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Introduction

Explicit parametrizations of surfaces with special properties have always
been intensively studied in differential geometry. Local explicit parametriza-
tions were found for large classes of surfaces in the 19th and at the beginning
of the 20th century. At the end of the 20th century the focus shifted to global
parametrizations, e.g., conformal immersions of compact Riemann surfaces
into space. A prominent example is the explicit description of all constant
mean curvature tori in R3, S3, and H? using methods from the theory of
integrable systems [PS89, [Bob91].

The main tool for the investigations of this thesis is the quaternionic ap-
proach to surface theory, as introduced in [PP98, [FLPP01, BFLPPO02].
In this theory, branched conformal immersions of Riemann surfaces into R*
are represented as quotients of holomorphic sections in quaternionic holo-
morphic line bundles. The action of GL(2, H) on the two dimensional linear
system spanned by the two holomorphic sections amounts to Mobius trans-
formations of the quotients. The appropriate target space of the branched
conformal immersions is therefore S* = HP!. This is reminiscent of the
meromorphic functions on Riemann surfaces, which are holomorphic maps
into S = CP!.

The well known Pliicker formula for complex holomorphic curves carries
over to the quaternionic setup, involving a new invariant of quaternionic
holomorphic geometry: the Willmore energy. The quaternionic Pliicker for-
mula implies for a quaternionic holomorphic line bundle L over a compact
Riemann surface of genus g and an (n + 1)-dimensional linear system H of
holomorphic sections of L the Pliicker estimate

%W > (n+1)(n(l—g)—d)+ord H,

where W is the Willmore energy and d is the degree of L. The integer ord H
counts the total branching of the osculating curves of the holomorphic curve
in HP™ that corresponds to the linear system H via the quaternionic analog
of the Kodaira correspondence.

The central theme of this thesis is the investigation of linear systems
with equality in the Pliicker estimate. It is proven that all linear systems
with equality can be described by complex holomorphic data. More pre-
cisely, to every (n + 1)—dimensional linear system with equality corresponds
a complex holomorphic curve in CP?"*! and, conversely, every complex
holomorphic curve in CP?"*! that satisfies some nondegeneracy condition
yields a linear system with equality via twistor projection and dualization.
The quotient of two quaternionic holomorphic sections of a linear system
with equality can be obtained by algebraic operations and differentiation

v



vi INTRODUCTION

from a parametrization of the corresponding complex holomorphic curve in
®P2n+1.

The focus of this thesis is on soliton spheres, i.e., branched conformal
immersions of CP! into H that are quotients of two holomorphic sections
contained in a linear system with equality in the Pliicker estimate. Because
the corresponding complex holomorphic curve is a curve of genus zero, it
can be parametrized by polynomials in a rational parameter of CP!. This
implies that soliton spheres are parametrized by rational branched conformal
immersions. It is shown that the soliton spheres, investigated by Iskander
Taimanov [Ta99], are soliton spheres in the sense of this thesis. This justifies
the name and provides a direct link to the theory of integrable systems, since
Taimanov’s soliton spheres correspond to solutions of the Zakharov—Shabat
linear problem with reflectionless potential.

Furthermore, it is shown in this thesis that all Willmore spheres in S*
are soliton spheres. This fact is used to derive an algebraic construction
for all Willmore spheres in S* from rational curves in CP?. The condition
on the rational curve in CP? which ensures that the constructed Willmore
sphere lies in S3 is given. Robert Bryant shows in [Br88| that there exists
an immersed Willmore sphere with Willmore energy W in S if and only if
W =4mn and n € N\{2,3,5,7}. In this thesis it is shown that the Willmore
energy of an immersed soliton sphere in S? is 47n for some n € N\ {2,3,5}.

The construction of the Willmore spheres from rational curves in CP?
involves the Willmore-Bécklund transformation introduced in [BFLPPO02].
A generalization of this transformation to arbitrary holomorphic curves in
HP™ is proposed. It is shown that this generalized transformation includes
the Willmore-Béacklund transformation of Willmore surfaces as well as the
Christoffel transformation of isothermic surfaces.

In the theory of integrable systems there often exists a method to con-
struct all solitons of a given equation from the vacuum, i.e., the most trivial
solution. Attempting to find such a construction for soliton spheres, different
transformations of the round sphere were investigated. The most promising
candidate seemed to be successive applications of the isothermic Darboux
transformation to the round sphere. The first step, i.e., Darboux transfor-
mation of the round sphere, is nothing but Robert Bryant’s representation
[Br87] of constant mean curvature one surfaces (CMC-1) in hyperbolic 3-
space (cf., [JMNO1]). In this thesis it is shown that a countable subset of the
catenoid cousins, the most famous example of CMC-1 surfaces, are smooth
at their ends. Moreover, they are soliton spheres. To the authors surprise
it seems that CMC-1 surfaces that smoothly extend through their ends to
the ideal boundary of hyperbolic 3—space were not investigated previously.

This thesis is organized as follows. In Chapter [[| basic definitions and
facts concerning quaternionic holomorphic vector bundles over Riemann sur-
faces are collected. In addition it is shown that the isomorphism class of a
quaternionic holomorphic line bundle with a nontrivial holomorphic section
is uniquely determined by the zero divisor of this section and its normal vec-
tor. Furthermore, it is shown that quaternionic holomorphic line bundles,
even locally, do not allow nontrivial automorphisms.
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Chapter [[I}introduces the quaternionic holomorphic geometry associated
to a (branched) conformal immersion into the conformal 4-sphere. In par-
ticular, the Kodaira correspondence between 2—-dimensional linear systems
of holomorphic line bundles and (branched) conformal immersion into S4,
and the generalized Weierstrass representation of (branched) conformal im-
mersions is described. The behavior of the branched conformal immersions
obtained via Kodaira correspondence from 2-dimensional base point free
linear systems with Weierstrass points, or via Weierstrass representation
from holomorphic sections with zeros at their branch points is discussed.
Moreover, the relation of the four holomorphic line bundles that enter into
the Kodaira correspondence and Weierstrass representation of a (branched)
conformal immersion into S* are described in detail. This leads to the lad-
der of holomorphic line bundles and relations of holomorphic structures on
them. Finally, the special properties of the four holomorphic line bundles
associated to a conformal immersion into S® are described.

In Chapter [[T]] the relation between the osculating k—planes of a holo-
morphic curve in HP™ and the Weierstrass flag of its canonical linear system
is explained. The Pliicker formula and Pliicker estimate is formulated. The
Pliicker formula is applied to 1— and 2—dimensional linear systems, which
leads to well known formulas from classical surface theory and extends them
to branched conformal immersions that have at least one smooth normal
vector. It is shown that all linear systems for which equality holds in the
quaternionic Pliicker estimate can be obtained from complex holomorphic
curves in complex projective space via twistor projection and dualization.
Three equality preserving operations, two of them along the ladder of holo-
morphic line bundles, are described. Soliton spheres are defined in Mdbius
invariant terms, and it is shown that this definition is equivalent to a possi-
ble definition in Euclidean terms. The rational functions that describe the
differential of all soliton spheres in R? with rotationally symmetric poten-
tial, due to Iskander Taimanov [Ta99], are presented in our setup. Finally,
it is shown that the Willmore energy of an immersed soliton sphere in R? is
4mn for some n € N\ {2,3,5}.

In Chapter it is shown that all Willmore spheres in HP! are soli-
ton spheres. The 1-step Willmore—Bécklund transformation, introduced in
[BFLPPO02], is used to describe a construction of all Willmore spheres in
HP! from complex holomorphic curves in CP? that only uses algebraic op-
erations. This construction restricted to holomorphic curves whose tangent
curve in the Pliicker quadric @* ¢ CP® is contained in a space like projec-
tive hyperplane yields all Willmore spheres in R3. The hyperplane condition
implies that the twistor projection of the curve in CP? is hyperbolic super-
minimal. A unified description of the superminimal surfaces in R*, S*, and
H* using HP! models of these spaces is given (cf., [Br82, [Fr84, [Fr97]). Fur-
thermore, a generalized Béacklund transformation for holomorphic curves in
HP™ is proposed. It is shown that it includes the Willmore-Béacklund trans-
formation of Willmore holomorphic curves in HP! as well as the Christoffel
transformation of isothermic surfaces.

In the last chapter of this thesis it is shown that a countable subset
of the famous catenoid cousins (cf., [Br87]) extends to immersed soliton
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spheres. The proof uses the fact that Robert Bryant’s representation of mean
curvature one surfaces in hyperbolic space of curvature minus one can be
interpreted as Darboux transformation of branched holomorphic coverings
of the round 2-sphere (cf., [JMNO1]). A quaternionic proof of this fact is
given.
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CHAPTER 1

Quaternionic Holomorphic Vector Bundles

The present chapter provides basic definitions, facts, and useful formulas
concerning quaternionic holomorphic vector bundles. The aim is to provide
a quick reference for the following investigations.

1. Quaternions

This section collects some facts about quaternions. For proofs and more
about quaternions the reader may consult [Numbers].

1.1. Quaternions. The skew field of quaternions H can be obtained
defining a multiplication on R?. For this purpose the standard basis of R*
is denoted 1,1, j, k and the multiplication is defined by

i?=j2=—-1 and 1ij=—ji=k.
A quaternion A = a+ b+ Jjc+ kd € H is the sum of its real part, Re A = a,
and its imaginary part, Im A = ib 4 jc + kd. The imaginary quaternions
Im H will be identified with R3, where 1, j, k is identified with the standard

basis of Ili?’ The quaternionic conjugation is defined by A=Rel—ImA\. It
satisfies A\ = A and A\ = A\ € R>o.

1.2. Euclidean Geometry of R? and R* with Quaternions. For
the standard Euclidean inner product of R* one gets (\,u) = Re(\ji) =
Re(Ay). The absolute value of a quaternion |[A| = V/AX is the length of
X as a vector in R*. The real part of the quaternionic multiplication is
commutative, because Re(Au) is the standard Minkowski product of R*.
The product of imaginary quaternions A, u € ImH gets Ay = A x p— (A, w),
where x denotes the vector product of R3.

The multiplicative inverse of a quaternion X satisfies A\™* = A|[A\|72. The
unit 2-sphere S? C R? is the set of solutions of the equation A> = —1. The
orientation preserving similarities of R* are given by = — Az + ¢, and the
orientation preserving similarities of R® = ImH by = +— fzu + ¢, where
A€ H\ {0} and ¢ € H or ImH.

1.3. Quaternionic Vector Spaces. In this text quaternionic vector
spaces V are always right vector spaces. The dual V* of a quaternionic
right vector space V is naturally a left vector space. Defining the scalar
multiplication of 3 € V* with A € H by gA(z) = A\3(z), for all z € V, it is
also a right vector space.

A complex structure on a quaternionic vector space is a quaternionic
linear endomorphism J € End(V) such that J2 = —1. A quaternionic vector
space with a complex structure is a complex quaternionic vector space. The
complex and the quaternionic scalar multiplication of such a vector space
commute.

1



2 I. QUATERNIONIC HOLOMORPHIC VECTOR BUNDLES

2. Quaternionic Holomorphic Vector Bundles

Quaternionic holomorphic vector bundles on Riemann surfaces are the
central object of this thesis. This section is a collection of definitions and for-
mulas related to quaternionic holomorphic vector bundles from [FLPPO1].

2.1. Quaternionic vector bundles. Let M be a Riemann surface. A
quaternionic vector bundle V over M is a fiber bundle with quaternionic
right vector spaces as fibers and trivializations that are quaternionic linear
on the fibers. Throughout this text all vector bundles are defined over
a connected Riemann surface M, and if different vector bundles occur in
the same context, they are assumed to be defined over the same Riemann
surface.

2.2. Complex Quaternionic Vector Bundles. A complex structure
on a quaternionic vector bundle V is a quaternionic endomorphism field
J € T(End(V)) such that J?> = —Id. A quaternionic vector bundle V is
called a complex quaternionic vector bundle, if it is endowed with a com-
plex structure. If V' is a complex quaternionic vector bundle with complex
structure J, then V* denotes the dual vector bundle of V' and V denotes
the complex vector bundle with complex structure —J. As for complex line
bundles, the dual of a complex quaternionic line bundle L is denoted L.

The tensor product of a complex vector bundle £ and a complex quater-
nionic vector bundle V' is again a complex quaternionic vector bundle E'V :=
EF ®¢ V. The most important examples are the tensor products of a com-
plex quaternionic vector bundle V with the canonical bundle K and the
anticanonical bundle K of M:

KV={aeT"M®V |xa=Jua}
KV={aeT"M®V |+xa=—-Ja}

where * denotes precomposition with the complex structure of T'M. This is
minus the usual Hodge *—operator.

The quaternionic homomorphism bundle Hom(V, V) of two complex
quaternionic vector bundles has no canonical quaternionic structure, but it
has two complex structures induced by composition with the complex struc-
tures of V or V. Thus there are two complex tensor products of Hom(V, ‘7)
with the canonical complex line bundle K of M:

KHom(V,V) = {a € T"M ® Hom(V, V) | *a = J" a }
Hom(V,V)K = {a € T*M ® Hom(V, V) | xa = aJ" }.

The homomorphism bundle Hom(V, f/) splits into the complex linear and
complex antilinear homomorphisms

Homy (V,V) :={ B € Hom(V,V) | JB = £BJ }.
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2.3. Quaternionic Holomorphic Structures. Let V' be a complex
vector bundle. A V-valued 1-form « € (V') can then be decomposed into
its (1,0) part o := 3(a— J x ) and its (0,1) part o := 3(a+ J * ). The
decomposition a = o’ + o’ is called the type decomposition of a.

A quaternionic holomorphic vector bundle V is a complex quaternionic
vector bundle with a quaternionic holomorphic structure D, i.e., a quater-
nionic linear map

D:T(V) - T(KV)
that satisfies the Leibniz rule
D(ypA) = (DY) + (ddN)",
for allp € I'(V) and A: M — H.

2.4. Zeros of Holomorphic Sections. Sections i) € I'(V') that lie in
ker D =: HY(V) C T'(V) are called holomorphic. The zeros of holomorphic
sections ¢ € HY(V) are isolated, and there is a unique integer ord, ) € N
such that on an open neighborhood U C M of p

b =27V 4+ Ofordy ) + 1),

for a non vanishing ¢ € I'(V|,;) and a holomorphic coordinate z: U —
C centered at p (cf., [FLPPO01, Lemma 3.9]). Note that, in contrast to
the complex case, it is in general not possible to choose a holomorphic .
Moreover, z~ °"d» ¥4} is continuous, but in general not differentiable at p.

There always exists a covering of M with local holomorphic frames,
[BP]. From the Leibniz rule follows that any covering with local holomor-
phic frames completely determines the quaternionic holomorphic structure
D. If M is compact, then H°(V) is finite dimensional (cf., [FLPPO1], The-
orem 2.2|)

2.5. The Underlying Complex Vector Bundle. If D commutes
with J then D is a usual complez holomorphic structure or O—operator on
the complex vector bundle (V,.J). Any quaternionic holomorphic structure
D splits into a O-operator, the J commuting part of D, and a quaternionic
J—anticommuting endomorphism field @ € T'(KEnd_(V)), called the Hopf

field of D. For D, 0, and @ one has
_ - 1 1

for all p € T(V).
Let
V={yeV|Jy=1i}

then V=V Vj and 9 is a complex holomorphic structure on V and Vj,
which are isomorphic as complex holomorphic vector bundles via multiplica-
tion by j. Every quaternionic holomorphic vector bundle V is, consequently,
the double of a complex holomorphic vector bundle V' = Ve Vj plus a Hopf
field Q € T'(KEnd_(V)), and Q = 0 means D = 9 and V is (the double of)
a complex holomorphic vector bundle. If the basis M of V' is compact, one
defines the degree of V to be the degree of V:

degV := deg V.
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2.6. The Willmore Energy. The real part of the trace of a quater-
nionic endomorphism B, i.e., a quarter of the trace of B as a real endomor-
phism, is well defined. Hence one can define

1
(B) :== ZtrR(B).
The Willmore energy W (V') of a quaternionic holomorphic vector bundle
(or rather its holomorphic structure D = 9 4+ @) is then by definition

W)=z [ (QAxQ).
M
Note that if M is not compact, then W (V') can well be infinity.

2.7. Connections and Holomorphic Structures. Let V be a quater-
nionic connection on a complex quaternionic vector bundle V and V =
V' + V" its decomposition into its (1,0) part V/ = $(V — J x V) and (0,1)
part V” = 2(V+JxV). V’is a quaternionic holomorphic structure of V and
V" one of V. Further decomposition into J commuting and anticommuting
parts yields the type decomposition:

V=V +V"'=0+A)+(0+Q).

d and 0 are complex holomorphic structureson V and V. A € T'(K End_(V))
and @ € I'(K End_(V)), and A and @ are the Hopf fields of (V,V’) and

(V, V"), respectively. Because V = 0 + 0 is a complex connection, one has
VJ =2(xQ — xA).

This means that 2+Q) and 2« A are the (0,1) and (1,0) parts of V.J, respec-
tively. The curvature tensor RV of M, its J-commuting part RI, and its
J-anticommuting part RY satisfy

RY=RV4QAQ+ANA+dY(A+Q),
RY=RV4+QAQ+ANA, RY=d(A+Q).

In the calculation of the first line Q A A = AAQ = 0 is used. This is an
instance of the type argument.

2.8. The Type Argument. The type argument is often used to show
that certain wedge products of one forms on a Riemann surface vanish. It
is a generalization of the fact that there are no nontrivial 2—forms of type
(2,0) and (0,2) on a Riemann surface.

For example, the vanishing of Q A A follows because *QQ = QJ and *A =
JA (Q is right and A is left K) implies for all X € TM: Q N A(X, JuX) =
QxxAx — *xQxAx = QxJAx — QxJAx = 0. The vanishing of A A Q
follows because A is right and Q is left K.

Another example is two 1-forms w,n € Q'(H) with values in H such
that *w = wN for some map N : M — H and w does not vanish on a dense
subset of M, then w A n = 0 is equivalent to *n = Nn.
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3. Quaternionic Holomorphic Line Bundles

For the following investigations the most important quaternionic holo-
morphic vector bundles are line bundles, i.e., quaternionic holomorphic vec-
tor bundles with 1-dimensional fibers. For nowhere vanishing sections of
such line bundles one can define the normal vector. It is shown in the
present section that one can calculate the degree and the Willmore energy
of the line bundle from every normal vector. In the second part of this sec-
tion the definition of the Weierstrass flag, points, and order from [FLPPO01]
is given. Finally, it is shown that, in contrast to the complex case, the
generic holomorphic section realizes the base locus of a linear system.

3.1. Normal Vector. Let L be a complex quaternionic line bundle
and ¢ € I'(L) a nowhere vanishing section. Such a section always exists,
by transversality. There is a unique smooth map N: M — H such that
Jy = ¢¥N. From J? = —1Id follows N2> = —1. Thus N is a map into
5?2 c ImH = R3. N is called the normal vector of ).

3.2. The Degree of Normal Vectors. On compact M a normal vec-
tor N: M — S? has a mapping degree. The mapping degrees of the normal
vectors of sections of a complex quaternionic line bundle are all equal.

Theorem. Let L be a compler quaternionic line bundle on a compact
Riemann surface and 1p € T'(L) a nowhere vanishing section with normal
vector N, then

deg L = deg N.

PROOF. Let V be the complex quaternionic connection on L defined by
the equation Vi = —w%N dN. Then the curvature tensor RV of V satisfies

JRY ¢ = —pANdN A dN = ¢3(NdN,dN). Hence

1 1
deg L = / JRY = / (NdN,dN) = deg N.
27(' M 47T M
O

3.3. Type Decomposition by Normal Vectors. The left multipli-
cation with a normal vector induces a complex structure on H and conse-
quently a type decomposition of H-valued 1-forms o € Q' (H): a = o/ +a”,
o/ = L(a—Nx*a)and o = L(a+ N +a). In most situations it is clear from

the context, which normal vector has to be taken, for example in

(WdA)" = ()"

(d\)" is the (0,1)-part of d\ with respect to left multiplication with the
normal vector of 1. Let ¢ € H°(L) without zeros, N its normal vector and
Q@ the Hopf field of the holomorphic structure of L, then one gets

Qv = 3(Dy + JDJv) = §JD(WN) = 3J (bdN)" = v NdN".
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3.4. The Normal Vector Determines the Holomorphic Section.
In contrast to the complex case—where all sections have the normal vector
i—different holomorphic sections of quaternionic holomorphic line bundles
with nontrivial Hopf field have different normal vectors.

Theorem. If a quaternionic holomorphic line bundle L has two non-
trivial holomorphic sections with the same normal vector besides their zeros,
then the two sections are linearly dependent over the reals or L is a doubled
complex holomorphic line bundle.

PROOF. Let ¢, ¢ € H 9(L) be two nontrivial holomorphic sections with
the same normal vector N besides their zeros. The set My = {p € M |
tp # 0} is dense in M and there is a map A: My — H such that 1/; =P
The quaternionic linearity of J implies NA = AN. Thus there exists A; and
Ao My — R, such that

A=A + A2V,

The Leibniz rule and holomorphicity of ¢ and ¢ imply
0= D(¥A) = D(¥)A + (¥d\)" = (dN)".
Decomposition of 0 = d\” = 1(d\ + N * d)\) into N-commuting and N—
anticommuting terms yields two equations:
0= (dA1 4+ dXaN)" = 3(dA\1 + dAoN + xd\; N — *d)o)
0 = XodN".

The first equation means that = A1+ Aoi: My — C is a complex holomor-
phic function. This implies that Ay = 0 or A2 does not vanish on a dense
open subset of My. In the first case A = A; is a real constant, and ¥ = 1\
on M. In the second case, the equation 0 = \odN” implies that dN" = 0.
The Hopf field Q of D satisfies 2Q1 = ) NdN" for all ¢ € L, see below.
Hence dN” = 0 implies that @ vanishes identically on M. O

3.5. Willmore Energy. Let L be a quaternionic holomorphic line bun-
dle and v € H°(L) nontrivial. Then v has a normal vector N away from
the zeros of 1. The formula Qv = Y1 NdN", from then holds besides
the zeros of ¢, which is a set of measure zero. Thus

1 1
(QA*Q) = 1 Re(NdN"” A NxdN") = 5<dN”N, dN")
away from the zeros of ¥ and
W(L) = / (dN" N, dN").
M

Let X € TM and write Jy; for the complex structure of TM, then X, Jy; X is
positively oriented and (dN"N,dN")(X, JyX) = (dN"(X)N,dN"(X)N) =
|dN"(X)|?, because *dN"” = —NdN" = dN"N. Thus (dN"N,dN") is a
positive area form on M. Hence

W(L)=0 <= Q=0,

which implies that every quaternionic holomorphic line bundle with vanish-
ing Willmore energy is a (doubled) complex holomorphic line bundle.
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3.6. Remark. The equations (Q A *Q)(X,JX) = 1[dN"(X)[* and
QY = ¢Y3NdN” imply that (Q A *Q) vanishes at p € M if and only if @
vanishes at p.

3.7. Weierstrass Numbers, Flag, Gaps, Points, and Order. Let
L be a quaternionic holomorphic line bundle and H ¢ H°(L) an (n + 1)
dimensional linear system, i.e., an (n + 1)-dimensional quaternionic vector
space of holomorphic sections of L. The Weierstrass numbers at p € M are
defined recursively as follows

no(p) = min{ord, v | ¢ € H },
nes1(p) = min{ord, ¥ | ¥ € H,ordy > ng(p) },

as long as there are elements 1 in H such that ord, ¢ > ni(p). Let

Hy(p) := {4 € H | ordy ) = np_1(p) }-
Lemma. dim (Hy/Hi_1)=1.

PROOF. The definition of the Hj implies dim (Hp/Hi—1) > 1. Let
1,2 € Hy \ Hp—1, then ord, ¢y = ord, s = n,_i. Consequently, there
is a centered coordinate z: M D U — C, z(p) = 0, and nowhere vanishing
sections o1, @2 € I'(L|;;) such that

Y12 =2""*p12+ O, +1).

The holomorphic section ¥ = 111(0) ™! — 1h1¢2(0)~! of L is contained in
Hj_1, because lim,_,q 2™»~*1) = 0. Thus ¥; and ¥y are linearly dependent
modulo Hy_;. O

The lemma implies,
dim H, = k+ 1,
because H,, = H. The flag
{0}cHyC...CH,.1CH,=H

is called the Weierstrass flag of H. The sequence 0 < ng < n; < ... < ny
is called the Weierstrass gap sequence.

A point p € M at which the sequence differs from 0,1,...,n is called a
Weierstrass point. The Weierstrass order ord, H of H at p € M is defined
by

ord, H = an(p) — k.
k=0

Thus p € M is a Weierstrass point if and only if ord, H # 0. The Weierstrass
points are isolated, by [FLPPO1], Lemma 4.1 & 4.9]. Hence if M is compact,
then there are only finitely many points with ord, ) # 0. In this case one
can define the Weierstrass order ord H of H by

ord H = Z ord, H.
peEM
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3.8. Base Points. Let H C HY(L) be a linear system of a quaternionic
holomorphic line bundle. A point p € M at which all elements of H have a
common zero is called a base point of H.

If H has dimension 1, then the base points of H are obviously the zeros
of every element in H and ng(p) = ord, ¢, for all ¢y € H and p € M. In
contrast to the complex case, generic sections of linear systems of higher
dimension also realize the base locus of the linear system.

Theorem. If H C H°(L) is a linear system of a quaternionic holomor-
phic line bundle, then generic sections ¢ € H realize the base locus of H,
i.e., ord, ¢ = no(p) holds for allp € M.

PROOF. The theorem follows if one shows that the set H := {¢ &
H | ordy # no} is a set of measure zero in H. Let n+ 1 = dim H.
Because the n—th member of the Weierstrass flag H,_1(p) contains all ¢ €
H for which ord, ) # no(p), one has H = Upers Hn-1(p). Let Mo =
M \ {base points of H}. Then [J,¢ s, Hn—1(p) is the union of the kernels of

the evaluation maps
evp: H — Ly, ¢ 1y,

Asev: My x H — L M, 18 a surjective bundle homomorphism, its kernels
form a subbundle of hyperplanes in the trivial bundle H over M. Because
the real dimension of M is 2 and the real codimension of quaternionic hy-
perplanes is 4, one concludes from Sard’s theorem, that Upe o Hn—1(p) has
measure zero in H. The base points of a linear system are isolated, because
zeros of holomorphic sections are isolated. Hence M \ My is countable. Thus
H has measure zero. U

4. Holomorphic Bundle Homomorphisms

In the following the questions whether a given complex quaternionic
bundle homomorphism is holomorphic and whether two given quaternionic
holomorphic line bundles are isomorphic occur frequently. The first ques-
tion can often be answered by Lemma whereas Theorem is useful
for answering the second one. Finally, in Theorem an important differ-
ence between the complex and the quaternionic case is exposed: There are,
even locally, no nontrivial automorphisms of quaternionic holomorphic line
bundles.

4.1. Holomorphic Bundle Homomorphisms. A quaternionic bun-
dle homomorphism B: V — V is called a quaternionic holomorphic bundle
homomorphism, if it is complex linear, i.e., BJ = JB, and holomorphic, i.e.,
BD=DB. IfD=90+Qand D = 8+Q, as 1n 5, then BO = 0B, i.e., B
is complex holomorphic, and BQ = QB.

IfB:L—Lisa holomorphic bundle homomorphism between line bun-
dles, then one can define the vanishing order of B at p € M by ord, B :=

ord,, B , Where B: L — L is the induced complex holomorphic homomor-
phism between the underlying complex line bundles (cf., . If M is com-
pact, then B has finite total vanishing order, ord B := ZpGM ord, B.
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Lemma. LetV and V be quaternionic holomorphic vector bundles and
B:V — V a complex quaternionic bundle homomorphism. If U; is an
open cover of M such that there exist holomorphic frames (V;j)1<j<rankv Of
V\Ui, then B is holomorphic if and only if the sections B;; are holomorphic

sections of V.

Proor. If B is holomorphic, then all B);; are holomorphic. If, on the
other hand, all B;; are holomorphic, then BDvy = DBy for all ¢ € T(L),
by the Leibniz rule and because BJ = JB implies B(a”) = (Ba)" for all
a € QY L). O

Note that the lemma remains true if the (44;)1<j<rank v fail to be a basis
of the fiber of V' on a discrete subset My C M.

4.2. Isomorphic Quaternionic Holomorphic Line Bundles. Com-
plex holomorphic line bundles with nontrivial holomorphic sections are iso-
morphic if and only if they have holomorphic sections with the same zero
divisor. The same holds for quaternionic holomorphic line bundles if one
also requires that the normal vectors of these sections are equal.

Theorem. Let L and L be two quaternionic holomorphic line bundles.
Suppose that there exists a nontrivial holomorphic section v € H(L). Let
N be its normal vector on My = {p € M | 4, # 0}. Then L and L are
isomorphic if and only if L has a holomorphic section 1/; with normal vector
N on My such that ord, v = ord, Y for allp € M.

PrOOF. If B € I'(Hom, (L, L)) is a holomorphic isomorphism, then
1[1 := Bi) is a holomorphic section of L with the same vanishing order as 1.
Furthermore, on My one gets J¢ = JBy = BJy = BN = i)N.

Conversely, if there exists ¢y € HO (I:) with normal vector N on My such
that ord, ¢ = ordp1/~1, then By = @ZNJ defines a quaternionic isomorphism
from L M, b0 f/\ Mo The equality of the normal vectors of ¥ and 1/; implies

B e T'(Hom (L, f’)\Mo)' Furthermore, B is holomorphic, by Lemma and

bounded near the zeros of ¥ and z; The boundedness follows from |2.4] and
the assumption that the vanishing orders of 1 and 1 coincide. The induced

bundle homomorphism B € F(Hom([i, Ii)\ Mo) is complex holomorphic on

the underlying complex holomorphic line bundles L and L. Thus B, and
consequently B, can be holomorphically extended into the zeros of . B
does not vanish at the zeros of 1), once again because the vanishing orders
of ¢ and v coincide. Hence the extension of B to M is a quaternionic
holomorphic bundle isomorphism between L and L. O

4.3. Automorphisms of Holomorphic Line Bundles. In the com-
plex case holomorphic line bundles on noncompact Riemann surfaces have
many holomorphic automorphisms. This does not hold for quaternionic
holomorphic line bundles with nontrivial Hopf field.

Theorem. If a quaternionic holomorphic line bundle L has a holomor-
phic automorphism that is not multiplication with a real constant, then the
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Hopf field of L vanishes identically, i.e., L is a doubled complex holomorphic
line bundle.

A consequence of this theorem is that holomorphic bundle homomor-
phisms of quaternionic holomorphic line bundles with nontrivial Hopf field,
even locally, only differ by real multiplicative constants.

PROOF. Let B be a holomorphic automorphism of L. Let 1 € H(Lj;;)
be a local holomorphic section on U C M. Then ¢ := B is also a holomor-

phic section of L|;;. Because BJ = JB and B is quaternionic linear 1) and
1 have the same normal vector N. Then Theorem [3.4] implies that Q|,; =0

or there exist ¢ € R such that By = 1) = vc.

To conclude the proof, it is sufficient to show that if By = c for
some ¢ € R and ) € I'(L|;), then B is multiplication with ¢ on all of M.
Let ¢y € HO(L\UI) and 19 € HO(L\UQ) be local holomorphic sections on
overlapping open subsets Uy, Us C M and suppose that B is multiplication
by ¢ on U;. Then By — 1sc is holomorphic on Us and vanishes on the
nonempty open set U; N Uz, and, therefore, vanishes on all of Us, by 2.4
Hence B is multiplication by ¢ on Us. Because M can be covered by local
holomorphic sections of L, as mentioned in 2.4 and M is connected, it
follows that B is multiplication by ¢ on all of M. O

4.4. Notation. In the rest of this text the adjective “quaternionic”
is usually omitted. If it is necessary the adjective “complex” is used to
emphasize that something is only assumed to be complex linear, complex
holomorphic, etc. For example “¢» € T'(V') is holomorphic” means D = 0,
and “p € T'(V) is complex holomorphic” means 9¢ = 0.



CHAPTER 1II

Surfaces in S*

Identifying S* with HP!, a conformal immersion of a Riemann surface
into S% can be interpreted as an immersed quaternionic holomorphic curve
in HP!. There are four quaternionic holomorphic line bundles associated to
such an immersion.

Two of these quaternionic holomorphic line bundles are Mobius invari-
ant. They are determined by the property that all stereographic projections
of the immersion or its antipodal reflection are quotients of holomorphic
sections of these bundles.

The quaternionic holomorphic structures of the other two, the Euclidean
holomorphic line bundles, depend on the choice of a point co € S. These
bundles are determined by the property that they are paired and that the
differential of the stereographic projection of the immersion with pole oo is
the product of two holomorphic sections of these bundles.

For nonimmersed holomorphic curves in HP! one can at least define one
Mobius invariant and one Euclidean holomorphic line bundle. This and the
behavior of these curves at the zeros of their differentials is discussed in the
section on branched conformal immersions.

The relations of the holomorphic structures of the four quaternionic
holomorphic line bundles associated to the immersion can be visualized in
the quadrilateral of holomorphic line bundles. This quadrilateral can then
be extended to the ladder of holomorphic line bundles. Many results in the
remaining text rely on a detailed investigation of the relations between the
holomorphic line bundles that occur in this ladder.

If the immersed surface takes values in some 3-sphere in S%, then the
quaternionic holomorphic line bundles associated to this immersion have
special properties. This is the subject of the last section of this chapter.

5. The Conformal 4-Sphere and HP!

The standard metric of the 4—sphere is the induced metric on the em-
bedding of the 4-sphere as the unit sphere S* C R5. The 4-sphere together
with the conformal structure of the standard metric is called the conformal
J-sphere. In the present text the quaternionic projective line HP! is used
as a model for the conformal 4—sphere. This model is very similar to the
CP! model of the conformal 2-sphere. The Mébius transformations of S%,
for example, can be represented by linear transformations of H2. But, in
contrast to the case of the conformal 2—sphere, every conformal diffeomor-
phism between open subsets of S* extends to a M&bius transformation, by
Liouville’s theorem, see [Jeromin| 1.5.4].

11
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Another model, the light cone model, of the conformal 4-sphere is de-
scribed in Neither the light cone nor the quaternionic model for the
Mobius geometry can be discussed in much detail in the present text. A com-
prehensive introduction to the Mobius geometry of the conformal n—sphere,
the relation of the different models, applications as well as an extensive bib-
liography can be found in the excellent lecture note “Introduction to Mobius
differential geometry” by Udo Hertrich—Jeromin [Jeromin)|.

5.1. HP!, Affine and Euclidean coordinates. The quaternionic pro-
jective line HP! is the set of quaternionic lines in H2. The line through = €
H2\{0} is denoted [z] € HP!. Every quaternionic linear form 3 € (H?)*\ {0}

induces an affine coordinate Ag of HP!
Ag: HP'\{c0c} — {zcH?|px)=1}
[z] — 2(B(x))",
where oo = ker ( is called the pole of the affine coordinate. If f is a map into
HP! \{cc}, then Agf is a section of the trivial quaternionic vector bundle

H? over the domain of f. This section is called the affine lift of f. If a, 3 is
a basis of (H?)*, then

Oap=aAg: HP'\{cc} — H
1] — a(@)(3)

is called a Euclidean coordinate or stereographic projection of HP!. For the
inverse of a Euclidean coordinate one gets

agylﬂ:IH — HP'\{c}
A — aA+Db,

where a,b € H? denotes the dual basis of «, 3.

5.2. Identification of HP! and S*. If one identifies H U {c0} with
S* C RS via stereographic projection, then the composition with a Euclidean
coordinate is a bijection between S* and HP'. To see that this identification
of §* and HP! induces a well defined conformal structure on HP!, one
needs to show that the transition functions of the Euclidean coordinates are
conformal transformations of H U {co}.

Let o, 3 and &, 3 be two bases of (H?)* and A € GL(H,?2) such that
aA = & and BA = 3, then OapA = Oaf Thus the transition functions of

Euclidean coordinates 0&73007715 = O'a”gAO';lﬁ can be identified, via a fixed

Euclidean coordinate, with the projective transformations PGL(H,2) =
GL(H,2)/R* of HP!.
The group GL(H, 2) is generated by

S>\1,)\2:<)E)1 ,\02>7 TH:((l)}f)’ R:((l](l))

A1, A2, p € H\ {0}. These transformations correspond in the Euclidean
coordinate o, g to the following transformations of H U {oo}:

1 o -1 -1 _
0-617525)\17)\20—61,62 (.’IJ) - )\11’)\2 ) 0—61,32TH0—61,62 (x) =+ H,

_.-1_z
(117)—56 _Wv

1

0-51762 Rael,eg
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for all z € H. Hence Sy, , induces an orientation preserving similarity of
H, T, a translation and R the orientation preserving inversion at the unit
sphere S3 C H.

