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Abstract: It has been experimentally observed that the piezoceramic materials exhibit different
types of non-linearities under different combinations of electrical and mechanical fields. When
excited near resonance in the presence of weak electric fields, they exhibit typical non-linearities
similar to a Duffing oscillator such as jump phenomena and the presence of superharmonics in
the response spectra. In this work, these non-linearities have been modelled for a generalized
three-dimensional piezoelectric continuum using higher-order quadratic and cubic terms in the
electric enthalpy density function and the virtual work. The identification of the parameters
of the model requires a closed form solution for non-linear response of a simplified geometry.
A simple proportional damping formulation has been used in the model. Experiments have
been conducted on rectangular and cylindrical geometries of piezoceramic PIC 181 at different
magnitudes of applied electric fields and results have been compared with those of simulation.
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1 INTRODUCTION

Day by day, the usage of piezoceramic materials is
increasing and these materials are widely applied
in many different areas of modern technology, for
instance, aerospace structures [1]. Prediction of per-
formance of the structures with piezoelectric sensors
and actuators (for various control applications such as
active shape, vibration, noise control, etc.) requires a
thorough understanding of the piezoelectric material
behaviour at different applied electrical and mechan-
ical fields. Though the non-linearities under strong
electric fields such as dielectric and butterfly hystere-
sis have drawn the attention of many authors recently
[2-7], the modelling of non-linear behaviour of piezo-
ceramics under weak electric fields is limited in liter-
ature. With a number of piezoelectric finite-element
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(FE) models existing in the literature to cope with
complicated boundary problems of smart structures,
it is very important to develop a simple procedure to
obtain analytical solutions for a few simple geome-
tries for verification of finite-element formulations
and also to gain confidence in the procedure. More-
over, itis also necessary to develop analytical solutions
to determine various material parameters including
those of the non-linear model to be used in the finite-
element analysis. The coupling of mechanical and
electrical properties of piezoelectric materials com-
plicates the analytical solution. Piezoelectric plates
comprising orthotropic or anisotropic layers are usu-
ally analysed using laminated composite plate theory.
For the analytical solution of these plates, Pagano
[8] first presented the exact solution of a laminated
plate under cylindrical bending. Ray et al. [9-11]
and Heyliger and Brooks [12] extended this method-
ology to develop exact solutions for the piezoelec-
tric laminated plates using Eshelby-Stroh formalism.
Later, considering thermal effect, Xu et al. [13] pre-
sented a three-dimensional analysis for the coupled
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thermo-electro-elastic response of multi-layered
hybrid composite plates with four simply supported
edges by using the state space method. Dube et al. [14]
developed a series solution method for a single-layer
thermo-electro-elastic plate subjected to cylindrical
bending using the approach of Pagano [8].

To solve the dynamic problem of the piezoelec-
tric array elements, several simplified solutions were
tried for modelling the linear piezoelectric behaviour
in one-, two-, and three-dimensional domains.
Rayetal. [15] presented an exact solution for analysing
the dynamics of composite plates with piezoelec-
tric layers bonded to the top and bottom surfaces.
Later, Ray [16] also presented the closed form solu-
tion for the optimal control of flexural vibration of
a simply supported symmetric laminated plate. Wolf
and Gottlieb [17] derived the non-linear equations of
motion for a cantilever beam covered by piezoelec-
tric ceramic material (PZT) layers in symmetric and
asymmetric configurations. By defining a non-linear
enthalpy function with non-linear strain and applying
the Hamilton’s principle, they derived the equations
of motion and solved by perturbation analysis and
multiple scales method.

Beige and Schmidt [18] modelled the non-
linearities under weak electric fields using higher-
order quadratic and cubic elastic terms in the electric
enthalpy function. von Wagner and Hagedorn [19]
studied the non-linearity in a piezobeam system.
Later von Wagner [20] and Neumann [21] predicted
the amplitude of displacement and current responses
of piezorods of different diameters using a one-
dimensional non-linear formulation. Neumann [21]
used the non-linear damping formulation to derive
the virtual work done by the dissipative damping
forces. Samal er al. [22] presented a generalized three-
dimensional formulation for modelling the non-linear
behaviour of piezoelectric materials under weak elec-
tric fields and it was used to derive a three-dimensional
finite-element model. The application of the formu-
lation was demonstrated in Samal et al. [23] using
different types of examples. The parameter identifica-
tion procedure used by von Wagner [20] and Neumann
[21] is restricted to those of one-dimensional contin-
uum. In order to predict the non-linear response of
actual three-dimensional piezoelectric systems, the
material properties of the three-dimensional piezo-
electric continuum are required. This requires a closed
form solution for a simple geometry. In this paper,
such closed form solutions for predicting the displace-
ment and current responses of simple rectangular
and cylindrical geometries have been developed using
a simple proportional damping formulation for the
material damping.

In an earlier work, Samal et al. [24] have derived a
closed form solution for a rectangular piezoceramic
plate of a soft piezoceramic PIC 255. However, a

non-linear damping formulation was used in the
above model that requires identification of a large
number of non-linear model parameters, which is very
time-consuming, complicated, and cumbersome. On
the other hand, Usher and Sim [25], von Wagner [20],
Wang et al. [26], etc. demonstrated that the simple pro-
portional damping theory satisfactorily predicts the
response of wide varieties of piezoceramics. Hence,
the objective of this work is to develop an efficient
non-linear model using a simple damping theory, so
that the electric field dependent damping coefficient
can be evaluated easily from experimental measure-
ments and at the same time both the mechanical
and electrical responses of the piezoceramic are sat-
isfactorily predicted. Another important aspect of this
model is the use of an approach where the numerical
shape functions (obtained from a prior FE analysis)
can be used in place of analytical shape functions
in the Rayleigh-Ritz discretization. This approach is
especially helpful for geometries where the evaluation
of analytical shape functions is difficult. Experiments
have been conducted on plate and cylindrical geome-
tries of a PIC 181 material (which is a hard piezoce-
ramic) and the predicted results have been compared
with those of the experiments.

