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We derive a complete asymptotic expansion for the singularly perturbed problem of acoustic wave propagation
inside gases with small viscosity. This derivation is for the non-resonant case in smooth bounded domains in
two dimensions. Close to rigid walls the tangential velocity exhibits a boundary layer of size O(,/77) where 7
is the dynamic viscosity. The asymptotic expansion, which is based on the technique of multiscale expansion
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1. Introduction

In this article, we are investigating the acoustic equations in the framework of Landau and Lifschitz
as a perturbation of the Navier-Stokes equations around a stagnant (Ug = 0) uniform fluid with
mean density pg, mean pressure py where heat flux is not taken into account. Such conditions are
distinguished in literature as a quiescent fluid "-°”. Similar acoustic equations have been derived and
, 22,10, 9, 23 for the case that a mean flow is
present. The aim of this study is to take into account viscous effects in the boundary layer near rigid
walls.

We consider time-harmonic acoustic velocity v and acoustic pressure p (the time regime is e 7%,
w € RT), which are described by the coupled system

studied in Ref. 10, 25, 17 for no mean flow and in Ref.

—iwpev + Vp —nAv — ' Vdivv = £, in Q, (1.1a)
—iwp + poc? divv =0, in Q, (1.1b)
v =0, on 0N. (1.1c)

In the momentum equation (1.1a) with some known source term f the viscous dissipation in the
momentum is not neglected as we consider near wall regions. Here, n > 0 is the dynamic viscosity and
n = %77 + ¢ with ¢ > 0 the second (volume) viscosity. Since in this article we are mainly interested
in the viscous effects, we neglect non-linear convection. The continuity equation (1.1b) relates the
acoustic pressure linearly to the divergence of the acoustic velocity, where c¢ is the sound velocity. The
system is completed by no-slip boundary conditions.

For gases the viscosities 7 and 7" are very small and lead to viscosity boundary layers close to walls.
The comprehension of these boundary layers makes for the subject of many scientific works ' "=
In order to resolve the boundary layers with (quasi-)uniform meshes, the mesh size has to be at the
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same order, which leads to very large linear systems to be solved. This is especially the case for the
very small boundary layers of acoustic waves. A common procedure for singularly perturbed problems
with small layers close to boundaries is the method of matched asymptotic expansions °"'°, which
matches different ansaetze close to the wall and far away. For various model problems with boundary
layers, finite schemes or meshes adapted in special ways close to walls have been proposed, so by
I'in ', Bakhvalov ° or Shishkin “*-*”, which regain the optimal convergence rate of the numerical
schemes; see also the review articles Ref. 18,

Mainly based on experiments, the physics community has introduced slip boundary conditions for
tangential velocity components, also known as wall laws, see for example Ref. 11, 23, 24. The boundary
layers of incompressible and compressible fluid flows have been addressed by many authors %'
For acoustic boundary layers on straight (and rough) walls in presence of a shear flow Aurégan et. al.
derived effective impedance boundary conditions of first order accuracy with the multiscale expansion
(the authors call the method composite expansion). However, there is no mathematical justification
of wall laws for acoustic boundary layers in literature. In this work we are going to derive a complete
asymptotic expansion using the method of multiscale expansion which we will rigorously justify.

The present paper consists of three parts. In Section 2 we state the problem and present the main
results of our work. In Section 3 the complete asymptotic expansion under curvilinear coordinates will
be derived, and the far field equations including boundary conditions, as well as the near field equations
will be explicitly given up to order 1. The last section (Section 4) is devoted to the justification of the
results for the asymptotic analysis. It comprises the proofs for stability and regularity of the solution
as well as the error analysis.

2. Formulation of the problem and main results
2.1. The geometrical setting

Let © C R? be a bounded domain with boundary 9. The boundary shall be described by a mapping
x90(t) from an interval I' C R. We assume the boundary to be Lipschitz, which is enough to define a
weak solution of (1.1) (or its version for asymptotically small viscosity), and we will indicate whenever
we will rely on a C*° boundary, which will particularly be needed for the definition of an asymptotic
expansion. In the latter case the points close to 92 can be uniquely written as

x(t, 8) = xpq(t) — sn(t) (2.1)

where n(t) is the outer normalised normal vector and s the distance from the boundary (see Fig. 1).
Without loss of generality we can assume |x4(t)] = 1 for all ¢ € I'. The orthogonal unit vectors in
these tangential and normal coordinate directions are e;(t) = —n=*(t) and e,(t) = —n(t), where we
use the notation ut = (ug, —u1) " for a vector rotated clockwise by 90°. Furthermore, let so € R such
that all points with distance smaller than sy to €2 have a unique closest point on the boundary.

0

Fig. 1. Definition of a local coordinate system (¢, s) close to the wall.
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2.2. The time-harmonic Navier-Stokes equation for viscous gases
Obviously, the acoustic velocity and pressure can be decoupled

: / 2
(1—1(77+Z)W)Vdivv+w2v
PocC c

—|—Lw2 curlsp curlyp v = % f, in Q (2.2a)
poc 0C
v =0, on 04, (2.2b)
S 2
p= ot divv, in Q (2.2¢)
w
Here, we have used the 2D rotation operators
0
curlop u := dyus — dou, curlbp u := ( 2”).
—Blu

The first equation (2.2a) is a V div-Helmholtz equation with absorption terms in the two highest
derivatives. The V div-Helmholtz equation, naturally stated in H(div,Q), needs only a prescribed
normal component of the velocity. The prescribed tangential component is the essential boundary
condition for the curlsp curlsp operator. As there is a small factor — 7 is assumed to be small — in
front of the curlyp curlap operator, the system is singularly perturbed, i.e., first, its formal limit
n — 0 does not provide a meaningful solution, and secondly, a boundary layer close to the wall
0f) appears. Since only the curlsp curlsp operator has a small factor, only the tangential velocity
component exhibits a boundary layer, whose size is of the order

§ = \/pOTw (2.3)

This observation will be justified later on in this article by asymptotic expansion. In case of non-
smooth curlyp f there appear also (internal) boundary layers at discontinuities of curlap f or its higher
derivatives. To exclude those, we assume curlyp £ € H™(Q) for any m € No.

2.3. The equations for asymptotically small viscosity

To investigate the solution of (1.1) for small viscosities, we introduce a small parameter ¢ € RT
and replace 7, 1’ by €2ng, €20 with 79,1y € R*. In this way the boundary layer width will become
proportional to €. We will label the solution of (1.1) or (2.2), respectively, v¢ and p° due to its
dependence on e, which satisfy

—iwpevE + Vp© — e2ngAvE — 2n\V div v = f, in Q, (2.4a)
—iwp® + poc? divve =0, in Q, (2.4b)
ve =0, on 0N). (2.4c)

In this study we consider the non-resonant case, i. e., for vanishing viscosity, and so absorption
the kernel of the system is empty — there is no eigensolution. The eigenvalues of the limit problem
coincide with the Neumann eigenvalues of —A, a fact that we will address in the proof — which will
be given later in Sec. 4.3 — of the following lemma.

Lemma 2.1 (Stability for the non-resonant case). For any f € (Hy(div,Q) N H(curlyp, Q))’
2

the system (2.4) has a unique solution (v¢,p°) € Ho(div,Q) N H(curlyp, Q) x L*(Q). If ¥ is not a

Neumann eigenvalue of —A, then there exists a constant C' > 0 independent of € such that

V[ m(aiv,0) + €|l curlep V[ L2 (0) + 1P°] 2 () < C Il (#o (div.0)nH (curlan ,2)) s (2.5a)
IVPllz2) < ClifllL2(0)- (2.5b)
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For any w > 0 and for C* boundary 02 it holds

ellvellcar )2 < C NIl (Ho(div.)nEH (curlap 2)) - (2-5¢)

The proof will be given later in Sec. 4.3. See Sec. 4.1 for the definition of the used Sobolev spaces.

2.4. Asymptotic expansion

The solution v¢, p® should be approximated by a two-scale asymptotic expansion in the framework of
Vishik and Lyusternik °' in the form

ve e vel(x) = i\f: el (vj (x) + V{%L}E(X)> , (2.6a)

N
PN = e (1) + () (2.6)

where v/ and p? are the far field and V{;}L’ . and p%L’ . are the near field velocity and pressure. The
subscript -gr,,. stands for “boundary layer” expressing the nature of the near field terms, which in fact
depend on e.

Lemma 2.2 (Asymptotic exactness of the two-scale asymptotics). If ‘Z—j is not a Neumann
eigenvalue of —A and 99 is C> then there exist functions v/ € (Hj(Q))?, p/ € L*(Q), vp,. €
(H}(Q))? such that for any N € Ny the approzimate solution v&'N, p=N defined by (2.6a) with
p%he =0 for any j € Ny satisfies

HVE — VE’NHH(diV7Q) + \/g” CUI'IQD(VE — VE’N)”Lz(Q) + ||p5 - pE’N”Hl(Q) < C€N+1, (27)

where the constant C > 0 does not depend on €. Furthermore, for any § > 0 there is a constant Cs > 0
independent of € such that outside a §-neighbourhood Qs of 02 holds

N
v =2 &V i onmye < Coe™* (2.8)

The far field velocity and pressure terms v/ and p’ in Lemma 2.2 can not be defined uniquely unless
we do not assume them to be independent of €. We will give a unique definition of the e-independent
terms in Sec. 2.4.1 or Sec. 2.4.2, respectively. The near field velocity terms V{3L7€ depend on € and are
in general not unique. We will give a (unique) choice in Sec. 3.2. The proof of Lemma 2.2 will be given
in Sec. 4.5.

