—monic PFP of degree | with irreducible A. Let d
be the index of phase imprimitivity of the graph G = G, (Ao, A1,...,,A;). Then
for all p > 0 with spr A(p) = p™ the following statements hold.

(1) d =0 is equivalent to o(P) = C, i.e., P is singular.

(11) Let d > 0. Then for 6 € [0, 2m)

) 2 2 2
pe® € a(P) if and only if 0 € {0,;,2 %,...,(d— 1);}

{pa(r), 7

Figure 4: example for d =5

Proof. We will start with an observation that will be useful in both the proof of (7)
and (i1).
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(0)

Let w € T be such that w? = 1. Note that we can choose any w € T if d = 0.

u1

Choose a strictly positive eigenvector u = € C" of P to its eigenvalue

p- Set x1 = uy and

i U .
it u—uxule, if A;(p,v) #0,

w

for u € (n). The numbers x, are are well defined, i. e., they do not depend on

j. Indeed, if V) = wtm ey and 22 = wletme g then Sy = w20
" iz T,

and by Lemma 4.19 j, — j; = kd for some k € Z. Hence, since w? = 1,

a:,(}) = xf). Furthermore, due to the irreducibility of A, for each v € (n), x,

Tn

1
is assigned a value. Set x = l : ] .

By Lemma 4.21, we have for p € (n)

n l n l

(Awp)), = 2u D Y Ay ) wp) = =2, D D A v)plum =2

v=1;=0 H v=1;=0 B
T l n z l
., mYK j ., mTH j
=W IS S A (v = ™S i (Agu),
j=0 =1 7=0

—w uu(A(p)u)ufw Lo =W,
hence, p"w™x = A(wp)x. Therefore, wp is an eigenvalue of P and z is a
corresponding eigenvector.

If T, C o(P), then Lemma 4.21 implies that wl =1 for all w € T for the
level displacement d of any phase cycle of G = G,, (Ao, ..., A;). Hence, d = 0.
Therefore, the level displacements of all phase cycles in G are zero, i.e. d = 0.

Conversely, if d = 0 then by (0) we obtain T, C o(P).
Hence, d = 0 if and only if T, C o(P), i.e., o(P) = C.

Let d > 0. (o) shows that

) 2 Arw
v, ,—0 L 21
{pe 2 a0 d

2

(d—1) d}c(f(p).

Suppose that pe is an eigenvalue of P. From Lemma 4.21(i), it follows
that for any level displacement cij of any phase cycle in G through some
phase j, Jj 0 is a multiple of 2w. Due to Lemma 4.20, d is the g.c.d. of all
level displacements d} of all phase cycles through j. From Lemma 4.20 and
Lemma 4.22 we know that all but a finite number of multiples of d are level
displacements of some phase cycles in G through j. Therefore, there exists
a k € Z such that kdf and (k + 1)df are multiples of 27 and hence, df is a
multiple of 2. Thus, 6 € {kZF: k € Z}, i.e.

o2 A4r or }

— — ..., (d=1)—
adad7 7( )

pewe{pew:goz() 7
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Remark 4.24. Notice that the angles of rotation invariance in Theorem 4.23 (i)
only depend on the index of phase imprimitivity of the graph G. This implies that
if there is more than one number p > 0 that satisfies pa(p) = p™, then the angles
of rotation invariance are the same for each of these numbers.

Proposition 4.25. Let P be an m—monic PFP of degree | with irreducible A. Then
the following statements hold.

(4)

(iid)

(iv)

If P has a right PFF C, i.e.,

l—m m—1
P(A)=BMNCWN) = | Y _NB; | [ AL, - > Ny (4-70)
§=0 j=0

with C; 20 (j € (m—1),), and if p == spr(C) > 0, then
(a) ¢alp) =sprA(p) =p™.

(b) N(C(p)) = N(P(p)) = span{v} for some v > 0.

(¢) C has algebraically simple peripheral eigenvalues.

If there is a number 7 > 0 such that ¢4(7) = spr A(t) = 7™, then P has a
m—1

right PFF C(\) = A™I, — > MC; with spr(C) < 7.
§=0

If P has a right PFF and if the left divisor B(\) in (4-70) satisfies spr(rev B) >
0 and if By is a nonsingular M —matriz, then rev B has algebraically simple
peripheral eigenvalues.

Let C be the minimal PFF of degree m of P with spr(C) > 0. Then

sprC = min{p > 0| spr A(p) = p™} := p,
o(C) = o(P)NDj,.

Proof. (i) (a) By Corollary 3.7, spr(C) is an eigenvalue of C' and thus also for P.

Hence, there exists an entrywise nonnegative vector v # 0 such that
p"v = A(p)v.

Since A(p) is an irreducible matrix, v must be strictly positive (see e.g.
[Min88, Theorem 1.2.2, p.7]). Hence, p™ = spr A(p) (see e.g. [Min88,
Theorem 1.4.4, p.16]), which proves (a).

(b) p is an eigenvalue of C' and therefore, it is an eigenvalue of P. A(p)
is irreducible, so p™ is an algebraically and hence, geometrically simple
eigenvalue of A(p). Let v be a strictly positive eigenvector v of A(p)
corresponding to p™. Note that N(C(p)) # {0}, since p is an eigenvalue
of C. Therefore

{0} # N(C(p)) € N(P(p) = N(p"I,, — A(p)) = span{v}

implies that N(C(p)) = N(P(p)) = span{v}.
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(i)

(iid)

(¢) Let A € C be an eigenvalue of C' with |A\| = p and let w # 0 be a
corresponding eigenvector. Then P(A\)w = 0, i.e. A™w = A(A)w. Taking
absolute values componentwise on both sides leads to p™|w| < A(p)|w|.
Let u > 0 be a left eigenvector of A(p) corresponding to p™, i.e., A(p)Tu =

p"™u. Then, since u > 0,

p" (Jwl,u) < (A(p)wl,u) = (Jwl, A(p)Tw) = p" (Jwl,u).  (471)

Thus {(p™I, — A(p))|w|,u) = 0 and, since u > 0, it follows that (p™I,, —
A(p))|w| = 0. Since A(p) is irreducible and p™ is its spectral radius, |w|
is a multiple of v.

Now, take any two vectors wy, ws € C™ with wy,ws € N ()\mln—A()\)) and
« € C such that the first component of the vector w = awi + ws is zero.
Then analogously to (4-71) it follows that (p™I, — A(p))|w| = 0. Since
|w| is not strictly positive, it follows that w = 0 and therefore wy, w9 are
linearly dependent. This proves that A is a geometrically simple eigenvalue
of A(N), i.e., dimN(P(X)) = 1. With {0} # N(C(A)) € N(P(\)) the
second part of the assertion follows, see [Sch74, Ex.8(a), p.43], [Sch86,
Cor. 3.5].

Since A(r) is an irreducible matrix, there exists a positive vector v > 0 such
that A(7T)u = 7™u, hence, u is an eigenvector of P to the eigenvalue 7. By

T
Proposition 3.9 the positive vector & = A(T)u = [Tm_lu ceeTu o w| s
an eigenvector of P to the eigenvalue 7 > 0, where P(\) = A, — A(\) =
l-m+1
A, — > MNA; is the canonical reduction of P. So P is a 1-monic matrix
§=0
polynomial with nonnegative coefficients Ay, ..., Aj—m+1 and with A(7)d =

TU, & > 0. Therefore, by Proposition 4.5, P has a nonnegative right root C
with spr(C) < 7. Corollary 3.6 then implies that P has a factorization

l—m m—1
P(A)=B\CW\) = | Y NB; | | AL, - ) NC;
j=0

Jj=0

with spr(C) < 7. Since C is entrywise nonnegative and it is the companion
matrix of C, the coefficients Cy,...,C,,_1 are nonnegative.

