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AbstractThe topic of the present thesis is the scattering of electromagnetic plane waves by roughsurfaces, i.e. by smooth and bounded perturbations of planar faces. Moreover, the contrastbetween the cover material and the substrate beneath the rough surface is supposed to below. In this case, a modi�cation of Stearns' far-�eld formula for the scattered �eld, based onBorn approximation and Fourier techniques, is derived for a special class of surfaces. Thisclass contains the graphs of functions, where the interface function is a radially modulatedalmost periodic function. For the Born formula to converge, a su�cient and almost necessarycondition is given. The obtained far �eld contains plane waves, far-�eld terms like thosefor bounded scatterers, and, additionally, a new type of terms. Furthermore, it is proventhat Stearns' conclusions concerning an approximate formula for the reduced e�ciencies inthe specular directions also hold for the presented class of interface functions. The derivedformulas can be used for the fast numerical computations of far �elds and for the statisticsof random rough surfaces, which is shown for a simple example.



ZusammenfassungDas Thema dieser Arbeit ist die Streuung elektromagnetischer ebener Wellen an rauenOber�ächen, also an ebenen Ober�ächen mit glatten und beschränkten Störungen. Darüberhinaus wird ein kleiner Kontrast der Materialkonstanten zwischen dem Deckmaterial unddem Material unter der rauen Ober�äche angenommen. Unter diesen Voraussetzungenwird ein Fernfeld-Formel für das gestreute Feld mit Hilfe von Born-Approximation undFourier-Techniken hergeleitet. Dieser Ansatz basiert auf einer Modi�kation der Herleitungvon Stearns' Formel für einer spezielle Klasse von Ober�ächen. Diese Klasse enthält dieGraphen von radial abklingenden fast-periodischen Funktion. Eine hinreichende und fastnotwendige Bedingung wird angegeben, die gewährleistet, dass die Born-Formel konvergiert.Die hergeleitet Fernfeld-Formel enthält ebene Wellen, Fernfeld-Terme wie sie auch für be-schränkte Streuobjekte auftreten und zusätzliche neue Typen von Termen. Weiterhin wirdbewiesen, dass Stearns' Schlussfolgerungen bzgl. einer approximativen Formel für die re-duzierten E�zienzen in die Spiegelrichtungen auch für die vorgestellte Klasse von Ober-�ächen gilt. Die in dieser Arbeit hergeleiteten Formeln können für schnelle numerischeBerechnungen von Fernfeldern und statistischen Untersuchungen von zufälligen rauen Ober-�ächen benutzt werden. Dies wird in einem kleinen Beispiel präsentiert.



tba
�The history of science teaches only too plainly the lessonthat no single method is absolutely to be relied upon,that sources of error lurk where they are least expected,and that they may escape the notice of the most experiencedand conscientious worker.�Sir John William Strutt, Lord RayleighTransactions of the Sections' (1883)
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CHAPTER 1. INTRODUCTION 7
Chapter 1Introduction1.1 BackgroundThe progress of modern technology vitally relies on computer chips or other electronic components withsmall and smaller details. The production of such components, on the other hand, usually involveslithographic processes employing light with wavelengths depending on the size of the desired structuredetails. Therefore, it is necessary to manufacture optical devices (e.g. optical gratings) designed for veryshort wavelengths. However, at some point, a perfect fabrication of such devices in accordance withthe guidelines of design becomes either too di�cult or is even not possible. Instead, the manufacturedcomponents of the optical devices deviate from ideal components by random aberrations. In the simplestcase, a planar interface separating two di�erent materials has typically a lot of tiny corrugations calledroughness. In the present thesis, the term 'roughness' denotes a mostly smooth perturbation from a �atsurface. Using such an interface to refract electromagnetic waves, the surface deviations, now almost inthe size of the small wavelengths, become visible. Though the example of a planar interface is simple,a full understanding of the roughness phenomena is crucial for many applications. For example, thelithographic fabrication of computer chips in the extreme ultraviolet light (EUV) range, say of about13 nm, requires the use of multi-layer systems (MLS) as Bragg mirrors, and each of the interfaces inthis MLS has a speci�c roughness. To understand the impact of such an MLS on the re�ection oflight, the roughness e�ects on the re�ection and transmission of light at each of the interfaces must beclari�ed. Naturally, the MLS is not the only source of roughness in an EUV-grating. These can alsoinclude roughness of the absorber structures above the MLS, e.g. line edge or line width roughness.Understanding the impact of this kind of roughness is especially important when considering the inverseproblem in scattering metrology or the optimal design problem. These problems, however, will not besubject of this thesis. The aspects, how these roughness e�ects of grating structures in�uence thescattered �eld and may be included into the inverse problem, were, for example, studied in [26], [21]and [20].One of the models to describe MLS' is used in the software of Windt [40] and is based on formulasderived by Stearns [36]. Note that similar models have been proposed for MLS' earlier by e.g. Bousquetet al. [7] and Elson et al. [16]. Stearns' formulas for a single interface scattering are obtained as follows:Suppose the rough interface is a �xed smooth interface, which is a bounded non-local perturbationof the ideal planar interface, and suppose a time-harmonic electromagnetic plane wave is incidentfrom above. Manipulating Maxwell's equations according to Jackson [23, Sect. 10.2.A], the partialdi�erential equations can be reduced to an inhomogeneous vector Helmholtz equation for the scatteredelectric displacement �eld. On the right-hand side, however, there appears a second order derivative ofthe total electric �eld, i.e., of the sum of the incoming �eld and the scattered �eld. On the other hand,if the scattered �eld is small in comparison with the incoming �eld, the �rst order Born approximationsuggests to neglect the scattered electric �eld on the right-hand side. In other words, it remains to solvea vector Helmholtz equation with unknown displacement �eld and with known right-hand side. This isdone by applying Fourier transform to both sides of the equation and by dividing with the coe�cient ofthe Fourier transformed displacement �eld. The inverse Fourier transform now yields an explicit formulafor the displacement �eld. This formula is an integral over the three-dimensional space. However, the



8 CHAPTER 1. INTRODUCTION1.1. Backgroundintegration in one of the three dimensions can be computed analytically by the residue theorem. Finally,taking limits and analysing the asymptotic behaviour, a corresponding far-�eld formula can be derived.Of course, the Born approximation is not always justi�ed (cf. [27] for a study on the validity forbounded scatterers, or [11] in the 2D case of an inhomogeneous layer on top of a perfectly conductingplate). However, for electromagnetic waves in the range of X-rays or EUV light, the optical contrastof the materials is often relatively small, i.e., the refractive index is often close to one. In this case, ifthe corrugations of the interface are not too large, and if the interface is smooth, the scattered �eld isexpected to be small in comparison to the incoming wave �eld, assuming the incident direction is notto close to grazing direction. In this sense, the total �eld, as the sum of the scattered and incoming�eld, is almost identical to the incoming �eld alone, leading to the above described manipulation of theright-hand side of the Helmholtz equation. Moreover, Born approximation should be meaningful evenif the scattered displacement �eld in the vector Helmholtz equation is replaced by the deviation of thescattered displacement �eld from the �eld resulting from an ideal planar interface. In this case a smallterm concentrated close to the interface and the deviation of the scattered electric �eld from that ofthe ideal interface is neglected.Besides the formula of Stearns, there exist many alternative approximate formulas or rigorousnumerical methods. These results are reported in the monographs by Beckmann et al. [4], Ogilvy [33],and Voronovich [38] as well as in the overview articles of DeSanto [14] and Elfouhaily et al. [15]. Amongthe approximate methods, the perturbation theory and the Kirchho� theory are the most commonlyused. Both theories are restricted to so called 'slightly rough' surfaces. This property is, for example,determined by the Rayleigh criterion (cf. [33, Sect. 1.2]), which is based on the phase shift and theresulting constructive or destructive interference when a wave is scattered at two arbitrary points ofthe interface. In the sense of 'slightly rough', it is usually assumed that the deviations from a planarsurface are much smaller than the wavelength of the incident light.In perturbation theory the total �eld, as a functional of the interface height function f , is representedas a Taylor series w.r.t. the interface height at the mean scattering surface, which is mostly commonlythe zero plane. The introduced assumption of 'slightly rough' is necessary for the convergence of thisTaylor representation. The series is then truncated after �nitely many terms. By assuming that thistruncated series also satis�es the boundary condition at the interface, a new and simpli�ed boundarycondition on the mean interface, here a plane, is obtained. Moreover, assuming that the scattered �eldcan be represented as a series of functions that behave as O(fn) for n→ ∞ and by plugging this intothe new boundary condition, an approximate solution of the scattered �eld on the boundary is acquiredby equating terms of the same order in f . An expression of the �eld away from the interface is obtainedby using an integral representation of the �eld w.r.t. the mean interface. Usually this integral has tobe evaluated numerically, which may involve computationally expensive calculations. However, whenconsidering the stochastically averaged intensity, it may be reduced to the power spectrum density ofthe random process de�ning the rough interface. In special cases this term can be obtained analytically.The accuracy of the theory naturally depends on the accuracy and order of the truncated Taylor series.E�ects like multiple scattering are included up to the order of the series expansion, while shadowinge�ects are neglected. More details on this theory and its accuracy can be found in Chapter 3 of the bookby Ogilvy [33] and Chapter 4 of the book by Voronovich [38]. A general introduction into perturbationtheory can be found in [30] by Nayfeh.In Kirchho� theory, also called tangent plane theory, as in the perturbation theory, an approximateexpression of the total �eld on the interface is constructed and an integral formula is used to extendthis result beyond the interface. The expression on the interface is acquired by approximating theinterface at any point by an in�nite tangent plane and using the analytically known scattering resultat this plane as a local solution of the scattered �eld. Integrating appropriately over all these localsolution gives an approximate solution of the wanted scattered �eld at the interface. In some specialcases, e.g. scattering at a perfectly conducting surface, the integral representation of the �eld away fromthe interface can be further simpli�ed to an analytical expression. In all other cases the integral hasto be evaluated in other ways, for example by integrating numerically, which has the disadvantage ofbeing computationally expensive. Obviously, the Kirchho� approach considers the interface as a singlescatterer and neglects multiple scattering and shadowing e�ects. Moreover, the local approximationof the surface by in�nite planes restricts the approach to interfaces with su�ciently small curvaturedepending on the wavelength of the incoming �eld. More details on this theory can again be found in



CHAPTER 1. INTRODUCTION1.1. Background 9the books by Ogilvy [33], see Chapter 4, and by Voronovich [38], see Chapter 5, as well as the book byBeckmann and Spizzichino [4].Note that for Stearns' approximated far-�eld formula, the assumption 'slightly rough' can be relaxedin the sense that the height perturbation of the interface can be of the size of the wavelength of theincident light, as long as the material constants are similar enough to ensure a small scattered �eld. Theapproach also di�ers from the perturbation and Kirchho� theory, in that it solves the approximatedHelmholtz equation analytically and thus also includes multiple scattering and shadowing e�ects, aslong as they do not result in a strong scattered �eld such that Born approximation can no longer beapplied. Another big advantage of the approach by Born approximation is the explicit far-�eld formulafor the scattered �eld, where no additional integration is necessary. Note that for the previous twoapproximation methods, this is only the case in very speci�c situations, e.g. scattering at a perfectlyconducting surface. Moreover, in theory it is also possible to consider continuous material transitionsusing Born approximation. In fact Stearns [36] also addresses this issue in his paper. However, this willnot be a topic in the present thesis. The disadvantage of this approach, compared with perturbationand Kirchho� theory, is its restriction to the low contrast case. On the other hand, since it is the goal ofthis thesis to examine scattering e�ects at rough interfaces for small wavelengths, e.g. EUV lithography,this can be assumed to be satis�ed.Among the rigorous approaches, boundary integral equation methods and �nite elements methodsare the most prominent. To arrive at the former, the �eld is represented by potentials or simpli�edpotentials over the interface. Born approximation can also be used here to derive simple explicitformulas. On the other hand, to get rigorous formulas, the corresponding transmission problem forMaxwell's equation is to be solved, e.g. using boundary elements or �nite elements, depending onthe preferred method. Clearly, this can only be done numerically, i.e. up to a small error of thenumerical method depending on the computing power. This, however, has the distinctive drawbackthat a numerical solution for the rigorous approach will take much longer computing times then theevaluation of the approximate formulas. Additionally, the numerical evaluation requires a boundeddomain, which is usually obtained by truncation. These truncations introduce additional errors andhave to be taken into account. One way is to use absorbing boundary layers to avoid re�ection atthe arti�cial boundaries or, in the case of periodic interfaces, to reduce the domain of calculationto one period of the interface. However, even in this case, if the period is very big compared tothe incident wavelength the computing time will be considerable. Apart from this, the analysis ofthe numerical algorithms in the rigorous case is also di�cult. Even for the simpler acoustic case inthe three-dimensional space, there seems not to be any analytic theory for rough interfaces involvingincident and re�ected plane waves. The case of point sources is treated by Chandler-Wilde et al. [10, 9]using a variational approach. The uniqueness of a solution for plane wave incidence in 2D is consideredin [12] and [29].So far, the rough interface has been considered as a single smooth interface. In applications, however,the shape is not known explicitly. Realistically, the interface is an unknown realisation of some randomprocess, which is for example described by distribution and correlation functions. Usually this is relaxedby considering special classes of random processes, e.g. stationary Gaussian processes, which are thencharacterised by only a few parameters like the size of the corrugations (standard deviation) and thesmoothness (correlation length) of the interface. On the other hand, the incoming plane wave is inreality a ray with a diameter much larger than the wavelength and the dimension of the corrugations.The processing of the wave often acts like averaging over the local corrugations. Hence, the roughinterface should be considered as a random process and the statistics of the resulting stochastic electric�eld is the entity of interest (cf. the above-mentioned monographs). The overview article [34] by Oguraand Takahashi gives an introduction into a stochastic functional approach to obtain the scatteredstochastic �eld. In the present thesis, the stochastic view will not be considered analytically. Note,however, that a fast approximate formula for a single realisation of the stochastic process is a goodstarting point for a statistical analysis, for example using a Monte-Carlo approach. This is illustratedin a simple numerical example.



10 CHAPTER 1. INTRODUCTION1.2. Contribution of the present work1.2 Contribution of the present workThe aim of this thesis is to check the validity of the Stearns' formula. No doubt, whenever the Bornapproximation is meaningful, the formulas yield accurate results when compared to physical measure-ments. From the mathematical point of view, however, the integrals in the formula do not exist forgeneral bounded rough surfaces, even not for smooth ones. Therefore, in the present thesis, a mathe-matically rigorous modi�cation of Stearns' formula is sought. For this, the following points are required.
• The vector Helmholtz equation for the scattered displacement �eld is replaced by that for thedeviation to the displacement �eld of the ideal planar interface.
• A special variant of the limiting absorption principle is to be applied.
• The direct and inverse Fourier transforms are applied in the generalised sense, i.e. in the senseof Schwartz distributions.
• In order to justify the change in the order of integration, the unbounded domains of integrationare to be truncated. After all manipulations are performed, the limit of the resulting formula forthe truncated domains tending to the original unbounded domains is to be accessed.
• To get the inverse Fourier transform, a Fourier transform of bounded functions along the radialdirections is to be evaluated. This requires a speci�c behaviour of the radial functions at in�nity.For example, the class of interfaces can be restricted to special combinations of Fourier modes.In fact, the rough interfaces in the present thesis are restricted to graphs of functions belonging to aspecial class. This class contains the algebra of almost periodic functions as well as almost periodicfunctions modulated by radial functions decaying at in�nity. Note that almost periodic functionshave been used already by Stover [37] and simpler biperiodic functions by Rice [35] to model roughsurfaces. Moreover, combinations of Fourier modes play an important role for stochastic processes(cf. e.g. Yaglom [41, Equ. (2.61) in Sect. 8]).In this way, the formula by Stearns [36], restricted to 'rough' interfaces, is given a strong mathemat-ical foundation. The present thesis establishes two main novelties over Stearns' approach. Firstly, aspecial variation of the limiting absorption principle is employed. Secondly, the target �eld is replacedby that for the deviation to the displacement �eld of the ideal planar interface. Only these changes toStearns' approach make it possible to obtain a mathematically rigorous formula for the scattered far�eld. Moreover, note that the presented approach is not restricted to the introduced class of interfaces.The presented techniques to derive far-�eld formulas may also be used for di�erent classes of interfacesor potentially even in the case of continuous material transitions, provided that the Born approxima-tion is justi�ed and that some criteria are met, e.g. the interface class is a Banach space with knownFourier transforms of the contained functions. In the context of rough interfaces it may also be possibleto apply the proposed approach to real random processes instead of 'known' interface realisations. Asuggestion how this may be realised is given in Chapter 7.The main result of the present thesis is a formula in the sense of Born approximation for theelectromagnetic far �eld, which is adapted to the above-mentioned class of interfaces. Combining theseformulas for re�ection and transmission over several interfaces, the case of MLS' can be treated likein e.g. [36]. This, however, will also not be shown in the present thesis. Moreover, the approach oftreating MLS' in [36] only considers the specular re�ection modes, which is not enough, as is shown inthe upcoming publication by Haase [18]. Here, the importance of including further refraction ordersinto the modelling of the MLS is illustrated. Even though the class of interfaces is already restricted,for the formula to be well de�ned, a further condition on the interface function is needed. Namely,if the evanescent Fourier modes for the �elds with limited absorption tend to a plane-wave modepropagating parallel to the surface plane, then the coe�cients of these Fourier modes diverge, and nolimit of limiting absorption exists. In particular, for the special case of gratings, the formula of Bornapproximation converges if there is no Rayleigh mode, i.e., no re�ected plane-wave mode propagatingparallel to the plane of the grating. Since the di�erentiated formulas converge as well, it is clear that theBorn approximation is a solution of the vector Helmholtz equation, in the sense that the transmissionconditions are satis�ed approximately. In summary, the following assumptions were made:
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• Low contrast, e.g. short wavelengths
• Time-harmonic plane wave incidence
• Non-grazing incident
• Almost periodic interface with no or radial decay of polynomial order
• No surface wavesUnder these assumption, the far-�eld formulas can be derived. The obtained far �eld consists of planewaves and far-�eld terms like those for bounded scatterers. Additionally, there appears a new type ofterms, for which it is yet unclear whether they are physically meaningful. The derived formulas can beused for fast numerical computations of far �elds as well as for the statistics of random rough surfaces.This thesis is structured as follows. The notation and the inhomogeneous vector Helmholtz equationin the sense of Born approximation is introduced in Chapter 2. A general formula for its re�ected near-�eld solution, based on the Fourier transform, is given at the beginning of Chapter 3. The validity ofthis formula is proven in the remainder of that chapter. To be precise, in the �rst two subsections ofSection 3.2 the Helmholtz equation is solved by using generalised Fourier transforms. The resultingintegrals are represented as Cauchy principle value limits of integrals truncated at in�nity to change theorder of integration of the truncated integrals. It can then be shown in the following two subsectionsthat the integration in one of the three dimensions, as well as all the Cauchy principle value limitsbut one can be evaluated explicitly. To evaluate the remaining limit in Section 3.3, a class of specialinterface functions is de�ned in Subsection 3.3.1 and the limit is evaluated for such functions in the twosubsequent subsections.Similarly to Chapter 3, the main result of this thesis, namely the formula for the re�ected (Thm. 4.1)and transmitted far-�eld (Thm. 5.1), are given at the beginning of their respective chapters 4 and 5.These results are proven in the following sections. In particular, the far-�eld formula for the re�ected�eld is proven in detail. To prove the far-�eld asymptotics, the integral representation of the re�ected�eld is split into two integrals corresponding to bounded integrands of evanescent and plane-wavemodes, and weakly singular integrands with a small domain of integration (cf. Sect. 4.2.1). In the lasttwo sections of Chapter 4 the obtained far-�eld formula is compared with Stearns' formula. To bemore speci�c, Stearns' formula for the reduced e�ciency in specular re�ection direction is con�rmedin Subsection 4.3. In Subsection 4.4 it is proven that Stearns' far-�eld formula in the sense of Bornapproximation is asymptotically the same to the one presented in this thesis for the speci�c exampleof a sinusoidal grating.Since the proof for the near- and far-�eld formula of the transmitted �eld is very similar to there�ected case, Chapter 5 only gives an overview on how the proofs in Chapters 2�4 have to be modi�edto obtain the formulas proposed at the beginning of Chapter 5. Part of the far-�eld formula of Theorem4.1, and thus Theorem 5.1, is proven in the Chapters A and B of the appendix. In the former, the �eldscattered at an ideal interface, which is a well-known result from Fresnel's formulas, is considered. InChapter B the far �eld for interfaces with very speci�c parameters, for which the order of the singularityof the integral representation of the �eld increases, is derived.Finally, in Chapter 6, the derived far-�eld formulas will be used to calculate the scattered �eldfor random surface realisations. These 'realisations' of the scattered �eld are then used in a simpleMonte-Carlo approach to get the averaged �eld that would usually be observed when measuring thescattered �eld in an experimental setup. The main part of this thesis is concluded by Chapter 7, whichgives a short summary of the results as well as some ideas on how these may be extended in futurework.Throughout this thesis constants c with or without index are used for estimates and inequalitychains. If not de�ned otherwise, these denote generic positive constants the values of which vary frominstance to instance.



12 CHAPTER 2. BORN APPROXIMATION
Chapter 2Born approximationIn this chapter Maxwell's equations will be used to describe the total re�ected �eld in form of a solutionof an inhomogeneous vector Helmholtz equation. This equation will then be approximated in the senseof the �rst order Born approximation used by Stearns [36]. It will also be seen that a similar equationholds for the approximation of the desired re�ected �eld minus the re�ected �eld that results fromilluminating an ideal interface, which is an interface de�ned by a plane. The approximate equation forthis 'di�erence �eld' is then solved analytically using generalised Fourier transform, in the followingchapter. Some minor preparations for these examinations will end Chapter 2.2.1 Incident waveConsider a time-harmonic incident plane wave E0(~x, t) = ~E0(~x) e−iωt illuminating the interface betweentwo constant materials from above. The function ~E0(~x) = ~e 0 ei

~k·~x denotes the time independent part of
E0(~x, t), where ~k := (kx, ky, kz)

> = k~n0 ∈ R3 is the wave vector, with k := ‖~k‖ :=
√
µ0ε0ω > 0 the realvalued wave number, kz < 0 and ~n0 a normalised vector that describes the direction of propagationof the incident �eld in the coordinate system shown in Figure 2.1. The values ε0 > 0 and µ0 > 0denote the electric permittivity resp. magnetic permeability of the medium above the interface, while

ε′0 and µ′
0 denote the same below the interface. Note that ε0, ε′0, µ0 and µ′

0 are not necessarily the freespace values for the vacuum. The symbol ~e 0 denotes the constant vector �xing polarisation and phase.Naturally, ~e 0 is assumed to be perpendicular to ~k.
ε0

ε′0

y

z

x

~n0

Figure 2.1: Coordinate system and propagation direction of incident �eld2.2 Inhomogeneous vector Helmholtz equationNote that, since the wave number k =
√
ε0µ0ω is assumed to be real valued, the material abovethe interface is non-absorbing. The physical background on the other hand, states that there are nomaterials that do not absorb at least a very small amount of the energy of an electromagnetic �eld



CHAPTER 2. BORN APPROXIMATION2.2. Inhomogeneous vector Helmholtz equation 13travelling through. To incorporate this information into the solution of the subsequently establishedvector Helmholtz equation, the limiting absorption principle (�rst used in [22]) is applied. In this sensethe examinations in this and the following sections of this chapter will be done for an adapted wavevector ~kτ of the incident �eld with a complex valued third component, i.e. ~kτ := (kx, ky, kz,τ )
> with

kz,τ := kz + iτ , a negative τ ∈ R close to zero and kz < 0. Afterwards, for the solution of this slightlyperturbed problem, the limit τ ↗ 0 is applied to obtain a solution of the unperturbed problem in thesense of the limiting absorption principle. For technical reasons only the third component of the wavevector instead of the whole vector is chosen complex. This is motivated by the fact that only waves thatpropagate away from the interface are of interest, while surface waves will be excluded in the contextof this thesis. In this context, surface waves are to be understood as plane waves, whose propagationdirection is parallel to the mean plane of the surface heights, e.g. the x-y-plane in Figure 2.1. Indeed, thesubsequently derived formulas for the re�ected �eld will not be valid in the case that such surface wavesoccur. For simplicity, de�ne ετ := ε0 − τ2/(µ0ω
2) + i2τkz/(µ0ω

2), with which k2
τ := ~kτ · ~kτ = µ0ετω

2and Im ετ > 0. In the course of this thesis a number of de�nitions will be introduced. To make thereading of this thesis more accessible, a list of the most important of these de�nitions is attached atthe end.The Maxwell equations that describe the �eld in the absence of sources are
∇ · ~B = 0, ∇× ~E = −∂t ~B, (2.2.1)
∇ · ~D = 0, ∇× ~H = ∂t ~D, (2.2.2)where ~E is the electric �eld, ~D the displacement �eld, ~H the magnetic �eld and ~B the magnetic induction.The system of equations (2.2.1) and (2.2.2) can be reduced to one equation, namely an inhomogeneousvector Helmholtz equation. Following [23, Sect. 10.2.A], consider ∇2 ~D − µ0ετ∂

2
t
~D, which using theequality ∇ × ∇ × ~D = ∇(∇ · ~D) − ∇2 ~D and the �rst of the equations (2.2.2) equals −∇ × ∇ × ~D −

µ0ετ∂t(∂t ~D). Moreover, with the second equation and by adding a zero it transforms to −∇ × ∇ ×
( ~D− ετ ~E) + ετ∇× (−∇× ~E −µ0∂t ~H). In the context of this thesis, the magnetic permeability µ0 = µ′

0will be assumed to be everywhere constant. Following (2.2.1), −∇× ~E = ∂t ~B, which leads to the waveequation
∇2 ~D − µ0ετ∂

2
t
~D = −∇×∇×

(

~D − ετ ~E
)

+ ετ∂t∇×
(

~B − µ0
~H
)

, (2.2.3)by changing the order of the spatial and time derivatives in the second summand on the right-handside. As mentioned above, for this thesis, a harmonic time variation e−iωt with a frequency ω for theincident �eld is assumed, which results in time-harmonic total �elds ~D, ~B, ~E and ~H. Furthermore,these �elds will be identi�ed with the time-independent amplitude factors ~D, ~B, ~E and ~H of the �elds,which multiplied with e−iωt will give the time dependent �elds. With this, equation (2.2.3) reduces to
(

∇2 + k2
τ

)

~D = −∇×∇×
(

~D − ετ ~E
)

,since ~B = µ0
~H if µ0 is everywhere constant. The solution function ~D of this equation is de�ned on thewhole R3. On the other hand, a physical interpretation for the function can only be given above theinterface, where it describes the total displacement �eld. De�ning ~E0(~x) := ~e 0ei

~kτ ·~x as the incomingand ~E(~x) as the total electric �eld, the re�ected �eld is de�ned as ~Er(~x) := ~E(~x) − ~E0(~x), where,once more, a physical interpretation exists only for the function above the interface. To continue, letthe interface between the two media be described by the graph {(x′, f(x′)) : x′ ∈ R2} of a function
f ∈ L∞

Q (R2), with
L∞
Q (R2) :=

{

f ∈ L∞(R2)
∣

∣

∣ lim
R→∞

1

4R2

∫

[−R,R]2
f(η′) dη′ = 0

}

. (2.2.4)Note that for any function f , where limR→∞ 1/(4R2)
∫

[−R,R]2
f(η′) dη′ = c 6= 0, the coordinate systemcan be shifted by c in the z-direction to get a function in L∞

Q (R2). Employing the de�nitions of thedisplacement �elds of the incoming ~D0(~x) := ετ ~E
0(~x) and the total electric �eld ~D(~x) := ετ (~x) ~E(~x),
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ετ (~x) :=

{

ετ if z > f(x′)

ε′0 if z < f(x′)for all ~x = (x′, z)> ∈ R3, the de�nition for the re�ected part of the displacement �eld ~Dr(~x) :=
~D(~x) − ~D0(~x) takes the form ετ (~x) ~E(~x) − ετ ~E

0(~x). Unlike ε0, the electric permittivity ε′0 of thematerial below the interface is allowed to be complex valued. Note that |ετ − ε′0| is assumed to be smallto satisfy the low contrast assumption, which is necessary for the validity of the subsequently used Bornapproximation.It is well established, that the incoming �eld satis�es the homogeneous vector Helmholtz equation
(∇2 + k2

τ ) ~D
0 = 0 above the interface. Applying this, the inhomogeneous Helmholtz equation for there�ected �eld is obtained as

(

∇2 + k2
τ

)

~Dr = −∇×
[

∇×
(

α
(

~E0 + ~Er
)

)]

, (2.2.5)where α(~x) := ετ (~x) − ετ . Note that α is zero everywhere above the interface.2.3 Born approximationNeglecting the term ~Er(~x) in (2.2.5), a solution in the sense of the �rst order Born approximation isacquired.
(

∇2 + k2
τ

)

~Dr = −∇×
[

∇×
(

α~E0
)] (2.3.1)This approximation is motivated by the fact, that in special situations, e.g. for X-rays in the case ofinterfaces with low material contrast, small perturbation or/and small gradients, the scattered �eld isvery small compared to the incident �eld, such that ~E0 + ~Er ∼ ~E0.Note that the existence of a mathematically rigorous treatment of the Born approximation of

(

∇2 + k2
)

~D = −∇×
[

∇×
(

α~E
)

]is not yet clear. The mathematical formalism would have to look as following. First, a correspondingsolution theory would have to be de�ned on two Banach spaces B1 and B2, where the operator ∇2+k2maps from B1 to B2 and the inverse operator, i.e. the solution operator, maps from B2 to B1. Conse-quently, B1 contains the scattered wave solution ~D and includes a su�cient radiation condition thatensures the uniqueness of the solution. On the other hand, the space B2 has to contain −∇× [∇×(α ~E)]for all ~E ∈ B1. Moreover, ‖∇ × [∇× (α ~E)]‖B2 has to go to zero as ‖α‖∞ → 0 and ‖∇ × [∇× ~Er]‖B2has to go to zero as ‖ ~Er‖B1 → 0. In such a setting, it would be assumed that any general solution
~D = ε0 ~E ∈ B1 consists of the sum of a particular solution ~Dr = ε0 ~E

r ∈ B1 and a solution of thecorresponding homogeneous equation, i.e. the incoming plane wave ~E0. Consequently, the particularsolution ~Er = ~E − ~E0 can be obtained as the solution of
(

∇2 + k2
)

~Dr = −∇×
[

∇×
(

α( ~Er + ~E0
)

]

, (2.3.2)since (∇2 +k2) ~E0 = 0. The radiation condition in B1 ensures that ~Er is a unique solution in this space.It now follows that ‖ ~Er‖B1 tends to zero as the material contrast ε0 − ε′0 and thus ‖α‖∞ tends to zero,since then ‖∇× [∇× (α ~E)]‖B2 → 0 and thus ~E → ~E0.In this sense, the error of the Born approximation can be bounded by the error on the right-handside of (2.3.2) or (2.2.5) if ~Er is neglected, i.e. the error can be bounded by ‖ ~Er‖B1 . Furthermore, underthe low contrast assumption, it is feasible to assume that the bulk of the re�ected energy is re�ectedin specular direction ~kr := (kx, ky,−kz)>, such that ~Er can be represented as the sum of a plane wave
~a ei

~kr ·~x in this direction and a small remainder ~e r. As a consequence,
∥

∥α ~Er
∥

∥

B1
=
∥

∥α (~a ei
~kr ·~x + ~e r)

∥

∥

B1
≤
∥

∥α~a ei
~kr ·~x∥

∥

B1
+
∥

∥α~e r
∥

∥

B1
. (2.3.3)



CHAPTER 2. BORN APPROXIMATION2.3. Born approximation 15This would directly correspond to the approach made by Stearns [36]. In this thesis, a slightly modi�edapproach was chosen, introduced in the following.In the special case of an ideal interface fQ ≡ 0 and the corresponding αQ(~x), let ~Dsc
Q (~x) be thesolution of (2.2.5). On the other hand, the �eld re�ected from an ideal interface can also be calculateddirectly using Fresnel's formulas (cf. Chapter A). With this in mind, set, for an arbitrary interfacefunction f ∈ L∞

Q (R2), αd(~x) := α(~x) − αQ(~x) and ~Dd(~x) := ~Dr(~x) − ~Dr
Q(~x) and use (2.2.5) for thedi�erence �eld ~Dd to get

(

∇2 + k2
τ

)

~Dd(~x) = −∇×
[

∇×
(

α(~x)
(

~E0(~x) + ~Er(~x)
))]

+∇×
[

∇×
(

αQ(~x)
(

~E0(~x) + ~ErQ(~x)
))]

= −∇×
[

∇×
(

αd(~x) ~E
0(~x)

)]

−∇×
[

∇×
(

α(~x) ~Er(~x)
)]

+∇×
[

∇×
(

αQ(~x) ~ErQ(~x)
)]

= −∇×
[

∇×
(

αd(~x)
(

~E0(~x) + ~Er(~x)
))]

−∇×
[

∇×
(

αQ(~x) ~Er(~x)
)]

+ ∇×
[

∇×
(

αQ(~x) ~ErQ(~x)
)] (2.3.4)

= −∇×
[

∇×
(

αd(~x)
(

~E0(~x) + ~Er(~x)
))]

−∇×
[

∇×
(

αQ(~x)
(

~Er(~x) − ~ErQ(~x)
))]

.In the sense of Born approximation the terms ~Er and ~ErQ := ~Dr
Q/ε0 are again neglected on the right-hand side, such that (2.3.4) reduces to

(

∇2 + k2
τ

)

~Dd(~x) = −∇×
[

∇×
(

αd(~x) ~E
0(~x)

)]

. (2.3.5)The advantage of considering this equation instead of (2.3.2) is that αd(~x) has a compact supportw.r.t. z if f ∈ L∞
Q (R2) ⊂ L∞(R2), since then αd(~x) ≡ 0 for |z| > ‖f‖∞, while α(~x) has an unboundedsupport in all three arguments. This is needed later, when the Fourier transform of αd is evaluated. Asbefore (cf. (2.3.3)), assuming an appropriate solution theory, the error of such an approximation can bebounded by the error introduced on the right-hand side to reach (2.3.5). In this case, the approximationerror would be bounded by a constant times
∥

∥αd ~E
r+αQ( ~Er − ~ErQ)

∥

∥

B1

≤
∥

∥αd ~E
r
∥

∥

B1
+
∥

∥αQ( ~Er − ~ErQ)
∥

∥

B1

≤
∥

∥αd (~a ei
~kr ·~x + ~e r)

∥

∥

B1
+
∥

∥αQ(~a ei
~kr ·~x + ~e r − ~aQ e

i~kr ·~x)
∥

∥

B1

≤
∥

∥αd ~a e
i~kr ·~x∥

∥

B1
+
∥

∥αQ(~a− ~aQ)
∥

∥

B1
+
∥

∥αd ~e
r
∥

∥

B1
+
∥

∥αQ ~e
r
∥

∥

B1
. (2.3.6)Note that it can be expected that this bound is smaller than (2.3.3). Indeed, especially in the caseof small perturbations of the interface, the �eld re�ected in non-specular directions is much smallerthan that in the specular direction ~kr such that ‖~e r‖ and ‖~a − ~aQ‖ are very small. Moreover, thebound ‖αd~a ei~k

r ·~x‖B1 in (2.3.6) is smaller than ‖α ei~kr ·~x‖B1 in (2.3.3), since αd has a compact supportin its third argument. For the remainder of this thesis, except in Chapter 5 where a very similarBorn approximation is introduced for the transmitted �eld, the term 'Born approximation' is used toreference the approximation that leads from (2.3.4) to (2.3.5).To solve equation (2.3.5) in the following sections by using Fourier transformation, it is necessaryto specify the set of interface functions. In a �rst step this will now be done very roughly to ensure thevalidity of the Fourier transform. In Section 3.3.1 this set will then be reduced even further to a veryspeci�c space based on almost periodic functions (cf. [5]) to get explicit solution formulas.Observe, that the set of interface functions f can be chosen in such a way that αd identi�es afunctional of the dual space of the Schwartz space (cf. De�nition C.1), i.e. ∫
R3 αd(~x)ϕ(~x) d~x is �nite forall ϕ ∈ S(R3). In this sense αd is an element of S′(R3), the dual space of S(R3). As mentioned above,this especially holds true for all f ∈ L∞(R2), in which case the support of αd(~x) is bounded in thedirection of z. In the following, such a function f will be assumed with ||f ||∞ = h/2 and h > 0. Withthis the Fourier transform α̂d := F(αd) of αd, which is needed later on, is well de�ned in the generalisedsense. To be precise, for smooth functions ϕ and ψ with compact support, the Fourier transform and
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Fϕ(~s) := ϕ̂(~s) :=

∫

R3

ϕ(~x) e−i~x·~s d~x, (2.3.7)
F−1ψ(~x) := ψ̌(~x) :=

1

(2π)3

∫

R3

ψ(~s) ei~s·~x d~s (2.3.8)and ϕ(~x) = (ϕ̂)ˇ(~x). Furthermore, if the duality 〈f, g〉 of the spaces C∞
0 and (C∞

0 )∗ is the extension ofthe scalar product ∫ f ḡ, then the generalised Fourier transform α̂d of the Schwartz distribution αd isde�ned by
〈α̂d(~s), ϕ(~s)〉 := (2π)3 〈αd(~η), ϕ̌(~η)〉 (2.3.9)for all ϕ ∈ S(R3).In the next section a similar formula will be used, where the argument of α̂d is shifted by ~kτ . For

~η := (ηx, ηy, ηz), there holds
〈

α̂d(~s− ~kτ ), ϕ(~s)
〉

= (2π)3
〈

αd(~η) e
i~kτ ·~η, ϕ̌(~η)

〉

= (2π)3
〈

αd(~η) e
i~k·~η e−τηz , ϕ̌(~η)

〉

.
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Chapter 3The re�ected near �eld3.1 The near-�eld formulaIn this chapter it will be shown thatTheorem 3.1 (The re�ected near �eld). Assume an interface that is described by the graph of afunction

f ∈ A :=

{

f : R2 → R
∣

∣ f ∈ L∞(R2), f(η′) =

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ`,j e
iω′
`,j ·η′

]

+ g(η′),

λ`,j ∈ C, ω′
`,j ∈ R2, 3

∑

`=0

∑

j∈Z

|λ`,j | +
∣

∣

∣

∣(1 + |η′|2)2 g(η′)
∣

∣

∣

∣

∞ <∞
}

,where λ0,j0 = 0 if ω′
0,j0 = (0, 0)>, and satis�es the condition

k /∈ cl







∣

∣

∣k′ +
∑

j∈Z

mjω
′
0,j

∣

∣

∣ : mj ∈ N0 s.t.∑
j∈Z

mj <∞







, (3.1.1)where N0 is the set of non-negative integers and k′ := (kx, ky)
>. Moreover, such an interface isassumed to be illuminated by an incoming plane wave as in Subsection 2.1. Then the introduced Bornapproximation, as de�ned by (2.3.5), in the case of limiting absorption has, for the absorption going tozero, the following well-de�ned limit for the re�ected electric �eld for z > 2h:

~Er(~x) = ~Erd(~x) + ~EQ(~x) = EQ − E0 − E1 − E2 − E3 − E4, (3.1.2)where
EQ := r(~k,~e 0)

ei
~kr ·~x

|k′|2
, (3.1.3)

E0 := i
∆

2ε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n0,j
(−iζ)n
n!

dζ
[(

~ωj × ~e 0
)

× ~ωj
] (

ωjz
)n−1

ei~ωj ·~x, (3.1.4)
E1 := i

∆

4πε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n1,j
(−iζ)n
n!

dζ

∫

R2

ξn−1 e−|s′−(k′+ω̃′
1,j)|

∣

∣s′ − (k′ + ω̃′
1,j)
∣

∣

[(

~sξ×~e 0
)

×~sξ
]

ei~sξ ·~x ds′, (3.1.5)
E2 := i

∆

4πε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n2,j
(−iζ)n
n!

dζ

∫

R2

ξn−1K0

(∣

∣s′−(k′+ω̃′
2,j)
∣

∣

) [(

~sξ×~e 0
)

×~sξ
]

ei~sξ·~x ds′, (3.1.6)
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E3 := i

∆

4πε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n3,j
(−iζ)n
n!

dζ

∫

R2

ξn−1 e−|s′−(k′+ω̃′
3,j)| [(~sξ×~e 0

)

×~sξ
]

ei~sξ·~x ds′, (3.1.7)
E4 := i

∆

8π2ε0

∑

n∈N0

1
∫

0

(−iζ)n
n!

∫

R2

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ×~e 0
)

×~sξ
]

ei~sξ ·~x ds′ dζ, (3.1.8)
r(~k,~e 0) :=





kz +

√

k̃2 − |k′|2

kz −
√

k̃2 − |k′|2
(kye

0
x − kxe

0
y)





ky
−kx
0





+
k̃2kz + k2

√

k̃2 − |k′|2

k̃2kz − k2

√

k̃2 − |k′|2
kz(kxe

0
x + kye

0
y) − |k′|2 e0z

k2





−kxkz
−kykz
− |k′|2







 , (3.1.9)
ξ :=

√
k2 − s′2, ~sw := (sx, sy, w)>, k̃ :=

√

µ0ε′0ω, ~kr := (kx, ky ,−kz)>, ~ωj := (k′ + ω̃′
0,j, ω

j
z)

>, ωjz :=
√

k2 −
∣

∣k′ + ω̃′
0,j

∣

∣

2 and ~e 0 the incident polarisation vector (e0x, e
0
y, e

0
z)

>. The terms λ̃n`,j , ω̃′
`,j and g̃nare de�ned as in the subsequent Lemma 3.9. Furthermore, there exists a z0 > 0 such that the sums in

E`, ` = 0, . . . , 4, are absolutely and uniform convergent for any z ≥ z0.Remark 3.2. Examining the de�nintions (3.1.3) to (3.1.8) it is easily seen that ~Er is a linear com-bination of plane waves and evanescent modes as well as integrals over plane waves and evanescentmodes. By formally applying the di�erential operator ∇~x×∇~x× to EQ and E0 to E4 it can be shownthat they individually solve the homogeneous vector Helmholtz equation ∇×∇×E + k2E = 0. Indeed,this follows since for any vector ~s with ‖~s ‖ = k,
∇~x ×∇~x ×

[

(~s× ~e 0) × ~s ei~s·~x
]

= −~s×
(

~s×
[

(~s× ~e 0) × ~s
])

ei~s·~x

=
(

~s ·
[

(~s× ~e 0) × ~s
])

~s ei~s·~x − k2
[

(~s× ~e 0) × ~s
]

ei~s·~x

= −k2
[

(~s× ~e 0) × ~s
]

ei~s·~x.Since ω, the third component of the propagation direction ~ωj , and ξ, the third component of the propa-gation direction ~sξ, are either non-negative real valued or complex valued with a vanishing real part anda positive imaginary part, only waves travelling upwards or parallel to the interface are added or inte-grated to obtain (3.1.2). Condition (3.1.1) ensures that only waves travelling away from the interfaceare included into the sum in (3.1.4).Remark 3.3. In the very simple case of scattering at an ideal interface, i.e. f(η′) = 0 or equivalently
g(η′) = 0 and λ`,j = 0 for all ` = 0, . . . , 3 and j ∈ Z, all terms in (3.1.2) except for EQ (cf. (3.1.3))are zero. Thus ~Er(~x) = EQ. Indeed, this follows directly from the de�nitions (3.3.18) to (3.3.20) of
λ̃n`,j for all ` = 0, . . . , 3 and j ∈ Z and g̃n in the subsequent Lemma 3.9. Consequently, for scatteringat an ideal interface Formula (3.1.2) is the exact solution of the scattering problem.The proof of this theorem encompasses the entire Chapter 3. As a �rst step, the Helmholtz equation(2.3.5) for the di�erence �eld will be solved by applying the generalised Fourier transform, resulting inan integral representation of the re�ected displacement �eld. These integrals will then be interpretedas Cauchy principal value integrals at in�nity, which allows to interchange the order of integration inthe following subsection. In the last two subsections of this section, one of the integrals is evaluatedexplicitly by applying contour integration and all but one of the limits of the Cauchy principal valuesare evaluated. Since the evaluation of the remaining limit requires the additional restrictions andconsiderations formulated in the theorem, it is examined separately in Section 3.3. In the last sectionof this chapter, the formula for the re�ected electric �eld will be derived and the absolute and uniformconvergence of the sums in E` for ` = 0, . . . , 4 will be proven.



CHAPTER 3. THE REFLECTED NEAR FIELD3.2. Solving the Helmholtz equation 193.2 Solving the Helmholtz equation3.2.1 Formula for the solution via Fourier transformApplying the generalised Fourier transform (cf. (2.3.9)) to both sides of (2.3.5), the following equationis reached (cf. ~E0(~x) = ~e 0 ei
~kτ ·~x)
(

−s2 + k2
τ

)

D̂d(~s) = −
[(

~s× ~e 0
)

× ~s
]

α̂d(~s− ~kτ ), (3.2.1)where D̂d(~s) := F( ~Dd(·))(~s) is applied component-wise, s2 := ||~s||2 and where the constants of theclassical Fourier transform and its inverse (see (2.3.7) and (2.3.8)) are used. Equation (3.2.1) can thenbe resolved w.r.t. D̂d(~s) to get
D̂d(~s) =

[(

~s× ~e 0
)

× ~s
] α̂d(~s− ~kτ )

s2 − k2
τ

,where s2 6= k2
τ for all ~s ∈ R3 and τ < 0. To get an expression for ~Dd(~x), the inverse Fourier transformhas to be applied. This is also to be done in the generalised way. Consequently,

〈

~Dd(~x), ϕ(~x)
〉

=
〈

~Dd(~x), (ϕ̂)
ˇ
(~x)
〉

=
1

(2π)3

〈

D̂d(~s), ϕ̂(~s)
〉

=
1

(2π)3

〈

α̂d(~s− ~kτ )

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

, ϕ̂(~s)
〉

=
1

(2π)3

〈

α̂d(~s− ~kτ ),

[

[(~s× ~e 0) × ~s]

s2 − k2
τ

]

ϕ̂(~s)
〉for all ϕ ∈ C∞

0 (R3). Indeed, the last equation in the equality chain is valid since s2 − ~k2
τ 6= 0 for all

~s ∈ R3 and τ < 0, which shows that [(~s × ~e 0) × ~s]/(s2 − k2
τ ) ϕ̂(~s) is a Schwartz function. Thus, byde�nition (cf. (2.3.9)),

〈

~Dd(~x), ϕ(~x)
〉

=
〈

αd(~η) e
i~kτ ·~η,F−1

~s

(

[

[(~s× ~e 0) × ~s]

s2 − k2
τ

]

ϕ̂(~s)

)

(~η)
〉

=
1

(2π)3

∫

R3

αd(~η) e
i~kτ ·~η

∫

R3

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

ϕ̂(~s) e−i~η·~s d~s d~η

=

∫

R3

αd(~η) e
i~kτ ·~η

∫

R3

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

(ϕ̄)
ˇ
(~s) e−i~η·~s d~s d~η, (3.2.2)where the integrals are well de�ned, since

F−1
~s

(

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

(ϕ̄)
ˇ
(~s)

)

(~η) =

∫

R3

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

(ϕ̄)
ˇ
(~s) e−i~η·~s d~s,the Fourier transform of a Schwartz function, is a Schwartz function (cf. Theorem C.2) and since

αd(~η) e
i~kτ ·~η is uniformly bounded w.r.t. η′ := (ηx, ηy)

> ∈ R2 and ηz ∈ R and αd(~η) has a compactsupport w.r.t. ηz. Using these arguments, it is also easily seen that the outer integral in (3.2.2) existsabsolutely.3.2.2 Interchanging the order of integrationIt is the goal of the next subsection to integrate analytically w.r.t. sz, the third component of ~s :=
(sx, sy, sz)

> in (3.2.2) such that only the integrals w.r.t. sx and sy remain. To reach this goal the order



20 CHAPTER 3. THE REFLECTED NEAR FIELD3.2.3 Analytical integrationof integration is interchanged. In order to enable such a change and the application of Lebesgue's dom-inated convergence theorem (cf. Theorem C.3), hereafter called Lebesgue's theorem, bounded domainsof integration would be helpful. A switch to �nite sections of the unbounded domain can be realisedby the limit of a Cauchy principal value. Since the outer integral w.r.t. ~η in (3.2.2) exists absolutelyfor a complex valued k2
τ , it is equal to its Cauchy principal value at in�nity

〈

~Dd(~x), ϕ(~x)
〉

= lim
r̃→∞

∫

C3(r̃)

αd(~η) e
i~kτ ·~η

∫

R3

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

(ϕ̄)
ˇ
(~s) e−i~η·~s d~s d~η,where C3(r̃) := B2(r̃) × [−r̃, r̃] and B2(r̃) :=

{

η′ ∈ R2 : |η′| ≤ r̃
}. On the other hand, for any �xed r̃,the integrals w.r.t. ~η and ~s are also absolutely integrable, since (ϕ̄)ˇ ∈ S(R3) decays faster than anypolynomial as ‖~s‖ tends to in�nity. This allows Fubini's theorem (cf. Theorem C.4) to be applied.Thus

〈

~Dd(~x), ϕ(~x)
〉

= lim
r̃→∞

∫

R3

∫

C3(r̃)

αd(~η) e
−i~η·(~s−~kτ ) d~η

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

(ϕ̄)ˇ(~s) d~s.In the following subsections the term
〈

~Dd
r̃ (~x), ϕ(~x)

〉

:=
1

(2π)3

∫

R3

∫

C3(r̃)

αd(~η) e
−i~η·(~s−~kτ ) d~η

[(

~s× ~e 0
)

× ~s
]

s2 − k2
τ

∫

R3

ϕ̄(~x) ei~s·~x d~xd~s (3.2.3)will be considered under the assumption that r̃ > h is arbitrarily �xed. The limit r̃ → ∞ will beexamined later in Subsection 3.3.Again, since the integral w.r.t. ~s in (3.2.3) is absolutely integrable and thus equal to its Cauchyprincipal value at in�nity,
〈

~Dd
r̃ (~x), ϕ(~x)

〉

:=
1

(2π)3
lim

r,R→∞

∫

B2(r)

R
∫

−R

∫

C3(r̃)

αd(~η) e
−i~η·(~s−~kτ ) d~η

[(

~s×~e 0
)

×~s
]

s2 − k2
τ

∫

R3

ϕ̄(~x) ei~s·~x d~xdsz ds′,with s′ := (sx, sy)
>. Since ϕ has a compact support, the integrand of the integrals w.r.t. ~x and ~s isabsolutely integrable for any �xed r,R ∈ R. Hence, for the bounded domain of integration, Fubini'stheorem can be applied and the order of integration can be interchanged to obtain

〈

~Dd
r̃ (~x), ϕ(~x)

〉

:=
1

(2π)3
lim

r,R→∞

∫

R3

ϕ̄(~x)

∫

B2(r)

R
∫

−R

∫

C3(r̃)

αd(~η) e
−i~η·(~s−~kτ ) d~η

[(

~s× ~e 0
)

× ~s
]

s2z − ξ2τ
ei~s·~x dsz ds′ d~x, (3.2.4)where ξτ :=

√

k2
τ − s2x − s2y. Here and in the remainder of this thesis the square root of a complexnumber w will be chosen in such a way that the argument of the complex number √w is an elementof the interval [0, π). Thus, by de�nition, the imaginary part of ξτ is positive and the integrand of theintegration w.r.t. sz in (3.2.4) has no poles for any �xed s′ ∈ R2.3.2.3 Analytical integrationIt is the goal of this subsection to resolve the limit w.r.t. R using contour integration and by applyingLebesgue's theorem to evaluate the limit before the integrals w.r.t. s′ and ~x. To apply Lebesgue'stheorem, it will be shown that the integrand of the integral w.r.t. s′ of (3.2.4) is uniformly boundedand pointwise convergent w.r.t. R → ∞ and R > |~kτ |, for any �xed r ∈ R. Note that, for the boundto be integrable w.r.t. s′ and ~x, it is su�cient that the integral w.r.t. sz is absolutely integrable withuniform bound for any �xed s′ ∈ B2(r) and ~x ∈ R3, since B2(r) is bounded and ϕ has a compact
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+

R → ∞

C

R−R

Im w

sz = Re w

CR

ΩR ξτFigure 3.1: Contour integration pathsupport. From this point onwards, it will be assumed that the �eld is only evaluated outside theinterface region, i.e. it is assumed that |z| > h, where z is the third component of ~x.For convenience, suppose r̃ > h and de�ne ∆ := ∆τ := ετ − ε′0 and
α̂r̃(~s− ~kτ ) :=

∫

C3(r̃)

αd(~η) e
−i~η·(~s−~kτ ) d~η

=

∫

C3(r̃)

[

α(~η) − αQ(~η)
]

e−i~η·(~s−
~kτ ) d~η

= −∆

∫

B2(r̃)

f(η′)
∫

0

e−iηz(sz−kz,τ ) dηz e
−iη′·(s′−k′) dη′

= −∆

∫

B2(r̃)

[

− 1

i(sz − kz,τ )
e−iηz(sz−kz,τ )

]f(η′)

ηz=0

e−iη
′·(s′−k′) dη′

= i∆

∫

B2(r̃)

1 − e−i(sz−kz,τ ) f(η′)

sz − kz,τ
e−iη

′·(s′−k′) dη′, (3.2.5)such that
α̂r̃(~s− ~kτ ) = −∆

∫

B2(r̃)

1
∫

0

e−i(sz−kz,τ) ζ f(η′) dζf(η′) e−iη
′·(s′−k′) dη′, (3.2.6)which is continuously di�erentiable and uniformly bounded w.r.t. ~s. By analytic continuation of thefunction α̂r̃(~s− ~kτ ) [(~s× ~e 0)× ~s]/(s2z − ξ2τ ) e

iszz w.r.t. sz onto C for all z > h, a meromorphic function(cf. De�nition C.6) is obtained. Thus the residue theorem (cf. Theorem C.7) can be applied to theintegration over the closed path ∂ΩR := CR ∪ [−R,R], with CR := {z ∈ C : Im z ≥ 0, |z| = R}. Thecurve CR is assumed to be oriented counter-clockwise. The integral w.r.t. sz in (3.2.4) can then bewritten as (cf. Figure 3.1)
R
∫

−R

α̂r̃(~s− ~kτ )

[(

~s× ~e 0
)

× ~s
]

s2z − ξ2τ
eiszz dsz = −

∫

CR

α̂r̃(~sw − ~kτ )

[(

~sw × ~e 0
)

× ~sw
]

w2 − ξ2τ
eiwz dw

+ 2πi α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

2ξτ
eiξτz, (3.2.7)where ~sw = (sx, sy, w)> for w ∈ C. The second summand on the right-hand side of (3.2.7) correspondsto 2πi times the winding number of the integration path around ξτ times the residue of the integrandat w = ξτ . The point w = ξτ is enclosed by the path ∂ΩR, since R > |~kτ | ≥ |ξτ | was assumed.Parametrising the curve CR by Reiφ for φ ∈ [0, π], the absolute value of the �rst summand in (3.2.7)
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∣

∣

∣

∣

∣

∣

∫

CR

α̂r̃(~sw − ~kτ )

[(

~sw × ~e 0
)

× ~sw
]

(w − ξτ )(w + ξτ )
eiwz dw

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

π
∫

0

α̂r̃(~sReiφ − ~kτ )

[(

~sReiφ × ~e 0
)

× ~sReiφ
]

(Reiφ − ξτ )(Reiφ + ξτ )
eizRe

iφ

iReiφ dφ

∣

∣

∣

∣

∣

∣

≤
π
∫

0

∣

∣

∣

∣

∣

α̂r̃(~sReiφ − ~kτ )

[(

~sReiφ × ~e 0
)

× ~sReiφ
]

(Reiφ − ξτ )(Reiφ + ξτ )
iReiφ eizRe

iφ

∣

∣

∣

∣

∣

dφ

≤ sup
φ∈[0,π]

∣

∣

∣

∣

∣

[(

~sReiφ × ~e 0
)

× ~sReiφ
]

(Reiφ − ξτ )(Reiφ + ξτ )
α̂r̃(~sReiφ − ~kτ )Re

i z2Re
iφ

∣

∣

∣

∣

∣

π
∫

0

∣

∣

∣ei
z
2Re

iφ
∣

∣

∣ dφ

= sup
φ∈[0,π]

∣

∣

∣

∣

∣

[(

~sReiφ × ~e 0
)

× ~sReiφ
]

(Reiφ − ξτ )(Reiφ + ξτ )
α̂r̃(~sReiφ − ~kτ )Re

i z2Re
iφ

∣

∣

∣

∣

∣

π
∫

0

e−
z
2R sinφ dφ

≤ 2C(s′)

π/2
∫

0

e−
z
2R sinφ dφ ≤ π C(s′). (3.2.8)It will be shown subsequently that the constant C(s′) := c1 c2(s

′) with
c1 := sup

s′∈R2

sup
R∈[|~kτ |,∞)

sup
φ∈[0,π]

∣

∣

∣α̂r̃(~sReiφ − ~kτ )Re
i z2Re

iφ
∣

∣

∣and
c2(s

′) := sup
R∈[|~kτ |,∞)

sup
φ∈[0,π]

∣

∣

∣

∣

∣

[(

~sReiφ × ~e 0
)

× ~sReiφ
]

(Reiφ − ξτ )(Reiφ + ξτ )

∣

∣

∣

∣

∣is �nite for any �xed s′ ∈ R2.It is easily seen that the supremum c2(s
′) is �nite, since the numerator is a polynomial of order twoof Reiφ, while the second order polynomial in the denominator has no zeros. It can also be shown that

c1 is �nite. Together with (3.2.5) consider
sup

φ∈[0,π]

∣

∣

∣α̂r̃(~sReiφ − ~kτ )Re
i z2Re

iφ
∣

∣

∣

= sup
φ∈[0,π]

∣

∣

∣

∣

∣

∣

∣

∆

∫

B2(r̃)

1 − e−i(Re
iφ−kz,τ ) f(η′)

Reiφ − kz,τ
e−iη

′·(s′−k′) dη′Rei
z
2Re

iφ

∣

∣

∣

∣

∣

∣

∣

= sup
φ∈[0,π]

∣

∣

∣

∣

∣

∣

∣

∆R

Reiφ − kz,τ

∫

B2(r̃)

[

ei
z
2Re

iφ − eiRe
iφ( z2−f(η′)) eikz,τf(η′)

]

e−iη
′·(s′−k′) dη′

∣

∣

∣

∣

∣

∣

∣

≤ sup
φ∈[0,π]

|∆| R
|R− |kz,τ ||

∫

B2(r̃)

[

e−
z
2R sinφ + e−R sinφ( z2−f(η′)) e−τf(η′)

]

dη′

≤ |∆| R
|R− |kz,τ ||

∫

B2(r̃)

[

1 + e−τf(η′)
]

dη′,where it was used that both z and z/2 − f(η′) are positive for all z > h and η′ ∈ R2 and where thelast term is uniformly bounded w.r.t. R for any �xed r̃, since R was chosen larger than |~kτ | ≥ |kz,τ |.



CHAPTER 3. THE REFLECTED NEAR FIELD3.2.3 Analytical integration 23The second term of (3.2.7) is also uniformly bounded w.r.t. s′ for any �xed r ∈ R and z > h, as willbe shown in the following. First note that the supremum
c3 := sup

s′∈R2

∣

∣

∣

∣

∣

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξ2τ

∣

∣

∣

∣

∣

= sup
s′∈R2

∣

∣

∣

∣

∣

[(

~sξτ × ~e 0
)

× ~sξτ
]

k2
τ − s2x − s2y

∣

∣

∣

∣

∣

(3.2.9)is �nite since the denominator is a second order polynomial of s′ without zeros, while the absolute valueof the numerator is bounded from above by a polynomial with a total degree of two. Now consider(cf. (3.2.6))
∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eiξτ z

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ ) ξτ e
iξτz

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξ2τ

∣

∣

∣

∣

∣

≤ c3

∣

∣

∣α̂r̃(~sξτ − ~kτ ) ξτ e
iξτz
∣

∣

∣

= c3

∣

∣

∣

∣

∣

∣

∣

∆

∫

B2(r̃)

1
∫

0

e−i(ξτ−kz,τ ) ζ f(η′) dζf(η′) e−iη
′·(s′−k′) dη′ ξτ e

iξτ z

∣

∣

∣

∣

∣

∣

∣

≤ c3 |∆ ξτ |
∫

B2(r̃)

1
∫

0

∣

∣

∣eiξτ(z−ζ f(η′)) eikz,τ ζ f(η′)
∣

∣

∣ dζ dη′

= c3 |∆ ξτ |
∫

B2(r̃)

1
∫

0

e−(z−ζ f(η′))
√

|k2
τ−s′2| sin θ e−τ ζ f(η′) dζ dη′

≤ c3 |∆ ξτ | e−
h
2

√
|k2
τ−s′2| sin θ

∫

B2(r̃)

1
∫

0

e−τ ζ f(η′) dζ dη′, (3.2.10)where θ := arg
√

k2
τ − s′2 ∈ (0, π), (z−ζ f(η′)) ≥ h/2 and s′2 := |s′|2 = s2x+s2y. Note that lim|s′|→∞ θ =

π/2. Therefore, lim|s′|→∞ |ξτ | exp(−h
2

√

|k2
τ − s′2| sin θ) = 0, which shows that (3.2.10) is uniformlybounded w.r.t. s′ ∈ R2 for any �xed r̃ and z > h = 2‖f‖∞. Hence the supremum

c4(r̃) := sup
s′∈R2

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eiξτ z

∣

∣

∣

∣

∣

(3.2.11)is �nite for any �xed r̃ > h and τ < 0. Consequently, the integral w.r.t. sz in (3.2.4) is absolutelybounded by π C(s′) + 2π c4(r̃) (cf. (3.2.8)), which is integrable on the bounded set B2(r).With this, Lebesgue's theorem can be applied to evaluate the limit R → ∞. Using estimate (3.2.8)it can be shown, that the limit of the integral over CR tends to zero as R tends to in�nity. In fact, byshowing that the non-negative upper bound (3.2.8) of the absolute value of the integral over CR tendsto zero for any �xed z > h > 0, the same holds for the integral itself. To show this, the integral in theupper bound (3.2.8) is divided into the sum of the integrals over the interval [0, π/4] and [π/4, π/2],such that
π/2
∫

0

e−
z
2R sinφ dφ =

π/4
∫

0

e−
z
2R sinφ dφ+

π/2
∫

π/4

e−
z
2R sinφ dφ.The limit R→ ∞ of these integrals can then be estimated as

lim
R→∞

π/2
∫

π/4

e−
z
2R sin φ dφ ≤ lim

R→∞

π

4
e−

z
2R sin π

4 = lim
R→∞

π

4
e
− z

2R
1√
2 = 0 (3.2.12)



24 CHAPTER 3. THE REFLECTED NEAR FIELD3.2.4 Resolution of one Cauchy principal valueand, since 2 cosφ > 1 for φ ∈
[

0, π4
],

lim
R→∞

π/4
∫

0

e−
z
2R sinφ dφ < lim

R→∞

π/4
∫

0

e−
z
2R sinφ 2 cosφdφ

= lim
R→∞

− 4

zR

π/4
∫

0

e−
z
2R sinφ

(

−zR
2

cosφ

)

dφ

= lim
R→∞

−4

z

(

e
− z

2
√

2
R − 1

R

)

= 0. (3.2.13)Therefore, (cf. (3.2.7))
lim
R→∞

R
∫

−R

α̂r̃(~s− ~kτ )

[(

~s× ~e 0
)

× ~s
]

s2z − ξ2τ
eiszz dsz = πi α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eiξτ zand it follows that (cf. (3.2.4))

〈

~Dd
r̃ (~x), ϕ(~x)

〉

=
i

8π2
lim
r→∞

∫

R3

ϕ̄(~x)

∫

B2(r)

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′ d~x, (3.2.14)if ϕ(~x) ≡ 0 for z ≤ h.3.2.4 Resolution of one Cauchy principal valueThe goal of this subsection is to evaluate the limit r → ∞ in equation (3.2.14). To achieve this, it willbe shown that the integrand of the integral w.r.t. s′ in this equation is absolutely integrable for all �xed

x′ ∈ R2 and z > h. Afterwards it will be proven that this absolute integral is also uniformly boundedw.r.t. r > 0 for any �xed x′ ∈ R2 and z > h. The absolute value of the product of ϕ ∈ C∞
0 (R3)and the integral w.r.t. s′ in equation (3.2.14) is then dominated by a non-negative integrable functionindependent of r. Therefore Lebesgue's theorem can be applied.First, the term ξτ =

√

k2
τ − s′2, with kz,τ = kz + iτ and kz < 0 will be examined more closely.Assuming s′2 > 2‖~kτ‖2, it is easily seen that Re(k2

τ−s′2) = k2−τ2−s′2 < 0 and Im(k2
τ−s′2) = 2kzτ > 0.Moreover, the argument arctan(2kzτ/(k

2 − τ2 − s′2)) + π of the complex number k2
τ − s′2 is an elementof the interval (π/2, π), for arctan:R → (−π/2, π/2). Hence the angle θ, de�ned as the argument of thecomplex number √k2

τ − s′2, lies in (π/4, π/2) leading to sin θ > 1/
√

2. With this in mind and the factthat |z − f(η′)| > h/2 for all |z| > h, consider the following estimates together with (3.2.9), (3.2.10)and (3.2.11).
∣

∣

∣

∣

∣

∣

∣

∫

B2(r)

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′

∣

∣

∣

∣

∣

∣

∣

≤
∫

B2(r)

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

∣

∣

∣

∣

∣

ds′

≤
∫

R2

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

∣

∣

∣

∣

∣

ds′

≤
∫

B2(
√

2|~kτ |)

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

∣

∣

∣

∣

∣

ds′

+

∫

R2\B2(
√

2|~kτ |)

∣

∣

∣

∣

∣

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

∣

∣

∣

∣

∣

ds′
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≤ 2π|~kτ |2c4(r̃) + c3

∫

R2\B2(
√

2|~kτ |)

∣

∣

∣α̂r̃(~sξτ − ~kτ ) ξτ e
i~sξτ ·~x

∣

∣

∣ ds′

≤ 2π|~kτ |2c4(r̃)

+ c3 ∆

∫

R2\B2(
√

2|~kτ |)

∣

∣

∣

∣

ξτ
ξτ − kz,τ

∣

∣

∣

∣

∫

B2(r̃)

[

e−|z|
√

|k2
τ−s′2| sin θ + e−|z−f(η′)|√|k2

τ−s′2| sin θ e−τ f(η′)
]

dη′ ds′

≤ 2π|~kτ |2c4(r̃) + c3 ∆

∫

R2\B2(
√

2|~kτ |)

∣

∣

∣

∣

ξτ π r̃
2

ξτ − kz,τ

∣

∣

∣

∣

[

e
− |z|√

2

√
|k2
τ−s′2| + e

− h

2
√

2

√
|k2
τ−s′2| eτ h

]

ds′. (3.2.15)Similar to the estimate (3.2.10), the remaining quotient is uniformly bounded w.r.t. s′. This shows thatthe integral is �nite for any �xed x′ ∈ R2 and z > h since the integrand decreases exponentially. ThusLebesgue's theorem can be applied to evaluate the limit r → ∞ and
〈

~Dd
r̃ (~x), ϕ(~x)

〉

=
i

8π2

∫

R3

ϕ̄(~x)

∫

R2

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′ d~x, (3.2.16)if ϕ(~x) = 0 for all z ≤ h.3.3 Resolution of remaining limits for a special interface spaceTo evaluate the last remaining limit r̃ → ∞ from the Cauchy principal values as well as the limit τ ↗ 0of the limiting absorption principle, the set of interface function has to be reduced from L∞

Q (R2) to asubset with speci�c properties. De�ning the subset as in Theorem 3.1, it will be shown in the followingsubsection that the remaining limits exist for interfaces from this set. In the last part of this section thelimits will then be evaluated to �nally obtain formula (3.1.2) for the re�ected �eld outside the interfaceregion.3.3.1 Almost periodic and decaying interface functionsUnfortunately, we were not able to treat general bounded and smooth interface functions f , so we haveto restrict our analysis to a special class. Interface functions from this class must have an explicitFourier transform. Furthermore, they should contain functions with a superposition of corrugations,e.g. almost periodic functions (cf. [5]), and functions of the same type, but with an integer order ofdecay at in�nity. The idea is to model rough surfaces by superposition of corrugations while, at thesame time, including interfaces with decaying properties.Consider the following linear vector space of interface functions.
A :=

{

f : R2 → R
∣

∣ f ∈ AC

}

, (3.3.1)
AC :=

{

f : R2 → C
∣

∣ f ∈ L∞(R2), f(η′) =

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ`,j e
iω′
`,j ·η′

]

+ g(η′)

λ`,j ∈ C, ω′
`,j ∈ R2, ||f ||A <∞

}where
||f ||A :=

3
∑

`=0

∑

j∈Z

|λ`,j | + ||g||4,∞ (3.3.2)and ∣∣∣∣g(η′)∣∣∣∣
4,∞ :=

∣

∣

∣

∣(1 + |η′|2)2 g(η′)
∣

∣

∣

∣

∞. Note, that the restrictions ω′
`,j = −ω′

`,−j and λ`,j = λ`,−jfor ` = 0, 1, 2, 3 and j ∈ Z ensure that the function f , given as a sum in the de�nition of AC, is real
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Figure 3.2: Example of an interface function from A using only the almost periodic portion and choosinga �nite number of uniformly distributed random parameters ω′
0,j with corresponding λ0,j to get a givencorrelation function (cf. Chap. 6).valued. Furthermore, it is assumed that the ω′

`,j of a function f ∈ AC are unique, meaning that from
ω′
`,j = ω′

`,ι follows that j = ι. Note that the function ∑j∈Z
λ`,j e

iω′
`,j ·η′ in the de�nition of AC �tsthe framework of almost periodic functions (cf. [5]). These type of functions have been used before byStover [37] to characterise rough surfaces as superpositions of sinusoidal gratings. There holdsRemark 3.4. It is easily seen that for any f ∈ A where λ0,j0 = 0 if ω′

0,j0 = (0, 0)>, the function f isalso an element of L∞
Q (R2) (cf. (2.2.4)), since it is not hard to show that in this case

lim
R→∞

∫

[−R,R]2

∑

j∈Z

λ0,j e
iω′

0,j ·η′ dη′ = 0,as is shown in the proof of the subsequent lemma.Lemma 3.5. Any function f ∈ A is uniquely determined by the terms λ`,j , ω′
`,j and g, i.e. twodi�erent sets of terms (λ`,j , ω

′
`,j, g) and (λ̃`,j , ω̃

′
`,j, g̃2) will result in two di�erent functions f and f̃ .Proof. Assume a function f ∈ A can be represented by two di�erent parameter sets

S1 :=

(

(λ`,j)“

`=0,...,3
j∈Z

”, (ω′
`,j)

“

`=0,...,3
j∈Z

”, g

)

, S2 :=

(

(λ̃`,j)“

`=0,...,3
j∈Z

”, (ω̃′
`,j)

“

`=0,...,3
j∈Z

”, g̃

)

.Note that the mean value of a function h : R2 → C, de�ned as limR→∞ 1/(4R2)
∫ R

−R
∫ R

−R h(η
′) dη′, iszero for any function h(η′) = eiω

′
`,j ·η′ with ω′

`,j 6= (0, 0)>, since such a function h is periodic with period
p′ := ω′

`,j such that ∫mpx/2

−mpx/2

∫mpy/2

−mpy/2
h(η′) dη′ = 0 for all m ∈ Z. On the other hand, for an absolutelysummable sequence λ`,j with j ∈ Z, the mean value of ∑j∈Z

λ`,j e
iω′
`,j ·η′ is

lim
R→∞

1

4R2

∫ R

−R

∫ R

−R

∑

j∈Z

λ`,j e
iω′
`,j ·η′ dη′ =

∑

j∈Z

lim
R→∞

λ`,j
4R2

∫ R

−R

∫ R

−R
eiω

′
`,j·η′ dη′ = λ`,j1 ,where j1 ∈ Z is the unique index with ω′

`,j1
= (0, 0)>. Moreover, for ` = 1, . . . , 3 it is easily seen that

lim
R→∞

1

4R2

∫ R

−R

∫ R

−R

1
√

1 + |η′|2`
∑

j∈Z

λ`,j e
iω′
`,j ·η′ dη′ =

∑

j∈Z

λ`,j lim
R→∞

1

4R2

∫ R

−R

∫ R

−R

eiω
′
`,j ·η′

√

1 + |η′|2`
dη′ = 0.
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∫ R

−R
∫ R

−R g(η
′) dη′ = 0.Naturally, the same properties hold for the parameter set S2.This is now used to show that the two di�erent parameter sets of f ∈ A, de�ned above, areidentical. First, assume that a spatial frequency ω′