2 GENERALIZED NON-LINEAR CONSTITUTIVE
EQUATION OF THE PIEZOELECTRIC
CONTINUUM

The electric enthalpy density function H is generally
used to derive the governing equations of the coupled
piezoelectric continuum and for the linear piezoelec-
tric behaviour, it is given as (IEEE standard [27])

1 1
H = ZCi?leijSkl — ek,jEkS,-j — zgl'SjEiEj (1)

where Cj;, is the fourth-order elastic tensor under con-
stant electric field, ey; is the third-order piezoelectric
tensor, ¢ is the second-order dielectric tensor, Sy is
the strain tensor, and E; is the electric field vector.
The stress tensor T;; and the electric displacement vec-
tor D; can be derived from H using the expressions
T = 0H/3S; and D; = —0H /JE;, respectively. It can
be easily seen that the expressions for T; and D; are
coupled with the secondary field variables S; (strain
tensor) and E; (electric field vector), respectively. The
strain tensor, S; is expressed in terms of mechanical
displacement vector u; as S;; = (u;; + u;;)/2 and E; is
expressed in terms of ¢ as E; = —¢ ;. Keeping in mind
the fact that stress and strain tensor are symmetric, H
can be simplified and written in terms of second order
tensors as [28]

1 1
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In order to model the non-linearities in a coupled
piezoelectric medium, the linear electric enthalpy
density function is modified in the following way. It
was experimentally observed [19, 20] that second- and
third-order harmonics were present in the response
spectra of PZT piezoceramic plates and rod geome-
tries. Hence, the generalized expression for non-linear
electric enthalpy density function can be written
as [22]

1
Hnon—lin = _CIIJESIS ermE S mnE E”
1 E
cl],cs §iSe+ 7 ChuSiSiSiS:

-3 m,mE E,E, mnopE E,E.E,
1
— 5 eniEnSS = 5 €EnEnS:
1 1 ***

= 3 CinEnSSSk = JenEnEnS:S)
1 sokok

— 3 CmoEnEnEoS; 3)

where the coefficients with 3 or 4 indices are higher-
order cubic and quadratic coefficients, respectively. A
matrix expression for Hy,_in can be obtained from
equation (3) as follows

1
zwﬂmwbwmmmmw}

Huon-tin =

— SB[~ (ICIAI"] )
+ %{S}T[Cl]{Sz} + %{SZ}T[CZI]{SZ}
+ i{S}T[CZZ]{SS} - %{E}T[Yu]{sz}

1 1
- E{EZ}T[ylz]{S} - g{E}T[vl]{EZ}

1 1
- §{E}T[yzll{ss} - E{Ez}T[yzz]{sz}
1 1
§{E3}T[y23]{8} - Z{E}T[vm]{Es}
1
- Z{EZ}T[Uzz]{EZ} (4)

where {S} is the strain vector, [C] is the linear elas-
ticity matrix, [d] is the linear piezoelectric coefficient
matrix, {E} is the electric field vector, [¢"] is the dielec-
tric coefficient matrix, [C,] is the quadratic elasticity
matrix, and [Cy] and [C,;] are the cubic elasticity
matrices at constant electric field. The superscript
E and S (for the matrices at constant electric field
and constant strain) are omitted for clarity. The terms
[y,:] and [y,,] are quadratic piezoelectric matrices,

[v2:], [¥22], and [y,;] are cubic piezoelectric matrices,
[vol = [[e"] — [I[CI[d]"], [v1], [V21], and [vz.] are linear,
quadratic, and cubic dielectric matrices at constant
strain field, S, respectively. The vectors with super-
scripts 2 and 3 are defined as the vectors with square
and cube of individual terms of the vectors. The first
three terms of Hyo,_1in correspond to the linear elec-
tric enthalpy density function. Using this expression
of Hyon_in and the virtual work done by damping
forces (described later in this paper), the closed form
solutions for simple rectangular plate and cylindrical
geometries have been derived in the next section using
the Hamilton’s principle.

3 HAMILTON’S PRINCIPLE

The dynamic equations of a piezoelectric contin-
uum can be derived from the Hamilton’s principle, in
which the Lagrangian and the virtual work is properly
adapted to include the electrical, mechanical as well
as the coupled electro-mechanical terms. The poten-
tial energy density of a piezoelectric material includes
contributions from the strain energy and from the
electrostatic energy. The Hamilton’s principle can be
written as

n 5]
SJ (J LdV) dt—f-J SWdt=0 (5)
tp v o

where f, and f; define the time interval, L is the
Lagrangian and defined in terms of the kinetic energy
density Ty, electrical enthalpy density H as L=
(Txe — H), and §W is the virtual work done by external
mechanical and electrical forces. The kinetic energy is
given as

| .
Tie = Ep{u}T{u} (6)

where p is the mass density, {u} is the general-
ized displacement field and {i#} is the generalized
velocity field.