Since by assumption 0 is not an eigenvalue of B, the coefficient By is nonsin-
gular. Thus setting B; = —BjBal, we have

l—m
rev B(\) = | AL, = Y " X" B; | By = rev B())Bo.
j=1

By is a nonsingular M-matrix, so éj =B;By' > 0forall j € (l—m) and
rev P(\) = AL P(1/x) = A" B(1/2) By A™C/(1/2) = rev B(A\) By rev C()),
i.c., rev BT is a right PFF of the (I—m)-monic matrix polynomial rev PT()) =
A=mp, — ZI:O )\l_jA]T. Since spr(rev é) > 0, we can apply (ii¢) to rev BT, so

J=
rev BT and therefore rev B = (rev B) By has simple peripheral eigenvalues.
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(iv) Suppose that C is the companion matrix of the minimal PFF C. Then we
have C < C for the companion matrix C of any other PFF C' of P. C and C

are entrywise nonnegative, hence, spr(C') = spr(C) < spr(C) = spr(C). The
first equality then follows from (i) of this proposition.

For the second identity, note that clearly o(C) C o(P) NDj. The remaining
inclusion follows from Proposition 1.15.

O

Following up Proposition 1.21 we formulate the next lemma.

Lemma 4.26. Let P be an m—monic PFP of degree | with irreducible A.

(1) Let spr(A(p)) = p™ > 0. Then the following relations hold.

(det P)'(p) =0 if and only if (sprA)(p) =mp™ ',
(det P)'(p) >0 if and only if (sprA)'(p) < mp™ ' and
(det P)'(p) <0 if and only if (sprA)'(p) >mp™ L.

(i) Let (spr A)(p) = p™ > 0 and (spr A) (p) = mp™ L. Then
(det P)"(p) # 0 if and only if (sprA)"(p) #m(m —1)p™ 2.

Proof. Since A is irreducible, the function ¢ 4 is differentiable for all positive 7, see
the introduction of this section. By Proposition 1.12 and Proposition 1.21

(det P)'(p) = (mp™ " = ¢/4(p)) tr[adi(P(p))]
and
(det PY"(p) = (m(m — 1)p™~2 — #4(p) trladi(P(p))].

Using [Min88, Corollary 4.1, p.16] we obtain adj(P(p)) > 0, hence, we have
trfadj(P(p))] > 0. The assertions (i) and (i¢) then follow immediately, (see also
[GHT96] and [GHT9S, p.544]).

O
Proposition 4.27. Let P be an m—monic PFP of degree | with irreducible A.

Suppose further, that ¢a(p) = spr A(p) = p™ for some p > 0. Then the following
statements hold.

(i) If ¢'s(p) # mp™~L, then the eigenvalues of P on T, are simple; i.e., their
geometric and algebraic multiplicities are 1.

(i) If ¢'s(p) = mp™~1 then either spr A(t) = 7™ for all T > 0 or spr A(1) > 7™
for all positive T # p.

In the second case we have ¢'4(p) > m(m —1)p™ 2, and the eigenvalues of P
on T, have geometric multiplicity 1 and algebraic multiplicity 2.

Proof. (i) Suppose that ¢, (p) < mp™~!. Then there is a § > 0 such that ¢ (1) <
7™ for all 7 € (p,p + 0). By Proposition 1.15, P has exactly nm eigenvalues
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(i)

(counting multiplicities) in D,. Fix one 7 € (p,p + 6). By Theorem 4.1, P
has a nonnegative spectral factorization

P(\) = B(\)Bo,C(N) (4-72)

with respect to the circle T, where C is a monic matrix polynomial. Since
deg C = m, C has nm eigenvalues and due to o(C) = o(P) N D, they lie in
D, D D,. There are already nm eigenvalues of C in D,, thus spr C < p. Now
p € o(P) implies spr C' = p. By Proposition 4.25 the eigenvalues of C on T,

are simple. Since o(B) = o(P)N(C\D,), B does not have eigenvalues on T,
hence, the assertion follows.

Now suppose that ¢/,(p) > mp™~!. Then there exists a § > 0 such that
pa(t) < 7™ for all T € (p—4d,p). Fix 7 € (p—4,p). By Theorem 4.1, P
has a spectral nonnegative factorization (4-72) with respect to T, where B
is a comonic matrix polynomial with o(B) = ¢(P) N (C\ D,) and therefore
spr(rev E) < % By Proposition 1.15 (i7i), P has no eigenvalues in A, s ,
and therefore, since o(C) = o(P) ND,, also C' does not have any eigenvalues
there. Hence, spr C' < p. Since by assumption p is an eigenvalue of P, it is an
eigenvalue of B and therefore, spr(rev B) = % > 0. Proposition 4.25 (4i7) then

implies that rev B has simple peripheral eigenvalues, hence, the eigenvalues of
B on T,, and therefore the eigenvalues of P on T, are simple.

Suppose that ¢4(7) = 7™ does not hold for all 7 > 0. Consider the function
na : R — R with na(t) = Inga(e’). By the geometric convexity of ¢, na
is convex in t. Set r = Inp. Then na(r) = mr and further we have that
na(t) = mt does not hold for all ¢ € R. Thus na(t) > mt for allt € R, ¢t # r,
i.e., ¢pa(r) > 7™ for all 7 > 0, 7 # p. Thus the first statement of (i7) follows.

Suppose now that ¢4 (7) > 7™ for all 7 > 0, 7 # p. For e € (0,1) define
P.(\) := A1, — €A(X). Then spr(eA(p)) < p™ and by Theorem 4.1 we have,
therefore,

PG()‘) = Be()\)BO,ec’e()\)a

m—1
where Ce(A) = A1, — > )\jCj,E is the minimal right PFF of P, with

7=0
o(Ce) =o(P)N D,, (4-73)
~ I-m
Be(X) =1, — > N Bj, is a comonic matrix polynomial of degree | —m with
j=1
o(B.) = o(P) N (C\D,) (4-74)
and By is a nonsingular M-matrix. For j € (I —m) set B; . = —EjysBo_,e,
thus,
I—m
P.(\) = | D NBj. | C(N)
§=0

Because ¢4(p) = p™, from Proposition 4.25 we know that P has a minimal
right PFF C. Hence, there is a matrix polynomial B(\) = Z;;gl N Bj such
that



We will show that for all j € (I —m), we have that B; . — B; as € — 1.

Consider the canonical reduction P, of P. to degree k =1 — m + 1 according
k
to Corollary 3.3. Then Pc(A\) = Ay — Ac(N), where A (A) = Y MA; . with
§=0
€Ajim_1
: 0
Aoe = In © | and A = ) forj=1,... k.
: -
I. 0

Let C. and C be the companion matrices of C¢ and C|, respectively. By Corol-
lary 3.6, C. is the minimal right root of P, i.e.,

Pe(A) = Be(A)(Amn — Co),
where B.(\) = liz M Bj . and C is the minimal right root of P, i.e.,
=
P(A) = BA)(Mmn = C)
with B(\) = l,i: NB;.
=

Let 0 < ¢; < €2 < 1 and denote by (C,(:l))k . and (C,(fz))k . the sequences
€ €
generated by the fixpoint iteration (4-57) with initial matrix 0, i.e,

l |
J
5 =0, U= A (G) forv=1.2
Jj=0

and let C,, and C., be their limits, respectively. Then obviously C., < Ce, < C
and hence, the (componentwise) limit of C, exists as € goes to 1. By Proposi-
tion 4.4 we have lirri C. =C. From (4-53) for j € (I —m), it follows that

e—

l—m—j l—m—j

Bj$6 = 5OjImn — E E.Aj+i+1cg, and Bj = 50jImn - E Aj+i+1cj7
1=0 =0

hence, also Bj — B;j as € — 1.

Due to the form of C. and C, also C; — C; for € = 1. From the Remark 3.5
it follows that the upper left n x n blocks of B;. and B; coincide with B;
and Bj, respectively, for j € (I —m),. Therefore, B;. — Bj as e — 1 for
je{l—m),.

