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Abstract

A weakly nonlocal and nonlinear theory of heat conduction in rigid bodies is
proposed. The constitutive equations generalize these of Fourier, Maxwell-Cattaneo
and Guyer-Krumhansl. The proposed model uses the fundaments and the technique of
extended irreversible thermodynamics. The main conclusion is that the presence of
nonlocal terms in the transport equation for the heat flux implies a modification of the
entropy flux; the latter is no longer given by its classical expression, i.e. the heat flux
divided by the temperature, but contains extra contributions which are nonlinear in
the heat flux and its gradient. These results arise as compatibility conditions with the
second law of thermodynamics. A nonequilibrium temperature depending on the heat
flux and generalizing the local equilibrium temperature is also emerging naturally
from the formalism.

1. Introduction

Memory effects are playing an important role in recent researches on heat waves and
hyperbolic heat transport [1-3] in solids. The simplest way to take such effects into
account is to use the Maxwell-Cattaneo equation

Tq+q = —-AVT ' (1)

wherein q is the heat flux, T the local equilibrium temperature, 7 the relaxation time
of the heat flux and A the thermal conductivity, an upper dot stands for derivation with
respect to time; the classical Fourier law is recovered in the limit 7 — 0. When
combined with the energy balance equation, expression (1) leads a hyperbolic

differential equation for the temperature predicting that thermal waves propagate with
a finite velocity.
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Nonlocal and nonlinear heat transport 177

This problem is presently a subject of vivid interest and solutions of the hyper-
bolic temperature equation have been discussed in a wide diversity of situations
[1-4].

From the thermodynamic point of view, it turns out that equation (1) requires a
modification of the entropy, in such a way that instead of the local equilibrium
entropy s.,(u), a generalized entropy depending both on # and q must be used, it has
been shown [5-11] that this generalized entropy will take the form

(1, Q) = 5eq () = 53739 4, (2)

wherein s and s., are measured per unit volume. In the limit 7 — 0, this expression
reduces to the local equilibrium entropy.

Such a generalized entropy has been the basis of the development of a new
thermodynamic theory called Extended Irreversible Thermodynamics (EIT) [e.g. 9].
In this formalism, the thermodynamic fluxes, like the heat flux, the flux of matter and
the flux of momentum, i.e. the viscous stress tensor, are elevated to the rank of
independent variables, on the same footing as the classical variables, like energy,
mass and momentum. In addition, the existence of a nonequilibrium entropy
depending on the whole set of variables, and whose rate of production is non-negative
is taken for granted. In the framework of EIT, Fourier and Stokes-Newton’s laws are
generalized in the form of time-rate evolution equations of the Maxwell-Cattaneo
type. Such equations are nonlocal in time, as they imply memory effects, but local in
space. The analysis of systems subject to important spatial gradients, or characterized
by short wavelengths, has fostered the interest in formulating thermohydrodynamic
constitutive equations containing nonlocal spatial terms; of particular interest are
systems of small dimensions comparable to the mean free path, as microelectronic
devices, and ballistic propagation of phonons at low temperature.

Nonlocal effects can be introduced in several ways [2, 3, 12—-16]. The simplest one
would be, for instance to generalize (2) as

Tq+q=—AVT + [ [V3q+2V(V - q)], (3)

wherein the coefficient /; has the dimension of length.

An equation of this form was derived by Guyer and Krumhansl [17] from the Boltz-
mann equation for phonons in the relaxation time approximation. This equation is
useful to describe the so-called phonon-hydrodynamic regime. More general
equations have recently been proposed to describe the ballistic propagation of
phonons at high frequencies [18].