The non-linear electric enthalpy density Hyon_jin iS
given in equation (4). The virtual work done by the
external mechanical forces F and the applied electric
charges Q for an arbitrary variation of the displace-
ment field {§u} and electrical potential {§¢} both satis-
fying the essential boundary conditions (i.e. {su} =0
on surface Ag; and {§¢} = 0 on surface Ay) can be
written as

SW = JV{(Su}T{FV} dv + J

As1

{8u)"{Fa,)dA;

+ (5u)"(Fy) —J Spc dA, — 56Q+5Wp  (7)
Asz

where {Fy} is the applied body force vector, {F,} is
the applied surface force vector (defined on the sur-
face Ay1), {Fp} is the applied point load vector, ¢ is
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the electric potential, ¢ is the surface charge brought
on surface Ay, Q is the applied concentrated elec-
tric charge, and §Wy is the work done by damping
forces. Figure 1 shows the various types of mechanical
forces and electrical charges operating in the domain
V. Substituting the non-linear electric enthalpy den-
sity function H,,n.1in and kinetic energy density Ty
from equations (4) and (6) in equation (5), yields the
following expression for the Hamilton’s principle

n n
—J J [P{SU}T{H}]—J J [{5S}T[C]{S}
|4 v

fo to

1
— [CI"[d]™{E} — [diag({SD) [y, ]"{E} — E[Yu]T{EZ}

1
+ diag({S})][C21][diag({S})]{S} + Z[sz]{sg}

—

1
+ 7 [diag((S*H[Caa (S} + S [C1(S?)

N W

+ g[diagaS})][cl]T{S} — [diag({S*W1ly, 1"{E}
. 1
— [diag({SDH [y 1" (E*} — g[vzslT{E}S} dvdr
5% 1
- J J (SE)" [d[C]{S} + [0l(E) + 5y l(8)
174

4]

1
+ [diag({ED ][y, (S} + 5[?13]{82}

2 1
+ g[diang})][ylg]T{E} - 5[?21]{83}
+ [diag({ENly221{8%} + [diag({E*D1[y,51{S}

1 3
+ Z[vl]{ES} - Z[diag({EQ})J[vl]T{E}

+ [diag({E})][vz][diag({E})]{E}] av ds

n

+ " JV [{(8u}™{F,}]dV dr + J

Jiy to

j [15u)" (Ey ) ]dA, dr
Asl

+ ]{Su}T{Fp}dt—JIJ' Spc dA,dt
A2

0 T
rty 51
—| s¢Qdr— J [sWplde = 0 8)

Jlp to

Bytesy

Fy
operating in
the volume V

Fig.1 Generalized mechanical and electrical forces of
various types acting in the domain V

where the matrix with ‘diag’ refers to a diagonal matrix
with the main diagonal terms being the terms of its
vector. For deriving the expression for the virtual work
done by damping forces, the proportional damping
or Rayleigh damping model is considered and the
formulation is given in next section.

4 PROPORTIONAL DAMPING FORMULATION

In this model, modal proportional damping is con-
sidered for the piezoceramic material and hence
the virtual work done by viscous damping forces is
given as (using the principle of Rayleigh proportional
damping)

SWp — J (61) [Caamp (i} dV ©

v

where [Cyamp] is the proportional damping coefficient
matrix and is expressed in terms of mass [M] and stiff-
ness [K] matrices with the help of constants « and 8 as

[Cdamp] = [M] + BIK] (10)

5 THREE-DIMENSIONAL ANALYSIS OF A
RECTANGULAR PIEZOCERAMIC PLATE

The rectangular plate analysed in this work is shown
in Fig. 2. One needs to perform three-dimensional
analysis in order to determine all the elements of the
non-linear material property matrices so that it can
be used in the finite-element analysis to analyse other
complex geometries made up of the same material.
The form of solution for the non-linear displacement
amplitude using Rayleigh—Ritz method and perturba-
tion technique is described in the next section where
three-dimensional matrices and vectors are used in
the electric enthalpy function, kinetic energy, and
virtual work.

Fig.2 Rectangular piezoceramic plate excited with
electric field applied across its thickness
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Using the Hamilton’s principle, one gets three partial
differential equations for motions in three co-ordinate
directions (i.e. x, y, and z). The displacement degrees
of freedom used in the analysis are u, v, and w along
x,y, and z directions. The governing equations are
solved along with the boundary conditions to get
the shape functions of the problem so that it can be
used in Rayleigh-Ritz method to discretize the equa-
tions of motion and to solve by perturbation analysis.
In this section, the solution of the problem will be
discussed for deriving the shape functions for the
three-dimensional problem corresponding to the first
in-plane mode of free-free vibration of the rectangu-
lar plate. Again for simplification, it will be assumed
that the electric field is constant in z-direction and the
expression is given as follows

E — _% cos(Q1) (11)

In this three-dimensional analysis, all the stress and
strain components exist in the formulation. The
kinematic relations between strain and the displace-
ment for the three-dimensional continuum are as
follows

d 0 d
Sxxzslz_u) S}’J/ZSZ__U’ SZZ:S3:_w

0x y 0z

v ow ou ow
Syy=S1i=—+—, Se=S=—+—
e 8z+8y =05 = T oy

ou v
sxyzsﬁza_ —

y 00X

(12)

The three-dimensional linear material property matrix
[c] relating strains to stresses for three-dimensional
continuum are given as

T, cn C2 a3 0 0 0 S
T, €1 Cp C3 0 0 0 S,
T _ C3i Cp C33 0 0 0 S3 (13)
T, 0 0 0 ¢y O 0 Sy
Ts 0 0 0 0 ¢5 O S5
Ts 0 0 0 0 0 e Se

