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A Configurational Approach to Model Triglyceride Pure
Component Properties

Julia Seilert* and Eckhard Flöter

In this contribution, a new model to predict the thermodynamic properties,
namely enthalpy of fusion (𝚫Hf) and melting temperature (Tm), of pure
triglycerides (TAGs) is presented. Different contributions to these properties
could be expressed by means of repetitive structural attributes deduced from
molecular structures. Carefully formulated configurational and geometrical
simplifications enabled to attribute physical meaning to most of the
parameters. Overall, the number of adjustable parameters is successfully
minimized to less than half compared to the well-known model proposed by
Wesdorp in “Liquid-multiple solid phase equilibria in fats: theory and
experiments” (1990). Comparing both models revealed that the new model
surpasses the reference model considering desirable prediction quality,
thermodynamical consistency, and the number of adjustable parameters.
Practical application: The successful description of the phase behavior of TAG
mixtures is crucial to understand complex phenomena in fat-based products.
This objective is based on reliable predictions of pure component properties
and non-ideal mixing in liquid- and solid-phases. The newly formulated model
gives reliable descriptions of experimental data and predictions of unknown
data of TAGs — both thermodynamically consistent. Those are of benefit as
prerequisite for any meaningful effort to predict the solid-liquid phase
behavior of TAG mixtures as well as crystallization kinetics.

1. Introduction

Understanding the phase behavior of fats is of importance in the
spreads and confectionary industry. The solid fat content (SFC)
in a product, fat crystal sizes, and their distribution are com-
mon characteristics of interest. These determine the mouthfeel
of the product as well as the melting range and the solidification
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kinetics.[1] To reduce the number of exper-
imental studies on this matter, mathemat-
ical modeling offers a valuable extension
to predict these properties based on the
solid-liquid phase behavior of triglycerides
(triacylglycerols, short: TAGs). Several stud-
ies in this regard were performed over the
course of the last decades.[2–6]

Usually, pure component data, namely
enthalpy of fusion (ΔHf) and melting
temperature (Tm), of the respective TAGs
composing the mixtures and mathematical
models for non-ideal mixing in the liquid
and solid phase are used for the prediction
of the solid-liquid phase equilibria. A few
models for predicting pure component
properties[6–10] and the thermodynamic
properties of mixtures[5,11–13] have been
introduced.
Although TAGs are chemically very sim-

ilar to each other, small changes in their
chemical structure, for example, degree of
saturation, chain length differences, glyc-
erol backbone (GLY) configuration, affect
the solid-liquid phase equilibria. It is gen-
erally acknowledged that the comprehen-
sive description of the physical properties of

TAGs is difficult. This challenge is further complicated by the fact
that TAGs occur in different polymorphic forms. Even though
TAG polymorphism is monotropic, that is, only one polymorph
is stable over the entire temperature range, the so-called 𝛼, 𝛽′,
and 𝛽-polymorphs[14] are the most commonly considered. These
three polymorphs differ in the hydrocarbon chain packing, their
orientation (subcell), and the angle of tilt with respect to the
lamellar interface. However, TAGs occur only in theory in all
three polymorphic forms, 𝛽-polymorph being the most stable
form. Further, TAGs arrange in at least two kinds of layered crys-
tal stacking structures, that is, double chain length (DCL) and
triple chain length (TCL).[15] This is due to lateral interactions
(INTs) between hydrocarbon chains.
TheGLY is believed to assume two configurations, namely tun-

ing fork and chair. Which configuration the TAG assumes de-
pends on the mix of fatty acids and their distribution on the glyc-
erol backbone.
The aforementioned lamellar interface is characterized by

the methyl end plane (MEP) formed by the terminal methyl
groups of the fatty acid moieties. Its characteristics depend on
the chain length mismatches (CLM) of hydrocarbon chains and
the chain inclination of the respective polymorph. Assuming an
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even lamellar interface, differences in the chain lengths of adja-
cent fatty acids cause a disrupted interface. The resulting voids
decrease the local crystal density.[16]

The described characteristics of TAGs are determined by var-
ious experimental methodologies such as differential scanning
calorimetry (DSC) (∆Hf and Tm) and X-ray diffraction (XRD)
techniques (short spacing (SS), long spacing (LS), GLY configura-
tion). Regarding modeling based on experimental data, the qual-
ity of the respective experimental data must be considered. Not
only the availability of comprehensive data but also their qual-
ity are cornerstones for the formulation of reliable models. Be-
sides plain experimental and methodological errors, uncertain-
ties about the chemical composition and sample purity can com-
promise the starting point and verification options of any model-
ing effort. As a temperature-dependent measurement technique,
the resulting thermograms of DSC analysis are greatly influ-
enced by crystallization kinetics. In powder XRDmeasurements,
samples comprising numerous crystals are measured. Hence,
XRD reveals essentially only qualitative information on the sub-
cell geometry (polymorph, obtained from SS in wide-angle spec-
tra) and chain length stacking (LS in small-angle spectra).
TAG polymorphism is not limited to the named three struc-

tures, considering the six structures necessary to character-
ize the crystallization behavior of cocoa butter and other sub-
modifications of unsaturated TAGs, for example, sub-𝛼, 𝛿, 𝛾 , 𝛽-1,
𝛽-2.[17–21] This adds uncertainty to experimental data.
In the well-established model by Wesdorp,[6] the TAG prop-

erties in three polymorphs are estimated based on the geome-
try of the TAG. Detailed information on the model can be found
elsewhere.[6,22,23] Different configurations of the GLY, as well as
different crystal structures, are not accounted for. Themodel pre-
dicts the properties of completely saturated and partially unsatu-
rated TAGs. For the latter, the model requires a large number of
parameters. Two approaches are used to predict Tm. In the first,
Tm is approximated by a polynomial equation lacking any physi-
cal justification. In the second approach,Tm is calculated from the
ratio of ΔHf and entropy of fusion (ΔSf) at thermodynamic equi-
librium and respective ΔSf equations. However, for either way
it was pointed out that, in particular, sequences of predicted Tm
partly lack thermodynamic consistency.[22]

A Group Contribution model by Zéberg-Mikkelsen et al.[7]

emerges from UNIQUAC and is based on the interactions be-
tween the fatty acid moieties. The model describes, using a large
parameter set, only the properties of saturated TAGs.
In this contribution, a new model to predict the pure TAG

properties (ΔHf and Tm) is described. Model equations were
developed based on the configuration of the TAG in the crystal.
Therefore, repetitive structural elements were derived from
TAG analysis of known crystal structures. This corresponds
to the ambition that model parameters represent recognizable
contributions. Furthermore, the model fit is constrained to
deliver thermodynamically consistent predictions.