Therefore, since B, has no eigenvalues in D, for all € € (0,1) and the eigen-
values of B, depend continuously on e, it follows that B has no eigenvalues
in D,. Hence, 0 is not an eigenvalue of B and therefore, By is nonsingular.
Furthermore, due to Lemma 4.9, By is a Z—matrix. Since Bo_,el > 0 for all
€ €(0,1) and By — By as € — 1, it follows that also Bal >0,ie, B—)is
a nonsingular M-matrix.

Therefore, the left factor B of P can be expressed as B(\) = B(\) B, with a

. I—m
comonic matrix polynomial B(A) = I, — >~ MB,.
j=1

Due to ¢4 (p) = mp™~ ! and ¢4 (1) > 7™ for all positive 7 # p, the geometrical
convexity of ¢4 implies that there is a 6 < 1 such that for all € € (d,1) there
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are exactly two positive numbers 7. 1,72 with 7.1 < p < 7.2 such that
GeA(Ter) = 7%, for v =1,2. Since the roots of the function

T+ spr(eA(r)) — " =espr(A(7)) — 7", €€ (,1)

depend continuously on €, we have that 7.1 — p and 7.2 = p as e = 1.

Let d denote the index of phase imprimitivity of G1(Ay, ..., Ax). By assump-
tion and Remark 1.19, P is regular, hence, Theorem 4.23 implies that d > 0.

Note that G(Ao,...,4;) = G(eAy,...,eA;). So by Theorem 4.23, 7. 1 and

Te2€' are eigenvalues of P, if and only if 0 € {v2F: v € (d—1),}.

Remember that due to Proposition 1.7, P has no eigenvalues in the annulus
A This together with (4-73) and (4-74) now implies that spr(C.) = 71
and spr(rev B,) = 7o. Letting e — 1, we obtain that spr(C) = spr(rev B) = p
and {peii: 0 = v2F,v e (d—1),} are the peripheral eigenvalues of both C
and rev B. By Proposition 4.25 they are simple eigenvalues for both, C' and
rev B and hence, also for B. Since det P(\) = det B()) det By det C'(X), their
algebraic multiplicities as eigenvalues of P are 2. By Proposition 4.13, they

Te,1,Te,2"

are of geometric multiplicity 1.

To verify the remaining assertion, note that, since p is an algebraically double
eigenvalue of P, (det P)”(p) # 0 and by Lemma 4.26 we have ¢'4 (p) # m(m —
1)p™~2. Since ¢4 is geometrically convex, the function n : t — In(¢a(e?)) is
convex. Let ¢y be such that p = e'o. Then n”(ty) = 0 if and only if

Pa(p)palp) — ¢'4(p)? 21 ¢'a(p)
pa(p)? da(p)

Using ¢a(p) = p™ and ¢/4(p) = mp™ ! the last identity is equivalent to

p=0. (4-75)

4(p) =m(m —1)p" 2, (4-76)

which is not the case. Hence, 7" (ty) # 0 and, since it is convex, 1’ (to) > 0.
Completely analogously, by substituting '=" by >’ in (4-75) and (4-76), one
obtains that this is equivalent to ¢4(p) > m(m — 1)p™ 2.

O

We have made all preparations in order to prove the main result of this section.
Recall once again that if the m—monic PFP P has a right PFF C, i.e.,

l—m m
PO =Y NB; | [ A", =Y NC;| with C;>0(j€(m)y),
j=0

Jj=0

then by Lemma 4.9, the coefficient By is a Z-matrix.

Theorem 4.28. Let P be an m—monic PFP with

l
P(A) = \"I, — A(N) = AL, = > N A;
j=0

of degree | with irreducible A and let d be the index of phase imprimitivity of the
graph G, (Aq, ..., A;). Then exactly one of the following cases holds.
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(1) ¢a(r) > 7™ for allT > 0. Then P has no
Perron-Frobenius factor.

(1) pa(r) >71™ for all >0 and ¢p4(0) = 0.
Then either P has no Perron-Frobenius

factor or By is not a reqular M-matrix.

(#it) There exists exactly one p > 0 with ¢a(p) = p™. If

(a) ¢'s(p) < mp™~t, then P has a spectral
right Perron-Frobenius factor, i. e.,

P(\) = B(\ByC(\)

with spr(C) = p and spr(rev B) = 0.

In particular, P has
e mn —d eigenvalues in D, (counting multiplicities),
o d algebraically simple eigenvalues on T, at the dth roots of p* and

e (I —m)n eigenvalues at 0o (counting multiplicities).

(b) ¢'4(p) > mp™~L, then P has a spectral
right Perron-Frobenius factor, 1. e.,

P()\) = BO)ByO(N)

with spr(C) = 0 and spr(rev B) = %.

In particular, P has

e 0 as an eigenvalue with multiplicity mn,

e d algebraically simple eigenvalues on T, at the dth roots of p? and

e (I—m)n—d eigenvalues outside D,. (including oo, counting multiplic-
ities).

(c) ¢4(p) = mp™~ ', then P has a right
Perron-Frobenius factor, 1. e.,

P(\) = B(A)BoC())

with

-1
- 7

e spr(C) = p, spr(rev B) ;
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e By is a nonsingular M —matriz and
e ¢4(p) > mlm — 1) 2.
Furthermore, P has

e mn —d eigenvalues in D, (counting multiplicities),

e d eigenvalues of geometric multiplicity 1 and algebraic multiplicity 2
on T, at the dth roots of p? and

e (I—m)n—d eigenvalues outside D, (including 0o, counting multiplic-
ities).

(iv) There exist exactly two numbers ps >
pr > 0 with ¢alp;) = pj* for j =
1,2. Then P has a spectral right Perron-
Frobenius factor

P(\) = B(\ByC(N)

with respect to any T € (p1,p2) with
spr(C) = p1, spr(rev B) = %2 and By is a
nonsingular M -matriz. C is independent
of T.

In particular, P has

e mn — d eigenvalues in D,, (counting multiplicities)

o d simple eigenvalues on T,, and d simple eigenvalues on T,, at the dth
roots of p¢ and p, respectively and

e mn—d eigenvalues outside ﬁpz (including oo and counting multiplicities).

(v) ¢a(r) < 7™ for all T > 0. Then P has
a spectral Tight Perron-Frobenius factor,
1. €., M
P(X\) = B(\)BoyC())
with spr(C) = 0, spr(rev B) = 0 and By
18 a nonsingular M -matriz. In particular,
P has

o 0 as eigenvalue with multiplicity mn and

e 00 as eigenvalue with multiplicity (I — m)n.

(vi) ¢pa(T) = 7™ for all T > 0. Then P has a right Perron-Frobenius factor and
the left factor B is not invertible for all X € C, hence, P is singular.

Proof. (i) Suppose that P has a right Perron-Frobenius factor C'(\). From ¢4 (7) >
7™ for all 7 > 0 and Proposition 4.25 (7) it follows that spr C' = 0. Hence, by
Corollary 3.6 the corresponding right root C of the canonical reduction P of P
to degree I —m+1 according to Corollary 3.3 is nilpotent. By [Rau92, Propo-

sition 2.1], spr (Z;n:_ol TjCj> = 0 for all 7 > 0. Hence, 0 = spr (Z;":_Ol Cj) =
spr Co, i.e., spr Cy = 0. Since C satisfies (4-50) we have Ay < C and, therefore,
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by the structure of Ay and C, Ay < Cjy. Since Ay and Cy are entrywise nonneg-
ative we have spr Ag < sprCp =0, i.e., ¢$4(0) = spr Ap = 0 in contradiction
to ¢pa(r) > 7™ for all 7 > 0. So P has no PFF.