5.1 Derivation of the shape function of the
three-dimensional linear eigenvalue problem

The linear electric enthalpy function Hjpear corTE-
sponding to equation (2) has been used to derive
the shape functions. After substituting the electric
enthalpy density function in the Hamilton’s principle,
i.e. equation (5), and performing variation with respect

to u, v, and w, the three equations of motion yielded,
respectively, are

U=c ou + ¢ ou + c 82u+(c +c)82y
puU = 11a > 668y2 55a > 12 66 ox 9y
2
+((313+Css)a
U= (Co1 + Ce6) —— 0u + ¢ 82v+c v +c v
PV = (C21 66 ox 9y 8 > 228y2 448 )
2
+ (c3 + ¢
(C23 44)8)/82
W = (c31 + Cs5) u + (c3p + ¢ )821; +c o
PW = (C31 55 9% 0z 32 44 dyoz 55 o2
+C. 82w+c 0w
448y2 3332
(14)

and the associated boundary conditions are given
in Appendix 1. Using variable separable method, the
solutions for u, v, and w are as follows

ux,y,z,t) =UX,y,2)pt); v(X,),2,1)
=V, y,2)p); wx,y,z,t)
=W(x,y,2)p(t) (15)

Substituting u(x, y, z, t), v(x,y, 2z, t), and w(x, y, z, t) in
equation (14) and separating the terms space and time,
yields

P = constant = —w?
p(t)

0?U(x,y, z) 82U(x ¥ z) 0?U(x,y,z)
" 9x? 9y? % 922
2V (x,y,2) ?W(x,y,2)
ax oy + (€13 + C5s) 0X 0z
= —po’U(x,y,2)
02U (x,y,z) 02V (x,y,2)
+ Ces
dx oy 9x?
2V (x,y, z) 2V (x,y,2)
Co2 —8 > Coyp——F—
y 0z
PWX,y,2)
ay 0z
?U(x,y,z ?V(x,y,z
(c31 + Css)ﬁ + (C32 + C44)#)
9x 9z 9y 9z
2W (x, y,z) 4en PW(x,y,z)
9x? ay?
W (x,y, z)
0z 2

+ (€12 + Cep)

(€21 + Co6)
—p*V(x,¥,2)

+ (Co3 + Caa)

+ Cs5

+ C33 —pa*W(X,,2)

(16)
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The solutions can be assumed as

U(x,y,z) = uysin(r;x) cos(r,y) cos(rsy)
V(x,y,2) = vy cos(r1x) sin(r,y) cos(rsy)
W (x,y,2) = wycos(rix) cos(rpy) sin(Asy)
p(t) = sin(wt) or cos(wt)
(depending upon the initial condition)
a7

Substituting the assumed solutions into the equation
(14), yields the eigenvalue equation as

cliAd + Coshd
+C55)\.§
(Co1 + Cep) A1 A2

(C12 + Ces)A1A2 (€13 + Cs5)A1A3
Coph? + Caah3
+C44)L§
(C32 + Cag)AzA3

(€23 + Cag)A2As3

(€31 + C55)A1A3 055)»% + C44)»§

+C33)\.%
Uy Uy
x vyt =pa? v (18)
Wo Wo

Solving the eigenvalue equations (i.e. putting the
determinant of the matrix to be zero), yields
the relationship between the wave numbers (i.e.
A1, A2, and A3) and the eigenfrequencies . The
assumed solutions must satisfy all the boundary con-
ditions given in Appendix 1 (for short-circuited elec-
trodes, i.e. E; = 0). Substituting the expressions for u,
w, and v in the boundary conditions yields various
combinations of the five unknowns (i.e. vy/uy, wy/ iy,
A1, A2, and A3z). Hence, finally u, v, and w become
summation of various combinations of the terms con-
taining (A1);, (X2);, and (i3)x, where i, j, and k refer to
each possible solution. Hence u(x,y, z, ), v(x,y, z, 1),
and w(x,y, z, t) can be written as

WXy, 2,0 =Y Y Y Uk sin(i);

i=l,nj=lnk=1,n

X X COS(A2); y €OS(A3)k2pijk (1)

VY20 = Y Y Voyi COS(h);

i=1,nj=1nk=1,n

X X 8in(Az); y cos(A3)kzPijr (1)

wx,y,zt) = Z Z Z Woijk COS(A1);

i=1l,nj=1,nk=1,n
X X €0S(X2); ¥ Sin(A3)k2piji (1)
(19)

For the first longitudinal mode of the plate (when
length (/) > width (b) > height (h)), the solutions for

Fig.3 Mode-shape of the plate in the first free-free
in-plane longitudinal vibration mode

Ux,y,2), V(x,y,2),and W(x,y, z) are given as

A.]Z)\-ZZ)\.SZ%; Z_Z:_%
Wo  CC32 — C31C

Uy CoCyp — CaaCs

Ux,y,2) = ug sin(n—lx) cos(n—ly) cos(nTZ)
Vx,y) =1 cos(n—lx> sin(%) cos(n—lz)
W(x,y) = wo COS(n—lx) cos(n—ly) sin(“Tz)

(20)

Using these shape functions, the non-linear equations
of motion for the maximum amplitude A using the pro-
cedure can be solved as described in the next section.
The mode shape of the plate for the first free-free in-
plane mode is shown in Fig. 3 and the three shape
functions U (x,y,z), V(x,y,2), and W(x,y, z) for the
same mode are shown in Figs 4(a) to (c), respectively.