2. Model Development

2.1. Notation

In this contribution, the TAGs are decoded by a three-letter code
for convenience. For example, tripalmitin is decoded by PPP,

Table 1. Fatty acid nomenclature.

Fatty acid Symbol C:U

Capric acid C 10:0

Lauric acid L 12:0

Myristic acid M 14:0

Palmitic acid P 16:0

Stearic acid S 18:0

Elaidic acid E 18:1t

Oleic acid O 18:1

Linoleic acid l 18:2

Linolenic acid le 18:3

The notation is given as C:U (“C”= carbon number, “U”= number of double bonds);
“t” indicates a double bond in trans-configuration, if not indicated otherwise the dou-
ble bonds are in cis-configuration.

Table 2.Number of available data on enthalpy of fusion (ΔHf) andmelting
temperature (Tm) of TAGs in dataset D; data sorted after assigned crystal
structures, DCL—double chain length stacking, TCL—triple chain length
stacking; see text for details.

𝛼 𝛽′ 𝛽

DCL TCL DCL TCL DCL TCL

ΔHf

Saturated 44 15 30 6 37 19

Unsaturated 21 – 10 8 15 13

Total 65 15 40 14 52 32

Tm
Saturated 72 37 72 36 68 47

Unsaturated 71 2 24 20 21 47

Total 143 39 96 56 89 94

where the middle character indicates the fatty acid on the 2-
position of the glycerol backbone. The common denotation of
selected fatty acids occurring in vegetable fats and oils is given
in Table 1.

2.2. Dataset

Experimental data on ΔHf, Tm, on the crystal structure includ-
ing SS and LS, and the GLY configuration of several TAGs were
gathered from a public-domain literature review.[7,18,19,23–43] The
review delivered a large number of Tm and ΔHf data of saturated
TAGs. Unfortunately, fewer data of unsaturated TAGs were iden-
tified. In total, experimental data for 282 TAGs were accumu-
lated. This dataset was reduced by excluding TAGs containing
odd chain lengths and chain lengths greater than 20. The result-
ing dataset D comprised 262 TAGs. These are 137 fully saturated
TAGs and 125 TAGs containing at least one unsaturated fatty
acid—referred to as “unsaturated” TAGs. Table 2 summarizes the
number of data available in literature that was used to generate
dataset D.
No experimental data on ΔSf, LS information on poly-

unsaturated TAGs, and SS information on TCL structures were
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Figure 1. Subcells with geometrical dimensions and reference cells for DCL and TCL, unit nm.

available.ΔSf data were generated by dividing the experimentally
determined ΔHf and Tm.

2.3. Model Setup

2.3.1. Enthalpy of Fusion

A linear dependence of ΔHf on the total carbon number of
saturated monoacid TAGs is generally acknowledged.[9,10] Since
TAGs differ in saturation, GLY configuration, and chain length,
the linear relation known formonoacid TAGs needs to be refined.
ΔHf is subdivided into three contributions: 1) the contribution of
the INT between hydrocarbon chains (HINT), 2) the contribution
of the GLY (HGLY), 3) the contribution of the MEP (HMEP),

ΔHf = HINT +HGLY +HMEP (1)

In the following, the terms “hydrocarbon chain,” “alkyl chain,”
“fatty acids” are used interchangeably.
On the basis of the linear relation valid for monoacid TAGs,

a reference cell is defined. Reference cells were formulated for
two basic crystal structures, DCL and TCL. Their sizes are de-
fined by the characteristic carbon number C reflecting an “ideal”
monoacid TAG (Figure 1). The characteristic carbon number is
determined by the longest fatty acid in each leaflet. Obviously, in
the TCL structure, two characteristic carbon numbers must be
defined, one for the middle layer and one for the outer layer(s).
In DCL, only one characteristic carbon number needs to be as-
signed as both layers mirror each other.
Consequently, the DCL and TCL structure is simplified by

the “stacking” of two TAG molecules and subsequent molecules
in the lateral direction. In this spirit, the reference cell does
not reflect the true unit cell of the crystal which varies for ev-
ery polymorph. From a review of single-crystal studies,[44] it
can be deduced that no general unit cell of TAG crystals for
each polymorph can be assigned. While for the 𝛽-polymorph
triclinic unit cells containing two TAG molecules are generally
reported, different unit cells (and subcells) composed of eight
molecules for TAGs in the 𝛽′-polymorph are known. For exam-
ple, CLC and PPM adapt an orthorhombic and monoclinic unit

cell, respectively.[45,46] What is striking is the similarity of the two
analyzed TAGs, both being saturated with small chain length dif-
ferences, yet large structural differences in the crystalline state
were found.
However, in the model presented in this contribution specific

information on the unit cell is not included. ΔHf is rather ap-
proximated using structural information on TAGs in the DCL
and TCL structure as described above in three main polymorphic
form— rendering six TAG-subcategories, that is, DCL in 𝛼, DCL
in 𝛽′, DCL in 𝛽-polymorph and analogously TCL. Based on CLM,
symmetry, degree of saturation, and, primarily LS information,
TAGs were assigned to named specific crystal structures using a
decision tree based on the available experimental data.
INT: The contribution of the INT between hydrocarbon

chain elements is assumed to be a function of their average lat-
eral distance d in a crystal structure. No distinction is made be-
tween neighboring fatty acid moieties belonging either to the
same or another TAG. Thus, the next neighbor fatty acids were
identified by the subcell packing of the fatty acids in a crystal
structure. The subcell information from XRD and wide-angle
spectra is used for this purpose. The 𝛼-polymorph has a hexag-
onal subcell (H), which consists of freely rotating hydrocarbon
chains. It reveals a single interplanar spacing of 0.415 nm. The
𝛽′-polymorph has an orthorhombic perpendicular subcell (O⊥).
The adjacent hydrocarbon chains are orientated orthogonally to
each other. The XRD pattern shows two peaks that correspond
to SS of 0.42 and 0.38 nm, respectively. The 𝛽-polymorph has a
triclinic parallel subcell (T∕ ∕) with parallel aligned chain orienta-
tion. It yields peaks corresponding to SS around 0.46, 0.37, and
0.39 nm.[47]