These three types of transformations generate the group of orientation
preserving Mdabius transformations of S* = H U {oo}, see [KulPi, p. 13-
15]. Consequently, the identification of HP! with S* € R® via a Euclidean
coordinate with S* = H U {oo} is unique up to Mobius transformations.
The group of projective transformations of HP! is noncanonically identified
with the group of Mobius transformations of S*. The induced conformal
structure on HP! is independent of the choice of the Euclidean coordinate.
The group of projective transformations fixing the pole oo of a Euclidean co-
ordinate o, g corresponds to the group of orientation preserving similarities
of HP!\{oo} = H. Finally, one can define the standard orientation of HP?
to be the pullback of the standard orientation of H, for which 1,1,j,k is a
positively oriented bases, because the transition functions of the Euclidean
coordinates are orientation preserving.

5.3. The Tangent Space of HP!. One usually identifies the tangent
space Tj,) HP! of HP! at [z] with Hom([z], H?/[z]) as follows: Let 7: H? —
HP', 2 — [2] be the canonical projection, then dgm: H?/[z] — Tj,) HP! is an
isomorphism. The map [z] — H?/[z], y — dym—*(v) is for all v € Ty HP!
quaternionic linear, because dym(w) = dyam(w), for all y, w € H? and
A € H. Thus the map

T,y HP' — Hom([z], H?/[z])
v (g dom T (y))
is an isomorphism.
Let f: R — HP' and f: R — H? be some lift of f, i.e., f = 7f. The

differential of f at p € R can, with the above identification, be written as
dpf = (f(p) = Vfj, mod f(p)),
where V is the trivial connection on the trivial bundle H? over R.

The differential of a map f: HP! — R at [z] € HP! is in terms of its
lift f = fr: H? — R given by
i f(0) = do f(v(2)),
for all v € Tj,) HP' = Hom([z], H?/[z]). Here the map d.f: H2 — R and
the induced map d,. f: H2/[2] — R are not distinguished notationally. More
generally, if A € Hom(V, W), then the induced map on V/ker A is in the
following also denoted by A.

For example, the affine coordinate Ag: HP'\{oo} — B71({1}) has at
[z] € HP! the differential
di)Ag: Hom([z], H?/[z]) — oo C H?
voo— (@) (B) = z(B(x) T B(u(@))(B(x) 7
Here, v(x) stands, according to the above convention, at both occurrences for
the same arbitrary element of the equivalence class v(z) C H2. The formula

of the differential of a Euclidean coordinate o, g is then easily derived from
doa g = adAg.
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5.4. 3-Spheres in HP'. A subset of HP! is a 3-sphere if one (and
then every) stereographic projection maps it onto a 3-sphere or a real hy-
perplane plus infinity in H U co. The 3-spheres in HP! can be described
with quaternionic Hermitian forms. A quaternionic Hermitian form () on
H? is a real bilinear H-valued map that is quaternionic linear in the right
entry and Hermitian, i.e., (z,y) = (y,x). The set of isotropic lines of an
indefinite Hermitian form on H2 is a 3-sphere in HP!, and every 3-sphere
arises this way. The 3—sphere uniquely determines the indefinite Hermitian
form, up to a real factor.

This can be seen as follows. If (,) is an indefinite Hermitian form. Then
there exists a basis a,b € H? such that (a,a) = (b,b) = 0 and (a,b) = 1.
If a, 3 is the dual basis of a,b, then (z,z) = 2Re(045())|3(z)|"2. Thus
the stereographic projection o, g maps the set of isotropic lines of () onto
the real hyperplane ImH U {occ}. Conversely, let a,b be a basis of H? such
that o, 3 maps the 3-sphere onto ImH U {oo}, and define the Hermitian
form by (a,a) = (b,b) = 0 and (a,b) = 1. Then (x,z) = 0 if and only if
0a,8(z) € ImH as above. Uniqueness follows since (a,a) = (b,b) = 0 and
(,2) =0 <= o044(z) € InH implies (a,b) € R.

5.5. 2-Spheres in HP'. A subset of HP! is a 2-sphere if one (and
then every) stereographic projection maps it onto a 2-sphere or a real plane
plus infinity in HU oco. If S € End(H?) and S? = —1, then the set of fixed
points of the M&bius involution induced by S is a 2-sphere in HP?!, every
2-sphere arises this way, and the 2—-sphere determines the endomorphism S
up to sign (cf., [Jeromin, Lemma 4.8.1]). In what follows the 2-sphere, the
endomorphism of H? as well as the M&bius involution are denoted by the
same letter, usually S.

The endomorphism S can be used to define an orientation of the 2-
sphere. If p € HP! is a fixed point of S, i.e., Sp = p, then S induces
on each of the quaternionic lines p and H?/p a complex structure, and
T,S = Hom,(p,H?/p). Thus S induces, by pre- or post—composition, a
complex structure on T},S, hence an orientation of the 2-sphere. Conse-
quently, oriented 2-spheres in HP! are in canonical one-to-one correspon-
dence to the endomorphisms of H? that square to minus one.

5.6. Incidence of 2-spheres and 3—spheres in HP!. A 2-sphere is
contained in a 3-sphere if and only if the endomorphism S € End(H?) that
represents the 2-sphere is Hermitian with respect to the Hermitian form
representing the 3—sphere, see [Jerominl Lemma 4.8.6].

6. Conformal Immersions into H

A differentiable map f: M — C of a Riemann surface M to C is holo-
morphic if and only if the Cauchy—Riemann equations *df = idf are satisfied.
As a conformal map f: M — C is either holomorphic or antiholomorphic,
this can be reformulated as follows: A smooth map f: M — C is conformal
if and only if there exists a smooth map N: M — C such that xdf = Ndf
(clearly N is then 1 or —1). This version generalizes verbatim to H-valued
immersions of Riemann surfaces.
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6.1. Lemma. Let f: M — H be an immersion. Then the following
three statements are equivalent

(i) f is conformal.
(i) There exists N: M — H such that xdf = Ndf.
(iii) There exists R: M — H such that xdf = —df R.

In this case N and R are unique, N> = R*> = —1, and the tangent and
the normal bundle of f can be described by

Tf={xz€eH|NzR==x}, lf={x€H|NzR=—zx}.

PROOF. The immersion f: M — H is conformal if and only if | x df| =
|df| and *df L df.

(i) implies —df = *2df = N2df. Thus N? = —1, which is equivalent
to [N| =1 and N(p) € ImH for all p € M. Hence |xdf| = |Ndf| = |df|
and (xdf,df) = Re(xdfdf) = Re(N|df|?) = 0. Thus existence of N implies
conformality of f.

Suppose now that |xdf| = |df| and *df L df. This implies that N :=
#df (X)(df (X))™' : M — H does not depend on the choice of X € TM.
Hence xdf = Ndf. Thus and are equivalent. The equivalence of
and can be proven the same way.

At each point p € M the assignment z — NxR is a real linear map. It
has the two eigenvalues +1, and the corresponding eigenspaces are orthog-
onal, real 2-dimensional subspaces of H. Since Tf = df(T'M) C {x € H |
NzR = zx } is also 2—dimensional, the description of T f and L f follows. [

6.2. Left and Right Normal Vector. The equation N? = R? = —1
means that N and R assume values in S C ImH = R3. They are called the
left respectively right normal vector of f. Note that N and R are in general
not orthogonal to f. In fact N (or R) taking values in the normal bundle of
f is equivalent to NV = R, which is equivalent to f lying in some translation
of ImH = R3. In this case N is the Gauss normal of f (see Section .

6.3. Degree of the Tangent and Normal Bundle. Left multipli-
cation by N induces complex structures on T f and L f, which have the
property that the induced orientations on T f and 1 f together give the
standard orientation of H, as defined in [5.2]

Corollary. On compact M the degree of T f and Lf can be calculated
from the degrees of N and R:

deg Tf=deg N +degR and deglf=degN —degR.

PROOF. Left multiplication with N makes H into a complex quater-
nionic line bundle. As a complex bundle it is the double of the underlying
complex line bundle. Thus the degree of H is 2deg N, by Theorem The
rank 2 complex vector bundle H is also the direct sum of T f and L f, hence

2deg N =deg T f +deg Lf.

Left multiplication with R makes H into a complex quaternionic line
bundle. On the conjugate of Tf left multiplication with R induces the
complex structure of T f, because Rz = —xR = Nz for x € Tf, but on
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the conjugate of L f left multiplication with R induces the negative of its
complex structure. Thus as above, one gets

2deg R=deg Tf —deg Lf.
O

6.4. Remark. For orientable surfaces it is no restriction to consider
only conformal immersions of Riemann surfaces. Because, if M is an oriented
2-dimensional manifold and f: M — R* is an immersion, then there is a
unique complex holomorphic structure on M, such that f is a conformal
immersion. But if one considers two conformal immersions on M, then it is
a special property of this pair to introduce the same complex holomorphic
structure on M. The Béacklund and Darboux transformations of chapter
and [V] have this as a build in feature.

7. Holomorphic Curves in HP!

In the previous section the conformality of an immersion into H was
characterized by an equation analogous to the Cauchy—Riemann equations
of complex analysis. In the present section this is used to identify conformal
immersions into HP! with immersed holomorphic curves in HP!.

7.1. Maps into HP!. Let f: M — HP! be a smooth map, then f(p)
is a quaternionic line in H2. Hence, f can (and will) be identified with
the quaternionic line subbundle L C H? that satisfies f(p) = L,, where
H? denotes the trivial quaternionic vector bundle of rank 2 over M. Each
section ¢ € T'(L) without zeros can be interpreted as a lift 1: M — H? of
f. One defines the derivative of L to be ¢ := df € Q' Hom(L,H?/L), thus
dx(¥) = Vx1p mod L for all X € TM, see Let 7: H2 — H?/L be the
canonical projection, then

d:=df =7nV|,.

A quaternionic line subbundle L C H? over a Riemann surface M is called
a curve in HP!.

7.2. Holomorphic Curves in HP'. A line subbundle L ¢ H? over a
Riemann surface M is called a holomorphic curve in HP! if there exists a
complex structure J on L such that

x0 = d0J.

The zeros of the derivative § of a holomorphic curve L are isolated branch
points of L, by Theorem[10.2]and its corollary. This implies that the complex
structure J is uniquely determined by %6 = dJ. Furthermore, *x§ = §J
implies that L is immersed away from the zeros of its derivative.

7.3. A form 8 € (H?)* or basis o, 3 € (H?)* is called admissible for a
curve L C H?, if oo = ker 3 does not lie on L. That means that the affine
lift 371 := AgL € I'(L) and the stereographic projection o, 5L = a(871)
are well defined. The notation 8! for the affine lift of L with respect to 3
emphasizes the fact that 47! is the unique section of L satisfying 3(8~!) = 1.
From Sard’s Theorem follows that generic elements of (H?)* are admissible.
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7.4. Lemma. Let L ¢ H? be a curve in HP! and o, 3 € (H%)* an ad-
missible basis. Then L is a holomorphic curve if and only if the stereographic
projection oo gL of L has a right normal vector. In this situation each of
the following three equations determines the right normal vector R: M — H
Of UaﬁL.

(i) J3~1 = —B7'R, i.e., —R is the normal vector of 3~ 1.
(it) *d(oa,pL) = —d(oqgL)R, i.e., R is the right normal vector of oo gL.
(iii) dpoa,g(v]) = —droa g(v)R for all v € Hom(L,H?/L), i.e., dpoag is
complex linear with respect to J and right multiplication with —R.

Note that the curve in the lemma does not need to be immersed.

PrROOF. The affine lift 371 = AgL satisfies 8(67') = 1. Thus the
differential of the stereographic projection o, g along L satisfies

droas(v) = a(vs™) —a(671)B(s™)
for all v € Ty, HP! = Hom(L,H2/L) (cf.,|5.3). Thus
d(00,sL) = dioasd = a(5571) — (B71)B(EH7).

Hence if L is a holomorphic curve and —R is the normal vector of 371,
then *d(0q3L) = —d(0agL)R. Thus o, 3L has a right normal vector. If,
conversely, o, gL has a right normal vector R, then the quaternionic linear
extension of J3~! = —37!R is the complex structure on L that makes L
into a holomorphic curve. O

7.5. Dual Curve. With every curve L in HP! comes another curve,
namely its dual curve L+ C (H?)*, whose fiber at p € M is the quaternionic
line Ly = {3 e (H?)*| B, =0}

Lemma. If L C H? is a holomorphic curve and o, 8 € (H?)* an ad-
missible basis with dual basis a,b € H, then b, a is admissible for L+ and

O'b’aLL = —0oqL.

This means that the stereographic projections of L' are the Mébius
reflections of the stereographic projections of L. Seen as maps into S* C R?,
the lemma implies that the curve L' is, up to a Mébius transformation, the
antipodal reflection of L.

ProOF. Admissibility of 8 for L is equivalent to the admissibility of a
for Lt. The affine lift a=! = A, L+ of L' satisfies a=! = a—Bo, gL, because
(a — BoasL)(5~") = a(5~") ~ gapl = 0 and (@ — 75 5L)(a) = 1. Hence
JbﬂLJ‘ = ail(b) = _Ua,ﬁL- U

7.6. Conformal Immersions into HP!. Lemma[6.1] can now be for-
mulated in terms of holomorphic curves instead of normal vectors.

Theorem. Let L C H? be an immersed curve. Then the following three
statements are equivalent

(i) L is conformal.
(ii) L is holomorphic.
(i4i) L* is holomorphic.
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In this case the tangent and the normal bundle of L are given by
TL=Hom,(L,H?/L) and 1L =Hom, (L, H?/L),
as complex line bundles.

PROOF. Let o, 3 € (H?)* be an admissible basis. The definition of the
conformal structure of HP! in then implies that L, seen as a map into
HP!, is conformal if and only if 0q,3L is conformal. This is by Lemma
and equivalent to L being a holomorphic curve.

The stereographic projection o, gL is conformal if and only if ab,aLJ- =
—04,8L is conformal (cf., Lemma . This is, as before, equivalent to L=+
being a holomorphic curve. Thus L is a holomorphic curve if and only if L+
is a holomorphic curve.

The description of the tangent and normal bundle of L follows from the
equalities

Togpl={xceH|NeR=2z} and lo,gL={x€H|NzR=—-z},
given in Lemma the formulas
droag(v]) = —dpoas(v)R and dpoag(J o) = Ndpoas(v),

from Lemma @, and the fact that dr,0,, g is by definition a conformal iso-
morphism between Tp HP! and H, which maps T,L onto T,0,3L. The
complex structures on To, gL and Lo, gL, as defined in are given by
right multiplication with —R and R, respectively. This implies that pre-
composition with J is the complex structure on T L = Hom, (L, H?/L) and
precomposition with —J is the complex structure on 1. L = Hom, (L, H?/L).

O

7.7. Example. If a curve L in HP! is not immersed, then it is possible,
in contrast to the complex situation, that L is holomorphic, but L is not.
For example, the curve L = ( ﬂ'fz>]H C H? over M = C is an immersion
away from z = 0. The stereographic projection e s L = 22(j 4+ 2)7! has
the right normal vector R = —(j + 2)i(j + z)~!. Hence L is a holomorphic
curve, by Lemma[7.4] But the left normal vector of o, ¢, L is
A3+t 2 44202
T AP AT P AP R
which does not extend smoothly into z = 0. Hence Lemmal[7.4) and [7.5]imply
that LT is not a holomorphic curve.

N

7.8. The Four Complex Quaternionic Line Bundles. There are
four complex quaternionic line bundles canonically associated to a conformal
immersion f: M — HP!:

LcH? L[tc@E?, L'=m»"/Lt, H?/L= (L)'

Let 0 be the derivative of L, 6+ the derivative of L', and V the trivial

connection of H? as well as (H2)*. Let ¢ and 1 be sections of L+ and L,

respectively, then they are also sections of (H?)* and H2. From ¢(3) = 0
follows V(1)) = —p(V1)) and 6+p(1p) = —p(61)). Consequently,

ot =—6%, %6=J6=06J, and *0t=Jét =tJt,
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where J denotes the complex structures of L as well as L™!, and J+ the
complex structures of Lt as well as (L+)71.

7.9. If M is compact, then there is a corollary to Theorem [7.6] which
relates the degrees of the four complex quaternionic line bundles associated
to an immersed holomorphic curve L, the degrees of the normal vectors of
stereographic projections of L, and the degrees of the tangent and normal
bundle of L.

Corollary. Let L be an immersed holomorphic curve on a compact Rie-
mann surface M of genus g. Let N and R be the left and right normal vectors
of some admissible stereographic projection of L, then

deg R = —deg L = deg L1,
deg N = —deg L+ = deg H?/L.
The degrees of the tangent and normal bundle satisfy
deg TL = degH?/L + deg L™ = 2 — 2g,
deg LL = degH?/L —deg L™' =2 —2g — 2deg L.

PrROOF. The first two equations are a consequence of Theorem and
the fact that —R and — N are the normal vectors of non vanishing sections
of L and L+, by Lemma The formulas for deg TL and deg | L follow
from Theorem because deg Hom (L,H?/L) = degH?/L — deg L and
deg Hom (L, H?/L) = degH?/L+deg L. The equalities involving the genus
follow from the Gauss—Bonnet formula deg TL = 2 — 2g. O

8. The Mobius Invariant Holomorphic Line Bundle

Let L C H? be a holomorphic curve in HP!. The following theorem
shows that the complex quaternionic line bundle

Lfl — (HZ)*/LJ_
carries a unique Mo6bius invariant holomorphic structure such that the co-
ordinate functions of H? induce holomorphic sections. If the dual curve
L+ C (H?)* of L is also a holomorphic curve (in particular if L is immersed,
by Theorem , then

H_IQ/L — (LL)—I
also has a canonical M6bius invariant holomorphic structure.

8.1. Theorem. Let L C H? be a holomorphic curve. Then there is
a unique holomorphic structure on L~ with the following property: The
restriction of every § € (H2)* to L is a holomorphic section of L™!.

This theorem is a special case of a theorem for holomorphic curves in
quaternionic projective space of arbitrary dimension (cf., [FLPPO1, Theo-
rem 2.3] or Section [14)).

The holomorphic line bundle (M L)™' of every orientation preserving
Mobius transformation ML, M € PGL(H?), of L is obviously isomorphic
to L™!. The holomorphic line bundle L~! with the holomorphic structure
of the theorem is called the Mobius invariant or canonical holomorphic line
bundle of the curve L.
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PROOF. Let # € (H?)* be admissible for L. Then |, is a nowhere
vanishing section of L™! and D(3 ) = 0 uniquely determines a quaternionic
holomorphic structure on L', by the Leibniz rule. It remains to show that
for every a € (H?)* the restriction «| 1, of a to L is holomorphic with respect
to D. But a|; = |;0a,8L, because a(871) = 04 gL. The Leibniz rule then

implies that Da|, = B\Ldaa,gL” = 0, by Lemma U

8.2. Corollary. If R is the right normal vector of an admissible stere-
ographic projection of a holomorphic curve L C H?, then the Mdbius in-
variant holomorphic line bundle L™ of L is isomorphic to M x H with
complex structure J defined by J1 = R and holomorphic structure D defined
by D1 = 0.

If f: M — H has a right normal vector R, then the holomorphic line
bundle defined by R as in the corollary is called the Mdbius invariant holo-
morphic line bundle of f. It is isomorphic to the Moébius invariant holomor-
phic line bundle of any stereographic lift of f to HP!, and, consequently,
invariant under orientation preserving Mobius transformations of H.

Proor. If 3 is admissible for L then 3|, is a holomorphic section of L
without zeros. Lemma implies that J3~! = —37'R. From JB(371) =

B(JBY) = B(-B7IR) = —R = (BR)(B~!) follows JB), = B R. Eventu-
ally, holomorphicity of 3|, and Theorem yields the isomorphism. U

8.3. Let L C H? be a holomorphic curve and 7: (H?)* — (H?)*/L*
the canonical projection and V the trivial connection of (H?)*. The Mobius
invariant holomorphic structure D of L~=! = (H?)*/L" then satisfies

D) = %(wv + xJTV ),

for all ¢» € I'(H?). This formula follows since its right hand side, which
only depends on 71}, defines a holomorphic structure on L~! that trivially
satisfies the condition of Theorem [R.1l

8.4. Umbilics. Let f: M — HP! be a conformal immersion. The

trace free part II of the second fundamental form of f is independent of the
choice of metric in the conformal structure of HP! (cf., [Jeromin, P.6.4]).
This also follows from the Mobius invariance of the holomorphic structure
of L~! and H?/L, since, using the identification 1L = Hom, (L, H2/L) (cf.,
the trace free part of the second fundamental form satisfies

I(X,Y) = Q%' 6y + 6x(QL ),

where 0 is the derivative of L, and QL_I and Q]HQ/ L are the Hopf fields of
L' and H?/L (cf., [Boh03| p. 104]).

This formula also implies that p € M is an umbilic of f if and only if
the Hopf fields of L=! and H?/L vanish at p. Consequently, the Hopf fields
of the Mobius invariant holomorphic line bundles of a holomorphic curve in
HP'! both vanish identically if and only if L takes values in some 2-sphere.
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8.5. Kodaira Correspondence. In addition to the Mobius invari-
ant quaternionic holomorphic structure on L~!, a nonconstant holomor-
phic curve L C H? induces a 2-dimensional base point free linear system
{8, 18 ¢ (H?)*} of holomorphic sections of L~!, which is also Mdbius
invariant. This system is canonically isomorphic to the vector space (IH?)*.
It is called the canonical linear system of L. From Theorem bellow fol-
lows that the Weierstrass points of the canonical linear system are exactly
the zeros of the differential of L.

Each basis a|; , 3|, of H yields a stereographic projection oo gL: M — H
of L, that satisfies, away from the zeros of 3|, ,

o =B 0a,6L,

because a(37!) = 0, sL. A map f: M — H such that ¢ = ¢ f holds for two
sections of a quaternionic line bundle is called the quotient of ¢ and . Thus
the stereographic projections of L are the quotients of linearly independent
holomorphic sections in (H?)* ¢ HY(L™1).

Hence the canonical linear system (H2)* describes L up to projective
transformations of HP!. The curve L can also be directly reobtained from
the canonical linear system: If H C H°(L™!) is a 2-dimensional base point
free linear system, then the evaluation map ev: H — L™, (p, 3) — B(p) is a
smooth bundle homomorphism from the trivial bundle H to L™!. One can
check (cf., [FLPPO1], Section 2.6]) that ker(ev): C H* is a holomorphic
curve, and if H = (H?)* is the canonical linear system of a holomorphic
curve L in HP?, then ker(ev)*: = L.

In summary one has the bijective correspondence:

2—-dimensional base point free Projective equivalence
linear systems of quaternionic p +— classes of nonconstant
holomorphic line bundles. holomorphic curves in HP'.

This is the quaternionic version of the Kodaira correspondencdﬂ for the spe-
cial case of 2-dimensional linear systems and holomorphic curves in HP!.

8.6. Willmore Energy. Let L C H? be a holomorphic curve and f =
0q,3L an admissible stereographic projection of L. If R is the right normal
vector of f, then R is the normal vector of a nowhere vanishing holomorphic
section of the Mobius invariant holomorphic line bundle L~! of L, by Corol-
lary The Hopf field @ of L~ then satisfies (Q A Q) = 2(dR"R,dR")
(cf., [3.5). Furthermore, (dR"R,dR") = (|H|?> — K + K*)(df,df R), where
K is the Gauss curvature, K+ the curvature of the normal bundle and
H: M — H the mean curvature vector of f, by [BELPPO02, Proposition
11]H Hence

(@A +Q) = S{AR"R,dR") = L(HP — K + K*)dA

log, [FLPPO1], Section 2.6] or Section for a more general definition of the
quaternionic Kodaira correspondence, and [GriHal Section 1.4] for the complex Kodaira
correspondence.

2The normal curvature has the opposite sign in [BFLPP02]. The sign in the formula
above is due to the convention that the orientation of the tangent and normal bundle
together should induce the standard orientation of HP?, see
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and for the Willmore energy of L~! one obtains
W(L™Y) = / (IM]> — K + K*)dA,
M

where dA = (df,df R) is the area form induced on M by f.

Suppose that the dual curve L+ of L is also a holomorphic curve. The
right normal vector of ob,aLL = —f (cf., Lemma | is then the left normal
vector N of f. The Hopf field Q of the Mébius invariant holomorphic line
bundle H2/L of L' then satisfies, as above, (Q A *Q) = L(dN"N,dN").
Since (RdR",dR") —2K+dA = (dN"N,dN") (cf., [BFLPP02, Proposition
8 & 9]) one gets

~ ~ 1
(Q A*Q) = 5<dN”N, dN"y = L(|H|* - K — K+)dA
and for the Willmore energy of H?/L one obtains

W(H?/L) = /M(m\? — K — KY)dA.

Suppose now that L is immersed and M is compact. The famous Will-
more functional W (f) of the stereographic projection f of L is defined by

W(f) = /M H[2dA.

Using deg Tf = 5 [, KdA, deg Lf = o= [,, K*dA Corollary implies
the following equations:

W(L™Y = W(f) — 4w deg L™, W(H%/L) = W(f) — 4n deg(H?/L),
W(L™') —W(H?/L) = 4rdeg L f =8r(1 —g —deg L™ 1).

for every admissible stereographic projection f of L.

9. The Euclidean Holomorphic Line Bundle

Let L C H? be a holomorphic curve. If one singles out a point at infinity
oo € HP! that does not lie on L, then one can define a holomorphic struc-
ture on L that is invariant under Mdbius transformations that fix co. This
structure is called the Euclidean holomorphic structure of L with respect
to co. If the dual curve L+ C (H2)* of L is also a holomorphic curve (in
particular if L is immersed, see Theorem , then also L' has a Euclidean
holomorphic structure. If L is an immersed holomorphic curve then the
holomorphic line bundles L and Lt provide the data for a Weierstrass type
representation of its stereographic projections.

9.1. Theorem. Let L C H? be a holomorphic curve and co € HP! q
point that does not lie on L. Then there is a unique holomorphic structure

on L, such that the affine lift 371 of L is a holomorphic section of L for all

nontrivial 3 € ocot.

PrOOF. If 3 € (H?)*\ {0}, then there is a unique holomorphic structure
D on L such that D(6~1) = 0. If 8, 3 € oo™\ {0}, then there exists A € H
such that 8 = BA. Hence 3! = (BA)~! = p7IA"L which implies that
D(B) = 0. 0
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The unique holomorphic structure defined by co € HP! is called the
Euclidean holomorphic structure of L with respect to oo. If M € PGL(H?)
is an orientation preserving similarity of HP!\{oo} = H (cf., [5.2), then M
fixes 0o and the Euclidean holomorphic structures of L and M L with respect
to oo are obviously isomorphic. If L' is also a holomorphic curve, then the
Euclidean holomorphic structure on L is defined to be the holomorphic
structure induced by oot C (H?)*.

9.2. Although the holomorphic structure on L depends on the choice
of a point at infinity, its J-commuting part 9, does not depend on that
choice: Writing also O for the J-commuting part of the M&bius invariant
holomorphic structure of L™!, one obtains

(1) 4+ a(0Y) = L(d(anp) + *d(aJy))

for all « € T(L™1) and ¢ € T(L). (Because the difference of both sides
of this equation is tensorial, it suffices to check it for a = 3|, ¥ = g1
and some admissible 3 € (H?)*. But Dp), = 0 and D3B! = 0 implies
9B, = —QB;, = —B),3NdN" and 08! = —QB~ = —p~ 1L NdN’ for the
normal vector N of 3, , by Thus for the left hand side of the above
equation one has 5ﬂ\L(ﬁ_1) + B\L(éﬂ_l) = —% * dN, which equals the right
hand side 3 * d(8),J371).)

Hence the complex holomorphic structure 0 of the Euclidean holomor-
phic line bundle L is the dual complex holomorphic structure of the J-
commuting part of the Mdbius invariant holomorphic structure of L~!, which
implies that it does not depend on the choice of co € HP!.

9.3. Corollary. If R is the right normal vector of an admissible stere-
ographic projection with pole oo of a holomorphic curve L C H?, then the
Fuclidean holomorphic line bundle L with respect to oo is isomorphic to
M x H with complex structure J defined by J1 = —R and holomorphic
structure D defined by D1 = 0.

PROOF. Let 0,3 be an admissible stereographic projection. Lemma@
then implies that J5~! = —3~!R. Furthermore, 5 € oo™, because oo is the
pole of o, 3. Thus gt = AgL is a holomorphic section of L. The corollary
then follows from Theorem O

If f: M — H has a right normal vector R, then the holomorphic line
bundle defined by R as in the corollary is called the Fuclidean holomor-
phic line bundle of f. It is isomorphic to the the Euclidean holomorphic
line bundle of any stereographic lift of f to HP! with holomorphic struc-
ture induced by the pole of the stereographic projection. It is consequently
invariant under orientation preserving similarities of H.

9.4. Willmore Energy. Let L C H? be a holomorphic curve and
f = 0a,8L an admissible stereographic projection of L. If R is the right
normal vector of f, then —R is the normal vector of a nowhere vanish-
ing holomorphic section in the Euclidean holomorphic line bundle L with
pole oo = ker 3, by Corollary [9.3] The Hopf field Q of L then satisfies
(@ A *Q) = L(RAR',dR’), see and because d(—R)" = 1(d(—R) +



24 II. SURFACES IN S%

(—=R)d(—R) = —dR/, where the double prime refers to left multiplica-
tion with —R and the single prime to left multiplication with R. The
formula (RdAR',dR') = |H|*dA from [BFLPPO02, Proposition 9] implies
(Q A *Q) = 3|H|?dA and W (L) = W (f).

If L' is also a holomorphic curve and a, b € H? is the dual basis of «, 3,
then f = —op oL+ (cf., Lemma implies that (QA*Q) = 2 (NdN',dN") =
%]HPdA for the Hopf field Q of the Euclidean holomorphic structure of L+
with respect to oo = [a] and the left normal vector N of f.

Hence

1 ~ ~ 1 1
(Q A *Q) = 5<NdN’, dN") = (Q A %Q) = i(RdR’,dR’) = 5\Hy?dA
and the Willmore energies of the Euclidean holomorphic line bundles satisfy
W(L)=W(L)=W(f) = / IH[*dA.
M

This implies that the Euclidean holomorphic line bundles are complex
holomorphic line bundles if and only if the stereographic projection of L
with pole oo is a minimal surface. The Euclidean holomorphic line bundles
are consequently not Mobius invariant.

On compact M the two formulas W (L™!) = W(f) — 4ndeg L™! and
W(H?/L) = W(f) — 4n deg(H?/L) from yield a relation between the
Willmore energies of the Mdbius invariant and Fuclidean holomorphic line
bundles:

WL =W(L) —4ndeg L', W(H?*/L) = W(L') — deg H?/L.

9.5. Paired Complex Quaternionic Line Bundles. Finally, we will
see how the Weierstrass representation of a conformal immersion f: M — H
is obtained from its Euclidean holomorphic line bundles. The Weierstrass
representation gets a particularly simple form, if it is written with pairings
of holomorphic line bundles. A pairing of two complex quaternionic line
bundles L and L is a pointwise nondegenerate real bilinear form

():LxL—-T"M®H
such that for all pe M, A € H, p € L,, and ¢ € L,

((pv 1/1)\) - (@7¢)A7 ((P)Vw) = 5‘(()07 7/1),

If L and L are paired, then L and L are paired with (1, ¢) := (@, ). If
L is a complex quaternionic line bundle, then K L~! and L are canonically
paired via the evaluation pairing (¢, ) := @(1).

Proposition. If L and L are paired complex quaternionic line bundles,
then a: L — KL™', ¢ v (ip,-) is an isomorphism that maps the pairing of
L and L onto the evaluation pairing of KL~ and L.

PRrROOF. If p € Ep, p € M, then ap is quaternionic linear on fibers of L,

real linear on the fibers of T, M and *ap = apJ, thus ap € KL7!. ais a
quaternionic linear bundle homomorphism, because for A € H: a(pX)(y)) =
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M, ¥) = dap(®) = ((ap)N) (). Since (,) is nondegenerate « is an iso-
morphism. O

9.6. Paired Holomorphic Line Bundles. Two quaternionic holo-
morphic line bundles are paired if they are paired as complex quaternionic
line bundles and if the product of every pair of local holomorphic sections
of L and L is closed.

Theorem. Let L and L be paired complex quaternionic line bundles. If
there is a holomorphic structure D on L, then there is a unique holomorphic
structure D on L such that the H-valued 1-form (p, ) is closed for all local
holomorphic sections ¢ € HO(L\U) and 1 € H(Ly;). Furthermore, if 1 is a
holomorphic section of L and ¢ is a section of L such that (¢, 1) is closed,
then ¢ is a holomorphic section of L.

PrROOF. Let ¢ € I'(L L) and ¢ € T'(L), then there is a unique section
Dy € Q'(L) such that for all p € M and X € T,M

(*)  dpl,0)(X, I X) = 2(Dx o, ) (S X) + 2(p, Dx ) (Jur X).-

D:T(L) — QL) is obviously quaternionic linear and *Dyp = —JDy. D
satisfies the Leibniz rule, because for A\: M — H one has

d(eA ) (X, X)
= M(p, V) (X, JuX) + dAA (0, 9)(X, Ju X)
= (i, V) (X, Ju X) + (pd\(X) + JprdA(X), 9)(Ju X)
= (o, V) (X, Ju X) + 2((pdN)"(X), ¥) (S X).

Hence D is a holomorphic structure on L.

Let U C M be an open set, ¢ € Ho(f/\U) and ¢ € HY(Ly;;) local holomor-
phic sections, then (%) implies that (p, ) is closed. Let D be a holomorphic
structure on L with the property that products of local holomorphic sections
of L and L are closed. Then let ¢; € F(E\U ) be a covering with holomorphic

sections of D and 1; € H 0(L\U ), then (p;, ;) is closed and () implies that
Dy; = 0. Thus the Leibniz rule implies D = D. (]

D is called the paired holomorphic structure of D. Two holomorphic
line bundles are paired, if they have a pairing such that their holomorphic
structures are paired. If L is a holomorphic line bundle over a compact
Riemann surface M of genus g, and KL~! is equipped with the paired
holomorphic structure—which will from now on be assumed without further
notice—the Riemann—Roch formula for complex holomorphic line bundles
holds verbatim for quaternionic holomorphic line bundles (cf., [FLPPO1],
Theorem 2.2]):

dim H*(L) — dim HY(KL™) = deg L — g + 1.

9.7. Corollary. If two holomorphic line bundles are paired as complex
quaternionic line bundles, then they are paired as holomorphic line bundles
if and only if there exists a covering with local holomorphic sections whose
products are closed 1-forms.
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Proovr. This corollary follows from the fact that a holomorphic struc-
ture of a line bundle is, by the Leibniz rule, already determined by a covering
with local holomorphic sections. O

9.8. Corollary. All paired holomorphic line bundles of a holomorphic
line bundle L are isomorphic to KL™1.

ProOF. If L and L are paired, then the isomorphism a: L — KL~
of Proposition [9.5] is holomorphic, because of the uniqueness of the paired
holomorphic structure on L. O

9.9. Forn e QY(L), v € T(L), ¢ € (L), w € Q'(L) one defines the
following H valued 2—forms

(nAP)(X,Y) = ((X), ) (Y) = (n(Y), ¥)(X),
(P AW)X,Y) = (p,w(X))(Y) = (¢, w(Y))(X).

Corollary. Let L and L be paired complex quaternionic line bundles.
If D is a holomorphic structure on L, then the paired holomorphic structure
D on L is the unique holomorphic structure on L that satisfies

d(,¥) = (Dp AY) + (¢ A DY),

or, equivalently, the complex holomorphic structures and Hopf fields of L
and L satisfy

d(p. ) = (D AY) + (9 ADY) and 0= (Qp A ) + (9 A Qu).
Furthermore, W (L) = W (L).

PROOF. The first equation is equivalent to the equation of (*) It is
equivalent to the two equations for the complex holomorphic structures and
the Hopf fields, because 0 = %(D—JDJ) and QQ = %(D—l—JDJ). Finally, the
equation for the Hopf fields implies (QxQx) = (QxQx) for all X € TM,

thus (Q A +Q) = (Q A *Q) and W (L) = W(L). O

9.10. Weierstrass Representation. The description of the differen-
tial of a conformal immersion f: M — H as the product of two holomorphic
sections of paired quaternionic holomorphic line bundles is called the Weier-
strass representationﬁ of f.