0,ι with λ0,ι 6= 0 exists in S1 that does not exists in
S2, i.e. ω′

0,ι 6= ω̃′
0,j for all j ∈ Z. De�ning

µ(l, ω′
l,ι) := lim

R→∞

1

4R2

∫ R

−R

∫ R

−R







3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ`,j e
iω′
`,j ·η′ + g(η′)







√

1 + |η′|2l e−iω′
0,ι·η′ dη′,and̃

µ(l, ω̃′
l,ι) := lim

R→∞

1

4R2

∫ R

−R

∫ R

−R







3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ̃`,j e
iω̃′
`,j ·η′ + g̃(η′)







√

1 + |η′|2l e−iω̃′
0,ι·η′ dη′,it follows that µ(0, ω′

0,ι) = λ0,ι, while µ̃(0, ω′
0,ι) = 0. This, however, is a contradiction, since bothparameter sets represent the function f . Thus, it can be assumed w.l.o.g. that ω0,j = ω̃0,j for all

j ∈ Z. Now it is easily shown that λ0,ι = λ̃0,ι for any ι ∈ Z, since µ(0, ω′
0,ι) = λ0,ι and µ̃(0, ω′

0,ι) =

µ̃(0, ω̃′
0,ι) = λ̃0,ι have to be the same. Consequently (λ0,j)j∈Z = (λ̃0,j)j∈Z and ∑j∈Z

λ0,j e
iω′

0,j ·η′ =
∑

j∈Z
λ̃0,j e

iω̃′
0,j ·η′ . Naturally, this shows that f(η′) −∑j∈Z

λ0,j e
iω′

0,j ·η′ = f(η′) −∑j∈Z
λ̃0,j e

iω̃′
0,j ·η′ .Similar to the parameters with ` = 0, it can be shown that the parameters in S1 and S2 are identicalfor l = 1. As before, a spatial frequency ω′

l,ι with λl,ι 6= 0 in S1 can be assumed such that ω′
l,ι 6= ω̃′

l,j forall j ∈ Z. Again, the contradiction that µ(1, ω′
l,ι) = λl,ι is not equal to µ̃(1, ω′

l,ι) = 0 can be observed.Hence, it can be assumed w.l.o.g. that ωl,j = ω̃l,j for all j ∈ Z. Once more, it is now easily proventhat λl,ι = λ̃l,ι for any ι ∈ Z, since µ(l, ω′
l,ι) = λl,ι and µ̃(l, ω′

l,ι) = µ̃(l, ω̃′
l,ι) = λ̃l,ι have to be identical.Thus, ∑j∈Z

λl,j e
iω′
l,j ·η′ =

∑

j∈Z
λ̃l,j e

iω̃′
l,j ·η′ . This can now be repeated for l = 2, 3, �nally leading to

3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ`,j e
iω′
`,j ·η′ =

3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ̃`,j e
iω̃′
`,j ·η′and

g(η′) = f(η′) −
3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ`,j e
iω′
`,j ·η′ = f(η′) −

3
∑

`=l

1
√

1 + |η′|2`
∑

j∈Z

λ̃`,j e
iω̃′
`,j ·η′ = g̃(η′),which concludes the proof of the lemma. �It can also be shown thatLemma 3.6. The spaces A and AC, together with the norm ‖ · ‖A and pointwise multiplication, formBanach algebras.Proof. To show that AC is a Banach algebra, it has to be shown that AC with the norm ‖ · ‖A is acomplete, normed C-vector space, which together with the pointwise multiplication forms an associativealgebra, which is sub-multiplicative w.r.t. the vector space norm. It is not hard to shown that (AC, ‖·‖A)with pointwise summation is a normed C-vector space. Indeed, since for fn ∈ AC for all n ∈ N0,

(f1 + f2)(η
′) := f1(η

′) + f2(η
′)

=

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ1
`,j e

iω1
`,j ·η′

]

+g1(η
′) +

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ2
`,j e

iω2
`,j ·η′

]

+g2(η
′)

=
3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

(

λ̃1
`,j + λ̃1

`,j

)

eiω̃
′
`,j ·η′

]

+ g1(η
′) + g2(η

′),
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`,j|j ∈ Z} := {ω1

`,j| j ∈ Z} ∪ {ω2
`,j| j ∈ Z} and

λ̃n`,j :=

{

λn`,ι if ω̃′
`,j = ωn`,ι

0 elsefor n = 1, 2, the summation is well de�ned in AC. Furthermore, since the representation of any f ∈ ACis unique, f ≡ 0 is the unique zero element in AC with ‖f‖A = 0. Using the fact that ‖ · ‖A is a sumof the l1 and L∞-norm, it is then easily proven that ‖ · ‖A is also a norm and that (AC, ‖ · ‖A) is anormed C-vector space. Moreover, since the spaces of absolutely summable series' l1 and uniformlybounded functions L∞ are complete spaces, this can also be shown for AC. To be precise, assuming
fn is a Cauchy sequence in AC, it follows that for any ε > 0 there exists an N > 0, such that for all
n,m > N

‖fn − fm‖A =
3
∑

`=0

∑

j∈Z

∣

∣λ̃n`,j − λ̃m`,j
∣

∣+
∥

∥(1 + |η′|2)2 gn(η′) − (1 + |η′|2)2 gm(η′)
∥

∥

∞ < ε,where {ω̃′
`,j| j ∈ Z} :=

⋃

n∈N0
{ωn`,j| j ∈ Z} and λ̃n`,j as above, but for all n ∈ N0, not just n = 1, 2.Since both l1 and L∞ are complete vector spaces, it follows that a λ̃`,j ∈ l1(C) and a G ∈ L∞(R2)exists, such that λ̃n`,j tends to λ̃`,j in the l1-norm and (1 + |η′|2)2 gn(η′) tends to G(η′) in the L∞-normas n tends to in�nity. With this, a potential limit of fn can be de�ned as

f(η′) :=
3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ̃`,j e
iω̃′
`,j·η′

]

+
G(η′)

(1 + |η′|2)2 ,which is an element of AC. Since the two parts of f converge in l1 and L∞, respectively, it holds thatfor any ε > 0 there exists a constant N > 0 such that for all n > N , ‖(λ̃n`,j)j∈Z − (λ̃`,j)j∈Z‖l1 < ε/5for all ` = 0, . . . , 3 and that ‖(1 + |η′|2)2 gn(η′) −G(η′)‖∞ < ε/5. Consequently ‖fn − f‖A < ε for all
n > N , which shows that f ∈ AC is the limit of fn w.r.t. ‖ · ‖A and thus that AC is complete.Next it will be shown that (AC, ‖·‖A) with pointwise multiplication is an associative Algebra, wherethe product is sub-multiplicative w.r.t. ‖ · ‖A. By virtue of the pointwise de�nition of the product itis easily seen that it is indeed an associative Algebra, if the product of two elements from the space isan element of the space itself. For convenience, de�ne Λn` := Λn` (η

′) :=
∑

j∈Z
λn`,j e

iωn`,j ·η′ for n = 1, 2,such that
(f1 · f2)(η′) := f1(η

′) f2(η
′)

=







3
∑

`=0

1
√

1 + |η′|2
`

∑

j∈Z

λ1
`,j e

iω1
`,j ·η′ + g1(η

′)













3
∑

`=0

1
√

1 + |η′|2
`

∑

j∈Z

λ2
`,j e

iω2
`,j·η′ + g2(η

′)







= Λ1
0Λ

2
0 +

Λ1
0Λ

2
1 + Λ1

1Λ
2
0

√

1 + |η′|2
+

Λ1
0Λ

2
2 + Λ1

1Λ
2
1 + Λ1

2Λ
2
0

1 + |η′|2 +
Λ1

0Λ
2
3 + Λ1

1Λ
2
2 + Λ1

2Λ
2
1 + Λ1

3Λ
2
0

√

1 + |η′|23

+
Λ1

1Λ
2
3 + Λ1

2Λ
2
2 + Λ1

3Λ
2
1

(1 + |η′|2)2 +
Λ1

2Λ
2
3 + Λ1

3Λ
2
2

√

1 + |η′|25 +
Λ1

3Λ
2
3

(1 + |η′|2)3 + g1(η
′)

3
∑

`=0

Λ2
`

√

1 + |η′|2`

+ g2(η
′)

3
∑

`=0

Λ1
`

√

1 + |η′|2`
+ g1(η

′) g2(η
′)

=

6
∑

κ=0

1
√

1 + |η′|2κ
min{3,κ}
∑

`=max{0,κ−3}
Λ1
`Λ

2
κ−` + g1(η

′)
3
∑

`=0

Λ2
`

√

1 + |η′|2`
+ g2(η

′)
3
∑

`=0

Λ1
`

√

1 + |η′|2`

+ g1(η
′) g2(η

′), (3.3.3)
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Λ1
`Λ

2
κ−` =





∑

j∈Z

λ1
`,j e

iω1
`,j·η′





[

∑

ι∈Z

λ2
κ−`,ι e

iω2
κ−`,ι·η′

]

=
∑

j∈Z

∑

ι∈Z

λ1
`,j λ

2
κ−`,ιe

i(ω1
`,j+ω

2
κ−`,ι)·η′ .The sum on the right-hand side can easily be transformed to get

Λ1
`Λ

2
κ−` =

∑

j∈Z

λ̄`κ,j e
iω̄`κ,j ·η′ . (3.3.4)Next, the order of the summations w.r.t. κ and ` on the right-hand side of (3.3.3) is interchanged. Todo so, all the ω̄`κ,j for a �xed κ and all ` are collected, i.e. {ω̄′

κ,j| j ∈ Z} :=
⋃min{3,κ}
`=max{0,κ−3}{ω̄`κ,j| j ∈ Z}.Moreover, the λ̄`κ,j , where the corresponding ω̄`κ,j is equal to a given ω̄′

κ,ι, are added, i.e.
λ̄κ,ι :=

min{3,κ}
∑

`=max{0,κ−3}

∑

j∈Z

1ω̄′
κ,ι

(ω̄`κ,j) λ̄
`
κ,j , (3.3.5)such that new pairs (λ̄κ,ι, ω̄

′
κ,ι) are obtained, where ω̄′

κ,ι1 6= ω̄′
κ,ι2 for ι1 6= ι2. Here, the symbol 1 isused for the indicator function, i.e. for a set M the value 1M (m) is one if m ∈ M and zero otherwise.For a singleton M = {m0}, 1M (m) is shortly written as 1m0(m). Consequently,

min{3,κ}
∑

`=max{0,κ−3}
Λ1
`Λ

2
κ−` =

min{3,κ}
∑

`=max{0,κ−3}

∑

j∈Z

λ̄`κ,j e
iω̄`κ,j ·η′ =

∑

ι∈Z

λ̄κ,ι e
iω̄′
κ,ι·η′since the summation on the right-hand side of (3.3.4) exists absolutely, which shows that the summa-tions w.r.t. ` and j can be rearranged freely. Replacing ι by j for consistency, this leads to

(f1 · f2)(η′) =

3
∑

κ=0

1
√

1 + |η′|2κ
∑

j∈Z

λ̄κ,j e
iω̄′
κ,j ·η′ + g(η′),where

g(η′) :=
1

(1 + |η′|2)2
6
∑

κ=4

1
√

1 + |η′|2κ−4

∑

j∈Z

λ̄κ,j e
iω̄′
κ,j ·η′ + g1(η

′)
3
∑

`=0

Λ2
`

√

1 + |η′|2`

+ g2(η
′)

3
∑

`=0

Λ1
`

√

1 + |η′|2`
+ g1(η

′) g2(η
′).It remains to show that ‖f1 · f2‖A is �nite by showing that the norm is sub-multiplicative, or to beprecise, that ‖f1 · f2‖A ≤ ‖f1‖A ‖f2‖A. For convenience, de�ne Σn` :=

∑

j∈Z
|λn`,j | for n = 1, 2 and

Σ̄κ :=
∑

j∈Z
|λ̄κ,j |, such that

‖f1 · f2‖A =

3
∑

κ=0

Σ̄κ + ‖(1 + |η′|2)2 g(η′)‖∞, (3.3.6)where
‖(1 + |η′|2)2 g(η′)‖∞ ≤

∥

∥

∥

∥

∥

∥

6
∑

κ=4

1
√

1 + |η′|2κ−4

∑

j∈Z

λ̄κ,j e
iω̄′
κ,j ·η′

∥

∥

∥

∥

∥

∥

∞

+

∥

∥

∥

∥

∥

(1 + |η′|2)2 g1(η′)
3
∑

`=0

Λ2
`

√

1 + |η′|2`

∥

∥

∥

∥

∥

∞

+

∥

∥

∥

∥

∥

(1 + |η′|2)2 g2(η′)
3
∑

`=0

Λ1
`

√

1 + |η′|2`

∥

∥

∥

∥

∥

∞

+
∥

∥

∥(1 + |η′|2)2 g1(η′) g2(η′)
∥

∥

∥

∞
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≤

6
∑

κ=4

Σ̄κ + ‖g1‖4,∞

3
∑

`=0

Σ2
` + ‖g2‖4,∞

3
∑

`=0

Σ1
` + ‖g1‖4,∞‖g2‖4,∞. (3.3.7)On the other hand, (cf. (3.3.4) and (3.3.5))

Σ̄κ ≤
∑

j∈Z

min{3,κ}
∑

`=max{0,κ−3}
1ω̄′

κ,j
(ω̄`κ,ι)

∣

∣λ̄`κ,ι
∣

∣ =

min{3,κ}
∑

`=max{0,κ−3}

∑

j∈Z

∣

∣λ̄`κ,ι
∣

∣

=

min{3,κ}
∑

`=max{0,κ−3}

∑

j∈Z

∑

ι∈Z

∣

∣λ1
`,j

∣

∣

∣

∣λ2
κ−`,ι

∣

∣ =

min{3,κ}
∑

`=max{0,κ−3}
Σ1
` Σ2

κ−`.It is not hard to check that
6
∑

κ=0

Σ̄κ ≤
6
∑

κ=0

min{3,κ}
∑

`=max{0,κ−3}
Σ1
` Σ2

κ−` =

3
∑

`=0

3
∑

κ=0

Σ1
` Σ2

κ =

[

3
∑

`=0

Σ1
`

][

3
∑

κ=0

Σ2
κ

]

.Altogether, (cf. (3.3.6) and (3.3.7))
‖f1 · f2‖A ≤

[

3
∑

`=0

Σ1
` + ‖g1‖4,∞

] [

3
∑

`=0

Σ2
` + ‖g2‖4,∞

]

= ‖f1‖A ‖f2‖A.Thus ‖ · ‖A is a sub-multiplicative norm w.r.t. the associative algebra and Banach space AC, provingthe statement of the lemma for AC. The same arguments can also be used to show identical propertiesfor A, with the small di�erence that it is an R-vector space. �Remark 3.7. The coe�cients λl,j depend continuously on f ∈ A. Moreover, the term g dependscontinuously on f ∈ A w.r.t. to the norm || · ||4,∞.3.3.2 Existence of the remaining Cauchy principal value and the limit ofthe limiting absorption principleIt is the goal of this subsection to show that the limits τ ↗ 0 and r̃ → ∞ of (3.2.16) exist under theassumption that f is an element of A. To be precise, this subsection solely consists of the proof thatTheorem 3.8. For any function f(η′) from A the limit
〈

~Dd(~x), ϕ(~x)
〉

=
i

8π2
lim
τ↗0

lim
r̃→∞

∫

R3

ϕ̄(~x)

∫

R2

α̂r̃(~sξτ − ~kτ )

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′ d~x (3.3.8)exists.Consider only the integral w.r.t. s′ for an interface function f ∈ A. Using the equations (3.2.5) and(3.2.6) for α̂r̃, (3.3.8) transforms to

〈

~Dd(~x), ϕ(~x)
〉

= − ∆

8π2
lim
τ↗0

lim
r̃→∞

∫

R3

ϕ̄(~x) Γτ,r̃(~x) d~x, (3.3.9)where from now on ∆ := ∆0 = ε0 − ε′0 and
Γτ,r̃(~x) :=

∫

R2

∫

B2(r̃)

1 − e−i(ξτ−kz,τ )f(η′)

ξτ − kz,τ
e−iη

′·(s′−k′) dη′
[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′ (3.3.10)

= i

∫

R2

∫

B2(r̃)

1
∫

0

e−i(ξτ−(kz+iτ))ζ f(η′) dζ f(η′) e−iη
′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x ds′



CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limits 31Here it can easily be shown that Fubini's theorem can be applied for any �xed r̃ and τ < 0, since
eiξτ(z−ζf(η′)) decays exponentially as |s′| tends to in�nity and since the integrand is uniformly boundedw.r.t. η′ ∈ B2(r̃). Hence, the order of integration can be interchanged. Additionally replacing theexponential function in e−i(ξτ−iτ)ζ f(η′) by its power series,
Γτ,r̃(~x) = i

1
∫

0

∫

R2

{

∫

B2(r̃)

e−i(ξτ−iτ)ζ f(η′) eikzζ f(η′) f(η′) e−iη
′·(s′−k′) dη′

[(

~sξτ×~e 0
)

×~sξτ
]

ξτ
ei~sξτ ·~x

}

ds′ dζ

= i

1
∫

0

∫

R2

{

∫

B2(r̃)

∑

n∈N0

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′) e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

}

ds′ dζ

= i I1 + i I2, (3.3.11)where
I1 :=

1
∫

0

∫

R2

{

∫

B2(r̃)

8
∑

n=0

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′) e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

}

ds′ dζ, (3.3.12)
I2 :=

1
∫

0

∫

R2

{

∫

B2(r̃)

∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′) e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

}

ds′ dζ. (3.3.13)First, examine integral (3.3.12) by pulling the �nite sum outside the integrals and replace eikzζ f(η′) bythe power series of the exponential function, giving
I1 =

8
∑

n=0

1
∫

0

(−iζ)n
n!

∫

R2

{

(ξτ − iτ)
n

ξτ

∫

B2(r̃)

f(η′)n+1 eikzζ f(η′) e−iη
′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x
}

ds′ dζ

=

8
∑

n=0

1
∫

0

(−iζ)n
n!

∫

R2

{

(ξτ − iτ)n

ξτ

∫

B2(r̃)

f(η′)n+1
∑

m∈N0

(ikzζ f(η′))m

m!
e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x
}

ds′ dζ (3.3.14)Since f is an element of the Banach algebra A ⊂ AC, the term
fn(η

′) := fn,kz,ζ(η
′), fn,kz,ζ := fn+1 eikzζ f =

∑

m∈N0

(ikzζ)
m

m!
fm+n+1 (3.3.15)is also an element of AC, such that (cf. subsequent Lemma 3.9)

fn(η
′) =

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′

]

+ g̃n(η
′, ζ).



32 CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limitsNote that this reformulation could already be plugged into Γτ,r̃(~x) (cf. (3.3.11)) to get (cf. (3.3.9))
〈

~Dd(~x), ϕ(~x)
〉

= −i ∆

8π2
lim
τ↗0

lim
r̃→∞

∫

R3

1
∫

0

∫

R2

{

ϕ̄(~x)

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
ei~sξτ ·~x

∫

B2(r̃)

∑

n∈N0

[−iζ (ξτ−iτ)]n
n!

[

3
∑

`=0

∑

j∈Z

λ̃n`,j(ζ) e
iω̃′
`,j ·η′

√

1 + |η′|2
`

+ g̃n(η
′, ζ)

]

e−iη
′·(s′−k′) dη′

}

ds′ dζ d~x.It is the overall goal of this and the next subsection to show in which sense the sums w.r.t. n, j and `can be pulled outside the integrals, while the limits w.r.t. r̃ and τ are evaluated before the integrals.Applying this formally would lead to
〈

~Dd(~x), ϕ(~x)
〉

= −i ∆

8π2

3
∑

`=0

∑

n∈N0

∑

j∈Z

{ 1
∫

0

λ̃n`,j(ζ)
[−iζ]n
n!

dζ

∫

R3

ϕ̄(~x)

∫

R2

∫

R2

1
√

1 + |η′|2
`
e−iη

′·(s′−(k′+ω̃′
`,j)) dη′

[(

~sξ0 × ~e 0
)

× ~sξ0
]

ξn−1
0 ei~sξ0 ·~x ds′ d~x

}

− i
∆

8π2

∑

n∈N0

{

∫

R3

ϕ̄(~x)

1
∫

0

[−iζ]n
n!

∫

R2

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ0 × ~e 0
)

× ~sξ0
]

ξn−1
0 ei~sξ0 ·~x ds′ dζ d~x

}

,where the �rst integral w.r.t. η′ can be evaluated explicitly using known solutions of generalised Fouriertransforms. To do all of this rigorously, it will be shown in the current subsection that the limits w.r.t. r̃and τ exist, by separating the sum w.r.t. n into a �nite sum and the rest (cf. (3.3.11)). For the �nitesum it is then shown in which sense the transformations of switching the order of the limits, the sumsand the integrals can be applied. In the following Subsection 3.3.3 it will then be proven that this alsoholds for the entire in�nite sum w.r.t. n by letting the number of terms in the �nite sum tend to in�nityand showing that the integral over the rest, i.e. I2, tends to zero.It is used thatLemma 3.9. For any function f in A, the function fn (cf. ( 3.3.15)) is equal to
fn(η

′) =

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′

]

+ g̃n(η
′, ζ), (3.3.16)where ω̃′

`,j, ` = 0, 1, 2, 3 are de�ned by
{

ω̃′
0,j : j ∈ Z

}

=

{

∑

κ∈Z

mκω
′
0,κ : mκ ∈ N0,

∑

κ∈Z

mκ <∞
}

, (3.3.17)
{

ω̃′
`,j : j ∈ Z

}

=

{

∑̀

l=0

∑

κ∈Z

ml
κω

′
l,κ : ml

κ ∈ N0,
∑

κ∈Z

m0
κ <∞,

∑̀

l=1

l
∑

κ∈Z

ml
κ = `

}and where
λ̃n0,j := λ̃n0,j(ζ) :=

∑

mκ∈N0:
m̃:=

P

κ∈Z
mκ≥n+1, m̃<∞

P

κ∈Z
mκω

′
0,κ=ω̃′

0,j

(ikzζ)
m̃−n−1 m̃!

(m̃− n− 1)!

[

∏

κ∈Z

[λ0,κ]
mκ

mκ!

]

, (3.3.18)
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λ̃n`,j := λ̃n`,j(ζ) :=

∑

mlκ∈N0:

m̃:=
P`
l=0

P

κ∈Z
mlκ≥n+1, m̃<∞

P`
l=1 l

P

κ∈Z
mlκ=`,

P`
l=0

P

κ∈Z
mlκω

′
l,κ=ω̃′

`,j

(ikzζ)
m̃−n−1 m̃!

(m̃− n− 1)!

[

∏̀

l=0

∏

κ∈Z

[λl,κ]
mlκ

ml
κ!

]

, (3.3.19)
g̃n(η

′, ζ) :=
∑

m∈N0

(m+ n+ 1)!

m!
(ikzζ)

m
∑

~n5∈Im+n+1\
„

3
S

`=0

I`m+n+1

«











g(η′)n4

n4!

√

1 + |η′|2
„

3
P

l=1

lnl

« (3.3.20)
3
∏

l=0

∑

m∞∈Jnl











∏

j∈Z

[λl,j ]
mj

mj !



 e
iη′· P

j∈Z

mjω
′
l,j

















,

Ia :=

{

~n5 := (n0, . . . , n4) ∈ N5
0

∣

∣

∣

∣

4
∑

l=0

nl = a

}

,

I`a :=

{

~n5 := (n0, . . . , n4) ∈ N5
0

∣

∣

∣

∣

4
∑

l=0

nl = a, 4
∑

l=1

lnl = `

}

, ` = 0, 1, 2, 3

Ja :=







m∞ := (mj)j∈Z

∣

∣

∣

∣

mj ∈ N0, ∑
j∈Z

mj = a







. (3.3.21)Proof. The existence of representation (3.3.16) is a simple consequence of the algebra structure of A.It remains to derive the formulas for the coe�cients and g̃n.Using the multinomial theorem (cf. Theorem C.8) twice it can be shown that, if m∞ := (mj)j∈Z isa sequence of non-negative integers, ~n5 := (n0, . . . , n4) ∈ N5
0 and m,n ≥ 0,

f(η′)m+n+1 =
∑

~n5∈Im+n+1







g(η′)n4 (m+ n+ 1)!

n4!

3
∏

l=0











1

nl!

√

1 + |η′|2
lnl





∑

j∈Z

λl,j e
iω′
l,j ·η′





nl
















=
∑

~n5∈Im+n+1







g(η′)n4 (m+ n+ 1)!

n4!

3
∏

l=0











1

nl!

√

1 + |η′|2
lnl

∑

m∞∈Jnl



nl!





∏

j∈Z

[λl,j ]
mj

mj !



 e
iη′·

P

j∈Z

mjω
′
l,j





















=
∑

~n5∈Im+n+1











g(η′)n4 (m+ n+ 1)!

n4!

√

1 + |η′|2
„

3
P

l=1

lnl

«

3
∏

l=0

∑

m∞∈Jnl











∏

j∈Z

[λl,j ]
mj

mj!



 e
iη′· P

j∈Z

mjω
′
l,j

















.The sum over the 5-tuples ~n5 can then be separated into terms which contain the lower powers of
1/

√

1 + |η′|2 without powers of g(η′) and a part with �nite ||·||4,∞-norm. E.g., only the �ve-tuple
(m + n + 1, 0, 0, 0, 0) will result in terms without the term 1/

√

1 + |η′|2, positive powers of the sameor g(η′), while only the �ve-tuple (m+ n, 1, 0, 0, 0) will result in terms with 1/

√

1 + |η′|2 and without
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g(η′). Note that n4 in I`m+n+1 is always zero for any ` = 1, 2, 3. This then leads to

f(η′)m+n+1 = (m+ n+ 1)!
∑

m∞∈Jm+n+1











∏

j∈Z

[λ0,j ]
mj

mj !



 e
iη′· P

j∈Z

mjω
′
0,j







+
3
∑

`=1







(m+ n+ 1)!
√

1 + |η′|2
`

∑

~n5∈I`m+n+1

∏̀

l=0

∑

m∞∈Jnl











∏

j∈Z

[λl,j ]
mj

mj !



 e
iη′· P

j∈Z

mjω
′
l,j













+
∑

~n5∈Im+n+1\
„

3
S

`=0

I`m+n+1

«











(m+ n+ 1)! g(η′)n4

n4!

√

1 + |η′|2
„

3
P

l=1

lnl

«

3
∏

l=0

∑

m∞∈Jnl











∏

j∈Z

[λl,j ]
mj

mj!



 e
iη′·

P

j∈Z

mjω
′
l,j

















. (3.3.22)With this, de�ne (cf. (3.3.15))
λ̄n0,m+n+1(m∞) := (ikzζ)

m (m+ n+ 1)!

m!





∏

j∈Z

[λ0,j ]
mj

mj !



 ,

ω̄′
0(m∞) :=

∑

j∈Z

mjω
′
0,j ,for all m∞ ∈ Jm+n+1, all m ∈ N0 and any �xed n ∈ N0. This can be extended by de�ning

λ̃n0 (m̃,m∞) :=

{

λ̄n0,m̃(m∞) if m̃ ≥ n+ 1

0 else (3.3.23)for all m̃ ∈ N0. Assigning an index j ∈ Z to every pair (m̃,m∞) leads to the desired expression
∑

m∈N0

(ikzζ)
m (m+ n+ 1)!

m!

∑

m∞∈Jm+n+1











∏

j∈Z

[λ0,j ]
mj

mj !



 e
iη′·

P

j∈Z

mjω
′
0,j







=
∑

m̃∈N0

∑

m∞∈Jm̃

λ̃n0 (m̃,m∞) eiη
′·ω̄′

0(m∞)

=
∑

j∈Z

λ̃n0,j e
iη′·ω̃′

0,j ,where λ̃n0,j and ω̃′
0,j are de�ned by {ω̃′

0,j : j ∈ Z} = {ω̄′
0(m∞) : m∞ ∈ Jm̃, m̃ ∈ N0} and

λ̃n0,j :=
∑

m̃,m∞:ω̄′
0(m∞)=ω̃′

0,j

λ̃n0 (m̃,m∞). (3.3.24)Thus (3.3.18) follows.Similarly the second term of (3.3.22) can be transformed. First note that the product
∏̀

l=0

∑

ml∞∈Jnl











∏

j∈Z

[λl,j ]
mlj

ml
j !



 e
iη′·

P

j∈Z

mljω
′
l,j






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∑

~m`:=(m0
∞,...,m`∞)∈

`
×
l=0

Jnl





∏̀

l=0

∏

j∈Z

[λl,j ]
mlj

ml
j !



 e
iη′·P̀

l=0

P

j∈Z

mljω
′
l,j

.With this, once more de�ne
λ̄n`,m+n+1(~m`) := (ikzζ)

m (m+ n+ 1)!

m!





∏̀

l=0

∏

j∈Z

[λl,j ]
mlj

ml
j !





ω̄′
`(~m`) :=

∑̀

l=0

∑

j∈Z

ml
jω

′
l,jfor all ~m` ∈ ×`l=0Jnl , all ~n5 ∈ I`m+n+1, all m ∈ N0 and any �xed n ∈ N0. Furthermore, this is againextended by de�ning

λ̃n` (m̃, ~m`) :=

{

λ̄n`,m+n+1(~m`) if m̃ ≥ n+ 1

0 elsefor all m̃ ∈ N0, which leads to the reformulation
∑

m∈N0

(ikzζ)
m (m+ n+ 1)!

m!

∑

~n5∈I`m+n+1

∏̀

l=0

∑

m∞∈Jnl







∏

j∈Z

(

[λl,j ]
mj

mj !

)

e
iη′· P

j∈Z

mjω
′
l,j







=
∑

m∈N0

∑

~n5∈I`m+n+1

∑

~m`∈
`
×
l=0

Jnl

λ̄n`,m+n+1(~m`) e
iη′·ω̄′

`(~m`)

=
∑

m̃∈N0

∑

~n5∈I`
m̃

∑

~m`∈
`
×
l=0

Jnl

λ̃n` (m̃, ~m`) e
iη′·ω̄′

`(~m`)

=
∑

j∈Z

λ̃n`,j e
iη′·ω̃′

`,j ,where every j corresponds with one triple (m̃, ~n5, ~m`) and where λ̃n`,j and ω̃′
`,j are de�ned for any �xed

` = 1, 2, 3 by {ω̃′
`,j : j ∈ Z} = {ω̄′

`(~m`) : ~m` ∈
`
×
l=0

Jnl , ~n5 ∈ I`m̃, m̃ ∈ N0} and
λ̃n`,j =

∑

m̃,~m`∈
`
×
l=0

Jnl ,~n5∈I`
m̃

: ω̃′
`,j

=ω̄′
`
(~m`)

λ̃n` (m̃, ~m`).At last de�ne g̃n as the last line in (3.3.22). �Remark 3.10. Note that fn also depends on the constant kz and the variables ζ ∈ [0, 1] and n ∈
{0, . . . , 8}. Consequently, λ̃n`,j is dependent on kz, ζ and n, while ω̃′

`,j is a constant for any �xed
` = 0, . . . , 3 and j ∈ Z. Similarly the function g̃n depends on kz and ζ.Using the lemma, the limit r̃ → ∞ of I1 (cf. (3.3.14)) can be evaluated as the sum of the three terms

lim
r̃→∞

I1 = I1.1 + I1.2 + I1.3, (3.3.25)where
I1.1 := lim

r̃→∞

8
∑

n=0

∑

j∈Z

{ 1
∫

0

λ̃n0,j
(−iζ)n
n!

dζ

∫

R2

{

(ξτ − iτ)
n

ξτ

∫

B2(r̃)

eiω̃
′
0,j ·η′ e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x
}

ds′
}

, (3.3.26)
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I1.2 := lim

r̃→∞

3
∑

`=1

8
∑

n=0

∑

j∈Z

{ 1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

R2

{

(ξτ − iτ)n

ξτ

∫

B2(r̃)

1
√

1 + |η′|2
`
eiω̃

′
`,j·η′ e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x
}

ds′
} (3.3.27)and

I1.3 := lim
r̃→∞

8
∑

n=0

1
∫

0

(−iζ)n
n!

∫

R2

{

(ξτ − iτ)
n

ξτ

∫

B2(r̃)

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x
}

ds′ dζ. (3.3.28)The limit (3.3.28) can easily be evaluated by applying Lebesgue's theorem, since for any n ∈ {0, . . . , 8}the function g̃n is independent of s′, continuously dependent on ζ (cf. (3.3.20)) and absolutely integrablew.r.t. η′ ∈ R2, such that there holds |
∫

B2(r̃)
g̃n(η

′, ζ) e−iη
′·(s′−k′) dη′| ≤ maxζ∈[0,1]

∫

R2 |g̃n(η′, ζ)| dη′ ≤
cn <∞. Moreover, the term (ξτ − iτ)n/ξτ [(~sξτ ×~e 0)×~sξτ ] ei~sξτ ·~x is uniformly bounded and absolutelyintegrable w.r.t. s′ ∈ R2 for any �xed τ < 0, since eiξτz decays exponentially.To evaluate the limits (3.3.26) and (3.3.27) consider the Fourier transform

∫

R2

1
√

1 + |η′|2
`
e−iη

′·(s′−(k′+ω̃′
`,j)) dη′for ` ∈ {0, 1, 2, 3}, which can be evaluated as a Hankel transform of order zero de�ned as (cf. [1,Eqn. 9.1.18, p. 104] for the relation between Hankel and Fourier transform)

∞
∫

0

f
(

|η′|
)

J0

(

|s′||η′|
)

|η′| d|η′| =
1

2π

∫

R2

f
(

|η′|
)

e−is
′·η′ dη′,where J0 is the zero order Bessel function of the �rst kind. Keeping in mind that the inverse Hankeltransform coincides with the Hankel transform itself, the well-known Fourier transform for the Diracdelta and [31, Eqns. 2.19 and 2.20, p. 8 and Eqn. 2.110, p. 22] lead to

∫

R2

e−iη
′·(s′−(k′+ω̃′

0,j)) dη′ = 4π2 δ
(

s′ − (k′ + ω̃′
0,j)
)

, (3.3.29)
∫

R2

1
√

1 + |η′|2
e−iη

′·(s′−(k′+ω̃′
1,j)) dη′ = 2π

e−|s′−(k′+ω̃′
1,j)|

∣

∣s′ − (k′ + ω̃′
1,j)
∣

∣

, (3.3.30)
∫

R2

1

1 + |η′|2
e−iη

′·(s′−(k′+ω̃′
2,j)) dη′ = 2πK0

(∣

∣s′ − (k′ + ω̃′
2,j)
∣

∣

) (3.3.31)and
∫

R2

1
√

1 + |η′|2
3 e

−iη′·(s′−(k′+ω̃′
3,j)) dη′ = 2π e−|s′−(k′+ω̃′

3,j)|, (3.3.32)where K0(z) is the modi�ed Bessel function of the second kind, which has a logarithmic singularity at
z = 0. Note that the right-hand side of (3.3.30) is a weakly singular function, while that of (3.3.32) isuniformly bounded.



CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limits 37It can be shown that the limit of integral (3.3.26) and (3.3.27) is well de�ned in the sense of a limitin S′(R2), since
ϕn(s′) :=

(ξτ − iτ)
n

ξτ

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~xis a Schwartz function for τ < 0 and |z| > h. For convenience, de�ne
Fr̃,`,j(η

′) := 1B2(r̃)(η
′)

1
√

1 + |η′|2
`
eiη

′·(ω̃′
`,j+k

′).With this, the limit of the integral w.r.t. s′ in (3.3.26) and (3.3.27) is evaluated as
lim
r̃→∞

∫

R2

∫

B2(r̃)

1
√

1 + |η′|2
`
eiη

′·(ω̃′
`,j+k

′) e−is
′·η′ dη′ ϕn(s′) ds′ = lim

r̃→∞

∫

R2

FFr̃,`,j(s′)ϕn(s′) ds′

= lim
r̃→∞

∫

R2

Fr̃,`,j(η
′)Fϕn(η′) dη′

=

∫

R2

F∞,`,j(η
′)Fϕn(η′) dη′ (3.3.33)

=

∫

R2

1
√

1 + |η′|2
`
eiη

′(ω̃′
`,j+k

′)Fϕn(η′) dη′,which is �nite for any |z| > h and τ < 0, since Fϕn ∈ S(R2). Note that the limit is uniform w.r.t. jand ζ. Indeed, switching to absolute values in the formulas for I1.1 and I1.2 (cf. (3.3.26) and (3.3.27))will lead to a product of a sum over j independent of r̃, times an integral independent of j, which isthe third line of formula (3.3.33) switched to absolute values. To be exact,
lim
r̃→∞

∣

∣

∣

∣

∣

∣

∑

j∈Z

1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

R2

Fr̃,`,j(η
′)Fϕn(η′) dη′

∣

∣

∣

∣

∣

∣

≤ lim
r̃→∞

∑

j∈Z

1
∫

0

|λ̃n`,j|
ζn

n!
dζ

∫

R2

|Fr̃,`,j(η′)Fϕn(η′)| dη′

= lim
r̃→∞

∑

j∈Z

1
∫

0

∣

∣

∣λ̃n`,j

∣

∣

∣

ζn

n!
dζ

∫

B2(r̃)

|Fϕn(η′)|
√

1 + |η′|2
`

dη′

≤ lim
r̃→∞

∑

j∈Z

1
∫

0

∣

∣

∣λ̃n`,j

∣

∣

∣

ζn

n!
dζ

∫

R2

|Fϕn(η′)|
√

1 + |η′|2
`

dη′

=
∑

j∈Z

1
∫

0

∣

∣

∣λ̃n`,j

∣

∣

∣

ζn

n!
dζ

∫

R2

|Fϕn(η′)|
√

1 + |η′|2
`

dη′

≤ c`,n,where c`,n is �nite for all ` = 0, . . . , 3 and n = 0, . . . , 8. This follows since (λ̃n`,j)j∈Z is an absolutelysummable sequence w.r.t. j, while Fϕn is a Schwartz function and thus absolutely integrable.Altogether, for the integral w.r.t. s′ and η′ in I1.2, i.e. for ` ∈ {1, 2, 3}, this results in (cf. (3.3.33))
lim
r̃→∞

∫

R2

∫

B2(r̃)

1
√

1 + |η′|2
`
eiη

′·(ω̃′
`,j+k

′) e−is
′·η′ dη′ ϕn(s′) ds′ =

∫

R2

FF∞,`,j(s
′)ϕn(s′) ds′. (3.3.34)
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I1.2 =

3
∑

`=1

8
∑

n=0

∑

j∈Z







1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

R2

FF∞,`,j(s
′)ϕn(s′) ds′







(3.3.35)
=

3
∑

`=1

8
∑

n=0

∑

j∈Z







1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

R2

FF∞,`,j(s
′)

(ξτ − iτ)
n

ξτ

[(

~sξτ × ~e 0
)

× ~sξτ
]

ei~sξτ ·~x ds′







.These integrals exist since the integrands are at most weakly singular, since the FF∞,`,j (cf. (3.3.30)�(3.3.32)) are bounded at in�nity (cf. [1, Eqn. 9.7.2, p. 122]) and since ei~sξτ ·~x is exponentially decreasingand thus ensures the existence of the integral w.r.t. s′.It remains to examine the limit τ ↗ 0 of (3.3.35). Note that the integral w.r.t. s′ exists even if thesingularity points of (3.3.30) or (3.3.31), that appear only for τ = 0, coincide with the singularity pointof 1/ξτ = 1/
√

k2
τ − s′2 for τ = 0.Lemma 3.11. For any k ∈ R+ and k′ ∈ R2, as well as a su�ciently large positive constant c, theabsolute value
∣

∣

∣

∣

∣

∣

∣

∫

B2(2k)

1
√

k2 − |s′|2
1

|k′ − s′| ds′

∣

∣

∣

∣

∣

∣

∣

≤ c

∫

B2(2k)

1
√

|k2 − |s′|2 |
|log|k′ − s′||
|k′ − s′| ds′is �nite.Proof. Obviously this holds true if |k′| 6= k, since then the two quotients in the integrand are notcoinciding weak singularities. For |k′| = k assume w.l.o.g. that k′ = (0, k)>. Otherwise, for polarcoordinates (r, φ) the angle φ can be substituted by φ̃ + φk − π/2, where k′ = k(cosφk, sinφk)

>. For
|k′| = k the neighbourhood of the point where the two singularities coincide is of particular interest,since the two singularities are again only weakly singular or even bounded, and thus integrable, outsideof this neighbourhood. Hence, only a small neighbourhood of s′ = k′, determined by the small constants
εx, εy > 0, will be considered. In particular, the constant εy is assumed smaller than εx and ky = k.For an appropriately chosen neighbourhood the integral on the right-hand side can be written as

εx
∫

−εx

√
k2+ε2y−s2x
∫

√
k2−ε2y−s2x

1
√

|k2 − |s′|2 |
|log|k′ − s′||
|k′ − s′| ds′.Note that for this domain of integration, the term 1/

√

|k2 − |s′|2 | is weakly singular on a segment ofa circle with radius k. Now a smooth coordinate transformation is introduced such that this term ismodi�ed to a weak singularity on one coordinate axis of the new system and the weak singularity at
s′ = k′ is moved to the origin. To be precise, sx is substituted by tx and sy by (ty+1)

√

k2 − t2x leadingto
εx
∫

−εx

r

1+
ε2y

k2−t2x
−1

∫

r

1− ε2y

k2−t2x
−1

1
√

2 + ty

1
√

|ty|

∣

∣

∣
log
∣

∣

∣
(0, k)> − (tx, (ty + 1)

√

k2 − t2x)
>
∣

∣

∣

∣

∣

∣

∣

∣

∣(0, k)> − (tx, (ty + 1)
√

k2 − t2x)
>
∣

∣

∣

dty dtx.
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εx
∫

−εx

r

1+
ε2y

k2−t2x
−1

∫

r

1− ε2y

k2−t2x
−1

1
√

2 + ty

1
√

|ty|

∣

∣

∣log
∣

∣

∣(0, k)> − (tx, (ty + 1)
√

k2 − t2x)
>
∣

∣

∣

∣

∣

∣

∣

∣

∣(0, k)> − (tx, (ty + 1)
√

k2 − t2x)
>
∣

∣

∣

dty dtx

≤ c

εy
∫

−εy

εx
∫

−εx

1
√

|ty|
| log|t′| |

|t′| dtx dty.Here,
εy
∫

−εy

εx
∫

−εx

1
√

|ty|
| log|t′| |

|t′| dtx dty =

εy
∫

−εy

1
√

|ty|

εx
∫

−εx

1
2 | log

(

t2x + t2y
)

|
√

t2x + t2y

dtx dty

= 4

εy
∫

0

1√
ty

εx
∫

0

1
2 | log

(

t2x + t2y
)

|
√

t2x + t2y

dtx dty

= 2

εy
∫

0

1√
ty

εx/ty
∫

0

| log
(

t2y
(

1 + t2x
))

|
√

1 + t2x
dtx dty (3.3.36)

= 4

εy
∫

0

| log ty|√
ty

εx/ty
∫

0

1
√

1 + t2x
dtx dty + 2

εy
∫

0

1√
ty

εx/ty
∫

0

log
(

1 + t2x
)

√

1 + t2x
dtx dty,where

εy
∫

0

| log ty|√
ty

εx/ty
∫

0

1
√

1 + t2x
dtx dty =

εy
∫

0

| log ty|√
ty

arsinh

(

εx
ty

)

dty

=

εy
∫

0

| log ty|√
ty

log

(

εx
ty

+

√

1 +
ε2x
t2y

)

dty

=

εy
∫

0

| log ty| log
(

εx +
√

t2y + ε2x

)

√
ty

dty −
εy
∫

0

(log ty)
2

√
ty

dty (3.3.37)is �nite. Note that εx/ty ≥ 1 for 0 ≤ ty ≤ εy < εx. Thus, since log(1 + t2x) ≤ log 2 and 1/
√

1 + t2x ≤ 1for 0 ≤ tx ≤ 1 and since log(1 + t2x) ≤ c (1 + t2x)
1/6 and 1 + t2x ≥ t2x for 1 ≤ tx ≤ εx/ty, the second,obviously positive, integral on the right-hand side of (3.3.36) can be bounded from above by

εy
∫

0

1√
ty

εx/ty
∫

0

log
(

1 + t2x
)

√

1 + t2x
dtx dty ≤

εy
∫

0

1√
ty

1
∫

0

log
(

1 + t2x
)

√

1 + t2x
dtx dty +

εy
∫

0

1√
ty

εx/|ty|
∫

1

log
(

1 + t2x
)

√

1 + t2x
dtx dty

≤
εy
∫

0

log 2√
ty

dty + c

εy
∫

0

1√
ty

εx/|ty|
∫

1

1

(1 + t2x)
1
3

dtx dty

≤
εy
∫

0

log 2√
ty

dty + c

εy
∫

0

1√
ty

εx/|ty|
∫

1

1

[tx]
2
3

dtx dty

≤
εy
∫

0

log 2√
ty

dty + 3c

εy
∫

0

1√
ty

[

ε
1
3
x

[ty]
1
3

− 1

]

dty. (3.3.38)



40 CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limitsIt is easily seen that this bound is �nite, since only weak singularities occur. Thus the lemma isproven. �This can be used to apply Lebesgue's theorem to evaluate the limit τ ↗ 0 of the integrand w.r.t. s′in (3.3.35) and thus (3.3.27), such that
lim
τ↗0

I1.2 =
3
∑

`=1

8
∑

n=0

∑

j∈Z







1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

R2

FF∞,`,j(s
′) ξn−1

[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x ds′







. (3.3.39)On the other hand, for the integral w.r.t s′ and η′ in I1.1 the limit (cf. (3.3.29) and (3.3.34))
lim
r̃→∞

∫

R2

∫

B2(r̃)

eiη
′·(ω̃′

0,j+k
′) e−is

′·η′ dη′ ϕn(s
′) ds′ = 4π2ϕn(ω̃′

0,j + k′)is obtained. In this sense, the limit in (3.3.26) evaluates as
I1.1 = 4π2

8
∑

n=0

∑

j∈Z

1
∫

0

λ̃n0,j (−iζ)n dζ

(

ωjz,τ − τ
)n

n! ωjz,τ

[(

~ωjτ × ~e 0
)

× ~ωjτ
]

ei~ω
j
τ ·~x, (3.3.40)with ~ωjτ :=

(

k′ + ω̃′
0,j, ω

j
z,τ

)> and ωjz,τ :=
√

k2
τ −

∣

∣k′ + ω̃′
0,j

∣

∣

2. Note again that the λ̃n0,j are absolutelysummable w.r.t. j, which is a consequence of the Banach algebra properties of AC.It remains to consider the limit τ ↗ 0 of the two terms I1.1 and I1.3 (cf. (3.3.40) and (3.3.28)). For
I1.1, this limit is easily evaluated, since the sum w.r.t. j exists absolutely and the integral w.r.t. ζ isuniformly bounded w.r.t. τ . However, it has to be assumed that ωjz,0 6= 0, i.e. that (cf. (3.3.17) for theconnection between ω′

0,j and ω̃′
0,j)

k /∈ cl







∣

∣

∣
k′ +

∑

j∈Z

mjω
′
0,j

∣

∣

∣
: mj ∈ N0 s.t.∑

j∈Z

mj <∞







(3.3.41)to obtain a �nite value limτ↗0

(

ωjz,τ − τ
)n
/ωjz,τ for n = 0. Under this assumption,

lim
τ↗0

I1.1 = 4π2
8
∑

n=0

∑

j∈Z

1
∫

0

λ̃n0,j (−iζ)n dζ

[

ωjz,0
]n−1

n!

[(

~ωj0 × ~e 0
)

× ~ωj0

]

ei~ω
j
0·~x. (3.3.42)Remark 3.12 (Remarks on the restriction of wave numbers).i) Condition (3.3.41) is not always necessary. If k =

∣

∣k′ +
∑

j∈Z
mjω

′
0,j

∣

∣ for a special sequence mjand if this is an isolated point of the set in the formula (3.3.41), and if, by chance, the coe�cient
∑

n∈N0

1
∫

0

λ̃n0,j (−iζ)n dζ [ωjz,0]
n/n!of the corresponding 1/ωjz,τ (see the subsequent (3.1.4) and Theorem 3.1) vanishes, then the limit

τ ↗ 0 may be possible even though (3.3.41) is violated.ii) In the case of a decaying interface, i.e. λ0,j = 0 and ω′
0,j = (0, 0)> for all j ∈ Z, condition(3.3.41) is always satis�ed, since kz < 0 such that k 6= |k′|. Moreover, it follows that λ̃n0,j = 0 forall j ∈ Z, such that E0 = 0 (cf. (3.1.4)).iii) For a simple bi-periodic interface f(η′) := cos(ω′ · η′) with a �xed ω′ ∈ R2 the spatial frequencies

ω′
0,j are only non-zero for one pair (j,−j) ∈ Z2, e.g. ω′

0,1 = ω′ and ω′
0,−1 = −ω′. With this itis easily seen that condition (3.3.41) reduces to |k′ +mω′|2 6= k2 for all m ∈ Z. By solving thequadratic equation w.r.t. m it can also be rewritten as [k′ · ω′

0 ±
√

(k′ · ω′
0)

2 + k2
z

]

/|ω′| /∈ Z with
ω′

0 := ω′/|ω′|. These are the so-called re�ected (transmitted) Rayleigh modes of a grating.



CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limits 41iv) In the case where R := {ω′
0,j | j ∈ Z} = Q2 ∩ [−1, 1]2, the set of all pairs of rational numbersin [−1, 1]2, it is easily seen that for any value ω′

r ∈ Q2 a �nite subset M of R exists such that
ω′
r =

∑

M ω′
0,j. Naturally, it follows that all k ∈ [0,∞) are excluded by condition (3.3.41) andthat the formulas derived in this thesis can not be applied.v) A simple non-periodic interface function with only countably many wave number exclusions is

f(η′) = cos(ηx)+cos(π ηx) = 1/2 e−iπηx+1/2 e−iηx+1/2 eiηx+1/2 eiπηx (doubly periodic function).Here it can easily be con�rmed that for normal incidence, i.e. k′ = (0, 0)>, condition (3.3.41)reduces to k 6= |m1 +m2 π| for all m1,m2 ∈ Z.vi) For any set R := {ω′
0,j | j ∈ Z} that has a subset D which is dense in some domain Ω ⊂ R2with (0, 0)>∈ Ω, all non-negative real valued wave numbers are excluded by condition (3.3.41).Indeed, if ωm := minω′∈D |ω′|, a su�ciently large m ∈ N can be found such that mωm >

√
2. Asa consequence, mR has a subset that is dense in [−1, 1]2, which leads to a case very similar tothe example in Remark 3.12 (iv).vii) A su�cient condition for the existence of wave numbers that satisfy condition (3.3.41) is to haveonly �nitely many non-zero spatial frequencies ω0,j . This is the most relevant case for numericalsimulations.Analogously to (3.3.40), the limit τ ↗ 0 of I1.3 (cf. (3.3.28)) is easily calculated using Lebesgue'stheorem, since the absolute value of the integral ∫B2(r̃) g̃n(η

′, ζ) e−iη
′·(s′−k′) dη′ is uniformly boundedw.r.t. s′ by ‖g̃n‖L1(R2) < ‖g̃n‖4,∞ ‖1/(1+ |η′|2)2‖L1(R2) <∞ while the term (ξτ − iτ)n/ξτ [(~sξτ ×~e 0)×

~sξτ ] e
i~sξτ ·~x is pointwise convergent and uniformly bounded w.r.t. τ by a function that is integrablew.r.t. s′. It follows that the limits r̃ → ∞ and τ ↗ 0 of (3.3.14) can be evaluated.Now consider the remaining integral I2 (cf. (3.3.13))

I2 =

1
∫

0

∫

R2

{

∫

B2(r̃)

∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′) e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
eizξτ

}

ds′ dζ

=

1
∫

0

∫

R2

{

∫

B2(r̃)

∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′) 1 + |η′|4∗

1 + |η′|4∗
e−iη

′·(s′−k′) dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
eizξτ

}

ds′ dζ

=

1
∫

0

∫

R2

{

∫

B2(r̃)

∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
eikzζ f(η′)

(

1 + ∇4
s′
)

e−iη
′·(s′−k′)

1 + |η′|4∗
dη′

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
eizξτ

}

ds′ dζ, (3.3.43)where ∇4
s′ := ∂4

sx +∂4
sy and |η′|4∗ := η4

x+η4
y. To further transform this expression, consider the followinglemma.Lemma 3.13. For two complex valued functions f, g ∈ C4(R2) the following equation holds true.

f(s′) ∂4
sxg(s

′) =
4
∑

m=0

(−1)m
(

4

m

)

∂4−m
sx

[

∂msxf(s′) g(s′)
]



42 CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limitsProof. The Leibniz rule (cf. Theorem C.9) implies
∂sx
[

∂3
sxf(s′) g(s′)

]

= ∂4
sxf(s′) g(s′) + ∂3

sxf(s′) ∂sxg(s
′)

∂2
sx

[

∂2
sxf(s′) g(s′)

]

= ∂4
sxf(s′) g(s′) + 2∂3

sxf(s′) ∂sxg(s
′) + ∂2

sxf(s′) ∂2
sxg(s

′)

∂3
sx [∂sxf(s′) g(s′)] = ∂4

sxf(s′) g(s′) + 3∂3
sxf(s′) ∂sxg(s

′) + 3∂2
sxf(s′) ∂2

sxg(s
′) + ∂sxf(s′) ∂3

sxg(s
′).These are now used to replace all the terms from

∂4
sx [f(s′) g(s′)] = ∂4

sxf(s′) g(s′)+4∂3
sxf(s′)∂sxg(s

′)+6∂2
sxf(s′)∂2

sxg(s
′)+4∂sxf(s′)∂3

sxg(s
′)+f(s′)∂4

sxg(s
′)that contain derivatives of g. Or, to be more precise, all the terms of the form ∂

(4−`)
sx f(s′) ∂`sxg(s

′),where 1 ≤ ` ≤ 3, are removed. �Naturally, Lemma 3.13 also holds for derivatives w.r.t. sy, such that
f(s′)

(

1 + ∇4
s′
)

g(s′) = f(s′) g(s′) + f(s′) ∂4
sxg(s

′) + f(s′) ∂4
syg(s

′)

= f(s′) g(s′) +

4
∑

m=0

(−1)m
(

4

m

)

∂4−m
sx

[

∂msxf(s′) g(s′)
]

+

4
∑

m=0

(−1)m
(

4

m

)

∂4−m
sy

[

∂msyf(s′) g(s′)
]Applying this to the integrand w.r.t. η′ in (3.3.43), the equation transforms to

I2 =

2
∑

j=0

Mj
∑

m=0

(−1)m
(

4

m

)

1
∫

0

∫

R2

{

∂
(4−m)α′

j

s′

[

∫

B2(r̃)

∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

]

eikzζ f(η′)

1 + |η′|4∗
e−iη

′·(s′−k′) dη′
]

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

}

ds′ dζ, (3.3.44)where α′
j is a multi-index de�ned as

α′
j :=











(0, 0) if j = 0

(1, 0) if j = 1

(0, 1) if j = 2and
Mj :=

{

0 if j = 0

4 otherwise .Applying integration by parts (4 −m) times to the integral w.r.t. s′ leads to
I2 =

2
∑

j=0

Mj
∑

m=0

(

4

m

)

1
∫

0

∫

R2

{

∫

B2(r̃)

∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

]

eikzζ f(η′)

1 + |η′|4∗
e−iη

′·(s′−k′) dη′

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]}

ds′ dζ, (3.3.45)
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∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

= f(η′) e−i(ξτ−iτ)(ζ f(η′)− z
2 ) e−τ

z
2 −

8
∑

n=0

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ (3.3.46)is uniformly bounded w.r.t. η′ and τ and decreases exponentially as |s′| tends to in�nity. Indeed,

f(η′) is bounded, |τ | ≤ 1 and the right-hand side of the last equation is an exponentially decayingfunction w.r.t. s′, since z > 0 and (ζ f(η′) − z/2) < 0. Moreover, eiz/2 ξτ and all its derivatives decayexponentially for |s′| to in�nity, which shows that the boundary terms that would usually occur afterintegrating by parts are zero. Note, that the derivatives do not introduce singularities for τ < 0.Thus, the limit r̃ → ∞ can now be evaluated, since the integrand w.r.t. η′ is dominated by the term
1/(1 + |η′|4∗) for |η′| → ∞.Furthermore, for the terms in the sum with the index j = 0, the same arguments can be used toevaluate the limit τ ↗ 0, since the term 1/ξτ is only weakly singular for τ = 0. To evaluate the limit
τ ↗ 0 for any �xed j = 1, 2 it remains to be shown that
∣

∣

∣

∣

∣

∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)n

n!
ei
z
2 ξτ

]

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]∣

∣

∣

∣

∣

(3.3.47)is uniformly bounded w.r.t. η′ and −1 < τ ≤ 0 by a function integrable w.r.t. s′. If this condition issatis�ed, Lebesgue's theorem can be applied. The existence of the integral w.r.t. η′ is then ensured bythe term 1/(1+ |η′|4∗). Before an estimate of (3.3.47) can be found, the derivatives have to be examined.This is done in two steps. After splitting the domain of integration w.r.t. s′ in (3.3.45) into B2(2k)and R2 \ B2(2k), the behaviour of (3.3.47) at the singularity s′2 = k2 and at in�nity are examinedseparately. To be precise,
lim
r̃→∞

I2 =

2
∑

j=0

Mj
∑

m=0

(

4

m

)

1
∫

0

{

∫

B2(2k)

{∫

R2

∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

]

eikzζ f(η′)

1 + |η′|4∗
e−iη

′·(s′−k′) dη′

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]

}

ds′

+

∫

R2\B2(2k)

{∫

R2

∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

]

eikzζ f(η′)

1 + |η′|4∗
e−iη

′·(s′−k′) dη′

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]}

ds′
}

dζ. (3.3.48)To study the behaviour around the singularity, the subsequent lemma is used to show that the di�er-entiation and the summation in (3.3.47) can be interchanged.Lemma 3.14. For all s′ in the compact set B2(2k), the sums
∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτand

∞
∑

n=9

(−iζ)n
n!

f(η′)n+1∂
mα′

j

s′
[

(ξτ − iτ)
n
ei
z
2 ξτ
] (3.3.49)are uniformly bounded w.r.t. s′ ∈ B2(2k) and τ ∈ [−1, 0] for any �xed η′ ∈ R2.



44 CHAPTER 3. THE REFLECTED NEAR FIELD3.3.2 Existence of the remaining limitsProof. This is obviously true for the �rst term since no singularities occur and e− z
2 ξτ decays exponen-tially for any �xed τ ∈ [0, 1] as |s′| → ∞. To show this for the second term, examine the derivative byusing the Leibniz rule. But �rst, for convenience, de�ne

F1,n(ξ) :=
(

ξ − iτ
)n (3.3.50)and

F2(ξ) := ei
z
2 ξ. (3.3.51)With this

∂
mα′

j

s′
[

(ξτ − iτ)n ei
z
2 ξτ
]

= ∂
mα′

j

s′ [F1,n (ξτ ) F2 (ξτ )]

=

m
∑

l=0

m!

l! (m− l)!
∂
lα′
j

s′ [F1,n (ξτ )] ∂
(m−l)α′

j

s′ [F2 (ξτ )] . (3.3.52)To further study these derivatives, Faà di Bruno's formula (cf. Theorem C.10), which is a generalisationof the chain rule for higher order derivatives, is used. De�ning
Tl :=

{

(`1, . . . , `l) ∈ Nl
0 :

l
∑

o=1

o `o = l

}

, (3.3.53)
sl : Nl

0 → N0, (`1, . . . , `l) 7→
l
∑

o=1

`o (3.3.54)and
pl : Nl

0 → N0, (`1, . . . , `l) 7→
l
∏

o=1

`o!leads to
∂
lα′
j

s′ [F1,n (ξτ )] =
∑

~̀
1:=(`11,...,`

1
l
)∈Tl

l!

pl(~̀1)

[

∂
sl(~̀1)
ξτ

F1,n (ξτ )
]

l
∏

o=1
`1o≥1

[

∂
oα′
j

s′ ξτ
o!

]`1oand
∂

(m−l)α′
j

s′ [F2 (ξτ )] =
∑

~̀
2:=(`21,...,`

2
m−l)∈Tm−l

(m− l)!

pm−l(~̀2)

[

∂
sm−l(~̀2)
ξτ

F2 (ξτ )
]

m−l
∏

o=1
`2o≥1

[

∂
oα′
j

s′ ξτ
o!

]`2o

.Thus (cf. (3.3.52))
∂
mα′

j

s′
[

(ξτ − iτ)
n
ei
z
2 ξτ
]

=

m
∑

l=0

m!
∑

(~̀1,~̀2)∈Tl×Tm−l















1

pl(~̀1) pm−l(~̀2)

[

∂
sl(~̀1)
ξτ

F1,n (ξτ ) ∂
sm−l(~̀2)
ξτ

F2 (ξτ )
]

l
∏

o=1
`1o≥1

[

∂
oα′
j

s′ ξτ
o!

]`1o m−l
∏

o=1
`2o≥1

[

∂
oα′
j

s′ ξτ
o!

]`2o















,where (cf. (3.3.50) and (3.3.51))
∂
sl(~̀1)
ξτ

F1,n (ξτ ) =
n!

(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n−sl(~̀1)
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∂
sm−l(~̀2)
ξτ

F2 (ξτ ) =
(

i
z

2

)sm−l(~̀2)
ei
z
2 ξτ .This leads to

∂
mα′

j

s′
[

(ξτ − iτ)
n
ei
z
2 ξτ
]

=

m
∑

l=0

m!
∑

(~̀1,~̀2)∈Tl×Tm−l















1

pl(~̀1) pm−l(~̀2)

n!
(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n−sl(~̀1)

(

i
z

2

)sm−l(~̀2)
ei
z
2 ξτ

max{l,m−l}
∏

o=1
˜̀
o≥1

[

∂
oα′
j

s′ ξτ
o!

]

˜̀
o















, (3.3.55)where
˜̀
o :=











`1o + `2o if o ≤ min{l,m− l}
`1o if m− l < o ≤ l

`2o if l < o ≤ m− l

.Now Faà di Bruno's formula is applied once more to evaluate the derivative
∂
oα′
j

s′ ξτ = ∂
oα′
j

s′

[

√

k2
τ − s′2

]

=
∑

~̀
3∈To

o!

po(~̀3)





so(~̀3)−1
∏

ι=0

(

1 − 2ι

2

)





√

k2
τ − s′2

1−2so(~̀3)
o
∏

ι=1
`3ι≥1





∂
ια′
j

s′
[

k2
τ − s′2

]

ι!





`3ι

.Thus, since




∂
ια′
j

s′
[

k2
τ − s′2

]

ι!





`3ι

= 0if `3ι ≥ 1 for ι > 2, which shows that only those ~̀3 contribute where `31 + 2 `32 = o, and by de�ning
κ := `32

∂
oα′
j

s′ ξτ

=

o/2
∑

κ=0

o!

κ! (o− 2κ)!

[

o−κ−1
∏

ι=0

(

1 − 2ι

2

)

]

√

k2
τ − s′2

1−2(o−κ)





∂
α′
j

s′
[

k2
τ − s′2

]

1!





o−2κ



∂
2α′
j

s′
[

k2
τ − s′2

]

2!





κ

=

o/2
∑

κ=0

o! (−1)o−κ 2o−2κ

κ! (o− 2κ)!

[

o−κ−1
∏

ι=0

(

1 − 2ι

2

)

]

√

k2
τ − s′2

1−2(o−κ)
[s′]

(o−2κ)α′
j .It follows that (cf. (3.3.55))

∂
mα′

j

s′
[

(ξτ − iτ)n ei
z
2 ξτ
]

=
m
∑

l=0

m!
∑

(~̀1,~̀2)∈Tl×Tm−l















1

pl(~̀1) pm−l(~̀2)

n!
(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n−sl(~̀1)

(

i
z

2

)sm−l(~̀2)
ei
z
2 ξτ

max{l,m−l}
∏

o=1
˜̀
o≥1



ξ(1−2o)
τ

o/2
∑

κ=0

Co,κ ξ
2κ
τ [s′]

(o−2κ)α′
j





˜̀
o















,
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∏o−κ−1
ι=0 {(1 − 2ι)/2} and (cf. (3.3.53))

max{l,m−l}
∏

o=1
˜̀
o≥1

[

ξ(1−2o)
τ

]˜̀
o

= ξ
(

Pl
o=1 `

1
o(1−2o)+

Pm−l
o=1 `2o(1−2o))

τ

= ξ
(sl(~̀1)+sm−l(~̀2)−2l−2(m−l))
τ

=
1

ξ
(2m−sl(~̀1)−sm−l(~̀2))
τ

.Hence
∂
mα′

j

s′
[

(ξτ − iτ)n ei
z
2 ξτ
]

=
m
∑

l=0

m!
∑

(~̀1,~̀2)∈Tl×Tm−l















1

pl(~̀1) pm−l(~̀2)

n!
(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n−sl(~̀1)

ξ
(2m−sl(~̀1)−sm−l(~̀2))
τ

(

i
z

2

)sm−l(~̀2)
max{l,m−l}
∏

o=1
˜̀
o≥1





o/2
∑

κ=0

Co,κ ξ
2κ
τ [s′]

(o−2κ)α′
j





˜̀
o















ei
z
2 ξτ . (3.3.56)Note that

(

ξτ − iτ
)n−sl(~̀1)

ξ
(2m−sl(~̀1)−sm−l(~̀2))
τis uniformly bounded w.r.t. s′ ∈ B2(2k) for any τ < 0 and n ≥ 9, since the denominator only has zerosin the complex plane. On the other hand, for the limit τ ↗ 0,

lim
τ↘0

(

ξτ − iτ
)n−sl(~̀1)

ξ
(2m−sl(~̀1)−sm−l(~̀2))
τ

=
ξn−sl(

~̀
1)

ξ(2m−sl(~̀1)−sm−l(~̀2))
=

ξn

ξ2m−sm−l(~̀2)
, (3.3.57)which is uniformly bounded w.r.t. s′ ∈ B2(2k) for any n ≥ 9, since m ≤ 4 and sm−l(~̀2) ≥ 0. Summingup over n in (3.3.49), the n! cancels and the factor 1/(n− sl(~̀1))! ensures the convergence. �Consequently, the left derivative in (3.3.47) can be evaluated by di�erentiating every summandseparately. In view of (3.3.57), consider

(

ξτ − iτ
)n−sl(~̀1)

ξ
(2m−sl(~̀1)−sm−l(~̀2))
τ

=

(

ξτ − iτ
)−sl(~̀1)

ξ
−sl(~̀1)
τ

(

ξτ − iτ
)n

ξ
(2m−sm−l(~̀2))
τand formula (3.3.56) can be transformed further. Now collect all factors of (ξτ − iτ)n/ξ

(2m−sm−l(~̀2))
τwith �xed sm−l(~̀2) into one function to get

∂
mα′

j

s′
[

(ξτ − iτ)
n
ei
z
2 ξτ
]

= n! ei
z
2 ξτ

m
∑

l=0

∑

~̀
1∈Tl

l̃b
∑

l̃=0

1
(

n− sl(~̀1)
)

!
qm
j,l̃,~̀1

(s′, z)
(ξτ − iτ)n

ξ
(2m−sm−l(~̀2))
τ

,where
qm
j,l̃,~̀1

(s′, z) := qm
j,l,l̃,~̀1

(s′, z, τ)
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:=

∑

~̀
2∈Tm−l

sm−l(~̀2)=l̃















m!

pl(~̀1) pm−l(~̀2)

(

ξτ − iτ
)−sl(~̀1)

ξ
−sl(~̀1)
τ

(

i
z

2

)sm−l(~̀2)

max{l,m−l}
∏

o=1
˜̀
o≥1





o/2
∑

κ=0

Co,κ ξ
o
2−κ
τ [s′]

(o−2κ)α′
j





˜̀
o













and (cf. (3.3.53) and (3.3.54))
l̃b := l̃b(m) := max

l=0,...,m
max

~̀
2∈Tm−l

sm−l(~̀2) ≤ m ≤ 4.For convenience, de�ne Sm := {(l, ~̀1, l̃) : l = 0, . . . ,m, ~̀1 ∈ Tl, l̃ = 0, . . . , l̃b}. This leads to (cf. (3.3.47))
∞
∑

n=9

(−iζ)n
n!

f(η′)n+1∂
mα′

j

s′
[

(ξτ − iτ)n ei
z
2 ξτ
]

=

∞
∑

n=9

(−iζ)n
n!

f(η′)n+1
∑

(l,~̀1,l̃)∈Sm

n!
(

n− sl(~̀1)
)

!
qm
j,l̃,~̀1

(s′, z)

(

ξτ − iτ
)n

ξ
(2m−l̃)
τ

ei
z
2 ξτ

=

∞
∑

n=9

(−iζ)n f(η′)n+1
∑

(l,~̀1,l̃)∈Sm

qm
j,l̃,~̀1

(s′, z)
(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n

ξ
(2m−l̃)
τ

ei
z
2 ξτ . (3.3.58)Similarly, the derivative on the right of (3.3.47) can be evaluated as

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]

=
~qj(s

′, ξτ )

ξ
(9−2m)
τ

eis
′·x′

ei
z
2 ξτ , (3.3.59)where ~qj(s′, ξτ ) := ~qj(s

′, ξτ , z) is a vector valued polynomial of positive �nite order that collects theremaining terms resulting from the di�erentiation. Thus (cf. (3.3.47))
∂
mα′

j

s′

[ ∞
∑

n=9

(−iζ)n f(η′)n+1 (ξτ − iτ)
n

n!
ei
z
2 ξτ

]

∂
(4−m)α′

j

s′

[

[(

~sξτ × ~e 0
)

× ~sξτ
]

ξτ
eis

′·x′
ei
z
2 ξτ

]

=

∞
∑

n=9

(−iζ)n f(η′)n+1
∑

(l,~̀1,l̃)∈Sm

qm
j,l̃,~̀1

(s′, z)
(

n− sl(~̀1)
)

!

(ξτ − iτ)n

ξ9−l̃τ

~qj(s
′, ξτ ) e

is′·x′
eizξτ (3.3.60)for s′ ∈ B2(2k). However, this is bounded uniformly w.r.t. τ and η′ by a function that is integrablew.r.t. s′, since limτ↗0(ξτ − iτ)n/ξ9−l̃τ = ξn−9+l̃, where n − 9 + l̃ ≥ 0 for n ≥ 9. Hence, Lebesgue'stheorem can be applied for this part of integral (3.3.48), i.e. for the integration w.r.t. s′ over B2(2k)(cf. second and third line on the right-hand side of (3.3.48)), to evaluate the limits w.r.t. r̃ and τ beforethe integrals.For all s′ ∈ R2 \B2(2k) (cf. fourth and �fth line on the right-hand side of (3.3.48)) the derivativesin (3.3.47) can be evaluated by considering the right-hand side of (3.3.58) for these s′. Since the sumsin this term exist absolutely,

∞
∑

n=9

(−iζ)n f(η′)n+1
∑

(l,~̀1,l̃)∈Sm

qm
j,l̃,~̀1

(s′, z)
(

n− sl(~̀1)
)

!

(

ξτ − iτ
)n

ξ
(2m−l̃)
τ

ei
z
2 ξτ

=
∑

(l,~̀1,l̃)∈Sm

{

qm
j,l̃,~̀1

(s′, z)

(

ξτ − iτ
)sl(~̀1)

ξ
(2m−l̃)
τ

f(η′)sl(
~̀
1)+1 (−iζ)sl(~̀1)

∞
∑

n=9

(−iζ)n−sl(~̀1) f(η′)n−sl(
~̀
1)

(

ξτ − iτ
)n−sl(~̀1)

(

n− sl(~̀1)
)

!

}

ei
z
2 ξτ
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=

∑

(l,~̀1,l̃)∈Sm

{

qm
j,l̃,~̀1

(s′, z)

(

ξτ − iτ
)sl(~̀1)

ξ
(2m−l̃)
τ

f(η′)sl(
~̀
1)+1 (−iζ)sl(~̀1)

∞
∑

n=9−sl(~̀1)

(−iζ)n f(η′)n
(

ξτ − iτ
)n

n!