The subcells can be simplified using basic geometry (𝛼:
hexagon, 𝛽′: rectangular, 𝛽: parallelogram, see Figure 1). The
arithmetic mean distance of the six next neighbors of the central
chain was computed by a geometrical simplification (Figure 2).
Even though a hydrocarbon chain in the 𝛽′ or 𝛽-polymorph

has next neighbors in eight directions, the two most distant were
disregarded because of their substantially larger distance to the
central chain. This seems justified considering that the predom-
inant van der Waals interaction decrease with the sixth power of
the distance. The simplification led to an average lateral distance
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Figure 2. Geometrical simplification of subcell packing to estimate the average distance between adjacent fatty acids, predominantly interacting fatty
acids (black), not interacting fatty acids (grey), interaction radius (dashed circle), average lateral distance (d).

of 4.79, 4.72, and 4.63 Å for the 𝛼-polymorph, 𝛽′-polymorph, and
𝛽-polymorph, respectively.
Further, the kind of hydrocarbon chain (i.e., degree of satura-

tion) is considered in the description of the INT contribution. A
combinatorial interaction parameter A is introduced to account
for different combinations of saturated and unsaturated hydro-
carbon chains. Only relevant for the DCL, the parameter A is
computed as the weighted sum of the contributions ASS, ASU,
and AUU. These parameters represent the interaction between
two saturated, one saturated and one unsaturated, and two un-
saturated fatty acids, respectively.
The parameters ASU and AUU account primarily for oleic acid

(single double bond in cis-configuration). For other typically oc-
curring unsaturated fatty acids in TAGs, for example, elaidic acid
(E), linoleic acid (l), and linolenic acid (le), correction factors,
and switch-functions for the parameters ASU and AUU were in-
troduced. This variation of the interaction parameter A is neces-
sary to reflect the observation that the number of double bonds,
their position, and the configuration (cis or trans) clearly affect
Tm and ΔHf of TAGs. The fact that ΔHf of SES, SOS, and SlS
in the 𝛼-polymorph is 96.2, 47.4, and 40.9 kJ mol−1, respectively,
illustrates this undoubtedly. Since these TAGs are symmetrical
and most likely adapt the tuning fork configuration, differences
in ΔHf have to be accounted for by different INTs.
Different from the DCL, it is assumed that the TCL does

not contain pairs of neighboring saturated and unsaturated fatty
acids in the lateral plane. The TCL is rather characterized by dif-
ferent leaflets exclusively composed of either saturated or unsatu-
rated fatty acids rendering the contribution ASU in TCL obsolete.
Thus, the middle layer and outer layers can be solely described
by ASS and AUU.
GLY: The GLY adapts at least twomajor configurations, chair

or tuning fork. These are also considered in the model. The con-
tribution of theGLY toΔHf was incorporated by simply adding an
extra term. This term represents by default the chair configura-
tion and is varied via a switch-function and correction factor to ac-
count for the tuning fork configuration. A decision tree was used
to assign a GLY configuration to a TAG. The decision tree fol-
lows this reasoning: 1) regarding saturated TAGs, the symmetry
of the molecule determines the GLY configuration. Accordingly,
an achiral or symmetric saturated TAG adapts the tuning fork
configuration (e.g., PSP), while an asymmetric saturated TAG al-

ways adapts the chair configuration (e.g., MMP). 2) Unsaturated
fatty acids do not form a mixed leaflet with saturated fatty acids
in more stable polymorphs, that is, SOS adapts the tuning fork
configuration, SOO the chair configuration. This is in line with
literature reports.[43,48] In mixed-acid saturated TAGs, the GLY
configuration is chosen in such a way that the relative CLM is
minimized.
The GLY contributions in either DCL or TCL are distinguished

but modeled in the same manner. It was assumed that the GLY
contribution in these two crystal structures (DCL, TCL) is differ-
ent in each polymorph. However, the main difference between
the chair and tuning fork configuration of the GLY is considered
of conformational and not of energetical nature. It was hence
postulated that the relation of chair to tuning fork is constant
throughout the different polymorphs and chain length configu-
rations. This implies that seven parameters account for the con-
tributions of the GLY to the enthalpy of fusion.
MEP: The length difference (i.e., difference in carbon num-

bers) in neighboring hydrocarbon chains is either zero for
monoacid TAGs or non-zero formixed-acid TAGs. The latter case
causes disruptions in the MEP and creates voids that reduce the
overall crystal energy.[16,49] This effect is accounted for in the de-
scription of the MEP in the model. Therefore, the CLM is in-
troduced that describes the deviation of the actual hydrocarbon
chains to the characteristic carbon number of the reference cell.
This means that at least one CLM is zero.
In DCL, the CLM between each fatty acid and the longest

fatty acid (characteristic carbon number of the reference cell) is
considered. The CLM determined this way is thus assumed to be
independent of the GLY configuration. In TCL, the CLM assess-
ment is limited to the outer layer. Therefore, a pre-assignment
of fatty acids to the different layers is required to allow the deter-
mination of the respective CLM next to the characteristic carbon
number of each layer. A decision tree was developed to assign
fatty acids to either the middle or outer layer(s).
The CLM was expressed as a relative CLM as a CLM of 2 has a

greater effect on a TAGwith a characteristic carbon number of 12
(e.g., CLL) than with 18 (e.g., PSS). Regarding models that build
up properties additively from elements of chain molecules, one
could be tempted to consider a void as an absolute length reduc-
tion of the interacting chains. For themodel formulated here, it is
emphasized that the void is accounted for as a correction for the
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“perfectly” filled reference cell and, hence, results in relative per-
turbation. After careful geometrical assessment, the angle of tilt,
𝜏, of the hydrocarbon chains with respect to the lamellar interface
was incorporated into the model as well. This tilt can be inter-
preted as scaling factor of the potential voids due to increasing
chain inclination (decreasing angle) with increasing stability of
the polymorph, expressed as sin(𝜏). According to literature data
of the 𝛼, 𝛽′, and 𝛽-polymorph, the angles were approximated by
90°, 70°, and 60°, respectively.[44,50] The MEP contribution has an
upper bound asymptotically approached with increasing relative
CLM.