5.2 Solution for the non-linear analysis with
proportional damping formulation

The Rayleigh—Ritz method has been used to solve the
non-linear equations represented by the variational
equation (8) and the displacement functions used
in the analysis represented by equation (15). These
functions are substituted into the variational equation
form of the Hamilton’s principle containing non-linear
enthalpy function H,,_1in from equation (4). The shape
functions corresponding to the mode k nearest to the
excitation frequency alone are used. For the first lon-
gitudinal vibration mode of the plate, the mode shape
functions as given by equation (20) are used in this
analysis. After performing the variation of the expres-
sion in the Hamilton’s principle with respect to p (),
yields the discretized non-linear equation of motion as

My pr(t) + cepr(t) + Bepi(t) + expi(t)
=V cos Qr + [P pi(1) cos Qt + 7' pi(1) cos Qt

+ 1 cos? Qr + £ pi(t) cos? @t + [ cos® @t
(21)
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Fig.4 Contour plot of three-dimensional shape func-
tions for the first in-plane free-free longitudi-
nal vibration mode of the plate on the origi-
nal plate geometry: (a) U(x,y,2); (b) V(x,y,2);
W, y,2)

where k = 1,2,3,... and the coefficients are given in
Appendix 2.

5.3 Solution by perturbation analysis for the
formulation with proportional damping

An approximate solution for the non-linear equation,
i.e. equation (21), can be found using perturbation

technique [29]. Linear modal proportional damp-
ing with the non-dimensional damping coefficient
¢ has been used in this analysis. One can non-
dimensionalize time as

T =Wy t (22)

where wy = +/cr/my is the natural frequency of the
kth mode of the system. Equation (21) can now
be written as
p//+8D*p/+p+8Xp2+8a*p3
= e(hy cos nT + hy sin o) (1 + Yop + Bp%)
+ &%y (hy cos T + hy sinnt)*(1 + Y1 p)

+ &%8*(hy cosnt + h, sinnt)® (23)
where
, a Q . 2% By
V=—, n=—, D'=—, x= 2
Jat wy £ mywge
;“ e
WA =H, h=—t, =
1 2 0 0 Miw?e Vo k(l)
k(3) k(4) k(5)
Br=thn, y=—tb, =tk
k(l) mka)gé\Zh(Z) k(4)
(6)
§F = k
mkw?)e?'hg

24)

The coefficients h, and h, are introduced in order to
allow for a phase shift between the excitation and
the response of the system due to the presence of
damping. The parameter ¢ is called the perturbation
parameter and can be chosen arbitrarily. But, it should
be very small, e.g. 0.001. Now, the Lindstedt-Poincaré
method is used with the following expansion for p
and 7.

p=po+epr+---, n=mno+em+--- (25)

Substituting equation (25) in equation (23) and col-
lecting the coefficients for ¢° and ¢!, yields
po+n°po=0
pi +n’p1 = =D*py + 2mpo — xpy — &’ p;
+ (hy cos nt + hy sin nt1)
x (14 vopo + B*P5)
(26)

The above expressions were obtained by using the
following expansion

1 = n — en; (taking only the first two terms
of the expansion of 7)
=1P=@—em)’ 27
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The solution of first part of equation (26) can be
written as

Po = Acos nt (28)

where the amplitude A is unknown. By substituting
equation (28) for p, in second part of equation (26),
one gets

P/ +n’p1 = E(mAsin nt) + 2mAcos nt
— xA? cos® nt — a*A3 cos® nt
+ hy cos nt + hieA cos® it
+ hyB*A% cos® nt + hy sin nt
+ Iy Asin nt cos nt
+ hyB*A%sin 5t cos? nt (29)

Rewriting equation (29) in terms of sinnt, cosnr,
sin 257, cos 257, sin 357, and cos 357, one gets

py+n’p

1
= (%TIA + h, + Z”lzﬂ*A2)Sil’l nt
3 * A3 3 * A2
+(2mA — i A” 4+ + Zhlﬂ A® |cos nt
1, 1 1 _
+ | —5EA° + -y A ) + Shoyg Asin 2t
2 2 2
1 2 1 %12 s
+ z(hleA —&A%)cos 2nt + thﬂ A“sin 35t

1
+ Z(hlﬁ*A2 —a*A%cos 3nt (30)

For the solution of equation (30) to remain finite, the
secular terms (terms with sin nt and cos nt) must be
zero [29]. Hence, one gets

=2 A+ (3/4)a* AP

h —D*An
T 1+ (3/4)prA?

T 1+ (1/4)pA?
3D

’ 2

Combining &, and h,, one gets h, which is known and
this relation reduces to a polynomial equation in the
unknown stationary amplitude A which is expressed as

asA" + a,A® + azA° + aA* + @ A* + ay = 0 (32)

where the coefficients are written as

9 *2 p*2
a5 = 5e6% P

9

9 *2 p%*
@ =359~ 556

3
*4h2 _ N px2 *
B 0 16'8 mo

9 o 3.5
e h2
@& =16% ~ gl

9 3 1
Y p* D*Z 2__ * Q% - *2_ 2
*t 167 =@ Bt A
11 3
a, = —Eﬁ*zhﬁ + zﬂ*D*znz — 3o + 2B 0]

a, = —Zﬂ*hg —+ D*ZT]Z —+ 47’]%, ay) = —h2

(33)

The roots of the polynomial represent the solutions
for the stationary amplitude A. In the region of the
response curve where jump phenomenon is observed,
it will give three real roots and two imaginary roots.
The three real roots correspond to sweep-up frequency
response, sweep-down frequency response, and the
unstable responses, respectively. At other regions, the
polynomial will have only one real root and four imag-
inary roots and hence there is a unique response for
both sweep-up and sweep-down analyses. The total
response corresponding to the series expansion of p
is given by (neglecting higher-order terms like sin 27z,
cos 2nt, sin 3nt, and cos 3n71)

p=po+ep =Acos T + 2%(%111//014 — xA%)  (34)

After the amplitude of displacement is calculated,
current flowing through the piezoceramic can be cal-
culated following the method for current calculation
as described in next section.