Proposition. Let L C H? be an immersed holomorphic curve, o, 3 €
(H2)* an admissible basis, and a,b € H? its dual basis. The Euclidean
holomorphic line bundles L+ and L with respect to oot := [B] and oo = [a]
are paired and

dogpL=(a"!, 57

is the Weierstrass representation of o, gL.

Corollary implies that the holomorphic line bundles L+ and KL~!
are isomorphic.

3This is a generalization of the Weierstrass representation of minimal surfaces. It
was introduced by Iskander Taimanov, [Ta98|, for surface in R? and generalized by Franz
Pedit and Ulrich Pinkall in [PP98] to surfaces in R*.
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PRroOOF. Let 6+ and & be the derivatives of L+ and L. Then

(0, 9) = p(60) = =5 (¥),
(cf., defines a pairing between the complex quaternionic line bundles
L+ and L, because *(p,1) = o(x09) = 0(6J¢) = (@, J1p) and *(p,v) =
—x5bp() =~ (Jp)(¥) = (Jp,¥). From a~) = a— fog 5L and f-1 =
aoq gL + b, follows do, gL = (a=t,p71).
As a~! and 37! are by definition (cf., nowhere vanishing holomor-

phic sections of L+ and L. Furthermore, the 1-form (a~',371) is closed,
hence L+ and L are paired, by Corollary U

9.11. Theorem. The Fuclidean holomorphic line bundle L of a confor-
mal immersion f: M — H is, up to isomorphisms, the unique holomorphic
line bundle with holomorphic sections ¢ € HY(KL™1) and 1 € H°(L) such
that

df = (p,7),

where K L™ is equipped with the paired holomorphic structure. Furthermore,
W(L) = W(KL™Y) = W(f).

On the other hand, if L is a holomorphic line bundle over simply con-
nected M, ¢ € HY(KL™') and ¢ € H(L) are nowhere vanishing holomor-
phic sections, then [(¢,v) is a conformal immersion of M into H.

PROOF. The existence of the holomorphic sections ¢ € H°(L) and v €
HO(KL™1') follows from Proposition because K L' is isomorphic to
L+, by the same proposition and Corollary The uniqueness follows from
Theorem and Corollary [9.3] because ¢ has no zeros, since f is immersed,
and the normal vector of ¢ is determined by df = (¢, ).

In the equation W (L) = W(L*) = W(f) was shown for the Eu-
clidean line bundles L and L+ of a holomorphic curve L and its stereographic
projection f. Thus W(L) = W(KL™') = W (f).

From the definition of a pairing, follows that (¢, ) is closed and nowhere
vanishing. The normal vectors of ¢ and 3 provide the normal vectors of

[(¢,). Lemma [6.1 then implies that [(p,1) is conformal. O

9.12. If f is not minimal, then K L' and L have nontrivial Hopf fields,
and Theorem implies that f also uniquely determines ¢ and 1, up to
© = e, b Pel for ¢ € R\ {0}. The triple (L, ,%) is called the
Weierstrass data of the conformal immersion f: M — H.

The two holomorphic sections ¢ and ¥ have no zeros, thus they de-
termine two 1-dimensional base point free linear systems of KL ™! and L,
respectively. On the other hand, two 1-dimensional base point free linear
systems in K L~! and L, determine, up to similarities of H (cf., [1.2) a con-
formal map f: M — H on the universal covering M of M with translational
periods. Hence for simply connected Riemann surfaces M the Weierstrass
representation provides the following correspondence:

linear systems of paired
quaternionic holomorphic line
bundles.

f: M — H modulo

1-dimensional base point free
{
similarities.

Conformal immersions }
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9.13. Example: Minimal Surfaces in R*. Let f: M — R? be a
conformal immersion. By Theorem there exists a holomorphic line
bundle L, ¢ € H(KL™1) and v € H°(L) such that df = (¢,%). From
(Q A *Q) = 3[H|?dA (cf., and follows that f is minimal if and only
if L and KL~! have zero Willmore energy. This is a generalization of the
well known spinor Weierstrass representation of minimal surfaces in R?, see
2.0

10. Branched Conformal Immersions

To define the M&bius invariant and Euclidean holomorphic line bundles
of a holomorphic curve in HP! the curve does not need to be immersed
(cf., Theorems and . Hence the quaternionic holomorphic geometry
can also be applied to nonimmersed holomorphic curves. In this section the
behavior of a holomorphic curve at the zeros of its differential is described,
a Weierstrass representation for branched conformal immersions that admit
a smooth left and a smooth right normal vector is derived, and the behavior
of the normal vector of a holomorphic section at its zeros is discussed.

10.1. Branch Points of Holomorphic Curves in HP!. Recall the
definition of branch points from [GORT3]: Let M be a smooth 2-dimen-
sional manifold, N a smooth manifold of dimension n > 2 and f: M — N
a smooth map. A point p € M is called a branch point of f if and only if
there exists an integer k > 1, and centered coordinates z: M D U — C and
u: N DV — R"”, such that

ur(f) +iug(f) =281+ 0(k+2), w(f)=0k+2),1=3,...,n.

The integer k is independent of the charts. It is called the order, denoted
by(f), of the branch point p. The map f is called a branched immersion if all
points at which df fails to be injective are branch points. One immediately
deduces from the definition that the differential of f at a branch point equals
zero, and that branch points are isolated. On compact M one can define

the total branching b(f) := >_,cpr bp(f) of f.

10.2. Theorem. A holomorphic curve L C H? over a Riemann surface
M is a branched immersion. It has a branch point p € M if and only
if p is a Weierstrass point of its canonical linear system H C HY(L™1).
Furthermore, b,(L) = ordy, H.

PRrOOF. If a, 8 € (H?)* is an admissible basis, then the canonical linear
system H C HO(L) of L is spanned by aj, and (). Let f:=0,3L, p€E M

and 1 := B, (f — f(p)). Then +(p) = 0 and ¥ € H, since a|, = B, f, see
Because (), does not vanish, one has

ord, ) = ord, H + 1.

Consequently, there is a centered holomorphic coordinate z: M D U — C,
z(p) = 0 and a nowhere vanishing ¢ € I'(L|;;) such that

B (f = fp) =v=o+ Ok +2),
where k := ord, H. Let N be the normal vector of 3|, , g: M — H such that
©=p,9, z=x+1y, and Z =z + Ny. Then f — f(p) = 2*1g+ O(k + 2).
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Applying a Euclidean motion one can assume f(p) =0, g(p) = 1 and N(p) =
i. Then Z = 24+ O(2), g = 1 + O(1), and, consequently,

f=2 10k +2).
Thus k£ = 0 or f has a branch point of order & at p. O

10.3. Since Weierstrass points are isolated (cf., the theorem has
the following corollary.

Corollary. The derivative of a holomorphic curve has isolated zeros.

10.4. Branched Conformal Immersions with a Normal Vector.
A smooth map f: M — H is called a branched conformal immersion with a
right (left) normal vector, if there exists a smooth map R: M — H, R? = —1
(N: M — H, N? = —1) such that

sdf = —dfR («df = Ndf).

It follows directly from the definition that the differential of a branched
conformal immersion f with a normal vector is either zero or injective.
Lemma [6.1] implies that f is conformal away from the zeros of its differen-
tial. In [[0.14] branched conformal immersions whose normal vector extend
continuously but not smoothly into its branch points are constructed.

10.5. Proposition. FEvery admissible stereographic projection of a
curve L in HP' to H is a branched conformal immersion with a smooth
right (left) normal vector if and only if L (L") is holomorphic.

PRroOOF. This is a direct consequence of the Lemmas [7.4] and O

Hence every branched conformal immersion with a right normal vector
is the stereographic projection of a holomorphic curve in HP!. In particular,
it possesses a unique Mo6bius invariant and a unique Euclidean holomorphic
line bundle, by Corollary and The proposition also implies that
having a smooth normal vector is a Mobius invariant property for branched
conformal immersions f: M — H.

10.6. Holomorphic curves are branched conformal immersions, by The-
orem Their stereographic projections are also branched conformal im-
mersions, since stereographic projections are conformal and the definition of
a branched immersion is invariant under diffeomorphisms. Thus one obtains
the following corollary of the preceding proposition.

Corollary. Branched conformal immersions f: M — H with a smooth
right or left normal vector are branched immersions.

10.7. Weierstrass Representation: One Normal Vector. Bran-
ched conformal immersions that have one normal vector have a Weierstrass
representation, in which the section on the side of the missing normal vector
has at least one zero. The case of branched conformal immersions with both
normal vectors is discussed in [10.10] below.

Proposition. The Fuclidean holomorphic line bundle L of a branched
conformal immersion f: M — H with a right normal vector is the unique
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holomorphic line bundle for which there exists a nowhere vanishing holomor-
phic section ) € H°(L) and a holomorphic section ¢ € HO(KL™') satisfying

df = (¢, 7).

Moreover, p is a branch point of f if and only if p is a zero of ¢, and the
vanishing order of ¢ is the branching order of f at p.

If f is not minimal, i.e., W(f) = W(L) = W(KL™') # 0 (cf.,|9.11)), then
Theorem implies that ¢ and v are uniquely determined up to ¢ — @c,
¢ — 1 for some c € R\ {0}

Proor. Let R: M — H be the right normal vector of f. Let L := M xH
with complex structure J such that J1 = —R and holomorphic structure D
such that D1 = 0. Then L is the Euclidean holomorphic line bundle of f,
by Corollary Let ¢ := (1 + df) € I(KL™!) and ¢ := 1 € ['(L). Then
df = (¢,9) and ¢ € HO(KL™1), by Theorem

The branch points of f coincide with the zeros of ¢, because the pairing
is pointwise nondegenerate and 1 has no zeros. If ¢ has a zero of order n at
p € M, then ¢ = 2"¢ 4+ O(n + 1) for some centered coordinate z and some
nowhere vanishing section ¢. Thus df = 2"(,¢) + O(n + 1). This formula
and Corollary [10.6] imply that p is a branch point of f of order n. O

10.8. Branched Pairings. Branched conformal immersions with both
normal vectors have a Weierstrass representation with two nowhere vanish-
ing holomorphic sections, if one allows the pairing to be branched.

A branched pairing of holomorphic line bundles L and L is a smooth
map (,): L x L — T*M ® H that is a pairing of holomorphic line bundles
on some nonempty subset of M and zero on its complement.

Proposition. A smooth bundle map (,): L XL - T"M ®H is a
branched pairing of the holomorphic line bundles L and L if and only if
B: L— KL, ¢~ (p,-), or, equivalently, B: L — KL™, ¢ — () is a

nontrivial holomorphic bundle homomorphism. Moreover, ord, B = ord, B.

This proposition implies that the zeros of nontrivial branched pairings
are isolated. The Vanishing order of the pairing (,) can then be defined by
ord,(,) := ord, B = ord,, B.

PROOF. If () is a branched pairing, then %(By) = B(Jy) = (Bp)J =
J By implies that By € T'(KL~') and that B is complex linear. If ¢ and 1
are local holomorphic sections of L and L, then Byp(vp) = (p,1)) is closed,
because (,) is a pairing away from its zeros. Thus By is a holomorphic
section of KL~!, by Theorem Lemma then implies that B is holo-
morphic. The proof of the holomorphicity of B is similar. The converse
follows because B and B are holomorphic isomorphisms away from their
isolated zeros, and KL~! and L as well as KL~! and L are by definition
paired with the evaluation pairing. Finally, the equality of the vanishing

orders of B and B follows from Bp(v)) = (p,¢) = Bi(p). O
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10.9. Branched Conformal Immersions from Branchedly Paired
Holomorphic Line Bundles. Products of holomorphic sections, possibly
with zeros, of branchedly paired holomorphic line bundles can be integrated
to yield branched conformal immersions.

Theorem. Let L and L be holomorphic line bundles over a simply con-
nected Riemann surface M with a branched pairing (,). Let o € HO(L) and
¢ € HYL). Then f := [¢(): M — H is a branched conformal immer-
sion, whose branching order satisfies b, f = ordy(, ) + ord, ¢ + ord, ¢.

PROOF. Since ¢ and v may have zeros, one can assume, by Proposi-
tion m that L = KL™' and ¢ € H(KL™'). The map f = [ ¢(¢) is
away from the isolated zeros of 1 and ¢ a conformal immersion, by Theo-
rem Thus it remains to show that f has a branch point of the claimed
order at p € M, whenever ¢ or v has a zero at p.

Near p € M one can write

() ©0=2"¢p+0(m+1) and ¢ =2 +0(n+1),

as in Multiplying ¢ by a quaternionic constant one can assume that
J@(p) = @¢(p)i. The section ¢ := %(@ — Jpi) then satisfies J¢p = ¢i and
coincides with ¢ at p. Hence it does not vanish near p and ¢ — @ = O(1).
Thus one can replace ¢ by ¢ in (). The same can be done for 1, and one
obtains

df = (p,¥) = (2" + O(n +1),$2™ 4+ O(m + 1))
= (,$)2"T" + O(m +n+ 1),

because —i(, 1)) = (J§, 1) = *(&,9) = (¢, J4b) = (,4)h. Since ¢ # 0 and

1 # 0, there is near p a smooth C—valued map g such that (¢,v) = jdzg
and g(p) # 0. Thus

df(g(p)) ™' = jdzz"" 4+ O(m +n + 1),

which implies that f has a branch point of order m + n at p. O

10.10. Weierstrass Representation: Two Normal vectors. Re-
placing the pairing by a branched pairing, Theorem holds verbatim for
branched conformal immersions that have both normal vectors.

Theorem. If f: M — H is a branched conformal immersion with both
normal vectors, then the Fuclidean holomorphic line bundles L+ and L of
f and f are the unique holomorphic branchedly paired line bundles such
that there exist nowhere vanishing holomorphic sections ¢ € HO(LY) and
W € HO(L) satisfying

df = (¢, ).
The branching order of f equals the vanishing order of the pairing.

On the other hand, if ¢ € H°(L) and ¢ € H°(L) are nowhere vanishing
sections of branchedly paired holomorphic line bundles over simply connected

M, then [(p,v) is a branched conformal immersion of M into H with both
normal vectors.
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As for the Weierstrass representation of conformal immersions, (cf.,
the quadruple (L*, L, ,v) is called the Weierstrass data of f. If f = Oa,8L
is the stereographic projection of a holomorphic curve in HP!, then df =
(a=!, p71) at immersed points of f, by Proposition and trivially at the
branch points of f.

ProoF. Let N: M — H and R: M — H be the left and right normal
vectors of f. The Euclidean holomorphic line bundles L and L of f and
f are then M x H with the complex structures 1 — —R and 1 — —N
and holomorphic structure such that 1 is holomorphic, by Corollary and
Lemma [Z.5l Then define

(o, v) = pdf,

forallp e M, ¢ € Llf and ¢ € L,, where ¢ and v on the left hand side
stand for the corresponding quaternions. One easily checks that (,) is a
pairing of the complex quaternionic line bundles L+ and L away from its
zeros, i.e., the branch points of f.

To see that (, ) is a branched pairing, one needs to check, by Theorem
that (p,) is closed for all local holomorphic sections of L and L: If ¢ is
a holomorphic section of LT, then the Leibniz rule implies that *dp =
—Ndyp, where ¢ is interpreted as a map on M with values in H. For the
same reason one has xdiy = —Rdy for holomorphic sections ¢ of L. Thus
d(p, ) =de N dfty — @df Adip =0, as both terms vanish by type.

This shows the existence part, since df = (1,1) for the holomorphic
sections 1 € H°(L1+) and 1 € HY(L). Uniqueness, follows from Theorem
because if df = (p,1)), then Jp = —pN and J¢ = —yR.

Corollary implies that f is a branched immersion. Hence one only
needs to calculate the branching order of f at the branch points of the
pairing: If B: L+ — KL™' is the holomorphic bundle map & — (&,-) of
Proposition then k := ord, B = ord,(By) is the vanishing order of (,)
at p € M. Writing By = 2F¢ + O(k + 1), as in one gets df = (p,1) =
Bop(v) = 2*¢(¢)). Hence f has a branch point of order k at p.

The last statement of the theorem follows from the definition of a
branched pairing, which assures that (¢,%) is closed, and the fact that
nowhere vanishing sections of L and L do have normal vectors. U

10.11. Tangent and Normal Bundle. Both the tangent and the nor-
mal bundle of a branched conformal immersion that has both normal vectors
extend smoothly into its branch points.

Proposition. If L is a holomorphic curve in HP' whose dual curve
Lt is also a holomorphic curve, then the tangent and the normal bundle of
L extend smoothly through the branch points of L. The extensions satisfy

TL =Hom, (L,H?*/L) and 1L =Hom,(L,H?/L),

as complex line bundles.

In terms of normal vectors one obtains: The tangent bundle as well
as the normal bundle of a branched conformal immersion f: M — H with
right normal vector N and left normal vector R extends smoothly through
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the branch points of f, and
Tf={xze€eH|NzR==z}, lf={z€H|NasR=—z}.

Proor. This follows from the description of the tangent and normal
bundle away from the branch points of L or f in Theorem [7.6]or Lemmall6.1
respectively. O

10.12. Normal Vectors of Holomorphic Sections with Zeros.
In normal vectors where only defined for nowhere vanishing sections of
complex quaternionic line bundles. The following theorem shows that if the
section is holomorphic, then the normal vector extends continuously into
the zeros of the section, but the extension of the normal vector is in general
not smooth.

Theorem. Let L be a holomorphic line bundle and v € H°(L) a holo-
morphic section of L with a zero at p € M.
(i) The normal vector of 1 extends continuously into p.

(ii) If the extended normal vector of 1 is continuously differentiable at p,
then the Hopf field Q) of L vanishes at p.

PROOF. Restricting to some open neighborhood of p, one can assume
that p is the only zero of ¢. One can write ¢ = z"p+ O(n+ 1) with n € N,
n > 1 and a nowhere vanishing section ¢ € I'(L), as in Let N be the
normal vector of 9 restricted to M \ {p}.

(i) From ¢ = 2"p+0(n+1) follows that there exists a continuous function
g: M — H such that g(p) = 1 and ¢ = 2"pg. Let N be the normal
vector of ¢. Then

Jip = J(z"pg) = 2"¢Ng and Jy =N = 2"pgN.

on M\ {p}. Hence N = g~'Ng. Since g~'Ng is continuous on all of
M, it follows that N extends continuously into p.

(ii) For the Hopf field @ of L one has Q¢ = )3 NdN" (cf.,|3.3) on M\ {p}.
Thus

QY = 1/1%NdN” = z"gp%NdN" +0O(n+1) and
QY=Q:="¢+0(n+1))=z"Qp+ O(n+1).
Hence (£)" Qg = iNdN” + O(1) on M \ {p} . This implies that
(g)n Qe extends continuously into p. Consequently, Qgp\p =0. But ¢

does not vanish at p, thus Q) is zero at p.
O

10.13. Corollary. The Hopf fields of branchedly paired holomorphic
line bundles vanish at the branch points of the pairing.

PROOF. Let L and L be branchedly paired holomorphic line bundles,
p € M a zero of the pairing, and B: L — KL ! the holomorphic bundle
map £ — (&,-) of Proposition Let ¢ be a local nowhere vanishing
holomorphic section near p and NN its normal vector. Then By is zero at p,
but has the smooth normal vector N, thus the Hopf field of K L~! vanishes
at p, by Theorem Corollary [9.9 implies that the Hopf field of L at p
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vanishes. Interchanging L and L, the same argument shows that the Hopf
field of L vanishes. O

10.14. Branched Conformal Immersions Without Smooth Nor-
mal Vectors. Let L be a quaternionic line bundle whose Hopf field does
not vanish at p € M. Then Corollary implies that the Hopf field of
KL~! does not vanish at p either. Restricting to a neighborhood of p one
can assume that there are holomorphic sections ¢ and 1 of KL~! and L
with zeros at p, [BP]. Then Theorem implies that f = [¢(¢) is a
branched conformal immersion. This branched conformal immersion pos-
sesses continuous left and right normal vectors that are not continuously
differentiable, by Theorem

11. The Ladder of Holomorphic Line Bundles

The relations of the holomorphic structures of the Euclidean and Mobius
invariant holomorphic line bundles of an immersed holomorphic curve in
HP! can be generalized to relations of holomorphic structures on the four
complex quaternionic line bundles L, L=!, KL~! and K~!'L. This situation
can be visualized in a diagram, which naturally extends to a ladder whose
vertices are the complex quaternionic line bundles KL and K"L~', n € 7Z.
The relation of the holomorphic line bundles that occur in this ladder play
an important role in the following investigations.

11.1. The lines in the following diagram depict the relations of the
holomorphic structures of the Mobius invariant holomorphic line bundles

L~! and H?/L and the Euclidean holomorphic line bundles L and L+ of an
immersed holomorphic curve L in HP! and its dual curve Lt:

e The solid line stands for the paired holomorphic structures (cf.,
Theorem . The holomorphic structure at one vertex uniquely
determines the holomorphic structure at the other vertex.

e The lower dashed line stands for the relation of the Mobius invari-
ant holomorphic structure on L~! and the Euclidean holomorphic
structure on L, described in Theorem The upper dashed line
describes the same relation with L replaced by L+ and L~! re-
placed by H?/L = (L)™', These relations depend on the choice
of an admissible point co € HP!.

11.2. The Horizontal Relation with Connections. The relation
depicted by the dashed line can be generalized as follows: Let L C H? be
a holomorphic curve in HP! and co € HP! a point that does not lie on
L. Then there is a unique quaternionic connection V on L~! such that
V@), =0forall B e (H2)* whose kernel is co. This connection is trivial and
its (0,1) part V" is the holomorphic structure D of L™!, because one has
V"B, = 0= Dp, for all B € (H?)* such that ker 8 = co. The Euclidean
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holomorphic structure of L with respect to oo is the (0,1) part (V*)” of the
dual connection of V on L, because the affine lift 37! of L is holomorphic,
by the definition of the Euclidean holomorphic structure, and (V*)”37! = 0,
since 8(371) = 1.

If V is now an arbitrary flat quaternionic connection on a holomorphic
line bundle L~! such that V" is the holomorphic structure of L=, then (V*)"”
is a holomorphic structure on L. There is, at least locally, a curve in HP?
such that L=' and L are its Mobius invariant and Euclidean holomorphic
line bundles: Let 3 be a local section of L~! and H a 2-dimensional linear
system of local holomorphic sections of L™! that contains 5. The Kodaira
corresponding curve of H then has the Mobius invariant holomorphic line
bundle L~! and the Euclidean holomorphic line bundle L.

If one, on the other hand, starts with 57!, instead of 3, and a 2-
dimensional linear system H of local holomorphic sections of L, then L,
instead of L', is the Mobius invariant holomorphic line bundle and L™,
instead of L, is the Euclidean holomorphic line bundle of the Kodaira cor-
responding curve of H.

The relation of the Willmore energies obtained in [9.4]is preserved in the
more general situation.

11.3. Proposition. Let L be a quaternionic holomorphic line bundle
over a compact Riemann surface M, V a flat quaternionic connection on L
such that V" is the holomorphic structure of L and let (V*)" be the holo-
morphic structure of L='. The Willmore energies of L and L™ then satisfy

W(L) =W (L") — 4w deg L

PROOF. Let V. = 04+ A+ 0 + Q be the type decomposition of V, as
in then one easily checks that V* = 9* — Q* + 0* — A*, where 0*
and O* are the dual antiholomorphic and holomorphic structures of d and
0, and A* and Q* are the dual endomorphisms of A and Q. Furthermore,
V"=0+Q and (V*)" = 0*— A*. Thus W(L) = 2 [(QA*Q) and W (L) =
2 [(A* A xA*) = 2 [(A A xA). The flatness of V and the formula for the
complex linear part of the curvature tensor of V, given in @ then imply

0= Rz =RY4+QAQ+ANA, hence QA*Q = AANxA— JRY. Integration

of the real trace of this formula, and the formula 27 deg L = [(J R@), gives
the claimed formula. O

11.4. Direct Vertical Relation. The diagonal and the horizontal re-
lation of the holomorphic structures in the diagram yield a zigzag
relation between the holomorphic structures of L= and K L~!. This rela-
tion can be described by the exterior derivative: Let V be a quaternionic
connection on L~'. The exterior derivative dV is then a quaternionic holo-
morphic structure on K L~! if one identifies the tensor product KK of the
canonical and anticanonical bundle and the complex line bundle of C—valued
2-forms A?> ® C by

KK>w®neowAneA’eC,

which induces an identiﬁcat19n of KKL 1 and A2 ® L~!. The exterior de-
rivative dV: T(KL™') — T'(K K L™1) then satisfies the Leibniz rule, because
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for w e I'(KL) and A\: M — H one has
dV (W) = dVwA —w A d\ = d¥wh + (wd\)”,
since w A d\ = 0 by type and w A d\” is identified with —(wd\)”.

Theorem. If L™ is a complex quaternionic line bundle and V a flat
quaternionic connection on L™Y, then dV and (V*)" are paired holomorphic
structures on KL™' and L. Moreover, V induces a quaternionic linear
map from H (L=, V") to HY(KL~',dV), and on compact M the Willmore
energies of KL™', L and L™ satisfy

WL =W(L)—4rdeg L' = W(KL ') —4drdeg L.

ProOF. Let U C M be open, w € I‘(KL*HU) such that d¥w = 0, and
¥ € (L) such that (V*)” = 0. Then

d(w, ) = d(w(®)) = d¥w(¥) + w AV =w A (V)" =0,

where w A V¥ = w A (V*9))” follows by type (cf., . Thus dV and (V*)”
are paired, by Theorem

If ¢ is a holomorphic section in (L', V"), then Vi € I'(KL™!), be-
cause (V)" =0, and V1 is holomorphic, because the flatness of V implies
dVViyp = 0. The equation for the Willmore energies follows from Corol-
lary 9.9 and Proposition [11.3 O

11.5. Remark. The J commuting part of dV is the tensor product
of the complex holomorphic structures of K and L~': The complex holo-
morphic structure on K is the exterior derivative d, and the complex holo-
morphic structure of L™! is the J-commuting part of V”. For w € K and
@ € T(L™1) one gets

d¥ (we) — JdY (wJp)
=dwp —w AV — J(dw]p)+wAJ(V)p+wA J* Ve
= 2dwp + 2w A (Q + A)p — 2w A Vo
N——

_ =2wA (V)" =2wA(0+Q)¢
= 2dwy + 2w0p.

In the second line the formula VJ = 2(xQ — xA) = —2J(Q + A) from [2.7] is
used, and w A Vo =w A (V)" as well as w A Ap = 0 by type (cf., [2.8).

11.6. The Quadrilateral of Holomorphic Line Bundles. Theo-
rem implies that every flat connection V on L~! induces a commutative
triangle of quaternionic holomorphic structures:

(KL1,dv)
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Rotating the triangle of holomorphic line bundles and substituting L by
KL yields

(KL, () - - - BB (K-1L,9")

If one chooses V such that d¥ = (V*)" then the triangles fit together,
and one obtains the quadrilateral of holomorphic line bundles:

(KL™L,dY = (V) - - - == - ——— - (KL, V")
|
(L_l, V”) 777777 e Dl (L, (v*)// — d@)

11.7. The Ladder of Holomorphic Line Bundles. KL~! with flat
connection V* is the lower left corner of a new triangle above the quadri-
lateral, and L with V* is the upper right corner of a rotated triangle below
the quadrilateral. Choosing new flat connections whose (0,1) parts equal
dV" and dV", respectively, yields two new triangles. This procedure can
be continued as long as there are flat connections with appropriate (0,1)
parts. Because there are always local nowhere vanishing holomorphic sec-
tions, such connections exist at least locally. All in all, one arrives at a
ladder of holomorphic line bundles:

K1

(KL, dV") : KL

e

(KL7LdY = (V")) === =5 === =~ (KL9)

A |
I3 | fisw!
| N

LV z—=—=—~ g~ () =dY)
\ :
N
K-np-1 \(KL v

Kn:JrlL
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12. Surfaces in R?

In this section it is shown that the Euclidean holomorphic line bundles
of a conformal immersion into ImH = R? are isomorphic. This means that
only one holomorphic line bundle enters into the Weierstrass data of such an
immersion. This line bundle is paired to itself, and the conformal immersions
into Im H are obtained integrating squares of holomorphic sections.

12.1. Surfaces in Im H. Immersions with values in a parallel hyper-
plane of ImH are characterized by equality of their normal vectors.

Proposition. If f: M — H is a branched conformal immersion with a
normal vector, then f takes values in a hyperplane parallel to ImH if and
only if it has both normal vectors and they are equal. In this case, the normal
vector is the Gauss map of f.

PRrROOF. If N is the left normal vector of f, then *df = —xdf = —Ndf =
—df N, because the image of df is contained in Im H. Thus N is also the right
normal vector of f. On the other hand, if there exists a map N: M — H
such that N? = —1 and *df = Ndf = —df N, then Re(df) = — Re(df N?) =
—Re(NdfN) = Re(df N?) = — Re(df), because the real part of the quater-
nionic multiplication is commutative. Thus df takes values in Im H. Finally,
N(p) is for all p € M orthogonal to the image of d,f, since Ndf = —df N
implies (N, df) = Re(Ndf) = 0. O

12.2. Weierstrass Representation. The preceding proposition and
Theorem imply that a branched conformal immersion with a normal
vector and values in ImH has a Weierstrass representation. Its Weierstrass
data is symmetric:

Lemma. If (L, L,p, 1) is the Weierstrass data of a branched confor-
mal immersion with a normal vector into ImH, then L+ and L are isomor-
phic with an isomorphism mapping @ onto .

PrROOF. Let f: M — ImH be a branched conformal immersion into
Im H with normal vector N: M — H, then xdf = Ndf = —df N, by Propo-
sition m Thus df = (¢,1) implies that ¢ and 1 are nowhere vanishing
holomorphic sections of L+ and L with the same normal vector —N. The
bundle map B: L+ — L mapping ¢ onto 1 is a holomorphic isomorphism,

by Lemma O

12.3. If two paired holomorphic line bundles L and L are isomorphic
with an isomorphism B: L — L, then (-,-) := (B-,-) is a pairing of L
with itself. A holomorphic line bundle L that is paired to itself is called a
spin bundle, and a branched spin bundle, if L is branchedly paired to itself.
Proposition [10.8|implies that a holomorphic line bundle L is a branched spin
bundle if and only if there is a holomorphic bundle homomorphism from L
to KL~ It is a spin bundle if and only if L and K L~! are isomorphic.

Lemma. If L is a branched spin bundle with branched pairing (-,-),

then (p,1) = —(1, ).
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Proor. Let ¥ € L not zero and N € H such that J¢Y = ¢ N. Then
N? = —1 and Re(1),¢)) = —Re(J1), Jy)) = Re(N(1),¥))N) = —Re(4), ).

Thus (1, 1) takes values in ImH. Let ¢ be some element in the same fiber
as 1, then there exists A\ € H such that ¢ = . This implies (p,v) =

)‘(1/17@ = —(1/17@)\ = —(wa%’) U

12.4. Putting everything together one concludes that the Weierstrass
representation of a branched conformal immersion with a normal vector into
Im H is obtained from one holomorphic section in a branched spin bundle.

Theorem. If f: M — ImH is a branched conformal immersion with a
normal vector. Then the Euclidean holomorphic line bundle L is the unique

branched spin bundle with a nowhere vanishing holomorphic section ¢ €
HO(L) such that

The branching order of f equals the vanishing order of the pairing. If M is
compact of genus g, then

b(f) =29 —2—2deg L.

Conversely, if ¢ € HY(L) is a nowhere vanishing holomorphic section
of a branched spin bundle L over a simply connected Riemann surface, then
J (¢, ) is a branched conformal immersion of M into H with both normal
vectors that takes values in some hyperplane parallel to ImH C H.

The pair (L, ¢) is called the Weierstrass data of f.

PROOF. The first part follows form Theorem and Lemma In
particular, L is a branched spin bundle, the map B: L — KL%, ¢+ (p,-)
is holomorphic, by Proposition and ord B is the total branching order
b(f) of f. Thus b(f) =ord B=—2deg L + deg K = —2deg L + 2g — 2.

The converse is a consequence of Theorem and Proposition [12.1
because df = (¢, ) implies that the left and the right normal vector of f
coincide. O

12.5. Maps into Real Hyperplanes of H. If V C H is a real hyper-
plane of H through zero, then V' iz = Im H, for every nonzero p € H orthogo-
nal to V. Thus the image of a map f: M — H is contained in a hyperplane
parallel to V' if and only if the image of fji is contained in a hyperplane
parallel to ImH. It follows, by Theorem that (branched) conformal
immersions (with a normal vector) that take values in a real hyperplane of
H, have Weierstrass data of the form (L, L, ¢, of1) with a nowhere vanishing
holomorphic section ¢ in a (branched) spin bundle L, and vice versa. In
terms of normal vectors one gets that the equation N = puRu~!, for the
normal vectors N and R of f and some constant u € H, is equivalent to f
assuming values in a hyperplane parallel to the orthogonal complement of
. In particular, a smooth map f: M — H whose image is contained in a
real hyperplane has either both or no normal vectors.
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12.6. Example: Minimal Surfaces. Let f: M — Im H be a branched
conformal immersion such that

df = (v, ¥),

with a holomorphic section ¢ of a spin bundle L. The equation 2(Q A *Q) =
|H|?dA (cf.,|9.4) and Remark imply that f is minimal if and only if the
Willmore energy of L vanishes.

This is the quaternionic version of the well known spinor Weierstrass
representation of a minimal surface in R3, see for example [Bob94]. To
get the standard formula with two complex holomorphic spinors choose a
meromorphic section 1 of the underlying complex line bundle L of L. Then
x(1, 1) = —1(¢,¥) = (¢¥,1)i. Hence locally, away from the zeros and poles
of 1, there are holomorphic charts z: M D U — C such that (¢,) = jdz.
Writing ¢ = ¢(A1k + A2) with complex holomorphic maps Aj2: U — C one
gets

df = Re(2A1\ad2)i 4+ Re((—AF + A3)dz)j + Re(i( A + \3)d2)k.

With the meromorphic map g = i—; and the holomorphic 1-form n = 2)\3dz
one obtains the classical Weierstrass representation (cf., [HK97, Theorem
2.1]) of minimal surfaces

df = Re(gn)i + Re(3(1 — ¢*)n)j + Re(3i(1 + ¢°)n)k.

The normal vector N of f is minus the normal vector of ¢, which implies

N = —(Mk + X2)ti(Ak + A2). Consequently, N = W. Thus g is

the stereographic projection of the normal vector of f.

13. Surfaces in S°

If L ¢ H? is an immersed holomorphic curve in HP! that lies in some
3-sphere of HP!, then there is a stereographic projection sq,3L of L that
takes values in the imaginary quaternions ImH. The Euclidean holomor-
phic structures of L and L+ with respect to co € S3 are then isomorphic, by
Lemma [12.2] In this section it is shown that the Mobius invariant holomor-
phic line bundles are also isomorphic. Because this is a Mobius invariant
condition one could ask whether the property that the FEuclidean holomor-
phic line bundles are isomorphic is possibly also invariant under Mobius
transformations. The answer is no. In fact, a conformal immersion of a
compact Riemann surface into S whose Euclidean holomorphic line bun-
dles are isomorphic is a surface of constant mean curvature in S3.

13.1. The Mobius Invariant Holomorphic Line Bundles. The
Mo6bius invariant holomorphic line bundles of a holomorphic curve in HP?
that lies in a 3-sphere are isomorphic. This can be derived from the fact
that the Euclidean holomorphic line bundles of such a curve and its dual
are isomorphic. Nevertheless an independent proof is given below.

Theorem. A holomorphic curve L in HP! lies in some 3-sphere if and
only if L+ is a holomorphic curve and there is a holomorphic isomorphism
between the Mdébius invariant holomorphic line bundles of L+ and L that
maps the canonical linear systems of L and L onto each other.
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The author does not know any example of a holomorphic curve in HP!
that does not lie in a 3-sphere whose Mé6bius invariant holomorphic line
bundle is isomorphic to the Md&bius invariant holomorphic line bundle of
its dual curve. Thus the condition on the canonical linear systems in the
theorem may be superfluous.