2.3.2. Melting Temperature

To formulate a model to predict or rather correlate Tm of pure
TAGs, two approaches have been reported. In the first approach,
the experimental available Tm are used to derive a parameter set
for a physically meaningless equation that reproduces the data.
The second approach is based on the thermodynamically consis-
tent relation of the three quantities ∆Hf, ∆Sf, and Tm at phase
equilibrium,

ΔG = 0 = ΔHf − Tm ΔSf (2)

Tm =
ΔHf

ΔSf
(3)

To follow this route of modeling, expressions to describe ΔSf
need to be formulated. Typically, this is done analogously to the
models for ΔHf. This route includes deriving ΔSf data following
Equation (2) from ΔHf and Tm and subsequent parameter opti-
mization. Even though questionable, it is certainly more intuitive
tomodelΔSf by a group contribution approach. Anyhow, both ap-
proaches involve the determination of several additional param-
eters seeking a consistent description and prediction of Tm.
In this work, another approach is followed. From n-alkanes

and other related homologous alkyl-series, a linear correlation
of ΔHf and ΔSf was retrieved. This relation is obvious if both
properties scale linearly with the number of carbons in the alkyl
chain. This is also valid for saturated monoacid TAGs.[51] Thor-
ough analysis of the available experimental data (ΔHf and Tm),
from which ΔSf data were generated, revealed that this linear
correlation strikingly also holds for other types of TAGs, mixed-
acid, and also the data of unsaturated TAGs, see Figure 3. The
fact that also the data relating to different polymorphic forms of
the same TAGs can be described by one common linear fit is even
more surprising. Formore details, readers are referred to another
manuscript of ours.[52]

In the model presented in this contribution, the relation be-
tween the ΔHf and ΔSf is straightforwardly captured in a linear
relation,

ΔSf = x ΔHf + y (4)

Finally, Tm for any TAG is derived based on the values obtained
for ΔHf in combination with Equation (4) substituted into Equa-
tion (3). Although the data for saturated and unsaturated TAGs
are overall well represented by a single fit for Equation (4), there

Figure 3. ΔSf versus ΔHf for saturated (filled) and unsaturated TAGs
(empty), 𝛼-polymorph (squares), 𝛽′-polymorph (circles), 𝛽-polymorph
(triangles), representation of the linear relation of ΔSf versus ΔHf indi-
cated for saturated TAGs (solid line) and unsaturated TAGs (dashed line).

appears to be a systematic difference between these sets of ex-
perimental data (see Figure 3). Consequently, the parameters x
and y of Equation (4) for saturated and unsaturated TAGs were
determined as part of the optimization procedure. Even though
Equation (4) certainly deserves a more detailed discussion, it is
taken as an observational fact here. For an adequate discussion,
the reader is referred to another manuscript of ours[52] as this is
considered beyond the scope of this contribution.

2.4. Model Structure

The model input is the TAG including the information on the
constituting fatty acids and their position on the GLY. This
information is used to pre-assign a crystal structure and a GLY
configuration using generalized decision trees. Based on this,
internal function variables as the characteristic carbon number
C and CLM are defined. Subsequently, the enthalpy of fusion is
computed as follows,

DCL : ΔH{k}
f = A

d{k}6
C + g{k}

(
1 + gtf ftf

)
+ c{k}

3∑
i = 1

tanh

((
sin 𝜏{k}

CLMi

C

)a{k}
)

(5)

TCL : ΔH{k}
f,tr = 1

3
Amiddle

d{k}6
Cmiddle +

2
3
Aouter

d{k}6
Couter

+ g{k}tr

(
1 + gtf ftf

)
+ c{k}tr tan h

⎛⎜⎜⎝
(
sin 𝜏{k}

CLMtr

Couter

)a{k}tr ⎞⎟⎟⎠ (6)

Where the superscript k denotes the respective polymorph {k
= 𝛼, 𝛽′, 𝛽}, the subscript tr describes ΔHf computed for TAGs
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Table 3. Expression for the interaction parameter A in DCL for different
TAG subcategories.

Subcategory Expression

SSS A = ASS
SSU/SUS/USS A = 4

9
ASS +

4
9
ASU (1 + pE fE + pl fl + ple fle )

+ 1
9
AUU(1 + pE fE + pl fl + ple fle )

SUU/UUS/USU A = 1
9
ASS +

4
9
ASU (1 + pE fE + pl fl + ple fle )

+ 4
9
AUU(1 + pE fE + pl fl + ple fle )

UUU A = AUU

S denotes a saturated fatty acid, U denotes an unsaturated fatty acid; ASS (interac-
tion between two saturated fatty acids), ASU (interaction between one saturated and
one unsaturated fatty acid), AUU (interaction between two unsaturated fatty acids);
subscripts: E (eladic acid), l (linoleic aicd), le (linolenic acid).

in the TCL structure, C is the characteristic carbon number in
each leaflet, A is the interaction parameter, 𝜏 is the angle of
tilt with generalized values of 90°, 70°, and 60° for the 𝛼-, 𝛽′-,
and 𝛽-polymorph, respectively, and d describes the average lat-
eral distance of 4.79, 4.72, and 4.63 Å for the 𝛼-polymorph, 𝛽′-
polymorph, and 𝛽-polymorph, respectively. The parameter g ac-
counts for the GLY contribution, c and a account for the MEP
contribution. The sin(𝜏) was introduced as a geometrical scaling
factor of the occurring voids in mixed-acid TAGs. The hyperbolic
tangent function was chosen as the MEP contribution is believed
to increase asymptotically on increasing CLM. In the equation to
calculate the enthalpy of fusion in the TCL structure, the weights
1/3 and 2/3 were included because the TCL is composed of one
middle layer and two outer layers.
In DCL, the interaction parameter A is approximated by

A = w1 ASS + w2 ASU

(
1 + pE fE + pl fl + ple fle

)
+
(
1 − w1 − w2

)
AUU

(
1 + pE fE + pl fl + ple fle

)
(7)

where w1 and w2 are weights determined by combinatorics. The
parameters pE, pl, and ple account for elaidic (subscript E), linoleic
(subscript l), and linolenic (subscript le) acid and the respective
switch-functions fE, fl, and fle are 1 if elaidic, linoleic and linolenic
acid is present, respectively. The detailed expressions for the dif-
ferent subcategories can be found in Table 3.
In TCL, the interaction parameters Amiddle and Aouter are either

determined by the contributionASS orAUU exclusively, as derived
in Section 2.3. Again, the parameter AUU is altered depending on
the type of unsaturated fatty acid present,

Amiddle = AUU,middle

(
1 + pE,middle fE,middle + pl,middle fl,middle

+ ple,middle fle,middle

)
(8)

Aouter = AUU,outer

(
1 + pE,outer fE,outer + pl,outer fl,outer

+ ple,outer fle,outer
)

(9)

Tm is computed as described in Section 2.3.2 according to
Equations (3) and (4) as a function of ΔHf,

Tm =
ΔHf

x ΔHf + y
(10)

It has to be noted that this relation is independent of the crys-
tal structure, that is, DCL or TCL, and polymorphic form. For
the calculations discussed in this manuscript, independent pa-
rameters for saturated and unsaturated TAGs were employed
though. The other variables only affect the values computed for
ΔHf.
In summary, the model formulated requires 39 parameters.