5.4 Calculation of current flowing through the
piezoceramic plate

The current flowing through the piezoelectric plate
can be calculated using the expression for the electric
displacement as follows

(1) =J D, () dAq (35)

As

where A; is the area through which current is flowing in
the piezoceramic plate and z is the direction perpen-
dicular to the area A, and D, is the time derivative of
the z-component of the electric displacement vector
{D}.The electric displacement vector {D} can be calcu-
lated from the generalized non-linear electric enthalpy
density function as

. 8I—Inon-lin

{D} = 3(E]

(36)

Using equation (4) for Hyon-1in in the equation (36) and
taking time derivative, one can write {D} as
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(D} = [d][cl{S} + [Vol{E} + [y,,1{SS}
+ [diag({EN1[y .. 1{S} + [diag {ED1[y1,1(S}

2 L2 ’

+ 3y HEE} + g[dlag({E})][YIS] {E}
2 : .

+ g[diag({E})][YB]T{E} + [y 1(S?S)

+ [diag({ENTly,1{S?} + 2[diag({EN1[y-»]
x {SS} + 2[diag({EEN1[y31(S)

. 3 .
+ [diag({E*D1[y,s1{S} + Z[UIJ{EZE}
3 . 3
+ 5 [diag{EEDIviHE} + Z[diag({Ez})]

. 1 .
x [vi]"{E} + 5 [diag((ED][v.][diag({ED)]
x {E} + [diag({E})][v.][diag({E})1{E}
1 .
+ 5 [diag(ED]lve] [diag({ED{E)

+ [diag({E})][v.]"[diag({ED1{E} (37)

6 RESULTS AND DISCUSSION

6.1 Prediction of non-linear response of the PIC
181 rectangular plate in the first in-plane mode

Experiments have been conducted on a rectangu-
lar piezoelectric plate made of PIC 181 piezoceramic
manufactured by PI Ceramic, Lederhose, Germany.

8)(10
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Fig.5 Displacement response of the PIC 181 plate for
the applied sinusoidal electric field of 7.5V/mm
peak amplitude (first in-plane mode)

Figure 2 shows the plate with the wires attached on
two faces of the plate coated with electrode mate-
rial. The electric field is applied along the thickness,
and the vibration amplitude of the plate is measured
at the end of its length in the in-plane free-free mode
by using a laser vibrometer (velocity amplitude from
the laser vibrometer is converted to the displacement
amplitude by dividing it with the circular frequency w
of the corresponding mode of excitation of the plate).
The current flowing through the piezoelectric plate is
measured by connecting a resistance in series with
the plate and measuring the potential drop across
the resistance (the potential difference is converted
to the current by dividing it with the known value

0.5 T
: ; : : : — su exp.
QB[ rmrerbossom v dunesens b g diseenn] i (80 OXD,
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L
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Fig.6 Current response of the PIC 181 plate for the
applied sinusoidal electric field of 7.5V/mm peak
amplitude (first in-plane mode)
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Fig.7 Displacement response of the PIC 181 plate for
the applied sinusoidal electric field of 0.75V/mm
peak amplitude (first in-plane mode)
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of resistance of the resistor). The material properties
used in the analysis are given in Appendix 3 (Fig. 25
for the damping coefficient). These material proper-
ties have been obtained by optimization of the above
closed form solution with experimental results and
the details are given elsewhere [30, 31]). The length,
width, and thickness of the plate are 70, 20, and 4 mm,
respectively.

In order to study the non-linear response of the
above-said piezoceramic plate, it was excited with
applied sinusoidal electric fields of different ampli-
tudes. One of the non-linear phenomena observed is
the jump behaviour, which appears when the plate
is excited with different frequencies near the reso-
nance region (e.g. the resonance of the linear sys-
tem is at 23.65 kHz for the first in-plane longitudinal
mode). When the frequency of excitation is gradu-
ally increased from 21 to 25kHz, the amplitude of
displacement increases gradually (Fig. 5) and then
the amplitude gets increased suddenly (jump for the

0.18 T
— SU exp.
0.16} e Rl sd exp.
g = =« su theory
B - sd theory |]
< 014 : 5 :
g 3
B 042} bbb i T RN R
= P R
8 o041 B :
2
=1 PRSI NN . S -SO— —
€ 0.08
©
5 0.06f uShamr e
15
=
© 0.04}
0.02p
' :
0 z 1 I 1 .
21 215 22 228 23 235 24 245 25

frequency(Hz) x10*

Fig.8 Current response of the PIC 181 plate for the
applied sinusoidal electric field of 0.75V/mm
peak amplitude (first in-plane mode)

Fig.9 Mode-shape of the piezoceramic plate for the
second free-free in-plane longitudinal vibration
mode

sweep-up mode) at a frequency that depends upon the
excitation field (e.g. jump is at 23.51 kHz for electric
field amplitude of 7.5V/mm). Similarly, when the fre-
quency of excitation is decreased gradually from 25 to
21kHz, the amplitude of displacement increases grad-
ually (Fig. 5) and then the amplitude gets decreased
suddenly (jump for the sweep-down mode) at a fre-
quency that depends again upon the excitation field
(e.g. jump is at 23.23 kHz for electric field amplitude
of 7.5V/mm). The above jump phenomenon reflects

(a)

0.8
0.6
04
0.2

0.2

(b)

0.03

.04

Fig.10 Contour plot of three-dimensional shape func-
tions for the second in-plane free-free longitu-
dinal vibration mode of the plate on the original
plate geometry: (a) U(x,y,z2); (b) V(x,y,z); (c)
W(x,y,2)
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that the piezoelectric plate behaves like a softening
spring (with cubic non-linear behaviour [29] where
the spring stiffness changes with applied frequency
of excitation), where the response depends upon the
path (i.e. increasing or decreasing frequency ampli-
tude) of excitation. In order to capture this effect, one
must include cubic terms in the material constitutive
equation for the electrical, mechanical, and coupled
piezoelectric domains and the hence the same are
included in the generalized three-dimensional electric
enthalpy function of equation (4).