Remark 2.1. The estimate (2.8) shows that the far field velocity taken alone, . e., with correction
by the near field velocity, is an optimal approximation for any N € Ny when measuring the error only
in some distance from the boundary. The pressure approximation does not include a correcting near
field close to the wall (p%L"E = 0), hence the far field pressure p=" = Z;V:O elp? is according to (2.7)
Yis even accurate up to O(g?)
in some distance from the wall as curlop vl = 0, which we observe after applying curlop to (2.9a)

below.

an optimal approximation, even up to the boundary. Note, that curlsp v

The far field terms of velocity and pressure can equivalently be defined by solving a PDE for the far
field velocity, where the far field pressure follows by an explicit equation, or by solving an Helmholtz
equation for the far field pressure, where an explicit equation fixes the far field velocity. We prefer
the first characterisation, which will be given in Sec. 2.4.1 for the analysis of the modelling error. The
second characterisation is easier for the numerical computation of the far field pressure and associated
impedance boundary conditions, which we will address in a forthcoming article.
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2.4.1. First characterisation of the far field terms

Lemma 2.2 holds with a particular family of far field terms which is intrinsic to the problem. They
will be derived later on in this article as solutions to the partial differential equations

2 . . s
Vdivv/ + 2vi = 2§ dj—0 + 0% Ayi=2 4 T divvi—2 in €, (2.9a)
c? poc? poc? poc?
J
vien=> " Gudivv/ ™" + Hy(f), on 99, (2.9b)
=1

where v—1

=v 2 =0, G, and H, are tangential differential operators acting on terms of lower orders
or the trace of f on 9€), respectively. Furthermore, §,—o stands for the Kronecker symbol which is 1 if
j = 0 and 0 otherwise. The reader shall be easily convinced, that in contrast to the PDEs (2.9a) the
boundary conditions (2.9b) will be derived in several steps, where the main ingredient is the solution
of ordinary differential equation in normalised coordinates. This will be detailed in Sec. 3 and in the
Appendix the operators Gy and Hy for general orders will be iteratively derived, see Cor. A.2.

Let us state now the boundary conditions (2.9b) up to j = 2, which are given by

0

vi-n= 0,
Vs (140 (S 2 dive® ¢y (f - nt
vi-n=(1+1) 2wp0(ﬁ > divv —|—w—po .(f - n )), (2.10)
2 .
2 ¢ . o 42 ;. 1 170 . 0 7o 1
vi.on= E((l +1)4/ Spn o7 divv® + proat(ﬁat divv )) - m@(nf ‘n—).
Applying recursively curlap to (2.9a) for j = 0,1,... we get expressions for curlyp v/ by the source
term only
) 0 j is odd,
curlap v7 = i . i/2 in Q. (2.11)
w;)() (—LL;O curlsp cur12D> curlop £, j is even,

These terms are well-defined by the regularity assumption on curlyp f in Sec. 2.2.
When the far field velocity is computed we may obtain a-posteriori the far field pressure by

co 2
p = ~ 0% div v/, in €. (2.12)
w

The far field terms v/, p’ are well-defined as stated in the following:

Lemma 2.3 (Existence and uniqueness of v/, p/). Let 9Q be C*° and for any m € Ny the right
hand side of (2.9a) £ € (Ho(div,Q)) N(H™(Q))? in some neighbourhood Q C Q of 8, i. e., 9Q C 09,
and curlop £ € H™(Q). Then (2.9) provides a unique solution v7 € (HY(Q))? and (2.12) a unique
function p? € L?(Q) for any integer j > 0.

The proof will be given in Sec. 4.4.

Remark 2.2. In fact the velocity and the pressure need higher regularity close to the wall, such that
the differential operators can be applied. This is assured by the assumption of C*° boundary and of
more regular source term f.

2.4.2. ksAn alternative characterisation of the far field terms

It is easy to verify that the far field pressure terms p’/ defined by (2.9) solve the Helmholtz equation

. 2 . i ‘
AT+ b = divE G (m -+ ) A, (2.13a)
0
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which has to be completed by boundary conditions

J
V=Y Jp T+ K(f), (2.13b)
(=1

which will be derived to any order in the Appendix. Here, J, and K, are tangential differential
operators acting on pressure terms of lower orders or the source term, respectively.
Let us introduce the boundary conditions (2.13b) up to j = 2 which are given by

Vp' - n= f-n,

. o
Vpl -n=—(1+1) Spn (979° + 0,(f - nh)), (2.14)
. 7o ino
VP m = () [ 0fp! — o h Ak’ + (st - nt)) (2.15)
. , .
+ Mf ‘n— o curlyp curlop f - n.

poc? wpo

When the far field pressure is computed we may obtain a-posteriori the far field velocity by

4 i

’ .
v/ 0w (f . (Sj:() - Vp]) - o + o Vp7_2 - ;"772) CUI‘IQD CUI"IQD Vj_Q, in Q, (2.16)
0 0

poe?
where curlyp curlyp v/ 72 is given by (2.11) as expression of f .

In this way the far field terms v/, p? are well-defined as well, where a higher regularity of f has to
be assumed.

Lemma 2.4 (Existence and uniqueness of v/, p’). Let 0Q be C* and for any m € Ny the
right hand side of (2.9a) £ € (L2(Q2))2 N (H™(Q))? be in some neighbourhood Q@ C Q of 99, i.e.,
90 C 89, and curlyp £ € H™(Q). Then, (2.13) provide a unique solution p’ € H*(Q) and (2.16) a
unique function vJ € (H'(Q))? for any integer j > 0.

The proof uses elements of the proof of Lemma 2.3 and will be let to the reader.

Remark 2.3. Note, that the boundary conditions for v/ and p’ are local since Gy and Jy in (2.9b)
and (2.13b) are differential operators on I

3. Formal asymptotic expansion
3.1. Decomposition into far and near fields

In (2.6a) we have introduced the two-scale expansion ansatz, which expresses an approximation to the
exact solution as a two-fold decomposition, first

e into far field terms, which model the macroscopic picture of the solution,
e which are corrected in the neighbourhood of the boundary by near field terms,

and second
e into terms of different order of magnitude, measured in terms of the small parameter €.

The far field terms will be defined in physical coordinates in the whole domain {2 where we assume
08 to be C°. Inserting the expansion (2.6a) into the system (2.4) for v, p° for a particular coordinate
x € ) and letting € tend to zero, the near field terms concentrate closer and closer to the wall and
vanish — even their higher derivatives — on x. Collecting terms of the same order in ¢ the far field
equations results, which can be written as (2.9a), and (2.12) follows. The far field equations will be
completed by boundary conditions, which we will specify in Sec. 3.3. As a matter of fact the far field
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expansion can only fulfil one of the two boundary conditions and has to be corrected by the near field
expansion close to the walls.

To separate the two scales we use the technique of multiscale expansion, which defines the near
field terms in a local normalised coordinate system (2.1) such that they decay away from the wall and
are set to zero there where the local coordinate system is not defined. The decay property requires
the near field terms and their higher derivatives to vanish on a fixed point x for € tending to 0, or
more precisely, that there exists for any x € €2 some o > 0 such that for any differential operator Dfa
of degree i = 0,1, 2 in the direction 8 € {1,2}"* it holds

) J
;l_I)I(l) eas(x)/eDb (V?L,s(x)> —-0. (31)
dpp £\ X

3.2. Deriving the near field equations

The near field terms are defined in two steps, first inside an sj-neighbourhood of the boundary for
some s1 < Sg, not depending on e. Then, they will be continuously extended into the subdomain
s1 < s < sg such that they and their derivatives vanish at s = sg.

We begin by the definition for s < s;. The standard way would be to take the asymptotic expansion
ansatz (2.6a) as “educated guess” with near field terms v{BL’E =u/(t, %) and p%L’E = ¢/(t, 2) for some
functions v’ (t, S), ¢’ (¢, S) not depending on e. The terms are then chosen such that the ansatz solves
the system (2.4) with zero source term for any order in ¢.

However, we are going to use the special structure of (2.4) to show that

e the near field pressure terms p%ha vanish at any order and, hence, the near field velocity
terms are divergence free by (2.4b), and so
e the near field velocity can be modelled as

Vf%L,s = ecurlyp ¢/ (t, £) (3.2)

where ¢/ shall not depend on . We take here the weighted operator € curlyp as it is of order 1
in €.