(7) Suppose that P has a right PFF, i.e., in particular

P(A) = BA)BoC(A)

with C monic and B comonic. Suppose furthermore that By is a nonsingular
M-—matrix.
By Proposition 4.25, spr(C) = 0, thus C(7) is invertible for all 7 > 0.
We have

P(A) = A="rev B(1/x)BoC()),
where rev B(\) = A=, — ST A By,
Suppose that p = spr(rev E) > 0. Clearly, since rev B is monic, p < co and
from Proposition 1.24 it follows that p!~™ = spr (Z;;T pl*m’jéj) Hence,
since Zé:l" p=™=IB; is a nonnegative matrix, there exists a nonnegative,

T

nonzero vector v such that (Zi;’ln pl=m=i B]-) v = p!~™v, or equivalently
rev BT (p)v = 0. Therefore, we have

1

v= €T () B e B (oo =0,

PT (1)

i.e., v is an eigenvector for P to the eigenvalue %. Then, due to Proposition
4.13,

(;)m = spr AT (1/p) = spr A(Yp) = pa(Y/p),

which is a contradiction to the assumption. Hence, spr(rev E) =0, B has no
eigenvalues in C and P is invertible for all 7 > 0. P(7) is a Z-matrix and
spr A(T) = ¢a(7) > 7™, so for all 7 > 0 the inverse P(7)~! is not nonnegative.

On the other hand
1

rl=—m

P(r)7 ! = C(1)"'By trev B(Y/7) 71,
where by Proposition 1.26 C(7)~! > 0 and rev B(1/r)~! > 0. Hence, P(7)~*
is nonnegative. This is a contradiction.

(797) (a) From Proposition 4.25 (i#4) it follows that P has a right PFF. Pick the
minimal one and denote it by C, such that P(A) = B(A)C(\).
By assumption, for 7 > p we have ¢ 4(7) < 7™, since ¢/, (p) < mp and
p is the only positive number such that ¢ 4(p) = p™ and ¢4 is continuous.
This implies that P(7) is a nonsingular M-matrix for all 7 > p and,
therefore, B(7) is invertible for all 7 > p.

m—1

The assumption and Proposition 1.15 (i) imply that P has exactly mn
eigenvalues in D, and, therefore, has exactly mn finite eigenvalues. C has
exactly mn eigenvalues all of which are finite, since C is of degree m and
it is monic. So all of the mn finite eigenvalues of P are eigenvalues of C
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and furthermore spr(C) = p, since p is the largest finite eigenvalue of P
in absolute value.

This also implies that spr(rev B) < %, i.e., B(7) is invertible for all 7 €
[0, p].

Hence, B(7) is invertible for all 7 > 0 which is equivalent to spr(rev B) =
0. Note that this also implies that By is nonsingular.

l—m
Consider the factorization P(\) = < > /\ij> (M — C) of the canon-
j=0
ical reduction P corresponding to the factorization P(A) = B(A\)C(A) of
Bp * % %

n

P. Note that then By = . , see (3-43), so By is nonsingular.
I

From Corollary 4.3 it follows that By is a Z-matrix and so is By. From

(4-53) we know that

-1
Bo = In — Y Al

J=0

A(p) is irreducible, so let v € C", v > 0 be such that P(p)v = 0 and set
© = A(p)v > 0, where A is the operator from (3-45). Then A(p)0 = po
and by Proposition 4.5 Cv < pt. Hence,

-1 -1

) 1 ) . 1
DAl < DY A o< DY Ao = Ao = 0,
=0 j=0

-1 4
SO Spr (Z Aj.l,_lC‘]) < 1. Suppose that equality holds here. Then we
=0

-1 ,

can find a w € C™, ¥ # 0 such that > A;11C7® = @, which im-
§=0

plies that Bypw = 0, thus w = 0, since By is nonsingular. Therefore,

-1 _
spr (E A;11C? | <1 and hence, By and By are nonsingular M-matrices.
§=0

By Proposition 1.15(i%) it follows that P has exactly mn eigenvalues in
the open disc D, d of which lie on the circle T, at the d-th roots of p? due
to Theorem 4.23. The remaining (I —m)n eigenvalues of P must belong to
B, which has no eigenvalues in C due to spr(rev B) = 0. Hence, these are
eigenvalues at infinity. Since the matrix polynomials B and B = BBy !
have the same eigenvalues, the assertion is proved.

By assumption we have that ¢4(7) < 7™ for all 7 € (0, p), since p is
the only positive number with ¢4(p) = p™ and ¢4 is continuous. Let
P(A) = Mppn — A()) be the canonical reduction of P. Then ¢4(7) < T
for all 7 € (0,p). Then by Proposition 4.7 for each 7 € (0,p), P has a
spectral right root and hence, P has a spectral right PFF C,. w.r.t. T..
¢a(T) < 7™ then implies that spr(C;) = 0, i.e., 0(C;) = {0} and the
eigenvalue zero has the algebraic multiplicity mn. By [Mar88, Lemma
22.8], C = C; does not depend on 7.

p is an eigenvalue of P, since ¢4(p) = p™. Hence, spr(rev E) = %. By
Theorem 4.23 the number of eigenvalues of P on T, is d and they lie

83



at the dth roots of p?. The last statement on the eigenvalues follows
immediately.

(¢) The statements on the second derivative of ¢4 and on the eigenvalues of
P on T, directly follow from Theorem 4.23 and Proposition 4.27.

(tv) From Theorem 4.23 it follows that P has eigenvalues on T,, and T,, at the
dth roots of p¢ and p4, respectively. For any 7 € (p1, p2) we have ¢p4(7) < 7™,
so by Theorem 4.1, P has a spectral PFF w.r.t. T,, i.e. P(\) = B(\)ByC(\),
with ¢(C) € D, and o(B) C C\ D,. Since there are no eigenvalues of P in
the annulus A, ,,, the eigenvalues on T,, are peripheral eigenvalues of C
and the eigenvalues on T,, are peripheral eigenvalues of rev B. Proposition
4.25 (4ti) and (iv) imply that these eigenvalues are algebraically simple. The
remaining part of the assertion follows immediately and from the uniqueness
of the spectral PFF with a given spectrum (see [Mar88, Lemma 22.8]).

(v) By Theorem 4.1, P has a spectral PFF C,; w.r.t. to T, for any 7 > 0 and
Proposition 4.25 () implies that spr(C,) = 0. Again, C = C; is independent
of 7 and so spr(C) = 0 and also the left factor B does not depend on T, since
it is uniquely determined by C. So from o(B) C C\D; for all 7 > 0 it follows
that B has no finite eigenvalues, hence, all its (I — m)n eigenvalues are at

infinity.

(vi) From Proposition 4.25 it follows that P has a right PFF C, P(\) = B(A)C(A).
Since each 7 > 0 is an eigenvalue of P, o(P) = C, i.e., P is singular. C' is
monic, so C' has finitely many eigenvalues and B has to be singular.

O

Note that the PFF in case (i4i)(c) of Theorem 4.28 is not a spectral PFF in the
sense of our definition of the beginning of this chapter.

We now give a few examples concerning Theorem 4.28 and start with the special
case of scalar polynomials.

Example 4.29. Cousider the scalar polynomial p(A) = A™ — a(\) with a(\) =
Zé’:o Maj, 1 >m, a; >0 and 23':0 a;j > 0. Let d = ged{m — j: a; > 0}.

p is an irreducible 1 x 1 m—monic polynomial and d is the index of phase imprimi-
tivity of the graph G,,(ag,...,a;), which has only one vertex. We apply Theorem
4.28 to study the roots of p and the existence of factorizations

l—m m—1
) = [bo— D Mbj | [ A" =D Ne; |, (4-77)
j=1 j=0

such that by, ba,...,b_m,a0,01,...,a;, = 0 and such that the roots of b(\) =
bo — Zé_:’l” Mb; and c(A) =A™ — Z;nz_ol N e¢; are separated by a certain circle. Note
that the function ¢, in the scalar case can be written as ¢q(7) = a(7), 7 > 0. This
also implies that the function a : (0,00) — (0,00) is geometrically convex. From
Theorem 4.28 it follows that the following five cases can occur.