PROOF. Suppose L C H?2 lies in some 3-sphere S ¢ HP!. Then L
can be stereographically projected onto a branched conformal immersion
in ImH. This immersion has a smooth right normal vector, by Propo-
sition [10.5] Proposition [12.1] implies that it also has a smooth left nor-
mal vector. Thus L= is also a holomorphic curve, by Proposition and
Lemma [7.5

Let (,) be the indefinite Hermitian form on H? associated to S3, as
described in then (L, L) = 0. The quaternionic linear homomorphism

B: H? - (H»*, a+w (a,-)

maps L onto L. Hence it induces a quaternionic linear bundle homomor-
phism B: (L+)~' = H?/L — L~' = (H?)/L*, which maps the canonical
linear system of L+ onto the canonical linear system of L. If a,b € H? is an
admissible basis, then a|;, and b, are holomorphic sections of (L*)7!,
and there exists f: M — H such that a;,, = b, f. From the Leib-
niz rule follows that the normal vector of b, is the left normal vector
of f. The left normal vector of f is also the normal vector of B(b|,.),
because B’(a\LL) = (a,-)|;, and B(b, ) = (b, -)|;, are holomorphic and
B(a\LL) = f?(b\LL)f. Thus Theorem implies that B is holomorphic.
Suppose now that there exists a holomorphic bundle homomorphism
B: (L*+)~' — L~! that maps the canonical linear system of L' onto the
canonical linear system of L. Then B induces a parallel quaternionic linear
bundle homomorphism B: H2 — (H?)* that satisfies B(L) = L*. The latter
follows, because 1) € L, corresponds to a holomorphic section of (L+)~! with
a zero at p whose image under B is also a holomorphic section with a zero
at p. If one now proves that (z,y) := B(z)(y) is a Hermitian form on H?
then L lies in the 3—sphere associated to (,), and the proof is complete.
Let ¢ € I'(L) be a nowhere vanishing section, then B(t)()) = 0 implies

B(0y) () = =B(¥)(6¢).

This equation implies —NB(dv)(¢) = B(6v)(¢)N for the normal vector
N: M — H of 1. Thus the image of B(d1)(1)) is contained in the imaginary
quaternions. Let p,q € M such that L, # L, 5\p # 0, and X € T,M \ {0}.
Then there exists b € Lq \ {0} such that b = dx¢), mod Lp. If a = ¢,
then a,b is a basis of H? such that B(a)(a) = B(b)(b) = 0, because a € L,
and b € Lq. Furthermore, B(b)(a) = B(6(X)vy,)(¢),) is imaginary, and

Bb)(a) = B(X)w),) (W) = ~B(,)(3(X)d),) = —Bla)(b) = Ba)(b).
O
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13.2. Maps into S% and Spin Bundles. The Weierstrass data of a
branched conformal immersion into a real hyperplane of H consists of two
linearly dependent sections of a branched spin bundle (cf., . Linearly
independent nowhere vanishing sections induce immersions that do not lie in
a real hyperplane of H. The quotient of these sections is a nowhere vanishing
holomorphic section of the normal bundle (cf., Lemma. From this one
can derive (cf., Theorem that the Weierstrass data of a branched con-
formal immersion of a compact Riemann surface into S lies in a branched
spin bundle if and only if the immersion has constant mean curvature (CMC)
in S3.

13.3. Recall from Proposition [I0.11] that the normal bundle L f of a
branched conformal immersion f: M — H with right normal vector R and
left normal vector N is {x € H | NzR = —x }. It is a complex line bundle,
whose complex structure is left multiplication with N, which equals right
multiplication with R. The trivial connection d of H induces a complex
connection V1 on the normal bundle of f, since for a section ¢ € T'(_L f)
one has V(¢ R) = V1 (¥) R, because 1/dR has values in the tangent bundle
of f. The (0,1) part of the normal connection V1 defines the complex
holomorphic structure of the normal bundle of f.

13.4. Lemma. Let L be a branched spin bundle over simply connected
M, p,vp € H°(L) nowhere vanishing holomorphic sections, and X\: M — H
the quotient of @ and 1, i.e., o = YX. Then X is a nowhere vanishing holo-
morphic section of the normal bundle of the branched conformal immersion

[ (e, ).

PRrOOF. Let N be the left normal vector and R the right normal vector
of the branched conformal immersion f := [(¢,%). Then Jp = —pN =
—AN and Jo = JyYA = —pRA\. Hence NAR = —)\, which means that
A is a nowhere vanishing holomorphic section of the normal bundle of f.
Because ¢ and 1 are holomorphic, the Leibniz rule implies *d\ = —Rd,
hence *d\ = dAR. The (0,1) part of d\ with respect to right multiplication
by R on H thus vanishes identically. Its projection onto the normal bundle
of f is of course also zero. This means that A is a holomorphic section of
the normal bundle of f. O

13.5. Remark. As xd)\ = dAR implies dA A df =0 by type, X is a 1-
step Biicklund transform of f (cf., [21.5). From *d(A~1) = d(A~!)N follows
that d(A~') Adf = 0, hence A~ ! is a 1-step Bécklund transform of f.

13.6. Theorem. Let M be a compact Riemann surface, f: M — S3 a
branched conformal immersion with both normal vectors, and (LL, L,p,v)
its Weierstrass data. The holomorphic line bundles L and L are isomorphic
if and only if f is a CMC surface in S®. The quotient of ¢ and 1) is in this
situation, up to a constant real factor, the parallel CMC' surface of f.

ProOF. If L and L' are isomorphic, then let \: M — H be the quotient
of p and 1, i.e., ¢ = ¥\. Lemma then implies that X is a holomorphic
section of the normal bundle of f. Since f takes values in S3, f is also a
section of its normal bundle. By the definition of the normal connection
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it is parallel, and, consequently, holomorphic. Because M is compact this
implies that there are real constants A\; 2 € R such that

A=A f+ don,

where n = Nf = fR is the normal vector of f in S3.

Let I = (df,df), Il = —(df,dn) and III = (dn,dn) be the first, second,
and third fundamental forms of f as a surface in S3. Let H be the mean
curvature of f in S$® and K the Gauss curvature of f. Then H is half
the trace and (K — 1) the determinant of II with respect to I. From the
Cayley—Hamilton theorem follows

0= (K —1)] —2HII+1II.

Furthermore, there exists a smooth map u: M — R such that |[d\| = ul,
because A is a conformal immersion, away from the zeros of its differential,
by Lemma (X has a right normal vector, see the proof of Lemma .
Consequently,

ul = |dA| = M T =20\ A T+ TIT = (A — K + 1) T+2Xo(=\; + H)o) 1.

Thus one has the following three cases: (1) A2 = 0; (2) A2 # 0 and
H = :\\—;; or (3) Il is at all p € M a multiple of I. Case (1) means that A
is a constant real multiple of f, which is a contradiction to xdf = —dfR
and *d\ = dAR, see the proof of Lemma Case (2) implies that f
has constant mean curvature H = A\;/A2 in S°, and that A = Ao (H f + n).
Hence A has constant length (because d is orthogonal to A) and A/|)| is the
parallel CMC surface of f in S3. Case (3) means that f is totally umbilic.
It, consequently, lies in some real hyperplane of H. From then follows
that imd @ are linearly dependent. Thus X is constant. This implies

1

dn = —5tdf. Hence H = i—; So, case (3) is contained in case (2).

Suppose now that f has constant mean curvature H in S®. Then
A=Hf+n

is, up to a constant real factor, the parallel CMC surface of f in S3. Then
dX is orthogonal to A, and dA takes values in the tangent bundle of f.
Furthermore,

|d\ = H*T—2HT+111 = (H? - K +1)1.

Hence A is conformal. Let N be the left and R the right normal vector of
f. Then one arrives at the following three cases: (a) A is constant; (b) N is
its left and R is its right normal vector; or (¢) —N is its left and —R is its
right normal vector.

Case (a) means that df is orthogonal to the constant A. Thus f takes
values in a real hyperplane of H parallel to A*, and L' and L are holo-
morphically isomorphic (see[12.5). In case (b) dA = Hdf + dn implies that
xdn = Ndn = —dnR. From n = Nf = fR one concludes dN” = dR" = 0.
Thus the Willmore energies of the Mobius invariant holomorphic line bun-
dles of f and f vanish (cf., . Consequently f takes values in some
2-sphere (cf., [8.4). Hence as in case (a), f takes values in a real hyper-
plane of H, and L+ and L are holomorphically isomorphic (see 12.5). In
case (c) one has *d\ = dAR. This equation and the Leibniz rule imply that
¥ is a holomorphic section of L. From Jiy = —¢R (since df = (p,1)))
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and N\ = AR follows that JYyX = —)RA = —)AN. So )\ is a nowhere
vanishing holomorphic section of L that has the same normal vector as the
nowhere vanishing section ¢ of L+. Thus L' and L are holomorphically
isomorphic, by Theorem O



CHAPTER III

Equality in the Pliicker Estimate

The complex version of the Pliicker formula relates basic extrinsic and
intrinsic invariants of compact complex holomorphic curves in CP™. If by, is
the branching order of the osculating k—plane, g the genus and d the degree
of the curve, then

n—1
0=(n+1)(n(l—g)—d)+ Y (n— k)b,
k=0

(cf., [GriHal Section 2.4, p. 270f]). In the quaternionic situation the formula
holds verbatim if one replaces the zero on the left hand side by the difference
of the Willmore energies of the curve and its dual. As a matter of fact, the
quaternionic Pliicker formula, as formulated in [FLPPO1] (or[14.7)), is about
linear systems of holomorphic line bundles and the weighted sum of the
branching orders of the osculating k—planes is replaced by the Weierstrass
order of the linear system. The connection between these two formulations
is the Kodaira correspondence (cf., and the formula by, = ng11 —np—1,
which implies SX'Z8 (n — k)bg(p) = S 1_o(nk(p) — k) = ord, H (cf., [3.7] and
Lemma .

The first section of the present chapter contains important definitions
and the formulation of the Pliicker formula and the Pliicker estimate. The
Pliicker formula is in the next section applied to 1- and 2—dimensional linear
systems. This yields a formula that relates the Willmore energies of different
stereographic projections of a holomorphic curve in HP?!, and a formula for
the total curvature of the stereographic projection of a holomorphic curve
in HP'. Furthermore, it is shown that compact holomorphic curves which
project stereographically onto minimal surfaces in R* are those curves whose
canonical linear system contains a 1-dimensional linear system with equality
in the Pliicker estimate. Section [16| then contains the most important fact
about equality in the Pliicker estimate: Linear systems with equality in the
Pliicker estimate can be described by complex holomorphic data. Then three
operations that preserve equality in the Pliicker estimate are presented.

In Section [18] soliton spheres are defined as those branched conformal
immersion of CP! into H whose canonical linear system is contained in a
linear system with equality. It is then shown that this Mdbius invariant
definition is equivalent to a definition in Euclidean terms, which was pro-
posed by Iskander Taimanov in [Ta99] for immersions of CP! into R? with
rotationally symmetric potential. This leads to a large class of examples of
soliton spheres in R?, the Taimanov soliton spheres. The last section of the
present chapter is concerned with the possible Willmore energies of soliton
spheres in R3.

45
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14. Pliucker Formula and Pliicker Estimate

In this section holomorphic curves in the Grassmannian manifold of a
quaternionic vector space, their osculating k—planes, their dual curve, as well
as their canonical complex structure are introduced. It is shown how the
osculating k—planes are related to the Weierstrass flag of the canonical linear
system of a holomorphic curve in HP™. Finally, the quaternionic Pliicker
formula can be formulated. This formula yields an estimate on the Willmore
energy, which is called the Pliicker estimate.

14.1. Holomorphic Maps into Grassmannians. Let Gi(H) be the
Grassmannian manifold of k—dimensional subspaces of a quaternionic vec-
tor space H. A map M — Gy(H) is, as for HP! = G (H?), identified with
a rank k£ subbundle V of the trivial H-bundle over M. In order to keep the
notation simple, the trivial H-bundle is again denoted by H. The endo-
morphism § := 7V, € Q! Hom(V, H/V) is then the derivative of the map
represented by V', analogous to Here V denotes the trivial connection
of H and 7 : H — H/V the canonical projection. A subbundle V" C H
is called a holomorphic curve in Gi(H), if V posses a complex structure J
such that

x0 = 0J.

As for holomorphic curves in HP! (cf., Theorem there is a unique
holomorphic structure on the dual bundle V* = H*/V~ of V such that the
restrictions of the elements of H* to V' are holomorphic sections of V* (cf.,
[FLPPO01, Theorem 2.3]). The holomorphic vector bundle V* with this
holomorphic structure is called the canonical holomorphic vector bundle of
V. If V is full, i.e., V does not lie in a linear subspace of H, then H*
can be identified with the base point free linear system obtained from H*
restricting its elements to V. H* C HY(V*) is called the canonical linear
system of the curve V. As for curves in HP! (cf., Paragraph V' can
be recovered from H*, because V = ker(ev): C H, where ev: H* — V*,
(p,B) — PB(p) is the evaluation map. This is the Kodaira correspondence
between base point free linear systems H* of holomorphic vector bundles

of rank k and projective equivalence classes of full holomorphic curves in
Gr(H) (cf., [FLPPO1l, Paragraph 2.6]).

14.2. Osculating k—Planes. Let H be an (n + 1)-dimensional base
point free linear system of a holomorphic line bundle L=%, {0} € Hy C ... C
H,, = H the Weierstrass flag, 0 = ng < n1 < ... < n, the Weierstrass gap
sequence of H (cf., and L C H* the corresponding holomorphic curve.
For p € M let

VAL = span{ Vx, ... Vx4, [ ¥ € T(L), X1,..., Xz € D(TM), k < k}.

If dim VkL\p =k +1 for all p € M, then V*L is the osculating k-plane of

L. The V*L fail to satisfy the condition on the dimension exactly at the
Weierstrass points of the linear system H, because of the following relation
to the Weierstrass flag of H.
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Lemma. Forallpe M and all k =0,...,n one has
VL = (Hy 1 (p)" and  dim (VL)) =k +1.

PROOF. Let 3 € H, = 2o + O(l +1) at p, as in ¥ € T'(L), and
X1,...,X; € D(TM). Then B(Vx,...Vx¥) = Xi... X;(8(1)). Thus
B(Vx, ... Vx,$), = 0 for all € T(L) and Xy,..., X; € T(TM) if and
only if [ > k. Hence € Hy,_j—1(p) ={B € H | ord, B > ny } if and only if
Be (Vnk(P) L‘p)J'. The dimension formula follows from dim Hy = k41 (cf.,
37). 0

The lemma implies that dim V"’L\p < k + 1, since VFL ¢ V*TIL and

ng > k. Thus dim VkL\p = k + 1 holds at p for all k£ if and only if p is
no Weierstrass point. Hence the Weierstrass flag is smooth away from the
Weierstrass points of H. It is not smooth at the Weierstrass points. But
the Weierstrass flag is continuous on M, by Lemma This now implies
that the subbundle

L =V"™LCH

of rank £ + 1 is continuous on M and smooth away from the Weierstrass
points. Ly is the osculating k—plane of L.

14.3. Canonical Complex Structure. Let H be an (n + 1)-dimen-
sional Weierstrass point free linear system of a holomorphic line bundle L.
Theorems 4.2 and 4.4 of [FLPPO1] imply that H posses a unique complex
structure S such that the following three conditions are satisfied:

(i) S stabilizes the Weierstrass flag of H, i.e., SHy = Hj.
(ii) If V.S = 2(xQ — *A) is the type decomposition of VS, as in then

H, 1 Cker@Q and imA C Hy.

(iii) S induces the given complex structure on H/H,, 1 = L1

The endomorphism field S is called the canonical complex structure of the
linear system H. Lemma yields VI'(Hy) C QY (Hg,y1), since H is as-
sumed to be base point free. If 7: H — H/Hj_4 is the canonical projection,
then the derivatives

O := mV: Hk/Hk—l —T"M ®Hk+1/Hk

satisfy
*5k = S&k = 5kS,

because the flatness of V implies dx A dp_1 = 0 and 6,1 = Sd,_1 by
(iii). The 0p: Hy/Hi—1 — KHyy1/Hy are complex quaternionic bundle
isomorphisms. The dual bundle homomorphism 6} : Ly—t—1/Lyp—k—2 —
Ly—/Ly—g—1 of 0 is the derivative of L,_r_1. The two homomorphism
valued 1-forms A € T'(KHom_(H, L)) and Q € I'(KHom_(H/L, H)) such
that

VS =2(xQ — xA)
are called the Hopf fields of S.
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14.4. If L = Hé_l C H* is the Kodaira corresponding holomorphic
curve of H in G1(H™*), then the dual complex structure S* € I'(End(H™))
of S is called the canonical complex structure of L. If a holomorphic curve
L C H"*! is given then its mean curvature sphere is away from the isolated
Weierstrass points of its canonical linear system defined as before. The
canonical complex structure in general does not extend continuously into
the Weierstrass points (cf., Appendix .

The differential of S* satisfies V.S* = 2(—+A* 4+ *Q™*). One easily checks
that A* € I'(KHom_(H/L,H) and Q* € I'(KHom_(H,L). Thus —A* is
the “Q” and —Q* the “A” of §*. In particular S* satisfies and is uniquely
determined by analogous conditions to [14.3] (i)—(iii):

(i) S*Ly = Ly, (ii) Lp—1 Cker@Q™, im AT C L, (iil) S*, = J,
where QT = —A* and AT = —Q* are the Hopf fields of S*. The derivative
d =20, € I'(KHomy(L,H/L) of L satisfies %0 = S*§ = 65*. This implies
that L is a complex holomorphic subbundle with respect to the complex
holomorphic structure 9 of the decomposition of the trivial connection
of H with respect to S*.

14.5. Dual Curve. Let L ¢ H"*! be a holomorphic curve and My C
M such that M\ My are the Weierstrass points of the canonical linear system
H = (H"*1)*. Let S be the canonical complex structure of H on My. The
equation x§; = 01 S implies that each member Hy of the Weierstrass flag is
on My a holomorphic curve in Gy11(H) with complex structure induced by
S, in particular,

d._
L® = HO‘MO
is a holomorphic curve in G (H) = HP". This curve is called the dual curve
of H or L.

On My let H; C H* be the Weierstrass flag of the canonical linear
system H* = H"™ C HO((LY) ™). If ¢ € T(LY), then ¢ € T(V" 'L}, )t
by Lemma Thus

Vx, - Vx,0o(Vx,., ... Vx, ,¥) =0,
for all o € I'(L},, ) and Xy,..., X1 € [(T'M),, ). This equation implies
0 0
Vde\p = (V"*k*IL)Hp for all p € My. Hence Lemma applied to L
and L%, yields

(Hj )t =VFiL? = (Vn_k_lL\Mo)L = Hy|p, -

This implies that the canonical linear system H* of L? is Weierstrass point
free, (L9)? = L Mo and S* is the canonical complex structure of H*.

14.6. Mean Curvature Sphere of a Holomorphic Curve in HP!.
Let H C H%L™!) be the 2-dimensional Weierstrass point free canonical
linear system of an immersed holomorphic curve L in HP!. Then

L*=rt
because L¢ = Hy = H,,_; = L+ for n = 1.
If S € I'(End(H?)) is the canonical complex structure of L, then the S,

invariant lines in H? form a 2-sphere (cf.,|5.5)). This is the mean curvature
sphere or conformal Gauss map of the immersion M — S* represented by
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L at p (cf., [BFLPPO02| Section 5]). The canonical complex structure of
an immersed holomorphic curve in HP! is, therefore, also called the mean
curvature sphere (congruence) of the holomorphic curve L. Let 0: L —
T*M ® H?/L be the derivative of L, and Q and A the Hopf fields of S.
From then follows that the mean curvature sphere S of L satisfies (and
is uniquely determined by)

SL=L, *x=50=05 L CkerQ.

Note that, given the first equation the second implies VS(L) C QY(L).
Given the first two equations, L C ker () is equivalent to Im A C L, because
VS =2(xQ—+A). The condition SL = L means that L, lies on the 2-sphere
Sp. The second condition, *§ = S§ = 0.5, implies that the tangent space of L
at p € M and S, at the point L, coincide, since Ty, S = Hom (L,, H?*/L,)
(cf., . The last condition, L C ker @), ensures that the mean curvature
vectors of L at p and S, at L, coincide for one and, consequently, every
stereographic projection onto H (cf,. [BFLPP02, Remark 9, p. 44]).

For later applications a description of S, @ and A in Euclidean terms
will be useful (cf., [BFLPPO02, Propositions 12 & 15]). Let o, 8 € (H2)* be
an admissible basis and a,b € H? its dual basis. In the frame (a,3~') one
has

N 0 2dN" 0 0 0
S_<—H —R)’ 4*Q_<w—2dH o>’ 4*A_<w 2de/>’

0 0 w=dH + RxdH + HNdN",
4d+Q = 4d+xA = < >, _
w 0 H=NH="HR,

where 57! is the affine lift of L with respect to 3, N and R are the left
and right normal vectors and H is the mean curvature vector of o, gL.
Furthermore, Hdf = dR' and dfH = dN’'. Geometrically H is (up to
quaternionic conjugation) the rotation of H by 7 in the normal bundle of
Sq,3L. Note that, if s, gL takes values in ImH, then H is real valued and
—H equals the mean curvature of s, gL.

14.7. Pliicker Formula. Let H C H°(L™!) be an (n+1)-dimensional
linear system of a holomorphic line bundle L™! over a compact Riemann
surface M of genus ¢g. Let LY C H be the dual curve of H on M, where
M \ My are the Weierstrass points of H. The Willmore energies of L~! and
(L%~ are then related by the Plicker formula (cf., [FLPPO1], Theorem
4.7)):

L (W(L*l) - W((Ld)*1)> — (n+1)(n(1 — g) — deg L™1) + ord H.
In particular, the Willmore energy W ((L?)™1) is finite, although (L9)~! is

only defined on My. If S is the canonical complex structure of H, and @
and A are its Hopf fields, then

WL :2/M<Q/\*Q> and W((LH™H :2/M<A/\>|<A>.
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14.8. Pliicker Estimate. Because W ((L%)~!) > 0, the Pliicker for-
mula yields an estimate for the Willmore energy of L~!, the Pliicker estimate

WL > (n+1)(n(1—g) —deg L™') + ord H.

14.9. Equality. The main theme of the rest of this thesis is the in-
vestigation of linear systems with equality in the Pliicker estimate as well
as the branched conformal immersions obtained from such systems via Ko-
daira correspondence and Weierstrass representation. A linear system has
equality in the Pliicker estimate if and only if the Willmore energy of (L¢)~!
vanishes, i.e., the canonical holomorphic line bundle of the dual curve of the
linear system is a (doubled) complex holomorphic line bundle.

15. The Pliucker Formula for
1- and 2-Dimensional Linear Systems

Before we start investigating linear systems with equality in the Pliicker
estimate, some immediate consequences of the Pliicker formula for curves
in HP' are derived in this section. First the Pliicker formula is applied to
the canonical linear system of a holomorphic curve in HP!. This leads to
a generalization of the formula W (L) — W(H2?/L) = 87(1 — g — deg L™!)
from which relates the Willmore energies of the two Mobius invariant
holomorphic line bundles of an immersed holomorphic curve in HP'. Ap-
plying the Pliicker formula to the 1-dimensional linear subsystem of the
canonical linear system associated to a point co in HP? yields a generaliza-
tion of the formula W(L™!) = W(L) — 4xdeg L~! from which relates
the Willmore energies of the Mébius invariant and Euclidean holomorphic
line bundle of an immersed holomorphic curve. The generalized formula
implies that Euclidean minimal curves in HP' are those holomorphic curves
whose canonical linear system contains a 1-dimensional linear subsystem
with equality in the Pliicker estimate. Finally, the formulas are combined
and a formula for the total curvature of the (possibly non admissible) stere-
ographic projections of a (possibly branched) holomorphic curve in HP! is
derived.

15.1. Application of the Pliicker Formula to the Canonical Lin-
ear System of a Holomorphic Curve in HP!. If M is compact and H
is the 2—dimensional canonical linear system of a holomorphic curve L in
HP!, then the Pliicker formula yields

W(L™Y) — W(H?/L) = 4n(2 — 29 — 2deg(L™1) + b(L)),

because ord H = b(L), by Theorem For immersed holomorphic curves,
i.e., b(L) = 0, this formula was already derived in

15.2. Application of the Pliicker Formula to 1-Dimensional
Linear Systems. Let H = fH C H°(L™!) be the 1-dimensional linear
system of a holomorphic line bundle L~! spanned by some g € HO(L™1).
The set My of Weierstrass points of H is then the set of zeros of SH. If
V is the connection on L_l\ Mo that makes (3 parallel, then the canonical
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holomorphic line bundle (L%)~! of the dual curve L% of H is isomorphic to
(Lipg,» (V)"): (L% 7! is by definition the trivial bundle H~! x My with
the complex structure J3* = —g*N, where N is the normal vector of
By, and 5% € I'(H~! x M) is determined by *(3) = 1, and the holo-
morphic structure that makes 5* holomorphic. The isomorphism between
(Lipg,» (V") and (L%~ is then provided by the dual of the evaluation map
eviyy, - H x My — L Mo The Pliicker formula applied to SH then reads

W(L™) = W(Ljy,, (V)") = —4ndeg(L™") + 47 Y _ ord, 3.
peEM

15.3. Let H be the canonical linear system of a holomorphic curve
L C H2. Let co € HP! and

Ho ={pB,|B€ (IHQ)*, kerﬂ:oo}:ooJ‘

be the 1-dimensional linear subsystem of H associated to the point co. The
Weierstrass points p € M of H, are the points at which L, = co. Hence
My=M\{peM|L,=00}.

If L Mo is equipped with the Euclidean holomorphic structure with re-
spect to oo, then W(Lj,, ) = W(Lj, ,(V)") = W((LH™1). Because
H is base point free, one gets ord, Hy, = ord, H + 1 if L, = oco. But
ord, H = by(L), by Theorem hence ord. Hoo = 3~ 0\ ag (bp(L) + 1).
The Pliicker formula then reads

W(L™) = W(L) = —4rdeg(L™") +4r > (by(L) +1).
pEM, Lp=00

For immersed L and admissible co this formula was already derived in

15.4. Equality and Euclidean Minimal Curves. Let f: My — H
be a stereographic projection of L with respect to oo, and let f M — H
be a stereographic projection of L with respect to an admissible point cc.
Let D> and D™ be the Euclidean holomorphic structures of L with respect
to 0o and 0. Then W (f) = W (L, D>®), W(f) = W(L, D®) (cf.,9.4), and
by(f) = by(L) for all p € M. Applying the formula from to oo and oo,
one obtains

WH-wH =4 > GH+1).
pEM, Ly=0c0

As W(f) > 0, this implies W(f) > 47rzp€M’Lp:OO(bp(f) + 1), and
equality if and only if f is a minimal surface. For branched immersions into
R? this estimate can be found in [Ku89) Proposition 1.3]. For immersions
into R* it is contained in [LiYa82, Theorem 6.

A holomorphic curve L in HP! is called a Fuclidean minimal curve if
L can be stereographically projected onto a branched minimal immersion
in R%. The pole of the stereographic projection that projects a Euclidean
minimal curve onto a branched minimal immersion in R* is called the pole
of the Euclidean minimal curve.
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Proposition. A compact holomorphic curve L in HP' is a Euclidean
minimal curve with pole co € HP if and only if Hao C HO(L™Y) has equality
in the Plicker estimate.

Proor. The Plicker formula for H, reads
W(L™Y) = W(L) = —4ndeg(L™1) 4 4w ord Hy,

(cf.,[15.3), where W(L) is the Willmore energy of the Euclidean holomorphic
structure on L with respect to co. Hence equality in the Pliicker estimate
W(L™1) > —4rdeg(L™1)+47 ord Hy is equivalent to W (L) = 0. But W (L)
is the Willmore energy of the stereographic projection of L with pole oo (cf.,

0.4). O

If S is the mean curvature sphere of L, then the Euclidean formulas of
for its Hopf fields Q and A imply that im Q C oo C ker A. So that the
pole of a Euclidean minimal curve is unique, if S is not constant (or otherwise
said, if the corresponding minimal surface in R* is not contained in a plane).
If, on the other hand, there is a point co € HP?! such that im@Q C oo, Q # 0
or oo C ker A, A # 0, then L is a Euclidean holomorphic curve with pole
o0, because all mean curvature spheres of L then pass through oc.

Note that a compact Euclidean holomorphic curve L obviously projects
onto a complete minimal surface in R*. Furthermore, one can show anal-
ogous to [Br84l 84|, see [Mu90, Corollary 6.2 and Proposition 6.5], that
all ends are planar, if L is immersed at the end, or of Enneper type, if L is
branched at the end. Theorem below implies that the total curvature
of the minimal surface is finite. So compact Euclidean minimal holomor-
phic curves correspond to complete minimal surfaces in R* with finite total
curvature and planar or Enneper type ends.

15.5. Total Curvature. Combining the formulas from and
one can derive a formula for the total curvature of the stereographic projec-
tions of a compact holomorphic curve in HP?.

Theorem. Let L be a compact holomorphic curve in HP', co € HP!
some point and o: HP'\{co} — H a stereographic projection with pole co.
Then the total curvature of f := J(L\{peM‘LP#OO}), satisfies

o [ KaA=20-g)1ur) - X (D) +2)
T M PEM, Lp=00

For branched immersions into R3 that extend smoothly (C%®) to a com-
pact surface in S2 = R? U {oo} this formula can also be found in [Ku89,
Lemma 1.2].

PROOF. Subtracting twice from the formula yields
2W (L) — W(L™') — W(H?/L)
=8m(l—g)+4mb(L) =87 Y (bp(L)+1).
pEM, Lp=00

The formulas W (L™1)+W(H?/L) =2 [(|H|*- K)dA ( and the formula
W(L) = [|H|?dA ( imply that the left hand side is twice the total
curvature of f. Finally, b(L) = b(f) + > e, 1,=00 bp(L)- O
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16. Twistor Projection and Equality

If for a linear system equality holds in the Pliicker estimate, then the
Pliicker formula implies that the canonical holomorphic line bundle of the
dual curve has zero Willmore energy (cf., . This observation is now
used to show that all (n 4+ 1)-dimensional linear systems with equality are
obtained from complex holomorphic curves in CP?"*! via twistor projection
and dualization.

16.1. Twistor Projection and Twistor Lift. Let H be a quater-
nionic vector space, and write (H,1) for the complex vector space obtained
from H via multiplication by 1. Let G} (H,1) C Gy(H,1) be the open set of
the Grassmannian manifold of k—dimensional subspaces W C H that satisfy
W N Wj={0}. Then

T:Gp(H,1) — Gr(H)
W — WaeWj

is called the twistor projection. Note that Gi(H,1) = G1(H,1) = P(H,1) =
CP2dmHA-1 5nq in the case where H = H? one gets T: CP? — HP! = §%.

If V C H is a holomorphic curve in Gi(H ), then the underlying complex
line bundle V = {4 € V | Jyp = i } is a lift of V to G5(H), because

TV)=VaoVi=V

The complex curve V in G7.(H,1) is called the twistor lift of the holomorphic
curve V in Gy (H). If H = H? and k = 1, then this is the usual twistor lift
(cf., [Fr84. p. 259]), because V uniquely determines the complex structure .J
and vice versa, and .J is the rotation by 7 in the positive (negative) direction
in TL (LL), by Theorem

The twistor projection T'(W) of a smooth curve W in G} (H,1) is a
holomorphic curve in G(H) if and only if W has vertical 0 derivative (cf.,
[FLPPO01, Lemma 2.7]). The complex structure of (W) = W& Wj is then
the quaternionic linear extension of x — xi for z € W, and the twistor lift
of T(W) is W again.

16.2. Holomorphic Twistor Lift. Let £ C C"*! be a complex holo-
morphic curve in CP”, and let VFE be defined as VFL in [14.2l In the
complex case VFE always extends holomorphically into the isolated points
at which its rank is not k + 1 (cf., [GriHal 2.4]). The extended curve Ej
is the osculating k—plane of E. If the canonical holomorphic line bundle of
a holomorphic curve in HP™ has zero Willmore energy and the canonical
linear system is Weierstrass point free, then the curve and its osculating
planes are the twistor projection of a complex holomorphic curve and its
osculating planes in CP?"+1:

Lemma. Let H be an (n+1)-dimensional quaternionic vector space, L
a holomorphic curve in P(H) whose canonical linear system is Weierstrass
point free. Let S be the canonical complex structure of L with Hopf fields @
and A. Then the following three statements are equivalent:
(i) The twistor lift L of L is holomorphic in P(H,1).
(i) A=0.
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(iii) L= has zero Willmore energy.
In this situation one has for allk =0,...,n:

VFL = VFL = {4 € VFL | Sop = i }.

Contrary to the convention holomorphic twistor lift always means
complex holomorphic twistor lift.

PROOF. Using the formula Dt = 1(7V + «J7V) from [8.3| for the holo-
morphic structure of L~! and the decomposition V =9+ A+ 9 + Q of the
trivial connection V of H with respect to S, as in one sees that —A*
induces the Hopf field of L~' = H*/L*. Thus (i) implies (ii).

If the Hopf field of L™" vanishes, then A, = 0. Let ¢ € ['(L). Then the
1-form Vi + «Vpi = Ve 4+ «V(Sp) = 20p + 2Ap = 20¢ takes values in
L, because & commutes with S and dL takes values in L (cf., . Hence
implies (if).

Suppose now that L is holomorphic and ¢ € F(ﬁ), then

QYL) 3 Vo + Vi = Vi + xV(Sp) = 200 + 24¢.

Hence Agp is contained in the i-eigenspace of S, because L and d¢ lie in
that space. But, SAp = —ASp = —Api, hence Ap = 0. Thus L =
L+ LjCkerA. From L C L,_1 C ker@ (cf., D now follows VS|, =

2(xQ — xA)|, = 0, and, consequently, VI, = VIL. Because the osculating
k—planes of the complex holomorphic curve L are again holomorphic, one

can proceed inductively to show that VAL = V/\kL and V/k\L C ker A for

all k = 0,...,n. Since the canonical linear system of L is assumed to be
Weierstrass point free, Lemma implies H = V"L = VL ® V" Lj. Thus
V7L C ker A implies A = 0. Therefore ({ij) implies . O

16.3. Holomorphic Twistor Lift and Equality. The characteriza-
tion of holomorphic curves with holomorphic twistor lift in Lemma [16.2
yields the following characterization of linear systems with equality in the
Pliicker estimate.

Theorem. If M is compact then equality in the Plicker estimate holds
for a linear system if and only if the dual curve of the linear system extends
to a holomorphic curve on M with holomorphic twistor lift.

PROOF. Let H C HY(L™!) be a linear system of holomorphic sections
of a holomorphic line bundle L~!. The canonical linear system of the dual
curve L4 = Ho|y,, ¢ H of H is then Weierstrass point free (cf., . So the
Pliicker formula and Lemma imply that H has equality in the Plﬁck/e\r
estimate if and only if L¢ has holomorphic twistor lift. The twistor lift Ld
of L% extends continuously to M, by Lemma Thus L% extends to a
complex holomorphic curve on M. The twistor projection of this curve is,
consequently, a holomorphic curve on all of M that coincides with L¢ away
from the Weierstrass points of H. O

In the situation of the theorem Lemma [14.2] implies that the osculating
k-planes Ej of the holomorphic twistor lift £ of L? are, away from the
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Weierstrass points, the holomorphic twistor lifts of the members Hy, of the
Weierstrass flag of the linear system H with equality. If the quaternionic
dimension of their twistor projection does not collapse at the Weierstrass
points, which is equivalent to F, @& E,j = H, then the continuity of the
Weierstrass flag Hy, (cf., Lemma implies that the Hj are holomorphic
curves on all of M with holomorphic twistor lifts Ej. Clearly E, & E,j =
H holds if and only if the canonical complex structure S of L? extends
continuously (and then smoothly) into the Weierstrass points.

16.4. Let H be an (n + 1)-dimensional quaternionic vector space and
E a compact complex holomorphic curve in P(H,1). If the dual curve L :=
T(E)? of E’s twistor projection extends to a full holomorphic curve on all
of M, then the canonical linear system H C HY(L™!) of L is a base point
free linear system with equality in the Pliicker estimate, by Theorem [16.3

T(E)? extends smoothly to a full holomorphic curve if the osculating
n-plane E,, of E satisfies £, ® E,j = H: Let L% := T(F) = E @ Ej. Then
L% ¢ H is a holomorphic curve with holomorphic twistor lift E. Its canonical
complex structure S satisfies Sz = x1 for all x € E,, by Lemma [16.2
Thus, S extends smoothly onto all of M, since F, is smooth on M and
E, ® E,j = H, by assumption. From F, & E,j = H also follows that
H, 1 = T(En-1) = E,—1 ® E,_1] C H is a smooth quaternionic vector
subbundle of rank n. Hence H;- ; C H* defines a holomorphic curve in
P(H*) that extends T(E)? onto all of M.

Moreover, if the canonical complex structure S of L? = T(E) extends
smoothly into the Weierstrass points of L%, then E, & E,j = H follows,
because FE,, is the i—eigenspace of S. Thus S extends smoothly into the
Weierstrass points of L% if and only if E,, ® E,j = H.