Absence of near field pressure Applying the divergence to (2.4a), inserting (2.4b) and using the
operator identity div V div = div A we get a Helmholtz equation for the pressure

(1—52(77 +n’)ii)Apf+‘i2pf:divf (3.3)
O poc? 2 ’ '
Note, that the far field pressure Z;-V:o e/p?, where p’ are defined by (2.12) or equivalently by (2.13a),

solves (3.3) with source term divf up to a residual of order eV+2
Z;'V:O sjp]BL’E has to solve (3.3) with zero source term as best as possible in terms of orders in e.

. Hence, the correcting near field

Inserting the near field pressure with the ansatz p{BL e = @ (t, 2) we obtain for order 0
02¢°(t,8) =0 = =0 (3.4a)

by the decay condition (3.1). For any higher order j we have the relation

5
2 (.5) = A3 Fulg/™) (3.4D)
=1
for some differential operators Fy in t, S, and the near field pressure terms vanish by induction in j. The
only solution to this equation, which is decaying exponentially as assumed in (3.1) is pJBL7 .= ¢ =0—
there is no near field pressure. The equations (3.4) are very different from usual near field equations,
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as not any of the two functions in the kernel of the second order differential operator 9% fulfil the
decay property (3.1).

The absence of the near field pressure has in view of (2.4b) the consequence that the near field
velocity is divergence free, i. e., div V%Lﬁ = 0 for all j, and we can express v{gL?E by (3.2).

Equations for the divergence-free near field velocity In the following we will derive conditions
on the near field functions ¢?, such that the near field velocity expansion Z;.V:O e/t curlyp ¢/ (¢, 2)
inserted into (2.4a) leaves a residual as small as possible in powers of €. For a divergence free velocity
v = e curlsp ¢ and vanishing pressure the residual is simply given by
Re(v,p = 0) := —iwpgv + 2 curlyp curlyp v
=ecurlyp(—iwped + e2ng curlyp curlyp ?).

Since for a function ¢(t,S) with S = 2 we have
curlyp curlyp ¢ = —6726§¢ +e kA O50 + A?@fgb + EH/SA§3t¢,

where k is the curvature on the boundary 92 given by

' (t)ay () — w5 ()] (t) 1
t) = d A=A (4,8) = ————,
0= 0 + R a 8 =1 ws
we can write the residual R® as
3
R (ccurlyp ¢(t, £),p = 0) = ecurlyp A2 (iwp0¢ + 100%¢ — Z EéCg(qb)), (3.5)

(=1

where we use the functions

C1(¢) = K(3iwpoS + 310S0% + no0s) ¢,
Ca(¢) = —mo07 ¢ — K2 (3iwpoS? + 3n0S?0% + 2n050s) b,
C3(¢) = (iwpor®S? + nor®S20% + nok®S*ds + nokSO; — nok’ SO) ¢

Now, inserting the near field velocity expansion into (3.5) we get

N N 3
RE(Z sjv%LE, 0) = ecurlyp A® Zsj (iwp0¢j + 1n00%¢7 — Z Eng(qu)) =
j=0 =0 =1
N 3
= ccurlyp A3 (Z = (iwpoqﬁj + o0z’ — Z Cg(qﬁj_z))
=1

Jj=0

2 3
7€N+IZ Z €e1jCZ(¢Nj))

§=0 =1+

N+1

Since € curlyp is an operator of order 1, the residuals are all (at least) of order if the terms of

the expansions ¢/, j = 0,..., N satisfy the near field equation

3
iwpod’ + 003 = Co( ™). (3.6a)
=1

The second differential operator iw + 190% has a kernel of dimension one if we allow only for exponen-
tially decreasing functions by demanding

lim ¢ (t,S)e™ =0, (3.6b)

S—o0
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X(s)

250 28() s

Fig. 2. An example of a cut-off function x(x) = X(s), which is used to add smoothly truncated near fields at O(1)
distance to the wall to the far fields.

which is equivalent to (3.1). The single function in the kernel is fixed by the homogeneous Dirichlet
boundary condition for the tangential component (V%Lys(t, 0) +v7(t,0)) - e;(t) = 0, see (2.4c), where
the terms of same order in ¢ are collected. This condition turns out to be an inhomogeneous Neumann
boundary condition for ¢’

D5’ (t,0) = —vl (t) := —v7(t,0) - e(t). (3.6¢)

Definition of the near field velocity into the whole domain The terms @’ (t,S) are defined
for any S € R™, but are only used for 0 < § < 20 to define V%;L’s in the sg-neighbourhood of the
boundary. We define the near field velocity in the whole domain by

Vi (%) = ecurlyp (¢ (t, £)x(x)) ,

where the cut-off function x(x) € C%(Q) (see Fig. 2) is zero for distances larger sy and a function of
the distance to the boundary x(x) = X(s(x)) otherwise. In this form the near field velocity terms are
divergence-free in the whole domain and fulfil (with non-existing near field pressure) (2.4b) exactly.

Remark 3.1. Note, that the family of functions ¢’ is intrinsic and thus essential to achieving the

&N in the form (2.6a) to v°. In contrast, the cut-off function y is

approximation result (2.7) of v
arbitrary and (2.7) holds for any of those cut-off functions. Replacing cut-off functions leads to an

exponentially small change of the solution.

The near field term of order 0 1t is easy to see that for j = 0 the unique solution of (3.6) is given
by
1
O, S) = —v2(t)e 5 where \g = (1 —1) wPo. (3.7)
Ao 210
This is the dominating boundary layer term close to the wall and with n = nge? and s = S/c we
observe the boundary layer thickness to be of order § as given in (2.3).

The near field term of order 1 The unique solution of (3.6) for j =1 is given by

KJ(]. + )\05) 0

(.5 = 5 <vg 0+ 520 o (t)> 605, (3.8)

Ezxistence and uniqueness of the near field terms We have observed that the near field terms
up to order 1 are polynomials in S multiplied with a function, which is exponentially decreasing in
S. With the near field terms of lower order on the right hand sides of the near field equations (3.6),
which is a simple example of a linear second-order ODE with constant coefficient, the terms of higher
order have the same form as well (see the Appendix for more details). Here, the tangential variable ¢



10 K. Schmidt and A. Thons-Zueva

is a parameter which is easily transported by the equations. Let us introduce the function space

J
I\ X) := {u(t, S)y=e M Zaj(t)Sj, for some J € Ny,

j=0 .
ajEC,||aj||X<oo,j:O,...,J},

where X is related to the smoothness in tangential direction. For functions depending on & we call
them member of II(\, X) if the coefficients a; are bounded independently of .

The only data to the system of near field equations (3.6) are the tangential traces v{ of the far field
terms on the boundary. So, the near field terms ¢’ exist only in some Sobolev space H*(Q), s > 1, if
the tangential traces of the far field velocities are smooth enough.

Lemma 3.1 (Existence and uniqueness of the near field equations). Let for some non-negative
integer N v] € H*=9+*N(T') for j =0,...,N and some s € R. Then, (3.6) for all j < N has a unique
solution in the form ¢/ € II(\g, H*(T')). Hence, € curlyp ¢’ € (Ao, H¥~1(T))2.

3.3. Far field boundary conditions

Boundary conditions for the far field velocity The normal trace v=*Y - n vanishes up to order

N in g, ¢f. (2.4¢), the normal trace of the far field terms has to fulfil condition
v/ (8,0) - m = Vi (1,0) - es(t) = 6" (1, 0), (3.9)

which can be expressed in terms of v, v}, ... . Up to order 2 this is

1
vO(t,0) -n =0, vi(t,0) - n= W (1),
) ) 0 (3.10)
vZ(t,0) -n = N (8tvt1(t) + ﬁat(fwg(t))).
We can express these terms, if they are smooth enough, in terms of their natural Neumann traces
which is divvY, divv!, .... Using (2.9a) and (2.11) we can express

2

. o /
vl (t) = _%at divv? + (1o +10)

0y divvI—2(t,0)
wpPo

i ino iz
+ — | ——— curlyp curlsp f-e:- 5]’ is even- (3'11)
wWpo wpPo

Inserting these expressions for v‘z into (3.10) results in (2.10) and will also be used for the derivation
of the boundary conditions (2.9b) to any order in the Appendix.

Boundary conditions for the far field pressure Applying div to (2.9a), inserting (2.12) and using
the fact that divcurlyp = 0, we get the Helmholtz equation for the pressure (2.13a). Inserting (2.12)
directly in (2.9a), we have
j . j ry dw j—2
Vp) -n = iwpgv 'n+(ﬁo+ﬁo)ﬁvp ‘n
0

—nocurlypcurlopvi"2-n4+f-n- di=0, (3.12)

and using (2.10) and (2.12) leads to (2.14). We refer to the Appendix for the derivation of the boundary
conditions to any order.
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4. Justification of the asymptotic expansion
4.1. Preliminaries

We start by introducing some notation and properties of the considered equations.
Besides the usual Sobolev spaces H™(Q) and H™"/2(9Q), m € Z we define the Hilbert spaces

H(div,Q) :={v € L*(Q) : divv € L*(Q)}
H(curlyp, Q) := {v € L*(Q) : curlyp v € L*(Q)}

where for the differential operator D € {div,curlap} we have the semi-norm and norm
Va0 = [IDV][L2(0), VI p.0y = IVIZ20) + VIE D0
Furthermore, we define for some g € H~"?(0Q)
Hy(div,Q) :={v € H(div,Q) : v-n = g on 909},
and

Hy(div0,9) :={v € H(div,Q) : divv =0,v-n =0 on 90},
H(curlyp 0,Q) := {v € H(curlop, Q) : curlop v = 0}.