}

ei
z
2 ξτ (3.3.61)

=
∑

(l,~̀1,l̃)∈Sm

{

qm
j,l̃,~̀1

(s′, z)

(

ξτ − iτ
)sl(~̀1)

ξ
(2m−l̃)
τ

f(η′)sl(
~̀
1)+1 (−iζ)sl(~̀1)



e−i(ξτ−iτ)ζ f(η′) −
8−sl(~̀1)
∑

n=0

(−iζ)n f(η′)n
(

ξτ − iτ
)n

n!





}

ei
z
2 ξτwhich is uniformly bounded w.r.t. τ and η′ by a function that is integrable w.r.t. s′, since |ξτ | ≥ c > 0for |s′| > 2k. The same holds again true for (3.3.59). Note, that the integrand in (3.3.48) is uniformlybounded w.r.t. η′ as well. Hence, Lebesgue's theorem can also be applied to the integrals on the fourthand �fth line on the right-hand side of (3.3.48) to evaluate the limits before the integrals.3.3.3 Evaluation of the remaining Cauchy principal value and the limit ofthe limiting absorption principleThus it has been shown that the limits τ ↗ 0 and r̃ → ∞ of Γτ,r̃(~x) (cf. (3.3.11)) exist, by showingthat they exist for I1 (cf. (3.3.12)) and I2 (cf. (3.3.13)). Note, that the splitting of the sum over n in(3.3.11) can be done for 8 replaced by any �xed N ≥ 8. The existence of the limits of (3.3.12) and(3.3.13) will still hold. This will now be used to proveLemma 3.15. De�ning lim

τ↗0
r̃→∞

:= lim
τ↗0

lim
r̃→∞

and
wn(ζ, η′, s′, r̃, τ) := (−iζ)n f(η′)n+11B2(r̃)(η

′)
(ξτ − iτ)

n

n!
eikzζ f(η′) e−iη

′·(s′−k′)
[(

~sξτ×~e 0
)

×~sξτ
]

ξτ
ei~sξτ ·~x.the limits w.r.t. τ and r̃ can be evaluated before taking the sum w.r.t. n on the right hand side of(3.3.11), such that

lim
τ↗0
r̃→∞

(I1 + I2) = lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∑

n∈N0

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ

=
∑

n∈N0

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ. (3.3.62)Proof. Note, that the existence of the left-hand side of (3.3.62) has been shown in the previous subsec-tion. Consider,
∑

n∈N0

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ

= lim
N→∞
N≥8

N
∑

n=0

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

wn(ζ, η
′, s′, r̃, τ) dη′ ds′ dζ

= lim
N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

N
∑

n=0

wn(ζ, η
′, s′, r̃, τ) dη′ ds′ dζ
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= lim

N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2





∑

n∈N0

wn(ζ, η′, s′, r̃, τ) −
∞
∑

n=N+1

wn(ζ, η
′, s′, r̃, τ)



 dη′ ds′ dζ

= lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∑

n∈N0

wn(ζ, η
′, s′, r̃, τ) dη′ ds′ dζ

− lim
N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ,where it was used that ∑n∈N0
wn(ζ, η′, s′, r̃, τ) is absolutely integrable w.r.t. ζ, η′ and s′ for any �xed

r̃ > 0. The existence of the �rst term on the right-hand side has already been shown. It remains toevaluate the limit
lim
N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η
′, s′, r̃, τ) dη′ ds′ dζ = lim

N→∞
N≥8

lim
τ↗0
r̃→∞

I2for 8 replaced by N in I2 (cf. (3.3.13)), by applying Lebesgue's theorem. To do so, the same transfor-mations that led to (3.3.45) are applied here. Furthermore, the integral w.r.t. s′ is again split into thesums of integrals over the two domains B2(2k) and R2 \B2(2k). As before, this allows to evaluate thelimits r̃ → ∞ and τ ↗ 0 by evaluating the limits of the integrand before evaluating the integrals. Thus
lim
N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ

= lim
N→∞
N≥8

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η
′, s′,∞, 0) dη′ ds′ dζ. (3.3.63)In view of (3.3.45), for τ = 0 the limit (3.3.63) transforms to

lim
N→∞
N≥8

lim
τ↗0
r̃→∞

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η′, s′, r̃, τ) dη′ ds′ dζ = lim
N→∞
N≥8

1
∫

0

∫

B2(2k)

∫
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∞
∑

n=N+1

w̃1(n, ζ, η
′, s′) dη′ ds′ dζ
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N→∞
N≥8

1
∫

0

∫

R2\B2(2k)

∫

R2

w̃2(N, ζ, η
′, s′) dη′ ds′ dζ,where (cf. (3.3.45) and (3.3.60))

w̃1(n, ζ, η
′, s′) :=

2
∑

j=0

Mj
∑

m=0

∑

(l,~̀1,l̃)∈Sm

{

(

4

m

)

(−iζ)n f(η′)n+1
qm
j,l̃,~̀1

(s′, z)
(

n− sl(~̀1)
)

!

ξn

ξ9−l̃

~qj(s
′, ξ) eis

′·x′
eizξ eikzζ f(η′) 1

1 + |η′|4∗
e−iη

′·(s′−k′)

}



50 CHAPTER 3. THE REFLECTED NEAR FIELD3.3.3 Evaluation of the remaining limitsand (cf. (3.3.45), (3.3.58), (3.3.59) and the third line of (3.3.61))
w̃2(N, ζ, η

′, s′) :=
2
∑

j=0

Mj
∑

m=0

{

∑

(l,~̀1,l̃)∈Sm

[

qm
j,l̃,~̀1

(s′, z)
ξsl(

~̀
1)

ξ9−l̃
(−iζ)sl(~̀1) f(η′)sl(

~̀
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∞
∑

n=N+1−sl(~̀1)

(

− iζf(η′)
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]
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4

m

)

~qj(s
′, ξ) ei~sξ ·~x eikzζ f(η′) 1

1 + |η′|4∗
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′·(s′−k′)

}

.It remains to apply Lebesgue's theorem to evaluate the limit N → ∞. First consider
∣

∣

∣

∣

∣

∞
∑

n=N+1

w̃1(n, ζ, η
′, s′)

∣

∣

∣

∣

∣

≤
∞
∑

n=N+1

|w̃1(n, ζ, η
′, s′)| ≤

∞
∑

n=9

|w̃1(n, ζ, η
′, s′)| .However, estimating (3.3.60), it has already be shown that this function is integrable w.r.t. η′, s′ and

ζ. Hence, Lebesgue's theorem can be applied. At last, consider the term
|w̃2(N, ζ, η

′, s′)| ≤
2
∑

j=0

Mj
∑

m=0
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∑
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∣

∣

∣

∣
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f(η′)sl(
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1)+1

∣

∣

∣

∣

∣
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|−iζf(η′)ξ|n
n!

]

∣

∣

∣

∣

∣
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4
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)

~qj(s
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′·(s′−k′)

∣

∣

∣

∣

∣

}

≤
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∑
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Mj
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∑
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∣

∣

∣

∣
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∣

∣

∣

∣

∣
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∞
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∣

∣

∣

∣

∣
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4

m

)

~qj(s
′, ξ) ei~sξ ·~x eikzζ f(η′) 1

1 + |η′|4∗
e−iη

′·(s′−k′)

∣

∣

∣

∣

∣

}

=

2
∑

j=0

Mj
∑

m=0

{

∑

(l,~̀1,l̃)∈Sm

[ ∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣
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1) e|−iζf(η′)ξ| ∣

∣ eizξ
∣

∣

]

∣

∣

∣

∣

∣

(

4

m

)

~qj(s
′, ξ) eis

′·x′
eikzζ f(η′) 1

1 + |η′|4∗
e−iη

′·(s′−k′)

∣

∣

∣

∣

∣

}

=

2
∑

j=0

Mj
∑

m=0

{

∑

(l,~̀1,l̃)∈Sm

[ ∣

∣

∣

∣

∣

qm
j,l̃,~̀1

(s′, z)

ξ9−l̃
f(η′)sl(

~̀
1)+1

∣

∣

∣

∣

∣

ζsl(
~̀
1) e−(z−ζf(η′))

√
s′2−k2

]

∣

∣

∣

∣

∣

(

4

m

)

~qj(s
′, ξ) eis

′·x′
eikzζ f(η′) 1

1 + |η′|4∗
e−iη

′·(s′−k′)

∣

∣

∣

∣

∣

}

,which is integrable w.r.t. s′ ∈ R2 \B2(2k), η′ and ζ for z > h. Thus Lebesgue's theorem can be appliedto show that
lim
N→∞
N≥8

1
∫

0

∫

R2

∫

R2

∞
∑

n=N+1

wn(ζ, η
′, s′,∞, 0) dη′ ds′ dζ

=

1
∫

0

∫

R2

∫

R2

lim
N→∞
N≥8

∞
∑

n=N+1

wn(ζ, η′, s′,∞, 0) dη′ ds′ dζ

= 0,
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lim
N→∞
N≥8

∞
∑

n=N+1

wn(ζ, η′, s′,∞, 0)converges pointwise to zero. Consequently, equation (3.3.62) holds true. �Thus it was shown that both limits in (3.3.8) can be evaluated by applying Lebesgue's theorem,integration by parts and the generalised Fourier transform, which then formally leads to
〈

~Dd(~x), ϕ(~x)
〉

=
i

8π2

∫

R3

ϕ̄(~x)

∫

R2

α̂(~sξ − ~k)

[(

~sξ × ~e 0
)

× ~sξ
]

ξ
ei~sξ·~x ds′ d~x,where (cf. (3.2.5))

α̂(~sξ − ~k) := i∆

∫

R2

1 − e−i(ξ−kz)f(η′)

ξ − kz
e−iη

′·(s′−k′) dη′and where the above manipulations are needed to de�ne the integral (see the subsequent formula(3.3.65)). Since the integral w.r.t. s′ is a locally bounded integrable function w.r.t. ~x with z > h, thedistribution ~Dd(~x) can be identi�ed with the locally integrable function
~Dd(~x) =

i

8π2

∫

R2

α̂(~sξ − ~k)

[(

~sξ × ~e 0
)

× ~sξ
]

ξ
ei~sξ·~x ds′. (3.3.64)More precisely, the last integral is well de�ned in the sense (cf. (3.3.8)�(3.3.11), (3.3.25), (3.3.28),(3.3.30)�(3.3.32), (3.3.42), (3.3.39) and (3.3.62))

~Dd(~x) = −i ∆

2

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n0,j
(−iζ)n
n!

dζ
[(

~ωj × ~e 0
)

× ~ωj
] (

ωjz
)n−1

ei~ωj ·~x

− i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n1,j
(−iζ)n
n!

dζ

∫

R2

{

ξn−1 e−|s′−(k′+ω̃′
1,j)|

∣

∣s′ − (k′ + ω̃′
1,j)
∣

∣

[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

− i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n2,j
(−iζ)n
n!

dζ

∫

R2

{

ξn−1K0

(∣

∣s′ − (k′ + ω̃′
2,j)
∣

∣

)

[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

− i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n3,j
(−iζ)n
n!

dζ

∫

R2

{

ξn−1 e−|s′−(k′+ω̃′
3,j)|

[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

− i
∆

8π2

∑

n∈N0

1
∫

0

(−iζ)n
n!

∫

R2

{

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′

[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′ dζ, (3.3.65)with ~ωj = (k′ + ω̃′
0,j , ω

j
z)

>, ωjz =
√

k2 − |k′ + ω̃′
0,j |2 and λ̃n`,j , ω̃′

`,j and g̃n as in Lemma 3.9.



52 CHAPTER 3. THE REFLECTED NEAR FIELD3.4. Re�ected electric �eld3.4 Re�ected electric �eldFollowing the de�nitions and notation introduced in Section 2.2 the re�ected displacement �eld ~Dr
d(~x),which equals ~Dd(~x) for z > h, can be reduced to its underlying electric �elds.

~Dr
d(~x) = ~Dsc(~x) − ~Dsc

Q (~x) = ε0 ~E
sc(~x) − ε0 ~E

sc
Q (~x) = ε0 ~E

r
d(~x),where ~Erd(~x) := ~Esc(~x) − ~EscQ (~x) for z > h. De�ne

~Dr(~x) := ~Dsc(~x) = ~D(~x) − ~D0(~x) ~Er(~x) := ~Esc(~x) = ~E(~x) − ~E0(~x)

~Dr
Q(~x) := ~Dsc

Q (~x) = ~DQ(~x) − ~D0(~x) ~ErQ(~x) := ~EscQ (~x) = ~EQ(~x) − ~E0(~x)where ~Dr(~x) = ε0 ~E
r(~x), ~Dr

Q(~x) = ε0 ~E
r
Q(~x). Hence, when applying this to equation (3.3.65), there�ected electric di�erence �eld is represented by ~Erd(~x) = 1/ε0 ~Dd(~x) = −∑4

`=0E` (cf. (3.1.4)�(3.1.8)) for all ~x ∈ R2×(h,∞). With this, formula (3.1.2) from Theorem 3.1, ~Er(~x) = ~Erd(~x)+ ~EQ(~x) =

EQ −∑4
`=0E` for all ~x ∈R2 × (h,∞), where EQ = ~EQ(~x), is reached. The explicit formula of EQ(cf. (3.1.3)), describing the electric �eld re�ected from an ideal interface, is shown in Section A.3 in theappendix (cf. Eqn. (A.3.2)). Apart from this, it only remains to proof the absolute convergence of thein�nite sums in E0 to E4.The de�nition of the algebra norm in (3.3.2) implies that, for any ζ ∈ [0, 1],

∑

j∈Z

∣

∣

∣λ̃n`,j

∣

∣

∣ ≤
∣

∣

∣

∣fn+1 eikzζ f
∣

∣

∣

∣

A ≤ c ||f ||n+1
A , (3.4.1)with a constant c > 0 independent of n. Furthermore, for any ` = 0, . . . , 3, the function λ̃n`,j(ζ) := λ̃n`,j(cf. (3.3.18) and (3.3.19)) is continuous w.r.t. ζ by the algebra property of AC. The absolute convergenceof the sums will be shown separately for E0, E` for ` = 1, 2, 3 and E4, starting with E0.Split E0 according to (cf. (3.1.4))

E0 = Ea0 + Eb0,

Ea0 := i
∆

2ε0

∑

n∈N0

∑

j∈Z

|k′+ω̃′
0,j|<k

1
∫

0

λ̃n0,j
(−iζ)n
n!

dζ
[(

~ωj × ~e 0
)

× ~ωj
] (

ωjz
)n−1

ei~ωj ·~x,

Eb0 := E0 − Ea0 .Note that condition (3.3.41) implies that a constant ε > 0 exists such that
sup
j∈Z

∣

∣k2 −
∣

∣k′ + ω̃′
0,j

∣

∣

∣

∣ ≥ εand thus |ωjz| > ε. Moreover, since ω̃′
0,j is independent of n, the same holds for ε.First consider Ea0 , i.e. where ωjz ∈ R. Thus

|Ea0 | ≤ c
∑

n∈N0

∑

j∈Z

|k′+ω̃′
0,j|<k

1

n!

1
∫

0

∣

∣

∣
λ̃n0,j(ζ)

∣

∣

∣
dζ

kn+2

ε
≤ c

∑

n∈N0

∑

j∈Z

|k′+ω̃′
0,j|<k

1

n!

1
∫

0

∣

∣

∣
λ̃n0,j(ζ0)

∣

∣

∣
dζ

kn+2

ε
,where ζ0 := argmaxζ∈[0,1] |λ̃n0,j(ζ)|. However, (3.4.1) implies

|Ea0 | ≤
c

ε

∑

n∈N0

1

n!

∑

j∈Z

∣

∣

∣λ̃n0,j(ζ0)
∣

∣

∣ kn+2 ≤ ck2

ε
‖f‖A

∑

n∈N0

kn ||f ||nA
n!

=
ck2

ε
‖f‖Aek‖f‖A <∞.



CHAPTER 3. THE REFLECTED NEAR FIELD3.4. Re�ected electric �eld 53For Eb0 de�ne a z0 with z0 > ||f ||A, and assume z > z0. It follows that
∣

∣Eb0
∣

∣ ≤ c
∑

n∈N0

1

n!

∑

j∈Z

|k′+ω̃′
0,j|≥k

1
∫

0

∣

∣

∣λ̃n0,j

∣

∣

∣ dζ k2 |ωjz|n
|ωjz|

e−|ωjz| z0

≤ c

ε

∑

n∈N0

1

n!

∑

j∈Z

|k′+ω̃′
0,j|≥k

1
∫

0

∣

∣

∣λ̃n0,j

∣

∣

∣ dζ k2
∣

∣ωjz
∣

∣

n
e−|ωjz| z0 .To �nd the supremum of ∣∣ωjz∣∣n e−|ωjz| z0 w.r.t. ∣∣ωjz∣∣, consider the continuous function h(t) := tn e−t z0 ,which is non-negative for t ≥ 0. Moreover, the function is zero at t = 0 and for t → ∞. Thus, sincethe derivative

h′(t) = n tn−1 e−t z0 − z0 t
n e−t z0 = (n− z0 t) t

n−1 e−t z0has only one zero, apart from t = 0, at t = n/z0, this is the argument of the global maximum of h for
t ∈ [0,∞). Consequently, supt≥0 h(t) = (n/z0)

ne−n = (n/e)nz−n0 and with Stirling's formula (cf. [3,p. 75])
sup
t≥0

[

tn e−t z0
] n→∞∼ n!√

2π n
z−n0 . (3.4.2)Using (3.4.1) once more, it follows that

∣

∣Eb0
∣

∣ ≤ c

ε

∑

n∈N0

k2

√
2π n

∑

j∈Z

|k′+ω̃′
0,j|≥k

1
∫

0

∣

∣

∣λ̃n0,j

∣

∣

∣ dζ z−n0 ≤ c

ε

∑

n∈N0

k2 ‖f‖A√
2π n

( ||f ||A
z0

)n

<∞for z0 > ||f ||A. Hence, Eb0 and therewith E0 is absolutely and uniformly convergent for any z ≥ z0.Similarly, this can be shown for E`, with ` = 1, 2, 3 (cf. (3.1.5) to (3.1.7)). This time the domain ofintegration of the integral w.r.t. s′ is split into the two parts B2(
√

2k) and R2 \B2(
√

2k). For the �rstpart, there holds |ξ| ≤ k and
∑

n∈N0

∑

j∈Z

∣

∣

∣

∣

∣

∣

∣

1
∫

0

λ̃n`,j
(−iζ)n
n!

dζ

∫

B2(
√

2k)

{

ξn−1 r`,j(s
′)
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

∣

∣

∣

∣

∣

∣

∣

≤ c
∑

n∈N0

1

n!

∑

j∈Z

1
∫

0

∣

∣

∣
λ̃n`,j

∣

∣

∣
dζ kn+2

∫

B2(
√

2k)

|r`,j(s′)|
|ξ| ds′, (3.4.3)where ‖~sξ‖ = k for s′ ∈ B2(

√
2k) and where

r1,j(s
′) :=

e−|s′−(k′+ω̃′
1,j)|

∣

∣s′ − (k′ + ω̃′
1,j)
∣

∣

, r2,j(s
′) := K0

(∣

∣s′ − (k′ + ω̃′
2,j)
∣

∣

)

, r3,j(s
′) := e−|s′−(k′+ω̃′

3,j)|.Since K0

(∣

∣s′ − (k′ + ω̃′
2,j)
∣

∣

) has a logarithmic singularity at s′ = k′ + ω̃′
2,j and is otherwise continuous,it is easily shown that |r`,j(s′)| ≤ c/|s′ − (k′ + ω̃′

`,j)| for ` = 1, 2, 3, where c is independent of j. Thus,since c/|s′ − (k′ + ω̃′
`,j)| is a weakly singular function w.r.t. s′, where j only determines the positionof the singularity, Lemma 3.11 shows that there exists another c > 0 independent of j such that

∫

B2(
√

2k)
|r`,j(s′)|/|ξ| ds′ ≤ c <∞. Using this and (3.4.1), it follows that (cf. (3.4.3))

∑

n∈N0

∑

j∈Z

∣

∣

∣

∣

∣

∣

∣

1
∫

0

λ̃n1,j
(−iζ)n
n!

dζ

∫

B2(
√

2k)

{

ξn−1 r`,j(s
′)
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

∣

∣

∣

∣

∣

∣

∣

≤ ck2 ‖f‖A
∑

n∈N0

kn ||f ||nA
n!

= ck ‖f‖Aek ‖f‖A <∞.



54 CHAPTER 3. THE REFLECTED NEAR FIELD3.4. Re�ected electric �eldOn the other hand, for the integral in E` over the complementary domain R2 \ B2(
√

2k), the same z0as before is used to show that for |ξ| ≥ k with s′ ∈ R2 \B2(
√

2k), (cf. (3.4.2) with t = |ξ|)
∑

n∈N0

∑

j∈Z

∣

∣

∣

∣

∣

∣

∣

1
∫

0

λ̃n1,j
(−iζ)n
n!

dζ

∫

R2\B2(
√

2k)

{

ξn−1 r`,j(s
′)
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

∣

∣

∣

∣

∣

∣

∣

≤ c
∑

n∈N0

1

n!

∑

j∈Z

1
∫

0

∣

∣

∣λ̃n1,j

∣

∣

∣ dζ k2

∫

R2\B2(
√

2k)

|ξ|n
|ξ| e

−|ξ| z0 |r`,j(s′)| ds′

≤ c
∑

n∈N0

1

n!

∑

j∈Z

1
∫

0

∣

∣

∣
λ̃n1,j

∣

∣

∣
dζ k

∫

R2\B2(
√

2k)

|ξ|n e−|ξ| z0 |r`,j(s′)| ds′

≤ c
∑

n∈N0

1√
nzn0

∑

j∈Z

1
∫

0

∣

∣

∣λ̃n1,j

∣

∣

∣ dζ

∫

R2\B2(
√

2k)

|r`,j(s′)| ds′.In addition to the weak singularity it is now also used that r`,j(s′) decays exponentially as |s′| tendsto in�nity (cf. [1, Eqn. 9.7.2, p. 122]). Again, a constant c independent of j can be found such that
∫

R2\B2(k)
|r`,j(s′)| ds′ < c. Thus (3.4.1) shows that
∑

n∈N0

∑

j∈Z

∣

∣

∣

∣

∣

∣

∣

1
∫

0

λ̃n1,j
(−iζ)n
n!

dζ

∫

R2\B2(
√

2k)

{

ξn−1 r`,j(s
′)
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′

∣

∣

∣

∣

∣

∣

∣

≤ c
∑

n∈N0

k ‖f‖A√
2π n

( ||f ||A
z0

)n

<∞for z0 > ||f ||A. It follows that E` is absolutely and uniformly convergent for any ` = 1, 2, 3 and
z > ||f ||A.Now only E4 (cf. (3.1.8)) remains. Note that the function g̃n(η

′, ζ) (cf. (3.3.20)) also dependscontinuously on ζ. Similar to (3.4.1) it can also be shown that (cf. (3.3.2))
∫

R2

|g̃n(η′, ζ)| dη′ =

∫

R2

(

1 + |η′|2
)2

(

1 + |η′|2
)2 |g̃n(η′, ζ)| dη′ ≤ ||g̃n(η′, ζ)||4,∞

∫

R2

1
(

1 + |η′|2
)2 (3.4.4)

≤ c ||g̃n(η′, ζ)||4,∞ ≤ c
∣

∣

∣

∣fn+1 eikzζ f
∣

∣

∣

∣

A ≤ c ||f ||n+1
A (3.4.5)for any �xed ζ ∈ [0, 1]. As for E1 to E3 the domain of integration of the integral w.r.t. s′ in E4 is splitinto the two parts B2(

√
2k) and R2 \B2(

√
2k). The �rst part can be estimated as

∑

n∈N0

∣

∣

∣

∣

∣

∣

∣

1
∫

0

(−iζ)n
n!

∫

B2(
√

2k)

{

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′ dζ

∣

∣

∣

∣

∣

∣

∣

≤
∑

n∈N0

1

n!

1
∫

0

∫

R2

|g̃n(η′, ζ)| dη′ dζ kn+2

∫

B2(
√

2k)

1

|ξ| ds′,where the integral w.r.t. s′ is �nite. Since g̃n(η′, ζ) is a continuous function w.r.t. ζ, the integral
∫

R2 |g̃n(η′, ζ)| dη′ is also a continuous function w.r.t. ζ. Hence, the �rst mean value theorem for inte-gration can be used to show that there exists a ζ0 ∈ [0, 1] such that (cf. (3.4.5))
1
∫

0

∫

R2

|g̃n(η′, ζ)| dη′ dζ =

∫

R2

|g̃n(η′, ζ0)| dη′ ≤ c ||f ||n+1
A .
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∑

n∈N0

∣

∣

∣

∣

∣

∣

∣

1
∫

0

(−iζ)n
n!

∫

B2(k)

{

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′ dζ

∣

∣

∣

∣

∣

∣

∣

≤ ck2 ‖f‖A
∑

n∈N0

kn ||f ||nA
n!

= ck2 ‖f‖Aek ‖f‖A <∞.For the second part of the integral, z0 is this time chosen such that z0 > 2 ||f ||A. Assume z ≥ z0 andnote that |ξ| ≥ k for s′ ∈ R2 \B2(
√

2k). Thus (cf. (3.4.2))
∑

n∈N0

∣

∣

∣

∣

∣

∣

∣

1
∫

0

(−iζ)n
n!

∫

R2\B2(
√

2k)

{

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′ dζ

∣

∣

∣

∣

∣

∣

∣

≤ c
∑

n∈N0

k2

n!

1
∫

0

∫

R2

|g̃n(η′, ζ)| dη′ dζ

∫

R2\B2(
√

2k)

|ξ|n
|ξ| e

−|ξ| z0 ds′

≤ c
∑

n∈N0

k

n!

1
∫

0

∫

R2

|g̃n(η′, ζ)| dη′ dζ

∫

R2\B2(
√

2k)

|ξ|n e−|ξ| z02 e−|ξ| z02 ds′

≤ c
∑

n∈N0

1√
n
(

z0
2

)n

1
∫

0

∫

R2

|g̃n(η′, ζ)| dη′ dζ

∫

R2\B2(
√

2k)

e−|ξ| z02 ds′.Using the �rst mean value theorem for integration w.r.t. ζ and (3.4.5) for a �nal time then leads to
∑

n∈N0

∣

∣

∣

∣

∣

∣

∣

1
∫

0

(−iζ)n
n!

∫

R2\B2(k)

{

ξn−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ × ~e 0
)

× ~sξ
]

ei~sξ·~x
}

ds′ dζ

∣

∣

∣

∣

∣

∣

∣

≤ c
∑

n∈N0

k ‖f‖A√
2π n

(

2 ||f ||A
z0

)n

<∞for z0 > 2 ||f ||A. Consequently, E4 is also absolutely and uniformly convergent for any z ≥ z0. Thisconcludes the proof of Theorem 3.1.
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Chapter 4The re�ected far �eld4.1 The far-�eld formulaThe primary goal of this chapter is to determine the far-�eld pattern for the solution of the re�ectedelectric �eld in the case of interface functions from A ∩ L∞

Q . In the context of this thesis, the re�ectedfar �eld is understood as the re�ected �eld many wavelengths above the highest points of the 'rough'surface. This far-�eld pattern can be described by the asymptotic behaviour of (3.1.2) for ‖~x‖ → ∞with ~x = ‖~x‖ ~m and a �xed direction ~m = (mx,my,mz)
> s.t. mz > 0. For this thesis, only the termsof the asymptotic expansion that decay at most with the order 1/‖~x‖ are considered for the far-�eldpattern. All other terms will be neglected. There holds,Theorem 4.1 (The re�ected far �eld). Assume the interface is the graph of a function f ∈ A∩L∞

Q asdescribed in Remark 3.4 that satis�es condition (3.3.41). Moreover, suppose this interface is illuminatedby an incoming plane wave as described in Subsection 2.1. Then the far-�eld asymptotics of the re�ectedpolarised electric �eld for z > max {2 ||f ||A , 2 ||f ||∞}, ~x =: R~m and R := ‖~x‖ in the sense of the Bornapproximation is
~Er(R~m) = r(~k,~e 0)

eikR~n
r
0·~m

|k′|2

− i
∆

2ε0

∑

n∈N0

∑

j∈Z

|k′+ω̃′
0,j |<k

1
∫

0

λ̃n0,j(ζ)
(−iζ)n
n!

dζ
[(

~ωj × ~e 0
)

× ~ωj
] (

ωjz
)n−1

eiR~ωj ·~m

− ∆ k3

2ε0
H(~m)

[(

~m× ~e 0
)

× ~m
] eikR

kR

− i
∆

2ε0

∑

j∈Z

|k′+ω̃′
1,j |=k

1
∫

0

λ̃0
1,j(ζ) dζ

[

(

(k′+ω̃′
1,j, 0)> × ~e 0

)

× (k′+ω̃′
1,j, 0)>

] eiR(k′+ω̃′
1,j)·m′

kRmz

− ∆ k2

4πε0
H1(~m)

[(

~m× ~e 0
)

× ~m
]

(

1

kR
+
√
iπ

eikR√
kR

)

− ∆ k3

4ε0
H2(~m)

[(

~m× ~e 0
)

× ~m
] logR

kR
eikR + o

(

1

R

)

, (4.1.1)where ~nr0 := (n0
x, n

0
y,−n0

z)
> (cf. def. of ~n 0 in Sect. 2.1), ~ωj = (k′ + ω̃′

0,j, ω
j
z)

>, ωjz =
√

k2 − |k′ + ω̃′
0,j|2,

r(~k,~e 0) is de�ned by Equation (3.1.9) in Theorem 3.1,
H(~m) :=

∑

n∈N0

∑

j∈Z

4
∑

`=1

1
∫

0

λ̃n`,j(ζ)
(−ikmz ζ)

n

n!
h̃`,j,n(~m, ζ) dζ,
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H1(~m) :=

√
2 F̃ (π \ α)

∑

n∈N0

∑

j∈Z

ω̃′
1,j=km

′−k′

1
∫

0

λ̃n1,j(ζ)
(−ikmz ζ)

n

n!
dζ,

H2(~m) :=
∑

n∈N0

∑

j∈Z

ω̃′
2,j=km

′−k′

1
∫

0

λ̃n2,j(ζ)
(−ikmz ζ)

n

n!
dζ,

λ̃n`,j , ω̃`,j and g̃n de�ned as in Lemma 3.9, F̃ denotes the elliptic integral of the �rst kind (cf. [1,Eqn. 17.2.6, p. 234]) and
h̃`,j,n(~m, ζ) :=



















































e
−|km′−(k′+ω̃′

1,j)|
|km′−(k′+ω̃′

1,j)| if ` = 1 and m′ 6= k′+ω̃′
1,j

k

−1 if ` = 1 and m′ =
k′+ω̃′

1,j

k

K0

(∣

∣km′ − (k′ + ω̃′
2,j)
∣

∣

) if ` = 2 and m′ 6= k′+ω̃′
2,j

k

− 1
2

[

γ̃ + log
(

k
8 (1 +mz)

2
)

− iπ2
] if ` = 2 and m′ =

k′+ω̃′
2,j

k

e−|km′−(k′+ω̃′
3,j)| if ` = 3

1
2π

∫

R2 g̃n(η
′, ζ) e−iη

′·(km′−k′) dη′ if ` = 4

. (4.1.2)
Remark 4.2 (Appearance of far-�eld terms).i) The sum of plane waves in the second line of (4.1.1) is the far �eld corresponding to the near-�eldterm E0 (cf. (3.1.4)) in Equation (3.1.2). Similarly, the index ` = 1, . . . , 4 of h̃`,j,n correspondsto the near-�eld terms E1 to E4 (cf. (3.1.5) to (3.1.8)) in (3.1.2). Moreover, the fourth lineof (4.1.1) as well as the following line containing the function H1 are additional far-�eld termscorresponding to E1, while the line containing H2 is an additional far-�eld term for E2.ii) In the case of a purely almost periodic interface function, i.e. g(η′) ≡ 0 and λ`,j = 0 for all

` = 1, 2, 3 and j ∈ Z, only the plane wave terms in the �rst two lines of Equation (4.1.1)remain. This can be seen by considering the de�nitions (3.3.19) and (3.3.20) of g̃n and λ̃n`,j forall ` = 1, . . . , 3 and j ∈ Z in Lemma 3.9 or, more easily, by examining equation (3.3.22) in theproof of this lemma.The same terms of (4.1.1) will also remain, if the interface is further simpli�ed to be periodicor bi-periodic. This case is examined in the numerical example of Chapter 6. This chapteralso discusses how the calculation of the amplitude factors λ̃n0,j may be simpli�ed in these cases.Moreover, the sum w.r.t. j in the second line of (4.1.1) will reduce to only �nitely many planewave terms.iii) In the case of an interface function with the lowest decay order towards in�nity, e.g. f(η′) :=
cos(ω′ · η′)/

√

1 + |η′|2 or equivalently g(η′) ≡ 0, λ1,−1 = λ1,1 = 1/2, −ω′
1,−1 = ω′

1,1 = ω′ andall other λ`,j are equal to zero, all terms of Equation (4.1.1), except for the plane waves in thesecond line, will be non-zero.Increasing the decay further by using an interface function with compact support, all terms exceptthe �rst line of (4.1.1) and the summand with ` = 4 in H will be zero. This shows that alocally bounded perturbation of a planar interface results in a re�ected far �eld, described as thesuperposition of one plane wave, resulting from the scattering at an ideal plane, and the usualradially decaying wave resulting from scattering at a bounded obstacle.iv) Apart from the usual plane wave and radial decay terms, i.e. terms with eiR~ωj ·~m or eikR/R,Equation (4.1.1) also contains some terms with more unusual decay orders. However, these comeonly into play in very speci�c instances. For example, consider the function h̃1,j,n(~m, ζ) (cf. �rsttwo lines of (4.1.2)) contained in the de�nition of H(~m), which is the amplitude function of theradial decay term eikR/R. The function h̃1,j,n has to be de�ned piecewise to avoid the possiblesingularity at km′ = k′ + ω̃′
1,j. When proving Theorem 4.1, this means that in this situation the



58 CHAPTER 4. THE REFLECTED FAR FIELD4.2. Several parts of the �eldfar-�eld asymptotics have to be derived separately. Consequently, in this case, and only in thiscase, the new decay order terms 1/R and eikR/√R come into play. Or in other words, the function
H1 is zero in all other cases. Examining the singularity point km′ = k′+ω̃′

1,j, where ω̃′
1,j is de�nedby Lemma 3.9, it is apparent that this situation only occurs for very speci�c combinations of wavevectors ~k with k = ‖~k‖ and spatial frequencies ω′

`,j of the interface. Even then, the singularity,which is to be avoided, only manifests in one re�ection direction ~m = (m′,
√

1 − |m′|2)> with
m′ = (k′ + ω̃′

1,j)/k. Similarly, H2 corresponds to the possible singularity in h̃2,j,n.Similar to Chapter 3 and Theorem 3.1, this chapter is mainly dedicated to proving Theorem 4.1.Additionally, the last two sections contain remarks comparing the here presented far-�eld solution withthe results by Stearns [36].In the following two sections the main terms of asymptotic behaviour of (3.1.2) will be derived. Forthe plane waves in EQ and (3.1.4) the asymptotic expansion is already the plane wave formula itself.For the remaining terms (3.1.5)�(3.1.8), the basic approach is to transform the integral w.r.t. s′ topolar or spherical coordinates, as needed. The resulting integrals are then integrated by parts w.r.t. theradius or the polar angle such that the resulting terms either contribute to the far-�eld pattern or canbe shown, mostly by using the Riemann-Lebesgue lemma (cf. Thm. C.11), to decay faster than 1/‖~x‖.Special care is taken for weakly singular integrands (cf. (3.1.5) and (3.1.6)). This is done by introducinga cut-o� function with a support in a small neighbourhood around the singularity and thus splittingthe integrand into singular and non-singular parts. The resulting integrals are treated separately inSubsections 4.2.2, 4.2.3 and 4.2.4. The idea for determining the asymptotic behaviour of the weaklysingular integrals is to further split the integrands step by step. Finally, there remain non-singularintegrands and one singular integrand, which can be evaluated explicitly. In Subsection 4.2.4.4 all isput together to obtain the far-�eld asymptotics formulated in Theorem 4.1. In the last two sections4.3 and 4.4 these results will be compared with those by Stearns (cf. [36]) for two special cases, i.e. theformula for the reduced energy re�ected in specular direction and the scattering at a sinusoidal grating.4.2 Several parts of the �eld in correspondence to a partition ofthe domain of integration4.2.1 Splitting of the �eldTo obtain an approximation of the far �eld, the terms on the right-hand side of (3.1.2) will be treatedseparately, starting with the second, i.e. (3.1.4). Examining the exponent of
ei~ωj ·~x = ei(k

′+ω̃′
0,j)·x′

eiz
q

k2−|k′+ω̃′
0,j|2 ,it can be deduced that the electric �eld E0 is a superposition of plane waves and evanescent modes,which correspond to |k′+ω̃′

0,j| < k and |k′+ω̃′
0,j | > k, respectively. This is a result of√k2 − |k′ + ω̃′

0,j |2being either real or purely imaginary with a non-negative imaginary part. To evaluate the far �eld,the far-�eld direction is �xed by a unit vector ~m with mz > 0 and the far-�eld behaviour at the points
~x =: R~m, where R tends to in�nity, is considered. In (3.1.4) all summands, for which |k′ + ω̃′

0,j |2 > k2,decay exponentially as R tends to in�nity and are thus negligible evanescent modes of the electric �eld.Only the remaining terms, as well as EQ (cf. (3.1.3)), contribute as plane wave modes to the far-�eld.Next, the remaining terms (3.1.5) to (3.1.8) are examined. For convenience in the following exam-inations, de�ne the new normalised variable ~nr := ~sξ/(s
2
x + s2y + ξ2)1/2 = ~sξ/k = (nx, ny, n

r
z)

> with
nrz :=

√
1 − n′2. It follows that ds′ = k2 dn′ and

E` =
∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n`,j
(−ikζ)n

n!

∫

R2

h`,j(n
′)

nrz
eik~n

r ·~x dn′ dζ (4.2.1)for ` = 1, . . . , 4, where λ̃n4,j = 1 for j = 0 and n ∈ N0 and λ̃n4,j = 0 for j ∈ Z \ {0} and n ∈ N0,
h1,j(n

′) := h1,j,n(n
′) := i

∆ k3

4πε0
[nrz]

n e−|kn′−(k′+ω̃′
1,j)|

∣

∣kn′ − (k′ + ω̃′
1,j)
∣

∣

[(

~nr × ~e 0
)

× ~nr
]

, (4.2.2)
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h2,j(n

′) := h2,j,n(n
′) := i

∆ k3

4πε0
[nrz]

nK0

(∣

∣kn′ − (k′ + ω̃′
2,j)
∣

∣

) [(

~nr × ~e 0
)

× ~nr
]

, (4.2.3)
h3,j(n

′) := h3,j,n(n
′) := i

∆ k3

4πε0
[nrz]

n e−|kn′−(k′+ω̃′
1,j)| [(~nr × ~e 0

)

× ~nr
] (4.2.4)and

h4,0(n
′) := h4,0,n(n

′) := i
∆ k3

8π2ε0
[nrz]

n

∫

R2

g̃n(η
′, ζ) e−iη

′·(kn′−k′) dη′
[(

~nr × ~e 0
)

× ~nr
]

. (4.2.5)Examining the exponent of eik~nr ·~x = eikn
′·x′

eikz
√

1−n′2 it can be deduced that this part of the electric�eld is also a superposition of plane waves and evanescent modes, which correspond to n′2 ≤ 1 and
n′2 > 1, respectively. Moreover, the functions h1,j(n

′) and h2,j(n
′) possess weak singularities at kn′ =

k′+ω̃′
1,j and kn′ = k′+ω̃′

2,j, respectively. Note that these singularities coincide with the weak singularity
1/nrz = 1/

√
1 − n′2, if |k′ + ω̃′

1,j| = k or |k′ + ω̃′
2,j| = k. In these cases, the integrals are still absolutelyintegrable (cf. Lemma 3.11) but introduce additional challenges when deriving the far-�eld asymptotics.These challenges can be overcome by examining the integrals in these cases very carefully and adaptingthe methods, used in the following for the cases of non-intersecting singularities, appropriately. Sincethe examinations of the asymptotic behaviour for |k′+ω̃′

`,j| = k, for ` = 1, . . . , 4, are quite extensive butotherwise very similar to those shown in the following, they are presented in the appendix in SectionB. To study the integrals in the case that |k′ + ω̃′
`,j| 6= k for ` = 1, . . . , 4, the domain of integrationw.r.t. n′ will be separated according to the areas of integration corresponding to plane waves (|n′| ≤ 1)and evanescent modes (|n′| ≥ 1) and a small neighbourhood around the singularity point k′ = ω̃′

`,j,
` = 1, . . . , 4 (cf. Figure 4.1). Consequently, (cf. (4.2.1))

∫

R2

h`,j(n
′)

nrz
eik~n

r ·~x dn′ = W 1
`,j +W 2

`,j +W 3
`,j , (4.2.6)where

W 1
`,j :=

∫

B2(1)

(

1 − χε(kn
′ − k′ − ω̃′

`,j)
) h`,j(n

′)

nrz
eik~n

r ·~x dn′, (4.2.7)
W 2
`,j :=

∫

R2\B2(1)

(

1 − χε(kn
′ − k′ − ω̃′

`,j)
) h`,j(n

′)

nrz
eik~n

r ·~x dn′,and
W 3
`,j :=

∫

R2

χε(kn
′ − k′ − ω̃′

`,j)
h`,j(n

′)

nrz
eik~n

r ·~x dn′. (4.2.8)Here χε ∈ C∞
0 (R2), suppχε ⊂ B2(ε), χε(n′) = 1 for n′ ∈ B2(ε/2) and a small constant ε > 0 with

ε < |k− |k′ + ω̃′
`,j|| for ` = 1, . . . , 4. This choice of ε ensures that either suppχε(k · −k′ − ω̃′

`,j) ⊂ B2(1)or suppχε(k · −k′ − ω̃′
`,j) ⊂ R2 \ B2(1). The asymptotics for R → ∞ of these three integrals will beexamined separately in the following three subsections.4.2.2 Smooth integrands of evanescent modesFirst consider W 2

`,j by introducing polar coordinates n′ = ρn′
0, with n′

0 := (cosφ, sinφ)>. Integrationby parts w.r.t. ρ leads to
W 2
`,j =

2π
∫

0

∞
∫

1

(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0 ·m′ ρ

√

1 − ρ2
e−kRmz

√
ρ2−1 dρ dφ

= − 1

ikRmz

2π
∫

0

∞
∫

1

(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0 ·m′

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ dφ
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= − 1

ikRmz

2π
∫

0

[(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0·m′

e−kRmz
√
ρ2−1

]∞

ρ=1
dφ

+
1

ikRmz

2π
∫

0

∞
∫

1

∂ρ

[(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0·m′

]

e−kRmz
√
ρ2−1 dρ dφ

=
1

ikRmz
W 2.1
`,j +

1

ikRmz
W 2.2
`,j , (4.2.9)where

W 2.1
`,j :=

2π
∫

0

(

1 − χε(kn
′
0 − k′ − ω̃′

`,j)
)

h`,j(n
′
0) e

ikRn′
0·m′

dφ (4.2.10)and
W 2.2
`,j :=

2π
∫

0

∞
∫

1

∂ρ

[(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0·m′

]

e−kRmz
√
ρ2−1 dρ dφ. (4.2.11)First, consider W 2.1

`,j for m′ 6= (0, 0)> and m′

|m′| = (cosφ′, sinφ′)>. Substitute u = u(φ) := kn′
0 ·m′ =

k |m′| cos(φ − φ′). Naturally this has to be done separately for the two sets φ − φ′ ∈ [0, π) and
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φ− φ′ ∈ [π, 2π) leading to

W 2.1
`,j =

2π+φ′
∫

φ′

(

1 − χε(kn
′
0 − k′ − ω̃′

`,j)
)

h`,j(n
′
0) e

ikRn′
0·m′

dφ

= −
−k|m′|
∫

k|m′|

(

1 − χε(kn
′
0,1(u) − k′ − ω̃′

`,j)
)

h`,j
(

n′
0,1(u)

) 1
√

k2 |m′|2 − u2

eiRu du

−
k|m′|
∫

−k|m′|

(

1 − χε(kn
′
0,2(u) − k′ − ω̃′

`,j)
)

h`,j
(

n′
0,2(u)

) 1
√

k2 |m′|2 − u2

eiRu du,where
n′

0,ι(u) :=







cos
[

(−1)ι+1 arccos
(

u
k|m′|

)

+ φ′ + (ι− 1)2π
]

sin
[

(−1)ι+1 arccos
(

u
k|m′|

)

+ φ′ + (ι− 1)2π
]





for ι = 1, 2. Note that the integrand of both integrals is absolutely integrable w.r.t. u on the compactset [−k |m′| , k |m′|]. Thus, according to the Riemann-Lebesgue lemma, the integral converges to zeroas R tends to in�nity. Furthermore, this shows for m′ 6= (0, 0)> that the �rst term on the right-handside of (4.2.9) tends to zero faster than 1/R as R tends to in�nity. In the case of m′ = (0, 0)> the term
1

ikR

2π
∫

0

(

1 − χε(kn
′
0 − k′ − ω̃′

`,j)
)

h`,j(n
′
0) dφ (4.2.12)remains. Later on, when examining W 1

`,j, it will be seen that this term also occurs for the integral over
B2(1) but with opposite sign, which shows that the sum of the two (cf. (4.2.6)) is equal to zero.For W 2.2

`,j (cf. (4.2.11)) examine the derivative
∂ρ

[(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0·m′

]

= −kn′
0 · ∇χε(kρn′

0 − k′ − ω̃′
`,j)h`,j(ρn

′
0) e

ikρRn′
0·m′

+
(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

n′
0 · ∇h`,j(ρn′

0) e
ikρRn′

0 ·m′

+ ikRn′
0 ·m′

(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0 ·m′

. (4.2.13)Since, for some arbitrary ν;∈ R2,

|∇ [nrz(n
′)]| =

∣

∣

∣∇
[
√

1 − n′2
]∣

∣

∣ =

∣

∣

∣

∣

− n′
√

1 − n′2

∣

∣

∣

∣

=
ρ

√

ρ2 − 1
,

∣

∣

∣

∣

∇
[

1

|n′ − ν′|

]∣

∣

∣

∣

=

∣

∣

∣

∣

∣

− n′ − ν′

|n′ − ν′|3

∣

∣

∣

∣

∣

≤ c

|n′ − ν′|2and
∣

∣

∣∇
[

e−k|n′−ν′|]
∣

∣

∣ =

∣

∣

∣

∣

−k n′ − ν′

|n′ − ν′| e
−k|n′−ν′|

∣

∣

∣

∣

≤ c, (4.2.14)it follows for ` = 1 (cf. (4.2.2)) that
|n′

0 · ∇h`,j(ρn′
0)| e−

k
2Rmz

√
ρ2−1 ≤ c

∣

∣

∣kρn′
0 − k′ + ω̃′

`,j

∣

∣

∣





1
∣

∣

∣kρn′
0 − k′ + ω̃′

`,j

∣

∣

∣

+
ρ

√

ρ2 − 1
+ 1



 ,



62 CHAPTER 4. THE REFLECTED FAR FIELD4.2.3 Smooth integrands of plane wavesfor ρ ∈ [1,∞). The same estimate also holds for ` = 2, 3, 4, since h`,j(ρn′
0) has a weaker singularity atthe same position in these cases. This shows that

∣

∣

∣

(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

n′
0 · ∇h`,j(ρn′

0)
∣

∣

∣ e−
k
2Rmz

√
ρ2−1 ≤ c

(

1 +
ρ

√

ρ2 − 1

)

.It follows that (cf. (4.2.13))
∣

∣

∣∂ρ

[(

1 − χε(kρn
′
0 − k′ − ω̃′

`,j)
)

h`,j(ρn
′
0) e

ikρRn′
0·m′

]∣

∣

∣ e−
k
2Rmz

√
ρ2−1 ≤ c

(

1 +
ρ

√

ρ2 − 1
+R

)for ρ ∈ [1,∞), since∇χε(kρn′
0−k′−ω̃′

`,j) ≡ 0 in a small neighbourhood of kρn′
0 = k′+ω̃′

`,j. Substituting
u := R

√

ρ2 − 1 in this estimate, (cf. (4.2.11))
∣

∣W 2.2
`,j

∣

∣ ≤ 2π c

∞
∫

1

(

1 +
ρ

√

ρ2 − 1
+R

)

e−
k
2Rmz

√
ρ2−1 dρ

= 2π
c

R

∞
∫

0





1

R

u
√

u2

R2 + 1
+ 1 +

u
√

u2

R2 + 1



 e−
k
2mz u du

≤ c

R

∞
∫

0

(

1

R
+ 1

)

e−
k
4mz u du

= O
(

1

R

)

,since u2/R2 ≥ 0 and u e−k/4mz u ≤ c for all u ∈ [0,∞) and R > 0. Consequently the second term onthe right-hand side of (4.2.9) has an asymptotic behaviour of o(1/R) and
W 2
`,j = 10(|m′|) 1

ikR

2π
∫

0

(

1 − χε(kn
′
0 − k′ − ω̃′

`,j)
)

h`,j(n
′
0) dφ+ o

(

1

R

)

. (4.2.15)4.2.3 Smooth integrands of plane wavesRecall that (cf. (4.2.7))
W 1
`,j :=

∫

B2(1)

(

1 − χε(kn
′ − k′ − ω̃′

`,j)
) h`,j(n

′)

nrz
eikR~n

r ·~m dn′. (4.2.16)To examine this integral, observe that n′ = (nx, ny)
> 7→ ~nr = (nx, ny,

√

1 − n2
x − n2

y)
> is a bijectivemapping of the points of the unit disk onto the upper hemisphere of the unit ball. For convenience,the vector ~nr will be transformed to spherical coordinates (θ, φ), where the direction of the polar axesis chosen as ~m. As a result ~nr · ~m equals cos θ. If

~m = (sinα cosβ, sinα sinβ, cosα)>, (4.2.17)with the z-axis as polar axis, then ~nr can be represented as
~nr(θ, φ) := A · (sin θ cosφ, sin θ sinφ, cos θ)

>

=





sinα cosβ cos θ + (cosα cosβ cosφ− sinβ sinφ) sin θ
sinα sinβ cos θ + (cosα sinβ cosφ+ cosβ sinφ) sin θ

cosα cos θ − sinα cosφ sin θ



 , (4.2.18)



CHAPTER 4. THE REFLECTED FAR FIELD4.2.3 Smooth integrands of plane waves 63

b

b

b

mz

~nr

θ

φ

n′
nrx

nry

nrz
~m

α

β

m′
mx

my

z

x

y

Figure 4.2: Spherical coordinates w.r.t. ~mwith
A =





cosα cosβ − sinβ sinα cosβ
cosα sinβ cosβ sinα sinβ
− sinα 0 cosα



 =





cosβ − sinβ 0
sinβ cosβ 0

0 0 1



 ·





cosα 0 sinα
0 1 0

− sinα 0 cosα



 ,as visualised in Figure 4.2. Now nx and ny can be substituted in integral (4.2.16). For this, thedeterminant of the Jacobian matrix ∂(nx, ny)/∂(θ, φ) needs to be calculated, which leads to
det

(

∂(nx, ny)

∂(θ, φ)

)

= sin θ(− sinα sin θ cosφ+ cosα cos θ) = nrz(θ, φ) sin θ. (4.2.19)Since the calculation of the determinant is a lengthy process but otherwise contains no di�culties, itwill not be shown in more detail. As a result, the di�erential dn′ is replaced by nrz(θ, φ) sin θ dθ dφ.Thus
W 1
`,j =

2π
∫

0

θ(φ)
∫

0

(

1 − χε(kn
′(θ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(θ, φ)
)

sin θ eikR cos θ dθ dφ (4.2.20)where θ(φ) ≤ π is the angle at which ~nr(θ(φ), φ) lies in the x−y plane, i.e. nrz(θ(φ), φ) = 0, and n′(θ, φ)is de�ned as (nrx(θ, φ), nry(θ, φ))>. Further substituting cos θ by ψ, where θ ∈ [0, θ(φ)] ⊂ [0, π], and



64 CHAPTER 4. THE REFLECTED FAR FIELD4.2.3 Smooth integrands of plane wavesapplying integration by parts to the integral w.r.t. ψ leads to the expression
W 1
`,j =

2π
∫

0

1
∫

cos θ(φ)

(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)

eikRψ dψ dφ

=
1

ikR

2π
∫

0

(

1 − χε(km
′ − k′ − ω̃′

`,j)
)

h`,j(m
′) eikR dφ

− 1

ikR

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

eikR cos θ(φ) dφ

− 1

ikR

2π
∫

0

1
∫

cos θ(φ)

∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)]

eikRψ dψ dφ

= 2π
(

1 − χε(km
′ − k′ − ω̃′

`,j)
)

h`,j(m
′)
eikR

ikR

− 1

ikR

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

eikR cos θ(φ) dφ

− 1

ikR

2π
∫

0

1
∫

cos θ(φ)

∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)]

eikRψ dψ dφ (4.2.21)where n′(1, φ) = m′,
n′(ψ, φ) :=

(

sinα cosβ ψ + (cosα cosβ cosφ− sinβ sinφ)
√

1 − ψ2

sinα sinβ ψ + (cosα sinβ cosφ+ cosβ sinφ)
√

1 − ψ2

)

, (4.2.22)
nrz(ψ, φ) := cosαψ − sinα cosφ

√

1 − ψ2 (4.2.23)and n′
0(φ) := n′(cos θ(φ), φ

). Similarly to (4.2.10) and (4.2.11), de�ne
W 1.1
`,j :=

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

eikR cos θ(φ) dφand
W 1.2
`,j :=

2π
∫

0

1
∫

cos θ(φ)

∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)]

eikRψ dψ dφ, (4.2.24)such that (cf. (4.2.21))
W 1
`,j = 2π

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j(m
′)
eikR

ikR
− 1

ikR
W 1.1
`,j − 1

ikR
W 1.2
`,j . (4.2.25)To examine W 1.1

`,j a closer look at cos θ(φ) is necessary. Since θ(φ) is de�ned as the solution of
nrz(θ(φ), φ) = cosα cos θ(φ) − sinα sin θ(φ) cosφ = 0, (4.2.26)the value cos θ(φ) is found as

cos θ(φ) =

{

cos
(

Atan
(

cotα
cosφ

)) if φ 6∈
{

π
2 ,

3
2π
} and α 6= 0

0 if φ ∈
{

π
2 ,

3
2π
} or α = 0

, (4.2.27)
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Atan : R \ {0} → [0, π] \ {π

2
}

x 7→ Atan(x) :=

{

arctan(x) if x > 0

π + arctan(x) if x < 0
.On the other hand, replacing sin θ(φ) in (4.2.26) by √1 − cos2 θ(φ) and dividing by cosα, the equation

cos θ(φ) = tanα cosφ
√

1 − cos2 θ(φ)is obtained. Squaring and rearranging this leads to
(

1 + tan2 α cos2 φ
)

cos2 θ(φ) = tan2 α cos2 φand
cos θ(φ) =

tanα cosφ
√

1 + tan2 α cos2 φ
, (4.2.28)which is an alternative representation of cos θ(φ), equivalent to (4.2.27). From this, it is easily deducedthat cos θ(φ) is monotone for φ ∈ [0, π) and for φ ∈ [π, 2π). Thus, unless α = 0 or equivalently

m′ = (0, 0)>, the substitution t := cos θ(φ) for these two intervals is possible. For now it is assumedthat α ∈ (0, π/2). It is easily calculated that the inverse function φ(t) = arccos(cotα t/
√

1 − t2) suchthat dφ = − cosα/[(1 − t2)
√

sin2 α− t2] dt with cos θ(φ) ∈ (− sinα, sinα] for φ ∈ [0, π). Thus
W 1.1
`,j =

sinα
∫

− sinα

(

1 − χε(kn
′
0,1(t) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0,1(t)

) cosα

1 − t2
1

√

sin2 α− t2
eikR t dt

−
sinα
∫

− sinα

(

1 − χε(kn
′
0,2(t) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0,2(t)

) cosα

1 − t2
1

√

sin2 α− t2
eikR t dt,where

n′
0,l(t) := n′

0

(

cos θ
(

φ(t) + (l − 1)π
)

, φ(t) + (l − 1)π
)for l = 1, 2. Since α ∈ (0, π/2), or equivalently |m′| 6= 0, and thus 0 < sinα < 1, the integrands of theseintegrals are only weakly singular at t = ± sinα and thus absolutely integrable. Hence, the asymptoticbehaviour

1

R
W 1.1
`,j = o

(

1

R

)for the second term on the right-hand side of (4.2.21) follows from the Riemann-Lebesgue lemma. Inthe case that α = 0 and thus cos θ(φ) ≡ 0 the term
− 1

ikR

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

dφ, (4.2.29)with (cf. (4.2.22))
n′

0(φ) =

(

cosβ cosφ− sinβ sinφ
sinβ cosφ+ cosβ sinφ

)

=

(

cos(β + φ)
sin(β + φ)

)remains. Note that with this and α = 0, (4.2.29) is the negative of (4.2.12). Thus the two terms cancelwhen W 1
`,j is added to W 2

`,j (cf. (4.2.6)).
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`,j (cf. (4.2.24)) is examined. Note that the function h`,j(n

′) can also be written as afunction h̃`,j(n′, nrz), with nrz :=
√

1 − n′2 (cf. (4.2.2)�(4.2.5)). For convenience this will be used untilthe end of this subsection. For W 1.2
`,j examine the derivative

∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)]

= ∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h̃`,j

(

n′(ψ, φ), nrz(ψ, φ)
)]

= −k ∂ψn′(ψ, φ) · ∇χε(kn′(ψ, φ) − k′ − ω̃′
`,j) h̃`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

+
(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

∂ψn
′(ψ, φ) · ∇n′ h̃`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

+
(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

∂ψn
r
z(ψ, φ) ∂nrz h̃`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

,where (cf. (4.2.22))
∂ψn

′(ψ, φ) =





sinα cosβ + (cosα cosβ cosφ− sinβ sinφ) −ψ√
1−ψ2

sinα sinβ + (cosα sinβ cosφ+ cosβ sinφ) −ψ√
1−ψ2



 (4.2.30)and (cf. (4.2.23))
∂ψn

r
z(ψ, φ) = cosα+ sinα cosφ

ψ
√

1 − ψ2
. (4.2.31)Observe that h̃`,j(n′, nrz) and its partial derivatives w.r.t. n′ and nrz are uniformly bounded w.r.t. n′and nrz, except at the singularity kn′ = k′ + ω̃′

`,j. Since the singularity is cut o� by 1 − χε and ∇χε, itfollows that for |n′| ≤ 1

∣

∣

∣∂ψ

[(

1 − χε(kn
′(ψ, φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′(ψ, φ)
)]∣

∣

∣ ≤ c

(

1 +
|ψ|

√

1 − ψ2

)which is integrable on the compact domain of integration {(φ, ψ)| 0 ≤ φ ≤ 2π, cos θ(φ) ≤ ψ ≤ 1}. Thusthe absolute value of the integral w.r.t. ψ in (4.2.24) is uniformly bounded w.r.t. R by a function thatis integrable w.r.t. φ. Furthermore, it follows from the Riemann-Lebesgue lemma that the integralw.r.t. ψ converges pointwise to zero as R tends to in�nity. Consequently, Lebesgue's theorem showsthat W 1.2
`,j tends to zero as R tends to in�nity. Hence, (cf. (4.2.25))

W 1
`,j = 2π

(

1 − χε(km
′ − k′ − ω̃′

`,j)
)

h`,j(m
′)
eikR

ikR

− 10(|m′|) 1

ikR

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

dφ+ o

(

1

R

)

.Now consider a �xed direction m′. Since ε can be chosen arbitrarily small, χε(km′ − k′ − ω̃′
`,j) is eitherzero if km′ 6= k′ + ω̃′

`,j or one if km′ = k′ + ω̃′
`,j such that

W 1
`,j = 2π

(

1 − 1k′+ω̃′
`,j

(km′)
)

h`,j(m
′)
eikR

ikR

− 10(|m′|) 1

ikR

2π
∫

0

(

1 − χε(kn
′
0(φ) − k′ − ω̃′

`,j)
)

h`,j

(

n′
0(φ)

)

dφ+ o

(

1

R

)

. (4.2.32)4.2.4 Singular integrandsRecall that (cf. (4.2.8))
W 3
`,j :=

∫

R2

χε(kn
′ − k′ − ω̃′

`,j)
h`,j(n

′)

nrz
eikR~n

r ·~m dn′.
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+

×

1
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+ω̃′

`,j
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m′(a) ˛

˛

˛

˛

k′
+ω̃′

`,j

k

˛

˛

˛

˛

> 1

+

×

1

ny

nx

k′
+ω̃′

`,j

k

m′(b) m′ 6=
k′

−ω̃′
`,j

k
for ˛

˛

˛

˛

k′
+ω̃′

`,j

k

˛

˛

˛

˛

< 1

+×

1

ny

nx

m′ =
k′

+ω̃′
`,j

k

(c) m′ =
k′

+ω̃′
`,j

kFigure 4.3: Three cases for integration of W 3
`,jTo examine this integral, three cases will be considered separately. To be precise, the support of thecut-o� function can either lie outside of the unit disk (cf. Fig. 4.3(a)) or inside of it. If it is insidethe unit disk the two cases of km′ 6= k′ + ω̃′

`,j (cf. Fig. 4.3(b)) and km′ = k′ + ω̃′
`,j (cf. Fig. 4.3(c))are studied. These distinctions are necessary since di�erent substitutions are applied to these di�erentsituations, to determine the asymptotic behaviour of the integral W 3

`,j .4.2.4.1 Singularity on unit discFirst assume km′ 6= k′+ ω̃′
`,j, |k′+ ω̃′

`,j|/k < 1 and a small ε such that m′ /∈ suppχε(k( · , · )>−k′− ω̃′
`,j)(cf. Fig. 4.3(b)). Now, applying the same substitution as in Section 4.2.3, (cf. (4.2.30), (4.2.31) and the�rst line of (4.2.21))

W 3
`,j =

2π
∫

0

1
∫

cos θ(φ)

χε
(

kn′(ψ, φ) − k′ − ω̃′
`,j

)

h`,j
(

n′(ψ, φ)
)

eikRψ dψ dφ.In the case of ` > 1 the same approach as for W 1
`,j can be applied, since here h`,j has at most a loga-rithmic singularity at the point kn′ = k′ + ω̃′

`,j, which is still absolutely integrable after di�erentiatingw.r.t. ψ. To be more precise, for ` = 2, 3 it follows that even the derivative w.r.t. ψ of h`,j (cf. (4.2.3),(4.2.4) and for the derivative of K0 in h2,j [1, Eqns. 9.6.27, 9.6.11 and 9.6.10, pp. 120 and 119]), occur-ring when applying integration by parts w.r.t. ψ (cf. (4.2.21)), is still integrable w.r.t. ψ ∈ [cos θ(φ), 1]and φ ∈ [0, 2π). For ` = 4 the derivative w.r.t. ψ of h4,0 is also integrable w.r.t. ψ ∈ [cos θ(φ), 1] and
φ ∈ [0, 2π), since (cf. (4.2.5))

∇n′

∫

R2

g̃n(η
′, ζ) e−iη

′·(kn′−k′) dη′ = −ik
∫

R2

η′ g̃n(η
′, ζ) e−iη

′·(kn′−k′) dη′is uniformly bounded w.r.t. n′(ψ, φ) ∈ B2(1) and ∂ψn
′(ψ, φ) is weakly singular. Indeed the function

g̃n(η
′, ζ), as an element of the Banach algebra AC w.r.t. η′, was de�ned in such a way that it can beshown that ‖ |η′| g̃n(η′, ζ)‖L1(R2) is �nite for any �xed ζ ∈ [0, 1]. Hence,

W 3
`,j = o

(

1

R

)

, ` = 2, 3, 4. (4.2.33)It remains to examine the case ` = 1. De�ne
fj(ψ, φ) := h1,j

(

n′(ψ, φ)
)

|n′(ψ, φ) − ν′| , (4.2.34)where ν′ := (k′ + ω̃′
`,j)/k. Integral W 3

1,j transforms to
W 3

1,j =

2π
∫

0

1
∫

cos θ(φ)

χε
(

kn′(ψ, φ) − kν′
) fj(ψ, φ)

|n′(ψ, φ) − ν′| e
ikRψ dψ dφ.



68 CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrandsAt this point, the cut-o� function is speci�ed further by de�ning it as the tensor product of two cut-o�functions χ̃1
ε = χ̃2

ε ∈ C∞
0 (R), with the same or a smaller ε as before. Thus, by de�ning (ψ0, φ0)

> suchthat n′(ψ0, φ0) = ν′ and ε < ψ0 − cos θ(φ) for all φ ∈ suppχ̃1
ε( · − φ0),

W 3
1,j =

2π
∫

0

χ̃1
ε(φ− φ0)

1
∫

ψ0−ε

χ̃2
ε(ψ − ψ0)

fj(ψ, φ)

|n′(ψ, φ) − ν′| e
ikRψ dψ dφ.The upper bound of one of the integral w.r.t. ψ could also have been replace by ψ0 + ε. For simplicitythe one is left unchanged. The integral is now split into

W 3
1,j = W 3.1

j + gj(ψ0, φ0)W
3.2
j , (4.2.35)where

W 3.1
j :=

2π
∫

0

χ̃1
ε(φ − φ0)

1
∫

ψ0−ε

χ̃2
ε(ψ − ψ0)

[

gj(ψ, φ) − gj(ψ0, φ0)
]

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ − φ0)
eikRψ dψ dφ (4.2.36)

W 3.2
j :=

2π
∫

0

χ̃1
ε(φ − φ0)

1
∫

ψ0−ε

χ̃2
ε(ψ − ψ0)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ − φ0)
eikRψ dψ dφ (4.2.37)

gj(ψ, φ) := fj(ψ, φ)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)

|n′(ψ, φ) − ν′| (4.2.38)and
ã :=

∣

∣

∣

∣

∣

∂ψ

[

n′(ψ, φ)
]

ψ=ψ0

φ=φ0

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

∣





sinα cosβ − (cosα cosβ cosφ0 − sinβ sinφ0)
ψ0√
1−ψ2

0

sinα sinβ − (cosα sinβ cosφ0 + cosβ sinφ0)
ψ0√
1−ψ2

0





∣

∣

∣

∣

∣

∣

2

, (4.2.39)
b̃ :=

∣

∣

∣

∣

∣

∂φ

[

n′(ψ, φ)
]

ψ=ψ0

φ=φ0

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

(

(− cosα cosβ sinφ0 − sinβ cosφ0)
√

1 − ψ2
0

(− cosα sinβ sinφ0 + cosβ cosφ0)
√

1 − ψ2
0

)∣

∣

∣

∣

2

, (4.2.40)
c̃ := 2

{

∂ψ
[

n′(ψ, φ)
]

· ∂φ
[

n′(ψ, φ)
]

}

ψ=ψ0

φ=φ0

.Note that ã, b̃ and c̃ are �nite since −1 < − sinα ≤ cos θ(φ0) ≤ ψ0 < 1 for α ∈ [0, π/2). There alsoholdsLemma 4.3. The function gj , as de�ned in (4.2.38), is a continuous function for all (ψ, φ)> 6=
(ψ0, φ0)

>. Furthermore, gj can be extended continuously by de�ning
gj(ψ0, φ0) := lim

ψ→ψ0

φ→φ0

gj(ψ, φ).Proof. It is easily seen that gj is a continuous for all (ψ, φ)> 6= (ψ0, φ0)
>, since this holds for fj and since

|n′(ψ, φ) − ν′| is only zero at (ψ0, φ0)
>. Obviously, the limit lim(ψ,φ)→(ψ0,φ0) fj(ψ, φ) = fj(ψ0, φ0) isalso �nite, since fj is de�ned by removing the singularity of h1,j. Consider the limit (ψ, φ) → (ψ0, φ0)of the remaining factor in gj by transforming the point (ψ − ψ0, φ − φ0)

> to the polar coordinates
r (cos γ, sinγ) and considering the limit r → 0. It will be shown that all the radial limits exist and areindependent of the angle γ. With

ã (ψ − ψ0)
2 + b̃ (φ− φ0)

2 + c̃ (ψ − ψ0) (φ − φ0) +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 (ψ − ψ0)
l1(φ− φ0)

l2



CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrands 69being the Taylor expansion of |n′(ψ, φ) − ν′|2 at (ψ, φ) = (ψ0, φ0), it can be concluded that
lim

(ψ,φ)→(ψ0,φ0)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)

|n′(ψ, φ) − ν′|

= lim
(ψ,φ)→(ψ0,φ0)

√

ã (ψ − ψ0)2 + b̃ (φ − φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0) +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 (ψ − ψ0)l1(φ − φ0)l2

= lim
r→0

r

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ
√

ãr2 cos2 γ + b̃r2 sin2 γ + c̃r2 cos γ sin γ + r3
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 r
(l1+l2−3) cosl1γ sinl2γ

= lim
r→0

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ
√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ + r
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 r
(l1+l2−3) cosl1γ sinl2γ

= 1, (4.2.41)wherẽ
a cos2 γ+b̃ sin2 γ + c̃ cos γ sin γ

= (∂ψn
′(ψ0, φ0) cos γ + ∂φn

′(ψ0, φ0) sin γ) · (∂ψn′(ψ0, φ0) cos γ + ∂φn
′(ψ0, φ0) sin γ)

= |∂ψn′(ψ0, φ0) cos γ + ∂φn
′(ψ0, φ0) sinγ|2 6= 0.Indeed, this inequality follows only if the two vectors ∂ψn′ (cf. (4.2.39)) and ∂φn′ (cf. (4.2.40)) are notparallel, i.e., if

d̃ := det

(

∂n′(ψ, φ)

∂(ψ, φ)

)

ψ=ψ0

φ=φ0

6= 0 (4.2.42)for ψ0>cos θ(φ0). On the other hand, in view of (4.2.19) and with ψ = cos θ, this is easily proven since
d̃ =

1

∂θ[cos θ]
det

(

∂(nx, ny)

∂(θ, φ)

)

= −nrz(ψ0, φ0)and since nrz(ψ, φ) is by construction only zero for ψ = cos θ(φ). Thus for ψ0 6= cos θ(φ0), which isequivalent to |ν′| 6= 1 (cf. Sect. B of the appendix), it follows that d̃ 6= 0. Note that this also shows that
ã 6= 0 and b̃ 6= 0, since if either of them were zero the partial derivative of n′ w.r.t. ψ or φ (cf. (4.2.39)or (4.2.40)) would be zero and thus d̃ (cf. (4.2.42)). �Using an approach similar to the one used for W 1

1,j (cf. Sect. 4.2.3), it will now be shown that W 3.1
j(cf. (4.2.36)) has an asymptotic behaviour of o(1/R) as R tends to in�nity. Applying integration byparts w.r.t. ψ to W 3.1

j (cf. (4.2.36)), keeping in mind that χ̃2
ε (1 − ψ0) = χ̃2

ε(−ε) = 0,
W 3.1
j =

1

ikR

2π
∫

0

χ̃1
ε (φ− φ0)





χ̃2
ε(ψ − ψ0)

[

gj(ψ, φ) − gj(ψ0, φ0)
]

√

ã (ψ − ψ0)2 + b̃ (φ − φ0)2 + c̃ (ψ − ψ0) (φ − φ0)
eikRψ





1

ψ=ψ0−ε

dφ

− 1

ikR

2π
∫

0

χ̃1
ε (φ− φ0)

1
∫

ψ0−ε

∂ψ





χ̃2
ε(ψ − ψ0)

[

gj(ψ, φ) − gj(ψ0, φ0)
]

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)



 eikRψ dψ dφ
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= − 1

ikR

2π
∫

0

χ̃1
ε (φ− φ0)

1
∫

ψ0−ε

[

χ̃2
ε

]′
(ψ − ψ0)

[

gj(ψ, φ) − gj(ψ0, φ0)
]

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
eikRψ dψ dφ

− 1

ikR

2π
∫

0

χ̃1
ε(φ− φ0)

1
∫

ψ0−ε

χ̃2
ε(ψ − ψ0) ∂ψgj(ψ, φ)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
eikRψ dψ dφ

+
1

ikR

2π
∫

0

{

χ̃1
ε(φ− φ0)

1
∫

ψ0−ε

χ̃2
ε (ψ − ψ0)

[

ã (ψ − ψ0) + c̃
2 (φ− φ0)

] [

gj(ψ, φ) − gj(ψ0, φ0)
]

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
3 eikRψ dψ

}

dφ.(4.2.43)Here
∂ψgj(ψ, φ) = ∂ψ





fj(ψ, φ)
√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0) +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 (ψ − ψ0)l1(φ − φ0)l2





= ∂ψ





fj(ψ, φ)
√

1 +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2
(ψ−ψ0)l1(φ−φ0)l2

ã (ψ−ψ0)2+b̃ (φ−φ0)2+c̃ (ψ−ψ0) (φ−φ0)





=
∂ψfj(ψ, φ)

√

1 +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2
(ψ−ψ0)l1 (φ−φ0)l2

ã (ψ−ψ0)2+b̃ (φ−φ0)2+c̃ (ψ−ψ0) (φ−φ0)

− 1

2















∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2







l1 (ψ − ψ0)
l1−1(φ− φ0)

l2

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ − φ0)

− (ψ − ψ0)
l1(φ− φ0)

l2
[

2ã(ψ − ψ0) + c̃(φ− φ0)
]

[

ã (ψ − ψ0)2 + b̃ (φ − φ0)2 + c̃ (ψ − ψ0) (φ − φ0)
]2





















fj(ψ, φ)
√

1 +
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2
(ψ−ψ0)l1(φ−φ0)l2

ã (ψ−ψ0)2+b̃ (φ−φ0)2+c̃ (ψ−ψ0) (φ−φ0)

3 (4.2.44)is uniformly bounded in a neighbourhood of (ψ, φ) = (ψ0, φ0). Indeed, all quotients are bounded, whilethis can be seen for ∂ψfj(ψ, φ) by considering (4.2.34), (4.2.2), (4.2.14), (4.2.30) and (4.2.31) for ψ0 < 1.Furthermore, similar to (4.2.41), it will be shown subsequently that
gj(ψ, φ) − gj(ψ0, φ0)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ − φ0)
(4.2.45)is uniformly bounded in a neighbourhood of (ψ, φ) = (ψ0, φ0). In fact, once more, the existence of radiallimits is shown (cf. the evaluation of the limit in (4.2.41)). Consider the limit by applying L'Hôpital's
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lim
r→0

gj(r cos γ + ψ0, r sinγ + φ0) − gj(ψ0, φ0)

r

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ

= lim
r→0

fj

(

r cos γ+ψ0,r sin γ+φ0

)√
ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ√

ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ+r S(r,γ)
− fj(ψ0, φ0)

r

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ

= lim
r→0















(cos γ,sinγ)>·∇fj
(

r cos γ+ψ0,r sin γ+φ0

)√
ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ√

ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ+r S(r,γ)
√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sinγ

−

fj

(

r cos γ+ψ0,r sin γ+φ0

)

2
∂r [r S(r,γ)]

√
ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ√

ã cos2 γ+b̃ sin2 γ+c̃ cos γ sin γ+r S(r,γ)
3

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ













where
S(r, γ) :=

∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 r
(l1+l2−3) cosl1γ sinl2γ,

∂r [r S(r, γ)] =
∑

(l1,l2)∈N
2
0

l1+l2≥3

bl1,l2 (l1 + l2 − 2) r(l1+l2−3) cosl1γ sinl2γ.Moreover, the equations (4.2.34), (4.2.2), (4.2.14), (4.2.30) and (4.2.31) show that
|∇fj(ψ, φ)| ≤ c

(

1 +
1

√

1 − ψ2

)

= c

(

1 +
1

√

1 − (r cos γ + ψ0)2

)

<∞ (4.2.46)for su�ciently small r, since m′ 6= ν′ and thus |ψ0| < 1. Therefore,
lim
r→0

gj(r cos γ + ψ0, r sin γ + φ0) − gj(ψ0, φ0)

r

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sin γ
(4.2.47)

=
(cos γ, sinγ)

> · ∇fj
(

ψ0, φ0

)

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sinγ

− fj
(

ψ0, φ0

)

2

∑

(l1,l2)∈N
2
0

l1+l2=3

bl1,l2 (l1 + l2 − 2) cosl1γ sinl2γ

√

ã cos2 γ + b̃ sin2 γ + c̃ cos γ sinγ
3is �nite, since ã cos2 γ+ b̃ sin2 γ+ c̃ cos γ sin γ 6= 0 has been shown above in context of the limit (4.2.41).With this, it also easily shown that the right-hand side of (4.2.47) is a continuous function w.r.t. γ andthus uniformly bounded. Consequently, the following lemma shows that (4.2.45) is uniformly boundedin a neighbourhood of (ψ, φ) = (ψ0, φ0).Lemma 4.4. Assuming a compact set D ⊂ R2 and a function F : D → R that is continuous for all

(ψ, φ) ∈ D\{(ψ0, φ0)}. Moreover, de�ning (r cos γ, r sin γ) := (ψ−ψ0, φ−φ0) for r ≥ 0 and γ ∈ [0, 2π],it is assumed that the function
l(γ) := lim

r→0
F (r cos γ + ψ0, r sinγ + φ0)is uniformly bounded for all γ ∈ [0, 2π]. For such a function, there holds

|F (ψ, φ)| ≤ c <∞for all (ψ, φ) ∈ D.