(7) a(r) > 7™ for all 7 > 0. Then p has no factorization as in (4-77).

(i4) a(t) > 7™ for all 7 > 0 and a(0) = 0. Then either p has no factorization as
in (4-77) or by < 0.
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(#i7) There exists exactly one p > 0 with a(p) = p™. If

(a) a’(p) > mp™~!, then p has a factorization as in (4-77), such that ¢ only
has 0 as a root with order m, b has d simple roots on T,, which are
precisely the dth roots of p? and I —m — d roots outside of D, (counting
orders).

(b) a’(p) = mp™~1, then p has a factorization as in (4-77) such that ¢ has
m — d roots in D, b has | — m — d roots outside ﬁp and both, b and ¢
have simple roots on T, respectively, which coincide with the dth roots
of pd. Furthermore, we have a”(p) > m(m — 1)p™ 2.

(iv) There exist exactly two numbers py > p1 > 0 with a(p;) = pf* for j = 1,2.
Then p has a factorization as in (4-77), ¢ has m — d roots in D, (counting
orders) and d simple roots on T,, which coincide with the dth roots of p¢. b
has [ —m — d roots outside D, and d simple roots on T,, which coincide with
the dth roots of pd.

The next two examples can be found in [FN05a, Example 4.11]. They show that in
case (ii) of Theorem 4.28 both possibilities - either P has no PFF or By is not a
regular M-matrix - can occur.

Example 4.30. Let n € N and let A(\) = A\2A45 + \I,,, where Ay € R™" is strictly
positive and irreducible. Then we have

P()‘) = AIn - A(/\) = _/\2A2 = (O - )‘A2)(/\In - 0)7

da(T) = T+ 12spr(As) > 7 for 7 > 0, and P has the minimal right PFF \I,, — 0,
but By = 0 is not invertible.

Example 4.31. Consider again Example 1.5, i.e.,

A = Kp j] ,

with p > 0. Then, with the notation from Example 1.5, ¢p4(7) = spr A(r) > 7 for
all 7 > 0 is equivalent to £ — &* < /p for all £ > 0, which holds if and only if
50,§§<\/§, or p > 2%.

We will show that for p > 5, P(A) = AIy — A()) has no PFP. Suppose that C is
a nonnegative root of P, i.e. P(A\) = (AB1 + By)(Al; — C). Then C is nonzero,
since Ag = [ }] is nonzero and by Proposition 4.25 (i), C' is nilpotent. Therefore,
C=1[%]orC=[§§] with ¢ > 0.

From the first case it follows that [§ ] = BoC = [§ 8]7 with some «a, 8 € R, which
is a contradiction.

ao Bo _ | a1 B
Yo éo}’Bl - [% 51

If we suppose the second case and set By = [ }, then we have

[§8]=BoC = [ 5°], hence, By = [051 ?8} and therefore

I:—lp(l)] :IQ _Al = BO —BIC: |:071 Bo—alc] 7

0 do—mic

which, again, is a contradiction. Hence, P has no PFF.
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4.4 The operator equation X = Zé‘:o A; X0

In this section we show that the fixpoint iteration from Section 4.1 does also con-
verge in a more general setting under slightly stronger conditions. These conditions
appear in [Mar88|, where they imply the existence of a spectral factorization of an
operator polynomial.

Proposition 4.32. Let 2 be a complex Banach algebra and let P(\) = A —

Z;ZO M A; be a 1-monic algebra polynomial with A; € A. Suppose that there exists
- . ,

ap >0 such that a(p) =320 P | As]l < p-

Then the fizpoint iteration (X)gen C 2 defined via

l
Xo=0, Xp1 =) A;X] (4-78)
j=0

CONVETgES.

Proof. W.lo.g. we may assume that v == ¢/, (p) = Zzzljpj_l\|Aj|| < 1. Other-
wise, there exists a nonnegative pyg < p such that (5,4(;)0) = pp and ¢~>£4 (po) < 1. We
can choose a p; > po near py such that ¢4(p1) < p1 and still ¢/, (p1) < 1.

We will show that (X} )ren is a Cauchy sequence.

We have that || Xx|| < p for all k£ € N. Indeed, clearly, || Xo|| < p. Suppose that for
1 j 1 ;

some & € N, || Xy < p. Then | Xe1l| < o I14; 11 Xel < e 145197 < p, by

assumption. For all k € N'\ {0} we have

j—1
PIP.CID (AT R st
v=0
j—1
DX (X — X ) XY
v=0

X3 = Xl

7j—1
—1—v v
< ZHX/Jc X5 — Xe—1 1 X5l
v=0
j—1
<P NXe = Xl = G0 I Xk — Xiall.
v=0

Hence, from the definition of the iteration it follows that for all £ € N

1
X1 — Xel <3200 A Xk — Xooa | = 21X — Xl
§=0
Let p € N be such that X, # 0 and X; = 0 for k < p. Then we have for all k£ > p
X1 = Xill <AMPFHX, = Xpoa]] = 2572 X .

O

Notice that the condition ¢4(p) < p from Theorem 4.8 is weaker than the condition
dalp) = Zé‘:o P'|A;| < p from Proposition 4.32. Indeed, from the latter it follows
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that

l
$a(p) = sup sprA(A) < sup AN < sup D o[ A5l = balp) < p.
[Al=p [A=p IAM=r 20

Let X € 2 be the limit of the fixpoint iteration (4-78). From [Mar88, Lemma 22.9]
it then follows that under the conditions of Proposition 4.32, A\l — X is a right divisor
of the polynomial P. A. S. Markus obtained this result in [Mar88, Section 23] as
a consequence of an abstract factorization result in decomposing Banach algebras,
see [GKS03, Theorem 2.5]. Proposition 4.32 implies the existence of a divisor of P
via basic operator theoretical concepts.
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5 Computing spectral factorizations of m—monic
matrix polynomials with a cyclic reduction al-
gorithm

Suppose that for the m—monic Perron-Frobenius polynomial (PFP, see Chapter 4)

l
P(\) = \"I, — A(\) = A1, — ZAJ’Aj

=0

the conditions of Theorem 4.1 hold. In particular, there exists a p > 0 such that
spr(A(p)) < p™. In this section, by writing p we always refer to this number. Let

I-m m—1
PO = BOBCO) = (1= S VB, | By (XL - Y ve; | (5m9)
j=1 =0

be the spectral factorization according to Theorem 4.1. It is, furthermore, assumed
that A is irreducible, i.e. that A(7) is an irreducible matrix for all 7 > 0, see Section
4.3.

In this section we describe how a cyclic reduction method for certain Markov pro-
cess type problems can be used to explicitly calculate the factors B, By and C.
Cyeclic reduction (CR) was designed as a powerful direct method for solving certain
structured matrix problems, in particular block tridiagonal block Toeplitz systems
encountered in the finite differences discretization of the Poisson equation over a
rectangle. Several modifications have been developed, for instance for solving linear
systems arising from the discretization of boundary value ODEs. The cyclic reduc-
tion method has been rediscovered as a quadratically convergent iterative algorithm
for solving certain infinite systems and nonlinear matrix equations associated with
stochastic processes, see e.g. [AP97], [BLMO05], [BM09], [BG94], [BGN70], [Hel76],
[Swe88].

We will refer to the CR method presented in [BLMO05, Chapter 7.4]. In this book,
the CR method is used to compute the minimal nonnegative solution G, of the
matrix equation

X=> AXT, (5-80)

i=—1

where minimal means that if Y is any other solution of this equation, then G, < Y.

We will start with sketching the basic idea of CR, (for a more detailed description
of the method, see [BLMO5]). Before we do that, we will briefly recall the notion of
Toeplitz operators.