Furthermore, for vector fields u,v € H(curlap, ) we will use the integration by parts formula

/curlgDuvdx:/ u'nlvda(x)+/u~cur12Dvdx. (4.1)
Q o0 Q

Note, that u-n' and curlyp u are the Dirichlet and Neumann traces for curlyp curlopu and u-n
and div u for grad div u, as we see by twice applying integration by parts

/ curlyp curlhbpu - vdx = / u - curlsp curlsp vdx
Q

Q
+ / (curl;pu) v-nt — (u-nt) curlyp vdo(x),
0N Sm—— N——
Neumann trace Dirichlet trace
/ graddivu - vdx = / u - grad div vdx
Q Q

—|—/ (divu) (v-n)— (u-n) divvde(x).
00 = N——

Neumann trace Dirichlet trace

For C* smooth domains in two dimensions the spaces (H'(Q))? N Hy(div,Q) and Hy(div,Q) N
H(curlyp, Q) are equivalent, meaning that there exists two constants 0 < C; < Cs, such that for
any v € Hy(div, Q) N H(curlap, Q) it holds

ClHV”%Hl(Q))Z < HVH%{(div,Q)ﬁH(curlgD,Q) = ||V||%2(Q) + diVVH%Z(Q) + 1l CUTIZDVHQL?(Q)
< Co| V[T g e

This follows from the fact that a gradient of a vector field can be bounded by its divergence, its
rotation and its normal trace’=~ "'

| grad v z2(0) < C (|| div v]| g2 + || curlap V]| 22y + ||V - nHHl/z(am> , (4.2)

since so called Neumann fields do not exist in two dimension.
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4.2. Figensolutions and well-posedness of the limit equations

We claim that in the limit € — 0 the far field terms v/ satisfy a system of the form

2

Vdivv + OCJ—QV =f, inQ, (4.3)

v-n=g, on 0,

and for particular choice of f and g the system (4.3) coincides with the far field equations (2.9). The
source term in the first equation is not necessarily the original source term f.
The weak formulation for (4.3) is: Seek v € H,(div, 2) such that for all

2
/ divvdivv’ — w—zv vidx = f(v'), Vv’ € Hy(div, Q) (4.4)
Q C
where f(v') = — [, f - v/dx. We would like to extend the source terms by allowing the functional f

to include distributions, e.g., [.fv’'-ndo(x) for some function f € H "2(T") on an one-dimensional
submanifold I" C € with normal vector n.

The system (4.3) has a similar form as the Helmholtz equation, where the Laplace operator is
replaced by the operator V grad. In contrast to the vectorial Helmholtz equation with the vector
Laplace operator there is only one boundary condition, which is consistent with the variational formu-
lation (4.4) in H(div, ). Unlike for the (vectorial) Helmholtz equation the Sobolev space H (div, )
is not compactly embedded in L?(©2) and the proof for well-posedness (see Lemma 4.2) uses the Fred-
holm alternative after a Helmholtz decomposition of Hy(div,2). To do so, the eigenvalues of (4.3)
have to be excluded. Let us now specify these eigenvalues.

Lemma 4.1. The positive part of the spectrum of (4.3) with homogeneous source terms consists only
2

of eigenvalues “5 which coincide with the Neumann eigenvalues of —A.

Proof. Let w be asolution of (4.3) for vanishing source terms. For %22 > 01it is evident that curlosp w =

0. We use the decomposition (see Sec. 3.e in Ref. 1) for functions w’ € (L2(12))?

w =V¢ +wl,

where ¢’ € H(Q) and w/, € Hy(div0,Q). The decomposition is orthogonal since

/ V¢ - widx = —/ ¢’ div wjdx —|—/ ¢'w. -ndo(x) = 0.
Q Q o

Due to the orthogonality of the two parts V¢ and w,.. of w they fulfil (4.3) independently. Then, with
divw, = 0 it follows w. = 0. The scalar potential ¢ has to fulfil

V(A¢ + 4 ¢) =0, - Ap+%o=0C,

(4.5)
V¢ n=0. Vé n = 0.

for some constant C' € C. Note, that (4.5) is Fredholm with index 0, and we can apply the Fredholm
alternative:

(i) If %22 is not a Neumann eigenvalue of —A the system (4.5) has a unique solution ¢ = z—zC

and so w = V¢ = 0. Hence, ‘;’—22 is not an eigenvalue of (4.3). The system is uniquely solvable.

(ii) If “:—; is a Neumann eigenvalue of —A the system (4.5) is not uniquely solvable, and so (4.3).
UJZ

This means that %y is an eigenvalue and V¢ an non-trivial solution of (4.3). Contrarily,
w = V¢ + w, can only be in the kernel of (4.3), if w, = 0 and ¢ solves (4.5). o

Now, we are in the position to state the well-posedness, where we begin with the case of vanishing
normal trace, g = 0. The case for general normal trace will be considered in Lemma 4.4. The statement
of the lemma is applicable for a wide class of functionals f, where the bound simplifies for the common
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case of curlyp-free source terms f. For this let us introduce the notation f o curlsp : LQ(Q) — C for
functionals, which are defined as (f o curlyp)(v)) = f(curlap ¥).

Remark 4.1. If f(v') = [, f - v'dx, then curlyp f € L?(Q) is sufficient to have f o curlyp € L*(2),
since

| [ f - curlyp 1dx]|

| focurlap [[z2(0) = sup
$eCs(Q) 1]l L2 ()
curlyp fipdx
= sup |fQ | S ||cur12D fHL2(Q),
vece@) 1Yl

and f o curlyp = 0 for curlyp-free sources. As second example, for f(v') = [.fv/ - ndo(x) with
f € H*(T) it is f o curlyp € L?(R) since

| | feurlyp 4 - ndo(x)|

|f ocurlap |12y = sup
“ PeCs (Q) 1] 2 ()
| [ £V - ntdo(x)|
= sup = < ||f||H3/2(F)~
$eC (Q) 1]l L2 )

Lemma 4.2. Let ‘*C’—j be distinct from the Neumann eigenvalues of —A, f € (Hpy(div,Q) N
H(curlyp, Q) whereas f o curloap € L?(Q), and g = 0. Then, (4.4) has a unique solution v €
Hy(div, ) N H(curlap, Q), and there exists a constant C > 0 such that

HVHHo(div,Q)ﬁH(curIQD,Q) < C(Hf||(Ho(div,Q)mH(cur12D 0,Q)) T ||f ocurlyp ||L2(Q))~
If furthermore 02 is C*° then

VIl @2 < CUL Nl o (iv,0)nH (curlap 0,0)) + |1f 0 curlap || 2(q))-

Proof. The uniqueness of v follows by assumption and Lemma 4.1.
In the remaining we prove existence and stability in three steps.

(i) Testing (4.4) with v/ = curlap ¢’ for ¢’ € C§°(Q) we find

2 2
fleurlp ) = =2 / v-curlyp ¢/dx = — / curlyp v ¢ dx
¢ Ja ¢ Ja

and so curlsp v can be identified with the functional f o curlsp which is by assumption
bounded in L?(£). Hence,
2
|| CU.I‘12D VHLQ(Q) = E”'f o CUI'IQD ||L2(Q)7

and v € Hy(div, Q) N H(curlyp, Q).