Remark. It is not clear to the author whether there exists a linear sys-
tem with equality in the Pliicker estimate whose canonical complex structure
does not extend continuously into the Weierstrass points. See Lemma [20.2]
for a first result in this direction.

16.5. More Details. A thorough investigation of the Weierstrass gap
sequence yields a more detailed correspondence (cf., [FLPPO1], Paragraph
4.4]) between

(i) (n+ 1)-dimensional base point free linear systems of holomorphic line
bundles of degree d over compact M of genus g with equality in the
Pliicker estimate and Weierstrass gap sequence (n)o<k<n, whose canon-
ical complex structure extends smoothly into the Weierstrass points,
and

(ii) compact complex holomorphic curves of genus g in C of degree
> perr(Mn(p) —n) —d—2n(g—1) whose Weierstrass gap sequence starts

P2n+1

with (1, —np,—k)o<k<n together with a quaternionic structure on C2nt2
such that the quaternionic span of the osculating n—plane of the curve
is 2042,
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17. Three Equality Preserving Operations

In this section three operations that preserve equality in the Pliicker esti-
mate are discussed. The first is about holomorphic bundle homomorphisms,
the second is along vertical arrows in the ladder of holomorphic line bundles
, and the third is concerned with paired holomorphic line bundles.

17.1. Proposition. If B: L — L is a nontrivial holomorphic bun-
dle homomorphism, H C HO(L) a linear system and H := BH c H°(L)
its image under B, then W(L) = W(L), dimH = dim H, and for the
Weierstrass gap sequences of H and H at a point p € M one obtains
ng(p) = ng(p) + ord, B. If M is compact, then degL = degL + ord B
and H has equality in the Plicker estimate if and only if the linear system
H has equality.

PROOF. As B is not identically zero, its zeros are isolated _and dim H=
dim H. Because BQ = QB, one has W(L) = W(L). Let B: L — L be the
induced complex holomorphic bundle homomorphism. On compact M one
then gets deg L = deg L= deg L +ord B = deg L + ord B.

Let nk( ) be the Weierstrass gap sequence of H at p € M and U a
basis of H such that ord, wk = ng(p). Then ¢, := Bwk is a basis of H and
ord, ¢y, = ordy, ¥y, +ord, B. Thus ny(p) = nk(p) +ord, B is the Weierstrass
gap sequence of H. All together one gets for the right hand side of the
Pliicker estimate:

(7 +1)(2(1 — g) — deg L) + ord H
=(n+1)(n(l —g) —degL+ordB)+ordH — (n+ 1)ord B
=(n+1)(n(1—g)—degL)+ord H.
(]

17.2. Equality along Vertical Arrows. The operation, described in
to transport holomorphic structures and linear system along verti-
cal arrows in the ladder of holomorphic line bundles preserves equality in
the Pliicker estimate. Recall that this relation was obtained from a flat
connection V on a holomorphic line bundle L whose (0,1) part V” is the
holomorphic structure of L. The connection V then induces a quaternionic
linear map from HO(L) to HY(KL,dY). If v is a nowhere vanishing holo-
morphic section of L, then the (0,1) part V" of the unique connection V on
L that makes ¢ parallel is the holomorphic structure of L.

Theorem. Let L be a holomorphic line bundle, H C H°(L) a linear
system with a nowhere vanishing holomorphic section ¥o € H, V the trivial
connection for which g is parallel and suppose that KL is equipped with the
holomorphic structure dV .

The linear system VH C HY(KL) then satisfies dim VH = dim H — 1
and the Weierstrass gap sequences satisfy ny ™ (p) = nkHH(p) — 1 for all
p € M and k = 0,...dimH — 2. If M is compact, then W(KL) =
W(L) + 47 degL and the linear system H C HY(L) has equality in the
Pliicker estimate if and only if VH = { Vi | € H} C H°(L) has equality.
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Recall that a linear system has a nowhere vanishing holomorphic section
if and only if it is base points free, by Theorem [3.8|

PrOOF. The kernel of the linear map H — VH, ¢ — Vi is ¢pH, thus
dim VH = dim H — 1. On compact M one has W(KL) = W(L)+ 4ndeg L,
by Theorem To prove the equality of the Weierstrass orders let ¢y € H
with k := ord,¢ > 0 for p € M, then ¢ = 2Fp + O(k + 1), as in
Let V = V 4 w be the decomposition of V into its J—commuting and J—
anticommuting part, then w € Q'(End_ L). Hence

VY = k2" ldzp + 2V 4 ZPwe + O(k) = k2¥"Ldzp + O(K).

This means ord,(Vi) = ord,(¢) — 1. If ¢g,...,%, € H is a basis of H
such that (ordy1;)o<j<n is the Weierstrass gap sequence of H at p, then
(ord, V)j)1<j<n is the gap sequence of VH at p. Consequently, ord VH =
ord H. Finally, if n 4+ 1 = dim H, then

1
4—W(L) =(n+1)(n(1—-g)—degL)+ord H

T
1

— ZW(KL) =(Mn+1)n(l—g) —ndegL+ordVH
T
1

= ZW(KL) =n+1)n(l—-g)—ndegKL—2n(l—g)+ordVH
0

1
= ZW(KL) =n((n—1)(1—g) —deg KL)+ord VH.
T
Thus equality for H is equivalent to equality for VH. U

17.3. Equality and Paired Holomorphic Line Bundles. Let H
be a base point free linear system of a holomorphic line bundle L~!, and
suppose that the canonical complex structure S of H extends smoothly into
the Weierstrass points of H. If @ is the Hopf field of S, then Q*b € T'(K L)
for all b € H*. If H has equality in the Pliicker estimate, then *Q*b is in fact
holomorphic, see the proof of the following theorem. Moreover, the holo-
morphic sections of the form *@Q*b constitute a linear system with equality
in H°(K'L), and the branched conformal immersions that have Weierstrass
data in H and *Q*(H*) are obtained from S without integration.

Theorem. Let L™ be a holomorphic line bundle over compact M with
nonzero Willmore energy. If H C HY(L™Y) is a base point free linear system
with equality in the Plicker estimate whose canonical complex structure S
extends smoothly into the Weierstrass points of H and Q € T'(K End_(H))
is its Hopf field, then +xQ*(H*) C H°(KL) is a linear system with equality
in the Pliicker estimate. Moreover, ifb € H* and 3 € H, then the H-valued
1-form *xQ*b(p3) is exact, indeed

S*b(B): M — H
is a branched conformal immersion with Weierstrass data (KL, L™, *Q*b, 3).

PRrROOF. Equality for H and smoothness of S implies that the Weier-
strass flag (Hg)o<k<n of H is smooth on M (cf.,[16.3). Let L C H* be the
Kodaira corresponding curve of H. Then S* induces the complex structure
of L, imQ* C L, and *Q* = S*Q* (cf,, . Thus Q*b € T'(KL) for all
be H*.
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Equality for H is equivalent to A = 0, by Lemma and Theorem [16.3
Hence V.S = 2xQ, which yields d¥V+Q = 0. Thus for every b € H* and § € H
one has d(xQ*b(3)) = 0, which implies

*Q*b € HY(KL),

by Theorem

Lemma [16.2] implies that ) is not identically zero, since —Q* is the
“A” of S* and the Willmore energy of L~! is not zero, by assumption.
Lemma“ 2|below then implies that there exists a holomorphic curve LcH
on M with complex structure —S5 lim Q such that imQ = L away from the

isolated zeros of . Since L' = H/I:l and L+ C ker Q*, Q* induces a
quaternionic bundle homomorphism Q*: L= — KL. It is complex linear,
because S*Q* = —Q*S5*, and the complex quaternionic bundle homomor-
phism

xQ*: L' - KL
is holomorphic, by Lemma since *Q*b € HY(KL) for all b € H* C
HY(L™1'). The smooth map S*b(3): M — H satisfies

d(S7b(B)) = 2+Q"b(p).

Thus S*b(3): M — H is a branched conformal immersion with Weierstrass
data (KL, L™, *Q*b, 3), by Theorem m

It remains to show that the linear system *Q*(H*) C H°(K L) has equal-
ity in the Pliicker estimate. To this end we show that —S is the canonical
complex structure of L. S clearly stabilizes L, because L = im Q away from
the isolated zeros of Q and S anticommutes with ). Let ¢ € I'(H) and
X,Y eI'(T'M). Then

SVx(Qyv) = VxS(Qyy) — Vx(SQyv) = 2xQx Qv — Vx (SQy ).

Hence im(SVx(Qyv)) ¢ T(V!(imQ)). This implies SV'L = V'L. Pro-
ceeding inductively one concludes that S stabilizes VFL for all k = 0,...,n
Hence —S satisfies condition m (i). Let & be the derivative of L, then
dV+Q = 0 implies § A *Q = 0, thus %6 = —4.5, which is condition m (iii).
Finally —A is the “Q” and —Q is the “A” of —S, thus A =0 and imQ C L
implies that —S satisfies condition (ii).

Consider now the linear system H* := {bf | be H} C HO(L™).
If L is full, then H* = H* and —S* is the canonical complex structure
of H*, because —S is the canonical complex structure of L. If L is not
full, then there is a subspace H of H such that L C H is full, and the
linear system H* is the canonical linear system of L C H and the canonical
complex structure of H* is again induced by —S*. As A* = 0 and —A* is
the “A” of —S*, H* has equality in the Pliicker estimate, by Lemma
and Theorem The holomorphicity of *Q* and Proposition [17.1|implies
that the linear system *Q*(H*) ¢ H°(KL) has equality. This completes
the proof, because *Q*(H*) = *Q*(H*). O

Note that dim +*Q*(H*) < dim H and equality holds if and only if im @
does not lie in some linear subspace of H.
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18. Soliton Spheres

A holomorphic curve in HP! over M = CP! is called a soliton sphere if
its canonical linear system is contained in a linear system with equality. A
branched conformal immersion of CP! with values in H is called a soliton
sphere if it is the stereographic projection of a soliton sphere in HP!.

18.1. Weierstrass Representation of Soliton Spheres. Iskander
Taimanov calls in [Ta99] a conformal immersion of CP! into R? with ro-
tationally symmetric Hopf field a soliton sphere if its Weierstrass data lies
in a linear system with equality (cf., Section . The following theorem
shows that this is equivalent to the definition in Mobius invariant terms
given above.

Theorem. If f: CP! — H is a branched conformal immersion with a
smooth right normal vector and Weierstrass data (L, p,v), as in then
p s contained in a linear system with equality if and only if f is a soliton
sphere.

PROOF. Proposition [I0.5 implies that there is a holomorphic curve L C
H? and a stereographic projection s, 5: HP'\{oo} — H such that

f=5asL.
The canonical linear system H C H°(L™!) of L is spanned by « ; and B,
(cf., ) and o, = |, f. Let V be the trivial quaternionic connection on
L~ such that V3|, =0. Then (L, (V*)") is the Euclidean holomorphic line
bundle of L with respect to co = ker 3. The uniqueness of the Weierstrass
representation (cf., [10.7) and Va(871) = df = (¢,v) imply that ¢, Va €
HY(KL™Y, dv) are linearly dependent over the reals. For holomorphic line
bundles over CP! the quaternionic linear map V: H°(L™') — HO(KL™!)
is surjective, because the sphere is simply connected. Theorem then
implies that the canonical linear system, which is spanned by « and (3, is
contained in a linear system with equality if and only if Va lies in a linear
system with equality. O

18.2. Remark. Let f = o0,3L: CP!' — H be a soliton sphere, H the
linear system with equality that contains the canonical linear system of L,
and VH the corresponding linear system in K L™! as in the proof above.
In addition to VH having equality in the Pliicker estimate, Theorem [17.2
implies that dimH = dimVH 4+ 1, and if 0 = ng < ny; < ... < n, is the
Weierstrass gap sequence of H thenny —1 < ... <n, —1 is the one of VH.

18.3. Rational Parametrizations. Let z: CP!\{cc} — C be a ra-
tional coordinate of CP!. Then every holomorphic line subbundle E ¢ C"
over CP! has a meromorphic section that has a pole at co and is holo-
morphic elsewhere. This section provides homogeneous coordinates of F
consisting of n polynomials in z. If f : CP! — H is a soliton sphere, then f
is by definition the quotient of two sections in a linear system with equality.
Theorem [16.3] then implies that f is rational in z, because twistor projection
and dualization only involves differentiation and algebraic manipulations of
the polynomials that describe the dual curve. So soliton spheres are given
by conformal and rational parametrizations.
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19. Taimanov Soliton Spheres

Iskander Taimanov provides in [Ta99] explicit formulas for all soliton
spheres in R? with rotationally symmetric potentials. These formulas were
used by the author to provide pictures (see of the simplest nontrivial
examples. The similarity of these pictures with pictures of the catenoid
cousins led to the investigations on the relation between soliton spheres and
catenoid cousins. The result of these investigations is Theorem [30.3] The
present section is a collection of results from [Ta99] in terms of quaternionic
holomorphic spin bundles and equality in the Pliicker estimate.

19.1. Spin Bundles over CP! in Rational Coordinates. Let L be
a quaternionic holomorphic spin bundle over M = CP! (cf., . Then
deg L = %degK = —1. This implies that the underlying complex holo-
morphic line bundle L of L is isomorphic to the tautological bundle Xp1
of CP!, because there is exactly one complex holomorphic line bundle over
CP! for every degree. Consequently, L is the doubled complex holomorphic
line bundle X ¢p1 @ Xp1j plus a Hopf field. Fix some point oo € CP!. Then

there exists a meromorphic section 9, in L with divisor —oo and
d(¢ooa¢oo) = (57/}00 A ¢m) + (¢oo A 5¢oo) =0

on CP!\{oo}, by Corollary Thus (a0, Voo ) is closed, and #(1oo, Yoo) =
—1(%00, Yoo) = (Yoo, ¥oo )1 implies that there exists a holomorphic map

z: CPM\{oo} = C, dz = (Yoo, Voo)-

This is, up to z — az + b, the stereographic projection or rational coordinate
of §% 22 CP! with pole oo, since z is holomorphic with a simple pole at oco.

19.2. Lemma. Let L be a spin bundle over CP!, z: CP'\{cc} — C
a rational coordinate and Vs a meromorphic section of L such that dz =
3 (Yo0; Yoo)-
(i) If Q is the Hopf field of L, then there is a smooth map q: C — R such
that
Q¢m = ¢oo]kdz CI(Z)
and ﬁq (%) extends smoothly into zero. On the other hand, every

such q determines a Hopf field Q on L = Xpp1r @ Xgpr] such that L
with D = 0+ Q is a quaternionic holomorphic spin bundle.

(ii) If » € HY(L) and p12: C — C such that 1 = oo (p1(2) + kua(2)) on
CP!\{oo}, then the maps p12 satisfy

(% D)) =0 bl s = e oo

Every pair p1o: © — C that satisfies this equation gives rise to a
holomorphic section of L.
(iii) The Willmore energy of L satisfies

W(L) = 4/ ¢*(z + ty)dz A dy.
C
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ProOOF. (i) Identify CP*\{oo} and C via z. AsQ € T'(K End_ L) one
knows Qv € I’(f(ﬁj\qj). Hence there exists a smooth map ¢: C — C
such that QYo = ¥sokdzq, because ¥ kdz is a nowhere vanishing
section of Kﬁj‘C. Then

(*) 0 = (Qvoo N Poo) + (Yoo A QYec) = (¢ — @)idz N dZ,
by Corollary This implies that g is real valued. Let py € CP! such
that z(pg) = 0 and w: CP'\{po} — C, w = 1. Then ¢ 1= oowi is
a meromorphic section of L such that dw = 3 (Yoo, Voo ) and

() QUoo = Veckdzq(2)wi = Yockdw iz () -

Because w(oco) = 0 and Ysokdw is not zero at oo it follows that
ﬁq (%) is smooth at w = 0.

If, on the other hand, ¢g: C — IR is a smooth map such that
ﬁq (%) is smooth at w = 0, then the equations Qs = Wsokdzq
and define a smooth ) on the complex quaternionic line bundle
L = Y p1@Xgp1]. The complex holomorphic line bundle Xrp1 @ X p1
is isomorphic to the canonical bundle K = {w € T* CP' ®@C | »w =
iw } of CP'. The bundle homomorphism Ygp1 X Egpt — H®¢ K C
T*M @ H, (p,9) — je ® 1 can be extended to define a complex
quaternionic pairing of L with itself. This pairing satisfies d(p, 1) =
(O, 1) + (¢, 01) for all o, € T'(L), because the holomorphic struc-
ture of K ¢ T*CP'®C is d. The complex quaternionic line bundle
L with the holomorphic structure D = 9 + @ is a quaternionic spin
bundle, because the pairing defines a holomorphic pairing of (L, D)
with itself, by Corollary and equation .

(ii)) DYoo = Qto, a8 Yo is a complex holomorphic section of IA/\@. Then

D (thoo (11 + kpi2)) = thoodz(—qua + 0p1) + Vockdz(quy + Opa).

Thus it remains to show that |u1|? + |u2|*> = O (ﬁ) as |z| — o0

is equivalent to the smoothness of ¥ at co. In the coordinate w one
obtains ¥ = 1 (,u1 (i) + ko (%)) Because 1+ has a pole at w = 0,
smoothness of ¢ at w = 0 implies 1,5 (L) = O(|w|) at w = 0, which
implies |p1 ]2+ |pa]? = O (ﬁ) as z — o0o. If now p1 and ps satisfy this
condition, then ¥ = Yoo (11 + k) is bounded at pg and holomorphic
on CP!\{po}. Hence ¢ extends smoothly into py.

(iii) The equation for the Willmore energy follows since

Q N Qo = hookdzq A kidzq = —1)so|q|?1dZ A dz.
O

19.3. Explicit Formulas for Taimanov Soliton Spheres. Iskan-
der Taimanov investigates in [Ta99] spin bundles of CP' with rotationally
symmetric Hopf fields, i.e., Hopf fields that are represented in some ratio-
nal coordinate z: CP'\{cc} — C by a ¢ (cf., Lemma that satis-
fies q(z) = ¢(|z]). Taimanov translates the problem of finding the holo-
morphic sections of such a spin bundle to the “simplest reduction of the
Zakharov—Shabat linear problem”. In the case of reflectionless potentials he
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describes the space of all holomorphic sections explicitly. In the language of
the present text this means:

Theorem. Let L be a spin bundle over CP! with rotationally symmet-
ric Hopf field. Then there is a linear system H C H°(L) with equality in
the Pliicker estimate if and only if there are integers 0 < ng < ni... < ny
and real numbers Ag, ..., A\, € R such that

q(z) = —(@(|2]), T(|=]))=] 1,
where () is the standard scalar product of R"*!,

T = (3w, gmeuh),
() = — (hor 3E0HD, g CmD)
®(x) = U(z)(1 + M3 (x)) ",

and M (z) is the (n + 1) x (n+ 1) matriz valued function with coefficients

— N\~ (i tnetl)

M,; =
]k(m) n; +ng+1

for 0 < j,k <n.
Furthermore, H = H°(L), dim H°(L) = n + 1, and H°(L) is spanned
by the holomorphic sections 1j = oo (p15(2) + kpuoj(2)), where

i (2) = (@ (2], W5(]:]) (H) o3,

1

1 2\t
s () = (121 ~3@D (@ (|2 M (=), Wy (1<) <) 24,

||
—(no+n;+1) —(nn+n;+1)
x T
WJ(SL‘) = ( > .

no+nj+1""" "Tny4+nj+1

The linear system HO(L) has Weierstrass points at z = 0 and z = oo, if
any, with Weierstrass gap sequence (n;)o<j<n at both points. The Willmore
energy of L is

W(L) =4 (20, +1).
=0
Integrating the closed one forms (Y% e, 77, 1/chj) yields for all
a; € H soliton spheres, by Theorem because H°(L) = span{t; }o<j<n

has equality in the Pliicker estimate. The soliton spheres f;: CP! - R?
that satisfy

dfj = (5,5
= —Re(2pu1i2dz)i + Re((f — 13)d2))j + Re(i(pf + fi3)dz))k
are surfaces of revolution on the cylinder €/(27(2n; + 1)iZ), see[19.6]

COLLECTION OF RESULTS FROM [Ta99|. If L has a rotationally sym-
metric Hopf field, then Lemma [19.4] implies that H = H°(L). [Ta99,
Lemma 4] together with Lemma [19.2(ii) implies that there are integers
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0<ng<ng<...<nyandsomesmooth functionsﬂ ¢j: Rso — €2\ {0} for
0 < j < n such that the (n 4+ 1)—dimensional space of holomorphic sections
of L is spanned by the holomorphic sections ©; = oo (p1;(2) + kpuoj(2)),

T ()0 Do) e

From [Ta99, equations 45, 47 and 53] follows that the ¢; have the asymp-
totics

@j(z) O(x_%@”ﬁl)), x — 00,
pi(z) = Oz +)) &0,
which implies
| (2)[? + |p2j (@) = O(a™"72), & — oo,
| ()2 + |z (2) [ = O(a®™), z — 0.

Because 14 has divisor —oo, one concludes from the asymptotic behav-
ior of the u’s that

OI‘do 1/Jj = OI‘dOO ¢j ="ny.
Thus n; is the Weierstrass gap sequence of H°(L) at 0 and co. The Pliicker
estimate for M = CP! then implies

n

*W( )= (n+1)2+2) (nj—j)=> (2n;+1),
=0

a7 ,
7=0
as g = 0 and deg L = —1. [Ta99, equation (25)] implies for g(t) = g(e’)e’:
00 ) 1 n
/ = 5 (n+ 1),
7=0

and equality in this equation is equivalent to equality in the Pliicker estimate
for the linear system H°(L), because Lemma M(iii) implies

1 o0

1
—W(L) = / (x4 ty)de A dy = 2/ G (t)dt.
4 T Jo s
In this case Iskander Taimanov [Ta99, §4] derives the explicit formulas for
q and ¢; given in the theorem. U

19.4. Lemma. Let L be a spin bundle over CP with rotationally sym-
metric Hopf field. If H C HY(L) is a linear system with equality in the
Pliicker estimate, then H = H°(L).

PRrROOF. If z: CP! — C U {o0} is a rational coordinate in which the
Hopf field of L is rotationally symmetric, then linear systems of L only
have Weierstrass points at z = 0 and z = oo, because Weierstrass points
are isolated (cf., . The Pliicker estimate then implies that H already
contains all holomorphic sections of L: Otherwise, if n+1 = dim H, then H
would be contained in an (n+2)-dimensional linear system H of holomorphic

IWe write ¢, (z) for the function ¢} (Inz, 1(2n; + 1)i) from [Ta99).
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sections. H would have Weierstrass order ord H > ord H — 2(n 4 1). The
Pliicker estimate then yields

ﬁW(L) > (n+2)((n+1)(1 — g) — deg(L) + ord i

1
>n+2%*+ordH —-2(n+1)=n+1)2+ordH +1> (L) +1.
7I8
This is a contradiction. O

19.5. Note that the theorem does not answer the question which inte-
gers 0 < ng < np... < n, and real numbers Ag,..., A, € R correspond to
quaternionic holomorphic spin bundles over CP!. This is, by Lemma m
equivalent to the question for which parameters the functions ¢(z) and
ﬁq (%) extend smoothly into zero. The formula for ¢(z) can be written

as follows
1 " o
q(z) = det(Asr) > Apla T2,
TR 0<g,k<n
where
n
‘ )\ )\ —2n;—2
Ajie = (14 MP)j = Gjp + 2] 9™y Al

P (nj +n +1)(ng +ng + 1)

and A% is (—1)7*% times the determinant of the matrix obtained from Ay
after canceling the k-th row and the j-th column. One sees that det Aj;
as well as |z|7" 7"k A%, are polynomials in |z]72. Hence q is the quotient
of polynomials in |z|2. Tt, consequently, suffices to distinguish the parame-
ters for which the functions ¢(z) and ﬁq (%) are both bounded at zero.
Using Mathematica the author checked that this is true for small n and n;
(0 < n,n; < 6) and arbitrary A;. The problem to derive a general answer
from the formulas is the fact that the coefficients of the highest and lowest
powers coming into the formula for the numerator and denominator of ¢
may cancel. See also the remark in the last paragraph of [Ta99] about the
general problem of determining the decay of the potential U(z) = gq(e®)e”
for x — Foo from the spectral data.

19.6. Pictures. The Taimanov soliton spheres forn =1, ng =0, ny =

Wy Ao = “TH, and \; = % are catenoid cousins, see [30.4, The first

picture in each row is [ (¢, o) and the second is [(¢1,1). The rows show
the surfaces corresponding to u =1,2,4.
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Pictures of the rotationally symmetric Taimanov soliton spheres for n =
2,3:
J(Wo,%0) » [(¢1,¢1), and [(2,h2) for n =2, ng =0, ng =1, ny = 2,

)\0=2,/\1=6,and)\2—3

J (Wo,%0) » [(¢1,¢1), and [(2,h2) for n =2, ng =0, ng =1, ny = 2,

)\0 =2, )\1 =6, and )\2 = 120:

f(wﬂa/ll}O) ) f(wladjl)a f(¢27¢2)7 and f(w37¢3) fOI' n = 37 nog = Oa ny = ]-7
ng = 2, ng = 3, )\0 = 4, )\1 = 48, )\2 = 120, and )\3 = 120:

J (o, %0) 5 [ (1,91), [(Y2,12), and [(¢3,13) forn =3, n9g =0, ny =1,
TL2:2 ng = 3)\0—6 )\1—720 )\2—120 and)\g—l

0600
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Finally, some pictures of non rotationally symmetric Taimanov soliton
spheres. To get such pictures one needs to integrate the square of linear
combinations of the ;. This has been done by Jorg Richter [Ri97] for the
Dirac spheres, which are Taimanov soliton sphere for ny = k, £k =0,...,n,
and some \’s that only depend on n (cf., [Ta99, 4.2.3]).

The following are pictures of Dirac Spheres for n = 2:

The surface in the lower left corner:

77/

N\
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20. Willmore Numbers of Soliton Spheres in R?

Equality in the Pliicker estimate implies that the Willmore energy is an
integer multiple of 47. The Willmore energy of the immersed Taimanov
soliton spheres is of the form 47 2?20(27% +1) with integers 0 =ng < ... <
ny (cf., Theorem [19.3). Thus, Taimanov soliton spheres have Willmore
energy 4mn for some n € N\ {2,3,5,7}. Interestingly, this set coincides
with the possible Willmore energies of immersed Willmore spheres in R3
(cf., [Br88]), which are soliton spheres (cf., 25.3]). In the present section
it is shown that immersed soliton spheres in R°® with Willmore energy 8,
127, and 207 do not exist. The case 287 is left open.

20.1. Let f: CP! — ImH be an immersed soliton sphere, and L its
Euclidean holomorphic line bundle. Then L is a spin bundle and deg L = —1,
by Theorem The spinor ¢ € HY(L) such that df = (i, ) is then, by
Theorem contained in a linear system H C HY(L) with equality in the
Pliicker estimate, i.e.,

1

—W(L) = (n+1)? +ord H,

47

where dim H = n + 1. The spinor ¢ has no zeros, because f is immersed,
thus H is base point free. If ﬁW(L) is 2 or 3, then n =1 and ord H > 0.
This is a contradiction to H being base point free.

Theorem. The Willmore energy of an immersed soliton sphere in R?
is dmn for some n € N\ {2,3,5}.

PROOF. It remains to show that the Willmore energy of an immersed
soliton sphere in R? is not 20m. Let L be the Euclidean holomorphic line
bundle of an immersed soliton sphere with Willmore energy 20w. Then
deg L = —1, the linear system H = H"(L) is 2-dimensional, base point free,
has equality in the Pliicker estimate, and ord H = 1. Let E C (H,1i) = C*
be the twistor lift of the dual curve L? C H of the linear system H extended
to a compact complex holomorphic curve on CP? (cf., Theorem .

The proof now goes as follows: a) The first step is to show that F
has degree 4 and exactly one branch point of order 1, i.e., a cusp. b) The
isomorphism of L and KL~! is then used to deduce a symmetry of the
branching of E and its dual curve E?. This symmetry and the complex
version of the Pliicker formula imply that E can not be full in CP3. ¢) This
is used to show that L? is a Euclidean minimal surface with four planar
ends. These ends are inflection points of F, and the curve of tangent lines
FE4 of E does not have other branch points. Hence E is a rational curve in
CP? of degree 4 with exactly one cusp and exactly four inflections points,
which lie on one projective line. d) In the last step it is shown that such a
curve does not exist.

a) The derivative § € T'(KHom (L4, H/L%)) of L is complex holomorphic,
by Lemma [20.3] and has exactly one zero of order 1 at the Weierstrass
point of H, by Theorem Thus

deg E = deg(L%) = deg(H/L?) + deg K — ord § = deg(L) — 3 = —4.
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(Note that deg E' is the degree of the complex holomorphic line bundle
E, which is minus the degree of the holomorphic curve E.)

Because the twistor projection L? of E has only one branch point of

order 1, I/ has at most one branch point of order 1. If E had no branch
point, then the branch point py € CP! of L% would come from the twistor
projection. That means that the osculating 1-plane Ey C (H,1) of E is
a quaternionic subspace of H at py. But S is smooth and FE; is its i—
eigenspace near po, by Lemma[16.2] Hence Fj is the i—eigenspace of S at
po, which can not be a quaternionic subspace of H. Contradiction. The
branch point of L¢ is, consequently, the only branch point of E.
The canonical complex structure S of H extends smoothly into the
Weierstrass point of H, by Lemma Its Hopf field A vanishes, by
Lemma Hence dV+Q = %dVVS = 0. Let E4 be the dual curve of E
in P(H,1). Then the twistor projection of E? satisfies T'(E?) C ker Q* =
(im Q)+ C H* and —S* is the canonical complex structure of T'(E?), by
Lemma Hence

Q" HYT(E") — KL~

is a complex quaternionic bundle homomorphism. It is holomorphic,
by Corollary for if § € H* and b € H one gets d(xQ*3(b)) =
dV+Q*B(b) = 0. Since L is the Euclidean holomorphic line bundle of
a conformal immersion into R3, KL~! is isomorphic to L, by Theo-
rem Hence, @ induces a holomorphic bundle homomorphism

«Q*: H*/T(E?) — L.

The holomorphicity of *@Q* induces a symmetry of the branching of
E and E?, which implies that E lies in a projective plane: The complex
version of the Pliicker formula reads
n—1
0=(n+1)(n(l—g)—d)+ > (n— kb
k=0

(cf., [GriHal Section 2.4, p. 271f]) for a compact holomorphic curve of
genus g in CP", where by, is the total branching of the osculating k—plane.
If E is full, then this formula yields 0 = 4(3—4)+3+2b; +bg, since g = 0,
n=3,d=4and by = 1. Hence by = 0 and b5 = 1. As F is a holomorphic
curve of degree 4 in CP?, it follows that the branch point py € CP! of E,
which is the Weierstrass point of H, and the branch point ps, € CP! of
its osculating 2—plane are different points. The point ps, is a branch point
of E?. Hence ps is a Weierstrass point of the canonical linear system
H* ¢ HY(H*/T(E%) of T(E%), by Theorem [10.2] But this implies
that po, is the Weierstrass point pg of H, by Proposition since
*Q*: H*/T(E?) — L is holomorphic and H = HY(L) is 2-dimensional.
This is a contradiction to py # peo. Hence E is not full.

If F is contained in a projective line, then S is constant and () vanishes
identically, which implies W (L) = 0 # 20w. Thus E lies in a projective
plane and ) does not vanish identically. The complex Pliicker formula
then implies 0 = (n + 1)(n — d) 4+ 2bg + by = —4 + b1. The tangent line
congruence Fp of E thus has branching order b; = 4.
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Lemma implies that T(E) = L? is Euclidean minimal. In par-
ticular im @ is constant. This and Theorem implies that *Q*(H*) C
H = H°(L) is a 1-dimensional linear system with equality in the Pliicker
estimate. Hence L? is Euclidean minimal with pole *Q*(H*), by Propo-
sition Hence im Q = *Q*(H*), by the uniqueness of the pole of a
Euclidean minimal curve (cf., . Hence the zeros of () are the points
at which L? equals im Q. But the zeros of @) are branch points of E;, by
Lemma As by = 4, E4 has no other branch points and its 4 branch
points are of order 1, so they are inflection points of E, and they all lie
on the complex projective line im Q.

Suppose that

E:[f]CC®3; f:(flan)f3):®_)®3)

where the f;: C — C are polynomials in z of degree at most 4. Assume
that the cusp of E lies at z = 0 and z = oo is one of the 4 inflection
points. Changing the coordinates of € one can assume that the line
g = im (@ is given by the vanishing of the third coordinate. Since E
has degree 4 the intersection order of ¥ and g is 4, hence F intersects g
only at the 4 inflection points and the intersection is transversal. Hence
f3 is a cubic polynomial with nonvanishing constant term. Scaling the
coordinate z and the third coordinate one can assume that

f3(z) = 22+ 222 + 12 + 1.

Changing again the coordinates of C® one can assume that the cusp
is given by the vanishing of the first two coordinates and the tangent
at the cusp by the vanishing of the first coordinate. Scaling the first
two coordinates and adding some multiple of the first coordinate to the
second, one can assume that

13

filz) = agzt — 62 ,

fo(z) = byt + 22
The zeros of

det(f,f', f")z2

b
= (2a4 — 4702) 1 e1byz® — 2(3ciay + by) 2% + (%1 —16a4)z +1

are the inflection points of E. These zeros coincide with the zeros of f3,
since the inflection points of E lie on g. Hence f3 = det(f, f', f")z72,
which is a contradiction.

O

20.2. Lemma. The canonical complex structure of a 2—dimensional

base point free linear system with equality in the Plicker estimate extends
smoothly into its Weierstrass points.

PROOF. Let H C H°(L) be a 2-dimensional base point free linear sys-

tem with equality in the Pliicker estimate. Let LY ¢ H be the dual curve
extended into the Weierstrass points of H (cf., Theorem [16.3)). Let S be the
canonical complex structure of H on My, where M \ My are the Weierstrass
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points of H. Let p € M \ My, z a centered coordinate at p, and ¢ € T'(L9) a
holomorphic section such that ¢(p) and @(p) are linearly independent over
C, where ¢ is the holomorphic extension of ¢/z7 %, k = ord, ¢". If ¢(p) and
&(p) are linearly independent over H, then the quaternionic linear extension
of p(p) — (p)i and @(p) — @(p)i is a quaternionic linear endomorphism
that extends S smoothly into p, because Eig(S,1) = spang{p, ¢’} near p,
by Lemma [16.2

Suppose now that there exists A € H \ € such that ¢(p) = p(p)A. Let
e1,es € H be a basis of H such that e; = ¢(p). Let ¢1 and @3 be H valued
functions defined near p such that ¢ = e;p1 + ess. Then 1 and o are
complex holomorphic functions into (H, 1). Furthermore,

pip) =1, @a(p) =0, ¢z "= AeH\C, and ¢hz"=) 0.

The second and third equation follows from e; A = @(p) = (e1¢] + eaph)z*.
Since H is base point free, (L“l)L C H* is the curve that corresponds to H
via Kodaira correspondence. In particular, it is a holomorphic curve on all
of M and L = H/ L% is its canonical holomorphic line bundle. Thus, the
derivative 6: L* — KH / L% is complex holomorphic, by Lemma below.
This and

Vap=¢ = e +eaph = ea(h — 02001 1) + 001 1

implies that ¢ = ea(@h — oy *¢}) mod L% € F(f?/ﬁ) is a complex holo-

morphic section of H/L®. 1 has a zero of order strictly greater than k at

p, because ¢a(p) = 0 and goéz*k =l 0. Hence ¢z %1 extends smoothly

into p. But ¥z %! does not extend smoothly into p, since ey ¢ Ld\p,
gol_lgo’lz*k =lp A€ H\ C and @2z~ ! is not smooth at p, because @3 is a

complex holomorphic map into (H,1). O

20.3. Lemma. If L is a holomorphic curve in HP' whose dual curve
is also holomorphic, then the derivative 0 of L is a complex holomorphic
section of KHom (L, H?/L).

PROOF. There is a sphere congruence, i.e., S € I'(End H?), S? = —1,
such that S preserves L and induces the complex structures of L and H?/L.
Let V = 0+ A+ 0+ Q be the decomposition of the trivial connection
V on H? with respect to S. Let 7: H? — H?/L be the canonical projection.
Then 6 = J§ = §J implies that § = 79|, and 9T'(L) C Q'(L). In particular,
L C (H?,9, S) is a complex holomorphic subbundle, and 0 induces a complex
holomorphic structure on L. It is straight forward to check that this complex
holomorphic structure is the complex holomorphic structure of L (as defined
in . Furthermore, @ induces the complex holomorphic structure of the
Mobius invariant holomorphic line bundle H?/L, because Dmip = %(WV +
xJ V), for all ¢ € T(H?) (cf., .