Based on this parameter set, the output for any TAG is a vector
containing ΔHf and Tm for the three polymorphic forms.

2.5. Model Fit Procedure

The model parameters were fit to experimental ΔHf and Tm data
(datasetD). The model equations forΔHf and Tm are coupled. To
optimize the determination of the model parameters, all avail-
able experimental data were used in the fit procedure. It has to
be pointed out here that the whole parameter set of the model
is determined by a single optimization run. This is intrinsic to
the model because several single parameters cover practically all
experimental data points, see Supporting information for details
on the derived parameters. The often-used output least-squares
approach was employed with equally weighted data. The model
parameters were fit to the experimental dataset using once an un-
constrained (I), once a constrained (II) optimization scheme. The
latter enforces thermodynamic constraints on the model output
to ensure thermodynamic consistent model predictions. The cri-
teria for consistency are formulated in Equations (11) and (12)
and related to the relative stability of the polymorphs,

ΔH𝛼

f ,TAG < ΔH𝛽′

f ,TAG < ΔH𝛽

f ,TAG (11)

T𝛼

m,TAG < T𝛽′

m,TAG < T𝛽

m,TAG (12)

The necessity of performing a constrained model fit was first
proposed by Moorthy et al.[22] From each model fit, a parame-
ter set was derived, denoted as PI (unconstrained) and PII (con-
strained), respectively. For more details concerning the mathe-
matical point of view, see Supporting information.

2.6. Numerical Assessment of Model Performance

The model performance was assessed in terms of the prediction
quality, thermodynamic consistency of the model predictions,
and the predictive power of the model. The prediction quality
was determined for subcategories of TAGs: 1) saturated TAGs in
𝛼-polymorph, 2) saturated TAGs in 𝛽′-polymorph, 3) saturated
TAGs in 𝛽-polymorph, and analogously for unsaturated TAGs.
This resulted in six subcategories of respective sample size Ncat.
The root-mean-square error (RMSE) was computed from experi-
mental and predicted data,

RMSE =

√∑
(lEXP − lPRED)2

Ncat
(13)

where l is either Tm or ΔHf and Ncat is the size of the re-
spective category. Further, the ratio of overpredictions O to
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Figure 4. Predictions for a) ΔHf in kJ mol−1 and b) Tm in K of saturated TAGs (filled) and unsaturated TAGs (empty) in 𝛼-polymorph (squares), 𝛽′-
polymorph (circles), and 𝛽-polymorph (triangles) estimated by the model proposed in this work (parameter set PII). The solid black line indicates the
perfect prediction, with dashed, dash-dotted, and dotted lines representing deviations of ±10 units, ±20 units, and ±40 units, respectively.

underpredictions U was considered,

O
U

=
number of over predictions
number of under predictions

(14)

Over predictions are those greater than the respective experi-
mental data point, conversely, under predictions are smaller than
the experimental data point.
Additionally, the residual (𝛿) was tabulated:

𝛿 = lEXP − lPRED (15)

The thermodynamic consistency of the predicted properties,
Equations (11) and (12), was expressed by a “score”, denoted as
TC. If the predictions for a single TAG in all three possible mod-
ifications (𝛼, 𝛽′, 𝛽) were found to be consistent, the TAG was as-
signed a score of 1. Conversely, if at least one inconsistency is
identified the TAG is assigned a score of 0. The overall score of
TC was introduced,

TC =
number of TAGs assigned score 1
total number of TAGs in category

(16)

Different from assessing the prediction quality, which depends
on the availability of the experimental data, the TC score could be
determined for all TAGs in the dataset.
The predictive power of the model was examined by fitting the

model to a smaller dataset D′ (randomly chosen TAGs) and com-
paring themeasures of the prediction quality to themodel param-
eters when the model fit was performed on the broad dataset D.
The dataset D′ comprised 188 TAGs covering about equal num-
bers of saturated (92) and unsaturated (96) TAGs.

3. Model Performance

3.1. Predictions Quality and Thermodynamic Consistency

The model performance was assessed by evaluating measures of
prediction quality (RMSE, U/O, O/U) and the TC score of ΔHf

and Tm predictions. The prediction quality measures were com-
pared to the model proposed by Wesdorp[6] and revised by Moor-
thy et al.[22] as reference model. To calculate the thermodynamic
properties using this reference model, the parameter set given
in[22] and ΔSf model to compute Tm was used. For detailed in-
formation on this model, the reader is referred to the aforemen-
tioned references.
The prediction quality of the model proposed in this contribu-

tion is illustrated in Figure 4. The parity plots for ΔHf (a) and
Tm (b) consider predictions obtained by the constrained model
fit (PII). The display of the predictions resulting from PII was in
particular chosen to highlight the differences between the pre-
dictions of saturated and unsaturated TAGs. Similar parity plots
were obtained using PI.
The RMSE and the ratio of overprediction to underprediction

(O/U, U/O) of the two parameter sets of the newmodel (I: uncon-
strained, II: constrained) and the reference model are tabulated
in Table 4. The ideal value of RMSE indicating a perfect predic-
tion would be zero and for both ratios 1. Regarding the latter,
other values indicate systematic deviations.
As Table 4 reveals, the unconstrained and constrained model

fit resulted in model predictions of comparable quality. For
saturated TAGs, the RMSEs of ΔHf predictions vary between
8 and 13 kJ mol−1 for all polymorphs. For unsaturated TAGs,
the RMSE is greater than for saturated TAGs, varying from
12 to 16 kJ mol−1. The RMSEs for Tm predictions vary from
5 to 7 K and 9 to 14 K for saturated and unsaturated TAGs,
respectively. Overall, the small RMSE indicates a good repro-
duction of the experimental data of both quantities by the new
model.
The ratio of overpredictions to underpredictions was found

to be the largest for the Tm of unsaturated TAGs in the
𝛼-polymorph—O/U of 1.92 (I) and 2.17 (II)—indicating a sys-
tematic overestimation. The Tm of saturated TAGs in the 𝛽-
polymorph were found to be underestimated with an O/U of 0.49
(I) and 0.42 (II). Also, the ΔHf predictions for saturated TAGs in
the 𝛼-polymorph was found to be systematically too small, O/U
0.44 (I) and 0.40 (II).
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Table 4. Summary of prediction quality measures for enthalpy of fusion (ΔHf: RMSE in kJ mol−1) and melting temperature (Tm: RMSE in K) predictions
approximated by the new model using PI (I: unconstrained) and PII (II: constrained), and by the reference model, predictions were obtained for dataset
D.