(ii) Now, we use the unique Helmholtz decomposition *' for v € Hy(div, Q) as sum of a curl-free
part vo € N(curlap) := Ho(div,Q) N H(curlop 0,9) and a soleinodal part v, = curlsp 1),
Y € H (), where in fact ¢ has a higher regularity since curlop v = curlap v € L?(2). Note,
that ¢ = 0 on 99 implies curlyp 1'n = Vip-nt = 0 and so in fact curlop Hg () C Hy(div, Q).
Functions in M(curlyp) and in curlyp HE () possess the property to be mutually orthogonal.
Since any function v{j € A'(curlyp) is a gradient of a scalar function ¢, € H'(Q)\C, we have
for any v/, € curlyp Hi (2)

/ V. - vidx = / v, - Vgudx = f/ div v, ¢pdx +/ v, -n¢ydo(x) =0.
Q Q Q o9

Testing (4.4) now with v/ = curlyp ¢, o' € H}(Q) arbitrarily, using the Helmholtz decom-
position and the orthogonality we get

/ curlyp v - curlyp 'dx = f(curlyp ¥'),
Q
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which uniquely defines ¢ € H}(Q2) and so v, € L*(Q2). By the Lax-Milgram lemma it holds
for some constant C' > 0

[Vellzz () < 1Yl < C|f o curlyp || r2(q)-

(iii) Finally, testing (4.4) with v/ € N(curlop) we get a variational formulation: Seek vy €
N (curlyp) such that

(Vo, V) rraiva) — (1+ 95) (Vo, V') o) = (V) WV € N(curlyp). (4.6)

The first term is the H(div, Q)-inner product which is A (curlyp)-elliptic and the associated
operator is the identity I. Since N (curlyp) as a subspace of (H'(Q))? is compactly embedded
in (L2(2))? by the Rellich-Kondrachov theorem, see Chapter 2 in Ref. 4, the operator K
associated to the bilinear form (vo,v') 2, is compact. Hence, the sum I+ K is a Fredholm
operator with index (I + K) =0 ", i. e., the dimension of its kernel coincides with the codi-
mension of its range. Since we have uniqueness of v and so of v the Fredholm alternative
implies existence of a solution vy with

IvVoll (aiv,0) < ClIfll (Fo(div,2)nH (curlan 0,0)) -

Using (4.2) the stability result for C* boundary follows. This completes the proof. O

Lemma 4.3. For any g € H~/?(00) there exists a function B(g) € Hy(div,Q) U H(curlyp 0,9)
and a constant C > 0 such that [|E(g)|| m@iv.0) < Cllgllg-12(5q) and for all v' € Ho(div,Q) it holds
Jo divE(g) divv/dx = 0. If furthermore 02 is C*' then ||E(g) | (rr1 ()2 < Cligll /200 -

Proof. Let ¢(g) € H*(2)\C be the unique solution of
1 .
Ad(g) = i (912 09

Vo(g) n=g on 052,
and by the Lax-Milgram lemma we have ||¢(g)|| 1 () < Cllg|l r-1/2(p0) for some C' > 0.

We define E(g) = V@(g) which is curlyp-free in €2, and obviously [[E(g)|[(r2(0))2 < Cllgllg-12(50)-

Since || div E(9)|z2() = %QM (9,1) 12(q) | the first part of the lemma follows. Since div E(g) = A¢(g)

is constant in 2 the Stokes theorem implies the second part.
With Theorem 4.18 in Ref. we conclude in HE(Q)”(Hl(Q))? < H‘b(g)HHQ(Q) < CHg”Hl/Q(aQ). O

Lemma 4.4. Let ‘Z—j be distinct from the Neumann eigenvalues of —A, f € (Hy(div,Q) N
H(curlyp 0,9)) whereas f o curlap € L2(Q) and g € H™/?(0Q). Then, (4.4) has a unique solu-
tion v € H(div,Q) N H(curlap, ), and there exists a constant C > 0 such that

V1| £ (div,0)n H (curla p,0) < C(Hf”(Ho(div.,ﬂ)ﬁH(curIQD 0,Q))’

+ ||f o curlop [ () + ||9||H71/2(an)>-
If furthermore 02 is C*° then

VIl ez < CUS Nl oo aiv,)nH(eurlap 0,00y + 1f @ curlap [[(mi )y + 191l 12a0))-

Proof. By linearity of (4.4) and in view of Lemma 4.2 we can restrict us to the case f = 0. Let E(g)
be the extension as defined in Lemma 4.3. Then, the difference w := v — E(g) € Hy(div, ) satisfies

c2

2 2
/ divw - divv' — ©w-vidx = %/ E(g) - vdx =: f,(v'), Vv’ € Hy(div,Q),
Q " Ja
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where fg o curl;p = 0 as curl;p E(g) = 0 (see Remark 4.1) and |[fglz2(0) < |9/l g-1/2(90)- This
variational formulation fulfils the assumptions of Lemma 4.2 and there exists a unique w which
bounded in H (div,2) N H(curlzp, Q) by ||g]|;-1/2(5)- Since the same bound holds for the L?-norms
of E(g) and div E(g) and curlap E(g) = 0, we obtain first statement of the lemma. Using the statements
in Lemma 4.2 and Lemma 4.3 for C*° boundaries we conclude in the second statement of the lemma

4.3. Stability of the original problem

We have stated in Lemma 2.1 the stability of the solution of the original singularly perturbed sys-
tem (2.4). That is, that the acoustic velocity is bounded by the source term in the H(div,{2)-norm
with a constant independent of € and in the H (curlyp, )-(semi-)norm like e !, whereas the pressure
is bounded with a constant independent of .

This shall be proved in the following. With the absorbing terms due to the viscosity the solution
can be bounded, however, with a constant like e 2. Taking the small absorbing terms on the right hand
side of a system of the form of the limit system for ¢ — 0, we cannot directly apply the well-posedness
result of the last section as boundary terms appear by integration by parts as a consequence that
this system is posed in Hy(div,€?) in which the tangential component (of the test functions) does not
vanish in general. The estimation of these boundary terms is a key point in the proof.

Proof. [Proof of Lemma 2.1] Similarly to (2.2a) we can write a boundary value problem for v¢ only.
This is
. / 2 . .
1—62M Vdivvs—|—wfv":—|—62M curlyp curlyp vE = if, (4.7)
poc? c? poc? poc?
completed by homogeneous Dirichlet boundary conditions. The associated variational formulation is:
Seek v € (HE(9))? such that for all v/ € (Hg(Q))?

. 12 2
/ (1 — 621(7]0+7270)w> divvedivv’ — w—z ve .V
Q poc ¢
—¢? —Z)O:; curlyp v€ curlyp v/ dx = 7/)1;2 (V) oy (48)

This formulation can alternatively be written as
2

w
a:(ve,v') — (1 + =

iw

) (v5, V/>L2(Q) = (f, V/>L2(Q)

poc?

with the sesquilinear form

: /
ac(v,v') = / (1 - 62M> divvdivv' +v v
Q pPoC .

_ 82 1Mow

poc?

which corresponds for ¢ small enough to an isomorphism A, : (A.v,v’). = a.(v,v’). The subspace
(HL(Q))? of (H'(Q2))? is compactly embedded in L?(Q2) by the Rellich-Kondrachov theorem (Chapter
2 in Ref. 4) and K : (Kv,v'). = —(1+ ";—j) (v5, V') 12(q) is @ compact perturbation of A.. Hence, the
sum A, + K is a Fredholm operator with index (A + K) = 0 °", i. e., the dimension of its kernel
coincides with the codimension of its range, and by the Fredholm alternative “° uniqueness implies

curlyp v curlyp v dx,

the existence.

Now, we are going to show stability, and so uniqueness. This will be done in four steps, (i) the
proof of a non-optimal stability result for v°, (ii) an estimate of v¢ by f and the Neumann trace
curlap vE, (iii) an estimate of the Neumann trace curlap v by f, which leads to the desired estimate
for v and the L2(2)-norm of p°, and (iv) the estimate of Vp°©.
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(1)

(i)

(iii)

Testing (4.8) with v/ = v© and taking the imaginary part we get
| divvE (|72 gy + | cwrlop v 72(q) < Ce™?| (£,v) Lo | (4.9)
with a constant C' > 0 independent of €. Now, taking the real part we can assert that
IV N1Z2 () < CUAEVE) Loy | + 1 divvE|[2a(q) + €[l curlap v¥[Z2(q))- (4.10)
Summing (4.9) and (4.10) and using the Cauchy-Schwarz and Young’s inequality we get the
non-optimal stability estimate
IV a2 div, ) H (eurlan,2) < C € IEN (o (div,)n H(curlan,2)) s (4.11)

and so uniqueness. This result is independent of the regularity of the boundary and holds
also for the resonant case where ‘Z—j is a Neumann eigenvalue of —A. In the same way and
using (4.2) we obtain for C'* boundaries the estimate (2.5c).

We can rewrite the system for v® as

2 3 3 /
w iw i w
Vdives + v = W gy 2T MG g e
c poc poc
inow
— 62% curlyp curlyp v =: %,
PoC

v .n=0.
Applying Lemma 4.2 we can bound with constants C7,Cs > 0 independent of €
Vel E(aiv.e) < Ch (||f||(H0(div,Q)nH(cur12D,Q))/

+ 2|V div vE | (a1, (div. )N (curlap .2))
+ &?|| curlyp curlyp vE|| (Ho(div,Q)ﬁH(curlgD,Q))’)

= Cr(IEll (1o (div.0)nH (curlan,0)) + €211 div vE] 20
+ &%| curlap vE||p2(q) + €7 curlap Villg-12(00))

< Co (Il (a0 (aiv.2)nH (eurlo )y + €21 curlop VE| 12 5gy)) (4.12)

where we used integration by parts for V divv® and curlsp curlyp ve leading to a term with
the Neumann trace curlyp v, and applied then the estimate (4.11).