72 CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrandsProof. Since F is continuous outside a neighbourhood Bδ(ψ0, φ0) := {(ψ, φ) : ‖(ψ, φ) − (ψ0, φ0)‖ <
δ‖ ⊆ D with δ > 0 of (ψ, φ) = (ψ0, φ0) and since D is a compact set, it follows that F is uniformlybounded outside this neighbourhood, i.e. r ≥ δ. Moreover, since F is continuous for (ψ, φ) 6= (ψ0, φ0),and since cos γ and sin γ are continuous functions, the function (r, γ) 7→ F (r cos γ + ψ0, r sin γ + φ0) iscontinuous for all r ≥ δ and γ ∈ [0, 2π]. Hence, the supremum over all r ≥ δ and γ ∈ [0, 2π] is �niteand attained either in the interior of D \ Bδ(ψ0, φ0) or on its boundary. Thus, since the continuouscontinuation l(γ) of F (r cos γ + ψ0, r sin γ + φ0) to r = 0 is uniformly bounded w.r.t. γ ∈ [0, 2π], thereeither exists a δ0 > 0 such that the supremum no longer changes for δ smaller than δ0 or the supremumover all r ≥ 0 and γ ∈ [0, 2π] is attained at r = 0. In the latter case, however, the supremum is also�nite, since l(γ) = limr→0 F (r cos γ + ψ0, r sin γ + φ0) is uniformly bounded w.r.t. γ ∈ [0, 2π], thusproving the lemma. �Hence, using (4.2.44), (4.2.46) and (4.2.47), it is easily seen that all the integrands on the right-handside of (4.2.43) are at most weakly singular and thus absolutely integrable w.r.t. ψ. Consequently, theintegrals w.r.t. ψ are uniformly bounded w.r.t. R by a function that is integrable w.r.t. φ. Lebesgue'stheorem and the Riemann-Lebesgue lemma then show that

W 3.1
j = o

(

1

R

)

. (4.2.48)To examine W 3.2
j (cf. (4.2.37)), substitute ψ and φ, after interchanging the order of integration, byintroducing the new variables

υ − υ0 := d̃
√

b̃ (ψ − ψ0)and
σ − σ0 :=

√

b̃
c̃

2
(ψ − ψ0) +

√

b̃
3

(φ− φ0).Here d̃ =
√

ã b̃− c̃2/4, υ0 := d̃
√

b̃ ψ0 and σ0 :=
√

b̃ (c̃/2ψ0 + b̃ φ0). Thus dφdψ = 1/(d̃ b̃2) dσ dυ and
√

ã (ψ − ψ0)2 + b̃ (φ − φ0)2 + c̃ (ψ − ψ0)(φ − φ0)

=

{

ã
(υ − υ0)

2

d̃2b̃
+

1

b̃2

[

(σ − σ0)
2 +

c̃2

4d̃2
(υ − υ0)

2 − c̃

d̃
(υ − υ0)(σ − σ0)

]

+
c̃

d̃b̃2
(υ − υ0)(σ − σ0) −

c̃2

2d̃2b̃2
(υ − υ0)

2

}
1
2

=
1

b̃

√

ã b̃− c̃2

4

d̃2
(υ − υ0)2 + (σ − σ0)2

=

√

(υ − υ0)2 + (σ − σ0)2

b̃
.It follows that (cf. (4.2.37))

W 3.2
j =

1
∫

ψ0−ε

2π
∫

0

χ̃1
ε (φ− φ0)

χ̃2
ε(ψ − ψ0)

√

ã (ψ − ψ0)2 + b̃ (φ− φ0)2 + c̃ (ψ − ψ0) (φ− φ0)
dφ eikRψ dψ

=
1

d̃b̃

d̃
√
b̃

∫

d̃
√
b̃ (ψ0−ε)

χ̃2
ε

(

υ − υ0

d̃
√

b̃

)

c̃

2d̃
υ+2π

√
b̃
3

∫

c̃

2d̃
υ

χ̃1
ε

(

σ−σ0− c̃

2d̃
(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ e

i k

d̃
√
b̃
Rυ

dυ.
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√

b̃ and d̃2 := c̃/(2d̃) leads to
W 3.2
j =

1

d̃b̃

1
d̃1
∫

ψ0−ε
d̃1

χ̃2
ε

(

d̃1(υ − υ0)
)

d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ eikd̃1Rυ dυ. (4.2.49)Recall that ε was chosen in such a way that χ̃1

ε ((σ − σ0 − d̃2(υ − υ0))/
√

b̃
3

) is zero for σ equal to theboundaries of the domain of integration w.r.t. σ. Thus, integrating by parts w.r.t. σ leads to
d̃2υ+2π

√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ

=

d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ − σ0 − d̃2(υ − υ0)
√

b̃
3

)

∂σ

[

log
(

σ − σ0 +
√

(υ − υ0)2 + (σ − σ0)2
)]

dσ

= −
d̃2υ+2π

√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′
(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

b̃
3 log

(

σ − σ0 +
√

(υ − υ0)2 + (σ − σ0)2
)

dσ. (4.2.50)Note that the integrand of the integral on the right-hand side is uniformly bounded since [χ̃1
ε

]′
(φ) iszero in a neighbourhood of φ = 0. For the following, de�ne

s(υ, σ) := σ − σ0 +
√

(υ − υ0)2 + (σ − σ0)2.Taking into account that
∂υ [log s(υ, σ)] = −(υ − υ0) ∂σ

[

1

s(υ, σ)

]

,it can be concluded that (cf. (4.2.50))
∂υ









d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ









= −∂υ









d̃2υ+2π
√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′
(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

b̃
3 log s(υ, σ) dσ









=
d̃2

b̃3

d̃2υ+2π
√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′′
(

σ − σ0 − d̃2(υ − υ0)
√

b̃
3

)

log s(υ, σ) dσ

+(υ−υ0)

d̃2υ+2π
√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′
(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

b̃
3 ∂σ

[

1

s(υ, σ)

]

dσ.Since [χ̃1
ε ]

′((σ−σ0− d̃2(υ−υ0))/
√

b̃
3

) is zero for σ equal to the boundaries of the domain of integrationw.r.t. σ, integration by parts w.r.t. σ for the second integral on the right-hand side leads to
∂υ









d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ









=
d̃2

b̃3

d̃2υ+2π
√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′′
(

σ − σ0 − d̃2(υ − υ0)
√

b̃
3

)

log s(υ, σ) dσ
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− 1

b̃3

d̃2υ+2π
√
b̃
3

∫

d̃2υ

[

χ̃1
ε

]′′
(

σ − σ0 − d̃2(υ − υ0)
√

b̃
3

)

υ − υ0

s(υ, σ)
dσ.(4.2.51)Note that all integrands on the right-hand side of (4.2.51) are uniformly bounded, since [χ̃1

ε

]′′
(φ) isalso zero in a neighbourhood of φ = 0.With this in mind, integration by parts w.r.t. υ is applied to integral W 3.2

j (cf. (4.2.49)), where
χ̃2
ε(d̃1 (υ − υ0)) is again zero at the boundaries of the domain of integration w.r.t. υ. Hence, recallingthat [χ̃2

ε ]
′(ψ) ≡ 0 in a small neighbourhood of ψ = 0, (cf. (4.2.51))

W 3.2
j = − 1

ikR d̃b̃

1
d̃1
∫

ψ0−ε
d̃1

[

χ̃2
ε

]′ (
d̃1(υ − υ0)

)

d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ eikd̃1Rυ dυ

− 1

ikR d̃1d̃b̃

1

d̃1
∫

ψ0−ε
d̃1

χ̃2
ε

(

d̃1(υ − υ0)
)

∂υ









d̃2υ+2π
√
b̃
3

∫

d̃2υ

χ̃1
ε

(

σ−σ0−d̃2(υ−υ0)√
b̃
3

)

√

(υ − υ0)2 + (σ − σ0)2
dσ









eikd̃1Rυ dυ

= o

(

1

R

)

,since the remaining integrand is uniformly bounded on the domain of integration, which allows to applythe Riemann-Lebesgue lemma. Finally (cf. (4.2.35) and (4.2.48))
W 3

1,j = o

(

1

R

)

. (4.2.52)4.2.4.2 Singularity in direction of asymptoticsIt is now assumed that km′ = kν′ = k′ + ω̃′
`,j (cf. Fig. 4.3(c)) and ε < min{sinα, 1 − sinα} such that

nrz =
√

1 − n′2 > 0 for all n′ ∈ suppχε
(

k( · , · )> − km′). In this subsection the two cases of ` = 1and ` = 2 are examined separately, since in both cases the function h`,j(n′,
√

1 − n′2) has a singularityat n′ = ν′ = m′. For ` > 2 the same techniques and arguments as for W 1
`,j can be used to proof theasymptotic behaviour (compare with the beginning of Sect. 4.2.4.1)

W 3
`,j = 2π h`,j(m

′)
eikR

ikR
+ o

(

1

R

)

, ` = 3, 4. (4.2.53)For ` = 1, 2 the same substitution as in Section 4.2.3 is applied. Thus, (cf. (4.2.8), (4.2.22), (4.2.23)and the �rst line of (4.2.21))
W 3
`,j =

2π
∫

0

1
∫

0

χε
(

kn′(ψ, φ) − kν′
)

h`,j
(

n′(ψ, φ)
)

eikRψ dψ dφ. (4.2.54)Estimate of W
3

1,j:First W 3
1,j is examined (cf. (4.2.34)).

W 3
1,j =

2π
∫

0

1
∫

0

χε
(

kn′(ψ, φ) − kν′
) fj(ψ, φ)

|n′(ψ, φ) − ν′| e
ikRψ dψ dφ



CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrands 75This time the cut-o� function is speci�ed as χε(kn′(ψ, φ) − kν′) = χ̃ε(ψ − 1) with χ̃ε ≡ 1 in a neigh-bourhood of zero, where χ̃ε ∈ C∞
0 (R) is de�ned with the same or a smaller epsilon than before. Recallthat n′(1, φ) = m′ = ν′ for any φ ∈ [0, 2π),

W 3
1,j =

2π
∫

0

1
∫

0

χ̃ε
(

ψ − 1)
fj(ψ, φ)

|n′(ψ, φ) − ν′| e
ikRψ dψ dφ. (4.2.55)For α ∈ [0, π/2) it is easily seen that (cf. (4.2.22))

n′(ψ, φ) = (sinαψ + cosα cosφ
√

1 − ψ2)

(

cosβ
sinβ

)

+ sinφ
√

1 − ψ2

(

− sinβ
cosβ

)

,

ν′ = sinα

(

cosβ
sinβ

)and
|n′(ψ, φ) − ν′|2 =

[

sinα (ψ − 1) + cosα cosφ
√

1 − ψ2
]2

+ sin2 φ (1 − ψ2)

= sin2 α (1 − ψ)2 + 2 sinα cosα cosφ (ψ − 1)
√

1 − ψ2

+ cos2 α cos2 φ (1 − ψ2) + sin2 φ (1 − ψ2)

= (1 − ψ)
[

sin2 α (1 − ψ) − 2 sinα cosα cosφ
√

1 − ψ2

+ cos2 α cos2 φ (1 + ψ) + sin2 φ (1 + ψ)
]

= (1 − ψ)
[

sin2 α (1 − ψ) − 2 sinα cosα cosφ
√

1 − ψ2

− cos2 α cos2 φ (1 − ψ) + 2 cos2 α cos2 φ− sin2 φ (1 − ψ) + 2 sin2 φ
]

= (1 − ψ)
[

2 cos2 α cos2 φ+ 2 sin2 φ− 2 sinα cosα cosφ
√

1 − ψ2

+ (1 − ψ)
(

sin2 α− cos2 α cos2 φ− sin2 φ
)

]

= (1 − ψ)
[

2
(

1 − sin2 α cos2 φ
)

− 2 sinα cosα cosφ
√

1 − ψ2

+ (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

]

. (4.2.56)Keeping this in mind, de�ne
gj(ψ, φ) := χ̃ε

(

ψ − 1) fj(ψ, φ)

√
1 − ψ

|n′(ψ, φ) − ν′| (4.2.57)
=

χ̃ε
(

ψ − 1) fj(ψ, φ)
√

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

,for whichLemma 4.5. There exists a continuous function g0
j (φ) such that, for any 0≤φ<2π, the limit

lim
ψ→1

[

∂ψ
[

gj(ψ, φ)
]

−
g0
j (φ)√
1 − ψ

]exists and is uniformly bounded w.r.t. φ.Proof. Note that gj(1, φ) = fj(1, φ0)/(
√

2
√

1 − sin2 α cos2 φ) < ∞, since fj(1, φ) = fj(1, φ0) and
sin2 α cos2 φ < 1 for all φ ∈ [0, 2π) and any �xed α ∈

[

0, π2
). Furthermore the function fj(ψ, φ)
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fj(ψ, φ) = ch

[

nrz(ψ, φ)
]n
e−k

√
1−ψ

q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

= ch

(

[

cosαψ
]n

+G(ψ, φ) + 1[1,∞)(n)H(φ)ψn−1
√

1 − ψ2
)

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

, (4.2.58)where A(φ) := 2 − 2 sin2 α cos2 φ, B(φ) := sin2 α cos2 φ− cos2 α, C(φ) := −2 sinα cosα cosφ and
ch := i

∆k2

4πε0
. (4.2.59)Similarly, the functions D(φ), E(φ) and F (φ) are second order polynomials of sinφ and cosφ, de�nedsuch that (cf. (4.2.22) and (4.2.23))

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2 =
(

~nr(ψ, φ) × ~e 0
)

× ~nr(ψ, φ). (4.2.60)Moreover, by the binomial theorem (cf. Thm. C.12 and Eqn. (4.2.23))
[

nrz(ψ, φ)
]n

=
n
∑

m=0

(

n

m

)

[

cosαψ
]n−m [− sinα cosφ

√

1 − ψ2
]msuch that

G(ψ, φ) := Gn(ψ, φ) :=

n
∑

m=2

(

n

m

)

[

cosαψ
]n−m [− sinα cosφ

√

1 − ψ2
]m

,

H(φ) := − n!

(n− 1)!
sinα cosφ

[

cosα
]n−1

. (4.2.61)Here it is assumed that Gn(ψ, φ) ≡ 0 for n < 2. This shows that
∂ψG(ψ, φ) =

n
∑

m=2

(

n

m

)

(n−m) [cosα]n−m ψn−m−1
[

− sinα cosφ
√

1 − ψ2
]m

−
n
∑

m=2

(

n

m

)

m
[

cosαψ
]n−m

[− sinα cosφ]
m
ψ
√

1 − ψ2
m−2and G(ψ, φ)/

√
1 − ψ are uniformly bounded w.r.t. (ψ, φ) ∈ suppχ̃ε(· − 1) × [0, 2π] for any �xed n. Itfollows that (cf. (4.2.57))

∂ψ [gj(ψ, φ)] =
χ̃′
ε

(

ψ − 1) fj(ψ, φ) + χ̃ε
(

ψ − 1) ∂ψ [fj(ψ, φ)]
√

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

−
1
2 χ̃ε

(

ψ − 1) fj(ψ, φ)

(

2 sinα cosα cosφ ψ√
1−ψ2

− sin2 α cos2 φ+ cos2 α

)

√

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

3 ,(4.2.62)where
∂ψ [fj(ψ, φ)]

= ch
k

2





√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

√
1 − ψ

+
B(φ)

√
1 − ψ + C(φ)√

1+ψ
ψ

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2





e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

[

nrz(ψ, φ)
]n
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+ ch e

−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

(

E(φ)
√

1 − ψ2 − E(φ)ψ2

√

1 − ψ2
+ 2F (φ)ψ

)

[

nrz(ψ, φ)
]n

− ch 1[1,∞)(n)

(

n cosnαψn−1 + ∂ψG(ψ, φ) + (n− 1)H(φ)ψn−2
√

1 − ψ2 −H(φ)
ψn

√

1 − ψ2

)

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

.Collecting the terms in ∂ψ[fj(ψ, φ)] that contain 1/
√

1 − ψ,
∂ψ [fj(ψ, φ)] =

fsj (ψ, φ)√
1 − ψ

+ f rj (ψ, φ),where
fsj (ψ, φ) := ch

[

cosαψ
]n
e−k

√
1−ψ

q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

{

− E(φ)ψ2

√
1 + ψ

+
k

2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
(

D(φ) + F (φ)ψ2
)

} (4.2.63)
+ ch 1[1,∞)(n)H(φ)

ψn√
1 + ψ

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + F (φ)ψ2
)

f rj (ψ, φ) := ch
k

2

[

cosαψ
]n
E(φ)ψ

√

1 + ψ e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

+ ch

[

G(ψ, φ)√
1 − ψ

+ 1[1,∞)(n)H(φ)ψn−1
√

1 + ψ

]

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

{

− E(φ)ψ2

√
1 + ψ

+
k

2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

}

+ ch
[

nrz(ψ, φ)
]n
e−k

√
1−ψ

q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

{

E(φ)
√

1 − ψ2 + 2F (φ)ψ

+
k

2

B(φ)
√

1 − ψ + C(φ)√
1+ψ

ψ
√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

}

− ch 1[1,∞)(n)
(

n cosn αψn−1 + ∂ψG(ψ, φ) + (n− 1)H(φ)ψn−2
√

1 − ψ2
)

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + E(φ)ψ
√

1 − ψ2 + F (φ)ψ2
)

+ ch 1[1,∞)(n)H(φ)E(φ)ψn+1 e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

. (4.2.64)With this (cf. (4.2.62))
∂ψ [gj(ψ, φ)] =

gsj (ψ, φ)√
1 − ψ

+ grj (ψ, φ), (4.2.65)where
gsj (ψ, φ) :=

χ̃ε
(

ψ − 1) fsj (ψ, φ)
√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

+

1
2 χ̃ε
(

ψ − 1) fj(ψ, φ)C(φ) ψ√
1+ψ

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
3 ,(4.2.66)
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grj (ψ, φ) :=

χ̃′
ε

(

ψ − 1) fj(ψ, φ) + χ̃ε
(

ψ − 1) f rj (ψ, φ)
√

A(φ) + B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

+
1
2 χ̃ε
(

ψ − 1) fj(ψ, φ)B(φ)
√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
3 .In order to obtain the limit behaviour of ∂ψ [gj(ψ, φ)] at ψ = 1 (cf. the subsequent (4.2.72)), the limit

ψ → 1 of the two functions fsj (ψ, φ) and f rj (ψ, φ) has to be evaluated. In view of (4.2.63) and (4.2.64),
f0
j (φ) := fsj (1, φ) (4.2.67)

= ch cosn α

{

−E(φ)√
2

+
k

2

√

A(φ)
(

D(φ) + F (φ)
)

}

+ ch 1[1,∞)(n)
H(φ)√

2

(

D(φ) + F (φ)
)

,

f1
j (φ) := f rj (1, φ)

= ch cosn α

{

k√
2
E(φ)

√

A(φ) + 2F (φ) +
k C(φ)

2
√

2
√

A(φ)

(

D(φ) + F (φ)
)

}

+ ch 1[1,∞)(n)

{

[

k√
2
H(φ)

√

A(φ) − n cosn α+
n!

2(n− 2)!
sin2 α cos2 φ

[

cosα
]n−2

]

(

D(φ) + F (φ)
)

}

.Similarly, for the functions gsj (ψ, φ) and grj (ψ, φ),
g0
j (φ) := gsj (1, φ) =

f0
j (φ)

√
2
√

1 − sin2 α cos2 φ
− fj(1, φ0) sinα cosα cosφ

4
√

1 − sin2 α cos2 φ
3 , (4.2.68)

g1
j (φ) := grj (1, φ) =

f1
j (φ)

√
2
√

1 − sin2 α cos2 φ
− fj(1, φ0)

(

cos2 α− sin2 α cos2 φ
)

4
√

2
√

1 − sin2 α cos2 φ
3 . (4.2.69)To evaluate the limit limψ→1[∂ψ[gj(ψ, φ)]−g0

j (φ)/
√

1−ψ] using L'Hôpital's rule, it is necessary to take acloser look at the derivatives ∂ψ [fsj (ψ, φ)] and ∂ψ [gsj (ψ, φ)]. For the �rst one (cf. (4.2.63)) a singularity
1/

√
1 − ψ arises only in the terms where the exponential or (A(φ) +B(φ) (1 − ψ) + C(φ)

√

1 − ψ2)1/2is di�erentiated. Hence, it is easily shown that a function F sj (ψ, φ) exists that is uniformly boundedw.r.t. ψ in a neighbourhood of ψ0 = 1, such that
∂ψ
[

fsj (ψ, φ)
]

= F sj (ψ, φ)

+ ch
k

2

[

cosαψ
]n

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

√
1 − ψ

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

{

− E(φ)ψ2

√
1 + ψ

+
k

2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
(

D(φ) + F (φ)ψ2
)

}

+ ch
k

2
1[1,∞)(n)H(φ)

ψn√
1 + ψ

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

√
1 − ψ

e−k
√

1−ψ
q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2
(

D(φ) + F (φ)ψ2
)

− ch
k

4

[

cosαψ
]n
e−k

√
1−ψ

q

A(φ)+B(φ) (1−ψ)+C(φ)
√

1−ψ2

C(φ) ψ√
1−ψ2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

(

D(φ) + F (φ)ψ2
)

. (4.2.70)



CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrands 79Similarly, a function Gsj(ψ, φ), uniformly bounded w.r.t. ψ in a neighbourhood of ψ0 = 1, can be foundsuch that (cf. (4.2.66))
∂ψ
[

gsj (ψ, φ)
]

= Gsj(ψ, φ) +
χ̃ε(ψ − 1) ∂ψ

[

fsj (ψ, φ)
]

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2

(4.2.71)
+

χ̃ε(ψ − 1) fsj (ψ, φ)C(φ) ψ√
1−ψ2

√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
3 +

3
4 χ̃ε(ψ − 1) fj(ψ, φ)C(φ)2 ψ2

(1+ψ)
√

1−ψ
√

A(φ) +B(φ) (1 − ψ) + C(φ)
√

1 − ψ2
5 .Using L'Hôpital's rule, it can now be shown that (cf. (4.2.65))

lim
ψ→1

[

∂ψ [gj(ψ, φ)] −
g0
j (φ)√
1 − ψ

]

= lim
ψ→1

[

gsj (ψ, φ) − g0
j (φ)√

1 − ψ

]

+ g1
j (φ)

= lim
ψ→1

[

∂ψ
[

gsj (ψ, φ)
]

(−2)
√

1 − ψ
]

+ g1
j (φ).Equation (4.2.71) thus implies that

lim
ψ→1

[

∂ψ [gj(ψ, φ)] −
g0
j (φ)√
1 − ψ

]

= g1
j (φ) − 2

{

limψ→1

[

∂ψ
[

fsj (ψ, φ)
]√

1 − ψ
]

√

A(φ)
+
f0
j (φ)C(φ) 1√

2
√

A(φ)
3 +

3
4 fj(1, φ)C(φ)2 1

2
√

A(φ)
5

}

.Now, since fj(1, φ) = fj(1, φ0), (4.2.70), (4.2.67) and (4.2.58) yield
lim
ψ→1

[

∂ψ [gj(ψ, φ)] −
g0
j (φ)√
1 − ψ

]

= g1
j (φ) − 2

[

ch
k

2
cosn α

{

−E(φ)√
2

+
k

2

√

A(φ)
(

D(φ) + F (φ)
)

}

+ ch
k

2
1[1,∞)(n)H(φ)

1√
2

(

D(φ) + F (φ)
)

− ch
k

4
√

2
cosn α

C(φ)

A(φ)

(

D(φ) + F (φ)
)

]

− 2
C(φ)
√

A(φ)
3

[

ch cosn α

{

−E(φ)

2
+

k
√

2
3

√

A(φ)
(

D(φ) + F (φ)
)

}

+ ch 1[1,∞)(n)H(φ)
1

2

(

D(φ) + F (φ)
)

]

− 3

4
ch cosn α

C(φ)2
√

A(φ)
5

(

D(φ) + F (φ)
)

= g1
j (φ) + ch cosn αE(φ)

[

k√
2

+
C(φ)
√

A(φ)
3

]

− ch cosn α

[

k2

2

√

A(φ) +
k C(φ)

2
√

2A(φ)
+

3

4

C(φ)2
√

A(φ)
5

]

(

D(φ) + F (φ)
)

− ch 1[1,∞)(n)H(φ)

[

k√
2

+
C(φ)
√

A(φ)
3

]

(

D(φ) + F (φ)
)

, (4.2.72)which (cf. (4.2.69)) is uniformly bounded w.r.t. φ. �
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1,j (cf. (4.2.55) and (4.2.57)) is split into

W 3
1,j = W 3.5

j +W 3.6
j +W 3.7

j ,where
W 3.5
j :=

2π
∫

0

1
∫

0

gj(ψ, φ) − gj(1, φ) + 2 g0
j (φ)

√
1 − ψ√

1 − ψ
eikRψ dψ dφ, (4.2.73)

W 3.6
j :=

2π
∫

0

gj(1, φ) dφ

1
∫

0

eikRψ√
1 − ψ

dψ, (4.2.74)and
W 3.7
j := −2

2π
∫

0

g0
j (φ) dφ

1
∫

0

eikRψ dψ = −2

2π
∫

0

g0
j (φ) dφ

eikR − 1

ikR
. (4.2.75)Consider W 3.5

j by applying integration by parts w.r.t. ψ. For this, note that by using L'Hôpital'srule once more, it can be shown that (cf. (4.2.65), (4.2.68) and (4.2.69))
lim
ψ→1

[

gj(ψ, φ) − gj(1, φ) + 2 g0
j (φ)

√
1 − ψ

1 − ψ

]

= lim
ψ→1

−∂ψ
[

gj(ψ, φ) − gj(1, φ) + 2 g0
j (φ)

√

1 − ψ
]

= lim
ψ→1

−
[

∂ψ
[

gj(ψ, φ)
]

−
g0
j (φ)√
1 − ψ

]is �nite (cf. Lemma 4.5). Consequently,
∣

∣

∣gj(ψ, φ) − gj(1, φ) + 2 g0
j (φ)

√

1 − ψ
∣

∣

∣ ∼ |1 − ψ| (4.2.76)for ψ → 1. Thus, keeping in mind that gj(0, φ) = 0 (cf. (4.2.57)) since χ̃ε(−1) = 0, integration by partsw.r.t. ψ in (4.2.73) provides
W 3.5
j =

1

ikR

2π
∫

0

[

gj(1, φ) − 2 g0
j (φ)

]

dφ

− 1

ikR

2π
∫

0

1
∫

0







∂ψ [gj(ψ, φ)] − g0j (φ)√
1−ψ√

1 − ψ
+

1

2

gj(ψ, φ) − gj(1, φ) + 2 g0
j (φ)

√
1 − ψ

√
1 − ψ

3







eikRψ dψ dφ,where the integrand of the second integral on the right-hand side is absolutely integrable w.r.t. ψ and
φ (cf. (4.2.72) and (4.2.76)). It follows that the Riemann-Lebesgue lemma can be applied, leading to

W 3.5
j =

1

ikR

2π
∫

0

[

gj(1, φ) − 2 g0
j (φ)

]

dφ+ o

(

1

R

)

. (4.2.77)It remains to consider W 3.6
j (cf. (4.2.74)). Using [32, Eqn. 16, p. 18 and 75] leads to

1
∫

0

eikRψ√
1 − ψ

dψ =
√

2π
cos(kR) C̃(kR) + sin(kR) S̃(kR)√

kR
+ i

√
2π

sin(kR) C̃(kR) − cos(kR) S̃(kR)√
kR

=

√

2π

k

(

C̃(kR) − iS̃(kR)
) eikR√

R
,



CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrands 81where C̃ and S̃ are the Fresnel integrals. Furthermore, since (cf. [1, Eqns. 7.3.9 and 7.3.10, p. 88 andEqns. 7.3.27 and 7.3.28, p. 89])̃
C(kR)

R→∞∼ 1

2
+

sin
(

π
2k

2R2
)

π kR
+ O

(

1

R3

)

,

S̃(kR)
R→∞∼ 1

2
− cos

(

π
2 k

2R2
)

π k R
+ O

(

1

R3

)

,it follows that
1
∫

0

eikRψ√
1 − ψ

dψ =
√
π

1 − i√
2k

eikR√
R

+ o

(

1

R

)

.Thus (cf. (4.2.77), (4.2.74) and (4.2.75))
W 3

1,j = W 3.5
j +W 3.6

j +W 3.7
j

=
1

ikR

2π
∫

0

[

gj(1, φ) − 2 g0
j (φ)

]

dφ+
√
π

2π
∫

0

gj(1, φ) dφ
1 − i√

2k

eikR√
R

− 2

2π
∫

0

g0
j (φ) dφ

eikR − 1

ikR
+ o

(

1

R

)

=
1

ikR

2π
∫

0

gj(1, φ) dφ+
√
π

2π
∫

0

gj(1, φ) dφ
1 − i√

2k

eikR√
R

− 2

2π
∫

0

g0
j (φ) dφ

eikR

ikR
+ o

(

1

R

)

. (4.2.78)Using fj(1, φ) = fj(1, φ0) (cf. (4.2.34) and (4.2.22)), [1, Eqn. 17.2.6, p. 234] and (4.2.57) leads to
2π
∫

0

gj(1, φ) dφ =
fj(1, φ0)√

2

2π
∫

0

1
√

1 − sin2 α cos2 φ
dφ =

√
2 fj(1, φ0)

π
∫

0

1
√

1 − sin2 α cos2 φ
dφ

=
√

2 fj(1, φ0)

π
∫

0

1
√

1 − sin2 α sin2 φ
dφ

=
√

2 fj(1, φ0) F̃ (π \ α), (4.2.79)where F̃ denotes the elliptic integral of the �rst kind. For the last remaining integral ∫ 2π

0 g0
j (φ) dφ, acloser look at (cf. (4.2.68), (4.2.67), (4.2.58) and (4.2.61))

g0
j (φ) =

f0
j (φ)

√
2
√

1 − sin2 α cos2 φ
− fj(1, φ0) sinα cosα cosφ

4
√

1 − sin2 α cos2 φ
3

= −ch
2

cosnαE(φ)
√

1 − sin2 α cos2 φ
+ ch

k

2
cosnα

(

D(φ) + F (φ)
)

− ch
2

n!

(n− 1)!
1[1,∞)(n)

[

cosα
]n−1 sinα cosφ

√

1 − sin2 α cos2 φ

(

D(φ) + F (φ)
)

− fj(1, φ0) sinα cosα cosφ

4
√

1 − sin2 α cos2 φ
3is necessary. Using (4.2.18), it is concluded that

~nr(ψ, φ) = ~v0(α, β, ψ) + cosφ~v1(α, β,
√

1 − ψ2) + sinφ~v2(α, β,
√

1 − ψ2),where ~v0(α, β, ψ), ~v1(α, β, ψ) and ~v2(α, β, ψ) are smooth vector valued functions. Moreover, equation(4.2.60) implies that D(φ) + F (φ) =
(

~m× ~e 0
)

× ~m. For the coe�cient E(φ) of ψ√1 − ψ2 in (4.2.60),it is concluded that E(φ) = E1 sinφ+E2 cosφ, with constants E1 and E2 only dependent on α, β and
~e 0. Indeed, due to (4.2.18) the coe�cient of cos2 φ can arise only from those terms in (~v1 × ~e 0

)

× ~v1,



82 CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrandswhich do not contribute to the terms with factor cos θ sin θ = ψ
√

1 − ψ2. Similarly, the coe�cients of
sin2 φ and 1 do not contribute to the terms with factor ψ√1 − ψ2, i.e., to E(φ).Hence

2π
∫

0

g0
j (φ) dφ =

2π
∫

0

{

− ch
2

cosnαE(φ)
√

1 − sin2 α cos2 φ
+ ch

k

2
cosnα

[(

~m× ~e 0
)

× ~m
]

− ch
2

n!

(n− 1)!
1[1,∞)(n)

[

cosα
]n−1 sinα cosφ

√

1 − sin2 α cos2 φ

[(

~m× ~e 0
)

× ~m
]

− fj(1, φ0) sinα cosα cosφ

4
√

1 − sin2 α cos2 φ
3

}

dφ

= ch πk cosnα
[(

~m× ~e 0
)

× ~m
]

,since for any �xed m ∈ R and any c1, c2
2π
∫

0

c1 sinφ+ c2 cosφ
√

1 − sin2 α cos2 φ
m dφ =

π
∫

0

c1 sinφ+ c2 cosφ
√

1 − sin2 α cos2 φ
m dφ+

π
∫

0

c1 sin(φ + π) + c2 cos(φ+ π)
√

1 − sin2 α cos2(φ + π)
m dφ

=

π
∫

0

c1 sinφ+ c2 cosφ
√

1 − sin2 α cos2 φ
m dφ+

π
∫

0

−c1 sinφ− c2 cosφ
√

1 − sin2 α cos2 φ
m dφ

= 0.Consequently, since (cf. (4.2.2) and (4.2.34))
fj(1, φ0) = i

∆ k2

4πε0
mn
z

[(

~m× ~e 0
)

× ~m
]

,

mz = cosα (cf. (4.2.17)) and in view of (4.2.59), (4.2.78) and (4.2.79)
W 3

1,j =
√

2 fj(1, φ0) F̃ (π \ α)

(

1

ikR
+
√
π

1 − i√
2k

eikR√
R

)

− i
∆k3

2ε0
cosnα

[(

~m× ~e 0
)

× ~m
] eikR

ikR

+ o

(

1

R

)

= i
∆ k2

4πε0
F̃ (π \ α)mn

z

[(

~m× ~e 0
)

× ~m
]

( √
2

ikR
+
√
π

1 − i√
k

eikR√
R

)

− i
∆k3

2ε0
mn
z

[(

~m× ~e 0
)

× ~m
] eikR

ikR
+ o

(

1

R

)

. (4.2.80)Estimate of W
3

2,j:Next W 3
2,j is examined (cf. (4.2.54)).

W 3
2,j =

2π
∫

0

1
∫

0

χε
(

kn′(ψ, φ) − kν′
)

h2,j

(

n′(ψ, φ)
)

eikRψ dψ dφ.The cut-o� function is de�ned the same way as in the case of ` = 1. Recall that the modi�edBessel function K0

(

k |n′ − ν′|
) in h2,j

(

n′(ψ, φ)
) (cf. (4.2.3)) has a logarithmic singularity of the form

− log
(

k
2 |n′ − ν′|

) (cf. [1, Eqn. 9.6.13, p. 119]), which, as seen above (cf. (4.2.56)), can be transformedto
log

(

k

2
|n′ − ν′|

)

=
1

2
log(1 − ψ) +

1

2
log

[

k2

4

(

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2

+ (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

)

]

. (4.2.81)
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hj(ψ, φ) := chk χ̃ε(ψ − 1)

√

1 − n′2n [(~nr × ~e 0
)

× ~nr
]

K0 (k |n′ − ν′|)

+ chkm
n
z

[(

~m× ~e 0
)

× ~m
] 1

2
log (1 − ψ) ,where ch is the same as in (4.2.59). With this and (cf. [1, Eqns. 9.6.13 and 9.6.12, p. 119] and (4.2.81))

K0 (k |n′ − ν′|) = − log

(

k

2
|n′ − ν′|

)

− γ̃ + O
(

log |n′ − ν′| |n′ − ν′|2
)

= −1

2
log (1 − ψ) − γ̃ + O

(

log |n′ − ν′| |n′ − ν′|2
)

− 1

2
log

[

k2

4

(

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2

+ (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

)

]

, (4.2.82)where γ̃ is Euler's constant, it follows that
hj(1, φ) := lim

ψ↗1
hj(ψ, φ) = −chkmn

z

[(

~m× ~e 0
)

× ~m
]

{

γ̃ +
1

2
log

[

k2

2

(

1 − sin2 α cos2 φ
)

]}

.Similar to W 3
1,j , the integral W 3

2,j is split as
W 3

2,j = W 3,8
j +W 3,9

j , (4.2.83)where
W 3,8
j :=

2π
∫

0

1
∫

0

hj(ψ, φ) eikRψ dψ dφand
W 3,9
j := −chk πmn

z

[(

~m× ~e 0
)

× ~m
]

1
∫

0

log(1 − ψ) eikRψ dψ. (4.2.84)Once more, integration by parts w.r.t. ψ is applied to examine the asymptotic behaviour of W 3,8
j .Recalling that χ̃ε(−1) = 0,

W 3,8
j = −chkmn

z

[(

~m× ~e 0
)

× ~m
]

2π
∫

0

{

γ̃ +
1

2
log

(

k2

2

)

+
1

2
log
(

1 − sin2 α cos2 φ
)

}

dφ
eikR

ikR

− 1

ikR

2π
∫

0

1
∫

0

∂ψ
[

hj(ψ, φ)
]

eikRψ dψ dφ. (4.2.85)To show that the last integral on the right-hand side tends to zero with order o(1/R), it is necessaryto show that ∂ψ[hj(ψ, φ)] is absolutely integrable w.r.t. ψ ∈ [0, 1]. Consider (cf. [1, Eqn. 9.6.27, p. 120]and (4.2.30))
∂ψ
[

hj(ψ, φ)
]

= chk χ̃
′
ε(ψ − 1)

√

1 − n′2n [(~nr × ~e 0
)

× ~nr
]

K0 (k |n′ − ν′|)
+ chk χ̃ε(ψ − 1)∂ψ

[

n′(ψ, φ)
]

· ∇n′

[
√

1 − n′2
n [(

~nr × ~e 0
)

× ~nr
]

]

K0 (k |n′ − ν′|)

− chk χ̃ε(ψ − 1)
√

1 − n′2
n [(

~nr × ~e 0
)

× ~nr
]

k ∂ψ
[

|n′ − ν′|
]

K1 (k |n′ − ν′|)

− ch
k

2
mn
z

[(

~m× ~e 0
)

× ~m
] 1

1 − ψ
. (4.2.86)
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ε ≡ 0 in a neighbourhood of zero. Consequently the�rst term on the right-hand side of (4.2.86) is uniformly bounded w.r.t. ψ ∈ [0, 1] and thus absolutelyintegrable. The second term, on the other hand, is absolutely bounded for ψ ∈ [0, 1] by the integrablefunction (cf. (4.2.82))

c

(

1 +
1√

1 − ψ
+

log(1 − ψ)√
1 − ψ

)

,since ∇n′ [
√

1 − n′2n [(~nr × ~e 0) × ~nr]] is uniformly bounded w.r.t. ψ and φ. Indeed, nrz(ψ, φ) =
√

1 − n′(ψ, φ)2 > 0 for all ψ ∈ suppχ̃ε. It remains to consider the last two terms in (4.2.86). Forthis the series expansion of K1 is needed (cf. [1, Eqns. 9.6.11 and 9.6.10, p. 119] and [1, Eqn. 6.3.2,p. 79])
K1 (k |n′ − ν′|) =

1

k |n′ − ν′| +
1

4

[

2 log

(

k

2
|n′ − ν′|

)

+ 2γ̃ − 1

]

k |n′ − ν′| + o
(

|n′ − ν′|2
)

, (4.2.87)as well as the derivative (cf. (4.2.56))
∂ψ
[

|n′ − ν′|
]

= −1

2

√

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

√
1 − ψ

+
1

2

2 sinα cosα cosφ ψ√
1+ψ

−√
1 − ψ

(

sin2 α cos2 φ− cos2 α
)

√

2 − 2 sin2 α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2 α cos2 φ− cos2 α
)

= −1

2

|n′ − ν′|
1 − ψ

(4.2.88)
+

1

2

2 sinα cosα cosφ ψ√
1+ψ

−√
1 − ψ

(

sin2 α cos2 φ− cos2 α
)

√

2 − 2 sin2α cos2 φ− 2 sinα cosα cosφ
√

1 − ψ2 + (1 − ψ)
(

sin2α cos2 φ− cos2 α
)

,where the last denominator is bounded. Indeed, √1−ψ is the singular factor in the term |n′(ψ, φ)−ν′|(cf. (4.2.56)) in the neighbourhood that is not cut-o� by the factor χ̃ε(ψ − 1), while the denominatorequals |n′(ψ, φ) − ν′|/√1 − ψ. Since the last two terms on the right-hand side of (4.2.86) are boundedfor any ψ ∈ [0, 1), it remains to examine the limit ψ ↗ 1 of the two, by using (4.2.87) and (4.2.88). For
ψ ↗ 1, this leads to

− chk χ̃ε(ψ − 1)
√

1 − n′2
n [(

~nr × ~e 0
)

× ~nr
]

k ∂ψ
[

|n′ − ν′|
]

K1 (k |n′ − ν′|)

− ch
k

2
mn
z

[(

~m× ~e 0
)

× ~m
] 1

1 − ψ

∼ −ch
k

2
mn
z

[(

~m× ~e 0
)

× ~m
]

{

1

1 − ψ
+ 2k ∂ψ

[

|n′ − ν′|
]

K1 (k |n′ − ν′|)
}

= −ch
k

2
mn
z

[(

~m× ~e 0
)

× ~m
]

{

O
(

1√
1 − ψ

)

+ O (| log(1 − ψ)|) + O (1) + O
(

|
√

1 − ψ|
)

}

,where limψ↗1

√

1 − n′(ψ, φ)2 = limψ↗1 n
r
z(ψ, φ) = mz. Thus ∂ψ[hj(ψ, φ)] (cf. (4.2.86)) is absolutelyintegrable w.r.t. ψ ∈ [0, 1]. Furthermore, using the Riemann-Lebesgue lemma, this shows that theintegral w.r.t. ψ on the right-hand side of (4.2.85) converges to zero with the order o(1) for R → ∞.Since the integral w.r.t. ψ is also uniformly bounded w.r.t. R and φ, Lebesgue's theorem can be appliedto show that this convergence order also holds for the integral w.r.t. φ. Hence

W 3,8
j = −chkmn

z

[(

~m× ~e 0
)

× ~m
]

2π
∫

0

{

γ̃+
1

2
log

(

k2

2

)

+
1

2
log
(

1−sin2 α cos2 φ
)

}

dφ
eikR

ikR
+ o

(

1

R

)

= −chkmn
z

[(

~m× ~e 0
)

× ~m
]







2πγ̃+π log

(

k2

2

)

+

π
∫

0

log
(

1−sin2 α cos2 φ
)

dφ







eikR

ikR
+ o

(

1

R

)

.(4.2.89)
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∫ π

0

log
(

1 − sin2 α cos2 φ
)

dφ = 4π log
(

cos
α

2

)

. (4.2.90)Proof. It is easily seen that (4.2.90) holds true for α = 0. Thus, if the derivatives w.r.t. α of the twosides of (4.2.90) are equal, then (4.2.90) follows. Applying the derivative w.r.t. α to (4.2.90) leads to
−2 sinα cosα

∫ π

0

cos2 φ

1 − sin2 α cos2 φ
dφ = −2π tan

(α

2

)

. (4.2.91)To evaluate the integral on the left-hand side of (4.2.91), tan(φ/2) is substituted by u, with which
cosφ = cos

(

2
φ

2

)

= cos2
(

φ

2

)

− sin2

(

φ

2

)

=
cos2

(

φ
2

)

− sin2
(

φ
2

)

cos2
(

φ
2

)

+ sin2
(

φ
2

) =
1 − tan2

(

φ
2

)

1 + tan2
(

φ
2

) =
1 − u2

1 + u2and
du =

1

2

1

cos2
(

φ
2

) dφ, dφ = 2 cos2
(

φ

2

)

du = 2
cos2

(

φ
2

)

cos2
(

φ
2

)

+ sin2
(

φ
2

) du =
2

1 + u2
du.This leads to

−
∫ ∞

0

4 sinα cosα
(

1−u2

1+u2

)2

(1 + u2)

[

1 − sin2 α
(

1−u2

1+u2

)2
] du = −

∫ ∞

0

4 sinα cosα (1 − u2)2

(1 + u2)
[

(1 + u2)2 − sin2 α(1 − u2)2
] du.Furthermore, it is easily con�rmed that

(1 + u2)2 − sin2 α(1 − u2)2 = (1 − sin2 α)(u2
0 + u2)

(

1

u2
0

+ u2

)

,where u0 :=
√

(1 − sinα)/(1 + sinα). Using this for a partial fraction decomposition it can be shownthat
− 4 sinα cosα

∫ ∞

0

(

1−u2

1+u2

)2

(1 + u2)

[

1 − sin2 α
(

1−u2

1+u2

)2
] du

= −4 sinα cosα

1 − sin2 α

∫ ∞

0

(1 − u2)2

(1 + u2) (u2
0 + u2)

(

1
u2
0

+ u2
) du

= −4 sinα cosα

1 − sin2 α

∫ ∞

0

{

− 4u2
0

(1 − u2
0)

2

1

1 + u2
+ u2

0

(1 + u2
0)

2

(1 − u2
0)(1 − u4

0)

1

u2
0 + u2

+
(1 + u2

0)
2

(1 − u2
0)(1 − u4

0)

1
1
u2
0

+ u2

}

du

= −4 sinα cosα

1 − sin2 α

{

− 4u2
0

(1 − u2
0)

2

π

2
+ u2

0

(1 + u2
0)

2

(1 − u2
0)(1 − u4

0)

1

u0

π

2
+

(1 + u2
0)

2

(1 − u2
0)(1 − u4

0)
u0
π

2

}

= −4π tanα

{

− 2u2
0

(1 − u2
0)

2
+ u0

1 + u2
0

1 − u2
0

1 + u2
0

1 − u4
0

}
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= −4π tanα

{

−2 1−sinα
1+sinα

4 sin2 α
(1+sinα)2

+

√

1 − sinα

1 + sinα

1

sinα

1 + sinα

2 sinα

}

= −4π tanα

{

1

2

cosα

sin2 α
(1 − cosα)

}

= −2π
1 − cosα

sinα

= −2π tan
(α

2

)

,which proves equation (4.2.91) and thus (4.2.90). �Hence, (cf. (4.2.89))
W 3,8
j = −chkmn

z

[(

~m× ~e 0
)

× ~m
]

{

2πγ̃ + π log

(

k2

2

)

+ 4π log
(

cos
α

2

)

}

eikR

ikR
+ o

(

1

R

)

. (4.2.92)Finally, consider W 3,9
j (cf. (4.2.84)) using [32, Eqn. 116, p. 28 and 83]

W 3,9
j = −chk πmn

z

[(

~m× ~e 0
)

× ~m
]

1
∫

0

log(1 − ψ) eikRψ dψ

= −chk πmn
z

[(

~nr × ~e 0
)

× ~nr
]

[

Ci(kR) − γ̃ − log(kR) − i Si(kR)
] eikR

ikR
.Moreover, since (cf. [1, Eqns. 5.2.8, 5.2.9, 5.2.34 and 5.2.35, p. 60 and 61])

Ci(kR)
R→∞∼ O

(

1

R

)

, Si(kR)
R→∞∼ π

2
+ O

(

1

R

)

,it follows that
W 3,9
j = chk πm

n
z

[(

~nr × ~e 0
)

× ~nr
]

[

γ̃ + log(kR) + i
π

2

] eikR

ikR
+ o

(

1

R

)and (cf. (4.2.83), (4.2.92) and (4.2.59))
W 3

2,j = W 3,8
j +W 3,9

j

= −chk πmn
z

[(

~m× ~e 0
)

× ~m
]

{

2γ̃ + log

(

k2

2

)

+ 4 log
(

cos
α

2

)

}

eikR

ikR

+ chk πm
n
z

[(

~nr × ~e 0
)

× ~nr
]

[

γ̃ + log(kR) + i
π

2

] eikR

ikR
+ o

(

1

R

) (4.2.93)
= i

∆ k3

4 ε0
mn
z

[(

~m× ~e 0
)

× ~m
]

[

logR − γ̃ − log

(

k

2

)

− 4 log
(

cos
α

2

)

+ i
π

2

]

eikR

ikR
+ o

(

1

R

)4.2.4.3 Singularity outside unit discNext, the case that |k+ω̃′
`,j|/k > 1 is considered. For this purpose, the substitution to polar coordinates,used in the �rst line of (4.2.9), leads to (cf. (4.2.8))

W 3
`,j =

φ0+π
∫

φ0−π

∞
∫

1

χε(kρn
′
0 − kν′)

f̃`,j(ρn
′
0)

|ρn′
0 − ν′|

ρ
√

1 − ρ2
eikρRn

′
0·m′

e−kRmz
√
ρ2−1 dρ dφ,where (cf. (4.2.2)�(4.2.5))

f̃`,j(ρn
′
0) := h`,j(ρn

′
0) |ρn′

0 − ν′| , ` = 1, . . . , 4



CHAPTER 4. THE REFLECTED FAR FIELD4.2.4 Singular integrands 87is uniformly bounded w.r.t. ρ and φ on compact sets. Note that, since the support of the cut-o�function (ρ, n′
0) 7→ χε(kρn

′
0−kν′) is located completely outside the unit circle around zero, there existsa constant δ > 0 such that √ρ2 − 1 ≥ δ for all kρn′

0 − kν′ ∈ suppχε. Thus, for R ≥ 1,
∣

∣W 3
`,j

∣

∣ ≤ c

δ

φ0+π
∫

φ0−π

∞
∫

1

|χε(kρn′
0 − kν′)|

|ρn′
0 − ν′| dρ dφ e−kRmzδ = o

(

1

R

)

, (4.2.94)since |ρn′
0 − ν′|−1 is locally integrable w.r.t. ρ and φ.4.2.4.4 The three cases togetherFinally, combining (4.2.33), (4.2.52), (4.2.53), (4.2.80), (4.2.93) and (4.2.94),

W 3
`,j = 1k′+ω̃′

`,j
(km′)

{

δ1`W
3
1,j + δ2`W

3
2,j + 2π

[

δ3` h3,j(m
′) + δ4` h4,j(m

′)
] eikR

ikR

}

+ o

(

1

R

)

= 1k′+ω̃′
`,j

(km′)

{

i δ1`
∆ k2

4πε0
mn
z F̃ (π \ α)

[(

~m× ~e 0
)

× ~m
]

( √
2

ikR
+
√
π

1 − i√
k

eikR√
R

)

− i δ1`
∆k3

2ε0
mn
z

[(

~m× ~e 0
)

× ~m
] eikR

ikR

+ i δ2`
∆ k3

4 ε0
mn
z

[(

~m× ~e 0
)

× ~m
]

[

logR− γ̃ − log

(

k

2

)

− 4 log
(

cos
α

2

)

+ i
π

2

]

eikR

ikR

+ 2π
[

δ3` h3,j(m
′) + δ4` h4,j(m

′)
] eikR

ikR

}

+ o

(

1

R

)

, (4.2.95)no matter if the point n′ with kn′ = k′ + ω̃′
`,j is located inside or outside the unit circle and where δm`is de�ned as the Kronecker delta.In conclusion this shows that (cf. (4.2.6), (4.2.15), (4.2.32) and (4.2.95))

∫

R2

h`,j(n
′)

nrz
eik~n

r ·~x dn′

= W 1
`,j +W 2

`,j +W 3
`,j

= 2π 1{1,2}(`)
(

1 − 1k′+ω̃′
`,j

(km′)
)

h`,j(m
′)
eikR

ikR
+ 2π 1{3,4}(`)h`,j(m

′)
eikR

ikR

+ i δ1` 1k′+ω̃′
1,j

(km′)
∆ k2

4πε0
mn
z F̃ (π \ α)

[(

~m× ~e 0
)

× ~m
]

( √
2

ikR
+
√
π

1 − i√
k

eikR√
R

)

− i δ1` 1k′+ω̃′
1,j

(km′)
∆k3

2ε0
mn
z

[(

~m× ~e 0
)

× ~m
] eikR

ikR

+ i δ2` 1k′+ω̃′
2,j

(km′)
∆ k3

4 ε0
mn
z

[(

~m× ~e 0
)

× ~m
]

[

logR− γ̃ − log

(

k

2

)

− 4 log
(

cos
α

2

)

+ i
π

2

]

eikR

ikR
+ o

(

1

R

)

.This gives the asymptotics of one term in (4.2.1). From the uniform and absolute convergence of thesummation in (4.2.1) (cf. Thm. 3.1), it is obvious that the asymptotic limit and the summation in(4.2.1) can be interchanged.Finally the formulas for E`, for ` = 1, . . . , 4,
E` =

∑

n∈N0

∑

j∈Z

{

2π 1{1,2}(`)

1
∫

0

λ̃n`,j
(−ikζ)n

n!
dζ
(

1 − 1k′+ω̃′
`,j

(km′)
)

h`,j(m
′)
eikR

ikR
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+ 2π 1{3,4}(`)

1
∫

0

λ̃n`,j
(−ikζ)n

n!
h`,j(m

′) dζ
eikR

ikR

+ i δ1` 1k′+ω̃′
1,j

(km′)
∆ k2

4πε0
F̃ (π \ α)mn

z

1
∫

0

λ̃n`,j
(−ikζ)n

n!
dζ
[(

~m×~e 0
)

× ~m
]

( √
2

ikR
+
√
π

1 − i√
k

eikR√
R

)

− i δ1` 1k′+ω̃′
1,j

(km′)
∆k3

2ε0
mn
z

1
∫

0

λ̃n`,j
(−ikζ)n

n!
dζ
[(

~m× ~e 0
)

× ~m
] eikR

ikR

+ i δ2` 1k′+ω̃′
2,j

(km′)
∆ k3

4 ε0
mn
z

1
∫

0

λ̃n`,j
(−ikζ)n

n!
dζ
[(

~m× ~e 0
)

× ~m
]

[

logR− γ̃ − log

(

k

2

)

− 4 log
(

cos
α

2

)

+ i
π

2

]

eikR

ikR

}

+ o

(

1

R

) (4.2.96)are obtained, assuming that both (3.3.41) and |k′ + ω̃′
`,j| 6= k, for ` = 1, . . . , 4 and all j ∈ Z, aresatis�ed. The far-�eld asymptotics of E` for ` = 1, . . . , 4 in the case that |k′ + ω̃′

`,j| = k is derived in theappendix in Chapter B. These examinations are quite lengthy, since additional care has to be takenconcerning the occurring singularities of the integrands. Apart from that, the approach is very similarto the one used to obtain (4.2.96).Hence, with (4.2.96), (3.1.2)�(3.1.4) and Theorem B.1 with Equation (4.2.1) it can be shown thatEquation (4.1.1) in Theorem 4.1 holds. Indeed, Equation (4.1.1) can be obtained by separating thedi�erent orders of decay w.r.t. R in (3.1.3), (3.1.4), (4.2.96) and (B.1.2). To be precise, Equations(3.1.3) and (3.1.4) consist of non-decaying plane waves, while radial decay eikR/R appears in the �rst,second, �fth and seventh line of (4.2.96), as well as in the �rst term of (B.1.2). Apart from these decayorders, the second term of (B.1.2) is a 'plane wave' decaying with 1/R, in the fourth line of (4.2.96)the radial decay orders 1/R and eikR/√R arise and the seventh line of (4.2.96) shows the usual radialdecay tempered by a logarithm, i.e. logReikR/R. For E1 this leads to (cf. (4.2.2), (B.1.1) and (B.1.2))
E1 =

∑

n∈N0

∑

j∈Z

{

2π

1
∫

0

λ̃n1,j
(−ikζ)n

n!
dζ
(

1 − 1k′+ω̃′
1,j

(km′)
)

h1,j(m
′)
eikR

ikR

+ i1k′+ω̃′
1,j

(km′)
∆ k2

4πε0
F̃ (π \ α)mn

z

1
∫

0

λ̃n1,j
(−ikζ)n

n!
dζ

[(

~m× ~e 0
)

× ~m
]

( √
2

ikR
+
√
π

1 − i√
k

eikR√
R

)

− i1k′+ω̃′
1,j

(km′)
∆k3

2ε0
mn
z

1
∫

0

λ̃n1,j
(−ikζ)n

n!
dζ
[(

~m× ~e 0
)

× ~m
] eikR

ikR

}

+
∑

n∈N0

∑

j∈Z

{

1k(|k′ + ω̃′
1,j|)

1
∫

0

λ̃n1,j
(−ikζ)n

n!
dζ

[

2π h1,j(m
′)
eikR

ikR

+ 10(n) 2π f1,j,n

(

k′ + ω̃′
1,j

k
, 0

)

eiR(k′+ω̃′
1,j)·m′

kRmz

]}

+ o

(

1

R

)

=
∆ k3

2ε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n1,j
(−ikmzζ)

n

n!
h̃1,j,n(~m, ζ) dζ

[(

~m× ~e 0
)

× ~m
] eikR

kR

+
∆ k2

4πε0
H1(~m)

[(

~m× ~e 0
)

× ~m
]

(

1

kR
+
√
π

1 + i√
2

eikR√
kR

)
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+ i

∆ k2

2ε0

∑

j∈Z

|k′+ω̃′
1,j |=k

1
∫

0

λ̃0
1,j(ζ) dζ

[(

(

k′+ω̃′
1,j

k
, 0

)>
× ~e 0

)

×
(

k′+ω̃′
1,j

k
, 0

)>]
eiR(k′+ω̃′

1,j)·m′

kRmzwhere
H1(~m) :=

√
2 F̃ (π \ α)

∑

n∈N0

∑

j∈Z

ω̃′
1,j=km

′−k′

1
∫

0

λ̃n1,j(ζ)
(−ikmz ζ)

n

n!
dζ.and where the indicator functions 1 in line 1,2,4 and 5 were transformed to a condition to the sumw.r.t. j in the last line or to a case in the function h̃1,j,n, de�ned as

h̃1,j,n(~m, ζ) :=







e
−|km′−(k′+ω̃′

1,j)|
|km′−(k′+ω̃′

1,j)| if m′ 6= k′+ω̃′
1,j

k

−1 if m′ =
k′+ω̃′

1,j

k

.Similarly, for ` = 2 and with cosα = mz and 4 log(cos(α/2)) = log(1/4 (1 + cosα)2), (cf. (4.2.3) and(B.1.2))
E2 =

∑

n∈N0

∑

j∈Z

{

2π

1
∫

0

λ̃n2,j
(−ikζ)n

n!
dζ
(

1 − 1k′+ω̃′
2,j

(km′)
)

h2,j(m
′)
eikR

ikR

+ i1k′+ω̃′
2,j

(km′)
∆ k3

4 ε0
mn
z

1
∫

0

λ̃n2,j
(−ikζ)n

n!
dζ
[(

~m× ~e 0
)

× ~m
]

[

logR− γ̃ − log

(

k

2

)

− 4 log
(

cos
α

2

)

+ i
π

2

]

eikR

ikR

}

+
∑

n∈N0

∑

j∈Z

1k(|k′ + ω̃′
2,j|)

1
∫

0

λ̃n2,j
(−ikζ)n

n!
dζ 2π h2,j(m

′)
eikR

ikR
+ o

(

1

R

)

=
∆ k3

2ε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n2,j
(−ikmzζ)

n

n!
h̃2,j,n(~m, ζ) dζ

[(

~m× ~e 0
)

× ~m
] eikR

kR

+
∆ k3

4ε0
H2(~m)

[(

~m× ~e 0
)

× ~m
] logR

kR
eikR + o

(

1

R

)

,where
H2(~m) :=

∑

n∈N0

∑

j∈Z

ω̃′
2,j=km

′−k′

1
∫

0

λ̃n2,j(ζ)
(−ikmz ζ)

n

n!
dζand

h̃2,j,n(~m, ζ) :=

{

K0

(∣

∣km′ − (k′ + ω̃′
2,j)
∣

∣

) if m′ 6= k′+ω̃′
2,j

k

− 1
2

[

γ̃ + log
(

k
8 (1 +mz)

2
)

− iπ2
] if m′ =

k′+ω̃′
2,j

k

.At last, for ` = 3, 4, (cf. (4.2.4), (4.2.5) and (B.1.2))
E` =

∑

n∈N0

∑

j∈Z

2π

1
∫

0

λ̃n`,j
(−ikζ)n

n!
h`,j(m

′) dζ
eikR

ikR

+
∑

n∈N0

∑

j∈Z

1k(|k′ + ω̃′
`,j|)

1
∫

0
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(−ikζ)n

n!
dζ 2π h`,j(m

′)
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+ o

(

1

R

)
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=

∆ k3

2ε0

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n`,j
(−ikmzζ)

n

n!
h̃`,j,n(~m, ζ) dζ

[(

~m× ~e 0
)

× ~m
] eikR

kR
+ o

(

1

R

)

,where
h̃`,j,n(~m, ζ) :=

{

e−|km′−(k′+ω̃′
3,j)| if ` = 3

1
2π

∫

R2 g̃n(η
′, ζ) e−iη

′·(km′−k′) dη′ if ` = 4
.Subtracting these formulas for E1 to E4 and Equation (3.1.4) for E0 from EQ (cf. (3.1.2) and (3.1.3))easily leads to (4.1.1), which concludes the proof of Theorem 4.1.4.3 Reduced wave mode in specular re�ectionIn this subsection it will be shown that the results in Section II.E.1 of Stearns [36] can be derivedrigorously in the sense of Born approximation for interface functions in A ∩ L∞

Q . To be precise, it willbe proven that the wave mode of the plane wave re�ected in specular direction can be represented asthe wave mode for re�ection at an ideal interface multiplied by a correction factor. Indeed this factorcan be given explicitly. Note that this is shown for �elds in the sense of Born approximation.Theorem 4.6 (Reduced specularly re�ected wave mode). Assuming an interface function f ∈ A∩L∞
Q ,the wave mode of the re�ected plane wave in specular direction ~kr = (kx, ky,−kz)>, in the above de�nedsense of Born approximation, is

∆

4ε0 k2
z

ŵ(−2kz)
[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x + O

(

[

∆k2

k2
z

]2
)

, (4.3.1)where
ŵ(−2kz) :=

h
2
∫

−h
2

∂ζ

[

lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1[f(η′),∞)(ζ) dηx dηy

]

e−i2|kz|ζ dζ. (4.3.2)Remark 4.7. In the case of an ideal surface with f = fQ ≡ 0, the function ŵ = ŵQ is the Fouriertransform of ∂ζ1[0,∞) = δ, i.e., ŵQ ≡ 1. Consequently, Eqn. (4.3.1) shows that the specularly re�ectedplane-wave mode for a general rough surface is that of the re�ected plane-wave mode of the ideal planarsurface multiplied by the attenuation factor ŵ(−2kz). Thus, the e�ciency of that mode is attenuatedby the factor [ŵ(−2kz)]
2, where |ŵ(−2kz)| is less or equal to one. Indeed,
|ŵ(−2kz)| =

∣

∣

∣

∣

∞
∫

−h
2

e−i2|kz |ζ dp(ζ)

∣

∣

∣

∣

≤ p(∞) − p(−h/2) = 1with the monotonically increasing function p(ζ) :=limR→∞ 1/(4R2)
∫ R

−R
∫ R

−R 1[f(η′),∞)(ζ) dηx dηy satis-fying p(∞) = 1 and p(−h/2) = 0.Remark 4.8. Applying the formula for the Fourier transform of a derivative to Eqn. (4.3.2) andsubtracting ŵQ(−2kz) ≡ 1, there holds
ŵ(−2kz) = 1 + i2|kz|

h
2
∫

−h
2

[

lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

(

1[f(η′),∞)(ζ)−1[0,∞)(ζ)
)

dηx dηy

]

e−i2|kz|ζ dζ.This provides a way to de�ne ŵ by classical integration.