In view of (3), a natural question ‘is whether the nonlocal terms imply some
modifications in the expressions of the entropy and the entropy flux. We will show
that space non-locality does not influence the entropy, but that it contributes to the
entropy flux J°. Indeed, instead of the classical result J* = T~!q, the entropy flux
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178 G. Lebon et al.

will, in presence of non-locality, take the form

3¢ = 671q + 2(AT?) 7\ (Vq) - g + 2(AT?) (V- @)q + B(AT?) "'q - (Vq),
(4)

where 11, 1,13 are phenomenological coefficients, 6 is the temperature, defined by
6~! = Os/Ou and therefore, depending generally on the heat flux. Expression (4) is
revealing as it shows explicitly the relation between the transport equation (3) and the
entropy flux: any modification of the transport equation will directly influence the
entropy flux and vice-versa.

The question about the form of the entropy flux has been discussed many times in
non-equilibrium thermodynamics. Miiller [19] proposed that the entropy flux is not
just q/T but that it may have nonclassical contributions, different of course from the
classical contribution —(u;/T)J; related to the transport of matter of component i, j;
is the chemical potential and J; the mass flux of component i. In Miiller’s view [24],
the entropy flux should be given by J = A~!(T, T)q where A is the so-called coldness
which depends not only on the temperature but also on its time derivative. However,
this idea was contested by Meixner [20] and was abandoned later on by Miiller
himself. Other examples of nonclassical expressions of the entropy flux are these
proposed by Grad [21] in the framework of the thirteen-moment approximation,
namely

2
s — T—l —_Z pv. , 5
I 15709 (5)

(P is the viscous pressure tensor), and the information theoretical expression [22, 23]
J=v%q+m-Q (6)

where - (a scalar) and v; (a vector) are Lagrange multipliers related to the
constraints on the mean value of the internal energy u and the heat flux q, Q is the
flux of the heat flux, a second order tensor. Since o = 1/0, rather than 1/7, with T
the local equilibrium temperature, expression (6) is more general than (5). The latter
may be obtained from the former provided one assumes that Q is proportional to P”
and that the temperature 6 reduces to the (local) equilibrium value T.

Nevertheless, some authors [23] have proposed to keep for J* the classical form
T~! q, by taking this relation as an imposed constraint on the system in an informa-
tion theoretical approach. Of course, this is in principle possible, but if one ignores

the spatial correlations in the entropy flux then they will appear in the expression for
the entropy.

In Section 2, we establish a generalized nonlinear transport equation for the heat flux
vector q in undeformable solids; this expression contains as particular cases, the
Fourier, Cattaneo and Guyer-Krumhansl equations. Restrictions on the possible forms
of the evolution equation are placed by the second law of thermodynamics and are
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Nonlocal and nonlinear heat transport 179

described in Section 3; in addition, general expressions of the temperature, entropy
and entropy flux compatible with the transport equations and the laws of
thermodynamics are derived. To clearly emphasize the correlation between the.heat
transport equation and the entropy flux, simplified situations are discussed in Section
4 and final conclusions are drawn in Section 5.

2. A nonlinear and nonlocal heat transport equation

We consider the problem of unsteady heat conduction in a rigid body. According to
Extended Irreversible Thermodynamics [9], the state space is formed by the internal
energy, u, taken here per unit volume and the heat flux vector q. As a preliminary, it
should be stressed that in the present formalism, the gradients of the basic variables u
and q will not be considered as independent variables obeying evolution rate
equations. Instead, non-locality is introduced in the constitutive equations; however
we will restrict our analysis to a weakly nonlocal theory with constitutive equations
involving gradients of the first order with respect to the variables, as it embraces still
sufficient generality; it is also our opinion that a more general and formal description
would obscure the physical content. For simplicity, we will also address our attention
to isotropic systems.