The results of analysis with a high electric field (viz.
7.5V/mm) and with alow electric field (viz. 0.75V/mm)

x 10

1.6 T T T
: : : — experiment
: == theory
E E |
L | RO (. | |
2 : :
2 : :
g : :
I - :
@ £ ¥
E 3 i
b : :
[= 9 z 14
o : =
[ —— = 2 L x
6.4 6.5 6.6 6.7 6.8 6.9
frequency (Hz) x10*

Fig.11 Displacement response of the PIC 181 plate for
the applied sinusoidal electric field of 7.5V/mm
peak amplitude (second in-plane mode)
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Fig.12 Current response of the PIC 181 plate for the
applied sinusoidal electric field of 7.5V/mm
peak amplitude (second in-plane mode)

have been presented here and compared with those of
experiment. Figures 5 and 6 show the variation of dis-
placement and current amplitudes with frequency at
the electric field amplitude of 7.5V/mm, and Figs 7
and 8 show the same at the electric field amplitude of
0.75V/mm. Results have been shown for both sweep-
up and sweep-down modes of frequency response. As
this piezoceramic material has a low damping prop-
erty, the jump phenomenon can be clearly observed
in Figs 5 and 6 respectively for both displacement
and current responses of the plate. Again, the non-
linear behaviour (i.e. jump phenomenon) is dominant
at higher electric field amplitudes, whereas at the very
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Fig.13 Displacement response of the PIC 181 plate
for the applied sinusoidal electric field of
0.75V/mm peak amplitude (second in-plane
mode)
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Fig.14 Current response of the PIC 181 plate for the
applied sinusoidal electric field of 0.75V/mm
peak amplitude (second in-plane mode)
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(a) (b)

Fig.15 (a) Piezoceramic cylinder excited in the longitu-
dinal mode with electric field applied across the
length and the vibration amplitude measured
using laser vibrometer; (b) boundary conditions

used for the axisymmetric modes of the cylinder

small values of applied electric field, the responses of
both sweep-up and sweep-down modes are same and
hence the behaviour is almost linear.

The other non-linearity observed in the frequency
response is the dependence of the resonance fre-
quency on applied electric field amplitude. The linear
resonance frequency for the first in-plane mode of the
plate is 23.65 kHz as can be seen from frequencies cor-
responding to maximum amplitudes of Figs 7 and 8
where it has linear response. However, the frequency
corresponding to maximum amplitude is different for
sweep-up and sweep-down modes (Figs 5 and 6).
This frequency is also less compared with the lin-
ear natural frequency, which corresponds to softening
phenomenon in the piezoceramic and as the applied
electric field increases, this frequency decreases, and

15+

hence for this type of non-linearity, the resonance fre-
quencyis dependent upon the amplitude of excitation.
It can also be observed that the closed form solution
has been able to represent the different experimental
responses quite satisfactorily.

6.2 Prediction of non-linear response of the PIC
181 rectangular plate in the second in-plane
mode

Experiments have also been carried on the same PIC
181 rectangular plate with electric field excitation near
its second in-plane longitudinal vibration mode (the
deformed mode-shape is shown in Fig. 9). The lin-
ear natural frequency corresponds to 66.2kHz. For
the analytical solution near the second in-plane mode,
the wave numbers A;, A,, and A3 are taken as 3n/[ (the
corresponding three-dimensional shape functions, i.e.
Ux,y,2), V(x,y,2), and W(x,y,z), are plotted in
Figs 10(a) to (c), respectively, as contour plots on the
original geometry) and hence the non-linear displace-
ment and current responses are obtained using the
same solution strategy as discussed for the first in-
plane longitudinal vibration mode. Results for applied
electric fields of 7.5 and 0.75V/mm are discussed
here. Figures 11 and 12 show the comparison of
theoretical and experimental displacement and cur-
rent responses, respectively, for the PIC 181 plate
when excited near the second in-plane longitudinal
vibration mode with an electric field of 7.5V/mm.
Experiment and analyses were carried out for both
sweep-up and sweep-down frequency modes of exci-
tation and at this applied electric field, the non-
linearities such as jump phenomena and dependence
of resonance frequency on applied electric field are
clearly observed. The responses at an electric field
of 0.75V/mm is almost linear for both displacement

(b)

Fig.16 Plot of (a) radial and (b) longitudinal displacements corresponding to the eigenvector of
the first axisymmetric longitudinal mode shape of the piezocylinder
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and current responses (Figs 13 and 14). The compar-
ison between experimental and theoretical results is
satisfactory.