Now, for any w € H'?(09) we define a function wo € N (curlyp) with wg - n
for all wj, € N(curlyp) and X € H~/2(99) solution of

L = w, which is

. . w?
<le Wo, div W6>L2(Q) -z <W07 W6>L2(Q)

+ (A, wj-nt) =0,

L2(8%)
1L
<W0 -n ?/\/>L2(3Q) = (w, X>L2(3Q) )

Since the operator related to (div wo, div wg) 72y — “C’—j (W0, W() 12 is Fredholm with index 0
(see proof of Lemma 4.2) and invertible, as we excluded the kernel, the system has by the
theory of saddle point problems ° a unique solution (wq, A), where A = 0 (since curlyp wo = 0)
and for some constant C' > 0

||W0||H0(div,ﬂ)ﬁH(cur12D,Q) < C||w||H1/2(aQ)- (413)

Now, deriving a variational formulation for (4.7) with test functions wo € N (curlyp), that
are functions which may have a non-zero tangential component, we get

i(no +np)wy .. . w?
(1- szmomcgo)) (divv®, divwo) () — = (v, Wo) 120

inow iw
5272 <Cur12D v, wo - HL>L2(OQ) = R (f, W0>L2(Q) )
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and so

270 + 1
Mo

1
&2 (curlap v, w) 290y = - (£, Wo0)r2(q) + ¢ (div ve, div Wo) 12 () -

Taking the supremum over all w € H'/?(99) and using the estimates (4.11) and (4.13) we
find

*| curlyp Vol g-1200) < ClEll(roaiv.0)nH (curlap,0)) -

Inserting this expression into (4.12) we get

IV aaiv,) < ClEN Fo (div,0)nH (curlan,Q)) -

and (2.4b) leads the bound of p®.
(iv) Multiplying (4.7) with V divv® — e2X%% curlyp curlyp V¢ and taking the real part we get

poc?

2
. w
HV leVEH%Q(Q) + (;7(?02) ||<€2 cur12D CUI‘12D VE||%2(Q)

2
—&%no(no + 1) (p:)c2> Re (grad divv®, £% curlyp curlyp v€>L2(Q)

2

w 1> : £
= Re(f + =V ,Vdivv >L2(Q)

2
ow w
+ LQ m<f + 7v5,52 curlyp curlsp v5>
c

poc L2y

With the Cauchy-Schwarz inequality, Youngs inequality and (2.5a) we find for € small enough
that

|V div v 12(q) + lle? curlyp curlyp vlL2) < Cllfl L2,
and with (2.4b) the estimate (2.5b) follows. O
Using Lemma 4.3 it is easy to prove the following strengthening of Lemma 2.1.
Corollary 4.1. Let the assumption of Lemma 2.1 hold and v¢, p° satisfy (2.4a), (2.4b) and
ve.n=gec H *09), ve-nt =0. (4.14)
Then, it holds with a constant C' not depending on € that

Ve[| (aiv,0) + € || curlap v L2y + [[P° ]| L2(0) (4.15a)
< C (Il o ety + 191 5-vaon )

19512200 < € (1€l 2 + 9l -vaom ) (4.15b)

If furthermore 092 is C*° then

vl ez @)2 < C<Hf||(Ho(div,n)mH(cuﬂw,Q))/ + ||g||H1/z(aQ)). (4.15¢)
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4.4. Well-posedness of the far field equations

In the definition of the sequence of far field velocities v/ and far field pressures p? terms of lower order
appear on the right hand side, see (2.9) and (2.13), to which differential operators are applied. For
well-defined far field terms we have therefor to study the regularity. The proof relies on the regularity
theory for strongly elliptic operators (see Chapter 4 in Ref. 19). As the present operator —V div f%;
is not strongly elliptic as —V div has a kernel of functions curlyp ¥ € (H}(Q2))2, we will consider the
operator —A — “;—22, which differs from the present operator only by curlsp curlsp.

For s;ake of completeness we will reproduce Theorem 4.18 in Ref. 19 for the strongly elliptic operator
A= %

Lemma 4.5. Let Q1, Qs as well as Ty, Ty defined like in Lemma 4.6, and Ty being C™t41 for some
integer r > 0. Then, the solution u € H* () of —Au—%u = f, f € H () satisfies

ull 20,y < C ([ullmr @) + 1wl grssrzry)y + 1 @0)) »

||u||HT+2(Ql) <C (HUHHI(QQ) + ||anu||Hr+1/2(r2) + Hf”HT(Qz)) )
for some positive constant C.

Now, we are in the position to transfer the regularity result to the system (4.3).

Lemma 4.6. Let 1, Qo be subdomains of 2 intersecting the boundary OS2 in T'y, T's respectively and
(Q\I'1) C Qo, Ty C Ty. Suppose, for an integer r > 0, that T'y is CTT51. Assume further that in
(4.3) v € (H (Q))?, £ € (H"(22))?, curlyp f € H™1(Qy), and g € H™3/2(Ty). Then, there exists a
constant C' > 0 such that

Wllres2@uye < € (Il @aps + Il e
+ Il curlop £l z) + lgllarrsar2qrs )

w2

Proof. First, we rewrite the system (4.3) in terms of the strongly elliptic operator —A —
2 2

Av + w—zv =f - 6—2 curlyp curlsp £, in €, (4.16a)
c w
v-n=g, on 09, (4.16b)
2
curlyp v = 0—2 curlyp £, on 0, (4.16¢)
w

where equation (4.16¢) which is consistent to (4.16a) is added to obtain two boundary conditions
on Q. With the assumption that curlop f € H"1(Qy) the trace of curlop f to I'y is bounded in
H™+'/2(T'y). With its Dirichlet boundary condition (4.16b) we would like to apply the first bound in
Lemma 4.5 for the normal component v, and since

curlop v = Opvs — Ogvy, on 01,

the second bound in Lemma 4.5 for the tangential component v;. However, in the curvilinear coordinate
system the Laplace operator is not fully decoupled for the tangential and normal component. Inserting
its expression and

curlyp curlop £ = 9, curlop f e — A0, curlsp f ey, in Q,

we find that the normal component satisfies

UJ2

2
Avg + (2 — I@'QAZ) vg =1 e, — %Aat curlyp
c w

— A%(2k0, + K Aoy =: f1, in Q,
(4.17)
vs = ¢, on 01,
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whereas the tangential component solves

2

w? 9 19 c
Avy + (2—/f A )Uth-et-i-QasCU-ﬂQDf
C w

+ A?(2K0; + K A)v, = fa, in Q,
(4.18)
Opvy = —0sv; = curlap v — Oy
&2
= —curlppf — s =: g, on 0f).
w

The coupling between v; and v is with at most their first tangential derivative which enable us to
prove the regularity step by step.
For this we introduce subsets € ¢, £ =0,...,7 + 1 intersecting 02 in I'y , with

Q0 := Qo, O py1 = Oy, Q10 CQo, Ty CTy1, e=1,...,r+1.

Let us assume that v € H*(Qy) for some £ € {0,...,r}. Then, f; € H (Qy,), g € H3/2(y ) C
H™3/2(Ty), fo € HY (4 4), and § € H+/2(T'y ), and in view of Lemma 4.5 v € H*+2(Qy 4, 1). Since
by assumption v € H*(Q4 o) the statement of the Lemma follows by induction in ¢. O

Proof. [Proof of Lemma 2.3] We will prove the lemma by induction in j. Consider first j = 0. As
f € (Ho(div,Q))’, v?-n = 0 and curlop £ € L?*(Q) by assumption, by Lemma 4.2 with ‘:—22 distinct from
the Neumann eigenvalues of —A there exists a unique solution v? € (H'(Q2))2. So, divv® € L?(2) and
by (2.12) p° € L2(Q). As f € (H™(Q))? for any m € Ny in a neighbourhood Q of 2 using Lemma 4.6
and the trace theorem we can bound the trace divv® € H™~1/2(9Q) for any m € Nj.

Now, let j > 0 and v* € (H'(Q))?, divv’ € H™ 1/2(99Q) for any m € Ng and £ =0,...,5 — 1. By
assumption we have f € (H™(Q))? and so with (2.11) curlyp vZ € L2(Q) N H™1(Q) and, as G, and
H are differential operators, with (2.9b) v/ -n € H™1/2(9Q) for any m € Ny. So, by Lemma 4.2 there
exists a unique solution v/ € (H'(Q))? and by Lemma 4.6 and the trace theorem div v/ € H™~1/2(9Q)
for any m € Ny. Furthermore, (2.12) implies p/ € L?(1).

Hence, by complete induction in j the proof is complete. O

4.5. Estimate of the modelling error

The near field functions have been defined in (¢, s)-coordinates close to the wall which is assumed to
be C*°. Since integrals over the physical domain can be transformed into such over the (¢, s)-domain
where a factor 1 — ks appears, the following equivalence follows easily.