Saturated Unsaturated

𝛼 𝛽′ 𝛽 𝛼 𝛽′ 𝛽

Reference

∆Hf RMSE 7.65 9.77 9.81 18.66 13.74 11.12

O/U (U/O) 1.27 (0.79) 0.57 (1.77) 0.60 (1.67) 0.75 (1.33) 0.50 (2.00) 0.27 (3.67)

Tm RMSE 7.54 4.81 2.60 13.11 9.86 6.07

O/U (U/O) 0.38 (2.63) 0.27 (3.70) 1.25 (0.80) 1.03 (0.97) 0.38 (2.67) 1.06 (0.94)

New model

PI ∆Hf RMSE 8.86 12.68 9.45 15.92 14.90 12.02

O/U (U/O) 0.44 (2.28) 0.64 (1.57) 1.15 (0.87) 0.62 (1.63) 1.25 (0.80) 1.33 (0.75)

Tm RMSE 6.57 5.90 5.67 9.85 11.56 13.40

O/U (U/O) 1.22 (0.82) 1.51 (0.66) 0.49 (2.03) 1.92 (0.52) 1.75 (0.57) 0.89 (1.13)

PII ∆Hf RMSE 8.91 12.61 11.26 15.84 15.51 11.58

O/U (U/O) 0.40 (2.47) 0.80 (1.25) 1.43 (0.70) 0.62 (1.63) 1.25 (0.80) 1.33 (0.75)

Tm RMSE 6.74 5.82 5.39 10.15 11.82 13.60

O/U (U/O) 1.18 (0.85) 1.84 (0.54) 0.42 (2.38) 2.17 (0.46) 1.59 (0.63) 0.74 (1.34)

Figure 5. Comparison of the residuals 𝛿 of a) ∆Hf predictions in kJ mol−1 and b) Tm predictions in K obtained using PII for saturated and unsaturated
TAGs approximated in DCL and TCL. Dashed and dotted lines in grey are added to guide the eye. Boxplots show the median, 0.25 and 0.75 quartiles as
bottom and top edges, vertical lines give the extend of the errors for values that are no outliers, outliers shown as circles. No experimental ∆Hf data
were available for unsaturated TAGs adapting the TCL structure in the 𝛼-polymorph.

Table 3 also displays the values obtained for the reference
model. At first instance, the values obtained for both models are
similar. This holds in particular for ΔHf. However, for the Tm of
saturated and unsaturated TAGs, both in the 𝛽-polymorph, the
reference model outperforms the new model—RMSE of 2.6 K
compared to 5.7/5.4 K (I/II) and 6.1 K to 13.4/13.6 K (I/II). How-
ever, considering the score of over- to under predictions (O/U),
the reference model performs actually less good than the new
model. Values smaller than 0.5 and greater than 2.0 are consid-
ered to indicate a systematic error of prediction. For the refer-
ence model, four out of 12 O/U values covering different TAG-
subcategories reveal a strong bias of the predictions. For the pro-
posed model, two (I) and three (II) out of 12 O/U values indicate

a systematic error. Regarding this comparison, the fact that the
number of adjustable parameters in the reference model is twice
that of the proposed model—39 versus 84—cannot be ignored.
Figure 5 shows a comparison of the residuals of computedΔHf

and Tm to experimental data for saturated and unsaturated TAGs.
The residuals are depicted as boxplots comprising the median,
0.25 and 0.75 quartiles, the extent of errors that are no outliers,
and outliers. The DCL and TCL were assigned according to a de-
cision tree. The estimates were obtained using PII, similar results
were obtained for PI.
From Figure 5 can be derived that good predictions for theΔHf

of saturated TAGs in DCL and TCL were obtained. For unsatu-
rated TAGs, the prediction of the ΔHf in DCL was found to be
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Table 5. Summary of prediction quality measures for enthalpy of fusion (ΔHf: RMSE in kJ mol−1) and melting temperature (Tm: RMSE in K) estimates
obtained using PI (I: unconstrained) and PII (II: constrained). The model fit was performed on dataset D′ and the predictions obtained for the broad
dataset D.

Saturated Unsaturated

𝛼 𝛽′ 𝛽 𝛼 𝛽′ 𝛽

I ∆Hf RMSE 8.59 12.22 9.74 16.24 15.25 11.56

O/U (U/O) 0.44 (2.28) 0.80 (1.25) 1.07 (0.93) 0.62 (1.63) 1.25 (0.80) 1.33 (0.75)

Tm RMSE 6.47 5.95 5.93 10.10 12.19 13.47

O/U (U/O) 1.10 (0.91) 1.00 (1.00) 0.39 (2.59) 2.32 (0.43) 1.59 (0.63) 0.94 (1.06)

II ∆Hf RMSE 8.59 12.36 10.82 15.96 16.04 11.03

O/U (U/O) 0.44 (2.28) 0.89 (1.12) 1.43 (0.70) 0.62 (1.63) 1.25 (0.80) 1.33 (0.75)