6.3 Prediction of non-linear response of the PIC
181 cylinders (10 and 25 mm diameter) in the
first longitudinal mode

After demonstrating the prediction capability of the
solution technique proposed in this work for the non-
linear response of piezoceramic materials with the
help of rectangular piezoplates, the authors intend to
demonstrate the same for another specimen geome-
try (i.e. a solid piezocylinder). They have carried out
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Fig.18 Current response of PIC 181 cylinder (10 mm
diameter) for the applied sinusoidal electric
potential of 30V peak amplitude

experiments on piezocylinders of PIC 181 (of 20 mm
length and diameters ranging from 6 to 25 mm). The
electric potential is applied across the length of the
piezocylinder as shown in Fig. 15(a). For the analy-
sis, the authors consider the axisymmetric boundary
conditions (Fig. 15(b)) as the modes under consider-
ation are axisymmetric. The radial and longitudinal
co-ordinates are denoted as r and z and the corre-
sponding displacementare U (r, z) and V (r, z), respec-
tively. In order to derive the mode shape function
corresponding to the first longitudinal vibration
mode of the cylinder numerical simulation (i.e.
finite-element method) is used. The finite-element
linear shape functions corresponding to this mode
are plotted in Fig. 16. Once the shape functions are
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obtained, the procedure to obtain the displacement
and current response is same as discussed for the plate
geometry. The piezocylinders have been excited with
sinusoidal electric fields of different amplitudes (in
both sweep-up and sweep-down frequency modes).
The amplitude of sinusoidal electric potential across
the length ranges from 5 to 30V.

The results for displacement amplitude (at the end
of the cylinder which is measured with laser vibrom-
eter as shown in Fig. 15(a)) and current responses at
5 and 30V of applied electric potential are presented
and compared with those of the experiment. Figures 17
and 18 show the non-linear displacement and current
responses for the sweep-up and sweep-down modes
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Fig.22 Current response of PIC 181 cylinder (25mm
diameter) for the applied sinusoidal electric
potential of 30V peak amplitude

of frequency response of the cylinder of 10 mm diam-
eter. It can be observed that non-linearities similar to
those of the plate geometry are also observed here
and predicted results compare very well with those
of experiment. For 5V electric potential amplitude,
the response of the piezocylinder is linear as can be
seen from Figs 19 and 20. The results of non-linear
responses of the piezocylinder of 25 mm diameter are
shown in Figs 21 and 22 corresponding to 30V of
applied electric potential, whereas at 5V of applied
electric potential, the responses are linear (Figs 23
and 24). Again, the predictions compare very well
with those of experiment for the piezocylinder with
different diameters.
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The linear natural frequency of the piezocylinders
depends upon their diameter (for the same length
as stiffness and inertia properties change) and hence
the linear natural frequency of the piezocylinder with
10mm diameter is 66.1 kHz whereas it is 76.91 kHz
for the piezocylinder with 25mm diameter. When
they are excited with an electric potential of 30V,
it can be observed (Figs 17 and 21) that the fre-
quencies corresponding to resonance peaks in both
sweep-up and sweep-down modes decrease and the
extent of decrease depends upon the cylinder diame-
ter. For example, the sweep-down resonance peak for
the cylinder with 10 mm diameter (Fig. 17) decreased
to 65.4kHz whereas the same peak for the cylinder
with 25 mm diameter (Fig. 21) decreased to 65.08 kHz.
These results demonstrate the fact that the non-linear
response depends upon the geometrical dimensions
of piezomaterial and the model described here is
able to predict both the displacement and current
responses satisfactorily for the piezomaterial with
different geometries (i.e. plate and cylinders with
different diameters).

7 CONCLUSIONS

Piezoelectric continuum exhibits different types of
non-linearities under weak electric fields (when the
system is operating near resonance frequency) such
as jump phenomena, dependence of resonance fre-
quency on vibration amplitude, etc. In this work,
a generalized non-linear electric enthalpy density
function incorporating higher-order non-linear terms
(quadratic and cubic) in the energy expression of the
coupled piezoelectric medium has been formulated.
Damping has been formulated using proportional
damping method. This non-linear electric enthalpy
density function, as well as the virtual work due to
proportional damping, has been used in the Hamilton
principle to get the variational form of the equa-
tions of motion. This form has been discretized using
Rayleigh-Ritz method.

The shape function of the linear eigenvalue problem
corresponding to the desired mode of vibration of the
rectangular piezoelectric plate has been obtained by
solving the governing equations of motion along with
the boundary conditions for the three-dimensional
domain. These shape functions are used in the
Rayleigh-Ritz method to get the non-linear equation.
The non-linear equation is expanded using the per-
turbation technique of Lindstedt and Poincaré. The
solution for the vibration amplitude has been obtained
finally as the solution of a polynomial equation
where the coefficients are functions of the material
properties. Experiments have been conducted on a
rectangular plate geometry of PIC 181 piezoceramic in
both first and second in-plane modes. The closed form

solutions obtained from three-dimensional analysis
have been compared with the experimental results. It
is observed that the closed form solutions were able
to reproduce the experimental non-linear responses
quite satisfactorily.

Experiments have also been conducted on piezo-
cylinders of different diameters of PIC 181 with electric
field excitations along the length of the cylinder corre-
sponding to the axisymmetric modes. Mode-shapes of
the cylinder for the Rayleigh-Ritz procedure have been
obtained numerically using finite-element method.
Following the same procedure as the piezoplate, the
non-linear displacement and current responses of
the piezocylinder have been predicted for different
amplitudes of electric field excitations. The predicted
results have been compared with experiments and
it was observed that the method could predict sat-
isfactory responses for different types of geometries.
These closed form solutions should form a basis to
validate the finite-element formulations for this non-
linear problem as well as determination of material
parameters using optimization procedure.
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APPENDIX 1

Boundary conditions for equation (14)

The boundary conditions are derived as
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APPENDIX 2 ~+hi2 (+bI2 o412
= j [{E*}"[d][c]{S"}]dx dy dz
Coefficients of equation (21) Sz Seblz
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APPENDIX 3
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Fig.25 Variation of stiffness proportional damping con-
stant with the applied electric field for the
piezoceramic PIC 181

The material properties of PIC 181 are as follows

(Fig. 25)
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