CHAPTER 4. THE REFLECTED FAR FIELD4.3. Reduced wave mode in specular re�ection 91Proof. By examining Equation (3.1.4) and the de�nition of ~ωj it is easily seen that a plane wave inspecular direction coincides with ω̃′
0,j = (0, 0)>. Moreover, by notation, there is a unique j = j0 suchthat ω̃′

0,j = (0, 0)>. Note that the corresponding λ̃n0,j0 is the mean value of fn(η′) = fn+1(η′) eikzζ f(η′).To be precise, it can be represented as (cf. (3.3.15) and (3.3.16))
λ̃n0,j0 = lim

R→∞

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy

= lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

{

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′

]

+ g̃n(η
′, ζ)

}

dηx dηy. (4.3.3)Indeed, the mean value of all decaying parts of fn can be bounded by
lim
R→∞

∣

∣

∣

∣

∣

∣

∣

3
∑

`=1

1

4R2

R
∫

−R

R
∫

−R

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′ dηx dηy +

1

4R2

R
∫

−R

R
∫

−R

g̃n(η
′, ζ) dηx dηy

∣

∣

∣

∣

∣

∣

∣

≤ lim
R→∞

3
∑

`=1

1

4R2

R
∫

−R

R
∫

−R

1
√

1 + |η′|2
`

dηx dηy
∑

j∈Z

∣

∣

∣λ̃n`,j

∣

∣

∣+
1

4R2

R
∫

−R

R
∫

−R

|g̃n(η′, ζ)| dηx dηy

≤ lim
R→∞

3
∑

`=1

1

4R2

R
∫

−R

R
∫

−R

1
√

1 + |η′|2
`

dηx dηy
∑

j∈Z

∣

∣

∣λ̃n`,j

∣

∣

∣+
||g̃n( · , ζ)||4,∞

4R2

R
∫

−R

R
∫

−R

1

(1 + |η′|2)2
dηx dηy

≤ lim
R→∞

‖fn‖A
4R2

R
∫

−R

R
∫

−R

1
√

1 + |η′|2
dηx dηyfor any �xed ζ ∈ [0, 1]. Substituting u′ = η′/R, with u′ = (ux, uy)

>, then leads to
lim
R→∞

∣

∣

∣

∣

∣

∣

∣

3
∑

`=1

1

4R2

R
∫

−R

R
∫

−R

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′ dηx dηy +

1

4R2

R
∫

−R

R
∫

−R

g̃n(η
′, ζ) dηx dηy

∣

∣

∣

∣

∣

∣

∣

≤ lim
R→∞

‖fn‖A
4

1
∫

−1

1
∫

−1

1
√

1 +R2 |u′|2
dux duy

= 0and (cf. (4.3.3))
lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

fn(η
′) dηx dηy = lim

R→∞

1

4R2

R
∫

−R

R
∫

−R

∑

j∈Z

λ̃n`,j e
iω̃′
`,j ·η′ dηx dηyAdditionally, since the sum exists absolutely, it can be evaluated after the integration. Moreover, for

ω̃′
0,j 6= (0, 0)> the summands in the sum w.r.t. j are periodic with a mean of zero. Thus Equation(4.3.3) follows.With this, the specular part ~Es of ~Er (cf. (3.1.2) and (3.1.4)) minus the summand ~EQ (cf. (3.1.3)),corresponding to the re�ection at an ideal interface, is examined. Replacing λ̃n0,j0 (cf. (4.3.3)) leads to

~Es0(~x) := −i ∆

2ε0

∑

n∈N0

1
∫

0

λ̃n0,j0
(−iζ)n
n!

dζ
[(

~kr × ~e 0
)

× ~kr
]

|kz |n−1 ei
~kr ·~x
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= −i ∆

2ε0

∑

n∈N0

1
∫

0

lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy
(−iζ)n
n!

dζ |kz |n−1

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x.Applying Lebesgue's theorem for an in�nite sum (integration with a discrete measure), it is easily seenthat

lim
R→∞

∑

n∈N0

1
∫

0

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy
(−iζ)n
n!

dζ |kz|n−1

=
∑

n∈N0

lim
R→∞

1
∫

0

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy
(−iζ)n
n!

dζ |kz |n−1,since, with ‖f‖∞ < h <∞,
∣

∣

∣

∣

∣

∣

1
∫

0

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy
(−iζ)n
n!

dζ |kz |n−1

∣

∣

∣

∣

∣

∣

≤
1
∫

0

1

4R2

R
∫

−R

R
∫

−R

hn+1 dηx dηy
|kz|n−1

n!
dζ

=
hn+1|kz |n−1

n!
,which is absolutely summable w.r.t. n. Consequently,

~Es0(~x) = −i ∆

2ε0
lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1
∫

0

∑

n∈N0

(−i|kz|ζ f(η′))n

n!
eikzζ f(η′) dζ

f(η′)

|kz |
dηx dηy

[(

~kr×~e 0
)

×~kr
]

ei
~kr·~x

= −i ∆

2ε0
lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1
∫

0

e−i2|kz|ζ f(η′) dζ
f(η′)

|kz |
dηx dηy

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr·~x, (4.3.4)since kz < 0. Note that

1
∫

0

e−i2|kz|ζ f(η′) dζ f(η′) =

f(η′)
∫

0

e−i2|kz |ζ dζ =

h
2
∫

−h
2

1[0,f(η′)](ζ) e
−i2|kz |ζ dζ.Applying this to the right-hand side of (4.3.4) and using Fubini's theorem leads to

~Es0(~x) = −i ∆

2ε0
lim
R→∞

h
2
∫

−h
2

1

4R2

R
∫

−R

R
∫

−R

1[0,f(η′)](ζ) dηx dηy e
−i2|kz|ζ dζ

[(

~kr × ~e 0
)

× ~kr
]

|kz |
ei
~kr ·~x. (4.3.5)The next step is to evaluate the limit w.r.t. R. To do so, note that the integral µ(f, ζ, R) :=

∫ R

−R
∫ R

−R 1[0,f(η′)](ζ) dηx dηy is a measure for the set of points η′ ∈ [−R,R]2 for which |ζ| ≤ sgn ζ f(η′)(cf. Fig. 4.4). With this in mind, it is easily seen that
∣

∣

∣

∣

µ(f, ζ, R)

4R2

∣

∣

∣

∣

≤ 1

4R2

R
∫

−R

R
∫

−R

∣

∣1[0,f(η′)](ζ)
∣

∣ dηx dηy ≤ 1

4R2

R
∫

−R

R
∫

−R

1 dηx dηy = 1,for any ζ. The last expression is integrable w.r.t. ζ over the compact domain of integration [−h/2, h/2].Lebesgue's theorem thus shows that the limit w.r.t. R in (4.3.5) can be evaluated before the integration
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4R2

(R, R)>(−R,−R)>
η′ ∈ R2

ζ

µ(f, ζ, R)

f(η′)

Figure 4.4: Symbolic visualisation of measure µ(f, ζ, R)w.r.t. ζ. Moreover, note that this limit is zero for |ζ| > h/2 ≥ |f(η′)|. Hence the domain of integrationw.r.t. ζ in (4.3.5) can be extended to R. The integral can then be interpreted as a Fourier transformand
~Es0(~x) = −i ∆

2ε0|kz |

∫

R

lim
R→∞

µ(f, ζ, R)

4R2
e−i2|kz |ζ dζ

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x

= − ∆

4ε0|kz|2
∫

R

∂ζ

[

lim
R→∞

µ(f, ζ, R)

4R2

]

e−i2|kz|ζ dζ
[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x. (4.3.6)In correspondence with [36, Equation (12)] de�ne

p(ζ) := lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1[f(η′),∞)(ζ) dηx dηy ,

pQ(ζ) := lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1[0,∞)(ζ) dηx dηy = 1[0,∞)(ζ).It is easily con�rmed that limR→∞ µ(f, ζ, R)/(4R2) = pQ(ζ) − p(ζ) and that the Fourier transform
∫

R
p′Q(ζ) e−i2|kz |ζ dζ is equal to one, by using results for generalised Fourier transforms. Furthermore,it can be shown that supp(p′) ⊆ [−h/2, h/2]. Thus, separately applying the integral w.r.t. ζ in (4.3.6)to p′ and p′Q is well de�ned and leads to
~Es0(~x) =

∆

4ε0|kz |2
ŵ(−2kz)

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x − ∆

4ε0|kz |2
[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x, (4.3.7)where ŵ(−2kz) :=

∫

R
p′(ζ) e−i2|kz |ζ dζ. On the other hand, the subsequent Lemma 4.9 states that thesecond summand in (4.3.7) is an approximation of the �eld ~ErQ(~x) (cf. (3.1.3)) re�ected from an idealinterface. Thus, since (4.3.7) is a formula for the plane-wave part of the �eld re�ected in speculardirection minus an approximation of the re�ected �eld for an ideal interface ( ~Es0 = ~Es− ~ErQ), it followsthat the plane wave part is equal to (cf. subsequent (4.3.8))

~Es(~x) = ~Es0(~x) + ~ErQ(~x) =
∆

4ε0|kz |2
ŵ(−2kz)

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x + O

(

[

∆k2

k2
z

]2
)

,which is equal to [36, Equation (42)]. �For the proof of Theorem 4.6 the following lemma was used.Lemma 4.9. Assume an ideal interface, de�ned by the graph of the function fQ ≡ 0, is illuminated byan incoming plane wave as described in Subsection 2.1. The re�ected �eld is then given by
~ErQ(~x) =

∆

4ε0k2
z

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x + O

(

[

k2∆

k2
z

]2
)

. (4.3.8)



94 CHAPTER 4. THE REFLECTED FAR FIELD4.3. Reduced wave mode in specular re�ectionProof. The �eld re�ected by an ideal interface is determined by Fresnel's formulas. To be precise, forsome constant polarisation ~e 0, (cf. (A.3.2))
~ErQ(~x) =







kz +

√

k̃2 − |k′|2

kz −
√

k̃2 − |k′|2
νrTE(~k,~e 0)~e 1

TE(~k) −
k̃2kz + k2

√

k̃2 − |k′|2

k̃2kz − k2

√

k̃2 − |k′|2
νrTM (~k,~e 0)~e 1

TM (~k)







ei
~kr ·~x,(4.3.9)where k̃ =

√

µ0ε′0ω, kz < 0,
νrTE(~k,~e 0) :=

kye
0
x − kxe

0
y

|k′| , ~e 1
TE(~k) :=

1

|k′|





ky
−kx
0



 ,

νrTM (~k,~e 0) :=
kz(kxe

0
x + kye

0
y) − |k′|2 e0z

k |k′| , ~e 1
TM (~k) :=

1

k |k′|





kxkz
kykz
|k′|2



 . (4.3.10)Here, the symbols ~e 1
TE(~k) and ~e 1

TM (~k) identify the polarisation directions of the re�ected �eld, whenan ideal interface is illuminated by a TE- or TM-polarised plane wave. Thus, ~ErQ(~x) is a convexcombination of the re�ected �elds resulting from these two polarisation states. To obtain (4.3.8), it isthus su�cient to study the asymptotic behaviour in the case of these two polarisations. This is done byconsidering the asymptotic behaviour of the two quotients in (4.3.9) for ε′0 → ε0, or equivalently ∆ → 0.To be precise, some terms are split o� from these quotients and it will be shown that the remainingterms decay with the order O([k2∆/k2
z ]

2), while the split o� terms are relevant for the asymptotics.These decomposed terms are then plugged into (4.3.9) to replace the quotients. At the end, it will beshown that this representation can be reduced to (4.3.8) for ε′0 → ε0.First, the case of TE-polarisation is considered. Since k2 = |k′|2 + k2
z , kz < 0, k2 = µ0ε0ω

2 and
k̃2 = µ0ε

′
0ω

2, it is easily seen that
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√
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√
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√
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√
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k2∆
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k2∆
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













1 +
4k2
z

[

|kz| +
√

k̃2 − |k′|2
]2 − 1


















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√
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√
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=
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√
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√
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√
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=
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2
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√
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√
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=
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√
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√
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√
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lim
ε′0→ε0
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√
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√
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√
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2ε0is �nite, such that
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√
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√
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=
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. (4.3.11)Similarly, in the TM case, (cf. (4.3.9))
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(
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(
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(
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(
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(
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(
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(
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.(4.3.17)Note that since ~kr is orthogonal to ~e 0
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,proving the statement of the lemma. �4.4 The special case of a sinusoidal gratingIn this section Formula (4.1.1) is compared with the one derived by Stearns [36] for the simple caseof a speci�c sinusoidal grating in the case of classical di�raction (incident direction ~k orthogonal togrooves of periodic grating). In the �rst subsection a simpli�ed version of Formula (4.1.1) for a speci�csinusoidal grating will be derived. This formula is then compared with that of Stearns in the secondsubsection.4.4.1 Applied far-�eld formulaAssume an interface function f ∈ A ∩ L∞
Q , with

f(x′) := λ0,−1 e
iω′

0,−1·x′
+ λ0,1 e

iω′
0,1·x′
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2
cosx. (4.4.1)
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. (4.4.2)To evaluate the second line of (4.1.1) it is necessary to determine the values of λ̃n0,j and ω̃′
0,j for theinterface (4.4.1). To do so, consider the formulas (3.3.17) and (3.3.18). Note that for f de�ned by(4.4.1), the index set Z in (3.3.17) and (3.3.18) is reduced to {−1, 1}. Thus (cf. (4.4.2))
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∞
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)
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(

n−j
2

)

!
(

n+j
2

)

!
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∆
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)

× ~ω0

] (
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z
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4n
[(

n
2

)

!
]2 ei~ω0·~x

+ ~ErQ(~x)

= −i ∆

2ε0

∑

j∈Z\{0}

∞
∑

n=|j|
n+j≡ 0 mod 2

n−1
∑

m̃=0

(−i)(n−1)
hn(n− 1)! (−kz)m̃

4n m̃! (n− m̃− 1)!

(

ωjz
)n−m̃−2
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~ωj × ~e 0
)

× ~ωj
]

(

n−j
2

)

!
(

n+j
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)

!
ei~ωj ·~x

− i
∆

2ε0

∞
∑

n=1
n≡ 0 mod 2

n−1
∑

m̃=0

(−i)(n−1)
hn(n− 1)!

4n m̃! (n− m̃− 1)!
(−kz)n−2

[(

~kr × ~e 0
)

× ~kr
]

[(

n
2

)

!
]2 ei

~kr ·~x

+ ~ErQ(~x), (4.4.9)where ~kr = ~ω0 = (kx, 0,−kz) for ky = 0 and kz < 0.4.4.2 Near-�eld formula of StearnsAccording to Stearns (cf. [36, Eqn. (19), p. 494])
~Er(~x) =

∆k2

8π2ε0

∫

R2

ĝ(k~nr − ~k)

nrz(n
r
z − n0

z)

[(

~nr × ~e 0
)

× ~nr
]

eik~n
r ·~x dn′,where ~nr :=

(

nx, ny,
√

1 − n′2)>, n′ := (nx, ny)
>, n′2 := n2

x + n2
y, n0

z := kz
k and where

ĝ(~s) := F(g)(~s),
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(

z − h
2 cosx

), is de�ned in a generalised sense (cf. (2.3.9)). Formally applying the Fouriertransform to g and using the power series of the exponential function leads to
ĝ(~s) :=

∫

R3

g(~x) e−i~s·~x d~x =

∫

R2

∫

R

δ(z − h

2
cosx) e−iszz dz e−is

′·x′
dx′ =

∫

R2

e−i
h
2 sz cosx e−is

′·x′
dx′

= 2π δ(sy)

∫

R

e−i
h
2 sz cosx e−isx x dx = 2π δ(sy)

∑

n∈N0

(

−ih2 sz
)n

n!

∫

R

cosn x e−isx x dx,where, using the binomial theorem,
∫

R

cosn x e−isx x dx =
1

2n

∫

R

(

eix + e−ix
)n

e−isx x dx

=
1

2n

n
∑

m=0

n!
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∫
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ei(2m−n)x e−isx x dx

=
2π

2n
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∑
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δ(sx + n− 2m).Hence,

ĝ(~s) := 4π2 δ(sy)
∑

n∈N0

(−ihsz)n
4n

n
∑

m=0

1

m! (n−m)!
δ(sx + n− 2m)and the occurring sums are absolutely convergent in the sense of distributions, i.e. when tested with asmooth function ϕ ∈ C∞

0 (R3). It can now be shown that
~Er(~x) =
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2ε0
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n∈N0

n
∑
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n

4nm! (n−m)!
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]
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n,m
z )> and wn,mz :=

√

1 − [kx/k + (2m− n)/k]2 − [ky/k]2with ky = 0. Note that to get the correct power of k, the formula
∫
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1
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∫
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δ(nx) δ(ny)ϕ

(

1

k
[nx + kx − n+ 2m] ,

1

k
ny

)

dn′has been used. Splitting o� the summand with n = 0 and applying the binomial theorem to (kwn,mz −
kz)

n−1 the formula can be rearranged to get
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=
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r
0·~x,where ~w0,0 = ~nr0 and w0,0

z = −n0
z since n0

z < 0. To further transform the term, it is used that thesummands w.r.t. n and m can be sorted w.r.t. 2m−n. To be precise, for any �xed j, the summands forall pairs (n,m) where 2m− n = j are collected and added. Afterwards the sum over all these partialsums is evaluated. Since 2m− n can take the value of every integer number, the sum over all partialsums corresponds to the sum over all j ∈ Z. For convenience, de�ne
F (2m− n, n) :=
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G(n) :=
(−ih)n (n− 1)!

4n
.Consequently,

∑

n∈N

n
∑

m=0

F (2m− n, n)G(n)

m! (n−m)!
=
∑
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∑
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√

k2 − (kx + j)2)> = 1/k ~ωj (cf. (4.4.3)), this leads to
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∞
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z, where ~kr is de�ned as at the end of Section 4.4.1. Moreover, Lemma 4.9 states that(cf. Eqn. (36) in [36] for ~e ∗ · ~nr0 = 0)

∆

4 ε0[n0
z]

2

[(

~nr0 × ~e 0
)

× ~nr0
]

eik~n
r
0 ·~x =

∆

4 ε0k2
z

[(

~kr × ~e 0
)

× ~kr
]

ei
~kr ·~x = ~ErQ(~x) + O

(

[

k2∆

k2
z

]2
)

.Thus the two equations (4.4.9) and (4.4.10) are asymptotically the same for k2∆/k2
z � 1.
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Chapter 5The transmitted far �eldThe preceding three Chapters 2�4 only showed how the far-�eld formula in the sense of the Bornapproximation can be derived for the re�ected �eld. Naturally this can also be done for the transmitted�eld. For now it will be assumed that ε′0, the dielectric constant of the material below the interface, isreal valued and thus that the corresponding material is non-absorbing. The case of an absorbing lowermaterial is discussed in Remark 5.2.In the non-absorbing case, it can be shown thatTheorem 5.1 (The transmitted far �eld). Assume the interface is the graph of a function f ∈ A∩L∞

Qas described in Remark 3.4 that satis�es condition (3.3.41). Furthermore, suppose this interface isilluminated by an incoming plane wave as described in Subsection 2.1. Then the far-�eld asymptoticsof the transmitted polarised electric �eld for z < −max {2 ||f ||A , 2 ||f ||∞} in the sense of the Bornapproximation is
~Et(R~m) = t(~k,~e 0)

eikR~n
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∆
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1,j, 0)>

] eiR(k′+ω̃′
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√
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, (5.1)where mz < 0, k̃ :=
√

µ0ε′0ω, ε′0 ≥ 0, ~nt0 := (n0
x, n

0
y, n

t
z)

>, ntz := −
√

k̃2 − |k′|2/k̃, ~ωtj := (k′+ ω̃′
0,j, ω̃

j
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>,
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√
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∑
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j∈Z
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∑

`=1

1
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λ̃n`,j(ζ)
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n

n!
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H̃1(~m) :=
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dζ,and where λ̃n`,j , ω̃`,j and g̃n are de�ned in Lemma 3.9. The term F̃ denotes the elliptic integral of the�rst kind,
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′·(k̃m′−k′) dη′ if ` = 4and
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
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




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
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kz. (5.2)To prove this, all the derivations from Chapter 2 to 4 and those in Chapter B in the appendix wouldhave to be repeated for the transmitted �eld. On the other hand, these derivations are very similar tothose for the re�ected �eld. The main di�erences are changed constants and signs. As a consequence,the proof for the transmitted �eld will only be outlined by highlighting the di�erences to the proof forthe re�ected far �eld.The �rst step is again to derive an inhomogeneous vector Helmholtz equation (cf. (2.2.3)), thesolution of which will now describe the total �eld below the interface. As before, the limiting absorptionprinciple is applied. But this time an imaginary part is added to the real valued dielectric constant ε′0of the material below the interface. This is done in such a way that a small τ is added to the thirdcomponent of the wave vector of specular transmission ~kt := (k′, ktz)
> with ktz := −(k̃2 − |k′|2)1/2,i.e. ~ktτ := (k′, ktz,τ )

> with ktz,τ := ktz + iτ . Here and in the following, the term 'specular transmissiondirection' is used to describe the propagation direction corresponding to the transmitted plane wave
~EtQ, which results from di�raction at an ideal plane.De�ning ε̃τ := ε′0 − τ2/(µ0ω

2) + i2τktz/(µ0ω
2) ensures that k̃2

τ := ~ktτ · ~ktτ = µ0ε̃τω
2 with Im ε̃τ > 0.With this, Maxwell's equations (2.2.1) and (2.2.2) are used to show that

∇2 ~D − µ0ε̃τ∂
2
t
~D = −∇×∇×

(

~D − ε̃τ ~E
)

+ ε̃τ∂t∇×
(

~B − µ0
~H
)and for the assumed time-independent amplitude factors that

(

∇2 + k̃2
τ

)

~D = −∇×∇×
(

~D − ε̃τ ~E
)

.For any ~x below the interface, described by the graph of a function f ∈ L∞(R2), i.e. z < f(x′), thetotal displacement �eld ~D(~x) is equal to ε̃τ (~x) ~E(~x), where
ε̃τ (~x) :=

{

ε0 if z > f(x′)

ε̃τ if z < f(x′)
.



CHAPTER 5. THE TRANSMITTED FAR FIELD 107Moreover, the total electric and displacement �elds below the interface are equal to the transmittedelectric and displacement �elds, respectively, such that ~D = ~Dt, ~E = ~Et and
(

∇2 + k̃2
τ

)

~Dt = −∇×
[

∇×
(

α̃ ~Et
)]

,where α̃(~x) := ε̃τ (~x) − ε̃τ . At this point, the Born approximation is applied to this equation. Sincethe low contrast case is assumed, the non-specular scattered �eld is very small compared to the �eldtransmitted in specular direction. In this sense almost all the energy of the incident �eld ~E0 = ~e 0 ei
~k·~xis transmitted, such that ~Et ∼ ~E0 and similar to the transformations in Section 2.3 a new vectorHelmholtz equation

(

∇2 + k̃2
τ

)

~Dt = −∇×
[

∇×
(

α̃ ~E0
)] (5.3)is obtained. Note that the approximation ~Et ∼ ~E0 holds only at the material interface. Further awayfrom the interface, i.e. in negative z-direction in the lower material, the di�erence of the two �elds ~Etand ~E0 would increase. However, since α̃(~x) is supported above the interface, this has no in�uenceon the presented Born approximation (5.3). Again, the same equation can also be formulated for thespecial case of an ideal interface fQ ≡ 0 and the corresponding α̃Q and ~Dt

Q, such that by de�ning
α̃d := α̃− α̃Q and ~Dt

d := ~Dt −Dt
Q, (cf. the transformation leading to (2.3.5))
(

∇2 + k̃2
τ

)

~Dt
d = −∇×

[

∇×
(

α̃d ~E
0
)] (5.4)in the sense of the Born approximation. Similar to the re�ected case, for the remainder of this thesisthe term 'Born approximation' will refer to the approximation applied to reach Equation (5.4) for thetransmitted �eld.As for (2.3.5) the Fourier transform is applied to both sides of this equation, which is then resolvedw.r.t. the Fourier transform of the transmitted �eld. Afterwards the generalised inverse Fourier trans-form is applied and some of the occurring integrals are represented as Cauchy principal value integralsat in�nity to switch the order of integration (cf. transformations leading to (3.2.4)). Following the samepath for (5.4) gives

〈

~Dt
d(~x), ϕ(~x)

〉

=
1

(2π)3
lim
r̃→∞

lim
r,R→∞

∫

R3

ϕ̄(~x)

∫
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R
∫
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∫
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α̃d(~η) e
−i~η·(~s−~k) d~η

[(

~s× ~e 0
)

× ~s
]

s2z − ξ̃2τ
ei~s·~x dsz ds′ d~x,where ξ̃τ := −

√

k̃2
τ − |s′|2, with Im ξ̃τ < 0 by de�nition of the chosen branch cut at the end of Section3.2.2. The integral w.r.t. sz can again be integrated analytically by employing the residue theorem.Similar to Section 3.2.3 it can be shown that with α̂tr̃ := F(α̃d(~η)1C3(r̃)(~η)),

lim
R→∞

R
∫

−R

α̂tr̃(~s− ~k)

[(

~s× ~e 0
)

× ~s
]

s2z − ξ̃2τ
eisz z dsz = −πi α̂r̃

(

~sξ̃τ − ~k
)

[(

~sξ̃τ × ~e 0
)

× ~sξτ
]

ξ̃τ
eiξ̃τz .This is shown using the same approach as in Section 3.2.3, but by replacing the curve CR with theclockwise oriented curve C−R := {z ∈ C : Im z ≤ 0, |z| = R} such that the singularity point enclosedby the path [−R,R] ∪ C−R is at w = ξ̃τ . With this, the same estimates as before can be used, sinceagain z sinφ and (z/2 − f(η′)) sinφ are positive for z < −h (transmitted case) and φ ∈ [π, 2π] (fromparametrisationReiφ of curve C−R). Similarly, the term (z−ζ f(η′)) Im ξ̃τ is again positive for ζ ∈ [0, 1]and z < −h, and lim|s′|→∞ Im ξ̃τ < 0, which was used to show that the constant c4(r̃) (cf. (3.2.11)) is�nite. It follows that (cf. (3.2.14))

〈

~Dt
d(~x), ϕ(~x)

〉

= − i

8π2
lim
r̃→∞

lim
r→∞

∫

R3

ϕ̄(~x)

∫

B2(r)

α̂r̃
(

~sξ̃τ − ~k
)

[(

~sξ̃τ × ~e 0
)

× ~sξτ
]

ξ̃τ
ei~sξ̃τ ·~x ds′ d~x



108 CHAPTER 5. THE TRANSMITTED FAR FIELDif ϕ(~x) ≡ 0 for z ≥ −h. With the same arguments for the estimates as above, an estimate very similarto (3.2.15) can be shown, such that Lebesgue's theorem can be used to evaluate the limit w.r.t. r beforethe integration w.r.t. ~x, giving (cf. (3.2.16))
〈

~Dt
d(~x), ϕ(~x)

〉

= − i

8π2
lim
r̃→∞

∫

R3

ϕ̄(~x)

∫

R2

α̂r̃
(

~sξ̃τ − ~k
)

[(

~sξ̃τ × ~e 0
)

× ~sξτ
]

ξ̃τ
ei~sξ̃τ ·~x ds′ d~xif ϕ(~x) ≡ 0 for z ≥ −h.To resolve the remaining limits w.r.t. r̃ and τ the approach from Section 3.3 is applied almostidentically. The space of interface functions is again restricted to functions f ∈ A ∩ L∞

Q and it is thenshown that the limits w.r.t. r̃ and τ exist for such interfaces. Afterwards, these limits are evaluatedexplicitly. With this, the transformations and estimates in Section 3.3 also hold for the formulas of thetransmitted �eld, since, similar to eiξτ z for z > h, the term eiξ̃τ z decays exponentially for z < −h as
|s′| tends to in�nity. At last, a formula for the transmitted �eld below the interface region is obtained,(cf. (3.3.65))
~Dt
d(~x) = ε′0 ~E

t
d(~x) = ε′0

(

~Et(~x) − ~EtQ(~x)
)

= i
∆

2

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n0,j(ζ)
(−iζ)n
n!

dζ
[(

~ωtj × ~e 0
)

× ~ωtj
] (

ω̃jz
)n−1

ei~ω
t
j ·~x

+ i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n1,j(ζ)
(−iζ)n
n!

dζ

∫

R2

{

ξ̃n−1 e−|s′−(k′+ω̃′
1,j)|

∣

∣s′ − (k′ + ω̃′
1,j)
∣

∣

[(

~sξ̃ × ~e 0
)

× ~sξ̃

]

ei~sξ̃·~x
}

ds′

+ i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n2,j(ζ)
(−iζ)n
n!

dζ

∫

R2

{

ξ̃n−1K0

(∣

∣s′−(k′+ω̃′
2,j)
∣

∣

)

[(

~sξ̃×~e 0
)

×~sξ̃
]

ei~sξ̃ ·~x
}

ds′

+ i
∆

4π

∑

n∈N0

∑

j∈Z

1
∫

0

λ̃n3,j(ζ)
(−iζ)n
n!

dζ

∫

R2

{

ξ̃n−1 e−|s′−(k′+ω̃′
3,j)|

[(

~sξ̃ × ~e 0
)

× ~sξ̃

]

ei~sξ̃·~x
}

ds′

+ i
∆

8π2

∑

n∈N0

1
∫

0

(−iζ)n
n!

∫

R2

{

ξ̃n−1

∫

R2

g̃n(η
′, ζ) e−iη

′·(s′−k′) dη′
[(

~sξ̃ × ~e 0
)

× ~sξ̃

]

ei~sξ̃·~x
}

ds′ dζ(5.5)for z < −h, with ξ̃ := −
√

k̃2 − |s′|2. Thus, using (A.3.3) in the appendix,
~Et(~x) = ~Etd(~x) + t(~k,~e 0)

ei
~kt·~x

|k′|2
. (5.6)Remark 5.2. It is not hard to show that the same formula is obtained if Im(ε′0) > 0, except that k̃as well ξ̃ will also be complex valued and that ω̃jz is complex valued for all s′ ∈ R2. This makes theevaluation of the far-�eld asymptotics signi�cantly easier. Indeed, all the terms in (5.5) will decayexponentially as R := ‖~x‖ tends to in�nity. In the �rst term on the right-hand side this is easily seensince the imaginary part of ω̃jz = −(k̃2−|k′+ ω̃′

0,j |2)1/2 is negative for all possible ω̃′
0,j and k′, such that

|eiRω̃jzmz | = e−R Im(ω̃jz)mz decays exponentially for mz := z/R < −h and R → ∞. Similarly, for theremaining terms ∫
R2 F (s′) ei~sξ̃·~x ds′ in (5.5), where F (s′) is a locally integrable function with polynomialgrowth at in�nity, this is just as easily seen. To be precise, since Im ξ̃ = − Im(k̃2 − |s′|2)1/2 < −c < 0and Im ξ̃ ∼ −|s′|, for |s′| → ∞, it follows that the integral

∣

∣

∣

∣

∣

∣

∫

R2

F (s′) ei~sξ̃·~x ds′

∣

∣

∣

∣

∣

∣

≤
∫

R2

|F (s′)| e− 1
2 Im ξ̃ mz ds′ e−

R
2 c |mz|



CHAPTER 5. THE TRANSMITTED FAR FIELD 109is well de�ned and decays exponentially for mz < 0 and R > 1 as R tends to in�nity.Note the similarities of (5.6) to the re�ected �eld (3.1.2). As a consequence of these similarities, itis not hard, but very lengthy, to check that all estimates made in Chapters 4 and B to determine there�ected far �eld also hold for this formula for the transmitted �eld, keeping in mind that eiξ̃ z decaysexponentially as |s′| tends to in�nity for z < −h. At last, this gives the formula for the transmitted far�eld presented in Theorem 5.1.Based on this formula for the transmitted far �eld, a result similar to Theorem 4.6 can be proven.Theorem 5.3 (Reduced specularly transmitted wave mode). Assuming the scattering interface as thegraph of a function f ∈ A ∩ L∞
Q , the wave mode of the transmitted plane wave in specular direction

~kt = (kx, ky, k
t
z)

> in the sense of Born approximation is
~Es(~x) =

(

1 +
k2 ∆

4ε0 k2
z

)

ŵ(ktz − kz)

[(

~kt × ~e 0
)

× ~kt
]

k̃2
ei
~kt·~x + O

(

[

∆k2

k2
z

]2
)for z < −h, where ktz := −

√

k̃2 − |k′|2 and
ŵ(ktz − kz) :=

h
2
∫

−h
2

∂ζ

[

lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1[f(η′),∞)(ζ) dηx dηy

]

e−i(k
t
z−kz) ζ dζ.Proof. The proof of this theorem is very similar to that of Theorem 4.6. Note that the speculartransmitted plane-wave component of (5.1) again corresponds to the index j0 de�ned in the latterproof, such that (cf. (4.3.3))

λ̃n0,j0 = lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

fn+1(η′) eikzζ f(η′) dηx dηy

= lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

{

3
∑

`=0

[

1
√

1 + |η′|2
`

∑

j∈Z

λ̃n`,j e
iω̃′
`,j·η′

]

+ g̃n(η
′, ζ)

}

dηx dηy.With this, the same transformations that led to the �rst line of (4.3.4), give
~Es0(~x) = i

∆

2ε′0
lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1
∫

0

∑

n∈N0

(−iktz ζ f(η′))
n

n!
eikzζ f(η′) dζ

f(η′)

ktz
dηx dηy

[(

~kt×~e 0
)

×~kt
]

ei
~kt·~x

= i
∆

2ε′0 k
t
z

lim
R→∞

1

4R2

R
∫

−R

R
∫

−R

1
∫

0

e−i(k
t
z−kz) ζ f(η′) dζ f(η′) dηx dηy

[(

~kt × ~e 0
)

× ~kt
]

ei
~kt·~x,for z < −h. Continuing along the lines of the proof of Theorem 4.6 then easily leads to

~Es0(~x) = i
∆

2ε′0 k
t
z

∫

R

lim
R→∞

µ(f, ζ, R)

4R2
e−i(k

t
z−kz) ζ dζ

[(

~kt × ~e 0
)

× ~kt
]

ei
~kt·~x

= − ∆

2ε′0 k
t
z (ktz − kz)

(

ŵ(ktz − kz) − 1
) [(

~kt × ~e 0
)

× ~kt
]

ei
~kt·~x. (5.7)On the other hand,

− ∆

2ε′0 k
t
z (ktz − kz)

=
µ0(ε0 − ε′0)ω

2

2µ0ε′0ω
2 ktz (kz − ktz)

=
k2 − k̃2

2k̃2 ktz (kz − ktz)
=

|k′|2 + k2
z − |k′|2 − [ktz]

2

2k̃2 ktz (kz − ktz)
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=

k2
z − [ktz ]

2

2k̃2 ktz (kz − ktz)
=
kz + ktz

2k̃2 ktz
=

1

k̃2
+

1

2ktz

kz − ktz

k̃2

=
1

k̃2
+

1

2ktz

k2
z − [ktz]

2

k̃2 (kz + ktz)
=

1

k̃2
+

∆

2ε′0 kz

kz
ktz (kz + ktz)

=
1

k̃2
+

∆

4ε′0 k
2
z

+
∆

2ε′0

[

1

ktz (kz + ktz)
− 1

2k2
z

]

,where
1

ktz (kz + ktz)
− 1

2k2
z

=
2k2
z − ktz kz − [ktz]

2

2k2
z k

t
z (kz + ktz)

=
k2
z − ktz kz + k2

z − [ktz]
2

2k2
z k

t
z (kz + ktz)

=
kz − ktz

2kz ktz (kz + ktz)
+

k2 − k̃2

2k2
z k

t
z (kz + ktz)

=
k2
z − [ktz ]

2

2kz ktz (kz + ktz)
2

+
∆ k2

2ε0 k2
z k

t
z (kz + ktz)

=
∆ k2

2ε0 kz ktz (kz + ktz)
2

+
∆ k2

2ε0 k2
z k

t
z (kz + ktz)

(5.8)such that
∆

2ε′0

[

1

ktz (kz + ktz)
− 1

2k2
z

]

= O
(

[

∆ k2

k2
z

]2
)and

− ∆

2ε′0 k
t
z (ktz − kz)

=
1

k̃2

(

1 +
∆ k̃2

4ε′0 k
2
z

)

+ O
(

[

∆ k2

k2
z

]2
)

=
1

k̃2

(

1 +
∆ k2

4ε0 k2
z

)

+ O
(

[

∆ k2

k2
z

]2
)

.With this, it follows that (cf. (5.7))
~Es0(~x) =

1

k̃2

(

1 +
∆ k2

4ε0 k2
z

)

ŵ(ktz−kz)
[(

~kt×~e 0
)

×~kt
]

ei
~kt·~x − 1

k̃2

(

1 +
∆ k2

4ε0 k2
z

)

[(

~kt×~e 0
)

×~kt
]

ei
~kt·~x

+ O
(

[

∆ k2

k2
z

]2
)for z < −h. Moreover, using the subsequent Lemma 5.5,

~Es(~x) = ~Es0(~x) + ~EtQ(~x) =
1

k̃2

(

1 +
∆ k2

4ε0 k2
z

)

ŵ(ktz − kz)
[(

~kt × ~e 0
)

× ~kt
]

ei
~kt·~x + O

(

[

∆ k2

k2
z

]2
)for z < −h, concluding the proof of the theorem. �Remark 5.4. It is easily shown that the Remarks 4.7 and 4.8 also hold for the transmitted �eld, if

ŵ(−2kz) is replaced by ŵ(ktz − kz). Moreover, the result of Theorem 5.3 coincides with the conclusionby Stearns (cf. [36, second line of Eqn. (42)]).To prove Theorem 5.3 it was used thatLemma 5.5. Assume an ideal interface, de�ned by the graph of a function fQ ≡ 0, is illuminated byan incoming plane wave as described in Subsection 2.1. The transmitted �eld is then given by
~EtQ(~x) =

1

k̃2

(

1 +
∆ k2

4ε0 k2
z

)
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~kt×~e 0
)

×~kt
]
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~kt·~x + O

(

[

k2∆

k2
z

]2
)

.



CHAPTER 5. THE TRANSMITTED FAR FIELD 111Proof. In view of (A.3.3) in the appendix,
~EtQ(~x) =

{

2kz
kz + ktz

νTE ~e
t
TE +

2kkz

k̃2kz + k2ktz
νTM ~e tTM

}

ei
~kt·~x,where
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kye

0
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0
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
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
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−|k′|2



 .Moreover, using (4.3.11) and (4.3.16), it is easily seen that
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,such that
~EtQ(~x) =

1

k̃2

{(

1 +
k2∆

4ε0k2
z

)

νTE k̃
2 ~e tTE + k

(

1 − k2∆

4ε0k2
z

[

2
k2
z

k2
− 1

])

νTM ~e tTM

}

ei
~kt·~x + O

(

[

k2∆

k2
z

]2
)

.(5.9)Furthermore, it is easily seen that (cf. (A.1.1) and (A.1.6))
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TE = k̃2 ~e tTE . (5.10)It is harder to show a similar result for the TM-case. Consider (cf. (A.2.2) and (A.2.6))
(

~kt × ~e 0
TM

)

× ~kt = −
(

~kt · ~e 0
TM

)

~kt + k̃2 ~e 0
TM

=
1

k |k′|
[

k2
x kz + k2

y kz − ktz |k′|2
]





kx
ky
ktz



− k̃2

k |k′|





kx kz
ky kz
−|k′|2





= − 1

k |k′|











[

−|k′|2 kz−k
t
z

ktz
+ k̃2 kz

ktz

]

kx k
t
z

[

−|k′|2 kz−k
t
z

ktz
+ k̃2 kz

ktz

]

ky k
t
z

[

(kz − ktz) k
t
z + k̃2

]

(−|k′|2)











=
1

k

[

|k′|2 + kz k
t
z

]

~e tTM =
1

k

[

k2 − k2
z + kz k

t
z

]

~e tTM .With this,
(

1 +
k2∆

4ε0k2
z

)

[(

~kt × ~e 0
TM

)

× ~kt
]

= k

(

1 +
k2∆

4ε0k2
z

)

~e tTM − kz
k

(

1 +
k2∆

4ε0k2
z

)

(kz − ktz)~e
t
TM ,where

kz − ktz =
k2 − k̃2

kz + ktz
=

∆ k2

ε0 (kz + ktz)
=

∆ k2

2ε0 kz
+

∆ k2

ε0

[

1

(kz + ktz)
− 1

2kz

]

.



112 CHAPTER 5. THE TRANSMITTED FAR FIELDSimilarly to (5.8), it is easily shown that
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. (5.11)Consequently, since ~e 0 = νTE ~e
0
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TM (cf. (A.3.1), (5.10) and (5.11)),
(

1 +
k2∆

4ε0k2
z

)

νTE k̃
2 ~e tTE + k

(

1 − k2∆

4ε0k2
z

[

2
k2
z

k2
− 1

])

νTM ~e tTM

=

(

1 +
k2∆

4ε0k2
z

)

{

νTE

[(

~kt × ~e 0
TE

)

× ~kt
]

+ νTM

[(

~kt × ~e 0
TM

)

× ~kt
]}

+ O
(

[

k2∆

k2
z

]2
)

=

(

1 +
k2∆

4ε0k2
z

)

[(

~kt × ~e 0
)

× ~kt
]

+ O
(

[

k2∆

k2
z

]2
)and (cf. (5.9))
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Chapter 6A numerical exampleIn this chapter, an application of the far-�eld formulas (4.1.1) and (5.1) will be shown for the simpleexample of a non-decaying interface from A ∩ L∞

Q . The interface, or more precisely its amplitudefactors, are constructed in such a way that the height of the interface at every point is a realisation of aGaussian distribution with mean zero and a given variance. Moreover, the heights at any two points ofthe interface will be correlated according to a given correlation function. At the end, numerical resultswill be presented and discussed shortly.For simplicity, in the context of this chapter, the set of interface functions considered is restrictedto a subset of A. To be precise, an interface function f ∈ A (cf. (3.3.1)) is supposed to consist onlyof the almost periodic part (index ` = 0), leading to f(η′) =
∑

j∈Z
λj e

iω′
j ·η′ . Moreover, to actuallycalculate the �eld, the in�nite sum w.r.t. j is restricted to a �nite one. At last, to further simplifythe calculations, it is assumed that the spatial frequencies ω′

j are chosen from an equidistant mesh,i.e. ω′
j = ω `′, with a small �xed ω ∈ R and `′ ∈ Z2.Under these restrictions, the following theorem is shown.Theorem 6.1. For any interface function

f(η′) =
∑

`′∈I
λ`′ e

iω `′·η′ , (6.1)from A (cf. (3.3.1)) with a �nite subset I of Z2, the re�ected and transmitted far �elds can be calculatedas
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0 ·~x

|k′|2
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∆
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+ t(~k,~e 0, ~e ∗)
eik̃~n

t
0 ·~x

|k′|2
+ Et

Ñ,M̃
(~x),where the functions r(~k,~e 0, ~e ∗) and t(~k,~e 0, ~e ∗) are de�ned by the Formulas (3.1.9) and (5.2), andwhere λ(n+m+1)

`′ is de�ned such that (6.4) holds. The terms ErN,M (~x) and Et
Ñ,M̃

(~x) are de�ned as theremainder of the truncated sums w.r.t. n and m, i.e. the sums from N +1, M +1, Ñ +1 and M̃ +1 toin�nity. Under the assumption that N + 1 > 2(k ‖f‖A − 1), M > 2(|kz| ‖f‖A − 1), Ñ > 2 k̃ ‖f‖A − 1



114 CHAPTER 6. A NUMERICAL EXAMPLEand M̃ = M > 2 (|kz| ‖k‖A − 1), these truncation error terms are bounded by
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+
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∥
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ekz ‖f‖A ,where

ω0 := min
{

√

k2 − |k′ + ω `′|2/k : `′ ∈ Z2 s.t. k > |k′ + ω `′|
}

, (6.2)
ω̃0 := min

{

√

k̃2 − |k′ + ω `′|2/k̃ : `′ ∈ Z2 s.t. k̃ > |k′ + ω `′|
}

.Proof. First consider the re�ected �eld. For the given subset of non-decaying interface functions f(cf. (6.1)) from A∩L∞
Q , the proof of Lemma 3.9 and the subsequent transformations leading to Theorem3.1 easily reveal that the re�ected far-�eld formula (4.1.1) reduces to only its �rst two lines, i.e.

~e ∗· ~Er(R~m) = r(~k,~e 0, ~e ∗)
eikR~n

r
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|k′|2
(6.3)
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∆
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eiR~ω
j
z ·~m.By choosing the spatial frequencies ω′

j of f from an equidistant mesh, it is possible to simplify thecalculation of the amplitude factors λ̃n0,j(ζ). Recall that the sum w.r.t. j results from Lemma 3.9.Comparing Formula (3.3.16) with (3.3.15) for f de�ned above,
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∑
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′·η′ . (6.4)Thus, the sum w.r.t. j in (6.3) is replaced by the two sums w.r.t. m and `′, the summand λ̃n0,j(ζ)is replaced by (ikzζ)
m
/m! λ
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`′ and ω̃′
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′
z )>,
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(
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∑
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λ
(s1+s2)
`′ eiω `

′·η′ ,which allows to calculate λ(n+m+1)
`′ relatively easy by successively applying discrete convolution algo-rithms.Using this, all values in Formula (6.5) can be calculated and it only remains to evaluate the formulato obtain the re�ected far �eld. Naturally the sums over n and m in (6.5) have to be truncated tobe evaluated. To control the error of such a cut-o�, an error bound has to be found. The error oftruncating the sums after N and M steps is
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.Observe that the set {`′ ∈ Z2| |k′ + ω `′| < k} is �nite. This shows that the positive constant ω0 < 1,de�ned as the smallest real value of √k2 − |k′ + ω `′|/k for all `′ ∈ Z2 (cf. (6.2)), is well de�ned andthat |ω`′z | ≥ kω0 such that |ω`′z |n−1 ≤ kn−1/ω0, since |ω`′z | ≤ ‖~ω`′‖ = k. Moreover, since
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116 CHAPTER 6. A NUMERICAL EXAMPLEThis can be further bounded using standard estimates for the approximation error of the exponentialfunction. To be precise, for ea and an arbitrary a ∈ R,
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.Hence, assuming N and M su�ciently large, i.e. N + 1 > 2(k ‖f‖A − 1) and M > 2(|kz| ‖f‖A − 1),
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ekz ‖f‖A .At last, using this bound to determine su�ciently large N and M to get a small error in the re�ectedelectric �eld,

~e ∗· ~Er(~x) ∼ r(~k,~e 0, ~e ∗)
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eik~ω`′ ·~xfor N,M → ∞.Starting with the �rst two lines of (5.1), the same approach can be used to get the formula andcorresponding error estimate for the transmitted �eld in Theorem 6.1. �To get an interface (6.1), for which these formulas can be used to calculate the resulting �eld, a set
I was created containing a �nite number of randomly chosen indices `′. Of course, to get a real valuedfunction f the negative indices −`′ are also added to I, i.e. I = I+∪ I−, where the `′ in I+ are chosenrandomly and their negatives are collected in I−. It is well known that if the length of the corrugationsin the rough surface is much smaller than the wavelength, the light 'sees' only the averaged surface.In view of this, it can be assumed that the corrugation lengths 2π/|ω `′| of the surface are larger thana small constant times the wavelength. This restricts the range when choosing the �nite number ofindices `′. To get the corresponding complex valued amplitudes λ`′ it is possible to simply choose themindependently and according to a uniform random distribution. The downside of this approach is thatit creates a random surfaces with no speci�c correlation function. Another way to de�ne the interfacefunction is as follows.De�nition 6.2. Let for a given correlation function σ2e−(|η′1−η′2|/cl)2α , where σ is the standard deviationof the random e�ect, cl the correlation length and α a constant quantifying the roughness, the interfacefunction f be de�ned as

f(η′) :=
ω L

πσ
√

2|I|
∑

`′∈I

√

Gα(ω `′)
(

hr,`′ + i hi,`′
)

eiω `
′·η′ , (6.7)
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Gα(s′) := σ2

∫

R2

e−(|x′|/cl)2αe−is
′·x′

dx′. (6.8)Here the value |I| = |I+|+ |I−| = 2 |I+|, where I+ is the set of indices chosen uniformly, independentand identically distributed from a �nite set L+ := {−L,−L+1, . . . , L−1}2 ⊂ Z2 for some �xed positive
L ∈ N. The set I− is de�ned as {`′ ∈ {−L + 1, . . . , L − 1, L}2 : −`′ ∈ I+} such that I := I+ ∪ I−.Similarly to the indices in I+, the values hr,`′ and hi,`′ for `′ ∈ I+ are realisations of independent andidentically distributed random numbers. These random numbers are Gaussian with standard deviation
σ and mean zero. By de�ning hr,`′ := hr,−`′ and hi,`′ := −hi,−`′ for all `′ ∈ I− it is ensured that f is areal valued function. The Fourier transform Gα in (6.7) is called the power spectrum density and it isshown in [28] that it can be evaluated explicitly for α = 1/2 and α = 1 (cf. [33, Eqns. (2.6) and (2.7),p. 14]). Indeed,

G 1
2
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2π σ2c2l
√

1 + (cl|s′|)2
3 , G1(s

′) = π σ2c2l e
−

„

cl|s′|
2

«2

.For such interface functions, there holdsProposition 6.3. The graph of a function f de�ned as in (6.7) describes a surface that has a correlationfunction Corr(η′1, η
′
2) that approximates σ2e−(|η′1−η′2|/cl)2α . For all �xed compact sets E ⊂ R2 and if

η′1 − η′2 ∈ E, the approximation Corr(η′1, η
′
2) tends to the desired correlation function for ω tending tozero and ω L tending to in�nity.Proof. For similarly de�ned one-dimensional random surfaces something comparable is shown in [24,Appendix Chapter A].Note, that f is de�ned with the help of two multivariate random variables. Firstly, a �xed number

|I+| of indices `′ are chosen randomly from the set L+ = {−L,−L + 1, . . . , L − 1}2. This can berepresented by a selection function S`′ : L 7→ {0, 1}, which is one if `′ is one of the randomly selectedindices in I+ and zero otherwise. With this (cf. (6.7)) and L := {−L,−L+ 1, . . . , L− 1, L}2,
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∑

`′∈L+
S`′ = |I+|. In contrast, the

8L2-dimensional random variable H := ((hr,`′)`′∈L+ , (hi,`′)`′∈L+) is continuous and takes values from
R8L2 .To calculate the correlation function of the heights at two given points η′1 and η′2, the expected valueof the product of the random function at the two points is calculated, i.e.
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2) p(S`′ , H) dH,where p(S`′ , H) is the corresponding joint probability density function. Since the random variables arechosen independently, the joint density function is equal to the product of the density functions of thesingle random variables. To be precise,

p(S`′ , H) = p(S`′)
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Corr(η′1, η
′
2) =

ω2 L2

4π2σ2 |I+|
∑

S`′∈{0,1}4L2

|S`′ |=|I+|

∑

`′1∈I+

∑

`′2∈I+

√

Gα(ω `′1)
√

Gα(ω `′2)

{

∫

R8L2

(

h1
r,`′1

+ i h1
i,`′1

)(

h2
r,`′2

− i h2
i,`′2

)

∏

ˆ̀′∈L+

p(hr,ˆ̀′) p(hi,ˆ̀′) dH eiω(`′1·η′1−`′2·η′2)

+

∫

R8L2

(

h1
r,`′1

− i h1
i,`′1

)(

h2
r,`′2

− i h2
i,`′2

)

∏

ˆ̀′∈L+

p(hr,ˆ̀′) p(hi,ˆ̀′) dH e−iω(`′1·η′1+`′2·η′2)

+

∫

R8L2

(

h1
r,`′1

+ i h1
i,`′1

)(

h2
r,`′2

+ i h2
i,`′2

)

∏

ˆ̀′∈L+

p(hr,ˆ̀′) p(hi,ˆ̀′) dH eiω(`′1·η′1+`′2·η′2)

+

∫

R8L2

(

h1
r,`′1

− i h1
i,`′1

)(

h2
r,`′2

+ i h2
i,`′2

)

∏

ˆ̀′∈L+

p(hr,ˆ̀′) p(hi,ˆ̀′) dH e−iω(`′1·η′1−`′2·η′2)
}

p(S`′).Note that the mean integrals w.r.t. H correspond to the correlation of the random variables hr,`′j and
hi,`′j for all `′j ∈ L and j = 1, 2. As mentioned before, the random variables are independent andGaussian distributed with constant zero mean and variance σ2, such that the means of

(

hr,`′1 + i hi,`′1
)(

hr,`′2 − i hi,`′2
)

= hr,`′1 hr,`′2 + hi,`′1 hi,`′2 + i
(

hi,`′1 hr,`′2 − hr,`′1 hi,`′2
)

,
(

hr,`′1 − i hi,`′1
)(

hr,`′2 − i hi,`′2
)

= hr,`′1 hr,`′2 − hi,`′1 hi,`′2 − i
(

hi,`′1 hr,`′2 + hr,`′1 hi,`′2
)

,
(

hr,`′1 + i hi,`′1
)(

hr,`′2 + i hi,`′2
)

= hr,`′1 hr,`′2 − hi,`′1 hi,`′2 + i
(

hi,`′1 hr,`′2 + hr,`′1 hi,`′2
)

,
(

hr,`′1 − i hi,`′1
)(

hr,`′2 + i hi,`′2
)

= hr,`′1 hr,`′2 + hi,`′1 hi,`′2 − i
(

hi,`′1 hr,`′2 − hr,`′1 hi,`′2
)are zero for all ˆ̀′ /∈ I+, all `′1 6= `′2 and all `′1 = `′2 = ˆ̀′ in the second and third line, where the covariance

σ2 − σ2 = 0 is obtained both times. Only the means of the �rst and last line can be non-zero, i.e. 2σ2,



CHAPTER 6. A NUMERICAL EXAMPLE 119and even then only in the cases of `′1 = `′2 = ˆ̀′. Consequently,
Corr(η′1, η

′
2)=

ω2L2

2π2 |I+|
∑

S`′∈{0,1}4L2

|S`′ |=|I+|

{

∑

`′∈I+

Gα(ω `′) eiω`
′·(η′1−η′2) +

∑

`′∈I+

Gα(ω `′) e−iω`
′·(η′1−η′2)

}

p(S`′).(6.10)Note that since the indices `′ in I+ are chosen uniformly, identically and independently distributed,the sums
4L2

|I+|
∑

`′∈I+

Gα(ω `′) eiω`
′·(η′1−η′2),

4L2

|I+|
∑

`′∈I+

Gα(ω `′) e−iω`
′·(η′1−η′2)are Monte-Carlo approximations of the full sums

∑

`′∈L+

Gα(ω `′) eiω`
′·(η′1−η′2),

∑

`′∈L+

Gα(ω `′) e−iω`
′·(η′1−η′2),respectively. It follows that the expected values of these sums in (6.10) are equal to these full sums,giving

Corr(η′1, η
′
2) =

ω2

8π2

∑

`′∈L+

Gα(ω `′) eiω`
′·(η′1−η′2) +

ω2

8π2

∑

`′∈L+

Gα(ω `′) e−iω`
′·(η′1−η′2). (6.11)Recalling the de�nition L+ = {−L,−L+1, . . . , L−1}2 it is then apparent that these sums are Riemannsums approximating the integral

∫

[−ωL,ωL]2

Gα(s′) e±is
′·(η′1−η′2) ds′.To be precise, the domain of integration [−ωL, ωL]2 is split into 4L2 squares of equal size ω2. Theintegral over one such square [ω`x, ω(`x+1)]× [ω`y, ω(`y+1)] is then approximated by the cuboid withthe square as base and the height equal to the function value of Gα(s′) e±is

′·(η′1−η′2) at s′ = ω(`x, `y)
>.Since Gα(−s) = Gα(s) it follows that

Corr(η′1, η
′
2) ≈

1

8π2

∫

[−ωL,ωL]2

Gα(s′) eis
′·(η′1−η′2) ds′ +

1

8π2

∫

[−ωL,ωL]2

Gα(s′) e−is
′·(η′1−η′2) ds′

=
1

4π2

∫

[−ωL,ωL]2

Gα(s′) eis
′·(η′1−η′2) ds′. (6.12)Moreover, for cl, α > 0 the kernel of the Fourier transform Gα (cf. (6.8)) is absolutely integrable suchthat the Riemann-Lebesgue lemma gives that Gα(s′) tends to zero for |s′| → ∞. Hence, the truncatedintegral on the right-hand side of (6.12) is an approximation of the integral over the entire R2, i.e.(cf. (6.8))

Corr(η′1, η
′
2) ≈

1

4π2

∫

R2

Gα(s′) eis
′·(η′1−η′2) ds′ =

(

F−1Gα
)

(η′1 − η′2) = σ2e−(|η′1−η′2|/cl)2α . (6.13)Note that this last approximation is better in the case of α = 1, where Gα decays exponentially, while
Gα decays much slower for α = 1/2. This shows that the function f in De�nition 6.2 approximatelyhas the given correlation function σ2e−(|η′1−η′2|/cl)2α .It remains to consider the validity of these approximations. It is easily seen that (6.11) is a periodicfunction w.r.t. η′1 − η′2, while, according to the Riemann-Lebesgue lemma, (6.12) decays to zero as
|η′1 − η′2| tends to in�nity. Consequently, (6.11) can only tend uniformly to (6.12) for decreasing ω, if
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Figure 6.1: Desired and reconstructed auto-correlation functions for 10 interface realisations and 100(left) and 1000 (right) randomly chosen spatial frequenciesthe di�erence η′1 − η′2 is restricted to a compact set. In this sense, the function (6.11) tends to (6.12)weakly, i.e. when testing with functions from C∞
0 (R2). Integral (6.12) on the other hand convergesuniformly w.r.t. η′1 − η′2 to (6.13) as L tends to in�nity, since Gα is absolutely integrable. Indeed,
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∫

R2

Gα(s′) eis
′·(η′1−η′2) ds′ −

∫

[−ωL,ωL]2

Gα(s′) eis
′·(η′1−η′2) ds′
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∣

∣

∣

∣
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∣
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∣
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∣

∣

∫

R2\[−ωL,ωL]2

Gα(s′) eis
′·(η′1−η′2) ds′

∣

∣

∣

∣

∣

∣

∣

≤
∫

R2\[−ωL,ωL]2

|Gα(s′)| ds′tends to zero as L tends to in�nity. �Remark 6.4. Using the same approach as in the proof of Proposition 6.3 it is also easily shown thatthe given mean height µ of zero and height variance σ2 are approximated by the mean µf and variance
σ2
f = Corr(η′, η′) of the function f .An example of such an interface is shown in Figure 6.2. Moreover, Figure 6.1 con�rms that theinterface is correlated according to the auto-correlation function σ2e−(|η′|/cl)2α (here: α = 1). Thetwo plots in the �gure show the desired auto-correlation function (blue) depending on the distance ofthe points of the interface and the reconstructed auto-correlation functions (red) for ten realisations ofthe interface. The latter are calculated by randomly choosing a �nite number of point pairs (η′1, η

′
2)with �xed distance r = |η′1 − η′2| and calculating the correlation for the corresponding pairs of interfaceheights (f(η′1), f(η′2)) for an interface realisation f . This is repeated for di�erent distances r to get theapproximated correlation function for one realisation. Note that all �eld calculations in this chapterwere done for interface realisations where 100 spatial frequencies were chosen randomly. The rightpicture in Figure 6.1 shows that the behaviour of the correlation function of the interface realisationscan be slightly improved by increasing the number of randomly chosen frequencies, or in this sense, thenumber of basis functions for the interface. Naturally, this will also increase the computational costsince the matrix λ`′ , for all `′ ∈ [−L,L]2 ⊃ I, will have more non-zero entries, which will negativelya�ect fast convolution algorithms used to calculate the factors λ(n)

`′ .Using the derived far-�eld formula (6.6), the e�ciencies of the propagating plane waves (all `′ where
|k′ + ω `′| < k) can be calculated (cf. Fig. 6.3(a)). They can be considered as discrete approximatevalues for the density function of the scattered power. Recall (cf. [36, Equ. (24)]) that this density is thedi�erential power dP sc scattered into a solid angle dΩ with direction ~m = (mx,my,mz)

>, i.e. (cf. [13,Eqn. (1.36), p. 9])
dP sc

dΩ
:=

‖ ~Esc(~m)‖2

‖ ~E0‖2
.
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Figure 6.2: An interface realisation from A ∩ L∞
Q with 100 randomly chosen spatial frequencies, acorrelation length of 2.4 nm and a standard deviation for the height of 0.2 nmThe plane wave e�ciencies displayed in Figure 6.3, on the other hand, are de�ned as

E(~m) :=
‖ ~Esc(~m)‖2

‖ ~E0‖2

k |mz|
|kz|

.Note that dP sc/dΩ is the portion of the incident energy scattered into direction ~m, i.e. the energypassing through a reference area orthogonal to ~m. The e�ciency E(~m), on the other hand, is theportion of dP sc/dΩ passing through a reference area parallel to the x-y-plane. The plots in Figures 6.3and 6.5 are to be understood as follows. The distance of every plotted surface point from the origincorresponds to the di�erential power dP sc scattered into the solid angle dΩ.Knowing that the width of the illuminating beam is much larger than the wavelength, the actuallyobservable density function of the scattered power can be simulated as the average over many realisationsof such a simple rough interface. Indeed, in many practical applications the random interface is assumedto be ergodic. This means that it is irrelevant whether the statistical average is taken over many di�erentparts of one realisation of the interface or over many di�erent realisations at one point of the interface(cf. [33, Sect. 2.1.7(c)]). Applying the latter, the power average is computed in a classical Monte-Carlomanner and is presented in Figures 6.3(b) to 6.3(d) in a logarithmic scale, where, instead of dP r/dΩ,either the value 9+ log10(dP
r/dΩ) is plotted, if the value is positive, or zero is plotted otherwise. Sucha scaling was chosen, since, depending on the direction, drastic di�erences in the order of magnitudeof dP r/dΩ can be observed. Naturally, a logarithmic scaling resolves this problem. However, since

dP r/dΩ < 1, it follows that log10(dP
r/dΩ) < 0, which can not be used as a radial component inspherical coordinates for the desired plots. Adding an arbitrary constant (here: 9) and setting allresulting negative values to zero resolves this problem and results in a logarithmic plot dominatedby the highest values of dP r/dΩ, while ignoring the smallest values. In addition to this rescaling,all the surfaces in Figure 6.3, except that of Figure 6.3(e), are smoothened by convoluting the radialcomponents of the surface with a scaled density function of the Gaussian normal distribution. To be



122 CHAPTER 6. A NUMERICAL EXAMPLEincident directionspecular re�. directionspecular transm. direction
(a) One realisation

incident directionspecular re�. directionspecular transm. direction
(b) 50 realisations

incident directionspecular re�. directionspecular transm. direction
(c) 200 realisationsincident directionspecular re�. directionspecular transm. direction

(d) 2000 realisations

incident directionspecular re�. directionspecular transm. direction
(e) 2000 realisations without smoothen-ing

incident directionspecular re�. directionspecular transm. direction
(f) 2000 realisations with specular e�-ciencies for full �eldFigure 6.3: Approximated power density averaged over 1, 50, 200 and 2000 realisations of the interfacefunction: spatial frequencies for the interfaces with norm between zero and �xed upper bound (thelength of the lines representing the incident and specular directions in Figure (a)�(e) do not representthe incident or de�ected power in these directions; in Figure (f), the length of these lines represents thepower of the total �eld ~Escd + ~EscQ de�ected in the specular directions)precise, let the E(~mj), for a �nite number of j ∈ N, be the calculated e�ciencies. Then, the radialfunction

R(~n) :=
1

2π s2
[

1 − e−
2
s2

]

∫

{~m∈R2:‖~m‖=1}

e−
‖~n−~m‖2

s2

∑

j

E(~mj) δ~mj (~m) d~m,where s (here: 1/10) de�nes the smoothening radius, is used for the smoothened surfaces in the Figures6.3 and 6.5 to de�ne the distance of the surface from the origin for every direction ~n. Using thecoordinate transformation (4.2.22) to spherical coordinates, where ~n is the polar axis, the function
R(~n) can be simpli�ed to

R(~n) =
∑

j

E(~mj)

2π s2
[

1 − e−
2
s2

]e
~n·~m−1

s2 .The choice of the scaling constant 1/(2π s2[1 − e−2/s2 ]) ensures that
1

2π s2
[

1 − e−
2
s2

]

∫

{~m∈R2:‖~m‖=1}

e−
‖~n−~m‖2

s2 d~m = 1.
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Figure 6.4: Simulated averaged e�ciency for �xed specular (left) and arbitrary non-specular (right)directions as a function on the number of Monte-Carlo realisationsThe smoothening is done to obtain surfaces, which represent the actual power density more closely,by removing the discrete nature of the calculated e�ciencies, which can still be observed, even afteraveraging over 2000 realisations (cf. Fig. 6.3(e)). The mentioned discrete nature of the e�ciencies is theresult of choosing a �nite number of spatial frequencies from a equidistant mesh to create the randomsurface realisations.Note, that the plots in Figure 6.3 only show the averaged power for the di�erence �eld ~Escd withoutthe �eld ~EscQ scattered at an ideal interface. This is done since the portion of the power refractedinto the specular directions, especially the transmitted one, is much larger such that even the chosenlogarithmic scaling can not resolve both orders of magnitude at once. Indeed, for 2000 realisations, themaximum di�erential power dP r/dΩ of the di�erence �eld is 1.65 · 10−8, while that for the specularrefracted directions in the case of an ideal interface is 1.82 · 10−4 (re�ected) and 0.99981 (transmitted).This is visualised in Figure 6.3(f). This �gure shows the same plot as Figure 6.3(d), except that thelengths of the lines representing the incident and specular directions, now correspond to the power ofthe incident �eld ~E0 and the e�ciencies of the total �eld ~Escd + ~EscQ in the specular directions. Whenstudying the �rst four plots of Figure 6.3 it is apparent that, as one would expect, the surface smoothenswith an increasing number of realisation. An interesting fact, when studying the averaged power of thedi�erence �eld for this example, is that it seemingly converges much faster in the specular directionsthan in other directions. This is visualised in Figure 6.4 by plotting the averaged power in dependenceof the number of realisations. The curves on the left side show the behaviour for the specular directions(re�ected and transmitted), while the plots on the right side show the same for arbitrarily chosendirections other than the specular directions.The following parameters and material constants were used for calculating the �elds resulting inFigure 6.3.
• Incidence wavelength λ: 13.664 nm
• Dielectric constants ε0: 1
• Lower dielectric constant ε′0: 0.97349584
• Magnetic permeability µ0: 1



124 CHAPTER 6. A NUMERICAL EXAMPLEincident directionspecular re�. directionspecular transm. direction
(a) Correlation length cl of 5 nm

incident directionspecular re�. directionspecular transm. direction
(b) Standard deviation σ of 2 nm

incident directionspecular re�. directionspecular transm. direction
(c) Finite bound for spatial frequenciesFigure 6.5: Power density averaged over 2000 realisations of the interface function, where only oneinterface parameter of the original set was changed respectively � Left: Increased correlation length cl,Middle: Increased standard deviation of interface heights, Right: spatial frequencies with norm between�xed positive lower and upper bound

• Incidence wave vector ~k: k (1/
√

2, 0,−1/
√

2)>

• Incidence polarisation ~e 0: (0,−1, 0)> (TE-polarisation, cf. (A.1.1))
• Step-size of spatial interface frequencies ω: 4π/1500
• Upper bound for spatial frequencies: |ω `′| ≤ 2π/5 (or equivalently a lower bound for spatialwavelength or corrugation length of 5 nm)
• Roughness constant α: 1
• Correlation length cl: 2.4 nm
• Standard deviation of the interface height σ: 0.2 nmNote that all the presented plots as well as the underlying calculations have been done using Matlab.Figure 6.5 shows the e�ect if parameters are changed or if structure is added to the random interfaces.For the �rst plot, the correlation length was more than doubled (now: 5 nm). In contrast, for the plotin the middle the correlation length was left at 2.4 nm, but the standard deviation was increased to thetenfold, i.e. to 2 nm. In both plots, these changes of the parameters de�ning the random behaviour ofthe interfaces have visible e�ects on the power density. For the rightmost plot in Figure 6.5, an upperbound for the corrugation length, or equivalently a positive lower bound for the spatial frequencies(|ω `′| ≥ 2π/15), of the rough surface is employed. This was not the case in the example above,where the corrugation length was unbounded, since any spatial frequency close to zero was permitted.Comparing the plot with Figure 6.3(d), a jump in the density function is observed for directions of a�xed angle to the specular re�ection or transmission direction. For directions closer to these directionsthe density is remarkably smaller. This is plausible, since even for sinusoidal gratings with such an upperbound for the corrugation length, there is no light, apart from the specular re�ected or transmittedmodes, propagating into a cone around the specular direction.Remark 6.5. Since the change of parameters has a visible in�uence on the power density, it is conceiv-able to also consider the inverse problem, i.e. deriving the interface parameters from the measurementof the power density. Naturally, to do so, the scattered �eld has to be measured very precisely in alldirections, not just the discrete refraction modes usually measured, e.g. for gratings. That such precisemeasurements are possible was, for example, shown by Hakko et al. [19]. In their work, they measuredthe weak scattered �eld in directions between the main refraction modes. This weak background scattered�eld is caused by imperfections of the grating, i.e. roughness.
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Chapter 7Summary and perspectiveIn this thesis, Born approximation was used to derive explicit formulas (cf. Thms. 4.1 and 5.1) for thefar �eld resulting from a plane wave scattered at a rough interface. This approach is heavily based onwork by Stearns [36]. To rigorously prove the obtained formulas, slight changes to Stearns' approachwere necessary. Firstly, the problem was solved in the sense of a modi�ed limiting absorption principleby assuming materials that absorb energy of waves travelling away from the interface. Secondly thescattered �eld was not calculated directly, but instead the di�erence of this wanted �eld and thescattered �eld resulting from ideal planar surface was calculated. The latter was easily obtained byapplying the well-known Fresnel formulas such that the wanted scattered �eld could be obtained byadding this formula to the solution for the di�erence �eld.To apply the Born approximation it was assumed that the dielectric constants of the two materialsseparated by the interface are very close to each other (low contrast). Furthermore, it was assumedthat the interface is de�ned by the graph of functions from a speci�c class (cf. Eqn. (3.3.1)), containingalmost periodic functions as well as almost periodic functions modulated by radial functions decayingat in�nity. For these interface functions the far-�eld formula for the re�ected �eld were proven in detail,while the proof for the transmitted far-�eld formula was only sketched by presenting the few di�erencesto the proof of the re�ected �eld.To derive the re�ected far-�eld formula, the inhomogeneous vector Helmholtz equation was formu-lated in the sense of a modi�ed limiting absorption principle. Afterwards, the equation was adaptedusing Born approximation by manipulating the right-hand side. This new equation could now besolved applying generalised Fourier transforms, leading to an approximate integral representation ofthe re�ected �eld. The occurring integrals were represented as Cauchy principal integrals at in�nityto change the order of integration and one of them was evaluated explicitly by employing the residuetheorem. Assuming the above described class of interfaces, the remaining limits were evaluated. It wasalso shown that the obtained formulas are asymptotically identical (small contrast) to the results byStearns, when comparing the reduced e�ciencies in specular direction and the plane wave amplitudesfor scattering at a sinusoidal grating.To illustrate how the presented far-�eld formulas may be applied, a simple example where the in-terface was de�ned by purely non-decaying, i.e. containing no decaying parts, and highly oscillatorybiperiodic functions was introduced. Especially the second restriction led to a simpli�ed setting, allow-ing the use of discrete convolution algorithms to e�ciently calculate the plane-wave amplitudes of thescattered �eld. Additionally, an error bound for truncating the in�nite sums in the far-�eld formulaswas derived. With this it was possible to implement a fast evaluation of a discrete approximation of thescattered power density, which in turn made it possible to make a statistical analysis of the latter usinga simple Monte-Carlo approach. To be precise, the power density distribution was calculated for manyinterface realisations and averaged. These averaged e�ciencies correspond to e�ciencies observable byexperimental physicist, since an illuminating beam in practice is much larger than the length of thesurface corrugations, leading to an averaging over many interface realisations. Furthermore, to createmore 'realistic' interface realisations, they were constructed in such a way that they satisfy a givencorrelation function.One of the next steps, when analysing scattering at rough surfaces in this manner, could be to



126 CHAPTER 7. SUMMARY AND PERSPECTIVEextend the presented class of interface functions. This applies in particular to the almost periodic part.At present this could be considered as a discrete representation of a random process. Indeed, Yaglom[41] proves that most stationary random processes occurring in nature possess a well de�ned spectralrepresentation similar to the Fourier transform for integrable deterministic functions. To be precise, inthe one-dimensional case, a random process X(t) can be represented by
X(t) =

∫

R

eist dZ(s), (7.1)where Z(s) is another random process and the integral is de�ned as a Stieltjes integral, i.e.
∫

R

eist dZ(s) = lim
a→−∞
b→+∞

lim
max |sn−sn−1|→0

N
∑

n=1

eis̄nt
[

Z(sn) − Z(sn−1)
]

,where a = s0, s1, . . . , sN = b is a partition of the interval [a, b] and s̄n an arbitrary point in (sn−1, sn).If the density function pZ of Z exists (e.g. Gaussian distribution), the spectral representation (7.1)reduces to the usual Lebesgue integral, i.e.
X(t) =

∫

R

pZ(s) eist ds.Using such a spectral representation (7.1), the classA (cf. (3.3.1)) of interface functions may be extendedby replacing the almost periodic sums∑j∈Z
λ`,j e

iω′
`,j·η′ with (7.1). Naturally, a corresponding formulaof (7.1) for the 2D case has to be formulated. By applying similar arguments and proofs as for the'discrete' case, it may now be possible to deduce similar explicit formulas describing the scatteredfar �eld as a statistical distribution and not just as the �eld for a single interface realisation, as it isthe case with the result presented in this thesis. The �rst step toward such a far-�eld distributionfunction, would be to once again consider realisations of the random interfaces, now de�ned with thespectral representation (7.1) instead of almost periodic functions. However, the analysis to obtaina corresponding far-�eld formula may necessitate the introduction of additional restrictions to theinterface, incident �eld or materials. The next step would be to analyse the stochastic properties ofthese newly obtained formulas, i.e. the mean, variance, higher moments and distributions, as well asthe correlation of the power densities in di�erent scattering directions. Again it may be required toimpose additional restrictions to the problem class.



APPENDIX A. REFLECTION AT AN IDEAL INTERFACE 127
Appendix ARe�ection at an ideal interfaceIn this chapter, the classical solutions for a plane wave de�ected at an ideal planar surface Q will bederived. It is assumed that the incoming plane wave is as described in Subsection 2.1 with a wavevector ~k. Furthermore, w.l.o.g. Q is assumed to be the x-y-plane. Thus ~e3 := (0, 0, 1)> is the normal of
Q. Two polarisation states are distinguished. For the TE case, the polarisation vector ~e 0

TE is supposedto be in the x-y-plane. In the TM case the corresponding polarisation vector ~e 0
TM is supposed to beorthogonal to ~e 0

TE and ~k. The two polarisation states will be examined in the �rst two sections. Inthe �nal section of this chapter, the formula for the de�ected wave in case of an arbitrary constantpolarisation ~e 0, which can be represented as a linear combination of ~e 0
TE and ~e 0

TM , will be considered.Note that the results of this chapter are well known. The main purpose of this chapter is to introducethe notation used in the context of the present thesis.A.1 TE polarisationIn the TE case, the polarisation vector ~e 0
TE takes the form
~e 0
TE =

1

|k′|





ky
−kx
0



 , (A.1.1)since ~e 0
TE must be orthogonal to the propagation direction ~k and of norm one. Naturally, this is notunique. This is especially true in the case of normal incidence, i.e. ~k = k (0, 0,−1)>, where (A.1.1) is notwell de�ned. In the case of non-normal incidence, both ~e 0

TE as in (A.1.1) and its negative are possiblepolarisations. The given de�nition is chosen arbitrarily. In the normal case, all unit vectors parallelto the x-y-plane are possible. Here, ~e 0
TE is de�ned as (1, 0, 0)>. The case of non-normal incidence isconsidered �rst. The scattered electric �eld is now determined by the classical jump conditions

[

~E × ~e3

]

Q
= 0,

[

~H × ~e3

]

Q
= 0,i.e., by the equations (cf. [23, Eqn. (7.37), p. 304])

(

~e 0
TE + ~e rTE − ~e tTE

)

× ~e3 = 0, (A.1.2)
(

~k × ~e 0
TE + ~k r × ~e rTE − ~k t × ~e tTE

)

× ~e3 = 0, (A.1.3)where ~k r := (k′,−kz)>, with k′ := (kx, ky)
>, and ~k t := (k′, ktz), with ktz := −

√

k̃2 − |k′|2 and k̃ :=
√

µ0ε′0ω, are the wave vectors of the re�ected and transmitted plane wave modes, respectively. Thesymbols ~e rTE and ~e tTE identify the complex valued polarisation vectors of these modes, such that
~ErTE = ~e rTE e

i~kr ·~x, ~EtTE = ~e tTE e
i~kt·~x.