Tm RMSE 6.57 5.86 5.90 10.55 12.59 13.71

O/U (U/O) 1.22 (0.82) 1.40 (0.71) 0.42 (2.38) 3.29 (0.30) 1.59 (0.63) 0.79 (1.27)

quite good as well. The prediction for the TCL structure appears
to be of much lesser quality. The deviations found for the Tm pre-
dictions of unsaturated TAGs are larger than those for saturated
TAGs. Contrarily to the saturated TAGs, data on the TCL struc-
ture of unsaturated TAGs are better reproduced by the model
than those for the DCL packing. This is most apparent for the
𝛽-polymorph. Generally, the unsaturated TAGs which are mostly
considered comprise a mixture of fatty acids covering saturated
and unsaturated. These are most often distributed over different
leaflets rendering the TCL structure in more stable polymorphic
forms. Unsaturated TAGs which adapt the DCL structure in the
𝛽-polymorph are typically composed of exclusively unsaturated
fatty acids, for example, OOO. These are extreme cases charac-
terized by low Tm and consequently of limited importance.
For the model fit without enforcing thermodynamic con-

straints (parameter set PI), thermodynamic consistency was not
given for all predictions. For saturated and unsaturated TAGs, a
TC score of 0.934 and 0.856 was obtained, respectively. Enforc-
ing thermodynamic consistent model predictions (parameter set
PII) intrinsically resulted in a score of 1. Considering Table 3, it
appears that the enforced satisfaction of these constraints does
not alter the prediction quality much. Data for theΔHf generated
with the referencemodel were consistent for saturated TAGs and
unsaturated TAGs—TC score of 1. The reference model, how-
ever, yields much less consistent data for Tm resulting in a TC
score of 0.745 and 0.376 for saturated and unsaturated TAGs, re-
spectively. It is known that this model was not developed taking
these constraints into account.

3.2. Predictive Power

The predictive power of the model was examined by fitting the
model to a reduced dataset D′ which contains randomly chosen
TAGs from dataset D. The obtained parameter set was used to
calculate the thermodynamic properties for TAGs in the broad
dataset D. The prediction quality measures are summarized in
Table 5.
Although only 188 TAGs (dataset D′) were used for parame-

ter optimization, differences between the resulting model per-
formance on the complete dataset are small, comparing Tables 3

and 5. The largest changes were found when predicting Tm of un-
saturated TAGs in the 𝛼-polymorph. For both, the unconstrained
and the constrained fit, a drift toward overestimation is indicated
by O/U values of 2.32 and 3.29, respectively. Overall, this test,
though far from conclusive, indicates robustness of the parame-
ter set and, thus, good extrapolation capability/predictive power
of the model.

4. Discussion

4.1. Model Parameters

The parameters obtained are given in Table S1, Supporting infor-
mation. It must be noted that not all parameters actually present
in themodel formulated based on configurational assessment are
addressed in the setup presented here. These remain idle due to
lack of experimental data. This holds for example for TAGs in
TCL packing containing elaidic acid in the 𝛽′-polymorph. In the
following, some specific parameters obtained from the model fit
constrained for thermodynamical consistency (PII) are discussed.
PII is due to the thermodynamically consistent predictions con-
sidered superior to PI. Hence, the latter becomes of lesser impor-
tance in this contribution. Before discussing the obtained param-
eter values, it should be stressed that constrained optimization
implies here that only the model output was constrained, while
no restrictions on the values of parameters were imposed. Next to
the thermodynamic consistency, which is intrinsic to the model
fit, it is interesting to evaluate if the evolution of values for specific
parameters originating from the fit is in line with expectations.
First considerations deal with the general interaction param-

eter, A, describing the INT of a pair of carbon atoms located in
adjacent chains. In the DCL, one could expect that this is high-
est for neighboring saturated chains. The unbiased optimiza-
tion yields ASS larger than ASU and AUU. This is thus in line
with expectations. To formulate an expectation concerning the
relative contributions ASU and AUU is practically impossible. In
TCL, the model fit yielded larger values for the parameters of the
middle layer (ASS,middle, AUU,middle) compared to the parameters
of the outer layer. This can be explained by higher conforma-
tional freedom of the separated fatty acids in the middle layer.
Opposed to this, the remaining fatty acids in the outer layer are

Eur. J. Lipid Sci. Technol. 2021, 123, 2100010 © 2021 The Authors. European Journal of Lipid Science and
Technology published by Wiley-VCH GmbH

2100010 (9 of 12)

http://www.advancedsciencenews.com
http://www.ejlst.com


www.advancedsciencenews.com www.ejlst.com

restricted due to their configuration being “locked” by the GLY
configuration.
Regarding the interaction of two neighboring oleic acids, it is

fair to expect a higher value in the TCL than in the DCL pack-
ing, since the first represents a middle layer exclusively com-
posed of oleic acid. With values of 0.045 and 0.064 for AUU and
AUU,middle this expectation is met. Looking into more detail of the
contributions of unsaturated fatty acids, the optimized parame-
ters meet expectations well. The values of the parameters pE, pl,
ple indicate that elaidic has a larger contribution than oleic acid
but that linoleic and linolenic contribute subsequently less than
oleic acid. This, however, only holds for the DCL. With the aver-
age lateral distance derived from crystal structural information,
themodel also yields that the INT contribution is increasing with
polymorph stability as expected.
Contrary to the general INT contribution, which is indepen-

dent of the polymorph but modified by the characteristic average
distance d, the parameters accounting for the GLY contribution
were adjusted for each polymorph. The GLY is the only element
of TAGs with a permanent dipole moment. This results in long-
range induction forces stabilizing themolecule in both liquid and
solid-states additional to the van der Waals-forces. In a study by
Pink et al.,[53] it was suggested that in the liquid state clusters
for non-zero attractive glycerol-glycerol forces are formed. This
suggests that glycerol-glycerol interactions are more favored in
the liquid state rather than in the confined solid-state. Building
on this and approaching this problem somehow innocently, it
seems fair to assume negative values for the GLY contribution
to ΔHf. In doing so it would be consequent to expect that the ab-
solute value develops according to the increasing density of the
TAG crystals with increasing polymorph stability, g𝛼 < g𝛽′ < g𝛽 .
The parameter values derived for the TCL structure, g𝛼 =−157 kJ
mol−1, g𝛽′ = −437 kJ mol−1, g𝛽 = −925 kJ mol−1 match this expec-
tation. However, for the DCL structure, the picture emerging is
less convincing. All three contributions are negative, but the ab-
solute values are not systematic, 34, 876, and 9, respectively. Con-
sidering the massive simplification of the crystal structures in-
herent to the model presented and the variability and complexity,
this mismatch in DCL is less surprising than the values obtained
for TCL.
Taking the setup of the model into account, the contribution

based on the CLM has to be negative as it corrects the ΔHf value
with respect to one of an ideal monoacid TAG. One would also ex-
pect the assigned absolute value to increase with increasing sta-
bility of the polymorph. The parameters derived from the opti-
mization clearly do not obey these rules. For the DCL, the values
for the 𝛼- and 𝛽-polymorph meet the expectations but for 𝛽′ the
value is positive and greater than for the 𝛽-polymorph. For the
TCL packing, the sequence of the absolute values c𝛼 < c𝛽′ < c𝛽 is
in line with expectation. The fact that all three values are positive
indicates, a certainly wrong, increasing effect of crystal packing
imperfections to ΔHf.