N S;

Associate with the matrix Laurent power series defined by S(A\) = 3",

the semi infinite block matrix
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So S S Sy
S.1 So  Si S
TolS] =[Sy —S.1 S, S - |. (5-81)
S.s S_, S_1 S

This matrix is called a block Toeplitz matrix, since (Tx[S]);; = S;—; for all
i,j € N, where (T[S]);; denotes the n x n block in the 4-th block row and j-th
block column of T [S].

An infinite block Toeplitz matrix

Fy, F., F_,

P Fy, F,
T —

F, F F,

with F; € C™" for all j € Z, induces a bounded operator on ¢2, where ¢2 denotes
the space of all sequences (zx)reny C C™ such that

o0 /2
]l = (Z $k|2> < 0,
k=1

if and only if the entries of T are the Fourier coefficients of a matrix function with
entries in L°>°(T), more precisely,
1 2w . .
8 A G
for some matrix function F : T — C™" with entries in L>(T), see e.g. [BS99],
[BLMO5].

The basic idea of CR. is to rewrite equation (5-80) as the semi-infinite linear system

I— AO —Al —A2 s X Afl
—A_1 I—AO —A1 X2 0
3| = :
—AL - A X

After applying a suitable (so called even-odd-) permutation, one obtains the system
1 1

)

Uy 1-Us3

X
X_

0
B

7

X2
where Ul(,ll)7 U2(712), 1(12), U2(11) are some semi infinite Toeplitz matrices, X = lX4] ,

X

3 A
X = ’f]andB: 0

1 . In particular, I — Ul(ll) is an upper block triangular
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matrix with I, — Ag on the diagonal. Under suitable conditions Ull) UQ(}l),I -

U2(12 and (I — Ul(l)) represent bounded operators. Performing one step of block
Gaussian elimination, one obtains

1-uv{) vy
0 (1)

0
B

A+
X_

, (5-82)

where H1) =T — U2(12) Uz(ll)( U1(1 )~ 1U1 is the Schur complement of I — U2(12)
Analyzing H®, one finds that H®") has block Hessenberg form (i.e., it has only
zero blocks below the first subdiagonal) and block Toeplitz form except for the first
block row. Hence, the lower system of (5-82), HMX_ = B, can be written as

2(1 2 (1 1(1
I-A»D AW AP T ey A,
—AY Al A ] e 0
X5 © : )

1 1
0

where the semi infinite block Toeplitz matrix on the left hand side can be proved to

define a bounded operator on £2, see [BLMO05, Section 7.4]. Recursively repeating

n?

this process of permuting and one step of Gaussian elimination leads to the system

1-AP AP AP

X A
AN oAl A e x 0
X2‘2k+1 =

k k
_ A(—l) 7 — Aé )
0
after the k-th step. The Schur complements H*®) (analogous to H") which appear

in each step are well defined bounded operators, see [BLMO05, Section 7.4]. Hence,
the minimal solution G, of equation (5-80) satisfies

_ 0o
Gt = (I — Ag’“)) s ; B Gi2t+1

This method heavily relies on the invertibility of the upper block triangular matrix
I—- Ul(’kl) which appears in each step after the permutation. We suppose for the
moment that this is satisfied and will return to this question later. It then follows
that for each & € N also I — A(()k) is invertible, hence, the given representation of
G oin 1s well defined.

It can be proved that Z A(k)Gj 2841 converges quadratically to zero for kK — oo

min

and that (I— A(()k)) is quadratically convergent, see [BLMO05, Section 7.4.1], hence,
GW = (- AM)ta,

is a valid approximation for Gpiy.

The CR algorithm presented in [BLMO05] is suited for some special type of Markov
chains. Markov chains are stochastic processes, i.e., families {X;: j € N} of random
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variables X;, which have the so-called Markov property, i.e., that X; only depends
on Xj—l .

Associated with this type of Markov process is a so-called generating function of
the form

PA) =M, — Y NTA;, (5-83)

j=—1

where the coeflicients A; are certain entrywise nonnegative matrices such that
Z;i_lAj is irreducible and stochastic, i.e. Z;’;_l A;1, = 1,. In [BLMO05] is
shown that CR can be applied for the substochastic case, i.e. Z;’;_l A;l, <1,

as well.

5.1 Transformation to a Markov problem

In order to apply CR as depicted above to our PFP P, it has to be transformed in an
appropriate way to a suitable generating function of some Markov chain of the type
(5-83). For a reason that will become clear later in this section, it is useful to reduce
the m—monic polynomial to a 1-monic polynomial via the canonical reduction from
Chapter 3. Roughly spoken, this allows us to easily read off the coefficients C;
of the right Perron-Frobenius factor (PFF, see Chapter 4) C' of P. Therefore, we
suppose in this section that P is a 1-monic matrix polynomial. The factorization of
the original polynomial then can easily be recovered as is described in Section 3.2.

If we have P(A\) = X™I,, — A(\) and P(\) = Ay, — A()N) is the corresponding
canonical reduction, then, due to Section 3.1,

l
Z )\jimleAj Am—2 e AO
=m—1

I

J

I 0

and therefore, unfortunately, A is in general not irreducible if A is. More precisely,
we have the following Proposition. For its proof recall the definition of the associated
directed graph of a matrix as given in Section 4.3.

Proposition 5.1. A is irreducible if and only if Ay has no zero columns.

Proof. Fix any 7 > 0 and consider the associated directed graph G 4(;) = (E, V) of
A(r) e Cmmmn,

We have that

S ‘
> ijm“Aj Apm_o - Ao
=m-—1

I

J
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For clarity, arrange the mn vertices of G 4(r) in a rectangle of m rows and n columns.

Enumerate them from the left to the right and from top to bottom.
0 - - 0

Consider A = [I . ] , obtained by setting Ay, ..., 4; = 0 in A(7). Then, due

10 -
to the positions of the identities in A, the graph G ; looks as follows.

(m—1)n+1 s mn

Figure 5: the graph G ;4

Therefore, for each p,p € (m —1),, p < p and for each g € (n) there exists a path
from pn + ¢ to pn + q.

The associated graph G 4(;) of A(7) looks the same with the difference that there
are additional edges with starting vertices only in the first row, i.e. at the vertices
1,...,n. Note that GA(T) = G.A(l)-

Obviously, if Ay has a zero column, let us say column j, then there is no edge
leading to vertex (m — 1)n + j, and hence, the graph cannot be strongly connected.
Thus A(7) is not irreducible.

Now suppose that Ay has no zero columns. This implies that for each j € {(m —
1)n+1,...,mn} there is an ¢ € (n) such that (i,j) € E, in other words, each
vertex in the last row has an incoming edge from at least one vertex of the first row.

Since by assumption A(1) = ij:o A, is an irreducible matrix, we furthermore

have that from each of the vertices in the first row there is a path to each column
of the graph. More precisely, for each ¢ € (n) and each j € (n) there is a path
in G 4(ry from i to pn + j for some p € (m —1),. Indeed, fix any ,j € (n) and
let i = iy — 42 — -+ = ix—1 — j be a path in A(1) from ¢ to j. Then there are
P1,D2,- -, Pk € (m — 1), such that

T —pin+ip —> 91— pan +ig —> g —> -0 > PN+ lg_1 —> ipg—1 — DN+ J

is a path in G 4(7)-

Now, with these preparations we can give a path from any vertex pn + ¢ to any
other vertex rn + s (p,r € (m—1), and ¢,s € (n)). Let § € (n) such that
(8, (m — 1)n+ s) € E, which exists since Ay has no zero columns. Let furthermore
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7€ (m —1), be such that ¢ — --- — #n + 35 is a path in G 4(r). Then a path from
pn 4+ q to rn + s is

mt+qg—--—=qg—>--=>Mm+§—>-- 25> (m—-—1)n+s— - —>rn+s.
Hence, A(7) is irreducible. O

Clearly, in general, we cannot expect Ay to have no zero columns and hence, A of
the canonical reduction is in general not irreducible. But still an important property
of the irreducible A is preserved as the following proposition states.