The formula for RY in[2.7|implies T RIHY = —T(ANA+QAQ)|, = 0.
Hence for ¢ € T'(L) and a (local) holomorphic vector field X € I'(T'M), i.e.,

[X,JX] =0, one gets 0 = WR?;(?]X) Y = (—2J0x0x + 2J0x0x ). Hence
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Waxéxz/} = 7T(§X8X1/J, which implies
(Sxéxw = Wéx(SXw.
Thus § is complex holomorphic. O

20.4. Lemma. Let H be a 2—-dimensional base point free linear system
with equality in the Plicker estimate, S its canonical complexr structure and
Q its Hopf field. Let E be the holomorphic twistor lift of the dual curve of
H and suppose Q is not identically zero.

Then im Q extends to a holomorphic curve on M, the dual curve E® of
E is the holomorphic twistor lift of L = (im Q)+ C H*, —S* is the canonical
complex structure of L, and Qp = 0 if and only if p € M is a branch point
of the tangent line congruence E1 of E.

Note that the image of () may be constant, then E lies in some projective
plane CP? C CP?, since L as well as E? are in this case constant. The
condition that @ is not identically zero assures that E is not contained in a
projective line CP! ¢ CP3.

PROOF. The canonical complex structure is smoothly defined on all of
M, by Lemma The dual curve L¢ of H has holomorphic twistor lift E,
by Theorem and V.S = 2% Q, since A =0, by Lemma The same
lemma says that Fp, the tangent line congruence of F, is the i—eigenspace
of S. In particular, F1 @ E1j = H. Let ¢ € I'(E;) and wy,ws € Q' (E}) such
that Vo = w1 + woj. Then woj = Vi —wy € QY(F3) and

2xQp = VSp =V (Sp) — SV
= w1l + woil — w1l — wolj = —2wok € QH(Ey).

Hence imQ C Fy. The dual curve E? of E is by definition Fy C (H,1)*.
With the complex linear isomorphism
(H,9)" = (H"1), o~ (2~ afe]) +ja(a))

one sees T(E?) C (im Q)+ and L = T(E%) smoothly extends the line sub-
bundle im @ C H into the zeros of (). The —1i eigenspace of S* is the oscu-
lating 1-plane E‘f of E?, because E‘f = Ef and Fj is the i—eigenspace of S.
Thus, as —S* is the canonical complex structure of T'(E?), by Lemma m
—S is the canonical complex structure of L and L is a holomorphic curve
on all of M whose dual curve is T'(E?).

Q is zero at a point p € M if and only if Qy = 0 for all p € F; > since
E\ @ Eyj=H. Let ¢ € T'(E1). Then 2xQ¢ = VSp = Vi — SVp. This is
zero at p if and only if im V(p\p C E1\p, because Ej is the i—eigenspace of S.
But im V(p\p C E1\p means that p is a branch point of Fj. U

20.5. Lemma. A holomorphic curve in HP' with holomorphic twistor
lift is a Euclidean minimal curve if and only if its twistor lift is planar.

PRrROOF. Let L C H? be a holomorphic curve with holomorphic twistor
lift £ C (H2i). L is Euclidean minimal if and only if im Q is constant
(cf.. But im @ is constant if and only if the dual curve E? of F is
constant, by Lemma which is equivalent to E being planar. O
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20.6. Willmore Energy 287. The author does not know any example
of an immersed soliton sphere with Willmore energy 28w. Applying the
arguments of the proof of the preceding theorem one arrives at the following
situation:

Let L be the Euclidean holomorphic line bundle of an immersed soliton
sphere in R? with Willmore energy 287. Then H°(L) is a 2-dimensional
base point free linear system with equality in the Pliicker estimate and
ord H'(L) = 3. In the notation of the proof of Theorem one gets
deg E = —6 and by = 3. If E is full then the complex Pliicker formula
implies by = 0 and by = 3, or by = by = 1. Again, using the fact that
*Q* provides a holomorphic bundle homomorphism from H*/T(E?) to L,
one concludes that bo(p) = ba(p) + ord, @ for all p € CP!. In the case
by = by = 1 this formula implies that @ has 2 zeros. But Lemma [20.4]
implies that () has exactly 1 zero in this case. Contradiction. Hence b; = 0,
by = 3, and bo(p) = ba(p). Since E is a curve of degree 6 in CP3, one knows
bo(p) + ba(p) < 3 for all p € CP. Hence there are three distinct points
D0, P1,Poo € CP! such that by(p) = ba(p) = 1, and by = by = by = 0 at all
other points.






CHAPTER IV

Backlund Transformation and Equality

The main purpose of this chapter is to show that Willmore spheres in
HP! are soliton spheres and to derive a procedure to construct all Will-
more spheres in HP! from holomorphic curves in CP?3 using only algebraic
operations. This is done in the Sections The first step is a the-
orem which states that a holomorphic Willmore sphere in HP! is a Eu-
clidean minimal curve, or the curve or its dual has holomorphic twistor lift
[Ej88), Mu90, Mo00]. The second step is to show that the dual curve of
the 1-step Willmore-Béacklund transform of a Euclidean minimal sphere has
holomorphic twistor lift. Because the composition of the 1-step Willmore—
Béacklund transformation with dualization is an involutive transformation,
all Willmore spheres in HP! are the twistor projection of a holomorphic
curve in CP? or its dual, or the 1-step Willmore Bicklund transform of
the twistor projection of a holomorphic curve in CP3. The observation that
the 1-step Willmore-Béacklund transform of the twistor projection of a holo-
morphic curve in CP? can, in contrast to the general situation, be obtained
without integration completes the algebraic construction.

The Sections 26| and [27] deal with the question how this procedure can
be used to construct the Willmore spheres in R?. This is done by applying
a theorem by Jorg Richter [Ri97] which says that the 1-step Willmore—
Bicklund transform of a Willmore holomorphic curve in S? is minimal in
hyperbolic 4-space. To apply this theorem to our construction, the condi-
tion of hyperbolic minimality needs to be slightly relaxed to allow compact
hyperbolic minimal surfaces. This is natural for curves in HP!, as HP!
can be understood as two hyperbolic spaces glued together at their ideal
boundary 3-sphere. With the new definition one can show that hyperbolic
minimal spheres are superminimal, which is analogous to a result for minimal
spheres in S* obtained by Robert Bryant in [Br82]. It is shown, that the
1-step Willmore—Béacklund transforms of hyperbolic superminimal curves
are branched conformal Willmore immersions into R3 (in fact they are Eu-
clidean minimal curves), and, conversely, every Willmore sphere in R? is the
1-step Willmore-Béacklund transform of a hyperbolic superminimal sphere.

An important tool in the present chapter is the Willmore-Bécklund
transformation, which was introduced in [BELPPO02]. In Section [21| a gen-
eralization of this transformation is proposed. As it concentrates on the
involved holomorphic line bundles, it is assumed to be helpful to keep track
of the different holomorphic line bundles involved in the proofs of this and
the next chapter. It shows how the relations of the Willmore energies and
the preservation of equality in the Pliicker estimate on the ladder of holomor-
phic line bundles can be applied to the Willmore-Béacklund transformation.
Moreover, in Section it is shown that the Christoffel transformation of

75
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isothermic surfaces is also an example of the generalized Backlund transfor-
mation. This transformation is applied in the last chapter of this thesis.

21. Backlund Transformation

In this section a definition of a Backlund transformation for holomorphic
curves in HP" is proposed. It is shown that the (n + 1)-step Béacklund
transforms are projective invariants of the transformed curve. Before we
give the definition of the Bicklund transformation in [21.3|some explanation
seems useful. A first approximation of the definition of the (n + 1)-step
Bécklund transformation is the following. If L is a holomorphic curve in HP™
then the canonical holomorphic line bundle L= of the Bicklund transform
L is related to the canonical holomorphic line bundle L™! of L along the
ladder of holomorphic line bundles ((11.7)). This means that there exist flat
connections (V;)o<i<n on K*L~! such that 0 is the holomorphic structure
of L=t and V/ = dVi-1 for all i = 1,...,n, and a quaternionic holomorphic
bundle homomorphism L' — (K"+1L=1, dVn).

21.1. (n + 1)-Step Béacklund Transformation I. The next step is
to require that the holomorphic structure d¥» is related to the canonical
linear system of L. This goes as follows: Let H C H°(L™!) be an (n + 1)-
dimensional linear system without Weierstrass points. Then there exists
a nowhere vanishing holomorphic section 8y € H, by Theorem The
equation Vofy = 0 then defines a trivial connection on L~! such that V{
is the holomorphic structure of L=, VoH C HY(KL™!,dV°) is an n—
dimensional linear system without Weierstrass points, by Theorem [17.2
Consequently, one can proceed successively choosing §; € H such that
Vio1...VoBi € Vii1...VoH C H°(K'L™',dVi-1) has no zeros and triv-
ial connections V; of K*L~! such that V;(V;_1...Vg3;) = 0 until i = n,
because the linear systems V;_;...VoH are (n + 1 — i)—dimensional and
Weierstrass point free.

This procedure provides holomorphic structures on K*L~! for all i =
0,...,n+ 1. The following theorem shows that the induced holomorphic
structure d¥» on K™t1L~! only depends on the linear system H and not
on the choice of the basis (8;)o<i<n.

Theorem. If H C H°(L™!) is an (n + 1)-dimensional linear system
without Weierstrass points and the connection ¥V, on K"L™! is defined as
described above, then (K"TL=1 dV) is paired with (L%)~".

In the case of the canonical 2-dimensional linear system of an immersed
holomorphic curve L in HP! this theorem reduces to the fact that the upper
right vertex (KL, (V*)") of the quadrilateral of holomorphic line bundles
is isomorphic to the canonical holomorphic line bundle of the dual curve L4
(cf., . The lemma below shows that the isomorphism is given by the
dual of the derivative 6: L4 — KL~! of L9,

Proor. It suffices to show that (K~"L,(V%)”) and (L%)~! are iso-
morphic, because (K~"L,(V%)") and (K"t'L~1 dV") are paired by The-
orem Let LY = Hy C ... C H, = H be the Weierstrass flag of H.
The composition of all its derivatives § := 6, 0...08p: L% — K"H/H,_, =
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K"L71 (cf, is a complex quaternionic isomorphism. Thus it suffices to
show that 6*: K "L — (L%)~! maps a nontrivial holomorphic section onto
a holomorphic section, by Lemma If (8i)o<i<n is the basis of H that
defines the V,,’s and (8 )o<i<n, is its dual basis, then (V,_1 ... VoB,) "t and
3% .« are holomorphic sections of (K "L, (V})"”) and (L%)~!). The following
lemma thus finishes the proof. O

21.2. Lemma. §((8:)7!) = (=1)"Vu_1...Vofn.

PROOF. Let 82 be the constant section of the trivial bundle H = H,

that corresponds to ;. Construct successively for £k = 0,...,n sections
(B%)k<i<n of H,_j, C H such that

(*) Ot OpkBf = (=1)*Vi1...VoB; and B/ (Bf) = &
for all i,l = k,...,n as follows:

Suppose that the all (ﬂf)kgign are constructed up to some k, then
H, = Hn,k,leBﬁ,f]H, because Vi_1 ... Vof € I'(K¥L™1) has no zeros, by
the definition of 8. Consequently, there are sections ﬂf“ € '(H,__1) and
smooth maps f;: M — H such that 6!”1 = ﬁf—i—ﬂ,’jfi foralli =k+1,...,n.
These sections clearly satisfy for all [, = k + 1,...,n the second condition
BB = i in (%),

Because VH,_j_1 C QY(H, ), and since B;(8F) = op; fori =k,...,n
implies 3;(V3F) = 0, one gets Vﬁf“—ﬁlljdfi = V-Vt € QY (H,—k-1).
Hence

Op—1-.. 5n7k71ﬂ£€+1 =0p-1.-- 5nfk(7rn7k71vﬁf+l)

(%) =01 Onk(BEdf;) = (=1)"Vi_1 ... VoBidfi.
But
0="06n-1- OB = 6n1... 60 i(BF + Bi i)
= (—D)*"Vio1...VoBi + (=1 Vi1 ... VoBefi.
This equation and the definition of V; imply
ViVi_1...VoBi = =Vi_1... VoBedfi,
which together with (%) yields the first condition in (x).

For k = n one gets §(5))) = (—1)"Vp_1... VoG, and G5(6)) = 1, thus
B = (By)~" and 8((65) ™) = (=1)"Vip—1... Vo O

21.3. Béacklund Transformation. Let L be a holomorphic curve in
HP" and H C H°(L™!) its canonical linear system. Let H C H?(Lfl)

be a (k + 1)-dimensional linear system, such that H C H or H C H. Let
My = M\ {Weierstrass points of H} and Vj, be a flat connection of K]‘/’L\M0

as in for some basis of H. A holomorphic curve L is called a (k-+1)-step
Bdcklund transform of L with respect to H, if

(i) its canonical holomorphic line bundle restricted to My admits a non-
trivial holomorphic map to (Kk“L_l\MO, dV*), and

(ii) the image of the canonical linear system of L is included in or includes
the linear system Vi ...VoH.
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Theorem and Proposition [10.8] imply that the canonical holomor-
phic line bundle of a (k + 1)-step Bécklund transform is on My branchedly
paired to the canonical holomorphic line bundle (L4)~! of the dual curve L%
of H. The Willmore energies of L and of its (k + 1)-step Bécklund trans-
forms L are in the case that M is compact of genus g related by the Pliicker

formula:

1 ~ .
4—(W(L‘1) —W(LY)) = (k+1)(k(1 —g)—degL™') +ord H,

T
because branchedly paired holomorphic line bundles have the same Willmore

energies.

21.4. (n+ 1)-Step Bécklund Transformation II. For the (n+ 1)-
step Béacklund transformation of a holomorphic curve in HP™ one has no
choice for H but H = H = (H"*!)*. Then (ii) is trivially satisfied. Theo-
rem thus implies that the set of (n + 1)-step Bécklund transforms of L
only depends on the projective equivalence class of L. More precisely, one
gets the following corollary.

Corollary (of Theorem . Let L be a holomorphic curve in HP™
and My = M \ { Weierstrass points of (H"1)*}. A holomorphic curve L
in HP™ is then an (n + 1)-step Bicklund transform of L if and only if
the canonical holomorphic line bundle off/ is on My branchedly paired with
(LY=L, If M is compact of genus g, then the Willmore energies of L and L
are related by

1

4

In particular, the 2-step Backlund transformation of holomorphic curves

in HP! is M6bius invariant.

(W(L™) = W(L™)) = (n+ 1)(n(1 - g) — deg L") + ord(H" )",

21.5. 1-Step Backlund Transformation of Holomorphic Curves
in HP'. The 1-step Bécklund transformation involves the choice of a 1-
dimensional linear subsystem of the canonical linear system. For holomor-
phic curves in HP! this can be interpreted as the choice of a point co € HP!.
The 1-step Bécklund transformation of a holomorphic curve in HP! with
respect to a fixed point at infinity then yields a transformation of branched
conformal immersions f: M — H that respects the geometry of similarities
of HP!\{co} = H.

Proposition. Let L C H? be a holomorphic curve in HP!, whose dual
curve s also holomorphic. If f := 0qgL: M — H is an admissible stereo-
graphic projection and g: M — H is a nonconstant smooth map satisfying

(+) dg Adf =0,

then g is a 1-step Bdacklund transform of L with respect to 3|, H.

If, conversely, g: M — M is a 1-step Bdcklund transform of L with
respect to B, H, then there is a Mdébius transform g of g in HU {oo} that
satisfies (x), away from the points that are mapped to oo.

If one transforms f by a similarity  — Azu + ¢ of H and g by z —
AZp + ¢, then (x) is preserved. Thus the transformation f — g commutes
with similarities. Furthermore, this modified transformation is involutive.
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A smooth map g: M — H is called a 1-step Bdacklund transform of a
branched conformal immersion f: M — H with a left normal vector, if (x)
is satisfied.

PROOF. Since the dual curve of L is by assumption a holomorphic curve,
it follows that f has a left normal vector N, by Lemma [7.4] and Let
Vo be the trivial connection on L~! such that VoB, = 0. Then |, = ﬁ\Lf
(cf., implies Voo, = ﬁ\Ldf. Hence —N is the normal vector of Vya €
HO(K LY dVo).

If (%) holds, then g has right normal vector —N. Hence the canonical
linear system of g contains a nowhere vanishing holomorphic section ¢ with
normal vector —N, because g is a quotient of elements of the canonical
linear system (cf., . The quaternionic bundle homomorphism from the
Mobius invariant holomorphic line bundle of g to KL~! that maps ¢ to
Voa is complex linear, because ¢ and Vga have the same normal vector,
and holomorphic, by Lemma[4.1] because ¢ and Vo« are both holomorphic.
Thus g is a 1-step Béacklund transform of L.

If, on the other hand, g is a 1-step Backlund transform of L with respect
to 3, H, then its canonical linear system must contain a section with normal
vector —N, by condition (ii) of Definition Hence there is a Md&bius
transform ¢ of g that has right normal vector —N, by Then, away from
the points that are mapped to oo, g satisfies (x) by type. O

21.6. Successive Backlund Transformations. One easily sees from
the definition of the Béacklund transformation: If ki,ke € N\ {0}, then
every (k1 + ko)-step Bécklund transform is, besides isolated points, a ko—
step Béacklund transform of some kj—step Béacklund transform.

22. Christoffel Transformation

The aim of this section is to discuss the Christoffel transformation as an
example for the Béacklund transformation defined in the previous section as
well as to establish some facts that are needed in Chapter [V} For more on
the theory of isothermic surfaces see [Jeromin| or the survey [Bu00].

22.1. Isothermic Holomorphic Curves. A holomorphic curve L in
HP! is called isothermic if and only if its dual curve L¢ = L' is a holo-
morphic curve and the Mébius invariant holomorphic line bundles L~! =
(H2)*/L% and (LY)~' = H?/L of L and L% are branchedly paired. A holo-
morphic curve in HP! whose dual curve is also holomorphic is, by Corol-
lary isothermic if and only if it is a 2-step Béacklund transform of
itself.

If L is a holomorphic curve that is not contained in a 2-sphere, then at
least one of the Hopf fields of L~! and (L)™' does not vanish identically, by
If L is isothermic the both Hopf fields do not vanish, by Corollary
Then Proposition and Theorem imply that the pairing of L™! and
(L%~ is unique up to multiplication by a real constant.
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22.2. Christoffel Transformation. If L is a holomorphic curve in
HP! whose dual curve is also holomorphic, then every nonconstant smooth
map g: M — H such that

() dg A df =df Ndg =0

for some admissible stereographic projection f = o0,3L of L is called a
Christoffel transform of L. The equation (#x) is equivalent to saying that the
left / right normal vector of f equals minus the right / left normal vector of
g. Proposition implies that the Christoffel transforms of a holomorphic
curve L are 1-step Bécklund transforms of the curve. Furthermore, L is a
1-step Bécklund transform of every one of its Christoffel transforms g.

22.3. Isothermic holomorphic curves L have Christoffel transforms.
Their Weierstrass data is obtained from the Mobius invariant holomorphic
line bundles of L.

Lemma. Let L be a holomorphic curve in HP' whose dual curve is also
holomorphic. A conformal immersion g: M — H is a Christoffel transform
of L if and only if L™ and (LY)™! are the paired Euclidean holomorphic
line bundles of g, and there exists an admissible 3 € (H2)* and a € H? with
B(a) =0 such that (L7, (L)Y, B|,,a|,4) is the Weierstrass data of g.

Proor. Let f = o0,3L be some admissible stereographic projection
of L. From Theorem and Proposition then follows that df =
(a1, 71). If N and R are the left and right normal vectors of f, then N
and R are the normal vectors of |, , and 3|, , respectively.

If g: M — H is a Christoffel transform of L such that (sx*) holds for f,
then *dg = —Rdg = dgN, and (8|, ,a|,4) := dg defines a pairing of L™ and
(LY =1, by Corollary because dg is closed and

(ﬁ\Lw]a\Ld) = (ﬁ\Lva\Ld)N = *(B\Laa\Ld) = _R(ﬂ\Laa\Ld) = (Jﬁ\Laa\Ld)'

Suppose now that g: M — H has Weierstrass data (L™', (L%)™, Bl alpa)
for some admissible 8 € (H?)* and a € H? with 3(a) = 0. Choose o € (H?)*
such that a(a) = 1. Then and df = doa gL = (a™*,87') and dg = (8|, a|4)
imply (%) by type. O

22.4. Proposition. A holomorphic curve L in HP' whose dual curve
is also a holomorphic curve is isothermic if and only if L has a Christoffel
transform on the universal covering of M with translational periods.

Proor. If L is isothermic and f = 0, gL is an admissible stereographic
projection, then L' and (Ld)*1 are paired and Lemma implies that
J B L) M — H is a smooth Christoffel transform on the universal
covering M of M with translational periods only. If, on the other hand, L
has a Christoffel transform ¢g: M — H with only translational periods, then
dg is well defined on M and (3|;,a|;.) := dg defines a pairing of L™! and
H?/L, as in the proof of Lemmabm U
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22.5. The Retraction Form. If L is an isothermic holomorphic curve
in HP!, then there is, by Proposition a holomorphic bundle homomor-
phism 7: (L9)~! — KL. As (L%)~! = H?/L and L C H? one can interpret 7
as a 1-form with values in End(H?) satisfying im7 C L C ker 7 and d7 = 0,
because 3(7a) is closed for all 3 € (H?)* and a € H?, by the definition of the
paired holomorphic structure of KL (cf., . A nontrivial closed 1-form
7 with values in End(H?) such that im7 C L C ker 7 is called a retraction
form of the holomorphic curve L.

Proposition. A4 holomorphic curve L in HP', whose dual curve is also
a holomorphic curve, is isothermic if and only if L has a retraction form. A
retraction form 7 defines and is uniquely determined by a branched pairing
of L' and (L%)~" via (¢,v) = @11p. Furthermore, T induces a holomorphic
bundle homomorphism (L%)~' — K L.

If L is isothermic but not contained in a 2—sphere, then we have already
seen in that the pairing of L™! and (L%)~! is unique up to multiplication
by a real constant. Hence the retraction form of an isothermic holomorphic
curve that is not contained in a 2—sphere is unique up to multiplication by
a real constant.

PROOF. The fact that isothermic holomorphic curves have retraction
forms is already shown in the preliminary remark. If now 7 is a retrac-
tion form of L, then 0 = wdr = J A 7, for the derivative é of L and the
canonical projection 7: H? — H2?/L. Moreover, for ¢» € T'(L) one gets
0 =d(r¢) = 7 AV =7 Adp. Hence 7 induces a complex quaternionic
bundle homomorphism (Ld)_1 — K L. Furthermore, every holomorphic sec-
tion a|,, for a € H? is mapped by 7 onto a holomorphic section of KL, by
Theorem [9.6] since 3(7a) is closed for all 8 € (H?)*. Thus 7 is holomorphic,
by Lemma Hence L is isothermic, because 7 defines via (p, ) := @1
a branched pairing of L™! and (L)™', by Proposition O

22.6. The Christoffel transforms g: M — H of L with Weierstrass
data (L71, (Ld)*l,ﬁ\L,a\Ld), as in Lemma satisfies

dg = pra,

if the pairing of L~! and (L%)~! is induced by 7. If L is isothermic that is
not contained in a round 2-sphere and 7 is a retraction form of L, then the
uniqueness of 7, up to a real factor, and Lemma[22.3|imply that g: M — His
a Christoffel transform of L if and only if there exists an admissible 3 € (H?)*
and a € H? with 3(a) = 0 such that dg = A\37a for some \ € R.

22.7. Remark. Usually an immersion f: M — H is called isothermic,
if f admits, away from the umbilics of f, local conformal curvature line
parameters, see [Jerominl Definition 5.1.1]. In [Jerominl Lemma 5.2.6]
it is shown that an immersed Christoffel transform assures the existence of
local conformal curvature line parameters. Thus Proposition [22.4] implies
that, away from the branch points of L and the branch points of the pairing
of L= and (L%)~!, the branched conformal immersion f = 0q,3L admits
conformal curvature line parameters. The branch points of the pairing are
the umbilics of f: Corollary implies that p € M is a branch point of
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the pairing if and only if the Hopf fields Q]fl and Q]HQ/L of L= and H?/L
vanish at p, i.e., p is an umbilic of f (cf., .

Consequently, if L is an isothermic holomorphic curve, then every stere-
ographic projection f = s, gL restricted to M \ {branch points of f} is an
isothermic immersion in the usual sense. The definition in the present text
is stronger than the usual definition, because it is required that the pairing
of (LY)~" and L' is globally defined. This difference is discussed in more
detail in [Boh03, 9.3].

In particular, our definition of isothermic holomorphic curves is to re-
strictive in case M = CP!, because the composition of a holomorphic homo-
morphism from (L%)~! to KL with the derivative § of L, yields a complex
holomorphic homomorphism from L to K2L, i.e., a holomorphic section of
K?. But K? has degree —4 and, consequently, no holomorphic sections. A
solution to this problem is to allow the retraction form to be meromorphic.
The smooth catenoid cousins in Section 30| are an example of Darboux trans-
forms of the round sphere with respect to a meromorphic retraction form.

23. Willmore—Backlund Transformation

A Bicklund transformation for Willmore surfaces in S* was introduced
in [BELPPO02]. In the present section it is shown that this Béacklund
transformation is another example of the Backlund transformation of Sec-
tion Important for the following investigations is the fact that the 1-step
Willmore-Bécklund transforms of a holomorphic curve with holomorphic
twistor lift can be obtained without integration.

23.1. Willmore Holomorphic Curves in HP'. A holomorphic curve
in HP! is called Willmore if it is a critical point of the Willmore energy for
all variations with compact support in My = M \ {Weierstrass points of L}.
Katrin Leschke and Franz Pedit show in [LP03), Theorem 3.4] that a holo-
morphic curve is Willmore if and only if its mean curvature sphere S is
harmonic. If A and Q) are the Hopf fields of S, then S is harmonic if and
only if dV*Q = 0, or, equivalently, d¥V+A = 0. In particular, all holomorphic
curves with holomorphic twistor lift and their duals are Willmore holomor-
phic curves, since A or @) vanishes identically in this case (cf., Lemma.

The Willmore-Bécklund transform of a Willmore holomorphic curve can
only be defined for Willmore holomorphic curves whose mean curvature
sphere extends smoothly into the branch points of L. Such a Willmore
holomorphic curve is called a regular Willmore holomorphic curve.

23.2. 2-Step Willmore-Bicklund Transformation. Let L ¢ H?
be a holomorphic curve in HP' and A and Q the Hopf fields of its mean
curvature sphere S. Then im A C L and L C ker () implies that ker A and
im @) define, besides the branch points of L and the zeros of A and @, new
S invariant line subbundles of H2. If %(QQ is closed, i.e., L is Willmore, then
0 = 1dV+Q = §™% A xQ implies that im @ is a holomorphic curve whose
complex structure is induced by —.5, again only away from the branch points
of L and the zeros of (). Dualizing, the same holds for A, as —A* is the “Q”
of S*. The following lemma shows that im ) extends into the zeros of @) as
a holomorphic curve.
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Lemma. If S is a complex structure of a trivial quaternionic vector
space H such that the (0,1) part 2«Q of its derivative is closed and not
identically zero, then Q: H — KH is complex holomorphic and there is a
unique holomorphic curve V-.C H of rank max,ep (dimim Q) with complex
structure —S|,, such that V' =im Q besides isolated points of M.

If L is a regular Willmore holomorphic curve, then the holomorphic
curve defined by im@ as in the lemma is called the 2-step Willmore—-
Baicklund tmnsformﬂ of L, denoted WBT(L) = im@. Dualization yields
WBT(L?) = (ker A)*. Moreover, if WBT(L) is not constant, then I =
WBT(WBT(L)%)?, by [BFELPP02, Theorem 8, p. 59].

PROOF. The bundle map Q: H — KH is complex quaternionic, be-
cause *Q = —SQ = QS. Let V be the trivial connection of H, then dV
is a holomorphic structure on K H, analogous to m Then dV*Q = 0
implies that *@) maps constant sections of H, which are holomorphic with
respect to V”, to holomorphic sections of K H. Thus, *Q is holomorphic,
by Lemma [{.I] In particular, @ is a complex holomorphic bundle homo-
morphism. Thus, dimim @, = max,ecp(dimim @),) besides isolated points
and there is a subbundle V' C H (by a standard argument for the image of
complex holomorphic bundle homomorphisms, see for example [BELPP02,
Lemma 23] or |[GriHal, Section 2.4]) such that V' coincides with im @ be-
sides the same isolated points. S clearly stabilizes V' and V' is a holomorphic
curve whose complex structure is induced by —S, because d¥*@Q = 0 implies

0=mdV*Q =8 A *Q,

where m: H — H/V is the the canonical projection and ¢ is the derivative
of V. Thus %6 = —45. O

Remark. Suppose L is a regular Willmore holomorphic curve that lies
in some 3-sphere. Write T for the dual with respect to the Hermitian form
that describes this 3-sphere. Then ST = S and Qf = — A4 (ctf., . Hence
im@Q = ker A and WBT(L) = WBT(L%)? lies in the same 3-sphere. The
Euclidean formulas for @ and A then imply that WBT(L)‘p is the
unique point in that 3—sphere, such that the mean curvature of the stereo-
graphic projection of L with pole co = WBT(L)\p vanishes to second order.
Thus WBT(L) is the dual Willmore surface as defined by Robert Bryant in
[Br84].

23.3. Proposition. If L C H? is a reqular Willmore holomorphic curve
in HP! and Q its Hopf field, then the bundle map

(,): WBT(L) ™' x (L)' = T"M @ H,  (p,9) = *Q"B(b) = +6(Qb)
18 a branched pairing of holomorphic line bundles.
IIn [BELPPO02] Section 9.2] this is called the backward Bécklund transform of L. The

forward Bécklund transform of [BELPPO02] is the holomorphic curve obtained extending
ker A into the zeros of A. With the notation of the present text this would be WBT(L%)".
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Corollary thus implies that the holomorphic curve WBT(L) is a
2-step Backlund transform of L and

1

E(W(L_l) ~ W(WBT(L)™))

= (n+1)(n(1 —g) —deg L™Y) + ord(H"T1)*.

PROOF. Let S € I'(End H?) be the canonical complex structure of L
and Q and A its Hopf differentials. Then L C ker @ implies im Q* C L,
and im@Q C WBT(L) implies WBT(L)* C kerQ*. Since —S* induces
the complex structure of WBT(L)™!, by Lemma the quaternionic
bundle homomorphism Q*: WBT(L)™' — KL% is a complex linear. If
B € (H2)* ¢ HOWBT(L)™) and b € H? ¢ H((L4)™!), then dV+Q = 0
implies d(xQ*B3(b)) = dx5(Qb) = 0. Thus *Q*[ is a holomorphic section of
KL% by Theorem Hence

*Q*: WBT(L)™! - KL?

is a holomorphic bundle homomorphism, by Lemma4.T}, and Proposition[I0.8
implies that the pairing of the proposition is indeed a pairing of holomorphic
line bundles. (]

23.4. 1-Step Willmore-Bicklund Transformation. Let L C H?
be a regular Willmore holomorphic curve, 8 € (H?)* ¢ H(WBT(L)™!)
and a € H? ¢ H°((L%)~1') such that 3(a) = 0 and §3 is admissible for L and
WBT(L). A branched conformal immersion g: M — H on the universal
covering M of M with Weierstrass representation (WBT(L)~!, (L)1, 8,a),
which means that

dg = 2+6(Qa),
is called a I-step Willmore—Bdacklund transform of L. [ is admissible for
L and WBT(L) if and only if the holomorphic sections induced by § and
a have no zeros. Hence g is a branched conformal immersion with both
normal vectors and ¢’s branching order equals the vanishing order of ), by
Theorem Furthermore, g is Willmore (cf., [BFLPP02, Theorem 6,
p. 55)).

23.5. Choose some « € (H?)* such that a(a) =1 and let f := o, L.
If N is the left normal vector of f, then Ja = aN, because df = (a~!,57!)
by Proposition and xdg = 2x(3(Qa) = dgN. Hence dg Adf =0 and g
is a 1-step Backlund transform of f, by Proposition

23.6. In [BFLPPO02, Section 9.1]E| the following is shown: Suppose
that g is immersed, and let L, C H? be the immersed Willmore holomorphic
curve such that o, gL, = g. Let Ay be the Hopf field of the mean curvature
sphere of Ly, then

doa gLl = 2x((A4a).

Hence o, gL is a 1-step Willmore-Bécklund transform of Lg.

2In [BFLPP02] the 1-step Willmore-Béicklund transform goes by the name backward
Bécklund transform, the 1-step Willmore-Béacklund transform of the dual curve is called
a forward Bécklund transform, and the formula doq gL = 2%3(Aga) reads df = Lwy, and
h is our g.
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23.7. 1-Step WBT of Curves with Holomorphic Twistor Lift.
Let L be a holomorphic curve in HP! with holomorphic twistor lift. Then L
is Willmore (cf. - L is regular if and only if the curve of tangent lines
L1 of the twistor lift L of L satisfies L1 @ Ll.]] = H?, see The 1-step
Willmore-Bécklund transforms of L can then be obtamed from the mean
curvature sphere of L without integration.

Proposﬂslon Let L be a holomorphw curve in HP! with holomorphic
twistor lift L suppose that Li® LL]] =H?, and let S be the mean curvature
sphere of L extended to M. If 3 € (H?)* and a € H? such that B(a) =
and (B admissible for L and WBT(L), then

= 3(Sa): M — H

is a 1-step Willmore—Backlund transform of L. The branch points of g
are the branch points of L. Furthermore, g is the Mobius transform of a
minimal surface in H or the stereographic projection of a holomorphic curve
in HP' with holomorphic twistor lift. If M is compact of genus g, then the
Willmore energy of g satisfies

W(g) = 4n(2g — 2+ 2deg(L™1) — b(L)).

The map H = —(3(Sa) has a geometric meaning. Let f = o, L, for
a € H? such that a(a) = 1. H is then the quaternionic conjugate of the
rotation by 7 of the mean curvature vector of f in the normal bundle of f
(cf., . This implies that if f: M — H is the stereographic projection of
a curve with holomorphic twistor lift, then the mean curvature vector of f
rotated by 7 in the normal bundle of f is again a Willmore surface.

PROOF. Because L has holomorphic twistor lift, one gets V.S = 2x(Q),
by Lemma Hence d(3(Sa)) = 26(xQa) and g = (B(Sa) is a 1-step
Willmore-Béacklund transform of L.

If § is admissible for L and WBT(L), then dg = 23(xQa) is zero at
p € M if and only if Q) is zero at p € M. But the zeros of ) are the branch
points of Li: Let ¢ € F(ﬁl), then 2+Qp = VS = Vi — SVy. Thus Q is
zero at p € M if and only if the image of Vo, is for all ¢ € F(f/l) contained

in the i—eigenspace of S. For Ly is the i—eigenspace of S, by Lemma
L1 is branched at p if and only if @), is zero.

Let L  H2 be a holomorphic curve that stereographically projects onto
g. If L does not have holomorphic twistor lift, then the Hopf field A of L does
not vanish, by Lemma From [BFLPPO02| Lemma 10] then follows that
ker A stereographically projects onto a 1-step Willmore-Bécklund transform
of L. Hence it is constant, because the Hopf field A of L vanishes. Hence
ker A is constant and L is a Euclidean minimal curve with pole ker A, see

The Euclidean holomorphic line bundle of g is the M&bius invariant holo-
morphic line bundle (L?)~! of LY, by Theorem because the Weier-
strass data of ¢ is (WBT (L)%, (L%) ™!, 3,a). The Willmore energy of the
Mobius invariant holomorphic line bundle L~! of L vanishes, by Lemma
because L has holomorphic twistor lift. If M is compact of genus g, then
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one derives from the Pliicker formula, as in that W(g) = W((L9)~1)
—47(2 — 2g — 2deg(L™1) + b(L)).

ol

24. Euclidean Minimal Curves and Equality

The 2-step Willmore-Bécklund transform of a holomorphic curve L in
HP! is a constant point if and only if the curve is Euclidean minimal (cf.,
the next paragraph). This is in the present section used to show that the
canonical linear system of the 1-step Willmore-Bécklund transform of such
a curve has equality in the Pliicker estimate. If M = CP! one can go down-
wards on the ladder of holomorphic line bundles (applying Theorem
to get a 3—dimensional linear system with equality in the Pliicker estimate
that contains the canonical linear system of the Euclidean minimal curve.