128 APPENDIX A. REFLECTION AT AN IDEAL INTERFACEA.2. TM polarisationNote that ~e rTE and ~e tTE are parallel to ~e 0
TE . The orthogonality of ~e3 with ~e 0

TE , ~e rTE , ~e tTE implies that
(~k × ~e jTE) × ~e3 = −~e3 ·~k ~e jTE = −kz~e jTE for j = 0, r, t. Hence, equation (A.1.3) simpli�es to

−kz ~e 0
TE − k rz ~e

r
TE + k tz ~e

t
TE = 0. (A.1.4)On the other hand, for the polarisation vectors in the x-y-plane, equation (A.1.2) leads to ~e 0

TE +~e rTE−
~e tTE = 0. Substituting ~e tTE = ~e 0

TE + ~e rTE into (A.1.4) gives
~e rTE = − k tz − kz

k tz − k rz
~e 0
TE =

kz +

√

k̃2 − |k′|2

kz −
√

k̃2 − |k′|2
~e 0
TE =

kz +

√

k̃2 − |k′|2

kz −
√

k̃2 − |k′|2
1

|k′|





ky
−kx
0



 , (A.1.5)
~e tTE = ~e 0

TE + ~e rTE = 2
kz

kz −
√

k̃2 − |k′|2
1

|k′|





ky
−kx
0



 (A.1.6)for ~k 6= k (0, 0,−1)> and otherwise
~e rTE =

k − k̃

k + k̃





1
0
0



 , ~e tTE = 2
k

k + k̃





1
0
0



 .A.2 TM polarisationAs before, it is necessary to specify the unit vector ~e 0
TM . Since the vector is contained in the incidentplane, it has to be a linear combination of ~k and ~e3 such that ~e 0

TM · ~k = 0. Hence, a constant ν ∈ R isto be determined such that ~e 0
TM is a multiple of ~k + ν ~e3 and ~e 0

TM · ~k = 0. Taking the scalar productof ~e 0
TM by ~k leads to ν = −k2/kz and, by an additional normalisation with

∣

∣

∣

∣

∣

∣

~k + ν ~e3

∣

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

∣

∣

∣

~k − k2

kz
~e3

∣

∣

∣

∣

∣

∣

∣

∣

2

=
1

k2
z

∣

∣

∣

∣

∣

∣(kzkx, kzky,− |k′|2)>
∣

∣

∣

∣

∣

∣

2

=
1

k2
z

[

k2
z(k

2
x + k2

y) + (k2
x + k2

y)
2
] (A.2.1)

=
k2 |k′|2
k2
z

,to
~e 0
TM =

1
∣

∣

∣

∣

∣

∣

~k + ν ~e3

∣

∣

∣

∣

∣

∣

(

~k + ν ~e3

)

= − kz
k |k′|

(

~k + ν ~e3

)

= − 1

k |k′|





kxkz
kykz
− |k′|2



 . (A.2.2)Similar to the TE case, (A.2.2) is not well de�ned for normal incidence, i.e. ~k = (0, 0,−1)>. In thiscase, ~e 0
TM is, for de�niteness, de�ned as (0, 1, 0)>. Note that this de�nition also satis�es the conditionfor the TE polarisation above, such that the same approach can be used to show that

~e rTM =
k − k̃

k + k̃





0
1
0



 , ~e tTM = 2
k

k + k̃





0
1
0



 ,for ~k = k (0, 0,−1)>.In the case of ~k 6= k (0, 0,−1)>, the approach that led to (A.2.2) can also be used to easily showthat the unit vectors ~e r0 and ~e t0 , with ~e rTM = νr ~e
r
0 and ~e tTM = νt ~e

t
0 , can be represented as

~e r0 = − 1

k |k′|





kxkz
kykz
|k′|2



 , ~e t0 = − 1

k̃ |k′|









−kx
√

k̃2 − |k′|2

−ky
√

k̃2 − |k′|2

− |k′|2









. (A.2.3)



APPENDIX A. REFLECTION AT AN IDEAL INTERFACEA.3. General polarisation 129Similarly to the TE polarisation, the electric �eld is described by two jump equations, i.e.
[

ε ~E · ~e3
]

Q
= 0,

[

~E × ~e3

]

Q
= 0,or more precisely (cf. [23, Eqn. (7.37), p. 304])

[

ε0
(

~e 0
TM + νr ~e

r
0

)

− ε′0 νt ~e
t
0

]

· ~e3 = 0,
(

~e 0
TM + νr ~e

r
0 − νt ~e

t
0

)

× ~e3 = 0. (A.2.4)The �rst equation shows that
νt =

ε0
ε′0

[

~e 0
TM

]

z
+ νr [~e r0 ]z

[~e t0 ]z
=
k2

k̃2

|k′|2
k|k′| − νr

|k′|2
k|k′|

|k′|2
k̃|k′|

=
k

k̃
(1 − νr) ,while evaluating the cross product in (A.2.4) leads to

(

~e 0
TM + νr ~e

r
0 − νt ~e

t
0

)

× ~e3

= − 1

k |k′|





kykz
−kxkz

0



− νr
k |k′|





kykz
−kxkz

0



+
νt

k̃ |k′|









−ky
√

k̃2 − |k′|2

kx

√

k̃2 − |k′|2
0









= 0.Obviously, the �rst and the second component of this vector valued equation are linear dependent,while the third component is always satis�ed. Thus, considering only the �rst component w.l.o.g. byreplacing νt with k/k̃ (1 − νr) and dividing by ky/|k′|, there follows
kz
k

+ νr
kz
k

+
k

k̃2
(1 − νr)

√

k̃2 − |k′|2 = 0.Hence,
νr = −

k̃2kz + k2

√

k̃2 − |k′|2

k̃2kz − k2

√

k̃2 − |k′|2
,

~e rTM = −
k̃2kz + k2

√

k̃2 − |k′|2

k̃2kz − k2

√

k̃2 − |k′|2
1

k |k′|





−kxkz
−kykz
− |k′|2



 (A.2.5)for ~k 6= k (0, 0,−1)> and (cf. (A.2.3))
~e tTM =

k

k̃
(1 − νr)~e

t
0 = −2

k kz

k̃2kz − k2

√

k̃2 − |k′|2
1

|k′|









−kx
√

k̃2 − |k′|2

−ky
√

k̃2 − |k′|2

− |k′|2









(A.2.6)for ~k 6= k (0, 0,−1)>.A.3 General polarisationFor a general polarisation, ~e 0 is a linear combination of the TE and TM vector, i.e.
~e 0 =

(

~e 0 · ~e 0
TE

)

~e 0
TE +

(

~e 0 · ~e 0
TM

)

~e 0
TM , (A.3.1)where

~e 0 · ~e 0
TE =

kye
0
x − kxe

0
y

|k′| , ~e 0 · ~e 0
TM = −kz(kxe

0
x + kye

0
y) − |k′|2 e0z

k |k′|



130 APPENDIX A. REFLECTION AT AN IDEAL INTERFACEA.3. General polarisationfor ~k 6= k (0, 0,−1)> and otherwise
~e 0 · ~e 0

TE = e0x, ~e 0 · ~e 0
TM = e0y.Consequently, the formulas (A.1.5) and (A.2.5) imply

~Er(~x) =







kz +

√

k̃2 − |k′|2

kz −
√

k̃2 − |k′|2
(kye

0
x − kxe

0
y)





ky
−kx
0





+
k̃2kz + k2

√

k̃2 − |k′|2

k̃2kz − k2

√

k̃2 − |k′|2
kz(kxe

0
x + kye

0
y) − |k′|2 e0z

k2





−kxkz
−kykz
− |k′|2











ei
~kr ·~x

|k′|2
(A.3.2)for ~k 6= k (0, 0,−1)>, while (A.1.6) and (A.2.6) imply

~Et(~x) =















2
kye

0
x − kxe

0
y

kz −
√

k̃2 − |k′|2





ky
−kx
0





+ 2
kz(kxe

0
x + kye

0
y) − |k′|2 e0z

k̃2kz − k2

√

k̃2 − |k′|2









−kx
√

k̃2 − |k′|2

−ky
√

k̃2 − |k′|2

− |k′|2























kz

|k′|2
ei
~kt·~x (A.3.3)for ~k 6= k (0, 0,−1)>. In the case of ~k = k (0, 0,−1)>, it is easily shown that

~Er(~x) =
k − k̃

k + k̃
~e 0 ei

~kr ·~x, ~Et(~x) = 2
k

k + k̃
~e 0 ei

~kt·~x.
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Appendix BAsymptotics for the case of allsingularities on the unit circleB.1 The formulaThis chapter of the appendix deals exclusively with deriving the far-�eld asymptotics of Equation(4.2.6) (cf. (4.2.1)) in the cases that |k′ + ω̃′

`,j| = k for ` = 1, . . . , 4. In these cases the point of the weaksingularity of h`,j,n(n′) is located on the singularity manifold of 1/nrz = 1/
√

1 − n′2. For convenience,de�ne ν′ := (k′ + ω̃′
`,j)/k for ` = 1, . . . , 4 and

f`,j(n
′, nrz) := f`,j,n(n

′, nrz) := h`,j,n(n
′) |n′ − ν′| (B.1.1)for ` = 1, . . . , 4, where √

1 − n′2 in h`,j is identi�ed by nrz.Theorem B.1. Assuming that |ν′| = 1 and ~x = R~m with ‖~m‖ = 1 and mz > 0,
J :=

∫

R2

f`,j(n
′, nrz)

|n′ − ν′|
1√

1 − n′2 e
ikR~nr ·~m dn′

= 2π h`,j(m
′)
eikR

ikR
+ 1(1,0)(`, n) 2π f`,j,n(ν

′, 0)
eikRν

′·m′

kRmz
+ o

(

1

R

) (B.1.2)as R tends to in�nity for any �xed ` = 1, . . . , 4 and n ∈ N0.The proof of the theorem is split into several parts, distributed over the following sections andsubsections. In Section B.2 an important lemma for the proof is presented and the domain of integrationof J (cf. (4.2.6)) is split according to plane-wave and evanescent modes. The asymptotic behaviour ofthe integrals with these reduced domains of integration is determined in Sections B.3 and B.4.B.2 Splitting the integralTo prove Theorem B.1, the following lemma will be necessary.Lemma B.2. Assuming the function f`,j(n
′, nrz) is de�ned as in (B.1.1), then f`,j(n

′, nrz) is �nite atany point (n′, nrz)
> ∈ R3 for all ` = 1, . . . , 4. Moreover, its partial derivatives are bounded for ` = 1, 3, 4and have at most a logarithmic singularity for ` = 2 at the point (n′, nrz)

> = (ν′,
√

1 − |n′|2)>.Proof. Recall that (cf. (4.2.2) and (4.2.3))
f1,j(n

′, nrz) = i
∆ k2

4πε0
[nrz]

n e−|kn′−kν′| [(~nr × ~e 0
)

× ~nr
]

,

f2,j(n
′, nrz) = i

∆ k3

4πε0
[nrz]

nK0 (|kn′ − kν′|) |n′ − ν′|
[(

~nr × ~e 0
)

× ~nr
]

. (B.2.1)
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+

1

ny

nx

ν′ =
k′

+ω̃′
`,j

k

(a) J1 for |ν′| = 1

+

1

ny

nx

ν′ =
k′

+ω̃′
`,j

k

(b) J2 for |ν′| = 1Figure B.1: Domains of integration of J1 and J2Since the modi�ed Bessel function n′ 7→ K0(|kn′ − kν′|) has a logarithmic singularity at n′ = ν′, it iseasily seen that both functions f1,j and f2,j are bounded for any (n′, nrz) ∈ R3. Moreover, the gradientw.r.t. n′ of f`,j(n′, nrz) for ` = 1, 3, 4 is bounded, whereas the gradient of f2,j(n′, nrz) has a logarithmicsingularity at n′ = ν′. To be precise, with ~nr = (n′, nrz)
>, (cf. [1, Eqn. 9.6.27, p. 120])

∇n′f1,j(n
′, nrz) = −i ∆ k3

4πε0
[nrz ]

n n
′ − ν′

|n′ − ν′| e
−|kn′−kν′| [(~nr × ~e 0

)

× ~nr
]

+ i
∆ k2

4πε0
[nrz]

n e−|kn′−kν′| ∇n′
[(

~nr × ~e 0
)

× ~nr
]

, (B.2.2)
∇n′f2,j(n

′, nrz) = −i ∆ k4

4πε0
[nrz ]

n n
′ − ν′

|n′ − ν′|K1 (|kn′ − kν′|) |n′ − ν′|
[(

~nr × ~e 0
)

× ~nr
]

+ i
∆ k3

4πε0
[nrz]

nK0 (|kn′ − kν′|) n′ − ν′

|n′ − ν′|
[(

~nr × ~e 0
)

× ~nr
]

+ i
∆ k3

4πε0
[nrz]

nK0 (|kn′ − kν′|) |n′ − ν′| ∇n′
[(

~nr × ~e 0
)

× ~nr
]

, (B.2.3)where K1 (|kn′ − kν′|) |n′ − ν′| (cf. [1, Eqn. 9.6.11 with Eqn. 9.6.10, p. 119]) and (n′ − ν′)/|n′ − ν′| arebounded at n′ = ν′ and the term (~nr × ~e 0) × ~nr is a polynomial of order two of n′ and nrz. Thus allterms in (B.2.2) and (B.2.3), except the second line on the right-hand side of (B.2.3) where K0 has alogarithmic singularity at zero, are bounded. Similarly, it is also not hard to show that f`,j(n′, nrz) and
∇n′f`,j(n

′, nrz) for ` = 3, 4 are bounded at n′ = ν, keeping in mind that ‖g̃n( · , ζ)‖4,∞ < ∞ for any�xed ζ ∈ [0, 1]. The partial derivatives w.r.t. nz are also bounded, since nz only occurs as an argumentof polynomials in f`,j, ` = 1, . . . , 4. �The remainder of Chapter B will be used to prove the asymptotic behaviour of J , stated in TheoremB.1. The �rst step is to switch to polar coordinates (ρ, φ) and to split the area of integration R2 intothe unit disc and its complement. This is a natural split, since the exponent of eikRmz√1−n′2 is purelyimaginary for all n′ on the unit disc and real valued and negative for all n′ outside the unit disc.This corresponds to integrating over all plane waves and evanescent modes, respectively. Applying thiscoordinate transformation and split of the area of integration,
J =

φ0+π
∫

φ0−π

∞
∫

0

f`,j(ρn
′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ

= J1 + J2, (B.2.4)where n′
0 := (cosφ, sinφ)>, φ0 is de�ned such that ν′ = (cosφ0, sinφ0)

> and (cf. Figure B.1)
J1 :=

φ0+π
∫

φ0−π

1
∫

0

f`,j(ρn
′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ (B.2.5)
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J2 := −i

φ0+π
∫

φ0−π

∞
∫

1

f`,j(ρn
′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′ ρ

√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ dφ. (B.2.6)The asymptotic behaviour of these two integrals will be determined in Sections B.3 and B.4.B.3 Integrating over evanescent modesTo examine the asymptotic behaviour of the outer integral J2, it is necessary to take a closer look atthe occurring singularity in (B.2.6). Note that here the norm of the di�erence of the two vectors ρn′

0and ν′ can be separated into di�erences of the radii and the angles. Indeed,
|ρn′

0 − ν′|2 = (ρn′
0 − ν′) · (ρn′

0 − ν′) = (ρn′
0 − n′

0 + n′
0 − ν′) · (ρn′

0 − n′
0 + n′

0 − ν′)

= (ρ− 1)2 |n′
0|

2
+ 2(ρ− 1)~n′

0 · (n′
0 − ν′) + |n′

0 − ν′|2

= (ρ− 1)2 + 2(ρ− 1)~n′
0 · (n′

0 − ν′) + |n′
0 − ν′|2 ,where

|n′
0 − ν′|2 = (cosφ− cosφ0)

2 + (sinφ− sinφ0)
2 = 2 − 2

(

cosφ cosφ0 + sinφ sin φ0

)

= 2
(

1 − cos(φ− φ0)
)

= 4 sin2

(

φ− φ0

2

) (B.3.1)and
~n′

0 · (n′
0 − ν′) = cosφ (cosφ− cosφ0) + sinφ (sin φ− sinφ0) = 1 −

(

cosφ cosφ0 + sinφ sinφ0

)

= 1 − cos(φ− φ0) = 2 sin2

(

φ− φ0

2

)

. (B.3.2)Thus,
|ρn′

0 − ν′|2 = (ρ− 1)2 + 4(ρ− 1) sin2

(

φ− φ0

2

)

+ 4 sin2

(

φ− φ0

2

)

= (ρ− 1)2 + 4 ρ sin2

(

φ− φ0

2

)

. (B.3.3)The corresponding Taylor expansion w.r.t. ρ and φ leads to
|ρn′

0 − ν′|2 = (ρ− 1)2 + (φ − φ0)
2 + (ρ− 1) (φ− φ0)

2 + ρO
(

(φ− φ0)
4
)

. (B.3.4)With this, the outer integral (B.2.6) is split into
J2 = −i

{

J1 + J2 + J3 + J4 + J5

}

, (B.3.5)where
J1 :=

φ0+π
∫

φ0−π

∞
∫

1

{

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)

eikρRn
′
0·m′

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1

}

dρ dφ (B.3.6)
J2 :=

φ0+π
∫

φ0−π

∞
∫

1

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′

[

eik(ρ−1)Rn′
0·m′ − 1

] ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ,(B.3.7)
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J3 :=

φ0+π
∫

φ0−π

∞
∫

1

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ, (B.3.8)

J4 := f`,j(ν
′, 0)

φ0+π
∫

φ0−π

∞
∫

1

[

eik(ρ−1)Rn′
0·m′ − 1

]

√

(ρ− 1)2 + (φ − φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ, (B.3.9)

J5 := f`,j(ν
′, 0)

φ0+π
∫

φ0−π

∞
∫

1

1
√

(ρ− 1)2 + (φ − φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ. (B.3.10)Note that the integrals J2 and J4 are only non-trivial for m′ 6= (0, 0)>. Hence, for the followingsections, it will be assumed that m′ 6= (0, 0)>. The asymptotic behaviour of J1, J3 and J5 in the caseof m′ = (0, 0)> will be examined separately in Section B.3.2. In view of Lemma B.2 it is also easilyseen that the constant f`,j(ν′, 0) is �nite. Moreover, taking a closer look at (B.1.1) with (4.2.2)�(4.2.5),it follows that f`,j(ν′, 0) = 0 for ` = 2, 3, 4. Consequently, it is enough to examine the asymptoticbehaviour of J4 and J5 for ` = 1. Similarly in Section B.4 for the inner integral J1, the asymptoticbehaviour of integrals that are multiplied with f`,j(ν

′, 0) will be examined. For these integrals theexaminations will also be reduced to the case of ` = 1.B.3.1 Oblique re�ectionB.3.1.1 J1To derive the asymptotic behaviour of J1 it is necessary to show that the integrand is absolutelyintegrable. Consider the di�erence of the quotients in J1 using the Taylor expansion (B.3.4),
1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

=
(ρ− 1)2 + (φ− φ0)

2 − |ρn′
0 − ν′|2

|ρn′
0 − ν′|

√

(ρ− 1)2 + (φ − φ0)2
(

|ρn′
0 − ν′| +

√

(ρ− 1)2 + (φ− φ0)2
)

= − (ρ− 1) (φ− φ0)
2 + ρO

(

(φ− φ0)
4
)

|ρn′
0 − ν′|

√

(ρ− 1)2 + (φ− φ0)2
(

|ρn′
0 − ν′| +

√

(ρ− 1)2 + (φ− φ0)2
) .Using this and substituting (ρ− 1, φ− φ0)

> with r (cos γ, sin γ)> it is easily seen that
lim
r→0

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2
=

1

2
cos γ sin2γ (B.3.11)is uniformly bounded by 1/2 for all γ ∈ [0, 2π]. Lemma 4.4 thus proves that the di�erence of quotientsin (B.3.11) is uniformly bounded in a neighbourhood of ρn′

0 = ν′. It follows that the integrand of J1 isabsolutely integrable, since only the weakly singular term 1/
√

ρ2 − 1 is locally unbounded, while theterm e−kRmz
√
ρ2−1 ensures exponential decay for ρ tending to in�nity. To get an exponential functiondepending on m′ but independent of ρ, the integral is split into

J1 = J1.1 + J1.2, (B.3.12)where
J1.1 :=

φ0+π
∫

φ0−π

∞
∫

1

{

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)

eikRn
′
0·m′

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1

}

dρ dφ,
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J1.2 :=

φ0+π
∫

φ0−π

∞
∫

1

{

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)

eikRn
′
0·m′

[

eik(ρ−1)Rn′
0·m′ − 1

] ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1

}

dρ dφ (B.3.13)B.3.1.1.1 J1.1Integral J1.1 is examined using integration by parts w.r.t. ρ, leading to
J1.1 = − 1

kRmz

φ0+π
∫

φ0−π

∞
∫

1

{

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ − φ0)2

)

eikRn
′
0·m′

∂ρ

[

e−kRmz
√
ρ2−1

]

}

dρ dφ

=
1

kRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)

(

1

|n′
0 − ν′| −

1

|φ− φ0|

)

eikRn
′
0·m′

dφ

+
1

kRmz

φ0+π
∫

φ0−π

∞
∫

1

{

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)]

eikRn
′
0·m′

e−kRmz
√
ρ2−1

}

dρ dφ. (B.3.14)First it will be shown that the �rst integral on the right hand side of (B.3.14) decays faster than 1/Ras R tends to in�nity. De�ning φ1 such that m′ = (cosφ1, sinφ1)
>, ψ0 := φ0 − φ1 and substituting

φ− φ1 by ψ gives
1

kRmz

ψ0+π
∫

ψ0−π

f`,j
(

n′
0(ψ + φ1), 0

)

(

1

|n′
0(ψ + φ1) − ν′| −

1

|ψ − ψ0|

)

eikR|m′| cosψ dψ. (B.3.15)To estimate the asymptotic behaviour of this integral the following lemma is appliedLemma B.3. For any function g ∈ L∞, any constant r ∈ R and a positive constant b ∈ R,
lim
R→∞

ψ0+π
∫

ψ0−π

g(ψ)
[

1 + r log |ψ − ψ0|
]

eibR cosψ dψ = 0.Proof. To prove this, it is the goal to apply the Riemann-Lebesgue lemma. To do so cosψ has to besubstituted by a new variable t, for which the domain of integration has to split into parts where cosψis strictly monotonic.De�ne l0 as the unique integer such that ψ0 − π ≤ l0π < ψ0 and
Arccos1 :

[

cos(ψ0 − π), cos(`0π)
]

→
[

ψ0 − π, `0π
]

t 7→ Arccos1(t),

Arccos2 :
[

cos(`0π), cos
(

(`0 + 1)π
)]

→
(

`0π, (`0 + 1)π
]

t 7→ Arccos2(t),

Arccos3 :
[

cos
(

(`0 + 1)π
)

, cos(ψ0 + π
]

→
(

(`0 + 1)π, ψ0 + π
]

t 7→ Arccos3(t),
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ψ0+π
∫

ψ0−π

g(ψ)
[

1 + r log |ψ − ψ0|
]

eibR cosψ dψ

=

`0π
∫

ψ0−π

g(ψ)
[

1 + r log |ψ − ψ0|
]

eibR cosψ dψ +

(`0+1)π
∫

`0π

g(ψ)
[

1 + r log |ψ − ψ0|
]

eibR cosψ dψ

+

ψ0+π
∫

(`0+1)π

g(ψ)
[

1 + r log |ψ − ψ0|
]

eibR cosψ dψ

= sgn (sinψ0)

(−1)`0
∫

− cosψ0

g
(

Arccos1(t)
)

[

1 + r log
∣

∣Arccos1(t) − ψ0

∣

∣

] 1√
1 − t2

eikRt dt

− sgn (sinψ0)

(−1)`0+1
∫

(−1)`0

g
(

Arccos2(t)
)

[

1 + r log
∣

∣Arccos2(t) − ψ0

∣

∣

] 1√
1 − t2

eikRt dt

+ sgn (sinψ0)

− cosψ0
∫

(−1)`0+1

g
(

Arccos3(t)
)

[

1 + r log
∣

∣Arccos3(t) − ψ0

∣

∣

] 1√
1 − t2

eikRt dt, (B.3.16)It is easily seen that the integrands of the three integrals on the right-hand side of (B.3.16) are onlyweakly singular, since Arccosj(t) is a continuous and g a bounded function, while, by using L'Hôpital'srule, it is not hard to show that log |Arccosj0(t)−ψ0| ∼ log |t−t0| for a �xed j0 = 1, 2, 3 and t0 ∈ [−1, 1]such that Arccosj0(t0) = ψ0. It follows that the term [1+r log |Arccosj(t)−ψ0|]/
√

1 − t2 is only weaklysingular, even for |t0| = 1. The Riemann-Lebesgue lemma thus proves the statement. �To apply Lemma B.3 to integral (B.3.15) it has to be shown that its integrand is at most logarith-mically singular. Recall that f`,j(n′
0(ψ + φ1), 0

) is bounded for all ψ ∈ [ψ0 − π, ψ0 + π] (cf. LemmaB.2). Moreover, it is easily shown that the term (cf. (B.3.4))
1

|n′
0(ψ + φ1) − ν′| −

1

|ψ − ψ0|
=

(ψ − ψ0)
2 − |n′

0(ψ + φ1) − ν′|2
|ψ − ψ0| |n′

0(ψ + φ1) − ν′|
[

|ψ − ψ0| + |n′
0(ψ + φ1) − ν′|

]

= − O
(

(ψ − ψ0)
4
)

|ψ − ψ0| |n′
0(ψ + φ1) − ν′|

[

|ψ − ψ0| + |n′
0(ψ + φ1) − ν′|

] (B.3.17)is bounded for all ψ ∈ [ψ0 − π, ψ0 + π]. Lemma B.3 thus proves that
1

kRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)

(

1

|n′
0 − ν′| −

1

|φ− φ0|

)

eikRn
′
0·m′

dφ = o

(

1

R

)

. (B.3.18)The next step is to examine the remaining integral on the right-hand side of (B.3.14) by examiningthe occurring derivative
∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ − φ0)2

)]

=

(

n′
0,

−ρ
√

1 − ρ2

)>

· ∇~n f`,j(ρn′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ − φ0)2

)

− f`,j(ρn
′
0,
√

1 − ρ2)

(

n′
0 · (ρn′

0 − ν′)

|ρn′
0 − ν′|3

− ρ− 1
√

(ρ− 1)2 + (φ− φ0)2
3

)

. (B.3.19)



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ection 137Since ∇~n f`,j(n′, nz) has at most a logarithmic singularity (cf. Lemma B.2) and using (B.3.11), it iseasily seen that the �rst summand on the right-hand side is only weakly singular at ρ = 1 and φ = φ0.To show this for the second summand, it has to be proven that the di�erence of the two quotients is atmost weakly singular. Consider
n′

0 · (ρn′
0 − ν′)

|ρn′
0 − ν′|3

− ρ− 1
√

(ρ− 1)2 + (φ − φ0)2
3

=
n′

0 · (ρn′
0 − n′

0) + n′
0 · (n′

0 − ν′)

|ρn′
0 − ν′|3

− ρ− 1
√

(ρ− 1)2 + (φ − φ0)2
3

= (ρ− 1)

(

1

|ρn′
0 − ν′|3

− 1
√

(ρ− 1)2 + (φ − φ0)2
3

)

+
n′

0 · (n′
0 − ν′)

|ρn′
0 − ν′|3

. (B.3.20)First, the last term on the right-hand side is examined, (cf. (B.3.2), (B.3.3) and (B.3.4))
n′

0 · (n′
0 − ν′)

|ρn′
0 − ν′|3

=
n′

0 · (n′
0 − ν′)

|ρn′
0 − ν′|2

1

|ρn′
0−ν′|

=
2 sin2

(

φ−φ0

2

)

(ρ− 1)2 + 4 ρ sin2
(

φ−φ0

2

)

1

|ρn′
0−ν′|

≤ c
√

(ρ−1)2+(φ−φ0)2
. (B.3.21)Obviously, this is only weakly singular and thus absolutely integrable. On the other hand, examiningthe �rst term on the right-hand side of (B.3.20), (cf. (B.3.4))

(ρ− 1)

(

1

|ρn′
0 − ν′|3

− 1
√

(ρ− 1)2 + (φ− φ0)2
3

)

= (ρ− 1)

[

(ρ− 1)2 + (φ− φ0)
2
]3 − |ρn′

0 − ν′|6

|ρn′
0 − ν′|3

√

(ρ− 1)2 + (φ− φ0)2
3
[

|ρn′
0 − ν′|3 +

√

(ρ− 1)2 + (φ− φ0)2
3
]

= (ρ− 1)

[

(ρ− 1)2 + (φ− φ0)
2
]3−

[

(ρ− 1)2+(φ− φ0)
2+(ρ− 1) (φ− φ0)

2+ρO
(

(φ− φ0)
4
)]3

|ρn′
0 − ν′|3

√

(ρ− 1)2 + (φ− φ0)2
3
[

|ρn′
0 − ν′|3 +

√

(ρ− 1)2 + (φ− φ0)2
3
]

= −(ρ− 1)
3
[

(ρ− 1)2 + (φ− φ0)
2
]2[

(ρ− 1) (φ− φ0)
2 + ρO

(

(φ− φ0)
4
)]

|ρn′
0 − ν′|3

√

(ρ− 1)2 + (φ− φ0)2
3
[

|ρn′
0 − ν′|3 +

√

(ρ− 1)2 + (φ− φ0)2
3
]

− (ρ− 1)
3
[

(ρ− 1)2 + (φ− φ0)
2
] [

(ρ− 1) (φ− φ0)
2 + ρO

(

(φ − φ0)
4
)]2

|ρn′
0 − ν′|3

√

(ρ− 1)2 + (φ − φ0)2
3
[

|ρn′
0 − ν′|3 +

√

(ρ− 1)2 + (φ− φ0)2
3
]

− (ρ− 1)

[

(ρ− 1) (φ− φ0)
2 + ρO

(

(φ− φ0)
4
)]3

|ρn′
0 − ν′|3

√

(ρ− 1)2 + (φ − φ0)2
3
[

|ρn′
0 − ν′|3 +

√

(ρ− 1)2 + (φ− φ0)2
3
]Using the same approach of substitution as for (B.3.11) it is not hard to show that this term is boundedby 1/

√

(ρ− 1)2 + (φ− φ0)2 at the potential singularity point (ρ, φ)> = (1, φ0)
>. Thus, (cf. (B.3.19),(B.3.20), (B.3.11) and (B.3.21))

∣

∣

∣

∣

∣

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)]∣

∣

∣

∣

∣

≤ c
ρ

√

ρ2 − 1

∣

∣log
(

(ρ− 1)2 + (φ − φ0)
2
)∣

∣+
c

√

(ρ− 1)2 + (φ − φ0)2
(B.3.22)for (ρ, φ)> → (1, φ0)

>. It follows that the absolute value of the second integral w.r.t. ρ on the right-hand
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∣

∣

∣

∣

∣

∣

∞
∫

1

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)]

e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤ c

∞
∫

1

{

ρ
√

ρ2 − 1

∣

∣log
(

(ρ− 1)2 + (φ − φ0)
2
)∣

∣+
1

√

(ρ− 1)2 + (φ− φ0)2

}

e−kRmz
√
ρ2−1 dρ

= c

∞
∫

1

ρ
√

ρ2 − 1

∣

∣log
(

(ρ− 1)2 + (φ− φ0)
2
)∣

∣ e−kRmz
√
ρ2−1 dρ

+ c

2
∫

1

1
√

(ρ− 1)2 + (φ− φ0)2
e−kRmz

√
ρ2−1 dρ+ c

∞
∫

2

1
√

(ρ− 1)2 + (φ− φ0)2
e−kRmz

√
ρ2−1 dρ

≤ −c2 log |φ− φ0|
kRmz

∞
∫

1

∂ρ

[

e−
k
2Rmz

√
ρ2−1

]

dρ

+ c

2
∫

1

1
√

(ρ− 1)2 + (φ− φ0)2
dρ+ c

∞
∫

2

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ,where

2
∫

1

1
√

(ρ− 1)2 + (φ− φ0)2
dρ =

[

log
(

(ρ− 1) +
√

(ρ− 1)2 + (φ− φ0)2
]2

ρ=1such that for φ ∈ [φ0 − π, φ0 + π] (cf. (B.3.14))
∣

∣

∣

∣

∣

∣

∞
∫

1

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ − φ0)2

)]

e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

= c
2 log |φ−φ0|

kRmz
+ c log

(

1+
√

1+(φ−φ0)2
)

− c log |φ−φ0| −
c

kRmz

∞
∫

2

∂ρ

[

e−
k
2Rmz

√
ρ2−1

]

dρ

≤ c
2 log |φ−φ0|

kRmz
+ c log

(

1+
√

1+π2
)

− c log |φ−φ0| + c
e−

k
2Rmz

√
3

kRmz
.With this it is easily seen that functions g1, g2, g3 ∈ L∞ exist such that

∞
∫

1

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)]

e−kRmz
√
ρ2−1 dρ

= g1(φ)
log |φ−φ0|

R
+ g2(φ)

e−cR

R
+ g3(φ) [1 + log |φ−φ0|]and, substituting φ−φ1 by ψ, de�ning ψ0 := φ0−φ1 and using Lemma B.3, (cf. (B.3.14) and (B.3.15))

1

R

φ0+π
∫

φ0−π

∞
∫

1

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

(

1

|ρn′
0 − ν′| −

1
√

(ρ− 1)2 + (φ− φ0)2

)]

e−kRmz
√
ρ2−1 dρ eikRn

′
0·m′

dφ

=
1

R2

φ0+π
∫

φ0−π

{

g1(φ) log |φ− φ0| + g2(φ) e−cR
}

eikRn
′
0·m′

dφ

+
1

R

φ0+π
∫

φ0−π

g3(φ)
[

1 + log |φ− φ0|
]

eik|m
′|R cos(φ−φ1) dφ
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=

1

R

ψ0+π
∫

ψ0−π

g3(ψ + φ1)
[

1 + log |ψ − ψ0|
]

eik|m
′|R cosψ dψ + o

(

1

R

)

= o

(

1

R

)

.Consequently, (cf. (B.3.14) and (B.3.18))
J1.1 = o

(

1

R

)

. (B.3.23)B.3.1.1.2 J1.2To obtain the asymptotic behaviour of J1.2 (cf. (B.3.13)) de�ne
εR := C

(

logR

R

)2

, (B.3.24)with C ≥ 1/(2k2m2
z) and consider (cf. (B.3.11) and Lemma B.2)

|J1.2| ≤ c

φ0+π
∫

φ0−π

∞
∫

1

∣

∣

∣
eik(ρ−1)Rn′

0·m′ − 1
∣

∣

∣

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ dφ

≤ c

φ0+π
∫

φ0−π

1+εR
∫

1

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ dφ

− 2c

kRmz

φ0+π
∫

φ0−π

∞
∫

1+εR

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ dφ (B.3.25)
= c

φ0+π
∫

φ0−π

1+εR
∫

1

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ dφ+

4cπ

kRmz
e−kRmz

√
(1+εR)2−1.Since

√

(1 + εR)2 − 1 =
√

2εR + εR2 ∼
√

2εR (B.3.26)for R → ∞ and √
2Ckmz ≥ 1 it follows that (cf. (B.3.24))

e−kRmz
√

(1+εR)2−1 ∼ e−kRmz
√

2εR = e−kmz
√

2C logR = R−
√

2Ckmz = O
(

1

R

) (B.3.27)for R → ∞. Hence,
4cπ

kRmz
e−kRmz

√
(1+εR)2−1 = o

(

1

R

)

. (B.3.28)On the other hand, with ρ− 1 ≤ εR = C
(

logR
R

)2

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣ =

√

[

cos
(

k(ρ− 1)Rn′
0 ·m′

)

− 1
]2

+ sin2
(

k(ρ− 1)Rn′
0 ·m′

)

=

√

2 − 2 cos

(

k

2
(ρ− 1)Rn′

0 ·m′
)

=

√

4 sin2

(

k

4
(ρ− 1)Rn′

0 ·m′
)
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= 2 sin

(

k

4
(ρ− 1)Rn′

0 ·m′
)

∼ C |n′
0 ·m′| k

2

(logR)2

R
, (B.3.29)for R → ∞. The remaining integral on the right-hand side of (B.3.25) is examined by using thisestimate leading to (cf. (B.3.27))

c

1+εR
∫

1

φ0+π
∫

φ0−π

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣ dφ
ρ

√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ

∼ cC
k

2

(logR)2

R

φ0+π
∫

φ0−π

|n′
0 ·m′| dφ

1+εR
∫

1

ρ
√

ρ2 − 1
e−kRmz

√
ρ2−1 dρ

= −cC |m′|
2

(logR)2

R2mz

φ0+π
∫

φ0−π

|cos(φ− φ1)| dφ

1+εR
∫

1

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ

= −2cC
|m′|
2

(logR)2

R2mz

[

e−kRmz
√

(1+εR)2−1 − 1
]

= o

(

1

R

)for R → ∞. Overall, (cf. (B.3.25) and (B.3.28)) J1.2 = o(1/R) and (cf. (B.3.12) and (B.3.23))
J1 = o

(

1

R

)

. (B.3.30)B.3.1.2 J2The �rst step to show the asymptotic behaviour of (cf. (B.3.7))
J2 =

φ0+π
∫

φ0−π

∞
∫

1

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′

[

eik(ρ−1)Rn′
0·m′ − 1

] ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφis to change the order of integration. This is valid according to Fubini's theorem, since the integralexists absolutely (cf. Lemma 3.11). Now it can be shown that the quotient

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2is absolutely integrable w.r.t. φ ∈ [φ0 − π, φ0 + π] for any �xed ρ ≥ 1. Indeed, since f`,j(ρn′
0,
√

1 − ρ2)is �nite for any ρ and φ, the quotient can at most have a singularity at (ρ, φ) = (1, φ0). On the otherhand, for ρ = 1 �xed, this quotient is at most logarithmically singular. This is easily seen by evaluatingthe limit φ → φ0 of the quotient at ρ = 1 multiplied with 1/ log |n′
0 − ν′|. Applying L'Hôpital's rule,(cf. (B.3.1) and n′

0 = (cosφ, sinφ)>)
lim
φ→φ0

f`,j(n
′
0, 0)−f`,j(ν′, 0)

|φ− φ0| log |n′
0 − ν′| = lim

φ→φ0

sgn(φ− φ0)

(

− sinφ
cosφ

)

· ∇n′
0
f`,j(n

′
0, 0)

log |n′
0 − ν′| − cos((φ − φ0)/2) φ−φ0

2 sin((φ−φ0)/2)

= lim
φ→φ0

sgn(φ− φ0)

(

− sinφ
cosφ

)

· ∇n′
0
f`,j(n

′
0, 0) 1

log |n′
0−ν′|

1 − cos((φ− φ0)/2) φ−φ0

2 sin((φ−φ0)/2)
1

log |n′
0−ν′|

,
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0
f`,j(n

′
0, 0)/ log |n′

0 − ν′| (cf. Lemma B.2) and
limφ→φ0(φ− φ0)/ sin((φ − φ0)/2) are �nite. It follows that (cf.(B.3.4))

∣

∣

∣

∣

∣

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2

∣

∣

∣

∣

∣

≤ c |log |ρn′
0 − ν′|| ≤ c

∣

∣log
(

(ρ−1)2 + (φ−φ0)
2
)∣

∣in a neighbourhood of (ρ, φ) = (1, φ0). With this it is easily shown that
∣

∣

∣

∣

∣

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2

∣

∣

∣

∣

∣

e−
k
2Rmz

√
ρ2−1 ≤ c

∣

∣log
(

(ρ−1)2 + (φ−φ0)
2
)∣

∣ (B.3.31)for any �xed ρ ∈ [1,∞), since f`,j(ρn
′
0,
√

1 − ρ2) grows at most with a �nite polynomial degree(cf. (B.2.1)), while eikRmz√ρ2−1 decays exponentially for ρ → ∞. Integral J2 can now be treatedsimilarly to J1.2 (cf. (B.3.25)). Consider (cf. (B.3.7) and (B.3.28))
|J2| ≤ c

1+εR
∫

1

φ0+π
∫

φ0−π

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣

∣

∣log
(

(ρ− 1)2 + (φ− φ0)
2
)∣

∣

ρ
√

ρ2−1
e−

k
2Rmz

√
ρ2−1 dφdρ

− 4c

kRmz

∞
∫

1+εR

φ0+π
∫

φ0−π

∂ρ

[

e−
k
2Rmz

√
ρ2−1

]

dφdρ

= c

1+εR
∫

1

φ0+π
∫

φ0−π

∣

∣

∣eik(ρ−1)Rn′
0·m′− 1

∣

∣

∣

∣

∣log
(

(ρ−1)2+(φ−φ0)
2
)∣

∣

ρ
√

ρ2−1
e−

k
2Rmz

√
ρ2−1 dφdρ+ o

(

1

R

)

.In view of (B.3.29),
|J2| ≤ 2c

1+εR
∫

1

φ0+π
∫

φ0−π

2 sin

(

k

4
(ρ− 1)Rn′

0 ·m′
)

|log |φ− φ0||
ρ

√

ρ2−1
e−

k
2Rmz

√
ρ2−1 dφdρ+ o

(

1

R

)

∼ c
Ck (logR)2

2R

φ0+π
∫

φ0−π

|log |φ− φ0|n′
0 ·m′| dφ

1+εR
∫

1

ρ
√

ρ2−1
e−

k
2Rmz

√
ρ2−1 dρ+ o

(

1

R

)

= −c 2Ck|m′| (logR)2

2kR2mz

φ0+π
∫

φ0−π

|log |φ− φ0| cos(φ− φ1)| dφ

1+εR
∫

1

∂ρ

[

e−
k
2Rmz

√
ρ2−1

]

dρ+ o

(

1

R

)

= −c Ck|m
′| (logR)2

2kR2mz

φ0+π
∫

φ0−π

|log |φ− φ0| cos(φ− φ1)| dφ
[

e−
k
2Rmz

√
(1+εR)2−1 − 1

]

+ o

(

1

R

)

= o

(

1

R

) (B.3.32)for R → ∞.B.3.1.3 J3Recall that (cf. (B.3.8))
J3 =

φ0+π
∫

φ0−π

∞
∫

1

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ.
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J3 =

1

kRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)−f`,j(ν′, 0)

|φ− φ0|
eikRn

′
0·m′

dφ

+
1

kRmz

∞
∫

1

φ0+π
∫

φ0−π

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ − φ0)2

]

eikRn
′
0·m′

dφ e−kRmz
√
ρ2−1 dρ, (B.3.33)where (f`,j(n

′
0, 0)−f`,j(ν′, 0))/|φ − φ0| is bounded by c log |φ − φ0| (cf. (B.3.31)). Here, Lemma B.3proves that

1

kRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)−f`,j(ν′, 0)

|φ− φ0|
eikRn

′
0·m′

dφ = o

(

1

R

)

. (B.3.34)For the second integral on the right-hand side of (B.3.33) a closer look at the derivative is necessary.Note that
∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ − φ0)2

]

=

(

n′
0,− ρ√

1−ρ2

)>
· ∇~nf`,j(ρn

′
0,
√

1 − ρ2)

√

(ρ− 1)2 + (φ− φ0)2

−
(ρ− 1)

[

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
]

√

(ρ− 1)2 + (φ − φ0)2
3 ,where (ρ − 1)/

√

(ρ− 1)2 + (φ− φ0)2 is �nite at the point (ρ, φ)> = (1, φ0)
> and where the quotient

[f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)]/
√

(ρ− 1)2 + (φ− φ0)2 (cf. (B.3.31)) is logarithmically singular. Hence,with Lemma B.2,
∣

∣

∣

∣

∣

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)−f`,j(ν′, 0)
√

(ρ− 1)2 + (φ− φ0)2

]

e−
k
2Rmz

√
ρ2−1

∣

∣

∣

∣

∣

≤ c
ρ

√

1−ρ2

∣

∣log
(

(ρ−1)2+(φ−φ0)
2
)∣

∣

√

(ρ− 1)2 + (φ− φ0)2
. (B.3.35)Since

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ− φ0)2
dφ = 2

φ0+π
∫

φ0

1
√

(ρ− 1)2 + (φ− φ0)2
dφ

= 2 log
(

π +
√

(ρ− 1)2 + π2
)

− 2 log(ρ− 1), (B.3.36)it follows that (cf. (B.3.33), (B.3.34) and (B.3.35))
|J3| ≤

c

kRmz

∞
∫

1

φ0+π
∫

φ0−π

ρ√
1−ρ2

∣

∣log
(

(ρ− 1)2 + (φ− φ0)
2
)∣

∣

√

(ρ− 1)2 + (φ− φ0)2
dφ e−

k
2Rmz

√
ρ2−1 dρ+ o

(

1

R

)

≤ 2c

kRmz

∞
∫

1

ρ | log(ρ− 1)|
√

1 − ρ2
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∫
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1
√

(ρ− 1)2 + (φ − φ0)2
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k
2Rmz

√
ρ2−1 dρ+ o

(

1

R

)

=
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kRmz

∞
∫

1

ρ | log(ρ− 1)|
√

1 − ρ2
log
(

π +
√

(ρ− 1)2 + π2
)

e−
k
2Rmz

√
ρ2−1 dρ

− 2c

kRmz

∞
∫

1

ρ
√

1 − ρ2

[

log(ρ− 1)
]2
e−

k
2Rmz

√
ρ2−1 dρ+ o

(

1

R

)

.
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≤ c2
kRmz

∞
∫

1

ρ
√

1 − ρ2

[

log(ρ−1)
]2
e−

k
2Rmz

√
ρ2−1 dρ+ o

(

1

R

)

.Substituting u =
√

ρ2 − 1 and choosing εR as in (B.3.24) then leads to
|J3| ≤

c2
kRmz

∞
∫

0

[

log
(

√

u2 + 1 − 1
)]2

e−
k
2Rmzu du+ o

(

1

R

)

=
c2

kRmz

√
εR
∫

0

[

log
(

√

u2 + 1 − 1
)]2

e−
k
2Rmzu du+

c2
kRmz

∞
∫

√
εR

[

log
(

√

u2 + 1 − 1
)]2

e−
k
2Rmzu du

+ o

(

1

R

)

,Note that c2 [log(
√
u2 + 1 − 1)]2 ≤ c3[log u]2 for u ∈ [0,

√
εR] and εR ≤ 1, and that

c2

[

log(
√

u2 + 1 − 1)
]2

e−
k
4Rmzu ≤ c4

[

log(
√
εR + 1 − 1)

]2 ≤ c5 [logR]2 ,for u ∈ [
√
εR,∞). Thus

|J3| ≤
c3

kRmz

√
εR
∫

0

[log u]2 du+ c3
[logR]2

kRmz

∞
∫

√
εR

e−
k
4Rmzu du

=
c3

kRmz

√
εR
(

2 − 2 |log
√
εR| + [log

√
εR]

2)
+ c3

4[logR]2

(kRmz)2

= o

(

1

R

)

. (B.3.37)B.3.1.4 J4Recall that (cf. (B.3.9))
J4 = f`,j(ν

′, 0)

φ0+π
∫

φ0−π

∞
∫

1

[

eik(ρ−1)Rn′
0·m′ − 1

]

√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ.As for J2 the �rst step to �nding the asymptotic behaviour is to switch the order of integration. Thus,after splitting the domains of integration w.r.t. ρ, (cf. (B.3.29) and choose εR according to (B.3.24))

|J4| ≤ |f`,j(ν′, 0)|
1+εR
∫

1

φ0+π
∫

φ0−π

∣

∣

∣eik(ρ−1)Rn′
0·m′ − 1

∣

∣

∣

√

(ρ− 1)2 + (φ− φ0)2
dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ

+ 2 |f`,j(ν′, 0)|
∞
∫

1+εR

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ − φ0)2
dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ

≤ |f`,j(ν′, 0)| C|m
′|k

2

(logR)2

R

1+εR
∫

1

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ− φ0)2
dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ

+ 2 |f`,j(ν′, 0)|
∞
∫

1+εR

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ − φ0)2
dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ. (B.3.38)
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√

ρ2 − 1,
|J4| ≤ c

(logR)2

R2

1+εR
∫

1

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ+ c
(logR)2

R

√
(1+εR)2−1
∫

0

∣

∣

∣log
(

√

u2 + 1 − 1
)

∣

∣

∣ e−kRmzu du

+ c
1

R

∞
∫

1+εR

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ+ c
1

R

∞
∫

1+εR

|log(ρ− 1)| e−k
2Rmz

√
ρ2−1∂ρ

[

e−
k
2Rmz

√
ρ2−1

]

dρ,where |log(ρ− 1)| e−k
2Rmz

√
ρ2−1 ≤ c log(εR) ∼ logR for ρ ∈ [1+εR,∞) and R → ∞. Hence (cf. (B.3.26)and (B.3.27))

|J4| ≤ c
(logR)2

R

√
2εR
∫

0

|log u| e−kRmzu du+ o

(

1

R

)

≤ −c (logR)2

R

√
2εR
∫

0

log u e−kRmzu du+ o

(

1

R

)

≤ −c (logR)2

R

√
2εR

[

log
(√

2εR
)

− 1
]

+ o

(

1

R

)

,since | log u| = − logu for u ∈ [0,
√

2εR], and where 2εR < 1 for a su�ciently large R. Therefore,
J4 = o

(

1

R

)

. (B.3.39)B.3.1.5 J5Recall that (cf. (B.3.10))
J5 = f`,j(ν

′, 0)

φ0+π
∫

φ0−π

∞
∫

1

1
√

(ρ− 1)2 + (φ− φ0)2
eikRn

′
0·m′ ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ.To �nd the behaviour of J5, the integral is split into integrals where the asymptotic behaviour can beestimated and one integral which can be evaluated explicitly. This split is realised by replacing theexponent ikRn′

0 ·m′ = ikr|m′| cos(φ− φ1) by its Taylor expansion w.r.t. φ at φ = φ0. Here, two caseshave to be distinguished. The constant sin(φ0 −φ1) could either be zero or non-zero. In both cases theintegral will be split in correspondence to the Taylor expansion, i.e. for sin(φ0 − φ1) 6= 0,
J5 = f`,j(ν

′, 0) J1
5.1 + f`,j(ν

′, 0) J1
5.2, (B.3.40)where

J1
5.1 :=

φ0+π
∫

φ0−π

∞
∫

1

eikRn
′
0·m′ − eikR|m′| cos(φ0−φ1)e−ikR|m′| sin(φ0−φ1)(φ−φ0)

√

(ρ− 1)2 + (φ− φ0)2
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ,

J1
5.2 :=

φ0+π
∫

φ0−π

∞
∫

1

e−ikR|m′| sin(φ0−φ1)(φ−φ0)

√

(ρ− 1)2 + (φ− φ0)2
eikR|m′| cos(φ0−φ1) ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ. (B.3.41)Similarly, for sin(φ0 − φ1) = 0,

J5 = f`,j(ν
′, 0) J2

5.1 + f`,j(ν
′, 0) J2

5.2, (B.3.42)
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J2

5.1 :=

φ0+π
∫

φ0−π

∞
∫

1

eikRn
′
0·m′ − eikR|m′| cos(φ0−φ1)e−ikR

|m′|
2 cos(φ0−φ1)(φ−φ0)

2

√

(ρ− 1)2 + (φ− φ0)2
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ,(B.3.43)

J2
5.2 :=

φ0+π
∫

φ0−π

∞
∫

1

e−ikR
|m′|

2 cos(φ0−φ1)(φ−φ0)
2

√

(ρ− 1)2 + (φ− φ0)2
eikR|m′| cos(φ0−φ1) ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ dφ. (B.3.44)B.3.1.5.1 J

1

5.1First note that for sin(φ0 − φ1) 6= 0 the Taylor expansion
n′

0 ·m′ = |m′| cos(φ− φ1) (B.3.45)
= |m′| cos(φ0 − φ1) − |m′| sin(φ0 − φ1)(φ− φ0) − |m′| sin(φ0 − φ1) R(φ− φ0) (φ− φ0)

2is obtained, where
R(φ − φ0) := − 1

sin(φ0 − φ1)

∞
∑

o=0

ao (φ− φ0)
o

(o+ 2)!
, ao :=



















− cos(φ0 − φ1) , if o ≡ 0 mod 4

sin(φ0 − φ1) , if o ≡ 1 mod 4

cos(φ0 − φ1) , if o ≡ 2 mod 4

− sin(φ0 − φ1) , if o ≡ 3 mod 4

.It is easily shown that R(ψ) is a continuously di�erentiable function for ψ ∈ [−π, π]. By de�ning
a := −k|m′| sin(φ0 − φ1), b := k|m′| cos(φ0 − φ1), (B.3.46)this gives

eikRn
′
0·m′ − eikR|m′| cos(φ0−φ1)e−ikR|m′| sin(φ0−φ1)(φ−φ0) =

[

eiaRR(φ−φ0) (φ−φ0)
2 − 1

]

eibReiaR(φ−φ0).Moreover, after substituting φ− φ0 by ψ and changing the order of integration
J1

5.1 =

∞
∫

1

π
∫

−π

eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
eiaRψ dψ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ eibR.This integral is split further by separating the domain of integration w.r.t. ρ into [1, 1 + εR] and

[1 + εR,∞). The absolute value of the integral over the second domain of integration gives
∣

∣

∣

∣

∣

∣

∞
∫

1+εR

π
∫

−π

eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
eiaRψ dψ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤
∞
∫

1+εR

π
∫

−π

2
√

(ρ− 1)2 + ψ2
dψ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ.On the other hand, it has already been shown that this upper bound decays faster than 1/R as R tendsto in�nity, when this asymptotic behaviour was proven for J4. Indeed, for ψ = φ − φ0, this boundcorresponds to the second term on the right-hand side of (B.3.38), which in turn is a bound for |J4|.Thus,

J1
5.1 = − 1

kRmz

1+εR
∫

1

π
∫

−π

eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
eiaRψ dψ ∂ρ

[

e−kRmz
√
ρ2−1

]

dρ eibR + o

(

1

R

)

.



146 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ectionNext, the integral w.r.t. ρ is integrated by parts, leading to
J1

5.1 = J1.1
5.1 e

ibR + J1.2
5.1 e

ibR + J1.3
5.1 e

ibR, (B.3.47)where
J1.1

5.1 := − 1

kRmz

π
∫

−π

eiaRR(ψ)ψ2 − 1
√

εR2 + ψ2
eiaRψ dψ e−kRmz

√
(1+εR)2−1

J1.2
5.1 :=

1

kRmz

π
∫

−π

eiaRR(ψ)ψ2 − 1

|ψ| eiaRψ dψ (B.3.48)
J1.3

5.1 :=
1

kRmz

1+εR
∫

1

π
∫

−π

(ρ− 1)
eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
3 e

iaRψ dψ e−kRmz
√
ρ2−1 dρ.Consider (cf. (B.3.27) and (B.3.36))

∣

∣J1.1
5.1

∣

∣ ≤ 2

kRmz

π
∫

−π

1
√

εR2 + ψ2
dψ e−kRmz

√
(1+εR)2−1

=
4

kRmz

[

log
(

π +
√

εR2 + π2
)

− log εR

]

e−kRmz
√

(1+εR)2−1

≤ 4

kRmz

[

log
(

π +
√

εR2 + π2
)

+ c | logR|
]

R−
√

2Ckmz , (B.3.49)leading to
J1.1

5.1 = o

(

1

R

)

. (B.3.50)For J1.2
5.1 , the �rst step is to apply integration by parts w.r.t. ψ, which results in

J1.2
5.1 =

−i
akR2mz

[

eiaRR(π)π2 − 1

π
eiaRπ − eiaRR(−π)π2 − 1

π
e−iaRπ

]

+
i

akR2mz

π
∫

−π

{

ia
RR′(ψ)ψ2 + 2RR(ψ)ψ

|ψ| eiaRR(ψ)ψ2 − sgnψ
eiaRR(ψ)ψ2 − 1

ψ2

}

eiaRψ dψ

= −I1 − I2 + o

(

1

R

)

,where
I1 :=

1

kRmz

π
∫

−π

sgnψ [R′(ψ)ψ + 2R(ψ)] eiaRR(ψ)ψ2

eiaRψ dψ

I2 :=
i

akR2mz

π
∫

−π

sgnψ
eiaRR(ψ)ψ2 − 1

ψ2
eiaRψ dψ.Recall that aR(ψ)ψ2 + aRψ = |m′| cos(φ − φ1) − b (cf. (B.3.45)) such that (cf. Lemma B.3)

I1 =
1

kRmz

π
∫

−π

sgnψ [R′(ψ)ψ + 2R(ψ)] eikR|m′| cos(ψ−ψ0) dψ e−ibR = o

(

1

R

)

,



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ection 147where ψ0 = φ0 − φ1. The absolute value of I2 can be estimated as
|I2| ≤

1

|a|kR2mz

π
∫

−π

∣

∣

∣eiaRR(ψ)ψ2 − 1
∣

∣

∣

ψ2
dψ

=
1

|a|kR 3
2mz

(

−R− 1
4

∫

−π

+

π
∫

R− 1
4

)

∣

∣

∣eiaRR(ψ)ψ2 − 1
∣

∣

∣

√
Rψ2

dψ +
1

|a|kRmz

R− 1
4

∫

−R− 1
4

∣

∣

∣eiaRR(ψ)ψ2 − 1
∣

∣

∣

Rψ2
dψ

≤ 2

|a|kR 3
2mz

(

−R− 1
4

∫

−π

+

π
∫

R− 1
4

)

1 dψ +
c

|a|kRmz

R− 1
4

∫

−R− 1
4

1 dψ

= O
(

1

R
3
2

)

+ O
(

1

R
5
4

)

,since 1/(
√
Rψ2) ≤ 1 for |ψ| ≥ R−1/4, and since |eiaRR(ψ)ψ2 − 1|/(Rψ2) is uniformly bounded by aconstant c < ∞ for all ψ ∈ [−R− 1

4 , R− 1
4 ] and R > 1. Indeed, the latter can be shown by evaluatingthe limit ψ → 0 of the quotient, using L'Hôpital's rule, i.e.

lim
ψ→0

eiaRR(ψ)ψ2 − 1

Rψ2
= lim

ψ→0

ia

2

[

R′(ψ)ψ + 2R(ψ)
]

eiaRR(ψ)ψ2

= − ik|m
′|

2
cos(φ0 − φ1) (B.3.51)for any �xed 1 < R <∞. Thus, since the continuous continuation of |eiaRR(ψ)ψ2 −1|/(Rψ2) to ψ = 0,i.e. the right hand side of (B.3.51), is constant, the function |eiaRR(ψ)ψ2 − 1|/(Rψ2) is continuousw.r.t. ψ ∈ [−1, 1] and 1 ≤ R < ∞. Therefore, there exists a �nite R0 ≥ 1 such that the function

|eiaRR(ψ)ψ2 − 1|/(Rψ2) is uniformly bounded by a constant cR0 for all ψ ∈ [−1, 1] and R ∈ [1, R0],while, at the same time, |eiaRR(ψ)ψ2 − 1|/(Rψ2) ≤ cR0 for all ψ ∈ [−1, 1] and R > R0. The latterfollows, since, for any �xed and positive |ψ| with |ψ| ≤ 1, the limit of |eiaRR(ψ)ψ2 − 1|/(Rψ2) for
R → ∞ is zero, the continuous continuation to ψ = 0 on right-hand side of (B.3.51) is uniformlybounded w.r.t. R > 1 and since |eiaRR(ψ)ψ2 − 1|/(Rψ2) is continuous w.r.t. ψ ∈ [−1, 1] for all R <∞.Hence, |eiaRR(ψ)ψ2 − 1|/(Rψ2) is uniformly bounded w.r.t. ψ ∈ [−1, 1] and R > 1. Thus

J1.2
5.1 = o

(

1

R

)

. (B.3.52)Similar to J1.2
5.1 , the integral w.r.t. ψ in J1.3

5.1 is integrated by parts w.r.t. ψ, leading to
J1.3

5.1 =
1

iakR2mz

1+εR
∫

1

[

(ρ− 1)
eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
3 e

iaRψ

]π

ψ=−π

e−kRmz
√
ρ2−1 dρ

− 1

kR2mz

1+εR
∫

1

π
∫

−π

(ρ− 1)
RR′(ψ)ψ2 + 2RR(ψ)ψ

√

(ρ− 1)2 + ψ2
3 eiaRR(ψ)ψ2

eiaRψ dψ e−kRmz
√
ρ2−1 dρ

+
3

iakR2mz

1+εR
∫

1

π
∫

−π

(ρ− 1)

[

eiaRR(ψ)ψ2 − 1
]

ψ
√

(ρ− 1)2 + ψ2
5 eiaRψ dψ e−kRmz

√
ρ2−1 dρ.The �rst integral can easily be estimated as

∣

∣

∣

∣

∣

∣

1

akR2mz

1+εR
∫

1

[

(ρ− 1)
eiaRR(ψ)ψ2 − 1
√

(ρ− 1)2 + ψ2
3 e

iaRψ

]π

ψ=−π

e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤ c

R2

1+εR
∫

1

1 dρ = o

(

1

R

)

.



148 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ectionFor the second and third integral it is not hard to prove that (cf. the arguments following (B.3.51))
∣

∣

∣

∣

∣

∣

−(ρ− 1)
R′(ψ)ψ2 + 2R(ψ)ψ
√

(ρ− 1)2 + ψ2
3 + (ρ− 1)

[

eiaRR(ψ)ψ2 − 1
]

ψ

R
√

(ρ− 1)2 + ψ2
5

∣

∣

∣

∣

∣

∣

≤ c
√

(ρ− 1)2 + ψ2
.Thus, (cf. (B.3.36))

∣

∣J1.3
5.1

∣

∣ ≤ c

R

1+εR
∫

1

π
∫

−π

1
√

(ρ− 1)2 + ψ2
dψ e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

=
2c

R

1+εR
∫

1

π
∫

0

1
√

(ρ− 1)2 + ψ2
dψ e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

=
2c

R

1+εR
∫

1

[

log
(

π +
√

(ρ− 1)2 + π2
)

− log(ρ− 1)
]

e−kRmz
√
ρ2−1 dρ+ o

(

1

R

)

≤ c2
R

1+εR
∫

1

1 dρ+
c2
R

1+εR
∫

1

|log(ρ− 1)| dρ+ o

(

1

R

)

=
c2
R
εR − c2

R

1+εR
∫

1

log(ρ− 1) dρ+ o

(

1

R

)

, (B.3.53)since |log(ρ− 1)| = − log(ρ − 1) for all ρ ∈ [1, 1 + εR] and R su�ciently large, such that εR =
C(logR/R)2 < 1. Hence, substituting u = ρ− 1,

∣

∣J1.3
5.1

∣

∣ ≤ −c2
R

εR
∫

0

log u du+ o

(

1

R

)

= −c2
εR
R

(log εR − 1) + o

(

1

R

)

. (B.3.54)Consequently, J1.3
5.1 = o(1/R) and (cf. (B.3.47), (B.3.50) and (B.3.52))

J1
5.1 = o

(

1

R

)

. (B.3.55)B.3.1.5.2 J
2

5.1Similar to J1
5.1, a Taylor expansion of n′

0 ·m′ is found in the case of sin(φ0 − φ1) = 0. To be exact,
n′

0 ·m′ = |m′| cos(φ− φ1)

= |m′| cos(φ0 − φ1) −
|m′|
2

cos(φ0 − φ1)(φ− φ0)
2 + |m′| cos(φ0 − φ1) R2

(

(φ− φ0)
2
)

(φ− φ0)
4,where

R2

(

(φ− φ0)
2
)

:=

∞
∑

o=0

(−1)o (φ− φ0)
2o

(2o+ 4)!
.As for R the function R2 and its derivative are continuous. Using this, substituting ψ = (φ− φ0) andchanging the order of integration then gives (cf. (B.3.43) and (B.3.46))

J2
5.1 =

∞
∫

1

π
∫

−π

eibR R2(ψ
2)ψ4 − 1

√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ eibR.
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5.1 the domain of integration w.r.t. ρ can be split into [1, 1 + εR] and [1 + εR,∞), where εR ischosen as in (B.3.24) and where it was already shown that the asymptotic behaviour of (cf. the estimatefor the second integral in (B.3.38))

∣

∣

∣

∣

∣

∣

∞
∫

1+εR

π
∫

−π

eibR R2(ψ
2)ψ4 − 1

√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤
∞
∫

1+εR

π
∫

−π

2
√

(ρ− 1)2 + ψ2
dψ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρis o(1/R) (cf. (B.3.38)). The remaining integral in

J2
5.1 = − 1

kRmz

1+εR
∫

1

π
∫

−π

eibR R2(ψ2)ψ4 − 1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ ∂ρ

[

e−kRmz
√
ρ2−1

]

dρ eibR + o

(

1

R

)is once again split into three separate integrals by using integration by parts w.r.t. ρ. Hence,
J2

5.1 = J2.1
5.1 e

ibR + J2.2
5.1 e

ibR + J2.3
5.1 e

ibR, (B.3.56)where
J2.1

5.1 := − 1

kRmz

π
∫

−π

eibR R2(ψ2)ψ4 − 1
√

εR2 + ψ2
e−i

b
2Rψ

2

dψ e−kRmz
√

(1+εR)2−1,

J2.2
5.1 :=

1

kRmz

π
∫

−π

eibR R2(ψ
2)ψ4 − 1

|ψ| e−i
b
2Rψ

2

dψ, (B.3.57)
J2.3

5.1 := − 1

kRmz

1+εR
∫

1

π
∫

−π

(ρ− 1)
eibR R2(ψ

2)ψ4 − 1
√

(ρ− 1)2 + ψ2
3 e

−i b2Rψ
2

dψ e−kRmz
√
ρ2−1 dρ.It is easily seen that (cf. (B.3.49) and (B.3.50))

∣

∣J2.1
5.1

∣

∣ ≤ 2

kRmz

π
∫

−π

1
√

εR2 + ψ2
dψ e−kRmz

√
(1+εR)2−1 = o

(

1

R

)

. (B.3.58)The approach to show the asymptotic behaviour of the integral J2.2
5.1 is very similar to that of J1.2

5.1(cf. Sect. B.3.1.5.1). The only signi�cant di�erence is that ψ2 is substituted by φ, such that
J2.2

5.1 =
2

kRmz

π
∫

0

eibR R2(ψ2)ψ4 − 1

ψ
e−i

b
2Rψ

2

dψ =
1

kRmz

π2
∫

0

eibR R2(φ)φ2 − 1

φ
e−i

b
2Rφ dφ.Since L'Hôpital's rule shows that

lim
φ→0

eibR R2(φ) φ2 − 1

Rφ2
= ib lim

φ→0
[R′

2(φ)φ+ 2R2(φ)] eibR R2(φ) φ2

=
ik|m′|

12
cos(φ0 − φ1), (B.3.59)the same arguments as for J1.2

5.1 can be used to prove that
J2.2

5.1 = o

(

1

R

)

. (B.3.60)
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5.1 , arguments similar to those used in Section B.3.1.5.1 for J1.3

5.1can be used as well. As for J2.2
5.1 , ψ2 is substituted by φ, which leads to

J2.3
5.1 = − 2

kRmz

1+εR
∫

1

π
∫

0

(ρ− 1)
eibR R2(ψ2)ψ4 − 1
√

(ρ− 1)2 + ψ2
3 e

−i b2Rψ
2

dψ e−kRmz
√
ρ2−1 dρ

= − 1

kRmz

1+εR
∫

1

π2
∫

0

(ρ− 1)
eibR R2(φ)φ2 − 1

√
φ
√

(ρ− 1)2 + φ
3 e

−i b2Rφ dφ e−kRmz
√
ρ2−1 dρ.Note that (cf. (B.3.59))

lim
φ→0

∣

∣

∣

∣

∣

(ρ− 1)
eibR R2(φ)φ2 − 1

√
φ
√

(ρ− 1)2 + φ
3

∣

∣

∣

∣

∣

≤ lim
φ→0

ρ− 1

ρ− 1

∣

∣

∣

∣

∣

eibR R2(φ)φ2 − 1
√
φ

3

∣

∣

∣

∣

∣

= 0for any �xed ρ ∈ [1, 1 + εR]. This can then be used to apply integration by parts w.r.t. φ, and theformula
J2.3

5.1 =
2

ibkR2mz

1+εR
∫

1

(ρ− 1)
eibR R2(π

2)π4 − 1

π
√

(ρ− 1)2 + π2
3 e

−i b2Rπ
2

e−kRmz
√
ρ2−1 dρ

− 2

kRmz

1+εR
∫

1

π2
∫

0

(ρ− 1)
R′

2(φ)φ2 + 2R2(φ)φ
√
φ
√

(ρ− 1)2 + φ
3 eibR R2(φ) φ2

e−i
b
2Rφ dφ e−kRmz

√
ρ2−1 dρ

+
1

ibkR2mz

1+εR
∫

1

π2
∫

0

(ρ− 1)

[

eibR R2(φ)φ2 − 1
]

[

(ρ− 1)2 + 4φ
]

√
φ

3√
(ρ− 1)2 + φ

5 e−i
b
2Rφ dφ e−kRmz

√
ρ2−1 dρis obtained. Furthermore, it is easily shown that

∣

∣

∣

∣

∣

(ρ− 1)
eibR R2(π2)π4 − 1

π
√

(ρ− 1)2 + π2
3 e

−ibRπ2

e−kRmz
√
ρ2−1

∣

∣

∣

∣

∣

≤ cand that
∣

∣

∣

∣

(ρ− 1)
R′

2(φ)φ2 + 2R2(φ)φ

(ρ− 1)2 + φ

∣

∣

∣

∣

≤ c,

∣

∣

∣

∣

∣

∣

(ρ− 1)

[

eibR R2(φ) φ2 − 1
]

[

(ρ− 1)2 + 4φ
]

Rφ [(ρ− 1)2 + φ]
2

∣

∣

∣

∣

∣

∣

≤ c.It follows that, by undoing the substitution φ = ψ2,
∣

∣J2.3
5.1

∣

∣ ≤ 2c

|b|kR2mz

1+εR
∫

1

1 dρ+
2c

kRmz

(

1 +
1

2|b|

)

1+εR
∫

1

π2
∫

0

1√
φ
√

(ρ− 1)2 + φ
dφ e−kRmz

√
ρ2−1 dρ

=
2c

kRmz

(

1 +
1

2|b|

)

1+εR
∫

1

π
∫

0

1
√

(ρ− 1)2 + ψ2
dψ e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

.The previous estimates (B.3.53) and (B.3.54) now show that J2.3
5.1 = o(1/R) and thus that (cf. (B.3.56),(B.3.58) and (B.3.60))

J2
5.1 = o

(

1

R

)

. (B.3.61)
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1

5.2As before, the order of integration can be changed, such that (cf. (B.3.41) and (B.3.46))
J1

5.2 =

∞
∫

1

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ− φ0)2
eiaR(φ−φ0) dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ eibR.To determine the asymptotic behaviour it is the goal to obtain an integral in the form of a Fouriertransform, such that known formulas can be applied to evaluate that integral explicitly. To this end,the integral is split into

J1
5.2 = J1.1

5.2 e
ibR − J1.2

5.2 e
ibR + 2 J1.3

5.2 e
ibR, (B.3.62)where (cf. (B.3.24))

J1.1
5.2 :=

∞
∫

1+εR

φ0+π
∫

φ0−π

1
√

(ρ− 1)2 + (φ− φ0)2
eiaR(φ−φ0) dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ,

J1.2
5.2 :=

1+εR
∫

1

(

φ0−π
∫

−∞

+

∞
∫

φ0+π

)

1
√

(ρ− 1)2 + (φ− φ0)2
eiaR(φ−φ0) dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ, (B.3.63)

J1.3
5.2 :=

1

2

1+εR
∫

1

∫

R

1
√

(ρ− 1)2 + (φ− φ0)2
eiaR(φ−φ0) dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ. (B.3.64)Applying integration by parts w.r.t. ρ to J1.1

5.2 leads to
J1.1

5.2 =
1

kRmz

φ0+π
∫

φ0−π

1
√

εR2 + (φ− φ0)2
eiaR(φ−φ0) dφ e−kRmz

√
(1+εR)2−1

− 1

kRmz

∞
∫

1+εR

φ0+π
∫

φ0−π

ρ− 1
√

(ρ− 1)2 + (φ− φ0)2
3 e

iaR(φ−φ0) dφ e−kRmz
√
ρ2−1 dρ, (B.3.65)where (cf. (B.3.27))