Proposition 5.2. Let P(\) = \™I,, — A(\) be an m—monic n X n PFP such that
A is irreducible and let P(X) = A — A(X) be the canonical reduction of P. Then,
for any T > 0, there exists a strictly positive eigenvector of A(T) corresponding to
the eigenvalue spr(A(T)).

Proof. Since A(7) is an entrywise nonnegative matrix, it has an entrywise nonnega-
tive eigenvector 4 € R™™ corresponding to the eigenvalue 0 < r = spr(A(7)). Write

w1
U = l : ] with uq,...,u,, € R". Hence, we have that
Ui

l
Z TjierlAj Ap_o -+ Ag
=m-—1 U U1
I

J

I 0

Solving this system, starting with the last row, we obtain w,,_; = rfu,, for j €
(m —1),. The first block row now reads

l
Ay = [ D0 M T A 42 A b AL+ Ag |t =1 .
j=m—1

Now, the matrix A on the left hand side of the equation is irreducible, since A is
irreducible and therefore, u,, is strictly positive and #™~! is the spectral radius of

A, see e.g. [Min88, Theorem 1.2.2, p.7] and [Min88, Theorem 1.4.4, p.16]. But since

Tm,—l

U= : ® U, U is strictly positive as well. O

IS
1

As mentioned above, and in view of Proposition 5.2 we suppose from now on that P
is a 1-monic PFP of degree [ and that there exists a p > 0 such that spr(A(p)) < p
and a strictly positive eigenvector corresponding to the eigenvalue spr(A(p)) of A(p).

The main step of the transformation to a Markov problem consists of a suitable
scaling of P(\) = A, — A()\) into a polynomial P(\) = A\I — A()) such that the
matrix A(1) is substochastic, i.e., A(1)1,, < 1,,.

First introduce a new variable u by pu = %. Then
P(X) = P(up) = p(ul — p~ ' A(pp)).
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Introduce matrix polynomials A and P via

A(u) = p~ Alpp) and  P(p) = pl — A(p), (5-84)
i.e., P(u) = p~'P(up) and A; = p?~1A; for j € (1),.
Then
sprA(1) = spr (p~"A(p)) = p~"spr (A(p)) < p~lp=1.

Since A(p) has a strictly positive eigenvector v = (v;)}_; to the eigenvalue spr(A(p)),
the matrix A(1) = p~*A(p) has the same strictly positive eigenvector to the eigen-

value 6 = spr(A(1)). Hence, the matrix D, defined by D = diag(vy,...,v,) is
nonsingular. Setting

A(p) = D™ A(u)D

one obtains

A1 =D'A1)D1=D'A(l)v=D"19v =01 < 1.

Introduce the matrix polynomial P defined by

P(u) = D' P(u)D = pI — A(p) = pl = > pil A;;, (5-85)

j=0

where A; = pP " 'D71YA;D for j € (1),.
Then P is a 1-monic PFF with A(1) substochastic.
The next Proposition gives the connection between spectral factorizations of P and
P. Although we would like the left factor B to have the form given in (5-79), at
this point it is more convenient to use B(A\)By = Zé;t M B;, since this simplifies
the following calculations and the desired algorithm. We will retrieve the desired
form of B right at the end of that algorithm.

Proposition 5.3. Let P with P(\) = AI,, — A()\) be a 1-monic PFP of degree l and
suppose that A(p) has a strictly positive eigenvector v = (vj)}‘zl to the eigenvalue

spr A(p). Suppose that P has a spectral right PFF with respect to T,, i. e.,

P(X) = BA)C(N),
such that

o(B)=0(P)N(C\D), o(C)=0c(P)ND
Then P has a spectral factorization with respect to the unit circle T
P(u) = B(u)C(p) (5-86)
with
B(p)= ) 1B, C(u)=upl—Cy

j=0

and



With D = diag(vy,...,v,), the factors B(\) and C()\) are obtained from B and C

via

-1

B(\) =) MNBj, where Bj=p~'DB;D™", (5-87)
7=0

C(X) =M —Co, where Coy = pDCo D™ (5-88)

(5-89)

Proof. If v > 0 is such that A(p)v = spr A(p)v, then from (5-84) it follows that

pA(1)v = spr (pjl(l)) v = pspr (A(l)) v,

i.e., v is a positive eigenvector of A(1) corresponding to the eigenvalue spr A(1).
(5-84) and (5-85) then imply that P(u) = p~* D=1 P(up)D. Using the factorization
for P we obtain

P(u) = p~" D' B(up)C(up)D = p~ D" B(up) DD~ C(up)D.

Define

B(p) =D 'B(up)D and C(u) = p~'D~'C(up)D,

thus P(u) = B(u)C (). Obviously A is an eigenvalue of B (or C, respectively) if
and only if A/, is an eigenvalue of B (or C, respectively). We have

-1 -1
B(p)=D"" (> p'B; | D=> 1/ (f/D'B;D) and
j=0 j=1

C(u)=p 'D (upl — Co) D = pI — p *D~'CyD.

Setting B; = p’D™'B;D for j € (I—1), and Cyp = p~'D"'CyD immediately
implies (5-87) and (5-88). 0

In view of Proposition 5.3 we will now assume that P(A) = AI — A(}\) is such that
A(1) is substochastic.

Now it will pay off that we started with a 1-monic PFP, or in other words, that we
first passed over to the canonical reduction of P, since we can apply the following
theorem, which can be found in [BLMO05, Theorem 3.18] or [Mar88, Lemma 22.9].
We already made use of it in Section 4.1. Here, it is adapted to our current situation.
We will write P(X) = X — A(X) =X — Y\  A;X7.

Theorem 5.4. Suppose that the 1-monic PFP P(\) = A — A()) is of degree | and
that A(1) is substochastic. If P has a spectral factorization

-1
P(\) = B(\)BoC(A) = | I, = Y N B; | Bo(\ - Cy)

with respect to the unit circle T (i.e., Cy is the spectral right root of P w.r.t. T),
then, Cy is the unique solution of the equation P(X) =0 such that spr(Cp) < 1.

Note that the equation P(X) = 0, or X = 23:0 A; X7, is of the form (5-80).
Therefore, the CR-Algorithm applied to this equation delivers an approximation
for the right root Cy of P (for the notion of a right root, see Section 4.1).
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5.2 Algorithm

For the remainder of this chapter we suppose that P(A\) = A\l — A(\) is a 1-monic
PFP and A(1) = Zé‘:o Aj; is substochastic.

In this section we present an algorithm to compute the coefficients of the spectral
factorization of a given m—monic matrix polynomial. As mentioned in the previous
section, the method of cyclic reduction relies on the invertibility of the matrices
I—- Ul(}l), I—- U1(,21)u ... which arise after the permutation in each step. To verify this,
it is convenient to shortly introduce the notion of communicating and final classes
according to [BLMO5].

Let G4 = (V,E) be the associated directed graph of A. For i,j € V define the
relation ~ via i ~ j iff there is a path in G4 leading from ¢ to j and a path in
G 4 leading from j to i. We say ¢ communicates with j. Note that if i and
j communicate via the paths P; and P, then 7 communicates with each vertex
on P, and P,. Hence, with the convention that each vertex in V' communicates
with itself, communication is an equivalence relation. We call an equivalence class
induced by the communicate relation a communicating class. For instance, if A
is irreducible, then V itself is the only communicating class in G 4.

Although no vertex of a communicating class U C V communicates with a vertex
which does not belong to U, there can still be paths leading out of it. We call a
communicating class U such that there is no path leaving U, a final class. For
simplicity of speech, we also say that the matrix A has a (final) communicating
class.