We start with establishing the evolution equations for the basic variables # and q.
Concerning the internal energy, its evolution in the course of time and space is
governed by the first law of thermodynamics

= —q;,ij + 1, (7)

a comma stands for derivation with respect to space, r is the source of energy per unit
volume, 65 is Kronecker’s symbol, Cartesian coordinates as well as Einstein’s
summation convention on repeated indices will be used throughout the paper. Later
on, for simplicity, the source term in (7) will be ignored. By analogy with (7), the
evolution equation for g; will be written in the form "

'—’—-@31-1—0'” (8)
wherein 45‘1 is the flux of heat flux (a second-rank tensor), and o7 the corresponding
source term (a vectorial quantity). The quant1t1es @q as well as a will be expressed
by means of constitutive equations: it is assumed that &% and o7 may depend non-
linearly on u and g; but that they are linear function of thelr gradlents (weak non-
locality). Admissible expressions for 45‘.1. and o are therefore

qu = A(u qz)ézj + B(u, qz)%ql Li(u, qz)qi,f

) (9)
—.Lz(u,q )k — La(u; 4”)gji,

of = —a(u,q*)q; — b(u,q*)u,; + Fj(u, QI;)QJ,i

' (10)
+ qi,j Hj(u, qx) + Gi(u, g1)q;,,
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180 G. Lebon et al.

wherein g* stands for g;g;, the minus sign in front of a, b, Li,’,, and Lz has been
introduced for convenience. Substitution of (9) and (10) in the evolution relation (8)
leads to

. O0A OL, OL,
9=~ g, %i + Bgi,jq; + Bqig;,j + L1gi,5 + ou Li1hi + Logj,ji + B Lidkk

OL
+ Lsgji + 3“2 u,jqj; — aqi — bu; + Fjg;i + qi,; Hj + Gigy,j.- (11)

In expression (11), we have omitted third order terms like %qk, iqi,j involving the

products of q and the gradients of the variables; in addition, the term (0A/9qj)qg;, has
been incorporated in the term Fjgj; and therefore does not appear explicitly. To
recover earlier familiar results, we introduce the following notation

1 0A , OL; )
4= o b=r L ou (i=1,2,3), (12)

while F;, H; and G; are supposed to be linear in g; and u ;:

Fj = a1(u)g; + co(Wuj, Hy = Bi1(w)g; + B2(w, Gj = 1(u)g; + 12(w)u,;.
(13)

Equation (11) reads then:

) 1
g = —k(Wu; — ol + a1 (u)qiqji + B1(u)qi,;q; + 1 (w)gj jq:

+ ax(w)u jgji + Ba(u)qi ju,; + v2(u)gj,jui + L1(w)g; jj (14)
+ Lo (u)gj,ji + L3 (u)q;5 + Ly (w)ue,jq;, j
+ Ly (w)u g5, + Ly (u)u jg5,i,

wherein (3 (u) and -, (u) stand for (3, (u) + B(u) and 91 (u) + B(u) respectively, and
the dependence of the various coefficients 7, x,L;,... with respect to q has been
neglected as they would contribute to third order terms in ¢°, g*u ;, ¢?q; ji, - . - Relation
(14) is rather general because it contains as particular cases the laws of Guyer and
Krumhansl [17], Cattaneo [24] and Fourier. Indeed by letting in (14) the quantities
o, B and y(i = 1,2, Bc) tend to zero and assuming that 7, L;, L, and L3 are constant,
one recovers a Guyer-Krumhansl type equation, namely

| 1 N
qi = —k(u)u; — ~qi + L1qij + Lagj i + Lagj- - (5)

If in addition L, L, and L3 vanish, one rediscovers Cattaneo’s equation while in the
approximation 7 = 0 (but 7« finite), one recovers Fourier’s law.

~ J. Non-Equilib Thermodyn. - ¥998 - Vol 23 - No. 2

Bereitgestellt von | Technische Universitat Berlin
Angemeldet
Heruntergeladen am | 09.11.18 17:31



Nonlocal and nonlinear heat transport 181

3. Restrictions placed by the second law of thermodynamics

We assume the existence of a non-equilibrium entropy s per unit volume satisfying a
balance equation of the form

§=—J,+0 (o >0), (16)

J? is the entropy flux and o° the rate of entropy production per unit volume; according
to the second law of thermodynamics, o° is a positive definite quantity. In (16), both s
and J? have to be expressed by means of constitutive equations which, in all
generality may be written as

s=s(u;gj;uj;qik),  Ji(;gjsuj;q5k)- (17)

The dependence of s and J{ on the gradients of u and g; is introduced in view of the
(weakly) nonlocal description. After substitution of (17) in (16), one obtains for o°
the following expression:

_Os.  Os. O] OJ§ Os .