Lemma 4.7. For any function @ : [0,00] x I' = C with w = 0 for s > sg and v(x) := u(t,s) there
exists a constant C' = C(||k[| g (r)s0) > 0 such that

lvllz2) < C |l 2(rxo,00)) -

The near field equations have been derived in a neighbourhood of the boundary where the cut-off
function x(x) is the constant 1. With the cut-off function x(x) we can state the following

Lemma 4.8. For any function u € II(\, L*(T')) with Re X > 0 and @(t,s) = u(t,2) there exists a
constant C' > 0 independent of € such that

Xl 2(rx0,00]) < C Ve,

where x(x) = X(8) is a cut-off function for the near field introduced in Sec. 3.2 and Fig. 2. Furthermore,
there exist two positive constants C' and 7y independent of € such that such that forn =1,2,3

Ha)/(\(n)HLz(FX[O,oo]) < Cexp(—/e).
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Proof. Since u € II(\, L?(T")) it holds |u|* € TI(2\, L*(T")) and so

/Om|<ts>|d5— U(t,0)

where U(t,S) € II(2)\, L*(T)) such that dsU (¢, S) = |u(t, S)|?. Since U(t,0) € L1(T)

|Iﬂ>?||m(rxooo)—// ts|x2dsdt<s// u(t,S)*dSdt < Ce.

The second part of the lemma can be easily proven as in Theorem 2.2 in Ref. 6. O
Now, we can prove the error estimate of the derived expansion.

Proof. [Proof of Lemma 2.2] The proof is in two parts, (i) for the sum of far and near field, (ii) for
the far field approximation only.

(i) The asymptotic expansion solution (v®™,p=") has been defined in (2.6a) and (3.2), where
the far field terms (v7,p’) solve (2.9) and the near field terms ¢’ satisfy (3.6). By its def-
inition (2.6a) and (3.2) (v="",p=) solves (2.4b) exactly and v*"" has vanishing tangential
component on 9f2. The momentum equation (2.4b) is satisfied only up to the residual

Ri (VE’N, pE’N) —f

which we are going to estimate in the L?(Q2)-norm. The contribution of the far field to the
residual is

= =M (AN T+ ev) — g Vdiv(vV T +evY))
and so with some constant C' independent of
||f5’N||L2(Q) < CeNtL (4.19a)
The contribution of the near field is

2 3
5 .= R{(v3Y,0) = —e curlyp (A§ NN sfflffce(qu*j))x(x)

=0 =1+
- S0 DR

where U$, Us, U§ € II(\g, L3(T)) for all & < ||, some integer M < N +1 and with a constant
independent of e. Note, that we use the local coordinates t = #(x), s = s(x), and S = £, and
that x(x) = X(s(x)) if the (smallest) distance to the wall is less than s; and 0 otherwise.
Using Lemma 4.7 and 4.8 we can bound (remember, that € curlyp is of order 1)

€57 22 () < C VT3, (4.19D)

The near field is constructed such that in sum with the far field the tangential velocity
component on the boundary is zero. The normal velocity component of v*" is with (3.10)
given as

voNon =Ny [(£,0) - n=eV119,6" (¢,0).
Since ¢V is bounded by derivatives of v, ..., v)¥ which are bounded by Lemma 4.6, we have

VoY n)l o a0y < CeNTh
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Hence, by Corollary 4.1 we obtain

|ve — VE’NHH(diV’Q) +¢|| curlep v — curlsp VE’NHLQ(Q)
+ [Ip° = p" N g0y < CNT
We can improve the estimate for curlop vV, By Lemma 4.7 and Lemma 4.8 it is

|(e curlap e curlyp ¢7) x| 2(q) < CVe

and the same bound holds for ¢ curlyp & curlyp(¢7 x) which differ from (e curlap € curlyp ¢7)x
only in terms in ¥’ and X”. Since curlop v/ do not depend on ¢ for no j € Ny we find the
desired estimate

Velleurlop vE — curlop vE N || 12(q)

< \E(H curlyp v& — curlyp VE’N+1||L2(Q) + eV curlyp VN+1||L2(Q)
+ eV curlyp e curlgp(¢N+1x)||Lz(Q)) < CeNtL

(if) We can use the triangle inequality and (2.7) to bound

N .
lve = Z]‘:O e’v! HH(diV’Q\ﬁa)—&_

N .
\/g” CUI'IQD vE — CUI'IQD Zj:() glv? HLQ(Q\ﬁé) S C€N+1

since the L?(Q\ Q5)-norm of V‘EZLV decays faster than any order in e, which can be shown
analogously to the estimates with cut-off functions in Lemma 4.8. We can improve the result
in the same way as in (i) as v/ and p/ do not depend on € and so

N
e __ Iv7 —
|| curlop v& — curlyp E =05V L2 @\@s)

N+1 . .
£ _ I~vI —
< ||cur12Dv curlsp E =0 elv ||L2(Q\Qd)
+ eV curlyp VN_H”L?(Q\ﬁg) < oML

This completes the proof. O

5. Conclusion

In this article the multiscale behaviour of the acoustic velocity and pressure in viscous gases inside
a bounded two-dimensional domain have been studied using the multiscale expansion, this for the
case that the frequency is not an eigenfrequency of the limit problem of zero viscosity. The linearised
Navier-Stokes equations are decoupled in equations for the velocity and pressure, where the pressure
equation lacks a boundary condition. With the technique of multiscale expansion we could define a
sequence of terms approximating the velocity and pressure for small viscosities, this separately inside
and outside a O(,/n)-neighbourhood of the boundary. The derivation and mathematical justification
of the expansion include curvature effects. We have derived the terms of the velocity and pressure
expansion explicitly up to order 2, where the far field terms of the velocity and the pressure fulfil each
partial differential equations in the whole domain. This differential equations include as boundary
conditions a given normal component of the velocity (Dirichlet trace) or the normal derivative of the
pressure (Neumann trace), respectively. The Neumann trace of the velocity or the Dirichlet trace of
the pressure defines then the near field terms, which decay exponentially away from the boundary.

The asymptotic expansion to any order is rigorously justified by a stability and error analysis.

The presented study is a starting point to derive impedance conditions of higher order and can be
extended to the case of resonances of the limit problem in bounded domains, to unbounded domains
or to domains with non-smooth boundaries.
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Appendix A. Derivation of the boundary conditions to any order

The definition of the impedance boundary conditions is closely related to the solution of the ordinary
equations (3.6) for the near field terms ¢/ (¢, S). We can decompose (3.6) into two problems, an ODE
with a source term 1), say, and homogeneous Neumann data,

Ho(\2 + 82)6(t, S) = ¥, 5), (A1a)

ds¢(t,0) =0, (A.1b)

and into an ODE without source term and with Neumann boundary data —v! (¢). For ¥ of the form

Y(t,S) = q(t,S)e™ for some polynomial g in S the problem (A.1) has a unique (decaying) solution

¢ of the form ¢(t,S) = p(t,S) e~ for some polynomial p in S. Let L be the solution operator which
maps the source term (A.1) to its solution, or equivalently, the polynomial ¢ to the polynomial p.

Using L we can write the near field terms to any order as expression of the tangential trace of the
far field terms as given in the following

Lemma A.1. The near field terms of any order j € Ny can be expressed as

J
Z Ee’l}t (A2)
£=0

where E; =0 for j <0, Eyv = /\ioe_k‘J v and for j >0 E; : C°(T") = C*(I"x [0,00)) are differential
operators in t given by the recursion relation

3
=D (L(Ce(Ej—))(t, S). (A3)
=1

Furthermore, ¢*(t,S) are polynomials in S multiplied by e~ 03

Proof. We verify the two conditions defining ¢/. First, the Neumann boundary conditions is fulfiled,
85¢J t,0) 285 Eﬂ)t (t,0) = as(Eo’Uz)(t, 0) = —’Uz (t,0),

since dg(L1)(t,0) = 0 for any ¢ by (A.1b). Second, with iwpy + 700% = no(A3 + 0%) the ordinary
differential equation is satisfied,

3
iwpod’ (t, S) + m003d (t,5) = > Cou(¢?™)(t, )
m=1

j 3 jm
=3 no (A + 02) (Bevl ! (Y Gl Z Ep] " )(, S)
£=0 m=1 £=0
3
= )\2 +as Z EZ mvt )))(t,S)

m=1

_] m

ZEg N(t,S)
=
E

Mw gM“

1

J

(Con(>_ Eromvl” ZE )(t,S) =0,
£=0

=

[
i -
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where we used F;_,, = 0 for £ < m and simple resorting.
That ¢/ are polynomials in S times e~ follows by recursion in j and the properties of the
solution operator L. O

Now, we are able to express the normal trace of the far field velocity by lower order tangential
velocities to any order (see (3.10) up to order 2).

Corollary A.1. The normal trace of the far field velocity of any order j € Ny can be written as

J
Z D(Ut , (A'4)
(=1

where Dy = 0 for £ < 0, Di(t) = —%Oﬁt and Dy : C®(I") — C°(T") for £ > 2 are the differential
operators on I’

(D)(t) = 8y(Ey_10)(t, 0). (A.5)

Proof. Since v/ (t,0)m = S27_, (Dyvl ) () = Y2120 0y (Eevl " 70 (t) = 8:¢7 ' (t) we have equivalence
o (3.9). O

Now, we can represent the operators Gy and Hy in the expressions of the normal (Dirichlet) trace
of the far field velocity in terms of the Neumann trace and the source on the boundary, see (2.9b) to
any order. For this we use the Kronecker symbol 4, with truth values 7 where §, = 1 if 7 is true and
0 otherwise.