We now return to the question if we can guarantee that each step of the CR algo-
rithm is well defined. From [BLMO05, Theorem 7.7 and Theorem 7.8] it follows that
for each step k, the matrix I — U1(,k1) is invertible if the matrix A(1) = Zé‘:o A;j has
only one final class. This is of course true if we initially started with a 1-monic PFP
such that A(1) is irreducible, since in that case, there is only one communicating
class. However, if the initial polynomial was m—monic with m > 1, we performed a
canonical reduction beforehand and A(1) € R™™™" looks as follows

[l+m—1 _ - ~
E Aj AT}'L—2 o AO
j=m—1

Aan=| 1 , (5-90)

I 0

where Ag, Ay, ... 7Al+7n—1 € R™™ are such that Z?;g"_l Aj is irreducible. There-
fore, it remains to prove the following lemma.

Lemma 5.5. The matriz A(1) in (5-90) has exactly one final class.

Proof. Consider the associated directed graph G 4(1) of A(1) and Figure 5 in Sec-
tion 5.1. In that section, we already saw that since by assumption Zé‘:o flj is an
irreducible matrix, we have that from each of the vertices in the first row of the
graph there is a path to each column of the graph. More precisely, for each i € (n)
and each j € (n) there is a path in G 4(1) from i to pn 4 j for some p € (m —1),,.
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Now, in each column of G 41y = (V, E), delete all vertices which are below the
last vertex that has incoming edges from the first n vertices. In other words, for
each j € (n) do the following. Let p; € (m — 1), be the largest integer such that
(i,pjn+j) € E for some i € (n). Delete each vertex pn+ j with p; <p<m—1
as well as its unique single outgoing edge. Note that the vertices 1,...,n are never
deleted in this manner, since each column of the graph has at least one incoming edge
from the vertices 1,...,n. Completely analogously as in the proof of Proposition
5.1 it follows that the remaining set of vertices is a communicating class. It is also a
final class, since in the process we only deleted vertices that had no incoming edges.
Each of the vertices which where deleted in the process constitutes a communicating
class only consisting of itself. Clearly none of them is a final class, since they all
have an outgoing edge. Hence, G 4(1) has precisely one final class. O

Now that we know that the method is applicable, we write it down explicitly step by
step. For clarity, we will first summarize the strategy, since it also involves results
from previous chapters.

Start with an m-monic PFP P(\) = A1, — A()) of degree [ and a p > 0 such that
da(p) = sprA(p) < p™. From Theorem 4.1 it follows that P has a spectral right
PFF C(\) = \™I, — Z;":_Ol M C; with respect to the circle T,. Suppose furthermore
that A is irreducible. Calculate the canonical reduction P(A) = AL, — A(X), see
Corollary 3.3, which is a 1-monic PFF of degree | —m+ 1 which satisfies ¢ 4(p) < p.
Perform a scaling of P to a polynomial P, P(A) = A, — A(\) such that A(1)
is substochastic, according to Section 5.1. A satisfies ¢ 1(1) < 1, hence, it has
a spectral right root Cy w.r.t. the unit circle. Apply the CR-algorithm as given
in [BLMO5, Section 7.4] to obtain an approximation for the minimal solution of
the equation P(X) = 0 or X = Zg;’g“ A; X7, which coincides with Cp, due to
Theorem 5.4. Use Lemma 4.2 to obtain the coefficients By, ..., B;_,, of the left
factor of P and then Proposition 5.3 to calculate the coefficients Bo, . .., Bi—m, Co of
the factorization of P. From Corollary 3.6 and Remark 3.5 obtain the coefficients
By,B1,...,Bi_m,Co,...,Ch_1 of the desired spectral factorization of the original
PFP P. By is a nonsingular M-matrix, see Proposition 4.7.

!
Algorithm 5.6 (Spectral factorization for P(\) = AL, — A(\) =A™, — Y M A4;).
j=0
INnpUT: The coefficients Ay, ..., A; and p > 0 such that spr A(p) < p™.

OutpuT: The coefficients By, B1,...,Bj_m,Co,...,Cn_1 of the factorization

l—m m—1
P() = (I = Y0 NB; ) Bo (X1 = > NG5 ).
j=1 j=0
COMPUTATION:

1. Build the matrices

Appq e o Ao Ajtm—1
I 0 0
Ao = ) ) and Aj; = . (7€ (l=m+1))
10 0
and set A(p) = Zé;’g“ PPA;.

2. Compute a positive eigenvector v of p~1A(p) to the eigenvalue p~!spr.A(p).
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. Set D = diagv and A; = p/"!DLA;D for j € (1),.

. Apply the CR algorithm [BLMO05, Section 7.4] to compute the minimal solu-
tion Cy of the matrix equation

l—m+1
X= " Ax
j=0
. Set
B l—m—k B B
B =00klmn — Y ArsjniCl (ke (l—m),).
j=0
. Set
Co=pDCoD™ and By =p *DB,D' (ke (l—m),).
. Set

Cr = (CO)l(m—k) (] € <m - 1>0)7
By = (80)11 and By = —(B}c)uBal (k S <l — m>)
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6 Conclusions

In this thesis we study spectral properties of analytic m—monic operator- and matrix
functions F'(A\) = A™I — A(\). A major focus lies on m—monic operator- and matrix
polynomials with coefficients that satisfy certain nonnegativity conditions.

Chapter 1 establishes a general framework for the investigation of spectral properties
of m—monic Banach algebra functions. A major role is played by a geometrically
convex scalar function ¢ 4 associated with the spectral radius of A(A). This function
was introduced in [FN05a].

Eigenvalues of m—monic operator functions which lie on some circles around zero
are rotation invariant with respect to angles corresponding to certain roots of unity
if the coefficients of the function are self-adjoint and satisfy some condition which
is closely related to a condition on the function ¢4 at some point p > 0. This is
investigated in Chapter 2 and extends results of [Wim08] and [SW10].

Very crucial for the investigation of spectral properties of m—monic operator- and
matrix polynomials is the canonical reduction from the m—monic to the 1-monic
case. It is a generalization of the linearization via the first companion form and
allows the application of fixpoint iterations, which are an suitable tool for the study
of factorizations of 1-monic operator- and matrix polynomials. A one-to—one cor-
respondence between factorizations of the m—monic polynomial and its canonical
reduction guarantees that the original polynomial has a factorization if and only if
its canonical reduction has one. Formulas which express one factorization in terms
of the other one are available. Furthermore, in the case of matrix polynomials, it
is possible to calculate Jordan chains of the original polynomial from the Jordan
chains of its canonical reduction and vice versa. The canonical reduction and its
properties are established in Chapter 3.

Spectral properties and factorization results of m—monic matrix polynomials with
entrywise nonnegative coefficients are presented in Chapter 4.

Using fixpoint iterations, a condition for the existence of spectral factorizations
of an 1-monic matrix polynomial P with nonnegative coefficients is given. Those
factorizations separate the eigenvalues of P with respect to certain circles. Via
canonical reduction, this result can be transferred to the m—monic case. This is a
special case of an abstract result in ordered Banach algebras given in [FN0O5b] and
its proof uses only matrix theoretical concepts. This is given in Sections 4.1 and
4.2,

m~—monic matrix polynomials P with entrywise nonnegative coefficients such that
the sum of the coefficients is irreducible can have eigenvalues that have a certain
rotation invariance. This symmetry is very similar to the rotation invariance of
peripheral eigenvalues of entrywise nonnegative irreducible matrices which is a con-
sequence of the well known Perron—Frobenius theory. The study of an infinite graph
associated with P is key for the analysis.

A description of spectral factorizations, their existence and their eigenvalues in the
irreducible case is given via the characterization of eight cases which can occur.
These are extensions to results of [FNO5a] and are studied in Section 4.3.

Assumed that an P satisfies the condition for the existence of a spectral factoriza-
tion (Section 4.2), a numerical algorithm for the calculation of the corresponding
factors is available. Its core is constituted by a version of a cyclic reduction method
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suited for a certain type of Markov chains which is presented in [BLMO05]. A suit-
able transformation of the factorization problem to a Markov problem allows its
application. This is done in Chapter 5.
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