= T o™ T g Uit B, .
+_a_g_+i,i +8Jf .- >0 ( )
P} " qi,j F) ] 2Ji aq,’ djki =

To derive the restrictions imposed by ¢° > 0, we follow the procedure proposed by
Liu and Miiller [25]; these authors introduce the constraints introduced by the
evolution equations for u and g; by means of Lagrange multipliers so that (18) takes
the form

o’ — Au(i +gj,5) — Ai (c'zi + Ku; +.%Qi — Q14jgj,; — Q2U,jgj,i
— (14:,j95 — B2qi,j% — NGj,9i — V24,4 — L1gi,5 (19)
— Log;,ji — Lag;y — Lyu,;q1,5 — Lywigj,; = '3%3:‘%1) >0,
A, and A; are Lagraﬂge multipliers (A, = scalar, A; = i component of vector A to
be identified at the end of the procedure. The consequences resulting from inequality

(19) are established in the Appendix. The main results can be summarized as follows:
i) s is independent of u; and g ; so that one may write

ds(u,q;) = —aidu + Os

o Bq,- dq,'. | (20)

As usual, we shall identify Os/0u with the nQn-equilibrium temperature

Os _
5= ¢ ! (21)
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182 G. Lebon et al.

while 8s/8g; is assumed to be linear in g;: as higher order terms'in q° are omitted in
the present analysis, one will simply take

a9 zf(u)qb (22)

where f(u) is an undetermined function of u.
ii) the Lagrange multipliers are identified as

Os Os
— , = 23
Au au 9 A aq .fq Iy ( )

iii) the entropy production takes the quadratic form

o = ~L g ~ Lifayiays — Lofassais ~ Lafdisii 2 0. (24)
Expression (24) can also be given the form

o’ = ——f;qiqi — (L + L3)f, g7 a7 — (L — La)f 455 5 — Lof 45,4
(25)

where q, 27 and q"‘ew represent the symmetric and skew-symmetric parts of g; ;.
Posmveness of (25) implies that

£<o,[,2f<0,(Ll+L3)f<0,(L1—L3)f<0, (26)

iv) an expression of the entropy flux compatible with the general results is
B =T"qi— Lif 4i9j; — Lof 9:95,; — Ls f 94i,)- ' (27)

with T'(u) the local equilibrium temperature.

v) The various coefficients appearing in the evolution equation (14) of g; are not
independent but satisfy the following relations:

Llf, = :82f7 l’lf, = ’72f7 ' L3f, = a2f7 (28)
where f’ stands for 8f /u.

Supplementary information is provided from the equality of the mixed derivatives of
the Gibbs equation

ds = 07! du + f qidg;. (29)
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Nonlocal and nonlinear heat transport 183

Indeed, after integration of

061

— / , "

it is found that

1
07 (0,4?) =5 Fa* + T\ (w), (1)
where T(u) is the local equilibrium temperature as it corresponds to a vanishing value
of the heat flux.

Moreover, convexity of entropy at fixed internal energy implies that 8%s/8q; 8q; < 0
from which follows that f < 0. Therefore, in view of the inequalities (26), one has

>0,L, >0,L, >0,L; >L; >0, (32)

in agreement with earlier results of EIT and Guyer and Krumhansl’s theory.

As a consequence of the above results, it is clear that there exists a strong correlation
between the form of the evolution equation and the expressions of entropy and
entropy flux.