1

kRmz

∣

∣

∣

∣

∣

∣

∣

φ0+π
∫

φ0−π

1
√

εR2 + (φ− φ0)2
eiaR(φ−φ0) dφ e−kRmz

√
(1+εR)2−1

∣

∣

∣

∣

∣

∣

∣

≤ 1

kRmz

φ0+π
∫

φ0−π

1
√

εR2 + (φ− φ0)2
dφ e−kRmz

√
(1+εR)2−1

=
2

kRmz

[

log
(

π +
√

εR2 + π2
)

− log εR

]

e−kRmz
√

(1+εR)2−1

= o

(

1

R

)

. (B.3.66)On the other hand, (cf. [3, Equ. (58), p. 621])
1

kRmz

∣

∣

∣

∣

∣

∣

∣

∞
∫

1+εR

φ0+π
∫

φ0−π

ρ− 1
√

(ρ− 1)2 + (φ− φ0)2
3 e

iaR(φ−φ0) dφ e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

∣

≤ c

kRmz

∞
∫

1+εR

φ0+π
∫

φ0−π

1

(ρ− 1)2 + (φ− φ0)2
dφ e−kRmz

√
ρ2−1 dρ
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=

2c

kRmz

∞
∫

1+εR

arctan
(

π
ρ−1

)

ρ− 1
e−kRmz

√
ρ2−1 dρ

≤ c π

kRεRmz

∞
∫

1+εR

e−kRmz
√
ρ2−1 dρ,such that by substituting u =

√

ρ2 − 1

1

kRmz

∣

∣

∣

∣

∣

∣

∣

∞
∫

1+εR

φ0+π
∫

φ0−π

ρ− 1
√

(ρ− 1)2 + (φ− φ0)2
3 e

iaR(φ−φ0) dφ e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

∣

≤ c π

kRεRmz

∞
∫

√
(1+εR)2−1

u√
u2 + 1

e−kRmzu du

≤ c2 π

kRεRmz

∞
∫

√
(1+εR)2−1

e−kRmzu du

=
c2 π

k2R2εRm2
z

e−kRmz
√

(1+εR)2−1

=
c2 π

k2C(logR)2m2
z

e−kRmz
√

(1+εR)2−1.Thus (cf. (B.3.27), (B.3.65) and (B.3.66))
J1.1

5.2 = o

(

1

R

)

. (B.3.67)For J1.2
5.2 (cf. (B.3.63)), substituting ψ = φ− φ0 and integrating by parts w.r.t. ρ, gives

J1.2
5.2 = − 1

kRmz

(

−π
∫

−∞

+

∞
∫

π

)

1
√

εR2 + ψ2
eiaRψ dψ e−kRmz

√
(1+εR)2−1 +

1

kRmz

(

−π
∫

−∞

+

∞
∫

π

)

1

|ψ| e
iaRψ dψ

− 1

kRmz

1+εR
∫

1

(

−π
∫

−∞

+

∞
∫

π

)

ρ− 1
√

(ρ− 1)2 + ψ2
3 e

iaRψ dψ e−kRmz
√
ρ2−1 dρ, (B.3.68)where, using integration by parts w.r.t. ψ for any �xed ε ≥ 0, it can be shown that

1

R

(

−π
∫

−∞

+

∞
∫

π

)

1
√

ε2 + ψ2
eiaRψ dψ =

1

iaR2

[

1√
ε2 + π2

e−iaRπ − 1√
ε2 + π2

eiaRπ
]

+
1

iaR2

(

−π
∫

−∞

+

∞
∫

π

)

ψ
√

ε2 + ψ2
3 e

iaRψ dψ

= o

(

1

R

)

. (B.3.69)Furthermore,
1

kRmz

∣

∣

∣

∣

∣

∣

1+εR
∫

1

(

−π
∫

−∞

+

∞
∫

π

)

ρ− 1
√

(ρ− 1)2 + ψ2
3 e

iaRψ dψ e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣
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≤ c

kRmz

1+εR
∫

1

(

−π
∫

−∞

+

∞
∫

π

)

1

|ψ|2
dψ dρ

≤ c2
kRmz

εR.Consequently, (B.3.24), (B.3.68) and (B.3.69) with ε = 0 and ε = εR imply
J1.2

5.2 = o

(

1

R

)

. (B.3.70)Finally, recall that (cf. (B.3.64))
J1.3

5.2 =
1

2

1+εR
∫

1

∫

R

1
√

(ρ− 1)2 + (φ− φ0)2
eiaR(φ−φ0) dφ

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ.Note that the integral w.r.t. φ is very similar to the de�nition of a Fourier transform (cf. (2.3.7)). Toutilise this fact, φ− φ0 is substituted by (ρ− 1) t leading to

∫

R

1
√

(ρ− 1)2 + (φ − φ0)2
eiaR(φ−φ0) dφ =

∫

R

1√
1 + t2

eiaR(ρ−1)t dt = 2K0(|a|R(ρ− 1)). (B.3.71)Indeed, [32, Eqn. 42, p. 21 for ν = 1] gives that
∫

R

1
√

1 + t2
3 e

iyt dt = 2 yK1(y), y ≥ 0,

∫

R

1
√

1 + t2
3 e

iyt dt = 2 (−y)K1(−y), y < 0.On the other hand, using integration by parts, (cf. [1, Eqn. 9.6.28, p. 120])
∫

R

1√
1 + t2

eiyt dt = − 1

iy

∫

R

∂t

[

1√
1 + t2

]

eiyt dt =
1

iy

∫

R

t
√

1 + t2
3 e

iyt dt

= −1

y

∫

R

it
√

1 + t2
3 e

iyt dt = −1

y
∂y





∫

R

1
√

1 + t2
3 e

iyt dt





= −2

y
∂y [|y|K1(|y|)] = sgn y

2

y
∂|y| [|y|K1(|y|)] =

2

|y|∂|y|
[

|y| eiπK1(|y|)
]

= 2K0(|y|).Thus
J1.3

5.2 =

1+εR
∫

1

K0(|a|R(ρ− 1))
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ.First of all, note that this integral is well de�ned since K0(ρ− 1) has only a logarithmic singularity at

ρ = 1 (cf. [1, Eqn. 9.6.53, p. 121]). To separate the singularity from the integrand, the integral is splitonce more such that
J1.3

5.2 = − 1

kRmz

1+εR
∫

1

[

K0(|a|R(ρ− 1)) + log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ

−
1+εR
∫

1

[

log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ. (B.3.72)



154 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ectionApplying integration by parts to the �rst integral on the right-hand side, (cf. [1, Eqn. 9.6.27, p. 120])
− 1

kRmz

1+εR
∫

1

[

K0(|a|R(ρ− 1)) + log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ

= − 1

kRmz

[

K0(|a|RεR) + log

( |a|
2
RεR

)

+ γ̃

]

e−kRmz
√
εR2+2εR

+
1

kRmz
lim
ρ↘1

[

K0(|a|R(ρ− 1)) + log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

+
|a|
kmz

1+εR
∫

1

[

−K1(|a|R(ρ− 1)) +
1

|a|R(ρ− 1)

]

e−kRmz
√
ρ2−1 dρ,where (cf. [1, Eqns. 9.6.12 and 9.6.13, p. 119])

K0(|a|RεR) + log

( |a|
2
RεR

)

+ γ̃ = O
(

log(RεR) (RεR)2
)

= O
(

(logR)5

R2

)

,

lim
ρ↘1

[

K0(|a|R(ρ− 1)) + log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

= 0. (B.3.73)Moreover, since | −K1(|a|R(ρ− 1))+ 1/(|a|R(ρ− 1))| ≤ c <∞ (cf. [1, Eqns. 9.6.10 and 9.6.11, p. 119])for ρ ∈ [1, 1 + εR],
|a|
kmz

∣

∣

∣

∣

∣

∣

1+εR
∫

1

[

−K1(|a|R(ρ− 1)) +
1

|a|R(ρ− 1)

]

e−kRmz
√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤ |a| c
kmz

1+εR
∫

1

1 dρ = O (εR) = o

(

1

R

)and (cf. (B.3.72) and (B.3.27))
J1.3

5.2 = −
1+εR
∫

1

[

log

( |a|
2
R(ρ− 1)

)

+ γ̃

]

ρ
√

ρ2−1
e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

=
log
(

|a|
2 R
)

+ γ̃

kRmz

1+εR
∫

1

∂ρ

[

e−kRmz
√
ρ2−1

]

dρ−
1+εR
∫

1

log(ρ− 1)
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

= −
log
(

|a|
2 R
)

+ γ̃

kRmz
−

1+εR
∫

1

log(ρ− 1)
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ+ o

(

1

R

)

. (B.3.74)Substituting u =
√

ρ2 − 1 in the remaining integral on the right-hand side of (B.3.74) and de�ning
dR :=

√
εR2 + 2εR then gives

1+εR
∫

1

log(ρ− 1)
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ

=

dR
∫

0

log
(

√

1 + u2 − 1
)

e−kRmzu du

=

dR
∫

0

[

log
(

√

1 + u2 − 1
)

− 2 log u
]

e−kRmzu du+ 2

dR
∫

0

log u e−kRmzu du (B.3.75)
= −

dR
∫

0

log
(

1+
√

1+u2
)

e−kRmzu du+
2

kRmz

kRmzdR
∫

0

log u e−u du− 2
log(kRmz)

kRmz

kRmzdR
∫

0

e−u du,
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√
u2 + 1 − 1]/u2 = [1 + u2 − 1]/[u2(

√
u2 + 1 + 1)] = 1/[

√
u2 + 1 + 1] is bounded and greaterthan some positive constant c. The �rst of the integrals on the right-hand side can be examined usingintegration by parts, resulting in (cf. (B.3.27))

−
dR
∫

0

log
(

1+
√

1+u2
)

e−kRmzu du

=
log(2+εR)

kRmz
e−kRmzdR − log 2

kRmz
− 1

kRmz

dR
∫

0

1√
1+u2

u

1+
√

1+u2
e−kRmzu du

= − log 2

kRmz
+ o

(

1

R

)

.Thus (cf. (B.3.75) and (B.3.27))
1+εR
∫

1

log(ρ−1)
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ = − log 2

kRmz
−2

log(kRmz)

kRmz
+

2

kRmz

kRmzdR
∫

0

log u e−u du+ o

(

1

R

)

,(B.3.76)where
kRmzdR
∫

0

log u e−u du = lim
ε→0

kRmzdR
∫

ε

log u e−u du

= − log(kRmzdR) e−kRmzdR + lim
ε→0



log ε e−ε +

kRmzdR
∫

ε

1

u
e−u du





= − log(kRmzdR) e−kRmzdR −
∞
∫

kRmzdR

1

u
e−u du+ lim

ε→0



log ε e−ε +

∞
∫

ε

1

u
e−u du





= − log(kRmzdR) e−kRmzdR − E1(kRmzdR) + lim
ε→0

[

log ε e−ε + E1(ε)
] (B.3.77)and E1 the exponential integral (cf. [1, Eqn. 5.1.1, p. 56]). In view of [1, Eqn. 5.1.11, p. 57] it is easilyseen that

lim
ε→0

[

log ε e−ε + E1(ε)
]

= lim
ε→0

[

log ε e−ε − γ̃ − log ε
]

= −γ̃.On the other hand, since RdR = R
√
εR

√
εR + 2 = O (logR) as R tends to in�nity, (cf. [1, Eqn. 5.1.51,p. 59])

E1(kRmzdR) = E1

(

kRmz

√

εR2 + 2εR

)

=
1

kRmz

√
εR2 + 2εR

e−kRmz
√
εR2+2εR

[

1 + O
(

1

R

)]

.Thus (cf. (B.3.27))
log(kRmzdR) e−kRmzdR + E1(kRmzdR)

=

[

log
(

kRmz

√

εR2 + 2εR

)

+
1

kRmz

√
εR2 + 2εR

]

e−kRmz
√
εR2+2εR + o

(

1

R

)

= O
(

logR

R

)and (cf. (B.3.76) and (B.3.77))
1+εR
∫

1

log(ρ−1)
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ = − log 2

kRmz
− 2

log(kRmz)

kRmz
− 2

γ̃

kRmz
+ o

(

1

R

)

. (B.3.78)
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J1.3

5.2 = − log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃

kRmz
+ o

(

1

R

)

.and (cf. (B.3.62), (B.3.67) and (B.3.70))
J1

5.2 = −2
log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃

kRmz
eibR + o

(

1

R

)

.Altogether, (cf. (B.3.5), (B.3.30), (B.3.32), (B.3.37), (B.3.39), (B.3.40) and (B.3.55))
J2 = −2f`,j(ν

′, 0)
log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃

ikRmz
eibR + o

(

1

R

) (B.3.79)for sin(φ0 − φ1) 6= 0.B.3.1.5.4 J
2

5.2As for J1
5.2, the order of integration in J2

5.2 (cf. (B.3.44) with (B.3.46)) is interchanged and φ − φ0 issubstituted by ψ.
J2

5.2 =

∞
∫

1

π
∫

−π

1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ eibR.Again, it is the goal to obtain an integral that can be evaluated explicitly. For this purpose, the domainsof integration are split, such that

J2
5.2 = J2.1

5.2 e
ibR + J2.2

5.2 e
ibR + J2.3

5.2 e
ibR, (B.3.80)where

J2.1
5.2 :=

∞
∫

1+εR

π
∫

−π

1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ,

J2.2
5.2 := −

1+εR
∫

1

(

−π
∫

−∞

+

∞
∫

π

)

1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ,

J2.3
5.2 :=

1+εR
∫

1

∫

R

1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

ρ2−1
e−kRmz

√
ρ2−1 dρ. (B.3.81)It is easily seen that the same approach that was used to show that J1.1

5.2 = o(1/R) (cf. Sect. B.3.1.5.3)can be applied here to prove that
J2.1

5.2 = o

(

1

R

)

. (B.3.82)Integrating J2.2
5.2 by parts w.r.t. ρ gives

J2.2
5.2 =

2

kRmz

1+εR
∫

1

∞
∫

π

1
√

(ρ− 1)2 + ψ2
e−i

b
2Rψ

2

dψ ∂ρ

[

e−kRmz
√
ρ2−1

]

dρ

=
2

kRmz

∞
∫

π

1
√

εR2 + ψ2
e−i

b
2Rψ

2

dψ e−kRmz
√

(1+εR)2−1 − 2

kRmz

∞
∫

π

1

|ψ| e
−i b2Rψ

2

dψ

+
2

kRmz

1+εR
∫

1

∞
∫

π

ρ− 1
√

(ρ− 1)2 + ψ2
3 e

−i b2Rψ
2

dψ e−kRmz
√
ρ2−1 dρ. (B.3.83)



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.1 Oblique re�ection 157Note that by substituting φ = ψ2 and then integrating by parts w.r.t. φ, for any ε ≥ 0

1

R

∞
∫

π

1
√

ε2 + ψ2
e−i

b
2Rψ

2

dψ =
1

R

∞
∫

π2

1

2
√
φ
√

ε2 + φ
e−i

b
2Rφ dφ

=
1

ibR2

1

π
√
ε2 + π2

e−i
b
2Rπ

2 − 1

ibR2

∞
∫

π2

ε2 + 2φ

2
√

φ (ε2 + φ)
3 e

−i b2Rφ dφ

= o

(

1

R

)

. (B.3.84)This can be applied to the �rst two integrals on the right-hand side of (B.3.83) such that, with ρ−1 ≤ εR,
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. (B.3.85)Recall that (cf. (B.3.81))
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ρ2−1 dρ.First, a closer look at the integral w.r.t. ψ is necessary. The aim is to evaluate this integral explicitlyusing known integral representations of Bessel functions. To do so, ψ2 is substituted by (ρ−1)2(φ−1)/2for any ρ ∈ [1, 1+ εR]. To be precise, the integral w.r.t. ρ has to be evaluated as an improper integral atthe lower bound ρ = 1. In this sense, the mentioned substitution results in (cf. [1, Eqn. 9.1.24, p. 104with Eqn. 6.1.8, p. 76])
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∞
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{
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)
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ρ2−1 dρwhere J0 and Y0 are the zero order Bessel functions of the �rst and second kind. This integral is oncemore split by separating the singularity from the integrand. As a result,

J2.3
5.2 = I3 + I4, (B.3.87)
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√
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∫
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ρ2−1 dρ,To derive the asymptotic behaviour of I3, note that (cf. [1, Eqns. 9.1.12 and 9.1.13, p. 104])
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, υ ∈ R+ (B.3.88)for υ → 0. With this and by integrating I3 by parts, it can be shown that (cf. [1, Eqn. 9.1.28, p. 105])
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)
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{
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dρ, (B.3.89)where J1 and Y1 are the �rst order Bessel functions of the �rst and second kind and (cf. (B.3.27) and(B.3.88))
1

kRmz

{

π

2
Y0

( |b|
4
RεR

2

)

− log
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)
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√
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(
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(
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,since RεR2 → 0 as R → ∞. Furthermore, [1, Eqns. 9.1.10 and 9.1.11, p. 104 with Eqn. 6.3.2, p. 79]shows that both integrands of the remaining two integrals in (B.3.89) are uniformly bounded by aconstant c > 0 for ρ ∈ [1, 1 + εR], such that (cf. (B.3.24))
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. (B.3.90)At last, it only remains to derive the asymptotic behaviour of I4. Consider
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ρ2−1 dρ, (B.3.91)where, by integrating by parts, (cf. (B.3.27))
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. (B.3.92)The remaining integral is also examined using integration by parts. Hence,
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−1 if m′/|m′| = −ν′ ,which gives sgn b = cos(φ0 − φ1). Consequently (cf. (B.3.5), (B.3.30), (B.3.32), (B.3.37), (B.3.39),(B.3.42) and (B.3.61))
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) (B.3.95)B.3.2 Normal re�ectionAs mentioned before, the integrals J2 and J4 (cf. (B.3.7) and (B.3.9)) reduce to zero if the re�ectiondirection is orthogonal to the x-y-plane, i.e. m′ = (0, 0)>, such that J2 = −i(J1 +J3 +J5) (cf. (B.3.5)).First consider J1 (cf. (B.3.6) for m′ = (0, 0)> and thus mz = 1) by applying integration by partsw.r.t. ρ.
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APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.2 Normal re�ection 161The existence of these two integrals has already been shown in Subsection B.3.1.1.1 (cf. (B.3.17) and(B.3.22)). Obviously, the �rst term on the right-hand side does not decay faster than 1/R. On theother hand, the term will also occur with the opposite sign when examining the asymptotics of the innerintegral J1 for m′ = (0, 0)> (cf. the subsequent (B.4.106)). Thus, the two will cancel when added toget the asymptotic behaviour of J (cf. (B.2.4)). It remains to examine the asymptotic behaviour of thelast term on the right-hand side of (B.3.96). It has already be shown that the occurring derivative canbe bounded by the weakly singular term (B.3.22). Thus, since | log((ρ−1)2+(φ−φ0)
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.Consequently, (cf. (B.3.96))
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) (B.3.97)for m′ = (0, 0)>.Next, consider J3. Recall that for m′ = (0, 0)>, (cf. (B.3.8))
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≤ c log |ψ|.This shows that the �rst integral on the right-hand side of (B.3.98) is well de�ned. Note that the secondintegral on the right-hand side is the same as the second integral on the right-hand side of (B.3.33),except that now m′ = (0, 0)> and φ − φ0 was substituted by ψ. Nonetheless, the same estimates canbe applied to show that the integral decays faster than 1/R as R tends to in�nity. Altogether, undoingthe substitution ψ = φ− φ0, (cf. (B.3.98))
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. (B.3.99)Finally, it remains to examine J5 (cf. (B.3.10)). To obtain the asymptotic behaviour of (cf. (B.3.10))
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APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.3.2 Normal re�ection 163The �rst of the two integrals on the right-hand side of (B.3.100) can be examined, by applying inte-gration by parts, which leads to
∞
∫

1

log
(

π +
√

(ρ− 1)2 + π2
) ρ
√

ρ2 − 1
e−kR

√
ρ2−1 dρ

= − 1

kR

∞
∫

1

log
(

π +
√

(ρ− 1)2 + π2
)

∂ρ

[

e−kR
√
ρ2−1

]

dρ

=
log(2π)

kR
+

1

kR

∞
∫

1

ρ−1√
(ρ−1)2+π2

π +
√

(ρ− 1)2 + π2
e−kR

√
ρ2−1 dρ, (B.3.101)where, substituting u =

√

ρ2 − 1,
1

R

∣

∣

∣

∣

∣

∣

∞
∫

1

ρ−1√
(ρ−1)2+π2

π +
√

(ρ− 1)2 + π2
e−kR

√
ρ2−1 dρ

∣

∣

∣

∣

∣

∣

≤ c

R

∞
∫

1

e−
k
2R

√
ρ2−1 dρ

=
c

R

∞
∫

0

u√
u2 + 1

e−
k
2Ru du

≤ c2
R

∞
∫

0

e−
k
2
Ru du

=
2c

kR2
.Hence, (cf. (B.3.100) and (B.3.101))

J5 = 2f`,j(ν
′, 0)

log(2π)

kR
− 2f`,j(ν

′, 0)

∞
∫

1

log(ρ− 1)
ρ

√

ρ2 − 1
e−kR

√
ρ2−1 dρ+ o

(

1

R

)

.Using (B.3.24) and (B.3.78), this can further be transformed to
J5 = 2f`,j(ν

′, 0)
log(2π)

kR
− 2f`,j(ν

′, 0)

1+εR
∫

1

log(ρ− 1)
ρ

√

ρ2 − 1
e−kR

√
ρ2−1 dρ (B.3.102)

− 2f`,j(ν
′, 0)

∞
∫

1+εR

log(ρ− 1) ρ
√

ρ2 − 1
e−kR

√
ρ2−1 dρ+ o

(

1

R

)

= 2f`,j(ν
′, 0)

{

log(2π)
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+

log 2

kR
+ 2

log(kR)

kR
+ 2
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kR

}

− 2f`,j(ν
′, 0)

∞
∫

1+εR

log(ρ− 1)
ρ

√

ρ2 − 1
e−kR

√
ρ2−1 dρ+ o

(

1

R

)

. (B.3.103)The remaining integral can be estimated as (cf. (B.3.27))
∣

∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣

∣

≤ c log εR

∞
∫
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ρ
√

ρ2 − 1
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k
2R

√
ρ2−1 dρ

=
c log εR
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k
2R

√
(1+εR)2−1 = o

(

1

R

)

,
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√
ρ2−1 ≤ c log εR for all ρ in the interval [1 + εR,∞). At last,(cf. (B.3.103))

J5 = 2f`,j(ν
′, 0)

{

log(2π)

kR
+

log 2 + 2 log(kR)

kR
+ 2

γ̃

kR

}

+ o

(

1

R

)and for m′ = (0, 0)> (cf. (B.3.5), (B.3.97) and (B.3.99))
J2 = 2f`,j(ν

′, 0)
log(2π) + log 2 + 2 log(kR) + 2γ̃

ikR
(B.3.104)

+
1

ikR

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)

(

1

|n′
0 − ν′| +

1

|φ− φ0|

)

dφ+
1

ikR

φ0+π
∫

φ0−π

f`,j(n
′
0, 0) − f`,j(ν

′, 0)

|φ− φ0|
dφ+ o

(

1

R

)

.B.4 Integrating over plane-wave modesSimilar to J2 it is the goal to split the integral J1 into separate parts for which the asymptotic behaviourcan be estimated. At the end many integrals will be of order o(1/R), and one integral will remain thatcan be evaluated explicitly, such that known asymptotic expansions can be used to prove the asymptoticbehaviour proposed in Theorem B.1. Again, it is also necessary to distinguish between the cases thatthe re�ection direction is orthogonal (normal) or oblique to the x-y-plane. As before, the orthogonalcase is considered last (cf. Sect. B.4.4).B.4.1 Oblique re�ectionRecall that (cf. (B.2.5))
J1 =

φ0+π
∫

φ0−π

1
∫

0

f`,j(ρn
′
0(φ),

√

1 − ρ2)

|ρn′
0(φ) − ν′| eikρRn

′
0(φ)·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ, (B.4.1)where ν′ = n′

0(φ0) and |ν′| = 1. Since the singularity lies at the boundary of the domain of integration,the latter can be split into an inner part, where the integrand is non-singular and a narrow outerannulus that includes the singularity. The width of the outer part is to be de�ned in such a way that itexcludes m′. The splitting of the domain is accomplished by introducing a monotonic cut-o� function
χ(n′) ∈ C∞(B2(1)), de�ned such that m′ /∈ suppχ with χ(n′) ≡ 1 for all n′ close to and on the unitcircle. Since mz > 0 and ‖~m‖ = 1 it can always be assured that the support of χ is non-empty. Lateron, as the need arises, the cut-o� function will be speci�ed further. With this,

J1 = J̃1 + J̃2, (B.4.2)wherẽ
J1 :=

φ0+π
∫

φ0−π

1
∫

0

χ̄
(

ρn′
0(φ)

)f`,j(ρn
′
0(φ),

√

1 − ρ2)

|ρn′
0(φ) − ν′| eikρRn

′
0(φ)·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ,

J̃2 :=

φ0+π
∫

φ0−π

1
∫

0

χ
(

ρn′
0(φ)

)f`,j(ρn
′
0(φ),

√

1 − ρ2)

|ρn′
0(φ) − ν′| eikρRn

′
0(φ)·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ, (B.4.3)where χ̄(ρn′

0(φ)) := 1 − χ(ρn′
0(φ)).To obtain the asymptotic behaviour of J̃1, the same substitution into spherical coordinates (ψ, φ)>w.r.t. ~m, that was introduced at the beginning of Section 4.2.3 (cf. (4.2.22)), is used. Following thesetransformations after undoing the transformation to polar coordinates,

J̃1 :=

φ0+π
∫

φ0−π

1
∫

cos θ(φ)

χ̄
(

n′(ψ, φ)
)

f`,j

(

n′(ψ, φ),

√

1 −
∣

∣n′(ψ, φ)
∣

∣

2
)

|n′(ψ, φ) − ν′| eikRψ dψ dφ, (B.4.4)



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.2 Re�ection direction in singularity direction 165where θ(φ) is de�ned as the polar angle at which |n′(cos θ(φ), φ)| = 1. Note that χ̄(m′) = 1−χ(m′) = 1.The integral can now be integrated by parts w.r.t. ψ, leading to
J̃1 =

1

ikR

φ0+π
∫

φ0−π

χ̄
(

n′(1, φ)
)

f`,j

(

n′(1, φ),
√

1 − n′(1, φ)2
)

|n′(1, φ) − ν′| eikR dφ

− 1

ikR

φ0+π
∫

φ0−π

χ̄
(

n′(cos θ(φ), φ)
)

f`,j

(

n′(cos θ(φ), φ), 0
)

|n′(cos θ(φ), φ) − ν′| eikR cos θ(φ) dφ

− 1

ikR

φ0+π
∫

φ0−π

1
∫

cos θ(φ)

∂ψ



χ̄
(

n′(ψ, φ)
)

f`,j

(

n′(ψ, φ),
√

1 − n′(ψ, φ)2
)

|n′(ψ, φ) − ν′|



 eikRψ dψ dφ.Since n′(1, φ) = m′ (cf.(4.2.22)) is independent of φ, the �rst integral on the right-hand side can beevaluated explicitly. Moreover, with χ̄(n′(cos θ(φ), φ)) ≡ 0, the second integral is equal to zero. Forthe last integral on the right-hand side, the Riemann-Lebesgue lemma can be used to show that theintegral tends to zero as R tends to in�nity. Indeed, the cut-o� function χ̄ and its derivative ensurethat all possible singularities at n′ = ν′ are removed and only weak singularities 1/
√

1 − ψ2 remain,which shows that the integral exists absolutely. Altogether,
J̃1 =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + o

(

1

R

)

, (B.4.5)where m′ 6= ν′, since |ν′| = 1 and |m′| < 1.B.4.2 Singular integral part for oblique re�ection with singularity in samedirectionIn this section the asymptotic behaviour of J̃2 (cf. (B.4.3)) in the cases that m′/|m′| = ν′, which isequivalent to φ0 = 0, will be determined. This is necessary, since the nature of the substitution tothe spherical coordinate system w.r.t. ~m from the previous subsection, changes the behaviour of thesingularity in the speci�c case that the two vectors m′ and ν′ have the same direction. All the othercases will be considered in the following Subsection B.4.3.Transforming J̃2 to the spherical coordinate system (ψ, φ)> w.r.t. ~m, that was introduced at thebeginning of Section 4.2.3 (cf. (4.2.22) and (4.2.23)),
J̃2 =

2π
∫

0

1
∫

cos θ(φ)

χ(n′(ψ, φ))
f`,j
(

n′(ψ, φ), nrz(ψ, φ)
)

|n′(ψ, φ) − ν′| eikRψ dψ dφ. (B.4.6)For this section only, it will be assumed that the cut-o� function is dependent only on ψ such that
χ(n′(ψ, φ)) = χ(ψ) ∈ C∞

0 (R) with χ(1) = 0, suppχ ⊂ [− sinα, 1) and χ(ψ) ≡ 1 for all ψ ∈
[− sinα, sinα]. These restrictions ensure that the assumptions made on χ(n′) at the beginning ofSection B.4.1 are satis�ed, since it can be shown that [− sinα, sinα] is the range of cos θ(φ), while
n′(1, φ) = m′.First note, that for ν′ = n′(ψ0, φ0) it is easily seen that ψ0 := cos θ(φ0) = sinα for φ0 = 0(cf. (4.2.28)). To show the asymptotic order of J̃2, it is necessary to change the order of integration toapply the Riemann-Lebesgue lemma to the integral w.r.t. ψ. Special care has to be given to the lowerbound of the integral w.r.t. ψ, which is depending on φ. Recall that (cf. (4.2.28) and Figure B.2)

ψ(φ) := cos θ(φ) =
tanα cosφ

√

1 + tan2 α cos2 φ
,which is �nite for any φ ∈ [0, 2π], as well as continuous and strictly monotonically decreasing for all

φ ∈ [0, π] and α > 0 (m′ 6= (0, 0)>). Consequently, ψ(φ) is a bijective mapping for all φ ∈ [0, π] and
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0

π
2

π 3
2π

2π

1
sinα

− sinα

ψ

φ

cos θ(φ)Figure B.2: Integration boundary cos θ(φ) for α = π
3 and the corresponding area of integration of J̃2

ψ in the range of ψ(φ), which can be shown is [− sinα, sinα]. Thus, a corresponding inverse function
φ(ψ) can be found. Indeed,

φ(ψ) = arccos

(

cotα

tan(arccosψ)

)

= arccos

(

cotα
ψ

√

1 − ψ2

)

. (B.4.7)Using the implicit de�nition of ψ(φ) (cf. (4.2.26)), it is not hard to show that ψ(2π−φ) = ψ(φ), whichmirrors the properties of ψ(φ) onto all φ ∈ [π, 2π]. It follows that changing the order of integrationleads to
J̃2 =

sinα
∫

− sinα

χ(ψ)

2π−φ(ψ)
∫

φ(ψ)

f`,j
(

n′(ψ, φ), nrz(ψ, φ)
)

|n′(ψ, φ) − ν′| dφ eikRψ dψ

+
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sinα
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∫
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f`,j
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n′(ψ, φ), nrz(ψ, φ)
)

|n′(ψ, φ) − ν′| dφ eikRψ dψ. (B.4.8)Moreover, it is easily seen that n′(ψ, φ) and nrz(ψ, φ) (cf. (4.2.22) and (4.2.23)) are 2π-periodic w.r.t. φand that nrz(ψ,−φ) = nrz(ψ, φ) and |n′(ψ,−φ)− ν′| = |n′(ψ, φ)− ν′|. Indeed, the last statement followsfor φ0 = 0, since (cf. (4.2.22))
|n′(ψ, φ) − ν′|2 = |n′(ψ, φ) − n′(ψ0, φ0)|2

=
[

sinα (ψ − ψ0) + cosα (cosφ
√
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]2

+ sin2 φ (1 − ψ2). (B.4.9)Integral J̃2 now simpli�es to
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∫
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)
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f2
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)
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(

n′(ψ, φ), nrz(ψ, φ)
)

+ f`,j
(

n′(ψ,−φ), nrz(ψ,−φ)
)

. (B.4.11)Once again, the integrals are split to separate the singularity. To be precise, taking into account that(cf. (B.3.36))
sinα
∫
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χ(ψ)

π
∫
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1
√

b̄ φ2 + d̄ (ψ − ψ0)4
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∫
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χ(ψ)

π
∫

0

1
√

b̄ φ2 + d̄ (ψ − ψ0)4
dφ eikRψ dψ
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=
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∫
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2
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=
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χ(ψ)√
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√
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−
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log
(√
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2
)

eikRψ dψ,the integrals in J̃2 (cf. (B.4.10)) are split into
J̃2 = J̃3 + f`,j(ν

′, 0) J̃4 + f`,j(ν
′, 0) J̃5 + f`,j(ν

′, 0) J̃6, (B.4.12)where
J̃3 :=

sinα
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+
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∫
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`,j
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|n′(ψ, φ) − ν′| dφ eikRψ dψ, (B.4.13)
J̃4 := 2

sinα
∫

− sinα
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π
∫
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1

|n′(ψ, φ) − ν′| −
1

√
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1

√
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J̃5 :=
2√
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1
∫

− sinα

χ(ψ) log
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b̄ π +
√

b̄

√
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)

eikRψ dψ, (B.4.15)
J̃6 := − 2√

b̄
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∫
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√
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2
)

eikRψ dψ. (B.4.16)The constants
b̄ := cos2 α = m2

z, d̄ :=
1

4 cos4 α
(B.4.17)
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ψ0 = sinα up to the fourth order. To be exact,

|n′(ψ, φ) − ν′|2 = cos2 αφ2 − 2 sinαφ2 (ψ − ψ0) +
1

4 cos4 α
(ψ − ψ0)

4 − 1

2
φ2 (ψ − ψ0)

2

+

[

cos4 α

4
− cos2 α

3

]

φ4 + O
(

(φ+ |ψ − ψ0|)5
)

. (B.4.18)Indeed, de�ning T (ψ, φ) := sinα (ψ−ψ0)+cosα (cosφ
√

1 − ψ2−cosα) and T (ψ, φ) := |n′(ψ, φ)−ν′|2 =
[T (ψ, φ)]2 + sin2 φ (1−ψ2) (cf. (B.4.9)), all necessary derivatives of T at φ = 0 and ψ = ψ0 = sinα canbe calculated. For simplicity in these calculations, the symbols Tψn0 ,φm0 := [∂nψ∂

m
φ T (ψ, φ)](ψ,φ)=(ψ0,φ0)and Tψn0 ,φm0 :=[∂nψ∂

m
φ T (ψ, φ)](ψ,φ)=(ψ0,φ0) for (ψ0, φ0) = (sinα, 0) will be used. Thus,
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,such that

Tψ0 = 2Tψ0 T − 2 sin2 φ0 ψ0 = 0,
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0) = 0,

Tψ2
0

= 2Tψ2
0
T + 2 [Tψ0 ]

2 − 2 sin2 φ0 = 0

Tψ0,φ0 = 2Tψ0,φ0 T + 2Tψ0 Tφ0 − 4 sinφ0 cosφ0 ψ0 = 0,
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0
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=

6

cos4 α
,

Tψ3
0 ,φ0

= 2Tψ3
0,φ0

T + 6Tψ2
0,φ0

Tψ0 + 2Tψ3
0
Tφ0 + 6Tψ2
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]
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0
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= 6 cos4 α− 8 cos2 αleading to (B.4.18). Later on, it will also be used that
Tψ5

0
= 2Tψ5

0
T + 10Tψ4

0
Tψ0 + 20Tψ3

0
Tψ2

0
= 60

sinα

cos6 α
. (B.4.19)B.4.2.1 J̃3First note that the integrands w.r.t. φ of J̃3 (cf. (B.4.13)) are absolutely integrable for any �xed ψ.Indeed, this follows since, with L'Hôpital's rule, it is easily shown that

f2
`,j(n

′(ψ, φ), nz(ψ, φ)) − 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.2 Re�ection direction in singularity direction 169is bounded for ψ 6= ψ0 and has a logarithmic singularity at φ = φ0 for ψ = ψ0 (cf. Lemma B.2),while ∂φ~nr(ψ, φ) (cf. (4.2.22) and (4.2.23)) is bounded. Keeping in mind that ψ0 = sinα, χ(1) = 0,
χ(sinα) = χ(− sinα) = 1 and φ(sinα) = φ0 = 0, integration by parts w.r.t. ψ is applied to J̃3, giving

J̃3 =
1

ikR

π
∫

0

f2
`,j

(

n′(ψ0, φ), nrz(ψ0, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ0, φ) − ν′| dφ eikRψ0

− 1

ikR

π
∫

π

f2
`,j

(

n′(−ψ0, φ), nrz(−ψ0, φ)
)

− 2f`,j(ν
′, 0)

|n′(−ψ0, φ) − ν′| dφ e−ikRψ0

− 1

ikR

sinα
∫

− sinα

χ′(ψ)

π
∫

φ(ψ)

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′| dφ eikRψ dψ

+
1

ikR

sinα
∫

− sinα

χ(ψ)
f2
`,j

(

n′(ψ, φ(ψ)), nrz(ψ, φ(ψ))
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ(ψ)) − ν′| φ′(ψ) eikRψ dψ

− 1

ikR

sinα
∫

− sinα

χ(ψ)

π
∫

φ(ψ)

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]

dφ eikRψ dψ

− 1

ikR

π
∫

0

f2
`,j

(

n′(ψ0, φ), nrz(ψ0, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ0, φ) − ν′| dφ eikRψ0

− 1

ikR

1
∫

sinα

χ′(ψ)

2π
∫

0

f`,j
(

n′(ψ, φ), nrz(ψ, φ)
)

− f`,j(ν
′, 0)

|n′(ψ, φ) − ν′| dφ eikRψ dψ

− 1

ikR

1
∫

sinα

χ(ψ)

π
∫

0

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]

dφ eikRψ dψ, (B.4.20)where (cf. (B.4.7))
φ′(ψ) = ∂ψ

[

arccos

(

cotα
ψ

√

1 − ψ2

)]

= − cosα

1 − ψ2

1
√

sin2 α− ψ2
. (B.4.21)It is easily seen that the integrand of the second integral on the right-hand side is non-singular, whichshows that the integral is zero, since the upper and lower integration bounds are identical. On theother hand, the �rst and the sixth line on the right-hand side of (B.4.20) cancel each other, since theyare identical except for the sign. Moreover, the derivative of the cut-o� function χ(ψ) is bounded forall ψ such that the integrands w.r.t. ψ of the integrals on the third and seventh line on the right-handside of (B.4.20) are absolutely integrable, since the integral w.r.t. φ is �nite for any �xed ψ from thecompact set [− sinα, 1]. The Riemann-Lebesgue lemma then proves that these two integrals tend tozero as R tends to in�nity. To show this for the remaining integrals on the fourth, �fth and eighth lineas well, a closer look at their integrands is necessary. Starting with that of the integral on the fourthline, it will be shown that this integrand is absolutely integrable.Since φ′(ψ) (cf. (B.4.21)) is weakly singular at ψ = ψ0 = sinα, it is su�cient to show that

∣

∣

∣

∣

∣

f2
`,j

(

n′(ψ, φ(ψ)), nrz(ψ, φ(ψ))
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ(ψ)) − ν′|

∣

∣

∣

∣

∣

≤ c |log |ψ − ψ0|| , (B.4.22)to deduce that the integrand of the integral on the fourth line of (B.4.20) is absolutely integrable.Indeed, this holds since (cf. (B.4.11) and Lemma B.2)
∣

∣

∣

∣

∣

f2
`,j

(

n′(ψ, φ(ψ)), nrz(ψ, φ(ψ))
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ(ψ)) − ν′|

∣

∣

∣

∣

∣

≤ c |log |n′(ψ, φ(ψ)) − ν′|| (B.4.23)
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|n′(ψ, φ(ψ)) − ν′|2 =

[

sinα (ψ − ψ0) + cosα
(cosα

sinα
ψ − cosα

)]2

+

[

1 − cos2 α

sin2 α

ψ2

1 − ψ2

]

(1 − ψ2)

=

[

sinα (ψ − ψ0) +
cos2 α

sinα
(ψ − ψ0)

]2

− 1

sin2 α

(

ψ2 − ψ2
0

)

=
1

sin2 α

[

(ψ − ψ0)
2 − (ψ + ψ0) (ψ − ψ0)

]

= − 2

sinα
(ψ − ψ0). (B.4.24)Consequently, the integral on the fourth line of (B.4.20) exists absolutely and the Riemann-Lebesguelemma once more proves that it tends to zero as R tends to in�nity.Next, to obtain the asymptotic behaviour of the integrals on the �fth and eighth line of (B.4.20),consider the derivative

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]

=
∂ψn

′(ψ, φ) · ∇n′f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

+ ∂ψn
r
z(ψ, φ) · ∇nrzf

2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

|n′(ψ, φ) − ν′|

−
∂ψn

′(ψ, φ) ·
(

n′(ψ, φ) − ν′
)

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

]

|n′(ψ, φ) − ν′|3
,where [n′(ψ, φ) − ν′]/|n′(ψ, φ) − ν′| is bounded w.r.t. φ for any �xed ψ ∈ [− sinα, 1]. Furthermore, itwas already seen that the partial derivatives of n′(ψ, φ) and nrz(ψ, φ) are �nite at (ψ, φ)> = (ψ0, φ0)

>,with ψ0 6= 1. On the other hand,
f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′| ,

∇~nrf`,j(n
′, nrz) and thus of ∇~nrf

2
`,j(n

′, nrz) (cf. (B.4.11)) are absolutely bounded by c| log |n′(ψ, φ)−ν′||(cf. Lemma B.2). Hence
∣

∣

∣

∣

∣

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]∣

∣

∣

∣

∣

≤ c

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| .It follows that, if the integrands on the right-hand sides of
∣

∣

∣

∣

∣

∣

∣

χ(ψ)

π
∫

φ(ψ)

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]

dφ

∣

∣

∣

∣

∣

∣

∣

≤ c χ(ψ)

π
∫

φ(ψ)

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| dφ,

∣

∣

∣

∣

∣

∣

χ(ψ)

π
∫

0

∂ψ

[

f2
`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

− 2f`,j(ν
′, 0)

|n′(ψ, φ) − ν′|

]

dφ

∣

∣

∣

∣

∣

∣

≤ c χ(ψ)

π
∫

0

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| dφare integrable w.r.t. ψ, the Riemann-Lebesgue lemma shows that the �fth and eighth line of (B.4.20)decay with the order o(1/R) as R tends to in�nity. On the other hand, the integrability is easily shownby undoing the substitution (4.2.22) to spherical coordinates (ψ, φ) and returning to the Cartesiancoordinate system n′ (compare with the di�erence between (4.2.16) and the �rst line of (4.2.21)).First, however, the order of integration is switched back (compare with switch from (B.4.6) to (B.4.8)).
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sinα
∫

− sinα

χ(ψ)

π
∫

φ(ψ)

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| dφdψ +

1
∫

sinα

χ(ψ)

π
∫

0

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| dφdψ

=

2π
∫

0

1
∫

cos θ(φ)

χ(ψ)

∣

∣log|n′(ψ, φ) − ν′|
∣

∣

|n′(ψ, φ) − ν′| dψ dφ

=

∫

B2(1)

χ(n′)

∣

∣log|n′ − ν′|
∣

∣

|n′ − ν′|
1

√

1 − |n′|2
dn′,which is �nite according to Lemma 3.11. Thus the integrands w.r.t. ψ in the �fth and eighth lineof (B.4.20) are absolutely integrable, such that the Riemann-Lebesgue lemma reveals that both linesdecay as proposed. Finally, it was proven for all terms on the right-hand side of (B.4.20) that theydecay faster than 1/R, and thus that

J̃3 = o

(

1

R

) (B.4.25)for m′/|m′| = ν′.B.4.2.2 J̃4For the integrand w.r.t. φ of J̃4 (cf. (B.4.14)) it can also be shown that it is bounded for any �xed
ψ ∈ [− sinα, 1]. Indeed, (cf. (B.4.18))

1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4

=
− |n′(ψ, φ) − ν′|2 + b̄ φ2 + d̄ (ψ − ψ0)

4

|n′(ψ, φ) − ν′|
√

b̄ φ2 + d̄ (ψ − ψ0)4
[

|n′(ψ, φ) − ν′| +
√

b̄ φ2 + d̄ (ψ − ψ0)4
]

=
2 sinαφ2 (ψ − ψ0) + 1

2 φ
2 (ψ − ψ0)

2 −
[

cos4 α
4 − cos2 α

3

]

φ4 + O
(

(φ+ |ψ − ψ0|)5
)

|n′(ψ, φ) − ν′|
√

b̄ φ2 + d̄ (ψ − ψ0)4
[

|n′(ψ, φ) − ν′| +
√

b̄ φ2 + d̄ (ψ − ψ0)4
] .Using the expansion (B.4.18), the statement is easily proven, which shows that the integrals w.r.t. φare �nite for any �xed ψ. As for J̃3 the integrals w.r.t. ψ are integrated by parts, leading to

J̃4 =
2

ikR

π
∫

0

1

|n′(ψ0, φ) − ν′| −
1√
b̄ φ

dφ eikRψ0

− 2

ikR

π
∫

π

1

|n′(−ψ0, φ) − ν′| −
1

√

b̄ φ2 + 16d̄ ψ4
0

dφ e−ikRψ0

− 2

ikR

sinα
∫

− sinα

χ′(ψ)

π
∫

φ(ψ)

1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4
dφ eikRψ dψ

+
2

ikR

sinα
∫

− sinα

χ(ψ)





1

|n′(ψ, φ(ψ)) − ν′| −
1

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4



 φ′(ψ) eikRψ dψ

− 2

ikR

sinα
∫

− sinα

χ(ψ)

π
∫

φ(ψ)

∂ψ





1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4



 dφ eikRψ dψ
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− 2

ikR

π
∫

0

1

|n′(ψ0, φ) − ν′| −
1√
b̄ φ

dφ eikRψ0

− 2

ikR

1
∫

sinα

χ′(ψ)

π
∫

0

1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4
dφ eikRψ dψ

− 2

ikR

1
∫

sinα

χ(ψ)

π
∫

0

∂ψ





1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4



 dφ eikRψ dψ. (B.4.26)The integrals on the �rst and sixth line cancel each other once more, while the integrand on the secondline is again zero, since the integrand is bounded and the area of integration a zero set. Moreover, sincethe derivative of the cut-o� function is bounded and zero in a neighbourhood of (ψ, φ)> = (ψ0, φ0)
>,the integrals w.r.t. ψ on the third and seventh line exist absolutely and the Riemann-Lebesgue lemmastates that they tend to zero as R tends to in�nity. To show the same for the fourth line, it is usedthat φ(ψ) ∼ √

ψ0 − ψ for ψ → ψ0 = sinα. Indeed, by using L'Hôpital's rule it is easily shown that(cf. (B.4.21))
lim
ψ→ψ0

φ(ψ)√
ψ0 − ψ

= lim
ψ→ψ0

−2φ′(ψ)
√

ψ0 − ψ = 2 lim
ψ→ψ0

cosα

1 − ψ2

1√
sinα+ ψ

√
ψ0 − ψ√

sinα− ψ

=

√
2

cosα
√

sinα
<∞for α ∈ (0, π/2), such that

φ(ψ) ∼
√

2

cosα
√

sinα

√

ψ0 − ψ (B.4.27)for ψ → ψ0. With this, b̄ = cos2 α and |n′(ψ, φ(ψ))− ν′|2 = 2/ sinα |ψ − ψ0| (cf. (B.4.24) for ψ ≤ ψ0 =
sinα) it is easily shown that the term

1

|n′(ψ, φ(ψ)) − ν′| −
1

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4

∼ 1
√

2
sinα

√

|ψ − ψ0|
− 1
√

2
sinα |ψ − ψ0| + d̄ (ψ − ψ0)4

=
d̄ (ψ − ψ0)

4

√

|ψ − ψ0|
3
√

4
sin2 α

+ 2 d̄
sinα |ψ − ψ0|3

[√

2
sinα +

√

2
sinα + d̄ |ψ − ψ0|3

]is bounded for all ψ ∈ [− sinα, sinα]. It follows that the integrand of the integral on the fourth lineon the right-hand side of (B.4.26) is only weakly singular (cf. (B.4.21)) and thus absolutely integrable.Consequently, (cf. the Riemann-Lebesgue lemma) this integral tends to zero as R tends to in�nity.To determine the asymptotic behaviour of the remaining two integrals, it is necessary to examine theoccurring derivative w.r.t. ψ at the possible singularity point (ψ0, φ0)
>. Consider

∂ψ





1

|n′(ψ, φ) − ν′| −
1

√

b̄ φ2 + d̄ (ψ − ψ0)4





= −1

2

∂ψ
[

|n′(ψ, φ) − ν′|2
]

|n′(ψ, φ) − ν′|3
+ 2

d̄ (ψ − ψ0)
3

√

b̄ φ2 + d̄ (ψ − ψ0)4
3

=
1

|n′(ψ, φ) − ν′|

− 1
2∂ψ

[

|n′(ψ, φ) − ν′|2
]

+ 2d̄ (ψ − ψ0)
3

√

|n′(ψ,φ)−ν′|2

b̄ φ2+d̄ (ψ−ψ0)4

3

|n′(ψ, φ) − ν′|2
, (B.4.28)
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∂ψ
[

|n′(ψ, φ) − ν′|2
]

= −2 sinαφ2 + 4d̄ (ψ − ψ0)
3 + . . .and√

1 + x
3

= 1+O(x) are easily derived. It can further be shown that with d̄0 := −2 sinα, d̄1 := −1/2,
d̄2 := cos4 α/4 − cos2 α/3 and d̄3 := 1/2 sinα/ cos6 α, (cf. (B.4.18) and (B.4.19))

|n′(ψ, φ) − ν′|2

b̄ φ2 + d̄ (ψ−ψ0)4

= 1 +
d̄0 φ

2 (ψ−ψ0)+d̄1 φ
2 (ψ−ψ0)

2+d̄2 φ
4+d̄3 (ψ−ψ0)

5 + O
(

φ (φ+|ψ−ψ0|)4+|ψ−ψ0|6
)

b̄ φ2 + d̄ (ψ − ψ0)4

= 1 + O (φ+ |ψ − ψ0|)for (ψ, φ)> → (ψ0, φ0)
>. Thus (cf. (B.4.28))

− 1
2∂ψ

[

|n′(ψ, φ) − ν′|2
]

+ 2d̄ (ψ − ψ0)
3

√

|n′(ψ,φ)−ν′|2

b̄ φ2+d̄ (ψ−ψ0)4

3

|n′(ψ, φ) − ν′|2

≤ c
− 1

2 d̄0 φ
2 − 2d̄ (ψ − ψ0)

3 + 2d̄ (ψ − ψ0)
3 [1 + O (φ+ |ψ − ψ0|)]

b̄ φ2 + d̄0 φ2 (ψ − ψ0) + d̄ (ψ − ψ0)4

= c
− 1

2 d̄0 φ
2 + 2d̄ (ψ − ψ0)

3 O (φ+ |ψ − ψ0|)
b̄ φ2 + d̄0 φ2 (ψ − ψ0) + d̄ (ψ − ψ0)4is bounded for (ψ, φ)> → (ψ0, φ0)

> and (B.4.28) is absolutely integrable w.r.t. φ and then ψ, similarto J̃3. Altogether, the Riemann-Lebesgue lemma gives that
J̃4 = o

(

1

R

) (B.4.29)for m′/|m′| = ν′.B.4.2.3 J̃5Recall that (cf. (B.4.15))
J̃5 :=

2√
b̄

1
∫

− sinα

χ(ψ) log

(

b̄ π +
√

b̄

√

b̄ π2 + d̄ (ψ − ψ0)4
)

eikRψ dψ.It is easily seen that the integrand of J̃5 is uniformly bounded for all ψ ∈ [− sinα, 1]. Since χ(1) = 0and χ(− sinα) = 1, applying integration by parts to J̃5 gives
J̃5 = − 2√

b̄ikR
log

(

b̄ π +
√

b̄

√

b̄ π2 + 16d̄ ψ4
0

)

e−ikRψ0

− 2√
b̄ikR
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∫
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(
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√
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− 2√
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∫
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χ(ψ) ∂ψ

[
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(
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√

b̄

√

b̄ π2 + d̄ (ψ − ψ0)4
)]

eikRψ dψ.Obviously, the remaining integrals are absolutely integrable. By applying the Riemann-Lebesgue lemmathis, in turn, shows that they tend to zero as R tends to in�nity. Indeed, both integrands are boundedsince χ′(ψ), the logarithm and its derivative are bounded for − sinα ≤ ψ ≤ 1. Hence
J̃5 = − 2√

b̄ikR
log

(

b̄ π +
√

b̄

√

b̄ π2 + 16d̄ ψ4
0

)

e−ikRψ0 + o

(

1

R

) (B.4.30)for m′/|m′| = ν′.
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J̃6 = − 2√
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√
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χ(ψ) log(ψ − ψ0) e
ikRψ dψ

= −I1 − I2 − I3, (B.4.31)where
I1 :=

1√
b̄

sinα
∫

− sinα

[

χ(ψ) − 1
]

log(ψ0 − ψ) eikRψ dψ +
4√
b̄

1
∫

sinα

[

χ(ψ) − 1
]

log(ψ − ψ0) e
ikRψ dψ

+
log(b̄d̄)√

b̄

1
∫

sinα

χ(ψ) eikRψ dψ,

I2 :=
2√
b̄

sinα
∫

− sinα

χ(ψ)

[

log

(

b̄ φ(ψ) +
√

b̄

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
)

− 1

2
log(ψ0 − ψ)

]

eikRψ dψ,

I3 :=
1√
b̄

sinα
∫

− sinα

log(ψ0 − ψ) eikRψ dψ +
4√
b̄

1
∫

sinα

log(ψ − ψ0) e
ikRψ dψ (B.4.32)and b̄d̄ = 1/(4 cos2 α) 6= 0 (cf. (B.4.17)).Since χ(1) = 0 and χ(sinα) = χ(− sinα) = 1, integrating I1 by parts results in

I1 = − 1√
b̄ ikR

sinα
∫

− sinα

[

χ′(ψ) log(ψ0 − ψ) − χ(ψ) − 1

ψ0 − ψ

]

eikRψ dψ

− 4√
b̄ ikR

log(1 − ψ0) e
ikR − 4√

b̄ ikR

1
∫

sinα

[

χ′(ψ) log(ψ − ψ0) +
χ(ψ) − 1

ψ − ψ0

]

eikRψ dψ

− log(b̄d̄)√
b̄ ikR

eikRψ0 − log(b̄d̄)√
b̄ ikR

1
∫

sinα

χ′(ψ) eikRψ dψ.It is easily seen that the remaining integrals exist absolutely since χ′(ψ) is bounded and χ(ψ) isidentically one in a small neighbourhood of ψ = ψ0 = sinα. The Riemann-Lebesgue lemma then
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I1 = −4

log(1 − ψ0)√
b̄ ikR

eikR − log(b̄d̄)√
b̄ ikR

eikRψ0 + o

(

1

R

) (B.4.33)for m′/|m′| = ν′.Integral I2 is treated similarly by applying integration by parts. To do so, it has to be shown thatthe limit ψ ↗ ψ0 of the integrand is bounded. Consider, with φ(ψ0) = 0, (cf. (B.4.27) and (B.4.17))
lim
ψ↗ψ0

[

log

(

b̄ φ(ψ) +
√

b̄

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
)

− 1

2
log(ψ0 − ψ)

]

= lim
ψ↗ψ0

log



b̄
φ(ψ)√
ψ0 − ψ

+
√

b̄

√

b̄

[

φ(ψ)√
ψ0 − ψ

]2

+ d̄ (ψ − ψ0)3





= log

(

2
√

2
cosα√
sinα

)

,which is �nite for α > 0. With this and φ(− sinα) = π, integration by parts in I2 leads to
I2 =

2√
b̄ ikR

log

(

2
√

2
cosα√
sinα

)

eikRψ0

− 2√
b̄ ikR

{

log

(

b̄ π +
√

b̄

√

b̄ π2 + 16d̄ ψ4
0

)

− 1

2
log(2ψ0)

}

e−ikRψ0 (B.4.34)
− 2√

b̄ ikR

sinα
∫

− sinα

χ′(ψ)

[

log

(

b̄ φ(ψ) +
√

b̄

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
)

− 1

2
log(ψ0 − ψ)

]

eikRψ dψ

− 2√
b̄ ikR

sinα
∫

− sinα

χ(ψ) ∂ψ

[

log

(

b̄ φ(ψ) +
√

b̄

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
)

− 1

2
log(ψ0 − ψ)

]

eikRψ dψ.Since χ′(ψ) is bounded for all ψ ∈ [− sinα, sinα], the integral on the third line exists absolutely andthe Riemann-Lebesgue lemma can be applied. For the remaining integral it has to be shown thatthe occurring derivative is absolutely integrable to apply the Riemann-Lebesgue lemma. It is easilycalculated that
∂ψ

[

log

(

b̄ φ(ψ) +
√

b̄

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
)

− 1

2
log(ψ0 − ψ)

]

=

b̄ φ′(ψ) +
√
b̄ b̄ φ

′(ψ)φ(ψ)+2d̄ (ψ−ψ0)
3

q

b̄ φ(ψ)2+d̄ (ψ−ψ0)4

b̄ φ(ψ) +
√
b̄
√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
+

1

2

1

ψ0 − ψ

=

√
b̄ φ′(ψ)

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
+ 2
√

b̄d̄
(ψ − ψ0)

3

√

b̄ φ(ψ)2+d̄ (ψ − ψ0)4
[

b̄ φ(ψ)+
√
b̄
√

b̄ φ(ψ)2+d̄ (ψ − ψ0)4
]

+
1

2

1

ψ0 − ψ
, (B.4.35)where (cf. (B.4.27))

lim
ψ↗ψ0

(ψ − ψ0)
3

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
[

b̄ φ(ψ) +
√
b̄
√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
]

= lim
ψ↗ψ0

−(ψ−ψ0)
2

√

b̄
[

φ(ψ)√
ψ0−ψ

]2

+d̄ (ψ0−ψ)3

[

b̄ φ(ψ)√
ψ0−ψ+

√
b̄

√

b̄
[

φ(ψ)√
ψ0−ψ

]2

+d̄ (ψ0−ψ)3

] = − lim
ψ↗ψ0

(ψ−ψ0)
2

4 cos2α
sinα

= 0.



176 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.2 Re�ection direction in singularity directionFurthermore, it can be shown that the sum of the remaining two terms on the right-hand side of(B.4.35) is �nite at ψ = ψ0. To be precise, it can be shown that
lim
ψ↗ψ0





√
b̄ φ′(ψ)

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
+

1

2

1

ψ0 − ψ



 = lim
ψ↗ψ0

√
b̄ φ′(ψ)

√
ψ0−ψ

r

b̄
[

φ(ψ)√
ψ0−ψ

]2
+d̄ (ψ0−ψ)3

+ 1
2

ψ0 − ψ
.is �nite using L'Hôpital's rule. Indeed, since limψ↗ψ0 φ(ψ)/

√
ψ0 − ψ is non-zero and �nite (cf. (B.4.27)),and since limψ↗ψ0 φ

′(ψ)
√
ψ0 − ψ is �nite (cf. (B.4.27)) it is not hard to show that the numerator of thequotient on the right-hand side tends to zero as ψ tends to ψ0. Thus, L'Hôpital's rule can be appliedto get

lim
ψ↗ψ0





√
b̄ φ′(ψ)

√

b̄ φ(ψ)2 + d̄ (ψ − ψ0)4
+

1

2

1

ψ0 − ψ





= − lim
ψ↗ψ0

{

√
b̄
[

φ′′(ψ)
√
ψ0 − ψ − 1

2
φ′(ψ)√
ψ0−ψ

]

√

b̄
[

φ(ψ)√
ψ0−ψ

]2

+ d̄ (ψ0 − ψ)3
(B.4.36)

−
√
b̄

2
φ′(ψ)

√

ψ0 − ψ
2b̄
[

φ′(ψ)√
ψ0−ψ + 1

2
φ(ψ)√
ψ0−ψ3

] [

φ(ψ)√
ψ0−ψ

]

− 3d̄ (ψ0 − ψ)3

√

b̄
[ φ(ψ)√

ψ0−ψ
]2

+ d̄ (ψ0 − ψ)3
3

}

,where (cf. (B.4.21))
φ′′(ψ) = − cosα

1 − ψ2

ψ
√

sin2 α− ψ2

[

2

1 − ψ2
+

1

sin2 α− ψ2

]

.Using the same arguments for φ(ψ)/
√
ψ0−ψ and φ′(ψ)

√
ψ0−ψ as before and since, applying L'Hôpital'srule, (cf. (B.4.21))

lim
ψ↗ψ0

[

φ′(ψ)√
ψ0 − ψ

+
1

2

φ(ψ)
√
ψ0 − ψ

3

]

= lim
ψ↗ψ0

φ′(ψ) (ψ0 − ψ) + 1
2 φ(ψ)

√
ψ0 − ψ

3

= −2

3
lim
ψ↗ψ0

[

φ′′(ψ)
√

ψ0 − ψ − 1

2

φ′(ψ)√
ψ0 − ψ

]

=
2

3
lim
ψ↗ψ0

[

cosα

(1 − ψ2)2
2ψ√
ψ0 + ψ

+
cosα

1 − ψ2

ψ
√
ψ0 + ψ

3

1

ψ0 − ψ
− 1

2

cosα

1 − ψ2

1√
ψ0 + ψ

1

ψ0 − ψ

]

=
2

3
lim
ψ↗ψ0

[

cosα

(1 − ψ2)2
2ψ√
ψ0 + ψ

− 1

2

cosα

1 − ψ2

1
√
ψ0 + ψ

3

]

=
2

3

√
2 sinα

cosα

[

1

cos2 α
− 1

8 sin2 α

]is �nite, it can be proven that (B.4.36) is also �nite. It follows that the last integral on the right-handside of (B.4.34) exists absolutely and the Riemann-Lebesgue lemma gives
I2 =

2√
b̄ ikR

log

(

2
√

2
cosα√
sinα

)

eikRψ0

− 2√
b̄ ikR

{

log

(

b̄ π +
√

b̄

√

b̄ π2 + 16d̄ ψ4
0

)

− 1

2
log(2ψ0)

}

e−ikRψ0 + o

(

1

R

) (B.4.37)for m′/|m′| = ν′.Now only the evaluation of the integrals in I3 (cf. (B.4.32)) remains. The �rst step is to substitute
(ψ0 − ψ)/(2 sinα) by u in the �rst integral and (ψ − ψ0)/(1 − sinα) by u in the second integral, suchthat
I3 = 2

sinα√
b̄

1
∫

0

log(2 sinαu) e−ikR2 sinαu du eikRψ0 + 4
1−sinα√

b̄

1
∫

0

log
(

(1−sinα)u
)

eikR(1−sinα)u du eikRψ0
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= 2

sinα log(2 sinα)√
b̄

1
∫

0

e−ikR2 sinαu du eikRψ0 + 4
(1−sinα) log(1−sinα)√

b̄

1
∫

0

eikR(1−sinα)u du eikRψ0

+ 2
sinα√
b̄

1
∫

0

log u e−ikR2 sinαu du eikRψ0 + 4
1−sinα√

b̄

1
∫

0

log u eikR(1−sinα)u du eikRψ0

= − log(2 sinα)

ikR
√
b̄

[

e−ikR2 sinα − 1
]

eikRψ0 + 4
log(sinα−1)

ikR
√
b̄

[

eikR(1−sinα) − 1
]

eikRψ0

+ 2
sinα√
b̄

1
∫

0

log u e−ikR2 sinαu du eikRψ0 − 4
sinα−1√

b̄

1
∫

0

log u eikR(1−sinα)u du eikRψ0 ,where, de�ning s := −2 sinα < 0 or s := 1 − sinα > 0, (cf. [32, Eqn. 106, pp. 27 and 82] and [1,Eqns. 5.2.8, 5.2.9, 5.2.34 and 5.2.35, pp. 60 and 61])
1
∫

0

log u eiksR u du =
γ̃ + log(ksR) − Ci(ksR) − i Si(ksR)

iksR
=
γ̃ + log(ksR) − iπ2

iksR
+ o

(

1

R

)

,for ksR > 0. Note that the de�nitions of Ci and Si (cf. [1, Eqns. 5.2.1 and 5.2.2, p. 59]) yield that
Ci(−kR2 sinα) = Ci(kR2 sinα) + log(−1) and Si(−kR2 sinα) = − Si(kR2 sinα), where kR2 sinα > 0.With this, I3 reduces to

I3 = − log(2 sinα)

ikR
√
b̄

[

e−ikR2 sinα − 1
]

eikRψ0 + 4
log(1−sinα)

ikR
√
b̄

[

eikR(1−sinα) − 1
]

eikRψ0

− γ̃ + log(−kR) − log(−1) + iπ2

ikR
√
b̄

eikRψ0 − log(2 sinα)

ikR
√
b̄

eikRψ0 + 4
γ̃ + log(kR) − iπ2

ikR
√
b̄

eikRψ0

+ 4
log(1 − sinα)

ikR
√
b̄

eikRψ0 + o

(

1

R

)

= − log(2 sinα)

ikR
√
b̄

e−ikR2 sinαeikRψ0 + 4
log(1−sinα)

ikR
√
b̄

eikR(1−sinα)eikRψ0

+
3γ̃ + 3 log(kR) − 5 iπ2

ikR
√
b̄

eikRψ0 + o

(

1

R

)

,since log(−1) = iπ. Consequently, (cf. (B.4.12), (B.4.25), (B.4.29), (B.4.30), (B.4.31), (B.4.33) and(B.4.37))
J̃2 = f`,j(ν

′, 0)

{

log(b̄d̄)√
b̄ ikR

eikRψ0 − 2√
b̄ ikR

log

(

2
√

2
cosα√
sinα

)

eikRψ0 − 3γ̃ + 3 log(kR) − 5 iπ2

ikR
√
b̄

eikRψ0

}

+ o

(

1

R

)

= f`,j(ν
′, 0)

−2 logmz−2 log 2−2 log 2−log 2−2 logmz+log |m′|−3
(

γ̃+log(kR)
)

+5 iπ2
ikRmz

eikR |m′|

+ o

(

1

R

)

= f`,j(ν
′, 0)

log |m′| − 5 log 2 − 4 logmz − 3
(

γ̃ + log(kR)
)

+ 5 iπ2
ikRmz

eikR |m′| + o

(

1

R

)

,since b̄d̄ = 1/(4 cos2 α) (cf. (B.4.17)), mz = cosα and |m′| = sinα = ψ0. At last, for m′/|m′| = ν′(cf. (B.4.2) and (B.4.5))
J1 =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + f`,j(ν
′, 0)

log |m′| − 5 log 2 − 4 logmz − 3
(

γ̃ + log(kR)
)

+ 5 iπ2
ikRmz

eikR |m′|

+ o

(

1

R

)

.
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J =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + f`,j(ν
′, 0)

2π

kRmz
eikR |m′| + o

(

1

R

)

. (B.4.38)B.4.3 Singular integral part for oblique re�ection with singularity in di�er-ent directionTo show the asymptotic behaviour of J̃2 (cf. (B.4.3)) in the case that m′/|m′| 6= ν′, the order ofintegration is changed and the integral is split into �ve di�erent parts. For each of these parts, theorder of decay as R tends to in�nity will be shown separately in the following subsections. To do so,the cut-o� function χ(n′) is speci�ed as a cut o� function χ(|n′|), only depending on the distance fromthe origin. Furthermore, the variable ε̃R is de�ned as
ε̃R :=

1

R3
(B.4.39)for all R > 1 such that χ(1 − ε̃R) = 1. Thus

J̃2 = J̃3 + J̃4 + J̃5 + J̃6 + J̃7, (B.4.40)where
J̃3 :=

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ(ρ)
f`,j(ρn

′
0(φ),

√

1 − ρ2)

|ρn′
0(φ) − ν′| eikρRn

′
0(φ)·m′ ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ dφ,

J̃4 :=

1
∫

1−ε̃R

{ φ0+π
∫

φ0−π

f`,j(ρn
′
0(φ),

√

1 − ρ2)

[

χ(ρ)

|ρn′
0(φ) − ν′| −

1
√

(1 − ρ)2 + (φ− φ0)2

]

eikρRn
′
0(φ)·m′

dφ

ρ
√

1 − ρ2
eikRmz

√
1−ρ2

}

dρ, (B.4.41)
J̃5 :=

1
∫

1−ε̃R

φ0+π
∫

φ0−π

f`,j(ρn
′
0(φ),

√

1 − ρ2) − f`,j(ν
′, 0)

√

(1 − ρ)2 + (φ − φ0)2
eikρRn

′
0(φ)·m′

dφ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.42)

J̃6 := f`,j(ν
′, 0)

1
∫

1−ε̃R

φ0+π
∫

φ0−π

eik(ρ−1)Rn′
0(φ)·m′ − 1

√

(1 − ρ)2 + (φ− φ0)2
eikRn

′
0(φ)·m′

dφ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.43)

J̃7 := f`,j(ν
′, 0)

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1
√

(1 − ρ)2 + (φ− φ0)2
eikRn

′
0(φ)·m′

dφ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ. (B.4.44)For convenience the term n′

0(φ) will be shortly denoted by n′
0 for the remainder of this section.B.4.3.1 J̃3To show the asymptotic behaviour of J̃3, the term is integrated by parts w.r.t. ρ, such that with

χ(1 − ε̃R) = 1 and χ(|m′|) = 0,
J̃3 = − 1

ikRmz

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ(ρ)
f`,j(ρn

′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′

∂ρ

[

eikRmz
√

1−ρ2
]

dρ dφ

= − 1

ikRmz

φ0+π
∫

φ0−π

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R)

|(1 − ε̃R)n′
0 − ν′| eik(1−ε̃R)Rn′

0·m′
eikRmz

√
2ε̃R−ε̃2R dφ

+ J̃3.1 + J̃3.2 + J̃3.3 + J̃3.4, (B.4.45)
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J̃3.1 :=

1

ikRmz

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ′(ρ)
f`,j(ρn

′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′

eikRmz
√

1−ρ2 dρ dφ,

J̃3.2 :=
1

ikRmz

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ(ρ)

(

n′
0,− ρ√

1−ρ2

)>
· ∇~nf`,j(ρn

′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′

eikRmz
√

1−ρ2 dρ dφ,

J̃3.3 := − 1

ikRmz

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ(ρ)
f`,j(ρn

′
0,
√

1 − ρ2)n′
0 · (ρn′

0 − ν′)

|ρn′
0 − ν′|3

eikρRn
′
0·m′

eikRmz
√

1−ρ2 dρ dφ,

J̃3.4 :=
1

mz

φ0+π
∫

φ0−π

1−ε̃R
∫

|m′|

χ(ρ)
f`,j(ρn

′
0,
√

1 − ρ2)n′
0 ·m′

|ρn′
0 − ν′| eikρRn

′
0·m′

eikRmz
√

1−ρ2 dρ dφ.First consider J̃3.1. Note, that the derivative χ′(ρ) in J̃3.1 removes the singularity at (ρ, φ)> =
(1, φ0)

>, since suppχ′ ⊆ [|m′|, (1 + |m′|)/2], with |m′| < 1 (cf. beginnings of Sections B.4.1 and B.4.3).Thus, after switching the order of integration of J̃3.1, it is easily seen that, for any �xed ρ ∈ [|m′|, (|m′|+
1)/2], the integrand of the integral w.r.t. φ in

∣

∣

∣J̃3.1

∣

∣

∣ ≤ 1

kRmz

1−ε̃R
∫

|m′|

∣

∣

∣

∣

∣

∣

∣

φ0+π
∫

φ0−π

χ′(ρ)
f`,j(ρn

′
0,
√

1 − ρ2)

|ρn′
0 − ν′| eikρRn

′
0·m′

dφ

∣

∣

∣

∣

∣

∣

∣

dρis bounded for any �xed ρ in the bounded set [|m′|, (|m′| + 1)/2]. Since n′
0 ·m′ = |m′| cos(ψ0 − φ1),where n′

0(φ0) = ν′ and |m′|n′
0(φ1) = m′, Lemma B.3 with the occurring r set to zero and Lebesgue'stheorem now show that

J̃3.1 = o

(

1

R

)

. (B.4.46)To determine the asymptotic behaviour of J̃3.2 to J̃3.4 the coordinate system is changed to themodi�ed spherical system used for J̃1 in Section B.4.1. To be precise, the currently used system ofpolar coordinates (ρ, φ)> is returned to the Cartesian system n′ and afterwards the transformation,introduced in Section 4.2.3 (cf. (4.2.22) and (4.2.23)), leading to (B.4.4) in Section B.4.1 is applied.Taking into account that n′ = ρn′
0, ρ = |n′|, √1 − ρ2 = nrz and dφdρ = nrz(ψ, φ)/|n′(ψ, φ)| dψ dφ, thistransformation gives