Corollary A.2. The relation (2.9b) holds with

2

(Geo)(t) = (( - %Eg_l + ME5_3)33U> (1,0),

wpo
%
=—— ZE ( - — cur12D curlgp) O (f - nL) 05— is even-
wpo
Proof. Using (3.11), (A.5) and e; = —n" we can write
\& (t70) ‘n= Z(nggi )(t) = at(Ee—lvg7 )(tv 0)5
(=1 (=1
J c? o, i(no +m0) i~
= Z@t( — 7Eg_1at divv?I™" + 70E2_18t divvi—¢2
— w wpo
S ( — 0 curlyp curlzp) Cfontdg cvcn) (t,0)
wWpo wWpo
j
= (Gedivvi=h)(t) + Hy(£),
=1

which is (2.9b). Here, we resorted the sum and used the fact that differential operators in ¢ commut&l

Finally, we show the expressions for the boundary conditions of the far field pressure.
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Lemma A.2. The relation (2.13b) holds with

L= .
w? N (100 + o)\ ™
Jo=—— E (20) Go—2m.,
" m=o poc
L%J 1(170 + ’I7I )OJ m
K;(f) = <,00020) (iWPOHj2m(f)

ing j—2m
+ ( - wp CllI‘lQD CU.I'IQD ) f-n- 6j—277z226j is even |-
0

Proof. Inserting (2.9b) and (2.12) into (3.12) we get

2 J .
n=_% =4 4 . N 1Y g2,
Vp'-n= ) ; Gep? ™" +iwpo H;(f) + (o + nO)ng2 Vp'™%-n

ino /2
—i—(——curlgpcurlgp) f'n'aj is even-
wpo

Here we use the convention p/ = 0 for j < 0. This boundary condition depends only on far field
pressure terms of lower orders and the source term f on the boundary. For j = 0 with Hy(f) = 0 we
have the well-known limit condition (2.14) for the far field pressure. Now, inserting the expression for

Vp?~2.n into that for Vp/ -n and continuing with Vp/~2™.n up to m = L%J and using Vp-n = f-n
leads to (2.13b) with operators J, and K; defined in the lemma. |
References

1. AMROUCHE, C., BERNARDI, C., DAUGE, M., AND GIRAULT, V. Vector potentials in three-dimensional
non-smooth domains. Math. Meth. Appl. Sci. 21, 9 (1998), 823-864.

2. AUREGAN, Y., STAROBINSKI, R., AND PAGNEUX, V. Influence of grazing flow and dissipation effects on
the acoustic boundary conditions at a lined wall. J. Acoust. Soc. Am. 109, 1 (2001), 59-64.

3. BaknavaLov, N. Towards optimization of methods for solving boundary value problems in the presence
of boundary layers. Zh. Vychisl. Mat. 1 Mat. Fiz. 9 (1969), 841-859.

4. BRAESS, D. Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechanics, 3th ed. Cam-
bridge University Press, 2007.

5. BrEzzi, F., AND FORTIN, M. Mized and hybrid finite element methods. Springer-Verlag, 1991.

6. HADDAR, H., JoLy, P., AND NGUYEN, H. Generalized impedance boundary conditions for scattering by
strongly absorbing obstacles: the scalar case. Math. Models Methods Appl. Sci 15, 8 (2005), 1273-1300.

7. HamoupA, M. Boundary layers for the Navier-Stokes equations: asymptotic analysis. In Proceedings Int.
Conference on Boundary and Interior Layers-BAIL 2006 (2006).

8. Hamoupa, M., AND TEMAM, R. Boundary layers for the Navier-Stokes equations. the case of a charac-
teristic boundary. Georgian Math. J. 15, 3 (2008), 517-530.

9. Howg, M. S. The influence of grazing flow on the acoustic impedance of a cylindrical wall cavity. J.
Sound Vib. 67 (1979), 533-544.

10. Howg, M. S. Acoustics of fluid-structure interactions. Cambridge Monographs on Mechanics. Cambridge
University Press, Boston University, 1998.

11. IFTIMIE, D., AND SUEUR, F. Viscous boundary layers for the Navier—-Stokes equations with the Navier
slip conditions. Arch. Ration. Mech. Anal. 1 (2010), 39.

12. IL’IN, A. Differencing scheme for a differential equation with a small parameter affecting the highest
derivative. Mat. Zametki 6, 2 (1969), 237-248. (in Russian).

13. IL'IN, A. Matching of asymptotic expansions of solutions of boundary value problems, vol. 102. American
Math. Soc., 1992.

14. KopTEVA, N., AND O’RIORDAN, E. Shishkin meshes in the numerical solution of singularly perturbed
differential equations. Int. J. Numer. Anal. Model. 7, 3 (2010), 393-415.

15. KozoNo, H., AND YANAGISAWA, T. ["-variational inequality for vector fields and the helmholtz-weyl
decomposition in bounded domains. Indiana Univ. Math. J. 58, 4 (2009), 1853-1920.

16. KreEeiss, H.-O., LORENZ, J., AND NAUGHTON, M. Convergence of the solutions of the compressible to the
solutions of the incompressible Navier-Stokes equations. Adv. in Appl. Math. 12, 2 (1991), 187-214.



17.

18.

19.

20.

21.

22.

23.

24.

25.
26.
27.
28.
29.
30.
31.

32.

High order asymptotic expansion for the acoustics in viscous gases close to rigid walls 25

LANDAU, L. D., AND LiFsHITZ, E. M. Fluid Mechanics, 1st ed. Course of theoretical physics / by L. D.
Landau and E. M. Lifshitz, Vol. 6. Pergamon press, New York, 1959.

Linss, T. Layer-adapted meshes for convection—diffusion problems. Comput. Methods Appl. Mech. Engrg.
192, 9-10 (2003), 1061-1105.

McLEAN, W. Strongly elliptic systems and boundary integral equations. Cambridge University Press,
Cambridge, 2000.

Moisg, I., TEMAM, R., AND ZIANE, M. Asymptotic analysis of the Navier-Stokes equations in thin
domains. Topol. Methods Nonlinear Anal. 10 (1997), 249-282. volume dedicated to O.A. Ladyzhenskaya.
MONK, P. Finite element methods for Mazwell’s equations. Numerical mathematics and scientific compu-
tation. Clarendon Press, 2003.

Munz, C.-D., DUMBSER, M., AND ROLLER, S. Linearized acoustic perturbation equations for low mach
number flow with variable density and temperature. J. Comput. Phys. 224 (May 2007), 352-364.
RIENSTRA, S., AND DARAU, M. Boundary-layer thickness effects of the hydrodynamic instability along
an impedance wall. J. Fluid. Dynam. 671 (2011), 559-573.

RIENSTRA, S. W. Impedance models in time domain, including the extended helmholtz resonator model.
In 12th ATAACEAS Aeroacoustics Conference (Cambridge, MA, USA, May 8-10, 2006) (2006), ATAA
Paper 2006-2686, pp. 1-20.

RIENSTRA, S. W., AND HIRSCHBERG, A. An Introduction to Acoustics. Eindhoven University of Technol-
ogy, 2010.

SAUTER, S., AND SCHWAB, C. Boundary element methods. Springer-Verlag, Heidelberg, 2011.
SCHLICHTING, H., AND GERSTEN, K. Boundary-layer theory. Springer Verlag, 2000.

SHISHKIN, G. Grid Approzimations of Singularly Perturbed Elliptic and Parabolic Equations. Russian
Acad. Sci., Ural Branch, 1992. 232 pp. (in Russian).

SHISHKIN, G., AND SHISHKINA, L. Difference methods for singular perturbation problems. Chapman &
Hall/CRC monographs and surveys in pure and applied mathematics. CRC Press, 2009.

VAN DYKE, M. Perturbation Methods in Fluid Mechanics. Academic Press, New York & London, 1964.
VisHIK, M. I., AND LYUSTERNIK, L. A. The asymptotic behaviour of solutions of linear differential
equations with large or quickly changing coefficients and boundary conditions. Russian Math. Surveys 15,
4 (1960), 23.

VoN WaHL, W. Estimating Vu by divu and curlu. Math. Meth. Appl. Sci. 15, 2 (1992), 123-143.



	Introduction
	Formulation of the problem and main results
	The geometrical setting
	The time-harmonic Navier-Stokes equation for viscous gases
	The equations for asymptotically small viscosity
	Asymptotic expansion
	First characterisation of the far field terms
	ksAn alternative characterisation of the far field terms


	Formal asymptotic expansion
	Decomposition into far and near fields
	Deriving the near field equations
	Far field boundary conditions

	Justification of the asymptotic expansion
	Preliminaries
	Eigensolutions and well-posedness of the limit equations
	Stability of the original problem
	Well-posedness of the far field equations
	Estimate of the modelling error

	Conclusion
	 Derivation of the boundary conditions to any order