4. Particular situations

It is our purpose to show that the above rather general results encompass well-known
classical particular results. To this end, let us express the evolution equation (14) in
terms of the temperature 6 instead of u. One has

61 861
—1 —_— . — -
B)i - au uil + aq] QI,' * (33)

The expression of 89~!/8u is directly obtained from (A.10) by taking into account
the result (A.15):

0671 ,
au=ﬁ+Mﬁﬁ : (34)

Coupling this result with relation (30), it is found that
07" = kfu;+ (f) q*ui + f'gia5;, (35)
from which follows that

KU; = ——1—0,- +£q,-q-,- (36)
T TR T g
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184 G. Lebon et al.

wherein as before we have omitted the third order term in g%# /. Defining the heat
conductivity A by

T

and recalling that the results oy = —(; and 2v; = f'/f are compatible with the
second law (see (A.22) and (A.23)), the evolution equation (14) for g; reads as

. A 1
gi = ——0; — —ai + a1 (@9 — 4.59) + M (2445 + 9:%.5)
+ (L3 4+ 2mLa)u,jgj + (Ly + 2mLo)usg;,; + (Ly + 2m1L1)u, g,

+ Lngi,jj + Lagj i + Lag;

(38)

this equation contains seven coefficients, namely 7, A\, o1,71,L1,0L2,L3, to be
determined either by microscopic theories or by experimental measurements. At
this point, it is interesting to consider the following two particular cases.

i) fis a constant (f' = 0).

By virtue of (28) and (A.18), the coefficients a;, 35,1 and -y, vanish and, according
to (A.19), @ reduces to the local equilibrium temperature. Under these simplifica-
tions, the expressions of the entropy flux (27) and the heat transport equation (38)
take respectively the following forms, if in addition L;,L, and L3 are assumed
constant:

s _ T
T =T7 gi + 5o (Ligjgya + Loqigyj + Lodjdi. ), (39)

. A 1
qi p— —;T',; - ;qt + al (q]%,' - ql,qu)

+ L1q; ;i + Lagj ji + Lagj ;.

(40)

By omitting in (40) the nonlinear contribution and putting L, = L, = L3, one
recovers Guyer-Krumhansl’s equation, namely

) A 1

gi = _'7—_T,i—;Qi+LI(Qi,’j+2qj,ji) (41)
with the typical factor 2 in front of the term g; j;. The entropy flux corresponding to
Guyer-Krumhansl’s model is therefore

— Lyt m |
R=T"a+75 (2‘11'613 + qi%',j)a - (42)

where ¢;”" is the symmetric part of tensor g; ;. It is clear from (42) that Guyer-
Krumhans] equation is not compatible with the classical expression T~!g; of the
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Nonlocal and nonlinear heat transport 185

entropy flux. Note that on dimensional grounds one may write 7L; = I?(i = 1,2,3)
and therefore expressions (39)—(42) may be written in the form (3) and (4).
il)Li=L,=L3=0 :
By virtue of (28), one has a; = 3, = v, = 0 and the evolution equation (38) is now
given by

. A 1
G = =20~ ~qi + on (i — 9u9) + N 4% + 8:4.7), (43)

while the entropy flux is

J=T"g;. (44)

This result provides a supplementary confirmation that the expression of the entropy
flux is correlated to the presence of non-local terms of order two in the evolution
equation for g;.

A last remark is in form and concerns the comparison of the present results with
Grad’s theory, as expressed by equation (5).

Apparently, the form (5) of the entropy flux in Grad’s theory is completely different
from expressions (4) or (27) including the gradient of the heat flux. We will see here
that in fact they are equivalent. Indeed, in the linear approximation, the evolution
equations for the heat flux g; and the viscous pressure tensor P} are (e.g. [14])

1 A kT

qi = el T—IT,i ——Pip (45)
Py = ”7_2P3+2;;Vif—§‘1i,j: (46)

wherein Vj; is the velocity gradient tensor and 7 the dynamic shear viscosity; by
writing (45) and (46), it is assumed that the pressure tensor is traceless. Since in our
problem, there is no global displacement of matter (zero velocity) and assuming that
P} = 0, expression (46) becomes simply

4

Pj = —sm4i;- (47)

Introducing (47) in (46) and in (5), one obtains respectively

1 A 4 kT

gi = e ’;T,i + 3, 2% (48)

8
J..S' —_— T_l i —— i . .

which are similar to the expressions derived in Section 3. Expression (48) allows us to
express L; in terms of the relaxation time, namely L; = ‘g"j—nT-Tz. Furthermore,
according to the kinetic theory, one has 7/\ = 2m/5kp so that the coefficient
7-1/XT? appearing in the entropy flux can be written as 87/25pT which is precisely
the value of the coefficient of the non-classical term in (49).
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186 G. Lebon et al.