24.1. Let L be a Euclidean minimal curve in HP! (cf., [15.4) and S its
mean curvature sphere on My = M \ {Branch points of L}. The Euclidean
formula for dV+A = dV*Q and the fact that the mean curvature vector
of some stereographic projection of L vanishes identically imply dY+A =
dV+Q = 0. Hence every Euclidean minimal curve in HP! is Willmore (cf.,
. If oo is the pole of L then im @) C oo C ker A. This follows again from
the Euclidean formulas for A and @ of Hence the 2-step Willmore—
Béacklund transform of a Euclidean minimal curve is its pole. If, on the
other hand, @ (or A) does not vanish identically and there exists a point
oo € HP! such that im@Q C oo (or co C ker A), then Soo = S and L is,
consequently, a Euclidean minimal curve with pole co.

As for Willmore holomorphic curves, a Euclidean minimal curve is called
regular if its mean curvature sphere extends smoothly into its branch points.

24.2. Theorem. If a compact regular Euclidean minimal curve L in
HP! has a nonconstant closed 1-step Willmore-Bdacklund transform g, then
the canonical linear system of g has equality in the Plicker estimate.

PRrROOF. The proof can be divided into two steps. The first is to show
that *Q*((H2)*) c H°(K L?) is a linear system with equality in the Pliicker
estimate. This in fact follows from Theorem [17.3] But we prefer to give
the proof for the special case that is needed here. The second step is to go
one step down on the ladder of holomorphic line bundles (applying Theo-
rem to show equality for the canonical linear system of g.

The 2-step Willmore-Bécklund transform of the Euclidean minimal
curve L is the pole oo of L. Hence oot C ker Q*. Thus Q*: (H?)* /oot —
KL% is a quaternionic bundle homomorphism. It is nonzero because ¢ is
nonconstant. If one equips (H?)*/ool with the complex structure .J that
satisfies —1.S* = Jn, where 7: (H?)* — (H?)* /oo™ is the canonical projec-
tion, then Q* is complex linear.

Contemplate the 1-dimensional space H = {a| | a € (H*)*} of
sections of (H?)*/oot and let V be the connection on (H?)*/ool that
makes H parallel. Then H is a linear system of holomorphic sections of
((H2)*/oot, V") with equality in the Pliicker estimate: .J, understood as
an endomorphism of the trivial H-bundle, is the canonical complex struc-

ture of H. Since mw is V*~V-parallel and —xnS* = Jr it follows that
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Vir = —mw(xQ* — xA*) = —7n(xQ*), since oo C ker A. Hence the “A”
of J vanishes and the Pliicker formula implies that H has equality in
the Pliicker estimate.

Since dV*Q = 0 the map

+Q*: (H?)*Joot, V") — K L?

is holomorphic, as is shown in the proof of Proposition [23.3 The linear
system *Q*(H) C H°(KL%), consequently, has equality in the Pliicker esti-
mate, by Proposition

Let now 3 € (H?)* and a € H? such that 3(a) = 0 and dg = 2xQ*3(a).
Let V1 be the trivial connection of L such that Via~' = 0. Then (L%, V)
is Mobius invariant holomorphic line bundle of g, by Corollary [8:2] since
dg = 2%Q*((a) implies that the right normal vector of g is the normal vector
of a=!. Furthermore, H := span{a~!,a71g} ¢ HO(LY) is the canonical
linear system of the stereographic lift of g (cf., . Then

ViH = o 'dgH = +Q*BH = Q" (H),
because a~'dg(a) = dg. dV* is the holomorphic structure of K L% by The-
orem since (V7)” by definition of Vi the holomorphic structure of
(L% ~!. Now Theorem implies that the canonical linear system H of g
has equality in the Pliicker estimate. U

24.3. Euclidean Minimal Spheres and Equality. If M = CP! the
assumption in the theorem above that the 1-step Willmore-Béacklund trans-
form be closed is trivially satisfied. Moreover, it is possible to apply The-
orem [17.2] once again and descend one step further on the ladder of holo-
morphic line bundles, i.e., from L% to L™!, which yields equality for a 3
dimensional linear system in the Mobius invariant holomorphic line bundle
of L.

Theorem. The reqular Euclidean minimal spheres in HP! are soliton
spheres. More precisely, the canonical linear system of a regular Fuclidean
minimal sphere has equality in the Plicker estimate or it is contained in a
S—-dimensional linear system with equality.

PRrROOF. If the Hopf field Q of the mean curvature sphere of L C H? is
identically zero, then the canonical linear system of L has equality in the
Pliicker estimate. This follows from the Pliicker formula since —Q*
is the “A” of the complex structure S* of the canonical linear system of L
(cf., . Assume that @ is not identically zero. Then L has a nontrivial
and closed, as CP! is simply connected, Willmore-Bécklund transform g.

Use the notation of the proof of Theorem and choose « and b such
that a, 3 € (H?)* is a basis and a,b € H? its dual. Let V be the flat con-
nection on L~! such that VoB;, =0, and 4: L4 — KL be the derivative
of L?. Then §(a™!) = —Vopay; , by Lemma and 0 is holomorphic, by
Lemmal[4.1] The connection V( induces a surjective quaternionic linear map
Vo: HY(L™Y) — HY(KL™'), because CP! is simply connected. It maps the
canonical linear system of L onto d(a™')H = Voo, |;; C §(H), where H is
the canonical linear system of g as in the proof of Theorem 24.2] Conse-

quently, there is a linear system H C H O(L~1) that contains the canonical
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linear system of L such that VOJL:I = §(H). Because 6 is holomorphic and H
has equality, Proposition and Theorem imply equality for H. O

With the notation of the preceding two proofs, the 3-dimensional linear
system with equahty is spanned by (3, a = ﬁf B[ df)g), where f := oapL,
because d(a!) = ~Voa = —pdf and d(a"'g) = —ﬁ(df)

24.4. The author found the following diagram helpful to keep track of
the ingredients of the preceding two proofs:

~ *Q*
(H2)* /oot V") g (KL, dY7)
¥al ;
i il o RN O

|
(L4, vy -BE (@ (v

=

(KL, dv0)

l\.\

(L 1 V” . VO)”)

25. Willmore Spheres in S* and Equality

25.1. Robert Bryant in [Br84] showed that every immersed Willmore
sphere in R? has Willmore energy 4mn for some integer n. Furthermore, it
has an n—fold point (which is unique if n > 1), and if one applies a M&bius
transformation to the Willmore sphere that sends the n—fold point to infin-
ity, then one gets a complete minimal surface with finite total curvature and
n embedded planar ends. Conversely, every bounded Mobius transform of
a complete immersed minimal sphere with finite total curvature and n em-
bedded planar ends in R? extends to a compact immersed Willmore sphere
in R? with Willmore energy 47n. In the language of the present text this
can be rephrased as follows: If M = CP! and L is an immersed holomorphic
sphere in HP! that lies in some 3-sphere, then L is Willmore if and only
if L is Euclidean minimal. This result was generalized to S* by Nori Ejiri,
[Ej88], Emilio Musso [Mu90], and Sebastidn Montiel, [Mo00]: If M = CP!
and L is an immersed Willmore holomorphic sphere in HP!, then L or L%
have holomorphic twistor lift in CP3, or L is Euclidean minimal. The proof
of this fact in [BFLPPO02] Section 11] applies verbatim to regular Willmore
holomorphic curves and arbitrary compact Riemann surfaces M, and one
gets the following theorem.

Theorem. If M is compact of genus g and L is a reqular Willmore
holomorphic curve in HPY with total branching order orddy, > 8(g — 1),
then L or L* have holomorphic twistor lift or L is a Fuclidean minimal
curve with pole WBT(L).
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25.2. Willmore Spheres in HP'. Because the condition on the total
branching of L in Theorem [25.1] is vacuous for ¢ = 0, one obtains the
following corollary.

Corollary. If M = CP! and L is a reqular Willmore holomorphic
sphere in HPY, then L or L% have holomorphic twistor lift or L is a reqular
Euclidean minimal sphere with pole WBT(L).

Note that the three cases in the corollary are not disjoint. If L and L¢
have holomorphic twistor lift, then both Hopf fields of the mean curvature
sphere vanish identically, by Lemma Thus VS = 2(xQ — *A) = 0 and
L is a branched covering of a totally geodesic 2-sphere in HP!. Lemma m
implies that a Euclidean holomorphic sphere L with holomorphic twistor lift
is the twistor projection of a planar holomorphic curve.

25.3. Theorem. If M = CP! and L is a regular Willmore holomorphic
sphere in HPY, then L is a soliton sphere. More precisely, a reqular Will-
more holomorphic sphere in HP' has holomorphic twistor lift, its canonical
linear system has equality in the Pliicker estimate, or it is contained in a
S—-dimensional linear system with equality.

PRrROOF. The theorem follows from Corollary and Theorem U

25.4. Construction of Willmore Spheres in HP! from Holomor-
phic Data. Theorem implies that every regular Willmore holomorphic
sphere in HP! can be obtained from a rational curve in CP® via twistor pro-
jection, dualization, and projection from HP? to HP!. But it is hard to say
which curves in CP? yield Willmore holomorphic curves in HP!.

On the other hand, Theorem [24.2] together with Corollary implies
that the canonical linear system of every 1-step Willmore-Bécklund trans-
form ¢ of a regular Willmore holomorphic sphere in HP! whose Hopf fields
are nontrivial is a linear system with equality in the Pliicker estimate. This
and the fact that the 1-step Willmore-Backlund transformation composed
with dualization is involutive (cf., means that every regular Willmore
holomorphic sphere in HP! can be obtained from a rational curve in CP?3.
The corresponding construction yields for all rational complex holomorphic
curves in CP? Willmore holomorphic spheres in HP'. Moreover, the con-
struction is, by Proposition algebraic, i.e., only differentiation of poly-
nomials and algebraic operations are involved:

Theorem. Let E C (H2,1) be a complex holomorphic curve in P(H?, 1)
such that By ® E1j = H2. Then L and L are regular Willmore holomorphic
curves in HPY. Let L = T(E) be its twistor projection and S the mean
curvature sphere of L estended into the branch points of L. If 8 € (H?)*,
a € (H?) such that B(a) =0, and 3 is admissible for L and WBT(L), then

B(Sa): CP' - H

is a branched conformal Willmore immersion with both normal vectors. Its
branch points are the branch points of Ey.

If M = CP' and L is a reqgular Willmore holomorphic sphere in HP!,
then L or L% has holomorphic twistor lift, or L can be obtained as described
above.
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See for a geometric interpretation of the branched conformal im-
mersion 3(Sa). See for an explicit example of the construction of this
theorem. If M is compact of genus g, then the Willmore energy of §(Sa) is

W (8(Sa)) = (g — 1+ deg(L™1)) — 4rb(L),
by Proposition [23.

PRrROOF. In[16.4]it is shown that the mean curvature sphere of the twistor
projection L = T(F) of E extends smoothly into the branch points of L if
and only if Fy @ Ejj = H?. Proposition and the fact that the 1-step
Willmore-Bécklund transforms are branched conformal Willmore immer-
sions (cf., then imply the statement about (3(Sa). So it remains to
show that if L is a regular Willmore holomorphic sphere such that neither
L nor L% has holomorphic twistor lift, then some stereographic projection
of L% is of the form 3(Sa), as described in the theorem.

Corollary implies that L is a regular Euclidean minimal curve. The
Hopf field Q of L does not vanish identically, since the twistor lift of L¢ is by
assumption not holomorphic. Let g: CP' — H be defined by dg = 2%5(Qa).
Then g is a nontrivial closed 1-step Willmore-Béacklund transform of L and
the canonical linear system of g has equality in the Pliicker estimate, by
Theorem 24.2]

Choose a € (H?)* and b € H? such that «, (3 is the dual basis of a,b. Let
L, C H? be the Willmore holomorphic curve that stereographically projects
onto g, i.e., 0q gLy = g. Then L, is regular, by Lemma [20.2} and

dog gL = 2x[(Ay03) = 2xdB(Sa)

for the mean curvature sphere S of L. The first equality follows from [23.6
and the second because @ = 0, since Lg has holomorphic twistor lift, by
Theorem Thus up to a constant of integration o, gL = 2%3(Sa). This
implies

ab’aLd = —0o 3L = —2%(5*f)(a) = —2xa(S* ),

by Lemma . As 5% is the mean curvature sphere of Lg. S* extends
smoothly into the branch points of Lg, because L is regular. The holomor-

phic twistor lift E := Egi of Lg thus satisfies By @ Eij = (H?)*. O

26. HP'-Models of the 4-Dimensional Space Forms

In order to construct Willmore spheres in R? with the technique of The-
orem [25.4] one needs to understand the condition on the holomorphic curve
FE in CP? which ensures that the 1-step Willmore Bécklund transform of
its twistor projection takes values in R3. This is done in two steps. The first
step is Jorg Richter’s theorem (cf., which says that the twistor projec-
tion of F has to be hyperbolic minimal. The second step is the description
of the twistor lift of hyperbolic minimal spheres in HP!.

Although the Euclidean and spherical case is not needed for the present
purpose, all three 4-dimensional space forms are treated in this section.
This is done to show the remarkable similarity of the three cases in the
quaternionic description.
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26.1. The Metric 4-Spaces: R*, 5%, and H* Modeled on HP'.
Let (,) be a nondegenerate Hermitian form on H2. The real part of {,) then
induces a (pseudo—)Riemannian metric on N = {z € H? | |(z,z)| = 1}.
This can be used, as in the definition of the Fubini-Study metric of CP*, to
define a metric on HP'. In fact, there is a unique metric on HP!\I, where
I :={[z] € HP! | (z,z) = 0}, such that 7: N — HP!\I, z — [z] is a
Riemannian submersion, i.e., d,7: (ker d,m)* — Tr(a) HP! is an isometry
)J_

for all z € N, where the orthogonal complement (ker d,7)- is meant in T, N

with respect to the real part of ().
Lemma. Ifz € HP'\I and v,w € Ty HP! = Hom([z], H?/[z]), then

1

() guy(v,w) == a2 e ((v(@), w(z))(z, 2) = (v(2), 2)(2, w(2))).

1s the metric defined above, up to a sign which is constant on the components
of HP\I.

PROOF. It is straight forward to check that the right hand side of (x)
does not depend on the choice of the vector in H? that represents [z], v(x)
and w(z). It is, consequently, a well defined real bilinear form on 7j, HP!.
If z € N and y € (kerd,m)", then (x,y) = 0, because ker d,7 = [z] N T, N.
Since d;m(y)(z) =y mod [z], one gets

9[z] (dem(y), dem(y)) = Re ((ya y)(, :E) —{y, :E) <.7}, y>) = £y, y).

o
(z, z)?
O

26.2. A Hermitian form is called degenerate, definite, or indefinite if
its real part is a degenerate, definite, or indefinite symmetric form on R® =
H2. Multiplying a Hermitian form by a real nonzero constant does neither
change its type nor the induced metric g on HP!. In what follows Hermitian
forms are therefore considered equal, if they only differ by a real nonzero
multiplicative constant.

Proposition. Let (,) be a nontrivial Hermitian form and define I :=
{[x] € HP! | (x,2) = 0} to be the set of isotropic points in HHPL. If () is

(i) degenerate, then I = {oo} for some point oo € HPY, and the stereo-
graphic projections with pole oo provide an identification HPY\I = H
up to orientation preserving similarities of H.

(i1) definite, then I = () and there is a stereographic projection that maps
(HP?, 4g) isometrically onto H equipped with the metric induced by the
stereographic projection of S* C R = H x R onto H.

(iii) indefinite, then I is a 3—sphere in HP' and there is a stereographic
projection that maps the two components of (IHP1 \I, —4g) isometri-
cally onto H\ Im H if both components are equipped with the metric of
the Poincaré half space model of hyperbolic 4—space.

The metrics in the cases (ii) and (iii) induce the standard conformal struc-
ture of HP?.
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The last statement implies that the mean curvature sphere of a surface
has the same mean curvature vector as the surface at the point of tan-
gency in all three cases. Hence the mean curvature sphere of the curve in
HP! is the same as the mean curvature sphere in the metric (sub)space de-
fined by a Hermitian form. Note that in case (iii) the Riemannian manifold
(HP!\I, —4g) consists of two hyperbolic 4-spaces which are glued together
at their ideal boundary, i.e., the 3-sphere S3 := I.

PROOF. (i) As (,) is nontrivial and degenerate, there is exactly one
point oo € HP! such that = € co is equivalent to (x,z) = 0. The rest
follows from [5.2]

(ii) Assuming without loss of generality that (,) is positive definite, there
exists a basis a,b € H? such that {a,a) = (b,b) = 1 and (a,b) = 0. Let
a,3 € (H?)* be its dual basis. Then 0’;152 H — HP!\{[a]} satisfies
0;7/13()\) = [aX + b], and for A\, u € H one gets

d)\O';}B(,U,)(CL)\ +b) =ap mod [a) + b],

by and
2
—1\x _ ({ap,ap){ar+b,ar+b)—(ap,ar+b) (a +bap) ‘,U,‘
(Ga,g) ga(ps 1) = (aA¥b,ar+b)2 = T+ P2

2
% is the induced metric of the stere-

ographic projection of S* to R* = H.

(iii) In this case I is a 3-sphere in HP! (cf., [5.4) and there exists a basis
a,b € H? such that (a,a) = (b,b) = 0 and {(a,b) = 1. For A\ € H\ImH,
i € H one then obtains as before

The assertion follows, since

O L
o ’ 4Re%(\)
The assertion follows, since RL@(Q/\) is the metric of the Poincaré half

space model of H%.
O

26.3. Isometries of R*, S*, and H*. If (,) is a nondegenerate Her-
mitian form and M € GL(H,?2), then the Mdbius transformation of HP?
represented by M is an isometry of (HP!\I, g) if and only if M preserves the
Hermitian form, i.e., there exists a constant ¢ € R such that (Mz, Mx) =
c(z, x) for all z € H?, see Lemma All orientation preserving isometries
of (HP!\I,4+g) are obtained this way (cf., [Jeromin, Theorem 1.3.14 &
Lemma 1.4.13]). If the Hermitian form is degenerate, then M induces a sim-
ilarity of HP! \{oo} = H if and only if M fixes oo (cf.,[5.2), which is equiva-
lent to M preserving the Hermitian form. All similarities of HP!\{oo} = H
are of this form (cf., [5.2)).

26.4. Euclidean, Spherical and Hyperbolic Minimal Curves.
Proposition justifies the following definitions. A curve L in HP! is
called a spherical minimal curve, if there is a definite Hermitian form such
that L is minimal in (HP',g). A curve L in HP! is called a hyperbolic
minimal curve, if there is an indefinite Hermitian form such that L is not
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completely contained in its 3-sphere S2 of isotropic lines and L is mini-
mal in (HP'\S2,, —¢). Euclidean minimal curves are defined in In
all three cases minimality of the curve is equivalent to its mean curvature
sphere being skew Hermitian.

Theorem. Let L C H? be a holomorphic curve in HP! and S its mean
curvature sphere. L is Euclidean, spherical or hyperbolic minimal, if and
only if there exists a degenerate, definite, or indefinite Hermitian form, re-
spectively, for which S is skew Hermitian. In all three cases L is a Willmore
holomorphic curve. In the hyperbolic case L intersects the ideal boundary
orthogonally.

PROOF. Assume, without loss of generality, that L has no branch points.

If S is skew for a degenerate Hermitian form (,) with isotropic line
oo = [a] € HP!, then (Sa,z) = —(a,Sz) = 0 for all x € H2. Thus oo is a
fixed point of S and, consequently, lies for all p € M on the mean curvature
sphere S,. This implies that the stereographic projection of L with pole
oo is a minimal conformal immersion. If L is a FKuclidean minimal curve
with pole co, then there is a degenerate Hermitian form with degenerate
direction co. The mean curvature sphere fixes oo = [a], see For every
x € H?\{oo} there exists A € H such that Sz = #A mod [a]. Then \? = —1
and (Sz,z) = (z\, z) = —(z,2\) = —(z, Sz), thus S is skew. The fact that
Euclidean minimal curves are Willmore is proven in [24.1] This finishes the
proof of the Euclidean case.

Suppose now that S is skew for a nondegenerate form. The skewness
of S implies (Sz,Sz) = (x,z) for all z € H2. Fix a point p € M. The
Mébius involution induced by S, is then an isometry for the metric g of
The sphere defined by S), is the fixed point set of this isometry. It is
not the identity, squares to the identity and preserves orientation. Thus, S,
is minus the identity on the normal space of S,. Consequently, the sphere
defined by S, is totally geodesic in (HP!, g) or (HP'\S2,,g). This implies
that if the Hermitian form is definite, then L is minimal in (HP?',g), and
if the form is indefinite, then L is minimal on the preimage of HP\S3, .
In the indefinite case let now p € M such that L, € S3. Because S, is
skew Hermitian for (,), it does not lie in S2, (cf., . Hence it intersects
S3_ orthogonally. Since, Sp is tangent to L at L,, L also intersects S3
orthogonally at p .

If L is now a spherical minimal curve with respect to the Hermitian form
(,), then its mean curvature spheres S, are totally geodesic for all p € M.
Let [a] € S, and [b] € HP' such that (a,a) = (b,b) = 1 and {(a,b) = 0.
Let a, 3 € (H?)* be its dual basis. The stereographic projection Oq,3 Maps
Sp onto a two plane in H. Since S, is totally geodesic its projection is the
stereographic projection of a great sphere. Hence the two plane contains
the origin. Thus [b] € S, and there are N, R € H such that Sa = aN,
Sb = bR and N? = R?> = —1. Hence S, is skew Hermitian with respect to
the Hermitian form ().

If L is hyperbolic minimal with respect to the indefinite Hermitian form
(,), then its mean curvature spheres S, are totally geodesic for all p € M
such that L, ¢ S3. Hence S, intersects S5 in a circle. This implies that
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there are [a], [b] € S, such that (a,a) = (b,b) = 0 and (a,b) = 1. The
stereographic projection o, g maps S, onto a 2-plane orthogonal to Im H.
In particular, [a + b] € Sp. Let N, R € H such that Spa = aN, S,b = bR,
and N2 = R? = —1. Then [a + b] € S, implies N = R. Hence S, is skew
for all p € M such that L, & S3.. Suppose now that there is p € M such
that S, is not skew, then there exists a whole open neighborhood U C M
of p such that S, is not skew for all ¢ € U. Hence L, € S3 for all ¢ € U.
But the mean curvature sphere S, of L at p is then contained in S3.. So Sp
is Hermitian (cf., . Thus for all p € M either S, is Hermitian or skew
Hermitian. Since M is connected and there is at least one point p € M for
which L, ¢ S3, by the definition of a hyperbolic minimal curve, S, has to
be skew for all p € M.

It is now easy to see that the spherical and hyperbolic minimal curves
are Willmore: Write ()* for the dual of an endomorphism or orthogonal
complement of a subspace with respect to the Hermitian form. Then S* =
—S implies Q* = —Q and A* = — A for the Hopf fields of S. Hence dY«A* =
—dV*A. Consequently, (kerd¥*A)* = imdY*A. This and imd¥*A C L C
ker dVxA, see the Euclidean formula for dV*A in implies L* + L C
ker dVsA. In the spherical case L* + L = H?, and in the hyperbolic case
L,+L,= H? for all p € M such that L, ¢ S3.. But the points p with
L, € 83, form a submanifold of dimension one, because L and S3, intersect
transversally. Thus in both cases dV*A vanishes on all of M. This implies
that L is a Willmore holomorphic curve (cf., . U

26.5. As in the Euclidean case, although there are no compact hy-
perbolic minimal surfaces, there are compact hyperbolic minimal curves in
HP!. These curves have to pass through the ideal boundary of the two
hyperbolic spaces defined by the indefinite Hermitian form. An example of
such a surface is given in

26.6. Superminimal Surfaces in R*, S%, and H*. A surface in S*
is called superconformal (holomorphic or t~holomorphic) if its twistor lift is
holomorphic, see [Fr84] and [Fr88]. A surfaces in S* is superconformal if
and only if its mean curvature ellipse is a circle (cf., [BELPPO02| section
8.2]). A surface is called superminimal if it is superconformal and minimal.
There is a nice overview article on superminimal surface by Thomas Friedrich
[Fr97]. In this article the hyperbolic superminimal surfaces are discussed in
detail as an example of the general construction.

The following precise definition is adopted in the present text: A holo-
morphic curve L in HP! is called Euclidean, spherical, or hyperbolic super-
minimal with positive (or negative) spinE]7 if L is Euclidean, spherical, or
hyperbolic minimal, and L (or L¢) has holomorphic twistor lift.

If M = CP! one gets the following result.

26.7. Theorem. If M = CP!, then every regular spherical or hyper-
bolic minimal sphere in HP' is superminimal.

3The notion of spin of a superminimal surface was introduced by Robert Bryant,
[Br82]. In [Fr84] positive spin is build into the definition of superminimal surfaces.
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For immersed minimal spheres in S* this result was obtained by Robert
Bryant (cf., [Br82, Theorem CJ).

PROOF. If L is a regular spherical or hyperbolic minimal sphere in HP!,
then it is a regular Willmore holomorphic sphere whose mean curvature
sphere is skew with respect to some nondegenerate Hermitian form (,), by
Theorem m Suppose that neither L nor L' has holomorphic twistor
liftt. Then the Hopf fields @ and A of S do not vanish identically, and L is a
Euclidean minimal curve with pole im @, by Corollary [25.2] The skewness of

S implies Q* = —(@Q, where * denotes the dual endomorphism with respect
to (,). But then L C ker@ = (im@)*. This implies that L is constant,
contradiction. O

Using Theorem instead of Corollary one gets that every regular
spherical or hyperbolic minimal sphere in HP! whose total branching order
satisfies ord §;, > 8(¢g — 1) is superminimal.

26.8. The Complexified Light Cone Model of S*. To describe
superminimality in terms of the twistor lift, the following link between the
quaternionic model and the light cone model of the conformal 4—spheres is
used in the next theorem. Every element of the Grassmannean Go(H?, 1) is
either a quaternionic 1-dimensional subspaces, i.e., a point in HP?!, or the
i—eigenspace of a quaternionic endomorphism S that squares to —1, i.e., a
2-sphere in HP!. The Plicker embedding (cf., [Harris, Lecture 6])

Pl: Go(H%i) — PA%(H2 i) = CP?
span{z,y} — [zAY]c
embeds G3(H?,1) as the Plicker quadric
Q*=P{ve A*(H%1) |vAv=0},

into the 5-dimensional complex projective space PA%(IH?2,1).
The quaternionic structure of (2, 1) induces a real structure on A%(IH?2, 1)

T ANy :=x] NyJ.

The real part of @Q* then corresponds to HP!, Q*\ Re Q* corresponds to the
set of oriented 2-spheres in HP!, and the A-product defines a symmetric
bilinear form on the real 6-dimensional vector space Re A%2(H?,i). This
product is a Minkowski product: If a,b € H? is a basis, then the A-product
is represented by the diagonal matrix (—1,1,1,1,1,1) in the basis

aNaj+bAbl, aAaj—bAbj, aAb+ajAbj,
—(anb—ajAbj)i, aAbj—ajAb, —(aAbj+ajAb)i

of Re A2(H?,1) and 2a AbAaj Abj of Re A*(H2,1). Thus Re Q* is the projec-
tivised light cone of the 6-dimensional Minkowski space (Re A2(H?, 1), A).

26.9. The Twistor Lift of a Superminimal Curve in HP!. The
i-eigenspaces of the mean curvature sphere of a holomorphic curve L in HP*
with holomorphic twistor L are, by Lemma the osculating lines (or the
tangent line congruence) Ly of the twistor lift L. Minimality of L can thus
be described in terms of the tangent line congruence L, of L:
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Theorem. A holomorphic curve L is superminimal with positive spin
if and only if its twistor lift L is holomorphic and there exists [h], h €
Re A?(H?,1) polar to the Pliicker embedding Pl([:l) of Ly, i.e., hAv =0
holds for allp € M and v € Pl(ﬁl)\p. If h is light (time, space) like then L
is Buclidean (spherical, hyperbolic) minimal with respect to the Hermitian
form

(*) (,y) = —h ANz Ay +i(hAxAy).

PROOF. If one identifies A*(H?,i) = C = R @ Ri C H such that
ReA*(H? 1) = R, then (*) defines a Hermitian form on H? (up to a real
factor), because h is real. The light like vectors v € Re A%(IH?,1) can be
written v = x A xj for some 2 € H2, because Re Q* corresponds to HP!.
Then h € Re A%2(H2, 1) is orthogonal to v = A xj if and only if (z,z) = 0.
Thus h is light, time, or space like if and only if the set of isotropic lines
of the Hermitian form (x) contains one, zero, or infinitely many points, re-
spectively. Proposition then implies that the form (x) is degenerate,
definite, or indefinite.

Suppose that the twistor lift L of L is holomorphic and that Pl(f)l) is
polar to [h], h € Re A?(H2,1). The quaternionic extension of x + zi on L
is then the mean curvature sphere S of L, by Lemma To see that S is
skew with respect to the Hermitian form (x) fix a point p € M and choose
x € H2. Then one can write x = x; + o] with x; € ﬁl\p, and hAxziAxe =0,
since [h] is polar to Pl(ﬁl)\p. Hence (x;, x) € C, for i,j = 1,2. This implies
(Spxi, xj) = —1(x;, xj) = —(xi, Spxj). Hence S is skew Hermitian.

To see the converse, suppose that L is superminimal with respect to the
Hermitian form (,). Then there exists h € Re A%2(H?, 1) such that () holds,
because Re A2(H?,1) and the space of Hermitian forms on H? are real 6-
dimensional vector spaces and the map described by () is an injective linear
map between these spaces. Let now x1 2 € ﬁlatp C (H2,1) for some p € M,

then Spx12 = x1 20 and 1(z1, x2) = —(Spx1, T2) = (1, 22)1, since S) is skew
Hermitian. Hence (z1, z9) € C, which implies hAx1 Aze = 0. Consequently,
[h] is polar to PI(Ly). O

26.10. Remark. Holomorphic curves in CP? whose tangent lines all
lie in the intersection of the Pliicker quadric Q* ¢ CP® with some projec-
tive hyperplane CP*, as in the theorem, are well studied, see for example
[Bol, §54]. Choosing a suitable local coordinate z and suitable homogeneous
coordinates of CP3, all such curves are locally of the form

(1,2, F'(2),2F'(2) — 2F(2))

for some holomorphic function F.

A curve in Q* is locally the curve of osculating lines of a curve in CP? if
and only if it is null, i.e., its tangent lines are contained in Q*. So hyperbolic
and spherical superminimal curves correspond to holomorphic null curves
in the nondegenerate 3-dimensional quadric Q* = Q* N CP* ¢ CP®
PA%(H2,1). In the Euclidean case Q* N CP* is a degenerate quadric.

The condition that the tangent lines of a holomorphic curve £ C C4
are as points in the Pliicker quadric Q* ¢ CP® polar to a fixed point in
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CP5\Q* implies that the dual curve E? C (C*)* is the same curve as E:
Let ¢ be a local holomorphic section of E and h € A%(C*) \ Q* such that
hA@Ag =0. Then hA: C* — A3(C*) is an isomorphism. If one identifies
A*(C*) with €, then A3(C*) = (C*)* and hA maps ¢ onto a section of the
dual curve, because AA Ao =hApAN¢' =hApA’"=0. In particular,
E is either full or takes values in some projective line.

27. Willmore Spheres in R?

The results of the previous section and a theorem by Jorg Richter [Ri97]
are now applied to specialize the construction of Willmore spheres in HP!
from to Willmore spheres in R3.

27.1. Hyperbolic Minimal Curves in HP! and Branched Con-
formal Willmore Immersions into R3. Let L be a regular hyperbolic
minimal curve in HP?, (,) the corresponding indefinite Hermitian form and
S3 < HP! the 3-sphere of isotropic lines of (,). Let [a] € S2, be some
point in this 3—sphere and g: M — H such that

dg = 2+(a, Qa),
where ) is the Hopf field of L. Then g is a 1-step Willmore-Béacklund
transform of L, since 3 := (a,-) € (H?)* satisfies 3(a) = 0. Because the
mean curvature sphere of L is skew, by Theorem one gets

dg = 2x(a, Qa) = 2%({Qa,a) = —2x(a, Qa) = —dg.
Hence, g takes values in ImH, up to some translation. Conversely, if L
is a regular Willmore holomorphic curve in S2_, then its 1-step Willmore-
Biicklund transforms with [a] € S2, are up to a translation hyperbolic min-
imal in the two Poincaré half spaces H \ Im H., by Jorg Richter’s theorem
(cf., [Ri97] or [BFLPPO02 Theorem 9)).

27.2. 1-Step Willmore—Backlund Transformation of Hyperbolic
Superminimal Curves in HP!. The observation of the previous para-
graph implies that the 1-step Willmore-Béacklund transforms of hyperbolic
superminimal curves, which can be obtained without integration, by Propo-
sition take values in R®, and if M = CP! then all regular Willmore
spheres in S3 are obtained this way.

Theorem. Let L be a reqular hyperbolic superminimal curve in HP?
with positive spin, (,) the corresponding indefinite Hermitian form, S the
mean curvature sphere of L, and S5 the ideal boundary of the hyperbolic
spaces. Let [a] € S3,\ (LU LY). Then

(a,Say: M — ImH
is a branched conformal Willmore immersion into ImH with both normal
vectors. Its branch points are the branch points of the tangent line congru-
ence of the holomorphic twistor lift of L. If M is compact of genus g, then
its Willmore energy is
W ((a, Sa)) = 47(2g — 2 + 2deg(L™) — b(L)),
and its total branching
b({a,Sa)) = 6g — 6 +2deg(L") — 2b(L).



98 IV. BACKLUND TRANSFORMATION AND EQUALITY

Furthermore, {(a, Sa) is the Mébius inversion of a complete minimal surface
of finite total curvature with n = 2g—2+2deg(L~')—b(L) planar or Enneper
type ends (counted with multiplicity). Its n—fold point is the origin.

Every regular Willmore holomorphic sphere in S3, besides coverings of
the round sphere, arises this way.

The map (a, Sa) allows the following geometric interpretation: If g =
(a,-) and o € (H?)* such that a(a) = 1, then (a, Sa) is the mean curvature
vector of f = g,,3L rotated by 7 in the normal bundle of f (cf., and
use H = —H).

This theorem in connection with Theorem [26.9] describes a construction
for all regular branched conformal Willmore immersions of CP! into R3
from rational curves in CP? whose tangent lines satisfy a linear equation, in
other words, from 4 polynomials whose derivatives satisfy a linear equation.
The construction is algebraic, since the i—eigenspaces of the mean curvature
spheres S, p € M, are the tangent lines of the holomorphic twistor lift L,
and differentiation of polynomials is an algebraic operation. Moreover, the
Willmore spheres in R? can be constructed directly from the i-eigenspaces of
the mean curvature sphere congruence (cf., , whose Pliicker embedding
is a holomorphic null curve in @ = Q* N CP* C P(A?(H?, 1)), see A
similar construction was used by Robert Bryant (cf., [Br84] and [Br88]) to
investigate the moduli space of immersed Willmore spheres of low Willmore
energy.

PROOF. Since S is skew, by Theorem one gets (a, Sa) = —(a, Sa).
Thus (a, Sa) takes values in Im H. Furthermore, im @ = (ker Q) L, where L
denotes the orthogonal complement with respect to (,). Hence WBT(L) =
L*. Thus (a, Sa) is a branched conformal Willmore immersion into Im H
with both normal vectors whose branch points are the branch points of the
tangent line congruence of the holomorphic twistor lift of L, by Proposi-
tion [23.7] Furthermore, if M is compact of genus g, then the Willmore
energy of (a,Sa) satisfies

W ((a, Sa)) = 47(2g — 2 + 2deg(L™") — b(L)).
The derivative 6 of L is a holomorphic section of KHom, (L, (L%)™1), by
Lemma 20.3] Thus
b(L) =29 — 2 + deg(L) ™" 4 deg(L™1).

(L) ~1 is the Euclidean holomorphic line bundle of (a,Sa), by Proposi-
tion[23.7and the definition of the 1-step Willmore-Bécklund transformation

(cf.,[23.4). Thus
deg(L) ™ = g~ 1~ 5b((a, Sa),
by Theorem Hence b(L) = 3g — 3+ deg(L™!) — $b({(a, Sa)).
If one shows that the origin is an n—fold point,
n=2g—2+2deg(L™!) —b(L),

of (a, Sa), then (a, Sa) is the M6bius inversion of a complete minimal surface
of finite total curvature with n planar or Enneper type ends (counted with
multiplicity), by because W ({a, Sa)) = 47(2g — 2+ 2deg(L~1) — b(L)).