4.2. Model Evaluation

The model presented in this study was compared to a reference
model which can be considered as the current standard.[5,22] Both
models allow predicting the thermodynamic properties, namely

ΔHf and Tm, of pure TAGs in a comprehensive manner. This im-
plies that the parameter sets derived from optimization to the
available experimental data allow computing the properties for
any TAG in the polymorphic forms 𝛼, 𝛽′, and 𝛽. Despite some
similarities, the newmodel is conceptionally quite different from
the reference. In essence, the reference model is a composition
of independentmodels per polymorph with disconnected param-
eter sets. In contrast, the model presented in this work uses for
example a single set of optimized parameters for the mutual in-
teraction of chain elements. The contributions of the interaction
parameters, ASS, ASU, and AUU, are specifically modulated per
polymorph based on available geometrical data characteristic for
each polymorph.
In line with other modeling attempts for ΔHf, both models

compute these by summation of different contributions. The new
model, however, more clearly assigns these to specific molecu-
lar elements. This allows relating the parameters resulting from
optimization to theoretical considerations concerning this con-
tribution. For example, the contribution of the GLY to ΔHf is
expected to be negative what the optimization without any bias
has yielded as well. Another difference between the two models
is the chosen structural standard. The reference model empha-
sizes the lateral chain contribution by choosing polyethylene as
a “standard state.” In this contribution, the reference cell is es-
sentially defined by an ideal monoacid TAG based on the longest
chain present. These differences in the approach also propagate
into the way the differences in chain lengths are accounted for.
Further, the proposed model distinguishes between the DCL and
TCL packing of TAGs.
In the new model, Tm is determined as a function of the com-

putedΔHf. To do so, a newly formulated simple relation between
ΔHf and ΔSf is employed.[52] In contrast, the reference model
computes Tm as the ratio of ΔHf and ΔSf. To enable this, an-
other set of independent model equations and parameters to cal-
culate ΔSf for different polymorphs are necessary. Even though
both models allow to calculate properties for any TAG, the new
model is considered less arbitrary because it is not based on sev-
eral independentmodel equations/submodules. Consequently, it
is anticipated that the new model will be able to predict the rel-
ative stability of the different configurations a TAG can assume
properly.
The new model contains 39 adjustable parameters to predict

six properties, the pair of Tm and ΔHf for any TAG in three poly-
morphs. Even though ΔSf are generated as well, these are not
considered a relevant output. To deliver essentially the same in-
formation, the reference model uses 84 parameters. Admittedly,
the description of the experimental data using the new model is
not better than for the reference model. Considering the large
dataset for which predictions are obtained (being 262 TAGs)
and the drastic difference in the number of adjustable parame-
ters (84 versus 39), it seems not justified to compare simply the
RMSE for each subcategory. A true comparison can be made of
both models taking into account the overall prediction error and
the number of parameters. In this spirit, a corrected RMSE is
computed,

RMSEcorr =

√∑
(lEXP − lPRED)2

N −M
(17)
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where l is either Tm or ΔHf, N is the number of data points,
andM the number of parameters. The reference model yields an
RMSEcorr of 14.05 kJ mol−1 and 8.16 K for the ΔHf and Tm pre-
dictions. The corrected RMSEcorr of the predictions for the new
model is with 13.12 kJ mol−1 and 8.93 K a bit better. Even though
the set of experimental data used in this effort has been composed
carefully, the interpretation of the performance of themodels has
to consider the quality of the experimental data.
The model predictions obtained with the parameter set of the

constrained fit (PII) yield an optimal TC score of 1 as an intrinsic
consequence. This is also true for ΔHf predictions of the refer-
ence model. However, in terms of consistency of the Tm predic-
tions, the new model clearly outperforms the reference model
which yields values of 0.745 and 0.376 for saturated and unsat-
urated TAGs, respectively. In summary, the new model utilizes
less than half the number of adjustable parameters, reproduces
the experimental data in a comparable way, and is in itself ther-
modynamically more robust and consistent than the reference
model. It appears hence fair to conclude that the new model out-
performs the reference model.

5. Conclusion

In conclusion, this work demonstrates that different contribu-
tions to the thermodynamic properties can be expressed by
means of repetitive structural attributes of pure TAGs deduced
from molecular structures. It could also be shown that the ob-
tained parameter values in most cases fall into expected ranges
defined by carefully formulated assumptions. The number of ad-
justable parameters was successfully minimized to less than half
compared to the well-knownmodel byWesdorp.[6] Correcting the
RMSE to enable a true comparison of both models revealed that
the newmodel surpasses the reference model in terms of predic-
tion quality and thermodynamic consistency of the predictions.
Clearly, further refinement necessitates additional research to

determinemolecular structures that are not accessible to date, for
example, XRD-analyses of TAGs adapting the TCL stacking. It is
especially of interest, whether the middle and outer layers show
different SS. Also, generally more data on LS of poly-unsaturated
TAGs would support a more cohesive assignment of DCL or TCL
configurations. An extension of the proposedmodel to other poly-
morphic forms, for example, sub-𝛼, 𝛾 , is possible if the respec-
tive crystal characteristics are known and experimental data are
available.
Finally, some potential limitations need to be considered. Obvi-

ously, some configurational and geometrical simplifications were
made (see Section 2.3.1). Despite this fact, it could be shown that
a lot of parameters can be related to a physical meaning. This
could allow either to derive parameters differently than described
here or to verify them independently. It has to be pointed out here
that for the type of models like the one presented the quality of
available experimental data is of utmost importance. Even though
the data set has been carefully composed of literature data, its
limitation strongly influences the determination of the adjustable
parameters and the evaluation of the model quality.
The data derived using the new model are of value by them-

selves. However, the benefit of consistent and reliable predictions
of pure component properties is elsewhere. Such a database is
a prerequisite for any meaningful effort to predict the SFC in

TAG mixtures. Likewise, it is also important to assess the driv-
ing forces in crystallization processes such as rate of nucleation
and growth. The approach of defining a reference cell developed
in the proposed model can be expanded to binary mixtures and,
thus, be used to find expressions for the non-idealities in solid
TAG phases.
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