On the other hand, it follows from the information theory [14, 28, 29] that the
coefficients 7o and ~y; in expression (6) are given by o = T-l'and vy = — ;{-ﬁq with
p the mass density. Comparing (6) with (42), it is seen that they are compatible by
taking

2 m
0; = -Elag?y (50)

5. Conclusions

Our objective was to formulate a general nonlinear and nonlocal heat transport
equation well adapted to short-wave length and high frequencies processes. For
simplicity, we have considered the problem of heat conduction in a rigid body;
coupling between thermal and viscous effects will be examined in a future
publication. Non-locality is introduced in the evolution equation of the heat flux q
under the form of terms in V?2q, nonlinear contributions in q - Vq and Vu - Vq are
also taken into account. Expression (14) or (38) of the evolution equation generalizes
that proposed by Guyer and Krumhansl some years ago; however these authors
considered only the linear problem so that the present work can be viewed as a
nonlinear extension of Guyer and Krumhansl formalism. It is also worth noting that
the evolution equations (14) and (38) are obtained on completely different bases than
Guyer and Krumhansl relation: the former are based on macroscopic thermodynamics
while the latter is derived from Boltzmann equation.

An important conclusion drawn from the present study is that the expression of the
entropy flux is directly correlated to that of the evolution equation and vice versa.
This means that it would be not correct to make use of Guyer and Krumhansl’s
equation and to keep the classical form T~ q of the entropy flux. Indeed, it is shown
that when non-locality is introduced, the entropy flux must contain additional terms
in q - Vq whose coefficients are, apart a factor f, the same as these of the non-local
contributions to the evolution equation. The factor f, a negative quantity, depends
generally on the internal energy, or the temperature, and is related fo the heat
conductivity A and the relaxation time 7 by f = —7/A62 It is worth stressing that it is
the same coefficient f which appears in the EIT expression of the entropy which is of
the form

s(u,qi) = seq(u) + f qiqi,

where s, (u) is the local equilibrium entropy depending only on the internal energy.

A last remark concerns the temperature 6. The latter is generally depending on the
heat flux and can be cast in the form

0 (0,0") =171 w) + 3£,

where T is the local equilibrium temperature; it is clear that  reduces to its local
equilibrium value only for f = constant.
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Appendix

Consequences resulting from the second law of thermodynamics

To examine the restrictions placed by inequality o*(= §+ J;;) > 0, we apply an
elegant technique proposed by I-Shih-Liu and Miiller [31] which consists in
introducing the constraints imposed by the energy conservation law and the evolution
equation of the heat flux via Lagrange multipliers. To be explicit, we shall formulate
the second law of thermodynamics under the form

O, Os. 0% O 8. O . 0% +8J‘
o T ag T M T oy U M g, 1 T i T g Bk

— Ay (it + gj;i65) — A (ili + Ku; + ;Qi — o1 95 g5, — 1954,

— M4igj,j — Q2MU,;qj,i — B2u,jqi,j — V2U,qj,; — L1 qi jj — L2 qj,ji — Laqj

—Lyujqij—Lyu;qir — Liu, ij,i) >0, (A.1)
wherein use is made of expression (18) of ¢° and of evolution equations (7) and (14)

for u and g; respectively, A, and A; are the corresponding Lagrange multipliers.
Rearranging the various terms in inequality (A.1), one obtains