J̃3.2 :=
1

ikRmz

2π
∫

0

1
∫

ψR(φ)

χ(|n′(ψ, φ)|)

(

n′(ψ,φ)
|n′(ψ,φ)|2 n

r
z(ψ, φ),−1

)>
· ∇~nf`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

∣

∣n′(ψ, φ) − ν′
∣

∣

eikRψ dψ dφ,(B.4.47)
J̃3.3 := − 1

ikRmz

2π
∫

0

1
∫

ψR(φ)

{

χ(|n′(ψ, φ)|)
f`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

∣

∣n′(ψ, φ)
∣

∣

2

n′(ψ, φ) ·
[

n′(ψ, φ) − ν′
]

nrz(ψ, φ)
∣

∣n′(ψ, φ) − ν′
∣

∣

3 eikRψ

}

dψ dφ, (B.4.48)
J̃3.4 :=

1

mz

2π
∫

0

1
∫

ψR(φ)

χ(|n′(ψ, φ)|)
f`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

n′(ψ, φ) ·m′ nrz(ψ, φ)
∣

∣n′(ψ, φ) − ν′
∣

∣

∣

∣n′(ψ, φ)
∣

∣

2 eikRψ dψ dφ, (B.4.49)
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∣

∣n′(ψR(φ), φ)
∣

∣ = 1 − ε̃R (B.4.50)for all φ ∈ [0, 2π]. Note that 0 /∈ suppχ, such that the term χ(|n′(ψ, φ)|)/|n′(ψ, φ)|2 in (B.4.47) to(B.4.49) does not introduce a singularity into the integrands. The term nrz(ψ, φ) on the other hand iszero at ψ = ψ(φ) := limR→∞ ψR(φ).To obtain the asymptotic behaviour of J̃3.2 to J̃3.4, consider the following lemma.Lemma B.4. Assuming any locally integrable function (ψ, φ) 7→ F (n′(ψ, φ)) eikRψ for ψ ∈ [ψ(φ), 1]and φ ∈ [0, 2π], where
∣

∣F
(

n′(ψ, φ)
)∣

∣ ≤ c
log
∣

∣n′(ψ, φ) − ν′
∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣at (ψ, φ) = (ψ(φ0), φ0) and φ0 is de�ned such that n′(ψ(φ0), φ0) = ν′. Then, with ψR(φ) de�ned asabove,
lim
R→∞

2π
∫

0

1
∫

ψR(φ)

F (n′(ψ, φ)) eikRψ dψ dφ = 0.Proof. The �rst step is to split the integral into two parts, i.e.
2π
∫

0

1
∫

ψR(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ =

2π
∫

0

1
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ−
2π
∫

0

ψR(φ)
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ.(B.4.51)To show that the �rst integral on the right-hand side tends to zero, the Riemann-Lebesgue lemma andLebesgue's theorem have to be applied. To do so, it has to be shown that
2π
∫

0

∣

∣

∣

∣

∣

∣

∣

1
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ

∣

∣

∣

∣

∣

∣

∣

dφ ≤
2π
∫

0

1
∫

ψ(φ)

∣

∣F
(

n′(ψ, φ)
)∣

∣ dψ dφ ≤ c

2π
∫

0

1
∫

ψ(φ)

∣

∣log |n′(ψ, φ) − ν′|
∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣

dψ dφis �nite. On the other hand, undoing the substitution (4.2.22) and returning to Cartesian coordinates
n′ leads to

2π
∫

0

1
∫

ψ(φ)

∣

∣log |n′(ψ, φ) − ν′|
∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣

dψ dφ =

∫

B2(1)

∣

∣log |n′ − ν′|
∣

∣

∣

∣n′ − ν′
∣

∣

1
√

1 − |n′|2
dn′,which is �nite according to Lemma 3.11. Thus, the Riemann-Lebesgue lemma implies

lim
R→∞

2π
∫

0

1
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ = 0.It is more involved to prove the same for the second integral on the right-hand side of (B.4.51).Similarly to the �rst integral, the integral is bounded from above and the substitution (4.2.22) is undone,i.e.
∣

∣

∣

∣

∣

∣

∣

2π
∫

0

ψR(φ)
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ

∣

∣

∣

∣

∣

∣

∣

≤
2π
∫

0

ψR(φ)
∫

ψ(φ)

∣

∣F
(

n′(ψ, φ)
)∣

∣ dψ dφ

≤ c

2π
∫

0

ψR(φ)
∫

ψ(φ)

∣

∣log
∣

∣n′(ψ, φ) − ν′
∣

∣

∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣

dψ dφ

= c

∫

DR

∣

∣log
∣

∣n′ − ν′
∣

∣

∣

∣

∣

∣n′ − ν′
∣

∣

1
√

1 − |n′|2
dn′, (B.4.52)



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.3 Re�ection direction not in singularity direction 181where ν′ ∈ DR ⊂ B2(1). Note that DR := {n′ = n′(ψ, φ) ∈ R2|φ ∈ [0, 2π] and ψ ∈ [ψ(φ), ψR(φ)]}is the annulus {n′ ∈ R2|1 − ε̃R ≤ |n′| ≤ 1}, since ψR(φ) is de�ned such that |n′(ψR(φ), φ)| = 1 − ε̃R(cf. (B.4.50)) and ψ(φ) such that |n′(ψ(φ), φ)| = 1. Naturally, DR tends to the zero set of the unit circleas R tends to in�nity (cf. (B.4.39)) and ν′ = n′(ψ(φ0), φ0) ∈ DR for any �xed R > 1, since |ν′| = 1.Next, it will be shown that the integral over DR tends to zero as R tends to in�nity. For this, the sameapproach as for the proof of Lemma 3.11 is used. First, however, the domain of integration DR is splitinto a small neighbourhood around the singularity n′ = ν′ and the rest. To be precise, as in the proofof Lemma 3.11, it is assumed w.l.o.g. that ν′ = (0, 1)> such that the small neighbourhood around thesingularity n′ = ν′ can be de�ned as all n′ ∈ DR with nx ∈ [−ε, ε] and ny > 0 for a small and �xed
ε > 0. Now, it is not hard to show that the complement of this neighbourhood w.r.t. DR is containedin the section of the annulus
{

n′=ρ

(

cos γ
sinγ

)

∈ R2
∣

∣

∣ ρ ∈ [1− ε̃R, 1] and γ ∈
[π

2
−γε,

π

2
+γε

] with sin γε=ε s.t. nx(1, π
2
±γε

)

=∓ε
}

.Thus, representing the integral over this annulus section in the polar coordinate system (ρ, γ) andde�ning n′
0 := n′

0(γ) := (cos γ, sin γ) gives (cf. (B.4.52))
∣

∣

∣

∣

∣

∣

∣

2π
∫

0

ψR(φ)
∫

ψ(φ)

F
(

n′(ψ, φ)
)

eikRψ dψ dφ

∣

∣

∣

∣

∣

∣

∣

≤ c

∫
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∣

∣log
∣

∣n′ − ν′
∣

∣

∣

∣

∣

∣n′ − ν′
∣

∣

1
√
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≤ c

ε
∫

−ε

√
1−n2

x
∫

√
(1−ε̃R)2−n2

x

∣

∣log
∣

∣n′ − ν′
∣

∣

∣

∣

∣

∣n′ − ν′
∣

∣

1
√

1 − |n′|2
dn′

+ c

(

π
2 −γε
∫

0

+

2π
∫

π
2 +γε

)

1
∫

1−ε̃R

∣

∣log
∣

∣ρn′
0 − ν′

∣

∣

∣

∣

∣

∣ρn′
0 − ν′

∣

∣

ρ
√

1 − ρ2
dρ dγ.Since |γ − π/2| ≥ γε > 0 and ν′ = n′

0(π/2), it is easily seen that | log |ρn′
0 − ν′||/|ρn′

0 − ν′| ≤ cε in thesecond integral on the right-hand side. Therefore,
(

π
2 −γε
∫

0

+

2π
∫

π
2 +γε

)

1
∫

1−ε̃R

∣

∣log
∣
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∣

∣

∣

∣

∣
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∣

∣
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√

1 − ρ2
dρ dγ ≤ 2πcε

1
∫

1−ε̃R

ρ
√

1 − ρ2
dρ = O

(

1

R
3
2

)such that
∣

∣

∣

∣

∣

∣

∣

2π
∫

0

ψR(φ)
∫
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F
(

n′(ψ, φ)
)

eikRψ dψ dφ
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∣

∣

∣
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∫
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∣
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∣
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∣

∣

∣

∣

∣
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∣

∣

1
√

1 − |n′|2
dn′ + O
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1

R
3
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≤ c

ε
∫

−ε

√
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R
−n2
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∫

√
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−n2

x

∣

∣log
∣
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∣

∣

∣

∣

∣
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∣

1
√

1 − |n′|2
dn′ + O

(

1

R
3
2

)

.Using (3.3.36), (3.3.37) and (3.3.38) from the proof of Lemma 3.11 with εx = ε and εy = ε̃R, it is easilyshown that
∣
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∣

∣

2π
∫
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ψR(φ)
∫
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eikRψ dψ dφ
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∣

∣
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∣
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∣

∣

∣
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∣
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1
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≤ c

1/R3
∫

0

(log ty)
2

√
ty

dty + c

1/R3
∫

0

1√
ty

dty +
c

ε
1
3

1/R3
∫
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1

t
5
6
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dty + O
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1
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3
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)

≤ c
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∫
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1
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+ 6

c

ε
1
3

1

R1/2
+ O

(

1

R
3
2

)

= O
(

1√
R

)

,proving the lemma. �For the integrand of J̃3.2 (cf. (B.4.47)) it is easily seen that the assumptions of Lemma B.4 aresatis�ed, since ∇~nf`,j(n
′, nz) has at most a logarithmic singularity, while the cut-o� function χ ensuresthat 1/|n′| ≥ 1/|m′| <∞, such that the integrand can be bounded by c| log |n′(ψ, φ)−ν′||/|n′(ψ, φ)−ν′|at n′ = ν′. The lemma thus shows that

J̃3.2 = o

(

1

R

)

. (B.4.53)In the following, the integrals J̃3.3 and J̃3.4 will be examined similarly to J̃3.2. For J̃3.3 (cf. B.4.48)it will be shown that the integrand satis�es the assumptions of Lemma B.4. Indeed, since f`,j is abounded function and the cut-o� function χ removes the singularity at |n′(ψ, φ)| = 0, it follows that
χ(|n′(ψ, φ)|) f`,j(n′(ψ, φ), nrz(ψ, φ))/|n′(ψ, φ)|2 is bounded. Moreover, since |ν′| = 1, |n′(ψ, φ)| ≤ 1 and
nrz(ψ, φ) = −

√
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∣

∣

∣
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∣
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∣

∣
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∣
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∣
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∣
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∣
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∣
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∣
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∣n′(ψ, φ)
∣

∣

2 = c <∞. (B.4.54)Hence the integrand of J̃3.3 is absolutely bounded from above by
c
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≤ c

∣

∣log |n′(ψ, φ) − ν′|
∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣

,for ψ ∈ [ψ(φ), 1] and φ ∈ [0, 2π], such that Lemma B.4 can be applied, giving
J̃3.3 = o

(

1

R

)

. (B.4.55)To consider the asymptotic behaviour of J̃3.4 (cf. (B.4.49)), the integral is split into
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∣
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2 eikRψ dψ dφ. (B.4.56)The asymptotic behaviour of the second integral on the right-hand side is easily proven, since theestimates done for J̃3.3 (e.g. (B.4.54)) show that the integrand is uniformly bounded for all ψ ∈ [ψ(φ), 1]and φ ∈ [0, 2π]. Moreover, by undoing the substitution (4.2.22) for this bound and introducing polar
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.Hence, (cf. (B.4.56))
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.Next, the remaining integral is integrated by parts w.r.t. ψ, leading to (cf. χ(|n′(1, φ)|) = 0 and
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. (B.4.57)To get the asymptotic behaviour of the second integral on the right-hand side, it is necessary to analysethe singular behaviour of the derivative, i.e. of
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184 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.3 Re�ection direction not in singularity directionHere χ(|n′(ψ, φ)|) and χ′(|n′(ψ, φ)|) cut o� the singularity of 1/|n′(ψ, φ)| at n′(ψ, φ) = (0, 0)> and of
∂ψ~n

r(ψ, φ) =

(

∂ψ n
′(ψ, φ)

∂ψn
r
z(ψ, φ)

)

=











sinα cosβ − (cosα cosβ cosφ− sinβ sinφ) ψ√
1−ψ2

sinα sinβ − (cosα sinβ cosφ+ cosβ sinφ) ψ√
1−ψ2

cosα+ sinα cosφ ψ√
1−ψ2









at ψ = 1. As stated before, the gradient of f`,j has at most a logarithmic singularity (cf. Lemma B.2).With this, it is not hard to show that
∣

∣

∣

∣

∣

∣

∂ψ



χ(|n′(ψ, φ)|)
f`,j

(

n′(ψ, φ), nrz(ψ, φ)
)

n′(ψ, φ) ·m′ nrz(ψ, φ)
∣

∣n′(ψ, φ) − ν′
∣

∣

∣

∣n′(ψ, φ)
∣

∣

2





∣

∣

∣

∣

∣

∣

≤ c

∣

∣log |n′(ψ, φ) − ν′|
∣

∣

∣

∣n′(ψ, φ) − ν′
∣

∣for all ψ ∈ [ψ(φ), 1] and φ ∈ [0, 2π]. Thus, by undoing the coordinate transformation (ψ, φ), it can beshown, very similar to the beginning of the proof of Lemma B.4, that the Riemann-Lebesgue lemmacan be applied to the second term on the right-hand side of (B.4.57). Hence, it is shown that the termdecays faster than 1/R as R tends to in�nity. It remains to examine
J̃3.4 = − 1

ikRmz

2π
∫

0

f`,j

(

n′(ψ(φ), φ), nrz(ψ(φ), φ)
)

n′(ψ(φ), φ) ·m′ nrz(ψ(φ), φ)
∣

∣n′(ψ(φ), φ) − ν′
∣

∣

eikRψ(φ) dφ+ o

(

1

R

)

.To determine the asymptotic behaviour of the remaining integral, the goal is to apply the Riemann-Lebesgue lemma once again. To realise this, the continuous function ψ(φ) (cf. (4.2.28) and Figure B.2)has to be substituted. Recall that ψ(φ) is strictly monotonic for φ ∈ [0, π] and φ ∈ [π, 2π] with therange [− sinα, sinα]. Thus (cf. (B.4.7))
J̃3.4 = − 1

ikRmz

sinα
∫

− sinα

f`,j

(

n′(ψ, φ(ψ)), nrz(ψ, φ(ψ))
)

n′(ψ, φ(ψ)) ·m′ nrz(ψ, φ(ψ))
∣

∣n′(ψ, φ(ψ)) − ν′
∣

∣

φ′(ψ) eikRψ dψ

+
1

ikRmz

sinα
∫

− sinα

{

f`,j

(

n′(ψ, 2π−φ(ψ)), nrz(ψ, 2π−φ(ψ))
)

n′(ψ, 2π−φ(ψ)) ·m′

nrz(ψ, 2π−φ(ψ))
∣

∣n′(ψ, 2π−φ(ψ)) − ν′
∣

∣

φ′(ψ) eikRψ

}

dψ + o

(

1

R

)

,since ψ(φ) = ψ(2π − φ) for φ ∈ [π, 2π] and where φ′(ψ) (cf. (B.4.21)) is weakly singular for φ = πand thus ψ = − sinα. Since f`,j and nrz(ψ, φ(ψ))/|n′(ψ, φ(ψ)) − ν′| (cf. (B.4.54)) are bounded, theRiemann-Lebesgue lemma directly gives that̃
J3.4 = o

(

1

R

)for R → ∞. In total (cf. (B.4.45), (B.4.46), (B.4.53) and (B.4.55))
J̃3 = − 1

ikRmz

φ0+π
∫

φ0−π

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R)

|(1 − ε̃R)n′
0 − ν′| eik(1−ε̃R)Rn′

0·m′
eikRmz

√
2ε̃R−ε̃2

R dφ+ o

(

1

R

) (B.4.58)for m′/|m′| 6= ν′B.4.3.2 J̃4The asymptotic behaviour of J̃4 (cf. (B.4.41)) is determined next. Note that using the fact that χ(ρ)is identically equal to one in a neighbourhood of ρn′
0 = ν′, it was already shown in Subsection B.3.1.1
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f`,j(ρn

′
0,
√

1 − ρ2)

{

χ(ρ)

|ρn′
0 − ν′| −

1
√

(1 − ρ)2 + (φ− φ0)2

}is �nite at ρn′
0 = ν′. Thus the integrand of J̃4 (cf. (B.4.41)) is uniformly bounded by a constant c forall ρ ∈ [1 − ε̃R, 1] and φ ∈ [φ0 − π, φ0 + π]. Furthermore, it was shown that locally (cf. (B.3.22))
∣

∣

∣

∣

∣

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

[

χ(ρ)

|ρn′
0 − ν′| −

1
√

(1 − ρ)2 + (φ− φ0)2

]]∣

∣

∣

∣

∣

≤ ρ
√

1 − ρ2

∣

∣

∣log
(
√

(1−ρ)2+(φ−φ0)2
)

∣

∣

∣+
c

√

(1−ρ)2+(φ−φ0)2
.After applying integration by parts w.r.t. ρ, this will be used to show that all occurring terms decayfaster than 1/R. Consider, (cf. (B.4.41) and χ(1 − ε̃R) = 1)

J̃4 = − 1

ikRmz

1
∫

1−ε̃R

{ φ0+π
∫

φ0−π

f`,j(ρn
′
0,
√

1 − ρ2)

[

χ(ρ)

|ρn′
0 − ν′| −

1
√

(1 − ρ)2 + (φ− φ0)2

]

eikρRn
′
0·m′

dφ

∂ρ

[

eikRmz
√

1−ρ2
]

}

dρ

= − 1

ikRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)

[

1

|n′
0 − ν′| −

1

|φ− φ0|

]

eikRn
′
0·m′

dφ

+
1

ikRmz

φ0+π
∫

φ0−π

{

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R)

[

1

|(1 − ε̃R)n′
0 − ν′| −

1
√

ε̃2R + (φ− φ0)2

]

eik(1−ε̃R)Rn′
0·m′

}

dφ eikRmz
√

2ε̃R−ε̃2
R

+
1

ikRmz

1
∫

1−ε̃R

{ φ0+π
∫

φ0−π

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2)

[

χ(ρ)

|ρn′
0 − ν′| −

1
√

(1 − ρ)2 + (φ − φ0)2

]]

eikρRn
′
0·m′

dφ

eikRmz
√

1−ρ2
}

dρ

+
1

mz

1
∫

1−ε̃R

{ φ0+π
∫

φ0−π

f`,j(ρn
′
0,
√

1 − ρ2)

[

χ(ρ)n′
0 ·m′

|ρn′
0 − ν′| − n′

0 ·m′
√

(1 − ρ)2 + (φ− φ0)2

]

eikρRn
′
0·m′

dφ

eikRmz
√

1−ρ2
}

dρ.In view of (B.3.18) and ε̃R = 1/R3 = o(1/R), and since ∫ φ0+π

φ0−π | log((1− ρ)2 +(φ−φ0)
2)| dφ is boundedby 2

∫ φ0+π

φ0−π | log |φ−φ0|| dφ for ρ ∈ [1− ε̃R, 1], it is easily seen that the sum of the absolute values of allintegrals on the right-hand side, except the second, are bounded by (cf. (B.3.36) and (B.4.39))
c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1
√

(1−ρ)2+(φ−φ0)2
dφdρ+

c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

∣

∣log
(

(1−ρ)2+(φ−φ0)
2
)∣

∣dφ
ρ

√

1 − ρ2
dρ

+ c
2π |m′|
mz

1
∫

1−ε̃R

1 dρ+ o

(

1

R

)
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≤ 2c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0

1
√

(1−ρ)2+(φ−φ0)2
dφdρ+

2c

kRmz

1
∫

1−ε̃R

ρ
√

1 − ρ2
dρ

φ0+π
∫

φ0−π

|log |φ−φ0|| dφ

+ o

(

1

R

)

=
2c

kRmz

1
∫

1−ε̃R

∣

∣

∣log
(

π +
√

(1 − ρ)2 + π2
)

− log(1 − ρ)
∣

∣

∣ dρ+
c3
R

√

2ε̃R + ε̃2R + o

(

1

R

)

≤ c2
R

1
∫

1−ε̃R

1 dρ+
2c

kRmz

1
∫

1−ε̃R

| log(1 − ρ)| dρ+ o

(

1

R

)

≤ 2c

kRmz

∣

∣−ε̃R + log ε̃R ε̃R
∣

∣+ o

(

1

R

)

= o

(

1

R

)

.In total,̃
J4 =

1

ikRmz

φ0+π
∫

φ0−π

{

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R)

[

1

|(1 − ε̃R)n′
0 − ν′| −

1
√

ε̃2R + (φ− φ0)2

]

eik(1−ε̃R)Rn′
0·m′

}

dφ eikRmz
√

2ε̃R−ε̃2R + o

(

1

R

)

. (B.4.59)B.4.3.3 J̃5To obtain the asymptotic behaviour of J̃5, recall that (cf. (B.4.42))
J̃5 = − 1

ikRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

f`,j(ρn
′
0,
√

1 − ρ2) − f`,j(ν
′, 0)

√

(1 − ρ)2 + (φ− φ0)2
eikρRn

′
0·m′

dφ∂ρ

[

eikRmz
√

1−ρ2
]

dρ.As for J̃4 the singular behaviour of the integrand was already examined in a previous section. It wasshown in Subsection B.3.1.2 that (cf. (B.3.31))
∣

∣

∣

∣

∣

f`,j(ρn
′
0,
√

1 − ρ2) − f`,j(ν
′, 0)

√

(1 − ρ)2 + (φ− φ0)2

∣

∣

∣

∣

∣

≤
∣

∣log
(

(1 − ρ)2 + (φ− φ0)
2
)∣

∣ (B.4.60)for any �xed ρ ∈ [1 − ε̃R, 1] and thus that the integrand of J̃5 is absolutely integrable. Moreover, thederivative w.r.t. ρ of the quotient is bounded by c| log((1−ρ)2+(φ−φ0)
2)|ρ/[

√

1−ρ2
√

(1−ρ)2+(φ−φ0)2](cf. (B.3.35)). Integration by parts w.r.t. ρ is used once more, and
J̃5 = − 1

ikRmz

φ0+π
∫

φ0−π

f`,j(n
′
0, 0) − f`,j(ν

′, 0)

|φ− φ0|
eikRn

′
0·m′

dφ

+
1

ikRmz

φ0+π
∫

φ0−π

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R) − f`,j(ν
′, 0)

√

ε̃2R + (φ − φ0)2
eik(1−ε̃R)Rn′

0·m′
dφ eikRmz

√
2ε̃R−ε̃2

R

+
1

ikRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

∂ρ

[

f`,j(ρn
′
0,
√

1 − ρ2) − f`,j(ν
′, 0)

√

(1 − ρ)2 + (φ− φ0)2

]

eikρRn
′
0·m′

dφ eikRmz
√

1−ρ2 dρ

+
1

mz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

(n′
0 ·m′)

f`,j(ρn
′
0,
√

1 − ρ2) − f`,j(ν
′, 0)

√

(1 − ρ)2 + (φ− φ0)2
eikρRn

′
0·m′

dφ eikRmz
√

1−ρ2 dρ.



APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.3 Re�ection direction not in singularity direction 187With the bounds of (B.4.60), the absolute value of J̃5 minus the second integral on the right-hand sidecan then be estimated as (cf. (B.3.34), (B.3.35) and (B.3.36))
c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

∣

∣log
(

(1−ρ)2+(φ−φ0)
2
)∣

∣

√

(1−ρ)2+(φ−φ0)2
dφ

ρ
√

1 − ρ2
dρ

+
c

mz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

∣

∣log
(

(1−ρ)2+(φ−φ0)
2
)∣

∣ dφdρ+ o

(

1

R

)

≤ c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1
√

(1−ρ)2+(φ−φ0)2
dφ |log(1 − ρ)| ρ

√

1 − ρ2
dρ

+
c

mz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1 dφ |log(1 − ρ)| dρ+ o

(

1

R

)

=
c

kRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

{

log
(

π +
√

(1−ρ)2+π2
)

+log(1−ρ)
}

|log(1 − ρ)| ρ
√

1 − ρ2
dρ

+
2π c

mz
ε̃R [1 − log ε̃R] + o

(

1

R

)

=
2c

kRmz

1
∫

1−ε̃R

[

log(1 − ρ)
]2 ρ
√

1 − ρ2
dρ+ o

(

1

R

)

,since | log(1 − ρ)| = − log(1 − ρ) for ρ ∈ [1 − ε̃R, 1] and R su�ciently large. Furthermore, substituting
u =

√

1 − ρ2,
1

R

1
∫

1−ε̃R

[

log(1 − ρ)
]2 ρ
√

1 − ρ2
dρ =

1

R

√
2ε̃R−ε̃2

R
∫

0

[

log
(

1 −
√

1 − u2
)

]2

du

≤ c2
R

√
2ε̃R−ε̃2

R
∫

0

[

log u
]2

du

≤ c2
R

√

2ε̃R − ε̃2R

∣

∣

∣

∣

∣

2 − 2 log
√

2ε̃R − ε̃2R +

[

log
√

2ε̃R − ε̃2R

]2
∣

∣

∣

∣

∣

= o

(

1

R

)such that
J̃5 =

1

ikRmz

φ0+π
∫

φ0−π

f`,j((1 − ε̃R)n′
0,
√

2ε̃R − ε̃2R) − f`,j(ν
′, 0)

√

ε̃2R + (φ − φ0)2
eik(1−ε̃R)Rn′

0·m′
dφ eikRmz

√
2ε̃R−ε̃2

R + o

(

1

R

)

.(B.4.61)B.4.3.4 J̃6Next, the asymptotic behaviour of J̃6 is derived. Recall that (cf. (B.4.43))
J̃6 = −f`,j(ν

′, 0)

ikRmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

eik(ρ−1)Rn′
0·m′ − 1

√

(1 − ρ)2 + (φ− φ0)2
eikRn

′
0·m′

dφ ∂ρ

[

eikRmz
√

1−ρ2
]

dρ.
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J̃6 =

f`,j(ν
′, 0)

ikRmz

φ0+π
∫

φ0−π

e−ikε̃RRn
′
0·m′ − 1

√

ε̃2R + (φ− φ0)2
eikRn

′
0·m′

dφ eikRmz
√

2ε̃R−ε̃2R

+
f`,j(ν

′, 0)

ikmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

{

ikn′
0 ·m′ eik(ρ−1)Rn′

0·m′

√

(1 − ρ)2 + (φ− φ0)2
(B.4.62)

−
(ρ− 1)

[

eik(ρ−1)Rn′
0·m′ − 1

]

R
√

(1 − ρ)2 + (φ− φ0)2
3

}

eikRn
′
0·m′

dφ eikRmz
√

1−ρ2 dρ,where it is easily shown that
∣

∣

∣

∣

∣

eik(1−ρ)Rn
′
0·m′ − 1

R
√

(1 − ρ)2 + (φ− φ0)2

∣

∣

∣

∣

∣is bounded uniformly for all ρ, φ and R, such that
∣

∣

∣

∣

∣

∣

ikn′
0 ·m′ eik(ρ−1)Rn′

0·m′

√

(1 − ρ)2 + (φ− φ0)2
−

(ρ− 1)
[

eik(1−ρ)Rn
′
0·m′ − 1

]

R
√

(1 − ρ)2 + (φ− φ0)2
3

∣

∣

∣

∣

∣

∣

≤ c
√

(1 − ρ)2 + (φ− φ0)2
.With this and keeping in mind that | log(1− ρ)| = − log(1 − ρ) for all ρ ∈ [1− ε̃R, 1] and R su�cientlylarge, the absolute value of the second integral on the right-hand side of (B.4.62) is bounded by(cf. (B.4.39))

c
|f`,j(ν′, 0)|

kmz

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1
√

(1 − ρ)2 + (φ− φ0)2
dφdρ

= 2c
|f`,j(ν′, 0)|

kmz

1
∫

1−ε̃R

φ0+π
∫

φ0

1
√

(1 − ρ)2 + (φ− φ0)2
dφdρ

= 2c
|f`,j(ν′, 0)|

kmz

1
∫

1−ε̃R

log
(

π +
√

(1 − ρ)2 + π2
)

− log(1 − ρ) dρ

≤ 2c
|f`,j(ν′, 0)|

kmz
log(2π)ε̃R − 2c

|f`,j(ν′, 0)|
kmz

1
∫

1−ε̃R

log(1 − ρ) dρ

= o

(

1

R

)

+ 2c
|f`,j(ν′, 0)|

kmz

[

1 − ε̃R log(ε̃R) − 1 + ε̃R

]

= o

(

1

R

)

.Therefore,̃
J6 =

f`,j(ν
′, 0)

ikRmz

φ0+π
∫

φ0−π

e−ikε̃RRn
′
0·m′ − 1

√

ε̃2R + (φ− φ0)2
eikRn

′
0·m′

dφ eikRmz
√

2ε̃R−ε̃2R + o

(

1

R

)

. (B.4.63)
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J̃7 = f`,j(ν

′, 0)

1
∫

1−ε̃R

φ0+π
∫

φ0−π

1
√

(1 − ρ)2 + (φ− φ0)2
eikRn

′
0·m′

dφ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ.The goal is to get an integral w.r.t. φ that can be evaluated explicitly. For this, the exponent n′

0 ·m′ =
|m′| cos(φ − φ1) has to be transformed to a linear function of φ and the domain of integration has tobe extended to R. To linearise the exponent, the Taylor expansion of cos(φ− φ1) at φ = φ0 is used.For sin(φ0 − φ1) 6= 0,

n′
0 ·m′ = |m′|cos(φ0−φ1)−|m′|sin(φ0−φ1) (φ−φ0)−|m′|sin(φ0−φ1)R1(φ−φ0) (φ−φ0)

2,where
R1(ψ) := − 1

sin(φ0 − φ1)

∞
∑

o=0

ao ψ
o

(o+ 2)!and ao := (−1)o/2+1 cos(φ0 − φ1) if o is even and ao := (−1)(o−1)/2 sin(φ0 − φ1) otherwise, such that
|ao| ≤ 1. Similarly, for sin(φ0 − φ1) = 0,

n′
0 ·m′= |m′|cos(φ0−φ1)−

|m′|
2

cos(φ0−φ1) (φ−φ0)
2+|m′|cos(φ0−φ1)R2

(

(φ−φ0)
2
)

(φ−φ0)
4,where

R2(ψ) :=

∞
∑

o=0

(−1)o
ψo

(2o+ 4)!
.Note that the case sin(φ0 − φ1) = 0 corresponds to either m′/|m′| = −ν′ or m′/|m′| = ν′, where thelatter was already examined in Section B.4.2, such that only the case of m′/|m′| = −ν′ remains to beanalysed. It is easily seen, that R1, R2 and their derivatives are continuous functions. De�ning theconstants a := −k|m′| sin(φ0 − φ1) and b := k|m′| cos(φ0 − φ1), and substituting ψ = φ− φ0 such that

kn′
0 ·m′ =

{

b+ aψ + aR1(ψ)ψ2, if sin(φ0 − φ1) 6= 0,

b− b
2 ψ

2 + bR2(ψ
2)ψ4, if sin(φ0 − φ1) = 0

, (B.4.64)the integral J̃7 can be split as
J̃7 = f`,j(ν

′, 0)
(

J̃1
7.1 − J̃1

7.2 + J̃1
7.3

)

eibR (B.4.65)for sin(φ0 − φ1) 6= 0. Here,
J̃1

7.1 :=

1
∫

1−ε̃R

π
∫

−π

eiaRR1(ψ)ψ2 − 1
√

(1 − ρ)2 + ψ2
eiaRψ dψ

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.66)

J̃1
7.2 :=

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1
√

(1 − ρ)2 + ψ2
eiaRψ dψ

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.67)

J̃1
7.3 :=

1
∫

1−ε̃R

∫

R

1
√

(1 − ρ)2 + ψ2
eiaRψ dψ

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ. (B.4.68)In the same way, for m′/|m′| = −ν′,

J̃7 = f`,j(ν
′, 0)

(

J̃2
7.1 − J̃2

7.2 + J̃2
7.3

)

eibR, (B.4.69)
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J̃2

7.1 :=

1
∫

1−ε̃R

π
∫

−π

eibRR2(ψ
2)ψ4 − 1

√

(1 − ρ)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.70)

J̃2
7.2 :=

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1
√

(1 − ρ)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ, (B.4.71)

J̃2
7.3 :=

1
∫

1−ε̃R

∫

R

1
√

(1 − ρ)2 + ψ2
e−i

b
2Rψ

2

dψ
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ. (B.4.72)Obviously, in this case, the exponent of e−i b2Rψ2 is not linear. This will be resolved in the correspondingsubsections by introducing an additional substitution of variable.B.4.3.5.1 J̃

1

7.1Again, to examine the asymptotic behaviour of J̃1
7.1 (cf. (B.4.66)), integration by parts w.r.t. ρ is used.For this, note that a c > 0 exists such that

(1 − ρ)

∣

∣

∣

∣

∣

eiaRR1(ψ)ψ2 − 1

R
√

(1 − ρ)2 + ψ2
3

∣

∣

∣

∣

∣

≤ 1 − ρ

1 − ρ

∣

∣

∣eiaRR1(ψ)ψ2 − 1
∣

∣

∣

Rψ2
≤ c <∞uniformly for all ρ ∈ [1 − ε̃R, 1], ψ ∈ [−π, π] and R ≥ 1. Hence, the absolute value of J̃1

7.1 minus theboundary term at the lower bound from integrating by parts w.r.t. ρ is bounded by (cf. (B.3.48) and(B.3.52))
1

kRmz

∣

∣

∣

∣

∣

∣

π
∫

−π

eiaRR1(ψ)ψ2 − 1

|ψ| eiaRψ dψ

∣

∣

∣

∣

∣

∣

+
1

kmz

∣

∣

∣

∣

∣

∣

1
∫

1−ε̃R

π
∫

−π

(1 − ρ)
eiaRR1(ψ)ψ2 − 1

R
√

(1 − ρ)2 + ψ2
3 e

iaRψ dψ eikRmz
√

1−ρ2 dρ

∣

∣

∣

∣

∣

∣

≤ 2π c

kmz

1
∫

1−ε̃R

1 dρ+ o

(

1

R

)

= o

(

1

R

)

,such that, undoing the substitution ψ = φ− φ0,
J̃1

7.1 =
1

ikRmz

φ0+π
∫

φ0−π

eiaRR1(φ−φ0) (φ−φ0)
2 − 1

√

ε̃2R + (φ− φ0)2
eiaR (φ−φ0) dφ eikRmz

√
2ε̃R−ε̃2

R + o

(

1

R

)

. (B.4.73)B.4.3.5.2 J̃
2

7.1Considering integral J̃2
7.1 (cf. (B.4.70)), similar to J̃1

7.1 it is not hard to shown that a constant 0 < c <∞exists such that
(1 − ρ)

eibRR2(ψ
2)ψ4 − 1

R
√

(1 − ρ)2 + ψ2
3 ≤ 1 − ρ

1 − ρ

eibRR2(ψ
2)ψ4 − 1

Rψ2
≤ c,for ρ ∈ [1 − ε̃R, 1] and ψ ∈ [−π, π]. With this, the asymptotic behaviour of J̃2

7.1 is easily estimated byintegrating by parts w.r.t. ρ, such that the absolute value of J̃2
7.1 minus the boundary term at the lower
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1

kRmz

∣

∣

∣

∣

∣

∣

π
∫

−π

eibRR2(ψ
2)ψ4 − 1

|ψ| e−i
b
2Rψ

2

dψ

∣

∣

∣

∣

∣

∣

+
1

kmz

∣

∣

∣

∣

∣

∣

1
∫

1−ε̃R

π
∫

−π

(1 − ρ)
eibRR2(ψ2)ψ4 − 1

R
√

(1 − ρ)2 + ψ2
3 e

−i b2Rψ
2

dψ eikRmz
√

1−ρ2 dρ

∣

∣

∣

∣

∣

∣

≤ 2π c

kmz

1
∫

1−ε̃R

1 dρ+ o

(

1

R

)

= o

(

1

R

)

,which, undoing the substitution ψ = φ− φ0, leads to
J̃2

7.1 =
1

ikRmz

φ0+π
∫

φ0−π

eibRR2((φ−φ0)
2) (φ−φ0)

4 − 1
√

ε̃2R + (φ− φ0)2
e−i

b
2R (φ−φ0)

2

dφ eikRmz
√

2ε̃R−ε̃2R + o

(

1

R

)

. (B.4.74)B.4.3.5.3 J̃
1

7.2Next, integral J̃1
7.2 (cf. (B.4.67)) is examined. Recall that

J̃1
7.2 = − 1

ikRmz

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1
√

(1 − ρ)2 + ψ2
eiaRψ dψ ∂ρ

[

eikRmz
√

1−ρ2
]

dρ.First, the integral w.r.t. ρ is integrated by parts, giving
J̃1

7.2 = − 1

ikRmz

( −π
∫

−∞

+

∞
∫

π

)

1

|ψ| e
iaRψ dψ

+
1

ikRmz

( −π
∫

−∞

+

∞
∫

π

)

1
√

ε̃2R + ψ2
eiaRψ dψ eikRmz

√
2ε̃R−ε̃2

R

+
1

ikRmz

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1 − ρ
√

(1 − ρ)2 + ψ2
3 e

iaRψ dψ eikRmz
√

1−ρ2 dρ,where, since 1 − ρ ≤ ε̃R

1

R

∣

∣

∣

∣

∣

∣

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1 − ρ
√

(1 − ρ)2 + ψ2
3 e

iaRψ dψ eikRmz
√

1−ρ2 dρ

∣

∣

∣

∣

∣

∣

≤ ε̃R
R

1
∫

1−ε̃R

( −π
∫

−∞

+

∞
∫

π

)

1

|ψ|3
dψ dρ

=
ε̃2R
π2R

= O
(

1

R5

)

= o

(

1

R

)

.(B.4.75)Hence, in view of (B.3.69) and undoing the substitution ψ = φ− φ0,
J̃1

7.2 =
1

ikRmz

( φ0−π
∫

−∞

+

∞
∫

φ0+π

)

1
√

ε̃2R + (φ − φ0)2
eiaR (φ−φ0) dφ eikRmz

√
2ε̃R−ε̃2

R + o

(

1

R

)

. (B.4.76)
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2

7.2The asymptotic behaviour of J̃2
7.2 (cf. (B.4.71)) is just as easily shown. Integration by parts w.r.t. ρgives

J̃2
7.2 = − 2

ikRmz

1
∫

1−ε̃R

∞
∫

π

1
√

(1 − ρ)2 + ψ2
e−i

b
2Rψ

2

dψ ∂ρ

[

eikRmz
√

1−ρ2
]

dρ

= − 2

ikRmz

∞
∫

π

1

|ψ| e
−i b2Rψ

2

dψ

+
2

ikRmz

∞
∫

π

1
√

ε̃2R + ψ2
e−i

b
2Rψ

2

dψ eikRmz
√

2ε̃R−ε̃2
R

+
2

ikRmz

1
∫

1−ε̃R

∞
∫

π

1 − ρ
√

(1 − ρ)2 + ψ2
3 e

−i b2Rψ
2

dψ eikRmz
√

1−ρ2 dρ,where the last integral on the right hand side can be estimated the same as for J̃1
7.2 (cf. (B.4.75)).Furthermore, (B.3.84) can be used to estimate the �rst integral on the right-hand side such that,undoing the substitution ψ = φ− φ0,

J̃2
7.2 =

1

ikRmz

( φ0−π
∫

−∞

+

∞
∫

φ0+π

)

1
√

ε̃2R + (φ− φ0)2
e−i

b
2R (φ−φ0)

2

dφ eikRmz
√

2ε̃R−ε̃2
R + o

(

1

R

)

. (B.4.77)B.4.3.5.5 J̃
1

7.3Finally the asymptotic behaviour of J̃1
7.3 (cf. (B.4.68)) is determined. Recall that

J̃1
7.3 =

1
∫

1−ε̃R

∫

R

1
√

(1 − ρ)2 + ψ2
eiaRψ dψ

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ.The integral w.r.t. ψ can be evaluated in the sense of a Fourier transform (cf. (B.3.71)). Furthermore,the resulting integral

J̃1
7.3 = 2

1
∫

1−ε̃R

K0(|a|R(1 − ρ))
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρis split into the two integrals

J̃1
7.3 = I1

1 + I1
2 , (B.4.78)where

I1
1 := 2

1
∫

1−ε̃R

[

K0(|a|R(1 − ρ)) + log

( |a|
2
R(1 − ρ)

)

+ γ̃

]

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ,

I1
2 := −2

1
∫

1−ε̃R

[

log

( |a|
2
R(1 − ρ)

)

+ γ̃

]

ρ
√

1 − ρ2
eikRmz

√
1−ρ2 dρ
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1 is evaluated using integration by parts.Given (B.3.73),

I1
1 = − 2

ikRmz

1
∫

1−ε̃R

[

K0(|a|R(1 − ρ)) + log

( |a|
2
R(1 − ρ)

)

+ γ̃

]

∂ρ

[

eikRmz
√

1−ρ2
]

dρ

=
2

ikRmz

[

K0(|a|Rε̃R) + log

( |a|
2
Rε̃R

)

+ γ̃

]

eikRmz
√

2ε̃R−ε̃2
R

− 2|a|
ikmz

1
∫

1−ε̃R

[

−K1(|a|R(1 − ρ)) +
1

|a|R(1 − ρ)

]

eikRmz
√

1−ρ2 dρ,where (cf. [1, Eqns. 9.6.10 and 9.6.11, p. 119]) |K1(|a|R(1−ρ))−1/(|a|R(1−ρ))| < c for all ρ ∈ [1− ε̃R, 1]and R ≥ 1, which leads to
I1
1 =

2

ikRmz

[

K0(|a|Rε̃R) + log

( |a|
2
Rε̃R

)

+ γ̃

]

eikRmz
√

2ε̃R−ε̃2
R + O (ε̃R). (B.4.79)Consider I1

2 and substitute u =
√

1 − ρ2

I1
2 =

2

ikRmz

[

log

( |a|
2
R

)

+ γ̃

]

1
∫

1−ε̃R

∂ρ

[

eikRmz
√

1−ρ2
]

dρ− 2

1
∫

1−ε̃R

log(1 − ρ)
ρ

√

1 − ρ2
eikRmz

√
1−ρ2 dρ

= 2
log
(

|a|
2 R
)

+ γ̃

ikRmz

[

1 − eikRmz
√

2ε̃R−ε̃2
R

]

− 2

√
2ε̃R−ε̃2

R
∫

0

log
(

1 −
√

1 − u2
)

eikRmzu du. (B.4.80)To evaluate the remaining integral, �rst note that employing [32, Eqn. 106, p. 27 and 82] and [1,Eqns. 5.2.8, 5.2.9, 5.2.34 and 5.2.35, p. 60 and 61] gives
1
∫

0

log x eicRx dx =
[

γ̃ + log(cR) − Ci(cR) − i Si(cR)
] 1

icR

=
[

γ̃ + log(cR) − i
π

2

] 1

icR
+ o

(

1

R

)

. (B.4.81)Moreover, it is used that
lim
u→0

[

log
(

1 −
√

1 − u2
)

− 2 log u
]

= lim
u→0

log

(

1 −
√

1 − u2

u2

)

= lim
u→0

log

(

1

1 +
√

1 − u2

)

= − log 2.With this, (B.4.81), de�ning dR :=
√

2ε̃R − ε̃2R = O(1/R) and using integration by parts for theremaining integral on the right-hand side of (B.4.80), it follows that
dR
∫

0

log
(

1 −
√

1 − u2
)

eikRmzu du

=

dR
∫

0

[

log
(

1 −
√

1 − u2
)

− 2 log u
]

eikRmzu du+ 2

dR
∫

0

log u eikRmzu du

=
log ε̃R − 2 log(dR)

ikRmz
eikRmzdR +

log 2

ikRmz
− 1

ikRmz

dR
∫

0

∂u

[

log
(

1 −
√

1 − u2
)

− 2 log u
]

eikRmzu du

+ 2 log(dR) dR

1
∫

0

eikRmzdRu du+ 2dR

1
∫

0

log u eikRmzdRu du
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=

log ε̃R − 2 log(dR)

ikRmz
eikRmzdR +

log 2

ikRmz
− 1

ikRmz

dR
∫

0

1√
1 − u2

u

1 +
√

1 − u2
eikRmzu du

+ 2
log(dR) dR
ikRmzdR

[

eikRmzdR − 1
]

+ 2
dR

ikRmzdR

[

γ̃ + log(kRmzdR) − i
π

2

]

+ o

(

1

R

)

=
log ε̃R
ikRmz

eikRmzdR +
log 2

ikRmz
+ 2

γ̃ + log(kRmz) − iπ2
ikRmz

+ o

(

1

R

)

. (B.4.82)Hence,
I1
2 = 2

log
(

|a|
2 R
)

−γ̃
ikRmz

− 2
log
(

|a|
2 Rε̃R

)

+γ̃

ikRmz
eikRmz

√
2ε̃R−ε̃2

R − 2
log 2

ikRmz
− 4

log(kRmz) − iπ2
ikRmz

+ o

(

1

R

)

,and (cf. (B.4.78) and (B.4.79))
J̃1

7.3 =
2

ikRmz
K0(|a|Rε̃R) eikRmz

√
2ε̃R−ε̃2

R + 2
log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃ + iπ

ikRmz
+ o

(

1

R

)

,where (cf. (B.3.71))
2K0(|a|Rε̃R) =

∫

R

1
√

ε̃2R + (φ− φ0)2
eiaR (φ−φ0) dφ.In total, (cf. (B.4.65), (B.4.64) (B.4.73) and (B.4.76))

J̃7 =
f`,j(ν

′, 0)

ikRmz

{ φ0+π
∫

φ0−π

eiR[b+a (φ−φ0)+R1(φ−φ0) (φ−φ0)
2] − eiR[b+a (φ−φ0)]

√

ε̃2R + (φ− φ0)2
dφ

−
( φ0−π
∫

−∞

+

∞
∫

φ0+π

)

eiR[b+a (φ−φ0)]

√

ε̃2R+(φ−φ0)2
dφ+

∫

R

eiR[b+a (φ−φ0)]

√

ε̃2R+(φ−φ0)2
dφ

}

eikRmz
√

2ε̃R−ε̃2R

+ 2f`,j(ν
′, 0)

log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃ + iπ

ikRmz
eibR + o

(

1

R

)

=
f`,j(ν

′, 0)

ikRmz

φ0+π
∫

φ0−π

1
√

ε̃2R + (φ− φ0)2
eikRn

′
0·m′

dφ eikRmz
√

2ε̃R−ε̃2R

+ 2f`,j(ν
′, 0)

log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃ + iπ

ikRmz
eibR + o

(

1

R

)

.Thus (cf. (B.4.2), (B.4.5), (B.4.40), (B.4.58), (B.4.59), (B.4.61), (B.4.63) and a = k|m′| sin(φ0 − φ1))
J1 =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + 2f`,j(ν
′, 0)

log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃ + iπ

ikRmz
eibR + o

(

1

R

)for sin(φ0 − φ1) 6= 0. Finally, (cf. (B.2.4) and (B.3.79))
J =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + 2f`,j(ν
′, 0)

log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃ + iπ

ikRmz
eibR

− 2f`,j(ν
′, 0)

log |a| − 2 log 2 − logR− 2 log(kmz) − γ̃

ikRmz
eibR + o

(

1

R

)

=
2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + f`,j(ν
′, 0)

2π

kRmz
eikR ν

′·m′
+ o

(

1

R

) (B.4.83)for m′/|m′| 6= ±ν′, since b = k|m′| cos(φ0 − φ1) = k ν′ ·m′.
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2

7.3Only the asymptotic behaviour of J̃2
7.3 (cf. (B.4.72)) is left to be derived. Recall that
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( |b|
8
R(ρ− 1)2

)

+ i
π

2
sgn(b)J0

( |b|
4
R(ρ− 1)2

)}

ei
b
4R(ρ−1)2 ∂ρ
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1−ρ2 dρ.To determine the asymptotic behaviour of I2

1 , the integral w.r.t. ρ is integrated by parts, and (cf. (B.3.88)and [1, Eqn. 9.1.28, p. 105])
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− |b|
i2kmz

1
∫

1−ε̃R

[
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π
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[
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{
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dρ.In view of [1, Eqns. 9.1.10 and 9.1.11, p. 104 with Eqn. 6.3.2, p. 79] for Rε̃2R = 1/R5 → 0 as R → ∞, it iseasily seen that the integrands of the remaining two integrals are uniformly bounded w.r.t. ρ ∈ [1− ε̃R, 1]and R > 1. These two integrals, thus, decay at least as fast as their area of integration, which decreaseswith the order O(ε̃R) = O(1/R3) = o(1/R). Consequently, (cf. (B.3.88))
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. (B.4.85)
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2 . The �rst step is to split theintegral further to obtain
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1−ρ2 dρ, (B.4.86)where, by integration by parts and since O(ε̃R) = o(1/R),
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(
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−
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(
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(
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(
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.Furthermore, integrating the second integral on the right-hand side of (B.4.86) by parts as well, gives(cf. (B.3.93))
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,since the estimates in (B.3.94) also hold for ρ ∈ [1 − ε̃R, 1]. Now only the asymptotic behaviour of thethird integral on the right-hand side of (B.4.86) remains to be determined. Here,√1 − ρ2 is substitutedby u, which leads to (cf. (B.4.82))
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.Therefore, (cf. (B.4.2), (B.4.5), (B.4.40), (B.4.58), (B.4.59), (B.4.61), (B.4.63) and b = k|m′| cos(φ0−φ1)and log | cos(φ0 − φ1)| = log 1 = 0)
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) (B.4.87)for m′/|m′| = −ν′, since |m′| cos(φ0 − φ1) = ν′ ·m′.



198 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.4 Normal re�ectionB.4.4 Normal re�ectionTo show the asymptotic behaviour of J1 in the case that the far-�eld is evaluated in 'normal' direction,i.e. orthogonal to the x-y-plane (m′ = (0, 0)>), the same substitution into spherical coordinates (ψ, φ)>w.r.t. ~m, that was introduced at the beginning of Section 4.2.3 (cf. (4.2.22) and (4.2.23)), is used. For
m′ = (0, 0)>, or equivalently α = 0, it follows that ψ0 = 0 since cos θ(φ) ≡ 0 (cf. (4.2.28)). Thus, byapplying Fubini's theorem, (cf. (B.4.1))
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|n′(ψ, φ) − ν′| dφ eikRψ dψ. (B.4.88)Moreover, assuming φ0 is de�ned such that n′(0, φ0) = ν′, it is easily shown that (cf. 4.2.22)
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1 − ψ2 cos(φ− φ0), (B.4.89)which is an element of C∞ w.r.t. ψ ∈ (−1, 1) and φ ∈ [φ0 −π, φ0 +π). The corresponding Taylor-seriesexpansion is
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) of the higher order terms is easily seen, since G(ψ, φ) (cf. (B.4.89))is an even function w.r.t. ψ = 0 and φ = φ0, such that only even terms can appear in the Taylorexpansion. Motivated by the Taylor expansion of G, integral J1 is split into
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dφ eikRψdψ,since n′(ψ, φ) reduces to the constant m′ for ψ = 1. It is easy to see that the �rst integral on theright-hand side exists, since the integrand is bounded for every φ ∈ [φ0 − π, φ0 + π]. For the remainingtwo integrals, the Riemann-Lebesgue lemma is once again to be applied to show that they tend to zeroas R tends to in�nity. To apply the Riemann-Lebesgue lemma, it remains to be shown that
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G(ψ, φ) andusing the series expansion (B.4.90)
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= 0. (B.4.98)The same can be done for γ = 0, π by extending the Taylor expansion of G to sixth-order polynomials.It can easily be shown that ∂5
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cos(φ− φ0) = 90is �nite, which shows that the limit in (B.4.98) is uniformly bounded for γ ∈ [0, 2π]. Consequently,Lemma 4.4 proves that the di�erence of quotients in (B.4.98) is absolutely bounded in a neighbourhood
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> such that (B.4.95) is uniformly bounded for all φ ∈ [0, 2π]. Hence, the integrandof the second integral on the right-hand side of (B.4.94) is bounded and thus absolutely integrable for

φ ∈ [φ0 − π, φ0 + π]. Now examine (B.4.96), keeping in mind that ~n(ψ, φ) = (n′(ψ, φ), nz(ψ, φ))>,
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|ψ|2 + |φ− φ0|2
)2
)}2

[

(φ − φ0)
2+ψ4/4

]3

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3

+ ψ3
√

G(ψ, φ)
3
}

−
ψ6
[

(φ− φ0)
2 + 1

4 ψ
4 − 1

2 ψ
2 (φ− φ0)

2 − 1
12 (φ− φ0)

4 + O
(

(

|ψ|2 + |φ− φ0|2
)3
)]3

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3
+ ψ3

√

G(ψ, φ)
3
}

=
2ψ3

{

−ψ (φ− φ0)
2 + O

(

|ψ|
(

|ψ|2 + |φ− φ0|2
)2
)}

[

(φ− φ0)
2+ψ4/4

]3

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3

+ ψ3
√

G(ψ, φ)
3
}

+

{

−ψ (φ− φ0)
2 + O

(

|ψ|
(

|ψ|2 + |φ− φ0|2
)2
)}2

[

(φ− φ0)
2+ψ4/4

]3

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3

+ ψ3
√

G(ψ, φ)
3
}

−
3ψ6

[

(φ− φ0)
2 + 1

4 ψ
4
]2
[

− 1
2 ψ

2 (φ− φ0)
2 − 1

12 (φ − φ0)
4 + O

(

(

|ψ|2 + |φ− φ0|2
)3
)]

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3

+ ψ3
√

G(ψ, φ)
3
}
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−

3ψ6
[

(φ− φ0)
2 + 1

4 ψ
4
]

[

− 1
2 ψ

2 (φ− φ0)
2 − 1

12 (φ− φ0)
4 + O

(

(

|ψ|2 + |φ− φ0|2
)3
)]2

√

G(ψ, φ)
3 [

(φ − φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ − φ0)2+ψ4/4
3

+ ψ3
√

G(ψ, φ)
3
}

−
ψ6
[

− 1
2 ψ

2 (φ − φ0)
2 − 1

12 (φ − φ0)
4 + O

(

(

|ψ|2 + |φ− φ0|2
)3
)]3

√

G(ψ, φ)
3 [

(φ− φ0)2+ψ4/4
]

{

∂ψG(ψ, φ)
√

(φ− φ0)2+ψ4/4
3
+ ψ3

√

G(ψ, φ)
3
}and, using the substitution (ψ, φ − φ0)

> = r (cos γ, sinγ) as before, it can be shown that, for γ 6= 0, π,
lim
r→0

[

∂ψG(ψ, φ)

|n′(ψ, φ)−ν′|3
− ψ3

√

(φ− φ0)2+ψ4/4
3

]

√

(φ− φ0)2+ψ4/4 = 0.Similarly, it can be shown that, for γ = 0, π,
lim
r→0

[

∂ψG(ψ, φ)

|n′(ψ, φ)−ν′|3
− ψ3

√

(φ− φ0)2+ψ4/4
3

]

√

(φ− φ0)2+ψ4/4 <∞by once more extending the Taylor expansions of G and ∂ψG by one order. Indeed, as mentioned before,
∂5
ψG(0, φ0) = 0 and |∂6

ψG(0, φ0)| <∞. Lemma 4.4 thus proves that
[

∂ψG(ψ, φ)

|n′(ψ, φ)−ν′|3
− ψ3

√

(φ− φ0)2+ψ4/4
3

]

√

(φ− φ0)2+ψ4/4is uniformly bounded in a neighbourhood of (ψ, φ) = (ψ0, φ0). It follows that
∂ψG(ψ, φ)

|n′(ψ, φ)−ν′|3
− ψ3

√

(φ − φ0)2+ψ4/4
3 ∼ 1

√

(φ− φ0)2+ψ4/4for (ψ, φ)> → (0, φ0)
>, which shows that the third integral on the right-hand side of (B.4.94) is abso-lutely integrable w.r.t. ψ (cf. (B.4.99)). Knowing this, the Riemann-Lebesgue lemma can be applied,leading to

J̃0
1 =

1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1)

[

1

|m′ − ν′| −
1

√

(φ− φ0)2 + 1/4

]

dφ eikR

− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)

[

1

|n′(0, φ) − ν′| −
1

|φ− φ0|

]

dφ+ o

(

1

R

)

. (B.4.100)To examine J̃0
2 , recall that (cf. (B.4.92))
J̃0

2 =

1
∫

0

φ0+π
∫

φ0−π

f`,j(n
′(ψ, φ),

√

1 − n′(ψ, φ)2) − f(ν′, 0)
√

(φ− φ0)2 + ψ4/4
dφ eikRψ dψ.Applying integration by parts w.r.t. ψ to this integral leads to

J̃0
2 =

1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1) − f`,j(ν

′, 0)
√

(φ− φ0)2 + 1/4
dφ eikR − 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0) − f`,j(ν

′, 0)

|φ− φ0|
dφ (B.4.101)

− 1

ikR

1
∫

0

φ0+π
∫

φ0−π

∂ψ

[

f`,j(n
′(ψ, φ),

√

1 − n′(ψ, φ)2) − f(ν′, 0)
√

(φ− φ0)2 + ψ4/4

]

dφ eikRψ dψ.



202 APPENDIX B. ASYMPTOTICS FOR SINGULARITIES ON THE UNIT CIRCLEB.4.4 Normal re�ectionIt is not hard to show that the �rst integral is �nite, since no singularities occur. The second integralis also well de�ned, since L'Hôpital's rule shows that the quotient behaves like ∂φ[f`,j(n′(0, φ), 0)] in aneighbourhood of φ = φ0, which is at most logarithmically singular. To be precise,
∂φ[f`,j(n

′(0, φ), 0)] = ∂φn
′(0, φ) · ∇n′f`,j(n

′(0, φ), 0),where Lemma B.2 shows that ∇n′f`,j(n
′(0, φ), 0) has at most a logarithmic singularity. Moreover, it iseasily seen that ∂φn′(0, φ) (cf. (4.2.22)) is bounded in a neighbourhood of φ = 0. To show the absoluteintegrability of the third integral, consider

∂ψ

[

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)
√

(φ− φ0)2 + ψ4/4

]

=
∂ψ~n(ψ, φ) · ∇~nf`,j(n′(ψ, φ), nz(ψ, φ))

√

(φ− φ0)2 + ψ4/4

− 1

2

ψ3
[

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)

]

√

(φ− φ0)2 + ψ4/4
3 . (B.4.102)Since the numerator of the �rst quotient on the right-hand side of (B.4.102) has at most a logarithmicsingularity at (ψ, φ)> = (0, φ0)

>, the quotient is absolutely integrable. It remains to show that
ψ3
[

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)

]

(φ − φ0)2 + ψ4/4is at most logarithmically singular to prove that (B.4.102) is absolutely integrable. Consider
∣

∣

∣

∣

∣

ψ3
[

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)

]

(φ− φ0)2 + ψ4/4

∣

∣

∣

∣

∣

=
ψ3

√

(φ− φ0)2 + ψ4/4

|f`,j(n′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)|
√

(φ− φ0)2 + ψ4/4

≤ c ψ

∣

∣

∣

∣

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)

φ− φ0

∣

∣

∣

∣

,where applying L'Hôpital's rule shows that, for any �xed ψ ∈ [0, 1], the remaining quotient behaveslike ∂φ[f`,j(n′(ψ, φ), nz(ψ, φ))] in a neighbourhood of φ = φ0. This, however, is at most logarithmicallysingular, as mentioned above. It follows that (cf. (B.4.102))
∣

∣

∣

∣

∣

∂ψ

[

f`,j(n
′(ψ, φ), nz(ψ, φ)) − f(ν′, 0)
√

(φ − φ0)2 + ψ4/4

]∣

∣

∣

∣

∣

≤ c

∣

∣log
(

(φ − φ0)
2 + ψ4/4

)∣

∣

√

(φ− φ0)2 + ψ4/4
(B.4.103)is weakly singular and thus absolutely integrable, if �rst integrated w.r.t φ and then w.r.t. ψ. To beprecise,

1
∫

0

φ0+π
∫

φ0−π

∣

∣log
(

(φ − φ0)
2 + ψ4/4

)∣

∣

√

(φ − φ0)2 + ψ4/4
dφdψ ≤

1
∫

0

∣

∣log(ψ4/4)
∣

∣

φ0+π
∫

φ0−π

1
√

(φ− φ0)2 + ψ4/4
dφdψ

= 2

1
∫

0

∣

∣log(ψ4/4)
∣

∣

[

log
(

π +
√

π2 + ψ4/4
)

− log(ψ4/4)
]

dψ,which is obviously �nite. Finally, applying the Riemann-Lebesgue lemma to the third integral on theright-hand side of (B.4.101) leads to
J̃0

2 =
1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1)−f`,j(ν′, 0)

√

(φ − φ0)2 + 1/4
dφ eikR− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)−f(ν′, 0)

|φ− φ0|
dφ+o

(

1

R

)

. (B.4.104)At last, (cf. (B.4.93) and (B.3.36))
J̃0

3 =

1
∫

0

φ0+π
∫

φ0−π

1
√

(φ − φ0)2 + ψ4/4
dφ eikRψ dψ
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= 2

1
∫

0

log
(

2π + 2
√

π2 + ψ4/4
)

eikRψ dψ − 4

1
∫

0

logψ eikRψ dψ.Employing integration by parts to the �rst of these two integrals leads to
2

1
∫

0

log
(

2π + 2
√

π2 + ψ4/4
)

eikRψ dψ = 2 log
(

2π + 2
√

π2 + 1/4
) eikRψ

ikR
− 2 log(4π)

1

ikR

− 2

ikR

1
∫

0

∂ψ

[

log
(

2π + 2
√

π2 + ψ4/4
)]

eikRψ dψ.It is easily seen that
∂ψ

[

log
(

2π + 2
√

π2 + ψ4/4
)]

=
ψ3

√

π2 + ψ4/4
(

2π + 2
√

π2 + ψ4/4
)is absolutely integrable w.r.t. ψ ∈ [0, 1]. Hence, with the Riemann-Lebesgue lemma, there holds

J̃0
3 = 2 log

(

2π + 2
√

π2 + 1/4
) eikRψ

ikR
− 2 log(4π)

1

ikR
− 4

1
∫

0

logψ eikRψ dψ + o

(

1

R

)

.Using (B.4.81) then gives
J̃0

3 = 2 log
(

2π + 2
√

π2 + 1/4
) eikRψ

ikR
− 2 log(4π)

1

ikR
− 4

[

γ̃ + log(kR) − i
π

2

] 1

ikR
+ o

(

1

R

)

.(B.4.105)Finally, all the terms for α = 0 can be added up, (cf. (B.4.91))
J1 = J̃0

1 + J̃0
2 + f`,j(ν

′, 0) J̃0
3 .Therefore, using that

φ0+π
∫

φ0−π

1
√

(φ− φ0)2 + 1/4
dφ = 2 log

(

2π + 2
√

π2 + 1/4
)and that m′ is a constant independent of φ such that

1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1)

1

|m′ − ν′| dφ eikR = 2π
f`,j(m

′, 1)

|m′ − ν′|
eikR

ikR
,it follows that (cf. (B.4.100), (B.4.104) and (B.4.105))

J1 =
1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1)

[

1

|m′ − ν′| −
1

√

(φ− φ0)2 + 1/4

]

dφ eikR

+
1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1) − f`,j(ν

′, 0)
√

(φ− φ0)2 + 1/4
dφ eikR + 2f`,j(ν

′, 0) log
(

2π + 2
√

π2 + 1/4
) eikRψ

ikR

− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)

[

1

|n′(0, φ) − ν′| −
1

|φ− φ0|

]

dφ− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)−f(ν′, 0)

|φ− φ0|
dφ

− 2 log(4π)
f`,j(ν

′, 0)

ikR
− 4f`,j(ν

′, 0)
[

γ̃ + log(kR) − i
π

2

] 1

ikR
+ o

(

1

R

)
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=

1

ikR

φ0+π
∫

φ0−π

f`,j(m
′, 1)

1

|m′ − ν′| dφ eikR

− f`,j(ν
′, 0)

φ0+π
∫

φ0−π

1
√

(φ − φ0)2 + 1/4
dφ

eikR

ikR
+ 2f`,j(ν

′, 0) log
(

2π + 2
√

π2 + 1/4
) eikRψ

ikR

− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)

[

1

|n′(0, φ) − ν′| −
1

|φ− φ0|

]

dφ− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)−f(ν′, 0)

|φ− φ0|
dφ

+ f`,j(ν
′, 0)

2π

kR
− 2f`,j(ν

′, 0)
[

2γ̃ + 2 log(kR) + log(4π)
] 1

ikR
+ o

(

1

R

)

= 2π
f`,j(m

′, 1)

|m′ − ν′|
eikR

ikR
+ f`,j(ν

′, 0)
2π

kR

− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)

[

1

|n′(0, φ) − ν′| −
1

|φ− φ0|

]

dφ− 1

ikR

φ0+π
∫

φ0−π

f`,j(n
′(0, φ), 0)−f(ν′, 0)

|φ− φ0|
dφ,

− 2f`,j(ν
′, 0)

[

2γ̃ + 2 log(kR) + log(4π)
] 1

ikR
+ o

(

1

R

)

. (B.4.106)Note that (cf. (4.2.22) with α = 0)
n′(0, φ) =

(

cosβ cosφ− sinβ sinφ
sinβ cosφ+ cosβ sinφ

)

=

(

cos(β + φ)
sin(β + φ)

)

,where φ is measured starting not at zero degrees but at β. Thus, β+φ is equal to a φ̃ in standard polarcoordinates, which shows that n′(0, φ) is equal to the n′
0 (cf. substitution in (4.2.9)) used in (B.3.104).With this, it is easily shown that most of the terms on the right-hands side of (B.4.106) will vanishwhen J1 is added to J2 (cf. (B.3.104)) for α = 0 or equivalently m′ = (0, 0)>. To be precise,

J2 =
1

ikR

φ0+π
∫

φ0−π

f`,j(n
′
0, 0)

[

1

|n′
0 − ν′| −

1

|φ− φ0|

]

dφ+
1

ikR

φ0+π
∫

φ0−π

f`,j(n
′
0, 0) − f`,j(ν

′, 0)

|φ− φ0|
dφ

+ 2f`,j(ν
′, 0)

(

2γ̃ + 2 log(kR) + log(4π)
) 1

ikR
+ o

(

1

R

)

,such that (cf. (B.2.4) and (B.4.106))
J = J1 + J2 = 2π

f`,j(m
′, 1)

|m′ − ν′|
eikR

ikR
+ f`,j(ν

′, 0)
2π

kR
+ o

(

1

R

)for m′ = (0, 0)>.At last, the formulas for the four cases of m′ = (0, 0)>, m′/|m′| 6= ±ν′ (cf. (B.4.83)), m′/|m′| = ν′(cf. (B.4.38)) and m′/|m′| = −ν′ (cf. (B.4.87)) can be put together to get
J =

2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + f`,j(ν
′, 0)

2π

kRmz
eikRν

′·m′
+ o

(

1

R

)

.As was already stated in the paragraph before Section B.3.1, the constant f`,j(ν′, 0) = f`,j,n(ν
′, 0) iszero in the case of ` ≥ 2. Additionally, the de�nition of f1,j,n(n′, nrz) (cf. (B.2.1)) gives that f1,j,n(ν′, 0)is also zero for n > 0. It follows that

J =
2π

ikR

f`,j(m
′,mz)

|m′ − ν′| eikR + 1(1,0)(`, n) f`,j(ν
′, 0)

2π

kRmz
eikRν

′·m′
+ o

(

1

R

)

,which concludes the proof of Theorem B.1.
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Appendix CDe�nitions & TheoremsIn this chapter, fundamental de�nitions and theorems are introduced, which are employed in this thesis.The purpose of this is to introduce the used notation and to make the de�nitions and theorems easilyaccessible to the reader.De�nition C.1 (Schwartz space1). The space

S(Rn) :=

{

f ∈ C∞(Rn)
∣

∣

∣ lim
‖x‖→∞

xα ∂βxf(x) = 0 for all α ∈ Nn
0 and for all β ∈ Nn

0

}

,where α and β are multi-indices such that xα = xα1
1 · · ·xαnn and ∂βx = ∂β1

x1
· · ·∂βnxn , is called Schwartzspace. This space is a subspace of the space of smooth function C∞(Rn), inheriting its vector spaceoperations, and is induced by the family of the seminorms ‖f‖N := supx∈Rn max|α|,|β|<N |xα ∂βxf(x)|.The elements of this space are called Schwartz functions.Theorem C.2. The Fourier transform is a bijective mapping from S(Rn) to S(Rn). (cf. [39, TheoremV.2.8])Theorem C.3 (Lebesgue's dominated convergence theorem2). Let (S,Σ, µ) be a measure space and

T ∈ Σ a µ-measurable set. Assume all functions f1, f2, . . . : T → K are absolutely integrable and thereis a measurable function f : T → K with f(t) = limn→∞ fn(t), almost everywhere. If an integrablefunction g : T → K exists, such that for all n ∈ N

|fn| < galmost everywhere, then f is integrable and
lim
n→∞

∫

T

fn dµ =

∫

T

f dµ.Theorem C.4 (Fubini's theorem3). If (X×Y,M⊗N , µ⊗ν) is a product measure space, f : X×Y → Cis M⊗N -measurable and one of the integrals
∫

X×Y

|f | dµ⊗ν,
∫

X

(∫

Y

|f(x, y)| dν(y)

)

dµ(x),

∫

Y

(∫

X

|f(x, y)| dµ(x)

)

dν(y)is �nite, then all integrals are �nite and equal, i.e., f is µ⊗ ν-integrable, and
∫

X

(∫

Y

f(x, y) dν(y)

)

dµ(x) =

∫

Y

(∫

X

f(x, y) dµ(x)

)

dν(y)is �nite.1cf. [39, De�nition V.2.3]2cf. [39, Theorem A.3.2]3cf. [17, Theorem 2.1 in Chapter V]



206 APPENDIX C. DEFINITIONS & THEOREMSDe�nition C.5 (Holomorphic functions4). A function f : D ⊂ Cn → C is called holomorphic on anopen set D, if the function is continuously di�erentiable w.r.t. the complex variable in D.De�nition C.6 (Meromorphic functions5). A function f : D ⊂ Cn → C is called meromorphic on anopen set D, if the function is holomorphic except on a set of isolated points, which are poles of f .Theorem C.7 (Residue theorem6). Let C be a positively oriented simple closed piecewise smooth curve.Moreover, let the function f be continuous in In(C) ∪ C and meropmorphic on In(C), where the poles
z1, . . . , zn of f lie in the interior In(C) of C. There holds

∫

C

f(z) dz = 2πi

n
∑

j=1

Res
z=zj

f(z),where Resz=zj f(z) denotes the residue of f at point zj .Theorem C.8 (Multinomial theorem7). For any n,m ∈ N and x ∈ Cm,
(x1 + · · · + xm)n =

∑

{α∈Nm0 |α1+...+αm=k}

(

k

α

)

xα,where α is a multi-index and
(

k

α

)

:=
k!

α1! · · ·αm!the multinomial coe�cient.Theorem C.9 (Leibniz rule8). For two n-times di�erentiable functions f and g,
(f g)(n) =

n
∑

j=0

(

n

j

)

f (j) g(n−j).Theorem C.10 (Faà di Bruno's formula9). If f and g are functions with a su�cient number ofderivatives, then
d(n)

dt
g
(

f(t)
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=
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Pn
j=1 j aj=n

}
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j=1 aj !

d(a1+...+an)

df
g
(

f(t)
)

n
∏
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[

d(j)

dt f(t)
]aj

j!
.Theorem C.11 (Riemann-Lebesgue lemma10). Assuming s ∈ Rn, for any absolutely integrable func-tion f , any �xed n ∈ N and any non-zero and real valued constant c,

lim
‖s‖→∞

∫

Rn

f(x) eics·x dx = 0.Theorem C.12 (Binomial theorem11). For any n ∈ N and x, y ∈ C,
(x+ y)n =

n
∑

j=0

(

n

j

)

xn−j yj.4cf. [8, De�nition 2.2]5cf. [8, De�nition 3.3]6cf. [8, Theorem 3.8]7cf. [6, Theorem 2.2]8cf. [3, p. 375]9cf. [25]10cf. [2, Theorem 9.9]11cf. [3, p. 59]
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