27. WILLMORE SPHERES IN R3 99

Let 3 := {(a,-) and a € (H?)* such that a(a) = 1. Let R be the right normal
vector of o4 gL, then H = —(Sa,a) and dR' = Hdf (cf.,[I4.6). But since L
has holomorphic twistor lift, the Hopf field A of L vanishes and dR"” = 0.
Thus dR = Hdf and R is a holomorphic map from M to CP'. Furthermore,
deg R = deg(L~1), by and Hence the Riemann-Hurwitz formula
[GriHa] implies that the branching order of R satisfies

b(R) = 2g — 2+ 2deg(L™Y),

and dR = Hdf implies for the total vanishing order of H satisfies ord H =
29 — 2+ 2deg(L™1) — b(L) =

A holomorphic curve in S with holomorphic twistor lift takes values in
some round sphere, because S = S* (with respect to the Hermitian form
that corresponds to S3) implies that if one Hopf field of S vanishes then the
other one vanishes too. Thus, Theorem and Jorg Richter’s Theorem
(cf., imply that all regular Willmore holomorphic spheres in S, besides
coverings of the round sphere, can be obtained by the construction of the
theorem. O

27.3. Example: Immersed Willmore Spheres in R? with Will-
more Energy 167. According to a result of Robert Bryant (cf., [Br88])
the immersed Willmore spheres in R? have Willmore energy 4mn for n €
N\{0,2,3,5,7}. The value 47 corresponds to the round sphere. So 167 is the
lowest possible Willmore energy for nontrivial immersed Willmore spheres
in R3. If one wants to construct such an immersion from a regular hyper-
bolic minimal curve L in HP!, as in Theorem then W ({a, Sa)) = 16,
g =0, and b({(a, Sa)) = 0 imply deg(L~1) = 3 and b(L) = 0. Its twistor lift
L is thus a rational curve in CP? of degree 3. It is full by Theorem [26.9 -
and Remark [26.10 Hence it is the rational normal curve. Let ej,eq € H?
be some basis and z: CP!\{oco} — C a rational coordinate of CP'. The
complex holomorphic curve

L:=[pl, ¢:=e+erjgs’ +eaz+enjzz’
is a parametrization of the rational normal curve. It satisfies the assumption
of Theorem [26.9 for
h=e1 Aeij — ea A e,

because
e Ay = 4(1222,0,12 — 2%, 121 + 2%, 122 + 423, 1221 — 42%1)

in the basis of Re A%(H?, i ) given in [26.8) - This formula also implies that
the Pliicker embedding PI (Ly) of Ly not pass through Re Q* = HP', which
means that L, @ LlJJ = H?. The twistor projection L = L& LJ] of L is
thus a regular hyperbolic superminimal curve in HP! with respect to the
Hermitian form ((1) 01) (in the basis e, e2). Write now a = a; + ag with two
sections a; € I'(Ly) and ay € T'(L1)j. Then (a,Sa) = (a,a1i — asi).

For a = (1,]) one gets the following formula

(a, Sa) = i Re(144+14422+12]2]% 22 —|2|8) +4k(—362—36| 2|2 2+1223+3|2|2 23 +12|2|*2—|2|%2)
- 144+144)2]2—72]2]2+16]z[6+]z[3
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The surfaces for a = (1,3) (left) and a = (1,1) (right):

For ¢ — pe; + €933z and a = (1,]) (below), and ¢ = e + egf7z and
a = (1,1) (next page) one gets:
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CHAPTER V

Darboux Transformation and Equality

Surfaces of constant mean curvature one in hyperbolic 3—space of cur-
vature minus one where intensively studied in the last two decades. The
starting point was Robert Bryant’s representation (cf., [Br87]) of these sur-
faces in terms of holomorphic data. In this article Robert Bryant studies an
important example: the catenoid cousins. These surfaces are spheres punc-
tured at two points, at which the surface approaches the ideal boundary of
the hyperbolic 3—space. The two punctures are called the ends of the surface.
The ends of the catenoid cousins behave nicely in the sense that the surface
continuously extends to the ideal boundary. In this chapter it is shown that
the members of a countable subset of the family of catenoid cousins extend
to smooth conformal immersions of CP!, and that these immersions are
soliton spheres. For the proof it is useful to describe Robert Bryant’s repre-
sentation of surfaces of constant mean curvature one in hyperbolic 3—space
as Darboux transformation of the round 2-sphere.

28. Darboux Transformation

In this section the Darboux transformation for isothermic holomorphic
curves in HP! is described in the language of a generalized Darboux trans-
formation for arbitrary holomorphic curves in HP! (see [Boh03]E[). As this
is in terms of quaternionic holomorphic geometry, relations between the in-
volved quaternionic holomorphic line bundles are easily deduced, see for
example Lemma [28.4

28.1. Splitting. A splitting of H? = L& L* by two holomorphic curves
L and L* in HP! induces a decomposition of the trivial connection V of H2:

vE st
One easily checks that VX and V* are connections on L and Lf, and that 6%
Q' Hom(L, L¥) and §* € Q' Hom(L#, L). The splitting induces quaternionic
bundle isomorphisms Lf 2 H2/L and L = H?/L*. With these isomorphisms

6L and 6% can be interpreted as the derivatives of the holomorphic curves L
and Lf. The flatness of V implies

VE | o L VL Vst
(%) 0="RY = R u—l—éL/\d gu ) .
avi-vest RV 6L A 6t

n devising the proofs of the present chapter Christoph Bohle’s formulas, especially
the equations (40) and (41) in [BohO03], proved to be very useful.
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28.2. Darboux Transformation. Let L be a holomorphic curve in
HP!. A holomorphic curve L* in HP! is called a Darbouz transform of L if
LoLF = H?, 68 A6 = 0, and 67 AS* = 0. The pair (L, L*) is called a Darbouz
pair. Equation implies that 6% A 6% = 0 if and only if V is flat, and
6L A 6 = 0 if and only if V¥ is flat. Thus, a splitting H? = L & L with
holomorphic curves is a Darboux pair if and only if the trivial connection of
H? induces flat connections on L and LF.

If L and L* are nonconstant holomorphic curves and H2 = L @ L!, then
S8 AL = 0 is equivalent to %6% = J6L, and §° A% = 0 is equivalent to 6% =
Jé%. This implies that two nonconstant holomorphic curves L and L! such
that H? = L@ L* form a Darboux pair if and only if §* € T(KHom, (L, L*))
and ¢* € T(KHom (L¥, L)). The 2-sphere congruence

L
S= (Jo })ﬁ)
then satisfies SL = L, SL¥ = Lf, %5 = S6L = 615 and =6 = S = §1S.
Hence it touches L and L, and the orientation of S coincides with the
one of L and Lf at the points of tangency. If, on the other hand, L and
L! are holomorphic curves such that there exists a 2-sphere congruence S
which touches L and L* with the right orientation, then %§ = S6% = §-8

and *0% = S6% = §*S. Hence L and Lf form a Darboux pair of isothermic
holomorphic curves.

28.3. The following proposition connects the definition of the Darboux
transformation given above with the definition in [Jerominl 5.4.8].

Proposition. If a holomorphic curve L in HP' has a nonconstant Dar-
bouz transform L¥, then L is isothermic and the derivative of L interpreted
as a section T of T* M ®@End(H?) is a retraction from of L. Furthermore, L*
is (V — 7)—parallel. Conversely, if L is a nonconstant isothermic holomor-
phic curve with retraction form 7, then every (V —7)-parallel line subbundle
of H? is, away from the isolated points p € M at which L,= Llu,, a Darbouz
transform of L.

PROOF. Suppose that L has a Darboux transform Lf. In the splitting
H? = L @ L* the derivative 6* is then a section of K Hom, (L*, L) and

r= )

obviously satisfies im7 C L C kerr. From 6% A 6L = 0, 64 A& = 0,

and dV" Vst (cf., [28.1)) follows dr = <5”/(\)5L dzz’:{:fﬁ) = 0. Hence 7 is a
retraction form of L. L is then isothermic, by Proposition [22.5 because the
complex structure of Lf defines a complex structure on (L)~ = H2/L = L*
such that L? is a holomorphic curve.

Suppose now that 7 is a retraction form of L. Then dr + 7 A7 = 0,
hence the connection V — 7 is flat. Let ¢ be a local (V — 7)—parallel section
of a (V — 7)-parallel subbundle L! € H? and 7: H2 — H2/L the canonical
projection. The section m¢p € T'(H?/L) is then holomorphic, because if
D is the Mobius invariant holomorphic structure of H2/L then Dmi) =
%(WV + xJrV)y = %(7‘("7’ + xJrr)p = 0 (cf., . In particular, 7 has
isolated zeros. Hence the points at which L! coincides with L are isolated.
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Away from these points L and L! are a splitting of H2, and V*# is flat,
because Vi) = 7 € I'(KL) implies that ¢ is V¥ parallel. Thus L! is a
Darboux transform of L. O

28.4. The observation that the projection of a V¥ parallel section of
L* is a holomorphic section of H2/L has the following consequence.

Lemma. If L? is a Darbouz transform of an isothermic holomorphic
curve L in HPY and L* is endowed with the holomorphic structure (V#)",
then the bundle isomorphism L¥ = H?/L is holomorphic. Furthermore,
(Vﬁ)*/l s the holomorphic structure of the Mobius invariant holomorphic
line bundle (L¥)~" of L.

PROOF. Let 7: H2 — H?/L be the canonical projection and D the
Mobius invariant holomorphic structure of H?/L, then Dmyp = %(WV +
*JmV )1 holds for every section 1 € I'(H?) (cf., . Let ¢ be a local
Vi-parallel section of L¥, then V¥ = 0 and Dmyp = %(WV + xJrV) =
2(6% + %J6%) = 0. Lemma then implies that 7 induces a holomorphic
bundle isomorphism between L* and H2/L.

The second statement of the lemma follows from the first, because L+
and (L¥)1 also form a Darboux pair and the canonical projection induces
a (V*)E"—(V!)*—parallel isomorphism L+ = (H2)* /(L)L where (V)X is
the connection induced on LT by the dual connection V* of V and the
splitting (H2)* = L+ @ (LF)*, and (V#)* is the dual connection of V* on
(H2)*/(LF)* O

28.5. For a retraction form 7 of an isothermic holomorphic curve L
the differential equation

VF =71F, F:M — SL(2,H),

has for every initial condition a unique local solution, because V — 7 is
flat and the trace of 7 is zero on all of M. Here SL(2,H) is the group
of quaternionic 2 by 2 matrices whose Study determinant equals 1. The
Study determinant of a quaternionic 2 by 2 matrix is the determinant of the
corresponding complex 4 by 4 matrix (cf., [Jeromin| 4.2]).

The Darboux transforms of L that correspond to the retraction form 7,
i.e., the (V — 7)-parallel ones, are locally all of the form

L} = [Fa], acH?
because F' is a parallel Frame for V — 7.

28.6. Calapso Transformation, Associated Family. Lemma [28.4]
implies that the (V — 7)-parallel sections F'b € I'(H?), b € H?, project onto
a 2—dimensional base point free linear system of holomorphic sections of
H?/L. The dual curve of the Kodaira embedding of this linear system, is
called a Calapso transform of L. In other words, L viewed as a holomorphic
curve in HP! with respect to a (V — 7)-parallel trivialization of H? is a
Calapso transform of L. In the standard V-parallel trivialization of H? the
Calapso transform of L becomes

FIL.
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The Calapso transforms of an isothermic surface L are isothermic, because
if 7 is a retraction from of L, then F~'7F is a retraction from of F~!L. If
L is not totally umbilic, then all retraction forms of L are a real multiples
of T (see . Hence locally there is a real 1-parameter family of Calapso
transforms, which is also called the associated family of L.

29. CMC-1 Surfaces in Hyperbolic Space

In this section Robert Bryant’s representation of surfaces of constant
mean curvature £1 in hyperbolic 3—space of curvature —1, CMC-1 surfaces
for short, is interpreted as Darboux transformation of holomorphic curves
that take values in the ideal boundary of the hyperbolic 3—space. This ex-
poses the similarity of Bryant’s representation of CMC-1 surfaces to the
Weierstrass representation of minimal surfaces in R3, which can be inter-
preted as Christoffel transformation of holomorphic curves that take values
in a 2-sphere. Furthermore, there naturally arises for every minimal sur-
face a family of CMC-1 surfaces that has the minimal surface as a limit.
The members of this family are called the CMC-1 cousins of the minimal
surface. They are related by Lawson’s correspondence (cf., [La70l § 12]).
The description of minimal surfaces and its hyperbolic CMC-1 cousins as
Christoffel and Darboux transforms of conformal parametrizations of the
2-sphere was pointed out to the author by Udo Hertrich—Jeromin (see also
[JMNO1] and [Jeromin| Chapter 5, in particular the Examples 5.3.21 and
5.5.29]).

29.1. Minimal Surfaces in R? via Christoffel Transformation.
The Weierstrass representation of minimal surfaces in R? can be interpreted
as Christoffel transform of the round sphere: If L is a holomorphic curve in
HP! that takes values in a 2-sphere, then L is also a holomorphic curve,
and the Hopf fields of the Mobius invariant holomorphic line bundles L~!
and H2/L = (L%)~! vanish (cf,, . Then every choice of meromorphic

sections ¢q of L and @9 of (L4)~1 of the underlying complex line bundles of
L and (Ld)_l7 and meromorphic 1-form 1 on M defines on My a holomorphic
bundle homomorphism from (L%)~! to KL via @2 +— @11, where M \ My
is the set of poles of ¢1,p2, and n. If M \ M) is the set of poles of ¢1, ¢2,
and 7, then (L?)~! and L~! are paired on My, by Proposition and L is
isothermic on M. Moreover, every Christoffel transform of L is a minimal
surface, by and Lemma [22.3] This is the Weierstrass representation of
minimal surfaces in R? ((12.6)):
Fix the 2—sphere in HP" to be

CP'={({)HcCcH?|2,weC}.

If g: M — C U {oo} is a meromorphic function, then L = ({)H is a holo-
morphic curve that takes values in CP!. Let 1 be a meromorphic 1-form

on M. Then
ri= A1) (G8) = (174)

is a retraction form of Ly, (closedness follows from the fact that there are
no nontrivial (2,0) forms on a Riemann surface). Hence if 3 € (H?)* and
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a € H? such that B(a) = 0, then every local potential f of the closed 1-
form fra is a Christoffel transform of L (cf., [22.6)). If one chooses the basis
a= (]11‘), b= (ﬂ{) of H2, and its dual basis «, 3 € (H?)*, then

df = Bra = Re(gn)k + Re(%(l — g2)17) + Re(%ﬁ(l + 92)77)1'1.

This is, up to the rotation x — —izk, the formula of the usual Weierstrass
representation of minimal surfaces (cf., [12.6]).

29.2. CMC-1 Surfaces via Darboux Transformation. Bryants
representation of CMC-1 surfaces can be interpreted as Darboux transform
of the round sphere: To see this one describes hyperbolic three space as
follows. Let (,) be a Hermitian form on H? and think of it to be a 3—
sphere in HP!'. Then choose some fixed 2-sphere in this 3-sphere and call
the corresponding endomorphism S. Then S is Hermitian with respect to
(,) (cf.,[p.4-p.6). Hence (S-,) is also a Hermitian form. Its corresponding
3—sphere intersects the 3—sphere (,) orthogonally in the 2—sphere S. (This
can be seen from [5.4] choosing [a], [b] € S.) In particular with the hyperbolic
metric induced by (S-, -) via Proposition the two components of the
3-sphere (,) minus the 2-sphere S both are isomorphic to the hyperbolic
3-space of curvature —1.

Let L! be a holomorphic curve that takes values in the 3-sphere (,),
i.e., L* is isotropic for (,). L*is a CMC-1 surface in the hyperbolic 3—
space determined by (,) and S, if and only if its mean curvature sphere
is a horosphere, i.e., a sphere that touches the ideal boundary S of the
hyperbolic space, because the horospheres are the spheres of mean curvature
+1 in hyperbolic space of curvature —1. The intersection point of the mean
curvature sphere of Lf with S is called the hyperbolic Gauss mapﬂ of LE.
Robert Bryant’s representation of CMC-1 surfaces in [Br87] can now be
described as follows (see also [JMNO1]).

29.3. Theorem. Let L* be a holomorphic curve in HP' that is not
contained in a 2-sphere. Then Lf is a CMC-1 surface if and only if it has
a Darbouz transform L that takes values in a fixed 2-sphere. L is then the
hyperbolic Gauss map of LE.

PROOF. Let L¥ be a Darboux transform of a holomorphic curve L that
takes values in the 2—sphere S. Let 7 be the corresponding retraction form.
Then locally Lf = [Fa] for some a € H? and some F: M — SL(2,H) that
solves VF = 7F (cf., 28.5). Lemma then implies that if (,) is a 3—
sphere that contains S, then d(Fa, Fa) = 0. Hence if (,) is a 3-sphere that
contains S and one point of L, then L* is contained in this 3-sphere ().
Thus Lf and S do not intersect, because otherwise L? would be contained
in S.

2The geodesic that passes through a point p of the surface and the image of the
Gauss map at p intersects the surface orthogonally at p, since this geodesic is orthogonal
to the mean curvature sphere at the point of tangency with the ideal boundary S of the
hyperbolic space. From this one sees that if the mean curvature of the surface is +1,
then the Gauss map is the same as the one of Robert Bryant [Br87, p. 326]. In the
case of mean curvature —1 Robert Bryant chooses the opposite intersection point of the
orthogonal geodesic with the ideal boundary.
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So H? = L& L and L is contained in one of the two hyperbolic 3-spaces
obtained intersecting the hyperbolic 4-space (S-,-) with the 3—sphere (,).

Let Sf = (JOL ﬁ) be the 2-sphere congruence that touches L and L* (cf.,

28.2)). The Hopf field Q* of S* then satisfies
Q" 0
() Qﬁ:( 0 QL”>’

where QT and QL are the Hopf fields of (VL) and (V*)". Since the holo-
morphic line bundles (L*, (V#)”) and H?/L are isomorphic, by Lemmam
and because the Hopf field of H?/L vanishes identically (cf., , one con-
cludes that QLﬁ vanishes identically. Hence L C ker Q¥ and S* is the mean
curvature sphere of L? (cf., . Since S* is tangent to S it is a horosphere,
and, consequently, S as well as L have mean curvature +1.

If, on the other hand, Lf is a CMC-1 surface in the hyperbolic 3-space
determined by the 3-sphere (,) and the 2-sphere S, then its mean curvature
spheres S are horospheres, i.c., for all p € M there is a point L, e HP! at
which S* and S intersect and have the same tangent space. Without loss
of generality one can assume that Sg and S, induce the same orientation
on their common tangent space. The description of the tangent space in
5.5 then implies that R = S* — S € I'(End H?) satisfies im R C L C ker R.
Furthermore R anticommutes with S and S*. Let ) € T'(L) then

SV = V(Sy) = V(S5*)) = (VS + SV = (VS + SV + RVY
implies that
Réy = (VS*),
where 6 € QY(End(L,H?/L)) is the derivative of L. Let Q* and A* be the

Hopf fields of S%. Then (VS%)i) € Q'(L) implies Ay = L(SPVS# 44V SH)y €
QY(L). Hence A%y = 0, because im A* C L (cf., [14.6)). Thus

Ry = 2xQ%).
Hence %6 = S%6 = 65%, and L is a Darboux transform of L. O

29.4. Lemma. If 7 is a retraction form of an isothermic holomorphic
curve L C H? that takes values in a 3-sphere {,), and VF = 7F, then

d(F-, F-) = 0.

PROOF. Since d(F-, F-) = (VF-, F-+(F-VF.) = (1F-, F-)+(F-, 7F-),
it suffices to show that the Hermitian form (-,-) = (7x-,-) + (-, 7x-) vanishes

—

for all p € M and X € T,M. If [a] = L, then (a,b) = 0 for all b € H?,
since (a,a) = 0, Txa = 0, and [rxb] = L, = [a]. Hence it suffices to show

—

that there exists b € H? linearly independent of a such that (b,b) = 0. Since
the branch points of L are isolated one can assume that L is immersed near
p. Let S, be the mean curvature sphere of L at p. Then S, is Hermitian
with respect to (-,-) (cf.,[p.6) and commutes with 7 (cf., [22.5). Hence S, is

Hermitian with respect to (-,-) and all points of the sphere S, are isotropic
lines of (-, ). O
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29.5. The Standard Formulas. Let us describe the construction of
CMC-1 surfaces in the setup of ie.,

— (10 —[(9 _ —g?
S=(§9), L=D) and 7=({)n
Furthermore, fix the 3-sphere S3 to be
((z3), (53)) = T1iye — T2y

Then S is Hermitian with respect to (-,-), and the hyperbolic metric on
S3\ S is induced by (S-,-). Let now F be a solution of

(A) VF =7F = (517—_9;)7717, F: M — SL(2,0C),

(cf.,[28.5). Note that in contrast to F' taking values in SL(2, H) as in it
is now assumed that F' takes values in SL(2,C). This can be done, because
VIF,S] = 7[F,S] implies that if F' is in SL(2,C) at some point then it
is in SL(2,C) at all points. So it is a matter of choosing the right initial
condition. This implies that the Darboux transform

Lf = Fa,

for a € H? such that {a,a) = 0 takes values in the 3-sphere (,), because
F € T'(SL(2,C)) implies (F-, F-) = (-, ).

Let a = (]11‘), b = (]11{) € H?, and «,3 € (H?)* its dual basis as in
29.1l The stereographic projection og, of S is then the unit sphere of

R @ Ri @ Rk, since 054(5) = W

05,0 of the Darboux transform Lf = [Fa] of L is then a CMC-1 surface in the
corresponding Poincaré ball model of hyperbolic 3—space, by Theorem [29.3
More explicitly one gets

. The stereographic projection

ﬁ:
xo+1

This is the version of Robert Bryant’s representation of CMC-1 surfaces

used in [BPS02] (see also [RUY97)).
Instead of solutions of Robert Bryant considers solutions of

(B) VF =—Fr, F:M —SL(2,C).

If F = F~! then F solves if and only if F solves 1' The relation of
LY = [Fa] and L! is the following. The form 7 = F~'7F is a retraction
form of the Calapso transform L := FL = F~'L of L (cf., . The
holomorphic curve L takes values in S, since F and S commute. Because F'
solves for 7, it follows that L? is a Darboux transform of L. Hence in
Robert Bryant’s representation of CMC-1 surfaces, the surface is obtained
as a Darboux transform of a Calapso transform of L.

Robert Bryant’s representation has the disadvantage that the CMC-1
surface L! = [Fa] may be well defined on the Riemann surface M, although
7 is only defined on some covering of M (for example for the catenoid cousins
in [Br87, p. 341]). In the representation with solutions of the form 7
is well defined on the domain of L, since its hyperbolic Gauss map L is
well defined on that domain and 7 is the derivative of L! in the splitting

H? = L& L* (cf., 28.3).

08,aL

(x1 + x21 + x3k), where (xo s T x211> = FF".
r1 — T2l g — X3
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29.6. Cousin relation. In it was observed that in general the
retraction form of an isothermic holomorphic curve is unique up to multi-
plication by a real constant. Contemplate the corresponding 1-parameter
family of CMC-1 surfaces

f)\ = O'@a[F)\(I]a where VF)\ — >\7'F)\, o= (ﬂf)

Let pp € M be some point and choose the initial condition at py such that
F(po) is differentiable with respect to A and Fy(pg) = Id (The reason not
to choose F)\(pg) = Id for all A € R is the fact that this is not done for
the catenoid cousins in [Br87|, and the formula for F' of [Br87| is used
in Section [30}). Then f\ converges to the constant point fo = ogna = 0,
as Fp = Id. If one takes a magnifying glass that multiplies f\ by %, then
the family of scaled surfaces converges to fo = %i/\ﬂo. The differential of fo
satisfies

5 0 0 OVFE
dfo = 5‘0% = 5‘Od (B(Faa)(a(Fra)) ™) =B ( Aa0> = fpra.

oA

Hence fo is the minimal surface of The CMC-1 surfaces f) are called
the CMC-1 cousins of the minimal surface fy.

30. Catenoid Cousins

The best known example of the cousin relation are the catenoid cousins
(cf., [Br87, p. 341]). In this section it is shown that some of these catenoid
cousins extend smoothly into both ends. It turns out that the smoothly ex-
tendable catenoid cousins are immersed Taimanov 1-soliton spheres. Robert
Bryant notes that one can see from the family of catenoid cousins that there
is no “quantization” of the total curvature of CMC-1 surfaces. But Theo-
rem [30.3] implies that if one adds the reasonable boundary condition that
the CMC-1 surface extends through its ends to an immersion of a compact
surface, then the total curvature or Willmore energy of the catenoid cousins
is quantized.

30.1. In [Br87, p. 341] one finds the following multi-valued functions
F,: ©\ {0} — SL(2,0),

Fule) = o (VLD e
123 - 2#"‘1 Mz,u,+1 (/J,—|—1>Zi'u )

for p > —%. They satisfy the equation of for

J
T = M(M + 1)( 1 _Z_l)dZ.

So with the notation of 29.1|, |29.5|7 and |29.6| one gets A = p(p+1), g = %,
1n = dz, and the minimal surface

fo = xk + cosh(z)(cos(y) — isin(y)),
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where z = et Hence fy is the catenoid. Let a,3 € (H2)* be the dual

) € H? as in m The immersions

(5

(F)0

basis of a

fu=0pal[Fpal
2u(p+1) (|22 +| 2]

|Z|2(u+1)+|z|—2(u+1))] Kk

2| =2+ 1)) 4442

12 (-

)z [ (ut1)2 (2|2 — 2| =2
(412 ([P +2]721) +p2 (|22 D 4|

—2(p+1)

Sm'lfu(z)e_‘ﬂ'].

(&

are called the catenoid cousins. They are surfaces of revolution in R @ Ri&®

Rk with axis Rk, since f,(e**'z)

1 _1
5079

1
3

Here are pictures of the f,, for p
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30.2. Smoothness at the Ends for p € N. The catenoid cousins are
stereographic projections of the holomorphic curves

8 _ ._ _ (4 1)z + pz D
L,u_[w]v %Z)— 2M+1FMCL— (MZM+1E{+(M+1)Z“ .
Let
0. ot _ [ (p+D)|zPek 4 p
¢ —wz = <,u\z|2“+2]k+(,u+1)z )

00 . o po—(ut1) _  (pt1)z Vdplz| 7202
Y=gz )_< plet(pA1) |z 72z )

The sections 1°, 1>, and, consequently, Lﬁ are in contrast to F, well defined

on C\ {0}. Furthermore, LEL extends smoothly into 0 and oo if and only if
1 € N. The extended holomorphic curve on CP! = CU{co} for 4 € N\ {0}
is immersed. In the following theorem Lfl stands for the extended curve.

30.3. Theorem. The catenoid cousins Lﬁ for p € N\{0} are immersed
soliton spheres. More precisely, the Willmore energy of the Mobius invari-
ant holomorphic line bundle (L,ﬁt)*1 of the extension of Lﬁ to CP' equals
Am(2u + 1), dimHO((Lﬁ)_l) =3, HO((Lﬁ)_l) has equality in the Plicker
estimate, the Weierstrass points of HO((LBA)*l) are the ends of L,ﬁ, and the
Weierstrass gap sequence at both ends is 0,1, u + 1.

PROOF. Let a = (§), b = () € H? and o, € HO((Lﬁ)*l) the
projection of its dual basis to (Lft)_1 = (]HQ)*/(Lﬁ)L . The section ¥
is well defined on My := C \ {0}, since 4 € N, and has no zeros. Let
y=9"le F((Lﬁ)*l\MO). From V) = 0 and v(¢) = 1 follows (V#)*y = 0.
Thus ~ is a holomorphic section of (Lﬁ)_l\ My Py Lemma Since

Y@ =2 and y(y>) =z ¢
~ extends smoothly into z = 0, co with the vanishing orders
ordgy=p+1 and ordecy=p-+1,
and has no other zeros. Applying a and 3 to 1/° and 1) yields the vanishing
orders
ordpaa =0, ordpoaa =1, and ordgB =1, orde, B =0.

Contemplate the 1-dimensional linear system H = ~H of holomorphic
sections of (L%)™L. The formula of then reads

W((LL)™) = W(LL (V") = —4mdeg((LE) ™) + 47 > ordyy
peM
= dr(2p + 1),
; -1y — _ iy :
since deg((Ly)™") = —deg(L;) = 1, by Theorem m Furthermore, since

Lﬁ is the Darboux transform of a holomorphic curve L that takes val-
ues in some 2-sphere, the Willmore energy of H2/L vanishes, by and

Lemma then implies W((L%)\Mo, (VH") = W(H?/L) = 0. Hence
W((LE) ™) = 4m(2u+ 1).
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Let now H be the linear system spanned by «, 6 and ~. It has the Weier-
strass points 0 and oo with gap sequence 0,1, + 1. Hence

ordg H =ordec H = — 1.

Thus ord H > 2(pu — 1). The Pliicker estimate (14.8) applied to H then
yields:

2u+1=LW(LLH™) > (n+1)(n(l —g) — deg((L%) ") + ord H

>32-1)+2pn—-1)=2u+1
Both inequalities are, consequently, equalities. The points z = 0 and z = c©
are thus the only Weierstrass points of H and H has equality in the Pliicker
‘

estimate. Since L,ﬁl is rotationally symmetric, Lemma [19.4] implies that
H = HO(L). a

30.4. The Catenoid Cousins and Taimanov 1-Soliton Spheres.
The catenoid cousins for p € N \ {0} are immersed rotationally symmetric
soliton spheres in R3. Their Euclidean holomorphic line bundle is thus a
spin bundle with rotationally symmetric Hopf field. The full linear system
of their M6bius invariant holomorphic line bundle is a 3—dimensional linear
system with equality in the Pliicker estimate. The full linear system of the
Euclidean holomorphic line bundle is, consequently, a 2—dimensional linear
system with equality in the Pliicker estimate (see . Hence the catenoid
cousins for p € N\ {0} are Taimanov soliton spheres, by Theorem If
one chooses

1 1)(2u+1
K p
in Theorem|[19.3}, then f, and w f(¢1, 1) coincide up to some Euclidean

motion (see [19.6|for pictures of these surfaces).

30.5. Conjecture. The author conjectures that other surfaces of con-
stant mean curvature 1 in hyperbolic 3—space with catenoidal ends besides
the catenoid cousins, in particular a countable subset of the trinoids studied
in [BPS02], extend to immersed spheres. Successive Darboux transforma-
tions of these spheres provide via permutability (cf., [Boh03, Theorem 3,
p. 57]) a procedure to construct a large class of soliton spheres (all?) with
algebraic operations from branched holomorphic coverings of the round 2—
sphere.






APPENDIX A

Continuity of the Dual Curve

In Section the fact that the twistor lift of the dual curve extends
continuously into the Weierstrass points, is used to show that linear systems
with equality are described by complex holomorphic data. If the Weierstrass
flag is continuous and the canonical complex structure extends continuously
into the Weierstrass points, then the twistor lift of the members of the
Weierstrass flag also extends continuously, by Lemma But in general
the canonical complex structure does not, in contrast to the false statement
of [FLPPO1) Lemma 4.10], extend continuously into the Weierstrass points.
To see this consider the following example.

The line bundle L = ( J]ji)lH C H? is a holomorphic curve on M = C

with holomorphic twistor lift L= ( jﬁf . ) C. It has exactly one branch point
at z = 0. Away from z = 0, the mean curvature sphere S € I'(End ]HQ\qj\{o})
of L satisfies

2 2 - .
s(#)=(&)e sG=Chi
by Lemma S does not extend continuously into z = 0, because the sec-

tions ( ﬂfz) and (%) are at z = 0 linearly independent over C and linearly
dependent over H. The problem in the proof of [FLPPO01, Lemma 4.10] is
in the last formula, where I,,;1i + O(1) should read I,,1i + W tO(1)W,
which in general is not continuous at pg.

Nevertheless, the arguments in the proof of [FLPPO01, Lemma 4.10] can
still be used to show the continuity of the Weierstrass flag as well as the

continuity of the twistor lift of the dual curve.

A.1. Lemma. Let L be a holomorphic line bundle and H C H°(L) a
linear system. The Weierstrass flag of H is then continuous at the Weier-
strass points, and the twistor lift of the dual curve extends continuously into
the Weierstrass points.

PROOF. First we need to recall some facts from [FLPPO01, Lemma 4.9
and the discussion preceding this lemma]. Let p be a Weierstrass point of
H. Then there exists a basis ¢, kK =0,...,n := dim H — 1 that realizes the
Weierstrass gap sequence ng(p) of H at p such that:

(i) There exists an open neighborhood V' of p that does not contain an-
other Weierstrass point and a matrix valued smooth function B: V' —
M(n + 1,H) that is invertible on the punctured neighborhood Vj :=
V \ {p} of p and ¥B~! is an adapted frame of the Weierstrass flag
H k‘VO C H.
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(ii) The matrix valued function B has the form
B = Z(By+O(1))W,

where Z = diag(1,27%,...,27"), W = diag(z™® ... z"®) in a
centered holomorphic coordinate z: V. — C, z(p) = 0, and By is a
constant invertible matrix with integer coefficients, in fact By is the
Wronskian matrix of the functions  — z®) evaluated at z = 1.

(iii) The canonical complex structure S satisfies Sy B~! = 1 B~1i on Uj.

The principle minors of By do not vanish. Hence one can assume that
the principle minors of By+O(1) do not vanish on V', and one can decompose
By +0(1) = LU

into a lower and an upper triangular matrix such that the upper triangular
matrix has ones on its diagonal. The upper triangular matrix

U:=w'ow
converges to the identity matrix as z goes to 0, because ny(p) is strictly
increasing. With the lower triangular matrix
L:=ZLW
one obtains the LU decomposition
B=LU
of B. Since L is lower diagonal, the frame
YB 'L =yU™!

is adapted to the Weierstrass flag on Vj, and, because U ~! converges to v
as z goes to 0, it is continuous and adapted at p. Thus the Weierstrass flag
is continuous at p.

Hence the last section

o :=1PB ' Lepy1 = YU 'eny
of the adapted frame YU ~1 is a continuous section of V' x H. It spans the
dual curve L¢ on Vj and ¢H extends L¢ continuously into p. The complex
structure of L% on Vj is given by S. From fact follows
Se =SB ' Lent1 = B 'iLent1 = @(L7 L) (1 1,041)

on Vp, where (L_le)(n+1,n+1) : Vo — H denotes the lower right entry of the
matrix L711L. Let A := (E)(n+1,n+1)7 then

(LilﬁL)(n+1,n+1) = (Wﬁli*lfliW)(nH’nH) = )\ T\ (P),

Because By is an invertible real matrix, A\ is not zero, real and continuous
at z = 0, hence

Se=¢(i+0(Q)),
which shows that the complex structure of the dual curve is continuous on
V and ¢(p)C C (H, 1) continuously extends the twistor lift Ld = {1 € L? |
St =1} of the dual curve. O
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II, see trace free second fundamental form
(, ), see Hermitian form

T, see tangent bundle
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by(f), b(f), see branching order

D, see quaternionic holomorphic struc-
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O-operator,

0, see derivative of a subbundle
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HP!, see quaternionic projective line

Hom(V, V),

Homy (V, f/)7

K, see canonical bundle
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Lt L%, see dual curve
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Pl, see Pliicker embedding

Q, see Hopf field

53, see ideal boundary
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dual bundle
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W(L), see Willmore energy

W(f), see Willmore energy
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WBT(L), see Willmore-Bécklund trans-
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Béacklund transformation, @
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base point,
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canonical complex structure, @
canonical holomorphic line bundle,
canonical holomorphic vector bundle, [46]
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catenoid cousins, [IT]]
Christoffel transformation,
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CMC-1 surfaces,
complex holomorphic structure,
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Pliicker formula, 9]

Pliicker embedding, [05]

Pliicker quadric, 5]

pole,

quaternionic conjugation, |I|

quaternionic holomorphic bundle homo-
morphism,

quaternionic holomorphic structure,

quaternionic holomorphic vector bundle,

quaternionic projective line, @
conformal structure of the, [[2]
standard orientation of the,

quaternionic vector bundle, [2]

quaternions, [I]

quotient of sections,

rational coordinate,
regular
Euclidean minimal curve,
Willmore holomorphic curve, [§2]
retraction form,
rotationally symmetric Hopf field,

similarity, []

soliton sphere,

2—sphere,

3-sphere, [[4]

4-sphere, see conformal 4-sphere
spin bundle,

splitting, [T03]

standard metric,
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twistor lift,

twistor projection, [53]

type argument, [4]
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