(Qf_A> (_31__/1_ ..+8su+8s. or
ou oa )T au M T ag, T B,

as
+ (Bu — kA + L 145, +L2q”./1 +L3q,,JA

+ a2q;,jA; + Bagjidj + 129, in) u;
(A.2)

oJ¢
+ ( 3 q’ + a1 digj + BigiA;j + ’qukAk‘sij> 9j,i

0J;}
+ (8% + L1 Ajbp + L A; 5]k + L3/1k5u) 9 i

1
— Augjj— ;Aiqi > 0.
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This inequality is linear in &,g;,i;,¢;; and uj, it is theréfore inferred that
positiveness of (A.2) demands that

Os Os Os Os oJ3

'—'=Aua —=Ai7 ——=O, —_’_—07 ~=0. A3

Ou 0g; Ou,; 0q;, Ou,j (43)
As the remaining inequality is linear in u; and gj;, one has in addition

oJ;

5y = N~ Lidisdy — Lygy,jdi — Lagijdj — 2di iy — Bagyidly — 125,54

(A4)

OJ; .

i = —Li Ajbg; — Ly Aibjp — L3 Arby, (A.5)
and finally one is left with

1 oJ§
—Augy; — - @idi + Ba; + a1 Aigj + Br19i4j + 1geAebyy ) gji = 0. (A.6)

Since ds/Ou is defined as the inverse of the temperature 8~ (x, g*) and recalling that
Os/0g; is assumed to be linear in g;, the Lagrange multipliers can be identified
respectively as

A, =071 Ai=f(u)g; (A7)
A rather general expression for J; compatible with the result (A.5) is simply
T} = ¢(u,q")qi — L1 4,4 — L2f 9:q;,; — L3S 44, (A-8)

wherein ¢(u, g%) is, at this stage, an undefined function of u and ¢?. Making use of
(A.7) and (A.8), inequality (A.6) reads as

Qj,i{(_e—l + ¢+ fq?)6; + [(al +B80)f + 23—:;] ql’Qf}
(A.9)
_é%‘]i — Lifq.:q;; — L2 fq,j9i; — L3 fqi,jqj; = 0.

Since the term between brackets is linear in g; ;, positivity of (A.9) demands that

07! = ¢+ nfg, | (A.10)
d 1
g;%=—§(a1+ﬂ1)f, . (A.11)

so that (A.9) reduces to

F ,
2499 L1 195,495 — L2fq;,jqi: — La fqi jq;; > O, (A.12)
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with, as direct consequence, that

f

T

<0,Lyf <0,(Ly +Ls)f <0,(Li — L3)f <0, | (A.13)

It remains to examine the consequences resulting from the compatibility of (A.8) with
(A.4). The derivation of (A.8) with respect to u is given by

o 99

* c— , . o ¢ amem , - ¢ e cm— I . .«
au au qi Ll fq.lq,t‘ l‘zfqlqh] L3fq,q'1/ (A. 14)
— L f'qiq;; — Lo f' qiqj,j — L3 f'qqi,j,
and comparison with (A.4) leads to
0o _
= f, (A.15)
Lif =6f, Lf =vf, Lif =af. (A.16)

Using for §~! the result (31), it is found from (A.10) that a general expression for ¢ is
-1 1, 2
¢=T""(u)+ (§f - 'nf)q : (A.17)

From the mixed derivatives of (A.10) with respect to u and g2, one obtains

620! 0 0¢p O
oudq> ~ 0q? Ou + o (m.f) (A.18)

Since in virtue of (A.15), O¢/Ou is independent of g2, direct integration of (A.18)
yields

061
gqy=’71f+C, (A.19)

wherein C is an integration constant. To determine C, recall that for f = 0, the
entropy s(u) is only depending on u as it results from (20) and (22). Consequently
6~!(= Os/8u) will only be a function of u and finally C = 0. A new integration of
(A.19) leads to

0 = i f P + T (u), (A.20)

wherein T is defined as the local equilibrium temperature as it corresponds to g = 0.

Supplementary consequences of the result (A.19) are the following. Substituting in
(A.10), 67! by the result (A.19), it is directly seen that

¢=T"(u), (A.21)
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and therefore, from (A.11),
ar = —p, (A.22)
and from (A.17)

= % 7. (A.23)
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